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Chapter 1  

 
 

INTRODUCTION 
 

 
 
Abstract:  The main theme of the present thesis is the development of some generalized 

transforms for signal decomposition and reconstruction. Broadly two such transforms, 

namely, ISITRA and YKSK transform, are proposed here. They are further classified as 

ISITRA-1, ISITRA-2, YKSK-1 and YKSK-2 transforms. Signal decomposition here is based 

on Bino’s model of multiplication, which gives a generalized model for number 

multiplication, polynomial multiplication and signal convolution. The transforms proposed 

here are, therefore, convolution based transforms. Both the decomposition and 

reconstruction of ISITRA is based on convolution whereas the decomposition of YKSK 

transform are based on convolution and the reconstruction is based on de-convolution. 

These two transforms are much generalized than DWT (Discrete Wavelet Transforms) and 

filter bank and can be used in various applications for better performance. We apply ISITRA 

for lossy image compression and YKSK transform for signal encryption.  
 
1.1   History of Filter Bank and Wavelet  
We process signals for various purposes. Fourier transform has long been used as a classical 

tool for signal processing tasks. Fourier transform lacks time resolution in frequency domain 

because its window size extends from minus infinity to plus infinity. Time resolution in 

frequency domain is desirable for certain applications, e.g., in the analysis of transient 

signals.  This led to the development of a small window transform, namely, Gabor transform 

[49] in which mainly a Gaussian function is used as the filter window.  This enables us to do 

piecewise analysis of the signal. However, it fails to provide multi-resolution analysis 

because its window size is fixed. Then with the emergence of the variable window 

transforms, like filter bank and wavelets, the limitation on the size of the window is 
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overcome so that its size can now vary through multilevel decomposition (or scaling in the 

language of wavelet). And since then, filter bank and wavelet have occupied an important 

place in the field of signal processing.  
 

The history of filter bank dates back to the late 70’s with the proposal of 2-channel QMF 

(quadrature mirror filter) filter bank by Croisiere, Esteban, Galland [38] for use in speech 

and image compression. Because of its anti-aliasing property and non-redundant outputs, it 

has become a popular model for data compression. In fact, the 2-channel filter bank was a 

big step forward in the field of signal processing. Then, many researchers studied the perfect 

reconstruction theory in filter bank and as a consequence, several developments occurred. 

Conjugate quadrature filters (CQF) were introduced by Minzer [89], Smith et al, [127], bi-

orthogonal filter bank, multi-dimensional filter bank were introduced by Vetterli [153,155] 

and M-band or multi-channel filter bank was introduced by Vaidyanathan [147] and many 

others. Now the 2-channel filter bank has become the basis of study for multi-rate signal 

processing and moreover, it has become an important part of discrete wavelet transform.  
 

The history of wavelet can be traced back to the early part of last century [52]. But the 

current popular wavelet theory has started from the later part of the last century with 

Grossman [51] introducing the concept of approximating a signal at various resolutions 

through scaling and translation of some basis functions known as wavelets. The concept is 

based on the quantization of a signal at various step sizes.  If we quantize the signal at larger 

step sizes we get coarser resolution and if we quantize the signal at smaller step sizes, we get 

finer resolution of signal with less quantization errors. If the step size is infinitesimally 

small, we will be able to exactly reconstruct the original signal. In a similar line of 

interpretation, the representation of a signal using wavelets at different scales followed. This 

way of representation of a signal at various resolutions through scaling and translation of 

wavelet function evoked immense interests among many scientists and mathematicians, and 

various types of wavelets were developed [14, 15, 39, 74, 86].  Among these wavelets, 

Daubechies wavelets developed in the line of multi-resolution concept and formalized by S. 

G. Mallat [81] have become popular in the signal processing community. The main reason 

for this popularity is that Daubechies orthogonal wavelets form a QMF filter bank and can 

be used in filter bank for perfect reconstruction. This established a link between wavelets 

and filter bank. Since then developments, more or less similar to those in the case of filter 
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bank, occurred in the wavelets. Cohen, Daubechies and Feaveau [34] developed bi-

orthogonal wavelets, Steffen, Heller, Gopinath and Burrus [133] developed M-band 

wavelets, J. Kovacebic and Vitterli [71] developed multi-dimensional wavelets. 

Interestingly, wavelets and filter banks seem intermingled. Now, the 2-channel multilevel 

decomposition scheme has become a model of study in discrete wavelets. From the study of 

basis functions for signal representation, the study of filters also has become an important 

part in wavelets. In the filter bank community also, discrete wavelet transform is studied as 

dyadic band filter bank. Some of the commonly used books in the study of wavelets and 

filter banks are [5, 23, 30, 31, 40, 48, 58, 64, 82, 90, 100, 137, 151, 159]. And some more 

works that deal with the theory, design and properties of wavelets and filter banks are 

available elsewhere [8, 16, 57, 106, 107, 114, 115,128, 136, 146, 149, 151, 156, 158].   
 

In some other developments, Burt and Adelson [22] proposed pyramid coding which has 

similar multiresolution concept for an efficient image coding purpose. Wim Sweldens [139, 

140], developed the lifting scheme as a new and easier method for constructing new wavelet 

filters from the existing wavelet filters. Then Daubechies and Sweldens showed that any 

existing wavelet transform could be realized using the lifting scheme [41].  Another 

development that is of interest to researchers in the area of image compression is the integer 

wavelet transform. The first known integer wavelet transform, which is usually interpreted 

as the integer transform of Haar’s wavelet, is the S-transform [55, 97]. After a gap of some 

years, more integer transforms appeared [70, 166] as extensions to the S-transform. Amir 

Said and Pearlman also proposed S+P transform [110] as an extension to the S-transform. 

Later on, Calderbank, Wim Swelden and Daubechies [24] showed that the lifting scheme 

could also be used to get integer transforms of the wavelet transforms. Mention may also be 

made of Michael Adam’s work on integer transforms [1]. 
 

In addition, mention may be made of the development of multi-wavelets [80, 138] where 

two or more scaling or wavelets functions are used in the place of one scaling and one 

wavelet function, and the development of complex wavelets [33, 47, 72, 165] for image 

compression and motion estimation. More developments on wavelets such as phaselets [50], 

ridgelets [43], curvelets [132] have been coming up for different applications. 
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1.2  Motivation of the Work 
 
During the last two decades, wavelet has been one of the most popular areas of research 

among mathematicians, scientists and engineers. When we study wavelet, it is found that 

there is no apparent relation between continuous wavelet transform (CWT) and discrete 

wavelet transform (DWT) with respect to perfect reconstruction. The continuous wavelet 

transform is a way of signal representation using a basis function known as wavelet 

function. There is no mention of scaling function or any need of using another basis function 

in CWT for perfect reconstruction or inversibility specified as admissiblity condition by 

Daubechies [39]. Then, with a brief introduction of multi-resolution theory of Mallat [81], a 

scaling function appears for the development of DWT. Then the following questions arise. If 

CWT does not require a scaling function why should DWT require one? Are the multi-

resolution theories in CWT and DWT different? What are the inversibility conditions in 

DWT? Does admissibility condition of CWT has anything to do with the issue of 

inversibility in DWT? What could be the probable logic behind introducing a new scaling 

function in DWT to establish a link between 2-channel filter bank and DWT? The curiosity 

to get satisfying answers for these questions motivates us to do a deeper analysis between 

DWT and filterbank.  

 

Another source of similar motivation to do a deeper analysis between DWT and filterbank 

comes from the application point of view. In most of the applications people use wavelet 

filters that have already been derived. The most commonly used wavelet filters are 

Daubechies’s orthogonal filters of length 4, biorthogonal filters of length 10, commonly 

known as 9/7 filters. However, it is not guaranteed that these filters will be the best ones.  It 

is a general notion that different filters will suit differently for different applications.  We 

also assume that different filters will give different performance in different applications. 

We are interested in finding filters that will be suitable for any particular application in 

hand. For this purpose, we require an easier way to find the wavelet filters of any desired 

length.  

We trace the property of DWT that led to perfect reconstruction and find that perfect 

reconstruction of wavelet filters is mainly based on perfect reconstruction theory of 2-

channel filter bank, which is primarily based on the convolution operation. Interestingly, 
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Daubechies wavelet filters are of QMF types. We analyze step by step the decomposition 

and reconstruction processes of 2-channel filter bank using Bino’s model of multiplication 

and find that the filters being of QMF type is not a necessary condition for perfect 

reconstruction.  The main reason why we use Bino’s model of multiplication is that it is 

easier to analyze the convolution operation involved in filtering operation because the model 

itself can perfectly represent the convolution operation besides polynomial and number 

multiplication. This model enables us to derive the necessary and sufficient conditions 

required for finding perfect reconstruction in 2-channel filter bank scheme.  There are 

several ways in which we get perfect reconstruction in a 2-channel filter bank scheme. We 

establish in the present thesis actual conditions for getting perfect reconstruction known as 

member conditions from which one can easily find filters in various ways. Thus, we develop 

ISITRA (Indian Statistical Institute Transform) as a more generalized subband 

decomposition and reconstruction scheme. This also removes the difficulty in finding 

perfect reconstruction filters in wavelet and filter banks and provides ways of finding better 

filter coefficients for different purposes. We then extend the 2-channel case of ISITRA to 

multi-channel filter bank and multi-channel transmultiplexer scheme quite different from 

their existing counterparts.  
 

In order to achieve perfect reconstruction in ISITRA, filters are to be so chosen as to satisfy 

the member condition. Our next aim is to see if perfect reconstruction of the original signal 

is possible even with quite arbitrarily chosen filters. We develop in this context a new theory 

of perfect reconstruction where this is possible. Here, we decompose a signal in the same 

way as in ISITRA using Bino’s model of multiplication, and then reconstruct the signal by 

solving the decomposition equations in a different way as we do in the deconvolution 

process. To generalize the concept, we introduce two terms, known as information carriers 

and modifiers, in the decomposition scheme. Information carriers are to ensure perfect 

reconstruction and modifiers to modify the decomposed components in various ways. As 

long as the information carriers are intact, we can get perfect reconstruction no matter how 

we choose the modifiers. We call such a decomposition and reconstruction scheme YKSK 

(Y Kirani and S Kumar) transform. YKSK transform is found to be useful for signal 

encryption.  
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We are interested in using ISITRA for lossy image compression and YKSK transform for 

signal encryption.  For lossy image compression purpose, we develop two subband coders 

entitled ISPIHT (Improved-SPIHT) and DPC (Differential Position Coder).  Improved-

SPIHT (Set Partitioning In Hierarchical Tree) as its name suggests is similar to SPIHT [109] 

in its coding approach but is modified in such a way as to reduce the computational time and 

memory requirement while keeping its compression performance intact. In other words, 

ISPIHT gives the same compression performance as SPIHT but it takes less processing time 

and less memory. However, the difference in processing time and memory requirement is 

not very significant between ISPIHT and SPIHT for lower compression ratio at 8:1 or lower.  

From the hardware implementation point of view, a simpler coding scheme and lower 

memory requirement is desired. Since SPIHT and JPEG2000 [11, 26, 28] are all complex 

algorithms requiring large memory space, they are difficult to implement in hardware. So, 

we develop DPC as a totally different new coding scheme. It is very simple and fast with 

considerably low memory requirement. However, its performance is marginally less than 

SPIHT and JPEG2000. But considering its speed and low memory requirement, it would be 

a suitable coding scheme from the hardware implementation point of view.  Moreover, there 

is still scope for improving DPC. 
 

YKSK transform has the ability to distort a signal and hence can find application in signal 

encryption. For encryption, simply distorting a signal is not sufficient. We require a system 

that would prevent the unintended people from retrieving the information hidden in the 

distorted signal components. For this purpose, we have developed meitei lock sequence 

(MLS). MLS acts as the lock and key of the distorted decomposed components of the YKSK 

transform and gives security to our encryption scheme. 
 

1.3 Overview of the Thesis 
The present thesis proposes two new subband transforms, namely, ISITRA and YKSK 

transform, and their potential applications. These two transforms are developed based on 

Bino’s model of multiplication which in turn is based on a new system of number 

representation called representa that allows numbers to be treated in the same ways as 

arrays. Representa simplifies the manipulation of large numbers in a computer. A brief 

introduction to the concept of representa, which is required for a proper understanding of 

Bino’s model of multiplication, is given in the beginning of Chapter-2. The proposed model 
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of multiplication is a general or common model for numbers, polynomials and arrays. The 

multiplication of two arrays or polynomials is known as linear convolution in signal 

processing, a basic filtering operation. Convolution can be preformed in an easier way using 

Bino’s model of multiplication, which is described with examples in Chapter 2. Convolution 

is usually done for two arrays, which corresponds to level-2 multiplication is described in 

detail. Level-2 multiplication is sufficient to understand the convolution operation. General 

formulations for multilevel multiplication are also given which will be helpful in 

understanding multilevel decomposition in chapters 3 and 4.  
 

Using Bino’s model of multiplication we develop a new transform in Chapter 3. The main 

motivation for developing such a transform is to reduce or remove the difficulty that is 

commonly encountered in obtaining perfect reconstruction filters in discrete wavelet 

transform or 2-channel filter bank. In this chapter, we describe how the conditions on the 

filter coefficients and perfect reconstruction are related. The conditions that are formulated 

allow one to choose filters easily. In addition to making the choice of the filter coefficients 

easier, we also explicitly provide the decomposition and reconstruction equations which can 

be directly implemented in a computer. We can get several perfect reconstruction schemes 

and their corresponding decomposition and reconstruction equations depending on how we 

decompose and reconstruct a signal. In Chapter 3, we describe only the perfect 

reconstruction theory, where the method of decomposition and reconstruction is similar to 

that of the existing 2-channel filter banks. We also give the decomposition and 

reconstruction schemes of multilevel decomposition that corresponds to multi-resolution 

signal decomposition scheme. The means of getting a decomposed component at a particular 

decomposition level is also suggested which would eliminate the intermediate successive 

decomposition steps to obtain the decomposed component. From the 2-channel, our 

decomposition and reconstruction scheme is extended to multi-channel case. We then 

proposed a simpler perfect reconstruction transmultiplxer in our case. We also give 

decomposition and reconstruction equations for 2-dimentional signals.  
 

In ISITRA, the decomposition and reconstruction filters need to satisfy the member 

condition to ensure perfect reconstruction. We are now interested in finding a perfect 

reconstruction subband scheme where the filters can be chosen almost without any 

conditions or restrictions. From the decomposition scheme of ISITRA, we see that a signal 
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can be decomposed into two components whose lengths are greater than or equal to the half 

of the length of original signal. From the theory of linear equations, we know that we can 

solve for n unknown variables from n linear equations. For a signal of length 2n, the two 

decomposed components can be thought of as a set of n linear equations. Thus, it is quite 

possible to solve for each term of the signal from the two decomposed components. This 

way of solution leads to YKSK transform. Various decomposition and reconstruction 

equations of YKSK transform are given in Chapter 4. Interestingly, YKSK transform is 

found to be more general than Wim Sweldens’ lifting scheme. Integer transforms can easily 

be obtained from YKSK transform. Moreover, most of the existing integer wavelet 

transforms are found to be special cases of YKSK integer transforms. Integer transforms are 

mainly used for lossless and lossy image compression. The popularity of integer transforms 

for image compression is their simplicity and ability to yield perfect reconstruction after 

coding, which is essential for lossless compression. In the case of non-integer subband 

transforms, such as wavelets or ISITRA lossless compression is almost impossible because 

we cannot exactly code the floating-point coefficients of the decomposed components in a 

finite number of bits.  
 

After the development of ISITRA and YKSK transform, we develop ISPIHT and DPC for 

lossy image compression and MLS for signal encryption. They are described in Chapter 5.. 

ISPIHT is a simplified form of SPIHT coding scheme to reduce computational complexity 

and memory requirement. However, its performance remains the same as SPIHT. We 

compare the computational complexity of ISPIHT and SPIHT at various compression ratios. 

We find that the difference ISPIHT and SPIHT is not very significant at lower compression 

ratios.  The high computational complexity and requirement of large memory space are the 

hindrance of the most of the subband coder for hardware implementation point of view. We 

then develop DPC as a coding scheme, which is less complex and requires comparatively 

less memory space. We show the compression performance between DPC, SPIHT and 

JPEG2000 for various images. It is found that the compression performance of DPC is only 

marginally less than the standard SPIHT and JPEG2000. However, considering its 

simplicity, speed and low memory requirement, DPC would be very suitable for hardware 

implementation. In the later part of the chapter 5, we discuss MLS and the properties of a 

random sequence generated from it, which can be used for secure encryption of a signal. We 
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use MLS for encryption of speech and image signals after distorting the signals with YKSK 

transform. Lastly, a brief conclusion is given in Chapter 6, with some directions for further 

possible research.  
 

1.4 Chapter-wise Contribution 

In Chapter 2, we introduce Bino’s model of multiplication based on a new number 

representation system known as representa. Representa is a number in an array form. This 

form of number representation has certain advantages especially in manipulating large 

numbers. The properties of representas, their similarities with numbers, their differences 

with arrays are also briefly described. Understanding of representa will be helpful in 

understanding Bino’s model of Multiplication and subsequently the transforms developed by 

using the model.  Bino’s model of multiplication is a generalized model of multiplication for 

numbers and polynomials, and discrete convolution. We describe here how multiplication is 

performed according to the model and the basic rules of performing it.  Some advantages of 

Bino’s model of multiplication over conventional multiplication are also illustrated with 

examples. How the model can be used for multiplication of two polynomials, two arrays are 

also described in simpler ways.  Later on, we also explain briefly how FFT (fast Fourier 

transform) can be used for large number multiplication. General formulations for Bino’s 

model of multiplication for multilevel multiplication of numbers, polynomials or arrays are 

also provided, which will be helpful in understanding multilevel decomposition in the next 

two subsequent chapters. 
 

In Chapter 3, we develop a new generalized subband decomposition and reconstruction 

scheme entitled ISITRA. In this chapter, we discuss the differences between ISITRA, the 

direct filter bank and filter bank based on polyphase representation. We establish a new 

perfect reconstruction theory based on ISITRA. It is found that for perfect reconstruction, 

the decomposition filters and reconstruction filters have to satisfy certain conditions known 

as member conditions. Any set of decomposition and reconstruction filters, which satisfy 

these conditions is defined as PRF (perfect reconstruction filter) set. We also describe how 

to find PRF sets of a particular length from the member conditions of a decomposition and 

reconstruction scheme.  There are several ways in which a signal can be decomposed and 

reconstructed depending on different member conditions.  Only the member conditions that 

correspond to the decomposition and reconstruction schemes of 2-channel filter bank or 
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discrete wavelet transform are discussed in this Chapter. Other member conditions and their 

corresponding decomposition and reconstruction equations are given in Appendix A.  Once 

we find a PRF set, we can easily obtain more number of PRF sets from its framework. A 

framework of PRF sets can be obtained from a single vector or from two distinct vectors, 

and accordingly ISITRA is classified into two types, namely, ISITRA-1 and ISITRA-2.  We 

find that the PRF sets for Daubechies’ wavelet are subsets of certain PRF sets of a particular 

reconstruction scheme of ISITRA. The frameworks of PRF sets of Daubechies’ orthogonal 

wavelet filters are special cases of ISITRA-1 and bi-orthogonal wavelet filters are special 

cases of ISITRA-2. More frameworks of PRF sets of wavelet filters (orthogonal and bi-

orthogonal) are given in Appendix-B.  We can find infinitely many PRF sets from a 

framework. To find a PRF set from a given framework that will give good performance in 

all applications is difficult. However, it is possible to find a PRF set that will give optimum 

performance for any specific application by using some optimization based search 

techniques.  A systematic search technique for finding optimal PRF sets for a given 

framework based on minimization of mean square error using genetic algorithm is provided 

in Appendix C.  In ISITRA, different types of PRF sets can be obtained easily, and 

accordingly, a signal can be decomposed into different ways. A signal can be decomposed 

into two approximations or into two details or into one approximation and one detail. By “an 

approximation” we mean a decomposed component having less variation in the values of its 

data elements (usually obtained with a low pass filter) and by “a detail” we mean such a 

component having high variations in the values of its data elements (usually obtained with a 

high pass filter). The decomposition scheme is then extended to multilevel decomposition 

which is further classified into two types; namely, multilevel half and full decomposition 

schemes that will enable multi-resolution analysis. We also illustrate how multi-resolution 

signal representation is obtained in the multilevel decomposition scheme of ISITRA. 
 

In another direction, we extend the 2-channel decomposition scheme to multi-channel 

decomposition scheme using techniques similar to those of the existing multi-channel filter 

bank. From the multi-channel filter bank scheme, we also propose a new multi-channel 

perfect reconstruction transmultiplexer. A method to obtain the filter coefficients for perfect 

reconstruction filters of various lengths is also described. In the last section, we provide the 

decomposition and reconstruction schemes of 2-D signals. 
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In Chapter 4, we describe YKSK transform. YKSK transform is of two types, namely, 

YKSK-1 and YKSK-2 transforms. Each type is further classified into three types, namely, 

fixed length, semi infinite and infinite length types. Possible forms of each type of YKSK-1 

are described in the first part of the chapter. Multi-stage decomposition of YKSK-1 

transform is then proposed which may be useful to perform decomposition and 

reconstruction of a signal with longer filters in one stage to do in several stages with shorter 

filters. Multi-stage decomposition scheme of YKSK-1 transform is a generalized version of 

Sweldens’ lifting scheme [139]. Then, an integer version of YKSK-1 transform is proposed. 

All the integer transforms suggested in [1,24] are found to be special cases of YKSK-1 

integer transform. A generalization of these integer transforms using YKSK-1 transform is 

also given so that different integer transforms can be generated easily. Then, we suggest 

YKSK-2 transform as a symmetrical form of YKSK transform. It is more general than 

YKSK-1 transform in the sense that the latter can be obtained as a special case of the 

former. Like YKSK-1 transform, YKSK-2 transform also is of three types. Multi-stage 

decomposition is possible in YKSK-2 transform also. There are two different ways of 

reconstruction in YKSK-2 transform. Correspondingly, there are two integer versions of 

YKSK-2 transform. The second integer version is similar to that of YKSK-1 transform in 

approach. We then describe a special form of YKSK-2 transform known as Simplet. The 

properties and advantages of Simplet are provided. 
 

In Chapter 5, we describe the use of ISITRA in image compression and of YKSK transform 

in signal encryption. In the first part of the chapter, we discuss on the image compression 

model and the parameters used to measure the performance of an image compression 

scheme. For lossy image compression, commonly, MSE (Mean Square Error) and PSNR 

(Peak Signal to Noise Ratio) values are used for error quantification as a measure of 

performance of a lossy compression scheme. Then, we describe ISPIHT as an improved 

coding scheme to SPIHT. The difference between ISPIHT and SPIHT in their coding 

strategy and memory requirement are discussed in this chapter. The coding and decoding of 

DPC is described. The compression performance between DPC and standard subband coders 

SPIHT and JPEG2000 are given to show that the compression performance is comparable to 

these two standard subband coders in spite of its simplicity.  The coding time and decoding 

time of DPC and SPIHT at various compression ratios are given for codes written in 
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MATLAB to show the significant difference in speed between DPC and SPIHT. Then we 

compare the compression performance between commonly used 9/7 wavelet filters and 

corresponding ISITRA filters of length-10.  It is found that some ISITRA-2 filters of length-

10 gives marginally better performance than commonly used 9/7 bi-orthogonal filters in 

some images. From the compression performance, it can be observed that it is possible to 

find a better filter sets than the existing ones as we cannot claim that the existing filters are 

the best ones. 
 

We, then, describe meitei lock sequence and some of its properties. Meitei lock sequence is 

a random sequence generated from an arbitrarily chosen nonzero array, whose elements are 

not equal. We use MLS for encryption of a chirp signal and an image. For encryption, we 

apply Simplet, a special form of YKSK-2 transform, for its simplicity and ability to distort a 

signal fast. To show the encryption performance we measure the correlation coefficient 

between the original signal and their decrypted signals for various (more or less similar) 

decryption keys. It is found that finding distinguishable signal is almost impossible when 

there is a slight difference between the encryption and decryption key vectors. Our 

encryption scheme is found to be very tight for encryption of speech and image signals.  
 

1.5  Summary 

In this thesis, we propose two new subband transforms entitled ISITRA and YKSK 

transforms and their possible applications in image compression and encryption. Both these 

transforms are developed based on a common model of multiplication known as Bino’s 

model of multiplication. ISITRA is a convolution based transforms i.e., that both forward 

and inverse transform of ISITRA is based on convolution as in DWT or 2-channel filter 

bank. However, it is much more general than the existing DWT or 2-channel filter bank 

scheme in the sense that it we can get different kinds of filters in addition to the filters 

specified for perfect reconstruction in the existing 2-channel filter bank. ISITRA eliminates 

the difficulty of finding perfect reconstruction filters in 2-channel subband scheme and 

provides the ways of finding better filter coefficients for different purposes.  Also, we can 

generate different forms of decomposition and reconstruction in ISITRA. Multi-resolution 

signal decomposition is also possible in ISITRA using multilevel decomposition scheme. 
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Moreover, we can also get perfect reconstruction multi-channel filter bank and multi-

channel transmultiplexer.  
 

YKSK transform is also a generalized subband transform like ISITRA. Its forward transform 

is based on convolution but its inverse transform is based on deconvolution and hence filters 

can be chosen arbitrarily. YKSK transform has three main types, namely, fixed length type, 

semi-infinite length type and infinite length type. Multi-stage decomposition is possible in 

YKSK transform. Integer version of the YKSK transform can easily be obtained. Both 

multilevel half and multilevel full decomposition can also be performed in YKSK transform. 

Multilevel decomposition of fixed length type gives multi-resolution signal decomposition 

as in ISITRA. Multilevel decomposition in the case of infinite length case gives distorted 

signal components. 
 

Lastly, we use ISITRA for lossy image compression and YKSK transform for image 

encryption.  Every lossy compression scheme requires good coding schemes besides the 

subband transform used. We propose two coding schemes ISPIHT and DPC for subband 

based lossy image compression scheme. ISPIHT is an improved SPIHT in terms of speed 

and memory requirement. However, its performance remains the same as that of SPIHT. 

DPC is a very simple and significantly faster new subband coding scheme with low memory 

requirement. The popular subband coders, EZW, SPIHT, EBCOT and JPEG2000 are yet to 

find a proper place in the hardware or chip world because of their complex algorithm and 

requirement of large memory space. DPC, however, it is marginally less in compression 

performance as compared to SPIHT and JPEG2000, has no such problems and hence would 

be of immense interest for hardware designers.  We also suggest some PRF sets of length-10 

having the same frameworks as that of 9/7 filters, which perform better in some images.  For 

the use of YKSK transform for encryption, we develop meitei lock sequence to provide tight 

security for our encryption scheme. Meitei lock sequence is a good random number 

sequence generator and may become an essential part of every secure encryption scheme in 

future. 

 



  

 
Chapter 2 

 
 

BINO’S  MODEL  OF  MULTIPLICATION  
 
 
 

Abstract: We propose here a new way of multiplication entitled Bino's model of 

multiplication. It is a unified model for multiplication of numbers, polynomials and arrays. 

This model, based on a number representation system known as representa, allows us to 

perform multiplication of large numbers in small computers faster than the conventional 

way of multiplication. It is better and more generalized than that of Karatsuba and Ofman’s 

algorithm for fast number multiplication. The multiplication of two arrays (discrete 

sequences) is known as convolution in signal processing. The same convolution (or filtering) 

operation is well represented by this model of multiplication. In other words, convolution 

can also be used for number multiplication and this model of multiplication can be used for 

convolution. Using this model, convolution operation can be performed in a much simpler 

way. It enables us in deriving a generalized perfect reconstruction theory of 2-channel 

filterbank. It is a recursive process and can be easily generalized to multilevel convolution, 

which in combination with downsampling operations gives rise to multiresolution 

representation as discussed in the next chapter. Multinomial expansions and various types 

of convolution triangles can also be obtained from this model. 
 

2.1  Introduction 
Multiplication is generally done between two numbers. It is considered as a shortened form 

of addition. Because multiplication of two numbers, say x  and , gives the same result as 

 times addition of 

y

y x  or x  times addition of .  In early times, by multiplication, we used 

to mean multiplication of numbers, i.e., integer multiplication. With the development of 

concept of variables in mathematics, we now consider polynomial multiplication as well, 

which is normally assumed to be different from number multiplication. In our conventional 

y
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way of multiplication, generally  multiplication operations are required for multiplying 

two 

2n
n-digit numbers or n-coefficient polynomials. The number of multiplication operations 

required, can be reduced to much less than  under different conditions, e.g., when the two 

numbers are the same or when one of the numbers is made of the same digit etc. Karatsuba 

and Ofman [65] proposed an algorithm to reduce the number of multiplication operations. 

The same algorithm is described in detail in [161]. But their algorithm requires a lot of 

addition operations in exchange of some reduction in multiplication operations and cannot 

be generalized. 

2n

 

The method of multiplication we generally use enables us to multiply only two numbers at a 

time. We cannot multiply three or more different numbers at a time. Also we treat 

polynomial multiplication and number multiplication as different multiplications and the 

way of multiplication cannot be generalized.  Bino's model of multiplication [116] takes care 

of all such inconveniences and offers an efficient way of multiplication. The model can lead 

to a general formula for multiplying several multi-digit numbers at a time; the numbers may 

not necessarily be equal. Also, this model represents polynomial multiplication, discrete 

convolution and integer multiplication. Using this model, we can perform convolution in an 

easier way. There are different approaches to perform discrete convolutions based on 

number theoretic transforms [3, 4, 99] but they are not suitable to analyze the perfect 

reconstruction theory of 2-channel filterbank or discrete wavelet transforms. The way Bino’s 

model of multiplication represents discrete convolution is very suitable to analyze the filter 

bank scheme. Hence, in the thesis, we use this model mainly for performing discrete 

convolution to derive a generalized way of perfect reconstruction in the case of 2-channel 

filter bank. 

In this chapter, we describe the basics of the model in relation to number multiplication for 

easy understanding of the model. Once the model is understood, it can be easily applied to 

polynomial multiplication and discrete convolution. For number multiplication we use a 

different way of variable representation for numbers known as representa ( Represented in 

Array), which is described in the subsection 2.2. Representing a multi-digit number in the 

form of representa allows us to treat numbers as if they are arrays. Moreover, it saves quite 

some memory space for representing very large numbers. In the rest of the section we will 

denote a representa by an array for simplicity. We would make the difference between a 
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representa and an array by mentioning a base for a representa.  Also we will use the term 

length of a representa to denote the number of elements contained in it. Also, we define 

level of multiplication. If two representas are multiplied, we call it level-2 multiplication, 

multiplication of three representas is called level-3 multiplication and so on. 

 

2.2  Representa (Representation of a number in array form) 
 
In mathematics, we generally use two types of entities, namely, constants and variables. The 

constants are numbers we generally use for actual calculation. And variables are the 

substitutes for constants for easy and efficient manipulation. A variable can represent any 

number regardless of its type and magnitude. However, the existing number representation 

system has certain problems in dealing with large numbers in a computer.  A variable refers 

to a memory location in a computer. A memory location can hold a number within a certain 

range. That is, we cannot store a larger number in a memory location than its allowable 

maximum value. This problem is referred to as byte size limitation in a computer. So, we 

cannot handle large numbers in the same way as we do with smaller numbers that can be 

stored in a memory location. In some applications like cryptography, handling of large 

numbers is required. For handling large numbers [68], one has to treat numbers as 

polynomials and has to write long and complicated programs which in turn slow down the 

computing speed. We find that arrays can be treated in the same way as we treat numbers, if 

we impose place values on the elements of arrays. Thus, we present a new way of number 

representation, known as representa (represented in array). A representa is a number in an 

array form and all the properties of a number are preserved in it. We can treat representas in 

the same way as we treat numbers.  

An array is a list of numbers. Arrays may be multi-dimensional. But here by an array we 

will mean a one-dimensional array. The numbers contained in an array are known as the 

elements of the array. There are many ways in which arrays are represented. Here we will 

denote an array by a list of numbers enclosed in bracket. We will also use commas to 

separate the individual elements of an array. Bold letters will denote array variables. For 

example,  is an array of three elements, whose name is . Using the array name 

with an index we can refer to every individual element of an array. The index associated 

with an array name indicates which element of the array is being referred to. There are two 

]6,3,1[=A A
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ways for array indexing; 0-offset index and 1-offset index. In the former case, the first 

element of an array  is denoted by  and in the later case by . We will use the 

later case, as it is in conformity to our counting of things starting from 1. Using this 

convention  will denote the element of the array . There is no limitation on how 

many elements an array can contain. An array can have as many elements as possible. This 

is true in the programming aspect as well. But the size of an element cannot exceed the byte 

size limitation. But this presents no problem for the representation of a large number using 

an array.                                           

A )0(A

9,5,7,3,

)1(A

)(iA thi

,1[

A

 

Arrays can be used to represent numbers. Arrays with proper bases that are used to represent 

numbers will be known as representas to distinguish them from the ordinary arrays. They are 

designed to computationally manipulate large numbers in an easier way. All representas are 

arrays but all arrays are not representas. The characteristics of representas are different from 

those of arrays but are similar to those of numbers.   The elements of a representa except the 

first element should be positive. The sign of the first element indicates the sign of a 

representa in the same way as the sign of the first digit of a number represents the sign of the 

number. Each element of a representa should be less than its base as each digit of a number 

is less than its base. Thus, representas are very similar to numbers.  
 

Let us now see what kind of an array a representa is and how it can be used to store large 

numbers. An array is made of individual elements as a number is made of digits. The digits 

in a number have place values in terms of the corresponding system base. If we want to 

express numbers as arrays and want to treat the arrays in the same way as we treat numbers, 

then we have to define place values for the elements of the arrays.  Let us see how 143759 in 

decimal system can be represented in an array. A simple way is to make each digit of the 

number an element of an array ]4=A

6

. Then we can use this array to represent the 

number as . ∑
=

6

1i

A

= (i)(10)A i-143759

Here the base of the array  is also 10. We see that the number can exactly be represented 

in an array. The array  is then known as a representa and is denoted by the symbol  

where is the base. The optimal value of b is its highest value that a computer can 

accommodate within its byte size limitation.   As an array can have any number of elements 

A

b:A

b
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(in a computer as long as sufficient memory is available), we would be able to represent any 

arbitrarily large number by using a representa.  Now, it is not imperative that each digit be 

made an element of a representa. We can combine two or more consecutive digits and make 

them an element of a representa. In that case, the base of the representa should also be 

changed as described in Example 1. The base of a representa depends on how many 

consecutive digits will be combined in each element of a representa.  
 

For example, the decimal number 14325678 can be represented as different representas with 

different bases.  

 ,6,7,8][1,4,3,2,510: =A ,   a representa with base 10. 

 78][14,32,56,100: =A ,   a representa with base 100. 

678]325,[14,1000: =A ,   a representa base 1000. 

][1432,5678 10000: =A ,   a representa with base 10000, and so on. 

The representation of a number in a representa of higher bases (than 10) has two main 

advantages. The first is that it saves a lot of memory storage. This is because, in most 

programming languages, all integers take the same amount of memory irrespective of their 

magnitudes. Suppose storing an integer takes 8 bytes of memory. Then the representa [1, 4, 

3, 2, 5, 6, 7, 8] (base 10) would require 64 bytes of memory. But the representas [14, 325, 

678] (base 1000) and  [1432, 5678] (base 10000) would require only 24 and 16 bytes 

respectively, thus saving 40 and 48 bytes of memory respectively for representing an 8-digit 

number. More memory would be saved for storing larger numbers. The second advantage is 

saving of computation time, since less number of elements requires less accessing and 

processing time.   

We have seen that we can use representas to store numbers in an array form. The value of 

the number represented by a representa  will be denoted by  where b  is the base.   

In general, if  is a representa having elements, then we can write 

b:A

m

b)(A

b:A

∑
=

−=
m

i

im
b bi

1
)()( AA  

This has a similarity with the representation of a number in terms of its base. The only 

difference is that digits are replaced by elements.  
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All representas are arrays but not all arrays are representas. They have the following 

differences. 
 

1. In a representa all the elements except the first element should be positive and each 

element should be less than the base in magnitude. But there is no such restriction in 

arrays. An array may have two or more negative numbers as its elements. 

2. The sign of the first element of an array represents the sign of the representa. There is no 

concept of sign in an array. 

3. The elements of a representa have place values. But the elements of an array do not.  

4. Representas can be operated in the same way as numbers but arrays cannot. 
 

This way of number representation can be applied for any number system octal, 

hexadecimal etc, which has a base. Also, we can convert easily from one system to another 

using this representation. More on conversion from of a number from one system to a 

number in another systems, readers are referred to [13, 20, 46, 92,96]. We can perform 

mathematical operations such as addition, subtraction, multiplication division etc, in the 

same way as we do in a number system by taking care of the role of appropriate place 

values. Representa can handle floating-point numbers as well. The simplest way, to handle 

floating point number is to treat the floating-point numbers as if they are integers, noting 

their decimal positions. After performing necessary mathematical operations, we can restore 

the decimal point at the appropriate position in the result. More on floating point numbers 

and their fast arithmetic operations are discussed in [134, 162]. But we can perform 

multiplication in a simpler way by using a common model of multiplication for numbers, 

polynomial and arrays, which is discussed next.  

 

2.3  Bino's Model of Multiplication 
Bino's model of multiplication (named after the author’s father late Yumnam Bino Singh) is 

described diagrammatically (Fig.2.1) along with the rules given below. Fig.2.1 shows the 

model of multiplication of two representas of length 3. Here the empty circles are the digits 

or elements to be multiplied. The filled circles are the multiplication terms, which will give 

the result of the operation. 
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Rule 1: When two digits/elements are multiplied, a straight line called multiplication line 

will connect them.  

Rule 2: The result of multiplication, called a multiplication term, comes from the middle of 

the multiplication line. 

Rule 3: If two or more multiplication lines bisect one another, the multiplication term comes 

from the point of bisection and the result of each multiplication line is summed up to obtain 

the multiplication term. 

Rule 4: Each multiplication term is connected to the middle of each multiplication line by a 

dotted line known as result line. 

Rule 5: If each element in each number has a place value, then each multiplication term has 

a corresponding place value, otherwise not. 
 

Let  and ],,[ 1312111 aaa=A ],,[ 2322212 aaa=A  be any two representas with base b  or 

any two arrays or sequences then following the above rules, the model of multiplication is 

shown in Fig.2.1.             

                                

                                                   a                                                                   11 12a 13a
 
 
 
 
                                                  a         a                   a2221 23
 
 
 

                            T          T         T        T           T  )1(2 )2(2 )3(2 )4(2 )5(2
 
                     Figure 2.1    3-digit level-2 Bino’s model of multiplication. 
 

The result of multiplication of two representas yields in a representa. Multiplication terms 

are stored in the array  with the subscript denoting the level of multiplication. In the above 

case,  denotes the array of multiplication terms in level 2 multiplication. For easy 

reference, we will call the array of multiplication terms a result array. The elements of a 

result array are the multiplication terms and each multiplication term can be accessed with 

an index. For example, T  denotes the third multiplication term in the level 2 

multiplication. The result array for multiplication of representas or arrays is the same if the 

T

2T

)3(2
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elements of the representas are also the elements of the arrays. Once we get a result array we 

can get different results by manipulating it in different ways (Subsection 2.3.2).  
 

Thus, the essential components of the proposed model of multiplication are :  

Multiplication term: A term connected with a result line. 

Result-array: The array of multiplication terms of multiplying two or more representas or 

arrays. 

Result of Multiplication: The result of multiplication depends on the entities to be 

multiplied. If they are representas with a base, the result of multiplication is obtained from 

the result array by converting it into a representa with the same base. If the entities are 

arrays or sequences the result array itself is the result of multiplication.  
 

Let us consider the values of the multiplication terms obtained from multiplication of two 

representas or arrays  and , and how they are obtained. There are five multiplication 

terms in the result array of the model. They are obtained from the diagram as 

1A 2A

13232 )5( aa=T  

132212232 )4( aaaa +=T  

1321122211232 )3( aaaaaa ++=T  

122111222 )2( aaaa +=T  

11212 )1( aa=T   

 

The first and the last terms involve no addition because they are multiplication terms from 

non-bisecting multiplication lines. The second and the fourth multiplication terms involve 

one addition because two multiplication lines bisect each other and the corresponding 

multiplication terms come from the respective points of bisection which are indicated by a 

plus sign in Fig.2.1. And the third multiplication term involves two additions because three 

multiplication lines bisect one another and the corresponding multiplication term comes 

from the point of bisection of the three multiplication lines.  
 

The result of the above level-2 multiplication, can be written mathematically as  

∑
=

−=
5

1
2

5
2 )()(

r

r
b rb TT ,    (for direct multiplication) 

 21



  

∑
=

−=
5

1
2

1'
2 )()(

r

r
b rb TT ,    (for reverse multiplication) 

From these two equations, we can get the result of multiplication of two representas and also 

the result of multiplication of the reversed representas from the result array.  By a reversed 

representa, we mean the representa obtained after reversing the elements. For example, the 

reversed representa of ],,[ 1312111 aaa=A  is ],,[' 1112131 aaa=A . The results of 

multiplication (direct or reversed) can also be obtained manually easily from the result array 

in two ways, namely, forward slant addition and backward slant addition, as discussed in the 

following sub-section. 
 

2.3.1  Forward slant addition 
In forward slant addition of multiplication terms, the multiplication terms are written 

vertically with the last multiplication term at the top, as if we are going to do conventional 

addition of multiplication terms. Slant lines are drawn starting from the top rightmost 

element as shown in Fig.2.2a. Those elements/values crossed by a slant line will be added 

together and placed in proper position of the corresponding base. The result of 

multiplication corresponding to Fig.2.2a gives the result of direct multiplication.  
 

We can also get the result of multiplication of reversed representas from the result array of 

direct multiplication without actually doing multiplication of reversed representas using 

forward slant addition. For this purpose, we write the multiplication terms vertically, with 

the first multiplication term at the top, and forward slant lines are drawn as shown in 

Fig.2.2b. Elements crossed by a slant line are added and the sum is kept at the corresponding 

position of the slant line. 
 

Suppose , 1312112 )7( xxx=T 2322212 )6( xxx=T

6362612 )2( xxx

, ,  

,  ,  

343332312 )5( xxxx=T

42 525112 )3( xx=T412 )4( xx=T 53x =T    and    712 )1( x=T

are the multiplication  terms of the of a level-2 result array. Then the forward slant addition 

is shown in Fig.2.2. 
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Figure 2.2a   Forward slant addition  (direct multiplication) 

       

 
Figure 2.2b  Forward slant addition (reverse multiplication) 

 

2.3.2  Backward slant addition 
As in forward slant addition, we can get the result of direct and reverse multiplications using 

backward slant addition. For finding the result of multiplication of reversed representas, the 

multiplication terms are written vertically with the last multiplication term at the top, as if 

we are going to do conventional addition of multiplication terms. Then, backward slant lines 

are also drawn similarly as shown in the Fig.2.3a.  The value crossed by the first slant line 

corresponds to the first value of the result, i.e., the value of the result of multiplication in the 

unit's place. Addition is done along the remaining slant lines to get the result. Note here that 

if we perform forward slant addition in Fig.2.3a, we get the result of direct multiplication.  
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The backward slant addition can also be done to obtain the result of direct multiplication of 

representas from the result array of direct multiplication. For this purpose, we arrange the 

multiplication terms vertically with the first term at the top, and then the backward slant 

lines are drawn as shown in Fig.2.3b. Note here also that if we do forward slant addition in 

Fig.2.3b we would get the result of reverse multiplication. That is, we can say that forward 

slant addition is the reverse process of backward slant addition. Thus, a convenient way of 

finding the results of multiplication of two representas and their reverses is to do backward 

slant addition and then forward slant addition or vice versa.  
 

