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Abstract

Graph Neural Networks (GNNs) are highly effective in many real-world tasks, such
as molecular property prediction, modeling protein structures, analyzing user-item
relationships, and making link predictions. What sets them apart is their ability
to learn meaningful representations by capturing not just the features of individual
nodes, but also the overall structure of the graph they belong to. This expressive
strength allows GNNs to model complex relationships more accurately. In this work,
we take a step further by introducing geometric transformations aimed at improving
how GNNs handle spatial information. In particular, we focus on angular aggregation
methods that maintain rotational consistency, helping the model deliver more stable
and reliable predictions even when the input orientation changes.

Keywords:  FExpressive Power, FEquivariance, Weisfeiler-Lehman test, Graph
Isomorphism, Graph Representation Learning.
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Chapter 1

Introduction

1.1 Problem Statement

Learning from graph-structured data—such as molecular networks, social net-
works, and financial systems—requires effective representations that capture the un-
derlying structural information. Graph Neural Networks (GNNs’) have emerged as
a powerful framework for representation learning on graphs. These models operate
through iterative message-passing and aggregation mechanisms, transforming node
feature vectors by incorporating information from their multi-hop neighborhoods.

GNNs’ with high expressive power and representation learning ability can ef-
fectively capture subtle structural differences across diverse graph instances.Several
popular GNN variants have been proposed, each differing in their aggregation and
pooling strategies, including Graph Convolutional Networks (GCN) [1], Graph At-
tention Networks (GAT) [2], and GraphSAGE [3].

The primary objective of this work is to enhance the expressive power of GNNs
through a novel aggregation mechanism. The proposed GNN model aims to be highly
expressive and demonstrate strong performance across a range of domains.

Additionally, we emphasize the importance of equivariance to structural transfor-
mations. In many real-world scenarios—such as molecular datasets—graphs undergo
transformations, and ensuring equivariance allows the model to maintain consistent
predictions. This not only improves reliability but also enhances the generalization
capability of the model across structurally varying inputs.

1.2 Brief overview on GNN

Graphs are considered a highly useful data structure due to their ability to model
a wide variety of real-world datasets. Well-known examples include social networks,
citation networks, and molecular structures, all these datasets can be represented
as graphs. These structures consist of nodes as entities, and the edges represent
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the relationships between pairs of entities. Traditional machine learning models like
RNNs and CNNs are designed for data with regular structures, such as sequences or
grids, and often struggle to learn from the irregular and complex topology of graphs.

Graph Neural Networks (GNNs) are permutation-equivariant neural networks that
operate directly on graph-structured data. GNNs use a message-passing mechanism
to compute and update node embeddings. In each iteration, features from single or
multi-hop neighboring nodes are aggregated to compute updated node representa-
tions. These representations are then used for downstream tasks like classification or
regression. Unlike CNNs or RNNs, which typically operate with fixed-size neighbor-
hoods, GNNs are capable of aggregating information from variable-sized neighbor-
hoods.

Given a graph G = (V, E) with nodes v; € V' and edges e;; € E, we define a graph
convolutional layer, following the notation in [4], as:

mij = Ge(hg, 1, aig). (1.1)
JEN(3)
it = gu(hl,ms). (1.3)

Figure 1.1: Ilustration of the message passing mechanism in GNN’s
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1.3 Thesis Overview

The rest of the sections of this thesis are organized as follows.

Chapter 2: In this section, we will introduce some of the preliminary concepts on
graph isomorphism and equivariance properties of graphs.

Chapter 3: This chapter provides a unifying perspective on the GNN’s expressive
power, highlighting its necessity, representation, and its strength.

Chapter 4: We will list down and analyze the design in some of the existing works
that were used to improve the expressive power of GNN’s.

Chapter 5: We will discuss about our novel approach and will provide the mathe-
matical formulation of the entire architecture of the model.

Chapter 6: This chapter presents the experiments conducted on both small and
large-scale real-world datasets, along with the corresponding results. Additionally,
we provide a brief overview of the datasets utilized in our study to offer context for
the experimental analysis.

Chapter 7: At the end, we will summarize our work and discuss the future scope of
improvements.



Chapter 2

Preliminaries

2.1 Basics of Graph Isomorphism

Two graphs G = (A4, X) and G’ = (A’, X’) where A and A’ are the corresponding
adjacency matrices and X and X’ are the respective feature matrices, are considered
to be isomorphic if there exists a bijective mapping m between the two graphs:

7: V[G] = VI[G]. (2.1)

which satisfy Ay, = Al (u)r(v) and X, = X/ (., while graph isomorphism reflects
the topological equivalence of 2 graphs, detecting this equivalence is challenging and
is considered an NP-hard problem. The WL test, known as the Weisfeiler-Lehman
test [5],[6], provides us a fast and effective way to solve the problem using the color
refinement algorithm. The algorithm uses a coloring technique to assign labels to
every node in each iteration.
The iterative process has been illustrated in Figure 2.1 [7]. Initially, all the nodes
in the graph were assigned the same color label. In every iteration, the labels of the
center node and the neighbors are combined to get a set of multiple colors, which are
further mapped to unique color labels using a hash function. This new, unique color
becomes the new label of the central node. The process is repeated until there is no
change in the distribution of the colors in the graph. A color histogram is used in
every iteration to see the distribution of colors across all the nodes in the graph. This
process can be mathematically formulated as:

CO = Hash(C{™) {C [ueN (v)}). 22)

10
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To compare the structural similarity of two graphs, a systematic relabeling process
is employed. The procedure iteratively refines node labels to capture their neighbor-
hood context with increasing depth, as described below.

Algorithm 1 One Iteration of the 1-WL Graph Isomorphism Procedure

Step 1: Determine Multiset Labels

At iteration level [ = 0, initialize the multiset label as M%(v) = ®(v) = ¢(v).

For each [ > 0, define M!(v) for every vertex v in graphs G and G’ as the multiset
{1 (u) | u € N(v)}, where N(v) represents the neighbors of v.
Step 2: Sort and Format Multisets

Arrange elements in each multiset M!(v) in non-decreasing order, and concate-
nate them into a string denoted s'(v).

Prepend ¢!~1(v) to the front of this string to form the updated string represen-
tation s!(v).
Step 3: Apply Label Compression

Collect all strings s'(v) for vertices in both graphs, and sort them lexicographi-
cally.

Assign a unique label to each string using a mapping function f : 3* — 3, such
that Hash(s'(v)) = Hash(s'(w)) if and only if s'(v) = s'(w).
Step 4: Update Vertex Labels

For all nodes in graphs G' and G’, assign the new label c!(v) = Hash(s'(v)).

While the identical coloring results can indicate, but they do not guarantee that
the graphs are isomorphic. The WL test has limitations when it comes to distinguish-
ing members of certain regular non-isomorphic graphs. Figure 2.2 shows some of the
non-isomorphic graphs that are mistakenly identified as isomorphic by the algorithm.

