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ABSTRACT

This is a study of mixbure model approach fo ciustering. In mixture model approach, each
observation is assumed to come from a mixfure of a finite number of populations. If we can
separate out these populations, each will represent a cluster. Here we learn the underlying

parameters of the model and then classify accordingly.
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1 ' Introduction

With the increasing interest on a model based approach to clustering, the use of finite mixture
models for this purpose has been the subject of close scrutiny. Attention is concentrated on the
fitting of mixbure models (on synthetic as well as real-life data) by a likelihood based approach.
This approach would appear in general to be superior to other methods of fitting mixture models,
and the EM Algorsthm |7] provides a convenient way for the iterative computation of solutions
of the likelihood equation. The emphasis here is on mixtures of normal distributions as these

models are most frequently employed in practice, as well as most widely studied.

Before discussing this approach in detall in Section 3, a brief review of some of the

classical clustering principles (e.g. K-means clustering etc.) is presented in Section 2.




2 Classical Clustering Algorithm

In Cluster Analysis there is no prior information regarding the underlying group structure. Still
the intention is to partition the data into relatively homogeneous groups called clusters. So the
ability to determine characteristic prototypes or group representatives in a given set of data plays
a central role in clustering. Once the clusters are formed, classification of unlabelled samples
is done on fhe basis of minimum distance (e.g. Euclidean distance, Mahalanobis’ distance etc.)

erideria.

2.1 Cluster Formation By K-Means Algorithm

This algorithm is based on the minimisation of a performance index which is defined as the sum

of squared distances from all points in a cluster domain to the cluster center.

Step 1: Choose k {a constant fixed beforehand) initial cluster centers Cy(1),C(1),...,Ci(1).

These are selected as the first £ samples of the given sample set.

Step 2: At the IR iterative step, distribute the samples {z} among k clusters using the relation,
zeSill)itijz- Gl <jz- GU), vi=11)k, £,

where S;(!) denotes the set of samples whose cluster center is C;(I). Ties are resolved

arbitrarily.

Step 3: From the results of Step 2, calculate the new cluster centers C;(I+1), Vj =1{1}k

~ as follows,

Cl+ )=+ Y, 5, Vi=1(1)k

1
N; «c5{l)
where N; is the number of samples in S,(i).
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Step 4:  C;{{+ 1) = C;{}),¥j = 1{1)k then stop else go to Step 2.

2.2 Algorithm for classification of a data set z when the cluster

centers are known.

Step 1: Initialise N; o 0, V5 = 1{1)k , where N; is the number of samples n the jth cluster
S;.

Step 2: Fort=1ton do
i 2 - Gy < [lei) - Gl ¥i = 11k # then
begin
z{1) € 5;;
N, =N +1
end.
where C; = center of §;, V§ = 1(1)k
z{1) = ith sample, Vi = 1(1)n

n = number of samples.

Step 3: Compute mean vectors and dispersion matrices for each cluster, if needed.

2.3 Application

The above algorithms were implemented on the 512 x 512 gray level image of Calcutta which
has gob 4 spectral bands - blue, green, red and infrared. Clearly the sige of the sample set
=512 x 512 = 262144,



Number of clusters, k, is taken to be 7 corresponding to concrete, asphalt, river, semi-

concrete, soil, water, vegetation parts of Calcutta.

The following statistics are obtained when the algorithms 2.1 and 2.2 are run.

Statistics for the class :- concrete

The frequency is 11587
Mean vector :-

47.048157 32.069906 35.579011 40.562441

Dispersion matrix :-
6.075009 4.200914 2.881756 1.796423
4.200014 4.610458 4.710451 3.026359
2.881766 4.710451 13.333083 3.359332
1.796423 3.026359 3.3595%2 15.386862

Statistics for the class :- asphalt
The frequency is 7406b
Mean vector :- |
41,163397 25.668036 27.231796 30,275191 .
Dispersion matrix :-
1.323467 0.589161 0.436722 -0.160702
0.580151 0.836360 0.598598 0.456789
0.436722 0.598598 2.832924 -0.002788
-0.160702 0.456789 -0.002788 6.976967
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The Irequency is 12288
~€a0 vectoy -
==.106253 29.757650 31.278727 23.208089
Dispersion matriy :-
0.660221 0.208570 0.163257 £.657574
0.c00070 1.02132¢ 0,436365 -1.708081
0.163227 0.43636b 1.269235 -0.07-027
0.6057271 -1.7080081 -C.07=827 12.781487

Statistics for the class ;- semi concrete

 The Irequency is <2227

%ean vector .-
£2.910260 28.002952 28.853111 37.666019

Dispersion matrix :-
1.831730 0.748626 0.134978 -0.772107
0.720626 1.064428 0.632601 0.634802
0.134878 0.63260! <«.1b3b31 -0.559578
-0.7721037 0.634802 -0.5b8578 1:.463563

Statistics for the class :- soil

The frequency is 42780

e
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iispersion matrix :-
1.368505 0.670300 0.673537 -0.998508
0.670300 0.863074 0.684909 -0.276579
0.673537 0.684000 3,2592b5 -1.37b4b2
-0.008508 -0.276979 -1.375452 10.091387

2.4 Disadvantages

1. K-means clustering algorithm is very much influenced by the number of cluster centers

specified, $he choice of cluster centers, the order in which samples were taken.

