ON GENERALIZED INVERSES OF DOUBLY
STOCHASTIC MATRICES

By P. 8. 8. N. V. PRASADA RAO
Indian Stalistical Inatitute

SUMBARY, It is woll kaown that a nonsingulsr doubly stochaatio matsix bas dlsubly stochastio
invorse if and vnly if it is o por ivn mntrix. Por matricos are tho only doubly stochaatia
isomotries.  Thia problem is studied with respect Lo g-invorss uf doubly stochastio matrices, In this papor
it is oytabliched that a duubly stochastio matrix has a doubly stovhastic g-inverso if and only if it is partinl
isomotry.

0. INTRODUOTION

It is well known that a ingular doubly stoohastiv matrix hss doubly stochastic
inverve if and only if it is a pormutation matrix. Pormutation matrices are the only doubly
stochastio isometrics. This problom is atudied with respect to g-inverss of doubly stochastic
matrices. In this papor it is ostablished that a doubly stechastic matrix haa a doubly stachas-
tic g-inverse if and only if it is partial isometry.

1. NOTATION AND DEFINITIONS
Matrices are denotod by capital lotters, A, G, U eto. nud vestors by lower case letters
x,yeto. A" and A4* denoto the transposo and complox conjugate transposo of A respee-
tively and .(A) and R(A) denote column space of 4 and rank of A respeetively. |- ||
denotes tho Euclidean norm. [ denotes an idontity matrix. R® denotos Lthe n-dimensional
Euclidean space.

An nxn matrix 4 = (ag)) is said to be donbly stochastio if

n
ay » 0 and ;‘2 oy =.S ay=1 for 6,j=1,.,m
- -1

It oan Lo caaily vorificd that product of doubly stochaativ matrices is aiso doubly stochastic.

Lot A be ua mXn matiix and G bo an n X m matrix. Consider

AGA =4 e (1)
GAG =G o (2)
(AG)* = AG o {8}
(GA)* =GA w {4)

If G satisfies (1) it is called u generalized inverss of A4 (g-inverse) and is denoted by 4-. If
G satistios (1) and (2) it is called a rofloxive g-inverse of A and is denoted by A;. If G
sutisfies (1) and (3) it is called a least aquares g-invorso of 4, donoted by Aj. If G satisfies
(1) and (4) it is cubled minimum norm g-inverso of A and is denoted by An. 1f G satis-
fies (1), {3) und (4) it is culled o minimum norm least squares g-inverso of 4 donoted by
Apy ond if G sstisfios (1), (2), (3) und (4) it is onlled the Moore-Penrose inverse of 4 and is
donoted by At.

For tho proportios und usos of g-inverses the reader is reforrod to Rao aud Mitra
(1971),
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An nxn matrix A is said to be an isometry if
IAxil = |lxll vxsR».
An m xn matrix A is said to bo a partial isomotry if
Al = lxll  vxesA')
2, PARTIAL 130METAY

From the dofinitions it immediately follows that A is en isometry if and only if
A’ = A" and A is a partial isometry if and only if 4’ = A+.

Theorom 1: A i parliul isomelry if and only if ons of the following equivalent
conditions holds.

(i) (AA"VPA is partial isometry for some non-negative integer p and (i) (AA") is
a parlial isomelry for some positive inleger p.,

Proof :

(1) (AA’)P A is partial isometry
ESAAPAATAAYPA = (AA')PA
& (AA')PPHA = (AA')PA
ESD(AAPPIA=A
ES CIAA'A—A) =0vwhere C = [[AA)WPH{AA27 ... +(AA)H]]
& AA'A = A " C i» positive definite
& A is partial isometry.

{AA’")? is partial isometry
S (AA? = (AA'P
E(AA )P = AA’
ESCIAA'AA'—AA") =0 whore C =[(AA" )P 1H(AA' P-4,
+(AA)+D)
& AA'AA = AA’ -+ C is pusitive dofinite
& A is pactial isomotry.
Hence thoe theorom.
3. g-INVERSE OF DOUBLY STOCHASTIO MATRICES

In the sequel wo noed tho following rosult of Sinkhorn (1068) which we stato below
for comploteness,

Lemma 1: If A is a doubly stochaslic idempolent mairiz then it is symmelric..

Theorem 2: Let A be u doubly stochastic malriz 3 ing a doubly stochasiic
g-inverse. Then A+ is doubly stochasiic.

Proof : Let G, be a doubly stachastio g-inverso of 4. Let G = G;AG,- Observe
that G is doubly stochastic and is a reflexive g.inverso of A. Further GA and AG aro
idompotent and doubly stochastio and hence by Lemma 1 aro symmeltric. Henco G = A*.

Theorom 3: Let A be a normal doubly stochastic matrix. Then the followiny slale-
menls are equivalen!.

(8) A has a doubly stochastic g-inverse,
(b) each non-zero eigen valus of A Vs of modulus unity and
(0) A iz a partial dsomelry.

2
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Proof : Let R(A)=r. Sinco A is normal there oxists a unitary matrix U such
that A = U A U* where A = diag (A;, ..., As) whoro A;,...,As are eigon values of A.
Without loss of generality let A,, ..., A, bo non.zero and Ar,y, ..., Ax bo zero.

(8) == (b)

A has a doubly stochastio g-inverse implies by Th 1 that A+ is doubly stochas-
tio. Since A4 is doubly stochastic |A| < 1 for i =1,...,r. Clearly A* = UA*U*

where A+ = diag (ﬁ. aes —"l'-, 0, ....0). Again gince A4+ is doubly sloohastio i-}T‘l <1
fori=1,..,r. Henco |[AJ=1fori=]1,..,r.

(b) == (e}

First observe that A® = A’ since A isreal. [A¢| =1 for i =1,...,r implics
that AA*A = A ond heneo AA®A4 = A. Honco A' = A* = A+,

{0) == (a) trivial.

Theorem 4 : A doubly stochastic matriz A possesses u doubly stochastic g-inverse if
and only if A is o purtial isomelry,

Proof : 'if’ part is trivial,

‘only i’ part : Lel G = 4*.

A has a doubly stochastic g-inverso

== G is doubly stochustic by Theorem 2

= G'G = (AA")* is ulso doubly stochastic

==) AA’ is a partinl isometry by Theorem 3

=) A is a partial isometry by Theorem 1.
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