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VALUE OF = UPTO 2035 DECIMAL PLACES*
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58209 74944 59230 78164 06286 20899 86280 34825 34211 70679
82148 08651 32823 06647 09384 46095 50582 23172 535694 08128
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44288 10975 66593 34461 28475 64823 37867 83165 27120 19091
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72458 70066 06315 58817 48815 20920 96282 92540 91715 36436
78925 90360 01133 05305 48820 46652 13841 46951 94151 16094
33057 27036 57595 91953 09218 61173 81932 61179 31051 18548
07446 23799 62749 56735 18857 52724 80122 79381 83011 949012

98336 73362 44065 66430 86021 39494 63952 24737 19070 21798
60943 70277 = 05392 17176 29317 67523 84674 81846 76694 05132
00056 81271 45263 56082 77857 71342 75778 96091 73637 17872
14684 40901 22495 34301 46549 58537 10507 92279 68925 89235
42019 95611 21290 21960 86403 44181 59813 62977 47713 09960

51870 72113 49999 99837 - 29780 49951 05973 17328 16096 31859
50244 59455 34690 83026 42522 30825 33446 85035 26193 11881
71010 00313 78387 52886 58753 32083 81420 61717 76691 47303
59825 34904 28755 46873 11595 62863 88235 37875 93751 95778
18577 80532 17122 68066 13001 92787 66111 95909 21642 01989

38095 25720 10654 85863 27886 59361 53381 82796 82303 01952
03530 18529 68995 77362 25094 13891 24972 17752 83479 13151
55748 57242 45415 06959 - 50829 53311 68617 217856 88907 50983
81754 63746 49393 19255 06040 09277 01671 13900 98488 24012
85836 16035 63707 66010 47101 81942 955659 61989 46767 83744

94482 55379 77472 68471 04047 53464 62080 46634 25906 94912
93313 67702 89891 52104 75216 20569 66024 05803 81501 93511
25338 24300 355817 64024 74964 73263 91419 92726 04269 92279
67823 54781 63600 93417 21641 21992 45863 15030 28618 29745
55706 74983 85054 94588 58692 69956 90927 21079 75093 02955

32116 53449 87202 75596 02364 80665 49911 98818 34797 75356
63698 07426 54252 78625 51818 41757 46728 90977 77279 38000
81647 06001 61452 49192 17321 72147 72350 14144 19735 68548
16136 11573 52552 13347 57418 49468 43852 33239 07394 14333
45477 62416 86251 89835 69485 56209 92192 22184 27255 02542

56887 67179 04946 01653 46680 40886 27232 79178
82796 79766 81454 10095 38837 86360 95068 00642
73929 84896 08412 84886 26945 60424 19652 85022
06744 27862 20391 94945 04712 371317 86960 = 95636
46776 46575 73962 41389 08658. 32645 99581
94657 64078 95126 94683 98352 59570 98258

60857 84383
25125 20511
21066 11863
43719 17287
33904 78027 59009

* The computation was carried out by G. W. Reitwiesner on ENTAC using a total of 70 hours of

machine running time in July 1949 using the formula 77/4 = 4 arc tan 1/5—arc tan 1/239 in conjunction with
the Gregory series

arc tan ¢ = X (—1)7 (2n4-1)"2n 4,

n=0

It would be of interest to apply tests of randomness on the decimal digits upto 500, 1000, 1500, 2000 places.
Tor instance, the frequencies of 0, 1, ..., 9 in the first 2000 decimals are ’

182, 212, 207, 189, 195, 205, 200, 197, 202, 211
which are all close to expected 200. (Apply chi-square tests).
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PREFACE

- The present volume had its origin mainly in the recognition of a need
repeatedly brought up by our students and colleagues, as well as by ‘a number. of .
professional statisticians and research workers engaged in various applied fields,
for a handbook which is not merely a collection of mathematical and statistical
tables but which ¢ontains reference material that will aid memory and offer guidance
on various points of statistical theory and practice. With this end in view we
started on a.project some years ago, and have since evolved and- incorporated in
this volume. a method of presenting formulae and tables so as to offer a great facﬂlty
in their use for statistical data analysis. '

Part I of this volume entitled “General Notes and Formulae” provides a fairly
comptehensive but selected set of formulae together with brief explanations, under
the following heads : (I) moments and cumulants, (II) discrete and (III) continuous
distributions, (IV) sftandard errors, (V) ‘sample survey estimates and standard
errors, and-(VI) numerical analysis. The formulae, together with related notes. will
be found to be a collection in one place of what are usually scattéred in different text
books, or other sources, and of what are usually required for statistical applications:
In the presentation of the material in this sectioﬁ', special attempts have been made
to highlight certain aspects (such as the use of interpolation formulae) which the authors
have considered important and, at the same time, Whlch Thave not been adequatelv
discussed elsewhere. The list of discrete dlstnbutlons glven -in.Part I would be of
interest to even research workers in theoretical- statlstlcs In the presentation of
the formulae and notes, emphasis has been placed on. furmshmg neoessary guldehnes
for practlcal use rather than derivations of proofs.. :

The sixtyseven tables given in Part II of the volume fa]l under two broad
categories : firstly tables associated with probablhty dlstrlbutlons and relatmg directly
to tests of significance and other analytic statistical methods and secendly, ta,bles
which find direct use in the processing of statlstloal data :

A special feature in the presentation of these tables is tha,t before each i;wble,
an explanatory note, giving a description of the table: and" containing illustrative
examples, is provided. Where necessary, the type of formulae to be used for inter-
polation in the tables and the accuracy. attainable are also indicated. Where the
nature of interpolation is not indicated, in general, it could be assumed that linear
interpolation would suffice. In the explanatory note on each table, a section is devoted

to give references to other available pubhcatlons contalmng more extensive tables,

Some of the special features of the section on tables are : i) a table _of inter-~
polation co-efficients, ii) an expanded table of numerical integration co-efficients,
iti) percentage points of the beta distribution so as to give directly the significant



values of the muliiple covvelation no-sfficlens, iv) expanded fuhles for arg op trang-
formation of the binomial proportion and z-transformetion of the eorrelation oo-
efficient, v) a comyaratively extemsive table of the normal distribution, vi} mathe-
matical tablss of a wide variely, vil) tables to facilitate conversion of number systems
for special use in programming for elestronic computers, viii) o hendy arrangement
of control chart factors, ix) a collection of tables for lot quality estimation, x) a

simplified set of lo acceptence sampling inspection tables, xi) random permutations
of digits and random numbers, ete.

It is hoped that the collection of tables and formulae, together with associated
notes in this voliume, will form a fairly adequate and handy aid to professional statisti-

ciens, research workers and others who have to deal with problems involving statistical
analysis and inference.

Notation

In Part I (General Notes and Formulae), Roman numerals (I, i,
used to number the chapters and lower case Latin alphabet (a, b,...... ) for sections.
Thus, a reference such as IIb means section b in chapter IT of Part I.

In Part II (Tables with Explanatory Notes), the chapters are numbered as
1,2, ...... ; sections as 1, 2, ...... , and subsections as a, b, ...... Thus a reference such .
as 15.2b means the subsection D in section 2 of chapter 15. 'When a Chapter does not
contain -sections, references to subsections are made such as 19¢, i.e., subsection

c in Chapter 19. Tables in a chapter are numbered serially ; thus, Table 18.2 stands
for the second table in chapter 13 of Part II.

: Caldutta,'lndia

C.R.Rao
iJune, 1966 8. K. MiTRA

A. MartHAI

Preface to Second Edition

A number of_ new tables and explanatory notes useful in Statistical Quality
Control (SQC) have been added (W test for normality, tests for outliers, probability
plotting, CUSUM charts, tolerance intervals, distribution of ranges etc.). . Tables of

~-sampling plans are withdrawn, It is hoped to bring out & separate publication for
these tables. The values of 7 and e are given upto 2035 and 2500 decimal places

respeoctively.,
_ C. R. Rao
: : S. K. Mirea
Calcutta, Indis A. MaTTHAI
June, 1974 K. G. RAMAMUBRTHY
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CPART T
I.” MOMENTS AﬁND "CUI\'IULAN'L‘S
4. Relation between raW moments (,u,) and central moments (x,)
For a dlstubutmn function F(x) lot ,u,_ j (x—c) /lF and i —f (L-—m\’ df

whe]e m = f #dF is the mean value and c’is an a1b1tm13 origin, Cln( N
—a B \ N e e e e . .. .

." ~m—rﬂr-1/41+( )m_zm B Ve

Thus, - » A = fo— i :
Py = ps—3pppmt-2p’
ftg = pa— 4t G/Léﬂizf 3/-(-_1?-
b. Relation between factorlal moments and raw moments

The r-th factorlal monent aboub an a.1b1t1a1y origin ¢’is. deﬁned b)
'ﬂfr] = T'(a:—c_)(x——c_;h)'- . (ie_d—rh'-]—h)dF

If 4, be raw nioments also aboub the’ same orlgln ¢, we hzwe the following 1@1(11,10117_
bctween the - factomal and the Taw moments : : '

factorial iIi terms of ra;W moments - | raw »v'in terms of factorial moments.
. moments - - R moments .
s ;L{ : S : - L My .‘
iz ps—hys T - ne pranw v
Mo v mShE ki | PR A VA
;u'{“' ' ”;;67»//,;—{7_lllh_z,ué_——'t}h“‘u; _ - e .,,,,541-};.5},(/,,{3].%1_7},,?/{{2] iy

- ¢. Relation between cumulants and moments =

Cumulants are_formally defined by the identity

2 e LB
explitt Kot + 88} = bt gy b gy e

‘Yrom the definition 1t 'fOiloWs that the camulants, except for the fivst, are invatiant
for change of origin.



2 ' . FORMULAE AND TABLES FOR STATISTICAL WORK

cumulants  in tefms of moments momonts  in terms of .bumulauts
« om A .
Ko ,. Ho _ | 2 Ka
K Y - sy K
K4 fa—3pf . Hy Ky+-3k3
Ks Hs—L0paps | - Hs ' k.sf}‘.lOKaK?
PR fog— 15ty 1y~ 1033043 g K+ 15K Ko+ 10K+ 153

d. Probability and moment generating functions

For a discrete distribution assigning probabilities pg, py, py, ... to variable
values 0, 1, 2,"... consider the following generating functions :

(i) the probability generating function (pgf).
P(l) = § ot
im0
- (ii) the factorial moment generating function (figf)

Mf(t) == ‘.20 ﬂ[';] t"/'l:! s

where for the factorial moments ',u[,-] theotigm ¢ =0 and h = 1, and .

 (iii) the moment generating function (mgf)

M(t) = 2 Hifil
where f01 the raw moents /L, the origin ¢ = 0

We have‘ here the relatlons '

Mf< ) = P(L+1), M(t) = P(e)

.e. Sheppard’s correction for groupixig

For a dlstl ibution function F(x) the propottion of observations

in an interval
(u,, t; +1] is «1\'en by

Let the system of intervals (@, aiyy] for ¢ = 0, 41, +2, ... cover the entire 1ange'
of the distribution. Consider the grouped ﬁequency dlstrlbutlon with variate values
b .= a; +a’t+l

; 5 and.,relat-we frequencies 7;. The r-th Faw moment of the grouped
p . . . @ .
requency - distribution  is s T, = |
frequency lon s represented by Fr = = (bs‘c)"ﬂs- Cumulants and

= —00



SHEPPARD'S CORRECTIONS FOR GROUPING 3
factovial moments calculated from the gronped frequency distribution will be similarly
" indicated by K, and fiyy respectively. »

Consider the case where intervals are of equal width % and the distribution
“admits.a density function f(z) Assume further that: (a) f(x) and its fivst 2sderivatives

are continuous for all z, (b) z*+2 dj; 2) 5 is hounded for all x and for i = 0, 1,2, 28,

where - and s are certain positive lntegers. . Under these conditions for all r < k

Q) u = é( )(21—1—-1)Bh’//,_J+R

() iy = §0( ; )B<,+a>( )};J‘u[,_] +R

(i) Koy = Koy s+ B

S B
Kyp = K2,—~B2,.——— +R

where Bs are the Bernoulli numbers tabulated in table 17.9 and the Bernoulli poly-
nomial B"H’ (3/2) 18 equal to

(1)) |
S5 11)! ( +'—+ LT 23 1 )f°t-7> L

BY (_‘;_) =1, B® (—2—) = 0. The rgmainder term R in each case is of the order O(hz').

Whenever the frequency curve y = f(zx) has a contact of high order at the ex-
‘tremities, conditions (a) and (b) are usually satisfied for moderate values of s and &
In such cases it has been found in practice that theresult of applying the corrections -
-is usually good even when % is not small.. Putting r =1, 2, ... and ignoring B we have

“the followmg Sheppard’s correctlons for the moments, factorial moments and
l
cumulants.

" mean and central moments . factorial moments cumulants
M= 1 e =7an' _ K=Ky
. 1 . Lo ‘ - A
Lo = Mo l—z'hz teggy = Py — iF) Ky = K3—13
'.“3:/73. - e R L | g =K,
,1”'[_3] = flg— 4 n’iﬂl_\L 4 : n
: Y
ay ! g : .
g ,“4 2/L:,h + . 940 13 ol _ Ky = K3+ 120
B = Py Myt .
gy = 5 = T e : K5 == Kg
STl s | e o B
. 7 N | o= Ko~ 257
Mg == Ug _;"/447‘2‘*'?5 faht
?
3r
. 6 .
1344,]% .
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12 FORMULAE AND TABLES FOR STATISTICAL WORK
b. Some non-central distributions (density functions)

{i) Bivariate normal (with means g, u,; variances o3, o5 and correlation
10 M 2

Nofzry, @] fy, Yoo} 01 T P

S — P t =) (T — ) (e — 1ty Ty—= 1152\
= (?ﬁu’lo'z\/l—p-)’exp |-—- ){(lln_ ) —2p (@1 — ) (X —1t2) +(L“ /') }J

3 : 5
Al —p~ i 7105 T3

(ii)  DMultivariate normal (with mean vector p and variance-covariance matrix Z)
Nox g ) (2m-M2 |~ exp [= 4 (x—p) B x— )]
where Z-! is the inverse of Z.
(iit) Wishart distribution
—7 -1
W,S|v, Z) = [217/27mp—1)/477- < v ;—{-1 )',
X | B |-1/2] 8| tr-P-1yzg~(tr z-18)/2

i=1

If X, X,...,X, are independent N,(0, Z) variables then S = ) X:X has the above
1

distribution.
(iv) Noncentral x®

X3(x| v, A) _g l%%@)' (‘x|—;~,—;—+'r),0<x<oo

7=

where v is called degrees of freedom, A the noncentrality parameter, and

G(z]a, p) = aP[T(p)]te-=aP-2,

L]
Note : The distribution of X%, where x;is distributed as N,(z;, o) and «; are all
independent, is non-central (v, (Zu} )/o?).

(v) Noncentral i

—52/2

x|y, 8) = F(”;f) (V+:;2)(v+1)12 Eo r ( v+T2+1 ) (i) ( viic; )'/2
- ‘ _

with——c0 < @ < ¢0, whete v is the degrees of freedom and & is the noncentrality
parameter.

Note: The distribution of X/ V(Y]v) where X and K are lindependently distri-
buted, X ‘as V. (8, 1) and Y as y%(v) variates, is noncentral #(v,
(vi) Noncentral F

F(x] vy, g, A) ;:~ o NI Y2

. (vl—{—vz Y1 Alvyz
vitv V1T g0 2(v2—|~v1x))
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with 0 < & < o0, where ;F; is the hypergeometric function of the first kind defined by

F(aJrf) _Ie) ¥
1T b, ) = 2 Ty toin

Note :  The distribution of (X/v;)/(¥/v,), where X and Y are independently distri-
buted, X being non-central x*(v;, A) and Y a central x*(v,), is noncentral F(vy, v, A).

(vii) Multiple correlation
Let R? be the square of the multiple correlation, based on a sample of size n, of

one variable on p—1 other variables. If the latter are considered fixed, then the
density function of R2 is

_ lp—1 n~p n—1 p—1 &%R?

2 — b2

R(x|p,n 0) = e B, W) (T, PSS

with 0 < & < o0, which is called multiple correlation distribution of the first kind. If
variations in the (p—1) variables are allowed, then the density function is

: 2 lp 1 n— —P n—1 n—1 p 1
— o n-1)/2 S -‘
Rz |p, n, p) = (1—p?)"" B( ; 5 )2F< 2 T , p¥ >
with 0 <.« < 1, where p is the population multiple correlation coefficient and oI is
the hy'pergeometnc fanction of the second kind defined by
I‘(a+r) L+r) Te) o

Fila, b, 0.9) = r_o T(@) TO) Dletr)rl’

and  B(x}ab) = —I‘[‘(%)——l}“:(%)) 2% (1 —x)?-1

(viii) Hotelling’s T?, Mahalanobis® D?

y—p--1 _F( v—p4-1

TYz|p, v, c7%) = > .

m[p, V—p+:1) GTZ)

fvhére the function F is that of non-central F' distribution.

Note : The distribution of d’ S d has the above form if d has the p-variate
normal distribution N 8, ¢ Z), ¢ ascalar, and the elements of the matrix S have an

independent Wishart distribution W,(S, Z). w 518,



IV STANDARD ERRORS

a. Application

In large sample theory, hypotheses ' concerning unknown population para-
meters, can be tested in a simple Way by using efficient estlmatms and their
standard errors.

Thus if 7' is an estimator of # based on n observations and ¢(6)/v'n is the

‘standard error of T, then to test the hypothesis Hy : 0 = 0°, +/n( (T'—6")]a(6% will be
used as a standard normal deviate.

To test whether two parallel 1ndepeﬁdent estimaters Ty and T, with standard

errors 'o3(0)/v/'n, and o,(0)/v/n, are in agreement (i.e., whether they estimate the same
parametric value) the appropriate standard normal deviate will be

(TI*—T \/ 01 1) 0-2 T°)

where in the expressions for standard errors, estimates are substituted for unknown-
parameters provided oy(f) and o,(#) are continuous functions of. 4.

To test whether k parallel independent estimators Ty, T, ...,y T, having stan-
dard erross oy(6)/V/ ’r-L:, o)V g, ..., 04(0)] V1, are in agrcement, . the test-stabistic

may be used as a chi-square with' k—1 d.f., where

‘1‘1_§ nT; / k "

= - py -
= o3I 1 isy o¥T))

o

b. Standard errors of some statistics

- Notations for population parameters : ‘

[ty = mean,. Ity = r-th central moment
Ban = Lonsall3'Y,  Bansr = Mallonislugt

fes == (7, 5)-th bivariate central moment

'p = correlation coefficient
6 = percentage coefficient of variati
& = mean deviation about the méan

A =‘Gini’s mean differen(-,e

¢ = E[X Y| X-2]| where X, Y, Z are three independent
observations drawn from the same populatlon

ordmate at the p-th quantlle.



STANDARD ERRORS

1

The standard etrors of some of the more common statistics are given below

STANDARD ERRORS OF SOME STATISTICS

{To obtain the standard errot, divide the tabular entry. by n, the sample size and take the square root)

~

9

statistic. arbitrary distribution normal distribution
mean x gy (= 0?) g2
variance s2 g — ud 20*
standard deviation s (g —pd4p, olf2

" k-th central moment my

. p-th qﬁantile"‘

semi-interquartile range

. correlation coefficient

Wok —G‘I%“"_"zi‘zl’-l%—l —2kp_y Fryy

pl—p)y2

-2 =2, 1, -1, -1
16 Wozst¥o75) —gY0.25%0.75 ]
2, 1 Sn:
2| P22 +___(_Uﬂ+ trod4 g mftoy )
ﬁ[\:h 4 \ujo  wiz  wzokos

t1s

+m;.‘z) ]

31
Biiizo

- coefficient of variation (%) 02 [ L St S 2 ,.‘.‘_3 -I o [1 +2 (i.) 2]
. : 45‘1 Tyt bafty 2 100

i sample /8 [48,—24B2+36+98,8,—1285-+358,]/4 6
samplo 8 Bo—48284+483 —B3-+ 168281 —88;+168; 24
meén deviation about . : :
sample mean g2 —3§z o2(1—2/7)

, Gini’s mean difference 4(p —A2) {0.8068)202
‘median « 1492, (1.2533)201
quartile, 3/4y°(y = Yo.25 OF Yor5) (1.3626)20°2

(0.7867)2q2

(1—p2)s

* fora norma.l population the’ standard errors of the sample deciles are as follows :

4th and 6th decles: 1 26800[~/ ", 3d and 7th deciles : 1. 31800/ Jn

o 2nd and 8th deciles : 1.42880'[:Jn, 1st and 9th deciles : 1.7094u/J-n.

~ The asymptotlc covariance ‘between the’ p-th and p'-th quantlles (p< p) is
3pq /nyj,yp where ¢’ = 1-—p’. Thus for a normal distribution the asymptotic covariance
between the first quartﬂe and the medxan is equal to 0. 98600-2/91. )
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c. 'Transformation of statistics

For the application of techniques such as the analysis of variance it may be
necessary to use transformed value of an estimate so that the asymptotic variance
(square of the standard error) is independent of the unknown parameter.. Some

standard transformations and the corresponding asymptotic variances appear in the
table given in the next page

d. Normalisation of frequency functions

A large number of statistics tend to be normally distributed as sample size 7
increases. Let 7' be such a statistic with k; as its 4-th cumulant. Assume further
the existence of constants u and o such that

= (ky—p)o = O(n})
= (by—0%)fo = O(n™)
and pr=lhyfo" = O(n-i") for r=3,4,...,

Define @ = (T—p)/o. The following equation, gives to order n~%, an expression
for a transformed variable ¥ which has standard normal distribution :

: 1 1 1 1 .
x—y=pt+yg pa(x?—l)—{———z p¥—5 P1P3x+§; pa(a®—3z)
L s 1 1. -1 2 1 2
38 p3(4a®—Tx)— o P1P2+‘ P1Ps— 75 P2p(5% —3)“§ P1P4(x*—1)
1 1
+1ap Aot — 6024 3) kg pupY122—T) gy papi(1LeA—4207415)
1 i) 1 1
+5i8 P3(69x4— 1872+ 52)—-§ pgx—{- G PPty pipgr— yE PopalTa®—15x)
1 1 1 1 ooyt
— 35 P1Ps(#*—32) +-55 pel@®— 1027+ 152)— - pipfo-tr5 pop3(362°—497)

1
— 384 pi(Ba®— 32x3—}-35x)+ p1p3p4(11x 219:)—3% p3ps(Ta® —48234-51x)

1 1 '
~ 3 P1P3(138z 87x)+§6—4— P3ps(1112°— 54723 - 4562)

— g p3(9482°—3628234-2473x).

'Th.e following equation connecting x with ¥ is equally useful :
r—y = P;-F% pa(yz—lH.-—;- P2+ 51;1 Py~ 3y)ﬁ%..P§(2y3+5y) —% PPy —1)
+ T;—o ps(y*—6y®+-3)— -1-4 hap.;(y‘—5y2+'2)+ 5%; P12y —53y*+-17)
S PRy — 16 T6 PoPy’ =39+ 5y 720 Py’ —10y3+15y)+712,p§p§(10y3—25fy)
- g%;; PE(3y°—24y*+-29y) — "Tg(;paps(2y5~17y3+2ly)

1 1

Special cages of this formula corresponding to the ¢, x2 and F distributions are discussed
in appropriate sections dealing with the different tables relating to these statistics.
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V. SAMPLE SURVEY ESTIMATES AND THEIR STANDARD

a. Notations

ERRORS

The following notations®: 2 are used for sample statistics and the conespondmg
population chardeteristics where ¢ Y indicates the primary variate under investigation,
za supplementary variate and r the variable ratio ylx.

- population

- sample

number of wnits n . N
sampling fraction J= % —

. . 1
raising faetor g= 7 —
summation over S o z
constituent units
arithmetic mean g, &, F Uy By .
of y,z, r :

LN e - y- ‘ s F—3 ﬁg
ratio of means E= - 1 P

» O . -
. 2 1 b o
variance of y® =N Z(y—py )
: . 1
— 0y} = o1 Sk
. 1 C e : : 1 ‘
covarianée of Sar = 7y S(:v—;f)(y—g) s Oy = N (@ — o)y —p,)
xand ¥y S
Toy = =1~ 2E—pNy—p,)

regression coefficient | b = -%
(y on x) sz A= Oy

(1) A suffix ¢ to these symbols will l.mply that the corresp

in terms of the 4-th stratum.

(2)' A curl on top will represent sample estimate.
represents an estimate of V(i) the variance of (1;,

(3) Sample (populatxon) variance of zv, r denoted by s2

in a similar manner.

(az, o 2) and 2 (c,g,

onding deﬁni.tionihas to be.undérstrooql:

Thus iy represents the ‘estimate of uy and bf':"(ﬁy)

0;2) are define
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SAMPLE SURVEY ESTIMATES
b. . Common methods of sampling, estimates, -and standard errors
o Iormula for variance
of estimate®?2 -

es_tim'éxte

1—f 2

‘2

5,9 (l—fi)
yi

&y

method of sampling

simple random sampling
-“ﬂzy1 -
(= W) i
I‘or sampling: thh repla.oemenb
ng tho prime W) from the corres-
for &i',z {or a2)

random®. samph g
his -variance’ 18 obt:'zineci by substituting

stratified simple
K ) i g
(1) The fottnul‘t is owan for *without replaoement’ samplmtr
the fo1mulu is obta.med by puttm':f thn coucbpondmgf = 0 and uroppi

ponding o’
and .32 for 6'2 {or 62 ;) wherever fnecessary. -

in the "general case, the formulae for estimate and 1ts vananpe are
ELy = ~1'1llyh V(Uy) = 3nf V(Hw)

2) The e\{pressmn for an Eallm'lt@ of ¢

(3) For stretified sﬁmphng,
is the estimate for z-th stratum meéan and V(}LW) is fhe varlance of the estlmate

Methods of estimation using supplementary variable
formulat, 2 for Variance of

Whe'l._'e- tyi §
For simplé random sampling, when g 1s known the formulae are as follows :
method of estimation, _estimate . rmula‘®
, : ’ estimate®
G 1—F , ,
7 g, L (02804 80)
1=f (e SR Pt

‘ﬁ— (Uv +2E.»°-zy+£ o':p )

ratio method

Iiibduc_t,n_lletﬁdg‘l_ .
fM%Wﬁy

differe;_l‘(}é me‘thbd_

régression method®
. The formula is given for thhout tepla.cemem’ sampling. For’ samplmg w1bh replacement
2 for o

1 The foriula for variance 15\&ppzzoximat6‘exc'ept for the difference method. The approximation

as’sumes that the sample size-is large.
the formula is obtained by puttmg ;=0 and by dropping the pnme ("Yin- oy, o a.nd Sryr
® The expression for an estimate of the variance is obta.ined by substituting 2 for ¢.2 (or o2),

for %y (ot ow) E for 5 and b for B wherever necessary. .
) The rngrcssmn ooefﬁment B is estnnated from the qample on (y, %) by the formula. swls- (see the

f'or ay ‘2 (6r cy), szy

'm\)le of notaxmns)
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d Moalﬁcanons reqmred for two-phase samplmg

_ Consider the ‘situatiori when U, is unknown and sampling for @ is cheaper than

sampling fox\ y. In such cases, we take a sample of size 7 units for obtaining z and y -
~and an mdependent and Ia1ge1 sample (of" size n’ and sampling fraction f' > f) cover-
_.ing the @’s only. Then an estimate of x, is obtamed from the second sample and
substituted in the formula for estimates in section ¢. For such estimates of s,
expressions for variance would be as follows. '

method of estimation : : formula®, 2 for

vaviance of estimate® in two-phase sapling

, . 1—f ., A g '
ratio method , _ —ﬁi (0,2 —2%0;,+ ‘g‘-oﬁ}—f— . Elo,

1—f

.produdt method ~ (0,2 280, + E2072) -+ I:n_f_ E2g2

. - 1—f o 1—f
difference method" nf (02— 20 +0, n,f o2

. régressio‘n inei;hod l_;_f_'(o»j’lz ;2 Ua:z) + f ,320';;

@, 2 and 3..See footnote to table in section e.

e, Samp‘ling with replacement and with probabilities proportional to size (z)

Estimate : ‘ fly =T,
San H y S llbgo.%
Variance of estimate : Vip,) ="

Estimate

: _ R
variance : @) = il

f. ‘_'I“wo-stage. sampling schemes

A two-stage sampling scheme specifies m,, the number of first stage units tha,tg
will be selected in the sample out of a total of M, such units in the population and
also my;, the number of second stage units (subunits) that will be included in the -
sample out of a total of M. »; Subunits contained in the i-th first stagé imit in ‘case ’ ’
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this particular first stage unit is chosen through the first stage selection. Let

_1_ M
gl_fl_ml

_ 1 _ M
gzi—fzi B Mg;

Note that though g, is necessarily a constant g,; could possibly vary from one first
stage unit to another. TFor the i-th first stage unit let the total, mean and variance of
all the second stage units be denoted by 7y, fiy; and op; and if the ¢-th first stage wnit
is included in the sample, let the corresponding sample figures be denoted by Ty, i
and s%. If the first stage selection is based on simple random sampling, we

have
QIS$ZI'II
Estimate : fiy = liV
and
_ N 1f ;
Variance : V(Hy) = (o7) —I‘ Z V(7ys)

, 1 _ 1 - N
where N=2My, (01)*= MI{M 2 (ryi—Ty)? }, Ty= = X Tyy = == fly. For example

NZ M, M,

for & simple random sample of second stage unit g,; T'y; provides an unbiased estimate
2.(1—

for 7, and Vigy Tyo) = __-—_MZZ(; £ (e;)?. In the special case where My = M, and

2
Myt = g (i = 1, 2, ..., M) this estimate of 74 leads to the following estimate of uy

'i:)
kn
I
S

the grandmean of all the sample observations. We have

)

V() = 1ﬁ<w ﬁ(ﬁ

where
(01 =~ S(yi—piy)® a0 (09 = —— E (o)
1 M,—1 yi—Hy 2 i, ;e
and
=y 1_f1 2 l—fz 2
Viy) = 7y S+ m—l'ngsz
\—/
where

1 S(§;—7)® and s§ = 1 S s

5t =
m—1 my g
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Vi. NUMERICAL ANALYSIS

a. Interpolation

Interpolation is a process for determining approximately the value of a function
y = f(x) at an untabulated value z of the argument within the range of tabulation,
on the basis of a given set of tabulated values of the function. In polynomial inter-
polation the knowledge of the tabulated values is used to estimate the function, the
form of which may be unknown, by a polynomial of sufficiently high degree and the
approximating polynomial is used to compute the required intermediate value. Some
formulae for polynomial interpolation are given in this chapter. These are appro-
priate for tables in which values of the argument are given at equidistant intervals.

The formulae involve first and higher order differences which are calculated
as shown below. Note that

Ays = Yi—Yi A%y = Aypq—Ay ete....

TABLE OF DIFFERENCES

x Yz Differences
! T_3 Y3
AY_s
Tz | Yoz A%y
AY-s A%y_g
T_q Y1 A%y o Aty_g
Ay A%y, £°Y_s
%o Yo _Aj’{/i Aiy;z A%y g
Ay, A%y,
Tz Y2 A%y,
% Ay
23 Ys

Note : Differences underlined or in bold face have special significance only with respect to

the explanation of certain formulae appearing in the next section. Those underlined appear in Bessel’s
formula and those in bold face in Stirling’s formula, i
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b, Formulae

Let 2 be the value of the argument at which it is desived bo interpolate and h the
interval of the argument ah which the ordinates are tabulated. Write w = (v—ag)/h
where w5 is a chosen value of the argument called the initial argument. Four main

formulae are given depending on the nature of the sub%quent arguments chosen in
-relation to initial argument .

Newton’s Forward Fermula using arguments zy; @, a;, ... -

( ) Az’l‘—l— + ( ) (’u_—’n‘—l—l)‘AmZ/b_}_l,“'

m!

Y= Ho+ulyy+

Note that the fist (m--1) terms. give a polynomial of the m-th degree fitited
50 Yo Y4 -, Yp The differences used are chosen froni the principal diagonal (down-
wards) of thc difference table starting from the initial ordinate y,. The addition of -
the ordmate Yme1 rings in the correction term ' ‘ ’

u(d—l) (u—m+1+1)
T A

which invdves thé‘,(m'—'i— l)th order ‘difference ab Yo

Newton’s. Backward Formula Using arguments z,, #_y, T—y, ...

~.

(u+1) m 1) - 1)Am

m'

?/ = Z/o‘H‘Ay—H‘ _2+ = _m+

Noie “that the ﬁlst (m—{— 1) telms give a polvnomlal of ‘the m-th" degree fitted
to Yos Yty +ees Yoime ‘The differences used are chosen. from the jpnnclpal diagonal
(upwards) of the difference table starting from the initial 01d1nate Jo The addition

of the ordinate y_m_l brmgs in the correctlon telm

Cou{ut-1) .. (u—{—m-i—l 1) A"”“
DT "

Stirling’s Formula . (for —1/4 < u < 1/4, using arguments) w,, rc_l,"a:.vl, Tg, Lyy ...

J = yo-l-u

Ay—1+Ayo + Az +u['“2;12] ASU—E;_A?’!/— . l_u"[ui 1% A4I/
=12 [t —(n—1)7] Ay +A~’ -ty

./—nH—l
T T (em—1)! D

CwaR—12) . [ut (1)
S

] -A;Z'Hl :',/-'m"’l' .
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Note that the first 2m+-1 terms give the polynomlal of degleo 2in fitied to Wi
Yo1s Yits Y Yizn s Ym> Yome  The differences used are chosen as. indicated (in bold
‘face) in the table of differences. The addition Qf ordinates ¥_y—; and Yei brings ”.1
the correcmon terms : - S : : R t .

ufur—17] .. [uz_mz] A2m+1J Yooy —{—AZ”I ;.1,/ 11«2[‘!.02——121‘-;..[1(3'4)ﬁ2] s,
(2m~-1)1: "9 2t (3m+2)| . “Yem-1-

Bessel’s Formula (for—1/4' < v < 1/4, v= w—1%) using: arguments 2, Ty, Tqy T oo

v= L;—L+Ay+.[__:_(2.é_)_~] SR A'Z%T”[sz gl> ] Aoy
e g A
[o=3) ‘}[ ((3;7)2 ]2';" (7 2l R
+[ ?’f"“ ( Ti*)'z-] [;?2‘ ((i )_ 1)' i 1 PO

Note that the ﬁrst. 2m terms- give ‘the polvnomml of degree 2m—1 ﬁtted to
Yor Y10 Y=1> Y2 -+ > Y-mi1 Ym ‘The differences used are chosen as indicated (underlined)
in the table of differences. The addition of ordinates y_p, Y.y, brings-in the correc-
tion terms - ' ’ ‘ = '

L N L  PTOROS

o[- (;)][:@‘)_l [‘(z =

=T — (2m+1)! ) - .v_._____‘_.__‘ A2m+-1yl:4_'”;‘.

—m+1

C. Chmce of formulae A

Once- the - t;abulated values’ to. be used for mtupolcmtmn -arve selected, it is
immaterial which™ formula is used to obtain the desned value, For example if f(7),.
£(9), f(11), f(13); f(15) are available and it is decided that all these values should be
used for obtaining f (11.4) one may: stop Wlth the fifth term of either New ton’s Forward
formula (wﬁ;h 2, ="T and u=(1I. 4~7)—2 = 2:20) or- Stirfing’s formula (with.
xo =11, = (11.4—1 1) +2 = 0.20) the 1esu1’o obtained being the ‘same,. as the m-th

degree polynomlal whose values coincide ‘with the values of the function at the
(m--1) selected arguments is unique. But in, practdce, after obtaining an intex puhu;cd
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value based on a certain number of argumonts, one may decide to consider a few
more and compute the nécessaly correction to the value already obtained. The
different formulae listed above are useful in different situations, depending on the
positions "of the additional arguments in relation to those already used. Newton’s
~ formulae requires the knowledge of additional tabulated values for arguments that are
* always on one side of z,, moving further away from %, at each successive step. With

Stirling’s ‘and Bessel’e- formulae the éxtra, terms utilised W1]l be chosen symmetncally ,
from either side of 2.

To begin with, the tabulated value of the argument close to x is chosen as
2, giving the first approximation to'y as y;. If the subsequent values chosen are
&y, Tg,-... , Newbon’s Forward formula is used for step-by-step correction. If the subse-
quent values chosen .are z_j, %_,, ..., Newton’s Backward formula is used. Tf the
subsequent values chosen are in pairs (x_l, %), (®_g, %3), .. . Stirling’s formula is chosen.
Or, one may begin with the pair (o x;) giving the first approximation to y as
(Yo+y)/2+(u—1)Ays and then add trhe'.pair (%_y, ;) and so on. In such a case,.
Bessel’s formula is used. Nofe that in each case, we add extra-terms to the formula
already obtained, as'we bring in additional arguments either individually or in pairs.

"d. Switching from ‘one formula to.another

. It is not necessary bo choose the arguments in only one particular manner
_throughout in any given problem.  Tf the tabular entries are limited on one side,
it is not posgible to carry out the central difference formula (Bessel or Stirling) to .
any sufficient length. . Thén the procedure is to use the central difference formula so
 long as the tabular entries permit, and then switch over to Newton’s Forward or
Backwald formula, dependmg upon the direction in which subsequent values are
~ chosen. The swmchmg over is done only to obtain the correction terms by the new
' formulae without altering the apprommatlon already obtained by the earlier formula.
Thus, suppose in the numerlcal example considered above the fourth degree polyno-
mial approximation obtained through Stirling’s formula is found inadequate and
further tabulated valiles are available only on'one side of 11.4, say f(17), f(19), ..., then

corrections o the interpolated valueé could be obtained from the sixth -and succeedmg
terms of Newton’s' Forward formula.

wu—1) 6‘(3‘.‘3‘?1 ASF(T)+- uwu—1)..

N

where u = (z—7)2 = 2.2.

Some quadrature formulae

Numerical differentiation and integration are processes for approximate evalua-
tion of derivatives and of  definite integrals respectively when the function
concerned-is defined only by a table of ordinate values at discrete points. In either
process the function is first replaced by an interpolation polynomial which is conveni-
ently differentiated or integrated. The numerical 1ntegrat10n coefficients in Table
15.1 were obtained on the basis of Stirling’s formula.

4
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Simple quadrature formulac using the ordinates within the range of .integration
/ . . X . . K
are given below. '

() Sz'mpson*d one third ryle (3 ordiﬁates)

a%—)

e =2 s 14y (457) 0}

(i) Extension of Simpson’s rule by repeated applica.tion (2n4-1 ordinat.cs)

ff(x)dx = "1f a)+-4f(a+h)4-2f(ad-2h) +4f (a+3R)4-... +f(0)}
, whele h = (b —a)[2n _an,d nis an integer to be chosen_;_

} (iit) Three e‘z’gktks rule (4 ordinates)

—d

frayis = Y (a0 >1+ {f(”;’ b ) g{ S )

a3

Remane

(iv) Hardy's formula (5 ordinates)

e <254 o2siforron+ Loz [ £ 2 )+f(
(jr)" -»Weddze;s rule (7 ordinatos) -
. f ez =03k f0) O+ i 30
LS 23 f (4R 6f(@k3n)], = (0=a)fs
- (vi). Shovelton’s Formula (11 drdinéteS)
s =T {8[f o) HOL Lo B oo S-S T 0o 9+

+15[f(a+2h)+f a+4h)—|—f(a+6h)~{ f(a+8h)]+06f(c1+5h -h- = _b—a )/10.

For other fonnulae using extemal mdmates and the vahu,s of the multiplying
¢o- efﬁclents see Table 15.1.

f . Sqmmatioﬁ formulae
Suﬁlmation forﬁlulae 'given'here arg':a_ul's"b useful for numerical integration
(1) Euler Maclaurm sum formula | : o
f(a)+f(a+h ‘—}—f(u-}— m’z

7.{1

B —h— J‘ f t)dt+ [f(“)"l"f a+117b)1+2 e hg [dcz s+l f[ ](I“’Ilk |
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where ¢, = Bz(sﬂ, /2(s+ 1)' and B, are Berneuh numbeis given in Table 17.9. with

1 1
12, & =55 2 T30240 * 2T 1703600

fromd

the firsh fow cocfficients as follows, ¢ b == -

o
~ 47900160
_tion need he considered .

' ey In pr‘a,cticé; only"ti'ie ﬁrst,two or three terms in the last surma-

(i) vG"rego;ry’s sum formula o S
: f(dH—f a,—‘—?z —',—...—,léf(aA!-?z»izl
+

=1 f)df+~ [f¢ a)+f a+vzh 2 Z 0 (8 f (@t s 7e>+ (—1yAtf()

1]

where the coefﬁc_lents g, are given b'y pY g is = t/log (1—t) and t}fe-_ first few co-
; ' v+ v - 19 - 3 . . 863
efficients. are "as follows -g; = =750 92 = g4 0 gy = 700, 9= 75 95 = 50420 °
218 ' -
s = 34192

g’.-.‘ Solutioa of. 'équations'by algebraic méthods__.,
(i) Quadratic equatlon
The roots of ax2+bm+c— 0 are

| _,__—b+\/b-——2~4ac v
T 2a .

_x.l T Za

(11) Cubic equatlon

. The general cublc may be written .
- w3+clw2—|—02x+c3 = 0. o (D
Sbtting, x =4 %QI; ﬁhe__ equatlon_ takes the slmple form o
| | 3+pJ+q =0 , .2
wheére p ; Co— ;cl, q = C3— 1 clcz—}— 57 5.‘ The roots of (2) are obtamed by sub-_

' tractmg 01/3 from each of the roots of (2). . The 1oots of the reduced! squation (2)

are all real if q2+(4/2’7)p3 < 0 In suchi a case find a value of 9 usmg Table 17.7 such
that v
~sin 30 = —dq/r? e (3)

Where r= 2\/ ——p/?, If 0 =ais a solutmn of (3) then the three roots of (2) are

i -f —rsinc, y2 = rsin (-———l—oc) ys = -7'-sin (‘____l_»“ ) (@

When q2+(4/27 p > 0, two of the roo‘os are 1marrmary Let Q dénote any one

of the three values of ; - o __

_ —q+4q 2+(4/27 - : . (5)
and © be an 1magmary cube roob of umty Then the three roots of (2) are

Y15 —p/3Q, Yo = coQ © p/3Q, Yy = 0Q—o0p[3Q. . e (8)

A
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(lil) Quartic equation
The general quartic equation. is written

ax‘*—}—zi‘bx?-{-ﬁcx?—{—etd;v—}—e = 0. ' e (D)

First find a root of the cubic v N
$3—3cs?-+(4bd—ae)s+3(ace—2ad*—2eb%) = 0 ... (8)

by the method indicated in (ii). Let s, be aroot. Then éompute t, = (s,—0)/2,
my = Vat,+b—ac, 1, = (2bt1+bc—'ad)/m1. e (9)

Then the four roots of the equation (7) are the roots of the two quadratics
- ax4-2bxtc4-2t) = 2myx+m, 10)

S 1
ax?+2bz-+c+ 2, = —(2myz+-ny) J‘ ,

Note: . Polynomisal equa.txons of higher degree than 4 cannob e’ solved by a.]gebrnc reduction. The

toots have to be found numencully by methods of successwe approxnmatlong The. followmo book may
be consulted for such methods.

J. B. Scarborough (1962). Numerital mathematical n.nalyaig. 5th, -edition, Johns Hopkins Press,

Baltimore.



. PART II
TABLES WITH EXPLANATORY NOTES



1, THE BINOMIAL DISTREBUTEON

n
‘1.1, Tur BmomiAT, COEFFICIENTS ( 7_,>

a. Introduction
- ) ! ' . -
Table 1.1 contains values of ( n ) = m=3(1)30,r= 2(1) [nf2].
AT ri{n—r)! v
The following formulae help to obtain (i’)foxf the values of r that are not given

“in Table 1.1.

(75)%1’ (71@>=.15nd<7:)=(n71r>

b. Application

Table 1.1 can be used for computing individual terms b(z| 7, n) = ( : ) 7 (l—m)"~*

of the binomial distribution.

Bxample.” Let n = 10, 7 = 0.7‘3; then 6 = m[(1—m) = 2.70370. The tabular
" scheme below shows the essential steps in computation. The first entry in column (3)
is (1—m)1 = 0.05205891. The values which follow are obtained by successive. multi-
plication with 0. ' - ' ' ' ‘

% ‘ (n) * ﬂx(l_qr)n-x ) b(x lqr, n)
1) @ - 3 {4)=(2)x(3)
0 1 0.05205891. - 0.0000
e 10 -~ 0.05556667 0.0001
2 " 45 0.04150506 0.0007
oY 120 0.04406923 0.0049
4 210 0.03110020 0.0231
5 252 0.03297461 0.0751

3 210 0.03804245 °0.1689
1 120 0.02217444 " 0.2609
8 45 0.02587903 0.2646
9 10 £0.0158951 0.1589
10 1 0.0429756 - 0.0430

* Ffom Ta;ble 11 ' v
I acéuracy upto k places of decimal is required in b(x]ﬂ, n),’it is advisable to calculate
“poth (1—m) and 0 correct to (k--2) significant digits and to retain (k4-2) sighificant
digits at each stage in column (3) S :
The table of binomial cosfficients is ‘also useful in computing :
(i) multinomial coefficients, since ' '

| . __(77,))((‘7&.——?‘1‘)*. .:.‘(Tk—l'l‘frl.:)".

ryl rzl eyt Ty Ty T

" and (i) the individual terms of the hypergsometric distribution, given by

() Za)=("3")
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FORMULAW AND TABLES FOR STATISTICAL WORK
1.2, Inpwvivbvan TERMS
a. Intreduction
Table 1.2 gives,, to five places of dccimal,‘ the values of 6(ii n, n)

= (Z}n-‘(l——h)““‘, = 0(1)n for n=5{1)15, and for the following selected values of 7:

1
01, 0. o 010,
00?00 000,60 5

3 1 o1 7
16’ 0.20, .3U -, 0.40, —
16 T4 080, -1 040, 3
Note that since blx|m, n) = b(n—z| 1—m, n)the coverage is automatically extended

to the following additional values of e

5
9 )

%, 0.60, -3— 0.70, T . 0.80. 3 8 , 0.90, —; 0.95, 0.98, 0.99..
The fractions.: con‘mpond to values which occur ib O'enetlcal stu(hes The values

0.01, 0.02, 0.05 (,omespond fo critical levels generally used in tests of swmﬁcance

Table 1.2 has been obt&med by dlfferencmg from = table of cuniulative
probabilities which is correct to 5 places of decimals. Some entries in this table ate
therefore in error by 41 in the last place ; this is indicated respectively by — or -+ -
sign against the entry.’ )

b. h‘lvtefpolation in Table 1.2 -

"The following formula based on Taylor expansion could be used for interpolating

at a specified value of 7. Let 7, be a tabular argument closest to #. Then
b@|m, n) = b(z| s, n)—dnA b(z—1|my, n—1)

2 B .
-} %T n(n—1)A% b(x—2|my, n—2)- ...

'+( (), A"b(x-—klﬁo,n k)+R

o where

d= ﬁ—y’ro, ) = n(n—1) ... (n—k+i)
R Z‘W (n)k+1Ak+1 b(IL L 1 lﬂ* n— L'—‘l)
* being some 1nt01med1ate value between 7 and my and A, A represeﬁt"diffe_arences

of successive order taken with respect to .

Ezample 1. - To compute b(.2]71,- n) for n =10, 7 =0.27. Here m, = 0.25,
d = 0.02. : '
b(2]0.27, 10) = 0 28156 0. 02>< 10(0.30034—0. 22526)

.02 A .
(Q_Ol ><10><9(O.31146—2><0 26697-+0.10011)

= 0 28156—0.2 0. 07508+O 018(—0. 12237) 0.26434.
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Example 2. Out of 10 tests carried out on parallel sets of data, 3 were signi-
ticant at 19, level. Are the results significant on the whole ?

To answer this question we have to determine the probability of obtaining

3 or more significant results, i.e. the probability of obtaining 3 or more successes in

10 trials when the probability of sucess at each trial is 0.01. Using Table 1.2, for
7= 10 and w = 0-01 the required probability is

1—[Pr(z = 0)4-Pr(z = 1)4-Pr(z = 2)]

=1—(0.90438+-0.09135--0.00416) = 0.00011

which is very small indicating that the results are significant on the whole. If only
one were significant out of ten, then the probability

1—0.90438 = 0.09562

is not small enough to declare overall significance.

Table 1.2 is not exhaustive. For other values of m, for higher aceuracy or
for higher values of n, one may either consult more extensive tables or compute the.
values directly as illustrated in 1.1b

c. Some other tables

1. NaTIONAL BUREAU or STANDARDS {1950): Tables of the Binomial Probalnhty Distribution, Apphed Math.
Series No. 6, Washington.

Individual terms and cumulative sums (cumulated from above) correct to 7 places for @ = 0.01
(0.01) 0.50 and n == 2(1)49.

2. ROMIG, H. G. (1953) : 50-100 Binomial T'ables, John Wiley & Sons, New York and London.

Individual terms and cumulative sums (cumulated from -below) correct to 6 places for = = 0.01
(0.01) 0.50 and n = 50(1)100,

3. U. S. ArMy OrpNANCE Cores (1952): Tables of the Cumulative Binomial Probabilities, Ordnance Corps
Pamphlet ORDP 20-1. )
Cumulative sums (cumulated from. above) correct t0 T places for m = 0.01(0.01) 0.50 ard
n = 1(1)150..

4. Harvarp UNIVERSITY, COMPUTATION LABORATORY (1955) : Tables of the Cumulatree Binomial Probability
Distribution, The Annals of the Computation Laboratory of Hnrvard Universily, 35, Cambridge
| Massachussetts)

Cumulative sums (cumulated from above) correct to 5 places for = = 0.01(0.01) Q.50+ 1/12( 1/12)
5{12; 1/16(1/16) 7/16 and n = I(1) 50(2) 100(10) 200(20) 500(50) 1000.

5. WEINTRAUB, S. (1963) : Tables of the Cumulative Binomial Probability Distribiction for Small Values of
p, The F1ee Press of Glencoe, Collic—Macmillan Ltd., London,

Cumulative sumis: (cumulabed from above) correct to 10 places for x = 0.00001, 0.0001 (0.0001)
0.0010 (0.0010) 0.1000 and n = 1(1)100.



TORMULAE AND TABLES POR STATISTITAL WOBK
TABLE 1.2, TEE BINOMIAL DISTRIBUTION : INDIVIDUAL TEikhis

(» = 5(1)15; selocted values of 7r]

Na|lm=001 =002 7=00 7=1/16 7=010 o=1/8 x=3/16 m=—0.20
5 0 95099 .90392 .77378 .72420 .59049 .55493 .35409 .32768
1 04803 .09224 ©.20363 .24140 ©.328056 .34683 .40857- .40960
2 00097 .00376 .02143 03218+ .07290 .08671 . 188567 .20480
3 00001 .00008 00113 00215 .00810 .01084 . 04352 .05120
4 —_ —_ .00003 .00007 .00045 .000674- .00502 .00640
5 — — — — .00001 .00002 .00023 .00032
5 0 94148 .88584 73509 .67893 53144 .49327 28770 26214
1 05706 .10847 .23214— 27158 — .35429 .36995 .39835 .39322
2 00144 .00554 — .03054 .04526 .09842 .11561 .22982 .24578
3 00002 .000156 .00214 .00402 .01458 .01927 07072~ .08192
4 —_ J— .00009— .00020 001214 .00181 .01224 .01536
5 - —_— — .00001 .00006 — .00009 .00113 00154
6 — —_— —_ — — — . 00004 .00008
7 0 .93207 .86813 .69834 .63650 47830 .43846 .23376 20072
1 .06590 .12401+4 .265728 .29703 .37201 .38366 — .37760-F 36700
2 .00200 .00760 — .04062 .05941 .12400 14387 26142 27526
3 .00003 .00025-4 00357 — .00660 .02298 .02997 .100565 ., 11469
4 —_ .00001 .00018-- .00044 .00255 00376 .02320 ,028487
5 —_— —_ .00001 .00002 .00017 .00028 .00321 00430
8 f— [— —_— —_ .00001 .00001 .00025 .00036
7 — — - — —_ -_ .00001 .00001
3 0 92274 . 86076 .66342 .59672 .43047 .38974 .18993 16777

1 07457 .13890 .27034 ~ .31825 .382634- .38976 = .35083 .33556—~.
2 00264 .00992 .05145-- 07426 .14881 — 17051 28321 — .29360
3 00005 .00041 .00542 .00990 .03307 04263 . 13071 . 14680

4 —_— -.00001 .00035+ .00082-}- .00459 . 00666 03770 . 04587+
5 f— — ,00002 .00006— .00041 .00067 .00696 .00918
[} —_ — — _— .00002 .00004 .00081 — .00115
ki —_ —_— — —_ —_ —_ .00005 .00008
g O 91352 .83375 .63025 .55942 .38742 .34644 15432 .13422
1 083044 .15314 .29854 .33566 — .38742 .38974 .32050 .30199
2 00336 .01250 .08285 .08951 17219 .19488 — .29585 .30199
3 00008 .00059 4 .00772 .01392 .04464 05683+ 16930 .17616
4 -— .00002 .00061 .00139 .00744 01066 .05514 .08606
b5 _— — .00003 .00010— . 00083 .00133 01273 .01651

6 f— —_ — — .00006 .00011 .00195+ 00276 —
i — — — —_— —_ .00001 .00020—~ .00029
8 —_— —_ — — —_ —_— .00001 .00002
160 0 90438 .81707 .50874 52446 .34868 .30795 .12538 .10737
1 09135 .16676 .31512 .34964 . -38742 .38493 .28934 .26844
2 00416~ L015632— 07464 — .10489 .19371 21652 .30047 .30199
3 00011 .00083 01047+ .01865 057394 .07218—~ .18491 .20133
4 — ,00003 .00097— .00218 01117 — .01579 .07467 .08808
5 -— —_ 00006 .00017 00148+ .00236 -4 .02068 .02642
8 _— — -— .00001 .00014 .00025 .00398 .00551

7 —_— — —_ — .00001" .00002 .00052 .00078+

8 — — — — —_— —_ .00005 .00008—

11 0 .89534 .80073 56880 .49168 .31381 .27373 10187 .08590
1 09948 17976 .32931 360567 .38355 .37638 . .256860 .23622
2 00502 .01834 .08665-- 12019 .21308 .23524 . 29839 — .29528
3 00016 — 00112 .01369— .02403+ 07103 .08821 .20657 .22146
4 -— 00005 .00144 .00321 .01578 02205 .09534 .11073
5 -— — .00010-- .00030 .00245 - .00386 .03080 .03878

[ _— .00001 .00002 .00028 — .00048 00711 .00988-+
7 — — — —_ .00002 .00005 ~ .00117 00173
8 — — _— - _— -— .00014 00022
9 — — _— - —_ — 00001 " ,00002

Note : To obtain 5 decimal accuracy for individual terms add (subtract) 1 in the last place if
thereis +(—) sign against an entry. For obtaining cumulative probabilities to 5 decimal accurscy the
entries have to be added ignoring the 4 and — signs.
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION : INDIVIDUAL TERMS

[n = B(1)15; selected values of =}

—
ot

z T=1/4 w=030 =18 w=040 w=716 w=4/9 ™= 1/2

0 .23730 .16807 .13169 .07776 .05631 .05202 .03125

1 .39551 .36015 .32622 .25920 .21900 .21169 .15625

g .26387 © .30870 .320214+  .34560 .34066 .33870 .31250

3 .08789 .13230 .16461 .23040 26495 .27096 .31250

4 .01465 .02835 .04115 .07680 .10304 .10839— 15625

5 .00098 .00243 .00412 .01024 .01603 .01734 .03125

0 .17798 11785 08779 .04668 .03168 .02940 .01562

1 .35596 .302524  .28338—  .18662 .14782 .14113 .06375

2 .29663 .32414 .320214  .31104 .28743 .28225 .23438

3 13183+  .18522 .21848 .27848 .29808 .30107 -31250

4 .03296 .05953 .08231—  .13824 .17388 .18064 .23437

5 .00440— 01021 .01646 03686 .05419 057804  .09375

3 .00024 .00073 .00137 .00410 .00701 .00771 .01563

0 .13348 .08235 .05853 .02799 .0178% .01633 .00781

1 .31147— 24707~ 204844  .13084 .09701 .69147 .05469

2 .31146 .317665 .30727 .26127 .22636 .21953 .18406

3 .17303 .22689 .25606 .29031—  .2934% .29271 .27344

4 .05768 .09724 .12803 193534+  .92822 .23416 .27344

5 .01154 .02501—  .03841 07742— 10850 11940 .18406

8 .00128 .00357 00640 .01720 .02751 .03997 105469

7 .00006 .00022 .00048 .00164 .00307 .00343 .00781

0 .10011 .05785 .03902 ,01680 .01002 .00907 .00391

1 .26697 19785 .15607 .08958 06237~  ,05808 .03125

2 -31148 296474  .27313 .209014+  .16976+  .16281 .10937

3 .20764 .25413— 27313 27870—  .26408 .26019—  .21875

4 .08652 188134 .17071 23224 25674 .28018 .27344

5 .02307 .04888 .06828 .12386 - .15976—  .16652 .21875

8 .00385 -01000 .01707 .04129 062124 .08860+ 10937

7 000364 00122 .00244 .00786 .01381 .01522 -03125

g .00002 .60087 .00015 .00086. 00134 .00152 -00391

0 .07508 .04035 .02601 .01008 .00564 .00504 .00195

1 .22526— 15585 .11708 .0B048-+  .03046 .03630 .01758

2 -30034 .26683 .23411 16126— 12278 .11815 .07031

3 .233594  .26683 .27313 .25082 .22282 .21682 .16407—

4 .11680 17153 .20484-1 25082 .25995 .26018 .24609

5 03894~  07352—  .10243—  .16722 .202184  .20815 .24609

8 -00865 .02100 .03414 07432 .10484 .11101 .18407—

7 .00123+  .00388 -007314-  .02123 .03495 .03808 .07031

8 .00011— 00041 .00092— 00354 006794  .00781 .01758

9 —_— .00002 .00005 .00026 .00059 .06088 .00195

B ,05631 .02825 .01734 .00505 .00317 .00280 .00098

1 18772 12106 .08671 .04031 | .02467-~  .02241 .00976 4

2 28156 23347 .19509 .12093 .086324  .08066 .04395

3 -25029 .26683 .26012 .21499 .11905 .17208 11718+

4 14599 .20012 .22761 .25082 .24371 .24091 .20508

5 .05840 -10292 13657—  .20066 .22746 .23127 .24610—

3 .01622 .03676 .05690 .11148 .14743 .15418 -20507-+

7 -00309 .00900 .01626 .04247 .08552 - .07049~  .11719

8 .00039 .00145 003044+ .01061+  .0l9l1 .02114 .04395
) .00003 .00013+  .00034 .00168— 00330 .00376 .00976+
10 — .00001 .00002 .00010 .00026 .00030 .00098

0 .04224 01977 .01156 .00363 .00178 .00158 .00049

1 .15486 .09322 .08359 .02660+ - .01527—  .01360 .00537

2 25810 .19975 .15896 .08869—  .05935 .05477 02685+

3 .25810 .25682 .23845 A77364+ 13848 .13145 .08057

4 .17207 .22014— 238444 .23649 .21542 .21032 .16113

5 .08030 .13208 .16691 .22073—  .23457 .235554  .22559

8 .02677 05660+  .08346 .14715 .18244 .18845—  .22559

q .00837 .01733 .02981 .07007 101354+ 10768 .16113

g .00106 .00371 .00745 .02336 .03942 .04307 .08057

9 -00012 .00053 .00124 .00519 .01022 .01149 .D2685 4
10 .00001 .00005 .00012 .00069 .00159 .60184 .00537
1 — —_ .00001 .00004 .00011 .00013 .00049
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-TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION : INDIVIDUAL TERMS

[n == 5(1)15; solected values of ]}

n oz |7=001 =002 7=005 =116 7=010 7=1/9 =316 a=0.20
12 of .88638 .78472 .54036 .46095 128243 .24332 .08277 .06872
1l .10745— 192174 .34128 .36876 .37657 .36497 .22021 .20616
2| .005964  .02157 .09879 .13522~  .23013 .25092 29093 — 928347
31 .00021— .00147 .01733 03004+ .08523 110455 .22379 .23622
4 — .00007 00206~ .00451 .02131 .02940 11619+ 132874
6 — — .00017 .00048 .00379 .00588 .04291—  .05315
6 — — .0000! .00004 .00049 .00086 .01155 .01551 —
7 — — — — .00005 .00009 .00228 .00332
8 — — — — — .00001 .00033 .00052
9 — — — — — — .00004— - ,000086
13 0 87752 .76902 © 51334 .43214 .25419 .21628 .06725 .05498
1} .11523 .20403 35124—  .37453—  .36715+  .35146 .20176 . 17867
2| .00698 .02498 11001+ 149804  .24478—  .26359 .27935 .26800+
3| .ooo26 .00187 .02141—  .03662 .09972 .12081 .23638 .24567
4 | :.00001 .00010 .00281+  .00611—  .02770 .03775 .13637 .15355
5 - - .00027 .00073 .00554 .00850— 05664+  .06909+
6 — — .00002 .00007 00082 .00142 .01743 .02304—
7 — — — — .00009 000174 ©.00403—  .00575+
8 — — — — .00001 .00002 .000694-  .00108
9 — — — — —_ — .00009 .00015
10 — — - — — - .00001 .00002
14 0} .86875 .75364 487674+ .40513 .22877 .19225 .05464 .04398
11 .12285 .21533 35934 .37813—  .35586 .33644 .17654 .15393
2| .00806-4 .02856 12294 .16385 25701 .27335 .26480 .25014
3] .00033 .00233 02588 04350 11423 .13668 24444~ 25014
41 .00001 .00013 00374+ .00801 :03490 04698 .16512 17197
5 — .00001 .00040--"  .001064  .00776 01175 - 07159 .08599
6 — — .00003 .00011 .00129 .00220 102479~ .03224
7 — — — .00001 .00016 .00031 00853+ .00921
8 — — — — .00002 . .00004—  .00132  -.00202
9 — — - — — — .00020 .00033 4
10 — — — — — — 00003~  .00005 —
15 0} .88006 .73857 .46329 .37981 .20589 .17089 . 04440 .03518
1y .13031 .22609 .36576 . .37981 .34315 .320414 15368 .13195—
21..00921 -  .03230 13475 17725 .26690 .28037—  .24825 .23089+
31 00041 -".00286 .03073 .05120 .128504-  .16186 .24825 .25014
41 .00001 ..00017 .00486—  .01025—  .04284 05695 .17187 18761 —
5 — .00001 .00056 .00150 .01047 .01566 .08726 .10318
6]  — — .00005 .00016+  .00194 .00326 .03356 .04299
1 — — — .00002~ 00028 .00053— 00996 .01382
R — — — — .00003 00006+  .002294+  .00346—
9 — — - - — .00001 .00042— 00067
- 10 - - — - — — 00005 .00010
11 - - — - — — .00001 .00001
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION : INDIVIDUAL TERMS
[rn = 5(1)15: selected values of =]

x m=1/4 1=0.30 ©=1/3 7= 0.40 &= 17/16 w = 49 x=1/2
0 .03168 .01384 .00771 .00218 .00100 .00086 .00024
1 12670+ .07119— 04624 .01741 .00937— 00830 .00293
2 .23230— .16779 .12717 .06385 .04006 .03652— 01612~
3 .25810 .23970 .21195 .14190— .10386 .09787 .05371
4 .19358 .23114 .23845 .21284 .18176 .17526 .12085
5 .10324 . 15849+ .19076 .22703 .22619 .22434 .19336
6 .04015 .07925 11127 .17658 .20525 .20938 .92558+
7 .01147 .02911 .04769 .10090 .13683 .14358 .19336
8 .00239 .00780 .01490 .04204 .06651 4 .07179 .12085
9 .00035 00148 .00332— .01246 .02300— .02552 .05371
10 .00004 .00019 .00049+ .00249 .00536+ 00813 .01612—
11 _ .00002 — .00005 .00030 .00076 .00089 .00293
12 — — — .00002 .00005 .00006 .00024

13 0 .02376 .00969 .00514 .00131 .00056 .00048 .00012

- 1 .10295 .05398 .03340 01132 .00571 .00499 .00159

2 .20589 4 .13881 .10019-- 04527+ .02663 - .02398 — .00952
3 .25165 .21813 .18369 .11068 .07595 .07032 .03491
4 .20971 .23370-- .22962 — .18446 .14768 .14065 — .08728
5 12583 .18029 .20665 .22136 — .206875 .20252 4 15711 —
] .05592 .10302 .18777 .19876 21441 .21603 .20947
7 .01864 .04416— .06889 — 13117 168677 —  .17283— .20047
8 .00466 .01419 .02583 .06559 09727+ .10369 15711~
9 .00086 .00338 00717+ .02429 .04204 — .04609 .08728
10 .00012 .00058 .00144 006474 .01307+ .01475 .03491
11 .00001 .00007 .000194- .00118 .00278— .00321 4 .00952
12 —_ —_ .00002 .00013 .000368 .00043 .00159
13 — — _ .00001 .00002 .00003 .00012

14 0 .01782 .00678 .00343 .00078 .00032 .00027 .00006
1 .08315 .04070— 023974 .00732— 00345+ .00298 + 00086 —
2 .18016 .11336 .07793 .03169 .01748 .01554 . .00355
3 .24021 . .19433 .15586 .08452 05437 L0493 —  .02222
4 .22019 .22903 .21431 .15495 .11630 .10939 .06109-+
6 | .14680 .19632— .21431 .206594 .18091 . 17502 .12220—
6 .07340 .12620 16073+~ . .20660 -  .21106 .21003 .18328-
7 .02796 .06181 . .091844- 15741 .18761 .19203 . .20048—
8 .00816 .02318 04019 — .09182 12767+ 13442 18328
9 ..00181 .00662 .01339 .04081 .06621 — 07169 - .12220—
10 .00030 .00142 - .00335 .01360 .02574+4 -~ .02867+ 06109+
11 .00004 ,00022 .00061 .00330 .00729— .00834 .02222
12 — .00003 — 00007+ .00055 .001414- . .00167 .00556.
13 — — .00001 . .00006 .ooo17 . .00021 .00086—
14 — — — e -.00001 - . .00001° 00006

15 0 .01338 .00475 .00228 .00047 .00018 .00015 .00003
1 .06682 .03052 01713 200470 .00208 .00178 .00046
2 15591 .09156 ©.05995 . .02104 -~ - .01135—  .00996 .00320
3 .22520 .17004 .,12088 .06339 .03823 T .03453 .01389
4 ..22520 .21862 119482 - 12678 . .089204  ..08287 .04165+
5 16514+ .20613 .21431 — .18594 .15264 14585 .09165—
6 { - .09175 14724 .17859 .20659-+ .19787 .19447 15274
A .03932 . .08113 .11481 .17709— .19787 .20003 19638 -
8 .01311 .03477 05740 .11805-- .15390 .16002 19638
9 .00340 .01159- . .02233—  .06122-- 09309+ .09957 .15274
10 00067+ .00298 .00669-- 02448+ .04345 .04780— .09165—
11 ,00011—  -.00058- .00152 00742 .01536 .01738 .04165-}-
12 .00001 .00008 .00026 — .00165 .00398 .00463 01389
13 - .00001 .00003 00025 .00072— .00086 .00320
14 — — — .00003 — .00008 ,00009+ .00046
15 — —_ — — — .00001 .00003
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1.3. Corrmzwor Intmrvars Tor Tae Bivomzar, PROPORTION
a. Intreduction

Table 1.3 furnishes fwo sided 95%9%, and 99*%, confidence limits for the

unknown binomial proportion 7, corresponding to the number of trials n and the
observed value of z.

These confidence limits have the property, that compared to any  other
system of limits with confidence coefficients not less than 95%, and 99%,, the total
length of confidence intervals corresponding to x = 0, 1, ..., % is the least. For details
see Crow (1956, Biometrika, 43, 423-435) and Sterne (1954, Biometrika, 41, 275-278).

The confidence limits given in Table 1.3 are correct to three places of
decimal and are for » = 1/1)30 and z = 0(1)[»/2]. If « is greater than [n/2], n—z
would be < [#/2], and the table can be read for confidence limits for the complementary
proportion (1—) from which the confidence limits for 7 are obtained.

Example. Suppose n=25 and x=14. Thenn—z==11. Entering Table 1.3
with x = 11 and n = 25 the 959, limits for 1—7 are seen to be (0.238, 0.664) which
means that the 95%, limits for 7 would be (1—0.664, 1—0.238) = (0.336, 0.762).

b. ©One sided confidence intervals
The 100¢:% lower bound for  is the smallest value of 7, satisfying the inequality

Pd; m,n) = X b{x| 7, n) > 1—a, where d is the observed value of z.
x=d

1 T d-1

Since Qd; m,n) = mof £ - d,

this lower bound is seen to be the lower 100(1 —a) 9% point of the beta distribution
with parameters d and n—d--1 respectively. (See Table 6.2 for percentage points of
the beta distribution). Similarly the 100a¢%, upper bound on 7 is given by the upper
100(1—a) Y%, point of the beta distribution with parameters d+1 and n—d respectively.
c. Tests of significance '

 Table 1.3 can also be used for testing a simple hypothesis on 7, when alter-
natives are both-sided. If z = d be the observed value of « in n trials, we find, from
Table 1.3 the corresponding 10009, confidence interval for #. A null hypothesis

which assigns a value of 7 outside the confidence interval is rejected at the
100(1 —a)% level of significance.

Example. 18 tosses of a coin result in 5 heads. Is this compatible with the
hypothesis that the coin is unbiased ?

Here n = 18, x = 5. ‘The correspondingv 95%, confidence interval for 7 being
(0.118, 0.558), the hypothesis 7 = 0.5 cannot be rejected at the 5%, level of significance.

Table 6.2 (percentage points of the beta distribution) can be similarly used for
testing a simple hypothesis on 7, when alternatives are one-sided. Suppose in the
above example the hypothesis 7 = 0.5 is to be tested against alternatives 7 < 0.5.
The 959%, upper bound for 7 (which is same as the upper 59, point of B(8, 13))=0.4978.
Since the hypothetical value exceeds this value, the hypothesis stands rejected at
the 59, level of significance,
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TABLE 1.3. CONE’IDENCE INTERVALS® FOR THE BINOMIAL PROPORTION

Confidsnce eoofficiont : 95+9,

7 z=2 x=3 w=4 =5 z=6 2=7 =8 =9 =10 2=11 ©=12 x=13 s=142=15
1 5950
000
2 §.776 ,975
000 .025
3 1.632 .865
.000 - .017 °
4 5.527 .751 .902
.000 .013 .098
53,600 .657 .811
000 L0190 (076
6 {.402 .598 .720 .847
.000 .009 .063 .153
71.377 .564 .659 .776 .
.000 .007 .053 .129
8 1.315 .500 .685 .7i1 .807
.000 .006 .046 .111 .193
91.289 .443 .558 .711 .749
.000 .006 .041 .098 .169
10 |.267 .397 .603 .619 .733 .778
.000 .005 .037 .087 150 .22%
11 |.250 .369 .500 .631 .6867 ,750
.000 .005 .033 ,076 .135 .200
12 1.236 .346 .450 .550 _654 .706 .764
.000 .004 .030 .072 (123 .i81 .236
131{.225 .327 .434 ,520 .587 .673 .740
000 .004 .028 .066 113 .166 .224
14 1.206 .312 .389 .500 .611. .625. .688 .794
000 .004 .026 .061 104 .153 .206 .206
15 1.191 .302 .36%9 .448 .552 .631 .668 .706
.000 .003 .024 .057 .097 .142 .191 .191
16 |.178 .272 .352 .429 .500 .571 .648 .728 .728
.000 .003 .023 .053 .090 .132 .178 .178 .272
17 §.¥66 .254 .337 .417 .489 .544 594 .663 746
.000 .003 .021 .050 .083 .124 .166 .166 253
18 |.157 .242 .325 .381 .444 .556 .619 .625 ,676 .758
- .000 .003 .020 .047 080 .116 .156 .157 .236 .242
is {.150 .232 .316 .365 .426 .500 .574 .635 .6556 .688
.000 .003 .019 .044 .075 .10 .147 150 ,222 .232
20 }.143 .222 .293 .351 .411 .467 .533 .589 .649 .707 .707
.000 .003 .018 042 .071 .104 140 .143 209 .222 .203
21 §.137 .213 .276 .338 .398 .455 .506 .551 .602 .662 .724
.000 .002 .017 .040 .068 .099 .132 .137 .197 .213 .276
992 {.132 .205 .264 .326 .389 .424 .500 .576 .582 .617 .674 .736
.000 .002 .0l16 .038 .065 .094 .126 .132 .187 .2056 .260 .264
23 1.127 .198 .255 .317 .360 .409 .457 .543 .591 .640 .640 .683
.000 .02 .016 .037 .062 .000 .120 .127 .178 .18 .247 .255
24 1.122 .191 .246 .3068 .347 .396 .443 .500 .567 .604 .653 661 693
.000 .002 .015 .035 .059 .086 .115 .122 <169 .191 .234 .246 .308
95 1.118 .185 .238 .303 .336 .384 .431 .475 .525 .569 .616 .664 .683
.000 .002 .014 .034 .057 .082 .110 .118 .161- .185 992,235 .296
26 {.114 .180 .230 .282 .325 .374 -.421 .4656 .506 .542 .579 .626 .675 .718
.000 .002 .014 .032 .054 .079 .106 .1l14 164 .i80 .212° .230 .282 .282
27 1.110 .175 .223 .269 .316 .364 .415 .437 .500 .563 .670 .598 .636 .684
.000 .002 .013 .031 .052 .076 .101 .110 .148 .176 .202 .223 .269 .269
28 |.106 .170 .217 .259 .307 .357 .384 .424 .463 .537 .576 .616 .61¢ .645 .693
000 .002 .0I13 .030 .080 .073 .098- .106 .142 .170 .192 .217 .258 .259 .307
20 1.103 .186 .211 .251 .299 .339 .374 .413 .45} .500 .546 .587 .626 .661 .661
.000 .002 .012 .029 .049 .070 .094 .103 .136 .166 ' .18& .211 .247 .2p1 .299
301.100 .163 .205 .244 .202 .324 .364 .403 .440 .476 .524 .560 .597 .636 .676 .676
000 .002 .012 .028 .047 .068 .0S1 .100 .131 .163 .176 .205 .236 .244 .292 .324

(1) For & different type of confidence intervals see Table 11 in Sististical Tables and Formulae
by A. Held, John Wiley and Sons, New York, 1952.
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TABLE 1.3. CONFIDENCE INTERVALS FOR THE BINOMIAY, PROPORTION

Confidence coefficient : 99+9.

n |lz=0 z=1 2=2 =3 z=4 z=5 =6 =T =8 =9 x=10 s=11 2=12 x==13 =14 2= 13
1 1.990
.000
2 1.000 .996
.000 .005
3 |.785 .941
.000 .003
4[.684 .859 .958
.000 .003 .C42
5 (.602 .778 .894
.000 .002 .033
6 |.536 .706 .827 .915
.000 .002 .027 .085
71.500 .643 .764 .858
.000 .001 .023 .071
8 l.451 .590 .707 .802 .879
.000 .001 .020 .061 .121
9 |.402 .598 .858 .750 .829
.000 .001 .017 .053 .105
10 |.376 .512 .624 .703 .78% .850
.000 .001 .018 .048 .093 .150
11 l.350 .500 .593 .660 .738 .806
.000 .00L .04 .043 .084 .134
12 |.321 .445 .555 .679 .698 .765 .825
.000 .001 .013 .039 .076 .121 175
13 |.302 .429 .523 .594 .698 .727 .T87
000 .00L .02 .036 .069 .I11 .159
14,286 .392 .500 .608 .636 .714 .751 -.805
000 .001 .011 .033 .064 .102 .146 .195
15 1.273 .373 .481 .53%9 .627 .672 .727 .77l
006 .001 .010 .031 .059 .094 .135 .179
16 .264 .357 .451 .525 .579 .643 705 .739 .788
1000 .001 .010 .029 .055 .088 .I125 .166 .312
17 |.242 346 .413 .500 .587 .620  .662 .7568 .758
‘000 .601 .0Q9 .027 .052 .082 .M7 .155 .197
18 [.228 .318 .397 .466 .534 .603 .682 .686 .772 .774
000 .00L .008 .025 .049 .077 .110 .145 .184 .226
19 |.218 .305 .383 .455 .516 .564 .617 .695 .707 .782
000 .001 .008 .024 .046 .073 .103 .137 .173 .2I2
20 |.209 .203 .375 .424 .500 .576 .601 .637 .707 .726 .79l
{000 .001 .008 .023 .044 .069 .098 .129 .163 .200 .209
o1 |.201 .283 .347 .409 .466 .53¢ .591 .653 .661 .71T .T43
000 .000 .007 .022 .041 .0656 .092 .122 165 .189 .201
92 {1194 .273 .334 .396 .454  .505 .560 .604 .666 .682 .72T .758
‘000 .000 .007 .021 .039 .062 .088 .1I6 .147 .179 .194 .242
o3 |'187 .265 .323 .386 .429 .500 .571 -.580 .616 677 .702 .735
000 .000 .007 .020 .038 .059 .084¢ .111 .140 .171 .187 .229
o4 1181 .259 .313 .364 .416 .464 .536 .584 .636 .638 .687 .120 .743
000 .000 .006 .019 .036 .057 .080 .106 .133 .163 .i81 .21 .257
o5 1175 .245 .305 .352 .403 .451 .500 .549 .597 .648 .668 .605 .755
000 .000 .006 .018 .034 .054 .077 .101 127 .156 .175 .205 .245
26 [.170 .234 .298 .342 .393 .442 487 .526 .562 .607 .858 .878 .702 .766
‘000 .000 .006 .017 .033 .052 .073 .097 .122 .1490 .170 .195 .234 .234
o7 |.166 .225 .297 .332 .384 .419 .461 .539 .581 .587 .617 .668 .702 .716
000 .000 .006 .017 .032 .050 .070 .093 .117 .143 .166 .I85 .224 .225
o8 {1162 .218 .272 .323 .364 .408 .449 .500 .551 .582 .636 .636 .677 .728 .728
000 .000 .005 .016 .031 .048 .088 .089 .112 ,137 .162 175 .214 .218 .272
29 /160 .211 .263 .316 .354 .397 .438 .477 .523 .562 .G03 .646 .654 .684 .737
‘000 .000 .005 .015 .030 .046 .065 .086 .108 .132 .157 .1656 .206 .211 .260
30 [1151 .206 .256 .310 .345 .388° .430 .469 .505 .538 .570 .612 .655 .671 .692 .744
1000 .000 .005 .015 .028 .045 .063 .083 .104 .127 .151 .1561 .198 .206 .249 .256
g0 z=1 z=2 z=3 3=4 z=b6 =6 =T z=8 z=9 =10 r=11 £=12 z=13 ¢=14 z=16
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2.1 CumuLsTIVE PrOBABILITY |
‘a. Introduction

Let -p(x]A) = e“‘ A” 7 (probability for. observation x) and P(x] =T pir|A)

r—()
(cumulative probability for observations up to x). Table 2.1 gives the values P(x|A),

x=10,1,2,.. for A = 0.02(0.02) 0.10; 0.15(0.05) 1.00; 1.1(0.1)2.0, 2.2(0.2)7.8; 8.0(0.5)
15.0; 16(1)25, Table 2.1a gives the values of P(z{A) for small values of A = 0.0005;
0.001(0.001)0.009. The individual terms p(z|A) can be easily obtained from these
tables by the relation p(x|A) = P(e]|A)~ P —1|A)

b. Interpolation in Table 2.x

For purposes of interpolation (A-wise) between the tabulated values the fol-
lowing formula based on Taylor expansion will be found useful.” Let ‘the values of
P(i|A) be required for a given A, and A, stand for the tabular argument closest to A,

"and let d = A—A,. -Then

P(x|A) =" P(w[/\o) dAP(x——l[ilo)—l— AZP(x—2{AH- A (—1)E & AkP(x~kl/\0)'+P
where A, A?..t. are the 1lst, 2nd.. orde'r differences taken with respect x and R =

(=0 (k+ n'
be thus-posmble to judge, by inspection of thie tabulated values, the maximum possible

P(z B—~1}2") where A*'is some value lying between A and A, It will

o R m,agmtude for the error R.

.V,Example
~To compute P(4| 5. l)
From Table 2.1, A, = 5.0 so that d =0.1. Omlttmg terms. mvolvmg second

;',and hlgher .order dlﬁ'erences

P(4| 5. l) = 0. 440 0.1(0. 440 0 265) =0, 4225
( 1)2 (0 1) AzP(2|/\‘) Where 50 <A* < 5.1

;;Smce A=P(215 = 0.035, A2P(2 |5.2) = 0.039, A2P(2 |54) = 0.042 and A? increases
L (0.1%

% 0.039 = 0.000195.

