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IS THE MAXIMUM LIKELIHOOD ESTIMATE OF THE
COMMON MEAN OF SEVERAL NORMAL
POPULATIONS ADMISSIBLE?

By BIMAL KUMAR SINHA
Indian Statistical Instilute
«» k bo independont with of, v‘ kaown

SUMMARY, Lot Xi~N{p,a?), = 1.,
and g unknown, It is known that tho maximum likelihood estimato (m.lo. )it ofup n(zx,’q")
[(El/v‘), is adminiblo for 4 in tho class of all estimators under n foirly general typo of loss whxch
includes any positive power of tho absolute omr lcas o8 a special caso. In the caso when u s
aro unknown and are given indopondent S‘ ~a‘ X2 mi/M § = L. .., k, also independent of tho
Xy, it is shown thot thom.).0. u® of 5, x®=(SXISHHEYSY, is inadmissiblo for 4 even in an
appropriate natural class of estimators of 4 undor a vory gonoral typo of loss whonovoer it is known
s priori that for somo known ¢ and f, I K $ # 7 < k, 0f < 7.

1. INTRODUCTION

For ostimating the common unknown ‘moen of soveral normal popula-
tions with known variances, tho usual cstimator is tho woighted averago of the
samplo moans with woights proportional to tho inverses of their population
variances. Specifically, if X¢~ N{(¢,0%), ¢ =1, ...,k bo indopondont with
a¥'8 known, —o0 < u < 00 unknown, tho usual estimator of 4 is

p=(Zx401)/( £ 11et).

It is woll known that  is the maximum likelihood estimato (m.Lo.) and also
tho uniquo bost linoar unbinsed ostimato of g On tho other hand, since
i is oxpressible as

p =Xt S@-xatet }( e ),

it follows that 2 is oquivariant undor tho usual translatic: group of transforma-
tions. It i3 elso known thet 2 is tho bost oquivariant ostimetor in tho senso
of h:.ving minimum moan squero orror.  Tho oatimator f onjoya yob anothor
optimum proporty, namoly, that of admissibility in tho cless of all ostimators
undor a very gonoral typo of loss which includes any positive power of tho
absoluto orror loss ag a spociel ceso (Blyth, 1051).
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Tho problom discussed in this papor corrosponds to tho ceso whon the
variancos o}'8 aro unknown and along with tho Xy's montioned above, wo
aro givon k indopendont ostimatos S, ..., S} (also indopondont of tho X{'s)
of tho % variancos with the distributions mS%e} ~ oi=LoukIn
this caso & natural and reasonablo ostimator of 4 is provided by

w={ Exist)|( Bust).

It is woll known that z* is tho m.lo. of 4 and also'unbinsed. Many authors
have invostigatod proportios of x* or varistiona of it. For k=2, Zacks
(1966) proposod & so-called ‘testimator’ for x and investigated in dotails

hrough numorical computations of tho rolovant variances conditions undor
which tho tostimator hes moro or loss variznco than x°. Graybill and Doal
(1959) found out, for k=2, conditions under which x° has loss variance
than both X, end X,. A difforont sot of nocossary and sufficiont conditions
for arbitrary % has boon givon rocontly by Norwood and Hinkelmann (1677).
Howover, unliko £ as in tho proceding paragraph, no oxact optimum proporty
of 4* a3 rogards to ita admissibility or minimaxity is known so far, It scoms
difficult to ostablish such optimum proportics of s* or thoir nogation in the
olass of all ostimatora. It turns out howovor that x° is inadmissiblo for x4
oven in a natural subclass of cstimators of y for a vory genoral typo of loss
whonovor it is known a priori that for somo known subscripts & and § #1,
i€ o} Tho inadmissibility proof which is in tho samo apirit a8 in Stein
(1964) and Sinha (1976) is givon in Soction 2.

2. INADAOSSIBILITY OF THE M.L.E. 4°

In this soction wo prove that p® is inadmissiblo for g for a vory gonoral
typo of loss undor somo prior information about tho unknowr variancos.
To bo spocific, assumo that tho loss function

Lip, d) = W(d=p) e {21)
satisfion
W) = W(—t), TP(0) = 0, () ia strietly inoroasing in |¢]

and

~0<C <o, "f W) gtydt <o
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whore

B(6) = (v/Zm)-1 oxp(—13/2). (2.2)

Assumo furthor,_ it is known & priori that for pomo known subscripts i and j,
1<) <k ol ot Without any loss of gonerality lot us assume

<& a}o for somo known i, » 2. e (23)

The main result of the papoer ia the following.

