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Chapter 1

Introduction

The idea of quantum groups was introduced by Drinfeld and Jimbo ([Dri&d], [Dri89], [IIm85]).

It was done on an algebraic level where quantum groups were viewed as Hopf algebras typically
arising as deformations of semisimple Lie algebras. The analytic version of quantum groups
was first described by Woronowicz ([Wor87], [Wor98]) who formulated the notion of compact
quantum group as a generalization of a compact topological group in the non-commutative
realm. Let us start by a brief description of the notion of a compact quantum group (CQG in
short).

Let G be a compact topological group and let us consider the unital algebra C(G) consisting
of continuous complex valued functions on G. Instead of looking at the multiplication in G,
we look at the co-multiplication map A : C(G) — C(GQ) ® C(G)(= C(G x G)) which is a C*
algebra homomorphism obtained by dualizing the multiplication map in GG. The associativity of
the multiplication map induces a co-associativity condition on the C* algebra homomorphism
A and the inversion map in G can be characterised by two density conditions imposed on A.
In the spirit of noncommutative geometry, a compact quantum group is pair (A, A) where A
is a unital C* algebra (possibly noncommutative) along with a co-product A : A - A® A
satisfying co-associativity and the density conditions we have talked about before. If A is a
commutative C* algebra, then from Gelfand Neimark construction it follows that, there exists a
compact topological group G such that A = C(G) and the co-product A on A arises precisely
by dualizing the multiplication in G.

Groups are often viewed as “symmetry objects”, in a similar way, quantum groups correspond
to some kind of “generalized symmetry” of physical systems and mathematical structures.
Indeed, the idea of a group acting on a space can be extended to the idea of a quantum
group co-acting on a noncommutative space (that is, possibly a noncommutative C*algebra).

The question of defining and finding “all quantum symmetries” arises naturally in this context.
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Such an approach was first taken by Manin though purely in an algebraic framework ([Man33],
[Man87]). Study of quantum symmetry in analytic setting, that is, in the framework of compact
quantum groups was first started by Shouzhou Wang. In 1997, Wang introduced the notion
of quantum symmetry in finite spaces ([Wan98]), that is, finite dimensional C* algebras. In
particular, he described the notion of quantum permutations (in the category of compact
quantum groups) of n objects and defined quantum permutation group S, as the universal
object in the category of all such quantum permutations. S, is indeed the compact quantum
analogue of the standard permutation group S,, on n elements.

After describing quantum automorphisms on a finite space consisting of n points, it was
natural to look into the notions of quantum automorphisms in finite graphs and small metric
spaces. In 2003, the notion of quantum automorphism in a finite directed simple graph
(V, E) was first introduced by Bichon ([Bic03]). It was formulated in terms of simultaneous
quantum permutations of both edge set F and vertex set V' which were compatible through
source and target maps of a directed graph. Here by “simple” we mean only the absence of
multiple edges between a fixed pair of vertices (not necessarily a distinct pair), not the absence
of loops (a loop is an edge with a single endpoint vertex). We will maintain this convention
about simple graphs throughout this thesis. Two years later, in [Ban05a] Banica gave a more
general notion of quantum symmetry in a simple graph in terms of its adjacency matrix. Any
quantum permutation of vertex set which commutes with adjacency matrix is a quantum
automorphism of the simple graph in Banica's sense. As there was absolutely no restriction
on the entries of the adjacency matrix, this construction was generalised easily to produce
gquantum automorphisms in the context of weighted simple graphs and small metric spaces
([Ban0Rh]). For a simple graph (V, E), the categories of quantum automorphisms described
by Bichon and Banica will be denoted as Dg}f%) and Dg}%) respectively. It turned out that
DF‘ZCE) is always a full subcategory of D(E‘;/‘f%).

Starting from the existence of quantum symmetry in simple graphs to explicit computations
of quantum automorphism groups, there has been quite a lot of work done in this direction in
recent years. We review some results here. In [BBO7BH] Banica computed the quantum auto-
morphism groups of vertex-transitive graphs with less than or equal to eleven vertices except
for Petersen graph. Later in [Schi8], Schmidt showed that Petersen graph does not have any
quantum symmetry. In [BBCO7D] a new universal quantum group, hyperoctahedral quantum
group H," were added to the Wang's series of universal quantum groups ([Wan93],[Wan99]),

which arose as quantum automorphism groups of hypercubes (n-dimensional analogue of a
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square or a cube). In [BBCO7a] Banica and collaborators showed that there is no quantum sym-
metry in circulant graphs where number of vertices is prime and satisfies a certain condition.
Quantum symmetries in circulant and vertex-transitive graphs were also studied by Chassan-
iol in [Cha). In [Chalf], he described the qauntum automorphism groups of lexicographic
product of two finite regular graphs. In [Eul06], Fulton computed quantum automorphism
groups of undirected trees with some specific classical automorphism groups. Later various
computations for interesting classes of graphs were done by Schmidt in [Gch20d], [Sch20a]. In
[CMR20Q], Lupini, Mancinska and Roberson showed that almost all graphs have trivial quantum
automorphism group which is quantum analogue of a well-known result in [ER&3] proved by
Erdos and Renyi. There was also a contemporary result in [ERG3] saying that “almost all trees
have non-trivial symmetry” which was generalised in quantum sense by Junk, Schmidt and
Weber in [ISW2Q]. There has also been some recent developments in finding perfect quantum
strategies for the graph isomorphism game using quantum symmetry in graphs leading to a
deep connection between quantum information theory and the theory of quantum groups.

For an interested reader, we list some references here, [MRI4], [MRVI9], [BCE™20]JAMR™19],
[CMR20]. Recently, Vaes and Rollier in [RV22] introduced the notion of quantum symmetry

and described quantum automorphism groups of connected locally finite infinite graphs.

It is natural to ask whether Banica and Bichon's notions of quantum automorphisms can
be generalised in the context of multigraphs. A multigraph or a finite quiver (V, E) consists
of a finite vertex set V and a finte edge set F with source and target maps s : £ — V and
t: E — V. Classically an automorphism of a multigraph is pair (fy, fg) where fy and fg are
permutations of vertex set and edge set respectively which are compatible via source and target
maps s and t. In case of simple graphs, the formulations of quantum symmetry were done in
terms of permutation of vertices and adjacency relations between two vertices. Same technique
fails to work for multigraphs as there can be multiple edges between any two vertices.

We have reformulated the notions of quantum symmetry in a simple graph in terms of
“permutations” of edges instead of permutations of vertices which can be easily generalised in

the context of multigraphs.

sym

For a multigraph (V, E), we have constructed three different categories Cg/ag), C(VE

) and

Cg}CE) consisting of compact quantum groups co-acting by preserving different levels of quantum

symmetry in (V, E). If (V,E) is simple, then it turns out that Cg}lg) = C(s‘y/%) = Dg,a%) and

Cg};%) = Dg/i,‘iE). For a multigraph (V, E), we have the following :

Bic sym Ban
Cwi S Cvm C CviE):
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We have shown that the categories C(VE) and C(VE) admit universal objects namely QBZC
and QB“” However that is not the case for Cf‘%}) It is still unclear whether for an arbitrary
multigraph (V, E), the category Cf‘lj?g) admits a universal object or not. The compact quantum
group Qﬁ}CE is the quantum automorphism group of (V, E') which is a quantum analogue of
the classical automorphism group of (V, E'). On the other hand, QB‘”L is too large to be called
an “automorphism group of (V, E)” and therefore will be referred to as universal quantum
group associated with (V, E).

We have also described these quantum automorphisms in the context of undirected multi-
graphs. An undirected multigraph (V, E) consists of an edge set E and vertex set V' and a map
r: E— {{z,y}|x,y € V'} which assigns each edge to an unordered pair of endpoint vertices.

It is natural to ask for which class of multigraphs, the two categories C(VE) and CEB‘Z%)
coincide. We have provided a necessary and sufficient condition in terms of weighted symmetry
of the underlying simple graph. We have shown that for a uniform multigraph (V, E)(i.e.
either 0 or a fixed number of edges between any two vertices) the categories Cf‘z‘j’%) and Cégvi,%)
coincide if and only if vaa%) and D(BV“E) coincide where (V, E) is the underlying simple
graph of (V,E). For this class of multigraphs, the compact quantum group QB“ does
act as a universal object in C(VE) We have expressed QBZC as free wreath product by
quantum permutation groups ([Bic04], [BBO7a]) where the co-action corresponding to the
wreath product comes from a permutation of pairs of vertices induced by the weighted symmetry
of the underlying simple graph. This wreath product formula for QfViCE) also emphasizes that
any multigraph which have at least two pairs of vertices with multiple edges among them

possesses genuine quantum symmetry.

In search of members of C7¥™

(V.E) which are essentially non-Bichon (that is, not a member

of C(BV?;CE)), we have stumbled upon a particular class of automorphisms of a multigraph (V, E),
namely source and target dependent automorphisms of (V. E). Vaguely speaking, an
automorphism of a multigraph (V| E) is source dependent if permutation of an edge depends
on the source of that edge and similar description goes for the target dependent case. We
have constructed a series of compact quantum groups va,E)' QIEV,E) and Q?&E) consisting of

source and target dependent quantum automorphisms of (V, E') which are all non-Bichon

members of Cfvag). Among all these quantum groups, Q‘zif.E) turns out to be a member of
sym
Cv.my

There has been an extensive study of quantum symmetry in graph C* algebras in recent

times (see [PRQ6], [BS13],[IMI18], [RWI8] [BEVW22]). Following the line of [SWI18] we have

shown that our notions of quantum symmetry in multigraphs in fact lift to the level of graph
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C* algebras. We have also shown that our ideas of quantum symmetry fit the framework

of co-actions on C* correspondences (see [Kat04], [B]],[KQRI5]) coming naturally from

multigraphs.

Apart from mathematical structures, multigraphs are also important in many physical models
such as lattices of atoms with double or triple bonds. We have extended our work of Quantum
symmetry on g-state Potts model ([GAH22]) in the context of multigraphs.

Potts model, or more general vertex and spin models are some of the most popular and
useful models arising primarily in statistical (including quantum statistical) mechanics, but they
have found wide applications in many other areas of physics and even other scientific (including
social sciences) disciplines. Typically, Potts model is considered on infinite lattices or infinite
simple graphs where thermodynamic properties are analysed. However, we have considered the
notion of Potts model on a finite multigraph. As we have mentioned before, physically a
finite multigraph can correspond to molecules consisting of double or triple bonds.

Now we look into the theory of phase transitions. Instead of looking at phase transition as
breaking of continuity or smoothness of suitable thermodynamic properties, we will be consid-
ering the symmetry viewpoint of Landau in [[I89] which says that a change of the group of
symmetry of the underlying physical system signifies a change of phase. For example, gaseous
phase has lot more symmetry than liquid which is constrained to have a fixed volume. Simi-
larly, liquid has more symmetry than solid. There are also several models in condensed matter
physics where there are theoretical and experimental explanations of effect of doping-induced
phase transition in terms of change of the point symmetry group of the underlying crystal struc-
tures (see for example, [PMAQOTI?]). We are proposing an extension of such ideas in the context
of quantum group symmetry seen as generalised group symmetry.

It should be noted that the interplay of quantum groups and operator algebras with the
models (including Potts model) of statistical mechanics goes back to the seminal work of Jones,
[Ion89], (see also [Ion94a]) leading to a theory which connects physical models with subfactor
theory, quantum field theory and so on. Later in [Ban98], Banica showed that spin and vertex
models of Jones do come from quantum groups. Our approach to quantum symmetry in Potts
model is different in a way that we are considering a compact quantum group co-acting on
the set of vertices of the graph commuting with the Hamiltonian of the model instead of an
on-site symmetry coming from the permutation of the set of states or the commutator with the
site-to-site transfer matrices as in [Ion940).

Now we give a brief overview of the chapters in this thesis.
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In chapter [2 we recollect all the basic concepts we will need in the later chapters to make
this thesis as self-content as possible. In section P.1] we describe the basic notions related
to simple graphs, multigraphs, adjacency relations and automorphism of graphs. As we have
mentioned earlier, our simple graphs may have loops (an edge with same endpoints) but no
multiple edges between a pair of vertices. We also describe “undirectedness” in graphs in such a
way that will be helpful to us in later chapters. In section 2.2 we provide a very brief discussion
about g-state Potts model. Next two sections are about basic concepts and examples related
to compact quantum groups. In section [2.5] we discuss two different formulations of quantum
symmetry in a simple graph given by Bichon and Banica ([Bic03], [Ban0%a]) and prove some
useful results related to them. Along with all the notations introduced in previous sections, in
section , we introduce some additional notations related to multigraphs which we will be
using extensively throughout this thesis.

In chapter [3] we reformulate previously described notions of quantum symmetry in a simple
graph in terms of “permutations” of edges (instead of vertices) which can be easily generalised
in the context of a multigraph. In section we formulate quantum automorphisms in terms
of left and right equivariant bi-unitary co-representations. The next two sections provide
another equivalent description of left and right equivariant co-representations in terms of
implemented co-actions of a bi-unitary (see definition which helps us see how a
“permutation” of edges preserving the symmetry of the multigraph induces permutations on
the sets of initial and final vertices. With the theorems discussed in previous sections, in section
we find another additional constraint to capture the complete picture of already known
notions of quantum symmetry in a simple graph. Section [B.6] connects bi-unitarity with our
“inversion” map in an undirected multigraph (see definition . Finally, in section we
give our equivalent definitions of quantum symmetry in a simple graph in terms of a bi-unitary
map on a suitable Hilbert space and its induced co-actions on the algebra of operators on that
Hilbert space.

In chapter 4] we define the notions of quantum symmetry in a multigraph. In section
we see that most of the results derived in chapter 3] hold in case of a multigraph with
verbatim proofs. Using these, in the section [4.2] we define three levels of quantum symmetry

in a finite multigraph. In subsection [4.2.3] the propositions [4#.2.7] and [£.2.9] tell us that our

description of quantum symmetry is a correct generalization of already existing notions of
quantum symmetry in simple graphs. In subsection we look into the condition (5) of
definition and investigate whether it can be replaced with a nicer one. The next two

sections and introduce different quantum automorphism groups of a multigraph
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corresponding to different levels of quantum symmetry. In section [£.6 we see that “bi-unitarity”
is closely related to inversion in an undirected multigraph which has been already observed for
simple graphs in chapter 3] From theorem we see that quantum automorphism of any
directed multigraph can be realised as a quantum automorphism of the “underlying undirected
multigraph” preserving the set of directed edges.

In chapter, we dive deep into the structures of objects in Cfg%) and CF‘}CE). From propo-

sitions and ‘ it follows that co-actions in both categories C(S‘y/"é) and Cg}%) preserve

uniform components of (V, E) (see notation [5.1.2). Hence it suffices to look into the co-
actions on uniform multigraphs. In subsection proposition [5.3.7] gives us more insight
into the modified notion of “permutation” of edges we have been considering till now. The
rest of the chapter concerns with some interesting structural results about (B‘}CE) In theorem

5.3.13] we see that for a directed uniform multigraph (V, E), g}%) is the free wreath product

by gj%) (see subsection [5.3.4]) where the underlying co-action of the wreath product comes

from quantum symmetry of the underlying simple graph (V, E)). Theorem in subsection

provides us with a large class of multigraphs where the categories Cf‘z’/’%) and C(B‘};‘j;) coin-

cide making computations possible. However, outside this class, existence of a universal object
in Cf‘zj.%) remains unknown.

In chapter[f] we focus on constructing quantum automorphisms of an arbitrary multigraph
(V, E) which are essentially of non-Bichon type, that is, not necessarily a member of C(]E;\/Z;%)'
In section [6.1] we consider three special classes of automorphisms namely, source dependent,
target dependent and both source and target dependent automorphisms of a directed
multigraph (V, E). By replacing condition (5) in definition [4.2.3] with the more suitable ones
we construct quantum analogues of the above mentioned automorphisms in section [6.2} In
subsection [6.2.4 we rewrite the above mentioned quantum automorphisms in forms resembling
to their classical counterparts. In the process of that, we see that source dependent quantum
automorphisms can be formulated as a free wreath product where the underlying co-action
is on the set of initial vertices. Similar phenomena happens for the case of target dependent
quantum automorphisms where the underlying co-action of the free wreath product is on the
set of final vertices. In section[6.4]we define notions of source and target dependent quantum
automorphism groups using the results of subsection They exist as universal objects
in their respective categories of source dependent, target dependent and both source and
target dependent co-actions as we have shown in section [6.3] Section is about extension
of these ideas for undirected multigraphs. As there are no inherent differences between source

and target maps for an undirected multigraph, we see that all the quantum groups QfVEj),
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vaﬂj) and Qf{iE’j) coincide for an undirected multigraph (V, E,j) .

In chapter [7] we compute quantum automorphism groups for a few multigraphs. We have
considered only undirected multigraphs as quantum automorphism of any directed multigraph
do originate from its underlying undirected part (see theorem . However it is worth
mentioning that similar phenomena is not true for source and target dependent quantum
symmetries. In section [7.3] we show that our notions of quantum automorphisms also fit in the
pictures of existing notions of quantum symmetry in various mathematical structures related to
multigraphs.

In chapter [8] we describe the notion of quantum symmetry in a g-state Potts model on
a finite undirected multigraph with a finite state space. The original work done by us in
[GAH22] was in the context of simple graphs and we will do a similar treatment here. We start
by extending the definition of Hamiltonian in the context of a multigraph. We identify the
elements of finite state space with a suitable cyclic group and formulate a notion of co-action
of compact quantum groups on the space of functions on the vertex set of the graph such that
the co-action commutes with the Hamiltonian (that is, it gives a symmetry of the underlying
model). Following the line of [Ban0bb] we prove the existence of a universal compact quantum
group which gives symmetry of the Potts model in the above sense, calling it the quantum group
of symmetry of the model. Then we compute this quantum group in a few examples and show
how a slight change of the parameters of the model can result in a rather remarkable change
of quantum symmetry. More interestingly, we give an example where classical symmetry group
remains the same even after the change of the model parameters but quantum symmetry group
changes. This makes a strong case for studying quantum group symmetry in physical models.

Except chapter 2] which contains necessary preliminaries, from chapter [3] to chapter [7] we

refer to [GH23] and for chapter [g] we refer to [GAH2Z] (see also [GH2I] which is a corrected

version).



Chapter 2

Preliminaries

2.1 Graphs

2.1.1 Simple graphs and weighted simple graphs

Definition 2.1.1. A simple graph (V, E) consists of a finite set of vertices V' and a finite set

of edges E C V x V. We define source and target maps s : £ — V andt: E — V by
s(i,j) =14 and t(i,j)=j where (i,j)€ E.

The adjacency matrix W = (Wi;)i jev is given by Wi; = 1 if (i,j) € E and W;; = 0 otherwise.

Notation 2.1.2. /n later sections, we might also write the adjacency matrix as (Wj)mev

instead of (W;;); jev for notational ease and consistency.

Definition 2.1.3. A weighted simple graph (V, E, w) is a simple graph (V, E) with a weight
function w : E — C. In this case, the adjacency matrix W = (Wjj); jev is given by W;; =

w((i,7)) if (i,7) € E and W;; = 0 otherwise.

Definition 2.1.4. A simple graph (V, E) or a weighted simple graph (V, E,w) is said to be
undirected if its adjacency matrix W is a symmetric matrix, that is, W;; = Wy; forall i,5 € V.
2.1.2 Finite quivers or multigraphs

We recall the notions of finite quivers and morphisms among them. For more details on quivers

and path algebras see [GMVYT8].

Definition 2.1.5. A finite quiver or a multigraph (V, E') consists of a finite set of vertices V

and a finite set of edges I/ with source and target maps s : EE —V andt: E — V.
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An edge T € E is called a loop if s(1) = t(7). We will denote L C E to be the set of all
“loops” in (V, E).
The adjacency matrix W = (W}); jev is given by Wi = [{T € E|s(1) = i,t(t) = j}|. Here

|.| denotes cardinality of a set.

Definition 2.1.6. A doubly directed multigraph (V, E) is a multigraph (V, E) such that its

adjacency matrix W is symmetric, that is, I/VJz = I/Vl.j foralli,j e V.

Definition 2.1.7. An undirected multigraph (V, E, j) is a “doubly directed” multigraph (V, E)

with an inversion map j : E — E such that the following hold:
1. j?> =idg.
2. j(r) =7 for all T € L, where L is the set of “loops” in (V, E).

3. Forall T € E,
s(j(r)) =t(r) and t(j(1)) = s(7).

Remark 2.1.8. By fixing an inversion map in a doubly directed graph, we are clubbing two
oppositely directed edges (loops are excluded as they are inherently oppositely directed) between
two points to produce an undirected edge. The main advantage of our undirectedness is not
losing the sense of source and target of an edge even in an undirected setting which will be
crucial to our construction later.

It should be noted that in case of a simple graph, the notion of doubly directedness and
undirectedness coincide as there can exist at most one inversion map in a “doubly directed”

simple graph, hence making sense of definition [2.1.4

Definition 2.1.9. For a multigraph (V, E), the underlying simple graph (V, E) is the simple

graph with the same vertex set V and the set of edges E given by,

E :={(i,j) € V x V|W} # 0}.

Definition 2.1.10. For a multigraph (V, E'), the underlying weighted graph is the underlying
simple graph (V, E) with the weight function w : E — C given by w((i, j)) = W} for (i,j) € E

where W is the adjacency matrix of (V, E).

2.1.3 Morphisms of finite quivers or multigraphs

We recall definition 2.3 from [GMVYI18]. For more detailed discussion on different automor-
phisms of a multigraph, see also [Gel82].
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Definition 2.1.11. Let (V, E) and (V', E’) be two finite quivers with pairs of source and target
maps given by (s,t) and (s',t") respectively. A morphism of quivers f : (V,E) — (V/,E’) is
a pair of maps (fv, fg) where fy : V. — V' is a map of vertices and fp : E — E’ is a map of

edges satisfying,

Fr(s(r) = §'(fe(r) and fu(t(r)) = ¢(ful(r)) forall T€E.

Furthermore if (V, E) and (V',E") are undirected with inversion maps j and j' then we also

assume that,

fe(i(7) =7 (fe(r)) forall T€E.

An automorphism of a finite quiver or a multigraph (V| E) is an invertible morphism
from (V,E) to (V,E). The collection of all such automorphisms is said to be the classical

automorphism group of (V, E) and will be denoted as G‘(l‘qth).

2.2 Review of Potts model in statistical mechanics

The fundamental idea of statistical mechanics is to consider an “ensemble” or totality of all
possible states of a physical system in equilibrium and assign a probability distribution, usually
the so-called Boltzmann (or Gibbs) distribution. The probability distribution (or the probability
density) of a state depends on the corresponding energy level (typically given by the Hamiltonian,
say H) and the absolute temperature of the system (T).

Potts model or g-state Potts model was first introduced by Renfrey Potts in 1952 ([Potb2])
as a generalization of already existing Ising model where the state space has g points instead of
only “spin up” and “spin down" symmetry. Though these structures are described on infinite
graphs or infinite lattices (see for instance, [Wu82]), we will look into the “finite” case as that
will be enough for our purpose.

Let us consider (V, E) to be an undirected finite simple graph without loops and X, be
a finite set {1,2,..,q}. A g-state Potts model on (V| E) consists of a configuration space Qp

and a Hamiltonian Hp.

Definition 2.2.1. A configuration w is a function from the vertex set V' to the finite set X,.
The set of all configuration is denoted by 2p. The Hamiltonian Hp is a function from Qp to

C given by,
Hp(w) == Y Jijbugiwy) — D i (D)

(iJ)EE iev
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where 0, is the Kronecker delta symbol (that is, 6,, = 1 if x = y and is 0 otherwise) and

£(4) := (&1(7), ..., & (1)) € RY is an external (possibly random) field.

Now we briefly recall the notion of Gibbs measure in our context which gives us the

probability of occurence of a configuration w at an absolute temperature T'.

Definition 2.2.2. The partition function Z(j3) at an inverse temperature 3 (thatis, § = 1/T)

for a g-state Potts model is given by,

Z(8) = 2 e BHP(W)

wEQP

The probability of occurence of a configuration w at an inverse temperature [3 is given by

(W) = 1 e BHP (W)

Z(B)

The measure described by P(w) is the Gibbs measure on the configuration space Q) p at inverse

temperature 3.

2.3 Compact quantum group

2.3.1 C%* algebras and Hilbert C* modules

Before going to the compact quantum groups, we will briefly recall the notions of C* algebras
and Hilbert C* modules. All algebras and tensor product of algebras are considered to be over

the field of complex numbers unless explicitly mentioned otherwise.

Definition 2.3.1. Let A be an algebra. A norm ||.|| on A is called sub-multiplicative if the
following identity holds:
labl] < |la|ll|b|| for all a,be A.

An algebra A with a sub-multiplicative norm ||.|| is a normed algebra and denoted by (A, ||.||).
Moreover, if A has a multiplicative unit 1 such that ||1|| = 1, then (A, ||.||) is called a unital
normed algebra. A Banach algebra is a normed algebra which is complete with respect to the

metric induced by the norm.

Definition 2.3.2. A Banach * algebra is a triplet (A, ||.||,*) where x : A — A is an antiho-

momorphism satisfying the following conditions:

1. ||a*|| = ||a|| for all a € A.
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2. (Aa+b)* = Xa* +b* foralla,be A and ) € C.

A C* algebra is a Banach * algebra satisfying the C* identity:
la*all = flal®.

Definition 2.3.3. Let A be a C* algebra. An element x € A is said to be positive if there
exists y € A such that x = y*y. The set of all positive elements in A is denoted by A .

A linear functional ¢ : A — C is a continuous C-linear map from A to C.The map ¢ is
said to be positive if p(x) >0 for all z € A,

A positive linear functional ¢ on a unital C* algebra A is called a state if ¢(1) = 1.

The Gelfand-Naimark theorem states that any unital commutative C*-algebra is isometrically
isomorphic to C(X) for some compact Hausdorff space X. On the other hand, any C*-algebra
is isometrically isomorphic to a norm closed * subalgebra of B(H) for some Hilbert space H.

Now we recall the concept of Hilbert C* modules. For detailed discussion see [[an99].

Definition 2.3.4. Let A be a C* algebra. A pre-Hilbert A-module E is a right A-module
with an A-valued inner product < .,. >: E x E — A which is C linear in second variable and

satisfy the following conditions:
1 <&mx>pa=<€&mn>axforallé,ne E and x € A.
2. <En>h=<n,§ > forall{,n e E.
3. <& E> >0 forall € € E.
4. Forany € E, if <&,€ >4=0, then £ = 0.

A pre-Hilbert module E is called a Hilbert C* module if it is complete under the norm ||.||

where the ||| is given by [l¢]| = || < &€ > /2.

Let E be a Hilbert A-module where A is a C*algebra. We say that a C-linear map L :
E — E is adjointable if < & L*(n) >a4=< L(&),n >4 for all &, € E. The set of all
adjointable operators is denoted by £4(F). An adjointable operator L is automatically .A-
linear and a bounded map between Banach spaces. With respect to the operator norm, L 4(E)
is a C* algebra. Moreover, any L € L 4(F) is said to be “unitary” if L is an isometry, that is,
< L(&),L(n) >a=< &,n >4 for all &,n € E, and its range is whole of E.

For &,n € E, let us define ¢ ,, € LA(E) by ¢, (7) =n < &, >4 forall y € E. The norm

closure of linear span of the set of operators ¢, in L4(F) is the set of compact operators
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on E and is denoted by K4(E). We recall the following result from the theory of Hilbert C*

modules.

Lemma 2.3.5. The multiplier algebra of K 4(E), M (K A(E)), is isomorphic to L A(E) for any
Hilbert C* module E.

Given a Hilbert space H and a C* algebra A, H ® A is a Hilbert C* module with right

A-module map and A-valued inner product <, >4 given by
E®@z)y=E®(zy) and <ERz,N®Y>a=<En >y

for all &,m € E and z,y € A. K4(H ® A) is canonically isomorphic to K(H) ® A where
K (H) is the set of compact operators on H. From lemma it follows that L4(H ® A) =
M(K(H)® A). we will often identify an element L of L4(H ® A) with a map from H to
H ® A which sends a vector £ to L(§ ® 1) in H ® A. We might also use the same notation in

both cases.

Definition 2.3.6. Let H be a Hilbert space and A be a C* algebra. By B(H ), we will denote the
set of all bounded operators on H. For a unitary U € L 4(H ® A), there is a * homomorphism
Ady : B(H) — LA(H ® A) which is given by,

Ady(T) =U(T ®1)U* where T € B(H).

Let us assume that H is a finite dimensional Hilbert space of dimension n. Again from
lemma it follows that L4(H® A) = M(K(H)® A) = B(H) ® A where B(H) is the set
of all bounded operators on H. As H is an n dimensional Hilbert space, B(H) can be identified

with M, (C), the algebra of n x n matrices, by choosing a suitable orthonormal basis of H.

2.3.2 Basic definitions

We give a brief description of compact quantum groups and related concepts. For detailed
discussion on quantum groups, see [CP95], [MVD9g], [Tim08], [NT13] and [GBIf]. All C*
algebras here will be assumed to be unital and all tensor products will be minimal tensor

product of C* algebras unless explicitly mentioned otherwise.