0<R<

‘When the interpolation for a given value of A has to be repeated, as for mstance
‘in ﬁttmg a Poisson distribution, the above formula may be written as- follows

" (i} linear mterpolatlon
: : P(z|A) = (1— d)P (] 2g)+dP(x—1]A,)
(11) quadratw interpolation

_._P(aglA).._. (1—d-£d¥2) P|A,) +(d—d2)P(x—-1|/\o)+ P(w 2| Ag)
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Example

Fit a Poissc_)ﬁ law to the frequency distribution of number of defects in 377
metal- sheets produced” in-a factory.

" No. of i Nuxﬁber of Poisson

"defects sheets frequency
0 181 190.4
1 142 129.9
2 47 44.6
2 6 10.0
4 1 1.8
5 and above ) — 0.3

‘Total L 377.0

The mean of the observed frequency distribution is 0.684 which provides an estimate
for A of thé Poisson distributionr to be fitted. The nearest tabular argument A in
Table, 2.1 is.0.70 so that d = —0.016. Using the formula for linear interpolation
P(0}0.684) = 0. 504952 P(l|0 6849) = 0.849552, P(2|0. 684) = 0.967952, P 3[0 684)
= 0.994448, P(4]0.684) = 0.999080 and P(5/0.684) = 1.0. The values of p(z| 0.684)
for 2'=0, 1, 2,3, 4, 5 are 0.5050, 0.3446, 0.1184, 0.0265, 0.0046, 0.0009, The Poisson
frequencies ob,tained ‘by multiplying these by 377 are shown in the last column.above.

Table 2.1:i particularly useful in working out the operating charateristic
curves of acceptance sampling plans by attributes. Poisson distribution ‘is "also
applicable in a variety of industrial afid other sntuatlons such as number of accidents,
defects in cloth, defects in qastmgs, frequency . of breakdown of machines, demand
for spares etc..

c. Some other tables of the Poisson distribution

1. Mof.ma, ‘B. C. (1942): Po'ié.;on'sEzponentidl Binmial Limit, Van Nostrand Book Company, New

YO]‘L

Individual terms and _cumulativé termis of ‘the - dlstnbutlon, ‘correct to 6 and 7 places for

. A= 0.001 (0.001)0.0% (0 01j0. 3(0.1) 15(1)100

2. Krracawa, Tosro--(1952)r Tables of Poisson Dzstrzbutzon, Balfukzm, Talkyo
Indxvxdual ‘erms, ¢orrect to 7 and -8 decimal places for x = 0. ODI (0.001)1(0.01) 10.00.

3 PEARSOW, E. S and HARTLEY, H. O. (Eds) (1957) : Bzom_e;rz/ca Tq_bles_ fqr.Statzstzczans. Biometrika

“Trust,’ Cambridge Unxver51ty Press..

Table 7: Probabxhty integral of the x® distribution and the cumulatlve sum of the Poisson
distribution correct to five'decimal places for x = 0 000.)(0 0005) 0.005, 0. 005(0. 005) 0.05, 0.05(0. 05)

1.0, 1.1(0. 1) 5. 0 5.25(0. 20) 10'0, 10.5(0. 5) 20.0, Zl L 0) 60 Bnd Table 39 : Individual terms of the
Poisson distribution, x = 0.1(0,1) 150 '



TABLE

Enbries in body of table give the probability of & or less when the wpectod numker is that

2.1.

THE I’OI%\O\ DISTRIBUTION-CUMULATIVE PROBABTLTTIES

THE POISSON DISTRIBUTION

given in the left mazgm of thy table

a\:x;‘ 0 1 2 3 4 5 8
0 02 L0580 ). 01.50
0.0 |61 999 1.000 ’
: 0.66 942 998 1.000
0.08 9 923 9070 Lioon
0,10 { w905 995 1 .01001
015 861 990 998 1.000
0.20 | 19 - 0% as9  1.000
025 | 19 o7 998 1.00.
0.30 a1 963 .996  1.000
0.35 | .705° .851  .994 1.000
v.40 | 670 938 092 1999  1.000
045 | 638 925 089 .999 1,000
0.50 | 607 ..wi0. 986 998  1.000
To8s | 894 .982- 998 1.000
0.60 | .549 878 - 977 .997 -1.000
0.65 | 522 861 .07 996 1999 1.000
0.70 | .497 844 966 994 999 1.000
0.5 | 472 827 -.959 903,999  1.000°
o500 1 449 1809 .953 991 999  1.000
Co.85 | .421 191 045 980 .998  1.000
0090 | .07 772 93T .98 .998  1.000
10.}95 381 754 .920 984 .997  1.000°
1.00 | 368 736 92 981 - .996 999 1\1:000
1§ 333 699 900 974 .95  .999 1.000-
1.2 .301  .663  .879 .96  .992  .998  1.000
1.3 | .213 621 857  .957. ..089 '.998_ 1.000 _
1.4 | 241 502 3 046 986 997 099 1.000
15 223 T 558 S809 L 934, 981 996" <009 Logy
1.6 | L2020 525 73 21 976 994 - .am9 1.oon
11 |y 493 7 907 970 992 998 1.000
1.8 165 .463.  .731  .891 - . .964° .990 ;997- -‘:'999 1;000
1.9 150 436 . 704 875 956 987 997 1,999 1000
2.0. 135 406 67T . 85T 047 983, .995 999 1600
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N 0 1 2 3 4 5 6 7 8

2.2 | a1 355 .62 819 .928  .9i5  .093 .998  1.000
2.4 | .001 .308 .570 779  .904  .964  .988  .997  .999 .1.000
2.6 | .074 .267  .518  .136  .877  .951  .933  .995 _ .999 1.000
2.8 | .08l  .231  .400  .692  .848  .935  .976 .992  .998  .999
5.0 | .050 .199 .23  .647 .815  .916  .966  .988  .996  .999
3.2-] .041 .171  .380  .603  .781  .895  .955  .983  .004  .098
3.4 | .033 .147  .340  .558 .74 .871  .942  .977  .992  .997
3.6 | .021 .126  .303 515  .706 844  .927  .969  .988  .996
3.8 | .022 .107  .269 .473 .668  .S16  .900  .960  .98%  .004
4.0 | .018 .092  .238  .433  .629  .785  .889  .949  .970  .992
4.2 | .01& .078 .210  .395  .590 - .753 867  .936  .972  .089
4.4 | .012 .066  .185 .359 .55 720 .84  .921 9G4  .985
46 | .010 .056 .163  .326  .513  .686. .818  .905  .955  .980
4.8 .008 048 143 204 476 .65 .791 .887 944 975
5.0 | .007 040  .125  .265  .440  .616  .762  .867  .932  .96%
5.2 { .006 _.03¢ .109 .238 206  .581  .732  .845  .918 0G0,
5.4 | .005 .020 .095 213 .373  .546  .702  .82%  .903  .951
5.6 | .004 024 .082 .11  .342 - 512 .670  .797 .86  .0dl
5.8 .008 021 .07z 170 313 - .478  .638 771  .S67  .920
6.0 | .002  .017 .062 .15l  .985  .446  .606  .T44 84T 916
.A\x 10 11 12 13 14 15 16

2.8 | 1.000

3.0 | 1.000

3.2 | 1.000.

3.4 | .999 .1.000"

3.6 1,999 1.000

3.8 | .908 ~ .999  1.000

2.0 | 997 .99 1.000

4.2 | .906  .999 " 1.d00 .

4.4 | L0084 - .998 .99 1.000

4.6 | 992 997 999 1.000

4.8 | .990 .99 ..399 1.000

5.0 | .986  .995  .998  .999 1.000

5.2 | .982  .993 - .997  .999 1.000

5.4 | 977 .990 © .096  .999 1.000 .

5.6 | 972 .988 895  .998 .99 1.000°

5.8 | .965  .984  .993 - .997  .999 1.000

6.0 | .957° .98G . .991  .996 .999  1.000-

.999
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N 1 2 4 5 6 9
6.2 | 002 .015 .054 134 .250 .4l4 574 .76 826  .902
6.4 | .002 .012 -.046 119  .235  .384 542  .687 - .803  .886
6.6 | .00 .010 .00 .105 .213 .365 .51l  .658 .780  .869
6.8 | .001 009 .03« .093 .192  .327 . .480 .628  .765  .850
7.0 | .000 .07 .030 .0s2 .173 300 .50 599 .720  .830
7.2 | .00L. .006 .025 .072 156 276  .420  .569  .703  .810
7.4 | L0001  .005 .022 083 .l40 .253 .92 .530  .676  .788
7.6 | .001 - .004 019 055 .125- .231  .365° .510  .648  .765.
7.8 | .000 .004 016 .048 .11z  .210 .438 481  .620 .74
8.0 | .000 003 014 .02 .00 .191 313 - 453 503 117
8.5 | .000 .002 .009 .030 .074 .150  .256 .38  .523  .653
‘grp | L0000  .00L 006 .021  .055 116 .207 324  .456  .587
9.5 | 000 001 004 .015  .040 089  .165  .260  .302 .52
10.0 | 000 .000 .003 .00 .02 067 .130 _ .220  .333 - .45%
R\x 10 1L 12 i3 4 15 16 17 . 18 19
6.z | 949 .075 .08 995 998  .999 1.000
. 6.4 | .939  .969 986  .994  .997  .999 1.000 ,
8.6 | .921 963 982  .992 997,099 .9%9 1 .000
6.8 | .915 955 ..978  .990  .996 _ .998  .099  1.000
7.0 | 001 .e4r .73 987 994  .998  .009 1.000
7.2.] .887 937  .967 .984  .993  .997  .909 .999  1.000
7.4 | .87l .926  .961  .980  .991° .996 ..998  .999 1.000
7.6 | .85¢ 915 - .954 .976 .989  .995 .968  .999 1.000
7.8 | .835 .902. .945  .97L  .986 993  .997. .900 1.000
s.0 | .816 .88 .936 966 .983 - .092  .906  .998  .009 1.000
8.5 | .763  .849- 909  .949  .973  .086° .993- .097  .999 ~ .909
9.0 | .706 1803 .876  .926  .959  .978. 988  .995  .998  .099
9.5-| t645 .752  .836  .898  .040  .967  .982  .991  .996  .998
100 | .583 . .697 .792  .864- .917  .050 .93  .986  .993  .997
NI 22
8.5 |1.000
9.0 [ 1.000
9.5.| .99 1.000
0.0 | .998  .999 1.000 .

45
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*

(=]

i

Y
L

RS 3 4 5 6. 7 8 9
10.5 000 .00 .002 .007 .021 080  .102 .79 .279 .30
11.0 .000  .000 .00l  .005 .015  .038  .079  .143  .232 . .34l
11.5 .000 © .000  .00L  .003 .01l  .028  .060 .14  .191. .289
12.0 000, .000 .00l  .002 .008  .020 .046  .090  .155° .242
12.5 000 .000 .000 .002 .005 .05  .035 .070 _.125 .20l
13.0 000 .000 .000 .01 .004 .01l  .026 .054 .100  .166
13.5 000 000 .00 .00l  .003- 008 .019  .041 -.079  .135
14.0--| .000  .000 .000 .000 .002 .006 .014 .032  .062  .109
14.5 000 .00 .000 000 .01  .004 .010 .024 048 .08
15.0 000 .000 © .000 .,000. .001 .003  .008 .018  .037  .070

)\\a: 4'0. 11 12 13 11 15 16 17 18 19
"10.5 521 639 .74z 825 888 932 .960 978 988 994
11.0 460  .579  .889  .781  .854  .907  .944  .968  .982 991

-1L.5 402, . 520 633 733  .815  .878  .924  .954  .974  .08%
12.0 347 .62 .576  .682  .712  .844  .899  .937  .963  .979
12.5 | .207  .406 - j.51_9 ' 6‘2‘8l 125 ..806  .860  .916  .948  .969

C13.0 252 © .353  .463  .573  .675  .76a  .835  .890  .930°  .957
1355 | .11 304 409  .518 - .628 718 ,T08 861  .908 .04
14.0 | .176  .260 .358 (464 . .570  .669  .756  .827  .883  .023
145 | .45 220 31 413 518 619 L 790 .853 901
15.0 | .118 (185 268  .363 _ .466  .568  .664 749  .819 - .875
O\ 20 . 21 22 23 24 - 25 26 27 28 29
10.5 .997  ..999  .999  1.000
1.0 | .996-  .998 . .999 1.000 -

1.5 | 002 .90 .998 999  .1.000

12.0 .988.  .994  .007  .999  .999- 1.000

2.5 | .983 .00  .995 © .998  .999  .909 1.000

18.0 975 986 .992  .006  .998  .999 1.000

13.5 | .65 .980 © .989 994  .997  .998 .009 r.uw

14.0 952 971 .983 (991  .995  .997 . .999 .99  1.000

14.5 | .93 ..960  .976  .986 992  .956  .998 .99  ,999  1.000
5.0 91T 947 967 981  .980  .994  .997  .998  .999 1,000
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.991

.697

N 7 8 v 10 S B
16 000 ool 004 010 .022  .043  .077  .127  .193 . .275
17 0000 001 002 005 013 .026  .049  .085  .135 .20l
15 000000 LoD1 003 .007  .015. .030  .055  .002  .143
19 2000 .000  .OOL  .002 004 7009 .018  .035  .060  .098
20 000 .000 0 000 .00l .002 . .005  .0LL 021  .039-  .066
21 000 0000 .ga0 000 .001  .003  .006  .013  .025  .043
.22 000 000 .000  .000 .01 .00Z  .004 .008  .015  .028
23 000 .000  .000  .000  .000  .001  .002  .004  .0090  .017
2 000 .000 .00 000 .000° .600 001  .003 _.005, e
25 000 © 5000 .000 000 000  .000  .001 .01  .003 006
14 15 16 17 18 ‘19 20 21 22 23
18 .368 467  .566  -.659 . 742 812 868  .9l11  .942  .963
17 .281  .371  .468  .564  .655  .736 - .805 861  .905  .937
18 208 .287  .375 .69  .562  .651 .1  .199 1855  .399
19 150 .215  .202 378 469  .561 647 725 793  .849
20 105 157 .221 207 .381  .470-. .550  .644  .721  .787
21 072 111 .163 .227  .302  .384 470 558  .640 .TI6
22 .048 077 117 169 .232 306  .387  .472.  .556  ..637
23 031 .052° .082  .123  .175  .238  .310 389  .472  .555
24 020 .034 056 .087 128 .180 (243 314  .392 .43
25 012 .022  .038  .060  .092 13¢  .185 ..247  .318  .394
‘ 24 25 26 27 28 200 30 .31 32 33
T .978 987  .993 .99  .998. .999  .999 1.000
19 859  .975 985  .991  .995  .097  .999  .909 1.000
18 832 .956  .972  .983  .990  .bo4  .997  .998  .999  1.000
i .803  .827  .951  .969  .980  .088  .993  .996  .998  .099
20 843  .888  .922  .948  .066  .978  .987  .G92  .995  .007
21 782, .838  .883  .017  .044  .D63  .976  .985  .991  .994
22 12777, 832 871 813 .040  .959  .973  .983  .989
23 .35 .708  .772 827 873 008 936  .956  .971 .98l
2 554 .632-  .70¢ 768 823  .B68 - .904  .932 953 969
25 473 563 .620 700  .763  .61§  .863 - .900 .92  .950
34 35 36 37 38 39, 40 41 42 43
g 999 1.000
) 968 L9986 L.0u0
1 997 .998 999 999  1.000
2z 894 .986 .99  .969  .999 1.000 -
) B88 .903 806 907  .990  .080 1.000
% Y9 .88T 992 995 .09  .998  .990  .999  1.000
25 866 578 . .085. 994 998 999 699

1,040
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TARIAS 2.18. P(z{A) FOR SMALL VALUES OF A

[A =" 0003, 0.001:(0.001) 0.0091

R ) ——

x 0.0005 0.001 0.002 0.003 - 0.004

0o - .9995001 9990005 - 9980020 8970045 . 9960080

1 | .9999999 " 9999995 * 9999980 9999955 9999920°

2 1.0000000- 1.0000000 140000000 , 1.0060000 1 0000000

NG - 0.005 0.006 9.007 ~ 0.008 0.009

0 19950125 _ .9940180 9930244 .9920319 - .9910404

1§ .9999876 .9999821 .9999756 9999642 .9999598

2 1.0000000 1.0000000 9999099 .0999999 ©.9999999

3 : _ : 1..0000000 ©1.0000000 " 1.0000000

For sinall values of 7 and-large values of # (for m < 0.10 and d'éﬁn‘itel'y' for
‘nm < 5) the binomial distribution is better approtimated by the Poisson distribution
than by the normal distribution. For example tp find the probability lof getting 5 or
less defectives in a sample of 200 items from a.process with ﬁ“action defective 0.02,
we have nr = 0.02x200 = 4. From Table 2.1 for A= 4and z = 5. the required
probabxhty is 0.785 which is close to the true value of 0. 78672. !

For..large values of A, the following hormal’*appro,gz‘ima;tion may be used.

1 GH0S=NE gy,
Pal =g [
4 -‘—w

For example to find .P.(;r [A) ‘fo'r— A = 25 and x = 27, we-have

@40.5=A 2740525
oulll 5

= 0.5
" From Table 3.1,  the probability for tiormal deviate 0.5 is 0.5000004-0;1_91462
=-0.691462, whlch is close to the true value of P(x[f\) = 0.700"

: There ex1sts an exact relationship between cumulative Poisson ‘probability- and
'the probablhty integral of the X2 dlstrlbutlon L.

Lu -1

, P(x_|/\)=2-‘/2 {r(u/z)}-l fe P o du
. - 2%

where v = 2(..’17“-}- 1) for @ =0, 2:..... efc.
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2.2. CoNFIDENCE INTERVALS For Tur PorssoNn MEan

a. Introduction

Table 2.2 gives two sided 95+9, and 99+% confidence limits for the
Poisson parameter A (which is the mean of the Poisson distribution) based on a
single observation . Since the sum of » independent Poisson variables is also distri-
buted according to the Poisson law with parameter nA, we can find, by considering
the sum of the observations as the variable, the confidénce interval for nA and hence
for A, when there are n observations from the Poisson distribution.

The confidence intervals given in Table 2.2 follow the same principle as
mentioned in 1.3a and are based on tables provided by Crow and Gardner (1959).

The limits in Table 2.2 are given correct to two places of decimal, for values
of & = 0(1)50. For higher values of & one may use the following limits derived from
the normal approximation to the Poisson distribution

confidence coefficient lower limit upper limit
0.95 2—1.96 vz z+1.96 /%
0.99 z—2.584/% x+2.58 /T

Example. A total number of 30 seeds were observed in a sample of # = 20
glass sheets manufactured by a certain process. It is required to find the 959 con-
fidence interval for the process average number A of seeds per sheet.

Entering Table 2.2 with z = 30 the 959, limits for nA (n = 20 in this example)
are read as (20.33, 41.75). TFor these the 959, confidence limits for the process
average number (A) of seeds per sheet are given by

20.33 41.75
(—~20 , ~——20..) or (1.02, 2.09).
b. One sided confidence limits

With ¢ as the observed value of z, the 10009, lower bound on A is the smallest
value of A that satisfies the inequality

Q1) = £ p|2) > 1.

1

. . 2 A ot fe— i
Slnce Q(Gl ) = 0“" —f(—c-)——— t
the 10029, lower bound for A is seen to coincide with half the value of the lower
100(1—a)%, point of the chi-square distribution with 2¢c degree of freedom (Table 5.1).

Similarly the 100¢%, upper bound for A is given by U/2 where U is the upper
100(1—a)9% point of the chi-square distribution with (2c+2) degrees of freedom,
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Ezample. The upper 5%- point of chisquare with 62 d.f. is 81.4. Hence with
the same data as in the earlier example one may assert with 959/, confidence that the

1 1
average number of seeds per manufactured sheet does not exceed 55X 3 X 81.4 =2.035.

-

¢c. Tests of significance

Table 2.2 can be used for testing a simple hypothesis regarding A when alter-
natives are both-sided. A hypothesis is rejected when the value of A it specifies falls
outside the confidence interval corresponding to the observed value of .

Table 5 would similarly be useful for one sided tests on A.

d. Some other tables

1. Crow, E. L. and Gardner, R. 8. (1959) : Confidence Intervals for the Expectation of a Poisson Vari-
able, Biometrika, Vol. 46, pp. 441-453.

80+, 90+, 95+, 99+, dnd 99.9+9, confidence intervals correct to two places of decimal, z =
0(1)300.

2. Pearson, E. S. and Hartldy, H. O. (Eds.) (1957) : Biometrika Tables for Statisticians, Biometrika
Trust, Caimbridge University Press.

Table 40 : 90+, 95+, 98+, 99+ and 99.8¥9% confidence intervals, correct to two places of decimal,
obtained from two sided tésts with equal tail areas. z'= 0(1)30(5)50.

TABLE 2.2. CONFIDENCE INTERVALS FOR THE POISSON MEAN

95+9, and 99+9%, confidence coefficients

x 959, limits 999, limits x 959, limits 999%, limits
0 0.000 3.285 0.000 4.7171
1 0.051 5.323 0.010 6.914 26 | 16.77 37.67 15.28  41.39
2 0.356 6.686 0.149 8.727 27 { 17.63 38.16 15.28 42.85
3 0.818 8.102 0.436 10.473 28 |, 19.05 39.76 16.80 43.91
4 1.366 9.598 0.823 12.347 29 | 19.05 40.94 16.80 45.26
5 1.970 11,177 1.279 13.793 30 | 20.33 41.75 18.36  46.50
6 2.613 12.817 1.785 15.277 311 21.36 43.45 18.36  47.62
7 3.285 13.765 2.330 16.801 32| 21.36 44.26 19.46  49.13
8 3.285 14.921 2.906 18.362 33 | 22.94 45.28 20.28 49.96
9 4.460 16.768 3.507 19.462 34| 23.76 47.02 20.68 51.78
10 5.323 17.633 4.130 20.676 35| 23.76 47.69 22.04 52.28
11 5.323 19.050 4.771 22,042 36 | 25.40 48."74 22.04 54.03
12 6.686 20.335 4.771 23.765 37 1 26.31 50.42 23.76 54.74
13 6.686 21.364 5.829 24.925 38 26.31 51.29 23.76 56.14
14 8.102 22.945 6.668 25.992 39 27.73 52.15 24.92 57.61
15 8.102 23.762 6.914 27.718 40 | 28.97 53.72 25.83 58.35
16 9.598 25.400 7.756 28.852 41 | 28.97 54.99 25.99 60.3
17 9.598 26.306 8.7217 29.900 42 | 30.02 55.51 27.72  60.59
18 | 11.177 27.136 8.727 31.839 43 | 31.67 56.99 27.72 62.13
19 | 11.177 28.966 10.009 32.547 44 | 31.67 58.72 28.85 63.63
20 | 12.817 30.017 10.473 34.183 45 | 32.28 58.84 29.90 64.26
21 | 12.817 31.67 11.242 35.204 46 | 34.05 60.24 29.90 65.96
29 | 13.765 32.277 12,347 36.544 47 | 34.66 61.90 31.84 66.81
23 | 14.921 34.048 12,347 37.819 48 | 34.66 62.81 31.84 67.92
24 | 14.921 34.665 13.793 38.939 49 | 36.03 63.49 32.55 69.83
925 | 16.768 36.030 13.793 40.373 50 | 37.67 64.95 34.18 70.05
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3. THE STANDARD NORMAL DISTREBUTION

3.1. ORDINATES AND PROBABILITY INTEGRAL

a, Introduction -

Table 3.1 provides, corréct to six places of decimal, values of the ordinates
of thestandard 110rmal_ distribution

N) = N(xl() 1)_ v%_a’“@',x/:_ 0(0.01).3(0.1) 4

and the values of the probability iﬁtegrdl
 Px)s j N(w)dw for x = 0(0 001)'3 (0.01) * (0.1) 4.9.
From symmetry .N(x) = »N_(—x) and for non-nega,tlve numbers ¢ and b, (¢ <’.b”)

} Nk = PO)—~P(@) = | N
.'}N(wjdwc ’P(b)l}—P(a) - i N(w)dw

Example.. The score S in & certa,m test is'known to be mormally dlstubuted
with mean 50 and standard dev1a.t10n 10. Determine the proportion of cases for Whlch
the scores lie between (i) 35 and 55, and (i) 55 and 67.
 The distribution of w = (8§—50)/10 is standard nérmal. “Hence for (i) the

0.5- . : ' . L
answer is | N(w)dw = P(0.5)-P(1.5) = 0.191462--0.433193 = 0.624655.
15 . ' S - T
Similarly the answer for (ii) is
T _ ) o L ’
N(w)dw = P(1.7)—P(0.5) = 0.455435—0.191462 = 0.263973.
0.5 . .

b. Demvatwes of N(x)

The Tchebycheff- Hermlte polynomials- H,(:v) are deﬁned by equa,twnb

(x)_m—( )x'-3+1><3( )'—4_ 1>’<3'>‘<5'('.g)xf—'6+1x.3-x5xv(§g)x*-.s_
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The table below gives the coefficients in H(x) for r upto 10

COEFFICIENTS IN HERMITE POLYNOMIALS

r z. 23 25 a1 ao | @0 @2 xt a6 a8 w0
1 1 | ’ 2] -1 1 '

-3 -3 1 4 é 6 1
5| 15 .—10 @ 1° 6| —15 4 -15 1 ' i
7] =105 105 —21 1 s| 105 —420 210 —o8 )
9| o945 —i260 373 —36 1 10| —945 4725 -3150 630 —d5 1

¢, Direct interpolation in Table 3.1

Formulae for interpolation afe derived from the fpﬂoﬁng Taylor expansions :

N@) = Ny [1_."—&»Hl(xo’>+‘f Hfeg~ Himt...]

_ N(%)f 40 (xZ—l) i 2 ‘+__.;]-

6

P(g) = P(xo)+N(xo)[ S B+ S H ey~ ]

—P(xo)+N(xu)[ “2”°+“(“2 _l) W]

where x, denotes the tabula.r argument nea.rest tox for Whlch answer is required and
a = Z"'"xo ' ’

For N(z), the maximum error in using upto linear- terms (hnear in a) is 0.1996a%
and upto quadratic: terms is 0.09184%- For P(z) the maximum error mn using upto
lmear terms only is 0 1210a2 and upto quad:atlc terms, is 0. 0665(13

E'x'a.Tnple L Determine N (0 0149)
Choosmg xo = 0.01, we have a=0. 0049. Then

,N(.0149) N(zo)[ _ax+a(w§—l)]

= ;0.39392_2_(1—0.000049—0.000012) = 0.398898 (to 6 decimal places)
. Eiample 2. Determine P(1.0236)
We use a shghtly dxﬁ'erent formula for mterpola.tlon of P(a:),

P(x) P(a:o)-{-N(z') [a;_;]
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whero 2, is the tabular argument closest to % and & is x, rounded to two places of
decimals. The substitution of N(xz§) for N{z,) in the original formula does not
introduce any serious error and the accuracy of this formula is compa}ta.ble fo the

V' one considered carlier. Choosing %, = L. 024, we have a =—0.0004, and % = 1.02.
Then ' . PQ.0236) = 0. 349432.--0.237132 X [ —0.0004] ’
= 0. 349432~0 000095 = 0.349337 (to 6 places)

d. Inverse imerpoiation

Supposo it is required ‘to find @ corresponding to a given value of P(x)
between two consecutive tabul&r entries in Table 3.1. Let 2, be the argument corres-
~ponding to the nearest entry. The following formula determines x correct to five

pla,ces of dec1ma.1 for x < 1 1:663 and ab least to four decimal pl&ces elsewhere :

. AP (%)
. x—%+ N(z,)

- ' Exdmple 3 Detem']ihe x for which P(x} = 0.25.

As in the formula for P(z) in example 2. the. a.bove fmmul& can be rewritten as. '

"'P(x(o)
x—x+ .
0 N(xo)
e " 000156
Choosing z, = 0.674, we;have :z:0 = 0 67. Then 2 = 0.674- B 318737 =0, 674_{-0 0049

'=_0.67449 (to 5. decimal pla,ces).

e. Some other tables

1. [U.8.3 NATIONAL BUREAU OF SrANnAnDs (1953) Tables of Normal Probability Functions, Api)iie'i
: Mathematws Serics . 23, \Vushmgton ; : e ’ o

Table T’ glVGb N(z)’ ‘and fN(w)dw correct to 16 pl&ces of decunal for z = 0(0;0001)1(0-001')
1. 300 (vanous) 8. 285 Tu,blo 1L gwes N(z) and j'N(w)dw comct to 7 mgmﬁc!\nt ﬁgnres
6(0.01) 10. .

2, HARVARD UNiVERSITY. Comrumuou 'Lmdx'n\:'rony (1952) Tablss of zhe Error Funotwn and :
First Twenty Derivatives. The Annals of the Lomputamon Laboratory of Harvard University, :

_Harvard Umv Press, Oambrndge (Ma.ssachussetts)
"The contents are as follows

]'N(.w)d.w : 6 dec’ 0(0 004) 4 892
0 - P
Nizy  Tedec ~0(0 004) 5.216
ni-th desivative DUN(2) i— :

Con= L)L C 6dec 0(0.004) 6.463

r = 5(H10 6 dec. 0(0.004) 8.236

C owm=l1ans . Tfig 0(0.002) 6.198

o - ond 6dec 6.2(0.002) 9.61

n = 16(1)20 . 7fig - 0(0.002) 8.398

‘and 6dec 8.4(0.002)10.802.
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3.2. PrERCENTAGE PoInTs
a. Introduction

For various values of p, Table 3.2 provxdes the upper 100p%, points. of the

absolute value of the standard normal var iable, or more explicitly it gives the
value of x satisfying the equation.

P - F N(w)dw-+ f—z Nw)dw = 2 F N(w)dw -

o

Smce s= [N w)dw, the ta,bula.r values may also be interpreted as the upper 50p%

K
point of the standard norma,l va.rlable. The lower 50p%, pomt can be obta.med by -
prefixing a nega.tlve sign to the- value of the - upper 50p% point. . Thus readmg
against p = .24 in Table 3.2, the upper 12% point of the standard normal variable is
obtained as 1. 174087. The, lower 12%, point is therefore —1.174987.

Table 3.2 a}so provides a short table of p (the probability of -an_ obsewa.tlon
f'»lhng outside the range - —x to z) for the following values of x

: = 0.25, 0.5(0.5) 5.0.
b. Application ’ _
Table 3.2 is useful in tests of significance. particularly in large éam‘p‘le tests
using standard errors (see Chapter IV in Part I) and together- with: Table 3.1,in.a
limited sense; for prcblt analysis. A further use is in Cornish-Fisher type expan31ons‘
for the fraetiles of other variables having asymptotically .a standard normal- distribu-

tion. For ¢, F and X? these expansions are prov1ded in etpla.natory notes precedmg
the corresponding tables.

TABLE 3.2 THE STANDARD NORMAL DISTRIBUTION: PERCENTAGE POINTS
' OF ABSOLUTE VALUE

pof . 0 1 2 3 4 5 6 v 8 .9

.0 o 2.575829 2.326348 2.170090 2.053749 1.959964 1.880794 1.811911 1.750686 1.695398
1 {1.644854 1.598193 1.554774 1.514102 1.475791 1.439531 1.405072 1.372204 1.340755 1.310579
-2 11.281552 1.253565 1.226528 1.200359 1.174987 1.150349 1.126391 1.103063 1.080319 1.058122
-3 [1.036433 1.015222 .994458 .974114 .954165 .034589 .015365 .806473 877806 .859617-
4 | 841621 .823894 .S06421 .789192 .772193 .755415 .738847 .722479 . .706303 .690300
5 | 674400 .658338 643345 .628006 .612813 .507760 .582842 .568051 .553385 538836
6 | 524401 .510073 .495850 .481727 .487699 .453762 .439913 .426148 .412463 .308855
.7 | 385320 371856 .358459 .345126 .331853 .318639 .305481 .202375 .279310 266311
'8 | .253347 240426 .227545 214702 .201893 .IS9118 .176374 .163658 .150969 .138304
29 | ;125661 .113039 .100434 .037845 .075270 .062707 .05015¢ .037608 .025060. .012533
> | . .00l .000,1 .000,01  .000,00T  .000,000,1 .000;000,01 .000,000,001
e | .. 3.29083  3.89059  4.41717 4.89164  5.32672 5.73078 6.10941
. 0.25 0.5 1.0 1.5 2.0 2.5 3.9 3.5 4.0 4.5 5.0
p | .802587 .617075 .317311 .133614 .045500 .012419 .002700 .000465 .000063 .000007 .000001

ax: The first digit of p after tho decimal point is given in the column and the second digit
in the row:



4, THE -DISTRIBUTION
a. Introduction

Table 4.1 gives the p-th fractile of the t-distribution, for degrees of freedom
v = 1(1)30, 40(20)100, oo, the values of p being :

0.6,.0.7, 0.75, 0.8, 0.85, 0.9, .95, 0.975, 0.99, 0.995, 0.999, 0.9995.
Fractiles for the following values of p can also be easily deduced from Table
4 1, by changing sign because of symmetry (about the origin) of the ¢-distribution :
p : 0.0005, 0.001, 0.005, 0.01, 0.025, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4,

Eaample : To find the fractile of ¢ for v = 4, p = 0.05.

The required fractile is —2.132 (2.132 being the 0.95-th fractile of ¢ for 4
degrees of freedom).

The last six columns of Table 4.1 directly provide critical values of |¢| for
two-sided tests at the 109, 59, and 29, 1%, 0.2% and 0.1%, levels of significance
respectively. They also give the critical values of ¢ for upper tail tests at the
significance levels of 59, 2.59%, and 19, 0.5%, 0.19, and 0.059%. A negative sign
prefixed to these values would provide the critical values for lower tail tests.

3. Computing the fractiles for other degrees of freedom

For higher values of v Cornish-Fisher expansion of ¢, (the p-th fractile of ¢ with
v d.f.) may be used to determine its value to any desired accuracy

oy L L 5168y | 1 8aT4 10254 1700 — 16
Py _‘”Jr“v( n ) v2( 96 ) ! v3( 384 >

1 7 79294-776a7148225—192023—945x |
v ( 92160 ) +e

where 2 is the p-th fractile of the standard normal distribution.

Values of x(the first term) and the coefficients of 1/v, 1/v2, ete. in the expan-
sion, for the different values of p covered in Table 4.1 are shown below

COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION

value of p

coef. .
of | .975  .995 .9995 .95 .99 999 .6 1 5 .8 .9

1 1.95996 2.57583 3.29053 1.64485 2.32635 3.09023 0.25335 0.52440 0.67249 0.84162 1.28155
v §2.37227 £.91655 9.72073 1.52377 3.72907 8.15013 0.06740 0.16715 0.24533 0.35944 0.84658
vz § 2.8225 §.8348 96.1330 1.4202 5.7197 19.6925 0.0107 0.0425 0.0795 0.1477 0.5709
1jve § 2.556 12.144 53.169 0.983 6.716 36.154 -0.009 -0.012 —-0.005 0.017 0.259
It 1.6 12.1 79.4 0.4 5.6 48.6 0 0. 0 0 0.1

# Sufficient ﬁgurcﬂs‘ :,u:e f-sbained to ensure gecuracy in the fourth decimal place for n > 30,

The coefficients for » == 0,853 of 1, 1/v, 1% 1/v® and 1/v* are 103643, 0.53744, 0.28023, 0.078 and
0.0 respectively.
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Applicaﬁens
Some uses of T&ble 4.1 are ﬂlustr&ted
(1) One sample problem-—test and conﬁdence 'mterval

Example The mean’ a.nd sa.mple variance of h‘n'dness (Rockwell E) determmed
from a sample of 10 pieces of dxe cast a.lummmm are

1 = 2.5,

7 =685 =

vAre these consistent with the hypothems that the average hardness pin respect of

o the manufacturmg process is 70 ?

/\/* —3.0, and|t|~30'

The 5%, a.nd 1% level values of ]t] for & two-slded tesﬁ) for 9 d.f. bemv 2.262
- and 3.250 respeetwely, the hypothesis can be rejected at the 5% level: On the ba.sna
of the data a 95% confidence statement of the followm«r kmd ean be made :

‘(‘a) »’11_4(,1(>‘é‘s'_noﬁ eXCeed‘x.—{‘-ln.833.;—\7ﬁ = 69.42,

":51" by » does not _fa.]l:beldw'»ﬁ——l 833 7: = 67.58, .

[ lies bet E—2.262 —= = 67.37 and £-42.262 —— == 69.63
or (c_)_ e lies e yveen —2.262 s = 67 n + T

_ Where 10 under square Toot in the denominator is the sa,mple size and 1.833,2. 262
are upper 5 9% and two-suled 5 % values of t from Table 4.1 correapondmg to
-1 (—~ 9ydf :
(n) Two-sample problem

* Example : The unpa.ct strength rea.dmgs in foot pounds in sa.mples of sheets
from two lots were summa.nsed a8 foIlows :

‘Lot 1-;, Sample sme g = 8

z(xn"‘fﬂz B

:21'—- 0.025, 5% = rye 087,
Lot é Sample sme nz = 10
2= 0857, o = -Z-(ﬁ*—':-i-’?l— = .079.

. Do the iots differ sxgmﬁeantly in respect of -theve.verage imi)aot strength? |
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Assuming that the lots are of equal variability,

b= ("zjl——fz) _:' \/(.—1— +’no) (nl_—l)sl"}‘(no ) 0 499

7y Nyt Tp—2

The 5%, value of |¢] with nl—l-ng—u = 16 d.f. being 2.120, the data do not lead to ve-
jection of the hypothesis that the two lots have the same average impact streng th.

(iii) Regression problem
Bzample : The thickness of zine coating on 12 pieces of galvanized sheets

were determined by the standard stripping method (X) and a magnetic method ().
The least squares line of regression of ¥ on X and other statistics were as follows

Y = —0.234-1.17z.

8., = Zai—nz® = 298,015, §,, = Zyi—ng? = 410,345, §,, = Jxyy,—n3j = 348,915,
b= 8,,/8,; = 1.17, B = Residual sum of squares = 8,,—8S2,/8,,=1,836. Test if
the regression coefficient is significantly higher than 1 at the 1%, level.

o 7 I T
= (b—1) =~ /?_:_.2_‘;_3.__—:(1.17—1)-.— Jm 6.849.

The upper 1% value of ¢ with n—2 = 10 d.f. being 2. 7 64, the observed regression coeffi-
cient is seen to be significantly higher than 1 at the 19, level.

(iv) Significance of the correlation coefficient

Example: Is a correlation of = 0.52 between green weight and yield of jute
fibre, observed on 20 jute plants significant ?

—_ 7
b= a/p—2 -—e—= = 2.583.
| VitE i
The 5%, and 1% values of |t (for two-sided test) with »—2= 18 d.f. being 2.101 and
2.878 respectively, the observed correlation is significant at the 59, level but not at
the 1% level. (This test is however valid only under the assumption that the joint
distribution of the two variables under study is bivariate normal).

5, S@mé other tables

1..Pearsox, E. 8. and Harrizy, H. 0. (Eps.) {1957):

‘ Biometrika Tables for Statisticians, Biometeiku
Trust, Cambridge University Press.

Table 9 gives the incomplete probability mtegral of t forv= 1(1)24 30,40,60,120, w0 ; ¢t = 0(0.1)
4(0.2) 8 for v < 19 and = 0(0.05) 2 (0.1) 4,5 for v > 20.

2. Feperienr, E. T. (1959): Extended Tables of the Percentage Points of Student’s tdxstnbuhon .
. Jour, Amer. Stat. Assen., Vol. 5&, pp. 683-688.
Gives 4, to three 3 places of decimal for the following values p and v.

p = 0.75, 0.90, 0.95, 0.975, 0.89, 0.995, 0.9975, 0.999, 0.9995, 0.99975, .0.99395, 0.999975, 0.9999§, .
0.999995, 0.9999975, 0.999999, 0.9999995, 0.99999975, 0.9999999.

v = 1(1)30(5)60(10) 100, 200, 500, 1000, 2000 and 10060.
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TABLE 4.1 THE +DISTRIBUTION : FRACTILER AND CRITICAL VALUES FOR TESTS

.

0.60 0.70 0.75° 0.8 0.85 - 0.50 0.95 0.975 0.9 0H.005  0.509 0.9995

.325 727 1,000 1.37%

1 1,963 3.07% 6.314 12.706 51.521 63.657 313.309 636.619
2 .280  .617  .816 1.061 1.386 1.886 '2.920 4.303 6.965 9.935 22.327 31.598
3 277 .584 .785 L978  1.250 1.633 2.353 3.182 4.541 5.841 10.213 12.924
4 -271 .568 . 741 941 1.190 1.53% 2.132 2.776 3.747 4.604 7.173  8.810
5 L2687 .55%  .727. .920 1.1586 1.476 2.015 2.571 3.365 4.032 5.393 §.8369
& L2685 .5653 L1198 .906 .1.134 1.440 1.943 2.447 3.143 3.707 5.208 - 5.959
7 L2863 L5456 .711 .896 1.119 1.415 1.895 2.365 2.998 3.499 4.735 5.408
8 .262 546 .T706 889 1.108 1.397 1.860 2.306 2.896 3.355 4.501 5.041
9 261,543 .T03 .883 1,100 1.383 1.833 2.262 2.821 .3.250f 4.207 4.781
10 V260 .B42 L1060 .879 1.063 1.872 1.812 ZTUUZE 2.764 3.160 4.144  4.587
11 .260  .540 .897 .876 1.088 1.363 1.796 2.201 2.718 3.106 4.025 4.437
12 . .259 .539 . .895 .873 1.083 1.356 1,782 2.179 2.881 3.055 3.930 4.318
13 .259  .538  .§94  .870 1.079 1.350° 1.771 2160 2.650 3.012  3.852 4.221
14 .258 531 .692 L8868 1,076 1.345 1.761 2.145 2,624 2.977 3.787 4.140
15 .258  .536 . .691 .866 1.074 1.341 1.753 2.131 2.602 2.047 3.733  4.073
18 - .258  .535 .600 .865 1,071 1.337 1.746 2.120 2.583 2.921 . 3.686 4.015
17 .257  .534 .689 .863 1.068 1.333 1.740 2.110 2.567 2.893 3.646 3.966
18 257 .534 .688  .862- 1.067 1.330 1.734. 2.101° 2.56% 2:878 3.810 3.922
19 .257 .533 .688 .861 1.086 1.328 1.729 Z.093 2.589 2.861 -3.579 3.883
20 .257  .533  .687 ,860 1.064 1.325 1.725 2.086 2.528 2.845 3.552 3.850
21 .257 .532  .686  .859 1.063 1.323. 1.721 2,080 .2.518 21831 3.527 3.819
22 .256 .532° .68% .858 1.061 1.321 1.717 2.074 2,508 2.819 3.505 3.792
23 .256  .532  .685 .858 1.060 1.319 1.714 2.069 2 =00 2.807 3.485  3.767
24 .256 .531 .885 857 1.059 1.318 1.711 2.064 2.492 2,797 3.467 3.745
25 256  .531 .684 " .856 1.058 1.316 1.708 2.060 2.485 2,787 3.456 3.725
26 .256  .531 684 .856 1.05% 1.315 1.706 2.056 2.479 2.779 3.435 3.707
27 L2686 .531 684 .855 1.057 1.314 1.703 2.052 2.473 2.771 3.421 3.690
28 L2560 530 .683 .855 1.056 1.313 1.701 2.043 2.467 2.763 = 3.408 3.674
29 .256  .530  .683  .854 1.055 1.311 1.699 2.045 2.462 2.756 3.396 3.658
30 .256  .530 .68} L8547 1,055 1.310 1.607 2.042 2,457 2.750 3.385 3.646
40 .255 -.529 .81 .851 1.056 1.303 1.684 2.021 2.423 2.704 3.307 3.551
L] L2534 527 .679 L8488 1.045. 1.296 1.671 2.000 2,390 2.860 3.232  3.460
80 L2564 .527 .678 846 - 1.043 1.292 1.664 1.990 2.374 2.639 3.185 3.416
100 ,254  .526 .6T7 . .845 1.042 1.390 1.660 1.084 2.384 2.626 3.174 3.390
6] L253°  .524 .674 .842 1.036 1.282 1.645 1.960 2.326 2.576 3.080  3.201
2 sided 8%, 69% 509, 40Y 30% 20% 10% 59 29, 19, 0.2% 8.1%
test S o it
1 sided = 409, 30% 259 209 15% 10% 3% 2.5% 1% ©0.5% 0.1% ©0.95%
tost levels of significance for testing of hypotheses |
Note: 1. v represents the degrees of freedom.
- 2. For nny gven p in the top row, the table provides the value of 2, such that the probability of t
being less than ¢ is equal to p For p < 0.5, tp = —Ky_g, fo.50 heing zero always.
3. For tests of significance, use the critical values for different levels of significance indicated in the

last two rows. Tor a {wo sided test (for significance of j¢1) use the'levels in the first row. For one
sided (upper} test use the levels in the second row. For lower one sided test the critical value is the
same as thai for the upper tail with the sign changed. ‘



5. THE x2-'5DISTRIBUTION,
Q. Iﬁtroductlon

Table 5.1 essentlally_ provides, fractiles. of the xz dls’mbutlon for dogrees of
freedom v.= 1 (1) 30 (5) 40 (10) 100, and for valaes

p-—-OOOo,OOl 0.025,0.05, 025 0.50, 075 095 0975, 099 0.995.

Columris (1) and (2) of Ta.ble 5 1 g1ves the lower 1% and 5% va.lues and
. columns (3) and (4) the upper 1%, a.nd 5% values of the distribution of x%. These
entries are useful in one sided tests usmg only the upper or the lower tail.

~* For a two suled test one may use equal- partition of tails at any given level
of mgmﬁca,nce Columns (,5) and (6) provide the acceptable interval of x* at 1% level
_-a.nd .colurans (7) and (8) that ab 5% level. Values of %% beyond the interval on
elther side wilt be declared mgmﬁca,nt " o ‘

Columns (9) to (12) provide an al’ﬁernatwe seb of partlblons of x2 at the 10/,, v
a.nd 5% levels of significance for two. sxded tests . Thes are‘called unbiased pa.rtltxons
.(Xn xz) and. S‘&tlsiy the equa.tlons ' ' '
- e—i-%/z}ﬂ': e—x%/z .
v—2

Ie ,\/2 () dx~—-1—a__(0990r095)

' w(

where v is the d.f. ) _
The la,st three columns of Table 5.1 give the ﬁrsb qmrtlle, median and the third

quartlle of the dlstubutlon

b. Computatmn of fractlles for other degrees of freedom

The followmg expa.nsmn due to COrmsh and Fisher may be used for higher
values of v. ' x2 and x aré the p-th fra.ctlles of x2 (with v d.f. ) and - th(, sta.ndard
. normaJ dxstrxbutlon respectlvely Then.

_'-v+«/v (m/z)+ ? (@~ 1)+ V—(”"7”)

92 ‘
- <6x4+14x~—-32)+ 1 . ( 9x°+256x3——433x
v 405 vy 48602 )

L1 (12x6_—243x4—923x2+1472 ’

CTE\TTT 25516 )
1 ( 375327 43535 — 2805 1723 — 280717z )
vy o 0185400V/2
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Substltubmg the Value of x, from norma.l tables, xp can be computed to the
“desived degree of approximation. To facilitate the computations, the coefficients of
Vv, 1, 1) \/_Etc An the above expa.nsmn are given ' below for p = 0.5, 0.75, 0.95,
0.975, 0. 99, and 0°995. To compute x7 .., we use the same tabulated coefficients as for
p but with signs of the first, third and ever y alternate coefficients changed. Thus

one can compute y for also p = 0.005, 0 01, 0. 025 O 05 and 0. 25 using the tabula,ted :
© values of the cooﬂxclents .

" COEFFICIENTS* IN THE CORNISH.FISHER EXPANSION

coefficient . Ya{ge ofp S _ ST

~ o of 099 . 0.9 0.995 0.975 0.5 0.75
g 3.2890527 2.3261743  3.6427727 " .7718076 0 . 0.9538726
1 | 2.0s1263 1137020 3.756508  1.894306 —0.666667 —0.363376
g | —0.290266 —0.554981 —0.073883 —0.486382 0 —~0.346842
1y ~0.54197  —0.12206 ~0.80352 - —0.27240 ~ 0.07901 10.06022.
vyy 1 0.4116 0.0779 _ 0:.622§ 101948 0 —~0.0309
1t ~0.3425  —0.1006  —0.4642  —0.1952..- 0.0577 0:0393
U 5] - 0.203 022 083 0170 C 0 ez

Sufficient figures are retained to ensure accuracy upto the fourth decimal place for 30 <vg 1600.

For values of v > 1600, the ﬁgu.res in bhe first row have to ‘be computed to & higher number “of decimal
‘places.

c. Apphcatmn

SOme examples ﬂlustra.tmg the use of Table 5.1 are glven below.

| (i) . Varance of a normal populatwn —tests and conﬁdence mtervals'
'_ E:iample.' The sa.mple variance of the blowing tlme of 10 fuses i is :
= 2(w; ~:E)2/(n—1) = 384.16 (sec. )2
Is this compd,tlblc with the hypothesis tha.b the popula.tlon variance is 02 = 300 (se(,)2
Situation 1 : Given that the population variance can only equal or exceed 300.

(n—1)s? _ 9(38'4.‘16)'

7 w0 = 11.5248;

me Table 5.1 the  upper 5% pomt of N2 Wlﬁh n—-l (= 9) d.f. is 16. 92 Thiﬁs |
the hypothesis oa,nnot be re]ecbed

Situation 2 : Dlrectmn in which devmbmn from the hypothetmal va.lue can ocour
is unspecified. :

- If one chooscs; to“ apply .an unbiased test, the critical values are 2.95 and 20.31.
The computed value of x? is well within t}ns mberval ‘Hence the hypothesis cannct
be rejected.

9
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On.the basis of the observed value of %, one can make 85%, confidence ste ate-
ments of the following kind.

(0} o? does not excsed (n—1)s%/3.38 = 1038,

b.v

(h) 7% is not less than (n—1)s 2/18.02 = 204.34
(©) 02 lies between (n—1)s%/20.31 = 170.23 and V(ﬁ-(i)sz/z.% = 1172.01
(1) o2 lies between (n—1)s2/19.02 = 131.78 and {(n—1)s%/2.70 = 1280.5

B0

3.33 and 16.92 are vespectively the lower and uppsr 5%, points, and (‘7 95, 20.31)

picd (2,70, 19.02) are respectively the uubxased and. equal tad 59, partitions of %
wath 9 d..f.

where

(ii) Combination of probabilities : To judge the overall significance of several
tosts. '

Lvample. The following significance. levels were attained in 5 independent
rests of the same hyposhesis : 0.08, 0.08, 0.07, 0.10, 0.09. Considered togebher, is the
evidence strong snough to reject the hypothesis ?

The appropriate statistic is
. F4
Py = —2log, 10 X log,; p; = 25.993.
i1

which, as & ¥ with 2k (= 10)d{, is siéniﬁca.nh at the 19, level. Mence, even
though individually none of the 5 fests leads to rejection of the hypothesis, with the

evidence provided by the five independent tests foa@the the hypothesis stands
: 1e3ected

(i) Goodness of fit

For other applications of the x* table in test of goodness of fit,- test of

mdependence in contingency tables etc., see some standard books on statistical
ntethods.

d. Some other tables

1. Hawp, A. and Singnass. 8. A, (1950): A table of percentage peint 32 distribution. Skand Akiuariesi.
dskr, vol. 33, pp. 168-175.
Gives fractiles to three places of dacimal for the following values of p: 0.0005, 0.001, 0.005,.
0.01, 0.025, 0.05, 0.1(0.1) 0.9, 0.95, 0.975, 0.99, 0.495, V.99, 0.9995 und v= 1(1)100.

2. Haun, A, (1932): Statistical Tubles vnd Formnlus, John Wiley & Sons, New York.
Table V gives fractiles lo three figures. Otherwise the coverage is swno asin L. above. Table
V1 gives fractiles of - x*fv correct Lo four plaves of decimal for the following values of p : 0.0008,
0005, 0.005, V.01, 0.025, 0.5, 0.95, 0.975, 0.09, 0.U3, 0.999, 0.9995 and v= 1{1) 100(5) 200,
(14} 308 (50) 1000 (1000} 5000, 10000

3. PeazSon, E. 8. sad Hartiey, H. O. (Eps.) (1957) :
Trust, Cambridge University Press.

Biometrika Tubles for Stutisticians, Biometrica

< .
Tably 7 gives [ ————— c-vl20*12=1 dv Lo 5 decimal places for v = 1(1) 30(2) 70,
xZovizp ( Y .
3 :

OODI (0.001) 0.01 (0.01) 0.1 (0.1) 2(0.2) 10{0.5) 20(1) 40( (2) 134,
Tabﬂe 8 gives the friactiles of x2 to three anud - more pla.cu-. of decimal for the following valuss

of p: 9.00%, 0.010, D.U2%, 0.050, 0.1, 0.25, 0.5, 0.15, 09 0.}5 0.975, 1.995, 0.999 and v= L(}]
30119 109,
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6. THE F DISTRIBUTION

6.1. FrACTILES
a. Introduction \
Table 6.1 gives fractiles of f,he F distribution for various combinations of IV1
and v,, the degrees of freedom of the numerator and denominator mean squares
respectlvely The _values of p and the degrees of freedom covered are :

p =0.25 0.5, 0.75, 0.95, 0.975, 0.99, 0.995
v1»=»11(1)9"12 24, oo
vy = 1(1)30, 40, 60, 120, co.

If F {1, vz) denotes the p-th fractlle, then we have the relation F;_; (v, vo)
=1 / p(V2, V1), 50 that Table 6.1 can be used to obtain the fractiles for p = .005, 0.01

0.025, 0.05 (i:e. the lower 0.5%, 1%, 2 5% and 5% points of F) as shown'in .example
below.

Example To find Fp(vl, v,) for v1 = 4 Vg == 8 P —'O 05. - :
) " The required fractile i is 1/6.04 = 0. 166 the Va,lue 6.04 being the upper 5% point
.omethvl——S andvz_«tdf -
b. Interpolatlon in Table 6. 1 (vl and v2~wxse)

In Table 6.1, the la.rger values of vy and v, have: been chosen to be in harmonic
progression. This is because, for Ia.rge values of Vi and’ vy, quadratic or even liriear
~mterpolatlon, Wlth the recxprocal of the d. f as the argument, is sufficiently accurate.

Formulae for harmonic mterpolatum

_ v.’l-wise . : linear. vy —~wise - ) ‘ . quadmtic ,
. . : . v' ) ‘. . ’ N 1‘ .. 1 ~.
9w <12 (I—u¥ystury: | 10y, < 18 —u—(éi'-) ---1)y z+—(‘u——‘)—".’/24
12 v . <24 (L—u*)yi2 +u%yyy TR Y u(u+ )y z—(ui\—l)y 4+ u(u )

o>t 0wty

vvz.-—-w.is‘e . . . j“l‘i.n‘ea_r;:' ': . F : .‘__vvz-wis:e', o . _'vqua'dratié o
cm<so u;"u*)yﬁu#y,a 31< z<34 "‘";” 4—(uz—1)y +;“_‘“2—” w0
0 <o I<"G,0 .‘ (;‘:'gc*)y;o'-i:ﬁ* ?'{GP ' 35 < " <48 1¢(u+l) -—(uz—l)y -+ u(w—l) Yoo '
60 < _Véx<.1_2"0 ' (l—u*)yﬁo"}"u* Yizo ‘49-€ vz < 80 MS] o—(uz—l)yco-i" .l)ymo
" | | 81<vz< 110 "‘““’y o= ~—1yszo+ B “3’.1/,,-

Note : (1) u*= :ulfu>0——1+uxfu<o 4 ,
(e) Yy is the ta.bula.ted vl for vi=kin the fom‘ﬂaf’ f°1‘ Pr—w:so mterpolatlon and for vy =k

in the fonnulse for r. wise mterpola.tmn
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VALUES OF » FOR INTRRPOLATION IN TABLE 6.1

1. v = 8(1)60
vi o v ‘U vi 1 vyt _ u LT u : ri T T
8 0 i 0.3333 28 —0.1429 38 -—0.3684 48 --0.5000 58  0.4138

.2632 20 —0.1724 39 —0.3846 49  0.4898 59  0.4068
.2000 30 —0.2000 40 —0.4000 50 034800 60  0.4000
1420 31 —0.2258 41 —0,4146 51  0.4706
0909 32 —0.2500 42 0.4286 52  0.4615

10 0.4000" .20
11 0.1818 21
12 0 22

13 —0.1538 23
14 —0.2857 24
15 —0.4000 25
16 —0.5000 .26
17 . 0.4118 27

33 —0.2727 43 —0.4419 53  0.4528

.34 -0.2041 44 -0.4546 54  0.4444
0400 35 —0.3143 45 —0.4667 55  0.4364
0760 36 —0.3333 46 —0.4783 56  0.4286
A1 37 —0.3514 47 —0.4894 57  0.4210

l

SOOOD OD9D
°
[
o
>
o9
“

2. ws= 30(1)120

Vs u va - u v, L u v u va %

30 .0 45 —0.3333 60 -0 75 —0.4000 .90 0.3333 105 0.1429 .
31 —0.1290 46 ~—0.3913 61 —0.0328 76 —0.4211 91 0.3187 106 0.1321
32 —0.2500 47 -.0.4468 62 —~0.0645 77 —0.4416 92 0.3043 107 0.1215
33 —0.3636 48 —0.5000 63 —~0.0952 78 —0.4615 93 0.2903° 108 - 0.1111
34 —0.4706 49 0.4490 64 —-0.1250 79 —0.4810 94 0.2766 109 0.1009
35  0.4286 50 0.4000 65 ~—0.1539 80" —0.5000 a5 0.2632 110 0.0909
36 0.3333 51 0.3529 .66 —0.1818 81 - 0.4815° 96~ 0.2500 111 0.0811
37 0.2432 52 0.3077 67 —0.2090 82 0.4634 - 97 0.2371 112+ 0.0714
38 | 0.1579 -53 0:2641 - 68 -—0.2353 83 - 0.4458 98 0.2245 113 - 0.0619
39 0.0769 54 0.2222 - - 69 . —0.2609 -84 0.4286 99 - 0.2121 114, 0.0526
40 o 55 0.1818 70 —0.2857 85 . 0.4118 100 0.'200_.(’),' 115 0.0435
41 —0.0732 56 0.1429 71 ~-0.3099 86 0.3953 101 0.188% 116 0.0345 .
42 —0.1429 87 0.1053: 72 —0.3333 87 0.3793 102 0.176 117 0.0256
43 —0.2092 58 0.0650 73 —0.3562 88 0.3636 103 0.1650 118  0.0169

44 —0.2727 59 -0.0339 74 —0.3784 89 0.3483 104 0,~15/38 119 0.0084.

- Example ~ To compute F (vl, vs) for V=6, v, =44, p=0.95.
A v,-wise mterpolamon is necessary . For v, = 44, we have u = —0.2727, and
ut = 14-u = .7273. Also.from Ta,ble 6.1 we ha,ve Yao = 2634 and yﬁo 2.25. Hence
the required value
Yag = (1+'U' )y4o+’“' Yao = 2.315.
For highet accuracy the Cormsh-]i‘lsher expa,nsxon of 2, (the fp-th fractile of
= }log, F) may be used

e e T (2R T8 250

g.

-—{&(ﬁ%ﬂ} Baarnio)) (7)o (2eme e

A {_62 ( §f+4§:§38§_183x ) + gﬂz | (.gxs—fz?;z;-olsxsm )}

{3 2( 42— 250411724102, | o, ( 49110124 11723480 )
20160 ) 50720

)
T e eee ere

8 1 12084-513x1--841a% 2560 )}
”_'az< 1632960 .
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where .z is the p-th fractile of the standard normal distribution,

The coefficients in the expansion are given below for selected values of p.

COEFFICIENTS IN THE CORNISH-FISHER EXPANSION

-value of p
.'coeﬁti‘cienb 0.5 0.75 " 0.95 0.975 0.9 0.995
o . : ,
NFPS 0o | 0.67448975  1.64485363 1.95006398  2.32634787  2.57582930
" 0.33333333  0.40015607  0.78425724  0.97357647  1.23531574  1.43914043

ENITER 0 © 0.0970966  0.3910327  0.5587089  0,8153747.  1.0340770
32/af %0 0 01073089  0,3131057 - 0.4040101  0.5302747  0.6308956
—s0 |0.0666667 . 0.1025116  0.3305821  0.4777495  0.7166304 . 0.9311327
§o —0.004938  —0,003764 0.007685 0.017025  0.033873 0.050157
ENIE 0 0.008530  0.065478 0.108805  0.184807 0.257207
52.J52 0. 0.047595 0.176687 0.249610 0.363825 0.464148
$4yTs | 0 —0:00711  —0.02343 .  —0.03114 - —0.04168 —0.04971
so? 0.00952 0.00529 . —0.01038  —0.03126 —0.04286 —0.04537
53 ~0.00529  —0.00447 0.00722 0.01859 0.04128 0.06515
5302 0 o 0 0 o 0.0178
ot B 0 0.00344 0.01491 0.02660 0.5478 0.09004
502 1 o . 0.0109 0.0804 0.1534 0.3174

0.5105

Suﬂiclent digits have bean retained so as to ensure aceuracy in the sixth pla.oe of decimal for
C vy > 24 and v, D> 60,

C. Applicdti_bns

Some uses of Table _6_'.'1 a.r_e- illustrated in the following examples.

(i)_ Ratio of Variances—tests and conﬁdeﬂce"intewals :

E’xdmplé.

Use the data given in subsection ¢ of ch_aptef 4 t0 test if the t%mﬂ_ots

reveal equal variability in respect of impact strength. 'Der.loting the variances of im-
pact strength in lots 1 and 2 by o7 and o}-respectively, the problem reduces.to testing

0 =o}jof =

1. To test against alternatives 0% s o} compute F by putting the Ie;,rger'

‘mean square in the numerator and compare it with the upper 2.5%, value of F with

the corresponding degrees of freedom. Thus F = .087/.079 = 1.101..

The upper 2.5%

“value of F' (with v; =7 and v, = 9) is 4. 20. Hence fhe hypothesns 6 =1 cannot be
re]ected on the ba.ms of the given data.
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One can ma.ke 959, confidence sta.tements of ‘the following Kmd
@) o}fo} does not exceed s2/s3 = 0.27 = 4. 08
{8) 0']/02 is not less than s}/s§ + 3.29 = 0.33
(¢) 0'1/02 lies between silst = 4. 2'0 = 0.26 and s%/s%—'-‘() 21 = 5. 24

where 0.27 and 3. 29 are respectlvely the lower and upper 5%, points, and 0,21 and 4. 20
the lower and upper 2.5%, points of F with vy = 7 and vy = 9.

(u) Analyszs of vammce—one -way classzﬁcatzon

. -Exampie. Rive __:_sets. of six mixes, each mix provxd.mg 2¢ doughnuts, were
- cooked in five types of fats. The table below gives in grams the fat absorbed per
mix, Test if the amount of fat. absorbed is a charactenstm of the type of fat used fm
vcookmg ‘

GRAMS OF FAT ABSORBED BY MIX OF 24 DOUGHNUTS

: type of fat . :
1 2- - D T
24 o083 . 3. . 3. . 23
32 21 43 N N 25
28 - 50 57. . 57 4
47 .40 ‘29 42 37.
16 57 39 45 25
55. 27 41 37 %6
total 192 228 .22 . - 270 . 150

vGré.ndv tdtal» G'— = 1092 'Tofal. ~numb§r of obsérva.ﬁbns, = 30,
Con'ectlon facter (C F.)= G2/n = 92/30 = 39748.8
"l‘otals S. = 242+322+282+ +252+362 C. F = 44592‘0 -39748.8 = - 48432
SS dl}e\to _f:a.ts = ;L:-*-?z ++ ' —C F. (Where T, 1s the total for the i-th fat with’
’ n; observatxons)

=g (1922422824 ... 4-150%)— C.F" = 41292.0—-39748.8 = 1543.2,

. ANALYSIS OF VARIANCE TABLE

sources of: . ’ . . F = ratio of
variation d.f. KR . m,E: m.s.
between fats -4 1543.2 38'5.5"_ 2.922%
within fats 25 . 3300.0t . 132.0 |
“potal % 483.2

+ obtained by, subtra.ctmxi

The upper 5% and 19, values of ¥ (for v, = 4, v2 = 05) are 2 76 and 4.18 respectlvely
The results are thus sugmﬁca,nt at the 5%, level and it xnay be concluded that the amount
of fat absorption depends on the fat used for cookmg :
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(iii)  Multiple correlation—test of significance _

The multiple correlation coefficient between rate of gain in weight (¢;) and
two other variables, initial weight (z,) and age (%), was Ry.p5 = 0.421, based on
obscrvations on 40 swines.’ v o

To test for its significance, compute -

n—k—1 - R* 37 (0.421)

k —E T2 T8I = 3.991

where k is the number of 1ndependent va.na.bles and n.is the sample size.

The upper 5% and 1%, values’ of F (with v1 =% = 2and v2 = n k 1 = 37)
“are 3.25 and 5.23 respectwely (va.lues obtained by mterpola.tlon) Hence the observed
values of R1 .23 is significant a,t the 5% level (though not at the 1% level).

(iv) Test of mean values in multivaritaté normal populations

Example. lefelences d, and d; in head length* and head breadth between
first-born and second-born sons were observed on 25 families. . Test if the first-born
in a family differs slgmﬁcantly from the second-born m respect of these two charac-
teristics.

The following value.s Were obtamed from the da.ta. ‘
. Mean dlfference dy=1.88, dy = 1 48.

The (hspersmn matmx of the dlfferences estlma.ted on 24 d £. (obtémed by dividing
“the oorrected_ sum of-squares and products by 24) is given by

wyy = 68.03, wy, = 11.52, wy, = 24.01
The inverse of this matrix is, _ :
wit = 0.0159999, wm'—j‘ —0.007677, - w2 = 0.045332..

"The problem is equivalent to- testmg if the sample mean vector (d,, d,) differs
»sigmht:a.ntly from (0, 0). The appropriate statistic (which is distributed as F on:
k and n—Fk d.f.) is -

23 25
] —_ y —_—
o) —-l)k [nz S d 1= 3 o (0.113121) = 1,3548.

where n.is the ba,mple size and k is the nimber of va.ua.bles ~ Note that ‘n(w?) is the-
. inverse of the estimated dlspersmn matrix of al1 and d,. The upper 5%v'va,Iu'e' of #
" (with v, =k = 2 and v, =n—k=23)=3. 42, Since 1.3548 id less than this value, it is
concluded tha.t the data do not prov1de ewdence of deferenceS m the dimensions of
‘the ﬁrstborn ‘and second-born sons. ©

s d. Another table

1. MERRINGTON, M. and THOMPSON, oM (1943)

Tables 'of . por,contzigo points of the iuverbod beta (F)
dxstnbutlon, Bzomemka, 33 73-88.

Gives to 5 ﬁgures fractiles ot the F distribution for the tollowmg valuos of p, SV, a.nd Va.
= 0.50, 0.75, 0.90, 0.95, 0.975, 0.99, 0.995.
v, = 1(1)10, 12, 15, 20, 24, 30, 40, 60, 120, oo
ve= 1(1)30,-40, 60, 120,c0. .



77

THE ¥ DISTRIBUTION

(1rey aoddn) qs03 pepws ewo o AT © L {ifey zeddn)jsdy popis euo S
. e ) . o ’ ' } - o T : sousoytudy
%g0. %L - %ee. %S %OY.- o 1: %eo %1 . %%3 % - %01 o Joead
X . e I ] P ' . ~ - . B
08¢ 19V 698 00°¢ 0€'%. 68°T. 69°0 - 650 1:88%4  .£9°9 . Z0'S ¥8°6 IL¢ G190 010 | *®
$g°¢ L% -08°® 40§ 9% OR L. OL°0 ..63°0} sI'8.  .68'9 o1'¢ 86"€ . CL'T FET 9F0 oto | o3t
6L°9 " 86°F £6°8 GI'¢. -68'% Pl . OL0 68’0 | 6€%78. ° BO'L - .68°¢ 00°F ~ BL'Z 9ET 9¥'0 010 | 09
1079 81 ¢ 0y g2t ¥FE FPI 1L°0. 6570 | €88 . . I8L Gv'g 80F - P83 981 990 o1:0 | OF
98" 9 6g°g st'% ze°¢  6v'% S¥1 149 650 | 8[6 95y TLe's. L'y s8¢ 881 Ly 0. 0 00 OF
0%°9 ¢ 03'F.  gerg’ 095, SPI IL0 6370 | €576 09°% ~ 69°S SU'P  68'% 88T LYO 010 63
2 20 RN A NN+ 45 2 $ES6 093 9T IL°0 630 | 8%°6 $9°L 19°¢  0%'% 683 S€ T L¥'0 01°0.{ 83
6%°9. . 6p'e ¥y - dete  1¢'g 9%'T 140 630 | -FE6 B9  £9°9 I8'F 068 881 4P 0170 | LB
| 369" g9 LY g°¢' gz 9T 1.0 630 | i¥6  GLL 99°¢ €% 16'%s 8&'T L0 01°0) 93
099 168 6Z'% . 6E'8 BE'Z L¥T ILO .65°0 | 896 LL'L 89°C ¥’ ¢6'F 681 L0 .0Li0f €%
99°9- 1976 28°%- 0P8 ¥S% LPY IL'O 650 | €576 28°L . G4°S  93'% T £6°% 681 Ly0 010 ¥T.
LD 997G 9¢"%  'B¥'E -Ye3 Ly 1.0 68°0 | €9%6.  88°L SL'S 8%'F ¥6°'Z 68T LP0 - OI°0 | 83
18°9 gL'S 88°¥ e .80°g - SP'T BLO 650°.f €46 c6°L . 6L°S 08'F 96’z OF'T . L¥O or'o| as
68°9 8L°¢ PV LPES 46°3 8FL 8.0 630 | €86 G0°8 €8S 3P 9. 01 LEO p1o} 18
66'9 - 88°¢g 9%'F 6F°€ 6%°c 61 BLO 630 | %66 01’8 18:¢ S¢% . L6Z 0F1  L¥0 01°0.) 02
6074 £6° G 19v 76'¢  19°z 6F°'1 &L°¢ 68°0.] LOTOL. .BL'S - GBS GL'F 863 KT L¥'0T - 0I'0 ] 6
15°L 109 . 99°¥ ¢g'e  gY9'g. 0¢°T &GL'O° 680 ] 30T 63’8 860 1P 16§ IFT  L¥0: - 0170 81
g8 L 19 .39 ¥ $9°¢  ¥9°z IS'L ZL'0 630 J:.88°0T o¥'sS 3079 S¥'Y §0°¢ . GF'T LPO 010 LI-
1974 ‘€69 69°F-  €9°8Y £9°B 16T GL'0 63°0 | s¢tor £9'8 S S TR o 2R TR Y 2% SRR 0 (R S 1 1)
oL°L 989 LLF - 89°€ 043 el BL°0 6370  { 080U 898  0B9 ¥¢P L0g. €F°T 80 L0 el
g6°L 189 98°% - BL°C ‘EL'Z €6 EL0 <630 | 90:IT  98°8 - 08'9. «09° k. OIS FFL - @50 -I1°0; FI
"6I'8  0L°9 8% 18°€ 9L°G- CYT. §L°0- 630 | LS'IL  LO'6  I¥'Y L9y R SF1 @90 - LU0} ST
15°8 -86'9  -0I'¢ BYE T 18°¢ -9¢TIc €L°0 6870 ) SLUTU §6'6- - 99°® GL'yY  Bl'g. 9Pl | 8wld wo | a1
‘168 154 93°6 86°¢ 98°% 89T FLO0 080 | €3°31: 996  BL'R ¥SF. 838 L1 6T 0 ot 1
: E7°6 99° L. 9%°¢ O1'F  #6°%F 09°T1. P40 0£'0.] e8I ¥O'OI. L ¥6'6 96°F e3¢ 6y1 ¥ 0- 110} or
6. :.A: G0'8 R TS 56°F 10°¢ g9~I- §L°0 0g°0 19781, 99701 18'L BL'G: 98°€ 18't. 680 1170 6
8-} FO°IT 998 809 9% I 99T 9.0 ogTo | 69T 9FAT LGL  TEG eFE vl 0870 10 R
L. 0BT 96 %GO PL°P 937 OL°1 LL°O0 08°0 | ¥EOT  ©B'ST  L0'S- 6¢'S  4§°€ 4L 1970 ey L
9 PGFT B60T 934 FI'C  9%°€ 9L°T 940 080 { £9°8T GL'ET I8 66'S 8LE 291 180 ol 9
g 1€°81  L3'€T €¥'S. 6L°6 8L'E "g8r 080 080 | S£E 9%9T 10°0L 19°9  90°F 69t 60 110} ¢
v 82°92  00°SI° $9°DI  ¥6°9  G&'F .00°% -§8°0 160 | €818 0E'I8 @Bl 1LL.  ¥S'P 181" 450 sgiol %
€ 08 6% 3808 | $0°9T - ge°6” 9%°¢ VGG 8870 28°0.] g9'9d SUPe - FYULL | S1°01L - §9'8 G0°¢. 6%°0 . 104 &
3 0°661 ©00%66- 00°68  00°6T 006 00°€ 00T €80 | 9861 0¢'86 TC'8E I§°®T 8¢°8. L8°G 190  ¢1"0] G
1 00003 9°666%, 9°66L° 9661 0S°6F 09 L 081 660 | © TIZ9T  ZSO¥ 8'LFY P11 ¢8°6E €8°C - 00’1 ol 1.
© 866°0 86°0 - 9L6°0 - €670 - 06°0 €L0 08°0 9370:d)]. 4660  66°0° GL6'O .G6T0  06°0 L0 0670 GE0d| I
o : g =TI .. . 1 - . 1= T4 ’
\ } - _

SETIZOVEA * NOILOGIHISIA 4 WHI “T'9 WIAVE

10



(per aeddn) 3503 peprs euo

(jrey asddn) 3509 pepis euo

FORMULAE AND TABLES FOR STATISTIOAL WORK

1%

C . : .. sosursyuBs
%80 %1 %8e'C %g . %%0 %1 %e3 %g. %01 T30 19A9]
o L8 ze'e 6L°3 183 ge'T  ¥8°0 8F°0 83°% 818 e 09'Z $0'% LE'L 6L°0 (0 | ™
031| 36°¢ 8% ¢ 683 TS LT ¥8°0 .8%°0. | 09 -~ S6°¢ £3°€ 89'3 CI1°% 68T 6L°0 -0F°0 031 *
09 FUF ggg 10°¢ £5°8 ge'1  G8°0. S¥0 gL'V UV 38°¢ 9L'g SI'G. 1¥'T .08°0 030 |-09
ov L £8°¢ gI'e 193 0%'T_ S8°0 S¥°0 86°% 18°% 9%°¢ $8°3. $5°% op'l 080 .1%°0 [-0F
0. §| %0'% 30°% ¢3¢ €9°3 ZF1T  98°0 B8P0 ¥5'¢ 16°% 6¢°€ 6°'%3 %' ¥F'I 180 1970 | o¢
6% 99 30'¥ 138 oL'3 €°'1 98°0 8%'0 | 839 $¢°%  19°¢  .86'G.  83°% S¥'T 18°0. 130 | 6% -
83 oL'¥ L0 62'¢ L% %'1T 98°0 8¥°0 | &8¢ L8°% €9'¢ "¢6'% 63'% SP'L "I80 -1¥0 | 83 .
130 I 'y 1€°¢ £L'% ¢%:1 98°0 890 | 98'S 09°% g9°¢ 96°% 0£°% 9F'1 180 190 | LT
9z | 6L°% PP £e'¢ LG PP'T 98°0 8F0.f 1P 9% L9°€ 86°3 Ig'% g¥'T 180 1¥0 | 9%
g% 38°% 81'% ge' g 9L°% #'1T 980 8¥'0 } 999 89'F 69°¢ 66°% -2¢°% 9v'1 180 I¥°0 3
$2 68°¥ 33V 8¢ 8L'% 'L 980 8¥0 | 399 Ly .3L'E 10°¢ €¢:3 99T 18°0 T190.| 3.
5 e6"¥ 9%'% e 083 SF*T  98°0 8%°0 89y oL'¥ cL'e  €0°€  ¥L'  Ly1  Is'0 1%°Q | .63
%3 30°¢ 1€°% i 283 g%’'1 180 8%°0. | QL 38 8Lig S0 €% LFT 180 I¥0 | &3
13 60°¢ X7 8¥'¢ $8°3 . 9%°1 L8'0 8F0 AR 8%  38°¢ L0'¢  .9¢°%  8¥'T .18°0 10| 18
0z | L1e £y Is°e 183 L¥'1 - L8°0 8F0 %8¢ ¥ 98¢ 01'e  "8€°% 81 380 Iv0 | 03,
61 L3 09'¥ 95°¢ 063 YT . L8°0 8F°0 36°g 10°G. 06:¢ - €I'€ 0%3% 6F1T @80 "1v°0 | 61
81 188 8g°% 19°¢ €6°3 85I L8'0 830 | €09 60°¢  96°¢ 91°'¢  &%'G 6F'1 280 0 | st
LT 08°S  L9¥ 99 96°% 6%'T L8°0 80 | or'9 s1'¢ .10% 0z°¢ . PP 08T 380 190 | Ll
91 $9°C LLF gL'¢ 10°¢ 09T 88°0 8¥0 08°9° 638 80°% $3'¢ 9%’z Ig°U 380 180 | o1
q1 08°¢S 68°'¥ 08¢ 90°¢ 1g°T 88”0 8%°0 | 8¥°9 2T IR o 63°'€ .6%°% 53T €8¢ . 150 | g1
P1 00°9 $0°G 68'¢ 11°¢ 20°T  88°0 8%°0 89°9- . 99°¢ $3°F  ¥E'E 883 €81 €80 190 ¥I
g1 | €59 12°¢ 00°'% 81°¢ €8'1 88°0 8%'0 | €69 $L°C . -TEP '8 99°% €S €8°0 - O | 8K
31 %89 199 U’y *93°¢ ge'T '68°Q BP0 83°L G6°8 'y -6%'¢  19°% - 981 $8°0 180 .U
11 880 19°¢ 83" ¥ 98°¢ 181 68°0 S¥'0 09°L 339 £9°'% 6S°¢  99°% SS'I- ¥8°0 190 | I
o1 $g°L ‘669 L'y 8%'% 65°'1 06°0 8%°0 80°8 gc-9 £8°% IL¢  eL's 09T €80 IR0 | or
6 96" L %9 LY £9°€ €9tT - 16°0 8970 3L8 66°9 . . 80°¢ 98°€ 182 .€9°T ¢80 I¥0 | 6
-8 18°8 10°L°  S0'S $8°E 99°1 - 16°0 %0 | 096 6S°L . . G¥'S 0% . 6% L9°T- 98°0 1F0 | §
L €0'0T  98°L 39°¢g 'Y ZL'T €6°0. 8¥°0 88°01 - CP'S  68°C gg'% - L0°€ QLT .L8°0 190 L
9 €0°31  91'6 €3°9. ~ E9°¥ 6L°T %6°0 80 | 2631 8L°6 09°9 9L°% . 65 SL'T 680 1Iv0 | 9
g 9¢°¢T  6E°T1  68°L 61°¢ 68T 96°0 890 €6°9T  90°3T 9LL ¢ %9 881 160 30 | ¢
o cr'ez  96°¢1 09°6 6e°9 ~90°Z 00T 8F'0 | 93°%3 69°9T 86’6 659 6I'F €0T ¥6'0 T¥O0 | ¥
6195 I1L'8%2 OI'SI 316 68°C .90°1 .6%°0 VLY 962  FP'CT 82°6. 68°C 98 00T - @gp0 | €
ke Z°661 . €366 9368  93°6I €3°¢ 181 0870 661 L1°66  LI'68 ~OT'6T 9I'6 <SI'§ €T 30 | G
1 00532. 9398 9°668  9°%33 §6°8 481 . S9'0 qI01Z - £0%G G'F98  L°9I% 69°€S 03B TL'T 6970 T
Za 266°0  66°0  SLG'O G670 eL’0 . 09°0 "93°0id] ¢66°0 . 66°0  SL6'O 66°0 06°0 SL°0 09°G €50}
_ ¥ . S g =T
SITIIIOVHEA  NOIIAGIYISIA d dHL “(ponwyuod) P9 IIVL



THE F DISTRIBUTION

79

.

