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Answer any FIVE from the following questions. 5x10=50

1.

2.

(a) Let A be a 5 x 3 matrix with columns ay, az, ag. If b = a; + az = ap + a3 then what can

(b)

()

(a)

you conclude about the number of solutions of the linear system Ax = b? Explain.

Show that W = {f(z) € P,[2]; f(1) = 0} is a subspace of P,[z]. Find its dimension and
a basis.

Let oy, @, . . ., oy be linearly independent. If vector u is a linear combination of o, 2. .. ., o,

while vector v is not, show that the vectors fu +v. o, o, . . ., . are linearly independent

for any scalar t.
[3+4+4]

Consider P, [z] over R. Deline
T(p(z)) = ap'(a) — pla). pla) € Pylz].

Show that 7 is a lincar transformation on P, [z]. Find null of T and range of T and prove
that

N(T)EP R(T) = P, [z},
Let 4 be an m x n matrix of rvank n and let P = A(ATA) 1 A?. Show that Pb = b for
every b € R(A) and if b € R(A)* then Pb = 9.
16+ 4]
Let A be an n x n matrix. Show that a vector x in R” is an eigenvector belonging to A if
and only if the subspace S of R spanned by z and Az has dimension 1.

Let A be a diagonalizable matrix whose eigenvalues are all either 1 or —1. Show that
A7l = A

Let A be an n X n matrix with an eigenvalue A of multiplicity n. Show that A is diago-
nalizable if and only if A = AL

(343 +4]

Let A be a real n x n matrix with eigenvalue A\; = a + bi, where a,b € R and b # 0. Let
2y = 1+ iy, where z,y € R", be an eigenvector corresponding to A;. I S = Span(z, ),
then dim 5 = 2 and S is invariant under A.
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(h)

(a)

(b)

(a)

Let A he an m < n matrix with singular value decomposition ULV Show that, for any
vector » € R,
onllrlle < [JAxfly < oyl

where oy and o, denote the largest and smallest singular values of A, respectively.

5+ 3]
Let po, 1, ....p, be a sequence of orthogonal monic polvuomials. Then show that
pn+1<$> = (.I‘ - 671+l>p'n(37> - (ﬁl.”‘//’,,[),,,d(l))(?? > 0),
where p_ (2') denotes the zero polynomial, vg = 1, 3, = M—]z and v, = M

<pn -1 pn—71> <p7z— 1 ,-pnr—l>

for n € N,

Let po(x),pi(x), and pa(x) be orthogonal monic polynomials with respect to the inner

i \orf o
(p(z), q(x)) = /—] I—j%%)ﬁ—(“’”(;?dm

product

Using (a) calculate py(x) and pa(z).

5+5)
Let 4 be an m x n matrix with singular value decomposition USVT, and suppose that A
has rank r , where r < n. Show that {v). v, ..., ¢, } is an orthonormal basis for R(AT).

Let A be an n x n matrix with singular values 0. 04, .. .. 0, and eigenvalues A\;. Ay, ... A,

Show that [AAg... Al = g109.. .0,

Let A = Q1% = Q2Ry, where @ and @y are orthogonal and Ry and Ry are both upper
triangular and nousingular.

i. Show that QT Q, is diagonal.

ii. How do R, and R compare? Explain.

1 2 1

b) Let A = and 19 =
(

-1 -1 1
i. Compute uy, ug, us, and wy, using the power method.

ii. Explain why the power method will fail to converge in this case.
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