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Recognition and fuzzy description of sides and symmetries
of figures by computer

B. B. CHAUDHURIt and D. DUTTA MAJUMDER}

The detection of sidea and cornora is usoful and important in the shapo perception of
visual picture patterna. Similarly, tho r ition of symmetry in pictures is helpful
in reducing the storage epace, in retrieving n missing portion. or in correcting the
orientation of its shaps. In the present psper, algorithms are found o ilotect the
sides and symmetry of simply closed two-di ional lo anid hi
generatod outlines. A doscription based on the fuzzy sot theorctic approach is also

Joped for imperf g i0 figurea and resulta of the oxecution of the
algorithma are presented.

1. Introduction

Shape is the primary and one of the most important features of an object in
computer a8 well as in human visual Jearning processes, pnttern recognition and
scene analysis. The perception of shape can be viewed as a collective under-
standing of properties like size, form, symmetry and orientation. Some of these
properties may not have precise mathematical definitions. Yet, in learning
and recognition of figures by computers, different approaches based on graph
theory, contextusl automata and topological description of outline have been
proposed in recent years (Fu 1074, Gonzalez and Wintz 1977).

Attenave (1054) first focused attention on the importance of angles in
determining the perceived shape of outlines. He found that the information in
a contour was concentrated at points having high curvature and discontinuity.
This discovery suggests a correspondence between discontinuity and uncertainty
in connection with the information content.

Since angles are local maxima of curvature, any model of shape perception
should include & component that detects angles. Computer models for angle
detection have been suggested by different authors such as Rosenberg (1872),
Johnston and Rosenfeld (1973), Pavlidis and Horowitz (1973) and Davis
{19778, b).  Most of the methods analyse patterns by & process of hierarchical
decomposition. The top levels of hierarchy contain & coarse description of the
shape, while the lower levels reflect the finer structure of tho contour.

Another property that plays an important role in the shape understanding
process is the symmetry of outline. If a shape is symmetric, then it can be
represonted economicelly, because one need only store a description of half the
figure and the ' axis ' of symmetry. Further economy may be possible if the
halves also possess an axis of symmetry. Again, if a portion of tho figure is
missing, symmetry provides an important clue to complete the figure. This
may be useful for digital picture processing where continuous data is unavail-
sble. The symmetry of shape can also help in hurman and computer perception
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of the orientation of shapes. The notion of top or bottom can be clarified from
the symmetry of the figure.

A figure, in general. may not have perfectly straight sides or sharp corners,
Algo, it may not be perfectly symmetric about an axis. The representation of
such a figure at each level of hierarchy is associated with fuzziness and can best
be accounted by a grade of membership assignment of the respective sides,
corners or symmetry. The membership values allow a translation of linguistic
hedges like * slightly symmetric ', * nearly n-sided °, * not very sharp corners *
from a qualitative into a quantitative scale, and may be useful in man-machine
interaction and decision processes.

In the present paper, simple methods of recognition and description of sides,
corners and symmetry of a simply closed outline have been presented. The
recognition of sides is based on the application of Hough (1962) transform
technique on the outline of the figure while symmetry is found from the
correlation measure of curvature at equidistant points from the axis of
symmetry in question. The definition of grade of membership and subsequent
description is based on the fuzzy set theory (Zadeh 1963) which has found wide
applications in pattern anslysis and machine intelligence problems (Negoita
1973, Albin 1975, Pal and Dutta Majumder 1977). The method hss been
tested here on different sats of man-made and machine-generated figures. The
machine generation is based on the finite polar Fourier description of a con-
tinuous function. The results of the execution of the algorithms are presented

in §5.

2. Recognition of sides

Consider an outline of a figure to be represented by a set of # points given by
(Zy, 1) (@ Yohh oo (T ). If the figure is closed, z,,,=2; and y,,, =y,
The colinear points may be grouped by Hough transform, as follows.

2.1. Hough transform
The normal form of & straight line is

z cos 6+wsin =7 1)
where 7 is the normal distance of the origin from the line and 8 is the angle the
normal makes with the positive z-axis. If we restrict 4 to the interval {0, ]
then the normal parameters of the line r, § are unique and are represented by a
point in the r-8 plane.

