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Notations & Abbreviations

R the set of real numbers

N the set of positive integers

C, c or c′ positive constants whose values may change on each occurrence

C1, C2, . . . or c1, c2, . . . positive constants whose values are fixed throughout

f1 ≲ f2 f1, f2 ≥ 0 with f1 ≤ Cf2 for some C > 0.

f1 ≲R f2 f1, f2 ≥ 0 with f1 ≤ Cf2 for some C > 0, which depends on the choice of R.

f1 ≳ f2 f1, f2 ≥ 0 with f1 ≥ Cf2 for some C > 0.

f1 ≍ f2 f1, f2 ≥ 0 with Cf1 ≤ f2 ≤ C ′f1 for some C,C ′ > 0.

χE the indicator function on E.

1





Chapter 1

Introduction

One of the most key aspects of Harmonic Analysis is the study of the boundary behaviour of

solutions of Partial Differential Equations. The central theme of this thesis is to study such

problems for some suitable classes of Riemannian manifolds.

1.1 Restricted Mean Value Property

We recall that a continuous function in a domain D in Rn is harmonic if and only if it satisfies

the spherical mean value property (with respect to the surface volume measure) for all spheres

whose corresponding closed balls are contained in D. A classical problem which has been

considered by various authors is whether harmonicity still holds if one assumes a much weaker

version of the mean-value property. Namely, a continuous function on a domain D in Rn is said

to satisfy the restricted mean-value property (RMVP for short) if for each point x ∈ D, there

exists a sphere S of center x and some radius ρ(x), such that the corresponding closed ball is

contained in the domain D and u(x) equals the mean value of u on the sphere S. One can then

ask whether a function satisfying the restricted mean value property in D is harmonic in D.

For a bounded domain D, it turns out that the key factor in an answer to this question is

the boundary behaviour of the function. Indeed, if one assumes that the function u extends

continuously to the closure of the domain D, then Kellogg gave a simple argument to show that

the function must be harmonic ([Ke34]). Without any assumptions on the boundary behaviour,

there are counter-examples, which are unbounded (see page 22, [Li68]). In this context, Little-

wood asked (in [Li68]) for n = 2, whether the unboundedness is the only obstruction. In other

words, if the function satisfying the RMVP is also assumed to be bounded, then is it harmonic?

3



4 Chapter 1. Introduction

This is the classical ‘one-circle problem’ and in [HN94], Hansen and Nadirashvili showed that

the above problem has a negative answer, that is, there exists a continuous, bounded function

on the unit disk in R2 which satisfies RMVP but is not harmonic. The problem is still open for

n ≥ 3 however. Nevertheless, obtaining sufficient conditions for a function satisfying RMVP to

be harmonic has received considerable attention over the years, in particular from Fenton and

Hansen-Nadirashvili ([Fe76, Fe79, Fe87, HN93]).

While these authors considered this problem for domains in Rn, in chapter 2, we consider

this problem in the very general setting of a domain in a Riemannian manifold. The definition

of the RMVP in this setting needs some explanation. In a Riemannian manifold, it is not true

in general that harmonic functions satisfy the mean-value property with respect to mean-values

over geodesic spheres when the mean-value is taken with respect to the surface volume measure

induced by the Riemannian metric (although there is a special class of Riemannian manifolds for

which this holds, namely the harmonic manifolds, see [Wi50]). The mean-value property does

hold however, if one replaces the Riemannian measures on the geodesic spheres by the harmonic

measures on the spheres. These are certain measures on the spheres (or more generally on the

boundaries of precompact domains with smooth boundary in the manifold) which are mutually

absolutely continuous with respect the Riemannian surface volume measures. For the definition

of the harmonic measures we refer to section 2.2 of chapter 2.

The harmonic measures have the following property. For any harmonic function u on a

domain D in a Riemannian manifold M and any geodesic ball B such that B ⊂ D, one has the

following mean value property

u(z) =

∫
∂B
u(ξ)dµz,B(ξ) , (1.1.1)

where z is the center of B, and µz,B is the harmonic measure on ∂B with respect to z.

Thus harmonic functions on a Riemannian manifold do satisfy the mean-value property,

if one takes mean-values with respect to harmonic measures. This leads us to the following

definition:

Definition 1.1.1 (Restricted Mean-Value Property) Let D be a domain in a Riemannian

manifoldM . A continuous function u on D is said to satisfy the Restricted Mean Value Property

in D if for all z ∈ D, there exists 0 < ρ(z) < inj(z) (where inj(z) is the injectivity radius of z)

such that the closed ball B = B(z, ρ(z)) is contained in D, and the equality (1.1.1) holds.
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We now let M be a Riemannian manifold, and let D ⊂ M be any precompact domain in

M with smooth boundary such that the distance to the boundary d(z, ∂D) is smaller than

the injectivity radius inj(z), for all points z in D. In this setting we have Theorem 2.1.1

which states that if a bounded, real-valued, continuous function satisfying the RMVP in D also

admits boundary limits on a full measure (with respect to the Riemannian measure) subset of

the boundary ∂D, then the function is actually harmonic in D.

Our next result Theorem 2.1.2 does not assume boundedness nor any explicit boundary

behaviour of u, but rather assumes a suitable rate of decay of the radius function ρ(z) as z

tends to the boundary of D in terms of the modulus of continuity of u on compacts in D.

Theorems 2.1.1 and 2.1.2 generalize [Fe76, Theorems 2 and 1] for the unit disk in R2, to the

setting of smooth pre-compact domains in Riemannian manifolds.

We also have a result for when the boundary is “at infinity”. Namely, if we take M to be

a complete, simply connected Riemannian manifold of pinched negative curvature, then it has

infinite injectivity radius at each point, and we can consider functions on the whole manifold

M satisfying definition 1.1.1, where the domain D =M . In the previous two results where only

bounded domains were considered, the radius function z 7→ ρ(z) was bounded. Instead if we

take the domain D to be the whole manifold M , then it is natural to ask for an analogue of

Theorem 2.1.1 for the whole manifoldM , where the radius function is allowed to be unbounded.

In fact, we do have a result in this case too, with no restriction at all on the radius function

(see Theorem 2.1.3). In this case however, in place of the boundary ∂D, one needs to consider

the Gromov boundary ∂M of the Gromov hyperbolic space M , and the appropriate measure

class on the Gromov boundary in this context is the harmonic measure class (see section 2.2

of chapter 2 for the definitions of Gromov boundary and harmonic measures on the Gromov

boundary).

1.2 Carleson’s problem

In the previous section, we noted that the boundary behaviour of the function under consid-

eration was crucial in obtaining harmonicity. Following this general theme, we now look at

the celebrated Carleson’s problem regarding the regularity of the initial data and the pointwise

convergence of its Schrödinger propagation.
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In 1980, Carleson [Ca80] posed and solved the problem of determining the amount of reg-

ularity required on the initial data f , so that the solution of the one dimensional Schrödinger

equation 
i∂u∂t = ∂2u

∂x2
, (x, t) ∈ R× R

u(0, ·) = f , on R ,

converges pointwise to f , that is,

lim
t→0+

u(t, x) = f(x) , for almost every x ∈ R .

More precisely, Carleson proved that the pointwise convergence does hold true if f is compactly

supported and Hölder continuous of order > 1/4. On the other hand, Carleson also showed that

there exists a compactly supported function f on R which is Hölder continuous of order < 1/8,

for which the pointwise limit of the solution diverges almost everywhere. In 1982, Dahlberg and

Kenig [DK82] noted that the only property of compactly supported Hölder continuous functions

of order > 1/4, used by Carleson is that these functions belong to the inhomogeneous Sobolev

space H1/4(R), where

Hβ(R) :=
{
f ∈ L2(R) :

∫
R

(
1 + |ξ|2

)β ∣∣∣f̃(ξ)∣∣∣2 dξ <∞
}
.

Then they showed that the result of Carleson is actually sharp by constructing a counter-example

of a function belonging to Hβ(R) for β < 1/4, for which the pointwise limit of the solution of

the Schrödinger equation diverges almost everywhere. Subsequently they posed the question

in higher dimensions Rn, n ≥ 2, to determine the optimal regularity of the initial condition in

terms of its Sobolev index, so that the solution of the Schrödinger operator converges pointwise

to its initial data almost everywhere. This is the celebrated Carleson’s problem and for the last

five decades, it has stimulated extensive research.

In 1983, Cowling [Co83] studied the problem for a general class of self-adjoint operators on

L2(X) for a measure space X and obtained β > 1, to be a sufficient condition for the associated

Schrödinger operator. For Rn, in 1987, Sjölin [Sj87] improved the bound to β > 1/2, by means

of a local smoothing effect. This improvement was also independently obtained by Vega [Ve88]

in 1988. In 1990, Prestini [Pr90] solved the Carleson’s problem while specializing to radial

functions and obtained the dimension independent sharp bound β ≥ 1/4. After continuous

improvements made by several experts in the field, recently in 2017, the bound β > 1/3, was

obtained for R2 by Du-Guth-Li [DGL17] using polynomial partitioning and decoupling. Then
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in 2019, Du-Zhang [DZ19] obtained the bound β > n/2(n+ 1), for dimensions n ≥ 3, by using

decoupling and induction on scales. This bound is sharp except at the endpoint β = n/2(n+1),

due to a counterexample by Bourgain [Bo16]. Thus in the Euclidean setting, the Carleson’s

problem has been almost fully resolved.

In the case of a Riemannian manifold, where neither the doubling property holds nor a

dilation structure is available, the above mentioned Euclidean machineries work no longer and

thus it offers a fresh challenge. Recently in this regard, Wang and Zhang considered the problem

in the non-Euclidean setting of the Real Hyperbolic spaces and proved that β > 1/2, is a

sufficient condition for the pointwise convergence to hold true [WZ19, Theorem 1.1]. In [De25],

we improved the regularity threshold from β > 1/2 to β ≥ 1/4, while specializing to radial

initial data, on the vastly general setting of Damek-Ricci spaces, generalizing Prestini’s result

in Rn [Pr90].

Real Hyperbolic spaces are the simplest examples of rank one Riemannian Symmetric spaces

of noncompact type. On the other hand, the class of rank one Riemannian Symmetric spaces

of noncompact type (barring the degenerate case of the Real Hyperbolic spaces) is contained in

(and in fact accounts for a very small subclass of) the more general class of Damek-Ricci spaces

[ADY96, p. 643]. They are also known as Harmonic NA groups. These spaces S are non-

unimodular, solvable extensions of Heisenberg type groups N , obtained by letting A = R+ act

on N by homogeneous dilations (we refer to section 3.2 in chapter 3 for details). On a Damek-

Ricci space a function will be called radial if f(x) = f(y) whenever the geodesic distances of x

and y from the identity e are equal.

The above improvement in the regularity threshold for radial data in [De25] was obtained

by proving a boundedness result for the local Maximal function associated to the Schrödinger

equation. To explain this, we need to introduce some notations.

Let ∆ be the Laplace-Beltrami operator on S corresponding to the left-invariant Riemannian

metric. Its L2-spectrum is the half line (−∞,−Q2/4], where Q is the homogeneous dimension

of N . The Schrödinger equation on S is given by


i∂u∂t = ∆u , (x, t) ∈ S × R

u(0, ·) = f , on S .

(1.2.1)
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Then for a radial function f belonging to the L2-Schwartz class (see (3.2.7) for the definition),

Stf(x) :=

∫ ∞

0
φλ(x) e

it

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ , (1.2.2)

is the solution to (1.2.1), where φλ are the spherical functions, f̂ is the Spherical Fourier

transform of f and c(·) denotes the Harish-Chandra’s c-function.

To quantify the Carleson’s problem on S, for β ≥ 0, we recall the definition of the fractional

L2-Sobolev spaces on S for the special case of radial functions [APV15]:

Hβ(S) :=

f ∈ L2(S) : ∥f∥Hβ(S) :=

(∫ ∞

0

(
λ2 +

Q2

4

)β
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2

<∞

 .

(1.2.3)

We note that by the Plancherel theorem, ∥f∥H0(S) = ∥f∥L2(S).

Finally, we define the local maximal function associated to the solution (1.2.2),

S∗f(x) := sup
0<t<4/Q2

|Stf(x)| , x ∈ S . (1.2.4)

The main result in [De25] is the following L1
loc boundedness for the maximal function: for any

R > 0, on geodesic balls BR centered at the identity with radius R, there exists a constant

C > 0 (depending only on the dimension of S and R) such that

∥S∗f∥L1(BR) ≤ C ∥f∥H1/4(S) , (1.2.5)

holds for every radial L2-Schwartz class function f on S.

In [De25, Theorem 1.4], we also addressed the optimal regularity of the initial data in the

(degenerate) case of H3 ∼= SL(2,C)/SU(2), by showing that the boundedness property (1.2.5)

fails whenever β < 1/4. The methods employed in [De25, Theorem 1.4] however, do not seem

to have a straightforward generalization to the general setting of Damek-Ricci spaces, and thus

obtaining the optimal regularity becomes an interesting question on its own.

This leads us to the natural question of obtaining the complete description of the pairs

(q, β) ∈ [1,∞] × [0,∞) for which one has the following boundedness estimate for any R > 0,

and every radial L2-Schwartz class function f on S:

∥S∗f∥Lq(BR) ≲R ∥f∥Hβ(S) .
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In the classical Euclidean setting, this problem was studied by Sjölin and he obtained the

following [Sj97, Theorem 3]:

If β < 1/4, then (3.1.1) holds for no q.

If 1/4 ≤ β < n/2, then (3.1.1) holds if and only if q ≤ 2n/(n− 2β).

If β = n/2, then (3.1.1) holds if and only if q <∞.

If β > n/2, then (3.1.1)holds for all q.

(1.2.6)

In the case of H3, using the explicit expression of the spherical functions φλ, the Plancherel

measure and their close similarity with their Euclidean counterparts, proceeding as in the proof

of [De25, Theorem 1.4], one can reduce matters to R3 to get the exact result of Sjölin (1.2.6).

But in the general case of Damek-Ricci spaces (unlike H3), no explicit expression of φλ is known.

Moreover, the weight of the Plancherel measure exhibits dichotomy in asymptotics for small and

large frequencies (see [RS09, Lemma 4.8]):

|c(λ)|−2 ≍ |λ|2(1 + |λ|)n−3 , (1.2.7)

(whre n denotes the dimension of S). The same estimate is also valid for the Real hyperbolic

spaces Hn, for n ≥ 2. Thus the simple-minded approach of a straightforward reduction to the

Euclidean case (like H3) breaks down. Nevertheless, the investigation conducted on H3, serves

well to provide us with an interesting conjecture to explore the validity of the local mapping

properties of the Schrödinger maximal function [Sj97, Theorem 3], in the setting of Damek-

Ricci spaces. This we answer in the affirmative in Theorem 3.1.1. Consequently, we establish

the sharpness of β ≥ 1/4 for all Damek-Ricci spaces. We also obtain certain global estimates in

Theorems 3.1.3 and 3.1.4 .

In this thesis, we include the case when N is abelian and n coincides with its center in the

definition of H-type groups, as a degenerate case, so that the Real hyperbolic spaces are also

included in our discussion (see [CDKR98, pp. 209-210]).

1.3 Generalized Carleson’s problem

As discussed earlier, in [De25], we have proved that if f is radial and belongs to the Sobolev

space Hβ(S) for β ≥ 1/4, then the solution to the Schrödinger equation with initial data f
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converges to f , that is,

lim
t→0+

Stf(x) = f(x) , (1.3.1)

for almost every x ∈ S, with respect to the left Haar measure. Moreover, Theorem 3.1.1

establishes the sharpness of the endpoint β = 1/4. Interpreting the convergence (1.3.1) as

convergence along vertical lines (in the product space S × (0,∞)), it is natural to ask what

happens when the problem of (almost everywhere) pointwise convergence is considered along a

wider approach region, for instance, the non-tangential convergence.

For Rn, this question regarding non-tangential convergence has already been addressed. On

Rn, for β > n/2, by Sobolev imbedding and standard arguments, the non-tangential convergence

to the initial data holds. However, Sjögren and Sjölin showed in [SS89] that the non-tangential

convergence fails for β ≤ n/2. Now as their counter-example is a non-radial function, it is

natural to ask when the initial data is more symmetric, say radial, then can we have point-

wise convergence along wider approach regions. In Theorem 4.1.1, we answer this question in

the negative by constructing a radial initial data on the 3-dimensional Real Hyperbolic space

H3 ∼= SL(2,C)/SU(2), whose Schrödinger propagation blows up on geodesic annuli along wide

approach regions.

Theorem 4.1.1 shows that the solutions of the Schrödinger equation, unlike Harmonic func-

tions or solutions of the Heat equation, do not admit a natural wide approach region. Thus it

becomes interesting to study the pointwise convergence of solutions along appropriate curves

and its connection with the regularity of the initial data. Such problems have received consid-

erable interest in recent years: in dimension one, by Cho-Lee-Vargas [CLV12], Ding-Niu [DN17]

and in higher dimensions, by Cao-Miao [CM23], Minguillón [Mi24].

In [CM23] and [Mi24], the authors have shown that on Rn, the condition β > n/2(n + 1)

is sufficient to obtain almost everywhere pointwise convergence along certain families of curves.

Firstly, their arguments crucially use dilation and the explicit knowledge of its interaction with

the Fourier transform. In the case of a Riemannian manifold, where the volume measure neither

satisfies any doubling property nor does it admit dilation (such as Damek-Ricci spaces), the

above mentioned Euclidean machineries work no longer and thus it offers a fresh challenge.

Secondly, it is interesting to ask when the initial condition is more symmetric, for instance,

radial, whether one can lower the above mentioned regularity threshold and yet have pointwise

convergence.
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We then study the Generalized Carleson’s problem on pointwise convergence of solutions

of the Schrödinger equation on Damek-Ricci spaces along general curves that satisfy certain

Hölder conditions and bilipschitz conditions in the distance from the identity in Theorem 4.1.2

and Corollary 4.1.3. In the above results, we again obtain the sharp bound up to the endpoint

β ≥ 1/4. In Theorems 4.1.5 and 4.1.7, we also obtain certain Euclidean analogues (of Theorem

4.1.2) which can be interpreted as variations of results in [CM23] and [Mi24] (see Remark 4.1.8).

1.4 Organization of the thesis:

In chapter 2: in section 2.1, we state Theorems 2.1.1, 2.1.2 and 2.1.3 and outline the key

ideas. In section 2.2, we discuss the relevant preliminaries regarding Gromov hyperbolic spaces,

their boundaries, and harmonic measures. In section 2.3, we prove some crucial results on

concentration of harmonic measures and convergence of Poisson integrals. In section 2.4, we

construct an auxiliary subharmonic function which will play a central role in the proofs of our

main results. In section 2.5, we prove some useful L∞ maximum principles. In section 2.6, we

give proofs of Theorems 2.1.1, 2.1.2 and 2.1.3. Results of this chapter have appeared in [BiD24].

In chapter 3: in section 3.1, we state Theorem 3.1.1 and outline the key ideas. In section 3.2, we

recall certain aspects of Euclidean Fourier Analysis and the essential preliminaries about Damek-

Ricci spaces and Spherical Fourier Analysis thereon. In section 3.3, we prove two auxiliary

lemmata. The sufficient and necessary conditions of Theorem 3.1.1 are proved in sections 3.4

and 3.5 respectively. In section 3.6, Theorems 3.1.3 and Theorem 3.1.4 are proved. Some parts

of the results of this chapter have appeared in [De25].

In chapter 4: in section 4.1, we state Theorems 4.1.1, 4.1.2, 4.1.5 and 4.1.7 and outline the

key ideas. In section 4.2, we prove Theorem 4.1.1. In section 4.3, Theorem 4.1.2 is proved. In

section 4.4, Theorems 4.1.5 and 4.1.7 are proved.

In chapter 5: we conclude by making some remarks and posing some new problems.





Chapter 2

Restricted Mean Value Property on

Riemannian manifolds

2.1 Introduction

LetM be a Riemannian manifold, and let D ⊂M be any precompact domain inM with smooth

boundary, such that the distance to the boundary d(z, ∂D) is smaller than the injectivity radius

inj(z), for all points z in D. In this setting we have the following result:

Theorem 2.1.1 If u : D ⊂M → R is bounded, continuous, satisfies the Restricted Mean Value

Property in D and

lim
z→ξ
z∈D

u(z) = uξ exists for almost every ξ ∈ ∂D , (2.1.1)

with respect to the Riemannian measure on ∂D, then u is harmonic in D.

Our next result does not assume boundedness nor any explicit boundary behaviour of u, but

rather assumes a suitable rate of decay of the radius function ρ(z) as z tends to the boundary

of D in terms of the modulus of continuity of u on compacts in D. In order to state it, we

introduce some notation.

For a pre-compact domain D define,

rD := sup{d(x, ∂D) : x ∈ D} . (2.1.2)

13
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Then for a continuous function u on D, given ε > 0 and given r ∈ (0, 1), let δ(r, ε;u) be the

largest positive number such that

|u(z)− u(y)| ≤ ε

holds, provided

d(z, ∂D) ≥ (1− r)rD and d(z, y) ≤ δ(r, ε;u) .

Define a function r on D by r(z) := 1 − (d (z, ∂D) /2 rD) for z ∈ D, and note that for any

z ∈ D we have d(z, ∂D) ≥ (1− r(z))rD.

We then have:

Theorem 2.1.2 Let κ ∈ (0, 1), τ ∈ (0, 1) and let ε : (0, (1 − τ)rD] → (0,∞) be a continuous

function such that ε(r) → 0 as r → 0. Let u be a continuous function on D such that u satisfies

the Restricted Mean Value Property at each point z ∈ D on a geodesic sphere of radius ρ(z),

where

ρ(z) ≤


κ d(z, ∂D) if d(z, ∂D) ≥ (1− τ)rD

min {κ d(z, ∂D) , δ(r(z), ε(d(z, ∂D));u)} if d(z, ∂D) < (1− τ)rD .

Then u is harmonic in D.

Both results above follow the general scheme of the arguments in [Fe76], namely constructing

subharmonic and superharmonic functions v and w respectively such that w ≤ u ≤ v, and then

using the Maximum Principle to show that the nonnegative subharmonic function v−w vanishes

identically.

The two main ingredients required to carry out the above scheme are the following:

(1) Concentration of harmonic measures:

This states that if we have a sequence of points xn in balls Bn, such that the balls Bn

converge to a ball B and the points xn converge to a point ξ on the boundary of B, then the

harmonic measures µxn,Bn on the boundaries ∂Bn, with respect to the basepoints xn, converge

weakly to the Dirac mass δξ at ξ.

Note that if the sequence of balls is a constant sequence, Bn = B for all n, then this

fact follows immediately from the definition of harmonic measures in terms of solutions to the

Dirichlet problem. For a general nonconstant sequence of converging balls this is somewhat
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non-trivial however. In Euclidean space this concentration of measure is easy to prove using

the explicit formula for the Poisson kernels of the balls Bn. In a general Riemannian manifold,

we are faced with the lack of any explicit formulae for the Poisson kernel of geodesic balls,

and instead we use softer techniques, namely estimating harmonic measures by constructing

superharmonic barriers.

(2) Convergence of Poisson integrals:

This states that if u is bounded and we have a sequence of balls Bn in D converging to a ball

B in D, then the Poisson integrals of u on Bn converge pointwise on B to the Poisson integral

of u on B.

Again, in Euclidean space this follows easily from the explicit formula for the Poisson kernel

of a finite ball. In the case of a general Riemannian manifold, we prove this by writing the

Poisson integral in terms of Brownian motion, and then applying the Dominated Convergence

Theorem on the sample space of Brownian motion, i.e. the space of continuous paths in the

manifold.

We also have a result for when the boundary is “at infinity”. Namely, if we take M to be

a complete, simply connected Riemannian manifold of pinched negative curvature, then it has

infinite injectivity radius at each point, and we can consider functions on the whole manifold

M satisfying definition 1.1.1, where the domain D =M . In the previous two results where only

bounded domains were considered, the radius function z 7→ ρ(z) was bounded. Instead if we

take the domain D to be the whole manifold M , then it is natural to ask for an analogue of

Theorem 2.1.1 for the whole manifoldM , where the radius function is allowed to be unbounded.

In fact, we do have a result in this case too, with no restriction at all on the radius function.

In this case however, in place of the boundary ∂D, one needs to consider the Gromov boundary

∂M of the Gromov hyperbolic space M , and the appropriate measure class on the Gromov

boundary in this context is the harmonic measure class (see section 2.2 for the definitions of

Gromov boundary and harmonic measures on the Gromov boundary).

We then have the following:

Theorem 2.1.3 Let M be a complete, simply connected Riemannian manifold of dimension ≥

2, satisfying sectional curvature bounds −b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. Let u :M → R
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be a bounded, continuous function which satisfies the Restricted Mean Value Property. Suppose

lim
z→ξ
z∈M

u(z) = uξ , exists for almost every ξ ∈ ∂M , (2.1.3)

with respect to the harmonic measures on ∂M . Then u is harmonic in M .

We remark that any Riemannian symmetric space of noncompact type of rank one satisfies

the conditions of Theorem 2.1.3.

The proof of the above Theorem involves some new ingredients related to the geometry

of negatively curved manifolds. In particular, allowing the radius function ρ to be unbounded

necessitates an understanding of horoballs and how geodesic balls converge to horoballs. We also

need an L∞ version of the maximum principle for subharmonic functions, concerning boundary

values almost everywhere on the Gromov boundary with respect to harmonic measure, which

we prove using Brownian motion.

This chapter is organised as follows. In section 2.2, we discuss the relevant preliminaries

regarding Gromov hyperbolic spaces, their boundaries, and harmonic measures. In section

2.3, we prove the crucial results on concentration of harmonic measures and convergence of

Poisson integrals. In section 2.4, we construct an auxiliary subharmonic function which will

play a central role in the proofs of our main results. In section 2.5, we prove some useful L∞

maximum principles. In section 2.6, we give proofs of Theorems 2.1.1, 2.1.2 and 2.1.3.

