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Abstract

Deep learning models often deliver high predictive accuracy; however, their lack of inter-
pretability can hinder their adoption in critical fields such as healthcare and finance. This
thesis explores the concept of Intrinsic Causal Contribution (ICC), a novel method for explain-
ing neural network predictions by quantifying each input feature’s intrinsic causal influence on
the output, independent of correlated effects. ICC models the network as a Structural Causal
Model and employs Causal Normalizing Flows to handle complex dependencies, with efficient
estimation via the Jansen Estimator. Analysis on both synthetic and real data sets provides
evidence that ICC produces faithful, interpretable attributions, often outperforming traditional
approaches like SHAP and LIME. By revealing truly influential features, ICC supports trans-
parent and responsible AI, especially in sensitive settings such as medical diagnosis.
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Chapter 1

Introduction

1.1 Prior Work and Motivation

In recent years, the integration of causal principles into neural network (NN) models has gained
significant attention, driven by the need for interpretability and robustness in machine learning
systems. Early work by Chattopadhyay et al. [1] laid the foundation for introducing causal attri-
butions in NN models. They represented neural networks as structural causal models (SCMs),
enabling the estimation of the average causal impact of input features on the predictions made
by the model. This approach provided a causal perspective on how inputs influence outputs,
going beyond traditional correlation-based explanations for model interpretability. Expanding
on this idea, Reddy et al. [2] explored how NNs can capture indirect causal effects by adding
feedforward links between input neurons. This allowed the model to learn and explain not just
direct, but also indirect causal relationships between inputs and outputs.

Building on these developments, Janzing et al.[3] introduced the concept of Intrinsic Causal
Contribution (ICC), which aims to measure how much a specific input feature intrinsically con-
tributes to the output of a model - removing the influence that might be inherited from other
upstream causes. Unlike standard causal effect measures, ICC captures how much a feature
contributes to an outcome over and above what it receives from other causally related inputs.
To illustrate the importance of ICC in NNs, consider a scenario where we aim to predict an
athlete’s performance time (P ) based on three factors: training intensity (T ), genetic predispo-
sition (G) and recovery quality (R). In real-world settings, G has a causal influence on both
T and R, and T further affects R. All three - G, T , and R - contribute to determining the
final performance outcome P . Despite these causal dependencies, NNs typically treat inputs
independently and do not explicitly represent the structural relationships among G, T , and R.
Suppose athletes with less favorable genetic traits tend to undergo less intensive training. In
such cases, the model might incorrectly associate suboptimal performance solely with lower
training intensity, overlooking the genetic constraints that influence both training and recov-
ery. ICC allows us to isolate and quantify the component of T ’s impact on P that is directly
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due to T , disentangled from the effects mediated by G. Such analysis holds practical value in
sports science. It enables coaches and practitioners to identify training programs that yield gen-
uine benefits independent of genetic background, thereby promoting fairer and more effective
athletic development strategies.

1.2 Contributions of the thesis

Outlined below are the principal contributions of this thesis:

• We explain and elaborate on the concept of Intrinsic Causal Contribution (ICC) as de-
fined by Janzing et al. [3], and provide a clear interpretation of its importance in the
context of NN explanations.

• We develop an estimation method for computing ICC within NN models, grounded in
structural causal modeling principles.

• We validate the reliability and interpretability of ICC through experiments on both syn-
thetic and real-world datasets, showing that it can faithfully capture the intrinsic influence
of input features.

1.3 Organisation of thesis

This thesis is organized into five chapters. An overview of each chapter is presented below:

• Chapter 1: The chapter presents a summary of the research problem, explains the ratio-
nale for conducting the study, and emphasizes the main goals and significant contribu-
tions of the work.

• Chapter 2: The chapter covers the necessary theoretical background on SCMs and pro-
vides a detailed discussion on the definition of ICC.

• Chapter 3: The chapter details the proposed methodology, including the computation of
ICC and the assumptions and techniques used throughout the study.

• Chapter 4: The chapter presents the experimental setup, datasets and implementation
details. It also discusses the results, evaluates the performance of the ICC and compares
it with some baselines.

• Chapter 5: The chapter outlines the main results and highlights the significant contribu-
tions made throughout the thesis. It also gives directions for future work.
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Chapter 2

Theoretical Foundations

2.1 Structural Causal Models (SCMs)

SCMs, as formalized by Pearl [4], offer a principled framework to represent causal relation-
ships among random variables within a system. In an SCM, the randomness arises solely from
unobserved external factors, while observable variables are deterministically generated through
causal functions.

Definition 2.1.1 (Structural Causal Model). A Structural Causal Model is defined as a quadru-
ple M = (V , E ,F , Pε), where:

• V = {X1, X2, . . . , Xn} is a finite set of endogenous (observable) random variables.

• E = {ε1, ε2, . . . , εn} is a finite set of exogenous (latent/noise) variables that account for
all randomness in the model.

• F = {f1, f2, . . . , fn} is a set of deterministic functions, where each Xi ∈ V is assigned
as:

Xi := fi(Pa(Xi), εi)

for some subset of variables Pa(Xi) ⊆ V \ {Xi}.

• Pε is a joint probability distribution over the exogenous variables E .

