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Summary

Let (X, S, p) be a finite measure space. A subset A of X is called a
thick set of (X, §, g) if the p-inner measure of its complement is zero. A
thick set 4 is called a minimal thick set if no proper subset of 4 is a
thick set.

If (X, S, ) admits a minimal thick set 4, then 4 is countable and p
is atomic. Finite Cartesian product of minimal thick sets is a minimal thick
set. Topological aspects of sets of measures, admitting a given subset as
a minimal thick set, are studied. If Xis a complete, separable metric
space without isolated points, § the o-field generated by open subsets of
X, then the following conditions are equivalent :

(i) (X, S, p) is non-atomic.

(ii) (X, S, p) admits a thick set whose complement is also a thick
set.

(iii) (X, S, p) admits a decreasing sequence of thick sets tending to
the empty set.

1. Introduction

Let X be any set, and § any o-field of subsets of X; Let u be a finite
measure on (X, §). The system (X, S, p) is called a measure space. 4
o-field § is strictly separable if it is generated by a countably many measur-
able sets, Two sub o-fields Sy, S, of the o-field § in a measure space
(X, S, u) are cquivalent if to every set E, in cither one of them there corres-
ponds a set F in the other such that the symmetric difference (E-F)y
(F—E) has u measure zero. A measure space is separable if there exists
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a strictly separable o-field §; contained in and equivalent to §. 4

space (X, S, p) is properly separable if there exists a strictly separable
o-field S, c S such that to every E ¢ Sthere corresponds an F ¢ §; with EcF
and p(F—E)=0. A measure space (X, §,.p) is non-atomic if every
measurable set of p-positive measure contains measurable subsets of
smaller p-positive measure. A countable sequence 4, 4y, ...y 4y, ...
of subsets of X is a scparating sequence if to every pair of points x#y, we
can find an integer # with xc 4, and ye X—A4,.

If (X;, $y, 1) and (X, Sy, puy) are measure spaces, a point isomor-
phism T between X, and X; is a one-to-one mapping from almost all of
X, to almost all of X, such that E, ¢ §, if and only if E,=TE, «S,, and
ui(E)=py(Ey). If such a mapping T exists, X, and X, are called point
isomorphic.

A measure space is proper if it is complete, properly separable, and

tomic, and if it ins a separaling sequence of measurable sets.
A proper measure space is normal if to each real-valued univalent function
f(X) there corresponds a set X, of measure zero such that the range
f{X—X,) is a Borel set.

Let (X, 8, ¢) be a measure space. A set Ac X is called a thick set
if the inner measure

po(X—A)=sup (u(D)/D ¢ §, Dc X— A}

is zero. A thick set 4, is called a minimal thick if no proper subset of 4,
is a thick set.

We say that 4 is a null set if u(4)=0. We say that two measurable
sets A, B are p-cquivalent if they coincide upto p-null sets. We say that
a non-empty set A¢§ is a p-atom if every measurable subset of 4 is equi-
valent either 1o empty set or 0 A. A measure y is said to be atomic if X
is a countable disjoint union of u-atoms of positive measure. A4 isan atom
of a o-field S if A¢ S and B is a proper subset of A, B e SwB is empty.

20. We observe that a measure space admils a minimal thick set
if, and only if, it admits a maximal set of inner measure zero. The follow-
ing theorem is a generalisation of this t in one di

2.1. Treorem. Lat (X, S, p) be a muasure space which admits a maximal
sat of p-maasure zero, thm the measure space odmits a minimal thick sel which is
couniable.
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Proof. Let N, be the maximal set of measure zero. This implies
that no subset of X— 2N, has measure zero, For every xe X—JX,, define
S,=(EeSjxeE and EcX—Ny}. Let a,=inf{u(E): Ec,). Then there

exists a sequence A,eS, such that p(4,)-a, Let E,=F\A,,. Then
N=1

xeE,cX— N, and p(E,)=a,. The maximality of N, implies that E, is
unique and a,>0. Define x~y il E,=E,. This is an cquivalence relation
and X— N, is divided into a family of disjoint cquivalence classes of
measurable sets of positive measure. Since the measure space is finite, this
family is countable. Let 4, be the set which centains one point from
cach of E, from the equivalence class of sets (E,). Then A, is a minimal
thick set.