There exists a study on the expressive power of GNN by Xu et al.[8] where they
have characterized the maximum representational capacity of general class of GNN’s
to be up to 1-WL test, that is GNN’s are as powerful as the 1-WL test in their
ability to distinguish graphs. Now, a maximally powerful GNN can distinguish differ-
ent graph structures by mapping them to different representations in the embedding
space. Since this property of mapping the two different graphs to separate embed-
dings involves solving the graph isomorphism problem, the expressive power of this
class of GNN’s is theoretically upper-bounded by the discriminative capability of the
Weisfeiler-Lehman (WL) test for graph isomorphism.

In our context, it is important to note that any GNN model that maps two graphs
to different embeddings must at least be as powerful as the WL test. In other words,
if a GNN is able to produce distinct embeddings for two graphs, then the WL test
must also be capable of distinguishing them. This places a theoretical upper bound
on the expressive power of message-passing GNN'’s, aligning their behavior closely
with that of the WL test.
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Figure 2.1: The aggregation and the update process of WL test

2.2 Equivariance: Concepts and application in GNNs

Let geG' be an abstract group and T} be a set of transformations on X, denoted
as T, : X — X. A function ¢ : X — Y, is considered to be equivariant to g if there
exists a similar transformation in the output space S, : Y — Y, such that:

¢(Ty(x)) = Sy(¢()). (2.3)

Some of the most common equivariance that we encounter while working with the
GNN models are as follows:

e Translation Equivariance. suppose x is an input set of M point clouds i.e.,
X=(z1, T2y o oeee. zp)eRM* and ¢ be a non-linear funcion. Let T}, be a trans-
lation on the input set by g that is 7, = x + g. Then ¢ is said to exhibit
translation equivariance iff ¢(z) + g = ¢(z + g).

y+g=0(z+yg) (2.4)
¢ Rotation (and Reflection) Equivariance. For any orthogonal matrix Qe R™*",
let Qx denote (Qx1, Qro, ...... ,Qxpr). Then rotating the input using Q will result

in equivalent rotation in the output. So Qy = ¢(Qx).
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(@
(b)
; ; © ; ;

Figure 2.2: Some of the non-isomorphic graphs where WL test failed

e Permutation Equivariance. Permutation equivariance in general states that
the output order of the function should correspond to the input order. The
function ¢ is said to be permutation equivariant if for all possible permutations
denoted by 7 it satisfies ¢(7(z)) = 7(y).

While designing GNN models, we generally focus on generating permutation
equivariant functions for graphs by applying a local permutation invariant ag-
gregation function on the neighboring features of each node.

Functions that satisfy properties 1 & 2, i.e., (translation, rotation, and reflection
equivariance), are said to exhibit E(3) equivariance.

Equivariant GNN’s have a wide range of applications on various real-world data
that exhibits geometry like physical systems, point clouds, and molecular datasets.
An overview regarding these datasets can be found in Table 2.1.[9]

2.3 Equivariance and Invariance in Physical and
Molecular Systems

2.3.1 Physical Dynamics simulation

Physical systems involve objects like the charged particles whose interactions fol-
low the physical laws. A N-body simulation consists of multiple charged bodies driven
by the Coulomb force. The task in this case is to predict the dynamics of the particles
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Table 2.1: List of datasets used in the evaluation of equivariant GNNs
Dataset Application Task Property
N-body Physical ~Simula- Position & Velocity Pre- Equivariant
tion diction
Constrained N-body Physical Simula- Position Prediction Equivariant
tion
Motion Capture Physical ~ Simula- Position Prediction Equivariant
tion
QM9 Small Molecule Chemical Property Pre- Invariant
diction
MD17 Small Molecule Energy & Force Predic- Invariant
tion
ISO17 Small Molecule Energy & Force Predic- Invariant
tion
0C20 Molecule  (Cata- Relaxed Energy Predic- Invariant
lyst) tion
GEOM Small Molecule Structure Generation Equivariant

given the initial coordinates, including the position, velocities, and charges. As the
dynamics of the particles translate, rotate, and reflect together along with the entire
system, this makes the task of predicting the dynamics E(3) equivariant.

2.3.2 Molecules

Molecular data is a key area where equivariant models find significant applica-
tion. In such datasets, molecules are represented as graphs where atoms serve as
nodes, often characterized by attributes like atomic number. The connections be-
tween atoms—whether they represent true chemical bonds or are defined by spatial
proximity within a specific cutoff distance—form the edges of these graphs. These
molecular graphs exhibit a range of chemical properties, such as energy levels or
reactivity, which are typically predicted using regression techniques.

A notable characteristic of these properties is their invariance to spatial transfor-
mations—shifting, rotating, or reflecting the entire molecule doesn’t alter its intrinsic
chemical behavior. Because of this, models that are invariant under Euclidean group
transformations (E(3)) are naturally well-matched to the task. They can learn more
effectively by aligning with the symmetries of the domain, often resulting in better
generalization and reduced data requirements.



Chapter 3

Expressive Power of GNN’s

3.1 Necessity of GNNs’ expressive power

All machine learning problems are more or less based on learning an approximation
fo of a function f that maps a dataset from an input space X to an output space Y.
Here @ is the parameter involved in the abstraction that we try to optimize. Now, since
the function f is typically unknown to us a priori, we would expect fy to approximate
a wide range of functions so that it can cover f* as well. An estimate of this range of
functions being approximated by fy is known to be its expressive power.

The expressive power of GNN'’s refers to their ability to distinguish between two
different graph structures, to be able to identify structurally different nodes and edges.
Also, it denotes the ability of the model to capture the complex relationships existing
in the graph data.

The expressive power of GNN is not limited only to its feature embedding ability,

GNN’s that cannot maintain the graph topology often show inferior performance as
compared to MLP. The topology representation ability of GNN’s is often considered
to be the key to their superior performance. Deep graph neural networks having low
expressive power often suffer from the problem of over-smoothing, as a result, the
node representations become indistinguishable from one another across the layers.
Also, poor expressive power restricts the model’s ability to capture the long-range
dependencies that are considered to be critical in domains like protein folding and
fraud detection.
As mentioned in the earlier sections, one of the most common applications of GNN’s
in the field of chemistry involves the property prediction of molecules. Such tasks
involve identifying similar graph structures, detecting subgraphs, and mapping iso-
morphic graphs to similar embeddings in the latent space, while ensuring that non-
isomorphic pairs are mapped to distinct embeddings. In order to achieve this level
of discrimination in graph structures, GNN models should have a high degree of ex-
pressive power.