The functions in F encode the causal mechanisms of the system, indicating how each vari-
able is generated from its parents and associated noise. Note that we assume acyclicity in the
dependency structure, excluding feedback loops from the model.

An SCM M naturally induces a Directed Acyclic Graph (DAG) G = (V ,A), where:

• Each node in G corresponds to a variable in V .

• A directed edge Xj → Xi exists in A if Xj ∈ Pa(Xi), i.e., Xj is a parent of Xi in the
structural equation Xi := fi(·).
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This graph G represents a causal Bayesian network, where the structure encodes the direct
causal relationships and the joint distribution over variables can be factorized accordingly based
on the graph.

Example An example of an SCM and its associated causal DAG is given below.

X1 = ε1

X2 = f2(X1) + ε2

X3 = f3(X1, X2) + ε3

X4 = f4(X2, X3) + ε4

where:

• ε1, ε2, ε3, ε4 ∼ N (0, σ2) are exogenous noise variables.

• f2, f3, f4 are deterministic functions, which can be either linear or nonlinear.

X1 X2

X3 X4

ε1 ε2

ε3 ε4

Figure 2.1: Causal DAG showing observed variables X1-X4 with their respective exogenous
noise terms ε1 (left of X1), ε2 (right of X2), ε3 (left of X3), and ε4 (right of X4).

2.2 Neural Networks as SCMs

A neural network trained to predict an output variable Y from input features X can be inter-
preted as an SCM. The network N , typically optimized by minimizing empirical loss, forms
a directed acyclic graph (DAG) where each edge represents information flow between neurons
across layers. The prediction Ŷ = N (X) is thus the result of a composition of functional
transformations from input to output.

Following the approach of Chattopadhyay et al. [1], we abstract away the hidden layers and
focus on the causal relationship between input features and the final output. This allows us
to marginalize internal nodes and model the network as a reduced SCM capturing only input-
output dependencies.

To quantify ICC [3], we recursively substitute structural equations to express each Xj purely
in terms of exogenous noise variables E :

11



Xj = fj(Pa(Xj), εj) = Fj(ε1, . . . , εn), ∀ j ∈ {1, . . . , n}.

2.3 Causal Effects and the do-Operator

2.3.1 The do-Operator and Interventions

The do-operator, introduced by Pearl [4], formalizes interventions in a causal system. An
intervention do(X = x) denotes an external manipulation that sets the variable X to a specific
value x, breaking any incoming causal influences on X in the original causal graph. The post-
intervention distribution P (Y | do(X = x)) quantifies the effect of setting X to x on another
variable Y .

Definition 2.3.1 (Interventional Distribution). Given a causal model with joint distribution
P (X), the interventional distribution under do(Xi = xi) is defined as:

P (X\i | do(Xi = xi)) =
Y

j ̸=i

P (Xj | pa(Xj))
���
Xi=xi

,

where pa(Xj) denotes the parents of Xj in the causal graph.

2.3.2 Average Causal Effect (ACE)

Definition 2.3.2 (Average Causal Effect). The Average Causal Effect (ACE) of a variable Xi

on Y is defined as the expected difference in outcomes when intervening to set Xi to two values
x and x∗(baseline):

ACEXi
Y := E[Y | do(Xi = x)]− E[Y | do(Xi = x∗)].

ACE captures the total causal effect of Xi on Y , encompassing both direct and indirect
pathways in the causal graph.

2.3.3 Direct and Indirect Causal Effects

Let Z = ch(Xi) be the set of children of Xi excluding the outcome Y . The total causal effect
can be decomposed into:

Definition 2.3.3 (Average Direct Causal Effect (ADCE)). The Average Direct Causal Effect
of Xi on Y , while holding the descendants Z fixed to their baseline values under Xi = x∗, is
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given by:

ADCEXi
Y := E[Y | do(Xi = x, Z = Zx∗)]− E[Y | do(Xi = x∗, Z = Zx∗)],

where Zx∗ denotes the values of Z induced under the baseline intervention do(Xi = x∗).

Definition 2.3.4 (Average Indirect Causal Effect (AICE)). The Average Indirect Causal Effect
of Xi on Y through its descendants Z is defined as:

AICEXi
Y := E[Y | do(Xi = x∗, Z = Zx)]− E[Y | do(Xi = x∗, Z = Zx∗)],

where Zx are the values of Z induced under the intervention do(Xi = x).

By construction, the total causal effect satisfies:

ACEXi
Y = ADCEXi

Y + AICEXi
Y .

These definitions provide a principled way to decompose the total effect into components
that flow directly from Xi to Y and those that are mediated through intermediate variables Z.

For a more detailed treatment of causal effect decompositions - such as average, direct
and indirect effect - in the context of neural networks, we refer the reader to the works of
Chattopadhyay et al. [1] and Reddy et al. [2], which adopt a principled causal perspective to
interpret and explain neural network predictions.

2.4 Defining ICC

We begin by defining the Intrinsic Causal Contribution (ICC) [3] of an input variable to the
output of a trained neural network model N .

