Development of Some Scalable
Pattern Recognition Algorithms
for Real Life Data Analysis

Partha Garai

Machine Intelligence Unit
Indian Statistical Institute
Kolkata - 700 108, India

STATISTICAL

Z> =0 Z=—
Moy Codmmf D Z =

(]

Faddaum cdan

UNITY IN DIVERSITY

A thesis submitted to Indian Statistical Institute
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in Computer Science

2017






Dedicated to my Parents

Basudeb Garai and Manasi Garai

Anything good that has come to my life
has been because of your

guidance, encouragement, and love.






Acknowledgment

At the very outset, I express my sincere gratitude to my supervisor, Dr. Pradipta Mayji,
for his invaluable advice, support and friendship on both an academic and a personal level.
His attention, moral support and timely suggestions were extremely valuable for me in the
completion of my research work. I am also thankful to my supervisor for directing me
towards this research topic. He is Dr. Maji, who made me understand that hard work
pays off. He has also taught me to be disciplined and loyal in research and in life.

I would like to record my sincere gratitude and appreciation to the Machine Intelligence
Unit, Indian Statistical Institute, Kolkata for allowing me to work in a great environment
during this period. I am very greatful to Prof. S. K. Pal, Prof. M. K. Kundu, Prof.
C. A. Murthy, Prof. A. Ghosh, and Dr. K. Ghosh of the Machine Intelligence Unit, for
their helpful suggestions and comments during my progress report presentations. My very
special thanks go to all the staff members of Machine Intelligence Unit, for making all
possible facilities available to me.

I am really grateful to Prof. Rajat K. De, Head, Machine Intelligence Unit. I would
like to thank all my colleagues in Machine Intelligence Unit and Biomedical Imaging and
Bioinformatics Lab (BIBL) for continuously sharing my load so that I could do my thesis
work smoothly. I wish to thank all of my colleagues of Kalyani Government Engineering
College, for supporting me in my work. Beside the academics, a brilliant research envi-
ronment has also been created by them, which helped me a lot. I would like to specially
thank my dearest friend Chaitali and Santi da for providing me unconditional support.
They have been wonderful. I am also thankful to Department of Science and Technology
(DST), Government of India, for providing me a partial financial assistance to carry out
this research work.

I wish to thank God for putting hurdles in my life that has helped me realizing my
potential. The love and blessings of my father, who passed away untimely, is greatly
acknowledged. I would like to express my deepest gratitude to my mother. It is her
encouragement and blessings that enabled me to cross these hurdles. A special note of
thanks is also due to my wife and all the relatives who are anxiously awaiting for the thesis
to be published. Much of what I have learned over the years has come from my friends
and well wishers, both in academic and non-academic spheres. To all such people I convey

my sincere thanks.

Partha Garai
June, 2017
Machine Intelligence Unit,



Indian Statistical Institute, Kolkata, India.



Abstract

A huge amount of data is being generated continuously as a result of recent advancement
and wide use of high-throughput technologies. With the rapid increase in size of data
distributed worldwide, understanding the data has become critical. In this regard, di-
mensionality reduction and clustering have become the necessary preprocessing steps of
multiple research areas and applications. One of the important problems of real life large
data sets is uncertainty. Some of the sources of this uncertainty include imprecision in
computation and vagueness in class definitions. The uncertainty may also be present in
the definition of class membership function.

In this background, the thesis addresses the problem of dimensionality reduction and
clustering of real life data sets, in the presence of noise and uncertainty. The thesis first
presents the problem of feature selection using both type-1 and interval type-2 fuzzy-
rough sets, which are effective for dimensionality reduction of real life data sets when
uncertainty is present in the data set. The properties of fuzzy-rough sets allow greater
flexibility in handling noisy and real valued data. While the concept of lower approximation
and boundary region of rough sets deals with uncertainty, incompleteness, and vagueness
in class definition, the use of either type-1 or interval type-2 fuzzy sets enables efficient
handling of overlapping classes in uncertain environment. Moreover, a new concept of
“simultaneous attribute selection and feature extraction” is introduced for dimensionality
reduction, integrating judiciously the merits of both feature selection and extraction.

A scalable rough-fuzzy clustering algorithm is introduced for large real life data sets,
where the theory of rough hypercuboid approach, interval type-2 fuzzy sets, and c-means
algorithm are integrated judiciously to handle the uncertainty present in a data set. While
the concept of rough hypercuboid approach deals with uncertainty, incompleteness, and
vagueness in cluster definition, the use of fuzzy membership of interval type-2 fuzzy sets
in the boundary region of a cluster enables efficient handling of overlapping partitions in
uncertain environment. Finally, the application of both clustering and feature selection
algorithms is demonstrated by grouping functionally similar microRNAs from microarray
data. The proposed approach can automatically select the optimum set of features while

clustering the microRNAs, making the complexity of the algorithm lower.
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Chapter 1

Introduction

1.1 Problem Definition

The modern era is often emphasized with the term “digital world”, where massive amount
of data are generated and collected regularly in every aspects of human life, such as, on-
line transactions, performance analysis, banking, communications, and so on. Government
agencies, commercial, scientific, and business organizations are regularly using computers,
not only for computation purposes, but also to store the large volume of data that they
generate over time, or gather from different sources. The data may come in a wide variety
of forms, numeric, textual, pictorial, symbolic, and aural, which may be full of errors,
redundancy, imprecision, and so on. With the help of high speed and well connected com-
puter networking, such data is now being easily accessible to increased number of people.
Truly speaking, we are in the midst of a “data deluge” and some automated procedure
is required to understand and process this vast and diverse collection of data, possibly in
real-time mode. This issue has earned a new phrase, called data mining, which is aimed
at finding out some natural structures present within the immense volume of data, which
may be of heterogeneous type. The main goal of data mining is the knowledge discovery
by generalizing and applying some existing and new pattern recognition algorithms, which
involve the methods of artificial intelligence, machine learning, statistics, and database
systems. Hence, pattern recognition plays a vital role in data mining. Data mining deals
with the process of extracting information from a data set and transforming it into a valid,
novel, potentially useful, and understandable structure for further use. Hence, it can be
considered as an application of pattern recognition and machine learning principles in the
context of voluminous data sets containing possibly heterogeneous data.

Dimensionality reduction [101,112] is one of the important problems encountered in
pattern recognition, machine learning, and data mining. It refers to a process of selecting

a map by which a sample in an m-dimensional measurement space is transformed into an



object in a d-dimensional feature space, where d < m. In general, the high dimensional
real life data sets contain a large number of irrelevant and redundant or insignificant at-
tributes, which increases processing as well as storage cost while decreasing the overall
performance. So, the main objective of dimensionality reduction is to retain the optimum
salient characteristics necessary for the pattern recognition process and to reduce the di-
mensionality of the measurement space so that effective and easily computable algorithms
can be devised for efficient classification. The problem of dimensionality reduction has two
aspects, namely, formulation of a suitable criterion to evaluate the goodness of a feature
set and searching the optimal feature set in terms of the criterion. The algorithm used
for dimensionality reduction can be broadly classified into two categories, namely, feature
selection in the measurement space and feature selection in a transformed space. The
techniques in the first category generally reduce the dimensionality of the measurement
space by discarding redundant or least information carrying features [61]. On the other
hand, those in the second category utilize all the information contained in the measurement
space to obtain a new transformed space, thereby mapping a higher dimensional pattern
to a lower dimensional one. This is referred to as feature extraction [101,112]. Feature
extraction techniques usually provide a richer feature subset than a feature selection al-
gorithm, but with a higher cost. Dimensionality reduction projects a higher dimensional
data set onto smaller dimensions. So, it is useful for data visualization also. The technique
is also important to overcome the overfit condition in the training phase. When number
of training samples is limited, huge number of features can overfit the training data and
loose the generalization capability of the sample set.

On the other hand, clustering tries to find the natural groups present in a data set,
without knowing or explaining why they exist. Here, a set of objects is partitioned into
several groups so that the objects in the same group or cluster are more similar to each
other than to those in other clusters [216,262]. Popular notions of clusters include groups
with low distances among the cluster members, dense areas of the data space, intervals
or particular statistical distributions. The appropriate clustering algorithm and the pa-
rameters required depend on the data set and the exact use of the result. The outcome
of clustering depends on the criterion used, which is related to the final aim of the clus-
tering. Consequently, the criterion must be supplied by the user, so that the result of the
clustering matches with his/her need. In case of large number of objects of similar types,
the cluster means or medians may be the representative of the clusters, which is an useful
technique to reduce the size of the sample space.

One of the major problems in real life data analysis is the management of uncertainty,
which arises from incompleteness and vagueness in class definitions. In this background,
the possibility concept introduced by the fuzzy sets theory and rough sets theory has gained

popularity in modeling and propagating uncertainty. While the membership of fuzzy sets



enables efficient handling of overlapping partitions, the rough sets deal with uncertainty,
vagueness, and incompleteness in class definition. They provide mathematical frameworks
to capture uncertainties associated with the data. They are also complementary in some
aspects. The objective of the current research work is to investigate, both theoretically and
experimentally, the relevance of rough-fuzzy approaches to pattern recognition with real
life applications. Various methodologies are developed for feature selection and clustering,
where emphasis is given on handling data sets, which are large in terms of both sample
size and dimension and involve classes that are overlapping, interactable, and/or having

nonlinear boundaries, and demonstrating their success in real life applications.

1.2 Limitations of Current Methods

The theory of rough sets can be used to find a subset of informative features from the
original attributes of a given data set with discretized attribute values [83,327]. However,
the data sets generated from the real world applications usually contain real valued data
and fuzzy information. In rough set theory, the real valued features are divided into
several discrete partitions and the dependency or quality of approximation of a feature
is calculated. The inherent error that exists in discretization process is of major concern
in the computation of the dependency of real valued features. To prevent the loss due
to this discretization process, fuzzy and rough sets can be combined to construct fuzzy-
rough sets, which provide an important direction in reasoning with uncertainty for real
valued data sets, and can easily be used for feature selection. However, in case of large
data sets, the complexity of the currently available feature selection methods using fuzzy-
rough sets increases noticeably, which prevents the use of the current methods in such
real life applications. So, some new methods need to be proposed to deal with the issues
mentioned above, which can efficiently decrease the number of features with a relatively
low computational complexity.

The existing fuzzy and fuzzy-rough set based feature selection algorithms, available
in the literature, use type-1 (T1) fuzzy sets [556]. Although the researchers found some
limitations of T1 fuzzy sets, most of the contributions in this domain are still restricted
to this theory. Mendel [342] pointed out at least four sources of uncertainties present in
T1 fuzzy logic systems. All the uncertainties [556] converge into uncertainties about the
membership functions of fuzzy sets, which cannot be handled by T1 fuzzy logic. This
is also one of the major limitations of the current fuzzy-rough set based dimensionality
reduction methods. So, some new techniques are required to address this problem.

Apart from the feature selection, which selects some features from the original mea-
surement space, another useful technique of dimensionality reduction is feature extraction,

which extracts features by transforming the measurement space. In general, a feature ex-



traction technique [257,483] provides a richer feature subset than that produced by a
feature selection algorithm, but with an increased cost. Hence, for a given data set, it
is not very easy to decide whether to select a feature from original measurement space
or extract a new feature from the transformed space. So, some new methods need to be
developed that can simultaneously select original features of measurement space and new
extracted features of transformed space.

On the other hand, the rough-fuzzy clustering is one of the important techniques in
clustering, where each cluster is represented by a core region and a boundary region. The
rough-fuzzy clustering is effective for the data set where clusters are vaguely defined and
boundaries are overlapping in nature. One of the main problems of rough-fuzzy clustering
is how to decide the core and boundary regions of a cluster. In general, the objects
are put into core or boundary regions depending on some user defined threshold values.
This decision-making step plays a vital role in the performance of the algorithm. The
requirement of user specified values is another major source of concern of the existing
rough-fuzzy clustering. Moreover, the traditional rough-fuzzy clustering works well when
the class membership functions are known. But, when uncertainty is present to define the
fuzzy membership functions, conventional rough-fuzzy clustering algorithms are not useful

in grouping the samples properly.

1.3 Scope and Organization of the Thesis

The major focus of this research work is to devise some new feature selection and clustering
methodologies, which can deal with some of the limitations mentioned above and are
efficient in terms of computational complexity and accuracy. The outline of the thesis is
presented in Figure 1.1.

Chapter 1 provides an introduction to feature selection and clustering in the domain of
pattern recognition. The limitations of currently available methods, along with the impor-
tance of both rough sets and fuzzy-rough sets for feature selection and clustering, are also
described in this chapter. Chapter 2 presents the basic concepts of pattern recognition and
their applications in day-to-day life. Different statistical and soft computing approaches
for pattern recognition, along with some existing fuzzy-rough set based approaches for
pattern recognition, are also highlighted in this chapter.

Prior to analysis of the data set, selecting or extracting relevant and significant fea-
tures is an important preprocessing step for pattern recognition. In this regard, Chapter 3
presents a feature selection method based on fuzzy-rough sets. It selects features by maxi-
mizing both relevance and significance of the selected features. Different feature evaluation
criteria such as dependency, relevance, redundancy, and significance for attribute selection

task using fuzzy-rough sets are also presented. The performance of different rough set
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Figure 1.1: Outline of the thesis

models is compared with that of some existing feature evaluation indices based on the pre-
dictive accuracy of nearest neighbor rule, support vector machine, and decision tree. The
effectiveness of fuzzy-rough set based attribute selection method, along with a comparison
with existing feature evaluation indices and different rough set models, is demonstrated
on a set of benchmark and microarray gene expression data sets.

Although fuzzy-rough set is a well-known technique for modeling the uncertainties in
the feature space, it is not effective in a situation where determination of exact membership
function for any fuzzy set is difficult. In this regard, an interval type-2 (IT2) fuzzy-rough
set based feature selection method is presented in Chapter 4, where the features are selected
by maximizing both relevance and significance of the features. By introducing the concept
of lower and upper fuzzy equivalence partition matrices, the lower and upper relevance
and significance of the features are defined for IT2 fuzzy approximation spaces. Different
feature evaluation criteria such as dependency, relevance, and significance are presented for
attribute selection task using I'T2 fuzzy-rough sets. The performance of IT2 fuzzy-rough
sets is compared with that of some existing feature evaluation indices including classical
rough sets, neighborhood rough sets, and type-1 fuzzy-rough sets. The effectiveness of the
proposed IT2 fuzzy-rough set based attribute selection method, along with a comparison
with existing feature selection and extraction methods, is demonstrated on several real life
data sets.

In general, a feature extraction technique provides a richer feature subset than that

obtained using a feature selection algorithm with a higher cost. Hence, for a given data



set, it is very difficult to decide whether to select a feature from the original measurement
space or extract a new feature by transforming the existing features. In this regard, a novel
dimensionality reduction method, based on fuzzy-rough sets, is presented in Chapter 5 that
simultaneously selects attributes and extracts features using the concept of feature signifi-
cance. The proposed method is based on maximizing both relevance and significance of the
reduced feature set, whereby redundancy therein is removed. The proposed dimensionality
reduction method, based on fuzzy-rough sets, is shown to be more effective for generating
a relevant and significant feature subset. The effectiveness of the proposed dimensionality
reduction method, along with a comparison with existing attribute selection and feature
extraction methods, is demonstrated on several real life data sets.

The rough-fuzzy clustering is one of the most promising techniques for grouping data,
where the concept of lower and upper approximation of rough sets is coupled with fuzzy
set theory. One of the major issues of rough-fuzzy clustering is how to decide whether
some objects are to be put in lower approximation or boundary region of a cluster. More-
over, conventional rough-fuzzy clustering technique is inefficient when the determination
of fuzzy membership function is difficult. In this regard, a novel clustering algorithm is
formulated in Chapter 6. It integrates judiciously the theory of rough hypercuboid ap-
proach, interval type-2 fuzzy sets, and c-means algorithm, to approximately manage the
uncertainty present in a data set. Using the concept of hypercuboid equivalence partition
matrix of rough hypercuboid approach, the lower approximation and boundary region of
each cluster are implicitly found out, without the need of any user specified threshold. The
interval valued fuzzifier is used to deal with the uncertainty associated with the parame-
ters of rough-fuzzy clustering algorithms, where determining the appropriate value of the
fuzzifier is difficult. The problems of initial prototype selection and stuck in local minima
of different c-means algorithms are efficiently solved by developing a robust prototype se-
lection method. The effectiveness of the proposed interval type-2 rough-fuzzy clustering
algorithm, along with a comparison with other related algorithms, is demonstrated both
qualitatively and quantitatively on real life data sets.

Chapter 7 presents an application of clustering in the domain of bioinformatics. It
refers to grouping functionally similar microRNAs (miRNAs) from miRNA data sets. Each
miRNA data set contains large number of samples, where each miRNA consists of large
number of time points or features. While there exist many algorithms for clustering, the
important issue of feature selection, that is, which attributes of the data should be used
by the clustering algorithms, is rarely touched upon. Feature selection for clustering is
difficult as there is no class label for the data and, thus, no obvious criterion to guide the
search. However, the performance of both clustering and feature selection is dependent
on the incorporated clustering algorithms, which may be sensitive to their initializations

and suffer from locally optimal solutions. In this regard, in Chapter 7, the clustering algo-



rithm proposed in Chapter 6 is judiciously combined with the feature selection algorithm
proposed in Chapter 4 to develop an integrated method, which can select the optimum set
of features while clustering the samples, keeping the complexity of the algorithm in mind.
Comparisons are performed with other existing algorithms to prove the effectiveness of the
proposed algorithm for grouping miRNA data sets.

Finally, Chapter 8 concludes the thesis and discusses the future scopes of improve-
ments of the proposed research work. Through the aforementioned investigations and
experiments, the potential utility of fuzzy-rough sets for dimensionality reduction and
clustering is demonstrated by developing of some scalable pattern recognition algorithms

for real life data analysis.






Chapter 2

Preliminaries and Literature

Survey

This dissertation reports several new contributions in the field of pattern recognition for
real life large data sets. In this background, the first part of this chapter covers the basic
concepts of pattern recognition and their applications in diverse fields. The following
sections cover the statistical and soft computing based approaches. The last section briefly

describes different approaches of dimensionality reduction and clustering.

2.1 Introduction to Pattern Recognition

The task of pattern recognition [37,102,237,464] has been encountered in a wide range of
human activities. We are performing the task of pattern recognition at every instance of
our working lives. We recognize the objects around us, and move and act in relation to
them. Typical examples include recognizing the voice of a friend over the phone, or the
flavor of an ice cream, reading news, driving a car, diagnosing a disease, and distinguishing
a piece of music played on a sitar from that on a sarod, etc. In a broader perspective,
the term actually cover any context in which some decision or forecast is made on the
basis of currently available information. The problem deals with the construction of a
procedure to be applied to a set of inputs; the procedure assigns a new input to one of a
set of classes on the basis of observed attributes or features. The construction of such a
procedure on an input data set is defined as pattern recognition. So, pattern recognition is
a subject of researching object description and classification methods; it is also a collection
of mathematical, statistical, heuristic, and inductive techniques of fundamental role in
executing the tasks like human being on computers. In a sense, pattern recognition is

figuring out actual problems via mathematical methods.



2.1.1 Methods: Dimensionality Reduction, Clustering and Classification

Machine recognition [112,498] of patterns can be viewed as a twofold task, consisting of
learning the invariant and common properties of a set of samples characterizing a class for
deciding a new sample as a possible member of the class by noting that it has properties
common to those of the set of samples. In other words, pattern recognition can be described
as a transformation from the measurement space M to the feature space F' and finally to
the decision space D, that is, M — F — D. Here, the mapping 6 : FF — D is the decision
function and the elements d € D are termed as decisions. In a general setting, the process

of pattern recognition is visualized as a sequence of few steps:
1. Data acquisition [175],
2. Preprocessing [175,493],
3. Dimensionality reduction [43,68,231,254],
4. Clustering [112,216],
5. Classification [175,493].

At the first step, depending on the environment within which the objects are to be
classified, data are gathered via a series of sensors. After the data acquisition phase, few
preprocessing tasks, such as, noise reduction, filtering, encoding, and enhancement are
applied on the collected data for extracting pattern vectors. Afterwards, a feature space is
constituted in order to reduce the space dimensionality. However, in a broader perspective,
this stage significantly influences the entire recognition process. Finally the classifier is
constructed, or in other words, a transformation relation is established between features
and classes. The tasks of data acquisition, feature selection, clustering, and classification
are discussed below. Details of different aspects of pattern recognition, namely, data
acquisition, preprocessing, feature selection/extraction, classifier design, cluster analysis,
learning and their various applications are available in the literatures [48,51,112,238,391,
498].

2.1.1.1 Data Acquisition

In this phase, data are gathered [175,493] from the environment via a set of sensors.
Pattern recognition techniques can be used in various domains, correspondingly the data
can be quantitative, qualitative, or both; they also may be linguistic, numerical, pictorial,
or any combination thereof. Usually, two types of data structures are used for pattern
recognition systems: object data vectors and relational data. In the first type, sets of

numerical vectors having m features are represented as x = {x1,z2, - ,Zn}, a set of n
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objects in the m-dimensional measurement space R™. The i¢th object is represented as
xi, @ =1,2,--- ,n; 2y is the jth (j = 1,2,--- ,m) feature corresponding to the object i.
Relational data are represented with a set of n? numerical relationships between pairs of
objects ¢ and k, say, ;5. In other words, r;; represents the extent to which objects ¢ and
k are related like some binary relationship p. If the objects in O = {01,092, ,0,} are

pairwise related by p, then p: O x O — R.

2.1.1.2 Preprocessing

After collecting the data, multiple data preprocessing techniques [175] are applied on
the acquired data to extract the corresponding pattern vectors. As data are originated
from multiple and heterogeneous sources of typically huge sizes, they may contain noisy,
missing, and inconsistent measurements. To get useful data mining results, the quality of
data must be improved. Data preprocessing is the next step, which is divided into the
following parts: data cleaning, data integration, and transformation. Data cleaning can
be applied for removing noise and correcting inconsistencies in the data, where as, data
integration merges data coming from different sources into a single data set. The data
transformation process transforms the data into several different forms that is suitable for
mining. For example, normalizing the data may improve the accuracy and efficiency of

mining algorithms containing length and distance values.

2.1.1.3 Dimensionality Reduction

Dimensionality reduction [34,101] is another important step in any automatic pattern
recognition process. The main objective of dimensionality reduction is to retain the opti-
mum salient characteristics necessary for the recognition process and to reduce the dimen-
sionality of the measurement space, so that effective and easily computable algorithms can
be devised for efficient classification. The problem of dimensionality reduction has two as-
pects: the formulation of a suitable criterion to evaluate the goodness of a feature and the
selection of optimal subset of the available features. The major mathematical measures
so far devised for the estimation of feature quality are mostly statistical in nature, and
can broadly be classified data into two categories: (i) feature selection in the measurement
space [57,169,231,254]; and (ii) feature extraction in the transformed space [43,68,103,209].
The techniques in the first category generally reduce the dimensionality of the feature set
by discarding redundant information carrying features. On the other hand, those in the
second category utilize all the information contained in the pattern vectors, and map a

higher-dimensional pattern vector to a lower-dimensional one.
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2.1.1.4 Clustering

Clustering [45, 96, 112, 132, 216, 447, 572] or cluster analysis finds clusters or groups of
data objects that are similar to one another in some sense. The members of a cluster
are more similar to each other than that of the members of other clusters. The goal of
clustering analysis is to find high-quality partitions so that the inter-cluster similarity is
low and the intra-cluster similarity is high. Clustering is useful for exploring data. If
there are many cases and no obvious grouping, clustering techniques can be used to find
natural groupings. Clustering can also serve as an useful data-preprocessing step to identify
homogeneous groups on which the supervised models can be built. Clustering is also used
to segment [49,151,177,227,388] the data. Clustering algorithms model segmented data
into groups that were not previously defined. Clustering can also be used for anomaly
detection. Once the data has been segmented into clusters, same cases may be found out

which do not fit well into any clusters. These cases are treated as anomalies or outliers.

2.1.1.5 Classification

The problem of classification [44,81,112,158,374] is basically to partition the feature space
into regions, one region for each category of input. Thus, it attempts to assign every data
point in the entire feature space to one of the possible classes. Data classification is a
two step-process. In the first step, a classifier is built, describing a predetermined set of
data classes or concepts. This is the learning step or training phase, where a classification
algorithm builds the classifier by analyzing or learning from a training set. In the next
step, the model just built is used for classification. Here, the predictive accuracy of the
classifier is measured. If the training set is used to compute the accuracy of the classifier,
the estimate would likely to be optimistic, as the classifier tends to overfit the data (that
is, it may also learn some specific anomalies of the training data during training, which
are absent in the complete data set). Therefore, a completely different set is used for
testing, called as test set, made up of test samples and their corresponding class labels.
These samples are randomly selected from the general data set and are not related with
the training tuples, that means, the tuples are not used for training the classifier. The
accuracy of a given classifier on a test set is the percentage of test samples which are

correctly classified.

2.1.2 Applications of Pattern Recognition

There are many important fields of applications where different pattern recognition tech-

niques can be applied.
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2.1.2.1 Applications of Dimensionality Reduction

The techniques of feature selection have several interesting applications in diverse fields.

Few of them are mentioned below.

Text Mining Text mining is a section of data mining, where a document is represented
by the model, called bag-of-words. In this model, each document actually corresponds to
the counts of words occurring in that document. Usually, the feature vectors are formed,
such that, each feature (each element of the feature vector) holds the count of a specific
word. Another alternative is just to indicate the presence/absence of a word using boolean
value. Vocabulary represents the set of words, whose occurrences are stored. As the
volume of documents increases with different kinds of words, the size of the feature vector
increases, increasing the complexity and processing time to search any desired words or a
sequence from the whole data set. To build the vocabulary, the words may be collected
first from all the documents in the data set and then feature selection can be used to prune

the vocabulary.

e Text Classification: The goal of text categorization [8,131] is the classification
of documents [302, 304, 449, 481, 506] into a fixed number of predefined categories.
Each document can be in multiple, exactly one, or no category at all. Using machine
learning, the objective is to learn classifiers from examples which perform the cat-
egory assignments automatically. To increase the speed of processing, a set of best

features need to be found out that can help the categorization process.

e Text Clustering: Document clustering (or text clustering) [54,296,482,497] is
the application of cluster analysis to textual documents [185,307,543,550]. It has
applications in automatic document organization, topic extraction and fast informa-
tion retrieval or filtering. Researches proved that the feature selection can improve
the performance and efficiency of text clustering by finding out the features that are

perfect to compute the similarity /dissimilarity between the documents.

Image Processing and Computer Vision Representing images is not a straightfor-
ward task, as the number of possible image features is practically unlimited [55]. The

choice of features typically depends on the target application.

e Image Classification: Image classification [17,55,277,552] includes a broad range
of decision-theoretic approaches to the identification of images (or parts thereof)
[120, 258, 309, 559]. In all classification algorithms, it is assumed that the given
image consists of one or more features and each of these features belongs to one

of several distinct and exclusive classes. The classes may be specified a priori by
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the domain expert (as in supervised classification) or can be found automatically
(as in unsupervised classification), where the expert may only specify the number of
desired categories. The best feature subset needs to be found out which produces

the best classification result.

e Robotic Vision: Robotic vision [375,448] includes different methods for process-
ing, analyzing, and understanding. For a robot, all these methods produce some
information which can be used to take the decisions. The input information are
translated into features, where the best features are required to identify the objects

or to choose a specific path for movement.

Bioinformatics An interesting application of feature selection is in biomarker discovery
from genomics data. In genomics data, individual features correspond to genes, so by
selecting the most relevant features, one gains important knowledge about the genes that

are the most discriminative for a particular problem.

e Biomarker Discovery: A biomarker [9,100,182,259,278,452,488] is a measurable
indicator of the severity or presence of any disease state. More generally, a biomarker
is anything that can be used as an indicator of a particular disease state or some
other physiological state of an organism. Suitable biomarker can be selected by
comparing them, taking into account the predictive performance and stability of the

selected gene sets.

e Microarray Gene Expression Data Classification: DNA microarray [181,203,
229,367,467,504,507,532,562] technology provides tools for monitoring the expression
levels of huge number of different genes simultaneously. One salient application
of gene expression microarray data [3] is the classification of biological samples or
prophecy of clinical and other outcomes, based on the features present among the
genes. As all the features are not equally important, the most appropriate genes

must be selected using feature selection.

Industrial Applications and Automation

e Fault Diagnosis: Feature selection is important in fault diagnosis [35, 73, 78,
174,211,290, 308,402] in industrial applications, where numerous redundant sensors
monitor the performance of a machine. The data generated contain redundant and
misleading features. The accuracy of detecting a fault (i.e. solving a binary classi-
fication problem of machine state as faulty vs. normal) can be improved by using

feature selection.
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e Brain-Computer Interface: Brain-computer interfaces [153,425,428,561] allow
human being to manipulate computers and machinery with their thoughts. Various
researches are going on and several commercial devices are available that can transmit
signals directly to/from someone’s brain allowing him /her to see, hear or feel specific
sensory inputs and instruct accordingly. Appropriate features are required to sense

and interface with the devices.

2.1.2.2 Applications of Clustering

Clustering has several applications in multiple domains. Few of them are specified below.

Computer Science In the domain of computer science, clustering techniques have sev-

eral applications. Few of them are mentioned below.

e Software Evolution: In case of software evolution [31, 121, 178, 263, 284, 421,
432, 440], clustering is an useful technique, which reforms the functionality to re-
duce legacy properties in code, that has become dispersed. It can be considered as

restructuring and hence, is a way of direct preventative maintenance.

e Image Segmentation: A digital image can be partitioned into distinct regions
[130,281,285,435] with the help of clustering, which can be used for border detection
or object recognition [22,143,157,369,466].

e Evolutionary Algorithms: Clustering technique can help to identify different
niches within the population of an evolutionary algorithm [97, 144, 156, 179, 300,
456,473,476,490] so that reproductive opportunity can be distributed more evenly

amongst the evolving species or subspecies.

e Anomaly Detection: Anomalies/outliers [77,249,251,379, 463,471, 540] can be
identified explicitly or implicitly with the help of clustering algorithms.

Social Science Clustering techniques are also equally important in the field of social

science. Some specific cases are explained.

e Crime Analysis: To identify areas having greater incidences of particular types
of crime [62,465], clustering techniques may be used. Law enforcement can be easily
and efficiently managed if these distinct areas or “hot spots” are identified, where a

similar crime has happened over a period of time.

e Educational Data Mining: Cluster techniques can be used to identify the schools

or students having similar properties [26,444].
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e Typologies: From poll data [245], cluster analysis can be used to discern typologies

of opinions, habits, and demographics that may be useful in politics and marketing.

World Wide Web Web analysis and web mining techniques are also equally important.

e Social Network Analysis: Clustering techniques can be used in the study of
social networks [12,125,298,404,472], to identify communities and connections among

large groups of people.

e Search Result Grouping: In case of grouping of the files and websites [200,
276,280] intelligently, clustering techniques can be used to form a more specific and
relevant set of search results compared to general purpose search engines like Google.

Different web based clustering tools are currently available, such as Clusty.

e Slippy Map Optimization: Clustering techniques are used in Flickr’s map of
photos and other web sites to reduce the number of markers on a map [363]. This

technique makes the pages to load faster, while reducing the amount of visual clutter.

Biology, Computational Biology and Bioinformatics Clustering techniques are

now getting importance in these fields. Few specific cases are listed below.

e Plant and Animal Ecology: Clustering techniques are used to generate and
analyze the spatial and temporal distribution of communities (assemblages) of or-
ganisms [434] in heterogeneous environments. It is also helpful for plant systematics
to generate artificial phylogenies or clusters of organisms (individuals) at the species,

genus or higher level that share a number of attributes.

e Transcriptomics: Clustering is used to group the coexpressed genes [180]. The
groups usually contain functionally related proteins, such as enzymes, for a specific
pathway [236,484], or genes that are co-regulated. High throughput experimentations
are used for expressed sequence tags (ESTs) [399] or DNA microarrays, which are

very powerful tools for genome annotation.

e Sequence Analysis: Homologous sequences [140,282,377] can be grouped into
gene families using clustering techniques, which is now a very important concept in

bioinformatics and evolutionary biology.

e Human Genetic Clustering: Clustering analysis can be used to find the simi-

larity of genetic data [474] for inferring population structures.
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Medicine and Health Care Clustering has vast application in medicine and health

care. Some specific examples are given.

e Medical Imaging: Cluster analysis can be used on medical images such as
PET, MRI, X-Ray scans [24,264] to identify different types of tissues from a three-

dimensional image [40, 164].

e Drug design and Testing: Drug design [162] is an iterative process requir-
ing cycles of compound synthesis and testing, with each successive synthesis phase
yielding molecules predicted to have improved characteristics over the previous set

of compounds.

Business and Marketing Business and marketing is a new and wide application plat-

form of clustering, where the efficient and timely prediction is extremely valuable.

e Market Research: Cluster analysis is widely used in market research [46,244,
509,512] for partitioning the general buyers into different market segments to better
understand the relationships between different groups of consumers, and for use
in market segmentation, item positioning, new product development and selecting

potential buyers.

e Grouping of Shopping Items: All the shopping items [549,573] available on the
web can be grouped into a set of unique products using clustering techniques. For
example, all the items on Amazon are grouped into some product categories so that

the buyers can find them easily.

2.1.2.3 Applications of Classification

Classification techniques are having applications in various areas of our day-to-day life.

Few of them are mentioned below.

Computer Vision Classification techniques are really important in the domain of com-
puter vision, which is a domain to recognise various objects automatically, just like human

being. Few specific applications are mentioned below.

e Medical Imaging and Analysis: Using the medical imaging technique [18,135,
291, 350,376,530, 568], the interior of a body can be represented visually for clinical
analysis and medical intervention. It is also used to visualize the functions of some
organs or tissues. The different parts of image need to be automatically classified

into some predefined classes.
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e Optical Character Recognition: The images of typed, handwritten or printed
text are segmented and classified into machine-encoded text [90,362,378,544,558]. It
works on different types of images, like, a scanned document, a photo of a document
(photo of number plate of a car), a scene-photo or from subtitle text superimposed

on an image.

e Video Tracking: Video tracking [23, 118,360, 469, 514, 566] is now being used
in multiple domains, some of which are human-computer interaction, security and
surveillance, video communication and compression, augmented reality, traffic con-
trol, medical imaging and video editing, where the “tracking” is actually finding and

classifying the moving objects to some predefined classes.

World Wide Web The classification techniques are widely used in internet now-a-days.
The unknown objects are required to be classified into a particular type so that it can be

stored or retrieved quickly.

e Document Classification: In document classification [5,53,243,420,492,535] or
document categorization problem, the task is to assign a document to one or more
classes or categories. Traditionally, it was done manually, but, due to the arrival
of tremendous amount of documents which are available in web now, the computer

based automatic classification becomes the only way to address the issue.

e Internet Search Engines: A web search engine [338,510, 570, 575] is used to
search information in the World Wide Web. The information may be a mix of web
pages, images, and other types of files. The task is to assign a web search query to

one or more predefined categories, based on its topics.

Drug Discovery and Development In the fields of medicine, drug discovery is ex-

tremely important, by which, new candidate medications are discovered.

e Toxicogenomics: Toxicogenomics [159, 166,295, 503, 579] is a domain which is
related with the collection, interpretation, and storage of information about gene
and protein activity within particular cell or tissue of an organism in response to
toxic substances. The analysis involves a wide array of bioinformatics and statistics,

and classification approaches.

e Quantitative Structure-Activity Relationship: Quantitative structure-activity
relationship (QSAR) models [163,294,417,426] are regression or classification mod-
els used in the chemical and biological sciences and engineering. The classification
QSAR model relates the predictor variables to a categorical value of the response

variable.

18



Security and Authentication

e Biometric Identification: Biometric authentication and identification [15,19,87,
160] offers a wide range of possible solutions, which could be used to authenticate

users and thus to provide an extra level of security and theft prevention.

e Speech Recognition: Speech recognition [126, 337,480, 485, 551] is related to
the recognition and translation of spoken language into text by computers. Usually,
training phase is the first step, where a speaker reads text or isolated vocabulary into
the system. The system analyzes the person’s specific voice and uses it to fine-tune
the recognition of that person’s speech, resulting in increased accuracy. Classification

technique is used to classify the person’s spoken word to a textual word.

2.1.3 Different Pattern Recognition Approaches

There are several well-known approaches for pattern recognition. Each of them is briefly

described next.

2.1.3.1 Statistical Pattern Recognition

Statistical approach [141] is widely used, where the patterns are represented in terms
of m features or measurements and considered as a point in an m-dimensional space.
The objective is to select those features which makes the objects of different categories
to occupy compact and disjoint regions in the feature space. The effectiveness of the
technique is measured by how well the objects from different classes can be separated.
For a given set of training patterns, the objective is to find out decision boundaries with
the help of the feature space, that can separate the objects to different classes. In case of
statistical decision theoretic approach, the probability distributions of the given patterns
belonging to different classes are used to determine the decision boundaries, which must
either be specified or learned [103,112] from the training samples. Discriminant analysis-
based approach can also be used for classification: first, a parametric form of the decision
boundary (e.g. linear or quadratic) is specified; then the best decision boundary of the
specified form is found based on the classification of training patterns. Such boundaries

can be constructed using, for example, a mean squared error criterion.

2.1.3.2 Template Based Pattern Recognition

Template matching [63] is one of the simplest and earliest approaches to pattern recogni-
tion. Matching is one of the basic operations of pattern recognition, where the similarity

between two entities (geometric objects, shapes) is determined, which are of same type.
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Template is a prototype of the pattern to be recognized, which is used in template match-
ing. The pattern to be recognized is compared with the stored template, considering all
allowable pose (translation and rotation) and scale changes. The similarity measure, used
for matching, may be optimized based on the available training set. Sometimes, the tem-
plate itself can be learned from the available training set. Though template matching is
computationally expensive, but with the decrement of cost and availability of faster pro-
cessors, this technique can now be implemented easily. The technique mentioned above
falls under the group of rigid template matching, which is easy to implement and is effec-
tive in some application domains, but it has a number of disadvantages. For instance, if
the patterns are distorted due to the imaging process, viewpoint change, or large intra-
class variations among the patterns, the process of matching fails. Deformable template
models [161] or rubber sheet deformations [25] can be used to match patterns when the

deformation cannot be easily explained or modeled directly.

2.1.3.3 Syntactic Pattern Recognition

In case of complex pattern recognition problems, sometimes, it is more useful to adopt a
hierarchical recognition procedure, where a pattern can be decomposed into some simple
sub-patterns which are themselves built from yet simpler sub-patterns [139,412]. The
simplest sub-patterns which can be recognized are called primitives and the actual pat-
tern given is represented in terms of the relationships among the primitives. In case of
syntactic pattern recognition [460], a formal analogy is drawn between the structure of
patterns and the syntax of a language. The patterns are considered similar to the sen-
tences corresponding to a language, whereas, primitives are considered as the alphabet.
The sentences are constructed following a grammar. Hence, a large set of complex pat-
terns can be represented using few primitives and grammatical rules. The grammar for
each pattern class must be learned by the use of given training samples. In addition to
classification, syntactic pattern recognition also provides the idea how the objects are con-
structed from the primitives. This method is useful in situations where the structure of
the input patterns can be decomposed in terms of a set of rules, like textured images, EKG
waveforms, and shape analysis of contours [139]. In case of segmentation [489] of noisy
patterns, the implementation of a syntactic approach may leads to difficulties. The notion
of attributed grammars, introduced by Fu [139], unifies syntactic and statistical pattern
recognition. The syntactic approach sometimes demand large training sets, along with a

huge computational power [418].
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2.2 Relevance of Soft Computing in Pattern Recognition

The term soft computing automatically brings to mind the opposite concept of hard com-
puting. Hard computing is what we have been used to, what has been going on, right
from the beginning of computational science. All the classical reasoning and modeling
approaches that are based on Boolean logic, analytical models and crisp classifications
fall in this category. Hard computing comes down hard on precision, leaving no room for
approximations. This can be computationally expensive, time consuming, and sometimes
even impossible for applications related to complex real life problems, because many such
problems are typically ill-defined, difficult to model and with large solution spaces. In
such cases, soft computing comes to the rescue, but with a price of compromising on some
of the principles of hard computing. Soft computing uses inexact way for providing a
quick solution to computationally hard tasks, for example, the solution of NP-complete
problems, where, there is no known algorithm that can provide an exact solution in poly-
nomial time. Unlike conventional computing, soft computing is tolerant of imprecision,
uncertainty, partial truth, and approximation. Soft computing mimics the working prin-
ciple of human mind. By incorporating the concept of imprecision, uncertainty, partial
truth, and approximation, soft computing techniques try to deliver some tractable, robust
and low cost solution. The basis of soft computing principles are fuzzy logic [48,51,554],
neural computing [170, 187], evolutionary computation [352], machine learning [51] and
probabilistic reasoning, with the latter subsuming belief networks, chaos theory and parts
of learning theory. All the techniques mentioned above have a common property that they
are not competitive in nature: in many cases, a complex problem can be solved effectively
by using fuzzy logic, neural computing, evolutionary computation, machine learning and
probabilistic reasoning when they are combined together.

Fuzzy sets and rough sets are considered as two major building blocks of soft computing.
A brief description of fuzzy sets and rough sets is presented in this section along with few
other approaches like genetic algorithm and neural networks. This section also includes

few hybrid techniques, like rough-neural and rough-GA based approaches.

2.2.1 Fuzzy Sets

Fuzzy set was introduced by Zadeh [554] as a generalization of the classical set theory. To
a reasonable extent, fuzzy logic is capable of supporting human type reasoning in natural
form. The uncertainty can arise either implicitly or explicitly in each and every phase of a
pattern recognition system. It results from the incomplete, imprecise or ambiguous input
information, the ill-defined and/or overlapping boundaries among the classes, and the
indefiniteness in defining or extracting features and relations among them. Any decision

taken at a particular level may have an impact on all other higher level activities. The
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modeling of imprecise and qualitative knowledge, as well as the transmission and handling
of uncertainty at various stages, is possible through the use of fuzzy sets [51,253,331].

A fuzzy set A in a space of objects X = {z} is a class of events with a continuum of
grades of membership and is characterized by a membership function p4(x) that associates
with each element in X a real number in the interval [0, 1] with the value of pua(x) at «
representing the grade of membership of z in A. Formally, a fuzzy set A with its finite
number of supports x € X is defined as a collection of ordered pairs A = {pa(x)/z,z € X},

where the support of A is an ordinary subset of X and is defined as
A={z|lr € X and pa(x)> 0}. (2.1)

Here, p4(x) represents the degree to which an object £ may be a member of A or belong
to A. If the support of a fuzzy set is only a single object x € X, then A = {pa(x)/x}
is called a fuzzy singleton. Hence, if pa(z) = 1, A = 1/x denotes a nonfuzzy singleton.
In terms of the constituent singletons, the fuzzy set A with its finite number of supports

x € X can also be expressed in union form as

A= Jlpal)/a} (2.2)

where the sign | J denotes the union [253]. Assignment of membership functions of a fuzzy
subset is subjective in nature, and reflects the context in which the problem is viewed.
The fuzzy set theory has greater flexibility to capture various aspects of incomplete-
ness, impreciseness or imperfection in information about a situation as it is a general-
ization of the classical set theory [445]. The relevance of fuzzy set theory in the realm
of pattern recognition is adequately justified in [51,238,391,556]. Fuzzy sets have been
successfully applied in pattern classification [268], clustering [48,51,113,238,261,383], and
image processing [29, 137, 151, 247, 318, 537]. In addition to pattern recognition, fuzzy
sets find widespread applications in solving different problems in association rule min-
ing [21,306,527], fuzzy information storage and retrieval [557], functional dependency [59],
data summarization [80,272], web mining [260,366], granular computing [32,33], microar-

ray data analysis [41,98], case-based reasoning [386], and so forth.

2.2.2 Rough Sets

The conventional rough set theory proposed by Pawlak [414] is a very useful technique
which can be used to find the data dependencies and hence can be used for pattern
recognition applications. Over the past decade, rough set theory has gained high popularity
among the researchers. In case of a data set having discretized attributes, rough set theory

can find a subset [292,293] of the original features which are most informative, that is,
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most powerful to predict class values. Algorithms based on rough sets do not require any
external user specified parameters for the analysis of the data set. The theory of rough
sets can be efficiently used in feature selection and clustering applications. In case of
feature selection, rough sets can be used to recognize the dispensable and indispensable
features using the concept called discernibility matrix [370,577]. In the clustering problem,
rough sets divide the samples into two regions for each cluster, where, in one region, the

belongingness of the objects in the cluster is certain, and in another region it is uncertain.

—
RS
N S = — Class B
= — Lower Approximation A(Bj)
— S
Boundary Region B(Bj)

Figure 2.1: Rough Sets

2.2.2.1 Classical Rough Sets

In this subsection, various terms are defined related to rough sets theory (RST).

Definition 2.1 Let U be a non-empty set, called as the universe of discourse, and x,y, z €
U. Let R be a relation, such that, xRy if and only if (x,y) € R. R is called as an

equivalence relation, if it satisfies the properties mentioned below:

1. Reflexive Property: 2Rz, Vz € U.
2. Symmetric Property: 2Ry < yRx.

3. Transitive Property: 2Ry A yRz = zRz.

Definition 2.2 Let the partition F be the family of nonempty subsets of U (F = {U,}),

such that, each element of U is contained in exactly one element of F'. Then

1L U=JUu,
=1

2. Ui (U =0, V(i # j).

Definition 2.3 The theory of rough sets is based on the indiscernibility relation. Let

T = (U, A) be a decision system, where U is a non-empty finite set, called as universe, and
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A is a set of attributes. C and D are two disjoint subsets of A, called as conditional and
decisional attributes, respectively. The elements of U are denoted as samples or objects.

For each feature a € A, there exists a relation U — V,, where V,, is called the value domain

of a.

Any subset P of knowledge A defines an equivalence or indiscernibility relation /N D(P)
on U:
INDP) ={(z,y) e UxU | Va eP, a(zx) =a(y)}. (2.3)

That means, if (z,y) € IND(P), we can not discern between them, as they do not differ
enough, and so x and y are called indiscernible by the attributes from P.
The partition of U generated by IND(P) is denoted as

U/IND(P) = {[als | « € U}; (2.4)

where [z]p is the equivalence class containing x. The elements in [z|p are indiscernible
or equivalent with respect to knowledge P. Equivalence classes, also termed as informa-
tion granules, are used to characterize arbitrary subsets of U. The equivalence classes
corresponding to conditional and decisional attributes are denoted as U/IND(C) and
U/IND(D) respectively. The equivalence classes of the discernibility relation, which are
the minimal blocks of the information system, can be used to approximate these concepts.
The equivalence classes of IND(PP) and the empty set () are the elementary sets in the
approximation space T

A set X C U could be approximated using lower and upper approximation.

Definition 2.4 Let P C C and X C U. The P-lower approximation set of X (denoted as
PX ) is the set of all elements of U that certainty belong to X .

PX ={zeU| [z C X}). (2.5)

According to the definition, PX C X.

Definition 2.5 The P-upper approzimation set of X (denoted as PX) is the set of all
elements of U, that may possibly belong to the subset X.

