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1. (NTaDUCTION

For a finite population having identifishle units, the nunexistence of
w wniformly minimum varinnee unbinsml extimator (based on an arlsteary
smpling design) for the popmlation menn of i study-character wis initally
pointed ont by Godumbe (1053) andd, zubscquently. rigorously establisled by
Hunuray (1966).  Roy and Chakravarti (1060) plended for the praperty of
ltincar invarianes us devirable of any estimator of the population mean
whenever the study-charneter posscases certain units of meusurement.  Patel
and Dharmudhikari (1077) used the concept of linenr invariance in developing
n nice tool for constructing admissible (lincar invariant) unbinsed cxtimaton,
Howuver. they were unable ta deduee exp
sequently, the

it forms of such cstimators Sub-
modified the technique (Patel and Dharmadhikari (1935))
andl introduced certiin other clisses of udmisaible estimators.

In Section 2, we review the reaults of Putel und Dharmshikari (1
We reempluize the nse of the linear invariance as n lool for conxtruct
ndmissible extimators. We ulzo obtain un allernnte set of equations for obtain:
iog lincar invariunt admissiblo estimators,  In Section 3. we inlruduce n rels-
ted concept of linear sub-invariunce und use it a3 another tool (o construct
cortain other admissiblo estimators in tho clnss of linear unbiased extimaton.
The motivation lics in & study of the nature of the variance funetions of such
cstimntors. T the Appendix, wo derivo explicit forms of ndmissible Jincar
invariant nnbinsed cstimators of the population mean for two familiar sampl-
ing achemens, viz.. (i) ppswor of sample sizgo two and (if) Midruno (1950)
schome of samplo wizo ».

0n keave from tho hulian Statistical Institule.
AMS (1970) rebjeet dosrification ; Trimary 62D, Xecands
Key words and pheasea : Connested heaigne, mimisalbhs cetitunton, ppeawor. Midsuno stzsr.
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2. LINEAR IXVARIANCE AND ADNMISSIBILITY
Conwider n finlte population uy = {1, 2...., X} of X irentifiable units.
Let (3, ) denole o sampling dexign for 1y so that pis) > 0 for overy ¢ 8
and ¥ pia) — 1. A linear cstimator i(s, ¥), for tho population mean ¥ of a
s

character ¥ undor study, based on n enmple o, has the form

(s, V) I A iy AN}
o
See Raj (100%) for the genernl notation and definitions, The condltions of
i and linear i i aro reapectivel)

X B iple) = 1N, i= 120N |

a0
and £ Mn i) =168 )

‘o

Wo ussumo thut the sampling design is connected. That is. any two units

(sapsples) nro conneeted through one or more chains of samples (units) and

units (samples). Seo Patel and Dhannadhikuri (1077) for dotails. Let

m= S p)undmy= £ pls). denote the inclusion probabilitics of the
300 =2

anit i and tha units i and j, reapectively. Following the natation of Patel

and Dharmudhikari {1077), let

N

g o om—~ E_{pla)fa(e), i1
o3t

rg= — L {plnle)). FEjocL AN )
«30hJ)

where a(s) denotes tho sizo of tho sample &. The Nx XN malrix € = ({ey))
bx enlled the C-matrix of the sampling design. Noto that 1he matrix € is
symmetric nnd that €1 -0 wheee 1 5 (1, L., 1) and 0= {0, 0,.....0.
Since the design is assumed to be connected, the rank of the matrix € ia N —1.
For the snke of complotenvss we state the resulis of Patel and Dharmadhikari
(1077) in the following Lheorem.

Theoren 2.1 : (Patel und Dharmadhikari, 1077) 1 Assume thal the

design s convected. The cstimator o, ¥) with o3} (1n{e)}+Ni—A,,
where the M'a alisfy

[N e 15)
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Aeam (A Aoy Ayl di= N-1— X [playfn(e)l,i=1,2 ., N and i, =
clh

£ Afala), is linenr invariont, unbiased for §, and minimizes the sum of
@

the eairances al the pointe ¥y, Ys ... ¥n. The eyem of equotions (8)
is consislent. Also, the eatimalor | is unique and, hence, | is vdmizsible scithin
the clasa of all linenr wnbinsed catimators of V. Here ¥, slowds for an Nx1

eeclor with | in the i-th position and O clachere.