Given the st {z;, 3,}7.,, let (z;, ;) be transformed into the sinusoida! curves
in the r-8 plane

r=2, c08 6+, &in § (2

Then it can be shown that the curves corresponding to collinear figure
pointa have a common point of intersection. This point in the r—§ plane, say
75, 0, defines the line passing through the collinear points (Fig. 1). Thus, the
problem of detecting collinear points can be converted to the problem of finding
concurrent curves.

A dual property of the point to curve transformation can also be established.
Furthermore, points corresponding to second order ourves in two and three
dimensions can be found in & similar manner. The theory and applications of
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higher order and higher dimensional Hough transforms will be reported
elsowhere.

In the execution of Hough transforms to find the sides of a closed figure, it is
necessary to quantize 6 with & tolerance + Af so that successive points within
+ Af can be grouped to form the side. This is 80 because a real figure may be
associated with noise and other degradation effects, and also because a con-
tinuous value of @ cannot be accommodated in a digital computer.

Although the Hough transform is computationelly efficient in finding the
sides, cornerity information is lost in the process. For the description of
sidedness and cornerity, & fuzzy set theoretic approach, described in § 4, may
be used.

o
N

(X))

J {XxsY)
X

]

Figure 1. Principle of Hough transform.

3. Recognition of symmetry

A symmetric outline with its axis of symmetry is shown in Fig. 2. An
observation on this ideal figure shows that the axis (a) divides the enclosed area
ond (b) the perimeter in equal parts in which (c) the curvatures at equidistant
points along the curve are equal. The sign convention assumed here is to
assign positive curvature if the incremental angle is positive in the anti-
clockwise sense. If a figure is antisymmetrie, the property (c) is modified with
a negative sign at one side of the equality.

A careful study shows that one of the properties (a) and (b) is redundant if
the other and (c) is satisfied. Since property (c) is most important, & discussion
about the curvature with the sign convention is given in Fig. 2.

3.1, Curvature analusis
The curvature at any point is the rate of change, if it exists, of angular
direction of the curve with respect to the length of the are at the point, i.e.

04 Lt AT’: (3)
A0

where ¢ and s denote, respectively, the angle and aro length.
Given the set of # points

{20 yoflay Where 2.y =7, 8a0d Yni=t;
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I

Figure 2. A symmetric figure (- — - - axis of symmetry).

Yi—=¥%-1 T~ %a Yin—% Tin—% Curvature

+ (6, 6,)/As

- [~ (6, +6,))/As

- (6~ 05} — (8, — 6,)}/[(6, — 6,)As]

+ —{6,+0y)]As

+ (6= 8,)(— (0, — 6,))/((6,— 6,) 28]

- (6,+6;)/A8

- (8, 8;)/A

+ (6,4 8y —m)]As
(6,+8y)/ A2

- (By— 6, ~ (8, — 6,))/[(6, — 6,)As]

- (8,+ 6, —m)As
(6,—8)/As

(m—b,—6y)/As

- (6, 6,)/As

- (6,4 6,)/As

+ (6,— By)(m— 6, — 6,)/[(6,—8,) )

Table 1. Rules to generate local ourvature of a closed outline.
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Let
[ =2 )+ g — 9302 = Asf2 4)
where As is constant and
6,=abs [tan! (y, -y, _)/(z— 7)) }

By=abs [tan! (y,,, — y)/(2(1 — %))

Then the sixteen rules given in Table 1 are sufficient to find the curvature
and its sign convention uniquely. Sixteen different rules are necessary since
the tringonometric functions are doubly degenerate in cartesian quadrants and
vector information is necessary to get the sign convention. If however, angular
increment per unit arc length at a point is known, the sign can be inserted from
the respective co-ordinate transformation and rotation as follows

' =z—x,,
, M
Y =Y-%

X'=2'cos f—y'sin 8 }

{6)

and

®)
Y'=2'gin 6+y' cos 8

where 6 is the angle between z-axis and the line joining the (i—1) and ith

points. Because of two possible values of 8, we choose one for which 2’ is

positive. If the corresponding y’; is positive then the sense of curvature is also

positive.

