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An Uneertainty Principle
for Eigenfunction Expansions

Vo Pari, A. Sitaram, M. Sundari, and §. Thangavelu

ABSTRACT.  In this paper, we extend a theorem of Havdy's on Fourier transform pairs to: {a)a
nencompact-type. Riemannian symmetvic space of vank one, with respect to the eigenfinction
expansion of the fnvariant Laplacian; () a compact Riemannian manifold with respect 1o the
eigenfitnetion expansion of a positive elliptic operator; and (c) B with respect to Hermite and
Laguerse expan sions.

1. Introduection

In the opinion of many experts uncertamty principles can be associated wo general eigenfunction
expansions. The purpose of this paperis to give concrete evidence of such a “folklore theorem.” To
explain what we mean, consider a periodic signal of the kind in Figure 1, that is, a signal “highly
concentrated” around multiples of 27 {or, what is the same, if one wants to think of it as a function
on &', then it is highly concentrated around the identity). Then, using rather elementary arguments,
one can show that the Fourier coefficients f(n) of the signal cannot decay very rapidly as |n] — oo
for instance, one cannol have an estimate of the kind :_f'{n}l; = (e " Another way of saying this is

If  isa nontrvial function that is highly concentrated in a neighbourhood
of apoint x,  8', then _f'{r.'}l cannol decay “very mpdly.” 5

This can be considered as a very simple kind of Uncertainty Panciple (ie., both fand _f'uunm)l
be sunultaneously highly concentrated). Observe that if one considers the elliptic operator A = d—df_v
on 8! (orin this special case, even i would do), then {¢"''} _ 7 are precisely the eigenfunctions for
Aoand flx) = E_}?'{n e is the eigenfunction expansion for the elliptic operator A, As mentioned
above, we wish o provide evidence of something that is accepted in the folklore. Let L be an
elliptic differential operator on a manifold M. Then an analogue of (UP) will hold for [ and its
Fourier coefficients with respect w the eigenfunction expansion associated with L. (Of course, the
eigenfunction expansion could be discrete, continuous, or 4 mixture of both.)

The preceding discussion is admitedly a little vague! However, we hope the following four
sections will make it clear. Finally, we would like to add that cenain forms of the uncerainty
prnciple seem o be valid in very abstract sitwations. For instance i [2] De Jeu established that the
uncertainty principle due to Donoho and Stark [3] is valid whenever one has an integral operator for
which a Plancherel theorem holds. However, for the Kind of uncertamty pnnciple presented in this
paper, one may have 1o restrict oneself 1o eigenfunction expansions; at least the proofs given here use
certain detailed analytical facts that seem o be ted up with the eigenfunclion expansion in gquestion.
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2. Hardy’s Theorem for E"

If f is a sufficiently nice function on B" one has the Founer inversion formula fix) =
f-;ﬂ _f'{)-.}lc*‘j'"‘ d i, where _f'{)-.}l is the usual Fourier transform on B, Since x — ™" are eigenfunc-
tions of the usual Laplacian A on[R", the Fourierinversion formula can be viewed as the eigenfunction
expansion for the pair (B, A). In this case, concentration around a point x, € B could be taken
as a “very rapid decrease”™ of [ at infinity. Hardy's theorem is an illustration of (UP) for the pair

(R", A).

Theorem 1.
Suppose { is a measurable function on B" such that

;_f.{.'l.'::l' < L-{_.—r.rl.‘l:ll:‘ f{}-} < (_"E.—_HI.FLIJ1 T hE |R”, fz.].::l

where o, i are positive constants. [fof = }1 then f=0a.e (ffof < :'P there awe infinitely many

linearly independent functions satisfving (2.1) and if aff = }1 then fix) = Ac*'”""l.}l

For a proof of the above theorem, inthe casen = 1, see [4]. The n-dimensional case can be
reduced o the one-dimensional case via the Radon transform (see [15]). Forr = 1. there 1s a more
general result due to Beurling from which Hardy's theorem can be deduced [12].