2.2 Exampre. The converse of lhe above theorem is not trye.
Let X, : closed unit interval for every ae[0, 1],
Sy ¢ discrete o-field.
Define py(d)=1 if 4 contains the point 1/2,
=0 otherwise,
Let X=I1X,, $=11Sq, p=ITpy. Then the point x, whose a-th coordi-

nate is equal 10 1/2 for all e, is the minimal thick set. But the measure
space does not admit a maximal set of measure zero.

2.3, TuroreM. Let Ay be a minimal thick set of a measure space
(X, S, ), then A, is countable and y is alomic.

Proof. Letxedy. Define S,=(Ee S/xeE; and a,=inf {¢(E), E¢S,).
Then there exists a set E, ¢ S, such that p(E,)=a,. This set need not be
unique. Further,

(i) p{Ey)>0 for every x €4,
(i) x#p implies E£E,,
(iif) x5y implies p(E, n Ey)=0.
(i) If p(E,)=0 for some x, the following inequality
M ol X— (A —{x)]1<po(X—4y)+ p*({x))
Shy(X—4g)+p(E,)=0,
implies that 4,—(x} is a thick set, contradicting the minimality of A,
(i) Suppose for some 32y, E,=E,. Let Da(X—4,)U{y), DeS. If

yeD, since xaD, if p(En D)=0, then Ay—{»} is a thickset, by (1). If
1M &
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u(E, n D)>0, then p(E,;nD)=0. In this case, Adg—{x} is a thick set,
by (1). Therefore, y¢D. This means that DcX—4, implies u(D)=0,
since 4, is a thick set. Therefore, u,[X—(4s—{y})]=0 implies 4,—{y)
is a thick set.

(iii) Suppose for some x%y, u(E, NE,)>0, then x and y belong to
E nE,. IfDisany measurable set then x and y both belong to D or
both do not belong to D. Therelore, every measurable set contained in
[X—(4;—{y})] is contained in X—4,, which implies that 4,—(y} is a
thick set, which is a contradiction.

For cach xed,, associate a fixed E,. Since p is finite, this family(E,}
is countable, which implies 4, is countable. Let Ad,=(x, %, 1, ...).
Let Ey's be the corresponding fixed sets. Then each E, is a p-atom. Let
B,-:E,I_— U (Ey nE,-‘.). Then X=UB; U D, where B’s are disjoint atoms

i
of positive measure and p(D)=0.

CoROLLARY. A minimal thick sel Ay is meosurable if, and only if, for
every xedy, {x} is meusurable.

Proof. Since 4, is countable, if part is obvious. Conversely, if 4,
is measurable, then A, nE,={x} for every xed,, implies {x}«S. Further,
in this case, p({x})>0, for every xed,.

2.4. Exampre. The converse of the chove theorem is not true,
X=any uncountable set,
S=countable, co-countable o-field on X.
For every EeS, define u(E)=0 if E is countable,
=1 otherwise.

Then (X, S, u) is an atomic measure space. But the measure space does
not admit any minimal thick set,

2.5. TueoREM. The Carlesion product of two thick sets is a thick set.

Proof. Let A and B be two thick sets of the measure spaces (X,, 8, p)
and (X,, S, py) respectively. Let Do X)X X,—~AxB, DeS;x,. Since
the finite disjoint union of measurable rectangles Fy, is a field, given any

positive number ¢, we can always find a set EeFy, E= ’llj A xB;, EcD and
i1
AgS,, BeSy such that gy X u(D—E)<s.
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Now each 4; x B; is entirely contained in one of the sets X, X (X,~B),
(X;—4)x X, and

P X (A X BY) (py X pa) e (X1 X {X,—BY))

or < X pa)o{[ X1 — 4] X X3}
Sty (£,—B)=0, since B is thick,
or Siyy(X~A)=0, since 4 is thick.

