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SUMMARY. Lev X,, X, 'a bo indopendontly and i i i d random veriablos
with common donsity function fy(x). Lot the carrior X, = (z : f,(z) > 0} of tho donsity f,{x) be on opsn
interval {a{g), &(0)). If a{0), b{0) aro continuous and monotonio in opposito scnm and if thers is a conti.
nuous real.valuod statistio which is sufficiont for tho given farily of densitica for & samplo of sizo n » 2,
theu wo prova f(x) has the following form f,(z) = g(0).h(x).

In our sccond thoorem we have tho samo conclusion whaoro a{f}, 5{0) aro eonatinuous and monotonio
in the samo scnso and 1boro iy & continuous statistio taking values in R, which is sufficient for a sample of
sizon 3 3. In the last soclion wo inveetigate cascs whon {6}, 5(0) aro monolonie and tho sufiiciont stetistia
is k-dimensional, k > 2.

1. INTRODUCTION
Lot X,, Xy, ..., X, bo independently and idontically distributed random
variablo with common donsity function fy(x}. Let tho carrier

Xo={z:fx) >0}

of tho density f,(z) be an open interval (a(0), 0)). In Sccuon 3 wo prove Theorem 1

which states that if a(0), b(0) are j and in opp senso and
if thero is a i real-valued istic which is sufficiont for tho given family

of densities for a samplo of sizo n > 2, thon f,(2) has tho following form

Jx) = gl0) - h(z).
In Theorom 2 wo havo the samo conclusion whoro a(0}, 4{0) aro continuous and mono-
tonie in the samo sense and thoro is a continuous statistic, taking values in RY, which

is suflicicnt for a samplo of sizo # > 3. In tho Inst soction wo investigate cases whon
a(0), b(0) are monotonio and thoro is a statistic T which is regular and - dimonsionnl

at oach point & (this cssontially means that the rank of tho matrix (( ))

whero T = (T, Ty, ..., T2)) of a dobse subsot of the samplo space and is sulﬁcwnt for
the given family of densities. Moro spocifically in Theorem 3 wo prove that if T is
8 minima) sufficient statistio for tho family of densitios I eatisfying cortain regularity
conditions, for a samplo of sizo (k+1), & > I, and if 7T is regular and ¥-dimonsional
at oach point of a donso aubsct of tho snmplo spaco then the family of densitics I have
tho (k—1)-dimensional oxponential form. (In theso thooroms sufliciency is used in
tho stronger sonso of Dynkin {1951); for a dofinition sco Soction 2),
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Results liko Theorem 3 have rocoived wide attontion in tho easo whero a{0)
and 5(0) are independent of §. One may sco, for oxnmplo, Pitman (1936), Koopman
(1936), Darmois(1935), Dynkin (1061), Brown (1964, 1670), Barankin and Maitra (1063),
for extensions in many diroctions under the basie hypothesis of constant carriors for
tho family of densitics. Ditman (1936) had considered, in addition to tho preceding
caso, tho probloms that ariso when the carricrs aro intorvals of the sort considered in
tho previous paragraph., Ho had pointed out the conclusions of our Theoroms 1,
2 and 3, but did not stato tho conditions under which thoy are valid. As may bo ox-
peetod, his arguments are not rigorous. Huzurbazar (1065) has shed somo light on
theso problems but hia t t ins non-rig; {Tho somowhat easicr problem
of finding minimal sufficient statistic and their dimension for given families with
non-constant carriers has beon takon up successfully in a number of papers, Fraser
(1966), Barankin (1066)). As the subscquont sections will show, a rigorous formulation
of Pitman’s results and argumonts turns out to be far from simple.

2. GENERAL DEFINITIONS AND PRELIMINARIES

Let #={P,:0¢1I} bo a family of probability measures defined on a Borel
subset X of the real lino. Ve shall assumo that each P, in X is dominated by a single
o-finite measure % on X. Wo ehall denoto by I'(®) (or simply I') the family of
probability densitics {p,(-) : 0eI} whore p(+) is o fixed version of tho Radon-Nikodym
derivative of P, with respect to s

Definition 1: The sot
Xy = (26X 1 pyfz) > 0}
is called the carrier of tho density 2,.

Definition 2: Tho family of donsities I' is said to have non-constant carriers
if all tho X,’s aro not the samo.

Duo to o theorem of Ialmos and Savago (for & proof one may see Lehmann
(1958) p. 354, Theorom 2), it follows that there exist countably many 8#,’s such that

Py (X,— () Xo) =00,

Honco, without much losa of generality, we may assume that the fixed version of the

densitics p,(-) are 8o chosen that X, C 0 X, . Also, wo shall take
Y o

X=UX,=L:JX.‘.

We shall consider n indepondent observations from the distribution P, and
in what follows by a sample of size n wo shall mean n indopondent observations from
Pyon X,

Definition 3: A statistic for a samplo of size » is any Borol-measurablo func-
tion on X" into a measurablo spaco,
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Definition 4: A statistio T for a samplo of sizo n is snid to bo funclionally
sufflcient (in short {-sulficient) for o samplo of sizo =, for tho family of donsitios I' if
thore aro two functions 7 and A on I x T(X*) and X” respectively, such that

,ﬁ. 24(5) = G0, T(21, Tar vror Z)) M3 Ty ve0s %) ¥ (21 230 vevn 2,) i X* and 0 in 1,

(2.1)
Dynkin (1951), calls a statistic sulliciont if it satisfics tho abovo dofinition,
We use tho term functionally suflicient to differentiate this concept with tho usual

concopt of a suflicient statistio. If the equality in (2.1) is sntisfied almost overywhero
with respect to tho dominating moasure g, then wo call T sufficiont for tho family T'
for a samplo of size n. In proving our main results wo assumo tho slightly stronger
criterion of functional sufficiency of a statistic 7' than the usual sufficiency. Ve follow
Dynkin in this respect.