PX={zcU]|[z]pNX #0}. (2.6)

Again, according to the definition, X C PX.

Definition 2.6 Boundary region is a collection of all elements of U which are included in
PX but not in PX.
BN(X) =PX - PX. (2.7)

24



Definition 2.7 A subset X defined in the approximation space (U, A) through its lower
and upper approzimations (the tuple (PX,PX)) is called a Rough set. The set is called a
rough set when the boundary region is non-empty, that is, (PX # PX).

Definition 2.8 A subset is called crisp when its boundary region is empty, that is, (PX =
PX).

Definition 2.9 It is the set of all objects from the universe U which can be unambiguously
classified to the classes of U/D using the attributes C.

POSc(D) = | J CX; (2.8)
XCU/D

where CX denotes the lower approzimation of the set X with respect to attributes C. The
positive region of the subset X belonging to the partition U/D is also called the lower
approzimation of the set X. The positive region of a decision attribute with respect to the

attribute set C represents approximately the predictive ability of C.

Definition 2.10 The negative region contains the set of objects that can be definitely ruled
out as members of the target set X with respect to the concept P. It consists of all classes

that have no overlap with the concept.
NEGpX =U - PX. (2.9)

Definition 2.11 Let U = {1, 29,23, - ,x,} represents the universe for a decision table.

The discernibility matriz is represented as:
mi; = {a € C: (a(x;) # a(xj)) A (d(z;) # d(xj),d e D)}; Vi, j=1,2,3,---,n. (2.10)

Here, m;; consists of the set of features that classify objects x; and x; into two different

decision classes in U/D partition.

Definition 2.12 The real life data sets may contain lots of features. Some of these fea-
tures are very important (indispensable) for the data analysis [31, 93]. The objective of
feature selection is to search the indispensable features while eliminating the dispensable
features.

Let a € C. A feature a is called dispensable in the decision set T if

POSc_{ay} (D) = POS(D); (2.11)

otherwise, feature a is called as indispensable, removing which, the predictability power

of the resulting condition attribute set will be reduced. The dispensable features can be
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eliminated [55] to reduce the dimensionality of the data set.

Definition 2.13 A reduct is a minimal set of features that preserves the indiscernibility
relation produced by a partition of C. There can be several such subsets which can have
same predictive power as C. The attributes other than the reduct are superfluous or irrel-
evant, so they could be removed without loss of classification performance. A set R € C is

referred as reduct if

POSk(D) = POSc(D). (2.12)

Definition 2.14 The set of all indispensable attributes in C is represented as CORE(C).

The core is the set of all single element entries of the discernibility matrix, that is,
CORE(C) = {a € C|m;j = {a},V i,j}. (2.13)

Core is also defined as the intersection of all reducts:
CORE(C) = () RED(C); (2.14)

where RED(C) is the set of all reducts in C.

Definition 2.15 In an information system T = (U,A), where A = CND, C and D
being the sets of condition attributes and decision attributes, respectively, the dependency
coefficient between C and D can be defined as

_ |POSc(D)]

(D) = o (2.15)

where |.| indicates cardinality of a set.

As yc(D) expresses the proportion of the objects correctly classified with respect to the
total, with the help of the conditional features C, it can take the values between 0 and 1.
If v=1, D depend totally on C, if 0 < v < 1, D depends on C partially, and if y=0, then
D is independent on C.

The worst case complexity for finding the v is O(n? x m), where n is the number of

instances and m is the number of attributes.

Definition 2.16 The accuracy of the approximation for the set X is measured as the ratio

of the lower and the upper approrimation size.

[

a(X) == (2.16)

B

When there is no boundary region, the ratio is equal to 1, that means the classification is
perfect. Thus, a set X is crisp only when the accuracy of approximation is 1, otherwise it

is called as rough set.
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2.2.2.2 Neighborhood Rough Sets

Given an arbitrary z; € U and P C C, the neighborhood ®p(x;) of x; with given threshold
®, in feature space P, is defined as [198]

(I)]P’(xl) = {$j|.%'j €U, AP('rivxj) < (I)}’ (217)

where A is a distance function. ®p(x;) in (2.17) is the neighborhood information granule
centered with sample z;. The neighborhood granule generation is effected by two key
factors, namely, the used distance function A and parameter ®. The first one determines
the shape, while second controls the size of neighborhood granule. Both of these factors
play important roles in neighborhood rough sets and can be considered to control the
granularity of data analysis. The significance of attributes varies with the granularity
levels. Accordingly, neighborhood rough set based algorithm selects different attribute
subsets with the change of A function and ® value [315,392].

Hence, each sample generates granules with a neighborhood relation. For a metric
space (U, A), the set of neighborhood granules {®(z;)|z; € U} forms an elemental granule
system that covers the universal space rather than partitions it as in case of rough sets.
It is noted that the partition of space generated by rough sets can be obtained from
neighborhood rough sets with covering principle, while the other way round is not possible
[392]. Moreover, a neighborhood granule degrades to an equivalence class for & = 0. In
this case, the samples in the same neighborhood granule are equivalent to each other and

neighborhood rough set model degenerates to rough sets [198].

2.2.3 Relationship Between Fuzzy Sets and Rough Sets

To represent any uncertainty regarding set membership, two different soft computing ap-
proaches are mostly used, i) fuzzy sets, introduced by Zadeh [554] in 1965 and ii) rough
sets, introduced by Pawlak [413] in 1982.

In fuzzy sets, the membership function is used for assigning a degree of membership

to the objects. A fuzzy set A defined on a classical set X is represented as follows:

A={(z,pa(z)) |z € X}. (2.18)

where, 114 () represents the fuzzy membership function. A subset A is termed as a fuzzy set
when it does not have crisp membership in X, but the memberships are represented using
the fuzzy membership function, having the graded values taken from the interval [0,1]. The
membership function p4(x) quantifies the grade of membership of the elements = belonging

to the set X. The membership value as 0 signifies that the member is not included in the
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given set, while 1 represents a fully included member. An object is called as fuzzy member
if the membership value is strictly between 0 and 1. Often the concept is represented using
a more general definition, where the membership function takes the values using several
arbitrary fixed algebra or structure L. This generalized technique was first proposed by
Joseph Goguen [154]. The fuzzy set B, where B = {(3,0), (4,0.2), (5,0.8),(6,1),(7,0.5)}
would be enumerated as B = {0.2/4,0.8/5,1/6,0.5/7} using standard fuzzy notation. Note
that, any object with a zero membership grade is not considered in the set expression. The
standard notation to represent the membership grade of the fuzzy set B at 5 is up(5) =
0.8.

On the other hand, in rough sets, the lower and upper approximations for a subset
X are generated using the equivalence classes. Rough sets theory is not useful for crisp
sets, where in crisp set, the objects do not have any uncertainty about their membership.
Rough sets are used to approximate any set that cannot be precisely defined. The rough
membership function quantifies the degree or relative overlap between the set X and the

equivalence class to which the current argument belongs to.

2.2.4 Rough-Fuzzy Hybridization

The reliance on discrete data of rough set theory for its successful operation is considered
as the primary drawback of the approach. In reality, this property is not present in
data in general, which is a basic requirement of rough set theory. Omne can take the
example of a medical data set, where some values such as Yes or No cannot be considered
as two discrete values for a Headache attribute, as it is not an attribute which can be
measured straightforward with a high degree of accuracy. Blood pressure is another real
valued attribute. The measurements are consisting of real valued information, but for the
purposes of rough sets, it must be discretized into a small set of labels like normal, high,
and so forth. Subjective judgments are converted here to some objective measurements.
The use of fuzzy-rough sets [10,11, 110,114, 219,222 419] is a better way to handle this
problem, because, in that case, subjective judgments are not entirely removed as fuzzy
set membership functions need that for their definition. Moreover, in case of real valued
noisy data, the method offers a high degree of flexibility, as it can efficiently model the
vagueness and imprecision present in the data.

Similar to the crisp equivalence classes [222], which are the backbone of rough sets,
fuzzy equivalence classes are the backbone of the fuzzy-rough approach [111,494,548]. In
this case, the conditional values and the decision values may all be fuzzy. The concept of
fuzzy equivalence classes can be extended from crisp equivalence classes by the inclusion of
a fuzzy similarity relation S on the universe, that reflects how similar two elements are. For
example, if pg(x,y) = 0.95, then elements x and y are considered to be very similar. The

properties of equivalence relations, that is, reflexivity (us(z, z) = 1), symmetry (us(z,y) =
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us(y, ), and transitivity (us(z,z) > ps(z,y) A ps(y,z)) hold. To model real world
situations, transitivity may not always required. For example, let z, y, and z be a large
circle, a medium-sized circle, and a small circle. In this case,  and y are more or less
similar (for example, their similarity is 0.6). It may also be the case that y and z are more
or less similar to each other (for example, their similarity is 0.6). But, x and z may not be
similar (for example, their similarity is 0.15), and hence transitivity does not hold. But
the transitive properties of fuzzy relations are often desirable from mathematical point of

view.

Definition 2.17 Using the fuzzy similarity relation, the fuzzy equivalence class [x]g for

objects similar to x can be defined:

Hia)s (V) = ps (@, y). (2.19)
The following axioms should hold for a fuzzy equivalence class F' [192]:
1. 3z, pp(z) = 1 (pp is normalized)
2. pr(z) A ps(z,y) < pr(y)

3. pur(x) A pr(y) < ps(z,y)

The first axiom states that an equivalence class is nonempty. The second axiom repre-
sents that elements in y’s neighborhood are in the equivalence class of y. The last axiom
states that any two elements in F' are related via S. Clearly, this definition degenerates
to the classical definition of equivalence classes when S is non-fuzzy (crisp). The family of
normal fuzzy sets produced by a fuzzy partitioning of the universe of discourse can play
the role of fuzzy equivalence classes [111]. Let us take the crisp partitioning of a universe
of discourse, U, by the attributes in @ : U/Q = {{1,4,5},{2,3,6}}. This contains two
equivalence classes ({1,4,5} and {2,3,6}) that can be thought of as degenerated fuzzy
sets, with those elements belonging to the class possessing a membership of one, and zero
otherwise. For example, for the first class, the objects 2, 3, and 6 have a membership of
zero. This technique can be extended to the case of fuzzy equivalence classes in a straight-
forward way, where, with respect to any given class, objects can have membership values
between the interval [0, 1]. Here, U/Q is not restricted to crisp partitions only, but it can

create fuzzy partitions [336] also.

2.2.4.1 Fuzzy-Rough Sets

The definition of fuzzy-rough sets given by Dubois and Prade [111] are originated from
Waillaeys and Malvache [513] for defining a fuzzy set with respect to a family of fuzzy
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sets. It deals with the approximation of fuzzy sets in a fuzzy approximation space defined
by a fuzzy similarity relation or by a fuzzy partition. In this subsection, fuzzy-rough sets
are defined based on a fuzzy similarity relation S, which is a fuzzy subset of (U x U) and

has following three properties:

1. Reflexive Property: Vo € U, pg(z,z) =1
2. Symmetry Property: Vz,y € U, us(z,y) = ps(y, x)

3. Transitivity Property: Va,y,z € U, pug(z,2) > minfus(z,v), us(y, z)]

For any fuzzy similarity relation S, a fuzzy approximation space can be defined by the
pair (U, S). A fuzzy equivalence class [z]g is a fuzzy partition of the universe that can
be constructed by a fuzzy similarity relation, which is a group of elements close to  and
defined by (2.20).

Hia)s (V) = ps (@, y). (2.20)

U/ S represents the family of all fuzzy equivalence classes. For a fuzzy set, its approximation
in the fuzzy approximation space is called a fuzzy-rough set, which is represented as a pair

of fuzzy sets on U/S.

Definition 2.18 The fuzzy P-lower and P-upper approzimations are defined as [111]

pex (Fy) = inf max{1 — up, (), px (2)}, Vi;
nex (£1) = supmin{pr, (x), px (x)},  Vis (2.21)

where F; denotes a fuzzy equivalence class belonging to U/P, the partition of U generated

by P, and pux(x) represents the membership of x in X.

These definitions diverge a little from the crisp upper and lower approximations, as the

memberships of individual objects to the approximations are not explicitly available.

Definition 2.19 The fuzzy lower and upper approximations are redefined here as

pex(z) = sup  min{up, (x), ppx (Fi)};
F,eU/P

(@) = sup  min{ug (o), gy (F): 222)
F;cU/P
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Combining (2.21) and (2.22),

pex(e) = sup minfjup, (@), inf max{1 = g (9), x ()}

F;eU/P
ppx (x) = sup minf[pp(z), sup min{ur, (), px (y)}- (2.23)
F,eU/P y

In implementation, only those y € U are considered where pp, (y) is nonzero, that
means, where ¥ is a fuzzy member of fuzzy equivalence class F;. The tuple (PX,PX) is
called a fuzzy-rough set.

These definitions degenerate to traditional rough sets when all equivalence classes are

crisp. The crisp lower approximation is:

1, z€F,F;CX
pex (z) = v (2.24)
0, otherwise

which means, if an object x belongs to an equivalence class that is a subset of X, then it
belongs to the P-lower approximation of X. Again, the fuzzy lower approximation must
behave in exactly the same way as of the crisp definition for crisp situations. Fuzzy lower

approximation (2.23) can be rewritten as

ppx (x) = sup minfpp,(z),inf{ur,(y) = px(y)}; (2.25)
F,eU/P Y

where — indicates the fuzzy implication, using the traditional min-max interpretation.

pr, (z) and px(x) will take values from {0, 1} in the crisp scenario. So upx(x) only takes

zero value when at least one object in its equivalence class F; fully belongs to F; but not

to X, which matches with the definition of the crisp lower approximation. In the similar

way, the specialization from fuzzy P-upper approximation can be shown.

2.2.4.2 Rough-Fuzzy Sets

It is also defined by Dubois and Prade by approximating fuzzy sets in an approximation
space [478], which is actually a special case of fuzzy-rough sets. A rough-fuzzy set is a
generalization of rough set, and is derived from the approximation of a fuzzy set in a crisp
approximation space. In case of rough-fuzzy set, the decision attributes are fuzzy and

condition attributes are crisp.

Definition 2.20 Given a fuzzy set X, the result of approximation is a pair of fuzzy sets

defined on the equivalence class U/IN D(P), called the lower and upper approximations,
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which are defined as

pex (F) = inf{ux(z) [ 2 € Fi}, Vi
ppy (Fi) =sup{px(z) | € F3}, Vi (2.26)

where F; represents a fuzzy equivalence class belonging to U/P, the partition of U generated

by P, and pux(x) represents the membership of x in X.

Definition 2.21 Using the extension principle, the pair can be extended to a pair of rough
sets on the universe U as defined by (2.27).

pex () = nf{ux(z) | = € i}, Vi
Hpx () = suplux(z) | o € Fi}, Vi, (2.:27)

The pair (PX, PX) is called a rough-fuzzy set on U with reference fuzzy set X. Fuzzy-
rough sets [111], where all equivalence classes may be fuzzy, is the generalization of rough-
fuzzy sets. So rough-fuzzy sets is useful where condition attributes are crisp and decision
attributes are fuzzy, where as, fuzzy-rough sets can be applied for analysing the data sets

where both the condition and decision attributes may be either fuzzy or crisp.

2.2.4.3 Other Rough-Fuzzy Hybridization

Different hybrid techniques are also available in [415] other than the fuzzy-rough definitions
given before. The concepts of information theoretic measures are related to rough sets [36]
to establish the rough set models of uncertainty. This technique is based on an alternative
definition of fuzzy-rough sets, originating from the rough membership function [414], and
has been applied to some rough and fuzzy-rough relational database models. In [536],
rough set is represented by a fuzzy membership function to define the positive, boundary,
and negative regions. The objects in the positive region are given the membership as 1,
where the objects, those belong to the boundary region, get a membership value as 0.5. The
objects belonging to the negative region have zero membership. In this way, a rough set
is represented using a fuzzy set, with required modifications in the union and intersection
operations. The reason behind introducing fuzziness into rough sets is to quantify the
levels of roughness in the boundary region by using fuzzy membership values. So, instead
of just assigning the membership value as 0.5 for the boundary region, it is better to allow
the elements to have any membership values from the range of [0, 1]. Hence, using this
approach, a fuzzy-rough set Y can be defined using a membership function uy (x) that

can assign a grade of membership (in the interval [0, 1]) to every element of U. In case of
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a rough set X with a crisp equivalence relation R, the following relations hold:

py (RX) = 1;
py (U — RX) = 0;
0 < py(RX — RX) < 1. (2.28)

The technique mentioned above cannot be considered as true hybridization of the
two approaches, as the method is only assigning a degree of membership to the elements
depending on the crisp positive, boundary, or negative region they belong to. The concept
of fuzzy equivalence classes are not utilized, and so this approach is not really useful for
fuzzy-rough attribute reduction.

In [415], a different method has been proposed, which blurs the distinction between
rough and fuzzy sets. The research was fueled by the concern that a purely numeric fuzzy
set representation may be too precise; a concept is described exactly once its member-
ship function has been defined. But in this approach, excessive precision is required for

describing some imprecise concept.

2.2.5 Other Approaches of Soft Computing

Few other approaches of soft computing are reported next, including some hybrid ap-

proaches.

2.2.5.1 Genetic Algorithm

John Holland first used the term genetic algorithm [352], abbreviated to GA. Many other
scientists also worked on the same idea in parallel. In Germany, Ingo Rechenberg and
Hans-Paul Schwefel developed the idea of the evolutions strategie [47] (in English, evo-
lution strategy) in 1960. In the same year, Bremermann, Fogel and others in the USA
implemented the idea for what they called evolutionary programming [128]. The common
among these ideas is the use of mutation and selection. However, Holland influenced the
most. He introduced the idea of recombination for mutation in GA. Moreover, his idea
only could provide the full capabilities of GA in terms of optimization. The concept of
GA is based on the philosophy of natural selection or survival of the fittest (Darwin 1859)
and genetics which are inspired by biological structures and their evolution. The use of
GA is very much effective while the search space is large, complex and multimodal. Unlike
traditional search techniques, it works with the coding of problem variables instead of
variable themselves. Moreover, it can search simultaneously from multiple points and this
fact makes GA parallel in nature. This also helps increasing the probability of avoiding

the issue of getting trapped into local optimal solution. According to the GA, the deci-
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sion variables of the search problem are encoded into a finite length string of symbols of
certain cardinality. The symbols are called genes and the values of genes are called alleles,
whereas, the string is referred as chromosome. GA starts with the random population of
chromosomes. Each chromosome is evaluated based on some defined fitness value and then
takes part into selection process, where the chromosomes having better fitness are given
more chance to reproduce than the others. Thereafter, crossover and mutation operators
are applied on the selected chromosomes. This preserves the important information and
helps to achieve the good solution for next generation. This process continues until some
termination condition is reached. Goldbergs [155] pseudo-code of genetic algorithms is

outlined in Algorithm 1.

Input: Initial Population P(©)
Output: Optimum Solution Best{P®}
t=20

Initialize P®)
Evaluate P®)

repeat
t=t+1
Select P® from P(—1) /* Selection process */
Recombine pairs in P®) /* Cross-over process */
Mutate P®) /* Mutation process */
Preserve Elites in P(®) /* Elitism */
Evaluate P(*)

until (Terminating Condition)

Algorithm 1: Goldbergs Pseudo-code of Genetic Algorithms

In Algorithm 1, ¢ and P stand for generation number and population respectively.
Initialization process initialize the population and the fitness is computed in evaluation

process. The major steps of GA are described as follows.

Initial Population: Generation of an initial population is the first step of a GA. Each
individual of the population encodes a possible solution to a problem. The population
size is dependent on the problem domain, but generally consists of several hundreds or
thousands of possible solutions. Often, the initial population is generated randomly, which
allows the possible solutions coming from the entire range. When the precise domain
knowledge is available, the solutions may be “seeded” in areas where the possibility of

getting the optimal solutions is very high.
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Fitness Evaluation: After creating the initial population, each individual is evaluated
and assigned a fitness value according to the fitness function. Genetic Algorithm can
automatically search an optimum solution according to fitness evaluation. Each individual
of the population, therefore, needs to be awarded a figure of merit, to indicate how close
it came to reach the optimum, and this is generated by applying the fitness function to

the test, or simulation, results obtained from that solution.

Selection Process: During selection process, chromosomes from the parent populations
are selected based on the fitness values and an intermediate population, called mating
pool is maintained. These selected chromosomes will further take part into subsequent
processes like crossover and mutation. Three selection methods, namely, roulette wheel
selection [401], stochastic universal sampling [56] and binary tournament selection [56] are
very much popular and mostly used. According to roulette wheel selection methods, the
wheel has the slots same as the number of population size and the area of each slot is
the fitness of that particular chromosome in the population. The wheel is let spinning
and the chromosome is selected according to the position of the marker while wheel stops.
Thus how many times a particular chromosome is selected, depends on its fitness in the

populations, because only fitness determines the area of the slot for that chromosome.

Crossover Process: In this process, two parent chromosomes produce two new chro-
mosomes called offspring. Offspring chromosomes might get the best characteristics from
both the parents and become better than their parents. Crossover does not occur all
the time. It occurs based on some user defined probability. There are three widely used
categories, single point crossover, two-point and uniform crossover. According to single
point crossover, crossover process selects a crossover point over a chromosome randomly.
Thereafter, it interchanges the two parent chromosomes at this point to produce offspring

chromosomes.

Mutation Process: Mutation is another genetic operator. It alters one or more genes
in a chromosome and can produce entirely a new chromosome than its initial state. This
new chromosome is added in population with the assumption that the new chromosome
might give the better solution. This process also follows some user defined probability
for occurrence. The probability of mutation is normally kept less (as low as 0.01) than

Crossover.
Elitism: During the GA process, there is a chance of loosing the best solution in next

generation, unless we store the best solution so far in a safe place. The process which

ensures it is called elitism.
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Genetic algorithm has been successfully applied in pattern classification [7,39,99, 225,
250,270,303,371,423,475], clustering [6,38,82,107,148,172,176,230], and feature selection
[7,88,122,228,301,303,373,403,515].

2.2.5.2 Neural Network

Neural networks can be visualized as parallel computing systems having massive comput-
ing power and composed using a huge number of simple processors with lots of intercon-
nections between them. Neural network tries to implement several properties (such as
learning, adaptivity, generalization, distributed representation, computation, fault toler-
ance, and so on) in a network. It uses weighted directed graphs where artificial neurons
act as nodes having weighted directed edges, which connect neuron outputs with neuron
inputs. Neural networks are able to learn complex nonlinear relationships between in-
puts and outputs successfully using sequential training procedures, and apply them for
various pattern recognition purposes. Feed-forward network is the most well-known class
of neural networks used for pattern classification [217], that uses multilayer perceptron
and radial-basis function (RBF). Multiple layers are present having few unidirectional
connections between the layers. Another common network, generally used in case of ob-
ject clustering and feature mapping, is the self-organizing map (SOM), also known as
Kohonen-network [256]. The learning phase actually updates the network architecture
and interconnection weights in such a way that a specific classification/clustering task
can easily be performed by a network. Neural networks are gaining increased popularity
as they are able solve pattern recognition problems efficiently because of their seemingly
low dependency on domain-specific information (compared to rule-based and model-based
techniques) and the readiness of efficient learning algorithms for the users. Various robust
nonlinear algorithms are designed using neural networks for feature extraction (using hid-
den layers) and classification (such as, multilayer perceptrons). The traditional feature
extraction and classification algorithms can also be implemented using neural network to
decrease the hardware cost. Though the underlying principles are widely different, most
of the common neural network techniques can be mapped with classical statistical pattern
recognition techniques. The relationship between neural networks and statistical pattern
recognition is also discussed by Ripley [439] and Anderson et al. [14]. Anderson et al.
shown that neural networks are statistics for amateurs, where the statistics are hidden
from the user. Along with this, neural networks also provide unified approaches for fea-
ture extraction and classification, and can be used to find good, moderately nonlinear
solutions.

Neural networks have been successfully applied in multiple areas of pattern recogni-
tion [227,451,521] and others, like signature verification [170], feature extraction [574],
classification [225,250], demand forecasting [228], fault analysis [186], image classifica-
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tion [4,475], etc.

2.2.5.3 Rough-Neural Approach

Neural networks are able to solve complex problems easily. However, they do not have
the ability to separate the redundant information from huge real life data sets, which
leads to the problems like long training time, too complex network structure, excessive
computation, low converging speed, and so on. a A hybrid technique, called rough-neural
approach [106,542] has been introduced by Hassanien and Slezak [183], which can be used
for rule generation and image classification. The basic study consist of only one input layer,
one hidden layer, and one output layer. The inputs coming from the external environment
is accepted by input layer neurons. The outputs coming from the input layer neurons are
send to the hidden layer neurons. The hidden layer neurons propagate their output to the
output neurons, which are connected to the external environment.

In contrary of a conventional neuron which is having a single valued output, the output
of a rough neuron is a pair of upper and lower bounds. Lingras [286] introduced the concept
of rough neuron in 1996. It was defined using lower bound (L,) and upper bound (U,),
and inputs were assessed relative to boundary values. Rough neuron possess three different
types of connections: input-output connection to L, input-output connection to U,, and
interconnection between U,, and L,,. Rough-neural approach has been successfully applied
in various fields [4,186].

2.2.5.4 Rough-GA Approach

Lingras [288] proposed a rough sets based classification technique using genetic algorithms.
In case of unsupervised learning, this rough sets based genetic encoding is useful in general.
A rough sets genome consists of upper and lower bounds for sets in a partition. It can
generate partitions like the conventional classes or a more general classification scheme
may be provided. A complete description is given in the paper [288], how to design
and implement using rough sets genomes. The algorithm provided the best classification

accuracy when compared with other unsupervised schemes.

2.3 Brief Survey on Dimensionality Reduction

Dimension reduction [43, 68,231, 254] is aimed at identifying a minimal-sized subset of
attributes (features) that are relevant to the target concept [91]. The objective of dimen-
sionality reduction is three-fold: improving the prediction accuracy, providing faster and
more cost-effective prediction, and providing a better understanding of the underlying pro-

cess that generated the data [169]. There are two main methods for dimension reduction:
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feature selection [175,493] and feature extraction [112,493,574]. Few of the commonly

used methods for feature selection and feature extraction are discussed below.

2.3.1 Selection-Based Reduction

The problem of feature selection is defined as follows: given a set of m features, select a
subset of size d, which leads to the smallest classification error. The relationship between
a feature selection algorithm and the measure chosen to evaluate the usefulness of the

feature selection process can be of three main forms: filter, wrapper, and embedded.

2.3.1.1 Filter Methods

When the process of feature selection takes place before the induction step, the process
is known as filter approach, as it filters the non-useful features prior to induction. Filter
methods evaluate the efficiency of the candidate feature subset with respect to the in-
trinsic characteristic of the data only, based on the relationship of each single feature or
in combination with the class label by using some simple statistical measures computed
from the empirical distribution [91,93,173]. The simplest way is ranking the features with
respect to some univariate scoring metric. Then, the top d features are selected according
to their score. Among the large variety of measures found in literature, the most com-
mon types are distance or probabilistic metrics and measures inspired by the information

theory. Moreover, the filter methods are independent of the induction technique.

2.3.1.2 Wrapper Methods

Wrapper approach [254] finds the subset of features in the feature space and evaluate the
performance of the different feature subsets found by calculating the accuracy percentage
with respect to some specific classifier, where the training of the classifier is also performed
with the respective feature subset. In this technique, the feature selection algorithm uses
the learning algorithm as a sub-routine [231]. The general argument in favor of this scheme
is to equal the bias of both the feature selection algorithm and the learning algorithm that
will be used later on to assess the goodness of the solution. The technique has huge
computational overhead because of the induction algorithm that is used to evaluate each
candidate subset of features, which is the main disadvantage of this technique. Another
issue is, in most of the cases, the feature subset selected using this method becomes biased
on the classifier used. Therefore it results in poor performance when different classifier is

used.
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2.3.1.3 Embedded Methods

Embedded methods combine the qualities of filter and wrapper methods. In this scheme,
the classifier or inducer uses its own built-in feature selection algorithm implicitly or ex-
plicitly. The methods to induce logical conjunctions [528] provide an example of this
embedding. Some popular examples of these methods are LASSO [495] and RIDGE [191]
regression which uses its in-built penalization functions for reducing over-fitting. Several
traditional machine learning tools like decision trees or artificial neural networks are also
included in this scheme [353].

2.3.2 Transformation-Based Reduction

Transformation based reduction techniques are commonly known as feature extraction,
that determine an appropriate subspace of dimension d (either in a linear or a nonlinear
way) from the original feature set of dimension m (d < m). Linear transforms, such as
principal component analysis (PCA) [233], independent component analysis (ICA) [43,
68,273, linear discriminant analysis (LDA) [141], and projection pursuit [136], have been
widely used in pattern recognition for feature extraction and dimensionality reduction.
There are several ways to define nonlinear feature extraction techniques. One such method,
which is directly related to PCA, is called the kernel PCA [184,461]. Multidimensional
scaling is another nonlinear feature extraction technique [58,359,455]. Neural networks
are also used for feature extraction [86,142,256,299].

Depending on the data and the transformation process, the reduction techniques are
classified into different categories. In following subsections, we deal with these different
techniques. Generally, the methods are divided into two categories, namely, linear and

non-linear methods.

2.3.2.1 Linear Methods

Data which have linear relationship is called as linear data and others are called as non
linear data. There are a number of techniques available to handle this type of linear

data. Linear discriminant analysis (LDA) [141,210] and principal component analysis
(PCA) [233] fall under this domain.

2.3.2.2 Nonlinear Methods

In real world, most of the data are in the form of non linear. Handling these types of
data for further analysis is difficult. There are many techniques, that can handle this type
of non linear data. Support vector machine (SVM) [479, 569], independent component
analysis (ICA) [43,68,208,273], and multi dimensional scaling (MDS) [85] typically fall

under this domain.
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2.3.3 Dimensionality Reduction Using Fuzzy-Rough Sets

This section presents different methods for dimensionality reduction using fuzzy-rough
sets, which are mostly used and found in the literature. Fuzzy-rough sets [222] encapsulate
the related, but distinct concepts of vagueness (for fuzzy sets [554]) and indiscernibility
(for rough sets), both of which occur as a result of uncertainty in knowledge [111]. A
fuzzy-rough set is defined using two fuzzy sets, fuzzy lower and upper approximations,
that are obtained by extending the corresponding conventional rough set notions. In the
conventional case, elements that belong to the lower approximation are said to belong to
the approximated set with absolute certainty, that means, they have a membership of 1.
In the fuzzy-rough variant, elements may have any membership value in the range of [0,
1], allowing greater flexibility in handling uncertainty.

Fuzzy-rough feature selection (FRFS) [221] provides a means by which discrete or
real valued noisy data (or a mixture of both) can be effectively reduced without the
need for user-supplied information. Moreover, this technique can be applied to data with
continuous or nominal decision attributes, and can be applied to both, regression as well
as classification data sets. The only additional information required is in the form of fuzzy
partitions for each feature that can be automatically derived from the data. This avoids
the need for domain experts to provide information on the data involved and also uses the
advantage of rough sets in that it requires no information other than the data. However,
when such experts are readily available, the knowledge from them can be gathered in the
form of fuzzy data partitions, which improves the transparency of the selection process
and any other future processes (for example, rule induction).

FRFS uses the concept of fuzzy lower approximation to reduce the real valued features
from a given data set. The process is similar to the crisp approach when dealing with
nominal well-defined features. The crisp positive region in traditional rough set theory is
defined as the union of the lower approximations. By the extension principle [555], the

membership of an object x € U, belonging to the fuzzy positive region can be defined by

1posy(Q)(T) = sup pupx (). (2.29)
Xeu/Q
Object x will not belong to the positive region only if the equivalence class it belongs
to is not a constituent of the positive region. This is equivalent to the crisp version, where,
objects belong to the positive region only if their underlying equivalence class does so. In
the similar way, the negative and boundary regions can be defined. In this feature selection
method, the upper approximation is not used.

Using the definition of the fuzzy positive region, the dependency function is defined as
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follows:

’MPOSD»(Q)(w)‘ ZzeUMPOS]P(Q)(UC)

(2.30)

In case of rough sets, the dependency of () on P is the proportion of objects that are
discernible out of the entire data set. In the fuzzy-rough approach, this is calculated as the
fuzzy cardinality of 11pos,(q)(z), divided by the total number of objects in the universe.
The definition of dependency degree covers the crisp case as its specific instance. If a
function pppg,(@)(z) is defined in such a way that returns 1 when the object = belongs to
the positive region, 0 otherwise, then the above definition may be rewritten as

_ [POS(Q)|

1w (Q) = o[ (2.31)

which is identical to (2.15). The fuzzy-rough attribute reduction process should find out
the dependency among various subsets of the original feature set. In case of two condition
attributes, the degree of dependency of the decision feature(s) with respect to P = {a, b}
must be determined. In the rough case, U/P contains sets of objects grouped together that
are indiscernible according to both features a and b. In the rough-fuzzy case, objects may
belong to many equivalence classes, so the Cartesian product of U/IND(a) and U/IN D(b)

must be considered in determining U/P. In general,
U/P=®{U/IND(a) | a € P}; (2.32)
where
AB={XNY | X €AY eB XnNY =0} (2.33)

Each set in U/P denotes an equivalence class. For example, if P = {a, b}, U/IND(a) =
{Na, Z,} and U/IND(b) = {Ny, Zy}, then

U/P = {Ny N\ Ny, Ng 0 Zy, Za O\ Ny, Za 0 Z}. (2.34)

The extent to which an object belongs to such an equivalence class is therefore calculated

by using the conjunction of constituent fuzzy equivalence classes, say F;, ¢ =1,2,--- ,n:

HFiN-NF, (:L') = min[MFl (:C), HFy (I‘), T HE, (:L')] (2'35)
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2.3.3.1 Fuzzy-Rough Max-Dependency

In case of traditional rough sets based attribute reduction [221], a reduct is defined as a
subset R of the features that have the same information content as the full feature set C.
So, practically this means that the values yg(D) and yo(D) are identical (and equal to 1
if the data set is consistent). However, in the fuzzy-rough approach, this situation will not
happen, as the uncertainty, encountered when objects belong to many fuzzy equivalence
classes, results in a reduced total dependency. Here, the degree of dependency of a set of
decision features D can be determined upon the full feature set and can be used as the
denominator rather than |U| (for normalization), allowing =y to reach 1. The features are
combined and selected one at a time and the process terminates when the addition of any

remaining feature does not increase the dependency.

Input: C, the set of all conditional features; D, the set of decision features

Output: R, the reduced feature subset

R« {}7 Vbest = O; Vprev = 0
while Ypest # Yprev do
T+ R

Yprev = Vbest
for each z € (C — R) do

if YRy} (D) > yr(D) then

T+ RU{x}
Yoest = PYT(D)
end
end
R+<T
end
return R

Algorithm 2: Fuzzy-Rough Max-Dependency Algorithm

As the degree of dependency measure is non-monotonic, it is possible that the Quick-
Reduct [83] style search terminates having reached only a local optimum, where the global
optimum may lie elsewhere in the search space. However, the algorithm as presented
(Algorithm 2) is still highly useful in locating good subsets quickly, but the complexity is
high as it adds one feature at a time in the selected subset and calculates the combined
dependency, where the evaluation is needed for all the feature subsets, created by adding
one unselected feature with the already selected features at a time.

Another way of selection may be done reversing the search process, that is, start with
the full set of features and gradually remove the least informative features. This process

is repeated until no more features can be removed without reducing the total dependency.
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Again, this technique is not suitable for high dimensional data sets as the cost of evaluating

these larger feature subsets is too high.

2.3.3.2 Fuzzy-Rough Max-Relevance

As Max-Dependency algorithm has high computational complexity, an alternative ap-
proach is to select features based on maximal relevance or Max-Relevance criterion [315].
Max-Relevance algorithm searches a set of features that approximates Max-Dependency
criterion with the mean value of all dependency values between individual feature and
target class label. The fuzzy-rough based max-relevance (FRMR) is presented in Algo-
rithm 3.

Input: C, the set of all conditional features; D, the set of decision features, S,
required number of features

Output: R, the reduced feature subset

R+ {}
while |R| < S do

R+ RU = (D
arg IerglcafR){v (D)}

end
return R

Algorithm 3: Fuzzy-Rough Max-Relevance Algorithm

An attribute selection method was presented in [327], which is based on rough sets and
max-relevance max-significance (MRMS) criterion. In [315], a rough-fuzzy MRMS based
feature selection method was proposed, which was further improved in [316] using IT2
rough-fuzzy based approach. A rough-fuzzy based simultaneous attribute selection and

feature extraction method was proposed in [314].

2.4 Brief Survey on Clustering

In most of the pattern recognition applications, it is really difficult, or sometimes impos-
sible, to put the unlabeled objects into proper groups. The objective of clustering is to
find out the optimum decision boundaries for the grouping. Clustering is often called
as unsupervised classification which provides a family of procedures that can be used to
find out the natural groups present among the patterns using the similarities measured in
multi-dimensional space. Numerous clustering algorithms are being emerged day-by-day
with increased accuracy and speed [52,69,138,235], which can handle large data set easily.

So it is difficult to put them in a specific category as they may have features similar to the
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methods of different categories. This subsection presents a brief introduction to different

clustering algorithms.

2.4.1 Hierarchical Methods

Here the data objects are hierarchically decomposed [112,493] into certain groups. Based
on the direction of decomposition, the hierarchical method is classified into several cate-
gories. Examples of hierarchical clustering algorithms are Chameleon [242], ROCK [165],
CURE [165], BIRCH [165], etc.

2.4.1.1 Agglomerative

Agglomerative approach [112,493] (for example, AGNES [95,368]) is a bottom up approach
which initially considers each objects as a separate group, and then merges the groups

successively until some terminating criteria is satisfied.

2.4.1.2 Divisive

Divisive approach [459] is a top down one, which initially assumes all the objects in a
same cluster and splits up into smaller clusters in each iteration until some termination

condition is satisfied.

2.4.1.3 Single-Link Clustering

In case of single-link or single-linkage [441] clustering, at each step, the algorithm merges
the two clusters where resulting cluster is having the smallest distance, that is, the two

clusters having the smallest minimum pairwise distance.

2.4.1.4 Complete-Link Clustering

In case of complete-link or complete-linkage [67] clustering, at each step, the two clusters
are merged where the resulting cluster has the smallest diameter, that is, the two clusters

with the smallest maximum pairwise distance.

2.4.1.5 Average-Link Clustering

Average-link or group-average [443] clustering is a compromise between the sensitivity of
complete-link clustering to outliers and the tendency of single-link clustering to form long
chains that do not correspond to the intuitive notion of clusters as compact, spherical

objects.
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2.4.2 Partitioning Methods

The partitioning method [443] generates k-partitions out of n (k < n) objects in the
data set, where each partition represents a cluster. The resulting k clusters together
satisfy the following criteria: (i) each group must contain one object in minimum. (ii)
each sample must be the member of exactly one group only. The scheme is called good
partitioning, where the objects in a same cluster are as close as possible, where as, the
objects of different clusters are far apart. The distance can be measured in various ways.
Examples of partitioning-based clustering algorithms are the k-means algorithm [297,305],
k-modes [204] method, k-mediods (for example, PAM, CLARA [204], CLARANS [124,
368]) algorithm.

2.4.2.1 Error Minimization Algorithms

This category is considered as most frequently used methods, which works best in case of
isolated and compact clusters. The basic idea behind this is to find a clustering solution
by minimizing some error criterion which measure the “distance” of each instance from its
representative point. The sum of squared error (SSE) [112,216] is the most common one,
which measures the total squared Euclidian distance of samples to their representative

points.

2.4.2.2 Graph-Theoretic Clustering

This method produces clusters via graphs. The edges of the graph connect the instances
represented as nodes. A well known graph theoretic algorithm [534] is based on the minimal
spanning tree (MST) [248,422].

2.4.3 Density-Based Methods

Most of the clustering methods, presented in the literature, group the objects based on
the distances between them. These kind of methods can only find spherical clusters and
unable to find the groups of non-spherical arbitrary shapes. Another method for clustering
has been proposed based on density [75,112], where the growth of the clusters continue
till the density among the neighbouring points goes below some threshold, that is, for
every sample in a cluster, atleast a specific number of points must be present around a
given radius. This method is very useful to find out clusters of arbitrary shapes, and
also to filter the noise and outliers. DBSCAN [123] and its extensions, OPTICS [16] are
typical density based methods that grow clusters according to a density-based connectivity
analysis. DENCLUE [189] is a method that clusters objects based on the H-analysis of

the value distributions of density functions.
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2.4.4 Grid-Based Methods

Grid-based methods [112,567] create grid structures by partitioning the object space into
finite number of cells, on which the operations are performed. The densities for each cell
are calculated and the cells are sorted according to the densities. In this way, cluster
centers are found out. The method is advantageous because of its fast processing time, as
it depends on the number of cells in each dimension. WaveCluster [470], STRING [520]
and OptiGrid [190] are some well known grid-based methods. In WaveCluster, wavelet
transformation is applied for clustering analysis and it uses both grid-based and density-
based methods.

2.4.5 Model-Based Clustering Methods

In model-based method [133], a hypothetical model is used to find out the best fit between
itself and the given data. The algorithm searches the clusters by generating some density
function that can model the spectral distribution of the samples. The method is also able to
find out the number of clusters automatically from a data set containing noise and outliers.
Maximum likelihood estimation (MLE) [372] is a very commonly used criterion to estimate
the parameter inside the probability model. COBWEB [127] is an incremental conceptual
learning algorithm that generates the clusters in the form of classification tree. Self-
organizing feature map (SOM) [255] uses the concept of neural network, which generates
the clusters by mapping high dimensional data into lower dimension (2-D or 3-D) feature

map, and so it is helpful for data visualization.

2.4.6 Soft Computing Based Clustering Methods

Soft computing [218, 222, 384] is a recently coined term describing the symbiotic use of
many emerging computing disciplines. The major components of soft computing are the
computing disciplines of fuzzy logic [450], probabilistic reasoning, neural networks [64],
and genetic algorithms [155]. Soft computing brings these disciplines under a common
umbrella. It is a partnership in which each of the partners contributes a distinct method-
ology for addressing problems in its domain. In this perspective, the principal constituent
methodologies in soft computing are complementary rather than competitive.

Soft computing combines the versatility of fuzzy logic to represent qualitative knowl-
edge, with the data-driven efficiency of neural networks to provide fine-tuned adjustments
via local search, with the ability of genetic algorithms to perform efficient coarse-granule
global search. Leveraging the best features of these algorithms results in the development

of hybrid algorithms that are superior to each of their underlying components.
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2.4.6.1 Fuzzy C-Means

The conventional or hard clustering approaches generate different partitions, where each
object belongs to one and only one cluster. Hence, the clusters produced by the hard
clustering algorithms are disjoint. Fuzzy set theory was initially applied to clustering by
Ruspini [450]. Fuzzy clustering [48,358,546] extends the partitioning scheme by associating
each pattern with every cluster using a membership function. Hence, in fuzzy clustering
[48,113], each point does not pertain to a given cluster, but has a degree of belongingness to
a certain cluster, as in fuzzy logic. The output generated by such algorithms is considered
as clustering, but not a partition. For each point x, we have a coefficient giving the degree
of being in the kth cluster ug(z). Usually, the sum of those coefficients has to be 1.

Let, X = {x1,--- ,xj, -+ ,xn} be the set of n objects and V' = {v1,--- ,v;,--- ,v.} be
the set of ¢ centroids (means), where z; € R™, v; € ™, and v; € X. The fuzzy c-means
(FCM) [48] provides a fuzzification of the hard c-means (HCM) [48].

FCM partitions X into ¢ clusters by minimizing the objective function

n C
Te =Y (i)™ [y — vil | (2.36)
j=1i=1
where 1 < ni; < oo is the fuzzifier, v; is the ith centroid corresponding to cluster g;,
wij € [0,1] is the probabilistic membership of the pattern z; to cluster f;, and ||.|| is the
distance norm.

Solving (2.36) with respect to p;;, we get

s 4—1
¢ di; \ ™11
fij = [Z (dkjj> ] ; where d?j = [|lz; — vil? (2.37)

k=1

C n
subject to Z'uij =1,Vj, and 0 < ij < n,Vi.
i=1 j=1

The new centroid is calculated based on the fuzzy memberships of the objects. The

modified centroid calculation for FCM is obtained by solving (2.36) with respect to v;:

n n

1 ; ;
of == (uig)™xj; where ni = ()™ (2:38)
ti=1 J=1

The process begins by randomly choosing ¢ objects as the centroids of the ¢ clusters.
The memberships are calculated based on the relative distance of the object z; to the

centroids {v;} by (2.38). After computing memberships of all the objects, the new centroids
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of the clusters are calculated as per (2.38). The process stops when the centroids stabilize.
That is, the centroids from the previous iteration are identical to those generated in the

current iteration.

2.4.6.2 Possibilistic C-Means

In FCM, the memberships of an object are inversely related to the relative distance of the
object to the cluster centroids. In effect, it is very sensitive to noise and outliers. Also,
from the standpoint of “compatibility with the centroid”, the membership of an object x;
in a cluster §; should be determined solely by how close it is to the mean (centroid) v; of
the class, and should not be coupled with its similarity with respect to other classes. To
alleviate this problem, Krishnapuram and Keller [261] introduced the possibilistic c-means
(PCM). The membership matrix v generated by the PCM is not a partition matrix in the

sense that it does not satisfy the constraint
C
Z Vij =1. (239)
i=1

2.4.6.3 Rough-Fuzzy C-Means

Incorporating both fuzzy and rough sets, a hybrid method is proposed in [321], termed as
rough-fuzzy c-means (RFCM). The RFCM adds the concept of fuzzy membership of fuzzy
sets, and lower and upper approximations of rough sets into c-means algorithm. While the
membership of fuzzy sets enables efficient handling of overlapping partitions, the rough
sets deal with uncertainty, vagueness, and incompleteness in class definition.

Let, A(B;) and A(;) be the lower and upper approximations of cluster 3;, and B(3;)(=
A(B;) — A(B:)) denotes the boundary region of cluster 8;. The RFCM algorithm partitions

a set of n objects into ¢ clusters by minimizing the objective function

Jrr = w X A1 + 0 X By (2.40)

where Ay =) Y lzj— il and Bi=> > (ui)™ ||z — il %

i=1 z;€A(B;) i=1 z;€B(8;)

The parameters w and w correspond to the relative importance of lower approximation

and boundary region. Note that, j;; has the same meaning of membership as that in FCM.
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2.4.6.4 Evolutionary Approaches for Clustering

In this type of algorithms, candidate solutions to the clustering problem are encoded as
chromosomes. A solution is a valid k-partition of the data. The most commonly used
evolutionary operators [71] are: selection, recombination, and mutation. Each transforms
one or more input chromosomes into one or more output chromosomes. A chromosome’s
likelihood of surviving into the next generation depends on a fitness function, which is eval-
uated on a chromosome. The best-known evolutionary techniques are genetic algorithms
(GA) [155,194], evolution strategies (ES) [462], and evolutionary programming (EP) [129].
Out of these three approaches, GAs have been most frequently used in clustering. GAs
represent points in the search space as binary strings and uses the crossover operator to
explore the search space. Mutation is used in GAs for the sake of completeness, that
is, to make sure that no part of the search space is left unexplored. ESs and EPs differ
from the GAs in solution representation and type of the mutation operator used; EP does
not use a recombination operator, but only selection and mutation. Each of these three
approaches has been used to solve the clustering problem by viewing it as a minimization

of the squared error criterion.