Thoorem 2.1: Under (2.1) -(2.3), 4* is inadmissible for p in @defined
below.

Proof : The proof is in the same spirit a3 in Stein (1964) and Sinha
(1076). It is easy to vorify that the underlying ostimation problom romains
invariant undor tho offine group G of transformations acting on the' X/’s,
S¥s, 4 and 0%'s as

X¢—» aX¢+b, St a8}, i=1,..,k
#=> ap+d, 0% - alol, i=1..,k o (24)

whore @ # 0, —0 <b < o0, and that any affino oquivariant estimator
is of the form

YZys s Xi; 851 ovvs 83
= X +-8: 8 (Xy—Xol 8y, ooy (Xa—X,)/ 813 SYSY ..., SHSH. ... (258)

A subclass @ of the class of affino oquivariant estimators is obtainod by
choosing ¢ as

HEam XISy s (K— X}/ SYS s SHSD
= 5% £ (XX 61 (691, ., SYSD.
rosulting in ¢ as

Y&y X Sl D= X, (1= 4 )+ %x.w - (28)
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whore ¢¢ (SY/S} ..., S}/S}) is abbroviatod as ¢, ¢ = 2, ..., k. It is trivial to
vorify that 4°€ @ with

fure=(sHSYI ( X sHs). i>2. -

¥o now show that givon any estimator v € @, it is possible to improve over
it in viow of the condition (2.3) provided

‘E‘ $>» 0 ond b1 > —;—hold with positive probability. ... (2.8)
o

Towards this end, lot us first noto that tho risk of any r ¢ @ can be oxpressed
a8

R(y) = E(V(y—p)}
E o1 0k i
=z [E{w{[(1-2a )+ East]0x)}] . eo
whore the inner oxpoctation is w.r.t. X~ N(0, 1), kooping ¢¢'s fixed, and
the outor expectation is w.r.t. the S¥'s,
Dofino

o = min (3, %
and
V=X (1-i- I d)+ B eI . @10

e show that ¢* which trivially € @is an improvement over 3, It is onough
to show in viow of (2.9) that

02(1—§¢‘)'+§‘.¢r}¢}> a*(l— E $—¢! )’+ T o} glot gt
' 2 1 ! ey fo 2y fo Tt

v (211)

with probability 1, and that strict inoquality in (2.11) holds with positive
probability, But (2.11) aftor some aimplification is equivalent to

A (ehen) >t (pa=01, ) (2- Eo T 4vi, )

= (o4 ) (Aret )09, ) -202 (1= 3 a)] >0

w (2.12)
23 4-11
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That (2.12) holds with probability ono follows from tho fact that ovor the
sob (¢'o = ¢;°}, (2.12) holds trivially and ovor the complomontary sot

{#, > 81, =5} also, (2.12) holds bosauso
#1195, > 1 5 20illoi+o}),

by (2.3). Also, tho inoquality in (2.12) and honco in (2.11) is strict with

positivo probability by (2.8).
Finally, ainco the condition (2.8) is satisfiod with ¢‘° = ¢‘°, ¢, it follows
that x° is inadmissiblo for z and this complotes the proof of the thoorem.
QED.

Remark : Tho ostimator ¥* can bo viowed as a sort of ‘testimator’ which
usos g!for & variant of it as an estimator of x doponding on whothor $, < -%
or > —; If the apriori information (2.3) is strongthonod as giving of < o},
I=iy.yis, 1€t k=1, I=( i) C(2 .y k), then defining

X (= I di— I ¢+ Z Kbk T Xigl
v 1 .'¢1¢' i.1¢‘)+¢u ‘¢'+n1 Bg
with ¢} = min (g1, 3 ) 1= s, ..., it can bo shown using tho samo argumenta

ag givon abovo that y* improves over y providod at loast one of tho ;s

(F = iy .. ir) is grontor then - with positive probability.
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