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NOTATION

set of natural numbers

w s
w” sequerice of natural numbers called reals
m<mﬁ. finite sequence of natural number
Seq ‘set of Godel numbers of finite sequence of
haﬁural numbers
NeEseoa usually denote subsgets of

ArBryrore usually dennte realla

g,t,u,v,... usually vary over §Seq

<ao""'anf1> Godel numher oy sequence number of (ao,...,an_li,
gometime identified with (a_,...,a ;).

s*t, 8™t concatenation of two sequence numbers or concatenation

of two finite sequences; otherwise taken to be 0.

sn g*<n>

n s <n>%g

8 s 1s an initial segment of & 1f s, t g Seq or W
.s*q taﬁ’al""'ﬁn"l’_a(q)' ﬁ(l),-...] if_ E x <aorr-n;an_l>
Yh(s) - length of the finite sequence or sequence number 8

:]; characteristic function of A

{?%AJ power set of A

N_, I(s) set of reals extending s ¢ Seq

a(n) C<a(0),...,a(n-1)>

Ex(E?j_-" horizontal (vertical)'sgptian of E at x.

'ﬁc}“TArHA cﬁmplement of A_f

e,<> m&@ e e —myhy  sequence



AlB A - B

bem (f ) domain of £

£f{x) X € Dom(f)

e?{)jzfc famiiy of complements of sets in Eg(

Tii Borel o~field on A

U(?}t) o-field generated by Eﬁt

20 {fm,,n) : ca.(cm,m) = 0}

WO set of reals o such that < is a wellordering on
w

For unexplained notation and terminclogy from descriptive

set theory see Moschovakis [38]; Notation and terminolngy

from recursion theory 1s from Hinman [22].



SUMMARY OF THESIS

The present theeis consists of three parts.

Part I of the theeglis 18 devotaed ta the study of regularity
mepeftiescﬁ clasEEE bfnaets mbtained from ¢&-s 'operatians
applied to fha class of Eimpen.sefs. In particulaﬁ; the clagses
of'éetﬁ'obtained by a§p1ying.the hiefﬁrchy_af'inaraaaingly
¢omplex R-ope;atinns {Rp}, are inﬁ?htiﬁated. Our peintﬁ'af

‘departure inmthih-study are the recent works on Rnéehﬁ-by"
Hinman ﬁhéugurggsﬁ. In this thesia'we %hvé unified'tha méthada
of g;pman;ahdhsurgéss by extenaivély uéiﬁg'the game quantifier'
  ﬂaﬁd methode oflindudﬁive definaﬁility. Using theée toola.we.
:are able ﬂot anly ta cﬂnsiderably simplify the proofs of known
”reaulta in the thenry (e. g. the uﬁmparison of indices theorem
oﬁ which 50 much_af Ly apunov' s work depends és'wéll és the
category and measure fofmulas for R-~sets) but alsé to obtain
a.number of new results fai R-sets, | Amﬁng théae new

results we mention the measurable Eelection'prnperty'for

f,wf}differeﬁtllevals of the hierar¢hY~of' R~gets, the scala prmperty.

atlall'ievelé of the R%hierafchy (this was known only far the
lfi;st two levels) and the unifarmization proparty'at all levels
afithe. R~ hierarahy (again this was knewn anly far ‘the first
--level). These last menticned results depend on the natian af
presentabillty int:nduced by Burgess 1n h1s penetrating study

'"[ of the measurable selectian property of variouﬂ families of



IX

sets. Our proof turns on the ohservatien that the present-
ability property holds at every level of the R~hierarxchy.
Finally, by combining ahalysia of the asgociated games with
an adaptation of the Kechrie Game Formula and the existence
of measurable winning strategies; we are able to extend a
recent result of Brivatsa_on C~sets to R-~gets. Briefly
stated this result ensures that an ﬁnsat in the ﬁraduct of
th Polish spaces can be approximated in the sense of category
by means of sets in appropriate producf ag-fields, the
importance of this result resting on the fact that setsgin
preduqt o~field have a much more tractable ﬁtruuture than
R~sets. Following Srivatsa we use this result to obtain a

selection theorem ﬁf-Burgess fa: R~ sets.

While Part I is devoted to the gstudy of alasaicai
(bold~face) R-~sets, in Part II we take up the study of the
effective analogues of these classes at the finite levels.
Using again the game theoretic methods of Moschovakis we
ﬁ;;re ablafta'establiéh various regularity properties of these
effedtive 'cla.ss'es. For instanée, we show that each cRn
is a Spector pointless,. We also observe that Qariaua other
results iike the Meagure and Category Pormulas, the scale
- property hold in the effective case also. We also take
_;nothef look at the ::rc:ble'm of effec'tiﬁi‘zi”n_g Cnséit_s.' Hinm"‘-ﬁn,'_

by genefalizing Addison’'s construction of the.effective3:
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Bﬂrél hierarchy, obtained a hierarchy of effective C-sets
on w which exhaust lac(nﬂlj, the class cf subsets Of
recursive in B,. We, however, obtain an effective
hierarchy in 1sc(nﬁl) in a different manner. We firét
exhibit a set D(T,a,x), where T varies over wellfounded
trees on , which is universal for C-s8ats PX » When
X = w, by taking sections of D by wellfounded tress and
reals of increasing complexity, we obtain a hierarchy whase
scope is ,s8c(E 1) .

Part YII of our thesis is different in spirit'hnd
content. This part is Aivided into two sectione. In the .
first section we work with hereditary familes of pubsgets
of reals satisfying a weak definability condition and think
of membefﬁ of these families asﬁsmall sets. We show that,
at the firet level of the analytical hierarchy, a number of
measure-theoretic and category-theoretic results of Kechris
and others are instances of more general results much in the
;ﬁéi?it.af_KeGh:isf-ﬁasis'rheafem* We als§ obtain the Basls
Thearém Of Keéhris“for.largé 'Hi sefs under a w%aker

E

definibility condition. Por the basis thearem'wé need to

congider g-ideals instead of hereditary familiasL Some

cﬁidEEIBzwe cone a¢rnsa“iﬂﬁﬂﬁmcxiptivﬁ theory; like tﬁ§ 
o-ideals of meager sets and'of_null sets, satisfy'bath the

_Zl-jand-~ni computational formulas. ' However, we show that
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for a o-ideal which is yenerated by =& Hi*cﬁded Ldeal of
clesed sets, small Ei' sots have the covering property and,

consegquently, the Zi computational formula holds,

In Section 2, we undertake a study of the strugture of
hyperatithmetical.aeta which are of ambigucus Rorel classes.
There 18 a natural hierarchy, called the difference hiararahy.
for_Barel sets of ambiguocus class [+1 (AE+1). Wé_shaw that
there is & analogous effective hierarchy of At [ £§+1

| | o 1
which coincides with the difference hierarchy of QE+1

restricted to -Aij (Rarlier, Louveau has obtalned similar
rasults in a more general sestting in his paper in Cabal Seminar,
1979431); A & écnsequence we have been ablo to obtain a
dbmpléte.generalization of a recent result of Debs for every
level of the difference hierarchy.Debs proved that a Borel

set in the product of two Pollsh spaces, with vertical gections
the difference Of two 'Gs-sets, i1g the differencé of two Borel .
sets with Gy sections. The effeotive result mentioned above
'.énabie# ua té.e#teﬁd}nebs?-reault.' We obtain this effective
result'via a separation theorem for Ei sets. From ﬁnathet-
separation theorem, we are ablé to establiéh the faithful I
separation ﬁropertg nf HE for every . £, This extends Burgess'

resglt to every.levei.' Finally, we are able to establiah the -

_nun-existence of Dnrel sets univeraal for ~§+1’ E < wl an

1 .

't.unpubllahed result of Addison and Harringtcn..;"



INTRODUCTION TO PART I

Descriptive set theory ls concerned with the study of
those sets of real numbers which are of interest and significance
for analysis. The flret large ¢class of sets studied was the class
of Borel sets which wase classified, according to the degree of
complexity, into ﬁ hierarchy Of 0y levels. The discovery of
operation Vé? and the analytic seté (which réauit from spplication
of ué? to countable sequencesof open sets) led to the definition
mf C-getsy and thelr classification into a hieratahy [43 ], Thé_
importance of this discovery dan be gﬁuged by the fﬁct that it
led directly to Hausdorff's G&-8 operations énﬂ to the Qenaral
notion of a set~theoretic ﬂpﬂ:ﬂtiﬁﬁ. It was then natural to
search for set-theoreti¢-operations'more powerful than operation
u4?which would allow a still'furthef eﬁlargement of the class
of sets for which an "explicit construction” couid be given.
This led to the discovery of the operator R by Kolmagoro?[23j.-
.However, it was anly yea;s later that a systematic appliaatioq
of]iﬁﬁwas made to eniarge,the class of explicitly constructibie
sets [33j.

In [23], Lyapunov constructs fox each p < wl' a positive
analytical'aet .ﬁperation Rp_and'the.alass of éets girp
cansistihg of thmﬁe et s obgained by the application of Rp. to

Q >

sequénces of open sats. We have R =1/%zand hence ﬂ{? = class
. Gf’analytic set$;7while :ﬁil r] c?%ﬁl properly includes the ‘
| | . -



class of C — sgets. Members ef’;& = [Jfﬁi? are classically
7 »; < {1 1(..--1' |

known as the R-sets. ja wag also shown to consist of mEEeurEbie
&7 1
sets and to be a proper subclass of 52.

Although the thecry of R~sets and the Eb-epereter'hee1
been'etudieﬂ.exteneively_by Russian mathematicians [23),(33],0{34],
and most ¢f the basic properties heve been deduced by them;y it
is only very recently that interest in the theory has been revived

due mainiy to the work of Hinman [20,2)] who developed the

effective counterpart and showed that the effeetive hierarvrchies
have deep interconnegctions with recursion~theoretic hierarchies.
The work of Buréeee [12,L3] has added ) eew dimension to the
theory. He_hee shown that the entire hlerarchy of R-sets can
be ebteined by applying the game-quahtifier to the “difference
hierarchy" of 2; (obtained via decreasing sequences of GG~eete).
Burgess and Lockhart [14] have also shown that the class of sets
obt ained from Berel—pfegrammahle set s (of Blackeell'ef.[7]} by
“ieeratien"“gieee precieely the R-sets, That seemingly ﬂifferent
-:definitieeeiﬁieidethe.eeﬁe elaeefef.eete.euggeete that the
R-eete.form.e natural class ef eubeeEe,ef the reals.

“The first few sections ef Part I will be'mainly devoted to
the study of R-sets and the R -~-operator. In fact, we shall

etudy thesge in much greater genere;ity1by conidering the classes

- Ei*iﬂifrzt¢*)eetc.-much in the spirit of Hinman (cf.[20]). Thus



1.3

we have tried to unify thé.wgfk of Burgess ﬁnd Hipm#hf.ﬁnd .'
have formulated many results apprnpri'até féﬁ:'--cﬁu.;;. purpoae ';m,”_'_
perhaps, a more unified manner than is availabléﬁiﬁith§  B

literature. For instance, we have obtainéd ﬁhe”pggﬁgllﬁfding
(p.w.0} property of G&D. by showing that fof'.ma}s_t.. _'géegﬂtioﬁg_'

b, EQ* has the p.w.o. property (Section 3). Thiﬁ'is pfﬁﬁgd -
via a comparison of indices lemma whose praof is ﬁﬁéﬁ aioﬁé
the lines of the Kunen-Aczel theorem (cf.[37], see ala§ f34J1-  
The comparison of indices lemma is crucial for cur purpose

since it helps in computing the complexity of the winning

strategy for the existential player in the game associated

with the operator IR,

In Section 4, we have obtained the partition~selection
property of R-gsets by showing, & la Burgess, that each E(Rp)
1s presentable; This we exhibit by showing that the property
of being presentable is "trensfered" hy the operator IR. The
notion of presentability not only yields the partition-selection
.prgperty_but also thg scale and uniformization prcﬁerties of .

R~sets., We also obtain afdécomposition of

* *
E ={x : BE® is comeager} for sets ¥ ¢ E? , analogous to the

t:ne'abtained by Vaught for Ei sets [51] and for ﬁl-sets

r

L |
obtained by Burgess and Miller [8]. This immediately'gives ne.

| | | . .
the transfer theorem, which essentially computes E for sets
D " |

| _ . | o
E”E{EI:; whenever the computation for F for sets F ¢ E¢

P~ L



ig known. This is done in Section 6, An immediate application

*
of the transfer theorem is8 the computation of E for R-sets

E -~ a result due to Burgess and Millef {8]. These computations

vield sets in product o-fields which "approximate" section-wise

(in the sense of category) R-sets in two dimensions. This is

done in Section 7, Incidentally, in this section, we alsec prove

a slightly stronger version of the Game Formula of Kechris (cf.

[26]).



PART 1
ReSETS

1, Positive snalytical operations ¢ In the scction ue shall Zntroduce

positive analytical opspatione and Hausdorffls & w3 operaticons and
discusa'anme of thelr elamentary'prapertiea which we will noed in the
aaquel; The papers of Kaptoroviteh and Livenson 23] give a detailed

axppsitiun of these operations.

Let X be a nop~empby set and N C @(ﬂ). (Rs usual, we ahall
identlfy @(w) with 2%, | |

1) Definitton t The 8-s operetion With bese N e defined by

f(fE sneed = U M E
| | . MEN neN.
urha#e, {En' ¢ new}ie any Femily (ssquanca) of subsets of X
To avoid l’cri.u:t.ali-t.i# ,u.rls shall aJ.u'Jayal agsume ¥ ¢ N and N ;“P o
Egam.' lggl 1 If; N = {{n}l h em} ’ thaﬁ -FN ﬂ U (.cnun’cabla_).‘
If N ﬂ{ﬂ C s N :l.a. infinite } s then §N n limsubs. |
If 'N - {a(n) s RE® 1 Q 5 & } then QN " aparaticnﬁ’

| By an aparatinn we shall mean a funntinn § s @(X) - @ (X)
for &11 Xe

1;2{ Defindtion ¢ An operation ! *”lis eaﬂ.d"'t_n be a pusitiva"'_an&lmoal

operation (p,ain).if
(E) @_— le _nm-aanetant_ 'and |

(b) for any f'aml'.l.ias {E t net m}anq 4? Fn s nE EJ} of éuhaata' af a

EEt X;



x & B({E_ ¢ 1 ew })';& y FE({FH $ nE m}).--!.*(an)[xafin& y #F,

Clearly, U.Vé’, limsup are positive analytical operationse A PeBe0s § -

on constant sequences takes on thé constant value and ls isotone i,s} foy
~ any femilies { Fo ¢ newlend {Gn t n € wfif (&n)'(En C G )y . then
@—_({Fn ¢. n € O}) Cﬁ({Gn t nt ot
Notice that &8 O =8 operatiom is a piéiu. The converse is true

and follows from the followlng.

Proposition 3 Let ﬁ bg a p;a;"m; Than E = ﬁN If‘nr 80me N.C ﬁ(ﬂ)) .
progf ¢ Lot 0, ={n C @s ten}. Put N =ﬁ(_{ni t L em}). It dis
eagy to check that E = ﬁ'N ' |

 The set N obtainad ahbove is celled the canonical bese for Qe

led Dafinition s A bass N C @@)) is complete if
 neN& N Cn' Cao~>n'en.

If i = -@-N ({Di s L e}, whero D, 1s as above, then N is complote
(celled the oompletion of N) end '@N = t*« The cahonical bese for &

) p..-a;nf ia therefors b_nmpleta.

1.4 Definition ¢ For eny ﬁperation @. the duall @U 1s defined by

@B({En t hEWMY}) ==_‘-(:§({l.=:ffI : neawl) [Ce
| . .@jﬁ;'w

For example Uu = [, (.'lirnaup)a %= _J.ilminf; &B = f (ff,ha Suslin nparatiun);

_u_J.hsra. Jo({En _t.nféCD_}j ={x s (#a) (3n)(x & E_ )}
. aln)



If @N is a Ow~s opereitimn with base N, then the canonical basa

N°  of its dual is giuen by

| NU={‘H Sﬁw:ﬂ ﬂﬁ"rftP}Fnr every TIIEN } ves(1l)
={ﬂ e 2”4 'ﬂuﬁ N}, if N ie complets
.Plain'ly, N © is"always complete. Thus, for any family {En t n € m}-,
(3n8N")(¥nen) [xeE_ ] <> (¢nen) (3nen)[xeE_ 1. f--l-.(2)
If N 1s qumplate,‘ N°Y =N and henoe .

(WSN”) (a,n-a’n)[*xsén ] &> (Inen}¥nen) [ xe £ 1o ves(3)

2, The m'-agaratm’r ¢ Although the Reoperator was first lntroduced hy_l
Kolmogorov, the F:L:r:a:t published acﬁuunt'of the theory appearsd in I:ZS']

- and f’urthsr-rea_ulta obtalned in_[.?s'a' ,34]. Lyapunov .alsn studied the
hisrarchles of Fi-ee{:s (cf‘;}l 3)- anc obtalned most of their pmpartiaa;
Thé Interconnection bestweon the Mepperator and games was f"‘i.rst- noticed
hy Hinman (20] (and also indepéndantly by Aczel [1]). Hinman also
developed the effective theory and.did most of the grnundwerk;- Much of

.the material In this section isladaﬁted from these sOUrces.