2.2 Preliminaries

We recall briefly some basic properties of Gromov hyperbolic spaces and CAT(k) spaces, for

more details we refer to [BrH99].

A geodesic in a metric space X is an isometric embedding γ : I ⊂ R → X of an interval

into X. The metric space X is said to be geodesic if any two points in X can be joined by a

geodesic. A geodesic metric space X is said to be Gromov hyperbolic if there is a δ ≥ 0 such

that every geodesic triangle in X is δ-thin, i.e. each side is contained in the δ-neighbourhood

of the union of the other two sides.

The Gromov boundary of a Gromov hyperbolic space X is defined to be the set ∂X of

equivalence classes of geodesic rays in X. Here a geodesic ray is an isometric embedding γ :
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[0,∞) → X of a closed half-line into X, and two geodesic rays γ1, γ2 are said to be equivalent if

the set {d(γ1(t), γ2(t)) | t ≥ 0} is bounded. The equivalence class of a geodesic ray γ is denoted

by γ(∞) ∈ ∂X.

A metric space is said to be proper if closed and bounded balls in the space are compact. Let

X be a proper, geodesic, Gromov hyperbolic space. There is a natural topology onX := X∪∂X,

called the cone topology such that X is a compact metrizable space which is a compactification

of X. In this case, for every geodesic ray γ, γ(t) → γ(∞) ∈ ∂X as t → ∞, and for any

x ∈ X, ξ ∈ ∂X there exists a geodesic ray γ such that γ(0) = x, γ(∞) = ξ. We will refer to

neighbourhoods of ξ ∈ ∂X with respect to the cone topology as cone neighbourhoods.

For three points x, y, z ∈ X, the Gromov inner product of y, z with respect to x is defined to

be

(y|z)x :=
1

2
(d(x, y) + d(x, z)− d(y, z)).

We now recall the definition of CAT(k) spaces for some k < 0. For k < 0, a geodesic space

is called a CAT(k) space if all its geodesic triangles △ satisfy the CAT(k) inequality: for all

x, y ∈ △ and all comparison points x, y ∈ △ ⊂ H2(k), we have

d(x, y) ≤ d(x, y) .

If the space X is in addition a CAT(k) space for some k < 0, then for any x ∈ X, the Gromov

inner product (.|.)x : X × X → [0,+∞) extends to a continuous function (.|.)x : X × X →

[0,+∞], such that (ξ|η)x = +∞ if and only if ξ = η ∈ ∂X. This holds in particular if X is a

complete, simply connected Riemannian manifold of sectional curvature bounded above by k for

some k < 0, as it is well known by a Theorem of Alexandrov that such a manifold is a CAT(k)

space. In this case the compactification X is homeomorphic to the closed unit ball B ⊂ Rn, and

there is a homeomorphism ϕ : B → X such that the restriction to the open unit ball ϕ : B → X

is a diffeomorphism.

We now assume that X is such a negatively curved manifold, i.e. X is complete, simply

connected and with sectional curvature bounded above by −a2 for some a > 0. The Busemann

cocycle of X is the function B : X ×X × ∂X → R defined by

B(x, y, ξ) := lim
z→ξ

(d(x, z)− d(y, z)).
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The limit above exists, and the Busemann cocycle is a continuous function on X × X × ∂X.

Fix a basepoint o ∈ X. Then for any ξ ∈ ∂X and r ∈ R, the horoball based at ξ of radius r is

defined to be the set

H(ξ, r) := {x ∈ X | B(x, o, ξ) < r }.

The boundary of the horoball in X is given by the set

∂H(ξ, r) = {x ∈ X | B(x, o, ξ) = r }

and is called a horosphere based at ξ of radius r. The closures of the horoball and the horosphere

in X are given by the compact sets H(ξ, r) ∪ ∂H(ξ, r) ∪ {ξ} and ∂H(ξ, r) ∪ {ξ} respectively.

From the Busemann cocycle, one can also define functions on X called Busemann functions.

For this we fix a basepoint o ∈ X. Then for any ξ ∈ ∂X, we can define a function Bξ : X → R,

called the Busemann function based at ξ, which is given by

Bξ(x) = B(x, o, ξ).

It is well-known that the Busemann functions Bξ are C2, and the gradient of the Busemann

function has constant norm equal to one, ||∇Bξ|| ≡ 1. Note that the horospheres based at ξ,

∂H(ξ, r), r ∈ R, are the level sets of the Busemann function Bξ. Since the Busemann function

is C2 with nowhere vanishing gradient, it follows that the horospheres are C2 submanifolds of

X.

We will be needing some well-known results on the convergence of balls to horoballs and of

horoballs to horoballs. For any x ∈ X, let dx : X → R denote the distance function from the

point x, given by dx(y) = d(x, y), y ∈ X. Then for any ξ ∈ ∂X, if xn ∈ X is a sequence such

that xn → ξ as n→ ∞, then the functions dxn − d(o, xn) converge in C2 norm on compacts to

the Busemann function Bξ. Also, if ξn ∈ ∂X is a sequence such that ξn → ξ as n → ∞, then

the Busemann functions Bξn converge in C2 norm on compacts to the Busemann function Bξ.

It is well-known that if xn ∈ X is a sequence such that xn → ξ ∈ ∂X as n → ∞, and if

rn > 0 is a sequence such that rn− d(xn, o) → r ∈ R as n→ ∞, then the closed balls B(xn, rn)

converge to the closure of the horoball H(ξ, r) in X with respect to the Hausdorff topology on

compact subsets of X. Similarly, if ξn ∈ ∂X and rn ∈ R are sequences such that ξn → ξ, rn → r

as n→ ∞, then the closures in X of the horoballs H(ξn, rn) converge to the closure in X of the

horoball H(ξ, r), with respect to the Hausdorff topology on compact subsets of X.
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We also need to recall the definition of harmonic measures. These arise from the solution of

the Dirichlet problem. Given a precompact domain D with smooth boundary in a Riemannian

manifold, for any x ∈ D the harmonic measure on ∂D with respect to x is the probability

measure µx,D on ∂D defined by ∫
∂D

f dµx,D = uf (x)

for all continuous functions f on ∂D, where uf is the solution of the Dirichlet problem in D

with boundary value f . The harmonic measures µx,D are mutually absolutely continuous, in fact

they are absolutely continuous with respect to the Riemannian measure of ∂D. The harmonic

measure µx,D can also be described in terms of Brownian motion started at x. If (Bt)t≥0 is a

Brownian motion started at x, and τ is defined to be the first exit time from the domain D, i.e.

τ = inf{ t > 0 | B(t) /∈ D },

then we have ∫
∂D

f dµx,D = E(f(Bτ ))

for all continuous functions f on ∂D.

The harmonic measures also allow us to define the Poisson integral of any L∞ function

f ∈ L∞(∂D), which is a bounded harmonic function on D defined by

P [f ](x) :=

∫
∂D

f dµx,D , x ∈ D.

For a complete, simply connected Riemannian manifold X of pinched negative curvature, i.e.

with sectional curvature K satisfying −b2 ≤ KX ≤ −a2 for some positive constants b ≥ a > 0,

it is well-known that the Dirichlet problem at infinity is solvable ([AS85], [Su83]), and so in this

case one can also define a family of harmonic measures {µx}x∈X , which are probability measures

on ∂X defined by ∫
∂X

f dµx = uf (x)

for any continuous function f on ∂X, where uf is the solution of the Dirichlet problem at

infinity with boundary value f , i.e. uf is harmonic on X and uf (x) → f(ξ) as x → ξ ∈ ∂X,

for any ξ ∈ ∂X. As in the case of a bounded domain, the harmonic measures µx are mutually

absolutely continuous. As before, in this case also the harmonic measure µx can be described

in terms of Brownian motion started at x. If (B(t))t≥0 is a Brownian motion started at x,

then it is known ([Su83]) that almost every sample path of the Brownian motion converges to a
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(random) point B∞ in ∂X. This limiting point B∞ is a random variable taking values in ∂X,

whose distribution is precisely the harmonic measure µx; for any continuous function f on ∂X,

we have ∫
∂D

f dµx,D = E(f(B∞)).

As in the case of a precompact domain, in this case too we can define the Poisson integral of any

L∞ function on ∂X, where the measure class on ∂X is that defined by the harmonic measures.

As before, the Poisson integral of a function f ∈ L∞(∂X) is a bounded harmonic function on

X defined by

P [f ](x) :=

∫
∂X

f dµx , x ∈ X.

Finally, it is also possible to define harmonic measures on the boundaries of horoballs. While

any horoball H = H(ξ, r) is not precompact in X, it is nevertheless precompact in X, and its

boundary in X is given by the compactified horosphere S := ∂H ∪ {ξ}, which is a compact

subset of X. The Dirichlet problem for the horoball H can then be stated as follows: given

a continuous function f ∈ C(S), find a continuous extension u ∈ C(H ∪ S) such that u is

harmonic in H. It is well-known from the Perron method that the Dirichlet problem is solvable

if and only if there is a superharmonic barrier at each point of the boundary S = ∂H ∪ {ξ}.

For points z ∈ ∂H, the existence of a barrier follows from the fact that ∂H is C2, while for

the boundary point ξ ∈ ∂X of the horoball, one may take as a barrier a function of the form

ϕ(x) = exp(−δd(o, x)), x ∈ X, for any constant δ such that 0 < δ < (n− 1)a. Such a function is

known to be superharmonic on X, extends continuously to H∪S, and has the correct boundary

behaviour at ξ, namely ϕ(ξ) = 0 and ϕ(x) > 0 for all x ∈ (H ∪ S) \ {ξ}.

Thus the Dirichlet problem is solvable for the horoball H, and then as before the solution

of the Dirichlet problem gives rise to a family of harmonic measures µx,H on the boundary

S = ∂H ∪ {ξ} of the horoball in X.

2.3 Concentration of Harmonic measures and convergence of

Poisson integrals

2.3.1 Concentration of Harmonic measures

In this subsection we prove the results on concentration of measures mentioned in the Introduc-

tion. We show that the harmonic measures of the complement of a neighborhood of a boundary
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point of a limiting domain go to zero as the basepoints in a sequence of domains converge to

the boundary point. The following is our first result in this direction and uses the concept of

local superharmonic barriers.

Throughout M denotes a Riemannian manifold.

Lemma 2.3.1 Let D ⊂ M be a domain with C2 boundary. Let ξ ∈ ∂D, and let U be a

precompact neighborhood of ξ such that D ∩ U is C2-diffeomorphic to a closed half-ball in Rm.

Let {Dn}∞n=1 be a sequence of precompact domains in M with C2 boundary, and let {gn}∞n=1 be

a sequence of C2 local diffeomorphisms from U into M , with Un := gn(U) satisfying

(i) gn (U ∩ ∂D) = Un ∩ ∂Dn and gn (U ∩D) = Un ∩Dn , for all n ∈ N,

(ii) gn → id in C2 norm on U .

Then for yn ∈ Dn such that yn → ξ as n→ ∞, we have,

µyn,Dn(∂Dn \ U) → 0 as n→ ∞ .

Proof: Let W1,W2 be two neighborhoods of ξ such that W2 ⊂ W1 and W1 ⊂ U . Let φ ∈

C0(M) such that 0 ≤ φ ≤ 1 , φ ≡ 0 on W1 and φ ≡ 1 on M \ U . Then

µyn,Dn(∂Dn \ U) ≤
∫
∂Dn

φ(ζ) dµyn,Dn(ζ) = un(yn) , (2.3.1)

where un is the harmonic extension of φ|∂Dn to Dn.

Now by the regularity of D ∩ U , there exists a C2 diffeomorphism

ψ : U → V ⊂ Rm ,

such that V is an open neighborhood of 0 , ψ(ξ) = 0 ,

ψ(∂D ∩ U) = {x ∈ Rm : ∥x+ e1∥ = 1} ∩ V , (where e1 = (1, 0, . . . , 0))

ψ(D ∩ U \ {ξ}) ⊂ {x ∈ Rm : ∥x+ e1∥ ≤ 1} ∩ V \ {0} .

Let ξn := gn(ξ) ∈ Un ∩ ∂Dn for all n ∈ N. Then consider the C2 diffeomorphisms

ψn : Un → V ⊂ Rm ,
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defined by,

ψn = ψ ◦ g−1
n . (2.3.2)

Then we note that

ψn(ξn) = 0 ,

ψn(∂Dn ∩ Un) = {x ∈ Rm : ∥x+ e1∥ = 1} ∩ V , (where e1 = (1, 0, . . . , 0))

ψn(Dn ∩ Un \ {ξn}) ⊂ {x ∈ Rm : ∥x+ e1∥ ≤ 1} ∩ V \ {0} .

Now as gn → id in C2 norm on U , we have ξn → ξ. Moreover (2.3.2) implies that ψn → ψ

in C2 norm and hence, in particular
{
∥ψn∥C2(Dn∩Un)

}∞

n=1
is uniformly bounded.

For h ∈ C2(V ) , consider for n ∈ N , Lnh := (∆(h ◦ ψn)) ◦ ψ−1
n , which is a second order

elliptic operator,

Ln =
∑
i,j

aij,n
∂2

∂xi∂xj
+
∑
i

bi,n
∂

∂xi
.

By uniform boundedness of C2 norms of ψn, we get that for all n ∈ N, there exists λ1 , λ2 > 0

such that

∑
i,j

aij,n(x) vivj ≥ λ1∥v∥2 and

|bi,n(x)| ≤ λ2 , for all i , for all x ∈ V ∩ ψn(Dn ∩ Un) , v = (v1, . . . , vm) ∈ Rm .

Let s(x) := 1− eαx1 for α > 0. Then s(0) = 0 and

s({x ∈ Rm : ∥x+ e1∥ ≤ 1} \ {0}) ⊂ (0,∞) .

Also for all x ∈ V ∩ ψn(Dn ∩ Un) ,

Ln s(x) = −(α2 a11,n + α b1,n)e
αx1

≤ −(λ1 α
2 − λ2 α)e

αx1

≤ 0 , for α sufficiently large .
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It follows that sn := s ◦ ψn is superharmonic on Dn ∩ Un, with sn(ξn) = 0, for all n. Then by

choosing α sufficiently large in the definition of s and replacing s by 2s, we can ensure that

sn ≥ 1 on (Dn ∩ Un) \W2 ,

for large n.

We note due to hypothesis (ii), for large n, W2 ⊂ Un. Thus we extend sn to all of Dn by,

s̃n(z) =


min{1, sn(z)} if z ∈ Dn ∩W2

1 if z ∈ Dn \W2 .

We note that s̃n is superharmonic, non-negative and for n sufficiently large, s̃n ≥ φ on ∂Dn.

The last fact is seen as follows.

On ∂Dn ∩W2,

φ ≡ 0 ≤ s̃n ,

and on ∂Dn \W2,

φ ≤ 1 ≡ s̃n .

Hence by the maximum principle, it follows that for n large,

un(yn) ≤ s̃n(yn) ≤ sn(yn) . (2.3.3)

Now as yn → ξ and gn → id uniformly, it follows that g−1
n (yn) → ξ. Hence for n large,

sn(yn) = s(ψn(yn)) = s(ψ(g−1
n (yn))) → s(0) = 0 (2.3.4)

Hence, combining (2.3.1), (2.3.3) and (2.3.4), it follows that

µyn,Dn(∂Dn \ U) ≤ un(yn) ≤ sn(yn) → 0 as n→ ∞ .

□

Note that the above Lemma applies in particular if we have a sequence of ballsBn = B(xn, rn)

converging to a ball B = B(x, r) (meaning that xn → x and rn → r as n → ∞) and yn ∈ Bn
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converges to ξ ∈ ∂B, or if we have a sequence of balls Bn = B(xn, rn) converging to a horoball

H = H(ξ, r) (meaning that xn → ξ and rn− d(xn, o) → r as n→ ∞) and yn ∈ Bn converges to

z ∈ ∂H.

The next result can be viewed as a global analogue of Lemma 2.3.1 and uses the concept of

global barriers. In the statement of the Lemma below, closures of domains in M are taken in

the compactification M .

Lemma 2.3.2 Let M be a complete, simply connected Riemannian manifold, satisfying sec-

tional curvature bounds −b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. Let Wn be a sequence of

domains in M where Wn is either a ball, a horoball or the full space M such that Wn converges

to W in the Hausdorff topology on compacts in M , where W is either a horoball or the full space

M .

Let zn ∈ Wn be a sequence such that zn → ξ as n → ∞, for some ξ ∈ W ∩ ∂M . Then for

any cone neighborhood U of ξ,

µzn,Wn(∂Wn \ U) → 0 as n→ ∞ .

Proof: Passing to a subsequence we may assume that either all Wn = M or none of them is

M .

In the former case, the result follows from the solution of the Dirichlet problem on ∂M as

the harmonic measures µzn converge weakly to the Dirac mass at ξ.

In the latter case, Wn is either a ball or a horoball. Depending on the limiting domain, this

case has two subcases:

(i) the limiting domain is a horoball,

(ii) the limiting domain is all of M .

In case (i) let V be another cone neighborhood of ξ such that V ⊂ U . Let ψ ∈ C0(M) be such

that 0 ≤ ψ ≤ 1 , ψ ≡ 0 on V and ψ ≡ 1 on M \ U . Then note that

µzn,Wn(∂Wn \ U) ≤
∫
∂Wn

ψ(y) dµzn,Wn(y) = un(zn) , (2.3.5)

where un is the harmonic extension of ψ|∂Wn toWn. Now note that for n large enough, ∂Wn \V

is contained in a fixed ball B̃ centered at the origin.
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Fix a δ ∈ (0, (m−1)a), where m is the dimension ofM and −a2 is the assumed upper bound

on the sectional curvature. For such a δ, as shown in [AS85], the function

s(x) :=
1

ε
e−δ d(o,x) , x ∈M ,

is superharmonic on M .

Now there exists ε > 0 such that

e−δ d(o,x) > ε , for all x ∈ B̃ .

Then note that s is non-negative and s ≥ 1 on B̃ and hence also on ∂Wn \ V , for n large

enough. Thus for n sufficiently large, ψ ≤ s on ∂Wn. This is seen as follows.

On ∂Wn \ V

ψ ≤ 1 ≤ s ,

and on ∂Wn ∩ V

ψ ≡ 0 ≤ s .

Hence by the maximum principle, it follows that for n large enough,

un(zn) ≤ s(zn) . (2.3.6)

Then combining (2.3.5) and (2.3.6), it follows that

µzn,Wn(∂Wn \ U) ≤ un(zn) ≤ s(zn) =
1

ε
e−δ d(o,zn) → 0 as n→ ∞ .

This completes the proof for the case (i).

Now for case (ii) we start by noting that the Dirichlet problem is solvable for a cone neigh-

borhood U such that ∂U ∩M is C2 (we may assume without loss of generality that U satisfies

this hypothesis). This is seen as follows. By the well-known Perron method for the solution

of the Dirichlet problem, it is enough to show that there exists a barrier at each point of the

boundary ∂U ⊂M . For each point z ∈ ∂U ∩M on the finite part of the boundary, there exists

a barrier at z by the C2 regularity of ∂U ∩M . For a point η ∈ ∂U ∩ ∂M on the part of the

boundary of U in ∂M , we can use the fact that the Dirichlet problem is solvable for M : for a
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barrier at ξ we take the restriction to U of the harmonic extension of a function ψ ∈ C0(∂M)

such that ψ(η) = 0 and ψ(ζ) > 0 for all ζ ∈ ∂M − {η}.

Then as the domains Wn converge to all of M and zn → ξ, we have for large n, zn ∈ U but

Wn \ U is non-empty. Note that for any Brownian path which starts at zn and first exits the

domain Wn through ∂Wn \U , the first exit point of this path from U must lie in the finite part

∂U ∩M of ∂U . The probabilistic interpretation of harmonic measures then implies that

µzn,Wn (∂Wn \ U) ≤ µzn,U (∂U ∩M) . (2.3.7)

Now the solvability of the Dirichlet problem for U noted earlier implies that harmonic measures

on U with respect to zn converge weakly to the Dirac mass at ξ. This implies

µzn,U (∂U ∩M) → 0 , as n→ ∞ . (2.3.8)

from which it follows that

µzn,Wn (∂Wn \ U) → 0 , as n→ ∞ .

This completes the proof of the Lemma. □

2.3.2 Convergence of Poisson integrals

In this subsection we show that convergence of domains implies convergence of the corresponding

Poisson integrals of a function having nice boundary behaviour. We first prove some preliminary

results.

Lemma 2.3.3 Let B and D be pre-compact domains with smooth boundary such that B ⊂ D.

Let A ⊂ ∂B ∩ ∂D be such that µx,D(A) = 0 for all x ∈ D, then µx,B(A) = 0 for all x ∈ B.

Proof: Let x ∈ B. If the Brownian motion (Bt)t≥0 starting at x first exits the domain B via

the boundary portion A, then in particular it also first exits the domain D via the boundary

portion A. If τ1 and τ2 are the first exit times for the Brownian motion from the domains B

and D respectively, then we have

µx,B(A) = Pr{Bτ1 ∈ A} ≤ Pr{Bτ2 ∈ A} = µx,D(A) = 0 .
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□

Lemma 2.3.4 Let M be a complete, simply connected Riemannian manifold of dimension ≥ 2,

satisfying sectional curvature bounds −b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. Let H be a

horoball in M based at ξ ∈ ∂M . Let τ denote the first exit time of Brownian motion from H

Then:

(1) τ is finite almost surely.

(2) {ξ} is not an atom for the harmonic measures on the compactified horosphere ∂H ∪ {ξ}.

Proof: (1) Choose and fix an interior point z ∈ H. By taking limits of radii in Theorem

1.1 of [BH19] we get that the harmonic measure on ∂X with respect to z has no atoms. By

the probabilistic interpretation of the harmonic measures, it follows that for Brownian motion

starting from z, the limiting point B∞ lies in ∂X−{ξ} with probability 1. Since H∩∂M = {ξ},

this implies that with probability 1 the Brownian motion starting from z first exits H at some

finite boundary point of H (that is points lying on ∂H). Thus τ <∞ almost surely.

(2) The above means that

µz,H (∂H) = 1 ,

which implies

µz,H ({ξ}) = 0 .

As z was an arbitrary interior point, the result follows. □

Lemma 2.3.5 Let D be either of the following:

(1) A precompact domain in a Riemannian manifold M , or

(2) D = M , a complete, simply connected Riemannian manifold of pinched negative curvature

−b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. In this case D denotes the compactification M .

Let Wn ⊂ D be a sequence of domains such that Wn →W and ∂Wn → ∂W in the Hausdorff

topology on compacts in D, for some domain W ⊂ D.

Let γ : [0,∞) → M be a continuous path starting from some x ∈ W . Let τn, τ be the first

exit times of the path γ from Wn,W respectively.

Then τn → τ as n→ ∞.



28 Chapter 2. Restricted Mean Value Property on Riemannian manifolds

Proof: Note that the hypothesis of the Lemma implies that x ∈ Wn for all n large enough,

we only consider such n. We consider two cases:

(1) τ < +∞:

In this case, given ϵ > 0, by the definition of the first exit time there exists t > 0 with

τ < t < τ(γ) + ε such that γ(t) lies outside an open neighbourhood U of W . Then by the

Hausdorff convergence hypothesis, we haveWn ⊂ U for all n large enough, thus γ(t) lies outside

of Wn, and so τn ≤ t. Thus for n large,

τn ≤ t < τ + ε .

On the other hand by definition of the first exit time, the portion of the path γ([0, τ − ε]) is

contained in W − V for some open neighbourhood V of ∂W . By the Hausdorff convergence of

∂Wn to ∂W , for n large enough we have ∂Wn ⊂ V , thus γ([0, τ − ε]) is contained in Wn, hence

τn > τ − ϵ .

This completes the proof in the case τ < +∞.

(2) τ = +∞:

In this case, given T > 0, since τ = +∞ there exists a neighbourhood V of ∂W such that

γ([0, T ]) ⊂W −V . Now as before, the Hausdorff convergence implies that for all n large enough

we have ∂Wn ⊂ V , hence γ([0, T ]) ⊂ Wn and so τn ≥ T . It follows that τn → +∞ = τ as

n→ ∞. □

Lemma 2.3.6 Let D be either of the following:

(1) A precompact domain in a Riemannian manifold M , or

(2) D = M , a complete, simply connected Riemannian manifold of pinched negative curvature

−b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. In this case D denotes the compactification M .

Let Wn ⊂ D be a sequence of domains such that

� ∂Wn ∩ ∂D = ∅ ,

� Wn →W and ∂Wn → ∂W in the Hausdorff topology on compacts in D, for some domain

W ⊂ D.
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Moreover, in case (1) we assume that Wn and W are balls, while in case (2) we assume that

Wn are balls and W is either a ball, a horoball or all of M .

Let u be bounded, continuous on D and satisfy

lim
z→ξ
z∈D

u(z) = f(ξ) exists for almost every ξ ∈ ∂D , (2.3.9)

with respect to the harmonic measures on ∂D, where f is an L∞ function on ∂D.

Then the Poisson integrals of u on Wn converge pointwise on W to the Poisson integral of

u on W .

Proof: First let us assume that D is as in (1) that is a bounded, pre-compact domain. Then

W is either of the following:

(i) W is a ball in D such that ∂W ∩ ∂D has zero harmonic measure,

(ii) W is a ball in D such that ∂W ∩ ∂D has positive harmonic measure.

In both the cases (i) and (ii), by continuity, Lemma 2.3.3 and boundary behaviour (2.3.9),

it follows that boundary limits of u exist for almost all points on ∂W (with respect to the

Riemannian measure of ∂W ) and hence u defines an L∞ function on ∂W . Hence the Poisson

integral of u on W is well-defined.

We choose and fix x ∈ W . By convergence of domains, x ∈ Wn for all n sufficiently large.

