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Application of Least Square Estimation Technique for
Image Restoration Using Signal-Noise Correlation
Constraint
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Alstract—A linear degradation mode) for digital image restoration has
been considered. It is sssuned Lhat the noise is sdditive, uncorrelated and
indepeadent of the degradation process and also of original imsge. A new
abjective criterion has been used (or the lesst square restoration method
proposced here, The criterion is (o minimize the comrelation between image
and noise gray levels. The method can be implemented in the Fourler
édomain and Is computationally artractive. The test results on a chromosome
picrure have been demonstrated for different signal-lo-noise power ratfo.

1. INTRODUCTION

The Jeast square estimation or Wiener fliesing has been found
weful in image restoration problems. However, there is experi-
meptal evidence that the least square technique does not always
leads 10 a visually satisfactory restoration [1). Of the modifica-
tions proposed 1o get around this difficulty, the constrained lcast
square estimation (CLSE) has a demonstrated capability of im-
proviog the result {2]. The constraint used in (2] Is the sccond
differcnce of Lhe restored image. A constraint that matches the
mbﬁs of the human visual system has also been consid-

(

In the present work, a different objective function has been
used 1o restore the image blurred by mild defocusing and cor-
Tupled by radom noise. It bas becn assumed that the noise is
independeat of the blurring process. A lincar mode! hes been
chasen ta represent the defocusing. The erilerion for oplimality
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The method and related algorithm have been deseribed in
Section I and Section 1], respectively. The assumptions made
here are realistic for a variety of pictures and the method is quile
useful. It has been tested on a chromosome picture, and the test
az:]iu {a“rl different signal-lo-noise power ratio have been given in

on [V.

1. Probiew FoRMuLATION
A. The Restoraiion Froblem

Let the degradation process be given by a product operator H,
which together with an additive noisc n(x, ¥) operaies on an
original input image /(x, y) 1o produce a degraded image 8(x, y).
In discrete matrix-vector notstions

g=Hf+n 1)
where g, f, and n are all MN-dimensional column veciors
formed by lexicographic ordering of the gray levels in an M X ¥
rid steucture and 4 is the operator malsix of order MN X MN,

The problem is to obtain an approximation lo /, say f, given g
and 2 knowledge about the natre of K and a, subject to a

int and optimized through a prodefined criterion. One
popular approach is to use CLSE (3] where (he criterion for
optimality 15 the second derivative of f. We define a different
criterion based oo a measure of independence between the esti-
mated onginal image and poise process. Let the correlation
coefficient R(k, m) between the image and poise be given by

1 Nt M-l
Rkom) =gy B L JGi)nli+ kj+m) (@)
J=0 1=

and k=0,1,2---,M -1 and m=0,1,2,---,N -~ L By Jexi-
cographic ordering, (2) can be represented in malrix-vector nota-
tion as’

R=4f (0]
where A is a block dirculant matrix of order M¥ X MN and is
composed of noise gray levels. Since the corrclation between two
independent processes should be zero, here the cril.erion is o
minimize ||Af||* subject to the constraiat [|g = Hf)J* = |m.
The objective function J( f) is given by

J(]) = IAfN* + allg ~ BN = all’) O}
where a is the Lagrange's multiplier. Setting the differentiation
of (4) with respect 1o f equal 10 zero we get the solution

] (H'H+v44) "B (%)
where y = 1/a. The assumption of independence between the

picture and noise processes is practical in many situations. Also,
as shown laler, Lhe estimation using (5) has other computationsl

used here is the of the lation between the
image and noise gray levels.

The CLSE (2], (3) are reasonably cconomical in computer
complexity. To improve the computer speed Dines and Kak (4]
trealed the problem in Pourier domain. Their idea is applicable in
the present case also. An added advantage of the present tech-
mique s that no singularity in the transfer function can occur for
Donzero poise power in the degraded picture. Furthermore, the
block circulant matrix description [$] of the problem has been
gencralized here to include the case when the pels outside the
image field bave nonzero but uniform gray levels. The usefulness
of this geaeralization is discussed in Section II-C.