Remark 2. Actually, instead of demanding a pointwise estimate on f as in the theorem,
one can replace it by a weaker condition like {fiﬂ -.ﬂ.x:._mf.f'{-‘-']'iz .r,a’.r}'lz = et 0

3. Symmetric Spaces

In this section we will consider an important subelass of noncompact Riemannian manifolds,
that 15, symmetne spaces of the noncompact type. For any unexplaned notabton and terminology in
this section, refer to [10]. Let X be a symmetric space of the noncompact type. Then X is of the
form Gje where G is the connected component of the group of isometries of X and K is a maximal
compact subgroup of . 1t turns out that 7 is a connected noncompact semisimple Lie group with
finite center. Letd( ., .) be the canonical distance on X induced by its Riemannian structure, dx the
canonical & -invariant volume form on X, and A the associated Laplace—Belrami operator on X,
Then A is a positive selfadjoint elliptic operator on X, with real-analytic coefficients. (For example,
if X' = upper half plane with the Poincaré metric = {x; + ixa © 12 > 0}, the metric d¥ is given
by ds® = {d.rf + d.ri}l,.-'.r_f, the volume form dx = dx d.rg,.-’.rf, and A = —.1'§{:'EI!|.-’H.1'|3 + FEIEI.-’HJ.'_E}I.}
To keep the exposition simple, we will make the two assumptions that (1) Rank X = 1 and (11) the
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functions f that we consider are all spherical, that is, K-invadant, that is, fik.x) = fix), ¥k e K,
x & X. Strictly speaking, neither of these assumptions is necessary, bul we will not elaborate here
on why this is so.

We can now describe the eigenfunction expansion for sphercal f with respect 1o A, For
ecach & & T there is the associated elementary spherical function ¢ (see [7] for details); each
@y 18 spherical, real-analytic, and an eigenfunction of A, Furnher ¢; = ¢_;, and this is the
only identification among the {g; lioc.  For sufficiently nice sphercal f and for 4 & B, one
can define _f'{)-.}l by _f'{)-.}l = _,Ir_t_f{.r}fp;_{.r}d.r and has the associated eigenfunclion expansion,
fix) = f?__f{}.}fp_;_{x} dpe(d), for an explicitly computable even density dp(d) on B, which is
of at most polynomial growth. (For example, iff X is the Poincaré upper half plane, the eigenvalue
corresponding to g, A € C, is A + 1 and dpu(h) = Chtanhmidh on B) Let x, be some fixed
point in X, say the point that corresponds (o the coset ¢ K under the correspondence X < Gie.

With the above notation, we have another illustration of (UP), for the pair (X, A), that is, the
following analogue of Hardys theorem.

Theorem 3.
Let [ be a measurable spherical function on X such that | f{x)| = Ce™ ditn ¥ e X, and
[ fi=Ce ™ Lk Ffaf = :", then {=0a.e.

Remark 4.  To get the constant ql, onge will have o nomalize the Biemannian structure on
Xsuitably. [0

This theorem will follow from more general resulits that will appear in a forthcoming paper
[14]. However, for the sake of completeness we indicate how the proof proceeds in this special
case.

Given the very rapid decay of £, one shows f that is initially defined only for & € B extends
to an even entire function on ©. This will follow from the fact that (a) for each x, L +— @(x) is
entire in A and (b) one has the following very rough estimate on g, : | (x)] < delmHdis) 3 e ¢
{see [8]). By writing down the integral defining f(2), then using polar co-ordinates on X and using
the above estimate for g, & € T, one estimates _f'{)-.}l,)-. £ . Afterthis, the proofis exacty as in the
caseof |, Thus, one gets i_f'{)-.}l:t < Cun.‘a[e'”lf“”f,)-. e T, where o is aconstant slightly smaller than
o suchthat o' f continues 1o be greater than :" On the other hand, one is given that ‘;_f'{)-.}li = Ce P,
AelR Bu —f = —ﬁ and so |_f'{)-.}l| = C-E'_I".h.;'l, A e . We now use the following lemma from
complex analysis (see [18]).

If & is an even entire function such that h(z) = ("), z € Cand k(1) = O(e "), t e B,
then Aiz) = Const e
From the above, it therefore follows that _f'{)-.}l = Conste= /% _ Onthe other hand, I_;'{lﬂ = Ce ¥
for & e [; this along with the fact § — ﬁ = 0 easily give f = 0, which in urn implies [ = 0,
since f+ f isone-to-one.