We consider the Brownian motion (Bt)t≥0 starting at x. By convergence of first exit times in

Lemma 2.3.5, we have

Bτn → Bτ as n→ ∞ ,

on almost all Brownian paths, where τn, τ are the first exit times of the Brownian motion

(starting at x) from Wn,W respectively. Let A be the full harmonic measure set in ∂W where

boundary limits of u exist. Now by the probabilistic interpretation of harmonic measures, almost

all Brownian paths starting at x land in A. Consequently it follows that

u(Bτn) → u(Bτ ) almost surely as n→ ∞ .
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Then by boundedness of u, the Dominated Convergence Theorem is applicable on the prob-

ability space of Brownian paths starting at x and it yields,

E(u(Bτn)) → E(u(Bτ )) as n→ ∞ ,

that is, ∫
∂Wn

u(ξ) dµx,Wn(ξ) →
∫
∂W

u(ξ) dµx,W (ξ) ,

which gives the result in this case.

Now for the case when D is as in (2), W is one of the following:

(i) a ball,

(ii) a horoball,

(iii) all of M .

In case (ii) it follows from Lemma 2.3.4 that u is defined almost everywhere with respect to

the harmonic measure on ∂W , and so the Poisson integral of u on W is well-defined, while in

case (iii) we take the Poisson integral of u to be the Poisson integral of the boundary values on

∂M given by (2.3.9), which are defined almost everywhere with respect to harmonic measure

on ∂M . Thus in all cases the Poisson integral of u on W is well-defined.

Now for cases (i) and (ii), by Lemma 2.3.4, the first exit times are finite almost surely and

hence arguments similar to that in the case of bounded domains yield the result.

Finally, for case (iii), we choose and fix x ∈ M . Then x ∈ Wn, for n sufficiently large. By

Lemma 2.3.5, we have τn → ∞ almost surely as n→ ∞. Recalling from Sullivan’s result [Su83]

that the Brownian motion Bt converges almost surely as t tends to infinity to a random variable

B∞ taking values in ∂M , we have

Bτn → B∞ almost surely as n→ ∞.

Now the boundary limits of u exist for all points in a subset A ⊂ ∂M of full harmonic

measure. Since the harmonic measure on ∂M is the distribution of B∞, we have B∞ ∈ A

almost surely. It follows that

u(Bτn) → f(B∞) almost surely as n→ ∞
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Then by the Dominated Convergence Theorem on the probability space of paths, we get

∫
∂Wn

u(ξ)dµx,Wn(ξ) = E(u(Bτn)) → E(f(B∞)) =

∫
∂M

f(ξ)dµx(ξ) .

□

We now apply Lemma 2.3.6 to obtain the following more general version of convergence of

Poisson integrals:

Lemma 2.3.7 Let D be either of the following:

(1) A precompact domain in a Riemannian manifold M , or

(2) D = M , a complete, simply connected Riemannian manifold of pinched negative curvature

−b2 ≤ KM ≤ −a2, for some 0 < a ≤ b. In this case D denotes the compactification M .

Let Wn ⊂ D be a sequence of domains such that Wn →W and ∂Wn → ∂W in the Hausdorff

topology on compacts in D, for some domain W ⊂ D.

Moreover we assume that in case (1) Wn and W are balls, while in case (2) Wn and W are

either balls, horoballs or all of M .

Let u be bounded, continuous on D and satisfy

lim
z→ξ
z∈D

u(z) = f(ξ) exists for almost every ξ ∈ ∂D ,

with respect to the harmonic measures on ∂D.

Then the Poisson integrals of u on Wn converge pointwise on W to the Poisson integral of

u on W .

In fact the convergence is uniform on compacts in W .

Proof: We choose and fix x ∈ W . By convergence of domains, x ∈ Wn for all n sufficiently

large. For any such n, we can choose a ball Vn ⊂ D such that

� ∂Vn ∩ ∂D = ∅ ,

� x ∈ Vn ,
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� Hausdorff distances between the closures Vn and Wn, as well as the boundaries ∂Vn and

∂Wn are sufficiently small so that by Lemma 2.3.6, we have

|PVn [u](x)− PWn [u](x)| <
1

n
, (2.3.10)

where PVn [u] and PWn [u] are the Poisson integrals of u on Vn and Wn respectively, and

� Vn →W and ∂Vn → ∂W in the Hausdorff topology on compacts in D.

Then Lemma 2.3.6 implies that given ε > 0, for n sufficiently large, we have

|PVn [u](x)− PW [u](x)| < ε

2
, (2.3.11)

where PVn [u] and PW [u] are the Poisson integrals of u on Vn and W respectively. Then by

(2.3.10) and (2.3.11), for n large we have

|PWn [u](x)− PW [u](x)| < ε .

This proves the pointwise convergence of the Poisson integrals. The uniform convergence

on compacts of the Poisson integrals follows from this pointwise convergence and from the fact

that the Poisson integrals are uniformly bounded harmonic functions. The uniform boundedness

implies by classical results that the Poisson integrals are equicontinuous on compacts in W , and

the pointwise convergence implies the uniqueness of the limit of any subsequence which converges

uniformly on compacts, hence the whole sequence converges uniformly on compacts. □

2.4 Construction of an auxiliary subharmonic function

For z ∈ D, under the hypothesis of Theorem 2.1.1, we define ρ0(z) = d(z, ∂D) and let Fz be

the collection of harmonic extensions of u on balls B(x, r) where x ∈ D, r ≤ ρ0(x), z ∈ B(x, r)

and we have

u(x) =

∫
∂B(x,r)

u(y) dµx,B(x,r)(y)

(in the case where r = ρ0(x), we note that by Lemma 2.3.3, u is defined almost everywhere on

∂B(x, r) with respect to the harmonic measure on ∂B(x, r), and so by the harmonic extension

of u on B(x, r) we mean the Poisson integral of u on B(x, r)).
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For z ∈ D, under the hypothesis of Theorem 2.1.2, define ρ0 by,

ρ0(z) =


κ d(z, ∂D) if d(z, ∂D) ≥ (1− τ)rD

min{κ d(z, ∂D) , δ(r(z), ε(d(z, ∂D));u)} if d(z, ∂D) < (1− τ)rD ,

(2.4.1)

and let Fz be the collection of harmonic extensions of u on balls B(x, r) where x ∈ D, r ≤

ρ0(x), z ∈ B(x, r) and

u(x) =

∫
∂B(x,r)

u(y) dµx,B(x,r)(y) .

Finally for z ∈M , under the hypothesis of Theorem 2.1.3, we define Fz to be the collection

of

� harmonic extensions of u on balls B(x, r) ⊂M where z ∈ B(x, r) and

u(x) =

∫
∂B(x,r)

u(y) dµx,B(x,r)(y) ,

� harmonic extensions of u (i.e. the Poisson integral of the L∞ function u on the horospheres,

which is well-defined by Lemma 2.3.4) on horoballs that contain z,

� the harmonic extension of u (i.e. the Poisson integral of the L∞ function u on ∂M) on

M .

In the rest of this section D will be used to denote both a bounded, pre-compact domain (as in

Theorems 2.1.1, 2.1.2) as well as a negatively curved Hadamard manifold (as in Theorem 2.1.3)

according to context, with more details specified when required.

We now define,

v(z) := sup
h∈Fz

h(z) , for all z ∈ D. (2.4.2)

Then note that, since u satisfies the RMVP, for any z ∈ D there exists h ∈ Fz such that

u(z) = h(z), and hence

u(z) ≤ v(z) , for all z ∈ D. (2.4.3)

In the rest of this section we will prove some important properties of v.

Lemma 2.4.1 For all z ∈ D, there exists h ∈ Fz such that v(z) = h(z).
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Proof: Choose and fix z0 ∈ D. Let {hn}∞n=1 ∈ Fz0 such that

hn(z0) → v(z0) as n→ ∞ .

For each n ∈ N, let Wn be the domain such that hn is the harmonic extension of u on Wn (i.e.

the Poisson integrals of the L∞ function u on ∂Wn).

Passing to a subsequence, we may assume that Wn →W and ∂Wn → ∂W (for some domain

W such that W ⊂ D) in the Hausdorff topology on compacts in D. As z0 ∈ Wn for all n ∈ N,

there are three cases:

(i) W = {z0} ,

(ii) W is non-degenerate and z0 lies in the interior of W ,

(iii) W is non-degenerate and z0 ∈ ∂W ∩D.

In case (i), by continuity,

|hn(z0)− u(z0)| ≤
∫
∂Wn

|u(y)− u(z0)| dµz0,Wn(y)

≤ sup
y∈∂Wn

|u(y)− u(z0)| → 0 as n→ ∞ .

Hence,

v(z0) = u(z0) = h(z0) ,

where h is the harmonic extension of u on the ball B(z0, ρ(z0)) .

For case (ii), in the setting of Theorems 2.1.1 and 2.1.3, the hypothesis of Lemma 2.3.7 are

satisfied. The same is also true in the setting of Theorem 2.1.2, as by the condition (2.4.1), all

the domains Wn,W are contained in an open domain, say B such that B ⊂ D. Then since u

is continuous in B, the hypotheses of Lemma 2.3.7 applied to the function u on the domain B

are satisfied.

So now applying Lemma 2.3.7, we get

hn(z0) → h(z0) ,

where h is the harmonic extension of u on the limiting domain W (i.e. the Poisson integral of

the L∞ function u on ∂W ).
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Finally for case (iii), we note that in the setting of Theorems 2.1.1, 2.1.2, W is a ball in D

and in the setting of Theorem 2.1.3, W is either a ball or a horoball. Then by continuity, for a

given ε > 0, there exists δ > 0 such that

|u(y)− u(z0)| < ε/2 , for all y ∈ B(z0, δ) ⊂ D.

In the setting of Theorems 2.1.1, 2.1.3, set C := sup
D

|u| and in the setting of Theorem 2.1.2, set

C := sup
B

|u|, where B is a domain containing all Wn and W such that B ⊂ D. Then by Lemma

2.3.1, we get for n large,

|hn(z0)− u(z0)| ≤
∫
∂Wn∩B(z0,δ)

|u(y)− u(z0)| dµz0,Wn(y)

+

∫
∂Wn\B(z0,δ)

|u(y)− u(z0)| dµz0,Wn(y)

<
ε

2
+ 2C µz0,Wn(∂Wn \B(z0, δ))

< ε .

Hence,

v(z0) = u(z0) = h(z0) ,

where h is the harmonic extension of u on the ball B(z0, ρ(z0)) . □

Lemma 2.4.2 v is continuous and subharmonic in D.

Proof: First we show that v is continuous. Choose and fix z0 ∈ D. By Lemma 2.4.1 there

exists h ∈ Fz0 such that v(z0) = h(z0). Let W be the domain such that h is the harmonic

extension of u on W (i.e. the Poisson integral of the L∞ function u on ∂W ). Note that h ∈ Fz

for all z ∈W . Then by definition of v (see (2.4.2)), we have

v(z) ≥ h(z) for all z ∈W. (2.4.4)

Hence by continuity of h,

lim inf
z→z0

v(z) ≥ lim inf
z→z0

h(z) = h(z0) = v(z0) . (2.4.5)

Now for the limsup, we consider {zn}∞n=1 ⊂ D such that zn → z0 as n→ ∞. Let hn ∈ Fzn be

the harmonic extensions of u on the domains Wn (i.e. the Poisson integrals of the L∞ function
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u on ∂Wn) such that v(zn) = hn(zn). Passing to a subsequence, we may assume that Wn →W

and ∂Wn → ∂W (for some domainW such thatW ⊂ D) in the Hausdorff topology on compacts

in D. Again as in the proof of Lemma 2.4.1, we consider three cases.

If W = {z0}, then as in the proof of Lemma 2.4.1, continuity of u gives

v(zn) = hn(zn) → u(z0) ≤ v(z0) .

If W is non-degenerate and z0 lies in the interior of W , then for the harmonic extension of u

on W , say h (i.e. the Poisson integral of the L∞ function u on ∂W ), we get, by Lemma 2.3.7,

v(zn) = hn(zn) → h(z0) ≤ v(z0) .

In the third case, when W is non-degenerate and z0 ∈ ∂W ∩D, then the same argument as

in the proof of Lemma 2.4.1 using concentration of measure gives

v(zn) = hn(zn) → u(z0) ≤ v(z0) .

Combining all the cases, we get

lim sup
z→z0

v(z) ≤ v(z0) . (2.4.6)

From (2.4.5) and (2.4.6), it follows that v is continuous at z0. As z0 was arbitrarily chosen,

v is continuous in D.

To see that v is subharmonic in D, again choose and fix z0 ∈ D. Let h ∈ Fz0 be the harmonic

extension of u on a domain W (i.e. the Poisson integral of the L∞ function u on ∂W ) such that

v(z0) = h(z0). Then for all balls B compactly contained in W , by (2.4.4) we have

v(z0) = h(z0) =

∫
∂B
h(y) dµz0,B(y) ≤

∫
∂B
v(y) dµz0,B(y) .

Since subharmonicity is a local property, it follows that v is subharmonic in D. □

Our next Lemma shows that if u has nice boundary behaviour then so does v.

Lemma 2.4.3 Under the hypothesis of Theorem 2.1.1 or Theorem 2.1.3, if ξ ∈ ∂D such that

lim
z→ξ
z∈D

u(z) = uξ , then lim
z→ξ
z∈D

v(z) = uξ .
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Proof: Let ξ ∈ ∂D such that u has the mentioned boundary behaviour at ξ. Let {zn}∞n=1 ⊂ D

such that zn → ξ as n→ ∞. We will show that

v(zn) → uξ as n→ ∞ . (2.4.7)

This is seen as follows. By Lemma 2.4.1, there exist domains Wn such that Wn ⊂ D and the

harmonic extensions hn ∈ Fzn of u on Wn (i.e. the Poisson integrals of the L∞ function u on

∂Wn) satisfy v(zn) = hn(zn). We note that to show (2.4.7), it is enough to show that each

subsequence of {v(zn)}∞n=1 has a further subsequence which converges to uξ . So let {v(znk
)}∞k=1

be a given subsequence, which after relabelling we write as {v(zn)}∞n=1 .

Now in the setting of Theorem 2.1.1, there are two cases:

(i) diameters of Wn converge to 0,

(ii) diameters of Wn do not converge to 0.

In case (i), the domains Wn are balls and Wn → {ξ} in the Hausdorff topology on compacts

in D. Now as the radii of these balls are converging to 0, the second fundamental forms of the

∂Wn’s are going to +∞, whereas the second fundamental form of ∂D is bounded, hence for n

large, ∂Wn can intersect ∂D at most at one point (which has zero harmonic measure). Then by

the boundary behaviour of u at ξ, we have

|v(zn)− uξ| ≤
∫
∂Wn

|u(y)− uξ| dµzn,Wn(y)

≤ sup
y∈D∩B(ξ,ϵn)

|u(y)− uξ| → 0 as n→ ∞ .

(where ϵn = d(zn, ξ) + diam(Wn) → 0 as n→ ∞).

In case (ii) by passing to a subsequence, we may assume that Wn → W and ∂Wn → ∂W

(for some non-degenerate domain W such that W ⊂ D) in the Hausdorff topology on compacts

in D. Then using the boundary behaviour of u at ξ, given ε > 0, there exists δ > 0 such that

|u(y)− uξ| < ε/2 , for all y ∈ D ∩B(ξ, δ) . (2.4.8)

Set C := sup
D

|u|. Now if for all n large,

µzn,Wn(∂Wn ∩ ∂D) = 0 , (2.4.9)
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then for n large we have, by (2.4.8) and Lemma 2.3.1,

|v(zn)− uξ| =

∣∣∣∣∫
∂Wn∩D

(u(y)− uξ) dµzn,Wn(y)

∣∣∣∣
≤

∫
∂Wn\B(ξ,δ)

|u(y)− uξ| dµzn,Wn(y)

+

∫
∂Wn∩B(ξ,δ)∩D

|u(y)− uξ| dµzn,Wn(y)

≤ 2Cµzn,Wn(∂Wn \B(ξ, δ)) +
ε

2

< ε . (2.4.10)

On the other hand if (2.4.9) is not true for Wn, then we can consider balls Vn such that

� zn ∈ Vn,

� ∂Vn ∩ ∂D = ∅ ,

� the Hausdorff distance between the closures Vn and Wn, as well as the boundaries ∂Vn

and ∂Wn are sufficiently small so that for h̃n, the harmonic extensions of u on Vn, one has

by Lemma 2.3.7,

|h̃n(zn)− hn(zn)| <
1

n
, (2.4.11)

� Vn →W and ∂Vn → ∂W in the Hausdorff topology on compacts in D.

Then proceeding as in (2.4.10) for the domains Vn, we get for n large enough,

|h̃n(zn)− uξ| < ε . (2.4.12)

Finally, combining (2.4.11) and (2.4.12) we have for n large,

|v(zn)− uξ| ≤ |hn(zn)− h̃n(zn)|+ |h̃n(zn)− uξ| < 2ε .

This completes the proof of (2.4.7) in the setting of Theorem 2.1.1.

Then in the setting of Theorem 2.1.3, there are again two cases:

(i) diameters of Wn are bounded,

(ii) diameters of Wn are unbounded.
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In case (i), the domains Wn are balls and as their diameters are uniformly bounded it

follows that Wn → {ξ} in the cone topology. Then using the boundary behaviour of u at ξ and

proceeding as in case (i) in the scenario of bounded domains, we get the result.

Similarly, for case (ii), using the boundary behaviour of u at ξ, Lemma 2.3.2, Lemma 2.3.7

and proceeding as in case (ii) in the scenario of bounded domains, we get the result. □

Remark 2.4.4 One may also define w(z) := inf
h∈Fz

h(z), for all z ∈ D. Proceeding similarly as

above it can be shown that

� for all z ∈ D, there exists h ∈ Fz such that w(z) = h(z),

� w is continuous, superharmonic in D satisfying w(z) ≤ u(z), for all z ∈ D and

� under the hypothesis of Theorem 2.1.1 or Theorem 2.1.3, if ξ ∈ ∂D such that

lim
z→ξ
z∈D

u(z) = uξ , then lim
z→ξ
z∈D

w(z) = uξ .

This w will be useful for us.

2.5 Some L∞ maximum principles

In this section we prove some useful maximum principles. The first one is for pre-compact

domains D.

Lemma 2.5.1 Let φ be a bounded, continuous, real-valued subharmonic function on D such

that

lim
z→ξ
z∈D

φ(z) = f(ξ) ,

for almost every boundary point ξ, with respect to the harmonic measures on ∂D, where f ∈

L∞(∂D). Then

φ(x) ≤ P [f ](x) ,

for all x ∈ D, where P [f ] is the Poisson integral of f .

We also have an analogue of Lemma 2.5.1 for manifolds with pinched negative curvature.
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Lemma 2.5.2 Let φ be a bounded, continuous, real-valued subharmonic function on M (where

M is as in Theorem 2.1.3) such that

lim
z→ξ
z∈M

φ(z) = f(ξ) , (2.5.1)

for almost every ξ ∈ ∂M , with respect to the harmonic measures on ∂M , where f ∈ L∞(∂M).

Then

φ(x) ≤ P [f ](x) , (2.5.2)

for all x ∈M , where P [f ] is the Poisson integral of f .

The proofs of Lemmata 2.5.1 and 2.5.2 are similar. We only give the proof of Lemma 2.5.2.

Proof: [Proof of Lemma 2.5.2] Let x ∈ M , and for R > 0 let τR denote the first exit time of

Brownian motion started at x from the ball B(x,R). Since Brownian paths are continuous, it

follows that

τR → ∞ almost surely as R→ ∞.

Recalling Sullivan’s result ([Su83]) that almost surely the Brownian motion (Bt)t≥0 converges

to a point B∞ on the boundary ∂M , it follows that BτR → B∞ almost surely as R→ ∞.

Let A ⊂ ∂M be a set of full harmonic measure, µx(A) = 1, such that φ(z) → f(ξ) as z → ξ

for all ξ ∈ A. Since the harmonic measure µx on ∂M is the distribution of the random variable

B∞, it follows that B∞ ∈ A almost surely. Hence almost surely we have φ(BτR) → f(B∞) as

R→ ∞.

Since φ is bounded, the random variables {φ(BτR)}R>0 are uniformly bounded, thus by the

Dominated convergence Theorem we have

E(φ(BτR)) → E(f(B∞)) as R→ ∞. (2.5.3)

On the other hand, since φ is subharmonic in M , we have the sub-mean value property for

geodesic spheres, hence

φ(x) ≤ E(φ(BτR)) , for all R > 0 . (2.5.4)
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It follows from (2.5.3) and (2.5.4) that

φ(x) ≤ E(f(B∞)) =

∫
∂M

f(ξ)dµo(ξ) = P [f ](x)

as required. □

2.6 Proofs of the main results

For the reader’s convenience, let us recall the the two auxiliary functions constructed in Section

2.4: the subharmonic function v and the superharmonic function w (defined in (2.4.2) and

Remark 2.4.4 respectively).

Proof: [Proof of Theorem 2.1.1] By Lemma 2.4.3,

lim
z→ξ
z∈D

v(z) = uξ , for almost every ξ ∈ ∂D .

By remark 2.4.4 we also have,

lim
z→ξ
z∈D

w(z) = uξ , for almost every ξ ∈ ∂D .

Let φ := v − w. Then as by construction, w ≤ u ≤ v and by the maximum principle and

boundedness of u, both v and w are bounded, it follows that φ is a bounded, non-negative,

continuous, subharmonic function in D such that

lim
z→ξ
z∈D

φ(z) = 0 , for almost every ξ ∈ ∂D .

Then by Lemma 2.5.1,

φ ≤ 0 on D .

So φ vanishes identically on D. Therefore u, v and w are identically equal to each other on

D. Hence u is both subharmonic and superharmonic, that is, harmonic in D. □
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Proof: [Proof of Theorem 2.1.2] Let R ∈ (τ, 1) and let z ∈ D be such that

d(z, ∂D) ≤ (1− κ)(1−R)rD .

Then by Lemma 2.4.1, there exists a ball B(x, r) ⊂ D such that the harmonic extension h ∈ Fz

of u on B(x, r) satisfies v(z) = h(z). Moreover by (2.4.1),

d(x, ∂D) ≤ d(z, ∂D) + d(z, x)

≤ (1− κ)(1−R)rD + ρ0(x)

≤ (1− κ)(1−R)rD + κ d(x, ∂D)

Then an elementary computation along with the fact that κ ∈ (0, 1) implies that

d(x, ∂D) ≤ (1−R)rD . (2.6.1)

Now as R ∈ (τ, 1), from above it follows that

d(x, ∂D) ≤ (1−R)rD < (1− τ)rD ,

and hence by (2.4.1) we also have

d(z, x) < r ≤ ρ0(x) ≤ δ(r(x), ε(d(x, ∂D));u) . (2.6.2)

Then using (2.6.1) and (2.6.2) we get,

0 ≤ v(z)− u(z)

≤ |h(z)− u(x)|+ |u(x)− u(z)|

≤
∫
∂B(x,r)

|u(y)− u(x)| dµz,B(x,r)(y) + |u(x)− u(z)|

≤ sup
y∈∂B(x,r)

|u(y)− u(x)|+ |u(x)− u(z)|

≤ 2 ε(d(x, ∂D))

≤ 2 sup
t∈(0,(1−R)rD]

ε(t) → 0 , as R→ 1 .

Thus

(v − u)(z) → 0 uniformly as d(z, ∂D) → 0 .
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Using remark 2.4.4 and proceeding as above we also have,

(u− w)(z) → 0 uniformly as d(z, ∂D) → 0 .

Thus φ := v − w is a non-negative, continuous subharmonic function in D such that

φ(z) → 0 uniformly as d(z, ∂D) → 0 .

This implies that φ is also bounded in D. Then by Lemma 2.5.1,

φ ≤ 0 on D .

The remainder of the proof is as in the final paragraph of the proof of Theorem 2.1.1. □

Proof: [Proof of Theorem 2.1.3] By Lemma 2.4.3,

lim
z→ξ
z∈M

v(z) = uξ for almost every ξ ∈ ∂M .

Then using remark 2.4.4 and proceeding as in the proof of Theorem 2.1.1, we get that

φ := v − w, is a bounded, non-negative, continuous, subharmonic function in M such that

lim
z→ξ
z∈M

φ(z) = 0 for almost every ξ ∈ ∂M .

Then by Lemma 2.5.2,

φ ≤ 0 on M .

The remainder of the proof is as in the final paragraph of the proof of Theorem 2.1.1. □





Chapter 3

Mapping properties of the

Schrödinger maximal function on

Damek-Ricci spaces for radial initial

data

3.1 Introduction

In this chapter, we first obtain the complete description of the pairs (q, β) ∈ [1,∞]× [0,∞) for

which one has the following boundedness estimate for any R > 0, and every radial L2-Schwartz

class function f on Damek-Ricci spaces S:

∥S∗f∥Lq(BR) ≲R ∥f∥Hβ(S) , (3.1.1)

where BR is the geodesic ball on S with center e and radius R. The following is the exact

analogue of Sjolin’s result on Rn (see (1.2.6)) for S:

Theorem 3.1.1 (i) If β < 1/4, then (3.1.1) holds for no q ∈ [1,∞].

(ii) If 1/4 ≤ β < n/2, then (3.1.1) holds if and only if 1 ≤ q ≤ 2n/(n− 2β).

(iii) If β = n/2, then (3.1.1) holds if and only if 1 ≤ q <∞.

(iv) If β > n/2, then (3.1.1) holds for all q ∈ [1,∞].

45
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In the case of Rn, Sjölin’s proof of [Sj97, Theorem 3] hinges heavily on the small and large

argument asymptotics of the Bessel functions and the oscillation afforded by them and the

multiplier corresponding to the Schrödinger semigroup. Unlike in the Euclidean case, in the

general setting of Damek-Ricci spaces however, no explicit expression of the spherical functions

is known. In fact, it only admits certain series expansions (the Bessel series expansion and

a series expansion similar to the classical Harish-Chandra series expansion) depending on the

geodesic distance from the identity of the group. This motivates us to first impose suitable

restrictions on both the frequency of the Spherical Fourier transform of the initial condition as

well as on the spatial variable and then to study the boundedness of the linearized maximal

function for each such piece separately. Then Theorem 3.1.1 is eventually obtained by means of

a cumulative synthesis of these simpler components, which in a way, is much more illuminating.