Definition 6: A statistic 7' for o samplo of size n is said to be a minimal
[-sufficient statistic for tho family T' for a samplo of size n if, for any f-sufficiont statistio
8§ for T for a samplo of aize n, 8(zy, 2y ..., 2,) = S(2}, ..., ¥,) implios that Tz, z,,
s Zp) = Tz}, 000y 77)-

In other words 7' is sainimal f-sufficiont for P for a samplo of size n if and only
if 7' is & function of overy other f-sufficient statistic for I' for a sample of tho samo sizo,

Definition 6: Following Dynkin (1951), wo call & function f dofined on a non-
ompty opon subsot U of R%, trivial if there exists a non-ompty open subset ¥ of U
such that T" on V is one-one. fis non-lrivial on U if { is not trivial on U,

The following definition of the rank of a family of densities is also due to Dynkin
(1951).

Definition 7: Tho rank (T of tho family of donsitics I' is dofined na follows :

r{T) = 0if for a sample of size 1 thore is & non-trivial {-sulficiont statistio for I
othorwise,

() =sup {l {r oo: forany Bnite n  r thero is no non-trivial {-sufficiont
statistio for I' for & samplo of eizo n}.

Remark : If X is an intorval and r(T') = 0 and tho non-trivial f-sulficiont
etatistio T, for a samplo of sizé ono, is onco continuously differontinblo on X, thon
Tise tant, i.e,, # collapscs to a singlot

Definition 8: A function f = (f3, fy, .. Jt) dofincd on & non-empty open
subset U of R™ taking valucs in R¥, 1 < & < n, is said to bo at most k-dimensional if f
is continuous on U.

We may eay that such a function is of dimension exnctly b at z%U
if given any opon sot ¥sx® I an opon sot V’sx® such that f(¥’) is a k-dimonsional
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sot as defined in Hurowicz and Wallman (1048). f is L-dimcnsional if at least
ono such z° oxists. Howovor wo shall not need the concept of a k-diemonsional statis-
tio in this gonerality. Wo defino below a statistio which i k-di ional at all pointa
of a donso open subsct V of U and satisfics some additional conditions.

Definition 9: A function f = (fy, fys ... fi) dofined on a non-empty open sub-
sot U of " taking valucs in R¥, 1 % § n is said to bo a regular k-dimensional function
if f satisfies tho following conditions :

(a) [ is continuous on U,

(b) thero is an opon subsot ¥ (C U, ¥ is dense in U and ¥ satisfics the

following :

(i) all the partinl derivatives 3‘% 1=12 .,k §=12..n, exist at
]
cach point & = (x), %y ...,%,} in V, thoy aro continuous functions
ofzon?,
(ii) rank of tho matrix

()

is exactly k for overy point x in V.

Wa shall frequently write the set ¥ of this definition as V(f).
Definition 10: We call a function f=(f,,fy, ..., /s) on & subset U of R»
into R*, continuously differentiable on A C U, if all the partial derivatives
24

275 $=012..,k; j=12.,n;

exist and aro continuous on A.

Definition 11: Tho family of densitics I is said to bo a k-dimensional expo-
nential family of densitica for k 0, if there aro (k+1) real-valued functions @, ¢,
g on X =‘[le X, and (k+-1) roal-valued functions ¢y, ¢y, ..., cx on the parameter
spaco I such that

(i) 1, $1 »-» P aro lincarly indepondont,
(i) 1, ¢;, € -, ¢k arvo lincarly indopondont,
and (iii) tho donsitics {p(-} ; OcI} have tho following form :

k
exp [co{0)+d5f2)+ I l0)d(=)) for zin X,
P2 -
0 forzin X—-X,
A 0Oinl,

In the following sections, we shall consider familics of densitics T' having
non-constant carriors, cach carrior boing an open interval and wo shall provo the ox-
pononticl nature of the familics when an f-sufficiont statiatic, (or & 1 f-suffici
statistic) satisfying cortain proporties, oxists.
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In tho remainder of this scction wo present a fow auxiliary lemmas which wo
need for proving our main results. Lemmas 2.1, 2.2 aro easy consequences of tho in-
vorso function and the implicit function theoroms (sco, for examplo, Apostol (1965)).
Lemma 2.3 follows casily from Iemma 2.2, chain-rule and tho rank theorem for
products of matrices. Lomma 2.1 can alternatisely be proved by using a well-known
result in dimension theory, which says that thero is no onc-onoe continuous function
defined on a non-ompty open subsot.of R into R¥ whoro n > & » 1 (sco p. & of Hurowicz
and Wallman (1948)). Lomma 2.2 in a lightly different form may bo found in Barankin
and Katz (1059). Wo ghall mako uso of Lemmas 2.1, 2.2 und 2.3 in Section 5 and
Lemmas 2.4 and 2.5 in Section 3 and Section 4,

Lemma 2.1: Let U be a non-emply open subsel of R™, n> 1. Lel f=(f,,
Jo - Jx) defined on U, be a yeqular k-dimensional function (Definition 9) on U, where
1 { k< n. Thenfis non-trivial (Dofinition 6) on U.

Lemma 2.2: Let f=(fy,fy .. Jt) be & continuously diffcrentiable function
defined on an open neighbourhood U of @ point x® = (21, ... 2%) in R*.

Let ¢ be a real-valued continuously differentiable function on U such that

KTy Ty 0y 2,) = gU(ZY Tas oo 2) W (2, 240 0o 2,) iR U,
where g @2 a real-valued function defined on f(U).  Let the rank of the malriz
(%
gy = (( o
be k. Then there is a neighbourhood N of x® such that f(N) is a neighbourhood of f(x)
and g i3 conlinuously differentiable on f(N).

Lemma 2.3: Lt T = (Ty, Ty -, Tt) and ¢ = (B, Sz, .0, $4.) be continuously
differentiable functions defined on a non-emply open subset U of R® inlo R¥ and R¥
respectively, such that the ranks of the matrices

MUr(x) = (( gzz; ))‘-1,1,....!; I=ht.n

))‘ =L2. akjm 2. anE -2

L]

and Myfa)= (( a;/_ ))t-n.:....,A',-/-J,:,..,,.

are r and 8, respeclively, for all x in U, with & <r.

