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SUMMARY. Tho paper is concerned with the study of the rate of convergence of the
distribution of a i likolihood estimator (MLE) of an unknnwn paramotor in the drift
ooefRoient of dilfusion procean deecribod by o linear 1 8 io diff ial oqua.

tion. A bound on tho rato of convergenco of MLE to the true paramoetor i3 givon.

1. INTRODUOTION

The study of the asymptotic distribution of an estimator is not very
useful in general for practical purposes unless the rate of convergence is
known. Michel and Pfanzagl (1971) and Pfunzagl (1071) studied the rate
of convergence of the distribution of a minimum contrast estimator (MCL)
to the normal distribution in the i.i.d. case. Prakasa Rao (1973) studied the
rate of convergence of the distribution of the MLE to normal law for discrete
time stationary Markov processes. No result of the Berry-Esseen type is
known for the distribution of the maximum likelihood estimutor of the drift
parameter of a diffusion process described by a linear homogeneous stochastic
differential equation even though esymptotio properties of the estimator aro
known {cf. Basawe end Prakasa Rao, 1880). Moreover, we do not know of
any such results connected with central limit theorems for stochastio integrals.

In this paper, we shall study the rate of convergence of the distribution
of MLE 0 of the parameter 6 ocourring in the drift coefficient of a linear
homogeneous stochastio differential equation

dX; = 0 a(X)dt+b(X) dW,, t > 0; Xy =z 6 R v (LD
based on the realization XT = {X,; 0 £ ¢ ¢ 7). We shall aleo obtain bounds
on the difference |§7—8|. We assume that the equation (1.1) has a uniquo
solution for any fixed 4.
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2. PRELIMINARIES

Let (Q, F, P) be & probability space, {Fy, § > 0} be an increasing family
of sub o-algebra of F such that Fy contains all null seta of F and F, is right
continuous. Let {Wy, ¢ 0} bo the standard Wiener process adapted to
{Fut > 0}. Denote by Cp, the space of continuous functions on [0, 7] with
the supremum norm and Br the associated Borel o-algebra. Let Py p be the
measure induced by the process {X;; 0 € ¢t < T} satisfying (1.1) on (Crz, Br)
when 8 is the parameter. Define by Py, r the measure induced by the Wiener
process over [0, 7] on (Op, By). Assume that 6 6 ® (C R. Further suppose
that

X
(dy) 0<E{, { ‘;,fx‘; a} <o

for all T > 0. The log-likelihood funetion

La(6) = log 75— ‘"’“‘ . @0

is & well-defined Fp-measurable function and it is given by

[10.9)] a4(X;) &

Le(6) = 6 _[ Ty X ; s o . (22)
Hence the MLE 0y, is given by
o= { Sy o { ) »)
= 0+{ i Zg‘;dm} { DIT z:g,:)) &t }'1. (23
Let In=] Z:((AA{’:)) & . (2.4)

and suppose that there oxists positive functions Q(7) 1 oo, ¢(T) | 0 such that

(4y) QTET) >0 s T >0
I
and sup Py { ‘ W%) -1 , > :(T)} = Oe(T)S). v (2.5)

T
Let AX) = a(X)[B(X)] and Uz = [ f(X) AW e (28)
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Then (U, Fy, t > 0} is o square-integrable martingale with zero mean under
(4,). Hence, by Theorom 2.3 in Feigin (1970) due to Kunim-Wntanabe,
there exists a standard Wiener process W(-) adapted to {Fy, t > 0} such that

Ur Ip _
Vam = w (——Q(T)) P—as. - 2mn
forall T > 0.

3. Mam RESULTS
We shall use the following lemmas in the sequel.

Lemma 3.1 :  Let (Q, F, P) be a probability space and f and g be F-measur-
able functions. Then, for any ¢ > 0,

P {w ﬁ:;))) <z } —O(x)‘

< m;plP{w f(w) < y}—OW} +Plw: |gw)—1|> }+e

sup
z

where O(-) s the standard normal distribution function.
Proof : See Michel and Pfanzagl (1971).

Lemma 3.2: Let {W(t),t > 0} be a stundard Wiener process and Z be
6 non-negative random variable. Then, for every ze¢ R and € > 0,

| P{F(2) € 2}—0x)] € (26)'*4+-P{] Z2—1] > ¢}.
Proof : See Hall and Heyde (1080, p. 85).
We now state the main result of this paper.