Definition 2.4.1 (Intrinsic Causal Contribution in Neural Networks). For any feature index
j ∈ [n] and adjustment set I ⊆ [n] \ {j}, the Intrinsic Causal Contribution of Xj to Ŷ given I

is defined as
ICCψ(Xj → Ŷ | I) := ψ(Ŷ | εI)− ψ(Ŷ | εI∪{j}), (2.1)

where ψ is a conditional uncertainty measure that satisfies at least one of the following prop-
erties:

• Monotonicity: ψ(Ŷ | εI) ≥ ψ(Ŷ | εI∪{j}), or the reverse inequality;

• Calibration: ψ(Ŷ | ε) = 0 or ψ(Ŷ | ε∅) = ψ(Ŷ ) = 0.

Here, εI denotes the collection of noise variables {εi : i ∈ I} and ∅ is the empty set.
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For this thesis choose the form of ψ as follows:

ψ(Ŷ | εI) :=
VεI


E[Ŷ | εI ]

�

V[Ŷ ]
(2.2)

We use the above choice of ψ as a measure of conditional uncertainty for the ICC because it
directly quantifies the fraction of the total variance in the prediction Ŷ that can be attributed to
the subset εI . Variance is a natural and interpretable measure of uncertainty, robust to estima-
tion errors and expressed in the original units of Ŷ . Importantly, ψ satisfies the monotonicity
property

I ⊆ J =⇒ ψ(Ŷ | εI) ≤ ψ(Ŷ | εJ),

which follows directly from the law of total variance.

The intrinsic causal contribution ICCψ(Xj → Ŷ | I) depends on the choice of the ad-
justment set I , which introduces arbitrariness in attribution. To address this, Janzing et al. [3]
propose aggregation strategies for ICC based on Shapley values and topological orderings.

2.4.1 Shapley-Based Aggregation of ICC

Formally, the Shapley-aggregated intrinsic causal contribution is given by

ICCSh
ψ (Xj → Ŷ ) :=

X

I⊆[n]\{j}

1

n

n−1
|I|

� ICCψ(Xj → Ŷ | I). (2.3)

An equivalent and computationally practical formulation expresses this as an average over
all permutations π of the input indices:

ICCSh
ψ (Xj → Ŷ ) :=

1

n!

X

π∈Sn

ICCψ(Xj → Ŷ | Ijπ), (2.4)

where Ijπ := {k ∈ [n] \ {j} : π(k) < π(j)} is the set of features that precede j in the
permutation π.

2.4.2 Topological Aggregation of ICC

While Shapley-based ICC provides a principled aggregation, it can be computationally ex-
pensive due to summation over all n! permutations. An efficient alternative is to restrict the
averaging to causal (topological) orderings of the underlying DAG G.

A topological ordering π is a permutation in which each node precedes all of its descen-
dants. Let C(G) ⊆ Sn denote the set of all such valid causal orderings. Then, we define the
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topologically averaged ICC as:

ICCTo
ψ (Xj → Ŷ ) :=

1

|C(G)|
X

π∈C(G)
ICCψ(Xj → Ŷ | Ijπ), (2.5)

where Ijπ is defined as in (2.4). This method averages ICC over all valid topological orderings
and preserves the causal semantics of the DAG.

While standard causal effects such as ACE, ADCE and AICE are defined through do-
interventions on endogenous variables, they aim to estimate the total or decomposed influence
of an input on the output by breaking existing causal links in the data-generating process. In
contrast, ICC is defined through conditioning on exogenous noise variables εj , which are not
intervened upon but treated as independent sources of variation in an SCM. ICC quantifies the
portion of uncertainty in the prediction Ŷ that is intrinsically attributable to each input fea-
ture via its generating noise, without resorting to the do-operator. This distinction makes ICC
fundamentally different from conventional interventional approaches: ICC leverages structural
invariance and the causal generative process rather than enforcing hypothetical interventions.

15



Chapter 3

Methodology

This chapter outlines the methodology employed to quantify and compute the ICC of input fea-
tures to the output of a pre-trained neural network. We leverage a post-hoc framework based on
Causal Normalizing Flows (CNFs) [5] to model the causal relationships among input features
and extend this framework to incorporate the neural network’s predictions. The methodology
is detailed across several sections, covering the theoretical foundation, implementation algo-
rithms and evaluation metrics.

3.1 Introduction to the Post-Hoc Framework

The post-hoc framework proposed in this thesis aims to quantify the ICC of input features to
the output of a pretrained NN. This approach treats the NN as a deterministic function within a
causal framework and utilizes CNFs to model the SCM of the input features. By doing so, we
enable the estimation of ICC in a manner that captures the causal influence of each feature on
the network’s predictions, providing a robust tool for global interpretability. In the next section
we first discuss about Normalising Flows.

3.2 Normalizing Flows

Normalizing Flows [6] transform a simple base distribution Pε (typically a standard Gaussian)
into a complex target distribution PX through an invertible and differentiable mapping Fθ :

Rn → Rn, parameterized by θ. Given ε ∼ Pε, the observed variable X is defined as:

X = Fθ(ε) and ε = F−1
θ (X).

Using the change of variables formula, the density PX(x) is given by:

PX(x) = Pε(F
−1
θ (x))

����det
�
∂F−1

θ

∂x

����� ,
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or, equivalently, using the forward map:

PX(x) = Pε(ε)

����det
�
∂Fθ

∂ε

�����
−1

, where ε = F−1
θ (x).