 
Figure 2.3a   Backward slant addition (for reverse multiplication) 

 

 
Figure 2.3b   Backward slant addition (for direct multiplication) 

 24



  

For example, suppose 235 and 641 are to be multiplied. For simplicity and ease of 

explanation, let the two numbers be represented as two representas under the same base 10 

as  and ]5,3,2[1 =A ]1,4,6[2 =A

2(;44)3 2

. The corresponding multiplication terms are 

12)1(;26)(;23( 222 )4(;5)5 2 ===== T TTT T . As the multiplication terms for 

this 2-level multiplication are known, then by doing forward slant addition of the 

multiplication terms we get the result of multiplication of 235 and 641 (Fig.2.4a). And by 

doing backward slant addition of the same multiplication terms we get the result of 

multiplication of the reversed numbers, i.e., 532 and 146 (Fig.2.4c). Also, by simply adding 

up the multiplication terms, we can get the value of polynomial multiplication (Fig.2.4b). 

And the result array itself is the result of convolution of two arrays as if the representas were 

arrays.  

Using the multiplication terms of 2-level multiplication of three digit numbers derived 

earlier, we get the corresponding multiplication terms of multiplication of 235 and 641 as  
 

                                     
 
               (a)                                                 (b)                                                    (c) 
 
                      Figure 2.4      Multiplication results using slant additions. 
 

If the two representas were arrays, then 5] 23, 44, 26, 12,[21 =⊗AA

)146(1 ++=+A

, i.e., by simply 

putting the multiplication terms. This is what is generally called convolution [54,82] and is 

denoted by the symbol ⊗. And if the elements in a representa are separated by a plus sign, 

we will denote the corresponding representa by putting a positive sign in the upper right 

corner, i.e.,  and . Then we get  

,  i.e., by adding up the multiplication terms. This is what is popularly 

known as polynomial multiplication. Thus, by simply finding the multiplication terms once 

we can find not only the result of multiplication of two numbers but also the result of 

)532(1 ++=+A

5)23 +

=× ++
21 AA

442612( +++
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multiplication of the reverse numbers, convolution of the digits in vector forms and 

polynomial multiplication of the digits in polynomial forms. This shows how Bino's model 

of multiplication can be used for performing number multiplication, discrete convolution 

and polynomial multiplication. More details about convolution and polynomial 

multiplication are discussed in the next section. 
 

2.4  General Level-2 Multiplication 
Any number or representa or array can be thought of as the result of multiplication of the 

number or representa or array with the multiplication identity 1. This can be called level-1 

multiplication. Multiplication of two numbers or representas means multiplication of two 

level-1 result terms. So multiplication of two numbers or representas is known as level-2 

multiplication. The level number can also be thought as the power of the representa when 

the representas are the same. 
 

Let  and ],,,,[ 111312111 kaaaa K=A ],,,,[ 222322212 kaaaa K=A

2k

 be any two representas of 

base  having lengths  and  respectively. Then, according to Bino’s model of 

multiplication 

b 1k

∑
=

−==×
2

2

1
2221 )1()()(:

L

r

rL
b rbb LLLTTAA  

where  is the total number of multiplication terms in level-2 multiplication 

of two numbers of lengths  and . Assuming  each multiplication term is given 

by  

1)( 212 −+= kkL

1k 2k 21 kk >

)2()()1()1(
2

1
112222 LLL∑

=
+−−+=−+

k

i
irkikrL AAT  

 

The values of the elements of the arrays or representas are zero outside their range, e.g, 

for 0)(1 =rA 1<r  or . This is the usual way of multiplication that starts from the 

right end. If we start  multiplication from the left end, the level-2 multiplication terms can be 

written as 

1kr >

)3()1()()(
2

1
122 LLL∑

=
−+=

k

i
irir AAT  
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This seems to be simpler than equation (2) and is similar to the equation of convolution of 

two finite sequences of lengths  and  as discussed in Section 2.5.  Both equations (2) 

and (3) require  multiplications and 

1k 2k

22k 1−k

2k

 additions for each multiplication term. But for 

any multiplication term  for r)(2 rT < , requires less number of multiplications than . 

When , the computation of requires  multiplications and when 

, it requires less than  multiplications. In all the above equations, the upper 

limit of the summation is the minimum of the two lengths. As we have assumed , 

the upper limit is made . 

2k

2k

rkr −≤ 2

2kr <

L≤ 2 )(2 rT 2k

2L − 2k

1k >

2k
 

So equation (2) can be written in the following way 

)4(

)()1(

)()1(

)()1()1(

22
1

1122

22
1

1122

2
1

112222

2

2

LLL

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

<−+−−+=

−≤≤+−−+=

<+−−+=−+

∑

∑

∑

−

=

=

=

krLforirkik

rLkrforirkik

krforirkikrL

rL

i

k

i

r

i

AA

AA

AAT

 

    

Similarly, we can write equation (3) as 

)5(

)1()(

)1()(

)1()()(

22
1

12

22
1

12

2
1

122

2

2

LLL

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

<−−+=

−≤≤−+=

<−+=

∑

∑

∑

−

=

=

=

krLforiri

rLkrforiri

krforirir

rL

i

k

i

r

i

AA

AA

AAT

 

 

Any one of equations (4) and (5) can be conveniently used for multiplication of any two 

multi-digit numbers manually or otherwise.  

For obtaining the result of multiplication of the reverse numbers from the multiplication 

terms of the two given numbers, we have to simply reverse the multiplication terms as given 

by the following equation. 
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)6(

)(

)(

2
2

2

1

'
2

1
2

1'
2

'
1

LLL

⎪
⎪

⎭

⎪
⎪

⎬

⎫

=

=×

∑

∑

=

−

=

−

L

r

rL

L

r

r

rb

rb

T

TAA
 

where ,   and  denote the reversed versions of ,  and  respectively. 

Suppose the two representas to be multiplied are in the form of a zero-order polynomial, i.e.,  

'
1A '

2A '
2T 1A 2A 2T

)( 111312111 kaaaaA ++++=+ K ,  . )( 222322212 kaaaaA ++++=+ K

The multiplication terms are the same as given by any of the above formulas for . But 

their result is obtained by adding up the multiplication terms together.  That is, 

)(2 rT

)7()(
2

1
221 LLL∑

=

++ =×
L

r
rAA T  

If the two representas are arrays, then the multiplication operation performed using Bino’s 

model multiplication is known as the convolution operation and their result is given simply 

by the result array itself. That is,  the convolution of two arrays  and  having the 

same elements as those of the two representas, is given by the following relation.  

1A 2A

)8(221 LLLTAA =⊗  

Here, again  is the result array of the multiplication of the two representas.  2T
 

From the equations (6), (7) and (8), we know that what is required is the multiplication 

terms. Once the multiplication terms are found, we can use them for number multiplication, 

polynomial multiplication and convolution by simply manipulating the terms in different 

ways. In other words, we can say that number multiplication, polynomial multiplication and 

convolution are essentially the same process.  
 

We will now consider some interesting conditions from equation (4), which will be useful 

for performing multiplication quickly easily and in short, as usually we start multiplication 

from the right end. 
 

2.4.1  Some conditions for easy multiplication 
The easiness or quickness of multiplication also lies in the pattern of the elements of the 

representa or arrays. We consider the following cases. 
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Condition 1:  If the elements of  are the same, i.e., 2A 222221 2 aaaa k ==== K , say, then 

from equation (4), we have 

)9(

)(

)(

)()1(

22
1

112

22
1

112

2
1

11222

2

LLL

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

<−+−=

−≤≤+−=

<+−=−+

∑

∑

∑

−

=

=

=

krLforirka

rLkrforirka

krforirkarL

rL

i

k

i

r

i

A

A

AT

 

Here each multiplication term requires only one multiplication operation. So, for multiplying 

two sequences or numbers having lengths  and  only 1k 2k )1( 21 −+ kk multiplication need to 

be performed which would otherwise require 2k1k ×  multiplication operations. Also, there is 

no apparent increase in the number of addition operations. 
 

Condition 2:  If the elements of  are the same, i.e., 1A 111211 1 aaaa k ==== K , say,  then 

we would have the similar multiplication terms, i.e., 

)10(

)1(

)1(

)1()1(

22
1

221

22
1

221

2
1

22122

2

2

LLL

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

<−−+=

−≤≤−+=

<−+=−+

∑

∑

∑

−
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=

=

krLforika

rLkrforika
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i

k

i

r

i

A

A
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Here also each multiplication term requires only one multiplication. And the number of 

multiplication operations required is )1( 21 −+ kk . 

So, if one of the two representas is made up of the same element then the multiplication can 

be done with much less multiplication operations than the conventional method of 

multiplication. 
 

Condition 3:  If both the representas were made up of only one element, say , then the 

multiplication terms become 

a
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)11(
)(

)1(

2222

22
2

2
2

22

LLL

⎪
⎪
⎭

⎪⎪
⎬

⎫

<−−=
−≤≤=

<=−+

krLforrL
rLkrforka

krforrarL

T
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We see that the multiplication terms are much more simplified. Under this condition we 

require to calculate only  multiplication terms, others multiplication terms are simply 

obtained from them. Each multiplication terms require one multiplication operation and we 

require to calculate only  multiplication terms, so the total number of multiplication 

operations required under this condition is only .  

2k

2k

2k
 

Condition 4:  If , say) in condition (3), then  kkk == (21

)12(
)(

)1(

2

2
22 LLL

⎭
⎬
⎫

>=
≤=−+

krforrT
krforrarLT

 

Here, also we need to calculate only k  multiplication terms each of which requires only one 

multiplication. 
 

Condition 5:  If the representas were the same, that is  

)(,),(),( 21 212221212111 kkk aaaaaaaaa ====== K , that is, ,  say,  AAA == 21

)13()()1()1(
1

22 LLL∑
=

+−−+=−+
t

i

irkikrL AAT  

where rt =   if    kr ≤
           =   if   rk −2 kr >

Each multiplication term in equation (13) requires t multiplication operations and 1−t  

additions. Writing the equation (13) in the following form can reduce the multiplication and 

addition operations. 

)14()()2%()()1(2)1(
1

2
22 LLL∑

=
−++−−+=−+

t

i
tkrirkikrL AAAT   

where   if   and  ⎣ 2/rt = ⎦ kr ≤ ⎣ ⎦2/rk −=   if  . kr >

From equation (14), we see that the upper limit of the summation is reduced to half and a 

factor 2 comes as a multiplier of the term. It indicates that the addition and multiplication 

operations are reduced to approximately half of what they should be in equation (13). 
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Now we can write square of polynomial of length k as follows 

  2
21

2 )()( kaaaA +++=+ K )15()(
2

1
2 LLL∑

=
=

L

r
rT

where  is given by either equation (13) or  equation (14). )(2 rT
 

Condition 6: If , i.e., one of the representas is the reverse of the other, then the 

multiplication term is given by 

'
12 AA =

)16(

)2(

)()()1(

2

1
22

LLL
⎪
⎭

⎪
⎬

⎫

>−=
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krforirkirL
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Here we need to calculate only the first k multiplication terms each requiring r  

multiplication and 1−r  addition operations. Here also the multiplication and addition 

operations required are reduced to a half. 
 

2.4.2  Further reduction in multiplication operations 
If the multiplication is to be done manually, then the above given formula for multiplication 

terms is better. If the multiplication is to be done by computer, then we can further reduce 

the number of multiplication operations at the expense of addition operations. 

We know multiplication terms of  ×  and 

 × 

],,,,[ 11131211 kaaaa K

222322 kaaa

],,,,[ 22232221 kaaaa K

))( 11131211 kaaaa ++++ K ( 21a ++++ K  are the same. 

 Also, we know  ( 11131211 kaaaa ++++ K ) × ( 22232221 kaaaa ++++ K )  

where .  

∑
=

=
2

1
2 )(

L

r
rT

12 −12 += kkL
 

If , a multiplication term cannot have more than  multiplication operations. Also, 

we can find  from the previous multiplication terms without doing  multiplication 

operations in the following way. 

12 kk > 2k

)(2 rT 2k

)17()()()()( 2
1

222221112112
2

21 LLKK krforiaaaaaar
L

i
kk ≠−+++×+++= ∑

=
TT  
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From the equation (17), we know that for finding  we require only one multiplication 

operation and others are addition of the remaining multiplication terms. This concept can be 

applied in all cases of multiplying two multi-digit numbers except in the case where one or 

both of the numbers are composed of the same digit to further reduce the number of 

multiplication operations.   

)(2 rT

 

So, the  multiplication term in equations (14) and (15) can be found in the following way thr

∑
−

=
−+++=

12

1
2

2
212 )()()(

k

i
k iaaar TT K    for  )18(LLLkr ≠  

For finding  of equations (14) and (15), the respective values of  should be 

replaced in equation (18). Using equation (18), the number of multiplication operations in 

calculating multiplication terms using equations (14) and (4) is further reduced by 

)(2 kT )(2 rT

1−k  

multiplication operations at the expense of  addition operations.   k2
 

2.5  Bino’s Model of Multiplication and Polynomial Multiplication 
We have seen in the previous section that the multiplication of zero order polynomials can 

be performed easily using Bino’s model of multiplication.  We can easily extend it to  

multiplication of two polynomials in general. Suppose  and  are any two polynomials 

in 

1p 2p

x  of degrees  and 11 −k 12 −k , whose coefficients are the elements of  two arrays  and 

 of lengths  and  respectively. That is,  

1A

2A 1 kk 2

     1
11

2
1111

1)()3()2()1( −++++= kxkxxp AAAA L

     1
22

2
2222

2)()3()2()1( −++++= kxkxxp AAAA L

Then their product will be a polynomial p  in x  of degree 1−L  whose coefficients are 

given by  and hence it can be written as 2T

   ∑
=

−=×=
2

1

1
221 )19()(

L

r

rxrppp LLLT

where  is the length of  which can be obtained from equations (4) or (5) 

depending on from which side the multiplication starts. This clearly shows that Bino’s 

model of multiplication can be used for polynomial multiplication.  

1212 −+= kkL 2T
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In both equations (4) and (5), the multiplier is the array , the coefficients of . We can 

make  the multiplier, which is the case of 

2A

2p

2p

1A 1p× .  Then the corresponding 

multiplication terms  are given by equations (4) and (5) respectively.  2T
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Equation (20) gives the multiplication terms of 12 pp ×  when the multiplication starts from 

the right end. And equation (21) gives the multiplication terms of  when the 

multiplication starts from the left end. All these four equations  (4), (5), (20), (21) are 

exactly the same as regards multiplication terms of multiplying two representas  and , 

which clearly shows that polynomial multiplication and number multiplication process are 

the same.  

12 pp ×

A1 2A

 

2.6  Bino’s Model of Multiplication and Convolution 
Linear convolution is one of the most important operations used in signal processing. It 

requires two signals as its input. The input signals may be continuous or discrete. Here we 

will consider convolution for discrete time signals or sequences only (a discrete signal will 

be denoted by an array). Convolution is a basic operation in signal processing. It is used to 

compute auto and cross-correlation functions, to design and implement FIR and IIR digital 

filters, to solve difference equations and to compute power spectra [59]. Linear convolution 

can be performed in two ways. One is in the time domain and the other is in the frequency 

domain. Convolution in the time domain is also known as the direct method. Convolution in 
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frequency domain is known as indirect method. Various ways of performing discrete 

convolution are described in [73, 90].  We will describe, in a simpler way, how linear 

convolution of two discrete signals is performed in direct method. 
 

Let  denote the result of convolution of two discrete signals a  and . For clarity 

in explanation, we will call the sequence that comes after the convolution symbol as the 

convolver, similar to the multiplier in multiplication. The process of convolution requires 

two main steps. First, reversing the convolver and placing it at the beginning or end of the 

signal to be convolved with. Then moving the convolver to the right or left by one position 

each time depending on where (beginning or end) the convolution starts from and find the 

sum of the product of the elements of the two signals in the overlapping region.   

bay ⊗= b

 

To illustrate the convolution process, let ],,,,,[ 4321 maaaaa L=a

b

 and  be 

any two discrete signals. We will find the convolution of a  by , starting the convolution 

process from the left end. First reverse the signal 

],,,[ 4321 bbbb=b

b and place it at the beginning of the signal 

 as shown below in Fig.2.5. Then every element of a y  is given by the sum of the product of 

the elements of a  by b in the overlapping region.  
 

Figure 2.5a 

To find ,  is shifted right by one position and the sum of the product of the elements 

of the two signals in the overlapping region is found.  

)1(y b

 

Thus ,  as only   and  overlap as shown in Fig.2.5b. )1()1()1( bay = )1(a )1(b

 Figure 2.5b 
 

b is then shifted right by one position again as shown in Fig.2.5c  and is found as )2(y

)1()2()2()1()2( ababy += ,  as  overlap with   in this position. 21,aa 12,bb

  Figure 2.5c 
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b is further shifted right by one position as shown in Fig.2.5d and find  accordingly. )3(y

)1()3()2()2()3()1()3( abababy ++=  

  Figure 2.5d 

Similarly,  is found from  Fig.2.5e as )4(y

 )1()4()2()3()3()2()4()1()4( ababababy +++=  

Figure 2.5e 
 

Proceeding in this way, we can write from  Fig.2.5f 

)3()4()2()3()1()2()()1()( −+−+−+= mmmmm ababababy  

 Figure 2.5f 

The other terms are found in a similar way.  

)2()4()1()3()()2()1( −+−+=+ mmmm abababy  

 Figure 2.5g 

)1()4()()3()2( −+=+ mmm ababy  

 Figure 2.5h 

)()4()3( mm aby =+  

 Figure 2.5i 

0)4( =+my  

 Figure 2.5j 

       Figure 2.5   Convolution operation using sliding windows 
 

Thus, the length of y  becomes 3+m . This is how convolution is performed between two 

sequences. We can also get the same result of convolution by starting the convolution from 
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the right end, i.e., taking Fig.2.5j as the initial position and then shifting the convolver to the 

left by one position each time until one arrives at Fig.2.5a position.  

The above values of y  can be expressed using equation (3) as 

  

Or, by using equation (5) as 

om he four equations

from which end the convolution starts.  Also, the convolution is a commutative process as 

ultiplication is. That is, 

olution is performed between two sequences. For the convolution of three or 

ulations of three or more representas described in  

esentas.  Also, we know that FFT 

fast large number 
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This clearly shows that polynomial multiplication and convolution represent the same 

process. In other words, linear convolution and Bino’s model of multiplication also 

represent the same process. Thus, in general we can say, if 1A  and 2A  are any two 

sequences of lengths 1k  and 2k  respectively, then the convolution of the two sequences is 

given by 2T  obtainable fr  any of t  (4), (5), (20) or (21), depending on 

m

21221 TAAAA =⊗=⊗  
 

Usually, conv

more sequences, we can use the form

Section 2.8.  
 

2.7  Fast Fourier Transform for Large Number Multiplication 
From Bino’s model of multiplication, we know that convolution can be used for number 

multiplication. As convolution has close relation with Fourier transforms, we can use 

Fourier transforms for finding the result array of two repr

can be used for fast convolution. Hence FFT can be used for 

multiplication. The procedure in our case is given below. 
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1. Convert the two large numbers as representas with appropriate base. 

2. Find the result array from convolution of the two representas using FFT. 

 and greater than 128. Use of 

ber multiplication is also described in [168]. But it is based on polynomial 

ethod described here. 

ree or more 

entas or arrays. The multiplication of three or more representas or arrays is known as 

tension of level-2 multiplication.   

f -n ay 

arr ys ng

3. Convert the result array in Step-2 as representa with the corresponding base. 

The representa in Step-3 represents the result of the two large numbers. 

FFT is found to be slower as compared to the conventional way of multiplication in two 

cases. First, when the lengths of the representas are less than 128.  And secondly, when one 

of the representas is much shorter as compared to the other. Under these two conditions, it is 

advisable to use Bino’s model of multiplication. FFT can be used for faster multiplication 

when the lengths of the two representas are more or less equal

FFT for large num

multiplication and is not as fast as our m
 

2.8  Multilevel Multiplication 
Bino’s model of multiplication can also be used for the multiplication of th

repres

multilevel multiplication. They are just an ex
 

2.8.1  Length o level  result arr
We have seen that the length of level-2 result-array for multiplication of two representas or 

a  of le ths 1k  and 2k  is given by 1212 −+= kkL . Bino’s model of multiplication can 

be extended up to a desired level. The multiplication of th rrays of lengths 

1k , 2k and 3k  is called level-3 multiplication. The length of the result array of a level-3 

multipli  representas or arrays is given by 

ree representas or a

ca n of etio  thre 23213 −++= kkk

ation of n  represen

L . Proceeding in 

e leng n result a tas or arrays of 

 is given by the following equation. 

this way,

gths

 th

kk ,2

th of

k,L

 level- rray of m ltiplicu

len nk ,, 31

)24()1(321 LLLL −−++++= nkkkkL nn  

 

),(321 saykkkkk n ===== LIf the lengths of all representas  arrays are equal, i.e.,  or , 

then the above equation becomes 

1)1( LLL+−= knLn )25(   
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From equations (24) and (25), we can easily find the number of multiplication terms in a 

uccessive multiplication of level-2 

ultiplications. First we multiply the first two representas representing the first two 

bers. Their result array can be thought as a multiplicand which is again multiplied with

 

result array at any level.  
 

2.8.2  Level-3 multiplication  
The multiplication of three numbers or representas is known as level-3 multiplication. The 

Level-3 multiplication is obtained using two s

m

num  

the third representa representing the third number.     

Let ],,,,[ aaaa K=A , ],,,,[ aaaa K111312111 k 222322212 k=A , ,,[ aaa=A ],, 333332313 kaK

 and 3k  respectively. Then,

  

 

according to Bino’s model of multiplication, starting from the right end, we have   

ber of multiplication terms in level-3 

mu ers of length ,  and . And each term of  can be 

recursively obtained from the following relation. 

 

Replacing the  terms in the right hand side of equation (27), we can write 

If we start the multiplication process from the left end, then we can write equations (27) and 

(28) respectively as 

Once we get  we can get the following results. 

be any three representas of base b  having lengths 1k , 2k

∑
=

−==×× 3

1
33321 ))()( b rb LLTTAAA  
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3
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If the representas were arrays, then we can write the level-3 convolution as 

)33(3321 LLTAAA =⊗⊗  

Thus, from equation (28) or (30), we can easily perform multiplication of three numbers, 

polynomials or arrays.  
 

2.8.3  Level-n multiplication 
We have derived the result arrays of level-2 and level-3 multiplication in different forms, 

depending on the side  multiplication starts from. As Bino’s model of multiplication can be 

drawn from either the left or the right side, we have two kinds of equations. Let 

, ],,,,[ 111312111 kaaaa K=A ],,,,[ 222322212 kaaaa K=A

kk ,, 21

….  

be n different representas with  base b having lengths  respectively. As usual, 

their multiplication term can be recursively obtained from the following relation. 

],,,,[ 321 nnknnnn aaaa K=A

nk,,Lk3
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The level-n result array is written in terms of level-(n-1) result array. Successively 

representing the result arrays on the right hand side with successive lower level result arrays, 

we can write the level-n result array in terms of the representas as 
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If we start finding the multiplication terms from the left-hand side, i.e., if we begin 

multiplication from the left-hand side, then the general level-n multiplication term becomes 
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Expanding (36), we have 
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From any of the two equations (35), (37), we can find the multiplication terms of result array  

at any level. Once we find the level-n multiplication terms, we can have the following 

results. 

From the level–n result array, we can write the following equations. 

Direct multiplication of n representas : 
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Reverse multiplication of n representas : 
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If the representas were arrays,  

)40(21 LLLL nn TAAA =⊗⊗⊗  

If each element of every representa is separated by a positive sign, then 
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Equation (35) or (37) gives the general multiplication term for level- n  multiplication or 

convolution. The multiplication terms may be more easily obtained when all the  

multiplicands are the same.  

n

 

2.9  Discussion and Remarks 
Bino’s model of multiplication is a generalized model for multiplication of numbers, 

polynomial and 1-D arrays or sequences. It is a symmetric model in the sense that we can 

start the multiplication process from the left or the right end. Using this model we can find 

the result array of multiplication of two representas or arrays easily. We have discussed how 

the result of multiplication of two representas could be obtained manually from the result 

array using backward slant addition and forward slant addition. We have derived various 
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formulations for multiplication of two numbers or in general of two representas depending 

on the side the multiplication operation starts from. Also, from the model we know that if 

we know the multiplication terms of multiplication of two numbers, then we can find the 

result of multiplication of the corresponding reversed numbers from the multiplication terms 

without actually doing multiplication again. We have also shown that linear convolution, 

polynomial multiplication can also be represented by Bino’s model of multiplication. In 

other words, Bino’s model of multiplication is the common model of representing number 

multiplication, polynomial multiplication and convolution, which are usually dealt with in 

different ways. Thus, as in multiplication of two representas, we can have four different 

forms of convolution depending on the side convolution starts from. The Bino’s model of 

multiplication simplifies the convolution operation. This allows us to do element-wise 

analysis of convolution of two arrays. This helps us immensely in understanding the perfect 

reconstruction theory of existing 2-channel filter bank scheme and to the developments of 

generalized signal decomposition and reconstruction schemes proposed in chapter 4 and 5.  

As the convolution process can also be done with fast Fourier transforms, we have described 

the process of how multiplication can be done using FFT and have indicated when it can be 

used for faster convolution or multiplication. The multiplication process is extended first to 

multiplication of three numbers and then to multiplication of  numbers, in general. The 

same can be applied to find trinomial expansions and in general polynomial expansions from 

which we can find various types of convolution triangles [35, 53, 92, 126] to design 

symmetric averaging filters.  

n

 

2.10  Conclusions 
Bino’s model of multiplication is a generalized way of multiplication. It can exactly 

represent the multiplication process involved in number multiplication, polynomial 

multiplication and array multiplication or convolution and hence it unifies the three 

multiplication processes. This allows us to perform large number multiplication fast using 

representas. It also represents the FIR filtering operation and helps in a better understanding 

of the filtering process. Moreover, multilevel multiplication, polynomial expansion or 

convolution can easily be performed using Bino’s model of multiplication.  



 
Chapter 3 

 
 

ISITRA FOR SIGNAL DECOMPOSITION AND 
RECONSTRUCTION 

 
 
 
Abstract: Proposed here is a generalized transform entitled ISITRA for subband signal 

decomposition and reconstruction.  Unlike in wavelet and filter bank decomposition 

schemes, here a signal can be decomposed into (a) two approximations or (b) two details or 

(c) one approximation and one detail using different decomposition filters which are not 

necessarily of QMF type. Here the issue of perfect reconstruction in a subband 

decomposition scheme is well defined in terms of member condition, a condition to be 

satisfied by a set of decomposition filters and their corresponding reconstruction filters. We 

define a PRF set as a set of decomposition and reconstruction filters that satisfy the member 

condition. Also, we define a framework of  PRF sets as a pattern of PRF sets from which 

infinitely many actual PRF sets can easily be generated. There are various ways for finding 

different frameworks of  PRF sets which provide us much more flexibility in the choice of 

decomposition and  reconstruction filters than the wavelet and filter bank schemes. The 

theory of ISITRA is simple as it does not require any complex transform such as Z-transform 

in filter bank or Fourier transform and can be easily implemented in a computer. Moreover, 

perfect reconstruction multi-channel filter bank and transmultiplexer can easily be obtained 

from the 2-channel case.  

 

3.1 Introduction 
In the last few decades we have witnessed a strong wave of wavelets fluxed in various fields 

of research and application domains. The most apparent strength of wavelet seems to lie in 

its multi-resolution signal representation and its ability to produce non-redundant 
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transformed coefficients in its discrete version based on 2-channel filter bank scheme. Such 

features are found to be suitable for data compression and hence it is commonly used for 

image compression [12, 42, 109,110,112]. However, it has also been used in various other 

applications like computer vision [108], pattern recognition [164], statistical parameter 

estimation [45], denoising [36, 44] etc.  If we trace the history of the popular scheme of so 

called discrete wavelet transform (DWT), we will want to say that it is a hybrid scheme of 

wavelet and filter bank. It is not a direct discrete version of the continuous transform 

(CWT), which Grossman et al [51] introduced for multi-resolution signal representation 

through dilation and translation of a basis function known as mother wavelet. In DWT, 

multi-resolution is achieved using two basis functions respectively known as scaling 

function (or father wavelet) and wavelet function (or mother wavelet). It seems to be a 

mystery why scaling function would be required in DWT when there is no requirement of 

the same in CWT.  Interesting enough, scaling function has more importance than wavelet 

function in DWT, in the sense that most features of a signal are in the transform coefficients 

of scaling function.  One might imagine or assume that scaling function as a special case of 

wavelet function as the former can be obtained from the latter in orthogonal wavelet case 

through a relation known as quadrature mirror filter (QMF) relation. However, if we study 

further, we see that there is no relationship between scaling function and wavelet function in 

bi-orthogonal wavelets. But still multi-resolution is possible in the case of bi-orthogonal 

wavelets. It is not correct to assume that only mother wavelet or any of its derivatives is 

required for multi-resolution in the line that multi-resolution in CWT is achieved from only 

the mother wavelet.  

Another mystery in DWT is the issue of inversiblity or perfect reconstruction. Theoretically, 

perfect reconstruction of CWT is given on admissibility condition [39], even though it is not 

possible to get perfect reconstruction in CWT in practice. This could be a reason why CWT 

is not so popular. On the other hand, perfect reconstruction is possible in DWT. Multi-

resolution will have no role in perfect reconstruction, because perfect reconstruction is not 

possible in CWT which is inherent with multi-resolution. The perfect reconstruction in 

DWT is possible because DWT filters satisfy perfect reconstruction theory of 2-channel 

filter bank. To ensure perfect reconstruction in orthogonal filter bank, making the low pass 

and high pass decomposition filters are to be of QMF type is sufficient.  The same relation is 

also required between a scaling function and a wavelet function to ensure perfect 
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reconstruction. So, the main reason behind introducing scaling function in DWT is to 

establish a relation between wavelet and filter bank, which at the same time would allow 

perfect reconstruction. The main advantage of such an establishment is the possibility of 

using short length perfect reconstruction wavelet filters in the filter bank scheme. This 

makes DWT very popular and the term wavelet transform becomes synonymous to DWT. 

DWT is based on 2-channel filter bank, we analyze step by step of decomposition and 

reconstruction scheme of the filter bank using Bino’s model of multiplication. We could 

establish the necessary and sufficient conditions for perfect reconstruction in 2-channel filter 

bank scheme [125]. We could also know that the condition of perfect reconstruction is 

dependent on how reconstruction is performed. That is, different reconstruction schemes 

give rise to different conditions for perfect reconstruction. The existing perfect 

reconstruction theory of 2-channel filter bank is also one possible way of reconstruction. 

The transform ISITRA (Indian Statistical Institute Transform) proposed in this chapter 

provides a generalized model for the subband decomposition and reconstruction scheme. We 

will briefly discuss below 2-channel filter bank and its shortcomings, which may be useful 

for a better understanding of ISITRA and the differences between ISITRA and filter bank. 
 

In Section 3.2, we describe the basic features of ISITRA and present a comparative study of 

computational complexities of filter bank (in direct and polyphase form) and ISITRA. In 

Section 3.3, the decomposition and perfect reconstruction schemes and ways of obtaining 

perfect reconstruction filter (PRF) sets of ISITRA are described. Two cases of ISITRA, 

namely, ISITRA-1 and ISITRA-2, are then considered. In ISITRA-1, the two decomposition 

and two reconstruction filters are obtained from a single array of length  while in ISITRA-

2, they are obtained from two separate arrays of length . In Section 3.4, first ISITRA-1 is 

described and then it is shown how Daubechies’ orthogonal wavelets become special cases 

of ISITRA-1. In Section 3.5, ISITRA-2 is described and it is shown how Daubechies’ bi-

orthogonal wavelets become special cases of ISITRA-2. In Section 3.6, the multilevel (both 

half and full) decomposition and reconstruction schemes of ISITRA are presented. In 

Section 3.7, the multi-resolution decomposition scheme of ISITRA is discussed where the 

decomposed components of a signal at any decomposition level can be obtained through a 

single level decomposition of the original signal.  This is done using a special filter called 

effective filter which depends on the decomposition filter used at every level and the depth 

L

L
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of the decomposition level. This saves a considerable computation time. In Section 3.8, 

multi-channel decomposition and reconstruction schemes of  ISITRA are presented. In 

Section 3.9, a multi-channel transmultiplexer of  ISITRA and the perfect reconstruction 

theory of 2-channel transmultiplexer are described. In Section 3.10, decomposition and 

reconstruction schemes of ISITRA in 2 dimensions are discussed. In Section 3.11, multilevel 

(both half and full) decomposition and reconstruction schemes of ISITRA in 2 dimensions 

are discussed. Discussions are given in Section 3.12 and conclusions in Section 3.13. 
 

3.1.1  Filter bank  scheme and  its computational complexity 
In the filter bank scheme, a signal is decomposed into two components using a high pass 

filter and a low pass filter.  Then each of the filtered outputs is down sampled by a factor of 

2 as shown in Fig.3.1a, to give the outputs. The decomposition filters need to be of QMF or 

CQF  (conjugate quadrature filters) type to ensure perfect reconstruction. The down-

sampling operations performed in the decomposition process are useful for data reduction. 

In most of the literature on filter bank, it is mentioned that the down-sampling in 2-channel 

filterbank introduces aliasing effect. But that is not the case as explained in [120] and  later 

in ISITRA. The process of down-sampling is required for both perfect reconstruction and 

multi-resolution analysis.   The decomposition scheme in Fig.3.1a performs unnecessary 

computation in the filtering operations, which would be simply discarded in the succeeding 

down-sampling process.  As filter bank is usually studied using z-transform, signals and 

filters are given in z-domain. 

 

       
                                    (a)                                                         (b) 

Figure 3.1   (a) Filter bank decomposition                  (b) Filter bank reconstruction 

 

Suppose the input signal  is a polynomial of degree )(zX )1( −m  and the decomposition 

filters are polynomials of degree )1( −L . Each of the filtered outputs will be a polynomial of 
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degree  with )2( −+ mL )1( −+ mL coefficients. Consider now that the computation of a 

coefficient of a filtered output requires  multiplication operations and L )1( −L addition 

operations. Then the arithmetic operations in the computation of a filtered output are 

 multiplication and (L*)1−mL( + )1(*)1 −−+ LmL  addition operations. Down-sampling 

by 2 in the succeeding stage rejects every odd or even coefficients of a filtered output 

thereby making the size of the decomposed component or  reduced to 

. 

)(0 zX )z(1X

⎡ ⎤2/)1−( + mL

 

In the reconstruction process, the decomposed components are up-sampled by 2 as in 

Fig.3.1b, thus making their length )1( −+ mL  before filtering with the reconstruction filters. 

The reconstruction filters are of polynomial of degree )1( −L , a reconstruction filtered 

output would be a polynomial of degree )32( −+ mL

L

. Considering that the computation of a 

coefficient of the filtered output requires  multiplication operations and )1( −L

)1( −

 addition 

operations,  multiplication operations and LmL *)22( −+ *)2−2( + LmL

)2

 addition 

operations would be required for the computation of a filtered output. The two filtered 

outputs are again added together. This requires 2( −+ mL  additions, both being  

polynomials of degree )32( −+L

L2*) 2(

m

2

, to finally give the reconstructed signal . Thus, the 

total numbers of multiplication and addition operations in the reconstruction process are 

 and 

)(zY

mL 22( −+ )12(*) −−+L Lm  respectively. 
 

The computationally efficient polyphase scheme [29, 48] of 2-channel filter bank is shown 

in Fig.3.2. In the decomposition process, the signal is first divided into two, even and odd, 

components using two down-samplers, one coupled with a delay operator. Multiplication of 

the signal which is a polynomial of degree )1( −m , with  requires  multiplication 

operations. The number of coefficients in each of the components (even or odd) becomes 

. These components are filtered with the two decomposition filters of length , 

yielding outputs of length 

1−z m

2/m L
12/ −+ mL

(

. Now, the computation of a coefficient of filtered 

output requires multiplication and L )1−L

Lm *)12/

 addition operations. Then the computation of a 

filtered output requires L( −+  multiplication and )1)12/ (*( −−+ L

X

m

)(0 z

L  addition 

operations. The two filtered outputs are added together to get the component  and one 
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of them is subtracted from the other to give the component . Since the two filtered 

outputs are polynomials of length 

)(1 zX

12/ −+ mL

)(0 zX (1X

, addition of the two outputs actually requires 

 additions. Thus, the total number of addition (as well as multiplication) 

operations in the computation of  or  is 

)12/( −+ mL

)z L*)12mL /( −+ . 

 

     
(a) (b) 

Figure 3.2.   (a) Polyphase decomposition               (b) Polyphase reconstruction 
 

In the reconstruction process, first the decomposed components of length ( 12/ −+ mL ) are 

added and subtracted before inputting to the corresponding reconstruction filters. The two 

inputs are then passed through the reconstruction filters to give outputs of length 

. Thus )22/2( −+ mL )22/2(*)1( −L −+ mL  addition operations and  )22/2(* −+ mL

)4

L

4(

 

multiplication operations are required to find a filtered output. The two filtered outputs are 

then up-sampled by 2 making the length of each output doubled, that is, −+ mL .  Then 

one of the up-sampled components is multiplied with a delay operator, which requires 

 multiplication operations and as many  addition operations to finally give the 

reconstructed signal Y .  

)44( −+ mL

)(zX

)(z
 

In both filter banks (direct and polyphase), the equality of and depends on how 

the decomposition filters , and the reconstruction filters , are 

chosen. With the proper choice of decomposition and the reconstruction filters, it is possible 

to make  equal to , in that case, the corresponding filter bank scheme is known as 

perfect reconstruction filter bank. Several scientists worked on the perfect reconstruction 

theory of filter banks. Mention may be made of Smith-Barnwell [127], Mintzer [89], 

Vaidyanathan [148, 150], Vetterli [153, 155, 157]. Perfect reconstruction theory of filter 

banks are also dealt with in  [5, 29, 48, 152, 159]. 
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Later on wavelets people connected wavelet theory with filter bank [34, 39, 81]. For that 

purpose, they introduced an extra wavelet function known as scaling function to correspond 

to the low pass filter in filter bank. With this introduction the inversible discrete wavelet 

transforms can be developed based on the perfect reconstruction theory of filter bank. 

Perfect reconstruction theory of 2-channel filter bank involves reconstruction filters. 

However, reconstruction filters are not explicitly studied about their roles in perfect 

reconstruction in DWT, nor any explicit names were given to wavelet functions that would 

correspond to the reconstruction filters.  There are certain conditions to be satisfied by 

wavelet filters. The decomposition filters , corresponding to the scaling function, and  

corresponding to wavelet function, should satisfy the following equation.  
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Equation (1) is neither a necessary condition for perfect reconstruction nor a sufficient 

condition. For perfect reconstruction two different conditions are separately required for 

orthogonal and bi-orthogonal cases. For orthogonal wavelet filters, the following relation is 

required to ensure perfect reconstruction. 
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This condition is generally known as QMF relation in filter bank community [5, 48,152]. 

Usually the first equation in (2) is used to specify the QMF relation. But for perfect 

reconstruction, the first relation is not sufficient. The relation of the reconstruction filters 

with the decomposition filters is also required and hence the reconstruction filters  and  

are also given in equation (2).  For bi-orthogonal filters, the relationship between filters is 

given as 
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The conditions given above are sufficient conditions to get perfect reconstruction in 2-

channel filter bank scheme. But they are not a necessary condition. Later on, we will find 
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various decomposition and reconstruction filters which do not satisfy the above conditions 

but give perfect reconstruction.  Also, it is not straightforward to find filters that satisfy the 

above conditions. Neither equation 1 nor 2 suggests anything about how to find filter , 

which is required to find , . Also, equation 3 does not suggest how to find 

which are required to find . 

0h

1h 10, gg
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Some drawbacks of the filter bank or DWT 

1) Finding perfect reconstruction filters is difficult. 

2) Perfect reconstruction issues are not well addressed. There are several possible ways of 

perfect reconstruction in the 2-channel filter bank. Mainly QMF structure is addressed. 

3) The condition for perfect reconstruction being studied in z-domain is not very helpful for 

finding filter coefficients. 
 

3.2  ISITRA 

ISITRA is a new generalized transform for signal decomposition and reconstruction. 

ISITRA is developed to overcome the drawbacks in a filter bank scheme. Unlike in wavelets 

or filter-bank decomposition scheme where a signal is always decomposed into an 

approximation and a detail, here a signal can be decomposed into all possible ways. That is, 

a signal can be decomposed into an approximation and a detail, or into two details or into 

two approximations and the coefficients of the filters can be chosen quite arbitrarily. Such 

arbitrariness in choosing the filter coefficients is a unique feature of ISITRA. 
 

ISITRA is similar to the filter bank scheme in its decomposition scheme as shown in 

Fig.3.3a. A signal array b  of length  is decomposed into two component arrays A  and  

using the decomposition filter coefficients  and  of length . The arrow symbol       

that precedes the filter denotes advancing of one index which avoids performing extra 

multiplication operations in the filtering process. In other words, we skip alternate data 

points of the signal in the computation of a decomposed component in the filtering process. 

The length of each decomposed component thus becomes .  Now, the 

computation of a coefficient of a decomposed component requires  multiplications and 

 additions. As a result, 

m

L /

B

af

L*)

bf L

2+
L

12// −Lm

)1( −L m 122/( −+  multiplications and )1(2 *)1/2/( −−+ Lm L  

additions will be required for the computation of a decomposed component.  A significant 
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amount of computation would be saved if the length of the decomposition filters is large.  

Here we do not require down-sampling. It is done in the filtering process itself.  
 

The reconstruction scheme of ISITRA, shown in Fig.3.3b, is computationally more 

advantageous. Here, we do not up sample the decomposed components. Instead, we do the 

filtering operation with only the halves of the length of the reconstruction filters. Let  

denote the odd parts and , the even parts of the reconstruction filter .  Similar is the 

case for the other reconstruction filter .  Filtering of a decomposed component with even 

or odd parts of a reconstruction filter requires 

arof

aref arf

brf

)12/2/(*2/ −+ LmL  multiplications and 

 additions. Addition of the outputs of the two odd filters gives the 

odd indexed components of the reconstructed signal. And addition of the two outputs of the 

even filters gives the even indexed components of the reconstructed signal. Thus the 

numbers of multiplication and addition operations required in the computation of odd 

components or even components of the reconstructed signal are respectively 

 and 

)1

)1(

2/2/(*)12/( −+− LmL

)12/2/(* −+ LmL )12//(* 2 −+−L Lm . The odd and even components are simply 

inter-merged to obtain the reconstructed signal. It is denoted by the symbol  in the 

Fig.3.3b.  In actual computation this requires no arithmetic operation. 

 

              
(a)                                                (b) 

Figure.3.3   (a) ISITRA decomposition     (b) ISITRA reconstruction 
 

A summary of the arithmetic operations required during decomposition and reconstruction 

processes in direct filter bank, its polyphase form and ISITRA scheme is given in Table 3.1.  
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Subband 

Scheme 

Total number of Extra operations Required 

Multiplications Additions 

1. Direct FB )323(*2 −+ mLL
)434(

)323(*2
−+

−−+
mL

mLL  Up-sampling, 

 Down-sampling 

2. Polyphase  
2

)23(*2
−

+−+
m

mLL  
4

)13(*2
−

+−+
m

mLL  Up-sampling, Down-sampling , 

Delay Operators 

3. ISITRA )2(*2 −+ mLL )2(*)1(2 −+− mLL None  
 

Table 3.1  Number of multiplication and addition operations in different subband schemes.  
 