2.5 Applications of Fuzzy Sets and Rough Sets

Fuzzy and rough sets have been successfully applied in feature selection [13, 83,246, 323,
396,501, 547,576,578], pattern classification [42,201,234,266,268,361,364,458], clustering
[48,51,72,113,238,358,380,398,450,453,454,505,546], image processing [29,137,212,224,247,
265,318,365,387-390,496,537,537], social media analysis [167], image segmentation [109],
bioinformatics [30,79,84,216,289,348,349,355,357,529], industrial manufacturing [196,381],

medicine [502], etc.

2.5.1 Fuzzy Sets in Pattern Recognition

Fuzzy sets have various applications in the domain of pattern recognition. Few of them

are discussed below.

2.5.1.1 Feature Selection

Fuzzy sets have been successfully applied in various areas of feature selection. Papari
et al. [396] developed a new two-stage approach for accurate modeling and prediction of
tidal current. A novel fuzzy feature selection has been used in the proposed method to
extract the most preferable features from the tidal current speed and direction data set.

The selected features were further used to train a support vector regression for accurate
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prediction. The setting parameters of the proposed model were trained by a new optimiza-
tion algorithm based on the harmony search algorithm to get the most optimal training
targets. The selection of nonredundant and relevant features of real-valued data sets is a
highly challenging problem. A novel feature selection method has been presented in [323]
based on fuzzy-rough sets by maximizing the relevance and minimizing the redundancy
of the selected features. By introducing the fuzzy equivalence partition matrix, a novel
representation of Shannon’s entropy for fuzzy approximation spaces has been proposed
to measure the relevance and redundancy of features suitable for real-valued data sets.
The fuzzy equivalence partition matrix also offers an efficient way to calculate many more
information measures, termed as f-information measures. Feature subset selection for clas-
sification is a well-known pattern recognition problem, where the reduction is expected to
improve the performance of classification algorithms in terms of speed, accuracy and sim-
plicity. The paper [501] focused on a problem called optimal fuzzy-valued feature subset
selection (OFFSS), in which the quality-measure of a subset of features was defined by
both the overall overlapping degree between two classes of examples and the size of feature

subset.

2.5.1.2 Clustering

Fuzzy set theory was initially applied to clustering by Ruspini [450]. Here a general for-
mulation of data reduction and clustering processes has been proposed. These procedures
were regarded as mappings or transformations of the original space onto a representation
or code space subjected to some constraints. Current clustering methods, as well as three
other data reduction techniques, have been specified within the framework of this formu-
lation. Fuzzy clustering [48,358,546] extends the partitioning scheme by associating each
pattern with every cluster using a membership function. In [113], two fuzzy versions of the
k-means, optimal and least squared error partitioning problem, have been formulated by
Dunn for finite subsets X of a general inner product space. In both cases, the extremizing
solutions have been shown to be fixed points of a certain operator T on the class of fuzzy,
k-partitions of X, and simple iteration of 7" provided an algorithm which has the descent
property relative to the least squared error criterion function. A class of fuzzy ISODATA
clustering algorithms has been developed previously which includes fuzzy means. This
class of algorithms has been generalized in [168] to include fuzzy covariances. The re-
sulting algorithm closely resembles maximum likelihood estimation of mixture densities.
Experimental results were presented which indicate that more accurate clustering may be
obtained by using fuzzy covariances. In [239], Karayiannis presented a new approach to
fuzzy clustering, which provides the basis for the development of the maximum entropy
clustering algorithm (MECA). The derivation of the proposed algorithm was based on an

objective function incorporating a measure of the entropy of the membership functions
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and a measure of the distortion between the prototypes and the feature vectors. This
formulation allows the gradual transition from a maximum uncertainty or minimum selec-
tivity phase to a minimum uncertainty or maximum selectivity phase during the clustering
process. The FCM algorithm and its extensions are usually affected by initializations and
parameter selection with a number of clusters to be given a priori. Although there were
some works to solve these problems in FCM, till the time when the algorithm was de-
veloped, there was no work for FCM to be simultaneously robust to initializations and
parameter selection under free of the fuzziness index without a given number of clusters.
In [546], a robust learning-based FCM framework has been constructed Yang and Natal-
iani, called as robust-learning FCM (RL-FCM) algorithm, which was free of the fuzziness
index m and initializations without parameter selection, and was also able find the best

number of clusters automatically.

2.5.1.3 Classification

Fuzzy sets have also been used for pattern classification [268]. Colorectal polyps affect a
large percentage of the population all over the world, and they can be a basis for more
serious conditions such as cancers. In [364], a fuzzy decision method for finding polyps
on a colonoscopy image has been presented. As a first step, the image taken during the
colonoscopy was cut into tiles of size N by N, thus a rough localization of the lesion within
the picture can also be possible. The work [361] by Muniategui was on the development
of a monitoring system of a spot welding production line. Here the process information
and photographs of more than 150,000 parts have been used to improve the predictions of
the previously developed fuzzy algorithm to predict the degradation state of the electrode.
An alternative method has also been presented based on deep-learning that aimed at
substituting the image analysis software to extract values associated with the quality
level of the welded parts from photographs. In [458], a new automatic approach has
been introduced, named as FEmoRec, for emotional context recognition from online social
networks that applied a semantic similarity measure based on multi-layer perceptron neural
net model. Here, it was assumed that a tweet may belong to many emotional categories
with different membership degrees. The tweet has been classified by computing an emotion
vector that represents the tweet’s fuzzy membership values to Ekman’s emotion classes.
Intrusion detection system (IDS) is an auditing mechanism that analyzes the traffic system
and applications to identify normal use of the system and an intrusion attempt and also
it prevent security managers. In [42], a new genetic fuzzy system (GFS) model has been
used, called as genetic programming fuzzy inference system for classification (GPFIS-
Class), which was based on multi-gene genetic programming (MGGP). An efficient feature
selection method has also been used to eliminate data redundancy and irrelevant features
in order to analyze the huge data namely the NSL-KDD data set.

51



2.5.1.4 Image Analysis

Fuzzy sets have been successfully applied in different areas of image processing [29, 137,
247,318, 387-390,496,537]. In [29], a new image retrieval scheme has been presented us-
ing visually significant point features. The clusters of points around significant curvature
regions (high, medium, and weak type) have been extracted using a fuzzy set theoretic
approach. Some invariant color features have been computed from these points to evalu-
ate the similarity between images. A set of relevant and non-redundant features has been
selected using the mutual information based minimum redundancy-maximum relevance
framework. The relative importance of each feature has been evaluated using a fuzzy
entropy based measure, which was computed from the sets of retrieved images marked
relevant and irrelevant by the users. The paper [137] proposed an alternative and itera-
tive image retrieval system which takes into account the subjectivity of human perception
of visual content. The proposed system uses a dynamic similarity measure based on the
Choquet integral. Both positive and negative user’s feedback have been modeled by fuzzy
sets, and were used to refine the feature relevance weights. The experimental results on
more than 3000 texture images illustrate the learning behaviour of the retrieval system.
A robust thresholding technique has been proposed in [318] for segmentation of brain MR
images. It was based on the fuzzy thresholding techniques. Its aim was to threshold the
gray level histogram of brain MR images by splitting the image histogram into multiple
crisp subsets. The histogram of the given image has been thresholded according to the
similarity between gray levels. The similarity has been assessed through a second order
fuzzy measure such as fuzzy correlation, fuzzy entropy, and index of fuzziness. In [387],
some new geometrical properties, e.g., length, breadth and index of area coverage (IOAC)
of a fuzzy set along with their computational aspects have been introduced. An algorithm
for providing both fuzzy and nonfuzzy segmentation based on these measures has also
been proposed. A concept of correlation between two properties (fuzzy representations) of
an image has been introduced in [388]. A set of algorithms for image segmentation (both
fuzzy and nonfuzzy) has been formulated. The spatial information was taken care of by
the following measures: transitional correlation and within-class correlation. Effectiveness
of various fuzzy thresholding techniques (based on entropy of fuzzy sets, fuzzy geometrical
properties, and fuzzy correlation) has been demonstrated in [389] on remotely sensed (IRS
and SPOT) images. A new quantitative index for image segmentation using the concept of
homogeneity within regions has been defined. Results were compared with those of prob-
abilistic thresholding, and fuzzy c-means and hard c-means clustering algorithms, both in
terms of index value (quantitatively) and structural details (qualitatively). Algorithms for
automatic thresholding of grey levels (without reference to histogram) have been described

in [390] using the terms index of fuzziness and entropy of a fuzzy set. Their values were
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seen to be minimum when the crossover point of an S-function corresponds to boundary
levels among different regions in image space. Methods for histogram thresholding based
on the minimization of a threshold-dependent criterion function might not work well for
images having multimodal histograms. In [496], an approach has been proposed to thresh-
old the histogram according to the similarity between gray levels. Such a similarity has

been assessed through a fuzzy measure.

2.5.2 Rough Sets in Pattern Recognition

There are various applications of rough sets available in the literature, which are in the

domain of pattern recognition. Few of them are discussed below.

2.5.2.1 Feature Selection

Rough set attribute selection is utilized when the attributes are of discrete values [83,
327], whilst fuzzy-rough approaches are employed where attributes have continuous values.
Methods in both categories use the concept of dependency for finding reducts. One of the
well-known methods is the so called Quick-Reduct [83] that uses dependency. It does not
guarantee to find minimal reduct as it employs a greedy algorithm which is a forward search
and capable of being trapped in a local optimum. The rough set based MRMS criterion
is also used in [327] for attribute selection task. Also, neighborhood rough sets [198] are
found to be suitable for both numerical and categorical data sets. Neighborhood rough set
based feature selection algorithm of Hu et al. [198] is based on Max-Dependency criterion.
In [326], Maji and Paul used rough sets for the selection of molecular descriptors to predict
biological activity of molecules in quantitative structure activity relationship (QSAR) data
sets. The algorithm selects a set of effective molecular descriptors from a given QSAR
dataset by maximizing both relevance and significance of the descriptors. One of the major
issues of rough-fuzzy clustering is how to decide whether some objects are to be put in lower
approximation or boundary region of a cluster. Rough hypercuboid approach [312,526] can
implicitly partition the objects into lower approximation and boundary region of clusters,
without the need of any user specified parameter.

Many different approaches have been employed to combine with a rough set feature
selection in order to find the minimal reduct accurately in a reasonable time. These
past researches can be categorized into two classes, namely, search-based strategies and
evaluation measure based methods. Among the search-based strategies, Wang et al. [517]
developed a rough set based method using nearest neighbour search for reducing computa-
tion complexity of indiscernibility relation in rough set attribute reduction. Ke et al. [246]
proposed a modification on solution construction and pheromone update of ACO for find-

ing minimal reduct. In [545], Yang and Yang proposed a method based on rough sets
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and tree structure for finding reduct to save more space in feature selection. Ming [351]
combined rough set and ACO for feature selection, while Yao [547] introduced a SVM
based feature selection for credit scoring. Anaraki and Eftekhari [13] proposed a new
stopping criterion for Quick-Reduct algorithm. Some evaluation measures based dimen-
sionality reduction methods are also proposed using rough sets. Zhong and Dong [576]
proposed a method based on rough sets and heuristic to evaluate features. In [578], Zhong
and Skowron hybridized the generalized distribution table and rough sets for discovering
classification rules. Chouchoulas and Shen [83] applied rough set theory for information
filtering and information retrieval. Swiniarski and Skowron [487] merged rough set theory
with principal component analysis for feature selection. In [564], Zhang et al. proposed
one method by employing inclusion degree, evidence reasoning theory and rough sets for
feature selection. Zhang and Yao [565] proposed a modification of lower approximation
and introduced a feature support measure and reduct quality measure. Qian et al. [427]
proposed a technique called “positive approximation” for compact feature selection compu-
tation. Parthalain et al. [400] used the tolerance rough set model to deal with real-valued
data and proposed a distance measure to discover information from boundary region. Hu
et al. [195] proposed a new attribute reduction based on discernibility matrix and attribute
frequency information.

Combining fuzzy [150, 436, 438] and rough sets provides an important direction in
reasoning with uncertainty for real valued data sets [110,220]. They are complementary
in some aspects. The generalized theories of rough-fuzzy computing have been applied
successfully to feature selection of real valued data [199,220,323,325]. The fuzzy-rough
quick reduct algorithm of Jensen and Shen [220] is based on Max-Dependency criterion,
while Maji and Pal [323] used the mRMR criterion for the feature selection based on
f-information measures in fuzzy approximation spaces. In [312], a rough hypercuboid
approach is presented for feature selection in approximation spaces. In [315], a rough-
fuzzy MRMS based feature selection method was proposed, which was further improved in
[316] using IT2 rough-fuzzy based approach. A rough-fuzzy based simultaneous attribute

selection and feature extraction method was proposed in [314].

2.5.2.2 Clustering

The theory of rough sets has been widely used for clustering in approximation spaces
[320, 321, 330]. In [289], Lingras and West introduced a new clustering method called
rough c-means (RCM), which describes a cluster by a prototype (center) and a pair of
lower and upper approximations. The lower and upper approximations have different
weight parameters that are used to compute the new centers.

Combination of fuzzy sets and rough sets provides an effective way to solve this uncer-
tainty problems [110,220,571]. Combining both rough and fuzzy sets, Mitra et al. [356]
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proposed a new c-means algorithm, where each cluster consists of a fuzzy lower approxi-
mation and a fuzzy boundary. Each object in lower approximation takes a distinct weight,
which is its fuzzy membership value. Integrating both rough and fuzzy sets, Maji and
Pal proposed rough-fuzzy c-means (RFCM) algorithm [321], encapsulating two related
and complementary, but distinct concepts used to represent the uncertainty in knowledge,
vagueness (used in fuzzy set), and indiscernibility (used in rough sets). Each cluster in
the RFCM consists of two disjoint regions, a crisp lower approximation, surrounded by
an uncertain fuzzy boundary. Each object in lower approximation solely belongs to that
cluster and has same weight, resulting a similar influence on the corresponding cluster and
centroid updation. The algorithm provides the boundary region with gradual membership
values, which can group the objects well in a data set with the presence of uncertainty.
A cluster can be represented by its center, lower approximation and boundary region. A
generalized hybrid algorithm, termed as rough-fuzzy possibilistic c-means (RFPCM), has
also been proposed in [321]. The algorithm has been further extended to robust rough-
fuzzy c-means (rRFCM) [330], where possibilistic lower approximation is surrounded by a
probabilistic boundary region for any cluster. The possibilistic lower approximation helps
to discover clusters having various shapes. In [408], a city block distance based rough-fuzzy
clustering was proposed for identification of co-expressed microRNAs. In [145], a gener-
alized interval type-2 fuzzy c-means algorithm was proposed based on rough hypercuboid

approach.

2.5.2.3 Classification

The techniques of rough sets are also used for classification. In [266], an optimistic multi-
granulation rough set based classification technique (OMGRS) has been developed for
medical diagnosis. This research used rough set based data mining techniques for medical
data to discover locally frequent diseases. Multi-granulation rough set provides efficient
results than single granulation rough set model and soft rough set based classifier model.
Chen et al. [79] developed a gene selection technique for tumor classification using neigh-
borhood rough sets and entropy measures. The research addresses an entropy measure
under the frame of neighborhood rough sets for tackling the uncertainty and noisy of gene
expression data, resulting a discovery of compact gene subsets. In [274], a rough set based
approach was introduced to discover classification rules through a process of knowledge
induction, which selects decision rules with a minimal set of features for classification of
real valued data. A rough set knowledge discovery framework was formulated for the anal-
ysis of interval-valued information systems converted from real-valued raw decision tables.
In [499], the authors presented two classification approaches based on rough sets, that were
able to learn decision rules from uncertain data. It was assumed that the uncertainty exists

only in the decision attribute values of the decision table and is represented by the belief
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functions. The first technique, named belief rough set classifier (BRSC), was based only
on the basic concepts of the rough sets. The second, called belief rough set classifier, was
more sophisticated. It was based on generalization distribution table (BRSC-GDT), which
was a hybridization of the generalization distribution table and the rough sets (GDT-RS).
The two classifiers aimed at simplifying the uncertain decision table (UDT) in order to

generate significant decision rules for classification process.

2.5.2.4 Image Analysis

Rough set techniques can readily be applied for image analysis, including medical image
processing and analysis. Kumar et al. [265] proposed a rough set based image-adaptive
reference watermarking scheme based on DWT and SVD to solve the problem of image
ambiguity and statically redundant wavelet coefficients. Here, the lower and upper ap-
proximation of wavelet sub-bands has been computed by considering the threshold wavelet
coefficients. In [234], Jothi et al. developed a hybrid tolerance rough setfirefly based su-
pervised feature selection for MRI brain tumor image classification. Different categories
of features are extracted from the segmented MRI images, that is, shape, intensity and
texture based features. Tolerance rough set (TRS) and firefly algorithm (FA) were used to
select the imperative features of brain tumor. Garimella et al. [149] proposed few features
based on information theory for image retrieval and a concept of probabilistic filtering for
image processing. They also proposed a hybrid approach for image retrieval that combines
annotation approach with content based image retrieval approach, and used rough set the-
ory for audio/video object retrieval from multi-media databases. Banerjee and Maji [27]
used rough sets for bias field correction in MR images using contraharmonic mean.

In [365] a soft fuzzy rough set-based MR brain image segmentation technique has been
proposed that can handle the uncertainty related to the vagueness (fuzzy), indecernability
(rough sets) in a parameterized representation (soft sets). To avoid local minima, it uses
histogram based centroid initialization for choosing initial centroids for clustering. Islam
et al. [212] developed a content-based image retrieval (CBIR) system and applied on some
image databases using two MPEG-7 image descriptors. The method uses several sophisti-
cated fuzzy-rough feature selection methods and combines the results of these methods to
obtain a prominent feature subset for image representation for a particular query. Sarkar
et al. [457] developed a rough possibilistic type-2 fuzzy c-means clustering for MR brain
image segmentation. In [28], Banerjee and Maji presented a rough-probabilistic clustering
and hidden Markov random field model for segmentation of HEp-2 cell and brain MR
images. The algorithm integrates the merits of rough sets and a new probability distribu-
tion, called stomped normal (SN) distribution. Maji and Roy [334] proposed an algorithm
for segmentation of brain tumor from MR images, which integrates the merits of rough-

fuzzy computing and multi-resolution image analysis technique. To extract the scale-space
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feature vector for each pixel of brain region, the dyadic wavelet analysis was used, while
an unsupervised feature selection method, based on maximum relevance-maximum signifi-
cance criterion, was used to select relevant and significant textural features for brain tumor
segmentation. In [332], the authors introduced a rough-fuzzy clustering and multiresolu-
tion image analysis technique for text-graphics segmentation, where M-band wavelet packet
was used to extract scale-space features for document image. In [333], a rough-fuzzy clus-
tering and unsupervised feature selection technique was proposed for wavelet based MR

image segmentation.

2.5.2.5 Bioinformatics

Rough sets have been applied [357] mainly to microarray gene expression data, in mining
tasks like classification [348,349], clustering [216, 289, 355], and feature selection [30, 84].
Classification rules (in if-then form) have been extracted from microarray data [349], us-
ing rough sets with supervised learning. The underlying assumption is that the associ-
ated genes are organized in an ontology, involving super and subclasses. This biological
knowledge is utilized while generating rules in terms of the minimal characteristic fea-
tures (reducts) of temporal gene expression profiles. A rule is said to cover a gene if the
gene satisfies the conditional part, expressed as a conjunction of attribute-value pairs. The
rules do not discriminate between the super and subclasses of the ontology, while retaining
as much detail about the predictions without losing precision. Gastric tumor classifica-
tion in microarray data was made using rough set based learning [348], implemented with
ROSETTA involving GAs and dynamic reducts [529]. The fitness function incorporates
measures involving the classification performance (discernibility) along with the size of the
reduct. Thereby precedence provides to solutions having less number of attributes.

The rough c-means clustering algorithm can be used to the microarray gene expression
data, where the concept of hard c-means is extended by viewing each cluster as an interval
or rough set [289]. An evolutionary rough c-means clustering algorithm has been applied to
microarray gene expression data [355]. Here, rough sets were used to model the clusters in
terms of upper and lower approximations, while GAs were used to tune the threshold, and
relative importance of upper and lower approximation parameters of the sets. The Davies-
Bouldin clustering validity index [216] is used as the fitness function of the GA, which is
minimized while arriving at an optimal partitioning. Expression profiling of miRNAs
generates a huge volume of data. Complicated networks of miRNA-mRNA interaction
create a big challenge for scientists to decipher this huge expression data. In order to
extract meaningful information from expression data, the application of robust rough-
fuzzy c-means (rRFCM) algorithm is presented in [406] to discover co-expressed miRNA
clusters. The paper [409] presented a clustering algorithm in order to extract meaningful

information from miRNA expression data, which judiciously integrated the merits of rough
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sets, fuzzy sets, the c-means algorithm, and the normalized range-normalized city block
distance to discover co-expressed miRNA clusters. The city block distance has been used
to compute the membership functions of fuzzy sets and to find initial partition of a data
set, and therefore helped to handle minute differences between two miRNA expression
profiles.

An evolutionary rough feature selection algorithm has been developed in [30] for clas-
sifying microarray gene expression patterns. Since the data typically consists of a large
number of redundant features, an initial redundancy reduction of the attributes was done to
enable faster convergence. Thereafter rough sets theory was employed to generate reducts,
which represent the minimal sets of non-redundant features that are capable of discerning
between all objects, in a multiobjective framework. The effectiveness of the algorithm was
demonstrated on three cancer data sets, viz., colon, lymphoma, and leukemia. While Chu
et al. [84] generated a five-genes set for 100% correct classification on the lymphoma data
in the NF framework, Banerjee et al. [30] obtained a misclassification for just two samples
from the test data using a two-genes set. In [407], a pHEM based identification technique
was proposed for differentially expressed miRNAs using hypercuboid equivalence partition
matrix. Among the large number of miRNAs present in a microarray data, a modest
number might be sufficient to classify human cancers. Hence, the identification of differen-
tially expressed miRNAs is an important problem particularly for the data sets with large
number of miRNAs and small number of samples. In [407], an approach has been reported
for in silico identification of differentially expressed miRNAs from microarray expression
data sets. Paul and Maji [410] presented a gene ontology based quantitative index, termed
as degree of functional diversity (DoFD), to quantify the functional diversity of a set of
genes selected by any gene selection algorithm. A new gene selection algorithm was also
presented there, integrating the merits of both DoFD and RSMRMS,; to select relevant and
significant genes those are also functionally diverse. Another technique proposed by Paul
and Maji [411] was regarding the use of gene expression and proteinprotein interaction

data for identification of colon cancer related genes using f-information measures.

2.5.2.6 Data and Web Mining

Rough sets theory has been used for data and web mining using the feature selection and
clustering tasks such as calculating centroids, fixing negative and positive regions, finding
cluster labels, finding topics using the similarity measure calculation and cluster content
discovery. The detection of outliers is a major issue in the clustering process where there is
uncertainty to be addressed, such as whether the outlier can be put in an existing cluster
or two outliers can form a new cluster. Document clustering is one of the important jobs
in web mining, which can be done efficiently using rough sets.

Questier et al. [429] proposed one method where rough sets theory was used to con-
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struct, under supervision, reducts for reducing the number of features without labels.
Apart from the hierarchical method, the feature selection method can also be applied,
combined with the clustering method, which is useful for document clustering. A heuristic
algorithm based on rough set theory to learn about the feature subset has been proposed
by Zhang et al. [287]. Starzyk et al. [213] introduced an algorithm to find the set of all
reducts in a much shorter time, compared to the elimination method. An unsupervised
algorithm was proposed by Jaganathan et al. [215] for clustering datasets without knowing
the decision attribute for feature selection. In [2], rules were extracted to carry out two-fold
data clustering, data discretization, and attribute selection. In [580], the authors analyzed
a feature selection method with certain basic properties covering generalized rough sets,
and a set of axioms proposed to characterize the covering lower approximation operation
for document clustering. Rough set based feature selection has been implemented in [400],
using a distance measure for document clustering. Rough set-based techniques were used
by Mazlack et al. [340] to select clustering attributes. The ITDR was proposed by In-Kyoo
Park et al. [397] as an alternative method for categorical data clustering, varying from the
baseline method and rough set attribute reliance upon the rough entropy being calculated

by the categorically-valued information system.

2.6 Conclusion

Due to the increment of data acquisition speed and decrement of the cost of both storage
and computing power, people are now having access to large amount of data, that are
mostly high-dimensional. In order to extract meaningful information, different pattern
recognition and data mining techniques can be applied to the data set. Most of the data
gathered from real life sources are imprecise in nature. In this background, fuzzy-rough
sets is a well known tool that can handle uncertainties, vagueness, and incompleteness
associated with data. Hence, some novel techniques can be developed to reduce the di-
mension in the uncertain environment. As mentioned in Section 2.1.1.3, dimensionality
reduction using attribute selection is one of the important problems encountered in pat-
tern recognition, machine learning, and related domains. A feature selection method is

presented in next chapter, which is based on fuzzy-rough sets.
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Chapter 3

Fuzzy-Rough Sets for Relevant
and Significant Attribute Selection

3.1 Introduction

Attribute or feature selection is a process of selecting a map by which a sample in an m-
dimensional measurement space is transformed into an object in a d-dimensional feature
space, where d < m. The main objective of this task is to retain the optimum salient
characteristics necessary for the pattern recognition process and to reduce the dimension-
ality of the measurement space so that effective and easily computable algorithms can be
devised for efficient classification [101,112,382].

The problem of attribute selection has two aspects, namely, formulation of a suitable
criterion to evaluate the goodness of a feature set and searching the optimal set in terms
of the criterion [169]. In general, those features are considered to have optimal salien-
cies for which interclass (respectively, intraclass) distances are maximized (respectively,
minimized). The criterion of a good feature is that it should be unchanging with any
other possible variation within a class, while emphasizing differences that are important
in discriminating between patterns of different classes [92,393].

The conventional feature selection is based on the minimal classification error, which
usually requires the maximal statistical dependency of the sample categories or class labels
on the data distribution in the reduced feature space. This scheme is called maximal
dependency or Max-Dependency, in which, the task of feature selection is to find a feature
subset from the whole feature set, which jointly have the largest dependency on the target
class [34,202,269]. However, the main drawback of this approach is the slow computational
speed. Also, the joint dependency of the features for high dimensional real life data
sets cannot be estimated correctly [105,416]. Hence, although Max-Dependency feature

selection might be useful to select a very small number of features, it is not appropriate
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for real life applications where the aim is to achieve high classification accuracy with a
reasonably compact set of features.

As the Max-Dependency criterion is hard to implement, an alternative is to select
features based on maximal relevance or Max-Relevance criterion. Max-Relevance is to
search a set of features that approximates Max-Dependency criterion with the mean value
of all dependency values between individual feature and target class label. However,
Max-Relevance criterion does not consider the joint effect of features on the target class.
Moreover, it is likely that features selected according to Max-Relevance could have rich
redundancy, that is, the dependency among these features could be large [89,173].

Some feature selection methods have been reported to reduce redundancy among the
selected features directly based on minimal redundancy or Min-Redundancy criterion [61,
188] or indirectly based on maximal significance or Max-Significance criterion [326-328].
Min-Redundancy criterion has also been studied in principal component analysis (PCA)
and independent component analysis (ICA) [112,207], which aims to find nonredundant
features in a transformed domain. Combining redundancy or significance criterion with
relevance criterion, minimal redundancy-maximal relevance (mRMR) [105, 323,416] and
maximal relevance-maximal significance (MRMS) [326-328] criteria have been proposed
to select relevant and nonredundant or significant features.

An optimal feature subset selected by a feature selection algorithm is always relative
to a certain feature evaluation index. In general, different indices may lead to different
optimal feature subsets [92,93]. However, every index tries to measure the discriminating
ability of a feature or a subset of features to distinguish different class labels or sample
categories. To compute the effectiveness of a feature or a subset of features, different
statistical measures, Euclidean distance [105], mutual information [34,202,269], class sep-
arability index [101], Davies-Bouldin (DB) index [94], Dunn index [50], and fuzzy feature
evaluation index (FFEI) [385] are widely used. One of the main problems in real life data
analysis is uncertainty. Some of the sources of this uncertainty include incompleteness and
vagueness in class definitions. In this background, the possibility concept introduced by the
theory of rough sets [414] has gained popularity in modeling and propagating uncertainty.
It has been applied to reasoning with uncertainty, fuzzy rule extraction and modeling,
classification, clustering, and feature selection [222,311,319-322, 324,325,392, 414].

The theory of rough sets can be used to find a subset of informative features from the
original attributes of a given data set with discretized attribute values [83,327]. While the
quick reduct algorithm of Chouchoulas and Shen [83] is based on the principle of Max-
Dependency criterion, the MRMS criterion is used in [327] for attribute selection task.
However, there are usually real valued data and fuzzy information in real world applica-
tions. In the theory of rough sets, the real valued features are divided into several discrete

partitions and the dependency or quality of approximation of a feature is calculated. The
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inherent error that exists in discretization process is of major concern in the computa-
tion of the dependency of real valued features. Combining fuzzy [150,436,438] and rough
sets provides an important direction in reasoning with uncertainty for real valued data
sets [110,220]. They are complementary in some aspects. The generalized theories of
rough-fuzzy computing have been applied successfully to feature selection of real valued
data [199, 220, 323, 325]. Also, neighborhood rough sets [198] are found to be suitable
for both numerical and categorical data sets. The fuzzy-rough quick reduct algorithm of
Jensen and Shen [220] and neighborhood rough set based feature selection algorithm of
Hu et al. [198] are based on Max-Dependency criterion, while the feature selection method
based on f-information measures in fuzzy approximation spaces of Maji and Pal [323] uses
the mRMR criterion.

In this regard, a fuzzy-rough feature selection method (FR-MRMS) is presented in
this chapter, integrating judiciously the merits of fuzzy-rough sets and MRMS criterion,
to provide a means by which real valued noisy features can be effectively reduced without
the need for user-specified information. The proposed method selects a subset of features
or condition attributes from the whole feature set by maximizing the relevance and signifi-
cance of the selected features. Both relevance and significance of the features are computed
using the concept of fuzzy positive regions of fuzzy-rough sets. Hence, the only information
required in the proposed feature selection method is in the form of fuzzy partitions or infor-
mation granules for each condition attribute. The 7 function in the one dimensional form
is used to generate fuzzy information granules corresponding to each condition attribute,
where the centers and radii of the 7 functions can be determined automatically from the
distribution of training patterns. The fuzzy positive regions of decision attributes or class
labels are computed based on the concept of fuzzy equivalence partition matrix [323]. The
method can be applied to regression as well as classification problems with continuous
decision attributes. The effectiveness of the proposed FR-MRMS method, along with a
comparison with other methods, is demonstrated on a set of benchmark and microarray
gene expression data sets using the predictive accuracy of nearest neighbor rule, support
vector machine, and decision tree. Some of the results, presented in this chapter, are also
reported in [313,315].

The structure of rest of this chapter is as follows: Section 3.2 presents the proposed
fuzzy-rough attribute selection method. Classifiers and data sets used in the experiments
are described in Section 3.3. A few case studies and a comparison with other methods are

reported in Section 3.4. Concluding remarks are given in Section 3.5.
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3.2 Fuzzy-Rough Attribute Selection Method

This section presents a feature selection algorithm, integrating judiciously the theory of

fuzzy-rough sets and merits of the MRMS criterion.

3.2.1 Fuzzy-Rough MRMS Method

The real life high dimensional data set may contain a number of irrelevant and insignificant
features. The presence of such features may lead to a reduction in the useful information.
The selected feature subset should contain the features those have high relevance with
the classes and high significance in the feature set. The features with high relevance are
expected to be able to predict the classes of the samples. In contrast, the presence of
insignificant features in the subset may degrade the prediction capability. On the other
hand, a feature set with high relevance and high significance enhances the predictive
capability. Accordingly, a measure is required that can assess the effectiveness of a feature
set. In this chapter, the theory of fuzzy-rough sets is used to select relevant and significant
features from a data set.

Let C={A,---, Ai,-- , Aj,- -+, A} be the set of m condition attributes or features
of a given data set and S C C with cardinality d < m is the set of selected features.
Define v.4,(D) as the relevance of the feature A; with respect to the class labels D while
o(a;,4;3 (D, A;) as the significance of the feature A; with respect to the set {A4;, A;}. The

average relevance of all selected features is, therefore, given by

R=< 3 74,D); (3.1)
Ellrw=t

while the average significance among the selected features is

D> {opaay (D A) + 04,4, (D, A}

.Aﬁﬁ.AjES
S — 3.2
SIS 1) 3.2)
> 29i4,4,3(D) = {74,(D) + 74, (D) }
that is, § — 74 (3.3)

SIS = 1)

Therefore, the problem of selecting a set S of d relevant and significant features from

the whole set C of m features is equivalent to optimize R and S simultaneously:

max C(R,S), C=wR+(1-w)S. (3.4)
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where 0 < w <1 is a weight parameter and the operator C(R,S) is defined to combine R
and S.

3.2.2 Computation of Relevance and Significance

Both relevance and significance of a feature are calculated based on fuzzy-rough set theory.
Given a finite set U, C is a fuzzy attribute set in U, which generates a fuzzy equivalence
partition on U. If ¢ denotes the number of fuzzy equivalence classes generated by the
fuzzy equivalence relation and n is the number of objects in U, then c-partitions of U
can be arrayed as a (¢ X n) matrix Mg, termed as fuzzy equivalence partition matrix
(FEPM) [323], which is denoted by

C C C
mll m12 DY mln
C C C
mg; Mgy ... M
mG mS ... mE,
where m% € [0,1] represents the membership of object x; in the ith fuzzy equivalence

partition or class Fj.

Definition 3.1 The relevance of the condition attribute A; with respect to the decision

attribute set D can be defined as follows:

1 n
(D) =~ 0 <~a (D) <1: d
v4,(D) n;@, <y4,D)<1; an

. A; . A; D
Kj = SI;P{SUP{mm{msj ,1rllf{max{1 —mZ  my - (3.6)
S
The family of normal fuzzy sets produced by a fuzzy partitioning of the universe of
discourse can play the role of fuzzy equivalence classes. In general, the 7 function in the
one dimensional form is used to assign membership values to different fuzzy equivalence
classes for the input features. A fuzzy set with membership function 7 (z;¢, o) represents

a set of points clustered around ¢, where

N2
2(1—@) for $ <|lz—¢|]| <o

_ 82
m(x;¢,0) = 1_2(\|I;CH> for 0<|jz—¢|| <3 (3.7)
0 otherwise
where o > 0 is the radius of the 7 function with ¢ as the central point and || - || denotes the

Euclidean norm. When the pattern z lies at the central point ¢ of a class, then ||z —¢|| =0
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and its membership value is maximum, that is, 7(¢; ¢,0) = 1. The membership value of a
point decreases as its distance from the central point ¢, that is, ||« — ¢|| increases. When
|l — ¢|| = (%), the membership value of the object z is 0.5 and this is called a crossover
point [395].

The ¢ xn FEPM M 4,, corresponding to the ith feature A;, can be calculated from the
c-fuzzy equivalence classes of the objects x = {z1,...,2;,...,2,}, where

it = Zr(asj;Ck,ak) ‘

> w(wjie, o)

=1

(3.8)

In effect, each position m;:‘ji of the FEPM M 4, must satisfy the following conditions:
C
mig €[0,1); Y mpi =1,¥j and
k=1

for any value of k, if s = arg m]ax{m;:b?}, then mjax{m;jji} = mlax{mf;i} > 0.

In the present work, three fuzzy equivalence classes, namely, low, medium, and high,

are considered. Corresponding to three fuzzy sets (¢ = 3), the following relations hold:

€1 = Clow(Ai); €2 = Cmedium (Ai); €3 = Chign(A;)

01 = Olow(Ai); 02 = Omedium (Ai); 03 = Ohigh(Ai).

Each real valued feature in quantitative form can be assigned to different fuzzy equiv-
alence classes in terms of membership values using the 7 fuzzy set with appropriate ¢ and
0. The centers and radii of the 7 functions along each feature axis can be determined
automatically from the distribution of training patterns or objects [394]. Let m; be the
mean of the objects © = {x1,...,2;,...,2,} along the ith feature A;. Then m;, and m;,
are defined as the means, along the ith feature, of the objects having co-ordinate values
m;) and (m;, A denote the

upper and lower bounds of the dynamic range of feature A; for the training set. For three

imax), T€SpPectively, where A; . and A; .

in the range [A;_. ,
fuzzy sets low, medium, and high, the centers and corresponding radii are as follows [394]:
Clow (Ai) = M5 Cmedium (Ai) = M5 Chigh(Ai) = My, (3.9)

Ulow(Ai) = 2(émedium(Ai)_Elow(Ai))
Ohigh(Ai) = 2(Chigh(Ai) — Cmedium (Ai)) (3.10)
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Umedium(Ai) = m [0' low (Az) Aimax - Cmedium(-Ai))

(3.11)
+ Ohigh (Ai) (Cmedium (Ai) — Ai )]

where 1 is a multiplicative parameter controlling the extent of the overlapping. The
distribution of objects along each feature axis is taken into account, while computing the
corresponding centers and radii of three fuzzy sets. Also, the amount of overlap between
three fuzzy sets can be different along the different axis, depending on the distribution of
the objects.

To calculate the significance of a condition attribute, the joint relevance vy 4, Aj}(]D))
between two attributes \A; and A; needs to be computed. The construction of resultant
FEPM My, 4,1 is necessary for computing the joint relevance. Let ¢; and c¢; be the
number of fuzzy equivalence classes generated by the condition attributes A; and A;,
respectively. If r is the number of resultant fuzzy equivalence partitions, then the (r x n)

FEPM M4, 4,} can be computed as follows:

Miga;,a,3 = Ma; "My, (3.12)

{Ais A} A g
kl - ql » M —

work, three fuzzy equivalence classes are considered, that is, ¢; = ¢; = 3.

where m m;;}" nm (p—1)cj+4q, and max{c;,¢;} <r < c¢iej. In the present

3.2.3 FR-MRMS Algorithm

Following greedy algorithm is used to solve (3.4) based on the theory of fuzzy-rough sets:
e Input: Original set C = {Ay,..., Ax,..., An}.

e QOutput: Reduced set S.

1. Initialize C « {A1,..., Ai,.. ., Aj, ..., An}, S « 0.

2. Calculate the centers and radii of three 7 fuzzy sets for each feature 4; € C according
to (3.9), (3.10), and (3.11).

3. Construct the FEPM M 4, for each feature A; € C according to (3.8).
4. Calculate the relevance v.4,(ID) of each feature A; € C according to (3.6).

5. Select feature A; as most relevant feature that has highest relevance value 74, (D).
In effect, A; € S and C = C\ A;.

6. Repeat the following four steps until C = () or the desired number of features d is

selected.
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(a) Construct resultant FEPM My 4, 4,) for each remaining feature A; € C and
selected feature A; € S using (3.12).

(b) Calculate the significance of A; € C with respect to each of the selected features
A; € S as follows:

oA A3 (D Aj) = 714,41 (D) — 74, (D). (3.13)

¢) Remove A; from C if oy 4. 4.1(D, A;) = 0 for any feature A; € S.
J {A:i,Aj} J

(d) From the remaining features of C, select feature A; that maximizes the following

condition:

(1-w)
5]

> i (D, A)). (3.14)
A €S

wya, (D) +

As a result of that, A; € Sand C=C\ A;.

7. Stop.

3.2.4 Complexity of the Algorithm

The FR-MRMS has low computational complexity with respect to the number of features
and samples in the original data set. The steps 2, 3, and 4 of the proposed algorithm
are executed m times for m attributes. The complexity to compute the centers and
radii of three fuzzy sets for each attribute, which is carried out in step 2, is O(n). The
construction of the FEPM of each feature performed in step 3 has O(nc) time complexity.
The computation of the relevance of each feature is carried out in step 4, which has O(ncc)
time complexity, where ¢ represents the number of fuzzy equivalence classes of decision
attribute. Hence, the overall time complexity of steps 2, 3, and 4 for m features is O(mncé).

The selection of most relevant feature from the set of m features, which is carried out
in step 5, has a complexity O(m). There is only one loop in step 6 of the proposed feature
selection method, which is executed (d—1) times, where d represents the number of selected
features. The construction of the resultant FEPM, which is carried out in step 6.(a), and
the computation of significance of a candidate feature with respect to an already-selected
feature, which is carried out in step 6.(b), have O(nc?) and O(nc?¢) time complexity,
respectively. If 1 < m represents the cardinality of the already-selected feature set, the
total complexity of steps 6.(a) and 6.(b) is O((m — 1m)(nc?¢)). The selection of a feature
from (m — ) candidate features by maximizing both relevance and significance, which
is carried out in step 6.(d), has a complexity O(m — 7). Hence, the total complexity to
execute the loop (d — 1) times is O((d — 1)(m — 10)(nc?c)).
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In effect, the selection of a set of d relevant and significant features from the whole
set of m features using the proposed fuzzy-rough set based first order incremental search

method has an overall computational complexity of O(mndc?é).

3.3 Classifiers and Data Sets Used

This section presents a brief descriptions of the classifiers and data sets used.

3.3.1 Classifiers

Three pattern classifiers, k-nearest neighbor (K-NN) rule [112], support vector machine
(SVM) [508], and C4.5 decision tree [431] are used to evaluate the performance of different

dimensionality reduction methods with respect to several real life data sets.

3.3.1.1 K-Nearest Neighbor Rule

The k-nearest neighbor (K-NN) rule [112] is used for evaluating the effectiveness of the
reduced feature set for classification. It classifies samples based on closest training samples
in the feature space. A sample is classified by a majority vote of its k-neighbors, with the
sample being assigned to the class most common amongst its k-nearest neighbors. The
value of k, chosen for the K-NN [112], is the square root of number of samples in training

set.

3.3.1.2 Support Vector Machine

The support vector machine (SVM) [508] is a relatively new and promising classification
method. It is a margin classifier that draws an optimal hyperplane in the feature vector
space; this defines a boundary that maximizes the margin between data samples in different
classes, therefore leading to good generalization properties. A key factor in the SVM is to
use kernels to construct nonlinear decision boundary. In the present work, linear kernels

are used.

3.3.1.3 C4.5 Decision Tree

The C4.5 [431] is a popular decision tree-based classification algorithm. It is used for
evaluating the effectiveness of reduced feature set for classification. The selected feature
set are fed to the C4.5 for building classification models. The C4.5 is used here because it
performs feature selection in the process of training and the classification models it builds

are represented in the form of decision trees, which can be further examined.
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3.3.2 Description of Data Sets

This subsection reports some benchmark data sets that are used to evaluate the perfor-
mance of different methods. While Satimage, Segmentation, Isolet, and Multiple Features
data sets are downloaded from the UCI Machine Learning Repository [134], Breast Cancer
I, Breast Cancer II, Colon Cancer, Lung Cancer, Leukemia I, and Leukemia II data sets

are available at the Kent Ridge Bio-medical Data Set Repository [1].

3.3.2.1 Satimage

The database is a tiny sub-area of a scene, consisting of 82 x 100 pixels, each pixel covering
an area on the ground of approximately 80 x 80 meters. The information given for each
pixel consists of the class value and the intensities in four spectral bands, from the green,
red, and infra-red regions of the spectrum. The data set contains 6435 examples: 4435

training and 2000 testing, with 36 real valued attributes and 6 classes.

3.3.2.2 Segmentation

This data set contains instances that are drawn randomly from a database of 7 outdoor
images. The images are hand segmented to create a classification for every pixel, where
each instance is a 3 x 3 region. The data set contains 3310 examples: 210 training and

2100 testing, with 18 continuous attributes and 7 classes.

3.3.2.3 Colon Cancer

The colon cancer data set contains expression levels of 2000 genes and 62 samples from
two classes: 40 tumor and 22 normal colon tissues.

3.3.2.4 Breast Cancer I

This data set contains expression levels of 7129 genes in 49 breast tumor samples. The
samples are classified according to their estrogen receptor (ER) status: 25 samples are ER

positive while other 24 samples are ER negative.

3.3.2.5 Breast Cancer II

In this data set, relapse or non relapse of metastases in patients after initial diagnosis for
interval of at least 5 years has been classified in breast cancer patients. Total 97 samples
are given: 78 training and 19 testing, with 46 patients developed distance metastases
within 5 years, labeled as relapse, while 51 remained healthy, labeled as non-relapse. The

data set consists of 24481 genes [1].

70



3.3.2.6 Lung Cancer

This data set contains 181 tissue samples: among them 31 are malignant pleural mesothe-
lioma and rest 150 adenocarcinoma of the lung. Each sample is described by the expression

levels of 12533 genes.

3.3.2.7 Leukemia I

It is an Affymetrix high density oligonucleotide array that contains 7070 genes and 72
samples from two classes of leukemia: 47 acute lymphoblastic leukemia and 25 acute

myeloid leukemia.

3.3.2.8 Leukemia II

This data set consists of gene expression profiles of 215 training and 112 testing samples
classified into 7 classes, six subtypes of pediatric acute lymphoblastic leukemia and one
that contains diagnostic samples that did not fit into any one of the six groups. The data

set contains total 12558 genes.

3.3.2.9 Isolet

The data set consists of several spectral coefficients of utterances of English alphabets by

150 subjects. There are 617 real valued features with 7797 instances and 26 classes.

3.3.2.10 Multiple Features

Multiple features data set consists of features of handwritten numerals (‘0’-‘9’) extracted
from a collection of Dutch utility maps. 200 patterns per class (for a total of 2,000 patterns)
have been digitized in binary images. Total 649 attributes are there in the data set.

To compute the classification accuracy of the K-NN, SVM, and C4.5, both training-
testing and 10 fold cross-validation (CV) are performed. The 10-fold CV is performed
on Colon, Breast I, Lung, Leukemia I, Isolet, and Multiple Features data sets, while the
training-testing is done on Satimage, Segmentation, Leukemia II, and Breast Cancer II

data sets.

3.4 Experimental Results and Discussion

The performance of proposed FR-MRMS algorithm is extensively studied and compared
with that of different feature selection and extraction algorithms. The algorithms com-

pared are InfoGain [430] and mutual information based mRMR framework (classical
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mRMR) [416]; rough set based quick reduct [83] and MRMS framework [327]; fuzzy-
rough set based quick reduct [220] and mRMR method (fuzzy-rough mRMR) [323]; margin
based approaches such as relevance in estimating features (RELIEF) [252] and iterative
search margin based algorithm (SIMBA) [152]; and existing feature extraction algorithms,
namely, PCA, ICA, and linear discriminant analysis (LDA) [112]. The performance of
fuzzy-rough sets and the MRMS criterion is also compared with that of other feature
evaluation criteria, namely, Max-Relevance and Max-Dependency, several existing feature
evaluation indices, namely, class separability index [101], DB index [94], Dunn index [50],
and FFEI [385], which are briefly described in Appendix A, and various rough set models
such as classical and neighborhood rough sets.