Then there cannol ezist a function g on ${U) such that
T(x) = gix) ¥ xinU.

Lemma 2.4: Ld Ay, Ay, ..., A, be non-degenerale bounded closed inlervals in B.
Let T=(T,, Ty, ..., T4) be a conlinuous function defined on A;XAgX...Xd, inlo
R, 1 & k < n, such that there are real-valued funclions §y, $g, ooy P 08 T(A X X A,)

isfying the following relations :
2= SUT(20 2y ooy 22)) (21, Tgy ooes 2) 18 A X A% XA, and §=1,2, .., &
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Then for each fixed point (2341, ..., 28) in the interior of Ax, X...X A, we kave
open intervals Beyy, ...y Bowith 2 ¢ ByC Ap ¥ j = k+), ..., nand a point (23, ..., 20)
in Ay X X Ax such that T(25, 23, .., 28, Zyr oy Z,) 38 constant over ByyyX... X B,

Proof: Lot (2,1 ..., 23) Do in tho intorior of Ay, X...XA4,.
Lot
T xpy Tgy voer 72) = T(Xy, Ty o0y Ths Tog1s ooy ) N (71 T3 ooy 1) iD A X0 X g

Thon 7" is 1—1 and continuous on A, X ... X 4; and honco is a homeomorphism
(sinco A,X...X Ay is compact) of A;X... XAy and T°(A,X...x4s). It follows that
tho subsot T*(d;X.AyX...xXAy) of B* is k-dimonsional, and honco by a woll-known
theorem of dimonsion thoory (Hurowicz and \Vallman (1948) p. 44) contains an open
sphore, say,

S(1% €) = {teRE : [t—1]| < £}

whero ||| denotes the usual Euclidean norm in RE,

Let

O =0, ..., 0) =T 2% ..., 20, 2041, v, 72)

whore (£2, 25, ..., 2]) €4, X ... X Ar.

Lot & > 0 be so chosen that

2] —4,27+8) C 44 i=k+l,.,m

and
|2—2f| <835 =k+], k42, ooy n =3 |T(x}, 23, ooy 2]y Zhyys oor Ta)
=T, .2 < &

Lot By=(2f—8, af+8) Wji=k+1 .m0
and
W.?. = (T(22, s 22, Zhers oror Zn) S (Zgys oos T)EBreg X oo X B}
Now
W, S50
=3t =T}, ..., 2], 21,3, oo, 70) fOF BOMO (Z34y, -ors %) i By X0 X By
and

=Ty, .y 2y, 2Dy ey 20 fOr s0me (2}, ., 2p) I AyX..Xdp==
(23 2py vy 2,) = (20, 2§, ..., 23) by tho nssumption in tho lomma =3 ¢ = {.

Heonceo W.,‘,. - ) S(t°, €) = {19} is a singloton. But bocauso of choico of & > 0

W'?' il C S(t, ¢).
It follows that ll’.,‘,'._.. 2 ia o singloton. Henco (2, ..., 23), Brsy v Ba
satisfy tho roquiromonts of the lomma. [CRAA]
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Lomma 2.4 can furthor bo strongthoned as follows, in the caso whon n =2
and k=1

Lomma 2.5. Let Ay, Aq be two non-degenerale bounded closed inlervalsin R. Let
T be a conlinuous real-valued function defined on A X Ay such that there is a real-valued
Junction ¢ defined on T(A,X Ay), which salisfies

7, = G(T(z), 29)) ¥ (21, %) ™ A, X4,
Then there is a real-valued funclion g defined on Ay such that
T(zy, 2,) = g(z,) ¥ (21, 20) in A X4y
Proof: Lot us defino for cach z in A,
N, ={T(z,y) 1yedy).

N, is a connocted subset of R and honco is a degenerato or non-dogenerate
interval.

By the assumption in the lomma we have,

for z#2', NNy =9.

It follows that the sot

D ={zed, : N, is o non-degonerato intorval} is a countablo subsot of 4.
The lemma will follow as soon as wo show that

D=g.
Lot z,eD and y,, y, be in 4,.
Let € > 0 be arbitrary; choose 8 > 0 such that
le—2i] < 8==3 | Tz, )= Tizi )] < 8%y in Ay

Since D is countablo, we can chooso z,e4,—D such that |z,—2}] < 8.

Then

121, 3)— Tz vl 1T 1) =T o))+ 1 Tz 00— TUen, )]
+ 1Tz, ya— Tl v | < 26

Hence T(z,, ) = T(z), 4}, Sinco y,, y, aro arbitrary, N, 7 18 also a singleton, which
contradicts that z, is in D. [Q.E».]

Remark: To prove our results in tho later soctions we do not actually ncod
this strongor vorsion of Lomma 2.4 given by Lomma 2.5.

3. CARRIER INTERVALS WITH END-POINTS MONOTONIC IN OPPOSITE SENSE
AXD A ONE-DIMENSIONAL {-3UFFICIENT STATISTIO EXISTS

Lot T bo o family of donsities {p,, 0 in I} such that the carrier X, of each
g 18 an opon intorval (a(0), B0)), whoro a(0), H0) satisly tho following conditions :

(A-3.1) Tho paramotor spaco I is an intorval of cithor of tho two following
forms :

() I=Rud) —0<A <A o

@) I=Pdl —0<H<Hy <@
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(A-3.2) a(0) ia a strictly increasing and b(0) is a strictly docroasing function
of @in I.

