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SUMMARY

The effect is studied of an outlier which has the same symmetric distribution as the
other observations except for a change in location and a possible increase in scale. We
show that the median is the most bias-resistant extimator, in the class of L-stati with
symmetric nonnegative coeflicients that add up to one, for a class of distributions which
includes the normal. double-exponential and logistic distributions.
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Let Z,. ....Z, be independent variates with finite expectations. Suppose that one of the
Z’s, we do not know which, represents an outlier. The outlier has distribution function
Q(x). the ather variates have distribution function F(x) which is symmetric about p and
have density f(r).

Tt is desired to estimate g, the mean of the target population. in the presence of the
unidentified outlier. Let the order statistics formed from the Z's be denoted by
Zyn € ... € Z,,. As estimators we shall consider in this note the class {L,} of linear
functions of order statistics, so-called L-estimators,

Ly=Y a2, Ya=1 a=a,.,_;20 (foralli. ()
) =1
We are concerned with the bias of L, in finite samples. For a general small-sample study
of L-estimators, see Rosenberger & Gasko (1983).
We hegin by considering the subelass (M, ,} of basic estimators

M= Y2 i\ at Zen) (r=lm]+ 1),

which includes the median. Clearly. L, can be written as a linear function of the M, ,.

with nonnegative coefficients. It will be shown that under certain conditions E(.M, ) isan

increasing function of r. From this follows in particular a formal proof of the intuitively

appealing result that the median is the most bias-resistant estimator in the class {L,} of
1.

( letd, .= E(Z,, ,~2Z,,). Then 2E(M,,, ,~M,,)=8,,—6,_,, We have. compare
David & Groeneveld (1982), taking 4 = 0 without loss of generality.

Oy n=Bperin = (':)r {1=0) = G(=)}F~ Y} {1 = Kz}~ T Fle) —r/n} dr (2)

This expression, without the factor 1 —G{x)—G(—x). has been studied by David &
Groeneveld (1982). From the argument there given, Case 2, it follows that a suffivient
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condition epsuring J, ,—J,_,., > 0 is that the positive even function
R(z) = {1-G(z)—G(—2)}/f () 3)

be increasing in x for x > 0.
Of special interest is the situation G(z) = F{(x—24)/o} for 1 > 0, ¢ > 0 when

12
R(x) = ;J‘ r(z. 1) di,
°

rat) = {f(’“)ﬂ( )}/f(z). @

Example 1. 1f f(z) = (27) " 3¢™4, then
r(z,8) = 2exp { —4*/o? +42*(1 - 1/0%)} cosh (120~ 2).
Thus 7(z,{), and hence R(z), is an increasing function of z for x > 0 and o0 2 1

where

The same result is easily shown to hold for the double exponential f(r) = e #*!. Note
that. in the special case A = c0. stronger results are possible (David, 1985).

For ¢ = 1, the location-shift case, there is an interesting connection with hypothesis
testing. [t is well known (Lehmann, 1959, p.330) that f(x—8) is a8 monotone likelihood
ratio family if and only if ¢ = —log f is convex. Assume this is 30 and also that § has a
derivative, . We continue to take f to be symmetric, so that  is symmetric. It can be
shown that, under these assumptions,

riz.l) = {flz+0+fx—0}f ).
being an increasing function of z for 2> 0 and ¢ > 0, is equivalent to the concavity of

¥'(z) for x 2> 0. It is also easy to show that, for g > 1, the concavity of '(x) continues to
imply the increasing character of

A o

Ezample 2. For the logistic distribution. with density f(z) = e *(1+e7%)72 () is
convex and ¥’(x) is concave for z > 0, so that (3) is increasing in x for r > 0. with

_ -1
Olz) = [1 +exp{—(¥)}] @=1.

For the uniform distribution, (3) is not applicable but some direct arguments are
possible. The median is no more bias-robust than any other L, in (1) not involving the
extremes.
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