The system (5) scemy intractable in general terms, Howover, for al
lenst two fumiliar schemes of sampling, viz., (i) ppswor of sample size two
ond (ii) Midzno schewme, it is possiblo ta obtain an algobraio expression for A
aatifying {5). The caleulations s well ag (he resulting expressions for linear
invariant estimators for these two dexigne are given in the Appendis. It
may be noted that for the schomo (i), Sengupta (1980) bas eatablished admis-
sibility of the symmetrixed Des Raj cxtimntor which b not, however, lincar
inverinnt. For the schemo (i), the Horvitz-Thempson estimator (ATE)
s also nob linear invadinnt,

Patel nand Dharmndhikuri {1077) deduced that a choice of ffs, i) ax
Pis, i) = Ag+a, together with the conditions (2) and (3) results in o, i)
=[1/n0)]+Ai—A; whiero A'x sutisfy the systom (3).  Likewise, it may be sen
that such a fis, /) alxo hns an alternutive representation given by fir, i) -«

N 7} 4 ooy — g where @y — f. _lw,p(s)im. the w,’s satisly an nnalogous system
Dw::1q, e ()

with @ = (g wge e wst)

D={(hy)), Hx M,

q = e e s

du = n(x)pla)—p'(x) Elll/m).

= -Pls)p(-‘)“ﬁl_ (fm) o2 o,

1= p(-)—p(s)‘:-l_ (¥,

wid 1 s the cardinality of 8. Note that the stady of admissibility cesestially
rests on the reduced formx of sampling designs wheroin o two samples are
wquivalent. Therofre, 31 is at most 2¥—1 and the malrix equation ()
ety & finile nyston.
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It is rendily verificd that D 1 = 0 nnd ¢'1 = 0 so that Lho systom (8) ia
consistent und tho solution is unique (up o w,—ai). This rominds ono of
similur studies in tho block-design set-np. b can bo shown that thu rank of
D in 2~ 1.if and only if, the rank of € s N—1. In practico, thorefore, given
a connccted sampling design, ono might firt check the aupect of simplicity in
wlving tho systems (6) and (6). If I is amnller than ¥, ono might prefor
tho system (6) to ().

Tho two all i of tho admissible Unesr inverisnt
unhiased astimatar I(s, P) o0.g.

le, ¥) = y(-)+‘§.(m—i.) ¥
sad By = g E (Vma+ Z -
% \

whora yy = ‘2 Yyin(#), havo intorestlng interprotations. In the firal caso,
o

it is tho saniplo mean adjusted for unbiuscdness by an error function and in
tho sccond casp, It is tho HTE adjusted for lineur invariance by nnather ermvr
funution. Thia Intter ropresentation allows us to sxplore further the behavior
of varianes functions of such estimators and investigate tho question of avail-
ability of similur other admissible estimators.

3. LD{ZAR SUB-IXVAIIANOE AND ADMISSINILIIY

In this section wo generalizo tho concopt of linear Invariance and obtain
othor typos of admissible cstimators. Lot us first examine the variancs
curves of the two admissiblo cstimatora: HTE and {s, P) defined in
‘Theorera 2.1.  The HTE has tho jcast variance at tho points ¥p,i = 1, 2, ..., N,
among all linear unbiesod cstimators. Also, the curve of the varianca of
ATE wrually slays sbove tho X-axis, cxcopt at the origin. On the ather
hand, the curva of the varisuco of (s, ¥) defined in Theorem 2.1, hits tho
X-axia at the point 1 and soys sbove tho curve of the variance of HTE at
tho points ¥, i - 1, 2, ..., N. Noturally, no estimstor is better than the
ather and both cstimstors are ndmissiblo. (Seo also Godambe, 1060),

The following twa questions naturally ariso :

Q1 : Do thare cxist othor admismiblo varianco ourvea that intorsect the
eurve of V(HTE) at ono or more pointa ), Yy, ..., ¥'x and yot hit
tho X-axia at a point

»2-13
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v, ¥, ¥, 1
Pig. )

Q2: Do thero uxist other admisaible varinnco curvea that hit the X-uxis
at moro than ono point ! (It must be understood that we nre re-
ferring to points that are not proportionsl.)