 As compared to the direct and polyphase filter bank schemes, ISITRA is simpler and 

requires less number of computational operations. Also, neither a down-sampler in the 

decomposition process nor an up-sampler in the reconstruction process is required. In both 

the filter bank schemes described above, the equality of  and  is much dependent 

on the decomposition and the reconstruction filters. From the perfect reconstruction theory 

of 2-channel filter bank using polyphase representation it is found that the orthogonal 

decomposition and reconstruction filters should be of two types, viz, QMF type or  CQF 

type to ensure perfect reconstruction [48, 127, 152]. The perfect reconstructibilty of 

orthogonal Daubechies’ wavelet filters can also be interpreted as its decomposition and 

reconstruction filters being of QMF type. But they are not a necessary condition for filters to 

ensure perfect reconstruction in 2-channel filter bank [121].  We will also show in the 

Section 3, that filters being QMF and CQF are not the only ways to achieve perfect 

reconstruction in a subband decomposition scheme. Moreover, there is more flexibility in 

ISITRA in choosing filter coefficients as compared to polyphase filter bank, which will be 

clear in the following section.    

)(zX )(zY

 

3.3  Decomposition and Reconstruction Schemes of ISITRA 
In this section we will describe the theoretical and computational aspects of the 

decomposition and perfect reconstruction schemes of ISITRA. We consider here single level 

decomposition of a 1-dimensional signal or array but it can be easily extended to 2-

dimensional signals or arrays. In the derivation, bold letters denote arrays and others scalars.  

Similar to 2-channel filter-bank decomposition scheme, here also we decompose an array or 
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a signal into two components using two arrays known as decomposition filters. In the former 

case, one of the decomposed components corresponds to approximation or low-pass 

component and the other to detail or high pass components, and the filters are basically of 

QMF types.  But in our case, we have a wide choice of decomposition filters, filters need not 

be of QMF type and hence we cannot specify a decomposed component as detail or 

approximation as both may correspond to approximations or to details. Thus instead of 

referring a decomposed component as an approximation or a detail, we would simply refer 

them as  or  component. The decomposition scheme is simple and is as follows. A B
  
3.3.1  Decomposition scheme of ISITRA  

Let  and  be any two decomposition-filters of even length . Then the decomposition 

of a signal b of size m into two components and B , is as follows 

af bf L
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where  .,,3,2,1 1lenn L=

 

The above equations (4) and (5) are based on Bino’s model of multiplication beginning from 

the left end, same in form as in equation (3) of Chapter 2 except the factor 2 used for 

skipping alternate data points. The length of each decomposed component in the above 

decomposition scheme is ⎡ ⎤ 12/2/1 −+= Lmlen .  The subscript ‘1’ in  indicates the 

first level decomposition. 

1len

 

In the above decomposition equations, the signal is known to us but the filters used are 

unknown. How do we find the decomposition filters? What are their characteristics? Can 

any two arrays of even length  be used as decomposition filters? For perfect reconstruction 

from the decomposed components, the coefficients of the decomposition filters should 

satisfy certain condition known as member condition.  They are generally obtained from the 

reconstruction schemes. 

L

 

Definition 3.1 A member condition is a set of equations to be satisfied by a set of 

decomposition and their corresponding reconstruction filters in order to ensure perfect 
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reconstruction in a subband decomposition scheme.  They are generally obtained from the 

reconstruction scheme.  
 

Definition 3.2  A PRF (Perfect Reconstruction Filter ) set is a set of decomposition and the 

reconstruction filters which satisfies a member condition.  A PRF set can be used in the 

decomposition and the reconstruction scheme of a subband decomposition scheme.  
 

3.3.2  Reconstruction scheme of ISITRA  

Any reconstruction is usually done using reconstruction filters. There are various ways of 

reconstruction of the signal from its decomposed components. The reconstruction scheme 

used by the wavelet and filter bank community is one of them.  The decomposition and the 

reconstruction filters are different for different reconstruction schemes. We discuss here four 

different types of reconstruction schemes. 
 

Reconstruction Scheme-1: 

This reconstruction scheme is done in time domain. 

Let  and  be the corresponding reconstruction filters of even length arf brf L . Then from 

equations (4) and (5), we get the following using the odd terms of the reconstruction filters. 
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And, using the even terms of the reconstruction filters, we get  
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where any j-th filter coefficient = 0 for j outside the range Lj ≤≤0  and 0)( =kb  for  

outside the range .   Now putting  

k

mk ≤≤0
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for all r in equation (6),  we get only the odd components of  b on the right hand side, i.e., 
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Thus, we can find odd components of  as b
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Equation (8) is a condition for making the coefficients of all the even components of the 

signal in equation (6) zero while computing one odd component of the signal. Equation (10) 

is a condition to make the coefficients of all the odd components except the one being 

calculated, zero.  Similarly, putting 
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for all r in  equation (7), we can find the even components of  as b
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Equation (11) is a condition which is required for making the coefficients of all the odd 

components of the signal in equation (7) zero while evaluating an even component of the 
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signal. Equation (13) is a condition to make the coefficients of all the even components 

except the one being calculated, zero.  
 

Member Conditions: 

In the above reconstruction scheme, we have seen that in order to reconstruct the signal 

perfectly from its decomposed components, the decomposition and reconstruction filters 

should satisfy the restrictions given by equations (8), (10), (11) and (13). Equations (8) and 

(11) together will be known as member condition-I and equations (10) and (13) as member 

condition-II, respectively given in equations (14) and (15) below. 
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Equations (14) and (15) give the relations between decomposition filters and their 

corresponding reconstruction filters. Any set of decomposition and reconstruction filters that 

satisfy the member condition is known as a Perfect Reconstruction Filter (PRF) set. By  “the 

member condition”, we mean both member conditions I and II. We can find the coefficients 

of a member of a PRF set from equations (14) and (15). The members of a PRF set need not 

be orthogonal or orthonormal unlike in the case of wavelets or filter banks.  
 

On the issue of perfect reconstruction in the case of continuous wavelet transform, 

Daubechies suggested admissibility condition. For discrete wavelet transform, Daubechies 

orthogonal wavelet filters are of QMF types. But the member condition of ISITRA given in 

equations (14) and (15) does not suggest anything about the requirement of the filters to be 

of QMF type or about admissibility condition.  If one can find decomposition and 

reconstruction filters that satisfy the member condition, then they can be used for perfect 

reconstruction without having to concern about whether they are of QMF type or not. Also, 

we can find infinite number of filter coefficients of filters of QMF type of any particular 
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length. This can be easily proved from the restriction given by equations (10) and (13) 

which have infinitely many solutions. This explains briefly why we can have an infinite 

number of filter coefficients for any particular length . Once we find a PRF set we can 

decompose a signal using the decomposition equations (4) and (5), and then reconstruct the 

original signal using the reconstruction equations (9) and (12).  

L

 

Filters of QMF types always satisfy the member condition and hence can be used for perfect 

reconstruction in a subband decomposition scheme.  

Proof: Let be a set of filters of QMF type. Then, from equation (2), we get  },,,{ brarba ffff
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The QMF filters will form a PRF set if they satisfy the member condition of ISITRA. If the 

filters satisfy member condition-I, and also satisfy the inequality of the member condition-II, 

they are said to form a PRF set. 

 

First part of member condition-I 
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Second part of the member condition-I  
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First part of the member condition-II 
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(when , the above expression becomes) 2/Lr =
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 Second part of member condition-II 
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(when , the above expression becomes) 2/Lr =
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In other words, filters of QMF type satisfy the member condition of ISITRA. The other 

values of in member condition-II allow one to choose perfect reconstruction filter 

coefficients.  Expressions (16) and (17) yield the same set of expression and they should be 

made equal to zero to obtain filter coefficients required for perfect reconstruction.  

2/Lr ≠
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When ,1=r  equation (18) gives )()2()1()1( LL aaaa ffff +− =0. That is, the first two and 

the last two elements of a QMF should not have the same sign, which explains why in all 

coefficients in a QMF filter cannot have all positive coefficients. 
 

When ,2=r  equation (18) gives 

0)()4()1()3()2()2()1( )3( =+−+−+ LLL aaaaaaa ffffffff −La .  

 In general, the set of linear equations required for finding a filter of QMF type of length 

L can be obtained from equation (18) as 
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From (19), one can easily find a filter of QMF type, other remaining filters can be easily 

found from QMF relations between the filters given in equation (2). Some methods of 

designing of quadrature mirror filters in time domain are described in  [61].  However, they 

are relatively complex as compared with the methods of finding PRF sets of QMF types 

described in [117].  
 

The reconstruction and the decomposition filters being of QMF type is not a necessary 

condition for perfect reconstruction. 

Proof: This is evident from the reconstruction scheme-1.  
 

Reconstruction Scheme-2: 

Alternatively, in equation (6), we can make the coefficients of all the odd components and  

the coefficients of all the even components except )22( Ln −+b , zero.  Similarly, in 

equation (7), we can make the coefficients of all the even components and the coefficients of 

all the odd components except )12( Ln −+b , zero.  Equations (20) and (21) below give new 

member conditions I and II respectively. 
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And the corresponding reconstruction equations are 

)22(
)}22()2()22()2({

)}1()2()1()2({
)12(

2/

1

2/

1 LL

iLiiLi

iniini
Ln

L

i
brbara

br
L

i
ar

−+∑ +−+

−++∑ −+
=−+

=

=

ffff

BfAf
b  

)23(
)}21()12()21()12({

)}1()12()1()12({
)22(

2/

1

2/

1 LL

iLiiLi

iniini
Ln

brb
L

i
ara

br
L

i
ar

−+−+−+∑ −

−+−+∑ −+−
=−+

=

=

ffff

BfAf
b  

 

Thus, we can also find a PRF set corresponding to the member condition equations (20) and 

(21) which can be used to decompose a signal using equations (4) and (5) and reconstruct 

the signal from its decomposed components using equations (22) and (23). Care must be 

taken here, as a PRF set under one member condition cannot be used in the reconstruction 

equations under a different member condition. For example, the reconstruction filters of a 

PRF set obtained from equations (14) and (15) cannot be used in the reconstruction 

equations (22) and (23) to reconstruct the original signal. Some more reconstruction 

schemes of ISITRA are given in Appendix A. 
 

Property 1: If is a PRF set under a reconstruction scheme, then the sets 

,

},,,{ brarba ffff

} ,,,{ arba ffff,,,{ brarba ffff −− }br−− , },,,{ brarba ffff −− , },,,{ brarba ffff −− and 

also are PRF sets under the same reconstruction scheme. }brf,,,{ arba fff −−−−

This can be easily proved from the member condition. This enables us to find more PRF sets 

once we find one PRF set. 

Property 2:  The role of the decomposition and reconstruction filters can be interchanged. 

That is, we can use the reconstruction filters as the decomposition filters and vice versa. This 

is evident from the member condition equations.  This property also enables us to find more 

PRF sets. 
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3.3.3  Computation of  PRF sets of ISITRA 
PRF sets form the core of a subband decomposition and reconstruction scheme. The theory 

of wavelet transform is also to find PRF sets. Here we will discuss how the PRF sets can be 

calculated from the member condition of ISITRA. We will mainly use equations (14) and 

(15) for the purpose because these member conditions is a generalized case perfect 

reconstruction scheme used in discrete wavelet transform based on filter bank model. A PRF 

set of length L will be denoted by PRF-L. Since the length of a PRF set is always positive 

and even, the PRF set of length 2, i.e., PRF-2 is the shortest. The computation of a PRF set 

involves finding the members of it which satisfy member condition-I and member condition-

II.  In practice, we first find the framework of a PRF-L set satisfying the member condition. 

By the framework of a PRF set, we mean the PRF set whose members have variable 

coefficients. And we get an actual PRF set when these variables are replaced by numerical 

values. In order to find a framework of a PRF set satisfying the member condition, we first 

find members that satisfy member condition-I and then apply member condition-II to further 

specify the members. If member condition-II is vacuously satisfied for the framework of a 

PRF set, the coefficients of the members of the PRF set can be chosen arbitrarily. Otherwise, 

the coefficients of the members of the PRF sets are obtained by solving the linear equations 

of member condition-II.  
 

Next we will describe two schemes of ISITRA, namely, ISITRA-1 and ISITRA-2.  In 

ISITRA-1, only the coefficients of a single non-zero array (whose elements are non-

negative) of length L are provided and the coefficients of  are obtained from 

them. In ISITRA-2, the coefficients of two non-zero arrays (whose elements are non-

negative) of length L are provided and the coefficients of  are obtained from 

them.  Various frameworks of PRF sets of  ISITRA-1 and ISITRA-2  are presented in 

Sections 3.4 and 3.5 respectively. 

},,,{ brarba ffff

},,,{ brarba ffff

 

3.4  ISITRA-1 
ISITRA-1 is nothing but ISITRA whose PRF sets are obtained from a single non-zero array 

of length L where its elements are non-negative real numbers. The decomposition and 

reconstruction schemes of ISITRA-1 are based on this type of PRF sets.  Here the members 

of a PRF set are interrelated. The reconstruction filters can be obtained from the 
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decomposition filters and vice versa. The orthogonal wavelet filter coefficients form PRF 

sets of ISITRA-1. We will now discuss the frameworks of PRF sets of length 2 and 4 of 

ISITRA-1.  
 

PRF-2 Sets: 

When the length of the PRF set is 2,  member condition-I of equation (14) simply becomes 

)24(
0)2()2()2()2(

0)1()1()1()1(
LLL

⎭
⎬
⎫

=+
=+

brbara

brbara

ffff
ffff

 

and the member condition-II of equation (15) is vacuously satisfied. The corresponding 

reconstruction equations are 
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Choice of , ,  and  satisfying equation (24) can be made easily. In the case of 

ISITRA-1, let  be any non-zero array (i.e.,  are any two non-negative real 

numbers, both not zero) whose elements are non-negative. Then we can find , ,  and 

 satisfying equation (24) from it. For example, 

af bf

=l

arf

,[ 1l

brf

]2l 21, ll

af bf arf

brf ],[ 21 lla =f , ]1l,2l[ar =f , 

 and ]1l,[ 2l−b =f ]2ll ,1[br −=f  satisfy equation (24) and hence form a framework of a 

PRF-2 set. Since the member condition-II vanishes, there is no restriction on the values of 

 except that both should not be zero to avoid division by zero. Thus, we can find 

infinitely many actual PRF-2 sets, just by choosing any two real numbers, both not zero. The 

above PRF-2 set of ISITRA-1 has variable coefficients as its members’ coefficients. This 

type of PRF sets whose members have variable coefficients will be known as the framework 

of the PRF set. In practice, the coefficients should be real constants. By an actual PRF set 

we mean the PRF set whose members have real number constants as coefficients. If we 

choose, 

21, ll

212= l1l = , we get Daubechies’ wavelet filters of length 2, in short DB1 or we 

can choose some other values as 25.01 =l  and 625.02 =l  to get a different PRF-2 set. The 

above relation between  and  in the above framework of PRF-2 is known as QMF type. af bf
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We may find some other different frameworks that satisfy equation (24). For example, 

, , ],[ 21 lla −=f ],[ 12 llar −=f ],[ 12 llb −=f  and ],[ 21 llbr −=f  are the members of a 

non-orthogonal and non-QMF PRF set which satisfy equation (24). If we take 

 and  ]124.,125[. −=af ]125.,124[. −=bf  and decompose the image in Fig.3.4a with 

these filters, we get the decomposed image components shown in Fig.3.4b. All these 

components are details. Similarly, if we choose ]124.,125[.=af  and  as 

decomposition filters, all the decomposed components are approximations as shown in 

Fig.3.4c. In both the cases, we can get perfect reconstruction using their corresponding 

reconstruction filters. However, decomposition of an image into all details or into all 

approximations is not possible in wavelet or filter bank scheme. Decomposing a signal into 

details hides the distinguishable features of the signal. This may be employed for encryption 

as discussed in [119]. Various other possibilities of length-2 PRF sets are given in [118]. 

Note here that we are free to choose filter coefficients easily without any restriction. But we 

cannot choose other filter coefficients than 

]125.,124[.=bf

]2/1,2/1[=af  in the case of DWT 

because of the restriction in equation (1). So we cannot make the range of pixel values of the 

decomposed components of a signal decreased or increased as we desired in the case of 

wavelets. But in our case it is easily possible [125]. 
 

                                                   

Figure.3.4a  Original image     Figure.3.4b  Decomposition     Figure.3.4c  Decomposition of  
                                                 of Fig.3.4a  into details              Fig.3.3a  into approximations 
 
Once we find a PRF set, which satisfies the member condition, we can use it for 

decomposition and perfect reconstruction without having to concern about the orthogonality 

or orthonormality or about the types of the filters.  Also, we can find more frameworks of 

PRF-2 sets once we get one framework of PRF-2 using Property-1 or Property-2.  Note here 

that for every framework of a PRF-L set, there exist infinitely many actual PRF-L sets. Here 

lies the difference between ISITRA and other existing transforms. 
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We may have a different reconstruction scheme for filters of length 2, which is free of the 

any member condition from equations (4) and (5), by solving for and )2( nb )12( −nb . 

That is, when , from equations (4) and (5), we have the following decomposed 

components. 

2=L
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From equation (26), we can easily solve for  and )2( nb )12( −nb . For PRF sets of length 

greater than 2, we cannot have equations similar to equation (26) from which the values of 

and  can be solved directly. Instead they have to be solved differently from 

the member condition-I and member condition-II equations as described below. 

)2( nb )12( −nb

 

PRF-4 sets: 

For the evaluation of PRF-4 sets of ISITRA-1, first we choose the filter coefficients in such 

a way as to satisfy member condition-I. Once we find the filters that satisfy member 

condition-I, the actual filter coefficients are then evaluated from member-condition-II.  

Member condition-I of PRF-4 from equation (14) can be obtained as 
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We have to choose , ,  and  in such a way that they satisfy the above equations.  af bf arf brf

Let    be a trial framework of PRF-4 sets of ISITRA-1. 
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The above set of filters satisfies member condition–I. It will be a PRF set if member 

condition–II also is satisfied. Member condition-II for 4=L  obtained from equations (10) 

and (13) is given by   
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All these equations of member condition-II give  )27(04231 LLL=+− llll .  

 

All the terms in equation (27) are not of the same sign. Hence, member condition-II is said 

to be satisfied with the above filters. Thus the above trial PRF-4 set is said to form a 

framework of a PRF-4 set of ISITRA-1. The actual PRF-4 set for this framework is found by 

finding the values of  and  from equation (27). We can choose any three 

coefficients arbitrarily and find the fourth from the relation.  For, example we can choose 

then from equation (27), we get 

321 ,, lll 4l

6,2,1 321 === lll 34 =l . And the actual PRF set of the 

above framework is  ],3,61[ ,2,−=af ],1,2,6,3[ −=arf ]1,2,6,3[ −=bf  and 

. The decomposition and reconstruction filters of this PRF set do not 

satisfy equation (1) or (2) or (3) and are not acceptable filters in wavelet transform or in 

filter bank. But still we can get perfect reconstruction with these filters in ISITRA. In this 

way, we can find infinitely many actual PRF-4 sets of ISITRA-1 of the above framework of 

PRF-4 sets. Again, let us consider the following framework of PRF-4 sets 

]3,6,2,1[ −=brf

],,,[ 4321 lllla=f , ],,,[ 1234 llllb −−=f , ],,,[ 1234 llllar −−=f  and ],,,[ 4321 llllbr −−=f  . 

This set is again not a possible PRF set in wavelet because  whose elements are all 

positive cannot be a wavelet filter. More other frameworks of PRF-4 sets are available in 

[125]. 

af

 

We can generate other frameworks of PRF-4 set just using Property-1 or Property-2. If one 

of the reconstruction filters is used as a decomposition filter, then the other reconstruction 

filter will also be used as the decomposition filters. We may also find different frameworks 

under the same member condition of a reconstruction scheme. Or we may find different 

frameworks under different member condition of a different reconstruction scheme.  
 

Proceeding in this way, we can find frameworks of PRF-6 and PRF-8 sets which are given 

in Appendix B.  In general, we can find frameworks of PRF-L sets from the member 

condition equations (14) and (15). The number of possible frameworks that a PRF-L set can 
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have, depends on the value of length .  The higher the length of a PRF set, the higher is 

the number of the frameworks one can find in a reconstruction scheme. The PRF sets are 

different for different member conditions of different reconstruction schemes. We could 

have obtained different PRF sets if we had used the member conditions of equations (21) 

and (22). It may be remembered that for every framework of a PRF-L set, there are infinitely 

many actual PRF-L sets. This shows the flexibility of ISITRA-1 in choosing filter 

coefficients and hence in forming PRF sets. The space of PRF sets of ISITRA-1 is infinitely 

large where the space of PRF set of compactly supported orthogonal wavelet filters occupies 

a limited space in it. The frameworks of PRF sets of commonly used compactly supported 

wavelets are given below. 

L

 

3.4.1 ISITRA-1 frameworks of PRF sets of well-known orthogonal  

          wavelets  
In this section, we will produce the frameworks of the decomposition and reconstruction 

filters of commonly used orthogonal wavelets. The wavelet filters are obtained from a 

predefined function called wavelets using the FIR filter relation. But in ISITRA we do not 

need any predefined function for obtaining the PRF sets. We can directly find them from the 

member condition as described in the previous section. We will not show the derivation of 

frameworks but will give the frameworks directly. We know for every framework of PRF 

set, there are associated infinitely many actual PRF sets. Thus, from a single framework of 

any PRF-L set, we can have infinitely many actual PRF-L sets.  Also, from one framework 

one can obtain different other frameworks by using Property-1 or Property-2. We will now 

find the framework of PRF sets of decomposition and reconstruction filters of well-known 

wavelets, mainly the Daubechies’ orthogonal wavelets.  
 

Framework of PRF set of DB1: 

DB wavelets are wavelets named after Daubechies. DB1 wavelet filters are of length 2. 

They have the following framework. 

],[],[],[],[ 12121221 llllllll brbara −=−=== ffff  

where ’s are any real numbers not all zeros.  In the filter coefficients of DB1, l

21=21 = ll  and it is the only PRF set of length 2 in the case of wavelet. But in the case 

of ISITRA-1 one can choose any two non-zero real numbers and use it in the above 
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framework as a PRF set. That is, we can find infinitely many actual PRF2 sets 

corresponding to the above framework. Thus, wavelet filter coefficients of length-2 form an 

actual PRF2 set out of infinite number of actual PRF2 sets. This flexibility allows us to 

choose our own PRF-2 sets instead of using filter coefficients of DB1, if one likes to test an 

application with their own filter coefficients.  
 

Framework of PRF set of DB2: 

DB2 wavelet filters are of length 4 and belong to a PRF-4 set. They have the following 

framework.  
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Member condition II here yields   0.. 4231 =+− llll , same as equation (27). 

So, we have to find any four real numbers such that they satisfy equation (27). DB2 wavelet 

filter coefficients that satisfy equation (28) are 

24/)31(1 −−=l , 24/)33(2 −=l , 24/)33(3 +=l  and 24/)31(4 +=l . If we 

convert these values into floating point numbers,  of  DB2  becomes  af

af =[-0.12940952255092   0.22414386804186   0.83651630373747   0.48296291314469]. 

The coefficients of  do not exactly satisfy equation (27). It yields 2.870204074412186e-

013, not exactly zero, hence the DB2 wavelet filter coefficients cannot be used for perfect 

reconstruction of a signal. It will always have reconstruction errors if we use the above filter 

coefficients. Theoretically, for perfect reconstruction, the filter coefficients have to exactly 

satisfy member condition-II.   

af

 

We can easily find many PRF sets, which satisfy equation (27). For example, let us choose 

, 125.01 =l 225.02 =l ,  483.04 =l . Then 8694.03 =l . If we use this in the above 

framework and use them in the decomposition and reconstruction equations, we would be 

able to obtain almost the same result and at the same time we can perfectly reconstruct the 

original signal from its decomposed components. Similarly, we can find infinitely many 

actual PRF-4 sets corresponding to the above framework of DB-2. The filters of Sym2 

(Symlets or symmetric Daubechies’ wavelets of length 4) [40] have the same framework. 

One can also find different frameworks from the above frameworks using Property-1 or 
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Property-2.  Frameworks of PRF sets of some other popular wavelets are given in Appendix 

B.  Every framework is associated with infinitely many actual PRF sets. It is not certain, 

which on of filters in a framework will give good performance for a particular application.  

Searching an optimal filter from the possible PRF sets of a framework can be done in a 

systematic way based on the optimization of certain criteria with respect to the application at 

hand using genetic algorithm. Such a search technique, for finding optimal PRF sets for a 

given framework of length 4 and 6, is described in the Appendix C.  The same technique can 

be extended to a framework of any length of ISITRA-1.  
 

3.5  ISITRA-2 
ISITRA-2 is nothing but ISITRA whose PRF sets are obtained from two distinct and 

unrelated non-zero arrays. Like in ISITRA-1, the elements of these arrays are non-negative 

real numbers. By two distinct and unrelated arrays, we mean one cannot be obtained from 

the other by simple change in signs or positions of the elements or by multiplying with a 

constant. We will consider here how PRF sets are obtained from two distinct and unrelated 

arrays from equations (14) and (15) of the member condition of ISITRA.  
 

PRF-2 sets: 

Let us begin with the consideration of PRF-2 of ISITRA-2. When the length of the PRF set 

is 2, the member condition-I of equation (14) simply becomes 
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and member condition-II of equation (15) vanishes (i.e., is vacuously satisfied).  
 

Let  and  be any two unrelated and distinct non-zero arrays whose 

elements are non-negative. If we choose our , ,  and  in the following way, i.e., 

, , 

],[ 21 ll=l

],[ 21 ll= f

],[ 21 kk=k

],[ 12 kk−

af bf arf brf

af ar = ],[ 12 kkb −=f  and ]2,[ 1 llbr =f  then the equation (28) is 

satisfied. Hence they form a framework of PRF-2 sets of  ISITRA-2. The actual PRF set or 

simply the PRF set is obtained by substituting the variable coefficients by real coefficients.  
 

 As the member condition-II vanishes, there is no restrictions on the values of ’s and ’s 

which means that we can choose their values arbitrarily. In other words, we can find 

l k
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infinitely many PRF-2 sets of the above framework. We may also find (i) different other 

frameworks of PRF-2 sets from the above framework by using Property-1 or Property-2 or 

(ii) different frameworks altogether from the member condition of equation (28).  

PRF-4 sets: 

For the evaluation of PRF-4 sets of ISITRA-2, first we choose the filter coefficients in such 

a way as to satisfy member condition-I of equation (14).  Then the actual filter coefficients 

are evaluated from member condition-II. The member condition-I of equation (14) simply 

becomes the following set of equations. 
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We have to choose , ,  and  in such a way that they satisfy the above two sets of 

equations from two arrays  and 

af bf arf

=l

brf

,, 32 l ],[ 41 lll ],,,[ 4321 kkkk=k . 

 

Let       be a trial framework which satisfies equation (29) 
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Member condition-II of equation (15), when 4=L , yields the following set of equations. 
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Then the corresponding equations of member condition–II for the above trial framework of 

PRF-4 set yields the following equations. 
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All the terms in these two equations are not of the same sign. Therefore, member condition-

II is said to be satisfied with the above filters. And hence the above trial PRF-4 set is said to 
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form a framework of a PRF-4 set of ISITRA-2. The actual PRF-4 set for this framework is 

found by evaluating l ’s and ’s satisfying these two equations. This can be done in infinite 

number of ways. The bi-orthogonal wavelet filters of length 4 satisfy these two equations 

and hence they can be used for perfect reconstruction. We may find some other filters of 

length 4 and use them as a PRF-4 set for decomposition and reconstruction schemes. Also, 

the decomposition filter is crossed-related to its reconstruction filter in the sense that  and 

 consist of  l ’s, and  and  consist of k ’s. This allows us to find more PRF sets 

easily. That is, a bi-orthogonal filter set of length 4 can be used as four different PRF-4 sets.  

k

af

brf bf arf

 

PRF-6 sets: 

When , we get the following two sets of equations from the equation (14) of member 

condition-I.  
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We have to choose , ,  and  which satisfy the above two sets of equations. af bf arf brf

 

Let 
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 be a trial framework of 

a PRF-6 set which satisfy the above two sets of equations. 

The sets of equations for member condition-II of equation (15) are 
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The above sets of equations of member condition-II of ISITRA yield the following 

equations as member condition-II of ISITRA-2 for the above framework of PRF-6 set.  The 

corresponding member condition-II restriction yields 
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Since all the terms in the two sets of equations in equation (31) are not of the same sign, the 

above trial framework forms a framework of PRF6 set. The actual PRF-6 sets can be found 

by computing the values of  and  from equation (31). This can be done in 

infinitely many ways.  

54321 ,,,, lllll 6l

 

PRF-8 sets: 

Proceeding in this way, we can have the following as a framework of a PRF8 set.  
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The corresponding member condition-II from equation (15) yields 
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From the above equations we can find the values of l ’s and ’s and then replace in the 

framework to get an actual PRF8 set. We can find many frameworks of PRF8 sets from the 

member condition of equations (14) and (15). Proceeding in this way, we can find various 

frameworks of PRF-L sets of ISITRA-2 for higher values of filter length

k

L .  
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Also note here that when all l ’s and ’s are equal, the above frameworks of ISITRA-2 still 

satisfy member condition equations (14) and (15). That is, they can still be used for perfect 

reconstruction. When all 

k

Likl iL 1+i ,,2,1, L=∀= − , all the decomposition and 

reconstruction filters are interrelated and hence one can be obtained from the other. In other 

words, we can say all the members of a PRF set can be obtained from one array. This type of 

PRF set whose members can be obtained from or specified using an array is known as 

ISITRA-1. For example, the decomposition and the reconstruction filters of compactly 

supported wavelets are the PRF sets of ISITRA-1.  
 

3.5.1 ISITRA-2 frameworks of PRF sets of well-known bi-orthogonal  

          wavelets  
In this Subsection we will provide the frameworks of the decomposition and reconstruction 

filters of commonly used bi-orthogonal wavelets, mainly that of Daubechies. The 

frameworks of bi-orthogonal wavelet filters belong to the frameworks of PRF sets of 

ISITRA-2. That is, here all the members of a framework are obtained from two arrays. We 

briefly produce here the frameworks of the commonly used bi-orthogonal wavelet filters so 

that one can choose one’s own PRF sets. The decomposition filters and their corresponding 

reconstruction filters are crossed related e.g., as in equation (3). 
 

Framework of Bior1.1: 

],[],[],[],[ 12121221 llllllll brbara −=−=== ffff  

In the strict sense, Bior1.1 is not bi-orthogonal. This is the only case where a PRF set of a 

bi-orthogonal wavelet filter coefficients does not belong to the PRF set of  ISITRA-2. 
 

Framework of PRF set of Bior1.3: 
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Member condition-II vanishes and hence any two real numbers,  and 1l 02 ≠l , can be 

chosen as coefficients of the above PRF set. Thus, we see we can find infinitely many actual 

PRF-6 sets, instead of using the PRF-6 set of the Bior1.3 developed by Daubechies. 

Choosing the filter coefficients of a member of PRF set here is nothing but a mere fun every 

layman can enjoy. 
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Framework of PRF set of Bior1.5: 

The filters of Bior1.5 are of length 10. The framework of the PRF set of Bior1.5 is given 

below. 
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brb

ara
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ff
ff

 

As in Bior1.3, the member condition II of the PRF set vanishes, and hence we can choose 

any three real numbers, ,  and 1l 2l 03 ≠l .   

 

Framework of PRF set of Bior2.2: 

The filters of Bior2.2 are of length 6. They belong to the PRF6 sets of ISITRA-2 and their 

framework is given below. 
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Member condition-II yields 

)33(01221 LLL=+− klkl  

As the member condition-II yields equation (33), we have to find filter coefficients from this 

equation. Equation (33) consists of four variables, we have to find any four real numbers 

which satisfy it. This can be done in infinitely many ways. In the above framework,  has 

no role in the reconstruction process. That is, we can choose any real number as its value.  

3l

 

Frameworks of 9/7 Bi-orthogonal filters: 

The decomposition and the reconstruction filters of the popularly used 9/7 bi-orthogonal 

filters have the following frameworks.  
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This framework satisfies member condition-I given in equation (14).  

Member condition-II of equation (15) yields 

)34(
0)(

0
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The actual PRF sets are computed by finding the values of the filter coefficients from 

equation (34).  
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Thus, from the filter-evaluation point of view, the proposed scheme is easier than the 

wavelet scheme. Application specific filters can also be found by using some optimization 

techniques as described in appendix C. The frameworks of PRF sets obtained here are more  

generalized than frameworks of ISITRA-1. The PRF sets of ISITRA-1 can be thought as a 

special case of ISITRA-2. The PRF sets of all the bi-orthogonal wavelets are also the PRF 

sets of ISITRA-2 of the reconstruction scheme-1. Frameworks of PRF sets of some other bi-

orthogonal wavelet filters are given in Appendix B. Once we find the PRF sets, we can use it 

for single level decomposition using equations (4) and (5) or for multilevel decomposition 

described in the next section. 
 

3.6  Multilevel Decomposition and Reconstruction Schemes of  ISITRA 
In Section 3.3, we have discussed the theoretical background of perfect reconstruction in a 

single level subband decomposition and reconstruction scheme. The single level 

decomposition scheme can be easily extended to multilevel decomposition scheme to allow 

multi-resolution analysis. The multilevel decomposition scheme is of two types, namely, the 

multilevel half decomposition scheme (or simply half decomposition) and the multilevel full 

decomposition scheme (or simply full decomposition). In the multilevel half decomposition 

scheme, a signal is first decomposed into two components and successive decomposition is 

applied on one of the two decomposed components. It is similar to discrete wavelet 

transform or octave band filter bank in its decomposition and reconstruction scheme.  A 

signal  is decomposed into two components  and B  using the decomposition filter 

coefficients  and . The process of decomposition continues in one of the components, 

in our case component , up to certain desired level.  The decomposed components at a 

particular level are the two decomposed components at that level plus the left out 

decomposed components of  at the previous levels. Thus, if a signal is decomposed up to 

a level- k , we get  decomposed components. The level-3 half decomposition scheme is 

shown in Fig.3.5a. The reconstruction process starts from the last two decomposed 

components backwards in the same way as in 2-channel filter bank using single-level 

reconstruction scheme at each reconstruction level. In the case of full decomposition 

scheme, a signal is first decomposed into two components, and each of the decomposed 

components is again decomposed into two components. The process continues up to a 

b A

af bf

1+

A

B

k
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certain desired level.  The decomposition scheme is similar to wavelet packet decomposition 

scheme. The decomposed components at a particular level are the decomposed components 

at that level.  The level-3 full decomposition scheme is shown in Fig.3.5b. In this case if we 

decompose a signal up to a certain level , we get  decomposed components.  k k2

                     
Figure 3.5a. Level-3 half decomposition             Figure 3.5b. Level-3 full decomposition 
 

Here also, the reconstruction scheme is just the reverse process of decomposition. 

Reconstruction starts from the last level backward. From the  components at level k , we 

reconstruct  decomposed components of level 

k2
12 −k 1−k . The process continues till the 

original signal is reconstructed from the two decomposed components at level-1. The 

multilevel half and full decomposition schemes are described respectively in the following 

subsections 3.6.1 and 3.6.2. 
 

3.6.1  Multilevel half decomposition and reconstruction 

Suppose is a PRF-L set of any framework of ISITRA-1 or ISITRA-2. Then 

in the half decomposition scheme, a signal is first decomposed into two components, say, 

 and , using two different decomposition filters  and . Then one of the two 

decomposed components (say, ’s components) is again decomposed into two components 

at each successive level using the same decomposition filters. The decomposed components 

at a particular level-  are denoted by  and . 

},,,{ brarba ffff

1B

k

1A af bf

A

kA kB
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Let  be a discrete signal and ,  be the decomposition filters.  

Then we can decompose b up to level- k  using the following half decomposition scheme. 

],,,,[ 321 mbbbb L=b af bf
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where  is the length  of  the decomposition filters, L klenn ,,2,1 L=  and  is the 

length of a decomposed component at level-k, which  can be recursively obtained from the 

following relation. 

klen

( ) )36(2/)( 1 LL−= kk lenceillen  

And  is the length of a decomposed component at level-1. Thus, 

from equation (35), we can get the components of multilevel half decomposition. In the 

above decomposition scheme, only ’s components are successively decomposed up to a 

certain level- k . The maximum decomposable level in multilevel decomposition is fixed and 

it depends on the length of the signal and the length of the decomposition filters. Suppose 

we use decomposition filters of length at each decomposition level. Then we will say the 

signal is decomposable only up to level-  if 

⎡ 2/)2/(1 mmceillen == ⎤

A

L

k 1−≤< kk lenLlen . 

 

All the B ’s components,  and  represent the decomposed components at 

level- . Thus we get k  decomposed components at level- k  decomposition. In other 

words, the signal is decomposed into 

kBBB ,,, 21 L

1+

kA

k
1+k

bf

 components. Once the signal is decomposed up 

to a desired level into several components, the next task is reconstruction of the original 

signal from those decomposed components. The reconstruction of a signal from its 

decomposed components requires reconstruction filters  and  of the corresponding 

decomposition filters  and . The multilevel reconstruction equation can be easily 

obtained from the reconstruction equations (9) and (12) in the following way. Let  

arf brf

af
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Then recursive reconstruction relations are given by the following equations by extending 

equations  (9) and (12) as follows. 
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To make the index of the reconstructed components start from 1, we can write equations 

(37) and (38) as 
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In case  (= , say), as in the cases of the frameworks of  PRF sets of most 

commonly used orthogonal transforms,  we can combine equations (39) and (40) as 

21 DD = D

 )41()}()2()()2({1)(1 LLnipnip
D

n kbrkark BfAfA −+−=−  

where ; 1,,2,1 −= klenn L 2%1 nLp ++= ; 0)()( == nBnA kk   for   and  

denotes the remainder when is divided by t. 

1<< nlenk ts%

s
 

Equation (41) gives a generalized way of recursive reconstruction in the half decomposition 

scheme in ISITRA. This way of reconstruction avoids the necessity of up sampling the 

decomposed components and hence avoids the convolution of longer components with the 

reconstruction filters. 
 

 76



3.6.2  Multilevel full decomposition and reconstruction 

Under this decomposition scheme, a signal is first decomposed into two parts using two 

decomposition filters. And each decomposed component is again decomposed into two parts 

at the next level. The process is continued up to a certain level and the maximum 

decomposable level is given by equation (36).  Hence if the signal is decomposed up to 

level-k, then the number of decomposed components is . Here, the decomposed 

components will be denoted by a single symbol with two indices suffixed to it. The first 

suffix denotes the level of decomposition and the second suffix denotes the component 

number, i.e.,  denotes jth component of the ith level decomposition.  

k2

ji,A

Let  be a discrete signal of length m and  be the decomposition filters.  Then the 

level-k full decomposition scheme can be written mathematically as 

b 21, ff
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where  ;  ; 12,,2,1 −= kj L klenn ,,2,1 L=

0)()( ,, == nn jkjk BA   for  1<< nlenk   

In this decomposition scheme, the decomposed components at the level-  are the  

components at that level. In other words, the signal is decomposed into  components. The 

reconstruction scheme as in the half decomposition scheme, requires reconstruction filters 

k k2
k2

r1f  and r2f  of the corresponding decompositions filters  and . For simplicity, let us 

consider the case where

1f 2f

DDD == 21 . 
 

Then the recursive reconstruction in the case of full decomposition scheme is given by 
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Equation (42) gives the generalized recursive full decomposition scheme of ISITRA. And 

Equation (43) gives the generalized recursive full reconstruction scheme of ISITRA.  
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3.7  Multi-resolution Decomposition Scheme of  ISITRA 
The representation of a signal in terms of a basis of different scales is known as multi-

resolution signal representation. In the case of wavelet the scale of resolution is infinite as it 

is derived in the case of a continuous signal. Practically, there is a lot of difference from the 

theoretical scale of resolution. The scale cannot be infinite; it always has a finite range. In 

the case of ISITRA, the scale has fixed limits as the derivation of ISITRA is based on array 

context.  There is nothing in between two consecutive array elements. Hence the shortest 

scale we can have is 1 corresponding to the first level of decomposition where the index of 

the signal (array) advances two elements for the computation of a term of a decomposed 

component. This is the finest resolution that can be achieved in a decomposed component in 

ISITRA. The multi-resolution representation of a signal in ISITRA is achieved in multilevel 

decomposition. The level of decomposition corresponds to the scale of resolution. The lower 

the scale, the finer is the resolution. The level zero represents the original signal. We cannot 

represent a signal in a finer resolution than that of the original signal. A higher level of 

decomposition corresponds to a coarser resolution. The decomposition process of ISITRA 

represents a signal from a finer resolution to a coarser resolution. The reconstruction process 

is the representation of a signal from a coarser to a finer resolution.  
 

The multi-resolution of a signal in an octave band filter-bank decomposition scheme is 

obtained because of the down-sampling operation used at every level of decomposition. In 

the case of ISITRA, it is obtained through the indexing technique used during 

decomposition. The decomposition filters get elongated by certain amount at each 

successive decomposition level because of down-sampling operation in filter bank or 

indexing in ISITRA. Thus, the decomposition at higher levels can be thought of as filtering 

operations with longer filters at large translation steps.  Before deriving how much amount a 

filter get elongated at each successive level, let us have a closer look at the filtering 

operation or convolution in terms of sliding windows. 
 

The decomposition filter can also be thought of as a window which moves uniformly (by a 

certain fixed amount each time) to cover the whole signal. The length of the window 

increases with an increase in decomposition level. There is a fixed amount by which a 

window shifts at a particular decomposition level irrespective of the length of the window. 
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At the first level, the window shifts by 2 positions each time it shifts from left to right to 

cover the whole signal. At the second level, the window shifts by 4 positions each time from 

left to right. In general, at k-th level the window shifts from left to right by  positions 

each time.  The shifting positions of a filter at the first, second and third levels of 

decomposition are shown in Fig.3.6.  

k2

 

First level 

  
Second-level 

 
Third-level 

 
Figure 3.6   Position of shifts of an effective filter at different decomposition levels. 
 

Thus, we get different resolutions at different levels of decomposition. The vertical arrows 

show the position right end of the filter window at each shift corresponding to the 

computation of a term of decomposed component at a particular level. The horizontal arrows 

show the next position of the window goes beyond the length of the signal. In the 

decomposition scheme shown above, the filtering operation starts from left end of the signal. 

The filtering operation may also start from the right side. We may get different decomposed 

components if we start the filtering operation from the right to the left in the decomposition 

scheme, as the window may cover different components of the signal at each shift.  
 

Definition 3.3  An effective filter of a decomposition filter f  at a particular decomposition 

level is the filter obtained from f , which can be directly used on the original signal to get 

the decomposed components at that decomposition level. In other words, the decomposed 
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components at level- k can be obtained from the original signal in a single level 

decomposition by  where  is the effective filter at level-k. k
e f

)(1 L

k
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Theorem 3.1  The length of an effective filter of a decomposition filter at level-k, denoted 

by  is a function of  and is given by 

f
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where  is the length of the decomposition filter L f .  
 

Proof.  We will use induction method to prove this. 

We know, the level-1 decomposed components using filter  of length  is  af L
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The last term in the second level decomposition occurs when Lii == 1  and is 

 ))1(4()(2
2 −= LLLT a bf 3−n

And the actual effective length at the level-2 decomposition is )1(31 −+ L . 

Similarly, the last terms in the level-3 and level-4 decomposition are 

))18()(3
3 −= nLLT a bf (7− L

15−n

 

))1(16()(4
4 −= LLLT a bf  

And their actual effective filter lengths are )1(71 −+ L  and )1(151 −+ L  respectively. 

Proceeding in this way, the last term at the k-th level decomposition is  

)))(12()( −= LLT kkk
ak bf 1−L2(−n  

Hence the effective length of the decomposition filter at level-k is 
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Alternatively, we can express the effective length of a decomposition filter at level-k 

recursively as 

)45()1()1(2)( 1 LLL−+−= − kLLkL e
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This can be proved easily. 

This is how the length of a filter changes with the level of decomposition to give different 

resolutions at different levels. The following Table 3.2 shows that the effective length of the 

filter increases with increase in level of decomposition. The first column Lev–1gives the 

original lengths of the filters and the other columns give the lengths of the effective filters at 

the corresponding decomposition levels. For example, the original filter of length 10 gets 

elongated to lengths 28, 64, 136, … in the second, third, fourth, …  decomposition levels.  
 

