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SUMMARY

Some years ago the author defined a pseudo inverse of a singular matrix and
used it in representing a solution of normal equations and for oblaining
variances and covariances of eslimates in the theory of least squares (Rao,
1955). This provided a unified approach 10 least squares theory, including
the case when the normal equations become singular. This note allempts
1o collect a few mathemalical results, some of which are known in literature,
associated with the inversion of singular and rectangular malrices, and to
indicate briefly their use in problems of mathematical statistics,

1. INTRODUCTION

ConsIDER linear cquations Ax = y, where x and y are column vectors of order n and m
and A is a matrix of order mx n. When m = nand| A| 4 0, an explicit representation
of the solution is, x = A=y, where A~ is theinverse of Asuchthat A= A = A4 = [
The corresponding problem in the general case where A may be a rectangular or a
square singular matrix has also received some attention from time to lime, and
attempts have been made todefine a generalized inverse with properties similar to those
of an inverse of a non-singular matrix (Moore, 1935; Murray and von Neumann, 1936;
Bjechammer, 1951; Penrose, 1955). Such a problem arises in the theory of least
squares whea the matrix of normal equations is singular. The author gave (Rao, 1955)
a method of computing what is called a pseudo inverse (p-inverse) of a singular
matrix with the help of which an explicit representation of a solution to normal
equations and expressions for variances of estimates could be obtained. The term
pseudo inverse is also used in a paper by Greville (1957). Wilkinson (£958) uses the
term “effective inverse™ in such cases and mentions that the application to normal
equalions with a singular matrix was suggested 10 him by A. T. James in a personal
communication in 1956.

In the present note the methods introduced in earlier papers are extended to
answer other questions which arise in the solution of linear equalions involving
rectangular or singular matrices, such as their i and the uniq of
certain linear functions. These problems are of some practical interest and do not
seem to have been considered in any earlier work on this subject. In a recent paper
(Rao, 1961) the author used a p-inverse in the derivation of distributions of quadratic
farms when the variables have a singular meltivariate normal distribution. Some
further applications in this direction are also given in this note.

[t is preferabie to use the term “gencralized inverse” (g-inverse) to cover both the
regular and pseudo inverses and restrict the term p-inverse to cases where a true
inverse does net exist.
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2. DEFINITION AND PROPERTIES OF g-INVERSE
fi A lized inverse (or g-i ) of a matrix A of order mxnisa
matrix of order n x m, denoted by A, such that for any y for which Ax = y is consis-
tent, X = A~y is a solution,

An inverse so defined is not necessarily unique, but may be made unique by
imposing further conditions. Some of the earlier writers considered the problem of
defining a unique inversc and studying its propertics. But this is not necessary for
our purpose.

Lemma 1. If A~ is a g-inverse then AA~ A = A, and converscly.

Choose y as the ith columa a; of 4. Then the equation Ax =a, is obviously
consistent and hence x = A~ 1, is a solution, i.c, A4~ a; = a; for all /, which implies
that A=A =4,

Conversely if A~ exists such that AA=A = A4, and Ax =y is consistent, then
AA~Ax = Ax or AA~y =y. Hence x = A~y is a solution.

Lemma 2. Let A= be a g-inverse of A of order mx n and B a matrix of order nx s
admitting a right (regular) ioverse B;* of order s x n. Then B;* A” is a g-inverse of AB.
The result is true since

ABB;YA~AB=AlA~AB=AA—AB = AB.

We note that the result may not be true if no regular inverse exists for B and we
substitute any g-inverse of B.

Lemma 3. A g-inverse exists for any matrix A, although it may not be unique, and
further it can be constructed in such a way that it has A itself as a g-inverse. Or in
other words it is possible to find A~ such that AA=A = A and A= A4~ = 4",

Given a matrix A of order mx n, there exist non-singular matrices P and Q of
orders m and n respectively such that

PAQ=A or A=P-1AQ",

Do
where A= (-6 ; 0)
and D, is a diagonal matrix of order s and rank s.
Let us define
A-=QA-P,
__ (%0
where A (—FIB).
‘Then it may be seen that

AA-A=PAQ = 4,
Hence A~ is a g-inverse. Also
A~ AA~= QAP = A~
In fact any matrix A admits the decomposition PAQ’ where P and Q are orthogonal
matrices, in which case A~ defined by QA~P’ has the additional properties
(AA™) = AA~ and (A~ A) = A" A.
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Moore (1935) and Pearose (1955) have shown that there exisis & unique matrix 8
salisfying the equations ABA = A, BAB = B. (AB) = AB, (BA) = 84. Such a
matrix 8 is defined by them to be the generalized inverse of 4. In this paper a
geacralized inverse siands for any matria satislying the definition of section 2, We
shall, however, show how certain special choices of a g-inverse satislying conditions
other thaa thosc specified by Moore and Penrosc are useful io practical problems.

Lemma 4. Let A~ A = H for a given g-inverse A-. Then

(1} Ht = H. i.c. H is dempotent;

(i) AH = A:

(iii) the solutions of Ax = 0 can be expressed as (H~ 1)z, where 1 is arbitrary;

(iv) a gencral solution of Ax =y, when comsistent, is A~y +(H-/)z;

(1) q'x has 3 unique value for all x satisfying the equation Ax = y. il ¢'}f = q".

