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TTPS Sampling Designs and the Horvitz-

T. ). RAO*

Thompson Estimator

Using e criterion of aininua expscied variance ood the Horvite-Thompion
ortioalor, we phdy vorious xPS (x,, the probobdty of indusion of the ith unit,
Propertional to Sire] ttrotegies ond make o compariion batwwen them tralegies
wider o generol mper populotion model. Thi dircvision hurther mofivater the
march for o clots of derigas which are best wiled for The ue of the Horvitr.
Thompaon extimator. A s dass of weh desiges s obloined.

1. INTRODUCTION

Hansen and Hurwits [6] demonstrated the profit-
ability of selecting sampling units with probability pro-
portional to size of the unit and indicated methods of
determining the probabilities of selection which minimi

with distribution 8 depending on X=(Xy, Xy, -+, Xy)
and some unknown parameters. We explicitly formulate
our general model ©, thua:
E(Y (| X) = aX,
vl X)) = !X,
ey, Y| X, X) =0

(1.1

where the script letters &, U and € denote the conditional
expectation, variance and covariance given X.'s. The
expected variance f Var (H)d8 of the sampling strategy #

the variance of the sample estimate at a fixed cost. They
also showed (7] that ling with probability propor-

(¢ ling design together with an estimator being called
& ‘strategy’) is now minimized over the class of all equi-

tional to the square root of size is more efficient than
saropling with probability proportional to size under
certain conditions. Later, in 1952 Horvitz and Thompson
{11] first recognized the need for dealing systematically
with the theory of ling from finite populations and,
besides formulating the theory neatly, they defined three
classes of estimators. Subsequently, in 1955 Godambe
[3] proposed & unified theory of sampling from finite
populations with a view to discussing the fundamental
problems of sampling within this framework and also
formulated the definition of linearity with a general
theory of sampling.

Godambe [3] established that for any sampling design
there does not exist a uniformly minimum variance

biased of the population total in the class of
all linear unbiased estimators (barring certain exceptions,
characterized later). However it was first shown by
Cochran in 1946 [2] that whenever auxiliary information
on a characteristic € which takes values X; on the unit
Uy, i=1,2, -, N ia available closely related to the
characteristic Yy under study, taking values Y, on U,
§=1,2, - - -, N, it is possible to use this information to

cost gies and a strategy that minimizes this expected
varianee i8 called a ‘O,-optimum’ strategy.

Uking this concept Godambe (3] proved that under the
particular model ©; ((1.1) with g=2), there exiats a B¢
optimum strategy for which

a. The inclusion probability of the ith unit, x; is pro-

portional to the value X, taken by the auxiliary
characteristic on that unit,

b. Every sample has » distinct units and

¢. The estimator used is the corresponding Horvitz-

Thompson [11] estimator

Par = Lie, (Yi/x)

for the estimation of the populstion total ¥ = Y%,
Y. where the symbol Y ., indicates that the
summation is over the distinct units of the sample s,

(1.2)

in the class of all unbiased strategies with n distinet units.
Later Hanurav (8] in 1962 obtained & class of optimal
sampling designs best suited for the use of the Horvitz-
Thompson estimator and termed [9)] them es xPS (r/’s
Proportional to Size) sampling designs. Using the criterion

set up & criterion of optimality. Thus, ding to this
‘guper population concept!, Y=(Yy, Yy, - -+, Yu) is
assumed to be & realization of a N-length random veotor
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of mini pected variance and the Horvits-Thomp-
son estimator, we study in this article various rP%
designs and present a comparison between thesa designs
under the general super population model (1.1). This
discussion then leads to the investigation of the optimum
choice of the measure of sise to employ when sampling
with probability proportional to modified size in conjunc-
tion with the use of Horvits-Thompson estimator.
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2. COMPARISON BETWEEN vPS STRATEGIES
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with v;= X,". Nolice that when a=!, we have #PX
ling and 3, (Xo/x,} i8 equal to a constant so that