More precisely, in order to study the sufficient conditions of Theorem 3.1.1, we first con-

sider the cases when the Spherical Fourier transform of the initial condition is supported in a

neighborhood of the origin and when it is supported away from the origin. In the first case, the

linearized maximal function is exceptionally well-behaved and is in fact quite straightforward to

control. The latter case however, is quite involved. In the large frequency regime, we decompose

the geodesic ball BR into a closed ball and an open annulus,

BR = BR0 ⊔A(R0, R) , for some R0 > 0 .

While estimating on the ball BR0 , we expand the spherical function in the Bessel series (see

Lemma 3.2.2) and decompose the linearized maximal function accordingly. By repeated appli-

cations of the Abel transform, followed by introducing a new Schwartz multiplier corresponding

to the ratio of the weights of the Plancherel measures on Rn and S, we are able to draw an Eu-

clidean connection to bound the first piece. The second piece is then taken care of by pointwise

estimates of certain error terms. This essentially builds up on the primitive ideas employed for

H3 in [De25].

On the other hand, for the annulus A(R0, R), there is no Bessel series expansion at our

disposal and hence the Euclidean connection mentioned above ceases to exist. Instead, we work

with a variation of the classical Harish-Chandra series expansion (see Lemma 3.2.3) which has

been recently obtained by Anker-Pierfelice-Vallarino [APV15]. Although this series expansion

looks similar to the classical Harish-Chandra series, it has the rather remarkable property of
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being constituted by coefficients having decay in the spectral parameter λ (see (3.2.8)), com-

pared to the mere boundedness in λ in the Harish-Chandra series. This extra decay makes

our life easy in the higher regularity regime (β > 1/2). But in the lower regularity scenario

(when 1/4 ≤ β ≤ 1/2), the above mentioned pointwise decay alone is apparently not sufficient.

The crux of the matter here is to invoke the oscillation afforded by φλ and the Schrödinger

multiplier. The oscillation of φλ is realized by looking at the leading terms in the series ex-

pansion. The corresponding oscillatory parts of the linearized maximal function are taken care

of by proceeding with an abstract TT ∗ argument, followed by an oscillatory integral estimate

and then finally applying the Pitt’s inequality. The remaining part of the linearized maximal

function is then dealt with by the pointwise decay of certain error terms appearing from the

series expansion due to Anker et. al., which turns out to be of critical importance.

Our study of the sufficient conditions for (3.1.1) gives rise to two critical endpoints β = 1/4

and n/2, on either sides of which the behavior of the local Schrödinger maximal function changes.

This is where our ‘piecewise’ approach helps us to identify that counter-examples can only occur

when the Spherical Fourier transform of the initial data is supported away from the origin. In

each of the three counter-examples, we weave several ideas explored in the study of the sufficient

conditions for different pieces of the linearized maximal function. In the process, we also obtain

the failure of the delicate local borderline fractional Sobolev embedding, which can be viewed

as a refinement of the corresponding global borderline fractional Sobolev embedding obtained

by Cowling-Giulini-Meda [CGM93, Theorem 4.7] (see remark 3.5.1) in the special case of rank

one Riemannian symmetric spaces of non-compact type.

Remark 3.1.2 1. Theorem 3.1.1 asserts the sharpness of β ≥ 1/4 for the problem of point-

wise convergence of the solution of the Schrödinger equation to its radial initial data

almost everywhere, considered in [De25] and thus generalizing [De25, Theorem 1.4] to all

Damek-Ricci spaces.

2. In the degenerate case of the Real hyperbolic spaces, the arguments presented in this

chapter can be carried out verbatim to obtain the analogue of Theorem 3.1.1.

3. In the definition of the maximal function (1.2.4) the time has been localized in the interval

(0, 4/Q2). It has been done as such, only to estimate some oscillatory integral (Lemma

3.3.2) more conveniently and in fact, it is easy to see that our results (Theorem 3.1.1)

continue to hold true when the time is instead localized in (0, c) for any c > 0.
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We now turn to global maximal estimates. On Rn, an interesting result in this direction is

the following transference principle obtained by Rogers [Ro08, Theorem 3]: the local estimate

∥∥∥∥ sup
0<t<1

∣∣eit∆Rnf
∣∣∥∥∥∥
L2(B(o,1))

≲ ∥f∥Hβ(Rn) ,

holds for β > β0 if and only if the global estimate

∥∥∥∥ sup
0<t<1

∣∣eit∆Rnf
∣∣∥∥∥∥
L2(Rn)

≲ ∥f∥Hβ(Rn) ,

holds for β > 2β0 . Then in view of Sjolin’s result (see (1.2.6)), one may expect the following

global estimate to hold true for radial initial data on Rn:

∥∥∥∥ sup
0<t<1

∣∣eit∆Rnf
∣∣∥∥∥∥
L2(Rn)

≲ ∥f∥Hβ(Rn) , for β > 1/2 . (3.1.2)

This was indeed proved by Sjölin [Sj97, Theorem 4] and moreover it was also proved that

(3.1.2) fails for any q < 2 . We have an analogue of this result for the special case of H3 ∼=

SL(2,C)/SU(2):

Theorem 3.1.3 For radial initial data f belonging to the L2-Schwartz class on H3, the global

estimate

∥S∗f∥L2(H3) ≲ ∥f∥Hβ(H3) , (3.1.3)

holds true for β > 1/2 and moreover, the estimate (3.1.3) fails for q < 2 .

It would be interesting to see if it is possible to generalize Theorem 3.1.3 to the setting of

Damek-Ricci spaces. For the time being however, we only have the following weak boundedness

result:

Theorem 3.1.4 For radial initial data f belonging to the L2-Schwartz class on a Damek-Ricci

space S, the global estimate

∥S∗f∥L2,∞(S) ≲ ∥f∥Hβ(S) , (3.1.4)

holds true for β > 1/2 .

This chapter is organized as follows. In section 3.2, we recall certain aspects of Euclidean

Fourier Analysis and the essential preliminaries about Damek-Ricci spaces and Spherical Fourier

Analysis thereon. In section 3.3, we prove two auxiliary lemmata. The sufficient and necessary
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conditions of Theorem 3.1.1 are proved in sections 3.4 and 3.5 respectively. In section 3.6,

Theorems 3.1.3 and Theorem 3.1.4 are proved.

3.2 Preliminaries

In this section, we recall the relevant preliminaries and fix our notations.

3.2.1 Fourier Analysis on Rn:

In this subsection, we recall some standard results from Euclidean Fourier Analysis, most of

which can be found in [Gr09, SW90]. On R, for “nice” functions f , the Fourier transform f̃ is

defined as

f̃(ξ) =

∫
R
f(x) e−ixξ dx .

An important inequality in one-dimensional Fourier Analysis is the Pitt’s inequality:

Lemma 3.2.1 [St56, p. 489] For β ≥ 0 and p ∈ (1, 2], one has the inequality

(∫
R

∣∣∣f̃(ξ)∣∣∣2 |ξ|−2βdξ

)1/2

≲

(∫
R
|f(x)|p |x|β1pdx

)1/p

,

where

β1 = β +
1

2
− 1

p
, 0 ≤ β1 < 1− 1

p
.

In the following,

S (R) =

{
f ∈ C∞(R) | sup

x∈R
(1 + |x|)N

∣∣∣∣∣
(
d

dx

)M
f(x)

∣∣∣∣∣ <∞,M,N ∈ N ∪ {0}

}
,

will denote the Schwartz class functions on R and S (R)e will denote the even functions in

S (R).

For α ∈ C with Re(α) > 0 the Riesz potential of order α is the operator

Iα = (−∆)−α/2 ,
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where ∆ = d2

dx2
, is the Laplacian on R. Iα can be explicitly written as,

Iα(f)(x) = Cα

∫
R
f(y) |x− y|α−1 dy ,

for some Cα > 0, whenever f ∈ S (R). For α > 0, the Fourier transform of the Riesz potential

of f ∈ S (R) satisfies the following identity:

(Iα(f))
∼(ξ) = Cα|ξ|−αf̃(ξ) . (3.2.1)

For a radial function f in Rn, n ≥ 2, the Euclidean spherical Fourier transform is defined as

Ff(λ) :=

∫ ∞

0
f(r)Jn−2

2
(λr) rn−1 dr , λ ∈ [0,∞),

where for all µ ≥ 0,

Jµ(z) = 2µ π1/2 Γ

(
µ+

1

2

)
Jµ(z)

zµ
,

and Jµ are the Bessel functions [SW90, p. 154].

If C∞(Rn)o denotes the class of smooth radial functions on Rn then using polar coordinates,

the class of radial Schwartz class functions on Rn can be defined as

S (Rn)o =

{
f ∈ C∞(Rn)o | sup

r>0
(1 + r)N

∣∣∣∣∣
(
d

dr

)M
f(r)

∣∣∣∣∣ <∞,M,N ∈ N ∪ {0}

}
,

where r = ∥x∥, is the distance of x ∈ Rn from the origin. It is known that

F : S (Rn)o → S (R)e,

defines a topological isomorphism.

For f ∈ S (Rn)o, using the Fourier transform, the solution to the Schrödinger equation:


i∂u∂t = ∆u , (x, t) ∈ Rn × R

u(0, ·) = f , on Rn ,

is given by,

u(∥x∥, t) =
∫ ∞

0
Jn−2

2
(λ∥x∥) eitλ2 Ff(λ) λn−1dλ .
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3.2.2 Spherical Fourier Analysis on Damek-Ricci spaces:

In this section, we will explain the notations and state relevant results from Spherical Fourier

analysis on Damek-Ricci spaces. Most of these results can be found in [ADY96, APV15, As95].

Let n be a two-step real nilpotent Lie algebra equipped with an inner product ⟨, ⟩. Let z

be the center of n and v its orthogonal complement. We say that n is an H-type algebra if for

every Z ∈ z the map JZ : v → v defined by

⟨JzX,Y ⟩ = ⟨[X,Y ], Z⟩, X, Y ∈ v

satisfies the condition J2
Z = −|Z|2Iv, Iv being the identity operator on v. A connected and

simply connected Lie group N is called an H-type group if its Lie algebra is H-type. Since n is

nilpotent, the exponential map is a diffeomorphism and hence we can parametrize the elements

in N = exp n by (X,Z), for X ∈ v, Z ∈ z. It follows from the Baker-Campbell-Hausdorff formula

that the group law in N is given by

(X,Z)
(
X ′, Z ′) = (X +X ′, Z + Z ′ +

1

2
[X,X ′]

)
, X,X ′ ∈ v; Z,Z ′ ∈ z.

The group A = R+ acts on an H-type group N by nonisotropic dilation: (X,Z) 7→ (
√
aX, aZ).

Let S = NA be the semidirect product of N and A under the above action. Thus the multipli-

cation in S is given by

(X,Z, a)
(
X ′, Z ′, a′

)
=

(
X +

√
aX ′, Z + aZ ′ +

√
a

2
[X,X ′], aa′

)
,

for X,X ′ ∈ v; Z,Z ′ ∈ z; a, a′ ∈ R+. Then S is a solvable, connected and simply connected Lie

group having Lie algebra s = v⊕ z⊕ R with Lie bracket

[
(X,Z, l) ,

(
X ′, Z ′, l′

)]
=

(
1

2
lX ′ − 1

2
l′X, lZ ′ − lZ + [X,X ′], 0

)
.

We write na = (X,Z, a) for the element exp(X +Z)a,X ∈ v, Z ∈ z, a ∈ A. We note that for

any Z ∈ z with

|Z| = 1, J2
Z = −Iv.

So, JZ defines a complex structure on v and hence v is even dimensional. mv and mz will denote

the dimension of v and z respectively. Let n and Q denote dimension and the homogenous
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dimension of S respectively:

n = mv +mz + 1 and Q =
mv

2
+mz.

The group S is equipped with the left-invariant Riemannian metric induced by

⟨(X,Z, l), (X ′, Z ′, l′)⟩ = ⟨X,X ′⟩+ ⟨Z,Z ′⟩+ ll′ (3.2.2)

on s. The corresponding inner metric is denoted by d(·, ·). For x ∈ S, we denote by s = d(e, x),

the geodesic distance of x from the identity e. Then the left Haar measure dx of the group S

may be normalized so that

dx = A(s) ds dσ(ω) ,

where the density function A is given by [ADY96, Eqn. (1.16), p. 647],

A(s) = 2mv+mz (sinh(s/2))mv+mz (cosh(s/2))mz ,

and dσ is the surface measure of the unit sphere. Using well-known estimates of hyperbolic

functions, it follows that

A(s) ≍


sn−1, 0 < s < R <∞ ,

eQs, R < s <∞.

(3.2.3)

The above expression shows that S is of exponential volume growth.

A function f : S → C is said to be radial if, for all x in S, f(x) depends only on the geodesic

distance of x from the identity e. If f is radial, then it follows from the expression of the left

Haar measure given above that

∫
S
f(x) dx =

∫ ∞

0
f(s) A(s) ds .

We now recall the spherical functions on Damek-Ricci spaces. The spherical functions φλ on

S, for λ ∈ C are the radial eigenfunctions of the Laplace-Beltrami operator ∆, satisfying the
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following normalization criterion


∆φλ = −

(
λ2 + Q2

4

)
φλ

φλ(e) = 1 .

For all λ ∈ R and x ∈ S, the spherical functions satisfy the relation

φλ(x) = φλ(s) = φ−λ(s) .

Moreover, for all λ ∈ R and all s ≥ 0:

|φλ(s)| ≤ 1 . (3.2.4)

For “nice” radial functions f , defined on S, the spherical Fourier transform of f is defined

by the following formula:

f̂(λ) :=

∫
S
f(x)φλ(x)dx =

∫ ∞

0
f(s)φλ(s)A(s)ds, λ ∈ (0,∞) .

For “nice” radial functions f we have the following Fourier inversion formula:

f(x) = C

∫ ∞

0
f̂(λ)φλ(x)|c(λ)|−2dλ ,

where C depends only on mv and mz. Moreover, the Spherical Fourier transform extends to

an isometry from the space of radial L2 functions on S onto L2
(
(0,∞), C|c(λ)|−2dλ

)
. Here, c

denotes Harish-Chandra c-function which is given by the formula

c(λ) =
2(Q−2iλ)Γ(2iλ)

Γ
(
Q+2iλ

2

) Γ
(
n
2

)
Γ
(
mv+4iλ+2

4

) , (3.2.5)

for all λ ∈ R \ {0}. From the above formula one can deduce that for j ∈ N ∪ {0}, we have the

following derivative estimates ([As95, Lemma 4.2]):

∣∣∣∣ djdλj |c(λ)|−2

∣∣∣∣ ≲j (1 + |λ|)n−1−j , λ ∈ R. (3.2.6)

Next, we need to introduce the notion of Schwartz class. Since S is of exponential volume

growth the requirement of Lp containment implies that the definition of Schwartz class should

involve p. In this paper it will be sufficient to deal with the case p = 2. We therefore define
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S 2(S)o, the class of radial L2-Schwartz class functions on S by

S 2(S)o

=

{
f ∈ C∞(S)o | sup

s>0
(1 + s)Ne

Q
2
s

∣∣∣∣∣
(
d

ds

)M
f(s)

∣∣∣∣∣ <∞, {M,N} ⊂ N ∪ {0}

}
, (3.2.7)

where C∞(S)o is the set of radial smooth functions on S (see [ADY96, p. 652]).

One important tool which relates the spherical Fourier transform on S with the Fourier

transform on R is the so called Abel transform (see [ABCS, RS09]). Indeed, we have the

following commutative diagram, where every map is a bijection:

S 2(S)o S (R)e

S (R)e

AS,R

∧ ∼

� AS,R is the Abel transform defined from S 2(S)o to S (R)e .

� ∧ denotes the Spherical Fourier transform from S 2(S)o to S (R)e .

� ∼ denotes the 1-dimensional Euclidean Fourier transform from S (R)e to itself.

For more details regarding the Abel transform, we refer the reader to [ADY96, p. 652-653].

These have been generalized to the setting of Chébli-Trimèche Hypergroups [BX98], whose

simplest case is that of radial functions on Rn.

Our next topic is a detailed description of the elementary spherical functions φλ. For the

purpose of this article, we will need two different series expansions of the elementary spherical

functions. The first one is an expansion of φλ in terms of Bessel functions for points near the

identity. To describe it we need to define the following normalizing constant in terms of the

Gamma functions,

c0 = 2mz π−1/2 Γ(n/2)

Γ((n− 1)/2)
.

The first series expansion mentioned above is given by the following lemma.
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Lemma 3.2.2 [As95, Theorem 3.1] There exist R0, 2 < R0 < 2R1, such that for any 0 ≤ s ≤

R0, and any integer M ≥ 0, and all λ ∈ R, we have

φλ(s) = c0

(
sn−1

A(s)

)1/2 M∑
l=0

al(s)Jn−2
2

+l(λs)s
2l + EM+1(λ, s) ,

where

a0 ≡ 1 , |al(s)| ≤ C(4R1)
−l ,

and the error term has the following behaviour

|EM+1(λ, s)| ≲M


s2(M+1) if |λs| ≤ 1

s2(M+1)|λs|−(
n−1
2

+M+1) if |λs| > 1 .

Moreover, for every 0 ≤ s < 2, the series

φλ(s) = c0

(
sn−1

A(s)

)1/2 ∞∑
l=0

al(s)Jn−2
2

+l(λs)s
2l ,

is absolutely convergent.

For the asymptotic behaviour of φλ away from the identity, we have the following series

expansion which is analogous to the classical Harish-Chandra series (but with better behaving

coefficients):

Lemma 3.2.3 [APV15, pp. 735-736, Lemma 1] For λ ∈ R \ {0}, the series

φλ(s) = 2−mz/2A(s)−1/2

c(λ)

∞∑
µ=0

Γµ(λ)e
(iλ−µ)s + c(−λ)

∞∑
µ=0

Γµ(−λ)e−(iλ+µ)s

 ,

converges uniformly on compacts not containing the group identity, where Γ0 ≡ 1 and for µ ∈ N,

one has the recursion formula,

(µ2 − 2iµλ)Γµ(λ) =

µ−1∑
j=0

ωµ−jΓj(λ) .

The coefficients Γµ(λ) satisfy the following estimate: there exist constants C > 0, d ≥ 0 such

that

|Γµ(λ)| ≤ Cµd(1 + |λ|)−1 , (3.2.8)
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for all λ ∈ R \ {0}, µ ∈ N. Consequently, for λ ∈ R \ {0} and s belonging to compact sets in

(0,∞), one can write φλ as

φλ(s) = 2−mz/2A(s)−1/2
{
c(λ)eiλs + c(−λ)e−iλs

}
+ E(λ, s) ,

where

E(λ, s) = 2−mz/2A(s)−1/2

c(λ)

∞∑
µ=1

Γµ(λ)e
(iλ−µ)s + c(−λ)

∞∑
µ=1

Γµ(−λ)e−(iλ+µ)s

 ,

and thus

|E(λ, s)| ≲ A(s)−1/2 |c(λ)| (1 + λ)−1 .

Remark 3.2.4 (1) As a consequence of Lemma 3.2.3, for any positive constant c, one has

the following pointwise estimate of φλ:

|φλ(s)| ≲ |c(λ)|e−
Q
2
s, λ > 0, s > c. (3.2.9)

(2) For the degenerate case of the Real hyperbolic spaces Hn, the relevant preliminaries and

the series expansions of φλ can be found in [An91, ST78, AP14]. So the arguments of our

main theorem can be carried out verbatim for Hn, n ≥ 2.

We will also have the occasion to talk about Lorentz spaces. In this regard, the space L2,∞(S)

is defined to be the collection of functions f defined on S such that

∥f∥L2,∞(S) := sup
t>0

t df (t)
1/2 <∞ , (3.2.10)

where df is the distribution of f ,

df (t) := |{x | |f(x)| > t}| .

We will also require the following information for H3. For details, we refer to [He00]. Let

G = SL(2,C) and K be its maximal compact subgroup SU(2). Here,

A =

at =
et 0

0 e−t

 : t ∈ R

 ,
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and Σ+ consists of a single root α that occurs with multiplicity 2. We normalize α so that

α(log at) = t. Every λ ∈ C can be identified with an element in a∗C by λ = λα. We see that in

this identification (the half-sum of positive roots counted with multiplicity) ρ = 1, Q = 2ρ = 2

and

G/K ∼= H3 ,

where H3 is the 3-dimensional Real Hyperbolic space with constant sectional curvature −1.

Then by [He00, p. 432, Theorem 5.7] we get the following information for G/K:

� For λ ∈ (0,∞), the Spherical function φλ is given by,

φλ(s) =
sin(λs)

λ sinh(s)
.

� The G-invariant Riemannian measure on G/K is sinh2 s ds dk, where ds and dk are the

Lebesgue measure on (0,∞) and the Haar measure on SU(2) respectively.

� Plancherel measure: λ2 dλ, where dλ is the Lebesgue measure on (0,∞).

3.3 Two auxiliary lemmata

In this section, we prove two auxiliary lemmata. The first one is a one-one correspondence

between radial Schwartz class functions on S and Rn whose Spherical Fourier transforms are

supported away from the origin.

We start off by defining

S (R)∞e := {g ∈ S (R)e | 0 /∈ Supp(g)}.

So, S (R)∞e is the collection of all even Schwartz class functions on R which are supported

outside an interval containing 0. Then we look at

S (Rn)∞o := F−1 (S (R)∞e ) , and S 2(S)∞o := ∧−1 (S (R)∞e ) .

We now present the following one-one correspondence:
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Lemma 3.3.1 For each f ∈ S 2(S)∞o , there exists a unique g ∈ S (Rn)∞o (and conversely)

such that

λn−1Fg(λ) = |c(λ)|−2f̂(λ) ,

for all λ ∈ (0,∞) .

Proof: By the properties of the Abel transform described before, we have the following com-

mutative diagram,

S 2(S)o S (R)e S (Rn)o

S (R)e

AS,R

∧ ∼

ARn,R

F

where ARn,R is the Abel transform defined from S (Rn)o to S (R)e. As all the maps above are

bijections, by defining

A := A −1
Rn,R ◦ AS,R,

we reduce matters to the following simplified commutative diagram:

S 2(S)o S (Rn)o

S (R)e

A

∧ F

Then by the definition of the spaces S (R)∞e , S (Rn)∞o and S 2(S)∞o , the above commutative

diagram descends to the following, where every arrow is again a bijection:

S 2(S)∞o S (Rn)∞o

S (R)∞e

A

∧ F

Consequently, for f ∈ S 2(S)∞o , there exists a unique A f ∈ S (Rn)∞o (and conversely) such

that

f̂(λ) = F (A f)(λ) . (3.3.1)
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Next let us define a map m : S (R)∞e → S (R)∞e , by the formula

m(κ)(λ) :=
|c(λ)|−2

λn−1
κ(λ).

Because of the derivative estimates of |c(λ)|−2 (see (3.2.6)), the map m is well defined and is a

bijection with the inverse given by,

m−1(κ)(λ) :=
λn−1

|c(λ)|−2κ(λ).

As the Euclidean Fourier transform F is a bijection between S (Rn)∞o and S (R)∞e , we get an

induced map M obtained by conjugating m with F , which is a bijection from S (Rn)∞o onto

itself:

S (Rn)∞o S (Rn)∞o

S (R)∞e S (R)∞e

M

F F

m

Thus by (3.3.1), we get the unique choice M(A f) ∈ S (Rn)∞o such that

F (M(A f))(λ) =
|c(λ)|−2

λn−1
F (A f)(λ) =

|c(λ)|−2

λn−1
f̂(λ) . (3.3.2)

We are thus through by defining g = M(A f) . □

We now turn to an oscillatory integral estimate which will be crucial for the proof of Theorem

3.1.1. Here R0 is the positive constant as in Lemma 3.2.2.

Lemma 3.3.2 Let t : (0,∞) → (0, 4/Q2) be a measurable function and R > R0. Then for

s, s′ ∈ (R0, R),

∣∣∣∣∣∣∣
∫ ∞

1
R0

e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣ ≲
(

1

|s− s′|1/2
+ 1

)
,

where the implicit constant depends only on mv,mz, R0 and R.
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Proof: By [De25, Lemma 3.1], there exists a constant B(n) > R0, depending only on the

dimension n such that for all s, s′ ∈ (R0, R),

∣∣∣∣∣∣∣
∫ ∞

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣ ≲
1

|s− s′|1/2
, (3.3.3)

with the implicit constant depending only on mv,mz and R.

Now as s, s′ ∈ (R0, R), it follows that

B(n)

R
< max

{
B(n)

s
,
B(n)

s′

}
<
B(n)

R0
.

Thus if max
{
B(n)
s , B(n)

s′

}
≤ 1

R0
, then

∣∣∣∣∣∣∣
∫ 1

R0

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣ ≤
∫ 1

R0

max
{

B(n)
s
,
B(n)

s′

} dλ

λ1/2

≤
∫ 1

R0

B(n)
R

dλ

λ1/2
. (3.3.4)

Thus it is justified to decompose the following integral as

∫ ∞

1
R0

e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

=

∫ ∞

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

−
∫ 1

R0

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ .
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Hence by (3.3.3) and (3.3.4), we get that

∣∣∣∣∣∣∣
∫ ∞

1
R0

e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫ ∞

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
∫ 1

R0

max
{

B(n)
s
,
B(n)

s′

} e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

)1/4 dλ

∣∣∣∣∣∣∣
≲

(
1

|s− s′|1/2
+ 1

)
.

The case when max
{
B(n)
s , B(n)

s′

}
> 1

R0
can be argued similarly. □

3.4 Boundedness of the maximal function

In this section, we prove the sufficient conditions of Theorem 3.1.1. In order to study the

boundedness of the maximal function (1.2.4), it suffices to consider the linearized maximal

function,

Tf(s) := St(s)f(s) =

∫ ∞

0
φλ(s) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ , (3.4.1)

for f ∈ S 2(S)o and prove

∥Tf∥Lq(BR) ≲ ∥f∥Hβ(S) . (3.4.2)

In the above, t(·) : S → (0, 4/Q2) is a radial measurable function on S.

