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Notation

Throughout this thesis, we adopt the following notation.

* B(H) denotes the C*-algebra of bounded linear operators on a Hilbert space H.
* K(H) denotes the C*-algebra of compact operators on H.
* L(X) denotes the collection of all adjointable operator on a C*-correspondence X.

* K(X) denotes the collection of all adjointable compact operators on the C*-correspondence

X.
* M(A) denotes the multiplier algebra of a C*-algebra A.

* M(D) denotes the collection of positive Borel measures on a compact Hausdorff space

D.
* Z(A) denotes the center of a C*-algebra A.
* By:={a € A:|al| <1} denotes the closed unit ball of A.
* AT denotes the set of positive elements of a C*-algebra A.
* C*(G) denotes the full group C*-algebra of G.

* (*(@) denotes the Hilbert space of square-summable functions on G. For a discrete

group G.

* A : G — U(*(G)) denotes the left regular representation.



Tr denotes the normalized trace on M,,(C).

T :={z € C: |z| = 1} denotes the unit circle.

F Cgn G denotes a finite subset of G.

Ey denotes the conditional expectation onto C*(H) for a subgroup H < G.

7 denotes the canonical trace on C*(G) when G is amenable.
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Chapter 1

Introduction

The notion of universal C*-algebras plays a fundamental role in the theory of operator algebras.
It provides a systematic method for constructing C*-algebras from abstract algebraic data
described in terms of generators and relations. Given a set of generators together with a
family of admissible relations, one can define a universal C*-algebra as the completion of
the free x-algebra generated by these elements with respect to the largest C*-seminorm
compatible with those relations. This universal property ensures that for any other C*-
algebra satisfying the same relations, there exists a unique *-homomorphism from the

universal C*-algebra into that algebra.

The study of universal C*-algebras is of particular interest because it lies at the confluence of
algebra, topology, and analysis. Universal constructions serve as a bridge between abstract
algebraic structures and their concrete realisations as operator algebras on Hilbert spaces.
Many important examples in operator algebra theory, including group C*-algebras, Cuntz-
Krieger algebras, Cuntz-Pimsner algebras, and the C*-algebras associated with compact
quantum groups, arise naturally as universal C*-algebras determined by appropriate sets of
relations. These constructions capture a wide range of dynamical and symmetry phenomena

within a unified analytic framework.

This thesis is divided into two parts. The first part studies universal C*-algebras arising from

crossed product constructions of C*(G) associated with endomorphisms and completely



positive maps. The second part investigates universal C*-algebras arising from operator
space structures determined by the generators of ¢/ and related C*-algebras. Taken
together, these results demonstrate how universal constructions provide a natural framework
for connecting algebraic relations, dynamical systems, and operator space theory within

operator algebra.

In the first part of the thesis, universal C*-algebras arising from crossed product constructions
of a C*-algebra by an endomorphism and a completely positive (CP) map are studied. The
theory of C*-algebras associated with dynamical systems has become a central theme in
operator algebra theory, providing a unified analytic framework for understanding both
reversible and irreversible dynamics. Among the earliest and most significant developments
in this direction is the theory of Cuntz-Pimsner algebras, introduced by Pimsner as a gen-
eralization of both Cuntz-Krieger algebras and crossed products by automorphisms or
endomorphisms. This construction associates a C*-algebra to a given C*-correspondence,
thereby encoding the internal symmetries and dynamical behaviour of a system through
operator-theoretic structures. The framework provides a powerful unifying language that

connects several constructions in noncommutative geometry and operator theory.

Later, Exel [Exe03] introduced a framework for constructing crossed products by endomor-
phisms equipped with transfer operators. The resulting algebras, now known as Exel crossed
products, extend the classical notion of crossed products to situations where the underlying
dynamics may be irreversible. These algebras model a broader class of non-invertible or
dissipative phenomena and reveal deep structural connections between the algebraic, ana-
lytic, and dynamical aspects of C*-systems. Moreover, Exel’s construction can be realised
as a particular instance of a Cuntz-Pimsner algebra associated with a correspondence nat-
urally determined by the endomorphism and its transfer operator, thereby establishing a

connection between the two constructions.

In a more recent development, Kwasniewski [Kwa17] further generalised Exel’s approach

by considering crossed products associated with completely positive (cp) maps. This gen-



eralization replaces the endomorphism in Exel’s setting with a CP map, allowing for the
study of quantum dynamical systems where the dynamics need not be multiplicative. The
construction of crossed products by CP maps thus provides a natural extension of Exel’s
theory, capturing the behaviour of non-deterministic and irreversible processes. In this
framework, the correspondence associated with a CP map plays a role analogous to that
of the correspondence in Pimsner’s theory, while at the same time introducing substantial

differences in algebraic structure and representation theory.

In this part of the thesis, based on the work in [Ban25], several perspectives on generalised
crossed products for C*(G) are explored and unified, including those arising from the
Cuntz-Pimsner algebra, the Exel crossed product, and crossed products associated with
completely positive maps. A central theme of this work is the comparative study of the
crossed products of C*(G) by endomorphisms and by specific CP maps closely related to
them. In particular, the relationships between these constructions are analyzed through the
theory of C*-correspondences, and the structural consequences of replacing endomorphisms

with completely positive maps are investigated.

Beyond these results, we also examine the notion of the crossed product of C*(G) by a
state. In addition, we analyze the crossed product of C*(G) by the conditional expectation
Ey, where H is a subgroup of G. Furthermore, we undertake a classification of transfer
operators on the commutative C*-algebra C'(D), identifying how their structural properties
influence the corresponding dynamical systems and their operator-algebraic realisations.
These results shed new light on the interplay between CP maps, transfer operators, and C*-

correspondences, providing both concrete examples and a deeper theoretical understanding.

In Chapter §3, we begin by motivating the construction of the generalised crossed product
of a C*-algebra A, namely the crossed product of A with respect to an endomorphism
or a completely positive (CP) map. Section §3.1 is devoted to a detailed study of transfer

operators. After introducing the basic notions and examples, we state and prove a theorem



characterizing transfer operators £, associated with an automorphism «, showing that every
such transfer operator is of the form £,(a) = a™'(a)z, where z € Z(A) N AT. We also
discuss several properties of the set of transfer operators corresponding to an endomorphism

.

In Section §3.1.1, we investigate the structure of transfer operators for C'(D). Given a
continuous map a : D — D, we obtain an endomorphism «, : C(D) — C(D) defined by
oo (f) = f o a. In this setting, a series of structural results is established.

The first result provides an intrinsic characterization of transfer operators associated with
@, describing their structure in terms of measures on D that reflect the dynamics of the

map a. More precisely, a positive map p : C(D) — C(D) defined by

o) = [ Fdu,

is a transfer operator for «, if and only if the supports supp(y,) are mutually disjoint and
the map a : D — D is constant on each supp(fi,)-

Examples of transfer operators are also provided in the case where the mapa: D — D is
surjective. A complete analysis is carried out when a : D — D is a continuous bijection
(hence a homeomorphism), and the choice of transfer operator that yields the standard
crossed product of C(D) with respect to the automorphism «, is identified.

Finally, the structure of transfer operators is analyzed in the case where a : D — Disa
surjective local homeomorphism. In this situation, every transfer operator is shown to be of

the form

p(f)x) =Y ¢fly),

y€a~1(2)
where ¢y are positive scalars. This result provides a complete characterization of transfer

operators in this setting and highlights their connection with classical dynamical systems.

In Section §3.2, we define the crossed product of a C*-algebra A with respect to a state

¢ : A — C. The corresponding Cuntz-Pimsner algebra is constructed, and it is shown that



the associated C*-correspondence is Hy ® A, where (my, Hy, &) denotes the GNS triple
corresponding to (A4, v). In Section §3.2.1, the special case A = C*(G) is considered, where
G is a countably infinite discrete amenable group, and the crossed product is taken with
respect to the canonical trace 7. It is first shown that the universal crossed product of C*(G)
with respect to 7 is isomorphic to the corresponding universal Toeplitz algebra. It is then
proved that there does not exist a spatial representation of the system inside B(¢*(G)) that
preserves the embedding of C*(G) into B(¢*(G)) given by the extension of the left regular
representation. Finally, a representation (7, T') of the system (C*(G), ) is constructed, and

it is shown that the universal crossed product is isomorphic to the C*-algebra C*(7, T).

In Section §3.3, we first discuss the universal C*-algebra &, introduced by Hirshberg in
[Hir02], where o : G — G is an injective pure group homomorphism. The construction is
motivated by its spatial realisation inside B(¢*(G)). We also prove that &, is isomorphic to
the Exel crossed product of C*(G) with respect to the endomorphism v, : C*(G) — C*(G),
where 7, denotes the extension of o to C*(G) via the universal property of C*(G), together

with the transfer operator arising from the conditional expectation of C*(G) onto C*(a(Q)).

In Section §3.3.2, we investigate crossed products of C*(G) with respect to the trace-
preserving conditional expectation Ey, where H < G. We first show that when G is abelian
there does not exist an operator S € B((*(G)) such that (v,, S) forms a representation of
the system (C*(G), Er), where X denotes the left regular representation and ~, its extension
to C*(G). This result is then extended to the case of virtually abelian groups.

We further explain how this phenomenon reflects a fundamental structural difference
between crossed products of C*(G) arising from endomorphisms and those arising from
completely positive maps. Indeed, taking a conditional expectation with respect to a subgroup
H < G is closely related to crossed products by endomorphisms. This relationship becomes

clearer when one considers [Exe03, Proposition 2.6], which shows that

Ea = (a|(kera)i)_1 o E,.



Moreover, [Kwal7, Theorem 4.7] establishes that the Exel crossed product associated with
the Exel system (4, «, £,) is isomorphic to the crossed product of A by the CP map £, in
the sense of Kwasniewski.

We then construct the associated Cuntz-Pimsner algebra and show that, in the case where
|G : H] = oo, every representation is automatically covariant. Finally, by constructing
an appropriate representation of the C*-dynamical system (C*(G), Er), we prove that the
universal crossed product is isomorphic to the C*-algebra generated by this representation.
This is achieved by defining a suitable gauge action of T, thereby providing an explicit

realisation of the crossed product.

The results discussed above focus on universal C*-algebras arising from crossed product
constructions associated with dynamical systems. In the second part of this thesis, the focus

shifts to universal constructions arising from operator space structures.

In the second part of this thesis, we undertake a detailed study of operator spaces associated
with Brown’s universal noncommutative unitary C*—algebra Uy, in particular, the operator
space structure generated by its standard generators. We also study the universal C*-algebra
generated by this operator space and show that it is not isomorphic to 2. Several operator
algebraic properties of the resulting universal C*-algebra are established, highlighting the
relationship between the operator space structure and the associated universal C*-algebra.
Recent developments in quantum information theory have provided strong motivation
for the study of noncommutative structures that arise naturally in quantum systems. In
particular, collections of operators and the theory of operator spaces and operator algebras
have proved to be powerful tools for capturing the highly noncommutative nature of
quantum phenomena. A notable example arises in the study of quantum correlations, that is,
correlations between quantum subsystems, which require a noncommutative framework
for their proper mathematical characterization, unlike their classical counterparts [St19,
BKSt23, BHTT24]. This becomes particularly relevant under the no-signaling constraints

that appear in quantum mechanics [BTT24].



While classical correlations can be described using stochastic or bistochastic matrices, their
quantum analogues involve genuinely noncommutative objects that arise naturally within
the C*-algebraic framework. For instance, in [BHTT23, BHTT24], quantum no-signaling
bicorrelations were formalized, providing a mathematical framework that extends classical
correlation matrices to the quantum setting by employing techniques from operator space
theory and tensor norms. Closely related to this perspective is the theory of non-local
games, which provides a useful framework for demonstrating the advantages of quantum
entanglement in achieving certain computational tasks [Pau16].

In particular, the study of Tsirelson’s correlation sets and Bell’s work on local hidden variable
models is closely related to non-local games [Tsi93]. These developments have profound
implications for operator algebras, since Tsirelson’s correlation sets are closely connected to
the Connes-Kirchberg problem [JNP*11, Fri12, Oza13]. This line of research culminated
in the recent work of Ji, Natarajan, Vidick, Wright, and Yuen UNV+22], who proposed a
counterexample to the Connes-Kirchberg conjecture [Con76, Kir93], making essential use

of techniques arising from the theory of non-local games.

It is in this context of generalizing quantum correlations to quantum spaces that quantum
homomorphisms, which for a tuple of unital C*-algebras (A, B) is any unital C*-algebra
C and *-homomorphism p : A — B ® C, arise naturally [BKSt23]. Naturally, the space
of "all" quantum homomorphisms is a relevant object of study, and these correspond to
universal quantum homomorphisms. Notably, such universal objects only exist (in the
category of C*-algebras) when B is finite dimensional [FMP24]. A key instance of such
a universal quantum homomorphism is Brown’s non commutative unitary C*-algebra
Ure, which is the universal quantum homomorphism when A = C*(Z) and B = M, (C),
first defined and studied by Brown [Bro81], while attempting to generalize Atiyah’s proof
of Kiinneth theorem in K-theory to the case of C*-algebras. Several of its interesting
properties are known- for instance, McClanahan [McC92] showed that &7 has no non-
trivial projections and computed its K-theory. Residual finite dimensionality of ¢}¢ was

studied in [Har19, Man23b] while lifting property and primitivity of 4 were studied in



[Man23b].

Here, in the second part of the thesis, which is based on [BMP25], we focus on operator
spaces associated to ¢ and the structure of closely related universal C*-algebras. The
theory of operator spaces has been much studied with seminal contributions by several
authors, including Ruan, Effros, Blecher, Paulsen and Pisier. The key result was obtained in
Ruan’s thesis [Rua88], which provided abstract characterizations for such spaces, in effect
providing a "quantized" counterpart to the norm of Banach spaces, which thus signified
the understanding that operator spaces are noncommutative analogues of Banach spaces.
Operator spaces have been increasingly recognized as providing a robust mathematical
language for analyzing quantum channels, entanglement and correlations- tools from
operator space theory have been used to prove groundbreaking results in physics, for
instance, to construct tripartite quantum states that can lead to arbitrarily large violations
of Bell inequalities [PGWP*08]. Beautiful work of Pisier [Pis96] also highlighted the

usefulness of operator space techniques in relation to the Connes-Kirchberg conjecture.

In general, for a normed linear space £, we obtained many norms on M,,(€). Nevertheless,
this family of norms admits minimal and maximal elements [BP91], with these structures by
MIN(€) and MAX(E) respectively, which have been well studied [Ble92a, Ble92b, BP91,
Pau96, Zha95]. These operator space structures satisfy the following relations: for any

contractive map ¢ : & — B(H) and for all (z;;) € M, (€),

(@) v < @)l < (i) |yax » for all n € Nand H is a Hilbert space.

We make a comprehensive study of operator spaces associated to Brown’s noncommuta-
tive unitary C*-algebra U, including maximal and minimal structures as well as those
associated to the reduced C*-algebras, U4’ ;. Relatedly, we also study the universal C*-
algebra C*(M,,(C)*) of the operator space M, (C)* (which is in fact the operator space
structure associated to the generators of 2) and show that it is isomorphic with the non-

commutative C*-algebra C/¢, the universal unital C*-algebra generated by elements w;;,

8



1 <i,j < n where [u;;] is contractive. We exhibit several operator algebraic properties
of C*(M,(C)*)- including, the Lifting property (LP), residual finite dimensionality and
primitivity. Finally, motivated by natural quantum semigroup structures on 4* [Man23b]
and universal quantum homomorphisms of the form ¢(.A, A) for finite dimensional C*-
algebras A [BKSt23, FMP24], we discuss a natural compact quantum semigroup structure
on C*(M,(C)*), showing the separation by finite dimensional (co)-representations and
characterizing invertible elements in its state space under convolution. However, we also
show that this does not induce a compact quantum group structure on C*(M,(C)*), sug-
gesting that this quantum space might be associated to universal quantum homomorphisms

[FMP24, St08], though not necessarily, invertible ones [SSt16].

In the section §4.1, we provide study C*-algebraic structure of universal C*-algebra of an
operator space. First, we describe the operator space structure of the standard generators of
U<, which we denote by £7¢, following Blecher [Ble92a] and Pisier [Pis20]. Then, we study
the universal C*-algebra C*(M,,(C)*) corresponding to this operator space structure of the
generators of Y. We deduce that C*(M,,(C)*) is not x-isomorphic to U¢, though U
is a quotient C*-algebra of C*(M,,(C)*). Then, we identify this C*-algebra C*(M,,(C)*)
with the universal C*-algebra C!'* = C*{u;; : 1 <1i,j <n, ||[uy]]| < 1}. Along with this
identification, some C*-algebraic properties are studied in this section, including LP, RFD,

projections and primitivity.

The section §4.2 contains the maximal and minimal operator space structures of A, (C)*. In
this context, we obtain the following: Let us consider &;; as dual basis of M,,(C)*,1 < 4,5 < n.
Then, MAX(M,(C)*) embeds completely isometrically into ¢4 via &;; — u;; if and only if
every contractive map ¢ : M, (C)* — B(H) is completely contractive, where # is a Hilbert
space, and wu;; are generators of U}°. Further, we prove that the MIN(M,(C)*) embeds
completely isometrically into C'(U(n)), the space of all continuous functions on unitaries in

M,(C).

In the section 4.3, we study the operator space structure of the standard generators of



reduced C*-algebralf)'s ;, defined as the relative commutant of 7., (M, (C)) in the reduced
free product C*-algebra M,,(C) .4 C(T), where ¢ and ¢ are natural traces on M, (C) and
C(T) respectively. In our case, we have: The operator space structure of the standard
generators of U5, is completely isomorphic with R,> N C,2, where R,2 and C,2 are

respectively row and column Hilbert subspaces of B(¢?) & B(¢?).

In last Chapter §5, we explore a natural compact quantum semigroup structure on C/°
and it representation theory. In fact, & is a compact quantum subsemigroup of C/“ i.e.,
there exists a natural surjective *-homomorphism 7 : C* — U"* which commutes with the
co-multiplications. We explore the state space structure on C“: in particular, we characterize
the invertible elements of this compact semigroup of states- we show that the collection
of all characters x : C** — C is semigroup isomorphic with By, (c); consequently, every
character need not be invertible but all invertible states on C"¢ are characters. However, as

we show, C!“ is not a compact quantum group with respect to this comultiplication.
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Chapter 2

Preliminaries

In this section, we present some background about CP maps, universal C*-algebras, Hilbert

Bimodules and C*-correspondences.

2.1 Operator Spaces and Operator Systems

The theory of operator spaces has been extensively studied following Ruan’s work [Rua88],
which provided an abstract characterization of such spaces. In the category, the objects are
Operator Spaces and the morphisms are Completely Bounded maps. For a detailed discussion

on the theory of operator spaces, we refer to Pisier [Pis03].
Definition 2.1.1. An operator space is a closed subspace of B(H) for some Hilbert space H.

By the Gelfand-Naimark theorem, every C* —algebra can be realised as a closed subalgebra
of B(H) for some Hilbert space H. Consequently, we may view an operator space as a
closed subspace of a C*-algebra. A natural question that arises at this point is: How does the
notion of an operator space differ from that of a Banach space? Addressing this distinction clarifies
the additional structure carried by operator spaces. As a first step, we observe that every

Banach space can be regarded as an operator space.
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Lemma 2.1.2. Let X be a Banach space. Then X can be isometrically embedded into a commutative

C *—algebm.

Proof. Consider the dual Banach space X* of X. Let Bx+ be the closed unit ball in X*. Then
if we consider the topological space T' = (Bx+, wk*), where wk* is the weak™ topology, we

have an isometric embedding of X into C(T). O

The main distinction between the category of Banach spaces and the category of operator
spaces lies in their morphisms. In the Banach space setting, morphisms are simply bounded
linear maps. In contrast, for operator spaces, the morphisms are required to be completely
bounded linear maps (which we will be defining next). This stronger notion arises naturally
from the fact that, by virtue of being embedded in B(#), an operator space € carries not
only a norm structure on & itself, but also compatible matrix norm structures on each A, (€).

For each n € N, the space M, (&) is identified with a subspace of B(H®") via the inclusion

[Iij] — [(&1,,&1) — (il’u&j,...,il’nj@)] .

The operator space norm on M,,(€) is then defined by

o) = || [ ‘B(H@n)‘

|25

The collection of norms {|| - ||, (&) }n>1 is called the matrix norm structure of €.

Definition 2.1.3. Let € and F be two operator spaces. For n > 1, consider the space
M,(&) ={(zy): 1<i,j<mn, z;;€E}

be the space of all n x n matrices with entries in €. Then for any linear map ¢ : € — F, we define

the lii”lCClT maps ClS_ﬁ)ZlOWS.'

P s Mp(E) = Mn(F), @n (i) = ((i5)) -
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A linear map ¢ : € — F is called completely bounded if sup,,~, ||¢n| < 0o and the completely
bounded norm is denoted by | ¢, = sup,, ||pnll. The collection of all completely bounded maps
from & to F is denoted by CB(E, F). If |||l < 1, ¢ is called completely contractive (c.c). Moreover,
¢ : & — Fiscalled a complete isometry if each ¢, is an isometry for all n. Finally, two operator
spaces € and F are called completely isomorphic if there exists a linear isomorphism ¢ : € — F
d

such that ||| 4 and ||| are finite.

2.1.1 Operator Systems and Completely Positive maps

Definition 2.1.4 (Operator System). Let B be a unital C*-algebra. A subspace S C B is called

an operator system if:

1. 1€ S,
2. S is closed under the involution: if x € S then 2* € S,

3. S is a complex linear space.

An operator system need not be closed under multiplicalion, but it inherits an order structure from B
via the positive cone

St:={zx€S:z>0inB}.

Remark 2.1.5. Operator systems provide a natural framework for the study of positivity in operator
algebra theory. From Deﬁm’tion 2.1.4, we observe that an operator system is equipped with a
compatible family of positive cones on M,,(S) for each n € N. This matrix-ordered structure captures
positivity at all levels and allows one to distinguish between positive and completely positive maps,

which we deﬁne next.

Definition 2.1.6 (Positive and Completely Positive Maps). Let S C B(H) and T C B(K)
be operator systems. A linear map ¢ : S — T is called positive if ¢(ST) C T, For eachn € N,

we define the amplification

On t Mn(S) = Mn(T),  pullzi5]) = [p(2i5)],
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where M, (S) is naturally identified with an operator system in B(H®™).
The map ¢ is called completely positive (CP) if ¢, is positive for all n € N. If; in addition,

¢(1g) = 17, we call ¢ a unital completely positive (UCP) map.