2. Cluster centers o variances are not true means or variances respectively i.e. if cluster
centers corresponding $o Calcutta image are used to classify an image of Sunderban forest
(where vegetation cluster is predominant), a huge number of misclassifications yield i.e.

estimation of cluster center 18 not robust.

3. Quthers are not detected i.e. outliers are forcibly classified by the minimum distance

classifier even if it belongs fo a completely new cluster.



'3 Model based clustering

In this section we first formulate likelihood estimation for finite mixture models and then d@ﬁu |

the mixture likelihood approach to clustering and discuss the estimation procedure. Then algo-

- Tithms for estimating the cluster parameters and for classifying non-outliers follows. Ultimately

we critically judge its performance and present a number of applications.

3.1 Mixture model approach to clustering

Let 3;,2,,...,7, be 3 sef of observations of dimension p, based on which a number of groups
have to be formed. Under the finite mixture model, each z; can be viewed as arising from a
sﬁperpopulatien G which is a mixbure of finite number, say g, of populations (corresponding to
~each group) Gy,G,,...,G, in some proportions x,, %, ..., T, respectively where gw; =1 and
720 Vi=1{1)ec

The probability density function {p.d.f.) of an observation z in G can therefore be
represented i the finite mixture form,

f(z;4) = i:fsgs(ﬁ; f) (1)

=1

- where gi{z;8) is the p.df. corresponding to G; and @ denotes the vector of all unknown Pa-
i_ rameters associated with the parametric forms adopted for these ¢ component densities. The
vector ¢ = (x',8')" of all unknown parameters belongs to some parameter space Q. Thmughaut
* this study we shall refer to G; as either population, groui:;, cluster or class regardless of the
~ underlying situation.

Once ¢ has been obtained, estimates of the posterior probabilities of population mem-
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| bership can be formed for each z; to give a probabilistic clustering. The posterior probability

that z; belongs to G; is given by

i = ﬂ.!fi(x!;e) = 1}2}

= - ey (2)
‘;ﬂft(’?i;a)

3.2 Likelihood Estimation For Mixture Models Via EM Algorithm

Corresponding to the formulation of finite mixture models in Subsection 3.1, we let the vector
of indicator variables z; = {z;,...,2,;)' be defined by
zi; = | ﬁ,‘ € G;,
= 0, z; ¢ G,
where z;,...,2, are identically and independently distributed (iid) according to a multinomial

distribution consisting of one draw on ¢ categories with probabilities #y, ..., &, respectively. We

write  z,...,2, % Mult,{1,7).

In accordance with the mixture model (1), it is further assumed that z;,...,z, given

21,..., 2, Tespectively are conditionally independent, and z; given z; has log density

g
Y zilog fiz;;6), Vi=1(1)n
. i=1 -
Hence the log likelihood for the complete data,
X=(gyy2l) a0d = (Z..., 20,

18 given by

§ n

L{)=YY #;{logm; +log fi(z;;0)}

=1 =1



The EM algorsthm is applied to the mixture model {1) by treating Z as missing data, If
proceeds in two steps, £ (for expectation) and M (for maximization). Using some initial value

for ¢, say @9 the & step requires the calculation of

Q(8,9") = £{Lc(¢) | X;4"},

the expéctation of the complete data log likelihood, L.(4), conditional on the observed data and
the initial fit (@ for 4.

On the M step first time through, the intent is to choose the value of ¢, say ¢!/, that
maximizes Q(9,$!”). One nice feature of the EM algorithm is that the solution to the M step
often exists in closed form, as is to be demonstrated for mixiure of normals in the following

suhsection.

3.3 Closed Form Estimates Under Normality

Under the assumption of nomality for each of the populations, z; follows N (g, X;) in G; with
probability #; {1 = 1,...,9). The likelihood estimates of #;, s;, and X; satisty

n
R
Z %ii%;
A §=1
— 4
i o (4)



and

.L;J‘.

fore=1,...,4.