L g

" (pey aoddn) gser .ﬁmﬁmm ouo

(iz1 aoddn) 4se3 pepis ouo
. ) . o . . : ) eouyofrudis
%80 %Y - %er . %l %0 %g0 . %Y %8B . - %S %O Joteaa
© | 608 08°G 155 OU4. L&'1 18°L 6870 1970 1 9€°¢ 20°¢  1S°T 135 1. €8T 180 £€£°0 )
051 | 8% 963 59'% L1:3° 88T €8T . 06°0° L9°0 | £9°€ L1°¢ 19'% - 63°% mm,ﬁ 7 gg'1 88°0 .8S°0 031
09 67°'¢ Gl'e. €978 €'z L8°1T 6T 060 190 9L°E ¥6'€ .6L'T L83 96T L&'T 88°0 89701 09
oF | 11°¢ 65°¢ PL'G ¥€°¢  €6°1T L8°T 16°0 2970 | 66°€  19°E 083 ¢p'Z 00°C .68°T  68°0 €80 | O
0¢ 6°¢ L3¢ L8°% @' 86°T- 68°T 16'0 LS50 I ez-% oL'g £0°¢ ge'z g0'g. 11 68°0 .€9°0 | 08
63 86'¢ 08¢ 88 €F'Z 661 0PI 160 LS50 | 93'F eL'e $0'¢©  ©9'% ~.90°% 1P T 68°0.° §9:0° | 6T
‘83 30°% gee 06°% g%'5 00 - 0T 16°0 L0 j O8°F 6L°¢. - 90°¢€ 9c'g 90°% TPl 680 €90 83
Lg | 90'% 99'¢ T6°% 9%°g~ 00°% OF'T 16°0 1970 {.38'% 8L'¢ 808 18°%. L0°§ eyl 68°0 €90 | LT
9g | oI’y 696 . ¥6°C . L¥E 10°C TPT 1670 L9°0 | 'SETY Z8'€° OI'€. '69'% 80°'% .gp'l 680 8970 93"
95 91°p €9°¢.. - 16°¢ - 6P°G ©0'C  TFI 860 LSO &7 ¥ e8¢ e1'e _ 09°G-60°% ¢p’T 680 €80 93
¥e | 05’y L9°€ 66°% 1¢°6. %0°% 1I¥'1 36°0 LSO | 6%'% 06'¢ 91’ ¢’ g9°'2 00'% €F'1 - 06°0 ~ €9°0 ¥
8¢ | ‘92'F. 1L°¢-  80°¢ - €68 '€0°% GFI %6°0  L90 4 ¥&'V 6% 81" $9°% 10°% §p'1° 06°0 ~ €970 £3
&” e’y .9L'% g0'g 66'¢ 90°% GF'T €60 L3O 19°% 66°¢ - G&'§ 99°%- €I'% %P 1 060 €50 3z -
13y 68°F 8% 60°8 1S'G B0:G. €P'I 860 LSO 89°% 30°% g5°¢ 80°'%° PI1'G - ¥»'T 06'0 €970 1%
0z L¥'¥ L8°¢ - EI'€ . 09°%° 80°% ¥P'T .60 LSO i OL'F o1'% 63°¢ .'g 91°'% 91 060 €90 03
6L | 9¢'® $6°¢ Le €9°G TI'8 ¥P'I '§6°0 ' LSO | S8°% L'y ee's  BL'G. 81'G  9%'1 . 06°0 €970 61
8T. | 99'%. .10°% gg'e- - 99°% E€I'8 9P'T €6°0° LSO || 96'F 9%y 88'¢ LL'Z. 0%°% - 9%'T .06°Q . -89°0 | 8I
LT 8L’ or'% 85°¢ 0L’ 917G 9F'T €6'0 LSO L0°S.  ¥8°¥ 798 I18°2 2%°%. L¥'1  16°0.77€9°0 LT,
91 | 16°% 0% $g°¢  PL'G BTG LP'T €60 LSO 13°¢ %' - 0%°¢- 98°F ¥8°% '8y’l. 16°0 €570 | OI
St | L0'9 3P ¢ 6.6 138 ST €60 -18°0 | L8°S 9¢'% . 89°¢ 06'G  L3'G 6%'T 16°0 €9°0 91
P1 93'C %% 09'¢  ¢8°%G ¥G°% - 09°T $6°0 L0 | 09°¢F 69'% - 99°¢ 96’5 I8¢ | 19'T -16°0. €9°0.| VI
e1 §%°¢.  g0'¥ 09°'¢ -6 83’5 19T ¥6°0 Lg'0 | 6L'G | 98'F L€,  €0'€ .98'% @Sl ©8'0 €970 sl
g1, | ou'g 8%, EL'E 00°¢ €88 81 ¥6°0 -L9°0 | LO'9 90°9 ~ . 68°€ 11'¢ 68'%  ¥9°T 6°0 - '€9°0 3L
It | or's. - 0@ '88°¢ 60°¢ - 68'G . 9S°F - §6°0 - L2°0 g% 9 ge'e ¥ 03°¢ .G¥'6 99°1T €60 €570 It
01 529 68'9  LO°F g8°C- 9%'% 8S'T 960 990 18°9 ¥9°C ¥8¥ gg'¢ 9% 62°1 €6°0 " €870 01
6 gI'L 08¢ e¥ 8¢ 98¢ 19°T 960 "99°0 L 90°9 gF'%  S¥'€ 19°% 89'1 F6°0 '£9°0 6
8 6L LE9 99°% gg'e L9°% 99’1 16°0- 9270 | 08'8 €99  T8'¥ 60'¢ €L 99'T 86°0 69°0 -8
L 91°6. 61°L 319 1878 €8’ IL'T 86°C 99°0 | 296 9V L 66 L6°¢- 88°G LT 960 €9°0 L
9 LO'TL | L¥'8 28°¢°  8Z'% ‘¢0"g .8L'I 00°T 99°0 j 9%’ II. 4L'8  66°¢ 6¢'% _T1'¢. 6L'T 86°0° €5°0 9
g 131 ~ £9°0T  86°9.  €6'F 0P'€ .68°L 20'L -99°0 ! ¥6°%I . 26°01 ~ 9I'L  90°9 9¥'E . 68°T 0071 g0 | ¢
¥ 16°18 I3°91 086 91°'9 T0'F 80°% 90T 950 9%°6% - 599l  98°6 93'0 SO'F L0°3. F0'U €90 b4
€ 3°5%  16°4 e€L'Pl  $6'8 8%'¢ g¥'p SI'L. 99°0 | 68'9% . ¥g'8z  €8'FI 1076 1e'¢ 1y'G . OI'1 £5°0 €
3 €661 €£°66  €2°68  8¢°6I €€'6 -I8°€ 8T 190 ¢'66T 08°66. 0'68. 08°61 '65°6 83'€ S8'1 ¥9°0 | &
1 LEPET 6986 1°L66  -O'$EZ 03°89 86'8 ¥6'T E9'0 95068  F9.9 §°186 G 083"F¥3Le GB'8 681 6970 I
el .G66°0 6670 GL6°0 . 96°0° 0670 GL°0 09°0 Gz 0/d{ $66°Q  66'0 g16°0 . 860 06°0, SL°O 0970 gg 0 d|
, : © g = _ o =T _ .

SATIIOVAL * NOLLAGIYLISIA . Jf HHL- *(paniguioo) 4...@ qTAVE



FORMULAE AND TABLES FOR STATISTICAL WORK

30

((re7 aaddn) 3sag pepis euo

({rey aeddn) g3s09 pepls euo -

. ” . ecusayrude
%80 %1 %6T %S %o} %50 %1 %¢'T %S %01 Jo joas
w | pLg 1$°2 6I°% F6°T  L9°1T 85T Z60 €90 | 06°% $9°5 65°% 108 ST 63T 16°0 190 |
0g1 £6°G 99°C 0€°¢ 30°¢ GL' 1 0e°1 36°0 £€9°0 60°¢ 6L°6 68'C 60°C LL° 1 1€ 1 16°0 19°0 0%% .
09 el'¢g 38°3C 1¥°6 01°¢ LT 381 €6°0 £9°0 63°¢€ G6°C 18°¢ L1'G ¢8I ee'1 c6'0. 0970 09
o7 | cg¢ 66°2  £9°G - -8I'G5 €8T 981 €0 €90 | 19°€ e 59°3 ¢5°¢ L8'T. 98T 360 090 | o%
08 8¢°¢ LL'E 99°C LG G 88°T Le'l $¥6°0 £€9°0 ¥L'S 0¢°'¢ SL° G- £€8°G €6°1 8¢°1 €6°0 -09°0 (114
63 1978 0%°8 LS°s . 8G°C 68°T Le T ¥6°0 £€9°0 LL'e £e'e 9L°3 Gg°3 £6°1 881 £6°0 09°0 6%
86 S9°¢ £€3°8 69°¢ 6¢°G 06°1 s 1 ¥6°0 £9°0 18°¢ 98°¢ 8L°C 98°¢ ¥6°1 68°1 §6°0 09°0 8G
Lz | 69°¢ 93°¢ IL°g 1'% I6°T 881 ¥6°0 €9°0 | ¢8°'g 6e°¢ 08°2 Le°z ST ' 68T £6°0 09°0 | 13
9z | ou'e 63°¢ £L°3 28°% B6°T_ ST 60 £9°0 | .68°¢ Zh'¢ %82 68°2 96°T 68°T- €60 090 | 93
gz | sL'g 3¢°¢ GL'G ¥€°5 €61 68T ' $6°0 €9°0-) ¥6°'¢  9p°¢ ¢8°37 073, L6'T OF'1 .-€6°0 090 | S5
$3 €8°¢ 9¢°¢ 8L°2 "98°'% ¥6°1 681 ¥6°0 €9°0 66°¢ 08°¢ L8°Z 3%°3 86°1 0P 1 €6°0 090 .98
€5 | 88'¢ 1€ 18°% L8°8 ST O0%'T .96°0. 39°0 | co# $0°¢ 06°3 $P°C 66°T IP1 -€6°0 090 | eF
2z. | #6°¢ ¢p'€ - $8'T . 0p'G L6L - OFI . €60 ©9°0 | II'¥ 66°¢ £6°G 9% 106 1¥°T £6°0. 09'0 | g5
1% 4109 1ce L3°8 P8 86°T TP €6°0 T90 - BL'¥ $9°¢ L6°3 69:'3 T0°Z P T ¥6°0 09°0 | 1%
0% | 60°F 0g°¢. 16°G" Gy .00°C oF’1 ¢6°0 G9°0 93°¥% oL'¢ ~10°¢ 16°8 30°2 €I ¥6°0 09'0 03
61 81y £€9°¢ 96°3 8P G038 Pl .S6°0 39°0 . i 27 4 LL'E g0°¢ . ¥8°C 90-°¢ [ A $6°0 - 09°0 61
st | sz e 10°e 182 $0°%- €°1. €6°0 790 | %% $8°¢ o1°¢ 89°%. 80°G  FP'I-- $6°0 .09°0 f§ 8T
LT 68°%. 6L°¢ 90°¢ g8°8 90°G6  F¥°I 96°0 39°0 9¢'y €6°¢ ‘91°¢ 19°G6. 01'% “S%'1 .¥6°0 “ 090§ ‘21
91 |.28'%. 68°'¢ Zl°g 6°¢ 60°GC GP'T  96°0 290 | 69°% £0°% 3z'¢ 99°7 €U'% 9F'T 86°0° 09°0 | 9f
st '} 9% 00°¥ 03¢ 98 3I'% 9F'T  96°0  Z90 | ¢8'% P 6z°'¢ .1L'F 91'T LT '66°0 090 4 g1
1 | 98°% 1% 63°€ -OL'G SI'G . 8% ~96'0 ©9°0.| €09 83'% - 8g°g 9L°¢ 6I'C 6B'I €60 09°0 | Fi
e1 2 80'e  0gF 6g°'¢ LL°Z 03'Z 6%'T L8O B9°0 f§ SE'¢  FFP°  8¥'€- -88°% €G°% 06T 960 0970 | &f
4} a8 g - 0S¥ 1¢°¢ . 98¢ "¥3'% 1¢°1 . L6°0 890 Cgeg "¥9°¥ 19°¢ 16°¢ 8%'©C %81 96°0 6870 44
1| 89'¢ . #LF 99°8 ..66°G 0885 €9°T  86°0 - 19°0 | 98'¢ 68°¥ 9L°8 10°¢ ¥€°8 -F9°T - 96°0 '69°0 | 71
ot - | z19 00°¢ . g8'¢-  10°'¢ 8€'% 9%°1 860 190 | 089 03¢ %€ FI'€ 1% L8'T 16°0 62°0 | of
8 6979  L¥'C 0U'% €3¢ L¥'Z 09°T 66°0. 19°0 | se'o 19'g 03" ¥ 62'¢ 196 09°T 860 620 | 6
2 09°L £0°9 g5 P $P°C 69°3 FOI- 00T 19°0 | 69°L 81°9 £¢°% 09°¢ 29°C- ¥9°T 66'0 69°0 | ®
L 89°8 $8°9 06°% gL' GL'Z 0T 10T 1970 | 68°8 8679 66°F 6L°€ 8L°% OL'T. 00°1 690 1 4
154 L9701 01°8 09°¢. L6 I 4 86°¢C 8L 1 "80°1 19°0 6L°01 9%°8 . oL°S 18°% 10°¢° 841 - &'1 69°0 -8
¢ 9661 63°0T 949 %8°% F¥E'C. 681 SOT 090 | OFFL . 9901  €8°9 88'%  LE'f 68T  PO'T 89°0 |.6.
¥ Se 15 08" ¥1 86°8 " ¥0°9 G6'¢ '80°3 6071 09°0 . 697138 86 FL L0°6. 60°9 £6°¢ 80°C 80°1 ) 8970 %
¢ | eI's%  69°L6  PSFT 988 S3°S WHF. 9I'T- 090 | €P°FF L9°LB  B9°Fl - 68'8 L3S €98 SUT 890 | ¢
A 66T L8°66 LET6E  LE°6T L8°6 GE'E, BT .09°0 $°661 9866 98°6f -GE°6T 196°6, ¥E'E 08T 650 | %
1 e7BE%-. 4968 .L°996 . 6°88% ¥¥°6S. 61°6  00°% . 99°0 SILEE  8G6S G'S¥6  B8°983 16°8C 0I'6 86°T ~#9°0 | T
% 866°0  66°0 cL6°0 670 0670 GL°0 - 090 93°0°d| 9660 6670 GL6"0- _ €6°0. 06°0 SL°O0 08°0 ST df A
+8 =T L =T

v

STTIIOVY ¢ NOLINGIWISIA 4 THIL -(ponunuod) 'T'9 @TIAVL



81

THE F DISTRIBUTION

(11e3 aeddn) yse3 popis ouo - . - (tie} goddn) 3s0q pepigouo | - R
o . . S o oL el _eourogruls -

%g'0 %Y %ST %S %01 %80,  %F - %eT %S %0y . - . 3ojess

98  81'G $6°1 oL'T 66T  ¥8°1 60 OLO0 | 89°% - I¥'B 11°g ') 88T . €91 L3l €6°0 €90 |

P0G 8% 50°% £8°'T 09°1 931 0 0.0 | 188 - -99°8 ~ ©3'% 96T  89°1 6T €6°0 990 { 031

PL'G 05°% L's 8T 99°T 63T 9670 690 | 10°€ BL°G -, GE'E. - WO PLL - ISTT ¥6°0 990 | 09

$6°G 99°G 65°% 00z -T1L°T 18T 96°0 69°0 | 23°¢. 683 'z GG BL'T PET ¥60 590 | o

81°¢g ¥8°2 %5 60°c LT 3T L6°0 69°0 | g¥'e  Lo'€ L'z 18 §8°1 981 <60 ¥9°0 | og

15°¢ LS°G €5 01' 8.1 #'T 160 690 | 8%'¢ 608 65°c  %5'6 98°T 98T 960 %90 | 63

95°¢ 06°C oF'g GI's  6L°T ®&'T 4670 69°0 | 8g'€ . GI'€.  19°3 ¥&'s  L8T LET 960 $9°0 | 83

85°€ €65 P €'z 08’1 S8'1  L6'O0 6970 | 9g'g 91'€  €9°%  93°% L8TI LE'T 960 ¥9°0 | L3

£8°¢ 96°% 6P’z Uz 18T S¢°1 L6O0 690 | 09°g - 8U'E 99°%5 L35 88T 48T 960 #9°0 | 9

L8°€ 66°8 16°G 91° @81 981 L6°0 890 | 79°8 %3¢ 89'z  8%'% 68T 88T 960 %90 | gz

gF'e £0°¢ ¥$'5 8I'¢ 88T 91 - L8O 89°0 | 69°¢ 938 0L’z 0¢'g 161 88T 960 ¥9°0 | %3

L¥°€ 20°¢ LS8 05  ¥8'T L&'1.- L6°0 89°0 | SL'E 05°¢ §L'F  B€'8 86T 681 <60 F9°0 | g3

$5°8 3l°g 09°¢ €5°6 98T L&'T L6°0 - 89°0 | 18'€  gg'¢ 9L'z €G- €6°T 61 96°0 P90 | gz

09'¢ g ¥9'G gc's LT 8¢T 860 -89°0 | 88'g.  o0F'E 08°'z Lg'3° 96°1 OF'I 960 %90 | 13

89°¢ £3°8 89°C - 8¢  68'T 681 '86°0. “89°0 | 96°¢. 9%'¢ ¥8°3  66°3 96T 1¥T .96°G P90 | 03

9.8 088 BL'3 18°6 16°T 0F'I 860 89°0 | %0'% 39’8 88°% %% 861 IPT 96°0 $9°0 | 61

98°8 LE°€ LT $€°G €6°T 01 860 890 | 3% 09°¢ £6°¢c - 9%°2 10°z S¥'I 960 39°0 | s

16°¢ 9%°¢ 88’5 86'c 96T TIP I 860 89°0 | 95'% 89°'¢ 86z 697G €% €'l 960 390 | i1

o1's.  go°g 63°% %% 66T €T 660 890 | 8¢ 8L°¢ 90t ¥9°% . 90°% YT L6'0 ¥9°0 { ar

o'y L9°¢ 96'% 8%'F  %0°% Pl 660 89°0 | PSP 68°6.  gU'g .69°3 60°% 9F'T 160 ¥9°0 | o1

& F 08°€ c0°¢ €95 0% 91 660 L9°0 | sLv . 0% 18°¢  99°%  BI'T L1 L6°0 . ¥9°0 | FI

$9°% 96°¢ e1°g 09°G. 01'6 LVT 001 490 | ¥6°'%°  6I'¥ 1€°¢  1L'% 9I'G  6¥°T 86:0 €9°0 | €I

6% 91'F 85 69°% " SI'% G¥'T 00°T L9°0 | 03¢ 6€°¥% PPg 08'3 185G IS 86°0 €90 | &I

¥6°9 0% ¥ EF°¢ 6L’ 18°8 1671 10°1 L9°0 '} ¥9°¢ €9°% 6¢°¢ 06°3 L8 ge'1 6670 €970 11

99°G Ly 59°8 T6'6 83'E  FG'T  TOL - L9°0 | L6°S 6P 8L'6 G0'E 98'G 95T 66°0 . €9°0 { OI
6 £2°9 g 18'¢ L0:&  88°% 81T 8O0.F 99°0 | 399 ge°¢ © €0'F 81§  ¥'G 68T 00T 290 | ®
8 10°L L9 05 % 82°¢  00°%  £9°1 S0°T 990 | e 16°9 9¢'% . 688 92°Z - €9°1 10T €90 | 8
L 81°8 L9 L9'% L€ L9°B 89T ¥O'T 990 | 19'8 gL'9 38'v 89°8 TL'G 69T BO°T 890 | &
9 €0°01  BLL 186 00°% 065 LL'T 90T €970 | 6501  86°L 3¢9 OI'F  96°C LT 30T 990 | 9
g 8¢°€1 686 G99 §9'p  L3'E 681 60°1 99°0 | LL'ST  9T°0T 89°9 LL'F  3E'E 68T 90T 390 | o
¥ .0L°0%  L§'FT  SL'8 16°¢  06°¢ 80°% SI'T 590 | PI'IZ 991 06°8 000 F6°€ 80'G OL'TL 230 | ¥
g 666 SO'Lg  ¥EFL  FL'S &GS GG 0%l ¥9°0 | 88°€F  S8°LG  LP'PT 188 © IS B LI'T 190 | €
3 $661 g¥66  IF6E TP IFB  68°6 98T $9°0 $°661 6666 6E6E 8E'61 8S°6 Le'S €T B0 | 3
1 95P%6 9019 L°OL6  6°§%G IL°09 136 LOG 8970 1607 @509 ©°€96 S0P 93°69 936 €0'Z 99°0 | 1
9660 66°0 €L6°0° €60 060 CL'O 0S50 €3°0:d| 966'0 660 GL6°C S6'0 060 SL'O 050 3 0:d| I

71 =Ta 6 =T -

STTITOVHA * NOLLOYTUISIA 4 &HL “(ponwgued) ‘19 @IIVL



FORMULAE AND TABLES FOR STATISTIOAL WORK

82

(e zeddn) 9801 peprs ouo

(nea aaddn) 9503 papis eto
oouBuyIuUSIe

%¢g %Y %9C %¢  %0% %S %1 %S'T %g %0y 3o eae(
e 00°1 00°1 001 00'1 00T 001 00°1 001 06°1 6L 1 ¥9°1 381 8¢ 1 811 L6°0 6L°0 e
031 SF 1 8¢°1 18°1 [ 61°T (1) 10°T .- G6°0 60°C 61 gL't 19°1 [45 20§ 18’ 86°0 8L'O [i4}
09 69°1 09°1 8%°1 68°1 631 [ | 10°1 06°0 65°3 14 4 88°1 oLl 1g°1 $3°1 86°0 8L'0 09
0% €6°1 08S°1 ¥9°1 1971 8€°1 611 ¢0°1 88°0 0S8°¢ 63°C . 10°¢ GL'T et 9T 66°0 LL'O (1}
0¢ 81°CG 10°¢ 6L 1 391 9v°1 £6°1 c0°1 98°0 €L'G LY'C P1°C 68°1 ¥9°1 621 66°0 9L°0 0¢
66 13°G £0°G 1I8°1 P01 L¥'1. 8§31 60’1 98°0 9L°¢ 67°6 [ s 06°1 c9°1 08°1 00°1 9L°0 68
8G GG'E 90°& €871 Go°1 8% 1 $¢'1 G0 1 98°0 6L°C GS8°¢ L1°3 I6°1 99°1 081 00°1 9L°0 86
144 6G°6 (1) 4 a8°I L9 1 671 ¥¢'1 §0°1 98°0 €8°¢G G%°'G 61°C £€6°1 L9°1 1€°1 00°1 9L°0 L3
93 €€°3 14 a4 88°1 69°1 08°'1 (4.2 SRR {1 | 98°0 L8°3 8G6°C 3G'G G6°1 89°1 g'T 60'T 940 9¢
GG 3 L1'G 16°1 141 GS°1 ¢z'T £0°T 98°0 6°G c9'2 ¥6°C 96°1 69°T 28T 001 9L°0 4
i74 €¥°C 16°3 ¥6°1 gLl £2°'1 93" 1 €0°1 ¢80 L6°¢ 99°3 L3°G 86°1 oLt ge'1 00°1 9L°0 ¥
€3 8%°C 9G°G L6°1 oL 1 (1R § L3°T £0°1 G870 30°¢ 0L'C 08'c . 10°¢ cL'1 €8°1 00'1 940 €3
4G 6G°3 18°G 00°'3 gL 1 Lg'1 8c°1 €0°1 ¥8°0 80°¢ CL'G €€°3 €0°C¢ gLt €8°1 001 SL°0 b4
12 19°G 9€°G F0°'G 18°1 691 831 €0°1 ¥8°0 1 8 08°¢ LE°G c0'g " ¢CL'1 PE°1 00°1 qaLo 16
03 69°G 3¥°C 60°¢C B8 1 19°1 651 €01 ¥8°0 - G8'¢ 98'¢c " I¥°3 80°3 L1 cg°1 10°1 eL’0 03
61 8L°C 6¥°¢ €1°¢C 881 €9°1 0g°1 ¥0°1 €8°0 1€°8 %6°¢C A 11°G 6L'T 981 10°1 QL0 61
81 L8'% LS°% 61°G 36°1 99°1 Ge°'1 P07 1 €8°0 0%°¢ 00°¢ . 08°3 28 I8°1 L1871 10°1 sLo 81
LT 86°% €9°g C5'6 96°1 69°1 €e°1 F0'1 38°0 -1¢°¢ 80°'¢ 99°¢ 61°3 $8°1 881 10°1 GL 0 L
91 I1°¢ eL'G 68°6 10°G GL'1 ¥¢°1 " FO'T -G8°0 $9°€ 81°¢ £€9°C $6°G 8°T 681 10°1 gL'0 o1
St 95°€ L8'G 0¥° ¢ L0°8 9.°1 9¢°1 G0'T .38°0 6L°¢ 6G°¢ 0L°3 63°G 06°1 %1 G0'1 7L°0 QT
71 ¥v°€ 00°¢ 6%°G g£1'c 08°'I 81 c0°'1. 38°0 " 96°¢ - §%°¢ - 6L°3 (1984 F6°1T er°I ¢0°1 PL°0 ¥I
1 €9°'¢ Li'g 09°6 1G°3 08°1 0% 1 S0°1 i8'0 LT'¥ 6S°¢ 68°C 15k 86°'T F¥°IL g0°T  ¥L°O eI
(A} 06°¢ 9€°¢ cL'g 08°3 06°1 vl 90°1 18'0 570 4 8L°'€ g0°¢ 1¢°¢ $0°G 91 £0°1 8L°0 14}
11 L 4 09°¢ 88°C oF'¢ L6°T L5 2 | 90°1 08°0 9L'¥ 0¥ Li'e 19°G 01°¢ 671 80°1 gL°0 11
01 ¥9°¥% 16°¢ 80°¢€ i 2082 90°¢ 8%°1 L0°1 08°0 FARNY 310 2 LE'E LG 81°G GS°1 ¥0°1 gL’o o1
6 61°¢9 1£°¥% €8¢ 1L°8 91°¢ g8°1 80°1 6L°0 gL°g [ A 4 19°¢ 06°¢ 83°% 99°1 SO°1 gL 0 6
8 €6°¢ 98'% L9°¢ €6°C GG ¢ 8¢°1 60°1 8L°0 09°9 85'S S6°¢ 14 0¥%°G 09°1 90°1 aL'o 8
L 80°L ¢9°q k4087 £G°¢ L¥'Gc 9971 011 LL'0 G9°L L0°9 vy 1%°¢ 8¢'% L9°T LO'X L°0 L
9 88°8 88'9 P 2 L9°¢ oL'C LT Gl'1 LL°0 L¥°6 18°L gI°'9 78°¢ 28°C SL'l 60°1 1L°0 9
Q $1°C1 g0'6 g0°9 0¢°'¥ 018 L8 1 ST°1 aL o 8L°G1 A ] 83°9 ee'y 61°¢ 88°1 SU'l 0oL’ 0 g
¥ 5861 9% ¢1 928 €9°¢S L€ 80°¢ 61'T ¥PL°O £0°03 - €6°§1 1¢°8 . LL°S €8°¢ 80'2 9I'1 69°0 k4
g £8° 1% £1°92 06° €1 £9°8 1 L¥°G L1 gL’ 0 " %9°%¥ 09°9¢ 1'%l 3§98 81°¢ 9¥9°¢ €3°1 89°0 g
S G661 05766 08°6¢ 05°61 ©6%'6 S8F'€ ¥P'I 3BLO ¢'661 O%°66 9%'6¢ 9F'6T CP'6 EF'E O0F'1 w@”o H
1 COP4S 9989 8101 £°¥5% €£°€9 98'6 03’3 9L°0 0¥6%3 cgz9 .3°L66 1°6¥% 0039 £9°'6 €1'G 3L°0 1
c G660 66°0 gL6"0 S6°0 06°0 €L°0 0S50 ez 0 :df 666°C 66°0 SL6 0 g6°0 06°0 SL°O0 0870 63" 0 d) *a
N - .

oco=Ta ¥% = Ta

SATILOVHI : NOIZLOGINISIq & GHI -(ponwod) ‘19 WIAVL



TR I DISTRIBUTION 33

6.2. Bera Fun¢rTioN REPRESENTATION
a. Introduction :

Table 6.2 gives upper 1% and 5%, values of the beta distribuion with the density

1 P T b1 a
Fay ¥

- for the following values of the parameters a and b:
2a = 1(1) 9, 12, 24, @
2b = 1(1)30 40, 60, 120, c0.

Fractlles corregpondmg to p=0. o1, 0.05 (the lower 1%, and 5%, points) can be
read from Table 6.2 by mberchangmg a and b and taking the difference from unity of
the table entry.

Example. To find the fractile for 2a¢ = o, 25 = 17, a,nd p = 0.05.
The required fractile is 1—0.87222 = 0. 12778, 0.87222 being the upper 5% poinb
(0.95th fractile) of heta. with 20 = 17, 2b = 5.

b. Beta dlstrlbutmn——lts relatmn to the dnstrlbutmn of the variance ratio
(F) and the null-distribution of the multiple correlation coefficient

Consider the two transformations

(1) w= V2+V1F
— V2
@ w= vt

The first equation transforms the variance ratio (F) ha,vmo' parameters vy and v, (d.f.

b

v
of numerator and denominator) to a,'b_eta vanable having parameters a = L= )

2
while the second transfoxms the same variance ratio to a beta variable with para-

meters ¢ and b mterehanged ie :a= %‘1 b-— v‘, _ ’l‘able 6.2 dh'cctly gives the
significant values of R? the squm‘e of the multiple correlation coeﬂlclent with 20 =k,

the number of independent variables and 2b=n—Fk—1, where nis the sample : sme In
6.1c the mgmﬁcanoe of R? was judged by ﬁlst computmg a function of R? whlc,h is
distributed as F and refemng to the F table. - o

c. The mcomplete beta function——its relation to cumulated bim_imial
probabilities S :

An equation connectmv the mcomplete beta, integral with the cumulative -
sum of binomial probabilities is given in 1.3b. The use of Table 6.2 in determining
one-sided confidence limits to the parameter 7 of the binomial distribution and in

 providing. one s1ded tests of hypothesus concerning is. a]rea,dy demonsbra.bod in
l 3bendec.
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86 FORMULAE AND TABLES FOR STATISTICAL WORK
&.5. THE DISTRIBUTION OF Spox/Smn

a. Introduction

Table 6.3 gives the upper 1% and 5% values of s;2/si Where spi, and
Smén are respectively the largest and the smallest in a set of £ independent mean squares

each based on v d.f.

b. Application

Seven pieces of yarn were sampled from each of & spinning frames and tested
for tensile strength. The values of s? for the 5 frames are 0.0297, 0.0429, 0.0381,
0.1181, 0.0467. To test whether the variability is the same for all frames, compute :
Sp2/Su2a = 0.1181/0.0207 = 3.98. The 5%, value of sy /s, 5 for k=5 and v=61is

12.1, so that the observed ratio is not significant at the 59, level.

2 2
TABLE 6.3. UPPER PERCENTAGE POINTS OF s /s, o)

(Upper 1% points)

1.00  1.00

k
2 3 4 5 6 7 8 9 10 11 12
v

2 199 448 729 1036 1362 1705 2063 2432 2813 3204 3605

3 47.5 85 120 151 184  21(6) 24(9). 28(1) 31(0)  33(7)  36(1)

4 23.2 37 49 59 69 79 89 97 106 113 ‘120

5 14.9 - 22 28 33 38 42 46 50 54 57 6o

6 1.1 15.5 19.1 22 25 27 30 32 34 36 37

7 8.89 -12.1 14.5 16.5 18.4 20 22 23 24 26 27

8 7.50 9.9 11.7 13.2 K.5 15.8 16.9 17.9 18.9 19.8 21
9 6.54 8.5 9.9 11.1 -12.1 13.1 13.9 14.7 15.3 16.0 16.6
10 5.85 7.4 8.6 9.6 10.4 I11.1 11.8 12.4 12.9 13.4 13.9
12 4.91 6.1 6.9 7.6 8.2 8.7 9.1 9.5 9.9 10.2  10.6
15 4.07 4.9 5.5 6.0 6.4 6.7 7.1 7.3 7.5 7.8 8.0
20 3.32 3.8 4.3 4.6 4.9 5.1 5.3 5.5 5.8 5.8 5.9
30 2.63 3.0 3.3 3.4 3.6 3.7 3.8 3.9 4.0 4.1 4.2
60 1.96 2.2 2.3 2.4 2.4 2.5 2.5 2.6 2.6 2.7 2.7
0 1.00 1.0 1.0. 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

(Upper 59, points)
k R
\\\\\\ 2 3 4 5 6 7 8 9 10 11 12
: v

2 30,0 8§7.5 142 202 . 266 433 403 47 550 626 704

3 5.4 27.8° 39.2 50.7 .62.0 . 72.9 83.5  93.9 104 114 124
4 . 9.60- 15.5 20,6 25.2 20.5 33.6 37.5. 41.1 44.6 48.0 - 51.4
5 7.15 10.8 13.7 16.3 187  20.8 22.9 24:7 2.5 28.2  29.9
6 5.82  8.38 10.4 121 13.7 15,6 16.3 17.5 ~ 18.6 19.7  20.7
7 4.99 © 6.94 8.44 -9.70 10.8 11.8 12,7 . 13.6 14.3 15.1 15.8
8 443 6.00 7.18 8.12 ' 9.03 978 10.5 1.1 11.7 12.2 12.7
.9 £.03 5.3¢° 6.31. 7,01 7.80 8.41 . 895 9.45 9.91 10.3 10.7
10 3.72 4.85 5,67 -6.3¢ 6.92  T.42 7.87 8.28 8.66 9.0 9.34
12 3.28 4.16  4.79 '5.30 572 6.09 6.42 -6.72 7.00 7.25 7.48
15 2.8 354 4.01 - 4.37 4.68  4.95 5.19 5.40 5.59 5.17 5.93
20 2.46° 2.95 3.29 3.564 376  3.94 4.10 - 4.24 4.37. 4.49 4.59
30 2:07 2.400 261 278 . 2,91 3.02 3.12 3.21 3.29 3.36 3.39
60 1.67 1.85 - 1:96 - 2.04 211 2.17 2.22 2.26 2.30 ©2.33  2.36
0 1.00  1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Values in the column k =2 and in the rows p =2 andeo are exact. Blsewhere the third:digit- may .

be in error by a fow units for the 5% points and several units for the 19, points. The third digit figures

in brackets for v = 3 are the most 'ugceztain.



7. THE CORRELATION COEFFICIENT

In 4c was described a ¢ test for testing the significance of an observed
sample correlation coefficient. Table 7.1 gives directly the significant values of r
(the sample total or partial correlation coefficient under the assumption of normality)
correct to three places of decimal and d.f. = 1(1) 30 (10) 80, 160(50) 300. With this
table, the computation of ¢ for testing the significance of 7, is unnecessary.

~ The first thtee columns give 5%, 1% and 0.19% level values of |r| for two
sided tests. The next three columns give upper tail values for one sided tests ab
8%, 1% and 0.1% levels of significance. A negative sign prefixed to these upper
- tail critical values provides the corresponding lower tail values. :
Example :  The value of the- sample correlation coefficient between head length
and head breadth computed from.measurements on- 30 mchwduals is 0.415. To test
the hypothesis that the population correlation coefficient is zero.

Here the d.f. is 30-2 = 28 and the 5% tabulated value. for 28 d.f. is 0.361 for a
two sided test. The observed value being larger, the result is significant at the 59,
level: If it is known apriori that under the alternative hypothesis the population
correlation coefficient would be positive, a one sided test is used for judging the signi-
ficance of the observed correlation coefficient. The 5% tabulated value for one sided
test is 0.306, thus establiShing significance of the observéd correlation coefficient.

TABLE 7.1 THE CRITICAL VALUES OF THE CORRELATION COEFFICIENT
(TOTAL OR PARTIAL)

5%, 1% and 0. 1% values for one-sided (upper tml) and two- sxdad tests

two-sided . | . one-sided twossided ) . onesided:
af.] 5% 1% 0.19% | 5% 1% 0.1% {d.f 5% 1% 0.1% | 8% 1% 0.1%
11 .9269 .988 ~.9588| .988 .9351 .9351 21 413 .526 .640 | .352 .482 .610-
2] .950 .9200 .9300 [ .900 .980 .9280 22 | .404 516 .629 .344 - 472 .599
31 .878 .959 .9:11| .805 .934 .986 23 .396 .505° .618 | .337 .462 .588
4 .811  .917  .974 .729 .882 (963 | | 24 .388 .496 .607 | .330 .453 .578
5{ .75¢ .875 .951 .669 .833 .935 25.) .381  .487 .597 .323 .445 .568
S 6 .707 .834 .925 621 .789 .905 26 .374 .478 .588 2317 437 559
71 .666 798 .898 .582 .750 .875 27 .367 .470 579 | .311 .430. .550
8| .632 .765 .872 .549 716 .847 . 28 .361 .463 570 .308 -.423 .541
"pt .602 .735 .847 | .521 .685 .820 29 2355 .456  .562 | .301 .416 .533
10| .576 .708 .823 | .497 .658 .795 | | 30 .349 .449 554 | .206 .409 .526 .
“111- .553 - .684. 801 .476 .634¢ .772 40 | .304 .393 .490 | .257 .358 .463
12| 532 -.661 .780 | ..457 .612 .750° 50 | .273 .354 443 .231 .322 .419
18] 514 .641  .760 | .441 .592  .730 60 .250 (325 .408 .211 .295 .385
141 .497 . .623 742 .426 .57¢ 711 70 .232 .302 .380 195 .274 .358
15| .482 .606 = .725 412  .558 .694 80 | .217 .283 .357 183 .257 .336.
167 .468 .590 .708 .400 .543 .678 100 | .195 .25¢ .321 164 .230 .302
17| .456 .575 .0693 | .389 .529 .662 150 .159 .208 .263 1| .134 .189 .240
18| . .444 .561 .679 .378 ~.516 .648 200 .138 .181 .230 .116  .164  .216
191 .433 .549 .665 .369 .503. .635 250 124 162 .206 104 (146 (104
20 .423 .537  .652 .360 .492. .622 300 .113 .146 .188 | .095 .134¢ .177

Note that for testing the significance of ocorrelation coefficient (total) computed form n pairs of

_ observations, the appropriate degrees of fresdom are n-2. For testing the significance of a partisl corretn-

tion -coefficient between two variables eliminating % independent variables, computed from observations

on # individuals (ie. on # sets of observations) the degrees of freedom are n-2-k: Thus the partial

correlation cosfficient 7123456 = 0.63 based on 30 observations is significant against the 59, eritical value
n 24 d.f,



8. TRANSFORMATIONS
8.1, Pur S:in-! /P TRawssosMATION ForR THE BiNoMIAL PROPORTION

Introduction |

Table 8.1 gives the values of sin41\/§ (in degrees, correct to 3 places of
decimal) for p = 0.000(0.001)0.200 (0.005)0.500. For 0.500 < p < 1, use the formula
sin1Vp = QO;Sin‘l\/l_——f.- Thus

. | sin™'4/0.785 = 90—sin—1v/0.215 = 90—27.625 = 62.375.

b. Interpolation in Table 8.1.

For interpolation within the interval 0.000 to 0.030 wuse the formula

sin~1Vp = 57.295784/p(1+p/6) degrees. Linear interpolation should suffice in the
interval (0.030—0.500). To facilitate linear interpolation within the interval
0.200 to 0.500, values of A’( = 200A) have also been provided in an adjacent column,
the formula applicable being

sinVp = sinVpet-A'(p—p,)
where p, is the nearést tabular argument below p. Thus
sin~11/0.3035 = sin~11/0.300-A’(0.0035) = 33.211-62.4(0.0035) == 33.429
observing that the tabulated value of A’ for p = 0.300 is 62.4

c. Apphcatlon

. The binomial proportion x/n has mean 7 and standard devm.tlon [n(1—m)[n]},
but the standard error of sin~14/p (expressed in degrees as in Table 8.1) is
- i11dépendent of 7 and is equal to 28.64789/ v'n degrees. Because of this there is some
theoretical advé.nta,ge in transforming an observed proportion p to sin—1v/p in the
comparison of proportions in one or multiple way classification by analysis of

‘variance.
The table is also useful in eVaiﬁating the inverse of other trigonometric functions.
cos~lx = sin—14/1T—2?, cosec™lxr = sin—I(1/x),
- tantlz = sm‘%/ xZ/—l—Fx—z), séc~lz = sin—1v/(x% —1)/22,
C g cot"lx = sm‘lx/l/(l +x2) v
| Thu'; mn—ll 94 = sm‘l\/O 6059 = 90—sin~1v/ 10,6059 = 90 —sin~1v/0.3941.
; '—-90 38886_51114

usmg the table. to find sm‘l«/ 0. 3941 ’ )

Y Some other tables
L SNEDEGOR, G W, (1946) : Stamstwal Method& 4th Ed Towa State Univ. Press, Ames, Towa,
. gives: Sl.n l~/p correct to two places of decimal for p-=0(0.0001) .01(.001) .99(.0001)1.

’ -2 FISH‘ER,R A a.nd YA'I‘ES, F. (1957 :S’tamtwal Tables for Biological, Agricultural and Medical Research,
‘Sth-edition, Ohver and Boyd London, s

* gives Sta~1: ~ p correct to one place of decunal for p = 0(0 01) 0.99 (Table X) and also for p == z/n;
cz= (1), [%n], o= 2(1) 30 (Table XI) .

3. HALD, A. (1952) :  Statestical Tiibles and- Formulas, John leey and Sons, New Yorlk.
Ta,ble 12 gwes 2 Sm—llJ p in radians, correct to four plaees of decimal for p = 0(0. 001) 1000



‘ TBANSFOEMATIONS 89
. TABLE §.1. THE SIN"*/p’ TRANSFORMATION FOR THE BINOMIAL PROPORTION
Transformation from proportions to dégrees
2 = 0.000(0.001)0.199
P 0 1 2 .3 4 5 .8 7 8 9
.00 ©.000 1.812 2.563 3.140 . 3.626 4.055 4.442 4.799 5.132° 5.444
0L} 5.739 6.020 6.289 6.547 6.795 7.035 7.267 7.492  7.710 7.923
.02 8.130 8.329 8.530 8.723 8.912 9.098. 9.279 9.457  9.632 9.805
.03 9.974 10.141 10.305 10.466 10.626 10.783 10.937 11.090 11.241 11.390
-04 1 11.537 11.682 11.826 11.968 12.108 12.247 12.385 12.521 12.656 12.789
051 12.921 13.052 13.181 13.310 13.437 13.563 13.689 13.813 13.936 14.058
©L06 | 14,179 14.299 14.418 .14.537 14.654 14.771 14.886 15.001 15.116 15.229
071 .15.342 15.454 15.565 15.675 . 15.785 15.894¢ 16.003 "16.110 16.217 16.324
081 16.430 16.535 -16.640 .16.744 16.847 16.951 17.053 17.155 17.256 17.357
.09 | 17.457 17.557- 17.657 17.756 17.854 17.952. 18.049 18.147 18.243 18.339
10| 18.435 18.530 18.625 18.719 18.814 18.907 19.001° 19.093 19.186 19.278
1) 19.870. 19.461 19.552° 19,643 19.733 . 19.823 19.913 20.002 20.091 20.180
121 20.268 20.356 20.424 20.531 20.618 20.705 20.791 20.877 20.963 21.049
L1310 21.134 21.219 21.304 21.389 21.473 21.557 21.641 21.724 21.807 21.890 -
.14 ) 21.973° 22.055  22.137 22.219 22.301 22.383 22.464 22.545 22,626 22.706
15| 22.786 22,867 22.946 23.026 23.106 23.185 23.204 23.343 23.421 23.500
.16 7 23.578  23.656 23.734 23.812 23.889 23.966 24.044 24.121 24,197 24.274
17| 24.350 24.426 24,502 24.578. 24,654 24.720 24.804 24.880 24.955 25.020
A8 ] 25.104 25.179 25.253 25.327 25.401. 23.475 25.549 25.622 25.696 25.769
19| 25.842 25.915 25.988 26.060 26.133 26.205 26.277 26.349 26.421 26.493
P = 0,200(0.005)0.500
p | Sint NP &’ P Sin—t Np A’ P Sin-1 Wp A’
.200 26.565 T1.4 - .300 33.211 62.4 .400 30.231 . | 58.6
.205 26.922 70.6 .305 33.523 62.0 .405 39.524 58.2
-.210 27.275 70.0 .310 33.833 61.8 .410 39.815  58.2
.215 27.625 69.4 315 34.142 61.6 .415 40.106 58.2
.220 |  27.972 68.8 . .5320 34.450 ©  61.2 .420 40.397 58.0
.295)  28.316 68.4 .325 34.756 61.2 425 | 40.687 57.8
.230{ = 28.658 67.8 .330 35.062°  60.8 430 | 40.976 57.8
.235 28.997 67.4 .335 35.366 60.6. .435 41.265  57.8 .
.240 20.334 66.8 - .340| - 35.669 60.2 .440 41.554 57.6
.245 29.668  66.4 .345 1 35.970 60.2 445 41.842 57.6
.250 30.000 66.0 350 | 36.2m 60.0 .450 42.130 57.6
.255 30.330 65.4 .355 36.571 59.8 .455 42.418 57.6
.260 | -30.657 05.2 .360 36.870 59.6 .460 42.706 57.4
.265 | . 30.983 . 64.6 .365 37.168 . 59.4 .465 42.993 57.4
-.270 31.306 64.4. .30 37T.465 0 59.2 470 ] 43.280  .57.4
275 | 31.628 64.0 .375 37.761 59.2 .475 43.567 57.4
.280 31.948 63.6 .380 38.057 58.8 .480 43,854 57.4
.285 ] - 32.266 63.4 .385 38.351  '59.0 .4853 44.141 57.2
.290 32.583 62.8 590 38.646 58.6 .490 44.427 . 57.4
.295 32.897 62.8 .395 38.939 58.4 | .495 44.714 57.2

- )
‘Interpolation tn Table 8.1

For p < 0.03, use the formula sin=1a/ p = 57.29578(1+p/6)N p. Linear interpolation would suffice

f

elsewhere. "For 0.03 < p < 0.20 if py, and p; be two consecutive arguments in the first table such that

Po < P < Py, use the formule si-INp = 103((p; —p) sin=14/ 1 + (p—po)sin=1 ¥ o). For p>0. 20 the
values of A’ ngen in Table 8.1 could be used in the following formula for linear mtex-polxmon

where pg i8 the noarest tabular argument below p. Forp > 500, use the formnla sin"1 Jp =

'Jl—-p

sin~1 W/p = gin—1 ~’Po+A (p—Po)

90 —gin~t



90 FORMULAE AND TABLES FOR STATISTICAL WORK

8.2. THE Tanu-! TRANSFORMATION For Cormwmramion COEFFIOIENT
a. Introduction

v 1
Table 8.2 gives the values of z = tanh=r =?loge 1, eorrect to five places

of decimal for » = 0.00(0.02) 0.20(0.002) 0.860(0.001) 0.999.

b. Interpolation in Table 8.2

“Within the interval 0.20 < r < 0.95, linear interpolation giveé accuracy to four

places of deeimal For 0 < r < 0.20 the formula
1-3
tanh=lr = r+3

could be used. For 0.95 <rg 099 qué,dra.fcic interpolation is necessary to achieve

the same degree of a.ccuracy.‘ Interpolation in the table is not advisable for values
In such a case one should compute tanh~1r directly using the formula

14r

,. 1
. — -l —
z = tanh~lr = 5 Ioge,1 et

v of r> 0.99.

¢. Application
-(i) The product moment correlation coefficient (mterélaSS correlation)
For the sample correlation coefficient 7 in a sample of size n from the bivariate

normal population,

50) =9 (1= 35— s 0 (35— g )10 |

-~ 1"2<1n—_p; {1“‘-4(7»1—1) (=9 2)>}.] |
and variance | |

Vi) = o (—p2? (14 +””)+...

p V 11p2 2
Lvn_ e Hn—T) H |
where p is the population correlation coefﬁcien_t. For large n,
{= E(z) = tanh—? p+ (n 1) —{— ~ tanh—1p
a Vi) ~ —s
an ~a—3

The same formulae for expectation and variance hold good for a partial correlation
coefficient with n-changed to n—p where p is the number of variables eliminated.



TRANSFORMATIONS 91
d. The intraclass correlation coefficient

. For the intraclass correlation coefﬁcient 7, based on I variates within a class,

. . . A 14(k— , o
Fisher proposed the transformamon == 10ge—+~(j_—-1)f The transformed value
in this case may be obtamed by first computm« Pp— kr and reading the value

24+ (k—2)r.
ot tanh*l 7 flom' Table 8.2. -

For a given value-of}- log,

L+(—1)r -
r

I = ¢ the cotreéponding v.a.lue of r may

be obtained in a simila manner by ﬁrst obta,mmg the value of 7 = tanh ¢ by inverse
1nterpolat10n in Table 8.2 and computing ‘ ’

L2r
= By +k(1—r"

The expected value and variance of 2, in sa.mph'ng from a normal population; are given
by ' - ‘ S

i —1)p
E(2) ~% logt—li.t'gf__‘_pm

Vie) ~ kf2(k—1)(n—2)

Thé transformation to z would be useful in testing for an assigned: value of
: the correlation coefficient (total, partial or intra-class) or in testmg the equality of &
correlation coeﬂimen‘os on the- basis 0f estimates.

e. Another taBle‘

HARVARD UNxVERser COMPUTATION LABORATORY (1949) Tables of Inverse Hyperbalia'ﬁ’uﬁéiwrwl Tho
" Annals of the Computatmn La.bombory of Harvard Umvorsxty, 20, Harvard Univ. Press, Cambndge
(Masswhusetts)
gives tanh-1 z to 9 places of de('m.nl for © = 0(0 001) 0 5 (0. 0005) 0"’75 (0 0002) 0. 9 (Q 0001)
0. 95 (0 00005) 0.975 (0. 000()2) 0.99 (G 90001) 0. 99999 .
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TABLE .2. THE TANH-t TRANSFORMATION FOR CORRELATION COEFFICIENT
r = 0.00(0.02)0.18

” 0 . 2 4 6 8
.0 00000 .02000 .04002 .06007 .08017.
1 10034 ..12058 .14093 .16139 .18198
r = 0.200(0.002)0.858
r 0 2 4 6 8 * 0 2 4 6 $
90 | .20273 .20482 .20680 ' .20899 .21108 55 | .61838 .62125 .62413 .62702 .62092
51 | 21317 .21526 .21736 .2194G .22156 ‘56 | .63283 .63575 .63868 .04162 .04457
5o | (22366 .22516 .22786 .22907 .23208 57 1 64752 65049 .63347 .65646 .65945
‘53| [23419 23630 .23842 24053 .24265 58 | .66246 .66548 .66851 67155 .674G0
‘24 | J24477- 24690 .24002 .25115 .25328 | “so | .67767 .68074 .08382 .68692 .69003
o5 | .o5541 .25755 .25968 .26182 .26396
‘56 | Jo6611  .26825 .27040 .27255 127471 - 60 | .69315 .60628 .69942 .70258 .70574
‘27| .27686 27902 .28118 .28335 .28551 ‘61 | .70892° .71211 .71532 .71853 .72176
93 | (28768, .28085. .20203 .29420 .29638 62 | 72501 .72826 .73153 .73481 .73811
39| J29857 .30075 .30294 .30513 .30732 63 | .74142 .74474 .74808 .75143 .75479
o : o : | 64 | 75817 76157 .76498 .76840 .77184
301 .30062 .31172 .31392 .31613 .31833 . _
‘31| .32055 .32276 32498 .32720 .32942 :
‘321 .33165 .33388 .33611 .33835 .34059 45 | .77530 .77877 .78926 .78576 .7892%
"33 34283 ..34507 34732 .34958 .35183 66 | .79281 .79637° .79993 .80352 .80712
"341 35409 .35636 .35862 .3608Y9 36317 ‘67 | .81074 .81438 .81804 .82171 .82540
. T ‘6 | 132011 .B3284 .83659 .84036 .B4415
95| .36544 .36772 .37001 .37230 .37459 ‘69 | .84796 .85178 .85563 .85950 .$6339
"36 | .37680 .37919 .38149 .38380 .38611 .
37| 38842 .39074 .39307 .39539 .39772 1 _
"33 | .40006 .40240 .40474 .40709- 40944 o | .se730- .87123 .87519 .87916 .S8316
‘30| 41180 41416 .41653 .41890 .42127 ‘71 | 88718 .89123 .89530 .89939 .90350
» - ‘me | 00764 .91181 91600 .92022 ~.02446
40| .42365 42608 .42842 .43081 .43321 ‘73 | 92873 .93302 .93734 .94169 .94607
41| .43661 .43802 .44043  .44285 .44527 ‘wa 1 .95048 .05491 95038 .9G387 .86840
4o | (44769 .45012 .45256 .45500. .45745 ' .
43| (45990 .46235 .46481 .46728° .46975
“44 | (47223 47471 47720 47970 48220 75 | .o7206. .97754 .08216 .98681 99150
. ‘76 | J99622 1.00007 1.00575 1.01058 1.01543
451 .48470 48721 .48973 .49225 - .49478 ““77 11702033 1.02526 1.03023 1.03524 1.04025
46 | (49731 .49985 .50240.- .50495 50751 ‘78 11.04537 1.05050 1.05567 1.06088 1.06613
471 51007 .51264 .51522 .51780 .52039 79 |1.07143 1.07677 1.08216 1.087G0 1.09308
"48 | 52298 .52559 .52819 .53081 .53343 .
"49 | .53606 .53870 .54134¢ .54399 .54664. :
- o g0 11.09861 1.10419 1.10082 1.11551 1,12124
50-| .54931 .55198 .55465 .55734 .56003 ‘a1 11.12703 1.13287 1.13877 1.14473 1.15074
51 | .56273 56544 .56816 .57087. .57360 ge |1.15682 1.16295 1.16915 1.17541.1.18174
‘52 | :57634 .57908 .581B4 58460 .58737 '3 11.18814.1.19460 1.20113 1.20774 1.21442
59 | .59015. 59293 .59572° .59853 .60134. g1 11092117 1.22801 1.23402 1.24191 1.24899
54 | .60416 .60698 .60982- 61266 .61552 -85 |1.25615 1.26340 1.27075 1.27818 1.28571
r = 0.860(0.001)0.999 - -

’ 0o 1 2 3 4 5 6 7 8 9
86 | 1:20334 1.25720 1.30108 1.30498 1.30891 1.31287 1:31686 1.32067 1.32491 1.32898
‘a7 |'1033308 1333721 1.34137 1.34555 1.34977 1.35403 1.35831 1.36262 1.36697 1:37135
‘es | ri37577 1.38022 1.38470 1.38922 1.39378 1.39838 1.40301 1.40768 [.41239 1.41714

-9 | 142193 1.42676 1.43163 - 1.43654 1.44150. 1.44651 1.45156 1.45065 1.46179 1.46608
"0 | 147222 1.47751 1.48285 1.48824 1.49365 1.40918 1.50473 1.51034 1.5160r 1.52174
.01 | 1.52752 1.53337 1.53928 1.54526 1.55180° 1.56741 1.56359  1.56984 1.57616 1.58256
‘92 | 158903 1.59558 " 1.60221 .1.60892 1.61571 1.62260 1.62057 1.63663 1.64379° 1.65104
“oa | 1.65839 1.06584 1.67340 - 1.68107 1.68885. 1.69674 1.70475 1.71288 1.72114 1.72953
‘94 | 1073805 1.74671 1.75552 1.76447 1.77358 1.782354¢ 1.79227 . 1.80188 1.81166 1.82162
‘o5 | 1:83178 1.84214 1.85270 1.86349 1.87450 1.88574¢ 1.89723 1.00893. 1.92100 1.93331
96 | 1.94501 1.95882 1.97207 1.98566 1.99961 2.01395 2.02870 2.04388 2.05952 2.07565 :

‘97 12000230 2.10050 2.12730 2.14574 2.16486 .2.18472 2.20530 2.22692 2.24940. 2.27291
‘98 | 2.20756 2.32346 2.35074 2.37958 2.41014 2.44206 2.47741 2.51472 255499 2.59875
‘99 | 2.64665. 2.69058 2.75873 '2.82574 2.90307 2.99448 3.10630 3.25039 3.45338 3.80020



9 ORDER STATES’E‘HCS
, _ 9,1.,- EXPEOTED VALUES OF. Oanmz, STA'msmos |
a. Introduction L '
Consider a sample (zy; Z,, , ,) of size n from"ra, gtandard viormal distri-
bution. Let these observatlons be ~arranged in increasing order of magnltude as

follows v
» ' mu) < :z:m <o < e

VTa,ble 9.1 provxdes the expected va.lue of z glven by

) ,n

o= e oL Vo] | W] Moy

for 1= [(n41)/2] 1) n, n= 2(1)30 For : < [(n+1)/2] the expected values are
obtained using the relation

o By, =——Exkﬁ.-i+1)-

‘b, Applications "

, Ta.bie 9.1 is useful in the analysis of ordinal data, where one has to replaée the
ranks by the expected values of the corrésponding normal order statistics. Here
the next stey often involves an analysis of Va.ljialn"ce' of these assigned scores. . The
sums of squares of the expected valies given in Table' 9.1 are useful in these
‘calculations See also the explanatory notes preceding Table 10.3 in thls connectlo de

" Another use of Table 9. 1 is in obta.mmg factors by which the range or a quasi- :
range, in a sample of size n from the normal populatxon N{u, o)has to be- multlphed. !
to give an estimate of the sta.ndard deviation-c. Thus we see from Table 9.1 that

Cin a sa,mple of size 20, [x(ls)—x(a,] +2,26 p10v1des an unbiased estimte of the
population - standard deviation, - since . f01 n = 20, E"c(m = E'x(n_z) = 1.13¢ and .
Ex(s) = "Ef”(n~3+1) = —L130.

c. Another table of expected values '

Harrer, H. L (1960) Expectzd values of. Normal Order, Statistics, Techmcal reporh 60-292 Aeronautical:
Rese&rch Laboratories, Wught Pattarson Air Force Base, June 1960.

Expected values to five places of decimal ‘for n = 2(1)100 a.nd for selected va.lues upto 7 = 400.

'I.‘ABLE 9.1. EXPECTED VALUES OF OR.DER STATISTIGS L0 IN SAMPLES FROM A
STANDARD NORMAL

order . |n= 2 3. 4 5 6 7 $ 9 10
- " .56 .8 . 1.03 1.16 1.27° 1.35 . 1.42 - 1.49 1.54.
n-1 o . 0 . .30 .50 .64. 76 | .85 .93 1.00°
=2 . - . - .0 20 . .35 .47 .57 .66
n—3 . o 0 .15 .27 .38
n—4 - oo _ : ) . o 0 .12
z B2Z . 0.6272 '1.4450 2.3018 3.1912 4.1260 "5.0462 G5.9646 6.9656 7.9320

‘12
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TABLE 9.1 (contiiued). EXPECTED VALUES OF ORDER STATISTICS 73, [N SAMPLES FROM A
' STANDARD NORMAL DISTRIBUTION

TTIEOYARSR

order | n=11 12 13 - 14 15 ‘16 17 18 19 20
n 1.59  1.63 1.67. 1.70 1.74 1.76 - 1.79 1.82 1.8¢4  1.87
n—1 1.06 1.12 1.16 1.21 1.25 1.28 1.32. 1.35  1.38 1.41
n—2 .73 79 .85 .90 .95 .99 1.03 1.07 1.10 1.13
n—3 46 .54 .60 .66 .71 .76 .81 .85 .89 92
n—4 .22 .31 .39 .46 .52 57T - .62 .67 1 15
n—>5 0 .10 .19 .27 34 .39 .45 .50 .55 .59
n—6 0 .09 AT .23 .30 .35 .40 .45
n—17 : ’ 0 .08 15 2L - .26 .31
n—8 0 .07 R] .19
n—9 ' 0 .06
n ; - . B

I Bx2 | 8.8892 9.8662 10.8104 11.7846 12.8232 13.6600 14.7258 15.7454 16.6864 17.7144
i - , ;

order | n=21- 22 23 2 25 26 2T 28 29 30
n 1.89  1.91 ‘1,93 1.9 1.97 1.98 2.00 2.01 2.03 2.04
n—1 | 1.43 1.4 1.48 1.50 1.52 1.54 1.56 1.58 1.60 1.62
n—2 | 1.16 1.19 1.21 1.2 1.26 1.20 1.31 1.33 1.35 1.36
n—3 .95 .98 1.0 1.04 1.07 1.09 1.11 1.14 . 1.16 1.18
n—4- .78 .82 .85 .88 .ol .93 .96 .98 1.00 1.03
n—>5 .63 .67 .70 73 LT6 .79 .82 - .85 .87 .89
n—6 .49 .53 .57 .60 .64 .87 .70 .73 .15 .18
H—1 .36 .41 45 . .48 52 .55 .58 .61 .64 .67
n—8 .24 .29 .33 .37 41 .44 .48 .51 .54 .57
n—9g .12 AT .22 26 .30 .34 0 .38 .41 Y
n—10 0 .06 AL e .20 .24 .28 .32 .35 .38
n—11 0 05 . .10 .14 .19 .22 .26 .29
n—12 : , 0 05 . .09 .13 - 17 .21
n—=13 o ‘ 0 .04 .09 - .12
n—14 : S _ 0 .04
n . . . . .
= Ex}, | 8.6242 19 6862 20.6176 21.6040 22.6352 23.5470 24.5992 25.5808 26.5806 27.5454
=1 . . .
. 1
order |n=31 32  ° 33" 34 . 3. 36 37 38 39 40
n 2.0 2.07 - 2.08  2.09 2.ir ° g2.12 2.13 2.14 2.15 2.16
nal 1.63 1.65. = 1.66 - 1.68 1.69 .- 1.70 1.72 1.73 1.74 1.75
“n—-2 1.38  1.40 1.42 " 1.43 ‘1.45° - 1.46 1.48.  1.49 1.50 1.52
n—3 1:20 1.22 1.23 1.25 1.27 1.28 1.30 1.32 1.33 1.34
n—4 | 1.06 1.07 1.09 1.11 - 1.12 1.14 1.16 117 . 1,19 1.20
5 .92 .94 96 - .98 "1.00 . 1.02. 1.03 1,05 . 1.07 1.08
n=—b .80 .82 .86 .87 . .89 .01- 92 L94 96" .98
Tn—7 | .89 .72 .74 (i 79 .81° .83 -85 .86 .88
n—8 .60 .62 .85 .67 - .88 . 12 73 .75° T .19
n—9 . .50 . .53 .56 .58 .60 .63 .65 .67 - - .69 1
- n—10 A4l 44 47 .50. . .52 54 57 .59 7 .61 63
n—11 [ .33 .36 .39 41 44 47 .49 .51 .54 .56
Sn—12 .2¢ .28 31 .84 .36 .39 42 .44 .46 .49
13 16 .20 - T28 . .26 .29 .32 ..3¢ 37 7 .39 .42
n—14 08 .12 .15 18 22 .24 27T 30 0 .33 .35
16" 0 .04 - .08 A . 14 L1720 .23 .26 .28
n—16 | I "I | 4 10 L1416 .19 .22
a—l17 |- : ' 0 03 07 1o 13 .16
n—18 v , g 0- +03 .06 . .09
‘n—19 : . - ' 0 .03
_E Exl;;|28.5730 29.5960  30.5562° 31:5152 ~32.5618 33.5166 34.5346 35.4840 36.4414 37.4988
11 S L : ’ T
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9.2, FRAGTILES oF A Norman DISTRIBUTION

;1. Fractﬂe mean and variance

For & standard ‘normal dlst.nbutxon with the densn%y funcmon N(z) = (777) -t
“z‘/ * (*—OC <z < ), consider ‘the system of intervals (a;, a; ;)% = L2 ...,9 Where
Oy = 00, 4,y = o and the g1 other a’s are chosen such that -

P 38 ‘

(30 BRER 1. .
f N(x)dx=‘ 7 (= 3,2, v ).

o4

The interval (a;, a;,,] will-be referred to as the 4- th g-fractile interval of the standard
nmmal dxstnbutwn Table 9.2 gives the mean

"‘i} - |
Mi,g =9 [ *N()de

and variance.

T =9 f x“*N(x)dw—ﬂ,

in the i-th g-ﬁ'a'ctile‘interml for ¢ = 1{1)g, g = 9(1)20

b. Applicétion _:_graphical tésts_ of normality

Let 2, 2,, ..., x. e a sample of n observations from a population. Two amphlca,l
‘fests are described for examining whether the p'uent popu]atmn is normal '

@i} Normal probabzhtf/ g;aph ,

‘Denote the ordered -observations by L(3)s Lz, -.er Tp. Consider the pairs
(6, Ty )i e s (g x(,l‘n) ‘whera d; is the standard normal deviate corresponding
to the eumulative probability of i/n. The values of d; ¢an be obtained from Table 3.1,
by inverse interpolation if necessary. Then the (d;, z;),% = 1, 2, ..., (n—1) are plottedv
on a graph paper with orthogonal axes (& and y) with d; on z-axis and z, on y-—axis.
[f the -pa?ent population is normal the points will lie close to a straight line.

(i) Fractile graph® - v _
We oonmder the order observatlons xm, x(z), oo By as in method 1. Now
" divide the obsewatlons into-a chosen number, g, of groups such that each group consists
of h = n/g consecutive order observations. The groups so obtained are oalled fractile
groups.. The i‘th flactﬂe vroup .consists of the observations-

Tiinys Lling1ys - x(sh+h—1)
The sample ¢-th fl&&tll& mean is the average of the 6bservat10ns in the i-th.
fractile group and is Tepresented by

- ZTinyt - +x(m+h--1)~
b = A -

¥ 'I‘he fractlle graphlcal analyexs was recently deveioped by Mahatanobxs (Econometmca 28, 325
. 351). ‘It is capable of a very wide applxcatxon The particular apphcatxon of testmg for normality was
B Suggested by A. Lmder in the convocatlon ‘address at t‘he Indmn Statistical- Instztute in 196’3
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We conzider the paus ' S

B (s, 00 By ) 1 =12,...,9
where ,uh o) are the fractile means of the populatlon as defined in seotion 1, .and tabu-
lated in Table 9.2. ‘Then-the g points (4, v T ) ¢ =1, 2, .0s g are plotted on a
two dimensional chart representing u; o on z-axis and Z( g on y-axis. If the parent
population is normal the graph will be close to a straight line. '

Example : Given 100 independent observations on log weight of an individual, it
is required to examine whether the distribution of log weight is normal.

first half sample

2.081 2.204 2.130 2.207 2.111°  2.189 2.230 2.150 2.208 2.191
2.094 2174 - 2177 - 2.170 2.098 2 105 2.198 2.085 2,145 2.131
2.120 2.186 2.097 2.171 2.168 2.215 2.096 2.116 2.132 2.082
2.112 2.078 2.171 2.177 2.161: - 2.24) . 2.167 2.105 2.175 2.151
2.103 " 2.144 2.204 2.189 '2.108 2.267 2.173 2.076 2.283 2.166
‘ second half sample
2.168 - 2.046 2.192 2.258 °  2.236 2.098 2.210 2.287 2.137 2.179
2.159 2.125.  2.127 2.138 2.102 2.166 2.192 2.212 2.143 2.171
2.185 2.236 2,075 . 2079 2%.162 2.052 2.163 2.206 2.236 2.215
2.239 2.046 2.131 2,152, 2.116 2.172,.  2.272 2.086 2.124 2.139
2.134 2.140 2.115- 2.122° © 2.132 2.197 2.137 2.143 2.124 2.135

We. illustrate the fractile graph method ‘which is less well-known than the proba-
bility graph method.

- In such problems inVolving graphical analysis of data, it is useful to split the
sample into two mdependent half samples (of 50 observations each in the present case)
and draw the fractile graph for each half sample and also for the combined sample.
Such a pr ocedure unld enable us to examine the consistency between parallel samples
and also to have an idea of the magnitude of the sampling error ( separation between
half sanple graphs) involved. The observed deviation from a straight line of the
fractile graph for the combmed sample has to be judged against sampling error, i.e.,
the deV iation to be expected due to samphng

: fraotile mean
fractile - - — - -
-group ‘half sample combined  theoretical
I S ‘2 sample {fromn Table
. , : o ‘ 9.2) '
S A 2.076 2.080- 2.068 . —1,765
2. 2.096 . - 2,102 - 2.097 —1.045
3. 2108 . 2.125 - 2.117 —0.677
4 - 2.128° -2.134 2:131  —0.387
5 2.150 2.139 . 2.143 —0.126
6 2.169 2.154 - 2.162 0.126
7 2.175 2.171.  2.174 - . .0.387
8 2.186 . 2.194 2.190° 0.6717
5 2.204 2.222 . 2.211 1.045
10 ©2.247 2.2564 _ 2.253’ . 1.755.

_The . two. fxactlle gra,phs based on samples of 100 observa.tlons are in the chart
on page 94. The deviations from a straight -line appear to be small compared to
the dlfferenoe between the half sampla fractlle gra.phs .
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TABLE 9.2. MEAN AND VARIANCE FOR FRACTILES OF A STANDARD NORMAL
DISTRIBUTION

For éach combination of & value of g and a fractile number there are two entries; of which the top
entry represents the mean and the lower entry, the variance

fractiles ]
g 1 2 3 4 5 8 7 g 9 10

2 | -0.7979 0.7979
. 0.3634 = 0.3634

3 | -1.0908 0 1.0908
0.2800 0.0603  0.2800

4 | -1.2711 —0.3247 0.3247 1.2711
0.2416 0.0372 0.0372 0.2416

5 | -1.3998 -0.5319 0 0.5319 1.3098
0.2186 0.0284 0.0212 0.0284¢ 0.2186

6 | -1.4991 -0.6825 -0.2121 -0.2121 0.6825 1.4991
0.2029 0.0236 0.0154 0.0154 0.0236 . 0.2029

7 | ~1.5796 -0.7998 -0.3684 0 0.3684 0.7998 1.5785
0.1914 0.0206 0.0123 0.0108 0.0123 0.0206 0.1914

8 | -1.6468 -0.8954 -0.4913 -0.1580 0.1580 0.4813 0.8954 1.6468
0.1824 0.0186 0.0105 0.0084 0.0084 0.0105 0.0I186 0.1824

9 | -1.7046 -0.9757 -0.5922 -0.2832 0 0.2832 0.5922 0.9757 1.7046
0.1751 0.0170 0.0082 0.0070 0.0065 0.0070 0.0092 0.0170 0.1751

10 | -1.7550 -1.0448 -0.6773 -0.3865 -0.1260 0.1260 0.3865 0.6773 1.0446 1.7550.
0.1691 0.0159 0.008% 0.0061 0.0053 0.0053 0.0061 0.0083 0.0159 0.1691

11§ -1.7997 -1.1050 -0.7507 -0.4741 -0.2304 0*
0.1640 0.014%9 0.0077 0.0054 0.0046 0.0043

12 { -1.8398 -1.1585 -0.8151 -0.5499 -0.3193 -0.1048*
0.1597 0 0141 0.0071 0.0049 0.0040 0.0037

13 | -1.8760 -1.2064 -0.8723 -0.6165 -0.3964¢ ~0.1943 0*
: 0.1559 0.0185 0.0067 0.0045 0.0036 0.0032 0.0031

14} -1.9092 -~1.2499 -0.9237 -0.6759 -0.4645 -0.2723 -0.0898*
0.1525 0.0120 0.0063 0.0042 0.0033 0.0029 0.0027

15 [-1.9396 -1.2895 -0.9703 -0.7294 -0.5262 -0.3411 -0.1681 0%
0.1495 0.0125 0.0060 0.0040 0.0031 0.0026 (.0024 ©.0023

18 | -1.9677 -1.3259 -1.0126 -0.7779 -0.5800 -~0.4027 -0.2376 -0.0785%
0.1467 0.0121 0.0057 0.0038 0.0029 0.0024 0.0022 0.0021

17 | -1.9939 -1.3596 -1.0520 -0.822% -0.6298 -0.4584 -—0.2996 -0.1481 0*
0.1443 0.0I17 0.0055 0.0036 0.0027 0.0022 0.0020 0.001%9 0.0018

18 | ~2.0i83 -1.3908 -1.0882 -0.8631 -0.675¢ -0.5090" -0.3558 -0.2106 -0.0897*
0.1420 0.0114 0.0053 0.0034 0.0026 0.0021 0.0018 0.0017 0.0016

19 | -2.0412 -1.4200 —1.1218 -0.0009 -0.7174¢ _0.5565 -0.4071 -D.2672 -0.1324 0*
0.1460 0.0I11 0.0051 9.0033 0.0024 ©0.0020 0.0017 0.0016 -0.0016 0.00i5

26 _2.0627 —1.4473 -1.1532 -0.9361 -0.7563 -0.5983 -0.4541 -0.3189 -0.1892  0,0627*
- 0.1380 0.0108 0.0050 0.0032 0.0023 0.6019 0.0016 0.0015 0.0014 0.0033

> - =

*Forg > 1], mean and variance are given ouly for the first g/2 fractiles if gisevenand {(g+D1f2
fractiles if g is odd. The rest of the fractile means and variances for any g con he writter down by sym-

metry, the sign being changed in tho case of tho means: Thus the Tth, 8th,............ fractile means for
g==11 are 0.2304, 0.4741, ......stc,, and variances 0.0046; 0.00534, ....., ete. Tor g=12, the Tth fractile mean

and variance are 0.1048 and 0.0037 and so on,
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23

22

_____ HALF SAMPLE
_____ — HALF SAMPLE 2

— ~— COMBINED SAMPLE

SAMPLE FRACTILE MEANS

20 1 ] ] | I I 1 I |
-1'75 - 105 -0'68 -039 -013. 013 039 a68 105 175
POPULATION FRACTILE MEANS

9.3. TaE MaXiIMUM OBSERVATION

Table 9.3 provides the upper 5%, 1% and 0.1% points of the maximum '
observation z, in a sample of size n from N(0, 1) forn = 1(1)30. Owing to the sym-

metry of N(0, 1) the same table is also applicable to —,, *y, being the minimum
observation in a sample of size n.

It is known from oxperience that the average and standard deviation of the
weight of individual cigarettes are 6.00 and 1.50 units. 5 cigarettes selected at
random weighed 6.00, 9.50, 4.41, 7.51 and 4.29 units. Examine if the maximum
observation is an outlier The extreme standardised deviate (9.50—6.00)/1.50 = 2.33.

This exceeds 2.319 the upper 5% value given in Table 9.3 forn = 5. Hence one
has reasons 0 suspect the maximum observation.

TABLE 9.3. UPPER PERCENTAGE POINTS OF THE MAXIMUM OBSERVATION

n 10.1% 1% 59, n 10.1% 1% 5% n §0.19 19, 59,
1 3.090 2.326 - 1.645 11 | 3.743 3.117 2.601 21 3.902 3.303 2.815
2 3.290 2.575 1.955 - 12 1 3.765. 3.143 2.630 22 3.914 3.316 2.830
3 3.403 . 2.712 2.121 13 | 3.785 3.166 2.657 23 3.924 3.328 2.844
‘4 | 3.481 2.806 2.234 14 | 3.803 3.187 .2.682 24 | 3.934 3.340 2.857
5 3.5640 2.877 2.319 15 3.820 3.207 2.705 25 3.944 3.351 2.870
6 3.588 2.93¢ 2.386 16 3.836  3.226 2.726 26 3.954 3.362 2.883
7 3.628 2.981 « 2.442 17 3.851 '3.243 2.746 .27 3.963 3.373 2.895
8 3.662 3.022 2.490 18 |3.865 3.259 2.765 28 3.971 3.383 2.906
9 | 3.692 3.057 2.531 19 3.878 3.275 2.783 29 3.980 3.392 2.917
10 | 3.719 3.089 2.568 20 | 3.890 3.28%  2.799 30 3.988 3.402 2.928
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Table 9.4 gives the upper 1% and 59, points of

&, arte the minimum and the maximum observation in the sample and s is an

independent unbiased estimate for o2 based on v degree of freedom.

Table 9.4 is useful in deciding ‘whether to reject an allegedly outlying ob-

servabion, as in 9.3 when the population mean and variance are unknown.
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9.5. W TEST FOR NORMALITY
a. Introductiom

Of all the known tests for normality, the W test given by Shapiro and Wilk
(Biometrika 52, 1965) is generally efficient against a wide spectrum of non-normal
alternatives, and can be effective even when the sample size is small. Given n
observatious x,, x,, ..., ¢,, the W statistic is computed as follows :

(i) Rearrange the observations to obtain the ordered sample 2y, Z(g), --+» Z(n):
(ii) Compute z = (Zx }n and 8% = X 27 —nZ
(iil) Compute

b= ‘E @[Tt —2n)

i=1

where k = n/2 if n is even and k = (n—1)/2 if » is odd. The values of a,_,,, are

given in Table 9.5 for n = 3(1)50 and 7 =1 to %( or n%l>

(iv) Then compute W = b%/82.

The hypothesis of normality is rejected at p%, level if W < W,. The
critical values of W, are given in Table 9.6 for p = 1, 2, 5,10, 50 and n = 3(1)50.
(Note that the exact distribution of W is not known and the percentage points are
obtained by simulation and appropriate smoothing).

b. Example

Ten observations on weights of cigarettes (in coded units) after ordering are
as follows :

x(l) = 303, x(z) = 338, x(s) = 406, x(”- i 457, x(s) = 461
x(s) = 469, x(:,) = 474, x(a) = 489, x(o) = 515, 2_7(10) = 583
7= 440.5, S* = 60628.

The value of k = 5, since n = 10. From table 9.5 we have
a1y = 0.5739, a, = 0.3201, ..., a, = 0.0399

b = Oyg(T—Z 1)+ (T o) — %))+ +a',(:v(s,—x(5,)
= 0.5739(583—303)-+0.3201(515-338) .. 0. 0399(460-461)
= 239 113. :

(239.113)

W = "0628

-.=.-. 0.943.

and the 59, -critical value of W = 0.842 from Table 9.6 for 7 =10, Hence on-
the basis of limited available data there is no reason to reject the hypothesis of
normality.
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TABLE 9.6. PERCENTAGE POINTS OF W TEST FOR NORMALITY
FOR n = 3(1)50

» 19, 29, 59, 109, 509,
3 0.753 0.756 0.767 0.789 0.959
4 0.687 ©.707 0.748 0.792 0.935
5 0.686 0.715 0.762 0.808 0.927
6 0.713 0.743 0.788 0.826 0.927
7 0.730 0.760 0.803 0.838 0.928
8 0.749 0.718 v.818 0.851 0.932
9 0.764 0.791 0.829 0.859 0.935
10 0.781 0 808 0.842 0.869 0.938
1 0.792 0.817 0.850 0.876 0.940
12 0.805 0.828 0.859 0.883 0.943
13 0.814 0.837 0.866 0.889 0.945
14 0.825 0.846 0.874 0.895 0.947
15 0.835 0.855 0.881 0.901 0.950
16 0.844 0.863 0.887 0.908 0 952
17 0.851 0.869 0.892 0.910 0.954
18 0.858 0.874 0.897 0.914 0.956
19 0.863 0.879 0.901 0.917 0.957
20 0.868 0.884 0.905 0.920 0.959
21 0.873 0.888 0.908 0.923 0.960
22 0.878 0.892 0.911 0.926 0.961
23 0.881 0.895 0.914 0.928 0.962
24 0.884 0.898 0.916 0.930 0.963
25 0.888 0.901 0.918 0.931 0.964
26 0.891 0.904 0.920 0.933 0.965
27 0.894 0.908 0.923 0.935 0.965
28 0.896 0.908 0.924 0.936 0.966
29 0.898 0.910 0.926 0.937 0,966
30 0.900 0.912 0.927 0.939 0.967
31 0.902 0.914 0.929 0.940 0.967
32 0.904 0.915 0.930 - 0.941 0.968
13 0.906 0.917 - 0.931 0.942 0 468
24 0.908 0.919 0.933 0.943 9.969
35 0.910 0.920 0.934 0.944 0.969
36 0.812 0.922 0.935 0.945 0.970
37 0.914 0.924 0.936 0.946 0.970
38 0.916 0.925 0.938 0.947 0.971
39 0.917 0.927 0.939 0.948 0.971
40 0.919 0.928 0.940 0.949 0.972
41 0.920 0.929 0.941 0.950 0.972
42 0.922 0.930 0.942 0.951 0.972
43 0.923 0.932 0.943 0.951 0.973
44 0.924 0.933 0.944 0.952 0.973
45 0.926 0.934 0.945 0.953 0.973
46 0.927 0.935 0.945 0.953 0.974
47 0.928 0.936 0.946 0 954 0.974
48  0.929 0.937 0.947 0.954 0.974
49 0.929 0.937 0.947 0.955 0.974
50 0.930 0.938 0.947 0.955 0.974
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9.6 Tmsts For OUTLIERS

2. Imtroductiom

Let %), y), ..., %, denoté a random sample of n observations from a normal
population arranged in the ascending order of magnitude. Dixon (Ann. Math. Stal..
22, 1951) has tabulated the percentage points of the distribution of the ratios of the

po for testing whether z(,, is an outlier and of the form EhTEw g,

@ %D L Tin—1)— %)
testing whether ) is an outlier, for small values of ¢ and § and n < 30. Table 9.7
gives the upper 5%, and 1%, points (or equivalently critical values corresponding
to a = 0.05 and a = 0.01) of the following statistics.