2.1.2 Ruan’s Theorem

Let £ be an operator space with & C B(H) for some Hilbert space H. For each n € N, let
| - || be the norm on M,,(£). Let x = (z;;) be an element in M, (€) and «, 5 € M, (C),

then the following properties hold.

L lazxBll, < llellan@llzllnll Bl @)

2. For any element y € M,,(£), we have
= max{|[z|n, [[ylm}-

Indeed, (1) and (2) above are Ruan’s axioms [Rua88]. Using Ruan’s axioms, the following

theorem characterizes an operator space.

Theorem 2.1.7. Let € be a normed space. For each n € N, we have norm || - ||, on M,,(E) which
satisfies (1) and (2). Then, € is completely isometrically embedded into B(H) for some Hilbert space
H.

2.1.3 Dual Operator Space Structure

Let € be an operator space, and denote by £* its Banach space dual. The dual operator space

structure on £* can be described as follows.

Definition 2.1.8. For each n > 1, we define a norm on M,(E*) as follows. For [f;;] € M,(E*),

set

1(figllln = sup {1 fis(@x)lll = m = 1. [ar] € Bas,e)} -
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By Theorem 2.1.7, the space £* equipped with this sequence of norms is an operator space.

Remark 2.1.9. For operator spaces € and F, the space CB(E, F) of completely bounded maps
carries a natural operator space structure. In particular, 1f we consider the dual operator space E* as

deﬁned in Deﬁnition 2.1.8, we obtain a completely isometric isomorphism

M,(E%) = CB(E,M,), n> 1.

2.1.4 Minimal and Maximal Operator Space Structure

For a normed linear space &, each linear embedding into B(#), for some Hilbert space
H, induces an operator space structure on £. However, there is a maximal and a minimal
procedure of inducing operator space structures, as we describe below. We refer to [Pau92]

for more details.

Definition 2.1.10. Let € be a normed space. For each n > 1, we define the norm on M,,(E) as
Jollows.

(i) lyax = sup{ll(@(@i))]l - 0 - € = BH), [lol] <1}

E together with the above family of norms is called the Maximal Operator Space. We denote the

maximal operator space structure on € by MAX(E).

The MAX norm dominates every other matrix norm satisfying Ruan’s Axioms. Next, we

discuss the minimal operator space structure.

Definition 2.1.11. Let € be a normed space. For each n > 1, we define the norm on M, (E) as
follows.

1)l = sup{ll(F (@)l = f - € = C, [IfIF < 13}

We denote MIN(E) as the space € equipped with these matrix norms, which defines the minimal

operator Space structure on &.

15



Remark 2.1.12. With this definition, note that MIN(E) can be embedded completely isometrically
into a commutative C*-algebra. In fact, MIN(E) can be embedded into C'(Bg-), where Bg- is the
closed unit ball in dual of &.

The next lemma describes a relation between MIN and MAX operator space structures for

more details we can look at [Pau92].

Lemma 2.1.13. For a normed space & the dual operator space structure of MIN(E) and MAX(E)
is related by MAX(E)" = MIN(E*) and MAX(E*) = MIN(E)*

2.2 Group C*-algebras

Group C*-algebras, particularly the full and reduced versions constitute a fundamental class
within the theory of C*-algebras, playing a central role in the study of operator algebras.
Naturally, they will serve as an important set of examples in this work. In this section, we
briefly recall the basic construction and properties of group C*-algebras.

We consider our group G to be countable and discrete. Given such a countable discrete
group G, the starting point for constructing group C*-algebras is the group ring C[G]. This

is the complex vector space consisting of finite formal sums of the form

Z ag0q, ag € C,

geG

where addition and scalar multiplication are defined pointwise, and multiplication is given

(Z ag6g> * (Z bh5h) = Z (Z agbh) O

This algebra is equipped with a x-operation defined by 0y = g1, extended linearly and

by convolution:

conjugate-linearly.

(Z agdy)" = Z Ug0g-1.

geG geqG

16



To obtain a C*-algebra from C[G], one considers suitable completions under norms coming

from representations.

2.2.1 Full Group C*-Algebra C*(G)

The full group C*-algebra, denoted C*(G), is defined as the universal C*-completion of C[G]
with respect to all x-representations of C[G]. We know that every unitary representation

u: G — B(H) extends to a x-representation 7, : C[G] — B(H) given by,

T (Z a959> = agu(g),
geG geG

Considering the class of all such representations, we get the universal *-norm on C[G], for
r € C[G] we define,

||| maz := sup {Hﬁu(a:)H |7, is a * -representation of@[G]}
Now, completing C[G] with the above norm gives us the full group C*-algebra C*(G). By
virtue of its construction, C*(G) satisfies the following universal property:
Proposition 2.2.1. For every unitary representation u : G — U(H) of G on a Hilbert space H,
there exists a unique x-representation

T C*(G) — B(H)

such that m,(84) = u(g) forall g € G.

Remark 2.2.2. The above remark holds for any C*-algebra A, suppose if we have a group
homomorphism w - G — U(A) := {a € Ala*a = aa* = 14} then there exists a unique

s=homomorphism m, : C*(G) — A, such that 7,(8,) = u(g) forall g € G.

We can observe that the universal property of C*(G) and the trivial representation of G,

induces a non-trivial character on y : C*(G) — C. Thus, C*(G) always admits a non-zero
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*~homomorphism to C.

2.2.2 Reduced Group C*-Algebra C}(G)

On the other hand, the reduced group C*-algebra, denoted C;(G), is defined using the left
regular representation \ : G — B((*(G)), where A(g)(5) = dgp,. The representation X extends
to a faithful x-representation of C[G], and the reduced C*-algebra is defined as the closure

of A\(C[G]) in the operator norm:

C(G) = A(C[G]) € B(*(G)).
Proposition 2.2.3. The vector state T : C*(G) — C defined by x — (26, d.) is a tracial state
on CF(QG).

In general, there is a canonical surjective *-homomorphism C*(G) — C;(G), which is an

isomorphism if and only if G is amenable, which we discuss next.
p y

2.2.3 Amenable Groups

In this section, we present several characterizations of amenability, along with a few equiva-
lent conditions that will serve as the working definitions of amenability for the remainder

of this thesis.

Definition 2.2.4. A countable discrete group G is said to be amenable if there exists a state ¢ on
(°°(G) that is invariant under the natural left translation action of G. That is, ¢ : {>°(G) — C isa

positive linear functional of norm one such that

O(f) = ¢(Lyf) forall g€ Gand f € (2(G),

where the left translation Ly f € (°°(G) is defined by (Lyf)(h) := f(g7'h) forall h € G.
The state ¢ is called an Invariant mean.
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An equivalent and intuitive characterization of amenability for countable discrete groups is

given by the Folner condition.

Definition 2.2.5. A countable discrete group G is said to satisfy the Fglner condition if for every

ﬁnile subset K C G and every € > 0, there exists a ﬁni[e, non-empty subset F C G such that

|kF A F|

<e forallk € K,
oo

where /\ denotes the symmetric dijfkrence of sets. This condition expresses the idea that the lefl
translation action of G on itself becomes increasingly invariant on large finite subsets. A sequence of

non—emptyﬁnite subsets {F},}neny C G such thatfor every g € G,

. |gF, AF,|
Jim S=Em =0

is called a Folner sequence
Proposition 2.2.6. Let G be a discrete group. The following are equivalent:
1. G is amenable.
2. G satisfies the Folner condition.
3. C*(Q) = C:(G), also the C*-algebra is nuclear.
4. C*(G) has a character, i.e., one dimensional representation.

Remark 2.2.7. Examples of amenable groups include all finite groups, abelian groups, and more
generally, all solvable groups. The class of amenable groups is closed under several important group-
theoretic operations: taking subgroups, quotients, extensions, and inductive limits. Consequently,
any group constructed from amenable groups using these opem[ions remains amenable. In contrast,
free groups on fwo or more generators provide a fundamental example of non-amenable groups,

highlighting the houndary of this class.
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2.2.4 Operator space structure associated to generators of C*(FF,,) and

:ed(Fn)

We will briefly state some results about the operator space structure generated by the
generators of the full and reduced group C*-algebras with respect to F,,. Let, {u1, ..., up—1}
be the standard unitary generators of the full group C*-algebra C*(F,_;) and uy = 1. Now
we define the operator space E,, spanned by g and the generators uy, us, ..., u,—1, that is,

E, = span{ug,uy, ..., Up_1}.
Lemma 2.2.8. E,, is canonically isometric to (},, where 0} is the n-dimensional * space.

Proof. Let (ay)}—y be an element in C". We already have || 3725 ajuy|| < 72 |ou|. We
intend to show the equality, so for the other direction we use the universal property of the

group C*-algebra C*(F,,) and consider oy, /|y for ay # 0. O

Note that there is a one-to-one correspondence between elements z = Y uy ® 2 €

E, ® B({*) and T, : ¢> — B((?) such that

n—1

The next result describes the operator space structure generated by the generators of C*(FF,,).

Theorem 2.2.9. The operator space E,, is completely isometrically isomorphic to the dual operator
space 0 = (6°)*. In particular, || T, || = ||2||lmin for all z =3 uy ® ), € E, @ B(£?).
For the proof of the above theorem, one can refer to [BO08, Lemma. 13.2.2]

The operator Space structure generated by the generators of C(F,,) was given by Uffe
Haagerup and Gilles Pisier in [HP93]. For more details, we can refer to their paper; here,

we will just state the statement of the theorem.

Theorem 2.2.10. Let Effd C M, ® M, be the operator space spannea’ by 8;, where §; = e; @ e;1.

Then there are linear mappings
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w: BT — C*(F,) and v : C*(F,) — £
such that
vw = Igrea and |[v|]o||w]|e < 2.

This shows that the operator space structure associated to the generators of C;(F,,) is

completely isomorphic to E7%.

2.3 The non-commutative unitary C*-algebra

2.3.1 Universal C*-algebra U/*

The algebra ¢4¢ is an important object of study in the context of my work. In this section,

we define U’ and establish some of its basic structural properties.

Definition 2.3.1. [Bro81] We deﬁne U to be the universal unital C*—algebm generated by

elements {w;; : 1 <'i,j < n}, satisfying the relations which makes U = [u;;] an unitary matrix.

This algebm is characterized by the following property: whenever A is a C*—algebm equipped
with elements {v;j}1<; j<n that form a unitary matrix V= [v;;] € M, (A), there exists a unique
surjective *—homomorphism

T U — A
such that w(u;;) = vy forall 1 <i,5 <n.

Remark 2.3.2. A relation can be drawn between C*(F,,) and U, and this link is made clear using

the universal property on/{,’Lw. Take thefree group with n generalors, namely F, = <51, S2, ..., 5n>.

Then

s 0 -+ 0
0 So 0
0 0 Sn
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forms a unitary element in M, (C*(F,,)). Therefore, due to the universal property of U, one obtains

a um’quely determined surjective *—homomorphism
7 UM — C*(F,) such that w(u;) = 0;58;.

Moreover, the universal feature of C*(F,,) can also be seen as a consequence of the universality of
Ure. In this sense, U< naturally extends C*(F,,). Later, we will make analogous observations for

their reduced versions as well.

Theorem 2.3.3. [McC92][Man23b]The algebra M, (C) * C(T) admits a *-isomorphism with
M,,(C)*® M,,(C), where M, (C)¢ denotes the relative commutant of M, (C) inside M, (C) x C(T).

Proof. We include the proof here for continuity. Let z € M,(C)¢ and y € M, (C). Since

zy = yx, the universal property of the tensor product yields a *~-homomorphism
a: M,(C) ® M,(C) — M,(C) «C(T), alx ®@y) = zy.

Define maps

and
62 : C(T) = O*(Z> — Mn(C)C & Mn(C), 1+ Z (Zekiuejk> & €ij-

where w is the canonical unitary defined by u(z) = z for z € T, which generates the
algebra C(T). Universal property of free product of C*-algebras gives us, that there exists a

«~homomorphism
B = By * Ps: M,(C)*C(T) — M,(C)*® M,(C).

Now, some simple calculations give us o § = o o = id.

22



The next theorem in [McC92]provides us with a very important identification of .

Theorem 2.3.4. [McC92] The algebra U can be identified with the relative commutant M,,(C)*

inside M, (C)xC(T). This identification is realised through the mapping

U —> Z CLile;k,
k

where e;; denotes the standard matrix units and w is the canonical unitary defined by u(z) = = for

z € T, which generates the algebra C(T).

2.3.2 Reduced Free products of C*-algebras

We first recall the free product of C*-algebras with respect to given states. A detailed
discussion can be found in [Avi82].

Let A and B be two C*-algebras with states ¢ : A — C and ¢) : B — C. Denote the GNS
representation associated to these two states ¢ : A — C and ¢ : B — C by (7, H,, &,) and
(T, Hy, &), respectively. Consider He, = &L, Hy, = £$. First, we describe the construction

of the free product of Hilbert spaces for these states. Consider a Hilbert space
Hopwp = Clpuy ©H, O Hy @ (Hy @ HY) © (Hy @ HL) O (Ho @Hy, @ HL) -+,

with distinguish vector ,.,. We frequently identify H, with C{,., ® He, and H,, with
C&puyy © M, Now, we CONStruct a representation .. of the C*-algebra A x B on the

Hilbert space H.y; as follows. For a € A and i, € Hg, hi, € H,
7@,(&)%7 = (m,(a)hfo)o + Ay,
To(a)éy = (mp(a)éy)o + Héy,

where H, = H ® C&, and (m,(a)h,)s, (m,(a)é,)o € H.
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Thus, define

W@*Qﬁ(a’)g@“ﬁ - (77-90(@)599)0 + /Légo*w
T (@) (hly @ by @ -+ ) = (mp(a)h)o @ By @ -+ -+ Mhy @ -+ ).

Tors (@B @ B @ ) = (mp(a),)e @ Bl @ W -+ AW, @ B ).

Similarly, we define ., for b € B on the Hilbert space H,.,. Now, by the universal

property of full free product of C*-algebras, we can define 7., on A ¢ B determined by
(WW*UJ’Av W@*MB)-

Definition 2.3.5. The Reduced Free product of C*-algebras A and B with respect to states ¢ and
Y is denoted by A *,cq B and is defined by A ,cq B := Typ(A xc B).

Lemma 2.3.6. [Avi82] If the states in consideration ¢ and v are faithful, then & sy is a separating
vector for A %, B. Consequently, &y is a separating vector for A #,cq B if ¢ and ¢ are traces. In

particular, T 1S faithful on A *,.q B.

Remark 2.3.7. We can define a state ¢ x )(T) = (T€pup, Epnyp)- Given that ¢ and 1) are faithful,
we can conclude that ¢ * 1 is also faithful as &y is separating on A x¢ B. Also, if ¢ and 1 are
traces, then ¢ = 1 is a faithful trace.

Next, we mention a result proved by Avitzour in [Avi82] which gives a classification of

simplicity for reduced free products.

Proposition 2.3.8. Let A and B be C*-algebras with faithful traces ¢ and 1, respectively. If there
are unitaries k € A and I,m € B such that ¢(k) = 0 and (1) = (m) = (I*m) = 0. Then

A #yeq B is simple and ¢ 1 is the unique trace on it.

2.3.3 Reduced C*-algebra /¢

n,red

We use the theory of reduced free products to construct £}/, ;. Recall that Theorem 2.3.4

states U is isomorphic to the relative commutant M, (C)¢ in M, (C)*C(T). Therefore,
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constructing the reduced free product M,,(C)#,.4C(T) plays a crucial role in the construction

of

n, red

Definition 2.3.9. Counsider the natural traces Tt : M,, — C and hy : C(T) — C, defined by,
Tr([aij]) = Za”, [ai;] € M, and hy(f —/ eYdh, f e CO(T)

It can be deduced that the GNS-Space for Tr : M,, — C and hy : C(T) — C are (Hry, 71, rv)

and (Hpy, Thes Eny) respectively, where,

= (C”Z, () =@ d ... P, Sy =€1De1® ... ey, and

Hp, = LX(T), 7, (f) = Ly, &y =1,

where, z € C* and Ly(g) = f - g, g € L*(T).

Ure., is the relative commutant oy, (M,)© of Treany (M) in My, #peq C(T).

n,re

The following result further highlights the similarity in behaviour between 24 and 14’5 .,
analogous to the relationship between the full and reduced group C*-algebras C*(F,,) and

*a(Fn). In particular, it generalizes the classical fact that the reduced group C*-algebra
Cq(F,) is a homomorphic image of the full group C*-algebra C*(F,,) via the canonical

homomorphism.

Lemma 2.3.10. There is a surjective x-homomorphism mry.p, : UM —

n red

Proof. First we observe that, mry.p, (MS) C Ty (M,)¢ and ME = U2, Thus, Ty |ae

gives a homomorphism from U¢ to and we show that it is surjective.

n, 'red’

Let € Trwny(M,)¢. Then x = mpun, (7), for x, € M, ¢ C(T). Now, observe that

> erToey is in MY and what we intend to show that is Ty, (3 ex12o€1s) = T 1€ Trvang Jupe
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is surjective.

n

T = £E7TTr*hT(Z €k1€1k)
k=1

WTr*hT €K1 :Eﬂ—Tr*hT(elk) {Slnce x € WTr*hT(M )c}

TTrseh ekl ﬂ-TI‘*h']l‘(xo)ﬂ-TI‘*hT(elk)

= 7TTr*hT(Z €k1xo€1k)
k

Thus, U5 g = Treeny (U°) and U6, is generated by Ty, (u;). We will identify 7y, (ug;)
with u;; and moreover, any 7., (z) with z, for any z € M, *alg C(T) as Trn, is an

isomorphism restricted to the algebraic free product.

Remark 2.3.11. We can also conclude that

M, ® > M, #eq C(T).

nred -

Using Proposition 2.3.8, we can show that M, #,.q C(T) is simple. We choose an element a € M,
to be any trace-zero matrix. For b,c € C(T), let b = z and ¢ = z, where z denotes the canonical
generating unitary in C(T) and the rest follows.

Now since, My, #req C(T) is simple, it implies that M, @ U4 is also simple, which in turn also

implies that U, is simple.

n,re

2.4 Universal C*-algebra

In [Kwa17], Kwasniewski defined an equivalent definition for Universal C*-algebra which is
much more compatible with the current topic of generalised crossed products. Kwasniewski

defined a universal C*-algebra for a set G and the set of relations R, where R is a collection
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of maps from G to C*-algebras.

R ={Ba| Ba:G — A}

Now, we introduce a preorder order on the set R. First note that for every f4 € R we
get a C*-subalgebra C*(54(G)) generated by G inside A. Now, we say g < (4 if the
map (4(a) — Bp(a), a € G, extends to a surjective homomorphism from C*(34(G)) onto
C*(BE(G)). We say the above-mentioned relations are equivalent and denote it by S4 ~ 35

if B4 < B and fp < Sa.

Definition 2.4.1. Assuming, the class ofRelations R admits a upper bound i € R such that
Ba =i, VBa € R, then we say the universal algebra generated by G is C*(G,R) := C*(i(G))

and i is the universal representation of G for R.

By preorder relations, we can comment about the uniqueness of the universal C*-algebra
C*(G,R). Since if there exist two universal representations, say ¢, and i, then we can easily

conclude that i; ~ i, which leads to a *-isomorphism between the resulting Universal

C*-algebra.

Definition 2.4.2. [Kwal7]We say that the class of relations R associated with a set G is "closed
under product” if, for every family of maps 5; : G — A;, i € I, belonging to R, the following

conditions hold:

1. TLier Bi(a) lies in TTiep A forall a € G.

2. There exists an injective homomorphism g : [[;e; Ai — A such that the map 54 : G — A'is
defined by

Bala) = g(H @<a>) . aeq,

el

also belongs to R.

The next proposition in [Kwal7, Proposition 2.8] gives us a condition guaranteeing the

existence of the universal representation for a set G with respect to the set of relations R.
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Proposition 2.4.3. [Kwal7] Suppose the family of relations R on a generating set G is "closed
under products" then R possesses an upper bound, and hence the universal C*-algebra determined by

G with relations from R exists.

2.5 Hilbert C*-Modules and C*-Correspondences

We provide a brief introduction to Hilbert C*-modules and C*-correspondences. For a more
detailed discussion, [Lan95] serves as a standard reference.
Given a C*-algebra A. A (right) Hilbert C*-module over a C*-algebra A is a complex vector

space X, endowed with the following structure:
* a right A-module structure, and

* an A-valued inner product (-,-)4 : X x X — A, we consider linearity on the second

variable and conjugate linearity on the first.
satisfying the following properties for all z,y, 2 € X, a € A, and X € C:
1. (z,x)4 >0, and (z,z) 4 = 0 implies z = 0,
2. (z,y + A2)a = (x,y)a + M, 2) 4,
3. (x,y.a) 4 = (x,y) aq,

4. (z,y)a = (y,z)%.

We require X to be complete in the norm ||z|| = ||(z, ) ||'/%, making it a Banach space.

Definition 2.5.1. Let A be a C*-algebra. A C*-correspondence over A is a (right) Hilbert
C*-module X over A together with ax-homomorphism ¢ : A — L(X), where L(X) denotes

the C*-algebra of adjointable operators on X. The map ¢ gives X a left A-module structure via
a-x = ¢(a)(x), satisfying

P(a)(z-b) = (p(a)x)-b foralla,be A, z e X.
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These structures play a central role in the study of operator algebras, particularly in the

construction of Cuntz-Pimsner algebras.

Definition 2.5.2. Let X be a C*~correspondence over a C*-algebra A, with left action ¢ : A —

L(X). We say that X is an essential C*-correspondence if
span{¢(a)r:a € A, v € X} = X.

Equivalently, the left action of A on X is said to be nondegenerate.

Example 2.5.3. Let A bea C* —algebm. Then A itself becomes a C’*—correspondence over A in the

Jollowing natural way:

o The Hilbert A-module structure is given by the right multiplication on A and the A-valued
inner product defined as

(a,b)s :=a*b, forall a,be A.

* The left action of A is given by left multiplication, ie, ¢(a)(b) := ab. This defines a

s=homomorphism ¢ : A — L(A), since left multiplication is adjointable.

This makes A a C*-correspondence over itself.
More generally, any x-homomorphism ¢ : A — L(X) gives rise to a C*~correspondence structure
on a Hilbert A-module X, and such correspondences play aﬁmdamental role in the theory of

Cuntz—Pimsner algebras.