In practice, Fθ is often constructed as a composition of K simpler invertible transforma-
tions:

Fθ = FθK ◦ · · · ◦ Fθ1 ,

yielding the log-density:

logPX(x) = logPε(ε)−
KX

k=1

log

����det
�

∂Fθk

∂εk−1

����� ,

where ε0 = ε, εk = Fθk(εk−1), and x = εK .

To ensure tractable computation of the Jacobian determinant, each component Fθk is typ-
ically designed to be either triangular (e.g., autoregressive) or coupling-based. In the context
of causal modeling, this triangular structure is further constrained to be monotonic to respect
causal ordering - giving rise to the class of Causal Normalizing Flows (CNFs), which align
naturally with SCMs.

3.3 Modeling SCMs with CNFs

CNFs provide a powerful and flexible framework for modeling SCMs in a way that respects
both the causal structure and the distributional complexity of data. In an SCM, each variable
Xj is produced based on a collection of latent noise variables ε = {ε1, . . . , εn} through de-
terministic structural equations governed by a directed acyclic graph (DAG) encoding causal
relationships.

3.3.1 Mathematical Foundation of CNFs

Formally, a CNF is a parameterized, invertible transformation Fθ : Rn → Rn, where θ denotes
the learned parameters. This map transforms independent latent noise variables ε ∼ Pε into
the observed variables X = {X1, X2, . . . , Xn}, such that:

X = Fθ(ε) and ε = F−1
θ (X).

To align with causal semantics, Fθ is modeled as a triangular monotonic increasing (TMI)
transformation that adheres to a causal ordering. This means each component Fθ,j depends
only on the first j components of ε, i.e.,

Fθ(ε) = [Fθ,1(ε1), Fθ,2(ε1, ε2), . . . , Fθ,n(ε1, . . . , εn)]
⊤ ,
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with each Fθ,j strictly increasing in εj . This triangular structure enforces the causal ordering,
ensuring that the generation of each Xj only relies on its causal predecessors and an associated
noise variable.

Example. Consider a simple SCM with four variables X1, X2, X3, X4 defined as:

X1 = ε1,

X2 = f2(X1) + ε2,

X3 = f3(X1, X2) + ε3,

X4 = f4(X2, X3) + ε4,

where ε1, ε2, ε3, ε4 ∼ N (0, 1) are independent noise variables. This system can be represented
using a triangular transformation Fθ such that:

X1 = F1(ε1),

X2 = F2(ε1, ε2),

X3 = F3(ε1, ε2, ε3),

X4 = F4(ε1, ε2, ε3, ε4).

This formulation ensures that:

• X1 depends only on ε1,

• X2 depends on ε1, ε2,

• X3 depends on ε1, ε2, ε3,

• X4 depends on all four noise variables ε1, ε2, ε3, ε4.

This triangular structure naturally follows the causal ordering X1 ≺ X2 ≺ X3 ≺ X4,
and can be effectively captured using a CNF that respects the autoregressive and monotonic
constraints.

Such a CNF can be trained to learn Fθ so that samples from the latent space ε can be deter-
ministically transformed into observational data X, while preserving the causal factorization of
the joint distribution.

3.4 Augmented SCM for Neural Networks

To integrate the neural network’s output into the causal framework, we augment the SCM of the
input features. Let N denote the pre-trained neural network, and Ŷ = N (X) its output. We de-
fine an augmented causal graph G = (V , E), where V = X∪{Ŷ } and E = E ∪Sp

j=1{(Xj, Ŷ )}.
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Here, E represents the edges in the original causal graph G of the input features and the addi-
tional edges from each Xj to Ŷ reflect the deterministic dependence of the output on all input
features via the neural network.

In terms of latent variables, each input feature Xj is a function of a noise variable εj (i.e.,
Xj = fj(pa(Xj), εj)), where pa(Xj) denotes the parents of Xj in G. By augmenting the SCM
with Ŷ = N (X), we are able to trace how variations in the latent noise variables ε influence
the model’s prediction Ŷ , enabling causal interpretability of neural network behavior.

3.5 Estimation of ψ Using the Jansen Estimator

To compute the ICC, we first need to estimate the uncertainty measure

ψ(Ŷ | εI) =
VεI

�
E[Ŷ | εI ]

�

V(Ŷ )
,

which quantifies the proportion of output variance attributable to the subset of latent noise
variables εI . Calculating VεI

�
E[Ŷ | εI ]

�
requires computing two nested expectations, which

can be computationally expensive. For this we employ the Jansen estimator [7] with a Monte
Carlo-based strategy known for its efficiency and low computational cost in variance-based
sensitivity analysis.

3.5.1 Mathematical Formulation of the Jansen Estimator

The Jansen estimator provides an efficient approximation of

VεI

�
E[Ŷ | εI ]

�

using two independent sets of samples. For a subset I , it leverages the difference between
outputs when components in I are fixed versus varied. Let εA and εB be two independent
samples drawn from the prior Pθ. Construct a hybrid sample εC by combining the components
of εB corresponding to I with the components of εA corresponding to the complement of I:

εC = (εA−I
, εBI

).