15



16 3. Expressive Power of GNN’s

Efforts towards the improvement of the expressive power have led to models with
enhanced architecture, like the use of higher-order message passing scheme (K-GNN'’s)
[10], leveraging the use of subgraph-based models, and positional encoding in the
models. Equivariant neural networks in physical systems are also crucial for achiev-
ing high expressive power, as they inherently respect the underlying symmetries of the
system (e.g., translation, rotation, reflection), allowing the model to generalize more
effectively while reducing the need for redundant learning. Without sufficient expres-
sive power, GNN’s can become indistinguishable function approximators, which can
further limit their applications in structure-sensitive tasks.

3.2 Expressive Power: Definition and Representa-
tion

Any graphical data will involve information related to node features and graph
topology. Since representation learning is a crucial element of GNN models, their fea-
ture embedding ability is unquestionable. As a result, the expressive power of these
models is more reflected by their topology representation ability. Any GNN model
can be considered to be an approximation of a nonlinear function f that maps data
from the input domain X to the embedding space ). We get the node embedding
h, using f as h, = f(A,z,), where A represents the graph adjacency matrix and x,
is the input node feature. For any two nodes vl and v2 with different topological
positions, if ;7 # x5, then due to the high feature embedding ability we will get
f(A,x1) # f(A, xq), and if z1 = zo, still we get f(A, z1) # £(A, x2), by the topology
representation ability of the GNN’s.

Let F represent the domain space of the feature embedding ability of the GNN’s.
That is, if X is random (input graph with some random node feature) then F =
{f(A, X)|X is random}. Similarly, let X = 1 (input graph without any node fea-
tures), then the value domain F = {f(A, X)|X = 1}, signifies the topology rep-
resentation ability. Then given X is random the size of the intersection of both the
domains gives us the expressive power of GNN’s, i.e., FNF represents the expressive
power of f. This is illustrated in Figure 3.1 [11]

Some of the existing works on expressive power characterize it in terms of approx-
imation, separation, and subgraph counting ability. Approximation ability looks at
GNN’s ability to approximate functions on graphs, while the separation ability focuses
on GNN'’s ability to identify isomorphic graphs. The other perspective, which is the
subgraph counting ability, is based on subgraph topology, like community identifica-
tion in real-world datasets (molecular functional groups, etc), hence it holds practical
application value, unlike the other two perspectives, which have limitations when it
comes to examining the real-world problems.
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/ 4+ <4 < Observed examples + <+ < Observed topological exarnples
f
—_—
k (a) Feature embedding ability. _// (b) Topology representation ability.
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/ F <> The value domain of
7 - \ model only considering
f | / the feature embedding.
}-n}- £~ ~, The value domain of
~7 model considering
maintaining the graph
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(c) GNNs expressive power. /

Figure 3.1: Hlustration of GNNs’ Expressive Power

3.3 Design Choices and Their Impact on GNNs’
Expressive Power

The neighbourhood aggregation process in GNNs’ is strikingly similar to the neigh-

bour label aggregation in the WL test [8]. While all the message-passing GNN’s share
the same framework, subtle architecture differences can contribute to their ability to
model complex graph structures, as a result, different GNN’s with the same basic
framework can show differences in their expressive powers. Some of the advanced
GNN’s go beyond the 1-WL test limit by using higher-order interactions like the K-
GNN’s [10]. Such models are more powerful in terms of expressive power and can
even distinguish between structures that are indistinguishable by all 1-WL equivalent
GNN models. But to possess such strength, this model requires more computing
power and is less scalable compared to their 1-WL-equivalent counterparts.
The Aggregation function used in the model is one of the critical factors in determin-
ing the expressive strength. Xu et al.[8] showed that the mean and max aggregator
functions lose information about the exact structure of the multiset of neighbours.
They used the sum aggregator function to design their Graph Isomorphism Network
Model (GIN) that can preserve the full multiset structure and is also provably more
powerful than the other 2 models.

Another factor is the post-aggregation transformation, which is typically imple-
mented using MLPs. Stronger GNN’s have deeper and more expressive MLPs that
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allow them to capture higher-order dependencies. Shallow layers and linear transfor-
mation, on the other hand, can restrict the model’s representational capacity even if
the aggregation is strong. The strength of GNN’s expressive power is affected by the
model’s design choice, the aggregation and transformation functions are the crucial
elements that shape its ability to encode the structural differences. Designing a GNN
model with strong expressive capabilities is essential when working with complex
graphs where minor structural differences can affect the learning objective.

T 9 T ¢ T 7

(a) Mean and Max both fail (b) Max fails (c) Mean and Max both fail

Figure 3.2: Graphs that mean and max aggregators fail to distinguish

The above Figure from [8] shows the shortcomings of the max and mean aggrega-
tion functions. The node colors denote the distinct node features. Our assumption is
that GNN’s aggregate the neighbour features first before combining with the central
node labelled as v and v'. The mean will fail to distinguish when the distribution of
features is same across the neighbours. Max, on the other hand, neither captures the
exact structure nor the distribution, it only identifies the representative element from
every set of nodes sharing similar features.



Chapter 4

Related Work And Motivation

4.1 Related Work

There have been several works in the past towards the enhancement of the ex-
pressive power of GNN’s. We will mention some of the important and notable ones
in the underlying section.

The theoretical foundation for measuring the expressive power was laid by the
Paper of Xu et al.[8]. This paper established the relation between the GNN’s and
the 1-Weisfeiler-Lehman (1-WL) isomorphism test, where they showed that common
GNN’s are only as powerful as the 1-WL test. Further, they proposed Graph Iso-
morphism Network (GIN) and demonstrated that it can achieve a maximum
discriminative power of 1-WL test by using an injective aggregation function. This
work has laid the theoretical foundation for improving the expressive capacity of the
GNN’s. To overcome the limitation of 1-WL, Morris et al. [12] introduced a general-
ized architecture, called k-dimensional GNN or (k-GNN), which takes into account
higher-order graph structures at multiple scales. This provided a non-isomorphic
graph distinguishing ability beyond the capability of the traditional GNN’s.

The “E(n) Equivariant Graph Neural Networks” paper by Garcia Satorras
et al.[13] proposed a framework that is equivariant to rotations, reflections, trans-
lations, and permutations. This architecture was used by them to model physi-
cal systems (e.g., molecules, particles), and their design involved a message passing
framework that is inherently equivariant and can easily scale the equivariance to more
than 3-dimensional spaces. This approach improves the expressive power of GNN’s
in learning spatially aware representations.

Another interesting work towards advancement beyond 1-WL expressiveness was done
by Yang et al.[14]. This paper tried to overcome the limitations of conventional
GNN’s, that is, their inability to perform injective aggregations. To overcome this
bottleneck, they introduced ExpandingConv, an aggregation framework that uses

19
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learnable aggregation coefficient matrices and applies non-linear transformations be-
fore aggregation. Their approach has shown good results for large and densely con-
nected graphs. This framework can capture richer structural information beyond
immediate neighbors.