{A-3.3) a(0), ¥0) aro continuous functions of 0 in 1.
Without loss of gonerality wo take

=0, A, =1
Let a0)fe, a8 0FA =1
and WOy le, a8 6t A =1,

Thon ¢, ¢, (of courso if ¢, = ¢y, then A, ¢ 1, i.e., the intorval 7 is of the
typo (i) of (A-3.1).
Hore wo also have
X = | X, = X, = (a0), ¥0)).
oer
Let
9)(x) = Pylz)/pf2) for z in X, and 0 in I
Lot us dofine
a~Y(z) for a{0) <z <y
a(z) =4 1 fore, 20
bYz) for ¢, <z <0).
(We obsorve that since a(0}, 5(0) are strictly tonic fuactions, their i exist.)
Bz, y) = min {a(z), aly)}.
Theorem 13 If for any n > 2, there is @ slatistic of dimension al most one, i.c.,
a continuous real-valued statistic T defincd on X, which is f-sufficient for the family of
densities T = {p,(); OcI} salisfying the conditions (A-3.1), (A-3.2), (A-3.3), then T isa
sero-dimensional exponential family, i.c., the densities p,, 0 in I have the following form :

{g(O) <hz)  for zinX,
Jor zin X—X,

Pfz) =
Jorall 0in I,

Proof :  Without loss of gencrality wo can and shall assume that 2 is a conti-
nuous f-sufticient statistic for T, for a samplo of sizo two. In fact, if 7 is o continuous
f-sulficient statistic for I for & samplo of sizo n > 2, wo can consider the statistio T
dofinod by

T*(zy, %) = T'(2y, 24, 6, 6, 12y €)
whero ¢; ¢ ¢ is a fixed point.

Tho statistio T* ia f-sufliciont for I' for a samplo of sizo two and is also
continuous,
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Fixalginl. Wo shall firet show that for overy point 2§ in X’a‘ there is an
opon intorval ¥ ! containing 23, N,gC X,o such that 97) is constant ovor N 3
This, in turn, will show that on every compact sub-intorval of K,a. q,o(z) is constant.
From this it easily follows that 94,(%) is constant over X " which allows us to concludo
that tho theorom is true.

It romains to provo that for evory fixed point 2§ in X,, there is an open
intorval N 2 containing x3 and N 4CX,° such that af2) is constant over N y
Fixzin X, Let us choose o non-degencrato boundod closed interval 4, C X,
containing 23 a8 an interjor point and another non-dogonerato bounded closed interval
4, CX,O such that

(1) Az, zp) = min (a(z,)‘, alzy)} = afr)) ¥z, 7)in 4,X 4,
and (2) ais ono-ono on Ay i.e., Ay C (a(f) ) U (e, B0
Such a choico of 4, and 4, is possiblo by our assumptions (A-3.1), (A-3.2) and (A-3.3).
The fact that
BiXy, Xy) = sup{0 : piln) ylzy) > 0}

implies that 4(., .) defined on X,x X, is a function of every f-sufficient atatistio for I\

Hence on X,x X, Pz, 23) = P(Tlzy, 7).
Now on 4,x4, 2, = a(a(x,)) = alf(z;, 15}
= aof(T(z), 29)).

By applying Lomma 2.4, we havo an opon interval ¥, containing 23, thc 4, and
2

a point z§ in 4,, such that T2}, z,) is constant over N'g.

Now

q,o(z‘}) . q,o(z,) = g(P(z}, z)) ¥ 2, in N 0 for some function g (by f-sufficioncy
2
of T). Sinco 23ed; C X,o. Ty ) # 0 1t follows that g (z3) is constant over N o

(GRS

Remarks (0) It ia clear that 7 in the abovo th must be
in tho sonso of the paragraph following Definition 8.
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(1) Ifthe samplo space X =X, is of tho form {ad,), ) —o0 < al})

< YA,) € o and tho paramoter spaco is oithor A, Ay] or (A, A,), tho conclusion of
Theorom 1 romains truo provided a(f), ¥0) satisfy (A-3.3) along with (A-3.2%)
montioned bolow :

{A-3.2°) a(0) is o strictly decreasing function of & in I and ¥0) is a strictly
increasing function of @ in I.

The proof is exactly analogous,

(2) We may also modify the assumptions (A-3.2) and (A-3.2°) by assuming
that either a(0) or 40) {but not both) is constant in #. In this case also the same proof
yields the conclusion of Theorem-1.

{3) Tho following convorso of Theorom 1 js also truo and is easy to prove :

If T satisfies the conditions (A-3.1), (A-3.2) and (A-3.3) and if tho densities
in I havo the form
§(0) hz), for z in X,
pfz) = {

otherwiso

for each 0, then S(z,, x,) is & continuous f-sufficient statistic forT* for a sample of size 2,

4. CABRIER INTERVALS WITH END-POINTS MONOTONIO IN THE SAME SENSE AND
A 2-PIMENSIONAL {-SUFFICIENT STATISTIO EXISTS

In this soction wo consider & family T' = {py(-) : eI} of probability densities
on the real lino satisfying the following conditions :

{A-4.1) Tho parameter-spaco I is an opon interval {2y, A,)
whore —o0 Ay < Ay ' 0.

(A-4.2) Tho carrier of p,{-} is an opon intorval (a(0), HO)), for cach 0 in 1.
{A-4.3) DBoth a(0) and b{0) are strictly increasing functions of 4 in I.
(A-4.4) Doth a(0), ¥{0) aro continuous functions of # in I.

Lot us tako Ay =0, and A, = 1.
Let a, = lim a(0), by = lim ¥0)
0l0 00

and a; = lim a(0), b = hm ¥0)
o1 ot1

(a0, b, may b0 —co and a,, 6, may bo +co).

Th X U X,=(b)
en \E:JIY‘ ("0‘1)
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Let us dofino

0 if ap<zgb,
“A(z)={
54(z) if by<z<h,
{a"(z) if gp<z<ay
and 0y(z) =
if o,z

Wao soo that for each z in X = (a,, 5,)
{0: pdz) > 0} = {0: a{z) < 0 < ayf2)).

