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SUMMARY. This papor connidors o multiutiribute sot-up with some controllable and
some non-controllablo attributes. It is investigated how ono can chooes 8 aubsat of the form
combinationa of tho controllable attributes such that if indopondent samples aro drawn corres-

ding to tha binations in tho nubset and clamified aecording to the form combinations off
the non.controllablo attributes then the procedurne allows estimation of tho relovant parameters
when prior knowlodgo is availablo regarding the ubsoncs of somo of tho Interactions. Tha stan-
dard log-lincar medol has been 1 ond the ion with tho traditional thoory of frac.
tional factorial plans in design of experimonts has beon explored.

. InTRODUCTION

The problem of analyzing eategorical date under the loglinear model
with several attributes has received considerable attention in recent years
(for detailed references sce Haberman (1974, 1978, 1079) and Bishop, Fienberg
and Holland (1975)). If some of the attributes are controllable then one
may draw independent samples corresponding to the form combinations of
these attributes and classify these samples corresponding to the forms of the
remaining (non-controllable) ones. If prior knowledge is available regarding
the absence some hizher order interactions then in such product multi-
nomial sampling, instead of taking samples corresponding to all form combi-
nations of the controllable attributes one might consider only a subset of
these form combinations to estimate the relevant parameters,

As a simple example, with only two attributes F, and F,, each dichoto-
mized with forms 0, 1, if F; be controllable it is intuitively clear that a single
sample drawn corresponding to the form 0 of F, and classified according to
the forms of F, will enuble one to estimate the main effect of F,, provided
there is no interaction between F, and F,. This is just analogous to the
simple faot in tho context of traditional fractional factorial designs (sec
Kempthorne (1952), Raghavarao (1071)) thet in a 2° factorial design with
factors F, and F, starting from the defining equation f = F, it is possible
to estimate main effect F, provided interaction F, F, is absent.

JLMS (1070) aubject olaseification : 02F10,
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The above oxample suggests o strong relationship between the fraction
glection problem in categorioal data analysis with some controllable attri-
wtes and the traditional theory of fractional replication in design of experi-
gents. The objective of the present paper is to investigate this interfaco
dgorously. The necessary and sufficiont condition under which n subset of
prm combinations of the controllable attributes ensurc the estimability of
the relevant parameters has been developed in section 3. In section 4, it is
«en that this condition is precisely equivalent to the corresponding one in a
aditional fractional factorial setting.

2. NOTATIONS AND TRELIMINARLES
To formalize the ideas, let there be m attributes Fy, ..., Fp, the j-th
stribute having & forms 0,1, ..., 8—1 (1 € j < m). Let n(i) denote the
probability that a randomly chosen individual corresponds to the form

ombination i = (i1 ..im), 0 i< o—1, 1<j<m Lot v= Il g,
1=1

i) = log (i) and «®*" a vector with clements 7(i)’s arranged in the lexico-
gaphic order. Then defining Q as tho set of m component vectors with
dements 0, 1, for each & = (xy, ..., ¥m) € Q, it is easy (sec Kurkjian and Zelen
(1963), Mukerjee (1979)) to find a Il(s—1)¥ X v matrix P* with orthonormal
wows such that under the standard log-linear model (ef. Birch (1963),
Bishop cf al. (1975)) P* T represents the interaction FI!... FZm among the
attributes.

Among the m attributes suppose that the first p are controllable
{1 p < m) in the sense that corresponding to each fixed form combination
o F,, ..., Fp it is possible to draw a random sample which may be classified
according to the forms of Fpy, ..., Fm. Thenfor 0 iy < y—1;1€j<m,
the conditional probability m(i®/[ith) that a randomly chosen individual
belongs to the form combination ¥ = (ipyy, «..s $m) Of Fpyyy ooy Fn given that
it corresponds to the combination iV = (i, ..., ip) of Fy, ..., Fpis given by

AES[EN) = —5(‘7)(‘.-) = %”U, e (21)
3 -

Defining Q° = {{%s .-0» m) * Tppa = oo = m =0, 7y = 0,1,1<7<p)
and § = Q—0°, it may be seen that (2.1) depends on ~ only through Pz
forze O. In other words (2.1) is free from the parameters reprosenting the
Hiects FE! .., FZm for (2y, ..., ¥m) € 2. Hence under the controlled sampling