We first work out the cases when the Spherical Fourier transform of f is either supported

near the origin or away from the origin, in subsections 3.4.1 and 3.4.2 respectively. Then in

subsection 3.4.3, we give the proof for the general case.

3.4.1 Initial condition with Spherical Fourier transform having small fre-

quencies

In this subsection, we work under the assumption that Supp(f̂) ⊂ [0,Λ) for some Λ ∈ (0,∞).

In this case we have:
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Lemma 3.4.1 (3.4.2) holds for all β ∈ [0,∞) and all q ∈ [1,∞].

Proof: The proof follows from the boundedness of φλ (3.2.4), an application of Cauchy-

Schwarz inequality and the small frequency asymptotics of the density of the Planchrel measure

given in (1.2.7). Indeed, for any 0 < s < R,

|Tf(s)| ≤
∫ Λ

0

∣∣∣f̂(λ)∣∣∣ |c(λ)|−2 dλ

≤
(∫ Λ

0
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2(∫ Λ

0
|c(λ)|−2dλ

)1/2

≲ ∥f∥H0(S)

(∫ Λ

0
λ2dλ

)1/2

=
Λ3/2

√
3

∥f∥H0(S) .

So we get the L∞ estimate on BR and hence the Lq estimates for all q. □

3.4.2 Initial condition with Spherical Fourier transform having large frequen-

cies

In this subsection, we work under the standing assumption that Supp(f̂) ⊂ [ 1
R0
,∞), where R0

is as in Lemma 3.2.2. In this case, we have:

Lemma 3.4.2 (i) If 1/4 ≤ β < n/2, then (3.4.2) holds if 1 ≤ q ≤ 2n/(n− 2β).

(ii) If β = n/2, then (3.4.2) holds if q ∈ [1,∞).

(iii) If β > n/2, then (3.4.2) holds for all q ∈ [1,∞].

The key strategy in the proof of this Lemma, is to invoke the series expansions of φλ.

This prompts us to decompose the ball BR into a closed ball and an open annulus, BR =

BR0 ∪A(R0, R), where

BR0 = {x ∈ S : d(e, x) ≤ R0}, A(R0, R) = {x ∈ S : R0 < d(e, x) < R} ,

and study the boundedness of the linearized maximal function on the ball and the annulus

separately.
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3.4.2.1 Boundedness of T on the ball BR0 :

In this subsection, we look at inequalities of the form:

∥Tf∥Lq(BR0)
≲ ∥f∥Hβ(S) . (3.4.3)

Lemma 3.4.3 (i) If 1/4 ≤ β < n/2, then (3.4.3) holds if q ≤ 2n/(n− 2β).

(ii) If β = n/2, then (3.4.3) holds if q <∞.

(iii) If β > n/2, then (3.4.3) holds for all q.

To prove Lemma 3.4.3, we expand φλ using Lemma 3.2.2. For s ∈ [0, R0], putting M = 0 in

Lemma 3.2.2, we get

φλ(s) = c0

(
sn−1

A(s)

)1/2

Jn−2
2
(λs) + E1(λ, s), λ ≥ 1/R0, (3.4.4)

where

|E1(λ, s)| ≲


s2, if λs ≤ 1

s2(λs)−(
n+1
2 ), if λs > 1 .

(3.4.5)

In accordance with (3.4.4), we decompose Tf as

Tf(s) = T1f(s) + T2f(s)

where

T1f(s) = c0

(
sn−1

A(s)

)1/2 ∫ ∞

1
R0

Jn−2
2
(λs) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ,

T2f(s) =

∫ ∞

1
R0

E1(λ, s) e
it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ.

Now it suffices to look at inequalities of the form

∥Tjf∥Lq(BR0)
≲ ∥f∥Hβ(S), j = 1, 2. (3.4.6)

In other words, it is enough to prove the following lemmata regarding T1 and T2:
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Lemma 3.4.4 For T1 we have,

(i) If 1/4 ≤ β < n/2, then (3.4.6) holds if q ≤ 2n/(n− 2β).

(ii) If β = n/2, then (3.4.6) holds if q <∞.

(iii) If β > n/2, then (3.4.6) holds for all q.

Lemma 3.4.5 For T2 we have,

(i) If n ≤ 4, then (3.4.6) holds for all β and all q.

(ii) If n ≥ 5, then

(a) If β < n
2 − 2, then (3.4.6) holds if q < 2n/(n− 2β − 4).

(b) If β ≥ n
2 − 2, then (3.4.6) holds for all q.

Remark 3.4.6 Since 2n/(n− 2β − 4) is larger than 2n/(n− 2β), Lemma 3.4.5 shows that the

operator T2 is much better behaved compared to T1. It is due to the behaviour of T1 that the

statement of our main result Theorem 3.1.1 is the same as the statement of the corresponding

result of Sjölin [Sj97, Theorem 3].

Proof: [Proof of Lemma 3.4.4] As f ∈ S 2(S)o with Supp(f̂) ⊂ [ 1
R0
,∞), by Lemma 3.3.1,

we consider the unique function M(A f) ∈ S (Rn)∞o with the desired connection in terms

of their Spherical Fourier transforms. We now compare suitable size estimates of f to their

Euclidean counterparts corresponding to M(A f). We first obtain a pointwise comparability

of the Schrödinger propagation. In this regard let us consider the Euclidean countar-part T0 of

the operator T , defined on S (Rn)o and given by the formula

T0ψ(s) =

∫ ∞

0
F (ψ)(λ) eit(s)λ

2
Jn−2

2
(λs) λn−1dλ, s ∈ (0,∞), ψ ∈ S (Rn)o, (3.4.7)

where t is the same measurable function on (0,∞), we had started with. Now, for 0 ≤ s ≤ R0,

using the estimate of A(s) (see (3.2.3)) and the relation (3.3.2), we have,

|T1f(s)| ≍

∣∣∣∣∣
∫ ∞

1
R0

Jn−2
2
(λs) eit(s)λ

2
f̂(λ) |c(λ)|−2 dλ

∣∣∣∣∣
=

∣∣∣∣∣
∫ ∞

1
R0

Jn−2
2
(λs) eit(s)λ

2
F (M(A f))(λ) λn−1 dλ

∣∣∣∣∣
= |T0M(A f)(s)| . (3.4.8)
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Again using the estimate (3.2.3) of A(s), the above pointwise estimate implies that for all

q ∈ [1,∞],

∥T1f∥Lq(BR0
) ≍ ∥T0M(A f)∥

Lq(B(o,R0))
, (3.4.9)

where B(o,R0) is the Euclidean ball with center at the origin o and radius R0. Next, we will

compare the Sobolev norms of f and M(A f). In this regard, again using the relation (3.3.2),

we get that for any β ≥ 0:

∥f∥Hβ(S) =

(∫ ∞

1
R0

(
λ2 +

Q2

4

)β ∣∣∣f̂(λ)∣∣∣2 |c(λ)|−2 dλ

)1/2

≍

(∫ ∞

1
R0

(
λ2 + 1

)β |F (M(A f))(λ)|2 λ2(n−1)

|c(λ)|−4 |c(λ)|−2 dλ

)1/2

≍

(∫ ∞

1
R0

(
λ2 + 1

)β |F (M(A f))(λ)|2 λn−1 dλ

)1/2

= ∥M(A f)∥Hβ(Rn) . (3.4.10)

Then combining (3.4.9), (3.4.10) and (1.2.6), we get Lemma 3.4.4. □

Proof: [Proof of Lemma 3.4.5] We recall that the operator T2 was defined using the error term

E1(λ, s) given in (3.4.4). By the estimate (3.4.5) of E1(λ, s) and the Cauchy-Schwarz inequality,

we get that for s ∈ (0, R0],

|T2f(s)| ≲ s2
∫ 1

s

1
R0

|f̂(λ)||c(λ)|−2 dλ+
1

s(
n−3
2 )

∫ ∞

1
s

λ−(
n+1
2 )|f̂(λ)||c(λ)|−2 dλ

≤ s2

(∫ ∞

1
R0

(
λ2 +

Q2

4

)β
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2
∫ 1

s

1
R0

|c(λ)|−2 dλ(
λ2 + Q2

4

)β


1/2

+
1

s(
n−3
2 )

(∫ ∞

1
R0

(
λ2 +

Q2

4

)β
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2
∫ ∞

1
s

|c(λ)|−2 dλ(
λ2 + Q2

4

)β
λn+1


1/2

= ∥f∥Hβ(S)

[
s2 I1(s)

1/2 +
1

s(
n−3
2 )

I2(s)
1/2

]
, (3.4.11)

where

I1(s) =

∫ 1
s

1
R0

|c(λ)|−2 dλ(
λ2 + Q2

4

)β , I2(s) =

∫ ∞

1
s

|c(λ)|−2 dλ(
λ2 + Q2

4

)β
λn+1

.
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Using the estimate (1.2.7) of the function |c(λ)|−2, we see that

I1(s) ≲
∫ 1

s

1
R0

λn−1−2β dλ ≲



(
1
s

)n−2β −
(

1
R0

)n−2β
, if β < n

2

log
(
1
s

)
− log

(
1
R0

)
, if β = n

2

R2β−n
0 − s2β−n , if β > n

2 ,

(3.4.12)

and

I2(s) ≲
∫ ∞

1
s

dλ

λ2β+2
=

s2β+1

2β + 1
. (3.4.13)

Now, (i) and part (b) of (ii) follow easily from (3.4.11)-(3.4.13), for q = ∞. For part (a) of (ii),

assuming β < n
2 − 2, combining (3.4.11)-(3.4.13) and using the estimate (3.2.3) of A(s) we get

that

∫ R0

0
|T2f(s)|q A(s) ds =

∫ 1

0
|T2f(s)|q A(s) ds+

∫ R0

1
|T2f(s)|q A(s) ds

≲ ∥f∥q
Hβ(S)

(∫ 1

0

ds

sq(
n
2
−β−2)−n+1

+

∫ R0

1
sn−1 ds

)
.

The first integral is convergent if and only if

q
(n
2
− β − 2

)
− n+ 1 < 1,

that is, q < 2n
n−2β−4 . This completes the proof of Lemma 3.4.5. □

Using Lemmata 3.4.4 and 3.4.5, the proof of Lemma 3.4.3 follows.

3.4.2.2 Boundedness of T on the annulus A(R0, R):

In this subsection, we look at inequalities of the form:

∥Tf∥Lq(A(R0,R)) ≲ ∥f∥Hβ(S) . (3.4.14)

In our first lemma, we work in the higher regularity regime (β > 1/2) by only utilizing the

pointwise decay of φλ.

Lemma 3.4.7 If β > 1/2, then (3.4.14) holds for all q ∈ [1,∞].
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Proof: It suffices to prove the lemma for q = ∞. The proof will use the pointwise decay of φλ

when both λ and s are large (3.2.9) and the Cauchy-Schwarz inequality. Indeed, for λ ≥ 1/R0

and s ∈ (R0, R),

|Tf(s)| ≲ e−
Q
2
s

∫ ∞

1
R0

λ−(
n−1
2 )

∣∣∣f̂(λ)∣∣∣ |c(λ)|−2 dλ

≤ e−
QR0
2

(∫ ∞

1
R0

(
λ2 +

Q2

4

)β
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2
∫ ∞

1
R0

|c(λ)|−2 dλ(
λ2 + Q2

4

)β
λn−1


1/2

≲ ∥f∥Hβ(S)

(∫ ∞

1
R0

dλ

λ2β

)1/2

.

The integral in the last line converges if and only if β > 1/2. This completes the proof. □

For the lower regularity scenario (1/4 ≤ β ≤ 1/2), the analysis is more involved and the key

idea is to make use of the oscillation afforded by both φλ and the Schrödinger multiplier.

Lemma 3.4.8 If 1/4 ≤ β ≤ 1/2, then (3.4.14) holds if q ∈ [1, 4].

To prove the above Lemma we expand φλ using Lemma 3.2.3. For R0 < s < R and λ ≥ 1/R0,

by Lemma 3.2.3, we write

φλ(s) = 2−mz/2A(s)−1/2
{
c(λ)eiλs + c(−λ)e−iλs

}
+ E2(λ, s) , (3.4.15)

where

E2(λ, s) = 2−mz/2A(s)−1/2

c(λ)

∞∑
µ=1

Γµ(λ)e
(iλ−µ)s + c(−λ)

∞∑
µ=1

Γµ(−λ)e−(iλ+µ)s

 ,

and thus

|E2(λ, s)| ≲ A(s)−1/2 |c(λ)| (1 + λ)−1 . (3.4.16)

Hence for R0 < s < R and λ ≥ 1/R0, in accordance to (3.4.15), we decompose T as,

Tf(s) = T3f(s) + T4f(s) + T5f(s),
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where

T3f(s) = 2−mz/2A(s)−1/2

∫ ∞

1
R0

c(λ) e
i

{
λs+t(s)

(
λ2+Q2

4

)}
f̂(λ) |c(λ)|−2 dλ ,

T4f(s) = 2−mz/2A(s)−1/2

∫ ∞

1
R0

c(−λ) e
i

{
−λs+t(s)

(
λ2+Q2

4

)}
f̂(λ) |c(λ)|−2 dλ .

T5f(s) =

∫ ∞

1
R0

E2(λ, s) e
it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ .

Remark 3.4.9 We note that for the smallest value of β, that is, β = 1/4, the proposed largest

value of q in Theorem 3.1.1 satisfies the inequality

2n

n− 2β
≤ 4, n ≥ 1. (3.4.17)

In view of Lemma 3.4.7 and (3.4.17), it is therefore enough to prove the following estimates at

the end-points, to complete the proof of Lemma 3.4.8.

Lemma 3.4.10 (a) For j = 3, 4, we have the inequalities

∥Tjf∥L4(A(R0,R)) ≲ ∥f∥H1/4(S) .

(b) For T5, we have the inequality

∥T5f∥L∞(A(R0,R)) ≲ ∥f∥H0(S) .

Proof: We first prove part (a). As the proofs for T3 and T4 are analogous in nature, we will

concentrate only on T3. We need to prove the inequality

(∫ R

R0

|T3f(s)|4 A(s) ds
)1/4

≲

(∫ ∞

1
R0

(
λ2 +

Q2

4

)1/4

|f̂(λ)|
2
|c(λ)|−2 dλ

)1/2

. (3.4.18)
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Using the definition of T3 we get

T3f(s)A(s)
1
4

= 2−
mz
2 A(s)−

1
4

∫ ∞

1
R0

c(λ) e
i

{
λs+t(s)

(
λ2+Q2

4

)}
f̂(λ) |c(λ)|−2 dλ

= 2−
mz
2 A(s)−

1
4

∫ ∞

1
R0

c(λ) e
i

{
λs+t(s)

(
λ2+Q2

4

)}
g(λ)

(
λ2 +

Q2

4

)− 1
8

|c(λ)|−1 dλ ,

where

g(λ) = f̂(λ)

(
λ2 +

Q2

4

)1/8

|c(λ)|−1 .

We now define

Pg(s) := A(s)−1/4

∫ ∞

1
R0

c(λ) e
i

{
λs+t(s)

(
λ2+Q2

4

)}
g(λ)

(
λ2 +

Q2

4

)−1/8

|c(λ)|−1 dλ ,

so that,

2mz/2 T3f(s)A(s)
1/4 = Pg(s) , s ∈ (R0, R) .

It follows that proving (3.4.18) is equivalent to proving

(∫ R

R0

|Pg(s)|4 ds
)1/4

≲

(∫ ∞

1
R0

|g(λ)|2 dλ

)1/2

. (3.4.19)

Now for η ∈ C∞
c (R0, R) and λ ∈ [1/R0,∞), setting

P ∗η(λ) = c(λ)

(
λ2 +

Q2

4

)− 1
8

|c(λ)|−1
∫ R

R0

A(s)−1/4 e
−i

{
λs+t(s)

(
λ2+Q2

4

)}
η(s) ds ,

it is easy to see that the relation

∫ R

R0

Pψ(s) η(s) ds =

∫ ∞

1
R0

ψ(λ) P ∗η(λ) dλ ,

holds for all η ∈ C∞
c (R0, R) and ψ ∈ L2[1/R0, ∞) having suitable decay at infinity. Using

duality it follows that to prove (3.4.19), it suffices to prove the following inequality

(∫ ∞

1
R0

|P ∗h(λ)|2 dλ

)1/2

≲

(∫ R

R0

|h(s)|4/3 ds
)3/4

, (3.4.20)
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for all h ∈ C∞
c (R0, R). Now,∫ ∞

1
R0

|P ∗h(λ)|2 dλ

=

∫ ∞

1
R0

P ∗h(λ) P ∗h(λ) dλ

=

∫ ∞

1
R0

[
c(λ)

(
λ2 +

Q2

4

)− 1
8

|c(λ)|−1
∫ R

R0

A(s)−1/4 e
−i

{
λs+t(s)

(
λ2+Q2

4

)}
h(s) ds

]

×

[
c(λ)

(
λ2 +

Q2

4

)− 1
8

|c(λ)|−1
∫ R

R0

A(s′)
−1/4

e
i

{
λs′+t(s′)

(
λ2+Q2

4

)}
h(s′) ds′

]
dλ

=

∫ R

R0

∫ R

R0

I(s, s′)A(s)−
1
4 A(s′)

− 1
4 h(s) h(s′) ds ds′ ,

where

I(s, s′) =

∫ ∞

1
R0

e
i

{
λ(s′−s)+(t(s′)−t(s))

(
λ2+Q2

4

)}
(
λ2 + Q2

4

) 1
4

dλ .

So by Lemma 3.3.2, the estimate (3.2.3) of A(s) and an application of Cauchy-Schwarz, it follows

that

∫ ∞

1
R0

|P ∗h(λ)|2 dλ

≲
∫ R

R0

∫ R

R0

(
1

|s− s′|
1
2

+ 1

)
|h(s)| |h(s′)| s−(

n−1
4 ) (s′)

−(n−1
4 ) ds ds′

≤
∫ R

R0

∫ R

R0

|h(s)||h(s′)|
|s− s′|

1
2

s−(
n−1
4 ) (s′)

−(n−1
4 ) ds ds′ +

√
RR

−(n−1
2 )

0 ∥h∥2L4/3(R0,R) .

As h ∈ C∞
c (R0, R), we can think of it as an even C∞

c function supported in (−R,−R0)⊔(R0, R).

We can therefore write the last integral as an one dimensional Riesz potential and apply (3.2.1)

to get that for some positive number c,

∫ R

R0

∫ R

R0

|h(s)||h(s′)|
|s− s′|1/2

s−(
n−1
4 ) (s′)

−(n−1
4 ) ds ds′

=

∫ ∞

0

∫ ∞

0

|h(s)||h(s′)|
|s− s′|1/2

s−(
n−1
4 ) (s′)

−(n−1
4 ) ds ds′

= c

∫ ∞

0
I1/2

(
(s′)

−(n−1
4 )|h|

)
(s) s−(

n−1
4 ) |h(s)| ds

= c

∫
R
|ξ|−

1
2

∣∣∣(s−(n−1
4 )|h|

)∼
(ξ)
∣∣∣2 dξ .
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We now want to apply Pitt’s inequality (see Lemma 3.2.1) to the function

x 7→ |x|−
n−1
4 |h(x)|, x ∈ R,

for β = 1
4 and p = 4

3 . In this case it turns out that β1 = 0. Hence by Pitt’s inequality we obtain

∫
R
|ξ|−

1
2

∣∣∣(s−(n−1
4 )|h|

)∼
(ξ)
∣∣∣2 dξ ≲

(∫
R
|h(x)|

4
3 |x|−(

n−1
3 ) dx

)3/2

= c

(∫ R

R0

|h(s)|
4
3 s−(

n−1
3 ) ds

)3/2

≤ c R
−(n−1

2 )
0 ∥h∥2L4/3(R0,R) .

This completes the proof of part (a).

The proof of part (b) does not involve oscillation instead it only uses the error term estimate

(3.4.16), which is of critical importance here. Indeed, using (3.4.16) along with the Cauchy-

Schwarz inequality, it follows that for all s ∈ (R0, R),

|T5f(s)| ≲ A(s)−1/2
∫ ∞

1
R0

λ−1
∣∣∣f̂(λ)∣∣∣ |c(λ)|−1 dλ

≲ R
−(n−1

2 )
0 ∥f∥H0(S)

(∫ ∞

1
R0

dλ

λ2

)1/2

≲ ∥f∥H0(S) .

This completes the proof of Lemma 3.4.10 and also of Lemma 3.4.8. □

The proof of Lemma 3.4.2 finally follows from that of Lemmata 3.4.3, 3.4.7 and 3.4.8.

3.4.3 Proof of the sufficient conditions of Theorem 3.1.1:

In this subsection, we complete the proof of the sufficient conditions of Theorem 3.1.1.

Proof: Let f ∈ S 2(S)o. Then f̂ ∈ S (R)e. Now let us choose an auxiliary non-negative even

function ψ ∈ C∞
c (R) such that Supp(ψ) ⊂ {ξ : 1

2 < |ξ| < 2} and

∞∑
k=−∞

ψ(2−kξ) = 1 , ξ ̸= 0 .
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We set

ψ1(ξ) :=
0∑

k=−∞
ψ(2−kξ) , ψ2(ξ) :=

∞∑
k=1

ψ(2−kξ) .

Then both ψ1 and ψ2 are even non-negative smooth functions with Supp(ψ1) ⊂ (−2, 2),

Supp(ψ2) ⊂ R \ (−1, 1) and ψ1 + ψ2 ≡ 1. Then we consider,

f̂ = f̂ψ1 + f̂ψ2 .

As f̂ψj , for j = 1, 2, are even Schwartz class functions on R, by the Schwartz isomorphism

theorem, there exist {f1, f2} ⊂ S 2(S)o such that f̂j = f̂ψj for j = 1, 2. Now if we can prove

the estimates

∥Tfj∥Lqj (BR) ≲ ∥fj∥Hβj (S)
, j = 1, 2 ,

then it follows that

∥Tf∥Lmin{q1,q2}(BR) ≲ ∥Tf1∥Lq1 (BR) + ∥Tf2∥Lq2 (BR)

≲ ∥f1∥Hβ1 (S) + ∥f2∥Hβ2 (S)

≤ 2 ∥f∥Hmax{β1,β2}(S) . (3.4.21)

Then noting that (1,∞) ⊂ [ 1
R0
,∞) as R0 > 2, in view of (3.4.21) the sufficient conditions of

Theorem 3.1.1 follow from Lemmata 3.4.1 and 3.4.2. □

3.5 Sharpness at the end-points

In this section, we prove the sharpness at the endpoints of Theorem 3.1.1. Here we will mainly

work on BR0 and hence the expression of φλ along with the estimates of the error term E1 given

in (3.4.4) and (3.4.5) will be repeatedly used.

Proof: [Proof of the necessary conditions of Theorem 3.1.1:] We divide the proof of necessity

of the conditions in three different cases based on the values of the Sobolev exponent β.

Case 1: If β < 1/4 then the local estimate (3.1.1) does not hold for q ∈ [1,∞].

It suffices to prove that if β < 1/4, then the following inequality for the linearized maximal

function T does not hold true

∥Tf∥L1(B1)
≲ ∥f∥Hβ(S) .
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We first recall the Euclidean counter-example formulated by Sjölin as it is relevant for us.

In [Sj97, pp. 55-58], the author considered an even, non-negative C∞
c function ϕ on R with

Supp(ϕ) ⊂ (−1, 1) and then constructed {fN}N∈N ⊂ S (Rn)o such that,

FfN (λ) = N−1/2 ϕ(−N−1/2λ+N1/2) λ−(
n−1
2 ), λ ∈ (0,∞), (3.5.1)

and then proved that

A) Supp(F (fN )) ⊂
[
N −

√
N,N +

√
N
]
,

B) ∥fN∥Hβ(Rn) ≲ Nβ− 1
4 for all N ∈ N,

C) For ε > 0, small and for all N sufficiently large, there exists a positive number c (inde-

pendent of N) such that T0 satisfies the inequality

|T0fN (x)| ≥ c , ε ≤ ∥x∥ ≤ 2ε. (3.5.2)

In particular (A) above shows that for all N ≥ 2, fN ∈ S (Rn)∞o . We now define a sequence of

functions {gN}N∈N ⊂ S 2(S)o by

gN := (A −1 ◦M−1)fN ,

where A and M are as in the proof of Lemma 3.3.1. The key idea here is that since the Fourier

transform of fN is supported away from the origin and the spacial estimate (3.5.2) was done in

a small annulus centered at the origin, as in the proof of Lemma 3.4.4, we can again implement

the series expansion of φλ described in Lemma 3.2.2, the Abel transform and the map m to

form a connection between S (Rn)∞o and S 2(S)∞o .

Now, using the expression of φλ given in (3.4.4) and for ε ≤ s ≤ 2ε < R0, we write

TgN (s) = c0

(
sn−1

A(s)

)1/2 ∫ ∞

0
Jn−2

2
(λs) e

it(s)

(
λ2+Q2

4

)
ĝN (λ) |c(λ)|−2 dλ

+

∫ ∞

0
E1(λ, s) e

it(s)

(
λ2+Q2

4

)
ĝN (λ) |c(λ)|−2 dλ

= T1gN (s) + T2gN (s) . (3.5.3)

Then using (3.5.1) and proceeding exactly as in the proof of Lemma 3.4.4, we get

(a) ĝN (λ) =
λn−1

|c(λ)|−2 FfN (λ) =
λn−1

|c(λ)|−2N
−1/2ϕ(−N−1/2λ+N1/2)λ−(

n−1
2 ) ,
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(b) Supp(ĝN ) ⊂
[
N −

√
N,N +

√
N
]
,

(c) ∥gN∥Hβ(S) ≍ ∥fN∥Hβ(Rn) ≲ Nβ− 1
4 ,

(d) For ε > 0, small and for all N ∈ N sufficiently large, there exists a positive number c′

(independent of N), such that

|T1gN (s)| ≥ c′ , for all s ∈ [ε, 2ε].

