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1. Introduction :

In the realm of taxation, the name and idea of Henry George is associated with
a single tax on land rents to support local government. This idea is grounded on the
reasoning that land rent is ‘unearned’ by efforts on the part of the land owner, and
thereby it sppears as an espacially fit object of taxation.

In the recent past, the idea of Henry Geovqa has been gaining considerable
attention in models that deal with d i lation in the of
local public goods. ¥  For instance, Snglltz (1977) showed in his single region
model that at the optimum population the equality between aggregate land rent and
total cost of local public good holds. This equality is the modern vindication of the
above stated idea of Henry George., and is dubbed as Henry George Theorem (HGT)
by Stiglitz {1977).

Stiglitiz’s single region HGT has been extended 1o city models [Arnott (1979)
Amott and Stiglitz (1979)]. In these i the basic problem is to d
optimal size for a ciccular city. The HGT obtained in these extensions read that when
the city population is optimal, differential land rents aqual expenditure on the Samuel-
sonian public good.

Further, Sllgllllzsslngle region HGT has been ded to multi
also. A ing a pert ric situation where each region would be like any
other region in the sconomy, and each would be self-sufficient, Kanemoto (1983) has
shown that the optimisation problem can be reduced to one of finding the efficient

number of regions. In this symmetric situation, the basic result of Stiglitz is shown
1o hold.
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In our opinion, twa remarks on the above extensions deserve special mention.
First of all, the above studies invariably assume that the local public good in question
is a pure one, and optimum population or number of regions could be characterised
in terms of aggvegale Iand rents and expenditure on local public goods without refe-
rence to g cost. N the of focal public good as
an endogenous variable, and theref: the derivation of S ian di in
the above models seems to have no necessary relation in obtaining HGT. In other
words, it can be shown that, in the above models, the HGT holds whether or not
the supply of local public good is optimal. Secondly, the assumption of one type
city or identical communities in the above models has shadowed the implications of
the Theorem for inter-regional equity. In @ federal model of differing regions, for
instance, Hartwick (1980) showaed that the HGT has implications for Inter-regional equity
through the mechanism of rent sharing.

The purpose of this theoretical note is to develop a two-region federal model,
in an asy ion, for the of d ing a few modifications and
generalisations to Stiglitz's single ragion HGT, and to derive Ils implications for inter-
regional equity. We mainly emphasise the necessary modification that is needed to
derive and interpret when impure (congested) local public good enter as an argument
in the utility function. Further, we demonstrate the generality of the HGT by deriving
the Theorem independent of (i) the nature of public good in question, and (ii} where
the benefits of public good in ion are d b regions.

The main result of this theoratical note Is that with congested local public good
as an argument of the utility function, there is no way possible to derive the HGT
unless the level of impure local public good supply is optimal. This result is new
in the literature on Henry George Theorem. and thereby contributes to a new under-
standing on the role of i dition in deriving the HGT in
the context of impure local public goods. Secondly, the results of our generalisation
of the HGT clearly that the derivation of HGT does not depend on the
nature of public goods (local or national) if only if they are pure public goods.
Finally, our generalisations also show that HGT holds regardless of whera the benifits
of pure public goods are located between regions.

The rest of the materials of this note is organised in the following way. The
section 2 the basic model is outlined. Section 3 derives a Modified Henry George
Theotem. In Section 4, few generalisations of HGT are attempted. Finally, in
Saction 5, the implications of the HGT for inter-regional equity are stated.

2, The baslc mode] :
We ider a federal which ists of two regions : Region 1 and
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Region 2. The total population {or total labour supply) of region 1 and.region 2 is
denoted by L, and L, respectively. The total populstion in the federation is d
perfectly inelastic and aqual to L.

We assume that each labourer has one unit of labour which is intrinsically tied
to him/her (and is therefora mobile). All labourers are assumed to be treated equally
as citizans. This equality of treatment requires the same utility level for all labourers
within a region and between regions. Further, mainly for the sake of simplicity, it
is assumed that the utility function of all lab are identical. We define the
utility function in region i {i=1, 2), which is assumed to be continuous and swiictly
quasi-concave, as follows.

ule; Ol Ug >0.U ;>0, m

where
Uy = AURC, and qu= oufQ;;

C; = per capita consumption of private good in region i, and

Q= G‘Li_ac = sorvices of local public good in region |.