4.2 Motivation

Traditional GNN’s that are based on message passing mechanism focus on the
topological structure of the data. Most of the methods have neglected the geometric
and spatial context that is present in the real-world graph datasets. In applications
involving molecular graphs, node positions can define meaningful relationships. While
some of the GNN’s have used positional encoding but there is a gap in capturing the
directional and angular dependencies among the nodes in the graph. Capturing the
angular relationship among the nodes can further improve the expressiveness of the
GNN’s. Some of the datasets, like Citation and product Co-purchase networks, have
non-uniform topological orientations. While traditional GNN’s treat the neighbours
symmetrically depending on the edges between the nodes, none of the models focus
on feature alignment.

To address these limitations, we will introduce a novel GNN architecture that
will use the angular aggregation mechanism. The design will consider the angular
distance between the node features and the spatial orientation of nodes in the feature
space. The learned representations will be used to update both the feature vectors
and node positions. This feedback mechanism between the feature and geometry will
lead to the computation of richer representations and consequently will improve the
expressive power of the model. The proposed approach will encode both feature sim-
ilarity and the geometric structure of the graph.

4.3 Owur Contribution

We have introduced a novel graph neural network (GNN) architecture that in-
tegrates geometric inductive biases through angular reasoning and coordinate-based
transformations. Our work is structured around two iterative designs, Version 1 and
Version 2, each offering distinct advancements. The key contributions are outlined
below:

1. We design a graph neural network that applies a node-specific rotation matrix
derived from angular neighborhood information. This leads to local rotation
equivariance, where rotating input features results in equivalent transformations
in the latent space, preserving geometric structure.
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2. The model ensures permutation invariance over node neighborhoods through
symmetric aggregation using normalized adjacency matrices. Additionally, by
computing angular distances and employing cosine-based similarity, the model
achieves scale-invariant comparisons between node features and coordinates.

3. We introduce a direction-aware attention module that leverages Fourier encod-
ings of angular distances. By mapping angle values to sinusoidal representations
and processing them via MLPs, our mechanism provides a smooth, continuous,
and rotation-consistent modulation of message vectors during node updates.

4. Our second model introduces an iterative feedback mechanism where message
vectors update coordinates, and the updated coordinates, in turn, guide the
rotation of node features. This cyclical interaction allows the network to encode
spatial structure and directional dependencies more effectively.

5. The proposed framework is particularly suited for molecular datasets, where
physical properties depend on 3D geometry. By capturing both angular and
spatial relationships, our architecture aligns with real-world molecular symme-
tries and generalizes better across rotated or transformed inputs.



Chapter 5

Proposed GNN Model
Architecture and Its Properties

In this section, we will provide a structural overview of our novel GNN model
and will look into the key properties of the proposed model. This shall include
mathematical formulations of both versions of the model, with necessary explanations.

5.1 Overview of the Proposed Model — Version 1

Here is the mathematical formulation of our version 1 model architecture:

e Given the initial node feature X is an n * d;, feature matrix, we first project
the feature vectors to the hidden dimension space

HO® = ReLU(XW, + by), (5.1)

where W, is a real matrix of size d;, X dyiq, and by is a real vector of dimension
dpiq. Layer Normalization was used for faster convergence, followed by Dropout:

H® = Dropout(LayerNorm(H®)). (5.2)

e For each layer [ = 1 to L, let h; be the feature vector for node i, which is a real
vector of dimension dy;q. We first normalize it:

l

e
(. )
17512

~

for all i=1....n (5.3)

e We define the Angular Distance Matrix, where © is a real matrix of size
n xn.

@ij =<< iLi, h]‘ > . (54)
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e We define the symmetrically normalized adjacency matrix A as a real matrix
of size n x n, given by:

A=D:AD 2. (5.5)

e We aggregate the angular distances from the neighborhood for each node as
follows:

The aggregated angle for each node is:

1
Oaggi = 7 Z 0ij. (5.7)

d@g(l) jeN (i)

e The aggregated angle is used to rotate the feature vector in the latent space,
thereby updating the representation of the vector, which is useful for the down-
stream tasks:

H* =R, HY, (5.8)

e After L angular rotations, we pass the updated feature matrix through mul-
tilayer perceptrons (MLPs) involving non-linear activation, and normalization
for the downstream tasks

7 = Farp(HY). (5.9)

The use of a symmetrically normalized adjacency matrix A during the aggregation
process facilitates stable and unbiased feature propagation. This method was used
by Kipf et al.[1] in their paper “Semi-Supervised Classification with Graph
Convolutional Networks”[1]. Simply using the adjacency matrix would lead to
the dominance of nodes with a high degree during the aggregation process. The
normalization scales the contribution inversely with the node degrees.

1
Message : ——=2A,;0;, where jeN (i) (5.10)

did,
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5.2 Analysis of the Proposed Model - Version 1

Let us now examine a few key characteristics that emerge from the behavior of
this model. These properties provide insight into its functioning.

5.2.1 Local Rotation Equivariance

The model exhibits local rotation equivariance on the basis of the node wise ro-
tation matrix, which is different across all the nodes. All feature vectors are rotated
consistently with their local angular context, which preserves the geometric alignment
in the latent space.

Let R denote the rotation matrix, and we have a learned rotation angle 6#; from
the neighbours. A feature vector h;. Then we can define a node-wise function f; as:

filhi) = R(6;). (5.11)
Now, suppose we first rotate the input vector by some angle ¢;,i.e.,
T (hi) = R(¢i)hi. (5.12)
Then we apply f;:
fi(T(hi)) = R(0:)R (i) . (5.13)

Now suppose we apply T after rotation:
T'(fi(hi)) = R(:)R(0:) i (5.14)

Now, when we combine two rotations, the resulting transformation is also a rota-
tion, and the angle of the resulting rotation is the sum of the individual angles:

R(0:)R(¢:)

R(0; + ¢5)
(¢i + 0;)
(9i)R(6:). (5.15)

R
R

So we get:

fz(T(hz)) = T/(fl(hz>> (5~16)
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5.2.2 Permutation Invariance Over Neighbourhood

The model is permutation invariant and is unaffected by node neighbourhood or-
dering. We use the symmetrically normalized adjacency matrix A = D 2AD™ 2 to
aggregate angles from neighbouring nodes. Since summation is order-independent,
reordering the neighbours does not affect the output, ensuring invariance under neigh-
borhood permutations.

ot = Ayt (5.17)
JeN(3)

5.2.3 Scale Invariance and Equivariance

The angular distance computation mechanism in our model is scale invariant,
since the distance is unaffected under scalar multiplications:

chl - cht ht - AL
0;; = Cos ' ——F—F— = Cos™ ' ——2— (5.18)
! llehl[l[ehj] 1RI175]
The rotation step satisfies scale equivariance:

So the proposed model shows some desirable geometric properties that make it
suitable for learning over spatially structured data like graphs. Together, these prop-
erties contribute to a stable and expressive framework for encoding geometry-aware
features in graph-based learning.