Definition 2.3.7. A compact quantum group or a CQG (in short) is a pair (A, A) where A
is a unital C* algebra and A : A — A ® A is a homomorphism of C* algebras satisfying the

following conditions:
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1. (A®id)A = (id ® A)A (coassociativity).
2. Each of the linear spans A(A)(1 ® A) and A(A)(A® 1) is norm-dense in A ® A.

It is known that there exists a unique Haar state on a compact quantum group which is the

non-commutative analogue of Haar measure on a classical compact group.

Definition 2.3.8. The Haar state h on a compact quantum group (A, A) is the unique state

on A which satisfies the following conditions:
(h®id)A(a) = h(a)ly and (id® h)A(a) = h(a)ly

for all a € A.

Definition 2.3.9. A quantum group homomorphism ® among two compact quantum groups
(A1,A1) and (Az,Ag) is a C* algebra homomorphism ® : Ay — As satisfying the following
condition:

(@@@)OAleQO(I)_

Definition 2.3.10. A Woronowicz C* subalgebra of a compact quantum group (A, A) is a
C* subalgebra A’ such that (A’A|4) is a compact quantum group and the inclusion map

1: A" — A is a homomorphism of compact quantum groups.

Definition 2.3.11. A Woronowicz C* ideal of a compact quantum group (A, A) is a two sided

C*ideal T such that A(Z) C ker(m ® m) where 7 is the natural quotient map w: A — A/Z.

Proposition 2.3.12. The quotient of a compact quantum group (A, A) by a Woronowicz C*
ideal T has a unique compact quantum group structure such that the quotient map w is a

homomorphism of compact quantum groups. More precisely, the co-product A on A/T is given

by,

Ala+7Z) = (m®@m)Aa)

where a € A.

Definition 2.3.13. A compact quantum group (A’,A’) is said to be quantum subgroup of
another compact quantum group (A, A) if there exists a Woronowicz C* ideal Z such that

(A, A)) = (A, A)/T.

2.3.3 Co-actions and co-representations

Definition 2.3.14. Let H be a finite dimensional Hilbert space and (A, A) be a compact

quantum group. We consider the Hilbert A-module H® A with induced A-valued inner product
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from H. A finite dimensional co-representation of (A, A) on H is a C-linearmap : H - H®.A
such that 6 € B(H) ® A given by 6(¢ ® a) = 6(€)a (¢ € H,a € A) satisfies the following
condition:

where 5(12) and 5(13) are common leg notations defined in section 5 of [MVD9§].

Remark 2.3.15. By choosing an orthonormal basis {e1,..,e,} of H we can identify H with
C"™ and B(H) with M,(C). For a C-linear map § : H — H ® A, we define U® € M, (A) by
(U%)ij =< €; @ 14,6(ej) > 4. It is clear that § is uniquely determined by the matrix U° and is

a co-representation if and only if
n
) § §
k=1

U?® is said to be the co-representation matrix of 5. Later in this thesis we might also write
the coefficients of a co-representation matrix as (U‘S); instead of (U®);; for notational ease and
convenience.

A co-representation § is said to be non-degenerate if U° is invertible in M, (A) and unitary

if the matrix U? is unitary in My, (A), that is, USU?" = U"U°® = Idy, ().

Definition 2.3.16. For a finite dimensional co-representation  of a compact quantum group
(A, A) the adjoint co-representation & is defined by the corepresentation matrix US, where

776 _ 7%

It is known from representation theory of compact quantum groups that for a compact
quantum group (A, A), there is a dense subalgebra 4 generated by the matrix elements of its
finite dimensional co-representations. This subalgebra Ay with the co-product A| 4, is a Hopf
* algebra in its own right and referred to as underlying Hopf* algebra of matrix elements
of (A,A). It is also worth mentioning that the Haar state & is faithful on 4 and is tracial if
(A, A) is a compact quantum group of Kac type (see proposition 1.7.9 in [NT13] ).

Now we describe the notion of a co-action of a compact quantum group on a unital C*

algebra.

Definition 2.3.17. Let B be a unital C* algebra. A co-action of a compact quantum group

(A, A) on B is a C* homomorphism o : B — B ® A satisfying the following conditions:
1. (a®id)a = (id ® A)a.

2. Linear span of a(B)(1p ® A) is norm-dense in B ® A.
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A co-action « is said to be faithful if there does not exist a proper Woronowicz C* algebra A’

of (A, A) such that « is also a co-action of (A', Al 4/) on B.

For a unital C* algebra B, we consider the category of quantum transformation groups
whose objects are compact quantum groups co-acting on 3 and morphisms are quantum group
homomorphisms intertwining such co-actions. The universal object in this category, if it exists
(it might not, see [Wan98] for example), is said to be quantum automorphism group of 5.

The next proposition is easy to see and will be crucial to our constructions later on.

Proposition 2.3.18. For a finite dimensional unitary co-representation d of a compact quantum
group (A, A), the * homomorphism defined in definition[2.3.6, Ads: B(H) — B(H) @ A is a

co-action on the algebra B(H ).

2.3.4 Examples of compact quantum groups

Now we will be looking into some examples of compact quantum groups which are used in this

thesis.

Compact matrix quantum groups:

The theory of compact matrix quantum groups was first defined and developed by Woronowicz
in \\or87] and it precceded the formalism of compact quantum groups. All compact quantum

groups constructed in this thesis are in fact compact matrix quantum groups. For detailed

discussion on compact matrix quantum groups, see also [WebI7], [Tim08].

Definition 2.3.19. A compact matrix quantum group (A,A) consists of a C* algebra A
equipped with a C* algebra homomorphism A : A — A ® A such that there is a unitary

matrix U = (uij)i j=1,.n € Mn(A) for some n € N satisfying the following conditions:
I Auij) =Y 5 g uik ®ug; foralli,j=1,...n.
2. The matrix U = (u;kj)i,j:lwn is invertible.
3. The elements {u;;|i,j =1,..,n} generate A as a C* algebra.
The matrix of generators U = (u;j)i j—1,.n is referred to as fundamental co-representation
matrix of (A, A).
Free unitary and free orthogonal quantum group

We recall the definition of free unitary and free orthogonal quantum groups from [(Wan9%] and

[DW38] (see also [WanQ?]) .
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Definition 2.3.20. Let n € N. The free unitary quantum group A,(n) is the universal
C* algebra generated by the elements of the matrix U = (u;;); j=1,.n Satisfying the following
relations:

UU*=U*U =1, and UU'=U'U = I,.

where U = (wij*)ij=1,..n and U" = (wji)ij=1,.n. There exists a co-product Ay on A,(n)
satisfying
n
Ay (uij) = Z Uik, @ Upj-
k=1

The free orthogonal quantum group A,(n) is the quotient of A, (n) by a C* ideal generated

by the set of relations {u;;* = w;|i,j =1,..,n}.

Remark 2.3.21. A,(n) and A,(n) are both compact quantum groups of Kac type.

Let us consider a Hilbert space H with a chosen orthonormal basis {e1, .., e,}. The compact
quantum groups A, (n) and A,(n) both have canonical co-representations on H given by the
same description: .

afe;) = E ej @uj; where i=1,..,n.
Jj=1

Abelianization of A,(n) and A,(n) gives function algebras of U(n) and O(n), where U(n)

and O(n) are groups of unitary and orthogonal n x n_matrices respectively.
We introduce a notation which we will be using extensively for the rest of this thesis.

Notation 2.3.22. Let X be a finite set. Fori € X, let us denote the characteristic function
on i as x;, that is, x;(j) = d;; for all j € X. The function algebra on X, that is, set of all
functions from X to C, is the C-linear span of the elements {x;|i € X}. This function algebra
will be treated as both an algebra (with multiplication given by, x;.x; = 0;;) and a Hilbert
space (with inner product given by, < x;,x; >= 6; ). We will denote the function algebra by

C(X) when we will treat it as an algebra and L?(X) when we will treat it as a Hilbert space.

Quantum permutation groups

We describe the quantum analogue of permutation group on n elements. The following defini-

tion is due to Wang in [\Wan98].

Definition 2.3.23. Let X,, = {1,2,..,n} be a finite set. The quantum permutation group on
n elements, S; is the universal C* algebra generated by the elements of the matrix (xi;)i j=1,..n

satisfying the following relations:

2

1z = a5 = x;* foralli,j=1,..,n.
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2. Z?:l Ti5 = 1= Z?:l T i for a//j = 1, .
The co-product A,, on S, is given by Ay, (zij) = Y p_y Tik @ Tj.

Remark 2.3.24. S} is a quantum subgroup of A,(n) and hence of Kac type.

The compact quantum group S, has a canonical co-action a,, on C(X,,) given by,

n
an(xi) = ij ®axj where i=1,..,n.
j=1
It also follows that S;™ is the universal object in this category of compact quantum groups
co-acting on the algebra C(X,,). Moreover, abelianization of S, gives us C(S,,), where S, is

the standard permutation group on n elements.

Notation 2.3.25. For any co-action « of a compact quantum group (A, A) on C(X,,), we can

write

n
alxi) = ij ® qji, where i=1,..,n and (gij)ij=1,.n € Mn(A).
j=1

As « can also be treated as a unitary co-representation on L*(X) we will refer to the matrix
(Gij)ij=1,..n as the co-representation matrix of c.
The relations listed in definition[2.3.23 will be referred to as quantum permutation rela-

tions.

2.4 Free products of compact quantum groups

Free products of compact quantum groups were described in [Wan93]. Let (A;,A;) and
(A2, Ag) be two compact quantum groups. Let us cosider the free product of two C* algebras
A1, Ao with canonical inclusion maps vq : A1 — Ay * Ay and vo : Ay — A1 * Ay. We have

the following results from [Wan99].
Proposition 2.4.1. The following statements are true.

1. There exists a co-product A on Ay x Ay satisfying
Aoy =1 ®r1)oA; and Aowvy = (s ®@1s)o Ay

and making (Ay x A2, A) a compact quantum group.

2. If (A1, A1) and (Az, Ag) are compact matrix quantum groups with fundamental co-

representation matrices U = ()i j=1,..n and V = (Vp1)ki=1,.m then (A1 x A, A) is
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also a compact matrix quantum group with the fundamental co-representation matrix

U®V where

vev=|" E)U) ?V) (2.4.1)
12

Here I/1(U) = (Vl(uij))i’jzl’_”n and VQ(V) = (VQ(Ukl))k’lzL.’m.

3. For any two finite dimensional co-representations oy : H1 — H1 ® Ay and as : Hy —
Hy ® Ay with co-representation matrices Uy and Us, there exists a co-representation
o Hy ® Hy — (H) ® Hy) ® (Ay x Ay) with the co-representation matrix U; & Us

described in the same way as in equation

2.5 Quantum automorphisms of simple and weighted graphs

There are two different existing notions of quantum symmetry in a simple graph, one was intro-
duced by Bichon (see [BicO3]) and the other was introduced by Banica ([Ban05a],[BBCO74]).
We will recall both of them in this section and discuss relations between them. We start with

introducing a notation which is standard in this context:

Notation 2.5.1. Let V be a finite set and a : C(V) — C(V) ® A be a co-action of a
compact quantum group (A, A) with co-representation matrix Q = (g;j)i jev. Then we define
a?) = (id®id @ m)(id ® Lo3 @ id)(a @ ) where m is the multiplication map in A and o3 is
the standard flip map on 2nd and 3rd coordinates of the tensor product. Fori,j, k,l € V, we

observe that,

aPnex) =Y xi® X @ Grgji
ijev

It is easy to check using quantum permutation relations that o'?) is actually a unitary co-

representation of (A, A) on the Hilbert space L*(V) @ L*(V). It follows that the adjoint

co-representation a(2) is also unitary.

2.5.1 Bichon’s notion of quantum symmetry

We recall definition 3.1 given by Bichon in [Bic03].

Definition 2.5.2. A co-action of compact quantum group (A, A) on a simple graph (V, E)
preserving its quantum symmetry in Bichon's sense consists of a co-action o : C(V) — C(V)®
A on the algebra C(V') and a co-action 3 : C(E) — C(E) ® A on the algebra C(E) such that

the following diagram commutes:
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P cvye o) e A

lm(s*@t*) lm(s*@t*)@idf\
ClE) ——— C(E)e A
where m is the multiplication map on the algebra C(E), s* : C(V) — C(E) and t* : C(V) —

C(FE) are pullbacks of source and target maps s and t on (V, E).

It follows from theorem 3.2 in [BicQ3] that the quantum permutation of edges 3 is completely
determined by the quantum permutation of the vertices . In fact, 8 = a(z)]C(E) where C(E)
is identified as a subalgebra of C(V') ® C(V) via the identification X () — X% ® X;- In light of

this we give the following proposition:

Proposition 2.5.3. Let o : C(V) — C(V) ® A be a co-action of the CQG (A, A). Then o
induces a co-action on (V, E) preserving its quantum symmetry in Bichon's sense (see definition

iff a®(C(E)) C C(E)® A and a(z)\C(E) is a co-action of (A, A) on the algebra C'(E).

Remark 2.5.4. Let us consider the category D(B‘}vcE) whose objects are compact quantum groups
co-acting on (V, E) preserving its quantum symmetry in Bichon’s sense and morphisms are
quantum group homomorphisms intertwining such co-actions. From theorem 3.2 in [Bic03], it
follows that the universal object in this category exists and called the quantum automorphism
group of (V, E) in Bichon's sense. This automorphism group will be denoted as vaijg) in this

thesis.

2.5.2 Banica’s notion of quantum symmetry

Now we describe Banica's notion of quantum symmetry on a simple graph ([Ban05a]) and prove

some results related to it.

Definition 2.5.5. Let (V, E) be a simple graph. Then by a co-action « of a compact quantum
group (A, A) on (V| E) preserving its quantum symmetry in Banica's sense, we mean a co-
action « on the algebra C (V') such that the co-representation matrix of & commutes with the

adjacency matrix of (V, E).

Let us consider the category Dgﬁg) whose objects are compact quantum groups co-acting
on (V,E) and morphisms are quantum group homomorphisms intertwining such co-actions.

The following result is due to Banica in [Ban05a].

Theorem 2.5.6. Let |V| = n and Q = (qij)ij=1,..n be the co-representation matrix of the

canonical co-action of S;F on C(V'). The universal object in Dg}lg) exists and is given by

Sy /QW — W where W is the adjacency matrix of (V, E). This universal object is called
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the quantum automorphism group of (V| E) in Banica’s sense and will be denoted as vaag)

in this thesis.

The above theorem holds true if we consider the matrix W to be any complex number valued

matrix instead of just an adjacency matrix of a simple graph, which covers the case of weighted

graphs and small metric spaces (see [Ban05a],[Ban050]). If our simple graph is weighted with

a weight function w, we will denote its quantum automorphism group as S(l%/?g,w)-

Let (V, E,w) be a weighted simple graph with adjacency matrix W. Then we observe the

following results:

Lemma 2.5.7. Let o be a co-action of a CQG (A, A) on C(V') with co-representation matrix

@ = (gij)ijev. Then the following conditions are equivalent:
1. QW =WQ.
2. Zi,jEV I/ViijiQZj = Wyl forall k,l € V.

Proof. Let us assume (1). We have

> Wiariay = O aiWij)aiy

ijev jEV iev
=3O Whigij)a;
JEV ieV
= W (> qy) = Wal.
jev

Conversely, let us assume (2). Using antipode on the underlying Hopf * algebra of matrix

elements of CQG (A, A) we observe that,

i,JEV

Let us fix 7,5 € V. Using above expression it follows that,

@W)i; = Wi => (> Wiyajjawn)din

keV keV k' j'eVv
= Z Z Wijrajrqik
keV j'eV
= Z Wijrqjr; = (WQ)4j.
j'eV
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For proving the next result we will use the technical lemma stated below.

Lemma 2.5.8. Let P be an n X n matrix of positive operators on a Hilbert space H. Let
A € M,(C). Then P commutes with A if and only if P commutes with Ar and A, where
Apg and Ay are in M, (R) such that A = A +iAj.

Theorem 2.5.9. Let « be a co-action of a CQG (A, A) on C(V') with co-representation matrix
Q = (¢ij)ijev. Letuswrite W =3 _~ W€ where Wi = 1iffW;; = c and W5 = 0 otherwise.
For ¢ € C, we consider the linear subspace K¢ of L*(V) @ L*(V') defined by

K¢ = linear span{x, ® xi|Wi = ¢; k,l € V}.

Then the following conditions are equivalent:
1. QW =WaQ.
2. o (K)CK°® A forallceC.
3. QWe=WeQ for all c € C.

Proof. We proceed through the following claims.

Claim:(1) = (2).

We will follow the proof of theorem 3.11 in [GAH22]. Using lemma without loss of
generality, we can assume that the adjacency matrix W is a real valued matrix. Let us define
w:V xV — C by w(i,j) = Wi where i,j € V. Let Image(w) = {s1, 52, .., 5.} where
51 < 82 < ..<sp € R. Asthe Haar state h is tracial on the algebra generated by the elements

{@ijli,j € V} in A, it follows that,
h(Givajj @) = Maiwqsj) forall i, j,i', 5" € V.
Let us choose (k,1) € V x V such that w(k,l) = s,. Using lemma we observe that,

> (Wi = Wiphlariaijar:) = b (Wit — Wij)ariqij) = 0.

i,j€V i,jE€V
As h is faithful on the underlying dense Hopf * algebra of matrix elements of (A, A) and
Wy — Wij >0 for all 4,7 € V, it follows that,
I

laria;||© = llakiqijarill =0 whenever Wy # s,.
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Using antipode k on the underlying Hopf * algebra of matrix elements of (A, A) we observe

that,

qikqj1 = K(@qx:) = £((riqi;)*) = £(0) = 0.

Hence we have proved our claim for ¢ = s,.. Now we proceed by induction. Let us assume that

for ¢ > s; € Image(w)
oK) CK°® A
which is equivalent to assuming that, for all 4,4, k,l € V,
qriq; =0 when  W;; > sp and Wy # Wi;.
We want to prove our assumption for ¢ > sy;_1. It is enough to show that,
P (K)C K @A for c=s 1. (2.5.1)
Let us fix (k,1) € V x V such that Wy; = s;—1. Using induction hypothesis, we observe that,

> (Wi = Wiphlagriqiiars) = (Y (Wi — Wij)aria;)

1,jeEV i,jEV
Wij<Why Wi <Wg
=h( Y (Wi — Wij)ariai;) = 0.
i,jeEV

Therefore we observe that gi;q;; = 0 when W;; < Wy,;. Using induction hypothesis it further
follows that,

Akidi; = 0 when Wz‘j 7& St—1-

Hence [2.5.1] follows using similar arguments as in the case of ¢ = s,..
Claim:(2) = (3).

It is clear from (2) that, ¢;rq;; = 0 for all 4,3, k,1 € V such that Wy, # Wj;.
Let us fix i,j € V and ¢ € C such that W¢ # 0. We observe that,

@W)i =D Wi = > ain
keV keV
ij:C

= Z qikdij

kleV
Wyj=c
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= Z qikql;

k,leV
Wij=c=Wy

= Z 4ikqij

kJleV
Wi=c

=Y @ =Y Wiay = (WQ);.

lev lev
Wi=c

3) = ().

QW =Q(D W) => QW= Q= (D W)Q=WQ.

ceC ceC ceC ceC

O

Proposition 2.5.10. Let o be a co-action of a CQG (A, A) on a weighted simple graph
(V, E,w) preserving its quantum symmetry in Banica's sense. We consider the source and

target degree functions fs, f € C(V') which are defined as follows:

=> Wi and fi(k)=> Wy forall keV.
lev lev

Then the following identities hold:

Oé(fs) = fs ®1 and Oé(ft) = ft ® 1.

Proof. Let us deal with only f; as f; can be dealt in identical manner. Let @ = (gi;)i jev be

the co-representation matrix of «. It follows that,

a(fs)=f®1 — Z fs(k qkk/ fs(k) forall keV

k'eV

< qrw =0 whenever fy(k) # fs(K'). (2.5.2)

Let us choose k, k' € V such that fs(k) # fs(k"). We observe that,

N = Fold)qridrn

i€V
= (> Wijau:) quw

1,j€V

= (> Wiidij)quw
ijev
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= Whigewr = fs(F) -
eV
As fs(k) # fs(K'), it follows that gxr = 0. From observation the first identity in

proposition [2.5.10] follows.
Now let k, k" € V be such that f;(k) # f¢(k'). Using similar arguments as in previous case

it follows that fi(k")qix = fe(k)qrk, which implies gii = 0 as fi(k) # fi(K'). O

We provide Banica's version of proposition 2.5.3 which is immidiate from theorem

Proposition 2.5.11. Let (V, E) be a simple graph and o : C(V) — C(V) ® A be a co-action
of the CQG (A, A) on C(V'). Then « preserves the quantum symmetry of (V, E) in Banica's
sense if and only if «'?)(L?*(E)) C L*(E) ® A where L*(FE) is identified as a linear subspace
of L2 (V) @ L*(V).

We end this section with a small lemma which will be useful later during computation of

examples.

Lemma 2.5.12. Let (V,E) and (V,E’) be two simple graphs without loops with adjacency

matrices W and W' such that the following holds:
W+W =A

where A is a |V| x |V| real valued matrix such that A;; =1 —6;; for all i,j € V. Then we

have

Ban ~ gBan
Sw.) = Svm)

Proof. Let a : C(V) — C(V) ® A be a co-action of a CQG (A,A) on C(V) with co-
representation matrix (. As coefficients of the matrix () satisfy quantum permutation rela-

tions, it is easy to see that

QW =WQ = QU-W)=((A-W)Q <+« QW =WQ.

From the above observation, the lemma follows using universality of Sg/‘fg) and Sg/‘fg,,). [

2.6 Free wreath product by quantum permutation groups

We recall the construction of free wreath product by quantum permutation groups for-

mulated by Bichon in [BIc04]. If we consider any quantum subgroup of quantum permutation
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group, via same arguments in [Bic04] we can construct free wreath product by subgroups
of quantum permutation groups (see [BB0O7a]).
Let (B,A’) be a quantum subgroup of S;" where S, is the quantum permutation group
on n elements. Let (A, A) be another compact quantum group. We consider A*" to be n
times free product of the C* algebra A with the canonical inclusion maps v; : A — A*™ where
i =1,2,..,n. From proposition it follows that A*™ has a natural co-product structure
coming from (A, A) making it a compact quantum group. We observe that there is a natural
co-action a : A*™ — A*™ ® B of the CQG (B, A’) on the algebra A*™ which is given by,
n
a(vi(a)) = Zuj(a) ®@axj; where i=1,2,..,n and ac A (2.6.1)
j=1
Here (xi;)i j=1,.n is the matrix of canonical generators of 3 satisfying quantum permutation

relations.

Definition 2.6.1. The free wreath product of (A, A) by (B, A’) is the quotient of the C*

algebra A*™ x B by a C* ideal generated by the elements:
vi(a)xyj — xzivi(a), 1<i4,5<n, acA

The free wreath product of (A, A) by (B, A") will be denoted by A x,, B.
We recall theorem 3.2 from [Bic04] which describes the co-product structure on A *,, B.

Theorem 2.6.2. There is a natural co-product structure A, on A x,, B making it a compact

quantum group. The co-product A,, satisfies:
n n
Aw(ltij) = Zl‘lk X Ty, Aw(ul-(a)) = Zl/i & Vk(A(a))(x,k &® 1).
k=1 k=1

foralli,j=1,..,n and a € A.

As an immidiate application of the above construction in the theory of quantum symmetry

in simple graphs we state theorem 4.2 from [Bic04]. (see also theorem 7.1 from [BBO7a]) .

Theorem 2.6.3. Let (V, E) be a finite connected simple graph without loops. Let us consider a
simple graph (V™ E™) which is the disjoint union of n. copies of (V, E). We have the following
isomorphisms:

S{vh. ) = S3e) *w S

St = SWE) *o Si
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where the underlying co-action of S\ is given in equation (2.6.1}

2.7 Setup and Notations

In this section we introduce some notations and conventions that we will use throughout the
rest of this thesis. Let (V| E) be a directed graph with source and target maps s : £ — V and
t: E — V. We further assume that there is no isolated vertex, that is, every vertex is either

an initial or final vertex of some edge.

1. Fori,j € V we denote the the subsets E’, F; and E of E by the following descriptions:

EJZ ={r € Els(t) =i and (1) = j};

E':={r € E|s(1) =i}; E; :={r € Elt(r) = j}.

2. If (V,E,j) is an undirected multigraph (see definition [2.1.7]) then we will write j(7) =7
for all 7 € E. We also define a map J : L?(E) — L?(E) by

J(xr) = x7 where T€E. (2.7.1)

It is clear that 7 = 7 when 7 is a loop in (V| E, j).

3. As we are working generally with “directed” graphs, it is important to differentiate between

initial and final vertex sets. Let us define V¥ C V and V! CV by
VE=5(E) and V'=t(E).
As our graphs do not have any isolated vertex, it is clear that V = Vs U V1.
4. There is a natural C(V?®) — C(V*) bimodule structure on L?(E) which is given by
Xi-Xr = Ois(nXr and  Xr.Xj = Oy iXr (2.7.2)

where 1 € ,] € ana 7 € L. e Milbert space can also be treated as a
here i € V*,5 € V! and E. The Hilb L*(E Iso b d

C(V) — C(V) bimodule with the same left and right module multiplication maps given

by equations 2.7.2

5. For 7 € E, let p; denote the orthogonal projection onto a subspace generated by x, in

L?(E) . We define two injective algebra maps S : C(V*) — B(L*(E)) and T : C(V?) —
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B(L*(E)) by
S(xw) = Z pr and T(xw) = Z pr

Tekv TEEw

for all v in V* and w in V1.

6. Fori,j € V with EJZ # ¢, let p;; be the orthogonal projection onto a linear subspace in
L%(E) generated by the elements {x,|T € E;} Let us define the following subalgebras
in B(L*(E)) by

M;j := piyB(L*(E))pi; and  Dyj := pijDpi;

where D is the algebra of diagonal operators spanned by the elements {p.|T € E}.






Chapter 3

Re-visiting quantum symmetry in

simple graphs

Let us fix a simple graph (V, E) with adjacency matrix W, source and target maps s : E — V
and t : E — V. As an undirected simple graph is nothing but a “doubly directed” simple graph
(see definition [2.1.0)), it is enough to deal with the directed case. But we will indeed distinguish

between “undirecteness” and “directedness” when we will be dealing with multigraphs in general.

3.1 Equivalent characterisations of quantum symmetries in a sim-
ple graph

Notation 3.1.1. By a "bi-unitary” co-representation [3 of a compact quantum group (A, A)
we mean that 8 is a finite dimensional unitary co-representation such that the adjoint co-
representation [3 is also unitary.

Let us define & = >, cp X+ € L*(E). & is the multiplicative identity when considered as
an element in the algebra C(E).

3.1.1 Banica’s notion of quantum symmetry

Proposition 3.1.2. Let a: C(V) — C(V) ® A be a co-action of a compact quantum group

(A, A) on C(V'). Then the following conditions are equivalent:
1. « preserves the quantum symmetry of (V, E) in Banica's sense.

2. There exists a bi-unitary co-representation 3 : L>(E) — L*(E) ® A such that,
(a) B(&) =& ® 1.

31
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(b) a(x:i)B(x+) = B(xi-x+) and B(x+)a(xi) = B(xr-xi) foralli € V and T € E.

Proof. Let us consider a bi-unitary co-representation 3 : L?(E) — L?*(E) ® A with co-
representation matrix U = (u%) s rck-

We observe that,

Bl&)=&®1 < > ul=1 foral s€cFE. (3.1.1)
Tek

Let i € V and 7 € E. It follows that,

a(xi)B0x-) = O xv ®d ) xo ®ul)

VeV oceFE
= Z XO' ® qf(o) g
o€EFE

where Q = (q;-)i,jev is the co-representation matrix of the co-action «. Similarly, we have,

Z Xo ® u'rqz

c€EFE
Hence we observe that, for all 7 € E,
a(x)B(xo) = Bxixe) <= ¢ g = 8 y(ryul (3.1.2)
and  B(xr)a(x) = Blxrxi) <= u2q]'” =8 ymyul (3.1.3)

foralloc € E.
Claim:(1) = (2).
Let (qj)ivjev be the co-representation matrix of a. From proposition [2.5.11[ we have,

o (L2(E)) C L*(E) ® A.