( Another approach is to consider the so-called Harish transform Fr of £ Frisan even function
on [ (see [T]). One then proves that #; has similar estimates of decay as the odginal f. One also
knows that the ordinary (i.c., Euclidean) Fourier transform of Fj is equal to . where fis as defined
in this section. One then concludes from Hardy's theorem for B that Fy = L Since f — Fris
one-o-one, the theorem would follow. In spirit, this approach is similar 1o using the Radon transfonnm
in proving Hardy’s theorem for B, given the result for )

4. Eigenfunction Expansions on Compact Manifolds

In this section M denotes a compact, connected, real-analytic Riemannian manifold of di-
mension n. Let L be an elliptic, positive, selfadjoint differential operator on M of order [ and with
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real-analytic coefficients. We quickly recall some basic facts about eigenfunction expansions for the
pair (M, L), Let dx denote the canonical volume element on M. One knows that there exists an in-
finite subset A SR U 0L A={0<k; =k =---},&; — oo, such that LM, dx) = (—BJ' Fiis
where 0 = dim Vy, =0, <= ocand V¥, = {f : Lf = & f}. a_:_}J' denotes orthogonal direct
sum, and each function in Vy, is real-analytic, i = 1,2, ... If & e A, let A denote the orthogonal
projection of L*{ M) onio the finite-dimensional space V. Thus the eigenfunction expansion for the
pair (M, L) 1s given by

FEY RS fetim.
AEA
(For details of the above, see [9].)

Before stating and proving an analogue of (UP) in this set up, we introduce the notion of a
function being concentrated in a neighbourhood of x, € M. Letd denote the distance on M induced
by the Riemannian structure. Since M is compact, we may assume by renomalizing the metric if
necessary that sup, ., dix.x,) is 1. Let £ bein L2(M). We will think of £ as being concentrated
around x,,, if, for some positive o, it satisfies

1
(f }_rf)_ oy o (4.2)
MY Bix, )

Remark 5. The motivation for this notion of concentration is provided by the remark at
the end of §2. If ¥ — 1, notice that the R H5 — 0 very fast. In particular, if [ is supported in
Bix,, ry), ry = 1, then the above condiion 15 guaranteed. O

for some constant O

To prove an analogue of (UP) for the pair (M, L) we need the following result.

Theorem 6. .

Let f LE{M}I satisfy the condition | Py fll2 = Ae™ :', A A, for some positive constant
A. Then [ is real-analyvtic.

Proof. Forl e BT, let Ni)) = < and M(3) = Cardinality of (A N[0, A]). Then
clearly M{%) = N{&). By (a weak form of) Weyl's estimate (see [9]), one has N(A) = Ca*/,
where € is a constant. Thus, also, M{x) = CA"/. First we observe that the rapid decay of | 2, £
casily implies via standard Sobolev theory that e C™({M). (Actually one should say " = g
ae., where g & C™(M).) We now prove that s actually real-analytic on M. From the fact
that

fEY.PSf ad BfeV,

AEA
we have, forany ke £7,
r= b Ay
AEA
from which it follows that
: —ap
A f13 =D A PfIE < 42 ) A% e,
AEA AEA
This last expression is just Alﬁ?;}.}"‘e_zj'l""ldd-ﬂ)-.}, where ML) is the function introduced ear-
lier. An integration by parts yields that this is just Azﬁ?;%{)._lie—_ﬁ;_',-},w{)._} di, which 15 =

(."_,I::‘;%{A""‘E_EJ‘I"I}}."*"I&’}.. This integral can be easily estimated, and it can be shown that
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U::L d"ll (h e 2 '.'I})-."*"Id)._}i = CH (kl) ! for some positiveconstant C. Thus, | L* £)lx = CY (kDL
From the Kotake-Narasimhan theorem i(see [13, Theorem 3.8.9]) it follows that [ is real-analytic
on M. O

The following is an analogue of (UP) for the pair (M, L).

Corollary 7.
Suppose | L3(M) satisfies the hivpothesis of Theovem 6 and condition (4.2). Then = (.

Proof. Since f satisfies the hypothesis of the above theorem, we know that § is real-
analytic on M. Now let v, be a point on M such that dix,, ) = 1. Since M is compact and
SUP, oy dix,, x) = 1, there exists such a point y,. The condition (4.2) easily wanslates to

( f r_f':‘f)' cde ¥, (43)
Biyar)

On the other hand, if we consider a local coordinate system around v, and if some dedvative
(0% ) # 0, then one can easily show by using the Taylor expansion of f around 1y, that an
estimate like (4.3) cannot hold. Thus (0% fi{yw) = 0, ¥Yo. However, since [ is real-analytic and
M is a connected manifold, this easily implies = 0. O

Notice that the proof uses the ellipticity of L explicitly in several places, such as the eigen-
function expansion, Weyl's estimate, and the Kotake-Narasimhan theorem.