A3-8
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procedure one can possibly inferonly on PPr for z=(2,...,2m)e Q.
Suppose now prior knowledge is availablo regarding the absence of some of
the interactions, say, let it be known that

Prx = 0 for x ¢ Qg (C O). o (22)
Then defining B = [..., P#, ...J' for 2 & —Qy and @ = Br, (2.1) reduces to
niwji) = ¥ (2 e"“”), (2.3)

i@

where the Ji; 's denote the columns of B,

In view of (2.3), from the controlled sampling procedure, under (2.2), one
may proceed to infer on @ ie. on Pit for x ¢ Q—Qy. In the next section it
will be examined how to choose a subset S of form combinations of Fy, ..., F),

so that a controlled sampling based on only the form combinations in §
enables one to make such inference.

3. ADEQUACY OF A SUBSET
Consider a subset S of form combinations of F, ..., F, and suppose
independent samples are drawn only corresponding to these combinations.
For i = (iy, ..., ip) £ S, let n(iM) be the sample size and n(i'?[itV) be the
observed frequency of the form combinaton i'® = (ipy,, ..., im) of Fpyy, .oy Fin

01y o—1, p+1j<m). Then by (2.3), under (2.2), the likelihoorl
function in terms of ¥ is

i nef12)y 1),
L=congtantx M1 [ T [ ____
wns | 09 \ g ellfl’ e (31

o
where the constant does not depend on &%,

Instead of (3.1), however, an equivalent alternative form of the likelihood
funetion will be considered. This will somewhat simplify the presentation.

Let T denote the set of ) i & possible choices of ' = (ipyy, ..., fm):
Then for any i = (i, {), whe’reps;:’ e S, i e T, lot p(i) = pli®, i) = NP,
For each iV ¢ 8, let H(i'") be & matrix with columns given by Iy's i
hy,...'s arranged lexicographically according to % = (ip,y, .., im) and
similarly (i) be u vector with elmenta u(it), it®) lexicographically ordered
according to ™. Furthor, define M =[..., HGW),...] for iMe§ and
t=L[.,sE",. .7 for ive 8. Then

w=H®, e (32
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jo. o & column space (H') =[ = _#, say]. In terms of g, L as in (3.1) may
be written as
] H)¢l1)
L=ocoustantx M | 1 [0 ™7 . (33)
ey | ¢ E) et

where @£ AL, !

Let n be o vector with elements n(i'®/i™) formed in the manner in which
R was formed from w(i™/i'9)’s. Then following Theorem 2.2 of Haberman
(1974) a necossary and sufficient condition for the existence of a maximum
likelihood estimator (MLE) of w is obtained as:

Theorem 3.1 : A necessary and sufficient condition that the MLE of u
wisls 18 that there exists z & _ft* such that n+z > 0 (where g is the ortho-
cwomplement of _g¢ in the appropriate dimensional Euclidian space).

Since, by (3.2), our parameters of interest namely @ are closely linked
with p, the above theorem suggests that the oxistence of MLE of ® depends
not only on the choice of S but also on the observed cell frequencies (in parti-
cular, clearly if the condition stated in Theorem 3.1 does not hold then MLE
of ¢ cannot exist). Thus the status of any S in this regard should be judged
keeping this fact in mind.

Definition 3.1 : A subset S of the form combinations of F,, ..., Fp will
be called adequate for Qg if, given that the condition stated in Theorem 3.1
holds, unique MLE of & is available.

The following theorem gives & necessary and sufficient condition for the
tdequacy of a subset.

Theorem 3.2 : A subset S is adequale for Qg if and only if the rows of
the matriz H are linearly independent.

Proof : In view of Theorem 3.1, the proof is immediate noting that by
(3.2) i is & one-one function of @ when and only when H has linearly indepen-
dent rows.

4. CONNEXION WITH FRACTIONAL PACTORIAL PLANS

As indicated in the introduction, the last result has a close link with the

theory of fractional factorial plans in design of experiments.