Wo will now cstablish that such adminsible curves do exist. We defing
systoms analogous 10 (6) and construct admissible estimators for the popula-
tion mean based on such adminaiblo curves. W first intruduce the concept
of wub-invarinnco.

Definition 3.1 An unbiased estimator is sald 1o be type I—lineur sub-
invariant of order m if for some cholew of (i , i, im) C{l 2, ..o ¥}, the
varianco curve of the estimstor attains the minimum valoe at owch of the

pointa ¥,.. V..., ¥,_ and 2oro valus at tho point 1— ¥ ¥, simultancously.
=1
Form =0, it is a linear invariant estimator.

Nole that, for m - 0, wo know that a linear invariant estimator exists.
Also, for m .= N, the ATE Ia lincar aub-invarisnt of order N. Form = N—1,
a linear sub-invarisnt estimator of order N—1 haa to ssume minimum valus
at all points ¥y, ¥y, ..., Yar oxcopt ot one such point whera it has {o sssume
zero value, Clearly, this will bo possiblo if and only if the sampling design
would provide ny = 1 for some { and the HTE would then serve tho purpose.
So, for m —= 0, N—1 and ¥, wo bave lincar sub-invariant estimators and Lthoy
aro clearly admisaible. For other velues of m, 1 < m & N—2, we cstablish
the oxistenco of such estimstors in the following lemma.

Lomma 3.1: Assume that the sompling denign iz connecled. in addition,
aupposc for some m, | & m & N~2 and for some (i), iy, ... sm). the design is
auch thal (i) pls) — O whenever o C fiy, iye --., vm} and (i5) tha reduced sumpling
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design obinined by deleting (iy, by, ..., im} from the original samples is alss con-
necded.  Then, there exisia al leasl one fype-1 linear invariand estimator of
order m.

Proof : For the simplicity of notation lot iy = j, j = 1, 2, ..., w. Con-
xider a linear estimator s, ¥) = £ f(a, i)Y;. Wo now minimixe the sum of
U

the variance of Ifs, ¥) at the points ¥, ..., ¥x nubjoct to the conditkons

of unbinsedness, zoro variance at the point 1— £ ¥, and the minimum
=

variance at tho pointa ¥, ¥y, .... ¥, simultancously. The conditions are
respectively,

W) I Plaipley=N1i=12..N,
=101

NV (N—m), forall s, and e (D)

£ flai

LR

(i) Ble, §) = (N, ieS (Y up

where uy = {1, 2..... m). ng the minimi: techniquo of Patel and
Dharmadhikari (IM1) and the nrgumunu of Section 2, we obtain the estimalor

Imir, F) = E gim (s, )T, with
I

(N m), . J
Bom(e, §) ¢ _ - (8)
(N m) twp—ay, ie0, - mt 1, L N
w =t £ wpla).i=m+1, .0 N,
atil
and w,'s matisfy,
Dty = g, .M

where D™ = (),
A = n*la)pla)—pta) I n7'
i —un
AP = —plo)pld) L miLas,
b - v

@™ = N-{N—mipls)—plr) E (Nm)™
ie -

aod 7(e) = nle)—nis ) 1em).
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Noto that. with u_ = {m+1, m+2, .., N),

1= = NI (N—m) £ play~ E(V¥m)"' £ pln)
Eum i o

iy,
which is zero rinc wo nexumed that p(s) = 0 for avery s C Ma. Similarly,
one ean show that D'='1 0. Now. ay the resultiog sampling scheme oh-
tained by deleling wm from all tho samples (s still connected, the rank of Di=!
is cqunal ta the number of rowx of D'™ minua one. Therefore, the ayatem of

Juntions in (9) ix i nnel the extl I'm (g, P) given in (R) dxn dxpel.
linear sub-invarinnt etimator of order m.

