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Answer all questions and give a detailed answer.
If you use a theorem then it must be clearly stated.

Notation: D= {z€C:|z| <1} H={zeC:lmz>0}.

(1) (a) If f and g are entire functions such that g o [ is constant then show that either

f or g is constant.

(b) Suppose [ is an entire function which maps the real line into itself. Then

show that f has a power series representation whose coefficients are all real.
(¢) Prove that the zeros of the polynomial P(z) = 0 2k=12k Jie in D.

(d) Show that sec 2 has a simple pole at z = 7/2. Find the residue of the function
at /2. 3+4+444

(2) Let R > 0. Given that f is an entire function satisfying the condition |f(z)] < 2|2
for |z| > R. Prove that f is a quadratic function. 8

(3) Suppose f : D — Cis a holomorphic function which extends to a continuous function
on . Assume that
(a) |f(2)| =1 for all z € 9D, that is if [z] = 1;
(b) f does not vanish on D.

Prove that f is a constant function. 7

(4) Evaluate the integral fg T ?%9 using contour integration when a > 1. Hint: Write

cos in terms of exp function. 10



(5) Suppose that wy, we are two complex numbers such that wy/wy is not a real number.

Let f be a (non-coustant) meromorphic function on C such that

ftun) = f(z) and  f(z+ws) = [(2)
whenever f(z) is defined.

Consider the parallelegram P defined by the vertices 0, wy, wy, wy -+ wa:
P = {z‘lun +lwo |0 <y, ip < 1}

Assume that [ has no pole or zero on the boundary of P.

(a) Show that f has equal number of zeros and poles within P, where a zero or
a pole is counted as many times as its order.
(b) Prove that f must have a zero in P.

(¢) Conclude that f has infinitely many zeros and poles. 6-+6+2

(6) Suppose 0,a, b, c are 4 distinct points in . Find a biholomorphic map f: D - D
such that f(0) = a and f(b) = ¢ 7

(7) Find a conformal map from the upper half space H onto the annulus 1 < |z| < 2.
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