In these equations, the posterior probability that z; belongs to Gy, is given by appro-

priate version of 2, namely

| _1 o ‘
IS el w5 ) Y
31T g | L 1 14
Zﬁf 177 expl- 5(3‘5# - p 'Lz - )}

=1

1+

[T

Initial estimates of the ;, u;, &; are obtained by one of a variety of methods (e.z. seeds
returned by the k-means algorithin can be taken as a estimates of p;’s) and these are then used
to obtain first estimates of 7;;; these are then inserted into Equations (3) - (5) to give revised

parameter estimates and the process is continued until convergence.

3.4 Algorithm For Estimating Mixture Model Approach
Algorsthm: 1t takes az input

1. number of groups (g).
2. data dimension (p).
3. number of observations {n).

4. entire data set (X{i,1), i=11)n, j=1{1)p).

1]




5. mitial estimates for

g
a) mixing proportion (7}, k= 1{1)q such that Y n” =1)

k=1

b) mean vectors for each group ( p»iu}, k=1(1)q)

¢) dispersion matrices for each group (2, & = 1{1)q) or common dispersion matrix

(ZO)) (here, T = B0 ¥k = 1{1)q).

If an initial partition is given for all n observations then 6a to 5c are obtained as follows:

number of observations falling in the k™ group

= - , (7)

= fi/n: wc:l(l)‘f: | (8)

) = Y X/fu YE=11)g, (9)
1€k ITOUP

o = V(X -e"&- eV (10)
rekth group

= Ty/fi, Yk=1(1)q (11)

or 29 = Y'Tfifn 12)

h=1

_ This algorithm proceeds iteratively. At the ** step of iteration (£ =1,2,3,... ) it does
the following $hings:-

Step 1 Likelihood corresponding to the 1** observation = GUMW(s)
Z’:EXP[‘ 1/2(% - p e (- ) xl=(k)

2 e [5F7|
= Y ALO(K). 20N (k)
k=1

where X; = sth row vector of X{s,j).

12



Step 2 Posterior probability for the #** obsevation fo fall in the kth group

gDk AL(K)
=WO6K) = —mamg

Step 3 Loglikelihood of Xi,... X, = XLOGL® = Y log( GUMU(3))

=1

Step 4 If | XLOGLY - X LOGL!-Y |< & ( & is any +ve small quantity), output 53}, ™

L U vk = 1{1)g and go to Step 9.
( Assume XLOGLY) =0.0)

Step 5 New estimate of mixing proportion = ¥}{(k) = WSUMW(E)/n Vk = 1(1)g,
where W SUMW(k) = ZW‘“(:Z1i k)
¢ . 1=1
Step 8 New estimate of mean for k* group and j* attribute

11

X(4,5) . W(H)(s, k)

= f¥(k,7) = ELW: vk =1(1)g, V;f =1{1)p

Step 7 New estimate of dispersion matrix for k* group = E()(k) where (r,s)" element of

T0(k) = D0 (k, 7, 5)

S(XG,1) - BO(k,1)) . (XG,s) - 4O, 8)

=1

=S WSUMW(K) _

_ Vi(krs)
= WSUMO(k)

Step 8 1f it is known that all the groups have the same dispersion matrix then common covari-

Vr=s5=1{1)p, Vﬁ = {1)g

ance matrix = B, where (r,5)* element of L = Z¥{r, )

— S WSUMU(E). VO(k )/ Vr=s=1(1p

k=1

13



- Step 9 Classify 1% observation into the k' group if

Wi k) = max Wi r) ¥i=1(1)n

1<r<y

Step 10 Correct allocation rate corresponding to the k' group = XCC(k)
) W3, k)

icfin) & itr obsn. is classified in the £k group

(n. 71 (k)

, Vk=1{1)g

g
Step 11 Overall correct allocation rate = CC = Y XCC(k) . (-1 (k)

k=1

Step 12 End.

3.5 Algorithm for classification of a data set after learning mixture

model parameters

For a sample pattern z the following steps are done :

Step 1 Fors =1 to g (i.e. for all groups) calculate the discriminant function,
g{z) =lnmi- | Li |- §(z- w) TNz - )
and the threshold T; at some level of significance, say 95% as follows,

T;=4744- %lﬂl E;I"’lﬂﬂ}

14



Step 2 If gi(z) <T; ¥i=1{1}g then
infer that z is an outlier and hence is not classified
else
get hold of all those groups for which g;{z) > T..
Let them be 1y,...,4 {I < g).

step 8 Classify = in 4 * group (k < 9) if ¢, (2) > gi,(z) Vi#k

3.6 Critical remarks

The algorithm 3.4 is very simple to implement on a computer and in the case of well seperated
classes and good initial estimates {in our implementation they are either supplied by the user
or randomly chosen or the output of k-means algoritm) appears o convarge quite rapidly in
both umivariate and multivariate situations. However, a poor choice of initial estimates can
exacerbate the situation making the rate of convergence very slow. Indeed, this algonthm
converges provided the likelihood is continuous having a unique maxima and is bounded on the
edge of the parameter space.- The possibility of multiple solutions is present here, as will be

shown by one of our applications.