All the algorithms are implemented in C language and run in Ubuntu 11.04 environment
with 64 bit support having machine configuration of Pentium Core 2 Quad 2.66 GHz with
4 MB L2 cache, and 4 GB DDR2 RAM. The value of multiplicative parameter n in (3.11)
of fuzzy-rough sets is set to 1.5, while the weight parameter w in (3.14) and that of mRMR
method are set to 0.5. The discretization method reported in [310] is used to generate
equivalence classes of Pawlak’s or classical rough sets. For the data set with small number
of features, 80% of total features is selected, while fifty top ranked features are considered
for the data set with large number of features. In all cases, the result is presented for

highest classification accuracy.

3.4.1 Statistical Significance Test

In case of 10-fold CV, the means and standard deviations of the classification accuracy of
the K-NN, SVM, and C4.5 are computed for Breast I, Colon, Lung, Leukemia I, Isolet,
and Multiple Features data sets. Tests of significance are performed for the inequality of
means (of the classification accuracy of the SVM, K-NN, and C4.5) obtained using the
fuzzy-rough MRMS method and other approaches. Since both mean pairs and variance
pairs are unknown and different, a generalized version of t-test is used here. The above
problem is the classical Behrens-Fisher problem in hypothesis testing. The test statistic,
described and tabled in [20], is of the form

M1 — K2
V1012 4+ Aao2?

where (11, po are the means, oy, o9 the standard deviations, and A\; = 1/n1, A2 = 1/ng, ny,

t= (3.15)

ngy are number of observations. Tables 3.2 - 3.7 report the individual means and standard
deviations, and the value of test statistic computed. The corresponding tabled value is
1.81 at an error probability level of 0.05. If the computed value is greater than the tabled

value, the means are significantly different.
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3.4.2 Performance of Various Rough Set Based Models

In dimensionality reduction method, the reduced feature set is always relative to a certain
feature evaluation index. In general, different evaluation indices may lead to different
reduced feature subsets. To establish the effectiveness of fuzzy-rough sets over Pawlak’s or
classical and neighborhood rough sets, extensive experiments are done on various data sets.
Different feature evaluation criteria such as Max-Dependency, Max-Relevance, and MRMS
are considered for feature selection. In this regard, it should be mentioned that the classical
or Pawlak’s rough set based feature selection method reported in [327] uses the MRMS
criterion, while the quick reduct [83], fuzzy-rough quick reduct [220], and neighborhood
quick reduct [198] algorithms select features using Max-Dependency criterion.

Tables 3.1, 3.2, and 3.3 present the comparative performance of different rough set
models for attribute selection task. The results and subsequent discussions are presented
in these tables with respect to the classification accuracy of the K-NN, SVM, and C4.5.
From the results reported in Table 3.1, it can be seen that the fuzzy-rough MRMS method
attains maximum classification accuracy of the K-NN, SVM, and C4.5 in most of the
cases. Out of 12 cases of training-testing, the fuzzy-rough MRMS method achieves highest
classification accuracy in 10 cases, while neighborhood rough set based MRMS method
attains it only in 2 cases.

On the other hand, among the 144 comparisons of 10-fold CV reported in Tables 3.2
and 3.3, the MRMS criterion with fuzzy-rough sets provides significantly better results in
47 cases and better but not significant in 96 cases, while better result is achieved only in
1 case using neighborhood rough sets based on the MRMS criterion. In brief, out of total
30 cases, the fuzzy-rough sets and neighborhood rough sets attain highest classification
accuracy in 27 and 3 cases, respectively, based on the MRMS criterion.

Following conclusions can be drawn from the results reported in Tables 3.1, 3.2, and
3.3:

e the performance of the MRMS criterion is significantly better than that of other cri-
teria, namely, Max-Dependency and Max-Relevance, irrespective of rough set models

used;

e the performance of fuzzy-rough sets is significantly better than that of classical and

neighborhood rough sets, irrespective of the feature evaluation criteria used; and

e the MRMS criterion based feature selection method using fuzzy-rough sets achieves
higher classification accuracy in most of the cases, irrespective of the data sets,

feature evaluation criteria, rough set models, experimental setup, and classifiers used.

The better performance of the FR-MRMS method is achieved due to the fact that the

MRMS criterion can identify relevant and significant features from high dimensional real

76



life data sets more efficiently than Max-Dependency and Max-Relevance criteria, while the

fuzzy-rough sets can capture uncertainties associated with the data more accurately.

3.4.3 Performance of Various Feature Evaluation Indices

In order to establish the effectiveness of fuzzy-rough sets over other feature evaluation
indices, such as class separability index, DB index, Dunn index, and FFEI, extensive
experimentation is done on different real life data sets. Tables 3.1, 3.4, and 3.5 present
the comparative performance of FR-MRMS method and various feature evaluation indices
considering different feature evaluation criteria such as Max-Relevance, Max-Dependency,
and MRMS.

From the results reported in Table 3.1, it can be seen that the FR-MRMS method at-
tains highest classification accuracy on Satimage, Segmentation, Leukemia II, and Breast
II data sets, irrespective of the classifiers used. Tables 3.4 and 3.5 report the comparative
performance in case of 10-fold CV on Colon, Breast I, Lung, Leukemia I, Isolet, and Multi-
ple Features data sets. The results and subsequent discussions are analyzed in these tables
with respect to the classification accuracy of the K-NN, SVM, and C4.5. All the results
reported in Tables 3.4 and 3.5 confirm that the FR-MRMS method provides significantly
better results in 94 cases and better but not significantly in 120 cases out of total 216
cases. On the other hand, both DB index and FFEI based on the MRMS criterion achieve
better results, but not significantly, than that of the proposed FR-MRMS method in only
1 case each. The results reported in Tables 3.1, 3.4, and 3.5 also establish the fact that
the performance of the MRMS criterion is better than that of other two criteria, namely,
Max-Dependency and Max-Relevance, irrespective of feature evaluation indices, classifiers,

and data sets used.

3.4.4 Performance of Different Algorithms

Finally, Tables 3.1, 3.6, and 3.7 compare the performance of the proposed FR-MRMS
algorithm with that of different existing feature selection and extraction algorithms on
various data sets. From the results reported in Table 3.1, it is seen that the FR-MRMS
algorithm achieves highest classification accuracy of the K-NN, SVM, and C4.5 in 6 cases
out of total 12 cases, while the fuzzy-rough mRMR, SIMBA, PCA, and LDA attain highest
classification accuracy in only 2, 1, 1, and 2 cases, respectively. Tables 3.6 and 3.7 report
the performance of different methods in case of 10-fold CV, along with the results of test
of significance, for the K-NN, SVM, and C4.5. From the results reported in these tables,
it can be seen that the proposed method attains significantly better results than other
algorithms in 28 cases out of total 144 cases and better but not significant in 109 cases,
while better but not significant results are achieved by the ICA and LDA in 4 and 3
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cases, respectively. In brief, out of total 30 cases, the FR-MRMS method attains highest
classification accuracy in 20 cases, while the fuzzy-rough mRMR, SIMBA, PCA, ICA, and
LDA achieve it only 2, 1, 1, 1, and 5 cases, respectively.

All the results reported in Tables 3.1, 3.6, and 3.7 also establish the fact that the
mRMR criterion based feature selection method in fuzzy approximation spaces (fuzzy-
rough mRMR) [323] improves the classification accuracy significantly over its crisp coun-
terpart (classical mRMR) [416], irrespective of the classifiers and data sets used. Out of
total 30 cases, the fuzzy-rough mRMR method provides better accuracy than that of clas-
sical mRMR in 28 cases. Only for Breast Cancer I data set, the classical mRMR, performs
better with respect to both K-NN and C4.5. Moreover, Table 3.8 reports the execution
time of different algorithms. The significantly lesser time of the proposed algorithm is
achieved due to its low computational complexity.

Hence, all the results reported in Tables 3.1, 3.6, and 3.7 confirm that the proposed
FR-MRMS method selects a set of features having highest classification accuracy of the K-
NN, SVM, and C4.5 in most of the cases, irrespective of the data sets. Also, the proposed
method can potentially yield significantly better results than the existing algorithms. The
better performance of the proposed method is achieved due to the fact that it provides an

efficient way to select a reduced set of features having maximum relevance and significance.

3.5 Conclusion

The dimensionality reduction by attribute selection is one of the important problems in
pattern recognition, machine learning, and data mining, particularly given the explosive
growth of available information. In this regard, the contribution of this chapter is three

fold, namely,

1. development of a new feature selection method, termed as FR-MRMS, integrating

judiciously the theory of fuzzy-rough sets and merits of the MRMS criterion;

2. application of the proposed method in selecting discriminative and significant fea-
tures from high dimensional benchmark and microarray gene expression data sets;

and

3. compare the performance of the proposed method with that of some existing meth-
ods using the predictive accuracy of three classifiers, namely, nearest neighbor rule,

decision tree, and support vector machine.

The proposed FR-MRMS method uses the concept of fuzzy-rough feature relevance

and significance for finding relevant and significant features of real valued data sets. This
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formulation is geared towards maximizing the utility of fuzzy-rough sets, feature selec-
tion, and the MRMS criterion with respect to knowledge discovery tasks. Through these
investigations and experiments, the potential utility of fuzzy-rough sets and the MRMS
criterion for attribute selection is demonstrated.

Traditional fuzzy-rough sets, also known as type-1 fuzzy-rough sets, is useful for feature
selection in uncertain environment. But, it fails to provide good performance when deter-
mination of exact membership function for any fuzzy set is difficult. The type-1 fuzzy set
was generalized to type-2 fuzzy set by Zadeh [555]. In this regard, next chapter presents

a feature selection method, based on interval type-2 fuzzy-rough sets.
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Chapter 4

Interval Type-2 Fuzzy-Rough Sets
for Attribute Selection

4.1 Introduction

Dimensionality reduction, which has already been introduced in Chapter 3, is one of the
important issues that has retained high interest in pattern recognition, machine learning,
and data mining. In general, the high dimensional real life data sets contain a large
number of irrelevant and redundant or insignificant attributes, which must be removed
from the data set by retaining the optimum salient characteristics necessary for the pattern
recognition process. Hence, the main objective of dimensionality reduction task is to select
relevant and nonredundant features.

One of the main problems in real life high dimensional data analysis is uncertainty.
In this regard, the possibility concept introduced by rough set theory becomes popular
in modeling and propagating uncertainty. It is a very useful technique to find the data
dependencies and hence can be used for selecting most informative feature subset of original
features from a data set having discretized attributes [83,327]. On the other hand, fuzzy
set [150,436,438] theory permits the gradual assessment of the membership of elements
in a set, which is an extension of the classical set. The theory of fuzzy-rough sets is
developed to encapsulate two related and complementary, but distinct concepts generated
from uncertainty in knowledge, vagueness (for fuzzy set) and indiscernibility concept (for
rough sets), which can be used for feature selection of a data set having both discrete and
continuous attributes [220,311,315,323,324].

Although the researchers found some limitations of conventional type-1 (T1) fuzzy sets,
most of the research works in this domain are still restricted to this theory. The T1 fuzzy
set was generalized to type-2 (T2) [171,206, 232,240, 343-346] fuzzy set by Zadeh [555].

In T2 fuzzy set, there are grades of membership which are fuzzy. This set can be useful
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in such a situation where determination of exact membership function for any fuzzy set is
difficult. According to Mendel [342], there are at least four sources of uncertainties in T'1
fuzzy logic systems: (i) the meanings of the words that are used in the antecedents and
consequents of rules can be uncertain; (ii) consequents may have a histogram of values
associated with them, especially when knowledge is extracted from a group of experts who
do not all agree; (iii) measurements that activate a T1 fuzzy logic system may be noisy
and therefore uncertain; and (iv) the data that are used to tune the parameters of a T1
fuzzy logic system may also be noisy. All of these uncertainties translate into uncertainties
about fuzzy set membership functions.

The T2 fuzzy set theory can be combined with rough set theory to construct the T2
fuzzy-rough sets, which is more useful where the exact membership function is not known.
Three-dimensional membership function of the T2 fuzzy sets has more degrees of freedom
than that of the T1 fuzzy system with two-dimensional membership function. Hence, the
T2 fuzzy-rough sets can be a useful technique for attribute reduction. A T2 fuzzy-rough
quick reduct algorithm based on Max-Dependency criterion has been proposed by Wu
et al. [531]. According to Liang and Mendel [283] and Mendel et al. [345], the interval
type-2 (IT2) fuzzy set is useful in practical applications as the computational complexity
of the IT2 fuzzy set is lower than that of the T2 fuzzy set.

In this regard, an IT2 fuzzy-rough feature selection method (IT2FR-MRMS) is pre-
sented in this chapter, integrating judiciously the merits of IT2 fuzzy set, rough sets, and
maximal relevance-maximal significance (MRMS) criterion, which can be used to reduce
the real valued noisy features effectively. A subset of condition attributes is selected from
the original feature set by maximizing the relevance and significance of the selected fea-
tures. Both relevance and significance of the features are computed using the concept of
IT2 fuzzy positive regions of IT2 fuzzy-rough sets. The concept of lower and upper fuzzy
equivalence partition matrices is introduced to compute both relevance and significance in
1T2 fuzzy approximation spaces. The generalized 7 function in the one dimensional form
is used to generate fuzzy information granules corresponding to each condition attribute,
where the centers and radii of the 7 functions can be determined automatically from the
distribution of training patterns. The IT2 fuzzy positive regions of decision attributes
or class labels are computed based on the concept of the I'T2 fuzzy equivalence partition
matrix. The effectiveness of the proposed IT2 fuzzy-rough attribute selection method,
along with a comparison with other methods, is demonstrated on several benchmark and
microarray gene expression data sets. Some of the results, presented in this chapter, are
also reported in [316].

The structure of rest of this chapter is as follows: Section 4.2 briefly describes the
basic notions of type-2 and interval type-2 fuzzy-rough sets. The proposed IT2 based

fuzzy-rough attribute selection method is presented in Section 4.3. A few case studies and
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a comparison with other methods are reported in Section 4.4. Concluding remarks are

given in Section 4.5.

4.2 Basics of Type-2 Fuzzy-Rough Sets

In this section, the basic notions in the theories of T2 fuzzy sets are reported, along with

1T2 fuzzy sets and IT2 fuzzy-rough sets.

4.2.1 T2 Fuzzy Sets

The memberships of the objects in a class along any feature axis can be represented using
the normalized histogram plot (Fig. 4.1(a), 4.1(b)). The T2 fuzzy membership function is
useful in the situation where the system cannot be easily modeled using any T1 membership
function (Fig. 4.2(a)). The membership function of the T2 fuzzy set can be considered as
the blurring of T1 membership function (Fig. 4.2(b)) by shifting the points either to the
left or to the right. The shifting may be of different amount. In that case, for a particular
value of x, the membership function does not have a single value, instead, it takes values
from a band of distribution of points. This distribution provides a T2 three dimensional

membership function which is the basis of T2 fuzzy set.

Definition 4.1 Let X be the universe of discourse for the primary variable x, U be the
universe of discourse for the secondary variable u, both of them are nonempty finite sets
and assumed to be [0,1]. A T2 fuzzy set, denoted as A (Fig. 4.3(a)), is represented by a
T2 membership function pz(x,u) [347], where v € X and u € [0,1], that is,

A= {((z,u), pz(x,u)|lr e X,uc0,1]}. (4.1)

A may also be represented in integral form as

_ /mEX [/ueJx folw)fu] [, 7o € [0,1); (4.2)

where f,(u) = px(z,u). The double integral denotes the union over all admissible x and

u. Here, J, can be represented as
Jo = {((z, u)|u € [0,1], pz(z,u)) > 0}. (4.3)

The constraint u € [0, 1] comes from the T1 fuzzy set which is same as 0 < pz(z) < 1,

that means, when uncertainty disappears in the T2 fuzzy membership function, the set
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Figure 4.1: Examples of membership function (a) Gaussian and (b) Triangular.
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Figure 4.2: T2 fuzzy sets (a) Gaussian fitting on a histogram for obtaining the upper
membership function (UMF) and lower membership function (LMF) and (b) Vertical slice
on UMF and LMF.
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Figure 4.3: T2 fuzzy membership function (a) the fuzzy membership function and (b)
cross-section of the curve intersected by plane P at z = /.
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Figure 4.4: IT2 fuzzy membership function (a) the fuzzy membership function and (b)
cross-section of the curve intersected by plane P at z = 2.

reduces to T1 fuzzy set.

Definition 4.2 For each value of x, say x = a', the 2-D plane (Fig. 4.2(b), 4.3(b)) having
aves u and pz(x',u), is called the vertical slice [347] of pz(x,u). A vertical slice of ju 7(, u)
is actually a secondary membership function, represented as pz(v = 2’ u) for ' € X and
u € [0,1],

pilr =1 u)=pz@) = / fur (w)/u, Jp C [0,1]; (4.4)

u€J,

where 0 < f(u) < 1. As 2’ € X, pz(x) is referred as secondary membership function,
which is a T1 fuzzy set and often referred as a secondary set. The amplitude of a secondary

membership function, fi(u) or uz(z,u), is called a secondary grade.

Definition 4.3 The domain of a secondary membership function is referred as the primary
membership [347] of x.

In (4.3), J, is the primary membership of z.

Definition 4.4 Uncertainty in the primary memberships of a T2 fuzzy set X is a bounded
region, called the footprint of uncertainty (FOU, denoted as FX [347]), which is the union

of all primary memberships, that is,

FX = /. (4.5)

Let FX(z) = J,,Vx € X. Hence, (4.2) can be re-expressed as

A / /(%U)EFXMZ(:C,U)/(JU,U). (4.6)
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The FOU represents the blurring of a T1 membership function.

Definition 4.5 For any X, there exist two T1 membership functions, namely, lower and
upper membership functions, which create the bounds for FX. The lower membership
function (LMF) creates the lower bound of FX, and the upper membership function (UMF)
creates the upper bound of FX [3/7].

pi(@) ={FX,Vz € X} = inf{ulu € [0,1], u 5(z,u) > 0}; (4.7)
fi(z) = {FX,Vz € X} = sup{u|u € [0,1], p5(x,u) > 0}. (4.8)

So, the FOU can be represented as

FX = {(z,u)lr € X,u € [pz(2), mz(2)]}; (4.9)

where p ;(x) and 7i 7(z) are, respectively, the lower membership function and upper mem-

bership function of x.

4.2.2 1IT2 Fuzzy Sets

An implementation of general T2 fuzzy sets is more computationally intensive as compared
to T1 fuzzy sets as it has secondary grades associated with each primary membership
functions. The interval type-2 (IT2) fuzzy set is a special case of general T2 fuzzy set [283],
where the third-dimension value, that is, all secondary grades for an IT2 fuzzy set are
uniformly weighted (for example, u;(z,u) = 1) everywhere as shown in Fig. 4.3(a), that
means, no new information is contained in the third dimension of an IT2 fuzzy set. So,
the computational complexity is significantly reduced. In this case, the third dimension is

not considered, and only the FOU is sufficient to describe the set.

Definition 4.6 Let X be the universe of discourse for the primary variable x, U be the
universe of discourse for the secondary variable u, both of them are nonempty finite sets
and assumed to be [0,1]. An IT2 fuzzy set, denoted as A (F'ig.4.4), is characterized by an
IT2 membership function pz(x,u), where x € X, u € [0,1] and pz(w,u) = 1, that is,

A= {((z,u), pz(z,u)|x € X,u € 0,1, uz(z,u) = 1}. (4.10)

4.2.3 1IT2 Fuzzy-Rough Sets

Let < U,A > be an IT2 fuzzy approximation space, where U = {z1,. . @iy, xn} i
the universe of discourse and A is the family of attributes. Considering P as a subset of
attribute set A, U/P = {Fy,...,F;} be the IT2 fuzzy partition of U, and X € F;r2(U) be
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an T2 fuzzy concept to be approximated, where IF; is the ith I'T2 fuzzy equivalence class.

The IT2 fuzzy P-lower and P-upper approximations are defined as

NPX(I&)E/ , 1/ KB (F;) E/ o 1ju; Vi=1,2,... k. (4.11)
u€ FPX(F;) ue FPX(F;)

where FPX(F;) = [}62{} max{l — upr,(z), ppx()}, inf max{l — up, (), fo(x)}];

and FPX(F;) = [21618 min{1 — pzp, (iU)a,uEX(m)},ilelg min{l — pgzp (), ,ufx(m)}}. (4.12)

Hence, the IT2 fuzzy lower and upper approximations can be redefined as

HPX (x) E/ 1/u; HPx (z) E/ 1wy Vi=1,2,... k. (4.13)
ueFPX(2) ueFPX(z)

where FEX(2) = | sup min{u, (2), inf max{1 — pre, (v), sex()} .
FeU/P yeU

sup min{upp, (z), inf max{1 — ppr, (y), ufx(y)}}]’ (4.14)
FeU/P yelU

and FPX(z) = | sup min{uﬁFi (x), sug min{l — BEF, (y), prx(y)},

FeU/P ye
sup min{uzy, (), supmin{l — pizp (), u7x(Y) - (4.15)
FeU/P yel

The membership of an object x € U that belongs to the IT2 fuzzy positive region is
defined by

pposem)(T) = sup pcx(z); (4.16)
XeU/D

where C and D are condition and decision attribute sets, respectively. The lower and upper
memberships of ppos. () () are denoted as i, Se(D) (z) and fipo g, () (), respectively, and

corresponding I'T2 fuzzy-rough dependency functions are

_ Fiposem)(®)]

It pos. ) (@)l
_ 'm=POSc(D) =
. Ul

10(D) = o (4.17)
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4.3 1IT2 Fuzzy-Rough Attribute Selection Method

This section presents a feature selection algorithm, integrating judiciously the theory of I'T2

fuzzy-rough sets and merit of maximal relevance-maximal significance (MRMS) criterion.

4.3.1 IT2 Fuzzy-Rough MRMS Method

The real life high dimensional data set may contain a number of irrelevant and insignificant
features. The presence of such features may lead to a reduction in the useful information.
Accordingly, a measure is required that can assess the effectiveness of a feature set. In
this chapter, the theory of IT2 fuzzy-rough sets is used to select relevant and significant
features from high dimensional data sets.

Let C={Ay,..., Ai,..., Aj,..., A} be the set of m condition attributes or features
of a given data set and S C C with cardinality d < m is the set of selected features.
Define A (D) and 7 4, (D) as the lower and upper relevance of the feature A; with respect
to the class labels D, while o4, 4,3(D, Ai) and G4, 4,3(D, A;) as the lower and upper
significance of the feature A; with respect to the set {A;, A;}. So the average upper
and lower relevance of all selected features can be found by extending the (3.1) and (3.2)

(reported in Chapter 3 for T1 fuzzy-rough sets) to IT2 fuzzy-rough sets as
— 1 _ 1
R== > 74D); R=-=>" 7, (D) (4.18)

while the average upper and lower significance among the selected features are

> {3 (DA + T, (D, A))}
.Aﬁé.Aj €S

S— , 419
HIEED (4.19)

> Az @A) + a4, (D) A))}

Ai;ﬁ.AjGS
g— , 4.20
S HIEE (4.20)
> WD) - {7,41- (D) + 7.4, (D)}
. = A;#A;€S

that is, S = , 4.21
HIEED (4.21)

> 27 4,,yP) = {lAi D)+, (D)}
and § = ZEA (4.22)

SIS = 1)
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Therefore, the problem of selecting a set S of d relevant and significant features from the
whole set C of m features is equivalent to optimize R (respectively, R) and S (respectively,

S) simultaneously:
max ®(R,S), ®=R+S; (4.23)

where R and S, respectively, represent either R and S or R and S, and operator ®(R, S) is
defined to combine R and S.

4.3.2 Computation of Relevance and Significance

The relevance and significance of a feature, in the proposed IT2 fuzzy-rough MRMS
method, are calculated based on the theory of IT2 fuzzy-rough sets. To compute both
relevance and significance, the concepts of lower and upper fuzzy equivalence partition
matrices are introduced next.

Given a finite set U, C is an IT2 fuzzy attribute set in U, which generates an IT2
fuzzy equivalence partition on U. If ¢ denotes the number of IT2 fuzzy equivalence classes
generated by the IT2 fuzzy equivalence relation and n is the number of objects in U, then
c-partitions of U can be arrayed as two (¢ X n) matrices, namely, M and Mg, termed as
lower fuzzy equivalence partition matrix (LFEPM) and upper fuzzy equivalence partition
matrix (UFEPM), respectively, and denoted by

mS .omS .. m§,
M¢ = m‘% m‘% oomS | (4.24)
mg méé mgn
mh m; i,
Mc=| m§ ... m5 ... m5, |; (4.25)
my ... ﬁg Soms,

where m% € [0,1] and mg € [0, 1] represent, respectively, the lower and upper memberships
of object x; in the ith IT2 fuzzy equivalence class IF;. These equations are basically the
type-2 representation of the equations reported in Section 3.2.2 of Chapter 3.

Using the concepts of the LFEPM and UFEPM, the upper and lower relevance of

the condition attribute A; with respect to the decision attribute set D can be defined as
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follows:

1D == r; 0<y, D)<

{sup, {min{m7, inf,{max{1-m7i, mP}}}}}
where k,; = sup Z 1/u; (4.26)

J
u={sup,{min{m;’, inf{max{1-m%i, m?}}}}}

and 3,,(D)==> F;;  0<,,MD) <L

{sup, {min{m};, inf,{max{1-m7i, mP}}}}}
where R; = sup Z 1/u. (4.27)
k

oA __A;
u={sup,{min{m;/, infy{max{1-m7", mp,}}}}}

The family of I'T2 fuzzy sets produced by an IT2 fuzzy partitioning of the universe of
discourse can play the role of IT2 fuzzy equivalence classes. The generalized 7 function in
the one dimensional form can be used to assign membership values to different I'T2 fuzzy
equivalence classes for the input features. An IT2 fuzzy set with lower and upper mem-
bership functions 7(x;¢, o) and 7(z; ¢, o), respectively, represents a set of points clustered
around ¢, where

_AN\P
opi—1 1_@ : for § <|lz—¢|]|<o

) &P
nlai0) = 1-omt (B2 foro <o~ < g
0 otherwise
NP _
opn—1 (1_@ for § <|lz—¢l[<o
B - = D
T(w;¢,0) =q 127! (@> | for 0<lle—cll <3

0 otherwise

where pj, > p;, 0 > 0 is the radius of the 7 functions with ¢ as the central point and || - ||
denotes the Euclidean norm. The membership depends on the selection of fuzzifiers p; and
pr. When the pattern z lies at the central point ¢ of a class, then ||z — ¢|| = 0 and its
membership value is maximum, that is, 7(¢;¢,0) = 1 and 7(¢; ¢, 0) = 1. The membership

value of a point decreases as its distance from the central point ¢, that is, ||z —¢|| increases.
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When ||z —¢|| = (%), the membership value of z is 0.5 and this is called a crossover point.
The fuzzifiers p;, pr, € [Pmin, Pmax] can be varied to get the lower and upper membership
functions for computing 4, (D) and 7 4, (D) according to (4.26) and (4.27), respectively,
corresponding to the condition attribute A;.

The ¢ x n LFEPM M 4, and UFEPM M A,;, corresponding to ith feature A;, can be

calculated from c-1T2 fuzzy equivalence classes of objects x = {z1,...,xj,...,2,}, where
mipt = m(xji G, 0k); T = (x5 Ch, Ok)- (4.28)

In effect, each pgsition m;:‘ji (respectively, m ) of the LFEPM (respectively, UFEPM)
M 4, (respectively, M 4,) must satisfy the followmg conditions. For any value of k, if

i) s = arg max{mﬁj},then max{m;:l]?} = mlax{mf;’} > 0;
j J

ii) s = arg max{mkAj?}, then max{m;?ji} = mlax{mlsi} > 0.
J J

The above axioms should hold for every fuzzy equivalence partition, which correspond to
the requirement that an equivalence class is nonempty. Obviously, this definition degen-
erates to the normal definition of equivalence class when the equivalence relation is crisp.
Similar to Section 3.2.2 of Chapter 3, in the present work, three IT2 fuzzy equivalence
classes, namely, low, medium, and high, are considered.

To calculate the lower and upper significance of a condition attribute, the joint lower
relevance vy (A, A]-}(D)
and A; need to be computed, which are the type-2 representation of the joint relevances
reported in Section 3.2.2 of Chapter 3. The construction of resultant LFEPM My 4., A} and

resultant UFEPM M{ A;,A;} are necessary for computing the joint relevance. Let ¢; and ¢;

and joint upper relevance ¥4, 4,1(D) between two attributes A;

be the number of IT2 fuzzy equivalence classes generated by the condition attributes A;
and A;, respectively. If r is the number of resultant IT2 fuzzy equivalence classes, then
the r x n LFEPM M/ 4, 4, and UFEPM M{Ai,AJ‘} can be computed as follows:

Mgy =My My Mg a) = Mg, NMy;; (4.29)
where m}gf“Aj} = mA’ ﬂmql], *EA“A i} ﬂmqlJ, k= (p—1)cj+q, and max{c;,c;} <

r < ¢;cj. In the present work, three IT2 fuzzy equivalence classes are considered, that is,
ci =cj =3.

The class membership function of decision attribute can be constructed as follows [394]:
Suppose in a c-class problem, the vectors my and v; represent the mean and standard

deviation, respectively, for the kth class. The weighted distance of the training object z;
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from the kth class can be defined as

dip =2k e =1,... e (4.30)
Uk,
As the feature with higher variance should have lesser weight, the weight (1/vy) is used in
(4.30). If all feature values of any class are same, vy can be considered as 1, that is, the
feature is certainly an important feature and its contribution to the membership function
should not be reduced. The membership of the ith pattern of the kth class is

(i) = i () € 0,1 (1.31)

14 (e’

where ¢4 and c. are the denominational and exponential positive constants those control
the amount of fuzziness. The parameters ¢4 and c. can be varied in the range of [c4, , ¢4,]
and [ce, , Ce, ], Tespectively, to get the lower and upper membership functions corresponding
to the decision attribute. Hence, if an object x; is present in the kth class, its lower
membership value is py(x;), while its upper membership value is 1. On the other hand,
if an object x; is absent in the kth class, its lower membership value is 0 and upper

membership value is g (x;).

4.3.3 IT2FR-MRMS Algorithm

The following greedy algorithm is used to solve (4.23) for selecting relevant and significant

real valued features based on the theory of IT2 fuzzy-rough sets:
e Input: Original set C = {Ay,..., Ag,..., An}.
e Output: Reduced set S.
1. Initialize C < {A1,..., Ai,.. ., Aj, ..., A}, S« 0.

2. Calculate the centers and radii of three m IT2 fuzzy sets for each feature A; € C

corresponding to 7 and 7.

3. Construct the LFEPM M 4 and UFEPM M4, for each feature A; € C according to
(4.28).

4. Calculate the lower v, (D) and upper 7 4,(ID) relevance of each feature A; € C
according to (4.26) and (4.27).

5. Select the feature A; as the most relevant feature that has the highest lower relevance
value 7 , (D). In effect, A; € S and C=C\ A;.

6. Repeat following four steps until desired number of features d is selected or C = ().
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(a) Construct the resultant LFEPM My 4, 4.3 of each of the remaining features
Aj; € C with respect to each selected feature A; € S using (4.29).
(b) Calculate the lower significance of A; € C with respect to each of the selected

features A; € S as follows:
Q{Ai7Aj}(ID)7Aj> = l{Ai,Aj}(D) _lAi(D)' (4'32)

(c) Remove A; from C if o4, 4,3(D, A;) = 0 for any feature A; € S.
(d) From the remaining features of C, select feature A; that maximizes the following

conditions:

(1-w)

S| D T (D A)). (4.33)

A;eS

vy (D) +

As a result of that, A; € S and C = C\ A;.
7. Re-initialize C < {Aq,..., Ai,..., Aj,..., An}, and then C=C\ S.

8. Repeat following four steps until desired number of features d = d — d is selected or

C=0.
(a) Construct the resultant UFEPM M{ A;4;) of each of the remaining features
Aj € C with respect to each selected feature A; € S using (4.29).
(b) Calculate the upper significance of A; € C with respect to each of the selected

features A; € S as follows:
T Ay (D Aj) =744, (D) =74, (D). (4.34)

(c) Remove A; from C if 4, 4,1(D, Aj) = 0 for any feature A; € S.
(d) From the remaining features of C, select feature A; that maximizes the following

conditions:

(1-w)
S|

Z E{Aiﬂ‘lj}(D’ Aj) (435)
AiES

wy 4,(D) +

As a result of that, A; € Sand C=C\ A;.

9. Stop.

4.3.4 Complexity of the Algorithm

The IT2FR-MRMS has low computational complexity with respect to the number of fea-
tures and samples in original data set. The steps 2, 3, and 4 of the proposed IT2FR-MRMS
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algorithm are executed m times for m attributes. The complexity to compute the centers
and radii of three IT2 fuzzy sets for each attribute, which is carried out in step 2, is O(n).
The construction of both LFEPM and UFEPM of each feature performed in step 3 has
O(nc) time complexity. The computation of the relevance of each feature is carried out
in step 4, which has O(ncé) time complexity, where ¢ represents the number of IT2 fuzzy
equivalence classes of decision attribute. Hence, the overall time complexity of steps 2, 3,
and 4 for m features is O(mncé). The selection of most relevant feature from the set of
m features, which is carried out in step 5, has a complexity O(m). There is only one loop
in both of the steps 6 and 8 of the proposed feature selection method, which are executed
(d—1) times and d times, respectively, where d = d + d represents the number of selected
features. The construction of the resultant LFEPM and UFEPM, which is carried out in
steps 6.(a) and 8.(a), and the computation of lower and upper significance of a candidate
feature with respect to an already-selected feature, which is carried out in steps 6.(b) and
8.(b), have O(nc?) and O(nc?é) time complexity, respectively. If 1 < m represents the
cardinality of the already-selected feature set, the total complexity of steps 6.(a), 6.(b),
8.(a) and 8.(b) is O((m — 1m)(nc?é)). The selection of a feature from (m — 1) candidate
features by maximizing both relevance and significance, which is carried out in steps 6.(d)
and 8.(d), has a complexity O(m — m). Hence, the total complexity to execute two loops
(d— 1) and d times is O((d — 1)(m — 1h)(nc?c)).

In effect, the selection of a set of d relevant and significant features from the whole set
of m features using the proposed I'T2 fuzzy-rough set based first order incremental search

method has an overall computational complexity of O(mndc?c).

4.4 Experimental Results and Discussion

The performance of the proposed IT2FR-MRMS is extensively studied and compared
with that of different feature selection and extraction algorithms. The algorithms com-
pared are mutual information based mRMR framework (classical mRMR) [416] and In-
foGain [430]; rough set based quick reduct [83] and MRMS framework [327]; T1 fuzzy-
rough set based quick reduct (fuzzy-rough quick reduct) [220], MRMS method (T1 fuzzy-
rough MRMS) [315], and mRMR method (fuzzy-rough mRMR) [323]; IT2 fuzzy-rough
quick reduct [531]; margin based approaches such as relevance in estimating features (RE-
LIEF) [252] and iterative search margin based algorithm (SIMBA) [152]; and existing
feature extraction algorithms, namely, principal component analysis (PCA), independent
component analysis (ICA), and linear discriminant analysis (LDA) [112]. The performance
of the IT2 fuzzy-rough sets and the MRMS criterion is also compared with that of other
evaluation criteria, namely, Max-Relevance and Max-Dependency, several feature evalu-

ation indices, namely, class separability index, Davies-Bouldin (DB) index, Dunn index,
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and fuzzy feature evaluation (FFE) index, and various rough set models such as classical
rough sets, neighborhood rough sets, and T1 fuzzy-rough sets.

The multiplicative parameter 7 in (3.11) of fuzzy-rough sets is set to 1.5, while the
weight parameter w in (4.33) and (4.35) and that of mRMR method are set to 0.5 [315].
The parameters for computation of = and 7, that is, p; and p; are varied taking values
from the set {1.1, 1.5, 2.0, 2.5, 3.0} for all the values of p, > p;. The parameters for
decision attribute, that is, ¢4 and ¢, can take values from the sets {2, 3} and {2, 3,
4, 5}, respectively [394]. Three pattern classifiers, namely, K-nearest neighbor (K-NN)
rule, support vector machine (SVM), and C4.5 decision tree, are used to evaluate the
performance of different dimensionality reduction methods. To evaluate the performance of
different dimensionality reduction methods, several benchmark data sets such as Satimage,
Segmentation, Leukemia I, Leukemia II, Breast Cancer I, Breast Cancer I, Colon Cancer,
Lung Cancer, Isolet, and Multiple Features are used. A brief description of these data sets
and three pattern classifiers is reported in Section 3.3 of Chapter 3.

To compute the classification accuracy of the K-NN, SVM, and C4.5, the training-
testing, 10-fold cross validation (CV), and bootstrap £53% approach are used. Both 10-
fold CV and .632+ bootstrap approach (5]'36832) are performed on Colon, Breast I, Lung,
Leukemia I, Isolet, and Multiple Features data sets, while the training-testing is done
on Satimage, Segmentation, Leukemia II, and Breast II data sets. The procedure to
calculate 5]'365’2 is reported in Appendix A. In this chapter, the .632+ bootstrap accuracy
(1-— 8]'365’2) x 100 values are presented in Tables 4.7, 4.8, and 4.9 to make it analogous
with the classification accuracy of training-testing reported in Table 3.1 of Chapter 3,
Tables 4.2, and 4.3. The means and standard deviations of the classification accuracy of
the K-NN, SVM and C4.5 are computed for 10-fold CV. Tests of significance, reported in
Section 3.4.1 of Chapter 3, are performed for the inequality of means (of the classification
accuracy of the K-NN, SVM and C4.5) obtained using the IT2FR-MRMS method and
other approaches. Since both mean pairs and variance pairs are unknown and different,
classical Behrens-Fisher hypothesis testing is used. Tables 4.4, 4.5, and 4.6 report the
values of test statistic computed, where the individual means, number of features selected,
and standard deviations are reported for IT2FR-MRMS. The corresponding tabled value
is 1.81 at an error probability level of 0.05. If the computed value is greater than the

tabled value, the means are significantly different.

4.4.1 Optimum Values of Different Parameters

The parameters p; and py, (pr, > p;) control the shape of two membership functions, namely,
lower membership function 7= and upper membership function 7. Keeping the values of
other parameters fixed, the membership functions can be altered varying p; and pp. On

the other hand, the parameters ¢; and ¢, in (4.31) control the amount of fuzziness of the

99



Table 4.1: Optimum Values of Parameters for IT2 Fuzzy-Rough Sets

S* — p*7p*’c*’cz
Data Sets Traiiirllg/il[‘eszing}
Satimage {1.5, 3.0, 3, 5}
Segmentation {1.5, 2.5, 2/3,2/3/4/5}
Leukemia 1T {2.5, 2.5, 3, 3/5}
Breast Cancer II {1.5, 2.0, 3, 4}
10-fold Cross Validation Bootstrap Exg-
Colon Cancer {2.0, 2.0, 2, 3}/{2.0, 2.5, 3, 4} {2.0, 2.5, 2, 3}
Breast Cancer I {2.0, 2.5, 3, 3} {2.0, 2.5, 3, 4}
Lung Cancer {2.0, 2.5, 2, 3/4/5} {2.0, 2.0, 2/3, 3/4}/{2.0, 2.5, 2, 4}
Leukemia {1.5, 2.0, 2/3, 3/4} {1.5, 2.5, 3, 2/3/4}
Tsolet {2.0, 2.5, 2/3, 3/4} (2.5, 2.5, 3, 2/3}
Multiple Features {2.0, 2.5, 2, 3/4} {2.0, 2.5, 2, 4}

membership of any sample in a particular decision class.

Let S = {pi,pn,ca,ce} be the set of parameters and S* = {p},p},c}, c;} is the set of
optimal parameters. To find out the optimum values of p;, pp, cq, and ¢, for a given data
set, the class separability index [101] is used. The class separability index S of a data set
is defined as S = trace(Vm_,IVB), where Vi is the within class scatter matrix and Vp is

the between class scatter matrix, defined as follows:

Viv = > i B{(X = uj)(X — pj)"le;} = 7% (4.36)
=1 i=1
Ve = m(u; — i) (p; —p)"; and (4.37)
j=1
p=E{X}=) mpu; (4.38)
j=1

where c is the number of classes, 7; is a priori probability that a pattern belongs to class
cj, X is a feature vector, i is the sample mean vector for the entire data points, p; and
¥; represent sample mean and covariance matrix of class c;, respectively and E{-} is the
expectation operator. A higher value of S ensures that classes are well separated by their
scatter means.

Fig. 4.5 and 4.6 present the variation of § index for the IT2FR-MRMS sets with respect
to different values of p; and p;, considering the optimum values of ¢4 and c., while Fig. 4.7
and 4.8 report that with respect to different values of ¢4 and c. considering p; and pj.
From the results reported in Fig. 4.5, 4.6, 4.7, and 4.8, it is seen that as the values of py,
Ph, €4, and ¢, increase, the S index also increases and attains its maximum value at the

particular values of pjy, py, ¢}, and c;. Hence, the optimum values of p}, py, ¢}, and ¢ are
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obtained using the following relation:
S* =arg max {S}. (4.39)

Table 4.1 presents the optimum values of p;, pn, cg, and ¢, for the IT2FR-MRMS
obtained using (4.39) on different data sets. From the results reported in Table 4.1, it can
be seen that the optimum values of pj’ and pj vary, respectively, in between 1.5 to 2.5 and
2.0 to 3.0, while that of ¢; and ¢ vary, respectively, in between 2 to 3 and 2 to 5.

In order to establish the effectiveness of the proposed method for finding optimum
values of different parameters, extensive experimentation is done on different real life data
sets. Table 4.2 presents the performance of the IT2FR-MRMS on Satimage, Segmentation,
Leukemia II, and Breast II data sets based on training-testing, while the performance on

Colon, Breast I, Lung, Leukemia I, Isolet, and Multiple Features data sets based on both
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10-fold CV and bootstrap ijs?’Q approach are also presented in this table. The results and
subsequent discussions are analyzed in this table with respect to classification accuracy of
the K-NN, SVM, and C4.5. The best test accuracy obtained from all possible parameter
values on each data set is compared with the test accuracy corresponding to best training
accuracy and that for optimum parameters. All the results reported in Table 4.2 con-
firm that the training—testing, bootstrap 5]'365’2, and 10-fold CV accuracy obtained using
optimum parameters are comparable or better than the accuracy corresponding to best
training accuracy and the best test accuracy in most of the cases, irrespective of the clas-
sifiers and data sets used. Out of 48 cases, the accuracy obtained using the proposed
technique is exactly same with the best test accuracy in 38 cases, whereas the accuracy
corresponding to best training is better than that of the proposed technique in only 3

cases.
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4.4.2 Performance of Various Rough Set Based Models

In case of dimensionality reduction, the reduced feature set is always relative to a certain
feature evaluation index. In general, different evaluation indices may lead to different re-
duced feature subsets. To establish the effectiveness of IT2 fuzzy-rough sets over Pawlak’s
or classical rough sets, neighborhood rough sets, and T1 fuzzy-rough sets, extensive ex-
periments are done on various data sets. Different feature evaluation criteria such as
Max-Dependency, Max-Relevance, and MRMS are considered for feature selection. In this
regard, it should be mentioned that the classical rough sets and FR-MRMS set based fea-
ture selection methods reported in [327] and [315], respectively, use the MRMS criterion,
while quick reduct [83], neighborhood quick reduct [267], fuzzy-rough quick reduct [220],
and IT2 fuzzy-rough quick reduct [531] algorithms select features using Max-Dependency
criterion.

Table 3.1 of Chapter 3 and Tables 4.3, 4.4, and 4.7 present the comparative performance
of different rough set models for attribute selection task. The results and subsequent
discussions are presented in these tables with respect to the classification accuracy of the
K-NN, SVM, and C4.5. The variations of bootstrap error £ ]'365’9’2 for different rough sets
using MRMS criteria with respect to number of features selected are also represented
in Figure 7.4. From the results reported in Table 3.1 of Chapter 3 and Table 4.3, it
can be seen that the IT2FR-MRMS method attains maximum classification accuracy of
the K-NN, SVM, and C4.5 in most of the cases. Out of 12 cases of training-testing,
the IT2FR-MRMS method achieves highest classification accuracy in 10 cases, while FR-
MRMS method attains it only in 2 cases. Similarly, from the results reported in Table 4.7,
it can be seen that the IT2FR-MRMS method attains maximum classification accuracy
of the K-NN, SVM and C4.5 in all cases, except one. On the other hand, among the
198 comparisons of 10-fold CV reported in Table 4.4, which are calculated using Behrens-
Fisher method of hypothesis testing (equation (3.15) of Chapter 3), the IT2FR-MRMS
provides significantly better results in 64 cases and better results but not significantly in
all other cases. In brief, out of total 48 cases, the T2 fuzzy-rough MRMS method attains
highest classification accuracy in 45 cases, irrespective of the data sets and classifiers used.

Following conclusions can also be drawn from the results reported in Table 3.1 of
Chapter 3, Tables 4.3, 4.4, 4.7 and Figure 7.4: (i) the performance of the MRMS criterion
is significantly better than that of other criteria, namely, Max-Dependency and Max-
Relevance, irrespective of the rough set models used; (ii) the performance of the 1T2
fuzzy-rough sets is significantly better than that of the T1 fuzzy-rough sets as well as
classical and neighborhood rough sets in almost all the cases, irrespective of the feature
evaluation criteria used; and (iii) the IT2FR-MRMS method using the IT2 fuzzy-rough

sets achieves highest classification accuracy in most of the cases, irrespective of the data
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sets, feature evaluation criteria, rough set models, experimental setup, and classifiers used.

The better performance of the IT2FR-MRMS method is achieved due to the fact that
the MRMS criterion can identify relevant and significant features from high dimensional
real life data sets more efficiently than Max-Dependency and Max-Relevance criteria, while

the IT2 fuzzy-rough sets can capture uncertainties associated with data more accurately.

4.4.3 Performance of Various Feature Evaluation Indices

In order to establish the effectiveness of the I'T2 fuzzy-rough sets over other feature eval-
uation indices, extensive experimentation is done on different real life data sets. Table 3.1
of Chapter 3, Tables 4.3, 4.5, and 4.8 present the comparative performance of the IT2FR-
MRMS method and various feature evaluation indices such as class separability index, DB
index, Dunn index and FFE index considering different feature evaluation criteria such
as Max-Relevance, Max-Dependency, and MRMS. The variations of bootstrap error £ Bﬁgz
for IT2FR-MRMS and different indices using MRMS criteria with respect to number of
features selected are represented in Figure 7.4.

From the results reported in Table 3.1 of Chapter 3, Tables 4.3, and 4.8, it can be
seen that the I'T2 fuzzy-rough MRMS method attains highest classification accuracy in all
the cases, except one, on Satimage, Segmentation, Leukemia II, Breast II Colon, Breast
I, Leukemia I, Isolet, and Multiple Features data sets, irrespective of the classifiers used.
Table 4.5 reports the comparative performance in case of 10-fold CV. All the results
reported in Table 4.5 confirms that the IT2FR-MRMS method provides significantly better
results in 128 cases and better but not significantly in all other cases out of total 216
comparisons. The results reported in Table 3.1 of Chapter 3, Tables 4.3, 4.5, 4.8 and
Figure 7.4 confirm the fact that the performance of the MRMS criterion is better than

that of Max-Dependency and Max-Relevance, irrespective of feature evaluation indices.