2.6 Relative Cuntz-Pimsner Algebra

Let A be a C*-algebra and X be a C*-correspondence with the left action of A given by the
s~homomorphism ¢ : A — £(X), where £(X) is the collection of all adjointable operators

on X (one can show that it is a C*-algebra), thus the left module action of A on X is given

by a.z = ¢(a)(x).
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Definition 2.6.1. We say the pair (w,7x) is a representation for the pair (A, X) consisting of a
s-representation m : A — B(H) and a A-linear map wx : X — B(H) such that wx (x)*nx (y) =

m((z,y)a), for all z,y € X and w(a)mx(x) = wx(¢(a)z) foralla € Aand x € X.

Remark 2.6.2. If we observe the relation wx (x)*nx (y) = w({x,y) a) what it really says is that
the maps m and 7x interact in such a way that they preserve the inner product structure of X over A

when mapped to the canonical C*-correspondence structure of B(H ) over itself, that is,

m((2,y)a) = (mx(2), 7x (y)) B11)-

Given a representation (7, 7y ) we denote the C*-algebra generated by the union of 7(A)

and 7x(X) by C*(7, 7x).

Remark 2.6.3. Fora representation (m,Tx ), Tx is always contractive,

lmx (2)[* = llmx (2) mx ()]

also, lf mis faithful, Tx IS an isometry.

In this case, we try to create a universal C*-algebra with respect to A and X as we defined
in Definition 2.4.1. We choose the generating set G := A U X and the set of relations
R consists of representations we define for (4, X) in Definition 2.6.1. One can verify
that R satisfies the conditions in Definition 2.4.2, which makes it closed under product.
Now, from Proposition 2.4.3 we can confirm the existence of the universal representation
(i4,1x) and we call the universal C*-algebra corresponding to it, the Toeplitz Algebra
T(A, X) :=C*(ia,ix) = C*(is(A) Uix(X)).

Definition 2.6.4. For the universal representation (i 4, ix) define the universal C*-algebra generated

by ia(A) and ix(X) ie. T(A,X) = C*(ia,ix) we call it the Toeplitz Algebra.
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Let us denote the collection of all adjointable compact operators by K(X) = span{0,,| =,y € X}
where 0, ,(w) = 2(y, w) 4 for z,y, w € X. For any representation (7, 7x) one can define a

homomorphism (m, 7x)® : K(X) — B(H) which satisfy,
(1) (0ry) = mx ()T ()
* (m,mx) (T (z) = mx(Tw)

forz,y e X and T € K(X).

We can check the second condition by choosing 7' = 6, ,,,, [, m € X

(7, 7x )M (B 7x () = 7x (D7x (m)*7x ()
= mx(D)m((m, z)a)
=mx(l{m,z)4)

= 7x (Om(2))

Let J(X) := ¢~ '(K(X)), also note that £(X) is an ideal in £(X) which implies J(X) is
an ideal in A. Now, given any representation (m, 7y) the restriction (7, 7x)™® o ¢| ;(x) and

| (x) are representations on J(X).

Definition 2.6.5. We say that the representation (w,7x) of (A, X) is J-covariant if the condition

(m,7x)D(6(a)) = 7 (a)

holds for all a € J, where J is an ideal in J(X).

Now, consider the same set G = AU X and R’ the new set of relations for G be the collection
of all J-Covariant representation for the pair (A, X'). We first observe that R C R and similarly
to R, we observe that R’ also satisfies the properties of being closed under product according to
the Definition 2.4.2. Thus, using Proposition 2.4.3 we can conclude there exists a universal

representation for G = AU X with respect to R'.
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Definition 2.6.6. Let (ja, jx) be the "universal J-covariant representation" of (A, X). Then the

relative Cuntz-Pimsner Algebra is defined as O(J, X) := C*(ja, jx)

Remark 2.6.7. It can be shown that,

O(J, X) = T(A,X)/T

where, T is the ideal generated by {ia(a) — (ia,ix)V($(a)) : a € J}. Muhly and Solel in their
paper [MS98] actually defines O(J, X) as Quotients of T (A, X)

From [Kat03b, Propostion 2.21] and [MS98, Proposition 3.3] the next proposition follows,

Proposition 2.6.8. For the pair (A, X) and considering the ideal J in J(X). The universal

representation j 4 : A — O(J, X) is injective if and only if J C (ker¢)*.

Katsura in his paper [Kat03a] and [Kat03b] observed that the most natural ideal to consider is
Jx = (ker¢)NJ(X), itis the largest ideal in J(X') where we get the universal representation
is injective due to Proposition 2.6.8. It is also the ideal to which the restriction of ¢ is injective
into IC(X).

The next theorem gives more insight into the connection between Katsura’s ideal and the
ideal of redundancies introduced in the next section. This also serves as a motivation for

Covariant representation

Proposition 2.6.9. For the pair (A, X), where A is a C*-algebra and X is C*-correspondence
over A, along with a injective representation (m,7x), if a € A satisfies w(a) € (m, 7x)V(K(X)),

then we have a € Jx and 7(a) = (7, 7x)V(¢(a)).

Proof. For a € A with n(a) € (m,7x)M(K(X)). Let k € K(X) be an element with

m(a) = (7, 7x)M (k). For each x € X, we have

mx(d(a)r) = w(a)mx(w) = (m,7x) " (k)mx (2) = mx (k).
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Now, 7 is injective = my is injective= ¢(a)z = kx for every z € X = ¢(a) =k € K(X).

Thus we get 7(a) = (7, mx) P (¢(a)). Take b € ker ¢ and we will show that ab = 0. We get

m(ab) = w(a)m(b) = (m, 7x) M (¢(a))m(b) = (m, 7x) P (d(a)(b)) = 0

Since 7 is injective, we get ab = 0 = a € (ker ¢)*, and as we have already shown that,

dla) =k € K(X) = ac J(X)=a€c J(X)N (ker ¢)* = Jx 0

Definition 2.6.10. The (Unrelative) Cuntz-Pimsner Algebra associated with the C*-algebra A

and the C*-correspondence X is the one we get with respect to the Katsura’s Ideal Jx, ie. O(Jx, X).

Remark 2.6.11. If a C*-correspondence X is essential in the sense of Definition 2.5.2, it suffices
to only consider representation (m,mx) on B(H) where 7 is non-degenerate, due to [BRV 10,
Lemma 3.4]. Consequently, since throughout this thesis we restrict our attention to essential C*~

correspondences, it is enough to consider representation (w, wx) for which m is non-degenerate.

2.7 Crossed Products of C*-Algebras

Crossed products are fundamental constructions in the theory of C*-algebras, used to study
and encode the action of a group on a C*-algebra. Given a C*-algebra A and a group G
acting on A via s-automorphisms, the crossed product A x, G is a new C*-algebra that
encodes both the algebraic structure of A and the dynamics of the group action.

Formally, let o : G — Aut(A) be a group homomorphism from a countable discrete group
G into the group of x-automorphisms of A, giving a dynamical system (A, G, «). The
crossed product A x, G is constructed by completing the x-algebra of compactly supported

functions f : G — A, under convolution and involution twisted by «.

2.7.1 Universal Crossed Product by a Discrete Countable Group

Let A be a C*-algebra, and let G be a discrete countable group. Suppose we are given an

action o : G — Aut(A), which turns (A, G, «) into a C*-dynamical system.
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We now describe the construction of the universal (or full) crossed product A x, G.

Algebraic Preliminaries

Consider the x-algebra C.(G, A) of finitely supported functions f : G — A, equipped with

pointwise linear operations and the following convolution product and involution:

(Fxg)(t) =3 f()as(g(s71)),  F7() = (F(£71)).

seG

This algebra C.(G, A) plays the role of a dense *-subalgebra of the crossed product.

Covariant Representations

A covariant representation of the system (A, G, ) on a Hilbert space H consists of a pair (7, U),

where
* m: A — B(H) is ax-representation,
* U : G — U(H) is a unitary representation,

satisfying the covariance condition:

Ugm(a)U; = m(ay(a)), Vge G, ac A

g

Each such covariant pair defines ax-representation 7 x U of C..(G, A) on H via:

(m x U)(f) = >_ m(£(9)Us.

geG
Definition of the Universal Crossed Product

The universal norm on C..(G, A) is defined by

!VWZﬂgHﬁxUﬂﬂW

(7, U
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where the supremum is taken over all covariant representations (, U) of the system (4, G, «).
The universal crossed product A x, G is then defined as the completion of C.(G, A) with

respect to this norm. That is,

Ax, G :=C.(G, A"

This crossed product satisfies the following universal property: for every covariant representa-

tion (m, U), there exists a uniquex-homomorphism
7 x U:Ax,G— B(H)

extending the integrated form f — 3 o 7(f(9))U,-

2.7.2 Reduced Crossed Product by a Discrete Countable Group

We now turn to the construction of the reduced crossed product associated to a C*-dynamical
system (A, G, ), where G is a discrete countable group and A is a C*-algebra.

The Regular Covariant Representation

Let H be a Hilbert space on which A acts faithfully via a -representation 7 : A — B(H)
and for the group G we can define the left regular representation to U((*(G)). Define the
Hilbert space

He = P(G)®@H,

and define the regular covariant representation (%, \) on H¢ by extending 7 and X as follows:

* For each a € A, define 7 : A — B((*(G) @ H) as

#(a)(0, @ §) == 6y @ 7(ay1(a))€,
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* For each h € G, define \ : G — B(1?(G) @ H) as

S\h(ég ® f) = (Shg ® f

Here, ¢, denotes the standard orthonormal basis of /2(G).

It is straightforward to verify that (7, \) is a covariant representation of (4, G, ).

Definition 2.7.1. As before, we consider the x-algebra C.(G, A) equipped with the convolution

product and involution:

(F+9)()i= X F($au(9(7), £7(0) = o (7).

seG

The reduced crossed produc[ norm is dcﬁned via the regular covariant representation:

1f 1l =

(7 x V().

Then the reduced crossed product A x,,,. G is defined as the completion of C.(G, A) with respect
fo |- |

A, G=0.G, A"
Remark 2.7.2. We state some basic facts for crossed products

* The reduced crossed product is obtained by integrating the regular covariant representation and

hence is a quotient of the universal crossed product.
AXo, G=(AX,G)/T,

where T is the kernel of the regular representation.

* When G is amenable, the full and reduced crossed products coincide:

Axe GEAX,,G.
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The fact can be generalised to amenable actions of G on A.

* The reduced crossed product A x1,,,, G doesn’t depend on the choice of faithful representation of
A C B(H). (proof of the fact can be found in [BOOS, proposition 4.1.5])

* The map E : Cc(G,A) — A defined by E(f) = f(e), extends to a faithful conditional

expectationfrom A X, G onto A,

In this discussion, we restrict attention to crossed products of a C*-algebra A by automor-
phisms, that is, crossed products by Z. Since Z is abelian and therefore amenable, the full

and reduced crossed products agree in this setting.

2.8 Exel’s Construction of Crossed Products by an endo-
morphism

Exel in his paper [Exe03] gave a new definition of the crossed product of unital a C* Algebra
A with respect to * -endomorphism « : A — A which depends not only on the pair (A, a)
but also on the choice of a transfer operator associated to the endomorphism c.

We restrict ourselves here to only unital C*-algebras unless we say otherwise. Let A be a
unital C*-algebra and let a : A — A be a x-endomorphism (here we are not assuming « to

be injective) of it.

Definition 2.8.1. A continuous linear map L, : A — A is said to be a transfer operator for the

pair (A, «) if L satisfies the following,
1. L, is a positive map.
2. Lo(afa)b) = aLly(b) Ya,be A

We call the tuple (A, a, £,) as Exel-System, the goal is to construct the Crossed Product

C*-algebra given an Exel system.
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Definition 2.8.2. Let (A, o, L) be an Exel system. A pair (w, S) is called a representation of

the system if m: A — B(HM) is a non-degenerate x-representation of A on a Hilbert space H and

S € B(H) satisfies, for all a € A,

* S*1(a)S = m(La(a)),

* S(a) = m(a(a))S.
For every representation (v, S) the C*-algebra C*(m, S) := C*(mw(A) U Sw(A)) is the C*-algebra
associated to (r, S).

Given an Exel system (A, «, £,), let us recall Definition 2.4.1, we wish to construct the
universal algebra for the generating set G = A U {s}, where s is an abstract element,
and the collection of relations R consists of maps of the form v s) : G — B(H) defined
by, Yr.s)la = mand y(s) = S, where 7 : A — B(H) and S € B(H) and (7, S) is a

representation for (A, a, £,).

Remark 2.8.3. We will mostly use the notation (w, S) instead of y(x,sy in our discussion from now

on and instead of relations, we will refer to them as representations of the Exel—system (A, o, Ly,).

We can check our set of relations R in this case satisfies the property of being closed
under product (Definition 2.4.2). Hence Proposition 2.4.3 confirms the existence of the

universal representation, (i4,?).

Definition 2.8.4. The universal C*-algebra with respect to the universal representation (ia,t) is
the C*-algebra associated to (i4,t) defined by T (A, a, L) := C*(ia, t) = C*(ia(A) Uis(A)S)
and called the Toeplitz algebra of (A, o, L,,).

Definition 2.8.5. For a representation (v, S) of (A, a, L,), a redundancy is defined as a pair
(m(a), k), where a € A and k € w(A)SS*n(A), satisfying

mw(a)m(b)S = kn(b)S, Vbe A.
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Definition 2.8.6. The Exel crossed product A X, ¢, N associated with the system (A, a, L)

is defined as the quotient C*-algebra of T (A, o, L4) by the ideal generated by elements of the form

{ia(a) =k : ae Aa(A)A, (iala), k) is a redundancy for (ia,t) }.

2.8.1 Connection to Cuntz-Pimsner Algebra

For the Exel-system (A, o, £,,) let Az, be the underlying vector space of A, we can define a

right A-Module structure on A, by defining the right action as,
m.a =ma(a), Vm e Az, , a € A

and we can define a A-valued semi-inner product (.,.) on Az by (m,n) = L,(m*n), Ym,n €
Ag,and N = {m € A, : (m,m) = 0} is the null space. The semi-inner product induces
an inner product on the space A, /N and its completion yields a Hilbert A-module denoted
by M¢,, == A, /N.

Denoting by ¢ : Az, — A, the quotient map we can get that a.q(m) := ¢(am), Va €
Ag,,a € A, which gives the left action on M, thus making M, into a C*-correspondence
over A, we can see that the left multiplication is defined on M, by the *-homomorphism
¢ A— L(M,) defined by ¢(a)(g(m)) := a.m = g(am).

In [BRV10] one can find the proof of the following proposition, which actually establishes
the connection between the two universal Toeplitz-algebras, one coming from the Exel
system (A, «, L,) and the other coming from the Cuntz-Pimsner dynamical system of

<A7 Mﬁa)’

Proposition 2.8.7. We have a one-to-one correspondence between representation (w,S) of

(A, o, L) and representation (m,mr,, ) of (A, M,). In particular T (A, o, Lo) = T (A, M¢,,).

Definition 2.8.8. The Exel-Royer crossed product O(A, o, L,,), corresponding to an Exel
system (A, «, L,), is defined as the quotient of T (A, o, L) by the ideal generated by the following
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set:
{iala) =k : a € Jy,, and (is(a),k) is a redundancy for the universal representation (i, t)}

where Jyg, is the Katsura’s ideal for (A, M)

It can be shown quite easily that O(A, «, Lo) = O(Ju,, . Me,).

2.9 Crossed Product by CP map

Given a unital C*-algebra A together with a completely positive map p : A — A, the pair
(A, p) is referred to as a C*-dynamical system. In his paper [Kwa17], Kwasniewski introduces

the relative crossed product for (A, p) similar to what Exel did for (A, o, £,,).

Definition 2.9.1. A representation of the C*-dynamical system (A, p) consists of a pair (m, S),
where w: A — B(H) is a x-homomorphism and S € B(H), satisfying the relation

S*m(a)S = n(p(a)) foralla e A.

If 7 is faithful we call the representation (w, S) faithful. The algebra associated to a repre-
sentation (7, .S) is C*(w, S) := C*(w(A) Un(A)S). Again, choosing the generating set to
be AU {s} and setting the relations to be the collection of representations as defined above
for (A, p). We can show the existence of the universal representation (i4, ) for (A, p) and
we call the universal C*-algebra as T (A, p) := C*(ia,t) = C*(ia(A) Uia(A)t). Next, we

define redundancy in the present context and proceed similarly to Exel’s Construction.

Definition 2.9.2. For a representation (w, S) of the C*-dynamical system (A, p), a redundancy

is a pair (m(a), k) where a € A and k € w(A)Sw(A)S*n(A), satisfying

m(a)w(b)S = kmw(b)S forall b € A.
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For a representation (7, S), consider the set

Tirs) = {a € A: (n(a), k) is a redundancy of (7, S) with the condition 7(a) = k}.

It turns out that J(» s) forms an ideal in A. Moreover, one can verify that

Txs) ={a€A:n(a) € m(A)ST(A)S*m(A)}.

This ideal is referred to as the ideal of covariance corresponding to the representation (r, S).
For an Ideal J in A. We say (7, S) is J-covariant if J N J(X,) C Jir.g)-

We now introduce another very important ideal for our discussion.
Definition 2.9.3. For a positive map o : A — B between any two C*-algebras A and B, its
GN S-kernel N, is defined by,

N,:={a€ A: o((ab)*ab) =0, forall b€ A} (2.2)
Proposition 2.9.4. The set N, coincides with the largest ideal of A that is contained in the kernel
of the mapping 0 : A — B.

Proof. First, observe that N, is a closed right ideal of A. Indeed, for any a,b € A, the
inequality

b*a*ab < ||a*al| b*b
holds, and hence applying o gives
o((ab)*ab) < [a*all o(b"D).
This shows that N, is also closed under multiplication from the left, and thus forms a

two-sided ideal.
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1/4

Now, if a € N, is positive, then a'/* € N,. Consequently,

Q((al/4a1/4)* a1/4a1/4) =0,

which implies N, C kerop.
Finally, let I be any ideal in A such that I C kerp. Then, by definition of N,, one has

I C N,. Thus N, is indeed the largest ideal of A contained in kerp. O

Definition 2.9.5. We say that the map o is almost faithful on an ideal I C A provided the
following holds: whenever a € I satisfies o((ab)*ab) = 0, for every b € A, then necessarily a = 0.
Equivalently, 0is almostfaithful on I ifand only gf

ICN,.
In the specific case of our assumed completely positive map p : A — A, we may analogously

introduce the set N,, which we shall refer to as the GNS-kernel of p.

Remark 2.9.6. We consider our C*-dynamical system (A, p), where p : A — A is a CP map. Let
(m,S) be a representation of our C*-dynamical system. Then for every a € N, the pair (m(a),0)

becomes a redundancy for the representation (v, S) because,

I (a)m(b)S[|* < [|S*m(ab)"m (ab) S|
< [lp((ab)*ab)]| (2.3)

=0

Jorallb € A. Thus a € Jins) N N, which implies that w(a) = 0. Accordingly if (m,S) is faithful

then Jir5y C N, An argument of this sort actually motivates the definition of Katsura’s Ideal.
Now we define the Crossed product of A with respect to p.

Definition 2.9.7. The crossed product C*(A, p) of A by p is constructed as the quotient of the
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Toeplitz C*-algebra T (A, p) by the ideal generated by the set
{iala) —k: a€ NpL and (is(a), k) is a redundancy of (ia,t)} (2.4)

where (i4,t) is the universal representation of (A, p). For any ideal J in A we define the relative

crossed product C*(A, p; J) to be the quotient of the Toeplitz C*-algebra T (A, p) by the set
{iala) =k : a€ Jand (is(a), k) is a redundancy of (ia,t)} (2.5)

We denote by (ja, s) the representation of (A, p) that generates C*(A, p, J).

2.9.1 Crossed Product and relative Cuntz-Pimsner algebras

Paschke already considered a C*-correspondence associated with a completely positive map
[Pas73]. We define X, to be a Hausdorff completion of the algebraic tensor product A ® A

with respect to the seminorm associated to the A-valued sesquilinear form given by,

(a®b,cod) :=bpla*c)d, where a,b,c,de A. (2.6)

We denote the image of the simple tensor product a ® bin X, by a ® b. It can be verified
that the space X, acquires the structure of a C*-correspondence over A. The left and right

module actions are given, respectively, by
a-(b®c):=(ab) ®c, (b®c)-a:=b® (ca),

for all a,b,c € A. One can verify here that X, is essential.

We now briefly introduce the KSGNS-construction to draw a parallel with the above
construction.

Let A be a C*-algebra and let X be a C*-correspondence over A with left action ¢x : A —

L(X).Letp: A— L(X) be a completely positive map.
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We construct a C*-correspondence X ®, X. Consider the algebraic tensor product X © X

with right A-module structure given by

(rOy)-a=206(y-a), r,y € X, a € A.

Define an A-valued sesquilinear form on X ® X by

(1 ® Y1, T3 ©ya) = (Y1, p({x1,T2)x) Y2)x, T, Ui € X.

Since p is completely positive, this form is positive semidefinite. Let

N, ={ze X0 X|(z2z) =0}

Then (X ® X)/N, is a pre-Hilbert A-module, and its completion is denoted by

X ®,X.

The right A-action descends from the algebraic tensor product, and the left action of A

on X ®, X is given by

a-(r®y) = (¢x(a)r) @y, ac A v,yeX.

With these operations, X ®, X is a C*-correspondence over A. When X = Aandp: A —
A C L(A), this construction coincides with the classical KSGNS correspondence associated
to p [Lan95].

It is now straightforward to observe that the above construction is nothing but the
KSGNS construction for A ®, A considering A as C*-correspondence over itself.

Now we state several important theorems about the construction that establish the
connection between the crossed product for the system (A, p) and the Cuntz-Pimsner

algebra for (A, X,). For more details, one can refer to [Kwal7]. In our discussion, as
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mentioned above, we assume A to be unital.

Proposition 2.9.8. [Kwal7]Let X, denote the C*~correspondence associated with (A, p). There

exists a bijective correspondence between representations (m, S) of the system (A, p) (as defined in
Definition 2.9.1) and representations (w,7x,) of the pair (A, X,) (as per Definition 2.6.1). The

correspondence is described as follows:
mx,(a ®b) = 1(a)ST(b), fora®be X,
and
S*nx,(a®b)S =7(p(a)b), a,be A,

with the condition that

S*|(77Xp(Xp)H)J‘ = 0

Furthermore, for the associated representations, one has
C*(m, 8) := C*(m(A) U Sm(A)) = C* (7, mx,) := C* (w(A) Uy, (X,)).
The following result is fundamental, as it establishes a precise relationship between the

redundancy ideal and the quotient ideal in the construction of the Cuntz-Pimsner algebra.

