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ABSTRACTY

¥When deta on en euxiliery veriate is evaileble o all the
units of the populstion, negstively correlsted with the study
veriste, Robson (1957) and Murthy (1964) preposed 'product
method' of estimation for the egtimetion of the populstio total
{meen) of the gtudy veriste, In this pmper, we discuss o method
given in Rao(1983) and cbtaln e simpler derivetion of the cless of
unbiesed product estimstors for the case of Simple Rendom
Sanpling WithOut Replacement design as well ss for the case of
intemenetrating subsemples design which fallows 8s a limiting
cese. Finelly, we shall illustrate the results by means of two
simple numerical exgnples from live dats.

1. INTRODUCTION

Consider o finite population of size N consisting of
wits (UI’UZ""‘UN)' Let y be the study veriste teking
values Vi on units Ui' i=1,2,...,N. When axiliery
infomstion on 8 veriste x teking velues Xs on Ui is
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availeble which is negstively correlsted with y, it wes shown
thet this infomsation could he profit oly used to congtuct o
'product estimetor' for the populetion tokel Y = igl Y (or
equivalently, the mesn Y = Y/N) which is in certain ceses fer
superior to the conventional estimator which does not use the
infomation an x (Robson (1957), Murthy (1964)). During the
yesrs thet folloved, several studies were made on the extent

of biss and mean muere error of these estimators and sttempts
were made to construct 'unbiesed product estimetors', Sriven-
kekeremmna md Trecy (1979) reviewed some of these methods
while at the same time offering esome more estimates. Vee
(1980) generalized these methods to obtein 'mixing estimators’
ad considered the efficiency of these estimetors subsequently.
Following the recent spproech given in 880 (1981 b), =
analogous method of constructing e new claess uf unbissed
product estimetors under a general setup which csn al so identify
the class of unbissed retio estimstors considered eerlier was
di wussed by Reo (1983), Singh, Iachen and Upaedhyaye (S1U(198%)
explored this spproach further end obteined certain generalize-
tims. In this psper, we shell give a simpler construction of
the general class of unbissed product estimators for the case
of Simple Rendom Sampling WithOut Replecement (SRSWOR) design.
We shgll also make some corrections in the estimators given by
SIU (1985)., The corregponding reaults for the interpenetrsting
ab eamples design then Fallaw es s limiting case.

2. UNBIASED PRODUCT ESTIMATORS FOR SRSWOR DESIGN

For the caee of SRSWOR, let Y and LY dencte respect-

ively the y and x values of the i th empled unit,l=1,2,...,n,
Let

V25X (2.1)

N
and Y = ¢y, xi/nY (2.2)
!
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We then have

UAREIRO LAY @3
where

¢’ = N{n-1)/n(N-1) .

Mctivated by Reo (1981 b, 1983) we nor revrite (2.3) as
A _ a
E(k ¥)) = 'k ¥ o (1) ECY)
where k is eny ambitrary constent
s & __—
ie Bk Yy - (O-c')k Y o+ (l-e')y) = V. (2.4)
Thus we have

Theoram 2.1: A general cless of unbissed product estimators
for the populetion mesn Y isgiven by

a 2 2 -

Vo=k¥) - (1-c')k Yo+ (1-¢'k)y

where k is any srbitrery constent end c' = N(n-1)/n(N-1).
Remark. The sbove estimator VP was derived by Reo (1983)

in a different wey and Singh,lechan and Upadhyeys (SIU(1985))

rephresed the same estimstor ss

& - 2 a

'Pc=‘1"‘z"n‘°;'1 (2.5)
in (5.1) of their peper. For different choices of k we get
the different estimetors conaidered by SIU. Some of the
coefficient g & given in 51U ere incorrect and wrangly refer-
mced. We shall now qive here o teble of these estimstors
correcting the coefficients end refererces given in SIU.

Eetimetor I wes given by Robson (1957) and Murthy (1964),
estimgtors 11 end T1I were given by Gupt e and Adiweryu (1982),
estimetors IV and V were suggested by Iechan, Singh and Upadaye
(1983) while estimstors VI end VII were given by Reo (1983) and
Sastry (1974) remectively. Notice thet in the above teble all
the sstimetors are non-cowex conbinations (cf. Reo (1981 &).
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Table [
Unbissed Product Estimstors in the cless (2.5) under SRSWOR
Estimator k 4 & &
1 1 0 _ _(N-n) n(N-1)
c' N(n-1 N(n-1
1 n{N-1)
I - n(N-1) 1 -
c'-1 N-n N-n
N-n N-n
111 1 wWR-TY - WR-IY 1
v 1 _ _n(N-1) N-n -n(N-1)
l4c! N{(1-Zn)+n N{I-Zn}+n  N(I-Zm+n
v 1 _ N-n _ N-n n{N-1)
2c'-1 N(n-2)+n N(n-2)+n  N{n-2}4n
vI k 1-c'k ~(l-c' )k k
-9 Q-c')q -9
1294 s g+l Y ry
3. OPTIMUM ESYIMATOR IN THE CLASS
N
The estimetor VP ateined in Theoren 2.1 cen be written
a8 A A
Yoz §k V' (3.1)
2 - A &
where V' = c'y + (l-c:')Yr| =Y. (3.2)
a
From (3.1) 1t follows thet Ver(Y,) 1aminimized by
Koot = Cov(y, ¥ )/V(T") (3.3)
which gives R
V¥, opt) 2 V) (-gd) (3.8)
where p) = Corr. (y, )
From (3.4) it la clesr thet
(3.5)

