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SUMMARY, Tho main result of the paper i1 AB'A o A and BA'B o B= A = B, whero
A® and B* aro the uniquo Mooro.Penrose inverscs of A aml I reapeetively. Thisias atronger result than
uniquonoss of Mooro.Penroso inverse. Somo other rosults aro established generalizing the csrlior result

of Rao and Mitra {1071) that & matrix is uniquely dotermined by the entiro olaxs of ita g-invomes,
1, INTRODUCTION

Rao and Mitra (1971) have shown that if every g-inverse of A is a g-inverse
of B and vice-versa, then A = I (sco Theorem 2.4.2, p. 27) or, in other words, a matrix
is completely determined by its class of g-inverses. In this paper, wo exploro the
possibilities of characterizing & matrix by its subclasses of g-inverses.

We denote a particular choice of g-inverse of A by A~ and the entire class by
{A-). Similarly the reflexive, minimum norm and least aquarcs inverses and their
classes are denoted by A7, {47}, Az, {42}, A7, {A7}, respectively. Tho symbols
Az, {A3), ote., have obvious meaning (sce also Table 3.6, p. 16 of Rao and
Mitra, 1971),

It is obvious that if A+ = B+ then A = B, since (A*)* = A and (B*)* = B,
and the Moore-Penrose inverso is unique. However, the moro general result is proved
in Theorem 4: A*e{B-) and Bte{d-}==>A ="B. Tho other results are :

i) {4;)C{B-) and R(A) = RB)==> 4 = B,

(ii) (A7} C{Bz} =>4 = B, and

(iti) {4} C{B}=—4=8.

It is also shown by counter oxamples :

(iv) {47} C(B-) and R(A) = R(B)p A = B,

® ) =B)$A=DB, ma

Vi) {4} ={D;)pA=D
whero A; and A; are p and y-inverscs. (Sco also Table 3.6, p. 18 of Rao and Mitra,
107).
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2. SOME PRELIMINARY LEMMAS

In tho seque), we uso tho following lemmas. Lemma 1 is given in Rao and
Mitra (1971), (sco Lemma 2.2.4 on p. 21 and example 14 on p. 43).

Lemma 1: BA-C is invariant and non-null for all choices of g-inverses of
A ifand only if I3 and C are non-null matrices, S(C) C. M(A) and 4(B") C A(A").
Proof: We observe that a general representation of a g-inverse G of A is
G = A~4(I-P U+ V(I-P,) . (20)
whero U and V are arbitrary and /1~ is a particular choice. (Two other representations
aro given in formulae (2.4.2) and (2.4.3) of Rao and Mitra, (1971)). DPre- and post-
multiplying both sides of (2.1) by 13 and € respectively and noting that BGC=DBA-C,
wo find
BU—P , JUCH+BV(I—P ,)C = 0 . (22)
for all U and V implying that
BU—P,)=0 and (I-P,)C =0 . (23)

which establishes the desired results.

Lemma 2: Let Aand B be malrices of the same order. Then the following
statemenls (i) and (i) are equivalent :

i) A=DB e (24)

(i) A°AA* = A'BA*, B°'BD* = B°ADB". . (28)

Proof : Trivially (2.4) == (2.5). To prove the converse, observe that (2.5)
= RiA) = R(B) = r (say).

Consider the singular valuo decompositions of A and I¥

A=UAV,, B=UAYV; . (2.0)

whero for ¢ =1, 2, U, V; aro unitary matrices,

()

and Dy js a diagonal matrix of order rxr with strietly positive diagonal clements.

W W

Wy Wi such

Let W, = U}U, and Wy = ViV, Let I¥,be partitioned as {
that tho submatrix 117, is of order rxr.
Check that (2.5) =
818,87 = A,IV,0,I08,, 18,07 = A,IV78,15,8,
= D} = D,W,,D,I¥},D,, D} = DIV}, DV, D,
= |Dl|=|"'n“’|'ll RN LA LY - (27)
¢
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However, sinco 19,1}, and WiV}, are n.n.d. matrices
WV o+ Wi W3y = [ = W, Wi <1
and the sign of equality holds iff 1, = 0.
Heneo from (2.7), Wi;=0,i=1,2
= MA) = HB), L) = AB")
=) A4 = BKB, B = ALA lor somo K and L.
Thus in view of (2.5) wo have
ALA =B = BB*B = ALAB'(B*BB")-B'ALA
= ALAB'(B*AD*)-B*ALA = ALALA and
A = BKB = ALAKB = ALALAEB = ALA = B.

3. THE MAIN RESULTS
Theorem 1: {4;} C {B-} and R(A) = R(B)=>4 =B,

Proof: Let G be a particular g-inverso of A. Then A-AG and GAA- aro re-
flexivo g-inverses of A forany A-¢{A-}. Then, R(A) = R(B)and BA-AGD = B for all
A~==) A(B*) = A(A") by applying Lemma 1. Agaio, R(4) = R(B)end BGAA-B=
B for all A-==) L#((A) = A(B). Hence B = DA = AE for somo D and E. Now,
BA;B=B=2B=BE=DB=—BI-E)= 0= A(I-E) =0=4=B.

Corollary : {A-} C {B-} antd R(4) = R(B)=A=DB.

Note: However, {A;}C{B-} and R(A) = R(B)=> A = B. This is demons-
trated by tho cxamplo

1 0 1 0
A= ( ) and B = ( ) . . (30)
0 0 1 0

Tho same oxamplo demonstrates that {A;} = {B;}s> A = B.
However, the following Theorem 2 is true.
Theorem 2: {47} C{Bj}=—= A4 =D.

Proof :  First observe that undor tho givon hypothesis R(A) = R(B). Further,
B'B(A°A)-A" = B°* for all (A°A)- and R(4)=R(B)== A(A)=A(D) and H(A*)=
A(B). Tho rest of the proof follows as in Theorem 1.

Theorem 3: {4} C({B:)=—4=D.

Proof : 'The result is established as in Theorem 2.

Theorom 4: AYe{B-} and Biefd-}= A = B.
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Proof: Clearly A*e{B-}, Bte{A-} == R(A) = R(D). Further A*e{B-}=
BA'B = B =) A*AA° = A’BA’ using tho roprescntations

A =U,D,V;, DB=UyD,Vy,
At = V,DP'Uy,, BY = VDU,

whero Uy, Vyy, Uy and Vy, aro partitions of Uy, Vy, U, and ¥, dofined in (2.6).
Similarly B*¢{A-} == B*'BB* = B°AB*. Henco Theorem 4 follows from Lemma 2.
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