4.4.4 Performance of Different Algorithms

Finally, Table 3.1 of Chapter 3, Tables 4.3, 4.6, and 4.9 compare the performance of the
proposed IT2FR-MRMS algorithm with that of different existing feature selection and
extraction algorithms on various data sets. From the results reported in Table 3.1 of
Chapter 3 and Table 4.3, it is seen that the IT2FR-MRMS algorithm achieves highest
classification accuracy of the K-NN, SVM, and C4.5 in 10 cases out of total 12 cases, while
the PCA and fuzzy-rough mRMR attain highest classification accuracy in only 1 and 1
cases, respectively.

Table 4.6 reports the performance of different methods in case of 10-fold CV, along
with the results of test of significance, for the K-NN, SVM and C4.5. From the results

reported in these tables, it can be seen that the proposed method attains significantly
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better results than other algorithms in 45 cases out of total 144 cases and better results
but not significantly in 94 cases. On the other hand, ICA and LDA achieve better results in
3 and 2 cases, respectively, but not significantly. In brief, out of total 48 cases, the IT2FR-
MRMS method attains highest classification accuracy in 41 cases, while the PCA, ICA,
LDA, and fuzzy-rough mRMR methods achieve it only 1, 2, 3, and 1 cases, respectively.
Also, Table 4.9 confirms that the IT2FR-MRMS algorithm achieves highest classification
accuracy of both SVM and C4.5 in 16 cases out of total 18 cases, while the ICA and LDA
attain highest classification accuracy in only 1 and 1 cases, respectively. The variations
of bootstrap error £ gg’? for IT2FR-MRMS and other methods with respect to number of
features selected are represented in Figure 4.10.

All the results reported in Tables 3.1 of Chapter 3, Table 4.3, 4.6, 4.9 and Figure 4.10
confirm that the proposed IT2FR-MRMS method selects a feature set having highest
classification accuracy of K-NN, SVM and C4.5 in most of the cases, irrespective of the
data sets. The proposed method can potentially yield significantly better results than the
existing algorithms. The better performance of the proposed method is achieved due to
the fact that it provides an efficient way to select a reduced feature set having maximum

relevance and significance.

4.4.5 Execution Time

A reduced set of relevant and significant features is obtained using the IT2FR-MRMS
algorithm with significantly lesser time. For Max-Relevance, IT2 fuzzy-rough sets takes
2.12E+01, 1.83E+01, 2.53E401, 5.23E+01, 0.22, 2.83, 9.32, 2.45, 2.6TE4+01, and 7.82
seconds, and for Max-Dependency, it takes 3.62E+04, 2.93E+04, 5.88E405, 1.24E+06,
9.98E+03, 1.01E+404, 6.12E+05, 9.88E+03, 2.93E405, 5.43E+04 seconds, respectively,
for Satimage, Segmentation, Leukemia II, Breast II, Colon, Breast I, Lung, Leukemia I,
Isolet, and Multiple Features data sets, whereas the execution time for the other algorithms
compared are reported in Table 3.8. The proposed IT2FR-MRMS took only 4.58E+01,
2.55E+401, 2.82E4-01, 6.43E4-01, 0.58, 2.92, 9.88, 3.13, 3.63E+01, and 1.33E+01 seconds in
case of Satimage, Segmentation, Leukemia II, Breast II, Colon, Breast I, Lung, Leukemia
I, Isolet, and Multiple Features respectively, which are lesser or comparable with the

execution times of other algorithms that produce relatively good results.

4.5 Conclusion

The major contribution of this chapter is three fold, namely,

1. development of a new feature selection method, integrating judiciously the theory of
IT2 fuzzy-rough sets and merit of the MRMS criterion;
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2. introduction of the concepts of LFEPM and UFEPM to compute both relevance and

significance in I'T2 fuzzy approximation spaces; and

3. application of the proposed method in selecting discriminative and significant fea-

tures from high dimensional benchmark and microarray gene expression data sets.

The performance of the proposed feature selection method is compared with that of
other feature selection and extraction methods using the predictive accuracy of nearest
neighbor rule, support vector machine, and decision tree. The proposed method uses the
concept of IT2 fuzzy-rough feature relevance and significance for finding significant and
relevant features of real valued data sets. This formulation is geared towards maximiz-
ing the utility of IT2 fuzzy-rough sets, feature selection, and the MRMS criterion with
respect to knowledge discovery tasks. Through these investigations and experiments, the
potential utility of I'T2 fuzzy-rough sets and the MRMS criterion for attribute selection is
demonstrated.

The results obtained on different benchmark and microarray data sets demonstrate
that a feature extraction technique such as PCA, ICA, or LDA may provide a reacher
feature subset than that obtained using a feature selection algorithm with a higher cost.
However, it is very difficult to decide whether to select a feature from original measure-
ment space or extract a new feature by transforming the existing features for a given data
set. Hence, a dimensionality reduction algorithm needs to be formulated that can simul-
taneously select or extract features depending upon the criteria, integrating the merits of
both feature selection and extraction techniques. In this regard, a novel dimensionality
reduction method, based on fuzzy-rough sets, is presented in the next chapter, that will

simultaneously select and extract features using the concept of feature significance.
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Chapter 5

Simultaneous Attribute Selection

and Feature Extraction

5.1 Introduction

In Chapter 3 and Chapter 4, some basic concepts of dimensionality reduction have already
been discussed, which is a process of selecting a map by which a sample in an m-dimensional
measurement space is transformed into an object in a d-dimensional feature space, where
d < m [101]. The problem of dimensionality reduction has two aspects, namely, formu-
lation of a suitable criterion to evaluate the goodness of a feature set and searching the
optimal set in terms of the criterion [169]. In general, those features are considered to have
optimal saliencies for which interclass (respectively, intraclass) distances are maximized
(respectively, minimized). The criterion of a good feature is that, it should be unchanging
with any other possible variation within a class, while emphasizing on differences that are
important in discriminating between patterns of different classes [525].

The major mathematical measures devised so far for the estimation of feature quality
are mostly statistical in nature, and can be broadly classified into two categories, namely,
feature selection in the measurement space and feature selection in a transformed space.
The techniques in the first category generally reduce the dimensionality of the measurement
space by discarding redundant or least information carrying features [61]. On the other
hand, those in the second category utilize all the information contained in the measurement
space to obtain a new transformed space, thereby mapping a higher dimensional pattern
to a lower dimensional one. This is referred to as feature extraction [101,112].

An optimal feature subset, selected or extracted by a dimensionality reduction method,
is always relative to a certain feature evaluation criterion. In general, different criteria
may lead to different optimal feature subsets. However, every criterion tries to measure

the discriminating ability of a feature or a subset of features to distinguish different class
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labels. One of the main problems in real life data analysis is uncertainty. Some of the
sources of this uncertainty include incompleteness and vagueness in class definitions. In
this background, the possibility concept introduced by rough set theory [414] has gained
popularity in modeling and propagating uncertainty. It has been applied to reasoning
with uncertainty, fuzzy rule extraction and modeling, classification, clustering, and feature
selection [325,414].

Rough sets can be used to find most informative feature subset of original attributes
from a given data with discretized attribute values [83,327,400]. However, there are
usually real valued data and fuzzy information in real world applications. In rough sets,
the real valued features are divided into several discrete partitions and the dependency
or quality of approximation of a feature is calculated. The inherent error that exists
in discretization process is of major concern in the computation of the dependency of
real valued features. Combining fuzzy and rough sets provides an important direction in
reasoning with uncertainty for real valued data [110,220,571]. They are complementary
in some aspects. The generalized theories of rough-fuzzy computing have been applied
successfully to feature selection of real valued data set [76,199, 220, 223, 323, 325, 500].
Also, neighborhood rough sets [197,198] are found to be suitable for both numerical and
categorical data set. In [198], Hu et al. described a neighborhood rough set based feature
selection algorithm.

On the other hand, a feature extraction technique such as principal component anal-
ysis, linear discriminant analysis, and independent component analysis [112], generates a
new set of features using a mapping function that takes some linear or nonlinear combi-
nation of original features. While principal component analysis uses a linear orthogonal
transformation to project a sample space containing possibly correlated variables into a
different space with uncorrelated variables, independent component analysis decomposes
a multidimensional feature vector into statistically independent components to reveal the
hidden factors from a set of random variables [112].

In general, a feature extraction technique provides a reacher feature subset than that
obtained using a feature selection algorithm with a higher cost [315]. Hence, it is very
difficult to decide whether to select a feature from original measurement space or extract
a new feature by transforming the existing features for a given data set. A dimensional-
ity reduction algorithm needs to be formulated that can simultaneously select or extract
features depending upon the criteria, integrating the merits of both feature selection and
extraction techniques.

In this regard, a novel dimensionality reduction algorithm is proposed based on fuzzy-
rough sets (FR-SFSFEx), which simultaneously selects and extracts features from a given
data set. Using the concept of feature significance, the feature set in each iteration is

partitioned into three subsets, namely, insignificant, dispensable, and significant feature
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sets. The insignificant feature set is discarded from the current feature set, while significant
feature set is used to select or extract a feature in next iteration. Depending on the quality
of features present in the dispensable set of current iteration, a new feature is extracted or
an existing feature is selected from the dispensable set for reduced feature set. In effect,
the finally obtained reduced feature set may simultaneously contain some original features
of measurement space and extracted new features of transformed space, which are both
relevant and significant. The effectiveness of the proposed fuzzy-rough dimensionality
reduction method, along with a comparison with other methods, is demonstrated on a
set of real life data using the predictive accuracy of nearest neighbor rule, support vector
machine, and decision tree. Some of the results, presented in this chapter, are also reported
in [314,317] .

The structure of the rest of this chapter is as follows: Section 5.2 describes the proposed
fuzzy-rough set based simultaneous feature selection and extraction method. A few case
studies and a comparison with other methods are presented in Section 5.3. Concluding

remarks are given in Section 5.4.

5.2 Fuzzy-Rough Sets for Dimensionality Reduction

In this section, a new dimensionality reduction method is presented, termed as FR-
SFSFEx, integrating the theory of fuzzy-rough sets and merits of both feature selection
and extraction techniques. The method is based on the concept of feature significance,
which has been discussed in Section 3.2.2 of Chapter 3.

5.2.1 Simultaneous Feature Selection and Extraction

The high dimensional real life data set may generally contain a number of nonrelevant and
insignificant features. The presence of such features may lead to a reduction in the useful
information. Ideally, the reduced feature set obtained using a dimensionality reduction
algorithm should contain features those have high relevance with the classes while the
significance among them would be as high as possible. The relevant and significant features
are expected to be able to predict the respective classes of the samples. Hence, to assess
the effectiveness of the features, both relevance and significance, described in Section 3.2.2
of Chapter 3, need to be measured quantitatively. The proposed dimensionality reduction

method addresses the above issues through following three phases:
1. computation of the relevance of each feature present in original feature set;
2. determination of the insignificant, dispensable, and significant feature sets; and

3. extraction of a relevant feature from the dispensable set.
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The fuzzy-rough set is used to compute both relevance and significance of features.
The insignificant feature set is discarded from the whole feature set, while the significant
feature set is used to select or extract significant features for reduced feature set.

Let .4, (D) represents the relevance of feature A; € C. The proposed algorithm starts
with a single feature A; that has the highest relevance value. Based on the significance
values of all other features, the feature set C is then partitioned into three subsets, namely,

insignificant set I;, dispensable set D;, and significant set S;, which are defined as follows:

I, = {-Aj’U{Ai,Aj}(Aj,D) < _51';-’43' #+ A; € (C}; (5.1)
D; = {Ajl =6 < oya,4,3(A;,D) <éis A; # A € Cly (5.2)
Si = {.Aj|U{Ai,Aj}(.Aj,]D) > 57;;Aj 75 A; € C}; (5.3)

where C =L, UD; US; U{A;} and 0; is a pre-defined threshold value corresponding to the
feature A;.

The insignificant set I; represents the set of features those are insignificant with respect
to the candidate feature A; of the current iteration. Hence, the insignificant set I; should
be discarded from the whole feature set C as the presence of such insignificant features
may lead to a reduction in the useful information. If insignificant features are present in
the reduced feature set, they may reduce the classification or clustering performance. The
significant set S; consists of set of features those are significant with respect to the feature
A;. In other words, the set S; represents the set of features of C those have the significance
values with respect to the feature A; greater than the threshold §;. This set is considered
in the next iteration to select or extract a new feature.

On the other hand, the dispensable set D; is used for extracting a new feature in the
current iteration. As the significance values of the features present in the dispensable set
are very low, they form a group of similar features. These features may be considered to
generate a new feature. However, the similar features of dispensable set may be in phase
or out of phase with respect to each other. Hence, the following definition can be used to

extract a new feature A; from the dispensable set of features D;:

— 7v4i+2)\jv4j_

A = : 5.4
Ty (5:4)

where \; € {—1,0,1} and A; € D;.

To find out the value of \; for each feature A; € D;, the following greedy algorithm
can be used. Let A; be the initial representative of the set D;. The representative of D; is
refined incrementally. By searching among the features of set D;, the current representative
is merged and averaged with other features, both in phase and out of phase, such that

the augmented representative A; increases the relevance value. The merging process is
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repeated until the relevance value can no longer be improved. If a feature A4; € D; in
phase (respectively, out of phase) with the feature A; increases the relevance value, then
Aj =1 (respectively, A\; = —1). On the other hand, the value of A\; = 0 if feature A; does
not increase the relevance value, irrespective of the phases. The main steps to find out the

values of \; for all A; € D; are as follows:
1. Initialize D; < {A;}, Ymax < V4,, and \; = 1.
2. Repeat following six steps (steps 3 to 8) until D; = ().

3. Initialize max < 0 and \; = 0,V.A; € D;.

S

. Repeat the following three steps (steps 5 to 7) for each feature A; € D;.

5. Compute two augmented representatives A:Zr j and A, y by averaging the features of

D; with A; and its complement, respectively, as follows:

1
A = ———— e Ak + A 5.5
i+] 1+Z‘>‘k’ A%} kAk J ( )
B 1
AM_TZM A%) Ay — A; (5.6)
k I3

6. Evaluate the value of \; as follows:

1 if >y d max
)\j — ! 7A¢++j - 7A¢+jan 7Aj+j > Yma

1 if Y A— > Y d - Ymax
BAL, = AL AR YA > ma
7. If \j # 0, then max < j and

v+ i =1
Ymax = At " )\J 1 (5.7)
%411]' A ==

8. If max # 0, then D; + D; \ {Amax}, Di < D; U {Anax}; otherwise stop.

After extracting the feature A; from the dispensable set D; using (5.4), the insignificant
feature set I; and used features of D; are discarded from the whole feature set C. From
the remaining features of C, another feature A; is selected by maximizing the following

condition:

1
VA; (D) + @ Z U{Zi,Aj}<«4j7D)§ (5.8)
jiES
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where S is the already selected or extracted feature set. The process is repeated to select
or extract more features. The main steps of the proposed simultaneous feature selection

and extraction algorithm are reported next.
5.2.2 FR-SFSFEx Algorithm
e Input: Original set C = {Ay,..., Ax,..., An}.

e Output: Reduced set S = {Ay,..., A;,..., Aq}.

1. Initialize B < {Ay,..., Ak,..., An} and S < 0.
2. Calculate relevance value 74, (D) of feature A; € B.
3. Select feature A; from B as the first feature that has highest relevance value.

4. Repeat the following five steps (steps a to e) until B = ) or desired number of features

are selected.
(a) Generate three subsets, namely, insignificant set I;, dispensable set D;, and
significant set S; with respect to the candidate feature A;.
(b) Evaluate the values of A; for all A; € D;.

(c) Extract feature A; from the dispensable set D; using (5.4) and add it to the
reduced set S.

(d) Discard the subset I; and used features of D; from the candidate feature set 5.

(e) From the remaining features of B, select feature A; that maximizes condition
(5.8).

5. Stop.

5.2.3 Fundamental Properties

From the above discussions, the following properties can be stated about the proposed

algorithm:

1. The relevance of extracted feature A; is higher than that of original feature A;, that

2. The significance O(A, Zj}(XhD) between any two features A; and A; of reduced
feature set S is high.

3. If \; = 0 for all A; € D;, then the extracted feature 4; at a particular iteration is

actually the candidate feature A; of the original feature set C.
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Hence, the proposed dimensionality reduction method generates a reduced feature set
S that may simultaneously contain some selected features of original measurement space
and some extracted features of transformed feature space, which are both relevant and

significant.

5.2.4 Complexity of the Algorithm

The proposed FR-SFSFEx algorithm has low computational complexity with respect to
the number of features present in original set.

The computation of the relevance of m features is carried out in step 2 of the proposed
FR-SFSFEx algorithm, which has O(m) time complexity. The selection of most relevant
feature from the set of m features, which is carried out in step 3, has also a complexity
O(m). There is only one loop in step 4 of the proposed dimensionality reduction method,
which is executed (d — 1) times, where d represents the number of features in the reduced
feature set. To generate insignificant, dispensable, and significant sets, the significance of
all existing features needs to be computed. The computation of significance of a feature
with respect to another feature takes only a constant amount of time. If 17 < m represents
the cardinality of the existing feature set, the complexity to compute the significance of
1 features, which is carried out in step 4-a), is O(rh). The computational complexity
of extracting a new feature from the dispensable feature set with cardinality |D;| < 1,
which is carried out in steps 4-b) and 4-c), is given by O(|D;|?). The computation of
the significance of (1 — |D;| — |I;|) candidate features with respect to the already-selected
features, which is carried out in step 4-e), has a complexity O(m — |D;| — |I;]), where
|I;| is the cardinality of the insignificant set. In effect, the selection of a feature from
(rh — |D;| — |I;|) candidate features by maximizing both relevance and significance has also
a complexity O(m — |D;| — |Li]).

Hence, the total complexity to execute the loop (d—1) times is O((d—1)(ra+|D;|>+ (1 —
ID;| —|1;]))). In effect, the selection of a set of d features from the whole set of m features
using the proposed FR-SFSFEx algorithm has an overall computational complexity of
O(m) +O(m) +O((d—1)(sh+ [Dif? + (7 — Di| L)) = O(m+ (d—1)(shr+ [Dyf? — L)),
where |D;|, |I;| < < m.

5.2.5 Selection of Threshold

The threshold §; in (5.2) plays an important role to form the dispensable set corresponding
to the candidate feature A; at a particular iteration. It controls the degree of similarity
among the features in the dispensable set. In effect, it has a direct influence on the per-
formance of proposed FR-SFSFEx algorithm. If §; increases, the number of features or

attributes in the dispensable set increases, but the similarity among them with respect to
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sample categories or class labels decreases. The similarity among the features in dispens-
able set increases with a decrease of ¢;.
To find out the optimum value of §;, the following definition, based on the significance

values of the candidate feature set B for each iteration, can be used:

i = ‘;’ > {U{Ai,Aj}(-AjaD)}r ; (5.9)
.AjEB

where 7 is a positive integer. Hence, the threshold §; represents the zero mean, rth order
moment of significance values of the attributes A; € B with respect to the candidate

feature A;.

5.3 Experimental Results and Discussion

The performance of the proposed FR-SFSFEx method is extensively studied and compared
with that of some existing feature selection and extraction algorithms, namely, maximal-
relevance (Max-Relevance) and maximal-relevance maximal-significance (MRMS) [327]
frameworks with classical, neighborhood, and fuzzy-rough sets, quick reduct (Max-Depen-
dency and rough sets) [83], fuzzy-rough quick reduct (Max-Dependency and fuzzy-rough
sets) [220], neighborhood quick reduct (Max-Dependency and neighborhood rough sets)
[198], minimal-redundancy maximal-relevance (mRMR) framework [416], fuzzy-rough set
based mRMR framework (fuzzy-rough mRMR) [323], margin based approaches such as
relevance in estimating features (RELIEF) [252], iterative search margin based algorithm
(SIMBA) [152]; wrapper approach (Wrapper), wrapper with forward search (WFS), com-
binatorial correlation-based feature selection algorithm (CFS) [173]; and existing feature
extraction algorithms, namely, principal component analysis (PCA) [112], independent
component analysis (ICA) [112,498], linear discriminant analysis (LDA) [112], and partial
least squares discriminant analysis (PLS-DA) [511]. Ten benchmark data sets are used
for the comparison purpose. While Satimage, Segmentation, Isolet, and Multiple Features
data sets are downloaded from the UCI Machine Learning Repository [134], Breast Cancer
I, Breast Cancer I, Colon Cancer, Lung Cancer, Leukemia I, and Leukemia II data sets are
available at the Kent Ridge Bio-medical Data Set Repository [1]. The descriptions of these
data sets are given in Section 3.3.2. All the algorithms are implemented in C language
and run in Ubuntu 11.04 environment with 64 bit support having machine configuration
of Pentium Core 2 Quad 2.66 GHz with 4 MB L2 cache, and 4 GB DDR2 RAM.

Three pattern classifiers, namely, K-NN, SVM, and C4.5, are used to evaluate the
performance of different dimensionality reduction methods with respect to several real life

data sets, which are described in Section 3.3.2 of Chapter 3. To compute the classification
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Figure 5.1: Variation of class separability index for different values of moment order r and
multiplicative parameter n

125



iy
i
gy

o)
R
i’"\“‘\\\‘\\\ X R
K, N
SO, KRR
OO R
R S

i ‘
S ) e
S . il “\k\\\ " \\\

N Sl

L

&
W
TR
\‘\

N
N
A
OO

A
R

RN
\

W\
S
\‘\

Class Separability
Class Separability

Value of r 06 Multiplicative Parameter Value of r Multiplicative Parameter

(a) SatImage (b) Segmentation

0.92

0.85

0.9

0.9

il

il

il
gl

o
®

0.88

e

3

al
4
©
a

0.86

2
s
22
Z2Z
L4
25

\\\‘ 0.8

X 84
IR
0.’.‘

o
3
v~

.
ZZ
S
SS%
o
©

0.65

0.82

Class Separability
Class Separability

o
o

0.8

o
~
aa

0.78

065 076

1
Value of r 06 Multiplicative Parameter Value of r Multiplicative Parameter

(c) Leukemia II (d) Breast II

Figure 5.2: Variation of class separability index for different values of moment order r and
multiplicative parameter n

accuracy of the K-NN rule, SVM, and C4.5, training-testing, 10 fold cross-validation (CV),
and bootstrap 5]'3652 (Appendix A) are performed. The 10-fold CV and bootstrap 5&32
are performed on Colon Cancer, Breast Cancer I, Lung Cancer, Leukemia I, Isolet, and
Multiple Features data sets, while the training-testing is done on Satimage, Segmentation,
Leukemia II, and Breast Cancer 11 data sets. Some of the results of this chapter have also

been reported in [314].

5.3.1 Optimum Values of Different Parameters

The multiplicative parameter 1 in (3.11) of Chapter 3 of fuzzy-rough sets controls the
extent of overlapping between the fuzzy equivalence classes low and medium or medium
and high. Keeping the values of oiow and opign in (3.10) of Chapter 3 fixed, the amount

of overlapping among the three 7 functions can be altered varying omedium ((3.11) of
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Chapter 3). As 7 is decreased, the radius opegium decreases around €pedium Such that
ultimately there is insignificant overlapping between the 7 functions low and medium or
medium and high. On the other hand, as 7 is increased, the radius opedium increases
around Cpedium SO that the amount of overlapping between 7w functions increases.

The parameter r in (5.9) is the moment order of significance values of all features
present at a particular iteration. In effect, it controls the size of the insignificant, dispens-
able, and significant feature sets corresponding to the candidate feature of that iteration.
Hence, the quality of the extracted features at various iterations as well as the overall
performance of the proposed dimensionality reduction method very much depend on the
value of r. Let S = {r,n} be the set of parameters and S* = {r*,n*} is the set of optimal
parameters. To find out the optimum values of r and 7 for a given data set, the class
separability index [101] is used, which is described in Section 4.4.1 of Chapter 4.

For all data sets, the values of moment order r and multiplicative parameter n vary
from 1 to 5 and 0.6 to 1.5, respectively. Fig. 5.1 and 5.2 represent the variation of class
separability index S for fuzzy-rough sets with respect to different values of r and 7. The
results are reported for all the data sets. In case of Satimage, Segmentation, Leukemia II,
and Breast II, the average class separability index values are presented for different folds
of training samples. From the results reported in Fig. 5.1 and 5.2, it is seen that, as the
values of both r and 7 increase, the class separability index S also increases and attains
its maximum value at the particular values of v* and n*. Hence, the optimum values of 7*

and n* are obtained using the following relation:
S* =arg max {S}. (5.10)

Table 5.1 presents the optimum values of {r,n} for fuzzy-rough sets obtained using
(5.10), along with the optimum values of r for classical rough sets and {r, ®} for neighbor-
hood rough sets, on different data sets. From the results reported in Table 5.1, it can be
seen that, in case of proposed fuzzy-rough dimensionality reduction method, the optimum
value of r is either 2 or 3 in most of the cases, while n varies between 1.0 and 1.5. For

class separability index, DB index, Dunn index, and FFE index, r = 3 is used.

5.3.2 Effectiveness of Parameter Optimization Technique

In order to establish the effectiveness of proposed method for finding optimum values of
different parameters, extensive experimentation is done on different real life data sets. To
compute the relevance and significance of the feature set in the proposed dimensionality
reduction method, classical or Pawlak’s rough sets, neighborhood rough sets, fuzzy-rough
sets, class separability index, DB index, Dunn index, and FFE index are used.

Table 5.2 presents the performance of classical, neighborhood, and fuzzy-rough sets on
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Satimage, Segmentation, Leukemia II, and Breast II data based on training-testing and
Colon, Breast I, Lung, Leukemia I, Isolet, and Multiple Features data based on 10-fold
CV. For 10-fold CV, the best average accuracy of 10 folds is presented. The results and
subsequent discussions are analyzed in this table with respect to classification accuracy
of K-NN, SVM, and C4.5. The best test accuracy obtained from all possible parameters
values on each data set is compared with the test accuracy corresponding to best training
accuracy and that for optimum parameters.

All the results reported in Table 5.2 confirm that the test accuracy obtained using opti-
mum parameters is higher than the test accuracy corresponding to best training accuracy
and comparable with the best test accuracy in most of the cases, irrespective of the rough
sets, classifiers, and data sets used. Out of 30 cases each, the test accuracy obtained using
the proposed technique is exactly same with the best test accuracy in 21, 20, and 25 cases
for classical, neighborhood, and fuzzy-rough sets, respectively. For fuzzy-rough sets, the
test accuracy corresponding to best training is better than that of the proposed technique
in only 1 case, while for classical and neighborhood rough sets, it is only 3 and 4 cases,
respectively.

Similarly, Table 5.3 presents the performance of class separability index, DB index,
Dunn index, and FFE index on Satimage, Segmentation, Leukemia II, and Breast II data
based on training-testing and Colon, Breast I, Lung, Leukemia I, Isolet, and Multiple
Features data based on 10-fold CV. All the results reported in Table 5.3 confirm that
the test accuracy obtained using optimum parameters is higher than the test accuracy
corresponding to best training accuracy and comparable with the best test accuracy in
most of the cases, irrespective of the indices, classifiers, and data sets used. Out of 30 cases
each, the test accuracy obtained using the proposed technique is exactly same with the
best test accuracy in 19, 20, 20, and 20 cases for class separability index, DB index, Dunn
index, and FFE index, respectively. The test accuracy corresponding to best training is
better than that of the proposed technique in only 3, 2, 1, and 2 cases, for class separability

index, DB index, Dunn index, and FFE index, respectively.

5.3.3 Performance of Various Rough Set Based SFSFEx

In case of dimensionality reduction, the reduced feature set is always relative to a certain
feature evaluation index. In general, different evaluation indices may lead to different
reduced feature subsets. To establish the effectiveness of fuzzy-rough sets over Pawlak’s
or classical and neighborhood rough sets, extensive experiments are done on various data
sets. Tables 5.4, 5.5, and 5.6 present the comparative performance of different rough set
models for simultaneous feature selection and extraction task. The results and subsequent
discussions are presented in this table with respect to the classification accuracy of the

K-NN, SVM, and C4.5 on test samples considering the optimum parameter values.
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All the training-testing, 10-fold CV, and bootstrap 5]‘3652 are performed to compute the
classification accuracy of the K-NN, SVM, and C4.5. Tests of significance are performed
for the inequality of means (of best classification accuracy of the K-NN, SVM, and C4.5)
obtained using the fuzzy-rough sets and other rough sets. Since both mean pairs and
the variance pairs are unknown and different, a generalized version of ¢-test is used here,
which is already described in Section 3.4.1 of Chapter 3. Tables 5.4, 5.5, and 5.6 report
the individual means and standard deviations, and the value of test statistic computed. In
case of 10-fold CV, the best means and corresponding standard deviations of classification
accuracy obtained in different folds are computed for Colon, Breast I, Lung, Leukemia I,
Isolet, and Multiple Features data sets. The corresponding tabled value is 1.81 at an error
probability level of 0.05. If the computed value is greater than the tabled value, the means
are significantly different, which are marked bold in the Tables 5.4, 5.5, and 5.6.

From the results reported in Tables 5.4, 5.5, and 5.6, it can be seen that the proposed
FR-SFSFEx method attains maximum classification accuracy of the K-NN, SVM, and C4.5
in most of the cases. Out of 12 cases of training-testing, the proposed FR-SFSFEx method
achieves highest classification accuracy in 10 cases, while that with CR-SFSFEx (classical
rough sets based SFSFEx) attains it only in 2 cases. On the other hand, among the 36
comparisons of 10-fold CV, the proposed FR-SFSFEx method provides significantly better
results in 21 cases and better results but not significantly in 11 cases, while significantly
better results are achieved only in 3 cases using NR-SFSFEx (neighborhood rough sets
based SFSFEx). All other cases, the performance of different rough sets is same. Experi-
ments are also done on the data sets using bootstrap 5]'365’2 method, where the results are
represented in the same table. Here, among the 18 comparisons, the proposed FR-SFSFEx
method provides significantly better results in each and every cases. In brief, out of total
48 cases, the CR-SFSFEx and NR-SFSFEx attain higher classification accuracy than the
FR-SFSFEx in 2 and 3 cases, respectively. All other cases, FR-SFSFEx provide higher or
comparable classification accuracy, irrespective of the data sets, experimental setup, and
classifiers used. The proposed FR-SFSFEXx is also compared with various rough sets based
feature selection methods which are reported in Table 3.1 of Chapter 3, Tables 5.4, 5.5,
and 5.6 for training-testing samples. From Table 3.1 of Chapter 3, Tables 5.4, 5.5, and 5.6,
it can be seen that, out of 12 cases of training-testing, the proposed FR-SFSFEx method
achieves highest classification accuracy in 10 cases, while IT2FR-MRMS attains it only
in 2 cases. The performance of the FR-SFSFEx method is also compared with various
rough sets based feature selection methods for 10-fold CV and bootstrap 5]'365’2 method.
Table 5.9 reflects the value of test statistic computed corresponding to 10-fold CV, where
the individual means, number of features selected, and standard deviations are reported
for FR-SFSFEx. From Table 5.9, it can be seen that, out of 216 cases of 10-fold CV, the
proposed FR-SFSFEx method provides significantly better results in 154 cases, and better
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results but not significantly in other 62 cases. Table 4.7 of Chapter 4 and Table 5.8 present

the bootstrap 8]'36532

results, where, out of 18 cases, the proposed FR-SFSFEx provides best
results in 16 cases. The proposed method also provides higher classification accuracy than
the Max-Relevance, Max-Dependency, and MRMS criteria in all cases, irrespective of the
classifiers, rough sets, and data sets used. The better performance of the FR-SFSFEx is
achieved due to the fact that it can capture uncertainties associated with the data more

accurately.

5.3.4 Performance of Various Non-Rough Set Based SFSFEx

All the training-testing, 10-fold CV, and bootstrap 5}'365‘?’2 are performed to compare the
classification accuracy of FR-SFSFEx with non-rough set based SFSFEx, namely, ClsSep-
SFSFEx (Class Separability index based SFSFEx), DB-SFSFEx (DB index based SFS-
FEx), Dunn-SFSFEx (Dunn index based SFSFEx), and FFEI-SFSFEx (FFE index based
SFSFEx) with respect to K-NN, SVM, and C4.5. From the results reported in Tables 5.4,
5.5, and 5.6, it can be seen that the proposed FR-SFSFEx method attains maximum clas-
sification accuracy of the K-NN, SVM, and C4.5 in most of the cases. Out of 12 cases
of training-testing, the proposed FR-SFSFEx method achieves highest classification accu-
racy in all the cases. On the other hand, among the 72 comparisons of 10-fold CV, the
proposed FR-SFSFEx method provides significantly better results in 52 cases and better
results but not significantly in 17 cases, while ClsSep-SFSFEx and DB-SFSFEx achieve
better result, but not significantly in only 1 and 2 cases, respectively. In all other cases, the
performance of different indices is same. Experiments are also conducted on the data sets
using bootstrap 5}'36532 method, where the results are represented in the same table. Here,
among the 18 comparisons, the proposed FR-SFSFEx method provides significantly better
results in 17 cases, while Dunn-SFSFEx achieves it in only one case. In brief, out of total
48 cases, the ClsSep-SFSFEx, DB-SFSFEx, and Dunn-SFSFEx attain higher classification
accuracy than the FR-SFSFEx in only 1, 2, and 1 cases, respectively. In all other cases,
FR-SFSFEx provide higher or comparable classification accuracy, irrespective of the data
sets, experimental setup, and classifiers used. The proposed FR-SFSFEx is also compared
with various non-rough set based feature selection methods which are reported in Table 3.1
of Chapter 3, Tables 5.4, 5.5, and 5.6 for training-testing data sets. From Table 3.1 of
Chapter 3, Tables 5.4, 5.5, and 5.6, it can be seen that the proposed FR-SFSFEx method
achieves highest classification accuracy in all the cases of training-testing. The perfor-
mance of the FR-SFSFEx method is also compared with various non-rough sets based
feature selection methods for 10-fold CV and bootstrap 81'3555’2 method. Table 5.10 reflects
the experimental results corresponding to 10-fold CV, where the individual means, number
of features selected, and standard deviations are reported for FR-SFSFEx. From Table
5.10, it can be seen that, out of 216 cases of 10-fold CV, the proposed FR-SFSFEx method
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provides significantly better results in 190 cases, and better results but not significantly in
other 26 cases. Table 4.8 of Chapter 4 and Table 5.8 present the bootstrap 5]'36832 results,
where the proposed FR-SFSFEx provides best results in all of the cases.

5.3.5 Performance of Different Algorithms

Table 3.1 of Chapter 3, Tables 5.7, 5.8, and 5.11 compare the performance of the proposed
FR-SFSFEx algorithm with that of different existing feature selection and extraction al-
gorithms on various data sets. From the training-testing results reported in Table 3.1 of
Chapter 3 and Table 5.7, it is seen that the proposed dimensionality reduction method
achieves highest classification accuracy of K-NN, SVM, and C4.5 in 11 cases, out of total
12 cases, while the PCA attains highest classification accuracy in only 1 case. The per-
formance of the FR-SFSFEx method is also compared with various other feature selection
and feature extraction algorithms for 10-fold CV and bootstrap 5]'365’2 method. From the
results reported in Table 5.11, it can be seen that, out of 144 cases of 10-fold CV, the
proposed FR-SFSFEx method provides significantly better results in 104 cases, and better
results but not significantly in 38 cases. Table 4.9 of Chapter 4 and Table 5.8 present the
bootstrap 5]'36532 results, where the proposed FR-SFSFEx provides best results results in 17
cases, out of 18 cases. Also, the proposed method can potentially yield significantly better

results than the existing algorithms.

5.3.6 Importance of Proposed Feature Extraction Method

To extract a new feature A; from the dispensable set D; corresponding to the feature A;,
that is, step 4(b) of the proposed FR-SFSFEx algorithm, one may consider the conventional
feature extraction techniques like PCA, ICA, and PLS-DA instead of the feature extraction
method presented in Section 5.2.1. In order to establish the importance of proposed feature
extraction technique over the conventional PCA, ICA, and PLS-DA in step 4(b), extensive
experimentation is done on the data sets mentioned earlier. In Tables 5.12, 5.13, and 5.14,
PCA-SFSFEx, ICA-SFSFEx, and PLS-DA-SFSFEx represent, respectively, the algorithms
generated if 4(b) of FR-SFSFEx algorithm is replaced by PCA, ICA, and PLS-DA. From
the results reported in Table 5.12, it can be seen that, out of total 12 cases, the proposed
technique provides highest classification accuracy in terms of K-NN, SVM, and C4.5 in 11
cases. However, the PLS-DA-SFSFEx attains highest classification accuracy in 1 case.
Similarly, all the results reported in Tables 5.13 and 5.14 confirm that the proposed
FR-SFSFEx method performs significantly better than that of other algorithms in 46 cases
out of total 54 cases, while the PLS-DA-SFSFEx achieves significantly higher accuracy in
only 1 case. In all other cases, the performance of different algorithms is comparable.

The better performance of the proposed FR-SFSFEx technique is achieved due to the fact
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Table 5.15: Execution Time (in second) of Different Methods for Various Data Sets
Different Different Benchmark Data Sets

Indices ||Satimage| Segmen [Leuke II|Breast II| Colon |Breast I| Lung |Leuke I| Isolet [Mult Feat
Wrapper ||2.0E+02(1.0E4-02|5.5E402|7.8E+402(2.3E402(9.8E+02(5.9E+02(5.8E+02(4.8E+4-02| 3.9E+402
WES 8.4E+01|1.1E+02|1.3E+02|5.5E+02|4.1E402/1.2E4-03|6.5E+02/8.7E4023.0E4-02| 4.1E+02
CFS 5.0E401|1.7E+02(2.3E401|5.1E402(2.6E402|1.3E4-03|7.5E+02|1.3E+03|1.4E+02| 1.2E+402
PLS-DA ||9.8E+03|1.2E4-03|6.2E4-03|7.2E4-04|4.2E+04(2.4E+404|7.7E404/5.0E4-04|1.9E4-04| 4.4E+04
FR-SFSFEx|[2.8£4-01|3.1E4+01|6.3E401|7.3E4-01|6.4E4-00/4.3E4+01/4.5E+018.3E+014.9E+01| 1.0E+401

that the PCA, ICA, and PLS-DA do not take into account the relevance of the features,
rather, they only consider the variances of different features present in the dispensable set,

to generate a new feature. In effect, they may fail to extract relevant features.

5.3.7 Execution Time

Table 3.8 of Chapter 3 and Table 5.15 report the execution time of different algorithms.
The significantly lesser time of the proposed algorithm is achieved due to its low computa-
tional complexity. The better performance of the proposed method is achieved due to the
fact that it provides an efficient way to simultaneously select and extract features for clas-
sification. In effect, a reduced set of features having maximum relevance and significance

is being obtained using the proposed method.

5.4 Conclusion

Dimensionality reduction using feature selection and/or feature extraction is one of the
important problems in pattern recognition and data mining, keeping in mind the explosive
growth of available information. In this regard, this chapter presents a novel dimension-
ality reduction method, integrating judiciously the theory of fuzzy-rough sets and merits
of both attribute selection and feature extraction. An efficient algorithm is introduced by
performing simultaneous feature selection and extraction. It uses the concept of fuzzy-
rough feature significance for finding significant and relevant features from real valued
data sets. Finally, the effectiveness of the proposed method is presented, along with a
comparison with other related algorithms, on several real life data sets. This formulation
is geared towards maximizing the utility of fuzzy-rough sets, feature selection, and fea-
ture extraction with respect to knowledge discovery tasks. Through these investigations
and experiments, the potential utility of fuzzy-rough sets for dimensionality reduction is
demonstrated.

Next chapter addresses the problem of clustering, which is another important problem
of pattern recognition, machine learning, and data mining. A new clustering algorithm,

termed as rough hypercuboid based interval type-2 fuzzy c-means, is presented integrating
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judiciously the theory of rough hypercuboid approach, interval type-2 fuzzy sets, and

c-means algorithm, to approximately manage the uncertainty present in a data set.
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Chapter 6

Rough Hypercuboid Based IT2
Fuzzy C-Means Algorithm

6.1 Introduction

Clustering has retained high interest in a wide range of engineering and scientific disciplines
like pattern recognition, data mining, machine learning, bioinformatics, web intelligence,
remote sensing, communications, and computer vision, where objects are grouped into a
number of clusters according to their similarities in multidimensional spaces [112]. The
grouping is done in such a way that the degree of association between objects from the same
cluster is maximum and minimum for the objects from different clusters. The classical k-
means or hard c-means (HCM) algorithm [112] is one of the primitive and most widely used
objective function based clustering algorithms, which minimizes the sum of the distances
between the samples and the corresponding centroid. Each sample has membership in
only one of the clusters.

Uncertainty is one of the major problems in real life data analysis. Some of the sources
of this uncertainty include incompleteness and vagueness in cluster definition. Fuzzy set
theory is an extension of the classical set theory, which permits gradual membership val-
ues for elements in a set, relaxing the requirement of the HCM. In this background,
fuzzy c-means (FCM) algorithm, originally proposed by Dunn [113] and then modified
by Bezdek [48], is a widely used and efficient partition-based clustering technique, where
the memberships of the objects decrease as their distance from the cluster center increases.
When the clusters are not precisely defined, and having overlapping boundaries, the FCM
is a better choice for clustering compared to the HCM. It provides more accurate results
for the data that belong to the intersection of multiple clusters. The FCM uses probabilis-
tic approach for clustering. However, for real life data sets, where noise and outliers are

unavoidable, the FCM forces those undesired objects to put in one or more clusters. To
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resolve this issue, Krishnapuram and Keller proposed possibilistic c-means (PCM) [261],
which generates the clusters by calculating the distance between any object to that clus-
ter, and does not consider the distance with other clusters. The PCM performs well in
noisy environment or data set with outliers; but the algorithm is very sensitive to initial
prototypes, and often produces coincident clusters. Pal et al. [383] proposed a clustering
algorithm, which combines both fuzzy (probabilistic) and possibilistic memberships.

The theory of rough sets, proposed by Pawlak, is a very useful paradigm, which can be
used to deal with uncertainty, incompleteness, and vagueness associated with data [414];
and hence has been widely used for feature selection [414] and clustering in approximation
spaces [320,321,330]. Combination of fuzzy sets and rough sets provides an effective way
to solve this uncertainty problems [110,220,571]. The generalized theories of rough-fuzzy
computing have been applied successfully to feature selection of real valued data [199,220,
223,314, 323,500]. Integrating both rough and fuzzy sets, Maji and Pal proposed rough-
fuzzy c-means (RFCM) algorithm [321], encapsulating two related and complementary, but
distinct concepts used to represent the uncertainty in knowledge; vagueness (used in fuzzy
set), and indiscernibility (used in rough sets). Each cluster in the RFCM consists of two
disjoint regions, a crisp lower approximation, surrounded by an uncertain fuzzy boundary.
Each object in lower approximation solely belongs to that cluster and has same weight,
resulting a similar influence on the corresponding cluster and centroid updation. The
algorithm provides the boundary region with gradual membership values, which can group
the objects well in a data set with the presence of uncertainty. A cluster can be represented
by its center, lower approximation and boundary region. A generalized hybrid algorithm,
termed as rough-fuzzy possibilistic c-means (RFPCM), has also been proposed in [321].
The algorithm has been further extended to robust rough-fuzzy c-means (rRFCM) [330],
where possibilistic lower approximation is surrounded by a probabilistic boundary region
for any cluster. The possibilistic lower approximation helps to discover clusters having
various shapes.

However, the FCM, RFCM, RFPCM or rRFCM algorithms use type-1 (T1) fuzzy sets.
Although the researchers found some limitations of T'1 fuzzy sets, most of the contributions
in this domain are still restricted to this theory. As discussed in Chapter 4, Mendel [342]
pointed out several sources of uncertainties present in T1 fuzzy logic systems. All these
uncertainties ultimately converge into uncertainties about the membership functions of
fuzzy sets. The T1 fuzzy set has been generalized to type-2 (T2) fuzzy set [519] by
Zadeh [555]. It uses membership grades that are also fuzzy. The T2 fuzzy set is useful for
the scenario where the exact membership function for the fuzzy set is costly to determine.
Three-dimensional membership function of the T2 fuzzy set provides more degrees of
freedom than that of the T1 fuzzy set, which uses two-dimensional membership function
[347]. Rhee and Hwang proposed T2 fuzzy c-means algorithm (T2FCM) [437] by assigning
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membership grades to the T1 memberships. Liang and Mendel [283] and Mendel et al. [345]
have shown that interval T2 (IT2) fuzzy set is more useful in practical applications, due
to its lower computational complexity than the T2 fuzzy set. In this background, an I'T2
fuzzy c-means (IT2FCM) algorithm has been proposed in [206].

The IT2 fuzzy set is also successfully applied in various pattern recognition applications
[316,531], combining it with rough set theory. Hence, the combination of IT2 fuzzy set
and rough sets can be a promising technique for clustering, if the integration is done in a
cooperative, rather than a competitive, manner [316]. The integration is expected to enable
the clustering process artificially more intelligent. Incorporation of IT2 fuzzy set will help
to handle efficiently overlapping clusters where the determination of exact membership
function is difficult, while the concept of lower and upper approximations of rough sets
will deal with uncertainty, vagueness, and incompleteness in cluster definitions. Since the
integrated approach has the capability of providing a stronger paradigm for uncertainty
handling [316, 531], it has greater promise in clustering, where IT2 fuzzy set [206,437]
and/or rough sets [321,330] are being effectively used and proved to be successful.

In this regard, this chapter introduces a hybrid clustering algorithm [145], termed
as rough hypercuboid based interval type-2 fuzzy c-means (RH-IT2FCM). It integrates
judiciously the merits of rough hypercuboid approach, probabilistic membership of IT2
fuzzy sets, and c-means algorithm. While the concept of lower approximation and bound-
ary region of rough sets deals with uncertainty, incompleteness, and vagueness in cluster
definition, the use of fuzzy membership of IT2 fuzzy sets in the boundary region enables
efficient handling of overlapping partitions in uncertain environment. One of the important
issues of rough set based clustering algorithms is how to decide the lower approximation
and boundary region of a cluster. In existing rough-fuzzy clustering [321,330], the objects
are put into lower approximation and boundary region depending upon some user defined
threshold values. This decision making step plays a vital role on the performance of the
algorithm. In the proposed algorithm, this problem is addressed using the concept of
rough hypercuboid approach [312,526], which implicitly partitions the objects into lower
approximation and boundary region of clusters, without the need of any user specified
parameter. The cluster prototype is calculated taking the weighted average of the crisp
lower approximation and probabilistic boundary. In effect, the proposed algorithm can
find overlapping and vaguely defined clusters. The initial prototype selection and stuck in
local minima problems of c-means algorithms are efficiently solved by introducing a robust
method using fuzzy similarity measure, while the optimum values of different parameters
are estimated using a cluster validity index. The efficacy of the proposed algorithm, along
with a comparison with existing c-means algorithms, is established on numerous real life
data sets with the help of some internal and external validity indices. Some of the results,

presented in this chapter, are also reported in [145].
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The rest of this chapter is oriented as follows: Section 6.2 briefly describes the neces-
sary concepts of rough hypercuboid approach. In Section 6.3, the proposed RH-IT2FCM
algorithm is presented, based on the concept of rough hypercuboid approach and interval
type-2 fuzzy c-means. The data sets and cluster validity indices used in this chapter are
summarized in Section 6.4. In Section 6.5, the performance is demonstrated on several
real life data sets, along with a few case studies and a comparison with other clustering
algorithms. The initialization of cluster prototypes and parameter optimization methods

are also introduced in this section. Concluding remarks are given in Section 6.6.