Let

By, 2y, oy 2,) = max {,(z,), @y(2y); -0s 2i(2,)}

Bz 2y oony Tp) = min {&12), -oe, 2z}
With these dofinitions we bave py(z,) ... pyfz,) > 0 if and only if

Bilzs, 2y ooy 2,) <0 < By Xg, 00n 2,).

Honce if T ia any f-sufficient statistio for the family T for a samplo of size n then

By, 2g on 22) = (Bl 2y voor Z) BrlZs 210 o0y Ta))

ean bo expressed as a function of 7',

Theorem 2: If there is a slatistic T of dimension at most two (3.¢., a conlinuous
slatistic on X7 into R?) defined on X» (n » 3) such that T is f-sufficient for the family of
densities T salisfying the conditions (A-3.1) through (A-4.4) for a sample of size n, then
the densilies py(-), 0 in I have the following form :

g(0) . k(z), Jor xin X,
Pz) =
W { Jor zin X—1X,

¥ Oin I where Mz) is a strictly positive funclion throughout X.
Proof: (1) We know that f,, £, can bo expressod as follows :
Bilzy, 2y ooy 2) = Vil Tz, oo 3}, §=1,2 {2y, 7.y 7,) in XN
(2) Woe shall prove that if 0,, 0, are in I such that
X, NX, #¢

Pofz) .

@ is a constant, schich wo shall donoto by g{0,, 0y).
%

2

Py,

thon on X,l nX,’,

216



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Semrzs A
Lot 6;, 0y in I bo fixed such that X, (1 Xy #¢ and lot 0,> 0, Lot 4
bo a fixed point in Xy () X,,. It is casy to 600 that wo can chooso throo closed

intorvals
4, =[u,v]
4,=[(2,9]
Ay=1[r2)
such that

(1) max{a(0),a()} =af) <p<g<r<A<s<u<v
< min {§{6,), (0,3} = 8(0y),
(2) g<a, and u>3¥,
Lot Ag=[r, 8] for 3<j n.
In viow of the assumptions {A-4.1) to (A-4.4) «, is one-one on 4, and a, is
one-one on 4, and
BrZ1 Ty vy Ta) = &if2)
B2y 2, o0y 2,) = if7y) MHZY, Ty ey T) i A X XA
So we have on A, XAyx... x4,
2 = Yay(z,)) = b{(fyzy o0 7))
= boyhoT(zy, 2y ooy ),
7y = alag{zy)}) = a(ffzy 740 o0y 7))
= aoryoT (), 2y, o0y T,).

By taking 2f = 2§ for 3 < j & m, wo may apply Lomma 2.4 and get a point (zf, 2%}
in 4,x 4, and an opon interval N containing 23 such that 7z}, 23, 2y, Z,, ..es Za)
is constant for all (%, %, ..., 2,) in N©-3,

Therefore, f-suflicioncy of T' shows that
Po,(T0Eg (28)y (@5} +or By ()
Py, (@)Pa)Po ) +or Py %)
is o constant aa (z,, ..., 7,) varios over N#-% and honce
Pal(zs) Ppl(z-.)

i 25, (%s) a2 2y, (%)
13 a constant as (zy, ..., z,) vary ovor N#-t, In particular [ = ] and honco’,_(Tj
(A “®

is conatant over N,
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£4
It follosws, as in the proof of Theorom 1, that

20 constant ovor X, (VX
is consf .
PAe) nt ovor Xy 1 X,
(3) Lot N denote all intogors positive, negativo and zero, Let {0,, n eN)
be o st of points in (0, 1) such that
() 0.<0.y¥nink,
(i) lim 6,=0and Lm 0, w1,
- ném
() X ﬂX,_,, #¢.
It is not difficult to chock that such a soquonce {0,} exists. Lot us dofine
hufz) on Xy, n in N as follows :
Aolz) = py () for zin X, o
For zin X,_

Py (2 0n-ts Oc) 0l0n-t, Our)-..6100 0)) i 2> 0
hz) =
?5”(1) 90413 04) 90042 Onpr). 9100 0-) i m <O
1t is easy to check that on X, (1) X,l“

hy(2) = hyy\(2)
and hence it follows that tho function
kz) =k (z) on X, for nin N

is unambiguously defined for all z in () X, =X.
ne N

An easy vorification now shows that for any @ in (0, 1), p,(z)/k(z} is constant
Y(6), for all z in X,. [QED]

Remarks (1) Tnstoad of assuming that a(0), b(0) aro increasing functions of &
we could havo nssumed that thoy both are strictly docreasing functions of 0. The
samo rosult holds and the proof is idontical.

(2) Tho following couverso of this theorom is also truo and is easy to prove :
If the family of donsitios I' = {p,(-), eI} satisfy the conditions (A-4.1)
through (A-4.4) and if furthor, p,( - J hos the following form for each @ in I
Y(0)-h(z) for zin X,

Poz) = R
0 othorwiso ;

thon thoro is & continuous statistio T' dofined on X® into I3, such that T is f-sufficiont
for T' for a samplo of sizo n. To bo apocific, T = f(z,, &y, ..., %,) is & continuous
f-sufficiont statistio in this caso,
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8. CARRIER INTERVALS WITU END-TOINTS MONOTONIO IN OFPOSITE SENSE
AND A REOULAR k-DDIENSIONAL {-SUFFICIENT STATISTIO EXISTS
In this soction, as boforo, wo consider a family I = {p,(-), 0cI} of probability
densitics on tho real lino R, such that tho carrior X, of p,(-) is an opon intorval (a(0),
H0), forcach @in . Wo uso tho terms defined in Section 2. Wo investigate the form
of the donsity (), @ in I, whon a regular k-dimonsional minimal f-sufficiont atatistio
oxists for I for a samplo of sizo (k41).

We make tho following assumptions about the donsity functions p,(-), #in I.

(A-6.1} Tho paramoter spaco I is an interval of tho type [A, A;) whore
—0 <Ay <A

£

(A-8.2) p,fz} is & onco i ly difforontinbl of z in X, for

each fixed ¢ in I.
(A-5.3) Tho carrior X, of p,( ) is an opon interval (a(0), §0)) for each §in 1.