Proposition 2.9.9. [Kwa17[For a faithful representation (7, S) of (A, p) and let the corresponding
representation of (A, X,) given by (2.9) be (m,mx,). (w(a), k) is a redundancy of (w,S) if and
only if a € Jx, and k = (m,7x,)V(¢(a)), where ¢ : A — L(X,) gives the left action.

Proof. The proof revolves around the fact of understanding that, (r, 7x,)") maps K(X,) to

the subalgebra 7(A)S7(A)S*m(A), using Proposition 2.9.8.

(m,7x,) D (ugpea) = Tx,(a @ b)rx, (c® d)* )

= m(a)S7(b)m(d)S*m(c) € m(A)ST(A)S*m(A)
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Thusifa € J(X,) and k = (7, 7x,)V(¢(a)) € m(A)ST(A)S*n(A). Then for a,a;,as € A.

m(a)m(ar)Sm(az) = m(a)mx, (a1 ® az)
= Tx,(¢(a)(a1 ® az))
= (m,7x,)"(¢(a))7x, (a1 ® az)

= (m,mx,)" (¢(a))m(a1) S (az).

Now, using non-degeneracy of = we can see that
m(a)m(ay)S = (W,pr)(l)(gb(a))ﬂ'(al)s = km(a;)S foralla; € A

Hence (n(a), k) is a redundancy.

For the other direction let ((a), k) be a redundancy for the representation (rr, S). Then

k= (m,mx,)V(p) for some t € K(X,) as k € 7(A)Sm(A)S*1(A) = (7, 7x,)D(K(X,)).

Now, for ay,as € A we get,

Tx,(d(a)ar ® az) = w(a)mx, (a1 ® az)

= m(a)m(ay)S7(az)
(2.9)
= km(a1)Sm(as) = (m,mx,) M (p)7x, (01 @ as)
= 7x,(p(a1 ® az)).
7 is injective=- 7y, is injective = ¢(a) = p O

The following remark is the key step in showing that the relative crossed-product con-
struction with respect to an ideal J in A for (A, p) agrees with the relative Cuntz—Pimsner

algebra associated to (A, X,) with respect to the ideal J N J(X),).

Remark 2.9.10. Using Proposition 2.9.9, we observe that the sets generating the ideals we quotient
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the Toeplitz C*-algebra for the respective construction are the same.

{iala) =k : a€ Jand (is(a), k) is a redundancy of (ia,t)}
={iala) —k: ac JNJ(X,) and (is(a), k) is a redundancy of (ia,t)}

={ia(a) = (m,7mx,) Y (6(a) : a € JNI(X,)}
Thus, we have the following theorem.
Theorem 2.9.11. Let X, denote the C*~correspondence associated with the system (A, p). For an
ideal J C A, one has
C(A,p; J) = C* (A, p; TN J(X,)) = O(JNJ(X,), X))
The universal homomorphism j4 : A — C*(A, p; J) is injective iff when the inclusion
TN J(X,) C (N,)*
holds. Consequently, this condition ensures that

C*(A,p) = Ox,,

and, in particular, the canonical map js : A — C*(A, p) is injective.

[Kwa17, Proposition 3.13] will serve as an important tool in our study of C*(A4, p), and we
state it here for the convenience of the reader. It follows from Katsura’s gauge-invariant

uniqueness theorem for Cuntz-Pimsner algebras [Kat03b, Theorem 6.4].

Proposition 2.9.12. Let (, S) be a covariant representation of (A, 9). Then C*(m, S) = C*(4, o)
iff (m,S) is faithful and there exists a strongly continuous action 5 : T — Aut(C*(r, S)) such that
B.(m(a)) = n(a) and B.(n(a)S) = zm(a)S foralla € A and z € T.

In this thesis, we will dive into the specifics of some important constructions of this sort.
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Chapter 3

Crossed product of a C*-algebra with

respect to an endomorphism

This chapter is based on my work [Ban25], where the basic framework of the construction
was introduced in Section 2.8. In the present section, we provide a detailed analysis of these

constructions and examine concrete examples in the context of C*(G).

Motivation from the crossed product of a C*-algebra by an automorphism

Suppose A is a C*-algebra and o : A — A is an automorphism. The crossed product by
an automorphism is equivalent to the crossed product with respect to the group Z, and is
denoted by A x, Z. The action of n € Z on a € A is given by o (a). Since Z is cyclic, the
homomorphism from Z to Aut(A) is completely determined by the image of 1.

A covariant representation for this system is a pair (7, u), where 7 : A — B(H) is a *-
representation of A and u : Z — U(H) is a unitary representation of Z (again completely

determined by u(1)), such that
u(n)m(z)u(n)* = w(a"(z)), VreA neL.

Equivalently, we may describe the covariant representation as a pair (m, U), where U := u(1)
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is a unitary on H, satisfying
Urn(x)U* = w(a(z)), Vre A

This perspective naturally motivates the study of crossed products by an endomorphism
or, more generally, by a completely positive (CP) map, which may be viewed as crossed

products by the semigroup N.

3.1 On Transfer Operators

We restrict ourselves here to unital C*-algebras unless stated otherwise. Let A be a unital
C*-algebra and let o : A — A be a x-endomorphism (of A). Note that we do not assume «
to be injective here.

Recall from Definition 2.8.1 that a map £, : A — A is called a transfer operator for the pair

(A, @) if it satisfies the following conditions:
1. L, is a positive map.
2. Lo(a(a)b) =aLly(b) Va,be A.

Throughout this section, whenever we refer to £,, we mean a transfer operator for the
pair (A, a). The triple (A, o, £,) will be referred to as an Exel system. Since £, is positive,
it is self-adjoint. Consequently, we also obtain, £,(ac(b)) = L,(a)b Va,b € A. Thus,

Range(L,) is always a two-sided ideal.

Next, we characterize all transfer operators corresponding to an automorphism.

Proposition 3.1.1. If o is an automorphism of A, then any transfer operator corresponding to o is

of the form Lo (a) = o (a)z, where z € Z(A) N AT,
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Proof. For the C*-algebra A and the automorphism o : A — Alet £, be a transfer operator

associated to « then,

Lo(a) = Lolala™(a)1) = a (a)La(1) (3.1)

From the Definition 2.8.1 of transfer operators, it can be observed that £,(1) € Z(A)" as

we can see that,
Lo(a(a)) =aly(l) = La(1)a. (3.2)

This proves one direction. Conversely we verify that the map £, : A — A, L,(a) =
o !(a)z, with z € Z(A) N A", satisfies the desired conditions. Clearly, £, is positive.

Moreover, for the bimodule condition, we compute:

Thus, £, is indeed a transfer operator.

]

Remark 3.1.2. If we apply Exel’s construction to a C* —algebm A with respect to an aulomorphism
o, and choose the transfer operator to be a™!, the resulting algebra is precisely the crossed product

A Xy Z. Thus, Exel’s construction can be seen as a generalization of crossed products by Z.

Note that if £,(1) = 1, we can conclude that £, is surjective as for any a € A, we have

Lo(a(a)) =aLl,(l) = a.
Remark 3.1.3. For (A, «), we give some easy ways to generate new transfer operators.

1. If we have a finite collection of transfer operators, say {L;| i € I}, then L =31 L; is also
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a trangfer operator.

L(a(a)b) =D Li(a(a)b)

el

el

el

= aLl(b)

2. Similarly, suppose L is a transfer operator for (A, ). Then for any z € Z(A) N A, the map

is also a transfer operator. Hence, given a family of transfer operators {L; | i € I} and

corresponding elements z; € Z(A) N A", the map

L(a) =) Li(a)z

iel
is again a transfer operator.

3. If L is a transfer operator for (A, ). Then, L™ is the transfer operator for (A, ™).

£r(a"(a)b) = £ (£(" (a)D))
= £ (0" a)£(0)

= aLl"(b)
4. We consider a finite family of endomorphisms {c; }ier of the C*-algebra A, where |1| < oo,

defined by

a;(a) = v;avy}, a€ A,
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with

viv; # 1, viv; = 1, viv; =0 fori # j.

Now define an endomorphism o : A — A by

afa) = a;(a).

el
Then, for every subset J C I, one can define a transfer operator for the pair (A, ).

More precisely, for each J C I, deﬁne

L;:A— A, Ly(a) = vjav;.

jeJ

Now we show that this map is a transfer operator for (A, o).

Lj(a(a)b) = Z UJ*(Z v;av] )bu;

jeJ el

= Y vivav; by
i€l jeJCI

= Z av;buy,

jeJ

=aqa Z v;bvj

jeJ

= CL,CJ(b)

The key question here is: under what conditions and by what methods can a transfer operator
be constructed from a given endomorphism? In his paper [Exe03], Exel provides a method
to construct a transfer operator from a conditional expectation from A onto Range(«).

Consider the map E, : A — A defined by E,(a) = a o L, where (4, a) is the given system.
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We observe

Similarly,

Hence, E,, is Range(«a) -linear with respect to the bimodule structure of A over Range(«).

Proposition 3.1.4. [Exe03](Prop. 2.3) For the system (A, o) we consider the transfer operator

L, then the following are equivalent:
1. Eo(=aoL,): A — Aisa conditional expectation from A onto the subalgebra Range(c).

2. aoL,0oa=q,

Proof. (1) = (2) We know that E, is a projection onto Range(«) if it is a conditional

expectation. Hence, we get
aoL,oala)=E.(a(a)) = ala).

(2) = (3) From the definition of £, we can conclude that £, (a(1)) = L, (1).

Hence, using (2) we get,

(3) = (1) Here, we actually prove (2) from (3), which in turn proves our map E, is a

projection onto Range(c). Now, from (3) we can conclude that E,, is contractive and if we
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can prove that (2) follows from (3) using Tomiyama’s theorem [BO08, Theorem 1.5.10],

we can conclude that E,, is a conditional expectation. So, we prove (3) = (2)

Thus, as stated above, we can conclude that E,, is a conditional expectation. O

Remark 3.1.5. For a system (A, ), if the transfer operator L, satisfies the above equivalent

conditions it is called nondegenemte. In this case we can write the C* —Algebm A as a direct sum of

ker(a) and Range(L,)

A = ker(a) @ Range(L,)

This is because for any a € A we can write a = a — Lo (a(a)) + Lo(a(a)), where a — L (a(a)) €
ker(w), since L, is non-degenerate and using condition (2) in Proposition 3.1.4. Also, if a € ker(«),
then al,(b) = Ly(a(a)b) = 0. Similarly, L,(b)a = L, (ba(a)) = 0, which implies that ker ()

and Range(L,) are mutually orthogonal.

The following proposition, due to Exel [Exe03], provides a method for constructing a transfer
operator for the C*-algebra A associated with an endomorphism o : A — A, assuming the

existence of a conditional expectation onto Range(«).

Proposition 3.1.6. Suppose there exists a conditional expectation E,, from A onto Range(«) for

the system (A, o). Let I be an ideal in A such that

A =T @ ker(a).

Then the map Q := (a|z)~" o E, is a non-degenerate transfer operator for (A, c). Moreover, we
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have

E,=ao0Q.

Proof. It follows directly that £, is positive. Let us denote («|z) ™! by &. Now for a,b € A,

Now « is injective when restricted to Z. Hence it suffices to prove that (@ (a(a))d(Eq (b)) =

a(aLy (b)), now from injectivity of o we can conclude that &(a(a))a(FE,(b)) = aLl,(b)

= a(aLa(b))

Hence, we have shown that £, is a transfer operator. To prove it is nondegenerate, we

observe that,

Hence we obtain that, £, is non-degenerate transfer operator. O

3.1.1 Transfer Operator for C'(D)

Let D be a compact Hausdorft space. We choose A = C(D), the C*-algebra of complex
valued continuous functions on D. Our goal is to find properties of a transfer operator £,
for the system (C(D), o), where « is an *-endomorphism. Any *-endomorphism of C'(D)

corresponds to a continuous map from D to itself. When we talk about endomorphism of a
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C*-algebra, we mean x-endomorphism.

Now, given a continuous map a : D — D we obtain an endomorphism «, : C(D) — C(D)
given by a,(f) = foafor f € C(D) and, as mentioned above, any endomorphism of C(D)
is of this form. We intend to find a suitable transfer operator for such a a;,. Recall that any
positive map p : C(D) — C(D) induces a correspondence z — p, between points = € D

and positive Borel measures on D p, € M(D), such that,

o) = | fdp.

Proposition 3.1.7. Suppose p : C(D) — C(D) is a positive map from C'(D) to C(D) defined by
p(f)(x) = [p fdug. If p is a transfer operator with respect to the endomorphism o, : C(D) — C(D)
defined by o, (f) = foa, wherea : D — D is a continuous map then supports of i, supp (i) are

mutually disjoint, where supp(11,,) denotes the smallest closed subset F C D such that j1,(D\F) = 0.
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Proof. If p is a transfer operator then p must satisfy the following condition for any f, g €

(D),

p((aa(f))g)(z) = f(x)p(g)()
=p((foa)g)(x) = f(z)p(g)(x)
= /D (foa)(y)g(y)dp.(y) = f(z) /D 9(y)dp:(y)

= [ {(Foa)y) ~ F@)aly)dnaty) =0

Now, considering, g = (f o a)(y) — f(z) we get,

J A e @)y~ F@)duly) = o,

=(foa)(y) — f(x) =0, Vy € supp(p.)

From the above calculation, we now try to conclude that all the supp(y,) are mutually
disjoint and a(y) = x Vy € supp(u,). Suppose for y; € supp(p.) we get a(y;) # x then
there exist f € C(D) because C'(D) separates points in D such that f(a(y1)) # f(z) so
we arrive at a contradiction. Hence a(y) = x,Vy € supp(j,), so if for 2, 2" € D we have
y' € supp(u,)Nsupp(p,) we have a(y') = x = ' thus proving that supp(p,,) are all mutually
disjoint.

O

Remark 3.1.8. We can observe that the converse of the above proposition also holds. Thus we
can state the following: a positive map p : C(D) — C(D) defined by p(f)(x) = [p fdus, is a
transfer operator for C(D) with respect to the endomorphism v, defined by o, (f) = f o a, where

a: D — D is a continuous map if and only if the supports supp(p,) are disjoint and a : D — D
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takes the value x for every y € supp(pi;). It follows from the fact that,

(foa)(y) — f(x) =0, Yy € supp(p.)

= /D{(f oa)(y) — f(x)}g(y)du.(y) =0

We actually now look at specific cases for C'(D) and observe some examples of transfer

operators arriving in those situations.

1. Endomorphism coming from a surjective continuous map:

Let us assume a is surjective and admits a continuous right inverse h. Thus, our

endomorphism is a,(f) = f o a. Now, we define £, : C(D) — C(D) by,

Lu(f)@) = [ fddu
= f(h(a))

where () is the Dirac measure on h(z). We now check whether it satisfies the

properties for being a transfer operator,

Since L, is a positive map, the above computation shows that it satisfies the transfer

operator identity.

Hence, for D if such a surjective continuous map a : D — D exists that has a
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continuous right inverse, we get an Exel system (C(D), o, £,). Also, we note that a
being surjective means that our endomorphism «, is injective, and in this case, even

our transfer operator £, ends up being an endomorphism.

Remark 3.1.9. Suppose that the map a : D — D is continuous and bijective. From the fact
that D is compact and Hausdorf], we can conclude that a is a homeomorphism. Thus, o, is an
automorphism. As previously discussed for an automorphism, any transfer operator is of the
Jorm Bo(f) = g{f oa™'}, where g € Z(C(D)) N C(D)" = C(D)". In this case, for any
x € D, the corresponding element i, € M(D) is given by pi, := g(x)84-1(1). In the special
case where we choose g = 1, we recover the standard crossed product construction, following

Exel’s framework, which we will discuss in detail in the next section.

. Endomorphism coming from a surjective local homeomorphism:

Building on the above remark, it is natural to ask whether we can describe a transfer
operator for a system where the map a : D — D is not a homeomorphism, but the

next best thing, a surjective local homeomorphism.

Since a : D — D is a local homeomorphism and D is compact, it implies that the set

of preimages of a given = € D,

a'(z) :={y € D|aly) = z}

is a finite set. Moreover, from Proposition 3.1.7 we understand that for a positive map

defined by,

p(N@) = [ FW)dua(v)

we have supp(p,) is disjoint and more importantly we have that a(y) = z, Yy €
supp(u,). Hence we obtain that supp(u,) € a~(z) and a™!(x) is finite, so we

can conclude here that y, is some positive linear combination of Dirac measures
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{9y, y € a_l(x)}'

Hence the transfer operator in this case will be of the form,

p(Nx) =3 cyfv)

y€a~(z)
Thus, in this case, we obtain a complete classification of all possible transfer operators.

Remark 3.1.10. From the above discussion we conclude that for an endomorphism Qg -
C(D) — C(D) corresponding to a local surjective map a : D — D the possible transfer
operators p : C(D) — C(D) will be of the form,

p(@) = > fy)

y€a~1(z)
where cg are positive scalars.

Remark 3.1.11. In the context of classical dynamical systems, the pair (D, ~), where D is a

compact topological space and~y: D — Disa surjective local homeomorphism, the map,

L(f)(z) = Y fy),¥YfeCD), zeD

-1
@)

is called a transfer operator for the pair (D, ~) and has important uses in classical dynamics

[Rue89].

3.2 Crossed product of a C*-algebra with respect to a state

Let A be a unital C*-algebra and let ¢p : A — C be a state on A. Consider the map

0y : A — A defined by

ov(a) =¢(a)ls, acA

It is evident that g, is a UCP map. Hence, we can apply Kwasniewski’s construction. Hence

we say the pair (7, S) where 7 : A — B(H) and S € B(H) is a representation for our system
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(A, 0) if
§°1(a)S = 7(0s(a)) = ¥(@)7(La) = b(a)lpgg, a € A

The associated C*-correspondence X, as in Kwasniewski’s construction, is obtained by
completing the algebraic tensor product A ® A with respect to the A-valued inner product

induced by the semi-inner product given by,

(a®b,c®d)y =b"py(a*c)d
= b"(a’c) 1ad (3.3)

= 1(a*c) bd.

To obtain an inner product, we quotient A ® A by the null space

<Zai®bi, Z&j®bj> :0}
% i ¥

Expanding the inner product, we obtain

> w(aja;) bjb; = 0} :
,J
Thus, the associated Hilbert C*-module is given by

Xy =(A®A)/N.

Remark 3.2.1. For any Hilbert space H and a C*-algebra A, the algebraic tensor product H @14 A,

isa right A-module with an A-valued inner product given by,
(E®@a,n®b) = (£, n)a*b, where &,n € H and a,b € A (3.4)
Thus H ®qg A is an inner product right A-module and we denote H @ A to be its completion.
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Now let (my, Hy,&y) be the GNS-representation of A with respect to ). Now we can

consider the right Hilbert A-module H;, ® A, with the inner product,

(Na @ b,0e @ d) = (14, ne)b"d

(3.5)
= (c*a)b*d
where 1,,7. € Hy and b,d € A.
Now,
<€1Z} ® 177T1l1 @ 1<a)5¢’ ® 1> = <771 & 1777(1 & 1>
= (a)14 (3.6)
= oy(a)
since &, is cyclic, we get,
(rp @ D(A) (& DA=H,® A (3.7)

Hence, the space A ® A/N is isomorphic to H, ® A, where H,, denotes the GNS Hilbert
space of (A, ). In particular, H;, ® A carries the structure of a C*-correspondence in our

setting, with the left action given by 7, ® 1 : A — L(Hy ® A), defined as follows:

(my @ 1)(a) (1 © €) = 1jap @ €

for a,b,c € Aand n, € Hy. Also, the left multiplication defined here is consistent with the

notion of left multiplication used in Kwasniewski’s construction.

Definition 3.2.2. Let A be a unital C*-algebra and 1 be a state on A. We define A x4, N
the crossed product of A by the state ¢ as the Cuntz-Pimsner algebra associated with the
C*-correspondence (Hy @ A), where Hy is the GNS Hilbert space of 1 which coincides with

Kuwasniewski’s crossed-product construction for A with respect to oy. The corresponding crossed
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product is given by
A Xy N := C*(A, Q¢) = O(JHwQ@A; Hw ® A),

3.2.1 Special case for A = C*(G) and the canonical trace on it

Let G be a countable discrete amenable group, with the identity element e € G. If we
consider our C*-algebra to be C*(G) and let 7 be the canonical trace defined by 7(z) =
(26, d.) and the corresponding CP map for Kwasniewski’s construction is p, : C*(G) —
C*(G) defined by p,(z) = 7(2)1c+(q) for z € C*(G). In this case we know the GNS-tuple
for C*(G) with respect to 7 is (7, *(G), d.), where 7, is the extension of the left regular
representation A to C*(G) using the universality of C*(G). Thus as we already discussed

our required crossed product of C*(G) with respect to p, is given by,
C*(G) x, N:= C*(C*(G), pr) = O(Jeyac), *(G) @ C*(Q)) (3.8)

where, O(Jz(¢)00+(c), 2(G) ® C*(G)) denotes the Cuntz-Pimsner algebra associated with

the C*-correspondence (*(G)®@C*(G), where the left action is given by the x~-homomorphism
@ 1:C*G) — LIF(G) @ C*G)),

defined as follows:

T ® L(ug) (€ @ ug) = Egn ® ug, (3.9)

where g, h, k € G, {{, : g € G} denotes the orthonormal basis of {*(G) and u,, is the unitary

element in C[G] corresponding to g € G.