6.2 Basics of Rough Hypercuboid Approach

In this section, the basic concepts of rough hypercuboid approach are reported.

Rough Hypercuboid Equivalence Partition Matrix

Let, U = {z1,--- , 24, -+ ,2,} be the finite set of n objects, C = { A, -, Ag, -+, An}
be the condition attribute set and D be the decision attribute sets in U. Let U/D =
{B1,-++,Bi, -+, Bc} represents ¢ equivalence classes of U, also called information gran-
ules, given by the equivalence relation using the decision attribute set ID. Similarly,
each condition attribute A € C generates the ¢ equivalence classes of U, denoted as
U/ Ak = {01,---,0i,---,0c}. So, c partitions of U contain a set of (cn) values {h;;(Ax)},
which can be represented with a (¢ x n) matrix H(Ay) = [h;;(Ag)]. The matrix H(Ay) is
called hypercuboid equivalence partition matrix (HEPM) [312] for the condition attribute

Ay, and is represented as

hi1(Ag) hia(Ag) - hig(Ag)
H(A,) = hoi(Ag) hao(Ag) -+ hap(Ag) 6.1)
hei(Ag) hea(Ax) -+ hen(Ax)

Here h;;(Ag) € {0,1} denotes the membership of object z; for the ith equivalence
partition or class f3;. The interval [L;, U;] is the value range of condition attribute A; with

respect to class ;. Following two conditions must be satisfied:

1<) hij(Ar) <n,Vi; 1<) hij(Ar) < ¢, V5. (6.3)

j=1 i=1
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Confusion vector is used to identify the misclassified objects of implicit hypercuboids,

constructed using hypercuboid equivalence partition matrix, and is defined as:

V(Ag) = [vi(Ar), -, vi(Ak), - v (Ap); (6.4)
where, v;(Ag) =min{1,> hi;(Ax) — 1}. (6.5)
=1

In other words, an object x;, which is in the lower approximation of any class ;, will
not be in the lower or upper approximations of any other class and v;(.A;) = 0. On the
contrary, if the object x; falls in the boundary region of multiple classes, then it must
be inside some implicit hypercuboid and v;(Ax) = 1. So, the lower approximation and
boundary region of the ith class 3; corresponding to the decision attribute set ID can be
determined using the hypercuboid equivalence partition matrix and the confusion vector
corresponding to the condition attribute A;. To demonstrate it clearly, Figure 6.1 presents
the scatter plots of samples from two classes, namely, Class A and Class B, considering
two attributes A; and A;.
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1 1
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1 1
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Figure 6.1: Rough hypercuboids in two dimension

Let, 8; € U. A-lower and A-upper approximations of 8; can be constructed to approx-

imate f3;, using only the information contained within Aj:

A(ﬁl) = {.CCJ’ hl](.Ak) =1 and Vj(.Ak) = 0}, (66)
A(Bi) = {z] hij(Ag) = 1} (6.7)

where equivalence relation A is generated from attribute Ag. The boundary region corre-

sponding to (; is given by

Ba(Bi) = A(Bi) \ A(By); (6.8)
that is, Ba(8;) = {;] hij(Ax) = 1 and v;(A) = 1}. (6.9)
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A ¢ x n hypercuboid equivalence partition matrix H(.A) represents the c-hypercuboid
equivalence partitions of the universe generated by an equivalence relation. Each row
of H(Ayg) represents a hypercuboid equivalence partition or class. The ith hypercuboid

equivalence partition is represented as
Bi = {hi1 (Ag)/x1 + hia(Ag) /22 + - - + hin(Ag) /20 } (6.10)

An equivalence relation corresponding to a hypercuboid partition generates the equiv-
alence class. Here, “4” represents the union operation. The cardinality of the set, that is,

the cardinality of the upper approximation of the class §; is as follows :

n
[AB)] = hij (Ap); (6.11)

j=1
which can be considered as a natural generalization of crisp set. In a same way, the
cardinalities corresponding to lower approximation and boundary region of class [3; may

be calculated using these equations:

JAB) =D hij(Ar) N1 = v (Ap)]; (6.12)
j=1
[Ba(B)] =D hij(Ar) Nvj(Ag). (6.13)
j=1

Given < U, A >, A; and A; are two condition attributes of A. Two ¢ x n hypercuboid
equivalence partition matrices, H(Ag) and H(A4;), can be used to construct the ¢ x n

hypercuboid equivalence partition matrix for the set of attributes {Ag, .4;}:

H({ Ak, Ai}) = H(Ax) NH(A); (6.14)
where hy; ({Ag, A}) = hij (Ag) N hy; (A). (6.15)

So, the ¢xn hypercuboid equivalence partition matrix for the set of condition attributes
C={Ay, -, Ak, -+, Ap} is represented as

H(C) = (] H(Ak); where hi(C) = () hi;(A). (6.16)
AreC ApeC

This resultant hypercuboid equivalence partition matrix H(C) can be used to construct

the lower approximation and boundary region corresponding the whole feature set C.
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6.3 Rough Hypercuboid Based IT2 Fuzzy C-Means

The objective function based clustering is the most well known method, where the distance
between an object and corresponding cluster prototype needs to be minimized iteratively.
In the HCM, all the samples belonging to a cluster contribute equally for taking the
decision. If a data set has two identical clusters, C; and Cy (in terms of structure and
density), the decision boundary will just be a line exactly perpendicular to the line joining
the two cluster centers. The FCM based algorithms work well for overlapping clusters
with similar volumes and hyper spherical shapes and densities, that consider the relative
distance of the objects across the clusters. So, an object which is distant from a cluster
prototype contributes less in center updating than a pattern near the center. The fuzzifier
m controls the width of decision boundary. However, in real life non hyper-spherical
clusters, having different size and densities (e.g. ca > ¢1, where ¢; and ¢y are the radii of
the clusters C7 and Cb, respectively), the performance of the FCM is extremely related
with the choice of m and must be chosen according to the distribution of the patterns,
where improper choice may cause undesirable clusters. If 1 has large value, the estimated
cluster center vy will deviate from original position and tend to move towards Cy. So, the
ideal case will be to set the maximum fuzzy region with wide region to C; side and narrow

region to Cy side.

Figure 6.2: Fuzzy type-1 and type-2 membership functions (a) Gaussian type-1 member-
ship function (b) General type-2 with Gaussian uniform membership function (c) Interval
type-2 membership function with fixed secondary grade.

It is clear that the single fuzzifier used in the FCM cannot handle any uncertainty
existing in fuzzifier 7. In this regard, Hwang and Rhee [206] used two fuzzifiers, namely,
1 and e, with different fuzzy degrees to represent and manage uncertainty, provid-
ing an appropriate maximum fuzzy boundary. So, when uncertainty is present in fuzzy
memberships, the conventional fuzzy sets can be extended to I'T2 fuzzy sets using the two
fuzzifiers. This concept is used in the proposed rough hypercuboid based interval type-

2 fuzzy c-means (RH-IT2FCM). Fig. 6.2(a) represents a Gaussian T1 fuzzy membership
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function. When the secondary grade is present, the corresponding representation is termed
as general T2 fuzzy membership function (Fig. 6.2(b)). The IT2 membership function with
fixed secondary grade is represented in Fig. 6.2(c). The proposed RH-IT2FCM method
uses the concepts of I'T2 fuzzy memberships of fuzzy sets, and lower approximation and
boundary region of rough sets into c-means algorithm. The rough hypercuboid concept is
used to construct the positive and boundary region without the need of any user speci-
fied threshold. While the use of probabilistic membership introduced by fuzzy sets allows
efficient handling of overlapping partitions in uncertain environment, the rough sets deal

with uncertainty, incompleteness, and vagueness in cluster definition.

6.3.1 Lower Approximation and Boundary Region

The RH-IT2FCM algorithm, in each iteration, divides the samples, corresponding to each
cluster, into two regions, namely, lower approximation and boundary region, where lower
approximation is crisp and boundary region is I'T2 fuzzy. This decision making step plays
a vital role for the performance of the algorithm. The rough hypercuboid approach is
employed in the current study that implicitly divides the samples and put them either in
lower approximation or in boundary region of each cluster. A hypercuboid, also called
hyperrectangle, is the generalized representation of a rectangle in higher dimensions. It
represents the Cartesian product in orthogonal intervals. An m-dimensional hypercuboid
is defined in the m-dimensional Euclidean space, where m variables are measured for each
sample or object [526]. For real life data set, some implicit hypercuboids are generated
from the intersections of the explicit hypercuboids corresponding to different clusters. If
any object falls in only one hypercuboid corresponding to a particular cluster, then that
object can be put in the lower approximation of that cluster. Otherwise, if it falls in the
intersection of two or more hypercuboids, then the object can be put in the boundary

region of the clusters corresponding to the hypercuboids.

[
g\ Shaa

.

+— Cluster 3

Crisp Lower Approximation
A(B;) with pjj =1

/ .ZWE%
g

S . 1T2 Fuzzy Boundary B(f;)
with [ W, Wij ] — [0, 1]

Figure 6.3: RH-IT2FCM: Cluster §; is represented by crisp lower bound and interval
type-2 fuzzy boundary
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6.3.2 Objective Function

The RH-IT2FCM algorithm is an objective function based iterative optimization tech-
nique, where the sum of the distances between the objects and corresponding cluster
prototypes need to be minimized. Let, X = {x1,---,z;, - ,2,} consists of n objects and
V ={vi, -+, v, -+ ,v.} be the set of ¢ centroids, where z; € R™ and v; € R™. Each clus-
ter f3; is represented using a cluster center v;, a lower approximation A(3;) and a boundary
region B(3;) = {A(B;)\ A(Bi)}, where A(B;) represents the upper approximation of cluster
Bi. Let d;; = ||xj — v;|| be the distance between jth object z; and the ith cluster center
v;. The proposed RH-IT2FCM algorithm partitions the set X of objects into ¢ clusters,

by minimizing the following objective function:

C

JRH-IT2FCM = Z['(U-Ai + (1 —w)Bj] (6.17)
i—1

where A; = Z d?j and B; = Z (Mij)md?j-

z;€A(Bi) z;€B(5:)

The parameters w and (1 — w) are used to represent the relative importance of lower
approximation and boundary regions. These regions are formed using rough hypercuboid
approach of [312]. Here 7 € [1,00) is the probabilistic fuzzifier and p;; € [0,1] is the
probabilistic membership function as similar to that of the RFCM. In case of IT2 fuzzy
set, u;; can be represented by its lower and upper membership degrees of IT2 fuzzy sets,
that is, pi; = [Hij’ fi;;]- Here, fuzzifier i can be replaced by 1 and 7f2, which correspond
to different fuzzy degrees and provide different objective functions. So, the expression of

B; can be represented as the range [B;, B;]:

s-[( £ @orde ¥ )

z;€B(B:): z;€B(Bi):

p<c p>c
(> wymd+ > ) (6.18)
z;€B(B): z;€B(B):

p<c p=c

c

where p = —_—.
2
In the RH-IT2FCM, a centroid, a crisp lower approximation, and a probabilistic (IT2

fuzzy) boundary (Fig. 6.3) are used to represent a cluster. The fuzziness of resultant
partition is affected by the lower approximation. As per the definitions of rough sets [414],
if any object x; € A(B;), then z; ¢ A(B),Vk # i, and x; ¢ B(f;),Vi. That is, the object
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x; must be a member of 5;. So, the memberships of any object in lower approximation of a
cluster must not be related with other cluster centroids. Here all the objects lying in lower
approximation have same influence on the computation of the corresponding centroid for
the cluster. So, like the RFCM, the membership of any object in the lower approximation
of any cluster is crisp, whereas if 2; € B(f3;), then the object ; probably belongs to cluster
B; and likely to be a member of another cluster. So, different objects in boundary regions
must have different influences on the centroid and cluster updation, and the memberships
of the objects should depend on the distances from all cluster centroids. Hence, in the
RH-IT2FCM, the membership values of the objects in lower approximation are the same
as that of the RFCM, while those in boundary region are identical to that of the IT2FCM.

6.3.3 Membership Function

Minimization of the objective function Jru—rrorcm, given in (6.17), with respect to s,

under the constraint
C
Z“ij =1, (6.19)
i=1

is equivalent to minimizing the following Lagrangian with respect to p;;:

L(pij, A) = ZBz' + Z A(l - ZM;‘)% (6.20)
=1 =1

z;€B(B:)
where A is the Lagrange multiplier. So, % = 0 leads to
1
. A -t
A =i (pig) " G = e = (mdfj) ‘ (6.21)
Combining (6.19) and (6.21), we get
1 -1
-z (em)
Am—T = : (6.22)
PA)
k=1 mdkj

cfdZ T
Hij = <dzj> : (6.23)
k=1 \ kj
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In the RH-IT2FCM, both upper and lower memberships are employed to manage the un-
certainties for the fuzzifier rh. The FOU (4.5 of Chapter 4) of fuzzifier 1 is represented
by two different fuzzifiers m; and . The lower (upper) membership My (T;7) is, respec-

tively, the lower (upper) bound of the FOU, which can be derived by solving (6.17) and
C C

(6.18) with respect to 1 and i;; subject to Zﬁz‘j =1 and Zﬁij =1 as:

i=1 i=1
— ) . |
c d2.\ 11
<d;]> ifp<ec
by = | k=1 kj ]
57 [ f ]
(d;]> otherwise
| k=1 kj ]
. , o4 -1
¢ dz. | ™1
(;J) if p>c
_ k=1 dkj
Pij =9 F L -1 (6.24)

c dlz rho—1
d?] otherwise
k=1 kj

\ L .

As the output of the RH-IT2FCM algorithm is an IT2 fuzzy set, it cannot be trans-
formed to crisp set directly by defuzzifier. Type-reduction is needed to reduce the 1T2
fuzzy centroid to T1 fuzzy centroid [241]. By using centroid type-reducer, one can get
accurate cluster centers and desirable clustering solutions. Then, a centroid defuzzifier

generates a crisp center from the type-reduced T1 fuzzy set [241].

6.3.4 Cluster Prototypes

The weighted average of the objects in crisp lower approximation and probabilistic bound-
ary is used to calculate new centroid. The effects of fuzzy membership, lower approx-
imation, and boundary region of rough sets are included in computation of a centroid.
The modified centroid calculation for the RH-IT2FCM is obtained by solving (6.17) with

respect to v; and represented as:

UZRH—ITQFCM = wC + (1 - w)D; (6.25)
where C; = 1 Z Zj. (6.26)
4G, &
J<=L£\Me

The term D; can be determined by type reduction [538] using Karnik-Mendel (KM) algo-
rithm [241] as follows. First, all objects x; € B(/3;) are sorted as
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11 € To1 < ... < Tyl

Tim €< T2m < -+ < Tpgms (627)

where m is the number of features and n; = |B(f;)| is the number of objects in the
boundary region of cluster ;. The membership p;; is initialized as p;; = (Hij +715)/2
and fuzzifier 1h is initialized as h = (11 4+ 1M2)/2. Then, the ith fuzzy cluster center is

calculated as

Z (Nij)m$j

z;€B(B:)

TS

z;€B(B:)

(6.28)

Next step is to find the switch point s such that zs < 9; < £541. The minimum value oL

and maximum value % of the ith cluster center can be found out by

S

> ()™ ; ()" + Z

Jj=s+1
’&L o min ijB(ﬁi) ] €B(8;) IJEB(ﬁl)
(A — 0 s n;
Hig €l ] (ig)™ SN - 1
Py > @Y )
! j=1 j=s+1
xz;€B(B;) x;€B(B;)
s Uz
Z (i)™ Z (Hij)mxj+ Z (Fg)™"
1) J j=1 Jj=s+1
'R z;€B(8:) z;€B(B:) z;€EB(B;)
R R
Hig €11, o Hij i h — \1h
2,€B(8:) Z (p,,)™ + Z (Fi5)
j=1 j=s+1
z;€B(B;) z;€B(B:)

p<c and =y

where 1 =rhq, if =
p=c and  pij =i
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p<c and pij =i

p=c and ;= p,,

and 1h = 1ho, it { (6.29)

For the computation of ﬁiL, the iteration is stopped if 1§ZL = ¥; by setting the minimum value
of ¥; to vZL Otherwise, setting 9; = ﬁl-L, the iteration is continued by searching the switch
point s again. Similarly, the maximum value of ﬁl-R can be computed. The memberships
chosen to update ¢ and 6 are called uiLj and ug, respectively. The crisp value of D; can
be calculated by defuzzification of ¢* and ¥ as D; = (4% + 9{*)/2. The new centroid of
each cluster is computed using (6.25). The above steps are repeated until no more new
assignment is observed.

The choice of the parameter w affects the resultant centroids, and fuzzifiers m; and
1y rule their relative influence. The parameter w controls the performance of the RH-
IT2FCM. As the lower approximation contains the objects that definitely belong to the
cluster, a higher weight w is assigned to them compared to the weight (1 — w) assigned
for the objects residing in boundary regions. But the performance of proposed algorithm
significantly reduces when the value of w is set nearly equal to 1. In this case, as the
boundary regions are ignored, the mobility of the centroids and the objects in the clusters
reduces. So, some centroids get stuck in local optimum and cannot change in iterations.
Hence, to give the chance to the objects between different clusters and the centroids to
shift, the weight is set as 0 < (1 —w) < w < 1.

6.3.5 RH-IT2FCM Algorithm

The algorithm starts by choosing ¢ objects as initial prototypes of ¢ clusters, and assigning
each object z; to the group having closest centroid. The values of the fuzzifiers 1 and
gy are selected. Then, for each feature A; € C, the corresponding HEPM H(4;) is
constructed according to (6.1), considering initial cluster labels of objects. From all the
HEPMs, resultant HEPM H(C) is constructed using (6.16), considering all features A; € C.
The lower approximation A(3;) and boundary region B(f;) for each cluster 3; are obtained
using (6.6) and (6.9), respectively. If any object z; € A(5;), then x; is definitely in cluster
B; and implicitly z; € A(S;), otherwise z; € A(B;) and x; € A(Bk). Using the rough
hypercuboid approach, all the objects are assigned either in lower approximations or in
boundary regions of different clusters, and then the IT2 probabilistic memberships Ky and
f1;; of the objects in the boundary regions are computed according to (6.24). The modified
centroids v; are computed as per (6.25). Karnik-Mendel (KM) algorithm [241] is used to
compute the centroid for the objects in boundary region. The above steps are repeated
until no more change is observed for the centroids. The major steps of the algorithm are

as follows:
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1. Set iteration counter ¢t = 1. Choose initial prototypes vl-(t), i=1,2,---,c. Choose

the values of fuzzifiers 1 and rhy. Set € > 0 to a very small value.
2. Assign each object z; to the group having closest centroid.

3. Construct the HEPM H(.A4;) for each features A; € C, considering the cluster label
of xj, Vj=1,2,--- ,n.

4. Construct resultant HEPM H(C), considering all features A; € C using (6.16).

5. Calculate the lower approximation A(f;) and boundary region B(f;) using (6.6) and
(6.9). By properties of rough sets, if z; € A(B;), then z; € A(B;). If z; € B(;),

then x; € B(B), i # k. Furthermore, x; is not member of any lower approximation.

6. For the objects residing in boundary regions of ¢ clusters, calculate My and fi;; using
(6.24).

(t+1)

7. Compute modified centroid v, using (6.25), where the centroid for the objects in

boundary region is calculated using the KM algorithm.

8. Repeat steps 2 to 7 by increasing ¢, until no more new assignments can be made,
that is, [[o*t) — @ || < e,

Type reduction from IT2 to T1 can be done as follows: p;; = (,u{; + ug)/Q, where
uiLj and ,uf;? are the left and right memberships, respectively, calculated using the KM
algorithm. Finally, objects are assigned to the clusters using the maximum membership,
that is, x; € B; if p;; = maxy{uy;}. For a data set with n objects and m attributes, the
proposed RH-IT2FCM algorithm has O(temn) time complexity, while the space complexity
is O((n + ¢)m).

6.3.6 Selection of Initial Cluster Prototypes

One of the major disadvantages of the c-means algorithms is that they may provide locally
optimum solutions based on the initial cluster centroids. Due to this limitation, sometimes
final centers get stuck in some location and never get the chance to shift to the actual
region, wasting huge computing resources. To reduce this weakness, a novel fuzzy similarity
based initial prototype selection method is presented here, which helps the clustering
algorithm converging to an optimum or near optimum solution. The proposed prototype
selection method uses a fuzzy correlation [65] based quantitative measure, defined next.

It is used to measure the similarity between pair of objects.
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Definition 6.1 Fuzzy correlation coefficient between two fuzzy objects X and Y is repre-

sented as

d (Xi-X)(Y;-Y)
Fxy = = ; (6.30)
(K= X2 | DV v)?
=1 i=1

where X and Y represent the averages over all attributes. Multiple fuzzy numbers are
involved in the above equation. So, Zadeh’s extension principle [541] can be used to find
out the membership function. Using the extension principle, the membership function of

Tx,y can be defined as

pi y (r) = supmin {pg (2;), py, (i) }, Vilr = rxy (6.31)

)

where rx )y is defined as

rxXy = ml = (6.32)
Do (Xi=X)2 | Y (¥ —Y)?
i=1 i=1

Txy can be found out by using a-cuts [65]. Let (Fxy)a be the fuzzy correlation coefficient
for each « level. As every fuzzy object has the membership in both x and y directions,
if we take a-cut on the membership function, two intervals are generated in both of the

directions for each observation. The a-cuts for X; and Y; are denoted as

(Xi)a = [(X0)%, (Xi)5]

(%) «

= mino; € Xlug, (v > o} max{os € Xug () =}l (639

(Yi)a = [(YD)E, ()]

(%) «

= [min{y; € Ypyg, (y:) > o}, max{y; € Ylug, (4i) 2 o}; (6.34)

where X and Y are the crisp universal sets, corresponding to X and Y, respectively.
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So, the problem of finding the membership function 7 , reduces in finding the lower and

upper bounds of the a-cut of 7x y by solving the following pair of equations:

S (i - B i~ 7)
(’I”)Qy)é = min mi:1 — (635)
J S (i - x)2J S (- 7
=1 =1
Z(wz - )(yz -7)
(rxy)a = max mz:l = (6.36)
J > (@i - HC)QJ > (i —7)?
=1 =1
such that (X)% <z < (X)Us (V)k < i < (V).

This is a problem with two non-linear equations with bounded constrains. The left
shape function L(r) and the right shape function R(r) can be constructed by taking the
inverse of (rxy)% and (rx,y)Y, respectively, which give the membership function iz , as

follows:

L(r) if (rx,y)h—o <7 < (rxy)ios
Biyxy = 1 if (’I“)Qy)é’:l <r< (TX,Y)gzl (637)
1 <r<

R(r) if (rxy)i- (rxy)Y—o

One way of solving is to gather the numerical solutions for (rx y)Z and (rx y)Y at different
a levels and approximate the shape of L(r) and R(r). The fuzzy correlation coefficient
ranges from [-1,1]. The closer the absolute value to 1, the stronger is the correlation
between X and Y.

The fuzzy correlation 7, ., can be calculated using (6.30) between two fuzzy objects z;
and z;. Let, Sim(x;, xj) = |y, 2;|. Since the value of Sim(x;, z;) decreases as dissimilarity
between objects increases and ranges between zero (in the limit) and one (when z; = ),
it has a ready interpretation as a similarity measure. The Sim is used to represent the
similarity between pairs of objects. If two objects are dissimilar, the Sim among them
will be small. A large value of Sim between two objects asserts that they are similar to
each other. If two objects are same, the Sim between them is maximum. It satisfies the

following conditions:
1. Sim(x;,z;) =1

2. Sim(x;, ;) = Sim(zj,z;) > 0

160



3.

If 2 <zj <y or oy > x5 > xy, Vi, 5, k, then Sim(x;, xx) < Sim(zj, x).

Based on the concept of fuzzy similarity, an algorithm is described next to select the

initial prototypes. The basic steps of the algorithm are as follows:

1.

For each object x;, calculate Sim(z;, z;) between itself and the object x;, Vj =
1,2...n.

. Calculate the similarity between objects x; and x;

1 if St iy Ti) > A
S(i,z5) = if Sim(wi, 25) > A (6.38)
0 otherwise
where 0.5 < \; < 1.
. For each object x;, calculate total number of similar objects of x; as
N(x) = S(xi,z)). (6.39)
j=1

. Sort m objects according to the respective values of N (z;) so that N'(z1) > N (z2) >

> N(a).

- I N(x;) > N(x;) and

Sim(wi,xj) > Ao (640)

where 0.5 < A2 < 1, then discard x;, which cannot be considered as an initial cluster
prototype. This process results in a reduced set of objects, which can be considered

as the initial cluster prototypes.

Finally, first ¢ objects of the reduced set are considered as potential initial centers.

The motivation behind introducing this prototype initialization method is to find out the

dense regions from the data set. These dense regions help us to find the natural groups

out of the data set. Hence, the overall concept is data dependent.

6.4 Cluster Validity Indices and Data Sets Used

This section presents a brief description of the cluster validity indices and data sets used.

6.4.1 Cluster Validity Indices

Four internal cluster validity indices, namely, Silhouette index [446], DB index [50], Dunn

index [50], and Xie-Beni index [539], and eight external cluster validity indices, namely,
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precision [424], sensitivity [424], specificity [424], accuracy [424], Jaccard Coefficient [424],
Dice Coefficient [104], G Measure [275], and Matthews Correlation Coefficient [339] are
used to evaluate the performance of different clustering methods with respect to several

real life data sets. The quantitative indices are discussed in Appendix A.

6.4.2 Description of Data Sets

In this chapter, publicly available eight real life data sets are used to compare the perfor-
mance of different clustering methods, which are downloaded from UCI Machine Learning
Repository (https://archive.ics.uci.edu/ml/datasets.html). The descriptions are as fol-
lows.

6.4.2.1 Glass

The study of classification of types of glass was motivated by criminological investigation,
to determine whether the glass was a type of “float” glass or not. The data set contains
214 examples, having 9 attributes and 6 types of glasses.

6.4.2.2 Hepatitis

It contains hepatitis data. 155 instances having 19 mixed types of attributes are present.
2 classes are there in the dataset.

6.4.2.3 Wine

These data are the results of a chemical analysis of wines grown in the same region in
Italy, but derived from three different cultivars. The analysis determined the quantities of
13 constituents found in each of the three types of wines for 178 samples.

6.4.2.4 Wisconsin Breast Cancer (WBC)

This breast cancer database was obtained from the University of Wisconsin Hospitals and
contains 699 instances about 458 cases of benign cancer and 241 cases of malignant cancer.

10 attributes are present in the data set.

6.4.2.5 Soybean-Small

It is a small subset of the original soybean database containing 47 samples and 35 normal-

ized attributes. There are 4 classes with 10, 10, 10, and 17 samples respectively.

162



6.4.2.6 Dermatology

The differential diagnosis of erythemato-squamous diseases is a real problem in dermatol-
ogy. This database contains 366 instances and 34 attributes, 33 of which are linear valued

and rest one is nominal. 6 different classes are present in the data set.

6.4.2.7 Echocardiogram

All the patients suffered heart attacks at some point in the past. Some are still alive
and some are not. The survival and still-alive variables, when taken together, indicate
whether a patient survived for at least one year following the heart attack. It contains 131

instances, 10 mixed attributes, and 2 classes, dead and alive.

6.4.2.8 Ecoli

Ecoli data set contains 336 instances representing non-numeric localization sites of protein.
8 predictive attributes are present, along with an accession number for the SWISS-PROT

database. There are 8 classes which represent the localization sites.

6.5 Experimental Results and Discussion

The performance of the proposed RH-IT2FCM algorithm is compared extensively with that
of different c-means algorithms on eight real life data sets mentioned in the Section 6.4.2.
The performance of the proposed algorithm is compared with that of hard c-means (HCM),
fuzzy c-means (FCM) [48], possibilistic c-means (PCM) [261], fuzzy-possibilistic ¢-means
(FPCM) [383], rough c-means (RCM) [289], rough-fuzzy c-means (RFCM) [321], rough-
possibilistic c-means (RPCM) [321], rough-fuzzy-possibilistic c-means (RFPCM) [321], ker-
nel based HCM (KHCM) [560], kernel based FCM (KFCM) [560], kernel based PCM
(KPCM) [560], kernel based FPCM (KFPCM) [560], rough hypercuboid based FCM
(RHFCM), and interval type-2 FCM (IT2FCM) [283,345]. All the algorithms are im-
plemented in C language and executed in LINUX environment in a machine with Pentium
Core i5, 2.4 GHz, 3 MB 12-way SA L3 cache, and 4 GB DDR3 RAM. The values of
fuzzifiers 1h; and rhe are varied taking the values from the set {1.1, 1.5, 2.0, 2.5, 3.0, 3.5,
4.0, 4.5}, for all values of rhg > 1. The value of weight parameter w for rough-fuzzy

clustering is taken as 0.99 as suggested in [321].

6.5.1 Optimum Values of Different Parameters

The parameters my and rhe (g > 1) of RH-IT2FCM control the shape of both of

the membership functions, giving the lower membership My and upper membership 7i;;.
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Figure 6.4: Variation of DB index for different values of 7y and 1o
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Figure 6.5: Variation of DB index for different values of 111 and 779

The membership functions can be altered varying 1y and rhs, keeping the values of other
parameters fixed. The thresholds A; and A2 in (6.38) and (6.40) also have a significant
role for the selection of initial cluster prototypes for different clusters. They control the
dissimilarity between the initial prototypes. Hence, they have direct influences on the
performance of proposed algorithm as well as other ¢c-means algorithms.

The Davies-Bouldin (DB) index [446] is used to find out the optimum values of two
fuzzy parameters, namely, i1 and s, and two thresholds, namely, A1 and Ao, for different
data sets. The DB index is defined as the ratio of sum of within-cluster scatter to between-

cluster separation, and is given by

i S S s
bB = C 4 1 1#k { d('l}i,’l)k) } (6'41)

1=

for 1 < i,k < ¢. The DB index minimizes the within-cluster difference S(v;) and maxi-
mizes the between-cluster distance d(v;, vy) for a given data set having ¢ clusters. A good
clustering algorithm should provide low DB index.

For eight data sets, the values of 11 and 7o are varied taking the values from the
set {1.1, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5}, for all values of rhg > 1. The variation of DB
index is represented in Fig. 6.4 and 6.5 corresponding to different values of 111 and 1o,
considering w = 0.99. The results reported in Fig. 6.4 and 6.5 show that as the parameters
11 and 19 increase, the DB index value decreases and reaches to its minimum value at the
specific values of 1] and mj. After that, the DB index value increases with the increase
of iy and 1me. Similarly, the value of Ay is varied from 0.90 to 1.0, while Ay is varied from
0.80 to 1.0. The variation of DB index for different values of A1 and Ay on eight data sets
is shown in Fig. 6.6 and 6.7. The results reported in Fig. 6.6 and 6.7 show that as the
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thresholds A\; and s increase, the DB index value decreases and reaches to its minimum
value at the specific values of AT and A5. Then, the DB index value increases when the
values of A1 and A9 are increased. Hence, the optimum values of rhq, mg, A1, and A9 for
each data set are obtained using the following relation:

[, s, AT, \5] = argmlmr%i’?h)q{DB}. (6.42)

The optimum values of 1}, M3, A}, and A3, obtained using (6.42), are {1.5, 2.0, 0.94,
0.92}, {1.5, 2.0, 0.96, 0.86}, {1.5, 2.0, 0.96, 0.88}, {1.5, 2.0, 0.92, 0.94}, {1.1, 2.0, 0.96,
0.86}, {1.5, 2.0, 0.96, 0.82}, {1.5, 2.0, 0.94, 0.94}, and {1.5, 2.0, 0.94, 0.84}, respectively, for
Glass, Hepatitis, Wine, Wisconsin Breast Cancer (WBC), Soybean-Small, Dermatology,
Echocardiogram, and Ecoli data sets.

In this regard, it should be noticed that the proposed RH-IT2FCM algorithm attains
best performance at m; = 1}, e = ™3, A\i = A}, and A2 = A3 in 27 cases, out of
total 32 cases, with respect to different cluster validity indices. However, the Dunn index
provides the maximum value at mm; = 1.5, hy = 2.0, A\ = 0.94, Ao = 0.88 for Wine data,
at my = 1.5, the = 2.0, Ay = 0.96, Ao = 0.86 for Dermatology data, and Xie-Beni index
attains its minimum value at my = 1.5, gy = 2.0, \; = 0.94, Ao = 0.88 for Wine data,
at iy = 1.5, mhg = 2.0, Ay = 0.94, Ao = 0.94 for Wisconsin Breast Cancer data, and at
A1 = 0.94, Ay = 0.86 for Ecoli data. Also, all other clustering algorithms achieve their best
performance at 1y = mJ, e = ™3, A1 = A} and A2 = A5 in 309 cases, out of total 384
cases, irrespective of the cluster validity indices used. Hence, all the results reported above
establish the importance of proposed parameter optimization technique, irrespective of the

clustering algorithms compared.
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6.5.2 Effectiveness of Proposed Initialization Method

Tables 6.1, 6.3, 6.5, 6.7, 6.9, 6.11, 6.13 and 6.15 provide the comparative results of different
c-means algorithms with random centroid initialization and the proposed centroid initial-
ization method discussed in Section 6.3.6 for eight data sets. For each c-means algorithm,
the results are presented for the optimum values of A\; and Ay. For all c-means algorithms,
the performance is significantly improved in most of the cases, if the proposed initializa-
tion method is used instead of random initialization. Out of total 384 cases, the proposed
initialization method provides significantly better results in 326 cases than the random
initialization method. The bold-marked results, reported in Tables 6.1, 6.3, 6.5, 6.7, 6.9,
6.11, 6.13 and 6.15, also prove that the proposed RH-IT2FCM algorithm with proposed
initialization method provides better performance than any existing c-means algorithm in
almost all the cases, irrespective of initialization methods used.

Moreover, it is also observed that the traditional c-means algorithms with the proposed
initialization method provide better results than the proposed RH-IT2FCM algorithm with
random initialization method in some cases, in terms of different cluster validity indices
used. There are 38, 21, 19, and 19 such cases, in terms of Silhouette index, DB index, Dunn
index, and Xie-Beni index, respectively, out of total 96 cases each, where the traditional c-
means algorithms with the proposed initialization method provide better results than the
RH-IT2FCM algorithm with random initialization method. The proposed initialization
method, with optimum parameter values, also provides the best performance in 80.47%
cases, where the best performance indicates the best value when initialized by the proposed
initialization method introduced in Section 6.3.6 for all possible parameter variations. All
the results reported here establish the importance of the proposed prototype initialization

algorithm over random initialization method.

6.5.3 Relevance of Rough Hypercuboid Approach

To prove the superiority of the rough hypercuboid approach over traditional rough sets,
extensive experimentation is carried out on eight real life data sets. Tables 6.1, 6.3, 6.5, 6.7,
6.9, 6.11, 6.13 and 6.15 provide the results for optimum values of A\; and Ao with respect
to four internal cluster validity indices. Out of 32 comparisons, in 30 cases, the RHFCM
algorithm with rough hypercuboid approach performs better than any other methods, in
lesser or comparable time, except IT2FCM and RH-IT2FCM. Also, the RHFCM algorithm
achieves better results in each and every cases than the RFCM algorithm with traditional
rough sets. Tables 6.2, 6.4, 6.6, 6.8, 6.10, 6.12, 6.14 and 6.16 provide the results for
optimum values of A\; and Ay with respect to eight external cluster validity indices. Out
of 64 comparisons, in 24 cases, the RHFCM algorithm with rough hypercuboid approach
performs better than any other algorithms, except IT2FCM and RH-IT2FCM. Also, out
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of 64 cases, the RHFCM algorithm achieves better result in 57 cases than the RFCM
algorithm with traditional rough sets.

The best performance of the RHFCM over the RFCM and other rough clustering
algorithms, in terms of several internal and external cluster validity indices, is achieved
due to the fact that the rough hypercuboid approach, used in the RHFCM, can find the
lower approximation and boundary region of a cluster implicitly without using any user
defined threshold as done in the RFCM algorithm.

6.5.4 Importance of Interval Type-2 Fuzzy Set

To show the importance of the IT2 rough-fuzzy approach over the traditional rough-fuzzy
approach, the results of Tables 6.1, 6.3, 6.5, 6.7, 6.9, 6.11, 6.13 and 6.15 are analyzed
with respect to internal cluster validity indices. Out of total 32 cases, the RH-IT2FCM
algorithm with I'T2 fuzzy set performs better than the RHFCM algorithm with T1 fuzzy
set in 31 cases with lesser or comparable time. Tables 6.2, 6.4, 6.6, 6.8, 6.10, 6.12, 6.14
and 6.16 provide the comparative results with respect to external cluster validity indices.
Out of 64 comparisons, in 63 cases, the RH-IT2FCM algorithm performs better than the
RHFCM algorithm. The best performance of the RH-IT2FCM over the RHFCM, in terms
of different cluster validity indices, is achieved because the I'T2 fuzzy set helps to manage

the uncertainty present in the fuzzy membership function.

6.5.5 Performance of Different Clustering Algorithms

Finally, the performance of the proposed c-means algorithm is compared with that of
rough-fuzzy c-means (RFCM) [321], interval type-2 fuzzy c-means (IT2FCM) [206], rough-
hypercuboid based fuzzy c-means (RHFCM), and other existing c-means algorithms. Re-
sults and corresponding discussions, on eight real life data sets, are presented in Tables
6.1, 6.3, 6.5, 6.7, 6.9, 6.11, 6.13 and 6.15 with respect to internal cluster validity indices,
while in Tables 6.2, 6.4, 6.6, 6.8, 6.10, 6.12, 6.14 and 6.16 with respect to external cluster
validity indices. All the results correspond to optimum values of A; and As. The bold
values in these tables signify the best values. Out of total 32 cases, in 30 cases, the RH-
IT2FCM algorithm with the proposed initialization method provides better results than
all other algorithms, with respect to internal cluster validity indices. On the other hand,
the RH-IT2FCM algorithm achieves better results than other methods in 59 cases, out of
total 64 comparisons, with respect to external cluster validity indices.

From all the results reported in Tables 6.1 — 6.16, the following conclusions can be

drawn:

1. The proposed clustering algorithm is better than any other fuzzy, rough-fuzzy and
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kernel-based c-means clustering algorithms, with respect to both internal and exter-

nal cluster validity indices used.

2. The proposed RH-IT2FCM algorithm achieves better results with lesser or compa-
rable time than that obtained using interval type-2 fuzzy c-means, irrespective of
the data sets and quantitative indices used. The hypercuboid approach, employed in
RH-IT2FCM algorithm, helps to partition the objects in lower approximation and
boundary region without using any user specified parameter, giving better results in

terms of clustering.

3. It is also seen that the RH-IT2FCM algorithm attains better results with lesser time
than that obtained using rough hypercuboid based fuzzy c-means, on eight data sets
with respect to both internal and external cluster validity indices used. Inclusion of
IT2 fuzzy approach in RH-IT2FCM helps to manage the uncertainty present in the

fuzzy membership function.

4. Some of the existing algorithms like PCM, FPCM, KPCM, and KFPCM generate

coincident clusters in most of the cases. In Tables 6.1 - 6.16, they are marked with

(0

The best performance of the proposed RH-IT2FCM over other clustering algorithms,
in terms of both internal and external cluster validity indices, is achieved because (i) the
rough hypercuboid approach, used in the RH-IT2FCM, computes the lower approxima-
tion and boundary region implicitly for the clusters without using any threshold value;
(ii) the concept of crisp lower approximation and interval type-2 fuzzy boundary of the
RH-IT2FCM algorithm deals with uncertainty, incompleteness, and vagueness in cluster
definition; and (iii) the IT?2 fuzzy approach helps to manage the uncertainty present in the

fuzzy membership function.

6.5.6 Execution Time

Moreover, Tables 6.2, 6.4, 6.6, 6.8, 6.10, 6.12, 6.14 and 6.16 provide the execution time
of different algorithms on eight data sets. The results reported in Tables 6.2, 6.4, 6.6,
6.8, 6.10, 6.12, 6.14 and 6.16 establish the fact that the proposed algorithm provides
good clustering results in lower or comparable time than most of the existing methods,
irrespective of the data sets used. The lower execution time of the proposed algorithm
is achieved due to its low computational complexity with the use of rough hypercuboid

approach.
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6.6 Conclusion

The contribution of the chapter is three-fold, namely,

1. the development of a novel clustering algorithm, integrating judiciously the c-means
algorithm, rough hypercuboid approach, probabilistic memberships of fuzzy sets, and
1T2 fuzzy approach, to overcome the problems of uncertainty present in data as well

as in determining the fuzzy membership function;

2. formulation of a new cluster prototype initialization method in order to circumvent
efficiently the initialization of cluster prototypes and local minima problem of itera-

tive refinement clustering like c-means; and

3. demonstrating the effectiveness of the proposed method, along with a comparison
with existing c-means algorithms, on several real life data sets using some well known

cluster validity indices.

The proposed algorithm is formulated combining the utility of both rough sets and IT2
fuzzy sets for knowledge discovery tasks. The proposed prototype initialization method
achieves significantly better result in 84.90% cases than random initialization. The pro-
posed initialization method also provides the best performance in 80.47% cases for opti-
mum parameter values. Moreover, the proposed clustering algorithm outperforms other
c-means algorithms, irrespective of the data sets and quantitative indices used. The pro-
posed clustering performs better than any other c-means algorithms in 93.75% and 91.19%
cases, respectively, with respect to internal and external cluster validity indices, and gen-
erates relevant clusters in lesser or comparable time.

The next chapter presents the application of clustering in one of the important areas
of bioinformatics, which is grouping functionally similar miRNAs. Similar to other clus-
tering problems, in miRNA clustering, one of the important issues is which time points
(attributes) of the data should be used for grouping the miRNAs. In this regard, the clus-
tering algorithm proposed in the current chapter is combined with the feature selection
algorithm proposed in Chapter 4 to develop a simultaneous feature selection and clustering

framework, which is presented in the next chapter.
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Chapter 7

Grouping Functionally Similar

microRNAs from Microarray Data

7.1 Introduction

MicroRNAs (miRNAs) are a recently discovered class of small single-stranded non-coding
RNA molecules, which play an important regulatory role in the gene expression of animals
and plants. Various studies have revealed that miRNAs tend to cluster on chromosomes.
The members of a cluster that are in close proximity on chromosomes are highly likely
to be processed as co-transcribed units. Therefore, a large proportion of miRNAs are co-
expressed [70]. Expression profiling of miRNAs generates a huge volume of data. Compli-
cated gene interaction networks increase the challenges of comprehending and interpreting
the resulting mass of data, which often consists of millions of measurements.

The genes of miRNAs are often organized into clusters in the genome. It has been
reported that at a very conservative maximum inter-miRNA distance of 1 kb, over 30%
of all miRNAs are organized into clusters. Expression analyses showed strong positive
correlations among the closely located miRNAs, indicating that they may be controlled
by common regulatory element(s). In fact, experimental evidence demonstrated that clus-
tered miRNAs form an operon-like gene structure and they are transcribed from a common
promoter. Existence of co-expressed miRNAs is also demonstrated using expression pro-
filing analysis. Expression data of miRNAs can be used to detect clusters of miRNAs as it
is suggested that co-expressed miRNAs are co-transcribed, so they should have a similar
expression pattern.

A miRNA expression data set can be represented by an expression table, where each
row corresponds to one particular miRNA, each column to a sample or a time point,
and each entry of the matrix is the measured expression level of a particular miRNA

in a sample or a time point, respectively [70,108]. The complex networks of miRNA-
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mRNA interaction greatly increase the challenges of comprehending and interpreting the
resulting mass of data. A first step towards addressing this challenge is the use of clustering
techniques, which is essential in the pattern recognition process to reveal natural structures
and identify interesting patterns in the underlying data [226].

Clustering, as explained in Chapter 6, has retained high interest for analyzing miRNA
data, where the motivation is to group together the co-functional and co-regulated miRNAs
into clusters according to their expression profiles [329,405,408]. The grouping is done
in such a way that the degree of association between two miRNAs from the same cluster
is maximum and minimum for the miRNAs from different clusters [108]. To understand
the role of miRNAs in different cellular processes and diseases, and the mechanism of
repression of mRNA or gene translation, clustering techniques have proven to be helpful.
This approach may further be used for understanding the functions of many miRNAs for
which information has not been previously available [117,491]. Furthermore, co-expressed
miRNAs in the same cluster are likely to be involved in the same cellular processes, and a
strong correlation of expression patterns between those miRNAs indicates co-regulation.

Each miRNA consists of large number of time points. The most important time points
can be used to group the miRNAs, whereas the other time points may be redundant
or irrelevant. In most of the miRNA data sets, a significant number of redundant and
insignificant time points are present, which must be removed. The number of subset
combinations for selecting m time points from a set of N time points is N!/[m!(N —m)!],
which increases rapidly with the growth of IV, increasing the processing time for the feature
selection algorithms while selecting the optimal set of time points. Hence, feature selection,
which has also been explained in Chapters 3 and 4, can be used for selecting non-redundant
and relevant features (time points) before clustering the miRNAs. Here, the main objective
is to retain the optimum salient characteristics necessary for the grouping of co-expressed
miRNAs and to reduce the time points so that effective and easily computable algorithms
can be devised for efficient clustering [101, 112, 382].

Supervised feature selection algorithms [314,326,327] can be used for the data sets that
consist of decision attribute or class label. The conventional rough set theory and theory
of rough-fuzzy computing have been successfully applied to supervised feature selection of
real valued data set [76,199,220,223, 321,323, 500], which has already been discussed in
Chapters 3 and 4. Exhaustive studies have also been done on unsupervised feature selection
for data sets, where no decision attribute is present. Unsupervised feature selection using
feature similarity (FSFS) [354] and unsupervised feature selection for multi-cluster data
(MCFS) [66] are two mostly used algorithms falling under this class.

Like all other unsupervised cases, selection of time points for grouping the miRNAs is
also difficult, because, unlike in supervised learning, there is no class label for the miRNA

data, and thus no obvious criterion to guide the search. For supervised feature selection,
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class labels are important. Similarly, for clustering, the most relevant features are requited.
So, feature selection and clustering are inter-dependent. The performance may be signif-
icantly improved if the feature selection and clustering task can be done simultaneously,
rather than sequentially. For this purpose, expectation-maximization based techniques
and some other methods can be found in literature [119,271,486] with high complexities.