Therefore, p,X py(D)<e. This being true for every ¢, py X uo(D)=0,
which in turn implies that AxB is a thick set.

CoRoLLARY 1. Finile Cartesian product of thick sts is a thick set,

COROLLARY 2. Finile Carlesian product of minimal thick sets is a
minimal thick set.

Proof. Let 4y, By be two minimal thick sets of (X, Sy, p,) and
(Xy, S, o) respectively. Then by the above theorem, 4y X By is a thick
set and the measure spaces are atomic. Let a proper subsct 4 of 4,x B,
be a thick set. Let (x, y)edgx By and (x, y)ed. Let E, and F, be the
atoms containing x and y respectively. Then E, xFyc (X x X;)—4
and gy X pa(Ex X Fy)>C, which is a contradiction. Therefore, 45x B, is
a minimal thick set.

2.6. Exampre : The countable Cortesian product of minimul thick sets
need nol be o minimal thick sel.
Let Xi={0, !}; Si=discrete o-field on X;
w{0)=p{1}=1/2, for every i=1,2,3,....
Let X be the product space of X;'s, §, the product o-field, and p, the

product measure. Then (X, §, p) is a non-atomic measure space. Hence
it does not admit a minimal thick sect.

The following lermma and le are used in the mext section.

¥

2.7. Lesma. If 4y is o minimal thick set of (X, S, p), then A, is o
minimal thick set of (X, S, py) ff p=p,.

Progf. 1f 4, is a minimal thick set of (X, S, p,) and if p(4)=0, then
A04y=¢, otherwise p*(4n4g)=0, contradicting the minimality of 4,.
Therefore, AcX—A,. But p (X—4,)=0, which implies that p,(4)=0.
Therefore, p,<<p, and similarly, p<<p,. The second part is trivial.
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28. Exaupie. Let X be the real line, S, the o-field of Borel sets, p,
the Lebesgue measure.  Then there exisls a decreasing sequence of thick sets tending
to the emply sel?

Let 4, E, be the sets as in the theorems C, D of Halmos? then the
p-inner measure of E, is zero. Since 4 is countable, (ry, 7y, 1y, ...), tay,
define E;=U (E,+7;), the union being taken over 1<ign.

Then a E,=X, and by the same argument as given by Halmos?, it

nad
can be shown that each E, has p-inner measure zero. Therefore, for each

n, X—E, is a thick set and | X—E, =¢.
=1

Section 3
30. LetX: Complete separable metric space,
S : o-field generated by open subsets of X,
M : The set of all probability measures on §,
J ¢ Weak topology on M.

Let ueM, which admits a minimal thick set X,. Let
Fu=(AM : X, is a minimal thick set for A}.
3.1, Lemma : Jy is compact in (M, J) iff p is a degenarate maasure,

Proof. Suppose p is a degenarate measure, then X, is a set consis-
ting of only one point. Therefore, 7, ={u}, hence compact. Conversely,
suppose J,, is compact. Since X; is a minimal thick set, X, is countable.
10 X, is denumerable, (x,, 24, ...), 2ay, define a sequence of probability
measures p, as follows :

) =114, i) = [ 2 ~[ 142, o) =12 for i
o) =0, ) =112, ol =1/217 o i>2.
Then puy>pq in the weak topology and pefy, but pgfy. Since (M, J)

is a metric spacc, J, is not closed and so not compact. Therefore, X, it
finite. Let Xo=(y, ¥4 ..., Jn), and if m>2, define

1. Halmot (2), see example 3, aection 4.2,
2. Halmos (2), sce section 16.8.

3. Halmos (2).

4. See Varadarajan (6).
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ka(n)=1/[n+2]
pa(20)=(1/2)—[1/(n+2)]+[} [2(m—1)]
pa(2)=1/2(m=1) for i>2;

() =0; po(a)=[1/2]+[1/2(m—1)]
#e(2i)=1/2(m—1) fori>2.