Lev-1 Lev-2 Lev-3 Lev-4 Lev-5 Lev-6 Lev-7 Lev-8 Lev-9 Lev-10 

2 4 8 16 32 64 128 256 512 1024 

4 10 22 46 94 190 382 766 1534 3070 

6 16 36 76 156 316 636 1276 2556 5116 

8 22 50 106 218 442 890 1786 3578 7162 

10        28 64 136 280 568 1144 2296 4600 9208 
 
          Table 3.2   Lengths of effective filters at different decomposition levels 
 

Theorem 3.2  Let  be a decomposition filter of length 2, then the effective filter at level-k 

using this decomposition filter is given by` 

f
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Proof.  This can be proved easily from the decomposition scheme of ISITRA or from 

Theorem 1.3 below. 
 

Theorem 3.3  Let f  be a decomposition filter of length L. Then the effective filter at level-k 

using this decomposition filter is given by 
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where   is the effective filter at level-k and k
ef )(,,3,2,1 kLj eL=  for the corresponding 

decomposition filter. 
 

Proof.   First level decomposition of using  is f
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The effective filter at level-1 is the filter itself. That is, .   So the above equation can 

also be written as  
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Second level decomposition of using f  is 
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We know that the level-2 decomposed components can be obtained from the original signal 

using the effective filter at level-2, by shifting the filter window 4 positions each time. That 

is, we can also write the decomposed component at level-2 as 
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Comparing the coefficients of various terms of ’s  in the above equation, we have b
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Third level decomposition of using  is f
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The effective filter at level-3 is the array of the coefficients of  ’s  in the above equation. b

That is, 
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Proceeding in this way, we can write  in terms of    as  k
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Theorem 3.4   If   is an effective filter at level-k, for a decomposition filter , then the 

decomposed component of a signal at level-k due to successive decomposition using  , is 

the same as the decomposed component of the signal obtained by using the  as the filter 

window with  shifts at each move of the filter. 

k
e f af

af

k
e f
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In the case of wavelet transform the scale of resolution extends from negative infinity to 

positive infinity, this may be true for continuous signal. But it is meaningless in an array 

context because there is no element between two successive elements. So the length of the 

filter cannot be less than 1. Also the number of decomposable level is infinite which is quite 

contrary to the practical reality. The meaning of resolution at negative scale is an irrelevant 

concept in array context. As data are manipulated in array form in a computer, the theory 

given here can be implemented easily. And there is no discrepancy between theoretical and 

implementation point of view. 
 

3.8  Multi-channel Decomposition of  ISITRA 
The decomposition scheme so far we have discussed is done on the entire signal. Sometimes 

we may want decomposition on some selective elements of the signal or we may want to 

employ parallel processing in the decomposition scheme. For that purpose we divide the 

signal into several segments. The lengths of the segments may or may not be equal. The 

process of segmenting a signal into several segments and processing each segment 

separately is known as a multi-channel scheme. In this scheme, a signal is divided into 

several input segments and the usual decomposition is performed in each segment. Both half 

and full level decompositions are possible in some or all of the segments using filters of 
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ISITRA-1 or ISITRA-2. Moreover, the process of multi-channel decomposition may be 

repeated in some or all of the decomposed components. This way of decomposition may be 

useful in various applications, such as analysis, compression, data encryption etc.  
 

3.8.1  Channel decomposition 
The process of the division of signal b of length m  into two or more segments will be 

known as channel decomposition. It can be done in many different ways but we discuss the 

following two ways. Here, the number of segments, M ,  is assumed to be even. 
 

First method:  Here we simply divide the signal into M segments, by taking ⎡ ⎤Mm /  

successive elements in the following way. 

Channel-1, ; ⎡ ⎤)]/(:)1([1 Mmbba =

Channel-2, ⎡ ⎤ ⎡ ⎤)]/*2(:)1/([2 MmMm bba +=  

Channel-3, ⎡ ⎤ ⎡ ⎤)]/*3(:)1/*2([3 MmMm bba +=  

Proceeding in this way, we can write 

Channel-r, ⎡ ⎤ ⎡ ⎤ MrMmrMmrr ,,2,1)],/*(:)1/*)1(([ L=+−= bba   

And the last channel-M is 

Channel-M, ⎡ ⎤ )](:)1/*)1(([ mMmMM bba +−=  

 

Second method:  Here we segment the signal in such a way that, first segment consists of 

 elements of the signal, 2nd channel consists of 

elements of the signal and so on as shown below. 

)1*)1(()(1 +−= Mnn ba

)2*)1(()(2 +−= Mnn ba

Channel-1, )1*)1(()(1 +−= Mnn ba  

Channel-2, )2*)1(()(2 +−= Mnn ba  

Channel-3, )3*)1(()(3 +−= Mnn ba  

Proceeding in this way in this way  

Channel- r , )*)1(()( rMnnr +−= ba  

and  

Channel-M , )*)1(()( MMnnM +−= ba  

where  for any channel ⎡ Mrmn /)1(,,3,2,1 −+= L ⎤ r  of  M channels. 
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The above two methods are nothing but taking rows and columns, when a signal or an array 

of length is converted into a matrix of order m ⎡ ⎤MmM /× . In the first method, each 

channel corresponds to each row of the matrix. And in the second method, each channel 

corresponds to each column of the matrix. 
 

3.8.2  Channel interpolation 
The reconstruction of a signal from two or more segments will be known as channel 

interpolation. We discuss the channel interpolation scheme of the above two channel 

decomposition methods. As the first method of channel decomposition corresponds to 

segmenting the signal by keeping ⎡ ⎤Mm /  successive segments, the reconstruction is very 

simply obtained by putting the segments side by side in the proper order. That is, if 

Maaa ,,, 21 L  are the M segments of the signal b of length  using the first method, then we 

can simply obtain signal b  as 

m

],,,[ 21 Maaa Lb = .  For the second method, it needs two 

steps. Form a matrix  of order A ⎡ ⎤Mm /M ×  with M channel components as 

]',,,[ 21 Ma

[Ab =

aaA L= , the original signal is reconstructed by putting the transpose of the 

columns as the elements. Let  denote the transpose of c-th column of the matrix, then 

we can write, . 

)'c

,,)'3(:,A L

(:,

)',)' MA

A

2 ](:,(:,, A)'1(:,
 

Or from a matrix of order ⎡ ⎤MmM /×  with the transpose of M channel components as 

, the original signal is reconstructed by putting the columns as 

the elements as   . 

]',,',','[ 321 MaaaaA L=

),1(:,[Ab = )](:,, MAL),3(:,),2(:, AA

This is how we can reconstruct the original signal from its M channel segments in time 

domain. Note that the M-channel components in the second method of channel 

decomposition correspond to the coefficients of M-channel polyphase representation. 
 

3.8.3  2M-Channel filter bank of ISITRA 

Once a signal is divided into a desired number of segments, the usual decomposition and 

reconstruction schemes of ISITRA can be applied in each segment of each channel. The 

single level 2M-channel decomposition and reconstruction schemes are shown in Fig.3.7 

where rA  and rB  denote the decomposed components of the segment of the signal 

corresponding to channel-r. 
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Decomposition Scheme            Reconstruction Scheme 

Figure 3.7   2M-Channel filter bank of ISITRA 
 

The input signal b  is first divided into M segment inputs using a channel decomposition 

scheme. The input of each channel is decomposed into two components using the 

decomposition filters  and . Decomposing a signal in this way enhances the 

performance of the decomposition scheme as we perform filtering operations on shorter 

signals. Another plus point of such a multi-channel filter bank is that we don’t need to deal 

with a new perfect reconstruction theory as in the existing multi-channel filter bank where 

finding aliasing free filters are difficult to find [48,152,159]. The perfect reconstruction 

theory of 2-channel ISITRA still holds in multi-channel case also. So, we do not need to find 

different filters for such multi-channel filter bank. Any PRF set of 2-channel ISITRA can be 

used in the multi-channel filter bank of ISITRA also.  

af bf

 

3.9  Multi-Channel Transmultiplexer of ISITRA 
A subband filter bank is an analysis/synthesis structure. Its dual, that is, the 

synthesis/analysis structure is known as transmultiplixer. Such a structure was studied by 

Bellanger [17] for telephony application. In a transmultiplixer, the front-end corresponds to 

a synthesis section. In this section several time-division-multiplexed signals are combined 

into a composite signal which is then transmitted in a single channel. At the receiver end, the 

composite signal is separated into corresponding segments using analysis filters. In the 
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existing model of M-channel tranmultiplexer [152, 159], it is difficult to get perfect 

reconstruction filters due to three main types of error sources, amplitude distortion, phase 

distortions and cross talks. More on transmultiplexer and the sources of errors for achieving 

perfect reconstruction can be found elsewhere [6, 7, 18, 69, 101, 102, 103, 104, 111, 154].  
 

From the multi-channel filter bank scheme of ISITRA, we know that achieving perfect 

reconstruction is not difficult. If we use the dual of it as a tranmultiplexer, then the perfect 

reconstruction would not be difficult to achieve. Such a tranmultiplexer is shown in Fig. 3.8 

below.  It is not difficult to get prefect reconstruction in such a transmultiplexer, quite 

different from the M-channel transultiplexer. In the front end/transmitter end, ’s and 

’s are the individual signals. For each pair of ’s and ’s we construct a signal  

using the reconstruction filters  and . The signal ’s are combined together to 

produce  a composite signal y using a proper  channel interpolation.  At the receiver end,  the  

iA

iB iA iB

ib

ib

arf brf

 

 
Transmitter End                                        Receiver End 

Figure 3.8    2M-Channel Transmultiplexer 
 

composite signal b is divided into various channel components using their corresponding 

channel decomposition scheme. From each channel input , we decompose the 

ib

b i

 87



corresponding individual signals  and  using the decomposition filters  and . We 

can exactly reconstruct the original individual signals without any distortion in the receiver 

end if the filters , ,  and  satisfy the member condition of perfect reconstruction 

theory of transmultiplexer as describing next. 

iA

brf

iB af bf

af bf arf

 

3.9.1  Perfect reconstruction theory of 2-channel transmultiplexer 
Let  and B  be any two signals to be multiplexed. For simplicity, let us assume that the 

length of each signal is

A

M .  And b is the multiplexed signal obtained from the following 

relations. 
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These two equations can be combined as 
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Equation (49) gives the transmultiplexed signal. This signal is to be transmitted from the 

transmitter end. The next task is retrieval of the signal components  and B  from its 

composite transmultiplexed signal.  

A

 

From ISITRA, we know that we can decompose a signal into two components from two 

decomposition filters. Let  and  be the two decomposition filters with which we 

decompose the composite signal into two components and .  That is,  

a b

Â B̂
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Using equation (47), we can write equation (48) as 
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Similarly, we can write 
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Equations (51) and (52) can be written as 
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in equation (54), we can eliminate ’s components and we have B
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From equation (55) we can reconstruct ’s components as A
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We can retrieve ’s components from equation (54) in a similar way. B
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From equation (59) we can reconstruct B ’s components as 
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Equations (55) and (59) together will be known as member condition-I of transmultiplexer. 

And equations (58) and (62) will be known as its member condition-II.  As in ISITRA, the 

decomposition and reconstruction filters satisfying both member conditions will be known 

as the PRF set of the transmultiplexer. Thus, if we use decomposition and reconstruction 

filters satisfying these two member conditions, then we would be able to get perfect 

reconstruction of the signal components from its composite transmultiplexed signal.  
 

There are various ways to choose the decomposition and reconstruction filters in order to 

satisfy the member conditions.  One simple way is as follows. 

brbara ffff == ,   and   or  . )1()1()( iLi a
i

b −+−= ff )1()1()( 1 iLi a
i

b −+−= − ff
 

With such a choice, the filters  and  are said to be Quadrature Mirror Filters. Other 

ways of finding PRF sets of transmultiplexer are similar to those of ISITRA. We first choose 

filters that satisfy member condition-I, and then find actual PRF set members from member 

condition-II.  

af bf

 

With the above choice of QMF type PRF sets of transmultiplexer, member condition-I is 

easily satisfied. We have to find the coefficients of filters from member condition-II. Let us 

consider the set of equations of the member condition-II for the first few short-length filters.  
 

For filters of  length 2: 

For filters of length-2, member condition-II vanishes. Hence we can choose any two real 

numbers (both not zero) as the coefficients of a filter.  
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For filters of  length 4: 

For filters of length-4, both the sets of equations of member condition-II yield the relation  

0)4()2()3)1( =+ aaaa ff(ff . 

We have to choose the coefficients of  such that they satisfy the above equation. As the 

choice can be made in infinitely many ways, we can choose infinitely many ’s of length-

4. We will find here mainly the frameworks of the PRF sets of the transmultiplexers whose 

coefficients are independent of member condition-II. For length-4, there are various 

possibilities of such frameworks.  A few are given below. 

af

af

 

Case-1:    and  )2()1( aa ff = )4()3( aa ff −=  

Then the corresponding  is af ][ 2211 llll − , for any two non-zero real numbers  

and .  

1l

2l
 

Case-2:    and  )4()1( aa ff −= )3()2( aa ff =  

Then, the corresponding  is af ][ 1221 llll − . 

These filters are nearly symmetric.  Other frameworks can also be easily obtained in the case 

of length-4 from the member condition-I and member condition-II equations. 
 

For filters of  length 6: 

0)6()2()5()1( =+ aaaa ffff ,  

0)6()4()5()3()4()2()3()1( =+++ aaaaaaa ffffffff a  

Here we have to satisfy two linear equations. For the first one we can choose 

)6()1( aa ff −= ,  )5()2( aa ff =

substituting the values of   and , we get )5(af )6(af

0)]4()3()[2()]4()3()[1( =++− aaaaaa ffffff  

putting  makes the first term zero.  )4()3( aa ff =

 

To make the second term zero, the only possibility is to make . Thus, the 

framework becomes 

0)2( =af
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]00[ 1221 lllla −=f .  Since 0)2( =af , we can write the framework as 

. This gives the symmetric filter. ]00[ 1221 lllla =f
 

For filters of  length 8: 

0)8()2()7()1( =+ aaaa ffff , 0)8()4()7()3()6()2()5()1( =+++ aaaaaaaa ffffffff  

0)8()6()7()5()6()4()5()3()4()2()3()1( =+++++ aaaaaaaaaaa ffffffffffff a  

Following are the required conditions for frameworks independent of member condition-II. 

)8()1( aa ff −= ,  )7()2( aa ff =

Substituting the respective values in the last two equations, we get 

0)]6()3()[2()]4()5()[1( =++− aaaaaa ffffff  

This suggests that   and )5()4( aa ff = 0)2( =af . 

0)]6()3()[4()]6()3()[1( =++− aaaaaa ffffff  

That is,   and )6()3( aa ff = 0)4( =af . 

Thus the framework of ]0000[ 1221 lllla −=f  

With slight modifications, we have the following symmetric framework. 

]0000[ 1221 lllla =f  

 

For filters of length 10: 

0)10()2()9()1( =+ aaaa ffff , 

 0)10()4()9()3()8()2()7()1( =+++ aaaaaaaa ffffffff  

0)10()6()9()5()8()4()7()3()6().2()5()1( =+++++ aaaaaaaaaa ffffffffffff aa

0)10()8()9()7(
)8()6()7()5()6()4()5()3()4()2()3()1(

=+
++++++

aaaa

aaaaaaaaaaaa

ffff
ffffffffffff

 

)10()1( aa ff −= ,   )9()2( aa ff =

 

Putting the above two restrictions in the second equation, we get 

0)]8()3()[2()]4()7()[1( =++− aaaaaa ffffff  

That is,  and  )7()4( aa ff = 0)2( =af . 

From the third equation, we get 

0)]8()3()[4()]6()5()[1( =++− aaaaaa ffffff  
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From this we get,  and )6()5( aa ff = 0)4(af = . 

From the fourth equation, we get   

0)1()8()3()1( =− aaaa ffff  

0)]8()3()[5()]8()3()[1( =++− aaaaaa ffffff  

That is,  and )8()3( aa ff = 0)5( =af . 

 framework bThen, the ecomes ]000000[ 1221 lllla =f . 

M-channel transmultiplexer is simple. The PRF sets of transmultiplexer can 

 ISITRA in 2 Dimensions  
 A 2-D signal can be 

 be a 2-D signal of size 

 

The theory of 2

easily be obtained from the member condition in various ways. The frameworks of filters 

given above are simple, one can choose any real values for the non-zero coefficients. Also 

we see that the symmetric filters can also be obtained. The transmultiplexer theory given 

here is a generalized one and is much simpler than the M-channel transmultiplexer.  The 

main significance of this type of tranmultiplexer is its theoretical simplicity of perfect 

reconstruction. In the existing theory of M-channel transmultiplexer, perfect reconstruction 

is difficult to achieve because of three different types of distortion occur in the reconstructed 

signal, namely, phase distortion, amplitude distortion and cross-talk distortion. Such kinds of 

distortion are easily eliminated in our 2M-channel transmultiplexer scheme.  
 

3.10  Decomposition Scheme of
The decomposition of 2-D signals is just the extension of 1-D signals.

thought as an array of 1-D signals of same lengths. For the decomposition of a 2-D signal, 

usually we first decompose the signal column-wise into two components using two 

decomposition filters. Each of the two decomposed components is again into two 

components using two decomposition filters. Usually the same decomposition filters are 

used for row-wise decomposition too. The order of row-wise or column-wise decomposition 

is immaterial. That is, one can do row-wise decomposition first followed by column-wise 

decomposition. Altogether, we get four decomposed components when a 2-D signal is 

decomposed. 
 

b NM ×Let  and  and  be any two decomposition filters of 

length . We will first decompose the signal column-wise into two decomposed 

af bf

L
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comp nents. Let A and B  be th ective decomposed components due to decomposition 

filters f and bf . Then we can write 
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using the decomposition filters af  and bf  of length L . 
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3.10.1  Reconstruction in 2 dimensions 

the reverse process of the decomposition. For 

 filters of the corresponding decomposition 

Then the reconstruction of  from  and  is done as follows. 

The process of reconstruction here is also 

reconstruction process, we employ reconstruction

filters. Let arf  and brf  be the reconstruction filters of the decomposition filters af  and bf . 

The process of reconstruction involves two main stages. First, we reconstruct the row-wise 

decomposed components from their corresponding row-wise decomposed components. That 

is, first A is reconstructed from aA  and bA  using the reconstruction filters arf and brf . 

Similarly we reconstruct B from aB  and bB  using the same reconstruction filters. Then the 

original s X  is reconstructed from A  and B using f  and f .  Let  
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Then, we reconstruct  from  and using  and  as  b  A B arf brf
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Using this equation, we can directly reconstruct the original signal from its four decomposed 

components. With a proper choice of filter coefficients, we can make the denominator terms 

equal, i.e., DDD == 21 , say. Then the above reconstruction equation becomes much 

simpler. Moreover, we can eliminate the denominator terms by making them equal to unity.  
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3.11  Multilevel Decomposition Scheme of ISITRA in 2 Dimensions 

e further 

on 
el index in each of the decomposed component. The level-

decomposed components will be denoted by . Figure 3.9, shows the 

decomposed components of level-2 half decom

second level only the left–top decom posed into four 

The single level decomposition scheme described in the previous section can b

extended to a multilevel decomposition scheme. The multilevel decomposition scheme is 

further divided into two types, namely, multilevel half decomposition and multilevel full 

decomposition schemes as in the case of 1-D signal decomposition.  
 

3.11.1 Half decompositi
 For ease of reference, we put lev

1 decomposed components will be denoted by ,, BAA  and B  and the level-k 

A ,

signal first decomposed into four components ,, BAA  and B  at level-1. In the 

components. 
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Fig.3.9   Level-2 half decomposition 
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The values of   and  are recursively obtained as follows klem klen

)2/)(( 1−= kk lemceillem   and  )2/)(( 1−= kk lenceillen  

with   and  ⎡ ⎤2/)1(1 −+= LMlem ⎡ ⎤2/)1(1 −+= LNlen . 

 

Thus, the size of each decomposed components at level-k is  kk lenlem × . 

Note here that a signal is said to be decomposable up to level-k, if Llenlem kk <≤ ),min(1 . 

 

3.11.2  Half reconstruction 
The multilevel half reconstruction scheme can be obtained from the single level 

reconstruction scheme. As we have used the same decomposition filters at each level of 

decomposition, we will also use the same reconstruction filters and  at each level of 

reconstruction. The reconstruction is done from bottom upwards. That is, reconstruction 

starts from the last four decomposed components. Without going into derivation detail, we 

can directly write the recursive reconstruction equation as 
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As only  component is decomposed at level-r, we reconstruct only the one component at 

each reconstruction level.  

raA
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3.11.3  Full decomposition 
In this case, an image is decomposed into four components. Each of the decomposed 

components is again decomposed into four components at each successive level of 

decomposition. As each of the decomposed components is decomposed into four 

components, it is not feasible to refer the decomposed components as -components or B -

components. We will denote the decomposition filters by  and . Each of the 

decomposed components is referenced by using two suffixes- first suffix denotes the level of 

decomposition and the second suffix to denote component number. In short, by , we 

will denote the j-th decomposed component at i-th level. The level-2 full decomposition of a 

2D signal is shown in Figure 3.10. Here, first a 2D signal is first decomposed into four 

components at the first level and each of the decomposed components is successively 

decomposed into four components at the 2nd level.  

A

1F 2F
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Figure 3.10  Level-2 full decomposition of a 2D signal. 
 

Assuming, for every decomposition process we use  and  filters, we can get the 

decomposed components at level-1as follows.  
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In the second level, we will get 16 decomposed components as each decomposed component 

is to be decomposed into four components as shown in Fig.3.10.  
 

Thus, writing the decomposed components at each level of decomposition becomes difficult 

for higher level of decomposition. In order to avoid this disadvantage, we use a different 

way of writing decomposed components at a particular level by introducing suffixes to 

filters. Using this technique, the above level-1 decomposed components can be written in 

short as 
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where  .4,3,2,1=j
 

The suffix associated with filters on the right hand side allows one to choose appropriate 

filters to find a particular decomposed component at a particular level. Generalizing this 

way, we can recursively get the decomposed components at level-k from the following 

relation. 
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where   for any  kj 4,,2,1 L= Llenlem kk <≤ ),min(1 . 

 

3.11.4  Full reconstruction 
The reconstruction scheme is also almost the same as in multilevel half reconstruction. The 

difference here is that instead of reconstructing only one component at every reconstruction 

level, we reconstruct  components from the decomposed components. Let 14 −r r4 r1F  and 

r2F be the corresponding reconstruction filters of the decomposition filters  and . Then 

we can write the recursive reconstruction equation as 

1F 2F
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Note here that the reconstruction level-0, which corresponds to  gives the original 2-D 

signal. Thus, we can reconstruct the original signal from its decomposed components using 

full decomposition scheme. We may have several decomposition schemes in the case of 2-D 

signals as in 1-D signals corresponding to the different decomposition and the reconstruction 

equations of different PRF sets.  The applicability of a particular decomposition or the 

reconstruction scheme depends on the types of application one has in hand. The general 

decomposition scheme is the same for all cases.  

1=k

 

3.12  Discussion and Remarks  
In this chapter, we develop a new generalized subband decomposition and reconstruction 

scheme entitled ISITRA based on Bino’s model of multiplication. We compare the 

computational complexities of 2-channel filter bank (in direct and polyphase forms) with 

ISITRA. It is found that ISITRA is significantly better than the direct 2-channel filter bank 

(2-FB) and is marginally better than the polyphase form of the filter bank. The perfect 

reconstruction theory of ISITRA is much simpler than the 2-channel filter bank. Perfect 

reconstruction theory provides us the relations between filters in a subband scheme to ensure 

perfect reconstruction. Discrete wavelet transforms is based on the perfect reconstruction 

theory of filter bank and hence perfect reconstruction is possible in DWT while the same is 

not possible in the continuous wavelet transforms. Perfect reconstruction theory of 2-

channel filter bank being derived in z-domain is difficult to obtain PRF sets in DWT or 2-

FB. Perfect reconstruction theory of ISITRA removes the difficulty of finding PRF sets. It 

suggests some conditions known as member condition to be satisfied by decomposition and 

reconstruction filters. Any set of decomposition and reconstruction filters that satisfies 

member condition can be used for perfect reconstruction. Also, it is very easy to find PRF 

sets from the member condition. Member condition can be easily satisfied in various 

different ways bypassing the wavelet filter conditions (1) or (2) or (3).  This indicates that 
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neither of the wavelet filter conditions is a prerequisite for perfect reconstruction in the 

present context of DWT.  
 

There are two different ways in which we can find PRF sets from the member condition in 

ISITRA. A PRF set can be obtained from an array or from 2 different arrays. PRF sets 

obtained from a single array is known as PRF sets of ISITRA-1. Similarly, PRF sets 

obtained from 2 distinct arrays are known as PRF sets of ISITRA-2. All the PRF sets of 

orthogonal wavelet filters belong to PRF sets of ISITRA-1. And all the PRF sets of bi-

orthogonal wavelets belong to PRF sets of ISITRA-2. In ISITRA, once we know a PRF set, 

infinitely many PRF sets can be easily obtained from it. Frameworks of PRF sets of 

orthogonal and bi-orthogonal wavelet are also provided so that one can easily find PRF sets 

for different applications. 
 

After illustrating how to find PRF sets, we then extend single level decomposition scheme to 

multilevel decomposition scheme that leads to multi-resolution signal representation. There 

are two types of multilevel decomposition scheme; half decomposition scheme and full 

decomposition scheme. Half decomposition scheme is similar to dyadic filter bank or DWT 

and full decomposition scheme is similar to wavelet packet decomposition scheme or octave 

band filter bank. The decomposition and reconstruction equations are provided for both 

multilevel decomposition schemes can be easily implemented. To better understand the 

multi-resolution concept in ISITRA, we explain multi-resolution in terms of some filters 

known as effective filters. Effective filters are useful to directly get a decomposed 

component of a signal at any particular level without having to pass through successive 

decomposition stages. This will save significant amount of time in multilevel signal 

decomposition.  
 

From the 2-channel decomposition scheme, we have proposed multi-channel decomposition 

scheme. In our multi-channel scheme, a signal is first decomposed into several segments 

using a scheme known as channel decomposition scheme and then each segment is 

decomposed into two components using 2-channel decomposition scheme of ISITRA. 

Hence, we do not require a different perfect reconstruction theory unlike in the existing 

multi-channel filter bank scheme where a separate perfect reconstruction theory is required. 

We can use PRF sets of 2-channel ISITRA in multi-channel case also. From the multi-
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channel filter bank scheme of ISITRA, we have proposed multi-channel transmultiplexer 

scheme. Our transmultiplexer scheme is simple and perfect reconstruction, which is difficult 

to achieve in the existing multi-channel transmultiplexer, can easily be achieved. The 

possibility of getting perfect reconstruction in our proposed multi-channel transmultiplexer 

is based on the fact that in our case, only perfect reconstruction theory of 2-channel 

transmultiplexer is required for perfect reconstruction. We have described the perfect 

reconstruction theory of 2-channel transmultiplexer and the ways of finding PRF sets of 

various lengths. Lastly, we describe decomposition and reconstruction scheme of 2D 

signals.  
 

3.13  Conclusions 
ISITRA is a generalized subband decomposition and reconstruction scheme where the 

perfect reconstruction is possible. It is simple and easy to implement being given in array 

context. The perfect reconstruction theory is simple and different types of perfect 

reconstruction filters can easily be obtained. Hence a signal can be decomposed into all 

possible combinations of detail and approximation components without disturbing perfect 

reconstruction. Multi-resolution signal representation is achieved in ISITRA through 

multilevel decomposition scheme, which can be also be achieved directly with effective 

filters. Moreover, the multi-channel filter bank and multi-channel transmultiplexer of 

ISITRA are simple and perfect reconstruction is possible in both cases. ISITRA, being a 

generalized case of 2-channel filter bank, may be used in place of discrete wavelet transform 

in various applications. 

 

 



 

 
Chapter 4 

 
 

YKSK TRANSFORM FOR SIGNAL 
DECOMPOSITION AND RECONSTRUCTION 

 
 
 

Abstract:  We propose here a generalized transform entitled YKSK transform. The 

motivation of developing such a transform is to give a generalized transform that can be 

used for various signal and image processing applications such as compression, analysis, 

encryption, etc. The decomposition scheme of such a transform consists of two parts, 

information carriers and the modifiers. Information carriers store necessary information 

required for perfect reconstruction of the signal from its decomposed components. Modifiers 

are used to modify the decomposed component in various ways through arbitrary choice of 

decomposition filters. By adjusting the modifiers, one can use it as different types of 

transforms using subband decomposition scheme. The similar result of analysis obtained 

from using the wavelet or ISITRA can also be made obtainable from this transform. Unlike 

the case in wavelet and ISITRA, which uses decomposition and reconstruction filters of even 

length, it uses only the decomposition filters and the length of the filters may be even or odd. 

Also the filter coefficients can be chosen quite arbitrarily without concerning about the types 

of the filters. Moreover, we can easily get integer version of the YKSK transform easily. 
 

4.1  Introduction 
In the existing subband transforms such as wavelet and filter bank used for signal 

decomposition and reconstruction, it is difficult to obtain the filter coefficients. This 

difficulty has been greatly reduced with the emergence of ISITRA (Chapter 3). But there are 

still some restrictions in the choice of filter coefficients. All the filter coefficients are to be 

found from their corresponding member condition equations to ensure perfect reconstruction 

of the original signal from its decomposed components. In the case of wavelet and filter 
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bank, a signal is decomposed into two components, one corresponds to high pass or detail 

and the other corresponds to low pass or approximation. But in the case of ISITRA, it is 

quite different where a signal can be decomposed in all possible ways, because of the 

possibility of choosing different types of filters other than the QMF types. Even though we 

can decompose a signal in various possible ways, in ISITRA too all filters need to be of 

even length and the coefficients of the filters cannot be chosen arbitrarily for filters of length 

greater than 2. In order to remove the restrictions in the choice of filter coefficients and to 

make the length of each decomposed component independent of the length of the 

decomposition filters, we propose YKSK transform in this chapter.  
 

It is also a kind of subband decomposition scheme as that of the filter bank or ISITRA. 

However, the decomposition and reconstruction schemes here are quite different from them. 

Here the decomposition and reconstruction processes involve two parts, namely, the 

information carriers and the modifiers. The information carriers retain the necessary 

information for reconstruction of the signal from its decomposed components. The modifiers 

have great influence to make efficacious change on the characteristics of the decomposed 

components. Modifiers may be constants or functions of the decomposition filters and 

components of the input signal or its decomposed components. By appropriately selecting 

the modifiers one can decompose a signal into various possible ways as in ISITRA. That is, 

a signal can be decomposed into two approximations or into two details or into one 

approximation and a detail by using appropriate modifiers finding of which is possible 

through quite an arbitrary choice of the decomposition filters. Also, the length of a 

decomposed component is independent of the length of the decomposition filters and is 

always the ceiling of half of the length of the input signal. This enables us to save a 

significant amount of storage and processing time when the lengths of the filters are large. 

Moreover, unlike in subband transforms such as filter bank, wavelet or ISITRA where 

separate reconstruction filters are required for the reconstruction propose, here no 

reconstruction filters are explicitly required. The same decomposition filters are used as the 

reconstruction filters.  
 

The decomposition scheme can be continued up to any desired level, but the maximum 

decomposable level is fixed depending on the length of the signal. The multilevel 

decomposition scheme is discussed later.  
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4.1.1  Types of  YKSK transform 
YKSK transform consists of two parts, the information carriers and the modifiers. 

Depending on the number of elements of the signal used for information carrier, YKSK 

transform is divided into two classes, namely, YKSK-1 and YKSK-2 transforms. In YKSK-

1, the information carrier part consists of a single term of the signal. In YKSK-2, 

information carrier part consists of two terms of the signal. In both classes of YKSK 

transform, the characteristics of a decomposed component are dependent on the form of the 

corresponding modifier. As modifiers can be chosen arbitrarily, we can make the number of 

terms of the input signal involved in the computation of a term of a decomposed component 

(i) fixed at a certain value or (ii) increasing till the last term of the decomposed component is 

obtained. Depending on whether this number for a modifier is fixed or increasing, each class 

of YKSK transform is divided into three main types, 1) Fixed Length Type, 2) Semi-Infinite 

Length Type and 3) Infinite Length Type. In the fixed length type, the numbers of terms of 

the signal involved in the computation of both the decomposed components are fixed. In the 

semi-infinite case, the number of terms of the signal involved in the computation of a 

decomposed component is fixed while the number of terms of a signal involved in the 

computation of the other decomposed component is increasing. In the infinite case, the 

numbers of terms of the signal involved in the computation of both the decomposed 

components are increasing. YKSK transforms can easily be generalized to integer 

transforms. 
 

In short, the main features of  YKSK transform are : 

1. It provides a subband decomposition scheme where each decomposed component 

has two parts, namely,  an information carrier part and a modifier part. 

2. Information carriers store necessary information required for perfect reconstruction 

of the signal from its decomposed components. Modifiers are used to modify the 

decomposed component in various ways through arbitrary choice of decomposition 

filters. 

3. Perfect reconstruction of the signal from the decomposed components is possible 

and simple.  The restrictions on the choice of filter coefficients for perfect 

reconstructibility are soft.  No separate reconstruction filters are necessary for the 

purpose. 

 106



 

4. In YKSK transform, the decomposed components can be either both approximations 

or both details or one approximation and one detail. 

5. The length of the decomposed components does not depend on the length of the 

filters. It is always the ceiling of the half of the length of the signal. 

6. One can get integer transforms from YKSK transform. Existing integer transforms 

are special cases of YKSK transform.  
 

4.2  YKSK-1  Transform 
Here only a single term in each decomposition equation constitutes the information carrier 

part and the remaining terms constitute the modifier. Usually, the first term of a 

decomposition equation constitutes the information carrier. The first term of one 

decomposed component is made of an odd component of the signal while the first term of 

the other decomposed component is made of an even component of the signal. The 

reconstruction is thus simple, just evaluating back odd and even components of the signal 

from the decomposed components. And hence it requires no extra condition for perfect 

reconstruction and no separate reconstruction filters. The same decomposition filters are 

used for reconstruction process also. Only requirement for perfect reconstruction is 

determinability of the modifiers both in the decomposition and reconstruction process. The 

length of each decomposed component is equal to the ceiling of the half of the length of the 

input signal. Another interesting feature of this transform is that we can easily make the 

values of decomposed components integers even if we use arbitrarily chosen floating point 

numbers as filters for decomposition. Most of the integer wavelet transforms such as S-

transform[55], interpolating transforms [24], lifting scheme [139 ] can be explained as 

special cases of YKSK-1 transform.  
 

4.2.1  Decomposition scheme of YKSK-1 transform 

In this decomposition scheme, a signal is decomposed into two components using arbitrarily 

chosen decomposition filters. Like in ISITRA, a signal can be decomposed into two 

approximations, two details or one approximation and one detail and hence we denote the 

decomposed components simply as and , and the associated decomposition filters as 

 and . The decomposition filters are some arbitrarily chosen non-zero and non-empty 

arrays of numbers. The coefficients of these decomposition filters may be real or imaginary 

A B

af bf

 107



 

numbers, but we consider here only real numbers.  We will consider only the single-level 

decomposition of 1-dimensional signal. The decomposition scheme for higher-level or 

higher dimensional cases can easily be obtained from it as in the case of ISITRA. All arrays 

are all unity offset arrays, that is, the lowest index of an array is 1.  
 

Let  be a 1-dimensional signal of even length m  and and  be its two decomposed 

components. Then we can write the decomposition scheme of YKSK-1 transform as 

b A B
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where  and  and  are modifiers. Modifiers may be constants or 

functions of decomposition filters f  and  or components of the input signal or 

decomposed components. Modifiers have great influence on the characteristics of a 

decomposed component. By choosing the modifiers in different ways we can decompose a 

signal into two approximations or two details or one approximation and one detail. The 

modifiers may or may not be a function of . The role of the decomposition filters is mainly 

to obtain suitable modifiers which would transform the signal in certain desired ways. The 

decomposition filters may be of any length, and their coefficients can be chosen quite 

arbitrarily. But the first element of each decomposition filter should be non-zero in order not 

to destroy the information carriers and to avoid division by zero. 
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a

n

bf

 

4.2.2  Reconstruction scheme of YKSK-1 transform 

YKSK transform is a perfect reconstruction transform even if the filters are chosen 

arbitrarily because we choose only determinable modifiers. The reconstruction scheme is 

very simple and involves no complex mathematical operations. It is just finding the even and 

odd components of the signal from the decomposed components. That is, finding )12( −nb  

and   from the decomposition equations, which is always possible if we have a means 

to find the  respective modifiers. This is how we can get perfect reconstruction from its 

decomposed components in YKSK-1 transform. We can get the original signal from its 

decomposed components from the following relations. 
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Thus, we can easily get the original signal from the decomposed components using equation 

(2). The only restriction is that 0)1( ≠af  and 0)1( ≠bf . From both the decomposition and 

reconstruction equations, we know that modifiers are involved. It is already mentioned that 

the modifiers should be determinable for both the decomposition and reconstruction 

processes.  Modifiers are said to be determinable when the modifiers have constant values or 

when the modifiers can be generated during the decomposition and reconstruction processes. 

For modifiers to be determinable, at least one of the modifiers should be free from 

information carrier terms.  
 

4.3 Types  of  YKSK-1  Transform 
Depending on the number of terms of the signal involved in the computation of a term of the 

decomposed components, YKSK-1 transform has three types, namely fixed length type, 

semi-infinite length type and infinite length type. They are described below. Let  be 

the number of terms of the signal involved in the computation of a decomposed 

component  and  be the number of term of the signal b  involved in the 

computation of a decomposed component . 

)(nNa

b

)(nA )(nNb

)(nB
 

4.3.1  Fixed length type YKSK-1 transform 
Here the number of terms of a signal involved in the computation of a decomposed 

component is fixed at a value less than the length of the signal. That is,  and  

are constants, not dependent on n. The fixed length type YKSK-1 transform is similar to 

sliding window transform like ISITRA or filter-bank.  That is, any term of a decomposed 

component is computed from the elements of the signal covered by a sliding window, which 

is here the length of the transform.  It differs from ISITRA or filter bank in that the sliding 

window here does not go beyond the signal’s end point. It stops as soon as the forwarding 

end of the window reaches the end point of the signal. Hence, the length of a decomposed 

component here is dependent on the length of the input signal alone and not on the length of 

the sliding window. Length of the sliding window here does not mean the length of a filter 

as in ISITRA or filter bank, but the number of terms of the signal, which we want to involve 

in the computation of a term of a decomposed component. This length may or may not be 

equal to the length of the filters used in the decomposition. 

)(nNa )(nNb
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Suppose, =  and  = .  The following type of modifiers gives rise to fixed 

length YKSK-1 transform. 
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where  and  are some integer constants (zero, positive or negative) for adjusting the 

indices of the arrays,  is the number of coefficients in  and  is the number of 

coefficients in . The number terms of b involved in the computation of  here is . 

And since  is a function of , the number of terms of b involved in the 

computation of  is fixed. Hence a set of decomposition equations with modifiers of this 

type is known as fixed length type. Also, since the modifier  is a function of the 

decomposed components, reconstruction starts from the associated information carrier, here 

, knowledge of which is required for the reconstruction of the other information 

carrier . Depending on the values of  and , there are five different types of 

fixed length types, namely, equal and even fixed length type, equal and odd fixed length 

type, unequal and even fixed length type, unequal and odd fixed length type and mixed fixed 

length type.  
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Equal and even fixed length type:  Here  and  are even and equal. For example, 

consider the following modifiers  
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When , the number of terms of  involved in the computation of  will be equal 

to . And if  is even, we get equal and even fixed length type. For example, if 

2=bL b )(nB

aL aL 4=aL  

and ,  our decomposition equations  become 2=bL

)32()4()22()3()2()2()12()1()( −+−++−= nnnnn aaaa bfbfbfbfA  

 110



 

))32()4()22()3()12()1()(2()2())2()2()1((
)()2()2()1()(

−+−+−++=
+=

nnnn
nnn

aaabbab

bb

bfbfbffbfff
AfbfB

 

 

Thus, computation of  or  requires at most 4 terms of  b .  Note here that the 

modifier  contains one information carrier and hence we cannot start reconstruction 

from . We start reconstruction from , as its corresponding modifier  is 

a function of decomposed components only and is free of information carriers. Also, the 

reconstruction should start from the beginning or the left end of the signal as the modifier 

 has terms of  whose indices are less than 
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Unequal and even fixed length type:  Here  and  are even but unequal.  For 

example, when = 4,  in equation (4), the number of terms of  involved in the 

computation of  is 4  while the same in the computation of   is  6.  
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Equal and odd fixed length type:  Here  and  are odd and equal.  For example, if 

 is odd  and  for the modifiers in equation (4), we get this fixed length type. If 

=3, the decomposition equations become 
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Thus, the computation of  or  requires only three terms, namely, 

and .  
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Unequal and odd fixed length type:  Here  and  are odd but unequal.  An example 

is described now. In the previous three cases, the modifier  consists of terms of 

whose indices are less than 

aN bN
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. We can also form a modifier  with terms of  

whose indices are greater than 
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 The decomposition equations for 3=aL  and 3=bL  are 

)12()1()2()1()12()1()( +++−= nnnn aaa bfbfbfA  

)2()4()1()3()()2()2()1()( −+−++= nnnnn bbbb AfAfAfbfB  

Computation of  requires 3 terms of  b , i.e., )(nA )2(),12( nn bb −  and )12( +nb  whereas 

the computation of   requires 7 terms of  b , i.e., )(nB

)12(),2(2(),52( ),4 +−− nnn bbbb nL . 
 

Note here that the reconstruction of  b starts from the right end of the signal, i.e., from the 

highest values of  to the lowest values, as  has terms of  whose indices are 

greater than .  
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Mixed fixed length type:  Here one of  and  is even and the other odd.  For example, 

consider the modifiers below 
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When  is odd  and  is even or  vice versa in equation (6) , we get the mixed fixed 

length type. Note here that reconstruction starts from the maximum values of , as the 

indices of b in both  and  are greater than . The modifiers are still 

determinable, if we reconstruct the signal b from its last term. But these modifiers are not 

determinable if we are to reconstruct the signal starting from its first term.  

aL bL
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4.3.2  Semi-infinite length type YKSK-1 transform 

In this case, one of  and  is fixed while the other increases with n. For example, 

consider the following modifiers. 

)(nNa )(nNb
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where  and  are some integer constants (zero, positive or negative) and  is any 

positive integer such that . The number terms of b involved in the computation 

of  here is . But since  is a function of 

1c

)

2c

aL

'
bL

bb LL ≤≤ '2

)(nMb(nA )1( −nB , , …etc., the number 

of terms of  b involved in the computation of  keeps changing for different values of 

.  A set of decomposition equations with modifiers of this type is known as semi infinite 

length type. Also, since the modifier  is a function of the decomposed components, 

reconstruction starts from the associated information carrier, here , knowledge of 

which is required for the reconstruction of the other information carrier . 
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With a proper choice of modifiers we can make number of terms of b involved in the 

computation of  odd or even. Thus, we can define three different types of semi-infinite 

type, namely, even semi-infinite, odd semi-infinite and mixed semi-infinite. 

)(nB

 

Even semi-infinite length type:  In this type, one of  and  is even and fixed 

while the other is even and increases with n  till the last term of the corresponding 

decomposed component is computed.  For example, if = 2, 

)(nNa )(nNb

aL 3=bL , 

 and i, j  have ‘-‘ signs in the expression of modifiers in equation 

(7),  the decomposition equations become 

3,2,2 21
' === ccLb
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Here  is fixed at 2  while  increases with  as shown below. )(nNa )(nNb n
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and so on.   
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Thus, , the number of terms of  involved in the computation of  increases as 2, 

4, 6, …  for 

)(nNb b )(nB

3,2,1=n  ... There are several other ways in which we can obtain even-semi-

infinite length type of decomposition. 
 