Since we explicitly assume normality of each class, all the class parameters, thus esti-

mated, represent true statistics. Also before classifying a sample pattern, we can test whether

it’s an outlier or not since +1.96¢ limits contain probabilistically 95% of a population.

3.7 Applications

1. The first example involves Fisher’s IRIS data. These data consist of 150 four-dimensional

15



labelled samples made up of 50 obsevations from each of three species of iris. The four

measurements taken on each plant are sepal length, sepal width, petal length, petal length.

True Statistics:-

Mean vector for each group

65.8800 29.7400 55.5200 20.2600
58.3600 27.7000 - 42,6000 13.2600
50.0600 34 .2800 14.6200 2.4600

Covariance matrix for group 1
40.4343
9.3763 10,4004
30,3200  7.1380  30.4588
4,0094 4.7629  4.8824  7.b433
Covariance matrix for group 2
26.6433 =
8.5184  9.8469
18.2808  8.2653 22.0816

5.6780  4.1204  7.3102  3.9106

Covariance matrix for group 3
12.4249
9.0216 14.3690
1.6365  1,1608  3.0189
1.0331  0.9298 - 0.6069  1.1106

16



Resulte obtained from algorithm 3.4:-
Humber of iteratioms : 22
Estimate of mixing proportion for each group
0.333 0.299 0,367
Number assigned to each group
50 I 45 bb
Estimates of correct allocation rates for each group
1.000 ©.985 0.986
Estimate of overall correct allocation rate 0.990
Estimates of MNean vector for each group
50.060001  34.279999  14.620000 2.460000
59.146619  27.776814  42.011272  12.967881
65.4491b0  29.488003  54.799564  10.,847801

Estimate of Covariance matrix for group 1

12.176401

9.723202 14.081599

1.602800 1.146400 2.955600

1.012400 0.911200 0.594800 = 1.088400

Estimates of Covariance matrix for group 2

27.480822

9.670334 ¢.252396

8.403020  9.087162  19.991385

5.418780 4.292072 6*074602" 3.192841

17



Estimates of Covariance matrix for group 3

38.702080
9.225613  11.039165
30.263767 8.427160  32.742870
6.147326 5.595400 7.425745 8.b63b48

Performance of algorithm 3.4:-

Original B # observations classified into group
1 group d 1 2 3
1 20 0 0
2 | 0 45 5
3 0 0 50

2. The second example is based on two sefs of generated data.First we describe algorithms

for draw ing' such data.

(a) Algorithm for drawing a random sample from a mixture of normal populations:

1.

1.

1.

V.

Read the dimension, number of populations, mean vectors and dispersion ma-

trices for each of them. Read the mixing proportion and the size of the set of

samples.

Choose a random number between 0 and 1. Select a population 3 if the random

number s greater than the cumulated mixing proportion of population 1 - 1, but

less than that of population s.
Once the class is fixed, select a random sample from i.

Repeat Steps 2-3 as many fimes as the size of the data set.

18



(b} Algorithm for drawing a random sample in two dimension from a mixture of a number
of normal populations with identical dispersion matrices and means liemng on the

circumierence of a crcle:

. Read the center(c;,c,) and radius{r) of the circle. Also read the size of the data

set and the common dispersion matrix{c).

ij, Select a a random number(s) between 0 and 1. Get § =2 X 7 X 4

iii. Now select a random number from bivariate normal population with mean vector

0 o

iv. Repeat Steps 2-3 as many times as the size of the data set.

¢ 0
= (¢, + rcos(f), ¢, + rsin{f)) and dispersion matrix ( ’ )

Results of data generated from algorithm (2a}:-

Here, a number of sets of observations are selected from the mixture of three normal

populations with mean vectors:- (0, 100), {0, 0), (100, 0).

ot 0
The second population has dispersion malrix:- ( :
- 0 o
- R . oF -2
while the other two have the identical dispersion matnx:-

Cases are considered for different mixing proportions and the value of o
Bach set of observations contains 2000 data.