Boy—X Ty —L (e
o = (2)° ’(_1_)__ or (n) (n—1) for n — 3(1)7
T2 Ty —Tq)
Loy —X 2y —L(pee
Py = —27 70 o o 1 B £, L for = = 8(1)10
u —x Ty—%
Tn-1"%0) (m) %)
Lioy—X T —X A
Ty = —_3 gy o) Tn—2} for n = 11(1)13
Tin—1— 1) Zin)—T(2)
Ty —X Ty — L
Fog = —31 700 4 Zn) "in-2) for n = 14(1)25
22 T —_— X —X
{(n—2) (1) (n) (3} .

b. Application

The main use of this table is to test whether Tyy) O X, is an outlying observa-
tion. When this method is used for testing an extreme mean, the samples from which
the means are computed should all have the same size. The recommended procedure
is to use ry, for n-= 3 to 7, ry; forn = 8 t0 10, r,, forn = 11 to 13 and r,, for » = 14

. Zg)—T . .
to 25. For example, when n = 8, we calculate r; = ;—Q—)—g’— for testing a single
(n—1)"" (1)

z —ZTip-) 1 : ; . . .
outlier z;, at the lower end or ry; = é’:—’—):—g—:—% for testing a single large outlier x,,.
’ n) " L(2) .

Example
' Chemical analysis results of a certain chemical content for six samples are
as follows : '

0.470, 0.498, 0.505, 0.528, 0.564 and 0.600.

To test whether xq)(= 0.600) is an outlier we coinp_ute

0.600—0.564

"10 = 3.600—0.470

= 0.28.

Since this is less than the critical value 0.560 for @ = 0.05, z, may not be judged to
be different from the others.
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TABLE 9.7. CRITERIA AND CRITICAL VALUES
FOR TESTING AN EXTREME VALUE

Critical Values

Statistic Number of
observations o = 0.05 o = 0.01
n
3 0.941 0.988
rio = Z® "% 4 0.765 0.889
oy 5 0.642 0.780
6 0.560 0.698
7 0.507 0.637
0.564 0.683
ryy =TT T 9 0.512 0.635
Fo-uT 10 0.477 0.597
11 0.576. 0.679
Fop = ZOT”Fdy 12 0.546 0.642
Fmon™ ) 13 0.521 0.615
14 0.546 0.641
15 0.526 0.616
16 0.507 0.595
17 0.490 0.577
18 0.475 0.561
rag = Z@O "%y 19 0.462 0.547
T 20 0.450 0.536
a1 0.440 - 0.524
22 0.430 0.514
23 0.421 0.505
24 0.413  0.497

25 0.406 0.489
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8.7 PROBABILITY Pnomn\*a
a. Introduction

The technique of probability plottmg provides & pictorial representatlon of the
data as well as (¢) an evaluation of the reasonableness of the assumed probabthty
model, (b) estimates of the perce'ntlles of the distribution and (c) estimates of ‘un-
known parameters of the underlymg distribution. -

‘Let xqy, 2, ... Tny be an ordered sa.mple of size n from a population with
probability dexjsity function f(x) and cumulative distribution function F(x).
Then the expected value of x, is

n! .o® . . _ .
E(Z(‘))_z (1:—-1) T (n__i) [ _,L ?I[F(y)]‘ I[I“F(!l)]“ ‘dF(.‘I) see (l)

For example if # is a aniform variate over the interval (0, 1), then

E(xy) = forz =1,2,.

The expected values of ordered observatl_ons have been tabulated for many distribu-
tions (see Sarhan and Greenberg, Condributions to Order Statistics, John Wiley 1962).
For distributions for which E(xy) cannot be caleulated exactly, the following
approximation is frequently used.

. . ¢

where F-Y[(i—c)/(n—2c~1)] is the value of z such that f fw)du = (i—c)/(n—2¢c1).

that is, the [({—c)/(n—2c¢--1)}-th fractile of the distribution and ¢ is a number which
depends on n and f(x). The ordered observed values when plotted against their
expectéd values would give a straight line passing through the origin with slope
unity. The origin and slope of the plot will change if the varisble is linesrly trans-
formed for plotting convenience, but the plot will remain a straight line.

The construction of specially scaled graph papers has obviated the need for
caleulating the expected values for many distributions. The graph paper is scaled
in such & fashion that the ordered observations can he plotted directly against
100(i—c)/(n—2¢+1), without the need of determining E(x(,). The correct value
of ¢ depends on f(z) and » but ¢ = } can be. used for a wide variety of distributions
and sample sizes. The following steps are involved in preparing a probability plot
for a given set of data. ’

(/) Obtain a probability paper designed for the distribution under examination.

(i7) Rank the observations from smallest to largest i.e., 2y < 2« < Zen)-

(#i1) Plot s, against 100 (1—})/n on the probability paper.

If the chosen model is correct. the points should cluster around a line. although
there will be some deviations because of random sampling fluctuations. If a straight
line ‘appears’ to fit the data, find the best fitting line using & suitable method.
The probability plot- for the normal distribution is discussed in Section b of 9.2; we
shall briefly describe below the probability plots for the Weibull and Type I Extrome
value distributions.
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b. Weibull distribution
The cumulative probability distribution function for the Weibull distribution is
. i o\
Flz) = 1—exp [—(E) ]_,0<_x<oo >0 c0>0

where o and 9 are the ‘scale and sha,i)e parameters respectively. We have, with
logarithms taken to base e, : '

log log - F() ~_'/,710.g:z: ﬂloga' C .o (3)

Thus for a Weibull variate, log log |l -~—F(9u)]‘1 has'a stralght line rela.txonshtp with log z.

The axes of the probability paper are scaled so that 100(i—})/n can be plotted on the

‘ordinate corresponding to log log {1—F(x)]-* and the obsetved values can be plotted
on the abscissa corresponding to log z. Equation (3) can be written as.

W =a+bz e (4)
where
W =loglog [1 -—F(x)]‘
z = log 2 ‘
b = ]
@ =—nlogo

The estimates of the Weibull parameters from the probability plot are

-

7=>5 .. (B)
& = exp (—@fp)
where @ and b are the intem‘cept andvslo'pe res’pegtivgly of the best line fit.

¢. Type 1 Extreme value distrlbution

The cumulatwe extrenie value dlstrlbutlon functlon for the largest element is
F(z) = exp: {~—e“""“”’1} oL r < 0, —o<p< w0, >0
- where gt and o.are locatlon and scale pammeters respectlvely Thus the reduced variate

_y=—log {—-—log F(z)} = _a_/‘ . e (6)
will plot as a stralght hne agamst observatlons from the distribution. Extreme
value probabxhty paper is so scaled that [{i—3}) 100/n], can be plotted dlrectly against
the-values of the ordered observations. . ‘Equation (6) can be written as

Y == a+bx

o T
where b= = a.nd a= —O_'u— ~The estimates of the parameters are

g=—andfi=—~
. -

SN J o>

" where & and b are thé"interceﬁt and slope respectively to the best ling fit. -
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a. One sample pmblem

To *est the hvpothesxs that a given sample (2, zz, ., &,) has arisen from a
population with & numerically specxﬁed dmtnbutlon function Flz).

The Kolmogwov-&mamov test (Ta.ble 10.1)

Let F (z) be the proportlon of Qbserva.tlons in the sample less than or equal to
x. F,,(m) is ca.lled the empmcal distribution funotion. - Define

DHn) = sup {F2)~Fla)}
D*(n) = sup {F(z)—F (2}
D(n) = sup| F(z)~F(z) | = max {D¥n), D-(n)}.

The: chome of the test cntemon depends on the specific departures mtended to be
deteoted.”

The 1%, and 5% critical values of D*(n), D~ (n-end D(n) are given in Table 10, l
- for n=1(1) 20(5)35 ir the special case where F(z) is continious. A computed.yalue of
the crltenon larger than  or equal to the critical value given in Table 10.1 is
gignificant. Table 10.1 also gives formulae for calculating the critical values when 7
is largo. R S : o T _

Ezample. Test if the observatlons .068, .098, .117, .136, .317, 628 could hzwe _
arigen in sa.mphng from a recta.ngula.r distribution over the interval {0, 1) ‘

H_ere-n 6, and- D(n)—- 531 The 59, value of D(n) forn — 6is 521, Her_xce' thp :
observed value is slg_mﬁo&nt at the 5% level. ' '
b. Two sample problem

Consider two sdmples (%41, Tygs +ves xl,. ) &nd (a:n, Tags -5 Tom, ) of sizé n, and n‘, :

respeotlvely and the hypothesm that both ahB sa.mples have arisen from the same
population. : :

(i) The Kolmogorov-Smirnov test (Table 10.2)
Lot F1”1 and Fon, be the empirical dxstnbutlon functlons derived from sa.mples

1. and 2 respectively. Deﬁne _
DH(ny, nz) = sup {F "1(:5) —F ﬁa(z)}

Dz, 1g) = S5 {7, (2) —Ffo)
D(ny, ng) = sup |F, nl(‘”)"'F a,(@)
= max {DH(n,, ng), D _(ﬂi»_ﬂs)}- .
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The choice of the test criterion depends on the specific’ depattures from the
hypothesis intended to be detected.

. For the special case n, = n, = n, Table 10.2 provides 5% and 19, critical values
for = D*(n, n) (or nD—(n, n)) and nD(n, n) covering the values of n = 3(1)' 30(5) 40.
A computed value of nD*(n, 1) or nD-(n, n) or nD(n, n) is declared to be sxgmﬁca.nt
if it exceeds or is equal to the critical value given in Table 10.2.

When n, and n, are large the following formulae may be used for calculating the
critical values of the test criterion :

one-sided test statistic two-sided test statistic

D+ (nlﬁ nz) or D—(nlx nz) D(‘"l: na)
1% 5% 1% 5%
{ % ' 3 i ;
1.52 (f‘—li’i%) 1.22 ("H‘”?) 1.63 (—’-‘“L—”i) 1.36 (ﬂi’ﬂ)
nyn, N, Nq NNy

The critical values given in Table 10.2 and also the asymptotic formulae given'

above are applicable only if the population distribution under the hypothesis is known
to be continuous.

(ii) Other tests ‘
Let the observations in the combined sample of size n = m,--n, be serially
arranged in increasing order of magnitude '
2w < T < o K Za-
Let ¢y, 85, ...» 8, ny? A< <ig < e t,_,z\ n), be the serial orders of observations
in sample 2. '

A general form of test statistic for testing the hypothesm of equality of distribu-
tion functions is

a,(iy) +a,,(ig)+ v '+%(ina)
where for each =, a,,' (2) is a given funchion_ defined over the ihtegers = 1,2
The following are well known special cases :
(a) Fisher-Yates test
a,(i) = expected value of the i-th order statistic in a sample of size n-
from N (0,1). These expected values are given in Table 9.1.
(b) Wilcoxon (Mann-Whitney) test
@, (i) =1.
(cj Van der Waerden test

(7,) _( ) -th qua.ntlle of N(0,1) deﬁned by the equa.tlon

a,,(i) .
3
JoNod = i

The values of a,(¢) may be obteined by interpolation in Table 3.2.
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(a) The Fisher-Yales test (Table 10.3). .

_ Here observations in each sample are replaced by seores defined in the following
manner. 1f a particular observation has rank i in the combined sample of size n, the
score replacing this observation is given by' the expected value of the i-th order
statistic in a sample of size 7 from N(O, i). Define

C, = sum of the scores received by the second sample observations.

Table 10.3. provides the 1% and 5%, critical values of C; for a two sided test and also
the upper 1% and 59, values of C, for a one sided upper tail test. The lower 1%
and 5% values are obtained by prefixing a negative sign to the upper 1% and 5%
values respectively. Table 10.3 covers the values of n = 6(1)10 whers n, is the size
of the smaller sample.

For larger values of n one may apply the uswal two sample ¢-test (described in 4)
to the scores.

(b) The Wilcoxon (Mann-Whitney) test (Table 10.4)

Define U,; as the number of times an observation in the second sample precedes
an observation in the first considering all pairs of observations one from each sample.
Clearly

Uy = myfgt n—““—“z(n;—*‘l)"Rz

where R, = sum of the ranks assumed by the second sample observations. Define
U, in a similar manner and let U = min (U Un)-

Table 10.4 provides 1% and 5%, critical values of U. An observed value 'equzil to
or less than the yalue given in table is declared to be significant. The selection of the
statistic Uyg, Ugyor U ‘depends upon the type of alternative hypotheses. For instance
if it is desired to examine that the variable of the first population is stochastically
larger than the second, one uses Upy. If the nature of departure to be detected is not
specified one uses U Table 10.4 cqvers' values of n, and ng = 1(1)20.

For larger values of 7; and n,, the sampling distributioﬁ'of U may be assumed to
be normal with
mean = 7/,
variance = nyNo(ny+ny+1)/12.
() The Wal;ifWolfowitz run test (Table 10.5)

Consider the serial arrangement of observations in increasing order of magni-
‘tude as discussed in (ii) above and replace each observation by 1 or 2 according as it
arises from sample 1 or 2. Arunisa succession of like symbols (numerals) preceded
and followed by none or an unlike symbol (numeral). Lot W be the total number of
runs (i.e. the total of the number of runs of 1 and the number of runs of 2). Wis
proposed as a test statistic. '

Tablé.10 5 providés the lower 1% and 5%, critical values of W for ny, My upto 20



110 FORMULAE AND TABLES FOR STATISTICAL WORK

For larger values of 7, n, the sampling distribution of W may be assumed
to be normal with '

2nm .
mean = ——2-41,
1y 17y

21, my(2ny My — Ty — M)

.—651"1‘7'2)2("1‘*‘"2"" 1)’

variance =

Example : In a certain feeding experin{ent 6 pigs were kept under a control
diet while 6 others were provided with feed ‘4’ The gains in weight (in 1bs) over
a certain - period were as follows :

Control ; 8.1, 6.8, 6.9, 7.5, 8.8 " (Sample 1)

A : 8.2, 84, 83, 8.7, 8.9 (Sa._mp]e 2)
Examine if feed ‘A’ is an improvement over ‘control’.
Kolmogorov-Smirnov. test : Here 5D‘?(5, 5) = 4 which is equal to the 59, value

given in Table 10.2. Hence the hypothesis that the two feeds are equally geod is
rejected (at the 5%, level) in favour of ‘A’.

Fisher-Yates test : Weo get the folloivipg ra.nkingé for the cowabined sample of 10
observations :

Rank order (i) 1 2 3 4 5 6 1 8 9 - 10

Value ‘6.8 6.9 75 81 82 83 84 87 8.8 8.9
sm;)le index 1 1 1 1 g . 2 2 2. 1 2
Fz.;, (from Table 9.1 forn = 10) —.12 .12 .38 .66 _ 1.54

Henée C, = 2.58. Frb_m Table 10.3 the 5% value - of C’l fot a one-sided test (for
‘n = 10 and ny = 5) is 2.38. The observed C, is thus significant at the 5% level.

Wilcoxon (Manﬂ’-Whitney) test: Here R, = 36. Hence 'U21 = -2_5+15—‘36 =4
This is also significant at the 5% level, the critical value of U,y for n, = ny =5 being
4 from Table 10.4. - ‘ . .

* Since 5D(5, 5) is also equal to 4 the hypothesis that the two feeds are ‘equally
good cannot be rejected by a two sided Kolmogorov- Smirnov test. It 'is seen that a
two sided Fisher-Yates test or a two sided Wilcoxon (Mann-Whitney) test also fails’
to -1'ejeét the hypothesis. When “alternatives are two sided one could also use the.
Wald-Wolfowitz run test. -

- Wald-Wolfowitz run test : - Total number of runs in the serial arrangement given

above is'4. This is not significant at the 5% level, the critical value for n; = n, =5
“heing 2 from Table 10.5. - _ :

Ce Matched-pair sample ‘ o
Consider n pairs of observations (z;, %) ¢ = 1,2,...,nand the hypothesis that
. for-each 4 the distribution of (z;, ¥;) 18 thg same as that of (v;, z;) o
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(1) The sign test

‘Consider only the n < n pairs where z;5%y; and let +' be the number of pairs
where z,<y;. For a given »’ the distribution of #, under the given hypothesis, is
binomial with 77 ="} - T}us hypbthesm could be tested in the manmer discussed in E 3.

(11) The Wzlcoxon test (Ta.ble 10.6)
iCompute d,_x,' Y;e Here again as in the sugn test a.ll the n—n' pairs where
d; = 0 are dropped out. . The remaining d; are ranked in increasing order of magni-
tude disregarding sign, the smallest |d, | reéeiving rank 1. Then to each rank is affixed
the sign of d; to which it corresponds.: Define
T ='sum of all ranks with é'ﬁegé,tiVe sign,
T, = sum of aJl_ ranks with a positive sign,
T =min {F_, T}
Table 10.6 gives the 1% and 5%-iraiues of T,T.orT,. A computed value. of
T is significant if it is less than or equal to the value given in Table 10.8.
The choice of the statistic 7_, T, or T' depends on the type of alternatives
one wishes to detect. _
Table 10.8 covers values of n’ = 6(1)25. For larger values of n’ the sampling -
distribution of 7', (ot equivalently 7_) may be assumed to be normal with.

" mean =2 ®@+1)
, 4
va.riance_ = —;(lb—i——;%@ﬁ.*_l)
'Note that ++T __”(” 41

Eztampk The following table gives the yield rate of paddy (in waunds per acre)
a8 observedm ten pairs of concentric circles of radii 2 ft and 4 ft. Examine if the
_ yleld ra.te has been over-estlma.’ced by the sma]ler circle.

- samplei 1 2 3 4 6 '6- LT 8 - 9 10 _
2@ 6.1z  5.30 65.59 6.34 6.20  5.98 ' 5.61 = 4.43  5.93  5.33 - (y)

4fe.  65.50  6.00 4.71 6.12 5.93 5.56 541 514 5.66 5.67 (z)°

" Here we have

cample: 1o 2 3 . 4 5 6- 1 8. 9. 10
oy . —0.62 ~ 0.61 —0.88 ~0.22° —0.38 —0.42 —0.20 0.71 —0.27  0.34
Rank-of |z=¥ | 8  +) 10 2 5 - 6 1 9 3 A4) ¢

T+._ 4+9+7 =20. The 5% value of T', (for a one- sided test) for 7 =10
is 10 from Table 10.6, Hence the observed result is not 51gmﬁcant
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d. Spearman’s rank correlation coefficient

When 7 individuals in a sample are ranked according to each of two different
characteristics, the association between the characteristics may he measured by Spear-
man’s rank correlation coefficient. This is the ordinary product moment correlation
coefficient apylied on rank pairs. When there are no tied ranks, the correlation coeffi-
cient can be computed by the formula

n
6 X df

ry=1——_1
n3—n

‘where d; is the difference in the two ranks of the i-th individual.

Table 10.7 gives the upper 1% and 5%, values of }r,| for a two-sided test and
also the upper 1%, and 59, values of r, for a one-sided upper tail test. The lower
1%, .and 5%, values of r, for a one-sided lower tail test ate obtained by prefixing a nega-:
tive sign to the corresponding upper tail values.

Table 10.7 covers sample sizes upto n = 10. For = larger than 10, the critical

values of  given in Table 7.1 with d.f. v = n—2, may be used as approximate critical
values of 7,. ' "

Example : A set of 10 individuals were ranked by two independent examirers
with respect to their reasoning abilities. The ranks are given below. Test for asso-
ciation between rarks by the two examiners.

Individual + 1

2 3 ¢ 5 6 7 8 9 10
Examiner 1: 7 1 3 5 9 8 4 10 2 -6
Txzaminer 2 : 5 2 4 3 8 10 5 9 1 7

4 © g -1 -1 2 1 -2 -1 i 1 -1

Zd?z 16’ rns__ﬂ, = 990, Ty == 1‘-98/990 == 0.9038

This is significant at the 1%, level, the critical value for a two-sided test being
0.794 from Table 10.7. '
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' TABLE 10.1. THE ONE SAMPLE TABLE 10.2. THETWO SAMPLES
KOLMOGOROV-SMIRNOV TEST KOLMOGOROV-SMIRNOV TESY
(5% and 19, critical values for one- (5% and 19, critical values for one-
and twao-sided tests) ’ and two-sided tests)
one-sided tést two-sided " ‘one-gided - two-sided
D+(n) or D—(n) D(n) nDt(n,n) or nD—(n,n)  nDinn)
7 19 ‘59, T 59, n 19, 5% 1% 59,
: 70 7 ‘ ) o
1 .990 ..950 .995 975 3 - 3 - -
2 .900 . .77 .929 .842 4. - 4 - 4
3 185 - .636 .829 .708 . 3 5 4 ] B
4 689 .565 134 .624 :
5 .627 509 .669 .563 ] 6 5 6 g
-7 6. 5 6 G
R : - 8 6 5 7 6
] .577 .488 . .617 .519 9 7 6 7 6
7 .538 .436 .576 .483 10 7 6 8 7.
8 .507 .410 542 .454 _ _ '
9 .480 .387 513 .430 11 8 6 8 -7
10 457 369 . .489 .409 12 8 .8 8 1
: : - : - 13 8 7 9 Vi
: A 14 8 7 9 8
1 437 .352 .468 301 | |18 .8 1 9 8
.419 .338 449 .375 . ‘
13 J404 1325 “432 .361° 18 e K 10 3
14 .390 .34 .418 .349 18 16 '8 10 9
15 377 304 .404 .938 19 10 3 10 9
, ' A , 20 10 © 8 11 .9
16 .366 .295 392 397 91 10 8 11 9
17 .355 - .9286 .381 .318 22 11 9 11 8§
18 .346 .279 .371 .309 23 11 9 11 10
19 .337 . .2n .361 .301 24 11 9 12 10
20 .329 .265 .352 .294 25 11 9 12 10
26 11 9 13 -ig
25 .295 .238 317 .264 27 12 9 1 .
30 .270 .218 .290 242 28 12 - 10 13 ﬂ
35 .251 .202 . 269 224 gg A ig {8 g N
" ' 35 13 11 14 12
over 34 1;,52: lff_ 1.63 b?ﬁ 40 14 11 15 13
. n n Nn n . - - -
, : overddl 1.52y%n 1.22J%n 1.63J2n 1.3642u
- . TABLE 10.3. THE FISHER-YATES TEST
(5% and 19 oritical values for one- and two-sided tests)
one-sided “two-sided i one-sided two-sided
n = = 1 e
ntng | m 1% 5% 1% 5% nykng | 0y 1% 5% - 1% 5%
6 3] — 21— —~ 9 2] —  2.42 - -
7 2] — 2.1 —_ —_ 9 3| — 2.33 - 2.69
7 31 — 2.46 —_ — 9 4| 3.26 ~2.42 — 2.72
8 21 — 2.27 — — 10 2{ — o 2.54 - 2.54
8 31 — 2.42 —_ 2.74 10 3 .2.32 -— 2,68
8 4 —~ - 2.69 - 2.89 10 4| 3.33 2.54 3.58  2.82
- ' 10 5] 3.46 2.58 3.70 2.94
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TABLE 10.4. THE WILCOXON (MANN-WHITNEY) TEST

(19, critical values of U;, or Uy, for one-sidea test)

n) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Ty
1 e 1
2 - = =& -4 4 4 =4 4 =« = = = 0 0 0 0 0 0 1 1 2
3 - - - - - - 0 0 1 1 1 2 2 2 3 3 4 4 4 5 3
4 - - - - % 1 1 2 3 3 4 5 5 6 7T 7T 8 9 9 10 4
5 - - - 0 1 2 3 4 5 6 7T 8 9 10 11 12 13 14 15 16 3
6 - - - 2 3 4 6 7 8 9 11 12 13 15 16 18 19 20 22
7 - - 0 1 3 4 6 7 9 11 12 14 16 17 19 21 23 24 26 28
8 - - 0 2 4 6 7 9 11 13 15 17 20 22 24 26 28 30 32 34
9 - - 1 3 5 17 9 11 14 16 18 21 23 26 28 31 33 36 38 40
10 - - 1 3 6 8 11 13 16 19 22 24 27 30 33 36 38 41 44 47
11 - - 1 4 7 9 12 15.18 22 25 28 31 34 37 41 44 47 50 53
12 - - 2 5 8 11 14 17 21 24 28 31 35 38 42 46 49 53 56 60
13 - 0 2 53 9 12 16 20 23 27 31 35 39 43 47 51 53 59 63 67
14 - 0 2 6 10 13 17 22 26 30 34 38 43 47 51 56 60 65 69 73
15 - 0 3 7T 11 15 19 24 28 33 37 42 47 51 56 61 66 70 75 80
16 - 0 3 7 12 16 21 26 31 36 41 46 51 56 61 66 71 76 82 87
17 - 0 4 -8 13 18 23 28 33 38 44 49 55 60 66 71 77 82 85 93
18 - 0 4 0 14 19 24 .30 36 41 47 53 59 65 T0 T6 82 S8 94 100
19 -1 4 9 15 20 26 32 38 44 50 56 63 69 75 82 88 94 101 107
20 - 1 5 10 16 22 28 34 40 47 53 60 67 73 80 87 93 .00 107 114
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
(5% critical values of Uy, or Uz for one-sided tost)
n 1 2 3 4 5 6 7T 8 9 10 11 12 1314 15 16 17 18 19 20
ny :
1 T Y
2 - - - -0 0 0 1 1 1 1 2 2 2 3 3 3 4 4 4
3 - - 0 0 1 2 2 3 3 4 5 5 6 7 7T 8 9 9 10 11
4 - - 0 1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 18
5 - 06 1 2 4 5 6 8§ 9 11 12 13 15 16 1§ 19 20 22 23 25
6 - 0 2 3 5 7 8 10 12 14 16 17 19 21 23 25 26 28 30 32
7 - 0 2 4 6 8 11 13 15 17 19 21 24 26 28 30 33 35 37 39
8. = 1 3 o6 8 10 13 15 18 20 23 26 28 31 33 36 39 41 44 47
g - 1 3 6 9 12 15 18 21 24 27 30 383 36 39 42 45 48 51 52
10 - 1 4 7 iU 14 17 20 24 27 31 34 37 41 44 48 51 55 58 62
11 - 1 5 8 12 16 19 23 27 31 34 38 42 46 50 54 357 6l 65 69
12 - 2 5 9 13 17 21 26 30 34 38 42' 47 51 55 60 64 68 72 7
13 - 2 6 10 15 19 24 28 33 37 42 47 51 56 61 65 70 75 80 84
14 - 2 7 11 16 21 26 31 36 41 46 51 56 61 66 71 77 82 87 92
15 -~ 3 7 12 18 23 28 33 39 44 50 55 61 66 72 77 83 88 94 100
16 - 3 8 14 19 25 30 36 42 48 54 60 65 7L 77 83 89 95 101 107
17 - 3 9 15 20 26 33 39 45 51 57 64 70 77 83 89 96 102 109 115
18 - 4 9 16 22 28 35 41 48 55 61 68 75 82 88 95 102 109 116 123
19 ¢ 4 10 17 23 30 37 44 51 58 65 72 80 87 94 101 109 116 123 130
20 0 4 11 18 25 32 39 47 54 62 69 77 84 92 100 107 115 123 130 138
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 in.
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TABLE 10.4. (continwed): THE WILCOXON (MANN-WHITNEY) TEST

(19 critical values of U for: two-sided test)

Norl 1 2 3 4 5 6 7 8 910 1 I2 13 14 15 16 17 IS 10 20
b 131 ’ )
1 | = = = = m i e e e e e e e m e e e e o= 1
2 |« = - = =~ & - - & - - = - - - - - - 90 0f 2
3 L o 4 4 4 -4 - - 9 06 0 1 1 1 2 2 2 2 3 3 3
£ | - — - - < p 6 1 1 2 2 3 3 4 5 5 6 6 71 8| 4
‘5 | - -~ - - 0 1 1 2 3 4 5 6 7 7 8 9 1o 11 12 13} 5
[ - — - 0 .1 2 3 4 5 6 7 9 10 11 12 13 15 16 17 18 6
P - - - 9 1 3 4 6 7 9 10 12 13 15 16 18 19 21 22 2 7
8 - - ~ 1 2 4 6 7T 9 11 13 15 17 18 20 22 24 26 28 30 8
9 - - 0 1 3 5 2 9 11 13 16 18 20 22 24 27 29 31 33 36 9
10 - - 0 2 4 6 9 11 13 16 18 21 24 26 20 31 34 37 39 42 10
11 -~ - 0 2 5 7 10 13 16 18 21 24 27 30 33 36 39 42 45 48 11
12 - - 1 3 6 9 12 15 18 21 24 27 31 34 37 41 44 47 51 54| .12
13 -~ - 1 3 7 10 13 17 20 24 27 31 34 38 42 45 49 53 57 60 13
14 - - 1 4 7 11 15 18 22 26 30 34 38 42 46 50 54 58 63 67 14
15 -~ - 2 5 8§ 12 16 2 24 29 33 37 42 46 51 55 60 64 69 73 15
16 -~ - 2 5 9 13 18 22 27 31 36 41 45 50 55 60 65 70 T4 79 16
17 - - 2 6 10 15 19 24 929 34 30 44 40 54 60 65 70 75 81 86 17
18 - - 92 & 11 16 2 2 31 37 42 47 53 58 64 70 75 8L 87 42 18
19 -~ 0 3 7T 12 17 22 328 33 39 45 51 57 63 69 74 81 87 93 99 19
20 - 0 3 8 13 18 24 30 36 42 48 54 60 67 73 79 86 92 99 105 20
) A 1N\ m
1 2 3 4 5 6 7 8 9 10 1l 12 13 14 15 16 17 18 19 20 nz\.\

(5% critical values of U for a two-sidod bost)
Yzl23_4567891011]21314151617181920
0y

1 | - = = = = - = - - - B e S |
s | = = ~ - - = - 9 0 0 0 1 1 1 1 1 2 g8 g 2| 2
3 | - - -~ - 06 1 1 2 2 3 3 4 4 5 5 6 6 7T 1T 8| 3
4 - - -~ 0 f 2 3 4 4 5 6 7 8 9 10 11 11 12 13 13 4
5 - -~ 0 1 2 3 s 6 7 8 9 11 12 13 14 15 17 I8 19 20 5
"6 -~ ~.1 2 3 5 6 § 10 {1 13.14 16 17 19 21 22 24 25 27 6
-y -~ - 1 3 5 6,8 10 12 14 16 18 20 22 24 26 28 30 32 34| 7
& - 0 2 4 6 8 10 13 15 17 1y 22 2¢ 26 29 31 34 36 38 41 8
9 - 0 2 4 710 12 15 17 20 23 26 28 31 34 37 39 42 45 48 9
10 ~ 0 3 5 8 11 14 17 20 23 26 29 33 36 39 42 45 43 52 55 10
1 - 0 2 6 9.13 16 19 23 26 30 33 37 40 44 47 51 55 58 62| 1
12 -~ 1 4 7 11 14 18 22 26 29 33 37 41 45 49 53 57 61 65 69 12
13 - 1 4 B8 12 16 20 24 28 33 37 41 45 50 54 59 63 67 72 76| 13
14 - 1 5.9 1317 22 26 31 33 40 45 50 55 59 64 67 74 78 83 14
15 - 1 5 10 14 18 24 29 34 39 44 49 54 59 64 70 75 80 85 90 16
16 - 1 6 11 16 21 26 31 37 42 47 53 59 64 70 75 81 86 92 98 16
17 - 2 6 Il 17 22 28 34 39 45 51 57 63 67 75 81 87 93 99 105 17
18 -2 7 1 18 24 30 36 42 48 55 61 67 74 80 86 93 99 106 112 18
19 - 2 7 13 19 25 32 38 45 52 58 65 72 78 S5 92 99 106 113 119 19
20 -~ 2 8 13 20 27 34 41 48 55 62 GY 76 83 S0 98 105 112 119 127 20

1 2 3 4 5 6 7T 8 9 10 11 12 13 14 15 16 17 18 19 20

\ ”1
n:\
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THE WALD-WOLFOWITZ RUN TEST
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TABLE 10.5.

(59, critical values)

116

P OO mAMY OO0 | _ /
fo ot -t pel Pty ettt et GN) 2
-
= NMOW WO DOONO O mim 98 ]
(3] — Pt g gt
@ NNY WROOE VODDO OD— ey =)
-t - Tyt ot g ot -t
) Y WIHOOE RO DD O D e o
—y o Pl gy et -t
= QM WO RNV SO0~ -
L] ety gyt L}
© QMM WIBVOD NORH BGCOS ©
l N Pt et
w UM WHIVOD® DD BHOSD 10
i I  WHIOIWW® QREI~W® DODSHD ~
-
o QT HWIOIDW O DI~~~ o
- —
&« QI MWW OO I
=4 v—
—~ JEID WMDY DO OO -t
—t . —t
-] [CY0? VIO DBWOD o
L] g . i
- 1A Mmmwd BN =
© WEICY emedemen M < winiInId )
I 1E "aedeonenod v
1 1681 QUEIMmMmem mmemw
J 11 QROAaNM moamomem
1V 1 1N QeI ss
(N T TR T I O B B O Y= T
MPIN OO OO DD
— — — et Oy

11
12
.13
14
15

.17

MM SEDDD ~AMmWI DONO | &
— el gy po| gl puad d O
. Il
8]
=) NI WOOND HOOmMEN NMmMm =)
&3 P e R e R ] N
= AN VO DD OHOO—m QMMM =)
— . ol gl iy o pomi g Pt ot ]
w0 NI O SO =OeIme | -
- ; : . P R N R R R -
b= NMHY DO DO m O30’ ~
- ot g pd ) ] et pue| ot
=] ANMEH 100V 0 DADHOO mrdm QAN w
—t oy gy g pund pd o] L
wy e &% 0% < WO WO~ DRXNHO O el ped ot OF w0
ot - L] o o g o] -
-« QAMY VDO DOONO COOmm <3
) RAMY VIO ~ROAD HOOOD o
) . ra—t ] el =i -
8 ARG HWOO~ EEROD ORROD al
o N WD ® I~ Wd ORRDD UA
= 103entm VW IVW @itk WDOBOD =]
= 1EIMMM NMEWIVY SOOI~ SI-0000Pd =Y
] [0Inén HHUHIVIY VLOD@ @ -
-~ 1N Mo DRI )
© 1EICIen MW WHIn W
1) 1616 Hemenmed =iy
< T 1 163 eyenmen momemomem
e 1111 cuereueuey eyeaeney e
e Ly [ I IR T
o4
" .
| M U S N~ ] -0 ¢ W0
1S . PR R e




NONPARAMETRIC TESTS - v Y

TABLE 106. THE WILCOXON MATCHED PAIR
- SIGNED RANK TEST

59 and 19 criticel values of T'., T, and T)
. . +

T_or T, ) T
(one-gided) (two-sided)
n .
1% 5% 1% 5%
6 - 2 - 0
7 0 3 - 2
8 2 5 -0 4
9 3 8 2 6
10 5 10 3 8
11 7 13 5 11
12 10 19 7 14
13 13 21 10 17
14 16 25 13 21
18 20 30 16 26
16 24 35 20 0 -
17 28 41 23 35
18 33 47 28 40
19 38 53 32 46
20 43 60 38 52
21 49 67 43 59
22 56 75 49 66
23 62 83 56 3
24 69 91 61 81
25 77 100. 68 89

TABLE 107, SPEARMAN’S RANK CORRELATION
COEFFICIENT

(5% and 1Y%, critical values of ry for one~ and two-
sided tests)

_ one-sided two-sided

n

1% 1% 5%
4 — 1.000 — R
5 1.000 .900 — 1.000
6 L0943 .829 1.000 .886
T .893 714 .929 .786 .
8 .833 .643 .881 738~
9 .783 . 6060 .833 .683
10 L7146 L3644 ] L794 .G48
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11,2, MEASUREMENTS DATA
a. Introduction

Control charts are used to detect chaﬁges in the mean valuc (contre of
location) and in the varigbility (dispersion)-of a process. The procedure consists in
obtaining measurements on a sample of n items, computing chosen measures of loca-
tion and dispérsion, plotting the- computed values on appropriate charts and. taking
decisions (regarding changes in the processes) depending on the positions of the plotted
points. :

How is a control chart drawn: for any particular measure of location or dis-
persion ? Let T represent any such measure based on n observations in a sample.
The central ling of the control chart for T' is drawn ab E(T), the expected value of T
and the upper and lower control limits at E(T)+b,s(T) and E(T)—b,o(T) respectively,
where b, and b, are suitably chosen constants and o(T) is the standard deviation of
T. The limits obtained by choosing b,, b, such that

Probability {T—E(T) > bo(T)} = a/2

Probability {T— E(T') £ —byo(T)} = cf2
are called « probability limits. Those obtained by choosing b, = 52 = 3 are called
three stgma limits.

As an example far location, T may be the average  or the median & of tho
sample. Charts usihg 2 and £ are called the # chart and & (median) chart respectively.
As a measure of dispersion 7 may be the standard deviation s, or the range R of the
sample leading to an s-chart or an R- chart.

Lel the true process average and standard deviation be represented by z# and
o. Under the asumption ot normality of the observations. the o(T) for each measure
T considered in Table 11.1 is found to be a multiple of o, the process standard
deviation. . Hence the upper and lower control limits in all these cases can be
written as '

_ . EM4no ET)-z0
when x and o are specified.
A The process mean and standard: deviation may net be specified in practice,
but may be estimable on the basis of previous data. If the past data are sufficiently

- numerous; yielding stable estimatés of x and 7, the same formulae E(T)--z o, E(T)
- —z,0 for control limits can be used substltutmg éstimates for (T) and 0.

b. Construction of a control chart

Table 11.1 provides the formulae for E(T'), and multipliers of o or of an estimate
of v for a wide variety of measures, T'. The general procedure. for constructmg a
control chart is as follows :
(i) Decide on the subgroup (or sample) size #.
(i) Choose a suitable measure of location andfor- a measure of dispersion
(see column (1) of Table 11.1 for measures commonlv used).
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(iii) (a) If the standards, i.6., the mean and the standard deviation of the
process are known, use the formulae in column (3) for E(T), the central
line, and. the formulae in column (8) for multiplying factors z,,z,. Thus,
if we want a control chart for the measure s, the sample standard devia-
tion, the central line is at c,o' and the upper and lower control limits are
at B,o and B,o. v

(b) If the sté,nda,rds_ are not known, decide to use one of the alternative
estimates of E(T') given in columns (4) and (5) for the central line and one

of the alternative estimates 3, R, or R for o a8 defined in {1.1c below.
The multiplying factors for these estimates are given in columns (7), (8)

and (9). Thus, if we want a control chart for the median % choosing # as
the estimate of y and choosing R s an estimate of o, the central line is at

# and the formulae for the upper and lower control limits are, as found
from column (8) of Table 11.1,

5+-F,F and 5—F,B.

(iv) Having chosen the appropriate formula from Table 11.1 we have to
find the numerical values of the symbols 4,, 4, ..., By, B,, ... etc..
They depend on the value of n and the nature of control limits required
(3 sigma or probabilib'y limits). The values of all the symbols of Table -
11.1 for 3 sigma limits are given in Table 11.2 for values of n =2
(1) 10 and for some symbols upto n = 20. The values of some symbols
for probability limits are given in Table 11.3.

c. Estimation of standards

The methods for computing different estimates of j and o from past data are
as follows. Let x, ...; ¥y be the available series of past data. Divide the series into
groups of n observations obtaining & = [N/n] 'subgroups omitting if necessary a few
observations at the end. It is assured that N is large compared to n. For each
subgroup compute the value of a measure of location and a measure of dispersion as

shown in the following table.

Tn theory we can use any of the 8 estimates of # in conjunction with any of the -
four estimates of o, but in Table 11.1, we have indicated only some of the combina-
tions for which tables exist for computing the control limits. It is also customary to
éxamine the homogenéiby of past data before using the estimated values of 4 and o for
control limits. This is done by constructing control charts based on the estimates
and plotting the subgroup values. Thus if we are computing the subgroup means

and standard deviations we may construct an Z chart using the estimates z and s.
On such a chart we can plot the k consecutive values z;, ..., %, and judge whether

they were under control. )
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BESTIMATION OF STANDARDS FROM PAST DATA

alternativo measures
sub- -| original alternative measures of location ‘ of dispersion
group series -
no. i mean median sum midrangel standard rangs
(past data) . ' deviation
T T Iz M 2 ] R
. . ‘ -
1 - 2y zy (Zx) My 8 r
I Zn
Tnpr -
2 : ¥ Za z, (Zz)2 My a2 R,
: Zn
T k—1) 4] . i
x : Tg - T (T My £ R
Tkn .
mean E E (=7) M 3 ®
median Z ) (z%) M 3 B-
. w_ —~— ) I )
providing 8 estimates of & ) providing 4 estimatos of ¢

The symbols used are self-explanatory. Thus & is the median of the subgroup medians
&), &, ... &, ;% is the mean of subgroup means %, Z,, ..., Z;; & is the median of
subgroup standard deviations sy, s,, ..., s; and so on. ‘

11.2. ATTRIBUTES DATA

Instead of providing a measurement such as the length of an item, sometimes
it is scored as bad or good, or as within or outside certain gauge limits, or as having
a certain number of defects. The relevant formulae for the central line and the 3-
-sigma limits in such cases are given in Table 11.4.

d and p charts: When an item is scored as good or bad, the quality of a
subgroup of n items is judged by the number defective (d) or the proportion defective
(p). If the number defective is assumed to have a binomial distribution with the
parameter 7, then 4 : '

" E(p)=m, E(d)=nnm

o(p) = Va(l—mn, o(d) = Van(l—n)

Wh’ich‘pro_vide the formulae for the central line and the upper and lower control limits
for the p and d charts.

If probability.limits are required one has to use the cumulative probabilities
of the binomial distribution. Let d;, and d, denote the upper and lower limits for d
at a probability «/2 on each side. Then they satisfy the equations
n & o
2 1— n.d . =
; (d)ﬂd( ”) <2’¢§4(

i ____v‘n-d 2‘_
Cdzd, A ~.d)ﬂd(l LS 2°



saTies nde subgrouns

EXESEY:

PO
groun.

e

valie or as batween the two values.
% given valune and o bs the nwmber helow
P iz judged by g = b—o which is sensi-.
itemes andfor k= b-Fa which is sensitive
for a change in the dispsrsion of the sive of the items. The formulas for the central
line and upper and lower 3 sigina limits for g-and % are given in Table 11.4, where
7, and 7, deviote the hypothetical nroportmns of the items below the lower gauge
and .above the upper gauge value respectively

Poifn % gw n v »hze.
tive for a change in the ave:

The. determination of prebability limits for small values of n is somewhat
difficult in the .(ia_;se of b—a. For 6-1a it iz done as in the case of the number
defective chart choosing o = m-m,

If the values of 7y and =, are not known they may be estimated by »
and p,, the observed proportions of items below the lower gauge value and above

'the -upper gauge value respectively. The estimate of Y= my—m;) is g(= pz;—pl-)

and the estimate of §(= m,-+7,) is P(= p,;-+p,). The control charts constructed by
using the estimated values of y and & can be used for testing the homogenelty of past
data

11.3. CouxT oF DErkots Dara

¢, 0, ¢ charts : The quality of an item such as'a glass pane or a piece of cloth
of givén dimensions is judged by the number of defects (¢) on it. On the assumption
of ‘a Poisson distribution for ¢, the mean and variance are each equal to A, the
Poisson parameter. The formulae for the central line and the 3 sigma limits for e
‘the number of defects on a single unit, € the total number of defects on n units and &
the .a,v'erage number of defects per unit are given in Table 11.5. The probability
limits cari be obtained by first computing the cumulative probabilities from the indivi-
‘dual terms of the Poisson distribution given in Table 2.1.

When the.value of A is not specified it may be e’stiin"ated from past data by
the average numbe> of defects per unit. The homogeneity of past data can be

pxamined by considering subgroups and plotting the successive values of C or ¢ on
the approprmte chart based on the estimated value of A.
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TABLE 11.1. FORMULAE FOR CONTROL CHART LINES: MEASUREMENTS DATA
Charts for central tendency and dispersion

(For deacription of estimates in columns (4}, (5), (7), (8} and (9) gec sub-section 11.1c)

" sub-group (sample) central line factors to multiply given standard or estimates
quality : to obtain UCL and LCL
. using given
description symbol | using given using estimate standard using estimate
of chart (statistic)] standard
T mean median s P R R
(I (2) 3) 4 (5) {6) { 7 {8) {9)
measures of location
as Jdistanoces from the central line
mean 2 ©® z 7 +4 + 4, +A, +4;
sum Zx ny Ze) (Zx) +nd +nd; 4ind, +nd,
median z " & z +F +F, +F,
midrange M " M M +6@ +6, +0;
meagures of dispersion
as distances from the origin
standard - ™
deviation 8 c20 3 . B, B, .
B, B,
range R dso j3 R D, . D, Dg
. D, . D, Dy
moving -
range (n = 2) r 1.128q r 1.183r Dy(n = 2) . Dy(n = 2) Dg(n =2)
Dyfn=2) - Dy(n =2) Ds(n =2)
order statistics
| " as distances from the central line
. largest —_ =
measurement L et 3d;o MR ‘+H . +H,
smallest . I — '
measurement S t~3idzo HM—}R +H . +H;
when L and § are for UCL of L 4B . + Hé
plotted together
with M for LCLof §: . . —H’ - H;

Note nisthe sub-group s&rﬁple sizo. The 3 sigma values of all the symbols 4, A, ..., H,, H’ for different
values of n are given in Table 11.2. 'The values of By, By, Dy, Dy, D¢ for one-sided upper pro-
bability limits at various levels are given in Table 11.3. The values of A, A, Ay, A3, F, Fo, F,,
and @, @, @; for probability limits are obtained by multiplying the values for 3 sigma limits
given in Table 11.2 by the following factors,

probability level : 0.19, 0.59, - 19, 5Y 109

factor Lo multiply 3-sigma limits : 1.097 0.936 0.859 0.653 0.548

The values of the other symbols for probability limits are not given. ’

‘The values of ¢y, d; and e; are also given in Table 11.2 for n = 2(1)\1 0.
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TABLE 11.2. FACTORS FOR COMPUTING CONTROL CHART LINES

Three sigme limits

sub-group (sample} size = formula.
for general
factor 2 3 4 5 6 7 8 9 10 n

4 | 2121 1132 1.500  1.342  1.225  1.13¢  1.061  1.000  0.949] 3/Jn

A, 3.760 - 2.394  1.880 1.596 1.410 1.277 1.175 1.094 1.028 Alcy
A, 1.861 1.023 0.729 0.577 0.483 0.419 0.373 0.337 0.308] A/,
Ag 2.224 1.091 0.758 0.594 0.495 0.429 0.380 0.343 0.314 Afdpm

B, | o 0 0 0 0.026 0.105 0.167 0.219  0.262 oc,—3c
B, | 1.s43 1.858 1.808 1.756 1.711  1.672  1.638  1.609  1.584 c,+3c;
By | o© 0 0 0  0.030 0.118 0.185 0.230  0.288| By/c.
B, | 3.267 2.568 2.266 2.080 1.970' 1.882 1.815 1.761 1.716] B.jc
Dyl o 0 0 0 0, 0.204 0.388  0.547 0.687 d,—3d,
D, | 3.686 4.358 4.698  4.918 5.078  5.204 5.306  5.393  5.460) dy+3dy
Dl o 0 0 0 0.  0.076 0.136 0.18¢  0.223| Dy/d,
Do | 3.207 20575 2282 2,115 2.004 1.92¢ 1.864 1.816  1.771| Dyd.
Ds| © 0 0 0 0 0.078  0.139  0.187  0.221 Dyjdw
Dy | 3.864 2.74¢ 2.375 2.179 2.065  1.967 1.802  1.850  1.508| :Dldp

P 2.121 2.009 1.638 1.607 1.3%0 1.376 1.230 1.223 1.116 302;

F, | 1.880 1.187  0.796  0.681  0.549  0.500 0,432  0.412  0.363 F/d
F, | 2.22¢ 1.265 0.828 0.712  0.562  0.520 0.441  0.419  0.369 Fldp

1458 1.402  1.358  1.322  1.202 3oy

ot
1
>
L]

« Q.

G 2.121 1.805 1.638

@, | 1.880 1.067 0.796  0.659  0.575  0.518  0.477  0.445  0.420} Gld,
G, | 2.224 1137  0.828  0.679  0.590  0.530  0.487  0.453  0.427] Gldy
H | 2477 2.244  2.104 2.007 1.935 1.878 1.832 1.793  1.760] 3oy
g | 3.041 ° 3.000 3.133  3.170  3.202  3.230  3.256 3.278  3.209| H{yd:
H., | 2.195 1,326 . 1.022 0.863 0.763  0.69¢ 0.643  0.604  0.572) Hyd,
H, | 2.605 .1.8%6 1.522 1.363 1.263 1.19¢ 1143 1.104  1.072| H, 4}
6y | 0.564 0.724 0.798 0.841 0.869  0.888  0.903 0.914  0.923

gy | 1128 L69%) 2069 2.326 2434 2704 2847 2.0  3.078

dm | 0.95¢ ~ 1.588  1.978 2,257 2.472  2.645  2.791  2.816  3.024

1.183 1.066 1041 1.031 1.025 1.022 1.020 1.019 1.018

Note : The constents tabulated in Table 11.2 have been calculated under the assumption
thet the populstion distributlon is normal. The constants in the general formula of the last column

are defined as follows.

-\, = [fn-~1 n—1 3 Lo
63=E(3)=d2r(§)—"ﬁ/"r( 3 ) °s=Gs=[ 7 —'Cg] ,d2=E(R)’ d3==0'}p dy = (R},

ey = dgldm whero 3, R, I%, ote are as defined in column (2) of Table 11.1. In thgtabulateﬁ values

of d, B{K} iz approximated by the median of the distribution of R.
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-~

TABLE 1L2 (continued). FACTORS FOR COMPUTING CONTROL CHAZ

LAY

)
2

5
=
ot
b
<
B
7

Threo sigrs limiis

sub-group (semple) size

footor| 11 12 13 14 18 18 17 18 19 20
A | 0.905 0.866 0.832  0.802 0.775 0.750 0.728  0.707  0.688  0.671
4, | 0.973  0.925 0.88¢  0.848 0.8  0.788  0.782  0.738  0.717  0.697
By | 0.299  ©0.331  0.359  0.384  0.406  0.427 0.445  0.461  0.477  0.491
By | 1.561 1.541 1.623  1.507 1.492  1.478 1.466  1.45¢ 1.443  1.433
By | 0.321  0.354 . 0.382  0.406 0.428  0.443  0.436. 0.482 0497  0.510
B, | 1.679 1.646 1.618  1.594 1.572 1.652 1.534 1.618 1.503  1.430

factor| - oI 22 23 24 25 26 27 28 29 30
A 0.655  0.640  0.626  0.612  0.600  0.588  0.577  0.667  0.557  0.548
4, | 0.8679  0.662  0.647 0.632 0.619  0.606 0.594 0.583 0.572  0.562
B, | 0.504 0.516 0.527 0.638  0.548  0.557 0.568  0.674  0.582  0.589
B, | 1,42¢ 1.415 1.407 1.399 1.392 1.385 1.378  1.372  1.366  1.300
B,. | 0.523  0.53¢  0.645 0.555  0.565  0.574. 0.582  0.500  0.507  0.604
By | 1.4717 1.466  1.456 1.445 1.435 1.426 1.418  1.410  1.403  1.396

TABLE 11.3. FACTORS FOR COMPUTING CONTROL CHART LINES
One-sidéd upper probability kmits

probp- | - sub-group (sample) size n
bility factor _ ) ’
lovel - ' 2 3 &4 5 8 7 8 9 10
0.1% | B, | 2.327 2.146 2.017 1.922 1.840 1.791  1.744 1.704  1.670

By | 4.126° 2.966 -2.528  2.286  2.126  2.016 1.932  1.865  1.810

D, | 465  5.06 5.31  5.48  5.62  5.73  5.82  5.90  5.97

D; | 412 2.99 258 2.3 2.22 2.12 2,04  1.99  1.94

Dy | 4.88 319 2.68 243 227 217  2.00 202  1.97

0.59 | By | 1.985 1.879  1.792 © 1.724  1.671  1.628  1.592  1.562  1.536
1 B, | 3.518 2.597 2.246  2.051 1.924 1.833  1.764  1.709  1.665

D, | 3.97 442 460 4.8  5.03  5.15  5.26  5.34  5.42

Dy | 8.52 258l 2.28 210 1,98  1.90 1.85  1.80  1.76

Dy | 4.16 278 237 217 2.04 1.95 1.88 1.8  1.79

19, | Bs | 1.821 1752 1.684  1.630  1.586  1.550  1.520 1.494  1.472
| By | 3.228° 2421 2.011 1.939 1.826 1.745  1.684 « 1.635  1.505

D, | 3.64 412 440 460 476  4.88  4.90  5.08  5.16

Dy | 323 243 224 198 1.88  1.80 1.75 1.71  1.68

Dg | 3.82 259  2.22. 204 193 1.84 1.79  1.74  1.71

5% | B:. | 1.386 1.413  1.398  1.378  1.35%  1.341 1.326 1.313  1.301
B, | 2.457 1.953 1.752  1.630  1.563 1.510 1.469 1.437 1.410
Dy | 2770 331 3.63 | 3.86  4.03  4.17  4.29  4.39  4.47

Dy | 246  1.96 176 ~ 1.66  1.59  1.54  1.51  1.48  1.45

Dg | 290 208 1.8  1.71  1.63  1.58 1.54 1.51  1.48

- Note: The values of By; Dy and Dy given in Tablo 11.3 provide only approximate probability
limits. They have been caleulated using the formulae By = Bsfcs, Dy = Dyfds, Dg = Dafdm.

3
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TABLE 114. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS : ATTRIBUTES DATA
sub-group (sample) upper and lower control limits UCL
quality cbntral line and LCL (as distances from central line}
description symbol using given using using given using
of chart (statistic) standard estimate standard estimate

1. Attributes Data—Geéneral :—number defective or fraction defective chart :

fraction defective P n P l :[:3_\/ 7l —a) +3 \/ p(l-p)
n n
number defective d nw d £3 Jra(l—a) 43 Jnp(l—7)
(= np) !

2. Attributes Data—double gauging :~(b--a) and (b-+a) charts : (The number below lower gauge is denoted

by a and the number above upper gauge by b. The hypothetical proportion below the lower gauge
is denoted by m, and above the upper gauge by my).

charige in location b—a =g l nlmg—~m) = ny g ' +3/nd—ny? +3+/7p —(52/n)
-charige in disper- bta =1 n{m ) = né B { +3+4/né(1—25) :]:3\/71,‘35(1—}3)—
sion

| (= np) l

Note : n denotes the sub-group sample size.

TABLE 11.5. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS : COUNT OF
DEFECTS DATA

Nuwmber of defeets or defects per unit charts

nuniber of defects R _ -
on unit (n = 1) c A c +3vA 1-83VE
number of defects C nA ¢ 4+23vnX +3vne
on group of o -
units {= XZ¢) (= né)
defects per unit =L A P igv.i\_ : i3‘\/ c
1 n Py

Note : n denotes the sub-group sample size. The method for obtaining probability limits is explained

in the text. They depend on the tables of individual terms of the binomial and Poisson distribu-
tions (see Tables 1.2 and 2.1).
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11.4 CuMULATIVE suM CONTROL CHARTS

a. Introduction

- The cumulative sum control chart ( cusum chart ) is used primarily to main-
tain current control of a process. Its advantage over the ordinary Shewhart chart is
that it may be equally effective at less expense. This stems from the possibility of the
cusum control chart picking up a sudden and a persistent change in the process
average more rapidly than a comparable Shewhart chart, especially if the change is
not-large. The concept of Average Run Length (ARL) is used in the design of cusumn
charts. ARL is defined as the average number of samples plotted at a specified quality
level before the chart indicates that the process is off target.

One sided decision interval scheme
» Suppose we want to control the process at p, and are interested in detecting
.changes in the process level in the upward direction. A reference value k(> y,) and a
decision interval b are chosen, and the modified cusum is defined as follows. Compute
successively

T ‘ 8 =0, s = max{0, Sr_y (T, —k)} NN C))

where x, is the r-th observation. The chart indicates corrective action when for the
first time s, >> k. If we want to detect shifts in the lower direction, we use

8o = 0, s = min{0, sp_,-(xr—k)} o (2)
where k < p,. Corrective action is taken when for the first time s, < —h.

Figure 1 is a nomogram which gives the ARL values for the control scheme
(1) for any given value u of the process level and chosen h, & when the characteristic
is distributed normally with unit standard deviation. Suppose the process level is
Jt, process variability is ¢ and averages of samples of size » are plotted on the chart.

VVe use L“ curve when s < k and the L, curve when ,u > k. We caleulate |k— /L) \/n

and b Y— \/ and locate these points on the line indicated by |k—p]- v and the curve
o

mdmated by B - resp‘eetxvely and join them by a straight line. The point where

this line cuts the L, or the L, curve as the case may be gives the ARL value,

.v_.;',.
su,;

E ample

p s Gwen q = 10, n = 4, k=105 mnd h = 13, find the ARL values for s == 100,
102 andllO fer : :

hvn _ g4,

|105—100] % = 1.0 ARL = 830 (from L, curve), for # =100,
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N 105—102] —%ﬁ = 0.6; ARL == 104 (from L, cﬁrve), for g = 102

|105—110] % = 1.0; ARL = 3.5 (from L, curve), for g =110

Suppose we are given two values of the process level, say p, acceptable level
and u, rejectable level, and also the desired ARL values ie., of Ly and L, 1‘espectiv-el'y.
L, will be usually large and L, will be small. There will be a number of combinations
of n, & and % to meet these requirements. However, there are a number of advan-
tages t6 be gained by the use of a central reference valueie., k = (yt,4/:;)/2. We shall
henceforth choose a reference value which is either central or near central. Table
11.6 which has been extracted from the nomogram gives the values of

7’1 -
o] L = Y

n Vi
\g = | fts—po| \2/0
a);fid' h+/njo for particular values of Lg and L, when central reference value is useé

, k= (ug-+p,)/2. Then the values of » and A can be computed to demgn a
smtablp cusum control scheme.

Example : Design a suitable one sided decision interval scheme such that
when g, = 4.0, g, = 4.5 and 0 =1, the values of L, and Ly are 500 and 5 respectively

4.004-4.50

k= 3

=495 MM __o25
20
From Table 11.6 we find that

(ﬁl_?_gg)«/n‘ = 0.74 and \/n 18

From the first equation, 0.254/7% =0.74 or 2 = 8.76 with the rounded value 9. Then

kv _ o 96, = 3.18 or b= 1.07
a

V-mask Procedure :

V-mask procedure is used when one is interested in detecting the shifts from
‘the target level g, in either direction. The procedure is as follows. Compute

SO = 0, Sr = Sr_1+(xr ;uo)s r = 1 2 ..

and plot Sr agams’o r. A V-mask is super 1mposed (see ﬁgure 2) on the chart
with the vertex 0 at .a distance d in horizontal. plotting intervals ahead of
the most recent pdmt P on the chart. If the path of the chart cuts either limb of
the V-mask, we conclude that the process is off the target. When the lower limb
is cut, an increase in process Jevel-is indicated-and when the upper limb is-cut, a de-
crease in the process level is indicated. The parameters of the V-mask chart are
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0 the half angle and d the lead distance. The parameters depend very much on the
scale of the 8, axis and also on the horizontal distance between two successive plots,
As such we define the scale factor w as the horizontal distance between suecessive
points plotted on the chart measured in terms of unit distance on the vertical seale.
Tt has been established that the V-mask procedure is cquivalent to simultaneous
application of two one-sided decision interval schemes. It is also shown that the ARL
of the V-mask (L) is related to L, and L,, the ARL’s of two one sided decision interval
schemes, by the formula

i 1 1

I=LYL
The relationship of the parameters of the V-mask and the two one sided decision
interval schemes are given by

ey = po+wtan 8, hy = wdtan0;
ky, = po—w tan 0, —hy = —w d tan .

Hence either the nomogram or Table 11.6 can be used in the design of V-mask control
schemes,

Sr

2 . n r i " i

Fig. 2. V-mask Cusum Chart.

The procedure for finding the sample size, half angle 6 and lead distance
d is as follows :

The acceptable process level is p, and we have two values of g,, the rejectable
level : u, = py--A where A is some positive constant. The values of ARL are specified
to be Ly at p, and Ly at gig+A and go—A.

(1) Read from Table 11.6 the values of

Byt n ha/7
12 0‘ \é and ;{ for 2L, and Ly.

(2) Since

/fl_gﬁ() = A2 is known, the value of » is easily computed.

(3) [k—nol= t&—;ﬂ ‘ = w tan § or & = tan—! (M_é:é‘gL)

(4) h=wdtanf or d=h\/ﬁ_:_ [a—po| vV '
(22 20
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Example: Devise a suitable V-mask control scheme, given that y, = 4.0,
4 = 40405, 0 =1 and L, = 500 and L, = 5.

Entering the Table 11.6 for L, = 1000 (= 2x500) and L, = 5, we get

_ ha/n
== 8 —— = . .
3 4/ = 0.80 and pn 3.41

P Mg
T

Since | —py|/2 = 0.25, 0 = 1, 0.254/5 = 0.80 or n = 10.24 with the rounded off
value 11. When the scale factor w = 1, we get from Table 17.7.

f = tan—! <lﬁ£—i‘2|_) — tan-1 (0-25
_ 2w w

) = tan-1 (0.25) = 14°,

_hA L sl y/A _ 341 _ . N
d= P % = 580 = 4.26 horizontal plotting intervals,

Cusum charts for attributes

When we consider number of defects per sample or proportion defective (when
the proportion is sufficiently small), we can use Poisson distribution for the design of
cusum control schemes. Table 11.7 (Kemp, Applied Statistics 11, 1962) is useful for
this purpose. Let m, and m, be the aceeptable and rejectable} levels of the Poisson
parameter. Table 11.7 gives for R = m,/mq = 2.50, 3.00, 3.50 and 4.00; L, = 500,
250 and 125; L, = 5.0, 7.5 and 10.0, the values of mg, £ and . In case of proportion
defective 7 we note that m, = nm, and my = nm,.

Example :

Given my = 0.01, 7y = 0.04, Ly, =500 and L,== 750 design a suitable
cusum scheme,

R = 0.04/0.01 = 4. For B =4, Lo = 500, L, = 7.50 we have m, = 0.24,
k=06 and h = 2.75. . :

NX Ty = Mg == 0.24 = nx0.01 or n = 24.

Take samples of size 24 and let z, be the number of defectives in the »-th
sample. Define s, =0, s, = max{0, s, ;+(z,—0.6)}. Take corrective action when
sy > 2.75 for the first time,
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[k-p|+/njs
. 12
La
~ 100
o X
1.Q - 150
B
09 L. 200
5
L. 250
o8 u
E- 300
o
07 ~ 350
- 400
{6 E.. 450
. 500
550
os 600
650
700
750
800
04 _
900
1000
03
02

Fig. 1. Nomogram for determining the ARI when the

quality charactoeristic iy
normally dist-ributed_._
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TABLE 11.6, VALUES OF ’”i‘;/y'\/ﬁ AND MV
~G. . T

FOR PARTICULAR VALUES OF I, AND Lr.A

: Za
L, ‘
200 500 11000
.3 0.91 1.08 1.13
2.07 ‘o.21  2.38
4 0.76 '0.85 0.92
2.48 - 2.75 2.93
5 0.65 0.74 0.80
2.86 3.18 3.41
6 0.58 0.66 0.72
3.23 3.54 3.7
7 0.52 0.60 0.65
3.45 3.80 4.08
] 0.48 0.55 0.60
3.72 4.12 4.36
9 0.44 0.51 0.57
3.89 4.30 4.67
10 0:42 0.48 0.53
) 4.05 4.50 ,4.80
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TABLE 11.7. VALUES OF mg, R, h, axp ¥ FOR FRACTION-DEFECTIVE SAMPLING SCHEMES

&

.

Ly
R Lg 5.00 7.50 10.00
ma k h Ma k h ma k h
500 1.18  2.00  5.00 0.64 1.20 -3.75  0.50 0.90 3.75
2.60 250 0.93 . 1.60 4.50  0.52 0.90  3.50 6.42 0.80 -3.00
125 0.71  1.20 3.75 0.47 0.70  3.25 0.32 0.60 2.25
500 0.66 1.20 4.0 0.46  0.90  3.50 0.32  0.70  3.00
'3.00 250 0.56° 0.90  3.00 0.40 0.80 3.00 0.27  0.60  2.50
125 0.48  0.80 3.0 0.31 0.60 3.00 0:15  0.30  2.00
500~ 0.54 1.20  3.00 0.35 0.80  3.00 0.24 0.60 2.75
3.50 250 041 0.90  2.50 0.27  0.60  2.50 0.18  0.40  2.50
126 0.3¢  0.70  2.25 0.18 0.40  2.00 0.13  0.30 1.75
500 7 0.38  0.90 2.75 0.24  0.60 2.75 0.16  0.40 ~ 2.50
4.00. . 250 0.32  0.80 2.25  0.21 0.60 2.00 0.12  0.30 2,00
125 0.28 0.70  1.75 0.16  0.40 1.75 0.07 0.20  1.50
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‘12.1 CONFIDENCE INTERVALS FOR PARAMETERS.
a. Percentage defective

In sampling with replacement, the number d of "defectives in & sample of
size n from any lot follows a binomial distribution ¥(n, 7) where 7 is the proportion
of defsctives in the lot.  This distribution also holds good, as an approximation, in
samp]mg without replacement if the lot size is very large compared to the sample size.

Confidence intervals for 7 are tabulated in Table 1.3 for n ¢ 30. Table.
12.1 provides 95+9%, and 99+%, confidence intervals for 1007 (percentage defective)
based on ‘the Clopper-Pearson system, for n = 40, 50, 75, 100(100)500, 1000.

b. Awverage number of defects

Under fairly general conditions, the number of defects per unit, in units. of

identical dimension, follows a Poisson distribution.

Two sided 95+9/, and 99+°/ confidence intervals for the Poisson mean A, the
average number of defects per unit, are given in Table 2.2.-

c. Average measured value of a charactemstlc

When the mea.sured value of a characteristic is normally distributed as N(x, o2)
confidence limits for its average (x) based on a sample of size n are given by
95% limits: 2 -4 1.960/V7n.

99% limits :  z 4 2.580/V'n
if o is known.

When o is not / nown, the confidence hmlts for 4 will be obtained from tho
follomng formula

100({1—)%, limits : 2 4 ts/vVn—1
where £, is the two-sided 1000% point of the ¢-distribution with n—1 d.f. given
in Table 4.1 (refer to the*bottom row of Table 4.1), and s = VZ(z;—z)*n. .

When ¢ is not known, instead of the sample sta,ndard deviation, the sample

range R or the mean range R from k sub-groups (samvles) each of size n may be used
along with z, to obtain conﬁdence limits for z. For computing 95%, and 99%, confi-

dence mtervals of the type z + b R, the factor h has been tabulated in Table 12.2
for n = 2 (1)15 and & = 1 (1)15.

d. Standard deviation of a measured value

Elther the sample standard deviation s or the sample range R may be used to
obtam “the conﬁdence interval for the parameter o of the normal distribution.
Table 12.3 gives factors f; and f, for computing 95%, and 999, confidence intervals
for o, of the type (fis, fo5). Table 12.4 provides factors g; and g, for computing
959, and 99%, confidence intervals for o, of the type (g, R, g, R).

Example. The range “of . breaking strength as observed in 10 pieces of hard
drawn copper wire was 50.2 pounds. To obtamn 85% confidence limits for a.

From Table 12.4, the 95% values of g, and g, for n = 10 are read as 0.209

and 0.597 respectlvely Hence. 95%, conﬁdence limits for o are 0.209x50.2 = 10.5
pounds and 0, 597x50 2 = 30.0 pounds.
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136 . FORMULAE AND TABLES FOR STATISTICAL WORK

TABLE 12.3. FACTORS fi AND f, FOR DETERMINING CONFIDENCE LIMITS FOR
NORMAL PARAMETER ¢, USING SAMPLE STANDARD DEVIATION

sampl 96 percent 99 percent sample] 95 percent 99 percent

n h Ja h' S n o S Nt I
2] 0.631 . 45.128 | 0.504 225.674 16| 0.763 1.598 | 0.698  1.865
3 0.638 7.697 0.532 17.299 17 0.768 1.569 0.704 1.818
3 0.654 4.305 0.558 7.468 18 0.772 1.543 0.710 1.777
b 0.670 . 3.213 0.580 4.915 19 Q.776 1.519 Q.75 1.741
6 0.684 2.687 0.599 3.817 20 0.780 1.499 0.720 1.709
7 0.696 2.379 0.614  3.219 25 0.797 1.420 0.741 1.580
8 0.707 2.176 0.628 2.844 30 0.810 1.367 0.757 1.512
9 0.716 2.032 0.640 2.587 -40 0.830 1.300 0.782 1.414
10 0.725 1.924 0.651 -2.401 50 0.844 1.259 0.799 1.355
11 0.733 1.841 0.661 2.259 |- 60 0.855 1.230. 0.813 1.314
- 12 0.740 -~ 1.773 0.670 2.147 70 0.864 1.200 0.824 1.283
13 0.746 1.718 0.678. 2.057 80 0.871 1.192 0.834 1.260
14 0.752° 1.672 0.685 1.982 90 0.877. 1.179 0.841 1.242
15 0.758 1.632 0.692 1.919 100 -0.882:. 1.168 0.848 1.226

TABLE 12.4. FACTORS g,. AND g2 FOR DETERMINING CONFIDENCL.
LIMITS FOR NORMAL PARAMETER o, USING SAMPLE RANGE

sample 95 percent e 99 percent sample
" gize - L sizo
O - g1 9 . g1 : " ga on
2 0.315 22.3 : " 0.252 113. - 2
3 0.272 3.300 0.226 7.4 3
4 0.251 1.68 - 0.213 C 2,92 4
5. 0.238 1.18 0.205 1.80 . 5
- 6 0.229 0.938 0.199 1,34 . u
7 0.223 0.799 0.194 ‘1.08 . 7
"8, 0.217 0.709 0.190 '0.930 8
9 0.213- 0.645 0.187 0.825 ) 9
10 0.209 0.597 0.185 0.749 - 10
11 0.206 0.561 0.182 0.692 .. 11
12 0.203 0.531 0.180 0.646 12
13 0.201 0.506 0.179 - 0.610 ’ 13
4 0.198 0.486 0.177 0.580 ‘14
15 0.196 0.468 0.175 0.555 15
16 0.195 . 0.453 0.174 0.533" 16
17 0.193 . 0.440 0.173 0.514 17
18 0.191 0.428 0.172 0.498 - 18 -
19 0.190 0.418 S 0.1 0.48¢ | 19
-20 - 0.189 0.408 0.170 0.471 20

W, .,8); These val.ues could be in error in the “last digit by the maximum émount oft
+1, 43, 41 respectively. : : o o



LOT QUALITY ESTIMATION 137
12.2 TorLErRaNCE INTERVALS

a. Iatroduction

Tolerance interval is constructed from experimental data such that the
probability is p that at least a proportion P of the distribution will be enclosed by
the interval. TFor the case of the normal population, Tables 12.5, 12.6, 12.7 and
12.8 give the appropriate factors for constructing tolerance intervals. Table 12.5
is to be used when s is taken as the estimate of o. The desired limits are then %--ks
where % is the sample mean. Table 12.5 gives the values of the factor ¥ when z and s
are computed from a sample of size N for p = 0.75, 0.9, 0.95, 0.99, P = 0.75, 0.90,
0.95, 0.99, 0.999; N = 2(1)27, 30(5)100(10)200(50) 300(100)1000 and N = co.  Table
12.6 is to be used when a single range is used for estimation of . Here we use Z
and R where 7 is the mean and R is the range in a sample of size N. The tolerance
limits are constructed as z 4 k,R. Table 12.6 gives the factor &, for the same values
of p and P as in Table 12.5 and for N = 2(1)20. Table 12.7 is to be referred when
we use the average range of samples of size 4. The tolerance interval is given by

%1k,R where % is the grand mean and R is the mean range in N samples of size 4.
Table 12.7 gives the factor k, for N = 4(1)20(5)30(10)50(25) 125 and N = oo for the
same values of p and P as above. Table 12.8 is to be referred when mean range for
samples of size 5 is used. The tolerance interval is given by % kaR where % is the

grand mean and E is mean range in N samples of size 5. Table 12.8 gives the factor
k, for N = 4(1)20(5)30(10)50(25)100 and N = co.

Table 12.5 is due to Bowker (Techniques of Statistical Analysis, Statistical
Research Group, Columbia University, McGraw-Hill, New York, 1947). Tables
12.6, 12.7 and 12.8 are due to Mitra (Journal of American Statistical Association,
52, 1957). '

b. Application

The tolerance intervals are mainly used in-quality control work for asserting
with a given confidence that a certain minimum proportion of the manufactured
products will have the quality characteristic value between these Timits.

Example ,
A sample of 28 tins of hydrogenated oil were taken and net weight was measur red
(in gms) giving 7 = 1002 and s = 12. Find tolerance limits having confidence coeffi-
cient 0.95 for 90%, of the population.

For n = 28, p = 0.95, P = 0.90, we find from the Table 12.5, k = 2.164.
Hence the tolerance limits are 10024 2.164x 12 = 976 to 1028.
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13. DISTRIBUTION OF RANGE

13.1 MomENT CoNSTANTS OF THE MEAN DEVIATION AND RANGE

a. Introduction

. . = 12
Let z,, #,, ..., z, denote a random sample of n observations and Z =— X ;.
i=l
Let g, Z(y, +..» %y denote the same observations in the ascending order of magni-
tude. The mean deviation m and the sample range R are defined by

m 1 ) jzi-—%| and R = x,—2zq).
ni=1

When the population sampled is normal with standard deviation o, Table 13.1 gives
the expected value, standard deviation and f, and g, for the distribution of m/o.
This table also gives the expected value (d,), standard deviation (dy), variance (d3),
[, and By, dy/d3 and d3[d} for the distribution of the standardised range Efo.

b. Application
Table 13.1 is useful for estimating o by mean deviation or range mostly in
quality control work. For example since E(R/o) = d,, E[d, is an unbiased estimate

of o and the standard error of this estimate is od,/d,. Similarly an unbiased estimate
of o can be obtained by dividing the mean deviation by its expected value.

The following table gives the standard errors of different unbiased estimators
of o, based on sample standard deviation, mean deviation and sample range.

STANDARD ERRORS OF DIFFERENT UNBIASED ESTIMATORS OF ¢
(Expressed in terms of ¢ as unit)

Range estimate

Sample size  S.D. M.D. Range = ~———
(n) estimate estimate estimate 3.D. estimate
2 0.756 0.756 0.756 1.00
3 0.523 0.625 " 0.625 1.00
4 0.422 0.430 0.427 1.01
b 0,363 0.373 0.372 1.02
6 0.323 0.334 0.335 1.04
7 0.294 0.306 0.308 1.05
8 0.272 0.283 0.238 1.06
g 0.254 0.265 0.272 1.07
10 0.239 0.250 0.259 1.08
12 0.215 0.227 0.239 1.11
15 0.191 0.201 0.218 1.14

20 0.163 0.173 0.195 1.20
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It is seen that up to "= 10, there is very little to choose between mean deviation
and range. Beyond this, relative accuracy of the range estimator falls off progressively.
It is customary to estimate o from the mean range of the observations in a number
of small groups. If k samples of r observations each are available and we write the

mean value of their ranges as R, then R/d, is an unbiased estimate of o. The use of
factors d,/d2 and d3/d} is discussed in section 13.3.

c. Example

Twenty samples of size 5 were taken of a particular component and diameters

were measured. The mean range R was 0.01435, find an estimate of ¢.

~ From Table 13.1, the value of d, for n = 5 is 2.326 (correct to 8 decimal places).
Hence an estimate of ¢ is

©0.01435

. R

The standard error of the estimate is estimated by

6d5[dy+/20 = Rd,[d3+/20 = (0.006169)(0.8641)/(4.472136)(2.326)
T - = 0.0005.
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a. Introduction

FORMULAE AND TABLES FOR STAVISTICAL WORK

13.2. PERCENTAGE POINTS OF THE DISTRIBUTION OF THE RANGE

For the case of normal population with standard deviation o, Table 13. 2 gives
for » = 2(1)20, the factor 1/d, and some lower and upper percentage points of the
distribution of the standardized range Rjo. This table is useful in setting up a
control chart for range to check.on the variability of a. product.

b. Example

The width of slot of terminal blocks is distributed normally with standard
deviation 0.001 in. Find 2.5%, probability control limit - for ranges of saiuple size 5.

We have for n = 5, d, = 2.326 and the upper 2.5 percent point is 4.20. Henco

the central line for the R chart is dyo = 0.002326 and the upper control limit
is 0.0042, ‘

TABLE 13.2. PERCENTAGE POINTS OF THE DISTRIBUTION OF THE RANGE

Size of Factor

Lower patcentage points

Upper percentage points

sample 1/d;
n 0.4 0.5 1.0 2.5 5.0 10.0 16.0 5.0 2.5 1.0 0.5 0.1
2 0.8862 0.00 0.01 0.02 0.04 0.09 0.18 233 2.77 3.17 3.64 3.97 4.65
3 .5808 0.06 0.13 0.19 0.30 0.43 0.62 2.90 3.31 3.68 4.12 4.42 5.06
4 .4857 0.20 0.34 0.43 0.59 0.76 0.98 3.24 3.63 3.98 4.40 4.69 5.31
5 .4209 0.37 0.55 0.66 0.85 1,03 1.26 3.48 3.86 4.20 4.60 4.89 5.48
6 0.3946 0:54 0.75 0.87 1.06 1.25 1.49 3.66 4.03 4.36 4.76 5.03 5.62
7 .3698 0.69 0.92 1.05 1.25 1.44 1.68 3.81 4.17 4.49 4.88 5.15 5.73
8 .3512 0.83 1.08 1.20 1.41 1.60 1.83 "3.93 4.29 4.61 4.99 5.26 5.82
9 -3367 0.96 1.21 1.34 1.55 1.74 1.97 4.04 4.39 4.70 5.08 5.34 5.90
10 0.3249 1.08 1.33 1.47 1.67 1.86 2.09 4.13 4.47 4.79 5.16 5.4 5.97
11 23152 1.20 1.45 1.58 1.78 1.97 2.20 4.21 4.55 4.86 5.23 5.49 6.04
12 .3069 1.30 1.55 1.68 1.88 2.07 2.30 4.20 4.62 4.92 5.29 5.54 6.09
1] .2008 1.39. 1.64 1.77 1.97 2.16 2.39 4.35 4.68 4.99 5.35 5.60 6.14;"
14 .2935 1.47 1.72 1.86 2.06 2.24 2.47 4.41 4.74 5.04 5.40 5.65 6.1%
15  0.2880 1.55 1.80 1.93 2.14 2.32 2.54 4.47 4.80 5.99 5.45 5.70 6.23
16 .2831 1.63 1.88 2.01 2.21 2.39 2.61 4.52 4.85 5.14 5.49 5.74 6.7
17 L2787 1,69 1.94 2.07 2.27 2.45 2.67 4.57 4.89 5.18 5.54 5.78 6.31
18 2747 176 2.01 2.14 2.34 2.51 2.73 4.81 4.93 5.22 5.57 5.82 6.35
19 2711 1.82 2.07 2.20 2.39 2.57 2.79 4.65 4.97 5.26 5.61 5.85 6.38
20 0.2677 1.87 2.12 2.25 2.45 2.62 2.84 4.69 5.01 5.30 5.65 5.89 6-.41
The unit is the. population standard devia,t;,ion.

Estimate of o0 = range (or mean range) in a sample of n observations X 1/d;.
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1373 VaLugs AsSOOIATED WITH THE DISTRIBUTION OF THE AVERAGE RANGE

a. Imtroduction ._

Suppose we have k samples each of size n from a normal population with
sténdard'deviatiqn o. Let' Ry R, ..., By be the sample ranges and E their average.
‘Patnaik (Biometrika, 1950, 37) showed that V(E/d;)2/02 is approximately. distribu-
ted ‘as y?with » degrees of freedom where the 'scale factor d; and the equivalent

_ degrees of freedor v are functions of n and k. ~ These functions are given.in Table
"13.3 for n = }(1)15.

b Application
The significance of Patnaik’s work is then that i any analysis using s, we
can replace s by the more readily computed ﬁ/d' This provides shorteut tests in-

volvmg the use of range or mean ranges instead of mean squares. .Some of these
are : analysis of var 1ance substitute F tests, substitute ¢ tests etc.

