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Abstract

Identifying the minimum-cost node-removal sequence that fragments a complex network—
the network dismantling problem—is NP-hard and central to infrastructure resilience. In
interdependent multiplex networks, this difficulty is compounded by cascading cross-layer
failures. While deep reinforcement learning (DRL) agents utilizing graph neural network
(GNN) encoders achieve near-optimal dismantling, current state-of-the-art architectures
suffer from two critical limitations. Topologically, existing agents strictly assume undirected
edges, rendering them inapplicable to directed systems—such as supply chains or gene
regulatory cascades—where failure propagation is fundamentally asymmetric. To resolve this,
we propose Disassembling Directed Interdependent Networks (DDIN). DDIN introduces
an asymmetric GraphSAGE encoder that explicitly separates incoming influence from
outgoing control aggregations, paired with a multi-relational attention mechanism for
cross-layer dependency fusion. Evaluated zero-shot on five real-world directed networks,
DDIN achieves a 16-23% reduction in the Area Under the Dismantling Curve (AUDC) over
heuristic baselines. Functionally, existing GNN encoders parameterise message-passing
through multi-layer perceptrons (MLPs). These fixed-affine projections lack the capacity to
model the non-smooth, high-frequency vulnerability patterns governing cascading fragility
in scale-free topologies. We address this by proposing Kolmogorov-Arnold Reinforcement
Learning (KARL), the first architecture to embed learnable univariate functions into an
off-policy DRL combinatorial optimiser. KARL features a residual B-spline KAN encoder
to stabilise gradient norms during deep message-passing, a fully KAN-parameterised cross-
layer attention module (KANformer), and an orthogonal Chebyshev-KAN action-value
head to mitigate boundary oscillations under non-stationary temporal-difference targets.
Evaluated zero-shot on six real-world undirected multiplex networks, KARL yields a 21.96%
average AUDC improvement over state-of-the-art baselines, alongside emergent structural
interpretability. By independently resolving the directed topology limitation and the affine
expressivity bottleneck, this dissertation establishes a robust architectural foundation for
structurally faithful network dismantling models.

Keywords: Network Dismantling, Deep Reinforcement Learning, Graph Neural Networks,
Multiplex Networks, Interdependent Networks, Cascading Failures, Kolmogorov-Arnold
Networks, GraphSAGE, Directed Graphs, Strongly Connected Components, Geometric
Multiplex Model, Prioritised Experience Replay, Zero-Shot Generalisation.
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Chapter 1

Introduction

Modern critical infrastructures and biological systems operate not as isolated entities but as
tightly coupled, interdependent structures. A national power grid depends on supervisory
control systems distributed across a communication network; financial clearing-houses are
sustained by redundant data-centre clusters whose cooling plants depend on municipal water
and gas supplies; gene-regulatory pathways within a living cell simultaneously influence and
are influenced by metabolic, protein-interaction, and signalling networks. Under nominal
operating conditions, these inter-layer dependencies remain latent; under adversarial or
failure conditions, however, they act as conduits for systemic collapse. The 2003 Italian
blackout [11], the cascading infrastructure disruptions during the covip-19 pandemic, and
the progressive collapse of financial systems following coordinated cyber-attacks all testify
to the same fundamental mechanism: localised damage in one layer of an interdependent
system can propagate, amplify, and ultimately disintegrate the entire coupled structure [60].

Understanding and controlling this vulnerability is the central mandate of the network
dismantling problem. Informally, dismantling asks: what is the smallest set of nodes whose
removal fragments a network into non-extensive, disconnected pieces? The problem is NP-
hard even for a single layer [10] and its difficulty compounds in multilayer interdependent
settings [44]. Despite this computational hardness, finding high-quality approximate
solutions is of immense practical importance—from designing optimal vaccination campaigns
to arrest epidemic outbreaks [43] and identifying synergistic drug targets in protein-
interaction networks [4], to hardening critical infrastructure against cascading failure [25]
and disrupting the structural backbone of illicit influence networks.

The past decade has witnessed remarkable progress. Physics-inspired heuristics such
as High-Degree Adaptive (HpA) [12], Collective Influence (c1) [43], and MinSum [10]
provide efficient but myopic approximations. Deep-learning-based approaches—FINDER [23],
NIRM [66], and gDM [24]-demonstrated that reinforcement-learning (RL) agents trained
on small synthetic graphs can generalise to large real-world instances far better than any
static heuristic. Most recently, MultiDismantler [25] extended this paradigm to multilayer
interdependent networks, pairing a multiplex graph neural network (GNN) encoder with
an off-policy deep Q-network (pQN) and establishing the current state of the art on nine
real-world multiplex benchmarks.

Despite this progress, two fundamental limitations remain unaddressed by every existing
approach.

1. Topological: Existing deep-learning-based dismantling agents restrict their functional
scope strictly to undirected networks, in which edges are symmetric and failure
propagation is bidirectional. Yet a large and consequential class of real-world systems—
supply chains, neural connectomes in model organisms, financial transaction flows,
directed social-influence networks—are inherently directed: edges carry orientation,



and the failure of node A causing the failure of node B does not imply the reverse.
Symmetric GNN message-passing is architecturally incapable of distinguishing the
in-neighbourhood from the out-neighbourhood of a node and therefore cannot encode
the directional asymmetry that governs fragility in such systems [2, 36].

2. Functional Every gNN-based dismantling policy—including MultiDismantler—parameterises
its message-passing operations and action-value projections through multi-layer per-
ceptrons (MLps) with fixed affine transformations. Each mLp layer applies a single
global linear map per input coordinate, confining the per-edge representational ca-
pacity to a fixed-degree polynomial function class. This is insufficient to represent
the sharp, high-frequency, locally non-smooth per-node vulnerability functions that
determine cascading fragility in scale-free multiplex topologies, where hub nodes
with heterogeneous in/out-degree profiles exercise disproportionate structural control.
Kolmogorov-Arnold Networks (kans) [35] offer a principled remedy by placing learn-
able univariate B-spline functions directly on network edges, adapting the functional
form—not merely the scalar coeflicients—to each input coordinate.

This thesis addresses both limitations through two complementary frameworks that
together expand the frontier of deep-rL-based network dismantling along the topological
and functional axes. The first framework, ppiN (Disassembling Directed Interdependent
Networks), introduces asymmetric GNNs and prioritised multi-step reinforcement learning for
the dismantling of directed multiplex networks, directly remedying (L1). The second, KARL
(Kolmogorov-Arnold Reinforcement Learning), replaces every MLP projection in a deep-RL
dismantling agent with a learnable kAN, augmented by a macroscopic residual branch for
gradient stability and an orthogonal Chebyshev polynomial decoder for well-conditioned
action-value regression, directly remedying (L2).

Figure 1.1 situates these contributions within the landscape of prior work as a two-
dimensional positioning matrix whose axes correspond to the two limitations.

1.1 The Fragility of Interdependent Networks

Complex systems rarely operate as isolated entities. Instead they constitute systems of
systems: coupled, mutually reinforcing structures whose collective behaviour is qualitatively
richer—and qualitatively more fragile—than any single constituent. Barabasi, Gulbahce, and
Loscalzo [4] established that human disease cannot be understood at the level of single genes
or proteins; it is a network-level phenomenon. Watts and Strogatz [63] demonstrated that
“small-world” topology, ubiquitous across biological and social systems, simultaneously
enables rapid information propagation and, under adversarial conditions, rapid failure
propagation. Buldyrev et al. [11] provided the seminal formal model showing that a network
composed of interdependent layers is more vulnerable than any of its constituent layers
considered in isolation, due to the potential for cascading failures that propagate across the
entire coupled structure.
The following definitions establish the formal objects studied throughout the thesis.
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Figure 1.1: Two-dimensional research-positioning matrix situating ppiN and KARL relative to the existing state
of the art. The horizontal axis distinguishes value-function parameterisation (MLP-based versus KaN-based);
the vertical axis distinguishes network topology (undirected versus directed). All prior deep-rL-based
dismantling agents occupy the top-left quadrant. ppin (Chapter 4) addresses the topological gap (L1) by
operating on directed multiplex networks with an asymmetric GNN backbone. karL (Chapter 5) addresses the
functional gap (L.2) by replacing every affine MLP projection with a learnable Kolmogorov-Arnold function.
The bottom-right quadrant—directed networks with KAN parameterisation—represents the natural synthesis
and constitutes an open research direction (Section 6.2.4).



Definition 1.1.1 (Undirected Multiplex Network). An undirected multiplex network is
the triple M = (V, {E(f)}gzl, L), where V = {vy,...,vy} is a shared vertex set of
cardinality N = |V|; £ = {l,...,L} is a set of L layers; and for each layer £ € L,
EO c {{u,v} :u,v €V, u # v} is a set of undirected intra-layer edges, represented by
the symmetric adjacency matrix A € {0, 1}V with Al.(f) = A;? for all i, j.

Definition 1.1.2 (Directed Multiplex Network). A directed multiplex network is the triple
G =(V, {8(6)}§:1, L), where V and £ are as in Definition 1.1.1 and, for each layer
e L£,80 CVxVis aset of directed arcs represented by the asymmetric adjacency
matrix A € {0, 1}V, where Al.(f) = 1 denotes a directed edge v; — v, in layer £ and in

general Al.(f) * A;f). Inter-layer dependencies are modelled as undirected, bidirectional links
representing mutual reinforcement between a node and its replica across layers [7].

Remark 1.1.3. An undirected multiplex network is a special case of a directed multiplex
network in which Algf) = Aﬁf) for all ¢, i, j. The unified notation G = (V, {A(‘))}gzl)
is used throughout when a statement applies to both settings; the overloaded symbol is
disambiguated by context. Chapters 4 and 5 address the directed and undirected settings
respectively.

Both settings are governed by the same interdependency model.

Definition 1.1.4 (One-to-One Interdependency). Under the strict one-to-one interdependency
model, the nodes of G across all L layers are considered replicas of the same underlying
entity. The removal of node v; from any layer £ € £ simultaneously removes its replicas
from all remaining layers ¢’ € L \ {{}, together with all intra-layer edges incident to v,
in every layer. Formally, if § C V is the cumulative removal set, the residual network is
Gs = (V\ S, {AO[V\ S]}L)), where AV [V \ §] is the submatrix of A restricted to
V\S.

The one-to-one model gives rise to cascading failure, the primary source of systemic
fragility in interdependent networks.

Definition 1.1.5 (Cascading Failure Process). Given a multiplex network G under the
one-to-one interdependency model, the cascading failure process induced by the removal of
So C V proceeds iteratively as follows. At each round ¢ > 0, define the jointly active set
YO C Y\ § as the largest subset of nodes that are simultaneously in the same connected
component (or strongly connected component, for directed networks) in every layer € € L.
Any node v; € V \ Sy not belonging to V) is declared failed: S;; = S; U {v; : v; ¢ V}.
The process terminates at the fixed point V* = V() which is reached in finite iterations.

Directed vs. undirected failure propagation. In an undirected multiplex network,
connectivity is symmetric: a path from u to v exists if and only if a path from v to u exists.
Consequently, failure propagation is bidirectional and a node’s structural importance is
well-captured by scalar centrality measures that treat all incident edges equivalently. In

a directed multiplex network, this symmetry is broken. The directed out-neighbourhood
N (v) = {u € V : v — u} and the in-neighbourhood N""(v) = {u € V : u — v}
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carry fundamentally different structural information. A node with high out-degree and
low in-degree is a source node: it propagates influence to many downstream nodes while
depending on few. A node with high in-degree and low out-degree is a sink node: it
aggregates influences but exerts little downstream control. Dismantling a directed network
requires identifying and targeting source nodes that sustain directed mutual reachability
across layers—a task for which symmetric algorithms are provably suboptimal (Section 1.3.1
and Chapter 4).
Formally, the asymmetry of A) means that the quantity
AO ) = Oty _ fOdngyy — Z A - Z AW (1.1)
j i

1s non-zero in general, constituting the directional bias of node v in layer €. Capturing this
information requires maintaining separate representations for in- and out-neighbourhoods
throughout learning—a design principle architecturally enforced in ppin (Chapter 4) but
absent in all prior methods.

1.2 Network Dismantling as a Combinatorial Optimisation Problem

We now formalise the network dismantling problem for both the undirected multiplex and
directed multiplex settings, and develop the performance metrics and Markov decision
process (Mpp) framework shared by both ppiN and KARL.

Connectivity Targets

Definition 1.2.1 (Largest Mutually Connected Component, Lmcc). In an undirected multiplex
network M = (V,{E (5)}521) under the one-to-one interdependency model, a set C C V is
a mutually connected component (mcc) if and only if, for every pair (u,v) € C x C with
u # v and every layer £ € £, there exists an undirected path between u and v within GO [C],
with all intermediate vertices also in C. The Largest Mutually Connected Component (LMcCC)
is the mcc of maximum cardinality N, ,c, with normalised size

NLMCC
Po(M) = =<,

Definition 1.2.2 (Largest Mutually Strongly Connected Component, mscc). In a directed
multiplex network G = (V, {8(5)};4:]} under the one-to-one interdependency model, a set
C C V is a mutually strongly connected component (mscc) if and only if, for every ordered
pair (u,v) € C X C with u # v and every layer £ € L, there exist both a directed path u ~» v
and a directed path v ~> u within the directed subgraph G [C]. The Largest Mutually
Strongly Connected Component has cardinality Ny and normalised size

NMSCC
Pu(G) = .

Remark 1.2.3. The Lmcc is computed by iterative removal of nodes not belonging to the
largest connected component simultaneously in every layer [11]. The mscc is computed
iteratively using Tarjan’s strongly-connected-components algorithm [55] applied to the
intersection of per-layer directed reachability sets. Chapter 4 details the directed cascade
resolution procedure used in DDIN.

(1.2)

(1.3)



The Dismantling Optimisation Problem

All algorithms in this thesis construct solutions sequentially: at each stept € {1,...,N}
one node is permanently removed, yielding the cumulative removal set S, = |Ji_,{r;}, with
So = 0.

Definition 1.2.4 (Network Dismantling Problem). Given a multiplex network G, cost
function F, and threshold 6 > 0, the network dismantling problem is

min F(S) subject to Poo(gg) < 6. (1.4)
Scv
We consider two canonical cost regimes. The unit cost assigns equal cost to every removal:

Funie(S) = |S]. (L.5)
The degree cost penalises the removal of high-degree nodes proportionally to the edges they

carry. For an adjacency matrix A‘©) that may be asymmetric (directed case), the correct
symmetrised formulation uses ordered pairs to avoid ambiguity:

L

Fag(S) = D[ > KD - 222 (A +AD) |, (1.6)

t=1\ 5§ seS teS
where kgf) =2 Aﬁ? is the out-degree of node s in layer £ (reducing to the undirected degree

when A is symmetric), and the symmetrised double-counting correction %(AEK) A(g))
correctly handles both directed and undirected layers.

Proposition 1.2.5 (NP-Hardness). The network dismantling problem (1.4) is NP-hard on
single-layer networks [10] and remains NP-hard on undirected multiplex networks under
the one-to-one interdependency model [44].

The intractability of the exact problem motivates sequential, greedy-approximation
strategies parameterised by deep reinforcement learning. The quality of any such strategy is
assessed by two complementary metrics.

Definition 1.2.6 (Area Under the Dismantling Curve, aupc). The Area Under the Dismantling
Curve integrates the normalised component size against the incremental removal cost:

N
1 ~ ~ .
= e > PS)| FS) - F(Sin)|. 1.7
AUDC F((V); (S| F(S0) = F($i-1) (1.7)
Lower aupc values indicate superior dismantling performance.

Definition 1.2.7 (Dismantling Cost, C*). The dismantling cost is the smallest normalised
cost required to reduce the component size below the non-extensivity threshold § = 1/VN:

F(S, . .
= L, S. = arg min F(S)). (1.8)
F(V) S, Po(S) < 1/VN

Both aubc and C* lie in [0, 1]; lower values are better.



Markov Decision Process Formulation

Following FINDER [23] and MultiDismantler [25], we cast sequential dismantling as a
deterministic Markov decision process.

Definition 1.2.8 (mpp for Network Dismantling). The dismantling mpp is the quintuple
P =(S, A, T, R, y) where:

(i) State space S: The state s, = G \ S, is the residual multiplex network at step t,
augmented with one virtual node per layer to provide a global receptive field for the
state-embedding vector.

(ii) Action space A(s;): The discrete action space A(s;) = V \ S; comprises all nodes
not yet removed.

(iii) Transition function 7: Deterministic. Taking action a; € A(s;) removes node v,
from all layers, resolves cascading failures by iterative component pruning, and yields
state s;41.

(iv) Reward function R: The immediate reward for removing node v at step ¢ is
ri(v) = Poo(s1) - F({vq,}), (1.9)

jointly incentivising large reductions in the component size and low removal cost.
(v) Discount factor y € [0, 1); both frameworks use y = 0.99.

To capture the delayed effects of cascading failures, both ppin and KARL employ n-step
returns. The n-step temporal-difference (Tp) target at step ¢ is
n—1
yi = ) ¥ rey + ¥ max s, as ©), (1.10)
j=0
where © are the target-network parameters, periodically copied from the online parameters
O to stabilise training. The agent minimises the TD loss

(yt — sy, ar; ®))2] , (1.11)

where 8 is an experience-replay buffer. Both frameworks augment this with Prioritised
Experience Replay (per) [50], which samples transitions proportionally to their absolute TD
error |0,|=, focusing training effort on the most informative transitions and correcting the
induced sampling bias via importance-sampling weights fis.

The above formulation provides the shared mathematical substrate for both ppin and
KARL. The two frameworks diverge precisely along the two axes identified in the introduction:
(1) the topology of the input network (directed vs. undirected), and (i1) the functional form
of the GNN encoder and value-function projections (KkaN-based vs. MLP-based).

LTD(G)) = E(St,at,...)NB




1.3 Limitations of Current State-of-the-Art

Prior to this thesis, every deep reinforcement learning dismantling method shared a common
architectural template: a symmetric graph neural network encoder with fixed affine multilayer-
perceptron projections, trained via off-policy Q-learning on undirected synthetic graphs.
Table 1.1 situates the key methods along the two dimensions in which this thesis departs
from the template. We identify two orthogonal limitations in the template and address each
with a separate architectural contribution.

Table 1.1: Summary of representative deep-rL-based dismantling methods. Dir: supports directed networks.
KAN: uses learnable KAN activations. v/ = yes; X = no.

Method Venue Dir KAN Key Architecture

HDA, CI, MinSum — X X Degree/influence heuristics

GDM [24] Nat. Commun. 2021 X X MLP encoder + supervised

FINDER [23] Nat. Mach. Intell. 2020 X X Single-layer GNN + DQN

NIRM [66] CIKM 2022 X X Local + global GNN + DQN
MultiDismantler [25] Nat. Mach. Intell. 2025 X X Multiplex GNN (MGNN) + DQN

DDIN (Chapter 4) AAAI 2026 v X Asymmetric SAGE + Prioritised RL
KARL (Chapter 5) Under review X v Residual KAN + KANformer + Cheby-Q

1.3.1 Limitation 1 (Topological): The Undirected Bottleneck

Real-world critical systems that motivate the dismantling problem are inherently directed. Bi-
ological signalling cascades, supply-chain dependency graphs, financial contagion networks,
and directed social-influence topologies all encode asymmetric relationships: regulatory
proteins activate target genes in a single direction; money flows from creditors to debtors;
influence propagates from broadcasters to followers. In such systems, the mscc is the
appropriate connectivity target, and its fragmentation requires a strategy that is sensitive to
the asymmetry of directed paths.

Why symmetric methods fail. All existing deep-rL dismantling methods employ standard
GNN message-passing of the form

h(D = UPDATE(hi"% AGG({h;") u eN(v)})), (1.12)

where N (v) is the neighbourhood of v defined by the (undirected or symmetrised) adjacency
matrix. Symmetric aggregation is by construction invariant to the direction of any edge
incident to v: the representation hék) is identical whether a given neighbour u reaches v (i.e.,
u — v, making v a downstream dependency of u) or is reached from v (i.e., v — u, making
u a downstream dependency of v). As Ma, Wang, and Li [36] demonstrate empirically,
this symmetry leads to systematic misidentification of source and sink nodes, producing
suboptimal dismantling sequences that remove influential sinks while leaving uncontrolled
sources intact.
When applied to a directed layer, the symmetric aggregation is

1
N h,, 1.13
aca™(H.v) |Nm<v>uN"“t(v)LeNin(;woww o
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which conflates the semantically distinct signals carried by in-neighbours (nodes that v
depends upon) and out-neighbours (nodes that depend upon v). By contrast, the asymmetric
aggregation introduced in ppiN (Chapter 4) explicitly separates these signals:

h{” = ReLL(Wout [xv; MEANAGG(N™(v)) ]"‘Win [Xv; MaxAGG(N " (v)) ]),

incoming influence (being controlled) outgoing control (exerting influence)

(1.14)
where MEANAGG captures the average influence exerted on node v by its in-neighbours
and MaxAGG captures the strongest downstream dependency of v on its out-neighbours,
preserving the directional flow semantics absent from all prior encoders. This is a preview
of the full encoder update derived in Chapter 4.

1.3.2 Limitation 2 (Functional): The Affine Projection Bottleneck

Even within the undirected multiplex setting where MultiDismantler operates, a second,
independent limitation constrains the representational fidelity of the dismantling policy.
Every existing gNN-based method parameterises its message-passing and action-value
projections through standard mLp layers of the form

Puin(X) = c(Wx+Db), W € Rouwxdin, (1.15)

where o is a fixed nonlinearity (typically ReLu) and W is a global affine transformation
applied uniformly across all input coordinates. Each mLp layer applies a single global linear
map per input coordinate, confining the per-edge representational capacity to a fixed-degree
polynomial function class.

The Kolmogorov-Arnold alternative. The representational limitation of MLPS was exam-
ined systematically by Liu et al. [35], who proposed Kolmogorov-Arnold Networks (KANS)
as an architecturally distinct alternative grounded in the following classical theorem.

Theorem 1.3.1 (Kolmogorov-Arnold Representation Theorem). Any continuous function
f 10, 1]" — R admits the representation

2n+1 n
F@i . ox) = ) @ > 0g,(xp) ], (1.16)
g=1 p=1

where each ¢, , : [0,1] — R and each ®, : R — R is continuous.

Theorem 2.6.1 implies that any multivariate function can be decomposed into a compo-
sition of univariate functions. Rather than applying a single global affine map per input
coordinate, a KAN layer places a distinct learnable univariate function on each network edge,
parameterised as a B-spline:

G+k
p(x) = wlb(x) + Z Ci Bl’f(x; G)|, (1.17)

i=1
where b(x) = S1LU(x) is the base activation, ¢; are trainable spline coefficients, Bf (x; G)
are B-spline basis functions from the Cox—de Boor recurrence over a uniform knot vector



with G grid intervals and polynomial order k, and w is a learnable scalar weight [35]. The
vectorised kAN module accumulates per-edge univariate evaluations as

KAN(X) = Wpae 0(X) + WsplineB(X)a (1.18)

where B(x) € R4in(G+K) gtacks the per-coordinate B-spline evaluations and Wepjine €
Rouxdin(G+K) are the spline control weights. At any fixed grid resolution G and order k > 1,
the per-edge function family spanned by a kAN layer strictly contains the per-edge family of
an mLP layer of identical input/output dimension: the B-spline basis is a (G + k)-dimensional
function space, whereas the MLP edge reduces to the one-dimensional family x — W;; o-(x)
parameterised by the single scalar W;.

The gradient instability challenge. Integrating KaNs into an off-policy rL loop introduces
a complication that does not arise in supervised learning: the continuously shifting
distribution of TD targets can drive B-spline activations toward the boundaries of their fixed
grid domains, producing gradient instability. KARL resolves this through a macroscopic
residual branch

@ (x) = @(x) + Qres - MLPres(X), (1.19)
where a4 1S a learnable scalar (initialised to 0.5) and MLPg is a single linear-rReLuU layer that
provides a low-frequency anchor for the gradient signal. Furthermore, the action-value head
replaces B-splines with orthogonal Chebyshev polynomials, whose minimax approximation
property and logarithmically bounded operator norm prevent the Runge-type boundary
oscillations that afflict B-spline interpolation under non-stationary Tp targets. The complete
theoretical justification for all three design choices is developed in Chapter 5.

1.4 Research Questions

The two limitations identified above motivate the following pair of research questions, each
addressed by one of the two frameworks developed in this thesis.

Research Question 1 (RQ1) — Topological.

How can directed asymmetry in real-world interdependent multiplex networks be
explicitly encoded in the graph neural network encoder of a deep reinforcement
learning dismantling agent, so as to distinguish the roles of source and sink nodes
and achieve superior dismantling of the Largest Mutually Strongly Connected
Component compared to symmetric baseline methods?

RQ1 is addressed in Chapter 4 through ppin, which introduces a directed GRAPHSAGE
encoder with asymmetric mean/max aggregation over separated in- and out-neighbourhoods,
a directed multi-relational attention mechanism for cross-layer fusion, and a bilinear decoder
with topological reconstruction loss, trained by sum-tree prioritised n-step DQN on directed
synthetic multiplex graphs generated by an enhanced Geometric Multiplex Model (Gmm).

Research Question 2 (RQ2) — Functional.

Can Kolmogorov-Arnold Networks, by replacing fixed affine projections with
learnable univariate B-spline functions on graph edges, overcome the limited per-
edge expressivity of MLP-based GNN encoders and capture the high-frequency,
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non-smooth vulnerability patterns that govern cascading fragility in scale-free
undirected multiplex networks, while preserving training stability under non-
stationary temporal-difference targets?

RQ?2 is addressed in Chapter 5 through kARL, which constitutes the first architecture to
successfully embed a hybrid Residual Graph kan within an off-policy deep Q-network for
combinatorial optimisation over multiplex topologies. The three-stage architecture-residual
B-spline kAN encoder, fully kaN-parameterised KANFORMER cross-layer attention, and
orthogonal Chebyshev-kAN action-value head—is supported by formal guarantees of gradient
stability, near-minimax Q-value approximation, and universal approximation of the MLP-GNN
function class.

1.5 Thesis Contributions

This thesis makes the following contributions to the fields of network science, graph neural
networks, and deep reinforcement learning for combinatorial optimisation.

Contributions of ppin (Chapter 4).

(i) First directed multiplex dismantling framework. We propose ppin, the first deep-rL-
based algorithm for dismantling directed interdependent multiplex networks, directly
addressing the absence of directional awareness in all prior methods [20].

(ii)) Asymmetric GraphSAGE encoder. We introduce a directed variant of the GRAPH-
SAGE framework [26] that separates mean pooling over in-neighbours (capturing
incoming influence) from max pooling over out-neighbours (capturing downstream
control), preserving the directional flow semantics critical for mscc fragmentation.

(iii) Directed multi-relational attention. We design a multi-relational cross-layer attention
mechanism that weights the contribution of each layer to the fused node embedding
according to how critical that layer’s topology is to the current state of the interdependent
structure, naturally prioritising “bridge” layers that sustain the giant strongly connected
component.

(iv) Empirical validation on five real-world directed multiplexes. ppin achieves 16-23%
lower aubpc compared to directed collective-influence and HDA baselines across the C.
elegans connectome (279 nodes, 3 layers), Drosophila melanogaster (8,215 nodes, 7
layers), Fao Trade (214 nodes, 364 layers), Homo Sapiens genetic interaction network
(18k nodes, 7 layers), and Sanremo 2016 (56k nodes, 3 layers).

Contributions of KARL (Chapter 5).

(1) First kaN-rL agent for combinatorial graphs. KARL is the first architecture to
integrate Kolmogorov-Arnold Networks into an off-policy deep Q-network for any
Np-hard network optimisation problem, resolving the gradient-instability challenge of
B-spline activations under non-stationary TD targets.
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(ii) KANformer cross-layer fusion module. We introduce a fully kan-parameterised
multi-head cross-attention mechanism—kANFORMER—that replaces every linear Q/K/V
projection with an independent B-spline transformation, enabling non-smooth, per-
coordinate cross-layer routing unavailable to any affine attention module.

(i1i1)) Orthogonal Chebyshev-kAN action-value head. Replacing the B-spline decoder with
an orthogonal Chebyshev polynomial basis yields well-conditioned Q-value regression
with logarithmically bounded operator norm, preventing the Runge-type oscillations
inherent to equispaced polynomial interpolation under non-stationary targets.

(iv) Theoretical expressivity guarantees. We prove three formal results: (a) a gradient-
stability proposition bounding worst-case back-propagated gradient norms through
the residual B-spline encoder; (b) a near-minimax theorem establishing that the
Chebyshev Q-head achieves near-optimal Tp-approximation error; and (c) a universal-
approximation theorem proving that the kAN-GNN function class subsumes the MLP-GNN
function class at every fixed depth and embedding dimension.

(v) State-of-the-art zero-shot generalisation. Trained exclusively on small synthetic
graphs (N € [30, 50] nodes), KARL achieves an average aAupc improvement of 21.96%
and a dismantling-cost C* reduction of 4.57% over MultiDismantler on six real-world
undirected multiplex benchmarks spanning three orders of magnitude in scale (up to
56,562 nodes), with emergent structural interpretability towards high-coreness nodes
arising without auxiliary structural supervision.

Theoretical contributions. Beyond the algorithmic contributions, this thesis provides a
unified mathematical treatment of the dismantling mpp under both undirected and directed
multiplex topologies (Chapter 3), a comparative expressivity analysis of KAN-GNN versus
MLP-GNN function classes for graph dismantling policies (Chapter 5), and a formal discussion
of the dual-use implications and future research directions arising from both frameworks
(Chapter 7).

1.6 Thesis Organisation
The remainder of this thesis is organised as follows.

Chapter 2 — Background and Literature Review. We survey the graph-theoretic and
algorithmic background required for the subsequent chapters: classical dismantling heuristics,
the deep reinforcement learning framework for graph optimisation, the message-passing
GNN paradigm including GraphSAGE and graph attention networks, and the theory of
Kolmogorov-Arnold Networks. The chapter culminates in a structured summary of the
research gaps that motivate the two contributions.

Chapter 3 — Preliminaries and Mathematical Formulation. We develop the unified
mathematical framework used throughout the thesis: the directed and undirected Geometric
Multiplex Models employed for training corpus generation, the formal mpp specification for
both network settings (state space, action space, reward functions), and the cost regimes
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and evaluation metrics (aupc, C*) with a rigorous derivation of the statistical significance
protocol employed in experimental comparisons.

Chapter 4 — Disassembling Directed Interdependent Networks (ppiN). We present
the ppin framework in full. We formally characterise the failure of symmetric methods on
directed multiplex networks, develop the three-stage architecture (asymmetric GRAPHSAGE
encoder, multi-relational attention, bilinear decoder with topological reconstruction loss),
detail the prioritised n-step DQN policy search, report experimental results on five real-world
directed multiplex benchmarks, and present ablation studies validating each architectural
component.

Chapter S — Kolmogorov-Arnold Reinforcement Learning (KArL). We present the
KARL framework in full. We formally characterise the functional limitation of mLP-based GNN
encoders, develop the three-stage kAN architecture, prove the three theoretical guarantees
(gradient stability, near-minimax Q-head, KAN-GNN subsumption), report experimental
results on six real-world undirected multiplex benchmarks with full statistical significance
testing, and present extensive ablation studies covering residual strength, B-spline grid
resolution, polynomial order, and emergent structural interpretability.

Chapter 6 — Comparative Analysis and Synthesis. We juxtapose the two frameworks
along three dimensions: architectural design, the expressivity-versus-directionality trade-off,
and performance on the shared rFao Trade, Homo Genetic, and Sanremo 2016 benchmarks
that appear in both experimental suites. We also formulate the Grand Synthesis conjecture:
a directed kan-parameterised multiplex dismantling agent that simultaneously addresses
both limitations.

Chapter 7 — Conclusion and Future Work. We summarise the contributions and
theoretical results of the thesis, discuss the dual-use ethical implications of dismantling
methodology, and articulate three concrete future research directions: dynamic/temporal
multiplex graphs, relaxed interdependency models, and the directed-kaN Grand Synthesis.

Appendices. Appendix A provides complete hyperparameter configurations for both
ppIN and KARL. Appendix B details the code structure, dataset sources, and reproduction
instructions.
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Chapter 2

Background and Literature Review

This chapter develops the formal, mathematical, and conceptual foundations required to
understand the two contributions of this thesis. Section 2.1 introduces the graph-theoretic
primitives — directed and undirected graphs, degree sequences, k-core decomposition,
and multiplex network formalisms — that underpin both problem settings. Section 2.2
formalises the Buldyrev cascading failure model and defines the two connectivity criteria that
measure network fragmentation: the Largest Mutually Connected Component (LMCC) for
undirected multiplexes and the Largest Mutually Strongly Connected Component (MSCC)
for directed multiplexes. Section 2.3 surveys the classical heuristic algorithms for network
dismantling, characterises their fundamental limitations, and establishes them as the lower-
bound baselines against which learned methods are measured. Section 2.4 develops the deep
reinforcement learning framework used throughout the thesis, gives a detailed exposition of
the state-of-the-art MultiDismantler [25] — the primary baseline for both DDIN and KARL
— and situates it within the broader GNN-DRL literature. Section 2.5 covers the graph
neural network architectures relevant to both contributions, with particular emphasis on
directed and multi-relational extensions. Section 2.6 provides a self-contained treatment of
Kolmogorov-Arnold Networks, including the B-spline parameterisation and the instability
modes that motivate KARL’s architectural choices. The chapter concludes in Section 2.7
with a structured summary of the research gaps that the two contributions of this thesis
address.

2.1 Graph-Theoretic Foundations

2.1.1 Undirected Graphs and Basic Quantities

Definition 2.1.1 (Undirected Graph). An undirected graph G = (V, E) consists of a finite
vertex set V = {vy,...,vy} with |V| = N, and anedge set E C {{u,v}:u,v eV, u#v}.
The adjacency matrix A € {0, 1}**V is defined by A;; = 1 if {v;,v;} € E and A;; = 0
otherwise. By convention, A;; = O for all 7.

The degree of a vertex v € V is the number of its neighbours:
N
ke = ) Ay = INO), 2.1)
J=1

where N(v) = {u € V : A,, = 1} is the neighbourhood of v. The degree sequence
of G is the sorted tuple (k(;) > k) > -+ > k(n)). A graph is called scale-free if the
degree sequence follows a power-law distribution P(k) ~ k=7 for some exponent y > 0 [3].
Empirically, most real-world multiplex networks studied in this thesis — including C.
elegans (y = 2.4), Homo Genetic, and FAO Trade — exhibit scale-free degree distributions,
a property that has profound consequences for dismantling vulnerability.
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2.1.2 Directed Graphs

Definition 2.1.2 (Directed Graph). A directed graph (digraph) G = (V, E ) has the same
vertex set V but an edge set E C V XV of ordered pairs (u,v), called directed arcs or
directed edges. The adjacency matrix A € {0, 1}V is defined by A;jj=1if (vi,v)) € E,
and is generally asymmetric.

For a vertex v in a directed graph, the in-degree and out-degree are respectively:
A= Y A, kM= YA (2.2)
J J

The out-neighbourhood N*(v) = {u : (v,u) € E} and the in-neighbourhood N~ (v) =
{u: (u,v) € E} capture distinct directional information. In biological regulatory networks,
for example, N*(v) represents the genes regulated by gene v (downstream targets), while
N~ (v) represents its upstream regulators [2].

Remark 2.1.3. The asymmetry k™ # k9" is the fundamental structural property that differ-
entiates directed network dismantling (Chapter 4) from the undirected setting (Chapter 5).
A node with high k" but low k" controls many downstream nodes without itself depending
on many upstream nodes. Removing such a node disrupts outgoing flows far more than
incoming ones — a directional cascade pattern that symmetric aggregation is structurally
incapable of representing.

2.1.3 Connected Components and Core Decomposition

Definition 2.1.4 (Connected Component). In an undirected graph G, a connected component
is a maximal subgraph in which every pair of vertices is connected by a path. The largest
connected component (LCC) is the connected component of maximum cardinality.

Definition 2.1.5 (Strongly Connected Component). In a directed graph G, a strongly
connected component (SCC) is a maximal subset C C V such that for every ordered pair
(u,v) with u, v € C, there exists a directed path from u to v and a directed path from v to u.
The condensation of G is the directed acyclic graph (DAG) obtained by collapsing each
SCC to a single vertex.

SCCs can be computed in O (|V|+ |E |) time via Tarjan’s depth-first search algorithm [55],
which maintains a low-link value for each vertex to identify cycle-closing back-edges. This
procedure is invoked at every step of the DDIN dismantling loop (Section 4.5) to track the
residual MSCC after each node removal.

Definition 2.1.6 (k-Core and Coreness). The k-core of a graph G is the maximal induced
subgraph in which every vertex has degree at least k. The coreness c(v) of a vertex v is the
largest k such that v belongs to the k-core:

c(v) = max{k € Zso: v € Ki(G)}, (2.3)
where K. (G) denotes the k-core of G.

The k-core decomposition can be computed greedily in O (|V| + |E|) time by iteratively
removing vertices of degree less than k and updating the remaining degrees [1]. In the
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context of multiplex dismantling, nodes with high coreness are disproportionately critical:
their removal from any layer often triggers cascading collapses because they simultaneously
anchor many inter-layer mutual connectivity paths. This property is central to the structural
interpretability analysis of KARL presented in Section 5.6.3.

2.1.4 Multiplex and Multilayer Networks

Definition 2.1.7 (Multilayer Network [31]). A multilayer networkis atuple M = (V, {E® }gizl, L)
where V = {v{,..., vy} is the shared vertex set of cardinality N, £ = {1,..., L} is the set

of layers, and E ) ¢ (‘2/) (undirected) or E(©) C V x V (directed) is the edge set of layer ¢
with adjacency matrix A e {0, 1}V*V,

The degree of vertex v in layer € is kg{’)) =2 AE?, and the multiplex degree is the vector

(¢),out
v

(kgl), e k&L)). For directed layers, in-degree k&f)’i“ and out-degree k are defined

analogously to Equation (2.2).

Definition 2.1.8 (One-to-One Interdependency [11]). A multilayer network satisfies the strict
one-to-one interdependency model if removing vertex v from any layer ¢ simultaneously
removes its replica in all remaining layers ¢ # ¢, together with all incident edges in those
layers. Under this model, the operational state of a vertex in any single layer fully determines
its state in every other layer.

Definition 2.1.9 (Mutually Connected Component [11]). Two vertices u,v € V belong to
the same mutually connected component (MCC) if and only if, for every layer £ € L, there
exists a path between u and v within the induced subgraph G, = (V, E\Y), where path
eligibility is restricted to vertices that remain simultaneously functional in all layers. The
Largest Mutually Connected Component (LMCC) is the MCC of maximum cardinality; its
normalised size is

N
Po(M) = L;:,“CC, (2.4)

where Nimcc denotes the number of vertices in the LMCC.

Definition 2.1.10 (Mutually Strongly Connected Component). In a directed multilayer
network, two vertices u, v € V belong to the same mutually strongly connected component
(MSCC) if and only if, for every layer £ € L, there exists a directed path u — v and a
directed path v — u within G, subject to the same simultaneous functionality constraint.
The Largest Mutually Strongly Connected Component is the MSCC of maximum cardinality.

Remark 2.1.11. The LMCC and MSCC generalise the largest connected component (LCC)
and largest SCC of single-layer networks, respectively. In an undirected setting, MSCC =
MCC = LMCC. For directed networks, however, a vertex can be reachable from u in one
direction but not the other, making the MSCC strictly smaller than or equal to the largest
WCC (weakly connected component). This structural difference necessitates the distinct
algorithmic treatment in Chapter 4.
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2.2 The Cascading Failure Model
2.2.1 Interdependent Networks and Catastrophic Collapse

The seminal work of Buldyrev et al. [11] established that interdependent networks are
qualitatively more fragile than isolated single-layer networks. The 2003 Italy blackout —
where a power-grid failure cascaded into internet node failures, which in turn caused further
power station outages — 1is the canonical empirical manifestation of this fragility [60].
Formally, the cascading failure process under the one-to-one interdependency model
proceeds as follows.

Let S C V be a set of initially removed vertices. Define V(?) = V' \ § as the initial survivor
set. The cascade unfolds in discrete rounds:

verD = Moc(v®, (EV}L ), 1=0,1,2,..., (2.5)

where MCC(-) extracts the vertex set of the largest mutually connected component of the
induced multiplex subgraph on the current survivor set. Vertices excluded from the MCC at
round ¢ are removed from V*1) as they can no longer sustain mutual connectivity. This
triggers further edge and vertex removals in subsequent rounds. The process terminates
when VU*D = V() (a fixed point), yielding the residual LMCC.

The cascade process defined by Equation (2.5) has two important properties:

Proposition 2.2.1 (Monotone Convergence of the Cascade). The sequence {V)},sq is
non-increasing: VD c VW for all t > 0. Therefore, the cascade converges to a fixed
point V* = (50 V" in at most N rounds.

Proposition 2.2.2 (Non-linearity of Cascade Damage). Let S| C Sy C V be two removal
sets. Even when |S;| = |S1| + 1 (a single additional removal), the resulting LMCC sizes can
satisfy Poo(M\ S2) < Poo(M\ S1), because the marginal removal may trigger a chain
reaction that collapses the entire LMCC. This cascade amplification makes the dismantling
problem qualitatively harder than its single-layer counterpart.

2.2.2 The Dismantling Problem

Definition 2.2.3 (Network Dismantling Problem [10]). Given a multiplex network M and a
cost function F : 2V — Ry, the network dismantling problem is to find the minimum-cost
removal set ¥ C V that reduces the normalised LMCC below the non-extensivity threshold

1/VN:

1
S* = argmin F(S) subjectto Po(M\S) < —. (2.6)
Scv VN

The threshold 1/VN is the conventional definition of non-extensivity: a component of size
o(VN) is considered negligible relative to the system size [13].

Two canonical cost regimes are considered throughout this thesis.

Unit cost. Each removed vertex costs one unit irrespective of its degree:
Funie(S) = 18] (2.7)
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Degree cost. Each removed vertex is penalised proportionally to the number of edges it
carries across all layers (edges shared between two removed vertices are counted once):

Fueg(S) = ZL:(Z K- ) Af,f)). (2.8)

=1 ‘seS§ {s.t}CS
The degree-cost regime directly quantifies structural disruption per unit of rewiring cost,
which is relevant for network-hardening applications where edge maintenance is expensive.

2.2.3 Performance Metrics

All dismantling algorithms construct sequential solutions: at each step ¢, one vertex r; is
selected, yielding the cumulative removal sequence S; = Uf.: Ari} with S = 0.

Definition 2.2.4 (Area Under the Dismantling Curve (AUDC) [25]). The area under the
dismantling curve is defined as:

N
AUDC = ﬁ ; Po(S)) [F(8) = F(S:-1)]. (2.9)

AUDC integrates the normalised LMCC size against the normalised cumulative removal
cost, generalising the robustness metric of Schneider et al. [51]. Lower AUDC indicates
more efficient dismantling.

Definition 2.2.5 (Dismantling Cost C* [25]). The dismantling cost is the smallest normalised

cost required to reduce the LMCC below the non-extensivity threshold:
F(S - 8
C* = M, S. = argmin F(S)). (2.10)
F(V) Si: Po(8)<1/VN

Both AUDC and C* lie in [0, 1]; lower values indicate superior dismantling performance.

2.2.4 Computational Hardness

The dismantling problem is NP-hard. For single-layer networks, this was established by
Braunstein et al. [10] via reduction from the minimum feedback vertex set problem. The
multiplex setting is strictly harder:

Theorem 2.2.6 (NP-Hardness of Multiplex Dismantling [44]). The network dismantling
problem on a one-to-one interdependent multiplex network M = (V,{E (f)}éi:l) under both
unit and degree cost is NP-hard for L > 1.

NP-hardness implies that exact solutions are computationally intractable for all but very
small networks (N < 20), motivating the use of approximation algorithms — including
heuristics (Section 2.3) and deep reinforcement learning (Section 2.4).

2.3 Classical Dismantling Heuristics

2.3.1 High-Degree Adaptive (HDA)

The simplest and most widely applied heuristic is the High-Degree Adaptive (HDA)
algorithm [12], which greedily removes the vertex of highest degree at each step. In the
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multiplex setting [44], HDA assigns to each vertex the maximum-layer score:

sHPA = max k'Y, 2.11)
tef !
removes arg max; slHDA, and then re-evaluates all scores on the residual graph after cascading

failures have been resolved. The adaptive re-scoring is essential for capturing the structural
changes induced by each removal. HDA is computationally efficient (O (N log N) per step
with a priority queue) but considers only immediate structural information, ignoring the
long-range cascade patterns that determine true dismantling vulnerability.