We note that it follows from (c) above that if β < 1/4 then

lim
N→∞

∥gN∥Hβ(S) = 0. (3.5.4)

Next, we show that for all large N ∈ N

|T2gN (s)| ≲
1

N
, for all s ∈ [ε, 2ε]. (3.5.5)

Then combining (3.5.3), (d) and (3.5.5), we get that for ε > 0, small and N sufficiently large,

there exists c′′ > 0, such that

|TgN (s)| ≥ c′′ , for all s ∈ [ε, 2ε]. (3.5.6)

Then in view of (3.5.4) and (3.5.6) the claim of Case 1 follows. It now remains to prove the

inequality (3.5.5). Now, for the chosen small ε > 0, we can get N0 ∈ N such that for all

N ≥ N0 ∈ N, 1/ε is strictly smaller than N −
√
N . Hence for all s ∈ [ε, 2ε]

s(N −
√
N) > 1, N ≥ N0.

It follows from this and the estimate of the error term E1(λ, s) given in (3.4.5) that for λ ∈

(N −
√
N,N +

√
N),

|E1(λ, s)| ≲ s2(λs)−(
n+1
2 ), s ∈ [ε, 2ε] ,
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as λs > 1 . It now follows from the formula for T2 and (a), (b) that

|T2 gN (s)| ≲
∫ N+

√
N

N−
√
N

s2(λs)−(
n+1
2 ) |ĝN (λ)| |c(λ)|−2 dλ

≤
∥ϕ∥∞
s(

n−3
2 )

∫ N+
√
N

N−
√
N

λ−(
n+1
2 ) N− 1

2 λ−(
n−1
2 ) λn−1 dλ

≲ CεN
− 1

2

∫ N+
√
N

N−
√
N

dλ

λ

≲
1

N
,

where the last inequality follows from the elementary estimate

log

(
x+ 1

x− 1

)
≲

1

x
,

which is valid for all large x. This proves (3.5.5).

Case 2: If 1/4 ≤ β < n/2, then the condition q ≤ 2n/(n − 2β) is necessary for validity of

the inequality (3.1.1).

Let ψ ∈ C∞
c (R)e be (non-zero) non-negative with Supp(ψ) ⊂ (1, 2) . Then for each N ∈ N,

there exists fN ∈ S (Rn)o such that

FfN (λ) = ψ(λ/N) , λ ∈ [0,∞) .

We note that

f1(0) =

∫ ∞

0
ψ(λ)λn−1dλ = Cψ > 0 , (3.5.7)

and for s ∈ [0,∞), by the Euclidean Fourier inversion applied to radial functions

fN (s) =

∫ ∞

0
ψ

(
λ

N

)
Jn−2

2
(λs)λn−1dλ

= Nn

∫ ∞

0
ψ(λ)Jn−2

2
(λNs)λn−1dλ = Nnf1(Ns) .

Therefore, by (3.5.7) there exists ε ∈ (0, 1/2) such that

|fN (s)| >
Cψ
2
Nn , for all, 0 ≤ s <

ε

N
. (3.5.8)
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We now define as before gN = (A −1 ◦M−1)fN ∈ S 2(S)∞o and observe that

∥gN∥Hβ(S) =

(∫ ∞

0

(
λ2 +

Q2

4

)β
ψ (λ/N)2

λ2(n−1)

|c(λ)|−4 |c(λ)|−2dλ

)1/2

≍ Nβ+n
2

(∫ 2

1
ψ(λ)2 λ2β+n−1 dλ

)1/2

≲ Nβ+n
2 . (3.5.9)

Next, for s ∈ [0, ε/N), using the spherical Fourier inversion we write

S0gN (s) = gN (s) =

∫ ∞

0
ĝN (λ)φλ(s) |c(λ)|−2dλ

= c

(
sn−1

A(s)

)1/2 ∫ ∞

0
ĝN (λ)Jn−2

2
(λs) |c(λ)|−2dλ

+

∫ ∞

0
ĝN (λ)E1(λ, s) |c(λ)|−2dλ = gN,1(s) + gN,2(s) .

Using the properties of the operators M and A (as in the proof of Lemma 3.4.4) it follows that

|gN,1(s)| ≍ |fN (s)| , for all, s ∈ [0, ε/N),

where the implicit constant is independent of N . Consequently, it follows from (3.5.8) that there

exists a positive number c (independent of N) such that

|gN,1(s)| ≥ cNn , for all, s ∈ [0, ε/N). (3.5.10)

We next show that the growth of gN,2 is subordinated by gN,1. As s ∈ [0, ε/N) and ε ∈ (0, 1/2)

it follows that for λ ∈ (1, 2) the quantity λNs is smaller than 1. Hence using the estimate

(3.4.5) of the error term E1 we get that for s ∈ [0, ε/N)

|gN,2(s)| ≤
∫ ∞

0
|E1(λ, s)| ψ

(
λ

N

)
|c(λ)|−2dλ

= N

∫ 2

1
|E1(λN, s)| ψ(λ) |c(Nλ)|−2dλ

≲ N∥ψ∥∞
∫ 2

1
s2(Nλ)n−1dλ

< c′ε2Nn−2 .
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Therefore, using triangle inequality and (3.5.10), it follows that for all s ∈ [0, ε/N) and N

sufficiently large,

|S0gN (s)| ≥ |gN,1(s)| − |gN,2(s)|

≥ cNn − c′ε2Nn−2 ≥ c′′Nn .

This implies that for all x ∈ Bε/N ,

S∗gN (x) ≥ c Nn , (3.5.11)

with the constant c being independent of N . Now, if the estimate (3.1.1) holds, then by (3.5.9)

and (3.5.11), it follows that

(∫ ε/N

0
Nnq sn−1 ds

)1/q

≲ Nβ+n
2 ,

which implies that

N
n
(
1− 1

q

)
≲ Nβ+n

2 .

Then letting N → ∞, it follows that

n

(
1− 1

q

)
≤ β +

n

2
,

that is, q ≤ 2n/(n− 2β).

Case 3: If β = n/2 then (3.1.1) does not hold for q = ∞.

In this case we need to show the failure of the inequality

∥S∗f∥L∞(B) ≤ CB ∥f∥Hn/2(S) ,

for every ball centered at the identity e. We assume that the above inequality is true for some

ball BR of radius R centered at e with R < R0, and then arrive at a contradiction. Now, if the

above inequality is true then using the fact

f(x) = lim
t→0

Stf(x), x ∈ BR, f ∈ S 2(S)o ,
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it follows that the following inequality also holds true for all f ∈ S 2(S)o,

∥f∥L∞(BR) ≤ CBR
∥f∥Hn/2(S). (3.5.12)

Hence, in particular, (3.5.12) holds for all f ∈ S 2(S)o with supp(f̂) ⊂ (1,∞). Let us choose

and fix such a function f . By the spherical Fourier inversion and the expansion of φλ we have

f(s) = c0

(
sn−1

A(s)

)1/2 ∫ ∞

1
Jn−2

2
(λs) f̂(λ) |c(λ)|−2 dλ

+

∫ ∞

1
E1(λ, s) f̂(λ) |c(λ)|−2 dλ

= f1(s) + f2(s) . (3.5.13)

From the proof of Lemma 3.4.5, one gets the estimate

∥f2∥L∞(BR) ≤ CBR
∥f∥Hn/2(S) . (3.5.14)

Thus by using (3.5.12)-(3.5.14), and the triangle inequality we have that

∥f1∥L∞(BR) ≤ CBR
∥f∥Hn/2(S) . (3.5.15)

We again define g := (M◦ A )f . It is clear that M◦ A defines a bijection from the subspace

of functions in S 2(S)o whose Spherical Fourier transforms are supported in (1,∞) onto the

subspace of functions in S (Rn)o whose Euclidean Spherical Fourier transforms are supported

in (1,∞). Then proceeding as in the proof of Lemma 3.4.4, we get that

∥f1∥L∞(BR) ≍ CBR
∥g∥L∞(B(o,R)) , ∥f∥Hn/2(S) ≍ ∥g∥Hn/2(Rn) .

Then combining the above with (3.5.15), we get that

∥g∥L∞(B(o,R)) ≲ ∥f1∥L∞(BR) ≲ ∥f∥Hn/2(S) ≲ ∥g∥Hn/2(Rn) ,

with the resultant implicit constant depending only on the ball B(o,R). As f was arbitrarily

chosen, it follows that the above inequality is true for all functions g ∈ S (Rn)o whose Euclidean

Spherical Fourier transforms Fg are supported in (1,∞). Now by an argument similar to the

proof of Lemma 3.4.1, it follows that for all g in S (Rn)o whose Euclidean Spherical Fourier
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transforms Fg are supported in [0, 2), we also have

∥g∥L∞(B(o,R)) ≲ ∥g∥Hn/2(Rn) .

Then an argument as in the proof of the sufficient conditions of Theorem 3.1.1 (subsection 3.4.3)

involving smooth resolution of identity would give,

∥g∥L∞(B(o,R)) ≲ ∥g∥Hn/2(Rn) ,

for all g in S (Rn)o. But this contradicts the failure of the local borderline fractional Sobolev

embedding on Rn (for an explicit counter-example in the case of Rn, we refer the reader to

[Gr09, p. 9, Exercise 6.1.4]). This completes the proof. □

Remark 3.5.1 In the special case of rank one Riemannian symmetric spaces of noncompact

type G/K, one has the failure of the borderline fractional Sobolev embedding:

∥f∥L∞(G/K) ≲ ∥f∥Hn/2(G/K) , (3.5.16)

by [CGM93, Theorem 4.7]. Our proof above indicates the failure of the more delicate local

borderline fractional Sobolev embedding:

∥f∥L∞(B) ≲ ∥f∥Hn/2(G/K) ,

thus providing a refinement of (3.5.16).

3.6 Global estimates

In this section, we prove Theorems 3.1.3 and 3.1.4.

Proof: [Proof of Theorem 3.1.3] We first prove the positive result for q = 2. For f ∈ S 2(H3)o,

we consider the linearized maximal function Tf (given by (3.4.1)) and its Euclidean counterpart
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T0(A f) (given by (3.4.7)) for A f ∈ S (R3)o. For 0 < s <∞, we have

Tf(s) =

∫ ∞

0
φλ(s) e

it(s)(λ2+1) f̂(λ) λ2 dλ

=

∫ ∞

0

sin(λs)

λ sinh(s)
eit(s)(λ

2+1) F (A f)(λ) λ2 dλ

=

(
eit(s)s

sinh(s)

)∫ ∞

0

sin(λs)

λs
eit(s)λ

2
F (A f)(λ) λ2 dλ

=

(
eit(s)s

sinh(s)

)∫ ∞

0

(
√
2 Γ

(
3

2

) J 1
2
(λs)

(λs)
1
2

)
eit(s)λ

2
F (A f)(λ)

λ2 dλ√
2 Γ(32)

=

(
eit(s)s

sinh(s)

)
T0(A f)(s) , (3.6.1)

and thus

∥Tf∥L2(H3) =

(∫ ∞

0
|Tf(s)|2 sinh2 s ds

)1/2

=

(∫ ∞

0
|T0(A f)(s)|2 s2 ds

)1/2

≍ ∥T0(A f)∥L2(R3) . (3.6.2)

Now the computations as in (3.4.10) yield,

∥f∥Hβ(H3) ≍ ∥A f∥Hβ(R3) , β ≥ 0 . (3.6.3)

Then combining (3.6.2), (3.6.3) and Sjölin’s Euclidean result (3.1.2), we get the positive result

on H3 for q = 2.

To get the failure for q < 2, using (3.6.1), we note

∥Tf∥Lq(H3) =

(∫ ∞

0
|Tf(s)|q sinh2 s ds

)1/q

=

(∫ ∞

0
|T0(A f)(s)|q s2

(
sinh s

s

)2−q
ds

)1/q

≥
(∫ ∞

0
|T0(A f)(s)|q s2 ds

)1/q

≳ ∥T0(A f)∥Lq(R3) . (3.6.4)

Thus in view of (3.6.3) and (3.6.4), if

∥Tf∥Lq(H3) ≲ ∥f∥Hβ(H3) ,
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is valid for β > 1/2 and q < 2, then it will also be true for R3 which contradicts [Sj97, Theorem

4] . This completes the proof of Theorem 3.1.3 . □

Proof: [Proof of Theorem 3.1.4] We decompose S as

S = BR0 ∪
(
S \BR0

)
=: B ∪A ,

where R0 is as in Lemma 3.2.2 and then study the boundedness properties of the linearized

maximal function Tf (given by (3.4.1)) on B and A separately. On B, our local estimates given

by Lemmata 3.4.1 and 3.4.3, along with the resolution of identity argument employed above

yields,

∥Tf∥L2(B) ≲ ∥f∥H1/2(S) . (3.6.5)

On A for λ > 0, using the estimate (3.2.9) and the Cauchy-Schwarz inequality, we get for

s ∈ (R0,∞),

|Tf(s)| ≲ e−
Q
2
s

∫ ∞

0
|c(λ)|

∣∣∣f̂(λ)∣∣∣ |c(λ)|−2 dλ

≤ e−
Q
2
s

(∫ ∞

0

(
λ2 +

Q2

4

)β
|f̂(λ)|

2
|c(λ)|−2dλ

)1/2
∫ ∞

0

dλ(
λ2 + Q2

4

)β


1/2

= e−
Q
2
s ∥f∥Hβ(S)

∫ ∞

0

dλ(
λ2 + Q2

4

)β


1/2

.

Thus for β > 1/2, we get for s ∈ (R0,∞),

|Tf(s)| ≲ e−
Q
2
s ∥f∥Hβ(S) . (3.6.6)

Hence in view of (3.6.5) and (3.6.6), to complete the proof of Theorem 3.1.4, it suffices to prove

that the function F (s) := e−
Q
2
s χA(s) belongs to L

2,∞(A) . To see this, we note that

dF (t)


= 0 , if t ≥ 1 ,

≲ 1
t2
, if 0 < t < 1 ,

and hence,

∥F∥L2,∞(A) = sup
t>0

t dF (t)
1/2 ≲ 1 .

This completes the proof of Theorem 3.1.4. □





Chapter 4

Generalized Carleson’s problem for

radial initial data

4.1 Introduction

In this chapter, we consider the problem of (almost everywhere) pointwise convergence of the

solution of the Schrödinger equation to the initial data, along a wider approach region, for

instance, the non-tangential convergence.

For Rn, this question regarding non-tangential convergence has already been addressed. On

Rn, for β > n/2, by Sobolev imbedding and standard arguments, the non-tangential convergence

to the initial data holds. However, Sjögren and Sjölin showed in [SS89] that the non-tangential

convergence fails for β ≤ n/2. As their counter-example is a non-radial function, it is natural to

ask when the initial data is more symmetric, say radial, then can we have pointwise convergence

along wider approach regions. In this chapter, we first construct a radial initial data on the

3-dimensional Real Hyperbolic space H3 ∼= SL(2,C)/SU(2), whose Schrödinger propagation

blows up on geodesic annuli along wide approach regions:

Theorem 4.1.1 Assume that γ : [0,∞) → [0,∞) is a strictly increasing continuous function

with γ(0) = 0. Then given any compact geodesic annulus A ⊂ H3, centered at the identity, there

exists radial f ∈ H1/2(H3) such that its Schrödinger propagation u is continuous in A × (0,∞)

and

lim sup
(y,t)→(x,0)

d(x,y)<γ(t), t>0

|u(y, t)| = +∞ , for all x ∈ A .

83
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Theorem 4.1.1 shows that the solutions of the Schrödinger equation, unlike Harmonic func-

tions or solutions of the Heat equation, do not admit a natural wide approach region. Thus it

becomes interesting to study the pointwise convergence of solutions along appropriate curves

and its connection with the regularity of the initial data.

In this light, we commence our exploration on Damek-Ricci spaces by identifying a natural

family of curves to study. For x ∈ S, we consider curves γx : R → S such that γx(0) = x. Now

as we will be exclusively dealing with radial initial data, it is both natural and customary to

identify all the points x on a geodesic sphere centered at the identity e of S, solely by their

geodesic distance, say s from e, that is, s = d(e, x) ∈ [0,∞). Here d(·, ·) is the inner metric on

S corresponding to the left-invariant Riemannian metric (see 3.2.2). Then the solution of the

Schrödinger equation with initial data f ∈ S 2(S)o, along a curve γs is given by,

Stf(γs(t)) = Stf(d(e, γs(t))) =

∫ ∞

0
φλ(d(e, γs(t))) e

it

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ .

Again keeping the notion of radiality in mind, we consider curves that satisfy the following

natural analogues of the conditions considered in [CLV12]: there exist constants Cj (j = 1, 2, 3),

independent of s, s′ ∈ [0,∞) , t, t′ ∈ R and α ≥ 0, such that

(H1)
∣∣ d(e, γs(t))− d(e, γs(t

′))
∣∣ ≤ C1 |t− t′|α ,

(H2) C2 |s− s′| ≤ | d(e, γs(t))− d(e, γs′(t)) | ≤ C3 |s− s′| .

We note that by the triangle inequality, (H1) is weaker than the condition:

d
(
γs(t), γs(t

′)
)
≤ C1 |t− t′|α ,

and hence α is essentially the degree of tangential convergence.

Clearly, the above curves generalize the classical case of vertical lines γs(t) = s, studied

in [De25] and thus one may expect to require more regularity on the initial data to guarantee

pointwise convergence. Our result (Corollary 4.1.3) however, shows that the regularity threshold

β ≥ 1/4 (as in the case of vertical lines) is again sufficient to obtain almost everywhere pointwise

convergence, even along such general curves. In fact, we prove more and this brings us to the

definition of the homogeneous Sobolev spaces. For β ≥ 0, the homogeneous Sobolev spaces

for the special case of radial functions (corresponding to the shifted Laplace-Beltrami operator
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∆̃ := ∆+ Q2

4 ) are defined as,

Ḣβ(S) :=

{
f ∈ L2(S) : ∥f∥Ḣβ(S) :=

(∫ ∞

0
λ2β |f̂(λ)|

2
|c(λ)|−2dλ

)1/2

<∞

}
.

We now state our first result dealing with maximal estimates on annuli:

Theorem 4.1.2 Let 0 < r1 < r2 < ∞. Assume that γ satisfies (H1) for α ∈ [12 , 1] and (H2)

for s, s′ ∈ [0, r2) and t, t
′ ∈ [−T, T ], for some fixed

0 < T <

(
C2r1
2C1

)1/α

. (4.1.1)

Then we have for all f ∈ S 2(S)o ,

∫ r2

r1

(
sup

t∈[−T,T ]
|Stf(d(e, γs(t)))|

)2

A(s) ds

1/2

≤ C ∥f∥Ḣ1/4(S) , (4.1.2)

where the positive constant C depends only on r1, r2 and the dimension of S.

The key idea in the proof of Theorem 4.1.2 is to keep track of the oscillation afforded by both the

spherical functions as well as the multiplier corresponding to the Schrödinger operator. But this

becomes a challenging task as in the generality of Damek-Ricci spaces, no explicit expression of

φλ is known. In this regard, we crucially use the series expansion of φλ stated in Lemma 3.2.3

which is only valid in compacts not containing the group identity. This forces us to consider

specific time localizations (4.1.1) and moreover, to take the rather unorthodox approach of

obtaining maximal estimates on annuli, instead of balls. The oscillation of φλ is realized by

looking at the leading terms in the series expansion. The corresponding oscillatory parts of the

linearized maximal function are taken care of by proceeding with an abstract TT ∗ argument,

followed by an oscillatory integral estimate and then finally applying the Pitt’s inequality. The

remaining part of the linearized maximal function is then dealt with by the pointwise decay of

certain error terms appearing from the series expansion in Lemma 3.2.3, which turns out to be

of critical importance.

By standard arguments in the literature (for instance, see the proof of Theorem 5 of [Sj87]),

Theorem 4.1.2 yields pointwise convergence for solutions of the Schrödinger operator on annuli,

A(r1, r2) := {x ∈ S | r1 < d(e, x) < r2} ,
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for all 0 < r1 < r2 <∞ . Then as

A

(
1

N
,N

) x S \ {e} , as N → ∞ ,

by a simple application of the Monotone Convergence Theorem, we get the desired result on

pointwise convergence:

Corollary 4.1.3 Let α ∈ [12 , 1]. Suppose that for every s0 ∈ [0,∞), there exists a neighborhood

V ⊂ [0,∞) × R of (s0, 0) such that (H1) holds for (s, t), (s, t′) ∈ V and (H2) holds for all

(s, t), (s′, t) ∈ V . Then for all f ∈ Ḣ1/4(S)o and hence for all f ∈ Hβ(S)o, with β ≥ 1/4, we

have

lim
t→0

Stf(γs(t)) = f(s) ,

for almost every s ∈ [0,∞), which also means

lim
t→0

Stf(γx(t)) = f(x) ,

for almost every x ∈ S, with respect to the left Haar measure.

Remark 4.1.4 The sharpness of the regularity threshold β = 1/4 in (4.1.2), follows from the

sharpness in the special case of vertical lines (see the proof of Theorem 3.1.1, statement (i)).

We now return to Rn, to address the issue raised in the Introduction about lowering the

required regularity threshold while specializing to radial initial data, for n ≥ 2. For a radial

function f belonging to the Schwartz class S (Rn)o, the solution of the Schrödinger equation on

Rn, 
i∂u∂t = ∆Rnu , (x, t) ∈ Rn × R

u(0, ·) = f , on Rn ,
(4.1.3)

is given by

S̃tf(s) :=

∫ ∞

0
Jn−2

2
(λs) eitλ

2
Ff(λ) λn−1 dλ , (4.1.4)

where we recall that Jn−2
2

is the modified Bessel function of order n−2
2 , Ff is the Euclidean

Spherical Fourier transform of f and s = ∥x∥, is the distance of x from the origin o. In this

regard, we reformulate the conditions (H1) and (H2), in terms of the Euclidean norm ∥ · ∥ :

there exist constants Cj (j = 4, 5, 6), independent of s, s′ ∈ [0,∞) , t, t′ ∈ R and α ≥ 0, such



4.1. Introduction 87

that

(H3)
∣∣ ∥γs(t)∥ − ∥γs(t′)∥

∣∣ ≤ C4 |t− t′|α ,

(H4) C5 |s− s′| ≤ | ∥γs(t)∥ − ∥γs′(t)∥ | ≤ C6 |s− s′| .

It is interesting to observe that the arguments in the proof of Theorem 4.1.2 can be carried

out analogously for the special case of R3, but doing the same in the full generality of Rn seems

to be a rather difficult task (see Remark 4.3.3 for more details). Nevertheless, taking a detour

using local geometry of Riemannian manifolds and Fourier Analytic tools on Homogeneous

spaces, we obtain the following analogue of Theorem 4.1.2 for small annuli:

Theorem 4.1.5 Let 0 < δ1 < δ2 be sufficiently small. Assume that γ satisfies (H3) for α ∈

[12 , 1] and (H4) for s, s
′ ∈ [0, δ2) and t, t

′ ∈ [−T, T ] for some fixed

0 < T <

(
C5δ1
2C4

)1/α

.

Then we have for all f ∈ S (Rn)o,

∫ δ2

δ1

(
sup

t∈[−T,T ]

∣∣∣S̃tf(∥γs(t)∥)∣∣∣)2

sn−1 ds

1/2

≤ C ∥f∥Ḣ1/4(Rn) , (4.1.5)

where the positive constant C depends only on δ1, δ2 and n.

For the proof of Theorem 4.1.5, we first consider the cases when the Fourier transform of f is

supported in a neighborhood of the origin and when it is supported away from the origin. In

the first case, the linearized maximal function is quite straightforward to control. The latter

case however, is quite involved. In the large frequency regime, viewing Rn as the tangent space

at the identity of a suitable Damek-Ricci space, we form a connection with Theorem 4.1.2:

� Using the fact that the Riemannian exponential map on a connected, simply-connected,

complete, non-positively curved Riemannian manifold is a bijective local radial isometry,

we can pushforward the curves in the small annuli (in Rn) to the non-flat manifold,

preserving the local geometric conditions.

� The connection between the initial data and their Schrödinger propagations for Rn and

S, is then obtained by means of Lemma 3.3.1.
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Then Theorem 4.1.5 follows by taking a resolution of identity.

Remark 4.1.6 The sharpness of the regularity threshold β = 1/4 in (4.1.5), follows from the

sharpness in the special case of vertical lines [Sj97, pp. 55-58].

As an application of Theorem 4.1.5, we look at the family of curves whose norms satisfy,

∥γs(t)∥ = s+ C7t
1/2 , (4.1.6)

for some C7 ≥ 0, in some neighborhood of every (s0, 0). Suitable dilations of annuli and the

invariance of the norms of the curves (4.1.6) under a certain parabolic dilation in space and time,

make it possible to apply Theorem 4.1.5 to obtain the following result on pointwise convergence,

almost everywhere on Rn:

Theorem 4.1.7 Suppose that for every s0 ∈ [0,∞), there exists a neighborhood V ⊂ [0,∞)×R

of (s0, 0) such that (4.1.6) holds for all (s, t) ∈ V . Then for all f ∈ Ḣ1/4(Rn)o and hence for

all f ∈ Hβ(Rn)o, with β ≥ 1/4, we have

lim
t→0

Stf(γs(t)) = f(s) ,

for almost every s ∈ [0,∞), which also means

lim
t→0

Stf(γx(t)) = f(x) ,

for almost every x ∈ Rn.

Remark 4.1.8 Our Euclidean results (Theorems 4.1.5 and 4.1.7) can be interpreted as varia-

tions of results in [CM23] and [Mi24], as imposing more symmetry on the intial data allows us

to work with much lower regularity.