Odd semi-infinite length type:  In this type, one of  and  is odd and fixed 

while the other is odd and increases with n.  For example, suppose our decomposition 

equations are defined as follows.  

)(nNa )(nNb

)8(
)2()()22()2()12()1()(

)12()()2()1()(

3

2
LLL

⎪
⎪

⎭

⎪
⎪

⎬

⎫

−++−+−=

−++=

∑

∑

=

=
Lb

i
bbb

La

i
aa

ininnn

ininn

BfbfbfB

bfbfA
 

Here,  is fixed at an odd number .  But the number of terms of the signal 

involved in the computation of   is odd and increasing.  If ,   increases 

as shown below. 

)(nNa aL

b )(nB 3=bL )(nNb

)1()1()1( bfB b=  

)1()1()3()2()2()3()1()2( bffbfbfB bbbb ++=  

)]1()1()3()2()2()3()1()[3()4()2()5()1()3( bffbfbffbfbfB bbbbbbb ++++=  

and  so on. 

There are several other ways in which we can obtain odd semi-infinite length type of 

decomposition. 
 

Mixed semi-infinite length type:  Here one of  and  is odd while the other is 

even. Also, one of them is fixed while the other increases with  n.  For example, when 

,  in equation (8),  is fixed at 4  while  is odd and increasing.  
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4.3.3  Infinite length type YKSK-1 transform 

In this type, both  and  increase with  until the last terms of the decomposed 

components are computed.  The modifiers below give rise to infinite length YKSK-1  

transforms.  

)(nNa )(nNb n
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where  and  are some integer constants (zero, positive or negative) and  is  such 

that  

1c

L≤

2c

b2 .

'bL
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)(nNa  keeps on increasing as n  increases since the modifier  involves some 

previous terms of the decomposed component . The same is true for  also. Similar 

to the fixed length type, we have five different infinite length types, namely, equal and even 

infinite length type, equal and odd infinite length type, unequal and even infinite length type, 

unequal and odd infinite length type and mixed infinite length type.  

)(nMa
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Equal and even infinite length type:  Here  and  are equal and even and 

increase with .  For example,  when 

)(nNa )(nNb

n 3=aL , 3=bL , 2'=bL ,  = 2 and  j has ‘-’ sign in 

equation (9),  the modifiers become 

2c
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Each of  and  here increases as 2, 4, 6, 8, ... for  )(nNa )(nNb 4,3,2,1=n , …. 

 

Unequal and even infinite length type:  Here  and  are unequal but even and 

increase with .  An example of this type is based on the following decomposition 

equations. 
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)(nNa  is even and increases as 2, 4, 6, 8, … for 4,3,2,1=n , …. And  is also even 

and increases as 6, 8, 10, 12, … for 

)(nNb

4,3,2,1=n , … because of the presence of the term 

 in the modifier. Clearly, the two sequences of numbers are different. )2( +nA
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Equal and odd infinite length type:  Here  and  are equal and odd and 

increase with . For example, when 

)(nNa

3

)(nNb

n == ba LL ,  and  j  has ‘-‘ 

sign in the expression for modifiers in the equation (9),  each of  and  here 

increases as  1, 3, 5, 7, …  for the 1st, 2nd, 3rd, 4th , … terms of the decomposed components.  
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Unequal and odd infinite length type:  Here  and  are unequal. But both are 

odd and increasing with . The following decomposition equations produce an example of 
this type. 
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In the decomposition equation for , we assume that )(nB 0)2( =bf .   increases  as 1, 

3, 5, … for , ... But  increases as 3, 5, 7,  ...  for 

)(nNa

3,2,3,2,1=n )n(Nb 1=n , ….  

 

Mixed infinite length type:  In this type, the values of  and  are neither all odd 

numbers nor all even numbers.  In other words,  this is an infinite length type which is not 

any of the above four types.  For example, consider the following decomposed components. 
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)(nNa  increases  as 1, 2, 3, 4, … for 4,3,2,1=n , ... while  increases as 1, 3, 5, 7,  ...  

for , ….  

)(nNb
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Replacing the filter coefficients by 1’s, we can easily check the number of elements of 

involved in the computation of a decomposed component. The above decomposition 

equations  then become 

b

)1()22()2()( −+−+= nnnn AbbA  

)1()1()12()( −+−+−= nnnn ABbB  

Thus, we can easily check the required number of elements of  b for various values of  as  n
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and so on.  
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and so on. 

The number of terms of b involved in the computation of  is  while the same in the 

case of  is . 
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4.4  Multi-Stage Decomposition of YKSK-1Transform 
The decomposition equations can also be subdivided into several intermediate stages as long 

as the information carriers are retraceable from the decomposed components for 

reconstruction purpose. Multi-stage decomposition scheme will allow us to do the 

decomposition of a signal with long filters in a single stage in several stages with shorter 

filters as in [41]. Let us first see 2-stage decomposition where there are two successive 

stages to find the decomposed components. 
 

Stage-1: Let the decomposed components in stage-1 are denoted by  and , and the 

corresponding modifiers are  and . Then we can write the intermediate stage 

decomposition equation as 
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Suppose ,  are the 

modifiers in stage-1.  
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Stage-2: The actual decomposed components are obtained in this stage from the stage-1 

decomposed components as 
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Suppose the modifiers here in this stage are , and 

. These are valid determinable modifiers since we 

know the values of  and  from stage-1. 

)()6()1()5()( 112 nnnM aaa BfBf +−=

)()6()1()5()( 112 nnnM bbb AfAf +−=
1A 1B
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The decomposed components are given by  and . We can get back the original signal 

from these two decomposed components by reversing the equations (12) and (13) 

backwards.  So the reconstruction also involves two stages. 
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Stage-1: Reconstruction of  and  from and  as 1A 1B 2A 2B
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Stage-2: Reconstruction of  )12( −nb  and   from  and  as )2( nb 1A 1B
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Thus, we can easily reconstruct the original signal in a 2-stage decomposition scheme.  
 

There is no restriction on the number of intermediate stages in the decomposition scheme. 

Also, the number of decomposition stages may not be equal for the two decomposed 

components. In other words, we are free to choose or modify our decomposed components 

in various ways. In general, we can find a decomposed component through ( 1+j ) stages 

and the other component through ( 1+k ) stages. Suppose the number of the filter 

coefficients required in Stage-1 is , that in Stage-2 is , that in Stage-3 is  and so on. 

And the last stage gives the decomposed component.  We can write the (

1l 2l 3l

1+k )st stage 

decomposed component  using the decomposition filter  as 1+kA af
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In equation (16), we assume that the modifier in each stage is determinable. Once the 

modifiers are known, we can recover the information carrier )12( −nb  from the decomposed 

component   very easily just by reversing the decomposition equation in bottom up 

fashion as 

1+kA
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Similarly, we can find the other decomposed component  through  ( ) stages using 

the decomposition filter  as  
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Thus, we see that even if the decomposed components are obtained through different stages, 

it is always possible to reconstruct the original signal provided the modifiers are 

determinable. Also note that there is no restriction on the choice of the filter coefficients for 

perfect reconstruction except that the filter coefficients corresponding to the first terms of 

the decomposition equation should be non-zero. 
 

 

4.5 Integer Version of YKSK-1 Transform 
From the decomposition equations, we know that a signal can be decomposed into two 

components using arbitrarily chosen filters. We can get the original signal back from its 

decomposed components using reconstruction equation (2), if we can determine the values 

of the modifiers required in the reconstruction process. We have also discussed various 
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types of modifiers in the previous section. Let us now see how simple the decomposition 

and reconstruction schemes are, when the filter coefficients associated with the information 

carriers are unity.  
 

So, when ,  ,  the decomposition equation (1) becomes 1)1( =af 1)1( =bf
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Similarly, the reconstruction equation (2) becomes 
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Suppose our input signal is an integer array and we are interested in obtaining the 

decomposed components as integer values regardless of whether the decomposition filter 

coefficients are integers or real (i.e., floating point) numbers. We can easily do it by making 

the modifiers’ values integer either by ceiling or flooring or rounding off to the nearest 

integer. In most of the cases flooring is used to make the decomposed components integers. 

Thus, the integer form of YKSK-1 transform is defined by  decomposition equation (22) and  

reconstruction equation (21) given below.  
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Thus, we can get integer decomposed components even if we have floating point modifier 

values. It is a general notion [1], [21] that there will be information loss due to the flooring 

operations and hence  0.5 is added to the modifier terms before flooring off to the nearest 

integer as 
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But in fact there is no loss or gain of information due to flooring or ceiling or rounding off to 

an integer in the decomposition or reconstruction process because any modifier value added 
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during decomposition is subtracted during reconstruction. So we can add or subtract any 

value to or from our modifier terms before making them integers and still we will be able to 

reconstruct the original signal perfectly. That is, we can even write the decomposition 

equation (22) as equation (25) and the reconstruction equation (23) as equation (26) given 

below. 
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where    are any two real constants (positive or negative or zero). 21 , rr

Thus, addition or subtraction of any real number to or from a modifier before making it an 

integer, does not affect perfect reconstruction.  
 

Also, it is not necessary to use the same flooring or ceiling function for the two modifiers to 

make them integers. We can use different types of operators to make different modifiers 

integers. For example, we can use flooring operator for one modifier and ceiling operator for 

the other modifier as shown below. 

⎣ ⎦
⎡ ⎤

)27(
)()2()(

)()12()(

2

1
LLL

⎭
⎬
⎫

±+=
±+−=

rnMnn
rnMnn

b

a

bB
bA

 

⎣ ⎦
⎡ ⎤

)28(
)()()12(

)()()2(

2

1
LLL

⎭
⎬
⎫

±−=−
±−=

rnMnn
rnMnn

a

b

Ab
Bb

 

One can also use rounding off operation in combination with ceiling or flooring operations 

for making modifiers integers.  
 

The multi-stage decomposition described earlier can also be made integer transforms. The 

only requirement is that the filter coefficient associated with the information carrier at each 

stage should be unity and the modifier term should be made an integer by flooring or ceiling 

or rounding off to the nearest integer. For example, in 2-stage case, the decomposition 

equations become 
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The reconstruction equations can easily be obtained from equations (29) and (30) in the 

usual manner. In this way, we can get integer transform for multi-stage decomposition also. 

Thus, we can get integer value decomposed components for an integer value signal in spite 

of the floating point values of the decomposition filter coefficients used in the modifiers. 

 

4.6 Generalization of Some Well-known Integer Transforms Through  

       YKSK-1 Transform 

In this section we reproduce some of the integer-to-integer transforms commonly used for 

image compression. But these transforms were produced in several occasions without any 

proper generalization. Some tried to explain them in terms of wavelets, others tried to 

explain in terms of polyphase filter bank (PFB). For example, S-transform is considered to 

be the integer version of Haar’s wavelet [55]. Wim Swelden’s lifting scheme, which was 

explained on the basis of polynomial factorization, does not strictly lead to integer 

transform. One can by brute force obtain integer transform from it by rejecting the scaling 

factor in the last step of polynomial factorization. The theory of perfect reconstruction lifting 

scheme based on 2-channel PFB in [41] is not in actual case necessary, very much evident 

from the perfect reconstruction theory discussed in YKSK-1 transform and from [24]. And 

strictly lifting scheme cannot be taken as a generalization of discrete wavelet transform. The 

results obtained by using wavelet filters cannot in any way be obtained by using lifting 

scheme. YKSK-1 transform is the generalized form of the lifting scheme and some of the 

existing integer transforms.  We can obtain the same result of the lifting scheme or any of 

the integer transform in YKSK-1. Some of the existing integer transforms are generalized 

here. Note here that in the generalization we removed the factor (1/2) which is not necessary 

for perfect reconstruction. We find most of the existing integer transforms as special cases of 

fixed length YKSK-1 transform. 
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1. S-transform: 

S-transform is usually considered as the integer version of Haar’s transform. This is special 

case of equal and even fixed length type of YKSK-1 transform. The number of terms of the 

signal involved in the computation of each decomposed component is fixed at  2. b
The generalized decomposition equations of S-transform become 
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where  2/,,2,1 mn L=

In the above decomposition equations, modifiers are functions of , hence we write them as 

, 

n

)2()2()( nnM aa bf= )()2()( nnM bb Af= . 

Reconstruction of the signal can be obtained from equation (31) as  
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We can obtain the integer version of equations (31) and (32) by putting , and 

 as given below. 
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When  and , the above YKSK-1 transform becomes S-transform 

[55]. We can choose any real values for the second elements of the decomposition filters and 

hence the resulting integer transform becomes more general than S-transform. As we are 

interested in integer transforms, we will provide only the generalized integer decomposition 

equations in the rest of this section. Also, we will not provide reconstruction equations as 

they are quite straightforward. 

]1,1[ −=af ]5.0,1[=bf

 

2. TS-transform: 

 It is a modification of S-transform by adding a modification stage in one of the decomposed 

components. The generalized integer decomposition equations of TS-transform can be 

written as. 
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In equation (35), and  are the decomposed components. This is a case of unequal and 

even fixed length type where the number of terms of the signal b involved in the 

computation of  is fixed at even number 2 and the same for  is 4. For making 

integer transform, there is some restriction on choosing the coefficients of the decomposition 

filters. The restriction here is that the first elements of the decomposition filters should be 1. 

The third element of the decomposition filter  is also 1. But the rest of the elements, which 

will be the parts of the modifiers, can be chosen arbitrarily. Equation (23) becomes the TS 

transform (21) when 

A

)(n

B

,1[

B )(nA

af

]25.0,25.0,1,1 −−=af  and  ]5.0,1[=bf . 

  
3. S+P transform: 

It is also a modification of S-transform. The first two equations of equation (35) are kept 

intact and a different modification is made in the third equation as follows. 
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)1()8()1()7()()6()1()5()2()4()( 1 +++++−+−= nnnnnnM aaaaaa AfBfBfBfBf  

 

This is also a case of unequal and even fixed length type. Computation of  requires 2-

terms of  b  and the computation of  requires 8 terms. When 

, equation (36) becomes TS transform. When 

)(nB

)(nA

]0,25.0,0,,0,1,1,1[ −−=af

375.0,125.0,,0,1,1,1[

25.0

25.0 ]25.0,−−=af  equation (36) becomes SPB transform [1]. And it 

becomes SPC integer transform [1] when ]8/3,4/1,16/5,161,1[ ,2/1−/1,1, −−=af

(nA

. Note 

here that in the case of SPB, computation of  requires 6 terms of  b . Said and 

Pearlman [110] suggested SPB for natural image compression. 

)
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4. (2,2) interpolating transform  or  (5,3) biorthogonal filter transform:  

This is a case of unequal odd fixed length type where the computation of  requires 5 

terms of  and computation of  requires 3 terms.  

)(nB

b )(nA

The generalized decomposition equations in its integer version is given by 
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When ]2/1,2/1,1[ −−=af  and ]4/1,4/1,1[=bf , equation (37) becomes the (2,2) 

interpolating transform [21]. 
 

5. (4,2) interpolating transform: 

It is a modification of (2,2) interpolating transform. The modification is made only on the 

first decomposition equation. But this modification also affects the number of terms of b  

involved in the computation of . The generalized decomposition equations in its integer 

version is given by 
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This is a case of unequal and even fixed length case where the computation of requires 

7 terms of  and computation of  requires 4 terms.  

)(nB

b )(nA

When  and  ]16/1,16/9,16/9,16/1,1[ −−=af ]4/1,4/1,1[=bf , equation (26) becomes the 

(4,2) interpolating transform [ 24] which is also referred to as 9/7M [1]. 
 

6. (2,4) interpolating transform: 

It is also a modification of the (2,2) interpolating transform. In this case modification is 

made on the second decomposition equation. This modification results in the unequal and 

odd fixed length type where the computation of  requires 9 terms of b  and the 

computation of  requires 3 terms.  

)(nB

)(nA
 

The integer version of the generalized decomposition equations is given by 
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When  and ]2/1,2/1,1[ −−=af ]64/3,64/19,64/19,64/3,1[ −−=bf , it becomes the (2,4) 

interpolating transform [24]. 
 

7. (2/6) integer transform: 

It is a case of unequal and even fixed length type where the computation of  requires 2 

terms of  and computation of  requires 6 terms. The generalized integer version of 

the transform is given by 

)(nB

b )(nA
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When  and ]4/1,4/1,1,1,1[ −−=af ]2/1,1[=bf , it becomes the (2/6) integer transform [1]. 

 

8. (2/10) integer transform: 

It is a modification of (2/6) case where the modification is made only in the last stage of 

decomposition equation of . This case is also of unequal and even fixed length type 

where the computation of  requires 2 terms of b and computation of  requires 10 

terms. The generalized integer version of the transform is given by 
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When ]64/3,64/22,64/22,64/3,1,1,1[ −−−=af  and ]2/1,1[=bf ,  it becomes the (2/10) 

integer transform [1]. 
 

9. (6,2) interpolating transform: 

It is also a modification of (2,2) interpolating transform. The modification is made only in 

the first decomposition equation. It is a case of unequal and odd fixed length type where the 

computation of a term of  requires 7 terms of  b and the computation of a term of 

 requires 9 terms. The integer version of the generalized decomposition equations is 

given by 

)(nA

)(nB
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When ]256/3,256/25,128/75,128/75,256/25,256/3,1[ −−−−=af

]4

 and 

,  equation (42) becomes (6,2) interpolating transform [24]. /1,4/1,1[=bf

 

10.  (4,4) interpolating transform: 

It is a modification of (4,2), interpolating transform where the modification is made in the 

second decomposition equation. The modification leads to the unequal and odd fixed length 

type where the computation of  requires 13 terms of  and computation of  

requires 7 terms. The integer version of the generalized decomposition equations is given by 
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where  )32()5()12()4()12()3()32()2()( ++++−+−= nnnnnM aaaaa bfbfbfbf  

)1()5()()4()1()3()2()2()( +++−+−= nnnnnM bbbbb AfAfAfAf . 

When ]16/1,16/9,16/9,16/1,1[ −−=af  and ]32/1,32/9,32/9,32/1,1[ −−=bf

]16/1

, then 

equation (43) becomes (4,4) interpolating transform [24], which is also referred to as (13/7-

T) [1]. And when  ,16/5,16/5,16/1,1[ −−=bf ,  it is known as (13/7-C) integer 

transform [1]. 
 

11.  (2+2,2) interpolating transform: 

It is also a modification of (2,2) interpolating transform where the modification is made for 

first decomposed component through two successive modifications. This is also a case of 

unequal fixed length type where the computation of a term of  requires 5 terms and 

computation of  requires 11 terms of the signal b . The integer version of the 

generalized decomposition equations is given by 
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where . )1()9()2()8()1()7()()6()1()5()( 1 +++++++−= nnnnnnM aaaaaa AfBfBfBfBf

It is reported in [21] that when ]1,8/1,8/3,8/3,8/1,1,2/1,2/1,1[ −−−−=af  and  

,  it works better.  ]4/1,4/1,1[=bf

 

If the last element of the decomposition filter  is zero, i.e., , then it becomes the 

decomposition equation of 5/11 integer transform [1].   

af 0)9( =af

When ]0,16/1,16/1,16/1,16/1,1,2/1,2/1,1[ −−−−=af

]0,32/1,32/1,32/1,32/1,1,2/1,2/1,1[

, it is referred to as 5/11-C. And 

when −−−−=af ,  it is referred to as 5/11-B.  

 

12.  DB2  integer transform: 

This integer transform corresponds to discrete wavelet transform using Daubechies’ 

orthogonal wavelet filters of length-4. But is not strictly similar to it. This is a case of equal 

and even fixed length type where the computation of a term of each decomposed component 

requires 4 terms of the signal b . The integer version of the decomposition equations 

corresponding to DB2 in a generalized form is given by 
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When ]1,1,3,1[ −=af  and  ]4/3,4/)23(,1[ −−=bf ,  it becomes the integer version 

of the DB2 transform through lifting scheme [41].  
 

13.  (9,7) integer transform: 

The integer version of the transform through lifting scheme is generalized here. But this is 

again in no way similar to the decomposition scheme of (9,7) bi-orthogonal wavelet filters. 

This is a case of unequal and odd fixed length type where the computation of requires 

7 terms of  and computation of  requires 9 terms of b . The generalized 

decomposition equation is  

)(nA

b )(nB
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When ]88291107.0,88291107.0,1,58613434.1,58613434.1,1[ −−=af

]44350685.0,44350885.0,1,05298011.0,05298011 −

 and 

, equation (32) becomes 

the integer version of the (9,7) biorthogonal symmetric transform through lifting scheme 

[24] This decomposition scheme is one of the most popular schemes for subband image 

compression and is referred to as (9/7-F) in [1]. 

.0,1[ −=bf

 

14.  6/14  integer transform: 

This is a case of unequal and even fixed length type where the computation of  requires 

6 terms of b and computation of  requires 14 terms. The generalized integer version of 

the transform is 
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When ]16/1,8/3,8/3,16/1,1,1,1[ −−−=af  and ]16/1,2/1,16/1,1[ −=bf , it becomes 

(6/14) integer transform [1].  
 

15.  Cubic B-splines integer transform: 

This transform is most commonly used in computer graphics. This is also a case of unequal 

and odd fixed length case where the computation of  requires 5 terms of  and 

computation of  requires 7 terms. The generalized integer version decomposition 

equations as obtained from lifting scheme is given by 

)(nB b
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 ]16/3,16/3,1,4/1,4/1,1[ −−=af  and ]1,1,1[=bfWhen , equation (48) becomes the 

integer version of cubic B-splines obtained through lifting scheme [41]. 
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4.7 So
Three of the integer wavelet transforms described in Section 4.6 are con

me Experimental Results  
sidered here. These 

2+2,2) interpolating transform and (iii) (9,7) integer 

transform 

 the (4,4) interpolating transform, there are 8 free filter coefficients, namely, (2), (3), 

r each filter coefficient, an interval is 

are (i) (4,4) interpolating transform, (ii) (

transform. For each of them, the corresponding YKSK-1 generalized version is considered 

and a search technique is employed to find the optimal YKSK-1 filter giving the smallest 

value of the Mean Square Error (MSE). The MSE is calculated between the original image 

and the image reconstructed from only the approximation component from the first 

decomposition. level The search is based on a genetic algorithm. The images used for the 

experiment are lena128, lena256, barbara128, barbara256, boat128 and boat256 where 

“128” and “256” indicate a size of 128x128 and 256x256 respectively. Zero padding is used 

in the decomposition scheme. 

 

4.7.1   (4,4) interpolating 

af afIn

af (4) af (5) and bf (2), bf (3), bf (4), bf (5). Fo

considered to define the search space where a genetic algorithm can be applied. Let these 

erva be 1I , 2 ,….. . Each such interval is centred around the corresponding 

coefficient of the 13/7-T filter set.  For any filter set ( af (2),… af (5), bf (2),….. bf (5)) 

belonging to 82 IIII

int ls I

1

8I

××=  the MSE value can be computed after decomposing an 

image into four components and reconstructing the image f  th approxim

component only. Thus the MSE value can be thought of as a function 

× L

rom e ation 

g ( af (2),… af (5), 

bf (2),….. bf (5)). The genetic algorithm developed here finds the optimal filter coefficients 

in the search space I  which produces the smallest value of the function g . In this process, 

 get six timizing YKSK-1 filter sets corresponding to six images. The filter set based 

on the average of these six filter sets is considered as a consensus YKSK-1 filter set which is 

in a sense the best based on the six images. The YKSK-1 filter set and the two standard 

integer wavelet filter sets (13/7-T and 13/7-C) in (4,4) interpolating transform are given in 

Table 4.1 where the MSE values produced by all these filter sets for each of the six images 

are also provided.  It is seen that the proposed YKSK-1 filter sets perform better than the 

standard wavelet filter sets in terms of the MSE values.    

we op
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4.7.2  (2+2,2) interpolating transform  and  (9,7) integer transform 

In the (2+2,2) interpolating transform, there are 9 free filter coefficients, namely, (2), af

af (3), af (5), …, af (9), bf (2) and bf (3). Here the search space I  is 9-dimensional a the 

search of g

 results obtained in a sim

tt n

in e r

nd 

interval in each dimension is determined in a similar fashion using the 5/11-C filter set. The 

  the optimal filter sets usin  a genetic algorithm is performed in the same way as in 

the case of (4,4) interpolating transform. The YKSK-1 filter set and the two standard 

wavelet filter sets (5/11-B and 5/11-C) in (2+2,2) interpolating transform are given in Table 

4.2 where the MSE values produced by all these filter sets for each of the six images are also 

provided.  It is seen that the proposed YKSK-1 filter sets perform better than the wavelet 

filter sets in terms of the MSE values. It is to be noted here that the standard (2+2, 2) filter 

set does not produce satisfactory results.    

In the (9,7) integer transform, there are 8 free filter coefficients, namely, af (2), af (3), af (5), 

af (6) and bf (2), bf (3), bf (5), bf (6). The ilar fashion are given in 

Table 4.3. Here also that the proposed YKSK-1 filter sets perform be er tha  the (9,7) 

teger wav let filte  set. 

In the above experiment, the intervals in the search space I  are not large. This is because 

the goal here has been only to establish the fact that there are YKSK-1 filters that perform 

fbetter than the existing filters. However, if the search is per ormed in a larger space, better 

YKSK-1 filters may emerge. Another point to note here is that the criterion for optimal 

filters has been taken as the MSE value in a certain context. However, any other criterion 

may be used for optimization with the basic algorithm remaining the same. There are several 

other wavelet integer filters, which have not been considered for comparison. However, 

corresponding optimal YKSK-1 filters can be computed in a similar fashion. 
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Filters fa(2) fa(3) fa(4) fa(5) fb(2) fb(3) fb(4) fb(5) 

YKSK-1 0.1529 -0.8395 -0.3365 0.0269 -0.0154 0.1484 0.4527 -0.1039 

13/7-T 0.0625 5 5  2   2 -0.562 -0.562 0.0625 -0.031 0.2812 0.2812 -0.031

13/7-C 0.0625 -0.5625 -0.5625 0.0625 -0.0625 0.3125 0.3125 -0.0625 

Table 4.1a ts -  -C tr s. 

ag S

 Filter se  of YKSK 1, 13/7-T and 13/7  integer ansform
 

Im es YK K-1 13/7-T 13/7-C 

lena128 118.38 142.10 140.62 

lena256 68.56 78.19 77.35 

barb128 117.97 135.71 134.38 

barb256 100.44 109.92 109.18 

boat128 174.91 215.81 213.68 

boat256 120.95 134.90 133.52 

Table 4.1b  MSE values  for six different images corresponding to the filter sets of YKSK-1, 
13/7-T and 13/7-C integer transforms. 
 
Images fa(2) fa(3) fa(5) fa(6) fa(7) fa(8) fa(9) fb(2) fb(3) 

YKSK-1 -0.6349  -0.3796  0.1141  -0.1551  0.0208  0.0512  -0.1411    0.1646   0.4620  

5/11-C -0.5000 0  5 5      -0.500 0.0625 -0.062 -0.062 0.0625 0.0000 0.2500 0.2500

5/11-B -0.5000  -0.5000 0.0312 -0.0312 -0.0312 0.0312 0.0000 0.2500 0.2500 

Table 4.2 t s

M3 

a  Filter sets of YKSK-1, 5/11-C and 5/11-B integer ransform . 
 

Images M1 M2 

lena128 122.14 145.00 147.52 

lena256 7  79.51 81.21 0.51

barb128 120.89 138.34 140.08 

barb256 103.66 111.67 111.26 

boat128 183.01 220.86 219.82 

boat256 125.28 138.02 138.96 

Table 4  values for six t images corresponding to the filter sets of YKSK-1, 
5/11-C B integer trans
 

.2b  MSE  differen
 and 5/11- forms. 
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Filters fa(2) fa(3) fa(5) fa(6) fb(2) fb(3) fb(5) fb(6) 

YKSK-1 -1.4538 -0.9892 0.5214 0.3814 -0.1828 -0.2366 0.6989 0.9892 

(9,7) -1.5861 1   0 0   -1.586 0.8829 0.8829 -0.053 -0.053 0.4435 0.4435

Table 4.3a  Filter set K 9 r s

M2 

s of YKS -1 and ( ,7) intege transform . 
 

Images M1 

lena128 117.11 135.24 

lena256 6  75.75 7.03

barb128 117.77 130.93 

barb256 100.55 108.31 

boat128 176.93 204.89 

boat256 119.74 131.48 

Table 4.3b ues  for six different i rresponding to the fil f YKSK-1, 
and (9,7) integer transforms. 
 

  MSE val mages co ter sets o
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4.8  YKSK-2  Transform 
e propose here another new generalized subband transform known as YKSK-2 transform. 

tion schemes is similar to that of YKSK-1 

rm 
 is a subband decomposition scheme similar to that of YKSK-1 transform. Here also the 

in entities: the information 

W

The concept of decomposition and reconstruc

transform. The main difference here lies in the information carrier term. Unlike in the case 

of YKSK-1 transform where only a single term of the signal constitutes the information 

carrier part in each decomposition equation, here two terms of the signal constitute the 

information carrier part in each decomposition equation. Hence the name YKSK-2 

transform. Thus, the first two terms of each decomposition equation constitute the 

information carrier while the third term is the modifier. The reconstruction of the signal 

from the decomposed components is a little different from that in the case of YKSK-1 

transform. But it is simple, just solving for the two information carriers from the two 

decomposition equations. Reconstruction is possible for arbitrary filter coefficients provided 

the four coefficients associated with the information carriers avoid a certain division by 

zero, as we will see later. Like in YKSK-1 transform, only the decomposition filters are 

required for both decomposition and reconstruction processes, and we can decompose a 

signal into all possible combinations, namely, into two approximations or into two details or 

into one approximation and one detail, by choosing appropriate modifiers. The length of a 

decomposed component in the case of a 1-D signal is always the ceiling of the half of the 

length of the signal irrespective of the length of the decomposition filters used. In other 

words, the length of a decomposed component is independent of the length of the 

decomposition filters. Another interesting feature of this transform is that we can easily 

make the values of the decomposed components integers even if we use arbitrary floating 

point numbers as the filter coefficients for decomposition. 

 

4.8.1  Decomposition scheme of YKSK-2 transfo
It

decomposition and the reconstruction processes involve two ma

carriers and the modifiers. But the decomposition and the reconstruction schemes are more 

general than those of YKSK-1 transform. Unlike in YKSK-1 transform where a 

decomposition equation contains only one term for the information carrier, here a 

decomposition equation contains two information carrier terms. The modifiers have a great 

influence to make efficacious change on the characteristics of the decomposed components. 
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The information carriers retain the necessary information for signal reconstruction. They are 

used for the reconstruction of the signal from its decomposed components.  
 

Let ],,,[ 21 mbbb L=b  be a discrete signal and af  and bf  be any two arbitrarily chosen 

ec . Then we can decompose into two components in the following way. 

where   and  and  are zeros outside the range 

d omposition filters b
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ms  and are k  as m components. The  

e of each decomposition equation in equation (49) are  

form 

KSK transform is a perfect reconstruction transform even if the filters are chosen 

s no complex mathematical 

The ter )(nb  nown odifiers of the decomposed )(nMa

ion ca

M

s on the right hand sid

. In ot

first two term

the informat rriers her words, the terms other than the modifiers constitute the 

information carriers. Modifiers have great influence on the characteristics of a decomposed 

component. By choosing the modifiers in different ways we can decompose a signal into 

different types of components. The modifiers may be a function of n  or a constant. The 

decomposition filters may be of any length, but only the first two of their elements are meant 

for the information carriers. The others are used for the modifiers. There is also no 

restriction on the choice of the coefficients of the decomposition filters, except the ones to 

be used for the information carrier terms. The length of the decomposed components is 

independent of the length of the filter. The length of each decomposed component is equal 

to the ceiling of the half of the length of the input signal. The decomposition process can be 

applied successively in one or both of the decomposed components at each subsequent level 

of decomposition depending on whether one wants multilevel half decomposition or 

multilevel full decomposition, as in the case of ISITRA. 
 

4.8.2  Reconstruction scheme of YKSK-2 trans
Y

arbitrarily. The reconstruction scheme is very simple and involve

operations. It is just solving for the even and odd components of the information carriers 

from the decomposed components. The decomposition equation (49) consists of two 

equations with two unknowns, namely,  )2( nb  and )12( −nb . Hence, solving for these two 

unknowns is always possible if we somehow know the values of the modifiers as the 
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decomposed components and the decomposition filte own to us. That is why we can 

always get a perfect reconstruction of a signal from its decomposed components in YKSK-1 

transform. There are three main reconstruction schemes by which we can reconstruct the 

original signal. These schemes are given below. We can get the original signal from its 

decomposed components using the decomposition filters from the following relations. 
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where )51(0)1()2()2()1( LLL≠−= babaD ffff .  

 

n (50) is the generalized reconstruction cheme of the subband decomposition 

e of YKSK-2. And equation (51) is the only condition to be satisfied while choosing 

Equatio  s

schem

the filter coefficients for reconstruction. As equation (51) can be easily satisfied, we can say 

that the coefficients of the decomposition filters can be chosen quite arbitrarily.  

Instead of solving )2( nb  and )12( −nb  separately, we can first find one of them from one 

decomposition equation and then find the other from the remaining decomposition equation, 

 and (53) below. 

 

where . 

We can reconstruct the original signal by any of the above three reconstruction schemes 

y equatio s (50), (52) and (53). Note that in the above reconstruction equations, we 

as in equations (52)
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DD −=1

given b n

do not use any reconstruction filters explicitly. We use the same decomposition filters 

instead. As the perfect reconstruction is possible for almost any arbitrarily chosen filter 

coefficients, we need not be much concerned about the choice of the filter coefficients for 
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perfect reconstruction. But we need a careful choice of filter coefficients which will give us 

the desired results.  
 

When  ,0)1( = ba ff 0)2( = , the decomposition equation (49) becomes the decomposition 

tion (1)) as shown below. 

All the above three reconstruction  equations (50),  (52)  and  (53)  become 

Similarly, when  

equation of YKSK-1 (i.e., equa
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0)1(,0)2( == ba ff , the decomposition equation (49) again becomes the 

decomposition equation of YKSK-1 transform. 

The three reconstruction equations (50),  (52)  and  (53) become 

Thus, YKSK-1 transform is a special case of YKSK-2 transform. 
 

ber of terms of the signal involved in the computation of a term of the 

, like YKSK-1 transform,  is classified into  

 

)56(
)()12()2()(

)2()1()(
LLL

⎭
⎬+−=

=
nMnn

nn

bb bfB
bfA

 
)( ⎫+ nM aa

)57(
)1(/)}()({)2( ⎭

⎬−= aa nMnn fAb
)2(/)}()({)12(

LL
⎫−=− bb nMnn fBb

 

4.9  Types of  YKSK-2 Transform    
Depending on the num

decomposed components, YKSK-2 transform

three types, namely, fixed length type, semi-infinite length type and infinite length type. 

They are described below. Let, like in YKSK-1 transform, )(nNa  be the number of terms of 

the signal b involved in the computation of a term of the decomposed component )(nA  and 

)(nN  be the number of terms of b  involved in the utation of a term of the 

decomposed component )(nB . 

 

 

b comp
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4.9.1  Fixed length type YKSK-2 transform 

In this decomposition scheme, we choose modifiers in such a way that both and 

length

 type:  In this type,  and  are even and equal. The 

Or  

where  are integer constants (zero, positive or negative) for adjusting the indices of 

ys. T

rms vanish.  

 )(nNa  

orm, f)(nNb  are fixed. That is, neither of them depends on n. Like in YKSK-1 transf ixed 

 type is classified into 5 types, namely, equal and even fixed length type, unequal and 

even fixed length type, equal and odd fixed length type, unequal and odd fixed length type 

and mixed fixed length type.  
 

Equal and even fixed length aN bN

modifiers in this case have the following form. 
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21 , cc

the arra his type of  YKSK-2 transform  can be achieved in a number of ways by 

appropriately choosing the modifiers. Two simple cases of this type are : 
 

Case-1:  When the decomposition filters have length 2 and the modifier te

Let ],[ 21 lla =f  and  ],[ 21 kkb =f  be the decomposition filters such that 0≠D . 

Whe  = 2, ier terms vanish, i.e., 0;0)(n = the modifaL bL )( == MnMa nb . Then the 

os n 

 

From equation (58), we see that  =  =2. This is the case of equal and even fixed 

length type. The corresponding decomposition scheme becomes similar to that of 

decomp itio equation (49) becomes 
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decomposition scheme of ISITRA-2 of length 2. If 2121 == ll  and 2121 =−= kk , the 

decomposed components obtained would be the same as those of decomposed components 

using DB1 or  Haar’s wavelet filters. The recons me he from 

equation (50) by putting 0)(;0)(

truction sche re is obtained 

== nMnM ba ,  i.e., 
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We can get the decomposed components by 
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63) here are the sam

 The only difference is that 

Modifiers have no role either position and the reconstruction process and hence 

the characteristics of th e solely dependent on the 

 ( an even number  greater than 2)  in equation (58), we can 

rite the modifier term

substituting the modifier terms in the 

decomposition equation (49). Then  and the decomposition equations become 

where 

The decomposition equations in ( e as those of ISITRA or discrete 

t transform. in the case of ISITRA or DWT, the range of 

decomposition filters.  
 

Case-2:  When aL = bL
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wavele

n  is: ⎡ ⎤ ).12/2/(,3,2,1 −+= Lmn L  The decomposed components will have similar 

characteristics as those of the decomposed components using wavelets or ISITRA if we use 

e same The difference is apparent in the trailing decomposed 

components. The length of a decomposed component here is independent of the length of 

the filter L  and is always equal to the ceiling of the half of the length of the signal. But the 

th  set of decomposition filters. 
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decomposed components using ISITRA or wavelet filters will be longer than the 

decomposed components using YKSK-2 transform.  We can easily reconstruct the signal 

from its decomposed components by substituting the respective modifiers in equation (50).  
 

Unequal and even fixed length type:  Here aN  and bN  are even but unequal.  For 

example, if = 4  = 6,  equation (62) provides this type.  

and equal. 

e d ual.  For example, 

= 3  = 5,  equation (62) provides this type. 

or example, 

f = 5,   = 4,  equation (62) provides this type.

nsform 

 and  is fixed while the other increases with n. For example, 

where  are integer constants (zero, positive or negative). 

There are three main types of semi-infinite length type, even semi infinite length type, odd 

 

 

 

aL , bL

 

Equal and odd fixed length type:  Here aN  and bN  are odd 

  
Unequal and odd fixed length type:  Her aN  an bN  are odd but uneq  

if aL , bL

 

Mixed fixed length type:  Here one of aN  and bN  is even and the other odd.  F

i  aL bL  

 

4.9.2 Semi-infinite length type YKSK-2 tra

)(nNa )(nNbIn this case, one of 

consider the following modifiers. 
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semi- infinite length type and mixed semi-infinite length type.  
 

Even semi-infinite length type: 
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Odd semi-infinite length type: 

 

Mixed semi-infinite length type:  

 

4.9.3 Infinite length type YKSK-2 transform 
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In this type, as in YKSK-1 transform, both )(nNa  and N )(nb n

terms of the decomposed components are c ed. Li YKSK-1 transf rm, here also 

there are five different infinite length types, namely, equal and even infinite length type, 

equal and odd infinite length type, unequal and even infinite length type, unequal and odd 

infinite length type and mixed infinite length type. They are described below. 
 

Equal and even infinite length type:  In general, we get equal and even infin

if we use the modifiers )1()3()( −= nnM aa Af   and  )1()3()( −= nnM bb Bf  in the 

decomposition equation (49) omposed 

components from equation (50) by appropriately replacing the modifier terms with the ones 

used in the decomposition. 
 

Unequal and even infinite 

. Similarly, a reconstruction is obtained from the dec

length type:   Here  and  are unequal but even and 

Here  increases as 2, 4, 6, … for 

)(nNa )(nNb

increase with n .  
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Equal and odd infinite length type: 
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ual and odd i inite length type: 

for 

 

ed infinite length type:  In this type, the values of  and  are neither all odd 

umbers nor all even numbers.  In other words,   type which is not 

i-Sta ran form 
age decomposition and reconstruction scheme. Here stage means 

.  

et the decomposed 

position filters by n write the decomposition equations in the two 

, then it becomes YKSK-1 transform. 
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any of the above four types.  For example, we get th e if w  equation (68) for 

computing )(nA   and use equation (69) for computing )(nB . 
 

 

4.10 Mult ge Decomposition of YKSK-2 T s
Let us first consider for 2-st

the number of decomposition steps to get the decomposed components

Let the decomposed components in stage-1 are denoted by 11, BA , the modifiers by 

11 , ba MM  and the lengths of the decomposition filters by 11 , ba LL . And l

2, ba MMcomponents in stage-2 be denoted by 22, BA , the modifiers by 2  and the lengths of 

22

stages as 

Stage-1:  Decomposition equations: 
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Sta tion equations: ge-2:  Decomposi

Multi-stage decomposition is the decomposition of a signal through two or more 

intermediate stages.   

e original signal from its decomposed components  in two 

tages in the following way. 

.  

 

:  Reconstruction equations: 
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We can reconstruct th 22, BA

s

Stage-1:  Reconstruction equations: 
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Stage-2
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where .0)1()2()2()1( ≠−= babaD ffff  

 Thus, we can reconstruct the original signal from its two stage decomposed components. 

n be easily extended to multi-stage decomposition scheme as in YKSK-1 transform. 

teger Version of YKSK-2 Transform 
al. Then, as in YKSK-1 transform, we can 

implest way is just to make the 

 

This ca

The number of stages of decomposition for the two decomposed components may not be the 

same.   
 

4.11  In
Suppose our input signal is an integer-valued sign

make the decomposed components integers. The s

coefficients of the filter associated with the information carriers integers and making the 

respective modifiers integers by flooring, ceiling or rounding off to the nearest integer. 

There is no loss of information due to making the modifier values integers, as opposed to the 

popular belief that the flooring function causes information loss and hence that value 0.5 is 

added as a compensation for it.  Then the decomposition equation (49) becomes 
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4.11.1  First integer version of YKSK-2 transform 
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1)2(,1)1( == aa ff and 1)2(,1)1( −== bb ffFor simplicity,  suppose , then, we get 

We can even combine different integer transformation operators and still get perfect 

reconstruction. If we combine ceiling and rounding off operators in uation (76), we get 
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In the above decomposition equation, the symbol x  denotes the round off integer value of 

a real number x  to the nearest integer. Then the re nstruction equations of (77) become co
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The decomposition scheme of equations (76) and (78) have the high chance that the values 

f are higher than 2 times of the maximum value of the signal , which may not be 

desirable for some applications particularly for compression purpose. We can solve this 

position equation that the decomposed components will 

have integer values, regardless of the values of the decomposition filters. But we will not in 

general get perfect reconstruction from them if all the decomposition filters are floating 
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problem by modifying the way of making the decomposed components integers.  
 

4.11.2  Second integer version of YKSK-2 transform 

Let the decomposition scheme be  
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point numbers.   

If )1(f and )2(f are integers, we can write b b
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Wr  2(b  terms of  )12( −nb  from titing  in)n he second equation above and then substituting  
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l numbers  and integers  for which  is an integer, we 

get perfect reconstruction of the original integer signal from its integer decomposed 

components using the following reconstruction equations. 
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We consider the following special cases in terms of the choice of  values of   and  

 

)1(bf

)2(bf . 

Case-1:   =)1(bf 0)2( ≠bf .  That is,  )1()2( aa ff −  is an integer.  Two such exa s are mple

given below.  
 

Example-1:  ,25.0)1( 75.0)2( =−=a ff .a ecomposition equation (81) becomes 
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And the corresponding reconstruction equation (83) becomes 
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5.0)2(,5.0)1( =−= aa ffExample-2:  .  Then the decomposition and reconstruction 

equations become  

 

Case-2:   .  That is,  
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=)1(bf 0)2( ≠− bf )1()2( aa ff +  is an integer.  Two such examples 

along with the decomposition and reconstruction equations are given below.  

ple-1Exam :  ,  25.0)1( =af 75.0)2( =af ,  

Example-2
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:  ,  5.0)1( =af 5.0)2( =af .   

