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On a Clam of Linear Maps for Dats Compression
SHOVONLAL KUNDU

Abeivoct-A method for data compression with linear maps has been
developed which is found to produce further reduction in overhead
storuge i ion time, and i
overhead as compared o the affine map method in certsin cases. Algo-
rithms have been ped for cluster minimixation, cluster identify
tion, and compression matrix cakculation that may be applied with
sdvantage in both the methods.
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[. INTRODUCTION

Dimensionality reduction by linear maps and the develop-
ment of necessary algorithms have earlier been studied in the
context of pattern recognition problems (3]. Youngand Liu
have proposed a muitiinear method of data compression at
the field level 8s an alternative to the FLMB scheme 1o reduce
the overhead storage significantly at the cost of a somewhat
smaller compression ratio [$]. Data items are divided into K
clusters so that the translate of each cluster by its cluster cen-
ter contains the same number of maxumum linearly indepen-
dent elements m and each cluster is compressed by an affine
map so that overhead storage is required only for the K binary
matrices and the K cluster centers in place of large C/D tables.

The object of this correspandence is to poinl out that each
cluster may be compressed by a linear map in place of an af-
fine map so that overhead storage for the X cluster centers
will not be requured and some addition operalions can be
avoided during the compressi d ion time. [t
has been shown that for a given group of data ilems, it is pos-
sible to obtain the same amount of compression with the
finear map methods as that can be obtained with the affine
map method, excepl n @ very special case, where the amount
of compression obtained by the latter will be one greater than
that obtained by the (ormer, although such a special case seems
untikely to occur in general. Algorithms have been developed
here which makes the clusters disjoint, reducing thereby the
number of clusters for a given m. This cluster minimization
technique may reduce the overhead storage requirement as
well as the length of p ) 1

d data items .
The algorithm 1o find out to which cluster a data item belongs
have been simplified. It has also been indicated how some
steps in the calculation of compression matrices from decom-
pression matrices can be speeded up. These will actually result
in reduction of the compression time. With shght modifica-
tion, thesc algorithms for cluster minimization, cluster identi-
fication, and calculation of compression matrix {rom decom-
pression matnx can also be used for the compression method
with affine maps. It scems the linear map method will be
better for overhead storage reduction purposes when applied
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with the cluster minimization technique as stated here, al-
though for a practical case, it will be best to decide fmml the
results of the experiments based on the methods of Linear
map as compared to that of affine map.

Another point of interest is that the linear map method as
developed here is a perfectly general method valid for any
finite dimensional vector space. The derivation 1s straight.
forward and avoids tricky manipulations. In addition to this
it gives a clear picture of how the compressed data items are
going to look like and indications of how we may vary it.

1. ALGEBRAIC RESULTS

The following theorem ch izes the amount
of compression possible with the linear map method for 2
given collection of data items.

Lemma2.l: Let {xy,- ", xm} and {y,, . ym} be two
subsels in vector spaces V and V', respectively, over the same
field F. Lelx=ayx) +" ' +a,Xy, a¢in F o and flxi=y 1f
g V' = Visanylinear mapsuchthat g(y) = x,,t= 1.2, . m,
theng(y)=x.

Proof:

yefx)=a, fx)) ¥ ¥ op[(xm)
2ap b YamYm

1) =ag(n)t tamElym)

=g Xy Oy Xy =X,

Theorem 2.1: Let S§=(x;, ", Xm.Xpmey, " " Xy} bE2
subset of N vectors in a vector space ¥ over a field £ such that
{x,,""", xp,} forms a maximal linearly independent (L1) sub-
set of §. Then the minimum dunension of a vector space |
over F such that there would exist linear maps /- ¥~ V' and
g: V'~ V satisfying

i) all the f(x;)'s are distinct fori=1,2, - N

i) gfx))=xjfori=1,2,"- N
ism.

s Proof: Let ¥’ be any vector space over F of dimension
m>m(eg, FM).