2.1  Definition ¢ Let ?('= {Np C 2®3pe m} be a ssqusnce of nohsmpty

hesas. 6 C o is called an')r ~-chain if for any s,t € Seq,

(a) a € B,
(b) se® and % Ca-?-t'E: &,
(o) see~> {nisXn>e e} e,

F’.u't' @ = {Er i.E-' is an chhain}..

/



QD{' s the sst opsration defined by

g e

ﬁi’)ms reol = U 0,

Clearly, f){. is 8 O~9 operation with base @ .

f = I | '
If Np N for sach p, than ’3?_){1 is denoted by IﬁﬁN,and itﬁl

base by MRNs An jY‘ ~chain will then be called an Nechain.

Example- ¢ Let N ﬁ{ {n} s n 60::} 8o that ﬁN = U and put )('H{N}-..
Clearly, an X =chain contains a set of the form { d(n) ¢ nemfs Thus

RU=Rf, = 5%

‘2-42 M_ﬂ ¢ Lot QN' and EM be tuo O~8 operations with basaa.
Ny 0 C 2%, The composed operation § e given by

lfr, s ne el =B, (fB, fre, o t neoD s p e o],

4 1s sometimee denoted by §, &, .+ By the characterization lemma, 'y
is a Qws nperatian whose, canonical hess we ahal,l denote by NM. Thus

y =3, By =By o

nem <—a- (3, € N)(%nlsnl)(fi g em)emee,) (<nyym>en].

'Hencefarth, fox cumaniance, we shall wurk g @ (or, (mw)k Xm‘).
the spane of reals, since this cen be-identifled wlth the ivrationals in
(0,1} Henceforth:we shall denote such epaces by X;H,l,tn.‘l.asa ptherwise

Etﬂtﬁd;

23 fg_.g ; on For any operation E let Eﬂ be the class of rela-
3_t:!,nns of the furm ﬁ({F fneE m}) with all F‘ clupan, T'i'ﬁ the eless



of cnmplemsnts of such raelations and Aﬁ . Eﬁ ) TTE . Thus t_ﬁi =§E ..

and E‘A/Hu;l , the class of analytic sete. If G=0,s then put T = IRQNN

By taking Fn to be recursive uniformly in n ons obtalns the

corresponding lightface classes E% p ﬂ'? a’qc.

The next two lemmas show a close connection botuwesn Reoperakors,

induoctive definability and gamea;

244 Lomma t (a) Suppose F =R§N({Fn 1 n am'}). Then

x & F «>(In_¢e n)(¥n_en N AN eN)(¥n, €20, )00
| ' | ' R
tee b‘k) [x B F‘:l‘l ]nlllli 'nk_l ]‘

(b) 1f E'—?F&(E :nem), then
X & E €> (aﬂ eN)(¥n_ en ) (¥ & 8N)(:-Jm e ¢ )(an EN)(H‘nJ_Eﬂ )

>>]' ‘

(U-gls N) (HmlE El) ¢t (H'k) [xs E<<n ,iﬂ >””’<nku-l’mk‘"l

(Theo rightehand side of each equivalence ia interpreted in terms of games
betWeen two players W and Ef » For instance, the right~hand sxpression
of (#) ia ‘true _-j-uat in ﬁasa | | h_as é wlinning atra{;sgy in the game éx
played as. Pollows s 7 (playsr I) chooses ?]D e N, then ¥ (player II)
chnusas. n, € ﬂn, then = chooses -ﬂl £ Ny otoce Thus a strateqgy for 3
is a funotion from Seq into ‘jy(m), while a gtrataegy -f’ur ¥ Is a funce
)k

tion from U (2 ~» 0, If ﬂo-’ ﬂn, 'h-lli!ii ls the seQuence PI‘EIdUGEd

K S |
Luhsn bnth players have played as daacribed above,.then = uwins 1iff

(¥k) [x © Fen mlr-mnk >]



Proof s Clearly (b) follows from (a) and the fact that
0 - ,_ | 4
nenN” &> (4N, en)(vn en,) (vg, enN) (Imeg ) [ <nm>en].

To prove the first assértiun, fix x and suppose X € F, Got an
Nechain & € RN sush that (¥eé& E)[xEFBJ » Now, consider tha follows
lng strategy for =« As his first mave I plays T}G ={n ' <h> € &}
which is clearly in Ne Any responso n, Bfnn by ¥ gives a set
Ur) -"'-{n t <n, ”.1) > E'} € N and 3 should play ﬂl as hls next movae
~If ¥ then plays n, EM,, ue stlll have <n_,n;? € 8 and J rasponds
with ???_ ﬂfn s <nc ? Ny o n» € 9‘}; If 3 follows this strategy, then
clearly for any K, <nc. nl"”’“k-—l}a @ and so X € F<nur_”mk4>.
Hence it ds & winning atratégy Por 3 in the gams (%).

For the converse implicetion euppose O is a winning strategy for
3 i Let B bo the set of gequences <nu""’nk-l> of first k possi-

‘ble moves of player % when I follows thls strategy 0. Clearly 8 is

an Neghain and since O dis a winning strategy for I,

> B ==y £ F

(U’k) [<n0""’ N

K, <nu, nl,-.. ,nk--l}j-

Hencs X EIR@N(_{F” s NEXYP =F,
Rgmarx ¢ It follows from Lemma Z.4 that our definition of @* is eQuiw-
valent (of. Definition 2.16) to that introduced in (22y.477 .

A sst relatlon ["(wyxyA), where w verles over W and A

variee over subsst of W, 1ls said to be monotons if

r’.l_’(w,x,ﬂ) % A C E--br(tu,x.,a)_.



Such a monotone set relation induces for each X a monotone sst operator

given by
TR =quew s [ (ux,h)f.
H : :
[, denotes the H~th iterate viz.,
MEE RTINS P
A

In pertioular, [ = I, (cp). We define

' A

X VIR
~ M
and put l"mm = hj l":'< .
legast

‘Clearly [ ;’n da the /fixad ptxl.nt :Jf’ tha operator [ <* Ve shall use

elementary facte on inductive definability as faund in [36 7.

Thalfollmwing rasult which shows how the operator 1R gives rise

to induotive cperators is dus to Hinman [227.

* ,
25 Tneorsnt For any pesecs § endany £ C X in T8 | thens

axista a mnnntone aet relation r(a sX4A) operative on @ such thai for

all' ¥

xeE<»ae N7,

Proof + Let {E + e cw be a family of clopen subseta of X such that .
E° = ﬁ*({EB t 8 & }). .'ulithout- loss of generality teke E_ = ¢. Let
N C_iz""" be  the b.aﬁ'unical..'baaa for @_. Then ﬁ* ==IR§ o Daf‘iné a set
relation uparatiué_ on ® ae‘fpllous s NN-. '



s € T;((A.) “» x ¥ EEV.(*f'ﬂ eN) (Fnem){AteN)(¥meg) [Haﬁﬂ nym>> & A
cee(d)
By convention we take s# £ =0 if one of a,t is not in Sedq.

Clsarly, ['(syx,A) 4s a monotone set relation. Put Elﬁln @* ({Eopy ¢ LE O

One can easily see that IEZG.-:--""EE,.E8 C E» Wig claim that for all é,

xgzsjc—»as e B o eee(8)

and the result follows by putting s = r.a; o shall prove the implica~
tion (€=) by induction. I s 1" y then X £ E_ :) %, Now auppnaa
g8 £ Pu’ M > 0. Then

X § Ea.V (¢vnen)(3ane 'n)( Age N)_(M"Ex5)1ﬂ p#<<n m>d € _r’:”j .

If a § Saq or X § E,+ we are donej otheruiss by induction hypothasis

(v eN) ( Eﬂéﬂ).( Jte NY(¥me E) E‘ ? Es* << ngm »> ]

which by Lemma 2.4 (and dotermindsy of closed games) implios
(¥1en) (Fnend(AgeN)(vme ) { (vn o W) (Fn en))
_. ( ang N)(U'mlagll) f”'( 3k) [lx g Es# << Nyl 2DWLL Ny sMy >e v el Py sy, >‘.'>-]}'
This claaxly implies
(¥n e M)(In_en (g & N)(‘u‘-mﬂﬁ §ﬂ=)(\+ﬂllﬂl N)(3n en,)
(g endeme gl (TRI[x 7 £y, ““n’r"n’"“”("k--l""k-l"’]

and thm'qu- W'R-Q . ({ #t $LE m}) = E , by Lemma 2.4 again.
| S NN |



'Eﬂnuarsa_ly, let s 2 me » Up shall show that X & -_E_a e84

(anm end(¥n e n )(ve e N)(3n e )3, en)wnen) (o)

"""(U'k) [x . EE!"'E‘({n oM >,-1-,<nk-l.’rmkmi?f}]"

'Sinna 5 ? F( r'm), :':Jy claf:.niticrn of f: g € SeqQ, X € E and murawax,
(377 EN)(U'n e n )(b"& e N)(Hm B§ )[s*((n L >>§ l“m]

Now, = ﬁan w:l.n the game (#*) by adﬁpting the 'Folloming strategys He
ploke nn € N auch that for any cholee of ", Elﬂn and §, € Ny there
ts an m, & §, such that E*-«ﬁm'md}> ¢ -F“.’ = r'( Pm ). 3 plsys such

an m, when n ,§D Iiare chosen by . Thqa X € E 2% <<n_ym > anﬁ
o | i e ' PP " -
(aﬂlsﬂ)('& Ny, E’nl) (U’&lB N) (a'mls gl) [E* .‘;{hﬂ'mn}"gnl'ml)} fi l"x } ’

- than pinka ﬂl e N auch that for any uhoine uf n, €Ny and gl €N
made by U-. thera is an m g gl (and 3 plays auch an my ) aur.:h that
8 # <<n 0?7 -_-‘}_-, -<_nl,m >>,- 3 :l".- ’ -Pmceed,ing this way_,.--- o | he.a_ a atratagy..
._urhich snsures that For all k, XEE 2% <n 3"“'"‘%-1'“%—1 End__
_sa = u!ina tha gama (-!'Ht-). Bunsaquantly, K e E .

Remazk + It _;:;.-. ;_L'a’" such that X & E wxsmgn({sa 18 €@ Y, then

the 1ndnctiuanpparatn§.takas a simpler formy:vize, . .
a--s'_;.- F.{(A.);..st-b;x ¢ E, v.(_vn,s.--N)'_Q(--a*uen):[a*...«-:.:n.} € ATe. +eal8)

_,"P?GI’E ganaz:ally, if’.?f’ {N : p 8 m}ia a saquanna t::f bﬂsas and |

ﬁx,({z w}),
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then we take the following inductive operator
se [ () «>x ¢ EV (¥ne NB)(aneﬂ}[s-ﬂ-{n:» € AT, oeel7)

and the cundlusibn of the above theorem still holds.

The inductive opsrator (4) {(or (6) oxr (7)) is callsd the canonical

f

inductive Dpa‘ratar'aasnciatad with {Ea $ 5 €& m'} and N (ur){‘ )e

The above nharacterizatiaﬁﬂtheuram'yialda a decomposition of seis

| * % - | - . .
in T[?i (&? ) into simpler sets ms .is evident From the next thearsm.
)

246 Definition 1 For 'any operation ﬁ, E (@) 48 ‘the smallest olass

of relations vontalning clopen relations and olosed undex § and @a .
1 o
Thus E(U) = 7(N) H‘él.'

»
Let KL EEE ﬂnd suppose E = @* ({Ea - - E:cn'}). Lat N ahd FI'1

be s in Theozem 2.5. Then by 2.5, E(x)_ “>af F:n- Set
E‘:::I{X 1 8 ﬁ qu}' g:

Then E = [} EM. Now define

S AN ©
I VI G ki) N
. 8E® e -

It ls Eaﬁy to prove by induetion on K that f‘nr' all LU <® g © &M, E“'

if it is olosed under countaeble uglon. =
and Tu 8ro in z('@_)/ It ia npot hand to cheack that EZE J while (E";-Tu) Ta

J (=1 = n £
R T Eeey

t

2.7 Theorem : E

P:nag.'t_ Let x€ E, .'rbaf'ine
o (o) | J.aaa"t ordinal P such that x ?'_#Ez it (HD)(xﬁl Ez) |
| E 8) e - , | |

0 -.-mtherwiaa;
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P P +1
| -' - O . r D |

Let ®, > P_>B(e)y ¥s. Then (¥s) [x € E - <> xeE,” 7. Thus,

Pa Pa Po
x £ T end thus XECE" ~T s

) 5 Qa
Conversely, supposae for soms Dm <@, ,xEE " ~T", Then
0 P S+l

(h)[xst—: «>xekE” T,

One can check by tnduction that
(uﬂ>p)(-u) aEp°<-> EED *
. a 8 [?( g T X E]'

S0 in partimilar_, x€ [V EE N Ep = E .
| P >p P
0 1
o 'Sta_ndard' arguments ual.‘l.ng the above decomposition and the countable

chain condition ydeld the Pollowing (cf. [22]).

2.8' heoram s If ﬁ preaewaa' maaaur:ab:l.lity (preserves the Paire

property)y then so doss § .

Ramaﬁk'(l) 3 “More -genarélly, if_‘)('-'-'-'{N' t p & a}} is a family of bases

;such that aaeh @-N ia meaaurab:t.lity (Ba:..ra prnperty) presarmng, then
P
. a ﬁim:.lar argurnant shmwa that the uperation ? is alst:- maasurahility

( Bairs prnpa:cty) prasewing.

Remasrk (2) 3 The above proof uses the countable chain condition (cco)
of the Boolean algahra nf sate ‘with Baira prﬁperty (maaaurability Pr o~
_perty) modula meager (null) aetss Below we giUE'E diFferent proof which
}auaids the usa nf cnc and is an adaptatian of the classical pruaf of
Marczewskd (ece |28 ;ZLll.UII :\) Our result generalizes Marczeuskils

reault I-_t_n. ,th_a__ R e-operatiansf_



2.8 (bils) Theorem : .Let’:}s be a O-algebra of subsets of an achitrany
sat X such that for avery P C X thers is some P D P in 8 with

the property that if P B & and A -{E «~'B then A s:j'{ﬁ. Than
| Y &

if 55 1s nlosed under @ then % s alspo closed under ﬁ*.

Proof ¢ Let N be the canonical base for the Pedeas ﬁ. Let
{Eﬂ t 0 €W }be a famlly of eets in 33, and Jet E =§ ({En :n Em}).

Put, for sach ay
*. .
_Eainﬁ ({Ea*t:te m}),
50 that E® = E and- £ CE . F'or' cach o, find 'Ea in()?) such that
e® CE°
e Cﬁﬁjs&ﬂ CE -a--»baf;ﬁ
We may, withuuﬁ loss of gﬁnerality, 88 uma that
>
EY CE,

Wg shall ;huw that
E° - € C;u.-["‘é's.. | {“S*"‘”} tneal ] ()
8
Suppose notse Then there ié an X € £° =~ E such thet
(;‘s)[x e £° X € ﬁmg({gs’*(& tneal) ]
s claim that thia_iﬁpliaa_
(':'ln SN)(b"n €N )(vg & M) dm sg ) crenans

......(b‘k)[xﬁ;"ﬂ:qn’m >’“'""”<nk~l rmk_l ]



. | .
To see this first observe that x € 7@ ({ LGP sm}).

PR LA ,m o>
Hence (31? € N)(H‘n £ 1 )(ug eN)(3m €¢ )['xaE ° 1.

Thus in the qama (%) -] plays according to the following stratagy.

He playe ﬂ € N such that whatever be n_ € Mgy and § & N ployed

0, <<

ey nﬂ,mﬂ >'>
by Y there is an m € En such that x€ E ‘. Than 3 plays
asuch an mg- Since |

<< o> ({w<<n ,m > N>

xeE 28 ,xE@ Pnewk)

| rSS n_gin_ > 4<n, gL >>
and 80 (an $N)(b‘nlsnl)(b¢-§law)( gmlagl [x e £ 0" o 17 ];

Consequently playa as desoribad above, Progeeding in this manner it
L cle:amem& wins the game (%4 ), Eut_sinoa EB C Ea’ _by Lemma 244

arid (H) we have X € Ee This is a cantradigtion. Thus (#) holds. Now

for eacH e}
e 28 PR ([ s new)
sl ) |
NN
-@ ”‘”:nsw})r—-‘ﬁﬁ-sa.

By hypothssls, each l"-s is in J4 and since (FB)B D ES, therafore,
avery subast of Fe E’)’B . Hancey by (*)_,' EE- EET) S0,

E mE’E—.CEE- E) 8'53-

5..5?.111;“..13_“ : Thﬂ fﬂfﬂil}v' ﬂf“ seta with Baire prﬂpsrty in any tc:pﬂlogica.l

_épace.:_:; . satiaf’ies the hypotheais of the ﬂbﬂU‘E thacxram ([ZG.QJJ..IU'I e
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Consequsently, in any topological space the family of sets with Baire
property le closed under svery R~operation (cf.%{ﬁ), (The family of
universally measurable sets also has this closure property and thid follows

directly from Theorem 2.8).