Proposition 3.2.3. For an infinite countable discrete group G, the universal crossed product of

C*(G) with respect to T is isomorphic to the universal Toeplitz algebra we get for C*(G) with respect
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1o py, that is,

C*(G) %, N = C*(C*(G), p-) = Op e = T(CH(G), p-) = T(CH(G), 14(G) @ C*(G))
(3.10)

Proof. From Theorem 2.9.11 and Proposition 2.9.8 it is evident that all we need to show is,
O(Jee)scc), C(G) ® C*(G)) = T(CH(G),*(G) @ C*(G))

Now if we recall the Definition 2.6.5, and choose a representation (7, 72 (G)zc+(c)), to show

that our representation is covariant we need to check if the condition (7, 72 (g)0c+ (@) V(A @

1(a)) = m(a) holdsforalla € Jgec+) € J(F*(G) @ C*(G)) = 1®1(a) € K(*(G) @ C*(G)).
Now, K(£*(G) @ C*(G)) = K(£*(G)) ® C*(G). Hence, for Y .cpc,. ¢ asus € C[G],

M@ asus) =D a @1 (3.11)

seF seF

Applying the map (id ® 7) on (3.12), we get,

(id ® 7) ((/\ 1) asus)> = Qe (3.12)

seF

Now, observe that (id ® 7)(K((*(G)) ® C*(G)) = K(¢*(G)). But since G is countably
infinite, A, cannot be compact. Hence v\ @ 1(Xscrc,..q asts) ¢ K(2(G)) @ C*(G)). Now
following the same line of proof from Proposition 3.3.10 we can prove that for all a € C*(G),
Y ® 1(a) ¢ K(£*(G)) ® C*(G)). Therefore, in our case every representation automatically

satisfies the covariance condition. Hence, the claim is proved.

]

Since we are working with C*(G) and 7 one of the direct question one can ask is, "can we

get a spatial structure of the crossed product inside B(¢*(G)), or can we find a representation
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of (C*(G), pr) given by (7, S), where S € B(£*(G)) such that it satisfies the conditions in
Definition 2.9.1,

S (ug) S = i (pr(uy))

== S*)\QS :T(ug)lc*((;)

(3.13)
1C’*(G) lfg =€
0 otherwise
Now, from the above expression we can conclude that S € B(¢*(G) is an isometry.
Theorem 3.2.4. There does not exist an isometry S € B((*(Q)) such that,
lowg ifg=e
S*\,S = (3.14)
0 otherwise
Proof. Follows as a special case of Proposition 3.3.9. O

Hence we obtain that there does not exist a S € B(¢*(G)) such that (v, S) becomes a
representation.

We now define a representation for the system (C*(G), p,). We will see later on in this section
that this turns out to be a very important representation. Let H = @, (*(G)*" we define

T € B(®, (*(G)®") such that T¢ = §. ® £ and we define 7 : C*(G) — B(,, (*(G)*") by,

T(uy) = Mg) ®@id (3.15)

forge G

To prove (7, T) is a representation we need to show,

7 (ug)T = 7(pr(ug))



Now,

(T 7 (ug)TE,n) = (7(ug)TE, Th)

= (7 (ug)de ® &0 @)
(3.16)

= {0y ® &, 0. @)

= (@(pr(ug))&,m)
Thus, by Definition 2.9.1, (7,T) is a representation of (C*(G), p,), and the associated
C*-algebra is given by

C*(7,T) = C"(7(C*(@)) UTH(C™(G))).

Moreover, by Proposition 3.2.3, (7, T') is a covariant representation.
Now we define a gauge action of T on C*(7,T). For £ € (*(G)®" such that £ = @, &, and
for z € T we define U, (&) = @,, 2"&,..

Uzﬁ(ug)UE(g) = Uzﬁ(ug) (@ Z"6n)

= U.(z2\9)(&) @726 @ ) (3.17)

= 2ZM9)(&) ® 27?6 @ ...

= 7 (ug)(€)

and

U.TU=(¢) = U.T(P ")

(3.18)
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Proposition 3.2.5. Let G be an infinite discrete amenable group. The crossed product of C*(G)

by its canonical trace T is isomorphic to the spatial C*-algebra C* (7, T'), where
7:C*(G) — B(@ 62(G)®”>
n=0

is the representation deﬁned by

7(ug) = Mg) ®id,

with X denoting the left regular representation of G, and T' € B(D;2, (*(G)®") is defined by
TE=0.0¢.

Consequently,

C*(G) %, N := C*(C*(G), p,) = C*(#,T).

Proof. Using Proposition 3.2.3, we know that (7, T') is a covariant representation. We define

a gauge action  : T — Aut(C*(7,T)) defined by,

B.(x) = U.aUs (3.19)

for z € Tand x € C*(7,T).

Now using (3.18), (3.19) and Proposition 2.9.12 we get C*(C*(G), p.) = C*(7,T). O

3.3 Generalised Crossed Product Structures on C*(G)

In this section, we discuss various generalised crossed-product structures on C*(G), primarily
in connection with endomorphisms and certain completely positive maps, C*(G) along with
C(G) play an important role in connecting group theoretic structures with C*-algebraic

structures, particularly in the context of Quantum Groups.
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3.3.1 Crossed Product by an endomorphism

Let G be a discrete group, and let o : G < G be an injective homomorphism. We call «
pure if ;2 a™(G) = {e}, where e is the identity element for G. Let u, be the image of ¢ in
C[G]. We assume [G : a(G)] < oc.

In [Hir02], Hirshberg defined a universal C*-algebra &, generated by C[G] and an isometry
S.

Definition 3.3.1. ([HirOZ, Deﬁnition 1.1]) The universal C’*—algebm E, s genemted by ClG]

and an isometry S, satisfying the relations:

1. Suy = Ug@)S forx € G
2. S*u, S =0ifz ¢ a(G)

3. For any complete list of right coset representatives x1, xa, ...z, of a(G)

S g, 185 Uy, = 1 (3.20)
k=1
We first discuss the motivation for this definition and then define the corresponding Exel
system. After defining the system we show that &, is isomorphic to the Exel crossed product

arising from this Exel system. Unless stated otherwise, we assume that G is amenable.

Motivation coming from a spatial construction in B(¢*(G))

Since G is amenable, the algebra C*(G) is faithfully represented inside B(¢*(G)) via the *-
representation obtained as the extension of the left regular representation A : G — U(*(G)).

Now, given an endomorphism « : G — G, we obtain an isometry S € B(*(G)) defined

50671(9) ifg - O./(G)
by S(&,) = &a(g) and hence, S*(&,) = . For g € G, we define the

0 otherwise

corresponding elements inside A\, € B(¢*(G)) such that A\;(&,) = &, Then,

SAg(&n) = SEgn = Caen) = Aa(e)S(En) (3.21)
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Now for g ¢ a(G)

(S"AgS(En): &) = (AgSain) &)
= <€ga(h)a ga(k)> (322)
=0 {Since, g ¢ a(G)}
Thus, (3.22) and (3.23) lay the foundation for the first two conditions in Definition 3.3.1.

We considered 1, zs, ...z, to be the complete list of right coset representatives. Now for

the third condition, we observe,

)\xlzlSS*)\xk &) = )\mglsS*(ﬁ'W)

)\IEISé-a—l(xkr) ikar € CK(G)

0 otherwise (3.23)
& ifrexta(G)

0  otherwise

Since {1, x, ...z, } gives us the complete list of right coset representatives of «(G), it follows
that {7, 25", ...z '} gives us the complete list of left coset representative. From (3.24) we
can see that A, 155"y, (&) = 1,-14(6)(r)&- Thus, A, 158\, is the projection onto the

subspace /2(z;,'a(@)). Since, G = |I}_; 7}, ' a(G) we obtain the important relation,

n

Z 2188 N, (6) = (3.24)

which gives us the motivation for defining the third relation in Definition 3.3.1.
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Comparison with Exel Crossed Product

We know that a : G — G can be extended to an endomorphism 7, : C*(G) — C*(G). We
now consider the conditional expectation E, : C*(G) — C*(a(G)) defined by,

1 ifsea(@)
E. (> asus) = Y Lo (s)asus, where 1,)(s) = (3.25)
s€C sea 0 otherwise

Now, using Proposition 3.1.6([?, Proposition 2.6]) we can find our transfer operator corre-
sponding to the conditional expectation E,.

Using [BOOS, Proposition 2.5.8] we observe that, « is injective = 1, is also injective =
ker(v,) = 0. We can define 3, : C*(a(G)) — C*(G) where, 8, = (7o)"'. Thus, the

transfer operator £, is given by 3, o E, which can be elaborated as,

Ea(z asls) = Py 0 Ea(z aslg) = Z La(c)(8)asta—1(s (3.26)

where 1, is the indicator function.

For the universal representation (i, S) we obtain our Toeplitz Algebra 7 (C*(G), Ya, La)

generated by i(C*(G)) and S such that the following holds,
1. S*i(z)S = i(La(2)), for z € C*(G)
2. Si(x) = i(7(2))S, for x € C*(G)

Since i is injective, we may identify i(z) with z. Also,

Ug—1(5) if s € a(G)
S*ugS =

0 otherwise

this actually gives us the first two condition of the universal algebra in [Hir02].
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Analysis of Redundancies:

Recalling Definition 2.8.5, for an Exel system (A, o, £) and a representation (m, S) of the

system, we say that a pair (7(a), k) is a redundancy if for every b € A one has
m(a)m(b)S = kn(b)S,

where a € A and k € 7(A)SS*m(A).

Note that for any representation (r, S) for the system (C*(G), Vo, L) S is always an isometry
which is due to the fact C*(G) is unital and as per our definition £,(1) = 1. Hence, we have
S*S =5"r(1)S =7(Ln(1)) =1

We now prove that the pair (1,Y, Uyt SS*u,, ) coming from the definition of &, (Def-
inition 3.3.1) is a redundancy for the universal representation (i4, S) of the Exel system
(C*(G), A, L4)- Since the universal representation is injective, we identify i4(a) with a.

To prove that the above pair is a redundancy, we show that

ZCLSUSS = (Z ux;1SS*uzk)(Z asus)S, for all Zasus e CG
s k ) s s

Hence we try to simplify the right hand side,

(Zk: Uyt 55*“%)(283 asug)S = kzs: Uyt S5 Uy, asusS

= g asu, 1S5 Uy, oS
k
k,s
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Now,

. asuxglsuaq(xks), if 1.5 € a(G)
asux;SS Uy, sS =

0 otherwise
asux;uws, if ;s € a(G)
0 otherwise

asusS, if s €z a(G)

0 otherwise

Since z;, ' are left coset representatives we have,

> asusS = (> Uy S5 ug ) (O asus)S
S k S

proving (1, X4 u, 155 Uz, ) is a redundancy for the universal representation (74, S) which
means when we quotient the Toeplitz Algebra C*(i4, S) with the ideal generated by the set
{ia(a) =k : (ia(a), k) is a redundancy for (i4, S)} to get our Exel crossed product we get
3 Uy 195 Uy, = 1, as we get in the definition of &, in [Hir02].

We now show that Condition (3) in Definition 3.3.1 for &, is sufficient to eliminate all
elements of the redundancy ideal.

Now, suppose a pair (a, k) be a redundancy pair. Then,

att, 1S = k15
:>aux;1SS*uzl = kuxlflSS*uzl

=a) Uyt SS*ugy =k uxflSS*uggl
I 1

Thus, we obtain a = k in the final crossed product construction for the Exel construction,
which actually shows that &, is actually equivalent to the construction of Exel crossed

products.
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Remark 3.3.2. In [CV13, Corollary 2.7] they proved that, for abelian groups, the universal
C *—algebm with respect to a pure injective endomorphism isomorphic fo its spatial structure embedded
inside B((*(G)). In the next section, we will see how different it is to consider the case of CP maps

instead of an endomorphism.

3.3.2 Crossed Product by a CP map

In the above setting, it is natural to consider the crossed product of C*(G) with respect to
a completely positive map (CP map), as defined in [Kwal7]. In this section, we not only
examine the construction of such C*-algebras for particular CP maps, but also provide a
comparison with our earlier discussion of crossed products by endomorphisms.

It is most natural to first consider a conditional expectation as a candidate for our investigation.

In our case, we focus on the conditional expectation with respect to a proper subgroup

H < G, defined by

Eq(> agug) =Y 1u(g)agu, for g € G. (3.27)

geG geG

where 1y is the indicator function. At present we are not assuming any condition on |G : H].
We consider the C*-dynamical system (C*(G), E). Recalling Definition 2.9.1 a pair (7, S)

is a representation if,

S*r(> " asus)S = w(En(d asus)) = > 1u(s)asm(us) (3.28)

seG seG seG

Remark 3.3.3. Note that taking a conditional expectation with respect to a subgroup H < G is not
a sigm'ﬁcam deviation from the above construction with an endomorphism, which is more evident if we
consider [Kwa17, Theorem 4.7] which implies that the Exel crossed product with respect to the Exel
system (A, a, L) is isomorphic to the crossed product of A with respect to the CP map L, following
Kwasniewskt’s Construction. Now, recall Proposition 3.1.6, we define L, = (Oé|(kera)J_)_1 o FE,. So

at first glance it may seem that the treatment of C*(C*(G), L) and C*(C*(G), Ey) should be quite

73



similar but it turns out to be quite different which is evident from the following construction. Rather
than considering the conditional expectation E,, onto C*(a(G)), we instead work with Ey for an

arbitrary proper subgroup H < G, thereby providing a more general framework for our discussion.

Since we are concerned with C*(G) it is quite natural to expect finding a representation
inside B(¢*(G)) with respect to the representation my : C*(G) — B({*(G)) coming as an
extension of the left regular representation X : G — U((*(G)). Such a representation is
particularly natural when G is abelian in the context of Remark 3.3.2. So first we try to find
if there exist S € B(*(Q)) such that (v,, S) becomes a representation for (C*(G), Ey). So

essentially we want to find S € B(¢*(G)) such that,

u, ifge H
SugS =14 (3.29)

0 otherwise

First note that here S becomes an isometry.

Proposition 3.3.4. For an abelian discrete group G and a proper subgroup H < G, there does not

exist S € B((*(G)) such that S is an isometry and,

u, ifgeH
Su, S =1

0  otherwise

where u, € C[G)| is the unitary element corresponding to g € G.
We first show the following lemma,

Lemma 3.3.5. For g € H, we have u,S = Su,
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Proof. First note that,

S*ugS =wuy, g€ H
=(595")uyS = Sy,

=S5 (ugSa)|| = |Sug|| = [lz]| = [lug Sz, for = € £*(G)

Thus SS5* is a projection onto Range(S), we observe from above that SS* preserves the

norm of u,S for g € H. Thus we can claim that u,S € Range(95)

Let,
u,Sz = Sy, z,y € 1*(G)
=S*u,Sr = S*Sy
U,z =Y
Thus, we have u,Sz = Sy = Su,z = u,S = Su,. O

Note that the above lemma does not assume G to be abelian. Let, K be an abelian compact
group with Haar probability measure yz such that K = G. We recall that ¢2(G) is isometrically
isomorphic to L?(K) via the Fourier transform. Henceforth, we identify elements of G

with characters y : K — S*. Now, we begin with the proof of Proposition 3.3.4.

Proof. Note that {x : x € K} form an orthonormal basis of L*(K). The corresponding

version of Proposition 3.3.4 in L?(K) would be stating there does not exist an isometry

S € B(L*(K)) such that

U, ifxeH
S*ULS = (3.30)

0  otherwise

where U, (h) = xh for all characters y and h € L?*(K).
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Let S(1) = f. From Lemma 3.3.5,

for all x € H, which implies
Sx) =xf

for all x € H. Since S is an isometry, {xf : x € H} is orthonormal. Hence,

P00 = [ 11X = (Fixh) = 0 (331)

forall y € H\ {1}.
If x € G\ H, (3.31) implies xf € (im S)*. Thus,

IfPO) = (/. [y =0 (3.32)

for all x € G\ H, since f € im S. From (3.31) and (3.32), [f|?(x) = 0 for all y # 1 and
hence, |f| = ca.e. on K. Moreover, since S(1) = f and S is an isometry it implies that

[x|fI? =1, hence |f| = 1 a.e on K.

Now let yo € G'\ H and let S(xo) = fo. Since xo L H and § is an isometry,

FF 00 = [ oFX = (o xf) = (Sxe, 8%) =0 (533)
forall x € H.
Also from (3.31), vf € (im S)* for all x € G\ H. This implies

<f07Xf> =0

. (3.34)
=fof(x) =0
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—

for all x € G\ H. From (3.34) and (3.35), f,f = 0, implying f,f = 0. Since |f| = 1 a.e.,
this implies fy = 0 a.e., contradicting the fact that || fy||» = 1.

]

Remark 3.3.6. Hence, for an abelian group G, there is no spatial construction of the system
(C*(G), Eg) inside B((*(Q)) which actually shows how different the case becomes for crossed

pTOdMCI b)/ a CP map compared to an EﬂdOWlOTpl’liSWl.

We now discuss the above result for virtually-abelian discrete countable groups. The result
remains true, though the proof is a bit more complicated. We need to discuss the Plancherel

theorem for virtually-abelian groups first.
Definition 3.3.7. A group G is called Virtually abelian ifG has aﬁnite index abelian subgroup.

Let G be a discrete virtually abelian group. For an irreducible unitary representation

7:G — B(H,)and f € L}(G), define

fm) = [ flg)n(g)"dg.

This reduces to the Fourier transform if G is abelian. Let [7] denote the unitary equivalence
class of w and let G be the set of all such equivalence classes. This is called the unitary dual
of G. Note that for two unitarily equivalent irreducible representations 7 and 7, f(r) and

f(n') are also unitarily equivalent. The Plancherel theorem can now be stated as :

Theorem 3.3.8. [Fol16] There exists a measure ju on G such that for all f € L*(G) N L*(G),

~

for pu = almost every [x] € G, f(r) is a Hilbert-Schmidt operator and

1AIB = LIl dutm)

Subsequently, we have

IXG) = [ I2(0,) du(r)
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where L*(H) denotes the Hilbert space of all Hilbert-Schmidt operators on H, and ||.|| s denotes

[h(’ corresponding normi.

[Fol16] states the above theorem for type I groups, so the above result thus holds for virtually
abelian groups since for countable groups both notions are equivalent by a famous result of

Thoma [Tho64].

Thus, for each [7] € G we choose a representative 7 of the equivalence class, which we fix.

The map F : L'(G) N L*(G) — [§ L*(H) dp(r) given by

~

F(H)(m) = f(m)

extends to a unitary between the two spaces, which we also denote by F. This is the
non-abelian version of the Fourier transform. We are now in a position to state and prove

the next result.

Proposition 3.3.9. For a virtually abelian discrete group G and a proper subgroup H < G, there
does not exist S € B((*(Q)) such that

u, ifge H
SugS =4

0  otherwise

where u, € C[G)| is the unitary element corresponding to g € G.

Proof. Assume such an S exists. For g € G let §, denote the indicator function on G. Note

that {0, : g € G} is an orthonormal basis of I*(G). By Lemma 3.3.5,

Sug = ugS
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forall g € H. Let S6. = f. Denote by f* the map

Then Sé, = uyf = 6, * f for g € H. By orthogonality, (u,f, f) = 0forall g € H \ {e}.
Now if g € G\ H, u,f L im(S) and therefore,

(ugf, f) =0
for all g # e. Note that

(fougf) = flg~tz)f (@)

zeG
= f*f(9)
for all ¢ € G. Hence,
fefr=o. (5.35)

Let go € G\ H and let Sé,, = ¢. Since (Sd,,,d,) = 0 for all g € H, (u,f,p) = 0 for
allge H. It g € G\ H, (u,f, ) = 0since ¢ € im(S). Hence, (¢,u,f) = 0forall g € G,

implying, like the previous argument,

ox fr=0. (3.36)

Let f, € I"(G) N I*(G) such that f, — f in I>(G). Note that for any h € *(G),
hx [*(g) = (h,ugf) and 3 cq [(h, ug f)> < [|h|]3, since {uyf : g € G} is an orthonormal

set. Thus we have,
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1(fo = 1) % FIP = 32 [(Fn = Frug I

geG

< |lfu—1IP (3.37)

— 0.

This implies that F(f,, * f*) — F(f = f*) in fci‘? L*(H.) du(r). Thus we get

LT F(f * 7)) du(r)
—/ 172 F(f * )@ dpu(m) (3.38)

Passing on to a subsequence, we may assume without loss of generality that f,, () F(f*)(r) —

F(f * f*)(w) in L*(H,) for pu- almost every . Again by Plancherel’s theorem,

LT = FO@IE dutx) = 0.

Therefore, we can pass on to a subsequence again, and assume like above that f, (1) —
F(f)(w) in L*(H,) for u- almost every m. Since multiplication by any bounded operator

preserves Hilbert-Schmidt convergence, we arrive at

F(f 1)) = F(f) (@) F () ()

for almost every 7. Finally, using (6) we get

FmF) ()" =1 (3.39)
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for almost every 7. Note that a similar argument, alongwith (7), yields

F(@)(m)F(f)(m)" =0 (3.40)

almost everywhere.

Since F(f)(n) is Hilbert-Schmide, it is compact. This implies

dim (H,) < o0

and F(f)(m) is unitary for almost every 7. This, together with (11), gives

F(@)(m) =0

for p— almost every =, contradicting Plancherel’s theorem since ||¢|| = 1. O

Corresponding Cuntz-Pimsner Construction

Recalling the construction in [Kwa17], the C*-correspondence associated with the system

(C*(G), En) is given by

X¢ = C(G) 0 C(G) N,

where the completion is taken with respect to the seminorm induced by the C*(G)-valued

inner product

(a®b,cod) :=b"FEy(a*c)d, a,b,c,d € C*(QG). (3.41)

Here,
N ={z0yeC(G)oC(G) | {(zroy,z0y) =0}

denotes the null space of the seminorm.
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The right module action is defined by

(b®c)-a:=b® (ca), a,b,c € C*(G),

and the left action is given by the *-homomorphism

e C(G) = L(Xe),  mela)(b@d) = ab@d.

As we discussed earlier this construction coincides with the KSGNS construction [Lan95]

CH(G) @py CH(G),

where C*(G) is viewed as a C*-correspondence over itself.

We now perform a minimal KSGNS construction for the system (C*(G), Ey). Let

X =0(G/H)® C*(G), =l eX,

and define a representation

7o OF(G) — L(X)

by setting

7TG(Ug) = >‘G/H<g) & ug, g€ G,

where A/ denotes the quasi-regular representation of G on ¢*(G/H), given by

Ao/ (9)(&err) = Egorrs x € G,

The family {{,5 : ¢ € G} forms an orthonormal basis of /*(G/H).
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A direct computation shows that

<Qaﬁ'G(ug>Q> = <§H ®1,§ ® ug>
= 14(9)u, (3.42)

= Ep(ug)

and hence the triple (X, 7g, Q) realizes the conditional expectation Ey. Moreover, the

representation is minimal, since

7a(C*(Q))QC*(G) = *(G/H) @ C*(G).