By taking 8 = a(2)\Lz(E) it follows that u? = qjg;'))qi((o)) As coefficients of the matrix (Q§)ijev
satisfy quantum permutation relations, using observations[3.1.1} [3.1.2]and 3.1.3] (2) follows.
Claim:(2) = (1).
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Let B: L%(E) — L?(F) ® A be a bi-unitary co-representation satisfying conditions in (2).
Using observations [3.1.1] B-1.2} B.1.3] it follows that,

o_ S0) o tlo) _ s(o) oy to) _  s(o) t(o)
Uz = Gy Urdy(r) = ds(r) ( > UL ) y(zy = dy(r) Do) (3.1.4)

Let B be the Woronowicz C* subalgebra in A generated by the elements {q§|2‘,j €V} As
quantum permutation group is a quantum group of Kac type, the Haar measure h on A, when
restricted to B, is tracial. Viewing L?(E) as a linear subspace of C(V) ® C(V'), we observe
that, for (k,l) € E,

> hlagiga) = Y hlgd)

ijev ijev
(i) ¢E (i.4)¢E
=h(> aqal — Y did))
ijev ijev
(i,)eE
=h(1- Z u&]l))) =0 (from observation B11).
(1,4)EE

As h is faithful on the underlying Hopf * algebra of matrix elements of A, it follows that,

lgiai II”

= |lgigial =0

whenever (i,7) ¢ E and (k,1) € E. Hence it follows that o? (L?(E)) C L?*(F) ® A and using
proposition our claim is proved. O

3.1.2 Bichon’s notion of quantum symmetry

From proposition 2.5.3]and similar arguments used above we give Bichon's version of proposition

3.1.2

Proposition 3.1.3. Leta: C(V) - C(V)® A and p: C(E) — C(E) ® A be two co-actions
of a CQG (A, A). Then the following conditions are equivalent:

1. (a, B) preserves quantum symmetry of (V, E) in Bichon's sense.

2. (a, B) respects the bi-module structure of (V, E), that is,

a(xi)B(xr) = B(xi-xr) and  B(xr)a(x:) = B(xr-Xi)

forallieV and T € E.
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Remark 3.1.4. In proposition and proposition if B satisfying (2) exists, then it is

unique and is given by o(®| 12 p).

The above propositions state the importance and effectiveness of the bi-module structure
any simple graph has. The next two theorems give us the formula for capturing “permutation”
of vertices in terms of “permutation” of edges which will be crucial for defining the notion of

quantum symmetry in a multigraph.

3.2 Some useful observations

We will make some observations which we will be using several times through out this chapter.
We will use the following characterization of S(C(V*)) and T(C(V?')) in B(L?(E)) stated

below:
Lemma 3.2.1. Let F € B(L*(E)). Then,

1. F € S(C(V?)) if and only if the following holds:

For T,11,72 € E, F(x+) = ¢:Xr for some ¢, € C and ¢, = c;, whenever s(11) = s(T2).

2. F € T(C(VY)) if and only if the following holds:

For T,11,m € E, F(xs) = ¢ X+ for some ¢, € C and ¢;, = c;, whenever t(11) = t(72).
We will also need the another technical lemma for proceeding further.

Lemma 3.2.2. Let {A;|li =1,2,..,n} be a finite set of operators on a Hilbert space and p , q

be two projections.
1. IfZ?:l AZA;k = p, then pA; = A;.
2. Ifz;l:l A:AZ =gq, then A;q = A;.

Proof. To prove (1), we observe that A; A} < p for all i. It is enough to show that ||(1—p)A4;|| =
0 for all 7.

11 = p)Ail|* = |(1 = p)AA; (1= p)|| < [I(1 = p)p(1 — p)|| = 0.

To prove (2), it is enough to observe that ¢A = A’ which we get by replacing A; with A}

in the first identity. O
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3.3 Left equivariant co-representations on L*(F)

Seeing L2(F) as a left C(V*) module we formulate an equivalent criterion for left equivariant

bi-unitary co-representations on L*(E).

Theorem 3.3.1. Let 3 : L?(E) — L?(E) ® A be a bi-unitary co-representation of a CQG
(A, A). Let Adg be the co-action on B(L%(E)) implemented by the unitary co-representation
f (see definition[2.3.6). Then the following conditions are equivalent:

1. Adg(S(C(V?®))) C S(C(V?*)) ® A.

2. There exists a co-action a : C(V*®) — C(V*®) ® A such that,

aS(Xi)/B(XT) = /B(X’LX’T)

foralli € V3 and 7 € E.

Proof. Let U = (ul)srck be the co-representation matrix of (3.
We make some observations first before proving the equivalence. Let usfix k € V* and 09 € E.

We observe that,

Adg(S(xk)) (Xor @ 1) = Adg( > pr)(Xen ® 1)
TEEFK

:5(2 pT®1)(Z XT’®UZ/2*)

T€Ek T'eF

=B xr ®uP")

TEEF

- Z Xo1 @ ( Z ugluf_?*).

c1€E TEEF

Applying lemma [B:2.7] we get that, for all kK € V* and 01,09 € F,

Adg(S(C(V*) CS(CV)) @A < Y uluP* =0 if o1 #0;

TEEk
and E uZtul'* = E uZ?uZ?* if  s(o1) = s(o2).
TEEk TEEk

(3.3.1)

Let as : C(V?*) = C(V?*)®.A be a co-action on C'(V®) with co-representation matrix (qj-)m-evs.

Let s € V® and 7 € E. As before we observe that,

as(xi)Bxr) = Blxixs) <= ¢l = 6, yyul (33.2)
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foralloc € F.
Claim: (1) = (2).

From our assumption and observation 3.3.1] it follows that,
Ads(S(xk)) (Xor @ 1) = Xon ® (Y uPuP*) forall keV® oy €E. (3.3.3)
TEEF
For k € V5 and o9 € F, let us define
Z uZ?ul?* = qz(@). (3.3.4)
TEEk
From equation [3:3:3 we further observe that,

Ads(Stxn) = Y po @ q)°
ocel

=Y (> ps)®dqj

i€eVs oeEt

= S(u) @4

1eVs

As C(V?) = S(C(V?)) as algebras and Adpg is already a co-action on S(C(V?)), we define a

quantum permutation o, : C(V?®) — C(V?®) ® A by the following expression:

k) = ZX’L‘®Q;€ forall ke V.
%

Let us now fix i € V¥ and 0,7 € E. From equation and lemma it follows that,

Using observation we conclude that (2) follows.

Claim:(2) = (1).
Let (q;)i’jGVs and (ul)srcE be co-representation matrices of as and 3.

Let 01,09 € E and k € V*. As 3 is unitary, using observation it follows that,

* s(o1) )¢50 s(a1) s(o2
Z uTtu?* = g Z ug u??*) ( ) _ 501702%( )qk( ).
TEEk TeEE



3.4. Right equivariant co-representations on L*(E) 37

Hence we get,

01,,02% __ H
g uFtul?" =0 if o1 # o9

TEEk
and Z uZtul'* = Z uZ?uZ?* if  s(o1) = s(o2).
TEEk TEEk
Therefore (1) follows from observation [.3.1} O

3.4 Right equivariant co-representations on L*(E)

Seeing L?(E) as a right C(V*) module we formulate a equivalent criterion for right equivariant

bi-unitary co-representations on L?(E).

Theorem 3.4.1. Let 3 : L?*(E) — L?(E) ® A be a bi-unitary co-representation of a CQG
(A, A). Let us consider the co-action Adz on B (L2(E)) implemented by unitary co-representation

B. Then the following conditions are equivalent:
1. Adg(T(C(V")) CT(C(VY)) ® A.

2. There exists a co-action oy : C(V') — C(V') ® A such that,

Bxr)ai(xg) = Bxrx;5)

forallj€VtandT € E.

Proof. The proof is done using similar arguments as in the proof of theorem B3] Let U =
(u?)o,rer be the co-representation matrix of 3.
As before we make some observations first before proving the equivalence. Let us fix [ € V?

and o9 € E. We observe that,

Adg(T(1)) (Xos @ 1) = Adg( D pr)(Xer ® 1)
TEE)]

=B pra1)( > xr @ ul)

TeEl TIEE

B(Z Xr ® u7?)

TEE)]

= X, @ () ulud).

O’1€E TEEZ
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Applying lemma we get that, for all I € V! and 01,09 € E,

Adg(T(C(V)) CT(C(V ) @A <= > ul"uP =0 if o1#0€E

TGE{
and g uZV ult = E uZ?*uZ? if t(o1) = t(og).
TEE)] TEE)

(3.4.1)

Let o : C(VY) — C(V') @ A be a co-action on C(V?) with co-representation matrix R =

(T;)i’jevt. Let j € V! and 7 € E. As before we observe that,

Bxr)au(x)) = Brxg) = ulri® = 8,y jul (3.4.2)

forallo € F.
Claim: (1) = (2).
From our assumption and observation it follows that,

Adg(T (X)) (X @ 1) = Xop @ (D uPu?) forall 1€V, os€E. (3.4.3)
TEEZ

Forl € V! and o9 € E, let us define

S gz = ), (3.4.4)
TEE)

From equation we further observe that,

Ad5(T(xa) = Y po @1
ocel

= Z(ZPU)(@T{

jevt O’EEj

= Z T(x;) ®le.

jEVt

As C(V') = T(C(V")) as algebras and Ady is already a co-action on T(C(V*)), on V' we

define a quantum permutation «; : C(V') — C(V') ® A by the following expression:

ai(x1) = Z X ®rlj forall eVt
jeV?
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Let us fix j € V! and 0,7 € E. From equation and lemma it follows that,

i = by g

Using observation we conclude that (2) follows.

Claim:(2) = (1).
Let R = (T§)i,jevt and U = (u?),rcr be co-representation matrices of a; and f.

Let 01,00 € F and [ € V. As § is unitary, using observation it follows that,

o1%,,00 _ . to1) o1*, aoy, tHoz) _ t(o1), t(o2)
E ul' ul? = g uZ uZ?)r) 7 = Oy gyt T
ST TeR

Hence we get,

o1%, 02 __ H
E ut ug? =0 if o1 # oo

TEEZ
and ) uludt =) uluP if t(or) = t(oy).
TEE) TEE)
Therefore (1) follows from observation O

3.4.1 Induced permutations on V* and V!

It is clear that the co-actions a and oy satisfying (2) in theorem and theorem
are essentially unique as they are completely determined by the bi-unitary co-representation .
Given a bi-unitary co-representation /3 satisfying (1) in theorem and theorem [3.4.1] we

will refer as and oy as induced co-actions on C'(V*®) and C(V?).

3.5 Induced permutations on VN V!

3.5.1 Two graphs with isomorphic bimodule structure

It is not enough to only consider C'(V*) — L?(E) — C(V'*) bimodularity to capture the whole
picture of quantum symmetry of (V, E). There does exist non-isomorphic graphs which have
non-isomorphic quantum automorphism groups but isomorphic C(V?) — L?(E) — C (V) bi-
module structure. See the graphs in figure for example, where the left one does not have
any quantum symmetry (in Banica's sense) but the right one does have. Continuing our inves-

tigations further, we propose the following result:
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S AL

FIGURE 3.1: Two graphs with isomorphic C(V ) bimodule structure.

3.5.2 Right equivariance of o, and left equivariance of «;

Theorem 3.5.1. Let 8 : L*(E) — L*(E) ® A be a bi-unitary co-representation of a CQG
(A, A) such that the following conditions hold:

1. Ads(S(C(V*))) € S(C(V*)) ® A.
2. Ad5(T(C(V?))) S T(C(VY) @ A.

Furthermore, we also assume that the induced co-actions as and oy (see subsection both

preserve C(VENV?Y), that is,

a,(CVENVH) COV NV AC C(V) ® A,
a(CVEnVH)CcoWvsnVh e AC OV e A

Then the following conditions are equivalent:

1. aslowsnvty = atlowsaviy-

2. ForalljeVsnVtandT € E,
Bxr)as(xz) = B0x-x;)-
3 ForallicVsNnVtandT e E,
ay(xi)B(xr) = B(Xi-Xr)-
Proof. We define Ey s, EV'CE by

Eys ={r € E|t(r) e VS NV},

EV' ={re€E|s(r) e Vs nV'}.
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We make some observations first. Let (u?)q rcE, (q§)l’j€V5 and (r¥); iyt be co-representation

matrices of 3, a; and «y respectively. For 7 € E and j € V* N V! we observe that,

Blx)as() = O xe ®ud)( > xi®dh)

ceE levsnvt
(o)
= > xe®ulqg”.
UEEvs

Hence forall j € V¥NV!and 7 € E,

/B(XT)as(j) = 5(XT-XJ)
if and only if

B(L*(Eys)) C L*(Eys)® A and

T

ugq;(a) = 0y(7),ju; Whenever o € Eys. (3.5.1)
Similarly it also follows that, for all i € VSNV and 7 € E,

at(xi)B(x+) = B(Xi-Xr)

if and only if

B(LAEV') C L2 (EY')® A and

rf(g)u" = 0, 5(r)Uy Whenever o € EV". (3.5.2)

T

Now we proceed to prove our theorem.
Claim:(1) = (2);(1) = (3).

As aslevsnvty = adavsnvny, for i € VSNV we have,

¢F=7rF when EeVnV! and

@F=0=7r when keVi\ViiecVi\Ve.
From above expressions, theorem and theorem [3:3:3] it follows that, for o, 7 € F,

=0 whenever o ¢ Eys but 7€ Eys

)
and ul = ngj))ui =0 whenever o¢ EV' but 7€ EY.
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Hence we have,

B(L*(Eys)) C L*(Bys) ® A

and B(LA(EV")) C L3(EY") ® A.
We also observe that for i,j € VSNV, 01 € Eys and 02 € EV',

t.(al) — 01

?(UI) =4

o1
Uz 4, T 5t () Ur
d s(o2) oo _ S(02), 00 _ K} 02
and 7 ul? =g ul? = 04 gy us?.

As our choice of i, j, 01, 02 was arbitrary, from observations and[3.5.2} (2) and (3) follow.
Claim:(2) = (1).

Let i,k € VSN V' and o € E be such that t(c) = k. Using equations [3.4.4] and [3.5.1] we

observe that,

=) ulug =Y uulel = rif (3.5.3)
TER; TER;
Hence it follows that,
rf < qf forall i, ke VSNV (3.5.4)

As coefficients of both matrices (¢F)x icvsnvt and (rF)y icvspye satisfy quantum permutation

relations it follows that, for i € VSN V¢,

1= > < > d=1

kevsnvt kevsnvt

As {rF |k € V*NV'} and {¢F |k € VS NV} both are sets of mutually orthogonal projections,
we have

¢ =rF forall i,keVinVt

Therefore (1) follows.
Claim:(3) = (1)

Let i,k € VSN V! and o € E be such that s(c) = k. Using equations [3.3.4] and [3.5.2 we

observe that,

k __ o, ox _ k o, 0%\ __ .k k
4 = Zuru'r _Ti(ZuTUT)_riqi'

TEE? TeE?
hence it follows that,

@ <rf forall ikeveinvh
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Using similar arguments used in the previous case, (1) follows. O

3.6 Bi-unitarity and inversion in undirected graphs

Now we move to the case of undirected simple graphs, that is, where the adjacency matrix W
is a symmetric matrix. All the results related to bi-unitarity can be replaced with unitarity alone
becaue of the existence of inversion map in an undirected graph. We observe the following

result which will be useful when we will be dealing with undirected multigraphs.

Theorem 3.6.1. Let (V, E) be an undirected simple graph and 3 : L?(E) — L*(E) ® A be a

unitary co-representation of a CQG (A, A) such that the following conditions hold:
1. Adg(S(C(V))) C S(C(V)) ® A.

2. B(&) = o @ 14 where §o = Y X

Then the following conditions ((1) and (2)) are equivalent:

1. BoJ=(J®ida)oB.
2. (a) B is unitary.
(b) Adg(T(C(V))) € T(C(V)) @ A
(c) The induced co-actions as and o coincide on C(V').
The map J : L*(E) — L*(E) is defined by equation[2.7.1]

Proof. Let (uZ),rcE be the co-representation matrix of 5. We make some observations first.

For r € E,

Bold(xr) = Z Xo ® uZ  (see notaion Bin section 227))
c€EFE

and  (J®@ida)oB(xs) =Y J(xo) ®ul"
celE

Hence we have,

BodJ=(J®idy)of = uZ=ul" (3.6.1)

forall o,7 € E.
Claim:(1) = (2).
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Let a5 be the induced co-action on C(V') with co-representation matrix (qé)i’jev. Since 3 is

unitary, using [3.6.1] we observe that,

o1% 02 _ o1,,02% __ _
§ Ur § uZ' v = 57,55 = 0oy 0

TEE TEE
Z ual 02 Z Uy = 051,53 = 001,00+
TEE TEE

Hence §3 is also unitary. We further observe that, for [ € V,

E ua'l* 02_ E uglqu — 501) § ug1ug2

TER; TEE! S

_ 50717072(];(0*1) ;(72)

t t
= 501 ,024] (@) q; (02) .

From observation and equation it follows that,
Adg(T(C(V))) cT(C(V))® A and oy = .

Claim:(2) = (1).

Let @« = as = ay. From our hypothesis and theorem it follows that g = a(2)|L2(E)

L?(E) is identified as a linear subspace of C(V) ® C(V).
From the definition of a(?), for 7 € E we have,

@ (x:) = D" xo @ a0 ay0)
ocel

it T) = 3 xe )
c€EFE

We further observe that,

Do) =Y Xo @ a0 de)
ocl

=Y I @i
c€lR

= (J ®@id4)a® (x-).

Hence (1) follows.

where
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3.7 Equivalent definitions of quantum symmetries in a simple
graph

In the light of above discussions we give alternative definitions of quantum symmetry in a simple

graph formulated in terms of bi-unitary maps.

Theorem 3.7.1. Let (V,E) be a simple graph and 3 : L*(E) — L*(E) ® A be a bi-unitary
co-representation of a CQG (A,A) on L*(E). The following conditions ((1) and (2)) are

equivalent:
1. The bi-unitary co-representation 3 satisfies the following properties:
(a) Ads(S(C(V¥))) € S(C(V?)) © A
(b) Adg(T(C(V'))) S T(C(V')) ® A.

(c) The induced co-actions a5 and oy (see remark both preserve C(V*NV?*) and
agree on C(VSNV?Y), that is,

aslowsnv) = lowsnvt)-
(d) B fixes the element & :=>_ . p X+ € L*(E), that is,
B(&o) =& @ La.

2. There exists a co-action o : C(V') — C(V) ® A which preserves quantum symmetry of

(V,E) in Banica's sense and a(z)\Lg(E) = .

Proof. Claim:(1) = (2).
We define the required co-action o : C(V) — C(V) ® A by

alxk) = as(xx) if keV?,
=oi(xx) if keVh

The map « is well defined because of (¢) of condition (1) and is a co-action as both «s and ay
are co-actions on C(V#) and C(V'!) respectively. From theorems , and proposition
it follows that « preserves quantum symmetry of (V, E) in Banica's sense. The equation
a(2)]L2(E) = (8 follows from remark

Claim: (2) = (1).
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Let (q;) be the co-representation matrix of ar. As « preserves quantum symmetry of (V, E) in
Banica's sense, we have q,iq‘lj = 0 when (i,j) ¢ E and (k,l) € E. Fori ¢ V*, k € V* and

(k,1) € E, we observe that,
q. = Zqiq{ =0 as (k)€ E and (i,j) ¢ E forall jeV.
jEV

Therefore it follows that a(C(V*)) C C(V?®) @ A and by similar arguments, o(C(V?)) C
C(Vh) ® A.

Let us define two co-actions a5 : C(V?®) — C(V*) ®@ A and oy : C(V?) — C(V!) @ A by
as = alo(vs) and a; = afgyty. From proposition it follows that,

as(xi)B(xr) = Bxi-xr) and  B(xr)ar(x;) = B(xr-x;) (3.7.1)

foralli € V¢, j € Vtand 7 € E. Using theorems and [3.4.1} we observe that (a) and
(b) of (1) hold. The co-actions a5 and «a; become induced co-actions of /3 (see remark [3.4.1)

which preserve and agree on C(V* N V') by their definitions.
O

As every co-action on C(E) is also a bi-unitary co-representation on L?(E), using similar

arguments in the above proof we give Bichon's version of theorem [3.7.1]

Theorem 3.7.2. Let (V, E) be a simple graph and 3 : C(E) — C(E) ® A be a co-action of a
CQG (A, A) on C(E). The following conditions ((1) and (2)) are equivalent:

1. The co-action 3 satisfies the following properties:
(a) Adg(S(C(V*®))) € S(C(V*F)) ® A.
(b) Adg(T(C(V"))) CT(C(V')) @ A

(c) The induced co-actions cs and oy (see remark preserve C(V*N V') and agree
on C(VeNVY), that is,

aslowsnve) = atlowsnvt)-

2. There exists a co-action o : C(V) — C(V) ® A such that the pair (o, 3) preserves

quantum symmetry of (V, E) in Bichon's sense.



Chapter 4

Quantum symmetry in directed and

undirected multigraphs

4.1 Induced permutations on V° and V' from permutation of

edges

We will be defining notions of quantum symmetry in a directed multigraph first. Let us fix
a directed multigraph (V, E) with source and target maps s : £ — V and ¢t : E — V. We
will indeed use the machinery we have developed in the previous chapter for simple graphs.
As we have done for simple graphs in the previous chapter, we will use the same technique to
capture quantum permutations on V¢ and V' from a bi-unitary co-representation 3 where Adg

preserves C'(V*) and Adj preserves C(V").

Theorem 4.1.1. Let § : L?(E) — L*(E) ® A be a bi-unitary co-representation of a CQG
(A,A). Let Adg be the co-action on B(L?*(E)) implemented by the unitary co-representation

B. Then the following are equivalent:
1. Adg(S(C(V?®))) € S(C(V?)) ® A.

2. There exists a co-action a; : C(V?®) — C(V*®) ® A such that,

as(xi)B(x+) = Bxi-xr)

foralli e VS and 7 € E.

Proof. The proof is using similar arguments as in the context of a simple graph (see proof of

theorem (3.3.1)). O

47
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Theorem 4.1.2. Let 3 : L?(E) — L*(E) ® A be a bi-unitary co-representation of a CQG
(A, A). Let Adg be the co-action on B(L?(E)) implemented by B. Then the following are
equivalent:

1. Adz(T(C(V*))) CT(C(V!) ® A.

2. There exists a co-action oy : C (V') — C(V') ® A such that,

Bxr)at(x;j) = Bxr-Xj)

forallj € VtandT € E.

Proof. The proof is using similar arguments as in the context of a simple graph (see proof of

theorem [3.4.1]). O

Remark 4.1.3. As we have seen in the context of simple graph, the co-actions as and oy

in theorem and theorem are uniquely determined by 3. Let (q%)ikevs, (le)jJevt

and (u”,), . cg be co-representation matrices of o, iy and 3 respectively. Then we have the
)7, EE 1 P Y.

following identities:

E 01,,02% __ s(o1)
U’T uT - 501,U2qk )
TEEk

o1%, 02 __ t(Ul)
E Ur™ U™ = 01,U2Tl

TEE;

for all k € V¥,1 € V! and 01,09 € E. For a bi-unitary co-representation 3 satisfying (1) in
theorems[3.3.1] and [3:41} the co-actions s and oy will be referred to as induced co-actions
on C(V#) and C(V?).

Theorem 4.1.4. Let 3: L>(E) — L*(E) ® A be a bi-unitary co-representation such that
1. Adg(S(C(V?))) € S(C(V?)) ® A.
2. AdE(T(C’(Vt))) CT(C(VY) @ A.
Furthermore, we also assume that the induced co-actions a5 and oy both preserve C(V*NV?Y),

that is,

as(CVNVH) CCWVinVH e ACC(VH ® A,
aC(V NV coWV nVHh)eACCVH) e A
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Then the following conditions are equivalent:

1. Oés‘c(vsmvt) = O[t‘c(vsmvt).

2. ForalljeVsnVtandT € E,
Bxr)as(x;) = B(xr-x;5)-
3 ForallicVeNnVtandT e E,

ar(xi)B(xr) = B(Xi-Xr)-

Proof. The proof is using same arguments as in the case of simple graph (see proof of theorem

35.1). O

4.2 Notions of quantum symmetry in a directed multigraph

Now we are in position to define our notions of quantum symmetry in a directed multigraph.

4.2.1 Main definitions

Definition 4.2.1. A compact quantum group (A, A) is said to co-act on (V, E) preserving
its quantum symmetry in Bichon's sense if there exists a co-action § : C(E) — C(E)® A

satisfying the following conditions:
1. Adg(S(C(V?®))) € S(C(V?*)) ® A.
2. Adg(T(C(VY)) CT(C(VY) ® A.

3. The induced co-actions a5 and o both preserve C(V* N V') and agree on C(V:NV?),

that is,

a3|C(V5ﬁVf) = Oét|C(Vsmvt)-

Definition 4.2.2. a compact quantum group (A, A) is said to co-act on (V, E) preserving its
quantum symmetry in Banica's sense if there exists a bi-unitary co-representation 3 : L*(E) —

L?*(E) ® A satisfying the following conditions:
1. Adg(S(C(V?®))) € S(C(V?)) @ A.

2. Adg(T(C(V")) cT(C(V!)) ® A
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3. The induced co-actions a5 and oy both preserve C(V* N V) and agree on C(VS N V),

that is,

Oés|C(Vsmvt) = Oét|C(vsmvt)-

4. B fixes the element & := Y .y X+ € L*(E), that is,
B(&o) = & ® 1a.

We will need additional conditions beyond those mentioned in definition [f.2.2] to capture the
classical picture of multigraph automorphisms (see definition [2.1.11]). Nevertheless, definition
provides the most general setup related to a multigraph, which we will use for several

constructions in this thesis.

Definition 4.2.3. A compact quantum group (A, A) is said to co-act on (V, E) by preserving
its quantum symmetry in our sense if there exists a bi-unitary co-representation (3 : L*(E) —

L?*(E) ® A satisfying the following conditions:
1. Adg(S(C(V?))) € S(C(VF)) ® A.
2. Adzg(T(C(V"))) CT(C(VY)) @ A.

3. The induced co-actions a5 and oy both preserve C(V* N'V') and agree on C(VSN V1),

that is,

aslowsnvty = atlowsnvy.-

4. B fixes the element & := Y __px- € L*(E), that is,
B(&) = o @ 1a.

5. Fori,j,k,l € V with E; # ¢ and Elk % ¢, let us define (Adg)z : Mij — My ® A
(similarly also (Adg)z ) by,

(Adg)i3(T) = (P © 1) Adg(T) (pa @ 1); T € My;.
Then we assume that,

(Adg)i(Dij) € Dy ® A

and (AdE)Z(DU) CDr®A.
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Remark 4.2.4. Let 3 be co-action of a compact quantum group (A, A) on (V, E) preserving
its quantum symmetry in Banica's sense, Bichon's sense or ours. From (1), (2) and (3) of our

definitions it follows that the co-actions s and oy induce a co-action a : C(V) — C(V)® A

by

a(xk) = as(xg) if keV?,

=oo(xp) if keVl

« Is the required “permutation” of vertices derived from “permutation” of edges E and will be
referred as induced permutation on the set of vertices of (V, E).
4.2.2 Left and right equivariance of the induced permutation «

Proposition 4.2.5. Let 3 be a co-action of a CQG (A, A) on (V, E) preserving its quantum
symmetry in Banica’s sense, Bichon's sense or ours. Let o be the induced co-action on C(V').

Then (a, B) respects C(V®) — L?(E) — C(V?*) bi-module structure, that is,

a(xi)B(xo) = B(Xi-Xo)

and  B(xo)a(xj) = B(Xo-Xj)-

forallic Vs, jeVtando € E.

Proof. As a|c(vsy = as and a|gy+) = oy, from theorem and theorem the claim

follows. Using similar arguments as in proof of theorem [3.1.2we deduce the following identities:

g "ul = 6; y(ryud  and ugqj-(g) = Oy(r),jUy (4.2.1)

foralloc € Eandic Vs, je Vi
O

Instead of seeing L?(E) as a C(V*) — C(V*) bimodule, we can also see it as C(V) — C (V)

bimodule by the same right and left module multiplication maps.

Proposition 4.2.6. Let 3 : L?>(E) — L*(E) ® A be a bi-unitary co-representation and « :
C(V) = C(V)® A be a co-action of a CQG (A, A). Then the following are equivalent:

1. a(xi).B(0) = B(Xi-Xo) and B(xe).a(x;) = B(xe-x;) foralli e V*, j € Vto e E.

2. a(xi).B(0) = B(xi-xo) and B(xes)-o(xi) = B(Xo-Xi) foralli e V,o € E.
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Proof. Let (u?)q rcr and (q;)i,jev be the co-representation matrices of a and S.
1) = (2).

Let c € E,i € V* and j € V. As 3 is bi-unitary, we observe that,

s(cr _ s(a Zug o'* s(a Zu u

TeEE TEE?
t(U _ O') Zug* 0’ t(a Z u u
TEE TEE;

We therefore have,

qu Zu” 9* =1 and Zq; Zu"*"—

i€Vs TeE jevt TeE

Hence for i ¢ V* and j ¢ V! it follows that,

qf(g) =0 and q;»(a) = 0. (4.2.2)

From our assumption and the observation made above, it follows that forallt € V and 0,7 € E,

qf(")ui =0, 5(ryul when i€ V¥

=0

= 5Z~75(T)u$ when i §é Ve,

Via similar arguments we can prove the target version of above identites mentioned in equation

4.2.1) Hence (2) holds.