(A-5.4) a{0) is a onco i ly differentiable function of 0 with strictly
positivo first dorivativo for each 0in I. $(0) is & once continuously
difforentiablo function of 0 with strictly negative first dorivative for
each fin I,

(A-5.5) a(0) incresses to a finite constant ¢ as 0 increases to A, and ¥6)
to tho samo cosfi to A,

As bofore, wo take, without loss of gencrality Ay = 0 and A, = 1 and
X= X, =
5

For 8 in I=[0,1) we define

ry(z) = log py(z)—log py(#) for all z in X,.

For any function f dofined on & sot A and a subsot B 4, let f| B denote
tho restriction of f to B. For each 0 in Iand EC X, lot .&)(E) donote the smallest

linoar spaco of functions on E g the functions and the family of
functions :
frelE: 00 <O
Lot
= L%

Also lot £)(E) donoto tho smallest linear paco of functions on E containing
the constant functions and tho family of functions :

{re|E:0 0 < 0}, whoro OisinJand EC X,.
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Lemma 5.1: Let T = (T, Ty, ..., Tx) defined on X¥+1 be q regular k-dimen-
sional [-sufficient slatistic for the family {pz), 2eX : 0 in I} based on a sample of size
(k+1), k> 1. Then for any fized 0 £ 0, < 1, {p,(x), in X4,:0 € 00, has the

Jollowing form :

Pl = PO+ £ Ol ¥ 2in Xpy 0K0K0, o B

where $y, B, ..., S are continuously differentiable funclions on X,

Proof: By Lomma 2.1 T ia non-trivial on X‘,‘:”. Ilenco tho rank of the
family of donsitics (thoy are probability donsitios except for a normalising constant
factor) :

(p,(z),zinx,. 10K 0K 0) onX,.
is less than or oqual to X, It follows from a theorom of Dynkin (1951, Theorom 3,

one should soe Brown 1964; 1970 for a corroction of Dynkin's theoroms) that p,(z)
has tho form stated in (5.1). [CRA N

We shall show, in what follows, that if 7’ dofined on X'+3 js a regular k-dimen-
sional and a minimal f-sulficient statistic for a sample of sizo (k+1), & > 2, then tho
functions 1, ¢, &y, ..., ¢ given by (6.1) of Lomma 6.1 are lincarly dependent and
the vector-space .f,o hoa dimension k.

Let us dofino, as in Secction 3,
a~¥(z) ifa(0) <z <ec
az) =<1 fz=c
bYz) if ¢ <z <Y0)

and A(zy ..., 2x,,) = min {a(z,), alzy), ..., @lzx,y)}. 1t i8 casy to sco, as in Soction 3
for (zy...2x;) in X&), that 4 can bo written s & function of any f-sufficiont statistio
T for I based on a samplo of sizo (k--1). It is also casy to sco that # is a regular one-
dimensional statistio on Xtk+V,

Lomma 6.2: IfT = (T, ..., T1)is a regular k-dimensional slatistic defined
on XU, L~ 2, such that T is f-sufficient for I’ for a sample of size (k-11), then for
any fized 0y in [0, 1) the functions 1, $1, $y. +vv » Gx 08 Xg, given by (5.1) of Lemma 6.1
are linearly dependent.

Proof : Lot 0 & 0, < 1 bo fixed. If possiblo let tho continuously differenti-
ablo functions 1, ¢, @y, ... , $r, givon by (6.1) of Lemma 8.1, bo lincarly indopondont.
Lot P(T') and ¥V(B) bo the open denso subsots of X4*1, which satisfies the
rogularity condition (b) of Dofinition 0 for T and B respoctively.
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Lot W = V(T) (Y VB () X0
I¥ ia open and donso in .\",;"’. From lincar indopondonce of 1, §,, @y, ..., $4, it follows
by an argument used by Dynkin (part 2 of Theorom 2) that there exists & point
(20,2 o 2fy) in W N {2 2y ooy 2ra) felzay) <a{@m) ¥ §=1,2,.., 4

such that
det ((¢i(])) = 0.

Lot

ka1 .
Vilx), 3 ooy Thyp)) = ,T; $ilz), s=1,2...,k

and  Yr(i Za oo Ta1) = Bl Ty v Ziry) Tor (2, 2y oy ) in X

< Vigs) = a/(23,1) Xdot (($]))) # 0.
BE 200 (0, <o, )

It follows that there is a neighbourhood N, N C V(T) nX}:‘ of 28 = (28, ..., 241)
in X{31, such that ¢ = (Y1, ..., Y4y) is one-one on N. It is easy to chock that ¢
is minimal f-sulficient for {p,(z}, z in X0 0 & 0,). Hence there exists a function
g on T(N) such that

Yz 2 -1 Zh4a) = 92 Ty ovns Ta)
which is a contradiction to the fact that T is not ono-one on N (Lomma 2.1).
{Q.ED.]
Lomma §.3: Let T be a stalistic defined on X+ such that T ia minimal
Jsufficient for T for a sample of size (k+1). If EC X* and § is any slalistic
such that pyz,). Pelre) oo o Bylzay) = 910, S(zy, 24, ooy ZuWA(Zy, 23y o) Zag) Jor all
(21 Zgs or0y 2a41) I8 B and 0 in I for some funclions g and b, then T can be expressed as'a

Junclion of S on E.
The above lomma is eelf-evident and is true for any family of densities,

Proposition 5.1: Lot T = (T}, Ty, ..., T) be a regular k-dimonsional statistio
dofined on X*¥1, guch that T is minimal f-sufficient for T, for a aample of size (k+-1).
Lot 0, in (0, 1) be arbitrary and lot U bo an opon intorval of the form (a(6,), b), a(dy)
<5 Yf). Then the dimonsion of .c;o(U) is k.