Although 7 does not coincide with the left action arising from the correspondence
(C*(G), Xg), the uniqueness of the KSGNS construction implies that there exists a unitary
isomorphism

u GZ/[(X,Xg)

such that
7e(a) = v mg(a) u, ae C*(G). (3.43)

Analysis of Redundancy:

If we recall Definition 2.6.5 and Proposition 2.9.9, we can conclude that for a representa-
tion (7, S) for (C*(G), E) and the corresponding representation (, 7x,,) for (C*(G), X¢)
we say that if (7(a), k) is a redundancy for the representation (7, S) iff a € Jx, and
(7, mx. )V (7g(a)) where Jx. = J(X¢)N(ker(rg))*t and 7g : A — L(Xg) is the x-

homomorphism giving the left action for (C*(G), X¢).

Proposition 3.3.10. Assuming G is amenable and |G : H) = oo we claim that there exist no
redundancy for any representation (w,S) for (C*(G), Ex) or in other words any representation

(m,mxg) is a covariant representation for (C*(G), X¢).
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Proof. Suppose (7, mx,,) is a representation for (C*(G), X¢), to prove it is a covariant repre-

sentation we need to prove that for any a € Jx, we have (7, 7x.) (7¢(a)) = 7(a).

Now, € T, = o(e) € K(Xo)  Tol0) € K(X) = K(*(G/M 8 (@)
_K(EG/H) 2 CHG)

We can recall that,

Ta(D asus) = > ashe/u(s) @ us (3.45)
selG seG

Now if g (P seq asus) € K(2(G/H))®C*(G) then for h € G such thata;, # 0in Y e asus
and 75,(3, asus) = 7((3, asus)h ') where 73, is the canonical trace we can define on C*(G)

due to G being amenable, we get

ld ® Th(ﬁg(z CLSUS)) € K(€2(G/H))
s€G (3.46)

jahAg/H(h) S ’C(£2<G/H))

Now we arrive at a contradiction as A/ (h) is a unitary and since [G : H] = oo implies that
Aa/u(h) ¢ K((*(G/H)). Hence we have that 7 (Y, asus) ¢ K((2(G/H) @ C*(G)). For a
particular b € G we have (id @ 7)76 (X, asus) = anAg/u(un) = 7(3, asus)Aayu(uy) for

all 3, asu, € C[G]. Thus, we have

(id ® )7 (a) = mh(a)Aa/a(un) VYa € C*(G) (3.47)

now if 7;,(a) # 0 we can safely conclude that (id ® 7,)m¢(a) ¢ K(¢*(G/H)) and arrive at
our contradiction. Hence if for some a € C*(G) we get (id ® 7,)m¢(a) € K((*(G/H)) =

m(a) = 0V h € Gletmy, : C*(G) — B((*(G)) be the extension of the left regular
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representation \ : G — U((*(G)). Now,

(Y asus) = an = (X asus)y, Eng)

(3.48)
- <(7T)\(Z asus)§g75h9>
Thus we have, 7,(a) = ((mr(a)&,, &ng)
Th(CL) = 0
=((mr(a)&,,&ny) =0
<( A( ) g hg> (3.49)
= m(a){,=0forge G
= 7T)\(CL) =0
Now, G is amenable = m is faithful, hence @ = 0. Hence, we have that 7g(a) ¢

K(*(G/H)) ® C*(G) = me(a) ¢ K(X¢) which implies that any representation (7, 7x,,) of
(C*(G), X¢) is a covariant representation. O
Spatial Representation for (C*(G), Ey)

In this section we essentially construct a spatial representation for (C*(G), Ey), we have
already shown that there does not exist an isometry S € ¢(G) such that (v,, S) is a repre-

sentation for (C*(G), E). Thus we have the following

Proposition 3.3.11. For the Hilbert space,

H="0(G) e PP(G/H))® @ (G) (3.50)

n>1

and T € B(H) defined by T(§) = duy ® & we can define a representation w : C*(G) — B(H) is

given by,

m(ug) = Mg) ® P AG 1k (9) © A\g) (3.51)

n>1
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such that (w, T) is a representation.

Proof. To prove that (7, T)) is a representation of (C*(G), E) we have to show that,
T*m(a)T = 7(Ey(a)), a € C*(G) (3.52)
for e € (*(G) we have, w(u,)Te = & ® N(g)e and for n € (2(G/H)®™ we have,

m(ug)Tn @ € = Egu @ MG (9)n @ Ag)e (3.53)
Now, for any ¢ € H

(T (ug)Tn @€, ¢) = (m(ug)Tn ® €, TC)
= (&u @ A9 @ Ng)e,€n @ ()
= (1u(9)A&7u(9)n @ Ag)e, )

= (1(Eu(9))n ®¢€,C)

(3.54)

From (3.49) we can say that T*7(g)T'(h) = n(En(g))(h) for all h € H, thus proving that
(m,T) is a representation for (C*(G), Ey). O

Let the C*-algebra associated with (w, T') be C*(, T') which actually gives us our spatial
C*-algebra construction. Now we try to construct a gauge action on the C*-algebra
C*(m,T). Let 8 : T — Aut(C*(w,T)) be given by B(z)(z) = U,aU; for x € C*(w,T)
where U, |2 = id and U.(n ® €) = 2"n @ € where n € (*(G/H)®" and € € (*(G). We first

try to show that 3 gives us a gauge action of T on C*(x, T).

/Uzﬂ(ug)UZ(n ®e€) = Uzﬂ(ug)(énn ® €)
= 2"UAGr(9)n @ Mg)e (3.55)

= z["m(g)(n®e) =m(g)(n®e)
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and

U.TU:(n®e€) = (2)"U.(En @ ®¢)
— (E)nzn—HT(n ® 6) (3.56)

=z2T'(n®e)

From (3.56) and (3.57) it follows that /3 actually gives us a gauge action of T on C*(x, T)).

Proposition 3.3.12. If we assume that |G : H] = oo we have that,
C*(C*(Q), En) = C*(m,T) (3.57)

Proof. Since [G : H] = oo from Proposition 3.3.10 we can conclude that (7, S) gives us
a covariant representation and then Using (3.56), (3.57) and Proposition 2.9.12 we can

conclude that,
C*(C*(@), Ey) = C*(m,T) (3.58)

OJ
The next remark is not quite important for our discussion but still its quite interesting

Remark 3.3.13. Let G be a connected LCA group with Haar measure 1. For every g € G let
U, € B(L*(G)) be given by
Uy(f)(@) = flz —9g)

Jor all x € G. These are the shift operators. Note that the map g — U, is a strongly continuous
unitary representation of G. Let H be a proper subgroup of G which is not dense. Then :

There does notexist V € B(L?*(G)) such that V*U,V = U, forallg € Hand V*U,V = O
forallge G\ H.
By strong continuity, we can assume WLOG that H is closed. If j1(H) > 0, there exists an open
neighborhood U of 0 such that U ¢ H — H C H, by Steinhaus’ theorem. Hence, for every g € H,
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g+ U C H, implying that H is open. Since H is closed as well, connectedness implies H = G, a

contradiction.

Hence, we must have p(H) = 0. Since any open set has positive Haar measure, this implies

G\ H is dense in G. By strong continuity again,

VU,V =0

forall g € G. This contradicts the fact that V*V = I since 0 is always in H.
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Chapter 4

Operator Space Structure associated to
the generators of U]/ and related

C*-algebras

This chapter is mostly based on the work [BMP25]. We make a detailed study of operator
spaces generated by the generators of Brown’s noncommutative unitary C*-algebra ¢/
and related C*-algebras. In particular, we identify the universal C*-algebra C*(M,,(C)*)
associated with the operator space M,,(C)* with the non-commutative C*-algebra C}!. This
algebra C“ is the universal unital C*-algebra generated by elements u;;, 1 <4, < n, subject
to the condition that the matrix [u;;] is contractive. We further describe several operator
algebraic features of C*(M,,(C)*): specifically, we analyze the Lifting Property (LP), residual
finite dimensionality, and primitivity. In addition, we investigate the maximal and minimal
operator space structures of the standard generators of ¢ as well as 14’ ;. Finally, we
explore a natural compact quantum semigroup structure on C*(M,(C)*), demonstrating
separation by finite-dimensional (co)-representations and characterizing invertible elements

in its state space with respect to convolution.
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4.1 Universal C*-algebras and Operator Spaces

Starting from an operator space, we can obtain a universal C*-algebra as in the following

Remark 4.1.1. Let E be an operator space. Then, C*(E) is the universal C* algebra generated
by E such that there exists a complete isometric embedding j : E — C*(E) of E in C*(E). This

C’*—algebm has the following universal property.

* The algebra generated by j(E) is dense in C*(E).

* For any C*—algebm B and any completely contractive map v : £ — B, there exists a

s-representation 7 : C*(E) — B such that 7o j = u.
The density of j(E) inside C*(E) ensures the uniqueness of the representation .

Existence of such an object is proved in [Pes94a].

The following is well known and can be found, for instance in [Pis20]. For the sake of
completeness, we provide a proof here. Let us denote &;; € M,,(C)* as the biorthogonal basis
of M,,(C)* with respect to the usual basis of (¢;;) of M,,(C) i.e., &;j(emk) = Simdjk, 0,4, m, k €

(1,2,--- ,n}.

Let £/ be the operator space generated by the span of {u;;} where u;;’s are the standard

generating elements of 1.

Theorem 4.1.2. The operator space E is completely isometric to the dual operator space of

M, (C),

Proof. For any C*-algebra A, we show [|X&;; ® aj|

C*(Mn(C)*)@maxA 12w © ai ||uﬁ@®maxA’

where 37, &;®a;; € C*(M,(C)*)®@Aand a;; € A. Let S be the set of all x-homomorphisms
7 : U — D, where D is a C*-algebra. Then using the universal property of U along
with the Theorem 2.3.3, there is a one-to-one correspondence between S and U (M, (D)),

the space of all unitary matrices in M, (D). Therefore, for any z = (z;;) € M,(B(#)) and a
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direct application of Russo-Dye Theorem, one has

sup{ > w(ugg)ai
tu = (u;) € UM, (D))}

:W:UQC%D}

= Sup{ Zui]’l’i]’

= Sup{ Zzijxij tzZ E BMH(D)}.

Let o : A — B(H) be a x-homomorphism. Consider D = ¢(A) and x;; = o(a;;), we have

sup { || 3 7 () (a)

‘ U — U(.A)C} = sup {HZ 250 (aij)

’ 1z E BMn(o(A)C)}-

Claim: | & ® aill e a0 y0mmn = WP {15 250 (ais)[| 2 € Bus o), o = A— B(H)}.
To see this, consider z € By, (5a)) C M,(C) @ 0(A)° = CB(M,(C)*,0(A)°). Let
Z € CB(M,(C)*,0(A)°) be the map corresponding to an element z € By, (5(4)). Note
that ||Z|| = |lz|]] < 1. In particular, for 2 = Y e;; ® z; we have (&) = Y &(ey)zij,
V¢ € M, (C)*. Let j : M,(C)* — C*(M,(C)*) be the completely isometry of M,,(C)* inside
C*(M,(C)*). Since |2l < 1, using the universal property of C* (M, (C)*), there exists a
- homomorphism 7, : C*(M,,(C)*) — o(A)° such that 7,(j(§)) = Z(€). Since Z(&;;) = zij,
7.(j(6)) = - Therefore,

|26 ®a

C* () DmaxA > |Im(&ij)o(ai;)|

= [Xzo(ay)
Thus, sup {||Z 250(ai5)|| © 2 € Bas,(o(a)e), 01 A — B(H)} < &5 ® aijll o= ar () ) Dt

Conversely, for all ¢ > 0, there exists *~-homomorphisms o, : A — B(K) and « :
C*(M,(C)*) — B(K) s.t. a(C*(M,,(C)*)) C 05(A)° and we have the following inequality
IS 06 o)] > 565 © sl g ey s~ Clearly, a0 : € = a(C*(M(C))) €
0o(A)° and « o j is completely contractive with a0 j € CB(M,(C)*, 0,(A)¢) = M,(C) ®

0.(A)¢. Therefore, there exists an element t € M, (C) ® o,(A)¢ such that { = a0 j €
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CB(M,(C)*,0.(A)). Hence, t = Y e;; ® (&) € M, (C) ® 06(A)¢ and t;; = a(&;) with

HZtUM%)

= [ X até)os(ay)

‘ > HZ@] Omax Aij

— €.

Therefore, we have our equality. Now, consider the map ¢ : M, (C)* — £ by &; — w;;
and use the above inequality considering the C*-algebra A to be M,,(C), we can conclude

that the map is a complete isometry. Hence, we are done with the proof. ]
Now we propose the next lemma which will be very important to our discussion.

Lemma 4.1.3. Let A be a C*-algebra, generated by {x;; : 1 <i,j < n, ||[[x;;]|| < 1}. Then

there always exist a surjective *—homomorphism

0 : C*(M,(C)) = A, & — xi;

and a unital completely positive map

L :L{gc — ./4, U5 = Tij-

Proof. Since A = [x;;] is a contractive matrix in M, (A), consider the unitary dilation of [x;;]

A (I — AA*)Y/2
€ Mo, (A).

>
I

(I - A*A)l/z —A*
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Let us denote (1 — AA*)Y/2 = [a;], (1 — A*A)Y/? = [b;;]. Now rewrite the unitary matrix

11 T12 ... Tip ai a19 . Q1n
To1 X222 ... X2p (21 Q22 ... Q2pn
A~ Tn1 Tn2 Tnn an1 Ap2 Apn
A=
* * *
bll b12 e bln —{Ell _$21 e —IL‘nl
* * *
b21 622 . bgn —X1g —Tog ... —Lpo
* *
_bnl bn2 bnn T, Lo, _xnn_
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Now consider the matrix

T11 00 ... 0 T12 00 ... 0]... Tin 0 ... 0 a1q QA1
0O 10 ... 0 O 00 ... 0f...!] 0 0 ... 0 0 0
0O 01 ...0 o 00 ... 0f...] 0 0 ... 0 0 0
0 0 0 1 0O 0 0 . 0 0 0 0 0 0
T21 00 ... 0 T29 0 0 . 0. Ton 0 0 a921 e Aoy,
0 0 0 0 0 10 0. 0 0 0 0 0
0 00 0 0 01 . 0. 0 0 0 0 0
U =
0 00 0 0 0 0 . 1 0 O 0 0 0
Tp1 0 O 0 Tno 0 0 . 0 Tpn O 0 au Ann,
0 0 0 0 0O 0 0 . 0 0 1 0 0 0
0 0 0 0 0O 0 0 . 0 0 0 1 0 0
b11 00 ... 0 b12 00 ... 0]... bln 0 ... 0 —Qf{l —le
by 0 0 ... 0 |bw 00 ... O|...|ba O ... 0 —at, ... —at,

Here every block of the matrix U has dimension 2n x 2n. It is straightforward to see that U is a

unitary matrix. Therefore, by the universal property of ¢, there exists a *~-homomorphism

p Z/{ZLLC — M2n<A)
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such that

k * k
pluij) =
L 4 2nx2n

Consider the UCP. map
U — A, defined by U(z) = (p(2))11,
where (p(x))11 denotes the (1, 1) corner of the matrix and x € U"™. Let
7 M,(C) — U’

be the natural completely contractive map. Then ¢ = ¥ o : M, (C)* — A is a complete
contraction. Hence using the universal property of C*(M,(C)*), we have a surjective
*~homomorphism

4.1.1 Comparison between U and C*(M,,(C)*)

A natural question now is whether &/ is in fact also the universal C*-algebra associated to
the dual of M,,(C). To answer this in the negative, we will now study the abelianization of
C*(M,(C)*) and U*. The prove for the following theorems can be found in [Man23a] and
[BMP25]

Theorem 4.1.4. Let By, ¢y be the closed unit ball in M, (C). Then, the abelianization of
C*(M,(C)*) is the C*-algebra C'(By,(c)), the continuous functions on By, (c).

The following is easy and was noted by Brown [Bro81].

95



Theorem 4.1.5. The abelianization of U} is the C*-algebra C'(U(n)), the space of all continuous

functions on U (n), where U(n) is the space of all complex n x n unitary matrices.

Remark 4.1.6. Indeed, this shows that the universal C*-algebra U2¢ is not x-isomorphic to the

universal C*-algebra C*(M,,(C)*). So, UL is only a quotient C*-algebra of C*(M,,(C)*).

4.1.2 CI* and its properties

We introduce the following C*-algebra, which will a central role for us.

Definition 4.1.7. Let C1° be the universal unital C*-algebra generated by n* elements u;;,
1 < i,j < n such that the matrix [u;;] is a contraction in M,(C°). This C*-algebra has the

following universal property:

* For any C*-algebra A with generators v;;, 1 < 4,5 < n such that the matrix [v;;] is
a contractive matrix in M,(A). Then there exists a unique surjective x-homomorphism

7 C¢ — A such that w(u;;) = vyj forall 1 < i,j <n.

Let F be the free x-algebra generated by {u;;}1<ij<n. Consider the class R of all
«-representations 7 : F — B(H,) such that H[w(u”)]H <1in M,(B(H,)).
If u = [uyj], then for every m € R, || (ui;)|| < ||[w(ui;)]|| < 1. Hence each generator is
uniformly bounded by 1 in every admissible representation. It follows that for any monomial

w in the generators and their adjoints, ||7(w)|| < 1. Consequently, for any element

N
a =Y cow, € F, where w, are monomials

a=1

we have

Im(a)ll <> leal

Thus

lallmax := sup ||z (a)]| < co.
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The function || - ||;may is therefore a C*-seminorm on F. Let
N ={a € F:|a||mx=0}
Then the completion of F /A with respect to || - ||max is a C*-algebra satisfying the required

universal property.

Proposition 4.1.8. The universal C*-algebra C* (M, (C)*) is x-isomorphic to the universal
C*-algebra C'°.

Proof. Let us recall that &;; € M,,(C)* denotes the biorthogonal basis of M,,(C)* with respect
to the standard basis (e;;) of M, (C), that is, &j(emk) = dimdjk, 4,7, m, k € {1,2,...,n}.
Note that [§;;] is a contractive matrix as a consequence of Theorem 4.1.2, taking A = C.

Hence, by the universal property of C1°, there exists a surjective x-homomorphism.

m:Ch¢ — C*(M,(C)")

such that

Now we claim that = : C* — C*(M,,(C)*) is an isomorphism. Let us consider a faithful
s~homomorphism ¥ : C/'* — B(H), for some Hilbert space H. Using the Lemma 4.1.3, we
have the following diagram commutes

Che = (M, (C)7)

Therefore, C* (M, (C)*) is x-isomorphic to the universal C*-algebra C'“. O

Next, we demonstrate several structural properties of C1“. First, we show that C!® has the
Lifting property. Before proceeding further, we recall the following definitions. More

details can be found in [BO0S].
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Definition 4.1.9. Let £ be an operator space. For X > 0, we say € has A-OLP if given any ideal
J of any C*-algebra B and complete contraction ¢ : £ — %, there exists a map ¢ : € — B with

|0l < A such that o = @, where m : B — % is the canonical quotient homomorphism.

Definition 4.1.10. Suppose A and B are C*-algebras, and let J be a closed two-sided ideal in
B. A completely contractive positive (CCP) map ¢ : A — B/ J is said to be liftable provided there
exists a CCP map ¢ : A — B with 7 o) = . We say that a unital C*-algebra A has the lifting
property if, for every C*-algebra B and every closed ideal 7 C B, any CCP. map ¢ : A — B/J

admits such a lift.
Theorem 4.1.11. C!* has the Lifting property.

Proof. Observe that C*(M,,(C)*) is a separable C*-algebra. Consequently, by combining
Proposition 4.1.8 with [Oza01, Proposition 2.2], it suffices to verify that M,,(C)* possesses
the 1-OLP. Let 0 : M, (C)* — B/J be a complete contraction, where B is a C*-algebra

and J is a closed two-sided ideal in B. Denote by
7:B =B/

the canonical quotient map. The elements (6(¢;;)) then form a contractive matrix in
M,(B/J). Choose a contractive matrix A = [z;;] in M, (B) such that 7(z;;) = 0(u;;).

By Lemma 4.1.3, one obtains a unital completely positive map

L4 IZ/{SC—>B, Uij = Tij.

Furthermore, there is a natural complete contraction ¢ : M, (C)* — U""¢, defined by &;; — &;.
The composition of ¢ with W provides the required lifting. Therefore, C'“ satisfies the Lifting

Property. ]

Its important to note that in lifting property has been "localized" to define the local lifting

property for C*-algebras. The local lifting property (LLP) was introduced by Kirchberg
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in [Kir93] in the study of tensor products and extension theory of C*-algebras. In this
work, Kirchberg formulated lifting conditions for completely positive maps from quotient
C*-algebras, requiring liftings only on finite-dimensional operator subsystems. This notion
plays a fundamental role in the theory of tensor products and is closely related to the

Connes—Kirchberg conjecture.

Definition 4.1.12. [BOOS][For each finite-dimensional operator system & C A, consider a CCP
map ¢ : A — B/J, where A and B are C*-algebras and J is a closed two-sided ideal of B. We
say that ¢ is locally liftable if there exists a CCP map v : A — B such that w o ¢ = ¢|¢, with
7 : B — B/J the canonical quotient map. A unital C*-algebra A is said to possess the local

lifting property whenever every such ¢ is locally liftable, regardless of the choice of B and 7.

It follows directly from the definition that the lifting property for a C*-algebra implies
the local lifting property. In view of the preceding theorem, we therefore deduce that C*°
possesses the local lifting property. As a consequence, for any Hilbert space #, one obtains
the equality

™ D B(H) = € © B(H).

Now we study the residually finite-dimensional (RFD) property of Cr“. Recall that a unital
C*-algebra A is called a residually finite-dimensional (RFD) C*-algebra if A admits a
separating family of finite-dimensional representations. Note that all abelian C*-algebras

are RFD C*-algebra as characters of an abelian C*-algebra separate the points of A.

In the following theorem, we study the RFD property of the C*-algebras C!“, adpating a
technique of [Cho80] to establish the result.

Theorem 4.1.13. C!' is a RED C*-algebra.

Proof. The algebra C' is separable, and therefore we may realize it as a *-subalgebra of
B(H) for some separable Hilbert space . Consider an increasing sequence of projections

{P:} € B(H) with rank(P;) = k and P, — I strongly, where I is the identity operator.
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With this setup, the matrix u = (u;;) is realised as a contractive element of M,,(B(#)). Now,

consider the associated contractive matrix.