Let {yy.""*, ¥m) be an Ll subset of V. Extend ix,, .
x,,,} to a' basis B of the vector space V. Define the hnear map
£V VionBbyflx)=yfori=1--- mand for ponts
B-{xy,: " xm) dcfm’e Jix) arbitrarily.  Also extend <3,
“*.¥m) to n basis B’ of the vector space V" Define the
linear map g: V'~ Von B by g(y) = x;forr=1, " mand
for points in B'- {y),""*,ym} define g arbitranly. Let g,
biEFfore=1,"*" m

Now f{a, Xy """+ amXp) = f(byxy ++ - ¢ b, x, Vimples
Gyt ¥ Ym =0iYy 0 by, Whithisa contradi-
tion as (9. """, ym} 15 an LI subset of 1", So s wtisfies part
i). That part ii) is satisfied follows [rom the previous lemma.
Nexl suppose that V' s a vector space over & of dimenson
m’ <m and lincar maps /, g as stated sbove exusts Let jix,) =
yilori N, sothatglypax, foriml,- v Now
among y ,¥m at most m‘ are Llas ¥' has dimenuon m’
Assume that {y,," ", yp} is an LI subset and hence & basis
of V' 0 that ypry =byyy 47 4+ bpivpy (0t 5).- " 0m
in F, with at least one b; #0,and m' + | <m. Now
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m'a) =018+ + byt ym’)
=by Xyt by X’ = Xpm'ag

which is & contradiction s {x;, " - -, X} is an LI subsetin V.

A Colculs of Comp /D

The matrix representations of the maps of f and g with re-
spect (0 the natural bases will be called the compression and
decomp matrices, ivel We fix i as
follows  For a vector x, xg denotes the row vector formed
with (he coordinates of x with respect to the ordered basis B
of the underlying vector space. For an ordered set of vectors
5. (8)p denotes the matrix formed by writing the coordinates
of the elements of § in the given order as row vectors with
respect 1o the ordered basis 8. If B, B, are two ordered
bases of a vector space, then we know that xg, =xg (B,)g, .
If /is 4 linear map from & vector space ¥ to » vector space\v
wilh respective ordered bases B, and B, then the matrix
representation of f with respect to these bases is denoted by
i1)a, u, and is the matrix (§)g, where S ={f(x;)," " -, f(x,)}
wd B, 2 {x;, -, x,} [2]. Let veF"and V'2 F” m<n
vith A, and N, being the natural bases, respectively. The
ompecssion matrix C = (/)N..N. and the decomprestion ma-
D=y, W, -

Extend the msximal lincarly independent subset {x,,
“ X} t0 8 basis By =Xy, X, Pri T Yaem]) OF V.
B={:y, ", 2} be abasisof ¥ end {a,,"* " ,ap-m} bean
wbitrary set of n - m elements from V',

Now C = (By)Y, (/)a,.8, 10d D = (82)¥, (£)s, 5, where

P Matrices

xy
and (g)p,.8, =

Im

Sof ),_',. and (‘)B,.B. remain stored, C, D can be calcu-
lied us required. We make the following choice to make
e storage requirements less. Let ay =" =a,_,, =0 and
¥ " 2m) be the natural basis 8, of V', Then

and C=(B), ["‘ ]
O(n—m)Xm

= the matrix formed by first m columns of (8, )l-"ln .

ys possible 10 determine C from D, when {y, """, ym} C N,
wthout explicitly determining the y,’s and inverting the whole
d the n X n matrix (B, )y, as follows. Perform elementary
fow operations on the matrix [D/,] to reduce it to [HB]
shere // is the row reduced echelon form of D [1]. Let the
fuyt nonzero entry in the ith row of & occur in position ny
lwt=t. -+, m. Then C is the n X m matrix whose njth
1ow 13 the ith row of B for i=1, -+, m and whose other
fows afc zero.