Since A4~ A4 = A we have, multiplying both sides by A-, that H* = K, which
proves (i). Point (i) follows by replacing A" A by Hin Ad~A = A.

Since AH = A, rank (H) 3 rank (4). Bul A~ AH = H and therefore

rank (/) < rank (4}
Hence rank (H) = rank (A).
Abo rank {((H—/)} = r—rank (H) = a—rank(4),

where m is the oumber of columns in A. Since A(H—1) = 0, the columns of (H -1}
supply all the solutions of Ax = 0. Hence a general solution is (H— 1)z where z is
arbitrary. This proves (iii), and (iv) follows from (iii) since A~y is a particular
solution of Ax = y. Result (v) follows by substituting in ¢’x 8 gencral solution of
Ax = y and expressing the condition that it is unique.

Lemma 4 shows how, when a g-inverse is supplied, some of the problems associated
with lincar cquations can be solved by first computing 4. But there does not seem to
be an casy method of deciding whether Ax = y is consistent. This can be done in 3
simple way if onc has a g-inversc as defined in Lemma $ or as computed in the
illustrative example of section 3.

To avoud lications in further algebrai let us, by adding rows or
columns of reros whichever is necessary, make A a square maurix. The necessary
change in the lincar equations is to extend y by a number of zeros if rows are added
and 10 exiend x by additional variabks if columns are added. This makes no difference
to the original equati In actual computations such a change need not be made,
but this is done herc only to provide some jence in th ical discussi We
shall therefore consider, without loss of generality, the equation AX = y where A isa
squarc matrix, observing that the g-inverse appropriste to the original matrix can
always be obtained from the g-inverse of the extended square matrix by omitting some
rows or columns.

Let us first recall that given a matrix A, there exisis & non-singular matrix 8 such
that BA = H, where H has the following properties:

(i} The diagonal clements arc zeros or unities.
(ii) When a diagonal element, say the ith, is unity all elements in the fth column
and all elements preceding unily in the ith raw are zero.

(iii) When a diagonal element is zero, say the fih, all elements in the jih row are
zero, and also those elements below the 2ero diagonal element in the jth column.

This is exactly the form obtained by starting with any matrix and applying the
method of sweep out and interchange of rows, if necessary, to bring unities to the
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diagonal. Each operation in the swecp out or interch of rows is equivalent to
premultiplication of the given matrix by a non-singular matrix. Let B be the product
of all matrices involved in the step-by-step reduction of the original matrix. Define
G a3 a diagonal matrix with its /th diagonal element unity if the th diagonal element
of H is ze10, and zero otherwise.

Lemma 5. With 4, B, H and G as defined above the following are true:

(i) H is idempotent;

(i) AH=J: A

(iii) ABA = A and hence B is a g-inverse;

(iv) The necessary and sufficient condition that Ax = y is consistent is GBy = 0,
j.c. if the ryth, reth, ... rows in M are null, then the r;th, ryth, ... elments in By must be

e10;
(v) A general solution of AX =y is By+(H—I)x, where 2 is an arbitrary column

(vi)' The necessary and sufficient condition that a linear function q'x is unique,
when x satisfles Ax wyis {H = ¢’
Point (7) is proved by verification and (ii) follows from
BA=H, A=B'H, AH=B'H'a B-1H= 4.

Point (iii) is proved by multiplying both sides of BA = H by A and using the result
AH = A, We note that B is a non-singular inverse, although A4 may be singular,
Such & non-singular inverse is y for the i test given in point (iv).
The conditions imposed by Murray and Penrose necessarily lead to a singular inverse
when A is singular.

If the equation AX =y is consistent, so is BAX = By or Hx = By and conversely,
since | B| # 0. If the rth row of H is zeto, then the rth element of Hx is zero and s0
must be the rth element of By. Conversely, if this is true, x = By is obviously a solution
of Hx = By. This proves (iv), which is an important result. If in addition to B, we
know which of the rows of / are null, we have an automalic test for consistency of
Ax =y while finding a solution. Let the rjth, ryth, ..., r.th rows in H be null. Then
we need only compute By and examine whether the ryth, ryth, ..., r,th clements are zero,
1f they are, the equations are consistent, in which case By itself is a solution. Points (v)
and (vi) are proved as in Lemma 4.

The knowledge of B and H thus enables us to answer all questions connected with
the linear equations Ax = y, while B alone is sufficient to find a solution when Ax = y
is consistent.

3. THE COMPUTATION OF g-INVERSE

A g-inverse considered in Lemma 5 is computed in exactly the same way as &
regular inverse when it exists. We shall illustrate the technique by means of an example.
Let A be as shown in Table 1, which also contains an appended unit matrix. The
method of sweep out is applied to the entire matrix.