Remark 8. The above may not necessarily be the “best possible™ result. However we are
really only interested in establishing that a reasonable version of (UP) holds in this rather general
sel up. O

For different generalizations of the uncertainty principles see [6]. For a more gquantilative
version of an uncertainty principle for the eigenfunction expansion on a sphere, see [16].

5. FEigenfunection Expansions for Certain

Elliptic Operators on E"

In this section we consider a couple of differential operators on [B" that are closely related o
the Laplacian and prove that the analogue of (UP) holds in both cases. In both cases that we are
about to consider, the eigenfunction expansions are discrete.

5.1. The Hermite Operator

Consider the Hermite operator H = —A + |« on B, where A is the usual Laplacian. For
cach multi-index o= (. ..., fin ), let by, be the normalized Hermite function on B (see [17] for

details). Then one knows that Hey, = (2|u] + n)é,: and the associated eigenfunction expansion
for the pair (B", H) is given by

FEY (98
I

where (-, -) denotes the vsual inner productin L'J{IFE_" ). With this notation one can prove the following
result.
Theorem 9.

Let [ be a measurable finction on B such that | fix)] = Ce =l x e B, and If dudl =
Ce PR+ 1 e W' for some positive constants o and 8. If o tanh § > é, then [ =0ae (Inthe

above |x| = v x7 +- .- +x; but for a multi-index g, @] = gy + -0+ )
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Proof. The Hermite functions satisfy the generating function identity

R s _m b o3 d 3 L
Zrl.lll‘;,“{_r} ¢“{y} =x"i{l — F) Ieg A (x| + L") o £33
H

Also, one knows that the Hermite functions are eigenfunctions of the usual Fourier transform, that
i!i, ¢jl - {_f}l'ul‘i'.u ¥
Thus, if
L :
f=) (£009,, (5.4)

one has

s 12 P L

F=Y 00 ) ¢ (5.5)

The very rapid decay of (£, ¢, ) and sup norm estimates on ¢, easily show that (5.4) actally
converges uniformly and so we may assume f is continuous and that (5.4) holds pointwise. The
same holds for (5.5). Thus fix) = Y=, ¢, ), (x), where the series converges absolutely
and uniformly.

An application of Cauchy—Schwarz yields

|f) < (Z:U; ¢,Jf)
i

The hypothesis on (£, dby,) gives

If{l” = A,H (Ze—ﬂr_JI.u|+n:|E¢“{_r}i_’) .

L

(Z (£, ¢,;}zr¢,lmf)
i

Taking » = ¢ ¥ in the generating function identity, one easily obtains the estimate
1F(x)] < Cy e~ tmah il
The theorem now follows from Hardy's theorem for B, O

5.2.  The Special Hermite Operator on T
We now consider the Special Hermite operator L on C" (= BE*) givenby L = —A + qlEzr’ -

J;Z_?=| {.r_,-% - _1_=-i }, where A is the usual Laplacian on C*(= BE*) and z = (x, y) € BY = C".

! iy

Define the function gy (z) on T by

2|—JIA.! i g 1 : _1.a ’
'i’.t{Z}:(m) Ly (Er-) exr r=|z|,

where LE_I{r}lam the Laguerre polynomials of type (n —1). Then one knows that Ly, = (2§ 45 gy .
If L2 ,(C") denotes radial functions in L2(C")(= L*(B*)), then for f & L2 (C") one has the
cigenfunction expansion [ L 3 () e The gi’s are also eigenfunctions of the symplectic
Fourier transform F, with eigenvalue (—1)* and one knows that (F, f)(z) = f{_T,L 3). where
z = (x. ¥) € B* and f denotes the usual Fourier transform on B2, Using this and the generating
function identity for ¢y one can argue as in §5.1 and obtain the following theorem.