In this way, we can get different integer transforms by choosing different values of 

 such that  is an integer. 
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)2(),1( aa ff , )2(),1( bb ff k

In equation (83), we first reconstruct )12( −nb  and then reconstruct )2( nb . The order is 

tation of  )2( nb  requires timportant as the compu he value of . Alternatively, we 

an first reconstruc  and then re

)12( −nb

t )2( nb construct  )12( −nb  in th nner.  e following mac
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provided  k
b

b
)2(
)1(

f
f  is an integer.  

 

For example,  reconstruction equation (91) then becomes 
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Instead of the floor function to get integer decomposed components we can use ceiling and 

rounding off to the nearest integer also. Moreover, we can mix them as 
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Then our reconstruction equations becomes 
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or 
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Thus, we can combine the integer transformation operators like flooring, ceiling, and 

rounding in various ways to get integer transformed decomposed components in YKSK-2. 

lso, one can add or subtract real number constants to or from the modifiers as in YKSK-1 A

without affecting perfect reconstruction.  Note that when 0)2(,0)1( == ba ff , or 

0)1(,0)2( == ba ff , the above integer version transform for YKSK-2 becomes the integer 

version transform of YKSK-1.  
 

eme, we have 

 

The same integer transformation process is extendible to the multi-stage decomposition 

scheme as well.  For a 2-stage sch
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Stage-1 decomposition equations: 

⎣ ⎦ ⎣ ⎦
⎣ ⎦11

11
LL

⎪
⎬
⎫a )97(

)()12()2()(

)())12()2((5.0)(

⎪⎭+−−=

+−+=

nMnnn

nMnnn

bbbB

bbA
 

Stage-2 decomposition equations: 
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Reconstruction starts from the reconstruction of Stage-1 decomposed components from the 

Stage-2 decomposed components using the following reconstruction equations.  
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Once the Stage-1 decomposed components are reconstructed from the Stage-2 decomposed 

components, we can reconstruct the original signal using the following reconstruction 

equations. 
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Thus we can reconstruct the original signal from its 2-stage decomposed components 

and . We can also use the integer decomposition and reconstruction scheme

equations (76) and (77) for multi-stage integer decomposition and reconstruction schemes.  
 

let 

2A  

s of 2B

4.12 Simplet as a Special Case of  YKSK-2 Transform 
Simp stands for simple transform. It is also a subband decomposition and reconstruction 

scheme. Decomposition is based on the addition or subtraction of some successive elements 

eme or 

e of YKSK-2 transform, 

of the signal. There is no complex multiplication involved in the decomposition sch

maximum only one multiplication. It can be thought as a special cas

where the filter coefficients are 1’s and –1’s.  And the modifiers are so chosen that the 

decomposition equations are formed with addition and subtraction operations only.  

Depending on the number of successive elements used in a decomposition equation, Simplet 

can be divided into three types, namely, fixed length Simplet, semi-infinite length Simplet 

and infinite length Simplet. Note here that Simplet was first developed before YKSK 
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transform and there were only two types of Simplet, viz , fixed length Simplet and Infinite 

length Simplet. [112, 114]. The concept of semi-infinite length Simplet is brought in from 

the YKSK transform. 
 

4.12.1  Fixed length Simplet  
The number of successive terms of a discrete input signal for the evaluation of any term of a 

decomposed component is fixed at a certain value. This number may be even or odd, equal 

 the decomposed components. And accordingly fixed length Simplet is 

ely, equal and even fixed length Simplet, unequal and 

 components is equal and even. That is,  =  is even. 

here can be two forms of the decomposition equations in this type of Simplet. One is given 

n (102).  

or unequal for both

further classified into five types, nam

even fixed length Simplet, equal and even fixed length Simplet, unequal and even fixed 

length Simplet and mixed fixed length Simplet. All these can be easily obtained. We discuss 

below only the first type.  
 

Equal and even fixed length Simplet: 

Here the number of successive terms of the signal b involved in the computation of a term 

of each of the decomposed )(nN a )(nN b

T

in equation (101) and the other in equatio
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Equation (101) is the process when the decomposition is started from the left end, and 

equation (102) is the decomposition process started from the right end and reversing the 

index of decomposed components. In both cases, the number of terms of involved in the 

computation of a term of decomposed component is  When ase of 

b
 is even it is the c.L  L

equal and even fixed length type Simplet. 
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The reconstruction scheme corresponding to equation (101) is  
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We can get the reconstruction scheme corresponding to equation (102) in a similar way. 
 

4.12.2  Improved fixed length Simplet 
Here, the proposed improvement is only in terms of computation time. In the above fixed 

sed 

ponent depends on the length of the Simplet. We can make the decomposition scheme 

with a slight modification in the above 

length Simplet, the number of additions in the evaluation of a term of a decompo

com

independent of the length of the Simplet 

decomposition scheme as follows.  
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With this modification, we can reduce the number of addition/subtraction operations 

involved in the evaluation of a term of a decomposed component. Here it takes only 4 

addition/subtraction operations in the evaluation of any  or  and is independent of 

th of the Simplet. This modification is useful for Simplets with length greater than 4. 

nall ster.

 

 Thus, we see that the reconstruction scheme becomes a constant time process.  The 

reconstruction of an element of the original signal requires four addition/subtraction 
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the leng

Modifications of fixed length decomposition scheme in the form of equations (104,105) are 

not only useful in the decomposition process, but also simplify the reconstruction scheme of 

fixed even-length Simplet and make it computatio y fa  We can write the 

reconstruction scheme as 
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operations and one division. As the reconstruction scheme can easily be obtained from the 

corresponding decomposition scheme, only the decomposition schemes are provided for the 

remaining types of Simplet. 
 

usly 

 

The number of successive elements of signal involved in the computation of a term of one 

of the component, say ber of successive elements of 

involved in the com n of a term of t ther com  increases 

continuously in terms of odd numbers.   

4.12.3  Semi-infinite length Simplet 
When computation of a term of a decomposed component requires fixed number of terms of 

the signal and the computation of a term of the other decomposed component requires more 

and more terms of the signal. There are three types, even semi-infinite length type, odd 

semi-infinite length type and mixed semi-infinite length type.  

 

Even semi-infinite length Simplet:  

The number of successive elements of signal b involved in the computation of a term of one 

of the component, say )(nA , is fixed and even, while the number of successive elements of 

b involved in the computation of a term of the other component )(nB increases continuo

in terms of even numbers.   
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Computation of  requires at most 3 elements of , whereas the computation of  is 

not fixed at a m m but requires 

)(nA

aximu

b )(nB

)12( −n elem . 
 

Mixed semi-infinite length Simplet: 

This is the case where the number of elements of involved in the computation of both the 

pone

as the computation of is 

not fixed at a m m but requires even number, elements of . 
 

 

4.11.4  Infinite length Simplet  
This is the case where the number of terms of the signal involved in the computation of a 

es o

yp d en infinite length 

length type, unequal and odd infinite length type and mixed 

ese types is given below.  

 

 

ents of  b

b
decomposed com nts is not simultaneously even or odd.   
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term of each of the decomposed components is increasing. There are five different typ f 

IL-Simplet, namely, equal and even infinite length t e, unequal an  ev

type, equal and odd infinite 

infinite length type.  One example for each of th
 

Equal and even infinite length Simplet: 
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Unequal and even length Simplet: 
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Equal and odd infinite length Simplet: 

 

Mixed infinite length Simplet: 

 

Care must be taken for reconstruction in this case. The odd and even components are to be 

uccessively reconstructed using the substitution methods. The odd components are 

position equation and the even components from the 

second dec  
 

4.12.5  Properties and advantages of Simplet 
position and reconstruction schemes in Simplet. The 

y be 

 The lengths of the decomposed components are independent of the length of the Simplet. 

e as compared to the filter bank and 

y selecting the 

distorter terms in different ways, which may be useful for different applications. 
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Unequal and odd infinite length Simplet: 
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reconstructed from the first decom

omposition equation.

We have discussed various decom

following are some of the properties and advantages of these schemes. 

1. Both decomposition and perfect reconstruction are computationally fast. 

2. No need of decomposition or reconstruction filters and the length of Simplet ma

even or odd. 

3.

This saves a lot of storage space and processing tim

discrete wavelet transforms where the length of a decomposed component is dependent 

on the length of the analysis filters. 

4. The characteristics of the decomposed components can be modified b
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5. Applying multi-level decomposition on one or both of the decomposed components, 

multi-resolution signal analysis may be obtained in the case of fixed length Simplet.  

d Reconstruction in YKSK transform 

ltilevel 

 up 

the 

position scheme, each of the decomposed components at each 

ts at a 

uction theory is simple just like solving two 

unknowns from two linear equations, quite different from the point of perfect reconstruction 

theory of ISITRA based on the member condition obtained from the decomposition and the 

reconstruction filters relations. Hence, there is no member condition in YKSK transforms 

6. Applying multi-level decomposition on one or both of the decomposed components, a 

signal can be distorted to a considerable extent in the case of infinite length Simplet.  
 

4.13  Multilevel Decomposition an
As in ISITRA, multilevel decomposition is equally possible in YKSK transform also. Both 

half and full  decomposition schemes shown in Figs.3.5a and 3.5b are possible. In mu

half decomposition scheme, a signal is decomposed into two components and one of the 

decomposed components at each level is successively decomposed into two components

to a certain desired level. The decomposed components at a particular level are the two 

decomposed components at that level plus the left out decomposed components at 

previous levels. In full decom

level is successively decomposed into two components. The decomposed componen

particular level in the case of full decomposition are the decomposed components at that 

particular level. The reconstruction in multilevel decomposition scheme is also similar in 

approach as discussed in the case of ISITRA. Note here that the number of decomposable 

levels of a signal may not be similar to that of ISITRA because here the length of a 

decomposed component is independent of the lengths of the decomposition filters used. The 

length of a decomposed component at a particular level of decomposition can be recursively 

obtained from the following recursive relation. 

⎡ ⎤ )115(2/1 LLL−= kk lenlen  

If the length of original signal is a power of 2, then the length of a decomposed components 

is at each level is half of a decomposed component at the previous level. And the maximum 

number of decomposable levels  is )(log 2 m , where m is the length of the signal. 

 

4.14  Discussion and Remarks 

YKSK transform is a very simple subband scheme from the decomposition and as well as 

reconstruction point of view. Its perfect reconstr
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and the filters can be chosen arbitrarily, which is not the case in other subband transforms, 

such filter bank, wavelet or ISITRA where the decomposition and the reconstruction filters 

have to satisfy their member conditi er to ens e perfect reconstruction.  on in ord ur

K transform consist of two terms, namely information 

cheme. But 

he semi-infinite length types and infinite length types are a new way of decomposition 

example, in image compression. Infinite length types are found to be good in distorting 

 

The decomposition equations of YKS

carriers and modifiers. Information carriers are used for the perfect reconstruction and 

modifiers are for modification of the signals in certain ways. There are two types of YKSK 

transform: YKSK-1 transform where each decomposition equation consists of one 

information carrier and YKSK-2 transform where there are two information carriers in each 

decomposition equation. Each of YKSK transforms is divided into fixed length type, semi 

infinite length type and infinite length type according to modifiers involved in each 

decomposition equation. The fixed length-type of YKSK transform has some similarities 

with the other subband scheme such as wavelet or ISITRA in its decomposition s

t

scheme which has no similarities with any of the subband decomposition schemes. Also, 

multi-stage decomposition scheme is possible in both types of YKSK transform. Moreover, 

YKSK transform can be easily made integer transforms, which is not possible in the case of 

ISITRA when the filter coefficients are floating point numbers. The lifting scheme and most 

of the popular integer transforms used in image compression have been found to be special 

cases of fixed length type YKSK-1 transform.  YKSK-1 transform is not symmetric, because 

each decomposition equation consists of one information carrier only. The decomposition 

equation of YKSK-2 transform can be made symmetric by choosing symmetric 

decomposition filters. There are two ways in which we can reconstruct a signal from its 

decomposed components in YKSK-2 transform and hence, accordingly, we have two 

versions of integer transform. YKSK-2 transform can be thought of as a generalized case of 

YKSK-1 transform as the latter can be obtained from the former. Also, the integer version of 

YKSK-1 transform is a generalization of S-transform, S+P transforms etc. Application 

specific optimal filter coefficients for YKSK transforms can be chosen based on 

optimization of certain criteria of the applications at hand.  In addition, multilevel signal 

decomposition is also possible for each type of YKSK-1 and YKSK-2 transforms.  
 

We may use fixed length type of YKSK transform in place of wavelet or ISITRA, for 
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t we are 

emi-infinite length can be applied.  

signals, which may find application in encryption for signal hiding point of view. Another 

reason why YKSK transform can be used for encryption is its noise sensitivity in its 

reconstruction process. When there is significant noise in its decomposed components or the 

filters are slightly different, the reconstructed signal is indistinguishably noisy. The noise 

sensitivity is more pronounced in the case of infinite length types of YKSK transform 

including Simplet. Wavelet or ISITRA has good reconstruction property in the sense that we 

can get well distinguishable reconstructed signal even if there is significant noise in the 

decomposed components and hence they are not suitable for signal encryption. Bu

yet to find areas where s
 

4.15  Conclusions  
YKSK transform is a simple and generalized subband scheme from the perfect 

reconstruction point of view. Here we can choose arbitrary filters of any pattern that would 

be suitable for a particular application. Fixed length type of YKSK transform can be used in 

place of wavelet or ISITRA in certain applications. The multi-stage case of fixed length type  

YKSK-1 transform is a simpler and more generalized form of lifting scheme. YKSK-2 

transform, being a symmetric version of YKSK-1 transform may find some applications in 

image processing where symmetric filters are preferred.  Its infinite length type is found to 

be useful in encryption. Moreover, its different integer versions may find a place in lossless 

image compression as well. 

 

 

 



 
Chapter 5 

 
 

SOME  APPLICATIONS  OF  ISITRA  AND  
YKSK TRANSFORMS 

 
 
 

Abstract: Some applications of ISITRA and YKSK transforms are given here. ISITRA is 

used for lossy image compression and YKSK transform for signal encryption. We propose 

here two new subband coding schemes entitled ISPIHT (Improved SPIHT) and DPC              

(Differential Position Coding)  for image compression. In ISPIHT, the coding part of SPIHT 

is improved to reduce the number of search operations and memory requirement during 

coding while preserving the compression performance the same as in SPIHT. This 

modification results in the coding speed of ISPIHT about 3 to 5 times faster than SPIHT.  

The decoding part remains the same both in ISPIHT and SPIHT. The other coding scheme, 

DPC, is a very simple, fast and memory efficient coding scheme. However, its compression 

performance in terms of PSNR value is marginally lower than those of standard subband 

coding schemes of SPIHT and JPEG2000 in most of the images. Considering its speed and 

low memory requirement, DPC is a better coding scheme than the two standard subband 

coding schemes.  Both ISPIHT and DPC can be used for lossless as well as lossy image 

compression. But we use them for lossy image compression.    Also, we propose some 

ISITRA-2 filters of length 10 having the same framework as that of the popular bi-

orthogonal 9/7 wavelet filters. The proposed filters give better compression performance 

than the 9/7 filters in some images.  For signal encryption purpose, we use infinite length 

YKSK transform to distort a signal to hide the information content in the signal. Then, we 

apply a new random sequence known as meitei lock sequence to add security to the distorted 

signals. Experimental results show that the proposed encryption scheme has a very tight 

security.  
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5.1 Introduction 
In this chapter, some applications of ISITRA and YKSK transform are provided. ISITRA 

may be used in various fields of application in place of discrete wavelets. But we will use 

ISITRA in lossy image compression. In lossy image compression, the decompressed image 

is not exactly equal to the original image. Hence, compression performance of a coding 

scheme is usually measured in terms of mean square error (MSE) or peak signal to noise 

ratio (PSNR) at a given compression ratio. In addition to these, the time complexity and the 

memory requirement of a compression scheme are also used to compare a compression 

scheme to the other. A compression scheme which gives lower MSE or higher PSNR value 

at a given compression ratio in less time using less memory is considered as a better 

compression scheme. Most of the research works on lossy image compression  [2, 12, 22, 

24, 42, 63, 66, 67, 91, 95, 97, 105, 109, 112, 113, 130, 143, 145, 163] use MSE and PSNR 

value as a measure of compression performance. We will also use PSNR values to compare 

the performance of our coding schemes to the standard coding schemes. For our 

compression scheme, we propose here two coding schemes known as ISPIHT (Improved 

SPIHT) and DPC (Differential Position Coding). The former is similar to SPIHT [109] in its 

approach, but is simpler and a faster than SPIHT without any compromise in the 

performance. The second one is a new coding scheme, which is significantly much faster 

and occupies considerably less memory space than SPIHT and JPEG2000 [60]. But its 

performance in terms of PSNR value is a marginally lower than SPIHT and JPEG2000 at 

compression ratios 16:1 and lower. At the higher compression ratios, it gives similar or even 

marginally better performance than SPIHT without arithmetic coding and JPEG2000 in 

some images. Our compression scheme is based subband decomposition scheme plus coding 

scheme as described in Section 5.2. In ISPIHT based compression scheme, entropy-coding 

scheme may or may not be used as in SPIHT.  However, in DPC based compression scheme, 

an entropy-coding scheme is required to code the differential position information of the 

subband coefficients. We use arithmetic-coding as our entropy coding scheme in DPC.   

For lossy image compression based on wavelet or filter bank decomposition scheme, a 

proper choice of filter has considerable impact on the compression performance of different 

images. Some criteria on the choice of orthogonal wavelet filters for lossy image 

compression are suggested in [35, 144], based on regularity of filters. However, it is 

mentioned [157] that the importance of regularity on image compression is still an open 
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question. In [160], the regularity property of bi-orthogonal wavelet filters and their impact 

on image compression are discussed and it is shown that filters with high regularity do not 

always give better compression performance. Also, compression performance of various 

commonly used integer transforms is discussed with the conclusion that different filters with 

high vanishing moments give different performance for different images [1]. A suitable 

criterion for evaluation of filters to be used in image compression can be MSE or PSNR 

value. A filter set that gives lower MSE or higher PSNR value for an image can be 

considered as a better filter set. The flexibility in choosing filters in ISITRA and YKSK 

transform can be employed to find optimal filters based on the optimization of certain 

criteria for any specific application. For the compression purpose, we use genetic algorithm 

to find filters that gives minimum MSE at level-1 decomposition and reconstruction [124]. 

We suggest some ISITRA-2 filters of length 10 having the same framework as that of 

commonly used 9/7 bi-orthogonal wavelet filters for lossy image compression. The 

proposed ISITRA filters give marginally better performance than 9/7 filters in some images. 

This shows that the higher degree of freedom in choosing filters in ISITRA and YKSK 

transform will enable us to find better filters for compression as well as for other 

applications.  Of the two subband transforms ISITRA and YKSK transform, ISITRA would 

be more suitable for lossy image compression because its reconstruction process results in 

smoother signal as it is based on convolution. We know that integer transforms [24,110,113] 

etc. are used for lossless and lossy image compression. Undoubtedly, YKSK transform, 

being a more generalized case of these integer transforms, may also be used for image 

compression. But, here we use YKSK transform for signal encryption. 
 

Infinite length type YKSK transform has the ability to produce signal distortion. This is 

important for the signal hiding point of view. We can use either infinite length type YKSK-1 

transform or YKSK-2 transform for signal distortion. But we use Simplet, a special case of 

YKSK-2 because of its simplicity and ability to distort a signal fast [123]. Also, it has 

another important property useful for encryption, that is, reconstruction difficulty in the 

presence of noise. During decomposition, the distorting ability hides original signal by 

transforming it into quite a different signal, while the reconstruction difficulty (in the 

presence of noise) makes it more desirable for encryption as it may add security to the 

encryption scheme. However, Simplet itself is not sufficient for encryption because we can 
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easily get back the original signal from its distorted components. We have to devise some 

mechanism to add noise to the distorted components so that it cannot be easily reconstructed 

unless the noises in the distorted components are totally removed.  Addition and removal of 

noise is done using a random sequence known as meitei lock sequence (MLS) [122]. The 

distorted components plus MLS form encrypted components from which the reconstruction 

of the original signal is not possible unless one knows the exact MLS used in the encryption. 

MLS is generated from any arbitrary array and is empirically found to be unique for an 

array. Another important property of an MLS is its non-periodic nature. These uniqueness 

and aperiodicity features of MLS, separately discussed in section 5.7, form desirable 

properties of MLS for use in signal encryption. In our encryption scheme, we first distort the 

signal using Simplet and then encrypt the distorted components using MLS. We compute the 

correlation coefficients between the original signal and decrypted signal for various possible 

keys. It is found that when there is slight different in any of the encryption and decryption 

key, the correlation coefficients is negligible small, which means that the decrypted signals 

have no similarity with the original signal as shown in subsection 5.8.2. In other word, our 

proposed encryption scheme is a secure one.  

 

5.2 Compression Scheme 
Our proposed compression scheme consists of two models, compression and decompression 

model as shown in Fig.5.1. The compression model is shown in Fig.5.1a in which the 

original signal b is first decomposed into subbands using some transform such as ISITRA or 

YKSK transform. The decomposed components or subbands are then coded with a coding 

scheme, which may or may not include entropy coding to give the coded bit-stream b~ . 
 

 
Figure 5.1a      Compression model 

 

 
Figure 5.1b      Decompression model 
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The decompression model is shown in Fig.5.1b. It is in some sense the reverse process of the 

compression model. Firstly, the bit-streams are converted back into appropriate subbands 

using appropriate decoding scheme. From the decoded subbands, we get the decompressed 

image or reconstructed image b  using the suitable reconstruction scheme of ISITRA or 

YKSK transform.  

ˆ

 

 If the signal b  is exactly the same as b , then the compression scheme is called lossless 

compression.  For lossless compression, only the speed and the compression ratio are the 

two main measures to make comparison between two or more lossless compression 

schemes. The higher the speed and the compression ratio the better is the lossless 

compression scheme. In lossless compression it is very difficult to get higher compression 

rate and most of them are very slow. Some sources of lossless image compression based on 

subband decomposition schemes are [1,110,113] etc. When b is not exactly equal b , then 

the compression scheme is called lossy compression. In lossy image compression, we can 

get higher compression ratio or rate.  The logic behind the lossy image compression is based 

on the visual imperceptibility of image defects introduced due to coarse quantization or 

coding. For example, when a gray level image with pixel value range 1-255 at 8 bpp, is 

represented with a pixel range of 32-255 at 6 bpp replacing those values less than 32 with 

zeros, there will be hardly any visual defects in the two images shown in Fig.5.2a and 

Fig.5.2b. 

ˆ

ˆ

 

                                                
    Figure 5.2a Original image (1-255)                       Figure 5.2b Modified image ( 32-255)  
 

 But numerically they are different. This is a simple example of lossy image compression. In 

the lossy image compression, because of rejection of some pixel values or because of coarse 

quantization, errors are introduced in the decompressed image. Generally, MSE and PSNR 

values are used for error measurement, which reflect the compression performance in a lossy 
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image compression. The lower the MSE or the higher the PSNR value, the higher is the 

image quality.  But their value cannot measure image quality as discussed in the next 

subsection.  
 

5.2.1  Mean square error (MSE) 
It is generally used to measure quantization or reconstruction error between a signal and its 

quantized or reconstructed signal. Suppose b  is an image and is the reconstructed image 

through some quantization or reconstruction process. Then the MSE between the two images 

is mathematically defined as 

b̂

MSE= ∑ ∑ −
= =

M

i

N

j
jiji

MN 1 1

2)),(ˆ),((1 bb  ………..(1) 

where M is the number of rows and is the number of columns of the two images. 

Generally it is assumed that the lower the MSE value, the lower is the reconstruction error. 

But the MSE value between two images cannot determine the amount of perceptual 

difference between the two images.  

N

 

Suppose  is an image. If we replace the last row and last column of the image with zeros 

and call the resulting image , then we will find much higher MSE and lower PSNR 

values between these two images. But this does not mean that the two images have much 

difference as a whole. The error is introduced only because of the last row and the last 

column. This cannot be taken for error of the whole image  as the remaining parts of the 

image have no error. This indicates that MSE value cannot be taken as a faithful measure of 

error. 

1b

2b

2b

 

5.2.2  Peak signal to noise ratio (PSNR) 
Another measure of quantization error is PSNR value. It is the ratio in decibel of the peak 

value of a reconstructed signal to the Mean Square Error (MSE) between the reconstructed 

signal and its original signal. For lossy compression of images, the peak value in PSNR 

value is the peak value of the decompressed image. It is taken as a measure of error 

introduced in the compression process. It is mathematically defined as 
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PSNRr = )(log20 10 MSE
Pr , ………..(2) 

where  is the maximum or peak value of the decompressed or reconstructed image.  rP

For a gray scale image, the pixel values range from 0 –255. Hence the most often peak value 

is taken as 255, i.e.,  

PSNR= )255(log20 10 MSE
, ………(3) 

 

We would rather call equation (3) as the PSNR value with respect to the original image, 

because generally the original image has the peak pixel value as 255. But it is not always 

true that the original image will have the peak value as 255. Hence we can modify equation 

(3) as  

PSNRo= )(log20 10 MSE
Po , …….(4) 

where  is the peak value of the original image. oP
 

Most often the peak value of the decompressed image or the original image is sometimes 

higher or sometimes lower than 255.  However, in most lossy compression schemes, 

equation (3) is the most common form of measuring PSNR value.  
  
5.3 Improved SPIHT (ISPIHT)  
Lossy image compression is the major research area in image compression because high 

compression rates can be achieved without introducing much perceptible visual distortion in 

the compressed signal. Of the lossy image compression techniques, subband image 

compressions based on wavelet transform are notably the most popular ones. There are 

numerous papers on wavelet based subband image compression. But the popular ones, 

which gave an impetus to lossy image compression, are EZW [112] and SPIHT [109]. 

SPIHT is a simplification and generalization of EZW. A simple and well-explained SPIHT 

coding scheme is also given in [100]. Another coding scheme, which becomes popular in the 

recent years, is EBCOT [141] and is the main coding scheme in the JPEG2000 [60].  

EBCOT is algorithmically is similar to SPIHT in its coding approach except that it is block 

based. It reduces the buffer memory size during the coding but it does not exploit the 
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redundancy of between subbands.   Moreover, EBCOT or JPEG2000 is inherent with an 

entropy-coding scheme and it is difficult to achieve exact target bit rate during the 

compression and hence post-processing operations are required to keep the target bit rate. 

That is, JPEG2000 always performs extra coding which will be discarded during the rate 

control post processing state. This tends to make JPEG2000 encoders much slower than 

decoders.  

 In terms of compression performance JPEG2000 is significantly improved than its 

predecessor JPEG. It has added various new features like, scalability, error resilience, 

coding based on region of interest etc. More literature on JPEG2000 can be had from [79, 

98, 142] and free software is also available from [169, 170]. The compression performance 

of JPEG2000, however, is not very significant than that of SPIHT in spite of its increased 

complexity.  On the other hand, SPIHT is relatively simple and straightforward and it is still 

considered as a benchmark for lossy image compression scheme. It performs only necessary 

coding to achieve a given target compression rate and it can stand alone as a coder without 

using any entropy coder. Entropy coder is optional, it is used only when a little more 

compression is desired. However, the main drawbacks of SPIHT are the requirement of 

large buffer memory during coding and large number of search operations.  The ISPIHT 

coding scheme proposed here is an attempt to reduce the memory requirement and number 

of search operations during the SPIHT coding without affecting its performance.  

SPIHT coding uses three lists LIP (List of Insignificant Pixels), LSP (List of Significant 

Pixels) and LIS (List of Insignificant Sets). The significance information from of the pixels 

corresponding to the co-ordinates stored in LIP and LSP can be generated even if we store 

the pixel values instead of the co-ordinates. Hence, we can directly store only the pixel 

values in the LIP and LSP. If we store the pixel values in the LIP and LSP, we would be 

able to reduce half of the memory space required by LIP and LSP. It may simplify the 

algorithm as well, as we can get the pixel values directly from the LIP and LSP instead of 

getting the pixel values indirectly from the original image matrix by using the co-ordinates 

stored in the LIP or LSP. Another improvement that can be made on the SPIHT is the 

searching of the significant sets in LIS. The significance information of the LIS gives the 

position information of the pixels in the image.   In SPIHT, an LIS is repeatedly searched if 

it is insignificant at the previous one or more threshold levels. Testing a significance of an 

LIS requires testing of all pixels in all sets in the corresponding hierarchical tree. This can be 
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avoided if we store the maximum pixel values of all sets in an array within the LIS in the 

first significant test. If a hierarchical tree of an LIS is found to be insignificant in the first 

testing, in subsequent testing instead of testing all pixels in all sets, it will simply test only 

the maximum values of the sets, which are already stored in an array. If we implement these 

two modifications in the SPIHT scheme, it will give the same result as SPIHT but its 

memory requirement and computational time will be less. We implement these two 

modifications using a different hierarchical tree scheme known as ISPIHT (Improved 

SPIHT) to simplify the coding scheme further.  

 
5.3.1 Spatial ISPIHT 
In the spatial tree of SPIHT, the top leftmost pixel is taken as root. The root has three 

immediate children. And each pixel other than the root has four pixels as its children. It is 

difficult to trace and visualize which groups of pixels are the descendents of which pixels. 

This requires tracing back and forth along the tree path. We eliminate such awkwardness in 

our tree generation method. In our 2-dimensional tree structure, we take the upper leftmost 

element as root. The root has three descendent trees formed by successive nodes. Each node 

is associated with a sub-matrix whose size is dependent on the level of the nodes. In other 

words, the node at any level n is associated with a sub-matrix of size 11 22 −− × nn . The 

schematic tree is shown in the Fig.5.3.a. A typical spatial tree having up to level 4 is shown 

in Fig.5.3.b. 

  

                     
 
      Figure 5.3.a   ISPIHT Structure                       Figure 5.3.b   Spatial ISPIHT    
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Some terms associated with spatial ISPIHT structure are described below.  

Node Identification: 

The upper leftmost corner pixel co-ordinate identifies the root. The middle node at level l  is 

identified with  co-ordinate, where . The left node and the right node at 

the same level are identified with  and  co-ordinates.  

),( pp 12 1 += −lp

)1,( p),1( p
 

Number of levels in a descendent tree: 

Let  be a matrix of size A nm × , then the maximum possible number of levels in the 

matrix-tree is given by λ , where ⎡ ⎤)),(min(log2 nm=λ . For simplicity, we assume as a 

square matrix having its size in terms of power of 2.  

A

 

Number of pixels associated with a node: 

Each node is associated with a set of pixels. The number of pixels associated with a node 

depends on the level of the node. The nodes in the first level are associated with one pixel 

each. The nodes in other levels are associated with  pixels, where l  is the level of the 

node.  

14 −l

 

5.3.2. ISPIHT generation 
We know that each node is identified with distinct a co-ordinate and each node is associated 

with a set of pixels. The set of pixels associated with a node of ISPIHT will be known as 

node matrix. 

Let  be an image matrix of size A nm × . We denote the pixels associated with the co-

ordinate  of a node at level l  by . Suppose the image matrix has ),( yx ), yx(lN λ  levels.  

For a unity offset system of arrays, the root of the tree is (1,1) and the pixel associated with 

it is denoted by .  )1,1()1,1(0 AN =

For level-1, the pixels associated with each node are as given below 

)1,2()1,2(),2,1()2,1(),2,2()2,2( 111 ANANAN ===  

For any other level l  from 2 to λ , the pixels associated with each node are 

)),((),( 1 yxCyx ll −= AN  

 166



where  ),(
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Thus, we can easily generate the sub-matrices associated with the nodes of a descendent tree 

for a matrix , if we know the co-ordinates of the top leftmost pixels of the sub-matrices. A

We employ two types of descendent trees, namely type-0 and type-1, while testing for 

significance of pixels associated with a hierarchical tree. A type-0 descendent tree associated 

with the co-ordinate (x,y), will be denoted by  T(x,y,0) and similarly type-1 by T(x,y,1). A 

type-0 and a type-1 tree corresponding to a pixel co-ordinate are defined as follows. 

T(x,y,0)=  )}12,12()12,12(),({ 11
32 ++∪∪−−∪ −− xxNyxNyxN λλ

λL

And  

T(x,y,1)=  )}12,12()12,12({ 11
3 ++∪∪−− −− xxNyxN λλ

λL

We usually generate the type-0 tree for a given co-ordinate. Type-1 can be easily obtained 

from the type-0 by neglecting the first 2x2 sub-matrix. 

In order to reduce the number comparisons while the testing of significance of a descendent 

tree, a descendent tree is represented by an array known as value tree whose elements are the 

maximum values of the node matrices in the tree.  That is, the value tree of a descendent tree 

of type-a, V(T(x,y,a)) is the set of maximum values of the node matrices in the tree T(x,y,a).  

V(T(x,y,a))= }0,...,3,0,...,3,2)),,(({ ====∀ aifiaifiyxNMax i λλ  

In short, a valued tree (VT) of a co-ordinate of l  nodes is an array of pixels of the 

maximum absolute values of the node matrices in the corresponding descendent tree.  

l

 

Algorithm to generate the VT of any co-ordinate (x,y) 
Input: Data matrix  and any co-ordinate (x,y) A

Output: V(T(x,y,0)), maximum values of the sub-matrices in the type-0 descendent tree of 

the given co-ordinate. 

1lc , , the last coordinates of the first sub-matrix. 2lc

Initialize a counter, and Output to an empty array. 1=k

While (  ))(, 21 ASizelclc <=
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Generate the coordinate matrix  of the sub-matrix of size C k2  

Find the maximum value of and append it to the Output. )(CA

Increment  k

Update  with the last co-ordinate of . 21, lclc C

End while 
 

5.3.3 Lists LIS, LIP and LSP 
In the coding scheme, we use three lists as in SPIHT. LIS is generated using the VT 

algorithm. It is used to find the significant information of the node matrices in the 

descendent trees. LIS is the list of valued Trees (VTs). 

A VT is said to be significantwith respect to a threshold, Thr  if any value  in the value of 

VT is greater than or equal to the threshold. I.e., if V . We denote 

the significance of VT by 1 and that of insignificance by 0. If S denotes a significance 

function, then 

iV

VT∈Vanyfor ii >= Thr

⎩
⎨
⎧ >=

=
Otherwise

ThrVif
VTS i

,0
,1

)(  

LIP is a list of insignificant pixels, which are insignificant for a given threshold, Thr. That 

is, 

LIP= },),(:),({ jijiji yxsomeforThryxAyxA < .  

The significance of the pixels  in the LIP is tested using the significance function S 

as  

),( ji yxA

⎪⎩

⎪
⎨
⎧ ∈>=

=
Otherwise

LIPyxAanyforThryxAif
yxAS jiji

ji
,0

),(,),(,1
)),((  

The third list is the LSP, list of significant pixels. It is the set or list of pixels, which are 

found significant in the previous thresholds. I.e., 

LSP= }),(,),(:),({ LSPyxAanyforThryxAyxA mlmlml ∈>=  

LSP is used to send the less significant bit information of significant pixels in the succeeding 

threshold levels. 
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5.3.4. ISPIHT Coding algorithm 
In this coding scheme, we extend the tree structure hierarchically in terms of node matrices 

so that tree may be represented in a simpler way. The coding scheme consists of three 

stages, namely, initialization, Sorting Pass and Refinement Pass as in SPIHT. So, the basic 

idea of coding remains the same but the actual coding approach is significantly different. We 

store pixel values instead of the pixel co-ordinates in LIP and LSP so that the searching 

operation may be done in a faster way and the memory requirement may be reduced. The 

LIS is a list that stores not only the pixel co-ordinates of the hierarchical trees but also of the 

values of the tree. This saves us a significant number of searching operations while testing 

the significance of type-1 hierarchical trees and any type-0 trees, which were found 

insignificant in the previous significant testing.  

 
Initialization: 
The initialization stage consists of assigning the three lists to be used in the coding with 

appropriate values.  First LIP is initialized with the pixel values associated with the co-

ordinates (1,1), (1,2), (2,1) and (2,2), LSP to an empty matrix. Then we generate the list of 

LIS structure having (1,3), (3,1) and (3,3) as coordinates and the maximum values of the 

node matrices in their respective descendent trees.  Then, the initial threshold is computed 

from the maximum values of the VTs and the elements of the LIP as 

M=floor(log2(Vm)); 

Where Vm=maximum value of the VTs in LIS and the pixels in LIP. 

Threshold=2^M; 

Sorting Pass: 
It involves testing of significance of the pixels in the LIP (LIP testing) and testing of 

significance of the descendent tree in the LIS structure (LIS testing).  

 
LIP testing: 
It tests whether a pixel in the LIP is greater than or equal to the current threshold value. A 

pixel whose absolute value is greater than or equal to the threshold value is assumed to be 

significant. Otherwise, the pixel is assumed to be insignificant. To indicate the significance, 

we send 1 each time a pixel in the LIP is found to be significant followed by a sign bit 
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information. Then, we append the absolute value to the LSP and remove the same from the 

LIP. For an insignificant pixel, we simply send a zero.  

 
LIS Testing: 
The LIS testing is a little more involved than LIP testing. Here, we first check the type of the 

VTs and then test their significance.  A descendent tree as represented by a VT is said to be 

significant, if there is any value in VT, which is greater than or equal to the threshold.  

Otherwise, the descendent tree is said to be insignificant. If a type-0 VT is significant, we 

send 1, then we test the significance of the four pixels associated with the topmost node of 

the tree. For a significant pixel, we send a 1 followed by a sign bit and append its absolute 

value in the LSP. For insignificant pixels, we send 0s and the pixel values are appended to 

LIP. We then test if the number of elements in the corresponding VT is greater than 1. If so, 

we append the corresponding VT to LIS as type-1 by removing the first element of the VT. 

For an insignificant VT of type -0, we simply send a 0. 

 

If a type-1 VT is significant, we send a 1. Then we generate VT of type-0 corresponding to 

the co-ordinates of the top leftmost corner pixels of the four 2x2 sub-matrices of 4x4 node 

matrix in the current node. Then, we remove the corresponding VT from the LIS. For an 

insignificant VT of type-1, we simply send a zero. 

 
Refinement Pass: 
Refinement pass is used to reduce the error introduced during the decoding process. The bits 

we send during the LIP testing and LIS testing give only information whether the pixel value 

is greater than threshold or not and its position in the image matrix. But they do not give any 

information about how much the pixel value is greater than the threshold. The refinement 

pass supplements this information during the decoding to upgrade the pixel values at each 

threshold levels to reduce the decoding error. The process of refinement pass remains the 

same as in SPIHT. 

 

After each completion of sorting pass and refinement pass, the threshold value is reduced by 

halve. And then same process repeated for more threshold levels. As the information is 

coded in the form of bit stream, we can stop the coding process at any desired length of the 

bit-stream.  
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Algorithm: ISPIHT Coding 

Output: Bit stream 

Input: Wavelet co-efficient or data matrix to be coded, A, the number of threshold levels, N.  

Assign LIP={ A(1,1), A(1,2), A(2,1), A(2,2)} 

Assign LIS with VTs for coordinates (1,3), (3,1) and (3,3) as type-0 descendent trees. 

Compute Vm, M, Threshold (as described in the Initialization). 

Assign Lp1=0; 

Comment: Sorting Pass 

For I=1 to N  

Comment: LIP Testing   

For each pixel in the LIP 

    If a pixel is significant 

         Send a 1, followed by sign bit.   

         Delete the pixel form LIP and append its absolute value to LSP. 

    Else 

         Send a 0 

    End if 

 End For each 

Comment: LIS Testing  

For each VT in LIS 

  If the type of VT is 0 

 If VT is significant 

                     Send a 1 

                    For each of the four pixels associated with the node of the VT. 

                      If a pixel is significant, 

                           Send a 1 followed by sign bit.  

                           Append the absolute value of the pixel to LSP. 

                      Else 

                             Send a 0  

                             Append the pixel to LIP 

                      End If 
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                    End For each 

          If VT has more than 1 element 

                Neglect the first element, change its type to 1 and append to LIS. 

                      End If 

              Else 

                  Send a 0 

              End If         

   Else 

 If VT (of type-1) is significant  

                    Send a 1 

                    Generate VT corresponding to the four top leftmost pixel co-ordinates of the    

                    four 2x2 sub-matrices associated with current node. 

        Delete the VT from the LIS. 

Else 

        Send a 0 

End If 

  End If 

End For each 

Comment: Refinement Pass  

   For r=1 to Lp1 

          If (LSP(r) –Threshold)>=Threshold/2 

               Send a 1 

          Else 

               Send a 0 

          End if 

     End For 

Lp1=No. of  pixels in the LSP 

Threshold=Threshold/2; 

End For 
 
The decoding algorithm is just the reverse of the coding algorithm. But a difference with 

coding algorithm is that the LIP and LSP are stored as co-ordinates.  And the LIS stores only 
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the pixel co-ordinates of the topmost nodes of the descendent trees and does not store VTs. 

Because during the decoding, the significance of a descendent tree can be ascertained by 

testing whether the corresponding bit is 1 or 0. In other words, it does not require exhaustive 

search for testing the significance of a descending tree. This makes the decoding much faster 

than coding in SPIHT.  The decoding part in ISPIHT remains the same as in SPIHT except 

the way of representation of the tree structure. So, we can also directly use the decoding 

algorithm of SPIHT. 

 
5.3.5 Experimental results 
The algorithm gives the same compression performance and the image quality as SPIHT at 

any compression ratio. But it requires comparatively less memory space and less number of 

comparison operations during coding. We compare the memory requirement and number of 

comparison operations required for compressing an image at various compression ratios. 

First an image is decomposed up to all possible decomposition levels using 9/7 bi-

orthogonal filters. Then, we code the decomposed components using ISPIHT and SPIHT. 

Here, we use two popular gray images, Lena and Barbara of size 512x512 pixels. The 

comparison is made for five different compression ratios 8:1, 16:1, 32:1, 64:1 and 128:1. We 

compute the number of comparison operations at each threshold level passed before 

achieving the target rate. For Lena image, the target rate is more or less matched with the 

threshold value. That is, for achieving 128:1 compression ratio, we have to code at least up 

to the threshold value 128. But it requires a little more bits from the threshold level 64 to get 

the exact 128:1 compression ratio. Similarly, to get the compression ratio of 64:1, we require 

all bits obtained from the threshold level 64 plus a little more from the next lower level 

threshold. Similar is the case for the other compression ratios.  
 

The first column of the table represents the threshold levels. The second and the third 

columns represent the number of comparison operations required to test the significance of 

the descendent trees of type-0 and type-1 at the particular threshold level in SPIHT. The 

fourth and fifth columns represent the number of comparison required to perform the test of 

significance of type-0 and type-1 descendent tree at the particular threshold level in ISPIHT. 

The LIP column represents the number of pixels in the LIP before the start of LIP testing 

and Sorting Pass at any threshold level. The last LSP column represents the number of 
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significant pixels after LIP testing and Sorting Pass at the current threshold level. The 

memory requirement for LIP and LSP in ISPIHT is just the half of the memory requirement 

in SPIHT. 
 

CR Threshold LIS of SPIHT LIS  of ISPIHT LIP LSP 
Type-0 Type-1 Type-0 Type-1 

 
 
L 
E 
N 
A 
 
 
128:1 
64:1 
32:1 
16:1 
8:1 

32768 262140 0 24 0 4 1 
16384 262140 0 24 0 3 2 
8192 262140 0 24 0 3 2 
4096 262140 174752 24 14 3 3 
2048 415028 420448 164 245774 9 21 
1024 338516 311104 368 127157 39 74 
512 312420 300512 882 144812 98 232 
256 324056 270512 1961 129204 256 557 
128 332084 269600 4490 131318 703 1512 
64 252688 210240 2980 93940 2024 3703 
32 262188 212416 11010 90350 4317 8186 
16 252688 210240 16018 94213 16139 16969
8 295788 236624 28911 148691 36211 35497

Table 5.1  Number of comparisons in LIS testing and the number of elements in LIP and 
LSP at various threshold levels for compressing 512x512 Lena image at various 
compression ratios. 
 