The converse (2) = (1) is obvious. O

4.2.3 Some essential identities

In this subsection, we will prove some identites which we will be using implicitly and explicitly
throughout this thesis. The fact, that these identities are readily available in the context of a
simple graph, asserts that our descriptions of quantum symmetry in a multigraph are in fact

correct generalizations.

Proposition 4.2.7. Let 8 be a co-action of a CQG (A, A) on (V, E) preserving its quantum
symmetry in Banica'’s sense. Let (ul)qrcp and (ﬁ)m‘ev be the co-representation matrices of
B and induced co-action o on C(V'). Fori,j,k,l €V such that E; % ¢ and Elk =% ¢, we have

the following:
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1. For any o € E*, we have Yoreprul = qi,
2. For any o € Ej, we have ZTEEZ ul =qj.
3. For any o € E%, we have ZTeEf ul = qliqu_

As B : L*(E) — L*(E) ® A is bi-unitary co-representation, by using antipode on the
underlying Hopf * algebra of matrix elements of (A, A), it follows that the above identities are

true if we consider sum in upper indices instead of lower indices.

Proof. As f3 co-acts on (V, E) preserving its quantum symmetry, from (4) of definition [4.2.2]

we have,

dul=1=) u] foral 7€k
c€FE

o€eE

For o € E', using equation we observe that,

For o € E;, using equation we observe that,

q =0 ulg =) ul

TEE TEE]

,L' . .
For o € Ej, using equation we note that,

aha =) _ul)g = > ul.

TEE 7'6]5{C

O

Remark 4.2.8. If 3 is a co-action on (V, E) preserving its quantum symmetry in Bichon's sense
then in (3) of proposition m it follows that qz and qu commute with each other as uZ's are

already projections in A (B is a quantum permutation the edge set E).

Proposition 4.2.9. Let 3 be a co-action of a CQG (A, A) on (V, E) preserving its quantum

symmetry in Banica's sense. The following identity holds:
QW =WwaQ

where Q) = (qﬁ-)i’jev is the co-representation matrix of the induced co-action on C(V') and W

is the adjacency matrix of (V, E).
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Proof. Let (u?)y rcr be the co-representation matrix of 3.

Let us fix ,j € V. If i ¢ V* or j ¢ V!, using equation it follows that,
(QW); =0=(WQ)5

Hence let us assume i € V* and j € V!. For each k € V with Wf # 0 we fix an element 7y,
in EF. In a similar way, for each k € V with W/ # 0 we fix an element oy, in Ej,. We observe

that,

@W)s=> g = > WD ul)

kev kev oEE!
WF#0
= ()

cEE!
TEEj

=2 (2 )
keV ocEl
le¢0 TEE;

=D Wil ul)
keV TGEJ'
Wi#0

=) Wigh = (WQ);
keV

Hence our claim is proved.

O]

Corollary 4.2.10. Let B be a co-action of CQG (A,A) on (V,E) preserving its quantum
symmetry in Banica's sense, Bichon's sense or ours. Let i, j,k,l € V be such that |E;] # |EF|.

Then q};qu = 0 where (Q§)i,jev is the co-representation matrix of the induced co-action on

(V).

Proof. It is immidiate form proposition and theorem [2.5.9 O

4.2.4 Complete orthogonality versus restricted orthogonality

We explore the consequences of condition (5) in the definition which give us some ‘“re-

stricted orthogonality” among the edges once we have fixed two pairs of initial and final vertices.
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We are saying “restricted” as we have considered (Adg);} and (Adﬁ);g]l instead of Adg and Adg.
The next proposition shows that “full orthogonality” essentially leads to an equivalent descrip-

tion of co-action on (V| E) preserving its quantum symmetry in Bichon's sense.

Proposition 4.2.11. Let 3 be a co-action of a CQG (A, A) on a directed multigraph (V, E)
preserving its quantum symmetry in Banica's sense (see definition . If

Adg(D) CD® A,

then B is a co-action on (V| E) which preserves its quantum symmetry in Bichon’s sense. In

particular, 8 is a quantum permutation on the edge set E.

Proof. We observe that, For T € B(L*(E)), T € D if and only if {x,|r € E} is the complete
set of eigenvectors of T'.

Let (u?)s,rer be the co-representation matrix of 3. For 7,09 € E, we note that,

Adp(pr)(Xoo ® 1) = B(pr @ 1)( Y xrw @ uZ?*)
T'eR

= B(xr @ u7*")

—_ E 01,,02%
- Xo'l ®u7' uT N
o1€F

Using observation mentioned in the beginning we conclude that,
Adg(D) CD® A <= u'u>* =0 when o1 # 0s. (4.2.3)
From (4) of definition it follows that

Z ul =1 forall 7€E. (4.2.4)
S

Using observation [4.2.3] and equation [§.2.4] for 01,7 € E it follows that,
W2 =B (X ) =
ool

Using spectral calculus for normal operators, it follows that uZ! is a projection. Combining
the fact that uZ''s are projections with observation and equation we conclude that

the coefficients of the matrix (u?'),, rcE satisfy quantum permutation relations making /5 a
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co-action on C'(E) and therefore a co-action on (V, E') which preserve its quantum symmetry

in Bichon's sense. O

In light of the previous proposition, to capture some sort of orthogonality relations among
edges, we resort to “restricted orthogonality” which serves as a middle ground between Bichon
and Banica's notions of quantum symmetry. In the next section and the next chapter, we will

see further justifications for our choice of “restricted orthogonality” relations.

Proposition 4.2.12. Let 3 be a co-action of a CQG (A, A) on (V, E) which preserves its
quantum symmetry in Banica's sense. Let i,j,k,l € V be such that E; % ¢ and Elk % ¢.

Then the following are equivalent:
1 (Adﬂ)f}(Dkl) C D;; ® A and (Adﬁ)%(Dkl) CD;®A

2. Foralloy # 09 € E; and T € EF,

01,,02% __ g1%, 02 __
utul?* =0 and ultTul? =0

where (u)q -cE is the co-representation matrix of [3.

Proof. We obeserve that, for any T' € M;;, T € D;; if and only if {xs|o € E;} is a set of
eigenvectors for T.

Let us fix 7 € Elk and oy € E]z We observe that,

(Adg)3(pr)(Xor ® 1) = (pij @ 1)B(pr @ (D Xo @ u>")
ocelk

= (pij ® 1)B(xr @ u?*)

= (P @ V(D Xor @ uT'ug?")
o1€ER

— 01,,02%

= E Xo1 @ uz'uz?".
I
UleEj

Similarly, (Adg)f}(pr)(Xo, ®1) = D Xoy ® u *ud?.
UleE;

From the observation mentioned in the beginning of the proof the equivalence follows.
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4.3 Preservence and permutation of loops

In this section we show that any co-action on (V| E) preserving its quantum symmetry in our

sense actually preserves the space of loops and is in fact is a quantum permutation on them.

Proposition 4.3.1. Let 5 be a co-action of a CQG (A,A) on (V,E) which preserves its

quantum symmetry in our sense. Then
B(LX(L)) € L*(L)® A

where L C E is the set of loops in (V, E). Moreover, 3|21 is a quantum permutation on

L.

Proof. Let (ug)q rcr be the co-representation matrix of 3. It is enough to show that uf =0
when o ¢ L and 7 € L.
Let 4,7 € V be such that E; # ¢ and 7 € L. Let s(1) = t(r) = k for some k € V. From

(3) of proposition it follows that,

Zuizo when i # j.

UEE;
Using proposition [4.2.12] we observe that,
/ / !
ul *ul =ul* g ul =0

i
O’EEJ-

where ¢’ € EJZ and i # j. As our choices of i and j were arbitrary, we have,

ul' =0 where o' ¢ L,7€L.

T

From proposition [5.3.10} it follows that uZ's are projections commuting with q}'C where o € E;
and 7 € E,’j Using proposition and proposition |4.2.12| we further observe that,

ug1ugz — uil qz((:)l)qjgg)ugz

_ J1,,02
= 55(01)75(02)u'r Ur

_ o1
= 0oy,0,U7" -

Hence 3|12(1) is a quantum permutation on L. O
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Remark 4.3.2. Proposition[4.3.1] also holds if we assume [3 to preserve quantum symmetry of

(V, E) in Bichon's sense.

4.4 Existence of Universal Objects:

4.4.1 The categories Cg}fg), Cf‘/i%) and C¥%:

Definition 4.4.1. Let 8 and 3’ be co-actions of two compact quantum groups (A, A) and
(A, A") on (V, E) which preserve its quantum symmetry in Banica's sense. Then ® : (A, A) —
(A', A"), a quantum group homomorphism, is said to intertwin 3 and /3’ if the following diagram
commutes:

12E) — & 1(E)o A

e
L*(E)® A

Let us consider the category C{B‘}‘g) whose objects are denoted by (A, A 4, 54) where (A, A ) is

a compact quantum group and 3.4 is a co-action of (A, A 4) on (V, E) preserving its quantum
symmetry in Banica's sense. Morphisms in this category are quantum group homomorphisms
intertwining two such co-actions.

Similarly, we consider the categories C(B‘};%) and C(s‘yﬂmE) whose objects are compact quantum
groups co-acting on (V, E) preserving its quantum symmetry in Bichon's sense and ours re-
spectively. Morphisms in these categories are quantum group homomorphisms intertwining two

similar co-actions.
All the categories Cg/“g), Cf‘%}) and Cﬁ}%) are non-empty as C(G?{}’fE)) are in all of them
where G‘(l"jfE) is the group of classical automorphisms of (V, E).

Bic

4.4.2 Existence of universal object in C(B‘;}g) and C(ME)

Before moving to the main theorems, let us start with the following definition.

Definition 4.4.2. For a C* algebra A and a C-linear map 3 : L*(E) — L*(E) ® A we can

always write,

B(xr) = Z Xo @ u7

ock
where Tg = (ul)orce € Mym(A) and m = |E|. The matrix Tz will be referred to as the
transformation matrix of 3. We will say that /3 is bi-unitary if Tg and T := (uZ*)s rcp are

both unitary in M,,(A).
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Theorem 4.4.3. For a directed multigraph (V, E),the category C(Bv"“g) admits a universal object.

Proof. Let us consider the category C whose objects are (A, 54) where A is a C* algebra and
Ba: L*(E) — L*(E) ® A is a bi-unitary map satisfying conditions mentioned in definition
[A2:2] that is, coefficients of the transformation matrix of 54 satisfy the polynomial relations
associated with conditions in definition It should be noted that at the level of C* algebra,
(1), (2) and (3) of definition only induce C* homomorphisms a! and a! on C(V?)
and C(V?) (in similar manner which we have done for a CQG) which preserve and agree on
C(VsNV?". Let m = |E|. By universality of the Wang algebra A,(m), there exists a C*

algebra homomorphism ® 4 : A, (m) — A for each object (A, 54) in C. Let us define

I = m(A,BA)GCKer((I)A>‘

Let 7 : Ay (m) — Au(m) /7 be the quotient map and we write w(u?) = uZ where coefficients
of the matrix (uZ), ,cp are the canonical generators of A, (m). It is clear that Q := Au(m) /7
along with the bi-unitary map 8o : L?(E) — L*(E) ® Q is a universal object in the category

C where

Bol(xr) = Z Xo ® ug.
ocek
We will show that Q is in fact a CQG and therefore also universal in Cfvag).
It suffices to define a co-product on Q such that S becomes a bi-unitary co-representation.

For o,7 € E, let us define U? € Q ® Q by
U7 = (r@m)An(uf) = Y ul @u
T'elE

where A, is the co-product on A, (m). Let us define a linear map 3 : L?(E) — L*(E)®Q® Q
by

It further follows from routine computation that, (Q ® Q,3) € C. By universality of Q, there

exists a C* algebra homomorphism Ap,, : @ — QO ® Q such that,
ABan(E) = Z E@E
T'ek

The map Apg, is co-associative as it is such on the set of generators. As Apg, o1 =

(T @) oAy, it follows that A,,(Z) C Ker(m®m) making Z a Woronowicz C* ideal in A, (m).
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Therefore Q is a compact quantum group with the co-product Ap,,. The bi-unitary map g

is a co-representation on L2(E) as we clearly have

(ld ® ABan) © ﬁQ = (,BQ ® Zd) o BQ.

Therefore (Q, Apan, B¢g) is universal in Cg/“g). O
Remark 4.4.4. Let us denote the universal object in Cg/ag by QBa" and the respective co-
product by Apan.

Theorem 4.4.5. For a directed multigraph (V, E), the categorycg/?%) admits a universal object.

Proof. Let us denote (A, A4, 54) to be an object of C(BVZCE) where (A, A4) is a CQG and
Ba:C(E)— C(E)®Ais a co-action on (V, E) in the sense of definition [4.2.1] As any co-
action B : C(E) — C(E)® A is also a bi-unitary co-representation on L?(E), by universality of

Qﬁ}lg it follows that there exists a unique quantum group homomorphism ® 4 : Qg}”é) - A

such that

S y(ul) =02 forall o,7€FE

T

where (uZ), ek is the matrix of canonical generators of QB‘fZi) and (v?)s e is the co-

representation matrix of 34. Let 7B be a C* ideal in Qf‘/@% generated by the following set

of relations:

o o* o2

=uj” forall o,7€FE.

It is clear that ZP C Ker(®.4) for all (A, A, B4) € Cg}%) Let us denote Q = QRY VE /7 Bic

and TR;. : g}f%) — O to be the natural quotient map. We write

7Bic(u?) =uZ forall o,7€E.

If we show that ZP¢ is a Woronowicz C* ideal in QBVC.‘%) then it follows that Q becomes a

CQG with a natural co-action 8o : C(E) — C(E) ® Q given by,

Bolxr) = Z Xo @uZ where T € E.
celk

From definition of ZP it also follows that (Q, Ag, Bo) € C(B‘};‘:E) and universal in C{;‘}"%) where

the co-product Ag on Q is induced by Apg, via the quotient map 7 ;.

Claim: The ideal Z7°° is a Woronowicz C* ideal in Qf{/%-
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Let Apun be the co-product on Qf‘f’é) and o,7 € E. We observe that,

(7TB'LC & 71'BZC)ABan g u?, - & UT
T'eE

- Z u r® UT ur’* = (ﬂBzc ® WBZC)ABWZ( J*);
T'eE

(TBic ® TBie) Apan(uf ) = > uZ U, @ uf P
T1,72EE

TEE
= Z T% & U? = (7TBic X WBic)ABan(ug—)-
mer
Here we have used that the elements of the matrix (@), rcp satisfy quantum permutation

relations. Therefore the claim follows and (Q, Ag, Bo) is the universal object in C(B‘};%). t

Remark 4.4.6. Let us denote the universal object in C(B’C ) by f’c ) and the respective co-

product by Apic.

4.4.3 Existence of universal object in C(VE)

We do not know whether Cfg’g) admits a universal object or not for an arbitrary multigraph
(V,E). However, it is worth mentioning that C(S‘?fg) is strictly bigger than C(BVZ;%) for a large
class of multigraphs. One of such classes consists of uniform multigraphs where Bichon's and
Banica's notions of quantum symmetry differ for the underlying simple graph (see theorem m

and example 5 in chapter. For such multigraphs, the automorphism group of both source

and target dependent quantum symmetries Q‘E{iE) (see definition [6.4.3]in chapter@ is a

sym

member of C(V,E) but not a member of CBic

V.E)

4.5 Quantum automorphism groups of a directed multigraph

Definition 4.5.1. Let (V, E) be a directed multigraph. The universal compact quantum
group associated with (V, E) is the compact quantum group ( g}"é), ABan) where fva%) is
the universal C* algebra generated by elements of the matrix (ul)q -c satisfying the following

relations:
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1. The matrices U := (ul)oreg and U := (uZ*), rcg are both unitary, that is,

§ : o1 02*_ § TE T — .
Ur - 0'170'2]' and ua'l oo T 0'1:0'2]‘7

TEE T€EE
o1%, 02 __ T* _
E ut'ul? = 05, 5,1 and E uol oy = 051,001
TER TEE

for all 01,09 € E.
2. Y cpul=1foralloccE.

3. Let k € V®. Then for all 01,09 € E,

E utuZ?* =0 if o1 # o9

TeEk

o1, ,01% __ o2, Oo% : _
g uZtult* = E uZ?ul?* if s(o1) = s(02).
TEEF TEEF

4. Letl € V. Then forall 01,09 € E,

g1%,,02 __ . .
E u*ui? =0 if o1 # o9;

TEE)]
E ulult = E uZ?*uZ? if t(oy) = t(og).
TGEZ TGEl

5 Letic VE\ V! jeVI\VSandk e VSNV Then forall oy € E', 0y € Ej, 7y € E

and o, € Ey,

o1 __ 0'2 J—
uzl = and ul

6. Leti,k € VSNVt Then for all o1 € E* and 09 € Ej,

g ultud™ = E ul?*ud?.

TEEk TEE

The co-product Apgy, on f‘m) is given by,

Apan(u Zu,®u forall o,7 € E.
T'eR
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The canonical co-action g, : L*(E) — L*(E) ® QB‘}‘%) of QB‘}I%) on (V, E) preserving its

quantum symmetry in Banica's sense, is given by,

BBan(Xr) Z Xo ®ul forall T€E.
ocelk

Definition 4.5.2. Let (V, E) be a directed multigraph. The quantum automorphism group
of (V, E) in Bichon's sense is the compact quantum group ( f“ ) , Apic) where QB’C is the
universal C* algebra generated by the elements of the matrix (ul)q < Ssatisfying the following

relations:
_ 2
9 =ul* =u?* forallo,7 € E.
2. Y cpul=1=>__pul foralloc € E.

3. LetkeV®andl eVt Then forall 01,00 € E,

Z ull = Z uZ? if s(o1) = s(o2),

TEEk TEEk
g ult = g ulZ? if t(o1) = t(o9).
TEE); TEE)

4. Lletic VS\VELjeViI\V®andk € VSNV Then forall oy € E', 09 € E;,m € E*
and 15 € Ey,

o1 __ g2 __
u7l =0 and wul?=0.

5 Lleti,ke VSNV Then forall o1 € E* and o5 € F;

o1 02
g ugt = E ug

TEEFk TEE)

The co-product Apg;. on f“ ) is given by,

Apic(u Zu /®u forall o,7 € E.
T'eR
The canonical co-action Bp;. : C(E) — C(E) ® B‘}CE) of QBV?CE) on (V,E) preserving its

quantum symmetry in Bichon’s sense is given by,

Baic(x) = Y _ Xo®u forall r€E.
oekl
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Remark 4.5.3. It is clear that the universal commutative CQG in Cf‘é%) is nothing but C’(G?{}}"E))

where G‘(l{“}tE) is the group of classical automorphisms of a directed multigraph (V, E). Moreover,

using proposition [5.3.1(] one can conclude that C(G%}tE)) is also the universal commutative

sym

CQG in the category C(V’E).

4.6 Quantum Symmetry in undirected multigraphs

4.6.1 Bi-unitarity and inversion in undirected multigraphs

In this section we will be developing notions of quantum symmetry in undirected multigraphs.
Let us consider (V) E, j) to be an undirected multigraph which is a doubly directed multigraph
with a chosen inversion map j (see definition . As our choice of j in a doubly directed
multigraph might not be unique, the equivalence in theorem [3.6.1] fails to hold and becomes a

one way implication.

Theorem 4.6.1. Let (V, E,j) be an undirected multigraph and 3 : L?>(E) — L?>(E) ® A be a

unitary co-representation of a CQG (A, A) such that the following conditions hold:
1. Adg(S(C(V))) € S(C(V)) ® A.
2. BoJ=(J®ida)opB.
Then the following statements are true:
1. (3 is unitary.
2. Adg(T(C(V))) cT(C(V)) ® A.
3. The induced co-actions as and oy on C(V') coming from B and 3 coincide.

The map J : L*(E) — L?(E) is defined by equation [2.7.])

Proof. The proof is done using similar arguments as in proof of theorem [3.6.1] O

4.6.2 Notions of quantum symmetry in an undirected multigraph
We propose the following definitions.

Definition 4.6.2. A compact quantum group (A, A) is said to co-act on an undirected multi-
graph (V, E. j) preserving its quantum symmetry in Bichon's sense if there exists a co-action

B :C(FE)— C(E)® A such that the following conditions hold:

1. Adg(S(C(V))) C S(C(V)) ® A.
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2. BoJ=(J®id)op.

Definition 4.6.3. A compact quantum group (A, A) is said to co-act on an undirected multi-
graph (V, E,j) preserving its quantum symmetry in Banica’s sense if there exists a unitary
co-representation (3 : L?(E) — £2(E) ® A such that the following conditions hold:

1. Adg(S(C(V))) € S(C(V)) © A.

2. foJ=(J®idy)op.

3. j fixes the element & =Y .y xr € L*(E), that is,
B(&) = o ® 1a.

Definition 4.6.4. A compact quantum group (A, A) is said to co-act on an undirected multi-
graph (V, E,j) preserving its quantum symmetry in our sense if there exists a unitary co-

representation 3 : L?(E) — L*(E) ® A such that the following conditions hold:
1. Adg(S(C(V))) € S(C(V))® A.
2. BoJ=(J®ida)op.

3. j3 fixes the element & = Y X+ € L*(E), that is,
B(&0) =& @ 1.

4. Fori,j, k,l € V with E; # ¢ and Elk =% ¢, we assume that,

(Adﬁ)g(Dij) C Dy ® A

Using observation [3.6.1] which also holds for undirected multigraphs, we propose the follow-

ing lemma.

Lemma 4.6.5. Let 3 be a co-action of a CQG (A,A) on (V,E,j) preserving its quantum
symmetry in Banica's sense, Bichon's sense or ours. Let (ul),rcr be the co-representation

matrix of 3. Then we have

for all o,7 € E.
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We describe different quantum automorphism groups of an undirected multigraph.

Remark 4.6.6. Let Cg}lg j)7cgj% ;) and Cf‘y/mE ;) be the respective categories of the co-actions

mentioned in definitions|4.6.3|r |4. 6.2|and|4. 6.4‘. The universal objects in Cgflg ;) and Cg,'CE ;) exist

and are denoted by Qf‘/‘?g ) and Qf‘}'CE 7 respectively. Moreover, using lemma it is easy

to see that these quantum groups are the quantum automorphism groups of the “underlying
doubly directed multigraph” (V, E) quotiented by the C* ideal generated by set of relations

{u? =uZ"|o,7 € E}.

Definition 4.6.7. For an undirected multigraph (V, E,j), let us define the set of undirected

edges E* by E* = {{1,T}|T € E} where {.,.} is an unordered pair of two elements.

Proposition 4.6.8. Let (V, E,j) be an undirected multigraph without any loops and ( is a
co-action of a CQG (A, A) on (V,E,j) preserving its quantum symmetry in Bichon's sense.

Let us identify C(E") as a subalgebra of C'(E) by,
C(E") = linear span{(x- + x7)| 7 € E} C C(E)

Then the following holds:
B(C(E")) C C(E") ® A.

Hence B’C(E‘u) is a quantum permutation on the elements of E“.

Proof. Using lemma [4.6.5] we observe that,

Blxr +x7) = Y Xo ® (uf +ug)
ceFR

=Y (o ) @ a2,
{o,g}eEY
Therefore we have §(C(E")) € C(E") ® A. As C(E") is a subalgebra of C(E), B|c(gw) is a

co-action on C(E"), a quantum permutation on the elements of E". O

Remark 4.6.9. The assumption in proposition[4.6.§ that (V, E, j) does not have loops has been
taken only for notational convenience. In proposition we have shown that (3 is always
a quantum permutation on the set of loops L whether [ is a co-action on (V, E) in Bichon's
sense or ours. If an undirected multigraph (V, E, j) has loops and [3 is a co-action on (V, E, j)
preserving its quantum symmetry in Bichon's sense then [3 always permutes the elements of L

and E" \ L (identifying L as a subset of E") separately.
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4.6.3 Underlying undirected multigraph of a directed multigraph

Let us consider the two multigraphs in figure [f.I] where the left one is undirected and the right
one is directed. It is clear that any classical automorphism of the directed multigraph in the
right can be realised as an automorphism of the underlying undirected multigraph in the left

preserving the set of directed edges. This statement is true for any multigraph in general and

FIGURE 4.1: G‘(’";_tE) for the left one is Zy x Zo and for the right one is Zs.

can be observed in the quantum case also as we will see in this subsection. Before stating the
main theorem, we need to properly define the notion of the underlying undirected multigraph
of a directed multigraph.

The underlying undirected multigraph (V, £, j) consists of the same vertex set V' with an
edge set & consisting of edges coming from E with all directions removed (in our language, we
make all edges doubly directed and identify them via an inversion map j). More precisely, We

give the following definition.

Definition 4.6.10. Let (V, E) be a directed multigraph. For each edge o € El’c where k £ 1 €
V., let us consider a new edge & from [ to k. We define £ = {0,7|c € E\ L} U L where L is
the set of loops in (V, E). We say that (V,&,j) is the underlying undirected multigraph of
(V,E) where j : € — £ is given by

jloy=57, j@)=0 forall o€ E\L and j|L=1idL.

It is clear that £ = E U j(E) and L2(€) = L2(E\ L) ® J(L2(E \ L)) @ L>(L) where L is the
set of loops in (V, E).

Theorem 4.6.11. Let (V, E) be a directed multigraph and (V, £, j) be the underlying undirected
multigraph. If 3 is a co-action of a CQG (A, A) on (V, E) preserving its quantum symmetry
in our sense, then there exists a co-action [3,, on (V,E,j) preserving its quantum symmetry in
our sense such that,

Bu(L*(E)) C L*(E) ® A. (4.6.1)

Conversely, if B, is a co-action on (V,E,j) preserving its quantum symmetry in our sense and

condition holds, then 3 = Bu|r2(g) preserves quantum symmetry of (V, E) in our sense.

Proof. Before proving the theorem let us make some observations.



68 Chapter 4. Quantum symmetry in directed and undirected multigraphs

1. If B is a co-action on (V| E) preserving its quantum symmetry in our sense then from

proposition it follows that,
BLA(L)) S LA(L)® A and  Blr2) = Blrew)-
2. Let B: L?(E) — L?(E) ® A a bi-unitary co-representation such that the following hold:
BLA(L)) C L*(L)® A and Blrzwy = Blr2r)- (4.6.2)
We can always extend 3 to 83, : L?(£) — L*(€) ® A by the following formula:

Bu(Xo) = B(xo) if o€FE,

= (J®id)B(xj@) if oejE). (4.6.3)

If (v9)gree and (u?)q -cr are the co-representation matrices of (3, and (3 respectively,

then it follows that,
vl =uf 100) — o, v =07 =0 (4.6.4)

forall 0,7 € E and 01,71 € E\ L.

From observations and it is clear that S, is unitary satisfying

Bu(L*(E)) CL*(E)® A and B,oJ = (J®id)of,. (4.6.5)

3. Conversely, If 8, : L?(€) — L?(£)® A is a unitary co-representation such that conditions
in hold, then By|r2(g) is a bi-unitary co-representation on L?(E) satisfying the
relations in

Now we proceed to prove the theorem. Let us fix 5 to be a bi-unitary co-representation on
L?(E) satisfying the relations in and 3, to be the extension of 3 on L%(&) satisfying
conditions in Let a: C(V) — C(V) ® A be a co-action on C(V).

Claim 1: The following conditions are equivalent.

1. Foralli e Vand o € €&,

a(Xi)ﬁu(XU) = 6u(Xi-XU)-
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2. ForallieV and o € E,
a(xi)B(o) = B(xi-xs) and  B(xos)a(xi) = B(Xo-Xi)-

1) = ).
Using theorem and theorem [£.1.2] it follows that,

Bu(xo)a(xi) = Bu(Xo-Xi)

foralli € V and o € £. Using the fact that 8,2z = B, (2) follows.

(2) = ().
Let (q})i,jev be the co-representation matrix of a. Let k € V0,7 € F and 01,71 € E\ L.
Using identities in and we observe that,

0y 07 = g7 = b ryul = S a0l

s(@1), o1 _ to1), o1x _ o1k _ o1
GV =G Un = Oke(r)Un = Oks(m)UR -

Hence (1) follows.

Claim 2: Let & = e X € L*(€) and & = > cp X+ € L*(E). Then

Bul&h) =& @1 iff B(&) =& ® 1.

We observe that,

Buléy) =& @1 iff Zv;':l forall o €€&.

TEE

Bléo)=6o1 iff > ul=1 forall o€cE.
TeE

To show claim 2, it is enough to observe that for o € &£,

ZUZ:ZUZ if cekl

TeE TEER
and Zv$:2ul(a)* if oej(E).
TeE TER

Claim 3: The following conditions (1) and (2) are equivalent:

1. (Adﬁu)f}(Dkl) C D;j ® Aforall i,5,k,1 € V such that 6; and 5{‘“ are nonempty.
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2. For all i,5,k,l € V such that E; and Elk are nonempty we have,

(a) (Adﬂ)f}(Dkl) CDi;®A,

(b) (Adﬁ)f}(Dkl) C Djj® A

From proposition [4.2.12)] it follows that,

(1) holds <= I =0 << vI"?2=0
where 0,09,7 € £ such that o1 # o2 and (s(01),t(01)) = (s(02),t(02)). As vt = ud
whenever 01,09, 7 € E, (1) = (2) follows using proposition [4.2.12]
(2) = ().