Congidering the Horvitz-Th m)
fura Toer Yo/w defined i (1.2) we have

Var(Pus) = E{(Piyy) — 1?
=L /- 0¥
+ 0 T il = DYY, @0)

where #; is the probability of inclusion of the ith unit in
the sample and r,, is the probability of joint inclusion of
the ith and jth units in the sample. Further, under the
model 8, of {1.1) we have

tno Var{ (L Yo/md))
= L (/e = De(Y2| X)
N
+ Toos Xlwa/rar — D6(YViY)| X, X))
= £L/r = DEXe+ XD
+ T ):” (rofwery — D)a'X,X;
= ot T (s = DX2+ ot Var] Tea(Xo/rd].(22)
The minimum value of (2.2) for Godambe's Oy-optimum
strategy ie given by
# XL (/0P ~ DX2 where P, = X/ Tili X

since the second term
Var| Tie, (X/r)] = Vor| Lie, (Xi/aP))

vanishes.

Let the “effective sample size” »(s) be defined as the
vumber of distioct uoits in a sample 8. Assuming that the
cost of drawing and inspecting the sample 2 is propar-
lional to the effective sample size »(2), it ia reasonable to
compare strategies for which the expected value of »(s) is
agiven value and this would rean that the expected cost
of sampling ia fixed beforehand. Notico that

EG() = Teearlps = Tiawi=

sy, whers p, is the probability attached Lo the sampls &
ruch that p, summed over the colleetion S of all amplesia
unity.

Jat X be the generalized measure of gise, where ais g
ral number and let », be the expected cost. We have {rom
{2.2) when x, « X” that

o Var{ T, (Y/m)
N opae¥ o
. ',[EA-IXI Tim Xi _ E:’.,X;‘:|+A(a)

”»

(2.3)

where
Ala) = a* Var{ Tie (Xo/x)]

ita variance and, bence, A(1) vanishes. Thus
e Var[ Tee, (Yi/wd)]
o [ZZ. XEL K

(24)
- zix|
It can be shown from (2.3) that
#(a) = Z:’-l X~ 2“-4 X2 (Z‘LI Xy
80 that o =g/2 minimizes ¢(a) and hence the first term of
(2.3). Thus we havs

Sowam Var| Tees (Yo/x)]
L X 2
- [ﬁ% - z’{_,x('] + 2@ 9

and the difference between (2.4) and (2.5) is given by

(”/ﬁ)[ E:I-lxi'-l Z:l-l X—( 2,1-1 X('")')
—a(g/2).

Observing that the first term of (2.6) ia positive, we note
that when A(p/2) is small enough, the sampling schemes
where #;= X" would fare batter than thase for which
woe X (cf, [7]).

Let us denote (2.4) by E,rs and (2.3) by &,pus, where
¥PMSe stands for »/s Proportions) to Modified Sise
X ;. Comparison of (2.3) and (2.4) Jeads to

Lemma#.1.

28

Eoruas ~ Eo:

s L) @n
n

P
where

fla) = E':.:X.-"' E:'-IX:' - ELX("' 27.1 X

The proof is omitted.

We next state a result due to Callebaut [1] in the fol-
lowing lemma which is useful in this context.

Lemma £.£. For a=(a48y, -, av) sod b=(4,
by, - - +, by), positive vectors which are not proportional,
the expression

[ E:’-I a™thry( Ef-l arb™)

increases with increasing | z| for any real number y.
Toking ai=X;, bi=1, y=g/2 and z=(g/2)~a it
follows from Lemma 2.2 that

En"’-l X Z’n’-l X

increases with | (9/2)—a] for any real g (in most of the
nituations met in practice, ¢ is found to be between 1 and
2). We now have

Theorems 8.1. The atrategy consisting of the rPMSa
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design and the ponding Horvits-Thompson esti- 6,E0, which are best suited for the use of the Horvits-
mator isinferiorin the 6,-sense, to the strategy isting Th are those that salisfy

of the rP'S design and the Horvitz-Thompson estimator
correaponding o this design whenever a does not lis
betweeng—1and 1.

Proof. Follows from Lemmas 2.1 and 2.2 and the fact
that

27-1 X Z«”—l X" > E:l-lxl'_l Zl. X

when | (9/2)—a| >| @/2)-1].

Remark 8.1. For a given g=g,>1 it can be seen that
rPX strategy is better than #PX" and »PX%' stra-
tegies. Nothing can however be said about yPX*”, since
J(o/2) <0.