Then py—>uy weakly and ey, but pa,. Thercfore Jy s not compact.
Hence, X, is a set consisting of a single point. Therelore, p is a degenerate
measure.

3.2, Lewma @ J, is open iff X, is finite and X,=X.
Proof i If Xo=X=(x), 55, ... &), say, then any function is conti-
nuous, Define
Flx)=0, fi(x)=1, if izt for i, j=1, 2, ooy n.
Let medu mlx)=¢>0,i=1,2,..,n
Define, g=min [¢;/2, (1—¢)/2], and
N=N(fo fos o Sus € oo &0 1)

=(6: | fdt— EAgl<es =12, )

Let ée, &(x)=¢; implies

| 2 e gDl < forim1, 2,

which in turn implies [¢;—g;|<¢; for every i. This inequality holds iff ¢;
is different from 0 and 1. Therefore, {=p, which implies 7, and ¥
is contained in J,. Hence, 7, is open. Next, we shall prove that if X,
is denumerable, then J, will not be open. Let X,=(x, x,, ...). Let
pefy and let

N={¢:|[fidb—] fidis|<ei, i=1,2, ...,k and fs are arbitary
bounded continuous functions on X, and s are positive
numbers},

be any basic neighbourhood of g, Let py(x)=p>0. Cheosc j, o
large such that
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< Pty where Lf1 <t
Let £(x)=prtby; ExD=1s if i,
and £(x;,)=0. Now,

[ fed—ISdm|=ILSfilx) —Sfilxi )] 2y,
<2k“0ja<q, for all i,
Therefore, fe¥ and £¢7,. Hence, ]“l is not open. We shall next
prove that if X, is finite and X;7X, then J, will not be open. Let
Xy=(x, %, - , %2)» Let ppefu. Let N be as usual any basic neighbour-
hood of py. Let py(%)=p>0, i=1, 2, ..., n. Let e=min (¢, ¢, ..., ).
Choose k, so large such that ¢/3k,<min (py, gy, ..., po) and M=max (ky, k;,
i ki), where |fil<k. Define &(x,)=p,—[¢/3M]; é(x)=p;, i=2 10 n,
£(xq+1) =¢/3M, where o4, is any point in X, but not in X;. A simple veri-
fication leads us to conclude that §e¥, and ¢&7,. Hence, 7, is not open.
Thus, we have proved

L. If X, is finite and X=X, then J, is apen.

2. If X, is denumerable, then J, is not open.

3. If Xy is finite and XX, then §, is not open.
These three facts completely prove the lemma,

3.3 Let X be a complete, separable metric space without isolated
points. Let (§, M, J) be as defined in 3.0. Let

J={peM: p admits a thick set whose complement is alto a thick set}.

The following lemmas lead to the main resuit stated in 3.5.

3.4, Leua 1. (X, S, p) is non-alomic iff every singleton has p-measurs

Proof. Since the atoms of S are singletons, if (X, §, u) is non-atomic
then every singleton has p-measure zero. Conversely, if there exists an
ExS, such that u(E)>0 and for every B contained in E, BeS, p(B)=0,
or p(E), then we consider E with relative o-field S5 which is separable and
the restricton of p to E, denoted by py. Let Ey, E,, ... be a countable
base for the topology of X. Then {EnE;, i=1, 2, ...} is a family which
generates Sg. Let F be the ficld generated by the above family, Then
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Fis countable. Let F=(C,, C,, ...). Define D;=C; or = complement of
C; according as pg(C)=p(E) or=0. Let D= |711D‘ Then D is an atom
of Sg, and pg(D)=p(E)=u(D)>0. D being a singleton, we have a
contradiction,

Lesa 2. If (X, S, ) admils a thick set whose complement is also a thick
set, then (X, S, p) is non-alomic.