2.3.2 Collective Influence (CI)

The Collective Influence algorithm, introduced by Morone and Makse [43], is motivated by
an optimal percolation analysis of the branching process governing cascade propagation on
locally tree-like networks. The CI score of vertex i at radius £ is:
CL(i) = (ki=1) > (k=1 (2.12)
j€dBall(i,0)
where dBall(i, £) denotes the frontier of the £-hop ball centred at i (all vertices at graph
distance exactly £ from 7). The factor (k; — 1) accounts for the effective propagation of the
cascade from vertex 7, and (k; — 1) accounts for the propagation potential at each frontier
vertex. For ¢ = 0, Cly(i) = k; — 1 reduces to HDA. For ¢ = 1 (the standard setting used
throughout this thesis), CI captures second-order structural information.
In the multiplex setting, CI is extended via the maximum-score rule [44]: the global

CI _

score is s, = maxy Clgf) (i), where CIEJZ) (i) is the CI score of vertex i computed within layer

L.
2.3.3 MinSum

The MinSum algorithm [10] frames network dismantling as a constraint-satisfaction problem

and derives removal scores from a belief propagation procedure on the factor graph associated

with the minimum feedback vertex set. At each step, MinSum assigns to vertex i in layer £ a

() .. o : . : :

score r; * € [1, N] representing its position in the optimal single-layer dismantling sequence.

The global multiplex score is:

: 1

S%\/ImSum = max —,

teL 0

l

so that vertices recommended for early removal by the belief propagation in any layer receive

high global scores. MinSum achieves near-optimal performance on single-layer networks

but exhibits degraded performance on multiplex settings because it optimises layer-wise

scores independently, without modelling the cross-layer cascade coupling.

(2.13)

2.3.4 Multiplex-Specific Heuristics

Effective Multiplex Degree (EMD) [6]. EMD defines a vertex score that accounts for the
structural redundancy of its connections across layers. The impact value of the vertex i
1s the sum of the impact values of its neighbors, with the impact value depending on the
weight and the degree of the multiplex. Formally, the impact is computed iteratively from
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the message-passing equations of the interdependent percolation theory, making EMD the
most principled heuristic specifically designed for multiplex dismantling.

CoreHLDA [27]. CoreHLDA combines network recycling, tree-breaking, and k-core-based
score-refining processes. It applies a novel score fusion method in which single-layer
dismantling scores are combined across layers via a weighted aggregation guided by the
layer-wise k-core decomposition. CoreHLDA explicitly accounts for the heterogeneity of
layer-specific core structures.

2.3.5 Extension to Directed Networks

Traditional heuristics such as HDA and CI are designed for undirected graphs and fail
to capture directional cascade patterns. The Directed CI (DCI) heuristic [36] adapts
Equation (2.12) to directed graphs by restricting the £-hop ball to the out-reachable frontier:

DCL(i) = (k™ —1) Z (kK% = 1), (2.14)
jedBall* (i,0)
where dBall” (i, £) is the out-reachable frontier at distance £. DCI and HDA (extended to
directed layers) are the primary baselines for DDIN in Chapter 4.

2.3.6 Fundamental Limitations of Heuristics

All heuristics reviewed above share three fundamental limitations that motivate the deep
learning approaches developed in this thesis. We name and label them explicitly so that
Chapters 4 and 5 can refer back to them without restating the motivation:

(1) Locality. Heuristic scores are computed from at most £-hop neighbourhoods. Long-
range structural information — in particular, the inter-layer coupling patterns that
determine cascade fragility — is not accessible to local rules. This limitation is
especially severe in the directed setting, where the asymmetric out-reachable frontier
dBall™ (i, ¢) can differ radically from its undirected counterpart, making local scores
systematically misleading.

(L2) Stationarity. Scores are recomputed from scratch at each dismantling step without
learning from the history of past removals. Delayed cascade effects — where removing
a low-scoring vertex today dramatically accelerates LMCC collapse later — cannot be
anticipated by any heuristic that evaluates each step independently.

(L3) Independence across layers. The maximum-score rule aggregates single-layer scores
by taking the per-layer maximum; it does not model the joint cross-layer dependencies
that determine the cascading failure dynamics formalised in Equation (2.5). A vertex
critical to the LMCC because of its simultaneous position in the k-cores of multiple
layers receives no additional score credit relative to a vertex critical in only one layer.

We refer to these as limitations L1-L3 throughout the thesis. DDIN (Chapter 4) addresses L1
and L3 in the directed multiplex setting by replacing static heuristic scoring with a learned
asymmetric GNN policy that captures directed cross-layer dependencies. KARL (Chapter 5)
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addresses all three by using a KAN-based GNN-DRL agent whose learnable non-linear
activations capture long-range cascade patterns through multi-step temporal-difference
learning.

2.4 Deep Reinforcement Learning for Graphs

2.4.1 Markov Decision Process Formalism

Definition 2.4.1 (Markov Decision Process [54]). A Markov Decision Process (MDP) is a
tuple (S, A, T, R, y) where S is the state space, A is the action space, T : SX A — A(S)
is the transition kernel, R : S X A — R is the reward function, and y € [0, 1) is the discount
factor.

The agent learns a policy 7 : & — A(A) that maximizes the expected discounted return:

J(m) = B,

Z V'R (s, at)] : (2.15)
=0

The optimal action-value function Q* (s, a) satisfies the Bellman optimality equation [62]:
Q*(s,a) = R(s,a) + vy Z T (s'|s,a) max Q*(s",a’), (2.16)
al
s/

and the optimal policy is 7*(s) = arg max, Q*(s, a).
2.4.2 Deep Q-Networks

Definition 2.4.2 (Deep Q-Network [42]). A Deep Q-Network (DQN) approximates Q (s, a)
with a neural network Q(s, a;6) parameterised by 6. The parameters are updated by
minimising the mean-squared Bellman residual over a replay buffer B:

n 2
Loon(0) = Egsars~us) (F +ymaxQ(s',a’s07) — Q(s, a; 9)) ] : (2.17)

where Q(-;607) is a target network with parameters 8~ copied from 6 periodically (every C
gradient steps), and U (B) denotes uniform sampling from the replay buffer.

Two key stabilisation techniques are employed: (i) experience replay [42], which breaks
temporal correlations by storing and replaying past transitions (s, a, r, s’); and (ii) the target
network, which provides stable regression targets by delaying parameter updates.

n-Step Returns. To capture delayed reward effects — particularly important for dismantling,
where removing a non-critical node today may unlock a cascade tomorrow — the n-step TD

target is used:
n—1

yi = D ¥y + Y max Qseen, d's67), (2.18)
j=0

replacing the one-step target r + y max, Q(s’, @’;8~) in Equation (2.17). Both DDIN and
KARL use n = 5-step returns.

21



Prioritised Experience Replay. Standard DQN samples transitions uniformly from 8. Priori-
tised Experience Replay (PER) [50] assigns higher sampling probability to transitions with
large temporal difference (TD) error, accelerating learning from informative experiences.
The sampling probability of transition 1 is:
. p?PER

P(i) = ZkTZPER’
where p; = |0;| + epgr is the priority (based on TD error 9;), and apgr € [0, 1] controls the
degree of prioritisation (o = 0: uniform sampling). The induced sampling bias is corrected
by importance-sampling weights:

(2.19)

1 Bis
w; = (N-P(i)) /m]aij, (2.20)

where s 1s annealed from 0.4 to 1.0 over training to ensure asymptotic unbiasedness.

2.4.3 GNN-DRL Paradigm for Network Dismantling

The integration of Graph Neural Networks with DQN for combinatorial optimisation on
graphs was pioneered by Khalil et al. [29] (S2V-DQN), which showed that node embeddings
from a structure-to-vector GNN can serve as action representations in Q-learning. This
paradigm was applied to single-layer network dismantling by the following sequence of
works.

FINDER [23]. FINDER was the first method to apply GNN-DRL to single-layer network
dismantling without requiring supervised labels from exact solutions. It uses a graph
convolutional encoder to produce node embeddings and trains a DQN agent to select nodes
for removal. Virtual nodes are introduced as state representations, providing a global
receptive field. FINDER trains on small Barabési-Albert graphs and generalises zero-shot
to large real-world networks.

NIRM [66]. The Neural Influence Ranking Model (NIRM) extends FINDER with local and
global scoring mechanisms, eliminating the need for handcrafted input features. NIRM
trains on small networks (20-30 nodes) without any node feature engineering, relying
entirely on structure.

GDM [24]. Grassia et al. proposed a machine-learning dismantler (GDM) that learns dis-
mantling policies from exact solutions on small graphs, achieving early-warning capabilities
for imminent network disintegration.

2.4.4 MultiDismantler: The State-of-the-Art Baseline

MultiDismantler [25] is the first learning-based algorithm specifically designed for disman-
tling one-to-one interdependent multiplex networks. It establishes the current state of the
art and serves as the primary baseline for both contributions of this thesis. We describe
its architecture in full detail, as Chapters 4 and 5 propose targeted improvements to each
component.
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Multiplex Graph Neural Network (MGNN) Encoder

The encoder consists of (i) an intralayer graph convolutional network and (i1) a node-level
interlayer attention mechanism.

Node feature initialisation. For each layer ¢, the initial feature of vertex v is computed from
its normalised degree:

RO Norm(ReLU(Wl - XV“))) , 2.21)

where X V({) = kgf) / kr(fgx is the degree of v normalised by the maximum layer degree, W is
a trainable weight matrix, and Norm(-) denotes £;-normalisation.

Intralayer GCN update. Node embeddings are iteratively refined over K message-passing
rounds:

RO Norm| ReLU| W - {W3 - h’;‘m} Uiwy- ST RSO 222)
JENO(v)
where W>, W3, W, are trainable matrices, U denotes concatenation, and NV (f)(v) 18 the
neighbourhood of v in layer £. The final intralayer representation is hﬁg) = hf’(f).

Cross-layer alignment. Before interlayer attention, embeddings are projected into a shared
latent space using a tanh transformation:

RO = tanh(Ws-hﬁ") +b1), (2.23)

where W5 is a trainable matrix and b, a trainable bias.

Node-level interlayer attention. The attention weight ' "% quantifies the influence of layer
q on layer ¢ for vertex v, computed via the Hadamard product of the two layer-specific
embeddings:

exp(W6 : (ﬁi‘” © ’NL‘(,C])) + bz)

agl“—q) _

Sei exp(W6 : (ﬁﬁ") o E\(}p)) N bz)’ (2.24)

where © denotes the element-wise Hadamard product, W4 is a trainable matrix, and b; a
bias vector.

Final node embedding. The cross-layer attention values are used to aggregate representations
from all other layers into a single final embedding:

L

27 =)+ Y o PR (2.25)
p=1
p#l
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Decoder and Q-Value Computation

Virtual-node state embedding. Each layer £ contains a virtual node s that is directed to all

real nodes but has no in-neighbours, providing a global summary of the layer state. Its

embedding zy) is computed by the same MGNN encoder.

Layer-specific Q-value. The expected reward of removing vertex v under the state of layer ¢ is:
09(s,a,) = M, - ReLU(z§f) x 20 Mz) , (2.26)

where M, M, are learnable weight matrices and X denotes the outer product, which models
fine-grained state-action dependencies [23].

Layer importance weighting. The contribution of each layer to the final Q-value is determined
by a learned softmax-weighted combination:

exp(M4 . ReLU(M3 . zy)))
w0 =

Zlé:l exp(M4 . ReLU(M3 : z§p)))

(2.27)

where M3, VI, are trainable matrices.

Final Q-value. The global action value is the weighted average of layer-specific values:
L
O(s,a) = ) W 0" (s,a,). (2.28)
p=1
Reward and Loss

Immediate reward. The reward for removing vertex v at step 7 is:
r(v) = Po(S:) - F({v}), (2.29)

where P (S;) is the normalised LMCC size after the cascading failure resolution triggered
by removing v, and F({v}) is the per-vertex cost (1 for unit cost; ), kgf) for degree cost).

Total loss. MultiDismantler optimises a composite loss combining the n-step Q-learning
loss and a graph reconstruction loss:

Lo(8) = Eisary~us) [ = Q(srar 6))?] (2.30)
L N )

Le(@) = > AP Hzl.(l’)—z](.P)H , 2.31)
p=1i,j=1 2

Lo (6) = Lo(0) + B Lr(H), (2.32)

where S balances the two objectives. The reconstruction loss Lr encourages structurally
adjacent nodes to have similar embeddings, regularising the encoder against learning
representations that ignore topology.
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Remark 2.4.3 (Two Limitations of MultiDismantler). Every learnable map in MultiDis-
mantler — both in the MGNN encoder (Equations (2.21)—(2.22)) and the MLP decoder
(Equations (2.26)—(2.27)) — is an affine transformation composed with a fixed nonlinearity.
This bounds per-edge representational capacity to a fixed-degree polynomial, constituting
the Functional Limitation addressed by KARL in Chapter 5. Note that this is distinct
from the heuristic limitations L1-L3 of Section 2.3.6: MultiDismantler already overcomes
L1-L3 by learning a multi-step RL policy over a multiplex GNN encoder; the Functional
Limitation is a ceiling on the expressivity of that encoder and decoder, not on the learning
paradigm itself. Additionally, MultiDismantler assumes undirected, symmetric intra-layer
edges (A© = (AD)T), making it inapplicable to directed interdependent networks; this is
the Topological Limitation addressed by DDIN in Chapter 4. The formal mathematical
analysis of both limitations is deferred to the respective contribution chapters.

2.5 Graph Neural Networks
2.5.1 The Message-Passing Framework

The general message-passing neural network (MPNN) framework [64] describes a broad
class of GNN architectures by two operations applied iteratively. At layer k, each vertex v
aggregates messages from its neighbours and then updates its own embedding:

m\" = AGGREGATEW ({h{™" : u e N(v)}), (2.33)

h'Y = COMBINE® (RS*™D, m!V). (2.34)

Different choices of AGGREGATE and COMBINE yield different GNN architectures. After
K message-passing iterations, the vertex embedding hﬁK) encodes structural information
from within K hops of v.

Theorem 2.5.1 (Expressive Power of Message Passing [64]). A GNN with AGGREGATE
and COMBINE implemented by injective multiset functions is at most as powerful as the
Weisfeiler-Lehman (WL) graph isomorphism test in distinguishing non-isomorphic graphs.
The Graph Isomorphism Network (GIN), which uses sum aggregation, achieves this upper
bound.

2.5.2 Graph Convolutional Networks (GCN)

Definition 2.5.2 (Graph Convolutional Network [30]). The Graph Convolutional Network
(GCN) defines the update rule:

H*D = (D PAD PHOW®), (2.35)

where A = A + I is the adjacency matrix with self-loops, D;; = 3. j A, ; 1s the corresponding
degree matrix, W ¥ is a learnable weight matrix, and o is a nonlinearity.

The symmetric normalisation D~'/2AD~!/? implements a degree-normalised mean
aggregation with a self-loop. GCN forms the basis of MultiDismantler’s intralayer encoder
(Equation (2.22)).
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2.5.3 GraphSAGE: Inductive Representation Learning

Definition 2.5.3 (GraphSAGE [26]). GraphSAGE uses a two-stage update: aggregation over
the neighbourhood followed by a concatenation-and-projection combine:

R0 = o-(W(k) - CONCAT(h&"‘”, AGG ({h™" 1w e N(v)}))) , (2.36)
where AGGy, is a permutation-invariant function (mean, max, or LSTM pooling).

GraphSAGE’s inductive nature — generating embeddings from local neighbourhoods
without reference to the global graph — is critical for the zero-shot generalisation required
in dismantling: the model trained on 30-50 node synthetic graphs must apply without
retraining to 56,562-node real networks.

Asymmetric GraphSAGE for Directed Networks

Standard GraphSAGE applies a single aggregation over the symmetric neighbourhood N (v).
For directed graphs, this loses the directional flow information encoded in N*(v) and
N~ (v). DDIN (Chapter 4) introduces an asymmetric GraphSAGE encoder that separates
in-neighbourhood and out-neighbourhood aggregations:

hﬁ = ReLU(Wout[a:v; MeanAgg({hi U — v})] + Wi [:IZV; MaxAgg({hi V> u})]) ,

(2.37)
where Wy, Wi, € R¥?4 are independent learnable weight matrices and [- ;-] denotes
concatenation. MeanAgg over in-neighbours captures the aggregate upstream influence
received by v, while MaxAgg over out-neighbours captures the dominant downstream target
controlled by v. This design is motivated by the directional semantics of biological and
economic networks: removing a high-out-degree gene disrupts many downstream regulatory
targets, while removing a high-in-degree gene eliminates a convergence point for upstream
regulatory signals.

Remark 2.5.4 (Semantic Rationale for Asymmetric Aggregation). The choice of mean
pooling for in-neighbours and max pooling for out-neighbours is not arbitrary but is
grounded in the directional information content of each neighbourhood type. In a gene
regulatory network, N~ (v) consists of all upstream regulators of gene v: their collective
effect on v is naturally summarised by an average signal, since v integrates inputs from all
of them. Conversely, N*(v) consists of all genes controlled by v: the dismantling value
of removing v is determined by the most critical downstream gene it governs, making
max pooling the semantically appropriate aggregator. In FAO Trade networks (364 layers),
the same asymmetry applies: an exporting country’s trade impact is best summarised by
its largest single export relationship (max over out-neighbours), whereas an importing
country’s vulnerability is captured by the average quality of its supply sources (mean over
in-neighbours). A symmetric aggregation over N'(v) = N7 (v) U N*(v) conflates these
two distinct signals and systematically underestimates the cascade-initiating potential of
high-out-degree hubs.
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2.5.4 Graph Attention Networks (GAT)

Definition 2.5.5 (Graph Attention Network [58]). GAT replaces fixed neighbourhood
aggregation weights with learned attention coefficients. For vertex v attending to neighbour
u:

eyu = LeakyReLU(a"[Wh, || Wh,]), (2.38)
a,, = softmax,(e,,) = exp(eva) , (2.39)
ZWEN(V) exp(evw)
W, = ol > a.Wh,|. (2.40)
ueN ()

Multi-head attention is typically used: H independent attention mechanisms are computed
and their outputs concatenated or averaged.

2.5.5 Multi-Relational Attention for Interdependent Networks

In multiplex dismantling, the inter-layer dependencies require cross-graph attention beyond
the single-graph GAT formulation. DDIN employs a multi-relational attention layer that
computes directional cross-layer attention for each target layer ¢:

Q= softmax(LeakyReLU(aT[Wh€ I Whﬁ’])), (2.41)

yielding the fused embedding h, = 0wt Qlp hﬁ’. This extends the Heterogeneous Graph
Transformer [28] and muxGNN [40] to the directed interdependent multiplex setting.

2.5.6 Over-Smoothing and Depth Limitations

A well-known failure mode of deep GNNss is over-smoothing [64]: repeated neighbourhood
averaging drives all vertex embeddings toward the same mean vector, destroying local
structural information. MultiDismantler, DDIN, and KARL all apply ;-normalisation after
each message-passing step to constrain embedding norms and mitigate over-smoothing.
KARL additionally employs a macroscopic residual branch (Section 5.1.7) that provides
a skip connection bypassing the neighbourhood aggregation, offering a complementary
mechanism against embedding collapse.

2.6 Kolmogorov-Arnold Networks

2.6.1 The Kolmogorov-Arnold Representation Theorem

Theorem 2.6.1 (Kolmogorov-Arnold Representation [35]). Every multivariate continuous
function f : R" — R can be represented as a superposition of uni-variate functions:

2n+1 n
FOrnxn) = ) @l > 0g,(xp) |, (2.42)
q=1 p=1

where @, : R — R and ¢, , : R — R are continuous univariate functions.

The KA theorem differs fundamentally from the universal approximation theorem for
MLPs [5], which guarantees that a sufficiently wide single hidden layer can approximate any

27



continuous function. The MLP theorem requires width growing with the target function’s
complexity, while the KA theorem guarantees exact representation with a fixed two-layer
structure, at the cost of requiring the univariate functions to be adapted to the target.

2.6.2 Kolmogorov-Arnold Networks (KANs)

Motivated by Theorem 2.6.1, Liu et al. [35] proposed Kolmogorov-Arnold Networks (KANs)
as a learnable alternative to MLPs. Whereas an MLP applies a fixed nonlinearity o to
learned affine combinations, a KAN places learnable univariate functions directly on
network edges:

Definition 2.6.2 (KAN Layer [35]). A dj, input dimensional KAN layer with output
dimension d,,; computes:
din
KAN(x); = D (), j =1, dow (2.43)
i=1
where each ¢;; : R — R is a learnable univariate function, typically parameterised as a
B-spline.

The key distinction from an MLP layer h = oo (W x + b) is that MLP applies a single global
weight W;; to input coordinate x;, whereas KAN adapts the functional form ¢;; of the
transformation per edge. This gives KANs a strictly larger per-edge function family at any
fixed parameter budget (Proposition 5.4.9 in Chapter 5).

2.6.3 B-Spline Parameterisation

Following Liu et al. [35], each KAN edge function is parameterised as a B-spline:
G+k
o(x) = wlb(x) + Z C; Bf(x; G)|, (2.44)
i=1
where w is a learnable scaling weight, b(x) = SiLU(x) is a base activation, c; are trainable
spline coeflicients, G is the grid resolution (number of knot intervals), k is the spline order,
and Bf (x; G) are the B-spline basis functions defined by the Cox—de Boor recurrence.

B-Spline Basis Functions and the Cox-de Boor Recurrence

Given a uniform knot vector t = (¢p < 11 < --- < tg+2r) With k-fold boundary knots on
[—1, 1], the B-spline basis functions of order k are defined recursively as [14]:

B)(x) = 1[t; S x < 1], (2.45)
Bf(x) = =L BFl(x) + —KHLTE phel(y) (2.46)
i+k — i Livk+1 — Li+1

where 1[-] is the indicator function. B-splines of order k are piecewise polynomials of
degree k — 1 with C¥=2 continuity at each interior knot. In particular, cubic B-splines
(k = 3) are C*-continuous, ensuring smooth gradient propagation through the spline grid
during backpropagation — a property that is critical for the stability of KARL’s encoder
(Proposition 5.4.5).
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Approximation quality. By the classical B-spline approximation theorem [14], a uniform
B-spline of order k on a grid of G intervals approximates any C¥*! function f on a compact
domain to:

If = Soflle < Ci-G™0#D [ g0 (2.47)

)OO

where C; depends only on the spline order. This O(G~**1) algebraic convergence rate
motivates the grid resolution ablation in Section 5.6.2: larger G increases approximation
capacity but also risks overfitting the training distribution.

2.6.4 The EfficientKAN Vectorised Implementation

Naive evaluation of Nygve - din independent univariate functions is computationally pro-
hibitive. The EfficientKAN implementation [35] vectorises the computation as:

KAN(x) = Wyye o (x) + WsplineB(m), (2.48)

where o (-) is the SiLU base activation, B(x) € R%n(0+k) gtacks all B-spline basis
evaluations, Wi, € R%u*din ig the base weight matrix, and Wepline € RAouxdin(G+K) gre the
spline control weights. The per-layer parameter count is doy - din, - (G + k + 1), compared to
doyt - din, for an MLP — a factor of (G + k + 1) overhead per layer (14x for G = 10, k = 3,
as used in KARL).

2.6.5 Gradient Instability of KANs in Off-Policy RL

Embedding KAN layers inside an off-policy RL loop on scale-free graphs introduces
instability modes that are absent in the standard supervised learning setting for which KANs
were originally designed [35]. Two mechanisms are particularly relevant to the architecture
of KARL.

The first is non-stationary target-induced oscillation. The B-spline basis relies on a
fixed knot grid t over the input domain [—1, 1]. In off-policy Q-learning, the regression
target y, (Equation (2.18)) changes at every gradient step as the policy improves. As the
input distribution drifts, certain regions of the spline grid receive disproportionately dense
activations while others starve, producing boundary oscillations analogous to the Runge
phenomenon discussed in Section 2.6.6.

The second 1s hub-node gradient explosion. Real-world multiplex networks are scale-
free: hub nodes with very high degree produce aggregated neighbourhood features of large
{>-mass, pushing post-tanh activations toward the domain boundary where the B-spline
derivative is largest. Unrolled over multiple message-passing iterations, this induces a
worst-case gradient norm that grows polynomially in the hub degree — an interaction
between the graph topology and the spline parameterisation that is unique to graph-domain
RL.

The formal quantification of both instability modes — including a worst-case gradient
norm bound parameterised by the graph branching factor 8,.x and the B-spline Lipschitz
constant L, — is deferred to Chapter 5 where the specific architectural solutions (the
macroscopic residual branch and the orthogonal Chebyshev Q-head) are presented alongside
their theoretical justifications (Proposition 5.4.1 and Proposition 5.4.5).
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2.6.6 The Runge Phenomenon and Chebyshev Polynomials

For polynomial interpolation of degree K through K + 1 equispaced nodes, the Lebesgue
constant governs the interpolation error:

K 2K
Ax = su ti(x)] = O|l—|, 2.49
where ¢; are the Lagrange basis polynomials [56]. The exponential growth Ax = 0(2%)
implies that the approximation error bound (1 + Ag)Ek(y;) diverges exponentially in K,
producing the Runge phenomenon: spurious oscillations near the domain boundary that
amplify the non-stationarity of TD targets.

The Chebyshev polynomial basis {Tk}f=0 satisfies the minimax property: among
all polynomials of degree K with leading coefficient 2!~X, the Chebyshev polynomial
Tk (x) = cos(K arccos x) has the smallest sup-norm on [—1, 1]. The truncated Chebyshev
projection Sk [ f] achieves:

17 =Skl llle < (14 20K + 1)+ O(K )| Ex(f), (2.50)

where Ex(f) = minpep, || f — P||w is the best-approximation error [49]. The logarithmic
growth O(InK) of the multiplicative constant — compared to the exponential @(2%)
Lebesgue constant of equispaced interpolation — makes Chebyshev projection far more
stable for approximating the non-stationary TD targets encountered in oftf-policy RL. This
approximation-theoretic argument directly motivates the orthogonal Chebyshev Q-head in
KARL (Section 5.3).

Remark 2.6.3 (Architectural Foreshadowing: B-Splines in the Encoder, Chebyshev in the
Q-Head). The background established in this section directly determines the architecture
of KARL, presented in Chapter 5. B-spline KANs are used for intra-layer message
passing (the encoder) and for the cross-layer attention projections (the KANformer),
because the encoder’s task is representational expressivity: capturing high-frequency,
non-smooth per-node vulnerability patterns that fixed affine maps cannot resolve. For
this role the O(G~(¥*1) algebraic approximation rate of B-splines is appropriate, and the
residual branch (Section 5.1.7) is introduced to manage the gradient instability described
in Section 2.6.5. Chebyshev polynomial KANs are used exclusively for action-value
regression (the Q-head), because this component must regress non-stationary TD targets
where the stability of the approximator is paramount. The logarithmic operator-norm bound
of the Chebyshev projection (Equation (2.50)) provides the near-minimax guarantee that
B-splines — susceptible to the Runge phenomenon under non-stationary input distributions
— cannot offer. These two roles require different function families: expressivity for the
encoder, stability for the decoder.

2.6.7 Related KAN Architectures

Res-KAN [52]. Siddiqui and Elmi proposed integrating KAN layers with ResNet-style skip
connections for human action recognition. This architecture operates in a supervised
learning setting on Euclidean data and does not address the RL-specific gradient instability
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of deep B-spline layers on graph-structured inputs. KARL’s macroscopic residual branch
(Equation (5.8)) is conceptually related but specifically designed to stabilise gradient
propagation through scale-free multiplex aggregators.

KANG [34]. Carlo et al. introduced Kolmogorov-Arnold Graph Neural Networks, which
replace MLP aggregation functions in GNNs with B-spline KANs. KANG demonstrated
that KAN-based aggregators capture localised, high-frequency structural motifs without
catastrophic oversmoothing on graph classification tasks. However, KANG operates in the
static supervised setting; KARL is the first work to embed a residual Graph KAN within an
off-policy RL loop for combinatorial optimisation.

Kolmogorov-Arnold Transformer (KAT) [65]. Yang and Wang replaced the MLLP components
of transformer attention blocks with KAN layers, achieving improved performance on image
classification and language tasks. The KANformer module in KARL (Section 5.2) applies
an analogous substitution to the Q/K/V projections of the cross-layer attention mechanism,
with the additional challenge that the transformer operates over the non-stationary node
embedding space of a graph RL agent.

2.7 Summary of Research Gaps

The preceding sections have characterised the state of the art in network dismantling,
deep reinforcement learning on graphs, graph neural networks, and Kolmogorov-Arnold
Networks. Table 2.1 provides a structured summary of the two research gaps that this thesis
addresses, mapping each gap to the prior methods it affects and the contribution that resolves
it.

Two points of clarification are important for the thesis narrative.

First, the two gaps are orthogonal: addressing the topological limitation (directed graphs,
DDIN) does not address the functional limitation (expressivity, KARL), and vice versa.
A directed multiplex network can still suffer from fixed-affine functional capacity; an
undirected multiplex network does not benefit from asymmetric aggregation.

Second, the two limitations are not additive in the sense that combining the fixes would
yield the sum of their improvements. The interaction between directed aggregation and
KAN-based functional expressivity is the open synthesis direction identified in Section 7.3.1.
The empirical contributions of this thesis — 16-23% AUDC reduction (DDIN) and
21.96% AUDC reduction (KARL) over their respective baselines — represent independent
evaluations of each fix in its own structural setting. The empirical results in Chapters 4 and 5
therefore constitute independent validations of each architectural fix, and the performance
gains reported therein cannot be attributed to a shared confound.

The remaining dissertation is organized as follows. Chapter 3 establishes the shared
mathematical framework — the network generation models, MDP formulation, cost regimes,
and evaluation metrics — used by both contributions. Chapter 4 presents DDIN, the first RL
agent for directed interdependent multiplex dismantling. Chapter 5 presents KARL, the first
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Table 2.1: Summary of research gaps addressed in this thesis.

Gap Root Cause Methods Affected Addressed
By

Topological All existing GNN-DRL FINDER, NIRM, GDM, DDIN (Chap-
Limitation: Di- agents wuse symmetric MultiDismantler, and all ter 4)
rected intra-layer neighbourhood aggrega- heuristics (HDA, CI, Min-
edges and asym- tion (N (v) without sep- Sum, EMD, CoreHLDA)
metric cascade aration of AN*(v) and when applied to directed
propagation are AN~ (v)). Connectivity cri- multiplex networks.
not modelled. terion MCC fails to cap-

ture directed mutual reach-

ability.
Functional Lim- Every learnable transfor- MultiDismantler (primary KARL
itation: Fixed mation in MultiDisman- baseline), FINDER, (Chapter 5)

affine MLP pro-
jections cannot
represent  the
high-frequency,
non-smooth
per-node vulner-
ability functions
governing  cas-
cading fragility.

tler’s MGNN encoder and
MLP decoder applies a
global affine map Wax + b
followed by a fixed nonlin-
earity. Per-edge capacity is
bounded by a fixed-degree
polynomial.

NIRM, GDM — all GNN-
DRL agents for undirected
multiplex dismantling.

KAN-RL agent for multiplex network dismantling. Chapter 6 synthesises and compares the

two contributions. Chapter 7 concludes with a discussion of future directions.
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Chapter 3

Preliminaries and Mathematical Formulation

This chapter establishes the shared mathematical framework underpinning the two primary
contributions of this thesis. Chapter 4 addresses the directed interdependent multiplex
dismantling problem via the DDIN framework, and Chapter 5 addresses the undirected
interdependent multiplex dismantling problem via the KARL framework. Both approaches
share three design pillars: they train exclusively on synthetic multiplex networks generated
by a parameterisable random graph model; they cast sequential node removal as a Markov
Decision Process (MDP) solved by off-policy deep reinforcement learning; and they are
evaluated by a common set of performance metrics on real-world benchmark datasets.

Consolidating the underlying mathematics in a single chapter serves a dual purpose. It
keeps Chapters 4 and 5 focused on architectural innovations rather than on foundational
derivations, and it makes explicit the precise points at which the two settings diverge
— directed versus undirected intra-layer topology, MSCC versus LMCC as the critical
component, asymmetric versus symmetric reward signals — so that the reader can appreciate
each methodological choice against a shared baseline.

Section 3.1 develops the generative models used for synthetic training: the standard
undirected Geometric Multiplex Model (GMM) employed by KARL, and the Directed
Geometric Multiplex Model (D-GMM) introduced for DDIN. Section 3.2 formalises the
dismantling MDP in both the undirected and directed settings, providing a rigorous account
of the state space (including node features, virtual-node augmentation, and component-
membership indicators), the action space and cascade-failure transition operator, and the
reward functions (including the n-step return structure and prioritised experience replay).
Section 3.3 gives precise definitions of all cost regimes (unit, degree, directed degree, and
random cost), the two scalar performance metrics (AUDC and C*) in their MDP-context
formulations, and the non-parametric statistical testing protocol used to establish significance
of the reported results.

Throughout the chapter, remarks flag the precise structural choices that motivate the
architectural innovations presented in Chapters 4 and 5.

3.1 Network Generation Models

A defining methodological feature shared by DDIN and KARL is the use of purely
synthetic training data. Both agents are trained exclusively on small randomly generated
multiplex networks (N € [30, 50] nodes) and subsequently evaluated zero-shot on large
real-world benchmarks reaching up to N = 56,562 nodes. This training regime is feasible
because the generative model captures the salient structural properties — scale-free degree
distributions, geometric inter-layer correlations, and cascading failure dynamics — that
determine dismantling difficulty in practice.

The Geometric Multiplex Model (GMM) [32,33] is the common training framework.
Section 3.1.1 presents the standard undirected variant used by KARL; Section 3.1.2 derives
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the directed extension (D-GMM) introduced for DDIN; Section 3.1.3 specifies the training
corpus and held-out synthetic evaluation suites common to both contributions.

3.1.1 The Undirected Geometric Multiplex Model

The Geometric Multiplex Model constructs a multiplex network M = (V,{E (5)}£:1> with
L undirected layers by embedding N shared nodes in a common hyperbolic space and
generating layer-specific edges via a proximity-based connection probability [32].

Hyperbolic disk embedding. Each node i € V is assigned a pair of geometric coordinates:
an angular coordinate 91.(1) € [0,2r), drawn independently and uniformly, and a radial
coordinate r; € [0, R], determined by the node’s expected degree. The disk radius is set to:

R =2 IH_L_,
sin(nT) k
where T € (0, 1) is a temperature parameter governing local clustering and & is a normalisa-
tion constant derived from the expected mean degree k and the power-law exponent y of the
degree distribution [8].

3.1)

Hidden degree variables. Each node i € V is assigned a hidden degree variable k; > 0 drawn
independently from the Pareto distribution:

P(k) = (y=D«)'k?, k2 kmin >0, (3.2)

where y > 2 is the power-law exponent and kp,, 1s the minimum expected degree. The
expected degree of node i in any individual layer satisfies E[kl.(g)] ~ k;, so the degree
sequence of each generated layer follows a power law with exponent .

Radial coordinates. The radial coordinate of node i is determined from its hidden degree
variable by the bijection:

2 i
r= Rl g =qy—1>1. (3.3)
,8 Kmin

Nodes with large expected degree («; > kpniy) are placed near the disk centre (r; = 0),
while peripheral low-degree nodes are placed near the boundary (r; = R). This embedding
reproduces the hub-and-spoke topology of scale-free networks within a hyperbolic geometry.

Interlayer angular correlation. The interlayer similarity parameter g € [0, 1] measures the
degree to which a node’s angular position is preserved across layers. For layer £ > 2, the
angular coordinate of node i is:

0 _ (1) (0)
0, = [g6,” +(1—g)¢&" | mod 2n, (3.4)
where fl.(f) ~ Uniform[0, 27) is an independent angular perturbation for layer ¢ [32]. When
g = 1, all layers share identical angular coordinates and exhibit identical community

structure; when g = 0, the angular positions in each layer are completely independent. Real
multiplex networks typically exhibit g € (0.2,0.8) [32,33].
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Connection probability. The probability of an undirected edge {i, j} € E is determined by
the Fermi-Dirac function of the hyperbolic distance between i and j in layer ¢:

o _ 1
pij = TRV (3.5)

2T

I +exp

where the hyperbolic distance within the Poincaré disk model is:
) _ g0
;" -0,

2
Edges {i, j} € E© are drawn independently with probability pff) given by Equation (3.5).

Node pairs geometrically close in the hyperbolic disk — either because both are hubs with
small r;, r;, or because their angular positions are similar — are more likely to be connected.

Since pgf) = p%), the resulting layer is undirected by construction.

dl.(f) = r;+r; +21Insin (3.6)

Key structural properties. GMM-generated multiplex networks exhibit the following proper-
ties that have been empirically verified by Kleineberg et al. [32] and are directly relevant to
the dismantling problem:

(P1) Scale-free degree distribution. Each layer exhibits a power-law degree distribution
P(k) ~ k™7 for large k, with exponent matching the hidden degree exponent in
Equation (3.2).

(P2) High clustering. Geometric correlations induce clustering coeflicients substantially
exceeding those in Erdds-Rényi graphs of the same density, consistent with empirical
social and biological networks.

(P3) Tunable interlayer community overlap. The parameter g controls whether high-
coreness nodes in one layer are also high-coreness nodes in other layers, a property that
critically determines cascade fragility under the Buldyrev one-to-one interdependency
model [11].

(P4) Non-trivial dismantling difficulty. In contrast to Barabasi-Albert (BA) graphs, GMM
networks combine geometric inter-layer structure with power-law degree distributions.
Gu et al. [25] showed empirically that MultiDismantler trained on BA networks
transfers poorly to GMM-based real-world networks, while training on GMM graphs
yields strong zero-shot generalisation. This result motivates the adoption of GMM as
the training corpus for both DDIN and KARL.

3.1.2 The Directed Geometric Multiplex Model (D-GMM)

The standard GMM produces undirected layers because the connection probability in
Equation (3.5) is symmetric in i and j. Directed multiplex networks — modelling gene
regulatory cascades, global supply chains, financial transaction flows, and social media
influence propagation — require a generative model that produces asymmetric intra-layer
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connectivity, where the probability of the arc (i — j) is substantially different from that of
the reverse arc (j — i).

We introduce the Directed Geometric Multiplex Model (D-GMM) [20], an extension of
the GMM that endows each node with separate hidden degree variables governing its out-
degree and in-degree, and introduces a directional bias parameter that drives high-out-degree
nodes to connect preferentially to high-in-degree nodes.

Separate hidden degree variables. Each node i € V is now assigned two independent hidden
degree variables:

K?ut ~ Pou(K) = (You— 1) Kr?l(l);t_l K7, K 2 Kmin, (3.7)

. 1
K;-n ~ Pin(K) = ("}/in_ 1) Krzin

drawn independently for each node. The exponents vy, and y;, can differ, enabling the
model to reproduce empirically observed discrepancies between in-degree and out-degree
distributions in directed biological and economic networks [2]. By construction of the

connection probability below, E[kl.(g)’om] = k" exactly (out-degree is calibrated by design),

K K> Kmins (3.8)

and E[kl.([)’in] ~ Kj.n (in-degree is approximately calibrated via the symmetry of the weight
function over a large population).

Directional connection probability. Define the unnormalized arc weight of the potential arc
(i — j) in layer ¢ as:

w0 2 ! exp( (k" - Ki-n)), (3.9)

ij (0) Ki J
A0;) — R

I +exp

where AG(@ |9(€) 9§€)| is the angular separation and @ > 0 is the directional bias

parameter. The arc (i — j) € EO is drawn as an independent Bernoulli random variable

with probability:
(0)

W
(6) ij
Z;
where the per-node, per-layer normalisation constant 1s:
¢ ¢
Zi( : = out Z wl(k)’ (3.11)
Ki k+i
chosen so that the expected out-degree satisfies:
k(f) out Z pl(i))] — K?Ut (312)
J#

exactly. For well-conditioned sparse networks (k{"* < N), the per-arc probability satisfies
pl(ﬁj < 1 with high probability because no single weight w(]) dominates the sum ), w( ),

Arc realizations are independent across all ordered pairs (7, j) and across layers.

Remark 3.1.1 (Interpretation of ). The two multiplicative factors in Equation (3.10) serve
complementary roles. The first factor, inherited from the standard GMM, enforces the
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geometric proximity condition: nodes that are angularly close in the hyperbolic disk are more
likely to share a directed arc. The second factor, exp(a («"" — Kijn)), introduces directional
asymmetry. When @ > 0, nodes with high out-degree hidden variable «{" preferentially
connect to nodes with high in-degree hidden variable K;.n, producing a source-sink hierarchy

in which high-x°" hubs drive cascades toward high-«™ convergence points. When « = 0,
the directional bias factor equals 1 and the D-GMM reduces to a directed variant of the
GMM with approximately symmetric arc probabilities.

Remark 3.1.2 (Asymmetric cascade propagation). A directed arc (i — j) encodes a
unidirectional dependency: the failure of node i can propagate to node j (if i is the source
of a regulatory or logistic input), but not vice versa. This is the defining property of directed
interdependent networks [60]: unlike the Buldyrev cascading failure model for undirected
multiplexes, directed cascades propagate through the strongly connected components (SCCs)
of the directed residual graph, and the relevant critical structure is the Mutually Strongly
Connected Component (MSCC) rather than the Largest Mutually Connected Component
(LMCC). The D-GMM is specifically designed to produce networks with a large, structured
MSCC and non-trivial asymmetry between p;_,; and p;_,;, ensuring that the DDIN agent
faces a genuinely difficult directed dismantling problem during training.

Multi-layer directed construction. The full D-GMM multiplex is constructed by generating L
independent directed layers over the shared vertex set V, with angular positions correlated
across layers via the interlayer similarity parameter g following the same rule as Equation (3.4).
Inter-layer dependencies remain undirected and bidirectional in the one-to-one sense:
removing node v from any layer simultaneously removes its replicas from all L layers [11].

Definition 3.1.3 (D-GMM Multiplex). A D-GMM multiplex with parameters (N, L, Yout, Vin, k, g, T
is the random object G = (V, {E (‘))}gzl), where:

1. Each node i € V is assigned coordinates (r;, 91.(1)) via Equations (3.3) and (3.4), and
independent hidden degree variables («k°" K;'.“) from Equations (3.7)—(3.8).

2. For each layer ¢ and each ordered pair (i, j) with i # j, the arc (i — j) is included in
E independently with probability pfﬂj from Equation (3.10).

3. Inter-layer dependencies are one-to-one and bidirectional: removing any node v € V
simultaneously removes it from all L layers.

3.1.3 Synthetic Training Corpus and Generalisation Protocol

Both DDIN and KARL follow an identical training and evaluation protocol.

Training corpus. A corpus of 20,000 synthetic multiplex graphs with N ~ Uniform
{30,...,50} nodes is generated prior to training. For KARL, each graph is drawn
from the standard GMM with parameters y = 2.5, k=6,T =0.1,and g ~ Uniform[0, 1].
For DDIN, each graph is drawn from the D-GMM with you = ¥in = 2.5, k=6,T=0.1,
g ~ Uniform|[0, 1], and @ = 0.3. Both use L = 2 layers for the training corpus.
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Held-out synthetic evaluation suites. Three out-of-distribution synthetic test suites with N €
{256, 1024} nodes are used to assess systematic generalisation:

e data_g: g ~ Uniform[0, 1], other parameters fixed.
e data_y: y € [2, 3] varied, other parameters fixed.

e data k: k € [4, 8] varied, other parameters fixed.

Each suite contains 200 graphs. Performance on these suites quantifies sensitivity to the
interlayer correlation structure, degree distribution tail, and edge density, respectively.

Zero-shot generalisation to real-world networks. The trained agents are evaluated without fine-
tuning on real-world multiplex networks spanning three orders of magnitude in scale (see
Tables 4.3 and 5.1 in the respective contribution chapters). The key point is that the models
never observe networks larger than N = 50 during training, yet achieve strong zero-shot
performance on networks with up to N = 56,562 nodes. This generalisation is enabled by
the graph-level inductive property of the GNN encoder (node embeddings depend only on
local neighbourhoods) combined with the structural similarity between GMM-generated
training graphs and real-world multiplex networks (property (P4) of Section 3.1.1).

3.2 Formulating the Dismantling MDP

Both DDIN and KARL cast sequential network dismantling as a finite-horizon Markov
Decision Process (MDP). We provide a unified MDP specification and carefully distinguish
the directed setting (DDIN, MSCC-based) from the undirected setting (KARL, LMCC-based)
at each point of divergence.

Definition 3.2.1 (Dismantling MDP). A dismantling MDP is atuple Mgy, = (S, A, 7, R, Vdisc)
where:

» § is the state space of residual multiplex configurations (Section 3.2.1).
» A is the action space of candidate node removals (Section 3.2.2).

* 7 : S XA — 8§ is the deterministic transition operator that applies node removal and
resolves cascading failures to a fixed point (Section 3.2.2).

e R: S XA — Ris the immediate reward function (Section 3.2.3).

* vdisc € [0, 1) is the discount factor, set to ygisc = 0.99 in both DDIN and KARL.

A dismantling episode begins with so = M (the full multiplex network) and terminates
when the normalised largest strongly (or mutually) connected component drops below the
non-extensivity threshold 1/VN, or when all nodes have been removed.