This chapter is organized as follows. In section 4.2, we prove Theorem 4.1.1. In section 4.3

Theorem 4.1.2 is proved. In section 4.4 Theorems 4.1.5 and 4.1.7 are proved.

4.2 A counter-example for wide approach regions

In this section, we present the proof of Theorem 4.1.1.
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Proof: [Proof of Theorem 4.1.1] The compact geodesic annulus A is of the form,

A =
{
x ∈ H3 | c1 ≤ d(e, x) ≤ c2

}
,

for some positive constants c1 < c2. Then depending on γ, c1 and c2, there exist positive

constants c3, c4, c5 such that c3 ∈ (0, 1) and

0 < c4 < c1 < c2 < c5 ,

so that

⋃
x∈A

{
y ∈ H3 | d(x, y) < γ(t) , 0 < t < c3

}
⊂
{
z ∈ H3 | c4 ≤ d(e, z) ≤ c5

}
=: A ′ .

Let {xj}∞j=1 be a countable dense subset of A ′ and {tj}∞j=1 be any sequence of positive real

numbers such that

c3 > t1 > t2 > · · · > 0 , and tj ↓ 0 .

We claim that given any x ∈ A , there exists a subsequence {(xjl , tjl)}∞l=1 such that

(xjl , tjl) → (x, 0) as l → ∞ , while d(x, xjl) < γ(tjl) . (4.2.1)

Indeed, fixing x ∈ A , we set tj1 := t1 and then note that there exists xj1( ̸= x) ∈ Bγ(tj1 )(x), the

geodesic ball with center x and radius γ(tj1). Then as γ is continuous and strictly increasing,

there exists t′j1 ∈ (0, tj1) such that γ(t′j1) = d(x, xj1). We now set tj2 := max{tj < t′j1} and

again note that there exists xj2( ̸= x) ∈ Bγ(tj2 )(x). Then again as γ is continuous and strictly

increasing, there exists t′j2 ∈ (0, tj2) such that γ(t′j2) = d(x, xj2). Proceeding like this, we get a

subsequence {(xjl , tjl)}∞l=1 such that

d(x, xjl) < γ(tjl) ,

and combining it with the fact that tjl ↓ 0, it follows that

(xjl , tjl) → (x, 0) as l → ∞ .

This completes the proof of the claim (4.2.1).
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We next let {rj}∞j=1 and {Rj}∞j=1 be two sequences such that

3 = r1 < R1 < r2 < R2 < . . . ,

and set

Ωj := {λ ∈ (0,∞) | rj < λ < Rj} .

Corresponding to the enumeration {xj}∞j=1, we consider radial f ∈ L2(H3), with the spherical

Fourier transform

f̂(λ) =
∞∑
j=1

χΩj (λ) λ
−1 (log λ)−3/4 φλ(sj) e

−itj(λ2+ρ2) ,

where sj = d(e, xj). Then using the expression of φλ and the fact that sj ≥ c4 (as xj ∈ A ′),

for all j, we get that

∥f∥2H1/2(H3) =

∫ ∞

0

(
λ2 + ρ2

)1/2|f̂(λ)|2 λ2 dλ ≲
∫ ∞

3

dλ

λ(log λ)3/2
< +∞ .

Therefore f ∈ H1/2(H3). We now make our choice of {rj}∞j=1 and {Rj}∞j=1 more precise. We

first choose r1 = 3, R1 = 5. Given r1, R1, . . . , rj−1, Rj−1, we then choose rj > Rj−1 such that

for k < j, one has for some c6 > 0,

r2j ≥
c62

j

tk − tj
, (4.2.2)

and

(tk − tj)rj > sj + sk + 1 . (4.2.3)

We also set Rj = rMj , where M > 0 is chosen large. For m ∈ N, now let

um(s, t) :=

∫ Rm

3
φλ(s) e

it(λ2+ρ2) f̂(λ) λ2 dλ .
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Now using the explicit expression of φλ, we have for all (x, t) ∈ A ′ × (0,∞),

um(x, t) = um(s, t) =
m∑
j=1

∫
Ωj

λ−1 (log λ)−3/4 φλ(s) φλ(sj) e
i(t−tj)(λ2+ρ2) λ2 dλ

= −1

4

m∑
j=1

ei(t−tj)ρ
2

sinh(s) sinh(sj)

∫
Ωj

λ−1 (log λ)−3/4 eiλ(s+sj) ei(t−tj)λ
2
dλ

+
1

4

m∑
j=1

ei(t−tj)ρ
2

sinh(s) sinh(sj)

∫
Ωj

λ−1 (log λ)−3/4 eiλ(s−sj) ei(t−tj)λ
2
dλ

+
1

4

m∑
j=1

ei(t−tj)ρ
2

sinh(s) sinh(sj)

∫
Ωj

λ−1 (log λ)−3/4 e−iλ(s−sj) ei(t−tj)λ
2
dλ

−1

4

m∑
j=1

ei(t−tj)ρ
2

sinh(s) sinh(sj)

∫
Ωj

λ−1 (log λ)−3/4 e−iλ(s+sj) ei(t−tj)λ
2
dλ

= um,1(s, t) + um,2(s, t) + um,3(s, t) + um,4(s, t) . (4.2.4)

For each k ∈ N and m > k, our goal is to estimate |um(xk, tk)|. We first focus on

um,1(sk, tk) = −1

4

m∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Aj(sk, tk)

= −1

4

k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Aj(sk, tk)−

Ak(sk, tk)

4 sinh(sk)2

−1

4

m∑
j=k+1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Aj(sk, tk) ,

where

Aj(sk, tk) =

∫
Ωj

λ−1 (log λ)−3/4 eiλ(sk+sj) ei(tk−tj)λ
2
dλ . (4.2.5)

As sj , sk ≥ c4, for all j, k, we first have

∣∣∣∣∣∣
k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Aj(sk, tk)

∣∣∣∣∣∣ ≲
k−1∑
j=1

∫
Ωj

λ−1 (log λ)−3/4 dλ ≤
∫ Rk−1

3
λ−1 (log λ)−3/4 dλ

≲ (log rk)
1/4 .
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Next, an integration by parts and an application of the Fundamental theorem of calculus along

with the definition of Ωk yield

|Ak(sk, tk)| =

∣∣∣∣∫
Ωk

λ−1 (log λ)−3/4 e2iλsk dλ

∣∣∣∣
≲ r−1

k (log rk)
−3/4 +

∫
Ωk

∣∣∣∣ ddλ (λ−1 (log λ)−3/4
)∣∣∣∣ dλ

= 2r−1
k (log rk)

−3/4 −R−1
k (logRk)

−3/4

≲ r−1
k (log rk)

−3/4 .

For j > k, we note that

Aj(sk, tk) =

∫
Ωj

λ−1 (log λ)−3/4 eiF1(λ) dλ ,

where,

F1(λ) = (sk + sj)λ+ (tk − tj)λ
2 .

Thus using the assumption that {tj} is monotonically decreasing, it follows that

F ′
1(λ) = sk + sj + 2(tk − tj)λ ≥ (tk − tj)rj , (4.2.6)

F ′′
1 (λ) = 2(tk − tj) . (4.2.7)

Now an integration by parts yields

∫
Ωj

λ−1 (log λ)−3/4 eiF1(λ) dλ

=

∫ Rj

rj

1

λ (log λ)3/4iF ′
1(λ)

iF ′
1(λ) e

iF1(λ) dλ

=

[
1

λ (log λ)3/4iF ′
1(λ)

eiF1(λ)

]Rj

rj

−
∫ Rj

rj

d

dλ

(
1

λ (log λ)3/4iF ′
1(λ)

)
eiF1(λ) dλ

= I − J .

Now invoking (4.2.2) and (4.2.6), it follows that

|I| ≤ 2

(tk − tj)r2j
≤
(

2

c6

)
2−j .
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Using (4.2.6) and (4.2.7), we also have∣∣∣∣∣ ddλ
(

1

λ (log λ)3/4iF ′
1(λ)

)∣∣∣∣∣ ≤ 2

λ2 |F ′
1(λ)|

+
|F ′′

1 (λ)|
λ|F ′

1(λ)|
2 ≤ 4

(tk − tj)λ3
.

Hence, again using (4.2.2)

|J | ≤ 2

(tk − tj)r2j
≤
(

2

c6

)
2−j .

Thus setting, c7 = 4/c6, we note that for j > k,

|Aj(sk, tk)| ≤ c72
−j .

Therefore for m > k,

|um,1(sk, tk)| ≲ (log rk)
1/4 + r−1

k (log rk)
−3/4 +

m∑
j=k+1

2−j ≲ (log rk)
1/4 .

Similarly, we get that

|um,4(sk, tk)| ≲ (log rk)
1/4 .

We now consider

um,2(sk, tk) =
1

4

m∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Bj(sk, tk) ,

where Bj is defined in an analogous fashion as Aj (see (4.2.5)). Then again proceeding as in

the case of um,1, we get that

∣∣∣∣∣∣
k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Bj(sk, tk)

∣∣∣∣∣∣ ≲ (log rk)
1/4 .

Next, as Rj = rMj , we see that for M > 0 sufficiently large,

Bk(sk, tk) =

∫ Rk

rk

λ−1 (log λ)−3/4 dλ

= 4
(
(logRk)

1/4 − (log rk)
1/4
)

= 4

(
1− 1

M1/4

)
(logRk)

1/4

≳ (logRk)
1/4 .
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For j > k, we note that

Bj(sk, tk) =

∫
Ωj

λ−1 (log λ)−3/4 eiF2(λ) dλ ,

where,

F2(λ) = (sk − sj)λ+ (tk − tj)λ
2 .

Thus

F ′
2(λ) = (sk − sj) + 2(tk − tj)λ ,

F ′′
2 (λ) = 2(tk − tj) .

So for j > k, either sk = sj or sk ̸= sj . But in either case using (4.2.3) and λ ∈ Ωj , we get

∣∣F ′
2(λ)

∣∣ > |tk − tj |λ > |tk − tj |rj .

Then again proceeding as before using the above inequality and (4.2.2), we get that

|Bj(sk, tk)| ≤ c72
−j .

Similarly, writing

um,3(sk, tk) =
1

4

m∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Dj(sk, tk) ,

where Dj is defined in an analogous fashion as Bj , we would get that

∣∣∣∣∣∣
k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Dj(sk, tk)

∣∣∣∣∣∣ ≲ (log rk)
1/4 ,

Dk(sk, tk) ≳ (logRk)
1/4 ,

|Dj(sk, tk)| ≤ c72
−j , for j > k .
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Thus for m > k and M > 0 sufficiently large, using the decomposition (4.2.4), the fact that all

sj , sk ∈ [c4, c5] and the above estimates, we get that

|um(xk, tk)| ≥ |um,2(sk, tk) + um,3(sk, tk)| − |um,1(sk, tk)| − |um,4(sk, tk)|

≥ 1

4 sinh2(sk)
(Bk(sk, tk) +Dk(sk, tk))−

1

4

∣∣∣∣∣∣
k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Bj(sk, tk)

∣∣∣∣∣∣
−1

4

∣∣∣∣∣∣
k−1∑
j=1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Dj(sk, tk)

∣∣∣∣∣∣− 1

4

∣∣∣∣∣∣
m∑

j=k+1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Bj(sk, tk)

∣∣∣∣∣∣
−1

4

∣∣∣∣∣∣
m∑

j=k+1

ei(tk−tj)ρ
2

sinh(sk) sinh(sj)
Dj(sk, tk)

∣∣∣∣∣∣− |um,1(sk, tk)| − |um,4(sk, tk)|

≳ (logRk)
1/4 − (log rk)

1/4 − 1

≳ (logRk)
1/4 . (4.2.8)

We now show that for all m ∈ N, um is continuous on A ′ × (0,∞). For (s, t) ∈ [c4, c5]× (0,∞),

let (ε, h) ∈ R2 be such that s+ ε ≥ c4/2. We write,

|um(s+ ε, t+ h)− um(s, t)| ≤ |um(s+ ε, t+ h)− um(s, t+ h)|+ |um(s, t+ h)− um(s, t)| .

Then as [3, Rm] is compact, by the Dominated Convergence Theorem, we get that

|um(s+ ε, t+ h)− um(s, t+ h)| ≤
∫ Rm

3
|φλ(s+ ε)− φλ(s)|

∣∣∣f̂(λ)∣∣∣ λ2 dλ→ 0 as |ε| → 0 ,

and also

|um(s, t+ h)− um(s, t)| ≤
∫ Rm

3

∣∣∣eih(λ2+ρ2) − 1
∣∣∣ ∣∣∣f̂(λ)∣∣∣ λ2 dλ→ 0 as |h| → 0 .

We now finally come to the Schrödinger propagation of f on H3, which we denote by u. Now

if we can show that um → u locally uniformly on A ′ × (0,∞), then it follows that u is also

continuous on A ′ × (0,∞). To see the local uniform convergence, let L be a compact subset of

A ′ × (0,∞). We now claim that there exists j0 ∈ N such that for all j > j0 and all (x, t) ∈ L,

r2j ≥
c62

j

|t− tj |
, (4.2.9)

and

|t− tj |rj > sj + s+ 1 , (4.2.10)
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which basically means that (sk, tk) in (4.2.2) and (4.2.3) can be replaced by (s, t) corresponding

to (x, t) ∈ L, when j is large enough. To see the above claims, we note that by compactness of

L, there exists j′ ∈ N such that for all j ≥ j′,

tj < inf {t|(x, t) ∈ L} .

Then as the sequence {tj}∞j=1 is monotonically decreasing, combining it with (4.2.2), we get that

for all j > j′ and all (x, t) ∈ L,

|t− tj | > |tj′ − tj | ≥
c62

j

r2j
.

and also
|t− tj |

sj + s+ 1
>

t− tj′

2c5 + 1
.

Now as rj ↑ ∞, there exists j′′ ∈ N such that for all j > j′′,

t− tj′

2c5 + 1
>

1

rj
.

Thus setting j0 := max{j′, j′′}, the claims (4.2.9) and (4.2.10) are established. Then using

(4.2.9) and (4.2.10), proceeding as before, we get that there exists c8 > 0, such that for all

j > j0 and all (x, t) ∈ L, ∣∣∣∣∣
∫
Ωj

φλ(s) e
it(λ2+ρ2) f̂(λ) λ2 dλ

∣∣∣∣∣ ≤ c82
−j .

Thus for all m > j0 and all (x, t) ∈ L,

|um(x, t)− u(x, t)| =

∣∣∣∣∫ ∞

Rm

φλ(s) e
it(λ2+ρ2) f̂(λ) λ2 dλ

∣∣∣∣
≤

∞∑
j=m+1

∣∣∣∣∣
∫
Ωj

φλ(s) e
it(λ2+ρ2) f̂(λ) λ2 dλ

∣∣∣∣∣
≤ c8

∞∑
j=m+1

2−j = c82
−m .

This gives the desired local uniform convergence and consequently, the continuity of u on A ′ ×

(0,∞). Finally, for any (xk, tk) and sufficiently large mk, we have by the above inequality and

(4.2.8),

|u(xk, tk)| ≥ |umk
(xk, tk)| − c8 ≳ (logRk)

1/4 .
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Now choose and fix x ∈ A . We then consider the subsequence {(xjl , tjl)}∞l=1 satisfying the

property (4.2.1) and obtain

lim sup
(y,t)→(x,0)

d(x,y)<γ(t), t>0

|u(y, t)| ≥ lim
l→∞

|u(xjl , tjl)| ≳ lim
l→∞

(logRjl)
1/4 = +∞ .

As x ∈ A was arbitrary, this completes the proof of Theorem 4.1.1. □

4.3 Results on Damek-Ricci spaces

In this section, we aim to prove Theorem 4.1.2. We first prove the following oscillatory integral

estimate:

Lemma 4.3.1 Let 0 < δ1 < δ2 <∞. Let κ(·, ·) : [0,∞)× R → [0,∞) satisfy

|κ(s, t)− κ(s, t′)| ≲ |t− t′|α ,

|κ(s, t)− κ(s′, t)| ≍ |s− s′| ,

for α ∈ [12 , 1], s, s
′ ∈ [0, δ2) and t, t′ ∈ [−T, T ] with some fixed T > 0. Assume that t(·) :

(δ1, δ2) → [−T, T ] is a measurable function. If µ ∈ C∞
c [0,∞), then for any C > 0,

∣∣∣∣∫ ∞

0
ei{λ(κ(s′,t(s′))−κ(s,t(s)))+(t(s′)−t(s))(λ2+C)} λ−

1
2 µ

(
λ

N

)
dλ

∣∣∣∣ ≲ 1

|s− s′|1/2
,

for all s, s′ ∈ (δ1, δ2) and N ∈ N. The implicit constant in the conclusion depends only on µ.

Proof: For s = s′, the estimate is trivial. For s ̸= s′, to prove the Lemma, it suffices to prove

that ∣∣∣∣∣
∫ 1

|s−s′|

0
ei{λ(κ(s′,t(s′))−κ(s,t(s)))+(t(s′)−t(s))(λ2+C)} λ−

1
2 µ

(
λ

N

)
dλ

∣∣∣∣∣ ≲ 1

|s− s′|1/2
, (4.3.1)

and ∣∣∣∣∣
∫ ∞

1
|s−s′|

ei{λ(κ(s′,t(s′))−κ(s,t(s)))+(t(s′)−t(s))(λ2+C)} λ−
1
2 µ

(
λ

N

)
dλ

∣∣∣∣∣ ≲ 1

|s− s′|1/2
, (4.3.2)
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with the implicit constants possibly depending only on µ. The proof of (4.3.2) is given in [DN17,

proof of Eqn. (3.6), pp. 233-239]. On the other hand, the proof of (4.3.1) is simple:∣∣∣∣∣
∫ 1

|s−s′|

0
ei{λ(κ(s′,t(s′))−κ(s,t(s)))+(t(s′)−t(s))(λ2+C)} λ−

1
2 µ

(
λ

N

)
dλ

∣∣∣∣∣ ≲
∫ 1

|s−s′|

0
λ−1/2 dλ

=
2

|s− s′|1/2
.

This completes the proof of Lemma 4.3.1. □

We also require the following lemma:

Lemma 4.3.2 Under the hypothesis of Theorem 4.1.2, we have for all s ∈ (r1, r2) and t ∈

[−T, T ],
C2

2
s < d(e, γs(t)) <

3C3

2
s .

Proof: We first note by (H2) that

C2s ≤ |d(e, γs(t))− d(e, γ0(t))| ≤ C3s . (4.3.3)

Next by (H1), we have

d(e, γ0(t)) = |d(e, γ0(t))− d(e, γ0(0))| ≤ C1|t|α ≤ C1T
α . (4.3.4)

Therefore, combining (4.3.3) and (4.3.4), we get that

C2s− C1T
α ≤ d(e, γs(t)) ≤ C3s+ C1T

α .

Now as 0 < T <
(
C2r1
2C1

)1/α
, we see that

C2s− C1T
α > C2

(
s− r1

2

)
>
C2

2
s .

Similarly,

C3s+ C1T
α < C3s+ C2

(r1
2

)
≤ C3

(
s+

r1
2

)
<

3C3

2
s .

This completes the proof of Lemma 4.3.2. □

We now present the proof of Theorem 4.1.2.
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Proof: [Proof of Theorem 4.1.2] In order to prove the theorem, it suffices to prove the following

estimate in terms of the linearized maximal function,

(∫ r2

r1

|Tγf(s)|2A(s) ds

)1/2

≲ ∥f∥Ḣ1/4(S) , (4.3.5)

where,

Tγf(s) :=

∫ ∞

0
φλ(d(e, γs(t(s)))) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ , (4.3.6)

and t(·) : (r1, r2) → [−T, T ] is a measurable function. Now by Lemma 4.3.2, we have for all

s ∈ (r1, r2),
C2

2
r1 <

C2

2
s < d(e, γs(t(s))) <

3C3

2
s <

3C3

2
r2 .

Then for s ∈ (r1, r2) and λ > 0, expanding φλ by Lemma 3.2.3, we get that

φλ(d(e, γs(t(s)))) = 2−mz/2A(d(e, γs(t(s))))
−1/2

{
c(λ)eiλd(e,γs(t(s))) + c(−λ)e−iλd(e,γs(t(s)))

}
+E (λ, d(e, γs(t(s)))) , (4.3.7)

where

E (λ, d(e, γs(t(s)))) = 2−mz/2A(d(e, γs(t(s))))
−1/2

×

c(λ)
∞∑
µ=1

Γµ(λ)e
(iλ−µ)d(e,γs(t(s))) + c(−λ)

∞∑
µ=1

Γµ(−λ)e−(iλ+µ)d(e,γs(t(s)))

 ,

and thus again using Lemma 4.3.2, the local growth asymptotics of the density function (3.2.3)

and the estimate (3.2.8) on the coefficients Γµ, it follows that

|E (λ, d(e, γs(t(s))))| ≲ A(s)−1/2 |c(λ)| (1 + λ)−1 . (4.3.8)

Hence for s ∈ (r1, r2) and λ > 0, in accordance to (4.3.7), we decompose Tγ as,

Tγf(s)

= 2−mz/2A(d(e, γs(t(s))))
−1/2

∫ ∞

0

c(λ) e
i

{
λd(e,γs(t(s)))+t(s)

(
λ2+Q2

4

)}
f̂(λ) |c(λ)|−2 dλ

+2−mz/2A(d(e, γs(t(s))))
−1/2

∫ ∞

0

c(−λ) e
i

{
−λd(e,γs(t(s)))+t(s)

(
λ2+Q2

4

)}
f̂(λ) |c(λ)|−2 dλ

+

∫ ∞

0

E (λ, d(e, γs(t(s)))) e
it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ

= Tγ,1f(s) + Tγ,2f(s) + Tγ,3f(s) .
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The arguments for Tγ,1 and Tγ,2 are similar and hence we work out the details only for Tγ,1.

We aim to show that

(∫ r2

r1

|Tγ,1f(s)|2A(s) ds

)1/2

≲

(∫ ∞

0
λ1/2 |f̂(λ)|

2
|c(λ)|−2dλ

)1/2

. (4.3.9)

Now

Tγ,1f(s)A(s)
1/2

= 2−mz/2A(d(e, γs(t(s))))
−1/2A(s)1/2

∫ ∞

0

c(λ)e
i

{
λd(e,γs(t(s)))+t(s)

(
λ2+Q2

4

)}
f̂(λ)|c(λ)|−2dλ

= 2−mz/2A(d(e, γs(t(s))))
−1/2A(s)1/2

∫ ∞

0

c(λ)e
i

{
λd(e,γs(t(s)))+t(s)

(
λ2+Q2

4

)}
g(λ)λ−1/4|c(λ)|−1dλ,

where

g(λ) = f̂(λ) λ1/4 |c(λ)|−1 .

Then setting,

Pγg(s) := A(d(e, γs(t(s))))
−1/2A(s)1/2

∫ ∞

0

c(λ)e
i

{
λd(e,γs(t(s))))+t(s)

(
λ2+Q2

4

)}
g(λ)λ−1/4|c(λ)|−1dλ ,

that is,

2mz/2 Tγ,1f(s)A(s)
1/2 = Pγg(s) ,

we note that proving (4.3.9) is equivalent to proving

(∫ r2

r1

|Pγg(s)|2 ds
)1/2

≲

(∫ ∞

0
|g(λ)|2 dλ

)1/2

. (4.3.10)

We choose ρ ∈ C∞
c [0,∞) non-negative such that

ρ(λ) = 1 , λ ≤ 1

= 0 , λ ≥ 2 .

For N > 2 and s ∈ (r1, r2), we set

Pγ,Ng(s) := A(d(e, γs(t(s))))
−1/2A(s)1/2

×
∫ ∞

0

c(λ)e
i

{
λd(e,γs(t(s))))+t(s)

(
λ2+Q2

4

)}
ρ

(
λ

N

)
g(λ)λ−1/4|c(λ)|−1dλ .
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Now for η ∈ C∞
c (r1, r2) and λ > 0, setting

P ∗
γ,Nη(λ) := c(λ) ρ

(
λ

N

)
λ−1/4 |c(λ)|−1

×
∫ r2

r1

A(d(e, γs(t(s))))
−1/2A(s)1/2e

−i
{
λd(e,γs(t(s))))+t(s)

(
λ2+Q2

4

)}
η(s)ds ,

it is easy to see that

∫ r2

r1

Pγ,Nψ(s) η(s) ds =

∫ ∞

0
ψ(λ) P ∗

γ,Nη(λ) dλ ,

holds for all η ∈ C∞
c (r1, r2) and ψ ∈ L2(0,∞) having suitable decay at infinity. Thus it suffices

to prove that (∫ ∞

0

∣∣P ∗
γ,Nh(λ)

∣∣2dλ)1/2

≲

(∫ r2

r1

|h(s)|2 ds
)1/2

, (4.3.11)

for all h ∈ C∞
c (r1, r2), with the implicit constant independent of N , as then letting N → ∞, we

can obtain the estimate (4.3.10). Now by Fubini’s theorem,

∫ ∞

0

∣∣P ∗
γ,Nh(λ)

∣∣2dλ
=

∫ r2

r1

∫ r2

r1

IN (s, s
′)A(d(e, γs(t(s))))

− 1
2A(s)

1
2A(d(e, γs′(t(s

′))))
− 1

2A(s′)
1
2h(s)h(s′)ds ds′,

where

IN (s, s
′) =

∫ ∞

0
e
i

{
λ(d(e,γs′ (t(s

′)))−d(e,γs(t(s))))+(t(s′)−t(s))
(
λ2+Q2

4

)}
λ−1/2ρ

(
λ

N

)2

dλ .