In this chapter, the algorithm proposed in Section 6.3.5 of Chapter 6 is extended and
applied for discovering co-expressed miRNAs from huge miRNA expression data set, where
the algorithm simultaneously selects the most important time points while grouping the
miRNAs. The extended version is termed as interval type-2 fuzzy-rough hypercuboid based
simultaneous feature selection and clustering (IT2FRH-SFSCL), which employs rough hy-
percuboid approach to provide a means by which real valued noisy data can be effectively
reduced without the need of any user-specified information. Using the concept of hy-
percuboid equivalence partition matrix, reported in Section 6.2 of Chapter 6, the lower
approximation and boundary region are computed corresponding to the attributes, and
the features thus selected can be used for clustering. Hence, the only information required
in the proposed method is in the form of equivalence classes for each attribute, which
can be automatically derived from the data set. The IT2 fuzzy-rough set, reported in
Section 4.2 of Chapter 4, is used for the boundary region to model the uncertainty present
in the fuzzy membership function. Several quantitative measures are used to evaluate the
performance of the proposed extension. The optimum values of different parameters are
estimated using the procedure described in Section 6.5.1 of Chapter 6. The effectiveness of
the proposed algorithm, along with a comparison with other algorithms, is demonstrated
on some miRNA data sets using some standard cluster validity indices. Moreover, the GO
Term Finder [60] is used to determine biological significance of generated clusters. Some
of the results, presented in this chapter, are also reported in [146, 147].

The structure of the rest of this chapter is as follows: In Section 7.2, the proposed algo-
rithm, termed as IT2FRH-SFSCL, is presented, combining the merits of IT2FR-MRMS of
Chapter 4 and RH-IT2FCM of Chapter 6. In Section 7.3, the performance of the proposed
algorithm is demonstrated on several miRNA data, along with a few case studies and a

comparison with other clustering algorithms. Concluding remarks are given in Section 7.4.

7.2 Simultaneous Feature Selection and Clustering

One of the most frequently used clustering techniques is objective function based clustering,
where the distance between a pattern and corresponding cluster prototype needs to be
minimized iteratively. The calculation of distances depends on the selection of attributes.
In case of traditional c-means algorithm, all the features are given the same weighage,

so that they can contribute equally for grouping the samples. But, all the attributes
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are not equally important to generate an optimum grouping, which is more closer to the
natural clusters present in the data set. There may be some insignificant and irrelevant
features present in the data set, which may prevent the clustering algorithm to produce
the optimum partitions. To get good clustering results, the aforementioned features must
be removed while calculating the distances, or given a less priority. Hence, the features
may be ranked according to their importance and the most important features may be
used to group the data set. Before clustering, feature selection is very difficult to perform
in most of the cases. Unsupervised feature selection algorithms can only be used at this
step, which select the features using the inherent properties, and does not require any
class information. But, the performance of the unsupervised feature selection approaches
are not as good as the supervised counterparts in general, as no class label is used which
can guide the searching process. Supervised feature selection requires class labels, and
clustering requires the optimum features. So, they are inter-dependent and need to be

performed simultaneously, rather than sequentially.

Dat
ata Assign Class Labels

using Initial Prototypes

Output

Feature Selection Computation of (I)q

Clustering

Figure 7.1: Outline of the proposed approach

As mentioned in Chapter 4, IT2 based fuzzy-rough maximum-relevance maximum-
significance (IT2FR-MRMS) is a promising technique for attribute selection, which is a
supervised method, where both relevance and significance are maximized. So, this method
is merged judiciously with the clustering method (RH-IT2FCM) proposed in Chapter 6
to construct an iterative algorithm, that can simultaneously select the optimum set of at-
tributes necessary for clustering while clustering the samples in the data set. The proposed

extension towards simultaneous feature selection and clustering is outlined in Figure 7.1.
Feature Selection Step: The method proposed in Section 4.3 of Chapter 4 is used here

for attribute selection. The method uses IT2 fuzzy-rough sets and maximum-relevance

maximum-significance criterion for attribute selection. At each iteration, one feature A,
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is selected that maximizes the following condition:

(1-w)
S|

Dy = wya,(D) + > o, a, (DA, (7.1)

ApeS

where A, € S are the features already selected in the previous iteration of feature selection.
Lower and upper relevance and significance are used giving rise to two different equations
(4.33) and (4.35) of Chapter 4. The feature selection process is iterated until the required
number of features are selected. The values ®, acts as feature weight corresponding to

feature Ay, and is used in the next iteration to find out the distances from the centroid.

Clustering Step: The proposed technique uses the feature selection method discussed
in Section 4.3 of Chapter 4 to form an iterative algorithm for simultaneously selecting the
optimum features while grouping the objects. The rough-hypercuboid based interval type-
2 fuzzy c-means method, proposed in Section 6.3 of Chapter 6, is used here for clustering.

Let dij = ||z; — v;|| be the distance between jth object x; from the ith cluster center
v;. To integrate the feature selection with clustering, the feature weights (7.1) play an
important role. Unlike the RH-IT2FCM, where same weights have been assigned to each
feature, here, due to the simultaneous nature of feature selection and clustering, features
are given different weightage according to their importance. These weights are used at the

time of distance calculation. So d;; can be represented as

dij = \/Z Dq (x5 — vi)?, (7.2)

where @, represents the feature weights (7.1), calculated in the feature selection phase.

IT2FRH-SFSCL Method: The proposed algorithm starts by randomly choosing ¢
objects as initial centroids of c¢ clusters, and assigns each object x; to the group that has
the closest centroid. The values of the fuzzifiers i1 and iy are selected. Objects are put
into the class for which they have the closest centroid. The most relevant and significant
features are selected using the IT2FR-MRMS algorithm, proposed in Section 4.3.3 of
Chapter 4. The values from (4.33) and (4.35) of Chapter 4 are assigned to ®,, which is
considered as feature weight in the next iteration to calculate the distances of the samples
from the centroid. The objects are grouped using the RH-IT2FCM algorithm, proposed
in Section 6.3.5 of Chapter 6, with the help of the features selected using IT2FR-MRMS
algorithm. The above steps are repeated until no more change is observed for the centroids.
The main steps of the IT2FRH-SFSCL proceed as follows:

1. Set iteration counter ¢t = 1. Assign initial prototypes vgt), i1=1,2,---,c. Choose the

values for fuzzifiers 1, and 1m9. Set € > 0 to a very small value. Set same weights
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for all the features.

2. Assign each object x; to the group that has the closest centroid. These labels are

considered as class labels for Step 3.

3. Use the IT2FR-MRMS algorithm, proposed in Section 4.3.3 of Chapter 4, to select
most relevant and significant features. Assign the values from (4.33) and (4.35) of
Chapter 4 to ®,. The value of ®, is used as the feature weight (7.2) in Step 2 of the

next iteration to find out the distances of samples from the centroid.

4. Use the RH-IT2FCM algorithm, proposed in Section 6.3.5 of Chapter 6, to group
the objects using the features selected in Step 3.

5. Repeat Steps 2 to 4, by incrementing ¢, until no more new assignment can be made,
that is, [0+t — @) < e.

6. Stop.

For a data set with n objects and m attributes, the proposed technique has O(t(mndé?é+
ecmn)) time complexity, while the space complexity is O((n + ¢)m). Here ¢ and ¢, respec-
tively, denote the number of IT2 fuzzy equivalent classes corresponding to the condition
attributes and decision attribute, and ¢ denotes the number of clusters. d represents the

number of selected features.

7.3 Experimental Results and Discussion

The performance of the proposed IT2FRH-SFSCL algorithm is compared extensively with
that of different existing clustering algorithms and feature selection-clustering algorithms.
In the later version, feature selection techniques are applied first on the data sets to select
the most important features, and then clustering techniques are used to partition the
data sets. As no class information is present before clustering, only unsupervised feature
selection algorithms can be used for this purpose.

To compare the clustering performance, the proposed algorithm is compared with
that of hard c-means (HCM) [216, 341], fuzzy c-means (FCM) [48], rough-fuzzy c-means
(RFCM) [319], rough-hypercuboid based FCM (RHFCM) [146], and rough-hypercuboid
based interval type-2 FCM (RH-IT2FCM). Unsupervised feature selection using feature
similarity (FSFS) [354] (three different versions) and unsupervised feature selection for
multi-cluster data (MCFS) [66] are used as the feature selection algorithms. Three ver-
sions of FSFS are denoted as FSFS1, FSFS2, and FSFS3, where the similarities between
features are computed using correlation coeflicient, linear regression error, and maximal

information compression index, respectively. The proposed algorithm is also compared
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with expectation-maximization based simultaneous feature selection and clustering (EM-
SFSCL) [271] algorithm. All the algorithms are implemented in C language and executed
in LINUX environment in a machine with Pentium Core i5, 2.4 GHz, 3 MB 12-way SA
L3 cache, and 4 GB DDR3 RAM. The values of fuzzifiers 771 and 1ho are varied taking
the values from the set {1.1, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5}, for all values of rhy > ;.
The value of weight parameter w for rough-fuzzy clustering is taken as 0.99 as suggested
in [321].

The experimental results on five publicly available miRNA data sets are presented in
this section. Subsequent discussions analyze the results with respect to four internal cluster
validity indices, namely, Silhouette index [446], DB index [50], Dunn index [50], Xie-Beni

index [539], and execution time. The quantitative indices are discussed in Appendix A.

7.3.1 Description of Data Sets

In this chapter, five publicly available miRNA expression data sets are used to compare the
performance of different clustering methods. This subsection gives a brief description of the
following five miRNA expression data sets, which are downloaded from Gene Expression

Omnibus (www.ncbi.nlm.nih.gov/geo/).

GSE59973

Three pair of surgically removed human ESCC tissues and matched normal esophageal
epithelial tissues (5cm away from tumor) were collected to make an Agilent microarray.
All patients have no radiotherapy or chemotherapy before surgery. None of these three

patients had distant metastasis. This data set contains 299 miRNAs and 6 time points.

GSE62018

Although formalin fixed paraffin embedded (FFPE) tissue is a major biological source in
cancer research, it is challenging to work with due to macromolecular fragmentation and
nucleic acid crosslinking. Therefore, it is important to characterise the quality of data that
can be obtained from FFPE samples. This is a cross-comparison of technologies for the
detection of miRNAs from FFPE samples of hepatoblastoma patients. This data set [74]
contains 1733 miRNAs and 6 time points.

GSE70748

The aim of this study [442] was to identify differently expressed genes between C3 or
C3156-181-peptide treated Isolated primary rat neonatal Schwann Cells. To elucidate the
unresolved mechanism behind the promoting effect of C3156-181 on PNR, primary rat
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neonatal SCs are cultured and treated for up to 72 h with C3 or C3156-181. This data set
contains 1205 miRNAs and 32 time points.

GSE71302

The work [522] was done on expression profiles of miRNAs in clear cell renal cell carcinomas
(ccRCCs) and in matched normal kidney tissues (NCTs) by using a miRNAs microarray

platform which covers total 851 human miRNAs. This data set contains 10 time points.

GSE71107

The study [279] generated an artificially-designed interfering long non-coding RNA (IncR-
NAi). The adenovirus-expressed IncRNAi with high level in hepatocellular carcinoma
(HCC) cells competes with OncomiR target genes to bind to and consume OncomiRs,
thereby achieving the targeted anti-HCC efficacy. This data set contains 2549 miRNAs

and 15 time points.

7.3.2 Optimum Values of Different Parameters

The parameters 1M and 1y (rhg > 1) of IT2FRH-SFSCL control the shape of both of
the membership functions, giving the lower membership, i and upper membership, 7;;.
The membership functions can be altered, by varying i and 1o, keeping the values of
other parameters fixed. The thresholds A\; and Ay in (6.38) and (6.40) of Chapter 6 also
have a significant role for the selection of initial cluster prototypes for different clusters.
They control the dissimilarity between the initial prototypes. Hence, they have direct
influences on the performance of proposed technique as well as other c-means algorithms.
The Davies-Bouldin (DB) index [446], described in Section 6.5.1 of Chapter 6, is used to
find out the optimum value of the two fuzzy parameters, namely, m; and 79, and two
thresholds, namely, A1 and Ag, for different data sets.

The optimum values of 1, m3, A\] and A3, obtained using (6.42) of Chapter 6, are
{1.5, 2.5, 0.92, 0.90}, {1.5, 2.0, 0.94, 0.88}, {1.5, 2.0, 0.96, 0.90}, {1.5, 2.0, 0.90, 0.92},
and {1.1, 2.0, 0.94, 0.86}, respectively, for GSE59973, GSE62018, GSE70748, GSE71302,
and GSE71107 data sets. In this regard, it should be noticed that the proposed IT2FRH-
SEFSCL technique delivers best performance at my = 1y, ma = m3, A\ = A}, A2 = Aj in
18 cases, out of 20, with respect to different cluster validity indices. However, the Dunn
index provides the maximum value at 11 = 1.5, 1o = 2.0, Ay = 0.92, Ay = 0.90 for
GSE62018 data and Xie-Beni index provides the minimum value at 1h; = 1.5, o = 2.0,
A1 = 0.92, Ay = 0.86 for GSE71107 data. Also, all other clustering algorithms achieve
their best performance at m; = 1}, o = mj3, Ay = A} and Ay = A3 in 455 cases, out of

520 cases, irrespective of the cluster validity indices used. Hence, all the results reported
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Table 7.1: Performance of Different Clustering Algorithms on GSE59973 Data Set

Different Algorithms || Silhouette Index | DB Index | Dunn Index | Xie-Beni Index || Time (msec)

HCM 0.289742 0.661235 1.105413 0.568851 423

FCM 0.315388 0.903619 0.869784 0.294521 1509

RFCM 0.220592 0.944311 1.048439 0.551269 449
RHFCM 0.343131 0.364713 3.228213 0.198967 15
RH-IT2FCM 0.467654 0.273430 3.243087 0.144281 46
FSFS1 0.328396 0.718340 0.987735 0.219335 134

= FSFS2 0.326388 1.004748 0.857738 0.157754 120
%_-:) FSFS3 0.460898 0.694666 1.490384 0.130345 112
MCEFS 0.464197 0.712584 1.434358 0.133528 73

FSFS1 0.317649 1.138140 0.551999 0.242396 208

= FSFS2 0.322354 1.002353 0.759853 0.162742 235
8 FSFS3 0.444630 0.924469 0.964926 0.149832 281
MCFS 0.369379 0.982925 0.811608 0.179696 408

FSFS1 0.303325 0.875035 1.276236 0.172749 121

% FSFS2 0.223443 0.946677 1.147333 0.160321 181
E FSFS3 0.332146 0.675629 1.363763 0.147123 103
MCFS 0.371426 0.738177 1.176380 0.153610 113

S FSFS1 0.353201 1.474873 0.521303 1.669361 203
O FSFS2 0.402369 0.814362 0.896210 0.864319 335
E FSFS3 0.428507 0.806233 0.968426 0.596266 91
s MCFS 0.419968 0.772654 1.128582 0.635009 131
= FSFS1 0.353201 1.474873 0.521303 1.669361 333

o (Li FSFS2 0.396866 1.028285 0.734336 1.058635 308

[l | FSFS3 0.460513 0.800331 0.959169 0.824234 1103

E MCFS 0.421999 0.752471 1.272190 0.587574 1112

EM-SFSCL 0.618124 0.381241 1.813534 0.373643 4365

IT2FRH-SFSCL 0.704496 0.261772 3.475758 0.149452 2620

above establish the importance of proposed parameter optimization technique, irrespective

of the clustering algorithms compared.

7.3.3 Performance Analysis

The performance of the proposed IT2FRH-SFSCL algorithm is compared with that of some
existing c-means algorithms on five data sets with respect to several cluster validity indices.
Tables 7.1 — 7.5 present the comparative assessment of these five clustering algorithms and
four unsupervised feature selection algorithms, in terms of Silhouette, DB, Dunn, and Xie-
Beni index. All the results correspond to optimum values of A\; and As. The bold values
in these tables signify the best values. Out of 100 cases, in 98 cases, the IT2FRH-SFSCL
algorithm with proposed initialization method provides better results than other clustering
algorithms, in terms of different cluster validity indices.

Tables 7.1 - 7.5 provide the comparative results of different feature selection and cluster-
ing algorithms with the proposed centroid initialization method discussed in Section 6.3.6

of Chapter 6 for five data sets. The results are analyzed to prove the performance improve-
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Table 7.2: Performance of Different Clustering Algorithms on GSE62018 Data Set

Different Algorithms || Silhouette Index | DB Index | Dunn Index | Xie-Beni Index || Time (msec)
HCM 0.353208 0.519036 0.870872 0.162856 1684
FCM 0.330860 0.604450 0.240201 0.537453 5513
RFCM 0.390754 0.328626 1.534757 0.062063 497
RHFCM 0.370803 0.417677 1.799391 0.142839 64
RH-IT2FCM 0.701779 0.147534 4.491506 0.036446 694
FSFS1 0.416791 0.642356 0.672047 0.293471 480
= FSFS2 0.480483 0.672238 0.786330 0.283458 481
S»—_:) FSFS3 0.480483 0.672238 0.786330 0.283458 519
MCFS 0.436705 0.693082 0.740501 0.395858 498
FSFS1 0.405659 0.679384 0.290694 0.638365 2231
= FSFS2 0.455379 0.614785 0.239533 0.539183 2443
8 FSFS3 0.455379 0.614785 0.239533 0.539183 2230
MCFS 0.375043 0.738486 0.136885 1.526320 2491
FSFS1 0.480879 0.728299 0.845717 0.060225 299
% FSFS2 0.546402 0.354178 2.627715 0.092150 238
E FSFS3 0.546402 0.354178 2.627715 0.092150 212
MCFS 0.474536 0.688177 0.641210 0.381111 703
S FSFS1 0.459512 0.785992 0.852253 0.094692 221
O FSFS2 0.531529 0.408949 2.333125 0.077365 315
E FSFS3 0.531529 0.408949 2.333125 0.077365 524
s MCFS 0.492046 0.584992 0.929862 0.168849 1034
= FSFS1 0.459512 0.785992 0.852253 0.094692 351
o 8 FSFS2 0.531529 0.408949 2.333125 0.077365 445
[l | FSFS3 0.531529 0.408949 2.333125 0.077365 559
= MCFS 0.492046 0.584992 0.929862 0.168849 1778
EM-SFSCL 0.776363 0.313643 1.857645 0.033896 2664
IT2FRH-SFSCL 0.899141 0.127181 4.317694 0.032749 1811

ment due to simultaneous feature selection and clustering over the traditional approach
where those were done serially. Out of 80 cases each for GSE59973, GSE62018, GSE70748,
GSE71302, and GSE71107 data sets, in 77, 80, 76, 80, and 80 cases, respectively, the
proposed extension performs better in lesser or comparable time when compared with the
other feature selection-clustering combinations, where they are performed in serial fashion.
The best performance of the IT2FRH-SFSCL over the other serial algorithm combinations,
in terms of the various cluster validity indices, is achieved because the simultaneous na-
ture of feature selection and clustering helps to find out the best features necessary to
group the objects in a data set while actually performing the grouping, which again proves
the interdependency of feature selection and clustering in case of grouping the objects in
unsupervised data sets.

The proposed I'T2FRH-SFSCL method is finally compared with the existing expectation-
maximization based simultaneous feature selection and clustering (EM-SFSCL) algorithm
[271]. Tables 7.1 — 7.5 present the comparative results. Out of 20 cases, in 19 cases, the
IT2FRH-SFSCL algorithm provides better results than other clustering algorithms and

feature selection-clustering combinations, in terms of different cluster validity indices.
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Table 7.3: Performance of Different Clustering Algorithms on GSE70748 Data Set

Different Algorithms || Silhouette Index | DB Index | Dunn Index | Xie-Beni Index || Time (msec)
HCM 0.361388 0.439571 0.163743 0.045934 1475
FCM 0.340258 0.476173 0.116263 0.061436 4575
RFCM 0.386205 0.424350 0.399105 0.051663 2897
RHFCM 0.486766 0.309504 0.236006 0.017004 398
RH-IT2FCM 0.683150 0.112586 0.536456 0.003152 1137
FSFS1 0.389045 0.593088 0.066897 0.056426 562
= FSFS2 0.459295 0.496253 0.126860 0.052137 599
S»—_:) FSFS3 0.474050 0.503817 0.092048 0.049776 456
MCFS 0.508604 0.447797 0.121478 0.044902 721
FSFS1 0.344417 0.641482 0.058740 0.065197 1382
= FSFS2 0.436407 0.548792 0.096269 0.061685 1783
8 FSFS3 0.447135 0.517417 0.103628 0.064064 1232
MCFS 0.470134 0.480161 0.084644 0.050848 3494
FSFS1 0.388507 0.589641 0.092906 0.047353 2674
% FSFS2 0.500414 0.454022 0.240684 0.052528 1284
E FSFS3 0.497663 0.465570 0.202777 0.056274 1894
MCFS 0.549590 0.443881 0.388724 0.060352 2010
S FSFS1 0.374623 0.612204 0.050399 0.023086 483
O FSFS2 0.449901 0.567979 0.057486 0.017043 784
E FSFS3 0.505621 0.466573 0.474752 0.232932 658
s MCFS 0.629965 0.329080 0.219441 0.015501 733
= FSFS1 0.374623 0.612204 0.050399 0.023086 1231
o (Li FSFS2 0.449901 0.567979 0.057486 0.017043 983
[l | FSFS3 0.505621 0.466573 0.474752 0.232932 1327
= MCFS 0.629965 0.329080 0.219441 0.015501 2546
EM-SFSCL 0.767764 0.234231 0.412312 0.004345 2541
IT2FRH-SFSCL 0.911553 0.088005 0.022504 0.022504 1487

From all the results reported in Tables 7.1 - 7.5, the following conclusions can be drawn:

1. The proposed IT2FRH-SFSCL is better than any other c-means algorithms, with

respect to different cluster validity indices used.

2. The IT2FRH-SFSCL algorithm achieves better results with lesser or comparable time
than that obtained using feature selection-clustering combinations, irrespective of the
data sets and quantitative indices used. The simultaneous nature of feature selection
and clustering finds the best features from a data set while actually performing the

grouping, giving better results in terms of clustering.

3. It is also seen that the proposed algorithm achieves better results with lesser or
comparable time than that obtained using the expectation-maximization based si-
multaneous feature selection and clustering (EM-SFSCL) algorithm [271], irrespec-
tive of the data sets and quantitative indices used. The hypercuboid approach,
employed in IT2FRH-SFSCL, helps to partition the objects in lower approximation

and boundary region without using any user specified parameter, and interval type-2
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Table 7.4: Performance of Different Clustering Algorithms on GSE71302 Data Set

Different Algorithms || Silhouette Index | DB Index | Dunn Index | Xie-Beni Index || Time (msec)
HCM 0.444104 0.537958 1.351018 0.258234 377
FCM 0.243719 1.428866 0.291935 0.349610 1953
RFCM 0.415036 0.431446 2.005782 0.106044 330
RHFCM 0.480111 0.374687 2.693452 0.165194 537
RH-IT2FCM 0.629885 0.198627 4.141907 0.049235 1885
FSFS1 0.286111 1.204049 0.351354 0.091463 412
= FSFS2 0.425945 0.868731 0.929613 0.523299 423
%_-:) FSFS3 0.504598 0.754178 0.907936 0.100768 354
MCFS 0.539352 0.584627 1.575909 0.100987 358
FSFS1 0.265242 1.483048 0.478851 0.630535 2698
= FSFS2 0.254133 1.617545 0.422674 0.949326 2012
8 FSFS3 0.307011 1.350037 0.737374 0.362283 1763
MCFS 0.311798 1.171188 0.505643 0.636734 2031
FSFS1 0.402949 0.770198 0.691932 0.105462 298
% FSFS2 0.506465 0.543916 0.923705 0.115612 290
E FSFS3 0.556885 0.579152 1.276174 0.110669 299
MCFS 0.584998 0.669780 0.834086 0.111120 472
= FSFS1 0.302229 0.962127 0.226512 0.212346 673
O FSFS2 0.439571 0.800167 0.373607 0.247220 788
E FSFS3 0.502227 0.571327 1.391428 0.121940 528
s MCEFS 0.448492 0.959339 0.445315 0.297760 671
= FSFS1 0.300205 0.780526 0.370741 0.194743 2104
o 8 FSFS2 0.326650 0.861338 0.968081 0.198814 2177
[l | FSFS3 0.404447 0.670118 0.915298 0.082220 1987
= MCFS 0.523792 0.542756 1.492225 0.173367 2675
EM-SFSCL 0.604564 0.405678 1.213464 0.092346 4364
IT2FRH-SFSCL 0.834504 0.172006 4.983455 0.043191 2877

fuzzy approach helps to manage the uncertainty present in the fuzzy membership

function.

The best performance of the proposed IT2FRH-SFSCL over other algorithms, in terms
of different cluster validity indices, is achieved because (i) the simultaneous nature of
feature selection and clustering helps to find out the best features necessary to group the
objects in a data set while actually performing the grouping, (ii) the max-relevance max-
significance [316] based feature selection maximizes both the relevance of the feature, as
well as the significance of it with respect to the already-selected features, (iii) the rough
hypercuboid approach, used in the IT2FRH-SFSCL, computes the lower approximation
and boundary region implicitly for the clusters without any threshold value; (iv) the
concept of crisp lower approximation and interval type-2 fuzzy boundary of the IT2FRH-
SFSCL method deals with uncertainty, incompleteness, and vagueness in cluster definition;
and (v) the IT2 fuzzy approach helps to manage the uncertainty present in the fuzzy

membership function.
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Table 7.5: Performance of Different Clustering Algorithms on GSE71107 Data Set

Different Algorithms || Silhouette Index | DB Index | Dunn Index | Xie-Beni Index || Time (msec)
HCM 0.377091 0.762593 1.584495 0.145465 651
FCM 0.343229 1.247167 0.590560 0.376418 2454
RFCM 0.359525 0.836476 0.882797 0.287403 864
RHFCM 0.471422 0.419962 2.619147 0.077129 217
RH-IT2FCM 0.734994 0.168680 5.383981 0.009920 1245
FSFS1 0.364181 1.078206 0.507135 0.420378 712
= FSFS2 0.391592 1.089672 0.574406 0.396444 783
%_-:) FSFS3 0.390873 0.996564 0.490344 0.534402 688
MCFS 0.387999 1.098260 0.816458 0.261628 873
FSFS1 0.301146 1.312403 0.389541 0.562841 3561
= FSFS2 0.377505 1.158005 0.537067 0.450097 2871
8 FSFS3 0.398028 1.027969 0.519841 0.517091 2897
MCFS 0.411320 0.819176 1.170371 0.193519 3583
FSFS1 0.373983 1.253587 0.705725 0.312340 784
% FSFS2 0.429619 1.157623 0.940403 0.296812 792
% FSFS3 0.418979 0.969706 0.813878 0.360198 889
MCFS 0.400806 0.973321 0.889439 0.289646 982
S FSFS1 0.403187 0.769959 0.615578 0.469700 385
O FSFS2 0.398047 3.458018 0.224909 1.213706 355
E FSFS3 0.409357 1.360076 0.660740 0.451934 487
s MCEFS 0.351208 1.529741 0.578565 0.505390 488
= FSFS1 0.382865 0.840743 0.533512 0.522770 984
o (Li FSFS2 0.413898 2.021520 0.415954 0.698352 1158
[l | FSFS3 0.402663 1.491217 0.604475 0.491789 1273
= MCFS 0.358351 1.508067 0.615497 0.453404 1437
EM-SFSCL 0.731231 0.321312 5.365235 0.008756 2876
IT2FRH-SFSCL 0.856123 0.092082 5.39167 0.002808 1377

7.3.4 Functional Consistency of Clustering Results

DIANA microT [335] is one of the well known miRNA target prediction algorithms, which
can be used to predict miRNA target genes for the miRNA clusters produced by different
clustering algorithms. The functional consistency of the genes targeted by miRNAs of
a cluster can be evaluated using the biological annotations of those genes of different
clusters in terms of the gene ontology (GO). Hence, the GO Term Finder [60] can be used
to calculate the annotation ratios of each targeted gene cluster in the three GO ontologies.
The GO term is searched, to which, most of the genes of a particular cluster annotate [468].

The annotation ratio, also termed as cluster frequency, of all gene clusters for a par-
ticular ontology is found out, which is defined as the number of genes in both the assigned
GO term and the cluster, divided by the number of genes in that cluster. The annotation
ratio increases when the majority of genes in the cluster are functionally more close to each
other and miRNAs targeting these genes are involved in common cellular processes. On
the other hand, when the cluster contains more noise or irrelevant genes and the miRNAs

targeting these genes are just randomly clustered, the annotation ratio decreases. The sum
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of all annotation ratios is then calculated, which is known as the final annotation ratio.
Increment in final annotation ratio indicates that the genes are better clustered than the
other, providing a more functionally consistent clustering result [516].

Further analysis were done on the genes which are targeted by minimum ¢ percentage
of miRNAs in each miRNA cluster, where t is varied from 50 to 100. Fig. 7.2 presents
the comparative results of the HCM, FCM, RFCM, RHFCM, RH-IT2FCM, EM-SFSCL
and the proposed algorithm with respect to the cluster frequency or final annotation ratio
(FAR), for the Molecular Function (MF), Biological Process (BP), and Cellular Component
(CC) ontologies on the five miRNA expression data sets mentioned in Section 7.3.1, where
the horizontal axis represents ¢, the minimum percentage of miRNAs targeted in each
miRNA cluster. All the results presented in the figure confirm that the proposed algorithm
provides higher or comparable FARs in most of the cases than that produced by the
other c-means algorithms. The experimental studies show that, for the MF, BP, and CC
ontologies, the IT2FRH-SFSCL attains the highest FAR than that generated using HCM,
FCM, and RFCM algorithms in 40, 50, and 52 cases, respectively, out of 55 comparisons
each. The results also confirm that the proposed method provides higher or comparable
final annotation ratios than that obtained using the RHFCM, RH-IT2FCM, and EM-
SFSCL algorithms in most of the cases. In each of the 55 cases for the MF, BP, and CC
ontologies, the proposed method provides a higher final annotation ratio in 44, 44, and 45
cases, respectively. Overall, the proposed method provides a higher final annotation ratio
in 35, 42, and 44 cases for the MF, BP, and CC ontologies, respectively, out of 55 cases
each.

Hence, the proposed IT2FRH-SFSCL algorithm can produce miRNA clusters which
are functionally more compact than those obtained using other algorithms, while the other

algorithms include irrelevant miRNAs, noise or outliers in the clusters.

7.3.5 Biologically Significant Gene Clusters

The genes that are targeted by at least 50% to 100% microRNAs are used to calculate the
number of significant gene clusters. Figure 7.3 presents the results for the MF, BP, and CC
ontologies for the data sets mentioned above. The GO Term Finder is used to determine the
statistically significant gene clusters produced by different algorithms for all the GO terms
from the MF, BP, and CC ontologies. If any cluster of genes generates a p-value smaller
than 0.05, then that cluster is considered as a significant cluster. Figure 7.3 presents the
comparative results of the HCM, FCM, and RFCM and the proposed algorithm for the
MF, BP, and CC ontologies, respectively. From the results, it is seen that, out of 55 cases
each, the proposed algorithm generates a higher or comparable number of significant gene
clusters in 48, 50, and 50 cases, for the MF, BP, and CC ontologies, respectively.

Figure 7.4 shows the number of significant gene clusters generated by the RHFCM,
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Figure 7.2: Biological annotation ratios obtained using different algorithms with respect
to percentage of genes targeted
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Figure 7.4: Biologically significant miRNA clusters obtained using EM-SFSCL, RH-
IT2FCM, RHFCM, and the proposed algorithm
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RH-IT2FCM, EM-SFSCL, and proposed algorithm for the MF, BP, and CC ontologies for
five data sets. All the results reported in the figure establish the fact that the proposed
algorithm generates a higher or comparable number of significant gene clusters than that
of the rough-fuzzy based c-means algorithms in most of the cases. For the three ontologies,
the proposed method generates a higher or comparable number of significant gene clusters
in 45, 38, and 44 cases, respectively. Overall, out of total 165 cases, it provides better
results in 124 cases. So, from Figure 7.4, it can also be seen that the proposed clustering
algorithm produces better results, irrespective of the ontologies and data sets used. Hence,
it can be concluded that the proposed clustering technique generates highly compact and

functionally enriched miRNA clusters.

7.3.6 Execution Time

Moreover, Tables 7.1 - 7.5 provide the execution time of different algorithms on five miRNA
data sets. The results reported in Tables 7.1 - 7.5 establish the fact that the proposed
algorithm provides good clustering results in lower or comparable time than most of the
existing methods, irrespective of the data sets used. The lower execution time of the
proposed algorithm is achieved due to its low computational complexity with the use of

rough hypercuboid approach.

7.4 Conclusion

The contribution of the chapter is two-fold, namely,

1. development of a novel algorithm (IT2FRH-SFSCL), integrating the IT2FR-MRMS
algorithm proposed in Chapter 4 and RH-IT2FCM algorithm proposed in Chapter 6,
to simultaneously select the most important time points while grouping the miRNA

data sets; and

2. demonstrating the effectiveness of the proposed algorithm, along with a comparison
with existing clustering and feature selection, on several miRNA data sets using some

well known cluster validity indices.

The proposed algorithm is formulated, combining the utility of both rough sets and
IT2 fuzzy sets, for knowledge discovery tasks. The proposed algorithm provides the best
performance in 82.45% cases for optimum parameter values. The proposed extension
outperforms also other c-means algorithms, and feature selection-clustering combinations,
irrespective of the miRNA data sets and quantitative indices used. The proposed algorithm
performs better than any other c-means algorithms and their combinations in 97.69% cases,

with respect to different cluster validity indices, and generates relevant clusters in lesser
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or comparable time. It also shows better performance in 95.00% cases, when compared
with expectation-maximization based simultaneous feature selection and clustering (EM-
SFSCL) [271] algorithm. Moreover, the proposed algorithm performs significantly better
than other methods, irrespective of the miRNA data sets and quantitative indices used,
and provides biologically significant and relevant miRNA clusters. The proposed algorithm
is also applied on some of the data sets used in Chapter 6, and the corresponding results

are reported in Appendix B.
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Chapter 8

Conclusion and Future Directions

This chapter concludes the thesis. A summary of the contributions presented in different
chapters of this thesis is given, with a focus on the main contributions, namely, development
of scalable dimensionality reduction and clustering algorithms, and their applications in
various fields. It also provides future research directions, including possible extensions and
applications of the proposed research work in feature selection and clustering of real life

large data analysis.

8.1 Major Contributions

The thesis presents several methods for dimensionality reduction and clustering of large
real life data sets. One of the major problems in real life data analysis is uncertainty.
In this regard, the theories of rough sets and fuzzy sets (both type-1 and type-2) are
judiciously integrated in the proposed research work to develop a strong mathematical
framework for modeling and propagating the uncertainty inherent in real life noisy large
data sets.

Chapter 3 presents a feature selection method, based on fuzzy-rough sets. It selects
real valued noisy features by maximizing both relevance and significance of the selected
features. Different feature evaluation criteria such as dependency, relevance, redundancy,
and significance are presented in this chapter for attribute selection task using fuzzy-
rough sets. The performance of different rough set models is compared with that of some
existing feature evaluation indices based on the predictive accuracy of nearest neighbor
rule, support vector machine, and decision tree. The effectiveness of the fuzzy-rough set
based attribute selection method, along with a comparison with existing feature evaluation
indices and different rough set models, has been demonstrated on a set of benchmark and
microarray gene expression data. Although traditional type-1 fuzzy-rough sets, used in

Chapter 3, is useful for feature selection in uncertain environment, it fails to provide good
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performance when determination of exact membership function for any fuzzy set is difficult.
In this regard, a new feature selection method, based on interval type-2 (IT2) fuzzy-rough
sets, has been introduced in Chapter 4. Here, the features are also selected by maximizing
both relevance and significance of the features. By introducing the concept of lower and
upper fuzzy equivalence partition matrices, the lower and upper relevance and significance
of the features have been defined for IT2 fuzzy approximation spaces. Different feature
evaluation criteria have been presented for attribute selection task using IT2 fuzzy-rough
sets. The performance of IT2 fuzzy-rough sets has been compared with that of some
existing feature evaluation indices including classical rough sets, neighborhood rough sets,
and type-1 fuzzy-rough sets. The effectiveness of the proposed IT2 fuzzy-rough set based
attribute selection method, along with a comparison with existing feature selection and
extraction methods, has been demonstrated on several real life data.

Feature extraction, another approach for reducing the dimension of a data set, generally
provides a richer feature subset than that obtained using a feature selection algorithm, but
with a higher cost. However, for a given data set, it is very difficult to decide whether to
select a feature from original measurement space or extract a new feature by transforming
the existing features. In this regard, a novel dimensionality reduction method, based on
fuzzy-rough sets, has been introduced in Chapter 5, which simultaneously selects attributes
and extracts features using the concept of feature significance. The feature set in each
iteration is partitioned into three subsets, namely, insignificant, dispensable, and significant
feature sets. The insignificant feature set is discarded from the current feature set, while the
significant feature set is used to select or extract a feature in the next iteration. Depending
on the quality of features present in the dispensable set of the current iteration, a new
feature is extracted or an existing feature is selected from the dispensable set for a reduced
feature set. In effect, the final reduced feature set may simultaneously contain some original
features of the measurement space and extracted new features of the transformed space,
which are both relevant and significant. The effectiveness of the proposed fuzzy-rough
dimensionality reduction method, along with a comparison with other methods, has been
demonstrated on a set of real life data using the predictive accuracy of different classifiers.

Chapter 6 presents a novel rough-fuzzy clustering algorithm. The proposed clustering
algorithm integrates judiciously the theory of rough hypercuboid approach, interval type-
2 fuzzy sets, and c-means algorithm, to approximately manage the uncertainty present
in a data set. While the concept of lower approximation and boundary region of rough
sets deals with uncertainty, incompleteness, and vagueness in cluster definition, the use
of fuzzy membership of IT2 fuzzy sets in the boundary region enables efficient handling
of overlapping partitions in uncertain environment. Using the concept of hypercuboid
equivalence partition matrix of rough hypercuboid approach, the lower approximation

and boundary region of each cluster are implicitly find out, without the need of any user
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specified threshold. The interval valued fuzzifier has been used to deal with the uncertainty
associated with the parameters of rough-fuzzy clustering algorithms, where determining
the appropriate value of the fuzzifier is difficult. The problems of initial prototype selection
and stuck in local minima of different ¢-means algorithms have been efficiently solved by
developing a robust prototype selection method. The performance of the proposed method
has been extensively compared with that of some existing clustering techniques, using
several cluster validity indices on various real life data sets.

Finally, Chapter 7 presents an application of clustering, which is grouping functionally
similar miRNAs from microarray data sets. In Chapter 7, the clustering algorithm pro-
posed in Chapter 6 is judiciously combined with the feature selection algorithm proposed
in Chapter 4 to develop an integrated method, which can select the optimum set of fea-
tures while clustering the of miRNAs, keeping the complexity of the algorithm in mind.
Comparisons are performed with other existing algorithms to prove the effectiveness of the
proposed approach for grouping miRNA data sets.

In brief, the concept of simultaneous feature selection and feature extraction in dimen-

sionality reduction is unique.

8.2 Future Directions

There are many important aspects of the research reported in this thesis that can be
extended for the benefit of pattern recognition, data mining, fuzzy-rough sets, and big
data analysis research community. Some of the probable future extensions are enlisted

below.

1. The attribute selection methods, reported in Chapter 3 and Chapter 4, can be com-
bined with fuzzy IF-THEN rules [523] and fuzzy decision tree [524] to deal with the

data sets containing fuzzy linguistic variables directly without any discretization.

2. A feature selection method can be developed using rough-neural or neuro-fuzzy ap-
proach which can successfully be used for online [193,518,533] and time critical real

life applications [563] and for mining big data [553].

3. The simultaneous feature selection and extraction method, proposed in Chapter 5,
can be extended using interval type-2 fuzzy-rough sets and its effectiveness can be

analysed in comparison with the complexity of the algorithm.

4. The rough-fuzzy clustering algorithm, proposed in Chapter 6, can be integrated with
different types of distance measures and its effectiveness can be studied for real life

large data sets.
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5. Similar to the prototype initialization method, introduced in Chapter 6, some more
robust methods can be developed that can lead to a quick convergence for the c-

means clustering methods.

6. One of the important problems in clustering is the determination of the number
of clusters, which clearly impacts and is influenced by the feature selection task. A
technique may be developed which can simultaneously find out the optimum number

of clusters while clustering the data set.
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Appendix A

Bootstrap Smoothing and

Different Quantitative Indices

Bootstrap Smoothing

In most of the cases, the cross validation error of any prediction rule R obtained during the
feature selection process provides an under estimate (selection bias) of the prediction error
rate of R. To correct this selection bias, the cross-validation or bootstrap needs to be used
external to the feature selection process. The variability of the leave-one-out error can be
reduced by constructing an appropriate bootstrap procedure [115,116]. It provides a direct
assessment of variability for estimated parameters in the prediction rule. Also, when the
number of bootstrap K is set to be less than the number of objects n, the computation
takes lesser time than leave-one-out cross-validation. The bootstrap smoothing [116] of
leave-one-out cross-validation is a “smoothed” version of leave-one-out cross-validation
error and is given by the leave-one-out bootstrap error £gg, which predicts the error at a
point z; only from bootstrap samples that do not contain the point x;. The procedure to
calculate £pg is as follows:

Let K bootstrap samples of size n are obtained by resampling with replacement from
the original set of n samples. Suppose the bootstrap version of the rule R, R} is generated
from the kth bootstrap sample, the procedure for generation is exactly the same as R was
generated from the original training set using the same feature selection process. Monte

Carlo algorithm gives an estimate of £gg for the K bootstrap samples as

K

ZIijjk

1o k=1
Eps =~ 3 &, where & =1 Al
BS = j, Wwhere &; ; (A.1)

K

j=1
> Lk
k=1
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and [ is 1 if z; is not contained in the kth bootstrap sample and 0 otherwise, and
Qjr is 1 if RE misallocates x; and 0 otherwise. Usually, £gg gives the value based on
approximately .632 of the number of original data points [115], and it was proved in [115]
that it closely agrees with half-sample cross-validation while considering all the features.
So, £gg is upwardly biased. To correct the upward bias in Egg with the downwardly biased
apparent error (AE), which is denoted by the proportion of the original training samples

misclassified, Efron [115] proposed the .632 estimator as follows:
E53% = 368 x AE + .632 x Egs. (A.2)

For the problems where there are large number of features compared to the number
of samples, the constructed prediction rule can be over fitted. For highly overfitted rules
like nearest neighbors, the AE is zero. In this scenario, the .632+ estimator £53% can be
used [116], which puts relatively more weight on the leave-one-out bootstrap error Epg.

The 53652 estimator can be defined as
E932 = (1 — w)AFE + wégs; (A.3)
where the weight w is given by

(A.4)

is the relative overfitting rate. The ~ is the no-information error rate that would apply
if the distribution of the class-membership label of the jth sample did not depend on the

corresponding feature vector x;. v can be estimated as
C
v= pi(l—a); (A.5)
i=1

where p; is the proportion of the original samples coming from the ith class, ¢; is the
proportion of them assigned to the ith class by R, and ¢ is the number of classes. The
weight w ranges from .632 when r = 0 to 1 when r = 1. It may happen that v < AFE or
AFE < v < &gg, in that case r can fall outside the range [0,1]. To account for this, the
value of 7 must be truncated so that it falls into interval [0, 1] [116].

Hence, in case when the amount of overfitting, measured by (Egg — AF), is relatively
large, 5]'36532 estimate puts more weight on the bootstrap leave-one-out error £gg providing

better estimate of the classification error.
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Quantitative Indices

This section presents a brief description of different quantitative indices, which are used

in several chapters of this thesis.

Class Separability Index

The class separability index S [101] of a data set is defined as
S = trace(V 'Viy); (A.6)

where Vi is the within class scatter matrix and Vg is the between class scatter matrix,

defined as follows:

Viv = Z;WJ'E{(X — ) (X —v;)7|8;} = Z;WJEJ‘; (A7)
Ve =Y mi(v; —v)(v; —0)"; (A.8)
j=1
and v = E{X} = Zc:ﬂ'jvj; (A.9)
j=1

where c is the number of classes, 7; is a priori probability that a pattern belongs to class
Bj, X is a feature vector, v is the sample mean vector for the entire data points, v; and
¥; represent the sample mean and covariance matrix of class 3;, respectively, and E{-} is
the expectation operator. A lower value of class separability index S ensures that classes
are well separated by their scatter means. Hence, a good feature subset should have the

value of § index as low as possible.

Davies-Bouldin Index

Let S(vg) be the mean distance of the points belonging to cluster fj to their center vy:

Stu) = - 3 o — el (A.10)

i€l

Also
d(vg, vr) = |[vg — || (A.11)

be the distance between the centers v and vy of clusters B and Si.
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The Davies-Bouldin (DB) index [94] is a function of the ratio of sum of within class

distance to between class separation and is given by

1w '
DB:Zmax{SWS(Uk)} for 1 <k, k' <e. (A.12)
c =1 k#£k’ d(?)k, Uk/)

The DB index minimizes the within class distance S(v;) and maximizes the between class
separation d(vg, vg), where vy, is the sample mean of class f. Therefore, for a given data
set and c¢ value, the higher the similarity values within the class and the between class
separation, the lower would be the DB index value. A good feature set should have the
value of DB index as low as possible.

Dunn Index

Dunn’s index [50] is also designed to identify sets of clusters that are compact and well

separated. Dunn’s (D) index maximizes

D = min { min A, V) for 1 <k, K l<ec (A.13)
k| k#k | max; S(vy)

A good feature subset should have the value of Dunn index as high as possible.

Fuzzy Feature Evaluation Index

The fuzzy feature evaluation index is defined as [385]
2 ~x~ 17 R 0y 0 R
FFEI = WZZ§[MM(1 — ;) + pij(1 _Mz'j)} (A.14)
i g

where ,uioj and ,u,g are the degrees that both patterns x; and x; belong to the same cluster
in the original feature space (2o and reduced feature space g, respectively, and n is the

total number of samples. The membership function j;; can be defined as

dii .
11— ifd;; <D
i = b v A.15
Hig { 0 otherwise ( )

where d;; is the distance between patterns x; and x;, and D may be expressed as
D = Bdpaz; (A.16)

where d;,q, is the maximum separation between patterns in the respective feature spaces

and  is an user defined constant ranging 0 to 1. In the present work, the value of 3 is

208



set to 0.2. d;; can be defined in many ways, like Euclidean distance. The value of FFEI
decreases as the intercluster (respectively, intracluster) distances increase (respectively,

decrease). Hence, the lower the value of FFEI, the more crisp is the cluster structure.

Silhouette Index

To assess the quality of clusters, the Silhouette measure proposed by Rousseeuw [446] can
be used. For computing the Silhouette value of an object z;, first two scalars a(z;) and
b(x;) are estimated. Let us note (3, the cluster to which object x; belongs. The scalar
a(x;) is the average distance between object x; and all other objects of §,. For any other
cluster 85 # By, let d(z;, Bs) denote the average distance of object x; to all objects of fs.
The scalar b(x;) is the smallest of these d(z;,8s),r # s = 1,--- ,c. The Silhouette s(x;) of

object x; is then defined as

b(z;) — a(zi)

max{a(z;),b(z;)} (A.17)

s(wi) =

The Silhouette value lies between -1 and 1. When its value is less than zero, the corre-

sponding object is poorly classified.

