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. Consider the G (n, p,) model with standard notations. Let P, be the property that a

graph on n vertices “is not a tree”. Show that P, is an increasing property. Show that
Pn = 1/n is a threshold for the property P,? [2+10=12]

. Suppose G, is random multi-graph which follows a configuration model, say, CM (n; {d;}),

n

where dy, dy, -+ .d, are positive integers, such that, Z d; € 2N. Let S,, be the number
1=1

of self-loops in G,,. Find E [S,] and Var (S,,) in terms of n and dy, da, - - - . dp,. [4+8 = 12]

. Let X1. X, .-+, X, beii.d. Poisson (\) variables, for some A > 0. Let D; = 2(X; + 1),

1 <i < n. Given (Dy,Do,--+,D,) = (dy,da, - ,dy), Gp ~ CM (n;{d;}). Let S, be

the number of self-loops in G,,. Find lim E[S,] and lim Var (S,). [4+8=12]
n—oc n—oc
- Let (Tn),>, be arandom graph process, such that, vertex set of 7, is n]:={1,2,--+ ,n}.

Starting with one isolated vertex as T, the sequence (T,), -, is inductively constructed
as follows: -

Having constructed 71, T, -+, Tn, Trne1 is the graph T, along with a (new)
vertex (n + 1), which joins to any of the vertices of 7, uniformly at random.

Show that for every n, T, is a tree. Let 7, be the distance of the vertex n from the
vertex 1 in 7,. Show that

T, — logn

Viogn

-2, Normal (0,1).

[2+ 10 = 12]

. Counsider the g (n. %) model in standard notations. If A < 1 then show that

Icm(w\ P 1
—_— 5 —,
logn I
where Iy = A — 1 — log A and |C,,| is the size of the largest component. [You may

use any result done in the class without writing a proof, but by stating it clearly in our
context.] (12]



2. Suppose G, is random multi-graph which follows a configuration model, say, CM (n; {d:}),

where dy,dy. -+ . d, are positive integers, such that, Z d; € 2N. Let S, be the num-
i=1

ber of self-loops in G,. Find E[S,] and Var (S,,) in terms of n and dy, da, -+ .

[4+8=12]



3. Let X1, X5, -+, X, be i.i.d. Poisson (\) variables, for some A > 0. Let D; = 2 (X, + 1).
1 <i<mn. Given (Dy,Dy,---,D,) = (d,do.--- ,dy), G, ~ CM(n;{d;}). Let S, be
the number of self-loops in G,,. Find lim E[S,] and lim Var (S,). [4+ 8 =12]

n—0o0 n—od



4. Let (T,), >, be arandom graph process, such that, vertexset of T, is [n] := {1,2,--- ,n}.

Starting with one isolated vertex as T, the sequence (7,),,5,, is inductively constructed
as follows: -

Having constructed 71, To, -+, Ty, Tner is the graph 7, along with a (new)
vertex (n + 1), which joins to any of the vertices of T, uniformly at random.

Show that for every n, T, is a tree. Let 7, be the distance of the vertex n from the
vertex 1 in 7,,. Show that

Tn —logn 4
=200 4y Normal (0,1).
NI ormal (0,1)

[2+10=12)

12



5. Consider the G (n, %) model in standard notations. If A < 1 then show that

.Cmaz‘ P 1
—_— % —,
logn I,

where I, = A — 1 —log A and |Cjnq| is the size of the largest component. [You may

use any result done in the class without writing a proof, but by stating it clearly in our
context.| [12]
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