Proof: Since £, has dimonsion loss than or oqual to £ and since UC X,,
snd £3(U) C &, (U), we have that the dimonsion of «£5,(U) i less than or oqual to
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k. If posaiblo, lot tho dimonsion of ,(-;O(U) be atrictly losa than & Then wo ¢an chooso
points 8y, 0y, ..., 0, in (0, 0;) such that
i) 0<0;<0,
(i) s<k—1,

(iii) the functions 3, 7, )U, 1, | U, ..., v, | U form & basia for £5(U).
Let max 0;=0". Let x, bo any point in the interval (a{0°), a{0,)) euch that
165
Uz IN T # ¢

whore V(T) is the open donso subsct of X+ which eatisfies tho condition (b) of Defi-
nition 9. Let afz)) = 0. Thon 0° < 0’ <0, Let 04, 04y ... Ory bo choson

from tho intorval (0, ¢'] such that tho functions 1, ry | Xy, £y | Xpes ey, | Xy
gonerato 5. = .6,.(X,.).
Lot B = Utx{z,}
for (z,, 2y, ..., 2x) in U¥ let us dofine
X
J/TE - ] =‘El r,‘(z‘), ji=12...,8 . (52)

Now for any 0 < 0 < 0, there exist constants c,(0), ¢,(0), ..., ¢,{0) such that
75(z) =l£2 c,(ﬂ}r,l(z)+c,(0) forall z in U. w (5.3}
=1
Also for any 0 < 0 &, there oxist constants dy(0), d,(0), ..., dx_4(0) such that
tk-1)
rolx) = E‘ a40) r,l(z)-}-do(ﬂ)
+ zin (a0, 50)) = [a(0'), H0)] e (54)
(by continuity of r,'s).
Now if (z,, 23, +.., Zg,,) i8 in B wo have for 0 » 0,
Pilres) =pz) =0 . (5.8)
and for 0 < &
[ k=
e bt raaa= £ o0 e 2y - mked0)+ E: A0) ro e +440)

e (5.0)
by (5.2), (5.3) and (5.4)].
Also for (ry, 24 ..., 72yy) in B
Blay 2y - 7ha1) = alzg). o (8.7)
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By (5.5), (6.0) and (5.7), for (z,, Zy, .. Txyy) in B and for all 0 in [0, 1) we can write
Polz)) oo BfTes) in tho following form :
Pelty)- Palzrn) = [ AE A N S 15 1 TS 7% U /1 INE 3 )
XA(z), Tgy 0o0s Thya)
whero A(z,, Zy, 1o Tay1) = Pol)) e PelZra1)-
By tho minimal f-sufficioncy of T and Lemma 5.3 we have
T2y, Tgy ooy T Tg) = SU{Z1 Tar ooy T),
Sz Zay e Ty cons SJilZ0 T oy 20)) W (), 29 o0, 1) In TE
. (68)
Now since U¥x {z;} () F(T) is not ompty, thero is a point (z;, 2y, ..., 2¢) in
(a{0,), b)F whero T(zy, 7y, ..., Ty, 7,) is continuously difforentiable in all the variables
2,24, ..., ¢ 80d the rank of tho matrix

(F s

=130
X m (7)) 230 o0y To Tg)

is at least (k—1). But then tho rolation (5.8) contradicts Lomma 2.3 and the proposi-
tion is proved. o (@ED)

Corollary : Under the conditions of Proposition 5.1 if 0 <0y <1 and if
U = (a(0y), b) where a(6) < b < Y0y), then the dimension £, (U) is k and we can choose
0y, Oy, ..., Op—y intheopeninterval (0,0,) such that the functions 1, 1y, U, r,‘l U, .. "n-:l U
Jorm a basis for .c,o(U).

Lemma 5.4 2 Let {f), fy, .., f2} be @ finile family of real-valued functions on an

arbitrary set A. [y, fy, ..y fa are linearly independent if and only if there exist n poinls
2y, gy ony T I8 A such [hat the. determinant of the malriz

(i) i=12.,mi=12..n
18 non-zero.

Tho proof is woll-known for tho caso whon A is a finito sot. Tho proof for
infinito 4 is similar,

Proposition 62: Lot T = (T}, Ty, ..., Ta) bo a rogular £-dimensional statistio
dofined on X¥+1 guch that T is minimal f-sufficiont for tho family I'= {p,(.): 0l},
for o sample of sizo (k+1) and lob ¢ bo tho point in X, given by assumption (4-5.5)
on tho donsitics. Thon for each 0 < 0, < 1 and oach neighbourhood U of ¢, U C Xy,
.c,o(U). has dimonsion k.

Proof :  Let, if possiblo, U = (a, b) be an opon intorval containing ¢, U C Xp,
such that .c,a(U) has dimonsion strictly loss than E; a fortiori wo have that tho dimon-
sion of ‘c'o((“’ c]) is Jess than k. Lot

7o =inf {x : a{0,) < x < ¢, dim [Lofiz eD] < k).
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Lemma 6.4 shows that if .c,n((z, ¢)) has dimonsion v then there is an = with
z < z' < ¢ euch that £y, (%', 6]} also has dimension v. It follows that tho infimum
74 is attained. Thus £, {7 ¢]) has dimonsion (s+1) < % and further Proposition

5.1 showa that a(f,) < 7, @ <¢. By tho dofinition of x, wo furthor havo that if
a{fp) < x <z, then

dim (6, (2, ¢])] = k.
Let 0° = afzy). Then 0y < 0* <1 and a(0") = z,. By Corollary to Pro-
position 5.1 Jot us chooso, 8y, &y, ..., Oy, in (0, O,) such that
{i} tho functions 1, [ [C Y P 7g, 170 €] form a basis for £y ((x, cI],

8 < k—1,
(ii) the functions 1,7, | X, .., 1y, | Xy, form a basis for 0.