The computations may be abridged to a large extent by omitting some intermediate
steps, but are preseated in full for illustrating the method. Let us test whether for
Y =(1,1,2,1), Ax=y is soluble. Computing, we find y'B’ = (-51,-2,-2,0), which
shows that the equation is soluble and (-51,-2,2,0) is itself a solution. On the other
hand, for y' =(0,0,1,0), y'B’=(0,0,0,1). Since the last cleruent is not zero no
solution exists. Let us examine whether x,+X,3+x,+x, bas a unique value. The



156 RAO - Generalized Inverse of a Matrix MNo. 1,

condition Is q'H=¢, q being (1,1,1,1) in the present eaample. Verifying
q'H=(1,1,1,2) % (1,1,1,1), we sec that the given function of the variables is not
vniquely determined.

TaBLE 1
Computation of the matrices H and B

matrix A Unit motrix
2 3 1 | . .
1 1 1 2 . 1 . -
13 4 3 1 -
- 5 I . [}
L5 s 5
1 -5 15 -5 1
1 308 -5 1
] 1 - ]
L ors s ]
1 -5 15 s 1
- -1 =1 1
(! . 1
2 K] -3
1 T EI | L
- T |
) P
1T - -1 -5 | ol
o2 s - - =3
E B , 2
- -1 -t 1 -
mairix H matrix B

The second block is obtained by taking 2 (in italics) as a pivol and (hen, by successive
subtraction, sweeping out the second column. The third dlock s obtained by 1aking | (in iaiics)
a3 2 pivot and sweeping out the first column, The fourth block is obtained by choosing 5 (in italics)
as a pivot and sweeping out the third column. The Anal block, oblained simply by interchanging
of rows, gives the matrices # and 8.

4, APPLICATION TO LEASY SQUARES THEORY
In the theory of least squares, we have a vector of n observations such that

E(y)= AT, D(y)=o'l,

where A is nxm matrix with known coefficients and 7 is mx | vector of unkncgrn
parameters. According to the theory of least squares we minimize (y- A7) (y- 47)
and obtain the normal equations, A'At = A'y, which can be shown to be consistent
for any y. Let C be any g-inverse of A’A. Then t = CA’y is a solution of the normal
equations. If] 4’A] = 0, the solution is not unique, but, however, a linear function p'r
may be unique. Such a function is said to be estimablo and its estimate is given by
p't=p'CA’y. We have the following results.
(i) EQ'Q) = p' il p'r is estimable;
(i) V(') = pCpot;
(il) V(&)< V(b'y) for any b such that E'y) = p'ror b'd =p'.
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Since p't is unique we have, by Lemma 2, p’CAﬁ =p’. Thus
E(p't) = E(pCA'y) = p'CA' AT = p'r
which proves (i). Point (ii) is established by straightforward P
V(p't) = V(p'CA’y) = P'CA’AC'po* = p'Cpo’.
The proof of (iii) follows from the relation
cov{(p't—b'y),p't) = (p'CA’ - D) AC'pe*
=@0-plpe
=0.

These results show that t and o C may be regarded as estimates of 7 and the dis-
persion matrix of estimates respectively, for purposes of building up an estimate of
any estimable function p'r and determining its variance. The matrix C can be any
g-inverse and not necessarily as defined in Lemma 5 or as computed in section 3 for
certain other purposes. We thus have a unified treatment of least squares theory
which is still considered in the literature under two separate cases depending on the
singularity or non-singularity of A’A. The expression for the least sum of squares is
Yy-yAt=yy-yCAdYy. .

It may be noted that in order to prove the result (i), estimability of p'r may be
defined in an alternative way, viz,, by the existence of a linear function of y with
expectation equal to p’r. Further, the same kind of proof is applicable when either
the variables are correlated or there are restrictions on the parameters.

5. SINGULAR MULTIVARIATE NORMAL DISTRIBUTION

In a recent paper (Rao, 1961), the author idered distributions of quadrati
forms of variables whose limiting distribution is multivariate normal with a singular
dispersion matrix. The results of Lemmas 2b and 6 in the paper cited are of special
interest. We shall give here a few other results to demonstrate the use of a p-inverse,

Let us consider a vector of p variables x with E(x) = 0 and D(x) = G, the dispersion
matrix, of rank k€p.

Lemma 6. The pecessary and sufficient condition that a quadratic form x’'Ax has a
¥ distribution is that G is a g-inverse of A.

The result is well known when |G| # 0. In any case G can be written

G = CAC,
where Cis an orthogonal matrix and A is a di | matrix with gative |
Consider the transformation y = Cx. Then y is normally distributed with E(y) = 0 and
Dy)= C'GC= A,

The quadratic form x’Ax transforms to y'Fy where F= C'AC. In terms of the new
variables in y, which arc indepeadently distributed, the condition that y'Fy has a
ydistribution is obviously FAF = F. Writing in terms of A and C, we have

CACAC'AC = C'AGAC = C'AC.

The last equality implies that AGA = 4, which proves the required result. The y*
distribution has degrees of freedom equal to rank GA.

o
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Consider the pameulu quadratic form x’G x where G- = CA-C', and A- is
obtained from A by replacing the by their reci Applylng
the test of Lemma 6, we find

GGG~ = CA-C'CAC'CA-C'

=~CA-C' =G
Hence x'G~x has & y*distribution with degrees of freedom equal to &, the rank of G.
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