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Often we come across the problem of findiog an estimate for
the product of the means of two correlated variates x and y. For
the unistage sampling this problem has been discussed by several
authors, but little has been done for the case of a multistage sample.
Some results for two-stage sampling which may prove useful in this
connection are discussed below ; thesc results can be extended to a
greater number of stages without much difficulty.

For simplicity the ‘“‘equal number” case is considered. Let the
sampling plan be such that r first stage units are to be selected at
random and p second stage or ultimate units are to be chosen at
random within each first stage unit. The sampling in both the
stages is further assumed to be simple.

Assuming the usual linear set up, we have

YimA+BACa; EB)=EC)=0, V(B)=a,", V(Ciy=0,"

xij=D+F+Gy; EF)=E(Gi)=0, WVF)=0,*, V(Gj)=0,*

C's are mutually uncorrelated and uncorcelated to B’s; B’s are also
mutually uncorrelated ; similar is the case for F's and G’s.

E(B[F.‘)=Al H E(B"F}) =0 for i#j
E(CuGi)=, ; E(CiiG()=0 for i'#iandjor j=f'

In the two-satge analysis of co-variance, let us denote the covariance
between groups by S, and the covariance within groups by S, and let

4 LE 4
xo=Z xylp; x.=Z Z xylpt
j=1 i=1j=1

. and y.. are similarly defined.
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Then

H
s=pZ . (Vo= y-Yxe.—x.)(1—1)
i=

1
So=Z 5 Gumywi—xi)ip—1)
i=1j=1

Then it can be easily shown that
E(S)=A; 5 E(S)=2,1pA,
A A
and Cov (x.., y..)= —‘L-+—p‘t—= A(say)
So we can estimate A,, A, and A in terms of S, and S,.
Application :
If we use z,=x..Xy. (as is done in many cases ) to estimate
the product of the population means, AD we find
E(z\)=A+AD
For an alternative estimate,
LI 4
z,= X X xij yulpt
i=1 j=1
E(z,)=AD+A, +2,
So both the estimates z, and 2, are biased but the bias can be

estimated in both the cases in terms of S, and S, from the expression
for E(S,) and E(S,) given above.

Now V(z,)=E[(x..— D){y..—A—8(x..— D)} +-6(x..— D)?
+D{y..—A—08(x..— D)} + D8(x..— D)
+A(x..—D)—\]*
where  8=A/(0?,[t+0,?pt)
On the assumption of the population having a normal bivariate
distribution,

—"ii l"i a_ﬁ
V(zl)—A(, pl)w(, +2

F] H] '3 g
O R
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Again
V(z,)=[4%0,"+0,")+D%e, ' +0,'") +(0,* +0,")o, -+ 0,'?)
+24DQ, +25)+ (A, +A,)*)ipt=V (say)
Then

. 11
Vim¥,=[(4%,*+D%, *+24D}) (F_T)]
1 a4

+ I [(A‘+A') pt ]

1 a . " ay_(, ® °
+ }”“ [("l 05 )0, 40, ") = (4" +po,?)
(a."+pa.")/pl]

The following inequality relations connect o’s and A's,

(1) (0, +0," )0,  +0,' ) Z(A, +2,)°

() (0,10, pt)e, *j1tay" 2 P2 (AJi+Alp1)?
and obviously (4%e,*+D%,"® +2ADA,A,)20
Whether V,—¥, will be positive or negative wil,—however, depend
upon the values of the parameters; so partcular situations will call
for use of the particular estimates, z, and z,.



A NOTE ON THE RESOLVABILITY OF BALANCED
INCOMPLETE BLOCK DESIGNS
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1. A balanced incomplete block design with parametess, v, b, r,
k, A is said to be resolvable if the blocks of a design are separable
into r sets of n blocks each (implying b=nr) in such a way that
each variety occurs only once among the n blocks of a set forming
a complete replication ( obviously v==nk). Bose (1942) has proved
a number of relations obtaining among the parameters of a resolvable

design. The important ones are as follows :—

(A) b2v+r—1
(B) If b=v+r—1, k* must be divisible by v

and so the design is affine resolvable ; aand conversely.

The object of this note isto show that these relations remain true
in a wider class of designs than the class of resolvable designs.
2. Condition (A). We will prove the following proposition.
Whenever v of a balanced incomplete block design with arith-
metically consisteat parameters : v, b, r, k, A is divisible by &, the
inequality bzv+-r—1 holds,
Proof . Note that bk=vr (n
Ay—=1)=r(k—1) 0]
If v is divisible by k, v=nk where n is an integer greater than one.
From (I), we have b=nr. From (2) it follows
_Ap=1) _ (mk=1)
=% = k-
Since r is an integer, (n~1)A/(k—1) must be an integer, g (say)

k=1_ A
Lr=mitg s = g 5 mhg=kg A G

= nA+,'§ A

Now b>,= or < v+r—1 according as
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n(nA+g) > ,=or <nk+m+g—1
nk—1 k—1
n—1_  'n—

or m+g>, = or <

=+ from ()

Sb>v+4r—1 unless g=1 when b=v4r—I.

Thus the balanced incomplete block designs for which v is
divisible by k belongs to the series :
(P) v=nk, b=n(nA+g), r=nA+g. kA where g is an integer given
by Z:_ll A. and the sub-class of these degins for which b=v+r—1
or g=1 belongs to the series :

(R} v=n(n—1)A+n, b=n(mA+1), r=m+1, k=(n—1)A+1, A
It may be noted that for any design of (R) & r and A do not
have any common factor.

3. Condition (B). Instead of assuming the desiga with parameters
v=nk, h=nr,r, k, X to be resolvable, let us suppose that there is one
set of n blocks containing a complete replication of the varieties and
let these blocks be B,, B,,...,B.. The other blocks B,,,,.....
may or may not be separable into one or more replications, Then
consider /; to be the number of varieties common to the block
B, for any fixedi(1€ i< n) and the block B;(n+1<€j Zb). Pro-
ceding in the same way as Bose (1942), we have

Mean (I;)=k/n=k?}v 4)
_k(r—k)(b—v—r+1)

Variance (/;) Br=D=T)

Thus it is to be observed that if there is at least one complete
replication of all varieties in n blocks and b=v+r—1 then any block
belonging to the replication has equal number of varieties (namely
k*/v) in common with each of the blocks of the solution not in the
replication. The converse of this result is also true.
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Thus any balanced incomplete Hlodk design belonging to  the
series (R) cannot have a single set of blocks providing a complete
replication of all the varieties ~unless A is of fiR fortm nr+1 ie.
unless the design belongs to the series D (Bose 1942) :

(D) v=n"(w—1}t+n®, h=n(m*i+n+1),
r=n%t+n+l, k=n(n—1)t+na, A=nt4+1
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