Theorem 3.1: Under the assumption (4,),
gup sup | Poo{vQT)0r—0) < z)—0(z)|
. Iy
< VE(T)+2Py - | |WT)_] | > (1)} (). . (31

1f, further (A,) holds, then the bound iz of the older O(e(T)3),
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Proof : Fix 66 ©. It is clear from (2.3) and the definition of Uz that
Up = 11-(07-——0) and hence

| Por {V/QT)0r—0) < 2}—®(z)]

=’P°.,{—l{—: VAT < x}—@(x)‘

= | Por ———L;:%g,()ﬂ <z }—o(z)|
T
< sup Po,r{vq(T) < y 0(y)‘+Per —T— |> :(7') +e(T)

(By Lemma 3.1)

= sup P{W(Q(T)<y o<y)|+P.,, \Q(T) ‘>=(T) }em

v

< (2e(T)2Py 5

Ip
aa—! { > ofT) }+e(m)
(By Lemma. 3.2).

This proves (3.1). Clearly the bound is of the order O(e(T)"/%) when (4,) holds
and the bound is also uniform in §¢©®. This completes the proof of the
Theorem 3.1.

As o consequence of this theorom, we have the following result giving
the rate of convergence of MLE 7.

Theorem 3.2 : Suppose the condition (A,) holds. Then for every d > 0
there exists a conslant ¢ > 0 such that

sup Por{|07—6| > d}
feco
§ ce (1) +2Pyr { 1'{.7’(%’")—1 ‘ > &(T) } .. (3.2)
If, in addition (4y) holds, s.e.,
Az _ = i
mp Pon {| gy =1[> (M } = o™

then the bound is O(e(T)V2).



3906 M. N. MISHRA AND B, L. 8. PRAKASA RAO

Proof : Let ar(f,d) = Pgz{|0r—0| > &). Then

sup ar(0,d) € sup |Pyr(|8z—0]vQT)
fco feo

> dy/QT)}—2(1—0(/ QT +2(1— (/AT
Iy
<UD sup Por {| g1 | > o) +etm)

2 i 1 (T
+Vema Ve ¢
by Theorem 3.1 and the inequality

1 —iz?

1—-df2) < z Zﬂe

for z > 0 (cf. Feller, 1968) p. 175). Since Q(T)e¥T)— o0 as T' —» 0, it follows
that

Iy
8,d 342 P, e —1 T
gup wxl0.8) <l gup P ([ gyt [> 0]
for some ¢ > 0 and the last term is O(e(7")!/2) under (4,) completing the proof
of Theorem 3.2.

4. ExaMrLre

We now illustrate the above results by considering the stochastic differen-
tial equation

dX; = —0X;dt+dW;, Xo=0,¢t 5> 0 .. (41
whero 0 € (a, ), @ > 0. Note that
Xo= e [ aw, . (42
and by Ito formula ’
X = —20EX2 da+t+2uf X, dW, o (43)

T
and hence, if Ip = [ X? ds, then
0

201 ¢ 2
T

T
—1 =7 [ XidWi—g X}
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It is eagy to oheok that
1
EOX} = 59 (]_C-WT)’
and Bylp = (T/26)—(1/46%)(1 —e~*T).
Let @(T') = T'/20 and &(T) | 0 to be chosen Inter.

Pyr H-(%—lbem}

27T 1
=Por { | [ XedWi—p X2

> o }

(T)

< s || T xeam]> 40 o [ 35> 42

18EIp 2B, X} 18 2 _
<1t Tey S sy t s S (TSI

uniformly for € > « and 7 large. In particular, if we choose &(T) =
it is easy to see that

1
sup Pox { | g —1| > oI } = 0wtz
and the conditions (4,) and (4;) hold. Hence
T
sup sup Por | { V35 0r—0) < 2 }—~0(a) | = o7-1m)
and sup Po {|02—0] > &} = 0T-%)

from Theorems 3.1 and 3.2.

307

(4.9)

(4.5)

T-us,

The rates obtained are not the beat possibly due to the Skorokhod em-
bedding technique applied by us. It is well known that this technique gives
rates of order O(rn~14logn) in Berry-Esseen bounds for sums of martingale
differences. It would be interesting to find whether rates of order O(7'-V3)
can bo obtained as in Pfanzegl (1871) or Prakasa Reo (1073). The problem
of obtaining the rates in the case of non-linear drift romains opem. The

embedding technique does not seem to be helpful in this case.
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