Tagu—

2.9 Defipition ¢ Call a p.a.o. jﬂ_ a ﬂl aperation if Al les qlosed
under 0 .

2,10 Theorem (Hinman) t For any pia.n{ :@, and any T 2 L, ﬁ ls a

fﬂl operation iff B8 B:.é; s Wwhere B 1s the camcndcal base for i-

St B
Proof 3 If ﬁ is aéi‘ '”ﬂp'a'ration, then clearly BE éi‘ s 8lnce
B = _@({Di s {eEm), Whare D:L is as in the Prnpasi’cinniuf{ Le

Suppose npw that B EAJ‘- and lat {E in Em}hé a family of Zl 1

2 T
rvelationss First notice thet the canonical bese B&° of ﬁﬂ is In
Ai' by (1)s Then ue have '

¢y

X e§({e, t nea)) - (3n & B)(¢ n E.‘.TI)E.K e £ ]

| 0
> (¥ne 8°)(3n en)[x & En].
This shows that ﬁ 1ls =& Ai’ ‘relation.

We shall omit the proof of the next theorem which ean be found
in [22].
o o 3*
- 2411 Theotem t For any Pe8eOs E.Al
¢ -

is closed under both 7§ and F}.,

_2;12 Theorom Let-Jf’#{Np t p €W} be a Pamily of complote beses sush

that each N

D £ é. i, with r 2 2, Than fy is aéi‘ nparatir:m.-



1 ¥* L
In partiouler, if § is aﬁ%r operation, then §  is also b,%_r,

Proof ¢ This follows immediately from tha fact that if‘{ E +nk m}ia
a family of Ai sets, then the canonical inductive operator (7) 1s both
bmrp :

pos TTl and pos El. The result then follows from Theorem 2.5 and
t-n Il i T T -

[_38'7842 ]n

A standard diagonal Brgument gives us the following (of [22 4 'U.:-'nll]).

2,13 Copollary ¢ For all > 2 and anyéi PsBe0s By

JOCADGAL 1

Remack 8¢ An effective analogue of the above gorollary can also be deduced
. |
(ase [22¢ Va5 o |

A pointclase [ is said to b_a closad undex ﬁ = ‘EN if for any

relatton £ (C ® X X in T the relation

(Fe) (x) «=> (3N & N)(¥ne 7)E(n,x)
is alaﬁ -1n' . |

The next result is dus to A. Maitra (see alsc L 1]

| . - @
2,14 Theorem s Lst [T be a Spsctor pointelass closed under ¢®  or

o
-7 « Lot )f {N t p€ m} bs & sequance of campletra basas ulhiah are

(unifornly) 4n 1. Then ' T* is closed under the uperation ﬁ)f

Proof $ lﬂe say, that a sab rslatian (w,x,ﬂ), operative on U, 1s I

on [ :Lf f't::sr BvVary Q C Z X W, the ralation

:-p(x',z) > fﬂ(u,’z,{w ' Q(zyu)})

is also in T
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Now suppose E(s,x) is a relation in [ and let

p = K)::” ({EE t s €O,

We shall show that P & 1", First observe that if N; Je the bass for
the dual oparation, then N; is (uniformly) in 1+ Nouw consider the

following set relation ¢
s €9 (B) <> xe eV (¢#ne N ) Ane M s™<m> & A ]
| - . 0 M

«» x & E V(3N e N Nvne ﬂ)[slf-n:» & A .
By the remark following 2.5, we have

P(x) <> 06 @ .
Morwover, it is sasy to ocheck that in elther cass ¢ is [ on [
Hence by [[38: 7c.8 }, P& I @

The proof of the above also yislds the following.

2.15 Corpllery (Aczel) ¢+ If a Spaector pointclass [' is closed under

~ both @ and @ﬂ s then it ls closad under @* ¢ il

2,16 Definition ¢+ Let § and ¢ be two p,s.o.'s. Say that §
subsumes Y {(in smybols, E_?_ g or =< §) 4if there is a recursive

function: £ s O - such that for lany family {Fn :! n E.m},
E[({Fn $ nn & 03}) =§({FF(H) » nn & m})# *

Say that § and § are equivalent (§wy) 1 § 2y and y2§.
For example, u4P'aubeumaa-both N and |
A pusitiua'ana-lytic:al operation 7{ is said to be normal if there

is recursive s function g such that for any family {:Fn t n Ern},



17

> & - £ &
ﬁ({ﬁ(‘{?{p'@ tgE®] 1 pew)) @({Fg(n) ¢ N 5
We shall omit the proof of the next lemma which can be found

in [2021]1&

2,17 Lemma s For any operations § and y
() " =173
(B) T24—>§° 24"+
(c) 88° 29,3°;
(d) R§29;

() T2¢—>RT> Ry
() REzy and RE2¢°—>RE2 9

(o) dR G RY 3
(h) J‘ﬂ@‘-ﬂ E]Hi 3
(1) Tﬁ:lﬁ is narmal.}

3¢ The R~gets 3 We shall first copstruct a'saquanca {_Rﬂ s P <f1'.il }’

of positive analytical operations by induction as follows. Put Hc: = ..4’
and ‘having defined Ros» Put
| #

If A 1s a limit, choose a sequance pi’i‘?\ and sat, Por any family

£+ neal,

o ﬁNI N";’ ({E.<in"£> tneol),
pi' pi

I T8

ﬁ({En tne I‘m}) = )
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whers Np. is ths caponical base for Hp » Then define
i i

E
Ry = §
{ " . . +
Note that any other sequence Qi A glves rise to an equivalent opsra-

tlon by Lemma 2.17. Also, it is easy to check that Ry & Hp, R DIZ.Q'-
R

| R
| - 0
For sach P <ml, let g&p o= Elp and Bﬁp =L\lp. Lat m
) = L? &7 LY
be the least clase containing clopen relations and closed under Hp and

complementation. Thus, for lnstance, _ﬁo = i, El(‘ffﬂ = A " and

@ﬂo_ = 5 ~pots Df Selivanovskiie Finally, set

~ A

- F3<ﬂa“"'

Members of g{ ara ko nlasaically as the R-~sets, It is not difficult
bl | _

to see that Por aach P,

ﬂp g %Kp C Bﬁm'l @Hl'
| 2 |
In fact, the inclusions can be shuun to hs strict (cf.[ 34]). for
instance, to show that the middle inclusion ie strict ons observes that
_fﬁgp consiste pfe:ﬁisely of those ssts in ¥ Pl with boutded conegi~
s

tuents, That ths obher two inclusions are also strict can be proved by

the standard unlversal set argumsnt;

The next rasult Pollows immediataly frum'z;lz, 2413, Z;E.and thse
Pollowing remarks énd 2.17;?
S:_l ‘heoram $ (_a) For ear:h P < cb C

(b} R-sets are absﬂlutely maasurabla and have the Baire

property .
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(8) For.any arbitrary (Tl) topological space X, the family
of sets with Baire prnperty,@, , 18 closed under Rey s for

(sach P <o, .

(d) For svery P <® p is normal and Hﬂp Loy Rp i

1  j
Remark ¢ Theorem 3.1 (b) also follows from the fect that R-sets are
provably h/%_z y while 3,1 (c) follows from a recent result of Schilling
[ 427 which states that absolutely éé’ cperations presarve the Baire
property in all topologioal spaces and one can show thaﬁ aéch Rp is

an absolute A %-nparatiﬂn;
7 2

Far any clase of sots % and any upﬁrﬂtiﬂﬂ @r let ?_{[?]

danata the class of aets which result on spplinations uf‘ i to familias

nf’ sets from "} 3 C% denotes the class of complements of sets in 03'

Juet as in the case of the Borel class we decomposs, for each P,
the class BRD into 8 hierarchy as followse Lot Rp *—'-'-E*. e ast

_ﬁ} andﬂdefina. fox LL < a.)l

2}3%[&( )R]

?\‘CM“
851 . {E]EE s’j;{u}

and ’j?)‘_‘f{u as the emallest class r::onta:.ning j:EJJ- and clasad under O

and cnmplamentatinn; It iﬂ_immEdlEtE that these c¢lagses are innludad in

’B@p and indeed that ﬁ@
p YR

}J" As above we have, for each
LL<£IJ1

ﬁﬁ;—%’ﬁ; s C
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R
P
We shall now show that each class o f”z P = TTZL has the
L7 b

prowellaordoring pruperty; The key to this is the following lemma.

10 €= (£, + newl, weme ) ={n 1 p cotand I

| ]
the canonical inductive operator assoeplated with {En { and X"y then

wg nave
e i
X § E &> 8 & Fx .
Put
(s ,x) | n= least P s_ui:h that s € Fxp g 1f suoch £ exists.

19 otheruise,

342 Larhma (Eomparison of Indiﬂaa) i Lat E ={En t N Em} and
'6}={Fn ¢ N sm} be tuo Pamiliss of subsets of X and further assume

that oj{ia' regular,. i.ee, Ft C Fa if = C ts Let]]”:{Np ' P Scu},
t/t‘c ={Mp'= p'_Bm} be two segusnces of basse. Define a seguence af hasss
{Ks $ g ¢ Cﬂ}aa' fuuu@q ‘If‘ g = <<n0,m0>,u_. ":'nk’mk-—l}}’ then KB ie
the oanonical bass for the positive analyticel operation @ definad by
fi({sn ¢ n.s.m}) =@ o . ({@N ({G<n’m 1 nem})e mam})..
| | >

<mﬂ,;.;,mkﬂl <ﬂu’-ll,nk_I>

a Dﬁtharwis.e, .KE ={m}; Let }C"-—;’{-Ks $ 8 ‘Em}r

H = {L (f FS : 8 = <N _gM_>yevegs ¢ .--';>>'
- 8 | <nﬂ"i*’nk-l> U <m:0,“-,mk_;l> ' ir | | .EI.’ " ! *f nkql?mk-l

X ’ otherwises
Suppose | . 1s {‘?hé ganonical inductive operator associated with £ and

J(’;_A the induclti".fe oparator assooiated with ? anr:_l-,/f{ + Then,
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{:-t 8 [(e,x)| 1_,4 I(a,x)lﬁ}c =jfb ({Ha ‘ s Bm}).

Proof ¢ First note that

ek

<{n ’m >,-¢-.,‘<h P

l’mlul

&> (3N em

! "
<mm,“n ’m 1 )(U’I’ﬂ . )( 3 n “ N<n TREEE 1L })

1l
(¥nen" ) [<nym> €n].
The .oparatnra I and /A are as follous.
se [ (A) e>x g E v (W enN )3 nen)[ex<m>e A ]
st A, (A) e-;bx.y:-f-' V (¥ne M )('::1 N éﬂ)[a*<n> e a].

To obtain thamwl:b J.ouk at the ﬂanunic}al induotive opsrator associated

with J(" and -{H 1 sem}s

s e N () «> xgH v (¥nek )Inen)ew<n> e nl,

We claim that for all x € ¥and ”Qimnifl'”“j,-l’mi-l

l({nn,u-i’ni"l:;'-)(:)] |-|“< l(':m go oo ,m J..}’ X)l

++o(8)

o e 0
a4 <<nc,mn>,..- ’<ni_l,mi”l>> E,A.x
and the result follous by taklng 1 = (.

'ula_ahall prove the implicetion (=») by induction on

l(<n ,#-l ,ni"l ’ X)l ul Suppose

-and asaume. tu the cuntrary, <<n M| >,.-. ,<nl_1,m

>>FA ¥« Then
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)

J..'-l ,mi__ul':'}

P &
x &(E ._ 1F ~ V& ( ANE K
<rlﬂiil‘i ’ni"l} U <m0,--.-,mi__l> | <<nnjm0}’.-| ’<n

ees{i)

| . o
(ba& M) [<<n_ym >peasying jgm >% <> F A 1.
| o

NDUJ, <mﬂ,¢la'mi“l> FA}( and EQ

n'en

- 1 <P
{mnu-umi..f’)(msﬂ )[<mc:r"“’mi-l'm?‘ﬂ5 ]‘

XEF .
<mD.,-n ,mi_l:" & ( 3

This imﬁliaa

X E F &
<ma,-u ,mi_l>'

Cees(di)

| | I ' . ‘) | »
S (an'e m<mn,....,mi_l>)(u—ms'n ) [P & 1(<m_yoesym, s8>y x)lﬁ:l

0

- Clearly from (1) and (ii), X & E_ and since 4”9""’ni~f>a r; )

<n0,¢li’ni“i}

<P

¥n' e N |
( Ngresesny g

which qlves

n H oA
(U'ﬂ & N<n !“i!ni l>)(3n8ﬂ )l_ I(<nuu.”ni__lm>, ?'i)l r“(
o - | eoe(iii)

P o= l('(nn,-u ,ni__‘_.L}, X)l I—,:.]-

to satisfy (1) Get TJIEING

&
Fix : <mn’nii ,miﬂl>

| <<nm ,mﬂ??' gren ,<ni__l ’mi“l>> |

such that

b ' - o |
<nﬂ"'.'nim1>)(&na n ) [<n’m} & n] & l-i(.l‘h;

(¢men’)(An"e n
: --_Clearly,- (i1) and (l)- qu 1 yield m* € n' such that

g 5_ l(<mﬂ,-.-.,-mi“l§m*>, x)lé' |
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. | 3 ft
By (iv) oorresponding to m get T & N<nu""'”i_l> such that

(¥nen") [<nym> en]. By (ii1) get r*en" such that

l(<nﬂriit ;ni_‘l,n%’?, X)l rl{p ¢ Clearly, <n*,m*> £ T and
|(<nn,--. ,ﬁi_l’n%:’,-)()i l-,": 0 S_ 1(<mn,--.;,mi~l,m*>, x)“ﬂ
and by the induction hypothesis this impliss
. * % m
":‘Cnn’mnb',i in,<ni_l,mi- >’ {I'I 'm*>> & Ax »
This nlearly contradicts our cholos of 7l Hence
| ((ﬂn]mn}'iiq ’<niﬂl’miﬂl.>> EAx .
Yo prove the reverss implication, set
% B ,
A = £I<<nﬂ 'mu>"lii "<ni_l 'mi'ﬂl}} ’
|('<rlm,n-,ni__l>, X)l l-,< l(“mﬂ,uf,mi_f', X)la g
U. {t st t 418 not of the form <<nb}mn>,“.,<ﬂi_l,mi_ >>} "
We shall show that AX(A*) g A*; from which it will follow that
A}TC A*; So let .
‘:{nn,mm},.u ":ni_l’mi“l}} > AX(A _)l -#%(U)
We will have to show that
I(<nu-'iit 'ni_l?, XJI r|< l(<mﬂ”lil ’mi_l:” x)tﬁ!
Assume to ths contrary that

|(<mnp¢¢-; ?mi_1>p X)Ia i l(<nﬂ,-.- ,ni__l>, X)I e
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From (v) we have

X E E | NF v (¥N € K | | 2 |
<nﬂ,--u ,ni_l‘}- <.I‘|.']U,:ir ,mi_l> ( <<nm,mﬂ>,---t‘,*f.ni_l;mi_l)?)(.‘jl5' ﬂ)
| »
[<<na,mﬂ>.,..- ,‘Cni"l ’mi_l>,3> £ A ] v
If x € E- L {TF | o2 then I{ <n_ .---m 1>, x)| =0 and

<n gres l.ni'l} <mn’-li'mi ~]
‘(‘:mn,u- ,mi_;'?' X)|ﬁ b U'ﬂ

and we are dones So assume

. s u Lt 1' . |
x € (E F . &
( <n°,n-,ni_l> U <mc,.“,mi_l>)
---(Ui)
(¥ne K > eas <R, <o o) (T8 EN) [&&n_ym >peve<n,  om o> B> AT T
o0’ I R R B
If 3 € r<mﬂi;._’m -¢ then by ragularity X € F<m ""’miml’m> for all

| -1
ms and henca (Y%m) [ l(<rnu,-u.mi_l,m>, x)la = D_]- But .this fs not

possible by {(vi). Therefora,

%B(E.I " m- >)&

<N ,1!1’11“ <m pose il -
o 1 o i=] n--(Uii)

(¥ €& K RIEE bﬂ)[<<n > eee g <y _ygm, >8> € A 7.

<< : e
nn,mﬂ:}f » ’qniﬂl’mi_l

B y T
Cage 1 3 |(<nﬂ,---_',ni_l>,x)l 4 — CDl ) In this cass <«n o?**" 'ni""l> F Fx

and hspee

(3an"en Y¥nen™) [ H<n_yoeeyn, s ym>yx)| F=wl].

| <nﬂ,in+’ni._l>

Fix such an " & N Pick any N'emS end put

' f
<_nn ’fl'f 'ni"'J..} _ <|'ﬂ gdaa ? i#rl)

¥ --={-<n,in> tne n"& me n'} .
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| i
Clearl E
garly T K<<n o >,---,<n o l}},_and, MOrEover,

| ®, - |
(H’ <n’m> & ﬂ )l_ l(<m0,“- ,mi_.l,m}', ){) iﬁ'; iml s I(<n{j’... ’niﬂl,n‘),'x)l 1—11 »

This contradicts (vii).