3.9, Determination of lateral symmetry
Consider the closed outline {z, )}, with curvatures {C,)%.,. If n is
even, take correlation between pairs of points ¢, n+2—1, for 1 <s<n/2-1

nj2

'Rl.nll+!= ‘_; C\'Cnﬂ—( (9)

This is the correlation measure about an axis passing through points
[z;, y;] and [%pj5.4 Ynsaes].  We wish to find the axis about which the correlation
is maximum. To do this, the axis is rotated keeping the perimeter on either
side of the axis equal and the correlation is taken at each step of j=j+1.
Formally, to choose the best j, the sequence § of points is re-ordered such that
for each j,

i=i—j-1 ifi>j and i=a+i-j ifi<j (10)
and the values of R, j,, for all 1<j <n/2 are caloulated. The best axes of
symmetry pass through the points [z, y;] and [Z,s.4 Yusss], cOrresponding

to [Rl,nll+;]mu-

There may be more than one value of j for which R is maximum. Such
curves have more then one axis of symmetry.

If n is odd, one point interpolated midway between [(..1)m Yn+1ys)
and [Z4_1)p Yea_1)a) 86 every step of j may be designated as n/2. After
reordering the remaining ¢ > (n +1)/2 points as { =$+ 1, the programme may be
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executed as above. The interpolation is necessary to provide an even distribu-
tion of points about the axis so that correlation everywhere is defined.

For lateral antisymmetry, the value of j for which R, is & minimum is
chosen. The axis of antisymmetry pass through the corresponding pair of
points [z, y;] and [Zysmej Ynines]-

It is interesting to note that figures having many axes of symmetry arc
circular in nature. For example, an ideal circle has an infinite number of axes

of symmetry or antisymmetry.

4. Fuzzy description of outlines

When the outline is described in terms of straight lines, i.e. sides and
corners, the description should be hierarchical in nature. At the finest level
of the hierarchy, two neighbouring points of the outline define a side and two
neighbouring sides define a corner. But, a8 seen from Fig. 3, a compact, yet

Figure 3. A man-made triangle and its Hough transform approximation.

meaningful description of this figure is to call it ' nearly * triangular, where the
level of hierarchy is coarse, and irregular curves have been approximated by
straight lines. The straight line approximation has been described earlier by
Hough transform. To translate the linguistic hedge ‘ nearly ’ it is necessary
to know the grade of membership of the figure as a triangle. This grade of
membership measures the degree to which the figure may be assigned as
triangle which, again, depends on the grades of linearity of the sides and the
sharpness of the corners. The mathematical framework that appears suitable
to characterize this membership function is the fuzzy set theory which defines :
A fuzzy set A in space of points X = {z} is a class of events with a continuum
grade of membership and is characterized by a membership function p,(z)
which associates with each point in X a real number in the interval (0, 1) with
the value of u,(z) at z representing the grade of membership of z in 4.
Formally, a fuzzy set 4 with its finite number of supports zy, 2y, ..., 2, is

defined as
A={py(z), 7} (1

As discussed above, the set of closed outlines is & fuzzy set with respect to
properties like sidedness, cornerity or symmetry. The membership of a side

may be given as
b F.“
#.;=(1—"F‘l “) (12)
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where 0 is the tolerance accounted for by grouping the set of successive pointa
by Hough transform, F, and Fy are the respective exponential and denomina-
tional fuzzifier (Pal and Dutta Majumder 1078) where Fy>1, F,>0. These
quantities have the effect of changing the membership values and allow
flexibility in describing the set in linguistic hedges. For example, change of
F, from 1 to 2 changes the membership of ‘straight side’ to that of ‘ very
straight side °.

As an illustrative example, the linear approximation of a closed outline
obtained through Hough transform is shown in Fig. 3. A quantization of 20°
with & tolerance of +5° has been used here. Also, the straight lines corres-
ponding to the longest sequence of successive points have been drawn. The
membership of the sides of the figure, with Fy=1 and F,=1-2 is 0-78.