The conditional expectation is approximated as:

E[Ŷ | εI = εBI
] ≈ Ŷ (εC),

where the latent noise variables in I are fixed to εBI
, and the remaining components are drawn

independently.
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The estimator for the conditional variance is:

V̂I =
1

2N

NX

i=1

�
Ŷ (ε

(i)
B )− Ŷ (ε

(i)
C )

�2

,

here N denotes the number of Monte Carlo samples and each ε
(i)
C is constructed from ε

(i)
A and

ε
(i)
B as described above.

The total variance is estimated as:

V̂ =
1

2N − 1

NX

i=1

��
Ŷ (ε

(i)
A )− Ȳ

�2

+
�
Ŷ (ε

(i)
B )− Ȳ

�2
�
,

where the empirical mean Ȳ is estimated as:

Ȳ =
1

2N

NX

i=1

�
Ŷ (ε

(i)
A ) + Ŷ (ε

(i)
B )

�
.

3.5.2 Step-by-Step Algorithm for Estimating ψ

The following procedure outlines the estimation of ψ for a specified subset of input features
indexed by I . The algorithm assumes the availability of: batch size B, conditioning context I ,
a trained CNF model(Fθ, Pθ) and a predictive neural network N .

1. Sampling: For each i = 1, . . . , B draw two independent latent vectors ε(i)A and ε
(i)
B from

the prior distribution Pθ. Construct a hybrid latent vector ε(i)C by combining the non-I
components of ε(i)A with the I-components of ε(i)B :

ε
(i)
C =

�
ε
(i)
A−I

, ε
(i)
BI

�
,

where −I denotes the complement of the index set I .

2. Forward Transformation and Prediction: Pass each latent vector through the CNF to
obtain data samples:

x
(i)
A = Fθ(ε

(i)
A ), x

(i)
B = Fθ(ε

(i)
B ), x

(i)
C = Fθ(ε

(i)
C ).

Evaluate the neural network N on these samples to obtain the corresponding predictions:

ŷ
(i)
A = N (x

(i)
A ), ŷ

(i)
B = N (x

(i)
B ), ŷ

(i)
C = N (x

(i)
C ).

3. Total Variance Estimation: Compute the empirical mean of predictions:

ȳ =
1

2B

BX

i=1

�
ŷ
(i)
A + ŷ

(i)
B

�
,
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and estimate the total variance as:

V̂total =
1

2B − 1

BX

i=1

��
ŷ
(i)
A − ȳ

�2

+
�
ŷ
(i)
B − ȳ

�2
�
.

4. Conditional Variance Estimation (Jansen’s Estimator): Use Jansen’s estimator to es-
timate the conditional variance due to subset I as:

V̂I =
1

2B

BX

i=1

�
ŷ
(i)
B − ŷ

(i)
C

�2

.

This measures the expected change in output when the variables in subset I are varied
while the complement −I is held fixed.

5. Estimate of ψ: The estimated ψ̂ is given by:

ψ̂ =
V̂I

V̂total
.

3.6 Causal Normalizing Flow Implementation

3.6.1 Autoregressive Modeling via Masked Autoregressive Flows

Masked Autoregressive Flows (MAF) are a key component in implementing CNFs [8]. MAF
layers construct the transformation Fθ by modeling each output dimension as a function of
preceding dimensions, adhering to the autoregressive property. A neural network predicts the
parameters of each transformation based on prior variables, ensuring the TMI property and
invertibility. Stacking multiple MAF layers enables the modeling of complex dependencies,
making them an effective choice for our CNF framework.

3.6.2 Training Objective using Maximum Mean Discrepancy Loss

The CNF is trained to approximate the data-generating process of X using Maximum Mean
Discrepancy (MMD) loss [9] and [10]. MMD quantifies the difference between the true distri-
bution P and the generated distribution Q within a reproducing kernel Hilbert space (RKHS)

MMD(P,Q) = ∥EP [Ψ(x)]− EQ[Ψ(x)]∥2H ,

where Ψ is the RKHS feature map. Minimizing MMD aligns the CNF-generated samples with
the true distribution.
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3.6.3 Model Evaluation via Wasserstein Distance

The quality of the trained CNF is evaluated using the 1-Wasserstein distance [11]:

W1(P,Q) = inf
γ∈Γ(P,Q)

Z

Rp×Rp

∥x− y∥1 dγ(x,y),

where Γ(P,Q) denotes joint distributions with marginals P and Q. A lower distance indicates
better alignment between the generated and true distributions.

3.6.4 Handling Discrete Variables in CNFs

CNFs are inherently designed for continuous data, which poses a challenge when modeling
systems that include discrete variables. In order to deal with it we adopt the method proposed by
Xi et.al. [12], which transforms discrete variables into continuous representations by injecting
noise.

For a discrete variable Xj , we assume that it corresponds to the integer part of a continuous
latent variable X̃j perturbed by additive noise:

Xj = ⌊X̃j + ϵj⌋, where ϵj ∼ U [0, 1].

Here, X̃j is a continuous variable generated from an SCM that adheres to our modeling as-
sumptions and ϵj is independently drawn uniform noise in [0, 1].

This approach ensures that the original discrete distribution is recoverable from the con-
tinuous model, thereby allowing CNFs to treat all variables as continuous during training and
inference. Crucially, it maintains the integrity of the underlying distribution while enabling the
application of continuous-flow-based methods to hybrid discrete-continuous data.
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Chapter 4

Experiments and Results

4.1 Datasets

We utilized three datasets to perform experiments. For each dataset, we divided the data into
train (75%), validation (10%) and test (15%) subsets.