 
CR Threshold LIS-SPIHT LIS -ISPIHT LIP LSP 
B 
A 
R 
B 
A 
R 
A 
 
128,64:1 
32:1 
16:1 
8:1 

32768 87380 0 24 0 4 2 
16384 87380 0 24 0 3 2 
8192 87380 0 24 0 3 2 
4096 87380 0 24 0 3 2 
2048 567948 414992 156 229453 3 18 
1024 376744 345232 382 168126 38 65 
512 297428 302896 803 118202 107 203 
256 294004 297984 1792 135050 289 553 
128 298228 279648 4663 121019 675 1612 
64 329172 300928 12816 155562 2464 7349 
32 275204 236960 15536 115756 11719 18501
16 240028 198672 19624 99626 18815 35851

Table 5.2  Number of comparisons in LIS testing and the number of elements in LIP and 
LSP at various threshold levels for compressing 512x512 Barbara image at various 
compression ratios.  
 
From the two tables, we see that the number of comparison operations is significantly less in 

the case of ISPIHT than in SPIHT to code the same number pixel values. The number of 

comparison operations is significantly less in the case ISPIHT at higher compression ratio 
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but the significance level reduces at lower compression ratio. Experimentally, ISPIHT 

becomes faster by 3 to 5 times than SPIHT during coding of different images. Also, the 

memory requirement is for be about 2 times less in ISPIHT than in SPIHT.   
 

5.4  Differential Position Coding (DPC) 
In SPIHT and ISPIHT, the use of lists, LIP, LIS and LSP requires large amount of memory 

space. Also, sorting pass requires a considerable amount of processing time. We propose 

here a new coding scheme, which requires less memory and less processing time. In this 

coding scheme, we code the position information of the significant pixels at a given 

threshold. The main idea behind DPC is that the positions of the significant coefficients are 

more or less correlated for most images, which can be compressed significantly using a 

entropy coding such as Huffman or arithmetic coding. The coding scheme consists only two 

stages, position coding and refinement pass. The position coding finds the position 

information of the significant pixels and find the successive difference of the pixels 

positions. Position coding is simple and takes a constant time. The refinement pass that 

followed is the same as that used in SPIHT. During coding we require only a list to store the 

significant pixels for refinement pass. Here no sorting and LIP testing is required. Thus, it 

saves not only memory but also the processing time significantly. In spite of its simplicity, 

its performance is more or less comparable to JPEG2000 and SPIHT in terms of PSNR 

value at a compression ratio. However, considering its speed and memory requirement, it is 

significantly better than both SPIHT and JPEG2000. This coding scheme can be used for 

both lossy and lossless compression. But we use here for lossy image compression purpose. 
 

5.4.1 Encoding in DPC 
In DPC, we first find the initial threshold value from the maximum values of the data to be 

coded as in SPIHT or ISPIHT. Then, we test the significance of the pixels or coefficients at 

various thresholds. A coefficient is said to be significant with respect to a threshold if its 

value is greater than or equal to the threshold value. We find the position information of the 

coefficients of the subbands, which are significant with respect to the threshold. The 

difference in the successive positions of the significant coefficients, eg 1st from the 2nd, 2nd 

from the 3rd and so on are sent to the output.   The significant pixels are put to LSP and the 

corresponding significant pixels are deleted from the input data. The sign bits of the 
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significant values are appended as binary string to an output array known as sign and 

refinement bit (SRB). This is followed by refinement pass, which is the same as described in 

the case of ISPIHT. That is, if is the current threshold, then in the refinement pass, we 

send m-th bit of the values in the LSP which were significant in the previous thresholds. The 

threshold is decreased by a factor of 2 and the whole process is repeated for a specified 

number of threshold levels in the case of lossy compression or for all possible levels of 

thresholds for lossless compression. The encoding algorithm is given below. 

m2

 

Encoding Algorithm: 

Input: X  Image /Data to be coded, N  Desired number of threshold levels 

Output: Px  Difference of the significant pixels positions 

              K  No of significant pixels at each threshold level. 

              SRB  Sign and Refinement Bits 

Step-1: Find the initial threshold, Thr. Assign Px, K, SRB and LSP to empty arrays. 

Step-2: Find the number of significant pixels at the current threshold. 

Step-3: Find the successive difference of the pixel positions at step-2 and append it to Px. 

Step-4: Append the number of significant pixels to K. 

Step-5: Send the sign bits of the significant pixels to SRB. Append the significant pixels to 

             LSP and delete the corresponding pixels from X. 

Step-6: Perform refinement pass of the pixels in the LSP, which were significant in the  

             previous threshold levels and append the resulting bits to SRB. 

Step-7: Decrease the Thr by a factor of 2. 

Step-8: Repeat the step 2 to 7 for the specified number of times, viz N. 
 

5.4.2 Decoding in DPC 
Decoding requires the information of the size of the original data, the initial threshold value 

in addition to Px, K, SRB and N. We first set the initial threshold value. From Px, we 

reconstruct the actual pixel positions and assign the value of 1.5 times current Threshold. 

Then, from the knowledge of K, we separate the sign bits and the refinement bits from SRB 

at each level of threshold. The reconstructed values are given proper sign and updated using 

the sign and the refinement bits. The process is repeated for some or all specified number of 

threshold levels.  
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Decoding Algorithm: 

Input:  Sz Size of the original image/data. 

           M  Initial Threshold index. 

           N  Desired number of threshold levels for decoding. 

           Px  Difference of the significant pixels positions 

           K  No of significant pixels at each threshold level. 

          SRB  Sign and Refinement Bits 

Output: Y  Reconstructed or decoded image/data. 

Step-1: Set Thr to the initial threshold. Assign LSP to a null array and values of Y having 

             the size Sz to zeros. 

Step-2: Reconstruct the actual pixel positions, which were significant at the current 

             threshold, from the difference pixel positions Px and the knowledge of K. 

Step-3: Append the pixel positions to LSP and delete the values from Px from which actual      

             pixel positions are constructed. 

Step-4: Assign the corresponding positions of Y obtained in step-1 with values 1.5* Thr. 

Step-5: Separate the sign and refinement bits from SRB using the knowledge of K.  

Step-6: Give proper sign to the reconstructed values corresponding to the positions added in  

              the current threshold and update the values corresponding to the positions which  

              were added in the previous thresholds properly using refinement bits.  

Step-7: Decrease the threshold by a factor of 2. 

Step-8: Repeat the step 2 to 7 for the specified number of times, viz, N. 
 

5.4.3. Experimental results 
We show here the compression performance of three subband based lossy compression 

techniques, namely SPIHT (with and without arithmetic coding), JPEG2000 and DPC, being 

proposed. DPC gives marginally better compression performance than SPIHT without 

arithmetic coding in terms of PSNR value for some images and marginally less PSNR 

values for some other images. However, its performance is marginally less than SPIHT with 

arithmetic coding and JPEG2000. The main reason is that in the proposed DPC, arithmetic 

coding is applied only to the differential positions; the sign and refinement bit are left 

uncompressed. Applying any entropy-coding scheme to SRB results in loss rather than gain 

because bit patterns in SRB are quite random in nature. However, it is significantly much 
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faster than SPIHT and JPEG2000 and requires comparatively less memory space during 

coding and decoding. We apply the compression schemes to four standard images, namely, 

Barbara, Boat, Goldhill and Lena each of size 512x512.  Table 5.3 gives the PSNR values of 

the four images at various compression ration when compressed with DPC, SPIHT without 

arithmetic coding, SPIHT(AC) with arithmetic coding and JPEG2000. 
 

  

Images 

  

CR 

Peak Signal to Noise Ratio (PSNR) in Decibel 

DPC SPIHT SPIHT(AC) JPEG2000 

 

 

Barbara 

(512x512) 

8:1 36.77 36.46 37.95 38.05 

16:1 31.68 31.67 32.11 32.85 

32:1 27.61 27.76 28.14 28.82 

64:1 25.03 24.98 25.38 25.74 

128:1 23.85 23.65 23.77 23.75 

  

 

Boat 

(512x512) 

8:1 38.32 38.46 39.12 39.28 

16:1 33.93 33.90 34.46 34.58 

32:1 30.65 30.48 30.97 30.99 

64:1 28.09 27.78 28.16 27.97 

128:1 25.72 25.65 25.90 25.44 

 

 

Goldhill 

(512x512) 

8:1  35.82 36.00 36.55 36.57 

16:1 32.62 32.71 33.13 33.23 

32:1 30.25 30.22 30.56 30.54 

64:1 28.04 28.27 28.48 28.38 

128:1 26.32 26.54 26.73 26.54 

 

 

Lena 

(512x512) 

8:1 39.87 40.03 40.45 40.41 

16:1 36.83 36.88 37.25 37.30 

32:1 33.67 33.72 34.14 34.12 

64:1 30.55 30.72 31.10 30.94 

128:1 27.97 28.00 28.38 27.92 

Table 5.3  PSNR values of DPC, SPIHT, SPIHT(AC) and JPEG2000 at various compression 
ratios.  
 
From the table, we see that the PSNR values of the DPC are marginally less than those of 

SPIHT and JPEG2000 in case of Goldhill and Lena images. But it is marginally better than 
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SPIHT for Barbara and Boat images. In most of the cases it is marginally less than SPIHT 

with arithmetic coding and JPEG2000. The difference in the PSNR values of DPC and 

SPIHT and JPEG2000 are found to higher at lower compression ratio than at higher 

compression ratio.  It is because the sign bits and refinement bits, which are uncompressible 

in DPC becomes very large at the lower compression ratio.  The original Barbara, Boat, 

Goldhill and Lena images are shown in Figures 5.4 to 5.7. The decompressed images at 

32:1, 64:1 and 128:1 of each of the images corresponding to the coding schemes DPC, 

SPIHT, SPIHT(AC) and JPEG2000 are shown in Figures 5.8 to 5.23. From the 

decompressed figures, it can be observed that the image qualities of the decompressed 

images using DPC are better than those of SPIHT and JPEG2000, especially for Barbara and 

Boat images. 
 

5.4.4. Computational time Analysis:  

Both coding and decoding algorithms take constant time. However the decoding time is 

slightly higher than the coding time in contrast to SPIHT and JPEG2000 in which coding 

time is higher than the decoding time. Coding time is higher in case of SPIHT because 

testing the significance of a subband or subbands in a descendent tree requires testing of all 

the coefficients in the subbands in the corresponding descendent tree. Whereas at the time of 

decoding, testing the significance of a subband or a descendent tree requires testing of only a 

bit whether it is 1 or 0. In the case of JPEG2000, coding time is more than decoding time 

because coding requires post processing to achieve a target bit rate. Post processing is not 

required during decoding. The overall coding and decoding time are more in JPEG2000 than 

in SPIHT [84]. All these programs do not take much time when written in complier 

language like C, just a fraction of a second. Physically, it would be difficult to experience 

the significance of improvement in speed in terms of milliseconds or microseconds in DPC 

over SPIHT or JPEG200.  However, when such a program is written in a technical language 

like MATLAB, it takes significantly different computation time. We compare the 

computation time between DPC and SPIHT to show the significant difference in speed 

between them.  For this purpose, we run the program for the same number of thresholds. The 

number of thresholds, here, corresponds to the number of sorting passes performed during 

coding or decoding process.  Table 5.4a shows the coding time between DPC and SPIHT at 
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different number of threshold levels.  Table 5.b shows the decoding time between DPC and 

SPIHT at the corresponding number of thresholds used in the coding.  

 

No. of Threshold DPC SPIHT Times 

10 0.31 10.2850 33.17 

11 0.35 38.4860 109.96 

12 0.40 171.15690 427.89 

13 0.44 807.1210 1834.36 

14 0.55 3499.1510 6350.54 

Table 5.4a  Comparison of coding time between DPC and SPIHT at various thresholds 

 

No. of Threshold DPC SPIHT Times 

10 3.36 1.5120 0.45 

11 3.50 5.6070 1.43 

12 4.1960 26.2680 6.26 

13 4.667 87.8470 18.82 

14 5.35 471.5580 88.14 

Table 5.4b  Comparison of decoding time between DPC and SPIHT at various thresholds 
 

From these tables, we see that both coding and decoding time take almost constant time 

even if the number of threshold levels of coding or decoding is increased. However, it is not 

the case in both SPIHT and JPEG2000. The coding and decoding time increases 

significantly with increase in the number of thresholds, with increase in the number of 

sorting pass. But in the case of DPC coding, the time for coding differential positions 

decreases with the increase in the number of threshold. The slight increase in the coding 

time is due to the increase in time for sending refinement bits. The number of refinement 

bits increases with the number of threshold levels during the coding. The decoding time is 

10 times more than the coding time. However, the decoding time is also almost independent 

of the number of threshold levels. The increase in the decoding time as compared with the 

coding time is because of the increase in the number of reconstructed pixels, which are to be 

updated at every threshold value during decoding progresses. But it is significantly much 

 180



less than the decoding time of the SPIHT. Since SPIHT is faster than JPEG2000 [84], we 

can conclude DPC will be significantly faster than JPEG2000 written in MATLAB code.  
 

5.4.5 Advantages and disadvantages of DPC 
DPC is very simple algorithm as compared with the existing popular subband coding 

schemes. Also, it requires comparatively less memory. However, it has also certain 

disadvantages. We list the advantages and disadvantages of DPC as follows. 
 

Advantages: 

1. The algorithm is simple and easy to understand and implement. 

2. It requires less memory space during coding and decoding as compared to SPIHT 

and JPEG2000. 

3. The coding and decoding speed is significantly faster than the SPIHT and 

JPEG2000. 

4. The compression performance is marginally less than the SPIHT and JPEG2000 in 

terms of PSNR values at compression ratio less than 32:1 but it gives higher PSNR 

values in some images at higher compression ratios. 

5. It can be easily implemented into a fast hardware based coding scheme considering 

its simplicity and low memory requirement. 

6. It can be used both for lossy and lossless compression. 
 

Disadvantages:  

1. It requires an entropy-coding scheme to code the differential positions of the 

significant pixels at various thresholds.  

2. The sign and refinement bit stream are random in nature and difficult to compress. 

3. It is difficult to get the exact target bit rate during the coding.  
 

5.5.  Comparison of 9/7 Wavelet filter and Some PRF-10 of ISITRA-2  
The compression performance of an image compression scheme is dependent not only on 

the coding scheme but also on the filters used in the subband or wavelet decomposition and 

reconstruction scheme. Good filters give good reconstructed image. That is, the 

reconstructed image using good filters after decompression has less reconstruction error or 

higher PSNR values. There are several wavelet filters, however, the most popular one used 
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in lossy compression is the bi-orthogonal filters of length 10 commonly known as 9/7 filter 

set. This filter set has been used in most of standard subband coding schemes such as EZW, 

SPIHT, EBCOT and JPEG2000. In other words, the bi-orthogonal 9/7 is the accepted filter 

set for use in subband lossy image compression.  Our attempt here is to show that using the 

flexibility in choosing filter coefficients in ISITRA, it would be possible to find  better filter 

sets than the popular 9/7 filter set for use subband image compression. We suggest two new 

PRF sets of ISITRA-2 of length-10, which are designated respectively as PRF2.1, and 

PRF2.2. These PRF sets are found by using genetic algorithm based on the MSE or PSNR 

values, either of which is a suitable criterion for finding a suitable PRF set for used in image 

compression. The criteria may be different for different applications. We consider those PRF 

sets, which give smaller MSE or higher PSNR values than the 9/7 filter set when an image is 

reconstructed from only the approximation component in a single level decomposition as 

described in Appendix C.  The decomposition and reconstruction filter sets of the popular 

9/7, PRF2.1 and PRF2.2 PRF sets are respectively given in Table 5.5a, 5.5b and 5.5c. The 

coefficients of the filters in the two PRF sets are significantly different from the coefficients 

of the filers in the bi-orthogonal 9/7 filter set. We compare the compression performance of 

these length 10 filter set of ISITRA-2 with 9/7 filter set using SPIHT coding. The reason 

why we choose SPIHT coding for the performance evaluation of the filters in Table 5.5 is 

that it is popular and it is not very difficult to write a SPIHT program to test any new PRF 

set. The compression performance of these PRF sets (Table 5.5) on Barbara, Boat, Goldhill 

and Lena images, each of size 512x512, at various compression ratios is given in Table 5.6.  

The compression performance of PRF2.1 and PRF2.2 is poor for Goldhill and Lena images 

especially at higher compression ratio. However, it can be seen from Table 5.6 that the 

newly proposed PRF sets (PRF2.1, PRF2.2) perform better for Barbara and Boat images at a 

particular compression ratio. This suggests that the bi-orthogonal 9/7 filter set is not the best 

filter set to compress all kinds of images using a subband based lossy compression scheme.  
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Decomposition filters Reconstruction filters 

fa fb far fbr 

0 0 0 0 

0.03782845550726 -0.06453888262870 -0.06453888262870 -0.03782845550726  

-0.02384946501956 0.04068941760916 -0.04068941760916 -0.02384946501956 

-0.11062440441844 0.41809227322162 0.41809227322162 0.11062440441844 

0.37740285561283 -0.78848561640558 0.78848561640558 0.37740285561283 

0.85269867900889 0.41809227322162 0.41809227322162 -0.85269867900889 

0.37740285561283 0.04068941760916 -0.04068941760916 0.37740285561283 

-0.11062440441844 -0.06453888262870 -0.06453888262870 0.11062440441844 

-0.02384946501956 0 0 -0.02384946501956 

0.03782845550726 0 0 -0.03782845550726 

Table 5.5a  Decomposition and reconstruction filters for 9/7 PRF set. 

 

Decomposition filters Reconstruction filters 

fa fb far fbr 

0 0 0 0 

0.04902540842008   -0.07503948850118 -0.07503948850118 -0.04902540842008 

-0.02423517392248 0.03709494960852 -0.03709494960852 -0.02423517392248 

-0.13660532123680 0.41683159914039 0.41683159914039 0.13660532123680 

0.42784667322751 -0.75756664772082 0.75756664772082 0.42784667322751 

0.83101341748950 0.41683159914039 0.41683159914039 -0.83101341748950 

0.42784667322751 0.03709494960852 -0.03709494960852 0.42784667322751 

-0.13660532123680 -0.07503948850118 -0.07503948850118 0.13660532123680 

-0.02423517392248 0 0 -0.02423517392248 

0.04902540842008 0 0 -0.04902540842008 

Table 5.5b  Decomposition and reconstruction filters for PRF2.1 PRF set. 
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Decomposition filters Reconstruction filters 

fa fb far fbr 

0 0 0 0 

0.04902540842008   -0.07503948850118 -0.07503948850118 -0.04902540842008 

-0.02423517392248 0.03709494960852 -0.03709494960852 -0.02423517392248 

-0.13660532123680 0.41683159914039 0.41683159914039 0.13660532123680 

0.42784667322751 -0.75756664772082 0.75756664772082 0.42784667322751 

0.83101341748950 0.41683159914039 0.41683159914039 -0.83101341748950 

0.42784667322751 0.03709494960852 -0.03709494960852 0.42784667322751 

-0.13660532123680 -0.07503948850118 -0.07503948850118 0.13660532123680 

-0.02423517392248 0 0 -0.02423517392248 

0.04902540842008 0 0 -0.04902540842008 

Table 5.5c  Decomposition and reconstruction filters for PRF2.2  PRF set. 

 

 

PRF sets 

  

CR 

Peak Signal to Noise Ratio (PSNR) in Decibel 

Barbara Boat Goldhill Lena 

 

 

9/7 filter 

 

8:1 36.46 38.46 36.00 40.03 

16:1 31.67 33.90 32.71 36.88 

32:1 27.76 30.48 30.22 33.72 

64:1 24.98 27.78 28.27 30.72 

128:1 23.65 25.65 26.54 28.00 

  

 

PRF2.1 

8:1 36.95 38.60 35.97 40.07 

16:1 31.70 33.88 32.60 36.80 

32:1 27.68 30.41 30.11 33.54 

64:1 24.98 27.77 28.08 30.47 

128:1 23.74 25.67 26.27 27.73 

 

 

PRF2.2 

 

8:1 37.04 38.60 36.01 40.10 

16:1 31.79 33.95 32.64 36.88 

32:1 27.77 30.49 30.12 33.63 

64:1 25.09 27.75 28.01 30.54 

128:1 23.78 25.69 26.11 27.73 

Table 5.6  Compression performance of decomposition and reconstruction filters of 9/7, PRF2.1, and 
PRF2.2 PRF sets on Barbara, Boat, Goldhill, and Lena images of size 512x512   at various 
compression ratios.  
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Figure-5.4 :  
Original Barbara 

Figure-5.5 :  
Original Boat 
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Figure-5.6: 
Original Goldhill 

 

   
Figure-5.7:  
Original Lena 
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Figure-5.8(a): 
Decompressed 
Barbara image at 32:1 
using  DPC. 

 

 

Figure-5.8(b): 
Decompressed 
Barbara Image at 64:1 
using DPC 
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Figure-5.8(c): 
Decompressed 
Barbara image at 
128:1 using DPC. 

 

 

Figure-5.9(a): 
Decompressed Boat 
image at 32:1 using 
DPC 
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Figure-5.9(b): 
Decompressed Boat 
image at 64:1 using 
DPC 

 

 

Figure-5.9(c): 
Decompressed Boat 
image at 128:1 using 
DPC 
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Figure-5.10(a): 
Decompressed 
Goldhill image at 32:1 
using DPC 

 

 

Figure-5.10(b): 
Decompressed 
Goldhill image at 64:1 
using DPC 
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Figure-5.10(c) : 
Decompressed 
Goldhill image at 
128:1 using DPC

 

 

Figure-5.11(a): 
Decompressed Lena 
image at 32:1 using 
DPC. 
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Figure-11(b): 
Decompressed Lena 
image at 64:1 using 
DPC. 

 

 

Figure-11(c): 
Decompressed Lena 
image at 128:1 using 
DPC. 
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Figure-5.12(a): 
Decompressed 
Barbara image at 32:1 
using SPIHT

 

 

Figure-5.12(b): 
Decompressed 
Barbara image at 64:1 
using SPIHT
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Figure-5.12(c): 
Decompressed 
Barbara image at 
128:1 using SPIHT

 

 

Figure-5.13(a): 
Decompressed Boat 
image at 32:1 using 
SPIHT 
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Figure-5.13(b): 
Decompressed Boat 
image at 64:1 using 
SPIHT 

 

 

Figure-5.13(c): 
Decompressed Boat 
image at 128:1 using 
SPIHT 
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Figure-5.14(a): 
Decompressed 
Goldhill image at 32:1 
using SPIHT

 

 

Figure-5.14(b): 
Decompressed 
Goldhill image at 64:1 
using SPIHT.
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Figure-5.14(c): 
Decompressed 
Goldhill image at 
128:1 using SPIHT

 

 

Figure-5.15(a): 
Decompressed Lena 
image at 32:1 using 
SPIHT. 
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Figure-5.15(b): 
Decompressed Lena 
image at 64:1 using 
SPIHT 

 

 

Figure-5.15(c): 
Decompressed Lena 
image at 128:1 using 
SPIHT. 
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Figure-5.16(a): 
Decompressed 
Barbara image at 32:1 
using SPIHT(AC).

 

 

Figure-5.16(b): 
Decompressed 
Barbara image at 64:1 
using SPIHT(AC)
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Figure-5.16(c): 
Decompressed 
Barbara image at 
128:1 using 
SPIHT(AC) 

 

 

Figure-5.17(a): 
Decompressed Boat 
image at 32:1 using 
SPIHT(AC) 

 200



 

 Figure-5.17(b): 
Decompressed Boat 
image at 64:1 using 
SPIHT(AC) 

 

 

Figure-5.17(c): 
Decompressed Boat 
image at 128:1 using 
SPIHT(AC) 
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Figure-5.18(a): 
Decompressed 
Goldhill image at 32:1 
using SPIHT(AC) 

 

Figure-5.18(b): 
Decompressed 
Goldhill image at 64:1 
using SPIHT(AC)
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Figure-5.18(c): 
Decompressed 
Goldhill image at 
128:1 using 
SPIHT(AC) 

 

 

Figure-5.19(a): 
Decompressed Lena 
image at 32:1 using 
SPIHT(AC)
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Figure-5.19(b): 
Decompressed Lena 
image at 64:1 using 
SPIHT(AC) 

 

Figure-5.19(c): 
Decompressed Lena 
image at 128:1 using 
SPIHT(AC) 
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Figure-5.20(a): 
Decompressed 
Barbara image at 32:1 
using JPEG2000

 

 

Figure-5.20(b): 
Decompressed image 
at 64:1 using 
JPEG2000 
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Figure-5.20(c): 
Decompressed 
Barbara image at 
128:1 using JPEG2000

 

  

Figure-5.21(a): 
Decompressed Boat 
image at 32:1 using 
JPEG2000  
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Figure-5.21(b): 
Decompressed Boat 
image at 64:1 using 
JPEG2000 

 

 

Figure-5.21(c): 
Decompressed Boat 
image at 128:1 using 
JPEG2000 
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Figure-5.22(a): 
Decompressed 
Goldhill image at 32:1 
usingJPEG2000

 

 

Figure-5.22(b): 
Decompressed 
Goldhill image at 64:1 
using JPEG2000
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Figure-5.22(c): 
Decompressed 
Goldhill image at 
128:1 using 
JPEG2000. 

 

 

Figure-5.23(a): 
Decompressed Lena 
image at 32:1 using 
JPEG2000. 
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Figure-5.23(b): 
Decompressed Lena 
image at 64:1 using 
JPEG2000. 

 

 

Figure-5.23(c): 
Decompressed image 
at 128:1 using 
JPEG2000. 
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5.6  Meitei Lock Sequence 
Meitei Lock Sequence (MLS) is a random sequence generated from an array. It has very 

interesting properties useful for encryption. The array from which the sequence is generated 

is called the key array or, simply, the key. The elements of the key array can be chosen quite 

arbitrarily. It is empirically found when there is any difference in any of the elements of the 

key, the sequence generated is also different. That is, the sequence is unique in the sense that 

no two different keys can generate the same MLS.  Another important feature of MLS is that 

any sequence generated from an array is empirically found to be random with no sign of 

periodicity. So far we have tested for 400-million length MLS’s for periodicity by taking 

various keys of length 2, 3, 4 and 5. We found no trace periodicity and it is almost 

impossible to know the exact array from any section of the random sequence, an important 

property that will be useful in encryption. Moreover, the length of the key is arbitrary. This 

will increase the complexity in the search of the right key in the key space. Thus, this offers 

a reasonably secure encryption method. Another characteristic is that a longer key can 

generate an MLS faster. There may be many forms of MLS generator. But we present here 

three such forms. The MLS generator is algorithmically much simpler than the pseudo 

random number generators used for various cryptographic applications [10].  
 

Purely non-deterministic random number sequences cannot be used for encryption. 

However, it can be used for random key generation and distribution [131]. More on the 

random number generators and their applications can be found in [68, 85, 86, 135]. To be 

useful for encryption, random number generators should have the following properties. It 

should be able to produce a unique random sequence. The period of such a sequence should 

be infinitely long. The sequence should not exhibit any peculiar features from which the 

keys can be deduced. MLS exhibits such desired properties for encryption.  

 

5.6.1 Generation of meitei lock sequence 

Encryption is analogous to lock and key property.  In this analogy, if we can generate a 

sequence from an array and is unique for that array, then we can use the sequence as the lock 

sequence and the generating array as the key. If we can generate such a sequence, the 

sequence will be known as meitei lock sequence (MLS). In other words, an MLS is a 
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sequence generated from an arbitrarily chosen non-zero array and is unique for that array. If 

we denote an MLS generated from an array  by , we can express its uniqueness 

as follows.  

x )(xMLS

 

For any two non-zero arrays  and , 1x 2x )6(),()( 2121 LLxxxx ≠∀≠ MLSMLS . 

This is the main property of an MLS. It ensures that no two distinct arrays can generate the 

same MLS, a desired property for tight encryption.  
 

An M operator is defined as a mapping from  to , for any positive integer l.  Then an 

MLS can be generated from it by recursively operating on it. The uniqueness of an MLS 

depends the uniqueness of M. For a given array  of length , an MLS is a sequence of 

length , generated by using the following relation.  

lℜ lℜ

x l

t×l

)7()}(,),(),({)( 2 LLL xxxx tMMMMLS =  

For a given l , one can generate a sequence of any length by choosing t properly.  Here the 

array  is the key and the sequence  is the lock sequence. Note that each distinct 

key  will generate a unique lock sequence  when 

x )(xMLS

MLSx )(x 2121 ),)( xxxx ( ≠∀≠ MM .  
 

In this application, the elements of the key array are taken as strictly positive. Consequently, 

each element in the generated MLS is also positive. While generating an MLS using 

equation (7), one need not generate a lock sequence of the same length as that of the 

component to be encrypted. Instead one can generate a shorter MLS and then replicate it 

successively to make its length equal to the length of the signal to be encrypted. This will 

save time in generating very long MLS’s.  
 

5.7  Some M operators 

We present here three forms of M operator. These three operators have been empirically 

found to be unique and non-periodic.  

I. )(% , li ,,2,)(/)(:1 iSiSiM xxy += 1 L=  and  ∑=
=

l

i
iS

1
)(x

II. )}1()(%{)}1()(/{:2 +++++ iiSiiSM xxxx , 0)1(;,,2,1 =+= lli xL  

III. ));( where )1((: 113 xMNM )(:1 ++ iiN yy , 0)1( =+ly   
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That is,  for l=4,  the i-th component of  is )(1 xM )(%)(/)( iSiSi xxy +=  for  i = 1, 2, 3, 4. 

The i-th component of  is )(2 xM )}1)( ()(%{)}1( ++)(/{ +++= iiSi xxz

)(3 xM )( = yiw

iS xi x

+ ii y

  for  i = 1, 2, 

3 and  . The i-th component of  is   for  i = 1, 

2, 3  and  

)4(%xS)4(/)4( xz S +=

)4()4( yw

1+

= . 
 

All the three generators are found to be useful in generating satisfactory MLS’s. We briefly 

study the uniqueness and periodicity of the first MLS generator. The same logic can be 

extended for the other generators as well.  
 

5.7.1 Uniqueness of an MLS 

We study here the uniqueness of  operator. Uniqueness of an MLS is dependent on the 

uniqueness of its generator. The desired property is : 

1M

)()( 2111 xx MM ≠  for any two distinct 

arrays  and . However, it is very complicated to prove this property of  operator.  

From an empirical study we find that unless exactly divides S,  operator is unique. 

1x 2x 1M

)(ix 1M
 

Uniqueness of an MLS generator directly relates with the tightness of an encryption. If we 

are to generate an MLS from a key array using the first generator for use in encryption, the 

key array should be such that the sum is not divisible by each of its elements. Instead of 

checking whether the sum of an array is divisible by each of its element, one easy way of 

obtaining such an array is to make the number of odd elements in the key array odd and to 

make at least one element even. This would make the sum of the array elements an odd 

number which will not be divisible by an even number.  
 

The 2nd and the 3rd generators are better in terms of uniqueness. We do not require such 

restrictions in these two generators as in the first generator.  The restriction in the second 

generator is that all the elements in the key arrays should not be the same. For such types of 

arrays, the MLS’s generated are in a stair case form, i.e., the sequences become non-random 

in nature. So, we should avoid choosing key arrays whose elements have the same value, if 

we are to generate an MLS using the 2nd generator. The 3rd generator has no such restriction 

on the choice of key arrays. In other words, the MLS’s generated by the 3rd generator are 

more likely to be unique. The range in the long run of an MLS from the first generator is 
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from 2 to 30 for l = 4. For higher values of l the range becomes proportionately larger. The 

ranges of MLS’s generated by the 2nd and the 3rd generators are much larger, which may not 

be desirable in some applications and hence we usually restrict the maximum value within a 

desired range using a modulus operator. Also, while generating the MLS using equation (7) 

for signal encryption, one need not generate the lock sequence to be equal to the length of 

the component to be encrypted. Instead we can generate a shorter MLS and then replicate it 

successively to make its length equal to the length of the signal to be encrypted. This will 

save time generating longer MLS. 
 

5.7.2  Periodicity of an MLS 

Theoretically, it is very difficult to estimate the periodicity in an MLS. Unlike the usual 

pseudo random number sequences, MLS’s are found to be aperiodic. We have empirically 

studied its periodicity in an MLS  by generating several MLS’s of length 400 million. 

Interestingly, we have found none of MLS’s to be periodic. This is also another desirable 

property so far as encryption is concerned as this will make cipher text attack more difficult.  

Most of the random number generators [ 19, 73, 75] are periodic. From the popular random 

number generator [73], we know that the periodicity is dependent on the divisor of the 

modulus operator δ  in the following equation. 

)8()%(1 LLLδcass nn +=+  

 

The random sequence { } obtained from (8) cannot have a value greater than ns δ  for 

integers and ca, δ . Such a random number generator cannot generate a sequence having a 

period greater than δ . The larger the periodicity the more is the randomness in the 

sequence. The usual practice is to keep the value of δ  as high as possible to get a random 

sequence with a longest possible period. The longer the period, the better the random 

number generator is [56, 94]. But we cannot generate a random number sequence with a 

very large period in a computer because of its fixed byte size.  For a 32 bit machine, we 

cannot make the value of δ  greater than . That is what is done in IBM-360 random 

number generators [75]. The periodicity is also dependent to some extent on the choice of 

the parameters  and . For IBM-360, the values of the parameters are  and 

312

a c 57=a 0=c , 

in addition to .  12= 31 −δ
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Now the question is if the value of δ  keeps changing randomly, can we have a random 

sequence of infinite period? That would be quite possible. The main reason why we get 

random sequence of almost infinite period in the case of our MLS can be attributed to the 

random variation in the value of the divisor of the modulus operator.  
 

Some MLS’s are shown in Figs.5.24 and 5.25 just to show the difference in the MLS with a 

slight change in any element of a key. Figs.5.24a and Fig.5.24b show two MLS’s obtained 

from the same 1st generator. But the MLS’s are quite different with a slight change in the 

second element of the key. Similarly, the MLS’s in Figs.5.25a and Fig.5.25b are also 

different even when they are obtained from the same 2nd  generator because of a slight 

difference in the second element of the key. Also, note that the maximum values of the 

MLS’s in the case of 1st generator are less than 20 while the maximum values of the MLS’s 

in the case of 2nd generator go much beyond 60 though we have restricted the values of the 

sequences within 60.  
 

     
Fig.5.24a  MLS for the key [2 3 10 13]             Fig.5.24b  MLS for the key [2 2 10 13] 

 

 

     
Fig.5.25a  MLS for the key [2 3 10 13]             Fig.5.25b  MLS for the key [2 2 10 13] 
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5.8  Signal Encryption using Simplet and MLS. 
Encryption is generally used for protection of privacy and secure communication. The logic 

behind any encryption technique is to hide the information content in the signal so that no 

interceptors can understand and retrieve the content of the signal. For speech and image 

data, encryption is performed by modifying the original data usually in three different ways, 

namely, position permutation [21], value transformation [25, 165] and combination of both 

[32, 129]. Some of them have been reported to be insecure in [27, 62, 76]. The proposed 

encryption method here is a value transformation process.  One way to hide the information 

content in the signal is to distort the signal such that it is perceptually unintelligible. Signal 

distortion can be done using infinite length type YKSK transform. Here we use equal and 

even infinite length Simplet, a special case of YKSK-2 transform for signal distortion. 

Because it is simple and fast as its decomposition scheme involves only addition and 

subtraction operations and its reconstruction process is also simple and fast. However, 

Simplet itself is not sufficient for encryption of a signal as the original signal can be easily 

reconstructed from its distorted components. In other words, Simplet does not have the lock 

and key property of an encryption scheme. For every encryption technique there should also 

be a provision for decryption of the signal by the intended users. Encryption is usually done 

with a key (password) to hide the information content in a signal. The decryption of the 

signal from the encrypted signal is done using the same key or a key that can be derived 

from it. The key is kept secret between the sender and the receiver for secure 

communication. For secret data storage, only the encryptor knows the key.  The tightness of 

the encryption depends on how difficult the search process for the unknown key in the key 

space, is.  An ideal encryption key should be such that the search for the key is 

computationally prohibitive. For any encryption scheme, the more difficult to crack the key 

the better it is. Hence the main criteria for any encryption technique are the tightness of the 

key and the decryptibility using the exact key. Ours is a symmetric private key cryptosystem 

where the encryption and the decryption keys are the same. The locking and unlocking in 

our encryption scheme are performed using an MLS generated from the 3rd generator. 
 

We take advantage of the ability of infinite length Simplet for fast signal distortion purpose, 

which is important from the point of view of protection of signal contents. After making the 

signal perceptually (visually in the case of images) unintelligible in its decomposed 
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components, we use MLS for encrypting it using an arbitrary key which is a non-zero array 

of arbitrary length. An MLS is found to be a unique and non-periodic sequence for any 

given key (array). This property of an MLS is made use of in the encryption and decryption 

schemes.  
 

In the existing subband decomposition scheme such as DWT, there is an approximation 

component among the decomposed components that is perceptually similar to the original 

signal. The approximation component, even after applying an MLS to it, largely remains 

perceptually similar to the original signal. Thus, an existing subband decomposition scheme 

along with an MLS cannot be used for encryption, since the contents of the original signal is 

not protected. Transforms like DFT (discrete Fourier transform), DCT (discrete cosine 

transform) can act as a distorter, but their reconstruction scheme is not suitable for 

encryption. 
 

 Simplet has the property that if there is noise in the decomposed components, the 

reconstructed signal will be unintelligibly different from the original signal. But the existing 

transforms such as DWT, DFT, DCT do not have this property. That is, even if there is 

significant noise in the transform coefficients, the reconstructed signal is perceptually 

intelligible to a great extent, which is demonstrated with examples in Subsection 5.8.2. 

Consequently, such transforms are not suitable for the purpose of encryption. 
 

5.8.1  Tightness of  key array 

Any given MLS can be generated if and only if the key is known. Thus, the complexity of 

an attack is more for larger spaces of the key. The length l of the key (array) here is 

arbitrary. If each element consists of four bytes, then the key array will have  32l  bits.  The 

size of the search space becomes  232l .  Hence the complexity of an attack is 232l  which can 

be made significantly large by choosing a large value of  l . Thus, this offers a reasonably 

secure encryption method. Several encryption methods are available to protect the content of  

digital images. Some are known to be insecure [9, 25, 165].  It is desirable that the 

complexity of an attack for a reasonably efficient encryption method, be not lower than 2128 

[77]. 
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In some methods of encryption, it is possible to construct a low quality approximation of the 

original image on the basis of a fewer bits in the key. This is not possible in the present 

scheme since any slight change in any element of the key leads to a large error in the 

reconstructed signal. This is because a slight change in any of the key elements generates a 

different MLS which will introduce errors in the decrypted components.  
 

5.8.2  Experimental results 

Our encryption scheme is therefore a two-stage process as shown in Fig.5.26a. First we 

distort a signal using equal and even infinite length (EEIL) Simplet. The distorted signal is 

then encrypted using an MLS. Encryption here is simply the sum of the MLS and the 

distorted signal components. Decryption scheme is a two-stage reverse process as shown in 

Fig.5.26b. It first decrypts the encrypted components using the MLS (obtained from the 

known key), which is nothing but subtraction of the MLS from the encrypted components 

and then reconstructs the original signal from the decrypted components using the 

reconstruction method of equal and even infinite length Simplet.  
 

 
Figure 5.26a   Encryption model 

(Distorter: Decomposition using EEIL-Simplet;    Encryptor: Distorted Components + MLS) 
 

 
Figure 5.26b   Decryption model 

(Decryptor: Encrypted Components – MLS;  Restorer: Reconstruction using EEIL-Simplet.) 
 

 Some examples of MLS’s of the 3rd generator are shown in Fig.5.27 for four slightly 

different keys. Thus, even a slight change in the key leads to significant changes in MLS. An 

original chirp signal and the chirp signal plus MLS corresponding to the key array  [7 121 7  

3  33]  are shown in Fig.5.28a.  From Fig.5.28a, we see that MLS itself is not enough to hide 
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the information content in the chirp signal. The distorted decomposed components of the 

original chirp signal using Simplet are shown in Fig.5.28b. The encrypted components using 

MLS ([7 121 7  3  33]) are shown in Fig.5.29a. From these figures we see that the encrypted 

components are considerably different from the original chirp signal.  We now examine the 

reconstructed signals from the encrypted components using two decryption key arrays that 

are very close, but not equal, to the actual encryption key array. In Fig.5.29b, we can see that 

the reconstructed signals differ considerably from the original chirp signal. There have been 

similar findings in the case of image encryption. An original image is shown in Fig.5.30a. 

The original image plus MLS ([7 121 7 3 33]) is shown in Fig.5.30b in which features of the 

original image are identifiable.  The distorted decomposed components using Simplet are 

shown in Fig.5.31a and the corresponding encrypted components with the same MLS are 

shown in Fig.5.31b.  The reconstructed images using three decryption key arrays that are 

very close (but not equal) to the actual encryption key array are shown in Fig.5.32. They are 

considerably different from the original image. We also show the correlation coefficients 

between the original signal on one hand and the encrypted components and reconstructed 

signals on the other, using various encryption and decryption key arrays in Tables 5.7 and 

5.8. The correlation coefficient is a measure of similarity between two signals. A higher 

absolute value of the correlation coefficient means more similarity and a lower such value 

means less similarity. From the tables it can be seen that the correlation coefficients are 

negligibly small. From Table 5.7, one can see that the encrypted signals have little 

resemblance with the original signal irrespective of the keys used for encryption. For 

example, the correlation coefficients between the original chirp signal in Fig.5.28a and two 

encrypted components (Fig.5.28b) using the key [7 121 7 3 33] are 0.004752 and 0.003810 

respectively. Similarly, the correlation coefficients between the original image in Fig.5.30a 

and four encrypted components (Fig.5.310b) using the same key [7 121 7 3 33] are 

0.004202, -0.000454, 0.007425 and -0.000454 respectively.  
 

From Table 5.7, it is clear that the reconstructed signals also have little resemblance with the 

original signals when the decryption key array differs (however marginally) from the 

encryption key array. For example, the correlation coefficients between the original chirp 

signal in Fig.5.28a and two reconstructed signals (Fig.5.29b) are -0.011583 and -0.001081 

respectively. Similarly, the correlation coefficients between the original image in Fig.5.30a 
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and the three reconstructed images (Fig.5.32) are –0.009910, -0.004167 and –0.010558 

respectively.  This shows that if the decryption key is not exactly equal to the encryption 

key, it is almost impossible to get a distinguishable reconstructed signal corresponding to the 

original image. In other words, the encryption scheme is considerably tight.   
 

An existing subband decomposition scheme, where usually an approximation component is 

present among the decomposed components, is not suitable here for the purpose of 

encryption. In Fig.5.33 examples are given where the image in Fig.5.30a is decomposed 

using Daubechies wavelet filter of length four (DB2) and two different MLS are added to 

the decomposed image. The features of the original image are visible in the encrypted 

images in Fig.5.33.  The discrete cosine transform coefficients of the image in Fig.5.30a, 

when added to the MLS ([7 121 7  3  33]), is shown in Fig.5.34a. This is perceptually 

unintelligible. The same is true for discrete Fourier transform shown in Fig.5.35a. However, 

we can get perceptually intelligible reconstructed images from the encrypted images in 

Fig5.34a and Fig.5.35b even by using different MLS’s. The reconstructed images using the 

MLS ([60 11 8 25 120]), are respectively shown in Fig.5.34b and Fig.5.35b. Thus the 

existing transforms cannot be used as a distorter in our encryption scheme.  
 

5.9  Discussion and Remarks 
In this chapter we have presented some applications of ISITRA and YKSK transforms. 

Here, we use ISITRA for lossy image compression and YKSK transform for signal 

encryption. In lossy image compression, the decompressed signal is not exactly equal to the 

original image. Some kinds of error measurements, usually MSE and PSNR values, are used 

for performance evaluation of any lossy image compression scheme. The lower the MSE 

value or higher the PSNR value, the better is the quality of the decompressed image.  