5.3 Overview of the Proposed Model — Version 2

The newly proposed version 2 model is an extension of the version 1 architecture
that uses n-dimensional coordinates for every node in the process of representation
learning. Molecular datasets show various properties, like binding affinity, which in-
volves the 3-D geometry of the molecules apart from the graph connectivity. Certain
datasets, like the QM9, MoleculeNet, exhibit properties like energy, dipole moments
that depend on the interatomic distance and angles. As a result, the models that are
able to capture the 3-D structural information are supposed to show good results on
these datasets.

There are many existing models that leverage the spatial information from the
coordinates very well and show robustness to transformations like rotation, transla-
tion, and also exhibit transformation invariance/equivariance. Such models have also
outperformed Vanilla GNN’s on multiple occasions. Some of the well-known models
in this category are DimeNet[15], EGNN/13], etc. Leveraging the information pro-
vided by the coordinates with the angles will add some physical intuition that will
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improve the physical inductive bias and generalization.

GNN’s that use coordinates really shine when we are dealing with problems like
energy calculations, force interactions, or simulating how molecules move. In these
kinds of tasks, it’s important that the model understands the geometry of the molecule
and respects how it would behave in physical space, like staying consistent even if you
rotate or shift it. By building this spatial understanding directly into the network,
these models tend to be more accurate and are better at handling new molecular
shapes they haven’t seen before.

5.4 Mathematical Formulation of The Version 2

Architecture

After looking at the above-mentioned benefits of GNN’s that leverage coordinate
information, we decided to extend our version 1 model. Below, we have mentioned
the mathematical formulation of the architecture of our version 2 model in detail.

e Each node feature hl(-o) is linearly projected ,and ReLU activation followed by
LayerNormalization is applied :

hl(l) = Layer Norm(ReLU (W,.hY + bin)), (5.20)
where W, is a linear layer that maps the feature vectors to the hidden dimen-
sion.

e For each pair of nodes (i,j), we compute the angular distance:

[/

07, = cos ™t ———— (5.21)
! JEAlliE1
ht.h
O =cos™! — (5.22)
7 |12

here h! stands for the respective node features at layer [ and 2! stands for n-
dimensional coordinates of nodes.
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e We have used an angle-based and spatial attention mechanism as a modulating
factor to the direction information, which we are computing as h; — h; and

Xy — Ty
M;; = ol (hl — b)) + o (2} — o). (5.23)
The attention computation mechanism involves using a fixed or learnable Fourier
basis:
¢(0) = [cos(kB), sin(kd)], where k=1..K (5.24)

followed by passing it through an MLP layer:

_ h
= MLP;(¢(0;5))- (5.25)
= MLPx(gé(ij)). (5.26)
e For each node i, we update its coordinate using the computed Message vector
Miji
ottt =l ¢ Z ) — xh) W (M), (5.27)
JeN ()

where W, is a learnable linear layer applied to the message vector.
e The updated coordinates of the central and the neighbouring nodes are further
used to calculate the aggregated angular distance from the neighbours

I+1 I+1
1M
Ougg = D_ cO8 T ) (5.28)

JEN(3)

e The aggregated angle computed in the previous step is used to construct the
rotation matrix.

A = Rpageht. (5.29)

o After L layers of aggregation and rotation, the feature vectors are passed through
multiple MLPs with non-linear activation for node-level downstream tasks. We
use an additional graph-level pooling layer f,., in the middle of two MLPs for
graph-level prediction tasks.

ho"t = MLPy(h¥). (5.30)

HG = fPoal(hiOUt)- (531)

Yo = MLPy(Hg). (5.32)
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5.5 Analysis of the Proposed Model - Version 2

As can be seen in the new model design above, it uses an inter-feedback mecha-

nism between the coordinates and the feature update process. This model involves a
cyclical interaction between the nodes and the features that happens at each of the L
GNN layers. The computed angular distance is used to construct direction-sensitive
message vectors (M). These message vectors are then used to update the coordinates,
which means that features affect the coordinate updates. The updated coordinates
are further used to compute the aggregated angles per node, which further leads to
the rotation of the feature vectors using the aggregated angle (derived from the co-
ordinates).
So, in this manner, the coordinates affect the feature update process. The following
figure shows the interrelationship between the two factors. The feature influences the
coordinates through messages, while the coordinates influence the features through
the rotational transformation. Such rotation of features based on the spatial changes
allows the model to learn directional and orientation-dependent interaction, which
is hard to capture by just using the message passing scheme. Also, the intertwined
update mechanism leads to a structure-aware representation that can show a better
generalization to unseen or rotated inputs. Since molecular data constantly undergo
such transformations, including such a process in the model should show us a better
performance and should also improve the learning process in each iteration/layer.

The model uses a Fourier-based angular encoding mechanism [16] to compute the
attention. In the tasks involving 3D/2D geometry, the use of raw angles does not
lead to smooth representations due to their periodic nature. Neural networks often
struggle due to this unless angles are properly encoded. Instead of using raw angles,
mapping them to a higher-dimensional space using Fourier features makes the angular
relationship smoother and more expressive.

Unlike the earlier version of the model, that can capture only up to the first
harmonics.

1(0) = [cos(0), sin(0)]. (5.33)

This new version of the model can capture multiple harmonics of up to K frequen-
cies, which is sensitive to finer angular variations. Higher values of k make the model
more sensitive to angular changes and small directional shifts.
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The coordinate update process in this version of the model shows rotation and
translation Equivariance. If Q is an n x n real orthogonal matrix and g is an n-
dimensional translation vector, then applying these transformations on the coordinate
update expression gives us:

Qi 4+ 9= (Qul+9)+ > (Qu} — Q)W (M)

JEN(9)

=Q(#+ Y (dh =)W (My) | +g
FEN(9)

Rotating and translating 2! will lead to similar transformations to z!*!.



Chapter 6

Experimental Results and Dataset
Overview

In order to check the performance of our proposed GNN models, we have tested
the 2 versions on separate sets of small and large-scale graph datasets. The models
with high expressive power are supposed to compute a better representation, which
can help in downstream classification and regression tasks.

e The version 1 model has been run on small and large-scale graph classification
tasks that involved multiple citation networks and co-purchase networks. The
results, along with the baseline model comparison, have been shown in the
underlying sections.

e We tested our version 2 model comprehensively on small and large-scale bench-
mark molecular datasets. Now these datasets span a wide range of graph learn-
ing tasks that involve property prediction, toxicity classification, and quantum
chemistry regression, which offers us a way to test the generalization and per-
formance of the model.

6.1 Citation Networks Dataset

6.1.1 Dataset Details

We have used the Planetoid dataset, which is a benchmark citation network
dataset from Yang et al., Paper [17]. The datasets are named “Cora”, “Cite-
Seer” and “Pubmed”. In this graph dataset, the nodes represent the documents,
respectively, while the edges represent the citation links between the papers. Binary
masks have been used to label the train, test, and validation splits in the dataset.
The feature vector for each document is encoded as a sparse bag-of-words. Every
document has a class label. Since each of the nodes, which are research papers, has
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been categorized into different fields/domains, the goal involves the accurate predic-
tion of the topic or the field using the node features and the graph structure.