Synthetic Dataset: We generate a similar synthetic dataset as used in [2] but with different
causal mechanisms as shown in Figure 4.1(a). It comprises a total of 10,000 samples. We
treat P , Q and R as input features and S as the output variable, with the task formulated as a
regression problem.

ASIA Dataset: This dataset is a classical probabilistic graphical model used in causal
reasoning studies [13]. It contains 10,000 samples generated from the ASIA Bayesian Network
[14]. The dataset consists of the following binary variables:

• VisitAsia (A) : recent travel to Asia

• Tuberculosis (T) : presence of tuberculosis

• Smoking (S): smoking status

• LungCancer (L): presence of lung cancer

• Bronchitis (B): presence of bronchitis

• Either (E): either lung cancer or tuberculosis

• XRay (X) : abnormal X-ray result

• Dyspnea (D) : presence of shortness of breath

The task is formulated as a binary classification problem where the target variable is Dyspnea
(D).
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German Credit Dataset: This dataset contains 1,000 samples, each representing a loan
applicant described by a set of socio-economic and financial features[15]. We consider a subset
of input features and the causal graph as used in previous studies [16] and [17]. The selected
features include Age, Credit amount, Duration, Gender and the target variable Risk (indicating
good or bad credit risk). The task is a binary classification problem.

(a) Synthetic (b) ASIA (c) German Credit

Figure 4.1: Causal graphs.

4.2 Experimental Setup

We train both a standard NN and an SCM on each dataset. The SCM is instantiated using
CNFs, which provide a flexible and expressive framework for modeling the causal generative
process of the input features.

All models are implemented in PyTorch Lightning [18] to facilitate modular, scal-
able, and reproducible training. For the CNF-based SCM, we use the Zuko library [19], lever-
aging the MAF as the core flow architecture. The autoregressive nature of MAF aligns natu-
rally with the triangular structure of SCMs, capturing the causal dependencies among variables
through a predefined ordering.

The NN and CNF models are trained with a batch size of 64 for up to 500 epochs, employing
early stopping based on validation performance to avoid overfitting. The Adam optimizer is
used for optimization with a learning rate of 3×10−4. The CNF is trained using the MMD loss
function.

To ensure stability and reproducibility, all experiments are conducted using three different
random seeds. Training is performed on a single Nvidia RTX A5000 GPU, utilizing PyTorch
Lightning’s native support for GPU acceleration.
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The architectural configuration for both the CNF and the NN consists of two hidden layers
with 256 units each for the flow’s autoregressive transformation and the prediction NN layers.
The CNF employs a standard multivariate normal distribution as its base.

4.3 Results from Trained Models

4.3.1 Quantitative Results

Performance of Trained NN and SCM Models

Table 4.1 and 4.2 and presents the main metrics for both the trained NN and CNF-based SCM
models. The metrics are averaged across three different seeds.

Table 4.1: Performance of neural network N across datasets.

Task Type Dataset Metric Value
Regression Synthetic RMSE: 0.0974±0.0004

Classification
ASIA Accuracy: 0.8082±0.0002

German-Credit Accuracy: 0.7133±0.0031

Table 4.2: 1-Wasserstein distance (W1) between CNF-generated features and test features.

Dataset W1-Distance
Synthetic 0.1407±0.0064

ASIA 0.5373±0.0033

German-Credit 0.3789±0.0236

Wasserstein Distance Analysis

To quantify the closeness between marginal distributions, Table 4.3 reports the 1D Wasserstein
distances for each feature. These distances are computed between the test data and samples
generated by the SCM model.

4.3.2 Qualitative Results

Figure 4.2 shows dimension-wise KDE plots comparing SCM-generated data with the corre-
sponding test data. The KDE curves indicate a close match between the distributions, sug-
gesting that the generative model captures key statistical properties of the test data. To further
evaluate sample alignment, Figure 4.3 presents KDE plots over 2D PCA projections of both
test and generated samples.
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Dataset Variable Wasserstein Distance

Syn

P 0.0704±0.0041

Q 0.0367±0.002

R 0.0093±0.0012

ASIA

Asia 0.0408±0.0009

Tub 0.0404±0.0031

Smoke 0.0337±0.0014

Lung 0.0347±0.0016

Bronc 0.0459±0.0045

Either 0.0307±0.0019

Xray 0.0548±0.0111

German

Gender 0.0871±0.0021

Age 0.0432±0.0034

Amount 0.0453±0.0032

Duration 0.1369±0.02

Table 4.3: Dimension-wise Wasserstein distances.

(a) Synthetic dataset

(b) ASIA dataset

(c) German Credit dataset

Figure 4.2: Dimensionwise KDE plots comparing real and SCM-generated data.