Case 1. 0 = 20
The mixing proportions = 0.1, 0.3, 0.6

Number of iterations : 1b

19



Estimate of mixing proportion for each group :
0.101 0.313 0.586
Humber assigned to each group :
202 625 1173
Estimates of torrect allocation rates for each group :
0.983 0.997 0,980
Estimate of overall correct allocation rate :  0.993
Estimates of Mean vector of each group :
-0.392211  100.123306
0.228428 0.764145
100.884407 -0.492164

- Estimate of Covariance Matrix for group : |
404,424072
-183.5564001  435.488525
Estimate of Covariance Matrix for group : 2
375.200043
17.720874  408.668701
Estimate of Covariance Natrix for group : . 3
389.550110
-201.019379  436.056671

Case 2. ¢ =20
The mixing proportions = 0.3, 0.1, 0.6

Humber of iterations @ 16

20



Estimate of mixing proportion for each group :
0.312 0.092 0.506
Humber assigned to each group :
620 182 1183
Estimates of correct allocation rates for each group :
0.997 0.996  0.583
Estimate of overall correct allocation rate : 0.996
Estimates of Mean vector of each group :
-0,435669 99.979187
0.056349 -0.723473
08659424 0.4972b4

Estimate of Covariance Matrix for group : 1
372.037170
-177.024796  370.494812

Estimate of Covariance Natrix for group : 2
335.930908
-14.639151  391.148056

Estimate of Covariance Natrix for group : 3

417.927490
-213.981003  421.69073b

Case 3. ¢ = 20
The mixing proportions = 0.3, 0.6, 0.1

2]



iumber of iterations : 16

Estimate of mixing proportion for each group :
0.205 0.613 0.09%

umber assigned to each group :
001 1226 183

Estimates of correct allocation rates for each group :
0.989  0.993  0.995

Estimate of overall correct allocation rate : 0.994
Estimates of Mean vector of each group :

-0.917666 . 100.580521

0.0915637 0.3456071

99.372871 0.320097

Estimate of Covariance Matrix for group : 1
404 .284637

-215.043081  390.589569

Estimate of Covariance Natrix for group : 2

421.422119
10.857711  455.181091

Estimate of Covariance Natrix for group : 3
310.371399
-174.862162  411.657990

Case 4. ¢ = 25

The mixing proportions = 0.1, 0.3, 0.6

22



humber of iterations : 16
Estimate of mixing proportion for each group :
0.10f 0.3i16 0.583
Humber assigned to each group :
168 630 1172
Estimates of correct allocation rates for each group :
0.987 0,943  0.964
Estimate of overall correct allocation rate : 0.975
Estimate of Hean vector of each group :
-0.234061  100.846672
0.724739 0.793344
101.291077 -0.6156607

Estimate of Covariance Matrix for group : 1
640.773315
-290,710632  627.766113

Estimate of Covariamce Matrix for group @ 2
608.793396

16.674536  630.282654

Estimate of Covariance Matrix for group : 3
605 .389343
-315.970703  675.030148

23



Case d. 0 =125

The mixing proportions = 0.3, 0.1, 0.6

Number of'iterationa 16
Estimate of mixing proportion for each group :

0.286 0.105 0.609
Number assigned to each group :

674 207 1219
Estimates of correct allocation rates for each group :

0.061  0.948  0.983
Estimate of overall correct allocation rate : 0.984
Estimates of Mean vector of each group :

-0.458357 99,735809

-5.299500 1.5585619

09.71b65691 0.4713%4

Estimates of Covariance matrix for group : 1
583.770813
-267.066182  593.437378
Estimates of Covariance matrix for group ﬁ 2
555652954
-0.124598  522.771118

Estimates of Covariance matrix for group : 3
622.366333
 -304.373169  617.530823
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Case 6. g =25

The mixing proportions = 0.3, 0.6, 0.1

Number of iteratioms : 1B
Estimate of mixing proportion for each group :
0.200 0.608 0.101
Humber assigned to each group :
582 1216 202
Estimates of correct allocation rates for each group :
0.074  0.983  0.955 '
Estimate of overall correct allocation rate : 0.977

Estimate of Mean vector of each group :
1.148690 98737877
0.766814 -1.403253
104.056717 0.647550

Estimate of Covariance matrix for gruﬁp IS |
667.415039
-326.124673  621.708557

Estimate of Covariance matrix for growp : 2
663 .444946

10.881446  583.504089

Estimate of Covariance matrix for group : 3
530.152688
-263.060946  463.371246
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Case 7. 0 = 30
The mixing proportions = 0.1, 0.3, 0.6

Number of iteratioms : 18
Estimate of mixing proportion for each group :
0.068 0.302 0.599
Number assigned to each group :
200 584 1216
Estimates of correct allocation rates for each group :
0.974 0,912  0.913
Estimate of overall correct allocation rate : 0.950
Estimate of Nean vectors of each group :
3.567619 96.906075
0.008582 -2.46346b
100.948265 -0.836262

Estimate of Covariance matrix for group @ 1
1048.167603
-428,672113  .754.855164
Estimate of Covariance matrix for growp : 2
887.045898
37.990044  942.130606