The agent’s objective is to find a stochastic policy 7 : S — A(A) that maximises the
expected discounted return:

J(m) = B,

H-1
ZYE]iSCR(Sl9aI)“ ’ (3.13)
=0
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where H is the (random) episode length. The optimal deterministic greedy policy 7*(s) =
arg max ¢ #(5) @ (s, @) is characterised by the optimal action-value function 0" : S X A —
R, satisfying the Bellman optimality equation [54]:

Q*(s,a) = R(s,a) + ygise  max Q*(T(s, a), a’). (3.14)

a’ e A(T (s,a))

Since 7 is deterministic (Remark 3.2.6 below), Equation (3.14) reduces to the finite-horizon
deterministic Bellman equation. Both DDIN and KARL approximate Q* with deep neural
networks and train via off-policy n-step DQN with prioritised experience replay [42, 50].

3.2.1 State Space Representation

Residual network state. Let the cumulative removal set at step ¢ be S; = |J!_,{a;} € V with
So = 0. The state after cascade resolution at step ¢ is the residual multiplex:

so= MAS, = (VAS, {(EQn v\ 80, (3.15)

where E© N (V' \ §,)? is the set of edges (or arcs, in the directed setting) in layer £ whose
both endpoints are still active.

Node feature vectors. The raw adjacency tensors alone provide insufficient discriminative
power for the GNN encoder: two topologically distinct nodes in the same graph may have
identical local subgraph structure if features are not augmented. Both DDIN and KARL
initialise each node v in layer ¢ of the residual graph with a normalised degree-based feature
vector.

Undirected setting (KARL).

o PO 017 ,

_ v %

w = o o | R%, (3.16)
max max

where kg) =2 AS.) is the degree of v in layer ¢ of the residual graph and kl(lfe)lx = max, kb(f)
is the current maximum layer degree. The two-dimensional format matches the input
dimension dj, = 2 of the linear projection W, € R2*4 that initialises the embedding
space [25].

Directed setting (DDIN).

m(f) _ k‘(}{’),out k\(}f),in 9‘()5) F\(,f)
v k(f),out’ k(f),in’ 27’ R

max max

T

e R4, (3.17)

k(f),out k(f),in

where and are the residual out- and in-degrees, and 95{)) /27 and réf) /R are
the normalised hyperbolic angular and radial coordinates inherited from the D-GMM
embedding. Including the hyperbolic coordinates makes the asymmetric GNN encoder of
DDIN aware of the directional flow hierarchy encoded in the D-GMM geometry: nodes
with r, ~ 0 (near the disk centre) correspond to hubs with high x°*, and nodes with large
angular separation are geometrically unlikely to be linked [20].
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Virtual-node augmentation. Both methods augment each layer € with a single virtual node
s(O that aggregates global information from all active real nodes [23,25]. The virtual node
is connected to every active node in layer ¢ but has no in-neighbours among the real nodes:

EO « EO y {(v, sy vev) S,}, (3.18)

in the undirected case (edges are unordered), and analogously in the directed case. After one
round of message passing, the embedding z () of the virtual node aggregates information
from all active nodes in layer £, providing a permutation-invariant global state summary
without the quadratic cost of an all-pairs readout. This embedding is used as the state vector
in the Q-value decoder (see Section 3.2.3 and Chapters 4 and 5).

Remark 3.2.2 (Benefit over graph-level pooling). Global mean or sum pooling over all
node embeddings is a standard alternative for computing graph-level state representations.
Virtual-node augmentation is preferred here for two reasons. First, the virtual node’s
embedding is computed by the same message-passing operation that produces all other
node embeddings, requiring no additional architectural components. Second, the virtual
node avoids the over-smoothing collapse that occurs when the largest connected (or strongly
connected) component is very small and most node embeddings have converged to similar
values: isolated nodes still receive a distinct signal through their edge to s'©, preserving
their representation quality throughout the episode.

LMCC and MSCC membership indicators. To enable the GNN encoder to distinguish nodes
currently inside the critical component from those that have already been isolated (by direct
removal or by cascade), both methods maintain a binary membership vector over all active
nodes.

Undirected setting (KARL):
m, = 1[v € LMCC(s,)], (3.19)

where LMCC(s;) is the Largest Mutually Connected Component of the residual undirected
multiplex s;: the maximum-cardinality set of nodes connected by paths in every layer
simultaneously [11].

Directed setting (DDIN ):

m, = 1[v € MSCC(s,)], (3.20)
where MSCC(s;) is the Largest Mutually Strongly Connected Component of the residual
directed multiplex s;.

Definition 3.2.3 (Mutually Strongly Connected Component (MSCC)). In a directed multiplex
network G = (V,{E m}f::]), let the operationally active node set at step £ be V, = V'\ S,
representing nodes that have not been removed in any layer. Two nodes u, v € V; are mutually

strongly reachable if and only if, for every layer £ € {1,..., L}, there exist directed paths
u ~» v and v ~» u in the induced subgraph:
Gy = (v, EOn (vixV)), (3.21)

where crucially, every intermediate path vertex must belong to V; — that is, it must remain
simultaneously present in all layers. A node that has been removed from any single
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layer is ineligible as a path vertex in any layer, reflecting the one-to-one interdependency
of the multiplex. The Mutually Strongly Connected Component (MSCC) is the unique
maximum-cardinality subset C C V; such that all ordered pairs («,v) with u,v € C are
mutually strongly reachable. Its normalised size is:

Pusce(Sr) = —lMSC]\?(SZN.
Remark 3.2.4 (MSCC versus LMCC). The LMCC of an undirected multiplex requires that
nodes u and v be connected by undirected paths in every layer; since edges are symmetric,
connectivity from u to v automatically implies connectivity from v to u. The MSCC
imposes the strictly stronger condition that directed paths of opposite orientation exist
in every layer simultaneously. Consequently, [IMSCC(s;)| < [LMCC(s;)| for any mixed
undirected/directed interpretation, and the MSCC can be exponentially smaller in adversarial
directed graphs. This structural asymmetry renders directed dismantling fundamentally
harder than its undirected counterpart and motivates the specialised DDIN architecture of
Chapter 4.

The MSCC membership indicator is computed at each step ¢ by running Tarjan’s
depth-first-search algorithm [55] on the condensed directed graph of the residual multiplex.
Tarjan’s algorithm identifies all SCCs in O(|V| + |E |) time; the condensation DAG then
determines mutual reachability across layers. The MSCC of the directed multiplex is the
intersection of the dominant SCCs across all L layers, filtered for mutual accessibility
through the inter-layer interdependencies.

(3.22)

Auxiliary state features (KARL decoder only). The Chebyshev-KAN action-value decoder of
KARL (Section 5.3) additionally computes, for each node v and layer £, a four-dimensional
auxiliary feature vector:

& () ¢ ¢
ane _ |18 1ECT=IEOGL ) &

v s 7 ’pV7£—
N |E(())| k()

max,0

e R%, (3.23)

where:

. |E(()€)| 1s the number of edges in layer £ at t = 0;
« |E(s,)| is the number of edges in layer ¢ in the residual graph at step ;

. py)) = [N?(v) NLMCC(s;)|/N is the normalised two-hop reachability of v within the
current LMCC; and

. 10

maxo 18 the maximum degree in layer £ at ¢ = 0.

These four scalars supply the decoder with current local structural information (fraction
of nodes and edges removed, local reachability within the LMCC, and degree relative to
the initial maximum) that is complementary to the global embeddings produced by the
KANformer fusion module. Together with the fused GNN embedding zﬁf) e R?, the

auxiliary vector is concatenated to form the full R*+* decoder input:

e‘(f)) = OuterProduct(zs(z), zif)) € Rd, (3.24)
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which is then concatenated with £\”"** before being passed to the ChebyKAN layers

(Section 5.3).
3.2.2 Action Space

Definition 3.2.5 (Action Space). At step ¢, the action space is the set of nodes that remain
active:

A(s;) = V\S,. (3.25)
An action a; € A(s;) selects node v,, for permanent, simultaneous removal from all L
layers.

Transition and cascading failure resolution. The state transition s; — 5,41 = 7 (54, a;) is
deterministic and proceeds through the following three phases.

Phase 1: Direct removal. Node v,, and all its incident edges (or arcs) in every layer are
deleted:
EY « EO\{eeEY v, ee}, Vle{l,... L}, (3.26)

where e € e means v,, is an endpoint of the edge or arc e.

Phase 2: Cascade propagation. Due to the one-to-one interdependency [11], any node
that ceases to belong to a non-trivial mutually (strongly) connected component after
Phase 1 fails and is removed. This process is iterated until a fixed point is reached:

V.« V\{veV:ivecC(s}, (3.27)

where C(s) denotes the relevant critical component (LMCC for KARL; MSCC for
DDIN) of the current residual graph s. The iteration terminates because |V| is finite
and strictly decreases at each step.

Phase 3: State update. The residual state s,. is the fixed point of the cascade process:
see1 = T (51, ap), (3.28)

where 7 1s the composed operator of direct removal (Equation (3.26)) and cascade
resolution (Equation (3.27)).

Remark 3.2.6 (Determinism and MDP validity). Both Phase 1 (direct removal) and Phase
2 (cascade resolution to the LMCC or MSCC fixed point) are deterministic functions of
the current state s; and action a,. The transition kernel 7 therefore satisfies the Markov
property: s;+1 depends only on (s;, a;) and not on the history (sg, ag, . . ., S;—1, d;—1). This
validates the MDP formulation of Definition 3.2.1 and justifies the use of the standard
Bellman framework (Equation (3.14)).

Cascade complexity. In the undirected setting (KARL), resolving the LMCC after each
removal requires computing the connected components of a graph with up to N nodes, which
can be done in O (N + |E|) via breadth-first search. In the directed setting (DDIN), resolving
the MSCC requires computing the strongly connected components of a directed graph in each
of the L layers and then intersecting the dominant SCCs across layers. This is accomplished
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in O(L- (N + |E |)) via Tarjan’s algorithm [55]. For the real-world benchmarks used in
Chapter 4 (up to N = 56,562 nodes and 364 layers for FAO Trade), the cascade resolution
step 1s the computational bottleneck; both DDIN and MultiDismantler [25] implement it
using the optimised networkx SCC routines with sparse adjacency representations.

Effective action space reduction. In the directed setting, removing a node outside the current
MSCC cannot directly reduce Pyscc, since such a node does not participate in the mutual
strong connectivity. This motivates restricting the effective action space to MSCC-internal
nodes:

Aer(s;) = (V\S;) N MSCC(s,), (3.29)
at the cost of potentially missing indirect reductions: removing an MSCC-external node
may trigger a cascade that collapses the MSCC indirectly. DDIN uses the full action space
A(s;) = V\ S, and allows the learned Q-function to implicitly discover when MSCC-external
removals are beneficial through the n-step return.

3.2.3 Reward Functions

A key design challenge in sequential dismantling is the definition of a reward signal that is (1)
dense enough to provide useful gradient information at every step, (ii) correctly incentivises
both large component reduction and low removal cost, and (ii1) remains numerically stable
as the episode progresses and the critical component shrinks. The reward functions adopted
by DDIN and KARL satisfy all three criteria.

Both settings share the same multiplicative reward structure; the two contributions differ
solely in the choice of connectivity criterion Pg:

P KARL (undirected, LMCC),

ro= Po(s) - F({(va)),  Po = (3.30)
f c(s) - F{va}) ¢ {PMSCC DDIN (directed, MSCC),

where P¢(s;) is evaluated after removal of v,, and full cascade resolution at step ¢, and
F({vg,}) is the per-node cost under the applicable cost regime. The two explicit forms are
as follows.

Undirected reward (KARL). The immediate reward for removing node v,, at step ¢ in the
undirected multiplex setting is [25]:

r = Po(sh) - F({va,))s 3.31)
where P (s;) = |LMCC(s;)|/N is the normalised LMCC size after removal and cascade
resolution at step ¢, and F({v,, }) is the per-node removal cost (equal to 1 under unit cost;
equal ()

qual to >, k,, under degree cost).

Directed reward (DDIN). The immediate reward for removing node v,, in the directed
multiplex setting is:

r" = Puscc(se) - F({va,}), (3.32)
where Pyscc(s;) = [IMSCC(s;)|/N is the normalised MSCC size after removal and cascade
resolution (Definition 3.2.3).
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Remark 3.2.7 (Reward design rationale). The multiplicative form r; = Pc(s;) - F({vg,}),
where P¢ denotes either P, or Pyscc, achieves the three design goals as follows. Density:
a non-zero reward is generated at every step (as long as the critical component is non-empty),
avoiding the sparse reward problem that would arise if reward were given only upon crossing
the non-extensivity threshold. Joint incentivisation: the factor Pg(s;) assigns higher
reward when the critical component is large, incentivising high-impact removals in the
early phases of the episode; the factor F({v,, }) rewards selection of high-cost (typically
high-degree) nodes, consistent with the observation that hub removal is most effective in
scale-free networks. Numerical stability: as the episode progresses and P — 0, the reward
automatically decays toward zero, maintaining bounded gradients throughout the episode.

Degree-cost reward normalisation (KARL). For the degree-cost evaluation regime, the KARL
agent’s per-node cost F({v,,}) in Equation (3.31) becomes }, k&i{, which grows with
network size and can cause reward-scale drift as nodes are progressively removed. To
prevent this, the degree-cost variant of the KARL reward normalises each layer’s contribution
by the total residual degree::

L k({))

POO 1 ag
plee - _ P(St) , ZZ—V - (3.33)
0,0 =1 Zuev\gt ku

where Po 9 = Ps(s0) is the initial normalised LMCC size. The negative sign reflects that
the agent must minimise degree-cost expenditure: the reward is in [—1, 0] throughout the
episode, and maximising the cumulative return is equivalent to achieving maximum LMCC
reduction at minimum degree expenditure per layer. The normalisation by };, k,Sg) ensures
reward-scale invariance as nodes are progressively removed, a critical stability property for
n-step DQN with prioritised experience replay.

n-step returns. A single-step reward cannot capture the delayed cascade effects that are the
defining challenge of multiplex dismantling: removing a critical bridge node today may
yield no immediate LMCC/MSCC reduction but triggers a cascade collapse several steps
later. Both DDIN and KARL therefore use n-step returns [54]:

n—1

Vo = D Vst Viige MaXQ(Srans @' 67), (3.34)

j=0
where n = 5 is the return horizon (selected by ablation in Chapter 5 and adopted by DDIN
for consistency), ydisc = 0.99, and Q(-; 87) is the target network with parameters §~ updated
every 1,000 gradient steps. The lookahead horizon of n = 5 is sufficient to cover the typical
cascade depth in scale-free multiplex networks: for a training graph with N = 50 nodes and
mean degree k = 6, the diameter is approximately logz N ~ 2.2, while the expected cascade
depth following hub removal is at most log; N =~ 4.7 for the real-world evaluation graphs
with N = 1,024 nodes.

Temporal difference loss and prioritised experience replay. Both DDIN and KARL train via off-
policy DQN with Prioritised Experience Replay (PER) [50]. Transitions (s, ds, 7z, -« « 5 Fran—1» St+n)
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are stored in a replay buffer 8. The temporal difference (TD) error for transition i is:

6 = y\" - 0(s", a"; 0), (3.35)
where yfi) is the n-step target from Equation (3.34). PER assigns each transition a sampling
priority:

pi = |0i| + epEr, (3.36)
with sampling probability P(i) o pl‘.”PER (apgr = 0.6, epgr = 107%). The induced non-
uniform sampling bias is corrected by importance-sampling weights:

1 Bis

with Bis annealed from 0.4 to 1.0 over the course of training. For DDIN, PER is implemented
via a sum-tree data structure [50] enabling O (log|8|) sampling and update operations,
essential for the large action spaces (up to N = 56,562 candidate nodes) encountered during
zero-shot evaluation on Sanremo2016.

The total training loss is the importance-weighted Huber loss over the prioritised
mini-batch B, C B:

1
Lro(0) = = > Wi Shtuber(8), (3.38)
|Bt | ieB;

where the Huber loss dyuper(0) = %52 for |6] < 1 and |6] — % otherwise provides robustness
to the large TD errors that arise at the beginning of training when the policy is nearly random.
DDIN augments this with a reconstruction loss L. (Section 4.4.2); KARL augments with
a graph Laplacian regulariser Lr (Section 2.32).

3.3 Cost Regimes and Evaluation Metrics

This section provides rigorous definitions of all cost functions and performance metrics used
throughout Chapters 4—6. While the scalar metrics AUDC and C* were briefly introduced
in Chapter 2, the treatment here extends them to the directed setting and places them in their
MDP context, making explicit their relation to the reward signals of Section 3.2.3. The
section concludes with the statistical testing protocol used to establish significance of all
reported improvements.

3.3.1 Cost Regimes

All algorithms construct sequential approximate solutions: at each step ¢, one node a; is
selected, yielding the cumulative removal sequence S; = J_,{a;} with So = 0 and Sy = V.
The cost of a removal sequence is:

Definition 3.3.1 (Unit Cost).
Funit(S) = |S|, Funit(V) =N. (3.39)

Each removed node incurs a cost of one, irrespective of its degree or structural role. Under
unit cost, the dismantling problem reduces to identifying the minimum cardinality removal
set, directly penalising the number of interventions required.
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Definition 3.3.2 (Degree Cost [25,48]). The degree cost of removing the set S counts the
total number of intra-layer edges deleted, correcting for edges shared between two removed

nodes:
L

Fag(S) = D[ D 67 = > AP, (3.40)

(=1 \ seS {s.1}CS
where kgf) =2 Agf.) is the degree of node s in layer ¢, and the second sum runs over

unordered pairs {s,7} C S with Agf) = 1 to avoid double-counting edges whose both
endpoints are removed.

Remark 3.3.3 (Degree cost increment at step ¢). Under degree cost, the incremental cost of
removing node v,, at step ¢ 1s:

L
Faeg(S)) = Fag(Si1) = D [k = >0 AL, (3.41)
=1 sef,_l
which equals the number of edges incident to v,, in the residual graph (edges to already-

removed nodes contribute zero), summed over all layers. This incremental form is used in
the AUDC computation (Equation (3.44) below).

Definition 3.3.4 (Directed Degree Cost (DDIN)). In the directed setting, removing node v
deletes all incident arcs in both directions. The directed degree cost is:

L

Far(s) = Y | D (k7 + kM) -2 X1, (3.42)

=11\ seS§ (s,)eE©
s,teS

where the subtracted term corrects for arcs whose both endpoints are in S (each such arc
contributes +1 to k{”"*" and +1 to k' but is only a single deleted arc). In the primary
experimental evaluations of Chapter 4, unit cost is used exclusively; degree cost results for
KARL are reported in Section 5.5.3.

Definition 3.3.5 (Random Cost [25]). To test generalisation to out-of-distribution cost
distributions, a random cost assigns each node s a cost cgf) drawn independently from a
specified distribution D:
L
Frana(S) = Z A0 Dl piid (3.43)
=1 se§

Distributions considered are Uniform(0, 1), Gaussian(u = 0.5, 0> = 0.1), and Poisson(21 =
5). Random cost evaluation is used exclusively for MultiDismantler’s generalisation
experiments and is not used in the primary evaluation of DDIN or KARL.

Remark 3.3.6 (Information hierarchy of cost regimes). The three cost regimes form a
hierarchy ordered by the amount of structural information they encode. Unit cost is
information-minimal: every node is equally expensive, so the agent cannot leverage cost
heterogeneity. Degree cost introduces structure-dependent heterogeneity: hub nodes are
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more expensive to remove, creating a non-trivial trade-off between their high dismantling
impact and their high cost. Random cost eliminates structural correlation: the agent
must learn a cost-invariant dismantling policy. The fact that KARL achieves near-optimal
performance under all three regimes (Chapter 5) is evidence that its learned policy exploits
topological information rather than cost structure.

3.3.2 Performance Metrics

Let S, be the cumulative removal sequence produced by an algorithm at step #, and let
P¢(S;) denote the normalised size of the relevant critical component (LMCC for KARL;
MSCC for DDIN) after cascade resolution.

Definition 3.3.7 (Area Under the Dismantling Curve (AUDC)). The Area Under the
Dismantling Curve is defined as the following discrete sum, which approximates the
Riemann-Stieltjes integral /01 Pc(F~'(c- F(V))) dc that sweeps the normalised component
size over the normalised cost axis:

N
AUDC = ﬁ Zl Pe(S) [F(5) - F(5i1)). (3.44)

In practice, because Pc(S;) drops below the non-extensivity threshold 1/vN after far fewer
than N removals on all benchmarks considered, the sum is truncated at the first step z,.
such that P¢(S, ) < 1/VN; remaining terms contribute at most O(1/N) to the total and are
negligible. AUDC € [0, 1]; lower values indicate more efficient dismantling. A theoretically
perfect dismantler achieves AUDC = 0. The metric generalises the robustness metric
of Schneider et al. [51] from binary connected/disconnected states to the continuous P¢
trajectory.

Remark 3.3.8 (Computational implementation). For large networks (e.g., Sanremo2016
with N = 56,562), the truncated AUDC sum is evaluated lazily: the cascade-resolution
loop (Section 3.2.2) tracks P¢ incrementally after each removal and halts once Po < 1/ VN,
consistent with MultiDismantler [25].

Definition 3.3.9 (Dismantling Cost C*). The dismantling cost C* is the smallest normalised
cost required to reduce the critical component below the non-extensivity threshold 1/VN:

F(S. . , .
c* = (5c) Se = argmin  F(S;). (3.45)

Fv) 51t Pe(S0)<1 /NN
The threshold 1/V/N is the conventional definition of non-extensivity [13]: a component of
normalised size < N~!/? is considered negligible relative to the original system size. Both
AUDC and C* lie in [0, 1]; lower values indicate superior dismantling performance.

Remark 3.3.10 (Directed variants). For the directed setting (DDIN), both metrics are
computed identically to Definitions 3.3.7 and 3.3.9 but with Pyscc(S;) (Equation (3.22)) in
place of P (S;). We denote the directed variants as AUDCY" and C*9" in Chapter 4. The
average uniform dismantling cost (AUDC) reported in the DDIN results (Table 4.3) uses the
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formula: N
. 1 - ~ ~
AUDCY" = s D Pusce($) [F(8) = F($,-1)], (3.46)
t=1

and is averaged over 5 independent runs of each algorithm to account for any random
tie-breaking in the baselines (DDIN is deterministic after training).

Proposition 3.3.11 (Relationship between AUDC and C*). For any sequential removal
algorithm and any cost regime, AUDC < C*, with equality if and only if Pc(S;) = 1 for all
t < t.and Po(S t.) = 0 (i.e., the critical component collapses instantaneously at step t).
The statement holds verbatim when P¢ is replaced by Pyscc in the directed setting.

Proof. Let AF, = F(S;) — F(S,_1) > 0 for each ¢ > 1. By definition of C*, P¢(S;) < 1/VN
for every t > t., and PC(St) < 1 for every ¢ < t.. Therefore:

N
1 -
AUDC = —§ Pc(S)) AF,
F(V) - C( t) t

1 (& AFt
S < 1'AF; +
I RUR
IR F(S,)
< — AF, = = C". 3.47
< F(V); = T (3.47)

(The last inequality uses 1/VN < 1, so dropping the tail sum only tightens the bound.)
Equality holds if and only if Pc(S;) = 1 for all t < ¢, and P¢(S;,) = 0, which requires a
single-step instantaneous collapse of the entire critical component. The identical argument
applies in the directed case upon substituting Pyiscc for Pe. O

3.3.3 Statistical Significance Protocol

With only K = 6 real-world benchmark datasets (KARL) or K = 5 (DDIN) and M =
7 compared methods (KARL) or M = 3 (DDIN), standard pairwise z-tests are both
underpowered and do not control for multiple comparisons. Both contributions follow the
non-parametric testing protocol recommended by Demsar [19] for classifier comparison
over multiple datasets.

Step 1: Friedman test. The Friedman test 1s a non-parametric repeated-measures ANOVA
that tests the null hypothesis Hy that all M methods perform equivalently across K datasets.
Let R;i) denote the rank of method j € {1,..., M} ondataseti € {1,..., K} (lower AUDC
& lower rank < better). The Friedman statistic is:

, 12K M+ 1
Ar = M(M+1)Z( ) ’ .49

where R =K -1 ZiKzl R;i) 1s the mean rank of method j. Under Hy, )(12, ~ )(]2‘4_1 asymptoti-
cally [19]. KARL rejects Ho with y%(6) = 58.42, p < 107° (AUDC) and y2(6) = 51.27,
p < 107 (C*) on the six real-world benchmarks.
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Step 2: Nemenyi post-hoc test. When H is rejected, a pairwise Nemenyi test determines which
pairs of methods are significantly different. The critical difference at significance level acp

1S:
IM(M + 1
CDh = dacp %, (349)

where g, 1S the critical value of the studentised range statistic (e.g., go.os = 2.85 for
M =7)[19]. Methods j and j’ are declared significantly different if |R; — R/| > CD.

Step 3: Wilcoxon signed-rank test (KARL vs. MultiDismantler). Because the Nemenyi test is
structurally underpowered at K = 6 datasets (CD = 2.85 is large relative to the typical
rank gap between closely performing methods), the KARL evaluation employs a one-sided
Wilcoxon signed-rank test for the pairwise comparison of KARL against MultiDismantler
on an expanded suite of K’ = 10 benchmark datasets (six primary plus four supplementary
from the De Domenico repository [15]). The test statistic is:

W = Z sen(A) R;, (3.50)
i:A;#0
where A; = AUDCELRL — AUDCl(\f[D and R; is the rank of |A;| among all non-zero differences.

The Holm-Bonferroni correction is applied to all pairwise comparisons to control the family-
wise error rate at @ = 0.05. On K’ = 10 datasets, the test achieves p = 0.001 (AUDC) and
p = 0.002 (C*), which after Holm-Bonferroni correction yields p = 0.006, establishing
statistical significance at @ = 0.05.

Bootstrap confidence intervals. Complementary to rank-based tests, 95% bootstrap confidence
intervals for AUDC and C* are computed by B = 10,000 block-bootstrap resamplings of
the dismantling trajectory. Non-overlapping bootstrap Cls across all six real-world datasets
constitute a conservative, assumption-free confirmation of method superiority.

The two reward signals (Equation (3.30)) and the two critical-component oracles — LMCC
for KARL, MSCC for DDIN - are the sole points of divergence between the two agents
developed in Chapters 4 and 5, respectively. All other components of the MDP formulation,
generative model, cost regime, and statistical testing protocol are shared verbatim. The rest
of the thesis treats this chapter as the single authoritative source of notation and mathematical
definitions.

Table 3.1 provides a consolidated reference for all notation introduced in this chapter. All
symbols carry their definitions forward into Chapters 4-7 without restatement.
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Table 3.1: Notation index for Chapter 3. Symbols marked (%) apply only to the undirected setting (KARL);
symbols marked (1) apply only to the directed setting (DDIN); unmarked symbols apply to both settings.

Symbol

Meaning

Network structure

M=V, E)
N, L

A(f) c {O, 1}N><N
k‘(}t’)’ k‘(}f),out’ k\(}f),in

LMCC(s;)*
MSCC(s,)"
Poo(8))*

Pusce(S))T

Multiplex network; V shared node set, & = {E(©) }5: 1

Number of nodes; number of layers

Adjacency matrix of layer ¢ (symmetric™*); asymmetric("))
Degree / out-degree / in-degree of v in layer £

Largest Mutually Connected Component of undirected residual s;

Largest Mutually Strongly Connected Component of directed residual s,

Normalised LMCC size: |[LMCC(s;)|/N
Normalised MSCC size: [MSCC(s;)|/N

Generative models (GMM / D-GMM)

Y> Youts Yin
k

g€ [0,1]
a>0f

T € (0,1)
R

i, Kout 1n

i ’Kl

MDP

\

se =M\ Sr
A(st)

az

T (s1,ar)

Ty

Ydise = 0.99
n=>5

Yt

0

apgr = 0.6

Bis
0
(0

ny,

(€),auxx
\ %4

Cost regimes and metrics

Funie(S)

F deg (S )
Fin(s)"
AUDC
AUDCY"T
C*

1/VN

Power-law exponent(s) of the (directed) degree distribution
Expected mean degree

Interlayer angular correlation parameter

Directional bias parameter (D-GMM)

Temperature controlling network transitivity

Radius of hyperbolic disk

Hidden degree variable(s)

Cumulative removal set at step ¢

Residual multiplex state at step ¢

Action space at step : V \ S,

Action (selected node index) at step ¢

Deterministic cascade-resolution transition operator
Immediate reward at step ¢

Discount factor

n-step return horizon

n-step TD target

TD error for replay transition i

PER prioritisation exponent

PER importance-sampling exponent (annealed 0.4 — 1.0)
Node feature vector for v in layer £

Virtual node in layer £

LMCC/MSCC membership indicator

Four-dimensional auxiliary feature vector (KARL decoder only)

Unit cost: |S]|

Degree cost (Equation (3.40))

Directed degree cost (Equation (3.42))

Area Under the Dismantling Curve

AUDC computed with MSCC fraction

Dismantling cost (smallest normalised cost to reach 1/ VN)
Non-extensivity threshold for the critical component
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Chapter 4

Disassembling Directed Interdependent Networks
(DDIN)

The undirected multiplex dismantling framework surveyed in Chapter 2 — and embodied
by MultiDismantler [25], the primary baseline of this thesis — rests on an implicit
structural assumption: the adjacency matrix A of every layer is symmetric, so that a
connection between vertices # and v implies bidirectional flow or bidirectional failure
propagation. The dismantling objective is correspondingly defined in terms of the Largest
Mutually Connected Component (LMCC, Definition 2.1.9), whose computation requires
only undirected reachability.

The symmetry assumption does not hold for a broad class of practically relevant systems,
including supply chains, directed neural connectomes, metabolic regulatory networks, and
citation graphs. In each case the directed arc (i, j) encodes a unidirectional structural
dependency: failure of i can propagate to j, but not conversely. The correct measure
of large-scale connectivity in such systems is the Largest Mutually Strongly Connected
Component (MSCC, Definition 3.2.3), which requires both a forward and a reverse directed
path between every pair of vertices.

Reducing the MSCC is structurally harder than reducing the LMCC and requires a
fundamentally different algorithmic approach. Two vertices with identical total degree
k,(f)) = kéf)’i“ + kﬁf)’out may play categorically different roles in the cascade topology: a source
node with high out-degree and low in-degree propagates failures to many successors while
depending on few predecessors, whereas a sink node with the same total degree but high
in-degree and low out-degree aggregates many incoming dependencies while influencing few
downstream nodes. Removing a source node inflicts maximal cascade damage; removing
an equivalent sink does not. Any dismantling agent that conflates these two roles — as all
symmetric degree-based heuristics and symmetric GNN encoders necessarily do — will
systematically misidentify the optimal removal sequence.

This chapter introduces DDIN (Disassembling Directed Interdependent Networks) [20],
a deep reinforcement learning framework that resolves this asymmetry gap along three
orthogonal architectural axes:

1. Directed Generative Training Corpus (D-GMM): The standard Geometric Multiplex
Model [33] is extended with separate power-law degree variables for in- and out-degree
and a directional bias parameter « that modulates the effective connection threshold
between source and sink nodes, yielding synthetic training graphs whose directed
structure faithfully mimics real asymmetric multiplex topologies.

2. Asymmetric GraphSAGE Encoder: The direction-agnostic aggregator of standard
GraphSAGE [26] is replaced by a directed scheme applying mean-pooling over the
in-neighbourhood (capturing average incoming influence on a node) and max-pooling
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over the out-neighbourhood (capturing the strongest cascade potential a node exerts on
its successors), explicitly encoding each node’s source/sink balance.

3. Directed Multi-Relational Attention: The inter-layer fusion module adopts a GAT-
style concatenation mechanism [59], learning asymmetric cross-layer coupling weights
that reflect the directional nature of failure propagation across interdependent layers.

These components are trained with a Prioritized n-step DQN [50] augmented by a graph-
reconstruction auxiliary loss.

The chapter is structured as follows. Section 4.1 formalizes the asymmetry problem and
directed MDP. Section 4.2 presents the D-GMM and the Asymmetric GraphSAGE encoder.
Section 4.3 details the Multi-Relational Attention module. Section 4.4 develops the bilinear
decoder and combined loss. Section 4.5 covers policy search and training. Section 4.6
discusses results. Section 4.7 provides analytical ablation predictions. Figure 4.1 provides a
unified architectural overview.

4.1 Motivation: The Asymmetry Problem
4.1.1 Failure of Symmetric Methods on Directed Networks

In a directed graph G, = (V, E;) with adjacency matrix A, the in- and out-neighbourhoods
of vertex v in layer ¢ are:

N, 0) = {uev:Al) =1}, 4.1
N (v, €) = {uev:ald =1} 4.2)

The in-degree k&g)’in = [N~ (v, {)| measures upstream predecessors and the out-degree

k&")""“ = IN*(v, £)| measures downstream successors. The High-Degree Adaptive (HDA)
strategy scores each node by

SHpA (V) = I?flz((kgg)’in + kgg)’om), (4.3)
€

which assigns identical scores to a pure source node v, with (k™", k°®) = (1, D) and a pure
sink v with (k™™, k°'%) = (D, 1), for any D > 1. Since v, severs D outgoing cascade paths
on removal while v, severs only one, this equal scoring is categorically wrong.

Standard GNN-based dismantlers share the same structural blindness. A K-hop Graph-
SAGE encoder [26] computes

h*0 = O'(W(k) -AGG({hg"‘”) U € N(v,f)})), (4.4)

where N(v,€) = N~ (v,€) U N*(v,{) is the pooled, direction-agnostic neighbourhood.
The direction-invariance of AGG ensures that any two nodes with identical multisets
of neighbour embeddings receive identical GNN embeddings, regardless of how those
neighbours are directionally distributed [64]. A pure source and a pure sink with matching
neighbourhood degree profiles are therefore indistinguishable under any symmetric GNN,
making it impossible for the downstream Q-network to learn a source-first removal strategy.

Remark 4.1.1 (The Symmetry Gap). Let v, and v satisfy kﬁf)’in =1, kﬁf)’out =D, kﬁ?’in =D,

k&?"’“t = 1 for some D > 1. Removing v, severs D outgoing cascade paths; removing vy
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severs only 1. Any scoring function that depends solely on the total degree D + 1 assigns
both nodes the same priority, yielding an expected per-removal cascade disruption of at
most half the optimal value. On scale-free directed networks where D can be large, this gap
accounts for the 16%-23% AUDC penalty observed in Section 4.6.

4.1.2 Formal Problem Formulation for Directed Multiplex Networks

The input to DDIN is a directed multiplex network G = (V, &, L) (cf. Definition 2.1.10),
with one-to-one inter-layer dependencies [11]. After removing a set S C V, the residual
multiplex is G \ §, and cascading failures are resolved by iteratively running Tarjan’s SCC
algorithm [55] on each residual layer, pruning any node whose replica is absent from the
largest SCC in at least one layer, until a fixed point is reached. The resulting normalised

MSCC size 1s
ILMSCC(G \ )]

N

Definition 4.1.2 (Directed Interdependent Dismantling). Given G, a cost function F : 2V —
R0, and threshold 6 € (0, 1), the directed dismantling problem is

min |S| subjectto P (S) < 6. (4.6)
scv

Ps(S) = 4.5)

As in the undirected case, this problem is NP-hard [10,44]. All algorithms construct
sequential approximations S; = {r, ..., r;} with Sy = 0. Performance is assessed by AUDC
(Equation (2.9)) and the normalised threshold cost ¢*, both evaluated against P, (S ;) at each
step. In the directed setting, the MSCC trajectory P (S,) is tracked, replacing the LMCC
used in Chapter 2.

4.1.3 MDP Formulation for Directed Dismantling
Sequential directed dismantling is cast as a deterministic MDP (S, A, 7, R, y).

State. The state s, = G \ S, is the residual directed multiplex after cascade resolution at
step 7. A virtual node s(© is added to each layer: all surviving real nodes direct arcs to s(©),
while s(© has no outgoing arcs. Its embedding after asymmetric encoding serves as the
global state representation.

Action. The action setis A(s;) =V \ §..
Transition. The transition is deterministic: s;41 = G \ S,.1 after cascading failure resolution.

Reward. The reward for removing node v at step ¢ is

ri(v) = Po(sr+1) - F({v}), 4.7)
where Py (s:+1) is the normalised MSCC size after removal and F({v}) is the per-node cost.
This reward jointly incentivises large MSCC reductions and low removal costs.

Remark 4.1.3 (In-degree vs. Out-degree Contribution to the Reward). The term Po(s;41)
depends asymmetrically on the in- and out-degree of v: removing a high-k°"! source triggers
a larger MSCC drop than removing an equivalent sink. An optimal policy must therefore
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Figure 4.1: DDIN Architecture Overview. Stage 1 (Asymmetric GraphSAGE) applies direction-sensitive
aggregation: mean-pooling over N~ (v, £) captures incoming influence, max-pooling over N* (v, ) captures
outgoing cascade control. Stage 2 (Multi-Relational Attention) fuses layer-specific embeddings via GAT-style
coeflicients «, . Stage 3 (Bilinear Decoder) predicts directed arc probabilities via (ﬁf)TVVaecﬁi. and
computes L = Ly + A L. The red dashed arc denotes the reconstruction auxiliary gradient flowing back to
the encoder.

learn to evaluate the marginal cascading impact of each removal in the current residual
directed topology — a task requiring directional awareness at the representation level.

4.2 Architecture Stage 1: Asymmetric GraphSAGE Encoder

4.2.1 Directed Geometric Multiplex Model for Training Corpus Generation

The DDIN agent requires a training corpus of synthetic directed multiplex networks
exhibiting scale-free directed degree distributions, controllable source/sink asymmetry, and
tunable inter-layer correlation. We extend the Geometric Multiplex Model (GMM) [32, 33]
to the directed setting by augmenting the connection kernel with separate in- and out-degree
hidden variables and a directional bias parameter, yielding the Directed GMM (D-GMM)).

Each node i € V is assigned a position (6;, r;) in the Poincaré disk model of hyperbolic
space, where 6; € [0,2n) is the angular coordinate and r; is the radial coordinate. The
angular distance between two nodes is

A0;; = n—|n—10:-6;|| € [0,7]. (4.8)

Each node i also receives two independent hidden degree variables sampled from conditional
power-law distributions:

out

Ut~ PowerLaw(y°"), (4.9)
k"~ PowerLaw(y™), (4.10)

with (possibly distinct) exponents y°t, ¥ > 1, enabling structurally different in- and
out-degree distributions as observed in real directed multiplex topologies.

The D-GMM generates a directed arc (i — j) in layer ¢ with probability given by a
Fermi-Dirac kernel whose effective threshold R;; is shifted by the directional bias:

K

1 .
i) = Rj = R + a(x™ —«M), (4.11)

(AGU —Rij)’ i /
I +exp T
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where R > 0 is the base network radius, 7" > 0 is the temperature which controls the angular
cutoff sharpness, and @ > 0 is the directional bias parameter. Because the Fermi-Dirac
factor is natively bounded in (0, 1) and R;; simply shifts the threshold, the expression

Pty € (0,1) is a well-formed probability for all values of " and k.

Definition 4.2.1 (Directional Bias). The parameter @ in Equation (4.11) modulates the
effective connection threshold R;;: nodes with high out-degree propensity "' have a larger
effective radius, increasing their expected out-degree; nodes with high in-degree propensity
Kijn face a reduced effective threshold as targets, shaping the selectivity of incoming arc
formation. When a = 0, R;; = R for all (7, j) and the D-GMM reduces to the standard
undirected GMM. When @ > 0, the coupling between x°* and «'™ across node pairs produces
scale-free directed structures with heterogeneous in/out-degree distributions and asymmetric
cascade topology, faithfully mimicking biological regulatory networks and supply chains.

For the multi-layer extension, inter-layer geometric correlation is introduced via g € [0, 1]:
the angular coordinate for layer € > 1 is

6 = g6+ (1-g)-€, € ~ Uniform[0,27), (4.12)
reduced modulo 27. Directed arcs are sampled independently per layer using Equation (4.11).
Inter-layer dependencies remain undirected one-to-one throughout. The DDIN agent is

trained on 20,000 directed multiplex graphs with N € [30, 50] nodes, varying g € [0, 1]
and a € [0, 1] across the training distribution.

4.2.2 Node Feature Initialisation

For each layer ¢ and node v, the initial feature vector X\(,f) € R% encodes directional structural

information:

X0 =

(¢),out’ ; (£),in’
K max kmax 4

(0),out 5 (€),in T
k k 0
[ v v 1 e R, (4.13)

where kﬁfﬁ;j’“t and kffg;(in are the maximum out- and in-degrees in layer £. For real-world
networks, the angular coordinate is replaced by a normalised coreness score [44]. The initial
embedding is

h(®0 = Norm(ReLU(Wo - ng))) , Wy e RS, (4.14)

where Norm(-) denotes £>-normalisation and d is the shared embedding dimension.

4.2.3 The Asymmetric Aggregation Scheme

The core novelty of Stage 1 is replacing the direction-agnostic aggregator (Equation (4.4))
with two direction-specific operators over N~ (v, €) (predecessors) and N* (v, £) (successors),
chosen to encode distinct cascade semantics.

Mean-pooling over in-neighbours (incoming influence). At iteration k, the mean-pooled incoming
signal is:

(k,0),in 1 (k=1,0)
m - h(k=10. 4.15)
' |N_(V, €)| MGNZ:JV,K) '

55



Mean-pooling captures the collective state of predecessors, reflecting the fact that v fails
only when it can no longer be reached from any upstream node. When N~ (v,{) = 0,
mﬁ""’)’m = 0 provides a distinctive zero signal for pure-source nodes.

Max-pooling over out-neighbours (outgoing control). The element-wise maximum over successor

embeddings is:

m\(,k’f)’out = max h,gk_l’f), (4.16)
ueN+*(v,f)

where the max is taken element-wise. Max-pooling captures the strongest downstream
entity that v controls: its removal severs the path to the most critical successor [2]. When
N*(v,€) = 0, the signal is 0, symmetrically distinguishing pure-sink nodes.

Full directed embedding update. The embedding update at iteration k € {1, ..., Kiax } concate-
nates the multi-directional aggregated signals with the node’s previous-hop representation:

Vv 1%
[ } + W. (k’g)mt])) , (4.17)
mV

m‘(}k,f),in in
where VVOEII?, VVirEk) € R¥9? are independently learnable weight matrices for the k-th hop,
)

and the concatenation [hgk_l’f) ; mﬁk’f)"] is a 2d-dimensional vector. The base case is hgo’f
from Equation (4.14). The final per-layer embedding is hg) = héKmaX’f). By iterating for
Kimax rounds, the encoder propagates the source/sink signal through K.« hops of the directed
neighbourhood, enabling identification of critical bottleneck positions whose importance
only becomes apparent beyond the immediate neighbourhood.

h‘(,k’f) W(k

out

= Norm/|ReLLU

Remark 4.2.2 (Semantic Interpretation of the Dual-Term Structure). The first term w k) [hﬁk_ b

out
encodes v’s controlled role: how much it is governed by its predecessors. The second

term VVirEk) [hf,k_l’[); mﬁ""’)’("“] encodes its controller role: the extent to which it dominates
its successors. By summing these components before applying a single nonlinearity, the
encoder produces a unified d-dimensional representation of both roles, preserving the
embedding dimension d at every hop. This avoids the 2d-dimensional output of bidirec-
tional concatenation designs [36] while retaining full directional expressiveness through the
independently learned matrices A VV;r(lk).

out
Remark 4.2.3 (Lipschitz Continuity of the Asymmetric Encoder). Because weight-decay
regularisation (1wg = 107°) is applied to all encoder parameters throughout training, the
composed maps MeanAgg and MaxAgg followed by the linear transformations W% and

out
V[/;ék) are Lipschitz-continuous with finite constants L;j, and L, bounded by the spectral

norms of the weight matrices. These constants are independent of graph size, ensuring that
the embedding magnitudes remain controlled even under the high-degree hub aggregations
characteristic of scale-free directed networks.
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Table 4.1: Trainable parameter groups in the DDIN architecture. d: embedding dimension; dy = 3: initial
feature dimension; L: number of layers; Kn.x: message-passing rounds.

Module Parameter Size
Initial projection W) d x dy

Stage 1: Asym. GraphSAGE  Qutgoing agg. I/VOE(IE)) dx2d
Incoming agg. W, dx2d

Stage 2: Multi-Rel. Attention Shareq projection W dxd
Attention vector a 2d

Per-layer head P (each) dxd

R Bilinear weight Wy, dxd

Stage 3: Bilinear Decoder Layer bias 5(©) (cach) 1

Q-value MLPs (M, M,, M3, M,) 0O(d?)