4.4 Generating Global Attribution Explanations

We compare ICC with established global attribution methods, including GAM [20], SP-LIME [21],
and Permutation Feature Importance (PFI) [22]. For comprehensive analysis, GAM is ap-
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(a) Synthetic dataset (b) ASIA dataset

(c) German Credit dataset

Figure 4.3: 2D PCA-based KDE plots comparing real and SCM-generated samples.

plied to five local attribution techniques: Integrated Gradients (IG) [23], Gradient × Inputs
(I×G) [24], SmoothGrad (SG) [25], Shapley Values (SHAP) [26], and LIME [21]. This gen-
erates global attribution summaries across all test samples. We use the OpenXAI codebase
[27] to generate all these attribution explanations. The short details of these local attribution
techniques are given in Appendix.

Figure 4.4 visualizes global attribution patterns for the three test datasets. In the syn-
thetic dataset (top-left), both ICC methods assign comparatively lower attributions to feature
P , which aligns with the ground truth where P has only a limited direct effect on the outcome.
In the ASIA dataset (top-right), ICC SHAP and ICC TOP both assigns the highest attribution to
the bronc node, sharply distinguishing its importance due to its strong downstream influence
on the target variable. Other methods such as LIME and SP-LIME also highlight bronc as the
most influential.

In the German Credit dataset (bottom), ICC TOP assigns dominant importance to repayment
duration, distinctly separating it from the other features. Traditional attribution methods like
SHAP and LIME tend to spread importance across multiple features, leading to less decisive
explanations.

4.4.1 Evaluating Attribution Faithfulness

We assess predictive faithfulness using two complementary metrics as previously used in [27]:

• Prediction Gap on Important features (PGI) [27]: Measures model sensitivity when
perturbing influential features
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Figure 4.4: Global attribution explanations

• Prediction Gap on Unimportant features (PGU) [27]: Measures model robustness
when perturbing non-influential features

For an input x with prediction ŷ = f(x) and explanation ex:

PGI(x, f, ex, k) = Ex′ [|ŷ − f(x′)|] where x′ ∼ Ptop-k(x) (4.1)

PGU(x, f, ex, k) = Ex′ [|ŷ − f(x′)|] where x′ ∼ Pnon-top-k(x) (4.2)

where P generates perturbed instances by adding Gaussian/Uniform noise to either top-k im-
portant features (PGI) or non-top-k features (PGU) while fixing others.

We report two aggregate measures:

1. AUC: Area under the curve for k ∈ {1, 2, ..., d}

2. SUM:
Pd

k=1 PGI(·, k) and
Pd

k=1 PGU(·, k)

Higher PGI and lower PGU values indicate better faithfulness. Tables 4.4, 4.5 and 4.6 report
PGI/PGU metrics (mean±standard error) aggregated across test instances for each respective
dataset.
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Metric SHAP LIME SP-LIME PFI IG SG I×G ICCTo ICCSh

PGI AUC 0.1080±0.0006 0.1457±0.0007 0.1175±0.0006 0.1455±0.0007 0.1081±0.0006 0.1081±0.0006 0.1456±0.0008 0.1914±0.0010 0.1913±0.0010

PGU AUC 0.1376±0.0008 0.0541±0.0006 0.0816±0.0004 0.0541±0.0006 0.1148±0.0007 0.1147±0.0007 0.0540±0.0006 0.0538±0.0004 0.0538±0.0004

PGI SUM 0.3307±0.0013 0.4624±0.0022 0.3497±0.0015 0.4618±0.0022 0.3310±0.0016 0.3310±0.0016 0.4623±0.0022 0.5539±0.0027 0.5537±0.0027

PGU SUM 0.3810±0.0021 0.1587±0.0017 0.2691±0.0013 0.1588±0.0017 0.2897±0.0017 0.2896±0.0017 0.1586±0.0017 0.1583±0.0013 0.1582±0.0013

Table 4.4: PGI/PGU AUC and SUM for the Synthetic dataset (scaled by 10−1).

Metric SHAP LIME SP-LIME PFI IG SG I×G ICCTo ICCSh

PGI AUC 0.1976±0.0041 0.2216±0.0047 0.1578±0.0019 0.2258±0.0048 0.1471±0.0025 0.1544±0.0024 0.1610±0.0022 0.2248±0.0047 0.2255±0.0048

PGU AUC 0.1278±0.0014 0.1211±0.0017 0.1653±0.0032 0.1162±0.0017 0.1893±0.0033 0.1976±0.0031 0.1992±0.0034 0.1138±0.0016 0.1176±0.0016

PGI SUM 1.3321±0.0272 1.5534±0.0320 1.0930±0.0137 1.5781±0.0327 1.0291±0.0173 1.0706±0.0164 1.1163±0.0153 1.5725±0.0321 1.5763±0.0327

PGU SUM 0.8733±0.0092 0.8144±0.0110 1.1037±0.0214 0.7851±0.0112 1.2420±0.0221 1.2854±0.0204 1.3048±0.0223 0.7707±0.0108 0.7932±0.0108

Table 4.5: PGI/PGU AUC and SUM for the ASIA dataset

Metric SHAP LIME SP-LIME PFI IG SG I×G ICCTo ICCSh

PGI AUC 0.2005±0.0015 0.2061±0.0017 0.1389±0.0014 0.2063±0.0016 0.2104±0.0015 0.2104±0.0015 0.2008±0.0015 0.2065±0.0017 0.2066±0.0017