Remnrt 3.1 : Nota that one cannot exclude tha condition that p(s) = G
fur # Gt 1a in Lemma 3.1, as otherwise 1°g'™ 3 0, Alsn, the value of the

eatimatar s, P} at the polnt I~ £ ¥) is zero for 4 C tp and fs N=(X—m)
="

for 4% ua. Thorefore, Ifs, T) would not bave achicved xero variance

b the paint 1— £ ¥, unless ple) <0 for all ¢ Cia. O the other hand.

connectedness on tha reduced sampling design can be replaced by appropriate
conditions on the different disconnccted parts of the reduced design. (See
Patel and Dharmadhikari, 1977, for such conditions).

Wo will now answer Q1 by establishing the ndmisaibility of the csi
=Yy, P) defined in (8).

Theorem 3.1 Assume that the conditiona of Lemma 3.) hold.  Thew for
wrery m, b m K N—2, the extimnior I= (s, P) is admissible in the clacs of
lincar unbiased estimatora.

Proof :  Note that the catimator M'® (s, P) determined through (8) and
(9) ia tha unique linear unbisser] eslimntor that minimizcs the sum of the
variances at the poinia ¥a,,, ..., ¥x subject to attaining the minimum vari-
ance at each of tha polaita ¥,. ¥y, ... ¥ and ulso zero variance at the poiot

1- % ¥, Therelore. the cxtimator in ndmissiblo,
-

Wo now introtduce unother type of sub-Invariance that s related to Q2

Definition 32 ¢ A linear unblased extimator is said to b n type 11 liness
sub-invariant estimator of ender m f for some iy, g, v iw) C {1 2 ... N).
tho varianca of the astimalor is 2ero at each of tho poiats 1-¥,. 1=V, - .

1-Y, . simultancously. For m — 0, it ix A lincar inrariant estimator.
'
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Wo now establish the existenco of & type IT linoar rub.invariant
estimator,

Lemma 3.2: Assrume that the conditions of Lemma 8.1 hold, In addition,

oxume thal {the m-th ordor inclusion probability of {iy, iy, .... in}

— Utu (sy)), i strictly positive. Thon thers exista a type II lincer sub-
invariant sstimator of order m.

Proof . For simplicity of tho notation, sot ijw=j, j= 1. 2, ... m, %0
that myy » > 0. Following tho nrgumenta similar to that of Lemms 3.1,
wo define

T (2. ) =E' Boms (0.9 . (10)
with (N wgemy? forie=12 .miDua
Aa(8,)= < 0 fori= 12 ..meDua

(N my '+ on—Tan forica (v
where @ =n"' L wpl)
LE10]

and u, = (m+1, m+2, ... N}

The coofficionta fm, (4, i) aro wall dofined bocauso m,...w ls nesumed to
bo positive. In order that (s, ) s type TF lincar sub-invariant, it ix neces-
sary and sufficlont that w) satisfy,

D= w = g, e

whoro D= is ns dofined in (8),

G = (1= ) pe0= 20 =, thmpio,

U oaDw.
o {
0 otherwiso.

In view of conncetedness of the reduced design leading to D= and the fact
Vem; = 0. wo got the conslstency and uniqueness {up to w,— ) of w in {11).

Wao now state the result on admixibility of fim, (s. ) P.
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Theorem 3.2: Assume that ihe condilions of Lemma 3.2 hold. The esti-
mator lmfe, ¥) defined in (10) 1th w, eatisfying (11) is admissible scithin the
clasa of linear unbiased estimalors of the population mean.
The proof is slmilar to that of Theorem 3.1 and honce is omitted.
Remark 3.2: The systom (9) can be translated into the correxponding
systom C'=' A = d'™ whero
4@ =m— L [p(a)in“{a)).
=0
dpt=— L (pla)fn‘(a)
=31.)
and

= NT=NNN—m) X (plajutta),
sl
form+1¢i+#j &N
Similarly, the system (11) has the counterpart ' X = dm, where
dimy.t = N1=N-(N—1) E {pls)in°(s)
234}

HN Ty Hm—1) £ By (e}
»2 (i}

with &:uq and n(s) as dofined in Lomma 3.2.

