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A CHARACTERISATION OF THE NORMAL DISTRIBUTION

By 8. RAMASUBRAMANIAN
Unfversity of Norih Carolina a8 Chupel Hill

SUMMARY. ‘Tho normal law ia cl ol through the locul indupend of certain
atatistics.

In this note we prove a charactorisation of tho normal distribution through the
local independonco of cortain statistics. A similar result has been proved earlier
by Parthasarathy (1076). Our rosult is tho following :

Thoorem : Let X and Y be independend and identically distributed real-valued
random variables with densily f. Suppose the conditional densitiecs of X-+Y given
X—Y = ¢ exist and are equal for all L ¢ B, whers E is a Borel set with A(E) > 0.
(A denotes Lebesgue measure on the real line 72). Then [ must be a normal density.

To prove this theorem wo nevd o fow lommas,

Lemms 1: Let E be a Borel subsel of 72 with A(E) > 0. Then there exist
Ys 6 B, n=0,1,2, ... such that the y,’s are distinct, each y, is an accumulation point
of E, and yn = Yq.

Proof : Thoro oxists & compaot sot B, (C 2 with A(E,) > 0. By the Bolzano-
Woeierstrass proporty thore oxists an accumulation point y, 6 B,. Lot Fy=
{v : thero oxist rationals ry, r, not both zera such that r,y, +-ryy = 0}.  As F, is count-
ablo, thero exists & compnaoet sot E, (C E,/F, with A(£,) > 0. Let y, ¢ E, be an
acoumulation point. Procesding thus wo got o soquenco y,, ¥y, -.., such that tho
ya's aro distinct avcumulation points of B;. As E, is compact, {y,} has & convorgent
subsequenco which may again bo denoted by {y,}. Tako y, = limy,. This com-
pletes the proof.

Lomms 2: Le f(z) > 0a.e.on %, wilh)éf(z)dx= 1. Letafz) > 0a6 on R

and > 0 on a set of positive Lehesgue measure. Let B be a  Borel subset of 7R with
ME) > 0 and let Bly) > 0 for all y e B.  Suppose that, for every y € E, the relation
Jz+yyfz—y) = a(z)bly) e (1)

holds for almoat all z (i.c., for all x ¢ some Ny with A(N}) = 0).  Than a is condinuous
on the complemend of a null subsel of 72.

Remurks :  Considor the oxmmplo : fx) = 1 for 0 <tz < 1 and zoro otherwiss;
E=(1,2]. Then
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(i) if # = 0on L, (1) holda for arbitrary « for all z, so that the dosired comelu-

sion vn @ can bo mado in general only if # is positivo on a sot of positive Lebesguo

measure.

(il) if @ =0 a.c. on 72, thon (1) holds for any # on E. Wo shsll therefore
assumo in what follows that @ > 0 on a sot of positivoe Lebesguo measure,

Proof: Let £ =+/&, 9=+/j and {=+/f so that {¢L¥(#2). Then, by

tho Cauchy-Sohwarz inoquality, {(-+y)8(-—y) € L} (72) for every fixed ye R. A

Fubini argumont thon shows that, for some set ¥ with A(¥) = 0, (1) holds for all

ze N¢ and for y 6 & /N, for somo sot IV, with A(N,) =0. Wo oclaim that ot

loast on tho sot N¢, « is continuous. Let then zy ¢ N¢ and (x,} bo a sequenco of

mombers of N¢ converging to z,. Thon (1) holds for all y 6 ENyU Nxj and we have

I16tzn) =zl ] 2ty = | [ {EEatniza—y) Lt niiz—y)dy|
< 7!9 [ §znty)E(za~y) =L+ 9)El2a~y) | dy
< ;{? Uz t-y) | Hon—y) ~Llz—1) |y
+ 7!9 Yzo—) [ Ylen+u) —Uzp+y) | dy

K 25 1 St 24 —20) —L(2) | 2} > 0 an - oo,
8inco z, —» 7,.
Remark : Noto that the samo argumont shows that
£(zy) —E(xn)— 0 38 2 — o0,
if z2,—2zy— 0 and z,, 2, eNe.

Lemme 3: Let f, a, fi, E and the null set N be as above and let the sequence

{y,} be as in Lemma 1. If [a, b] is a compact interval such that

infla(z) : z e N[ [a, b]} > 0,
then g = log f ts defined and equal lo a quadratic polynomiul on cach of the inleruals
{atyo btyy).

Proof: Tho procoding romark and infae > 0 ovor Nc¢(Y[a, ] imply that,
for somo 8> 0, infa > 0 vvor No[")[a—24, b+-25] s woll. Let ye £ bo fixed.
Thon (1) hokls for z & 8, = [a—28, b4-28] /(N |J N}). Noto that logf(x+y) are
defined on 8y and if ¢ donotes log f, wo havo, for z 6 Sy

giz+y)+glz—y) = log afz)+log Aly) = A(z)+B(y), say.