Mamucript reecived May 8, 1983; revised Oclober 1983,
The wadhors re with Ehcironics kg Commasieation Secaees U, Todiaa
Satitica) Tnsthore, Cadoutia 200035,

B. The Degradation Model

A linear model has been used for degradation. Let a poiot
abject at (a,f) with gray level f(a,B) in the object planc be
spread over a circular region D of radius 7 = §x, - x,| in the
blurred plane as shown in Fig, 1. Let Ag , g be the peak intensity
after spreading and h, (x, y) be the intensity at (x, y) du to
poist objcet at (=, A). If /(a,R) is unity then h, p(x.y) is
known ss point spread function (PSF) due to bluming 1t is
assumed Lhat the blurred plane has a one-to-one relative corre-
spondence with positions at the object plane, and no energy it
lost due to bluring, ie.,

f[ £(@.BYhep(x,y) dxdy = [(a.B).
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A picture contains infinjlely many point objects, and linear
blumng distributes the intensity of each point over the circular
region of radius r. The obscrved intensity at any point in the
blurred plane is the aggregaie of components of blurring distribu-
tion of inlensities of point lying in the circular area around the
corresponding poinl.

For discrele [ormulation, it is convenient fo consider a square
of side (27 + 1) centered at the (/, j)th pel. Then the observed
inlensity g(f, /) i the blurred planc geis contribution from the
pels lying within this area and is givea by

Ier  Jor
x(l./)-lg_ _}; Jm)hy o(i ) (6)
where
1 2 AL
boaa[t =2 {1k i +im - 7).
hall )= for(k=-it+Im-j2)<r )

otherwise.

Hence Ky (i, ) is the PSF in discrete domain and, in a more
general way, can be expressed as h(|k — i}, [m — j] and is space
invariant. Considering noise lerm, g(i, /) is finally represented as

M=1N-1
g(i )= ‘);n ):0/(k.M)h(Ik-'I.Im =D +n(ij) (8)

ie,, in matrix-vector notation

g=Hyf+n
where H,, is a symmetric banded block Toeplitz matrix. Each
block of H,, is a symmetric banded toepli matrix with 2p
{where p = 7 — 1) nomzero subdiagonal elements, ic., the cle-
ments &, , of each block are

oo {hen forli=jisp
i 0, otherwise.
8(h )
- g(i,N -1},
&) oW = 1))
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(a) Poinl obsect of iatemity f(a,f) in object plane (b) Inwcasity
spread of (a) in blurred planc.

Fig 1.

where
Ni-i
5= ¥ h{k,m).
m=0
h{k,m) is the (k,m)h clement of H,, and sbould mot be
confused with &, ;. Also,

S-mku(:‘).

Under the assumption that the gray levels of the pels outside
the image region of interest are uniform and are equal (0 those of
the background of the image (which is more gencral than the
assumption made in (5], where these gray levels arc axsumed to be
2¢r0), clements g,(/, /) can be defined in a more simplified form.
Since in circulant matrix formulation the pels outside the image
field are to be considered and since the image restoration prob-
lem is ill-conditioned, it is beiter 10 assume the gray-levels of pels
outside the image Gield équal 1o Lhat of background rather than
2er0.

1f at least r rows and r columns of pels of equal gray levels lie
‘between Lhe object and the ends of the original image, we can
simplify (9) as

HO0KigN~1land0 g N1
H0CigN-1and NgjgN+p—~1
INKIKN+p-1a0d0g g N1

(10)

gN-1,N-1), INSi¢N+p-landN&j<N+p-1

C. Circulont Matrix Formulation

Consider, for simplicity, M = N. We define clements g,(i, /)
of extended image matrix (generated due to defocusing) from
£(i, }) as lollows:

The extended observed image is related to extended original
image in the following manner:

B=Hyftn, (u)

8. [, a0d w, are L'-dimensional column vectors formed by
lexicographic arderiag of g,{is /) fi(i j} and (i, /) respec-

[’qul(‘-/) +(S_-’mq) Xg(N-1N- 1)1/5-
H0gtorj<p-1and0gi, je N1

2(ij),
fpgt, jaN-1

(L))~

[50wap-1emway X BN = LN = 1) +(8 = sguaper-aney) X 3(0.0)] /5.
UNQIGN+p-1andDGjaN~1