"¢. Example

The following are data on weight of antibiotic filled in vials (in some coded
units). Between the mornmg and the afternoon productlon runs, the filling machine
was reset and there was some question as to whether the average level was same.
for both the periods. There i is no reason, however, to believe that variation in weight
was d.lﬂ'erent for the morning and. afternoon. runs.

Morning run sample Afternoon run sample

22.0 22.5
22.5 ‘ 19.5
225 : 22.5
24.0 22,0
23.5- 21.0

z =229 2, =215

R, =20 : R,=30, R=25

From Table 13.3, for k= 2, n = 5, we have dj} = 2.4 and v = 7.5.
' \/nm-,m \/5|229 21.5] _
V2(R|d;) v2(2.5/2.4)

The critical value of ¢ at 5% level of significance for 7.5 degrees of freedom (from
Table 4.1) is about 2.33, indicating that the process level was same for both the runs,

= 2.12

d. Unequal sample sizes
In case of k samples based on unequal sample sizes n; (1 =1, 2, ..., k), an
‘estimate of o may be obtained from the mean weighted range

ﬁmm@
3 @)+

where the factors dy/dd and di/d] are given in Table 13.1. This quantity is approxi-
mately distributed as the root mean souare estimator s for v = § & d3)d% degrees of

freedom.
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13.4. PERCENTAGE POINTS OF THE STUDENTIZED Raver
a. Intreduction
. .The studentized range used in tests of means is’ deﬁn_ed as ¢ = Rfs,
where s? is an mdependent mean-square estimate of o2 based on v degrees of freedom.
‘Table 13 4 gives lower and upper 19, and 59 points when the population sampled

is no_rma,l The entries iri the table coirespond to a given number of degrees of
freedom for s and the sample size for R.-

b. _Applicétiox’n

The main use of this statistic is in analysis of variance where it serves as .
an alternative to the F' test. In the simplest case when there are & groups each- of
r observations, we compute the value of the statistic q.= V/FBiy—Zq))fs. Where
Zigy and. 2, are the largest and smallest group means respectively and s?is the
efror mean square in-an analysis of variance table. We get the critical value. of ¢
"by reading the upper-percentage point for k(r—1) degrees of freedom and sample size
k. However this table in con]uncmon with Table 13:3 provxde short. cut tests in ana-
lysxs- of variance through use of range. For this purpose,vwe» substitute Rid; for s
where R is the mean of t_he ranges of k groups and dj is an. appfopriate factor obtained
from, Table 13.3 for ‘samples e‘ach of size r. The. equivalent’ degrees of ' freedom V.
is also read from. this table. The critical value of the statistic ¢ = /r(Z —2w)/ R/d;)’

is obtained by reading the upper percentage point of the studentlzed range for v degrees
~of freedom and sample size k.

c. Example

The melting ‘point of a chemical was detérmined thrice on each’ of "four
thermometers:. ‘
' MELTING ‘POINT IN DEGREES CENTIGRADE

“Thermometers

T2 3 4

.o

174.00 173.0 171.5 173.5
173.0 172.0. 171.0 171.0
1736 173.0 .173.0 1725

z 1745 172:67 171.83 172.33 max2='173.5, mmf!-17183
B 1:0- 1.0 2.0 25 F=1.0602

Do the thermometers Tead differently ¢ |
'Wo have from Table 13.3 for 4 samples and each of size 3, d} = 1.76 andv = 7.5

 V/3(173.5—171.83)
T (1.625/1.75) .

= 3.12

From Table 13.4, the upper 5%, point for studentxzed ra?ge for samplé size 4 and for
1.5 degrees of freedom (by- linear mterpolatxon) is 4.61. Hence this test does not
lead $0 a rejection of the null hypotheses
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DISTRIBUTION OF RANGE
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152 14. LAGRANGIAN INTERPOLATION COEFFICIENTS
‘a. Lagrange’s formula

~ Given the values of a function f(z) at x = z; (i = 1, 2, ..., m), the interpolated
value at any value of z is given by formula

f@) = & Ad)f)

o A=) E—g) . (=T )X —Ti) - (B—T)
whero 42) = oz - s —egy) - i)

This formula due to Lagrange gives directly the equation to the (m—1)-th dogreo
polynomial which coincides with f(x) at the chosen points.

- The coefficients 4, (z) are tabulated in Tables 14.1 to 14.4 for the special case
where the chosen arguments x; are at equal intervals and form = 3, 4, 5and 6. Theso
tables will be found very useful for polynomial interpolation since they- avoid the
computatxon of a table of differences (see chapter VI of Part I).

b. Application

Suppose a function f(x) is tabulated at intervals of 10, say at x = 30, 40, 50, 60,
70, 80, ..., and the value of the function is required at 52. Let us decido on a four
point interpolation formula (m = 4) and choose the arguments 40, 50, 60, 70. In
“Table ‘14.2 the four arguments are always written as —1,0, 1, 2, so that a suitable
trhnslation and scale transformation is required to apply the formula. In the present
case the origin is 50 and the scale is 10, the width of the interval of tabulation. Now
we compute % =(52—250)/10==0.20, subtracting the value of the origin and dividing by
the width of interval. Reading from Table 14.2 we find the values of 4..;, 4y, 4, 4,
correspondmg to » = 0.20. Then' the mterpolated value for f(52)is A_, f(40)4-4,
F(650)+4, f(60)+A, f( 70). - We could have chosen any set of four consecutive argu-

ments. But it is better, if possxble t0 choose the arguments symmetrlcally about the
mterval containing 52.

Ezample, The followmg are the 19, values of chi-square for different degrees of
freedom.

d.f. ' x?

30 1495
40 22.16
50 29.711
60 - 3749
70 45.44
.80 53.54
90 61.76
100 70.07

Eind by interpolation the values of y? fo'r' (i) 52 d.f..and (ii) 33 d.f.
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() EVALUATION OF THE 1% VALUE OF x? FOR 52 D.F.
USING 4-POINT INTERPOLATION (TARLE 14.2)

u= 220 — o020
argument f@y - coefficients - col. (2) xcol. (3)
x o foru = 0.20 C
m @ 3 )
40 22.16 - A_ ——0.048 —1.0637
50 29.71 Ag= 0.864 | 25.6094
60 37:49° | A;= 0.216 8.0978
70 45.44 4,=-0.032 —1.4541
votal | — : © 7 1.000 31.2494 (Required valus)

(TT) EVALUATION OF THE 1% VALUE OF y? FOR 33 D.F.
USING 4-POINT INTERPOLATION (TABLE 14.2)

we= 33—40 _ 070

B
i a.rghment ) f(i;) . coefficient col. (2) xcol. (3) o
z ] fory = —0.70
m - @ .. 3 )
30 W95 |  A,= 0.5355 8.0057.
40 22.16 Ao= 0.6885 | 15.2572
_ 50 - 29.71 | 4,=-0.2835 | —8.4228
' - 60 37.49 Az= 0.0595 2.2307
total —_ 1.0000 17.0708 (Required value)

In this case it is not possible to choose tabular values symmetrically on. either side
of z. The four tabular arguments closest to x are 30, 40, 50 and 60.
c. Another table

1. NaTioNAL BUREAU OF STANDARI.)S (1944): Tables of Lagrangian Interpolation Coefficients, Columbia
University Press. . .

- Coverage : . L

Formuls .  Coefficients given to u
3 pt. 9 dec. ~1(0.0001)1
4 pt. 10 dec. —1{0.001) 06(0.0001) 1 (0.001) 2
5 pt. 10 dec. . ~—2(0.001) 2
6 pt. 10 dee. ~2(0.01)0 (0.001)1 (0.01)3
7 pt. 10 dec. —3(0.1)—1 (0.001)1 (0.1)3
8 pt. 10 dec. —3(0.1)0 (0.001)1 (0.114
9 pt. 10 dec. —4(0.1)4

10 pt. 10 dec. «—4(0.1)5

1 pt. " 10 dec. "—5(0.1)5
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TABLE 14.1. THE LAGRANGIAN INTERPOLATION COEFFICIENTS

Three-pbint formula (Quadratic)

u . A A, A, u Ay Ap Ay
.00 | —.00000 1.00000 .00000 .50 ] —.12500 .75000 37500
0L f —.00495 .99990 .00505 5L ~.12495 73990 -38505
02| — 00980 '99960 - 01020 .52 1 — 12480 72960 - .39520
03| —.01455 99910 .01545 531 — . 12455 .71910 40545
041 —.01920 .99840 ..02080 1 .54} —.12420 .70840 41580
.05 ) —.02375 -.99750 .02625 .55 |. —.12375 63750 .42625
.06 —.02820 .99640 .03180 .56 —.12320 .68840 -43680
.07 —.03255 .99510 .03745 571 —.12255 .67510 L7145
.08| —.03680 .99360 .04320 580 —.12180 .66360 45820
.09 —.04095 .99190 .04905 .59 | —.12095 .85190 -16905

.10t — 04500 .990600 .05500 .60 —.12000 .64000 .48000
a1 — 04895 .98790 .06105 61| —.11895 62790 -49105
121 —.05280 .98560 .06720 621 — 11780 81560 .50220
13) —.05658 .98310, ,07345 .63 —.11655 §0310 51345
14| "—.06020 . 98040 07980 641 — . 11520 59040 .52480
15| —.06375 .97750 .08625 |. | 65| —.11375 .57750 53625
161 — 06720 .97440 .09280 .66 | —.11220 .56440 -54780
A7 —.07035 ".97110. .09945 s67 | —.11055 .55110 -55915
181 — 07380 .96760 .10620 .68 ) —.10880 .53760 .57120
A9 —.07695 .96390 .11305 - .69 1. —.10695 .52390 .58305
.20] — .03000 .96000 ..12000 .70 —.10500 .51000 -59500
21| — 08295 .95590 .12705 1| —.10295 .49590 -60705
221 — 08580 .95160 .13420 .12 —.10080 .48160 .61020
.23 —.08855 .94710 14145 .73 —.00855 .46710 -63145
.24 — 09120 .94240 .14880 .74 | —.09620 .45240 -64380
25| —.00375 .93750 215625 5 — 09375 5 .65625
26| —.09620. .93240 .16380 6| —.09120 :33343 . .66880
271 --.09855 ) .92710 17145 L1711 —.08855 .40710 .68145
.28 —.10080 - .92160 .17920 .18 | —.08580 .39160 .69420
291 — 10295 ©.91590 .18705 .79 1 —.08205 .37590 70705
.30 —.10500 .91000 .19500 .80 | —.080 . -72000
31| —.10695 .90390 .20305 81| — ,83682 :32388 . .73305
.32 —.10880 89760 .21120 .82 | —.07380 .32760 . 74620
331 —.11055 .89110 .21945 831 —.07055 .31110 .75945
34| 11220 -88440 .22780 .84 1 —.06720 .20440 77280
.35 —.11375 87750 .23625 85 F —.06375 .78625
.36 —.11520 .87040 24480 86| — _86030 :3%}’,28 .79980
37| —.11655 86310 .25345 871 —.05655 ~24310 .81345
.38 | —.11780 .85560 - .26220 88| — 05280 199560 .82720
391 —.11895 .84790 .27105 .89 | —.04895 .20790 . 84105
40| —.12000 .84000 -.28000 | — 4 ' .85500
41— 12095 .83180 .28905 ,9(1) — ;8i%3% -:.}3‘}88 L 86905 -
.42 — 12180 .82360 - .29820 .92 1 —.03680 .15360 .88320
.43 1 -— 12255 .81510 - .30745 .03 —.03255 .13510 .89745
.44 — 12320 80640 .31680 .04 | —.02820 11640 .91180
451 —. 12375 .79750 .32625 05| — 02375 92625
46 [ —.12420 78840 - 33580 06| — :81333 :83;’28 .94080
AT —.12455 .17910 . .34545 1 .97 —.01455 .06910 .95546
481 —.12480 .76960 .35520 .98 | —.00980 .03960 .97020
49| —.12495 .75990 .36505 .99 | —.00495 .01990 .98505

Note : If the arguments chosen are 2; <z, <zg and interpolation is required at 'aq(-'ég<z<xs), compute
U = (z—2x2}k, where b = x5 ~ %y =23 —xs. Read the thres entries A_4, Ao, 4, corresponding to . Then

bhe interpolated value is A_;f(z1)+ 4o f(zs)+ 4y f(zs'. It o is such that z;<z<ws, then compute
v = (22— x)/h and use the formula A _; f(zs) + Ao flwa}+ Ay f(zy). '
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156 _ FORMULAE AND TABLES FOR STATISTICAL WORK
V TABLE 14.3. THE LAGRANGIAN INTERPOLATION COEFFICIENTS

Five-point formula- (Quadric)

({2 A_g ' A_l AO . A‘. . A‘}
0.02 0.0016493 —0.0130654 0.9995000 .0135986 -.0.0010827
0.04 0.0032614 —0.0255898 0.9980006 0.0277222 —0.0033046
0.06 0.0048325 —0.0375662 0.9955032 0.0423618 —0.0051315

- 0.08 0.0063590  —0.0489882 ' 0.9920102 0.0575078 —0.0068800
0.10 0.0078375 —0.0598500 0.9875250 0.0731500 —0.0086625
0.12 | - 0.0092646 —0.0701466 0.9820518 0.0892774 —0.0104474
0.14 0.0106373 —0.0798734 0.9755960 0.1058786 —0.0122387
0.16 0.0119526 —0.0890266 0.9681638 0.1229414 —0.0140314
0.18 0.0132077 —0.0976030 - 0.9597624 0.1404530 —0.0158203
0,20 0.0144000 —0.1056000 0.9504000 0.1584000 —0.0176000
0.2¢ 0.0155269 —0.1130158 0.9400856 0.1767682 —0.0193651
0.24 0.0165862 —0.1198490 0.9288294 0.1955430 —0.0211098
0.26 0.0175757_ —0.1260990 0.9166424 0.2147090 —0.0228283
0.28 0.0184934 —0.1317658 0.9035366 0.2342502 —0.0245146
0.30 0.0193375 - —0.1368500 0.8895250 . 0.2541500 —0.0261625
0.32 0.0201062 —0.1413530 0.8746214 0.2743910 —0.0277658
0.34 0.0207981 —0.1452766 0.8588408 0.2949554 —0.0293179
0.36 0.0214118. —~0.1486234 0.8421990 0.3158246 —0.0308122
0.38 0.0219461 —0.1513966 0.8247128 0.3369794 —0.0322419
0.40 0.0224000 —0.1536000 0.8064000 0.3584000 —0.0336000
0.42 | 0.0227725 —0.1552382 0.7872792 0.3800658 —0.0348795
0.44 0.0230630 —0.1563162 0.7673702 0.4019558 —0.0360730
0.46 0.0232709 —0,1568398 0.7466936 0.4240482 —0.0371731
0.48 0.0233958 —0.1568154 0.7252710 0.4463206 .  —0.0381722
0.50 .| 0.0234375 —0.1562500 0.7031250 0.4887500 —0.0390625
0.52 0.0233958 —0.1551514 0.6802790 0.4913126 —0.0398362
0.54 0.0232709 . ~0:1535278 0.6567576 0.5139842 —0.0404851
0.56 0.0230630 - 0.1513882 0.6325862 0.5367398 —0.0410010
0.58 0.0227725 —0.1487422 0.6077912 0.5595538 —0.0413755
0.60 0.0224000 —0.1456000 0.5824000 0.582400p —0.0416000
0.62 0.0219461 .  —0.1419726 0.5564408 0.6052514 —0.0416659
0.64 0.0214118 2.0.1378714 0.5209430 0.6280806 —0.0415642
0.86 0.0207981 —0.1333086 0.5029368 0.6508594 —0.0412859
0.68 0.0201082 - —0.1282970 0.4754534 0.6735590° —0.0408218
0.70 0.0193375 —0.1228500 0.4475250 ' 0.6961500 —0.0401625
0.72 0.0184034 . —0.1169818 0.4191846 0.7186022 —0.0392986
0.74 0.0175757 —0.1107070 0.3904664 0.7408850 —0.0382203
0.76 0.0185862 —0.1040410 0.3614054 0.7629670 —0.0369178
0.78 0.0155269 —0.0969998 - 0.3320376 0.7848162 —0.0353811
0.80 0.0144000 _—0.0896000 0.3024000 0.8064000 —0.033600C
0.82 0.0132077 —~0.0818590 0.2725304 0.8276850 —0.0315643
0.84 '| .0.0119526 —0.0737946' 0.2424678 0.8486374 -—0.0292634
0.86 0.01068373 —0.0654254 0.2122520 0.8692226 —0.0266887
0.88 0.0092646 —0.0567706 0.1819238 0.8894054 —0.0238234
0.90 0.0078375 —0.0478500 0.1515250 0.9091500 —0,0206625
0.92 | 0.0083590 —0.0386842 0.1210982° 0.9284198 +—0.0171930
0.94 0.0048325 —~0.0292942  0.0906872 0.9471778 _0.0134035
0.96 0.0032614 —0.0197018 .0.0603366 0.9653862 —0.0092826
0.98 | - 0.0016493 —0.0099294 0.0300920 '0.9830066 —~0.0048187

Note: If the arugments chosen are 21 LTy < By < 24 < 25 and interpolation is required at 2(z3 <z Lz y),-
compute u=(z—z;)/h, where k is the interval of the argument. Read the entries A_,, A1, Ao, A1, 42:
corresponding to v. Then the interpolated value is A~zf($1)+A-1f(xz)+A0f(173)+A1 fleg)+ Ao flws). T =
is such that x,<x<x3, then compute u—(z,—x)[h and use the formula A_,f(#5)+ Ay f(zs) +Aof(z” +
A flza)+ Aaf(r1).
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TABLE 14.4. THE LAGRANGIAN INTERPOLATION COEFFICIENTS
. Six-point formula (Quintic)
y A_-g 'A—_l Ao ) Ax _. A'.’ A3
<01 1 .0004957921 —.0049333767 .9965420858 .0100660817 —.0025038746 .0Q003332917 .99
102 -0009830066 — .0097336932 - .9928367064 .0202619736 - .0050143268 .0006663334 .98
.03 -0014614085 - .0144012590 .9888864505 .0305841170 — .0075295922 .0009988752 .97
;Oé -0019307725 —.0189364224 .9846939648 .0410289152 — .0100478976 .0013306675 .96
.03 .0023908828 —.0233395703 .9802619531 ~ .0515927344 —.0125674609 .0016614609 .95
.06 | .0028415335 L .0276111276 .9755031752 .0622719048 — .0150864924 0019910065 .94
.07 .0032825281 —.0317515567. .9706904458 .0730627217 — .0176031946 ~ .0023190557 .93
.08 .0037136794 —~ .0357613568 .9655566336 :0839614464 —.0201157632 .0026453606 .92
.09 00041348096 —.0396410640 .9601946604 .0949643071 — .0226223873 .0029696742 .01
J10]  .0045457500 —.0433912500 .9546075000 .1060675000 — .0251212500 .0032917500 .90
1] 7.0049463412  —.0470125223 .9487981771 1172671904 — .0276105290 -.0036113426 .89
.12 { .0053364326 —.0505055232 .9427697664 .1285595136 —.0300883968 .0039282074 .88
.13 1 .0057158827 —-.0538709296 .9365253917 .1399405758 .—.0325530217 .0042421011 .87
.14 ] .0060845585 -~ .0571094524 9300682248 '.1514064552 —.0350025676 .0045527815 .86
151 .0064423359 —.0602218359 .9234014844 1620532031 —.0374351953 .0048600078 .85
.16 | .0067890995 --.0632088576. .9165284352 .1745768448 — .0398490624 .0051635405 .84
17 .0071247422 ~—.0660713273 .9094523870 .1862733805 —.0422423240 .0054631416 .83
.18 ] .0074491654 -—.0688100868 .9021766936 .1980387864 —.0446131332 .0057586746 .82
.19 | .0077622787 —.0714260096 .8947047517 .2098690158 — 0469596417 0060496051 .81
.20 | .0080640000 —.0739200000 .8870400000 .2217600000 —.0492800000 .0063360000 .| .80
.21 '.6083542553 —.0762929929 .8791859183 .2337076492 - .0515723583 .0066175284 .79
.22 I .0086320786 —.0785459532 .8711460264 .2457078536 — .0538348668 .0068939614 .78
.23 1 .0089001118 -—.0B06798752 .8629238830 .2577564845 —.0560656760 .0071650719 .17
.24 .0091556045 —.0826957824 8545230848 .2698493952 - .0582629376 .0074306355 .76
.25 1 .0093994141 —.0845947266 .8459472656 .2819824219 —.0604248047 0076904297 .15
26| .0006315055 - .0863777876 .8372000952 .2041513848 —.0625494324 .0079442345 .14
271 .0098518513 —.0880460729 8282852783 .3063520892 —.0646349783 .0081918324 .73
.28 | .0100604314 —.0896007168 .8192065536 .3185803284 —.0666796032 .0084330086 12
29| .0102572328 —.0910428802 8099676920 .3308318746 —.0686814711 .0086675510 L1
.30 | .0104422500 —.0923737500 8005725000 .3431025000 — .0706387500 .0088952500 .70
.31 .0106154844 —.0935945385 7910248096 35538790579 - .0725496127 .0091158993 -89
.32 .0107769446 —.0947064832 .7813284864 .3676839936 —.0744122368 .0093292954 - .68
.33 .0109266459 — .0957108458 .7714874242 .3799863433 —.0762248054 .0095352378 .67
.34 .0110646105 — .0968089124 7615055448 .3922907352 —.0779855076 .0097335295 .66
.35 1 .0111908672 —.0974019922 .7513867969 .4045928806 - .0796925391 .0099239766 .65
.36 | .0113054515 —.0080914176 -.7411351552 .4168885248 — 0813441024 _ .0101063885 - .64
.37 | .0114084054 — .0986785435 7307546195 .4291733480 —.0829384077 . 0102805783 .63
.38 0114997774 — .0991647468 7202492136 .4414430664 — .0844736732 - .0104463626 .62
.39 .0115796219 —.0995514258 7096220842 - .4536933833 —.0859481254 .0106035618 .61
.40 ] .0116480000. —.0998400000 .6988800000 .4659200000 - .0873600000 .0107520000 .60
411 .0117049786 —.1000313092 ,6880243508 .4781186167 . 0887075421 0108915052 .59
. .42 0117506306 —.1001286132 6770601464 .4902849336 - .0899890068 ..0110219094 .58
.43 .0117850351 —.1001315916 .6650915165 .5024146520 —.0912026598 .0111430487 .57
.44 .0118082765 — .1000423424 6548226048 .51450347562 —.0923467776 .0112547635 .56
.45 .0118204453 — .0098623828 .6435575781 .5265471094° —.0934196484 .01}13568984 .55
.46 0118216375 —.0995932476 6322006152 .5385412648 —.0944195724 .0114493025 .54
47 0118110546 —.0992364892 .6207559108 .5504816667 -~ .0953448621 .0115318262 .63
48} .0117915034  —.0987936768 .6092276736 .5623640064 —.0961938432 .0116043368 .62
40| .0117603961 — .0982663965 .6076201254 .5741840421 —.0969648546 .0116866877 ! .51
50 | .0117187500 —.0976562500 .5859376000 .5859375000 ~— .0978525000 .0117187500 | .50
4, 4s A, 4y Ay Ay | v

Note. If the arguments chosen are x;<z:<zale4LT3<Lrq and interpolation is mquix'eq at z
guch that z3< 2Lz, compute u == (z—~x3)[k where A is the interval ot the argument. Then read the
ontries Ay, A1, Ao» 41, A2 and A; corresponding to « and use the formula

A_s flz+ Ay flzn)+ Ao flza)+ 41 flzg)+ Ay flzs)+4s flze)-

Yor 'values of u in the right hand side column of the table, the coefficients are to be read as
,:ndicatcd in the bottom row of the table. Thus for u = .59, A_, = 0108915052, 4.4 = —.0887075421,
Ay = 4781186167, Ay = 6880243508, 4, = —.1000319092, Ay = .01170497886,
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15.1. CORFFIOIENTS FOR EQUISPACED ORDINATES

a. Introduction

d
For evaluating an integral f f(z)dz knowing only the values (ordinates)
c

of f(x) at equidistant values of =z tabulated at intervals of £, the formula used is
a weighted linear combination of the ordinates. Some well known and simplo
formulae are already given in Chapter VI of Part I. For a general formula using a
polynomial approximation of the maximum degree for f(z), the compounding
coeffiients, which (apart from the multiplier ) depend upon the number and the
position of the ordinates, are given in Table 15.1. As regards the position of
ordinates, relative to interval (¢, d), three types of situations are considered.

A. (2m—1)internal and the two tqrminal ordinates at ¢ and d,

B. - (2m—1) internal, two terminal and two external ordinates at ¢—7% and

d--h.

C. (2m—1) internal, two terminal and four external ordinates at c—2#h,
c-—h d--k and d--2h.

Coeﬁloxents ‘are given for m = 1, 2, 3, 4 and 5 in the caso of 4 and B type of
formulae and for m = 1, 2, 3, and ¢ in the case of C type.

In Table 15.1, f(a) is the ordinate at the midpoint a of the mtowal (¢, d), f(a-t-h)
are the ordinates at the pomts a+h and ¢—4 ete.

b. Apphcatxon

@8 1 . .
To evaluate | V) ¢~*V/z dx using ordinates tabulated at an intorval ot 0.5.
2.5 * - .

Here & = 0.5 and and the number of internal and terminal ordinatos available
is 5 so that 2m+1 = 5 or m = 2. - The computations are as follows :

coefficients from Table 15.1 for m = 2

) -for type of formula
no external ~  two external. . four external
ordinate ordinates ordinates
1.5 0.308360 S - _ 13
2.0 0.215963 ) — -8 -—224
c=2.5 0.146450 | .. 14 - 342 5494
3.0 0.097304 . 64 o 1224 ©- 17632
a=3.5 0.063746 24 i 664 10870
4.0 0.041336 | = 64 . . 1224 - 17632
d=4.5 0.026591 | 1 ' © 342 - 5404
: 5.0 0.017001 S — : —8 . —224
5.5 0.010815 = o — 13
divisor ; . 46 945 ' 14176 )

Using 4 type formula the required integrai is given by
R[14 X 0.146450+64 % 0.097304+...] - 45
= 0.5X12.826374 - 45 = 0.142604.
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If ordinates at 2.0 and 5.0 are used in addition to internal and terminal ordinates
(B type formula) the integral is

h[(—8) X 0.2159634-342 X 0.146480+...] = 945
=0.5x269.339118 = 945 = 0.142507.

If ordinates at 1.5, 2.0, 5.0 and 5.5 are used in addition to internal and terminal
ordinates, (C typs formula) the integral is

h[13 % 0.308360+(—224)x 0.21569634-,..] = 14175

= 0.5 4040.054461 = 14175 = 0.142506.

15.2. ABSCISSAE AND WEIGHT COEFFIOIENTS IN GAUSSIAN

QUADRATURE FORMULAL
a. Introduction '

The quadrature formulae given‘ in Table 15.1 are useful when the valucs of
the function to be integrated are known (tabulated). at equispaced values of the
abscissa. ~But if such a table is not available and the function itself has to be evaluated
at selected values of the abscissa, one can use more precise quadrature formulae due
to Gauss, which specify an optimuin choice of the abscissa for this purpose. To apply
the formulae given in Tables.15.2.—15.4, the values of the function are computed
at the specified values of the abscissa and then a linear combination of these values is
taken using the weight coefficients. '

b. n-point Gauss-Legendre formula
1 _
I f@)e = gif(z) +gaf @)+ +g,.(2,).

: L :
This formula is useful for evaluating definite integrals of the type J f(z)dz. The values
) 1

of & where the function f(z) has to be evaluated and the corr?z&ponding coefficients
g are given in Table 15.2, for any chosen value of n — 2(1)16. Note that integra-

tion in any finite range can be reduced vo integration over the range (—1, 1) by suitable
transformation of the variable, so that Table 15.2 is useful

] in evaluating integrals
of the form § f(x)dx.

c. n-point Gauss-Laguerre formula

L -]

§ @ = bfe)+hfw) + ...+, fa,)

This formula is useful for evaluating definite integrals of the type F e~*f(x)dx. The
values of z where the function f(x) has to be evaluated together with %he correspdnding
coefficients [ are given in Table 15.3, for any chosen value of n — 2(1)10.

d. n-point Gauss-Hermite formula
. e @) = hife) by f@) .. h,fa,)

This formula is useful fof evaluating definite integrals of the type ? e f(z)dz. The

values of x where the function f(@).has to be evaluated together with the corresponding
coefficients & are given in Table 15.4, for any chosen value of n = 2(1)10.
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16. ORTHOGONAL POLYNOMIALS

a. Introduction

Consider the following polyeomials due to Tchiebychoff

Observe that

If x ranges oyer the n values {—

¢o(x) =1
¢1(x) =z
" (n?—1)
2 w = 2=
© Pa(n) = 29—~ Ln;;”t
(3n2—13)22 _ 3(n?—1)(n2—9)
$al®) = 2~ ——7 ' 560
5(n2—T)2® | (15n4—230n2+407)z
$olz) = 2 ———3 : 1008
o 2_31)t . (5n8—110n2-+329)z2
bl = ap— SO0t (ort 0% 4 529)s
‘ 5(n? 1)(n’-—9)(n3—25)
- T 14784

- y(z) = (—1) $(~u).
These polynomials have the following orthogonality property

3 o) o) = 0

——A-_

nt1

Whenever 1 # 7.

{t .==-1', 2, ..

o 1), | n being an

Let" Z[¢i(x)]2 = A4;. Then the first six values of A; are
p :

Ag==n

4, = n(n®—1)/12

4, = n(n—1)(n?—4)/180

Ay = n(n¥—1)(n2— 4)(n’;— 9)/2800

A, = n{m—1)(n— 4)nd—0)(n2—16)44100
' Ay = n(n’——I)(n’-—-4)(n3—L9)(n3—-16)(n’—-25)/698544

Ay = n(u%-l)(n=—4)(n*—9)(n=-—16)(n=—25)(n=—36)/1 1099088,

integer
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Values of ;{),'(x)_with'some modjﬁcatibn (see. iii below) are given in Table 16.1
for ¢ = I(1)5 and n = 3(1)30. The following points should be noted.

(i} The table provides polynomial values only for those » values of x given

byx—t—n_}'l,(t__l 2, ..., n).

(u) To save space, howevér, for values of n > 13, arguments covering the

half range correspoxiding tot=1,2,.

[n+1

T] only are given; values for the other

half are to be obtained from the symmetry (antlsymmetry) relatlon ,$i{@) =(—1YP,(—2).

(iii) To a,v01d fractional - values,

the polynomials E(x) = A;d,(x) instoad of

@(z) have been tabulated and the constants A; are shown in the bottom line of each
section of Table 16.1. The line just above the bottom line shows values of A34; = B;.

Thus_to obtain the value of ¢,(x),

if necessary, the tabulated value () has to be

divided by A;. Such a computation is unnecessary in practice, and one can use the
values of £z} directly as shown in the illustrative example.

(iv)" The argument z is not explicitly shown in the ‘table but the ¥, column,
in fact, gives x for odd values of n and- 2z for even values of x.

The tabulated values are useful in ﬁttmg polynomials of successive degrees, in

" stages, if necessary, to observed data.

The values of x, the abscissa at which the

argument y is observed, should, however, be at equal intervals.

b. Application

" An experiment was conducted in a randomised block layout to test whether
éub]ecting seeds to a. temperature treatment before planting has any effect on
yield. Data on yield per "plot .at various levels of tempera,ture for seed treatment

are summa.nsed as follows:

75 90

teraperature (°F) 60 106 120
" mesn yield 60.74  80.00  87.80  89.48  80.60
ANALYSIS OF VARIANCE
(for randomised block design)
source d.f. . 8.8. m.s. 1 F
blocks ' 4 877.58 219.39 86.37
treatments 4 2616.30 654.07 257.51
error ‘16 40.60 2.54

Analyse the results to find the optimum temperature for treatment of seeds.
iy Fitting u polynomial regression (upto fourth degree) of mean yield per plot on

temperature

All the successxve four stages of fitting the polynomial giving the regression
coefficients on the linear, quadratic, cubic and quartic terms are shown below :
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_ temperature mean yield . from Table 16.1 forn =5

y
§y & {3 ‘ &4
60 60.74 -2 2 -1 1
75 80.00 —1 -1 2 —4
90 . 87.90 0 -2 0 6
105 89.48 1 -1 —2 —4
120 80.60 .2 2 . 1 1
’ =uE 49.20  —62.60 0.90  —9.1%
‘B 10 14 10 70
regression coefficient SyE(B ¢.92 —44714 0.09 —0.1311

sum of squares due to . :
regrossion (ZyE)P /B .242.064  279.912  0.081 1.204

Thus we have the ANOVA table for testmg the SIgmﬁcance of the regression
coeﬁiments :

Since y is the mean of 5 observations each sum of squares given in the last row of
the above ta,ble is multiplied by 5 for purpose of analysis of variance test.

source o . ddf 8.8, ms. | ms. gd.  df  source
linear 1 1210.32 1210.32 | 468.66 1405.98 3  rosidual 1
quadratic 1 1399.56 1399.56 { 3.21  6.42 2  rosilual 2
cubic 1 0.40° - 0.40 6.2 6.02 1  rosidual3
quartic . - 1. 602 6.02, )
total (treatments) © 4  2616.30
eror . 16 40.60  2.6¢ | 2.54 '40.60 16  orror

The residual after. fitting the linearterms is 2616.30--1210.32 — 1405.98 on 3 d.f.
Similarly the residual after ﬁttmg the linear and quadratic terms is 1405.98—1399.56
= 6.42 and so on. - Each residual is tested against error, successively starting from
residual 1. Residual 2 is unimportant since the variance ratio 3.21/2.54 is not large

enough-on 2 and 16 d.f. We may normally stop at thls stage and infer that a quadratic
fit is suﬂiclent

The equation to-thé para,bola{-‘ is. (using the regression’ coefficients cbmputed
carler), -

Y ='79.744+.4,92£-1;4.4714'g2. ]
Since & =_x;v‘(t.-_9.0)‘/ 15,
Iy = ate2 = [1—90)Y225] 2,
we ha'vé ' Yg 88. 6868-1-0. 3280(¢t— 90) 0. 0199 (5-90)2
By equatling - the derlva,twe with respect to t to 2610

| 0.0398(:—90) = 0.3280
or, tho maximum of ¥ is attained at’ L= 904-8.24 = 08,2408,
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(i) Standard error of an:estimated yield
The estimated mean yield at temperatur&t = 80°F (say) is given by

79.744+4.92§1~;.4714g2 = 83.42

where £ = 3(11%9-(1 — —0.6667

and £y = gz—z = —1.5556.

"The samplmg variance of the estlmate is
: g 8.
2 . 2 i
O'—['_ -l-_‘. BT B, ].—— oy (O'.0400+0.0444—{—0.l728)

=-0.257202,
(Tt may be noted that bhe variance of an individual regressmn coefficient b; is 02/B;
and that the b ’s are mutually uncorrelated)
_ (iii)‘ Confidence interval for temperature T at which g)ield isa ma,mmum
) ‘The value of 7is given by the equation

bl 2b2
+ 338 7~ 90) = 0.
The sampling variance of the expression on the left hand side is

o1 N 4(1'—?—90)2
o] {1578, T (22675, )

Considef the inequality

b1 + 262 :
225 Soe(T— 90)
: L < 2.120s
1 4(7'——90)2 '
“By(15)° +7B,(225)
'where s* is'the estimate of o? (the error m.s. “in the ANOVA table, with 16 4. f.) and. -
2.120 is the 5% point of Student’s ¢ with 16 d.f. This leads to a quadratlc in (7—90),

whose roots provide 95%, confidence limits for 7. -In his particular example the -
" limits are 96.08 and 101.13.

c. Some other tables

1. FissER, R. A. and Yaxss, F. (1957) :  Statistical Tables for Biological, Agricultural and Medical Research.
_(5th’ edition), Oliver and Boyd, London. ' (Table XXIH),
[n =" 3(1) 45, _ r=115
»n = 46(1) 75, = 2(1)5].
2. PearsoN, B.-S. and Harrxy, H. 0. (1957): Biometrika Tables for Statisticians, Biometrika Trust,
Cambridge University Press. (Table 417), .
' [n= 3(1)52 > = 1(1) 6).
3. Anprhsox, R. L. and Houssan, E. E. (1942) :  Tables of Orthogonal Polynomial Values Brtended to
n == 104. Towa State College, Agricultural Experiment Station, Bulletin 297,
In =" 3(1) 104, r = 1) 5. »
‘4, Decury, D. B. (1950) : Values and Integrals of the Orthogonal Polynomials up to n = 26. University

of Toponto "Press.
[n= 3(1)26. r = I(1) 251
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From n = 13, the polynomial values are tabulated for tho first {

IFORMUL.AE AND TABLES FOR STATISTICAL WORK

TABLE 16.1.

n+

D
P

ORTHOGONAL POLYNOMIALS

} valuos of the argumont., The

other values are obtained by symmetry for the even order polynomials and antisymmotry for tho odd
order polynomials. Note that £;{z) = (— 1) £;(—=).

n=3 n=4 n=>=5 n =6

£y E £1 Es £3 [T P M & B2 . By £ &
-1 1| -3 1 =1 -2 2 —1 1| =5 5 =5 1 -1
0 -2 -1 =1 _ 3| -1 -1 2 4| -3 -1 7 -3 5
1 1 1 - —1 -3 0 -2 0 6 -1 —4- 4 2 =10
3 1 1 1 -1 -2 4 1 —4 -1 o 10
' 2 2 1 1 3 -1 -1 -3 =5
5 5 5 1 1
B:2 6.1 20 4 20 10 14 10 70 70 g4 180 08 252
10 : 5 35 3 5 7 21
ralo3 21 g 11 5 m 2 T 3 1B i

' n="17 n=2=8 n=9
E1 s  Es €4 Es &1 £z {3 & s E1 E2 &3 E4q &4
-3 5 -1 3 —1 | —7 7T -7 7 7 ~4 28 —14 14 —4
-2 0 1 =7 4| -5 1 5 13 23 -3 1 7 =21 11
-1 -3 1" 1 -5 | -3 -3 7 —3-—17 —2 -8 13 —11 -4
0 —4 0 6 0] -1 -5 3 9 —15 -1 —17 9 9 -9
1 —3 - —1 1 5 1 —5 —3. 9 15 0 —20 -0 18 0
2 0 1 =7 —4 3 —3 —7 -3 17 1 —17 —9 9 )
3 5 1 3 1 5 1 -5 —13 —23 2 -8 —13 —11 4
: : 7 7 7 7 7 3 7 —7 =21 —11
4 28 14 14 4

. . L

B: 28 84 6 154 84 | 168 168 264 616 2184 60 2772 990 2002 408
: 1 7 7 : 2 7 7 5 7 3
v b5 s o m) ) 3B W '3 s B m

n=10 A n=11 n =12
B B B b B | & g2 B & &5 TR R T
—9 6 —42 18 —6 | —5. 15 —30 6 —3 —~11 55 —33 33 —33
—T7 2 14 —22 14| —4- 6 -6 —8& 6 -9 925 .3 =921 51
-5 -1 3 —17T -1 | —3- -1 22 _g 1. —7 1 21 =33 21
~3 -3 31 3 —11 |' —-2. —6 23 _—1 —4 ~5 17 25 —13 —29
-1 —4 12.° 18 —6 | —1 —9 14 4 —4 —3 —29 19 12 —44
1 —4 =12 18 61 0 —10 . 0 6 -0 —1 —35 - 7 28 —20
3 —3 =3 3 1 1 -—9 14 4 4 1 —-35 —7 28 20
5 —1 —35 —17 1 2 —6 —23 —1 4 3 —20 —19 12 44
7 2 —14 —22 14 | 3 1 —22 6 I 5 —17 —25 —13 29
9 6 42 18 8 4 B8 —6 —6 —6 7 1 —21. —33 —21
‘ 5 15 30 6 3 9 25 -3 —21 57
. , : o 11 55 33 33 33
B.:330 132 8580 2860 780 | 110 858 4200 286 156 572 12012 5148 8008 15912,
1 5 5 1 5 1 .1 ' e 7 3
7 2 - ¢ 5 =. = 1 1 — — 2 . — =
A 2 3 1B T 6 12 40 _ 3 3 %W o

B = sum of squares of the n values of the polynomial
A = divisor for the coefficients (¢(z) = §(z) \)
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TABLE 16.. (continued). ORTHOGONAL POLYNOMIALS
n =13 n=14
131 &2 &3 Es £s i ‘B Es Eq s
-6 22 -1l 99 -2 | ~18 13 143 143 —143
-5 11 0 —66 3 | -1 7 —11 -7 187
-1 2 6 —96 1 —9 2 66 132 132
-3 -5 8 54 ~11 | =7 =2 98 —92 38
-2 —10 7 11 -26 | =5 —5 95 —13 ~139
-1 -13 e 64 -20 | ~3 -7 67 63 —145
0 -4 0 84 o] -1 =8 24 108 ~60
B: 188 2002 672 68068 6188 | 910 728 97240 136136 235144
1 7 7 1 5 7 7
A1 1 % v 120 2 3 3 2 )
n=15 n = 16
Er Ee & €4 Es &t §2 Es £s &5
7 91 -91° 1001 —~1001 | —15 35 ‘455 273 —143
—6 53 —13 1429 44 | —13 21 —91 ~o1 143
5 19 35 —869 979 | —11 9 143 —291 143
i -3 58 —704 4 | S9 1 267 ~201 33
-3 29 61 —249 —151 | -7 9 301 101 —77
s a4 19 251 ~1000 | —5 _15 265 23 ~131
-1 -5 2 621 —675 | -3 19 179 129 ~115
0 —56 0 756 0| -1 -21 63" 189 —45
3230 37128 39780 6466460 10551480 | 1360 5712 1007760 470288 201652
. 35 21 10 7 1
5 ilil a2 2 1 et —— -—
. 3 T 12 30 3 g 10
n =17 n =18
£ B Es £ &s E £2 Es £ . -Es
~ 52 ~104 | —17 68 —68 68 ™
2 n i —13 ol | -5 44 Z20 —12 e
6 12 7 —39 104 | 13 23 13 —a7 871
5 1 15 —39 39 | —11 5 33 —51 42
T -8 18 —24 ~36 | —8 -0 42 —36 ~156
5 s 7 3 ~83 | —7 .—22 42 —12 588
T3 a0 13 17 ~88 | -5 31 35 13 ~733-
Z1 -23 7 31 —55 | —3 —87 23 33 —583 -
¢ o1 0 36 0| -1 —40 8 4 —220
208 7153 876 16796 100776 | 1938 23256 23256 28424 6953544
B . 1 1 ! 2 3 1 R 3
a1 1 K] 2 20 ) 3 I T
n =19 n = 20
£ £s Es. Es Es Ev 133 Es & Es .
~102 | —19 57  —969 1938 ~1938
- o A 68 | -17 39 —357 —102 1122
R N I EN I
-6 6 5 S 3 | i 3 539 —1187 187
-5 b S 54| —9 13 591 —887 —771
~14 126 —168 -5 -2 -
-4 112 42 19 | -7 21 553 —717 ~1351
3oCs owmooam | poonws s u
- 352 - - -~ -
-1 -2 % 396 o -1 -3 9 1188 —396
S TE70 13566 213180 2288132 89148 | 2660 17556 4903140 22881320 31201800 -
o 5 7 S 1 % -
a1 1 K 12 40 3 23 20

—
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS
n = 2'1 n = 22
£, Ea Es3 12 Es 131 B2 £a s B
—~10 190 —285 969 —3876 | —21 35 —133 1197 —2281
-9 133 —114 0 1038 | —19 25 —5i 57 969
-5 82 12 ~510 3468 | —17 16 0 —570 1038
-7 37 98 —680 2618 | —15 8 40 —810 1598
-6 -2 149 —615 788 | —13 1 65 —775 663
-5 —35 170 —406 —1063 | =11  —5 77 —563 303
—4. 62, 166 —130 —2354 -9 =10 78 —a58 —1158
-3 —83 . 142 150 —2819 —~7  —14 70 70 —1554
-2 . —98 103 385 —2444 -3 =17 55 365 —1509
-1 —107 54 540 —1404 -3 —19 35 585 —1079
-0 ~—110 0 - 594 0f -1 =20 12 702 —390
B: 770 201894 . 432630 '57_20330 121687020, | 3542 7084 96140 8748740 40562340
: : = 5 . 7 21 1 1 7 7
AN 3 ® 0} [ 2 3 3 T2 30
n =23 n =24
13 E2 Es Es s 3 2 Es B4 Es
~11 77 -7 1463 ~209 | —23 253  —1771 253 —4807
—10 56 —35 133 76 | —21 187 —~847 33 1463
—9 37 ~3 —627 171 | =19 127 —133 —97 3743
—8 20 20 —950 152 | —17 .13 391 —157 3553
_7 5 35 —955 77 | =15 25 745 —165 2071
-6 —8 43 —747 —12 | —-13 —11 949 —137 169
5 —I9 45 —417 —87 |.—11  —53 1023 —-87 —1551
—4 28 42 —42 —132- | —9 g3 987 —27 —2721
—3 35 35 315 —141 | —7 —107 861 33 —3171 .
—9 —40 25 605  —116 | —5 —125 665 85 —2893
-1 —43 13 793 —65 —3 —137 419 123 —2005
0 —4d 0. 858 0 —1 —143 143 143 ~1715
B:1012 35420 - 32890 13123110 340860 4600 394680 17760600 304680 177928920
. 1 Ki 1 ‘ - ‘10 1 3
At 1 1 3 B 50 2 3 3 i3 To
n =25 n =26
Ey & E3 & &s &1 Ex Es g Es
—12 - 92 ~506 1518 —1012 | —25 50 —1150 2530 —2530
—11 69 —~253 253 253 | —23 38 —598 506 506
—10 48 —55 —517 748 | 21 27 —~161 —759 1771
-9 29 93 —897 753 | —19 17 171 —1419 1881
—8 12 196 —982 488 | 217 8 408 —1614 1326
-7 —3 259 —857 119 | —15 0 560 —1470 482
6 —16 287 —597 —236 | —13 -7 637 —1099 —~377
-5 —27 285 —267 —301 | —11  -—13 649 —599 —1067
-4 36 258 78 —636 -9 —18 606 —54.. —1482
3 43 211 393 —631 | —7 99 518 466 —1582
—2 —48 149 643 ~500 -5 =25 395 905 —1381
—1 -5l 77 803 =275 -3 27 247 1221 —935
0 —52 0 858 0| -1 -28 84 1386 ~330
B:1300 53820 1480050 14307150 7803900 5850 16380 7303900 40060020 48334180
5 5 1 o 5
a1 1 2 o2 2 2 2 T 1
6 12 70 2 3 12 o
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS
n = 27 n = 28
& Es &3 &y E5 Er Ea Es Ea Es
—13 325 —130 2990 —16445 | —27 117 —585 1755 —13455
—12 250  —70 690 2530 | —25 91 —325 455 © 1495
—11 181  —22 ~1782 10879 | —23 617 —115 —395 8395
=10 118 15 —1587 12144 | —21 43 49 —879 9821
-9 61 49 —1872 9174 | —19 25 171 ~1074 7866
—8 10 60 —1770 4188 | —17 7 265 —1050 4182
—7 =36 . 70 —1400 —1162 | ~15 -9 305 —870 22
—6 —T4 73 ~867 —5728 | —13 —23 325 —~590 —3718
—5 =107. 70 - 262 ~8803 | —11 —~35 319 —259 —6457
4 134" 62 338 —10058 -9  —45 291 81 —7887
—3 —155 50 870 ~9479 ~% 53 245 305 —17931
-2 =170 35 1285 ~7304 —5 59 185 655 —6701
-1 —179 8 1548 —3960 -3 63 115 840 —~4456
0 =182 @ 1638 0 -1 —65 39 ‘936 —1560
‘B:1638 712530 101790 . 56448210 2032135560 | 7308 95004 2103660 19634160 1354757040
C S Y 9 21 2 7 q
L 5 o) 10 2 ! 3 24 20
n=29" n = 30
g B Es Eq 33 & Es Es {a Es
.'-14 126 —819 4095 —8190 | —29 203 —1827 . 23751 . '—16965
—13 99  —468 1170 585 | —27 161 -1071 7371 585
—12 74 —182 780 4810 | —25 122 —-450 —3744 9360
11 5 44 —1930 5885 | —23 36 46 10504 11960
—10 30 215 —2441 4958 | —21 53 427 —13749 10535
9. 11 336 2460 2946 | —19 23 703 14249 6821
-8 =k 412 ~2120 556 | —17 —4 884 —12704 2176
-7 =21 448 —1540 —1694 | —15 —328 980 —9744 —2384
—6 34 449 825 —345¢ | —13  —~49 1001 —5929 —6149
5 —45 420 ~66 —4521 | —11  —67 957 —1749 —8679
4 —54 366 . 660 —4818 —9 —82 858 2376 —9768
_3 —61 292 1290 —~4373 ~7 —~94 714 6096 —9408
2 —66. 203 1775 —3208 ~5 —103 535 9131, — 7753
1  —69 104 2080 —~1768 —~3 —109 331 11271 —~5083
o —70 0 2184 0 —1 112 112 12376 —1768
B : 2030 113274 4207320 © 107987880 500671080 { 8990 302064 21360240 3671587920 2145733200
. 5 T T 2 3 5 35 3
a1 1 % 12 10 3 3 2 o
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Table 17.1 gives the squares of natural numbers upto 999. Tho samo table can
be used to find approximate squate roots of numbers, cortect upto 3 significant digits,
by reading in the reverse way. If « is the given number and z, is the approximato
square root read from Table 171, then a second approximation correct upto 6 signi-
ficant digits is

1/ x
X, = ?(xo—%— ?O)
and a third approximation-correct to 12 significant digits is
1 oz
=gl
Example 1. To compute +/83.

To make an effective use of the Table we find 4/830000, making a 6 digited number,
and divide the result by 100. From Table 17.1 we find that 9112 = 829921 closest
to 830000, so that 911 is a first approximation. The second approximation is

830000

(911+ e

) = 911.043

Dividing by 100, 1/83 = 9.11043 correct to six significant digits.
Example 2. 'To compute 1/831.

Since the number of digits is odd, we consider the five digited number 83100
multiplying the original number by hundred. Now 2882 = 82944, so that z,=288 and

1 83100

%, = 2(288+ i ),=288.144

Dividing by 10, v/831 =.28.8144 correct to six significant figures.
Example 3. .To compute 1/7134268.17.
Since 2672 = 71289, we take %, = 2670. The second approximation is

7134268.17 \ :
-2—(2670+———m— ) = 2671.01 (correst to six digits).

Example 4. To compute +/71342681.7.
Since 8452 = 714025, we take z, = - 8450. The second approximation is

1 71342681.7 |
5 (s450+ i ) = 8446.46 (correct to six digits).

Table 17.3 is similarly useful-in finding cube roots. Thus if it be required to find
the cube root of a number z, we find from Table 17.3 the two digited number x, whose
cube is closest to . The second_,apprommatlon isx, = ?(2%4— “é) correct to four
significant digits: ' *

Some tables in this Chapter are riot preceded by notes. Such tables are self-
pxplanatory.
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TABLE 17). SQUARES OF NATURAL NUMBERS
n nz n n2 n n2 n n? n n?
1 1 51 2601 101 10201 i51 22801 201 40401
-2 4 52 2704 102 10404 152 23104 202 40804
3 9 53 2809 103 10609 153 23409 203 41209
4 16 54 2916 104 10816 154 23716 204 41616
5 25 55 3025 105 11025 155 24025 205 42025
6 36 56 3136 106 11236 156 24336 206 42436
7 49 57 3249 107 11449 157 24649 207 42849
.8 64 58 3364 108 11664 1568 24964 208 43264
9 81 59 3481 109 11881 159 25281 209 43681
10 100 60 3600 110 12100 160 25600 210 44100
1 121 61 3721 11 12321 161 25921 211 44521
12 144 62 3844 112 12544 162 26244 212 44944
13 169 63 3969 113- 12769 163 26569 213 45369
14 196 64 4096 114 12996 164 26896 214 45796
15 225 65 4225 115 13225 165 27225 215 46225
16 256 66 4356 116 13456 166 27556 916 46656
17 289 67 4489 117 13689 167 27889 217 47089
18 324 68 4624 118 13924 168 28224 218 47524
19 361 69 4761 119 14161 169 28561 219 47961
20 400 0 4900 120 14400 170 28900 220 48400
21 441 71 5041 121 14641 171 29241 | 221 48841
22 484 72 5184 122 14884 172 29584 222 49284
23 529 73 5329 123 15129 173 29929 223 49729
2 576 74 5476 124 15376 174 30276 224 50176
25 625 75 5625 125 15625 175 30625 225 50625
26 676 76 5776 126 15876 176 30976 | 226 51076
27 729 77 5929 127 16129 177 31329 227 51529
28 784 78 6084 128 16384 178 31634 228 51984
29 841 19 6241 129 16641 179 32041 229 52441
30. 900 80 6400 130 16900 180 32400 230 52900
3 961 | 81 . 6561 131 17161 181 32761 231 53361
32 102¢ 82 6724 132 17424 182 33124 § | 232 53824
33 1089 83 6889 133 17689 183 33489 233 54289
34 1156 84 7036 134 17956 184 33856 - 234 54756
35 1225 85 7225 135 18225 185 34225 235 55225
6 86 7396 136 18496 186 34596 236 55696
gg iggg 87 7569 137 18769 187 34969 237 56169
38 1444 88 7144 138 19044 188 35344 238 56644
39 1521 89 7921 139 19321 189 35721 239 57121
40 1600 90 8100 |, 140, 19600 190 36100 240 57600
41 1681 91 8281 141 19881 191 36481 241 58081
42 1764 92 8464 142 20164 192 36864 242 58564
43 1849 93 8649 143 20449 193 37249 243 59049
A4 1936 94 8836 144 20736 194 37636 244 59536
45 2025 95 9025 145 21025 195 38025 245 60025
46 2116 96 9216 146 21316 196 38416 246 60516
47 2209 97 9409 147 21609 197 38809 247 61009
48 2304 98 9604 148 21904 198 39204 248 61604
49 2401 99 9301 149 22201 199 39601 249 62001
50- 2500 100 10000 150 22500 200 40000 250 62500
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5 203401
20143014
2056209
206116

207025

[

Tooa W3 LS —

.

4
4
4!
4
4

)

¢
.
5
D

tor3

207936
208819
8 209764
459 210681
460 211600

QRIS
S
-2

461 212521
462 213444
463 214369
464 215296

4165 216225

466 217156
467 218089
468 219024
469 219961
470 220900

471 2c1841
472 222784
473 223729
474 224670
476 225825

476 226576
477 227529
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TABLE 17.1. (continued). SQUARES OF NATURAL NUMBERS
n . n2 n- n2 n ne n ne
251 63001 301 90601 13851 123201 401 160801
252 63504 302 91204 352 123904 402 161604
253 . 64009 303 91809 355 124609 403 162409
254 64516 304 92416 354 125316 404 163216
255 65025 305 93026 355 126025 405 164025
256 85536 -306 93636 356 126736 406 164836
257 66049 307 94249 357 127449 407 165649
258 66564 308 94864 358. 128164 408 166464
259 67081 - 309 95481 359 128881 409 167281
260 67600 310 96100 360 129600 410 168100
261 68121 311 96721 361 130321 411 168921
262 68644 312 97344 362 131044 412 169744
263 . 69169 | 313 97969 363 131769 | 413 170569
264 69696, 314 98596 364 132496 414 171396
.265 70225 315 99225 365 133225 415 172225
266. 70756 316 99856 366. 133956 416 173056
267 71289 317 100489 367 134689 417 173889
268 71824 318 101124 368 135424 418 174724
269 72361 319 101761 369 136161 419 175561
270 72900 320 102400 370 136900 420 176400
271 73441 321 103041 371 137641 |, 421 177241
272 73984 322 103684 372 138384 422 178084
273 74529 323 104329 373 139129 423 178929
274 75076 324 104976 374 139876 424 179776
2175 756256 325 1056825 375 140625 425 180625
276 76176 326 106276 376 141376 426 181476
277 76729 327 106929 377 142129 427 182329
278 77284 328 107584 378 142884 428 183184
279 77841 - 329 108241 379 143641 |- 429 184041
280 78400 330 108900 380 144400 430 184900
. .
281 - 78961 331 109561 -381 145161 431 185761
282 79524 332 110224 382 145924 432 186624
283 80089 333 110889 383 146689 433 187489
284, 80656 334 111556 384 147456 434 188356
- 285 81225 335 112225 385 148225 435 189225
286 81796 336 112896 386 148996 436 (
287 82369 337 113569 387 149769 437 iggggg
288 82944 338 114244 ‘388 150544 438 191844
289 83521 339 114921 389 151321 439 192721
290 84100 340 115600 390 152100 440 193600
291 84681 341 116281 391 152881 44
292 85264 342 116964 292 153664 . 44% }8%322'
203 85849 343 117649 393 154449 443 196249
294 86436 344 118336 394 . 155236 444 197136
295 87025 345 - 119025 393 156025 445 198025
.295 87616 346 119716 396 156816 16 |
297 88209 347 120409 397 157609 iig %gggég
293 88804 348 121104 398 158404 448 200704
299 89401 349 121801 309 150201 449 201601
300 90000 350, 122500 400 160000 ‘1450 202500

500 250000

478 228484
479 229441
480 230400
481 231361
482 232324
483 233289
484 234256 -
485 235225 .
486 236196,
487 237169
488 238144
489 239121
490 240100
491 241081
492 242064
493 243049
494 244036
495 245025
496 246016
497 247009
498 248004
499 249001

’_,_.; e g e e
n n: }
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TABLE 17.L. (continued). SQUARES OF NATURAL NUMBERS
n - n? n n n nd n n? n nt
501 251001 551 303601 601 361201 651 423801 701 491401
502 252004 552 304704 602 362404 652 425104 702 492804
503 253000 553 305809 603 363609 653 426409 703 494209
504 254016 554 306916 604 364816 654 427716 704 495616
505 255025 555 308025 605 366025 655 420025 705 497025
| 506 256036 556 309136 606 ' 367236 656 430336 706 498436 |
507 257049 557 . 310249 607 368449 657 431649 707 499849
508 258064 558 311364 608 369664 658 432964 708 501264
509 259081 559 312481 609 370881 650 434281 709 502681
510 260100 560 . 313600 610 372100 660 435600 710 504100
511 261121 561 314721 611 373321 661 436921 711 505521
512 262144 562 315844 612 3740644 662 438244 712 506944
513 263169 563 316969 613 375769 663 439569 713 508369
‘514 264196 564 318096 614 376996 664 440896 714 509796
Bls 265225 565 310225 615 378225 665 442225 715 511225
| 516 266256 566 320356 616 379456 666 443556 716 512656
517 267289 567 321489 617 380689 667 444889 717 514089
518 268324 568 322624 618 381924 668 446224 718 515524
519 269361 569 323761 | 619 383161 660 447561 719 516961
520 270400 570 324900 620 384400 670 448900 7200 518400
521 271441 571 326041 | 621 385641 671 450241 121 519841
599 272484 572 327184 622 386884 672 451584 732 521284
523 273529 573 328329 623 388129 673 452029 723 522729
524 274576 574. 329476 624 389376 674 454276 724 524176
525 275625 575 330625 625 390625 675 455625 725 525625
526 276676 576 331776 626 391876 676 456976 726 527076
537 277129 577 332029 627 . 393129 677 458329 727 528529
528 278784 578 334084 628 304384 878 459684 728 529984
529 279841 | | 579 335241 620 395641 679 461041 729 531441
530 280900 580 336400 630 396900 680 462400 730 532900
281961 - 581 337561 631 398161 681 463761 731 534361
ggé gg;ggi 582 338724 632 399424 682 465124 732 535824
533 284089 583 339889 633 400689 883 466489 733 537289
‘534 285156 584 341056 634 401956 684 467856 | 734 538756
535 286225 585 342225 635 403225 685 469225 735 540225
’ 5S6 343396 636 404496 686 470596 936 541896
i ggggg 587 344569 637 405769 687 471969 737 543169
A 289444 588 345744 638 407044 688 473344 738 544644
i 290521 589 346921 639 408321 689 474721 {1739 546121
gig 291600 500 348100 640 409600 690 476100 740 547600
591 349281 641 410881 601 477481 741 549081
AP gggggi 592 350464 842 412164 602 478864 742 550564
I 294849 593 351649 643 413449 693 480249 743 552049
py 295936 594 352836 644 414736 604 481836 744 553536
. gﬁ 297025 595 354025 645 416025 695 483025 745 555025
| 596 355216 646 417316 696 484416 746 556516
546 333;53 597 356400 647 418609 697 485809 47 558009
1547 0304 508 357604 648 419904 698 487204 748 559504
e 331401 599 358801 | 649 421201 699 488601 749 561001
2§3 gozsoo 600 360000 650 422500 700 490000 750 562500
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TABLE 17.1. (contineed). SQUARES OF NATURAL NUMBLRS
n nt n ne n n? n n: " ne

75 56400 801 641601 $51 724201 901 811501 w5l Yntiol
"I:’»:l.’ 565501 802 (43204 852 725904 ?u: 51:}00;& tl.:»'.! ';lm;:'{ll'-(
753 567009 $03 644809 857 727600 . 903 “lgiog 057 Jomul
754 568516 804 646416 BG4 729316 904 817216 a4 910110
755 570025 805 0648025 855 131025 905 819025 955 a1u2s
756 571536 806 649636 856 732736 905 552%36 955 ?l?ﬂxr
757 573049 $07 651249 857 734440 907 R22649 0a7 ?12353
758 6574564 808 652864 858 736164 903 834154 wos 017764
759 576081 809 654481 859 737881 900 826251 a59 910051
760 577600 810 656100 860 739600 910 828100 950 921600
761 579121 811 657721 861 741321 911 820921 a5l uggs:x
762 580644 812 650344 862 743044 o1 R31744 anz 025441
763 382169 813 660960 863 744769 ;913 833560 963 027169
764 583696 814 662596 864 746496 {914 835306 a4 020206
765 585225 815 664225 865 748225 {915 817225 065 931225
760 586756 816 665856 866 749956 916 819056 964 933156
767 J88289 817 667489 867 751689 917 R4NSKY a67 935089
768 580824 818 660124 868 753424 918 R42724 968 037024
769 591361 819 670761 869 755161 019 844501 0969 038961
770 592900 820 672400 870 756900 920 846400 0970 940000
771 594441 821 6740141 871 758641 921 R48241 971 942841
772 595984 822 (75684 872 760384 922 R50084 972 9417814
773 5975290 823 677329 873 762129 923 R51029 973 946720
174 H99076 824 678976 874 763876 924 853776 974 O4RATH
vili 600625 825 680625 875 765625 995 ]H5625 975 050025
776 602176 826 682276 876 767376 926 857476 976 52576
777 603729 827 683929 877 7695129 997 859329 vk an4524
778 (05284 828 685584 878 770884 908 RH1184 YTR 056484
779 606841 820 687241 879 772641 920 863041 979 uns44l
780 608400 3830 688900 880 774400 930 $64900 9K0 980400
781 (09961 831 690561 381 776161 931 866761 981 1962381
783 611524 832 692224 882 777924 932 868624 982 964324
783 $13089 833 603889 883 779689 933 870489 LK) ah6289
784 (14656 834 695556 884 781456 934 872356 984 968256
785 616225 835 697225 885 783225 935 874225 985 970225
786 617796 836 698896 886 744996 036 876096 986 972196
787 619369 837 700569 887 786769 937 877969 987 974169
788 620944 838 702244 888 788544 938 879844 088 976144
789 622521 839 703921 889 790321 939 381721 989 a78121
700 624100 840 705600 890 792100 940 883600 990 980100
791 625681 841 707281 891 793881 941 885481 991 982081
792 627264 842 708964 892 795664 942 887364 992 984064
793 628849 843 710649 893 797449 943 889249 993 986049
794 630436 844 712336 894 799236 044 891136 994 988036
795 632026 845 714025 895  §01025 945 893025 995 990025
796 633616 846 715716 896 80281 946 916 9 ‘ 6
797 635209 847 717409 897 804608 917 ggéaéo Jgg 333339
798 636804 848 719104 898 806404 945 898704 998 096004
799 638401 849 720801 | 899 808201 949 900601 999 998001
800 640000 850 722500 500 810000 950 002500
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TABLE 17.2. SQUARE ROOTS AND THEIR RECTPROCALS
n N ~N 107 Ua~ | YWila | » vu . N Ton Ywn | 1yWion
1| 1.0000000 | 3.1622777 [1.0000000 | 3162278 | 51 | 7.1414284 22.5831796 | .1400280 | .0442807
2| 1.4142136 | 4.4721360 | 7071068 | 2236068 | 52 | 7.2111026 | 22.8035085 | 1386750 | .0438529
3| 1.7320508 | 5.4772256 | .5773503 | .1825742°} 53 | 7.2801000 | 23.0217289 | 1373606 | 0434372
4| 2.0000000 | 6.3245553 | .5000000 | 1581139 | 54 | 7.3484692 | 23.2379001 | 1360828 | .0430331
5| 2.2360880 | 7.0710678 | 4472136 | 1414214 | 55 | 7.4161985 | 23.4520788 | .1348400 | .0426401
6| 2.4494897 | 7.7450667 | 4082483 | .1200994 | 56 | 7.4833148°| 23.6643191 | .1336306 | .0422577
7| 2.6457513 | 8.3666003 | 3779645 | .1195229 | 57 | 7.5498344 | 23.8746728 | .1324532 | .0418854
8| 2.8284271 | 3.9442719 | 3535534 | .1118034 | 58 | 7.6157731 | 24.0831892 |..1313064 | .0415227
9 | 3.0000000 | 9.4368330 | 3333333 | .1054093 | 59 | 7.6811457 | 24.2899156 | .1301889 | .0411693
10 | 31622777 | 1010000000 | 3162278 | 1000000 | 60 | 77459667 | 24.4948974 | |120009¢ | .0408248
.3166248 | 10.4880885 | .3015113 | .0953463 | 611 7.8102497 | 24.6981781 | .1280369 | 0404888
1 | 3360110 | 109544512 | (2886751 | (0012871 | 62 | 7.8740079 | 24 8997992 | (1270001 | 0401610
3 | 2773501 § .0877058 | 63 | 7.9372539 } 25.0998008 | .1259882 | .0398410
13 | 3.6055513 | 11.4017543 | - 2 | 0398410
14 | 37416074 | 118321506 | 2672612 | 0845154 | 64 | 8.0000000 | 25.9982213 | 1360000 | 0395285
15 | 3.8720833 | 122474487 | 2581989 | 10816497 | 65 | 8.0622577 | 254950076 | 1240347 | .03922:
. .2500000 | 0790569 | 66 | 8.1240384 | 25.6904652 | .1230915 | .0389249
17 RIS 1o oandods | 328936 | 0786965 | 67 |-8.1853528 | 25.8843582 | (1221694 | 0336334
18 | 4 2426407 | 13.4164070 | 2357023 | 0745356 | 68 | 8.2462113 | 26.0768096 | 1212678 | .0383482
10 | 4 3588980 | 13.78¢0488 | .2294157 | .0725476 | 69 | 8.3066239 | 26.2678511 | .1203859 | .0380693
20 | 4.4721360 | 14.1421356 | 2236068 | -0707107 | 70 | 8.3666003 | 26.4575131 | 1195220 | .0377964
: 2182179 | 0690066 | 71 | 8.4261498 | 26.6458252 | .1186782 | .0375293
2| 4 Go0ass Ao | 3132007 | 0674200 | 72 | 8 4852814 | 26.8328157 | |117851L.| 0372678
o 4 Sons3ts | 15.1657500 | (2085144 | 0650380 | 73| 8.5440037 | 27 0185122 | 1170411 | .0370117
28 L 4999705 | 15.4919334 | 2041241 | 0645497 | 74 | 8.6023253 | 272020410 | .1162476 | 0367607
221 570000000 | 15.8113883 | 2000000 | 0632456 | 75 | 86602540 | 27.3861270 | 1154701 | .0365148
\ - s | .1961161 | .062017¢ | 76 | 8.7177979 | 27.5680975 | 1147079 | .0362738
ol At 16 ovey | ‘1024501 | (0003581 | 77 | 5.7749644 | 27.7485739 | (1139606 | 0360375
27 | 8. 1o o6 | 16 7332005 | 1880822 | 0597614 | 78 | 8.8317600 | 27 9284801 | (1132277 | (0358057
28 | 5. 2 | 17.0203864 | (1856953 | .0587220 | 79 | 8.8881944 | 28.1060386 | .1125088 | 0355784
% 3O 9sa | 17.3205081 | (1825742 | 0577350 | 80 | 8:9442719 | 28.2842712 | .1118034 | .0353553
.1796053 | 0567962 | B1 | 9.0000000 | 28.4604989 | 1111111 | .0351364
31 | 50607 1 ios | ‘1767767 | J0559017 | '82 | 9.0553851 | 286356421 | 1104315 -0349215
32 | 5. 058 1650021 | (1740777 | .0550482 | 83| 9.1104336 | 28.8097206 | .1007643 | .0347105
33 ,5';{;339]9 15.4300880 | 11714986 | 0542326 |-84 | 9.1651514 | 28.9827535 | 1091089 | 0345033
e 5 S on | 15.7082869 | |1690800 | .0534522 | 85 | 9.2105445 | 20 1547505 | 1084652 | 0342007
D . . . B
| 11s 1666667 | 0527046 | 86°| 9.2736185 | 20.3257566 | 1078328 | 0340997
30 | 80000000 | 1o 2353841 1943990 | 0319875 | 87 | 9.3273791 | 29 4057624 | 1072113 | -0339032
37 | 6.0827625 | 18 200 esT | (1622214 | 0512089 | 88 | 9.3808315 | 206647939 | 1066004 | .0337100
38 | 0. 0050 19.7484177 | 1601282 | 0506370 | 89 | 9.4339811 | 29.8328678 | .1058998 | .0335201
3 3'%313323 20.0000000 | 1581139 | ~0500000 | 90 | 94868330 | 30.0000000 | .1054093 | .0333333
. | 1561738 | 0493865 | 91 | 9.5393920 | 30.1662063 | .1048285 | .0331497 |
41| 8403142 | 0 0s001s 1945094 | 0487950 | 92 | 9.5916630 | 303315018 | .1042572 | 0329690
42 | 64807407 4 B0 14 | 1524986 | 0452243 | 93 | 9.6436508 | 30.4950014 | .1036952 | .0327913
43 | 6.5574385 | 200000 0 ) © 50757 | (0476731 | 94 | 0.6953597 | 30.6504194 | 1031421 | .0326164
i 2‘3333338 o 9132034 | 1490712 | 0471405 | 95 | 9.7467943 | 30.8220700 | .1025078 | 0324443
174420 | .0466252 | 96 | 9.7979590 | 30.9838668 | .1020621 | .0322749
46 | 67523300 | 214476106 | HETAEIC L eoes | 97 | 0 8488575 | 31 1448230 | (1015346 | (0321081
47 | 68556546 | 1. BTRCIC0 -1 9376 | 10456435 | 98 | 08994949 | 31.3049517 | 1010153 | .0319438
48 | 6.9262032 § 219030038 | -1 ooiay | loas175e | 99 | 99498744 | 31 4642654 | 11005038 | 0317821
49 | 7.0000002 22 e | J1412214 | ‘0447214 f100 [10.0000000 | 31.6227766 | .1000000 | .0316228
50 7.0 dtn ‘ .