L)

Estimate of Covariance matrix for group : 3
885b.614197
-380.063345  804.028259
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Case 8. ¢ = 30
The mixing propoertions = 0.3, 0.1, 0.6

Humber of iterations : 28

Estimate of mixing proportion for each group :
0.288 0.107 0.605

Number assigned to each group :

577 186 1237

Estimates of correct allocation rates for each group :

0.943 0,798  0.879

Estimate of overall correct allocation rate : 0.949
Estimate of Nean vectors of each group :

-2.579146  101.691338

2.902576 5.266840

99.752296 0.225007

Estimate of Covariance matrix for group : 1

858.,4475610
-450.879486  866.791138
Estimate of Covariance matrix for group : 2
986,5562734
6.376416  909.99261b
Estimate of Covariance matrix for group : 3
942.493774
-542.169312  1053.3056064
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Case 9. 0 = 30
The mixing proportions = 0.3, 0.6, U.1

Number of iteratioms : 21
Estimate of mixing proportion for each group :
0.288 0.612 0.100
Number assigned to each group :
675 1227 198
Estimates of correct allocation rates for each group :
0.936 0.963  0.89%6
Estimate of overall correct allocation rate : 0.949
Estimate of Mean vectors of each group :
1.647508 98.720840
- 0.690766 -1.215889
104.921638 -0.240215

Estimate of Covariance matrix for growp : 1
957.963806
-481.344116  893.220553
Estimate of Covariance matrix for gtoup > 3
933.266726
15.572630  862.264465
Estimate of Covariance matrix for group : -3
781.993774
-344.267366  633.120605
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Case 10. ¢ = 40
The mixing proportions = 0.1, 0.3, 0.6

tumber of iterations ; 75
Estimate of mixing proportion for each group :
0.180 0.269 0.501

Number assigned to each group :

298 470 1232

Estimates of correct allocation rates for each group !
0.746  0.642  0.931

Estimate of overall correct allocation rate : 0.829

Estimates of Mean vector of each group As Row Vector :
11,117209 47.730080

-12.478016  -12.280010
100,800171 0.55826b

Estimate of'Covariance matrix for group : |
1543.272217

-660.350403  2856.628006

Estimates of Covariance matrix for group : 2
1495.782227

~107.,908611 1126.963135

Estimated Covariance Natrix for Group : 3
1642.506714

-952.988150  1834.486328
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Case 11. 0 = 40
The mixing proportions = 0.3, 0.1, 0.6

Humber of iteratioms : 32
Estimate of mixing proportion for each group :
0.277 0.172 0.b51
Humber assigned to each group :
580 239 1181
Estimates of correct allocation rates for each group :
0.880  0.553 0.944 '
Estimate of overall correct allocation rate :  0.853
Egtimates of Mean vector of each group :
10.916070 99.372116
19.551109  10.426476
104.839165 -3.601208

Estimate of Covariance matrix for group : 1
1730.173826
-862.904063  16567.038574

Estimate of Covariance matrix for group : 2
2024 .004150 |
543.400601  2037.90b1b1

Estimate of Covariance matrix for group : 3
1453,92b781
-625.075439  1369.367554




Case 12. ¢ = 40
The mixing proportions = 0.3, 0.6, 0.1

Number of iterations : 19

Estimate of mixing proportion for each group :
0.326 0.576 0.099

Number assigned to each group :
635 1176 190

Estimates of correct allocation rates for each group :
0.83¢  0.911 0.7b7

Estimate of overall correct allocation rate : 0.871

Estimates of Mean vector of Each Group :
7.068172 91.178551

-2.066078  -2.911061
105.777245  -7.502432

Estimate of Covariance matrix for group : |
1860.651123
-1039.864136  1880.863892
Estimate of Covariance matrix for group : 2
1524.218140
- 12.881596  1492.673b84
Estimate of Covariance matrix for group : 3
1459.214844
-392.160400  914.777527

3



Case 13. ¢ = 50
The mixing proportions = 0.1, 0.3, 0.6

Number of iteratioms : 25
Estimate of mixing proportion for each group :

0.300 0.270 0.430
Humber assigned to each group :

575 549 876
Estimates of correct allocation rates for each group :

0.794  0.593 0.840
Estimate of everail correct allocation rate : 0,763
Estimates of Mean vectors of each group :

-14.162048  17.562771

53.277687 26.593187

119.10453¢  -11.774804

Estimate of Covariance matrix for group : 1
2062,750244
-282.4b24b4  4724.073242

Estimate of Covariance matrix for group : 2
1198.721924
-313.782104  2323,318848

Estimate of Covarlance matrix for grouwp : 3
1824.493164
-668.068237 1980.807739
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Case 14. ¢ = 50
The mixing proportions = 0.3, 0.1, 0.6