As stated earlier, Hough transform does not account for the cornerity, i.e.
the sharpness of a corner. Consider the corner region AB in Fig. 3. We define
membership of the corner as

F-e=(1 min |Curve length AB, AT+ BC| )"'”

" F, , wax [Curve length AB, AC+BC| (13)
where AC means linear distance between A and C.
Similarly, the membership of symmetry of a figure is defined as

4 m?x Rl.n/%l Fe sy
oy =[1-——— (14)
Far 3 O
i-

To find the grade of the n-sided symmetric figure, it is convenient to use the
fuzzy max-min rule of inference, given by

#og=max { min py (), min polids ey} (15)

wherei=1, 2, 3, ..., n and (i) denotes the membership of the property = of the
ith side or corner.

To describe the quality of the outline, & decision boundary may be fixed for
#ng  For example, Fig. 3 mey be called a * good triangle * if pqi > 0+5 for the
figure. Goodness of finer qualities like sides and corners of the figure are
roflected in p,, and p,, respectively.

This effect may be used to choose the level of hierarchy in describing a
figure, especially in a man-machine interactive device. For a complex figure,
however, a fuzzy syntactic approach (Tamura and Tanska 1973) may be
necessary to complete the description.

5. Results and discussions

Both man-made and machine-generated data was used to study the
effectiveness of the algorithma described above. For man-made figures, several
persons of junior school background and different age were asked to draw some
simply closed figures. A few of the figures, as shown in Fig. 4 were chosen to
find the aides, corners and symmetry.
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Q) ] [G]

Figure 4. Some man-made simply closed figures.

The machine-generation of the figures is based on the expansion of a
periodic real function in polar Fourier series (Zusne 1870, Shepard and Cermak
1972). ¥

r(6)= ¥, oy co8 (nf+y,) (16)

LT

To ensure positive values of r(6), the above equation is rewritten as

N
76)= El a, exp co8 (nf+,) (17

which, for different values of N, «, and y, defines different star-shaped curves
Curves drawn using eqn. (17) are given in Fig. 5 with «, and y,, 88 in Table 2.

Fourier coefficients of Fig. 5

n (@) (®) (©

an Tn LY 7n @ 7n
1 1.0 0524 1.0 000 10 000
2 10 1047 10 1570 10 3140
3 10 1670 1.0 000 15 0314
4 10 2084 10 000 10 1870
3 100 00 15 0760
[ 1.0 0314
1 10 0524

Table 2. Coefficients for polar Fourier generation of closed figures.
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Figure 5. Simply olosed figures generated by polar Fourier saries approach.
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Curves shown in Fig. 4 and Fig. 5 have been used to test the algorithms for
the detection of sides, corners and symmetry. The linear approximations
wsing Hough transform are shown in Fig. 6. The transform has been obtained
with 10° quantization and + 2° tolerance and the longest sequence of successive
points within the tolerance has been chosen to define each side. It is apparent
that the number of sides defining each figure agree with human judgment. It
should be noted that, with finer tolerance and hence at a finer level of hierarchy,
the number of sides defining the figure will increase.

250

) b)

'
' .
\
1
1d) (e

) i

Figure 6. Hough transform approximation and best axes of symmetry of the figures
in Fig. 4 and Fig. 5 (- - — = best axis of symmetry).

The result of using the sixteen rules given in Table 1 to find the curvature of
the curve of Fig. 4 (a) is shown in Fig. 7 where the arrow in Fig. 4 () shows the
starting point. The curvature has been normalized assuming As=1 and
Cmex=2m. The ocurve clearly shows the points of inflation of the outline by
zero cross-overs and sharp corners by peaks. The correlations taken through
eqn. (9) are equivalent to folding the curve about an axis dividing the perimeter
in equal halves and testing the similarity between them. The best axes for all
the outlines of Fig. 4 and Fig. 5 are also shown in Fig. 6.