178 FORMULAE AND TABLES FOR STATISTICAL WORK
| TABLE 17.2. (continued). SQUARE ROOTS AND THEIR RECIPROCALS
n N S J10n | yygno | YyIon | n Nn N 10n lyn | UNIO0n
: ’ ' 51 | 12.2682057 | 38.858718 | 0813788 | 0257343
’Ifg; }8:8332322 Rt :8333(1)% ggiéﬁg 195 | 12°3288280 38.087177 | 0811107 | 0250405
103 | 10.1488916 | 32.093613 | .0985329 | .0311588 | 153 | 12.3693169 | 39.115214 .gggséxg oor;s;:
1104 | 10.7030380 | 32.240531 | .0980581 | .0316087 | 154 | 12.4096730 | 39.22233 '0305-’19 /0251524
105 | 10.2469508 | 32.403703 | .0975000 | .0308607 | 155 | 12.4498996 | 39.370039 | .0803219 | .05
106 | 10.2056301 | 32.557641 | .0971286 | .0307148 | 156-] 12.4899960 | 30.406835 | 0800641 -.:3180
107 | '10.3440804 | 32,710854 | .0966736 | .0305700 | 157 | 12.5209641 | 39.623226 .oz?som o;;{zg{;
1108 | 10.3023048 | 32.863353 | 0062250 | .0304290 | 158 | 12.5698051 | 39.749214 .O‘J(J)ﬂ 'ovo's
109, | 10.4403065 | 33.015148°| .0957826 | .0302891 | 159 | 12.6095202 | 39.874804 | .0793052 0320603
110 | 10.4880885 | 33.166248 | .0953463 | .0301511 | 160 | 12.8491106 | 40.000000 | .0790569 | .025
111 | 10.5356538 | 33,316662 | .0049158 | .0300150 | 161 | 12.6885775 | 40.124805 | 0788110 | 0249222
132 | 10:3330052 | 33.466401 | .0944911 | 0298807 | 162 | 12.7279221 | 40.249224 | 0785674 | 0348452
113 | 10.6301458 | 33.615473 | .0040721 |..0297482 |"163 | 12.7671453 | 40.373258 | .0783200 | .0247680
114 | 10.6770783 | 33.763886 | .0936586 | 0296174 | 164 | 12.8062485 | 40.496013 | 0780869 | .0246932
115 | 10.7238053 | 33.911650 | .0932505 | .0294884 | 165 | 12.8452326 | 40.620192.| .0778499 | .0246183
116 | 10.7703296 | 34.058773 | .0928477 | .0293610 | 166 | 12.8840987 | 40.743098 | 0776151 | .0245440
117 | 10.8166538 | 34.205263 | .0924500 | ©0292353 | 167 | 12.9228480 | 40.865033 | .0773823 | 0244704
118 | 10.8627805 | 34.351128 | .0920575 { .0291111 | 168 | 12.9614814 | 40.987803 | .0771517 | .0243975
119 | 10.9087121 | 34.496377 | .0016698 | .0289886 | 169 | 13.0000000 | 41.109610 | .0769231 | .0243252
120 | 10.9544512 | 34.641016 | .0912871 | .0288675 | 170 | 13.0384048 | 41.231056 | .0766965 | 0242536
121 | 11.0000000 | 34.785054 | .0909091 | .0287480 | 171 | 13.0760968- | 41.352146 | .0764719 | .0241825
122 | 11.0453610 | 34.928498 | .0905357 | -0286299 | 172 | 13.1148770 | 41.472883 | .0762493 | .0241121
123 | 11.0905365 | 35.071356 | .0901670 | .0285133 | 173 | 13.1520464 | 41.593269 | .0760286 | .0240424
124 | 11.1355287 | 35.213634 | .0898027 | .028398]1 | 174 | 13.1909060 | 41:713307 | .0758098 | .0239732
125 | 11.1803399 | 35.355339 | .0894427. | .0282843 | 175 | 13.2287566 | 41.833001 | 0755929 | 0239046
126 | 11.2249722 | 35.496479 | 0890871 | .0281718 | 176 | 13.2664902 | 41.952364 | 0753778 | .0238366
127 | 11.2694277 | 35.637059 | .0887357 | .0280607 | 177 | 13.3041347 | 42.071368 | .0751048 | .0237691
128 | 11.3137085 | 35.777088 | .0883883'| .0279508 | 178 | 13.3416641 | 42.190046 | .0749532 | .0237023
129°{ 11.3578167 | 35.916570 | 0880451 | .0278423 | 179 | 13.3790882 | 42.308392 | .0747435 | .0236360
130 { 11.4017543 { 36.065513 | .0877058 | .0277350 | 180 | 13.4164079 | 42.426407 | .0T45356 | .0235702
131 | 11.4455231 | 38.103923 | .0873704 | .0276289 | 181 | 13.4536240 | 42.544005 | .0743294 | .0235050
132.1 11.4891253 | 36.331804 | 0870388 | .0275241 | 182 | 13.4907376 | 42.661458 | .0741249 | .0234404
133 | 11.5325626 | 36.469165 | 0867110 | .0274204 | 183 | 13.5277493 | 42.778498 | .0739221 | .0233762
134 | 11.5758369 | 36.606010 |.0863868 | .0273179 | 184 | 13;5646600 | 42.895221 | .0737210 | .0233126
135 | 11.6189500. | 36.742346 | .0860663 | .0272166 | 185 | 13:6014705 | 43.011626 | .0735215 | .0232495
136 | 11.6619038 | 36.878178 | -.0857493 |-.0271163 | 186 | 13.6381817° | 43.127717 | .0733236 | .0231869
©137 |'11.7046999 | 37.013511 | 0854358 | .0270172 | 187 | 13.6747943 | 43.243497 | .0731272 | .0231249
138 | 11.7473401 |- 37.148351°| 0851257 | .0269191 | 188 | 13.7113092 | 43.358967 | .0729325 | .0230633
-139°)- 11.7898261 | 37.282704 | ,0848189.| 0268221 | 189 | 13.7477271"| 43.474130 | .0727393 | .0230022
140 '-11~8321596 87.416574 | .0845154 | 0267261 | 190 | 13.7840488 | 43.588989-| .0725476 | .0229416
141 ;,11 3743421 /37.549967 | 0842152 | <0266312 | 191 | 13.8202760 | 43.703547 | .0723675 | .0228814
142 | 11.9163753 | 37.682887 | .0839181:| .0265372 |.192 |.13.8564065 | 43.817805 | 0721688 | .0228218"
143 | 11.9582607 | 37.815341 { .0836242 | .0264443 | 193 | 13.8924440 | 43.931765 | .0719818 | .0227626
| 144 | 12.0000000 | 37.947332 | 0833333 | .0263523 | 194 | 13.9283883 | 44.045431 |..07T17958 | .0227038
.1,45;12-_0415946-_ ~38.078866 | 0830455 | .0262613 | 195 | 13.9642400 | 44.1568804 | 0716115 | 0226455
146 | 12.0830460 | 38:200946 | .0827606 | 0261712 | 196 | 14.0000000 | 44.271887 | .0714288 | .0225877
147 | 12.1243557 | 38.340579 | .0824786 | -.0260820 | 197 | 14.0356688 | 44.384682 | 0712470 | .0225303
"148 | 12.1655251 | 38.470768 | .0821995 | .0259938 |'198 | 14,0712473 | 44.497191 | .0710669 | 0224733
149 | 12.2066556 | 38.800518 | .0819232 | .0250064 | 199 | 14.1067360 | 44.609416 | .0708881. | .0224168
150 |-12.2474487 | 38.729833 | 0816497 | .0258199 | 200 | 14.1421356 | 44.721360 | .0707107 | .0223607




MISOELLANEQUS MATHEMATICAL FUNCTIONS

TABLE 17.2. (eontinued). SQUARE ROOTS AND THEIR RECIPROCALS

7

P Nm L NI | yNE | NI v | e NIor | yWn | 1NTOn
201 | 14.1774469 | 44.833024 | .0705346 | .0223050 | 261°] 15.8429795 | 50.099900 | .0631194 | .0199601 |
202 | 14.2126704 | 44.944410 | .0703598 | .0222497 | 252 | 15.8745079 | 50.199602 | 0629941 | .0199205
203 | 14.2478068 | 45.055621 { .0701862 | 0221948 | 253 | 15.9059737 | 50.299105 | .0628695 | .0198811
204 | 14.2828569 | 45.166359 | 0700140 | .0221404 | 254 | 15.9373775 | 50.308413 | .0627456 | 0198419
205 | 14.3178211 | 45.276926 | 0698430 | 0220863 [ 255 | 15.9687194 | 50.497525 | .0626224 | - 0198030
206 | 14.8527001 | 45.387223 | -.0606733 | -0220326. | 266 | 16.0000000 | 50.596443 | .0625000 .| .0197642
] 207 | 14.3874946 | 45.497253 | 0695048 | .0219793 | 267 | 16.0312195 | 50.695167 | .0623783 | .0197257
208 | 14.4222051 | 45.607017 | .0693375 | .0219265 | 2568 | 16.0623784 | 50.793700 | .0622573 | .0196875
209 | 14.4568323"| 45.716518 | .0691714 | -0218739 | 259 | 16.0934769 [ 50.802043 | .0621370 | .0196494
210 | 14.4913767 | 45.825757 | .0090066 | .0218218 | 260 | 16.1245155 | 50.990195 ( .0620174 | .0196116
211 | 14.5258390 | 45.934736 | .0688428 |- -0217700 | 261 | 16.1554944 | 51.088159 | .0618984 | .0195740
212 | 14.5602198 | 46.043458 | 0686803 |-.0217186 | 262 | 16.1864141 | 51:185936 | .0617802. | 0195360
213 | 145045105 | 46.151923 | 0686189 | .0216676 | 263 | 16.2172747 | 51.283626.( .0616626 | .0194994
214 | 14.6287388 | 46.260134 | .0683586 | .0216169 | 264 | 16.2480768 | 51.380030, | .0615457 | .0194625
215 | 14.6628783 | 46.368092 | 0681994 | 0215660 | 265 | 16.2788206 | 51.478151 | .0614295 | .0154267
1 216 | 14.6969385 | 46.475800 | -.0880414 | .0215166 | 266 | 16.3095064 | 51.575188 | .0613139 .0193892
217 14.7300199 | 46.583259 | 0678844 | 0214669 | 267 | 16.3401346 | 51.672043 | .0611990 | .0193528
218 | 14.7648231 | 46.690470 | :0677285 | -0214176 } 268 | 16.3707055 | 51.768716 | .0610847 | .0193167
‘919 | 14.7986486 | 46.797436 | .0675737 | 0213687 | 269 | 16.4012195 | 51.865210 | .0609711 | .0192807
220 | 14,8323070 | 46.904158 | 0874200 | 0213201} 270 | 16.4316767 | 51.961524 | 0608581 | .0192450
991 | 14.8660687 | 47.010637 { 0672673 | 0212718 | 271 | 16.4620776 | 52.057660 | 0607457 | 0192005
‘|- 209+| 14.8006644 | 47.116876 | 0671156 | .0212238 | 272 | 16.4924225 | 52.153619 | .0606339 | .0191741
295 | 14.9331845 | 47.222876 | 0660650 | .0211762 | 273 | 16.5227116 | 52.249402 | 060522 | .0191300
294 | 14.0666295 | 47.328638 | 0668163 | 0211289 | 274 | 16.5529454 | 52.345009 | .0604122| .0191040
225 | 15.0000000 | 47.434165 | 0666667 | 0210819 | 275 |.16.5831240 | 52.440442 | :0603023 | .0190693
226 | 15:0332964 | 47.539457 0666190 | .0210352 | 276 | 16.6132477 | 52.535702 | 0601929 | .0190347
1 237 | 1570665192 | 47.644517 | 06863723 | 0209888 | 277 | 16.6433170 | 52.630789 | .0600842 | 0190003
558 | 15.0996680 | 47.749346 | 0662266 | .0209427 | 278 | 16.6733320 | 52.725705 | .0599760 | 0189661
230 | 15.1327460 | 47.853044 | 0660819 | 0208969 | 279 | 16.7032031 | 52.820451 | 0598084 | .0189321
230 | 1591657500 | 47.958315 | 0659380 | 0208514 | 280 |-16.7332005 | 52.915026 | .0597614 | 0188982
, '231“ 15.1986842 48.062459 | 0657952 | 0208063 | 281 | 16.7630546 | 53.009433 | .0596550- .oisjssw
235 | 15.2316462 | 45.166378 | 0856532 | .020761¢ | 282 | 16.7928556 { 53.103672 | .0595491 | .0188311 |
o35 | 15.2643375 | 48.270074 | (0655122 | 0207168 | 283 | 16.8226038 | 53.197744 | 0594438 | .0187978
283 1 152070585 | 48.373546 | 0653720 | 0206735 | 284 | 16.8522995 | 53.291650 | .0503391 | .0187647
235 | 15.3297097 | 48.476799 10652328 | .0206284 | 285 | 16.8819430 |.53.3856391 | .0592349 | .0187317
6 | 15.3622915 | 48.579831 | 0650945 | 0205847 | 286 | 16.9115345 | 53.478968 | -.0591312 .0186989
28 1573948043 | 48.682646 | (0649570 | .0205412.| 287 | 16.9410743 | 53.572381 | .0590281 |..0186663
&= I 4272485 |-48.785244 | (0648204 | .0204980 | 288. 16.9705627 | 53.665631 | .0589256 | 0186330
233. 1 4506248 | 46.887626 | 0646846 | .0204551 | 289 | 17.0000000 | 53.768720 | .0586235 | .0186016
1 240 | 15.4919334 | 48.989795 70645497 | 0204124 | 290 | 17.0293864 | 53.851648 | .0587220 | .0185095
: : 091751 | 0644157 | ,0203700 | 291 | 17.0587221 | 53.944416 | .0586210 | .0185376
Py 12-223;13; 23.193496 ‘0842824 | .0203279 | 202 | 17.0880075 | 54.037024 | .0585206 | .0185058
242 15'5884573 49295030 | 0641500 | .0202860 § 293 | 17.1172428 | 54.129474 | .0584206 | .0184742
gﬁ }5'6204994 49306356 |..0640184 | 0202444 | 294 | 17.1464282 | 54.221767 | .0583212 | .0184428
545 | 15.6524768 | 49.497475 | 0638877 0202031 | 205 | 17.1765640 | 54.313902 1.0582223 | 0184115
\ | 40.508387 | 0637677 | 0201619 | 296 | 17.2046505 | 54.405882 | .0581238 | 0183804
|18 15'6%3;;(1; ig 239395 "0636285 | 0201211 | 297 | 17.2336879 | 54.497706 | .0580259 | .0183494
247 '15'7480157 40709598 | 0635001 | 0200805 | 208 | 17.2626765 | 54.580376 | .0579284 { .0183186
ig %2'3797333 49899900 | 0633724 ( 0200401 | 299 | 17.2016165 | 54.680892 | 0578315 | .0182879
. y * 4 [
550 | 15.8113883 | 50.000000 -0632456 | .0200000 | 300 | 17.3205081 ;4.772256 .0577350 | .0182574
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FORMUTAE AND TABLES FOR STATISTICAT, WORK
TABLE 17.2. (continued). SQUARE ROOTS AND THEIR RECIPROCALS
n Nao Ni0n Yyva | yNion | » N N10n yNn 1Y Ton
301 | 17.3493516 | 54.863467 | 0576390 | .0182271 | 351 | 18.7349940 | 59.245253 | .0533761 | 0168790
302 | 17.3781472 | 54.054527 | (0575435 | .0181969 | 352 | 18.7616630 | 59.329588 | .0533002 | .0108550
303 | 17.4068952 | 55.045436 | 0574485 | .0181668 | 353 [ 18.7882942 | 59.413803 | .0532240 | 01068311
304 | 17.4355958 | 55.136195 | .0573539 | .0181369 | 354 | 18.8148877 | 50.497899 | 0531454 | 0168073
305 | 17.4612492 | 55.226805 | 0572598 | .0181071 | 355 | 18.8414437 | 59.58187¢ | .0530743 | .0107836
306 | 17.4928557 | 55.317267 | .0571662 | .0180775 | 356 | 18.8679623 | 59.665736 | .0529099 | 0167600
307 | 17.5214155 | 55.407581 | 0570730 | .0180481 | 357 | 18.8944436 | 59.749477 | .0529256 | 0107365
308 | 17.5499288 | 55.497748 | 0569803 | .0180187 | 358 | 18:9208870 | 59.833101 | .0528510 | .0167132
309 | 17.5783958 | 55.587768 | .0568880 | 0179896 | 359 | 18.9472953 | 59.916600 | .0527780 | .0166899
310 | 17.6068169 | 55.677644 | .0567962 | 0179605 | 360 | 18.9736600 | 60.000000 | .0527046 | .0166667
311 | 17.6351921 | 55.767374 | .0567048 | 0179316 | 361 | 19.0000000 | 60.083276 | .0526316 | .0166430
312 | 17.6635217 | 55.856960 | -0566139 | .0179029 | 362 | 19.0262076 | 60.166436 | .0525588 | .0166206
313 | 17.6918060 | 55.946403 | -0565233 | .0178743 | 363 | 10.0525589° | 60.249481 | .0524864 | .0165977
314 | 17.7200451 | 56.035703 | .0564333 | .0178458 | 364 | 19.0787840 | 60.332413 | .0524142 | -.0165748
315,| 17.7482393 | 56.124861 | .0563436 | .0178174 | 365 | 19.1040732 | 60.4156230 | .0523424 | .0165621
316 | 17.7763888 | 56.213877 | 0562544 | 0177892 | 366 | 10.1311265 | 60.497934 | .0522708 | .0i65295
317 | 17.8044938 | 56.302753 | .0561656 | .0177611 | 367 | 19.1572441 | 60.580525 | .0521996 | 0165070
318 | 17.8325545 | 56.391480 | 0560772 | .0177332 | 368 | 19.1833261 | 60663004 | .0521286 | 0164845
319'| 17.8605711 | 56.480085 | .0550893 | 0177054 | 369 | 19.2093727 | 60.745370 | 0520579 | 0164622
320 | 17.8885438 | 56.568542 | .0550017 | .0176777 | 370 | 19.2353841 | 60827625 | .0519875 | .0164309
1321 | 17.9164729 | 56.650862 | 0558146 | 0176501 | 371 | 19.2613603 | 60.909769 | .0519174 | .0164177
322 | 17.9443584 | 56.745044 | .0557278 | .0176227 | 372 | 19.2873015 | 60.991803 | .0518476 | .0163956
323 | 17.9722008 | 56.833089 | .0556415 | .0175954 | 373 | 19.3132079 | 61.073726 | .0517780 | .0163737
324 | 18.0000000 | 56.920998 | 0555556 | .0175682 | 374 | 19.3390796 | 61.165539 | .0517088 | .0183517
325 | 18.0277564 | 57.008771 | .0554700 | .0175412 | 375 | 19.3649167 | 61.237244 | .0516308 | .0163209
326 | 18:0554701 | 57.096410 | 0553849 | 0175142 | 376 | 19.3907194 | 61.318839 | .0516711 | .0163082
327 | 18.0831413 | 57.183914 | .0553001 | .0174874 | 377 | 19.4164878 | 61.400326 | .0515026 | .0162866
328 | 18.1107703 | 57.271284 | 0552158 | .0174608 | 378 | 19.4422221 | 61.481705 | .0514345 | .0162650
329 | 18:1383571 | 57.358522 | 0531318 | .0174342 | 379 | 19.4679223 | 61.562976 | 0513665 | .0162435
330 | 18.1659021 | 57.445626 | .0550482 | .0174078 | 380 | 19.4935887 | 61044140 | .0512989 | .0162221
331 | 18.193405¢ | 57.532509 | 0549650 | 0173814 | 381 | 19.5192213 | 61.725107 | 0512316 | .0162008
332 | 18.2208672 | 57.619441 | .0548821| .0173553 | 382 | 19.5448203 | 61.806149 | .0511845 | .0161796
333 | 18.2482876 | 57.706152 | .0547997 | .0173292 | 383 | 19.5703858 | 61.880094 | .0510976 | .0161685
334 | 18.2756669 | 57.792733 | .0547176 | .0173032 | 384 | 19.5959170 | 61.967734 | .0510310 | .0161374
336 | 18.3030052 | 57.879185 | .0546358 | .0172774 | 385 | 10.6214169 | 62.048368 | .0509647 | .0161165
336 | 18.3303028 | 57.065507 | 0545545 | 0172516 | 386 | 19.6468827 | 62.128808 ' 8
337 | 18.3576598 | 58 051701 | |0544735 | |0172260 | 387 | 19.6723156 | 62209394 | 0308350 | 9169748
338 | 18.3847763 | 58.137767 | 0543928 | .0172005 | 388 | 19.6077156 | 62.280646 | .0507873 | 0160540
339 | 18.4110626 | 58.223707 |".0543125 | 0171761 | 389 | 19.7230820 | 62.369865 | 0507020 | -0160334
3 4 58.309519 | .0542326 | .0171499 | 390 | 19.7484177 | 62.449980 | .0506370 | .0160128
341 | 18.4601853 | 58.395205 | 0541530 | .0171247 | 301 | 19.7737100°| 62 ' :
. . . .529993 | . .015092
342 |'18.4032430 | 58.480766 | 0540738 | 0170996 | 392 | 1017989899 | 63600903 | 0s0s0ss. | ‘olsev10
343 | 18.5202592 | 58.566202 | .0539949 | .0170747 | 393 | 19.8242276 | 62.689712 | .0504433 | (0159516
344 | 18.5472370 | 58.651513 | 0530164 | .0170499 | 394 | 19.8494332 | 62.760419 | 0503793 | .0159313
345 | 18.5741756 | 58.736701 | .0538382 | .0170251 | 30: “g4902¢ | | -015931;
. ) .0 395 | 19.8746069 | 62.849025 | .0503155 | .0159111
846 | 18.6010752 | £8.821765 | .0537603 | .0170005 | 396 | 19.8997487 | 62 )

46 | : . . .92 . .
347 | 18.6219360 | 58.906706 | (0536828 | 0169760 | 397 | 19.0248588 | 63007995 |. 9201988 | 91e0010
3481 186047581 | 58.991535 | 0536056 | 0169516 | 398 | 19.9499373 | 63.087241 |.0601255 | 0158511
350 | 15 oogoany | oo-0n6222 | 0535288 | 0169273 | 399 | 19.9749844 | 63.168447 | 0500626 | .0158312
. -160798 | .0534522 | .0189031 | 400 | 20.0000000 | 63.245553 | .0500000 | .0158114
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TABLE 17.4. HIGHER POWERS OF NATURAL NUMBERS

n ns 76 nt ns n nto ntt

1 1 1 1 1 1 1 1

2 32 64 . 128 256 512 1024 2048
3 243 729 2187 6561 19683 59049 1 77147

4 | 1024 . 4006 16384 65536 2 62144 10 48576 41 94304

5| 3126 15625 78125 3 90625 19 53125 97 65625 488 28125

6 | ‘7778 46656 279936 16 79618 100 77698 604 66170 3627 97050

7 | 16807 117649 - 8 23543 57 64801 403 53607 2824 75249 19773 26743

8 | 32768 2 62144 20 97152 167 77216 1342 17728 10737 41824 85899 34592

9 | 59048 5 31441 47 82969 430 46721 3874 20489 34867 84401. 3 13810 59609
n n1z nts . nté nts nte

1 1 1 : 1 1 1
2 4096 8192 16384 32768 65536
3 5 31441 ‘15 94323 47 82969 143 48907 430 40721
4 167 77216 671 08864 2684 35456 10737 41824 42949 67208
5 2441 40625 12207 03125 61035 15625 3 05175 78125 156 25878 90625
[ 21767 82336 1 30606 94016 7°83641 64096 47 01849 84576 282 11099 07456
7 | 138412 87201 9 68890 10407 67 82230 72849 474 75615 09943 3323 29305 69601
8 | 687194 76736 . 54 97658 13888 439 80465 11104 3518 43720 88832 28147 49767 10656
9 |28 24205 36481 254 18658 28320 2287 67024 54961 20589 11320 04649 1 85302 01888 1841
n n1t nts n1o n1o

1 _ 1 1 1 ’ 1.
2 1 31072 2 62144 5 24288 10 48576
3 . 1291 40163 3874 20489 11622 61467 34867 84401
4 | . 171798 69184 6 87194 76736 . 27 48779 06944 109 95116 27776
5 76 29394 53125 381 46972 65625 1907 34863 28125 9536 74316 40625
6 1692 66504 44736 10155 99566 68416 60935 97400 10496 - 3 65615 84400 62076
7 | 23263 05139 87207 1 62841 35979 10449 11 39889 51853 73143 79 79226 62976 12001
8 | 2 25179 98136 85248 18 01430 85004 81984 144 11518 80758 55872 1162 92150 46068 46976
9 |16 67718 16996 66560 15009463 52969 99121 1350 85171 76720 92089 12157 66545 90569 28801
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'17.5. ConvVERsioN OF NUMBER SYSTEMS
‘a. Introduction ' |

v Most of the digital computers carry out the arithmetical operations in
- number systems such as the binary (radix 2), ternary (radix 3), octal (radix 8) and hexa-
decimal (radix 16). Decimal numbers (radix. 10). have, therefore, to be converted
to other systems at the stage of input into the machine and the results at the stage of
output have to be converted back into the decimal system. Table 17.5 which’
furnishes positive and negative powers of 2, 3, 8 and 16, is useful for this purpose.
‘The table also gives three digited binary equivalents for numbers 0 to 7 and four
digited binary equivalents for numbers 0 to 15. ‘

b. Conversion bétween the decimal and other systems

Example 1. The number. 4
(367.6102),

in the octal system is. equivalent to
3% 836X 81T X 806X 8141 X8~ 0x 8-342x 8~
= (247.76113281 ...);q

in the decimal system. To arrive at this value, the positive and negative powers of
8 have been used from Table 17.5 (powers of eight). |

Example 2. To (}onvert (247.76113)y, into octal and hexadecimal systgms. The.
integral part 247 and the decimal part .76113 have to be considered separately.
To convert the former into the ootal system, it is first divided by 8 and the remainder
noted, the quotient is then divided by 8 and the remainder again noted; this is»conti-
nued until the quotient. obtagined‘is zero. Thus,

quotient remainder
2478 30 T
30 =8 3 6
3-8 0 3

Collecting the remainders,
) . » (247)10 = (367)8~

decimal part~.7611'3~, repe_atéd multiplieation by 8, cach time omitting
he unit’s place, is carried out as follows : .

76113 x 8 = 6.08004

,08904 X 8 = 0.71232

71232 x 8 = 5.69856

 As regards the
the integer in't

iolding (76113)1;=“ (605 ...)s The final answer is obtained by putting the two

s together. Thus,
(247.76113);, = (367.605,..);.

al system there are 16 symbols. The symbols-0, 1, ..., 9 may be used
w, z, y for 10, 11, 12, 13, 14, 15. The conversion of

- conversion

In the h'exaflecim
for the digits 0, ...s 9 and ¢, %, ¥,
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(247:76113),, is done as follows :

quotient * remainder
247 =16 15 7
1516 0 15=y

(24715 = (Y76
76113 16 = 12.17808
17808 % 16 = 2.84928
.84928 x 16 == 13.58848

(76118)y0 = (0 2w ...)y
(247.76118)y0 = (y7.0 2 W ... )y
: - Example 3. To convert (1000111000), in the binary system to decimal system.
1X29+1><25+1X24+1 X 23 = (568),y in the decimal sy stem as obtained by
usmg the powers of 2 given in Table 17.5 (powers of 2). Sumhrly,
(1100.1101)
=984-924-9-1:4 2721 94 — (12.8125),,
The conversion from decimal to binary system is done by successive divisions and
multiplications by 2 of the integral and deciinal parts respectively as in examplo 2.

b. Conversion between the bmary and octal or hexadecimal systems |

Example 4. Convert (1000111000), into octal system Thlq i3 done very easily
by breaking the given number into. sets of 3 digits and writing down tho octal
equivalent of each set using Table 17. 5 (binary equivalents). Whon an incomploto

set is found at the beginning, zeros are placed to complote it. Thus,
: 1,000, 111, 000

s witten- - ~ 001, 000, 111, 000
with octal equlvalents 1 0 7 0
giving. o (1,000, 111, 000),_(1070)8

The conversion from octal to bmary system congists in simply replacmg each octal
dlglt by the correspondmg tnple’o of the binary system using Table 17.5. Thus,
' (1 4 8) = (001, 100, 110), = (1100110),

Example 5. Convert (1100011 1011), into octal system The lelSlOII mto sets

is done as. follows v
"1, 100 011 101, 1 '
startmg from the left for digits preceding the binary pomt and from the right for digits

~ following the bmary point. - The mcomplete gety arée completed and the ocha,l equi-
vaients of the sets are writben

001, 100, 011 101, 100
" S0l 4 3.5 4
Thus, = C o (1100011.1011); =-(143.54) :

- Example 6 Convert (1100011 1011)2 into hexadecimal system.. The procedure
using. ‘the - equivalents given in Table 17.5 (bmarv eqmva,lents) is. the same as
mexample 5. : : :

* Such.simple methods are not genera]ly available. for conversion from one System
to another. To convert a number with radix-b to one with radix c,a generalt .

procedure is to- convert the number with radix & to decrmal system and then convert
1t to radix e.



MIS‘CELLAN‘EOUSI MATHEMATICAL FUNCTIONS

187
‘TABLE 17.5. CONVERSION-OF. NUMBER SYSTEMS
' POWERS OF TWO
N ‘ on ) 9-n
o 1 1.0 , .
_?]; 2 0.5
4 0.25
3 8 0.125
4 16 0.062 5
g 32 0.031 25
. “64 0.015 625
7 128 0.007 812 &
8. 266 0.003 908 26
9 512 0.001 953 125
10 102¢ 0.000 976 562 &
ar 2 048 0.000 488 281 25
12 4 096 0.000 244 140 625
13 8 192 0.000 122 670 312 5 °
14 16 384 0.000 061 035 156 25
15 32 768 0.000 030 517 578 125
16 65 536 0.000 015 258 789 062 &
17 131 072 0.000-007 620 394 531 25
18 262 144 0.000 003 814 697 285 0625
19 524 288 0.000 001 907 348 632 812 &
20 1 048 576 0.000 000 953 674 316 406 26°
21 2 097 152 0.000 000 47g 837 158 203 125
' 4 194 304 0.000 000 238 418 579 101 562 &
§§ 8 388 608 0.000 000 119 209 289 550 731 25
24 16 777 216 0.000 000 059 604 644 775 390 625
25 33 554 432 0.000 000 029 802 322 387 695 312 5
26 67 108 864 0.000 000 014 901 161 193 847 656 25
27 134 217 728 0.000 000 007 450 580 596 923 828 125
28 268 435 456 0.000 000 003 725 200 298 461 914 062 5
29 536 870 912 0.000 000 001 862 645 149 230 957 031 25
30 ‘1 073 741 824 0.000 000 000 931 322 574 616 478 515 625
31 2 147 483 648 0.000 000 000 405 661 287 307 73D 257 812 5
a9 4 294 967 296 0.000 000 000 232 830 643 653 869 628 906 25
8 589 934 692 0.000 000,000 116 415 321 826 934 814 453 125
- §Z 17 179 869 184 0.000 000 000 058 207 660 913 467 407 226 562 5
35 . 34 359 738 368 0.000 000 000 029 103 830 456 733 703 613 281 25
26 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 640 625
137 438 953 472 0.000 000 000 007 275 957 614 183 425 903 320 312 5
33 . 974 877 906 944 0.000 000 000 003 637 978 807 091 712 951 660 156 25
'_29 . 549 756 813 888 0.000 000 000 001 818 989 403 545 856 475 830 078 125
POWERS OF EIGHT
. 8n 8-n
—_— 1 1.0
0
8 0.126
1 64 0.015 625
g 512 0.001 953 125
' 40 98 0.000 244 140 625
4 32 768 0.000 030 517 578 125
5 262 144 0.000 003 814 697 265 625
- g 2 097 152 0.000 000 476 837 168 203 125
o 16 717 216 0.000 000 059 604 644 775 390 625
8 134 217 728 0.000 000 007 450 530 596 923 828 125
9 1 073 T4l 824 0.000 000 000 931 322 574 615 478 515 625
10 .5 580 934 592 0.000 000 000 118 415 321 826 934 814 453 125
" 68 710 476 738 0.000 000,000 014 551 915 228 366 851 806 640 625
}g 549 765 813 883 0.000 000 000 001 818 989 403 545 856 475 830 078 125
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POWERS OF SIXTEEN

n 167 . 16-n

0 1 1.0

1 16. 0.062 5

9 256 0.003 906 25

3 4 096 0.000 244 140, 625

4 65 536 9.000 615 258 789 062 5

5 1 048 576 0.000 000 953 674 316 406 25

6 16 777 216 0.000 000 059 604 644 775 390 625

7 268 435 456 0.000 000 003 725 290 298 461 914 062 5

8 4 294 967 296 - 0000 000 000 232 830 643'653 869 628 906 25

9 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 640 625
POWERS OF THREE

n . 3 3-n

0 1 1.0

1 3 0.333 .

2 9 0.111 11

3 27 0.037 037

4 81 0.012 345

5 243 0.004 115 2+

6 729 0.001 .371 7+

7 2 187 0.000 457 24*

8 8 561 0.000 152 42*

9 - 19 683 0.000 050 806*

10 59 049 0.000 016 935*

11 177 147 0.000 005 644 0%

12 531 441 0.000 001 881 6%

13 1 594 323 0.000 000 627 21*

14 4 782 969 -0.000 000 209 07*

15 ‘14 348 907 . 0.000 000 069 695*

16 .43 046 721 0.000 000 023 232*

17 129 140 163 0.000 000 007 743 8*

18 387 420489 0.000 000 002 531 3*

19 1162 261 467 0.000 000 000 860 44*

20 3 486 734 401

0.000 000 000 286 81*

*Note : The lé.st_ ﬁgure may be in doubt and is 'f;or rounding-off purposes only.

THREE AND FOUR DIGIT BINARY

"EQUIYALENTS
number three digit four digit -
binary binary
0 000 0000
1 001 0001
2 010 0010
3 011 0011
4 100 0100
5 101 0101
6 110 0110..
7 11 0111 .
i 1000~
9 1001
10. 1010
11 1011
12 . 1100
%i 1101
15 1110

-




"~ % Prime numbers

are in bold face. '
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TABLE 17.6. . PRIME FACTORS OF NATURAL NUMBERS
n- ‘fa_ctots n . factors n fac’tbrs n . factors ” factors
1% 51 3.17 " 101 151 201 3.67
2 52 2:.13 102 2.3.17 152 28.19 202 2.101
3 53 § 103 163 32.17 203 7.29
4 @ 54 2.3 104 2313 164 2,741 204  22.3.i7
5 5  5.11 105 3.5.7 155 5.31. 205  5.41
6 2.3 56 23.7 106 2.53 156 2:.3.13 206 2.103
7. 57 3.19 107 157 207 32.23
8§ 2 58 2.29 108 22.33 158 2.79 208 21.13
9. 3 59 : 109 159  3.53 200 11.19
©10 2.5 80  2:.3.5 110 2.6.11 160 25.5 210 2.3.5.7
1 61 111 3.37 161 7.23 211 )
12 2.3 62 2.3 112 2.7 102 2.34 212 20.53
13 63 32.7 113 163 213 3.71
14 9.7 64 26 114 2.3.19 166 22,41 214 2.107
16 3.5 .66 5.13 115 5.23 166 3.5.11 215 5.43
% o 66 2.3.11 116 22.29 166 2.83 216 925.3
17 67. - 117 32.13 167 217 71.31
18 2.3 68 . 22.17 18 2.59 168 23.3.7 218 2.109
1 69 3.23° 9 7.17 169 132 219 3.73
2 205 70 2.5.1 120 23.3.5 170 2.5.17 220 - 22.5.11
' "o 121 112 171 3:.19 221 13,17
gé 331 ;2‘ 23,32 122 .2.61 172 22.43 222 2.3.37
25 v 13 . 123 3.41 173 223
51 25.3 74 2.3 124 2: 31 174.  2.3.29 224 | 25.7
2 5 3.5 125 bS. 175 52.7 925 32.52
. 2,19 126 2.32.7 176 2411 226  2.113
% 5513 33 ‘ g1.11 127 177 3.59 227 ,
- 78 2.3.13 128 21 178 . 2.89 228  2:.3.19°
28 2 9 T 120 3.43 179 229
2 2.3.5 80 2.5 10 2.5.13 || 180 22325 230 2.5.23
, g1 34 .- 131 181 231 3.7.11
31 2.41 132. 22.3.11 182 2.7.13 232 923,29
32 9 82
1 " 83 133 7.19 183 3.61 238
33 3.1 81 22.3.7 134 2.67 184 29.23 234 2.3:1.13
e 2.1 85 517 || 135 3.5 185  5.37 235 5.4
UGS . 136 28.17 186  2.3.31 236 22.50
36 .32 gg 3433 137 187 1.y 237 3.79
37 . g8  28.11 138 2.3.23 188 2247 238 2.7.17
38 2.19 89 139 189 337 239
ig g;l.g 90  2.31.5 140  2:.5.7 190  2.56.19 240 24.3.5
. 141 3.47 191 241
> S | 3; ;5.1233 142 2.1 193 28,3 242 2.1
42 2.3.7 4 g3 331 143 11.13 193 243 3.
:2 22.11 94  2.47 - 144 2.3 igg 3'2713 244 §z'}§1
et 5.19 135 6.29 ; 5. 2 .
46 32.6 95
~ 2 146 2.73 196 2172 246 2.3.41
a6 2.28 9 s 1 3 197 Al 247 130
47 : Y 4 22.37 108 :2.32.11 248 28.31
g 1.9 98 2.7 148 3 A
48 2. 9o 3111 149 199 249 3.83
49 ;251~ 100 . 2.6 1650 2.3.52 200  23.52 260  2.5°
B0 2.8 - : )
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factors

n

n factors n " factors n_  factors n factors
254 301 7.43 351 3313 401 451 . 11.41
252 22.3:.7 302 | 2.151 352 . 25.11 402 2.3.67 452 2:.113
253 11.23 303 3.101 353 403 13.31 453 3.151
254 2.127 304 21.19 354 2.3.59 404 92:.101 - 454 2.227
255 . 3.5.17 305  5.61 355-° B5.11 405 345 - 455  5.7.13
256 28 306 2.32.17-/| 356  22.89 406, 2.7.29 456 23.3.19
257 , 307 357 3.7.17 {| 407 11.37 457 .

258  2.3.43 308 .7 2:.7.11 ||, 358  2.179 - 408  23.3.17 458 2.929

259  7.37 300 3.103° {| 359 409 _ 459  38.17
260  22.5.13 310°. 2.5.31 360 29.3:.5 410 2.5.41 460  2:.5.28
261  32.29 311 : 361 190 411" 3.137 - 461
262 2.131 312 2:.3.13 || 362 2.181 412 22.103 462 2.3.7.11

. 263 ' 313 363 3.1l 413 1.59 463

264 25.3.11 314 2.157 364 22.7.13 414 2.32.23 464  24.29
265  5.53 315 . 3:.5.7 365 - 5.73 415  5.83 465 3.5.31
266  2.7.19 || 3is 9:.79 366 2.3.61 416 95.13 466" - 2.233
267  3.89 317 367 . - 417 3.139 467

268 2267 || 318 ~2.3.53 368 . 21.23 418 2.11.19 468 $2.32.13
269 . 818 - 11.29 369 - 32.41 419 : ' 469  7.67
270 2.33.5 1| . 320 2.5 370 2.5.37 420 22.3.5.7|| 470 2.5.47
ou 321 3.107 371 17.53 421 :

T972 2417 822 2.7.23 || 312 2:.3.31 422 2.2n1 i?ulz 23155;
9 T 49 3

273 3.7.13. 323~ 17.19 || 373 L 423 3247 473 11.43
274 . 2.137 324 2234 374 2.11.17 424 93.53 474 2.3.79
275 .11 325  52.13 £ 375 3.5 425 5217 475 519
276  92:.3.93 326 - 2.163 376 23.47 426 2

277 327 3.100 377 13.29 427 3:217? e H

278 2.139 328 23.41 318 2.88.7 428 922,107 478 2.839
279 32.31 329 7.47 1 I 429 - 3.11.13 || 479 '

280.  2.5.7 || 330 2.3.5.11| 380 2:.5.19 || "130 9543 480  95.3.5
281 331 , 381 3,127 : ‘

282 2.8.47 332-  22.83 382 2.191 i‘;’é -91.33 9 Iaar
e 293 3005 . Loes 482 2.941

; - : 383 : 433 483  3.7.23
284 9171 334 2.167 38¢ . 21.3° 434 .2.7.31 484 2. 112
285  3.5.19 || 335 5.67 38 5.7.11 435 3.5.20 85 5o
286 9.11.13 336 2037 || ) . :

287 7.41 337 o PR 133' oy e a8 2.

. 87  32.43 437 19.23 487 ‘
288 95.3 338 2132 388 . 22.97 438  2.3.73 48 -
289 172 339 3.113 389 - ‘a3 48 2.6l
290 2,5.29 40 251711 390 23503 4do  gasar || g . ool
201 3.97 || 841 1131 391 17.23 : 2 :
292 . 22.73 342 2.32.19 392 237 4is ERTor | ) al
293 343 . 73 393 3.131 a3 Y 402 22.3.41
204 2.3.72 344 2343 304 2.197 e | B
295 5.59 345 3.5.23 395 5.79 445 - 5.89 05 5
296 23,37 346 2.173 396 2.3, . ' :
297 39,11 347 T S v A
208 2.149 348 22.3.29 398 2,199 48 . o 79 497 7.7
299 . 13.23 349 . 3% 3.7.19 a9 o 2388
300 -.i22.3.52 350  2.50.7 1| 400 2.5 450.  2.32.5: ggg 2.5
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2.52.11 |

n  factors n  fictors n - faét{ors n - factors n . factors
501 . 3.167 551 19.29 601 _ e51  3.7.31 || 701
502 2.251 552 23.3.23 || - 602  2:7.48 || - es2z  2:.163 || 702  2.38.13
503 553 17.79 603 32.67 653, : 703 19.37
504  23.32.7 || . 554 . 2.277 . 604 22,151 || . 654  2.3.109 704 28.11
505  5.101 555 3.5.37 605 .5.11 655  5.131 705 3.5.47
506 2.11.23 || 556  22.139 606 2.3.101 |} 656 2041 706 - 2.353
507  3.132 ‘557 607 . 657 3273 || --707°  7.101
. 508 22.127 558 . 2.32.31 608 25.19 658  2.7.47 || 708  22.3.59
509 ., 559 13.43 || 609 - 3.7.29 659 ' ST09 . -
510, 2.3.5.17|| 560 24.5.7 610 2.5.61 660 223511 7Io. 2.5.M
511 7.73 561 3.11.17[| 611 13.47 661 711 3279
512 29 562 2.281 612 22.3:.17|| 662  2.331 712, 23.89
513 -33.19 563 : 613 663 . 3.13.17 || 713  23.31
514 2.257 564 22.3.47 614. - 2.307 664 ~ 23.83 714 . 2.3.7.17
515 . 5.103 " 565, 5.113 615 - 3.5.41 665 . 5.7.19 715 5.11.13
516 22.3.43 || 566  2.283 816 20.7.11.|| 666 - 2.32.37 || 716 22,179
517 11,47 || 567 347 L7 667  23.29 717 3.239 .
518 2.7.37 || - 568  23.71 61§  2.3.103 668 . 2:.167 718 2.359
519 3.173 569 - {1 619 669  3.223 719 ~
520 23.5.13 570 2.3.5.19{ 620  22.5.31 670 2.5.67 720 2¢.32.5
521 571 621 733.23 e71  11.61 721 7.108
522 2.32.20 || 572 g:.1l.a3l 622 . 2.311 672  25.3.7 || . 722 2.19%
523 . . - - 573 .3.191 623  .7.89 673 ' 723 3.241
. 524 22,181 574 2.7.41 624 24.3.13 674  2.337 724 2:.181
625 .8.52.7 © 576 52.23 625 5¢ 675  33.52 725  52.29 .
526 2.263 576 96.32 626 2.313 . 676 22.132 726 2.8.11z-
527, 17.31 577 - o 627  3.11.19 677 727
528 24.3.1 §78  2.172 628  22.157 678 2.3.113 728 23.7.13
529~ 232 579 - 3.193 629 17,37 679  7.97 729 - 3
530  2.5.53 580  2:.5.29 630 2.32.5.7| 680 23.5.17.|| 730 2.6.73 |.°
531 32.59 581 7.83 631 . 681  3.227 731 17.43 -
532 92.7.19 582 2.3.97 632 20,79 .|| 682 | 2.11.31 732 22.3.61
533 13.41 || 583, 11.53 633  3.211 683 _ 733
534  2.3.89 584 23.73 63¢  2.317 684  22.32.19/| 734  2.367 -
535 5.107 585 32.5.13 635 . 5.127 685  5.137 - || 735 3.5.7
. 586 2.203 636  20.3.53 || 686~ 2.79 736  95.23
gg? : 1% 587 837  72.13 687  3.229 737 11.67
538 - 2.269 588 .. 22.3:72 638 - 2.11.29 688  24.43 738  2.32.41
Ba0 711 589 19.31 639. . 32.71 689  13.53 || 739 - .
340  22.33.5-|| 590  2.5%59 640  21.5 690  2.3.5.23]] 740 - 22.5.37
541 : B9l 3.197 641 691 741 . §.13.19
213 2.271 203 24.37 042 - 2.3.107 63 22178 4 2:7.53
- - 93' . . . 2.7, ‘
gii Sg 1?71 294 2.33.11 644  22.7.23 694 2.347 744 23.3.31
545  5.109 595 5.7.17 645  3.5.43 695 5.139 745 5.149°
s zsnagl| we e || Mo 2aT10| e mam ) g SN
A 507  3.199 . .3
ggr 9,197 || 698 2.13.23 (] 648  23.3¢ 698  2.349 748 22.11.17
549  37.6l - 599 , 649  11.59 699  3.233 749 7.107
550 : 800  23.3.52 650  2.52.13 700  -22.5%.7 750  2.3.58
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TABLE 17.6. (dontinued.) PRIME FACTORS OF NATURAL NUMBERS
'ﬁ jfa.c’:tors n .'fa.acfors ' ) fa.ctofs ] n factors n factors
£ — ,"-. - 3 3 .- 17
751 " 801 39.89 851 ' 23.37 901 17.53 951 3.3
752 94.47- 802  2.401 852 2:.3M1 902 2.11.41 952 28.7.17
753 . 3.25F 803  11.73 853 903  3.7.43 953 o5
754 2.13.29 go4  22.3.67 854  2.7.61 904  23.113 . 954  2:82:5
765  5.151 805  5.7.23 855  82.5.19 | 905  5-181 955  5.191
756 © 22.33.7 806  2.13.31 856  23.107 006  2.3.151 956 2:.239
57 807  3.269 357 907 , N o577 312
758  2.379 808 -23.101 @58 2.3.11.13|| 908  22.227. 958  2.479
959  3.11.23 309 859. 000  3:.101 . f| 959 7.137
760 23,5.19 810. 2.31.5 860 20.5.43.|| 910 2.5.7.13)] 960 28.3.5
761 811 - 861 3.7.41 911 , 961 31z
762 2.3.127 812 -~ 92.7.29 862  2.431 912 - 91.3.19 962 . 2.13.37
763  7.109 s13  3.271 863 913  -11.83 063  32.107
764  22.191 ‘814 2.11.37 864 95.33° 914  2.457 064 20.241
765  3:.5.11 815  5.163 865  5.173 915  3.5.61 965  5.193
766 2.383 816  2¢.3.17 866 2.433 916  22.229 966 2.3.7.24
767  13.69 817 - 19.43" 867  3.17° 917 17.131 967
768 28.3 818 2.409 868 22.7.31 918 9.33.17 968 23,112
769 819 . 32.7.13 869 11.79 - ‘919 - _ 968  3.17.19
70 - 2.5.7.10) s c2=5.41 570  2.3.5.20|| 920 ~23.5.23 970 2.5.97
71 3.267 821 : 871 13.67 921 3.307 974
772 212:193 822  2.3.137 872 23.109 922 2.461 972 92¢.35
3" . 323 o §73  32.97 993 . 13.71 973 7.139,
w74 2:32:43 824 23,103 874" . 2.19.23 {| 924 22.3.7.11 974 2,487
715 51.31 825 - 3.52.11 81 5.7 ~925  5:.37 975 3.52.13
776 23.97 826 .2.7.59 876 2:.3.73 926 2.463 976 24.61
71T 8.7.37 827 » . 877 A 927 - 3:.103 977
778 2.389 828 "92.32.93fl- 818  2.430 028 925.29 078 9.3.163
9 19.41 - 829 - i 81 3.293 929 ) 979 - 11.89
780 2:.3.5.13]° 830 " 2.5.83°}] '880  20.5.11 930 - 2.3.5.31}| 980 2:.5.72
780 171 |[P7em os.emr || sst 931 A oS 32.10¢
782 2.17.23 832 26,13 882 2.32.72 932 9z _.2J b;]; i 109
: 92,233 982 .401
783" 32.29 833 7217 883 . 933 3.311. ogs "
784 4.7 R34 2.3/139 884 22.13.17 034  2.467 084  23.3.41L
785. 5.157 %5 5.167 $85  3.5.59 935. 5.11.17 085 5.197
786 2.3.1314] . a6 2vyiad) sse 2o 5536 25.82,13 o8 2.17.2
- 1817 . : | 837 33.31 . 887 S 937 i a7 5%74;9
(788 . 9197 838 - 2.419 - 888 - 24.3.37 || 938 2.7.67 986, 22.13.19)
789 3.263° 330 H-osse 72 | ez 3ims 989 23.43
a0 25.19 | ss0  ewszal s 2sisy || s |l e 2imsan
791 7.113 . || -sat 20 8ol 3411 9% : '
792 2s.ge ] cse2 2.43l 892 22.293 94; 2.4.157 .3& 2531
7793 13.61 843 3:281 893 1047 |} “oas  emiar 993 3.331
704 .2.397 844 22211 894  2.3.149 ;| 944  2¢.59 994  2.7.71
795 %.5:53 1] 846 5% 895 5.179 | s 357 || 095 5.199
Te6 22,199 Jsle 2. 896 21.7 M6 2114  ane o 5
797 | , s 7L i My A3 _g_;g 22 3.83
799 17.47 54yt 3.283" %90 30.31 ] o4y 1333 voa et
95 K : o ” - t . - B .
800 25 .52 850 -4;52,‘1 900 2.-.' 32,52 g\ 030 2 52,19 1000 21 k3
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MISCELLANEOUS MATHEMATICAL FUNCTIONS
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196 . FORMULAE AND TABLES FOR STATISTICAL WORK

17.8. BerNovLLl AND EurLEr NUMBERS

The Bernoulli numbers B, and Fuler numbers E, of order ® of Table 17.8 are
defined by o : :

‘Note that for odd values of n both B, and E, are equal to zero, excluding of course
B, which is equal to —}. The values of the first few numbers are

~n K S 10 12
B p L ot 11 1 5 691
n ' - 2 6. 3. @2 30 66 2730
E, . 1 0 —=1. 5. —61 1385 —50521 270266

Computing thg sum of intégml powers of integ'ers. The sum S,,(‘N )=1?
+-274-...4N?is frequ?ntly needed in statistical work. For example eonsider

» N7 ' a random
sample of size » drawn with replacement from a finite population of N uni

ts and let

V denote the number of distinet units appearing in the sample. The. expected value

of 1/V can be expressed as E(1/ V)y=8,N )IN-*. In terms of Bernoulli numbers,
»

. 5 1 _— -
s = £ [(” 4; ) B,(N+l)”-"+1:, [@+1). Wo have thus

| W
1 |N(V+1) -2

2 ﬁ(N-}’-l)(2N+1) =6

3 |NAN4-1)2g

4 NN+ DEN+1)3N2+3N—1). =30

5 INYN+IPEN2LON—1) =12 ,
6 [N(N+ 1)(2N-|;1)(3N4+6N3—3N+1) 42
T NSNS 6NN 4N 4 9) - g

N(N+1)(2N+1)(5N“+15N5+5N4—~15N3—N3+9N—.3) -+ 90
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TABLE 17.8. BERNOULLI AND EULER NUMBERS AND THEIR LOGARITHMS

logyo | Ban)

|Bzg | *

logio| Banl

| Ezal

o
OWRIAM TR N

g bt ok ok
i 02 DO

DD et bt ok et
[=%°-X-- B8 B--N

1]
-

SRR R O]
[+ WO ]

LRI
[==I=-R0 s R~

[FNX)
(AN

LI
Ly

WL W
[T=N7 - R

40

— 77815 12504
—1.47712 12547

—1.62324 92904°

—1.47712 125647
—1.12057 30312

— .59668 45997
0.06694 67896
0.85077 83327
1,74013 50433
2.72355 76597

3.79183 95878
4.93741 88511
6.15397 24516
7.43613 45056
8.77929 40203

10.17944 59554
11.63307 90755
13.13708 98839
14.68871 54679
16.28548 03295

"17.92515 37399
19.60571 51352
21.32532 57440
23.08230 51026
24.87511 14562

'26.70232 52332
28.56263 51260
30.45482 61057
32.37776- 92183
34.33041 27436

36.31177, 45314

38.32003 53181

40.35703 28735
42,41925 68522
44.50084 42463

46.61907 53547
© 48.75527 01978
50.91478 53168
-53.09701 09079
55.30136 82495

" 57.52730 73841
59.77430 50258
62.04186 26650
64.32050 48541
66.63677 76334

68.96324 71164
71.30849 81818
73.67213 32834
76.05377 13567
78.45304 63146

.16666. 6667
.03333 3333
.02380 9524
.03333 3333
07676 1576

25311 3553
1.1668 6667
7.0921 5686

" 54.971 1779

520.12 4242

6192.1 2319
86580. 2531
14255 17.17

97298 231.1
80158 0874
15116 3158(2)
42961 4643(3)

- 13711 6552(5)
48833 2319(6)
19296 5793(8)

- 84169 3048(9)
40338 0719(11)
21150 7486(13)
‘12086 6265(15)
75008 6675(16)

50387 7810(18)
36528 7765(20)
28498 7693(22)
23865 4275(24)

21399 9493(26)

20500 9757(28)
. 20938 0059(30)
22752 6965(32)
26257 7103(34)
32125 0821(36)

41598 2782(38)
56920 .6955(40)
2183 6204(42)
12602 9043(45)
20015, 5832(47)

33674 9829(49)
59470 9705(51)
11011 9103(54)
21355 -2595(56)
43328 8970(58))

91885 5282(60)
20346 8968(63)
47003 8340(65)
11318 0434(68)
28382 2496(70)

-0.0000 0000 0000
0.8989 7000 4336
1.7853 2083. 5011

- 3.1414 4977 3400 |

4.7034.7193 8284

6.4318 0828 6306
8.2096 4016 2027
10.2876 1167 6568
12.3810 9335 1978
14.5686 3719 4867

16.8410 3941 6358
19.1907 3874 0073
21.6114 1234 2856
24,0976 9438 4097
|28.6449 7388 2655

29.2492 4580 0749
31.9069- 98903609
34.6151 2969 4666
37.3708 7526 1289
40.1717 6010 5584

43.0155 5349 8641
45.9002 3487 6646,
‘48.8239 65646 8043
51.7850 6480 9294
54.7819 9113 9598

57.8133 2490 5271
60,8777 5478 0634
63.9740 6574 3074
67.1011 2883 8249
70.2578 9234 6215

73.4433 7411 6664
76.6566 5488 6041
79.8968 7242 41656
83.1632 1638 .5512

- 86.4549 2376 2203

89.7712 7485 3293
93.1115-8967 -9184

- 96.4752 2478 0696

99,8615 7035 4499

103.2700 4767 8721

106.7001 -0679 5923
110.1512 2442 0201
113.6229 0204 3198

117.1146 6421 3908

120.6260 5697 5931
124.1566 4644 1537

. 127.7060 1748 9631

131.2737 7257 3899
134.8595 3062 9797

138.4629.2607 0334

" 1939151

1

5

61

1386

.5 05621

270 2765
19936 0981
2146
2404879 675(3)
3703711 882(5)

6934887 439(7) .
1651453 416(10) |
4087072 509(12)
1262259 641(15) -
4415438 932(17)

1775193 916(20)
8072329 924(22)
4122206 034(25)
2348958 053(28)
1485115 072(31)

1036462 273(34)
7947579 423(36)
6667537 517(39)
6096278 646(42)
6053285 248(45)

6506162 487(48)
7546659. 939(51)
9420321 896(54)
1262201 925(58)
1810891 150(61)

2775710 170(64)
4535810 333(67)
7886284 207(70)
‘1456184 438(74)

2850517 832(77)

59056747 208(80)

-1202973- 664(84)

2986928 183(87)
7270601 714(80)
1862291 576(94)

- 5013104 941(97)

1416526 576(101)
4196643 164(104)
1302159 591(108)
4227240 686(111)

1434321 279(115)
5081799 072(118

1878332_936(122%
7236534 381(125),
2903528 347(129)

Note: For larger values of n, values

of {Bzp| and {Hun} are given correct to 9 and 10 significant

digits réspecbively. “The pumber in parenthesis following |Bin| and |H:n{ is the power of 10 by which
the given tabulsr quantity must be muitiplied.

*Ban
if » is odd,

is pdsitiw;e'if'ﬂ is odd and negative if n is even while Hqn is positive if » is even and negative
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TABLE 17.6, COMMON LOGARITHMS -

(six-figure)
nnwm § ) differ-
‘ber 0 1 2 3 4 . B 6 T 8 . 9 ence
100 00 0000 0434 0868 1201 1734 2165 = 2598 3029 3461 3891 432
1101 4321 4751 5181 5609 6038 6466 6894 7321 7748 8174 428
102 8600 9026 9451 ~ 9876 #0308 0724 1147 1570 1993 2415 424
103 | 01 2837 3259 3680 4100 4521 4940 5360 5779 6197 6616 420
104 7033 7451 7868 8284 8700 9116 9532 9947 0361 0775 416
105 § 02 1189 1603 2016 2428 2841 3252 3664 4075 4486 4896 412
106 5306 5715 6125 6533 6942 7350 7757 8164 8571 8978 408
107 9384 9788 %0195 0600  100¢ 1408 1812 2216 2619 3021 404
108 | 03 3424 3826 4227 4628 5029 5430 5830 6230 6629 7028 400
109 7426 7825 8223 8620 9017 9414 9811 #0207 0602 0998 397

110 | 04 1393 1787 2182 2576 2069 3362 3756

_ 4148 4540 4932 | 303
111 5323 5714 6105 6406 6885 7275 7664 8053 8442 8830 | 390
112 | 9218 9006 9993 0380 0766 1153 1538 1924 2309 2694 | 386
113 | 05 3078 3463 3846 4230 4613 4996 5378 5760 6142 6524 | 383
114 6905 7286 7666 8046 8426 8805 9185 9563 9942 %0320 | 379
115 | 06 0698 1076 1452 1829 2206 2582 2058 3333 3709 4083 | 376
116 4458 4832 5206 5680 5953 6326 6699 7071 7443 7815 | 373
117 | 8186 8557 8928 9208 9668 0038 0407  0776. 1145 1514 | 370
118 | 07 1882 2250 2617 2085 3352 3718 4085 4451 . 4816 5182 | 366
119 (5547 5912 6276 6640 7004 7368 7731 8004 8457 8819 | 363
120 | . 9181 9543 0004 #0266 0626 0987 1347 1707 2067 2426 | 360
121 108 2785 3144 3503 3861 4219 4576 - 4934 5291 5647 6004 | 357
22 | 6360 6716 7071 7426 7781 8136 8490 8845 9198 9552 | 334
123 1 9905 0258 0611 0963 1315 1667 2018 2370 2721 3071 | 359
12¢ 1003422 3772 4122 4471 4820 5169 5515 5866 6215 6562 | 349
126 6910 7267 7604 7951 8208 8644  §990 9335 9681 =
126 | 10 0371 0715 1059 1403 1747 2091 2434 2777 31%51; 3459 gig
127 | 3804 4146 4487 4828 5169 5510 5851 6191 6531 6871 | 341
128 7210 7540 7888 8227 8565 8903 9241 9579 9916 *0253 | 338
129 |11 0580 0926 1263 1599 193¢ 2270 2605 ° 9940

w 8275 3609 | 335

130 - 3943 4277 4611 4944

‘ 5278 5611 5943 6296 66 6940

131 7271 7603 7934 8265 8505 8928 9256 9536 99(1’2 *ggig ggg
132 112 0674 0903 1231 1560 1888 2216 2544 9871 37198 3525 328
133 . 8862 4178 4504 4830 5156 5481 5806 6131 6456 6781 225
134 7105 7420 7153 - 8076 8300 8722 0045 9368

9690  *0012 323
135 | 13 0334 0655 0977 1208

1619 1939 2260 2580 29
136 3539 3858 4177 4496 4814 5133 5451 5769 %322 ﬁié?, gig
137 8721 7037 7354 7671 7987 8303 8618 8934 9249 950 316
138 9879 +0194 0508 0822 1136 1450 1763 2076 2389 2702 | 314
139 114 3016 - 3327 3639 3951 4263 4574 4885 5196 5507 5315 | 811
140 | 128 6438 6748 7058 7367 7676 7985  goes 8603 8911 | i
41 | 9219 9527. 9835 #0142 0449 0756 1063 1370 lggg ?ggé ‘éig?
142 1152288 2694 2000 3206 3510 3815 4120. 4494 4798 5033 305
18] 3335 et Gaes M6 Gad0 6@  7Ist 4T 7759 sopr | 803
. . -8382 . 2t 9567 9868  x0168 0469 0769 1068 301
145 |16 1368 - 1667 1967 2265 2564 2863 3161 84
146 4353 - .‘4650v 4947 5244 5541 5838 6134 6438 gggg %ggg ggg
147 7317 ©.7613 . 7908 8203 8497 8702 9086 9380 9674  9o5s 204 |
48 |17 0262 0505 ~ 0848 11 1434 1726 2019 3311 2603 205 | 209
149 8186 3478 3789 4060 4351 4641  4932. 5292 5512 505 | 290,
#An ssterisk and a bold figure indicate that a change has oc

! ; t ‘ cured in the first of”
tiasa, shown separately in the first column immediately following the num'b_er? ﬁ?h\f:ﬁgﬁ ii‘iﬁs :.-f;hl%{)n&%.

To obtein natitral logarithm (to base ¢) multiply by 2.3026851,
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MISOELLANEOUS MATHEMATICAL FUNCTIONS 199
TABLE 17.9. (continued).. COMMON LOGARITHMS
{¢ix-figure)
num- ] - differ-
ber 0 1 2 3 4 5 6 7 8 g | ence
150 (17 6091 6381 6870 . 6959 7248 7536 7826 8113 8401 8689 | 289
151 8877 9264 9552 983D #0126 0413  0699. 0986 1272 15568 | 287
152 | 18 1844 2120 2415 2700, 2985 3270 3555 8839 4123 4407 285
153 4691 4975 5259 56542 5825 6108 6391 6674 6956 7239 | 283
154 7521 7803 8084 8366 8647 8928 9209 9480 9771  +0051 281
165 | 19 0332 0612 0892 1171  ¥451 1730 2010 2289 2567 2846 279
158 3125 3403 2681 3950 4237 4514 4792 5069 5346 5623 § 278
157 5900 6176 6453  6720. 7006 7281 7556 7832 8107 8382 | 278
158 |- 8857 8932 9206 9481 9755 @029 0303 0577 0850 1124 § 274
150 | 20 1397 1670 1943 2216 2488 2761 3033 3306 3577 3848 | 272
180 4120 4391 4663 4934  B204 5475 5746 6016 6286 6556 271
161 6826 7096 7365, 7634 7904 8173 8341 8710 8979 9247 269
182 9515 9783 0051 0319 0586 0853 1121 1388 1864 1921 267
163 | 21 2188 2454 <2720 2986 3252 3518 3783 4040 4314 4679 | 266
164 4844 5109 5373 5638 5902 6166 6430 6694 6957 7221 264
165 7484 7747 8010 8273 8536 8798 9060 9323 9585 9846 262
166 | 22 olos 0370 0631 0892 1153 1414 1675 1936 2196 2456 | 261
167 2716 2076 3236 3496 3755 4015 4274 4533 4792 5061 259
168 ‘53090 5568 5826 6084 6342 6600 6858 7115 7372 7630 258
169 7887 8144 8400 8657 8013 9170 9426 9682 9938 #0193 | 256
70 | 23 0449 0704 0960 . 1215 1470 1724 1978 2234 2488 2742 255:°
171 2996 3250 9504 3757 4011 4264 4517 4770 5023 5276 253
172 5598 5781 6033 6285 6537 6789 Y04l 7292 544 7705 | 262
| 173 8046 8297 8548 8799 9049 9299 9550 9800 0050 0300 | 250
174 | o4 0349 0799 1048 1297 1546 1795 2044 2293 2541 2790 249
175 3038 3286 3534 3782 4030 4277 4525 4772 5019 5266 248
176- 5513 5750 6006 6252 6499  B745° 6991 7237 7482 7728 | 246
177 7073 8219 8464 8709 8954 9198 9443 9687 9032 0176 | 245
175 |95 0420 o664 0908 1151 1395 1638 1881 2125 2368 2610 | 243
179 2853 3006 3338 3580 3822 4064 4306 4548 4790 5081 242
: 5514 5755 5996 6237 6477 6718 6958 7198 7430 | 241
. ig(l) gg;g 701§  S158 8398 8637 8877 4116 9355 - 9594 9833 | 239
“182 | 96 0071 0310 0548 0787 1025 1263 1501 1739 1976 2214 | 238
183 |~ 2451 9888 2025 3162 3309 - 3636 3873 4109 4346 4582 | 237
1184 4818 5054 5290 - 55256 G761 5996 6232 0467 8702 6937 | 235
o 7406 7641 7875 8110 8344 8578 8812 9046 9279 234
igg ;%1’3 9746 9980 *0213 0446 0679 0912  1l#4 1377 1609 233
187 |97 1342 2074 2306 2638 2770 3001 3233 3464 3696 3927 | 232
188 4158 4380 4620 4850 5081 B3l 5542 56772 6002 6232 230
189 6462 6692 6921 7151 7380 7609 7838 8087 8296 8525 229
: 7 o 9211 0439 9667 9895 #0123 0351 0578 0806 § 228
: ig‘;’ 28 ?Z)gg ?g‘gl 1488 1715 1942 2169 2396 2622 2849 3075 | 227
“182 3301 9527 3753 3979 4205 4431 4656 4882 5107 5332 226
.198 557 sz 6007 6232 6456 8681 8005 7130 7354 7878 | 224
. 194 7s02  S026 8240 8473 8696 8920 9143 9566 9589 9812 | 223
0035 57 0480 0702 0925 1147 1369 . 1591 1813 2034 | 222
'%3‘2 % ggig gg?s 9899 2920 3141 3363, 3684 3804 4025 4246 321
‘107 3ice 1687 4907 5127 5347 5567 58T 6007 6226 - 6446 | 220
188 a885 6884 7104 7323 UB4Z TT6L 787 8198 8416 8635 219
189 8853 9071 9289 9507 9725 943 «p181 0378 0595 0813 | 218




200 FORMULAR AND TABLES ¥FOR STATISTICAL WORK

TABLE 17.9. (contindied). GOMMON LOGARITHMS

(six-figure) .

nur-" : 1 . . differ-
ber 0 1 2 - 3 4 5 6 7 8 9 | encé

e Py SR —— — P e
200 | 301030 1947 1464 1681 1898 2114 2331 2847 2764 2
20% 3106 83412 3628 3844 . 4059 4275 4491 4706 4931 - 5136 | 216
202 ‘5351 5566 - 5781 5996 6211 6425 6639 6854 7068 7282 | 214
203 7496 7710 © 7924 . 8137 8351 ~ 8564 8778 899l 9204 9417 | 213

204 9630 9843 #0056 - 0268 0481  .0693 0906 - 1118 1330 1542 212

205 |81 175¢ 1966 2177 2389 2600 2812 - 3023 3334 - 3u5. 3056 ) 2l

206 3367 4078 4280 4499 4710 - 4920 5130 5340 5551 5760 210
207 5970 6180 . 6390. 6599 6809 7018 7227 7436 7646 7854 209
208 8063 8272 8481 8689 8848 9106 - 9314 9522 9730 9938 208
209 | 32 0146 0354 0562 0769 - 0977 1184 1391 1598 1805 2012 207
210 2219 2426 2633 2830 3046 3252 3458 3665 . 3871 4077 | 206
4211 4982 4488 - 4694 4809 5105 - 5310 5516 - 5721 5926 613l 205
212 |- 6336 6541  6745. 6950 7155 7369 7563 7767 7972  8L76 204
213 8380 8583 8787 8991 9194 9398  960L 9805 %0008 0211 | 203
214 | 33 0414 0617 0819 1022 1225 1427 1630 1832 2034 2236 202.
215. 2438 © 2640 2842 3044 3246 3447 3649 3850 405 -4453 202
;216 4454 4655, 4858  5057. 5257 5458 5658 5859 6059 - 6260 201
{217 |- 6460 6660 - €860 7080 7260 7459 7659 1888 8058 = 8257 200
218 8458 8656 8855 9054 9253 ' 9451 9650, 9849 0047 0246 | 199
219 | 34 0444 0642 0841 1039 1237 1435 1632 1830 2028 2225 | 198
220 2423 2620, 2817 3014 3212 3409 = 3606 3802 3999  4196| 197
221 4392  4580° 4785 4981 5178 5374 . 6570 5766 5062 61567 1 196
222 6353 6549 6744 6939 7135 7330 7525 7720 791 8110 195
228 |- 8305 8500 8694 8889 0U83 9278 9472 8666 9860 0054 | -194
‘224 | 35 0248 0442° 0636 0829 1023 .~ 1216 . I410 1603 1796 1989 193
225 2183 2376 2568 2761 2054 3147 3339 3532 3724 3916 192
226 4108 4301 4493 4685 - 4876 5068 5260 5452 5643 5834 | . 192
;227 6026 6217 - 6408 6599 6790 €981 77172 T3B3 BG4 T744 191
228 7935 . 8125 8316 8506 8696 8886 . 9076 9266 9456 9646 190
229 9835 0025 0215 0404 0593 0783 0972 1181 - 1350 1§39 [ 189

230 | 361728 1917 2105 - 2294 2482 2671 2850 3048

_ . 3236 342 ~
231 3619 3800 3983 © 4176 436> 4351 4130 4928 5113 5301 | 188
232 5488 5675 5862 6049 6236 6423 6610 6796 6983 7169 | 187
233 | 7356 7542 7120 7915 8101 8287 - 8473 8659 8845 9030 | 186
234 | 9216 9401 9587 9772 99F8' 0143 032 0513 0695 0883 | 185
'235 | 37 1068 1253 1437 1622 1806 1991 2175 936

236 | 2012 3008 3280 364 3047 3831 2015 4198 4963 405 | 18¢
237 4748 4932 5115 5208 5481 5664  5846) 6029 6212 6394 | 183
238 6577 6759  6p42 7124 7306 7488  7670' 7852 8034 8216 | 182
239 | 8398 8580 . 8761 8943 0124 9308 ' f

9487 9668 9849 © +0030 | 181
240 |38 0211 0392 0573 0754 0934

. 1115 1296 1476 1656 1837 | 1
M RE o ommomomoab o e ) om
A . 47 4801 5070 5249 5428 | 179

243 6606 5785 5964 6142 6321 6499 6677 856 & '
_ - 6499 ¢ 6856 17034

244 | 7300 668 1746 7923 8101 8210 8456 863 ssll 3;%%;3 ' i;g

245 9166° 9343 9520 9698, 9875 #0051 0228 ' 59 [ 1
. 3.4y . ! 0405 . : .
e oa ool LW oG s o W
» . L ¢ 3751 3926 4101 4377 | 176

248 | . 4452 2637 4802 = 4977 b5 ' 6025 | 1
Bt | - log B il mn Bl 536 530L  G6r6 80 0% | Lis

7070 7245 7419 - 7592 7786 | 174
* See fotnote on'page 198 = | - ) D B




FOP»MULAE AND TABLES FOR- STATISTICAL WORK

200 §

201
TABLE 17.9. (vontinued). COMMON LOGARITHMS
(siz-figurs)
nurn- : differ-
‘ber 0 1 2 3 4 5 ¢ 7 8 8 & ence
250 § 35 7940  S11¢ 8287 8461 8834 8808 8981 9154 9328 9501 178
251 9674 9847 +0020 0192 0365 0538 0711 0883 1056 1228 § 173
252 § 40 1401 1573 1746 1917 2089 2261 2433 2606 2777 2949 § 172
253 3121 3202 3464 3635 3807 3978 4149 4320 4452 4663 1 171
254 483¢ 5005 5176 5346 5517 5688 5858 6039 6199 6370 § 171
4 255 6540 6710 @881 7051 7221 7391 7561 7731 7901 8070 § 170
256 8340 8410 3579 8748 8918 . 9O8T 8257 0426 9595 9764 § 169
257 9033 #0102 0271 0440 - 0809 0777 0948 1114 1283 1451 169
258 |41 1620 1788 1956 2124 9293 2461 ° 2620 2796 2964 3132 | 148
259 3300 3467 3635 3803 3970 4137 4305 ~ 4472 4639 4806 | 167
260 4075 5140 5307 5474 5841 5808 5974 @141 6308 6474 | 167
281 8641 6807 6973 7139 73086 7472 7638 7804 7970 8135 | 166
262 2301  B467. 8833 8798 8964 9120 9285 9460 9625 9791 { 166
263 9956  *0121 386 0461 0618 0781 0945 1110 1275 1430 } 165
264 © 42 1804 1768 1833 2097 2261 2426 2500 2754 2018 3082 j 164
265 3245 3410 3874 9731 3901 4065 4238 4393 4555  47i8 | 164
288 4382 - 5045 5208, 5371 5534 5607 5880 6023 8188 5249 163
267 4511 6974 6836 6999 7161 7324 7486 7648 7811 7973 | 162
268 8135 8207 8459 8621 8783 8944  DI06 9288 9429 9591 162
289 9752 0014 #0075 0236 0398 0358  $720 0881 1042 1203 | 161
a70 }43 1384 1526 1685 . 1846 2007 2167 2328 2488 2640 2809 160
271 2089 3130 3290 2450 3610 3770 3930 4090 4249 4409 | 160
272 2530 4729 4888 5048 5307 5367 5526 56685 5844 G004 | 15D
273 sl83 €322 6481 @640 - 6799 8957 71186 7375 7433 7502 | 159
274 7751 7969 3067 8326 8384 8542 8701 8869 9017  9L76 158 .
275 0333 9491 5648 9808 9964 0122 0279 0437 0594 0752 | 158.-
976 |44 0009 1066 1224 1381 1538 1695 1852 2000 2166 2323 § 167
277 2480 2637 2793 2950 3106 3263 3419 3576 3732 3889 | 168
278 4045 4201 4357 4513 4680 4826 4981 5137 5203 5449 158
279 5804 5760 Gol5 6071 6226 6382 6537 6602 6848 Vg3 | 156
280 7158 7313 7468 7623 7718 7933 8088 8242 8397 8553 | 156
281 8706 8861 9015 9170 9324 9478 9633 . 9787 994l %0035 154
982 | 45 0249 0403 0357 0711 0865 . 1018 1172 1326 1479 1633 154
233 | *° 17s6 1940, 2093 2247 2400 2553 2706 2850 3012 3165 | 153
1284 sals 3471 3624 3777 3930 4082 4235 4387 4540 4692 | 183
C 5150 5302 5454 5806 . 5758 5910 6062 6214 152
285 | a8 AT ggi0 - 6821 6073 Tias 1206 738 7Ty mial | 102
287 7ag2 8033 8184 8336 . 8487 8638 8789 8040 9091 9242 § 151
"288 9392 9543 9694 9845 9995 0146 0206 . 0447 0597 0748 4 151
259 | 46 os9s  to4s 1198 1348 1480 1649 1799 - 1948 . 2098 2248 150
Y 900 49 2697 2847 2097 3146 3296 - 3445 3504 3744 | 150
gg‘lj gggg 2342 T 4101 4340 4490 4639 4788 4936 5085 5234 | 149
292 5383 5532 p680 0820 . BT 6126 6274 - 6423 6571 6719 | 148
203 gace 7016 7164 7313 7460 7608 . 7756 7904 8052 8200 | 148
‘200 ' 8347 8495 8643 8790 8938 0085 9233 9380 9527 9675 148
i ‘ 016 0263 0410 0557 9704 - -0851 < 0998 1145 § 147
332 47 ?232 "1)333 ‘is85 1732 1878 . 2025 2171 2318 2464 2610 § 146
1297 9756 2903 3049 3195 3341 3487 - 3633 3779° . 3935 4071 146
208 2216 4362 4508 4663 4799 4944 5000 5235 5381 5528 | 146
5671  58l6 6962 6107 - 6252 8397 ~ 6642 OBaT 6832 6076 | 145

- # See footnote on i_)ag'e 198




MISOELLANEQUS MATHEMATICAL FUNCTIONS

202
- PABLE 11.0: (dontinued). COMMON LOGARITHMS
'_(six-ﬁgure)

) : differ.
Tper 0 1 2 3 s 5 6 7 8 9 |oence
300 |47 mzr o 0 7844 7089 8133 8278 8422 | 144
301 |* 8566 &rll e85 8906 o3 o287 o431 a5vs  orio  esos | 14
302 |48 0007 . 0151 0294 0438 0582 0725 0869 1012 1156 1200 | 144
303 1443 1586 1720 1872 2016 2169 2302 2445 2588 2731 | 143
304 2874 3016 3159 3302 3445 3587 3730 3872 4015 4157 | 143
306 | 4300 au2 4585 4727 4860 SOUL  SI63 5205 5437 5570 | 142
306 5721 5863 6005 . 6147 6289 6430 6572 6714 6355 6997 | 142
307 7138 7280 7421 - 7563 7704 7845 7986 8127 8269 8410 | 141
308 8551 8602 8833 8074 9114 9255 - 9396 0537 9677 9818 | 141
309 9958 0099 0239 0380 0520 0661 0801 0941 1081 1222 | 140
310 |491362 1502 1642 - 1782 1922 2062 2201 2341 9481 2621 | 140
311 2760 2900 - 3040 - 3179 3319 3458 3597 3737 3876 4015 | 140
812 | 4155 4204 4433 4672 4711 4850 4989 5128 5267 5406 | 139
313 5544 5683 5832 5060 6099 6238 6376 6515 6653 6791 | 139
314 6930 7088 7206 7344 7483 7621 7959 7897 8035 8173 | 138
‘318 8311 848 8586 8724 8862 8999 9137 0275 o412 oss0 | 138
316 9687 9824 9962 0099 0236 0374 0511 0648 0735 0922 | 137
317160 1059 1196 1383 - 1470 1607 1744 1880 2017 2154 2991 | 137
318 | 2427 2564 2700 2837 2973 3100 3246 3382 3518 365 | 136
319 S701. 3027 4083 4109 4335 4471 4607 4743 4878 5014 | 136
320 5160 5285 . 542 G557 5693 6828 5084 6099 6234 6370 | 136
321 | 6505 6640 6776 GOl 7046  71S1 7316 7451 7586 791 | 1o
322 7856 7991  B126 8260 8395 8530 8664 8799 8934  gocs | 1an
323 9203 . 9337 O4TL 9606 0740 9874 #0009 0143 0277 o411 | 13g
324 |510545 - 0670 0813 0947 1081 12156 1348 1482  la1s  sebe | oy
325 1883 2017 2151 2284 2418 2551 2684  9s1s- o951
326 3218 B3GL L 3484 - 3617 50 3883 4006 4149 4903  auap | Lok
327 Sory  soSL 4813 D46 T KOTD 5211 5344 5478 5o0p 74y | 1o
328 Tes  ooo6 B39 6271 6403 6535 6668 6800 6932  woor | Loo
320 96 TSI 60 592 T 85 7oRT 8119 snsr . ames | Lo
330 Sol4 8645 87TIT 8909 040 9171 9303  o4sa  usgs ‘
831 | 9828 0050 «0090 0221 0353 odsd  goln 0745 osgs- ?8?)?1 }gi
332 jozllss 1260 1400 1530 1861 © 1792 1930  2esy  oero 2314 | 131
333 5746  Sovo 2005 2835 - 2066 3006 3228 3358  sies  oors
334 746 3876 4008 4136 4266 4396 4526 dege  saen 1015 | 339
' 5045 : : . :

B0 | G oy ooy G mm s M Ty S S0 | 120

337 7630 7759 7888 8016 8145 goys 8402 85 .

387 8917 0045 oa g s 31 8660 8788 | 1929

339 |530200 0328 0456 0582 o712 gan 0968 1086 1929 gt 198

340 1479 1607 1734 g ‘ ' '

340 2756 2882 Geee  beer 1990 M7 9%as  s3ry sk ggay | g0s

: 136 3264 3391 3518 3545
342 4026 4163 4280 : 5. 3172 3899 | 197
; 4407 4534 4661 4787 4914 5041

343 5294 G431 5547 514 5800 pe27  60ss 6180 9306 2167 127,

344 6558 6685 6811 6937 7063  y1ee BI6 7441 1567 oes | bao

345 7819 7945 - 8oy ' o

346 9076 . 9202 9331 i sazz o5 8574 8690 sas  sos1 | 126

347 | 54 0320 0455  ogss0  groe , 9829 9954 40079 - 0204 | 198
‘ 705-. 0830 0955 1080 12

348 1028 bos AW 1053 2078 2203 2937  gaes LS80 1454 | 125

349 IO W0 30 B0 /A 3447 g3 aes oS 3044 | 1ov
* % See footnote on page 198 .




FORMULAR AND PABLES FOR STATISTIOAT WORE 203
TABLE 17.9. (continved) COMMON LOGARITHMS
(six-Bgure) i
num- ) . djﬁ'gra
ber 0 1 2 3 4 b é 7 8 8 " enes
350 | 54 4068 4192 4316 4240 1564 4688 4812 4036 5060 . 5183 | 124 -
351 5307 5431 5555 5678 G802 5925 6040 6172 6206 6419 } 124
352 6543 6666 6789 6913 7036 7159 7282 7405 7520 7652 | 123
363 7776 7898 8021 814 8267 8389 8512 8635 8758 8881 ] 123
354 9003 0126 9249 9371 9404 9616 9739 9861 9934 0106 | 122
355 {55 0228 0351 0293 0505 O7iT 0840 0962 1084 1206 1328 | 122
356 1450 1572 1694 1816 1938 2060 2181 2303 242 2547 | 122
357 2668 , 2790 2014 3033 3165 . 3276 3308 3519 8640 3767 | 132
358 3883 © 4004 4126 4247 4368 4480 4610 4731 4352 4973 } 121
359 5094 5216 5336 5457  5B73 5699 5820 59406 4061 6182 | 121
360 6303 6423 6644 6664 6785 6906 7026 7146 7267 7387 | 120
361 § . 7507 7627 777486 7868 7983 8108 8228 8340 8460 8§80 | 120.
362 8709 8820 8948 9068 0188 9308 9428 9548 9887 9787 | 120
363 9907 +0026 0146 0286 0385 0504 0624 0743 0333 0982 | 119
364 |56 1101 1221 1340 1459 1578 1688 1817 1938 2055 2174 | 118
365 2293 9412 2531 2650 2769 2887 3006 3125 3244 3362 | 119
366 3481 3600 3718 3837 3955 4074 4192 4311 4425 4548 | 118
367 4666 4784 4903 5021 5139 5257 5376 5494 5612 5730 | 118
368 5848 5066 6084 6202 6320 6437 8655 6673 6701 6900 | 118
369 7026 7144 7262 7379 7497 7614  TI32 7849  7e67 8084 | 118
370 8202 310 8436 8554 8671 8788 8805 9033 9140 9257 | 117
371 9374 9401 9608 © 9726 9842 9969 «0076 0193 0309 0426 § 117
372 {57 0543 0a60 0776 0893 1010 1126 1243 1359 1476 1502 | 117
373 1700 1825 1942 2068 2174 2291 2407 2523 2630 27566 | 116
374 2873 2988 3104 3220 3336 3452 3568 3684 3800 3915 | LI6
376 4031 4147 4263 4379 4494 4610 4726 4841 4957 5072 | 116
376 5188 5303 5410 5534 G650 5765 5880 5996 @111 6226 | 115
377 6341 457 6572 6687 6802 6917 7032 7147 7262 7377 | 1156 |
378 7409 7607 7722 7836 7951 8086 8181 8205 8410 8525 { 115
379 8630 8754 8868 8983 9097 9212 9326 9441 9555 9689 | 114
380 0784 0308  *0012 .0126 ‘0241 0356 0469 0583 0897 ;_{)81 1 114
381 | s 0925 1039 1153 1267 1381 1406 1608 1722 1836 1950 | 114
382 2063 2177 2291 2404 2518 2631 2745 2858 2972 3085 | 114
383 3190 3312 3426 3530 3662 3766 3879 3092 4105 4218 |. 113
384 4a31 4444 4657 4670 4783 4896 5009 5122 5235 5348 | 113
'8 5574 5686 5799 5912 6024 6137 6250 6362 6475 | 113
322 2%3% 6700 6812 6925 7037 7149 4262 7374 7486 7599 | 112
287 w711 7823 7935 8047 8160 8272  838¢ 8496 8608 8720 [ 112
288 6832 8044 9056 9167 9279 0391 9503 9615 9726 0838 | 112
389 0050 +0061 0173 0284 0398 0507 0619 0730 084z 0953 | 112
1987 1399 1510 1621 1732 1843 1955 2066 | 111
33‘1’ 59 ;‘}23 ;égg 2309 2510 2621 2732 2843 2954 3064 3175 | 111
302 | © 3286 3307 3508 3618 3720  3840° 3950 4061 4171 4982 | 111
303 4393 4503 4614 4724 4834 4945 5055 5165 5276 - 5386 | ‘110
394 5498 5606 G717 5897 56937 6047 6157 6267 6377 6487 | 110
707 6817 6921 7037 7146 7256 7366 7476 7586 | -110
332 -‘3282 '?885 7914 8022 8134 8243 8353 8462 8672 - 868l. | 110
397 4701 8000 9009 9119 9228 9337 9446 9556 9665 9774 | 109
308 oss3 9992 0101 0210 0319 0428 0537 0646 0755 - 0864 | 109
300 g0 op73 tosz 1191 1209 1408 1617 1625 1784 1843 1951 | 109

*¥ Seo footnote on page J98




204 .. - MISCELLANEOUS MATHEMATIOAL FUNOTIONS
‘ TABLE 17.9. {sontinued). COMMON LOGARITHMS

© (siz-figare):
— C - _ A | differ-
ber.- 0 1. 2 3 4 b i} 7 8 9 encs
400 §40 2060 2169 2277 2386 2464 2603 2711 2819 2628 3038 {108
401 3144 3253 3361 3489 3577 3686 3794 3902 4010 4118 § 108
‘402 | 4226 4334 4448 4550 4853 768 4574 4982 5089 5197 § 108
403 | 6305 5413 5521 5828 5736  H844 5951 8059 6168 6272 1 108
404 6381 6489 6596 8704 6811 6919 7028  7I33 7241 7348 | 107
405 7455 7562 7669 7777 71884 7591 8098 8205 8312 8419 | 107
408 8626 8633 8740 8847 8954 0061 9187 9374 9381 9433 | 107
407 | - 9594 8701 9808 9914 #0021 0128 0334 0341 0447 0554 | 107
408 {81 0060 - 0767 0873 0979 1086 1192 1298 1405 1511 1817 | .106
409 | 1723 1820 1936 2042 2148 2254 2360 2468 2572 2673 1 106
410 § . 2784 - 2890 2096 3102 3207 3313 3419 3525 3630 3738 { 106
a11 3842 3947 4083 4169 4284 2370 4475 4581 4638 4792 | 108
412 4897 5003 5108 5213 5318 5434 5520 5634 5740 5345 | 105
413 5950 6055 8180 6285 6370 6476 8681 8686 5790 6895 ] 105
414 000 7106 7210 7315 T420 7525 7629 7734 7839 7943 | 105
415 8048 8153 525'1 8362 8466 8571 8878
416 ! - 9093 9188 9302 0408 9511 9815 . ©7I9 gggg 3323 agggg }gi
417 g2 0136 0240 0344 0448 0562 0656 0760 0864 0068 1072 104
418 § 1176 1280 1384 - 1488 1692 1665 1799 1903 2007 2110 | jo4
419 2314 2318 2421 2625 2628 2732 2835 2030 3042 3146 | 1od
420 3249 3353  3456. 3559 3863 37
421 4282 4385 . 4488 ‘4501 4695 -4783 igg? 2332 g%g ‘51;-118 mg
422 G312 5416 5518° 5621 5724 8B27 5929 6032 6135 69 l03
423 6340 . 6443 6546 6648 6751 €853 6956 7058 7161 7233 }83 :
424 7388 7468 571 7673  7TI75 7878 7080 8082 8185 8987 102
425 8389 8491 8503 8695 8797 ‘
426 9410 9512 9613 9715 9817 gg?g agggi g%% 0320 oaos | 12
g; 83 gﬁg ?g;sg 0631 0733 0835 0936 1038 1139 (1)22% ?gig igg
_ - 1647 1748 1849 1951 2052 2153 29 j
, : 55 2358 { 101
429 2457 2859 2660 .2761 2862 2963 3064 3165 . 3286 3387 101
430 3468 3569 3670 3771 ] i
431 477 4578 4670 4110 e seay A4 A5 ams 4316 | 101
432 b484 5584 5685 5786 5886 5986 6087 Gler  ooss o383 | 101
433 6488 6588  'BESS 6789 6830 6989 7039 g%gg Sggg gggg 108
434 7490 7590 7690 ~ 10
7790 7890 7990 8090 8190 8200 8339 100
436 8480 8580 8689 8789 : ' '
go | dmo G MR owmomm o oam o oww |
437 F64 0481 0581 0680 0779 0879  Q97g S s o3 oss2 100
433 1474 1673 1672 1771 1871 1979 slzgg; éi;g ;%‘7} ;375 o
4 2465 2563 26 ~ 3668 o9
6? 2761 2860 2959 3058 3156 3955 3354 99
-440 3453 - 3551 3650, 3749
10 4439 4637 agee 47§4 ig;’; :’;gﬁ 4044 4143 4242 4340 99
442 b422 G52l 619 . STIT G815 5913 goqy oiih 026 o3 | 08
iﬁ 6404 6502 6600 6698 6796 @304 ggsl;é g(l)rlsg g%g?; e | %
7383 481 7879  7g7¢ ' 7285 .98
676 7774 7872 7969 8067  s8le5 8262 98
448 8360 8458 8555  ggs ; |
446 9336 9432 9530 o002y oo ggg 8945 9043 9140 9237 |- o8
447 1650308 0405 0502 0509 0608 0705  guoy COOI6  OLI3 0210 § g7
iig' 1278 1376 1472 1569  1ggg 1762 (l)ggg (l)ggg 3)824 25t o
. 2246 2343 24 ; N . . 2083 2150
40 2536 2633 2980 2826  ap93 3019  3lle 8;_
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TABLE 17.0. {conéinusd), UGMMON LOGARILAMS '

{gix-dgars)

nwm- | sz

ber 0 1 2 3 3 5 3 7 3 8§ emen
460 §853213 3309 3405 3503 9698 3696 a7H1 2988 308 4080

161 4177 4273 4300 4485 4562 4658 4754 4850 4040 5043 | 96 ]
453 5138 5335 5331 5487 5623 5819 5715 5810 G306 9002 § 98
463 8008 6104 6200 6386 8482 €577 9613 6% 6864 0980 § 94
452 7056 7152 7247 7343 7438 7834 7836 7335 7%¢ 1918 § 03
458 8011 8107 8202 8206 8353  Sa8%  85as 9873 774 8870 § 98
158 8065 D0B0 0155 D30 D348 944l  gSime 083l o796 9821 | 96
157 5915 oPP1l 0106 0201 0206 0391 3 opsr 0876 0771 | 95
158 1gp 0565 0930 1065 1150 1245 1330  1dz4 1590 1885 1713 | 93
159 1813 1997 2002 2008 2191 2386 2350 9475 4369 2063 § 8¢
469 2758 2862 2647 5041 3135 3§30 %334 418 ggla 3697 | s
481 a701 3795 2889 3083 4078 4172 4261 4330  445i 4848 | M
432 1642 4738 4830 4984 5018 SLIZ 5206 b2 5303 44AT |
463 §581 5675 G939 588z  BOS8 6050 8143 4237 0331 B4R ] 96
482 8518 681z 6705 8709 8397 @383 7076 WMT3 7208 7AGO | 64
153 7i53 7886 840 7933 785 7930 ®a13 8108 2190 93
480 330 8479 872 8835 8789 885y 8946 038 £131 22
487 o317 0410 9603 9583  DOSS 9783 9875 6967  =£H60 22
58 1y 028 038 0e3l 0834 0317  071C 0802 0895 0938 83
168 1172 1855 1388 1451  13e3 1832 1v38 1831 1933 29
470 2008 2190 2983 2375 2467 2580 2682 8744 2939 )
473 3081  S1i3 305 8297 3380 3482 374 3888 578e 2%
413 S04z 4034 4136 2218 4310 4402 4apa  4uss 4477 4709 1 %
473 1361 4933 5045  B137 5998 5320 5413 GDO3  GA35 9897 { o2
474 5778 5870 0982 6063 G146 8238 5928 8419 @611 2G93 | 9%
w95 | eeps o735 6678 .6B68 7059 TISL  7ade 7833 wias  Ims | M
e | ss07  7evs  778s 7381 7972 8063 8164 8¢5 8336 84wy | W
499 1 Sais  se0p 4706  87b1 8382 8973 0084 9183  02¢8 9337 { 1
“7s | puss D516 DGO P00 9791 6882 9973 #6083 Ol 0245 ] O3
479 |go 0336 0436 OSIT 0607 0GR 0780 0879 0870 1080 L&) | &0
480 iga1 1332 1433 1513 1603 1803 1784 1874 1984 20856 | 80
431 si45 2235 2328 2416 2606 2596 2686 2777 2607 2887 | 90
482 5047 2137 3227 3317  Es07 3497 3587 3477 3787 93887 | g0
483 3007 4037 4127 4217 4307 4396 4490 4676 4635 4758 | 00
153 | 3%ai 4e3 o025 Blx4 6204 5204 o383 &I GE63 582 | 90
485 grea 5831 6e31 8010 8100 6189 42y0 €388 0458 67 | 89
486 S142 @726 8slc 6004 B934 7TAs3  TIiz 7541 - 7361 7440 | 89
487 O 7418 i07 7196 7886 7975 8062  B1o3  82i3 833 [ 89
i TS 8500 8508 8887 8776 8865 8063 @042 9131 9330 | 89
189 Soa0 9398 9486 9675 0664 0763 9341 9030 +0010 0197 | 89
. 0355 0373 0462 0550 0839 0738, 08I6 0805 0993 | S8

190 18995 7o 1268 1347 1435 1524 161z 1700 1789 1817 | 88
11 585 2053 2142 2230 2318 2108 2404 25683 2471 200 | 88
292 1 0% 5035 -a0zs 3111 3199 3387 3376 2463 a4l 3630 | 88
498 1 25w 3815 as03 3991 4078 4160 4254 4342 4430 4617 | 88
: 4603 4781 4868 4956 5044  BI31 5219 . 4367 . 4304 | sg
490 OO ssep 5657  s744 G832 SO0 6007 8004 6182 6209 | 87
1498 | %% 6ids o531 €618 6706 6793 8880 6068 7085 72 | 87
ST 1 Ss 7317 a4 7491 1678 7665 T8z 7839 7936 80l4 § &3
498 | 330 sles 8275 8362 849 8435 8622 8700 8706 883 | 47
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TABLE 17.9. (continued). COMMON LOGARITHMS
(six-8gure)

) : differ-
e 0 1 2 8 1 5 6 7 8 B | ence
~ber | } - : .