Humber of iterations : 76
Estimate of mixing proportion for each group :

0.202 0.207 0.581
Number assigned to each group :

443 259 1268
Estimates of correct allocation rates for each group :

0.808 0.451 0.925 '
Estimate of overall correct allocation rate : 0.803
Estimate of Mean vector of each group :

-10.585078  111.386551

17.625693  22.716710

101,941689 -0.505170

Estimate of Covariance matrix for group : 1
2366.8056176 |
-1084.526260  2050.948970
Estimate of Covariance matrix for graup': 2
2551, 372314
450.094482 3532.600098
Estimate of Covariance matrix for group : 3
2440,798584
-1145.285622  2203.508301
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Case 15. g = 50
The mixing proportions = 0.3, 0.6, 0.1

Number of iterations : 30
Estimate of mixing propertion for each group :
0.326 0.433 0.241
Number assigned to each group :
612 889 499
Estimates of correct allocation rates for each group :
0.780 0.823 0.618
Estimate of overall correct allocation rate : 0,746
Estimates of Nean vector of each group :
1.697739  105.763588
-12.214709  -11.593668
51.258606  19.037796

Estimate of Covariance matrix for group : 1
2621.964355
-1232.882813  2200.416504

Estimate of Covariance matrix for group : 2
3859.423584
-1501.9656454  217b.956543

Estimate of Covariance matrix for group : 3
2033.690430
-64.381004  2210.310547




Case 16. ¢ = 50
The mixing proportions = 0.33, 0.34, 0.33

Humber of iteratioms : 24
Estimate of mixing proportion for each group :
0.26f 0.321 0.419
Wumber assigned to each group :
536 613 851
Estimates of correct allocation rates for each group :
0.781  0.7562 0.801
Estimate of overall correct allocation rate : 0.780
Estimates of Nean vector of each group :
-1,830849  106.771919
-4.462615 0.612014
8.615784  5.186072.

Estimate of Covariance matrix for growp : 1
2756,4b6299
-1103.381226  2252.962801
Estimate of Covariance Natrix for growp : 2
2144 ,407471
137.807632 2309.318604

Estimate of Covariance matrix for group : 3

3087 .415527
-1477.998169  2506.156006
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Results of data generated from algorithm (2b}):-
Center of the Circle :- (0, 0}
Radius of the circle «- 10.0

Number of samples chosen :- 2000

_ _ ‘ 10,0 0.0
Commeon Dispersion matrix :-
0.0 10.0

Case 1) Number of classes :- 2 and |
(11.947064 0.031447)

( 1.776658 11.548863)

Initial estimates of mean vectors :-

Output:-
Number of iteratioms : 16
Estimate of mixing proportion for each group :
0.484 0.516
Number assigned to each group :
972 1028
Estimates of correct allocation rates for each group :
0.964  0.963 '
Estimate of overall correct allocation rate : (.963
Estinates of Mean vectors of each group
4,359812 -4.727197
-4,196358 4.698863
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Tstimate of the common Covariance matrix :

32.98b062
20.305113 20.168730

Case 2) Number of classes :- 2 and Initial estimates of means are the seeds of k-means

algorithm
Cutput:-

* Humber of iteratioms : 26

Estimate of mixing proportion for each group :
0.504 0.496

Number agsigned to each group :
1012 983

Fstimates of correct allocation rates for each group :

0.064 0.960

Tetimate of overall correct allocatlion rate : 0.962

Estimates of Mean vector of each group :
-3.44b137 -b.194888
3.390703 5.551369

tetimate of the common Covariance Hatrix :

39.587063
-18.200834 22.490250
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Case 3) Number of classes :- 4 and Initial estimates of means are the seeds of k-means

algorithm

Cutput:-

Number of iterations : 39

Estimate of mixing proportion for each group :
©0.363 0.324 0.143 0.170

Number assigned to each group :
735 641 287 337
Estimates of correct allocation rates for each group :
0.973  0.953  0.913  0.917 '
Estimate of overall correct allocation rate : 0.948
Estimates of Mean vector of each group :
. 1.167035 8.031337
-0.713467 ~-8.296684
9.604152 -1.406966
-9.539009 0.751386
Estimate of the common Covariance matrix :
21.935797
-1.853388 5.258699
See that in all the above cases the class means are symmetrically

placed with respect to the origin and the two axes.
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. The third appplication is done o the satellite image of Calcutta. Only the green and

infrared components are used for learning parameters and classification.

i) The following statistics are obtained when the algorithms 3.4 is run. They are based on

the data set containing every odd alternate pixel.