Case 23 I(<na,...mi_ >y X) | T R < 0, » Hers we have, by our assumption,

L .
<mu,---,mi_ > E Ax Ell']d 310y A > F ¥

'::m F' & & 'mi-1>

H’ ism I' & < 'ERE Y
(¥ 1 Bgpeee iy > J(Emen )[I(m oo g, __l,np, x), <P

which implies by (2) that

(Hn E m<l’l’i ,-i-,l'ﬂ >)(U'm8 TI E i(“-’-m fli!’mi l,ﬂ'l>, X)l < P _’

A
hence
Hn' e mﬁ | 7] E ' ( » 5 t(<m LA ’m ,m:‘", X) ]L'l
Consequantly,
an' e n® € > "
( n <ITI ,--.,m l )(U‘m n )(an N'(n pera g i_l)‘)(u'ne il )

[-.l('(mﬂl,“”mi-_l,m?f J()' IA f-_ 1(<ﬂln,n-+; ,I"li_l,n>, ){)lr,] *

This clearly contradicts (vil)s» Thus in elther case we have & contradice :
. »* * * |
tion and so A:J (A" ) g A e Thus Af (; A"« This proves the othexr impli--

~ sation of (8).,
The following trick is due to Lyapunov.

3-3_-Lamma;(1ncreaaing the Index by 1) ¢ Let [’ be the canonitcal induo- .

tive ﬁparat?r assqciaﬁed with & =={Ep t p € w}and }./’_ﬁ{Nk . K ém}.
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- Define
Eé!- - }C ,
3

| | E<n yo oo ,ﬂ ::" if‘ 8 = <D,n05i'.,nk"‘l},

% 0 b ],

E ==

E .

C P otherwise.
Put
* ———
Ha _{{D}}!
N<n Jeeesh . - if s = 40,['1{3'1-; 'nk-'.l}’
¥ 0 fg ] .
NE = |

{in} snew} otherutse.
1 X ={ 0 ¢« Bm}. then
Ryiles s o coh = Kdfe, 10 cah
and  1{ex) | pa= [(egx) I+ 1y uhere " is the inductive operator.

agsocilated mith

Proof ¢ We shall prove by induction on P that

. 0 0
.<D’nﬂ"..’nk-l> & r'x H <nuil'iljnk“1> & P}{ 2

Now,
*0 %
SOfgreec il © e Px F <040 pesnany > y
( e * )(3 Eﬂ) [_<D - ’mber.;,;.@,.’
H’ﬂ N > n e -I-nmr-l.i'nkml ! " :

43-,1‘10 pess 'nk-l
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«> x £ E v
{nﬂ,l 'y ’nk-l}

. <
(#ne N Y J.>)( Anen)[<n_yeeeyn, pyn> € ", p:l by induction
G =, .
| hypothesis
0
‘E"‘"‘)T ":nm,--n ;I"Ik_l:" £ rlx »
Consequently,
#0+1 e %0
ot [ " &> (¥ne N )(Inen){<>e 7 ]

& <05 € ]“:p
e 7,
. a 1 \ '
| ([e* . | =
HE“?E%N}{({EE t 8 €0 =WN, _({Es t 8 & m}) and I(e,.:v.:)l[..-ailL = l(a,x)lr,-l-l.
| The following lemma follows from above. One has only to observs

that for any positive analytiﬁal oparatlon ﬁ;ﬁ RO is normal, R§°§« RG§°

and if

N={n 1 ecun

F

is a family of bases such that § > QN for sach 8, then R _é_ﬁ)i,,(cf‘ Eﬂii?]).
! B

3.4 Lemma ¢ Let @ Z_U be a positive analytical opsration and )}’ﬂ-"-“{NE - R m},

M"‘[mé ¢ 8 Efb}- be two familises of bases such that for sach s, E* subsumes

. EN and 1] .+ Suppose -[ E 38 8&3}1.9 a Pamily of sebs in B@* and

8 M “
| & | m:,,,
{Fa : s E® }a regular family in 11’1 ¢« Let [ be the canonical dnductive
operator associated with & ={ Es Em} and )Y 4 and A that associated

Nith ?=.{FE lz 9 & m}andm e Put Bl(x) = I(E,x)lr] EI’IE! Bz(x)= i(E'x)l& l. .



28

Then

- ; %
(2) { x 2 8,(x) < B} e TTY,

&

() {x 2 B (x) <o, & B (x) <B(x)}e ;IIJ:@:*.

Progf ¢ The first assertion follows Prom the comparison of indices lemma

and the chservations made above. The second assertion follows from the

firet by incrsasing the index of A by l.

By slightly medifying the inductive cperatnr_zx_in the proof of

Lemma-3;2; one can obtain the following (sse also the proof of Theorem IXlsl).

205 Guﬁbllarg" ¢ Let F",A, ﬂ: '_'ha as in"ﬁ.ﬁ. Then

{(aat;X) : l(s;x)lp < I(t,x)lﬁ}ﬂ H..lm*-

3,6 Theorem 3 For any positive analytical operation § > U, '-UvJEi hae the

prewallurdering property.

Proof 3 Let E £ I,FP* and- sUpposa
»
E~ == @*({ As t 8 ,E:__m}) yith {Ag}_ clopen 'andlregular.
. _Let B{x) be thE narm¢un E induced by the canonical inductive operator.

Let N bé the t.:;a.nanical hase for . § and put D‘f ={NND}', M ={NND}; For

sach 8, set

and let Bl(x,y)-, Bé(x,y) be the norms induced by the inductive operators
associated with._ { Ea" 8t m}-, JY and £Fs t 8 Ew}, ) respectivelys

. Since all the hypotheses of Lemma 3.4 are satisfied, the spte
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{ (xpy) 1 By (x,y) < B, (xsy) } and { (xsy) 8 B(xyy) <00, & B (xpy)<By(xsy) ]
are in r.HJil%' But
{(X:Y) . Bl('xr)‘) < Bz(xl‘;)}={(xr¥) s B(x) < B(y) }

and . {(XlY) : Bl(xiy) <ml& Bl(x’Y) 5_[32(:4,):)} | .

_ = { (xpy) 8 BOx) <o, & Bx) < B(y) -

Conssquently, E lﬁ* ls normeds _
347 Eumllarx s For gaﬁh p. < m;,aﬁ 'has thal Fm@urdaring propertys

348 Theorem ¢ Let § be a positive analyﬁcal oparation wﬁich subsumes

hoth (countable) U and M. Let T be the 0~fisld generated by R

et E € E? such that
T

XEE € ( anﬂ.'s NN_‘“)(WOB ﬂo)-( an, € NNU)(H-nlB 'ﬂi)

Ceeees (BR) [ x B E .o e(i)

’
<nﬂ [ (N N 'nklﬂl>

N being the canonical base for D_L Then, there is a ?qneaaurabls'fum-
tion X --&Ux stich that Ox is a wimning strateqy for the playsr -,
whenever X € Ea.
Proof La{'. r be the canonical inductive opesrator associatad with NN
and {EB 1 8 € ﬂa}and put NND = Me Dafine |
: | . mP a
| least P such that s € [ 4, 4f s € [
- . X x
B(a,yx) = {

-aql_ sy Otherwlse.

Now Suppose X € Ee S0 3 winé the game (i)u_
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If %*“1’"' 'T'k-l and Ng o Nyavesyn, o 8FE the f"i.rst k relevant
movas of I and W, notics that 3 gqoes on to win the game (1), 1egey

he is in & winning position 1Ff <n_yesegn, o> ¢ [0 desey LFF

K=1
B(<nﬂ;..”nk_l>,x) =W, . In such a gase, I has to play an T € I
such that (¥ne ﬂ)[ﬁ(<nu,.“ ,nk__l,n>,a) = Oy 1o Ue ~thag-afnra~rdaﬁine

for each X, the atrategy dx for T as follows.
ped (e) > B(sx) < Bla*<p>yx).

' Clearly by 3.5, the map x =—»0O y .islﬁnmaaaurable. We shall now shou-
thet 1f. x & E, then 0, is a uinning strategy for 3 in the game (i)e
Suppose Ty n_ s 7 NyssesdM g oM _q @re the first k moves of 3 and

¥ and assume that. 3 1s in a winning position. Consequently, We hava

B | . N | | _ ~
B““ﬁ’hl’“' Py ? x) =, and hence <n_seeegn, > & I "« Therefore,

.( gﬂe N)(‘n‘n&'« 'n)[B(‘Cnn,nl,.”,hk_li.rb, }() =5 {Dl ] -i:(ii)
B}’ def-i'nitipn_,
Gx(<_n0;- . ,nkﬂl}>'= {P 3 ﬁ(‘:nﬂfuu mk_l>,><) i B(<n0!"* !nk_lfp>!x)}
: ={p i B(<n0’i"’-nk"l'p?,X) = ml} =nl Say s
Hence, by (ii) and the completenwss of M,
O'x(<nﬂ,'n--~’ﬂk_l>) =n e m’

and  (¥pe€ N)(B(<N seeeyny_;sP>y X) = @,), 80 thet T 1s still in a

_Iwinnj.ng poaitiqn, andy moreover, X E<n0'“__'nk_1’p>_t_ Rer all pen
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Remark ¢ Notice that

x f E€>(yn_em)(An_en )(¥n, e M) NETM, Jeease

coess(FK) [x ¢ Eer

> )

D,l LN ’nkﬂl

- 0 . '
«>( An_e M )(b‘-nnb T}G)....( dk) [ x ¢ E'(ng""’nk.-.l}:l .---(1.1.1)
In this casse also, a definable winning stratsqy for = ocan similanly be
defined., Unliks the gams (i); here =1 has to play such- that at each
stage the ordinel B 1s deprsassd. The following gives & ﬁ?fmaasu:abla.

winning atréhagy for I 4in the game (iii) whensver x § E.
p & Tx(s_)'*(—b xfgE,V (Bla* <p>, x) < B(a,x)).

The Hamael ért and ths grtitiun selection pro ort

of H ""EEtB-

Let | a}ﬁu dencte the sst of infinite sets of natural numbers. A set

P C - Yt ia-aa;i.d B have 1_th'e- w if it admits a homogensous
I sat H -.'i.;e. _an infinite sst H C_ ¢ such that svery infinite subsat of H
belongs to P or svery iﬁfinite subset of H belongs to the complement
of M. Silver [:45] has shown, in ZF + DC, that svery h%%_ sat has the
Ramsey property i mhi.le if measurable cardinals exist, E%‘ sats have the
Ramsey property. IThG_QUBEtiGn naturally arises whether, in ZF + DG,
R~sots have the Ramsey propsrty. A clue to tha saluﬁiun of this pbablem
ﬁmmas from Ellentuck's proof of Silver's theorem { 17 J. But first the
ralauant'dafinitiona which are as followe Let s be a finite sst of
natural numbers and. A an infinite one. The pair_-<s,ﬂ> 15 séid ﬁn be

a copnditlon if every membsr of s is less than any memhen'ﬁf A. The
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; ®

Ellantuck nelghbourhood (s,A) consists of all X € | w |~ such that
- . .
e Cx (C e UA. Condition <s,A> extends <t,® iff t (s,

s‘wf C; 8 and A g: Be A set P c;'l ﬂ:llm is said to be completely
Ramsey if for every cunditimn:.<5,ﬁ> there is an extension <s,A'> sugh
that (s,A') Cp or (s,A') (_: | ® |®~Pe The set P, then, ppssesses
the Ramsey pmparty iff there is an F\ e | e | % such that (®,A) (: P

or (P,A) (; | © 1~ P, In 177, Ellentuck has shown that a sot

P C | W 19 1q completely Fiamseyr if’f’ it has tf,hﬁ Bairs property .luith
raospect tu'tha,Eilahtuck tnpnlngy; 'Fhus_tq show that 5-eat§ are completely
Ramsey, and hente have the Bamsey propsrty, QE needIUﬂlf to show that
R=~sats have ths Béire property, Since'tha Ellentuck tﬁpnlagy is striotly
f‘iner than the usual ons on | l-‘,u H?, aets haﬂg the Baire property.

Moreover, by Thanrah.$¢1 sete with Baire propsrty are closed under the

operations Rp. Thus We haue

4s1 Thearem ¢ R=sets are completaly Ramsey and hence have the Ramsey

property. |

“Next we shou that an squiualanca relation genaratad by countably
many R-sets admite s ﬂ-maasurabls,salmwr. This is a result of Burgess
[iﬂ]‘ Narproof appedrs in []CI}Q ahd we give a complete . proof pri-
marily because our prpaf anahlaé us to nbtain some very important properties
of the R-sets like the scale property and the uniformization property for
the class nﬁp (see Theorems S.4, 5..6~);_ As in [107] wa obtain our

__,rasult uia_pfaéentability; a notion introduced by Burgess.
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4.I2 Daf_;uit; .gg ll Let X bg an uncountable F'alis.h apace and g an squie
valence relalticm. on %Xs Lot [x31 denote the £ -equivalence class con-
taining %€ X, Clearly &£ gives rise to é partition { ={ [x1¢: x€ XI'
Into disjoint sguivalence classes. A seloctor for £ is a function

S ¢+ X~>X such that for sach X, S(x)fx and 5{x) = S(x') whenaver

X £x' 4 H.crnaa-eectiﬂlj for £ is a set T (: X consisting of sxactly
one element from each ¥ -squivalence class. Plainly, if S5 is a aaslector

for € y then T = Range(S) is a coross=ssctlons A countable family
{Pﬁn : ne CD} of subsets of X genemtas g if

x £ x' > (¥n) (x & A &> x' € An).

4.3 Definition s LetJ3 be a O=Pield of subsets of X. The ejuivalence
relation 8 is sald to be ﬁ'-gaharated if it 1is gensratsed by a dnuntable

EUbf’ami}y tjf’ ﬁ’) « The O~fiald ﬁ) is said to have the partitionesslootion
property 1f euary.’fg-genefated squivalence relation admits a B-measﬁrahle

solector.

‘In order to show that various families have the partition~sslsction

properiy Eufgess [.‘LD] introduced the. following technical notion,

4e4 Definition s Let T3 and X bs as aboves For a set A C Xy 8

B-ﬂrasantatinn_ of A is a quadruple (Y,8,P,G) such that

(15' Y is a'Fnlish_space,-
| (i:_L) . B C X'x‘r’ is glopen,
iii) P XxXY 1is
(14) P Cxx¥ 1o TTT
(iv) G % X =>Y is |J)~measurable with graph C Py
(v} B8NP =(AxY) NP,
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The 'ij;-?ield B ls praaantable if avaﬁy A Sj?) admibs a1 ~presantation.

THE néxt result follows immediately Frﬁm a refinement of a theorem
of Kaniewski I:'ll:]_. I . I
b5 LM _(Eufgaas) ¢ Every presentabls famlly has 1tha partitiﬁnuealan—
tion propertys
In [lﬁj{ Burgass proved that ths C-—aata'., the Borel-programmable
sats; the R-gatsy the absulute‘é% sgts and the U.ebeagug rﬁeaaufahle 'I'.aé:“il:al
| -héue tha.pa:tinn'aglentinn propertys Ué shall obtain thé ﬁarﬁitiun—eaié¢4'
_ﬁtinn prcpafty ufrﬁ—aata.by showing thet the property of beiﬁg ﬁresentabia
. .;-:‘ial "p::aaarued-' by the operator M. (This is one of the éeuerall,inata_nces
i ~ where a certain property ie left invariant by the R operator. Rﬁqthar o
such 'inveriance property! will be exhibited in tHE_nsxt-tmugﬁaﬁtiahﬁ); Tne .
presantabllity, and henlna the partition~eelection property, of z;j’gép is
then obtained by a simple inductive argument. :

| 446 Theorem $ let G be a pedsoce uhich subsumBs operation (.A‘).' if

. E(E) is presentabls, then EJ(@*) is 'pres_antablef

Proof ¢ We work in wm.'

~ Step_l. hl.e.first show that each E € ILP* 18 pres.sntablm Suppose
° = ﬁ*({En tné m}), with each En clopen § and let N be the canonical
base for §. The inductive operator assoolated with N and {En t N EW }

is the fbllowing s

aET;('n') “>xgE Vv (sne N)}(Bnen)(Fge N)(¥me £)[on Knymd> € A ],
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Then it is not hard to see that

o f [0 <> (3N e W)(¥n e n)(¥e e N)( AMmG € Eglenee o)

evsos(BFK) l:x.EJ 3 B

In particular,
. - .
E(F r‘x (“5‘}{; E s
Let ¥ = a”% 2° < {0,1}. Define ¢ (CXxY as follous

C(X,0,8,%) <-°-if-t-> wo(a) &

(v1) [1 & Fleld (<)~ (8), = METINORE
i

& T (U ®)= U By xk=d U (B3
. ieField(< ) ieField(< ) - ieField(g )

vhere d 3 2 —> {D,l} is the function defined by

0 1f s ET
d(ﬂ)={ )

1 otherwise.