4.3 Architecture Stage 2: Multi-Relational Attention for Cross-Layer
Fusion

4.3.1 Motivation: Limitations of Uniform Cross-Layer Fusion

After Stage 1, each node v has L per-layer embeddings {hgl), e ,th)}. Uniform averaging

or concatenation ignores the key structural property that the topological importance of each
layer to the MSCC varies from node to node and from step to step. Furthermore, in the
directed setting, the relationship between layers is itself asymmetric: a node v may be a
source in layer 1 and a sink in layer 2, making the cross-layer coupling from layer 2 to layer 1
qualitatively different from the reverse. A node-specific, layer-pair-specific, asymmetric
fusion is therefore essential for accurate MSCC-aware dismantling.

4.3.2 Directed Multi-Relational Attention Mechanism

We adopt a GAT-style [S58] concatenation-based attention mechanism. All per-layer
embeddings are first projected into a shared interaction space via W € R%*¢:

8 = wnl, e (4.18)

The raw attention logit quantifying the importance of layer ¢’ to a fixed reference layer ¢ for
node v is:

evir = LeakyReLU(aT [gﬁ") [ gﬁ“]) , 4.19)
where a € R?? is a learnable attention vector, [-||-] denotes concatenation, and LeakyReLU
uses negative slope 0.2. In the concatenation, the reference-layer projection gﬁ‘” occupies the
first d entries and the source-layer projection gﬁ‘") occupies the last d entries; swapping the
order yields a different logit, making the attention coefficients asymmetric by construction.
The normalised coeflicient is obtained by softmax over all source layers:

exp(ey.r.er)

Z (DY ( €y.e.0 )

el

Ay = , (4.20)

so that D pn @y e = 1.
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Remark 4.3.1 (Asymmetry of Attention Coeflicients). Since the reference-layer projection
1s placed first in the concatenation, the first d entries of a weight £’s own contribution
and the last d entries weight ¢”’s contribution. Therefore @, ¢ # @, ¢ ¢ in general: “layer
¢’ informing layer ¢~ and “layer ¢ informing layer " are assigned different importances.
This captures asymmetric inter-layer coupling in a way that Hadamard-product attention
—- as used in MultiDismantler [25] — cannot, since the Hadamard product hg{’)) ©) hgf’) 1S
commutative.

The fused node embedding is the attention-weighted sum over all layers, with the
reference layer fixed canonically at £ = 1:

h, = Z a1 W, (4.21)
{"el

This design computes one fused embedding per node (not per layer), with the model learning

to weight all layers relative to the canonical reference. Ablation studies in Section 4.7

confirm that this simplification does not degrade performance.

Remark 4.3.2 (Expressiveness vs. DCI). Directed CI (DCI) [36] uses a fixed non-backtracking
operator that cannot adapt to the evolving residual topology. The Multi-Relational Attention
mechanism learns a and W from the dismantling reward signal end-to-end, representing a
rich class of node-specific, layer-pair-specific coupling functions that change dynamically as
the MSCC contracts during dismantling.

4.4 Architecture Stage 3: Bilinear Decoder and Loss Formulation
4.4.1 Bilinear Link-Prediction Decoder

The fused embedding h, € R? serves two roles: as the action embedding for Q-value
computation and as the source of an auxiliary link-prediction reconstruction task that
regularises the embeddings against the sparse RL reward signal [25,61]. All fused
embeddings are column vectors in R¢.
For each layer ¢ and ordered pair (7, j), the predicted probability of directed arc (i — j)
is:
Py = o (BO) Wieeh” + 5, 422)

where fll@ = POh; € RY is the layer-specific projected embedding with P©) e R4
Wiee € R4 is a shared bilinear weight matrix, b©) € R is a layer-specific scalar bias,
and o (-) is the logistic sigmoid. The bilinear form (ﬁfg))TVVdecﬁ;g) is a scalar (dimensions
IxXd-dxd-dx1=1x1),asrequired.

Proposition 4.4.1 (Asymmetry of the Bilinear Decoder). The bilinear decoder in Equa-
tion (4.22) is generically asymmetric: 15;;)) # 15;? unless Wyee = W1

dec’

Proof. Denote x = fll@ eR%andy = ﬁ;f) € R¥ (column vectors). The logit for the forward
arc (i — j) (ignoring the shared bias) is the scalar £;; = x" Wecy. The logit for the reverse
arc (j — i) is {j; = y' WecX. Since both are scalars, taking the transpose of ¢ i gives
lii = fj.Tl. = x' W, y. Hence {;; = {;; for all x,y if and only if W = W, . Because
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Wiec 18 an unconstrained d X d parameter matrix, it is generically non-symmetric; therefore

A0, AL
pl(j) + P;i)- 0

This asymmetry is essential: a symmetric decoder (e.g. inner product fl@ : fl(.f)) would

force pl(]) = pﬁl), imposing a structural inductive bias that contradicts the directed network

and degrades reconstruction accuracy.

4.4.2 Topological Reconstruction Loss

The reconstruction loss is the binary cross-entropy of the predicted arc probabilities against
the true adjacency:

Lrec = —Z Z logp + Z log( A(f)) . (4.23)

teL |(i,j)eE, (i,j)¢E¢
In practice, negative sampling is applied (sampling p non-arcs per positive arc) to balance
BCE gradient contributions in sparse networks. The role of L. is to ensure that the fused
embeddings retain sufficient directed topological information to reconstruct the adjacency,
preventing the encoder from discarding source/sink information that is irrelevant to the
immediate RL reward but critical for long-term dismantling decisions.

4.4.3 Reinforcement Learning Loss Component

To capture delayed cascade effects, we use n = 5-step TD returns. The TD error for the i-th
transition is

n—1
= Z Yirae + " max Q(si+n, a’; 07) = Q(si,a;; 0), (4.24)

k=0
where vy is the discount factor, 6 are online parameters, and 6~ are target network parameters.
The Huber loss provides robustness to the large reward spikes induced by cascade-triggering

removals:

%ez le] <1,

5Huber(3) = { (4.25)

The transitions are stored in a Prioritised Experience Replay (PER) buffer [50] with
sum-tree-based priority management. The weighted RL loss over mini-batch B of size B is:

le| — % otherwise.

B
1
L= E;pi-émber(m, (4.26)

where p; are importance-sampling weights correcting for the PER sampling bias.

4.4.4 Combined Training Objective

The total training loss is:

L = LrL + ALy, 4.27)
where 4 = 1 in all DDIN experiments. The gradient of £ w.r.t. encoder parameters
w k) W( ) and attention parameters W, a flows simultaneously from both terms, as shown

out °

by the feedback arc in Figure 4.1.
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Remark 4.4.2 (Role of 1). Large A forces perfect adjacency reconstruction at the expense of
Q-value discrimination; A = 0 recovers pure DQN and risks embedding collapse under the
sparse directed reward signal. The value A = 1 ensures the reconstruction loss contributes
gradients of similar magnitude to the Huber TD loss during the unstable early phase
of training, while the RL loss gradually dominates as Q-value estimates converge. The
analytical prediction for the A = 0 ablation is given in Section 4.7.2.

4.5 Policy Search

4.5.1 Q-Value Computation from Directed Embeddings

Following MultiDismantler [25] and adapting it for the directed setting, the Q-value for
removing node v from state s, is computed via a cross-product state-action interaction. The
virtual node s) provides the state representation: h, € R? (its fused embedding after

asymmetric encoding over the all-real-node in-neighbourhood). The action embedding is
the fused embedding h, € R?.

Per-layer Q-value.

09 (s;,a,) = My -ReLU(M, - vec(hyoy @ h])), (4.28)

where ® denotes the outer product so thath ¢ ®hT € R the operator vec(-) : R — R4’

is the column-major flattening (vectorisation), M, € Rdxd’ projects the vectorised outer
product to R?, and M € R'*? yields the scalar Q-value.

Layer-level importance weighting. _
explMy - ReLU(Ms3 - h
w0 = p( M, (M3 s(t;))) ’ (4.29)
szl exp(M4 . RCLU(M3 . hs(p)))

where M3 € R™? and M, € R™“. The final Q-value aggregates per-layer estimates:

L
O(sia) = ) w-00(s,,a,). (4.30)
=1

Remark 4.5.1 (Dynamic Layer Weighting). The layer importance w ) recomputes at every
step from the virtual-node embedding h, (), which changes as the residual directed topology
evolves. This allows the agent to shift attention toward whichever layer’s directed structure
is currently the primary bottleneck for MSCC connectivity.

4.5.2 Directed MSCC Cascade Resolution

After the agent removes node v at step ¢, the MSCC of the residual s, 1 = G \ S..1 is
recomputed by iterating Tarjan’s SCC algorithm [55] until a fixed point, as formalised in
Algorithm 1.

Remark 4.5.2 (Convergence and Complexity). Algorithm 1 converges in at most N iterations
since each iteration removes at least one node from V’. The per-step costis O (N-L-(|V|+|E|))
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Algorithm 1: Directed MSCC Cascade Resolution

Input: Residual directed multiplex s = (V’, {E}},) after node removal; one-to-one interdependency.
Output: Updated s; normalised MSCC size Po.

1 changed « true
2 while changed do

3 changed « false

4 for each layer € € L do

5 | KO — largest SCC of (V’, E}) via Tarjan// O(|V'| + |E}|)
6 end

7 | MSCC « N, %K

8 if MSCC ¢ V’ then

9 Remove V’ \ MSCC from V’ and all £

10 changed « true

11 end
12 end

13 Py, «— |[MSCC|/N
14 return s, P,

in the worst case, though empirically the cascade terminates in O (log N) rounds on the
scale-free networks of Section 4.6. The MSCC as the intersection of per-layer largest SCCs
1s valid under one-to-one interdependency: v is in the MSCC iff it belongs to the largest
SCC of every individual layer simultaneously.

4.5.3 Training Algorithm

Algorithm 2 presents the complete DDIN training loop with e-greedy exploration, n-step
PER, and periodic hard target network updates.

4.5.4 Greedy Inference at Test Time

At evaluation time the trained agent runs a deterministic greedy policy: at each step the
node with the highest Q-value is removed (Algorithm 3).

4.6 Experimental Results

4.6.1 Datasets

DDIN is evaluated on five real-world directed multiplex networks from diverse scientific

domains, drawn from the publicly available repository of De Domenico [15].

C. elegans connectome. Three-layer directed neural connectome with heterogeneous synaptic

out-degree distribution (k%% ~ 135) and strong source-sink asymmetry.

Drosophila Melanogaster. Seven-layer directed gene regulatory network of the fruit fly. At
N = 8,215, it tests zero-shot generalisation from training graphs with N < 50.

FAO Trade. Directed bilateral commodity flow network across 364 commodity layers,
testing the scalability of the Multi-Relational Attention module.

61



Algorithm 2: DDIN Training with Prioritised n-Step DQN

Input: D-GMM corpus D; hyperparameters from Table 4.2; max episodes Nep.

Output: Trained online parameters 6.

1 Initialise online network Q(-; 0); target network 6~ « 6
2 Initialise PER buffer 8
3 for episode = 1 to N, do

4 Sample G ~ D; 50 «— G; So « 0; trajectory «— []
5 while Po,(s;) > 04is and V \ S; # 0 do
6 if Uniform[O0, 1] < &(tiota1) then
7 ‘ a; < Uniform(V \ §,)
8 else
9 | a, « argmax, Q(s;,v;60) [Eq. (4.30)]
10 end
1 Remove a;; (8141, Poo) < Alg. 1(s: \ {as})
12 r = Poo(s141) - F({a;})  [Eq. (4.7)]
13 Append (s;, a;, r;); update embeddings on s;41
14 end
15 for each index i in trajectory do
16 Compute n-step TD error e; [Eq. (4.24)]
17 Insert (s;, a;, . . .) into B with priority |e;| + epgr
18 end
19 if |B8| > B then
20 Sample mini-batch via PER; Compute £ [Eq. (4.27)];
priorities
21 end
22 if tota mod T = O then
23 ‘ 6 «— 0
24 end
25 end
26 return ¢

0 «— 0 —nVyL; Update PER

Algorithm 3: DDIN Greedy Dismantling (Inference)

Input: Directed multiplex G; trained 6; threshold 6;s.
Output: Removal sequence; AUDC; ¢*.

115G S0, t<0
2 while P, (s) > 045 do
3 for k = 1 to K.y, each v, each € do

| Update h{* via Egs. (4.15)~(4.17)
end
Compute h, Vv via Eq. (4.21)
Feel € AGMAX ey g Q(s,v;60) [Eq. (4.30)]
8 | (5, Poo) < Alg. 1(s \ {res1})

o | S—Su{r); te—r+1
10 end
11 Compute AUDC [Eq. (2.9)] and ¢* [Eq. (2.10)]
12 return (ry,...,r;), AUDC, ¢*

s - WY | B N
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Table 4.2: DDIN training hyperparameters (fixed across all five evaluation datasets).

Category Hyperparameter Value
Architecture Embedding dimension d 64
Message-passing rounds Kp,x 3
Loss weight A 1
RL Training Discount factor y 1.0
n-step window 5
Initial exploration &g 1.0
Final exploration &y, 0.01
Target update period 7 100 steps
Mini-batch size B 32
Learning rate n 104
Optimiser Adam
PER Buffer Priority exponent Spgr 0.6
IS weight annealing Sis 0.4—1.0
Buffer capacity 10°
D-GMM Corpus Training graphs 20,000
Graph size N 30-50
Power-law exponent 2.5
Mean degree k 6
Hardware GPU NVIDIA A100
Evaluation runs (averaged) 5

Table 4.3: Statistics of the five directed multiplex evaluation networks. N: node count; L: layer count; MSCCy:
initial normalised MSCC size; 1 /\/N : non-extensivity threshold.

Dataset N L MSCCy, 1AN
C. elegans connectome 279 3 1.0 0.0599
Drosophila Melanogaster 8,215 7 1.0 0.0110
FAO Trade network 214 364 1.0 0.0684
Homo Genetic (GPI) 18k 7 1.0 0.0074
Sanremo 2016 56k 3 1.0 0.0042
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Homo Sapiens GPL. Seven-layer directed protein interaction and gene regulatory multiplex.

Sanremo 2016. Three-layer directed Twitter interaction network with N = 56,562, testing
generalisation five orders of magnitude beyond training scale.

4.6.2 Baselines and Evaluation Protocol

DDIN is compared against Directed CI (DCI, Equation (2.14)) and High-Degree Adaptive
(HDA, Equation (4.3)), both extended to the directed multiplex setting via the maximum-
layer score rule and resolved with Algorithm 1. All methods are evaluated under unit cost,
averaged over five independent runs.

4.6.3 Main Results

Table 4.4 reports AUDC values. DDIN achieves the lowest AUDC on every dataset,
improving over HDA by 16.0%-23.4%.

Table 4.4: Directed dismantling performance under unit cost. Lower AUDC is better. Bold: best per
dataset.

Dataset DCI HDA DDIN (Ours) Improvement

C. elegans (279n, 3¢) 0.2043 0.2000 0.1621 23.40 Y%

Drosophila (8,215n, 7¢)  0.0674 0.0650 0.0561 16.02 %

FAO Trade (214n, 364¢)  0.1890 0.1858 0.1541 20.56 %o

Homo Genetic (18kn, 7¢) 0.0149 0.0140 0.0116 20.53 Y%

Sanremo 2016 (56kn, 3¢) 0.0003 0.0003 0.0002 20.51 Y%

Mean improvement 20.20 %
Lof o | 108 won | 1OF_ Hpa | 10 Hoa | 101 HDA
o8 \\" o o® \.""‘- — EIDIN o8 \\\ —— (IZ:)IDIN o8 ‘\ —_— (D:IDIN oe "‘. —— (IZ:)IDIN
N N N N e
0.2 \'*\ 02 A 3 02 \‘\.\ 0.2 \\\ 0.2 ) \-\\

0.0 01 02 03 0.000 0.002 0.004 0.006 0.008 0.0 0.1 0.2 0.3 0.4 0.5 0.00 0.02 0.04 0.06 0.000 0.001 0.002 0.003

Figure 4.2: Dismantling curves on five directed multiplex networks. y-axis: normalised MSCC size
P (s;); x-axis: fraction of nodes removed ¢. DDIN (red dashed) achieves the steepest structural collapse on
all five datasets. Dotted horizontal line: non-extensivity threshold 1 /\/N . (A) C. elegans. (B) Drosophila. (C)
FAO Trade. (D) Homo Genetic. (E) Sanremo 2016. Figure from Dev and Bhattacharyya [20].

4.6.4 Per-Dataset Analysis

C. elegans (23.40 %). The largest AUDC gain reflects the high source-sink asymmetry of
the neural connectome: a small set of interneurons with large out-degree and low in-
degree (source nodes per Remark 4.1.1) sustain the MSCC. DDIN’s MaxAgg aggregation
(Equation (4.16)) learns to identify and prioritise these sources in the early dismantling
phase.

Drosophila (16.02 %). The smallest gain reflects a more homogeneous in/out-degree dis-
tribution, reducing the source-sink contrast. The result nevertheless confirms zero-shot
generalisation from 30-50-node training graphs to 8,215 nodes.
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FAO Trade (20.56 %). The improvement on the 364-layer network confirms that the Multi-
Relational Attention module (Equation (4.20)) scales to large L, automatically concentrating
weight on the commodity layers most critical to the current MSCC.

Homo Genetic and Sanremo 2016 (~ 20.5 % each). Consistent improvement across the two largest
networks confirms that the DDIN policy generalises stably across orders of magnitude in
graph scale and across biological versus social network domains.

Summary. The mean AUDC improvement of 20.20 % confirms the core theoretical predic-
tion of Remark 4.1.1: the improvement magnitude correlates with the degree of source-sink
asymmetry in the evaluation network, ranging from 16.02 % (lowest asymmetry) to 23.40 %
(highest asymmetry).

4.7 Ablation Analysis

DDIN was originally reported as a two-page student abstract [20]; full empirical ablation
studies across all five evaluation datasets constitute planned future experimental work.
This section presents a rigorous prospective analytical ablation: for each component,
we (1) formally define the ablated variant, (ii) derive a theoretical prediction from the
mathematical framework of Sections 4.1—4.4, (iii) specify the experimental protocol, and
(iv) cite corroborating evidence from analogous ablations in MultiDismantler [25].

4.7.1 Symmetric vs. Asymmetric Aggregation

Ablated variant (DDIN-Sym). Replace Equation (4.17) with the symmetric undirected aggre-
gator:

hk1.0
1%
hSk,ﬁ),sym — Norml| ReLU ‘,V;yg 1 Z NCSRIRIN (4.31)
INDLOL, Ko

with ng’fg e R4 3 single weight matrix for the pooled undirected neighbourhood
N, €) = N~ (v,€) U N*(v, ). All other components remain identical.

Theoretical prediction. The Weisfeiler-Leman argument of Section 4.1.1 applies directly:
DDIN-Sym assigns identical embeddings to any source v, and sink v; with equal total
degree profiles. The downstream Q-network therefore cannot recover a source-first policy,
and the expected AUDC is at most comparable to HDA. The predicted degradation, relative
to full DDIN, is at least Agym > AUDChpa — AUDCpp, 1.€. a near-reversal of the gains in
Table 4.4.

Experimental protocol. Train DDIN-Sym on the standard D-GMM corpus with identical
hyperparameters (Table 4.2). Evaluate on all five datasets; report mean AUDC over five
runs with one-sided Wilcoxon signed-rank test against full DDIN.
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Corroborating evidence. MultiDismantler’s Supplementary Table 4a [25] shows that disabling
interlayer message-passing (the undirected equivalent of direction-insensitive aggregation)
increases AUDC by 5.9% on average. Since directed networks additionally require
source/sink discrimination, the corresponding degradation in DDIN-Sym is predicted to be
substantially larger, bounded below by the 16%—-23% values above.

4.7.2 Pure RL vs. RL with Reconstruction Loss

Ablated variant (DDIN-NoRec). Set A = 0 in Equation (4.27), reducing the training objective
to the pure prioritised Huber TD loss.

Theoretical prediction. The directed MSCC remains near P, = 1.0 for the majority of
dismantling steps before collapsing suddenly (cascade amplification; Proposition 2.2 in
Chapter 2). Under this sparse RL signal, the gradient of Ly w.r.t. encoder parameters is
small throughout the pre-collapse phase. The reconstruction loss provides a complementary
dense gradient

~(0)

0 Lrec o Z (A(f)_A(g))- Ip;;

PG Pip =i ) g0
f,(l.,]')EE[

out

(4.32)

available at every training step regardless of RL reward magnitude. Since d Lyec/ oW b 4

out

0Lec/0 VViIEk) by the bilinear decoder’s asymmetry (Proposition 4.4.1), the two directional
weight matrices receive distinct topological gradients even during the pre-collapse phase,
maintaining the source/sink embedding gap. Without L. this gap is predicted to collapse,
degrading AUDC.

Experimental protocol. Train DDIN-NoRec with 4 = 0 and record the gradient norm
IVgLrL|2 alongside AUDC on held-out validation graphs throughout training. The
prediction implies higher gradient variance and slower convergence in the pre-collapse
phase.

Corroborating evidence. Gu et al. [25] (MultiDismantler, Supplementary Table 4a) find that
removing the reconstruction loss in the undirected multiplex setting increases AUDC by
~ 3%. In the directed setting, the degradation is expected to exceed this: (i) directed MSCC
collapse is more abrupt than undirected LMCC collapse, amplifying sparse-reward effects;
(i1) the asymmetric bilinear decoder provides a directionally informative reconstruction
gradient in the directed case that the symmetric inner-product decoder cannot provide in the
undirected case.

Discussion. The two prospective ablations establish a complementary principle: DDIN’s
performance advantage requires both the representational capacity of the Asymmetric
GraphSAGE encoder (Stage 1) and the training signal of the reconstruction loss (Stage 3).
Disabling either is predicted to materially degrade performance, and empirical confirmation
on all five datasets is a direct-next-step experimental contribution.

66



4.8 Chapter Summary

This chapter presented DDIN, a deep reinforcement learning framework for dismantling
directed interdependent multiplex networks.

Problem and motivation. Section 4.1 formalised the directed dismantling problem and
demonstrated that symmetric methods fail via the symmetry gap (Remark 4.1.1): any
encoder or score function that conflates in- and out-degree misidentifies sources as sinks,
yielding an AUDC penalty of at least Agyp.

Architecture. Three directed components resolve this gap. The Directed GMM (Section 4.2.1)
generates scale-free directed training graphs with a rigorously bounded connection probability
(Equation (4.11)). The Asymmetric GraphSAGE encoder (Section 4.2.3) applies separate
mean-pooling and max-pooling over in- and out-neighbourhoods at each of K,,x message-
passing hops (Equation (4.17)), with VVOEJIE) # V[/;ék) € R%?4The Directed Multi-Relational
Attention (Section 4.3.2) uses GAT-style concatenation with an explicit reference-layer
ordering to learn asymmetric cross-layer coupling weights (Equation (4.20)). The Bilinear
Decoder (Section 4.4.1) predicts directed arcs via (ﬁ;f))T%eCﬁ? , which is generically
asymmetric (Proposition 4.4.1), and provides a dense directional reconstruction gradient to

the encoder under sparse RL rewards.

Policy search. The Q-value decoder (Section 4.5) uses the vectorised outer product M, -

~ ~ . . . . . . . 2
vec(h, ) ® h) for state-action interaction (Equation (4.28)), with dimensions M, € R%*4
made explicit.

Empirical performance. Zero-shot evaluation on five directed multiplex networks spanning
three orders of magnitude yields a mean AUDC improvement of 20.20% over HDA
(Table 4.4), with the improvement correlating with the degree of source-sink asymmetry in
each network.

Limitations. DDIN assumes strict one-to-one inter-layer interdependency and trains with
affine MLP projections for the Q-network. The latter is precisely the limitation that motivates
Chapter 5: replacing the affine heads M, M, and the symmetric cross-layer attention
of the undirected MultiDismantler baseline with KAN-parameterised learnable univariate
functions addresses the functional expressivity bottleneck that remains in DDIN. Combining
DDIN’s asymmetric directed encoding with KARL's KAN expressivity constitutes the
primary future research direction identified in Chapter 7.
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Chapter 5
Kolmogorov-Arnold Reinforcement Learning (KARL)

Chapter 4 addressed the topological limitation of existing multiplex dismantling methods:
by extending the message-passing and attention mechanisms to the directed setting, bpIN
resolved the asymmetry problem that renders symmetric GNN encoders structurally unsuited
to directed interdependent networks. The present chapter confronts a qualitatively different,
yet equally fundamental, limitation — one that afflicts all prior GNN-based dismantling
agents regardless of network directionality.

The limitation concerns functional expressivity. Every existing deep reinforcement
learning (DRL) agent for network dismantling, from FINDER [23] and NIrRM [66] to MultiDis-
mantler [25] and ppiN, encodes node embeddings and computes action values through layers
whose learnable components are restricted to affine maps composed with fixed nonlinearities
— the inherited legacy of the standard multilayer perceptron (MLP). This architectural choice
places a hard ceiling on the class of per-node vulnerability functions the agent can represent,
precisely where scale-free multiplex topology demands the richest approximation: at locally
non-smooth, high-frequency structural signals that determine which node removals trigger
the largest cascading fragmentation.

We propose KARL (Kolmogorov-Arnold Reinforcement Learning), the first architecture
to embed a hybrid Residual Graph Kolmogorov-Arnold Network within an off-policy DRL
agent for combinatorial optimisation over multiplex network topologies. Three principal
innovations resolve the gradient instability that has hitherto prevented KANs from operating
in off-policy RL loops:

1. Residual B-Spline KAN Encoder (Section 5.1): a degree-normalised aggregator
prevents tanh saturation on hub nodes, and a learnable macroscopic residual MLP
branch stabilises gradient norms during deep message passing over scale-free graphs,
with a formal upper bound established in Proposition 5.4.1.

2. KANformer (Section 5.2): a fully KAN-parameterised cross-layer attention module in
which every Query/Key/Value projection is an independent B-spline transformation with
Layer Normalisation, replacing MultiDismantler’s affine attention with a mechanism
capable of modelling non-smooth, per-coordinate inter-layer coupling.

3. Orthogonal Chebyshev-KAN Q-Head (Section 5.3): a Chebyshev polynomial decoder
whose orthogonal basis minimises worst-case approximation error on the non-stationary
TD targets of Q-learning, circumventing the Runge-type boundary oscillations that
afflict fixed-grid B-splines in the decoder position.

Figure 5.1 provides a complete overview of the three-stage pipeline before the detailed
development that follows.
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Input: Multiplex Network M = (V, {E(f)}gzl), N = |V| nodes, L lay-

ers Node features: xy) = [k‘(,e)/ kr(fa)x, k‘(,[)/ k,(fa)x T e R?
-
Stage 1: Residual B-Spline KAN Encoder B-splines: G =10, k=3; Ipx=3

message-passing rounds

Degree-normalised aggregation (prevents tanh saturation on hub nodes): Agg(h®’;v) =

\/d\l;\/l Z:ueN(v) h‘(ll ’ where dy, = IN (V)|

Node embedding update:

h\(zl+l) = KANout KANneigh(tanh(Agg)) || KANself(tanh(h\(zl))) + Qres - MLPres(h\()l)),

collective neighbour signal node identity signal

followed by -normalisation h{*" — h{*V /|n{*V), J

A4
H) e RNxd g = l,...,L

¥

Stage 2: KANformer - Cross-Layer Semantic Fusion B-splines: G =5, k=3; h heads,
dr=d/h

Learnable pre-transform: H©) = tanh(HO'T +b), T € R?*4 initialised to Iy

Per-node multi-head KAN attention (node n € {1,..., N}, head i):

N

- _ (K )T
Qin= KANEQ)(LN(h;(f))), [Kin, Vinl = KANEKV)(LN(CIS Z)))’ CEL;) = softmax(M)\
’ Vi
Residual in{egration: 2O =H® + FO_ where F() concatenates and projects all head outputs
via KAN°"
. y,
\l
Z\Y) e RN*d ¢ =1,...,L; virtual-node state embedding zﬁ.” (global dismantling state)
¥
e N
Stage 3: Orthogonal Chebyshev-KAN Action-Value Head Chebyshev degree K = 4
State-action outer product: e§f2, = zéf) ® zg) e R?; auxiliary features: fgz eR*
Per-layer Q-value:
(©)(8;,v) = ChebyKANj;,.( ChebyKAN,gqen(eta) @ £s) ), ChebyKANg, : R — R!
g’ (S;,v) = Cheby final eby hldden(es,a)EB aux | eby final =
——
eR32 eR4
Layer—importan&e)—weighted aggregation: Q(S;,v) = Z%:l w® ¢O(S,,v), where 0¥ =
softmax(ReLU(z; "W )W)
. y,

!}

Output: Q(S;,v) € R — scalar action-value estimate for removing node v at dismantling state S,

Figure 5.1: Three-stage KARL architecture. Stage 1 performs intra-layer message passing via B-spline
KAN modules with a degree-normalised aggregator (preventing tanh saturation on hub nodes) and a
learnable macroscopic residual MLP branch (preventing gradient explosion on scale-free topologies). Stage 2
(KANformer) fuses layer-specific embeddings through fully KAN-parameterised multi-head attention with
explicit Layer Normalisation before each B-spline projection, producing Z©) for each layer. Stage 3 maps
state-action embeddings to per-layer Q-values via a two-stage Chebyshev-KAN decoder, combining them
through learned layer-importance weights into the final scalar action-value Q(S;, v). KARL is trained only
on small synthetic GMM graphs (N € [30, 50]) and deployed zero-shot on real-world benchmarks reaching

N = 56,562 nodes.
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5.1 Motivation: Functional Expressivity

5.1.1 The Low-Pass Filtering Limitation of MLP-Based Agents

Let f : R%n — R4%u denote a single MLP layer. Every such layer applies the same global
affine map W € R%uxdin 1o each input vector, followed by a fixed nonlinearity o:

f(x) = o{Wx+Dh). (5.1)

The per-edge representational capacity of this map is therefore constrained to a one-
dimensional family parameterised by the single scalar W;; per input coordinate x;. For ReLU
activations — the standard choice in all GNN-DRL dismantling agents — any single MLP
edge function x; — Wj; o(x;) is a piecewise-linear function with exactly one breakpoint.
As shown formally in Proposition 5.4.9, any such function cannot approximate sin(wmx) to
error below a o-dependent constant ¢, > 0 when the MLP width W < «*w, regardless of
the magnitudes of the weight matrices. For the high-frequency vulnerability functions that
monitor cascading fragility in scale-free multiplex networks — where the effective oscillation
frequency w grows with hub-node degree heterogeneity — this imposes a hard expressivity
ceiling that wider or deeper MLP stacks cannot overcome at a fixed parameter budget.

Consequently, MultiDismantler’s MGNN encoder applies the same affine transformation
to every node embedding irrespective of local structural role, limiting its ability to discrimi-
nate subtle bottleneck nodes that lie at the boundary between high-coreness shells — nodes
that are not prominent degree hubs in any single layer yet sustain mutual connectivity across
all layers.

5.1.2 The Kolmogorov-Arnold Alternative

Kolmogorov-Arnold Networks (KANs) [35] offer a principled remedy by grounding
their design in the Kolmogorov-Arnold representation theorem: any continuous function
f 10, 1]" — R can be expressed exactly as

2n+1 n
FO) = D 0 > g () |, (5.2)
q=1 p=1
where ¢, , : [0,1] — R and ®, : R — R are continuous univariate functions. In contrast
to the universal approximation theorems for MLPs — which guarantee that a sufficiently
wide single hidden layer approximates any continuous function — Equation (5.2) establishes
a constructive decomposition using only univariate functions placed directly on network
edges. KANs operationalise this theorem by replacing the single scalar weight per edge in
an MLP with a learnable univariate function, typically parameterised by a B-spline. Each
such function spans a (G + k)-dimensional space of smooth local approximators (where G
1s the grid resolution and k the spline order), equipping the network with an exponentially
richer per-edge function family than the one-dimensional scalar-weight family of MLPs.
The structural consequence for multiplex dismantling is significant. By placing indepen-
dent B-spline functions on each message-passing edge, the KAN encoder can adapt the shape
of the transformation along each structural pathway, not merely its scale. A hub-connected
edge and a bridge-connected edge receive different functional forms, enabling the model to
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represent the locally non-smooth vulnerability signals that determine cascading fragility.
The emergent structural interpretability demonstrated in Section 5.6.3 — whereby KARL’s
Chebyshev decoder assigns monotonically larger activation magnitudes to progressively
deeper k-core nodes without any auxiliary supervision — provides empirical evidence that
this functional flexibility translates into qualitatively superior topological representations.

5.1.3 The Gradient Instability Challenge

Despite their representational advantages, KANs introduce a training instability absent from
supervised settings when embedded in an off-policy RL loop. B-splines are piecewise
polynomial functions defined over a fixed grid domain [—1, 1]; their evaluation requires
computing the basis matrix B(x) € R%n(G*+%) via the Cox—de Boor recurrence at every
forward pass.

Saturationrisk. In a Q-learning loop on scale-free multiplex graphs, hub nodes of high degree
d, > 1 produce aggregated neighbourhood features with large £,-mass. If aggregation is
simply an unweighted sum Y., nr(v) hy) , the resultant vector will, on typical scale-free graphs,
lie well outside the effective linear regime of tanh — approximately |x| < 3 — saturating the
activation to +1. In this saturated regime the local derivative tanh’(x) = 1 — tanh?(x) =
0, effectively killing the gradient flow to the KANyejsn module for high-degree nodes.
Section 5.1.6 introduces a degree-normalised aggregator that prevents this pathology.

Gradient blowup. Even with proper aggregation, hub nodes contribute to the neighbourhood
of many other nodes. At boundary knots, the B-spline derivative |¢’(x)| is largest;
propagating these spikes back through the neighbourhood aggregator — whose effective
branching factor Snax := 1 + dmax can be very large for scale-free graphs — causes gradient
norms to grow exponentially with message-passing depth. Section 5.1.7 introduces the
macroscopic residual MLP branch that resolves this instability, and Proposition 5.4.1 in
Section 5.4 provides the formal gradient-norm bound.

5.1.4 Kolmogorov-Arnold Networks and B-Spline Parameterisation

Following Liu et al. [35], we restrict the univariate functions ¢ of Equation (5.2) to smooth
B-splines to enable gradient-based training. Each scalar univariate function is parameterised

as:
G+k

o(x) = wlbx) + Z Ci Bf(x; G|, (5.3)
i=1

where w € R is a learnable scaling weight, ¢; € R are trainable spline coefficients, and
Bf (x; G) are the B-spline basis functions of order £ computed from the Cox—de Boor
recurrence over a uniform knot vector with k repeated boundary knots on [—1,1]. The
grid resolution G > 1 controls the number of knot intervals and hence the approximation’s
frequency capacity: a B-spline of order k on a grid of size G approximates any C**!
function on a compact domain to uniform error O(G~**1) [14]. The base activation
b(x) = SiLU(x) = xo(x) provides a non-trivial baseline response even when all spline
coefficients are initialised to zero.
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Vectorised EfficientKAN implementation. For computational efficiency, we adopt the vectorised
EfficientKAN formulation [35], which implements a full KAN layer of input dimension dj,
and output dimension dy, via two matrix multiplications:

KAN(X) = Wbaseo-(x) + Wspline B(X), (5.4)

where o (-) = SiLU(") is applied coordinate-wise, B(x) € R%n(G+k) stacks the per-coordinate

B-spline evaluations, Wy, € Réouxdin jg the base linear weight matrix, and Wpjine €
RAouxdin(G+K) gre the spline control weights. The total number of trainable parameters in
a single di, — dou KAN layer is doy - din - (G + k + 1), compared to doy - din for an
equivalent MLP layer — a ratio of (G + k + 1) : 1, which equals 14 : 1 for the KARL default
hyperparameters G = 10, k = 3.

5.1.5 Node Initialisation

The encoder operates on the undirected multiplex network M = (V, {E(© }le) established
in Chapter 3, with shared vertex set V, N = |V| nodes, L undirected layers, and adjacency
matrices {A(f)}gzl. Each node v € V is initialised with a two-dimensional feature vector
derived from its normalised layer degree:

(£) GRE

&) _ kv kv 2

X, = lk(f) * O ] € R-, (5.5)
max max

where k&f) = Xjev AE? and kr(rfgx = maxyey k&g). The repeated entry provides a 2-
dimensional input compatible with the linear projection W,; € R?*¢ that lifts the raw
feature to the embedding space of dimension d.

Remark 5.1.1 (Degree normalisation and B-spline grid compliance). Normalising by the
layer maximum degree bounds the initial feature to [0, 1]? for every layer, ensuring that
B-spline basis evaluations at initialisation lie within the grid domain [—1, 1]. This is the
same normalisation used by MultiDismantler and 1s essential for the Lipschitz analysis of
Proposition 5.4.1, since the tanh pre-activations subsequently maintain the grid-domain
constraint throughout training.

5.1.6 Iterative Message Passing with B-Spline KANs

Let hy) € R denote the embedding of node v at iteration [ € {0, 1, ..., Imax}, With Imax = 3
message-passing rounds. The initial embedding is hgo) = W, ng for each layer ¢.

Degree-normalised aggregation. In a standard unweighted-sum aggregator, hub nodes with
residual degree d, = |N(v)| > 1 produce aggregated vectors whose £>-norm scales as
O(~\/d, ||h||) under random embeddings — far outside the effective linear regime of tanh
for large hubs. Passing such vectors through tanh saturates the activation to +1, setting
tanh” ~ 0 and eliminating gradient flow to the KANpeioh module for precisely those hub
nodes whose structural role the agent most needs to learn. To prevent this pathology, we
introduce a v/d,-normalised aggregation scheme. Let d, = [N (v)| denote the residual layer
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degree and define a V b = max(a, b) to handle the degenerate case of isolated nodes:

1
Age(h®;y) = e Z h". (5.6)
v ueN(v)

The dlv - factor is the theoretically canonical choice: it preserves the £,-norm of the

aggregated vector under isotropic embeddings (since Var(Y, h,/Vd,) = Var(h,) when
embeddings are independent), ensuring that tanh(Agg) operates in its approximately linear
regime for typical embedding magnitudes even when d,, is large. This normalisation
preserves the gradient stability analysis of Proposition 5.4.1: the Lipschitz constant L, of
the composed map ® now incorporates 1/v/d,, but the Bmax = 1 + dmax factor in the gradient
bound remains unchanged (counts number of backward paths, not forward scaling).

Node embedding update rule. The full update at each message-passing iteration is:

h{*) = KANout([KANneigh(tanh(Agg(h(l); v))) ” KANself(tanh(h\(/l)))])

+ Qres - MLPyeg (h\(zl)), (5.7)
<o (1+]) (1+1) (I+1) .
followed by ¢>-normalisation: h;, "’ « h; " ’/||h, " ||,. Here:

* KANjeigh : R? — RY transforms aggregated neighbourhood features to capture
collective structural signals.

o KANgir : R? — R transforms the node’s own features independently, preserving
node identity without conflation with neighbourhood information.

* KANgyy : R?*? — RY fuses the concatenated 2d-dimensional representation back to
embedding dimension d. All three KAN modules use G = 10, k = 3.

* || - || denotes vector concatenation.

e MLP,.s : R? — R is a single linear-ReL.U layer acting as the macroscopic residual
branch.

* ars € Ris alearnable scalar initialised to 0.5 (optimal by the ablation in Section 5.6.1).

The tanh(-) pre-activations bound all B-spline inputs to [—1, 1], preventing out-of-grid
extrapolation error and providing the 1-Lipschitz constant used in Proposition 5.4.1. After
Imax iterations, layer £ produces the final intra-layer embedding matrix H(® € RV*<,

5.1.7 Macroscopic Residual Branch

The macroscopic residual branch in Equation (5.7) is the architectural element that distin-
guishes KARL’s encoder from a naive KAN-GNN. Its role is to provide a degree-independent
gradient propagation pathway that bypasses the neighbourhood aggregator.

Formally, let @ denote the composed B-spline-KAN transformation in Equation (5.7)
(the first line) and let ¥ = MLP,;. The update can be written compactly as:

R+ = cb(hﬁl), {hf,l)}ue/v(v)) + a,res_lp(h‘(}l))‘ (5.8)
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The term @es - ‘P(hy)) introduces a low-frequency anchor: it is a function of hgl) alone whose
gradient does not flow through the neighbourhood aggregator and is therefore insensitive to

dmax .

Lipschitz bound on residual constants. The Lipschitz constants invoked in Proposition 5.4.1 are
both controlled by the weight-decay regulariser A = 10~ applied to all trainable parameters
throughout training:

* L, (Lipschitz constant of ®): bounded via ||[Wgpline||2 < ¢, and the 1-Lipschitz tanh
pre-activations, giving Ly, < [|Wplinell2 - CkG /2 + [[Whasell2, where C depends only
on the spline order [14].

» L, (Lipschitz constant of ¥): bounded by ||[Ws||2 < cj, the spectral norm of the
single linear-ReLLU layer.

Since the weight-decay constraint is enforced throughout training, both L, and L, remain
finite, ensuring that the gradient bound (5.27) is non-trivial at all training steps.

Remark 5.1.2 (Contrast with ResNet-style shortcuts). Standard ResNet shortcuts add the
raw input directly: y = F(x) + x. The KARL residual branch differs in two respects. First,
MLP;., applies a linear-ReLLU transformation before addition, providing mild adaptivity
without the full B-spline computational overhead. Second, the learnable scalar a5 allows
training to balance the residual contribution; Proposition 5.4.1 shows that over-weighting
(ares — 1) suppresses B-spline gradients, while under-weighting (a5 = 0) eliminates the
stabilising path.

5.2 Architecture Stage 2: KANformer

After [,,x message-passing iterations, each layer € has produced intra-layer node embeddings
H® e RV In a one-to-one interdependent multiplex network, the cascading failure
dynamics mean that a node may be structurally peripheral in one layer yet pivotal in another,
and its removal triggers a collapse that propagates across every layer simultaneously [11].
Standard affine attention [S7] restricts per-token projections to a single linear map, limit-
ing capacity for the sharp, non-smooth cross-layer couplings that characterise multiplex
dismantling.

The KANformer module addresses this limitation by replacing every projection in the
cross-layer attention mechanism — Query, Key, Value, and output — with an independent
B-spline KAN transformation, and by explicitly applying Layer Normalisation (LN) before
each B-spline projection to ensure training stability and optimal utilisation of the spline
grid. To our knowledge, this is the first application of KAN-parameterised attention to layer
fusion in multiplex network dismantling.

5.2.1 Learnable Pre-Transformation

Before cross-layer attention, the embeddings of all layers are aligned via a shared learnable
affine map that also enforces the B-spline grid domain constraint:

O = tanh(H<f>T+b) e RVXd, (5.9
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where T € R?%4 is a learnable matrix initialised to the identity I;, and b € R4 is zero-
initialised. The tanh activation constrains all inputs to [—1, 1] (consistent with the B-spline
domain). Initialising T = I; means that at the start of training, the pre-transformation
is approximately the identity (up to the tanh saturation boundary), allowing the B-spline
Q/K/V projections to begin learning from a well-conditioned starting point.

5.2.2 Multi-Head KAN Cross-Attention

The KANformer operates as a cross-attention mechanism, called once per target layer ¢.
The target-layer embedding H e RV*d g¢ts as the query anchor, attending to the context
sequence formed by the remaining L — 1 layers. For eachnoden € {1,..., N}, let H,(f) e R?
denote the n-th row of H® and let c,([[) e R(E=Dxd denote the stacked embeddings of node
n across all other L — 1 layers (analogously extracted from {ﬁ(f')}gf#).

Layer Normalisation. Both sequences are passed through Layer Normalisation before B-spline
projections to ensure that the input to each KAN lies within the effective spline domain and
to stabilise training.

KAN projections. For each attention head i € {1, ..., h} with per-head dimension d; = d/h,
independent B-spline KAN projections (G = 5, k = 3) map the query and context to:

Qux = KAN?(LN(®B")) € R%, (5.10)

Kin, Vi, = KANKY (LN (c,({"))) e RU-Dxdr, (5.11)

Scaled dot-product attention (per node). To avoid tensor-transposition ambiguity for higher-
order tensors, we define the attention computation for each node n individually. Here
Q: . € R% is a row vector, K;, € RE~D*dk g the key matrix, and V,,, € RIE-D>4k 5 the
value matrix. The attended output for node n under head i is:

Qi,n (Ki,n)T
e

where Q; ,, (Kl-,n)T e R*L-D is an ordinary matrix product (row vector times matrix

Cii) = softmax( )V,-,n e R%, (5.12)

transpose), and the softmax operates over the L — 1 key positions. The outputs {Cﬁ? }nN:1 are

stacked along the node dimension to form Cl@ € RVX4 Concatenating the & head outputs
along the feature dimension and passing through a final B-spline KAN projection yields the
fused context F(©) ¢ RN*4,

5.2.3 Residual Integration

The fused context is combined with the pre-transformed target-layer embedding via a
residual addition:

729 = HY +FO ¢ RV, (5.13)
The ayes gating used in the encoder’s residual branch (Equation (5.8)) is not applied here;
the KANformer residual is an unweighted sum analogous to the residual connection in the
original Transformer [57]. The procedure of Equations (5.9)—(5.13) is repeated for each
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¢ e{l,...,L},producing L fused embeddings {Z" }gzl passed to the action-value decoder.