. ] a 231 9317 9404 9491 9578 9664 9751 87
500 199 gggg 3321 *gtl)ﬁ gogs 0184 0271 0358 0444 0531 0617 87
?,8% 70 0761 0790 @877 0963’ 1050 1136 1222 1309 1395 1482 86
503 1568 1654 1741 1827 1813 1999 2086 2172 2%?3 §§‘$§ gg
504 92431 2517 2603 2688 2776 2861 2947 3033 3
| 3463 3540 3636 3721 3807 3893 3979 4065 88
282 ?ﬁg} igg'é 4392 4408 4404 4579 4865 4751 4837 4922 86
507 . 5008 5084 5119 5205 5350 5436 522 5607 %6943 273}3 gg
508 5864 5949 6035 6120 6206 6201 €376 6462 6547 6632
500 | 6718 6803 6888 6974 7059 - 7144 7229 T35 400 7485 85
, 7e55 7746 7826 7911 7896 808l 8186 8251 8336 85
gi(l) ZZZ? 8508 8591  8&78 8781 8846 8831 5015 9100 9185 86
512 9270 9355 9440 953 0609 9694 9779 0863 09458 =0033 85
513 171 o17 0202 0287 0371 0456 0540 0625  OTID 0794 0879 83
514 0963 lods 1132 1217 1361 1385 1470 1554 1639 1723 84
515 | 1807 1892 1976 2080 2144 2220 2313 2397 2481 2566 84
516 2650 2734 2818 2902 2986 3070 3154 3238 3323 3407 84
517 3491 3575 3659 . 3743 3826 3910 3094 4078 4162 4246 84
518 | 4330 4414 4497 4581 4665 4749 4833 4016 5000 5084 84
519 B 3187 5251 5335 5418 5502 5586 5660 5Y63 5838 5920 84
520 6003 6087 6170 6254 6337 6421 6504 6588 6671 674 84
531 6838 6921 7004 7088 TITL 7254 7338 7421 7504 7587 83
592 7671 7754 7837 7920 8003  B80B6 8169 8253 8336 8410 83
593 8502 8585 8668 8751 8834 8917 9000 D083 9165 9248 83
524 9331 9414 9407 . 9580 0663 9745 9828 9911  $004 <0077 83
525 |72 0159 0242 © 0325 0407 . 0480 0573 08556 0738 0821 0003 83
526 ‘0986 1068 1151 1233 1316 1398 1481 1583 1646 1728 83
597 1811 * 1893 1975 2058 2140 2223 2305 2387 2460 2552 82
528 2634 2716 2798 2881 2963 3045 3127 3209 3291 3374 82
529 | 3456 3538 3620 3702 3784 . 3866. 3948 - 4030 4112 4194 bt
530, | 4276 | 4358 4440 4622 4604 4G5 4767 4849 4931 5013 82
531 5005 . bB176 5258 - 5340 5422 5603 " B585 5887 5748 5830 82
532 5912 5993 6075 6156 6238 6320 6401 6483 0564 664G 52
533 6727 - 6809 6890 6972 - 7053 7134 7216 7297 7379 7460 81
534 7541 . . 7623  T704 7785 7866 7948 8029 81l - 8191 8273 31
535 | 8354 8435 8516 8597 8678 8750  ss4l  g922 2003 9 '
536 9165 9246 9327 9408 9489 . 9570 . 9651 0732 9813 gﬁ%‘é gi
537 9974 %0055 0136 0217 0298 0378 0450 0540 0621 0709 81
538 |73 0782 0863 0044 1024 1105 1185 1266 1347 . 1428 1508 81
539 1589 1663 1750 1830 1911 1981 2072 2152 2233 2313 80
510 | 2394 2474 2555 2835 2715 2796 2876 2956 3037
541 3197 3278 3358 3438 3518 3598 3670 3750 3839 35%1 23
542 3999 4079 4160 4240 4320 4400 4480 4560 4640 - 1720 20
543 4800 4880 4060 5040 5120 5200 5279 5350  5430. 5519 30
544 5599 5679 5759 5338 5018 5998 6078 6157 6237 63l 80
545 6397 6476 6356 6635 G715 6795 6874 6054 7 ,
546 7193 7272 7352 T431 611 7590 7670 7749 733% 33,33 3?,
547 7987 8067 8146 8325 8305 9384 8463 8543 RG22 701 79
518 8781 8860 8930 8018 9097 0177 9256 - 9335 0414 o403 | - 79
549 9572 9631  OTI1 9310 9880° 9988 *O047 0128 0205 o2t 79
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TABLE 17.9. (continued). COMMON LOGARITHMS
(six-figure)

num diffe
ber 0 1 2 3 4 B 3 7 g 9 ence

550 | 74 0363 0442 0531  0600° 0878 0757 0838 0515 0864 1073 79
551 1152 1236 1209 1388 1467 1546 1824 1702 1782 1860 13

552 1930 2018 2096 2175 2254 2332 2411 2489 2568 2047 79
563 2725 2604 2883 2961 3039 3118 3198 3276 3353 8431 78

554 3510 3588 3667 8746 8323 5202 3980 4058 4136 4315 78
555 4293 4371 4443 4538 4606 4834 4783 48407 4918 4997 | 78
556 5075 5138 5231  B300 5887 5485 5543 5621 BBYY 57T 78
557 5855 5933 6011 608D 6167 6245  §323 8401 6470 6556 8
553 8624 @67iz 679 ©£868 6945 7023 7101 1% 7258 T34 78
559 7412 7488 7547 7645 7V22 7800 7878 7958 8033 8110 78
560 3188 8266 8343 8431 8498 8576 8853 8731 8308 8865 78
581 8983 040 0118 915 9272 9350  £427 D504 9583 9680 77
562 9738 9814 9831 9968 0043 0123 0200 0277 0354 0431 ]
563 | 75 0608 0683 0663 0740 0817 0894 0971 1048 1126 1502 77
564 1379 1356 1433 1516 1587 1684 1741 1818 1885 1972 77
565 2043 D125 2302 2979 2358 2433 2508 2688 2683 3740 77
588 as1g 2803 2070 3047 3123 8200 3277 3353 3430 3508 7
587 3583 3680 3736 3813 3889 3966 4042 4119 4105 4272 7%
588 4343 4428 4501 4578  465¢ 4730 4807 4883 4060 "B03§ 76
589 5112  518s 5285 5341 5417 5404 5B70 5848 5722 5789 78
570 5376  Busl 4937 6103 8180 6268 €332 6408 6484 @560 | T8
s ge38 671z 8788 Bee 6940 7018 7092 (7188 7244 7320 | .76
ks 7ang 7475 - 7548 7634 7100 7775 7861 7927 8003 8079 76-
&3 5156 8930 9506 8383 8458 8533 8309 8685 8761 8838 76
874 ‘@512 8583 9083 9139 9214 5390 D386 9441 9617 9592 76
675 e 74 9818 98p4 9970 a0045 0121 0196 0272 0347 5
578 | 78 8232 0408 0573 0649  072¢ 0799 0876 0850 1025 1l01 75.
577 I176 1281 1386 1402 1477 1562 1627 1702 1778 1853 78
578 lo28 2003 2078 2153 2328 2303 2378 2453 2529 2604 75
579 gg70 2754 2832 2904 2078 3053 3128 3204 3278 3363 76
‘ ? 2578 9653 3727 3802 3877 3952 4027 4101 75
gg? iﬁg 3221’{ 2298 4400 4475 4550 4824 4899 4774 4848 75

532 4023 49088 5073 5147 5231 5206 5370 5445 5520 5504 7

583 5600 6743 5818 B892 5966 @041 6115 68190 828 6333 74
584 o413 6487 ©563 6638 - 6710 6785 6869 6033 7007 7083 ; 4

: ; 7304 7379 7453 7527 7601 7676 7740 7833 | 74
233 Z;SS 3333 s046 8120 - 8194 8268 8342 8416  B490 8564 u.
587 8633  §712 8786  §860 8934 0008 9082 0156 9230 9303 74

588 o397 o451 o525 9599 0673 9746 0830 9804 9968  «0042 74
589 |77 0115 o0ise 0263 0336 0410 0484 0857 0631 0705 0778 74

509 1073 1146 1220 1203 1367 1440 1514 74

?.3‘1’ ?233 ?23‘? (1)734 1808 1881 1955 2028 2102 2175 2248 3
592 ‘sose 2305 2468 2542 2615 2688 2762 2835 2008 2981 73

503 3063  3izs 3201 3274 3348 3431 3404 3567 3640 - 3713 73

594 Svga  ase0 3033 4006 4079 4162 4225 4298 4371 44u 73

4683 4736 4800 4882 4055 5028 5100 5173 73

59 246 90 s3a3 o465 5538 5610 5683 5736 5829 5002 | 73

507 o4 go47 6120 6193 6265 6338 641l 6483 G056 6420 A3

508 a70l 6774 684s €010 6092 7084 7TIST 7206, 7282 7354 93

599 nag7  wdpe. 7672 764 77T 7189 7862 7934 8008 8079 | 72




MISOELLANEGUS MATHEMATICAL FUNCTIONS
208 * )

TARLE 17.9. [(pontinuved), COMMON LOGARITHMS

(eix-Agure)
differ-
et B 1 2 3 & 6 8 T8 S Wsned
or | e
proes wee : 3 8385 8658 8730 8802 | 72
6o f77slsl sme st 8303 MG 00 G505 o0 eds oo | T2
o 8374 S04 A0 B omss 007 s0029 IOl QI3 0245 g 72
el I T R Odos 0317 o740 021 0893 0965 2
78 5 201 EI7KE 6 5 . :
504 lo7 1100 1181 1253 1324 1396 1468 1540 1612 188
. 175 : 2042 2114 2186 2253 230 2401 | 72
800 boo  asi: - 20 piss  37s 2831 Ze0z 2074 3046 3L17 | 72
AR B BN BN NN
3904 3975 404 2 43 . 4 454
80 4617  488p 4760 4831 4902 4974 5045 5118 5I8T 5269 | 71
- 472 5543 5615 5636 5757 5823 5899 5970 {71
a1 B0 SNE iy ews w2 006 - 6467  esss 0609 6oso | 71
811 6041 €113 6183 8Wa : L
812 er51 G822 G5 9B+ 7085 TIS 777 723 7319 700} 71
613 T460 7SIl 602 Tz Tot  T8ls TS Tese v 8008 71
614 8163 8239 8310 8381 8451 8522 8593 8663 8734
§ 9016 9087 9157 9228 9299 9360 9440 9510 § 71
616 S best o122 omor G863 G933 0004 Q074  Ol4d 0215 § 70
1617 | 700285 0356 0426 0496 0567 0037 0707 0778 0848 0918 k70
618 0988 1059 1120 1199 1260 ' 1340 1410 1480 1550 1620 § 70
819 1691 1761 1831 1801 1671 2041 2111 2181 2352 2322 § 70
620 2392 2462° 2632 2602 2672 2742 2812 2882 2952 3022 | 70
821 3092 3162 3221 3301 3371 3441 3511 3581 3651 372 § 70
622 3700 3860 3930 4000 4070 4139 4200 4279 4349 4418 § 70
623 4483 4868 4827 4607 4767 4836 4906 4976 5045 5115 | 70
624 5185 5254  532¢ ' 5393 5463 0532 5602 5872 574l G581l | 70
{62 5880 5949 6019 6088 6158 8227 6297 6366, 6436 6505 § 69
1626 6574 6644 6713 6782 6852 6921 6990 7060 7129 7198 § 69
1 827 7268 7337 7408 7475 7545 7614 7683 7752 - 7821 7800 § 69
| 828 7960 8020 8098 8167 8236 8305 8374 8443 9513 8682 § 69
Il 620 8651 8720 8789 8858 8927 8996 0065 9134 9203 9272 §| 69
630 9341 9400 0478 0547 9616 9685 975¢ - 9823 0802 096l | 69
631 §800020 0098 0167 0236 0305 0373 0442 0511 0580 0648 I 69
632 0717 0786 0864 0923 0992 1061 1120 1198 1268 1335 69
633 1404 1472 1541 1609  1678. 1747 1815 1884 1952 2021 | 68
834 2080 2158 . 2226 2205 2363 2432 2500 2568 2637 2705 | 68
835 9774 2842 2910 2079 3047 3116 3184 3252 3321 3380 § 68
636 3457 3525 3504 3602 3730 3798 3867 3035 4003 4071 § 68
637 4139 4208 4276 4344 4412 4480 4548 4616 4685 4753 | 68
638 4821 4889 4957 5035 5093 5181 5239 5207 536  Sass | oo
639 5501 5569 5637 5706 5773 5841 . 5908 5976 6044 6112 | o8
640 6180 6248 6316 - 633¢ 6451 6519 6587 6655 6723 . 6700 | 68
641 8858 8026  6994. 706l 7120 7197 7264 7332 7400 7467 | 63
742 7535 7603 7670 7738 7808  7873. 7941 8008 8076 8143 | 68
843 8211 8270 8346 8414 8481 8540 8616 8634 8ISl sslg 68
644 | 8886 8953 9021 9088 9156 - 9223 9200 9358 9425 o492 | 67
845 0560 0627 060+ 9762 9320 9396 9964 0031 0098 o165 | 67
646 | 510233 0300 0367 0834 050l 0569  OE ores  ou 0837 | 61
847 0904 0971 1030 1108 113 . 1240 1307 1374 1441 1508 § 67
648 1875 1842 1700 1776 1843 1910 1977 2044 o111  9.78 | o
649 2246 2312 2379 2445 36512 2579 2646 2718 2780 92847 | 67
* See foctnote on page 198
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TABLE 17.9. (continued). COMMON LOGARITHNMS
(six-figurs)
num- differ-
ber [} i 2 3 4 5 é 7 8 9 ence
650 1§ 81 2913 2980 3047 3114 8181 3247. 3314 3281 3448 3514 67
651 3681 3648 3714 3781 3848 3914 3981 4048 4114 4181 87
652 4248 4314 4381 4447 4514 4581 4647 4714 4780 4847 .66
653 4913 4980 5046 6113 5179 5246 5312 5378 5445 5511 66
64 5578 5644 5711 8777 5843, 5910 5976 6042 6109 6175 66
656 6241 6308 6374 8440 8506 6573 6639 8705 6771 6838 66
656 6904 8970 7036 7102 7189 7235 7301 7367 7433 7499 66
857 7565 7631 7698 7764 7830 7896 7962 -8028 8094 8160 86
658 8226 8292 8358 8424 8490 8556 8622 8688 8754 8820 [i]i]
859 8885 8951 9017 8083 9148 9215 9281 9346 9412 09478 66
660 9544 9610 9676 8741 9807 9873 9939  «0004 0070 0136 66
661 3 82 0201 0267 0333 0399 0464 0530 0595 0661 0727 0792 66
662 « (858 0924 0989 1055 1120 1ige 1251 1317 1382 1448 68
663 1614 1579 1645 1710 1775 . 1841 1906 1972 2037 - 2103 85
664 2168 2233 2299 2364 2430 2495 . 2860 2626 2691 2756 86
885 2322 2887 29562 3018 3083 3148 3213 3279 3344 3409 65
866 3474 3539 3605 3870 3735 3800 3865 3930 3996 4081 85§
667 4126 4161 4256 4321 4386 4451 4516 4581 4646 4TIl 65
668 4776 4841 4906 4971 5036 5101 5166. 5231 5296 5361 66
669 5426 5491 5656 5621 5686 5751 5815 5880 5945 6010 86
670 8075 8140 6204 6269 6334 8392 6464 . 6528 8593 8658 65
671 8723 6787 6852 6917 8981 7046 Tl . 7175 7240 - 7305 85
672 7380 7434 7400 7563 7628 7892 TIBT 7821 7886  795L 85
673 8015 8080 8l44 8200 8273 8338 8402 8467 8531 8595 84
674 8660 S724 8785 8863 8918 8982 9046 9111 9175 9239 84
368 2432 0497 9561 9626 9690 9754 9818 9882 64
g:llg gg% *gou 0075 0139 0204 0268 0332 0396 0460 0525 64
677 ¥ 83 0589 0653 0717 0781 0845 0909 0973 1037 1102 1166 64
678 1230 1294 1358 1422 1486 1560 1614 1678 1742 1806 64
679 1870 1934 1998 2062 2128 2189 2253 - 2317 2381 2445 84
2837 2700 2764 2828 2892 2056 3020 3083 64
gg‘l) gggg gg'{? 3275 3338 3402 3468 3530 3593 3657 3721 - 64
682 3784 3848 3912 3075 4030 4103 4166 4230 4204 4357 64
683 1491 4484 4548 4611 4675 4730 4802 4866 4929 4993 64
684 5056 5120 5183 5247 5310 5378 5437 5500 5564 5627 64
5817 5881 5944 - 6007 6071 8134 6197 6261 63
ggg gggi ggg% 6451 6514 6577 6841 6704 6767 ' 6830 6894 63
887 8957 7020 7082 7146 7210 7273 7336 7399 7462 7525 63
688 7588 7652 7716 7178 T84l 7904, 7967 8030 8093 8156 63
689 8219 8282 8345 8408 8471 8634 8597 8660 8723 8786 63
690 8975 9038  0I0F 9164 9227 9289 9352 9415 83
gg(l) gzgg ggg 9604 9667 9729 9792 9855 9918 9981 #0043 63
692 § 54 0106 0169 0232 0294 0357 0420 . 0482  0G45 0608~ 067L 63
693 0733 0796 0859 0021 0984 1046 1109 1172 1234 1297 | 63
804 1359 1422 1485 1547 1610 1672 1735 1797 1860 1922 63
2110 2172 2235 . 2207 2360 2422 2484 2647 § 62
ggg égts)g ggg 2734 2796 2859 2021 . 2983 3046 - 3108 3170 62
697 3233 3905 . 3357 3420 3482 3544 3806 - 3660 31731 3793 62
1 698 3865 3918 3980 4042 4104 4166 - 4220 4291 4353 © 4415 62
‘690 4539 4601 4664 4728 4788 4850 40’14 - 5036 62
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TABLE 17.9. (continued). COMMON LOGARITHMS
(six-Bgure)
. ) diffor-
g 1 .2 8 4 8 6 d 8 9 | emco
700 |84 5098 5180 5222 5284 5346 5408 5470 5532 5504 565G | 62
101 5718 © K780 - 5842 . 5004 - 5966 8023 6090 6151 6213 8275 62
702" 6337 6399 . 6461 6523 6585 . 6646 6708 . 6770 6832 = 6894 62
703- 6955 7017 . 7079 7141 7202 7264 7326 7388 7449 7511 62
704 7573 763¢ 7696 - 7758 7819 7881 7943 8004 - - 8066 8128 62
706 8189 8251 8312° 8374 8435 8497 8569 8620 - 8682 8743 62
708 8805 8866 ~ ‘802§ . 8989 0051 9112 © 9174 - 9235 9297 9358 61
707 § 9419 048] - ‘9542 0604 ~ 9665 9726 9788 9840 . 9911. 9972 51
708 {85 0033 . 0095 - Q156- 0217 0279 - 0340 0401 0462 ©524 0585 ]| 61
7090  0646. - 0707 0769 0830 0891 0952 1014 1075 1136 1197 61
710 1258 1320 1381 1442 1503 1564 1625 1686 1747 1809 | 61
711 4 11870 1931 1992 . 2053 . 2114 . 2175 2236 2297 - 2358 2419 61
118 2480 . 2541 2602 2063 - .2724- 2785  2846- 2907 2968 3029 | 61
713 3000 3150 -3211 - 8272 . 3333 - . 3394 3466 3516  3577T. 3637 61
T 3698 3759 . 3820 3881 3941 4002 4063 4124 4185 4245 61
715 4306 4367 4428 4488 4549 4610 4670 4731 ez ass2) 61
718 4013 - 4974 5034 5095. 5156 5216 5277 5337 - 5398 - 8450 | 61
77 5519 5580 5640~ 5701 - 5761 5822 5882 5943 6003 - 8064 60
718 | - 6124 6185 6245 6306 ' 6366 6427 6487 - 6548 6603 6668 | 60
719 ~6729 6789 6850 6910 6970 7031 7091 TI52 7212 7292 | 60
720. | 7332 7393 7453 613 574 7634 7804 7755 71815 1875 60
721 7935 7995 8056 8116 8176 8236 8297 8357  §417 8477 80
722 8537 8597 8657 . 8718~ 8778 8838 ' 8898 8958 DOIS 9078 -60
723 9138 9198 9258 ' 9318. . 9379 9438 9499 9555 9619 9579 60
726§ 9739 9799 9850 9918 - 9978 %0038 0098  Ol58° 0218 0278 | €0
725 |86 0338 0398 0458 0518 O5T8 . o637 0607 0757 0817 7
726 0937 0996 1056 1116 1176 1236 1205 1355 1415 - (1)272 .gg
727 153¢ 1594 1654 1714 1773 1833 - 1893 1952 2012 2072 60 -
728 2131 2191 2251.  2310° 2370 2430 2480 2549 = 2608 2868 60
129 2728 2787 . 2847 2906 2066 3025 3085 3144 3204 3263 60
730 3323 3382 3442 3501 3561 3620 3650 A':;3739- 3 " a
731 3017 3977 4036 4008 4155 4214 4974 4333 4;33 iigg gg '
732 4511 4570 4630 4680 ' 4748 4808 4867 4926 4985 5045 | 5
733 Sloa 5163 5222 5283 5341 5400 © 5450 sh1a 6578 5637 | 59
734 5696 5755 5814 5874 5033 5992 6051 6110 - 6163 6228 59
735 6287 6346 : : : ' "
o | oees e oo T M Sy o2 gL ome st | o
737 7467 526 . 1585 7644 7703 7762 789l 7880 7
) S L (! 1, 7880 7939 7998 59
738 8056 8115 . 8174 . 8233 8292 8350 R4 K
8 , _ 9 84 :
739 8644 8703 - 8762 8821 8879 8933 - Sogy 9022 g?ﬁ g?gg gg'
740 9232 9200 9349 g} 66 - osas ‘ : - _
| B onp Mo omm s owm oom oom g
742 87 0404 0462 0521 0679 0638 0696 . (755, '
, - 5. 0813 0872 0930 | &8
743 L0989 1047 1106 1164 1223 © 19281 1
, 330 1
744 1673 1631 1600 1748 1808 1865 . 1923 Jggg ééig . égslag gg
745 2156 2215 2273 o )
WomR M RN ONL mm e me ome oam o owe | oo
747 3321 3379 3437 3495 3558  ge11 38 aad |
- [ 3669 72
TS | 302 %0 W08 4o w14 4198 4900 sane oy M | B
9. 640 4598 4656 4714 4772 4830 4888  .4045 5003 | o8




MISOPLLAVEQUS MATHEMATICAL FUNOTIONS
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" TABLE 17.9. (confinued), COMMON LOGARITHMS
{siz-figure}
name . d.iﬁel'
ber 0 i 2 3 4 5 8 7 3 9 ence
750 | 87 5061 5112 5177 5235 5293 5351 5400 - 5466 6624 5582 58
751 5640 5698 5756 5813 5871 5998 5087 6045 6102 6160 58
752 6218 6276 6333 6381 6446 6507 @564 6622 6630 6737 58
753 6795 6853 6910 6968 7026 7083  7ldl 7190 7256 7314 58
754 7371 . 7425 V487 U544 7802 7889 . 7717 T4 7832 7880 53
155 7947 8004 8065 B81ig  SIT7 8234 8388 B3O 407 8464 58
756 8522 8579 8837 8604 8752 8805 8386 3024 8981 9039 57
757 0008 9163 9211 0268 9326 9383 0440 0407 0555 9812 57
758 9660 0725  ©784 9841  $898 9955 <0013 0070 0127 0185 | - 57
750 | 83 0242 0290 0356 . 0413 (0471 0523 0383 0842 0699 0756 57
760 0814 0871 0928 0085 1042 10se  1IS6 1213 1371 1338 57
761 1385 1442 1499 1556 1813  187¢ 1727 1784 1841 1898 57
762 1955 2012 2066 2126 2183 2240 2207 2354 2411 2468 57
%63 9505 9581 2635 20605 2752 9309 2866 2023 2080 3037 57
ber 2003 3150 9207 3234 8321 2377 3434 3491 3548 3805 57
765 2361 8718 3775 3833 3838 3045 4002 4059 4116 4172 57
766 1200  4pa5 4342 4305 4485 4512 4563 4635 4682 4730 57
751 2705 4852 4000 4885 5022 6078 5135 5192, 5243 5305 57
763 5351  B4ls 5474 56531 bB387 5644 8700 BIBT 6813 BST0 56
760 5926 5983 8039 €098 6152 6209 6265 6321 6378 6432 56 |
770 8401 4547 6604 6680 6716 6773 6820 6885 6042 6908 56 |
771 7054 7111 7187 722 7280 7396 7392 7449 7805 7561 55
772 7617 7874 1930 TI83 7842 789e 7953 8011 80BT 81 56 |
778 8170 236 8252 8348 8404 3460 8516 8573 8629 8685 56 1
774 S741 8707 8853 8909 8965 9021 9977 9134 9100 9246 56
02 9358 . O4id 0470 0626 9582 9538 9694 9750 9508 55
335 ggsg 9018 0074 0030 0036 0141 0197 0253 0309 0385 65
777 | 50 0451 0477 0533 0586 0645 0700 0756 0812 0868 0924 56
778 00sp 1035 1001 1147 1203 1259 1314 1370 1435 1482 58
779 1537 1593 1640 1705 1760 1816 1872 1928 1983 2039 58
9206 2962 92317 2373 2420 2484 2540 2595 58
?13(1) :32‘;? 3;32 9762 2318 2873 2029 2985 3040  3093. 3151 56
- 783 9207 3262 9318 3373 3420 3484 3540 3595 3651 3706 56 |
783 3762 3817 3873 3928 3984 4030 4004 4150 4205 4261 55 |
784 1316 4371 4497 4482 4538 4593 4648 . 4704 4769 4814 56
5 49 4980 5036  BOS1  B146 - 5201 5257 5312 5367 55
7:23 ‘ﬁ;g 549:32 5533 5588 56644 5699  BI54 5803 5864 5920 56
787 §975 6030 6085 6140 6195 6251 8306 636l 6416 6471 55 |
788 oE26 6581 6636 6602 6747 6802 @857 6912 6967 7022 65
789 Sor7 - Tiaz 7187 7242 7207 7352 7407 7462 7TBIT 572 56
737 7782 7847 7902 7957 8012 8087 8122 | ‘56
;gg g‘i% ggg% gzga 8341 8396 8451 8506 8661 8615 8670 55
799 728 780 9835 8890 8944 8999 9054 9109 9164 ~ 9218 55
703 o273~ 0328 9383 0437 9402 9547 9602 . 9656 9711 9766 55
794 os21 0875 0930 9985 +0039 0094 0140 0203 0268 0312 55
» ; : 0476 0531 0586 0640 - 0695 . 074D 0804 0859 | 65
7,32 %0 335‘; 33(2@ %22 1077 1131 1186 1240 1205 1340 1404 B4
797 liss 1513 1667 1622 1676 . 1731 1785 1840 1804 * 1048 54
798 soos 2057 o112 2166 2921 2275 2320 - 2384 2438 2492 54
547 2601 9656 2710 2764 2818 2873 2037 2081 3036 54
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217 MISOELLANEOUS MATHEMATIOAL TUNOTIONZ
TABLE 179, (continued). COMMON LOGARITHMS
' (six-Bgare)
o . differ 3
n};u;z:- o 1 . 3 4 5 8 9 8 8 onceo
v 1 2418 3470 3624 2678 | &4
801 % ?;223 S687 3%2? 3?,2% %2% 3324 3058 4012 4088 4120 gé;
bl i BB Gn hmom oanoue s s g n
4Tie 4110 4824 A
Sos 'l 5286 5310 5364 5418 5472 BR2G  5G80 503 5688 5TZ | Gt
A ' : 12 6063 8119 6173 0227  &281 | 64
506 T oas  oks e S% S0t osa 6Tz 6706 9820 B¢
807 6374 6027  6s8l 7035 M08 TM3 718 7RO 7304 IS g o4
808 7411 7465 7519 7513 7626 7680 7734 7787 784l 9 4
809 7840 8002 8066 8110 8163 6217 8570 8324 8378 8431 | 54
8485 8539 8502 8646 8080 8753 8807 8830  801& 8087 | B4
ot BT Sooi  o1%s o181 9238 9260 934z 9398 944D 0503 | B4
812 9556 0610 0883 9718  ©770 9623 9877 9930 9984 G037 | O4
813 |51 G091  oOla4  o0lg7 0261 0304 0368 0411 0484 0518 0371 | 53
812 0624 0678 0731 0784 0838 0891 €944 0998 1061 1104 | 63
416 1és 1211 1264 1317 1371 1424 1417 1530 1684 1637 | 53
816 1680 1748 1707 1850 1903 1956 2000 2083 2116 2169 | 53
817 2223 2216 2328 2381 2435 2488 %541 2604 2647 2100 | 63
818 | 2753 ~ 2806 2859 2913 2066 019 8072 3136 3178 3231 | 63
819 3284 3337 3300 8443 3496 3640 3602 3655 3708 3761 | 63
820 3814 3867 3920 3073 4026 4079 4132 4184 4237 4200 | 063
821 4343 4396 4449 4502 4555 4608 4660 4713 - 4768 4819 | 63
822 | - 4872 4925 4077 5030 5083 5136 5189 6241 5204 5347 | &3
823 5400 54563 G606 G558  GO1L G664 5718 5769 5822 45675 | 63
824 5927 5980 6033 6035 6138 6101 6243 0293 6340 6401 | 63
825 6454 G507 6550 8012 6664 6717 G770 8822 6875 6927 | 63
828 8980 7023 7085 7138  7i90 7243 7205 7348 7400 7453 | 63
827 7508 76558 7611 7663 7718 7768 7820 7873 7925 - 7978 | 52
828 8030 8083 8135 8188 6240 8203 8345 8397 8450 8502 | &2
829 8555 8007 8659 8712 8764 8816 8369 8021 8973 9026 | 62
830 2078 0130 9183 9235 9287 0340 90392 9444 9496 9540 | 52
831 9601 D853 9708 ~ 9758 9810 9362 9914 0067 #0019 0071 | G52
832 |92 0123 0176 0228 0280 0332 0384 0436 0480 0541 0503 | 52
833 0845 0697 0740 0801 0853 0906 0958 1010 1082 1114 | &2
834 1166 1218 1270 1322 1374 1426 1478 1530 1682 1634 | b2
835 1686 1738 1790 1842 1804 1946 1898 2050 2102 2154 2
838 2206 2258 2310 2362 2414 2466 9518 2570 2093 2078 | oa
837 2726 2777 2829 2881 . 2933 2085 3037 3080 3140 3192 | 52
838 8244 3208 3348 © '3300 3451 3503 3565 3607 3858 3710 | 62
839 3762 3814 3865 3917 3960 4021 4072 4124 4176 4228 | 5o
840 | 4270 4331 . 4383 4434 4488 4538 4580 4641 - 4603 47
841 4796 4848 4809 4951 5003 5054 5108 . 5157  5305. oues | oo
842 5312 5364 5415 5467 5518 5670 5621 5673 5725 5776 | 59
843 5828 5879 5931 5982 6034 6085 6137 6188 6240 6201 § &t
I844 1 6342 6304 6445 6497 6548 6600 6651 - 6702 6754 6305 | 51 |
45 | 6867 6908 8950 7011 7082 714 7165 7216 7
848 7370 422 4T3 o4 576 7627 7618 1as0 qaey oo | O
847 7883 7935 7986 8037 8088 8140 8191 8242 8203 345 | &1
848 8396 8447 8408 8549 8601 8652 8708 8754 8805 8857 | 61
849 | 8908 8969 9010 9061 9112 9163 9215 9268 9317 9368 | G61
* Sea footnote on page 198 -
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213
- TABLE 17.9, {confinued). COMMON LOGARTTENS
{eiz-figmre)
npTA. 1 .. j
{ ‘\ . . diffore
boz ; O b 2 3 4 5 8 Fl 8 ] S0ED
f;:‘agg ‘ 92 2412 95211 2372 2623 35?’4 9925 2798 2857 2876 81
8 o0 zei}i')ﬁlg ‘4033- {134 G185 ¢238 (287 5338 389 51
b§2 ; 63 1 0545 5395 0843 3824 (7458 4728 $847 (898 51
853 ; 1051 11G2 1158 1844 1254 1365 1388 1407 A
354 1508 1289 1519 1881 i7i3 1785 1814 1883 ik 51
{866 ! 2017 2083 2113 2189 2326 2871 2483 2372 2423 51
1838 ¢ 2634 3575 2828 26877 292% 27178 2829 2878 2930 53
4857 3031 3082 3183 3183 3234 3285 33838 3386 3437 51
q 838 3 3538 3588 3839 2630 §740 31781 3843 3352 3343 Bl
18569 4044 4094 4148 4185 4549 4296 4347 435y 4448 B
880 4458 4540 4599 4850 4700 4751 4801 4882 45402 4953 - 5O
261 BG03 5054 5104 5154 5208 B3B8 5505 5345 5403 5457 80
882 EBOT B558 5808 5868 5709 5758 5809 5880 5210 5960 80
263 2011 8081 @il @182 8213 6333 6313 8383 5413 463 50
884 8514 6864 5814 66385 6715 $785 &813 8865 4818 3066 fitt]
1885 7018 7368 F117 © 7167 7217 7287 7319 7387 74315 7468 50
1888 9518 7388 7818 7888 7718 7789 781D 7BED 7910 7949 50
1887 8018 8¢89 8118 2169 821¢ 5289 8320 8370 {420 8470 50
2368 2526 3570 8320 8870 3720 8770 8820 8870 8320 8870 50
889 8020 G070 9120 9170 2220 8270 9320 9369 8419 0482 50
870 9818 9569 9819 $889 9718 9785 9815 9889 9918 9968 50
871 D4 0018 0088 0118 1168 4218 (287 0317 0387 9417 0487 50
872 8618 0588 0818 666 4718 0765 0815 0865, 0915 0984 i$H]
873 1514 1064 1114 1163 ~ 1218 1283 1313 1362 1412 1482 50
874 1611 15681 1811 1660 1716 1760 1809 16568 1509 1958 50
875 2608. 2058 2107 2157 2207 2256 2308 2355 2405 2465 £0
878 2504 26554 2603 2853 2902 2752 2801 2851 2301 2050 5O
871 3000 . 3040 3009 3148 3198 3247 3297 3346 3398 3445 50
878 3485 3544 3593 3643 8662 8742 37191 2841 3890 3939 49
872 3080 4038 4088 4137 4186 4238 4285 4335 4384 4433 40
880 4483 4532 4581 4631 4680 4729 4779 4828 4877 4927 49
881 4976 5025 5074 5124 ‘B173 6222 5272 5321 5370 5419 49
882 5489 5518 5587 5618 5665 5715 5764 5813 5862 5912 45
883 5081 8010 6050 6108 6167 6207 6258 6308 8354 . 6403 49
884 8452 8501 6551 6800 6649 6698 8747 8796 8845 8304 49
838 6943 6992 . 7041 7050 7140 7189 7288 7287 7338 7388 49
888 ni34  74e3 7532 7581 7630 7679 7728 I7U7T 7826 78IS 49
887. 7924 7973 8022 8070 8119 8188 8217 8266 8315 8364 49
888 8413 862 8511 8560 8609 8057 . 8706 87556 8804 8853 49
889- 8002 8951 8999 2048 9097 9148 9195 9244 2292 9341 49
: 19439 2488 $5368 9686 2834 0883 $731 0780 2829 . 49
gg(l) gggg 9926 go7s  *D024 0073 0123 0170 0219 0267 0318 49
882 | 95 0365 0414 0462 0511 0560 0608 0857 0766 = 0764 0803 49
893 0851  OD00 0049 0997 1046 1085 1143 1192 1240 1289 § 9
804 1338 1386 1486 1483 1532 1580 162¢ 1877 1726 1775 48
: 872 1920 1269 2017 2066 2114 2182 2211 2260 . 48
800 3308 rote 2405 92453 2502 2060 2699 2647 2696 2744 | 48
1897 2792 2841 2889 2938 2086 23034 3083 313y 3130 3228 48
808 3278 3825 3373 3421 3470 3518 3506 3615° 3663 3711 48
880 3760 3808 3858 3905 2953 4001 4049 4098 4146 4194 § 48
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OB STATISTIOAL VLTI

[~
&

UOMMON LOGARITHMS

{gix-fgunra)
num- R -
ber D 1 3 3 2 5 i ! 8 ?
000 . 4201 4329 48 4532
901 4773 4821 4 oo ;
802 - 5855 6303 < 53 Biet. 5485 tg |
903 5758 - 5I84 38 oBL8 - 9vib S
8032 a1 £253 833 BELR 8i5e i3
505 8 97 - 845 : 2 l
906 7t M 7354 : I‘
1 907 - 18 W55 73063 ! .
108 8056 X0 184 i
1 809 8564 g 2859 ke i
: |
_ b l
) o
811 P
L2 e
1513 P48
i oid I
| :
L nis 1516 3583 T
. B1g 1850 2028 an
YT 2484 2511 A1
‘ B1a. 2037 2883 47
: u1g 3457 EY)
292 o
1491 £
& 4872 47
z 5343 45
5 5313 7
3185 4333 8283 8817
&888 8T0s 8752 5885
7127 7173 1229 Tadg i
7595 i% 7838 7492
5052 8109 815§ :
{
8330 8575 8333 8716 8783 2310 . &7
8505 904s 5650 5183 9320 0378 P
9483 BS08 2558 9810 8035 9743 ioar
3 9975 6021 5114 DIBL 0207 I 45
&% D440 0488 8572 8828 6673 i aa
;
» !
B 1089 1127 45
145 1654 1601 43
1925 2018 2084 48
2388 2434 2481 - zany 45
2851 2897 2t 2050 P
2288 S313 3358 3405 3451 . 2497 5543 15
3738 3774 3820 3868 3913 3030 4008 | oo
418% . 4235 4281 4327 4874 4420 4486 46
4850 4898 4742 4738 4834 2830 4uom 46
5110 5186 5202 5248  A204 . 534D  page 46
5452 547S  B534 G570 5816 5662 BI07 - BIAS 5799' 5845
8301 - 5937 5083 6029 6075 612l 6167 212 6258 ‘éﬁ%fi i‘é
8330 6390 © 8442 8483 6333 6570 6625 6571 6717 €763 45
6305 6854 . 6600 494G 6992 7037 7083 7120 7175 7230 46
7266 7312 T383 7408 7440 "495 7541 67

7588 . 7832 7878 46
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MISCELLANEQUS MATHEMATICAL FUNRTTIONS
TABLE 17.8. (con#nued). COMMOIN LOGARITHMS
(siz-Hgars)

num- ) o diffor-
ber 0 1 2 3 4 5 8 7 8 ] snee

‘950 | 97 7724 7769 7315 . 7881 7906 7952 7998 8043 8089 8135 46
951 8181 8226 8272 8317 8363 840§ 8454 8500 8546 8y | 46

952 8637 8683 8728 8774 8819 . 8865 8911 8956 9002 9047 46

. 953 9093 9138 9184 - 9230 8275 - 9321 9366 9412 9457 9303 46
954 9548 9554 9639  BG8S 9730 977§ 9831 9867 9912 9958 49

055 | 68 0003 0045 = 0094 0140 0185 0231 - 06278 ~ 0322 0387 0412 48

956 0458 0503 . 0549 0594 0640, 0685 (0730 - 0VI6 0821 0867 4B

957 0812 . 0957 1603 1048 1093 1139 ~ 1184 1229 1275 1320 45

058 1366 1411l - 1456 .- 1501 - 1547 1592 1837 1683 1728 . 1773 48

939 1819 1864 1909 1954 - 2000 2045 2080 - 2135 2181 2228 5

2980 2971 2318 - 2362 . 2407 ~ 2482 - 2497 | 2543 2383 2632 - 2678 48

961 9723 2789, 2814 2859 004 - 9949 - 2004 3040 3085 3130 a8

962 3176 3220 3265 3310 3356 3401 3446 3491 3636 3681 48

963 5628 3871 3716 3762 3807 3853 © 3897 2042 3087 4033 45 .

964 4077 4133 4167 4212 4257 4302 - 4347 4392 - 4437 4482 €5

! 985 4627 4572 4617 - 4882 . 4707 4758 4797 4842 4887 4933, 45
066 4977 5023 5067 5112 5157 5202 5247 5292 5337 5382 45

967 5426 5471 5516 - 5561 - 5608 5651 5696 5741 - 5788 583G 45

568 5875 . 5920 5966 8010 . 6055 6100 6144 8189 6234 5278 45

969 6324  B369 6413 6458 6503 6548 6503 6637 6682 872V 45

870 6772 6817 6861 6908 8951 6996 7040 7085 7130 7175 - 45
] 971 7219 . 17264 7309 7363 7398~ 7443 7488 © . 7582 57T . 7622 4B
972 7666 7711 7756 1800 7845 7880 7934 7979 8024 8068 - 45

973 8113- 8157 8202 8247 - 8291 - 8336 8331 8425 8470 - 8514 45

974 8559 8604 - 8848 8693 8737 8782 - 8826 8871 - 8016 8960 45

975 0005 0049 9094 0138 9183 9227 9272 8316 9361 9406 | 44

' 976 0450 0494  9B39 9583 9828 9672 ° 9717 9761  9306. 9850 | 44
977 0go5 0939 9983 =0028 . 0072 0117 0161 0206 - 0250 0204 | 44

978 |.9p 0339 0383 © 0428 0472 0516 - 0561. 0605 0650 0694 - 0738 44

979 0783 0827  O0R7L. . 0916 0960 = 1004 1049 1093 1137 1182 44

980 1226 1270 1315, 1359 1403 1448 1492 1538 1580 - 1825 | 44

981 1669 1713 1758 1802 = 1846 1800 1935 . 1979 . 2023 . 2087 | 44

982 2(11 .2156 2200 2244 2288 - 2333 2377 2421 2465 2609 44

983 ‘9554. 2598 2642 2686 2730 2774 -2810 © 2863 ° 2007 2051 } - 44

084 2005 3039 3083 3127 3172 3216 3260 3304 - 3348 . 3392 44

985 2436 3480 3524 3568 3613 3657 3701 3745 3789 3833 44

986 3877 3921 3965 4009 . 4053 4097 4141 4185 49229 4273 it

987 4317 . 4361 4405 4440 4493 4537 4581 46256 - 4669. 4713 44

988 4757 4801 4845 4889 4033 4977 5621 5085 5108 - 5152 |- 44

989 5196 5240 5284 5328 . 5372 5416 5460 - 5504 5547 5591 44

 ga79 - 5723 5767 GBIl - 5854 - B8O8 5942 5986 6630 44

gg? 2333 s117 ~ 6161 6208 6240 6203  6337. 6380 6424 6468 44

992 6512 6855 6599 6643 6687 6731 6774 6818 6862 6906 | 44

993 . 6949 6993 7037 7080 - V124" 7168 . 7213 7265. 7299 7343 44

994 7386. 7430 7474 7517 7561 - . 7605 7648 7692 - 7736 - 77719 44

995 7g2g - 7867 7910 . 7964 7998 8041 8085 8120 8172 8216 44

996 2950 8303 8347 8390 8434 8477 8521 8564 8608 8652 44

997 sags 8739 8782 8826 8869 8913 8956 . 9000 - 0043 9087 44

993 9131 0174 9218 9261 9305 9348 9302 ' . 9435 0479 9522 | - 43

999 0585 9600 9652  0896. - 9730 9783 9826 9870 9913 9957 | 43
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v

de

sble 13.2 and

hen selech squore
Mext permuto ol

b
end sasign the letters to the troat-

sble 10.1 and 19e for introductory

using the key numbers recdrde

T

Ths 6 X5 Latin Squares .

arohers 32414320 undor thet squere.

If tho rendom pumaber chosen iz 3486,
oy W

uired, (hoose & random zumber from 1 to 8408 the larges

tod Letin squere ab rendom

]
of &

gelac
ab rendom. For ohteining & rendom permutation consult

38, LATIN SQUARES

T4BLE 18.1. LIST OF SQUARES UPTO ORDER 6><6
one could use one of the orthogonal squares given in T

reatrnen’ pumbers independently ab random.

ailar for Latin equares of sizes 4 x4 and 5X3,

‘samere ob Tendom 1

Suppose & 6x6 Latin squers i3
koy number recorded under the lagt square.

The 4% 4 Lg;t{in_ﬁqu&taa

73

To golect & latin

onts els !
note. The procedure is si

number IV, gince 3486 iz in the range ¢
the rows and all the'columns of the
For squares of higher dimension

permute its rows, columung and &

pest
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SETS OF MUTUALLY ORTHOGONAL LATIN SQUARES.

LATIN SQUARES.

TABLE 18.2. (continued).

TXTf

X5

a6

-

I

eI
8 et 63 6O WD
567123* 
4567123,.
3456712ﬂ
] ex o b @ k.
1234567

b4
.52413?54321.
41352.43215
{ o210 QU <t - B OV 1D W
(0 1 0
NI in o
] - .
= B
51234.53[42
IO EIM YD D e
D HID OV | O e VIO
R Hm N W -
—OID HUD i~ O D D
B g

oo

T 10 60 ma 5 A 6

ﬂ~ﬁ .wﬂ

- 7654321 )

”6543217
hl54321v6.
.4321765,

3217654.

f2l78543.
At )

iy
B BI35724L
S Y R
,46135723
{Bwadm
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218 19, RANDOM NUMBERS AND PERMUTATIONS

a. Description of the table

Each row of digits in Table 19.1 contains a serial number of row, and a random
permutation of numers 0, 1,...,9 followed by 40 random digits in 40 oolumns
arranged in sets of 4. The serial numbers of the columns of random digits aro
indicated in the bottom line of each page so that each random digit can be
identified by a row numbe: and a column number. There are altogether 5,000 four
digited random numbers (equivalent to 10,000 two. digited or 20,000 one digited
random numbers). They have been compiled from a number of existing randomn
number tables. The random numbers so compiled have been examined through
standard tests of randciness. No serious lack of randomness was revealed. .

In using Table 19.1 we need a starting point identified by a row and a column.
There are no set rules for the choice of a starting point except that no preference is
shown to particular page, row or column and the choice is made without prior
inspection of the numbers themselves. Some random mechanism may be adopted for
locating the starting point, specially when the random number table is repeatedly
used for the selection of numbers (see sub-section f of this Chapter in this connection).

Some of the uses of Table 19.1 are given below.
b. Simpie random sampling from a list

(i) A straightforward method. Suppose we have to sample 5 households from
a list of 23, serially numbered 0, 1, ..., 22. - ' ' '

Locate a starting point of random digits and consider two adjdcent columns.
Read two digited numbers either upwards or downwards or diagonally and record the
- first five numbers that lie in 0-22. If sampling is without replacement continue
- reading till five distinet numbers are obtained. Suppose we start from row. 135 and -

read downwards the two dig?it}ed numbers in columns 3 and 4; the selected h(;ﬁséholds
are 20, 3, 1, 20, 3 if repetition is allowed and 20, 3, 1, 12, 18 without repetition. .

(ii) The method of inflated range. In the above method we have to reject
all numbers greater than 22, which on an average amounts to 7 7% Vof 'thé numbers
'A réad. To reduce the number of rejections, consider the'ra'nge‘of numbers from 0 to

2.3k—,1 where £ is chosen such that 23k is nearest t0, but does not exceed, a Poﬁ’ef of
_10. _In the present example k = 4 gives the range 0 to 91. | Choosing th columns

as before select the first five two- digited numbers in the rauge 0-91. - Each number
- chosen is replaced by the remainder after dividing by 23 to obtain a number in the

range 9—22. Thus, using the same starting point as in (i) above the numbers are
80, 62, 63, 25, 63 which give the sample 11, 18, 17, 2, 7. .

Alternatively when kis small as in the present example the number chosen
could be divided by & and the quotient taken as the number finelly selected. Thus
in the example considered above, the numbers 80, 62, 63, 256 and 53 on divi.sion by
k = 4, lead to the sample 2¢, 15, 15, 6 and 13, 1 d 3
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(iti) Independent choice of the first digit. The method of inflated range reduces
the rejection of random numbers at the expense of a tedious operation of repeated
division by a given number. An alternative method due to Matthai is as follows.

To select five numbers at random from 0'to 383, locate a starting peint and
record two digited numbers (one less than the number of digits in the given number).
“1Po each of these numbers prefix a digit at random from 0 to 3.. This could be done, '
for example, by considering the first number from among & to 3 in the random permu-
tation that appears in the same IOW. ‘A three digited. number, so obtained, 18
rejected if it exceeds 383. Thus with the columns 9 and 10 from row 271 as the '

starting point and reading downwords the numbers solected are as follows }
053, 295, 000, 195, 334 where in, the digits underlined are prefixed as indicated. -

This ‘method is also useful Wheﬁ fm" oxample one has to select numbers in the '-

range 3845-8962, Here. one selects a three digited number ab random bo which is

prefixed a digit chosen in the range 3-8. . The random permutation in'the row. ¢ould .,

bé used to select a random number in the range 3-8. The number finally obtained
is accepted if it falls in the Tange 3845-8962. Otherwise it is rejected and anothet’
‘number is drawn in the same way. - . SR o S -
" .¢c. - Sampling ‘with 'probabilities prop_qrtional to 'size‘(gps) :

(i) The method of cumulated totals. Select five villages from & list of 23 with -
probabilities proportionsil to size of the village' . o : S

gerial no " gize . oumulated

~ of village : o . totals (o.5.)
1 1w 19
2 - 207 oL 226
3 . 2 298
22 . "; 98 . 883
23, 120 1003

Qelect five random aumbers from 1 to 1003 (the last c.t.). If a chosen number
is .greatei'- than the c.t. for village © ax_xd less than or equal to the c.b. for village
(44+1), then the village gelected is (i+1). Thus if tho first random number chosen is
227, the village selected is 3. Qimilarly the villages corresponding to the second

and subsequent random pumbers are determined. |
i) A two stage selection method. This is useful particularly when the gizes .
are not numerically gpecified nor is it intended to determine all of them beforehand,
for example, in selecting crop plots with probability proportional to area etc. The
method, however, requires the prior knowledge of anumber S which equals or exceods

the*larges’r) of the sizes. Tt 210 be that pumber in the above example. The proce-
dure due to Hajek and Lahiri is as follows. : :
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Seleet a number z at random from 1 to 23 and another number y from 1 to
8= 210, If the size of village « is < y then village % is chosen; otherwise, the pair
‘of selected- numbers (2, y) is rejected and another pair is considered. ‘If a sample of
5 is required the above procedure is continued tilt 5 villages get selected. This method
involves re]eetlon of a large number of selected pairs if the sizes of the villages are
very disproportionate. In such cases a large village may have to be split into
- smaller units with smaller sizes (adding upto the size of the village). Each such unit
is given a separate serial number. The original village is selected if any one of its:

o T constltuent units gets selected'in the process.

(m) Cluster samplmg Draw a cluster of four villages with proba.blhty

o proportlonal t6 sum of the sizes. -

- “One method isto hst all the ( 3} = 8855 possible clusters and their sizes. The size
of any- cluster is equal to the sum of the sizes of the four villages in it. Now choose
. ‘a cluster with probability ‘proportional to size by the method described in (i) or

' '".(11) of19¢c. - A mmpler techmque is, however, to draw one village from 1 to 23 with

iR - probability proporhlona.l to size and three villages at random mth equal probabﬂlty
S :and without replecement from the remaining 22.

: (1v) Simple random samplmg froin separate lists. Select a household ﬁ'om six
, streets contammg 17, 82, 28, 47, 56 and 12 houses respectively.

L One method is to make a serial hstmcr of all the 192 households and select the
. required number in the usual way. An alternative method is to select a number
* from 1+to 6 specifying a street, and another number from 1 to 56 (56 being the maximum

number of households in a street) speclfymg a household on the street. If there

is no household corresponding to the second number in the seleoted . street the pa,u'
of selected numbers is re]ected and another pan' is conmdered

d Model sampl.ing

(i) Uniform dzstmbutwn over the mterval (0, I): R(0, 1) "To draw a random
observation from the uniform distribution over (0, 1), start with a decimal point and
‘record the digits in the sequence read from the random numher table. The number
of digits to ‘be retained is determined by the accuracy needed in the observation.
Thus selecting the 30th row and 4th column as the starting pomt and reading the

digits horizontally, the observatlon is 0.04100526. The observation .correct to 4
places is 0. 0410

(i) Dzscrete dzsmbutwn ThIS is a special case of sa,mplmg w1th varying

probabﬂltles (see 19c¢) where the number of elements: may be finite or infinite.
Let the discrete variable X take the values 0, 1,2; ... with probabilities g, py, Py, ... -

- First draw an observation u from the umform chstnbutlon R (0 1) as indicated in
(i) above. Then determine # such that

po+p1+ P <'"' < Potpit.. p,.

The number x constitutes a random observatlon on X,
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(iii) Continuous d@stmbutzons with cumulative dzstnbutwn functwn (Odf ), F(z).
Let % be a random observation from the uniform distribution R(0, I). . The: value of .. S

z for which F(z) = U _provides & random observatlon from the oontmuous dxstnbuhlon

with cdf F(z). In the absence.of a table of the inverse functmn A, t}ns Wﬂl requu‘e Lo

inverse mferpolatlon in a table of F(a:)

“Thus, suppose a random observa,tlon is to be drawn from the Cém_chy. di'st'ri;

bution with. cdf

Fle) = T (t'—‘dfﬁ)zlmo. ’—*'%[*’a“‘?( T )+'“] '_ .

Given u, x is determined by the equablon x = 15+10 tan BwhereO = n(fu—O 5)" S

radians = (180u—90) degrees. If u = 0.2537 the correspondmg x.a8 obtamed from_, 3
Table 17.7 is given by 15+10X0 9770 = 24 7.

(iv) Bwamate (Zzstmbutwn of . the vanables X Y ‘with cdf F(a, y) Let th |

cdf of the marginal d15tr1butlon of X be denoted by Fy(x) and of the cond_\tlonal dlstn- o
bution of ¥ given X = z by Fiy|z) - A'random observation of X; Yis. given by @,
y where x :and.y are. independent - observa.tlons from Fl(x) and Fz(y|x) respeotlvely

chosen in the manner descnbed m (1) to (m) above

Thus, - suppose a. ra,ndom observablon (@, y) is to be drawn from the blvanate
normal - distribution with, the ‘specifications : mean X = 50, mean ¥ = 75, variancg
X = 100 = (10)?, variance . Y = 225 = (15)2 and correla.tlon ‘coefficient = 0.6.
Note that. margma,lly X is normal w1th mean 50 and variance 100: a,nd condltxonally
given X = &; Y is normal vnth -

0. 6X15

mean : ': o 764 0 (x 50)— 30+0 9x
and variance : o95[1— . 6)’] = 144 = (12)3

. The problem reduces to that of dmwmg an observatlon x fron N (50 10) and '

‘then an observa.tlon Y from N. (30+0 9x, 12) which can- Do .done by the procedure
- explained in- (i) above To_get z, take an’ observatlon 4 from R(O 1) as|
explamed in (i). - If =0 3135 the con’espondmv sta.ndard normal dev1ate obtamed

from Table 3 I by mverse mterpolatlon is ——O 4860. Hence

xﬂf’o = _-o 4860 cor = 45 140

Simﬂaﬂy 1f v.= 0 5912 is an mdependent observatlon from R(O 1). w1th the corres‘
_ ponding sta,nds,rd norm al. ‘deviate 0. 2306, then o N .

y——30 —0.92 y—-30-—40 626

5 < 5 =0. 2306 or y= 73 393

. The.prooedure can be\extended to the multivariate norma,l case Wlth dlspepsio'n matrix
S and mean vector £ : o
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An altematwe and s1mp1er procedure in the special case of the multivariate
‘normal distribution is as follows. .First find a matrix A such that Z = AA'. If
Y = (41, %a, -+, Yp) are p independent observations drawn from N(0, 1) as illustrated
in {iii) then the observations for the specified multivariate distribution is

@ = Ayt

: To obtain a random’ pei-mutafion of n digits (elements)
(1) For n < 10 by usmg the mndom permutatwns gwen in Table 19.1 .

‘ Example To obtain a rendom ‘permutation of numbers 1-8 or equlva,lently
o of elght letters (symbols) a, b [ A

: _ Choose a senal number at random from I‘to 500 (rows) and select from Table 19.1
: tthe permutatlon correspondmg to the selected row number. Thus if the serial number .

- choser at random is 232, the permutatlon to be selected is 5071389264.  From this-we

- "obtain the permuta.tlon of any subset .of numbers by omlttmg the others In the

present problem deletmg 0 and 9 we. obtam the permutatlon 57138264 of
- numbere 1—8 ’ ' . : : .

(n) For n> 10 usmg ra,ndom permutatwns of Table 191 |

_ E:wn@le 1: To permute numbers() 12 ot randmn Ara,ndom permutatlon of .
' vO—-9 is: seleeted &8 in (i) above -The posﬂuons of numbets 0, 1,..., 9 are determined
- by. such. & seleetlon ‘We then determme the Ppositions of 10 11 12 sucoesswely

= choosmg one. number at & time. For 10, there are 11 possible positions. Tt could ocour

either at the extrelmtles of the eelected permutation or in any one of the 9 gaps’ in
between two sma]ler numbers, . The eleven positions could be serially numbered

- 1-1L a.nd the posmon of number 10 declded by - seleetmg a-number ab random from

1-11. Number 11 could then be fitted i in an exactly similar ma.nner in one of the
'12 possnble nosxtlons and so on.

Example 2 To permute numbers 0~17 at random.. One poss1b1hty is to repeat

the progess explained in Example 1, several times, ‘and -adding the numbers 10, 11,
.17 in any succession. - A variation of this method is suggested below. The eighteen
numbers are d1v1ded at random into two sets of nearly equal numbers. This can be
easily done by matching the given numbers with the digits in any column of the random
number table and: taking all the numbers matched with even digits as belonging to
the left set and the test to the right set. If the number in any seb exceeds ten, this
“may be further divided into two sets, the left and right subsets being defermm:ad as
apove. We thus have a number of sets which are already randomly ordered and each
of which contains less than 10 numbers. The relative posmons of the numbers within

each. set are determined by permuting these numbers, using the methods in @)
above, mdependently for each set.
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The division of the given numbers into sets may not be a simple operation.
- We suggest the following general method which uses the random digits of Table 19.1
but not the random permutation of numbers Hsted in the table.

(i) For n> 10 using o table of random numbers

Example : To permufe numbers 1-84 at random. One method is to consider
two columns of random numbers and note the numbers in the order in Wthh
they occur omitting repetltlons and the numbers exceeding 84. '

A variation of this method due to Rao, which does not omit any number read from
the random number table is as follows.

Locate a starting point consisﬁing of a row and two columns of random digits
of Table 19.1 for reading two digited numbers. Each number defines a cell in a 10X 10
two way table, corresponding to the values of the first and second digits. We put 1 in
the cell corresponding to the first number, 2 in the cell of the second number and so
on upto 84, as we read the two digited random numbers in the sequence as they oceur..
The numbers in the cells read out in the order, from left to right in each row and
then in the next row and so on, provide & random permutation. If in ahy particular
~ cell there is more than one number these could be randomly permuted within the cell.
The first five numbers correspondmg to the random numbers 31, 17, 81, 45, 31..
entered in the chart below to 1llustrate the method.

second digit

0 1 2 3 4 5 6 78 9

3 (I’ 5)

first 4 A e 4

digit 5
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As lt stands we obtain a permutatlon of numbe1 s 1-5.

- 941, ) 43
_where (1 5) has to be 1eplaced by a landom permutatlon of the two numbers
- whlch can be easlly done o e : :
f. Generatmn of random numbers by com tossmg

_ Thls method comes ‘in handy when a random numbe1 table is not avaﬂable
- lt can also be used to loeate a random starﬁ m & table of random numbers

The procedure with an unblased coin is to toss 1t a. number of tlmes, observe :
f_the sequence of heads and. taﬂs and compube & number based: on this - ‘sequence. A

" . number so. obtamed isa random number ina certem tange, . The numiber of tosses

needed to eove1 a cextam range of’ numbers and the method of conversion of & “sequence

L of heads or tails to a-numberon a degimal scale are a8, explamed below. Suppose that

- method of generetmg a random’ number in the range

it is. desued $o chaose & random number in the ‘Tange- 1-500 . First: determlne the
- smallést 1ntegrer 2 such that ok’ >. 500, In bhls exa,mple k=9, Then, toss' an
. unbwsed coin k tlmes Let the obsexved sequenoe of heads (1) and taﬂs (0) be o

001 011 110

'A random number is then obtamed by ﬁndlng the deelmal equlvalent of the bma,ry_'.:: L

sequence and addung 1 to_lt '_ _ .'

. The number | correspon fng to above seque‘nce (or a bmary number)
0><28+0x 27+1 >< 26 ><°5+1 ‘~24+1 x23+1 x22+1 % 2+0>< 20 = 94

giving the random mumber 94

If the number 80 obtamed I§ ; 501 or - more, 1t 18 1e]eoted and fresh tosses are

'made Powers of 2: needed for conversron‘ f sequences to numbers hewe been glven L

, in Table 17 5. (powers of two)

“The. random number table has 40 columns (on eaoh page) end 500 rows. It B

is suggested that a random: statt specified by a row’and a column be used in reading the - |

‘numbeérs: For thls purpose we have o ﬁnd two numbers one in the . l'ange 1+_boo_"j_ C .
1epresentmg the rows and" another in the ra.nge 1—40 representmg the column8 The'

1500 by coin tossing is alread
explamed "Toselect a random number in the range 1—40 ‘we first: chtsosen'f number 131.

E the range 1—-64 Wthh requlres 6 tossos conversmn of a six digited bmary number a,ndv
_ addition of 1 as explained a,bove If the, ‘number chosen is ‘within the 1 range. 1-40 it
© is accepted. If it exceeds 40 ‘it s 1e]eoted and the procedure i o

pxoeedme incidentally leads to about 40% re]ectlons Re]ectlons cnuld ‘be mlmmxsed :
in the following way.  If the number obtainéd exceeds 40 compute its’ dlfference (y) -
A from £0." Toss the coin once more-and reoord the result x of toss. whlch is. eith ry()'
V';(tcnl) or 1(head) = The selected random number 1s "4x+y The number 50 obta;le a ‘

o will ‘alwidys lie in the range 1—48 it-is réjected. 1f it exceeds 40 m wlnch cas

‘set of 6 tosses are made and tbe entue procedure is repeeted e e a ﬁesh B

s repeated This .
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TABLE 19.1. RANDOM DIGITS AND DIGIT PERMUTATIONS
Tow | 10-digtt '
num-.§ permuta- random digi
ber tions noom ,glts
1 | 7513462980 | 9787 3792 5241 0556 7070 0786 7431 7157 8539 4118
2 | 43107659821 4479 1397 8435 3542 8435 6168 7996 3314 1209 1935
3 | 2731469508 | 0191 2800 1056 2753 4816 1979 . 0042 5824 6636 2332
4 | 6014738925 | 8710 6903 1347 9332 6962 - 6786 9875 7565 8683 - 6490
5 | 8467523019 | 4656 5960 0812 5144 5355 3335 4784 7573 . 3841 4255
6 | 0689351274 | 9074 9239 so49 4971 7555 3935 9405 8545 . 4329 . 5358
.7 | 0978346251 | 8493 7128 3654 8976 1901 5406 3453 7539 3255 - 6742
8 | 2637098154 { 6135 6954 3436 3841 . 9009 3768 9256 3631 - 9066 . 7153
9 | 8761492305 | 1217 - 2748 3864 4752 7407 9975 6372 .-3308 0000 ~ 4734
10 | 6321850749 | 2623 1282 4389 8880 0764 2328 2140 8843 4986 4413
11 | 9123075684 | 1144 5336 4426 9003 6956 9406 8464 8827 3143 - 4754
12 | 3047921685 | 5854 9981 9079 2908 - 4755 4620 6456 6793 - 7539, - 403}
13 | 9714850236 ) 0615 8188 2812 0270 5733 5339 .I176 2019 7343 0477
14 | 1684205973 | 3624 0853 3128 . 7952 2678 - 3011 7710 9734 6386 = 8400 -
15 | 6132758004 | 1185 6832 4918 9236 3026 57956 0352 7533 4435 0306
16 | 0674951832 | 7301 3210 9540 4085 9324 4892 3962 3883 4538 - 8286
17 1694508372 | 7195 1986 6146 0946 5421 8430 2128 7602 5600 7064
18 | 3168752004 | 6137 7286 5283 0609 . 0941 4935 2521 77937 2153 - 2629
19 | 4750823961 | 7401 8099 7482 2210 . 3662 8253 - 7507 ' 7809 0004 4401
20 | 2604381975 | 0192 9452 . 7189 §552 7498 - 0105 8295 9762 7434 3518
21 | 9708245361 | 3621 3037 2274 3803 0946 9874 4911 6797 1227 8404
35 | 3850761402 | 2661 0047 6628 6199 2526 5631 8334 7668 3994 . T43%
23 | 8245139076 | 072 5085 3576 4939 0352 7386 7690 7108 6668 8246
54 | 2400873165 | 0839 5224 9768 3830 8495 1668 . 6957 7031 2032 1468
25 | 9361035170 | 235¢ 9266 8034 < "38I3 3648 7825 6156 3605 7796 1646
26 | 9164078352 | 9050 6800 - 0490 3261 7748 3609 1050 0581 3799 2827
a7 | 6os3gaq271 § 7174 7703 1540 8001 6230 0387 9553  T447 0240 - 2511
28 | 2674150083 | 3465 7017 2278 0357 5800 1048 8382 8800 7608 4325
-39 | 8703615042 | 8805 1265 5202 6872 3282 5331 5398 1426 2805 2110
30 | 7410239586 | 0250 4100 5263 8506 9848 2451 2031 2026 8661 4163
: 035 | Gose  s3s6 7751 1577 9534 2458 1886 1522 4161 8726
35 3%18;;2322 8833 3449 - 3499 4223 2854 6855 4042 1204 1728 5494
33 | 2700538146 | 4675 2535 1915 9783 9764 2790 6856 0352 9628 8342
31 | 5704106823 | sopc 4993 2922 8842 9904 8442 0105 3308 3320 636
35 | 7163482050 ] 1790 8590 5792 0983 3404 0945 4966 2194 9823 2590
5 7249683 | 0276 3967 2486 6242 3276 1884 1847 8922 7356 1528 -
37 ggi{of,gggg 2085 7991 3777 9303 0536 1517 0570 7312 7593 0566
38 | 0187326495 | 6620 4234 8407 6890 6904 8599 5876 © 2608 7329 6117 -
39 | 4791635802 | 4706 < 8319° 6252 3177  9108° 3089 0910 8241 . 9843 . 0805
%0 | 6701430825 | 8305 3882  0259. 2002 4885 3434 0879 0000 0790 . 0735
' pos | 3901 - 3406 OIS1 2594 9137 9924 2393 7699 6116 0655
i; gigéggéggg 3244 6763 3512 0I39 4119 2722 3219 0070 3830 7997
15 | 3360527140 | 3658 7813 0207 0357 8225 4497 2435 5121 4776 3611
14 | 3592076148 | 5728 1882 0120 7893 3503 8579 0070 1952 8390 5517
o | 3iseoolo7s | 6221 6366 8192 8420 4387 5484 7553 4053 9458 2202
2, = 5248 1750 0868 0173 4989 2300 3916 6732 8284
12 Z?ﬁiﬁ?ﬁaﬁg Zgigsg 3113 5887 8439 0026 1902 4114 3127 5140 8684
is | 5207034861 | 8635 9723 2650 8216 7531 7732 3063 4014 2099 3030
io | 6avsoos1ss | 3s0s 254 3936 8361 9771 8255 4592 8808 3803 4010
50 | 3se6157200 | 9336 5666 1349 1932 7326 2161 1573 3045 8746 8059
Column mo. : 1-§  5-8 9-12 1316 17-20 21-2¢ 25-28 20-32 33-36 37-40



| BORMULAD AYWD TABLES FOR STATISTIOAL WOBK

'i‘ABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS

TOW 10-digit -
num- | permuta- random digits
ber tions :
51 | 0713620548 | 8741 2645 3642 5656 7080 7555 2410 604l 7470 (mg
52 | 1543020816 | 3686 1248 7771 8084 3942 1548 3927 7674 1990 43
23 | 3se5701042 | 1670. 9305 4099 6266 3502 5194 6177 1622 8889 67
54 | 0730415628 | 201 1213 1500 1277 3840 1611 7132 2546 2957 8336
55 | 5894071236 | 7195 6578 5066, 8091 9148 - 9097 €235 7375 TIE 5157
56 | 1039856472 | 3260 ‘4487 4306 5689 5971 3809  5l4l 4733 3276  3410.
57. | 8174205963 | 4340 5161 2203 1436 7950 9544 7036 4297 1338 1409
58 | 6358710420 | 1862 ~ 6486 1989 1922 8232 8844 5464 9126 9463 . 8023
59 | 8520076314 | 8561 9331 1201 0346 7278 0366 4273 9956 2792 9018
60 | 5346107892 | 1819 - 6869 6926 6812 7721 3881 6048 8236  Oldd 7587
61 | 7541280936 | 7834 4802 - 2884 5648 6344 3205 - 3053 3353 2142 8749
62 | 1796835024 | 9336 8624 1342 8268 4123~ 2800 9291 9817 9601 9472
63 -1 5173426890 | 9860 4120 - 5199 2458 7691 . 9008 2598 1591 3681 026l
64 | 4360857201 | 7578 9376 1928 4705 . 0832 4276 7238 3466 5979 2656
66 | 1806320754 | 4345 7810 . 0617 7257 2879 - 6235 = 4506 - 8289. = 0552 3300
66 | 2136498507 | 5225 0200 7208, 5423 7508 . 7263 0437 0263 8038 5117
67 -] 4685019732 | 4441 2870 ~ 2801 6200 0548 5216 5792 1818 1746 9001
68 -1 7620184953 | 5276 0963 0021 - 1488 ~ 8719 . 5283 4018 7416 1731 ° 9880
69 10598267431 ] 2827 ~ 0349 3204 €570 4378 © 5443 3738  B924 2160 4839
70 |.5718936042 | 5641 1669 9976 1742 1324 - 4889 8507 2057 4058  §O31
7¢ 15481027369 | 2043 2250 . 0736 0154 6117 0113 0627 4820 4419 5788
12 14123096578 | 9956 9151 0445  1751° 9063 - 8360 9343 8370 5050 0400
73 | 2567804319 | 1554 2454 7822 1040 - 0762 - 2045 9464 8395 1834 2286
74 | 1342069875 | 0645 4489 2281 . 7385 4674 - 5262 1454 1682 8154 9824
75 14689357102 | 6014 2649 5277 5968 3066 5722 3989 3216 1326 6459
76 | 4580932671 | 3643 8985 0596 8112 1981 2260 1065 4371 1206 9625
77" | 5374819026 |'8821 . 6444 6587 1157 6305 8856 6878 3339 . 7838 8178
78 |'2813450967 | 1937 9781 6511 3546 9305 0760 6760 2058 9304 3982
79 11730685492 | 48356 7227 8849 2147 1822 7829 2139 4845 2693 0548
80 | 2103956478 | 3250 0102 4089 2463 - -7465 7254 . 0119 3301 5409 7813
81 | 3172048958 | 1517 5025 6376 6447 2315 2927 4839 1871 8905
_ : ; /8 6 7953
82 ]3851964720 | 6900 8900 . 1088 3315 5258 0374 1286 2587 7554 - 2839
83 ]0942186357 | 7856 7048 4321 1769 9625  5353° 1993 4504 0201 6843
84 12436783901 | 2279 8671 8981 1034 1616 7009 5222 8898 9607 . 8061
86 | 5063897241 |'0942- 9267 5980 5224 2920 - 2739 8047 - 3478 4808 3815
86 | 5728419630 | 1497 3041 3023 2m%2 8174 5799 4604 e 5 ' '
v : . 4486 . .
87 | 5631824079 | 9880 8300 9768 6234 2674 4426 - 6908 © 0168 g;gg ggg}"
88 3879215406 | 4310 0004 6973 1508 7504 4133, 5853 1612 1079 0404
89 ] 1496073582 { 8670 B162 5788 4631 8650 7852  9727. © 2108 034 0145
90 16509742318 | 1770 1026 6923 4482 0876 7792 7539. 7516 4004 0450
or | 1863705024 | 478 — - '
o2 |ossndomis [4803 23901 aisr e 0 oy s o G%E a0
93 | 4213805967 | 8161 6868 2836 4106 8413 3104 2008 1212 6029 "4913'
3§ 3%-{23%32 ggig 8354 8218 2320 4191 8813 5560 6610 7766 7880
4918 3393 (3314 4959 7959 3144 8546 . 7348 9163 3794
96 | 9324157608 | 7741 ' ' | o
0 |vaati T G s owmome dmowe me omeoum
98 14705832691 | 2773 4477 1491 7922 - 0026 - 0902 - - 008
90 | 6341500278 | 0423 5427 7TITI o154 0030 ' 523¢ 333  ary. Laeo . 300
100 | 1274890635 | 4988 4154 6652 1064 1444 3983 - 5004 4932 . 3098 ié‘ﬁ'{- '
Columan no. ; 14 58 9-13 13-16 1720 2124 9528

297 390 140



TABLE 19.1. (continued).