]

(e tpmap-1- X 8IN = LN = 1) (8 = 00 aparog) X 5(0.0)] /5,
HOGiqN-land NGjGN+p—1

[t0vepo1miomaptog X 8N = LN = 1) 48 = 30041 pwenvperog) X £(0.0)] /S,

UNKLJ«N+p-1
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tivdly, and L ~ N + p. /,(i, ) is defined by
1) H0g/¢N-1andDgjE N1
fLN=(/(N-1L,N=1), U0gig¢N+p-landNg/EN+P~1 (12)
S(N-LN-1), HUNCIKN+p-landlegjgN+p-1L

H,, is 1 symmetric block circulant matrix of dimension L? X L%,

D. Duwgonalization of Operator
The technique, which has already been used to obtain (5) fom
(1), yiclds £, from (11) a8

o,
b= (B Byt A) " Hig, 1)
where A, is constructed from a,. Now H,, can be diagonalized
in the following manner (2]:
Dy = WH, W

shere Dy = mu(xo.x..)\z, oy Aoy}, with A, the ith cigen-
value of Hy, being given by
i
" -Jf[[Z],lmodL]

X(-.-)s arc two-dimensional Fourier transform coefficients of
PSF. A,(-,") and are real as H,, is symmetric. When W' is
multipbed with a lexicographically ordered image vector, we
obtain the lexicographically ordered Fourier transform coeffi-
dents of that image.

A is also a block circulant matrix. So it also can be diagonal-
ed in the same way as Hy,. Lel the noise terms be zero mean
uncorrelated, i.c.,

X0, (1 /)m, (i + k,J +1) =0 forallk, !
(]

bt 2ot both equal 1o zero. Then a straightforward enalysic leads
")

1
A,-Fs,l (14)
where 1 s the identity matrix aod

1 L-lL-1
S5 ): )3 (i, j)=a

where o] is Lhe vaniance or poise gray Jevels.
Subsu(uung (14) in (13) and taking Fousier transform on both

(19)

sides. we oblain
Fuw) MG(H,V) 06)
a(u,v)+ S,
for =012, L-1aod v=0,1,2,--, L~ 1F(uv)md

G,(u.v) are Lbe (u, v)th coefficient of rwod:menswnul
ransform of /(. j) and g,(1. /), respective

(16) under the constraint ||g, ~ Hk/|| = a1, we
obmvu:ge value of y and F(u,v). To avoid computations
rquired to find Fourier inverse ransform of (v, v) and to find
H, f, during the cstimation of y, we apply Perscval’s theorem to
constraint identity (o obtain

1ot )
L L 16G(u,0) - 2(u,0)F(u,0)]

v=0 a=0
L-1L-1 N
= L LNl -5 (1)
v=0
N,(u, ) is the (u, v)th Pourier transform cocfficient of noise.

‘Restoration through (16) has several advantages. First, for
Daite noise energy, singulanty in the right-hand side of (16) does

pot occur, and Fourier inverse (ransform can be computed
uniquely. Mndly, the noisc energy can be caleulaled only
through its variance. Thus a complete knowledge of first-order
statistics and subscquent Fourier trans(onm is sot necessary. This
fact, along wilh (17), impsoves the speed of restoration.

Tt is useful 10 compare the present crilerion and those used
previously. The unconstrained least square criterion does aot
ulitize the propertics of noisc, and hence its performance is poor
under cerlain nojse coodition. The Wicner filter does not
guarantes [lg - Hf| = [[n}* a0d the noisc power specium as
well as aoise-ree image power specirum needed 10 realize the
filter may not be available a prion. Also, the (estored image may
ot be visually acceplable, although Wiener filter minimizes the
mean square resloration eftof in a statistical sense. Neither CLSE
nor the present ¢riteqion are optimal like Wieaer filter, In CLSE
$moothness of the resiored image is ¢mphasized and heace the
sharpoess of the picture is alfected. In the presenl method, the
indep:ndencc ol noise and image is emphasized The effect of
the process is 1o decorrelste the poise from the picture. CLSE
and the present method are comparable in computer complexity,
and the algorithms of the two methods are sumilar. A hybrid of
the two methods may lead (o interesting results.