The virtual-node embedding zgf) e R? (the row of Z'9 corresponding to the virtual node
introduced in Section 3.2.1) encodes the global dismantling state of layer £.

Remark 5.2.1 (KANformer vs. MultiDismantler attention). MultiDismantler’s node-level
interlayer attention [25] computes attention coeflicients via a Hadamard product of projected
embeddings from pairs of layers followed by a scalar softmax weighting of the source-layer
embeddings. This is effectively a rank-1 bilinear form per node and per layer pair, with no
information sharing between nodes. The KANformer, by contrast, applies full multi-head
attention across all N nodes of each layer pair simultaneously, with per-head B-spline Q/K/V
projections operating on Layer-Normalised inputs, enabling it to model high-frequency,
non-smooth cross-layer coupling patterns beyond the capacity of any affine projection.

5.3 Architecture Stage 3: Orthogonal Chebyshev-KAN Q-Head

5.3.1 Why B-Splines Fail in the Decoder Position

Having established the B-spline KAN as the natural choice for the encoder and KANformer,
we now argue that B-splines are not the optimal choice for the action-value head.

The Q-value regression head must approximate the n-step TD target:

n—1 . .

Vi = D VhseTrei + Viigemax O(Spma’s ©), (5.14)

j=0
where ®~ denotes the target-network parameters updated every 1,000 gradient steps. The
target y, 1s a non-stationary function of the current dismantling state Si+n: as the multiplex
network is dismantled, the embedding distribution shifts and the target values follow a
continuously drifting distribution. Under non-stationary TD targets, uniform-grid B-splines
suffer from the Runge phenomenon [56]: polynomial interpolation through equispaced
points produces boundary oscillations whose magnitude grows as ®(2X/VK) with the
polynomial degree K, causing gradient spikes that destabilise Q-learning.

The remedy is to replace the B-spline basis in the decoder with a basis that minimises
worst-case approximation error uniformly on [—1, 1] — the Chebyshev polynomial basis of
the first kind, whose associated projection operator has an operator norm that grows only as
O(log K) (Theorem 5.4.4).

5.3.2 Orthogonal Chebyshev Polynomial Basis

The Chebyshev polynomials of the first kind {7,,}_, are defined by the three-term
recurrence:

To(x) =1, Ty (x) = x, Tn(x) = 2x Tip—1(x) = Ty—2(x) (m = 2). (5.15)
These polynomials satisfy the orthogonality relation under the Chebyshev measure w(x) =
(7V1 =x2)"1 on (-1, 1):

1 n if j =k =0,
/ Ti(x) Ti(x)w(x)dx = {n/2 ifj=k>1, (5.16)
-1 .
0 if j # k.

76



The truncated Chebyshev series Sk [ f] is the best polynomial approximation of degree K in
the L™ sense up to a logarithmic factor (Theorem 5.4.4), and the associated projection operator
has ||Sk||co—w = O(log K), guaranteeing only logarithmic growth of the approximation
error with polynomial degree. This contrasts sharply with the exponential Lebesgue constant
Ag = ©(2K /V/K) of equispaced polynomial interpolation.

5.3.3 ChebyKAN Layer Formulation

A ChebyKAN layer of degree K, input dimension dj,, and output dimension d,,; computes:
dn K
i = > > cijm Tultanh(x) + by, j=1,... dow (5.17)
i=1 m=0

where ¢; ; ,» € R are Xavier-initialised learnable coeflicients, b; € R is a zero-initialised
bias, and the tanh(-) pre-activation bounds all inputs to [—1, 1] for Chebyshev polynomial
evaluation. The three-term recurrence (5.15) is computed sequentially and requires no
external library beyond standard arithmetic operations. The total parameter count of a
ChebyKAN layer is doy - din - (K + 1) + dou, and the coefficient tensor ¢ € R%nXdoux(K+1)

1s computed via the recurrence with no additional weight matrices.

5.3.4 Auxiliary Feature Vector

To further inform the Q-head about the current state of the dismantling process, KARL
constructs a four-dimensional auxiliary feature vector fgz{ € R* for each candidate node-layer
pair (v, £):

1. Removal fraction (nodes): the fraction of nodes in S, relative to N.

2. Removal fraction (edges): the fraction of intra-layer edges in layer £ removed in S,
relative to |[E©)].

3. Two-hop reachability: the mean fraction of nodes reachable from v within two hops
in the current residual graph of layer ¢, normalised by N.

4. Residual degree: the normalised degree k,(f)) (1)/ kl(lfgx of node v in the current residual
layer graph at step ¢.

These features encode the current dismantling progress and the local connectivity environ-
ment of node v, providing context that the GNN embedding (trained on static synthetic
graphs of N € [30, 50] nodes) may not fully capture for large out-of-distribution benchmarks
reaching N = 56,562.

5.3.5 Q-Value Computation and Layer Importance Weighting

For each node v € V' \ 5} and each layer £ € {1,..., L}, the state-action embedding is
formed as the outer product:

el) = 2V e2" € RY, (5.18)
where zgf) is the virtual-node embedding (global state, Section 3.2.1) and zy}) 1s the fused

embedding of node v in layer ¢, both extracted from {Z?} after the KANformer. The outer
product models fine-grained state-action dependencies following FINDER [23].
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The per-layer Q-value is computed by a two-stage ChebyKAN decoder. Specifically,
ChebyKAN,,: 40 (degree K = 4) first maps the d-dimensional state-action embedding to
R32. Appending the 4-dimensional auxiliary context vector fgi yields a 36-dimensional
input, which ChebyKANj, ., (degree K = 4) maps to the scalar Q-value estimate. Using ®
to denote vector concatenation:

4(S,,v) = ChebyKAN;, | ChebyKANyy(el) @ £ |, (5.19)
——
cR® eR?

where ChebyKAN, . 4, : R — R3? and ChebyKAN;, ., : R3® — R!. Chebyshev orthogo-
nality ensures well-conditioned gradients under the non-stationary TD targets of Q-learning
(Theorem 5.4.4).

Different layers contribute unequally to the overall fragility of the LMCC. To capture
this heterogeneity, a learned softmax weighting aggregates per-layer Q-values into a final
scalar estimate:

exp(ReLU(fo)Wl)Wg)
W = — : (5.20)
Z exp (ReLU(zgp)Wl)Wg)
p=1
L
0(Si,v) = > w0 q (S, (5.21)
=1

where W, € R?*128 and W, e R!?8*1 are learnable matrices. The layer-importance weights

{w®} are computed from the virtual-node embedding zy) , which encodes the global state

of layer ¢ after cascade resolution, enabling the agent to dynamically adjust layer-specific
dismantling priority as the episode progresses.

5.3.6 Policy Search via Prioritised n-Step DQN
Reward function. The immediate reward for removing node v, at step ¢ is:
r(v) = Poo(Se) - F({vg,}), (5.22)

where Po(S;) = Nimcc(S;)/N is the normalised LMCC size after removal and cascade
resolution (consistent with the notation of Section 3.3.2), and F({v,,}) = 1 under unit cost
(or the incident edge count under degree cost).

n-step returns. 'To capture delayed fragmentation effects, KARL uses n = 5-step returns:
n—1
_ J , n (< . @
Vi = D Vhelei + Viisemax QS a’s ©), (5.23)
j=0
where ygisc = 0.99 and O~ is the target network updated every 1,000 gradient steps.
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TD loss with Prioritised Experience Replay. The primary training loss is the mean squared TD
error over a prioritised replay buffer 8 [50]:

L(®) = Bs,, | (i - 05,y ©))] (5.24)

PR

Sampling probabilities are proportional to |d;|*PER with apgr = 0.6; importance-sampling
weights (575 annealed from 0.4 to 1.0) correct for the induced bias.

Graph Laplacian regulariser. 'To prevent the high-capacity B-spline encoder from assigning
arbitrarily dissimilar representations to structurally adjacent nodes, we add a graph Laplacian
quadratic regulariser:
L T )
2tr(H ;L H)
Lr(©) = ) VT (5.25)

=1
where £ =D — A© is the combinatorial graph Laplacian of layer £. Via the identity
2tr(H" LH) = }; 7 Aijllh; —h j||2, this regulariser penalises large embedding distances
between adjacent node pairs, normalised to be scale-invariant across layers with different
edge densities.

Total objective.

L1ota1(®) = L1p(0) + 1 Lr(0), A =0.001. (5.26)

KARL is trained for 20,000 episodes using the Adam optimiser with decoupled learning
rates: n = 10~ for linear parameters and 1 = 1073 for spline coefficients. An e-greedy
strategy with € decaying from 1.0 to 0.05 balances exploration and exploitation. At inference
time, the agent selects a, = arg max, ¢y, s, 0(S;,v; ©) greedily.

5.4 Theoretical Expressivity Guarantees

This section establishes four theoretical results that collectively provide end-to-end justifica-
tion for KARL’s architectural design choices. Proposition 5.4.1 justifies the macroscopic
residual branch. Theorem 5.4.4 and Corollary 5.4.5 justify the Chebyshev decoder over
B-splines. Theorem 5.4.6 establishes that KARL’s KAN-GNN function class subsumes
MultiDismantler’s MLP-GNN class, guaranteeing no loss of representational power. Propo-
sition 5.4.9 quantifies the per-layer expressivity gap between KAN and MLP edge functions
at a fixed parameter budget.

5.4.1 Gradient Stability of the Residual B-Spline KAN Encoder

Proposition 5.4.1 (Encoder Worst-Case Gradient Stability). Let the B-spline KAN encoder
perform ly,x message-passing iterations with learnable residual scalar a.s € (0,1).
Suppose the composed transformation ® is Lg-Lipschitz in each of its arguments and the
residual MLP ¥ is L,-Lipschitz, both with respect to the €>-norm on RY. Let d™* denote the
maximum degree of any node in the graph across any layer, and define the global effective
branching factor Bmax := 1 + d™. Let L denote the total training objective (Eq. 27). Then
for every iteration index | € {0, 1, ..., lhax — 1}, the worst-case back-propagated gradient
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satisfies
ma 9,02l < (s Lo + L) iV Ly 520

In particular:

1. (Pure B-spline path lacks any independent damping.) When ayes = 0, the bound reduces
t0 (Bmax L) ™! max, ||V yma) L2, For scale-free multiplex graphs whose hub nodes
have d™ > 1, this upper bound is the only thing controlling the worst-case gradient
norm, nothing in the architecture prevents it from realising values consistent with
the gradient explosion observed empirically in Figure 4(a) (No_MLP and @ = 0.0
configurations).

2. (Residual regularisation provides an independent path.) For any ares € (0, 1), the
per-layer multiplier becomes Bmax L+ Qres L. Because MLPes is a single linear-ReLU
layer, L, < ||Wiesllo, which is controlled by the weight-decay regulariser A = 107
(Eq. 27). Crucially, the residual provides a parallel propagation path that does not
pass through the neighbourhood aggregator and is therefore independent of Bax, this
lets gradients flow stably even when hubs of high degree are present.

3. (Over-weighting collapses spline gradients.) As a5 — 1, the MLP branch dominates
the gradient signal, suppressing the B-spline update and slowing policy convergence —
consistent with the a = 1.0 trajectory in Figure 4(a).

The empirically optimal choice s = 0.5 (Appendix C.1) minimises the AUDC while main-
taining stable gradient dynamics, achieving the tightest gradient-norm band in Figure 4(a).

Proof. The proof will be done in three steps.

Step 1: Chain rule through one iteration. Fix node v and iteration /. By Eq. (4.17),
h1(/l+1) = (I)(h\(/l)’ {hftl)}ueN(v)) t Qe ‘P(h\(zl)) .

The total derivative of the loss w.r.t. h‘(,l) collects contributions from (a) the self-input slot
of @, (b) the residual branch ¥, and (c) the appearance of hy) inside the neighbourhood
aggregator of every neighbour u for which v € N(u). Writing Jf;lf and J(rll)elgh for the
Jacobians of @ with respect to the self and aggregated arguments respectively, and using
that 6Agg(h(l))/(9hy) = [, for each u with v € N (u):

Vhil)L = (]é)elf(h‘(,l)))TVhém)L + areS(an(hgl)))TthmL
) U m) Ve L. (5.28)
u:veN (u)

Step 2: Operator-norm bound. Since tanh is 1-Lipschitz, the composed map ® inherits
the same Lipschitz constant Ly in each of its inputs (the concatenation does not amplify

the norm). Hence ||J3 |12, IJ57¢"l2 < Ly [14,35]. Similarly ||Jy|l2 < L,. Define the
worst-case upstream gradient norm at iteration / + 1 as

M, = mVaX”Vh&“”LHT
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Applying the triangle inequality and the operator-norm bound ||ATx||, < [|A|]2]|x]|2 to
Eq. (5.28):
HthMZHz < (Lg + resLy) Mis1 + Z Ly M+
u:veN (u)
< (Lg + aresLy + d™ Ly) M4
< (,BmaxL¢ + a’reer)Ml+1a (5.29)
where the second inequality uses |{u : v € N(u)}| < d)'* (the number of neighbourhoods

that contain v is at most v’s maximum degree across layers), and the third bounds the local
branching factor by the global maximum SBpx 1= 1 + d™*.

Step 3: Induction over depth. Taking the maximum of the left-hand side of Eq. (5.29)

over all nodes v yields the recurrence
M; < (BmaxLy + CresLy) M1

Unrolling this recursion from [ = [;,x — 1 down to [ gives
M; < (BmaxLg + eresLy) ™ ™ M,

which is exactly Eq. (5.27). O O

max ?

Remark 5.4.2 (L for scale-free multiplex graphs). B-spline basis functions Bf (x;G) are
piecewise polynomials of order k bounded on [—1, 1], so each univariate spline ¢ has
l¢’(x)] < Cr/6 where 6§ = 2/G is the knot spacing and C; depends only on the spline
order [14]. For the vectorised EfficientKAN implementation (Eq. 11), the composed
Jacobian spectral norm admits the bound Lg < [[Wsplinell2 - Ck G /2 + ||Wpase||2. On scale-free
multiplex graphs with heterogeneous degree distributions, the aggregated neighbourhood
feature Agg(h") at hub nodes has high £,-mass, pushing post-tanh activations toward the
boundary of the spline domain [—1, 1] where knot density is lowest and |¢’| is largest;
combined with d™#* > 1 in scale-free regimes, this makes the per-step amplification Smax L
large in practice. The weight-decay term 2||®||? (Eq. 27) bounds |Weplinell2 and hence L
throughout training, but cannot suppress the multiplicative By« factor that arises from
the graph topology itself — only the degree-independent residual branch provides such a
stabilising path. After the final addition, {;-normalisation of hg”l) further constrains the
forward activations to the unit sphere and contributes an additional, bounded factor that is
absorbed into L; this technical detail does not change the structure of the bound.

Remark 5.4.3 (Interpretation of the bound). Three observations are immediate from
Equation (5.27). (i) Pure B-spline path. When o, = 0, the bound reduces to
(,BmaXL¢)lmax_lMlmax. For scale-free graphs with dy,x > 1, this can grow exponentially
with message-passing depth, consistent with the gradient spikes observed empirically
in Figure 5.4(a) for the @ = 0.0 configuration. (ii) Residual regularisation. For any
ares € (0, 1), the residual MLP provides a parallel propagation path independent of SB.x; the
per-layer multiplier ayesL, is controlled by the weight-decay regulariser A = 10> applied to
Wies, Which bounds L, < ||Wiesl|2. (iii) Over-weighting. As a,.s — 1, the MLP branch
dominates the gradient, suppressing the B-spline update and slowing policy convergence
— consistent with the @ = 1.0 trajectory in Figure 5.4(a). The empirically optimal value
ares = 0.5 (Section 5.6.1) minimises AUDC while maintaining stable gradient dynamics.
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5.4.2 Near-Minimax Optimality of the Chebyshev Q-Head

To formalize the necessity of replacing B-splines with Chebyshev polynomials in the decoder,
we establish the following theoretical bound on the Temporal-Difference (TD) approximation
error.

Theorem 5.4.4 (Near-Minimax Optimality of the ChebyKAN Q-Head). Lety, : [-1,1] - R
be the non-stationary n-step Temporal-Difference (TD) target at step t, assumed to be
continuous. Let

K
0(x;0) = ) OuTi(x)
k=0

be the action-value function parameterised by a ChebyKAN regression head of degree K,
where {Tk}fzo are the Chebyshev polynomials of the first kind, and let L(6) be the squared
TD loss. Then the following hold.

(A) Representation Power (Near-Minimax Bound). The truncated Chebyshev series
projection Sk |y:| € Pk satisfies

Iy = Sklylllo < (14 2In(K + 1) + O(K™) Ex (7). (5.30

where Ex(y;) = minpep, ||y; — Pl is the best-approximation error in the sup-norm, and
the O(K~?) remainder term is explicit and decays to zero.

(B) Learning Guarantee (TD-Loss Minimisation). Ifthe TD loss is evaluated (or importance-

weighted) under the Chebyshev measure
1

AVl —x2
then L(0) is strictly convex in 0 and its unique global minimiser 6* satisfies 6, = cy for all
k=0,...,K, where c; are the Chebyshev series coefficients of y;. Consequently

Q(x;0%) = Sklyl(x)  Vxe[-L1].
This exact recovery holds under the Chebyshev-weighted sampling assumption above; the
general case p # w is treated in the Remark at the end of the proof. Under this assumption,
the learned Q-head achieves the near-minimax bound (5.30), suppressing gradient explosion
and ensuring stable convergence of the TD objective.

w(x) = xe(-1,1),

Proof. The proof is organised in four steps. Steps 1-3 establish Part (A) via approximation
theory; Step 4 establishes Part (B) via convex optimisation.

Step 1: Minimax Baseline (Chebyshev Equioscillation Theorem).
By the Chebyshev Equioscillation Theorem [39,47], for every y, € C([—1, 1]) and every
K > 0 there exists a unique best-approximation polynomial P* € Pg satisfying

Ex(yt) = llye=P'llo < llyr=Plla VP €Pg.

The polynomial P* is characterised by equioscillation: there exist at least K + 2 points
—1 <xp<x; <---<xgy41 <1 atwhich

(v = P*)(x;) = (=1)" Ex(yy), i=0,....,K+1.
No polynomial of degree K can achieve a sup-norm error smaller than Ex (y;).
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Step 2: Near-Minimax Bound via the Projection Identity.
The truncated Chebyshev series Sx : C([—1, 1]) — Pk is defined by
K

= 1
Sl = Y N, el = [ fonowodr

k=0
where w(t) = (1 — 12)~/2/x is the Chebyshev weight and [k = 0] is 1 if k = 0 and O
otherwise. The map Sk is linear and is a projector onto Pk, i.e. Sx[P] = P for all P € Pg
(immediate since {7y, ..., Tx} is an orthogonal basis for Px under w).

Claim. ||yt - SK [yt] ||oo < (1 + ||SK”00—>00) EK(yZ)
Proof of Claim. Since P* € Pk and Sk is a projector, Sg[P*] = P*. By linearity,
—Skly:l = (yr = P*) = Sk[y: = P*].
The triangle inequality and the definition of the operator norm || Sk [|s—eo = supy sy =1 1Sk [/l
then give
1ye = Sk [yellleo < Mlyr = Plleo + 1Sk [y = P*]llo
< Ex(ye) + ISk lloomcollye = P7 |l
= (1 +ISkllomeo) Ex(yr). O

Step 3: Bounding the Operator Norm ||Sx || co— co-
We derive the logarithmic bound on ||Sk||co—c from first principles.

Kernel representation. Substituting the definition of ¢ ( f) into Sk [ f](x) and interchanging
the finite sum with the integral yields

Sk[/10x) = / £(0) D) (1 =272,
where the Chebyshev—Dirichlet kernel is

K
Di(x,t) =1+ 22 Ti (x) Ti ().
k=1
The interchange is valid because the sum is finite.

Reduction to a trigonometric L' norm. Setting x = cos ¢ and t = cosy with ¢,y € [0, ],

and using Ty (cos ) = cos(kyr), the kernel becomes the standard trigonometric Dirichlet
kernel:

K
Dg(cosp,cosyy) =1+2 Z cos(ky) cos(ky).
k=1

The substitution df = — siny dy and (1—-1%)"1/% = (siny)~! simplify the Chebyshev weight,
and the operator norm reduces to

ISk ||comsco = sUp —/ |DK(cosg0,cosa,b)|d¢ (5.31)
ve[0,7]

This is the L' [0, 7] norm of the Dirichlet kernel maximised over ¢, the same quantity that
arises in the theory of Fourier partial sums.
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Asymptotic evaluation and the Rivlin—-Chebyshev bound. A classical calculation (see [49,
Ch. 2], [47, Thm. 7.4]) evaluates the L' norm as

Lrr 2 2 4 )
|DK(cos<p,cosw)|dw——an+ yE+1n— + O(K™),
T Jo

where yg ~ 0.5772 is the Euler—-Mascheroni constant and the O(K~?) remainder is
uniform in ¢. Because In(K + 1) = InK + O(K™") and the explicit constant satisfies
%()/E +In(4/7)) = 0.9625 < 1, we obtain the Rivlin—Chebyshev upper bound

2
ISkllcomsoo < —In(K + 1)+ 1+ O(K™2), (5.32)
T

where the O (K~?) term is explicit and decays to zero. Substituting (5.32) into the Claim of
Step 2 yields Part (A):

Iy = Sklyidlles < (142K + 1)+ O(KD) Ex(yv). D)

Contrast with equispaced polynomial interpolation. For polynomial interpolation through
K + 1 equispaced nodes x; = —1 +2j /K, the analogous operator is the Lagrange interpolant
Ik, whose stability is governed by the Lebesgue constant

Ak = sup Z 60| = @2 WK),
XG[ 1 1 ] =0
where ¢; are the Lagrange basis polynomials [56]. The exponential growth Ag = 0(2K%)
means that the error bound (1 + Ag)Ek(y;) diverges exponentially in K, producing Runge-
type boundary oscillations. This is the instability that Chebyshev projection avoids.

Remark on B-spline KANs. Uniform-grid B-spline KANs of fixed degree p do not suffer
Runge’s phenomenon in its classical sense (their error does not diverge for fixed p); their
instability is better characterised by the exponential growth of the condition number of
the B-spline collocation matrix on uniform knots as the spline degree grows [14]. This
is a related but distinct phenomenon from the Lebesgue constant bound cited above for
polynomial interpolation.

Step 4: TD-Loss Minimisation Recovers Sk [y;] (Proof of Part B).
Strict convexity of L(6). Under the Chebyshev measure w(x), the loss is

1 2
£0) = [ (300 = 20 0:T10) wio) d.

Expanding the square and applying the orthogonality relations

| /4 j=k=0,
/ Ti(x) Tiy(x)wx)dx ={n/2 j=k>1,
-1 )
0 Jj #k,
the cross terms in 6,6 (j # k) vanish, yielding
L) = lyly, - 2Zek<yt,n>w - Zeznrkn , (5.33)
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where ||T¢||2 = n/2 > 0 for k > 1 and ||T0||3V = 7 > 0. Because each ||T}||> > 0,
equation (5.33) is a sum of independent, strictly convex parabolae in each 6. Hence L(6)
is strictly convex in @ € RX*! so it has a unique global minimiser 6*.

ldentification of 6*. Since the 8, components are decoupled in (5.33), we minimise each
coordinate independently. Setting d.£/06; = 0 gives

] T
2y T + 26002 =0 = 6 = 2ol
Tl
where ¢y are precisely the Chebyshev series coeflicients of y; (see Definition D4). Therefore
K
O(x;07) = > e Te(x) = Sk[yd(x)  Vxe[-1,1].
k=0

Because L is strictly convex, any gradient-based optimiser (including stochastic gradient
descent with a decaying step-size satisfying the Robbins—Monro conditions) converges to
this unique minimiser [9].

Consequence. Combining with Part (A):
Iy = @56l = llye = Sk [yilllo < (1+ 2 (K + 1) + O(K™)) Ex(v).  O(B)

Remark on non-uniform replay distributions. In practice, prioritised experience replay
samples from a distribution p(x) # w(x). Let 6, denote the minimiser of £ under p. Then
Q(-;67) is the best L*(p) projection of y, onto P, not the Chebyshev projection. The
deviation from Part (B) is bounded by

ISk [yl = Q0 < C(K, p) |lye = Sk[ye]lleos

where C(K, p) > 0 depends on the discrepancy between p and w and vanishes when p = w.
Prioritised experience replay corrects for this discrepancy via importance-sampling weights
Bi o< (p(x;)/w(x;))~!, which re-weight the empirical loss towards w, thereby recovering the
Chebyshev projection guarantee up to a finite-sample error that vanishes as the replay buffer
size |B| — oo. O

Corollary 5.4.5 (Gradient Stability of the ChebyKAN Q-Head). Under the assumptions
of Theorem 5.4.4, let ® denote the parameters of the upstream GNN encoder and let
Ve L1p be the gradient of the TD loss with respect to ®. Assume the network parameters
satisfy ||®|| < B for some finite constant B > 0 (enforced in practice by the weight-decay
regularisation with coefficient 1 = 107°). Then:

(i) TD-Error Bound. The pointwise TD error of the learned Q-head satisfies
Iy = 00 < (14 2In(K + 1) + O(K™)) Ex(3), (5.34)

where ux = O(log K) grows only logarithmically in K. In contrast, any equispaced
polynomial interpolation scheme incurs a multiplicative factor 1 + Ax = @(2X), which
diverges exponentially.

(i) Gradient-Norm Bound. The TD-loss gradient satisfies
IVoLro|| < 2ux Ex(y)) - G(B), (5.35)
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where G(B) = supg<gllVeQ(+; 0")|| < oo is a finite constant depending only on B and
the architecture. Hence the gradient norm is also bounded by a factor that grows at most
logarithmically in K.

Proof. Part (i) is an immediate restatement of Theorem 5.4.4(A)—(B) combined: by Part (B),
Q(+;0") = Sk[y:], and by Part (A), |ly; — Sk [yl < px Ex(y1)-
Part (ii). The TD gradient is

VoLrp = 2B, [ (y:(x) — Q(x;6)) VoQ(x; 6")].

Taking norms and applying the triangle inequality:

[VoLrp| < 2Erp|lyi(x) = Q(x;6M)] - [[VoQ(x;67)]].

Bounding the first factor pointwise by ||y; — OQ(+;60")||lc < uxExg(y;) from Part (i), and
defining G(B) = supg|<plIVeQ(-; 8[|, which is finite by continuity of the network and
compactness of {® : ||®| < B}, gives (5.35). The weight-decay regularisation 1||®||?
enforces ||®|| < B throughout training, ensuring G (B) is a genuine constant.

Note that G (B) is independent of K; thus the entire right-hand side of (5.35) grows only
as O(logK) in K, in contrast to the ©(2X) growth that would arise from an equispaced
interpolation scheme. O

5.4.3 Universal Approximation of the KAN-GNN Encoder

A natural question is whether replacing fixed affine MLP projections with learnable B-spline
KAN projections sacrifices any representational power — 1.e., whether there exist node-level
functions that a standard MLP-GNN can approximate but a KAN-GNN cannot. We show the
opposite: the KAN-GNN function class contains a uniformly dense image of the MLP-GNN
function class at any fixed depth, and at any fixed parameter budget per layer the KAN
edge-function family strictly contains the MLP edge-function family. Hence the substitution
1S expressivity-preserving by construction.
We first recall the two classical results on which the theorem rests.

e MLP subsumption by KAN [35]. For any affine-plus-activation layery = o(Wx + b)
with W € R%uxdin and a fixed nonlinearity o (e.g., SiILU as in Eq. (11) of KARL), there
exists a KAN layer of the same input—output dimension whose per-edge functions ¢; ;
reproduce the affine-plus-activation map: setting the spline coefficients to zero and the
base activation weights w;; = W;; in Eq. (11) gives KAN(x); = >,; W, 0 (x;) + b,
which equals the MLP layer exactly. Furthermore, by Theorem 2.1 of [35], B-splines
of order k on a uniform grid of size G approximate any C**! function on a compact
domain to uniform error O(G~**1), so KAN layers approximate (and contain) MLP
layers up to arbitrary precision.

* GNN message-passing universality [38,64]. Any permutation-equivariant node-level
function of the form ), = f(hy, {{h, : u € N(v)}}) that is continuous on a compact
domain can be approximated arbitrarily well by a message-passing GNN whose
ComMmBINE and AGGREGATE functions are universal approximators (e.g., MLPs with
sufficient width/depth).
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Theorem 5.4.6 (KAN-GNN Subsumes MLP-GNN). Let i p denote the class of functions
computed by an lyax-layer message-passing GNN whose CoMBINE and AGGREGATE steps are
implemented by MLPs of fixed width d and depth p with a fixed 1-Lipschitz nonlinearity o,
evaluated on inputs in the compact domain [—1, 1]1? (enforced by the tanh pre-activations of
Eq. (14) of KARL). Let FxaN denote the class of functions computed by the same message-
passing GNN with each MLP layer replaced by a KAN layer of the same input—output
dimensions, B-spline order k > 1, and grid resolution G. Then:

1. (Subsumption / uniform density.) For every Fyrp € Fmip and every € > 0, there
exists a KAN-GNN of the same depth l.x, the same embedding dimension d, B-spline
order k, and a sufficiently fine grid G = G (&, lyax, Ly ) whose realised function Fgan
satisfies

sup  ||Fumee(x) — Fran(x)|, < e.
xe[-1,1]4

Equivalently, Fyip C Fran where the closure is taken under uniform convergence on
[-1,1]%

2. (Strict per-layer containment.) For k > 1 and any G > 1, the per-edge function family
realisable by a KAN layer strictly contains the per-edge function family realisable
by an MLP layer of identical input—output dimension. In particular, there exist
KAN-realisable per-edge functions ¢ : [—1,1] — R that no MLP layer of the same
input—output dimension and the same fixed nonlinearity can represent exactly, and
which require Q(w) width to approximate to error O(1/w) uniformly when their total
variation grows linearly with a frequency parameter w.

Proof. We prove each part in turn.

Part (i): Subsumption. Let Fyyp € Fvrp be any function computed by the MLP-GNN.
Following the structure of Eq. (14) of KARL with MLP modules in place of the KAN
modules, each message-passing round takes the form

pY = MLPout(MLPneigh(tanh(Agg(h(l)))) [ MLPSCIf(tanh(hy))))' D=0

Each MLP, is a finite composition of affine maps and a fixed 1-Lipschitz nonlinearity
o. The pre-activation tanh(-) guarantees that every input to every MLP, lies in [—-1, 1]¢,
which is the compact domain on which the B-spline approximation bound of [35] holds (the
domain [—1, 1] is affinely equivalent to the [0, 1] domain used in [35, Theorem 2.1] and the
bound transfers without loss).

Concatenation €»-isometry. The concatenation operator - || - : RY x R — R?? appearing
in Eq. (5.36) is an exact {>-isometry: for any a, b € RY,
lallbllz = Jllall2 + 11513 (5.37)

We use this identity (rather than the looser ||al||2 + ||b]|2 triangle bound) in the error-
propagation analysis below.

Per-layer KAN approximation. By the MLP-subsumption property of KANs [35], for any
affine-plus-o layer of finite depth p and any " > 0, there exists a KAN layer of the same
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input—output dimension with B-spline order k and grid resolution G > G((7’) satisfying
sup HMLP(X) - KAN(X)”2 < 7, (5.38)

xe[—1,1]%n
with Go(") = O((i’)~"/**+1 by Theorem 2.1 of [35].

Lipschitz tracking through the GNN. Let Lyeigh, Lseif, Louw denote uniform Lipschitz
constants of the three MLP modules with respect to the £, norm on [—1, 1]¢, and let Lo be
a Lipschitz constant for the composed update operator ®*) : (hy), {hftl)}uE N)) F hi”l) .
Because tanh is 1-Lipschitz, each MLP layer is L, - [, |W(@||,-Lipschitz with L, < 1,
and the unweighted sum aggregator over a graph with maximum degree dp,x contributes
a factor (1 + dmax). Hence Lo < Lout * (Lneigh * dmax + Lsei) is finite because all weight
norms are bounded throughout training (weight decay A = 107>, Eq. (27) of KARL). Define
the geometric amplification factor

lmax
Imax—1 L(I) -1 I + 1
S(Imax> Lo) = Z Lé) = Lo—1" ® ’ (5.39)
1=0 lmax, L<I> = 19

which we will use to consolidate the error accumulated over /,,,x message-passing rounds.

Per-iteration injected error. At each message-passing round we substitute all three nested
MLP modules by KAN approximations of accuracy n’ (Eq. (5.38)). Let ® denote the
original MLP composed update and @ the KAN-substituted update, and let epejgh, €seif € R4
denote the per-module approximation errors with ||encighll2, ||eseif||2 < 1’. The errors of
KANeionh and KANgeir propagate through MLP,, before adding to the KAN error itself;
using the concatenation isometry (5.37) and the triangle inequality,

SUPH@(X) - 6(X)|i2 < 0+ Loy - ”eneigh [ eselfHZ
X

= 7'+ Lou - llencignll3 + llesal3

< '+ Low- V27" = 7/ (1 + V2 Loy). (5.40)
Define the consolidated per-iteration injected error as

n = 77,(1 + \/ELout),
so that each round contributes at most 7 of fresh error in the supremum norm. Note 7’ can
always be chosen so that i takes any prescribed positive value, since 1 + V2 Loy is a fixed
(finite) constant governed by the trained MLP weights. Compared with the looser bound
1’ (1 +2Lyy) obtained from the triangle inequality alone, the isometric bound (5.40) reduces
the constant by the factor (1 + V2 Loy)/(1 + 2Loy), which approaches V2/2 ~ 0.707 as
Loy — oo.
Error propagation across Iy, rounds. Let 5&1) = hgl) — 7151) denote the difference

between MLP-GNN and KAN-GNN node embeddings at iteration /, with 550) = (0 (both

networks share identical inputs). At each iteration, propagated error is amplified by Le and
a fresh error of at most 7 is injected:

[+1 l
max |5Vl < Lo - max 16,12 + 1.

88



Unrolling this recursion from / = 0 to I — 1 with 69 = 0 and using (5.39) yields
max |6 [l < 7+ $(Imax, Lo)-

Choose

B e , n B e

T = S Lo) 1 1+ V2Low  (1+V2Low) SUmaxs Lo)

and pick the corresponding grid resolution G > G(n’) from Eq. (5.38). The downstream
KANformer (Sec. 4.4) and Chebyshev-KAN heads (Sec. 4.5) are themselves Lipschitz
on [—1,1]¢ and admit the same per-module subsumption argument: their contribution
multiplies the encoder error by an additional finite Lipschitz constant Lye,qg Which can be
absorbed into the choice of i by re-scaling. We thus obtain

sup ||FvLp(x) — Fran(®)||, < &.
xe[-1,1]4

Since Fypp and € > 0 were arbitrary, Fyrp € Fxan, completing Part (i).

Part (ii): Strict per-layer containment. Fix a single KAN edge function ¢ : [-1,1] > R
from Eq. (10) of the main paper:
p(x) = wlo(x) + T ¢ Bf (1:6)).

For k > 1 and G > 1, the B-spline term contributes a non-trivial piecewise polynomial of
order k with G + k free coefficients, which spans a (G + k)-dimensional function space
on [—1,1]. By contrast, the corresponding edge function in an MLP layer of the same
input—output dimension reduces to x — W; ; o-(x), a one-dimensional family parameterised
by the single scalar W; ;. Hence the KAN per-edge function family strictly contains the
MLP per-edge function family as subsets of C([—1,1]) forall k > 1, G > 1.

Quantitative gap on high-variation targets. Consider the target f’(x) = sin(w7nx) on
[—1, 1], which has total variation TV(f,}) = 2w. A B-spline of order £ > 1 on a grid of size
G > w approximates f* with uniform error O ((w/G)**') [14], using O(G) parameters. To
match this accuracy with a single-hidden-layer MLP of width W and a fixed 1-Lipschitz
activation o, classical lower bounds on best approximation by ridge functions [5,37] require
W = Q(w) parameters when f is treated as a univariate target. Hence at any per-layer
parameter budget P with P < w, no single-layer MLP can approximate f,| to error smaller
than a constant, while a KAN with G + k = O(P) achieves error O((w/P)**!). This
quantitative gap, while not strictly establishing a global containment for arbitrarily deep
MLPs (which can compose to recover high frequencies), confirms that at fixed depth and
per-layer width the KAN edge family captures high-frequency variation that the MLP edge
family cannot, justifying KARL's preference for KAN over wider/deeper MLPs of equivalent
parameter budget. O O

Remark 5.4.7 (Practical significance for KARL). Theorem 5.4.6 directly addresses the
design question: “Why use KANs rather than a deeper MLP?” Part (i) guarantees that no
representational power is lost by switching from MLP-GNN to KAN-GNN: any dismantling
policy expressible by MultiDismantler’s MLP-GNN is also expressible (to arbitrary uniform
precision) by KARL’s KAN-GNN of the same depth and embedding dimension, provided
the B-spline grid is sufficiently fine. Part (i1) shows the gain at the per-layer level: at
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any fixed grid resolution G and order k > 1, each KAN edge function spans a (G + k)-
dimensional family that strictly contains the 1-dimensional family available to an MLP edge,
allowing KARL to fit high-frequency per-node vulnerability functions — precisely those
that govern cascading fragility in scale-free multiplex topologies — without resorting to the
depth/width inflation that would be required of an MLP-GNN. This is complementary to
the stability guarantee of Proposition 5.4.1: the residual branch controls gradient dynamics
during training, while Theorem 5.4.6 characterises the function class of the trained model
at convergence. The two results together provide end-to-end theoretical support for the
KAN-based design of KARL.

Remark 5.4.8 (On the tanh pre-activation). The tanh pre-activations in Eq. (14) of KARL
are essential for Theorem 5.4.6 not merely as implementation details but as the mechanism
that enforces hy) € [-1,1]¢ at every iteration, guaranteeing that all KAN inputs lie
within the compact domain on which the B-spline approximation error bound O (G~*+1)
holds [35, Theorem 2.1]. Without this constraint, the error bound would require an
additional argument about domain adaptation of the spline grid, available via the grid-
extension technique of Liu et al. [35] but complicating the proof. The tanh pre-activation is
therefore both an architectural and a proof-enabling design choice.

5.4.4 Parameter Efficiency of KAN over MLP at Fixed Budget

We establish a parameter-efficiency separation between KAN and MLP edge functions that
holds with no constraint on the MLP weight magnitudes. The argument relies on weight-free
counting bounds (linear regions for ReLU; zero counting for analytic activations) and is
stated in two genuinely informative regimes: a critical parameter threshold P < w, and
an asymptotic-rate regime restricted to piecewise-linear MLPs. The latter restriction is
essential: as is well known [22,41], single-hidden-layer MLPs with real-analytic activations
achieve exponential approximation rates on analytic targets, so a fixed-order B-spline
KAN cannot win an asymptotic-rate comparison against an analytic-MLP in 1D. The
ReLU/piecewise-linear case is the relevant one for our empirical baselines (MultiDismantler
and all GNN-DRL prior work use ReLU MLPs).

Proposition 5.4.9 (Parameter Efficiency of KAN over MLP). Let Fgan(P) and Fyrp(P)
denote the classes of per-edge univariate functions realisable by a B-spline KAN layer of
order k > 1 and a single-hidden-layer MLP layer respectively, each with total parameter
budget P and a fixed activation o that is either (a) ReLU (or any continuous piecewise-
linear activation with a constant number of pieces), or (b) a real-analytic, non-polynomial
1-Lipschitz function (e.g. tanh, sigmoid, SiLU). For any integer frequency w € N consider
the target
fo(x) = sin(wnx), x € [-1,1].

Then:
1. (KAN upper bound at budget P). A B-spline KAN of order k with grid size G = P — k
achieves
. . ~ w k+1
ekaN(P) =  inf sup |£5(x) = fkan(x)| < Cx (—) , (5.41)
SkANEFKAN(P) xe[-1,1] P
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where Cy depends only on k.

2. (Weight-free MLP lower bound, both activation classes). There exists a constant
k* € (0, 1] depending only on o such that for any single-hidden-layer MLP fyip(x) =
Z?;l ajo(wix + bj) with width W < «*w, and regardless of the values of its weights
{a;,wj,b;} € R (in particular, with no bound on |a | or |w;|),

emp(W) :=  inf sup |£5(x) = Amp(®)| = ¢ > 0, (5.42)
SMLPEFMLP (W) xe[-1,1]
where c, > 0 depends only on o. Specifically: «* = 1 and ¢, = 1 for ReLU;
k* =1/co(0) and ¢y > 0 a o-dependent constant for analytic o, where co(0) is the
Maiorov—Pinkus zero-count multiplier [37,46].

3. (Critical-threshold parameter-efficiency gap, both activation classes). Fix any
constants kgaN > 0 and kyrp < «*, and set the budgets

PKAN = KKAN W, WMLP = KMLP W.

Then for every w € N,

exan(Pran) < Crxgas?, emLp(WMmLp) = co (5.43)

Choosing kxan > (Ci/co ) D yields exan(Pran) < ¢o < evrp(Wmip), so the
KAN error is strictly smaller than the MLP error at every frequency, even when the
parameter ratio Pxan/WwmLp = KkaN/KMLP IS a constant independent of w.

4. (Asymptotic-rate gap, ReLU MLPs only). Restrict o to ReLU or any fixed continuous
piecewise-linear activation. Fix w € N and let P — oo. Then the optimal MLP error

obeys a strict lower bound [21,22]

2.2

w*n .
emLp(P) > opr ¢ P2, (5.44)

so combining (5.44) with the KAN upper bound (5.41) gives

’ -2 ’
o) WP G ke (5.45)
ekan(P) — Cr(w/P)** Crow*!
For any k > 2 (e.g. cubic splines k = 3 used in KARL), the exponent k — 1 > 1 is

positive and the ratio diverges as P — oo.

Remark on analytic activations. The asymptotic-rate gap of Part (iv) does not hold
when o is real-analytic. Real-analytic single-hidden-layer MLPs achieve rates of
order exp(—cP'?) on analytic targets in R? (and exp(—cP) in d = 1) [22, 41],
which eventually beat any fixed-order polynomial rate P~**V. Consequently, the
asymptotic-rate comparison applies only to the piecewise-linear MLP family, which
is precisely the family used in every GNN-DRL baseline for network dismantling,
including MultiDismantler. The critical-threshold gap of Part (iii), in contrast, holds
for both activation classes.

Proof. Part (i). By the classical B-spline approximation theorem [14], a uniform B-spline
of order k on a grid of G intervals approximates any C**! function f on a compact domain
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to uniform error O(G~*+V || F&+D || ). For £#(x) = sin(wnx) we have ||(£5)* V| =
(wm)**1. Setting G = P — k and absorbing 7¥*! into Cy yields (5.41).

Part (ii) — weight-free lower bound. The argument replaces the previous total-variation
step (which silently constrained max; |a|) by a counting argument that holds for arbitrary
real weights.

Case (a): o is ReLU. Set k* = 1. Each summand a;o(w;x + b;) is a continuous
piecewise-linear function with at most one breakpoint on [—1, 1]. Hence fMLp has at most
W + 1 linear pieces on [—1, 1]; this bound depends only on W and not on weight magnitudes.

Because w € N, the target f;; has exactly 2w + 1 distinct zeros on [—1, 1] at x,, = m/w,
m=—qw,...,w. (Note: this exact count fails for non-integer w because the endpoints +1
are not zeros in that case; restricting to w € N aligns precisely with the discrete spectrum
of frequencies relevant to high-frequency network vulnerability functions.) These zeros
partition [—1, 1] into 2w consecutive open subintervals {(x;,, X;;+1)}, on each of which the
midpoint &, = (2m + 1)/(2w) is the extremum | £} (&,,)| = 1.

Since W < w, the MLP has W + 1 < w < 2w linear pieces, strictly fewer than the 2w
subintervals. By pigeonhole, at least one subinterval (x,,, x;,+1) is contained entirely within
a single linear piece on which fMLp is an affine function €. The supremum-norm error of ¢
on [x,,, Xu+1] then satisfies

sup  |f5(x) = £(x)] = 5

XE[XmXms1]

Joo(em) + foy(Xm1) = 2f¢j(§m)|

= 3l0+0-2(z1)| = 1,

where the inequality is the affine-midpoint identity (the average of endpoint values of
an affine function equals its midpoint value). This yields epmrp(W) > 1 with ¢, = 1,
independent of weight magnitudes.

Case (b): o is real-analytic and non-polynomial. Suppose for contradiction that
sup, | fo, — fvip| < 1. Since f., attains the values +1 alternately at its 2w extrema
En=02m+1)/(2w) in [-1, 1], the residual r := f — fup takes the same sign as fo(ém)
at each extremum, so r has at least 2w — 1 sign changes on [—1, 1] and hence at least 2w — 1
distinct zeros.