The next theorem shows thst in many cases the maximum
enount of compression for a given set of data items obtained
#y the linear map method is the same as that obtained by the
ifine map method except in & special case where the maxi-
wm amount of compression obtainad by the lincsr map
wthod u one less than that obtained by the affine map
method

Theorem 2.2: Lot (xy,°**,Xp,} bo 8 meximal linearly In-
kpendent qubsst of the set of vectors {x;, ** , Xp;. ¥y, " s

x
D=

Xm

3

yo)ithenm - 1€ rank {x2 = X1, " Xy = X0, Py = X), 000
Ya-xi}<m. Also rank{x; =Xy, ", Xm - Xy, ¥ "Xy,
o, yn- Xy} =m- 1 Uff the coordinate of each y, with re.
spect to the set {x,,* - -, x,,) satisfies the equation a, +- - - +
ap = | in the underlying field forj =1, - a.

Proof: It is clear that

ank {x,," Xm0 Vo)

=rank {x, x; XL Xm TXL LT X Yt xy)

and that {xy,x; - x;,""*, Xy - Xy} is a linear independent
set as the subtraction of x| corresponds to a kind of elemen-
tary operation on a finite set of vectors (4]. Hence, {x,,
X3= Xy, ", Xm - X1} is 2 maximal linearly independent sub-
set of {xy, X3 X1, X "Xy, ¥y T Xy, ye - x ) S0
that {x3 - X1, "+, Xy - X} } is always a linearly independent
subsetof {x3 = X1," "\ Xpm " X1, ¥y~ Xy, 7, Y 7 Xy} which
establishes the bounds on the rank as stated above.,

Next we have rank {x3 =Xy, ", xp ~ X3, ¥| "Xy, " ",
Yn-x1)=m-1iff {x3 - x;,"* ", xp - x;} is 2 maximal lin-
carly independent subset of (x; TXy, X T Xy ¥yt Xy,
S, ¥n-x1). So for each y;, j=1,-",n we can write y; -

Xy =bylxg - X))t tby(xy - xy) and let (), ", ap)
be the coordinate of Y with respect to {x,," " ,x,,,} 50 that
DRLIE TR AR P U e P S EN

thyxgt  tbyxy

where ay, b; are scalars. As the coardinate of y; is unique it is
clear that it satisfies the abave equation in the underlying
field.

I11. CLUSTER MINIMIZATION AND IDENTIFICATION

The following describes the basic algorithm which will be
used for both minimizing the number of clusiers and identify-
ing the cluster to which a given data item belongs.

A capital letter denotes a memory location and the corre-
sponding lowercase letter denotes its content. The algorithm
basically tries to reduce a rectangular matrix to its row echelon
form while keeping track of the row interchanges with the
help of another auxiliary array.

Input: Given an m element set of vectors from F”, its ele-
ments have been arranged as the row vectors of an m X n amay

A. Bisa | array of di m which indexes

each row of 4 with initial values 8(:] =i1=1,""* . m.
Output: If the first r rows of A are the only nonzero rows

of A, then rows of A numbered b,. by, ", b, at the start of

the algorithm constitutes 2 maximal linearly independent sub~
set of the given m element set.

A. Algorithm

1)g=o
2) Repeat the following steps i)-v) for K =1,2,--* m- 1,

i) Stopif @ =n.

ii) P=K;Q=0+1.

ili) Search for the first nonzero element in the (m - k +
1)X (n - q + 1) submatrix b ing with gy, in 8 i
manner. If search is unsuccessful stop, else ?’ Q contains the
row index and column index of the first noozero eloment
found in the above submatrix seatch,

iv) If P# K interchange the pth and kth row and also
interchange the contents of B|p| snd 8[k]. While interchang-
ing it is sufficient to interchange the last (n - ¢ + 1) cloments
of the two rows.

v) Add suitable multiples of the kth row to all the rows
after it so that the kst (m - k} olements of the qth column be-
comes zoro. [t s sufficient to consider the rows aftaz pth row.
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While adding rows it s sufficient to add the last (a- ¢+ 1)
alements of the two rows.