We assumo that paramster « is an index of publicness or congestion of local
public services. If « =0, we have the case of pure public good and utility is inde-
pendent of population size and variation. On the other hand, if o« = 1, we have the
case of pure private good. Thus, by assuming that 0<« <1, wa treat the services of
local public good as “impure” or “congested” in each region (implicitly, here and
throughout this paper, we assume that there are no spill-over effects between regions), 2
This weatmant implies that the services of local public good are now allowad to depend
on the numbar of persons with whom the good is 10 be consumed. 3  This means
that the utility is not ind dant of populatt iation or size. Howaver, wa follow
Buchanan and Goatz (1972) in assuming that these goods remain “public, in the strict
sense of non-gxclusion.

Further, from the requirement that all labourers derive the same or equal utility
between regions, we have

ulc, . Q,) = UG, . Qy). (2)

which, in fact, can also be considered a market equilibrium condition under free
migration. 4

Next, we postulate that total output (X) in each region is an increasing function
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af labour (L) That is
X; = L M) = L), €)

where
. Wi) is the production function which is assumed to be concave and home-

genous of degree one. Also, F is d to be identical bx regions ;
N, is the fixed land resource in region i. The land resource is assumed lo

be differsnt between regions. ie , Ny # Ni.
As additional assumptions on f , we have fi(L)>0. "I '(L‘)<0.
i i

The output thus produced in (3) in two regions is assumed to be freely and
jointly allocated as private goods or public goods in both regions. In other words,
we assume un Iimplicit cross subsidisation between regions. Thus, the equality of
the aggregate produced and expended income in the federation can be written as

fL)+H (L)=CL+CL +G +G . (8}
LI | 2 ] (I} e 1 1]

One key feature of the above stated two-ragion faderal model is that all pro-
duction and consumption take place within the region. Hence, the two regions in
question do not trade with each other. Further, land being a fixed resource, labour
is the only other factor that can be considered mobile between regjons.

3. Derivation of & Modified Heary George Theorem (MHGT) :

We f laste below an isati blem wherein a federal planner deter-
mines a Iovel of population for the federation that shail maximise per capita utility.
This is ial HGT s basically & result derlved from optimum

population size (or level) condition,
Now, given the information regarding the utility function, production conditions,

labour supply ot in the federation as lined in tho basic model of section
2, an omnipotent tederal planner's task of d ini |f for the
foderation can be formulsted as follows.
Max U[CI. 0." (6)
{c.c.6.G6,L.L}
l' t 1 T L |
st
U(C', Ql]- u(c.. 0_.]. (6)

[ 4]
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f(LH+t{L)=CL +CL +3 +G n
[} r % 11 e ) %
The Lagrangean form of the above maximisation problem can ba written as follows.
Mex Z=U[C ., Q)+afuiC,Q]-UlC, Ql+rlf(L)+¢ (L)
L} Al 1 A ] i3 L} 1y 13 L 108
ICL+CL +G +G |l (8)
LY vy 1 1
with respectto € ,C ,G .G .,L and L.
1 ¥ ] T 1 1

By patial differentiation, we have the following first order conditions. 5

aziaC =(1-2)U —r L =0, (9)
L} 1} ay F RS Y
92/3C =x U_—xr.L =0, {10)
] 1 LE] 1 1
9Z/0G =(1—-2)U L —A =0, m)
1 1 a1 . 1 4
-
92136 =a .U L —) =D, (12)
T 1 4 u 3
—(«+1)
9ZHL =—(1-2)U <G L 3.8 )—~C ]=0, (13)
1 1 a 11 2 L 3 1 1
—(x+1)
0zl == .U .G L +3 . [F(L)-C ]=0, (14)
1 1 @ £l ) t 2 3 i ]
oz =|U[c , a }-u[c, a =0, (16}
1 1 L s S
9Zx ={f (L )+f(L)-CL +CL +G +G |=0. (16)
, 1 1 » 1, 11 t 1 1 1 3

Next, solving-(9) and (10), we get

1—
[L( (). U u =1 (17
1 @ o
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In th) same way, solving (11) and {12), we obtain
(1-9
L, v =t (18)

Equation (17) and (18) are the familiar but modified Samuelsonian condition for
the optimal lsvel of public goods in region 1 and in region 2 respectively. It tells that
each region has an optimal division of output into private and public goods when ths
sum of marginal rate of substitution equal the marginal rate of transformation [which is
unity in {17 and (18)). In other words, at tha opti the inal cost of supplying
the last unit of Q in terms of C foregon3 just equals the sum of marginal benefits that
all users of the i of Q simu} ly obtain in terms of C in each region
with a di ing factor Introduced by

Next, substituting (11) into (13), and (12) into (15), and using the resulting
equations In (16), we finally obtain the following.