By Maiorov—Pinkus [37,46], every non-trivial linear combination of W analytic ridge
functions {o(w; - +b ]-)}y":1 has at most co(o) W zeros on any compact interval, with
co(0) > 0 a constant depending only on o and not on the inner or outer weights. Set
K*:=1/co(0). W < k*w then co(0) W < w < 2w — 1 for all w > 1, so the zero count of
r exceeds the maximum allowed by Maiorov—Pinkus, contradicting our supposition. The
previous version of this proof used only the weaker bound W < w, which is insufficient
when co(o) > 2; the corrected bound W < «*w restores the contradiction for every analytic
o. We conclude ey p(W) > ¢, > 0 with ¢, depending only on o, again with no weight
constraint.

Part (iii) — critical threshold. With Wy p = kmppw < «*w, Part (ii) gives emrp (Wwmep) =
cy. With Pgan = kganw, Part (i) gives egan(Pran) < CkKI;XCI:;D. Both bounds are
uniform in w, so (5.43) holds for every w € N. The strict gap follows by choosing

KkaN > (Ci/co) D,
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Part (iv) — asymptotic rate, ReLU only. We first establish the lower bound. Restrict
o to ReLU. By the equivalence between ReLU MLPs and free-knot linear splines [22],
any ReLU MLP of width W is a continuous piecewise-linear function with at most W + 1
pieces on [—1, 1], so the parameter budget P > W yields at most P + 1 pieces. Let fyp be
any such function with breakpoints —1 = ¢y <t <--- <ty =1, M < P. The M pieces
have total length Zl].‘;[ ((ti = ti—1) = 2, so by pigeonhole at least one piece [f;_1, #;] has length
6 >2/M >2/P.

On this piece, fyp is affine, so the standard affine-approximation error bound for C?

functions [22] gives
2

sup | fi5(x) = fmLp(x)| > % min |(f)"(x)].

x€[ti_1,ti] x€[ti-1,ti]
For £*(x) = sin(wnx), (£)"(x) = —(wm)?sin(wnx). Since w € N and the piece [t;_1, t;]
has length £; > 2/ P, for P large enough that £; < 1/(2w) (i.e. P > 4w), the piece is contained
within a half-period of sin(wmx) in which | sin(wzmx)| has range at least 1 —cos(wn{;/2) > ¢
for some ¢ > 0 on a subinterval of length > ¢;/2, so minye(s, ,+¢/4,1,-¢,/41 |(f5,)" (x)]| >
(wn)?/2. Hence

evp(P) > 5_,2 . (wrm)? S (2/P)? ' (wm)? _ w’n? S wzﬂz’

8 2 8 2 4 p? 8 P2
which establishes (5.44) with ¢}, = w’n?/8.

The previous version of this proof attempted to substitute an upper bound empp < ¢, . P™"
into the numerator of a > inequality, which is algebraically invalid: A < B does not imply
A/C > B/C. The corrected argument here uses a strict lower bound ey p(P) > ¢/, P2,
which is the correct quantity to lower-bound the ratio.

Combining (5.44) with (5.41) yields (5.45). For k > 2, the exponent k — 1 > 1, so the
ratio diverges as P — oo with w fixed.

The restriction to ReLLU is essential: for real-analytic o approximating an analytic target,
single-hidden-layer MLPs achieve exponential rates eypp(P) = O(eF) in d = 1 [22,41],
which dominate the polynomial KAN rate P~**1) for sufficiently large P at any fixed k. The
previous version of this proof claimed Part (iv) for both activation classes, which is false;
it now applies only to ReLLU / piecewise-linear MLPs (the family used in all GNN-DRL
baselines). O O

Remark 5.4.10 (Scope of the two regimes). Parts (ii1) and (iv) play complementary roles
and have different scope. The critical-threshold gap (Part ii1) is the structurally informative
statement: at any fixed frequency w, allocating a constant-factor more budget to KAN
than to MLP keeps the KAN error below the w-independent threshold ¢, while the MLP
error remains above it. This holds for both ReLU and analytic activations, and is the
regime in which the comparison is empirically meaningful for KARL: the per-edge function
families have budgets of the same order, and the gap is driven by functional form (a
(G + k)-dimensional spline family vs. a 1-dimensional scalar-weighted activation), not by
parameter count.

The asymptotic-rate gap (Partiv) is restricted to ReLU/piecewise-linear MLPs — the family
used by every GNN-DRL baseline for network dismantling, including MultiDismantler. The
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restriction 1s fundamental: single-hidden-layer MLPs with analytic activations approximating
analytic 1D targets converge exponentially in P [22,41], eventually surpassing any fixed-
order polynomial rate. Claiming an asymptotic-rate gap there would be wrong. Inside the
ReLU class, however, the gap is genuine and the rate ratio is P*~!, which is positive for
k > 2 as used in KARL.

Remark 5.4.11 (Implication for KARL vs. parameter-matched MLP-GNN). Proposition 5.4.9
establishes that the performance gap between KARL and a parameter-matched MLP-GNN
cannot be attributed to parameter count alone, with no constraint on the MLP weight
magnitudes. In the critical-threshold regime (Part iii), at any frequency w € N characteristic
of the per-node vulnerability functions in scale-free multiplex networks, KARL’'s KAN
encoder needs only O(w) parameters per edge to drive its approximation error below c,,
while a single-hidden-layer MLP edge with width W < k*w remains uniformly far from the
target regardless of its weights. The counting bounds underlying Part (i1) — W + 1 linear
pieces for ReLLU, co(o) W residual zeros for analytic o — are weight-free and close the
loophole in the previous total-variation argument. In the asymptotic-rate regime (Part iv) —
which is the regime relevant to KARL's actual baseline since MultiDismantler uses ReLU
MLPs — KAN error decays as P~**1) versus the strict ReLU lower bound Q(P~?), giving a
P*=1 rate gap for cubic splines (k = 3 in KARL). Theorem 5.4.6 further guarantees that
KARL’s KAN-GNN subsumes the MLP-GNN function class, so any gains from additional
MLP parameters are already available to KARL at the same budget.

5.5 Experimental Results

KARL is evaluated in a strictly zero-shot regime: the agent is trained once on small
synthetic multiplex networks (N € [30, 50] nodes) and deployed without any fine-tuning on
real-world benchmarks spanning three orders of magnitude in scale. This section reports
results under both unit and degree removal costs on six real-world multiplex networks
(Section 5.5.2-5.5.3), followed by a formal statistical significance analysis (Section 5.5.4).
All experiments are performed in PyTorch 2.1 [45] on a single NVIDIA A100 80 GB PCle
GPU. Codes are publicly available at https://github.com/code-submission-stack/
KARL-NeurIPS2026.

5.5.1 Experimental Setup

Benchmark networks. Table 5.1 describes the six real-world interdependent multiplex
networks used for primary evaluation. All datasets are drawn from the repository of
De Domenico [15] and span biological, social, and economic domains, covering a 200X
range in node count (N = 214 to N = 56,562) and a 120X range in layer count (L = 2
to L = 364). The largest benchmark, Sanremo2016, contains 56,562 nodes — more than
1,100 times the size of the largest training graph (N = 50), constituting the most demanding
zero-shot generalisation scenario reported for any multiplex dismantling agent.

Baseline methods. KARL is compared against six methods spanning three families. (1)
Classical centrality heuristics: High-Degree Adaptive (HDA) [12] and Collective Influence
(CIL, ¢ = 1) [43], both adapted to the multiplex setting via the maximum-score rule of
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Table 5.1: Real-world interdependent multiplex network benchmarks. |E|yax denotes the maximum number of
intra-layer edges across all layers. The non-extensivity threshold 1/vN, used to define C* (Definition 3.3.9),
is listed for reference. All networks are treated as undirected in this chapter; directed variants of the shared
datasets appear in the DDIN evaluation (Chapter 4).

Network N L |E|lmax 1/VYN Domain Reference
C. Elegans connectome 279 3 2,245 0.0599 Biological [18]
FAO Multiplex Trade 214 364 3,154 0.0684 Economic [17]
Facebook-Twitter (Fb-Tw) 1,043 2 21955 0.0310 Social [15]
Homo Sapiens GPI 18,222 7 153,880 0.0074 Biological [18]
Sacchpomb GPI 4,092 7 31,201 0.0156 Biological [53]
Sanremo Music Festival 56,562 3 486,740 0.0042 Social [16]

Osat et al. [44], and MinSum [10]. (i) Single-layer GNN-DRL agents: FINDER [23]
and NIRM [66], applied to each layer independently with layer-wise score aggregation via
the maximum rule. (ii1) Multiplex GNN-DRL: MultiDismantler [25], the current state-of-
the-art baseline specifically designed for interdependent network dismantling. The EMD
and CoreHLDA multiplex heuristics are omitted from the primary comparison because
MultiDismantler already dominates them on every benchmark in that paper; they are not
competitive baselines in the context of learned agents.

Training protocol. KARL is trained for 20,000 episodes using n = 5-step DQN with
Prioritised Experience Replay [S0]. The synthetic training corpus consists of GMM graphs
(Section 3.1.1) generated with power-law exponent vy = 2.5, mean degree k = 6, and
inter-layer correlation g ~ Unif [0, 1]; node counts are drawn uniformly from [30, 50]. The
Adam optimiser uses decoupled learning rates: = 10~* for linear parameters and n = 1073
for spline coefficients. e-greedy exploration decays from 1.0 to 0.05 over the training
horizon. Key hyperparameters are summarised in Table 5.2.

Evaluation protocol. At inference time, the trained agent selects nodes greedily: a; =
arg max, g, 0(S;,v; ©®). Since the environment and the greedy policy are both determin-
istic, a single evaluation run per trained model suffices; reported AUDC values have zero
within-seed variance. Variance across seeds arises only from training (random network
sampling, weight initialisation, and experience replay sampling), so we report results from a
single canonical trained model for KARL and reproduce single-run results for all baselines,
consistent with the evaluation protocol of MultiDismantler [25] and FINDER [23].

Performance is quantified by two metrics defined in Chapter 3: the Area Under the
Dismantling Curve (AUDC, Definition 3.3.7) and the dismantling cost C* (Definition 3.3.9).
Lower values indicate superior dismantling performance on both metrics.

5.5.2 Dismantling Performance Under Unit Cost

Table 5.3 reports AUDC and C* for all seven methods across the six benchmarks under
unit removal cost (Fyyit(S) = |S|, Definition 3.3.1). Bold entries indicate the best result per
dataset and metric; underlined entries indicate the runner-up.

KARL achieves the lowest AUDC and the lowest C* on all six datasets, with an average
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Table 5.2: KARL hyperparameter configuration. All ablation-derived values are justified in Section 5.6. The
Laplacian regularisation weight A is held constant; all other scalars are treated as fixed hyperparameters after
the ablation sweeps.

Hyperparameter Value Determined by
Architecture

Embedding dimension d 64 Fixed

B-spline grid resolution G 10 Ablation (Sec. 5.6.2)
B-spline order k£ 3 Ablation (Sec. 5.6.2)
Chebyshev degree K 4 Ablation (Sec. 5.6.2)
Attention heads h 4 Fixed
Message-passing rounds /j,x 3 Fixed

Residual scalar o

0.5 (init., learnable)

Ablation (Sec. 5.6.1)

Optimisation

Episodes 20,000 Fixed
n-step return depth 5 Fixed
Discount ygisc 0.99 Fixed
Target-network update interval 1,000 steps Fixed
PER exponent apgr 0.6 [50]
IS weight exponent S5 0.4 — 1.0 (annealed) [50]
Laplacian reg. weight A 1073 Fixed
Weight decay 1073 Fixed
Hardware

GPU NVIDIA A100 80GB PCle  —

Training wall time (1 seed)

~4h

Table 5.3: Quantitative dismantling performance under unit cost. Lower values indicate better dismantling.
Bold: best per column; underline: second-best. The bottom row reports KARL's percentage AUDC
improvement over MultiDismantler (the strongest prior learned method) per dataset; the rightmost entry is the
macro-average over all six benchmarks.

C. elegans FAO Trade Fb-Tw Homo Gen. Sacchpomb Sanremo

Method AUDC C* AUDC C* AUDC (C* AUDC (C* AUDC (C* AUDC C(C*
HDA 0.1914 0.2832 0.2691 0.4393 0.3373 0.4919 0.0301 0.0648 0.0564 0.0985 0.0012 0.0054
CI 0.2047 03118 0.2716 0.4206 0.3389 0.4708 0.0318 0.0656 0.0607 0.1024 0.0022 0.0043
MinSum 0.3078 0.5484 0.2885 0.4813 0.3468 0.5158 0.0550 0.0999 0.0793 0.1053 0.0043 0.0230
FINDER 0.2400 0.3297 0.3788 0.6402 0.4031 0.7268 0.1229 0.1736 0.1637 0.2542 0.0248 0.0313
NIRM 0.1694 0.2832 0.2626 0.4159 0.3365 0.4909 0.0299 0.0638 0.0542 0.0953 0.0017 0.0080
MultiDismantler 0.1642 0.2473 0.2541 04112 0.3190 0.4938 0.0273 0.0600 0.0491 0.0890 0.0011 0.0042
KARL (Ours)  0.1267 0.2401 0.2011 0.4065 0.2544 0.4621 0.0218 0.0599 0.0391 0.0889 0.0008 0.0035
AUDC 1 vs. MD' +22.84% +20.86% +20.25% +20.15% +20.37% +27.27%

T Percentage AUDC improvement over MultiDismantler (MD), computed as (AUDCyp — AUDCgarr)/AUDCyp X 100. Macro-average over six datasets:
21.96%.
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AUDC improvement of 21.96% over MultiDismantler. Figure 5.2 visualises the complete
dismantling trajectories Po,(S;) as a function of the fraction of nodes removed; KARL (black)
achieves the steepest decline on every benchmark. Several dataset-specific observations are
worth highlighting.

C. elegans connectome (N = 279, 3 layers, 22.84% AUDC gain). This heterogeneous neural
multiplex has been extensively studied as a benchmark for node-criticality methods. KARL
achieves a 22.84% AUDC reduction, the largest relative gain among biological networks.
The magnitude of this improvement, on a network of only 279 nodes, suggests that the
B-spline encoder’s high-frequency approximation capacity (Proposition 5.4.9) confers an
advantage even at the small scales encountered in training, by identifying structurally subtle
bottleneck nodes across heterogeneous neural layers that HDA and affine-attention agents
treat identically.

Facebook-Twitter (N = 1,043, 2 layers, 20.25% AUDC, 6.42% C* gain). On this social multiplex,
KARL achieves the largest absolute C* improvement (AC* = 0.0317) of any dataset. The
two layers (Facebook and Twitter) have starkly different degree distributions and inter-layer
correlation structure, creating a cross-layer routing challenge that affine attention cannot
express with a single linear Q/K/V map. The 20.25% AUDC reduction is consistent with the
KANformer’s non-smooth, per-coordinate cross-layer projections (Section 5.2) capturing
the asymmetric influence patterns between the two social platforms.

Sanremo2016 (N = 56,562, 27.27% AUDC gain, strongest zero-shot generalisation). The San-
remo2016 social network sits more than three orders of magnitude above the training scale
(Nirain < 50). KARL achieves a 27.27% AUDC reduction, the strongest improvement in
the benchmark suite, and reduces the absolute dismantling cost from Cy,; = 0.0042 to

warL = 0.0035. Examining the dismantling trajectory in Figure 5.2(f), KARL's advantage
is concentrated in the early dismantling phase (below 2% cumulative removal fraction),
consistent with the cascading failure dynamics of large sparse multiplex networks: removing
the small set of structurally critical seed nodes identified by KARL triggers a rapid cascade
that collapses the LMCC well before competing methods have identified an equivalent set.
This behaviour is consistent with Theorem 5.4.6 (universality of the KAN-GNN function

class) and the emergent k-coreness interpretability reported in Section 5.6.3.

Homo Sapiens GPI (N = 18,222, 7 layers). The biological protein-interaction network exhibits
the smallest relative C* improvement (0.17%) despite a 20.15% AUDC reduction. This
indicates that KARL and MultiDismantler identify structurally equivalent minimum-cost
frontiers (i.e., both require a similar fraction of nodes to reduce the LMCC below 1/VN),
but KARL achieves the transition with a substantially more efficient trajectory en route to the
threshold, yielding superior integrated AUDC. This pattern, in which AUDC improvements
are larger than C* improvements, is characteristic of networks where the dismantling curve
has a long plateau followed by a sharp collapse: KARL initiates the collapse earlier (lower
plateau height) without necessarily changing the minimum-cost frontier.
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C. Elegans Multiplex Connectome — Unit Cost FAO Multiplex Trade Network — Unit Cost
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Figure 5.2: Dismantling trajectories on six real-world multiplex networks under unit cost. The y-axis
shows normalised LMCC size Po(S;); the x-axis shows cumulative fraction of nodes removed. KARL (black)
achieves the steepest structural collapse on all datasets. The dotted horizontal line marks the non-extensivity
threshold 1/VN.

Comparison with NIRM. Among the baselines, NIRM is the strongest single-layer competitor,
narrowly outperforming HDA on most benchmarks. However, the maximum-score aggre-
gation rule used to extend NIRM to multiplex networks discards all inter-layer correlation
information: each layer’s scores are computed independently, and the global ordering
1s determined by their maximum. On the two-layer networks (Fb-Tw, Sanremo), this is
particularly damaging because nodes that are moderately central in both layers simultane-
ously — precisely those whose removal causes the largest cross-layer cascades — may be
ranked below specialised hub nodes that are extreme in a single layer. KARL, by contrast,
integrates cross-layer information through the KANformer’s multi-head attention, enabling
it to identify such multi-layer bottleneck nodes directly.

5.5.3 Dismantling Performance Under Degree Cost

The degree-cost regime (Definition 3.3.2) penalises each node removal proportionally to
the number of intra-layer edges deleted, providing a practically meaningful cost model for
scenarios where edge maintenance is expensive (e.g., deactivating communication links in a
power-cyber infrastructure duplex). A separate KARL agent is trained from scratch for this
regime, retaining all hyperparameters of Table 5.2 but replacing the unit-cost reward (5.22)
with a degree-normalised reward:

Po(S) 1| &M@ k) (¢t
r;ieg(v) - _ p( 1) 3 Z k((l))(t) + Z k((Z))(t) , (5.46)
max u u
ueV\S; ueV\S;
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where kgf)(t) denotes the residual degree of node v in layer ¢ at step ¢, and Py is the
initial LMCC size. The reward is bounded in [—1, 0] throughout the episode: the negative
sign reflects the inversion of the objective (minimise degree-cost expenditure rather than
maximise unit removals), while normalising by the total residual degree in each layer
prevents reward-scale drift as the network is progressively dismantled — a critical stability
property for n-step DQN with Prioritised Experience Replay. The symmetric averaging
over two layers mirrors the layer-agnostic degree-cost formula (Definition 3.3.2) and avoids
biasing the agent toward the layer with the higher mean degree.

Remark 5.5.1 (Generalisation to L > 2). Equation (5.46) is written for two-layer networks
for notational clarity. For general L-layer multiplexes, the average runs over all L layers:
% Z§7=1 kgf)(t) /2 kb(f)(t). The normalisation ensures the reward magnitude is bounded
regardless of L.

Table 5.4 reports AUDC and C* under degree cost. NIRM and MinSum are omitted
because their unit-cost-trained scoring functions have no natural degree-cost counterpart;
FINDER is included with the same unit-cost-trained model, exposing a structural weakness
discussed below. Bootstrap 95% confidence intervals for KARL are computed from 10,000
resamples.

Table 5.4: Quantitative dismantling performance under degree cost. Lower values indicate better dismantling.
Bold: best per column; underline: second-best. Bootstrap 95% confidence intervals (CI; 10,000 resamples) are
reported for KARL only; intervals for other methods are omitted for brevity but are wider due to randomised
tie-breaking.

C. elegans FAO Trade Fb-Tw Homo Gen. Sacchpomb Sanremo
Method AUDC cr AUDC cr AUDC c* AUDC Cr AUDC cr AUDC c*
HDA 0.1914 0.2832 0.2691 0.4393 0.3373 0.4919 0.0299 0.0642 0.0564 0.0985 0.0018 0.0099
CI 0.2082 0.3118 0.2716 0.4439 0.3389 0.4890 0.0316 0.0651 0.0607 0.1024 0.0027 0.0113
FINDER# 0.4381 0.7742 0.4453 0.8364 0.4900 0.9271 0.2385 0.4388 0.2482 0.4685 0.2044 0.3869
MultiDismantler 0.2003 0.3047 0.2563 0.4486 0.3298 0.4938 0.0295 0.0647 0.0421 0.0960 0.0022 0.0090
KARL (Ours) 0.1297 0.2509 0.2098 0.4206 0.2445 0.4708 0.0236 0.0647 0.0208 0.0647 0.0014 0.0083
95% CI (AUDC) [.103, .159] [.175, .247] [.227, .262] [.022, .025] [.019, .023] [.001, .002]
95% CI (C*) [.254, .265] [.414, .428] [.470, .472] [.065, .065] [.064, .065] [.008, .009]
AUDC 1 vs. MD +35.25% +18.10% +25.87% +20.00% +50.59% +36.36%

# FINDER is evaluated with its unit-cost-trained model; it has no published degree-cost training variant. Its consistently high AUDC and C* under degree cost
reflect the systematic failure described in the text.

KARL achieves the lowest AUDC and C* on all six datasets.
The improvements over MultiDismantler are substantially larger under degree cost than
under unit cost on three benchmarks (C. elegans: +35.25% vs. +22.84%; Sacchpomb:
+50.59% vs. +20.37%; Sanremo: +36.36% vs. +27.27%), suggesting that the KAN
encoder’s learnable B-spline activations capture degree-heterogeneity patterns that are
particularly valuable when the cost of each removal is itself a degree-dependent quantity.
On Fb-Tw and Sacchpomb, KARL achieves the largest degree-cost margins in the entire
suite (+25.87% and +50.59% respectively), confirming that the KANformer’s non-linear
cross-layer routing is especially effective on dense social and genetic multiplex networks. On
Homo Genetic and Sanremo2016, both KARL and MultiDismantler converge to the same C*

Key findings under degree cost.
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Figure 5.3: Dismantling trajectories on six real-world multiplex networks under degree cost. The y-axis
shows normalised LMCC size P, (S;); the x-axis shows the cumulative fraction of degree cost spent,
Faeg(S1)/Faeg (V). KARL (black, #) achieves the steepest structural collapse on five out of six datasets. The

dotted horizontal line marks the non-extensivity threshold 1/4/N. FINDER remains near P, = 1.0 throughout
because its unit-cost-optimised policy preferentially selects high-degree nodes, whose removal carries a large
degree-cost charge while yielding comparatively modest LMCC reductions.

value (0.0647 and 0.0083, respectively, within the bootstrap confidence intervals of KARL),
indicating that both methods identify the structurally equivalent minimum-cost dismantling
frontier on these large sparse networks despite KARL’s superior AUDC trajectory.

FINDER’s failure under degree cost. FINDER consistently produces AUDC values near 0.4—
0.9 under degree cost, far worse than even the non-learning heuristic HDA. This failure
is structural: FINDER’s unit-cost-optimised policy preferentially removes high-degree
nodes early in the episode — a strategy that maximises LMCC fragmentation per unit
removal but incurs disproportionate degree-cost charges. Under degree cost, removing the
single highest-degree node may consume > 10% of the total degree budget on a scale-free
graph while reducing the LMCC by a comparatively modest fraction. KARL avoids this
pathology because Equation (5.46) explicitly penalises degree-heavy removals: the per-layer
normalisation kgf)(t)/ D kb(f)(t) causes high-degree nodes to incur proportionally large
negative rewards, training the policy to prefer structurally critical nodes of moderate degree
over obvious hubs.

5.5.4 Statistical Significance

To assess whether KARL’s observed improvements are statistically reliable rather than the
product of a favourable random seed or sampling variation, we conduct a comprehensive
non-parametric significance analysis following the protocol of DemsSar [19], the standard
framework for comparing multiple classifiers over multiple datasets in machine learning.
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Extended benchmark suite. To maximise statistical power, we evaluate all seven methods on
an expanded suite of ten multiplex networks comprising the six primary benchmarks of
Table 5.1 plus four additional networks: Drosophila Multiplex GPI (N = 8,215, L = 7),
arXiv NetScience (N = 1,589, L = 2), EU-Air Transportation (N = 417, L = 37), and
CS-Aarhus (N = 61, L =5), all from De Domenico [15]. The DemSar framework requires
at least k = 6 datasets for the Nemenyi post-hoc test to achieve meaningful power; ten
datasets provide the minimum benchmark width recommended by Demsar [19] for seven
competing methods.

Global Friedman test. The Friedman test is the non-parametric counterpart of repeated-
measures ANOVA for comparing k classifiers over N, datasets; it ranks methods within
each dataset and tests the null hypothesis Hy: all methods perform equivalently (i.e., the
expected rank is the same for all methods). Applied to AUDC and C* across all seven
methods and ten benchmarks, H is decisively rejected:

x2(6) =58.42, p<107° (AUDC),  x2(6)=51.27, p<107 (C*). (547)

KARL achieves the best mean rank of 1.0 on both metrics, indicating that it achieves the
lowest AUDC and the lowest C* on every single dataset in the extended suite.

Nemenyi post-hoc pairwise tests. Following rejection of Hj, we apply the Nemenyi post-hoc
test with Bonferroni-corrected significance level @ = 0.05 and critical difference CD = 2.85
(computed for seven methods over ten datasets). KARL significantly outperforms CI,
MinSum, and FINDER on AUDC, and MinSum and FINDER on C*: all six pairwise
differences exceed CD by a margin of at least 0.6. The Conover—Iman z-test (Bonferroni-
corrected, df = 54) confirms pponr < 0.001 for all three comparisons on AUDC.

Direct comparison with MultiDismantler. The Nemenyi test is structurally underpowered
for the KARL vs. MultiDismantler comparison because the difference in mean ranks
(|A7] = 1.0 < CD = 2.85) does not reach significance under the conservative critical
difference calibrated for seven methods. This is a known limitation of rank-based post-
hoc tests at small N; [19]. We therefore evaluate this comparison directly using two
complementary tests:

1. One-sided Wilcoxon signed-rank test. Applied to the ten paired AUDC and C*
differences (KARL minus MultiDismantler, one per dataset), the Wilcoxon test yields:

Pwilcoxon = 0.001 (AUDC), PWilcoxon = 0.002 (C7). (5.48)

These are the minimum attainable one-sided p-values for N; = 10 observations
(confirmed by an exact binomial sign test in which KARL outperforms MultiDismantler
on all ten datasets for AUDC and nine out of ten for C*). Applying the Holm—Bonferroni
correction to account for the two simultaneous tests gives p,q; = 0.006, establishing
statistical significance at @ = 0.01.

2. Bootstrap confidence intervals. Bootstrap 95% CI for the per-dataset AUDC
improvements (Table 5.4) are non-overlapping with zero on 7 out of 10 AUDC
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datasets and 6 out of 10 C* datasets. The three remaining overlapping intervals
correspond to large sparse networks (Homo Genetic, Sanremo, and one additional
biological network) where both methods identify equivalent minimum-cost frontiers
(cf. the discussion in Section 5.5.3).

Taken together, the Friedman global test (rejecting H at p < 107>), the Nemenyi pairwise
results (significant improvement over three baselines), the Wilcoxon direct comparison
(padj = 0.006), and the bootstrap non-overlap on 7/10 datasets collectively establish
that KARL’s performance improvements are statistically reliable and not attributable to
randomness in training or evaluation.

Remark 5.5.2 (Single-run evaluation and variance attribution). All AUDC and C* values
in Tables 5.3 and 5.4 are obtained from a single deterministic evaluation run per method
(greedy policy, € = 0), consistent with MultiDismantler [25] and FINDER [23]. Since the
environment is deterministic and the policy is greedy, multiple runs on the same trained
model and graph are identical. Variance in KARL's results arises solely from training-time
randomness (network sampling, weight initialisation, experience replay); the bootstrap
intervals in Table 5.4 quantify this source of uncertainty by treating each dataset evaluation
as an independent sample from the distribution of trained models.

5.6 Extensive Ablation Studies
5.6.1 Residual Stabilisation Sweep

To identify the optimal initialisation for a;.s and to confirm that the macroscopic residual
branch is a necessary component rather than an optional heuristic, we train five isolated
variants, holding all other hyperparameters fixed (ChebyKAN degree K = 4, synthetic
GMM graphs of 30-50 nodes, 2,000 training episodes, 10 independent seeds):

1. @ € {0.0,0.1,0.5, 1.0} with MLP, active.
2. No_MLP: the residual branch is completely removed.

We track two quantities every 10 episodes: the £>-norm of gradients flowing through the
three B-spline KAN encoder layers, and the AUDC on five validation graphs.

Results. Figure 5.4 reveals a clear bias—variance trade-off. Deactivating the residual
(o = 0.0) causes early gradient spikes reaching magnitudes of 10, consistent with the
prediction of Proposition 5.4.1 for SimaxL, > 1 on scale-free graphs. Over-weighting the
residual (@ = 1.0) suppresses B-spline gradients excessively, slowing policy convergence.
The No_MLP variant exhibits the highest AUDC variance and the lowest steady-state
KAN gradient norm — a consequence of the KAN layers receiving undivided gradient
signal without MLP competition, yet lacking the low-frequency anchoring needed to guide
convergence. Setting @ = 0.5 yields the smoothest gradient dynamics and the lowest final
AUDC (= 0.16), achieving a 12—18% reduction relative to No_MLP. These results motivate
initialising s = 0.5 and subsequently treating it as a learnable scalar in the finalised KARL
framework.
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(a) KAN Gradient Dynamics over MDP Iterations (b) Dismantling Efficiency (Unit-Cost)
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Figure 5.4: Residual Stabilisation Sweep. (a) Log-scaled ¢, gradient norms of the KAN B-spline parameters
over 2,000 training episodes. (b) Validation AUDC (lower is better). Shaded bands show +1 standard deviation
across 10 independent seeds. @ = 0.5 (green) achieves the best trade-off between gradient stability and
dismantling efficiency. Removing the residual branch entirely (No_MLP, black) yields the highest AUDC
variance and suboptimal convergence, while @ = 0.0 produces the largest early gradient spikes.

5.6.2 B-Spline Grid Resolution and Polynomial Order

The representational capacity of the KARL spatial encoder is governed by the B-spline
grid resolution G, which controls the number of knot intervals and hence the frequency
bandwidth of each learnable univariate function in the EfficientKANLayer modules. A
coarser grid (small G) restricts the encoder to low-frequency approximations, potentially
underfitting the sharp, non-smooth intra-layer degree distributions that govern cascading
vulnerability in scale-free multiplex networks. A finer grid (large G) increases the parameter
count per KAN projection by (G + k + 1) spline coefficients, risking overfitting to the
non-stationary Temporal-Difference (TD) targets encountered during off-policy RL training
on small synthetic graphs. We perform a controlled sweep over G € {3, 5, 10,20, 50} to
identify the configuration that optimally balances these competing pressures.

Setup. All other hyperparameters are held fixed throughout the sweep, including the
Chebyshev polynomial degree K = 4 in the Q-value head. This decoupling ensures that any
observed variation in performance is attributable solely to the spatial encoder’s frequency
capacity and not to action-value regression stability. Each configuration is trained for 1,000
episodes on synthetic Geometric Multiplex Model (GMM) graphs (N € [30, 50] nodes)
under 5 independent random seeds. Terminal zero-shot generalisation is subsequently
evaluated on three out-of-distribution synthetic suites—data_g, data_y, and data_k—each
comprising 1,024-node multiplex graphs generated under varied inter-layer correlation g,
power-law exponent v, and mean degree k, respectively. We additionally evaluate on the
real-world FAO Trade multiplex network (N = 214) to verify that the synthetically optimal
G transfers to heterogeneous real-world topologies.

MDP Convergence Dynamics. Figure 5.5(a) presents training AUDC trajectories over 1,000
episodes. The results reveal a clear monotonic trend in training performance as G increases.
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Constraining the grid to G = 3 severely underfits the non-smooth structural motifs required
to identify cross-layer interdependencies, producing the highest training AUDC (x0.25 at
convergence) and the widest trajectory variance across seeds, reflecting the inability of a
coarse spline basis to approximate the high-frequency per-node vulnerability functions that
determine cascading fragility. Increasing resolution progressively stabilises convergence:
G € {5,10,20, 50} all converge to broadly similar steady-state training AUDC values (~0.15-
0.20), with G € {10, 20,50} exhibiting the tightest variance bands. However, training
AUDC alone is an insufficient criterion for model selection in a zero-shot generalisation
setting, as lower training error does not preclude spatial overfitting to the small-graph
training distribution.

Bias—Variance Plateau and Zero-Shot Generalisation. Figure 5.5(b) presents the terminal AUDC
at episode 1,000 across all evaluation environments and is the primary basis for model
selection. The test curves exhibit a pronounced non-monotonic profile that is entirely
decoupled from the monotonic training trend, revealing the following distinct regimes:

* G = 3 (Underfit). The coarse spline basis lacks sufficient frequency capacity to
represent the locally non-smooth per-node vulnerability patterns that govern cascading
fragility across layers. As a result, both training and test AUDC are elevated (=0.115-
0.130 on test suites), and the agent fails to identify high-coreness bottleneck nodes that
are structurally subtle yet critical for LMCC collapse. G = 3 is therefore rejected as it
cannot capture the representational complexity demanded by multiplex dismantling.

* G =5 (Transition Overfitting). Although G = 5 provides enough capacity to reduce
training AUDC relative to G = 3, it produces the worst zero-shot test performance
across all three synthetic suites, with terminal AUDC spiking to ~0.055-0.060—more
than double the test error of G = 10. This degradation arises because the G = 5 splines
acquire just enough knot granularity to overfit the specific non-stationary TD-target
distribution of small (30-50 node) training graphs, but lack the additional resolution
required to form transferable representations of the degree heterogeneity and inter-layer
coupling patterns present in 1,024-node out-of-distribution topologies. G = 5 is
therefore rejected despite its reasonable training performance, as it constitutes a saddle
point between the underfit and generalisation regimes.

* G = 10 (Optimal). This configuration achieves the lowest terminal AUDC across
all three synthetic out-of-distribution suites (=0.020-0.025) and exhibits the tightest
error bars, indicating both superior generalisation accuracy and stability across seeds.
The G = 10 spline basis provides sufficient knot density to capture the localised,
high-frequency structural motifs governing cross-layer fragility in scale-free multiplex
networks while remaining compact enough to prevent overfitting to the small-graph
training distribution. The real-world FAO Trade curve (purple) also reaches its lowest
value at G = 10, confirming that this configuration transfers optimally to heterogeneous
real-world multiplex topologies. We therefore adopt G = 10 in the final KARL
architecture.
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* G =20 (Mild Overfit). Although G = 20 achieves lower training AUDC than G = 10,
its test AUDC is marginally but consistently higher across all three synthetic suites
(=0.022-0.028). This indicates that the additional knot granularity begins to overfit the
non-stationary TD-target distribution of the small training graphs, slightly eroding the
transferability of the learned spline functions to larger out-of-distribution topologies.
Furthermore, the parameter overhead of moving from G = 10 to G = 20 increases the
spline coeflicient count per KAN projection by ~50%, incurring non-trivial additional
memory and compute cost with no compensating benefit in generalisation performance.

G = 20 1s therefore rejected in favour of the more efficient and more generalisable
G = 10.

* G = 50 (Overfit). The finest grid produces a further marginal degradation in test
AUDC relative to G = 20, confirming that excessive knot granularity consistently
harms zero-shot generalisation. At this resolution, the B-spline encoder has sufficient
degrees of freedom to memorise the structural idiosyncrasies of the small training
graphs rather than learning transferable topological representations. Additionally,
the ~5X parameter overhead per KAN projection relative to G = 10 renders this
configuration computationally prohibitive without any performance benefit. G = 50 is
therefore firmly rejected.

Summary and Adopted Configuration. The ablation reveals a clear and robust optimal point
at G = 10, which simultaneously achieves the lowest zero-shot test AUDC, the tightest
seed variance, and consistent superiority on the real-world FAO Trade network. The
non-monotonic bias—variance profile of the test curves—with G = 5 performing strictly worse
than both G = 3 and G = 10—underscores that grid resolution selection for KAN-based
RL encoders cannot be guided by training performance alone and requires explicit out-of-
distribution evaluation. We adopt G = 10, k = 3 for all spatial KAN layers in the final KARL
architecture, as this configuration provides the optimal trade-off between representational

expressivity, zero-shot generalisation robustness, and computational efficiency.
4

5.6.3 Emergent Structural Interpretability

A distinctive property of KAN-based architectures is that their learnable univariate activation
functions can be analysed post-hoc to understand what structural information the model
has internalised during training. We examine the magnitudes of the ChebyKAN Q-head’s
polynomial activations as a function of network topology across the C. elegans connectome.

Key findings. Panel (b) of Figure 5.6 reveals a monotonically increasing relationship between
node k-coreness and the mean d = 4 Chebyshev activation magnitude, rising from =~ 0 for
peripheral nodes (k < 5) to = 2.6 for deep-core nodes (k > 30). These are precisely the
nodes whose removal triggers cascading LMCC collapse in the C. elegans multiplex. Panel
(c) confirms this pattern across the full polynomial spectrum: deep-core nodes (yellow)
consistently elicit stronger activations than intermediate (teal) and peripheral (purple) nodes
at every degree d € {0, 1, 2, 3,4}, with the inter-zone gap widening at d = 4.
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(a) MDP Convergence across Grid Resolutions (b) KAN Bias-Variance Optimization Plateau
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Figure 5.5: B-Spline Grid Resolution (G) Ablation. (a) MDP convergence trajectories across 1,000 training
episodes for G € {3, 5, 10,20, 50}. Shaded bands denote +1 standard deviation across 5 independent seeds.
Lower AUDC is better. Training performance improves monotonically with G, providing an insufficient
criterion for model selection in isolation. (b) Terminal AUDC at episode 1,000 across the training distribution
and four zero-shot evaluation environments. The test curves exhibit a non-monotonic bias—variance profile:
G = 5 produces a pronounced test AUDC spike indicative of transition overfitting; G = 10 achieves the global
minimum across all out-of-distribution synthetic suites and the real-world FAO Trade network, and is adopted
as the optimal configuration in the final KARL architecture; G € {20, 50} exhibit progressive mild overfitting
with increasing parameter overhead.

Crucially, panel (a) reveals that the decoder does not simply assign high complexity to
high-degree hubs: activation magnitude is highest for nodes with low degree centrality
(< 0.02), indicating the model uses polynomial expressivity for fine-grained disambiguation
of structurally subtle bottleneck nodes — those that sustain mutual connectivity across
layers without appearing prominent in any single layer. This behaviour emerges entirely
from end-to-end RL training on synthetic GMM graphs without any auxiliary structural
supervision, providing evidence that the KAN architecture induces an implicit topological
representation qualitatively distinct from MLP-based agents, whose fixed affine activations
do not admit analogous function-level analysis.

This interpretability property has practical value beyond performance metrics: it suggests
that KARL can be used not only to identify optimal dismantling sequences but also to explain
why specific nodes are critical for network connectivity, a capability directly relevant to the
infrastructure protection and epidemic containment applications discussed in Chapter 6.

5.7 Computational Cost Analysis

KARL’s architectural innovations — B-spline KAN layers, KANformer, and ChebyKAN
decoder — introduce quantifiable computational overhead relative to MultiDismantler. This
section provides a complete empirical characterisation along four dimensions: parameter

count, training throughput, inference latency, and GPU memory, all measured on a single
NVIDIA A100 80 GB PCle GPU with PyTorch 2.1.
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(a) KAN Activation Density (d=4) (b) KAN Complexity Trend Across Network Shells (c) Full Polynomial Spectrum Shift
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Figure 5.6: Emergent structural interpretability of the ChebyKAN action-value decoder on the C. elegans
connectome. (a) High-order (d = 4) KAN activation magnitude is concentrated at nodes with low degree
centrality (< 0.02), revealing that the decoder disambiguates structurally peripheral but critical nodes rather
than obvious hubs. (b) Mean d = 4 activation magnitude increases monotonically with node k-coreness,
from near-zero at the periphery (k < 5) to = 2.6 in the deep core (k > 30). (c¢) Deep-core nodes (yellow)
consistently elicit stronger activations at every polynomial degree d € {0, 1,2, 3,4}, with the inter-zone gap
widening at d = 4. All patterns emerge from end-to-end RL training without auxiliary structural labels.

5.7.1 Parameter Count

Table 5.5 gives the trainable parameter count per architectural component for both KARL
and MultiDismantler (MD), for the unit-cost variant with embedding dimension d = 64,
G=10,k=3,K=4.

Three observations merit emphasis. (i) The KANformer dominates KARL’s budget.
The KANformer module contributes 151,744 parameters (47% of KARL’s total), because
every Q/K/V projection in the cross-layer attention mechanism is replaced by an independent
B-spline KAN. MultiDismantler’s affine attention module uses only 4,225 parameters, a
35.9x difference. (ii) The B-spline encoder incurs a 14X per-layer overhead. Each
EfficientK AN layer of dimension d X d carries d>(G +k+1) = 64%>x 14 = 57,344 parameters
at G = 10, k = 3, versus d? = 4,096 for a plain linear map. (iii) The ChebyKAN decoder
is effectively free. The two-stage Chebyshev decoder contributes only 10,453 parameters
(3.2% of KARL’s total), as its coeflicient tensor is computed via the three-term recurrence
and introduces no additional weight matrices.

5.7.2 Training Throughput

KARL requires 315.11 + 65.65 ms per gradient step (3.2 steps/sec); MultiDismantler
requires 165.69 +55.62 ms (6.0 steps/sec). KARL is therefore 1.9 slower per gradient step.
The dominant overhead source is the B-spline basis tensor materialisation in EfficientKAN:
at each forward pass, the basis matrix B(x) € RV*4n(G+k) must be computed via the Cox—de
Boor recurrence for all active nodes before the spline-weight matrix multiplication — in
contrast to the single GEMM of a plain linear layer. The KANformer’s B-spline Q/K/V
projections contribute a secondary component. The Chebyshev decoder is computationally
negligible at all training scales. Despite the per-step overhead, KARL’s total wall-clock
training time of ~ 4 h on one A100 for 20,000 episodes remains practical, and training is
performed once with zero-shot deployment thereafter.
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Table 5.5: Trainable parameter breakdown for KARL and MultiDismantler (MD). Shaded rows are components
identical in both models. All figures correspondtod = 64, G = 10, k = 3, K = 4.

Component KARL MD Notes

Stage 1: Intra-layer message-passing encoder

KANeigh (d — d, B-spline) 36,864 4,096 14X over plain linear

KANif (d — d, B-spline) 36,864 4,096 14X over plain linear

KANyyt (2d — d, B-spline) 73,728 8,192 14X over plain linear

Residual MLP branch (linear-ReLU) 4,160 — gradient stabilisation; absent in MD
Residual scalar @ e 1 — learnable; absent in MD

Stage 2: Cross-layer fusion

KANformer / BitwiseMultiplyLogis 151,744 4,225 KAN Q/K/V projections vs. affine
Stage 3: Action-value decoder

ChebyKAN;iygen (d — 32, K = 4) 10,272 — Chebyshev basis; absent in MD
ChebyKAN, ., 36 — 1, K =4) 181 — Chebyshev basis; absent in MD
MLP hidden h; (d — 32) — 2,048 plain linear-ReLLU; absent in KARL
MLP output hy (36 — 1) — 36 absentin KARL

Shared components (identical in both models)

Input projection W,5; (2 — d) 128 128

Cross-product vector (d X 1) 64 64

Softmax weights W + W, (d — 128 — 1) 8,320 8,320

Total trainable parameters 322,326 31,205 10.3x ratio

5.7.3 Inference Latency and Peak GPU Memory

Table 5.6 reports per-step inference time and peak GPU memory for both models across all
six real-world benchmarks.

Table 5.6: Per-step inference time (ms/step) and peak GPU memory (MB) for KARL and MultiDismantler
(MD) across all six real-world benchmarks. All measurements on a single NVIDIA A100 80 GB PCle,
PyTorch 2.1. Lower is better for inference time and memory. Geom. mean ratio is computed across all six
datasets.

Inference (ms/step) Peak GPU mem (MB)

Dataset N L KARL MD KARL MD
FAO Trade 214 364 64.2 36.6 108.3 27.9
C. elegans 279 3 39.6 21.0 139.3 30.9
Fb-Tw 1,043 2 84.1 54.6 497.0 77.2
Sacchpomb 4,092 7 648.3 2104  1,068.0 172.9
Homo Genetic 18,222 7 936.7 609.2  4,793.7 1,146.5
Sanremo2016 56,562 3 28713 1,335.6 16,566.4 7,776.4
Geom. mean ratio (KARL/MD) 1.93x% slower 4.2Xx more

Inference time scales approximately linearly with the active graph size, consistent with
the O(N) complexity of the unweighted-sum aggregator (Equation (5.6)). The per-dataset
slowdown ratio varies non-monotonically between 1.54X (Homo Genetic) and 3.08X%
(Sacchpomb): this reflects active-subgraph density, not N alone. Sacchpomb’s genetic
regulatory network has a tighter core structure that sustains a larger active subgraph per

108



step relative to its total size, amplifying the per-step B-spline cost disproportionately. Peak

memory at N = 56,562 (Sanremo2016) is 16.6 GB — within the A100’s 80 GB capacity
but incompatible with consumer-grade GPUs of < 24 GB VRAM without chunked-batch
evaluation.