BANDOM NUMBERS AND PE‘RMUTATIONS

RANDOM DIGITS AND DIGIT PERMUTATIONS

227

row | 10-digit :
num- § permuta- random digits
ber tions -
101 | 4018673205 § 7442 4083 4503 5931 9844 2315 3220 2885 5354 - 8719
102 | 6730104582 | 5968 3047 0472 9141 . 4220 9038 5181 1207 3073 3897
105 | 1570428360 | 9478 9224 8471 0926 0310 9108 1907 0981 5651 8249
10¢ | 4538200197 | 9529 5236 2003 7241 8677 6973 3335 0603 4089 (5798
105 | 2306459718 ) 1763 1972 7035 0591 6761 9105 = 8156 8160 1915  01B4
106 | 7413096852 | 8608 3208 1815 7279 0553 0050 6531 . 4738 3270 9278
107 | 3740268915 | 6707 5434 0921 g8s2 9730 9206 7009 4717 7110 3786
108 | 6412583790 | 9012 7487 1766 1747 1187 9468 6225 9161 1447 6750
109 | 6798421350 | 2797 0087 0161 4483 3227 0788 5680 8034 6084 0482
110 | 1530642897 | 5002 8449 8547 7759 8537 5997 0660 3514 0122 751
111 | 3175082604 | 053 8671 8718 2844 4is98 3540 0545 6249 2134 8217
112 | 710485236 | 8725 9122 8674  Go6l 1964 7917 5174 34 1128 5988
113 | se70418023 | 2047 - 6857 0393 6260 nod6 5078 2220 8988 8396 9855
114 | 5817003642 | 9545 2086 4017 o200 8043 6378 4422 4235 8116 3074
116 | 4761892305 | 3173 3195 4195 4096 890l 0979 6571 3607  o0l19 2188
116 | 6351807024 | 7007 6404 5098 9805 ‘9700 - 4018 7024 3667 0480 1029
117 5329?37340 0860 1200 1481 0170 5976 6817 5761 3709 4728 5168
118 | 2467500183 | 8607 5404 9335 2698 0447 4620 1539 0915 6348 2008
119 | 4321056087 | 2702 9406 @788 7624 6850 9444 8867 - 25642 3169 5838
120 | 9501482736 | 4092 5306 0210 4018 9752 0865 2048 OLI7 9410 3168
o1 | 2sso34si7e | 1962 3800 0947 1358. 1499 2923 1870 4410 1107 6502
123 | 4605371982 | 8571 5405 3948 4556 8017 7564 4456 9381 5420 ggé
193 | 5214073689 | 8583 4396 .. 3916 7627 7870 9243 9998 5474 - 4545 ,
4 4002 7403 4698  essl 7388 6231 7690
124 | 5217690384 | 6958 6450 627 v
196 | soz26150347 | 7813 8137 1042 3513 3793 - 1676 7502 1501 8183 2791
oo0s | ¢ ' a7 o452 4566 0063 2908 6206
126 | 3704816205 | 6202 8081 7437 9792. 7482
127 | 6850240137 | 3602 . 3802 9585 0233 125 7718 1595 1663 9712 1949
¥ 0 - gog7 6733 7820 9581  8GGl 9229 8934 6427
128 | 0321485697 | 7362 0540 .
129. | 0471932865 | 8594 - 8065 1428 7ilo 3650 ~ 2606 0838 5831 8923 3804
130 | 5738489010 | 8401 8717 ‘6042 3832 0579 - 6225 3976 9414 6561 1843
131 | 7450296183 | 5526 2406 3403 4926 7858 gzggl, g%g ggg éggg gégé‘
1 | Toisstoton | oass 1787 ss0t  OITL TR 63 1gep  goce 9019 0188
133 | 1207085684 | 7408 %i%i‘, | g;%g igg :l%%?g .'g330 4856 5676 5727 0232
igg A égé}%ﬁ%g&% -;‘828 6396 5680 9512 4867 1879 0353 9854 2673 8744
i | | s e muo wm o SROHSOEG R e
137 | Toassooeor | o268 TS0 085 GO : 351 1668 6054 - 4681 6656
T | J2odtogsns | 7025 2207 8947 00T, 6266 4681
139 Glcea7 | 4153 6787 3179 gl01 8773 6780 8083 0621 1482 1933
140 gig%gms o189 7207 3942 AT 7106 0769 = 3015 8887 3523 1628
w | |9 w6 womzomoumowR AL M
142 | 8205936417 | 1080 9223 %gég 8338 3243 0455 2433 8860 4582 1811
113 I Taoat 2322 54302 ‘9025 0631 9888 9188 7751 2595 6431 4409
i4§ 1323"5‘;33?8 153 2883 5772 4839 9714 17068 9388 9554 1170 3857
ws | woosssoorn | o s 1M U G ) el oy oors
- 147 | 7865032491 _78i9 »goos 7009 2407 8875 ~ 4864 8776 2078 7518 3425
bl BTk g}ug g212 9380 8736 6120 8205 0414 9621 8669 . 1445
{ég éggggz‘{%’é oa7] 7972 4708 3086 0176 5669 6598 3198 1672 0455
Column no, § 1.4‘ =8 912 13-16 1720 21-24 2528 29-32 33-36 37-40



28 FORMULAE AND TABLES FOR STATISTICAL WORK

TABLE 19.1. (¢ontinued).  RANDOM DIGITS AND DIGIT PERMUTATIONS

ber tions

151 | 6013925478 | 8084 . 7747 6006 2536 8856 8171 0?91 gg(l)i élli;; gg;g
152 | 5480271933 | 3745 6766 7221 - 9500 7036 3520_ 4584 o ‘105:; Boes
163 . | 2108473596 | 0835 - . 3641 1638 3464 1767 7064 6247 s3pa = 5200
164 | 1342975608 | 1601 1143 7272 3988 8356 9477 5879 46 7253 e
156 | 6471893502 | 7797 4121 9603 5723 4630 5549 0693 5761 72

' y 7620 8 00" 9336
156 | 9253486017 | 7620 8310 9500 716 6259 7619 3740 9121 2185
187 |'s7s4026130'} 2096 - 5270 0793 3950 2722 0925 5792 1040 5800 gigg
158 | 9210846375 | 6803 ~ 7016 .1055 6396 7754 3591 2613 . 5325 785 2400
159 | 8400756321 | 3566 9310 2604 8607 4765 2237 1222 3047 1228 2709
160 | 7238406501 | B42s  ‘00s6. 6245 3347 5707 7847 6217 0867 - 8229 560

6 451298 | 8633 2617 9176 9602 4807 7269 6131 8780 3417 722 8
}6; 223(2)638971‘ ‘6632 ' 8066. 1091 9158 7303 4084 9096 4047 6775 087
163 | 4578392610 { 2612 7936 1463 4812 1742 7128 3636 6561 7522 0%59
164 | 5604298713 ] 9436 1681 0851 . 3488 8815 5301 5403 5456 0501 1511
165 -] 2756498130 | 0418 2487 5583 9032 8607 8564 0346 6251 3577 4146

166 | 8675041392 | 6858 3757 0171 5943 1145 3434 0188 . 5665 7779 7179
167 | 7301642895 | 8347 7044 4640 ~ 6832 = 2445 4872 7870 2335 2874 9393
168 | 6482170035 | 5182 6263 - 1224 9863 6751 0084 8827 9479 8342 0053
169 | 4513890726 | 9215 3992 4874 8082 5959 2861 4574 5813 5903 7161
170 | 5364219078 | 5588 - 3466 - 9602 - 5260 6578 8618 0340 3381 7579 6359

171 | 6201038574 | 3006 0415 7015 - 9210 0974 0319 2699 8036 1090 3805

172 | 601324957¢€ | 7346 - 9400 . 3292 8165 3206 7035 5227 7340 8515 . 4226

173 ‘| 3705129486 | 8621 4185 6727 2770 1227 3695 6496 . 4889 2697 3316

© 174 | 9840562137 | 9399 5675 1562 5821 9824. 4909 0348 8735 . 3604 9959

175 | 4927108356 | 4334 0347 4893 - 2025 5590 8126 ~ 8571 2532 9355 7563

176 | 9705642831 | 8091 0536 6622 5409 1463 0138 0384 6711 2384 0072
<177 13015408927 | 9627 - 3311 2010 . 2525 3142 9700 2196

: 2196 4076 3710 3372
178 | 5720619483 | 0086 3501 4916 2511 1274 1775 8324 90646 0611 1048
179 | 4157826003 | 3753 0174 7934 3483~ 9210 0163 4714

! 7888 . 3577 6596
180 . 2Q68475319 2740 3239 3054 9991 - 3778 3195 1040. 2022 3193 9196

181 | 1432596087 | 3919 6871 5685 8147 . 7310 . 2080 - 4196 33175 5700 7967
182 | 9286347510 | 4677 7897 2757 5992 . - 7398 7687 8415 . 1595 - 9636 4600
‘183 | 8714356902 | 0215 7254 5378 ° 3861 3448 9404 5221 1325 7317 1022 -
184 | 8201764593 § 5807 7948 1774, 6836 1786 . 2392 2820 8533 0629 3771
-186 | 1760524839 | 1910 .. 9653 - 1214 3921 5298 8334 2352 . 7113 2201 9312

186 | 1652734089 } 3990 1310 °9338 -, 260} = 5571 1424 7850 4531 0133 5519
187 | 1235847609 | 5967 8941 07987 3335, 7579 T 9735 3042 8409 7053 5364
188. | 6738210954 6872 - 1143 9183 -° 6911 2247 1559 = 4888 7108 9249 1395
189 | 5428760139 | 7240 1827 .. 3281 0703 4479 5598 9985 8170 3367 6928
190 . 1-1260957438 | 2268 .. 4237. 5844 0700 6907 9668 6670 0097 " 0686 6311

101 | 5064871392
192 | 3819240576
193 | 1495708328
194 | 4723098561
195 | 0324178659 |-

. 2765 0081 0554 3716 9334  3027.
9655 2852 3858 3325 5022 - 3602
. 6100 5973 1522 . 2690 1396 0632
-5343 " 9081 8936  DS19 T 9112 2548
..-6038- 3822 1119 7143 1708 5668

196 |.7825936014
197 | 4679013528
-.198" 8537061492
199 { 5276139408
200 | 1643876029

2920 . 3521 - 7661 - 0435 9257 9276
4160 1672 2205 ' 4730 0984 6813
9118, 0143 . 0949 1733 7986 5670
- 5287 . 0134 - 7104 - 9359 - ' 5069 3893
B485. 7935 4006 . 3475 - . 9523 5514

" Column no. 3 ~

0 17-20 721-24° - 25-28 20-32 . 33-36 3740



RANDOM SUMBERS AND PERMUTATIONS

14

58

229
TABLE 19.). (continned). RANDOM DIGITS AND DIGIT PERMUTATIONS
row 10-digit -
aum- | permuta- Ty
ber tions random digits
201 | 8130726495 | 6415 5554 3592 8008, 9408 2 o7 . -50"
202 | 3012975468 | 4668 3479 4073 6941 szgs gg?/l 223% %gg- éggé : (1)353
203 3 9138025467 | 7592 3903 7895 1113 7646 9201 9081 2830 1617 1188
204 | 9517246830 | 2012 1096 2958 4788 4 9 '
205 | 906189 2 788 4882 1855 8190 9726 . 6716 1384
8437 | 7884 8004 7831 8264 0028° 8118 5011 5704 9394 7669
206 | 7482139650 { 5510 8160 6173 5655 - 4416 - 0147 1091 4426 2843 5578'
207 [ 6183572004 | 4440 0095 40687 9078 6205 7488 1851 3537 7191 08536
208 | 8370154692 | 8436 4936 3013 6818 1577 - 0249 5107 5304 3872 . 4157 .
209 { 5076931248 | 3740 3172 2775 5781 0318 8932 9220 3784 . 0501 . 8375
210 | 5071428369 | 1174 3869 9985 . 4443 1127 - 7390 1463 8524 - 2272 4275
211 | 8361450270 | 8494 5214 0020 4568 3508 1257 9685 6310 9763 | 1887
212 |} 9456831072 | 8792 6689 3521 = 4407 2017 8527 2230 1851 - 4023 2258 :
213 | 2586413790 | 0865 4556 4015 0082 . - 1239 7058 1189 3174 .. 0220 ' 1167
214 | 9758136042 | 7141 0799 4764 5283 . 4291 4822 3735 1303 . 2477 | .6782. .
215 | 5726810943 | 7185 3986 7047 9210 2781 . 7810 7264 4771 0548 - 5172 .
216 | 4562183790 | 3672 8714 8853 9825 5860 6281 2371 1890 9480 . 2968, -
21T ] 0502167834 | 7753 9791 3436 4604 7991 5222 9280 1684 7141 0221
218 | 5706184329 {9332 5082 8900 4209 4117 8644 8712 7337 1689 ‘8793 -
219 | 7403825610 | 0759 2206 4220 2304 4346 8483 6068 2344 - . 1902° 0848
220 | 5801347962 | 8493 6032 3585 2162 6301 4029 7087 - 2907 2690 5039 ..
221 | 5897241630 J 6776 2659 7323 9619  TT2T 6460 6745 1051 7662 7613
222 | 4018976235 14135 7118 4458 1394 0526 - 5121 2062 . 0977 7338 5744 -
223 | 2613894507 | 7714 3485 5412 0716 6914 8192 6483 1946 - 4271 ' 0995
224 | 0741538026 [9777 1915 1183 3177 6468 6698 4640 3809 - 2691 4412
226 | 7420108365 § 7960 4876 - 8841 3538 . 4519 - 0872 5860 8181 56777 0233
226 | ro243se17e J1714a 4061 6365  74s0 9312 1139 0716 Q671 2575 5990
227 | 0542160732 | 7460 0288 . 1075 3483 1041 5427 6457 (0985 1657 8742
228 | 4597312806 | 0275 8595 0812 = 0021 4808 8247 0089 . 7034 8719 5878
229 | 4200317685 | 7735 0399 8931 3135 1585 77202 8362 4006 1184 9676
230 | 2135600874 | 8661 = 9964 9989 2444 . 6095 2003 9320 2837 4397 0207
231 | 8712509346 | 1273° 7133 4874 1100 7854 4596 6787 8574 6098 5626 -
232 | 5071380264 | 7784 9159 6674 3243, 2531 6093 8906 . 8855 - 8614 . 2781
233 | 0768193425 | 0707 0067 - 6433 - 6058 - 4381 0146- 1186 9913 . .3668 6347
- 834 | 3816205407 | 0504 8627 5507 ° 2056 6166 7271 . 9511 - 5069 - 1022 0889
235 | 0540821736 | 6690  2781. 1790 - 9596 6472 © 8774 9058 7915 - 3647 - 3528
236 | 3805207164 | 3476 7090 0690 0043 1357 0568 1541 . 3726 9223 4385
237 | 2708101635 | 9994 1061 7951 3010 - 6997 4759 0473 . 2848. 7504 6904
238 | 3582014796 | 8308 8100 7244 4206 7766 6919  6866. 4064 6714 1805
239 | 2163487500 | 7260 8057, 8779 6368 0601 1872 3160 8731 3646 2789
240 | 1236509487 | 4755  3425° 1209 7990 = 8366 1368 3611 8864 1341 0349
241 | ozo8743619 | T156 7100 6054 3489 8939 9089 - 2637 018G 3991 7161
242 '3321;506'87 1460 1763 1918 2547 7708 . 1800 1665~ 1860 3078 7831
243 | 8901875342 [ 1270 4109 . 9428 - 10933 1444 7467 1771 3482 ° 1497 © 5492
244 | 3086120745 | 5485 7802 . 3094 7249 < 3901 2827 8204 1329 7170 - 1758
245 | oo6mi45238 | 7123 . 0850 - 6207 © 5479 1416 1837 . 9305 3749 - 854l 5161
046 | soramonise | o187 4606 - 2470 - 7234 4809 5408 3266 . 6252 5987 . 5704
| Soias0ara _21 ‘1892 6183. 2013 4309 . 5255 - 6714. 1839 6132 - 2653
.247 - | 7489506132 ] 7595 : : ;2653
248 | 0s76354192 | 3021 - 1523 2006 2009 9631 1274 9902 4203 * 8312 [.9572
219 | 7500348162 | 3317 8741 - 2688 9392 0136 . 9203  7815° . 1781 "°1990 4057
250 | 7439518062 | 6711~ 3947 = 5004 2626 - 5105 0116 1895 - 6720° - 3159 8492 .
Cotum o 912 13-16 17-20 21-24  26-28. 20-32 . 33-36.




230

FORMULAE AND TABLES FOR STATISTICAL WORK
TABLE 19.1. {continued). RANDOM DIGITS AND DIGIT PERMUTATIONS

‘ To-digit ’ I

e pemjgé&- random digits

her tions

s ' ’ 1246 8363 6403 4920 6437 3957 2660 7523

gg; 313‘?333%8‘3 gggg : ?ig 1924 4346 3669 4836 0199 8824 6260 6068
953 | 4510726083 | 4491 5402 1718 6410 4123 6764 5759 4814 2773 7641
254 | 0351986427 | 1045 4241 0208 5923 4148 9843 9628 4909 9109 9712
235 - | 3501247968 { 0668 5018 1539 2251 0689 - 4033 5222 0394 4654 3795
: ' 010 | 1676 8014 6220 039D - 5738 3630 1481 6205 2026 6702
356 Sosaans 209 Q745 9596 9208 ~ 7021 - 1663 5240 0627 4177 8243
257 | 5236974018 § 3 . _

258 | 0170326854 | 7913 3397 8773 9562 . 6671 - 1993 0239 6832 0975 7985
250 | 8206540317 8760 4120 5080 9597 - 4501 8388 6597 6568 4537 3542
260 | 7541308692 ] 3681 7110 9412 8239 - 2749 3100 4266 6170 2118 6077
.261 | 5279640381 | 9261 1462 0379 3234 6068 7770 3082 3200 9208 1427
262 | 2510874063 | 8028 5433 8504 2842 5338 3347 2322 5085 8281 9086
263 | 8354201679 1271 2076 8910 0336 6389 8537 5013 4733 9121 2195
264 | 5812600743 | 2957 9594 - 5104 7033 8345 4088 4932 1624 2997 65903
265 | 4358107260 | 083¢ 0997 5573 8671 © 7025 2419 9457 9265 0248 8799
266 | 5026017384 9271 7247 0360 7287 1971 2242 2830 6233 0244 8140
267 | 1462853007 | 2564 - 9682 0609 0204 8783 2764 4985 0427 7480 3724
268 .| 2040831567 [ 1109 2612 3772 - 4873 2686 7523 © 2620 5142 2131 0525
260 | 5317956420 | 0398 8679 4741 9834 3643 1471 6154 - 8734 5630 6651
270 | 9201463578 | 9615 4280 5324 9330 6797  6282- 9107 1468 3012 6128
271 | 0192564378 | 1604 ~ 0876 5340 9493 6324 2798 3666 8417 3691 1104
o72 | 6582703014 ] 0979 - 5483 9560 8397 4437 0777 0800 8645 2094 9560
273 | 6048971532 | 2177 1316 0091 9792 2661 - 0132 1132 4763 6277 1510
274 | 8147395602 | 3183 8126 9538 - 3418 4336 9254 8381  OG45 4057 6320
275 | 6539182047 [ 7517 5274 3499 3061 8029 8727 05356 9501 ' 0700 2846
276 | 1286349057 § 9712 9515 4770 9913 5808 8769 0877 4004 4712 8363
277 | 5147683209 | 9109 0961 8022 6694 2060 = 9756 . 5054 - 3854 6245 0032
278 | 8352469071 | 6630 . 6764 9685 2941 8903 4099 0980 0857 7134 6406
279 | 4785239160°] 6319 6648 4706 4820 1422 5725  5686. - 6028 - 2061 . 2470
© 280 -} 0214638579.| 8989 2630 10562 6655 5278 1774 = 5635 4559 . 4206 - 7153
281 | 4827395016-| 2394 - 0140  1210. 8008 . 6250 . 4180 7221 3080 6689 8212
282 | 8369215074 | 5100 ~ 4052 7384 4677 3943 1007 3168 1277 7268 4585
-283 15108642307 | 1389. 6494 . 7415 2106 5428 4678 0556 4776 6499 3480
284 | 2078369451 | 3826 3510 2476 7986 - 0711 . 1038 9273 7722 5286  084%..
285 | 2438791605 | 1238 9343 - 1109 9487 2400 6970 0625 3044 2437 5701
286 | 4760218503 | 1080 4414 8662 - 8020  Db8s4  7T692 8325 9513 4957 6704
287 | 1498652307-| 7137 0030 3270 4046 4383 Q@71 9503 1827 2830 3699
288 | 9572486031 | 0840 - 7292 2063 4966 0385 3357 8630 4840 8063 8433
289 | 7835010642 | 3978. 2534 © 4276 9021 © €937 8509 2543 0835 9268 9159
290 | 2680534719 ]| 6697. . 8084 8397 4451 0046 3073 8916 7666 5480 7462 .
201 | 1247680603 | 2861 1319 6439 3530 1042 8171 6019 0439  .03g 13
292 | 5867300412 | 5813 8664 2493 0795  9076. 8985 4252 17852 2??1'2 Zégg '
293 | 9815246037 | 4251. " 0630 5910 9077 7568  S906 9793 8706 2865 1230
204 | 8045619327 { 9041 7830 ' 0919 4651 - 4484 3545  $344 1245 1477 1337
296 { 2056078143 |'2893 1125 2533 20960 4321 3832 3424 1018 3347 9543
206 | 5304629718°| 45627 7618 8173 0665 6557 9782 5576 2138 65

207 | 5768423001 | 27656 6055 5247 9481 87’7 4995 4248 9740 oog(l) gggﬁ
298 | 8953204761 | 05693 1552 0641 3472 46186 8097 1800 1516 4423 7168
299 | 4829063715 } 8776 1628 7215 - 6291 0320 7414 4329 7957 6809 1446
300 | 64560239871 | 0650 : 6683 82556 3657 1215 3650 3049 7781 9327 3137
Column no. : 1-4 6-8  9-12 13-186  17-20 21-24 25-28 20-32 33-36 3740

4,
R
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) RANDOM NUMBERS AND PERMUTATIONS 231 .
TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS '

row 10-digit
bum | permuta- random digits
ber tions
301 § 9257830146 | 3436 6833 5809 9169  50R1 5655 6567 8793 ss:i_of 1332
302 | 6473180592 | 6133 4454 2676 3558 7624 5736 2184 4567 0496 - 8547 .
303 | 0295431786 | 9853 3800 5535 3045 9830 5455 8218 9090 7266 ~ A784 -
304 | 0564320187 | 5807 3692 6971 6162 6751 5601 5533 -2386: 0004 2855
305 | 8976321045 | 6201 0924 1208 17386 5856 2167 8209 U314 0333 8803
‘306 | 6245908713 | 47256 9516 8355 0379 7746 9647 2010 . 097y  T115- 6653
307 ] 2956403187 | 7697 6486 3720 6191 3552 1081 6141  T6I3 5455 3731
308 | 8275036419 | 3497 2971 9641 0304 4425 6776 1205 2953 5669 1056
300 | 7034508612 | 8940 4765 1641 0606 4970 7582 7991 6480 2946 5190
310 | 1290578364 | 1122 6364 5264 1267 4027 4749 0338 8406 1213, . 5355
311 | 4328065971 [ 4333 0625 3947 1373 6372 9036 7046 4325 3491 "8980
312 | 9537082164 | 7685 1550 0853 4276 1572 9348 6803 2113 8285 9195
313 { 4369507182 | 0592 8341 4430 0496 9613 2643 6442 0870 5449 - 8560
314 | 7130824560 | 3506 0774 0447 7461 4459 0866 1698 0184 4975 5447 .
315 | 1947658320 | 8368 2507 3565 4243 6667 8324 3063 8809 4248 1190
316 | 4265801703 | 2630 1112 6680 4863 6813 4149 8325 2271 1963 9569
317 | 6159078324 | 3883 3897 1848 - 8150 8I84 1133 6088 3641 6785 0658
318 | 0347102568 | 1123 3943 5248 0635 9265 4052 1509 1280 0953 . 9107 -
319 | 6072148593 | 1167 0827 4101 4496 1254 6814 2479 5024 5071 1244 .
320 | 1769802354 | 7831 0877 8806  973¢ 3801 1651 7169 3974 1725 9709
391 | 3465701280 | 2487 9756 9886 6776 9426 0820 3741 5427 5203 3223
322 | 9140852736 | 1245 3875 9816 8400 2938 2530 0158 5267 4639
393 | 0267394581 | 5309 4806 3176 8397 5758 2503 1567 5740 2677 8899
324 | 1768942035 | 7109 0702 4179 0438 5234 9480 - 9777 2858 4391 0979
325 | 9325401867 | 8716 7177 3386 7643 6555 8665 0768 4409 3647 9286
326 | 6514803927 | 9498 5280 5150 . 2724 6482 6362 1566 2469 9704 8165
327 0769534183 3125 4552 6044 0222 7520 1521 8205 0599 5167 1654
328 | 4018637529 | 3788 6257 0632 0693 2263 5200 0511 0229 5951 esog
229 | 1864793052 | 2242 2143 8724 1212 9485 3985 7280 0130 7791 627
330 | 5139064782 | 0900 4364 6420, 8573 9904 2269 6406 9459 3088 . . 6903
331 | 2145798063 | 7909 4528 8772 1876 2113 4781 8678 4873 2061 ' 1835
332 | 1738204506 | 0379 2073 2680 8258 6275 714;; 685(85 45;12 ggag gigf
333 | 7095432681 | 0780 6861 0277 0998 0432 _§9$1 isga 3706 .‘8835 2401
334 | 8312670504 | 8478 8093 6990 2417 0280 57 334 5
335 | 3763104205 | 2519 7869 . 9035 4282 0307 7516 2340 1190 8440 6561
336 | 3570604281 | 2472 0823 6188 3303 0490 0486 2806 0821 5999 3607
as |soaaa7ises 18 sl 9ads 0T 0% G0 S WS CHL Iy
338 | 5842173960 | 8293 3707 31 ? 595 6016 9430 2828 6877 2570 4049
339 | 6524319807 | 9260 1416 2171 O ) 2570° {049
340 | 7418620350 | 6568 1568 = 4160 0420 3488 3741 3311 3733 8 98

4 5994 7517 1339 6812 4139  6938. 8098 6140 2013
-gﬁ 323233322 3333 6382 2673 6003 4044 3084 6738 7554 7734 7899
aa | alapsoseor (6364 o7er 0022 BeRR RO WO OO DGR Gl Isal
344 | 5207804631 | 6696 1750 02 860 1886 . 1220 7734 3283 8487
345 | 4926530817 | 3431 2522 2206 3938 7860 . - - . 3283 :
: §42 3765 3484 2337 0587 . 9885 8568 3162 3028 7091
313 318;3‘{2333 ,.§295 9315 5802 6981 4141 1606 1411 3196 . 9428 3300
348 | BoT1843025 | 4926 4677 8547 5368 7274 2471 4659 6581 8232 . 7405
sép |soseiosss |oad 0004 dTod - Bult o JoA SR BOS 8 GLE 2oa
350 | 0894137852 | 2031 . 0283 3320 180 963 9 2091
Columaz no ¢ -4 58 912 13-16 17-20 21-24° 26-28 2032 3336 3740



232

TORMYLAE AND TABLBS FOR STATISTIOAL WORK

TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS

. row

olben -

10-digit ) ..
~ 'num-| . permuta- - random digits
" beér tions
351 | 6743059218 | 0883 2339 1363 4219 0189 4453 0806 1970 4130 7998
‘352 | 9614580723 | 4634 6385 8760 3555 0567 - 8815 4700 5092 0231 5757
353 | 8527140693 | 5432 9770 2781 6469 7152 0256 6137 0458 0968 9610
854 | 2536719804 | 2317 5966 3861 0210 8610 5155 0252 4425 7449 0449
.. 855 13576492108 | 6836 . 2472 0385 . 4924 0569 6486 0812 . 9121 858¢ 9478
8556 ) 3601874502 | 9358 5197 - 4910 0263 . 2372 . 6446 0252 0383 6518 0707 -
.7857.-| 7839402615 | 5936 9276 7805 . 3690  T473 .0 5954 3164 3482 1845 17686
- 858 .| 5780436192 | 4306 9165 6438 6777 4671 2360 3382 2686 8767 6827
- 859 [9502813764 | 5951 7275 3713 5951 1452 1986 5034 - 0518 9314 7164
©.360. |'1754268039 | 2108 6157 6254 7483 2407 .8609 - 2114 4095 2456 8169
361 -| 5873062014 | 9566 6198 4546 8964 4473 5657 9152 . 3956 6235 0991
2087431596 | 3981 3873 6448 0871 2825 7693 9304 9016 5871 9251
--363 | 5679123084 | 8696 2811 5419 9481 4498 1718 - 7871 1245 7915 2534
o364 ] 3046957821 | 1433 . 1167 7332 0970 0159 - 1218 4679 9568 5533 8206
865 '] 9632851740 | 2141 6763 3519 ° 7475 5991 8210 6588 5652 2636 7328
- 366 | 1237960854 | 5445 6443 2930 1322 7206 4063 . 9397 4389 1295 3782
1967 10921354876 | 1339 4168 2508 0980 4184 7238 1406 9956 8366 9846
7363 |4198705362 | 0048 6094 9141 8128 5545 0938 2129 7718 3561 2918
369 .} 5238674910 | 4252 3165 2934 4966 8313 0339 3724 9779, 3113 97417
- 3701 0426531798 | 1898 4022 5410’ 9237 4511 6360 - 1905 9126 . 8473 8958
371 ] 8037695214 1-4014 3915 - 9924 2185 0045 - 5419 3618 0388 8833 7820
$ 372 |°2166893407 | 2177 - 3510 - 0681 . 6548 5318 7449 5776 .-5519 © 2420 5532
. 373 18621453970 | 6625 - 0747 . 4812 5640 1408 3724  368L. 1637 8352 4305
-374°] 6748152039 | 8271  187¢ 2039 1462 3071 0648 4840 - 9228 5237 5551
© 375 | 0712895436 | 6745 1306 9341 2202 9409 3255 7968 6629 6267 4004
376 16931725084 | 6164 6330 " 1234 - 4065 0816 7058 6369 1047 17346 4723
877 | 0814976352 | 9956 5248 7969 - 9843 3265 = 5024 0971 4740 3295 2557
373 15712069384 | 9811 -.9364 8786 4365 . 7833. 0898 5798 0136 3899 - 5329
379 1 5204068731 | 7346 9293 ° 7714 6558 . -1103 9861 4270 3645 0912 - 3498
280 |.2500681734 | 8061 5526 9875 - 6795 . 9549 2156 0845 - 0166 5267 1713
381 ] 0768253419 | 8425 0580 3180 4949 . 9893 . 8201 4108 6655 5819 1862.
382 ) 6397021458 | 6464 9513 4697 4312 - 8602 7950 6790 1419 0407 8701
383 -] 5284613709 | 5382 7915 - 3116 5410 ' 2990 9157 348 3856 6925 0790
38471 3471856200 | 1933 3542 92Y2  3714. © 7075 1858 9857 . 1252. 0681 5627
385 | 3765091824 | 6426 5146 8050 5391 © 0055 6736 6366 0820 7983 3239
386 | 2561307840 | 6984 = 3252 3254 . 1512 5402 0137 3837 1 . .932
387 1054823796 § 9080 - 7780 - 2689 . 8744 . 2374 - 662Q 20?9 2?;23 . 2‘{63» %3%-3
| 388 | 4957182603 |. 5583 . 3674 = 4040. - 8915 2860. - 9783 2497 6507 - 5084 8877
389 .| 9146237508 8578 8170 . 3723 8433 ' 3305 2320 7783 7511 7075 1126
390 13579641802 | 3899 © 0413 = 0663. 3896 2100 3516 7160  093% 8257 9755
301 15106497283 | 9372 7493 9462 3932 7468 3383 4 79 '
392 | 5312068740 | 4747 1794 4498 1693 0955 5378 52508 : 23% igﬁ ggg’g
393" 1 9876251403 | 8545 - 6861 4232 3952 . 9316 1867 0537 2144 1034, 9889
394 10526849137 | 0836. 9910 8303 7618 9262 7540 1802 7089 7172 0442
395 | 4579286031 | 9742 4735 1085 9715 2103 5485 © 3740 4117 2786 5815
396 | 6831592704 | 9890 5980 2778 5956 6128 9384 85
397 10652817439 | 5060 4185 7079 8917 2378 gges '64915 338% gggg 2333
398 7395084126 | 9017 . 3136 4463 4174 8453 5045 49256 7889 7188 6090
899 | 5621834097 | 8520 7719 © 6078 0293 0525 - 7426 8334 2367 5490 4960
400 | 93725686410 | 1436 3124 0072 5146 8555 - 7584 8382 . 1378 3848 7323
Column no : 14 6-8  9-12 1316 17-20 . 2}.24 25-28 20-32  33-36 3740
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233
TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS
row | 10-digit ' ——— ’
num- | permuta- rendom digits
ar 10ns
401 | 0616289347 | 5697 7118 6204 9111 6380 4456 92093 9662 3299 2036
‘402 | 7056289413 | 7108 5084 6610 . 103¢ 9230 8928 - 3074 ~ 2424 5437 . 5243
403 | 7509612483 | 1624 2174 9153 1805 5961 7497 - 3182 7768 - 9345 4093
404 | 4273198560 | 4342 5983 2381 8327 6084 8620 4531 1922 2839 1920
105 | 9716038425 | 0764 8315 5133 3907 1034 1176 - 9280 3858 6370 0076
406 | 7304256801 | 8134~ 2608 5206 0297 0229 2752, 8346 7236 2162 7056
407 | 1265834070 | 0446 9907 3887 8015 3138  SIS4 1222 1401 4968 9433
408 | 9625780314 | 0168 0763 4485 0308  662F 7216 - 8142 - 0086 6067 3473
409 | 6809374251 | 8910 0950 - 4720 8350 9523 9455 4871 5453 6876 8304
410 | 2064398517 | 6313 2063 7027 © 1611 ~ 2298 0888 = 8981 4069 2411 3119
411 | 2053147968 | 1868 1611 5833 4766 7364 8600 9629 6325 1391 0901
412 | 9231647508 | 1008 2354 €598 7534  BIT3 ~.378D . 2529 4937 9692 . 8363
413 | 7039825614 | 5767 4234 1566 2521 0Ll . 3478 7744 5426 9996 . 7460
414 | 7430858129 | 4804 8977 4166 5460 6695 4673 7659 20056 6656 2091
415 | 8435931807 | 9972  VIGL - 7002 5335 8480 8794 6615 9080 6724 3734
a6 | 8104673053 |.0307 1612 5516 8463 3357 1826 2362 3770 5699 1631
417 | 7802364051 | 6874 2700 2916 11356 3831 €614 ' 6820 . 6405. 0768 2614
<18 | 4318005627 | 1790 4160 9134 8509 < 8890 6120 0731 6922 8288 . 1982
‘£19 | 4970618523 | 5409 9981 9730 2675 7209 1940 6072 3082 = 1266 3850
£20 | 0786194325 | 1386 9019 - 0220 . 1364 5470 4172 1296 6836 0179 2149
. | 7400862153 | 9062 3268 1590 7867 7538 6262 2408 3808 7447 0049
Iy | 9780652413 | 4926 5410 2930 7402 9141 9168 8655 0808  77i5 1242
423 | 8921643706 5526 - 3988 - 7600 8228 €349 3680 0768 1432 9650  §8I3
423 | 1435862700| 7703 8807 5387 1303 @132 6009  2442° 0457 2930  §691 -
425 | 9417608352 | 4837 - 2243 4089 0616 6385  OI138 3639 4820 0446 0670
o | 1607005813 | 6024 - 8888 3384 8344 9908 5510 9386 3507 - 0794 9938
A S | a81s o711 4002 3802 4827 5707 4947 0262  £820  O4I5
455 | 4307081882 | 0225 9718 8245 5335 1690 2306 5836 3721 2226 167
o9 | Oa74635021 |1830 9355 6971 2876 2867 6622 4091 7300 1069 8368
425 | 1267450380 | 2932 7067 1308 4371 3010 3692 - 5038 2395 6062 8973
14395 ‘o765 0975 4201 5664  5937. 6244 11l 1524 2020
132 gggggéggg ggzgg‘ 2062 4871 ~ 9986 © 7207 3039 8020 9710 8848 4973
3% | TososaToze | 5202 - 3537 5017 2369 3402 6282 2138 7115 5463 6lI8
43 | s3st6pa7o0 | 3307 7794 - 8411 4512 9632 1542 6757 6911 2085 4853
455 | 7ioessoe30 | 3314 0485 5407 3630 2300 21256 9724 1079 0774 1401
nag 2485 7146 1215 6515 . 3304 6166 3957 6560 3638
438 282322;{%.3 :};56; 2039 - 0145 9178 90429 1919 5200 52567 1535 2001
433 | 8327950164 | 6808 . 4800 2380 " 2370 - - 4759 - 5381 © 6534 9283 6629 7265
438 | Sozgagea71 | 0176 - 6242 6360 | 1763 5903 5237 1680 3664 1463 4T3
A | aauotalis | 5444 -s0se. 0748 1L1z 8211 6432 6647 9680 0872 4939
N saecasaria |- 4743 2822 7668 3071 3560 9603 8766 7296 9464
P 32822333%3 1S 1717 7620 8040 5665 4306 2086 9231 0693 7469
A | olooi7ced | s9ls 8308 0085 6062 78I . 9570 . 6l4d 3710 3853  84g
e e vsioT2 | 5306 1670 9035 4110 0077 - 4199 5051 1147 . 8236 5327
A | Oosongata | 1820 3765 TIT3 1487 9606 2143 9768 0264 8344 3024
2463 1604 7905 5909 ~ 7615 1020 3755 0686 . 2767
aa0 1313283233 2332 Goss 3657 7313 1870 0993 - 4117 1039 6510 9007
e | aoocsi7ai0 | 9374 8584 7212 1940° 4743 0530 5093 2885 . 2761 0779
48 | 33or0z6ois 4971 2715 8838 3135  TS03 5168 3081 9048 0098 1106
A | odoe0asl | 8349 3016 1368, 0174 1943 - 9682 6585 6581 0050 5389
Column no. ; 14 58 o2 1316 17-20 21-24 25-28 29-32 3336 3740
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934 FORMULAR AND TABLES FOR STATISTIOAL WORE -
 TABLE 101, (continuied). PANDOM DIGITS AND DIGIT PERMUTATIONS
oW lo—dx it
aum- Eta- mndom digits
ber tions - :
451 | 1060872453 | 0362 4709 7572 1970 2923 5012 2303 9270 9739 904l
452 | 8714036520 | 2207 4051 9770 4367 8588 9920 5245 0122 5020 5341
453 | 0726048531 | 3541 3275 2045 1534 9632 1028 3461 6191 0036 8804
454 | 1436258790 | 6378 .~ 8747 5602 3128 6345 3973 7276 3768 1440 7837
‘455 | 4130987562 | 1468 1044 9041 9180 ' 6759 0544 6142 7778 8791 8487
156 | 9840623751 | 5085 1982 8691 3020 9502 2141 1450 2843 6297 6398
457 | 2956813074 | 4518 6537 3071 5227 6196 8352 6297 3905 8018 0826
458 | 0768350214 | 6168 5798 1011 6378 6388 8206 3058 5566 6316 8956
459 | 4713025860 | 1670 7007 3793 6476 5471 3584 1395 9388 7834 1015
460 | 5942718306 | 8329 3831 0731 1917 7710 6905 1885 9986 9578 0338
461 | 6219387504 | 1509 7055 5175  §973. 7101 8378 4071  9467. 1654 4314
462 | 2058463710 | 0238 0034 3684 . 9499 8442 7914 9244 1841 7884 08I0
463 | 4572836091 | 6673 5806 9370 4519 5256 5061 4908 5691  1424. 9636
464 | 3791548602 | 7803 0356 3757 7681 . 3087 8108 0953 8612 7685 2735
465 | 5960873241 | 1939 2706 6221 2604 4655 1469 4507 4338 7160 5030
466 | 5390648721 | 8765 6005 8958 6987 - 6878 2380 o707 4807 6051 7022
467 |'7168502943 | 6096 7678 5107 8749 3109 2760 4298 8981 3707 - 1076
468 | 1943056872 | 9608 . 6691 2921 0658 8838 5317 8984 5621 84456 2404
469 | 6750123849 3725 ~ 9761 . 3433 4341 6965 6050 4132. 4739 8388 4777
470 | 9182754603 | 6500 0092 (3703 0920 0783 0235 3804 2352 2730 2590
41 | azsorerses ‘4746 3950 0860 4264 6960 6265 1742 0372 0864 0442
472 | 6273140598 {.7359 3378 0985 6983 . 4750. . 4446 3526 7085 9876 8324
473 | 8034120857:| 0087 4614 - 9579 - 1162 - 5817 3080 9856 3208 9753 8233
474 | 4073918562 | 3921 2227 0975 5869 6486 - 6217 3178 0780 1432 0450
475 | -2814760593 _9_43,0 . 1184 - 7308 2892 1993, 9895 2603 2430, 6093
476 | 2105934786 '_-5712 4865 V4303 BT 01 2200 4340 2617 gael |
i70 | 7odloonser|704e  do0s 1413 ama olos  imee  bde  dogs  7al  oags
478 | 7506401283 | 1916 6992 1157 @470 ‘0165 - 0341 - 5839 7973. 6543 888l
479 | 3804196725 | 6200 7683 0763 1671~ 0998 2475 7819 0871 1160 . 9157
480 | 4808721953 | 5169 - 9227 9357 G554 8083 2002 - 9518 - 2606 7331 07581
481 | 8265037410 | 5204 2143 3487 6244 9168  0Bi6 - 4364 804 8648
. 482 | 4387196025 |'3694 6081 1818 2835 6261 4441 '6431 ggg; : g%g- 3332
483 | 3584960172'| 2567 1662 - 2597 1894 6180 . 2082 0067 1954 3377 . 0158 -
484 {.1840537629 | 4336 6678 9377 1391 7460 5914 = 5452 6930 = 1880 4383
485 | 3026840517 | 3905 1086 5203 2220 5949 6201 5737  3540° 3843 7760
186 | 1387005402 | 6754 8246 0606 8789 3753  £594 15 » etes
487 | 2965083174 | 2008 9669 - 2075 . 5664  OBB4 0312 463% 4402 (2)§<1>§ ' '[’;};22‘ :
488 | 0263594781 | 3761° 2928 6770 9818 ' 2112 8049 4369 8235 8350 5331 . |
489 | 3184726500 | 6516 2412 4496 8543 1664 0467 1346 2442 7237 . 9439’
490 | 0630785241 | 0844 1902 0678 6897 1244 0429 7083 0771 A326'7" 0553"_
401 | es20479138 | 0183 7513 8028 - 0193 ‘obss  Bos4 9641 :
492 | 1034206587 | 8858 9502 7453 0244  8500' 0830 1760  tend 333'; - ;’g}%'
493 | 4163827950 | 0083 1818 ' 7118 2553 0655 9201 0664 2362 1364 6135
- 494 | 3815496720) 4506 1474 1880 2607 5438 4366 7262 4500 . 3866 2355
495 48910562_3'7 3138 9559 3138 . 3560 7246 8701 0573 8441 7718 0626
106 | 0976459312 | 8040 7M13 7631 3874 1347  oT13 3880 onn :
o | Tels 0 mRImM e mu oms s ww owm o
498 | 2514987603 6855 4133 3523 9627 8923 0801 3041 8030 - 7719 6272
490 |.0024851763 {4094 6732 0816 5004 6964 1310 0449 4474 3448 8340
500 | 4662198703 | 1615 5138 9856 2044 0410 5524 0736 9067 4551 4130
Columnno.s - 14 - 58 013 1316 1720 2124 2032 33-38 3740
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TABLE 20.1. MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS

Mathematical Constants

= = 3.14159 26535 89793 - 2.71838 18084 59045

W= 177245 38509 05516 6=
x2 = 9.86960 44010 89359 ~/ '27: ;"2;50662' 82746 31001 _: 0.36767 94411 71442
— = 0.31830 98861 83701 :/1: = 0166418 95835 47756 logelo = 2.30258 50029 94046
-5 = 0.10132 11836 42338 -L 030801 22804 01433 logme = 043429 4481903252

%
al

: lqg&g = 1_.(14472‘ 98858 49400 =0, 57721 56649 01533

(Eular (- constant.)

10 = 3.16227 18601 68379
RS dégreo = 0.01745.32925 19943 radisns.

log;pn = 0.49714 98726 94134

NZ = 1,41421 35623 73095 »13- L 73205 08075 68877
1radisn = 57.20577 95130" 82321 degrees

| n._m;am- v
Tndian - UK . Usa
Sata = 10° Koti = 107 - Mahapadma. 07 | Hmdred = 10%. Hundred = 10°
Sohasta = 10" Arbuds = 10° Sanku'=10'* | Thoussnd = 10° Thousend = 10°

Ayuta = 10* Abja =10° Jaladhi =v_,1o‘* ' Million =10°  Million = 10°

Laksha = 10°  Kbarva = 10 Antya = 102 ‘Billion = 10 Billion = 10°

Niyute = 10°  Nikhsrva = 10% Madhya = 10" | frillion = 10" Trillion = 10'*

A - Parardha = 10"': ' .

S Preﬁxes .

" Prefix ' 'V;a.l'u‘o_: '  Prefix Value Preﬁx Value
Micromisro or Piso ‘107  Cemti - 10 - Kil ' 10°
Millimioro'of Nei6' 107 * Deei . 107 Moga 10°
"Micro E ' 10°% . . Dek& ' 10 -Kilomega or Giga 10°
W @ Hew W00

Megamega or Texra  10'?

Basic Units of Measurementa
LExact conversion fastors are indicated in bold face)

ng&h
T ('s bl {m_. . metre, dm = declmetre. dkm = dekamehe, hm = hectametre etc.)
/(8ymbol : m: = metre, —
oy quu e Mgtric Units Conversicn Factors.
- 10 A = 1. mm?* . 4254
12'inches =1 foot 10 mmi ="1'em lll?c":; - 3'3043 ;: '
3 feot = 1ynrd 10.0m & 1 dm lysrd —  0.9144m
: =1m d = b
-5} yards = l.rod pole or perch, l%‘;‘; =1 dkm _ 1mile= 1.609344km
.4 poles.= l'chﬂim 10'dkm = 1 hm 1 nautical milet = .1:853184 km.
10 chains = 1 fur ong - 39.370079 in
8 furl_opgs =lm!le 10 hm = I km 1 metre = { 3.28084ft
1.093613 yd -
6 feet. =1 fa.thom 1km = p

i 0.6213712 miles
120 fathoms = 1 cable’ length _ 1 e

8080 feet =1 na.utma.l mxle (1 knot =1 nautmal

mile per hour)

m‘ e \4 x'y B a T e pole to the equator.

1 10 -T-of the distance from th P 7
: getbrolms (\mext ¢ e) ryus) 8 -i"«o mesasure the wave len, of lxg t and 18 equal to 10-10m
'Angs A h gth h: d i

+ International- mmtmal xmle ='1,862 km
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TABLE 20.1. (continued). MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS

Area

British Units
144 sq inches = 1 sq foot

9 sq feet = 1 sq yard

30} sq yards == 1 sq rod, pole or perch

40 sq rods = 1 rood
4'roods = 1 acre

640 acres = 1 sq mile

Metric Units
100 sq mm = 1 ¢m?
100 sq e = 1 dm?
© 100 sq dm = 1 m?
100 sq.m = 1 are

100 hectares = 1 km?

Conversion Factors
0.836127 m?
0.092903 m?
1 sq in = 645.16 mm?

lsqyd =
lsqft =

1 sqm = 1.19599 sq yds
100 ares = 1 bbcta.rés "= 10.76391 sq ft
1sqem = 0.1550003 sq in
15q mile = 2.589988 km?
1sq km = 0.386102 sq miles

(1 hectare = 2.471054 acres)

Volume

British Units

1725 cu inches = 1 cu foot

Metric Units

Conversion Factors

1000 cu mm = 1 cu cm lenft = ,0283168 m?
27 eu feet = 1 cu vard 1000 cu cm = 1 cu dm leuin = 1.63871 X10-5m3
1000 cu dm = 1 cum leudm = 0.0353147 cu f6
leucm = 0.0610237 cu in

Capaczt i

(Abbreviations : 1 = htre,*" dl = decllxtte,

dkl = dekalitre etc.)

British Units
"(Liquid)
60 minims = 1 drachm
8 drachms = 1 ounce
6 ounces = 1 gill
4 gills =
2 pints =1 quart

1 pint

4 quarts == !'gallon
(Dry)
2 'gallons = 1 peck
4 pocks = 1 buskiel

8 bushels =1 qunrtef

Matric Units

- USA
(Liquid) -
60 minims = 1 dram_
8 drams = 1 ounce
4 ounces = 1 gill
4 gills = 1 pint
2 pintq =1 quart

4 quarts =1 ga.llon~

(Ury) e
-2 pmts =5

_quart

o 8 qua_.tta_s’-% 1 éeck"

4 pecks = 1 bushgl

10mt = 1cl
10¢l =1 dl
10dl =11
101 = 1 dkl
10 dkl = 1.hl
10hl = 1§

* Also true for quarts, pints and gilk
1 Also true for drachms (drams) and minims

Conversion Factors
{Liquid)
1 pint (Br.) = 0.568261 dm?®
"1 pint (USA) = 0.473176 dm?
1 gallon (Br.) = 4.54609 dm?
1 gallon.(USA) = 3.78541 dm?
1 gallon (Br)) = 1.20095 gallons (USA)*
1 gallon (USA) = 0.832674 gallons (Br.)*

! éuncg (Br.) = 0.960760 ounces (USA}

¥ ounce (USA) = 1.04084 ounces (Br.)t

B 1.75975 pints (Br.)
2.11338 pints (USA)
0.219969 gallons (Br.)
0.264172 gallons (USA)

l-cu dm =

(Dry)
1 bushel (Br.) = 36.3687 dm?®
1 bushel (USA) = 35.2391 dm®
1 bushel (Br.) = 1.03206 bushels (USA)
1 bushel (USA) = 0.968939 bushels (Br.)
1cu dm = 0.0274962 busheh (Bx }
= 0.0283776 bushels (USA)

*At the 12th General Conference on Weights and Measures held in'1964, the

earlier definition of litre (which was equal to 1000.028 cu cm)

was annulled and it-was

declared that the word litre may be used as a special name given to cubic decimetre.



MISCELLANEOQUS TABLES . 237

TABLE 20.1. {continued). MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS
Weighis

(Abbreviations :

kg =kilogram, cg=centigram, dg==dscigram, dkg= dekagram, hg=hectagram, cwt=hundred woeight)

British Units Metric Units Conversion Factors

Avoirdupols (av), General Systera

16 drams = 1 ounce 10 mg = 1cg 1 grain = 0.06479891 ¢
16 ouncos = 1 pound 10cg = 1dg 1 ounce (ap. or t.) = 31.10348 g
28 pounds = 1 gquarter 0dg=1g 1 nunes {av.) = 28.349523 g
4 quartery = 1 cwt 10g = 1dkg 1 gram = 15.43236 grains
i = 0.03215075 oz (ap/t)
20 cwt = 1 ton¥* 10 dkg = 1 hg : = 0.03527396 oz (av.)
14 pounds = 1 stone 10 hg = 1 kg 1 pound (ap. or t.) = 0.3732417 kg
Apothecary Units {ap). Drugs 100 kg =1 quintal 1 pound (av.) = 0.45359237 kg
20 grains ot = 1 scruplo 1000 kg = 1 tonne 1kg = 2.679229 b (ap.ft.)
minims (metric) = 2.2046226 1b (av.)
3 scruples = 1 drachm 200 mg = 1 carat 1 owt = 50.80235 kg
$ drachms = ) ounce USA 1 quintal = 1.968413 cwt
12 ounces = 1 pound lsht(():: ton = 2000 pounds (av.) 1 ton = 1.0160469 m. tonne
= 5760 grains 1 slug = 14.5939 kg
Troy Units (t) . 1 long ton = 2240 pbands (av.) 1 ton (short)= 0.90718 m. tonne

Precious metals
480 grainst = 1 ounce 1 kip = 1000 pouads {av.) 1 m. tonne = 0.9842065 ton
o

1.1023113 s. ton

i

12 ounces = 1 pound

* 1 short ton (USA) = 2000 pounds (av.) = 2 kips

T The grain is the same whether it is avoirdupois, troy or apothecaries’ weight.
Physical Constants

1 knot (international) = 101.269 ft/min. = 1.68781 fofsec. = 1.15078 miles/hr.
1 mieron = 10-® mm.

Tonic (electronic) charge (e) = 4.80X 10-10 T.8.U. Mass of electron (mg) = 9.1085x10-% g.

Mass of hydrogen atom = 1.673X107% g. ' )
Gas constant (R) = 8.3170 x 107 erg/degree/gram mole (physical scale) = 8.315 X 107 (chemical scale).

Avogadro’s number = 6.02486 X 1028 per gram mole (physical scale) == 6.02332 X 1023 (chemica_l- scq,le).
Planck’s constanb (h) = 6.62517X 1027 erg-sec. Boltzmann constanb {k) = 1.88044 X 10-2% erg/degree.

Density of Mercury at 0°C = 13.5865 gfcu cm. Density of water, maximum at 3.98°C = 0.999973 gfeu cm.

Density of air, 0°C and 760 mm pressure = 1.2929 g/l
Velocif,y of sound in dry air, 0°C = 331.36 m/sec. = 1087.1 fb/sec.
Velocity of light in vacuum = 2.997929 X 1020 cm/s§o.
Heat of fusion of water at 0°C = 79.71 cal.fg. Heat of vapourisation of water at 100°C = 539.55 cal./g.

i i i — 0.001118 g/sec. international ampere.
Electrochemical equivalent of_ gllver 0.00 LS glsee ] . .
Absolute wave length of red cadmium light in air, 1§°C, 760 mm pressure, = 6438.4696 angstrom units.
Wave length of orange-red line of krypton, 86 = 6057.802 A.
ound intensity in logarithmic scale. Zero decibel loudness level
0-1® Wattfsq em or 10™° ergfem?[sec. An intensity 'J expressed

Decibel is a measure of
corresponds to an intensity (Jo) of 1
in decibel units is 10 qum (J/J5)
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The Earth
Polar radius = 6357 km — 3951 miles, Equartorial radius = 6378 km = 3964 miles
Mean radiug = 8371 km = 3960 miles
Flattening = 0.003367 '
Circumference = 24,920 miles_
1° of latitude &t equator = 110.5 km = 68.70 miles
1° of latitiude at poles = 111.7 km = 69.41 miles
1° of longitude at equator = 111.3 km = 69.17 miles
Inclination of equator to ecliptic = 23°27’
Surface a.fea‘ = 5.101 X 108 km?, Volume = 1.083 x 10'? km?
Mass = 5:980x 1037 g — 6.586 X 102 tons, Mean density = 5.520 gfom?
Ratio of mass of suﬁ to earth = 333,432 : 1
Ratio of mass of earth to moon = 81.45 : 1

Mean distance to sun = 1.497 X 10*® em == 9.300 x 10'7 miles
Distance of sun at perihelion = 1.47 X 10*® cm = 9.136 X 107 miles
Distance of sun at aphelion = 1.52x 10'® ecm == 9.447 x 107 miles
Mean disthnce to moon = 3.847 x 101 em = 2.391 X 10° miles

Number of satellites = 1 (moon)

Greatest Height (Mt. Everest) = 29028 ft.

Greatest depth (Challenger Deep) Mariana trench = 35,800 ft.

Lowest on land (Dead sea) = 1286 ft.

Land area = 148.8 X 108 km? = 5.747 X 107 miles?, Ocean area = 361.3 X 108 km? = 13.95 X 107 miles?

Acceleration of gravity (g) in em per sec per sec. at latitude A and height (}b) (in metres) above sea level
= 980.616—2.5928 cos 24+ 0.0069 (cos 21)2—0.0003 4.

Value of g for A = 45° at sea level = 980.621 em per sec. per sec. = 32.173 ft. per sec. per sec.

Solar energy incident on unit area at right angles to sun’s rays at the earth’s mean distance per unit time

= 2,00 Calories/cm? minute.

Age of the earth = Between 4 X 10° and 5 x 10° years

Nearest stbr (Proxima Centauri) = 4.31 light years

Revolution = 365.256 days, Rotation = 23 hr. 56 min. 4.09 sec.

Rotational velocity of earth at equator = 460 m/s. » .

Length of seconds pendulum at sea level, latitude 45° = 99.3577 cm = 39.1171 in.

Population in millions (year in brackets) : 1550 (1900), 1907 (1925), 2497 (1950); projections

: 3828 (1975),
6267 (2000).

Astronomical Data on Time
1 sidereal day = 86164.0906 mean solar seconds

1 tropical (civil) year = 365.2422 mean solar days, 1 sidereal year = 365.2564 mean solar days
1 anomalistic year = 365.2596 mean solar days

1 synodical month = 29.63059 mean solar days, 1 tropical month == 27.32158 mean solar days, 1 sidereal
month = 27.32166 mean solar days. »
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TABLE 20.2. CONVERSION BETWEEN CENTIGRADE AND FAHNRENHEIT
(for & selected range of temperatures)
Centigrade to Fahrenhsit Fahrenheit to Centigrade

°C °F | °C  °F | °C  °F F °¢ | °F °C | P °C | °F °%C
10 1.0 15 59.0 | 40 104.0] © -17.8 | 65 18.3 | 90 32.2 | 115 46.1
-9 ‘15.8| 16 60.8 | 4 105.8] 5 -15.0 | 66 18.9 | 91  32.8 | 116 46.7
-8 17.6| 17 626 | 42 107.6) 10 -12.2 | 67 19.4 | 92  33.3 | I17 47.2
-7 19.4( 18 644 | 43 109.4{ 15 -9.4 | 68 200 | 93  33.9 | 118 47.8
-6 21.2| 19 66.2 { 42 111.2] 20 -6.7 | 69 20.6 | 94 34.4 | 119 483
-5 23.0) 20 680 | 4 1s.0] 2 -39 | 70 211 | 95 350 | 120 489
-4 2480 21 69.8 | 46 114.8) 30 - 1.1 | 7L 21.7 | 96 35.6 | 121 49.4
-3 26.6| 22 7.6 | 47 116.6{ 38 1.7 [ 72 22.2 | 97 36.1 | 122 50.0
-2 98.4] 23 73.4 | 48 118.4) 40 4.4 | 73 22.8 | 98 36.7 | 123 50.6
-7 30.2| 24 752 | 49 120.2) 45 7.2 | 74 23.3 | 99 37.2 | 124 511
0 32.0] 25 770 | 50 122.0{ 50 0.0 { 75 23.9 | 100 37.8 | 125 51.7
1 33.8] 26 78.8 | 51 123.8)] 51 1006 | 76 244 | 101 383 | 126 62.2
2 35.6.27 80.6-| 52 125.6) 52 1.1 ! 77 25.0 | 102  38.9 | 127 52.8
3 37.4| 28 82.4 | 53 -127.4( 53~ 11.7 | 78 25.6 {1038 39.4 | (28 53.3
4 39,21 20 stz | 54 129.2) 54 12,2 | 79 26.1 | 104 40.0 | 129 653.9
‘5 41.0| %0 86.0 | 55 -131.0) 55 12.8 | 80  26.7 | 105 40.6 | 130 54.4
6 42.8| 31 - 87.8 | 60 - 120.0] 56 13.3 | 81 27.2 106 4I.1 | 181 55.0
7 44.6 | 32 - 89.6 | 70 .168.0| 57 13.9 | 82 27.8 | 107 41.7 | 132 55.0
‘8 46.4| 33 - 914 | 80 176.0| 58 14.4 | 83 283 /108 42.2 | 133 56.1
9 48.2| 3¢t 932 | 9 194.0] 50 15.0 | 8¢ 28.9 | 109 42.8 | 134 56.7
10 50,0 35 95.0 | 100 212.0] 60 156 { 85 20.4 |110 . 43.3 | 135 57.2
1 51.8| 36 .96.8 (200 - 392.0]| 61 161 | 86 30.0 | 111 43.9 | 136 57.8
12 53.6| 37. 98.6 {400 752.07 62 16.7 | 87 30.6 {112 444 | 137 58.3
13 55.4| 38 100.4 | 500 - 932.0] 63 17.2 | 8 31.1 |13  45.0 | 138 58.9
14 57.2] 30 102.2 000 1832.04 64 17.8 89 31.7 | 114 45.6 | 139 59.4

The fandermedtal unib bf temparature is degree Kelvin (°K).
ment the. oentlgrade sca.le (90) is internationally adopted. In addition the dogree Fahrenheit (°I‘) and

: the degree Rankine ("R) are used. The conversxons are as shown in the table below.

For purposes of practical measure-

- TEMPERATURE CONVERSION FORMULAE

Systems i

Cehtigtade or

Fahrenhoit (°F)

Kelvia (°K) - Celsius (°C) Renkine (°R)
degrees Ce . . o
Kelvin Ts 1e-+273.15 B(ty+459.67)]9 5T, 9
Centigrade Ty—273.15 b 5(t—32)/9 5(Ty—491.67)(9
- Fahrenhieit’ (9T /5) —459.67 (9%/5)+32 oy T,-459.67
‘Rankine ' 9T/5 (9_:615)+491.67 ty4459.67

v
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- PABLE 20.5. GEOLOGICAL TIME-SCALE

~

&ge in geologwal systems o . _ examples of
mﬂ.ho:e.s (maximum thick. first appearsnce of ‘rock
of yoers? ness in fest) : formations
. Ormaternooy ¥
1.5-3.5 — Man, bread, whest
PLIOCENE 15,000 ft. ol :
7 - : 18 - -
MICCENE 21,000 ft. 8 Most mammelian crders SlW&hk_S (l'.l the
28 — 8 Himslayas)
GCLIGOCENE 26,000t { 7| Grass
37-38— : ]
83.54— EOCENE. 30,000t %‘
ALEOCENE, 12,000ft
5465 — .
CRET AOEOUS Modarﬁ J_D'VQ?;..lg niants Daccan tr&?
51,000 £t Urodeles, Snnkes,
? ) Mersupials, Inseetivcrae
Modern bony fish
ag ) : o
136 JURASSIC 8 Flowering pl&;&_‘l‘t‘l.‘.‘l, Ragm&h&l trep
14,000 £ "N Frogs, Plesiosants,
! ’ Q| Pterossurs, Birds
wm 3
190-195 ’
: 9 TRIASSIC E Cycads, Avemonites,
30,000 £t Modern reptiles (Turtiss,
’ . Crocodiles, Zchthyossurs,
225 — Dinosaurs)
PERMIAN Modern insects (Buga ste.) | Main Indian coal seams
10,000 £5. (Bug ) {Gondwana)
280 — -
CAR%&%%E‘FROUS 9 Conifers, Ginglos, Reptiles, | European coal seams
) ©| Winged insscts
N ;
Q
345— g
DF;X‘%%T%;AN More advanced jawed fish
000 16 =1 (e.g- Sharks), Amphibians,
395 ‘Wingless insects, gplders
SILURIAN Land
plants, Primitive
- 34,000 ft. jawe d fish
430-440 —
ORR%X)ISIAN Corals, Vertebrate
' " fragments of jawless
fish
500—
Cﬁgﬁgm Most invertebrate phyla .
Vindhyans -
570— .
2
.2
Unknown thickness QO: [} )
N g Algae, Medusae,
& | Annelids, Pennatulids
— PRO-CAMBRIAN =
Origin of 2
Earth's Unlmown thickness |
Crast  —5674— g

* Quarternary {Pleistocene and Holocens), 6,000 feet-+

+ Radiometric ago determinations {after “The Phanerozoic time. scale” Geol. Soe., London, 1964)

Adapted from The British Museum (Natural HhtOI‘V) series : The Sucession of Life through Geological
Txme, 1962 with soms subsequent revisions.
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PROOF CORRECTION G‘UIDE . o
Specimen of proof sheet with corrections. .

4. THE PGISSON dxstnbutlon
. 4.1 INDNIDUAL torms -
%/Caf?/r__:/ fable 4. 1 gives E&llle_stof Pl A) = _"W’Im‘ 2= 0, 1,2
for A=0.1 { 01)10 L5, 20(10) 1004——)
no CThe values are correct to elght plaees of decrmal for }\. %pto us. f /

out s.C. / 2. "For purposes of A—-Wlse) mterpolatlon between the tabula- :
eg H ted valuesAthe A following formula: based on Taylor expansion. w111
LQ/ [be found useful, Let the Yalue. of p(z, }) be required for a A [amda,)

/ grverﬁ A and Ao stand for the tabﬂar argument closest to- A hom./
Then, '

ol N =l Aﬁ)—dAzp(z—l Ao>+-/ Aeplo—, A - \’// |

Conlie <H—1'T A"p(m—-k ao>+#> R @/
Where A, Ax, i are the 1st, 2nd,. order dlﬁ'erences#aken with 3+ /
Atet 168 ct to 2, and R = (Z_:l)' Ai“ p(a:—-k— A*), * where A*is .
N some value lying: between Ay and A . It will thus be&possr ble U 3"/
/ 4( of the tabulated values to ‘judge the maxxmum@
= ﬁ/ posslble mag mtude for the error By S /
l/ta,l/ ﬁ;/ ' Exa,mple Af-5. _)(:3.. : | ital -
. . " PROOFREADER'S MARKS | | o
MARK mc, ) | MARK MEANING = MARK MEANING
L S . Delete e ~ Substitute e for the
Cap Cayltal letter L 3‘ , - / - letter struck off
L,g; Lml,er.oase 1@@ ' o Close up . J./ Push down .,'qua.d :
" "y Tnsert qomma" B Trans;rése | eq :#: Equahze spacmg | '
P Fix brokerr Tletter E_/ " Move left _ /)tet Let type stand
# - Insert épa,cé .3 / MOVé right W f Change to rnght font
@ - Invert letter r—1 - Raise ‘ <H~ Begm new pa,ragraph
Ny Insert (iuotes Lt Lower no % No pa,ragraph;vru'r‘i‘m

)

: Déieté and close up < > Centre '=/ Insert hyphen
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FORMULAE AND TABLES FOR STATISTICAL WORE

Specimen of proof sheet after correction

4, THE POISSON DISTRIBUTION
4.1, INDIVIDUAL TERMS

1. Table 4.1 gives values of p(z, A) = e A%z}, & = 0,
1,2, .. for A= 0.} {0.1) 1.0, 1.5, 2. (i.0) i0.0. The values are
correct to eight places of decimal for A upto 5.9 and to seven
places of decimal for A = 6.0 to 10.0,

2. F¥or purposes of (A-wisé) interpolation between the
tabulated values the following formula based on Taylor sxpansion
will be found useful. Let the value of p(x, A) be required for a

given ‘A and A, stand for the tabular argumens clogest to A,
Write d = A—2,.  Then,

2@, ) = plo, A)—db, pe—1, A+ T 82 plo—3, 21+
, .
+H(~1) 5 A pla—E, A+,
where A,, A%, ...are the Ist, 2nd, ... order differences taken
with respect to x, and R = (—g—%A’;ﬂ ple—k—1, %), ~where
A* is some value lying between A;and A. It will thus be possible

by inspection of the tabulated values to judge the maximum
possible magnitude for the error R.

Example A = 5.25, x = 3.

out 8.c, Oubses copy {be sure manus

PROOFREADER'S l\’IAl_lKS (contd.)
.RIEAN"ING : MARK MEANING
Insert full stop (in text)

Set in small caps Set in caps

Set in italics Set in small caps

Set in roman Set in italics

Straighten line Set in bold type

Superior figure - Set in bold caps

Inferior figure

Em quad space

EE NN

Set in bold italies

cript is veturned if this is used)

Set in bold small capsv
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ROMAN AND HINDI NUMERALS

a. Roman numerais

i1y

The system invented by the sarly Romans aboub 2000 years ago was widely used
b7 the people of Burcpe until abous she 16th century. Roman numerals ave still
wsed on olocks and monuments, to show chapters of 2 book, and for volume numbers
of soms journals.

The Roman sysem is built on the base of fen and uses the symbols :

I=1,7 =5 X=10L=50,C =100, D= 500, M = 1000. The firsh twonty
numbers ars a8 follows :

I=1 Vi=6 XI=11 XVI =18
I =2 VI =17 XII =12 XVII = 17
Il =3 VI = 8 XTIL = 13 XVIII = 18
IV = 4 X =9 XIV = 14 XIX = 19
V=5 X =10 XV = 15 XX =2

There are two rules of writing aumbers. (1) If a letter or a set of letters is placed
before a letter of higher value, it is 46 be subtracted from the latter. Thus IV = 4,
X0 = 90. (2) I a letter of smaller value is placed after one of larger value it is b0
bo added. Thus LX = 60, LV = 55. The Romans first read the thousands, then
the tens, then bhe onéa. To read numbers, gometimes ane counts, as in counting IIf,
sometimes subtracts, as in finding the value of IV, sometimes adds as in finding the

value of XVIII, Thus
MCM XX =192, COCXLVI= 346

MDC XXXVIH = 1,638, MMMM = 4,000

A line drawn above & group of letters multiplies the number by one thousand. Thus

MDC XXXV = 1,638,000.

b, Devanagari (Hindi) pumerals
o =0, 1=

y = b,
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indicated at the top. Thus the code number of 161615V, of 1920 is IV and so on.)

PERPETUAL CALENDAR

Coor NumsErs OF YEARS : 1600—2000.

(Code numbers are in roman numerals and for years only tens atd wnits are recorded, the hundreds being

Years 1600-1699

Years 1700-1799

I I [ 1v v VI VII
01 02 03 04 100 00 06
07 08 14 09 16 05 12
18 13 20 15 21 11 17
24 19 95 26 27 22 23
29 30 31 32 38 28 34
35 36 42 37 44 33 40
46 41 48 43 49 39 45
52 47 53 54 55 50 51
57 58 59 60 66 56 62
63 64 70 65 72 61 68
74 69 76 U1 77 67 713
80 75 81 82 8% I8 79
85 86 87 88 94 84 90
91. 92 98 93 89 96
97 99 95
Yeoars 1800-1899
I @O If Iv V- VI VI
10 05 00 01 02. 03 04
i6 11 08 07 08 14 09
21 22 12 18 13 20 15
27 28 17 24 19 25 26
38 33 23 29 30 3l 32
44 39 34 35 36 42 37
49 50 40 46 41 48 43
55 56 45 B2 47 53 54
66 61 51 57 58 59 60
72 67 62 63 64 170 65
77 498 68 T4 69 76 Tl
83 84 73 8 75 81 82
94 89 79 85 86 87 88
95 a0 51 92 98 93

96 97 99

I o I v v VvI v
03 04 10 05 00 01 02
14 09 16 11 06 07 08
260 15 21 22 12 18 13
25 26 27 28 17 24 19
31 32 38 33 23 20 30
42 37 44 39 34 35 36
48 43 49 50 40 46 41
53 54 55 56 45 52 47
50 60 66 61 51 57 58
70 656 72 87 62 63 o4
76 71 77 98 68 74 69
81 82 8 8 173 80 75
87 88 94 83 79 85 86
98 93 95 90 91 92
99 96 97
Years 1900-1999
I. II III Iv. V- VI VI
00 01 02 03 04 10 05
06 07 08 14 09 16 11
12 18 13 20 15 21 22
17 24 19 25 28 27 328
23 29 30 31 32 38 33
34 35 36 42 37 44 39
40 46 41 48 43 49 50
45 52 47 53 54 55 56
51 57 58 59 60 66 61
62 63 64 70 65 72 67
68 7469 76 71 77 18
73 80 7 81 82 83 84
79 85 86 87 88 94 8%
50 91 92 98 93 G5
96 97 90

1
2

N

by 400. Thus 1900 is not a leap year but 2000 is.

3.

4. Loap years are prmjaed in bold face.

Cude nuraber of the year 2000 is VL
A loap year is one which is divisible by 4, except thab i in the case of & century it should be d.lvxSlble.

The code mumbers are based on the Gregorian calendar which was first adc)pted in 1582.



?ERPETEJAL GALEND&R

(GREGORIAN)
N Eam T |1 HCOD?II;?MBI? Orv éARVI vir | %};%;%‘;
_ ’ Doys of the Wek :
APR,JULY . Sf¢ M T W Th F Sa |SER,DEC
JAN, OCT {M T W Th T S Su JAN,'APR,JULY
MAY T W Th ¥ S Su M |OCT
ave | W T F S Su M T |MAY
CFEB,MAR,NOV | Tw F S St M T W |FEBAUG
JUNE T Se Su M - T W m 'AMA:R,’NO'V"
. SEP,DEC | 8 s« M T "‘yf_-ih ¥ |JUNE

1.2 3 4 5 6 7
8 9 10 11 12 13 '_'5_14 _
5 16 17 18 19 20 n
22 23 24 25 26 27 28
29 30 3

Tb find the calendai' for a given year and month there-é;re 'thiee'éteps
1) Fmd the code number of the given year from the prevmus page

(2) Ifitisa Leap year (in bold) use the mohths on the right; if not, the months
- on the left of the above Table. Read the day of the week correspondmg to the glven
" month and code number of glven year as found in (1).

- (3) Observe that there are 7 rows of the days of the week. Choose that row
' begmmng with the day of ‘the week’ as determined in (2). This row ‘together with

the bottom portion of the Table containing the dates from 1 to 31 provides the
calendar for the given month and year.

Hold the index fingure of the left hand agamst the chosen row (of the days of the
week) and read the day of the week corresponding to any given date.

Ea:amz@le What day of the week was June 29, 1893 7~

Code number of 1893 is VII. Usmg the months for a nonleap year, the day of the
week for June and year code VIIis Th (Thursday).

Then using the row beginning
with (Th) we find that 20th was Thursday.

"Verify that 10 September 1632 was Friday.



INDEX

Alphabets of languages, 250 Control charts
Analysis of variance (examples) construction, 118
3
one-way classification, 75 cumulative sum, 126-131
1, 120
regression, 166 formudae for control chare fines, 122, 125

factors for compuring control chart

Astronomical time data, 238 .
: lines, 123-124

Average run length, 126

Conversion factors for univs of

Bemmoulli numbers, 197 length, 235
Bessel’s interpolation formula, 24 area, 236
Boeta distribution capacity, 236
definition, 11 weight, 237
relation with F-digtribution, 83
relation with R2-distribution, 83 Convergion of numbex systews
crivical values for tests, 84-85 decimal and others, 185

powers of 2, 3, 8, 16 ¢te., 187-188

i ary TS S . .
Binary numbers, 185, 18 hinary equivalents, 188

Binomial coefficients, 31

Bln({ngla.l fi‘Str’b“U on Cornish-Fisher expansion
Ao} 2
definivion, 4 for y2, 68
binomial coefficients, 31 for t. 64
b
individual terms, 34-37 : : for F. 73
b

testa of significance, 38

confidence intervals for proportion, 39-40,  (orrelation coefficient (total and partial)

133-134. ' significance test, 66

sin-14/p transformation, 17, 89 critical values, 87

| . tan h—t r transformation, 17, 92

Crlondas (perpetesd, 201 Correlation coefficient (multiple)
Calories of foodstuffs, 243 - significanco tosb, 76
Cauchy distribution, 10, 221 critical values, 84
Critioal values (for tosts)

f, 67

F,m

chi-gquare, 71

correlation coefficient total and partial, 87

' multiple correlation coefficient, 84
Conipound diswibutions, 8-9 beta, 84
S?‘na:c/ 53y 86
maximum obgervation, 98
extreme Studentised deviate, 99
Kolmogorov-Smirnoy
one-sample, 113
two-sample, 113

Chi:square (y?) distribution
definition, 11
applications, 69-70
percentage points, 71
crivical values for vests, 71

Confidence intervals for
binomial proportion, 39, 132, 133
Poisson mean, 50, 132
normal mean, 65, 132, 135
normal standard deviation, 69, 70, 132, 136
ratio of standard deviations, 75
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Fisher-Yates, 113
rank correlation, 117
Wilcoxon (Manp-Whitney),
two sample, 114
- Wald-Wolowitz, two sample, 116
Wilcoxon matched pair, 117

Cubes, 181-183
Cube roots, 181-182
Cubic equation, solution of, 27
Cumulants
‘ definition, 1
relation with moments, 2
Sheppard’s corrections for, 3

Densities of solids and lquids, 241
Devanagiri numerals, 249
Distributions '
discrete (basic), 4
discrete (random sum), 5.7
discrete (compound), 8-9
distribution functions, 9
continuous (basie), 10-11
noncentral, 12-13

Earth data, 238

Exponential distribution, 10
Exponential of numbers, 181-183
Exureme value, testing for, 103-104
Euler numbers, 197

J-distribuion
definition, 11
applications, 74-76
percentage points, 77-82 .
critical values for tests, 77-82

Factorials, 181-183

Factorjal moments )
relation with momont~ 1
generating function, 2
Sheppard’s corrections for, 3

Fat content of foodstuffs, 243
Tisher-Yates test, 108,113

Fourth powers and roots, 181.183

Tractile graphical analysis -

graphical test for normality, 96 -

Gamma digtribusion, 11
Geological time scale, 242
Guide to proof correction, 247

Hypergeometric distribution, 4

Integravion (see numerical integration)
Interpolation
Newton’s forward formula, 23
Newton’s backward formula, 23
Stirling’s formula, 23
Bessel’s formula, 24
Lagrange’s formula,; 152
Lagrangian inverpolation
coefficients, 154-157

Kolmogorov-Smirnov tests, 107-113

Lagrangian interpolation coefficients, 154-157 _

Laplace distribution 11

Lasin squares and orthogonal .squem es, 216

Logarithms
common, 198-215
natural, 181-183

Lognormal distribution, 11
Logarithmic series = -
(discrete dlistribution), 4

Lot quality estimation, confidence invervals

percentage defective, 133-134
normal mean using range, 135
normal o using s, 136

normal ¢ using range, 136

Mahalanobis fractile graph, 95
Mathematical functions
square roots and reciprocals, 177- 180
cube roots, 181-183
fourth roous, 181-183
exponentials, 181-183. -
factorials, 181:183 -
prime factors of numbers, 189. 19..
logarithms, 198-215
squares, 173-176
higher powers, 184, 187-183
cubes, 181-183 ' :
fourth powery, 181-183
- hatural logarithms, 181.183
sitle, cosine, 193-195
tangent, 193-195
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Mean deviation, momeny constang, 143-145
Model sampling, 220
Moments
raw and central, 1
relation with cumulants, 2
relation with factorial moments, 1.
generating function (mgf), 2
Sheppard’s corrections for, 3

Multiple correlation
noncentral distributions, 13
tesu of significance, 76
eritical values, 84

Negative hinomial distribution, 4
Neyman’s contagious distribution, 8
Newton’s interpolation formulac, 23
Noncentral distributions

bivariate normal, 12

Wishart, 12

£, 12

I, 12

multiple correlation, 13

Hotelling’s 72, 13

Mahalanohis D?, 13

Nonparametric vests
Kolmogorov-Smirmov, 107, 113
Trisher-Yates, 108,113
Wilcoxon (Mann-\Nhimo.y), 108, 114-115
Van der Waerden, 108
Wald-Wolfowitz, 109-116
Sign test, 111
Wilcoxon (matched Dair), 111,117

rank correlation, 112, 117

Normal distribution
definition, 10
ordinates and probability integ? al, 54-02
percentage points, 63
graphical tests for normality, 95
W tests for normality, 100-102

Normaligation of a frequency fanction. 16
Numerals (Roman, Devanagiri) 249
Numerical integration

quadrature formulae, 25

Simpson’s ono thixd 26

three cighths rule, 26

Hardy's, 26

Weddle’s, 26

Shovelton’s, 26

general formulae, 158
integration coefficients, 159
Gauss-Legendre, 160, 161
Gauss-Laguerre, 160, 162
Gaugs-Hermite, 160, 163

Order statisties
expected values, 93-94
fractile means and variances of N(0, 1), 97
upper percentage points of the maximum
observation, 98
upper percentage points of extreme
Studentised deviate, 99

Orthogonal polynomials
definition, 164
applications, 165-167
tables, 168-171

Outlier’s, tests for, 103-104

Pasgeal distribution, 9
Periodic table of elements, 240
Perpetual calendar, 251
Poigson distribution
definition, 4
cumulative terms, 43-48
confidence intervals for Poisson mean, 50

Polya-Aeppli distribution, 9
Prime factors of numbers, 189.192 .
Probability plotting, 105-106

Proof correction guide, 247

Protein content of foodstuffy, 243

Quadratic equation, solution of, 27
Quadrature (sce numerical integration)
Quartic equation, solution of, 28

Random permutations,
methods of obtaining, 222
tahles, 225-234
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Random numbers,
choosing of, see Sampling (random)
tables, 225-234

Random sum diswibutions, 5-7

Range
moments constants, 143-145
percentage points, i46
srudentized range, 149
studentized range, percentage poinus,
150-151
digtribution of the average range 147-148

Rank corrvelavion coefficient, 112, 117
Rectangular digwribution, 10, 220
Roman numerals, 249

Sample survey estimates,
simple sampling, 19
stratified sampling, 19
use of supplementary variables, 19
two phase sampling, 20
pps sampling, 20
two stage sampling, 20

Sampling (random)
from a list, 218
pps sampling, 219
cluster sampling, 220

model sampling. 220

Sign teat, 111
Sin—'4/p transformation, 17, 80
Sines (cotines), 193-195
Sheppard’s corrections, 8
Squares of numbery, 173-176
Square voots and reciprocals, 177-180
Solution of equations
cuhie, 27
quadratic, 27
quartic, 28

Standard errors. 15

Student’s digtribution (see f-distribution)

- Summation formulae

Buler-Maclaurin, 26
Gregoryi, 27 ,
sum of powerk of numbers, 196

t-digtribution
definition, 11
applications, 65-60
percentage points (fractiles), 67
critical values, 67

Tan h~! r transformation, 17, 92

. Tangents, 193-195

‘Thomas distribusion, 6

Tolerance intervals
definition, 137
factors for computing (using <), 138
factors for computing (using range).
140-142

Transformations
sint4/p, 17, 89
tanh~?r, 17,92
intraclass correlation, 17, 91
4/ for Poisson, 17
variance stabilisation, 16

Truncated normal distribution, 10
Van der Waerden tess, 108

Wald-Wolfowitz test, 109, 116
Wilcoxon (Mann-Whitney) test, 109, 114-115
Wilcoxon (matched pair) tes, 111,117

W test for noymality, 100-102.
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