HL (L )=C L =G +{L .F(L)~C L —<G }]=O0. (19)
11 1 11 1 2 3 Tt s =

E: iall ion (19) is a dition derived from the optimum population
level for the federation when the per capita utility levels are maximised for the fede-
ration as a whole. The reason for considering (19) as a condition derived from the
optimum population comes from the following analysis. Suppose we were 10 consider
the d ination of opti ion lavel for a single region only. Then the opti-
mum condition we would have got is as follows.

(L) -[«Gn]=C. (20

What equation (20) tells is that at the opti lation the inal product
of labour equals per capita consumption of good plus marginal congestion cost. We
note that {<G /L] is the i ion cost b it is the inal change
in the utility benefit from public services as L increases. However, to facifitate a
better intespretation, we consider [ <G /L] as an implicit per capita congestion tax.
In this case, optimality condition shows the equality between marginal product of labour
less implicit per capita congestion tax and per capita private congestion.

The equality in (20) establishes optimality for a single region because of the
following zeason. Suppose that the level of public di and piivate pti
are fixed, and consider a case where the marginal product of labour less implicit per
capitg congestion tax is greater than per capita consumption of private good. Now
allow one more labourer to come in. Then, the addittion to the production is greater
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then whet is ired to maintain all lab at the previ d of living, and
thereby someone can be made Dbetter off without msking anyone worse off. In this
situation, it Is optimal to increase population On the other contrary. if the marginal
product of lsbour less implicit per capita congestion tax s less than per capita consump-

tion of private good, then it Is optimal to di Hence, ion (20)
is a condition for optimal population for a single region.
In short, it is precisely in line with the above i we id

(19) as a condition derived from the optimum population level for the fedaration.
Next, using (16) in {19), we get

L.+l L) =f (L)—f(L)=%G +G }+G +G =0. 21)

11 1 1 [ I | 1 LIS 1 1 ] 1 T

Letting R =f(L )—Ll.fi‘(Li). as the aggregate land (resource ) rent in region i,
[

equation (21) can ba rewritten as follows,

R+R+«[G +G]=[G +G ] (22)
1 ” 1 ] 1 2

Equation (22) tells thet when the level of popul is optimised to imise per
capita utility of the federation, we have a condition that the aggregate land rent plus
implicit congestion tax equals total cost of local public goods in the federation. Since
equation (22) modifies the original HGT by inclusion of congestion factor, we call it
the Modifisd Henry George Theotem (MHGT) for the two-region federal economy.

Wae notice an important implication of the MHGT, viz., the MHGT is dependent
on the Samuslsonian optimality condition of impure local public good. This comas
from the fact that in deriving equation (19), we have explicity used equations (11) and
{12). In other words, equations (11) and (12) are indispensable in obtaining (19) and
hence equation (22) of MHGT. In short, with congested [ocal public good as an
argument of the utility function, there Is no way possible to deriva HGT unless the
leve) of impure local public good is optimal.

4. Some geverslisations of the Henry George Theorem :

in this section we ider two | g isati to the Modified HGT
derived in section 3 under case 1 and case 2,

Case 1:

Suppose that local public goods are provided by local g > Thén, in a

(71
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foderal set up (say, of two-tier structure), the existence of only such locsl public goods
makas the of federal g functionally | i In order to eliminate
it and to make the analysis more realistic, we extend the optimisation model in section
3 by introducing ons more public good, viz.. a national public good denoted by P.
By a nstional public good we mean the following It is a pure public good
ided by a federal g Its cost is equally shared and its bensfit is equally
enjoyed by 8ll in a federation. National defence may be a good example for such a
public good.

Following the above definition, we note that such a national public good nesd
not affect the migration behavior of an individual because neither cost nor benefit
varies between regions. However, from the point of view of optimum population an
interesting problem exists with regard to treating the national public good as exogen-
ously given or endogenously determined. In what follows, we demonstrate that in
either of the cases, the Modified HGT Is invariant since the national public good is
assumed to be a pure public good.

An omnipotent fede-al planner’s task of d { tation fo: the
federation in the presence of impure local public good and pure national public good
can be f d in the following 1 form.

Max Z=U[C , Q,P)+x{U[C. Q. PI-UIC , Q, P+ TE (L )+f (L)~
1 1 1 T 2 1 1 1 1 LI
ICL+CL+G +G + P, (23)
11 LI 4 1 1)
with respect to c,' c.' G,‘ G,' l'.' I'. end P.