Lot % bo o smooth function on 72 vanishing along with its derivatives of all

ordors on tho complement of the apen interval (—4, 8). For any real funotion ¥

dofined on [a—28, b-4-24], lot ¢ bo defined on [6—38, b+8) according to

f) = | PR

)]
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Then wo have
dleto)+atE—9) = Ao+ By) | Ko,
for z 6 [a—3, b-+3); thereforo -
Fla+y+i'z—y) = L'(2),
for z s {s—38,b6+38). (Recall that ye £ is kopt fixod).

Lot now z, e £ bo an accumulation point of £, so that thore oxists a non-conatant
soquenco {z,} of members of E converging to z,. Wo may assume that [z,—z| < &
for all . Then

Fletz)+iE—2) = L) = §lz+2)+§ =z~
for oll z¢(a, b).
Note that 7 is dofined on withor of the intervals [atz,—8, b4-z,438]. Henco it

follows that §*(z+z,) = §*(x—2,) for every acoumulation point z, of E and for all
xzeab).

Let us now take the sequence {y.} us in Lomma i. Then, for any x ¢ (a+y,,
by, if z, = z—2yn+2y, then z,— x and so bolongs to (a+y, b+y,) for all
sufficiontly large n. Then

F(2) = 7" (20 —290) = §"(z—2y,) = §°(z).
go that §'’(z) = 0 for all z € (a+y,, b+y,). Thus § is a quadratio polynomial on that
interval, and similarly on the interval (a—y,, b—y,) a8 well. Since this is truo
whatever be the smooth A of the kind described, it follows that g is itself a quadratic
polynomisl op (a 4y, b4-y,).

Lemma 4 : Under the same hypotheses as sn Lemma 2, { must be of the form
exp Q, where Q 15 & quadratic polynomaal, throughoul 79.

Proof : Sinco a(z,) > 0 for somo z, ¢ N¢ (@ > 0 on o set of positive measure),

let
a = inf{z : inf & > 0 ovor N¢ () [z, 2]}

b = sup{z : inf @ > 0 over Nt (M [x,, 2T}

We claim that 6 = —00, b = 400, Suppose not; for definiteness, lot a > —c0
if possible,

Lot y = inf{x(2) : z ¢ N¢ () (a, z,)}. We vlaim that y = 0. Suppose not and
that y > 0. It then follows from tho definition of a that, for every positive integer n.

inf{a(x) ixeNe ) ["_1]7' a]} =0
Bo that there exists a soquonco {u,} of mombors of N¢ such thatws, T & and
1
a{u,) < wion the other hand, for any sequence {v,} of mombers of N such that
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vy | @, a(v,) > ¥ > 0, so that a(v,)—a(u,) > 3y for ol Inrge u, though v,,—u, —» 0,
which contradiots relation (2). Hence y =0. Lot then {{,} bo a sequence of
members of N°()(a, x,] such that a(l,) 5 (y =)0. Wo claim that ¢, — a; for
lot (I".) bo any convorgent subsoquence of {¢,} and lot: 4 bo ite limit; then the poasi-

bility that £, > a is ruled out by tho definition of a; henco ¢, =a. Thus every
convergent subsequence of {#,} convergees to g, or, t, — a, while a{t,}) > 0.

Since ¢, ¢ N¢, oquation (1) holds with z = ¢, and y ¢ N, . By spplying Lemma
1 to ENUN, = E* (say), we may take an accumulation point y, of E® which ia

itself tho limit of & sequenco {y,} of accumulation point of E*. Wo may then appes|
to Lemma 3 to conclude that f is tho form oxp Q%, whore @+ is a quadratio poly-
nominl, on each of the sots

(“+7¢l_i Yo Zo & y,) forevery k= 1,2, ...
(It is easily seen that Q% ia indepondent of k). It follows thon that f is of the form
oxp @ on the sets (adt-y,, %yy,). Now
St tuofta—1a) = a(t)A(y,), for all n
aft,) >0, a8 n > o

is then in contradiction with tho facta that

Statye) = oxp @Htutyo) - oxp GF(a+v0)

Jta—yo) = oxp G~(t,—yo) - oxp @~(@a—yo)-
Honeo @ = —co; and similarly & = 405, Consoquontly inf{a(z) :ze N¢(YI} > 0

for any compact sot J. It follows from Lomma 3 that f is of the form exp ¢, through-
out 72.

Proof of the theorem : Lot U =

X+Y X Y
2

of U and V is 2f(utv)f(u—v). Lot g(v) = j'j(u+u)f(u—v)du.. Let x, 6 E be fixed.
Then by our hypothesis we got

o) s (=) _s{ot3) 7 (5)
(%) 2(3)

for all z in E. Therefore

ae.u, for all z in E. Now the theorem follows from Lemma 4,
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