Put B =Xx @ X 29X {U} . Plainly B is clopen and C -is in E?’(E).
mmrﬂﬂuar'.

cfle=c {ExY).
Let

legast ordinal A such that n € '["j‘ , if nE& rxm
Blnyx) = { ) '

ml .' otherwisa.

Define f ¢ X =3 W0 by
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F(x)(<nym>) = 0 €> B(n,x) < B(m,x) < w,
& (1) [B(nyx) = B(1x) => ng1]
& (1) [Blmyx) = B(3,%) > m< 3]
Otherwise, put If(x)(a) = 1,

By Corollary 3.5, £ is y’(@:ﬁ) ~ measyrable. Now, define g 3 X -y 2@
ag follows 3

) Pf(n'?x) if - n e Field (f(x))

{g(x)) = {

For & not of the .form <nyem>y put g(x)(ai = l.

P ~ otheruises

Thus | |
o(x)(<nym>) = 0 <> B(myx) < Blnyx) & n & F‘ield(f'(zf))-

Consequently, g 1s z (T) = measyrable by 3.5 again. Let
G(x) = (P(x)y a(x)y Xc(x))s

Then G ¢ X —=»Y is V(ﬁ*) - measurable and graph (G) g Cs By hypothesis,
Loty

C is presantables Get (Z ,E ,Eﬂ ,m auch that
g | . 1
(1) P (;x:-:_vxz_ ie -.-Tll
(1) B C XxYxZ is olopen
(iii) Gt XxY ~»Z is S7 (@) ~measurable with graph contained in P
LI

(4v) PNEBE=Fn(cxz).

H b ot

Put P =P8
_E.'?-'-E_}(Z

' {x) = (6(x)y G (xyG(x))).
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It is 'not hard to check that (YxZ, B', P', G') is a EZ(E*) ~ presentation
J

of E.

Step 2. Lot ‘3 (; Z(ﬁ*) be the family of presentable sets in z(ﬁ*).

i ;
As shown ebove, HE (; "3: and trivially (Bc_is closed under complamen-
tation. We shall show that ca'r'if closed under ﬁ*. Let {En: n & Cl)}
be a family of sets In ? and let £ = F({En t nk GJ}). Since sach En
is presentabls, there is (v', {Bn }, P'y 6 ) which is a -E-(@*) - PREgaN~

tation of { En } (ese [ 117])e Inm other words,

(1) Y' 1s Polish,
(:Li) sach Bn C Xxh’l ;s clopen,
3 1
(111) P (C XxY is ﬂl,
(v) G 2 X =>Y 1s z(ﬂ*)-mmam:atbla uith graeph in . P',

(v) for each n, p' 1N Bn =p' N (En %Y )

_ - . * ,
Puh B ﬁﬁ*({sn st nE ﬂ:’i}).- Plainly, B € X,® and is therefore presaen-

iR} 1t . .H.
tables let (Z,D,P ,H) be a :Z(ﬁ ) —presentation of Bs Set.
P=pP" M (P'x2)
B(x) = (G(x), H(xy G(x))).
Then (YxZ, D, P, ©) is a V(T )~presentation of E. I
4.7 Lemma ¢ Lot {ﬁi .: 1€ cn} be a sequence of p.a.o’s with canonical

i
piardﬂil ! by

bases N, and suppose for sach i, 'EZ (ﬁi) 18 presentable. Dofine a

ga!({cn ¢ n e-ﬁ;}) <-+ (¥1) (Ane N N ¥nen)[ x e Eﬁ’n,],

whers [ En $ h€ m} is any family of subsstss ;I'hen V(ql) is also pre-aantauia.
; o - - by |
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Proof ¢ We shall first show that avery ;,Elg_ sgt admits a ‘J(g‘)—pre.aentatiun.
m— | : b -
So let E € E%- Find a family of clopen sots {E } such that

| v g} |

= l‘-'-({En I n 8{1}}); Sat for every i

=7, ({€ <t n & e,y

Plainly each E' e ¥ (§,) and E = E'. By hypothesis, sech E- admits

| i | | - |

a :\Z(E.)-preaantatinn and hence a ¥ (y) ~presentation. It is now easy to
i A . |

sge that £ = ﬂ E admi.te a:z (g)-prasentatidn. Thus the class of sets
which admit a E(E) -~ prasentation contains e.§l! and is (trivially) closed
undarfgomplamantation;" That it is also closed under Yy can he shoun
along the linss a_f‘~thla prrnnf' of Theorem 4i6s This shows that E(g_) is

presentable. [l
We now have ths fullbming result of Burgess announced in [| Q).

4o B Thao?am s F'crr'each P.< a.}l ,@g is preseﬁtahle.

Consequently, gach ﬁﬁp has the partiticn selection propertye |

Progf ¢ By [lU], the oclass of ( -sets = ’3,’}8 * is presentablos Morsover,.

P+1

if‘ 73’]% is preaantabla then by Theorem & 6 73’% is also presentable.

e
Finally if A 1s limit and for each K < Ay j‘SRM is prasantable, then

the presentabillty of ja’fe_ can be Estahliahad by Lemma 4.7 and Theorem 4.6. [

Remark ¢ It is significant to note that presentability is not preaerued

by the game guentifisr ) (at least under same daterminacy hfputhasis).
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To see this assume Det(&éé) and assums to the contrary that presentabi-

lity is preserved by 'Ly «  Since A ! is prasentable ([ 10)) and

oy L

"3[321 :Zl; ([38y 66,13 ) it follows that A; is presentable and
&2 2 | ' &7
| 1
hence has the partition=-selection property. Now fix a set F & E‘.;'- Do
Sl 53

Let f bas a continuous function and A C o> a E;‘ sot such that

f{(A) = P, Define an aquiualanﬁe relation E on @ as follows 3

E(x,y)Hxﬁﬂ_&yﬁ!AUxeﬁ&ysﬂ&f’(x)=f(y).

&é‘ =~ ganerated equivalence rslatiocn. 8y the p'artitiun--

Plainly £ 1s a

selection propsrity, there is a éé‘-— measurable selector S and hence a

é; cross~esction T- for E. It is measy to check that f'fT NA is

one=~one and P(T NA) = P_. By [38; 6E.14 ], this implies that P is

A;’ which 1s & contradiction.
&-F'?'
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nf R=sats ¢ The

t-l-

5. The scale property and the uniformization propert

notion of scale 1s of great importancse in descriptiue set theory and it
is extremely useful to know uhich pointclasses have the scale propertys
For any pPsas0 E' EJ;E* behaves _Uary much ﬁka I_T?JJ: and it is not
surprising that for most operations El:, TT E has the prewellordering
prmperty. It thersfore seems natural to sxpect that the proof of the
scale pruparty should fnlluw a similar pattern end that the key to this
ia the proof of the Scale Transfer Theorem of Moschovakis [38 ). However,
this method doee not seem to worke On ths other hand, by the gams
charactari;atiun_ufl Rmaals [15121 lg, R-ae"cs at the Ath Jlevel are
obtained by applying the game quantifier £} to A -?'E,g sets (seé [48]
Por definition)sy and hence Stesltls method of transfering scale appliaé
(cfs [:aﬁ])- Athough this method gives apales lt does nmt sgaem to giUE
definable scales u;jﬁaght typse The failure of thasa methods led us to
oxpreoss R=ssts in terxms of games played on @ of length muech greater
than }{D and then using Martin's method (see [}35]). Unfortunately,
this method also failed to prnduca scales ln the right definable class.
'By MartinFs method wa.haua, for instance, been able to show that
cﬁn-aets, ne w ,. admit Bﬂm—l scales although we belisve that
égz;_can be improveds Tﬁia hopsless situation was retrieved by Srivatsa
by an ingenioue methods By modifying our prunf of the presentability ﬂf.
cg y he has besn able to 'transf’er‘ the Ei scalaes to QD ata
and thus ubtain the scale prnpsrty. We present below his proaf, slightly

simplified by LS



41

The key result for the proof is the following extrsmely useful
and impertant result of Burgess which refines a thecrem of Kaniewski

(sce [:]Jj)- The notion of presentability also plays a crucdial rale.

1

5.1 Lomma (Burgess) ¢ Let Z be a Polish space, P C:IZ HIIl ’.

L} C Z X7 Ell , D= Q1 PxP. Suppose that D is ap equivalence |
relation on P and that every D-equlvalence class is relatively closed
in P. Then D admits an apalytically measurable seleotor whose asso~

piated oross-section 1s TTl- -
| T e )

Wa firet show that (Bﬁp is scaleds

542 Thaegrem ¢ For sagh A <m'l ’ ﬁ’ﬂp e scaled.
| - L7

| , P = | |
Proof ¢t Let E € %‘R + By Theorem 448 E 1s presentable. Get a
jafap-preaantationr (Y,B8,P,G) as in 4.4, Define a Eﬁ; (irm Pact,
S b7 .
Eoral)'eqUiualancg relation on XxY such that its restriction on P
has vertical linse as its squivelence classes. By Lemma 5.1 get an
ané;ytiually measupable selector f such that the associated cross-
sectlon P o= range(f) is TT;_' . Nou Pix a ﬁery gaod TTl-snala

: L2 L3

([ 3g%4E7]) { (Pn} on P {18 and on E define e sequence of narms

. ' ,£qn}. as follows.

y (x) =@ _(F(x,6(x))).

) |
Plainly, x &'y > P(%5G(x)) f_%(p f(y,G(y))
REN -

and X *ﬁ' y € P{x,G(x)) <*(p PQysG(y))e
o | n

To Zchack that {wn}' is a scales on E- ie quite routine (sse the pm.ni"

of the next theorem)e |
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To show cﬁp has the scale property, one has to take more
7
care. We work with partial functions and appropriately modify the

praof of Theorem 4.6 to get the scale property.

5.3 Theorem ¢ Let ﬁ be a peaso. which subsumes operation ,/4/- If

S
E(E) is pressntable, than .'LE is scalesd,

T
T
¥

Proof ¢ Let N .be the canonical base for E and supposg E € ﬂ?: .
C * .. . |
Let £~ = E ({En 1t neEW }) N wham {En $ N E m}is a clopen familye

The canonical inductive operator determining E dis the following.
8€ T';(A) “>xpE V(¥ne N)(Fne N)(Fge N)(¥me g)[an<nm>en.
Then

s ¢ T"'x“’ <-’> (3N € N)(b‘-nﬂﬁ nu)(hu-gﬂa N ( Am € gn)

eavee (PK [X g E ]'
( ) | g <<nﬂ,mﬂ>_".. ":nl,pif ’mk“l>>

- In particular, e € 1";“, > x £ E,

Define C (; )E R 4 mm P-4 2:’.13 as follows,.

C{xya, ¥ ) <> Uo(a) &

j<, 4

(wi) [ia Fisld(g,) ~>()), =T ( U ()’Jj)]

& s¢ U (7))
i€ Field(< )

Plainly, C 4is in V(§) end proj. (C) = E.
| L ' X .
Let B(n,x) denote the least ordinal A such that n € Fx s otharwise

B(nyx) = ®; « Define a partial function on E 4into WO. es fPollous.



For every x € E,
| f(x)(é) = 0 «>B((s) _,x) < B(oyx) X EB((s)l,x) < B(e,x)
& B((s)_4x) < B((aél.xJ

& (¥ 1) [B((s)_,x) =__é(i,x) —> (8)_ <4

& (v3) [B((s),9x) = Bdsx) => (a), < 3]

Otherwise, put P(x)(s) = Le

Observe that, since B(e,x) < Q) by 3«5 it follows sesily that f is

» | | |
a HJEE = recursive partial function. Now defilne e partial funotden g
on E into 2&) as follows
9(3)(5) = 0 > B((ﬁ)orx) < B(ayx)

& B((s);,x) < Bleyx) & B((s)sx) < B((s), %)

Otherwies, a(x)(s) = 1.

Thus when . X &EE and né& Fiald(ﬁf(x)_):

(s(x)), = {m o B(mx) < Blnyx) }
m B(nyx) )
X

<.
Furthermore, by 3.5 again, ¢ is E]EI =~ recuyrsive on E.

Put, for X & o .
G{x) = (f(x), g(x)).1

| *
Plainly, G 41s a partial LT JEE -~ recursive function whase graph is
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contained 4in €. By hypothesis, C is presentabls. Get (Z,B,P ,,"E;)
such that
(i) Z 1is Polish
(ii) PC)(:x:cnm:xzmxz s T+
. | 0 W
(iii) B (; X X X2 X7 is clopsn

() .
(iv) "E $ . X X Zm - Z is E(E) - measurable with graph

~ contained in P
(v) PNB=PN(Cc X 2Z).

As in the proof of Theorem 5.2 get a selsctor F measurable with

respect to the analytical O~fisld which from each line {x} X {P 1 B)x

picks a unigque point and such that the c:ubraapnnding crosa~agotion g

ig ‘_T_Ei . Observe that proj X (P*) =€,

Let {Cpn} be a very qood E'JL_ - 38pale on R, Define for any X € E

ahd for every n,

lﬂln(x) s ‘pn(F(x,G(x), G{x,G(x)))e
Ue claim that
(a) % &,y > Flx0(x), B(%,6(x))) § &
I

(va) (¥ Y) (¥2) [ FlxyG(x), Bxs6(x))) ﬂ,nw,a.r.z)]

(b)  x <*w' y > F(x,6(x), E(x,_ﬂ(x)))i &
o .

(VG)(U'y) (b!"z) [F(X:G(Kz: E(MG(')()) <*¢n(y.a:7-25]

o . .
To see (&).:, first. assume X < " Ye Then X E E and hance
N



F{x,G(x), 68(x,G(x)),« If y g E then mleaply.fﬁr any Q. )yz,
(yots)yz) ¢ P*  and so F(x,G{x), G{x,G(x))) Lo (y.a,y!z)- Now assume

n
y € E and ¢n(x) E*wn(Y)' Fix any o )yze If

. -(Yrﬂi:}':z) = F(y,5{y), E(Yfﬁ( ¥)))»
then |

0 (F(x,8(x), BlxsB(x)))) <@ (yscsYya)s

1P, (ysay)yz) # F(y,6(y), G(ysG(y)))y then observe that (ys0a )12} ¢ 4

and so
'

Fx46(x) ) Bxy6(x))) £ (yscy2)
n

Canverssely, supposs F(X,G(x), G(x,G(g)))l, and

(wa) (v ) (¥2) [ Flx,60x0, 8x6(x)) < (veaa)s2) ]
, n
Plainly x € £ and assume y € E, Chﬁuaa'tl;y,z such that

(Yfasyi?) = F(y,G{y), E(YrG(Y)))t
Than

Q%(F(X,G(x), 'E(X,G(K.)))) < (pn(F()’rG(B’)r EI(Y!G(Y))))

ang so Lln(x) < qn(y)-; Thus we have {(a)s {b) is proved similarly. Nla:}w
hotice that

- daf | * |
S(nyxsy s )y 02y 0y) €= (¥a) (#1(¥2) | (xyay,);02) & (vies)y2) ]
| | | M

| | | | - "
is Ei elnce {(.Dn} is a TTl- gcalse Sinqa J;TF .haa the substi-

e 1,

tution praperty (this can be sasily established),
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X <Y € FOGEX) s BB & S(nyF(x,8(x)y B(x,8(x)))yy)
n
is  J1 g . Similarly, 1t can be shown that the relation x < ’ y is
N

. b
E% » 1f nouw remains to show that {Lpn} ls a scale on E. 50 lset

{xn} be a sefuance in E and suppose xn -3 % and for sach 1y
wi(xn.) = ?\i ultimataly.

Thus, for each 1,
P4 (F(x »G(x ), G(x_,G(x_)))) =N

for all large n. Since {‘Pi } | 1s 8 very good ecala, thers is
-~ |
z € P such that

FOX46(x )y G(x 46(x))) = T

and ¢ < ?\i | | (c)

Since F(x, Tn?) is of the form (X, E-" )y, it is clear that ? is of
the form (x'; -t?) f‘nr BOMe -{?. Thus %X € £ and morsover,

W)

.(X: = F{xyG(xX), E(x,ﬂ(x)))-

| _ i |
Hence 4, (x) = @, (F(x,6(x), G(x,G(x)))) <A, by (c).
This completes the proof.
As an immedlate consedquence of the above we have

5.4 Theorem ¢ For mach R < aal, B> 1, GCR,D haa has the scale property. [

The proofs of the scale property give us the following uniformiza=
tiﬂl'l rEQLthBnE .
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5.5 Thaorem $ Let E be & p.a.fa.' whi.ch subsumea.ﬁC o 1P S7(0) is
L--?
presentable, thsn svery E (: X X Y in E(m) can ba undformized by

a E(E) sat E*i.