The membership of sides, corners and symmetry of Fig. 5, obtained using
eqna. (12)-(15) are given in Table 3. The hierarchical level is the same as above.
Using these membership values and sssuming the decision level p, > 0-5 as the
'_8°0dness > of the property p of the figures, a linguistio description of each
figure is also presented in Table 8. Here the hedge ‘very ' is used when
#5">05, and ‘not’ mesns 1—-pu,. Also ‘meny’ is used when the number
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Figure 7. Local curvature of Fig. 4 (a) using Table 1.

Figure  pyimin  Bemm  Hoy Prig Linguistic description

5{a) 0783 0657 0981 0981 ‘Very’' symmetric, sharp cornered
but not ‘very’ sharp cornered,
‘ many ’ sided figure.

5 (b) 0879 0413 0560 0523 Symmetric but not ‘very’ sym-
metric, not sharp cornered ‘ many '
sided figure.

5(c) 0879 0614 0471 0414 Not symmetric, sharp cornered, but
not * very * sharp cornered, many
sided figure.

Table 3. Fuzzy membership of properties of Fig. 5 and linguistic description of the
figures (with Fo=1, Fy=1-2).

exceeds eight. py;, reflects the overall performance of the present approxima-
tion. It is apparent that the descriptions agree with human judgment within
tolerable limit. However, the detailed comparative study of human judgment
and fuzzy membership assignment is & subject of further research.

6. Conclusions

The recognition and description of two-dimensional simply closed outlines
using Hough transform, curvature correlation and the fuzzy set theoretic
approach has been developed and implemented on man-made and machine-
generated figures. The description is limited to the simple curve where the
corners do not form a blob structure that prevails the shape of the figure over a
domain. However, if the level of quantization is fine, linear approximation is a
good estimation of the shape inside and outside the blob.

The work may be useful in computer vision and scene analysis and may be
extended to the recognition and description of three-dimensional figures
provided suitable multiple projections are presented and graphical relationship
among the projections is known.



Recognition of figures by computer 1445

ACENOWLEDGMENT

Valuable help rendered by Shri S. K. Chakraborty and Mrs. S. De
Bhowmick is gratefully acknowledged.

REFERENOES

Ausy, M., 1975, Ph.D. Thesis, Dept. of Mathematics, University of California,
Berkele

ATTENAVE, F., 1954 Psych. Rev., 81, 183.

CraupEURI, B. B., and Durra Marouoer, D., 1879, Proc. Comp. Soc. India,
Bangalore, Deoember (in the press).

Davis, L. A 1977 a, I.E.E.E. Trans. Comput., 28, 236 ; 1977 b, L.E.E.E. Trans.
Syst. Man Cybernel., 7, 204.

Fo, K. §,, 1974, Syrdadic Methods in Paltern Recognition (New York : Academio

Press).

GowzaLgz, R. C., and WiNtz, P., 1877, Digital Image P ing (London : Addi
Wesley).

Hovex, P. V}j C., 1962, U.S. Patent No. 30696564.

JomnstoN, E., and RoSENFELD, A., 1973, 1.E.E.E. Trans. Comput., 22, 875.

Necorta, C. C., 1973, Inf. Sci., b, 279.

Pav, 8. K., and Durta MayuMDER, D., 1977, I.E.E.E. Trans. Syst. Man Cyberndl.,
T, 625 ; 1878, Ibid., 8, 302.

Pavuis, T., and Horowrrz, 8., 1973, Proc. I.J.C.P.R., 1, 396.

ROSENBERG, B., 1972, Comput. Graphics Image Processing, 1, 183.

SuepaRD, R., and CeRMAK, G., 1972, Cog. Psych., 4, 351.

TaMURA, S., and TaNara, K., 1973, 1.E.E.E. Trans. Syst. Man Cybernet., 8, 68.

ZapER, L. A, 1963, Inf. Control, 8, 338.

Zuswe, L., 1970, Visual Perception of Form (New York : Academio Press).




	1435
	1436
	1437
	1438
	1439
	1440
	1441
	1442
	1443
	1444
	1445