Let us fix 01 # 09 € £ and 7 € EF where i, j, k,1 € V. We observe that,

01,,02% __ , 01,,02% __ H
vl =ultui? =0 if 01,00, 7T€EE

J(o1)x, j(o2) 0

Hence (1) follows.
From claims 1, 2 and 3 the equivalence mentioned in the theorem |4.6.11| follows.

O
Remark 4.6.12. Theorem|4.6.11| also holds true in the category C(BV?CE). However, it does not

hold in the category C(E"’/ag) as any member of C(Bvag) might not preserve the set of loops.
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sym

Further investigations into C(V,E) and

N
Cv.p)

5.1 Decomposition of multigraphs into uniform multigraphs

Definition 5.1.1. A multigraph (V, E) (directed or undirected with an inversion map j) is said
to be uniform of degree m if |[Ef'| = m for all k,1 € V with EF # ¢.

Notation 5.1.2. Any multigraph (V, E) (directed or undirected with an inversion map j) can
be written as union of uniform multigraphs as follows. For a nonzero integer m we define

E,, CE andV,, CV by,

En, = {1 € E| cardinality of the set Ef((:)) = m},

Vin ={v € V|v=s(7) or v=1t(r) for some T € E,}.

It is clear that, ¥ = Uy, Ey, and V = U, Vi, For each nonzero integer m such that E,, # ¢,
(Vin, Em) is a uniform multigraph of degree m. By V.5 and V!, we will mean the sets of initial

and final vertices of the uniform multigraph (Vi,,, Ep,). We will write (V, E) = Uy, (Vin, Ern).

5.2 Co-actions on uniform components of a multigraph

Proposition 5.2.1. Let 8 : L*(E) — L*(E) ® A be a co-action of a CQG (A,A) on (V,E)

preserving its quantum symmetry in our sense. For any m € N with E,, # ¢, it follows that

B(LY(En)) C L*(Ep) ® A.

71
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Proof. Let (u7),rck be the co-representation matrix of 5. Let i,j,k,l € V be such that E;

and Ef are nonempty and |E%| # |Ef|. It is enough to show that
ul =0 forall o€ ElTeE. (5.2.1)

Using proposition and proposition [£:2.12 we observe that,

707 = uZ* |

= [luZ*( Y uf)]

7
O'1€Ej

= ||ug*q,’€qu|| =0 (from corollary (4.2.10))).

[

Now we prove the converse of the above proposition.

Proposition 5.2.2. Let (V, E) be a multigraph (directed or undirected with an inversion map
j) and (A,A) be a CQG. For every m € N with E,, # ¢, let us consider B, : L*(E,;) —
L?*(E,,) ® A to be a bi-unitary co-representation. Let 3 : L*(E) — L*(E) ® A be defined by

B(xr) = Bm(x+) where T € Ep,.

Then the following conditions are equivalent:
1. B is a co-action on (V, E) preserving its quantum symmetry in our sense.

2. For every m € N with E,, # ¢, B is a co-action on (V,,, Ey,) preserving its quantum

symmetry in our sense. Moreover, for all m # n,

U |C(VinnVi) = OnlC(Vimnvy)

where o, and o, are induced quantum permutations on V,,, and V,, respectively.

Proof. The proof is done by using theorem[4.1.1} theorem[d.1.2)and proposition[£.2.6]repeatedly.
Throughout the proof, (u)s ek will be the co-representation matrix of 3. As By, = Blr2(E,.)
for every m € N such that E,,, # ¢, it follows that (u?)s rcE,, is the co-representation matrix
of Bm.

Claim 1: (1) = (2).

Let a be the induced co-action of 3 on C(V') and (g}); xev be the co-representation matrix of



5.2. Co-actions on uniform components of a multigraph 73

a. Leti € V\V,,, and k € V,,,. Without loss of generality, we can assume that ¢ € V,? and
k € VS where m # n. Using proposition and proposition we observe that,

g =Y ul=0

ocE"

where 7 € E,,, and s(7) = k. Hence it follows that,
a(C(Vn)) € C(Vin) ® A.
Let us define ay, : C'(Vin) = C(Vin) @ A by a = v, It is clear that,

AmlcVunvi) = nloWnny,) When  m #n.

As (o, 3) respects the C(V) — L?(E) — C(V) bi-module structure, (ay,,3m) respects the
bimodularity C(V;,,) — L?(Ey,) — C (Vi) in (Vin, Ey) . Using proposition m theorem m
and theorem it follows that S, satisfies (1), (2) and (3) of definition [4.2.3] To show that
Bm satisfies (4) of definition we observe that

1:Zu$: Zu;' where o € E,.

TeE T€EER

Similarly, To show f3,, satisfies (5) of definition it is easy to check that coefficients of
the co-representation matrix of (,, satisfy the identities mentioned in proposition
Claim : (2) = (1).
As amlow,nv,) = Qnlow,.nv,) for all m # n € N, there exists a co-action a : C(V) —
C(V) ® A such that,
a(xi) = am(xi) where i€V,

Let (q})irev be the co-representation matrix of a. As we clearly have a(C(V;, N'V;,)) C

C(VinN'V,) @ A for all m # n, it follows that,
¢F =0 where i¢ V,,NV, and k€ V,, NV, (5.2.2)

We show that (a, 3) respects the C(V) — L%(E) — C (V') bi-module structure. Let 7 € E,, and
i € V,, for some nonzero integers m and n such that m # n. We observe that if i € V,, NV,

then

a(xi)B(xr) = am(Xi)Bm(Xr) = BmXi-xr) = B(Xi-Xr)-
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and if i € V}, \ V},,, then using equation we observe that,

a(xi)B(xr) = an(Xxi)Bm(xr)
=( ). @)D xo®ul)

keVy c€b,,
kEVimNVy,
=0 (as xg-xo =0forall ke V,\Vy)
= B(Xi-Xr)-

Using similar arguments, it also follows that,
B(xr)a(xi) = B(xrx;) forall ieV.rekE.

Using proposition [4.2.6] theorem and theorem it follows that j3 saisfies (1), (2) and
(3) of definition [4.2.3] To show that 3 satisfies (4) of definition we note that, for o € E,

1= Z ug = Z ug where o € E,, for some m.
TEEmM TEE
Now we show that, 3 satisfies (5) of definition m Let 0y # 09 € E;’ and 7 € EF for some
i,4,k, 1 € V. If |EY| # |EF|, then from our hypothesis it follows that uZ! = uZ2 = 0 and the
identities mentioned in proposition [4.2.12 hold. If \E;| = |EF| = m for some non zero integer
m, identities mentioned in proposition hold as we are given that (3, is a co-action on

(Vin, Ep) and (u?)4reE,, is the co-representation matrix of 3,,. O

Corollary 5.2.3. It is clear that proposition E also holds true in the category C(BVZ'CE). Let

, = Um(Vm, &m). Let us consider the free product o S e an to be a
V,E Vi, Em). L ider the fi duct of CQGs Q. 5, ) and T to be a C*

ideal in *me‘}:l E) generated by the following relations:

gi="q, forall ijeEVuNVy

=0 if i€Vyu,NVyjeVn\V,

for all nonzero integers m and n such that E,, # ¢, E, # ¢ and m # n. Here (mqj-)mevm,
(nq;-)i,jevn are the co-representation matrices of induced co-actions v, and o, respectively.
B' . .
Then (VZ',CE) is given by,

ic Bic
Q?V,E) = *m Wi, ) /T
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5.3 Co-actions on uniform multigraphs

In the last section we have seen that quantum symmetry of a multigraph is closely tied to
quantum symmetries of its uniform components. In this section we will be investigating more

into co-actions on uniform multigraphs.
5.3.1 New notations and a technical lemma

We introduce the following set of notations.

Notation 5.3.1. Let (V| E) be a uniform multigraph of degree m. For each k,l € V such that
EF # ¢, let us consider a bijection py; : {1,..,m} — EF. This set of bijections {jx|EF # ¢}
is said to be a representation of the multigraph (V| E). Once a representation is fixed, any

7 € E can be written as
7= (k,l)r where s(t)=k,t(r)=1and 1 <r <m.

Furthermore, if (V, E) is undirected with an inversion map j : E — E, then we will number

the edges in a way such that,
j((k,D)r) = (l,k)r forall (k,l)re E.

For proceeding further we will be needing a technical lemma which is given below:

Lemma 5.3.2. Let {A4;|i =1,2,..,n} be a set of positive operators on a Hilbert space H such
that A;A; =0 wheni # j. Let T :=>" | A;. Fori e {1,2,..,n}, let p; and Pr be range
projections of A; and T, that is, orthogonal projections onto the closures of ranges of A; and

T respectively. . Then the following identities are true:
1. pipj =0 when 1i#j.
2. Ai=p T =Tp; forall 1=1,2,..,n.
3.3 pi= Pr.

Proof. To prove (1), we will show that range of p; is orthogonal to range of p; whenever i # j.

For &, € H, we observe that,
< Az(é)vA](n) >=< AJAZ(§)777 >=0

whenever i # j. Hence (1) follows.
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We note that,
piAj = piijj =0 and Ajpi = (piAj)* =0
whenever ¢ # j. Using the relations mentioned above we observe that,
n
T =pi()_Aj) =pidi = A,
j=1

Tpi = () Aj)pi = Api = (piAi)* = A
j=1

Hence (2) is proved.

To prove claim (3), it is enough to show that
Range(T') = &, Range(A;)

where the direct sum is an orthogonal direct sum.

As for any £ € H, we have A4;(&) = T'(pi(§)), it follows that,

Range(A;) € Range(T) and therefore @I, Range(A;) C Range(T).

Now we prove the converse part. For any £ € H we have,

As < A;(§), Aj(&) >=0 for i # j, it follows that,

Range(T) C & Range(A;) = ®j_; Range(A4;).

Therefore our claim is proved.

5.3.2 Nested quantum permutation relations

Notation 5.3.3. For a compact quantum group (A, A), let A denote the universal enveloping
Von Neumann algebra of A. It is known that the co-product A extends to A on A as a normal

homomorphism of Von Neumann algebras making (A, A) a Von Neumann algebraic quantum

group.
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In this subsection, we fix 3 to be a co-action of a CQG (A, A) on a uniform multigraph

(V, E) of degree m preserving its quantum symmetry in our sense. We fix a representation of

the multigraph of (V, E) (see notation|5.3.1)). Let (u Ek l)) ) (i) (k1)scE and (q;'-),-,jev be the

co-representation matrices of 3 and « respectively where « is the induced co-action on C'(V).

Proposition 5.3.4. Leti,j,k,l be inV such that E; and Elk are nonempty. Then there exists
a projection valued valued matrix (pgk l))r)r,s:l,..,m € M,,(C)® A such that the following holds:

(@), (G)r* (i)
“(k,jns“(k,]z)s p(k]w 0k4] G-

Here p&jl))g 's are the range projections of UEZJZ))Z satisfying the following quantum permutation

like relations:

1. Forr,r" and s € {1,2,..,m}, o (i.g ))rp&]l)) = 5’“#’])52?)2'

2. Forr,s and s’ € {1,2,..,m}, p&]l))ngk]z)); =, S'p&]l))g

3. Z?:lp&]l))z =y 1PE )) =P ida ; where quiquqli is the range projection of q,iql]q,i.

Proof. Using proposition ({4.2.7]) and proposition (4.2.12)) we observe that,
() (G N (i) .
,7)T 2,7)Tr _ 2,7 7"
D uEneEne = QO u Z“
s=1 s=1

= qiql (dha]) = dialdh-

As uE;Jl))ZuEZJl))Z*s are positive operators, using (2) of lemma [5.3.2l we conclude that

(g, @iyr™ _  @)Dr 4§ i
UikensU(kl)s = p(k,l)sq;ﬂql Gk

where pE ’])) is range projection of ug”))ru&]liz which is same as the range projection of

ug;jl))s The quantum permutation like relations among p&]l))i;s follow from the “orthogonality
relations” mentioned in (1) and (3) of lemma[5.3.2

O]

Proposition 5.3.5. Leti,j,k,l be in V such that EJZ and Elk are nonempty. Then there exists

a projection valued valued matrix (pgk l)) )r.s=1....m € Mm(C)® A such that the following holds:

(3,9)r*  (i,9)r ~(%,5)T
u(k,]l)s u(k,]l)s p(k]l) qquqz
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A(1.)r (i,4)r*

Herep p(k Ds 's are the range projections ofu(k Ds satisfying the following quantum permutation

like relations:

1. Forr,r" and s € {1,2,..,m}, ﬁg;ggﬁ&]l))z = 57“#’15%2?)2'

2. Forr,s and s’ € {1,2,..,m}, Agkl))zﬁgk]l)); = 555]3%2]1)) )

’])T m "(ihj)r — .
3. Zs 1P (k,)s — Zr:lp(k,l)s_Pq’q'q

i where P ; ,
L 9591 a9

g is the range projection of quq;iqu-

Proof. Using proposition and proposition we observe that,

“ (&,)r*  (i,9)r - (4,9)7 \ % - (4,9)r
25:2«k§>51«k§ﬁ —‘(jgzl%kﬁp) (Ezjl%kip)
s=1 s=1 s=1

= (6:4]) %q = 4 %4 -
The claims follow from lemma[5.3.2] as it did for proposition [5.3.4] O

Corollary 5.3.6. Leti,j,k, 1,7, s be as in proposition[5.3.4 or proposition[5.3.5 Then we have

the following commutation relations:

( 7])’!’ — (L])T
1. p(k l)sqkql qk qul qkp(k. l)s

5Gd)T — 7 a(60)r
2 p(k l)sql qkql ql qulp(k s

(ig)r, (g)r, ()™ _ | (ig)r, (i :
3 Pt ths = UkDsUkns = Yrnstkns PRl

A(3,5)T (i7 Jrs (Lr _ (Gh)rx (Lh)r  (G,0)rx (4,5)7 (4,7
4 DEatrDe YKns = UEDs Ukhs = Ykbs UEDPRDs

Proof. (1) and (3) are immidiate from proposition[5.3.4} (2) and (4) are immidiate from propo-
sition 5.3.5] 0

Proposition 5.3.7. Let i,j,k,l € V be such that E; and Elk are nonempty and r,s €

{1,2,..,m}. Then we have the following:

@r _  (@ir 4§
%Wp—pmm%%

where p&]l;;: 's are described in proposition|5.3.4 and ]5&]1)) 's are described in proposition (5.3.5
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Proof. From proposition proposition and corollary we observe that,

() — plaial) (u

= e —uiz’%%’;qquepéz,’z%’;—péxiisqzqqu:i%’; Pkt wé il

) e (N (69) < 7' )

(k]z) Ui l)s (k:]l) (Z“(kfz)s )P(ka Z“k]ms (ka

r'=1 r’=1
(@g)r, (@)r* (ig)r

+“(kJZ)s“(k;J1) p(k]l)s
_ G, r* @) @i (e (i), (Gi)r, (et (), (L) (i)
=UGDUEDs — UEDUEDs Plrs ~ PERDUEDs ks T UkhsUkDs Piki)s
=0.

We conclude that

uEl ))T —pE;Jl)) qul =0 and hence ugk]l))z —p% )) qkql

To prove the second equality, again using proposition [.2.7] proposition [5.3.5and corollary [5.3.6]

we observe that,

(uigays = ahatB,)" (), — ahat 5

A G A A
(3,9)r* (2,5) (4,9)r A(z, A(3,5)T - (&,9)r" %y (3,5)7
“(k]z) “(k]z Z u(k]l (kjl P(k,]z)s<z “(k,]z)s )“(k,Jz)s
r'=1
(i’ ')T* (7’7 )T "(Zv )T
+ Uy WP (ks
_(@g)r= (i9)r (3,7)r* _ (2,5)r ~(i,5)r A(3,5)r  (4,5)r* (3,5)7 (3,9)r* _ (4,5)r ~(i,5)r
=UkDe Uhs ~ UkDs UEDPHEDs ~ PEDUDs Urns + UEDs ULk

=0.
As before we conclude that,

(7’7]) j "(7’7]) 0

5,5)r i g ~(4,5)r
Uk,l)s _qkqlp(kl) W = gl by

and hence Uik)s = quzﬁ(k,l)s'

O]

Remark 5.3.8. If we consider 3 to be a co-action on (V, E) preserving its quantum symmetry

in Bichon's sense, then it follows that ug )) p&]l))r = ﬁ&]l))g as “86]1))7; 's are already projections

commuting with qk and ql )
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. . .y sym __ ~Bic
5.3.3 A necessary and sufficient condition for C(VE) = C(V,E)
In this section, we will see that our defined notions of quantum symmetry in the context of a

multigraph are very closely connected to the quantum symmetry of the underlying weighted

graph. (see definition [2.1.10)).

Theorem 5.3.9. Let (V, E) be a uniform multigraph (directed or undirected with an inversion
map) of degree m. It follows that two categories Cf‘lj"é) and Cg}cE) coincide if and only if the

categories va‘f%) and Df‘/"’%) coincide where (V, E) is the underlying simple graph of (V, E)

(see definition[2.1.9).

Proof. Let us assume that Cf\%%) = C(B‘,i’%). Let o : C(V) — C(V) ® A be a co-action of a
CQG (A, A) such that the co-representation matrix (q;)i,jev of a commutes with the adjacency
matrix of (V, E). Let us fix a representation of the multigraph (V, E) (see notation [5.3.1)).

We define a bi-unitary co-representation 3 : L?(E) — L?(E) ® A by,

5(X(k,l)s) = Z X(@ig)r ® 5r,sq;€Qf where (kv l)S €L
(i,j)rekE
It is easy to see that [ is in fact a co-action on (V| E) which preserves its quantum symmetry
in our sense. From our assumption and remark it follows that q}'c commutes with qu for all
(i,7), (k,1) € E making a!?) (see notation [2.5.1)) a co-action on C'(E). Hence « is a co-action

on (V, E) preserving its quantum symmetry in Bichon's sense. Therefore the categories Dg/“%)
Bic oo
and D(VE) coincide.
Conversely, let us assume that DB = DBic | et us consider 3 : L?(E) — L*(E)® A

(V.E) (V.E)
to be a co-action of a CQG (A, A) on (V, E) preserving its quantum symmetry in our sense.

Let (u7)o,rer and (Q§)i,jev be the co-representation matrices of 8 and the induced co-action
a on C(V). From proposition and our assumption it follows that qfC commutes with qu
whenever E]Z and Elk are nonempty. To show that /3 preserves quantum symmetry of (V, E) in
Bichon's sense, it is enough to show that f§ is in fact a co-action on the algebra C(E), that
is, uZ's are projections in A satisfying quantum permutation relations. We proceed through
the following claims.

Claim 1: u7,’s are projections for all 7,7" € E.

Let 4,4,k,1 € V be such that E! and EF are nonempty. Let us fix 7 € E} and 7' € EF.

Using proposition [4.2.7] and proposition [f.2.12] we observe the following relations:

S ugud = (3 ug) (Y )

O‘EEj aeEj O’EEJ-
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= qlaia] = (5.3.1)
> uZul = (> ul) (> ud)*
GGE’; UGE;- O'EE;

= kgl dk = ¢l d}- (5.3.2)

Using equations and it follows that,

T T X, T __ T E : o *, 0
UrrUpr Upr —’LLT/( Upr UT/)

i
JGE]-

(¢} ak)

_ T o *\ __ T T %,
—UT/( E U )—UT/UT/ 3

i
UGE]-

— T
iuT

and similarly  ulul,*ul, = (q] q},)ul,

From the above relations we get

Using spectral calculus for normal operators, we conclude that u”, is a projection. Hence claim

1 follows.

Claim 2: Let i,j,k,l € V be such that E; and El”C are nonempty. For every o € E; and
7 € EF, uZ commutes with ¢} and qu.

As uZ's are projections (from claim 1) we observe that,

uggh = uggl = ug* = u

Jp0 — 40 — 0% — j
and qul =qul” =ul" =ul =ulq.

Hence claim 2 follows.
Claim 3: Let 01,09 and 7 be in E. Then we have the following orthogonality relation:
o1

01,,02
Ur U™ = 501@2“7’ :
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Let 7 € Elk,al € E; and o9 € EJZL for some i,j,i',j', k,l € V. As uZ' and u2? are both

projections, using claim 2 we observe that,

o1, 00 _ i, 01,.7,.4 o2 J
u71u72 - qku‘rlql di u‘rqu

I T Y R U L o1
= U 49,9 q; Ur
— 918, .,8. .,7,92
= ug ;105 jru;

= 00,.0,ul"  (from proposition A.2.12).

Hence claim 3 follows.
Using claims 1 and 3 and the fact that }__puf =1 for all 0 € E, we conclude that
preserves the quantum symmetry of (V| E) in Bichon's sense.

O]

The arguments used in proving converse part of the above theorem can be generalised
beyond uniform multigraphs. Using similar arguments used in proving claim 1 and claim 2 we

also can prove the following proposition.

Proposition 5.3.10. Let (3 be a co-action of a CQG (A, A) on a multigraph (V, E) (directed or
undirected with an inversion map) preserving its quantum symmetry in our sense where (V, E)
is not necessarily uniform. Let (u7),rcp and (q;-)i,jev be co-representation matrices of 8 and
its induced permutation on the vertex set V. Leti, j, k,l € V be such that EJZ # ¢ and Elk % ¢.

If ¢}, and q‘lj commute with each other then for all o € Ej, T € EF,
1. uf’s are projections.
2. ugZ commutes with ¢, and qu.

Corollary 5.3.11. Let (V, E) be a multigraph (directed or undirected with an inversion map)
which is not necessarily uniform. Let (V, E,w) be its underlying weighted graph with weight

function w : E — C given by,

w((i,5)) = |Ej| where (i,5) € E.
If (V, E,w) does not have any quantum symmetry then

sym Bic
Cvip) = Cvi)-

Proof. It is immidiate from proposition [5.3.10] O
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5.3.4 Complete description of Qﬁ}fE) for directed uniform multigraphs

Let us consider our multigraph (V, E') to be a directed uniform multigraph of degree m (see
definition [5.1.1)). In this subsection we will use notation [5.3.1] for denoting edges of (V, E). We
will see that f‘}fE) turns out to be a free wreath product of the quantum permutation group
St by va%)' the quantum automorphism group of the simple graph (V, E) in Bichon's
sense. We introduce the following notations for dealing with free products.

Notation 5.3.12. Let n = |E|. Let us consider n times free product of the quantum permu-
tation group S, which is itself a compact quantum group in its own right. We can write the

canonical inclusion maps of the free product S}™" as v(; ;) : S;t, — S, where (i,j) € E. Let

,L’])
(PI)y.s=1,.n be the matrix of canonical generators of S;, satisfying quantum permutation

relations. We will write,
P — v j)(PY) where (i,j)€ E and r,s=1,2,.,m.

Now we state the main theorem.

Theorem 5.3.13. Let (V, E) be a directed multigraph which is uniform of degree m. There is

a natural co-action of Sg/%) on the algebra S;;™" which is given by
alvpy(@) = Y vp(a)@zjal, (k1) eE acS]. (5.3.3)

(i.j)€E

i.

%)ijev is the matrix of canonical generators of SBic_ . Then it follows that, with

where (x VD)

respect to the co-action «,

Bic ~ o+ Bic
Q,p) = Sm *w Sy )

Proof. As xi and x{ commute with each other for (i, ), (k,l) € E, it is easy to check that «

; ot Bic * N
is a co-action of S(VE) on the C* algebra S, ".

Let us start by showing that there is a co-action v of S; x, S(BV?CE) on the multigraph

(V, E) which preserves its quantum symmetry in Bichon's sense. Let us define v : C(E) —

C(B) ® (S5, *w SIS, ) by,

V(X (k1)s) = Z X(ij)yr @ Ps(i’j)rac};xg; (k,l) e E and s =1,2,..,m. (5.3.4)
(i.))€E
r=1,...m
It is easy to check that v preserves quantum symmetry of (V, E) in Bichon's sense. By the

universality of Qf‘f%) we have a quantum group homomorphism @ : Qﬁ}%) — Stk S(B‘}%
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satisfying

()Y = Py 4T \where i,7),(k,) e E and r,s=1,2,..m
(k,D)s s k¥

where u&”&is are the canonical generators of Qf‘}%). Let us denote (q})i,jev to be the co-
representation matrix of the induced co-action of Qf‘jﬁg) on C(V).

Now we construct the inverse of ® to show that it is in fact an isomorphism of compact

quantum groups.

From definition [4.5.2] it follows that UEZJZ))ZS satisfy quantum permutation relations. For

(i,7) € E and r,s € {1,2,..,m} we define,
i5)r _ (4,9)r
Rg = Z u(k’jl)s.
(k,)EE

Now we proceed through following claims.
Claim 1: Let (i,j) € E. The coefficients of the matrix (Rgi’j)r)m:lwm satisfy quantum
permutation relations.

we observe the following relations:

Hence claim 1 follows.

Claim 2: For (i,7),(k,l) € E and r,s € {1,2,..,m}, we have the following relations:

wih), = R0 giq] and RV giq] = gigf RO

S

We observe that,

REaial = (32 @i )30 i)
(k' I"\eE s'=1
_  @@g)r
= UGl

= QO uhy)( D0 g, = dhgd RO
s'=1 (k' INEE

Hence claim 2 follows.
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Claim 3: Let Ap;. denote the co-product on Qf‘}'CE). The co-product identities in theorem

hold , that is,

ABzc q] Z Qk ® q]
keV
m

and  Apie(RED) = ST (RYD" @ R (ghg] @ 1).

s'=1_
(k)EE

The first identity is immidiate. To prove the second one we observe that,

Agic(RUMT) = Apie Z “EZZ%T)S)
(k",l’)eﬁ

Z Z “ (g,l;,) )

(k' IeE s'=1

(k,))EE
= L i g k,l)s
= > Ri,]) Ga @ ) Ek’ ?,)S)
o wieE
_ Z R(i Jr Qk : ®R(kl)
s'=1_
(k1)eE

Hence the second identity in claim 3 follows.
Using claim 1, claim 2, claim 3 and universality of free wreath product we get a surjective
Bic

quantum group homomorphism ¥ : S x,, S(Bvqu — Q(VE given by the following relations on

generators:

U(zh) =q! and W(PIIIT) =R

where i,5 € V,(i',j/) € Eand r,s = 1,2,..,m
It is clear that ® and W are inverses of each other as it is such on the set of generators.

Hence theorem is proved. O

5.3.5 Complete description of QB‘}CE i) for undirected uniform multigraphs

We want to prove a version of the theorem for undirected multigraphs. In case of
undirected multigraphs, we will see that it will turn out to be a quotient of free wreath product

due to lemma 6.5
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Proposition 5.3.14. Let (V, E, j) be an undirected multigraph which is uniform of degree m.

Then the quantum automorphism group of (V, E, j) in Bichon's sense is given by
Bic St % w SBic 1,
Qi) = v.E) /T

where T% is a C* ideal generated by the following relations:

Pégi,j)r — p§j7i)7' where (i,j) € E; r,s=1,..,m.

It should be noted that the wreath product is with respect to the co-action[5.3.3

Proof. Let (V, E) be the doubly directed multigraph associated with the undirected multigraph

(V,E,j). From theorem [5.3.13] it follows that the quantum automorphism group f‘}CE) is

given by,

Bic __ o+ Bic
Q(WE) = S *w S(VE)

Let us denote (A, A4, [4) to be an object in C{B’C i) where (A, Ay4) is a CQG co-acting on
(V, E,j) preserving its quantum symmetry in Bichon's sense via the co-action 84 : C(E) —
C(E)® A. As 4 is also a co-action on the underlying doubly directed multigraph (V, E),
{;\;35) it follows that there exists a unique quantum group homomorphism

Py Q?‘}CE — A such that

by universality of

AP alad) = ) = ufliy, = Pa(PP"ala}) (5:35)

where (ué%%@)(id)n(k,l)seE is the co-representation matrix of 34. Summing over all k,1 € V in

equation we get that,
D 4(PEITY = ®4(PUIT) forall (i, j) € E.

Hence it follows that I* C Ker(®4) forall (A, A4,84) € C(B‘}CE i) Let us consider the quotient

algebra

Q= S:',_L * SBZC /Iu
Tu t S e Sg/“jg) — Q to be the natural quotient map and we write m,(a) = @. To show that
Q is itself a CQG, it is enough to show that I* is a Woronowicz C* ideal in Q. Let A, be the
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co-product on S,J,CL *q Sg/?%). We observe that,

(M0 ® 1) A (PO) = (my @) Y (PY" @ PED ) (ha @ 1)

Therefore A, (I"*) C Ker(m, ® m,) making I a Woronowicz C* ideal in S}, *,, Sg/i%). Hence

Q is a CQG with the co-product Ag induced via m,. Moreover there is a natural co-action
Bo : C(F) — C(E) ® Q of the CQG (Q,Ag) on C(FE) which is given by

Bo(xrps) = . Xy ® PY"aial forall (k1) € E.
(3,5)reE

It is easy to see that B¢ preserves quantum symmetry of the undirected multigraph (V, E, j) in

Bichon's sense. Therefore we conclude that (Q, Ag, 5g) is the universal object in Cg}CE s O






Chapter 6

Source and target dependent

co-actions on (V, F)

6.1 Source and target dependent automorphisms

We will look into some special classes of automorphisms in this chapter. It should be noted
that these classes of automorphisms are more interesting for “directed” multigraphs than the
“undirected” ones. Before going to the definitions, let us introduce an extension of notation

[6.3:3] which we will use extensively in this chapter.