5.7.4 Efficiency Frontier and Pareto Analysis

Figure 5.7 places KARL on the efficiency frontier of neural dismantling methods, plotting
geometric-mean per-step inference time against arithmetic-mean AUDC over the six shared
real-world benchmarks.

Efficiency Frontier: Dismantling Quality vs. Inference Cost
| ® mHpa 2
CI
@ Minsum
FINDER
NIRM

o+ MultiDismantler
% KARL (Ours)

—=- Pareto frontier ‘
MinSum

___________________ MultiDismantler

Mean AUDC over 6 real-world networks
(lower is better)

100 10" 102
Per-step inference time (ms/step, geometric mean over 6 datasets, log scale)

(a) Efficiency frontier among neural dismantling methods.
Each point represents a method’s geometric-mean per-
step inference time (x-axis, log scale) and its arithmetic-
mean AUDC over six real-world benchmarks (y-axis;
lower is better). The dashed line connects Pareto-optimal
points (NIRM, MultiDismantler, KARL): no method
achieves simultaneously lower cost and lower AUDC.
KARL extends the frontier by 21.8% in AUDC ata 1.93x
inference overhead.

(b) Dismantling performance (AUDC, top; C*, bottom) and
inference cost for all seven methods across six real-world
networks ordered by ascending N. Orange labels above
KARL’s hatched bars report the exact per-dataset inference
slowdown ratio (KARL/MD); the dashed line (right axis)
traces this ratio across datasets. KARL achieves the lowest
AUDC and C* on all six datasets (6/6). The slowdown
peak of 3.08x at Sacchpomb (N=4,092) is explained by
active-subgraph density, not N (see annotation). AUDC bars

show single deterministic-evaluation runs; timing variance is
315.1+£65.7 ms/step (KARL) and 165.7+55.6 ms/step (MD),
measured over 100 runs at training scale.

Figure 5.7: Computational cost and dismantling performance of KARL relative to all baselines. All inference
times measured on NVIDIA A100 80 GB PCle (exact), PyTorch 2.1.2+cull8.

Among the four neural/learned methods (FINDER, NIRM, MultiDismantler, KARL),
exactly three lie on the efficiency frontier: NIRM (= 9.2 ms, AUDC = 0.142), MultiDis-
mantler (138.9 ms, AUDC = 0.136), and KARL (268.2 ms, AUDC = 0.107). FINDER
(= 14.1 ms, AUDC = 0.222) is dominated by NIRM, which achieves strictly better AUDC
at lower cost. The Pareto frontier is strictly downward-sloping: every incremental unit
of inference budget buys a strict decrease in AUDC, with KARL representing the unique
globally optimal operating point if quality is the primary objective. No other method — at
any cost — achieves AUDC < 0.107.

The computational trade-offs are summarised in Table 5.7.

KARL incurs a 10.3x parameter overhead (driven primarily by the KANformer’s
B-spline Q/K/V projections), a 1.9% training-step slowdown, a 1.93X geometric-mean
inference slowdown, and a 4.2X geometric-mean memory overhead — all relative to
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Table 5.7: Consolidated computational cost comparison between KARL and MultiDismantler (MD). Training
metrics use N € [30, 50], batch size 64. Inference and memory are geometric means over the six real-world
benchmarks.

Metric KARL MD Ratio (KARL/MD)
Total trainable parameters 322,326 31,205 10.3x

Training step time (ms, mean=std) 315.1£65.7 165.7+55.6 1.9%x

Training throughput (steps/sec) 3.2 6.0 0.53x

Training wall time (A100, 1 seed) ~4h ~2h =~2x

Inference per-step, geom. mean (ms) 268.2 138.9 1.93%

Peak GPU memory, geom. mean (MB) ~ 1,090 ~270 =4.2%

Avg. AUDC reduction over MD 21.96% (KARL best on all 6 datasets)

Avg. C* reduction over MD 4.57% (KARL best on all 6 datasets)

MultiDismantler. These costs arise from two deliberate architectural choices: (1) the B-
spline basis materialisation in EfficientKAN, which equips each graph edge with a learnable
(G + k + 1) = 14-dimensional functional family rather than a single scalar weight; and (ii)
the fully KAN-parameterised KANformer, which provides each layer-specific representation
with non-smooth, per-coordinate cross-layer routing unachievable by any affine attention
module. These choices yield a 21.96% average AUDC reduction and a 4.57% C* reduction
over MultiDismantler across all six real-world benchmarks, together with the emergent
structural interpretability demonstrated in Section 5.6.3. Proposition 5.4.9 establishes that
this performance gap cannot be attributed to parameter count alone: at any frequency w
characteristic of the per-node vulnerability functions in scale-free multiplex networks, the
KAN edge family captures high-frequency variation that the MLP edge family cannot, at
parameter budgets of the same order. We therefore regard the computational overhead as a
principled and justified cost of the additional representational capacity: the Pareto analysis
establishes that KARL’s operating point is Pareto-optimal among dismantling methods,
delivering the highest quality achievable at any inference budget above ~ 140 ms/step.

5.8 Chapter Summary

This chapter has presented KARL, a principled and theoretically grounded architecture for
multiplex network dismantling that addresses the functional expressivity limitation shared
by all existing GNN-DRL dismantling agents. We summarise the key contributions and
findings.

Architecture. KARL integrates three KAN-parameterised stages: (i) a Residual B-Spline
KAN encoder (Section 5.1) that captures intra-layer structural signals through learnable
per-edge univariate functions while maintaining gradient stability via a macroscopic residual
MLP branch; (i1) a KANformer (Section 5.2) that fuses cross-layer embeddings through fully
KAN-parameterised multi-head attention, modelling non-smooth per-coordinate inter-layer
coupling patterns; and (iii) an orthogonal Chebyshev-KAN action-value head (Section 5.3)
whose polynomial basis minimises worst-case approximation error on the non-stationary
TD targets of Q-learning.
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Theory. Four results provide end-to-end theoretical support for the design. Proposition 5.4.1
bounds the worst-case gradient norm and justifies the residual branch. Theorem 5.4.4 estab-
lishes near-minimax optimality of the ChebyKAN decoder. Theorem 5.4.6 proves that the
KAN-GNN function class subsumes the MLP-GNN class, guaranteeing no representational
power is lost by the substitution. Proposition 5.4.9 quantifies the per-layer expressivity gap
between KAN and MLP edge functions at equal parameter budgets.

Empirical performance. Evaluated zero-shot on six real-world multiplex networks spanning
three orders of magnitude in scale, KARL achieves an average AUDC improvement of
21.96% over MultiDismantler under unit cost and > 18% under degree cost, with the
strongest gain of 27.27% on the largest benchmark (Sanremo2016, N = 56,562). Friedman
and Wilcoxon signed-rank tests establish statistical significance over MultiDismantler
(Padj = 0.006 after Holm—Bonferroni correction).

Ablations and interpretability. Ablation studies confirm: (i) ayes = 0.5 1s the optimal residual
weight, balancing gradient stability and dismantling efficiency; (i) G = 10, k = 3 for
the B-spline encoder and d = 4 for the Chebyshev decoder are jointly optimal; (iii) the
KAN decoder exhibits emergent structural interpretability, assigning monotonically higher
activation magnitudes to deeper k-core nodes without auxiliary supervision.

Limitations. KARL’s B-spline projections incur an approximate 14X parameter overhead
per layer compared to affine maps, and a 4.2X peak memory overhead that renders the
largest benchmarks (N > 50,000) incompatible with consumer-grade GPUs of < 24 GB
VRAM. Additionally, the mathematical formulation currently assumes strict one-to-one
layer interdependency; extending to weighted or partial interdependencies, and to directed
intra-layer graphs (combining KARL’s KAN functional expressivity with DDIN’s directed
asymmetry modelling), is identified as a primary future direction in Chapter 7.

The relationship between KARL and DDIN — two architectures that address complemen-
tary limitations of existing dismantling agents — is analysed in Chapter 6, which presents a
side-by-side comparison of their architectural choices, theoretical properties, and empirical
performance on the datasets they share.
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Chapter 6

Comparative Analysis and Synthesis

Chapters 4 and 5 introduced two deep reinforcement learning frameworks for multiplex
network dismantling — ppiN and KARL — that collectively extend the state-of-the-art
MultiDismantler baseline [25] along distinct but complementary representational axes.
Despite sharing a common training philosophy (learning on small synthetic multiplex graphs
produced by GMM [32,33] and deploying zero-shot on large real-world networks), the two
frameworks diverge fundamentally in (i) the network-theoretic problem each solves, (ii) the
inductive biases encoded into the GNN encoder, cross-layer fusion module, and Q-value
decoder, and (iii) the function classes each architecture is designed to approximate.

Situating these two contributions relative to each other is not merely a matter of
tabulating performance numbers: it reveals the structure of the design space for GNN-aided
dismantling and illuminates a path toward a unified architecture that inherits the strengths of
both. This chapter provides that analysis across three complementary lenses. Section 6.1
conducts a rigorous component-level architectural comparison, characterising the key
mathematical divergence points. Section 6.2 formalises the expressivity—directionality
trade-off — the central thesis-level insight connecting the two contributions — and analyses
its implications for a hypothetical unified framework. Section 6.3 presents a controlled
empirical comparison on the four real-world multiplex benchmarks for which both methods
report results, disentangling the effects of problem formulation from those of architectural
choice.

6.1 Architectural Comparison

Both ppin and kARL adopt the three-stage modular pipeline inherited from MultiDismantler:
an intra-layer encoder that maps each node to a latent embedding in every layer, a cross-layer
fusion module that integrates inter-layer structural context, and a Q-value decoder whose
output drives the RL node-selection policy. Table 6.1 provides an at-a-glance summary of
both pipelines; the subsections below develop the mathematical content of each divergence
point.

6.1.1 Design Philosophy and Objectives

DDIN: encoding directed asymmetry. DDIN (Chapter 4) is motivated by the observation
that critical real-world infrastructures — directed neural connectomes, supply chains,
financial contagion networks, social-media influence graphs — exhibit asymmetric failure
propagation: a failure along arc (A, B) does not imply a reverse failure along (B, A) [2,60].
Standard symmetric GNN message-passing aggregates neighbourhood information without
regard to edge orientation, thereby conflating source nodes (high out-degree, exerting
downstream causal pressure) with sink nodes (high in-degree, receiving cascading pressure).
As formalised in Remark 4.1.1, any scoring function that depends only on total degree
assigns identical priority to a source with D out-edges and a sink with D in-edges, incurring
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an expected per-removal cascade disruption of at most half the optimum on scale-free
directed networks. The core design objective of pDIN is therefore:

Encode edge-direction information into every stage of the GNN-RL pipeline so
that the learned dismantling policy correctly identifies the minimal-cost node set

whose removal collapses the Largest Mutually Strongly Connected Component
(MSCC, Definition 3.2.3) below the non-extensivity threshold 6.

KARL: encoding functional expressivity. KARL (Chapter 5) confronts a qualitatively different
bottleneck: even when the multiplex network is undirected, the per-node vulnerability
functions are high-frequency and locally non-smooth. In a scale-free multiplex, the
probability that the LMCC collapses upon removing a specific node depends on non-linear
interactions among that node’s degree profile, coreness depth, and inter-layer bridging
role — relationships that vary sharply in small neighbourhoods of the degree-coreness
space. MultiDismantler’s encoder and Q-head rely on multilayer perceptrons (MLPs)
with fixed affine transformations: each MLP layer applies a single global linear map per
input coordinate, restricting the representable function class to an effective fixed-degree
polynomial. As Proposition 5.4.9 establishes, a single-layer ReLU MLP of width W < w
cannot approximate the sinusoidal target sin(wmx) to error less than 1 regardless of weight
magnitudes, while a B-spline KAN with G = O(w) knots achieves error O ((w/G)**1) — 0.
The design objective of KARL is:

Replace every fixed-affine projection in the GNN-RL pipeline with learnable
univariate Kolmogorov-Arnold Network (KAN) [35] functions, enabling the
agent to adapt the functional form — not merely the coefficients — of each edge
transformation to the local structure of the input, thereby modelling the sharp,
high-frequency per-node vulnerability patterns that determine cascading fragility
in scale-free multiplex topologies.

The two objectives are orthogonal: ppiN modifies the topology consumed by the encoder
(directed vs. undirected) and the semantics of aggregation (asymmetric vs. symmetric),
leaving the functional form of all projections as standard affine maps. KARL replaces the
functional form of all projections (affine — B-spline KAN) while leaving the aggregation
topology as undirected and symmetric. This orthogonality is the central architectual insight
of the thesis and is formalised in Section 6.2.

6.1.2 Stage-by-Stage Component Comparison

Stage 1: Intra-layer encoder.

DDIN — Asymmetric GraphSAGE. For node v in layer ¢, let N'"(v) = {u : (u,v) € &}
and N°"(v) = {u : (v,u) € &} denote the in- and out-neighbourhoods respectively. The
embedding update (Equation (4.17)) is:

h! = ReLU(Wout [xy: MeanAgg(hf

Vi) |+ Win[xv;MaxAgg(hi,out(v))]), (6.1)
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where Wy, Wi, € R9%%4 are learnable weight matrices, [ -; - | denotes vector concatenation,

1
MeanAgg(hi/in (v)) = N Z h’, (6.2)
ue N (v)

and MaXAgg(hi{m (v)) is the element-wise maximum over out-neighbours (Equation (4.16)).
The dual-aggregation scheme is deliberately asymmetric: mean aggregation of incoming
embeddings summarises the average vulnerability that all predecessors collectively impose
on v, while max aggregation of outgoing embeddings isolates the single downstream
successor most critically dependent on v [20]. Since failure propagation in directed networks
satisfies (A — B) = (B — A) [60], this duality directly encodes the causal directionality
of cascade dynamics into the latent representation.

KARL — Residual B-Spline KAN Encoder. KARL replaces both the aggregation and the
projection stages. Each B-spline KAN module (Equation in Section 5.1) computes:

KAN(x) = Wpase 0(X) + WsplineB(X)’ (6.3)

where o (+) is the SiLU activation, B(x) € R4n(G+k) gtacks B-spline evaluations {Bl’.‘ (xj3 G)}ij
computed via the Cox—de Boor recurrence over a uniform knot grid with G = 10 intervals
and order k = 3, and Wpjine € Rdouxdin(G+k) gre trainable spline control weights. The full
node update at message-passing iteration [ (Equation (5.7)) is:

b = KANou( | KANig(tanh(Agg(h ™)) || KAN er{tanh(hi)) |) + @res ML (0",

(6.4)
where Agg(h¥)) =3 . NO) hb(tl) is an unweighted sum over the undirected neighbourhood
N (v), tanh(-) constrains inputs to [—1, 1] for B-spline evaluation, a5 € (0,1) is a
learnable scalar (initialised to 0.5 by the ablation of Section 5.6.1), and MLP, is a single
linear-ReLLU branch. Proposition 5.4.1 bounds the worst-case back-propagated gradient
as [|[Vyo Lll2 < (BmaxLg + @res Ly )™~ max, IViman) LI|2, Where the residual MLP term
aresLy 18 independent of the graph branching factor Bmax = 1 +d™, providing a stabilising
path even on scale-free hub nodes with d™** > 1.

Stage 2: Cross-layer fusion.

DDIN — Multi-Relational Attention. Having obtained per-layer node embeddings {h’},c /.,
DDIN applies a graph attention mechanism [23,25] with a shared attention vector a € R??
and projection matrix W € R%*¢:

exp(LeakyReLU (a™ [Wh’ || Wh{']))

o = ) 6.5)
Z exp(LeakyReLU(a" [Wh' || Wh{']))
el
h, = Z gl (6.6
el

The attention coefficient ¢ quantifies how important layer ¢’ is for the representation of node
v in layer £, and is computed via a LeakyReLU-gated inner product of linearly projected
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embeddings. As observed in Remark 4.3.1, @y 1s naturally asymmetric (aey # @pr¢
in general) because the concatenated projection [Wh! || Wh’'] # [Wh’ || Wh(], thereby
modelling directed inter-layer dependencies. However, the projections W and a remain fixed
affine maps, making the attention mechanism a single scalar dot-product and limiting its
capacity to model the non-smooth cross-layer coupling patterns that characterise scale-free
multiplexes.

KARL — KANformer. KARL introduces the KANformer, a fully KAN-parameterised
multi-head cross-layer attention module (Section 5.2). Before attention, a shared learnable
affine transformation aligns layer embeddings:

HY = tanh(HOT +b) € RV, (6.7)

where T € R is initialised to the identity matrix (learnable) and b € R? is zero-
initialised, constraining all inputs to [—1, 1]¢ for B-spline evaluation. For each attention
head i € {1,...,h} with per-head dimension d; = d/h, independent B-spline KAN
projections compute Query, Key, and Value tensors:

Q: = KANY(H'Y), K, =KANKHY),  V,=KAN/HY), (6.9

where H-0 e RN*(L=Dxd denotes the context formed by all layers except . The head-
specific cross-layer context is:

(6) _ 1 T . Nx1xdx
C = softmax( N Q: K; ) V; € R , (6.9)
with softmax over the L — 1 key positions, and the fused representation per layer is
72 =HO + FO_where F) concatenates and projects the i head outputs through a final
B-spline KAN projection. The critical structural difference from DDIN’s attention is that
every Q/K/V and output projection is replaced by an independent B-spline transformation;
the KANformer can therefore model non-linear, non-smooth per-coordinate cross-layer
routing functions whose functional form adapts to each layer’s local topology — a capacity
categorically unavailable to any affine-projection attention mechanism.

Stage 3: Decoder and action-value head.

DDIN — Bilinear decoder and MLP Q-head. DDIN employs a bilinear decoder for auxiliary
link reconstruction. The predicted probability of directed edge i — j in layer ¢ is
(Equation (4.22)):

Ly = o(BT Waee B + b7, (6.10)
where Wy, € is a learned bilinear weight and b’ is a layer-specific scalar bias
incorporating the directional bias parameter a from the directed GMM [20]. This decoder is
asymmetric by construction: ﬁfj # 155. ; in general because ﬁf and flf. carry distinct directional
features, directly encoding the asymmetric topology into the learned representation. Q-
values are computed via a two-layer MLP (Equations (4.28)—(4.30)) with outer-product
state-action interaction [23]:

09 (s;,ay) = M ReLU(z"” x h'? - M), (6.11)

RdXd
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where sz) 1s the virtual-node embedding encoding the global state in layer £, and final Q-

values aggregate across layers via learned importance weights w'?) = softmaX(ReLU(zgg) Wi)W,)
(Equation (4.29)).

KARL — Chebyshev KAN Q-head. KARL replaces the MLP Q-head with a two-stage
Chebyshev KAN (ChebyKAN) decoder (Section 5.3). A ChebyKAN layer of degree K
computes, for input x € Rn;

dn K
yi =Y. > CijmTu(tanh(x;)) + by, (6.12)

i=1 m=0
where ¢; ; ,, are Xavier-initialised learnable coefficients, b; is a zero-initialised bias, and
T,, are the Chebyshev polynomials of the first kind satisfying the three-term recurrence
To(x) = 1, T1(x) = x, Tyy(x) = 2xT—1(x) — Tyu—2(x) for m > 2. The Chebyshev basis
1s chosen for its well-conditioned regression properties under non-stationary TD targets.
By Theorem 5.4.4 and Corollary 5.4.5, the truncated Chebyshev series projection Sk [y;]
achieves a near-minimax sup-norm error (Equation (5.30)):

2
1y: =Sk [yelllo < 1+;1n(K+1)+0(K_2) Ex(y1), (6.13)

ux = O(logK)
where Ex(y;) = minpep, ||y; — Pl| is the best-approximation error in Pg and px grows
only logarithmically in K. In contrast, any equispaced polynomial interpolation scheme
(including fixed-grid B-splines in the decoder) incurs a Lebesgue constant Ag = ©(2X/VK),
diverging exponentially and producing Runge-type boundary oscillations under the shifting
TD-target distribution — precisely the instability the Chebyshev decoder avoids. Per-layer
Q-values are computed as:

g9 (s;,a,) = ChebyKAN;,(ChebyKAN, . 1s..(€2) | £12), (6.14)

where egf?, e R? is the outer-product state-action embedding for layer ¢ and féﬁi e R*
1s a layer-specific auxiliary feature vector (normalised removed-node and removed-edge
fractions, mean two-hop reachability, and normalised residual degree).

Training objectives. The training losses of the two methods encode fundamentally different
notions of topological regularisation. ppiN’s total loss (Equation (4.27)) is:

B
1
Lopw = E ; Wi - 5Huber(ei) + A L, (6.15)

where ¢; = ZZ;]O Yeriek + ¥ maxy Q(Sin, a’;07) — Q(sy, a;; 0) is the n-step TD error, w;
are importance-sampling weights from a sum-tree prioritised replay buffer [50], and the
directed binary cross-entropy reconstruction loss (Equation (4.23)) sums over directed edges
and non-edges:

Lee=— ) logpy — » log(1-pi). (6.16)

(i.j)e& (i.))¢&

116



Note that L. acts on directed edges (i, j) € & where (i, j) # (j,i) in general, explicitly
injecting asymmetric topological structure into the learned representation.
KARL’S total loss is:

Liare = Lp(0) + 1 LR(0), A4 =0.001, (6.17)

where L1p(0) = E, 4,...)~8[(y: — Q(ss, as; ©))?] is the mean-squared TD loss with n = 5-
step returns and Prioritised Experience Replay [50], and L is a graph Laplacian quadratic

regulariser:
(0) 2
A; Iy = hyll
£2(®) ZL:2tr(H;£(f)Hf) izj: J o8
R = = , -
15O s 16|

=1
where £ = D@ — A s the combinatorial Laplacian and normalisation by |&()|
prevents inter-layer edge-density bias. Unlike ppiN’s directed BCE, which penalises
misreconstruction of individual oriented arcs, KARL’s Laplacian regulariser penalises
embedding dissimilarity between undirected adjacent pairs in aggregate, enforcing local
smoothness of the representation without encoding edge orientation.

6.1.3 Architectural Comparison Diagram

Figure 6.1 presents a unified schematic of both architectures, highlighting the three primary
divergence points.

6.1.4 Component-wise Comparison Table

Table 6.1 consolidates the stage-by-stage differences described above.

6.1.5 Mathematical Characterisation of Divergence Points

Having established the component-wise differences, we now characterise the two fundamental
mathematical divergence points as formal definitions.

Definition 6.1.1 (Directed vs. Symmetric Aggregation Scheme). Let G = (V,&, L) be a
multiplex graph. An aggregation scheme Agg : 2V x R4Vl — R? is symmetric if, for any
permutation 7 of the neighbourhood, Agg(N (v), {h, }uen () = Agg(N(V), {hr) fuen(v))-
It is asymmetric if the scheme additionally distinguishes N""(v) from N°"(v), so that the
output depends on edge orientation.

DDIN employs an asymmetric aggregation scheme (MeanAgg on '™, MaxAgg on N°%,
see Equations (6.2)—(6.1)). kARL employs a symmetric scheme (unweighted sum over N (v)
treating all incident edges equivalently, see Equation (6.4)).

Definition 6.1.2 (Affine vs. KAN-Parameterised Layer Projection). A layer projection is a
function f : R%n — Ru_ ]t is affine if f(x) = Wx + b for some fixed weight matrix W and
bias b. It is KAN-parameterised if f(x); = >; ¢; ;(x;), where each ¢, ; : [-1,1] — Riis
a learnable univariate B-spline function spanning a (G + k)-dimensional function space
(for grid resolution G and spline order k), strictly containing the one-dimensional affine
family {x — wo(x)} of the corresponding MLP edge.
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Figure 6.1: Comparative architectural overview of ppin (Chapter 4) and karL (Chapter 5). Both frameworks
adopt the same three-stage encoder — fusion — decoder pipeline over multiplex networks and are trained via
prioritised deep Q-learning on small synthetic graphs (30-50 nodes), but diverge at every stage. Stage 1:
DDIN uses an asymmetric GraphSAGE encoder that separates incoming from outgoing neighbourhoods; KARL
uses a residual B-spline KAN encoder over undirected neighbourhoods. Stage 2: ppin fuses layers via affine
graph attention; KARL replaces every Q/K/V projection with an independent B-spline KAN (KANformer).
Stage 3: ppin decodes via a standard MLP Q-head with a directed bilinear reconstruction auxiliary; KARL
uses a Chebyshev KAN Q-head with Laplacian regularisation. Both improve over MultiDismantler along
orthogonal representational axes (directionality and functional expressivity, respectively).
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Table 6.1: Component-wise architectural comparison of ppiN (Chapter 4) and karL (Chapter 5). Both
extend MultiDismantler (MD) [25] along orthogonal representational axes. Entries in bold mark the primary
contribution of each method.

Dimension

DDIN [20]

KARL

Problem domain
Target component

Network generation

Directed multiplex
Largest MSCC

Directed GMM («°", k" sepa-
rate)

Undirected multiplex
Largest LMCC
Standard GMM [32]

Stage 1: encoder type

Aggregation scheme

Projection type (en-
coder)

Gradient stabilisation

Asymmetric GraphSAGE

Directed: MeanAgg(N™) +
MaxAgg(N°W)

Afline (Wouta Win)

ReL.U nonlinearity

Residual B-Spline KAN

Symmetric:
over N'(v)

B-spline KAN (G=10, k=3)

unweighted sum

MLP residual (as=0.5)

Stage 2: fusion mod-
ule

Q/K/V projections

GAT-style affine attention

Affine (W, a)

KANformer
Q/K/V)

Independent B-spline KAN

(fully KAN

Stage 3: decoder

Q-value function class

Reconstruction auxil-
lary

Bilinear + two-layer MLLP

Fixed affine (MLP outer prod-
uct)

Directed BCE Lrec (Eq (6 16))

Chebyshev KAN Q-head (K=4)

Chebyshev polynomials (near-
minimax optimal)

Lr

Laplacian
(Eq. (6.18))

regulariser

RL algorithm

Training graph size

Parameters vs. MD

Prioritised n-step DQN (sum-
tree PER)

N € [30, 50] (directed GMM)
Lightweight (*MD scale)

Prioritised n-step DQN (n=3,
PER)

N € [30, 50] (standard GMM)

10.3x (dominated by KAN-
former)

Primary baseline sur-
passed

Mean AUDC improve-
ment

DCI, HDA (directed heuristics)

20.20% over DCI

MultiDismantler, NIRM,

FINDER
21.96% over MultiDismantler
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DDIN uses affine projections throughout (encoder, attention, decoder). KARL uses KAN-
parameterised projections in the encoder and KANformer, with a Chebyshev-polynomial
projection in the decoder. By Theorem 5.4.6 (KAN-GNN Subsumes MLP-GNN), KARL’S
encoder is a strictly richer function class than ppiN’s at any fixed parameter budget, subject
to the constraint that both operate on undirected topologies.

6.2 The Expressivity vs. Directionality Trade-off

Having established the component-level differences, we now address a deeper question:
do the two improvements compose, or are there fundamental incompatibilities between
encoding directionality and encoding KAN expressivity in the same architecture? This
section formalises the trade-off, identifies its sources, and charts a path toward resolution.

6.2.1 The Asymmetry Bottleneck in KARL

KARL, as presented in Chapter 5, solves the undirected LMCC dismantling problem. Its
encoder (Equation (6.4)) uses an unweighted symmetric sum aggregator; its reconstruction
auxiliary (Equation (6.18)) penalises symmetric embedding differences ||h; — h J-||% for
undirected edges {i, j}. Neither component encodes edge orientation.

Remark 6.2.1 (KARL Cannot Distinguish Source from Sink). Let v and v; be two nodes in
a directed layer ¢ satisfying kﬁ?’i“ =1, kﬁ?’out = D and k&i)’m =D, kﬁi)""“ = 1 for some
D > 1 (a source—sink pair with identical total degree D + 1). KARL’s symmetric sum
aggregator computes Agg(h,) = X,cn(v,) hu Where N (vy) is the set of all neighbours of
v, regardless of direction, and similarly for v,. If vy and v, share an identical undirected
neighbourhood (a situation that arises in symmetric hub-and-spoke topologies), the encoder
produces identical embeddings hﬁ? = hﬁlk) for all /, even though removing v severs D
outgoing cascade paths while removing v severs only 1. The KANformer and ChebyKAN
Q-head, operating on these undifferentiated embeddings, cannot recover the directional
distinction irrespective of their functional expressivity. Consequently, the 16%—-23% AUDC
improvement that DDIN achieves over symmetric baselines (Table 4.4) is structurally
unavailable to KARL when applied to directed networks, even with arbitrarily expressive
KAN functions.

Remark 6.2.1 identifies the asymmetry bottleneck of KARL: on directed networks, the
symmetric sum aggregation forfeits all orientation information before any KAN function
1s applied, so KAN expressivity cannot compensate for the loss of directionality at the
aggregation stage.

6.2.2 The Expressivity Bottleneck in DDIN

DDIN, conversely, correctly resolves edge orientation through its asymmetric aggregation
scheme (Equation (6.1)) but uses fixed affine projections at every stage. Its encoder is a
standard MLP applied to the concatenation [x,; MeanAgg(-)] and [x,; MaxAgg(-)]; its
attention is a bilinear dot-product over affine-projected embeddings; its Q-head is a two-layer
MLP outer-product decoder.
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Remark 6.2.2 (DDIN’s Affine Projections Cannot Represent High-Frequency Vulnerability
Functions). Consider a directed scale-free multiplex where the MSCC vulnerability function
V : R? — R, mapping a node’s embedding to its expected cascade-disruption gain upon
removal, oscillates at frequency w in the degree—coreness space (a plausible scenario in
hub-dominated scale-free topologies [2]). By Proposition 5.4.9 (Part (i1)), a single-layer
affine projection Wx + b of width W < w cannot approximate V to sup-norm error less than
cs > 0, regardless of the weight magnitudes. Consequently, DDIN’s affine Q-head cannot
discriminate among nodes whose embedding differs only in high-frequency features, leading
to suboptimal priority ordering in the early dismantling phase — precisely the phase that
dominates the AUDC metric. This bottleneck is independent of the asymmetric aggregation:
correctly encoding directionality does not resolve the approximation deficit of fixed affine
decoders.

6.2.3 Formal Trade-off Analysis

Remarks 6.2.1 and 6.2.2 establish that the two improvements are not interchangeable:
KARL’s KAN expressivity cannot substitute for DDIN’s directed aggregation on directed
graphs, and DDIN’s directional encoding cannot substitute for KARL’s KAN expressivity
when the vulnerability function is high-frequency. We now formalise this observation.

Let D denote the directionality dimension (whether aggregation is symmetric or di-
rected), and X denote the expressivity dimension (whether projections are affine or KAN-
parameterised). The design space of GNN-RL dismantling agents can be organised on the
(D, X) grid:

Affine projections (X = 0) KAN projections (X = 1)

Symmetric Agg. (D = 0) MultiDismantler [25] KARL
Directed Agg. (D =1) DDIN [20] Hypothetical DDIN-KARL

MultiDismantler occupies position (9D = 0, X = 0). ppin advancesto (D =1,X =0) —
improving along D without changing X. KARL advances to (9D = 0,X = 1) — improving
along X without changing 9. The hypothetical combined architecture at (D =1, X = 1) is
the Grand Synthesis target (Section 6.2.4).

Proposition 6.2.3 (Orthogonality of DDIN and KARL Improvements). Let Fvp, oo
Frare denote the respective policy function classes of MultiDismantler, ppIn, and KARL
operating on a multiplex network G. The following hold:

(i) DDIN improves along D only. On directed multiplex networks, Fpp,n 2 FMD-
DDIN’s asymmetric aggregation scheme strictly distinguishes source nodes from sink
nodes (Remark 4.1.1), whereas no symmetric aggregation scheme can. However,
Foolx=0 = Fmplx=0: both use affine projections, so the expressivity along X is
unchanged.

(ii) KARL improves along X only. On undirected multiplex networks, by Theorem 5.4.6,
Freare 2 Fmp: any policy expressible by MultiDismantler’s MLP-GNN can be approxi-
mated to arbitrary uniform precision by kARL’S KAN-GNN (Theorem 5.4.6, Part (i)),
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and there exist KAN-realisable per-edge functions that no MLP of equivalent width
can represent (Part (ii)). However, T,r.|p=0 uses only symmetric aggregation, so
no element of Fyir, can assign distinct embeddings to vy and vy in the source-sink
scenario of Remark 6.2.1.

(iii) Neither subsumes the other. In general, Frpiy € Frare And Frare € Fooine the two
improvements are along independent axes of the (D, X) design space and are not
mutually implied.

Proof sketch. Part (i): any symmetric aggregation Agg satisfies Agg(N (vy)) = Agg(N (vi))
whenever v and v, have identical undirected neighbourhoods, regardless of in/out orienta-
tion. DDIN’s dual-term encoder (Equation (6.1)) distinguishes MeanAgg(N™(vy)) #
MeanAgg(N™(v;)) and MaxAgg(N°(vs)) # MaxAgg(N°"(vy)) whenever in-/out-
degree distributions differ, producing distinct embeddings. Both encoders use affine
projections (same X class).

Part (ii): Theorem 5.4.6 formally establishes Fx,r. 2 Fvp Oon undirected graphs. The
strict containment follows from Proposition 5.4.9 (per-layer containment at any fixed budget).
KARL’s symmetric aggregation Agg(N(v)) = X,en(v) hy is identical in the undirected
setting to that of MultiDismantler, so no additional directional capacity is introduced.

Part (ii1): Part (i) shows elements of %,y exist that assign distinct scores to source—sink
pairs; elements of Fy .z, (With symmetric aggregation) cannot replicate this, SO0 Fopin € Frare
on directed graphs. Part (ii) shows elements of Fy,x, can approximate any function of total
degree to arbitrary precision via B-splines; ppin’s affine MLLP Q-head cannot match this
approximation capacity at fixed width (Proposition 5.4.9), s0 Fxare. € Foom On undirected
graphs. O O

6.2.4 The Grand Synthesis: Toward a Unified Architecture

Proposition 6.2.3 identifies the (9 = 1, X = 1) position as an unexplored and potentially
superior operating point. A hypothetical DDIN-KARL architecture would combine:

1. Directed KAN encoder: asymmetric dual-branch aggregation (MeanAgg on N'™,
MaxAgg on N°") as in DDIN, but with each projection branch replaced by an
independent B-spline KAN module as in KARL, together with a learnable residual
MLP branch for gradient stabilisation.

2. Directed KANformer: a multi-head cross-layer attention module in which Query,
Key, and Value projections are KAN-parameterised (as in the KANformer) but the
pre-transformation additionally concatenates in- and out-degree statistics to preserve
directional context across layers.

3. Directed Chebyshev KAN Q-head: the ChebyKAN decoder of KARL, augmented
with directed auxiliary features (in-degree fraction removed, out-degree fraction
removed, directed two-hop reachability) alongside the existing scalar features f,;f;

4. Directed reconstruction loss: the bilinear directed BCE of DDIN (Equation (6.16)),
which explicitly reconstructs oriented arcs rather than undirected adjacency, combined
with the Laplacian regulariser of KARL restricted to symmetric pairs for stability.
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Non-trivial challenges. Realising the Grand Synthesis is non-trivial for two reasons. First,
combining asymmetric aggregation with B-spline KAN projections introduces a new
gradient-instability regime: the directional branching factor I = 1 4 gma%in 4 gmax.out
governing the gradient bound of Proposition 5.4.1 can be twice as large as the undirected
counterpart, potentially requiring a stronger or more carefully tuned residual branch. Second,
the directed BCE auxiliary (Equation (6.16)) and the Laplacian regulariser (Equation (6.18))
encode conflicting inductive biases: the directed BCE pushes embeddings to encode
asymmetric edge probabilities, while the Laplacian regulariser pushes embeddings to be
smooth over undirected adjacency. Reconciling these two objectives — for instance, by
applying the Laplacian regulariser only within each directed SCC, and the BCE loss only

for cross-SCC arcs — is an open architectural design question.

Expected empirical gains. Based on the per-dataset analyses of Chapters 4 and 5, we anticipate
the Grand Synthesis would achieve the most significant gains on directed networks with both
strong source-sink asymmetry and high-frequency hub vulnerability patterns — networks
such as the C. elegans neural connectome (where DDIN achieves 23.40% and KARL
achieves 22.84% improvements, respectively, over their independent baselines) and directed
trade networks where commodity flows are asymmetric and the cascading vulnerability of
intermediate trade hubs varies non-smoothly with commodity specialisation. We formally
identify the Grand Synthesis as the primary future direction in Section 7.3.1 of Chapter 7.

6.3 Shared Datasets Analysis

Both ppin and kARL are evaluated on a subset of the De Domenico multilayer network
repository [15]. Four networks appear in both experimental evaluations: the C. elegans
neural connectome, the FAO Multiplex Trade network, the Homo Sapiens GPI network,
and the Sanremo2016 social network. A fifth benchmark — Drosophila Melanogaster —
appears only in the ppiN evaluation, while Facebook-Twitter and Sacchpomb appear only in
the KARL evaluation.

6.3.1 Benchmark Dataset Characteristics and Evaluation Protocol

The four shared networks are summarised in Table 6.2, alongside the domain-specific
evaluation metrics used by each method. A critical methodological distinction must be
noted before any quantitative comparison is drawn:

Remark 6.3.1 (Incomparability of DDIN and KARL AUDC values on shared datasets).
ppiIN (Chapter 4) treats all four shared networks as directed graphs and evaluates the AUDC
metric against the Mutually Strongly Connected Component (MSCC, Definition 3.2.3). KARL
(Chapter 5) treats the same networks as undirected graphs and evaluates against the Largest
Mutually Connected Component (LMCC, Definition 2.1.9). Since MSCC C LMCC in
general (a directed SCC is a connected component in the undirected sense but not vice
versa), the two AUDC values are defined over different component oracles, different cost
functions, and different baseline methods. Direct numerical comparison of DDIN AUDC
with KARL AUDC on the same dataset is therefore not meaningful. A scientifically
valid comparison must either (a) fix both the problem setting (directed or undirected) and
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compare algorithms within that setting, or (b) analyse the two AUDC values qualitatively as
independent signals about different properties of the network.

All quantitative comparisons in this section adhere strictly to the criterion of Remark 6.3.1:
DDIN performance is always reported relative to directed baselines (DCI, HDA on directed
MSCC), and KARL performance is always reported relative to undirected baselines
(MultiDismantler on LMCC). Cross-method comparisons in the table are presented as
relative improvements over respective baselines, which are directly comparable as measures
of architectural gain.

Table 6.2: Shared benchmark datasets and performance of ppin and kARL on each. DDIN performance is on
the directed MSCC problem; KARL performance is on the undirected LMCC problem. Absolute AUDC
values are not cross-comparable (Remark 6.3.1); improvement percentages (%) over respective baselines are
comparable.

DDIN (directed MSCC) KARL (undirected LMCC)

Network N L Domain DCI DDIN A% MD KARL A%

C. elegans connectome 279 3 Biological 0.2043 0.1621 -23.40% 0.1642 0.1267 —-22.84%

FAO Multiplex Trade 214 364 Economic 0.1890 0.1541 -20.56% 0.2541 0.2011 —20.86%
Homo Sapiens GPI 18,222 7 Biological 0.0149 0.0116 -20.53% 0.0273 0.0218 —-20.15%
Sanremo 2016 56,562 3 Social 0.0003 0.0002 -20.51% 0.0011 0.0008 —27.27%

Mean improvement -20.20% -22.78%

Notes. N: number of nodes; L: number of layers; DCI: Directed Collective Influence (directed baseline for DDIN); MD:
MultiDismantler (undirected state-of-the-art baseline for KARL). DDIN absolute AUDC values target the directed MSCC under the
DDIN evaluation protocol (Section 4.6). KARL absolute AUDC values target the undirected LMCC under the KARL evaluation
protocol (Section 5.5). The absolute AUDC values of DDIN and KARL are not directly comparable; see Remark 6.3.1.

6.3.2 Comparative Performance on Shared Networks

Table 6.2 reveals a striking empirical observation: on all four shared datasets, both ppin and
KARL independently achieve improvements of approximately 20-27% over their respective
baselines, despite solving different problem variants. We analyse each network in turn.

C. elegans connectome (N = 279, 3 layers). The C. elegans neural connectome is structurally
one of the most well-characterised biological networks. Its directed version (used by DDIN)
exhibits a pronounced source—sink structure: a small number of command interneurons
with high out-degree and low in-degree sustain the directed MSCC [2]. ppIN’s MaxAgg
aggregation (Equation (4.16)) learns to identify and prioritise these source interneurons in
the early dismantling phase, achieving the largest AUDC gain (23.40%) in its benchmark
suite. Independently, KARL’s B-spline encoder achieves a 22.84% improvement on the
undirected version of the same network by identifying structurally subtle bottleneck nodes
(low degree-centrality, high coreness depth) that contribute to the LMCC without appearing
prominent in any single layer. The near-equal magnitudes of the two improvements (23.40%
vs. 22.84%) suggest that both the directional asymmetry of the neural wiring diagram and
the non-smooth coreness-vulnerability structure of the undirected topology are substantial
and independently exploitable.
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FAO Multiplex Trade (N = 214, 364 layers). The FAO Trade network is exceptional in having
364 layers (commodity types), making it the highest-layer-count network in either benchmark
suite. ppIN achieves a 20.56% improvement on the directed variant, with the Multi-Relational
Attention module (Equation (6.5)) automatically concentrating attention weights on the
commodity layers most critical to the current MSCC. kARL achieves a 20.86% improvement
on the undirected variant; its KANformer (Section 5.2) is especially well-suited to the
364-layer context because its per-coordinate B-spline Q/K/V projections (Equation (6.8))
can model the sharp, non-smooth cross-commodity coupling patterns that characterise
the trade vulnerability structure. Notably, the AUDC absolute values differ substantially
between the two settings (0.1541 vs. 0.2011), consistent with the directed MSCC being a
stricter target (and thus easier to fragment with fewer node removals) than the undirected
LMCC in a highly-connected trade network.

Homo Sapiens GPI (N = 18,222, 7 layers). The Homo GPI protein-interaction network is the
largest network in the DDIN benchmark suite (18,222 nodes, 7 layers) and the fourth-
largest in KARL’s. Both methods achieve approximately 20% AUDC improvements
(—=20.53% for DDIN, —20.15% for KARL), confirming zero-shot generalisation well beyond
the N € [30,50] training scale. The similar magnitudes of improvement across two
qualitatively different methods suggest that the Homo GPI network has a structurally regular
vulnerability pattern that is exploitable by both directed and undirected dismantling agents,
consistent with the known modular community structure of genetic interaction networks.

Sanremo 2016 (N = 56,562, 3 layers). The Sanremo2016 social network represents the most
demanding test for both methods: it contains 56,562 nodes — more than 1,100 times
the training scale. ppin achieves a 20.51% improvement under the directed formulation,
confirming that asymmetric aggregation generalises to social networks with asymmetric
information flows. KARL achieves the strongest improvement of its entire benchmark suite
on the undirected Sanremo2016: 27.27% AUDC reduction, concentrated in the early
dismantling phase (below 2% removal fraction) where cascading failure dynamics are most
sensitive to the precise identification of seed-core nodes. The 6.76 percentage-point gap
between DDIN’s gain (20.51%) and KARL’s gain (27.27%) on this dataset suggests that
the undirected Sanremo2016 network contains particularly pronounced high-frequency
non-smooth vulnerability patterns — hub nodes whose coreness depth varies sharply with
community membership — that are more effectively captured by B-spline KAN expressivity
than by directed asymmetry encoding.

6.3.3 Qualitative Insights and Network-Specific Conclusions

Synthesising the per-dataset observations, we draw the following network-specific conclu-
sions.

1. Biological networks exhibit both asymmetric and high-frequency vulnerability
structure. On both C. elegans and Homo GPI, the two methods achieve comparable
improvements (~20-23%), suggesting that biological networks are rich in both types
of structure. For dismantling applications in drug target identification [2], using a
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directed formulation (DDIN) is more faithful to the biology of signalling pathway
dependencies, but a KARL-style expressivity argument would produce competitive
immunisation strategies on undirected interaction graphs.

2. High-layer-count economic networks benefit from both directed and KAN-
parameterised cross-layer fusion. The FAO Trade network’s 364-layer structure
creates a cross-layer routing challenge that is independently handled by DDIN’s multi-
relational attention (focusing on critical commodity layers in the directed setting) and
KARL’'s KANformer (learning non-smooth cross-commodity vulnerability couplings
in the undirected setting). These two mechanisms address the same high-layer-count
scaling challenge via different inductive biases, and a combined architecture would
likely achieve improvements greater than either alone.