However, MSE and PSNR values cannot reflect the quality of a decompressed image. As no 

other better alternatives of error measure are available yet, we also use MSE and PSNR 

values as error measures. 
 

Any subband decomposition scheme itself is not sufficient for image compression. For 

efficient image compression, we need good coders that will code the subbands efficiently. 

SPIHT and JPEG200 are standard subband coding schemes popularly used for lossy image 

compression in the recent years. SPIHT is much simpler in its coding scheme and it can be 
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used with or without any entropy coding schemes. Also, it can achieve exact compression 

rate. JPEG2000 as compared with SPIHT is more complex in its coding scheme and also it 

is difficult to get exact compression rate. To control the target compression rate extra post- 

processing operations are to be performed which slows down the coding part in JPEG2000. 

The betterment of compression performance of JPEG200 over SPIHT is only marginal. 

SPIHT can be improved in its coding scheme by reducing the number of searching 

operations and the memory requirement during the sorting pass. We propose ISPIHT as an 

improvement of SPIHT in its coding scheme. ISPIHT is found to be faster than SPIHT by 

about 3 to 5 times during coding. We also proposed another coding scheme DPC which is 

very simple, fast and memory efficient as compared with SPIHT and JPEG2000. However, 

its performance is marginally less than SPIHT and JPEG2000. It requires no buffer memory 

during coding and decoding and the number of search operations during coding is 

significantly less. As a consequence, time complexity and the memory requirement is 

significantly reduced in DPC than in SPIHT and JPEG2000.  

 

The performance of a subband image compression scheme is dependent not only on the 

coding schemes used but also on the sets of filters used during decomposition and 

reconstruction. We suggest two sets of filters of ISITRA-2 of length 10 and compare their 

performance with the commonly used bi-orthogonal 9/7 wavelet filter set for lossy image 

compression. It is found that the proposed filters sets give better performance in some 

images than the bi-orthogonal 9/7 filter set. It indicates that bi-orthogonal 9/7 filter set is not 

suitable to compress all kinds of images.  
 

As for encryption, we know that infinite length type YKSK transform can be used for signal 

distortion. Either of YKSK-1 of YKSK-2 transforms can be used for signal distortion 

purpose. But we used equal and even infinite length Simplet a special form of YKSK-2 

transform because of its simplicity and ability to distort a signal fast. Simplet is a very 

simple transform based on addition and subtraction. Infinite length Simplet is useful for 

signal distortion.  However, for sufficiently large length, fixed-length Simplet also can attain 

significant signal distortion (Fig. 5.36). The decomposition and reconstruction schemes in 

this case are much simpler and faster. Simplet being a perfect reconstruction transform is not 

of much use in encryption unless its distorted components are protected, because one can 
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easily get back the original signal from its distorted components. To protect the distorted 

components from using by the unintended users we developed a random sequence known as 

meitei lock sequence (MLS). An MLS is a random sequence generated from an arbitrarily 

chosen array known as key vector. Theoretically, an MLS is unique for a key vector. That is 

no-two different key vectors should be able to produce MLS. We have proposed three MLS 

generators whose uniqueness issues are discussed well. Another interesting feature of MLS 

is that it shows no periodicity. We have tested the periodicity of various MLS of lengths 

more than 400 million and we are yet to find any sign of periodicity in any of the MLS. 

Because of the uniqueness and aperidicity features of MLS, it is clear that MLS can be used 

for secure signal encryption.  
 

The encryption scheme proposed here is a new scheme in speech and image encryption.  We 

use a distorter to distort the signal beyond perceptual intelligibility and then an encryptor for 

encrypting the distorted signal. Simplet first distorts the signal and then the distorted signal 

is encrypted using an MLS. An MLS sequence itself is not sufficient to protect features of 

the original signal as seen in Figs.5.28(a) and 5.30(b).  It is used just for locking the 

distorted components safely so that an interceptor cannot reconstruct the original signal 

using the reconstruction scheme of Simplet.  The role of the MLS is to cause error in the 

decomposed components prior to reconstruction process, if there is any small discrepancy in 

the decryption key. This is why the reconstructed signal is perceptually uncorrelated with 

the original signal if there is any small difference in an element of the decryption key vector.  
 

We also provide the correlation coefficients between the original signal and its decrypted 

signal with various slightly different key vectors. It is found that the correlation is negligibly 

small when there is a slight difference between encryption and decryption key vectors. This 

indicates that it is not possible to get a distinguishable signal from its encrypted components 

in our encryption scheme unless the decryption key is exactly equal to the encryption key. 

As the key vector can be of any length and can be chosen arbitrarily, the search space for the 

exact key vector is infinitely large. In other words, it provides very tight security. The 

security would even be more, if we use infinite length type of YKSK transforms for signal 

distortion in our encryption scheme. Because it would amount to double locking systems; 

the filters of the YKSK transform would act as first lock and the key of the MLS as the 

second lock.  
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5.10  Conclusions  
From the various compression results, we see that employing the flexibility of choosing 

filter coefficients in ISITRA and YKSK transform, it is possible to get better PRF sets than 

the commonly used PRF sets for image compression. The same may be true for other 

applications as well. The ISPIHT can be uses as a standalone coding scheme without using 

any entropy coding. DPC can be used preferably where the speed is of great concern than 

the compression ratio. Both can also be used for lossless coding with slight modification in 

the refinement pass. Also, meitei lock sequence is a new and interesting random number 

sequence with no sign of periodicity. As an MLS can be generated from any arbitrary non-

zero array and as each MLS is found to be unique for any key array. It is very difficult to 

find the exact array through searching. Hence, the signal encryption scheme based on 

infinite length Simplet and meitei lock sequence is a tight encryption scheme.  
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Figure 5.27  MLS’s generated from key arrays  [7 121 7 3 33],   [7 121 7 3 32],   
                     [7 121 7  2  33] and  [7 121 7  3  34] 
 
 
 
 

         
 
Figure 5.28a  Original chirp signal and            5.28b Decomposed components of the chirp    
                       the chirp plus MLS                                signal using EEIL-Simplet 
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Figure 5.29a Encrypted components  using     5.29b Reconstructed signals using key arrays  
                      key array [7 121 7  3  33]                    [7 121 7 2 33] and MLS [7 121 7  3  34] 
 
 
 
 

                                       
 
                    (a)                                                                              (b) 
 
Figure 5.30a  Original image                    5.30b  Original image plus MLS ([7 121 7  3 33])  
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(a) (b) 
 

Figure 5.31a  Decomposed components              5.31b  Encrypted components using key 
                       using EEIL Simplet                                    array  [7 121 7  3  33] 
 
 

              
         
                   (a)                                                  (b)                                                   (c) 
 
Figure 5.32  Reconstructed images using key arrays   (a) [7 121 7  3  32], (b) [7 121 7  2  33] 
                    and  (c) [ 7  121  7  3  34]. 
 

                                                         
 

(a) (b) 
 

Figure 5.33  (a) DB2 decomposed components plus MLS [1  23  6  32]     
                    (b) DB2 decomposed components plus MLS  [7  121  7  3  33] 
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                                 (a)                                                                                   (b) 
 
Figure 5.34  (a)  Encrypted image of Fig.5.30a using DCT and MLS ([7 121 7 3 33])    
                     (b)  Decrypted image from Fig.5.23a  using a different MLS ([60,11,8,25,120])        
 
 
 

                                                     
 
                            (a)                                                                  (b) 
 
Figure 5.35  (a)  Encrypted image of Fig5.30a using DFT and MLS ([7 121 7 3 33])     
                    (b) Decrypted image from Fig.24a  using a different MLS ([60,11,8,25,120])        
 
 
 

                                                   
 
                              (a)                                                                   (b) 
 
Figure 5.36   Decomposed components of  the image in Fig.5.30a using EEFL   
                     (a) with L = 10   and   (b) with  L = 40. 
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Key Array  Encrypted Components 
Encryption Chirp Image 

[23  6  12] 1) –0.008925 1)  0.005090 
  2) –0.009509 2) -0.006713  
  3)  0.007639 
  4)  0.000109 
   
[1  23  6  32] 1)  0.000549 1) -0.006966 
 2) –0.000212 2) -0.014682 
  3) -0.004247 
  4) -0.017333 
   
[7  121  7  3  33] 1)  0.004752 1)  0.004202 
 2)  0.003810 2) -0.000454 
  3)  0.007425 
  4) -0.000454 

 
Table 5.7 Correlation coefficients between the original signals and their encrypted 
components. 
 
 
 

Key Array Reconstructed Signal 
Encryption Decryption Chirp Image 

[23  6  12] [23  5  12] -0.000898 -0.009074 
 [23  7  12]  0.007193  0.003084 
 [22  6  12]  0.006832 -0.020053 
 [24  6  12]  0.005429 -0.006271 
 [23  6  11]  0.006015 -0.019939 
 [23  6  13]  0.009499 -0.010063 
[1  23  6  32] [2  23  6  32]  0.009393  0.008781 
 [0  23  6  32]  0.003843  0.002053 
 [1  22  6  32]  0.004260  0.013582 
 [1  24  6  32]  0.002208  0.011263 
 [1  23  7  32]  0.002541 -0.002960 
 [1  23  5  32] -0.001145  0.012148 
 [1  23  6  33]  0.008266  0.014854 
 [1  23  6  31] -0.004883  0.016535 
[7  121  7  3  33] [7  121  7  3  32] -0.007735 -0.009910 
 [7  121  7  2  33] -0.011583 -0.004167 
 [7  121  7  3  34] -0.001081 -0.010558 
 [7  121  6  3  33] -0.007158 -0.000691 
 [7  120  7  3  33]   -0.001704 -0.007069 
 [8  121  7  3  33] -0.000492 -0.013704 

 

Table 5.8  Correlation coefficients between the original signals and the reconstructed signals 
                 using various decryption key arrays.  
 
 



 
Chapter 6 

 
 

CONCLUSIONS 
 
 
 
6.1  Conclusions 
We have developed two new subband transforms entitled ISITRA and YKSK transforms 

based on the model of multiplication called Bino’s Model of Multiplication. It is common 

model of multiplication for numbers, polynomials or discrete convolution. It gives us an 

insight into the filtering operation, which is nothing but a discrete linear convolution. It can 

be extended to multilevel multiplication or convolution. This makes us easier to the 

development of ISITRA and YKSK transforms.  
 

ISITRA is a generalized form of 2-channel filter on which the discrete wavelet transform is 

based. ISITRA is free from any complex mathematical theories unlike wavelet transform, 

which are difficult to understand and implement for scientists and engineers.  Being based 

on array mathematics, ISITRA can be easily implemented in computers. We derived various 

possible ways of obtaining perfect reconstruction through a 2-channel filter bank. Different 

reconstruction schemes yield different member condition equations from which various 

decomposition and reconstruction filters can be easily computed. In wavelet theory, finding 

filters for perfect reconstruction is a difficult task. The member condition equations of 

ISITRA eliminate this difficulty of finding filters for perfect reconstruction. To decompose a 

signal in two approximations or into two details or into one approximation and one detail, 

different types filters can be obtained. That is, perfect reconstruction filters can be chosen 

without having to worry about the conditions imposed in wavelet or filter bank to get perfect 

reconstruction. This flexibility in choosing filters will be of helpful in finding optimal filters 

for various applications.  Perfect reconstruction filters can be obtained from the member 

condition equations either from a single array or from two different arrays and accordingly 
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ISITRA is classified into two types, namely, ISITRA-1 and ISITRA-2. The orthogonal 

filters of wavelets and filter bank are found to belong to ISITRA-1 and the bi-orthogonal 

ones to ISITRA-2. Also, a multi-resolution signal representation is achieved in ISITRA 

through a multilevel decomposition scheme where a signal is successively decomposed. 
 

From the 2-channel filter bank scheme of ISITRA, it is generalized to 2M-channel filter 

bank scheme. This 2M-channel filter bank scheme is different from M-channel filter bank 

scheme of multi-rate signal processing in the sense that the number of channels in the 

purposed multi-channel case cannot be odd. This simplifies the perfect reconstruction theory 

in our multi-channel scheme. There is not much difficulty in getting perfect reconstruction 

filters as compared to the M-channel filter bank based on polyphase representation. We have 

also proposed the reverse of the 2M-channel filter bank, i.e., 2M-channel transmultiplexer. 

Our 2M channel transmultiplexer can be made free from all kinds of distortions such as 

cross talk, amplitude, phase distortions etc. which are the main problems in the M-channel 

transmultiplexer based on polyphase representation.  
 

The decomposition scheme in ISITRA involves finding filters that satisfy the member 

condition. The degree of freedom in choosing filter coefficients is quite large as compared to 

wavelet and filter bank. But we cannot still use any arbitrary array as a decomposition filter. 

We are interested in finding a transform in which any arbitrary array of any length, even or 

odd, can be used as a filter for the decomposition of a signal. Consequently, a transform 

entitled YKSK transform is developed to meet the above requirements. The motivation in 

developing such a transform is to give a generalized transform that can be used for various 

signal and image processing applications. YKSK transform has two types, namely, YKSK-1 

and YKSK-2 transforms. Lifting scheme of Wim Sweldens and most of the existing integer 

transforms developed so far are found to be the special cases of YKSK-1 transform. YKSK-

2 transform is more generalized than YKSK-1 transform in the sense that the latter can be 

thought of as a special case of the former and can also be more symmetric than the latter. 

Both YKSK-1 and YKSK-2 transforms are classified into fixed length, semi-infinite length 

and infinite length types. Fixed length types are better suited for signal analysis, 

compression etc, and the infinite length types for signal distortion purpose (useful for 

encryption). The application of semi-infinite length types is yet to be established. Multi-
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stage and multi-level decompositions are possible in YKSK transform. Also, we can easily 

get integer transforms from YKSK transforms.  
 

To demonstrate the applicability of ISITRA, we use it for lossy image compression. For this 

purpose, we developed two coding schemes named ISPIHT and DPC. The former can be 

thought of as the improved or modified form of SPIHT to make it faster and to reduce the 

memory requirement. ISPIHT gives the same performance in terms of PSNR values at a 

given compression ratio. The difference between ISPIHT and SPIHT is in the coding part 

only, while the decoding part remains the same. That is, the same decoding algorithm of 

SPIHT can also work as the decoding algorithm of ISPIHT. The improvement is made only 

in the coding part by reducing the number of searching operations and the memory 

requirement in the significant testing of the descendant trees during the sorting pass. 

However, the improvement is not very significant at the compression ratio 8:1 or lower.  

Hence, we develop DPC as a faster and memory efficient subband coder. DPC is much 

simpler than any existing subband coding schemes. Yet, it is significantly faster than SPIHT 

and requires less memory. The compression performance is marginally less as compared 

with the two standard subband coders SPIHT and JPEG2000. But considering other factors, 

such as low computational complexity and low memory requirement, DPC can be 

considered significantly better than the existing standards. These two features of DPC,, 

namely, less computational complexity and low memory requirement, would also be the 

attractive features from the hardware implementation point of view.    
 

The compression performance of a lossy compression scheme depends not only in the 

coding scheme used but also in the filters used. A systematic search technique for finding 

optimal filters based on the minimization of mean square error using genetic algorithm is 

provided.  Some ISITRA-2 filters of length 10 having the same framework as that of 9/7 

filters for use in lossy image compression are proposed. It is found that these filters give 

marginally better performance in terms of PSNR values for some images.  This shows that 

the popular 9/7 bi-orthogonal wavelet filter set used in SPIHT and JPEG200 for lossy image 

compression is not the best filter set to compress all kinds of images.  
 

To demonstrate the applicability of YKSK transform, we use it for signal encryption.  

Infinite length type YKSK transform has the property of achieving signal distortion and it is 
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very difficult to achieve reconstruction if there is any change in any of the decomposed 

components. We use this property for hiding the information content in the signal for 

encryption application. To make the encryption functional, we require a locking system. For 

that propose, a random sequence entitled meitei lock sequence (MLS), which can be 

generated from an array seed, is developed. The array seed is used as a key in our encryption 

model. MLS has the property that if there is any slight change in any of the elements of the 

key elements, there is a large change in the MLS.  It is almost impossible to generate the 

same MLS unless one exactly knows the key elements. As the key array can be chosen 

arbitrarily without any restriction in its length or elements, the search space for the key is 

infinitely large. In other words, the uniqueness of MLS and the reconstruction difficulty of 

infinite length YKSK transform provide tight security in our proposed encryption scheme.  
 

6.2  Future Directions of Research 
This thesis opens up some new avenues for further research, which are given below. 

1) Representa provides an easier way of manipulating large numbers in a computer. 

Finding new number theory results based on representa would be useful in solving 

problems, such as finding easier ways of testing of large prime numbers, large number 

factorizations etc., which have direct applications in public key cryptography.  
 

2) Bino’s model of multiplication provides a common way of number multiplication, 

polynomial multiplication and discrete convolution. A faster way of polynomial 

factorization, which will be a common model for large number division or discrete 

deconvolution may be developed. Moreover, the model of multiplication may be used 

for the study of combinatorics and may lead to the development of trinomial distribution, 

quadrinomial distribution etc.  
 

3) ISITRA suggests some new decomposition and reconstruction schemes. Each 

reconstruction scheme generates different types of PRF frameworks. Each framework is 

a source of infinitely many actual PRF sets. There is no hard and fast rule on the 

suitability of any particular PRF set for an application. Several investigations can be 

carried out for finding optimal PRF sets for different frameworks for different 

applications. Also, the suitability of complex PRF sets for different applications can be 

investigated.  
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4) In some papers, it is reported that m-band wavelets perform better than normal wavelets. 

Investigation can also be carried out whether 2M-channel ISITRA can give better 

performance than m-band wavelets.  Similar investigations can also be performed on 

different possible forms of multi-channel transmultiplexer schemes using ISITRA 

model.  
 

5) YKSK transform is a reversible transform where the filters can be chosen arbitrarily. 

Investigation can be done on the methods for choosing appropriate filters for certain 

applications. Suitability and performance of integer version of YKSK transforms for 

lossless image compression can also be investigated. 

 

6) Further work can be done on the improvement of performance of DPC and so that it can 

outperforms the existing standards SPIHT and JPEG2000. 
 

7) Investigations on the properties of MLS and possible cryptanalytic attacks may lead to 

interesting results for symmetric key cryptography.  

 
  
  
 



 
APPENDIX  A 

 
 

More  Reconstruction  Schemes  of  ISITRA 
 
 
We will provide here various reconstruction schemes, which are not similar to those of 
wavelet and filter bank community.  The PRF sets derived from these reconstruction 
schemes will be different from those discussed in Chapter 3. Only the member conditions 
and the reconstruction equations are given. One may obtain various frameworks and the 
associated PRF sets corresponding to different member conditions of different 
reconstruction schemes. In some cases, these reconstruction schemes may be easier and 
straightforward in computation.   
 

A.1  First Reconstruction Scheme 
 

Member condition I: 
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Member condition II: 
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Reconstruction equations : 
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Alternatively, we can also write 
 

Member condition I: 
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Member condition II: 
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Reconstruction equations : 
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A.2  Second Reconstruction Scheme 
 

Member condition I: 
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Member condition II: 
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Reconstruction Equations: 
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Alternatively, we can write 
Member condition I: 
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Member condition II: 
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Reconstruction equations: 
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A.3  Third Reconstruction Scheme 
 

Member condition I: 

)17.(

0)}222()12()222()12({

0)}212()2()212()2({

1

1 a

iriiri

iriiri

r

i

brbara

r

i

brbara

LL

⎪
⎪
⎪

⎭

⎪
⎪
⎪

⎬

⎫

=−+−+−+−

=−++−+

∑

∑

=

=

ffff

ffff

 

Member condition II: 
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Reconstruction equations: 
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Alternatively, we can also write 
 

Member condition I: 
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Member condition II: 
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Reconstruction equations: 
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APPENDIX  B 

 
 

More  Frameworks  Of  PRF  Sets 
 
 
B.1  Frameworks of PRF-6 and PRF-8 Sets of ISITRA-1 
 

B.1.1  PRF-6 sets 

When , we get  the following two sets  of  equations from equations (8) and (11) (of 
Chapter 3) of member condition-I.  
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We have to choose , ,  and  which satisfy the above two sets of equations. Let 

 be a vector from which , ,  and  satisfying member 

condition-I are obtained. Let the following filters be a trial framework of a PRF-6 set. 
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 We call them a framework of a PRF-6 sets if they satisfy member condition-II as well. The 
sets of equations for member condition-II obtained from equations (10) and (13) (of Chapter 
3) are 
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The above sets of equations yield equation (b.1) as member condition-II of ISITRA-1. 
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Since all the terms in the two equations in (b.1) are not of the same sign, the above trial 
framework forms a framework of PRF6 set. The actual PRF-6 sets can be found by finding 

the values of  and  from equation (b.1). This can be done in infinite 

number of ways. Hence, we can find infinitely many actual PRF-6 sets of the above 
framework of ISITRA-1.  
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B.1.2  PRF-8 sets 
Similarly, we can find , ,  and  of a framework of a PRF-8 set which satisfy the 

member condition equations (14) and (15) (of Chapter 4).  For example, the following is a 
framework of a PRF8 set of ISITRA-1. 
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And the corresponding member condition-II restrictions reduce to 
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We can find infinitely many values of  and  from equation (b.2). 

Thus, we have infinitely many actual PRF-8 sets of the above PRF-8 set framework. Also, 
we can have various other frameworks satisfying the member condition.  

7654321 ,,,,,, lllllll 8l
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B.2  Frameworks of PRF Sets of Daubechies’ Wavelets, Symlets and 
Coiflets 
 

B.2.1  Framework of PRF sets of filter coefficients of DB3 
The filters of DB3 are of length 6. The framework of PRF-6 set of DB3 wavelet filter 
coefficients is given below. 
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Member condition-II yields 
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We have to choose any six real numbers that will satisfy equation (b.3). In the case of DB3, 
one of its decomposition filters has the following coefficients. 

af =[0.03522629188210  -0.08544127388224  -0.13501102001039   0.45987750211933 

0.80689150931334   0.33267055295096] 
 

Here also the coefficients of  of DB3 do no exactly satisfy member condition II. i.e., 

equation (b.3), and hence it would not be possible in general to obtain perfect reconstruction 
using these filter coefficients in the framework. Theoretically, for perfect reconstruction 
using the above framework of DB3, we have to find PRF-6 sets, which satisfy equation 
(b.3). It is not difficult to find filter coefficients that satisfy equation (b.3). For example, the 
following filter coefficients satisfy it. 

af

125.01 =l ,  ,  0.2252 =l 0.5163 =l ,  1.98884 =l ,  8694.05 =l  and  .  0.4836 =l

Similarly, we can find some other PRF-6 sets corresponding to the above framework from  
equation (b.3). The filter coefficients of Sym3 have the same framework. Thus, we can find 
various PRF-6 sets other than that of the PRF-6 set of DB3. Also, one can find various other 
frameworks from DB3 framework using Property-1 or Property-2 (Chapter 3). 
 

B.2.2  Framework of PRF sets of filter coefficients of DB4 
The length of the filters here is 8. They have the following framework. 
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And member condition-II yields 
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The DB4 filter coefficients do not exactly satisfy the equation (b.4). For economy of space, 
we have not shown the wavelet filter coefficients of DB4. The floating point values of the 
wavelet filter coefficients of DB4 cannot be used for perfect reconstruction from its 
decomposed components as they do not exactly satisfy equation (b.4). One can find filter 
coefficients, which will give similar results as those of DB4 but better reconstruction as 
discussed in the case of framework of DB2 or DB3. Also, we can find infinitely many PRF-
8 sets of the above framework from equation (b.4).   
 

B.2.3  Framework of PRF sets of filter coefficients of DB5 
The framework of PRF-10 set of DB5 is shown below. 
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And member condition-II  yields 
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The filter coefficients of DB5 do not exactly satisfy equation (b.5). Hence there will be 
reconstruction error. One can find better filter coefficients, which will exactly or much more 
closely satisfy equation (b.5) as discussed in the case of framework of DB2 or DB3. The 
more closely a PRF10 set satisfies equation (b.5), the less reconstruction error it will give.  
One can find different PRF10 sets of the same framework by finding any ten real numbers 
that satisfy equation (b.5).  
 

B.2.4  Framework of PRF sets of filter coefficients of Sym2 
The framework of Symlets of length 4 (in short Sym2) is the same as that of DB2. 
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B.2.5  Framework of PRF sets of filter coefficients of Sym3 
Same as that of DB3. 
 

B.2.6  Framework of PRF sets of filter coefficients of Sym4 
The filters of sym4 are of length 8 but it has different framework from that of DB4. The 
framework of PRF set of filter coefficients of sym4 is given below. 
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And the corresponding member condition-II restriction yields 
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The filter coefficients of the Sym4 also do not exactly satisfy equation (b.6), and hence here 
also reconstruction error exists. As this framework is different from that of DB4, the 
equation of member condition-II is also different. For economy of space, we do not show the 
filter coefficients.  From equation (b.6), one can find infinitely many PRF-8 sets of the 
framework of Sym4. Also, one can find different frameworks from this framework using 
Property-1 or Property-2 (Chapter 3). 
 

B.2.7  Framework of PRF sets of filter coefficients of Sym5 
The filters of Sym5 are of length 10. The framework and their member condition-II 
restrictions are given below. 
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And the corresponding member condition-II restriction yields 
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As in the earlier cases, one can find here infinitely many PRF-10 sets other than that of DB5 
by finding any 10 real numbers that satisfy equation (b.7). 
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B.2.8  Framework of PRF sets of Coif1 
The framework of PRF set Coif1 (first Coiflets) is different from those of DB3 and Sym3. 
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Member condition-II yields 
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Since the lengths of the Coiflets filters are multiples of 6, we discuss here only the 
framework of Coif1. Others can be found in the same fashion.  
 

B.3  Frameworks  of   PRF  Sets  of   Daubechies’  Biorthogonal  Wavelets 
 

B.3.1  Framework of PRF sets of Bior2.4 

The length of the filters of Bior2.4 is 10. The framework of PRF set of Bior2.4 is shown 
below. 
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Member condition-II yields 
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As equation (b.9) is free of ,  has no role in perfect reconstruction. Thus, we can choose 

any real number as its value. The values of the other variable coefficients of the members of 
the framework are evaluated from equation (b.9). As this can be easily done in infinite 
number of ways, we can find infinitely many PRF-10 sets of the above framework.  

5l 5l

 

B.3.2  Framework of PRF sets of Bior2.6 
The filters of Bior2.6 are of length 14. Their framework is given below. 
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And the corresponding member condition-II yields 
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As equation (b.10) is free of , it has no role in perfect reconstruction. Thus, we can choose 

any real number as its value. The values of the other variable coefficients of the members of 
the framework are evaluated from equation (b.10).  As in the earlier cases, here also we can 
find infinitely many PRF sets of the above framework. 

7l

 

B.3.3  Framework of PRF sets of Bior2.8 
The filters of Bior2.8 are of length 18. Their framework is shown below. 

],,,,,,,,,,,,,,,,,0[
]0,0,0,0,0,0,0,0,,,,0,0,0,0,0,0,0[

]0,0,0,0,0,0,0,0,,,,0,0,0,0,0,0,0[
],,,,,,,,,,,,,,,,,0[

12345678987654321

121

121

12345678987654321

lllllllllllllllll
kkk

kkk
lllllllllllllllll

br

b

ar

a

−−−−−−−−−=
−=

=
−−−−−−−−=

f
f
f
f

 

And the corresponding member condition-II yields 
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As equation (b.11) is free of , it has no role in perfect reconstruction. Thus, we can choose 

any real number as its value. The values of the other variable coefficients of the members of 
the framework are evaluated from equation (b.11). And we can find infinitely many PRF-18 
sets of the above framework.  

9l

 

B.3.4  Framework of PRF sets of Bior3.1 

The filters of Bior3.1 are of length 4. One of the decomposition filter is symmetric and the 
other anti-symmetric. Similar is the case for the reconstruction filters. The framework of 
PRF sets of Bior3.1 is given below. 
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And the corresponding member condition-II yields 

)12.(01221 bklkl LLL=+−  
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All the filter coefficients of the members of the framework are obtained from equation 
(b.12). 

B.3.5  Framework of PRF sets of Bior3.3 
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Member condition-II yields 
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B.3.6  Framework of PRF sets of Bior3.5 
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Member condition-II yields 
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B.3.7  Framework of PRF sets of Bior3.7 
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Member condition-II yields 
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B.3.8  Framework of PRF sets of Bior3.9 
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Member condition-II yields 
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B.3.9  Framework of PRF sets of Bior4.4 
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Member condition-II yields 
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B.3.10  Framework of PRF sets of Bior5.5 
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Member condition-II yields 
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B.3.11  Framework of PRF sets of Bior6.8 
The filters of bior6.8 are of length 18. Their framework is given below. 
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Member condition-II yields 
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Here, all the members of the framework have some zero elements and all the nonzero 
elements are symmetric about the center of the nonzero elements. The members of the 
frameworks of Bior5.5 and 6.8 also have the same symmetry. The actual PRF sets of these 
frameworks can be found from their corresponding member condition-II equations. 
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APPENDIX  C 

 

 

Finding optimal PRF sets through optimization 

 

 
Selection of appropriate filters is a common problem encountered in various applications of 

signal processing.  Such a selection for image compression has been studied based on 

number of vanishing moments and regularity of filters. But it has been shown that neither 

the filters having higher vanishing moments nor those with regularity always give 

satisfactory results for compression purpose. In our case, the choice of suitable filters is 

made using an optimization technique, namely, genetic algorithms F


F. A genetic algorithm 

finds the maximum value of a function )...,,,( 21 pxxxg  where pxxx ...,,, 21  are free 

variables. However, in the present case of a framework of PRFL sets, Lfff ,,, 21   are 

not free variables. For this, a framework F of PRFL sets is mapped to a lower dimensional 

space   with free variables such that there is a one-to-one correspondence between F and 

 .  In other words, for each element in  , there is a PRF set of length L in F  and vice 

versa. Now, if a reward function is defined for every PRF set with respect to some criterion, 

then it can be looked upon as a function on   as well. A genetic algorithm in that case can 

find an optimal element in   which will correspond to the best PRF set with respect to the 

same criterion. How the space   is determined and how a reward function is defined for a 

PRF set are described below. 

 

The decomposition type considered here has an approximation component and a detail 

component. An image is thus decomposed into four components (one approximation and 

three details) and the image is reconstructed from only the approximation component by 

replacing the three detail components with zeros. A PRF set is assumed to be better for 

compression as compared to another PRF set if the MSE between original image and 

                                                 


 D. E. Goldberg, Genetic algorithms in search, optimization and machine learning, Addison-Wesley, 1989. 
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reconstructed image from the approximation component is smaller for the first PRF set. The 

goal is to find a PRF set for which the MSE value is minimum, for a given image. 

For any PRF set given by Lfff ,,, 21  , a function )...,,,( 21 Lfffg  is defined as 1/MSE  

where MSE is the MSE value obtained after reconstructing the original image from the first 

decomposed (approximation) component on the basis of Lfff ,,, 21  .  However, 

employing an optimization algorithm to find the optimal PRF set with respect to such a 

function is not possible in wavelets or in filter bank. But in ISITRA finding such optimal 

PRF sets is possible as can be seen below. 

In a framework F of PRFL sets, there are L scalar variables Lfff ,,, 21   and their values 

determine a PRFL set.  However, for perfect reconstruction, the values of these L variables 

cannot be chosen independently, since they should satisfy condition 2C .  So, we map the set 

of all PRFL sets satisfying condition 2C  to a space   with a lower dimension in which the 

variables can be chosen independently. In that case, for any element θ  in  , there is a 

PRFL set  determined by Lfffg ,,,)( 211 θ . For any given image, the value 1/MSE 

arising from )(1 θg after reconstruction can be looked upon as a function )(θh of θ  where 

))(()( 1 θθ ggh  . Thus, )(θh  is a real valued function defined on  . An optimization 

algorithm is used here to find 0θ  in   such that )(θh  is optimized at 0θ . It is easy to see 

that the function )(θh is quite complex and does not have a close form. Thus genetic 

algorithms are a natural choice for an optimization algorithm. The method for getting )(1 θg  

from θ  is described in detail below for L = 4, and  L= 6.   

 

UCase-1U.  L = 4.  

Here is the 2-dimensional space   }2,0:),({ 2121  θ . For any element ),( 21   in 

 , we define 211 sinsin f , 212 cossin f , 13 cosf . Note that the point 

),,( 321 fff  lies on the surface of the unit sphere with the center at the origin. From equation 

member condition-II equation (c.1) of length-4 PRF set given below, we get 4f  as 

2214 /)( ffff  . 

)1.(04231 cffff   



 264 

Once the values of 4321 ,,, ffff  are found, the corresponding PRF4 set of the framework 1F  

given in (c.2) is determined. 

)2.(
],,,[],,,,[

],,,[],,,,[

43211234

12344321
c

ffffffff

ffffffff

brb

ara










ff

ff
 

 There is a one-to-one relation between   and 1F . 

 

UCase-2U.  L = 6.  

Here is the 3-dimensional space  }2,,0:),,({ 321321  θ . For any element 

),,( 321   in  , we define 3211 sinsinsin f , 3212 cossinsin f , 

213 cossin f , 14 cosf . Note that the point ),,,( 4321 ffff  lies on the surface of the 

unit 4-dimensional sphere with the center at the origin. From the member condition-II 

equation (c.3) of the length-6, PRF set given below, we get the values of 5f  and 6f . 

)3.(
0

0

64534231

6251
c

ffffffff

ffff









 

Once the values of 654321 ,,,,, ffffff  are found, we can determine frameworks that satisfy 

member condition of ISITRA-1. We consider here two frameworks, 2F  and 3F  given 

respectively in equations (c.4) and (c.5) below.  . 

)4.(
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],,,,,[

],,,,,[
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
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
















f

f

f

f

 

)5.(
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



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
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f

f

f

 

There is a one-to-one relation between   and 2F or 3F . 

We implement our genetic algorithm on   with dimensions 2 and 3 in Case-1 and Case-2 

respectively. The function to be maximized is )(θh .   
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B.1  Experimental Results 
 

In our genetic algorithm, the population size is taken as 20 while the crossover probability is 

fixed at 0.7. In every session the genetic algorithms runs for 150 generations and the 

mutation probability is reduced according to the schedule:  0.75 in the first 50 generations, 

0.25 in the second 50 generations and 0.10 in the last 50 generations. Mutation operation is 

in fact exploration in the search space while crossover operation indicates exploitation. In 

the initial stage of search, exploration should take place to a great extent and as the search 

continues, its occurrence should reduce for an efficient convergence.  

For our experiment, we consider three different images (Lena, Barbara and Boat) each of 

two different sizes (128x128 and 256x256). These six images are Lena128, Lena256, 

Barb128, Barb256, Boat128 and Boat256. Zero padding in images is used in our 

decomposition scheme. 

For the framework 1F  of PRF4 sets (L=4), the genetic algorithm is employed in the 2-

dimensional space   to find the best ),( 21 θ  giving the minimum MSE value for each 

of the six images. It is found that the MSE value thus obtained is smaller than that obtained 

by the Db2 filters for each of the six images. The optimizing values of ),( 21 θ are not 

exactly the same for all the images, but are quite close to one another in the space  .  These 

optimizing values along with the corresponding MSE values are given in Table C.1. The 

average of the six values of ),( 21 θ  is (167.9863, 215.3437) and the corresponding 

PRF4 set is called PRF4-OPT (given in Table C.2). PRF4-OPT can be looked upon as the 

best ISITRA PRF4 set found by the genetic algorithm on the basis of the six images as far as 

the MSE value is concerned. The six MSE values found with the PRF set PRF4-OPT are 

shown in Table C.3 and it is seen that in each case this MSE value also is lower than that 

obtained by the Db2 filters. Thus, PRF4-OPT is empirically found to be better than the Db2 

filters. 

 

In a similar fashion, for the framework 2F  of  PRF6 sets (L=6), the genetic algorithm is 

employed  in the 3-dimensional space   to find the best  ),,( 321 θ  giving the 

minimum MSE value for each of the six images. It is observed that for each image there are 

two optimizing values of ),,( 321 θ  with MSE values that are significantly small. 

These twelve optimizing values are found to lie around two distinct 3-dimensional points in 
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 . These two sets of values and the corresponding MSE values are given in Table C.1. The 

MSE values obtained are significantly smaller than those obtained by the Db3 filters.  From 

the two sets of values of ),,( 321 θ , two averages are computed as (97.6321, 255.6036, 

326.5542) and (32.4162, 29.2266, 33.4760). The two corresponding PRF6 sets are 

respectively called PRF6-OPT1 and PRF6-OPT2 (Table C.2).  PRF6-OPT1 and PRF6-

OPT2 can be thought of as the two best PRF6 sets of ISITRA found by the genetic algorithm 

on the basis of the six images in terms of the MSE value. The MSE values for the six images 

found with PRF6-OPT1 and PRF6-OPT2 filters are shown in Table C.3 and it is seen that in 

each case the MSE value is significantly lower than that obtained by the Db3 filters. Thus, 

both PRF6-OPT1 and PRF6-OPT2  are found to be better than the Db3 filters. It is to be 

noted that these two PRF sets are nearly reverse of each other. 

 

In a similar way, the best  ),,( 321 θ  giving the minimum MSE value for each of the 

six images is found  for the framework 3F  of PRF6 sets which includes the Db3 filters. The 

optimal MSE value thus obtained is lower than that obtained by the Db3 filters in each case . 

However, these MSE values are almost always marginally larger than both the optimal MSE 

values obtained in the  framework 2F  (Table C.1). One can thus conclude on the basis of the 

six images that  2F  is a better framework of PRF6 filters than 3F . The average of  six 

optimizing  ),,( 321 θ  values in 2F  is (124.2163, 12.4996, 31.2668) and the resulting 

PRF6 set is called  PRF6-OPT3 (Table C.2). The MSE values for the six images using 

PRF6-OPT3 filters are given in Table C.3. It is seen that these MSE values are very close to 

those obtained with PRF4-OPT filters. On scrutiny, it is found that the entries in  af  of 

PRF4-OPT filters are very close to the first four entries in af  of  PRF6-OPT3  filters. In 

fact, it can be seen that if two zeros are appended at the end of af  of a PRF4 set in 1F , the 

PRF6 set corresponding to the new af  belongs to 3F . Thus, in a sense, 1F  represents a 

subclass of 3F  and incidentally, the best PRF6 set in 3F  in fact corresponds to the best 

PRF4 set in 1F .  In other words, 3F with longer PRF sets does not produce a better PRF set 

than 1F  with shorter PRF sets.  Thus, in this respect also,  2F  is a better framework than  3F  

which incidentally contains Db3. Another interesting observation is that for longer DB 
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filters, the MSE value becomes larger for each of the six images while in ISITRA longer 

optimal PRF sets tend to give smaller MSE values (Table C.3).Similar empirical 

observations  are found with L=8 [124]. 

 

Framework Lena128 Lena256 Barb128 Barb256 Boat128 Boat256 Average 

θ  

 

1F  

(L=

4) 

MSE 

Value 

136.1400 80.0596 134.0195 107.4704 178.6759 132.1466 PRF4-

OPT 

167.9863 

215.3437 

 

1 

2 

166.5395 

214.1348 

165.9530 

213.4017 

167.9765 

215.4447 

169.0469 

216.2658 

170.1173 

217.2434 

168.2844 

215.5718 

 

2F  

(L=

6) 

MSE 

Value 

129.5042 73.0901 126.6304 102.5910 180.5500 125.5415 PRF6-

OPT1 

97.6321 

255.6036 

326.5542 

 

1 

2 

3 

97.4975 

256.8719 

325.9139 

98.3137 

252.2873 

328.7341 

97.9912 

254.5259 

327.1163 

97.9032 

254.9560 

327.5122 

95.9784 

261.2561 

322.5366 

98.1085 

253.7243 

327.5122 

 

2F  

(L=

6) 

MSE 

Value 

125.2815 73.0838 128.6302 105.8416 174.3297 127.1909 PRF6-

OPT2 

32.4162 

29.2266 

33.4760 

 

1 

2 

3 

30.9286 

32.5122 

32.2580 

28.7390 

32.9618 

30.4789 

31.1534 

29.1202 

32.4828 

34.2365 

23.7478 

35.0371 

35.8748 

26.6666 

36.2463 

33.5650 

30.3509 

34.3528 

 

3F  

(L=

6) 

MSE 

Value 

135.8183 79.8160 133.8937 107.4420 179.3537 132.0448 PRF6-

OPT3 

124.2163 

12.4996 

31.2668 

 

1 

2 

3 

123.0791 

13.7243 

30.0439 

122.1163 

14.4672 

28.7976 

124.7800 

12.0625 

32.5366 

125.5337 

11.1749 

34.0371 

124.9853 

11.6715 

29.6578 

124.8035 

11.8973 

32.5278 

Table C.1 Optimal MSE values with corresponding values of θ  obtained by genetic 

algorithm 

 

 
PRF Sets Coefficients of af  

Db2 -0.129409,  0.224143,  0.836516,  0.482962 
PRF4-OPT 0.098936,  -0.139507,  -0.803678,  -0.569958 
Db3 0.035226,  -0.085441,  -0.135011,  0.459877,  0.806892,  0.332671 
PRF6-OPT1 0.041418,  -0.062632,  -0.134208,  0.242176,  0.799056,  0.528403 
PRF6-OPT2 0.527162,  0.798096,  0.245518,  -0.132323,  -0.071553,  0.047263 
PRF6-OPT3 0.092886,  -0.152970,  -0.807269,  -0.562284,  0.009601,  0.005830 

Table C.2  Filter coefficients of af  of DB filters and optimal filters of ISITRA-1 
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PRF Sets Lena128 Lena256 Barb128 Barb256 Boat128 Boat256 

Db2 142.1820 82.4187 142.8773 113.3956 195.8668 138.3945 

PRF4-OPT 136.8728 80.8597 134.0977 107.6207 180.0317 132.1815 

Db3 148.3420 83.2028 154.0570 120.1949 221.1716 146.4211 

PRF6-OPT1 132.0533 76.3091 128.9876 105.0484 188.0865 128.0543 

PRF6-OPT2 125.7939 73.9672 128.1042 106.1989 177.4919 127.3481 

PRF6-OPT3 136.4138 80.5084 133.9818 107.6771 180.3144 132.1041 

Table C.3  MSE values for DB filters and optimal filters of ISITRA-1 

 

 

0BB.2 Discussion and Conclusion 
 

A method has been proposed for finding optimal PRF sets in ISITRA scheme of signal 

decomposition and reconstruction and the optimization technique used for the purpose is 

genetic algorithms. In the existing schemes like filter bank or wavelets, the space of PRF 

sets is not appropriate for such optimization. The space of PRF sets in ISITRA is 

constrained and thus is not also suitable for an optimization technique like genetic 

algorithms. However, a lower dimensional space is constructed where the variables are 

unconstrained and there is a one-to-one correspondence between this space and the space of 

ISITRA PRF sets. Then genetic algorithms are applied to the lower dimensional space and 

the optimal points are found in terms of MSE values. From these optimal points the optimal 

PRF sets are computed. An interesting feature to be noted here is that the longer PRF sets of 

ISITRA result in lower MSE values, contrary to the observation seen in the case of Db 

filters. The criterion of optimization here is the MSE value. However, any other quantitative 

criterion like energy compaction can also be used. The MSE value used in the present study 

is defined on the basis of a particular lossy compression scheme. The MSE value using any 

other compression scheme can also be the basis of optimization of PRF sets of ISITRA. 

Optimal PRF sets of lengths 4 and 6 only have been presented and they are found to be 

better than Daubechies’ orthonormal filters. A similar study of longer PRF sets of ISITRA 

can also be done. Also, for any value of L, several frameworks of PRF sets are possible of 

which only a few have been considered here. Other frameworks may produce optimal PRF 

sets that are better than the ones obtained so far. 
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