Notation 6.1.1. Let (V, E) be a (directed or undirected with an inversion map j) multigraph.
Let us write (V, E) = Uy, (Vin, Ern) where (Vy,, Ey,)'s are its uniform components (see notation
. As each (Vy,, Ep,) is a uniform multigraph on its own, let us fix a representation for each
uniform component (V,,, Ey,) following the way described in notation . Now any o € E

can be written as,
o= (k,))r where s(o)=k, t(c)=1and1<r<|Ef|

From now on throughout the whole chapter, we will always be working with a fixed representation
of (V,E).
We introduce another shorthand notation. Let m be a nonzero integer such that E,, # ¢.

For k,l € V,,,, we write k — | in E,, if there exists 0 € E,, with s(o) =k, t(c) = 1.

Proposition 6.1.2. Let (V, E) = U, (Vyn, Er) be a multigraph (directed or undirected). Let
(fv, fE) be an automorphism of (V, E) in the sense of definition[2.1.11} Let m be a positive
integer such that E,,, # ¢. Foreachk,l € V,, such thatk — [ in E,,, there exists a permutation
T € Sy, (classical permutation group on m objects) such that the following identity holds:

89
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fE<(k,l)7") = (fv(k), fv(l))Fkl(T) forall 1 <r<m. (6.1.1)

Proof. Let k,l € V be such that Elk % ¢. From definition [2.1.11] it follows that

k — k
fe(Ef) € (BIVY) and  fpt(ENDY) C B (6.1.2)

As fr and ]“El are one-one maps, from , it follows that for all k£, € V such that
Ef # ¢,

k
FED| =B = |Bf. (6.1.3)

From equation We observe that, fr(Ey) C By, and fy(Vi,) C V,, for all m such that
E,, # ¢. Hence the pair of maps (fy, fg) restricted to (V,,,, Ey,) is an automorphism of the
uniform multigraph (V,,, Ey). Let us choose k,1 € V;,, such that |EF| = m. We define a map
Tw : {1,..,m} — {1,..,m} by T'xi(r) = s where fe((k,1)r) = (fv(k), fv(l))s. It is easy to
see that I'y; is a bijection and fg has the desired form mentioned in the proposition [6.1.2

[

Definition 6.1.3. Let (V, E) be a finite quiver or a directed multigraph. A source dependent
automorphism of (V, E) is an automorphism (fy, fg) of (V,E) where the map fr can be

written in the following form:

fe((k,O)r) = (fv(k), fy (1)) "Tk(r) where (k,l)r € Ep,. (6.1.4)

Here ™T'y, € S,, and is a function of the initial vertex k and uniform component the edge lies
in.
An automorphism (fy, fr) of the multigraph (V, E) is said to be target dependent if fr

has the following form

Fe((k,Dr) = (fv(k), fr (1)) ™Ti(r) where (k1)1 € Ep. (6.1.5)

Here Ty € S,,, and is a function of the final vertex | and uniform component the edge lies in.
An automorphism (fv, fg) is said to be both source and target dependent if fr can be
written in both forms given in equations[6.1.4 and
Let us denote the groups of all source dependent, target dependent and both source

and target dependent automorphisms by GfV,E)’GléV,E) and G‘E{ZE) respectively. It is clear
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that,
s,t s
Glim = Glvie) NGlym)

Remark 6.1.4. Let (fv, fr) be an automorphism of the multigraph (V, E). Then from propo-
sition [6.1. it follows that,

1. (fv, fr) is source dependent if for each m such that E,, # ¢, the following identity
holds:

Iy =T forall k1,1 €V,, suchthatk —1andk —1 inE,,.

2. (fv, fe) is target dependent if for each m such that E,, # ¢, the following identity
holds:

Iy =Ty forall k,K,1€V,, suchthatk —1andk' —1inE,,.

It should be noted that the classes of automorphisms in defintion depend heavily on
the representation chosen for the multigraph (V, E), that is, a source or target dependent
automorphism of (V, E) might not remain source or target dependent once the representation

of the multigraph is changed.

6.2 Source and target dependent quantum symmetries

6.2.1 Algebras of twisted digonal operators

Let (V, E) be a directed multigraph and a representation of (V. E) is fixed in the sense of
notation [6.1.1] Let m be a nonzero integer such that E,, # ¢. Fori € V5, j € V! and
r=1,2,..,m, let us define {., N7 € L?*(E) by

2,7

=D Xagyr ad 1= > X
]/ev’l‘fl ilGVVfL
In the above expressions we have summed over only those j”’s in V! and i’s in V¥ where both
(i,7")r and (i, j)r make sense as edges in E,,, that is, both (i, j)r and (¢, j')r are in E,,. We

will be using such shortened notations while expressing sums from now on. Let us define two
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algebras X3, X! C B(L?*(E)) by

X, = linear span {7 )(& | 1 € Vi, m=1,2,..,m}

X}, = linear span {|nf}) (%] 17 € Vi, = 1,2,..,m}

The subalgebras X?, and X!, are called algebras of twisted diagonal operators. Here we have
used bra-ket notations which are frequently used in quantum mechanics. We give a brief

description here. Let H be a Hilbert space with inner product <, >y. For &, € H, we define
(§1m) € Cand [§)(n| € B(H) by

)| w) =<n,pu>g & where peH.

We will be using these notations throughout this chapter.

6.2.2 Main definitions

Definition 6.2.1. Let (V, E) be a directed multigraph. Let 3 be a co-action of a CQG (A, A)
on (V, E) preserving its quantum symmetry in Banica's sense (see definition . B is said

to preserve its source dependent quantum symmetry if the following holds:
Adg(X;,) € X, ® A forall m such that E,, # ¢.

B is said to preserve its target dependent quantum symmetry if the following holds:
Adg(X},) € X, @ A forall m such that E, # ¢.

B Is said to preserve its both source and target dependent quantum symmetries if the following

holds:
Adg(X;,) C Xy, @ A and Adg(X,,) C X, @ A

for all m such that E,, # ¢.

Let us also define C(SV, B Cfv, ) and C(S‘}f p) to be categories consisting of CQGs with co-
actions preserving source dependent quantum symmetry, target dependent quantum symmetry
and both source and target dependent quantum symmetry of (V| E) respectively. Morphisms

in these categories are quantum group homomorphisms intertwining similar type co-actions.
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6.2.3 Algebraic characterisations

In this subsection we formulate algebraic characterisations of source and target dependent

quantum symmetries in terms of co-representation matrices.

The source dependent case:

Proposition 6.2.2. Let 3 be a co-action of a CQG (A, A) on a directed multigraph (V, E') which
preserves its source dependent quantum symmetry. Let (u7),,cr be the co-representation

matrix of 3. Then the following conditions hold:
1. B(L*(Ep)) C L*(Ep) ® A for all m such that E,, # ¢.

2. Let m be a nonzero integer such that E,, # ¢. The for any (k,l)s, (k',l')s' € E,,,

Z ugf’;))sugk/’l/)sl* =0 whenever (k,s)# (K,s)

r = (i,5")r
53" €V,

and for all 1,1, 11,1} € V!, such that (k,1)s, (k,U')s, (k,11)s, (k,l})s € Ep,,

(k)s (k1Ns* (kl1)s (K,0})s*
D Uiy = 2 Uk Ui (6.2.1)
J3'EV, 3:d'€V,

Proof. Let us fix a nonzero integer m such that E,,, # ¢. Leti € V¥ and r € {1,2,..,m}. We

observe that,

Adg(1Em)(ER]) = 1BEmINBED)]
= 3 1By Bl

5,3’ €VE,
= > ) @D ufuf ) (6.2.2)
o,TeE 4,3’ EVE

As Adg(X;,) € X5, ® A, from equation we have the following relations:

1. Let 0,7 € E. If both ¢ and 7 are not in E,,, then

Z gy figye =0 (6.2.3)
3:3'€Vi

2. For any (k,l)s and (K',l')s’ € E,,

Z ugf]l))jugf;f;f/ =0 whenever (k,s)# (K,s). (6.2.4)
53JEVE
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3. Forall 1,I', 1,1, € V! such that (k,1)s, (k,1')s, (k,11)s, (k,1})s € En,

(k)s (k1N)s* (kl1)s (K,0})s*
D Uiy = 2 Uk Ui (6.2.5)

3.9’ €VE, 53" €V,

We note that (2) of proposition follows from equation and equation Now to

prove (1) it is enough to show that ul; iy = 0 whenever o ¢ E,, and (i,5)r € E,,.

J)r
Putting 0 =7 € E \ E,, in equation and using equation we observe that,

Z uw)ru(u Z u Tq] jga)u?m’)?"*

7. EVE J.J EVE
_ o g *
= Z Ui gyrY(igyr
JEVE

As u(”) ( ) *'s are positive operators, we conclude that,

Hence (1) follows.

The target dependent case:

Proposition 6.2.3. Let 5 be a co-action of a CQG (A, A) on a directed multigraph (V, E)
preserving its target dependent quantum symmetry. Let (u?),.cp be the co-representation

matrix of 3. Then the following conditions hold:
1. B(L*(En)) C L*(Ey) ® A for all m such that Ep, # ¢.

2. Let m be a nonzero integer such that E,, # ¢. The for any (k,l)s, (K',1")s’ € Ep,,

Z u *u 20 whenever (I,s) # (I',5) (6.2.6)

)r z]
i€V

and for all k, k', k1,k} € V.5 such that (k,l)s, (K',1)s, (k1,1)s, (k},1)s € En,

(kl)s* (K'l)s (k1,)s*  (K),D)s
D Ui Ui = D Wiy Uiy (6.27)

i€V, Gi' eV,
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Proof. The proof is very similar to the proof of proposition [6.2.2] Let us fix a nonzero integer

m such that E,,, # ¢. Let j € V! and r € {1,2,..,m}. We observe that,

Adg(|n) (1) = 1B )) (B
= Z ’B(X(i,j)r»<B(X(i’,j)r)‘

i€V,
= > el @ (Y iy, uly ) (6.2.8)
o, 7€EE i,i’'eV,s

As Adz(X},) C X}, ® A, from equation we have the following relations:

1. Let o,7 € E. If both ¢ and 7 are not in E,,, then

>l g gy = 0. (6.2.9)

i€V,
2. For any (k,l)s and (K',1')s’ € E,,

Z ugfj))s*ugk/’l/)SI =0 whenever (l’s) ?é (l/,S/). (6210)

r @)
ii'eVs

3. For all k, k', k1,k} € V5 such that (k,1)s, (K',1)s, (k1,1)s, (k},1)s € Ep,

(k,l)s* (K')s _ (k1,0)s*  (k7,l)s
D Yig Y = 2 Wiy Ui (6.2.11)

i€V, 6i'eV,3

We note that (2) of proposition follows from equation [6.2.10] and equation [6.2.11] Now

to prove (1) it is enough to show that uf; =0 whenever o ¢ E,, and (i,5)r € E,.

Putting 0 =7 € E \ E,, in equation and equation we observe that,

_ o *, O _ o * S(U) S(U) o
0= > iy uwloye= D ulip a6 uly

ii'eVs, i evs,
—_ o
= Z (i gyr Wi gyr
i€V

As u‘(’i’j)r*u‘(’i’j)r’s are positive operators, we conclude that,

Therefore (1) follows.
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Remark 6.2.4. In proposition [6.2.3, conditions 1 and 2 can be taken as a characterization for
co-actions on (V, E') which preserve its source dependent quantum symmetry. It is easy to check
that any co-action on (V, E) preserving its quantum symmetry in Banica's sense satisfying 1

and 2 of proposition [6.2.0 also satisfies identites[6.2.3, [6.2.9 and[6.2.4 and hence a co-action

on (V, E) which preserves its source dependent quantum symmetry.
In a similar way it can be argued that the any co-action on (V, E) preserving its quantum
symmetry in Banica's sense also preserves its target dependent quantum symmetry if it satisfies

conditions 1 and 2 in proposition|6.2.3

6.2.4 More familiar forms and partial wreath product relations

The algebraic characterisations we got in the previous subsection will be simplified further to
get more familiar forms resembling to the classical picture of source and target dependent
symmetries. We have also been able to recover wreath product relations (similar to described
in subsection with respect to permutations of V% or V! (depending on whether source
dependent or target dependent quantum symmetry is preserved). Let us start by following

notations and observations.

Notation 6.2.5. We make some observations and introduce two new quantum permutation

matrices which will be crucial for the upcoming results later on.

1. Let 3 be a co-action of a CQG (A, A) on (V, E) preserving its source dependent quantum
symmetry and (u? ), rcE be the co-representation matrix of 5. Let m be a nonzero integer
such that E,, # ¢. By puttingl’ =1 and 1y =1} in equation we observe that for
all 1,1, e VL,

Sy = Tl

Jjevt JeEVE,
Where m@fﬁ is an element in A depending on m-th uniform component, the vertices i, k €
Vy andr,s € {1,2,..,m}. As Adg preserves X, and is a C* algebra homomorphism, it
follows that Adpg is in fact a quantum permutation on the set of operators {|¢].) (§7,| i €
Ve r =1,..,m}. Hence the elements of the matrix (mﬁfﬁ)(ks)’(ir) satisfy quantum

permutation relations.

2. Now let us consider (3 to be a co-action of a CQG (A, A) on (V, E) preserving its target

dependent quantum symmetry. Let us fix an integer m such that E,, # ¢. By similar
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argument used in previous paragraph, for j,1 € V! and r,s € {1,2,..,m} we can define

mals (k,l)s*  (k,l)s
05 = D Ui Ui
i€V
As Adg preserves X! andis a C* algebra homomorphism on X! , it follows that Adg is a
quantum permutation on the set of operators {|17;”T)(17;n7,| |j € VEir =1,..,m}. Therefore

the elements of the matrix (méﬁ)(ls)( satisfy quantum permutation relations.

Jr)
Before proceeding further, let us make some observations about the elements m@fﬁ’s and

m ~ . . .
Hgi's which will be used for our constructions later.

Remark 6.2.6. Let  be a co-action on a directed multigraph (V, E') which preserves its source
dependent quantum symmetry. Let m be a nonzero integer such that E,, # ¢. We have the

following identities:
1. moksgk =mks = gF™moks forall ki€ VE; s,re{1,..,m}.

2. Let us choose k,i € V5 and s € {1,..,m}. Then it follows that

m

m ks_ kl)s ,S _ k
2. "0 Zu,m i =4
r=1

]GVt

In the above computation we have used the fact that u¢ =0 when o € E,, and 7 € E,,

with m # n.

Now let us consider B to be a co-action on (V, E) which preserves its target dependent
quantum symmetry. Let m be a nonzero integer such that E,, # ¢. Then we have the

following identities:
Hls Mals _ 14l ; .
"pts qu 05 =q; 05 forall 1.j¢€ Vi:sre{l,.,m}.
2. Let us choose l,j € V', and s € {1,..,m}. Then it follows that,

o (k,D)s* (kDs
Z 05 Z Uigyr Wiy = G-

r=1
1€V,

Co-actions preserving source dependent quantum symmetry:

Theorem 6.2.7. Let 3 be a co-action of a CQG (A, A) on (V, E) which preserves its source

dependent quantum symmetry. Let (u?),rcp and (q]) jev be the co-representation matrices
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of B and its induced co-action on C(V'). Let m be a nonzero integer such that E,, # ¢. Then

for any (i,j)r, (k,1)s € En,

where ’”6’2‘;,5 's are described in notation .

Proof. Let us define T( Ds Z;evgl “E )) We observe that,

(kD) s(k,l)s* (k,D)s, (k,l)s*
T T = D g,
33 EVE
B (kD)s (kD)s* _ mpks
= 2 Wit = "0
JEVE

)s

ks - . . . ks - . . (k,l
As ™07% is a projection, it follows that ™67 is the range projection of T} ’". It further follows

that,
(T(k7l)S*T-(k’l)s)2 _ ];Sﬁk,l)s*ﬂs’k,l)sﬂ(’rk,l)s*CTZ‘(TIC,Z)S

k,l)s* TA(k’l)S

wr

T(

Hence Ti(f’l)s's are partial isometries. Let h be the Haar funtional of the CQG (A, A). We

observe that,

Z h(u(k’l) meks l)(u(k:l) maks l)

(&.4)r ar 43\ g)r ir 4
r=1
J€Vn
_ = (k,l)s S m ks % mpks 1 (kl)s* S mpks | mpks
= (Z; Ui, 5)r U Z; u 037) — h( Z; Oz UG 5)r )+ h( Z; 05 q; " 05)
jev, jev, jevy, jevi,
kl m S m S < m S m S
=h(q¥) Z (Y uliiymoks) Z A DR R TS S O S R
r=1 jevy r=1 JEVE r=1 JEVE
=h(g}) ZT’”MG’“ —h(3 ST + h(3o )
r=1 r=1
k % mpks(k,l)s % (k1)s* m ks
=h<qz>—h<2 or T ZT 05) + hiaf)

—h ql iT(k Dsy iT(k l)s* + h qz)

=h(q}) — h(qf’) — h(q}) + h(gf) =0
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As h is a positive linear functional and is faithful on the underlying Hopf* algebra of matrix
elements of the CQG (A, A), it follows that each of the summand of the above expression is
zero. We conclude that,

k,l)s mpks k,l)s mpks * ..
(ugi’j))r — mgk: qé)(ugu))r — mgk: qé) =0 forall (i,7)r,(k,1)s € Epn,.

Therefore we have,

ugkl)s ="0kq. forall (4,4)r, (k,1)s € Ep.
O

The form that we have got in proposition [6.2.7] can be improved further to give a form

resembling more to classical case.

Proposition 6.2.8. Let 3 be a co-action of the CQG (A, A) on (V,E) which preserves its
source dependent quantum symmetry. Let (ul)q.cp and (q})tmv be the co-representation
matrices of 8 and its induced permutation on vertices respectively. Let m be a nonzero integer
such that E,, # ¢. Then for (i,j)r, (k,l)s € E,, the following identities hold:

kil i : N
bl < g and A = 3 ol @ ok

s'=1
kK evy

where

m_ks .__ mpks
Y = § eir'

i€V,

Proof. The first identity is clear from theorem 7} definition of ™~;® and the fact that,
mpksgk = mgks — gk mpks forall kiceVEirs=1,.,m.

As Adg is a quantum permutation on the set of generators of X , it follows that,

m
/o .
A(MOE) = > MO, @™ forall ki€ Viirs=1,.,m.
s'=1
Kevy

From the above identity and definition of m’y , it follows that,

A(My®) =AY ™05

i€V,
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- 3 "o (3 )

E : m s m, k's'
k ® Tr o -

s'=1

Kevs,

Hence the second identity follows.

Co-actions preserving target depenedent quantum symmetry:

Theorem 6.2.9. Let 3 be a co-action of a CQG (A, A) on (V, E) which preserves its target
dependent quantum symmetry. Let (u?),rcp and (q})i’jev be the co-representation matrices
of B and its induced co-action on C(V'). Let m be a nonzero integer such that E,, # ¢. Then
for any (i,7)r, (k,1)s € En,

(k,l)s _ k™Al
Uy = 4% O

m A 7
where 913 s are described in notat/on

Proof. Let us define Sj(-f’l)s = Zz’ev,; ugu)) We observe that,

S(k,l)s*S(k,l)s: Z u(l?,?)s*u(l?,l?s
Jr

Jr (@.g)r “@J)r
ii'€VS

k l)S 7 m AlS
Z Ui gyr @ z = O

1€V,

(k,l)s*

As méﬁ is a projection, it follows that méés is the range projection of S . It further follows

that S§f’l>s's are partial isometries. Let h be the Haar funtional of the CQG (A4, A). We observe

that,
= (k,l)s k™MAls\x /. (kl)s k™M Als
Z_; h(“( gy i 05.) (U(Z yr i 05.)
ievs,
. < (kD)s* (k,0)s . (k,0)s* ls s ey, (R)s Als k™M zs
=h(Q_ iy “(zpj)r)‘h(z_; Wi @ O Z 0574 ugi,jyr) I Z Oirdi 05
ievs ievs zeVm zevs
= k‘,l S S
=h(qh) — (O (ST ullD) gl Z 05> ugenn) + A Z 05> d) 0%
r=1 i€V} eV %
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kls “ k,lsm s
=h(g}) — Z 0l S0y = RO S0 + )
r=1
=h(q}) - Zs(f’”s ZSW +h(g})

=h(q}) — h(q}) — h(d}) + h(d}) = 0.

As h is a positive linear functional and is faithful on the underlying Hopf* algebra of matrix
elements of the CQG (A, A), it follows that each of the summand of the above expression is

zero. We conclude that,

(e — g "0 (uly e — gF " 0B) =0 forall (i, )r, (k. 1)s € Ep.

ugf’?)s =gt forall (i, j)r, (k,1)s € Ep.

O]

As we have done for co-actions preserving source-dependent quantum symmetry, same can

be argued for the target dependent case.

Proposition 6.2.10. Let 8 be a co-action of the CQG (A, A) on (V, E) preserving its target
dependent quantum symmetry. Let (u?),rcp and (Q§)i,jev be the co-representation matrices
of B and its induced permutation on the vertices. Let m be a nonzero integer such that E,, # ¢.

Then for (i, j)r, (k,l)s € Ey,, the following identities hold:

(k,l)s klmls mls m_ ls I m_ s
U =44 and A( g vaqy @M,
s'=1
l'evy

where

m._ls __ mAls
v, = Z 0

i€V
Proof. The proof is similar to the proof of proposition The first identity is clear from
theorem definition of ™v!* and the fact that,

pls 1 __ ™Al I MAal : t. _
HJST qgj= 0,=q; 05 forall L,jeViirs=1.,m.
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As AdB is a quantum permutation on the set of generators of X! , it follows that,

m
A(méﬁ) = Z 0%, ® mé?fl forall 1,j€Viirs=1,.m.
1

s'=
lev},

From the above identity and the definition of ™1!?, it follows that,

7~ ’

A =AY )
JEVE,

_ mAils m s/
=2 e ()"0
Fev, TV

§ : mylsql ®myl5
s'=1
VeVt

Hence the second identity follows. O

Co-actions preserving both source and target dependent quantum symmetries:

Proposition 6.2.11. Let (V,E) = Up,(Vpn, Ep,). Let 5 be a co-action of a CQG (A, A) on
(V, E) preserving its source dependent quantum symmetry. The co-action (3 also preserves its
target dependent quantum symmetry if and only if for each m such that E,, # ¢, the following

conditions hold:

1. Maks = mfyﬁls for all s,r =1,..,m and k,k' € V. such that k — 1 and k' — [ in E,, for

somel € V,,.
2. mfyffsqé = qé m k“” for all j,l € V! and k € V2 such that k — | in E,,

Proof. Let us assume that ( preserves target dependent quantum symmetry of (V, E). Then
from proposition and proposition [6.2.10| it follows that, for all (i, 7)r, (k,l)s € E,

k kol mo )l
mvrsqz q] - qz qj m 7‘8
Summing over i € V.$ and j € V!, we observe that,

maks —myls forall k,l €V, suchthat k—1 inE,and sr=1,.,m. (6212)

(1) and (2) in proposition [6.2.11] follows from the above observation.
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Now let us assume that 3 is a co-action on (V, E) preserving its source dependent quantum

symmetry and satisfying (1) and (2) of proposition [6.2.11] It is enough to show that the

coefficients of the co-representation matrix (uf),rcr satisfy the identities [6.2.6[ and [6.2.7] in

proposition [6.2.3] Let j € Vi r € {1,..,m} and (k,l)s, (K',l')s’ € E,,. We observe that,

(k)s*, (K'1)s' 1 km ksm ks kU
Z U(m)r 7])T E q;4; Yr o 4y 45
1,1’ eV, 1,1V,

m_ ks l k k’ U k//
="k (> b))
1,3’ €VS

I m, ksm_ k'
= Oy YR AR

I m, ksm,_ ks’
=orq; " e

= 805,50 "V d) (6.2.13)
From the above relation it is clear that

k\l)s* (k'Jl")s"
Z ugi,jir uEi/,j)i =0 whenever (I,5)# (I',s).
ii' €V,
Moreover, as "k = M~k15 for any k. ky € V3 and | € V)%, such that k — [ and ky — [ in E,,,

it further follows from equation [6.2.13] that,

" ) _m ks | _m_ ks z (k1,0)s*  (k4,)s
Do Wi B = "G =" = 3w e
1,1’ €V iieVs,
where (k,1)s, (K',1)s, (k1,1)s, (k],1)s € Ep,, j € V!, and r € {1,..,m}. Hence equation

follows. O

In the next proposition we will show that C?\’ZE) is a subcategory C(ngg). It is in fact
a subcategory of Cf‘y/%) which is non-Bichon in the sense that any co-action 3 on (V, E)
preserving both of its source and target dependent quantum symmetries do not necessarily
need to be a quantum permutation on the edge set E. In later sections, we prove that C(VE)
admits a universal object which is the automorphism group of source and target dependent

quantum symmetries of (V, E) (see definition [6.4.3]).

Proposition 6.2.12. Let 3 be a co-action of a CQG (A, A) on (V, E) which preserves both of
its source and target dependent quantum symmetries. Then [ is a co-action on (V, E) which

preserves its quantum symmetry in our sense (see definition [4.2.3).
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Proof. Let (uZ),rcr be the co-representation matrix of 3. It is enough to show that the

elements uZ's satisfy the relations mentioned in (2) of proposition [4.2.12] As we already have
B(L*(Em)) € L*(Em) ® A

for all uniform components (V,,,, E,,), it is enough to check the relations mentioned in (2) of

proposition [4.2.12]in uniform components. Let us fix nonzero integer m such that E,, # ¢.

From proposition [6.2.8] and proposition [6.2.10] it follows that

k.l ..
ugi’j))s = m”y,’fsqfqé = q,kqé m ls for all  (i,))r, (k,l)s € Ep,.

It further follows that,

kl s (k)s™ mylsym s H
k,l)s k,)s m__ks\/m ks H
uEW)L U§i7j§T (dhaf ™) (" afdh) =0 i s £

Hence coefficients of the matrix (u7 ), ¢k satisfy (2) of proposition |4.2.12lmaking 3 a co-action

n (V, E) preserving its quantum symmetry in our sense. O

Final remark:

The propositions [6.2.8} [6.2.10] and [6.2.11] can be taken as characterisations of co-actions on

(V, E) preserving its source dependent, target dependent and both source and target dependent
quantum symmetries respectively. More precisely, starting with a co-action on (V| E) in Banica's
sense, if the coefficients of co-representation matrix are one of the prescribed forms mentioned
in those propositions, then we can conclude that the co-action preserves the respective quantum
symmetry.

In proposition , the coefficients of the quantum permutation matrix (mylﬁs)s,rzl,,,7m
commute with q’c forall i € V2 giving us free wreath product relations with respect to induced
permutation on V2. Similarly, in proposition the entries of the quantum permutation
matrix "'v* commute with ¢} for all j € V!, giving us free wreath product relations with

respect to the induced permutation on V.

6.3 Existence of universal objects

Theorem 6.3.1. For a directed multigraph (V. E), the categories C{y; . CfVE) and Cf"ﬁE)
(see definition admit universal objects.
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Proof. Let us start by showing that Cfva) admits a universal object. Let (A, A4,54) € CFV,E)
where (A,A4) is a CQG and (4 is co-action of (A, Ay) on (V,E) preserving its source

dependent quantum symmetry. By universality of QB9 there exists a unique quantum group
(V.E)

homomorphism @ 4 : QB‘}I%) — A such that

Sy (ul) =02 forall o,7€FE

T T

where (uZ), e is the matrix of canonical generators of QB‘fZi) and (v?)srecr is the co-

representation matrix of S 4.

Let Z° be a C* ideal in gﬁ%) generated by the following relations:

1. u¢ = 0 for all 0 € E,,,7 € E, where m and n are two non zero integers such that

m # n.
2. Let m be a nonzero integer such that E,, # ¢. The for any (k,l)s, (K',l')s' € E,,,
i€V and re{l,..,m},

Z u Su ("0 )SI* =0 whenever (k,s)# (K,s)

T‘ ’l]
J.J EVE

and for all 1,1',13,1} € V! such that (k,l)s, (k,1")s, (k,l1)s,(k,1})s € En, i € VS and
re{l,..,m},

(k‘,l)S (kvl/)s* (k’ll)s (kvlll)s*
Z (@,5)r = (g )r Z (,g)r (6,37
3.3 €V 33'€V,

From remark it is clear that Z° C Ker(®4) for all (A, A4, 54) € CfVE)' Let us consider
Qs = Qg}f%) /75 and 7y : g}f%) — Q7 to be the natural quotient map. We write

(e
T

g
pe

ws(ul) =vZ forall o,7€E.