- . p ' . "
In particulaxr, for sach P < 0, 3 @R has the uniformization
propertys

Proof 3 Let E (_: ){xy be in V@'). Ey.hypothaaia E has a
E(E)-preaantatiqn (Z,8,P,G)e A;:bnua, let F, 1 P B=> P aN:
be an analytically meaaurable‘funntinn.which pidka up'a uniqua point
from every vertiocal lirie {(x,y)} x (N B)(x,y) and such that the
as.abniahad- :imsa-e'anti'un P Ei. Again, let F'2 1 p¥ o p” 'be
anothex analyticélly measurable function which from eﬁery'uertinal line

{x } x I-"r picks up a unique polnt and whose associated cross~ascticn

pH* ia TTl.. Leb E =pmjs€x}' (F'**)- Clsarnly, g is a graph
which uniformizes E. We olaim that £ € V(J). To see this define
HaXxYy—>» XXy X2 by
| H(K:Y) = FS(KIYHE(K,Y))*

Plainly, H ~ia_'V(ﬁ)i-meaaura'bla; aince I?_‘Aﬁ

| . | Loy ' | T .
Moreoyer, E% = H_l(p**)r
and hence  E¥ e V(E). O

Remark s Sinbe' Bﬁrelébrngrammahla (-absuluta'ly [’_‘11 . A;‘) sata are
)

present’-ahle (cf’ Elﬂj) the above ‘proof shows that Enral-prugrammable

(absulutaly [5, ’ A ) sets can be unif‘c:rmizad by a Bural-programmabla

-(absnlutalyA 2 % [1 l) gfaphu
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S.6 Theoran $ Suppnae >k and ?(ﬁ) Cis preaﬂntable. Then svery
e (XK, xX, in Iy ‘ﬁ can be uniformized by a set in T’IE .

In particular, for every P W, c@,ﬁ has the uniformization
el
property.

| %
Proof + Let E C Xlxxz he in HF— . Let C, G be as in the
" proof of Theorem 5.3 with X replaced by X‘l ‘x)éz » Suppose (Z,B,F :E)
be ag(ﬁ)* pregentation of C as in the proof thers. By Lomma 5.1, let

Fa 8 P MB8=> PMB be an analytivally messurable Punction such that it
- picks up & unique point from every vertical line {(x 1%, )}- X (P N E)x %,
1

and whoss associated orogs=ssction pr is Hi‘. By Lemma 5.1 again,

| # * S * |
let F2 s P =~» P be a simllar funotion picking up a point from each

, k. X - i 1
ue.rtioél linﬁ {xl} X 1-(F' )xl ~sunl-'| that P . = rangs (Fz) is El' Let

W . - )

Plainly, E** s a graph which_unifnrmizsa Es Wo shall show that

2 _[TE o Define a_partial f‘unntiﬁn
H:Xl:w:)fz-—a»)(l-xxz S
- with domedn E as fullaws:
H(xl"_xZ‘) S(X :XZ;G(K :r’(z)r G(x IKZ:G(N :Xz))) Y (xltxz) £ Ea _
;' Note that H ia a partial TTE -racursiue function. UWse claim that
e ("1"‘2) HH(x ,xz)l&F' (H(x ,xz)) @)

Tu 868 t.h.i.s Essuma (xl,xz) e g, Then there xist (un.:..que) a,)’,
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such that (x,,%,:@)s2) € P . Nou since (xl,xz) B Ey H(Xy 9%, ) o

Further,
H(X ,xz) F (xliszﬁ( Xy 1% )5 B(Xy 9%y 1G(%11%,))) € P
So for some -&1,71,21,
(X x%,) = (xl,_.xz Q' ,)’:,z’) e P

Since (X ,xz ,a,)’,z) and (% ,xz Ne? ,)’ ,z ) are in P it follows that

amm,)' )' and z = z', Thua
' H(xl.xg . (xl,xz .o:.r,z') e P

Cnnuarﬂsiy, auppmaa H{ x 'KZ) e P so that for soms a, )’,Z,'-

(x ,ngm,y,z) & F But
C N ¥
E = pro (R ),
and 8o (xl,xz) £ ETY, Thue we have (1)s 8y the substitution property

this shows that E " € 'f’T"a B

- 6+ The Eategurz'and'tha Measure Formulas for R-sets ¢ As promised

eanliﬂr.ua aha1l;axibit.anbthﬁr'prcpéﬁty which is lsft inveriant by the
operator R. Raﬁghlylspeaking, we shall show that the #* - transform of
Vaught (aas,ﬁ.l) is pieaeruaa by ﬁhe operator M. More sxplicitly, vwe
shall show that if & set E (;X)(}' -;l.btained by the application of I
is 'auf::h' that.' E# ='{'x. 3 Eg is ccmaager} ils mmputed by the appliﬂatim
of E, then f*‘car any sat F cumputad by E* » AP cnmputed by y_’

Thia inuarianea praperty ls astablished by first obtaining a decomposition



50

of E° for ssts E BEP ; gnalc:gaus to the one obtained by UEUQH’G for
Ell s:j'ta ESJ_] and for Elwaats obtained by Burgess and Miller [3].
Although our methods for computing £ are implicit in Burgess! proof
for the same (of [a]), we have, by isalating the gora of his proof
(viz, Theorem 63 baldw), been ﬁhle to compute E* for all levels pf
the hiérarchy of R-sets by a simple inductive arguments and thus, besn

able to avoid the notational cumﬁlexities inuulued in Burgess' proof.

We first introduce the following definition due to Vaught [51].

G.l Definition s+ A set E (: AxY , the product of two Polish spacss,
is said to be pormal if for sach X € X, 28 -'--‘{y EY s (x,y¥) € E} has
the Baito property. (In this section £°  denotes the vertical section

at x). If E 45 nommal and U (T Y ie open, then define

E*U =-{x £ X ¢ EX s comeager in U}.

1f U=Y¥, we write E* instead of E*U.

Next we get & decompositiaon of _Eﬂ for sets £ obtained by the
Ly
application of @ on &8 normal familys, (Recall that E(s) denotes

the set of all reals ¢ extending s)a

Y Lemma : Let E be & p.a.m Which preserves the Baire proparty and
let E=F"({£,'1 s €@ }), utth sach £ C ¥ m‘” normals Define

E: and T‘U' as in 2+6e Then for any 8 € Seq,

E:*E-(a).:: N L-E-u‘ *2(8 = EELL LL *}](a)
- e, .

Proof i"AaqihTThadram:2.8,-une_¢an sasily check that Ez' and T“' are
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I

normal for each M. Since E= [1 E , 1t follows that
e © |
. |
Al ¢ onoret als), N EY
Heaw,

* .
Next, suppose X & [_'Eg':] £(e) for all M <®, . For sach

5 © ,{( E’:)x s M kml}- is a docreasing ssguence of sets with Bairse
propertys. Hence by the countable chaln condition, E]B_(p) <ml " such
- that . |

(vP> B(p)) | (-Eg(p) -~ E:) Y ie moagexr | »

Lhoose f}ﬂ auch that B{p) < FJO <a§l y for all’ p. Thon
e , ; |
(V'Fi).[fﬁ';“ - E'D"'j +l)><‘ is rneagarl and hence (T D)x is m@ager. Since

o
P

P o P
X € [-EEG ]*E(s)’ (EG )x is comeager 1n E_(a)- Thereforse, (E'Eﬂ)x-*(T l::]')M

- - | . f o :
is comeager in I(s) and so X € ['EE” -T J*L(E)

Thus ’

n [ £ *E(e) C u ret ot qEe), Ty
H<w 5 . LA ©

Finélly, slnce (E':L - T“) C E for each M, '

! [EI:_TLL]*E(B) cee), o (141)

M< 0y

The result now follows from (1) -~ (iii).
6¢3 Transfer Theorem ¢ Lot § and: VY be two positive analyticel

operations such that § pressrves the Baire property and . ¥ is normal

: and subsumes both (cnuntabla) 4 and (M. Supposs, morscver, that there
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are (racuraiue) functions 'f and g such that for any normal family

{Ep t p € m} rof subsaets of 0 < w® uith € = E ({Ep : p € ﬂb})!

E—%E(E M({E*Z(S% g(p)) R 03}')-

Then for any normal famlly {Fp t p € a}} of subsets of aamx mm

(a) F =§°({F s pe ®}) implies that

F.*E(a _ ({ *E(E "8(p)) ., " ng m})’

for suitable (recursive) functions ) and 6 (indspendent of the family
LP
(b)Y F =§ﬁ“({r 1 pE @} dnpliss

-H-E(B) "'I.LFE ({ AB(P)) : o 5&})’_ .

Wwhere

_ <P(n), Xm)>  if s =< n,m>,
- afs) ={ |

0 nthafuisa_x
~ o(n)&(n) if s =<nm>,
B(s) = —[

0 | ‘otheruises
(n) F=g ({F t pE®J) implies
PE(e) ¥ { E(s §r)) § pe m}),
) wi’lEI‘E ?(5) ={<m(no)’f..,0’.(nk_l)> if &= <ﬂ g e ,nk_i
a | . othoruise 3

'ﬁ(a) = { B(nﬂﬁs(nlﬁ‘rﬁ(nk-—l) if 8 = 4!'1 ;*-- 'nk

4 "].-. o a atheruiaa.
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Proof ¢ Let N and M be ths canonical bases for E and Y, respec-
tively.

£

(a) Set G=F" and G =F.'g for each pe

P

Then G = § ({Gp s p € })% and sinoce § preserves the Baire proparty
~ each G" has the Baire propertys Therefore,

X

G5 1s nnnméager'in Z(s)

«>(3ueseq) [6 is comeager in G(s)]

> (Aue seq¥{ 3ne N)(&mﬂ n)[n’;(m) is comeager in E(EAU"Q(HT_))]_:
| . | by hypothesls
“> (Fue Seq)( ANe M)(¥me N)(¥ vESaq)[G‘:( y ie rmmaager
' in X(s" Se(n)y )]
> E'n e M)(¥me ﬂ)[G,‘( y is nonmeager in X(s" 5(m}) 1.

for some {pecureive) functions ) end 8, as IM 2 Uyl and is normal.

_Hanﬁs,'
.”.Fx is cuhaagér in 2(s) &> Gx is moager in L(s)
<> (vne m)(Ame n)[ 63 Y(n) 18 meager in (¢"8(m)) ]
> (¥N € M)( 3m8 TJ)EF‘ﬂ ) 18 comeager in (s 5(m))]
&> (3nenm “Y(¢nme ﬂ)[F’ﬂm)- is oomeager in E(ghé(m))]-
_: _Th-ia' p?_?ues (a)e . -
Tn.pra;é'(b); observe that
is.;ameégar in Z(S)

("’ [E({Eﬂ({ﬁ;ﬂ,q} g6k ﬂ)}) P Bﬂ)})] - is cnmaagér in 2(5)



54

: q < {D}))x is comeaqger in

4—-} .( An€E M{¥ne ﬂ)[(ﬁu({rczf‘(n),@

2(e"g(n))] (by hypothesis),

<> (Ine nivnen)(Fee M) (¥me &) [F is. comeager in
<f‘(ﬂh)’(fﬂ)> '

2(s™g(n)6(m)) ] (by (a)).
Setting al<nym>) = <f(n),)(m) >, B(<n,m>) = o(nY8(m), we got (b,

(c) Since F = '@% ({Fp tpéE m}). the canonical inductive operator [

is given by

o

pe M (A) <> z2¢ Fo v (#ne N)(Fnen)(Fge N)(¥me £)

[p* <<ny»> & Fx] $ Z & 00 X mm '

Define 2z & F;L «>p ¥ T‘z“' « Then by Laemma 6.2,

F*Z(a) = [1 [ F’:J *2(3)* N
- ueo,

Define & sst ralatiuﬁ A operative on ® ae follows
t € AX(A) el F;((t) is not comsager in E((t)l) \
(vne m)(3nen)(dEe MY (¥me §)
[ (&) <<(n), Y(m)>>, (£)] a(n) &(m)> & &]] .
We shall ahnu*that for any 8 € Séq
To prove (ii) we shall show by :I_.nduﬁti_nnf_n \  that for any st £ Seq,

x gL Fy ) 5 <tye> £ A i"
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This is c:laai*ly true for M = 0, 8o assute L > O Nou ,
X fl [Fi’f ]*“(E) Lori (F%)x is not comeager in Z(s)

él.__} F}{i iE n0£‘.,cumeaggr in E(E) \ EE]- ({ rl F ¢ P > UJ})]
| A< L ERp>

is not comeager in Ma)

&> F* 48 not comeager in Z(s) V (¥ne M)( Anen)( e my(¢me &)

ct

ﬂ F?\ )x is not comeager in E(aﬂg(n)hé(m))j
MM £7%<e(n), )‘(m)>>
| (by (b))
«> F* 15 rot gomesger 4n E(s) V (#¥ne M) Inen)(TEe M)(¥ns £)

( AAL !J-)[(F ) X is .nnt someager in E(sng(n)%(m))]
t <<f’(n),)’ (m)>>

;l.a not comeager in X(s) V (¥ne€ M(Bnen) 3te m)(’ﬂ”ﬂ6 )

( N JU«)I:< t%<e(n), Y (m)>>, &’a(n)8(m) > € /A 7\] by the
| induction hy’pnthaaia |

> _<--'t,=a-$ EAJ’;"__.“
Henoe, putting t = & and using (i), ﬁa obtain (ii). Thersfore,
F* is comeeger in I(s) €> x € F *2(e) > <g,8> f A:} by (i1) .

> (an > m)(v-n 8_:?70)(&&-*&8 M){ dm € 50).'”'”

_--l('ﬂ"k) [-.F - - is Gamsagar iﬂ_
‘<<f'(n ) )’ (fﬂ )} pini'{-f(nk l) )’(mk l | o

L(s g(n )6(m g(nk lfﬁ(m ]
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L

Define f and g @as follows 3

I?b<$> - {( O:r(-nu)!lil ’a(nkﬂl)> if g = < nu,lll ’nk-l>
O ntherwigea
A ) oy . N
9(3) - {B(nﬂ) B(hl) diee B(nk"‘l) :-Lf'. 8 = < nﬂl'. *w ’nk-l}

D otharuwisa.
The result now follows immsdiately.

Remark ¢ It is clear from the proof of 6.3{g) that, under tho hypothesls

of the theorem, for any normal family {Fp} of subsets of m"’xm‘“ with

F=RE({F b,

HE(e) Ry, ({F;‘FE;? (p)) o gm})'

where

ft(‘ff‘g"”mk-l}) = <f(nu),...,f(nk_l)>,
A ANOA
g!(ﬂﬂn'l-i ’nk_l‘?) = g(nﬂ)g(n:.L) sy g(ﬂk_l)q
Rere, narmality of Y = Eﬂl ls not rsquired,

We shall now apply the Tramsfer Theorem to deduce U‘aught‘_s Farmyla

for E* (cf ﬁlﬂheorem 11'6]) ‘and the Catogory Formula of Burgess [13].
6e4 Theorem {Vaught) ¢ Assume E =¢4,’(-¥En'= n Ew }), with sach

En C 0% mw normal. Then X & € #5(s) if end only if

(vu_s SEC]}( v, > Seq)( 3 kg) ($u, € Seg)l Fvy & §aq)( T ky) ereen

...('&j.) [E ~ is comeager in I(gu’v ..'..”u L, ].'
<K geso gk, o> k ==l
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Proof ¢ Let N ,;{{ﬂ}'.: n & a::}an that EN= Ue Supposs
o= EN ({F t né& l’-ﬂ}) nE Fn , Whexs sach Fn is a normal subsoetl
CD >< ﬂ) . Then, ’

Fx 1s cﬂmaagér in 'Z(s) é=> (WU€E Seq)[Fx is nanmeagsr 1n E(ahu)-.]
&> (vu€ Seq)( 3 k) [F‘i is nonmeager in E(s"‘u)]
«> (vue Seq)( k) (Ive Saq)[Fi 1s comeager in E(s“u"\!)].-‘

Let Ei"ﬂ be & .5-5 operation such that far any family {An}'

3, ({“ al 39“1') v U A*(u 1<k u>>

uﬁseq vE Seq KEL
HBnoa ,
X

F* is comeager in X(e)

is vomeager 1in E(s’tn)g(-n)l’l]

< (anemene ()

e (anemene m[[Fy ) e oomsager tn b)) ]

. | | A,
where f(n) = (n)l,ﬂ Iand gln) = (n)n(n-)l,l'_ Since

E =¢4({EI 1 n 863}) = REN ({En});

tha Tranafar Thaarem immadlately giuss

whers g((ﬂ goae ,nk l>) g(n )g(n )"* g(nk j_)

Hnd f’(<n ,iin'nk_:'-)') - <f(l"} )’lni ’f(n Nl)>' ThEI‘EfUI‘E’
Ex is cuma?gar in {s)
> ( anne.m-)(_vnﬁenc)( AN, e M)(¥n, &M, ) eenans

ewe(¥d) [ E:f(na)t,

X

S is comeager in ZI(s g(nn)_---g(.ﬂi_l)):}

‘o '(ni-hl)
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(U-u £ Saq)( 3 u € Sag){ Ik )(b"u & Seq){ 3 v, & Seq ) jkl) vessas

---(g’i) [E {k ""'k is comeager in L(E UDUG ...uiﬂlui"l)]‘

i-rl

This cmmpletea the proof.

He3 Iggfinitioh-‘: Define ar operation V ag follows,.