3. Large sparse social networks appear more amenable to functional expressivity
gains than to directionality gains. On Sanremo02016, KARL outperforms DDIN
by approximately 6.76 percentage points (relative to their respective baselines). This
pattern is consistent with social-media networks having rich non-smooth community
structure (captured by KAN expressivity) and relatively uniform directed influence
patterns (limiting the marginal gain from directed asymmetry encoding).

6.3.4 Complementarity and Non-Dominance Analysis

A natural question is whether the two contributions are competitive (targeting the same
bottleneck on the same problem) or complementary (targeting different bottlenecks on related
but distinct problems). Proposition 6.2.3 establishes complementarity at the theoretical
level; the shared dataset analysis confirms it empirically.

Remark 6.3.2 (Non-Dominance of DDIN and KARL). Within their respective problem
settings, neither method dominates the other:

* On directed networks, ppiN outperforms any symmetric GNN-DRL agent (including
KARL applied with undirected aggregation) by the margin quantified in Table 4.4.

* On undirected networks, KARL outperforms all existing agents including the DDIN
architecture applied with directed aggregation set to undirected mode (i.e., MeanAgg
on full neighbourhood, MaxAgg degenerating to mean) by the margin quantified in
Table 5.3.

* On the shared datasets, both methods achieve comparable 20—27% improvements over
their respective baselines (Table 6.2), with neither method consistently achieving larger
relative gains across all four networks.

This non-dominance relationship, together with Proposition 6.2.3, confirms that ppin and
KARL occupy distinct operating points on the (9D, X) grid and that the Grand Synthesis
combining both at (D = 1,X = 1) represents a genuinely open research problem whose
solution would be expected to outperform both on directed networks with high-frequency
vulnerability structure.
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Taken together, the architectural comparison, the formal trade-off analysis, and the shared
dataset empirical results establish a coherent picture: this thesis has made two independent
and complementary contributions to the state of the art in deep reinforcement learning for
multiplex network dismantling. ppin resolves the directionality problem — extending the
GNN-RL paradigm from undirected to directed interdependent networks and achieving
16-23% AUDC improvements on a diverse suite of directed biological, economic, and
social multiplexes. KARL resolves the expressivity problem — replacing fixed-affine MLP
projections with learnable B-spline KAN functions throughout the encoder, fusion, and
decoder stages, and achieving 21.96% average AUDC improvement over the state-of-the-art
MultiDismantler baseline on six undirected benchmarks spanning three orders of magnitude
in scale. The Grand Synthesis of these two advances — a directed, KAN-parameterised
dismantling agent — constitutes the primary recommendation for future research, as detailed
in Chapter 7.
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Chapter 7

Conclusion and Future Work

This dissertation investigated two fundamental and orthogonal limitations of the state-of-the-
art multiplex network dismantling framework MultiDismantler [25]: a fopological limitation
arising from its symmetric GNN aggregation scheme applied to the inherently directed nature
of real-world networks; and a functional limitation arising from the inherently low-pass
filtering behaviour of fixed-affine multilayer perceptrons (MLPs) when approximating the
sharp, non-smooth per-node vulnerability functions that characterise cascading fragility
in scale-free multiplex topologies. Two original research contributions addressed these
limitations through principled and theoretically grounded architectural innovations: DDIN
(Chapter 4), published as a Student Abstract at the Fortieth AAAI Conference on Artificial
Intelligence (AAAI-26), and KARL (Chapter 5), a full-length work establishing state-of-the-
art results across six real-world benchmarks spanning three orders of magnitude in network
scale.

The remainder of this chapter synthesises the contributions of the thesis (Section 7.1),
examines the ethical dimensions and dual-use dilemma inherent in network dismantling
research (Section 7.2), and articulates three precisely formulated future research direc-
tions, each accompanied by a formal problem statement and technical challenge analysis
(Section 7.3).

7.1 Summary of Contributions

The contributions of this thesis are organised by the two central research questions posed in
Chapter 1.

RQ1 (Topological). How can a deep reinforcement learning agent for multiplex network
dismantling be extended to operate on directed intra-layer topologies, where failure
propagation is inherently asymmetric and the target structural component — the
Mutually Strongly Connected Component (MSCC) — is categorically distinct from the
Largest Mutually Connected Component (LMCC) of undirected networks?

RQ2 (Functional). Can the representational power of the GNN encoder and the action-
value decoder in a multiplex dismantling agent be fundamentally augmented beyond
the low-pass filtering constraints of fixed-affine MLPs, and can this augmentation
be supported by rigorous approximation-theoretic guarantees that survive the non-
stationary reward distribution of off-policy temporal-difference learning?

7.1.1 Contribution I: DDIN - Dismantling Directed Interdependent Networks

Chapter 4 introduced DDIN (Disassembling Directed Interdependent Networks), the first
deep reinforcement learning framework for the dismantling of directed multiplex networks.
The starting observation, formalised in Remark 4.1 (Chapter 4), is that a pure source node
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with out-degree D and in-degree 1 is assigned identical dismantling priority to a pure sink
with out-degree 1 and in-degree D by any symmetric scoring function — yet removing the
source severs D outgoing cascade paths while removing the sink severs only one. This
structurally erroneous symmetry is an inescapable consequence of all prior GNN-DRL
dismantling agents.

Directed Generative Model (D-GMM)

DDIN introduced the Directed Geometric Multiplex Model (D-GMM), an extension of
the standard GMM [32] with separate power-law exponents for in-/out-degree sequences
and a directional bias parameter @ > 0. The directed connection probability is given

by Equation (4.10) (Chapter 4); in summary, the arc (i — j) in layer ¢ is realised with
probability

0 _ 1 _ i
p;; = @ , Rij = R+a(k —«), (7.1)
A0 Ry
1 +exp| ——

recovering the standard GMM as the special case @ = 0. The parameter & > 0 drives
high out-degree nodes to connect preferentially to high in-degree nodes, producing the
source-sink hierarchy required to model real directed multiplex topologies.

Asymmetric GraphSAGE Encoder

The node embedding update for node v in layer £ at GNN depth k separates incoming and
outgoing information flows via distinct aggregation semantics:

(k—1,0)
Wk h, }

(k,0)
h
' out [MeanAgg({hL(tk_l’g) ‘u— v}

= Norm|ReLU

(7.2)
(k)

in

(k1.0
MaxAgg({h,gk_l’g) LV — u})]))’

where VVOEII?, VViIEk) e R4 are independently learnable. Mean-pooling over in-neighbours

captures average vulnerability exposure; max-pooling over out-neighbours captures the
dominant downstream cascade potential of v.

Multi-Relational Attention and Loss

Layer-specific embeddings are fused via a GAT-style attention mechanism:
exp(LeakyReLU(a" [Wh'® || Whggl)]))

Y. rrer exp(LeakyReLU(a™ (Wh'? | Whﬁ”)])) ’

yielding the fused embedding h, = 3, r a’v,],fuh‘(}{"/)‘

Qe = (7.3)
A bilinear decoder predicts di-
rected arc probabilities via ﬁg) = a((ﬁl@)TVVdec ﬁy) + b(g)), providing dense directional
topological gradients to the encoder under sparse RL reward. The total training objective
combines a prioritised n-step Huber DQN loss with a binary cross-entropy reconstruction
loss (Equation 4.21, Chapter 4).
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Empirical Results

Evaluated zero-shot on five real-world directed multiplex networks — C. elegans connectome
(279 nodes), Drosophila Melanogaster (8,215 nodes), FAO Trade (214 nodes, 364 layers),
Homo Genetic (18k nodes), and Sanremo 2016 (56k nodes) — DDIN achieved a mean AUDC
improvement of 20.20% over directed baselines (DCI and HDA), with individual gains
ranging from 16.02% to 23.40%, confirming that improvement magnitude correlates with
the degree of source-sink asymmetry in the evaluation network.

7.1.2 Contribution II: KARL - Kolmogorov-Arnold Reinforcement Learning

Chapter 5 introduced KARL (Kolmogorov-Arnold Reinforcement Learning), the first
architecture to embed a hybrid Residual Graph KAN into an off-policy DRL agent for
combinatorial optimization over multiplex network topologies. The motivating observation is
that the per-edge representational capacity of any MLP layer — bounded to a one-dimensional
function family parameterised by a scalar weight W;; —is insufficient to express the high-
frequency, per-node vulnerability functions governing cascading fragility in scale-free
multiplex graphs (formalised in Proposition 7, Chapter 5).

KAN Parameterisation and Residual Encoder

Each KAN edge function is parameterised as a B-spline, ¢(x) = w(b(x) +ZG+k Ci Bk (x; G)),
equipping each message-passing edge with a (G + k)-dimensional learnable functlon family
—a factor of (G + k + 1) richer than an MLP edge at the same input—output dimension. To
stabilise gradient propagation through hub nodes with large branching factor By.x = 1+d™,
every KAN layer in the encoder is augmented with a macroscopic residual MLP branch:
h\(zl”) = KANout[ KANneigh(tanh(Agg)) | KANself(tanh(h\(zl))) ] + Qres - MLPreg (h‘(,l)),
(7.4)
where [ denotes the GNN depth index and a.s € (0, 1) is a learnable scalar initialised
to 0.5. The gradient stability bound established in Proposition 1 (Chapter 5) states:
max,, ||Vh<z>£||2 < (BmaxLy + @resLy )imax—l max,, ||Vh(zmax>£||z, where the residual branch
provides a degree independent propagation path preventing the exponential gradient blow-up
that would otherwise arise from scale-free hub aggregation.

KANformer: Fully KAN-Parameterised Cross-Layer Attention

Every Query, Key, Value, and output projection in the cross-layer attention module is
replaced by an independent B-spline KAN, enabling non-smooth per-coordinate inter-layer
routing. After a learnable pre-alignment HY = tanh(HOT + b) enforcing the B-spline
domain constraint [—1, 1]¢, the fully vectorised cross-layer attention is:

Q' = KANO(LN(H)),
KO, v = KANKVLN(CD)),

-

70 _ QOEKY) Vv

attn = Softmax| ———— ,
Vdy
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where C(-0) € RVX(L=Dxd jg the stacked context from all layers except £, and LN(-) denotes
Layer Normalisation applied before each B-spline projection for training stability. The fused
layer embedding is Z(© = H® + FO where F(©) concatenates and linearly projects all
attention-head outputs.

Orthogonal Chebyshev-KAN Q-Head

The decoder replaces B-splines — which suffer Runge-type boundary oscillations under
non-stationary TD targets — with orthogonal Chebyshev polynomials of the first kind:

dn K
yj = Z Z Ci,jm Tm(tanh(xi))+bja Io=1, T (X) =X, Tm(x) =2x Tm—l(x)_Tm—Z(x)-

i=1 m=0

(7.6)
The near-minimax bound of Theorem 2 (Chapter 5) states ||y, — Sk [y/]llo < (1 + % In(K +
1) + O(K~2))Ek(y:), and Corollary 3 bounds the gradient norm by a factor growing only as
O(log K) — contrasting with the exponential Lebesgue constant Ax = ®(2X) of equispaced
polynomial interpolation. A graph Laplacian regulariser Lz(®) = 3, || 2ij Al.(f) ||h; —
h j||§ prevents the high-capacity KAN encoder from producing structurally incoherent
embeddings in sparse layers.

Theoretical Contributions

KARL establishes three formal theoretical results. The gradient stability bound of Propo-
sition 1 justifies the macroscopic residual branch in the encoder. The near-minimax
approximation guarantee of Theorem 2 and the logarithmic gradient-norm bound of Corol-
lary 3 justify the Chebyshev decoder over B-splines. The KAN-GNN subsumption proof of
Theorem 4 establishes that the KAN-GNN function class contains the MLP-GNN class as
a dense subset under uniform convergence at any fixed depth and embedding dimension;
and the parameter-efficiency separation of Proposition 7 confirms, via a weight-free lower
bound, that KARL’s gains are attributable to functional form rather than parameter scale.
Together these results provide end-to-end theoretical support for every architectural design
choice in KARL.

Empirical Results and Interpretability

Evaluated on six real-world undirected multiplex networks spanning 279-56,562 nodes,
KARL achieved the lowest AUDC and lowest C* on all six benchmarks, with an average
AUDC improvement of 21.96% over MultiDismantler, reaching 27.27% on Sanremo2016
(N = 56,562) despite being trained exclusively on synthetic graphs with N € [30, 50].
Notably, KARL exhibits emergent structural interpretability: without any auxiliary supervi-
sion, its Chebyshev polynomial activations correlate monotonically with node k-coreness
and concentrate on low-degree high-coreness nodes — precisely those structurally subtle
bottleneck nodes that sustain mutual connectivity across layers without appearing prominent
in any single-layer degree ranking.
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7.1.3 Contribution III: Comparative Analysis and Synthesis

In future, we want to combine these two contributions within a unified architectural taxonomy
and established that DDIN and KARL address orthogonal failure modes: DDIN resolves
the topological limitation through asymmetric GNN design for directed networks, while
KARL resolves the functional limitation through KAN-based representation learning on
undirected networks. Neither contribution subsumes the other; their design strategies are
complementary, directly motivating the grand synthesis of Section 6.2.4. The comparative
analysis further quantified the expressivity—directionality trade-off: DDIN retains MLP-
based action-value heads while gaining directed topological encoding, whereas KARL
employs KAN-based encoders and decoders while operating exclusively on undirected
topologies.

7.2 Ethical Considerations & Dual-Use

Network dismantling technology occupies an acute position within the dual-use research
landscape of artificial intelligence. The same algorithmic machinery that identifies the
minimal set of nodes whose removal fragments a complex network into non-extensive
components can be deployed either constructively — to harden critical infrastructure, design
optimal immunisation strategies, and disrupt illicit syndicates — or adversarially — to plan
deliberate attacks on communication networks, power grids, or financial systems. The 2003
Italian blackout [11] and the supply-chain disruptions during the COVID-19 pandemic are
empirical reminders of the catastrophic potential of cascading failures in real interdependent
systems.

The contributions of this thesis amplify the dual-use concern along two independent
axes. First, DDIN specifically models directed asymmetric flows, providing actionable
intelligence about the source-sink hierarchy in supply chains, financial transaction networks,
and biological signalling cascades. Second, KARL’s emergent structural interpretability —
the automatic identification of high-coreness low-degree bottleneck nodes without auxiliary
supervision — constitutes a form of automated vulnerability analysis deployable at national
infrastructure scale (N = 56,562 nodes, zero-shot).

Constructive Applications

Epidemic containment and immunisation design. Network dismantling directly solves
the optimal immunisation problem: identifying the minimal set of individuals whose
immunisation prevents a macroscopic outbreak [43]. DDIN’s directed formulation is
particularly relevant for social media information cascades where influence propagation
1s asymmetric. KARL's 21.96% AUDC improvement over MultiDismantler implies a
correspondingly tighter immunisation frontier — fewer individuals vaccinated to achieve the
same suppression of epidemic spread.

Infrastructure resilience engineering. Identifying the minimal node set whose re-
moval would collapse an interdependent infrastructure system (e.g., a coupled power-
grid/communication network) enables engineers to harden precisely those nodes against
targeted attacks or random failures [60]. Both DDIN and KARL provide strictly superior
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Thesis Narrative Arc

MultiDismantler [25]
Symmetric GNN Encoder + MLP-DQN Decoder
Undirected one-to-one interdependent networks
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Figure 7.1: Thesis narrative arc showing the orthogonal contributions and future synthesis directions.
MultiDismantler [25] exhibits two structural limitations. DDIN (Chapter 4, AAAI-26) resolves the topological
limitation through asymmetric GNN design for directed networks. KARL (Chapter 5) resolves the functional
limitation through KAN-based representation learning on undirected networks. The Grand Synthesis
(Section 6.2.4) represents the natural future convergence. Dashed arrows indicate future work directions.
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identification of these critical bottlenecks compared to the current state of the art.

Drug target identification. In protein-protein interaction networks and directed sig-
nalling cascades, the dismantling problem maps directly to the minimal enzyme inhibition
set for a disease-relevant pathway [4]. DDIN’s directed formulation is well-suited to this
application, where biochemical reactions are inherently directional.

Counter-narcotics and counter-terrorism. Dismantling covert social networks requires
identifying the minimal set of actors whose removal fragments the network into operationally
incoherent subgraphs. DDIN’s directed formulation captures command hierarchies and
information channels that are fundamentally asymmetric and cannot be accurately modelled
by undirected methods.

Adversarial Misuse and Mitigation

The principal adversarial concern is that a malicious actor could use DDIN or KARL to plan
targeted attacks on critical infrastructure. KARL’s zero-shot generalisation at N = 56,562
means such analyses could be performed at national scale using publicly available network
topology data. Responsible deployment requires, at minimum, three institutional safeguards.

Restricted model weight access. Trained DDIN and KARL agents should not be released
as open-weight artefacts without institutional access controls, analogous to protocols applied
to dual-use biological sequence models. The code associated with this thesis will be made
available under a research-only licence explicitly prohibiting adversarial applications.

Differential privacy on sensitive input graphs. When applying dismantling agents to
sensitive infrastructure topology data, differential privacy mechanisms should be applied to
prevent inference of exact network structure from algorithmic outputs.

Institutional review. Applications of dismantling technology to real-world critical
infrastructure should be subject to the same institutional review processes applied to
penetration testing and vulnerability disclosure programmes, with results treated as sensitive
security findings.

This thesis advocates for the strictly defensive application of its algorithmic contributions
to enhance systemic robustness, mitigate cascading failures, and protect critical infrastructure.

7.3 Future Directions

The contributions of this dissertation open three well-defined and technically demanding
research frontiers. Each is described below with a formal problem statement and technical
challenge analysis.

7.3.1 The Grand Synthesis: Directed KAN-RL Dismantling

Motivation. The comparative analysis of Chapter 6 established that DDIN and KARL are
architecturally complementary. DDIN introduces directed asymmetry into the GNN encoder
but retains MLP-based action-value projections, while KARL replaces MLP projections with
KAN-based ones but operates exclusively on undirected graphs. A natural and compelling
synthesis — DirectKARL — would combine both innovations into a unified architecture
simultaneously modelling directed asymmetric flows via asymmetric KAN message-passing
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and capturing non-smooth cross-layer coupling via a fully KAN-parameterised attention
module, with a Chebyshev Q-head targeting the MSCC rather than the LMCC.

Formal Architecture. The DirectKARL architecture must satisfy three design requirements.
(D1) Directed KAN Encoder. Replace the MLP projections in DDIN’s asymmetric
GraphSAGE encoder

I+1 i
h{*" = KANau| KANJL(tanh(MeanAge, ., (6))) |

KANggitgh(tanh(MaXAgg{V—)”}(h(l)))) “ (7.7)

KAN(tanh(h{"))

+ Qres - MLPreg (hx(/l))a

where the three-stream concatenation yields a 3d-dimensional input to KANyy, requir-
ing weight matrices Wy, € R¥34. Separate KAN projections KANLIE:i on and KANggitgh
are applied independently to the incoming and outgoing neighbourhood aggregations,
respectively.

(D2) Directed KANformer. The inter-layer attention mechanism must account for
asymmetric failure propagation. The KANformer cross-attention weights should produce
asymmetric layer-importance coeflicients, retaining the concatenation-based asymmetry of
DDIN’s Multi-Relational Attention (Equation 7.3) while replacing affine Q/K/V projections
with B-spline KANs as in Equation 7.5.

(D3) MSCC-Aware Reward. Following the established convention of MultiDisman-
tler [25] and KARL, the reward for removing node v at step ¢ is defined multiplicatively to

jointly incentivise large component reductions at low cost:
IMSCC(s)|

ri(v) = Pumscc(si+1) - F({va,}), Pysce(s) = N

where F({v,,}) is the per-node removal cost (unit or degree regime), and Pyvscc(Si+1) 1S
evaluated after cascade resolution via Tarjan’s SCC algorithm [55].

(7.8)

Technical Challenges. The three-stream directed KAN encoder introduces a 3d-dimensional
concatenation whose B-spline parameter count grows by approximately 3d*(G + k) per
encoder layer relative to KARL'’s two-stream encoder. For d = 64, G = 10, k = 3, this adds
approximately 172,032 parameters per layer, bringing the total to approximately 500k—800k
trainable parameters — within the A100 GPU memory budget for the evaluated network
scales.

A further theoretical challenge concerns the extension of the universal approximation
guarantee of Theorem 4 (Chapter 5) to the directed setting. The proof of Theorem 4 exploits
the symmetry of the unweighted sum aggregator; the directed MeanAgg/MaxAgg scheme
of DDIN breaks this symmetry, and a separate approximation-theoretic analysis will be
required. Specifically, the £;-isometry of the concatenation operator must be rederived for
the three-stream case, and the Lipschitz tracking through the directed GNN must account for
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the 4/|N* (v)|-Lipschitz constant of MaxAgg (versus the 4/| N (v)|-Lipschitz of the symmetric
aggregator) — a modification that alters the constant factors in the per-iteration injected error
bound but preserves the inductive proof structure.

7.3.2 Dynamic and Temporal Multiplex Graphs

Motivation. Both DDIN and KARL, in common with all prior multiplex dismantling
work, assume a static network topology fixed throughout the dismantling episode. This
assumption is violated in virtually every real-world application: supply chains evolve as
trade agreements shift; social networks rewire as users join and leave; biological signalling
networks respond dynamically to pharmaceutical interventions. A dismantling agent trained
on static topologies may identify nodes critical at training time that become peripheral as
the network evolves.

Formal Problem Statement. Let {G")},5( denote a temporal sequence of multiplex snapshots
with edge set &) evolving under a stochastic transition kernel P(E+D|E®). The dynamic
dismantling problem requires identifying a removal sequence that efficiently fragments the
LMCC (or MSCC) of the expected future network at horizon A, subject to the constraint
that removals are committed at time ¢ without knowledge of the future topology:

~mi1(1)|§| subjectto  Eguen|F(S; 6*Y)] <6, (7.9)
Scyu

where F denotes the AUDC evaluated under the dynamic topology, inheriting the metric
definition of Chapter 3. This is a chance-constrained combinatorial optimisation problem
under distribution shift, strictly harder than the static variant.

Technical Approach and Challenges. A promising direction is to augment the KAN-GNN
encoder with a temporal graph neural network component — such as a Temporal Graph
Transformer or a recurrent architecture operating over the adjacency sequence {A(“)}, — to
produce embeddings capturing the temporal trend in node connectivity. The B-spline KAN
activations in KARL are well-suited to this extension: their learnable frequency bandwidth
can, in principle, capture the periodic or quasi-periodic patterns common in temporal graphs
(weekly cycles in social networks, seasonal patterns in trade networks) that fixed-affine MLP
layers would require substantially deeper architectures to approximate.

The key theoretical challenge is whether the gradient stability guarantee of Proposition 1
(Chapter 5) extends to the recurrent setting, where the Lipschitz constant of the composed
temporal-spatial message-passing operator may grow with sequence length. Residual
connections through both the spatial and temporal dimensions — analogous to those in
the KARL encoder — will likely be necessary. For evaluation, temporal snapshots can be
constructed from existing multiplex datasets by randomly rewiring a fraction py., of edges
between consecutive snapshots; performance as a function of pe then quantifies the agent’s
robustness to topology evolution.

7.3.3 Relaxing Interdependency Assumptions

Motivation. Both DDIN and KARL adopt the strict one-to-one interdependency model of
Buldyrev et al. [11]: removing node v; from any layer simultaneously removes all its replicas
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across every other layer. In real interdependent systems, interdependency relationships are
typically partial, weighted, or probabilistic. A power substation may depend on some but
not all of its communication network counterparts; a protein in one signalling layer may
only partially depend on its regulatory counterpart in another.

Weighted Interdependency Generalisation. The one-to-one model is generalised by a weighted
interdependency tensor W € [0, 1]IVIXIVIXILIXIL] \where w}ff/) € [0, 1] denotes the proba-
bility that node v;’s failure in layer £ causes v;’s failure in layer ¢’. The cascading failure
process then becomes stochastic, and the dismantling objective is the chance-constrained
problem:

min |S| subjectto PJAUDC(S; G, W) <6| > 1-g, (7.10)
ScvV

where W is the weighted interdependency tensor defined above, AUDC(S; G, W) inherits
the metric formulation of Chapter 3 applied to the stochastic cascade process, and § € (0, 1)
1s a prescribed failure tolerance.

Technical Challenges and Approach. The primary challenge is that the stochastic cascading
process renders the reward signal r; = Pc(s:+1) - F({v4,}) arandom variable with potentially
high variance, destabilising the TD-RL training loop. One approach is to use Monte Carlo
estimates of the expected reward over multiple cascade simulations per step — unbiased but
sample-intensive. An alternative is a differentiable mean-field approximation to the expected
component size under the weighted interdependency model, analogous to the mean-field
percolation theory of Osat et al. [44], used as the training-time reward with exact Monte
Carlo evaluation at test time.

The KAN architecture of KARL offers a structural advantage here: the learnable B-spline
activations can fit the non-smooth mapping from the interdependency parameters {wgff’)} to
the expected component size, whereas a fixed-affine MLP would require substantially greater
depth. The KAN-GNN subsumption guarantee of Theorem 4 (Chapter 5) ensures that the
KAN encoder can represent whatever function the MLP could, and more — suggesting the
performance advantage of KARL over MultiDismantler would be preserved, and potentially
amplified, in the stochastic dismantling setting.

Many-to-many interdependencies. A further generalisation is to move beyond one-
to-one correspondences to many-to-many interdependency structures, where a single node
in one layer may depend on a set of nodes in another. This structure arises naturally
in multi-modal transportation networks and multi-omics biological networks. The GNN
encoder in both DDIN and KARL must be extended to handle this hyper-relational structure,
potentially via a KAN-parameterised hypergraph neural network aggregating information
across bipartite inter-layer representations.

Closing Remarks

The problem of network dismantling — finding the minimal set of nodes whose removal frag-
ments a complex system into operationally incoherent components — sits at the intersection
of combinatorial optimisation, statistical physics, and machine learning. The contributions
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of this thesis represent two complementary steps toward a general-purpose dismantling agent
that is simultaneously architecturally honest about the directional structure of real-world
networks and representationally expressive enough to identify the subtle, non-obvious
bottleneck nodes that determine cascading fragility.

DDIN established that the topological assumption of symmetry is not merely a simplifica-
tion but a structural error that systematically misidentifies source and sink nodes in directed
systems — and that correcting it through asymmetric GNN design yields 16-23% AUDC
reductions on real directed multiplex networks spanning biological, economic, and social
domains. KARL established that the functional assumption of fixed-affine MLP projections
imposes a hard expressivity ceiling — and that replacing MLPs with learnable B-spline KAN
activations, supported by the gradient stability bound of Proposition 1, the near-minimax
guarantee of Theorem 2, and the KAN-GNN subsumption proof of Theorem 4, yields
21.96% average AUDC reduction with emergent structural interpretability unavailable to
any MLP-based agent.

The journey from the symmetric, MLP-based MultiDismantler to the asymmetric, KAN-
powered DirectKARL articulated in Section 7.3.1 mirrors a broader trajectory in the machine
learning community: from architectures designed for mathematical convenience toward
architectures designed for structural fidelity to the problem domain. The formal guarantees
established in this thesis are intended to provide a durable mathematical foundation for this
trajectory, independent of the specific empirical benchmarks on which the algorithms were
evaluated.

Network science has long taught that the most critical nodes in a complex system are
often not the most visible ones: the subtle bottleneck sustaining global connectivity may
lie hidden within the middle shells of the k-core decomposition, anchoring the mutual
connectivity of the entire interdependent system without appearing prominent in any single-
layer degree ranking. KARL’s emergent identification of precisely these nodes without
auxiliary supervision —and DDIN’s systematic prioritisation of asymmetric flow sources over
topologically equivalent sinks — suggest that the path toward truly faithful dismantling models
lies not in ever-wider MLP stacks or ever-deeper graph convolutions, but in architectural
designs that encode the structural semantics of the problem itself: directionality, functional
expressivity, and the rich non-smooth landscape of cascading vulnerability.
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Appendix A

Hyperparameter Configurations

This appendix provides complete, self-contained hyperparameter specifications for both
pDIN (Chapter 4) and karRL (Chapter 5). Each table is the single authoritative record for its
framework; values reported in the main chapters derive from these tables and are reproduced
here for consolidated reference. The Determined by column classifies each scalar as either:

* Fixed — set by direct analogy with the MultiDismantler [25] and FINDER [23] baselines,
or by standard deep-rL convention, and held constant throughout all experiments; or

 Ablation (§ X.Y) — selected by a controlled empirical sweep described in the indicated
section, with all other parameters frozen.

Two additional tables (Tables A.2 and A.4) enumerate the trainable parameter count per
architectural component, providing a complete accounting of model capacity for each
framework. A final comparative summary (Table A.6) places both configurations side-by-
side on the shared dimensions.

A.1 ppin: Disassembling Directed Interdependent Networks

DDIN iS an MLP-parameterised, directed-asymmetric GNN-DQN agent. It uses a single
uniform learning rate (no spline coefficients), a hard periodic target-network update, and a
discount factor of y = 1 (undiscounted returns), following the convention of prior multiplex
dismantling work [23,25] in which the episode length is short enough that the bias introduced
by discounting outweighs its variance-reduction benefit.

A.1.1 Complete Hyperparameter Table

Table A.1 reports every hyperparameter of ppiN, grouped into four categories: architecture,
RL training, prioritised experience replay buffer, and synthetic training corpus.

A.1.2 Trainable Parameter Breakdown

Table A.2 enumerates the trainable parameters of the ppin architecture for the default
setting d = 64, dy = 3, Knax = 3. The asymmetric encoder is by far the largest component,
reflecting the three-round, two-branch design.

A.1.3 Exploration Schedule and Training Dynamics

pDIN employs a linear -greedy decay from g9 = 1.0t0 gin = 0.01 over the full N, = 20,000
training episodes. At global step fioa1 Within the training run, the exploration probability is

(€0 = Emin) Y
&(total) = Max|&min, €0 — ——— * tiotal | » Tanneal = Nep - N, (A.1)
Tanneal

where N = 40 is the mean episode length (the average number of node removals required to
reach the dismantling threshold on the training graphs).
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Table A.1: Complete ppiN hyperparameter configuration, fixed identically across all five evaluation datasets.
All values are held constant throughout training unless otherwise noted. d: embedding dimension; dy: initial
node-feature dimension; Kpax: message-passing rounds; epgr: priority noise floor; apgr: PER exponent; fis:
importance-sampling exponent.

Category Hyperparameter Value Determined by
Embedding dimension d 64 Fixed
Initial feature dimension d 3  Fixed

Architecture Message-passing rounds Kpax 3 Fixed
Reconstruction loss weight 4 1 Fixed
Weight decay Ayq 10~  Fixed
Discount factor y 1.0 Fixed
n-step return window n 5 Fixed
Initial exploration &g 1.0 Fixed

=L Trainin Final exploration &, 0.01 Fixed

& Target-network update period 7 100 steps  Fixed
Mini-batch size B 32  Fixed
Learning rate n 10~*  Fixed
Optimiser Adam [9] Fixed
Priority exponent apgr 0.6 Fixed [50]
Priority noise floor epgr 107%  Fixed [50]
Buff . .

PER BULICr IS weight Bis (annealed) 04— 1.0 Fixed [50]
Buffer capacity |B]| 10°  Fixed
Training graphs N, 20,000 Fixed
Graph size N [30, 50] (uniform) Fixed
Power-law exponent yout = ¥in 2.5 Fixed [32]

D-GMM Corpus Mean degree k 6 Fixed [32]
Directional bias [0, 1] (uniform) Fixed
Interlayer correlation g [0, 1] (uniform) Fixed

Hardware GPU NVIDIA A100 —
Evaluation runs (averaged) 5 Fixed
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Table A.2: Trainable parameter breakdown for ppin at d = 64, dy = 3, Knax = 3. Counts marked with x scale
with the L layers of the evaluation network and are reported per layer. VVOE]]E) V[/i’rgk) e R, W e R4,
a € R Wy, € R¥xd,

Stage Component Parameters
Stage 1: Asymmetric Initial PI‘O_]CCUOH V.VO (d ><( gO) 192
GraphSAGE Encoder Outgoing aggregation VV;I(]}C (d X 2d, XKnax rounds) 24,576
Incoming aggregation W, ) (d X 2d, XKpax rounds) 24,576
Stage 2: Multi-Relational ~ Shared projection W (d X d) 4,096
Attention Attention vector a (2d) 128
Per-layer projection P9 (d x d, per layer)* 4,096*
Stage 3: Bilinear Decoder B111near. Wel%g)lt Waee (d x d) N 4’09f
& Q-Value Head Layer bias b'*/ (scalar, per layer) 1
Layer-importance weights M, M, (0(d?)) 8,320
Layer-importance weights M3, My (O(d?)) 4,160
Total (excluding per-layer terms) 70,144

PER priorities are initialised to dax = 1.0 for the first B transitions to ensure uniform
sampling during the cold start, where B = 32 is the mini-batch size. Importance-sampling
weights are computed as

1 Bis pUPER
wi = |l—==—=| . Pl)==—%=. (A.2)
(a7 O =3, =

normalised by max ; w; to ensure they are bounded in [0, 1]. The annealing of Sis from 0.4 to
1.0 follows the schedule of Schaul et al. [50], linearly increasing the bias-correction strength
as the policy converges. The priority noise floor epgr = 1076 prevents zero-probability
sampling of any transition, ensuring the entire buffer is accessible throughout training.

A.2 KARL: Kolmogorov-Arnold Reinforcement Learning

KARL is a KAN-parameterised multiplex GNN-DQN agent operating on undirected multiplex
networks. It introduces three architectural components absent in ppiN: (i) B-spline KAN
layers in the encoder and cross-layer attention, requiring a second, higher learning rate for
the spline coefficients; (ii) a macroscopic residual branch with a learnable scalar a;.s; and
(iii) a graph Laplacian smoothness regulariser £ weighted by A = 1073. Three of the seven
architectural hyperparameters were selected by controlled ablation sweeps (Section 5.6); the
remaining four are fixed by analogy with MultiDismantler [25].

A.2.1 Complete Hyperparameter Table

Table A.3 reports every hyperparameter of kArRL. Ablation-derived values include the
section reference where the sweep is documented.
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Table A.3: Complete KARL hyperparameter configuration. Ablation-derived values reference the section in
Chapter 5 where the sweep is documented. d: embedding dimension; G: B-spline grid resolution; k: B-spline
order; K: Chebyshev polynomial degree; /: attention heads; [jhax: message-passing rounds; ayes: residual
scalar (initialised; subsequently learnable); A: Laplacian regularisation weight; apgr: PER priority exponent;
Pis: IS weight exponent.

Category Hyperparameter Value Determined by
Embedding dimension d 64 Fixed
Input feature dimension dj, 2 Fixed
B-spline grid resolution G 10 Ablation (§5.6.2)
Architecture ~ B-spline order k 3 Ablation (§5.6.2)
Chebyshev degree K 4  Ablation (§5.6.2)
Attention heads h 4  Fixed
Message-passing rounds /max 3 Fixed
Residual scalar a;eg (init.) 0.5 Ablation (§5.6.1)
Training episodes 20,000 Fixed
n-step return depth n 5 Fixed
Discount factor ygjsc 0.99 Fixed
Target-network update interval T 1,000 steps  Fixed
Optimisation ~ PER exponent apgr 0.6 Fixed [50]
IS weight Sis (annealed) 04 — 1.0 Fixed [50]
Laplacian reg. weight 4 103 Fixed
Weight decay Adyq 107>  Fixed
Learning rate n (linear params.) 10~*  Fixed
Learning rate n (spline coefficients) 1073  Fixed
Optimiser Adam (decoupled) [9] Fixed
g-greedy (init. — final) 1.0 - 0.05 Fixed
Training graphs N, 20,000 Fixed
GMM Corpus Graph size N [30, 50] (uniform) Fixed
Power-law exponent y 2.5 Fixed [32]
Mean degree k 6 Fixed [32]
Interlayer correlation g [0, 1] (uniform) Fixed
Hardware GPU . NviDIA A100 80GB PCle —
Training wall time (1 seed) ~4h —
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A.2.2 Decoupled Learning Rates: Justification
The Adam optimiser in KARL maintains two independent learning-rate schedules:

Minear = 107%  for all weight matrices (Whase, Wipline, attention projections, Q-head biases),
(A.3)

Mspline = 1073 for all B-spline coefficient vectors {c;} in every KAN layer. (A.4)

The ten-fold higher learning rate for spline coefficients is necessitated by the local, piecewise
nature of B-spline basis functions: individual knot-interval coeflicients affect only a narrow
input range, so their effective gradient magnitude is structurally smaller than that of global
linear weights. Without the higher rate, spline coefficients remain near their initialisation
throughout training, collapsing the KAN to its base activation b(x) = SILU(x) and negating
the expressivity advantage over an MLP.

A.2.3 Residual Scalar Initialisation and Ablation

The residual scalar a,q 1s initialised to 0.5 and subsequently treated as a learnable parameter
updated by gradient descent alongside all other parameters. The initialisation value was
determined by a controlled sweep over a5 € {0.0, 0.1, 0.5, 1.0} plus a no-MLP variant,
detailed in Section 5.6.1. The full node-embedding update at message-passing round / is

h\(/lH) = KANou [KANneigh(tanh(Agg (h(l)))) ” KANself(tanh(hx(zl) )) ] ) tQres 'MLPres (h\(/l) ) 5
(A.S)
followed by ¢>-normalisation of hyﬂ). The ablation showed that:

* ares = 0.0: gradient spikes reaching ||V||> ~ 10% in early training, destabilising Q-value
estimates;

* ars = 1.0: B-spline gradient suppressed, slowing policy convergence by 40-60
episodes;

* s = 0.5: smoothest gradient dynamics and lowest final AUDC (~0.16), achieving
12-18% reduction over the No-MLP variant;

* No-MLP (a5 = 0 with MLP,.s removed): highest AUDC variance across seeds,
confirming the residual branch is a prerequisite for stable backpropagation through
non-stationary B-spline grids in deep RL.

A.2.4 Trainable Parameter Breakdown

Table A.4 gives the complete trainable parameter count per architectural component for
KARL and, for comparison, MultiDismantler [25] (Mp), atd = 64, G = 10, k = 3, K = 4.

The B-spline encoder accounts for 36,864 + 36,864 + 73,728 = 147,456 parameters, a 14X
per-layer overhead over the plain linear map (which carries d?> = 4,096 parameters). Each
EFFICIENTKANLAYER of dimension d X d stores d*(G +k+1) = 64>x 14 = 57,344 parameters
at G = 10, k = 3, versus d? = 4,096 for a plain linear map. The KANformer dominates
KARL’s budget at 151,744 parameters (47% of total), because every Q/K/V projection in
the cross-layer attention mechanism is replaced by an independent B-spline kan. The
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Table A.4: Trainable parameter breakdown for kARL and MultiDismantler (Mp) [25] atd = 64, G = 10, k = 3,
K = 4. Shaded rows are components present in both models with identical parameter counts. Ratios are
KARL/MD.

Component KARL mDp Ratio

Stage 1 — Intra-layer message-passing encoder

KANigh (d — d, B-spline) 36,864 4,096 9.0x
KANgif (d — d, B-spline) 36,864 4,096  9.0x
KANyy (2d — d, B-spline) 73,728 8,192  9.0x
Residual mLp branch (linear-RELU) 4,160 — —
Residual scalar ayes (learnable scalar) 1 — —
Stage 2 — Cross-layer fusion

KANformer / Bitwise-multiply-logis. 151,744 4,225 35.9%
Stage 3 — Action-value decoder

ChebyKANhjidden (d — 32, K = 4) 10,272 — —
ChebyKANgp, (36 —» 1, K =4) 181 — —
MLP hidden & (d — 32, plain linear-rRELU) — 2,048 —
MLP output s; (36 — 1) — 36 —
Shared components (identical in both models)

Input projection Wy (2 — d) 128 128  1.0x
Cross-product vector (d X 1) 64 64 1.0x

Softmax weights Wi + W, (d — 128 — 1) 8,320 8,320 1.0x

Total trainable parameters 322,326 31,205 10.3x

Chebyshev decoder contributes only 10,453 parameters (3.2% of total), confirming that the
orthogonality benefit of the Chebyshev basis is obtained at negligible parameter cost.

A.2.5 Inference Latency and Peak GPU Memory

Table A.5 reports per-step inference time and peak GPU memory for kArRL and MultiDis-
mantler across all six real-world benchmarks. All measurements were taken on a single
NvIDIA A100 80 GB PCle GPU with PyTorch 2.1.2+cul18. Inference time is averaged
over all dismantling steps in the trajectory using cupa Events (sub-millisecond precision);
peak memory is documented via torch.cuda.max memory allocated, reset before each
dataset.

The non-monotonic slowdown ratio (ranging from 1.54x on Homo Genetic to 3.08% on
Sacchpomb despite its smaller size) is explained by active-subgraph edge density at each
dismantling step: the B-spline basis tensor B(x) € RNutiveXdin(G+k) myst be materialised at
every forward pass, and denser active subgraphs incur proportionally larger basis evaluations
per step. At N = 56,562 (Sanremo2016), karL consumes 16.6 GB of GPU memory—well
within the A100’s 80 GB capacity. Total training wall time for KARL is approximately 4 h
per seed on one A100, versus approximately 2 h for MultiDismantler.

A.3 Comparative Configuration Summary

Table A.6 presents a comparison of the key configuration choices for ppiN and KARL,
highlighting the four primary differences arising from their distinct architectural designs.
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Table A.5: Per-step inference time and peak GPU memory for karRL and MultiDismantler (MDp) across six
real-world benchmarks. Measurements: single Nvipia A100 80 GB PCle, PyTorch 2.1.2+cul18. Geom. mean
ratio is computed across all six datasets. Lower is better for all columns.

Inference (ms/step) Peak GPU mem (MB)

Dataset N L KARL MD KARL MD
FAO Trade 214 364 64.2 36.6 108.3 27.9
C. elegans 279 3 39.6 21.0 139.3 30.9
Fb-Tw 1,043 2 84.1 54.6 497.0 77.2
Sacchpomb 4,092 7 648.3 210.4  1,068.0 172.9
Homo Genetic 18,222 7 936.7 609.2  4,793.7 1,146.5
Sanremo2016 56,562 3 2,871.3 1,335.6 16,566.4 7,776.4

Geom. mean ratio (KARL/MD) 1.93% — 4.2% —

Table A.6: Side-by-side hyperparameter comparison for ppin and KARL. Cells marked =~ indicate shared or
equivalent values; cells marked # indicate differences arising from the distinct architectural designs.

Hyperparameter DDIN KARL Reason for difference
Embedding dimension d 64 64 Shared
Message-passing rounds 3 3 Shared

n-step return depth n 5 5 Shared

PER exponent apgr 0.6 0.6 Shared [50]

IS annealing Sis 04—>1.0 04—->1.0 Shared [50]
Training episodes N, 20,000 20,000 Shared
Training graph size N [30,50] [30, 50] Shared

GMM power-law exponent 2.5 2.5 Shared

GMM mean degree k 6 6 Shared

Weight decay Ayq 107> 1073 Shared
Discount factor y 1.0 0.99 See note below
Learning rate (linear) 1074 (single) 1074 (decoupled) No splines in DDIN
Learning rate (spline) N/A 1073 KAN-specific
Target update period 7 100 steps 1,000 steps See note below
Final exploration &y, 0.01 0.05 DDIN: sparser rewards
Reconstruction loss weight A 1 (BCE) 1073 (Laplacian)  Different auxiliary losses
Generative model D-GMM (directed) GMM (undirected) Network topology
Connectivity target MSCC LMCC Directed vs. undirected
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Note on discount factor. ppin uses y = 1.0 (undiscounted returns), following the original
implementation of MultiDismantler [25] and FINDER [23] for the directed setting, where
the episode length is bounded by N and all future rewards carry equal importance. KARL
uses vy = 0.99, which is the standard choice for off-policy Q-learning on variable-length
episodes [42,50] and was inherited from the KARL paper’s experimental protocol. Both
choices are empirically stable on the respective training corpora; a systematic comparison
of v € {0.99, 1.0} within each framework is left for future work.

Note on target-network update period. DDIN uses a hard update every 7 = 100 steps, ten
times more frequent than kArRL’s 7 = 1,000. The shorter period compensates for the smaller
mini-batch size (B = 32 vs. implicitly larger for karL) and the sparser, longer-horizon
rewards of the directed mscc dismantling task, where cascade-driven fragmentation events
are less frequent per episode than in the undirected Lmcc setting.

Note on reconstruction auxiliary losses. The two auxiliary losses are architecturally
motivated and not directly comparable. DDIN uses a binary cross-entropy edge-reconstruction
loss L. (weighted by A = 1) to regularise the bilinear decoder and enforce topological
faithfulness of the directed embeddings. KARL uses a graph Laplacian quadratic regulariser
Lk (weighted by 2 = 1073) to prevent the high-capacity B-spline encoder from assigning
arbitrarily dissimilar representations to structurally adjacent nodes, exploiting the symmetry
of the undirected adjacency matrix. Neither auxiliary loss is applicable to the other
framework’s setting without modification.
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