If we show that Z° is a Woronowicz C* ideal in Qg}‘% it will follow that Q% is a CQG with the
co-product Ag induced by Ap,, via the quotient map 7. Moreover, there is also a natural
co-action s of the CQG (Q°, Ags) on (V, E) which preserves its source dependent quantum

symmetry. The map Bgs : L%(E) — L*(E) ® QF is given by,

Bos(xr) ZXJ@JU where 7€ E.
oek
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Therefore it follows that (Q°, Ags, Bos) is universal in CE;VE)' To prove that Z° is a Woronowicz

C* ideal, we observe the following relations:

1. Let 0 € E,,, and 7 € E,, such that m # n. Then

(M5 @ W) Apan(u?) = > 02 @0l =0
T'eR

as v7 = 0 when 7’ € E,, and v?, =0 when 7’ € E,,.

2. Let m be a nonzero integer such that E,, # ¢. Let (k,l)s, (k',l')s' € E,, be such that

(k,s) # (K',s'"). Then we observe that,

kl)s (K 0')s"™
(75 @ ms) ABan( Z ugi,j))rugi,j’)z

33" E€Vh

_ (kzl)s (k/Jl)s/* (k‘1,ll)51 (k‘2712)5‘;
= D Ui Ui ©C 2 e Vg )
(k1,01)s1, 5,3’ eVE
(k2,l2)s2€Em "

_ (krl)s (k/7l/)8/* Z (k1,ll)51 (klle)si(
= Z Ulkrdn)s Ukin)st @ Vg Vg )
(k1,l1)s1, JJ' eV,
(k1,l2)s1€Em
m !l gl !
_ (k,0)s (K',1')s"™ mpki1s1 __ /A
- Z ( Z U(k17l1)51v(’€1yl2)51) ® eir =0 as (k’s) 75 (k ) S )
s1=1 [q,leVE,
kevs 7

The quantity ’"”9?1}51 in the above expression is independent of I1,lo € V,!. Now let us

choose 1,1',11,1; € V! such that (k,0)s, (k,U')s, (k,l1)s, (k,l})s € E,, then it follows

that,
ks (kI')s*
(7Ts®7Ts)ABan( Z UEZ'J)):UEZ'J/));?)
JJ'eVE,
. (kD)s  (k,l')s* (i1,51)r1, (i2:32)r5
= Z Uit gy Vi gayrs © Z Yigyr Yagyr )
(i1,51)71, 5,3 €V,

(i2,j2)r2€Em

_ (k,l)s (k,1")s* (i1,41)r1, (11,52)77
= > Viir gy Yia gy © ( > Vi Yy )
(ihjl)rlz jvjlevﬁm
(i1,j2)r1€EEm
m !
_ (kvl)s (k7l )5* mpi1T1
- Z( Z U(ildl)?‘lv(ihh)rl)@ Oir
r1=1 j1,jo€V}
Hevs J1,J2€ Vo,
m
_ m ks mpi1iri
- § : 97;1T1® eir :
ri1=1
WEVS,
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As the above expression is independent of [ and I’, we observe that,

s (k0')s kl1)s (k,l})s*
(7Ts & 7TS>ABan Z ’LL (4,5 TUEZ] )) ) = (7TS ® WS)AB‘L”( Z ugivj)lg ugi,j’l))r )
Ji' €V, 33'€V

Hence Z° is a Woronowicz C*ideal in QB‘}‘%) making ngf%) /75 universal in C(SV,E)'
We will use similar arguments to show that CfVE) also admits a universal object. Let 7! be

a C* ideal in QB‘m generated by the following relations,

1. u¢ =0 for all 0 € E,, 7 € E, where m and n are two non zero integers such that

2. Let m be a nonzero integer such that E,, # ¢. The for any (k,l)s, (K',l')s' € E,,,
jeVtandre{1,.,m},

k\)s* (k'Jl")s'
Z‘:/ ugi’j))T “Ez",j)z =0 whenever (I,s)# (I',s)
1,1’ €VS

and for all k, k', k1, k) € V2 such that (k,1)s, (K',1)s, (k1,0)s, (k},1)s € Ep, j € V}!, and
re{l,..,m},

(kD)s* (K'\)s (k1,0)s* (K41
Z Ui gyr Y = Z Uigyr Wiy

eV Qi VS

As in the previous case, it is enough to observe that Z! is a Woronowicz C* ideal in QB“”
Let m; : QB¢ VE) Q(V’%) /7t be the natural quotient map and we write 7 (uZ) = vZ for all
o,7 € E. Let m be a nonzero integer such that E,, # ¢. Let (k,l)s, (k',l')s’ € E,, be such
that (I,s) # (I, s’). Then we observe that,

ks (K 1s'
(Wt@ﬂt)ABan( Z ugz’,j))r uEi’,j)Z‘ )
1,1’ €V

o (k,0)s* (K'l")s' Z (k1,01)sT  (ko,l2)s2

= . Uity kaida)ss © ( Vg Ui )
(k1,01)s1, RIS

(k2,l2)s2€FEm

o (k,0)s* (k’ )s' (k1,01)sT  (k2,l1)s1
- Z Ylkr,d1)s1 Uk )1 ®( Z v(i,j)r 1U(i'7j)7” )
(k1,l1)s1, i,i’EVS,
(k2,l1)s1€Em
- (kD)s* (K1)
, S* /7 / S/ mAl
=> (> Vi i)s: ko iysn) @ 057 =0 as (I,s) # (I, "),
s1=1 ki,k2€VS
l1€V



108 Chapter 6. Source and target dependent co-actions on (V, E)

The quantity méé-lrsl is independent of k; and ko. Now let k, k', ki, k] € V5 be such that
(k,D)s, (K, 1)s, (k1,0)s, (k],1)s € Ep,. As before, we observe that,

* k.l
(7Tt®7Tt)ABan Z u El J)) )

1,1’ €V

o (k,D)s*  (K'\Ds Z (1,077 | (i2,52)r2

= > Vit gy Ylingayrs @ Uiy Uiy )
(i1,71)r1, 1,8’ €V,

(i2,j2)m2€ Em

_ (k,D)s*  (K'Ds (t1,50)r7 | (i2,51)71
B Z v(ihjl)?“lv(imjl)?“l@( Z Yagr Ve )
(i1,51)71, 1, €V,
(i27j1)7‘16E7n
m

_ (k,0)s (K'1)s* majiry
- Z ( Z U(h,jl)mv(imﬁ)h)@ GJ'T
r1=1 1i1,i2€V;$
]16\/

m

_ § : Hls mAjU”l
- 0]17"1 er .
r1=1
J1EVE

As the above expression is independent of k and %’ it follows that for all k, k', k1, k] € V,3,

k)s* (kK'\l)s k1,0)s*  (Ky,D)s
(me 7 Apan( 3w uf)) = (m© m)Apan( 37w )
L'V i,i' €V,

Hence Z* is a Woronowicz C* ideal in Q?‘/‘?% making Qﬁ}f%) /7t universal in CfV’E).
Now for the last part, to show that the category C(s"jE) admits a universal object, we define

a C* ideal in Z%! in g}‘%) which is generated by the elements of the set Z° U Z!. From

. B
the previous two cases it is clear Z% is a Woronowicz C* ideal in Qg/‘?% making Q(xg%) /Tt

universal in C(V’E). O

Remark 6.3.2. Let us call the universal objects in Cfy, ), Cfv’E) and Cf"f’E) by Qfy ). vayE)

and inﬁ’E) respectively with respective co-products As, Ay and Ag ;.

6.4 Automorphism groups of source and target dependent quan-

tum symmetries

The universal objects waE)' QEV,E) and Q?{ZE) are the automorphism groups of source and
target dependent quantum symmetries of (V, E'). In light of the final remark mentioned in the

end of subsection [6.2.4] we propose the following set of definitions.

Definition 6.4.1. Let (V,E) = Up,(Vin, Er) be a directed multigraph where (Vi Ep,) is

the uniform component with degree m. The automorphism group of source dependent
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quantum symmetry of (V, E) is the universal C* algebra Q‘EV’E) generated by the elements of
the set
Un {7 |k € Vi3oros = 1, om}y U{glij € V)

such that the following conditions hold:

1. The matrix Q = (Q§)i,jev is a quantum permutation matrix satisfying
QW =WwaQ

where W is the adjacency matrix of (V, E).

2. For a nonzero m such that E,, # ¢ the matrix (™~**)s ._1__m is a quantum permuta-

tion matrix satisfying

qF(MAksy =maksek forall ki VEirs=1,..,m.

The co-product Ag on va ) is given by

As(q)) =D g ®qf and A () = Z myksgk, @ Mk
keV s'=1
Kevs

The canonical co-action 3 on‘E’V By on (V, E)) which preserves its source dependent quantum

symmetry is given by,

Bs(Xigyr) = D, Xeeiys @ "E%afq.  where (i, §)r € Ep,.
(k,l)5€ Em

Definition 6.4.2. Let (V,E) = U, (Vin, Er) be a directed multigraph where (Vi,, Ep,) is
the uniform component with degree m. The automorphism group of target dependent
quantum symmetry of (V, E) is the universal C* algebra QEVE) generated by the elements of
the set

Un{™ 1 eVl rs=1,..,m}U {q;-|i,j eV}

such that the following conditions hold:

1. The matrix Q = (Q§)i,jev is a quantum permutation matrix satisfying

QW =WQ
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where W is the adjacency matrix of (V, E).

2. For a nonzero integer m such that E,, # ¢ the matrix ("v £5)57r:17,,,m is a quantum

permutation matrix satisfying

ml/lsqj = qé m lrs forall 1,j€Vi:sr=1,.,m.

The co-product Ay on Q%V &) s given by,

A qu®q] and A m ls Z mylsql ® Vl’/
keVv s'=1
%

The canonical co-action 3¢ of in B) on (V, E) which preserves its target dependent quan-

tum symmetry is given by,

Be(X(igyr) = Z X(k)s @ aFd; vy where (i, j)r € En.
(k l)SEEm

Definition 6.4.3. Let (V,E) = Up,(Vin.Ep,) be a directed multigraph where (Vp,, Er,) is the
uniform component of degree m. The automorphism group of source and target dependent

quantum symmetries is the universal C* algebra Q generated by the elements of the set
Un{™*keVsirs=1,..m}uU {q;-]i,j eV}
such that the following conditions hold.:
1. The matrix Q = (q;)i’jev is a quantum permutation matrix satisfying
QW =Wwa@

where W is the adjacency matrix of (V, E).

2. For a nonzero m such that E,, # ¢ the matrix (m'yfs)w:lwm is a quantum permuta-
tion matrix. Let ki,ky € V) and [ € V,f1 be such that ky — | and ko — 1 in E,, (see
notation . Then we assume that,

makis —makesforall s, =1,..,m;
k k k k kis 1 l k
m’7rlsqz t= qZ ! m7r18 and er'rlSq] - QJ myrls
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forallie Ve, je Vi ands,re{l,.,m}.

The co-product A on Qf‘ﬁ p) is given by,

Ast q] Z qk & qj and Ast m,}/fs Z mrys, Qk ® m’)/?]f s
keV

lc’evS
The canonical co-action f3s; of Q?& By on (V, E) which preserves both of its source and target

dependent quantum symmetries is given by,

Baa(Xjyr) = D Xiys @ @hq ™F where (i, j)r € Ep,.
(k‘,l)SEEm
Remark 6.4.4. It is clear from the definitions themselves that the universal commutative CQG's
in the categories Cy, 1), C(VE) and C(VE) are C( (VE)) C’(G(VE)) and C’(Gf{iE)) respectively.
We also want to mention that despite having wreath product relations with respect to
induced permutations on V* and V', in general Q?S,E) is not a quantum subgroup of QBZC B)

as qf and qé do not need to commute whenever Elk and EJZ are nonempty.

6.5 Source and target dependent quantum symmetries of an

undirected multigraph

We define the notion of source and target dependent quantum symmetries in an undirected
mutigraph in the same way as we did in case of a directed graph. For an undirected multigraph

t s,t . . . .
(V, E,j) all the categories C(VEJ) C(VE’].) and C(VE’].) coincide as it should, because there is
no inherent meaning of source and target maps in an undirected multigraph. We will use the

same notation described in section [6.2.1] Let us start with the following proposition.

Proposition 6.5.1. Let (V, E, j) = Up,(Vin, Em, j) be an undirected multigraph where (V,,, Ern,j)'s
are its unifrom components. Let 3 be a co-action of a CQG (A, A) on (V, E,j) preserving its

quantum symmetry in Banica's sense. Then the following conditions are equivalent:
1. Adg(X;,) € X, ® A for each nonzero integer m such that E,, # ¢.
2. AdE(Xﬁn) C X!, ® A for each nonzero integer m such that E,,, # ¢.

Proof. Let (uZ)srcE be the co-representation matrix of 3. Let m be a nonzero integer such

that E,, # ¢. Leti € Vp,,, r € {1,..,m}, (k,l)s and (K,l")s’ € E,,. Using lemma we
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observe that,
(kD)s (K 1)s"™ _ (Lk)s* (V.K')s'
D WapUige = 2 UG Ui -
7,3 €V 7,3 €Vim
The equivalence in proposition follows from remark [6.2.4] and the above observation.

O]

Definition 6.5.2. Let (V, E.j) be an undirected multigraph and 3 be a co-action of a CQG
(A,A) on (V,E,j) preserving its quantum symmetry in Banica’s sense. Then [ is said to

preserve its source and target dependent quantum symmetries if the following condition holds:
Adg(X;) C X, ®A

for all nonzero integer m such that E,, # ¢.

Before moving to the main result of this section we recall the defintition of a path in a

multigraph.

Definition 6.5.3. Let (V, E) be a multigraph (directed or undirected with an inversion map j ).

Let k,k' € V. A path from k to k' is a finite sequence of edges {01,049, ...,0,} such that

s(oig1) =t(oy) forall i=1,.,n—1,

s(o1)=k and t(o,)=k.

Theorem 6.5.4. Let (V,E,j) = Un(Vin, Em,j) be an undirected multigraph and 3 be a
co-action of a CQG (A, A) on (V,E,j) preserving its source and target dependent quantum
ma ks

symmetries. Let m be a nonzero integer such that E,,, # ¢ and ("7,*)s r=1,..,m be the quantum

permutation matrices defined in proposition[6.2.8 Then we have the following:
mfyffs = m’yffls forall s,r=1,..m and k,k €V,

such that there is a path from k to k' in (Vyy, Ep, ).

Proof. Let us fix a nonzero integer m such that E,, # ¢. Let k,l € V,,, be such that Kk — [ in
E,,, (see notation [6.1.1]). As our multigraph is undirected, we also have | — k in E,,. To prove

our theorem, it is enough to show that

m’yfs:mfyff forall s,r=1,..,m.
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Let i,j,k,l € V;;, be such that i — j and k — [ in E,,,. From lemma and proposition

6.2.8| we observe that,

cala = (M) = aid (6.5.1)

Using equation we further observe that,

m . ks m ks k_l m, ks k l
Tr = Yr 4; 45 = E Tr 4i 95
1,5€EVm 4,JEVm
1—]
k lm_ls k. Ilm_ls m,ls
= E aG4q; Yy = E 4;9; Yy = Vp-
1—]
Hence the theorem is proved. O

We propose the following definition of automorphism group of source and target dependent

quantum symmetries of an undirected multigraph (V, E, j).

Definition 6.5.5. Let (V, E,j) = Un(Vin, Em,Jj) be an undirected multigraph. The auto-
morphism group of source and target dependent quantum symmetries of (V, E, j) is the

universal C* algebra Qfé E.j) generated by the following set of elements
Un{™ ¥k € Vi, s =1,..,m} U {q§|i,j eV}

such that the following conditions hold:

1. The matrix QQ = (Q§)i,jev is a quantum permutation matrix satisfying
QW =WwQ

where W is the adjacency matrix of (V, E, 7).

2. For a nonzero m such that E,, # ¢ the matrix (myf5)57r:1,,,7m is a quantum permuta-

tion matrix. Let us consider ki, ks € V,,, such that there is a path in E,, between kiand

ko (see definition[6.5.3). Then we assume that,

m_kis ki kim_kis

and " Yqt =gt "My

m_kis _ m_kos
r

PYT - Y

for all i € V,,, and s,r € {1,..,m}.
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The co-product A on Q‘(S&E i) is given by,

m
‘ ' k k ks k K's'
Aoa(d)) =Y di@dqf and Ay (M%) = D "y @™y
keV s'=1
kK eVm
The canonical co-action [3,; of Q?ii,E,j) on (V,E,j) which preserves both of its source and

target dependent quantum symmetries is given by,

Bs.t(X(ij)r) = Z X(ki)s © @7 dy ™55 where (i,j)r € En.
(k,l)s€En,



Chapter 7

Examples and applications

7.1 A summary of what has been done

Before going to examples, we start this chapter with a diagrammatic summary of all different
categories of quantum symmetry preserving co-actions on a directed multigraph (V, E). In figure
the arrows denote inclusion functors between two categories where the former is always a

"full" subcategory of the latter. For an “undirected” multigraph (V, E, j), (see definition[2.1.7)),

the categories Cé”V’E’j), C€V7E7j) and Cf\iE,j) coincide (see proposition [6.5.1f). We conclude this

CBan

/ (V.E) \

s st
Cove < Cip) Clv.p)

N

Cy

FIGURE 7.1: Inclusions of different categories for a directed multigraph (V, E)

section with a brief summary of similarities and differences of these different categories of

quantum symmetry preserving co-actions in form of a table.

115
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Category Existence of universal object | classical variant | preservence  of
name of the universal | uniform compo-

object (if it ex- | nents of (V, E)
ists)

Cg}’lg) Yes (theorem (4.4.3 strictly bigger than | No

G‘(l"‘}fE)(see exam-
ple 1)

C(Sg%) Yes for a class of multigraphs G?"‘}fE) (definition | Yes (propositions
(theorems and [4.4.5)), in | [2.1.11] and )
general, not known.

C(B{};CE) Yes (theorem [4.4.5 GE‘{}?E) Yes (propositions

|5.2.1|and 5.2.2

Clv.p) Yes (theorem [6.3.1 Glv.p (definition | Yes  (proposition

|6.1.3|) |6.2.2|)

CfV,E) Yes (theorem [6.3.1 G%V,E) (definition | Yes  (proposition

|6.1.3|) |6.2.3|D

CF{ZE) Yes (theorem [6.3.1 G?&E) (definition | Yes  (proposition

|6.1.3|) |6.2.2| or |6.2.3|)

7.2 Examples and Computations

In this section we compute various quantum automorphism groups for a

graphs.

7.2.1 Example 1:

FIGURE 7.2: A multigraph with n loops on a single vertex

few selected multi-
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Let us consider the multigraph in figure where the vertex set has a single element a
and edge set ¥ has n number of loops. The multigraph can be regarded both as a directed
multigraph (V, E) or an undirected multigraph (V, E, j) where the inversion map j = idg. The
universal CQG associated with (V| E), QB“” is generated as a universal C* algebra by the

elements of the matrix (u7)q -cp satisfying the following relations:

g1 0'2*_ g1* 0‘2 _
§ Ur - 01702 ) E Ur - 01,0217

TeE TeEE
_ T% T _
§ :u0'1 02_ 0'110'2 ’ § u0'1 oo T 0'170'217
TEE TEE
E UUI _
TEE

where 01,09 € FE.

The universal C* algebra associated to (V, E, j) is given by

B Ban
Qs =%V.E) [ (ul —ul*|o, 7 € E)-

From theorem , it follows that the category C(S‘y,fg) admits universal object which is g}CE)
Moreover it follows that g}'fEJ) == g,iﬁg) = S where S is the quantum permutation
group on n elements. As the vertex set has only one element, it also follows that the automor-

phism groups of source and target dependent quantum symmetries are

7.2.2 Example 2:

FIGURE 7.3: An undirected multigraph with two vertices and n edges among them.

Let us consider the multigraph (V, E, 5) in figure [7.3] where there are n number of “undi-
rected” edges between two vertices. According to definition the edge set E consists of
2n elements with an inversion map j identifying two oppositely directed edges producing an

undirected edge. Let us fix a representation for (V, E, j) (see definition [6.1.1)). Using theorem
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it follows that Cf‘%} ;) admits universal object which is Qﬁ}% j)- The quantum automor-

phism group of the underlying simple graph SZBV“%) is S5~ and is generated by the coefficients of

the following matrix:

where p is a projection. The quantum automorphism group (BVZ'CE i) is the universal C* algebra
generated by p and the coefficients of a quantum permutation matrix (“E%))Z)(i,j)ﬁ(kvl)seff

satisfying the following identities:
n

Zugzgz =p and Zuggsgz =(1—-p) forall re{l,2, ., n}.
s=1

s=1

By defining vl = UEZZ;Z + ugzsgg we observe that,

1. Coefficients of the matrix (v} ), s—1,.n satisfy quantum permutation relations.

a,b)r r r b,a)r
s = USD = DUS = U o and ugbﬂis = (1 —=-ppl =vi(l—-p) = “Ea,bgs for all

Therefore it follows that Qﬁ}% i = St ® S;. The automorphism group of source and target

s,t

dependent quantum symmetries Q(j; , ,y is also Ste S

7.2.3 Example 3:

FIGURE 7.4: An undirected graph of a triangle with n edges between two vertices.

We consider the undirected multigraph (V, E, j) in figure [7.4] where there are n number of
“undirected” edges between the pairs of vertices {a, b}, {b, c} and {c,a}. We fix a representation
of (V, E,j) (see notation[5.3.1)). From theorem W it follows that Cf‘y/%’j) admits a universal

object which is g}CE j)- Itis also clear that ng%) = S5 where (V, E) is the underlying simple
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graph. Let (“EZ:JZ))Z)( J)r(k,1)scE be the matrix of canonical generators of QB‘}CE gy For (i,j) € E

and r,s € {1,2,..,n}, let us define,

i,y _ (4,9)r
PEIT = 3" gy
(k) EE

where {i, 7} is an unordered pair of two vertices. The quantity Ps{i’j}r is well defined because
of lemma . It follows that for all (i,j) € E and k,l € V, Ps{i’j}r commutes with q,i, and
q. Fixinga k € V and (i,j) € E, we observe that PEIT commutes with i foralli' €V
as there are only three points in the vertex set. The quantum automorphism group g}CE 7 is

generated by the following set of generators:
Ui#jEV{Ps{i’j}r‘rv s=1,2,.,n}U {Qﬂkvl eV}

such that the following conditions hold:
1. The matrix (qlk)k,lev is a quantum permutation matrix.

2. For each i,j € V such that i # j, the matrix (P;{i’j}r)m:l,gwn is a quantum permu-

tation matrix.
3. Ps{i’j}r commutes with qf forall k,1 € V;(i,j) € E;rys=1,2,..,n

It is clear that as an algebra ﬁ}CE 7) is (S;F % S % S7) ® S5. Moreover the co-product Ap;.

on QB“: is given by

Apiclaf) = Y ap ©@df and  Apie(PIT) = Z (PE" @ P (glq] @ 1),

k' eV —1
kLI

The automorphism group of source and target dependent quantum symmetries is inﬁEj) =

St @Sy

7.2.4 Example 4

FI1GURE 7.5: Disjoint union of two undirected multigraphs
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Let us consider the undirected multigraph (V, E, j) shown in ﬁgurewhere there n number
of “undirected” edges between the pairs of vertices {a,b} and {c,d}. We fix a representation
for (V, E,j) (see notation [5.3.1)). Let Q = (q})i,jev be the matrix of canonical generators of
Sg/‘?%) where (V, E) is the underlying simple graph. From theorem 7.1 of [BBQZ4] it follows
that the matrix @ is of the form,

[ (1—p)t p(l—1)  (L-p)(1—1t)]
(1-p)t pt 1-p@-t) p(l-1) (72.1)
q(1—1) (1-g(1-1) qt (1-q)t

(I=qg1-=1)  q1-1) (1—q)t qt |

where p, q,t are projections satisfying pt = tp and qt = tq. It is easy to see that q?c com-
mutes with ¢/ for all (i,7), (k,l) € E. Hence we have Sg/(% = S(BV%). Furthermore from

theorem m it follows that C(S‘l}%j) admits a universal object which is Qﬁ}'ﬁg’j). The quan-

tum automorphism group Qﬁ}% ) is the universal C* algebra generated by the following set of
projections:

U(i,j)eE{Ps{i’j}TW s=1,2,..,n} U{p,q,t|pt =tp; qt =tq}
such that the following conditions hold:

1. For all (i,4) € E the matrix (Ps{i’j}r)m:m,_m is a quantum permutation matrix.

d}r

2. P commutes with p and £ and PI“®" commutes with ¢ and ¢ for all r,s = 1,2, ... n.

The co-product Ap;. on the set of generators is given by

Apic(p) =pt@p+ (1 -pt@ (1 —p)+p(1 —t)@q+(1—-p)(1—-1t)® (1 —q),
Apic(q) =qt@q+ (1 -t (1 -q) +q(l-t)@p+ (1 —q)(1-t) @ (1 —p),

Apic(t) =t®@t+(1—t) @ (1—1),
Apic(PLe) = S (tPI @ Pl 4+ (1 - ) P @ pled),

s'=1

and  Apio(PA) = ST PL @ pledls) 1 (1 - pPLoDT o pob)).

s'=1

As (V,E) has two connected components corresponding to two unordered pairs of vertices

{a,b} and {c,d}, from definition [6.5.5| it follows that Q‘E"’ZEJ) = éBVi,CEJ)'
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FIGURE 7.6: Graph of a square with n edges between two vertices.

7.2.5 Example 5

Let us consider the undirected multigraph (V, E, j) mentioned in figure where there are n
number of “undirected” edges between the pairs of vertices {a,c}, {c,b}, {b,d} and {d,a}.
We fix a representation for (V, E,j) (see notation [5.3.1). Let (V, E) be the underlying simple
graph. Using lemma [2.5.12]for underlying simple graphs of the multigraphs mentioned in figure
and it follows that Sg/‘%) is generated by the entries of the matrix [7.2.1f where p, g, t
are projections such that pt = tp and qt = tq. As p and ¢ are free, it follows that

qqts = (1 =p)(1—-q)(1—=1t) # (1 —q)(1 —p)(1 —t) = qpqg-

Therefore S8 and SBi_ are not isomorphic as compact quantum groups. From theorem

(V.E) (V,E)
, it follows that Cf‘%}’j) is strictly bigger than C{?V%,j)' Though we do not know whether the

category C(s‘y/% 7 admits universal object or not, in chapter|§|, we have constructed a subcategory

Cf"ij) of Cay/ng j) Which does admit a universal object namely QféEj). The compact quantum

)t . . .
group waEJ) is a non-Bichon type quantum subgroup of va‘f%j). The automorphism group

of source and target dependent quantum symmetries Qf{ﬁEj) is the universal C* algebra

generated by the following set of elements:

{7l s =1,2,..,n} U {p, q, t|pt = tp; qt =tq}

where 77, p, g, t all are projections satisfying the following conditions:
L. (7%)rs=1,2,.n is @ quantum permutation matrix.

2. Yep =DV, V54 = qvg and tyg =gt forall s = 1,2, ., n.



122 Chapter 7. Examples and applications

The co-product Ay ; is given by

Agi(p) =pt@p+(1-pt@(1—-p)+p(l-t)®q+ (1-p)(1-1t)@(1—q),
Asi(@) =qt@q+(1-)t®@(1—q)+ql-t)@p+(1-q¢)(1—-1)® (1 —p),

Asi(t) =t@t+(1-t)®(1—1t)

)

n
and A (7)) = b @95
=1

We finish this section with the following question:

Question:

sym

It is interesting to ask whether C(V7E7j)

admits a universal object or not in the context of example

s,t

5. If the answer is negative, then it is also worth investigating whether C(VEj) is the “largest”

subcategory of C;‘y/"é ;) Which admits a universal object of non-Bichon type.

7.3 Applications:

7.3.1 Quantum symmetry of Graph C* algebras

In the context of quantum symmetry, it is interesting to study the graph C* algebras as they
are mostly infinite dimensional although the function algebras associated with graphs are not.
In this subsection, we will see that our notions of quantum symmetry in multigraphs lift to the

level of graph C* algebras, We recall the definition of a graph C* algebra associated with a

directed multigraph (V, E). For more details, see [Rae0d], [BEVW22], [PROA] and references

within.

Definition 7.3.1. For a finite directed multigraph T' = (V, E) the graph C* algebra C*(T)
is the universal C*algebra generated by a set of partial isometries {s.|T € E} and a set of

mutually orthogonal projections {p;|i € V'} satisfying the following relations among them:
1. s7sy =pyr) forall T € E wheret: E — V is the target map of I.
2. Y cpisrsy =p; foralli € V° where V° is the set of initial vertices in I
We have the following properties of graph C* algebras (subsection 2.1 of [PRQ6]).
L > ey pi=1in C*(I).