Remark 22. Rewriling (2.7) a3 (8,ruse—Evre)/0?
=(f(a)/v)+4(a), it is however not dificult to obtain
the condition under which the modified measure of size
would be better.

3. A NEW CLASS OF DESIGNS

It is seen in the preceding discussion that since f(/2)
<0, it is not known if the xPMSa sampling schemes with
a=¢/2 would fare botter than the xPS schemes. But, at
the same time we notice that such a *fPMS(g/2) scheme
ensbles us to minimize the first term of (2.2) and this
then motivates the search for a class of designs which are
best suited for the use of P4y a3 an estimator of the popu-
lation total, under the assumptions of (1.1).

Given the expected cost, v, is fixed, we search for an
optimum amongst the clasa of designs for which

=cX  i=1,2,---,N (3.1)

where ¢ is given by ¢=v,/ Y 1., X", Under the criteria
of unbiasedness and minimum variance Var(fyr) can
not be uniformly minimized w.r.t. ¥/'s. Now, following
Hanurav [8] we have

Eany Ver(Par)

¥ m(l=x) - 3.2)
- V x-om

-t o + ar I E l
and this implies that (3.2) would be a minimum when
Y e X/ ig a constant. (Working out on the lines of
Hanurav [8] one would first show that minimisation of
(3.2) corresponds to minimization of

T T vy s

which again cor ds to the minimisation of
Var{ ¥, witin-t} 1mplymg thereby that 3 e, X~
be a constant.) At this stage it may be pointed out that
when ¢ =2, thia condition reduces to »(s) = a constant as
obtained by Hanurav.

Thus we have established the following:

Theorem 8.1. Let D be the class of designa with
« X" in conjunction with which the Homu-Thompoon
eatimator #pr is used for the tion of the pop

Ye X" = constant, K my.

Remark 3.1. The result stated in Theorem 3.1 leaves
open the problem of construction of sampling designs (for
brevity called as xPMS designs henceforth, the modified
size being Z/ = X,*", in the subsequent discussion) such
that for  given g,

) TeZi= x-um o, X/ XN, XN
(aineel('=v.%,e._.;(,/2," X:’")ln’d !
) nxXom

As a starting point a acheme similar to Hanurav's 9] for
=2 may be suggested with P/'s replaced by P"s equal
to 2/ 3%, Z¢,i=1,2,- - -, N and the stopping rule
being Y e, Z,=K, but ita properties are to be further
investigated.

Remark 3.£. We illustrate now by providing 2a ex-
ample that the class of ¥PMS designs is non-empty. Let
¢=1.5 and consider a population consisting of four units
with auxiliary information X, s=1, - - -, 4. Let », be the

AN ILLUSTRATIVE EXAMPLE

, % Xit;/z z = xil-(:sIZ)
U 1 1 1
u, 16 8 2
v, 1 1 1
u, 16 8 2
Total 34 18 6

expected cost fixed beforehand =36/17. Then we have
K=4. We now need to construct a design for which
Y ies Zi=4 and »x X,"™ Wo also impose the restriction
that the variance of the estimate be estimable. Consider
the following design D(S, P):

[ P,

U, Uy U 117

Us, Uy, Us iny

Us, Us 1517
L. 1

for which we have Y, Z¢= K =4 as required and further-
more, m=2/17 = x, and ¥y =16/17 = r, which are « X

and the variance is estimabla since %4> 0 for all § and 5.
Remark 8.9. In conclusion we remark that the strategy
consisting of *PMS design {(of Thoonm 3.1) and the
ding Horvits-Th in addition

total Y. In olass D, the f,-optimum designs for any

to being superior to the strategy consisting of s ¥P8 de-
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sign (since A(g/2)=0 in (2.6)) and the associated Hor-
vits-Thompson estimator has a further advantage that
the estimator used is still the Horvitz-Thompson esti-
mator and preserves all its optimum properties (see for
example Godambe [4], Godambe and Joshi [5), Hanurav
9], [10], Rao, T. J. [12], [13] and Vijayan [15]). It is
also shown elsewhere (Rao, T. J. [14]) that the xPMS
strategy with the corresponding Horvitz-Thompson
estimator is superior to the Symmetrised Des Raj strategy
under a general super population set up for all values of
the parameters g, thereby settling the controversy regard-
ing these two estimators.
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