- X Sm{En't f Scn}) |

> (¥u_ & Seq) ER seq)( F k) (¥u; & 5eq)( 3 v, & Seq)( B ky) +evoes
vee(¥1) [" c .E<%u <k ulﬁr) soe g<U <K v, oo >]
- LA - M A A T R € R 0

Clearly Vis positive snalytical I}'E‘.i‘ld Vu-_v ﬁ. Call V_tha Vaught. opara~

- tions

| | Dafine a spquence of positive anélytical nperratians {Sp s P ‘le }
by the induction

| *

If 'A 1s limit, choose DiT?\' and set for any family { En} '

e, =.1QmE ", mf’ ({E“‘;'i'ﬁ,m> tneoh,
'L Py |

- where I'"Ip' 13' the canonical base for Sp « Then define 5 HY* o Lt 18

1 i - A

easy to check by induction that for sach ﬁ, Flp*-- Sp' and haﬁna
. R. 0§ |
S B P

¥

s v L '#:..'El'

We shall now deduce the Category Formula of Burgess by showing that

if & is in ﬂ s the T computed by S, .
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6. 6 Thﬁﬂrﬁm : Lﬁt E Cdﬂmxw& he 8 gat in ﬂpi ThE]n E*L(E) ={X= Ex
- €
is comeager in Z(a)} is also in "f{p.
v d
Proof ¢ UWe shall prove the theorem by induction. Let Np and Mp denotn
the canonical bases far Rp and Sp, rospactively.
Assume that for all A < P <there are functions fo, and g, auch

that if

F =Ry (11-“” s newf),

with sach Fn Cmm < o normal, then

| | #n(sy, (n)) ‘
e ”?\({Ff;\(jh T o w}).

We shall then show that 4f E = Rp({f-:h}), than . *2(s) le eimilarly come

puted‘by'rspg The result then follows by obseruving that for each clopsn
Ok |
En ’ En i? alsoc clopsn.
Casg 1 & P = A+ 1. In this cass, L = H;t({En t1 p ¢t m'}). Hence by the
Transfer Theaorem,
X . |
3 iE. tomeager in I(s) €% 37158 Ny\)(‘J- n, & ﬂﬂ)(UEDB Nﬂ)( im € Eo)u.

.so{¥ 1) [Ei _ is comeager in
fh(<<”a’mn>""'<”1-i’mi-1’>)

~ A L

| 2(5 Q h(‘-'i(nu,mc}?,- .o '<ni#l'mi-l>>))]
where LF?\ and lﬁ?\ are roelated to f'?\ and Q, @s in 6.3, Satting
i -'-'-??\ and 9o =E?\. ‘Wwe get

0 |
#5(s) _ . ¢ *;(;99(“)) R T
£ Sﬁ({Efp()n) * aw}). _



Case 2 3 P is limits Choose a s equence pi TP and for any normal
family { Hn t né m} set
= ﬁ ({Hn}> = n E { <l,ﬂ> . I"!. > {l}}).

180 Ny ﬁ.
J. Je

Then,

H®  &s comeager in (s)

«> (¥i) [(E | ' ( H<i 5 8 m Em}))x ig comaage? in E(s)]

pipi

(H)(ane My W¥ne 'n)(u-ge M i)( dme §)[H <ta (<> ) is
i | ’ ¥

comeager in B(SAB 4 (<'n,m>))] (by Thegrem .Z)

Wwherle

. and Bi are obtained as in 6.3(b)es Thoerefore,

whers ¥ 1s the operation in 6¢5 and

F(<Lon>) = <iyay(n)>y o(<iyn>) = B, (n).

Since E.' 2 E* ({En}), by appdylng the Transfer Thsorem again we ohtaln the

posult as in Cass l.

As the R~sets have the Baire pruﬁerty the next rosult followa immoe-
diately~

6.7 LCorollary § If E € cRp, then E*E(_B)* is also in cRp.. -
Ly |

By 646 and by repsatedly applying the ¥ransfer Theorem toc every lsusl

of ths hiararchy of (5@ - 88t8 one c:rbtainﬂ
- L7 |
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: p ' *L(s) | .
a8 .E:urollar:z ¢ If G 8-*%1-'» (L, P <(.Ul), then E is also in
iy
ﬁ:"?p, In particular, putting P = 0, one has for any C-set E,b ds . _

L ,!-L
also a C~set.

68 We will now establish the measure~theoretic counterparts of

Theorem 6«3 and its corollaries.

Throughout the rest of this section G Q W X cnw will be a fixed
good EE uniuafsal sat whioh is ﬂb;uniuaraal_Fur Efl subsets of y
and MK will denote the Lebesgue measure on o as defined in [241 (or
any ntﬁar,nnqmalized, cﬁmplata, reqular meaaurerqith a reasonable defina-

hillity sondition). We shall also fix a recursive function b suoh that
G{nesx) & G(myx) €> G(b(nym),x).

(We shall also denote by E" the vertical section of E at x and think

of the raticnals coded ln some recursive uay by slements of G&) .

Call a set A C X >N  normal measurable if A® is measurabla

for sach M.

For any normal measurable set A (: mmem and any new,r20

rational, we define

.R%L‘.nmj ={x ¢ (A% N > r}.

Call s €& Sag palevant if 1lh(s) =3 & (ﬁ)ﬂ is rational & (5)2 € 900 .
Lat s End t be two relevant segusncess. Then f is ﬁn extension of

s 1f

(t) (&) | | | -
¢ " (e a " & (8), @ (t)y & 1n((t),) = 1nle),) + L.
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For any rational n, deflne

u(F) o5 C in k 1
- —-1’!_‘1 _ W s N is = f‘.:l.m.ta sgt of relevant seguences

& o (B)r:n >t & (v EBW)(lh(@)z) = 1)

okt

) t
& ¥ S;tﬂﬂ(syﬁtmﬁﬂ(s lﬂG( )Jj=¢)}.

if By98, 900098 8TO relevant sequsnces such that s is an gxtension

i+l

of s, and lhf(s,),) = 1, than defins

N S =={‘n C w 37N is a finlte set of axtensions of 8y, such

<8, geony8
L7t

_ _ £) (
that 3 (t) > (Bk)a & ¥ tuen(t #u --->G( lne u:'l-atp)}.
teEN o

We will now formulate and write down less detailsd proofes of the

| measure analoguss of the results Ws have proved for categorys

Notice that the next result due to Burgess [13 | and impliclt in

Kechris [24_'] gives us the Measure Formula at the bass Lavel.

6.10 Lemma Lot { En ¢t n Elm} be a family of normal measurable subsets

@ 0
Cof @ X ® and suppose

E =A({EI‘1 i n Em.})a.

" Then for any rational r > 0O,

WEXY) 5> ¢ € (E‘.’ﬂlﬁ Nér)).(ﬁ-; al’a’nl)( 37125 N<$l>)'(’d- 328772)"""' .

| ' (s )y L
"""""“"E“(E?sk& na’ ‘ ) > (.ak)ni]. 1



To prove Lemma 6.10 one needs the following cbservation due to

Burgess and may be regarded as the Measure Formula for countabls union.

s N

6,11 Lemma ¢ Let {En !N Em} be a family of measurable subsets of

o” and let E = lJ En’ Plainly E is measurabls and moreover for

n20
any rational r > 0, n €

ME NG >r <> (‘Elm:N( QILE En)[N(E(E)Zﬂ G(s H > (E)n:] ’

%
where 8 = <Ir,n,s> and N<84;.> is defined es in 6.9.

Proof ¢ Supposs for some N £ N we have

<g*S>

(esem) | e, « N r;(s)l) > (s) |,
) (5)2 o4

Then cbserve that

Recall the definition of N<s*>'
. M (s)l -
VY (Ei Ne)) > U (E(s) G ))
i>0 s €N 2

=

~ 1

= 5 ME [l G Y>> % (s) > r.
8 €7 (s), - sen ©°

- To prova the reverse implication, assume wWithout loss of generality that
* l;;_”_=cu . Since M( U E,)>r,uws canfinda pe€w and € > 0 such
- that |

M U Ei)>r+ps.
ic<p .

Since Ei is measurable, it is masy to get a recursive (in fact, a.Finite

union of bas;c.upen seta) Bi such that M{Eill Ei) { £
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S5et

B_:B‘_ LJ E. .
jes

t . , |
Clearly cach Ei is recursive and morzover,

I .
J £, - U e 0e (U (E 0 B,

1 ——

i<p 1<p i<p
Hence,
Wy g) =M U E NB)<peE.
1<p i<p
Conssquently,

D ME NB)>K U E)=-pE>r.
i<p | iLp

Let il,.-.,i be an enumeration of all those i < p° for which

K
(e, N ai) > 0. Get rationals ©;jessyn, ouch that

k
¥
ME, N B, )>r, and I r, >r.
I R =1 -

| | M. '
Get nl,-n-,nk ?UDh that G J — Eij-

"'F’ut.' n ={<r n, <i.>>:l<‘<'k'
| N j’ J’ J _.J_ }'

Clsarly N € N<E* -and for sach s €7}

>
.“(F(3)2[1 Gcﬁ)l) >.(3)0;f | u

Lemma 6.11 yields Lemma ﬁ;lﬂ and the proof of the next thsorem (6.12)

will give us an idea.mf,ubtaining'ﬁ.lﬂ from 6+11. (For details see [ 131).



With notation as in 6.10, now define

X & A
| <al,-..,sk>

and XSRE‘E‘}M(EZ‘HGH*:)>I‘,

M _
where Grl = a®,. Then the above squivalsnoe (G.lﬂ)frﬂdunes to

HE™) > ¢ €= (3?’118 i*«!f_j’))(lnL slaﬂl)( 3 n28N<sl>)("L 8, € ﬂz)......
e (BK) __rhﬁsa -

| CBI’.'.’Skﬂl

}_HF

The right side of the above equivalence clearly desfines a p;a;uﬁ whose

canonical bess we will denote by M(r). Thus we havs
X ' (z) '
ME”) >r &> (INne N )(Emﬁﬂ)[xaﬂm]. ou ()

> (3ne nywaem)[WeX s 1635™) 5 o],
where f;g,h are (renuraiue) functions such that
f(a} ==e_,?(<sl,..;,ak>) = (ak)2 $
g(e) =%y gl<s;s0eeys >) = (s ), 1

h.(r,E) = T, h(I.‘, <$l,n-¢'5k>) = (sk)ﬂl

- This gives us = motivation to formulets the measura-theoretic
counterpart of the Transfer Theorem 6.3 as follows.
6o 12 Theorem s Let E be a measurability praserving p.3.c. « Suppose
for each » > 0, there 1s an operation }[(r), = E (r) >, 1) such that

Whenever

Fo= E ({Fn. tneEw }), with each Fn- C o® %X a® normal measurable,
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then

WF*Y > r <> (3NE N(r))(b'-mﬁ ﬂ)[u(Ff;(m) M Gg(”‘)) > h(r,m)] .

whers f,g,h are (recursive) functions Prom ¢ into ® . Themn,
whenever

E=R§ ({E,rl ! n am}),
with { Eﬂ} a r’égulélr family of normal measu:pabla sets, We have

We* Ne™) > x
| (R(zy <m_>))

«> (=N ¢ m(r))(ﬂumﬂé nc)( 3n, e Hem €1 )evanns
- - B yereym o)
»e -(V’ k) H-(Ex m G mD mk—l i ) 2 h(zlmﬁﬂllmk__l:’)]l

":f(’“g) gou e ’f;(mkml)}

where B and LF; are defined by recursion as follows ¢

Ly
a (E'n) = Ny

et i )
b (<mﬂv-¢' !mk>!n) = b( b (<mnl"" :mk_f'#“)f Ql(mk))l'

B {({ym) =0 othaxruwise .

T" (rrﬁl) = Ty

L7 bt SRR |

h (I‘, <ma-r-.-.mk>? = h( y (I" <mu,.-. ,mk_l‘;’)" mk),
T; (zof) = 0 nbharmiae;

Praof ¢+ Lat N be the canonical base for § end 1st [ be ths induc-
tive operator sssocolated with N and {E_ t n €®}l Define e and T

as in 2.6a Then
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&

E= {1 B = | (EEp-Tp)

Using thies decomposition ome can show as before that

A I NGO RALLE ceo(d)

ﬁ3<(ul

tow define a set relation § as follows
<o,nyr>e y (A) € LL(E: g™ < p

v (w1 € M(f))( Amen) [< s#* <P(m)>,b(g(m),n),h{r,m)>e P.].

We shall show by induction oen R that for every s € Saq
X (Es) LNy ]%<s,n,r>8 pr.
First observe. that since {En :t hew f les regular,

ePee NE(f 0 EN_inead)

s - .

e 8% <m>
= @Nt{?ﬂ:p E;\* (ot TE m})_ eos(il)
Hence, :
X § (Ef)*[“"'] > JJ«((ES'D ¥ ™) < p
<> (¥ne m(r?)( E mEﬂ)-[LL(( ?\rlng‘% <f(m)>)x n glatmlanly h(_r,rn)]

by (1i) and hypothesis of tha theorar

<> (&nam(r))(a man)(a_ﬁp) [mctﬁ‘* <e(n)>) fl o*(slmin)y < h(r’"‘)] _
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«> (YN € m(I‘))( Ame N{ I AL D)[x ¥ (Es'ﬁ'(f(rﬂ) )"f‘[ b(Q(m):ﬁ)fh(l‘pm)j]

«> (b"ﬂﬁl m(l‘))( 1mé r'.])( 4 A< p)['(a%":f\(m)}: b(g(m)rn) ,h(r,m):’awi\]
by induction hypothesis
G {E’H!I‘} e l#:-
Thus by (i) we have
X ¢ E.:ﬂ: L2 e <eynyr > € 'l‘xm'
CﬁnSEQUEntly,
WCE® T1GM) > ¢ <> <e,nyr> ¢ ¢;:'
S (= (z) - (h{r 4<m>))
> ( An_e M )(u-mns nu)(jﬂls mry el )(umle ’ﬂl)....

b(<m 1--#,mk l pn)

. 5
RN N (U‘ k) I:-“‘(E{f.(mu)’.'. ,F(mk._l} rl (5
ZLI'{I(I‘, ‘('ma,---,mk_l))]- H

An immediate consequence of Theorem 6.2 is the following

6. 103 Theorem $ For svery &£ <UJl and 1 2> 0, the ssts

_ fx M(Ex)>r} and { LL(EK FEN e
~ are in j{p wvhenever L g% XY is in i ﬂ.' .
| o | |
o
The proof of the above theorem is exactly alomg the lines of the

proof of Theorem 5;6: One shaws by ihduutinn that f'm: eauh p <ml "and

euery ratmnal r > 0 thars are f‘urmt:r.nna Fp, f'p, gp, gp, hp, hp and

aperations ?!7 ﬁ . such that whenever
My
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= Ry({F t ne ® }), FoG EZ.'. X\ being normal measuzable

Qp(ﬂ)

WF™) >z €= (2Ane Ng)(h‘-nﬁﬂ){u(F%{n) NG )>hp(r:ﬂ)}-

95(n)

and H(F")>r <> ( Ane m'r)(&nan)iu(l-‘ (n )HG )_?;_h;(r,n}} .

By 6.13 and repeated applications of 6.12 we have

614 Corollary ¢ If E Eﬁﬁi (P ,?\<(L‘-l), then for every rational
| (! -
> 0, the sets |

| {x : }J«(Ex) v r} and {x : M(Ex) b :r:}
are also in AR 5. 1
_ 27 .

Te prmximating R~sets in Product Spaces ¢ (In this section spaces of
- type 1 will be denoted by X,Y, etce and E” -uwill denote the vertical

- 5éctiﬂn of E at x)e

Ressts in XxY are in general complicated sete and cannot be

related to any reasonabls product O-~fisld. For instance, as shouwn by

BeVe Rao [41:[, the universal g,i set U does not bhelong to ;)C@ OC
{fhe product of O-flelds of Lebesque measurahle sats. Hmweuer, UeVe
Sriuataa (46 ] has shouwn that C-sete If X %Y can be approximated, in
_'thé sense of measure and Datagury; E? ;e%s in product O-fields. More
precisely, if A C; XxY is a C~det, "Ehen there ace B and C in
Q(X) @%(Y) ( (f(x) is the family of Cmsets in X and ﬁ _tha

Borel O~field on Y), sych that B C C C and C*=B" 4s meager (null}

‘for each x € X.  The problem of approximating sets in product Spaﬁﬁﬂlﬁﬁﬁ'



70

first studied by V.V. Srivatsa and can be viewed as an alternative and,
perhaps,laasier method for proving various selection thecroms (cf [467]).
Srivatsa'’s method, howeover, does not ssem to qeneralizo to R-sets. In
this swction we shall extend Srivaksa's thoorem to R~ssts. We shall show
that R~scts 1n product spaces can be approximatsd as above, in the ssnse
of qategnry; by sets in product O~fields. (The precise statemcnt is giueh

in Theorem 7. 10)e This incidentally will give the selection theorem of
Burgess (cf [1371).°

We shall provs our result through a ssries of lemmas.