3) If the mth row ia nonzero let its first nonzero element
occur in the gth column, Divide the last (n - ¢ + 1) elements
of the mth row by a,,4.

It may be noted that after the kth execution of the loop in
step 2) of Algorithm 3.1 a &'th row (k' > k) contains only
2er08 iff B (k') is linearly dependent on the vectors B{ 1], -,
Blk] with respect to the initial numbering of the rows of the
armay A with the help of amay B at the start of the algorithm.
With this observation the clustering algorithm may be devel-
oped so that esch cluster contains as many data itoms as
possible.

B. Clustering Algorithm

1) Armrange the data items in a data array D in some order,

a0,

2) Repeat the following stops 3)-7) until D becomes empty.

3)J=U+ 1,

4) Form the amray A by collecting ull the remaining items in
D. Subject A to Algorithm 3.1 but stop after the mth execu-
tion of the loop at step 2) of Algorithm 3.1,

§) Rows numbered 8(1),* -, B{m] of the array D are the
rows of the decompression matrix Gy for the jth cluster. De-
lete these rows from D.

6) Repeat the following step until all the 2ero rowsin A have
been accounted for.

7) If the kth row in A is zero delete B[k]th row from D,

The above algonthm ensures that a datz item belongs to
exactly one cluster and thereby helps to minimize the number
of clusters K for a given value of m~the maximum number of
linearly independent vectors in each cluster. Its execution will
be faster than a strictly sequential clustering algorithm as it
is possible to examine 2 number of data items at the same time
for clustering.

Given a data item x, the cluster to which jt belongs may be
found out as follows. Form a matrix with m + | rows whose
first m cows are the same as those of the G; and the last row
is x. Subject this matrix to Algorithm 3.1. If the row echelon
form at the end contains m nonzero rows, then x belongs to
the /th cluster,

1V. DISCUSSION AND CONCLUSIONS

If n bit data items are compressed to m bits by dividing the
data set into X clusters the overhead storage requirement for
the affine map method is Xn(m 4 1) bits and that for the linear
map method is Xnm bits. The total length of the compressed
data jtem is m + [log; K] for both the methods where {*] de-
notes the smallest integer greater than of equal toits argument,
So n reduction in K as obtained with the cluster minimiza-
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tion algorithm stated sbove will decrease both the overhead
storage sequirement and the total lenath of the compressed
data item with both the methods. If the number of clusters
is same with both the methods with same value of m the over-
head storage requircment will be less with the linear map
method compared to that of the affine map method, Also
the overhead of the clustering algorithm with the linear map
method will be less because one does not need to subtract here
the value of the cluster center from all other data items to
form the cluster. In addition, the compression and decompres-
sion times for a data item will be smaller with the linear map
method as {or compression we may do with jess m bit addition
(XOR) ions and during d ion we may do with
less n bit addition (XOR) operations.

From Theorem 2.2 it follows that the number of clustery
will be greater with the linear map method only if there are
some clusters so that the coordinate of every data item in
this cluster has odd number of 1's with respect to the maxi-
mal linearly independent subset of this cluster, But in general
it may be expected that data items with coordinates having
both odd number of 1's and even number of 1's will be present
in o cluster—particularly when we are trying to minimize the
gumber of clusters by packing as many data items as possible
in a particular cluster. However, in 2 particular case it is al-
ways best to conclude from the results of the practical experi-
ments with both the methods. So the linear map method
forms a complimentary approach to the affine map method
for data i The algorithms for cluster mini
tion, cluster identifj and for fation of p
matrix from the decompression malrix as stated here are quite
general in approach and can be used with advantages in both
the linear and affine map methods.
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