PGU AUC 0.1175±0.0012 0.0964±0.0007 0.1694±0.0012 0.0962±0.0007 0.0794±0.0011 0.0793±0.0011 0.1176±0.0012 0.0964±0.0008 0.0964±0.0007

PGI SUM 0.8060±0.0060 0.8231±0.0065 0.5491±0.0056 0.8236±0.0065 0.8368±0.0062 0.8364±0.0062 0.8078±0.0061 0.8244±0.0066 0.8247±0.0065

PGU SUM 0.4300±0.0042 0.3669±0.0028 0.6166±0.0043 0.3662±0.0028 0.3158±0.0038 0.3155±0.0039 0.4304±0.0041 0.3663±0.0028 0.3669±0.0027

Table 4.6: PGI/PGU AUC and SUM for the German Credit dataset

Across all three datasets, the ICC-based methods (ICCTo and ICCSh) perform strongly in
identifying important features using PGI and PGU metrics. In the Synthetic dataset (4.4),ICCTo

achieve the highest PGI and lowest PGU scores, clearly outperforming other methods showing
that ICCTo assign more focused importance to truly predictive features.

In the ASIA dataset (4.5), ICCTo gives the lowest PGU AUC and SUM scores with ICCSh

close as well.Thus they give less importance to uninformative features and produce more reli-
able explanations. We also see PFI with the highest PGI AUC and SUM scores.

In the German Credit dataset (4.6), the ICC methods are not the top performers. Overalll IG
and SG score slightly higher - but ICCs still rank well, placing third (ICCSh) and fourth (ICCTo)
in PGI scores. They continue to show low PGU AUC and SUM values, indicating that they
avoid attributing importance to irrelevant inputs.
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Chapter 5

Conclusion and Future Works

To sum up, this thesis has explored a causal approach to explaining neural network predictions
by introducing the concept of Intrinsic Causal Contribution (ICC), situated within the broader
field of explainable AI. We modeled neural networks as Structural Causal Models (SCMs)
and applied Causal Normalizing Flows (CNFs) to capture complex dependencies among in-
put features. Using the Jansen estimator, we efficiently computed the intrinsic causal effect of
individual features on model outputs. We assessed the effectiveness of ICC by conducting thor-
ough experiments on both synthetic and real-world datasets, comparing it with popular global
attribution techniques. Our analysis revealed that ICC consistently offers more faithful and in-
terpretable explanations by isolating true causal influence from spurious correlations. Overall
this thesis lays the groundwork for future research in causal AI and responsible machine learn-
ing.

A promising extension of this work lies in adapting the ICC framework to high-dimensional
image data. While ICC has proven effective for tabular datasets by capturing the intrinsic
causal influence of input features, its application to pixel-level interactions in vision models
presents scalability challenges, especially due to the factorial complexity of Shapley-based ag-
gregation. Drawing inspiration from the Sobol-based sensitivity analysis presented in the paper
[28], future work could explore mask-based perturbation strategies over image regions - such
as superpixels or latent - space patches - combined with efficient Quasi-Monte Carlo sam-
pling [29] to reduce the estimation complexity of ICC. Evaluating this extension on established
computer vision benchmarks such as the Pointing Game [30] or Deletion metrics [31] could
highlight the advantages of causal attributions, particularly in domains like medical imaging
where interpretability and causal faithfulness are critical.
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Appendix

5.1 Overview of Local Attribution Techniques

Local attribution methods are designed to identify how individual input features influence a
model’s prediction for a particular instance. Below, we summarize key approaches that are
either gradient-based or perturbation-based.

5.1.1 Gradient × Input (I×G)

The Gradient × Input technique [24] highlights feature importance by multiplying each input
feature with the gradient of the model output with respect to that feature. This is known to
enhance the clarity of saliency maps. The attribution for input x is defined as:

aI×G(x) = x⊙ |∇xf(x)|

5.1.2 Integrated Gradients (IG)

Integrated Gradients [32] estimate the contribution of each feature by integrating the gradient
of the output along a straight-line path from a baseline input x0 (e.g., a zero vector) to the actual
input x. The formula is given by:

aIG(x) = (x− x0) ·
Z 1

0

∇xf(x0 + α(x− x0)) dα

This integral is typically approximated numerically using a discrete sum with a fixed number
of steps.

5.1.3 SmoothGrad (SG)

SmoothGrad [25] enhances gradient-based explanations by averaging the gradients from mul-
tiple noisy variants of the input. For an input x, noise samples ε are drawn from a Gaussian
distribution, and the attributions are computed as:

aSG(x) =
1

m

mX

i=1

∇xf(x+ εi), εi ∼ N (0, σ2I)
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where m is the number of samples and σ is the noise standard deviation.

5.1.4 SHAP (Shapley Additive Explanations)

SHAP [26] uses concepts from game theory to assign importance values to features based on
their marginal contributions to the model’s prediction across all possible subsets of features.
While exact computation is exponential in the number of features, practical implementations
rely on approximations such as model-specific solvers (e.g., TreeSHAP for decision trees).

5.1.5 LIME (Local Interpretable Model-agnostic Explanations)

LIME [21] builds a simple interpretable model (often linear) around a prediction of interest
by generating local perturbations of the input and weighting them based on proximity. This
surrogate model mimics the black-box model’s behavior in the local neighborhood, providing
human-understandable explanations.
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