M. CoNCISE ALGORITHN

The method of image restoration by constrained least square
estimation given in Section II can be summarized by the follow-
ing steps.

1) Construct and store (he first row of dlock Totpli matrix
Hy, from point spread fanction defined by (7).

2) Modily the Srst row of H,, to the first row of a block
circulant matrix H,.

3) From the elements of the first row of H,, construct 4,(i, )
of size L X L by the process just reverse to lexicogruphic order-

ing.

4) Find JP(u,v) by two-dimensional Fourier transform of
Adi j)

*S) Construet extended image matrix g, j) of size LX L
using (10) (of in some cases, (9)) from obscrvable image (. j) of
sre (L - p) X (L - p).

6) Fmd G, (u v) by iwo~dimensional Fourier transform of

{i.J
"7] II average epergy S, (or power) of poise function is not
known, calculate it from l.hc variance using (15).

8) Choose and [ix an initial value of y. (Dines and Kak [4]
have shown that if the goise power is less than signal power then
the valuc of y must be greater than zero. It is true for the present
cast also.) Estimate the value of £,(u, v) using (16), and find the
total estimation error given by

L-1L-1 N

ermor = E ):IG.(".U)-’(M,'I)E("-")I
8) increase lhe vzluc of v, if emor < LS, - ¢
b) decrease the value of v, if error > L*S, + ¢

where ¢ is permissible error in estimation.

9) For acceptable value of y, determine /,(i, ) by applying
Iwo-dimensional Fourier inverse transform on F,(k, v), and then

find /(1, j) (see (12)).
IV.  RESULTS AND DisCUssioN

To test the validity of the present approach to a practical
problem, the algorithm has been implemented on a miccophoto-
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Fig 2 (5) Orfginal drefocussed picture of chromosome containing small nolse
(SNR = 248 dB). (b) Restored pleture of (a) using 7 = 2 and y = 0025, (c)
Restored picture of (a) using 7 = 3 and y = 0.072

graph of buman chromosome. A small rectangular portion of the
entire picture is taken by windowing, which satisfies the condi-
tion that the background of the extracted portion has uniform
gray level The size of the extracied portion is 48 X 48. The
portion has been extended on both dimension by adding pels

Fig 3. () Degraded picture of ehromosome aficr sduing Large poes 10 Fy,
) (SNR = 1.1 4B). {b) Restored picture of (3} wing # = 2 asd y = D04,

with gray level equal to (hat of the background 5o that e
present sizcis N X N and N + p = 2/, where | = &, The oumber
of gray levels chosen for the image is 32.

The program for the algorithm of Secnon 111 has been stitim
in Fortran language and executed in EC 1022 computer sysiem.
The bard copics of input and output pictures have been mad
through a line printer by overprinting of common charackers
because of the unavailability of adequate instruments.

The original defocused picture contains small poise (SNR =
24.8 dB) due 10 granularity in the developing paper and quintisa-
tion effect Fig, 2(b) and (c) are the restored images of the
oniginal defocused image of Fig 2(a) obtaincd for r= 2 y=
0.025,and r = 3, y = 0.022, respectivels. To sce the elficiency of
the present algorithm on large noisc, uniformly distributed rap-
dom noisc has been added to Fig. 2(a) to get Fig. {a) where SNR
is decreased to 17.1 dB (approximately). Fig. M) represcats the
restored image with 7 = 2 and y = 0.048. 11 can be seen that e
noise has been removed fairly well, but the edges of the obyects,
Le., chromasomes, are smoother than in Fig. 2(b). This is btcause
the noise power term in (16) reduces heavily the value of high
[requency component of the filier function, and hence the bigh-
frequency component of the image is greatly reduced. This effect
smooths the edges.

The lime required to process the image is less than Lhat for the
standard constrained least square estimation process [2). Further
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orc. illconditioning of the problem due to singularity in the
Flter fusction of (16) is absent in the present case. If the noise is
upcorrelated, the present method may be applied to other onlin-
at spwrin"ﬁm‘ degradation functions.
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