We conclude this seotion with the following oxnmples based on SRSWOR
(N, n) sampling procedure. For m < n, the linear sub-invariant estimators
given in Lemma 3.1 and Lemma 3.2 are

) e, Py = {1_"'+"}g(.nu..)+{|— ¥ oenw

and
@ tamtn, 71+ F e,
g, Va6 N

where §{. ) — mean of the elementa in the sot ( . ),
™ = n(n—1)...(n—m+1)

and tg = tty—um. Ifm = O wogot 1 (s, ¥) =1 Iy, (s, ) = o).

Acknowledgemeni. Tho authors with to oxpress their thanks to the
roforcas for thoir holpful comments in improving the results and tho organiza-
tion of thia aréicla.
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Appendix

Hero wo derive oxplicit oxpressions for linear invariant estimators for
two femiliar sampling schemes by solving tho system O\ = d where C. 2
aud d are dofined in (6). Noto that the systom CA = d with €1 =0 and
@1 =0 whero € ls symmetric, Is oquivalent 1o ((+as')A == d for any
a satiafying a’1 2 0. Now a muitablo cholce of @ can be made such
that (i) tho rank of C+an’ = N and (ii) oxplicit slgebraio expresions for
the slomoenta of (C+aa’)™! are available. Moreovor, in our spplications,
we are concernod with contrasts involving the Ay's 50 that in any solution to
A, tho torms propurtional lo 1 can bo ignored.

(i} PPSWOR(N.nm2 pr(py. Py ... puY') sampling acheme :
Noto that for this schemo, w = pil+ £ pytl—py-Y) wnd my — py
o
{0—p-'+(1—py)~}. Then, tho syatem (5) reads ax

HA = h, . (A1)
whero H = M—(pr+8p).

M = diagonal (8, 0y, ..., Op),

B =2 N-1-0428—p),

[T I S

8 =0, 0.0,

8 =8 . by,

0 =apitd
a =81
and & = pl{l—p) .

Wo tako @ = (p+8) in the above formulation. Then,
A = (Htod'y'h,
and after some routine algebra, it can bo shown that
A= 2N M (e 1) (2—2)+y] M pi4 22 1
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and hence

_ —p)
Ay = T =)

AN41—ax) N _ 2 {at—poi—p+1)] ..

@fE Tz pm

where 2 = B—py M-Rlstz+1) (a+ I,
L= —{zt1)
¥
and ==X (oo,

Seco Sinha and Pantula (1982) for dotails.

(a.2)

Tho linoar invariant unbiased cstimator, for the population mean, of

Patel and Dharmadhikari (1977) is thon given by
i, Ty = JYek P+ MUY= Y5) (—Dp)
whare s = {i, j} and {A;—A,) is 28 dofined in (A.2).
(1) Midsuno scheme for samples of size n;

. (A3

For this scheme, mg = (N—1)=(n—1)-+(N—njp) und my = {(N—1)
(¥ —=2)(n—1) (n—2)+(n—1) (N —n) (1+py)}. Tho syetom (5), thon, reads as

B =r
R =P+b1 1 —c(pl'+1p'),

whore

P = diogonal {ay, ay, ..., ay),
b = —[a(N—1) (N—2)]"* (n—1) (n—2),
¢ =[a(N=1) (N=2)]" (n—1) (N—n),
aq=g+fp, i=12 ., N
g = (n(N—1) (N=2))! (4—1) (Nn—N—n),
1 = BN —1) (N=2)]7 (n—1) N(N—n),
r = {a(N=1))"" (N—n) (N-' 1-p},
vad P =(P Py ... Py
Wo take @ =. {1 4p) in the above formulation and obtaln,
A = (Rpa’) .

LA
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Aftar somo routine algebra (see Sinkia and Puntula, 1082), it can be shown that
M=xapli=12 ., N o (AB)
z - (NN —1) (1 4dy)g)~" (N—n) (N+1) i/ +0)
9 = [+ ogy—cgN+of—dfel¥ —gy)
y = (n—1)" n(N—1) (N—2)z
s - ,?, ((Nn—N—n)+ NN —n)pj]}
d —bte
and { is some constant,

The lincar invarinal unbissed estimalor of Patel and Dharmodhikarl
(1977) Is, then, givon by

Us, ¥) == jlo)+ g:_m—i.m . (A8)

where A's are given in (A.5) and A, = [n(n)]-"t A
g
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