P P
A

I

S

|
By
B

Py B

By the universality of C;“, we have a *-homomorphism from 7, : C!* — M;(C) by
T (uij) = df;. We now claim that the collection of representations {m; }32, forms a separating

family. In other words, the corresponding *-homomorphism

7 Cr¢ — € Mi(C)

k=1
is injective.
Note that
Poun Py PyuinPy ... Py Py Urp U2 ... Ulp
Pyug1 B, PrugPy, ... Prug, Py Ug1 U2 ... U2pn|
— in S.O.T.

Pkunlpk PkunQPk: cee Pk:unnpk Upl Un2 Unn

Hence, df; converges to u;; in S.O.T. Thus, F(d},, dfy,--- ,df,) = F(ui1, 12, -+, Upy) in

S.O.T., where F(-,-) is a *-polynomial in n? non-commutating variables. Therefore, for
any € > 0 and given || F(u11, w12, -+ , Uny)|| = 1 we have | F(d},, dfy, -+, d¥))|| > 1 —efor

large enough k. Now we have

7 (F(wir, wz, o)) = [ (F (i, wa, - )|

= |F(diy, diy, - dyy)l

rI'mn

v

1—e
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Hence the result is proved. O

Remark 4.1.14. Note that this can also be proved using [Pes94b, Theorem 4.1].

The following corollaries are direct applications of the above theorem.
Corollary 4.1.15. There exists a faithful tracial state for the universal C*-algebra CJ.

Proof. The embedding of C/¢ into @, M},(C) as a C*-subalgebra gives us our desired result.

Denote by 7 the normalized trace on M;(C). We then define a tracial functional

T:éMk(C) — C, T<éAk> = iTkgjk)

It follows immediately from construction that 7 is a faithful tracial state on @3>, M;,(C), as
required.

]
Definition 4.1.16. An operator A in a C*-algebra satisfying A*A > AA* is called hyponormal.

Note that, normal operators are hyponormal by definition but we will see that for C we

have the following rigidity property.
Corollary 4.1.17. In Ci¢ every hyponormal operator is normal.

Proof. As C;'¢ is RFD C*-algebra, we have an embedding C/¢ into @, M (C) as a C*-
subalgebra. Let A = @ A;, € @, M;(C) be a hyponormal operator on C?¢. Therefore,
for each k, Ay is hyponormal matrix. It is well-known that every hyponormal matrix is

normal matrix. Therefore, Ay is normal matrix for each k. Hence, A is normal operator. [

To study the primitivity of C¢, we will need the following results. First, we show that the
C*-algebra C has no non-trivial projections, generalizing Choi [Cho80] for the free group

case.
Theorem 4.1.18. The universal C*-algebra C1 has no non-trivial projection.

101



Proof. We may assume C/* C B(#) for some Hilbert space H. Consider the C*-algebra
A ={p:[0,1] - B(H) : ¢ is norm continuous and p(0) € C1}. Note that there is an
isometric embedding of C“ into 2. Indeed, consider the x-homomorphism ¥ : C¢ — A
defined by

U (ui;)(t) = tugy, t €[0,1], 1 <45 <n.

Clearly, [U(u;;)] is contractive matrix in M,, (). Also, it is easy to check that ¥ : C'¢ — 2 is
injective. Now we claim that 2 is projection-less. Suppose that there exists a projection ¢ in
2. Then ¢(0) is a projection in C1. Therefore, either »(0) = 0 or ¢(0) = 1. First consider
©(0) = 0. Then let b : [0,1] — {0,1} be defined by h(t) = [|¢(t)|, t € [0,1]. Since h
is continuous, A ([0, 1]) is connected subset in {0, 1}. Therefore, ¢(t) = 0 for all ¢ € [0, 1].

Thus, 2 is projection-less. Therefore, C/** has no non-trivial projection. O

Now, we establish that the C*-algebra C' is primitive; which means that, it has a faithful,

irreducible representation in B(#). To prove this, we first need the following lemmas.

Remark 4.1.19. Since C2° admits a surjective x-homomorphism onto U2C, and U2 in turn admits
a surjective x-homomorphism onto C*(Z") = C(T™), which is infinite-dimensional (since T" is an
infinite compact space), it follows that C2° is infinite-dimensional.

Since, we have already shown that C2° is projectionless, and a projec[ionless C *—algebm cannot

be finite-dimensional, this provides another way to see that C1¢ is infinite-dimensional.

Lemma 4.1.20. Suppose 7 : C'* — B(H) is a faithful representation for some Hilbert space H.

Then, the image 7(C1°) contains no non-zero compact operator.

Proof. Assume, for contradiction, that there exists a non-zero compact operator T° € m(Cp°).
Then T*T € m(C]“) is a non-zero positive compact operator. By the spectral theorem
for compact self-adjoint operators, there exists a non-zero eigenvalue A > 0, and hence a
corresponding non-zero finite-rank spectral projection P onto ker(7*T — AI) and since
P is a finite rank projection and C? is infinite-dimensional (see Remark 4.1.19), we can

further conclude (1) # P.
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Since T*T" € w(C!) and 7(C*“) is a C*-algebra, the projection P belongs to the C*-
algebra generated by T*T, and hence P € w(C!¢). Because 7 is faithful, 7(C}¢) is -
isomorphic to C;°. Thus, the existence of a non-trivial projection P € 7(C*) implies that
C' contains a non-zero projection, contradicting the fact that ' is projectionless.

Therefore, 7(C;!°) contains no non-zero compact operators. [

The next lemma shows that compact perturbations of the generators of C2¢, provided that

the resulting matrix remains a contraction, yield the same universal C*-algebra.

Lemma 4.1.21. Let H be a Hilbert space such that C“ is realized as a C*-subalgebra of B(H),
and let k;ij € KK(H) for 1 < 4,5 < n. We can define

A= C* ({4 kij - 1 <4, <, [[(ug + ki)l < 1}) € B(H),

. Then A is isomorphic to C*° induced by the map wi; = wi; + kij.

Proof. Using universal property of C*“, there exists a surjective *~-homomorphism

U . C:LLC — A, Ujj = Uyj + k”

Consider the quotient x-homomorphism 7 : B(H) — %. Let mepe and w4 denote the

restrictions of 7 to C'* and A respectively. Note that m¢ne = 74 0 W. Moreover, ker(mene) =

C“ N K(H). Thus, using previous Lemma 4.1.20, ker(mene) = {0} i.e., mene : C¢ — % is

injective. Hence, ¥ : C/'* — A is *-isomorphism. O
In the following theorem, we establish the primitivity of C!'“.

Theorem 4.1.22. The universal C*-algebra C}¢ is primitive.

Proof. To prove primitivity of C'¢, it suffices to construct a faithful irreducible representation.
Since C¢ is separable and residually finite-dimensional, there exists a sequence of finite-
dimensional representations

. Cr¢ — My, (C)
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such that

ﬁ ker(m) = {0}.

k=1

Equivalently, the direct sum representation

[e.e]
™= @ﬂ‘k
k=1

is faithful.

For each k > 1, define
Vk = [ﬂ'k(uw)] - Mn(Mdk> = Mndk~

Since [u;;] is a contraction in M,,(C!¢), each V} is a contraction, ||V;|| < 1.

Choose a sequence () such that

0<re <1, re T 1.
Define
Tk = rka
and
k=1
Then

1T} = sup |[Ti| = supry[[Vil] < supre < 1.

Hence 7T is a contraction but at the same time every T}, are strict contraction.

Now observe that

w([ug)) - T = ]géu S

Since

I =) Vil <1 =7 =0,
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the operator

m([uy]) =T

is compact. Indeed, a block diagonal operator is compact whenever the norms of its blocks
converge to zero and the blocks are finite dimensional.

Therefore each entry of T differs from the corresponding entry of 7([u;;]) by a compact
operator. Hence

Tij = m(ug;) + kij, kij € K(H).

By Lemma 4.1.21,
C*(Tiy;,1 <i,5 <n)=()".

7

We now modify T in order to obtain an irreducible representation.

Since each block T}, acts on a finite-dimensional Hilbert space, we may unitarily conjugate
each block so that Re(T},) is diagonal. Since unitary conjugation preserves norms and block
structure, the resulting operator remains a strict contraction and is still block diagonal.

For each k& > 1, we have

| Tl < 1.

Since T} acts on a finite-dimensional Hilbert space,
1 *

is self-adjoint. Hence there exists a unitary Uy, such that Uy Re(T}) Uy is diagonal.
Replacing T}, by U, T}, Uy, we may therefore assume that Re(7}) is diagonal for every k.

Since unitary conjugation preserves norms,
U TRUg || = [|T3]| < 1,

so each block remains a strict contraction.

Now perturb the diagonal entries of Re(7}) by arbitrarily small real numbers so that:
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1. the diagonal entries within each block are pairwise distinct;

2. the diagonal entries belonging to different blocks are also distinct.

Since || Ty || < 1, there exists ¢, > 0 such that every perturbation of 7}, having norm less
than ¢y, is still a strict contraction. Choose the diagonal perturbation in the k-th block to

have norm smaller than ¢, /2. Denote the resulting perturbed block by 7. Then
ITxll < 1

for every k.

Moreover, we choose the perturbation sizes tending to zero as k — co. Therefore
o
T —T =T, - Th)
k=1

is compact, since the norms of the blocks converge to zero.

Define
T =Py
k=1

Then

177 = sup I 73l < 1,

so T" is a contraction.
By construction, Re(7”) is diagonal with pairwise distinct diagonal entries.
We now construct a compact perturbation of 7 which connects the different blocks.
Recall that
o0
H=@H,  H,=C"%,
k=1

and
T =1
=1

is block diagonal with respect to this decomposition.
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Choose the standard basis in each block Hy, and denote it by

€k,1,€k2y - - -5 Chondy, -

In particular, e;; denotes the first basis vector of the first block H;.

Since 7" is block diagonal, all off-diagonal blocks are zero. In particular,
(T'e11,exj) = (T'exj,e11) =0

for every k > 2 and every 1 < j < ndj.

Choose nonzero real numbers ()\;) such that A\, — 0. Define

oo ndg

R=3"3 i\ (en; ®ci, +en ®et).

k=2 j=1

Recall that for vectors z,y € H, the rank-one operator z ® y* is defined by

(z@y")(v) = (v,y)x.

Thus e, ; ® e} ; maps the vector ey ; to e ;, while e;; ® e, ; Maps e, j to e 1. Therefore

R creates two-way interaction between the first block and every other block.

Define
T" =T + R.
Since
H =@ Cr,
k=1
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the operator 7" has block matrix form

. 0 0 0
0 Ty 0 0
=10 0 T, 0 ---|,
0 0 0 T}

where each T} € M,q4,.

The perturbation R changes only the first row and first column of blocks. More precisely,

JY ]%12 ]%13 ]%14
Ry T, 0 0
T"=|Ry 0 T 0 ---|,
Ry O 0 T,

where for each k& > 2,

(DN N Y.V
0 0 - 0

Riygy=| | € Mudyxndy,»
0 0 0

and Rk]_ = RT}C‘
Hence vectors from different blocks now interact under 7", and the original block
decomposition is no longer reducing.

For each N > 2, define

N ndg

Ry = Z ZZ)\k (ek,j &® 61‘71 +e11® QZJ) .

k=2 j=1
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Each Ry has finite rank. Moreover,
R — Ryl < 2sup A
k>N

Since \; — 0, we obtain

IR — Ry|| — 0.

Hence R is compact as a norm limit of finite-rank operators.
Since || T}|| < 1 for every k, we may choose the sequence (\;) sufhiciently small so that

each block of 7" remains strictly contractive. Consequently,
17 <1,

and therefore T" is a contraction.

Finally, since R is compact and 7" — T' is compact, it follows that
T —T

is compact.

Since R is compact and 7" — 7([u;;]) is compact, it follows that
T" = m([uy))
is compact. Therefore, by Lemma 4.1.21,
CH(T! 1< i,j <n)=Cre
We now show that the operators

{T; 1 <4,5 <n}
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have no nontrivial common reducing subspace.

Suppose, W C H is a common reducing subspace for all the operators 7}/, 1 < 4,5 < n.

5
Let Py : H — H denote the orthogonal projection onto WW. Since W reduces each T}, we
have T}, Py = Py T} for all 1 <, 5 <n.

Therefore the block diagonal operator

Py

Py

commutes with the matrix 7”.
Equivalently,
PT"=T"P.

Hence P commutes with 7", and therefore also with 7"*. It follows that P commutes with
the self-adjoint operators

T// + T//*

T _ T
2 ' '

T// —
Re(T") 5

and Im(T") =

To complete the argument, we use a result of Radjavi and Rosenthal [RR73]. They
showed that if A, B € B(H) are represented with respect to a fixed orthonormal basis so
that A is diagonal with distinct diagonal entries and every entry in the first column of B is
nonzero, then A and B admit no common nontrivial reducing subspace. Since this fact is

central to our argument, we include a detailed proof for the reader’s convenience.

Since R is purely imaginary, Re(T”) = Re(T”). By construction, Re(7”) is diagonal with
distinct diagonal entries. Therefore any operator commuting with it must itself be diagonal

in the same basis. Hence

P = diag(aq, ag, ...), an, € 40,1}
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Now P also commutes with Im(7"). By construction, the (1, m)-entry of Im(7") is

nonzero whenever the coordinate indexed by m corresponds to one of the vectors
€k.j» k Z 2.

Let, A :=Im(T"). Since, PT" = T" P, we also have PA = AP,
We already know that

P = diag(aq, ag, ... ).

Now compare the (1, m)-entries of both sides.

Since P is diagonal,

k

The only nonzero term occurs when k = 1, so
(PA)lm = P A = A,
Similarly,

k

Again, since P is diagonal, the only nonzero term occurs when & = m. Hence
(Ap)lm = Alumm = Almam'
Since
PA= AP,

we obtain

alAlm - Almam-

By construction,

Alm#o
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whenever the coordinate indexed by m corresponds to one of the vectors
€k.js k > 2.
Therefore,
a1 = Oy

Since this holds for every such m, all diagonal entries of P are equal. Hence
P=0 or P=1.
Looking at the (1, m)-entry of the relation
PIn(T") = Im(T") P,
we obtain

oy = oy,

for every such index m.

Hence all diagonal entries of P are equal. Therefore

P=0 or P=1.

Thus there are no nontrivial reducing subspaces, so the representation generated by 7"
is irreducible.

Since the representation is faithful, we conclude that ¢ is primitive. ]
Corollary 4.1.23. The universal C*-algebra C}* has trivial center.

Proof. By primitiveness of C%, it admits a faithful irreducible representation 7 : C/'* — B(H).
It is then easy to see that by irreducibility and Schur’s lemma, we have 7(C¢)" = CI. Since

T(Z(Cr¢)) C w(CreY, it follows that 7(z) = Al for all z € Z(C¢). The faithfulness of 7 then
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implies z = A1, and hence Z(C!) = C1. O

4.2 MAX Operator Space structure associated to the gen-
erators of U"°

Maximal operator space structure (Definition 2.1.10) of the generators of C*(F,,) was studied
in [Pau96] (see also [Zha95]), where it was proved that the maximal operator space MAX(¢1)

is isometrically embedded inside C*(FF,,). In this context, we observe the following.

Theorem 4.2.1. Any contractive map ¢ : (;{= (¢*°)*} — B(H) for some Hilbert space H is

completely contractive, here (€:°)* is the dual operator space of (.

Proof. Let us denote {e; : 1 <i < n} the standard basis of £},. Now, consider ¢ : £}, — B(H)
is a contractive map. Therefore, ||¢(e;)|| < 1. Hence, using dilation theory and universal
property of C*(F,,), we have a UCP. map ¢ : C*(F,,) — B(H) such that ¢(u;) = ¢(e;) for
all 7. Also, note that £}, is completely isometrically embedded into C*(F,,) with ¢; — u;.
Therefore, ¢ = ¢ o 1, where ¢ : £}, — C*(F,,) is the completely isometric embedding. Thus,

¢ : {; — B(H) is completely contractive. O

In the following theorems, we study the maximal operator space structure of the standard

nc
generators of L.

Theorem 4.2.2. Let M, (C) be the space of all n x n complex matrices. Then the following are

equivalent.

1. The maximal operator space MAX(M,,(C)*) is completely isometrically embedded into U?*

with &j = Uy

2. Every contractive map ¢ : M, (C)* — B(H) is completely contractive, where H is a Hilbert

space and M is the operator space dual of M,,.
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Proof. (2) = (1) Let p : MAX(M,,(C)*) — U} be the map defined by p(&;;) = ;.
Our claim is that p is an isometry. From the Theorem 4.1.2, it follows that |3 &;; ® a;;| =
13" wij ® aqj| , where a;; are elements of a C*-algebra A. If we take A = M,,(C), then
the norm of the matrix [§;;] is 1. Now consider an element Y ¢;;&;; in MAX(M,,(C)*).

Therefore,

[p(3Z esr)

= [
= |13 e

The last equality is due to Theorem 4.1.2 considering A = C. Hence ||p(3 ¢;;&;)| <
152 cij€isllmaxar, (cyy- For the other direction, we use the unitary dilation theory. Let
¢ : M,(C)* — B(H) be a contractive map. Then [p(&;;)] is a contractive matrix. Hence
there exists a UCP map 7 : U} — C*(¢p(M,(C)*)) such that w(u;;) = ¢(&;) ie., the

following diagram commutes

C*(p(M,(C)*)).
ThUS, ||QO(Z Cijﬁij)” < HZ cijuin i.e., ||Z Cij&jHMAX(Mn((C)*) < ||Z cijuin. Hence we obtain
p : MAX(M,(C)*) — U is an isometry. Now we show that p : MAX(M,,(C)*) — U}°
is completely isometry. Let [z;;] be any element in M,,(MAX(M,(C)*)). Then z;; can be

written in the form z;; = 37, _, ¢2&,, where ¢ € C, for all 4, §, k, I. Hence, we have
J k=1 %kl ) kl ) y I Ry
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[[p(i;)] HMm(u;;c)

g

n

Z CZSM

k=1

)

Mo, (Uz€)

= i Czﬂ(ﬁkz)]

|k l=1

M (Uz)

[ n ..
_ ]
= Z Cri Ukl

| k=1

Mo (U€)
m n .

— L]

= €ij & Z Cr Ukl
=1 k=1

2

= i €ij & (z”: Czﬁkl)‘

k=1

M (Uz)

M (Mn(C)*)

= {Z Ckaz]

k=1

M (M (C)*)

@il as,,, axar, (©)))

For the other inequality, consider a contractive map ¢ : M, (C)* — B(H) for some Hilbert
space H. Then the matrix [p(;;)] is contractive. Again using the above argument, we
have a unital completely positive map = : U2 — C*(p(M,(C)*)) such that 7(u;;) =
©(&;)- Therefore, ||[3 ci0(&ii)]Il < |I[X ¢ijuqg)l - This holds for all contractive map ¢ :
M, (C)* — B(H). Hence [|[3 cij&ij]ll s, maxan oy < N[ cijugs]ll. Thus, the isometry

p: MAX(M,,(C)*) — U is a completely isometry.

(1) = (2) Since the maximal operator space MAX(MM,,(C)*) is isometrically embedded
into U with &; = wig, [|[6i]llmaxas, )y < 1- Let ¢+ M(C)* — B(H) be a contractive
map. Then, |[[¢(&;)]]| < 1. Using the Lemma 4.1.3, there exists a UCP map ¥ : U —
C*(o(M,(C)*)) such that U(u;) = ¢(&;j), 1 < i,5 < n. Let 7 : M,(C)* — U be the
natural completely contractive map. Note that ¥ o m = ¢. Therefore, ¢ : M,,(C)* — B(H)

is completely contractive. O

Remark 4.2.3. Consider the map ¢ : M, (C)* — M, (C) defined by &;; — e;5, for 1 < i,j < n.
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We show that this map is contractive but fails to be completely contractive. We know that M, (C)* is
isometrically isometric to (M, (C), ||.||1), where ||.||1 is the trace norm.

Since ||(ai;)||op < [[(aij)||1 for (aij) € My(C), the map ¢ - M, (C)* — M, (C) is contractive. To
prove that  is not completely contractive, consider the map ¢, :=id ® ¢ : M, (C) ® M, (C)* —
M, (C) ® M,(C). Now, using Theorem 4.1.2, we have || Y, ; e;; @ &j|| = 1, and note that
| Y€ ® eijl| = /n. Hence, the map @, cannot be contractive, which implies that ¢ is not
completely contractive. Using Theorem 4.2.2, we conclude that MAX(M,,(C)*) is not isometrically

embedded into Z/{:Lw with éij = Uy .

In Theorem 4.2.2, we observed a correlation between contractive maps being completely
contractive for an operator space and the operator space structure being maximal. This

result can be generalised as follows.
Theorem 4.2.4. Let € be an operator space. Then, the following are equivalent.
1. & is completely isometric to MAX(E) by the identity map.
2. Every contractive map ¢ : € — B(H) is completely contractive, where H is a Hilbert space.

Proof. (2) = (1). Let ¢ : £ — B(H) be a contractive map, where H is a Hilbert space.
Then, ¢ : £ — B(H) is completely contractive. Therefore, ||(p(z;;))|] < |(2;)]]. This
shows that ||(z;;)|lmax < ||(xi;)|. Further, using maximality for MAX norm we conclude

that ||(x;;)|lmax = [|(zi;)||. Hence, MAX(E) is completely isometric with £.

(1) = (2). Let ¢ : &€ — B(H) be a contractive map, where % is a Hilbert space.
Since MAX(E) is completely isometric to &, ||(¢(zi;))]| < |(zij)|Imax = ||(z4)]| for all
(z45) € M,(€) and n € N. Hence ¢ : £ — B(H) is completely contractive. O

Remark 4.2.5. Using Theorems Theorem 4.2.1 and Theorem 4.2.4, we can conclude that MAX((},)
is completely isometric to the operator space structure of £}, = (¢°)*. However, for M,,(C)*, using
Theorem 4.2.4 and Remark 4.2.3, it follows that MAX(M,,(C)*) is not completely isometric to the

usual operator space structure of M,(C)*.
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4.2.1 Minimal Operator Space Structure

The following structural theorem for MIN(A,,(C)*) was proven in [Man23a] and is also

present in our paper [BMP25] but we include the proof for continuity.

Theorem 4.2.6. The minimal operator space MIN(M,,(C)*) is completely isometric into the
C*-algebra C'(U(n)), the space of all continuous functions on the compact set of n x n unitary

matrix.