Xie-Beni Index

The Xie-Beni index is an index of fuzzy clustering, but it is also applicable to crisp clus-
tering. It is defined as the quotient between the mean quadratic error and the minimum
of the minimal squared distances between the points in the clusters. The mean quadratic

error, in the case of a crisp clustering, is expressed as

% « WGSS: (A.18)

where W(GSS denotes the within-cluster sum of squares. Xie-Beni index can be written

as
1 WGSS
XB=— ; Al
N ming_; 8(Cy, )2 (4.19)
where,

iEk,jG[j
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Precision

Precision or Confidence (as it is called in data mining) denotes the proportion of predicted
positive cases that are correctly. It can however analogously be called True Positive Ac-
curacy (tpa), being a measure of accuracy of predicted positives in contrast with the rate

of discovery of Real Positives (tpr). Precision is defined as:

ip
tp+ fp

Precision = Confidence = tpa = (A.21)

Sensitivity

Recall or Sensitivity is the proportion of real positive cases that are correctly predicted
positive. In this context it is referred to as True Positive Rate (tpr). Recall is defined,

with its various common appellations, by equation:

L ip
Sensitivity = Recall = tpr = ———. A.22
y PG n (A.22)

Specificity

Inverse Recall or Specificity is thus the proportion of real negative cases that are correctly

predicted negative, and is also known as the True Negative Rate (tnr).

tn

T (A.23)

Speci ficity = InverseRecall = tnr =

Accuracy

Accuracy is effectively a prevalence-weighted average of Recall and Inverse Recall, as well
as a bias-weighted average of Precision and Inverse Precision (also called True Negative

Accuracy or tna).

tp+tn

tp+ fp+ fn+tn
(A.24)

Accuracy = tca = ter = rp X tpr + rn X tnr = pp X tpa + pn X tha =

where, rp =tp+ fn, rn = fp+tn, pp =1tp+ fp, and pn =tn + fn.

Jaccard Coefficient

The Jaccard index, also known as the Jaccard similarity coefficient [214], is a statistic used
for comparing the similarity and diversity of sample sets. It measures similarity between

finite sample sets, and is defined as the size of the intersection divided by the size of the
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union of the sample sets.

_ tp _ 1 _F1
Jaceard = G T )~ G2 x mean(fn, fpjtp)  @—F) )

where F'1 represents the Dice Coefficient.

Dice Coefficient

The SgrensenDice index, is a statistic used for comparing the similarity of two samples,
which was independently developed by the botanists Thorvald Sgrensen [477] and Lee
Raymond Dice [104], published in 1948 and 1945 respectively. The SgrensenDice is also

known as F1 score or Dice similarity coefficient.

Dice — F1 — tp B 1 _ 9 Precision x Recall
T (tp+(fn+fp)/2) (1 +mean(fn, fp)/tp) Precision + Recall’
(A.26)

G Measure

While the F Measure (F1) is the harmonic mean of Recall and Precision, the G Measure

is the geometric mean.

GMeasure = v/ Precision x Recall. (A.27)

This is also known as the FowlkesMallows index.

Matthews Correlation Coefficient

The Matthews Correlation Coefficient (MCC) can be calculated directly from the confusion
matrix using the formula:

Vtp+ fp)(tp+ fn)(tn+ fp)(tn + fn)

Rand Index

Given a set of n elements S = {o1,---,0,} and two partitions of S to compare, X =
{X1, -+, X,}, a partition of S into r subsets, and Y = {Y7,--- ,Ys}, a partition of S into

s subsets, define the following:

1. a, the number of pairs of elements in S that are in the same set in X and in the

same set in Y
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2. b, the number of pairs of elements in S that are in different sets in X and in different

setsin Y

3. ¢, the number of pairs of elements in S that are in the same set in X and in different

sets in Y

4. d, the number of pairs of elements in S that are in different sets in X and in the

same set in Y

The Rand index, R, is:

R—_otb _ath (A.29)
a+b+c+d (2)

Intuitively, a + b can be considered as the number of agreements between X and Y and

c + d as the number of disagreements between X and Y.

Adjusted Rand Index

Given a set S of n elements, and two groupings (e.g. clusterings) of these points, namely
X ={X1,Xs,...,X;} and Y = {Y1,Y>,...,Y;}, the overlap between X and Y can be
summarized in a contingency table [n;;] where each entry n;; denotes the number of objects
in common between X; and Y; : n;; = | X;NYj|. Suppose, a; = Z;zl nij and b = >0 nij.

The Adjusted Rand Index is the corrected-for-chance version of the Rand Index.
Though the Rand Index may only yield a value between 0 and 41, the Adjusted Rand
Index can yield negative values if the index is less than the expected index. It is defined

as:
Index — Expected Index

Adjusted Index = Max Indexr — Expected Indez’ (A-30)
more specifically,
n” Zz b] / n
ARI = - b{ i (2) (§> —. (A.31)
5[2 (z +3, (%)) - [ ()5, (3] /6)
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Appendix B

Supplementary Results on
Different Data Sets

The performance of the IT2FRH-SFSCL algorithm proposed in Section 7.2 of Chapter 7 is
also compared extensively with that of different existing clustering algorithms and feature
selection-clustering combinations. In the later version, feature selection techniques are
applied first on the data sets to select the most important features, and then clustering
techniques are used to partition the data sets. As no class information is present before
clustering, only unsupervised feature selection algorithms can be used for this purpose.
To compare the clustering performance, the proposed technique is compared with the
algorithm mentioned in the Section 7.3 of Chapter 7.

The experimental results on five data sets are presented in this section, namely, Glass,
Hepatitis, Wine, Wisconsin Breast Cancer (WBC), and Echocardiogram, which are down-
loaded from UCI Machine Learning Repository (https://archive.ics.uci.edu/ml/datasets.h-
tml). The description of the data sets are provided in Section 6.4.2 of Chapter 6. Subse-
quent discussions analyze the results with respect to ten different cluster validity indices,
namely, precision [424], sensitivity [424], specificity [424], accuracy [424], Jaccard Coeffi-
cient [424], Dice Coefficient [104], G Measure [275], Matthews Correlation Coefficient [339],
Rand index [433], Adjusted Rand index [205] and execution time.

Optimum Values of Different Parameters

The parameters my, o, A1, and Ao are optimized using the method discussed in Sec-
tion 6.5.1 of Chapter 6. The optimum values of 17, m5, A}, and A3, obtained using (6.42)
of Chapter 6, are {1.5, 2.0, 0.94, 0.92}, {1.5, 2.0, 0.96, 0.86}, {1.5, 2.0, 0.96, 0.88}, {1.5,
2.0, 0.92, 0.94}, and {1.1, 2.0, 0.96, 0.86}, respectively, for Glass, Hepatitis, Wine, WBC,

and Echocardiogram data sets.
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In this regard, it should be noticed that the IT2FRH-SFSCL algorithm proposed in
the Section 7.2 of Chapter 7 delivers best performance at 1y = m], e = M35, \1 = AJ,
A2 = A3 in 45 cases, out of 50, with respect to different cluster validity indices. However,
the precision provides the maximum value at i = 1.5, 1o = 2.0, Ay = 0.92, Ao = 0.86 for
Hepatitis data, accuracy provides the maximum value at 1 = 1.5, he = 2.0, \; = 0.92,
Ao = 0.86 for Wine data, and Jaccard Coefficient attains its minimum value at 1m; = 1.5,
1y = 2.0, Ay = 0.94, Ay = 0.86, Dice Coeflicient attains its minimum value at 1, = 1.5,
me = 2.5, Ay = 0.92, Ay = 0.82, G Measure attains its minimum value at 1, = 1.5,
e = 2.5, A1 = 0.92, Ay = 0.86 for Echocardiogram data. Also, all other clustering
algorithms achieve their best performance at m; = mJ, mhe = m3, A1 = A] and Ay = A} in
1154 cases, out of 1350 cases, irrespective of the cluster validity indices used. Hence, all
the results reported above establish the importance of proposed parameter optimization

technique, irrespective of the clustering algorithms compared.

Performance Analysis

The performance of the proposed IT2FRH-SFSCL algorithm is compared with that of
some existing c-means algorithms on five data sets with respect to several cluster validity
indices. Tables B.1 - B.5 present the comparative assessment of these five clustering algo-
rithms and four unsupervised feature selection algorithms, in terms of precision, sensitivity,
specificity, accuracy, Jaccard Coeflicient, Dice Coefficient, G Measure, Matthews Correla-
tion Coefficient, Rand index, and Adjusted Rand index index. All the results correspond
to optimum values of A\; and Ay. The bold values in these tables signify the best values.
Out of 1300 cases, in 1291 cases, the IT2FRH-SFSCL algorithm with proposed centroid
initialization method discussed in Section 6.3.6 of Chapter 6 provides better results than
that of other clustering algorithms, in terms of different cluster validity indices.

Tables B.1 - B.5 provide the comparative results of different feature selection and clus-
tering algorithms with the proposed centroid initialization method for five data sets. The
results are analyzed to prove the performance increment due to simultaneous feature se-
lection and clustering over the traditional approach where those were done serially. Out of
200 cases each for Glass, Hepatitis, Wine, Wisconsin Breast Cancer, and Echocardiogram
data sets, the IT2FR-SFSCL algorithm proposed in the Section 7.2 of Chapter 7 performs
better in lesser or comparable time in each and every cases, except the Echocardiogram
(where it is 192), when compared with the other feature selection-clustering combinations,
where they are performed in serial fashion. The best performance of the IT2FRH-SFSCL
over the other serial algorithm combinations, in terms of the various cluster validity in-
dices, is achieved because the simultaneous nature of feature selection and clustering helps

to find out the best features necessary to group the objects in a data set while actually

216



TTIC || S4068C°0|9S686.L°0 | 8CTLTI°0 | 968929°0 | #SS9SV'0 | €LI96TS°0 | PLBISR'0| 0€6€06°0 | 8620T9°0 | CC¥P¥9°0 || TOSAS-HUACLI

€CVe || GPL8LT'0 | ©69€89°0 | Gc48¥VE'0 | €0ESYE'0 | 9L80TC'0 | CE€6VCE’0 | SISPI®'0 | #IPLALE'0 | P6ITIE0 | TOEIEE0 TOSAS-INH

GLL 00689T°0 | 9L8789°0 | TCV9Ge'0 | 6€CGSE0 | C86STIC0 | €TLLCTO | TI¥P808'0 | PEGELS'O | LL699E0 | 8CTIIED SADIN =
4! €CCTLT0 | 89¢8I0 | VOIGTE0 | L6O6TE0 | LESGST'O | 6VCEBT'0 | €6EV6L0 | 6TG0L8°0 | LETTICE0 | €80LTE0 €5dsd | M
CLe 09¢090°0 | €€06¥S°0 | GGL9GC°0 | 61SPGC0 | 9I8GPT'0 | LOOTOT'O | G€8G6L'0 | GTELVR'0 | TILTIECO | €€TC8C0 ¢sdSd | Q5
L3¢ €LCLT10°0 | PPEERG'0 | 99695C'0 | TOSTSC'0 | BEVEVI'0 | €EI680°0 | €T6L9L°0 | 9690¥8°0 | 16980¢°0 | 90¥9T1€ 0 15454 =
¥8 006891°0 | 9.8¥789°0 | TEPeSE0 | 6€CS9E°0 | €86GTIC0 | €2LLCE’0 | TIP808°0 | PE6EL80 | LLEIIE0 | 8CTIPED SHOIN =}
(4" €CCTLT'0 | 289C89°0 | VOIGIE0 | L60O6TE0 | LESGST'O | 6VCEBT'0 | €6EV6L0 | 6TG0L8°0 | LETTICE0 | €80LTE0 €S4S4d M
Gl 062090°0 | €€06%S°0 | GGL9GC°0 | 61SPSC’0 | 9I8GTPT'0 | LOOTOT'O | GE8G6L'0 | GTELVR'0 | T9LIECO | €€TCRT0 ¢SASH Q
c9 89F9T0°0 | 990485°0 | €999G¢°0 | 9.¥09C°0 | 89TEVI'0 | L6ESBO'0 | €T6L9L°0 | €00IP8°0 | T6980C°0 | E8IETE0 ISdSd =
86 9G0CcT'0 | 7#0689°0 | ©880EE'0 | 0CC0EE0 | €9LL6T°0 | €90761°0 | 0CL68L°0 | LOLLIRO | 9TGCSE0 | 9LG0T€0 SHOIN =
89 CELTIGT'0 | €9€9L9°0 | 0STL6CO | LP996C°0 | SGIVLT'O | L¥V6SIT'0 | €29008°0 | ¥C¢9698°0 | 836VIE0 | 6VE08C 0 €5454 53
09 GCr80T°0 | 87€099°0 | TI6SEE0 | PVPGEE'0 | 0SGGTO0Z'0 | 9€V00C0 | G9066L°0 | 600998°0 | 68€61E0 | LCESED ¢SdaSAd m
89 9LEG€0°0 | LT8T09°0 | 691661°0 | 691661°0 | ¢690TT°0 | 8G07¥0°0 | 8COTLLO | L8BIT¥R'0 | ¥ITL6T'0O | S6TT0C 0 SIS

£€ve P9GI8T'0 | 68GGTL°0 | PP999€°0 | ¥P999€°0 | PelETC0 | L609VC'0 | 696608°0 | ¢G6988°0 | €2099€°0 | G9T59€°0 SADIN

08T C90LTT'0 | ¥86169°0 | 8TCLEE0 | 90CLCE0 | P09SG6T°0 | OVIE6T'0 | LVOS8L'0 | OTPRI8'0 | 6900€€0 | C6EVCED €5454d mm
18¢ ¥42L60°0 | L9€989°0 | 9LEGEE'0 | 9LEGEE'O | €LVIOCO | GS6E6T°0 | 9I8BLL0 | PEBII80 | 8IVSGEE'0 | PEEGEE0 ¢SdaSd =
90¥ G8CSTT'0 | 085069°0 | TEESEV'0 | 86¥VVEV'0 | GPGLLT0 | G2896C°0 | €29008°0 | T60GL8°0 | 921€IV'0 | ¥0T607°0 18454

v 006891°0 | 9.8¥789°0 | TEPeSE0 | 6€CS9€°0 | €869TIC0 | €2LLCE’0 | TIP808'0 | PE6EL80 | LLEIIE0 | B8CCVTED SAHOIN

v CV190T°0 | 0CPL89°0 | ¥CPICE0 | €CVICE0 | SG8VI6T'0 | VIBGRT'0 | TE6IVL'0 | 966998°0 | 6C1¢ce0 | TCLOTED €S4S4d mHu
68 PGT080°0 | 69.8G9°0 | 88GTVEE'0 | CL8EEE'0 | 88E00C'0 | ¢PCG8I'0 | ¥0998L°0 | GELEIR'D | 98EETE0 | PCTLGE0 ¢SASH =
CL 672¢6C0°0 | TLL96S°0 | ¢686¥¢'0 | TLLGPC'O | COTOFPI'0 | 8BLESBO'0 | €T6L9L°0 | 69¢¢P80 | LZIBOCO | 6€000€°0 TSdS4d

LTT ¢900L2°0 | L9€989°0 | 9GT6EV'0 | €868EV'0 | 9TCI8C'0 | 9CGEEE'0 | LIV0SGR'0 | TVEVE8'0 | 089TSY'0 | 0869¢T°0 NOJCLI-HY

Ly 9L€G9C°0 | €9€9L9°0 | TLTIGCY'0 | T00SCH0 | ¢¥869C°0 | LOVPPIE0 | TCIIP80 | 960L88°0 | ¥6ELEV'0 | 06CETIV 0 INOAHY
9L OTTOST'O | 06L689°0 | 6LE88E0 | TE6L8E0 | ¢V90¥C'0 | €6S6VC'0 | S9066L°0 | L8C8IV'O | 667,070 | LSTOLEO DAY
8LT 6€08ST°0 | 9ISTIL0 | PIT9TF0 | 68LSTV'0 | 8GFCIC'0 | TGCL8C'0 | €€9008°0 | G9LLL8°0 | LICVEV'O | CI886E°0 DA
94 G8GT6T0 | #1G869°0 | SL¥VPS8E0 | 86T¥8E'0 | GLLLECO | 8¥L09C°0 | 66TIT8'0 | 6929.8°0 | ¢¥¥66€°0 | ¥L00LEO INDH
(o0sur) xopul xopul aINseaN ©) FIOWIOO) | FUODIO) | POy 110D Aoemooy | Ayogoedg | AJIAIISUSG | UOISIDRL] SUYILOS]Y
awl], || passnlpy puey 901 pIeooe[ | SmaTljeIN e o i JuLIBPI

SOOTPUT AJIPI[RA I9ISTI[)) JUSISPI(] SUISTL 310G BIR(] SSB[Y) UO SWIILIOS[Y SULID)SN[)) JUISHI(] JO 9OURULIONMSJ T q S[qRL,

217




9.¢ || €0CCCTL 0| LII9TI8'0 | L6€998°0 | PCTI998°0 | T9REIYL'0 | 670CEL'0 | EVILO6°0 | €E6E8BB'0 | €6E8VB°0 | SV6¥VPR'0 || 'TOSAS-HUACLI

90v GP88LG°0 | 997L69°0 | LLBGEL'0 | TIBGEL'O | TPOG8SG'0 | CTLVILYP'O | 68LST8°0 | €EBGPL'0 | €E8SVL'0 | ¥S09CL°0 TOSAS-INH

19 09890€°0 | €49299°0 | 8662¢9L°0 | ¥PLTIL0 | GLTSGT9'0 | 86TT1CS'0 | L60L8LO | #S0808°0 | ¥S0808°0 | S4¥02L0 SADIN =
1€ ¥eclL00- | P8YGES0 | 9LTETY'O | PSTIECY'O | GG9€BIT'O | PSTLCT'O- | 99GFP9°0 | 0LGLCV'0 | P0SLEY'0 | T688TT°0 €5dsd | M
87 €€L990°0- | T66S0S°0 | TLEEOV'O | 00€CO¥'0 | €89CSC'0 | S6ESLT0- | ¢V0695°0 | 068S6E°0 | G68596€°0 | 8860170 ¢sdSd | Q5
L€ L00G2T°0 | T8796S9°0 | TE6069'0 | 2666890 | ¥ILITS'0 | L68VLEQ0 | ¥8GGCL'0 | CSCPTL'0 | 9€8LTL'O | 668599°0 15454 =
14 LE90VT°0 | 69969470 | GC€CcL'0 | OV80CL0 | 9CG€9G°0 | LO6LEV'O | €CE069°0 | 86TOLL'O | 86TOLLO | LTVLLIO SHOIN =}
LC ¥ecLL00- | P8YGES'0 | €991C¥'0 | PPSICH'0 | T90L9C°0 | GE99GT'0- | OTL8EI0 | 69G94CY'0 | 6995¢y'0 | VO9LIV'O €S4S4d M
6C €€L990°0- | 16690S°0 | L0800¥'0 | 8TLOO¥'O | T9G0SC'0 | SLVL6T0- | €PLL9G°0 | €0VC6E°0 | €0VC6E0 | ¢6€607°0 ¢SASH Q
14 200G2T°0 | T8F964°0 | SCLL89°0 | 0969890 | TATECS0 | 96CTLE0 | T8GCEL'O | PITICLO0 | PITICL0 | 9€BGGI0 ISdSd =
18 GOVSYY'0 | 6E8VGL'0 | OTPESL'O | OIPEBL'O | 6E6EVI0 | 61899G°0 | G90848°0 | OTPESL'O | OIVESL'O | OTIVESL'O SHOIN =
9¢ ¢cOv160°0- | 969¥LG°0 | LOSTIV'O | 9P90TV'0 | €LERVGC'O | LS699T°0- | PLLI69°0 | ¥CO6EV'0 | ¥C06EV'0 | PILIGRED €5454 53
€cl 8804200~ | €8%LC9°0 | PLBILY'O | PEITLY'O | LBGBOE'0 | GP69V0°0- | 6E8FGL'0 | OLTL8Y'O | OLTL8Y'0 | 8G0LST0 ¢SdaSAd m
1€ EV68ST'0 | 97€C09°0 | T8I6V9'0 | TE68F9°0 | OTE08Y'0 | $8996¢°0 | ¢€06CL'0 | 627,990 | 6¢7L,99°0 | CEVIEI 0 SIS

10T 6EVYOT'0 | 9€CTSG°0 | 8T880L'0 | T8VL0L0 | 99€LVS0 | EVITIFO | 9TGP99°0 | 8E6ESGL'0 | 8E6EGL'0 | L1¥999°0 SADIN

89 T07290°0- | 8826670 | OIVELE'D | G9GELED | €896CC'0 | 0€V0SC 0~ | P8PGESG'0 | 8TG09€°0 | 8TC09€'0 | C6SLBE0 €5454d mm
29 €CVLEOD'O- | PI9G6T1G°0 | 68CSSY'0 | €L29SV'0 | LoLy6c'0 | €90680°0- | ¢4¥909°0 | PLVIGY'O | PLVISYO | 9€T6SV°0 ¢SASH =
V1T 6EVYOT"0 | 9€CTSG'0 | 8T880L'0 | T8VL0L0 | 99€LVS0 | EVITIFO | 9TSP99°0 | 8E6ESGL'0 | 8E6ESL'0 | L1¥999°0 18454

1S G6L68¢°0 | 00€G99°0 | TE€90GL°0 | 0€S6VL0 | 66£669°0 | PP8I6Y'0 | GVI08L°0 | 6CVC6L°0 | 6CVC6L°0 | 8EOTTLO SAHOIN

qc G6€8L0°0- | G961€S°0 | PSP8IV'O | €VPSIF'0 | LLGPIC'0 | 896C9T°0- | 8GCCEI'0 | ¥6VICY'0 | ¥6VICy'0 | GEVSIT0 €S4S4d mHu
€€ GYevae0'0- | €198¢G°0 | €E8TVP'0 | TEBIVPF'O | 8GGERE'0 | COEITT 0~ | 9086¢9°0 | 6VSOVP¥'0 | 6VS0¥VP'0 | TCIEVTO ¢SASH =
44 8LTILLT'0 | €8L06S°0 | S8G8TL'0 | 9LCLIL'O | €8T6SG°0 | LZTTEV'0 | 6CT9TL°0 | 8EEE9L0 | 8EEEIL'0 | 9879.9°0 TSdS4d

LT E€VC8LED | 8L68TL0 | TEC9GL°0 | €VI9GL0 | €06L09°0 | 8ETCIS'0 | 8GCEER'0 | 6FILIL°0 | 6VILILO | 8VPETLO NOJCLI-HY

6 899900°0 | 00€549°0 | €08¢IG'0 | 9TLEIG0 | €ELVPE0 | TIGLIO0 | GP908L°0 | 0E¥E€0S0 | 06¥€0S°0 | 19€CES 0 INOAHY
0¢ 0C6TTT'0 | 28¥LC9°0 | 9696850 | TIS68G°0 | 8V6LIV'O | LETBLT'O | 6E8VSGL'0 | 67V96LG°0 | 6V96LG°0 | PIL66S 0 DAY
16T 899900°0 | 00€9G9°0 | €08¢IS0 | 9TLCIGO | €ELVPE0 | TIGLTO0 | S¥908L°0 | 0€¥€0S°0 | 06¥€0S°0 | 1G€CCS 0 DA
1T ¥6¢6ST1°0 | ¢1€889°0 | 6T0SFF'0 | S08c¥¥'0 | TIEV8C'0 | 987950°0- | ¢0L¥6L°0 | €08T6¥°0 | €08T6¥°0 | G8920¥°0 INDH

(o0sur) xopul xopul QINseaN ©) IGO0 | FUODIO) | POy 110D Aoemooy | Ayogoedg | AJIAIYISUSG | UOISIORL] SUYILOS]Y
awl], || passnlpy puey 901 pIeooe[ | SmaTljeIN e o i JuLIBPI

SOOTPUT AJIPI[RA I9ISTI)) JUSISPI(] SUISN $30G viR(] S1jRdo] UO SWILIOS]Y SULIDISN]) JUSIOPI(] JO 9OURMLIOLID] :g'q 9[qR],

218




LTT ]|S290%6°0 | G29686°0 | €69586°0 | 989S586°0 | 9LLTL6°0 | LZ68L6°0 | TSOT66°0 | ¥€¥C66°0 | 86T86°0 | 8TV686°0 || TOSAS-HYACLI
(45 G6T6E8°0 | ¥T9CY6'0 | L8V8Y6'0 | L8F8Y6'0 | 120C06°0 | 616¢C6°0 | €6¢996°0 | 8TLYL6°0 | 880676°0 | L8SLV6°0 TOSAS-INH
L8 GG0S6L°0 | 8LOVC6'0 | LLEGEE'D | 80ESE6'0 | 8LVBL'0 | 686006°0 | 990GG6°0 | 89T€96°0 | G60¥C6°0 | 96L9V6°0 SAON =5
v 891¢E8°0 | 0€9€V6°0 | LEOOC60 | 0200C6°0 | 988TS8'0 | 8PILLS'0 | 0C8EV6'0 | 6VI8S6°0 | 8GL9C6°0 | CSEVI60 €5dsd | M
1€ 00TST9°0 | 920798°0 | €8E8GR'0 | 6LE8G8°0 | G68TSL'0 | 9¢098L°0 | €€9¢06°0 | 0S¥8C6°0 | LS6098°0 | LISSGER0 ¢sdsd | QT
9¢ TLGG8G'0 | 9999980 | L8EOC8'0 | PSEOC8'0 | ¥e¥S69°0 | ¢ve8CL'0 | G0P9L8°0 | 8TE806°0 | €5LLC8°0 | 980€18°0 15484 =
1€ GG0S6L°0 | 8LOFC6°0 | LLESEE'0 | 80ESE6°0 | 8LV8LE0 | 6260060 | 9905996°0 | 891€96°0 | G60¥7¢6°0 | 96L9¥6°0 SIOIN =
L8 101¢e8°0 | G7S0L6°0 | OV0ESL'0 | €S6TGL'0 | ©0S209°0 | TL68LG0 | 9E€GTLL'O | 8COTEV'0 | STIETL'0 | E€FIV6L'0 €SS M
6¢ ¥¢L007°0 | 980FIL°0 | ST69VS0 | 6L897G°0 | 8FEILE'Q | CISG6VE'0 | 8C8LELO | ¥8LEBL'O | 9TCESG0 | 9890¥S°0 ¢SASA Q
LG 69896€°0 | 99¥9CL°0 | 8TOEL¥'0 | ¥90TL¥'0 | 66080€°0 | 60€L9C°0 | OTITTL0 | €2999.°0 | €0TI8TS'0 | 948T€YV0 15454 =
€€ 8¢0648°0 | €¥E6V6°0 | ¥98€G6°0 | TI8EG6°0 | ¢6LIT6°0 | 8GTIE6°0 | LEOOLE'O | TE€L9L6°0 | €E€STS6°0 | 10895670 SIOIN =
LE 1€¢894°0 | ¥028¢6°0 | ¥S6TCS0 | 996919°0 | L8G8YEC0 | 99T0¥E0 | GLEOOL'O | TCLILL'O | L9966S5°0 | CIEVSY O €5d54d =
(49 8GTVCL'0 | TIVBO6°0 | 8SVELLE'D | LEELLY'O | 6LVI8L'O | LETSTIS'O | €09LT6°0 | TI8VVEE'0 | 9P9T88'0 | 0LOELSO ¢SdSd m
1€ €81%2,9°0 | LL8V68°0 | 89LEG8°0 | ¢¥LES8'0 | 808F¥L'0 | 96¢8LL°0 | 928868°0 | 9996¢6°0 | TE¥098°0 | 99T.L¥8°0 15454

9L G6T6E8°0 | PTI9CY6'0 | L8Y8V6'0 | L8F8Y6'0 | 120C06°0 | 616CC6°0 | €6C996°0 | S8TLVL6'0 | 880676°0 | L8SLV6'0 SAON

1L €CVE95°0 | 992L98°0 | TOT6LL0 | GLPSLLO | 98CEE9°0 | 89C6C9°0 | 9194€8°0 | 00€998°0 | LIELOLO | OLIBSER0 €5d54 mm
89 PE80LG'0 | €6LCL8°0 | 0061GL°0 | POISPL'O | LLSLEGO | L908GS'0 | PEIVLLO | 659C6c8°0 | 0L86L9°0 | ¢9S1€8°0 ¢SdSA =
¢l 7GE6LG°0 | 89LEVR'O | L6C6GL0 | GC8GGL'0 | T6¥L09°0 | TTSC8S'0 | 8€OV6L'0 | €6¥9€8°0 | 8C6689°0 | OV95ER0 15454

(49 €08LL8°0 | 66T9496°0 | 689656°0 | 8896560 | 009¢¢6°0 | TC86E6°0 | €8LEL60 | L¥V86LE0 | 8L¥8G6°0 | ¢06096°0 SION

8¢ T01¢¢8°0 | G750L6°0 | OV0ESL'0 | €S6TGL'0 | ©0S209°0 | TL68LG0 | 9E€STLL'O | 8COTES'0 | STIETL'0 | EFIV6L'0 €S5dSd mHu
6¢ ¥¢L007°0 | 980FIL°0 | ST69¥S0 | 6L897G°0 | 8FE9LE'Q | CISG6VE'0 | 8C8LELO | ¥8LEBL'O | 9TCESG0 | 9890¥S°0 ¢SdSA =
oy 69896€°0 | 99¥9¢L°0 | 8TOEL¥'0 | ¥90TL¥'0 | 66080€°0 | 60€L9C°0 | OTITTL0 | €29992°0 | €0TI8TS'0 | 9481€V0 15454

€¢ VL9SV8°0 | ¥6CVS6°0 | 69955960 | L999G6°0 | ST6¥I6°0 | O0166C6°0 | €6¢996°0 | LTOSL6'0 | LVLLGE'0 | 96€€S6°0 WDJCLI"-HY
0¢ 0080840 | 9649898°0 | 8C660G°0 | CILVEV'0 | ¥698CE'0 | 69L96E°0 | ¢699¢L°0 | ¢80G08°0 | 8LLCG9'0 | 8EEV6ED INOAHY
0¢ 6708¢G°0 | #L8016°0 | 6TLG8F'0 | 8TO8LY'0 | 9L0¥IE€'0 | 880000 | 661689°0 | 98969L°0 | ¥8OI8G'0 | G0090¥°0 DAY

67 ¢91C99°0 | TPLCY6'0 | TELOLGO | 908595°0 | TISY6E'0 | LILESY'O | ¥LG6C8°0 | €66998°0 | €9T199°0 | ¥€C00S 0 DA

61 00808G°0 | 965898°0 | 8C660S°0 | C9LVEV'0 | ¥698CE°0 | 69L96€°0 | ¢699¢L°0 | ¢80S08°0 | 8LLCG9°0 | 8EEV6E0 INDH
(o0sur) xopul xopul aINseaN ©) FIOWIOO) | FUODIO) | POy 110D Aoemooy | Ayogoedg | AJIAIISUSG | UOISIDRL] SUIYLOSTY
awl], || passnlpy puey 901 pIeooe[ | SmaTljeIN e o i JuLIBPI

SOOTPUT AJIPI[RA I9ISTI[)) JUSISPI(] SUISN $)0G BIR(] SUIA\ UO SUIYILIOS[Y SULIDISN])) JUSIOPI(] JO 9OURULIOLID] :¢'¢ 9[qR],

219



L99 ||86L528°0 | SVOVI6°0 | 0LL8T6°0 | 0SL8¥6°0 | L67C06°0 | Y67L68°0 | CTCCS6°0 | €CSC¥6°0 | $2STP6°0 | 090S56°0 || TOSAS-HYACLI
9CIC || G8€G9.°0 | 6GCI88°0 | 8490¢€6°0 | 9E0CE6'0 | ¢CLTL8'0 | G90¥98°0 | T€L9€6°0 | ¢€99¢6°0 | ¢€9SC6°0 | 6858€6°0 TOSAS-INH
€0€E || €996CL°0 | 9€0998°0 | ¥6LVC6'0 | ¢8SVC6'0 | CVL6S8'0 | 6806¥8°0 | ¥¥6LE6'0 | 81CS06°0 | 8ICS06°0 | €6LVV6°0 SAON =5
98¢ €8L70€°0 | €84G7G9°0 | ¥LI6GL0 | LS96SGL°0 | LSPCI9'0 | C8CEIS'0 | 69G8LL°0 | 89SGTEL'0 | 8GEVEL'0 | GE8YIL0 €5dsd | M
19¢ STI0TE0 | ¥2S099°0 | ¥8SEIL0 | G60€9L°0 | 6€6919°0 | 80ESGCE'0 | TEVEVL'O | 8CTLIEL'O | 8CTLIELO | 0CVI6L0 ¢sdsd | QT
L0T 10690570 | ST6LGL°0 | TCS848'0 | OSTLS8'0 | TTO0SL'0 | COGETL0 | ¢OP6S8°0 | TTETIV'0 | TTETIV'0 | L9¥806°0 15454 =
89 €9G60L°0 | 9€0998°0 | ¥6L¥¢6°0 | ¢8S¥c6'0 | ¢VL6G8°0 | 6806¥8°0 | ¥#¥6Lc6°0 | 8TCS06°0 | 8ICS06°0 | €6L¥76°0 SIOIN =
6L €8LY0€°0 | €8G7G9°0 | VLI6GL'0 | LS96GL°0 | LGPCTI9'0 | CBTEIS'0 | 69G8LL°0 | 8GETEL'0 | 8GEVEL'0 | GE8V9L0 €SS M
19 GT90TE0 | #2S099°0 | ¥8GEIL'0 | G60€9L°0 | 6€6919°0 | 80EGCS'0 | TEVEVL'O | 8TLIEL'O | 8TLIELO | 0CVI6L0 ¢SASA Q
8L 106906°0 | ST6LGL0 | ToG848°0 | OSTLS8'0 | TTO0SL'0 | €OCETL0 | COV6S8°0 | TCETIS'0 | TEETI8'0 | L9¥806°0 15454 =
L. E€VPECL’0 | 620€98°0 | ST0€C6°0 | 06LCc6°0 | 8%9948°0 | L6VSTS'0 | 9819¢6°0 | 698¢06°0 | 698¢06°0 | 0C9EV6°0 SIOIN =
2 ¥16¢€0°0 | 90€ETS°0 | €909¢9°0 | TOLLTI0 | S989¥F°0 | T¥GELT'0 | 9098790 | 9LTTES0 | 9LTTES'0 | TO6LEL'O €5d54d =
€8 €G86€0°0 | 8SETVS'0 | C€oelV90 | ¢68¥V€9°0 | 980597°0 | OFV806T°0 | ¥9¢059°0 | 8T9TES'0 | 8IITEG0 | 996L8L°0 ¢SdSd m
8¢ T0LLL6°0 | #98T6L°0 | 99161.8°0 | 6¢¥8L8°0 | €TCE8L'0 | S8€9GL°0 | 0SGCC88°0 | L68EFS'0 | L68EFS'0 | 8O6SI6°0 15454
VLT 080T9L°0 | 65CTI88°0 | S¢IgE6°'0 | G60CE6°0 | 9C8CL8'0 | I8TFIV'0 | T€LIE6'0 | PLIVCE'0 | ¥LIVC6'0 | LEIGEEO SAON
L0g 1¢00¢€0 | 7¢5099°0 | 6€09LL°0 | 8T09LL°0 | TIOVEI0 | €00CSS0 | TE8EVL'O | OGLI8L'0 | OGLI8L'0 | 69€0LL°0 €5d54 mm
9¢ GT89G€°0 | ¥I06L9°0 | TVITI6L0 | PCII6L0 | 68¥FS9°0 | 98CE8S0 | 67966L°0 | TLEI6LO | TLTI6L0 | ¥F098L°0 ¢SdSA =
(4! 6T0CS9°0 | ¥06L88°0 | 9980060 | ATS006°0 | LEO6T8'0 | S98008°0 | L60S06°0 | €L¥9L8°0 | €L¥9L8°0 | LT6GC6°0 15454
vs OVI8YL'0 | €ETGL8°0 | SI86C6°0 | G996¢6°0 | ¥L9898°0 | 18¢6S8°0 | 91CEe6°0 | T4CET6°0 | TSCET6°0 | 089976°0 SION
60T VIEYVE'0 | 618VL9°0 | 9TGLLL0 | TSPLLLO | 8C6S€9°0 | TO8YSS'0 | PETI6L'0 | 909L9L°0 | 909L9L°0 | €GGL8LO €S5S mHu
9¢ 6CC89€°0 | ¥SEL89°0 | 6¢888L'0 | 8TI988L'0 | 0C0TE9'0 | €969L5°0 | 8L9908°0 | 0CCTLLO | 0CCILLO | 0789080 ¢SdSA =
(44 9L77€9°0 | TOV6I8°0 | SE0968°0 | L69G68°0 | €E60T8°0 | ¢9606L°0 | #¢8668°0 | OFVF898°0 | OF¥898°0 | LOS¥C6°0 15454
L8 GL9889°0 | 9G¥.L98°0 | €9CLO6'0 | SPCLO6'0 | 9€C0E8°0 | &8YFIS0 | ¥88ET6'0 | LLITO6°0 | LLITO6'0 | C8STI6°0 WDJCLI"-HY
8¥ 88G9¥9°0 | 8G0GC8°0 | ¢98L68'0 | €T9L68°0 | S¥CVI80 | 860G6L°0 | 66€€06°0 | 6869L8°0 | 6869L8°0 | 1€C616°0 INOAHY
16 G8Y.LET0 | PE6TEY'0 | LOGT9L'0 | 68C95L°0 | 160809°0 | IPLTIOS0 | 69VLGL°0 | 8CSVLI'0 | 8CSEVLI'0 | 9090980 DAY
181 G98C89°0 | €CETY8'0 | TI8LE8'0 | €TIL68'0 | SPCVIS0 | 860S6L°0 | 66€E06°0 | 6869.8°0 | 6869.8°0 | TEC616°0 DA
80T G099L9°0 | ¥I¥6€8°0 | 0€9806°0 | T95506°0 | 0c¥LE8'0 | 0601180 | LCICI6°0 | 68S¥68°0 | 6257680 | 698916°0 INDH
(o0sur) xopul xopul QINseaN ©) IGO0 | FUODIO) | POy 110D Aoemooy | Ayogoedg | AJIAIYISUSG | UOISIORL] SUIYLOSTY
awl], || passnlpy puey 901 pIeooe[ | SmaTljeIN e o i JuLIBPI

SeOTpUT AJIPI[RA I9ISN[) JUSIOPI(] Sulsn $39G BIR(] DA U0 SWIILIOS[Y SULIDISI])) JUSISPI(] JO 9oURULIOD] § g 9[qe],

220



44 G869LC°0 | 8LLCIS'0 | §446T9°0 | PLL6C9°0 | €TI6ST'0 | #PS6SC°0 | €SBECTI'0 | €088C9°0 | €088C9°0 | 8¥L0E9°0 || TOSAS-HYUACLI
Vel PSL170°0 | OP80CS'0 | STOE09'0 | ¥86809°0 | €CITEV'0 | TELG0C0 | L890T9'0 | 8F6965°0 | 8769650 | #¥1609°0 TOSAS-INH

28 8976200 | G89TTIG'0 | 6LL08G°0 | €CLO8G'0 | 8IT60V'0 | €9T9ST'0 | 96CE6S°0 | 0S6¥LG°0 | 99LCLG°0 | €0688S°0 SADIN =

6 12L06¢0°0 | POSPTIG0 | €87684°0 | 9G¥68G°0 | €68LTV'0 | 86VPLI'0 | G€G009°0 | ¢CcG8G'0 | 868€E8G'0 | CCIG6S°0 €5dsd | M
8T 07620070~ | CEG86Y'0 | €LE9€G°0 | TLEIEGO | LIP99€'0 | GRGBIV'0 | €G79€G0 | €6V6ES0 | GPO8EG0 | LOLVESO ¢sdSd | Q5
ST ¢20000°0- | 87L66%°0 | 869CIS'0 | 80SCIS'0 | SPSPPE0 | S86FI0°0 | 8TEIPS'0 | SLTS0S'0 | ¥90€0S°0 | VIETTS0 15454 =
8V 89¥ECO'0 | G8ITTG0 | 698LLG°0 | PC8LLG'O | 96C90V°0 | CSTSST'0 | 98LL8G°0 | L990LG°0 | LG90LG'0 | €LTGREO SHOIN =}
0T T2L06¢0°0 | POSPTIS0 | T8998G°0 | 6999850 | L8OGT¥'O | €0TELT'0 | 0CPS6G'0 | €LGTIRG'0 | €LSEIBG'0 | PEBIGS 0 €S4S4d m
LT 0¥76200°0- | ¢E€G86¥'0 | CSTVESG'0 | CYIVES'O | 86EVIE0 | SOEBIV'0 | TGEVEG'0 | TLTVES'O | CLEPESO | €EOVESO ¢SASH Q
qT 6.0000°0- | 7LS¥67°0 | 6C¢0CIS'0 | OP6ITS0 | CEOVPE0 | SGS6FI0°0 | S861PS°0 | ¢BGCOSG'0 | @85¢05°0 | ¥S91cS 0 ISdSd =
(43 LTPEC0°0 | G89TTG°0 | 90T6LG°0 | 9616LG°0 | ¥G9L0¥°0 | G8C8ST'0 | 98LL8G'0 | €C8GLG'0 | C€EBELG'O | 609¢8G°0 SHOIN =
1¢ ¢rL1v0°0 |9%80CS°0| 691€09°0 | 6VIE09°0 | COLIEV'O0 | TFT90C'0 | L8I0OT9°0 | 6E€CB6SG0 | 6ECR65°0 | OVI809°0 €5454 53
19 P8IGED'0 | LGGLTG0 | 0LLV6S'0 | 8ELV6G'0 | €ccedy'0 | TOT68T'0 | €90€09°0 | GTI88G'0 | SGT988G°0 | 0660090 ¢SdaSAd m
44 P8TGE0'0 | LGSLTG0 | 0LLV6S°0 | 8ELV6SG0 | €CoE€ah 0 | TOC68T'0 | €90€09°0 | GT988G°0 | ST988G°0 | 066009°0 SIS

8L ¥9¢c00°0 | 9TTT0G°0 | 20S0¥S'0 | 00S0¥G°0 | CEE0LE'D | €L6080°0 | 8TI6VS'0 | 6TE6EG0 | 61E6ES0 | L8ITVS O SADIN

1€ 09062¢0°0 | ¥OSPIS0 | ¥C0L8S'0 | 600L8G°0 | LEVSIV'O | 8L8ELT'O | 0C¥S6S°0 | ¥98C8SG'0 | ¥98¢8G'0 | PICI6S 0 €5454d mm
29 296000°0- | 90L667°0 | 68TIVES'0 | 88IVESG'O | TEVPIE0 | LI9ERIV'0 | S86TFS0 | 89GEES0 | 8IGEESGO | OIBYESO ¢SdaSd =
(4" G¥¢810°0 | ¢0T60S°0 | T6VILSG'0 | P8PILS0 | $S0007°0 | T68CYI'0 | €STO8S'0 | 6L4895°0 | 64L899°0 | GICPLS0 18454

29 0906¢0°0 | POSVIS0 | P20LBG'0 | 600L8G°0 | LEVSIV'O | 8LBELT'O | 0C¥G65°0 | #98C8G'0 | ¥98C8G'0 | VICI6S0 SAHOIN

i 12L06¢0°0 | POSPTIS0 | T8998G°0 | 6999850 | L80GT¥'0 | €0TELT'0 | 0CPS64G'0 | €LGTIRG'0 | €LGIBG'0 | PEBIGS 0 €S4S4d mHu
24 ¢I8700°0- | ¢6GL67°0 | €€TCES'0 | €€TECS'0 | C0€ESE0 | L9g¥P0°0 | 8TL9¢S0 | 990¢cS'0 | 990¢cS0 | 1068Ts 0 ¢SASH =
€9 LTVEC0°0 | S89TTS0 | 90C6L5°0 | 9616150 | ¥S9L0¥'0 | S8CBSET'0 | 98LL8G'0 | €CBGLG0 | €GBSGLS'0 | 609¢8S°0 TSdS4d

9T 9YETC00 | PC9CTIS0 | GT899G°0 | GI899G°0 | €6¥S6E°0 | TEIEET'O | L9999G°0 | L9999G°0 | 21999950 | #96995°0 NOJCLI-HY

g 0L0000°0- | 90L66¥°0 | 6007550 | 000%SS°0 | 9¢IE8E0 | LV8LOT0 | 988%9G°0 | ¢¢809G°0 | ¢¢80GG°0 | STcLSG0 INOAHY
€v ¢r€600°0 | 6£9705°0 | 8079€5°0 | 80F9ES'0 | T0S99€°0 | SGI8CLO'0 | S86IVS'0 | 0STIES'0 | 0STIES'0 | L999€S 0 DAY
16 6,6000°0- | 90L66%°0 | 6C0CIS°0 | OV6TIS'0 | ¢EOVPPE0 | SS6710°0 | G86T¥S'0 | ¢8GC0S'0 | ¢8GC0S'0 | ¥4916S°0 DA
8¢ ¥4GT1C0°0 | 969T0G°0 | €9969¥°0 | L2069¥°0 | 6S€90€°0 | $LIEE0'0- | 9¥8CGG0 | LILV6V'0 | LILV6V'0 | €E8STY 0 INDH
(o0sur) xopul xopul aINseaN ©) FIOWIOO) | FUODIO) | POy 110D Aoemooy | Ayogoedg | AJIAIISUSG | UOISIDRL] SUYILOS]Y
awl], || passnlpy puey 901 pIeooe[ | SmaTljeIN e o i JuLIBPI

So0TpU] AJIPI[RA I9ISN[) JUSIOPL(] SUISn $319G BIR(] WRISOIPIRIOYDY UO SWILIOS[Y SULIDISN[)) JUSISPI(] JO 9OURULIOLD] G ¢ 9[R],

221



performing the grouping, which again proves the interdependency of feature selection and
clustering in case of grouping the objects in unsupervised data sets.

The proposed IT2FRH-SFSCL algorithm is finally compared with the existing expectation-
maximization based simultaneous feature selection and clustering (EM-SFSCL) algorithm
[271]. Tables B.1 - B.5 present the comparative results. Out of 50 cases, in 49 cases, the
IT2FRH-SFSCL algorithm provides better results than other clustering algorithms and
feature selection-clustering combinations, in terms of different cluster validity indices.

From all the results reported in Tables B.1 - B.5, the conclusions drawn in Section 7.3.3

of Chapter 7 are re-verified.

Execution Time

Moreover, Tables B.1 - B.5 provide the execution time of different algorithms on five
data sets. The results reported in Tables B.1 - B.5 establish the fact that the proposed
method provides good clustering results in lower or comparable time than most of the
existing methods, irrespective of the data sets used. The lower execution time of the
proposed technique is achieved due to its low computational complexity with the use of

rough hypercuboid approach.
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