Progf : Let xeX, then {x} is a subset of exactly one of the above
thick sets. Therefore, the measurc of every singleton is zero. Hence
(X, §, p) is non-atomic by Lemma 1.

Lesva 3. If (X, S, p) admils a decreasing sequence of thick sets tending to
the emply sel, then (X, S, p) is non-alomic.

Proof. If p{x}>0 for some xeX, it belongs to every thick set, ard
so it belongs to the intersection of the above sequence of thick sets. This
is a contradiction. Consequently, every singleton has measure zero. By
Lemma 1, (X, S, u) is non-atomic.

Lesaea 4. The converses of Lemmas (2) and (3) are also true.

Progf. Let (X, S, 1) be a non-atomic measure space. Let Ey, E,, ...
be a countable base for X. This base generates 8. Therefore, § is separ-
able. It can be proved without difficulty that (X, §, p) is a proper measure
space. Let (X, §*, u*) be the completion of (X, §, p). Then (X, §*%, p¥)
is also a proper measure space. For every §* measurable function f*,
there exists an § measurable function f, such that

A={x :f*()Afx)}

has u* measure zero. Therefore, there exists a set BeS, and containing 4,
with p measure zero. Let

¢=f on X--B,

=tonB, for some fixed tegf{X—B).

Then g is an § measurable function, (X, §, p) satisfies known conditions.*
It follows then that there exists a Borel set C on the real line such that

g0 =X

1. Blackwell (1), Th. 9, Cor. 4, p. 4.
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In other words, g(X) is a Borel set. Now,
S X—B)=f(X—B)=g(X).

Hence, f*(X—-B) is a Borel set and p*(B)=0, Therefore, (X, ¢, u*) is
a normal space. By a classical theorem of Halmos and Von Neumann?,
which states, ‘A necessary and sufficient condition that a measure space
of total measure one be point isomorphic to the unit interval, Borel o-field,
Lebesgue measure, is that it be normal’, it follows that there exists a point
isomorphism 7. This T carries thick sets into thick sets.  Since in the unit
interval with the Borel o-field and Lebesgue measure, there exists,® a thick
set whose complement is also a thick set, it follows that there exists a thick
set of (X, §, i) whose complement is also a thick set. This proves the
converse of Lemma 2. By 2.8, Example, and by a slight modification, we
have a decreasing sequence of thick sets in the unit interval tending to the
empty set. Due to T, it follows that the converse of Lemma 3 is true.

3.5. Tueorew. J is of second category whose complement is of first
calegory.

Proof. The class of all non-atomic probability measures which
gives positive mass to each open set is a dense Gy in [, and (M, J) is a com-
plete, separable metric space®. A dense Gy in a complete metric space
is a set of second category whose complement is a set of first category.t
This completes the proof of the theorem.

We give an example to show that theorem (4) of Halmos® is not
true in general topological spaces.

36. Exampie. Under the assumptions stated in 3.3, let (X, S, p)
be any non-atomic measure. We can imitate the proof of example (3)
of Halmos$, since the only facts used in the example are

1. there exists a decreasing sequence of thick sets tending to the
empty set,

2. the diagonal in the finite dimensional Cartesian product of X
with itself is measurable in the product o-field. (X, S, p) satisfies condition

. Halmos and Von- Nenmann (3), sce page 258.
Halinos (2), see Theorem 5, section )6.
Parthasarthy, Rao and Varadhun (5), see page 210,
. Munroe (4), see page 69.

Halmoa (2), sce section 49.
. Halmna (2), section 49,

S



...MINIMAL THICK SETS... 41

1in view of lemma 4 of 3.4. Condition 2 is satisfied in view of the following
unpublished lemma of B. V. Rao.

Lemma. The diagonal in the finite dimensional Cartesian pro-
duct of X with itself is measurablc ifl contains a countably generatcd o-field
S, with the atoms of §; being singletons.
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