Then by Lemmata 4.3.1, 4.3.2 and the local growth asymptotics of the density function A(s),

we get that ∫ ∞

0

∣∣P ∗
γ,Nh(λ)

∣∣2dλ ≲
∫ r2

r1

∫ r2

r1

1

|s− s′|1/2
|h(s)| |h(s′)| ds ds′,

with the implicit constant independent of N . As h ∈ C∞
c (r1, r2), we can think of it as an even

C∞
c function supported in (−r2,−r1) ⊔ (r1, r2). We can therefore write the last integral as an

one dimensional Riesz potential and apply (3.2.1) to get that for some positive number c,

∫ r2

r1

∫ r2

r1

1

|s− s′|1/2
|h(s)| |h(s′)| ds ds′ =

∫ ∞

0

∫ ∞

0

1

|s− s′|1/2
|h(s)| |h(s′)| ds ds′

= c

∫ ∞

0
I1/2(|h|)(s) |h(s)| ds

= c

∫
R
|ξ|−

1
2

∣∣∣h̃(ξ)∣∣∣2 dξ .
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Then by Pitt’s inequality (as in our case β = 1
4 , p = 2 and hence β1 = β + 1

2 − 1
p = 1

4 , both the

conditions of Lemma 3.2.1 are satisfied),

∫
R
|ξ|−

1
2

∣∣∣h̃(ξ)∣∣∣2 dξ ≲
∫
R
|h(x)|2 |x|

1
2 dx

= c

∫ r2

r1

|h(s)|2 s
1
2 ds

≤ c r
1/2
2 ∥h∥2L2(r1,r2)

.

Thus we get (4.3.9). Similar arguments lead to the following estimate for Tγ,2,

(∫ r2

r1

|Tγ,2f(s)|2A(s) ds

)1/2

≲

(∫ ∞

0
λ1/2 |f̂(λ)|

2
|c(λ)|−2dλ

)1/2

. (4.3.12)

Finally for Tγ,3, using the estimate on the error term (4.3.8) and Cauchy-Schwarz inequality,

we obtain

|Tγ,3f(s)| ≲ A(s)−1/2
∫ ∞

0
(1 + λ)−1

∣∣∣f̂(λ)∣∣∣ |c(λ)|−1 dλ

≤ A(s)−1/2

[∫ 1

0

∣∣∣f̂(λ)∣∣∣ |c(λ)|−1 dλ+

∫ ∞

1
λ−1

∣∣∣f̂(λ)∣∣∣ |c(λ)|−1 dλ

]
≤ A(s)−1/2 ∥f∥Ḣ1/4(S)

[(∫ 1

0

dλ

λ1/2

)1/2

+

(∫ ∞

1

dλ

λ5/2

)1/2
]

≲ A(s)−1/2 ∥f∥Ḣ1/4(S) .

Thus (∫ r2

r1

|Tγ,3f(s)|2A(s) ds

)1/2

≲ (r2 − r1)
1/2 ∥f∥Ḣ1/4(S) . (4.3.13)

Then combining (4.3.9), (4.3.12) and (4.3.13), we complete the proof. □

Remark 4.3.3 In the special case of H3, the SL(2,C)-invariant Riemannian measure on H3 is

sinh2 s ds dk, where ds and dk are the Lebesgue measure on (0,∞) and the Haar measure on

SU(2) respectively. As noted in section 4.2, in this case, the spherical function is given by the

explicit expression:

φλ(s) =
1

2i sinh(s)

(
eiλs

λ
+
e−iλs

λ

)
,

and hence the proof of Theorem 4.1.2 can be carried out with relative ease (as the corresponding

error term is zero). The situation is exactly similar in the classical 3-dimensional Euclidean
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space, as the spherical function on R3 is given by,

sin(λs)

λs
=

1

2is

(
eiλs

λ
+
e−iλs

λ

)
.

In the full generality of Rn however, the spherical function is somewhat lesser explicit and is

given by Jn−2
2
, the modified Bessel function of order n−2

2 . Although the oscillatory nature of

Jn−2
2

is well-studied, yet proceeding analogously as in the arguments of the proof of Theorem

4.1.2 does not seem to be an easy task.

Aiming to eventually obtain some Euclidean results, we now focus on ‘small annuli’. Let

0 < δ1 < δ2 ≤ (2R0)/(3C3) ,

where R0 is as in Lemma 3.2.2. As in Theorem 4.1.2, we also assume that γ satisfies (H1) for

α ∈ [12 , 1] and (H2) for s, s
′ ∈ [0, δ2) and t, t

′ ∈ [−T, T ], for some fixed T > 0, such that

Tα < (C2δ1)/(2C1) .

Then by Lemma 4.3.2, we have for all s ∈ (δ1, δ2) and t ∈ [−T, T ],

d(e, γs(t)) <
3C3

2
s <

3C3

2
δ2 ≤ R0 .

Thus for f ∈ S 2(S)o, we can also decompose the linearized maximal function (4.3.6) in terms

of the Bessel series expansion of φλ (by taking M = 0 in Lemma 3.2.2),

Tγf(s) =

∫ ∞

0
φλ(d(e, γs(t(s)))) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ

= c0

(
d(e, γs(t(s)))

n−1

A(d(e, γs(t(s))))

)1/2 ∫ ∞

0
Jn−2

2
(λd(e, γs(t(s)))) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ

+

∫ ∞

0
E(λ, d(e, γs(t(s)))) e

it(s)

(
λ2+Q2

4

)
f̂(λ) |c(λ)|−2 dλ

= Tγ,4f(s) + Tγ,5f(s) .

We obtain the following boundedness result for Tγ,4, which will be crucial for the proof of

Theorem 4.1.5 in the next section:

Corollary 4.3.4 Let 0 < δ1 < δ2 ≤ (2R0)/(3C3), where R0 is as in Lemma 3.2.2. Assume

that γ satisfies (H1) for α ∈ [12 , 1] and (H2) for s, s
′ ∈ [0, δ2) and t, t

′ ∈ [−T, T ], for some fixed
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T > 0, such that Tα < (C2δ1)/(2C1). Then we have for all f ∈ S 2(S)o ,

(∫ δ2

δ1

|Tγ,4f(s)|2A(s) ds

)1/2

≲ ∥f∥Ḣ1/4(S) ,

where the implicit constant depends only on δ1, δ2 and the dimension of S.

Proof: By Theorem 4.1.2, it suffices to prove that

(∫ δ2

δ1

|Tγ,5f(s)|2A(s) ds

)1/2

≲ ∥f∥Ḣ1/4(S) , (4.3.14)

where the implicit constant depends only on δ1, δ2 and the dimension of S. For λ ≥ 0, we recall

the estimates on the error term in Lemma 3.2.2 (for M = 0),

|E(λ, d(e, γs(t(s))))| ≲


d(e, γs(t(s)))

2 if λd(e, γs(t(s))) ≤ 1

d(e, γs(t(s)))
2 {λd(e, γs(t(s)))}−(

n+1
2 ) if λd(e, γs(t(s))) > 1 .

Then using the above pointwise bounds, Lemma 4.3.2 and Cauchy-Schwarz inequality, we obtain

|Tγ,5f(s)| ≲ d(e, γs(t(s)))
2

∫ 1/d(e,γs(t(s)))

0

∣∣∣f̂(λ)∣∣∣ |c(λ)|−2 dλ

+
1

(d(e, γs(t(s))))
(n−3

2 )

∫ ∞

1/d(e,γs(t(s)))

λ−(
n+1
2 )
∣∣∣f̂(λ)∣∣∣ |c(λ)|−2 dλ

≲ ∥f∥Ḣ1/4(S)

[
s2I1(s)

1/2 +
1

s(
n−3
2 )

I2(s)
1/2

]
,

where

I1(s) =

∫ 1/d(e,γs(t(s)))

0

|c(λ)|−2 dλ

λ1/2
, and I2(s) =

∫ ∞

1/d(e,γs(t(s)))

|c(λ)|−2 dλ

λn+
3
2

.

Now first using the asymptotics of |c(λ)|−2 given in (1.2.7) for small frequency and Lemma

4.3.2, we get that

I1(s) ≲

∫ 1/d(e,γs(t(s)))

0

λ3/2 dλ ≲
1

s5/2
.

Similarly the asymptotics of |c(λ)|−2 given in (1.2.7) for large frequency and Lemma 4.3.2 yield

I2(s) ≲

∫ ∞

1/d(e,γs(t(s)))

dλ

λ5/2
≲ s3/2 .
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Hence, we obtain ∫ δ2

δ1

|Tγ,5f(s)|2A(s) ds ≲δ1,δ2 ∥f∥2
Ḣ1/4(S)

.

This completes the proof of Corollary 4.3.4. □

4.4 Results on Rn

Our aim in this section is to prove Theorems 4.1.5 and 4.1.7. For f ∈ S (Rn)o, with n ≥ 2, the

linearization of the maximal function appearing in Theorem 4.1.5 is given by,

T̃γf(s) :=

∫ ∞

0
Jn−2

2
(λ∥γs(t(s))∥) eit(s)λ

2
Ff(λ) λn−1 dλ , (4.4.1)

where t(·) : (δ1, δ2) → [−T, T ] is a measurable function. We first consider the case when Ff is

supported near the origin.

Lemma 4.4.1 Under the hypothesis of Theorem 4.1.5, we have for all f ∈ S (Rn)o with

Supp (Ff) ⊂ [0,Λ] for some Λ > 0,

(∫ δ2

δ1

∣∣∣T̃γf(s)∣∣∣2 sn−1 ds

)1/2

≲ ∥f∥Ḣ1/4(Rn) ,

where the implicit constant depends only on Λ, δ1, δ2 and n.

Proof: The Lemma follows from the boundedness of the modified Bessel functions and Cauchy-

Schwarz inequality. Indeed, for s ∈ (δ1, δ2),

∣∣∣T̃γf(s)∣∣∣ ≲ ∫ Λ

0
|Ff(λ)| λn−1 dλ ≤ ∥f∥Ḣ1/4(Rn)

(∫ Λ

0
λn−

3
2 dλ

)1/2

≲Λ ∥f∥Ḣ1/4(Rn) .

Hence, the result follows. □

We now turn our attention to the situation when Ff is supported away from the origin.

In this case, we need to do some local geometry. For each n ≥ 2, there exists at least one n-

dimensional Damek-Ricci space S (in particular, the degenerate case of Real hyperbolic spaces).

We now consider the Riemannian exponential map at e, denoted by expe defined on TeS, the

tangent space of S at the identity e. As Damek-Ricci spaces are connected, simply-connected,
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complete Riemannian manifolds of non-positive sectional curvature, expe defines a global dif-

feomorphism from TeS onto S. Now for a general Riemannian manifold, expe is always a local

radial isometry. Hence, there exists ε > 0, such that expe maps the ball B(0, ε) ⊂ TeS (with

respect to the norm d̃(·) induced by the Riemannian metric) diffeomorphically onto the geodesic

ball Bε ⊂ S, with the property that for any p ∈ B(0, ε), we have

d(e, expe(p)) = d̃(p) , (4.4.2)

(see [HRWW20, p. 636]). Moreover, since any two finite dimensional inner product spaces

with the same dimension, are isometrically isomorphic, there exists a linear isometry I from Rn

equipped with the flat metric onto TeS equipped with the Riemannian metric. Hence for any

x ∈ Rn, we have

∥x∥ = d̃ (I(x)) . (4.4.3)

We now restrict to the Euclidean ball B(o, ε) and consider the composition,

E := expe ◦ I .

Thus combining (4.4.2) and (4.4.3), it follows that E maps the ball B(o, ε) ⊂ Rn diffeomorphi-

cally onto the geodesic ball Bε ⊂ S, with the property that for any x ∈ B(o, ε), we have,

d (e, E(x)) = ∥x∥ . (4.4.4)

As we are only interested in radial functions, identifying all the points on a geodesic sphere

centered at e, contained in the geodesic ball Bε, solely by their distance from e and using

(4.4.4), we make the abuse of notation,

E(x) ∼ d (e, E(x)) = ∥x∥, for x ∈ B(o, ε). (4.4.5)

Now under the hypothesis of Theorem 4.1.5, a computation similar to Lemma 4.3.2 using (H3)

and (H4) yields that for all s ∈ [0, δ2) and t ∈ [−T, T ],

∥γs(t)∥ <
3C6

2
δ2 .

Then furthermore assuming δ2 ≤ (2ε)/(3C6), we get that ∥γs(t)∥ < ε, for all s ∈ [0, δ2) and

t ∈ [−T, T ]. Hence it makes sense to consider the pushforwards (by the map E) of the curves γ
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for s ∈ [0, δ2) and t ∈ [−T, T ] , which we write by (4.4.5) as,

(E∗γ)s(t) := E(γs(t)) .

We now summarize some important properties of these pushforwarded curves:

Lemma 4.4.2 Under the hypothesis of Theorem 4.1.5, with δ2 ≤ (2ε)/(3C6), where ε is as in

(4.4.4), for s, s′ ∈ [0, δ2) and t, t
′ ∈ [−T, T ], we have for α ∈ [12 , 1],

(i)
∣∣d (e, (E∗γ)s(t))− d

(
e, (E∗γ)s(t

′)
)∣∣ ≤ C4|t− t′|α ,

(ii) C5|s− s′| ≤ |d (e, (E∗γ)s(t))− d (e, (E∗γ)s′(t))| ≤ C6|s− s′| .

Proof: Using (4.4.4) and (H3), property (i) is proved as follows,

∣∣d (e, (E∗γ)s(t))− d
(
e, (E∗γ)s(t

′)
)∣∣ =

∣∣d (e, E(γs(t)))− d
(
e, E(γs(t′))

)∣∣
=

∣∣∥γs(t)∥ − ∥γs(t′)∥
∣∣

≤ C4|t− t′|α .

Property (ii) can be verified similarly. □

We are now ready to present our result for the high frequency regime.

Lemma 4.4.3 Under the hypothesis of Theorem 4.1.5, with δ2 ≤ 2
3C6

min{ε,R0}, where ε is as

in (4.4.4) and R0 is as in Lemma 3.2.2, we have for all f ∈ S (Rn)o with Supp (F (f)) ⊂ (1,∞),

(∫ δ2

δ1

∣∣∣T̃γf(s)∣∣∣2 sn−1 ds

)1/2

≲ ∥f∥Ḣ1/4(Rn) ,

where the implicit constant depends only on δ1, δ2 and n.

Proof: As f ∈ S (Rn)o with Supp (F (f)) ⊂ (1,∞), we define

g :=
(
A −1 ◦M−1

)
f ,

where A and M are as defined in the proof of Lemma 3.3.1. Then the interaction of g with the

Fourier transform is best understood via the following commutative diagram, where each arrow
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is a bijection:

S (Rn)∞o S (Rn)∞o S 2(S)∞o

S (R)∞e S (R)∞e

M−1

F

A −1

F ∧

m−1

Thus g ∈ S 2(S)∞o with

ĝ(λ) = F
(
M−1f

)
(λ) =

λn−1

|c(λ)|−2Ff(λ) . (4.4.6)

So in particular, Supp(ĝ) ⊂ (1,∞).

We also note that using the hypothesis, a computation similar to Lemma 4.3.2 implies that

∥γs(t)∥ < min{ε,R0}, for all s ∈ [0, δ2) and t ∈ [−T, T ]. Hence by (4.4.4), we see that

d (e, (E∗γ)s(t)) = ∥γs(t)∥ < min{ε,R0} . (4.4.7)

Then for s ∈ (δ1, δ2), using Lemmata 4.4.2 and 4.3.2, the local growth asymptotics of the

density function of S (3.2.3), the relationship between ĝ and Ff (4.4.6) and the isometric

relation (4.4.7), we obtain

|TE∗γ,4 g(s)| ≍
∣∣∣∣∫ ∞

1
Jn−2

2
(λ d (e, (E∗γ)s(t(s)))) e

it(s)λ2 ĝ(λ) |c(λ)|−2 dλ

∣∣∣∣
=

∣∣∣∣∫ ∞

1
Jn−2

2
(λ ∥γs(t(s))∥) eit(s)λ

2
Ff(λ) λn−1 dλ

∣∣∣∣
=

∣∣∣T̃γf(s)∣∣∣ ,
where T̃γ is given by (4.4.1) . Thus again by the local growth asymptotics of the density function

of S, it follows that

(∫ δ2

δ1

|TE∗γ,4 g(s)|
2A(s) ds

)1/2

≍

(∫ δ2

δ1

∣∣∣T̃γf(s)∣∣∣2 sn−1 ds

)1/2

. (4.4.8)
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Using (4.4.6) and the large frequency asymptotics of |c(λ)|−2 (1.2.7), we also compare the

Homogeneous Sobolev norms of g and f :

∥g∥Ḣ1/4(S) =

(∫ ∞

1
λ1/2 |ĝ(λ)|2 |c(λ)|−2 dλ

)1/2

=

(∫ ∞

1
λ1/2 |Ff(λ)|2 λ2(n−1)

|c(λ)|−4 |c(λ)|−2 dλ

)1/2

≍
(∫ ∞

1
λ1/2 |Ff(λ)|2 λn−1 dλ

)1/2

= ∥f∥Ḣ1/4(Rn) . (4.4.9)

Then by Lemma 4.4.2, Corollary 4.3.4, (4.4.8) and (4.4.9), the result follows. □

We now complete the proof of Theorem 4.1.5.

Proof: [Proof of Theorem 4.1.5] Let f ∈ S (Rn)o. Then Ff ∈ S (R)e. Now let us choose an

auxiliary non-negative even function ψ ∈ C∞
c (R) such that Supp(ψ) ⊂ {ξ : 1

2 < |ξ| < 2} and

∞∑
k=−∞

ψ(2−kξ) = 1 , ξ ̸= 0 .

We set

ψ1(ξ) :=
0∑

k=−∞
ψ(2−kξ) , and ψ2(ξ) :=

∞∑
k=1

ψ(2−kξ) .

Then both ψ1 and ψ2 are even non-negative C∞ functions with Supp(ψ1) ⊂ (−2, 2), Supp(ψ2) ⊂

R \ (−1, 1) and ψ1 + ψ2 ≡ 1. Then we consider,

Ff = (Ff)ψ1 + (Ff)ψ2 .

As (Ff)ψj for j = 1, 2, are even Schwartz class functions on R, by the Schwartz isomorphism

theorem, there exist f1, f2 ∈ S (Rn)o such that Ffj = (Ff)ψj for j = 1, 2. Then by Lemmata
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4.4.1 and 4.4.3, we get the desired estimate on the linearized maximal function,

(∫ δ2

δ1

∣∣∣T̃γf(s)∣∣∣2 sn−1 ds

)1/2

≤

(∫ δ2

δ1

∣∣∣T̃γf1(s)∣∣∣2 sn−1 ds

)1/2

+

(∫ δ2

δ1

∣∣∣T̃γf2(s)∣∣∣2 sn−1 ds

)1/2

≲

(∫ 2

0
λ1/2 |Ff1(λ)|2 λn−1 dλ

)1/2

+

(∫ ∞

1
λ1/2 |Ff2(λ)|2 λn−1 dλ

)1/2

≤ 2 ∥f∥Ḣ1/4(Rn) .

□

Finally, we prove Theorem 4.1.7:

Proof: [Proof of Theorem 4.1.7] By arguments mentioned in the Introduction, in order to

prove the result on almost everywhere pointwise convergence, it suffices to prove that given any

0 < r1 < r2 < ∞, there exists some fixed T > 0, such that one has for all f ∈ S (Rn)o, the

maximal estimate,

∫ r2

r1

(
sup

t∈[−T,T ]

∣∣∣S̃tf(∥γs(t)∥)∣∣∣)2

sn−1 ds

1/2

≲ ∥f∥Ḣ1/4(Rn) , (4.4.10)

where the implicit constant can possibly depend only on r1, r2 and n. We first note that by

compactness of [0, r2], there exists 0 < T < (r1/2C7)
2, such that

∥γs(t)∥ = s+ C7t
1/2 ,

for all s ∈ [0, r2) and t ∈ [−T, T ]. Then for all s ∈ [0, r2) and t, t
′ ∈ [−T, T ],

∣∣∥γs(t)∥ − ∥γs(t′)∥
∣∣ = C7|t1/2 − t′

1/2| ≤ C7|t− t′|1/2 .

Also for all s, s′ ∈ [0, r2) and t ∈ [−T, T ],

|∥γs(t)∥ − ∥γs′(t)∥| = |s− s′| .

Therefore, γ satisfies (H3) for α = 1/2 and (H4) for s, s
′ ∈ [0, r2) and t, t

′ ∈ [−T, T ], for some

fixed 0 < T < (r1/2C7)
2.
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Let δ ∈ (0, r2) be sufficiently small and set η = r2/δ and δ′ = r1/η, so that δ′ < δ. For

f ∈ S (Rn)o, we consider

fη(x) := f(ηx) .

Now the solutions of the Schrödinger equation with initial data f and fη are related as follows:

S̃tf(∥γs(t)∥) =

∫ ∞

0
Jn−2

2
(λ∥γs(t)∥) eitλ

2
Ff(λ) λn−1 dλ

= ηn
∫ ∞

0
Jn−2

2
(λ∥γs(t)∥) eitλ

2
Ffη(ηλ) λ

n−1 dλ

=

∫ ∞

0
Jn−2

2

(
λ
∥γs(t)∥
η

)
e
i
(

t
η2

)
λ2

Ffη(λ) λ
n−1 dλ .

Now for s ∈ [0, r2) and t ∈ [−T, T ], we have

∥γs(t)∥
η

=
s

η
+ C7

t1/2

η
=
s

η
+ C7

(
t

η2

)1/2

= ∥γs/η(t/η2)∥ .

Therefore, for s ∈ [0, r2) and t ∈ [−T, T ],

S̃tf(∥γs(t)∥) =

∫ ∞

0
Jn−2

2

(
λ∥γs/η(t/η2)∥

)
e
i
(

t
η2

)
λ2

Ffη(λ) λ
n−1 dλ

= S̃t/η2fη(∥γs/η(t/η2)∥) .

Then as T < (r1/2C7)
2, we have (

T

η2

)1/2

<
δ′

2C7
,

and hence by Theorem 4.1.5,

∫ r2

r1

(
sup

t∈[−T,T ]

∣∣∣S̃tf(∥γs(t)∥)∣∣∣)2

sn−1 ds

1/2

=

∫ r2

r1

(
sup

t∈[−T,T ]

∣∣∣S̃t/η2fη(∥γs/η(t/η2)∥)∣∣∣
)2

sn−1 ds

1/2

=

∫ r2

r1

 sup
t∈

[
− T

η2
, T
η2

]
∣∣∣S̃tfη(∥γs/η(t)∥)∣∣∣


2

sn−1 ds


1/2

= ηn/2

∫ δ

δ′

 sup
t∈

[
− T

η2
, T
η2

]
∣∣∣S̃tfη(∥γs(t)∥)∣∣∣


2

sn−1 ds


1/2

≲ ηn/2 ∥fη∥Ḣ1/4(Rn) .
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We next note that

∥fη∥Ḣ1/4(Rn) =

(∫ ∞

0
λ1/2 |Ffη(λ)|2λn−1 dλ

)1/2

= η(
1
4
−n

2 )
(∫ ∞

0
λ1/2 |Ff(λ)|2λn−1 dλ

)1/2

= η(
1
4
−n

2 )∥f∥Ḣ1/4(Rn) ,

which we plug in the above to obtain

∫ r2

r1

(
sup

t∈[−T,T ]

∣∣∣S̃tf(∥γs(t)∥)∣∣∣)2

sn−1 ds

1/2

≲ η
1
4 ∥f∥Ḣ1/4(Rn) .

Thus we obtain (4.4.10), which completes the proof. □



Chapter 5

Concluding remarks

In this chapter, we make some remarks and pose some new problems:

1. Functions satisfying the RMVP in a domain D ⊂ M can be interpreted as functions

which are harmonic with respect to a certain random walk (Xn)n≥1 on D. Namely, the

distribution of Xn+1 given that Xn = z ∈ D is the harmonic measure µz,B on the sphere

∂B, where B is the geodesic ball B = B(z, ρ(z)). Theorem 2.1.1 can then be interpreted

as saying that continuous harmonic functions for the random walk with the appropriate

boundary behaviour are also harmonic for the Laplace-Beltrami operator.

2. Theorem 2.1.3 assumes that the manifold M has strictly negative curvature. It would

be interesting to study whether an analogue of this result holds for nonpositively curved

manifolds, at least those which are Gromov hyperbolic. Such a result would cover the

case of harmonic manifolds of purely exponential volume growth (which are nonpositively

curved and Gromov hyperbolic), in particular it would cover all known examples of nonflat

noncompact harmonic manifolds, namely the rank one symmetric spaces of noncompact

type and the Damek-Ricci spaces.

3. For all the results obtained in chapter 2, it would be interesting to see if there are coun-

terexamples if any of the hypotheses are relaxed. Constructing functions on a general

Riemannian manifold which are not harmonic but satisfy the RMVP seems to be a diffi-

cult task however.

4. Keeping the problem of pointwise convergence of solutions in mind, one is naturally in-

terested in obtaining maximal estimates analogous to Theorem 3.1.1 for the fractional

113



114 Chapter 5. Concluding remarks

Schrödinger equations. We have investigated this problem, in fact, for more general dis-

persive equations on Damek-Ricci spaces in [De25.1].

5. On H3 ∼= SL(2,C)/SU(2), for β > 3/2, by Sobolev imbedding [CGM93, Theorem 4.7] and

standard arguments, the non-tangential convergence of the solution of the Schrödinger

equation (to the initial data) holds almost everywhere. Whereas by our counter-example

(Theorem 4.1.1), the non-tangential convergence to the initial data fails on a set of posi-

tive (SL(2,C)-invariant) Riemannian measure if β ≤ 1/2. This gives rise to the natural

question of what happens when β ∈ (1/2, 3/2]. The analogue of Theorem 4.1.1 and the

above question in the great generality of Damek-Ricci spaces turns out to be even more

interesting.

6. In chapter 4, the two Euclidean results (Theorems 4.1.5 and 4.1.7) only give partial ana-

logues of Theorem 4.1.2 for Rn. Thus seeking a complete analogue of Theorem 4.1.2 for

Rn is a natural question.

7. Finally, the ultimate goal would be to get a complete solution of the Carleson’s problem

(that is analogues of [DGL17, DZ19]) for Damek-Ricci spaces without any restriction on

the symmetry of the initial data.
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