( P opt) < Vy),
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Furthemore, it mgy be recalled thet
A v(;) + R Cov (7,%) + REV(R) (3.6)
where R = T/, This T,

P opt. will be better then the usual

product estimstor (biesed) Y, = y %/ X if
V¥ oot < MY .7
which cen be rewritten os

V(7 1-03) < VT) + 2R pol)ofi) + V(D) .8
wrese p = Corr.(5,8) md off) = (VN ang oR)=(v()}/2
The inequality (3.8) cen be aimplified as

(oot7) + RoGN? + ¥G) (o - 1) > 0. 3.9)
Thus it follows From (3.9) thet a sufficient condition for the

estinetor ¥, _\ to bebetter thin T s that ook 1
nay be mmtloned here that the sufficient conditim can be
verified in practice based on their estimated velues or Fron
apilot study. The two illustrative eramples show the relative

perfomance of different estimators. The mse of 7 P.opt. defiped

o8 V(Y P .opt. i 72 {5 the mallest compsred to others. However
the optimum velue of k 18 not krown end hes tobe estimsted
from e pilot study.

4. UNBIASED PRODUCT ESTIMATORS FOR
INTERPENETRATING SUBSAMPLES DESICN

Conalder the case of interpenetrsting sibsmples di wussed
by Murthy (1964). Let ¥y end % be urblesed estimates of
the populstio totals Y and X respectively besed on the
1 th independent intesrpenetrating sbemmple, § = 1,2,...,n.

As before, conedder nowthe two product estimators

A

(AR .1
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Teble II
Unbiased Product Eetimetors in the cless (4.3) under IPS
desgign
Egtimator k 01 & o}
. 1 1 n
(i) < 0 =y i~y
(i) -n n 1 -n
‘s 1 1
(iii) 1 - 1
(iv) n n o1 n
! 2r-1 -} 2n-1 2n-1
- .1 L -
(v) 2 -2 n2 2
(vi) k 1-ck -(1-c)k k
(vii) n 2-n -1 n
ii _9 8 _an
(viii) c o+l n-1 [
F.% X (8.2)
ad v, = 13:1 yy x/nX .

n n _ N

where § = Ly,/n, x=Ix/n and X=X /N. It now
1 1

esally follows from Theorem 2.1 ss  limiting cese(es

N —>«) for the intemenetrating aubsamples design thet

Theorem 4.1: A generel cless of urbissed product estima-
tors for the popul stian mesn Y is glven by

Ve
where k 18 eny erbitrary comstent end c = (n-1)/n.

2 2 -
k¥ - Qe ¥+ (1ck)y
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SIU (1985) rephrased the shove estimetor os
2 - 2 2
VPE=°1Y'°2vn‘°Svl’ (8.3)
For the sake of completeness we shell glve below o teble of
etimgt ors for the cese of interpenet rating absamples dealgn
gimiler to Teble I for the SRSWOR cese. Some of the coeffi-
cients given in SIU (1985) ere wrong which are corrected in
this teble,
Estimotor (i) wes given by Murthy (1964). Estimetors
(ii) end (1ii) are veristions of Gupt s snd Adhveryu' s (1982)
while (iv) end (v) were intraduced by Iechan, Sirgh and
Upedhysy s (1983), Estimstors (vi) end (vii) were discussed in
Reo (1983) where o8 (viii) is e veriation of Sastry's (197)

estimet or.
5. ILLUSTRATIVE EXAMPLES

In this section we shall illustrste the results by two
simple empirical exemples using live det s of populstion of
size & when semples of size 2 ere drewn by SRSWOR Prom each,
We have chosen 4 cities each with e popalstion 100,000 and
above Fron Census of Indie (1971) document. In these cities
situgted in India, high (low) female literscy retes correspond
tolow (high) female voti perticipetion retes. We trest female
literecy rete ss the swiliery variete x and the female
work perticipetion rete es the study veriecte y. The data
corresponding to these two verietes and the relevent results
for the two chosen populstions are given below :

Populstion 1
Neme of city y x
1. Bhavneger 5.51 45,54
2. Berhempur 7.48 37.94
3. Jullundher 2.7 50,98
4, Kenpur 3.n 41.21

Y = a.87 X = 43.9175
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Teble III

Relstive mean musre error (rmse) of the estimstor Vp

k estimetor V(VP) rmse
-3 1I 2.42982 0.10243
0 y 1.0785 0.04545
0.6 v 0.91144 0.03843
1 111 0.81965 0.03456
1.5 1 0. 2654 0.03063
2 - 0.65M5 0.02772
3 v 0.59134 0.02493
3.18789 Optimum 0. %8964 0.02486
4 A 0.Q133 0.02620
Y, 0.02934

A
v, 0.02829

Here mse 1s defined as V(LV\'P)/ V2.

Populetion II

Neme of city y x
1. Asansol 4.38 48.95
2. Renchi 4.83 49.39
3. Gauheti B.26 41.87
4, Mgl egeon 9.83 31.73

Y = 6.825 X = 42.985
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Teble IV
a
Reletive mesn sgusre error of the estimetor VP
A

k estimstor V(VP) rmse
-3 It 6.56692 0.14098
0 y 1.739% 0.03765
0.6 v 1,188 0.02552
1 II1 D.88 561 0.01901
1.5 1 0. 58944 0.01265
2 - 0.38527 0.00827
2,896 Optimum 0.24932 0.00S35
3 x 0.25293 0.00543
Y, 0.01195

2
Y 0.01385

=
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