We can refer to the following table to look into the necessary details of these
datasets.

Table 6.1: Details of the Planetoid dataset

Dataset Name Nodes Edges Classes Features Label Rate

Cora 2,708 10,556 7 1,433 0.052
Citeseer 3,327 9,104 6 3,703 0.036
Pubmed 19,717 88,648 3 500 0.003

In the above table, the Label Rate can be stated as the number of labeled nodes
that are used for training divided by the total number of nodes in each dataset.

6.1.2 Experimental Setup

For performing the experiments, we have used the same setup that was mentioned
in Yang et al. Paper [17]. The dataset split uses 20 randomly labeled nodes from every
class. An additional validation set of 500 labeled examples was also taken based on
the Kipf et al. paper [1]. We have used accuracy as a performance evaluation metric
for classification after referencing the mentioned papers.

The following hyperparameter settings were used to perform experiments on all
three datasets

Table 6.2: Hyperparameter settings for Experiments on Planetoid Dataset

Epochs LR Weight Decay Hidden Dropout Layers Coordinate Dim
100 le-3 le-16 256 0.5 2 3
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6.1.3 Results and Visualizations

We have depicted the TSNE plots of the node of embeddings before and after
training the model, along with the plots showing the training dynamics.

(a) Before Training (b) After Training
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Figure 6.1: Dataset:Pubmed. Top-Left: TSNE plot of node embeddings before train-

ing the model. Top-Right: TSNE plot on the entire dataset after model training.
Bottom: Validation Accuracy vs. Epochs on the Pubmed Dataset
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The top right TSNE plot clearly shows the cluster formation represented by 3
different colours. It depicts the model’s expressive power and better representation
of computation. ability, as a result, it is able to make a clear distinction between the
nodes in separate categories, compared to the top left plot, where the embeddings are
indistinguishable from one another. The figure also depicts the rapid initial improve-
ment in the validation accuracy with stagnation at epoch 30.

We have compared our results against some of the well-known baseline models
EGNN [13] and EXPC [14]. Since these models were not evaluated on the same
dataset used in our experiments, we re-implemented them and have conducted eval-
uations under consistent experimental settings for a fair and direct comparison with
our model.

Our Experimental Results have been summarized below. Here, we report the mean
and standard error of prediction accuracy on the test set split in percent over 10 runs
with random initializations of model parameters

Table 6.3: Summary of results in terms of classification accuracy (in percentage).

Methods Venue Cora Citeseer Pubmed
EGNN ([13] ICML2021  46.74 £+ 2.63 35.58 £ 7.18 66.1 &+ 3.777
EXPC [14] ICLR "2023 36.74 = 7.00 26.26 + 4.78 55.6 + 13.04
Variant1 - 48.14 + 2.427 43.88 £ 1.987 65.52 £ 1.36
Model

These results demonstrate that Variant 1 outperforms the baseline models on the
Cora and Citeseer datasets. Although EGNN slightly surpasses Variant 1 on Pubmed
in terms of mean accuracy, the latter achieves significantly lower variance, indicating
greater consistency.The improved accuracy and reduced variability of Variant 1 indi-
cate its potential as a more reliable model for graph classification tasks across diverse
datasets.
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6.2 Co-Purchase Networks Dataset

6.2.1 Dataset Details

We have used two subsets of the Amazon Co-purchase graphs as part of this ex-
perimentation. The Amazon Computer and the Amazon Photo datasets from
the “Pitfalls of Graph Neural Network Evaluation”[18] paper were released for
research on community detection on large-scale graphs. These datasets are commonly
used for evaluating Graph Neural Networks (GNN’s) in semi-supervised and unsu-
pervised learning tasks. In this dataset, the nodes represent purchase items/goods,
and edges represent that 2 goods are frequently purchased together. Each product is
described by a bag-of-words (BoW) feature vector derived from its product descrip-
tion. The feature vectors are sparse and high-dimensional. Every product has a label
based on the product category to which it belongs, and the classification task involves
the correct identification of the product category for each product.

Table 6.4: Details of the Amazon Co-Purchase Dataset

Dataset Nodes Edges Classes Features
Computers 13,752 491,722 10 767
Photo 7,650 238,162 8 745

6.2.2 Experimental Setup

We have maintained the same hyperparameter settings as were used in the case of
Citation Networks. Only difference exists in the dataset splits, here we have randomly
sampled 20 labeled nodes per class as the training set, 30 nodes per class as the
validation set, and the rest as the test set [17]. This approach ensures a consistent
evaluation protocol.Such a setup is commonly adopted to simulate semi-supervised
learning conditions, where labeled data is limited and the model must generalize
effectively across unseen nodes.
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6.2.3 Results and Visualizations

The following figures illustrate the learning dynamics and representational changes
before and after training the model.Visualizations include t-SNE projections of node
embeddings and performance metrics such as loss and validation accuracy over epochs.

(a) Before Training (b) After Training
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Figure 6.2: Dataset:Amazon Photo. Top-Left: TSNE plot of node embeddings before
training the model. Top-Right: TSNE plot on the entire dataset after model training.
Bottom: Loss curves and validation accuracy plot
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Similar illustrations have been added below for the Amazon Computer dataset
that shows the node embeddings with training dynamics.

(a) Before Training (b) After Training
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(c) Loss Curves & Validation Accuracy Plots

Figure 6.3: Dataset:Amazon Computer. Top-Left: TSNE plot of node embeddings
before training the model. Top-Right: TSNE plot on the entire dataset after model
training. Bottom: Loss curves and validation accuracy plot
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The model performed better for both the large-scale co-purchase graph datasets.
The clusters are very clearly visible for the Amazon Photo dataset. This demon-
strates the model’s high expressive power, which allowed it to clearly distinguish
among the items belonging to separate categories. The top left visuals depict that
the embeddings are intermixed and are indistinguishable from one another when no
training epochs were executed. Once we followed the training procedure and trained
the model, the model accurately predicted and distinguished the items belonging to
separate categories.

Below, we have reported the mean and standard error of prediction accuracy on
the test set split in percent over 10 runs with random initializations of model param-
eters

Table 6.5: Summary of results in terms of classification accuracy (in percent).

Methods Venue Amazon Photo Amazon Computers
EGNN [13] ICML 2021 44.64 £+ 2.78 39.51 + 3.91
EXPC [14] [EEE TKDE 2022 37.86 + 9.43 32.66 £+ 8.99
Variant1 - 72.35 & 1.74 7 52.82 4+ 3.54 1
Model

The results show that our model successfully outperformed the baseline models
by large margins. It even showed very little standard deviation as compared to the
baselines.