By panial differentiation, we have

9213C =(1-2)U_—).L =0, 28
t 1 LY 2 1
92/3€ =) .U _=-».L =0, (25)
1 ] 1 1] 1 1
-
02736 =(1=2).U .L =—-A=0, (26)
1 1 “" 1 1
-
02/3G =r .U .L =) =0, (27
1 1 @ 1 ]
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—(2+1)

aZi =—(1=-2 W «G L +2 . [f'(L )=C ]=0, {28)

1 1 1% 11 1 9 1 1
—(x+1)

9ZWL =—=2 .U <G L 3 .[F(L)-C ]=0, (29)
. 1 6 11 t 11 1

92/P=(1-A ) U +2 U —a =0, (39)

1 » 1 1

aziax =|u[c , a |-uIC, a |}=0, (31)
1 1 1 i ] i ]

ozr ={f(L)+f{L)~CL-CL -G ~G —P}=0. (32)
L] 11 LI | 11 LI 1 1

From the above first order conditions, we first obtain the following three results.

(-9

L, m b=t 433)
(1-%)
I, ‘.{u"/u"n-_-m @4
< <
LIUU J+L U J=L WV J+L DU =1 (35)
1 P k] » 0 1 » an ] » a

Equations (33) and (34) are the familiar but modified Samuelsonian conditions for
impure local public good in each region. On the other hend, equation (35) is the
Samuelsonian condition for national public good

Next, from equation (30), we get the following refation.

r=U. (38)

t] P

Using this refation in (26) and (27), and after some manipulations, we finally
obtsin the following condition derived from the optimum population level for the
{ederation.

L L)+l £L)=f(L)=-f(L)=G +G }+G +G +P=0. 37

11 1 . 19 1 1 LI ] 1 L] 1 1

[9]
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Now, it is interesting to consider another case. Suppose, we consider that P
is exogenously given. in this case, ion (30) di and the condition (37)
derived from the optimum population lavel for the federation still holds.

Next. Letting R'=l'(L.)—L' f{L). as the aggregate fand (resource) rent In region i,
1 (I} [
we get

R +R +<[G +G1=[G +G ]+P. (38)
P oy a s

The above equation tells that with the level of population that maximises per
capita ulility in the federation, we have a condition that the aggregate land rent plus
congestion tax equals the total cost of local public goods and national public good.
Since the result in (38) generalises the Modifisd HGT beyond one typs of public good,
wo call it the Generalised HGT.

The main implication of the above model is that the HGT holds whether or not
the pure national public good supply is optimal. This implication is not restrictad only
to pure national public good. n other words, the above implication holds for all types
of public good (local and national) so as they ara ch ised by no i
phenomenon.

Case2:

Let a public good, Y, provided by the federsl government is called a national
public good. It is a nationa! public good in the sense that it is financed by tax ng all
over the fede-ation. We further assume that Y is a pure public good and is located in
one of the two regions of the model. Finally, we suppose that the benifits of Y are
rastricted only to residents of the region where it is located.  Given all these assump-
tions, in the strict sense of the term, Y must be idered as a nati fi
Jocal public goed. In the following, we consider a modei which incorporates this type
of public good and derive another version of generalised HGT from the optimum popu-
Jation condition for the federation.

The model, in this case also, is basically an extension of the model in section 3.
The task of the federal planner is d to be the ination of opti popu-
fation for the two-region federal economy. Stated clearly, the problem is to

1
eMax U [C‘ , 0‘, Yi (39)

[ 10]
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{€.C.G.6,L.L,Y]|
] A Ll 1 Ll ]

st
1 L2
u (clr Q', Y.=U [C‘, 0.]. (40)
fALIHEIL)=CL +CL +6 +G +Y (a1)
The equality in (40) comes from the ion that ell individ are treated

equally as citizans in the federation. However, it can be justified in either of the
following ways. First, if two regions are far bstwaen each other, the existence of
nationally financed local public good in the utility function of region 1 may simply be
ignored.  Second, if thare exists some form of compensation payments from region 1
to region 2 {for having contributed towards the cost of Y but wilhout any benefits), say
in the form of intar-regional transfers.  Since the constraint in (41) allows for implicit
cross-subsidisation between regions, the equality in (41) is indisputable,

Next, the Legrangean form of the above maximisation problem can be written as
follows.

1 2 1
Max Z=U[C . Q ,I+a{UC,Q.YI-UI[C , Q,}+alf(L)+f(L)-
1 1 1 1 1 1 1 1 1 1 T
[CL+CL 46 +G + Y], (42)
11 Tt 1
with respect 1o C,+ G, G G L. L and Y.

By patial differantiation, wa have the following first order conditions.