Now for a4+1 € § € k—1, for z in (7, ¢}, r,l( .) can be expressod as a lincar
combination of 1, gty Lot 0<0< 0° be arbitrary. If 0 <00, then

by (ii) 7, - } on (z,, ¢] can be expressed as & linear combination of 1, Tapr e T

I 0, < 6 < 0°, then there is an z < &, such that (r,c)C X, C X There-
fore 1, oy Top o0 T8, whon restricted to (z, €] gonorato .e,v((z. ¢)) which haa dimension
k because z < z,. It follows that 1, Top v Yo,y OTO linearly indepondont on (z,¢]
and henee when restricted to (z, ¢] thoy gonerate £z, ¢]. Thus on (2, ¢] and a fortiori
on (zy, ¢}, ; is a lincar combination of 1, Topr e To, o But on (x,, ¢}, Thur o Toy g
arop linear combinations of 1, Top e Tep It follows that 1, Tas s 7, whon restrictod
to (z,, ¢} gonorato 65+{(a(0°), c)). This contradicts Proposition 5.1. (QE.D.)

Remark: Tt is casily scon that tho arguments used in the abovo Proposition

yiold a stronger conclusion viz. that undor tho conditions of Proposition 8.2, for cach
0 < 0, < 1and U a non-empty opon subset of X,o. .c,o(U) has dimension k.

Wo shall now state our main result of this section.

Theorom 3: If for any k> 1 there exisls a statistic T, reqular and k-dimen-
sgional, defined on XW+D, guch that T is minimal f-sufficient for the family of densities
T = {py( ) : Oc} satisfying the conditions (A-6.1) to (A-5.5), for a sample of size
(k+-1), then the family of densities T form a (k—1)-dimensional exponential family of
densilies.
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Proof: Iat s soquonce {0, n=0,1,2,..) of points in I =1[0,1) bo so
chosen that

) 0<0,,<0,%¥n=012,..
(i) limg,=0,
La 1]
Lot 1, A% of, ..., 4™ bo choson to bo o basis for .8 = £ (X,) for
n=0,1,2,.... For cach n > 0 tho functions 1, i, ri®, ..., 7{, restricted to X,

are lincarly indopendent (Proposition 5.2). Therofore thers exist uniquoly detormined
constants aff’, §=0,1,2, ..., k=1, j=1,2,...,k—1, n=0,1,2,... such that

#z) = ‘:i" o) )l zin Xy, G=0,% k=] and n=0,1,2,..
-l

=1
Let ¢ = '}:'l af rive) ) ¥ 2in X,
Thon it can bo easily checked, by using Proposition 5.2, that
#M(x) = " Mz) on X, ¥i=L2. k=1, n=0012...

Lot @y 1y oers froy 00 X bo dofined as follows :
$ofz) = —log polz) ¥ z in X
and ¢,(z)=¢§"’(z)-v:inx,.. n=012,...
It is easily vorified by using Proposition 5.2 that on any ncighbourhood of

¢ and henco on each X, tho rostrictions of the functions 1, ¢, $y, ..., $¢_y are lincarly
indopendent. Henco for each 0 in I thero oxist constanta ¢(0), ,(0), ..., cx_,(0) such

that
Ll
1) = log p,(z)—log pylz) = c{0)+ ’Zl cf0)¢fz) ¥ zin X,
Henco
k=1
oxp[c.,(0)+ z t,(0)¢,(z)+¢q(z)] + zin X,
pz) = '
0 for zin X—X,
whore 1, ¢y, ¢y, ..., Py are lincarly indopendont funotions on X.
It romains to verify that 1, ¢;, ¢y, ..., cx.; 2o lincarly indepondent functions

on I, If thoy are lincarly dopondent, thon by changing the numberings, if nocossary,
wo shall havo

-
ogl0) = E: bed0)+b, A Oinl.
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Honco wo bave, for all # in 1,
-
n) = T O el bens)  weinX,

where $@) = 2+ bige_y().
For 0 = 0 in particular
0= dy¢s(z) ¥zinXym=m X,

=
Henco riz) = 2‘7’54(0) $i@+e0) A zinX, and Gin L. - (59)

It follows from (6.9) that the dimonsion of ., for any 6, 0 < 0 < I is less than or
oqual to (k—1), which ia & contradiction to Proposition 5.1. {Q.E.D)

Remarks (1) If wo roplaco the sssumptions (A-5.1), (A-5.4) and (A-5.5), by the
assump tions (A*-5.1), (A*5.4) and (A®-5.5) respectively, whick aro stated bolow, then
for the family of densities I' satisfying (A®-5.1), (A-5.2), A-5.3), (A°-5.4) and (A*-5.5) and
the other bypothosos of Theorem 3, the same conclusion viz, that I'is a (k—1)-dimen-
sional exponential family holds.

(A%6.1) Tho parameter-space / is an interval of tho type (A, A,] whoro
—0 A< <o,

(A*-5.4) a{0) is a onco conti ly differontiablo function of & with strictly
negative first derivative for cach 0in 1. 0) is a onco continuously differontiablo
function of & with strictly positivo first derivativo for each 0in 1.

{A®-5.6) a(0) increases to & finjte constant ¢ as 0 docroascs to A, and ¥0)
d to tho same constant as 0 d to A,

In this caso, tho proof is idontical with obvious modifications,

{2) Tho following converso of Theorem 3 is casy to prove.

If the family of densitios I satisfics the conditions (A-5.1) to (A-5.6) acd if T
form a (k—1)~dimonsional exponential family thon thero oxists a statistio T, for
sample of sizo (k+1) which is regular k-dimonsional and is minimal fsufficiont for
T for a samplo of sizo (k+1).

(3) In Theorom 3 wo may consider X™, n > k+1, instead of X+ provided
wo suitably modify the rogularity assumptions on 7.

(4) Tho conditions on T in Thoorem 3 aro not wholly satisfactory, It would
be interesting 4o got similar results whon tho rank of tho matrix

((%%‘)) fm ki =10, kbl

is not a constant over the donso opon sot V(T).
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(5} Tho caso whon both a(0) and ¥(0) aro incroasing (or docreasing) can be
handled in o similar way.
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