Corresponding to the multiattribute setting described in section 2, define
the following. Let P, ..., ), be m factors at sy, ..., 8m levels (e.g. the levels

m
fre 0,1, ..., —1 for Fy), there being v = II g lovel combinations in all.
Jm1
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Denote by ~**! the vector of treatment effects arranged lexicographically,
For = = (%, ..., Tm) & , PZr represents a full set of orthonormal contrasty

belonging to the factorial effect FR.. Fm (ef. Kurkjian and Zelen (1963

Mukerjce (1070)), where if, in particular, ¥, = ... = %5, = 0, then F}! ... fad
stands for tho ‘general effect’.

Let S be a subsct of level combinations of Fy, ..., F;. Then by an
equireplicate fraction generaled from S, we mean a design comprising the levd
combinations {(iy, ..., tm) : (i ... ip)e S, 0 1y  8y—1 for p+1jn)
in which the number of replications of (i, ..., im) depends only on (i, ..., ip).
Using the notations of sections 2,3, denote the number of replications of the
level combination ¢ = (3'V, {®) in such a fraction by v(i'V) (> 0), iV 8,
e T,

Define Q, Q°, Qy as in Section 2. Suppose, analogously to (2.2),

Pzg =0 forze Qy e (7Y

Defining B and H{i), i'" ¢ S, as in sections 2 and 3, it may be seen aftur
considerable algebra that the least squares reduced normal equations for

B under (4.1), based on an equireplicate fraction generated from S, have a
coefficient matrix given by

B v HEMHEWY. . (42)
g
The derivation of (4.2), which follows the line of Chakrabarti (1062, Ch. 2)
and Mukerjec (1980), is lengthy and hence omitted. For the interestod
reader reference is made to Mukerjee (1984) in this regard.

Since (i) > 0, for cach i e §, (4.2) is positive definite (so that A+
is estimable) if and only if the matrix H = [..., H@EY), ...] for i e S, as in
section 3, has lincarly independont rows. This is precisely equivalent to the
condition considered in Theorem 3.2. Thus one gets the following theorem ¢

Theorem 4.1: A subset S of the form combinations of Fy, ..., Fp in the
mullialtribute setting is adequate for Qu if and only if an equireplicate fraction

generated from S ensures the estimability of Bx in terms of the corresponding
Jactorial sel-up.

This theorom links up the problems of fraction selection in discrete
multivariate analysis and in ordinary factorial designs. The existing results
on fractional factorial plans may thus be utilized in obtaining adequate sub-
sots for the original problem. In particular, applying Theorem 4.1 and
proceeding as in Rao (1947, 1073) we have the following :
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Theorem 4.2: Let Qg = {{z), ..., Tm) : (%), .0y Z) £ fl-, among =y, ... Tp,
more than ¢ are equal lo unity) and 8 be such that wriling the form combinalions
of Sas columna, the resulting array is an orthogonal array of strength 2u. Then
S is adequale.

Example 4.1 :  Consider the data on recurrence of rhoumatic fever from
Bishop e al. (1875, pp. 116-118) with five attributes, namely,

F,: Laboratory results,

Fy: Interval from last rheumatio fever attack,

Fy: Heart discase,

F,: Number of previous attacks, and

F; : Recurrenco of rheumatic fever,
with 4, 2, 2, 2 and 2 forms respectively.

It appears that the first four attributes are controllable and suppose
prior information is uvailable regarding the absence of all interactions involving
three or more attributes. Then m =05, p=4, 8, =4, 8. =8, =8, =28
=2, Qp={z, 22, 1): 1y=01; j=1,2,3,4, among z;,%, %, %
more than ome equal unity}. Taking

8 ={(0,0,0,0)(0,1,1,1),(1,0,0,1) (1,1,1,0),
(2,0,1,0),(2,1,0,1),(3,0,1,1)(3,1,0,0),

an application of Theorem 4.2, with % = 1, shows S to be adequate for Qy.
In other words, given that interactions involving three or more attriibutes
are absent, & product multinomal sampling corresponding to only eight of
the thirty two possible form combinations of F,, Fy, Fy, F will be adequate
for drawing inference on main effect Fy and interactions FyFy(j=1,2,3,4).
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