Number of iteratioms : 1%

Estimate of mixing proportion for each group :
0.068 0.301 0.034 0.136 0.165 0.045 0.251

Number assigned to each group :
3326 19969 22567 7827 10801 2380 18986

Estimates of correct allocation rates for each group :
0.586 0.860 0.994 0.531  0.674- 0.749

Estimate of overall correct allocation rate : 0.752

0.808

Estimates of Mean vectors of each group :

Concrete 28.984013 43.025143
Asphalt : 2b.b31445 29,564b81
River-water : 30.024694 = 21.184803
Semi-concrete : 27.628201  37,334278
Soil : 25,534307 39.20b6780
Clean-water : 22.202835 22.218414
Yegetation :  24.241061 33.804958
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Estimate of Covariance matrix for group :

14. 717172
-7.999398 42.856339

Estimate of Covariance matrix for group :

2.561580
1,008870 5.07485b

Estimate of Covariance matrix for group :

0.658370
~-0.232172 0.646024

Estimate of Covariance matrix for group :

4.431402
1.638282 71.782211

Estimate of Covariance matrix for group :

3.418793
1.521983 7.366956 -

Estimate of Covariance matrix for'group i

2.617187
2.667316 15.507127

Estimate of Covariance matrix for group :

2.107797
0.748398  4.141005

Concrete

Asphalt

River-water

Semi-concrete

501l

Clean-water

Vegetation



ii) The following statistics are based on the data set containing every even alternate pixel.

NHumber of iterations : 16

Estimate of mixing proportion for each group :

0.266 0.044 0,203 0.246 0.034 0,167 0.03%

Number assigned to each group :

17260 1661 145685 17913 2222 9634 2361

Estimates of correct allocation rates for each group :

0.830 0.47¢ 0.801 0.784 0.996 0.454  0.857

Estimate of overall correct allocﬁtion rate : 0.741

Estimate of Mean vector of each group :

Asphalt : 25.304504  20.245077
Concrete : 28.662436 - 43.270638
Soil : 25.252880  39.932442
Vegetation :  24.00541b 33.779476
River-water : 30.018211 21.121212
Semi-concrete : 26.911163  37.279162
Clean-water : 21.879150 21.443333

Estimate of Covariance matrix for group : Asphalt
2.090126
0.910376 4,69b774

Estimate of Covariance matrix for group : Concrete

16.957106
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-9.630012 66.457535
Egtimate of Covariance matrix for group : Soil
6.495150
0.313451 7.837987
Egtimate of Covariance matrix for group : Vegetation
1,917037
0.914022 5.678341

Estimate of Covariance matrix for groupf: River-water
0.606763
-0.213953 0.534497
Egtimate of Covariance matrix for group : Semi-concrete
3.121879
-1.420364 8.103225
Estimate of Covariance matrix for group : Clean-water

2.051969
1.12b721 11,567801

Classification of the Calcuita image using algorithm 3.5 for both the cases i) and ii) are
shown in figures 1-8. '
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4. The following is a comparison between the performances of k-means algorithm and the

mixture mode! approach. The data set is a random sample from the three component

mixture normal population with the foliowing parameters :

(0 0)
Mean vectors: (0 50 )
(60 0 )
L, : 100 0 226 0 406 9
Dispersion matrices: 1) 2) 3) _
0 100 0 225 0 400 j

Mixing proportion : (0.34 0.33 0.33)
Results :

a) k-means algorithm

Seeds are as follows:
-2.693713  2.055846
4.393713  48.604930
70.246826  2.413622
After classification the following statistics are obtained :
Number assigned to each group :
60 39 bl
Mean vectors for each group :
~1.803713 1,859846
3.323714 47.60347
68.687468 1.943136



Dispersion matrices Zor each group :
1) 104.344966 -6.583898
-6.568898 105.773b76

2) 265.285726 -22.754473
-22.754473 170.728603

3) 270.457421 19.223843
10,288843 422.085709

Performance:
Original | # obsarvations classified inte group
group 1 | 2 | J g_
! 5 r | 6
2 10 | 30 b
30 s 7 4

b) Mixture model apcroach :

Estimate of mixing zroportion for eack group
0.399 0.257 0.344

Number assigned to eack group
52 47 3

Estimates of correcs allocation rates for each group
0.983 0.97¢ 0.988
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kstimate of overall correct allocation rate 0.983
Estimate of Nean vector for each group :
~-0.184661 0.184974
0.224324  49.563162
61.804466 - 0.66467b
Estimate of Covariance matrices for each group
i} 98.376648
7.882300 110.117767

2)  264.230896
1.127595  179.682510

3)  285.730532
11.067012 428.002472

Performance;

Original |
| group |

# observations classified into group '
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