2. Forany i€ V*, {s;si|T € E'} is a set of mutually orthogonal projections and s s5, = 0

forall | #m € F.
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We will be generalising the main result in [SWI8] in our framework of quantum symmetry in

multigraphs using similar arguments.

Theorem 7.3.2. Let I' = (V, E) be a directed multigraph and /3 be a co-action of a CQG
(A,A) on (V,E) preserving its quantum symmetry in Banica's sense (see definition [4.2.2).
Then B induces a co-action 3 : C*(I') — C*(I") ® A satisfying,

Bp)=> pe®q

keV

Bsr) =3 so 0l

celk

where (u?), e and (gF) kicv are the co-representation matrices of 3 and its induced co-action

a on C(V).

Proof. For T € E,i € V, let us define S;, P, € C*(I') ® A by

ST:ZSU(@ug,

celk

P=> pmog.
keV

For i,5 € V, we observe that,

PPy = Zpk ® qu;? = 0, Zpk ®qF =6, ;P
keV keV

Hence {P;|i € V'} is a set of mutually orthogonal projections in C*(I")®.4. Using the properties
of C*(I") mentioned in definition we observe that,

* _ * o1%,, 092
for Te B, SIS = E 85,805 @ Uit ug

01,02€E

= Z 5550 @ ul ul
celR

= Pyo) @ uTug
celR

- S ne ¥
kevit o€l

k

= Z Pk & 4i(ry = Py

keV

and for i€ V? Z S;SE = Z 50155y @ Z uZtud?*

TEE? o1,02€E TER?
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- Z 8013;2®601,02q5(01)

01,09€E

=D (Y soss)@af
keVs gecEF

= Zpk ®qf = P
keV

By universality of C*(T"), there exists a C* homomorphism ' : C*(T") — C*(T") ® A such that,

B'(sr) =5, and B'(p;) =P

forall 7 € E and i € V. It only remains to show that 3’ is in fact a co-action of (A, A) on
C*(T"). The co-product identity holds as it is easy to check that on the set of generators of
C*(T'). Let us define

S = linear span 3'(C*(I"))(1® A) C C*(T') ® A.

To conclude that 8’ is a co-action of (A, A) it is enough to show that S is norm-dense in
C*(T") ® A. We proceed through following claims:
Claim1l: p;® 1,5, ®1,st®@leSforallieV,7 € E.

Let : € V,7 € E. We observe that,

BN =Y me dd)=p®Y d=pel,

JjeV lev jeVv Jjev
S Fe)1our) =Y sy (S uur) = s e,
cel o' ek ceFE

S eu) =Y e (Yt =5 ol
celk o'elk oc€FE

In the above computation we have used the fact that 3 and 3 both are unitary co-representations

on L%(E). As all the elements mentioned in the left are in S, claim 1 follows.

Claim2: fz®1,y®1€ S, then zy® 1 € S.

Let us assume that,

z1=Y fle)laf) and yol=> p(g) (1o h;)
i=1

i— j=1
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where e;,g9; € C*(T") and f;, h; € A for all 4, j. We observe that,

ry1=> Ble)(1® fi)ly®1)

i=1

—Zﬂ (e)ly @ (1@ fi)
—Zﬂ (ei)B'(95)(1 @ g5)(1 @ f;)

= Z B (eig;) (1 ® g;fi)

4,J
Hence claim 2 follows.

From claim 1 and claim 2 it is clear that,
C*(T') ® 1 C norm closure of S.
As forany T € Sand x € A, T(1 ® x) is also in S, we conclude that,
C*(I') ® A C norm closure of S.
Hence our theorem is proved. O

7.3.2 Co-actions on C* correspondences

In a private communication with Jyotishman Bhowmick ([Bho22]), he pointed out that our
framework of quantum symmetry in multigraphs also fits into the framework of co-actions on

C* correspondences. We start with the following definitions. For more details, see [Kat04],

[KQRTY], [B]] and references within.

Definition 7.3.3. Let B be a unital C* algebra. A C* correspondence over B is a pair (X, ¢)
where X is a right Hilbert B-module and ¢ : B — Lp(X) is a C* algebra homomorphism.

Moreover, (X, ¢) is said to be “non-degenerate” if linear span of ¢(B)X is norm-dense in X.

Definition 7.3.4. A co-action of a CQG (A, A) on a C* correspondence (X, ¢) over a unital
C* algebra B is a pair of maps (3,«) where a« : B — B ® A is a co-action of (A, A) on the
C* algebra B and 8 : X — X ® A is a C-linear map satisfying the following:

1 (B®id)oB = (id® A)o B.

2. Linear span of B(X)(1 ® A) is norm-dense in X ® A.
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3. B(o(0)€) = (¢ @ida)(a(b))B(§) forallbe B, & € X.

4. < B(&),8(n) >pea= a(< &,n >p) where <,>p is the B-valued inner product on X

and <, >pg. is defined by
<E®a,n®b>pga=<E,mn>p ®a’d

forallé @ a,n®@be X ® A

Remark 7.3.5. In [Kat04), Katsura showed that (3) and (4) in definition[7.3.4 together imply,
B(£.b) = B(§)a(b) forall &€ X,be B.

For a finite directed multigraph (V, E), L*(E) is a right C(V)-module where the right

module structure and C'(V')-valued inner product are given by,

X7-Xj = Ou(r),jXr and < Xo, X7 >c(v)= o, Xi(o)

forallo,7r€ Fand j € V.
The pair (L?(E), ¢) is a C* correspondence over C(V') where the C* algebra homomorphism
¢: C(V) = Loy (L*(E)) is given by,

o(f)(xo) = f(s(o))xo forall feC(V),o0€E.

Proposition 7.3.6. Let 5 be a co-action of a CQG (A,A) on a finite directed multigraph
(V, E) preserving its quantum symmetry in Banica's sense (see definition . Let o be the
induced co-action on C(V'). Then (B3, a) is a co-action on the C* correspondence (L*(E), ¢)

in the sense of definition

Proof. As f3: L?(E) — L?*(E)® A is a bi-unitary co-representation on the Hilbert space L?(E)
it is easy to see that 3 satisfies (1) and (2) of definition [7.3.4] (3) of definition follows
from propositions [4.2.5] and the following observation:

d(Xi)-Xr = 05 s(r)Xr = Xi-Xr forall Te€E i€V
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To show that [ satisfies (4), for 71,7 € E, we observe that

< IB(XT1)7 /B(XTQ) >C(V)®A =< Z Xo1 ® ug117 Z Xoo ® u?'; >C(V)®.A
o1€EE ool

*
= E < Xo1s Xoz >C(V) ® Ugll U%Q
01,02€E

= Xio) @ uZ U,
oclk

= Z Xj ®(Z ugﬁ*u%)‘

JeV? o€EE;

Using remark and antipode on the underlying Hopf * algebra of matrix elements of (A, A)

we get,
< B(xn) BXn) >cpa = D Xi ® ()
jevt
= 57’1772(2 Xj @ qz]f(n)) = a(< X715 X72 >C(V))
JEV
As {x|T € E} linearly spans L?(E), our proposition is proved. O

Remark 7.3.7. In [BJ] we see another approach to quantum symmetry in simple graphs where
one considers a restricted category of CQGs co-acting equivariantly on the C* correspondence
coming naturally from a simple graph. It is interesting to compare this approach to our ap-
proaches of quantum symmetry and see whether the idea can be extended into the realm of

multigraphs.

7.3.3 Quantum symmetry on Potts Model

Potts model is one of the fundamental models in statistical mechanics. We have given already
a brief description in section of chapter In [GAH22] we have been able to define a notion
of quantum symmetry in g-state Potts model where the underlying graphs are simple graphs
without loops. Using the machinery developed there we have shown that in some toy models,
how slight fluctuations of Hamiltonian can lead to drastic changes in quantum symmetry making
a possible case of phase transition in the system. In chapter [§] we have extended our treatment

in the context of multigraphs.






Chapter 8

Quantum symmetry in g-state Potts

model

In this chapter we will be describing the notion of quantum symmetry in a g-state Potts model
and demonstrate the importance of quantum symmetry in the theory of phase transitions in
some simple physical models through examples. Though the original work done by us in [GAH22]
were concerned with only undirected simple graphs, similar computations can be carried out in
the context of undirected multigraphs as we will see in this chapter. Physically, a multigraph
can correspond to lattices of atoms with double or triple bonds. We will see later through
examples that slight change in energy in one of the bonds can effect the quantum symmetry
in the system drastically. We will also be using a simpler version of Potts model for simpler

mathematical treatment.

8.1 Hamiltonian on an undirected multigraph

Let (V, E,j) be an undirected multigraph with no loops. A g-state Potts model (¢ € N and
g > 2) on (V,E,j) consists of a set of configurations Qp and a Hamiltonian Hp : Qp — C

defined as follows:

Definition 8.1.1. A configuration w for a g-state Potts Model on (V, E, j) is a function from

V to a finite set X, consisting of ¢ number of elements. The Hamiltonian Hp is defined to be:
Hp(w) = Z JT(SUJ(S(T)),LU(t(T)) for all w € Qp (8.1.1)
TeER

where J; € C and J. = J7 for all T € E. The expression d,,) . is equal to 1 if w(k) = w(l)

and is O otherwise.

129
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A word of caution

One should not confuse the linear map J : L?(E) — L?(E) coming from the inversion map
in an undirected multigraph with the set of parameters {J;|7 € E} of the Hamiltonian in
definition B.1.1] as they are completely unrelated. There will not be any notational confusion as
the linear map J : L?(E) — L?(E) itself will not be used in this chapter explicitly anywhere.

We end this section with the following remark.

Remark 8.1.2. For any k,l € V let us define Aé“ = ZTeElk: Jr if Elk + ¢ and AF =0

otherwise. From equation [8.1]] for any configuration w € Qp we have,

k
Hp(@) = 3 Jrdutsmann = 22 D Tduwwn) = D Aldupww:  (812)
T€E kIEV ek kleV

Ertg
The matrix (AF)kicv is a symmetric matrix as J; = Jr for all T € E.

Now we discuss the notion of quantum symmetry in Potts model.

8.2 Hamiltonian as a bilinear form

Let (V, E, j) be an undirected multigraph without loops with a specified Hamiltonian Hp. Let
us consider a to be a co-action of a compact quantum group (A, A) on C(V). We want
to describe what it means for « to preserve the Hamiltonian Hp. Such a co-action can be
described to preserve the quantum symmetry of the g-state Potts model on (V. E, j). For our

purpose, it is convenient to see a configuration w as an element of C(V') ® C*(Z,) such that,
w(k) = Xg, for some g € Zg.

Let 7 : C*(Zq) — C be a linear functional defined by 7(f) = f(e), where e is the identity
of the cyclic group Z,. Let us define a bilinear form <, >p, on C(V) ® C*(Z,) by

< foh>ap= Y AfT(f(k)* % h(D))

klev

where f and h are arbitrary elements in C(V)®C*(Z,) and f(k)*(9) = f(k)(g~'). We observe

that,
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< fih>mp = ) AFT(f(R)" * h(D))
klEV

ZAIT Zf (91)Xg,) * Zh (92)Xg2))

k,leV g1€2Zq g2€2Lq

> AFTBgh0(92)7 (x,,)

k,leV
g1 »ngZq

= > Aff(R)(@9h()(g)  (asT(xg) =1iff g=e)
k,leV
g€ZLq

Let w € Qp. We observe that,

<ww>a, = Y Ajw(k)(gwl)(9)
22

=D A wk)(g)w(D)(9))

k,leV gE€Lq

=Y Afbgg  (asw(k)(g) =xg,)

kleV

— Hp(w). (8.2.1)
<,>np induces an A valued bilinear form <, >py,g4 on C(V) ® C*(Z,) ® A given by
<f®a,h®@b>pog4:=< f,h>n, a*b.
Let us define o/ : C(V) ® C*(Z,) — C(V) ® C*(Z,) ® A given by,
o = (id @ o93)(a @ id)

where 093 is the standard flip between 2nd and 3rd coordinates. It is easy to see that o/ is a

co-action on the algebra C (V) ® C*(Z,).
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8.3 Notion of quantum symmetry in Potts model

8.3.1 Co-action preserving the Hamiltonian

Definition 8.3.1. Let (V,E,j) be an undirected multigraph without loops and there is a
specified Hamiltonian Hp on it. Let a be a co-action of a CQG (A, A) on C(V). The co-

action « is said to preserve Hp if the following holds:
<w,w >g,=<d(w),d (w) >gpea forall weQp (8.3.1)
where <,>p, and o/ are defined in section[8.3

8.3.2 Algebraic characterisations

We introduce some notations for our convenience.

Notation 8.3.2. Let a be a co-action of a CQG (A, A) on C(V') with co-representation matrix

(qlk)kJEV. For B,~v € V, we define,

k_k_1
Soy = D, A,
kleV

Let f € C(V') be defined by,
FB)="A)=>" A% forall BeV.
lev keV

By evaluating right hand side of equation ([8.3.1) we get,

< O/(w)> O/(Ld) >HpoA =< Z O/(Xk: 02y w(k))v ZO/(XZ o2y w(l» ZHpRA

keV lev
= > <xwowk),xw@wl) >, 4 q
kU kleV
frd l//UJ g w g qk/ql/
A w(k) (9w (9)a; ai
KU kleV
gE€ZLq
= > wk)(9)w(D)(9) Sk (8.3.2)
kJleV

9€ZLq
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Remark 8.3.3. From equations[8.2.1] and [8:3.2] it follows that « preserves the Hamiltonian of
g-state Potts model on (V, E, j) iff the following holds:

S oW @A = 3 B @w(@)Su  forall weQp.  (833)
i i

8.4 Some useful observations

Let us fix an undirected multigraph (V, E, j) without loops and Hamiltonian Hp on (V, E, j).
Let us make some observations which will be crucial in the next section for proving the main

theorem of this chapter.

Proposition 8.4.1. Let « be a co-action of a CQG (A, A) on C(V). If the co-representation
matrix () corresponding to o commutes with the matrix (AF) cv, then o preserves the Hamil-

tonian Hp in the sense of definition[8.3.1]

Proof. Let k,l € V. We observe that,

Sw= Y, Afatd => df (O Alq)

K l'eV KevV  lev
Z Z Az Qk QZ’
kKevVieV
-3 e -
k'eV
Hence from equation [8.3.3] the result follows. O

Proposition 8.4.2. Let o be the co-action of a CQG (A,A) on C(V) and h be the Haar
functional on (A, A). If h(Sgy) = Ag for all B,~ € V, then the co-representation matrix Q of

o commutes with the matrix A = (A;c)k,lev-

Proof. Let B,v € V. Then we observe that,

k
A(Spy) = A( Y Aldsar)
k,leV

= > AFA(gHA(Z)

EkleV

= > A dhed)(Yded)

k,leV k'eV 'ev

= > Afghah @ qfdb). (8.4.1)
kK 'eV
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As h is the Haar functional, we have,
(h®id)A(a) = h(a)l forall ac A. (8.4.2)
From equation (8.4.1)) we get,

(h@id)ASs) = > Ah(qhal)dy d
k,LE eV

> (Y Afdha)as 4

kleV kleV

Z Qﬁ q7 (Skrrr)

k\l'eV

Z qﬁq'yAl’ = Spy-

kl'eV

As h is the Haar funtional on (A, A), from our hypothesis it follows that
Sgy = AZL forall B,yeV. (8.4.3)

Finally we observe,

A)s = Z q,iAk Z qr.( Z Al qk qJ (from (8.4.3))

kev kevV K eV
i
= Z A;Q;cq]'
kleV
- Z Algy =
lev
Hence we get that () and A commutes. O

From proposition ([8.4.1]) and proposition ([8.4.2]), we get the following result:

Theorem 8.4.3. Let (A,A) be a compact quantum group co-acting on C(V). The co-
representation matrix () commutes with the matrix (A;C)Ialev if and only if Sgy = Agl for

all B,ve V.

8.5 Preservence of Hamiltionian and weighted symmetry

Let « be a quantum permutation of the vertex set V. We have seen in proposition [8:4.1] that

if the co-representation matrix () commutes with (Af)k,lev then o preserves the Hamiltonian
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n (V,E,j). It turns out that the converse is also true. To show that, we will need the

following lemma.

Lemma 8.5.1. Let a be a co-action of a CQG (A, A) on C(V). If a preserves the Hamiltonian
Hp on (V,E,j), then a(f) = f ® 1 where f is described in notation|3.3.2]

Proof. To show that a(f) = f ® 1, it is enough to show

> fk)g. = ()1 (8.5.1)

kev
forall e V.
Let us fix 8 in V and gy € Z, such that go # e. We definew : V. — C*(Z,) by w(B) = X0
and w(k) = x. for k # B. For w, we evaluate right hand side of equation as follows:

> wB@wO@)Su = Y wB)9w(8)(9)Sks + Y w(B)(9lw(1)(9)Sa
ey s, ‘”

+ ) w(k)(9)w(l)(9)Sk

kl#B
9€Zq

:Zskl

k,l#p8

= Z Z Al’Qle

EI£B KV EV

= D AV1-d¢5)1-gh)

W UEV
Y AV -af —db)
K eV
= > fE) =2 f()g
Kev rev

For w, evaluating left hand side of equation ([8.3.3]) we get,

ST AfuE) (@wl)(9) = > AbwE)(9wB)(9) + 3 AJw(B)(g)w(l)(9)

k,leV keV lev
g€Zq gE€ZLq gE€ZLq

+ Z Af“w(T)(Q)W(l)(g)

kl£B
9€Zq

:ZAgf

k,1#8

=> (F) -

I#6
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=>_f() —2f(B).

lev

By our hypothesis and remark (|8.3.3) we know that equation (8.3.3]) holds. Hence, we conclude
that equation ({8.5.1)) is true and our proposition is proved. O

Now we are in a position to prove the main result of this chapter.

Theorem 8.5.2. Let « be a co-action of a CQG (A, A) on C(V'). If a preserves the Hamiltonian

Hp on (V,E,j), then the co-representation matrix (Q of & commutes with the matrix A =

(AF) kaev -

Proof. We fix 3,7 € V such that 8 # v and gg € Z, which is not e. We define a configuration
w:V = C*(Zg) b
CU(B) = Xgm

w(v) = Xgos
w(k) =xe for k#p,7.

Evaluating right hand side of equation (8.3.3) for w and using lemma we get,

Y Wk (@wD(9)Su =Y w(B)(9w)(9)Su+ Y w(N(9)wd)(9)Sy

kleV I8,y 1#B,y
g€ZLyq g€ Zyq gE€Zq

+ ) wk)(9wB)(9)Sks + > w(k)(9)w(7)(9)Sky

k#Byy k#Byy
g€Zq 9gE€EZLq

+ Z (9)Ski + Sgy + Sys
k#B,y

I#B,y
9€ZLq

= Z Sk -I-Sg'y -I-S%B

k#B,y
I#8:y

=3 AV aFal) + Say + S

Kl'ev k#B,y

I#8,y
% KoK o
= Y AF(L—qf — )1 — a5 — )+ Ssy + Syp
K 'eV
Z A (1~ —qv—qﬁ%—qvqﬂ—qv-i-ngv)
K eV

+ ngy + S,yg
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=D FK) = F(B)L = f()L = F(B)1+ Sy — f()1

k'eV

- Z fE) =2f(8)1 —2f(7)1 4+ 2S5, + 25,5 (8.5.2)
k'eV

By evaluating left hand side of equation ([8.3.3)) for w we get,

> wk) (9w (9A] =D w(B)(g)w (9)A] + > w(9w(l)(9)A]
kleV I#B,y I#8yy
9€Zq 9E€Zq gEZq
+ Y wk)(@wB)(9)Af + Y wk) (9w (9)A]
k#B,y k#B,y
gE€ZLq gE€Zq
+ > wk)(gw(l)(9)Af + AS + A)
k#8,y
I#8,y
g€Zq
=Y AT+ AL+ A
k#B,y
I#8y
= > (f(k)— A — AF) + AP + A}
k#8,y
=Y fk) = > Af— Y Ab Al 4 A
k#B,y k#B,y k#B,y
=Y f(k) = £(B) — f(7) — F(B) + A — f(v) + A
keV
+ A5+ A
=Y f(k) = 2f(B) — 2f () + 247 4 24, (8.5.3)
keVv

From our hypothesis and remark ([8.3.3]) we know that equation (|8.3.3)) holds. Hence, from

equations ([8.5.2)) and ( we get,

Sgy + Syp = (A5 + A1

which implies h(Ssy) = Afj.

as h is tracial on the algebra generated by the coefficients of the matrix (qlk)k,lev inside A.

Since our choice of 3, «v was arbitrary, from proposition the theorem follows.
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Theorem 8.5.3. There exists a unique universal object in the category of compact quantum

groups co-acting on (V, E, j) preserving the Hamiltonian of g-state Potts model.

Proof. From lemma ([8.4.1)) and theorem ([8.5.2)), it follows that a compact quantum group
(A, A) co-acts on (V| E, j) via preserving the Hamiltonian iff the co-representation matrix @

of the co-action a: C(V) — C(V) ® A commutes with the matrix (AF); cv. Hence, from

theorem ([2.5.6]) our claim follows. O

Let us call this unique universal object Quantum symmetry group of Potts model on

(V. E,j).

8.6 Phase transition in some simple models

In this section, we look at some simple examples of Potts models where a slight fluctuation
in the Hamiltonian can destroy the quantum symmetry present in system and turn it into a
classical one or the opposite. This abrupt change in symmetry can indicate towards a phase

transition in the system.

8.6.1 Example 1

We start with the graph of a cube as shown in figure (8.1)). Let the set of vertices be V' =

{1,2,3,4,1',2',3' 4’} and the edges F are as shown in the picture. To specify a Hamiltonian

on (V, E) it is enough to specify the matrix (AF)x c1 (see remark[8.1.2).
Let A € C. We consider the Hamiltonian H), given by,

H)\(w) = Z A;C(Sw(k:)w(l) VweQp (861)
klev

where the matrix (Af)k,lev is given by,

AF =1 if (k1) #(4,4),(4,4),
AL =AY =\

Remark 8.6.1. When A\ = 1, The quantum symmetry group of Potts Model is the quantum

automoprhism group of the graph (V, E) in Banica's sense which is a non-classical compact

quantum group. See for instance ([BBCO7D], [BBCO7d)).
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FIGURE 8.1: The graph of a cube with a specified Hamiltonian on it.

Lemma 8.6.2. When X is not 1, the quantum symmetry group of Potts model on (V,E)

becomes commutative.

Proof. Let A be a complex number which is not 1. Let « be a co-action of a compact quan-
tum group (A,A) on C(V) preserving the Hamiltonian Hy. From theorem the co-

representation matrix () of & commutes with (Af)k,lev-

From proposition [2.5.10|it follows that ¢§ = ¢! = ¢¥, = qfl/ =0when k # 4,4 and [ # 4,4".

Hence it follows that

4 4 4 4/
qy =4qy and qq=qy

Using QA = AQ), we get the following commutation relations:

(AQ)
(AQ)
g =(AQ)} = (QA)} =qi +a3 662
0=(4Q)F = QA =i +d&
gi =(AQ)y = (QA)} = al/ + a&
0=(AQ)3 = (QA)} =d}¥ + &
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From equations ([8.6.2) we note that ¢7 + q§ = 0, which implies ¢2 = 0 and qg = 0. Similarly

@ =@ =¢ = = ¢} = ¢ =0. The co-representation matrix Q becomes,

g 0 ¢ 0 g 0 4
0 ¢ 0 0 0 ¢ 0

0

0

@@ 0 ¢ 0 ¢ 0 ¢ 0
e

00 0 ¢ 0 0 0 ¢
q%/ 0 qgl)/ 0 q%/l 0 qéll 0
0 ¢g 0 0 0 ¢ 0 0
¢ 0 ¢ 0 g 0 ¢ 0
! 4

0 0 0 ¢ 0 0 0 ¢

By equating 1st row of (AQ) and (QA) we get,

ai = (AQ)1 = (QA) = a1
3= (AQ)3 = (QA); =i + a3 =dj
1/ 1 1 1
a3 = (AQ)3 = (QA)3 = g3
’ ’ i (8.6.3)
a1 = (AQ)1 = (QA)1 = qf
@ = (AQ)5 = (QA)y = a1/ + a3 = iy
gy = (AQ)y = (QA)y = g3
Finally, from [8.6.3] and [8.6.2] we observe that,
¢ =q, and ¢ =g forall ije{1,234} (8.6.4)

These are enough relations to conclude that the entries of () commute with each other. Hence

the quantum symmetry group of Potts model on (V, E) is commutative. O

8.6.2 Example 2

We observe a phenomena similar to that we observed in example 1 but in the context of
multigraphs. Let us consider the multigraph (V, E, j) given in figure The vertex set V
consists of 5 elements and edge set F has 10 directed edges where oppositely directed edges
are identified via the inversion map j to produce an undirected edge. Let us denote the edges
emitting from 1 by {09, 0%, 03,04, 05} where o2 and o}, are edges from 1 to 2 and 03, 04, 05 are

edges from 1 to 3,4 and 5 respectively. Let us consider A2, A, € C. We consider a Hamiltonian
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3 4 5

FIGURE 8.2: The multigraph in example 2 with the corresponding Hamiltonian.

Hp on (V,E,j) by

Hp(w) = Z J‘r(sw(s(q—)),w(t(q—)) forall weQp
Tk

where Jo, = Xy = Joz, Joy = Ny = JE and J; = 1 otherwise. Using theorem it is easy
to see that when Ay + \, = 1, the quantum symmetry group of Potts model on (V, E, j) is S
which signifies that the system has quantum symmetry. Any slight fluctuation in the parameters

A1 and Ag such that Ay + Ay # 1, the quantum symmetry group for Potts model becomes S;r

and the system loses its quantum symmetry completely.

8.6.3 Example 3

We look at an example of Potts model where slight fluctuation of Hamiltonian changes the
quantum symmetry of the system but does not affect its classical symmetry.

We consider the graph (V, E) shown in figure . The vertex set V = {1,2,3,...,8} has
8 elements and the edge set is as shown in the figure. To specify a Hamiltonian on (V, E)
we simply specify the matrix (AF); cy. Let us consider A;, A2 € C such that |A\;| < 1 and

|A2] < 1. We consider the following Hamiltonian Hp on (V, E) given by

Hp(w) = Z Af“éw(k)yw(l) V welp
kleV
where (Af)k,lev is a symmetric matrix and Al = Al = A2 = A2 = AT = A, A7 = \o
and AF = 1 otherwise. The underlying simple graph (V, E) (that is, when A\; = Ay = 1) does
not have any quantum symmetry (see section (4.4) of [Gch200]). In light of theorem [2.5.9] we

observe that,
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FIGURE 8.3: The graph in example 3 with the corresponding Hamiltonian.

Remark 8.6.3. When A\ #£ 0 and A1 = )Xo, the quantum symmetry group of Potts model on
(V. E) is C(Zs) @ C(Z3).

Lemma 8.6.4. When Ay = 0 and A1 # A, the quantum symmetry group of Potts model on
(V, E) becomes C(Z2) * C(Zs).

Proof. Let (A, A) be the quantum symmetry group for Potts model on (V| E) co-acting on
C (V) via « preserving the Hamiltonian Hp. As before, from theorem it follows that the
co-representation matrix () of &« commutes with the matrix A = (Af)k,lev-

From proposition ([2.5.10) it follows that,

q?:qfl:O for [+ 3,4,
g =qi =0 for l€{3,4,56} (8.6.5)

@ =q¢ =0 for 1€{3,4,56}.

We observe that,

qi = (AQ)f = (QA)] = ¢§
qi = (AQ)} = (QA)] = g5
0= (AQ)} = (QA); = ¢} (8.6.6)
0= (4Q)1 = (QA); = g
0= (4Q); = (Q4)3 = ¢?
0= (AQ)i = (QA)] = ¢}
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In light of equations (8.6.5) and (8.6.6)), the co-representation matrix () becomes,

1-p p 0 0 0 0 0 0
p 1l-p 0 0 0 0 0
0 0 1-q ¢ 0 0 0 0
0 0 g 1—q 0 0 0 0
0 0 0 0 1-q ¢ 0 0
0 0 0 0 qg 1-q 0 0
0 0 0 0 0 0 1-q ¢
0 0 0 0 0 0 g 1—gq

where two projections p and g are free. Hence we conclude that the quantum symmetry group

of Potts model on (V, E) is C(Z2) * C(Zs). O

Remark 8.6.5. For \y = 0 and A\ # Xa, the quantum symmetry group for Potts model is
C(Z2) * C(Z2) which is indeed a non-classical comapct quantum group. On the other hand,
the classical symmetry group for Potts model is C(Zy) ® C(Zz), which is same as the case
when \1 # 0 and A1 = \o. Hence we observe that slight changing the parameters A1 and Ao in

certain manner keeps the classical symmetry same but affects quantum symmetry drastically.

We end this thesis with the following question:

Question

For an arbitrary directed multigraph (V, E), does the category C(S‘Z}T;i) always admit a universal
object? If the answer is negative, then are the categories C(S"ﬁE)'s, for different representations
of (V, E), the largest subcategories of non-Bichon type in Cf‘y/rg) where universal objects exist

and are algebraically describable?
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