To assess the performance of the Variant 1 Model on node classification tasks,
we conducted experiments across five benchmark citation and co-purchase graph
datasets—Cora, Citeseer, Pubmed, Amazon Photo, and Amazon Computers—and
compared the results against EGNN and EXPC models.

The proposed model consistently achieved strong classification performance across
all datasets. On Cora, it obtained an accuracy of 48.14 4+ 2.42, outperforming both
EGNN (46.74 + 2.63) and EXPC (36.74 4+ 7.00). A similar trend was observed in
Citeseer, where Variant 1 reached 43.88 + 1.98, surpassing EGNN by over 8 percent-
age points and EXPC by an even wider margin.

On the Pubmed dataset, which is known for its relatively clean citation structure,
EGNN slightly edged out Variant 1 with a peak performance of 66.1 & 3.77. Nonethe-
less, Variant 1 was close behind at 65.52 + 1.36, demonstrating its competitiveness
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even on large-scale graphs with complex topologies.

Notably, the model excelled on the Amazon co-purchase datasets. For Amazon
Photo, Variant 1 achieved a standout accuracy of 72.35 4+ 1.74, significantly outper-
forming EGNN (44.64 £ 2.78) and EXPC (37.86 £+ 9.43). In Amazon Computers, it
again led the pack with 52.82 4+ 3.54, clearly indicating its effectiveness in capturing
the hierarchical and semantic structure of product co-purchase relationships.

Overall, these results demonstrate the robustness and generalizability of the Vari-
ant 1 Model across a diverse range of graph classification benchmarks, outperforming
or matching state-of-the-art baselines in most scenarios.

An additional conclusion that can be drawn is that our version-1 model performed
better on large-scale graphs like Pubmed, Amazon Computer & Photo, as compared
to the small-scale ones like Cora and Citeseer.

6.3 Molecular Datasets

We have used the version 2 model to conduct extensive experiments on some of
the benchmark molecular datasets. Some of the datasets, like the QM9 dataset,
are a standard in machine learning in the chemical property prediction task. In the
following sections we will show the execution results, along with the visual plots, and
also compare the performance with some baseline models.

6.3.1 Dataset Details

We have used 3 datasets to conduct our experiments the details regarding them
are summarized below:

6.3.1.1 Open Graph Benchmark Dataset (OGB)

The Open Graph Benchmark (OGB) is a collection of standardized large-scale
graph datasets that have been designed for the fair evaluation of graph machine
learning models. It has been provided with consistent data splits and evaluation
metrics. As part of this benchmark, I have conducted experiments on two of its
graph-level datasets — MolHIV and PPA. The OGBG-MolHIV dataset focuses
on molecular property prediction, where the task is to determine whether a molecule
can inhibit HIV replication. Molecules are represented as graphs, with atoms as nodes
and chemical bonds as edges. This binary classification task is particularly important
in the context of drug discovery. The OGBG-PPA (Protein-Protein Association)
dataset consists of biological networks where nodes represent proteins and edges de-
note functional associations. The task involves multi-class graph classification and
is especially challenging due to the complexity and size of the graphs, making it a
strong benchmark for evaluating model generalization on biological data.
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Table 6.6: Summary of the OGB dataset used in our experiment, including the num-
ber of graphs, nodes, edges, and evaluation metric

Dataset #Graphs #Nodes #Edges Task Metric
Name per graph per graph Type
ogbg- 41,127 25.5 27.5 Binary ROC-AUC
molhiv classifica-
tion
ogbg-ppa 158,100 243.4 2,266.1 Multi-class  Accuracy
classifica-
tion

6.3.1.2 Molecular data - QM9

The QM9 dataset[19] is a standard benchmark in molecular machine learning,
containing around 134,000 small organic molecules made up of carbon, oxygen, ni-
trogen, and fluorine atoms. FEach molecule comes with detailed information about its
structure and quantum chemical properties, such as energy levels, dipole moments,
and molecular orbital values. What makes QM9 particularly valuable is that it pro-
vides both the molecular graph (connectivity) and precise 3D coordinates, enabling
models to learn from both the topology and geometry of molecules. This makes it a
popular choice for developing and evaluating models that aim to predict molecular
properties from structure.

Table 6.7: Statistics of The QM9 Dataset

#Graphs #Nodes #Edges #Features #Tasks
130,831 18.0 37.3 11 19

6.3.1.3 Zinc Dataset

The ZINC dataset[20] is a commonly used benchmark in molecular graph learn-
ing, originally derived from the ZINC database of commercially available chemical
compounds. It contains a curated subset of molecules along with their penalized logP
scores—a measure that combines properties like solubility and synthetic accessibility.
Each molecule is represented as a graph, where atoms are nodes and chemical bonds
are edges, making it ideal for testing graph neural network models. Due to its mod-
erate size and meaningful regression target, the ZINC dataset has become a go-to
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choice for evaluating the expressiveness of graph-based architectures, particularly in
the context of molecule-level property prediction.

6.3.2 Experimental Setup

In this section, we present the experimental settings adopted for evaluating the
proposed model on multiple molecular datasets from the Open Graph Benchmark
suite. These datasets differ in scale and complexity, and help assess the robustness
and generalizability of the model across distinct graph-based tasks. We now detail
the experimental configuration used specifically for each dataset.

6.3.2.1 Experimental setup for OGB Dataset

We have used the same experimental setup as mentioned in [14]. The dataset split
was chosen to be the default one consistent with [14].

Table 6.8: Hyperparameter Settings for Experiments on OGB Datasets

Hyperparameter ogbg-molhiv ogbg-ppa

Epochs 401 601
Learning Rate 0.0001 0.0005
Decay Rate 0.7 0.8
Hidden Dimension 64 256
Dropout 0.5 0.5
Layers 3 4
Batch Size 64 32
Pooling MEAN SUM

6.3.2.2 Experimental setup For QM9 Dataset

The hyperparameter settings have been mentioned in the following table, which
is consistent with [13]. We have trained our model for each individual property up
to 100 epochs, the other parameters, like the optimizer, weight decay, batch size, and
use of cosine decay for learning rate, are the same as what is mentioned in [13], except
for the number of layers, we used 5 layers instead of 7 as mentioned in the paper due
to computational resource constraints. Additionally, all properties were normalized
by subtracting the mean and dividing by the Mean Absolute Deviation.

Table 6.9: Hyperparameter settings for Experiments on QM9 Datasets

Epochs LR Weight Decay Dropout Layers Batch Size Pooling
1000 le-3 le-16 0.5 5 96 SUM
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6.3.2.3 Experimental setup for ZINC Dataset

We have chosen the Zinc Sparse graph for our experiments due to computational
constraints. The hyperparameter settings are based on [21]. Refer to the table below
for our experimental settings.