Proof. Let us first consider v;; : U(n) — C be the continuous functions defined by
vij ([ais]) = aij, [aiz] € U(n).

Clearly, [v;;] is a unitary matrix in M, (C(U(n))). Then there exists a *~homomorphism
7 UM — C(U(n)) such that 7(u;;) = vi;. Let us define a linear map p : MIN(M,,(C)*) —
C(Z/{(Tl)) by p(ﬁw) = Vij, \V/Z,j Now we show that ||Z Cijfij”MIN = ||Z cijvij“oo. Note that

HZ Cii&ij

MIN 2 cigbis
= |2 i
> Cijvy

v

o

For the other direction, consider the MIN norm as follows

HZ Cii&ij

o = s {[F (O euty)| M@ > CIfl < 1)

)

For a fixed matrix [Cij] € Mn(C) Define a map ¢ : BMH((C) — R by gO([bUD = ‘Zi,j Cijbij

where By, ) denotes the closed unit ball of M,,(C). Since the convex hull of the unitary

group is weak*-dense in By, (c), the supremum is attained on unitary matrices. Moreover,
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since [|[f(&;)]]] < 1, it follows that

HZ Cijfz'j

- HZ CijUij

< sup HZ CiilUis
=~ 7 Wij
MIN ™ eri(n)

[e.e]

Next, we show that p : MIN(M,,(C)*) — C(U(n)) is a completely isometry. Let [2;;]
be any element in M,,(MIN(A/,(C)*)). Then w;; can be written in the form z;; =

k=1 Cér, where ) € C, for all i, j, k, 1. Hence, we have

Il = | |0 (z g)]

k=1 -
= > civm
= -
= sup [Z czakl} s laigl eU(n) p .
kil=1 M (C)

Also, note that

n

= SUP{ > C%f(fkl)] H D [ ML(C) =G Ifl < 1}
MIN(Mn (C)*)

k=1

[ Z Ckaz]

k=1

= sup { Z Czakl]

L k,l=1

. [aij] S BMn((C)} .

M (C)

Therefore, using Russo-Dye theorem, we get

sup{ : Jaig] Eu(n)} sup{
Mm (C)

Hence, the minimal operator space MIN(M,,(C)*) is embedded completely isometrically

n .
)
§ , Cr1akl

k=1

n ..
ij
Z Cr1 Akl

k=1

. [Gi]’] € BMn((C)} .

M, (C)

into the C*-algebra C'(U(n)). O
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4.3 Operator Space structure associated to the generators

of

n red

We have defined 24]7¢.; in Section 2.3.3. In this section, we study the operator space structure

of the reduced C*-algebra 47 ,, building upon the work of [HP93] in the case of the free

n, red’

group. Our first step is to establish the following result, which plays a crucial role in the

subsequent discussion.

Theorem 4.3.1. For any C*-algebra A and for any finite collection {a;; | a;; € A} we have,

1/2

)

> aijaj;

i } < HZ Teshy (Uig) & i

<+vn max{ HZ ay;aq;

\/_ max { HZ ;i

1/2

1/2}

Proof. We may assume A C B(K) for some Hilbert space K. Let £ be a unit vector in K.

Vv

H <Z vy (Wij) @ aij) <§Tr*hT ® f) H

5 s () e, ® s

HZ Trshy (Wij) @ ij

We identify mry.n, (ui;) with ug; as well as Ty, (2) with 2 for any z € M, ¥2¢ C(T). We

now show that {7, (wi) &ty © 4, 7} is an orthogonal collection. First, we compute the
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following.

<7T’I‘r*hrﬂ~ (Uz’j)fﬂ*hm T Trshy (Ui/j’)gﬂ*hﬂ-> = <7rTr*h11- (Uf/ ’/)ﬂ—Tr*hT (uij)fTr*hTa S’I‘r*hqr>
J

=Tr % hqr(uf,j,uij)

= Tr* he((D_ ewpuejw ) (O eruejy))
k

k./

= TI‘ k hT((Z ek/j,u*ei/k/)(z ekiuejk))

k! k
= Z Tr * hﬂ-(ekj/u*ei/iuejk)
k

Since Tr  hy is a trace, we have

<7TTr*hT (uij>fTr*hTa T Trshy (ui'j/)fTr*hT) = Z Tr * h'ﬂ‘(‘ekj/u*ei’iuejk)
k

= Z Tr * hr(ejrerju’eyu)
k

= nTr * hy(eju”esu)
If i £ 4 and j # j/, thenTr(e;:) = Tr(ey;) = 0 and hr(u) = hr(u*) = 0. Consequently,
7 q Y
(TI“ * hqy)(ejj/u*ei/iu) =0.

This follows from the fact that M, and C(T) form a free family of unital subalgebras in the
free product M, « C(T).

Now if i = ¢ and j # j' we can write ¢;; = +1I, + (e — +1,) = I, + E;, where

T on

E;; = ej; — +1,,, also we observe that, Tr(E;;) =0

1
Tr * hr(ejju*e;u) = Tr« hy(e;ju™ (=1, + Ei;)u)
n

1
= —Tr * hy(ejpu*u) + Tr * hy(e;u”Eyu)
n

=0
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The case for ¢ # ¢ and j = j' follows same above logic. Hence we can conclude that

{7ty (Wij)Eteshy = 4,7} is an orthogonal set.

SO, (|52 ey (1) Emeany @ @il = (3 M tvens (i) Emeans | @i |*)/2
NOW, HTrTr*hT (Uij)gTr*hTH2 =nTr % hT(ejju*eiiu) Hence,

7Lty (Ui )ane || = 0T % hp(eju” esi)

= 0T« he(((1/n) 1, + Ejj)u”((1/n) I + Eii)u)

1
= n[ﬁTr « hy(u*u)]

S|

So,

2 2
|3 Ptvans (1) Eteans © 156 H = ”WT&*hT(Uij)ﬁmmH lass€l1%)
ZH%&II )2

ﬂ\ 3\

Taking the supremum over all unit vectors £ € K, we get,

HZ TTrshy (Uzg) & a;j 1/2

> (1/v/m) |32 ajyai

1/2 .
Since £ € K is an arbitrary unit vector, || T, (1) @ ag]| > \F HZ aj;ag)| . Taking

1/2
adjoint on both sides, we have |3 T, (1) ® aij|| > T HZ a;;al;

1/2}

Hence, ||> mrven, (wij) ® agj|| > T max { ‘ > afjaij
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Next, we compute the following:

HZ Trahe (Wig) @ @il = || D2 (T rens (i) ® 1)(1 ® %’)H

1 1
2 2

< Z TTrehy (Wi ) T Teshy (UZ)

n n

= Z ZWTr*hT(Uik)Wﬂ*hT(UZj)

i,j=1k=1

> aja;
1 1
| S

Since [u;;] is a unitary matrix, we have >-}_, uguy; = 0;;1. Applying the representation

TTyshy, it follows that>" )| Ty, (Uik )Ty (Uf;) = 0551. Summing over i, j, we obtain

n n

Z Z WTr*hT(Uik)WTr*hT(qu) =nl.

ij=1k=1

Thus we have,

1
2

= \/EH > ajai
<+/n max{ HZ a;;aij

HZ Teahy (Ui) ® Qg
(4.1)

1/2
9

> ai a;

1/2}

Therefore, combining last two equations, one has

1

7 max { HZ ;i

1/2

Y

(Z iy

i } < HZ Tpshy (Uig) © Qi

< v/n max { HZ a0

1/2
9

> i

1/2}

]

To proceed further, we recall some definitions that will play a crucial role in our discussion.

Definition 4.3.2. In B((s) we can consider the column Hilbert space C = span{e;; | i € N}
and the row Hilbert space R = span{ey; | i € N} and their corresponding finite dimensional
versions C,, = span{eq | 1 < i < n} and R,, = spanf{ey; | 1 < ¢ < n}. Consider the

space B(lsy) @ B({y), equipped with the norm ||z @ y|| = max{||z||, ||ly||}. Consider the vectors
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b = e ®den € ROC C B(0?)BB(0?). We define RNC by the closed subspace spanned in R & C
spanned by vectors §;. We define R,, N C,, by the subspace of R N C spanned by {6; | 1 < i < n}.

Definition 4.3.3. R,2 N C,2 C M,2(C) ® M,2(C) be the operator space. Let {6;;} be the basis

OfRn2 N Cpz, where 5z‘j = €1,(i-1)n+j D €(i—1)n+j,1

C11 r b

i1 C12 ... Cip --- Cp1 ...Cpp
C12

Cin
anﬂcnz: 0 @ 0 cije(C,lgi,jgn

Cn1

CTZTL

In the following theorem, we obtain the structure of the operator space spanned by

T Trshy (uij ) .

Theorem 4.3.4. Let £7¢_, be the operator space spanned by WTr*hT(uij). Then, there are

n,red

completely bounded maps w : R,z N Cp2 — E©

ST

g and v 2 E ; — Ry N Cpe such that

nc
n,red

vw = +Ig ,nc, and |[v||,l|wll, < 1. In particular; the operator space is completely

isomorphic to Rp2 N Cpe.

Proof. Let us first consider a linear map w : R,,2 N C,2 — &<, defined by

n,red

w (Z cijéij) = D CijToene (i),

ij=1 ij=1

For each k € Nand any set {a;; : 1 < i,j < n} of n? elements in M (C), the following
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holds:

3,7=1 3,7=1

(w®id) (Z 0ij ® aw> = > Toens (Uij) ® aij. (4.2)

Note that

ay;py a2 ... Qp ... Ap1 ...0pp
an

12

Q1n

Z 0ij ® aij

i=1

Qn1

An2

Z al] l]

7,7=1

1/2 1/2

= Imax

Z azy Qij

i,j=1

(4.3)

From the Theorem 4.3.1, one has, |w ® id|| < /n for all k i.e., |w], < v/n. Next, we

define the following linear map v : £¢,; — R,2 N C,e:

n,re

= Z Tr h'ﬂ‘(ﬂ'Tr*hT<uij)*x>5ija VS Sr?ied

ij=1

Note that

3=

. L=pJ =G
Tr * hy (T rsns (uijupq)) = (4.4)
0 otherwise.

Thus, we have v (Zi’j Cij T Trwhy (Um>> = % =i Cijoi;. Now, we obtain the following compu-
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tations:

(v®id) (Z TTvah (Wig) @ aij)

i?j

n
*
J Z (ij Qi

1,7=1

1
g 25” & Qi

i?j

1/2 1/2
1

= —max

Z az] al]

3,j=1

IN

—= Z"T’I‘r*hﬂ-(uz‘j) & aij|| -
i,J

Thus, forall &, v ®id| < J=ie., [Jv]ly < 1n. Therefore, we have ||v]| ,||w||4, < 1. Clearly,

we have the following computations:

4,7 2y}

vw (Z Cij z]) =v (Z CijTTrxhy uzg ) ZCU i

1 1
wv (Z CiJWTr*hqr(“ij)) =W (Z Cij%’) = 2 CigTrvens (tig).
i

1] 1,]

Therefore, the operator space is completely isomorphic to R,z N Cyz. O

n red
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Chapter 5

Quantum semigroup structure

In this section, we study the compact quantum semigroup structure on C;°. We begin by

recalling the definition of a compact quantum group, referring to [Wor87] for more details.

Definition 5.0.1. A compact quantum group is a pair G = (A, A), where A is a unital
C*-algebra and A : A — A ® A is a unital x-homomorphism, called the comultiplication, such

that:

1. A is coassociative, i.e.

(A®id)A = (id ® A)A  as maps from A to A@ A® A,

2. the linear spans of (A® 1)A(A) and (1 ® A)A(A) are both dense in A® A (this is referred

to as the cancellation law).
If only condition (1) holds, then the pair (A, A) is called a compact quantum semigroup.
Definition 5.0.2. A quantum subsemigroup of (A, A) is a pair (B, Ag) such that:
1. B is a unital C*-algebra,

2. there exists a surjective unital *—homomorphism

m: A— B,
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the comultiplication descends to B, i.e.

Agom=(m®m)oA,

equivalently, the following diagram commutes:

A 5 AxA
s dmem
B 2% B®B

Note that ¢ has a natural quantum semigroup structure with co-multiplication Ayne

U™ — U™ @ U™, studied in detail in [Man23b].

Theorem 5.0.3. The following holds.

1. There exists a unique unital x-homomorphism A : C — C @ C such that A(u;;) =
Shoy Uik @ ug; and (id @ A)A = (A ®id)A.

2. There exists a unital x-homomorphism ¢ : C* — C such that (¢ ® id)A(a)

(id®e€)A(a), a € CI.

Proof.

1. Using the universal property of the C*-algebra C.¢, it suthces to show that the ma-

trix [Yh_; ik ® uggl;,_, is contractive in M, (C;¢ ® C°) in order to construct a *-

homomorphism

n
A iC;LlC —>C£C®CEC, U5 — Zulk@)ukj
k=1

Observe that, by the universal property of C2¢, there exists a x-homomorphism

@ : C;C — urr:c’ Ujj = Vij-
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By Lemma 4.1.3, there exists a unital completely positive map
U U — C.F, v .
Hence, we have the UCP map
Vo U QU — O @ C,

for which
k=1

k=1

Then note that (P@W)oAymeop : C¢ — CRRC isa UCP mapping u;; — Yp_; i ®
uy; and therefore, we have that [>°7_; w;, ® ug;], is contraction in M, (C*®C;'¢). Thus
by universal property of C!* we obtain a *-homomorphism A : C* — C* ® 1 such
that A(u;;) = 3p uik ® ug; and the uniqueness follows from the defining properties

on the generators. Now, we show that A satisfies the co-associative property.

(A @ id)A(uy) =(A ®id) < S ukj)
:zk: (zl:uzl ®ulk) & Uk
(i ® W) ® ugj

Uq1 X (ulk X ukj)

I
M =M =

it @ A(uy;)
=({id ® A) < Xl: Uy @ ulj>

—(id ® A)A(uy).

Thus our result is proved.
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2. Since the identity matrix is contractive, there exists a unital *-homomorphism e :

Cre — C such that e(u;;) = d;;. Clearly, € : C* — C satisfies the following relation

(e®id)A(a) = a = (id ® €)A(a), a € C,°.

]

Next, we show that C]° is not a compact quantum group with respect to the above co-
multiplication A : C/'¢ — C¢ ® C'. The following is well known and can be found, for

instance in [Pat13]. We sketch the proof here to ensure self-containment.

Lemma 5.0.4. Suppose that (A, A 1) is a compact quantum subsemigroup of a compact quantum

group (B, Ag). Then (A, A 4) is a compact quantum group.

Proof. Let  : B — A be a surjective *-homomorphism such that (7 @ 7)Ag = A 47. Since
(B®1)Ag(B)isdense in BeB, (71@7)((B®1)Ag(B))isdense in (1@7)(BRB) = AR A.
Therefore, (7(B) ® 1)(7 ® 7)Ag(B) is dense in A ® A. Hence, (A ® 1)A4(A) is dense in
A® A. Similarly, (1 ® A)A4(A) is dense in A ® A. O

Theorem 5.0.5. C['“ is not a compact quantum group.

Proof. First, we show that the universal C*-algebra ¢ is not a compact quantum group.
This was exhibited by Wang in [Wan95]. For the sake of completeness, we provide the
proof here. Assume for contradiction that ¢ is a compact quantum group. In that case, the
matrix @ = (u;;) must be invertible in M, (14]°), since u = (u;;) is a unitary representation
of Y. This implies that ! is also an invertible matrix in M, (U“). Next, we consider the

unitary matrix v’ = (uj;) belonging to M, (M(C)), defined as follows.

a b 0
U = |c d O 9
0 0 Iypy
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where a = b= ,C= ,d =

By universal property, we have a x-homomorphism 7 : 44* — M>(C) such that 7 (u,;) = uj;.
Since u' is invertible, (u')" is invertible in M,,(M5(C)). This is a contradiction. Hence, U
is not a compact quantum group. Also, we have a natural surjective *~-homomorphism
T : C¢ — U with the following diagram commutes.

Cre —2 Cre @ Cne

| . e

nc

un
U;’LLC Z/{?';LC ® Z/{,;;LC
Thus, (U, Aype) is a compact quantum sub-semigroup of (C/, A). Since (U°, Aypne) is
not a compact quantum group, Lemma 5.0.4 implies that C,¢ is not a compact quantum

group either. []

5.1 Finite Dimensional Representations of C/'“.

For compact quantum semigroup, we also define the finite-dimensional representation.

Definition 5.1.1. For a compact quantum semigroup (A, A) we define a finite dimensional

representation on a finite-dimensional Hilbert space H to be an element u € B(H) @ A satisfying
(ld ® A)(U) = U12U13-

In general, the element  is not assumed to be invertible. The dimension of the Hilbert space
H specifies the dimension of the representation. For the algebra C[%, consider the generators
{wij : 1 <1i,j <n}. The matrix u = (u;;) defines a representation of the compact quantum
semigroup (C;¢, A), since

k=1
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Moreover, the conjugate matrix @ = (u;;) also gives a representation of C}}%, although it is

not invertible.

Finally, we observe that the notion of tensor product of representations extends naturally to
compact quantum semigroups. Let v and w be two representations of (A, A). The tensor

product representation is defined by
V QW = V13Wa3.
It is straightforward to verify that
([d@A) (vew) = (v w)(v®w))s,

which shows that v ® w is again a representation of A. Now we prove the following result

for Ce.

Proposition 5.1.2. The linear span of matrix coefficients corresponding to finite dimensional

representations of CI'“ is dense inside C1'°.

. . nc T1 72 Tp
Proof. To show this, it suffices to prove that for any elements of C;¢ of the form v w2, ..u;”;
rr € {1,x}and 1 <y, 51, ,ip, Jr <m, k=1,2,---  p becomes matrix coefficients corre-

sponding to some finite-dimensional representations. Now observe, u = (u;;) and 4 = (u};)
gives us finite dimensional representations of C“. Let, u"* = u when r; = 1 and v"* = u
when rj, = *. Therefore, we obtain the tensor product representation v = v @ - - - @ u'» of

C¢, This yields a finite-dimensional representation. Corresponding to such a representation

rLo, T2 Tp ]

v, we obtain the associated matrix coefficient u;}; u;2;,..u;”; .

Now we focus on examining the state space structure of C/. Let S(C}') be the space of all

states on C1“. Now for ¢, ¢ in S(C"¢), define the convolution product as follows:

px1p:Crt = C, pxh = (p@1) 0 A,
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S(Cr¢) with this convolution product forms a topological semigroup. Let us recall the

following.

Definition 5.1.3. For any C*-algebra A, a non-zero x-homomorphism ¢ : A — C from A onto

C is called a character.

Considering that we have a comultiplication defined on C'*, its possible to define invertible

elements for the semigroup S(C/¢) as follows.

Definition 5.1.4. ¢ € S(Cp°) is called invertible if there exists 1y € S(C1¢) such that

pry=e=1vxyp

Now, we determine all characters on C;'“. Before proceeding to the next theorem, we note

that for any matrix (a;) € By, (c), one can associate a character y(,,,) defined by
X (o) (i) = iy

Theorem 5.1.5. We denote the set of all characters on C' by X (C). Then X (C*°) is isomorphic

to B, (cy as topological semigroup.

Proof. First, observe that X' (C;'¢) with the convolution product is a semigroup. We intend to
prove that X (C/') = By, () as topological semigroup. Consider the map ¢, : X(C}) —

B, (c) is defined by

e1(x) = (x(uij)), x € X(C°).

for 1, my € X(C"¢). We have

@1(m *m2) = ((m* m2) (i)

= (Zn: T (Uik)m(ukj))m (5.1)

= p1(m)e1(n2).
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Hence ¢ : X(C}¢) — By, (c) is 2 semigroup homomorphism. Now conversely consider a

map ¢ : By, ) = X(C°) is defined by

©2((@ij)) = X(aiy)» (ij) € Ba,(o)-

Similarly, one can prove that 5 : By, () — X(C) is a semigroup homomorphism. Now,
let (c;;) be an element in By, (). Therefore, @1 0 p2((ai5)) = ©1(X(ai)) = X(auy) (i) )iy =
(vij). Hence we have ¢ 0y = id. Following the same line of proof, we can get po0¢; = id.
Thus proving that, X(C?¢) is isomorphic to By, (¢) as semigroups. Now we prove that
the group homomorphism ¢, : X(C!*) — By, (c) is a continuous map concerning their
respective topologies.Let (x,) be a net in X' (C[°) such that x,, converges to some x € X(C°)
with respect to the weak*-topology. Thus x,(u;;) converges to x(u;;) for all i, j. Hence,
(Xa(ui;)) converges to (x(us;)) in By, (c). Therefore, ¢1(x,) converges to ¢1(x) in By, ).
Hence o1 : X(C) — By, (c) is continuous homomorphism. Since X(C!¢) is compact
semigroup and By, ¢ is Hausdorft space, 1 : X(C1¢) — By, (c) is a homeomorphism. We

therefore obtain that X'(C¢) = By, (c) as topological semigroups. O

Its natural to wonder about invertible elements inside S(C!“). Hence, we try to characterize

them.

Theorem 5.1.6. Let us denote the set Z(C"°) as all invertible elements in S(C"°). Then, Z(C)

is group isomorphic with U(n) as topological group.

Proof. Using the previous Proposition, it is enough to prove that [¢(u;;)] is 2 unitary matrix
in M,(C). Consider an invertible state on C!¢, say a : C/* — C and ¢ being invertible there

exists a state 3 : C'° — C such that a x § = € = 3 x a, where the co-unit of C/“ is given by
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£ :Cr¢ — C. Thus, we get

axB(uy) = (a®B)o Aluy)

~ (a®p) (Z ui ® u)

k=1

I
NE

(k) Bury)

1

Il
S,

]

for all 1 <, j <n. Thus, we obtain [a(u;;)][5(u;;)] = L. Similarly, [8(u;)][e(wij)] = L.
Which proves that [v(u;;)] is an invertible matrix, inverse [3(u;;)]. Since o and 3 are states on
Cre, we obtain ||[a(u;)]|| < 1and ||[B(us;)]]] < 1. Thus [a(u;;)] is an invertible contraction

matrix whose inverse is also a contraction. Hence [r(u;;)] is a unitary matrix.

Finally, we have the following.

Corollary 5.1.7. Let  : C* — C be an invertible state on C1. Then, ¢ : C* — C is a character.
The converse is not always true; a character x : C** — C need not be invertible concerning the above

convolution product.
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