1
92/0C =(1-3 JU - L =0, (43)
1 1 o ¢ 1
2
92/6C =r .U _—a L =0, (a4)
] 1 09 E I
1 -2
6Z/0G =(1—=A)U _L =i =0, (G
1 1 ar ?

[l
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2 -«
92106 =» U L —x =0, (46)
] 1 ¢ 1 .
1 —(x+1)
dZfol =—(—2)U <G L +x [17(L)=C ]=0, (47)
1 1 [ 13 11 1 1 1 1
2 =(<+1)
dZik==x U «GL +» [tiL—-CJ)=0, (48)
Tt 1 q9 1t ] [ ] ]
1
aZ/gY=(1-2) U —i =0,
1 n 2
1 2
Zin=ic al-vic.ah=0 (49)
1 1 1 2 1
0z ={f(L)+f(L)=CL+CL+G +G +Y}=0, (50)
. 1 1 ] 11 11 H T

Further, solving (43) and (45). we get

-4 1 1
[L‘ {U“IU“H=1. (61}

In the same way, solving (44) and (46), we obtain

1-¢ 2 2
I v u =1 (52)
1 “ 1]

Equations (51) and (52) are the modified Samuelsonian conditions which have the
same interpretation as equations (17) and (18. In addition. we have the following
basic optimality condition for nationally financed local public good.

11 11
VA =U ) =1 (63)
Yy a v oa

Mext, substituting (45) into (47), (46} into (48} and after some manipulations, we
finally obtain

[12]
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(R+R)}4x(G +G)=6 +G +Y, (64)
1 ] 1 1 1 [ ]

where R and R. sre the same as defined earlier.
1

Equation (64) tells that the level of population that maximises per capits utility
for the federation as a whole is such that aggregate land rent plus the congestion tex
equal the total cost of not only the local public goods but also nationally financed
local public good. Thus, equation (64) Is another version of generalised HGT.

Morsover, equation (54) tells that the HGT is invariant as to the location of pure
public good b it is perfect! ivafent to ion (38). This means that regard-
less of where the benefits of pure public good are concentrated, the final equality
between aggregate land rent and total cost of public good from optimum population
condition holds.

. Implications of modified and geearalised HGT for Inter-regional equity :

We briefly discuss a few implications of the HGT for intertegional equity in a
federal set up. These implications hold common both for the modified and the genera-
lised HGT we derived above.

First of all, the syuality batween aggregate land rent and total cost of public good
implies that a single tax on land covars total expenditure on public good/s in & fede-
ration. 6 This implication is in conformity with a tradition in federalism, viz., resource
rich regions share their rent with resource poor regions with the ultimate purpose of
equalising welfare levels between regions. More particularly, rent sharing through a
single tex on land, the federal government may coflect more revenue than what is
needed to financing public good in region 1 (2) and may transfer the excess to region
2 (1). In shor, it is isely here the implication of HGT for inter-regional equity lies.

However, with the introduction of congestion taxes, the above implication
does not differ in any significant way. In other words, the basic procedure of rent
sharing holds in the of ion-tax-adjusted-cost of public good in the
federation.

[13]
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FOOTNOTES

4 Throughout this note we deal with only the HGT in spatial models with local public
goods. For details of other types of HGT, see the footnote 7 in Kanemoto (1984).

2 This representstion of impure public good Is sdopted from Borcharding and Deacon
(1972),

3 We are treating congestion effects from the benefit side of the publiz goods. In fact,
congestion effect can be incorporated into the cost side also. Sae, for instance, Pes-
tieau (1983). H both the yield litatively aimilar resuits.

4 With additional assumptions on the institutional set up of the federal aconomy in ques-
tion, equation (2) can be derived as a case of decentralised free-market equilibrium {essen-
tially of Tiebout (1956) type]l. This type of market equilibrium is descriptively formulated
by Buchanan and Goetz (1972), For a mathematical translation of these descriptive
modals, see Narayana (1985).

& Here and in the rest of the essay, we assume that the second order conditions ara
fulfilled.

& This theoretical result Is not without critics [Johnson (1973), Wildasin (1988)]. For
instance, Johnson (1973) argues most eloquently in the following way. The fiscal notion
that taxes should be levied on rents rather than the incoms from effort is a mixture of
theoretical wisdom and ical ig Th ically, an optimal tax system should
fall on rents, and not distort marginal choices in the allocation of resources. The prac-
tical problem is to devise taxes that accomplish this, since the income on which taxes
are usually lavied almost invariably involves an element of marginal choice ; also, even
if one could specify a source of pure rent for taxation purposes, there would be no
guarantes that source would suffice to finance government's needs for revenue. [page 74)

[ 18]
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