Table 6.10: Hyperparameter settings for experiments on the ZINC dataset

Epochs Batch Size Init LR LR Reduce Factor Hidden Dim Readout

1000 128 0.0007 0.5 64 MEAN

6.3.3 Quantitative Results
6.3.3.1 Results on the OGB Dataset

Below we have reported the performance of our model along with that we have
listed the performance of some well-known baseline models. The evaluation metric
can be found in the dataset summary table mentioned in the earlier sections.

We have stated the mean and standard error of the corresponding evaluation metric
after running our model on the test set split in percent over 10 runs with random
initializations of model parameters.

Table 6.11: Performance comparison on oghg-molhiv and oghg-ppa datasets

Methods Venue ogbg-molhiv  ogbg-ppa
GCN [1] ICLR 2017 76.06 £ 0.97 68.39 + 0.84
GIN [§] ICLR 72019 75.58 £ 1.40 68.92 £ 1.00
ExpC-3,4,5 [14] [EEE TKDE 2022 77.89 1 80.11 1

Variant 2 Model - 70.89 £ 1.36 65.73 £ 1.22

On the ogbg-molhiv dataset, the Variant 2 Model achieved a score of 70.89 +
1.36, which was notably lower than the best-performing method (ExpC-3,4,5) that
reached 77.89. A similar trend was observed in the ogbg-ppa dataset, where the
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Variant 2 Model scored 65.73 + 1.22, again falling short of the highest benchmark
performance of 80.11. These results suggest that while the model can learn meaning-
ful representations, it struggles to match the predictive accuracy of more optimized
baselines in large-scale bioactivity and protein-protein interaction tasks.

6.3.3.2 Results on the QM9 Dataset

The following table shows the Mean Absolute Error for the molecular property
prediction task in the QM9 dataset. The results highlight the comparative perfor-
mance of various models, providing insight into their accuracy in estimating quantum
chemical properties. Lower MAE values indicate better model precision, which is cru-
cial for downstream tasks in computational chemistry.

Table 6.12: Mean Absolute Error (MAE) for various molecular property prediction
tasks on the QM9 benchmark

Schnet [22] EGNN [13]

(NewlPS 2017) (ICML 2021) Y ariant 2 Model

Task (Units)

a (bohr?) 0.235 0.071 | 3.9705
Ae (meV) 63 48 | 87
egomo (meV) 41 29 | 43
epumo (meV) 34 25 | 80
1 (D) 0.033 0.029 | 1.0684
C, (cal/mol-K) 0.033 0.031 | 2.4235
G (meV) 14 12 | 66
H (meV) 14 12 | 67
R? (boht?) 0.073 | 0.106 1.74
U (meV) 19 12 ] 75
Up (meV) 14 11| 64
ZPVE (meV) 1.70 1.55 | 6.28

For the QM9 molecular property prediction benchmark, which involves multiple
regression tasks, the Variant 2 Model generally produced higher mean absolute errors
(MAESs) than its competitors. For example, in the prediction of molecular polariz-
ability «, the model reported a value of 3.97 bohr? compared to the significantly lower
errors from SchNet (0.235) and EGNN (0.071). This pattern of underperformance
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was consistent across most properties, such as dipole moment pu, heat capacity, and
internal energies (U, U,), indicating that the Variant 2 Model may require additional
tuning or architectural refinement to better capture the subtle quantum mechanical
interactions represented in the dataset.

6.3.3.3 Results on the Zinc Dataset

The following table shows the performance of our model and some other baselines
on the ZINC dataset. The Performance Measure used is MAE. Results are the average
of the MAE values over 4 runs with 4 different seeds for random initialization of model
parameters.

Table 6.13: Summary of Model Performance on Zinc Dataset With Baseline Results

Model Venue TestPerf + std dev
GCN [1] ICLR 2017  0.367 4+ 0.011

GAT [2] ICLR 2018  0.384 £+ 0.007
Graph Transformer [21] ICLR 2020 0.226 4 0.014 |
Variant 2 Model - 0.4907 £ 0.177

The ZINC dataset results also reflect a similar gap, where the proposed model
obtained a test performance of 0.4907 + 0.177, substantially higher (and thus worse,
since lower is better) than the Graph Transformer’s 0.226 £ 0.014. This indicates
that the Variant 2 Model currently lacks the expressivity or regularization strength
required to generalize well in molecular graph generation tasks.

In summary, although the Variant 2 Model demonstrates consistent training and
reasonable convergence, its overall predictive performance remains behind more ma-
ture models. These insights provide valuable direction for future improvements in
model design and training strategies.Further investigation into architectural refine-
ments, feature encoding mechanisms, and regularization techniques may help bridge
this performance gap. Additionally, leveraging advanced optimization schedules or
incorporating domain-specific inductive biases could enhance both convergence speed
and generalization. Future work should also explore model robustness across diverse
datasets to ensure broader applicability.
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Conclusion and Future Work

7.1 Conclusion

Across a diverse set of benchmarks, the performance of the proposed Variant
models reveals a mixed yet insightful picture. Variant 1 Model demonstrates strong
classification capabilities on citation network datasets like Cora and Citeseer, out-
performing baseline models such as EGNN and EXPC in terms of accuracy. This
trend is even more prominent on co-purchase datasets, where Variant 1 significantly
outperforms both EGNN and EXPC, especially on Amazon Photo with a substantial
margin.

However, the Variant 2 Model underperforms on molecular prediction tasks from
the OGB benchmark. On both ogbg-molhiv and ogbg-ppa, it trails behind existing
methods like GCN, GIN, and especially the ExpC variants, which set the highest
scores. Similarly, on the regression-based ZINC dataset, where lower values indicate
better performance, Variant 2 reports the highest test error, suggesting room for
substantial improvement.

These results indicate that while Variant 1 exhibits strong generalization on node
classification tasks, Variant 2 struggles with molecular property prediction and graph
regression tasks. The observed variability underscores the importance of architecture-
task alignment and the need for tailored inductive biases in model design.

The implementation details, including the complete codebase and result plots, are
available on GitHub.The code is written in PyTorch along with relevant supporting
libraries. The link is given below.

https://github.com/suranjandey2012/Dissertation-On-Graph-Neural-Networks-Expressive-
Power-Enhancement-Using-Geometric-Transformation
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7.2 Scope for Future Work

Given the divergent performance across tasks, future research should focus on
adapting model architectures to the specific characteristics of each dataset type.

Better Molecular Feature Embedding For Variant 2, strategies such as incor-
porating domain-aware graph pooling, better molecular feature embeddings,

or enhanced attention mechanisms may lead to improvements on biochemical
datasets like OGB and ZINC.

Dynamic architecture adaptation Additionally, exploring dynamic architecture
adaptation, where the model structure evolves based on the dataset properties,
could offer a promising direction. Another valuable avenue would be to inte-
grate training stability techniques, such as learning rate warm-ups or adversarial
training, particularly for tasks where high variance was observed.

Finally, a comprehensive ablation study focusing on individual components of the
proposed models could provide deeper insights into performance bottlenecks, inform-
ing more targeted enhancements in future iterations.
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