Theorem 10.
Let f & L2 (T"). Suppose

1f(2)] < Ce=hF, ze (",
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If. g < Ce 3™ LN,

for some positive constants o and 8. Ifwtanh § = }1, then f =0ae

6. Concluding Remarks

Thus, the preceding discussion gives conerete evidence of the folklore theorem that Uncertainty

Principles are a general feature of eigenfunction expansions. Elsewhere, many authors (for example,
[1,5,11,15])have established various uncertainty principles for the group-theoretic Fourier transform
on certain Lie groups. This is not altogether surprising in view of what has been said in this paper
because matrix elements of a unitary representation of a Lie group & are generally eigenfunctions
of certain natural differential operators attached to these Lie groups and are elliptic when resiricled
to suitable subclass of functions. (For instance, the Casimir operator on a semisimple Lie group 7,
when restricted w K-invariant functions, where K is a maximal compact subgroup, can be thought
of as an elliptic operator on Glr‘K.}l

[
2]
[3]
[4]
[5]

6]
(7]

5]

(9

[
[

(12
[13]

[14]
[15]

[14]
[

[15]

References
Cowling, M., Price, 1., and Sitarmm, A.{ 1988). Agqualitative uncertainty principle forsemi-simple Lie groups. £ Austral.
Matie Sac. Ser A4S, 127-132.
D Jeu, M. F. E. (1994). Anuncertainty principle for integral opemtors. J. Funcr. Anal. 122, 247-253,
Donoho, [ L., and Stark, BB, (1989). Uncertainty principle and signal recovery, SIAM S Appl. Mary 49, 906-931.
Drym, H., and McKean, H. P.{1972) Fowrier Series and Integrals. Academic Press, New York.
Echteroff, 5., Kaniuth, E., and Kumar, A, (1991 ). A qualitative uncertainty principle for centain local ly compact groups,
Farmwm Math. 3, 355369,
Faris, W. G. { 1978). Inequalities and uncertainty principles. £ Marfh. Phys. 19, 46 1-466.
Gungolli, B. (1972). Sphencal functions on semisimple Lie groups, Syenaer mic Spaces (W. Boothby and G. Weiss, eds.).
Marcel-Dekker, New York, 4 1-92.
Gangolli, B, and Vamdamjan, V. 8. (1988). Hemonic Analvsis of Spherical Functions on Real Reductive Growps,
Springer-Verlag, New York.
Gilkey, P B. { 1984). Invariance theory, the heat equation, and the Atiyah - Singer index theorem. Marh. Ser., no. 11,
Publish or Perish Inc., Mew York.
Helgason, 5. ( 1984 ). Grounps and Geomerric Analysis, Academic Press, New York.

Hogan, 1. A, (1993). A qualitative uncertainty principle for unimodular groups of type |, Trans. Amer Math. Soc. 340,
SET-50.

Hommander, L. {1991). A unigueness theorem of Beurding tor Fourier transform pairs. Ark Mar. 29, 237-2400,
Marasimhan, B. { 1985). Analvsis on mal and complex manifolds. North-Holland Math. Lib. Vol 35, North-Holland,
Amsterdam.

Sitaram, A., and Sundan, M. (preprint). An anafogue of Hardv's theorem for very rapidly decreasing fiunaions on
semisimple Lie grups, w appear in the Pacitic Journal of Mathematics,

Sitaram, A., Sundari, M., and Thangavelu, 5. (1995). Uncertainty principles on certain Lie groups. Proc. fndion Acad.
Sl Mash. Scil 108, 135-151.

Stricharte, . 5. (14989). Uncentainty principles in Hormonic analysis. J. Fune, Anal. 84, 97-114.

Thangavelu, 5. (1993). Lectures on Hermite and Laguere expansions. Marh. Nores, no. 42, Princeton Univ. Press,
Princeton, M.1.

Titchmarsh, E. C. {1986). fntrodiction to the Theory of Fourier Integrals, Chelsea Pub. Co., New York.

Received Febmary 28, 1995

Statistics and Mathematics Unit, Indian Statistical Institute, Sth Mile, Mysore Road, Bangalore 560 (59, India



	An uncertainity principal for-1.jpg
	An uncertainity principal for-2.jpg
	An uncertainity principal for-3.jpg
	An uncertainity principal for-4.jpg
	An uncertainity principal for-5.jpg
	An uncertainity principal for-6.jpg
	An uncertainity principal for-7.jpg