7.1 Lemma ¢ Let-f;; ba a O=field closed undsr uperatinnlgéé'and let

W w
wa denote the Borel J-fisld an Cow. Let E C 0 X O, Suppuse

there 18 a family {An} such that

(a) A-—-U%'({ﬂn})

(b) A (CE '

(c) Each-ﬂn83;®8 .
Nl

(d) A% is comeager whensver E® is cComeager.
! h

. - _
Then there is a set B € ?{@j’:’) such that B C £ and B is
. W

p
comeager Whenever E& is GDmEEgErPD

Proof ¢ let I ¢ 0 afD

for a cuuntably geherated sub~0~field ‘E}% of E}é such that sach
A€ 1 X7 m‘” Let I(w") =D. Then, as is well-known, I is a

bimaasurable. function between 33 and 73[)’ the Borel O~field on D.

be the characteristic function of a géneratur
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Set

*h

ﬂ'; .= E(I(a)rf’) (Q:B) E’ An} 3
A =4(1(a),B) & (a)B) & A }.

Clearly, A; X ED @B 0 and ﬂ[ =(A’({ﬂ;}). .
0

)
Hence A 18 an analytic set in D X ® . QGet an analytic set

L 3

1y 1))
C C ®w X o  such thak

. |
A =C (D X

Then by 1.6 of [46], get B & &@B . where Qie the analytic

v
' |
O=-figld on Cch s SUch that B (: C and B8 " i comeager Whanever

m).

£* is comeagers Putb
| . 1
B """{(CHB) 2 (I(0)4B) € B} . |
Sincea ? is closed undern Dparatiun‘/{’, clearly GO € Eﬂ'- ®/jg
0

. X @
and moreover, B C E  and BX is comeager Whenever £ is comeagser.

- We have adapted the proof of the Category Formuls [130 in the

next lemma,
7.2 Lemma ¢ Suppose we have
| (HSD) ( -El tﬂ) (H'Sl)( a tl) "-.{(&HU) ( = hﬂ) (b"al) ( =] bl)#ii p(ﬂ,rﬁ)}

> (¥s Y (¥a ) (A ) (b)) (¥sy) (bey) () (Fby) ernenns Plasb),

WhElI?EJI a = (aﬂ_,boia_l’bl,!'-')i ai,bi £

aﬂd B iad SU* tl:‘_']'* Sl* t—llli q Ei,ti e {1) -

Hi

- 1f - wiﬁs the second game with strategy O, then he can modify ¢ to a
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- _m

winning strateqy O#% such that, to aueﬁy coinplete play En'an'ta’b ge oo
consistent with O#%, there corresponds a complete play s;,té,s ,tl,..;:

consistend with a winning strategy for =1 in the First game such that

8 ‘H't *‘8 *tl .'..* - S;J*'bé"'!‘ﬂ!%t' ll..i '-‘

1 1 "1
Proof. Let W W 4 U e b ti F'CD<'Q} h that w
FLO07 « LB wl? Yot Yy mz,lill g an enumarasion or slc d W ol
is the smpty sequence and if W ie an initlzl segment of wj’ then X <-j:

For s 81ﬁ<(n, ite code, denoted by lsl, is its position in the snumeration.

Suppnsé 2 uwins the sescand gems with strategy O. Ue shall now
construct a winning strategy T for player i1l in the first ( Banach-{lazur)
gama: T mill he defined (by induction) in such a way that every partial
._p;ay ao’tn’:':’sn-l’tn-l consistent with T corresponds to a partial play

.aﬂ;uﬂ;bo,ua;;;;;am_l,um_l;bm_l,um“l consistent with O, such that
I(an,;'.'.l,'am_l)l =« and sﬂ%tgﬁ..';#tn_f UKY Foaal _HY e

Suppose sg,t ";:’Snnl’tn-l have bespn defimed consistent with T,

Ue now dafine T(s st ""’En-l’t ,8)e Lot n be the code of
(E ,--u,a l’a) and let l(a ’lll,a )l = n'l Clﬁarle n' < n; Lat the

partial play (consistent with O) corresponding to (Bu,to,;..,an,,tn,) be

_(au’um;"';am-l’um l;bm-l’u -1) such that Ed*td*-if*ﬂnf*tn' = u&*udﬁl.wﬁu
: PUt U= |r+l nl'*'l*.'-*sﬂ"l*trl-l Se
_L_,at

O(E ’U bi ,U ,lll ,b l,Um_'l;a,U) -~ (b'U)l

Than |
. -=--. ¥ . ' - o -‘; o ] ; . 3 , = :
.T(BBitb’**iiaﬁal’thﬁi’s) v

m-iﬁumﬂl'
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and the partisl play associated with

EU, tﬂ’.‘.’anﬂl, tn""l’ Sgy V
is
EU,uG;bD,UG;--.;hm_l,um_'l;a,u;b,u-
We shall now show that T is a winning strategy for player II im

the BanacheMazur game. Let

5;., tﬂ’_sl,\ tl' 52, tzg '.."-‘-

be a complete play consistent with Te We ehall have to show that
(va_)( 2b,) (ve,)( b, ) eer P(ct,B),

where q = (aﬂ’bﬂ’al’bl,;‘*') and

= #e WL H soee s
B ED*FD*EJ. tl* ’

S0 let ¥ play aU: Suppose  I(a )| = no: By definition of T, the

partial play (consistent with ) corresponding to Bm'tu""’an ’tn ia
0 O

A .8 ¥k Weeaso®s " b
CJ, D- tﬂ o 9 i o B nu’ D'tnﬂ

for soms @DE o, =1 replies with bm;' Next suppose ¥ plays ay and
Lot I(aﬂ,al)l = nl; By definition of T, the partial play (consistent

 'j:mith g ) conresponding to

8 "h ';11'3' ,t ’t!-.,a ,t
o o i']n no ﬂl ﬂl

is |
a ,saﬂtd*.;;*an ;_bﬂ’tn = UO; al,anﬁ+iﬁthu+i*.;¢*sn p by st = vye

a \ - 30 0 \ :1 L
U . | u,
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-{ replies with b. and the play procpeds as described. Since the play

L
EG’UG; bﬂ’UD; El,ul; bl,Ul; tase

is consistent with J, we have
P(a,udﬁvﬁ#uiﬂui&....)_

But then B = UG*UG*UJ‘%UJ'%-";

Hence P{a,B). Conasquently, T is a wipning strategy for II in the

Banach-azur gema.

We shall now modify O +to O% such that any complete play consistent

with O® correspondes to a complete play consistent with 7.

Definition of O#®. Let ¥ play am,_sz and suppose l(aD)I =n,e Simulate
the following partisl play in the BeanaecheMazur gamo, where II plays with

strategy T, e being a fixed saquancef

. a -
I 8 8., =gk S sevsancsns 8 = ph
q ..-'7’ . \ fﬂ 2\ _?" nD

N L7 . : \
11 e > e ~ Y
ﬂ l tz I NN N I AN N nu &

Acoording to the definition of T,

. e | R
G(auaaﬁ*tﬁﬂai*tiﬁ'"*Eng)'H_(bﬂ’ tnm)'

for some bCJ e ®,

: | Oy _. | R N
DePline aa(an,su) = (bﬂ,tnﬂal*tlﬁ...—u-anﬂ-ﬂ-tnn).

Next supposs u  pléya al,si and let l(am,al)l = Ny Consider the

following partial play consistent with *



s

a
I 0¥ s aes =gt = eee S SOk
s ;Aﬁl , Eng _ ﬂsl:snm'i'l ﬂsnﬂ'lﬂ .
4 & /
\h" X/f! XJ ~ -\.f l,"’ L’
I1 £ B eees £/ TN ces &
A nc: 1

By dePinition of T,

. 0 . . o
- g see ' b ’e ==
d(a_ys tt # -Mrtd-l bg,tnﬂ, al,sn;l* tn0+l* .isnl) (bl,tnl). b, € o,

--III

O

Doy 1
i 3+ Yo H,..0s ¥t ¢
Dofing O (aﬂ,sm, b_st #e s #t al,al)

1
0O o
= (Bt .8 Heeets ¥t )
L ﬂﬂ'l'l nﬂ+2 n.l nl | |
and 80 one We shall show that O% 4is a winning strategy for I in

the sepond gamee Firet observe that any completa hlay

a . » ¢ o
_BG’UG’ bU,UG, al'Ulf blgul? FNY

conelstent with O% gorresponds to a complete play
.'Bﬂ’ tﬂ’ El, tl’ -;;i
conglstent with T such that

NE RS HEH eee = U HY MULHUH soe = .
8 ¢ 8y tl . Uty L v % . B, say

- To prove that O% 18 a winning strategy, we have to shouw P{c,B),

where a = (aﬂ,.bm, al;'bl, .;;.jlk'Naxt observa that any play consistent

- with O# 1s of the form

, o . N

(u') I aﬂ’?ﬂ : | ai’sl:%nn’i'l ..."“.

(B) IT byt #e bt heaaks #E byst L oHeae®8 Hb  seass
- et o Mg NS N, My

such that _
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o, .
(U") I ci ,E -{‘tcﬁ';'.‘ﬂ"ﬁn al’an +1 ‘bn +l%.'.*5n ' YYEERY X,

(3) 11 b ot | b
is consistent with 0O« Consequently we have

a
T oot W #*8
P(Q’.,Eﬂ th o En tn

u *t )

hﬂ'*':l
and hence P{a,B).

Rgpagk. The definition of oO% is highly constructive and one can shou

 that the map O =~==> o% i Borels.
The proof of ™ Lamma 742 immadiataly 'giuaa us the follouwing
743 Corollary. If the second game in 72 i& determined then
(0)  (uo ) Tt )ve, X At )eevs 4 (W) =Ab,)(¥a ) Ty e, P(asB)}.

| | &ty (ueu)(u-au)(ai?‘a)(Elhu)(uel)(ual)(‘:‘H: X ahl)............;'. P(a,B8) ,

[ORNEIRTRIES TR (SIS (32, (8)) veve. vee TP(es)}

o <—-—>(Hs T L LR D LI I

' and the conclusion-of Temme 7.2 also holds here,

 __Hgma_x_‘_.g_.*'?f'l‘hé“;brc;ﬁf‘a* of ) Lemma 7;2 and Corollary 7;3 yield a gonstructive
proof of a particular case of the Game Formula of Kechris [ 26 1. 1In fact,

7 2 and 7-3 can bs FbrmU1atad in the est up nF kechris.

ma 7-& F’bb F" i 651} lEb h ik JRENNU As in the proof of N

the:r:a are fumtinm 7 ahd ? suoly that for any normal family { E }
. ujth €= p({E 1;),
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£° is comeager

<=5 (AN eK) (¥nen) [g;z | 4o comeager in 2(8(n)) |
| " ” |
= o X |
< > (..J TID & M)(U'nﬂ & ﬂg)---(U-k) [E<a(<n'm>),.-. '{I(<nk-l’mk_l>)>
18 EEJmEEIgEI.' iﬂ Z(B(<nﬂ,mﬂ>}*.'.*B(<nk"'l,mk-l>):l'
where “?,E’ and «,3 are related is in 6.3(c) and E"IM EN and K =R M NM%.

Then, one can choose K such that for any 7 € K, U E(Lﬁ( n) )
o n €T
is dense in (D&)q

In f_’aﬂt,"}? may be takan to be ths canonical base for Sp u;ith the

propsrty that for any 7 € 'f and & € Seq thers is an n &7 such that

3(n) extends a.

F’I‘Gﬂf; We shall prove this by induction on P. Far P = 0, .%-, 1s the
Vaught operation V. Taking T‘? to be the canonical base for W/’ it is

easy to check the assertion of the above theorems

Sog assume R % 0 and the assertion holds for all A< P,

Casg 1« P = A + 1.

Then E-N = R}\- lat N €K =R M NG, where M has been ohosen to

satisfy the assertion of the theorsm for the operation R?\'

Fix a basic clopen set X{t). We have to show that tharé ia

n €M such that G(n) is consistent with + (in Pact, oxtends t).

Sinsa. NTER M NQ,
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(dn_ e I"I)(U-nﬁ en Nw & m(Hn e gD);;.(LLk) E«nu’mﬂ};'*_<Uk~l’mk&l>> en 1.
Fix 'ﬂD £ M such that for sach n, > ﬂu,
(we_ & m)(3m, & £ I, & M)(uny €1 ) (e, € M) Tmy 8 ) oo

| voo (WK [;<<nD,ma>,;;;j<nkﬁi,mk_l>> en e

By induction hypothesis, there is n; 8170 such that g(né) extends te

Now pick = Eo E M such that for some mé € £,
(3ny & M) (¥ny €7My) (W; €M) (Fmy € £)) weee
- - . l ' . .-......__--,
_(uk) .[f <Cnf omE>y<ny oy peee <y g gmy_g> T 3.
Clearly n = <<n!,m!>> 7 eand ‘G(n) = g(n! Wd(n?) (cPs 643).
by W
Thus gfn) extends +.

Base-z; P is limit.

7N\ . I . ";“‘I"li' _ _. "
.LEt Pi_l Pe Then Ry =@ = RQ"NND’ where @, 1s the operation
oilven by |
- | . - ‘ ‘ b .I 1
= Dy

o E\l({Fn}) QD -.'J'F'N!::,:‘.Ng:L ({F«:j:,m‘) L f)
and .- = R . . T - .

B ALY

g 3

Ih this_-casa, if E =§N({En}), then Ex ls comeager

=5 (3n e ) (u.n enN)d [E;( ) 1a comeagser in Z‘.(E(n)]
B ; (n )
<=5 (w)(3 € My Nwn e n)( 3¢ € My

L :)(_um'e 2 _[ Ezi,ai!-cmm?-*)} is

i
gomeager in E(Bi(<njm>))'] (of. 5;6, Dasa'Z)-
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In view of Case 1, it suffices to show that for any T & N and for any

n(t), there 18 n € 7 such that ‘E(n)- gxtends t.

Now, ‘N may be chosen such that

n e N <~—=>(¥)( N € NF.} Y(¥n € ﬂ’)(ﬁEIE'E‘— NS_)(U{" e £t) [ <iy<n,m>> €N |,

_ 1 | i
where each My has been qhméen to satisfy the assertion of the theorem.
1 e | |
let M €N and fi.x any 1! Bm: Get Nt € Mg such that for

' , 1
cach nenty (&' € My Mvm e g) [<L<nym>> € 1 7
i

Since N' € I'flp , by induction hypothesis, there is n' & 77'_ suoh that
. i | :
gi,(n') extends +te Got E' E Mg and m' € E' such that Lo

ity<ntym'>> €N . Teke n = <i',<n',m'>>. Then

B(n) = Bi.(‘f’-n',m'}) = gi,_(n'}’i-ﬁi,(rn') [:cf‘: 6.6 - N .

and hsnce E(n) axtends .

Lammaw'?:b‘:: Suppose G C W® be a set in Kp, P < Wy and let
. | T L
Ry = HEN.' Assume E = Hp({En}), whare each -{En} is clopen. Than,

E ia_comaager <—-_--'> (:jﬂﬁl e M) (U'nu £ ﬂu)( ':‘ml g N)(Unl € Til) san
e - : oot

(U'k) [E‘Cfl(nn):*:i rF(nk-l)> is GDI‘HEEQE;‘_. in E(Q(I'ID)* g(nkﬂl))]
where f and g are some suibable functions and E,‘w IN' Moxgover,
f and ' g can be chosen such that, with any winning strategy O for
:_:1 one can associate a winning strategy O% such that for any run
‘ﬂa,noﬂ11,nl?.;r- qangistaﬁt wi?h 'G%,.thejsaquenna B=g(nﬂ}*g(hl)*-;-.
is in Ee -

_Prnuf::The fifst-asaertinn follous immediaﬁaly from the proof of 6.6.
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Morsover, by 7;4, M may be chosen such that for any 7 & M and 8 € S5eg

there is n €7 such that o(n) extends S Therefors, We have

(_3% € N)(%DE N Jeas(¥k) [ E

| is comeager in
<F(nD)!"'!f(nk_l)> -

3aln_Ma(n e sstg(n 1)) ]

> (3 n_e m{n e )e.ob¥k) [B € “<p(n)esart(ng ;0> ]

ghere f = g(nu}ﬂg(nl}* vees
~ Hanos,
E 1e oomeager

<---> (9 n, € M)(U'“a £ nﬂ)("_-':'i m, € m)(!.l-n1 & nl) cvee

::- (W) [g(nn)*g(nl}”;;: & E{f‘(nu),;f-.,'f'(nk_l))' ]- (;{:)

We shall prove the second assertion only for P = 1, aincé for higher

'_iaUela the hroa? involves similar ideas, although notationally oumbersgmes

(Fﬁr a gomplete proof see Appendix).

First observe that if F =¢f%T{FH}), with sach Fn clopan, then
by the Category Formula [ 13 ], we have

F 1s meager

e, (e T £ ) (Mo )T ) e (3 [P L s
N _ | . D.:i-, i

o - - is meager in E(sd*td*";*simi*tl-i) ].
Therefore, 'whaneuer G =f({ﬁ }), where ,_)0 =¢%ﬂ.
T _ n

G is comeager
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> (W )we (3t )Wk, )(¥e, )(F & )”'( 3 1) [ G T St A

is cameager in E(Eﬂﬁitﬂ%'-'*si-l*ti”l) o

Since Hiua IE(D we may assume E = ﬂ%giﬁ ({Eﬁ}). (This is for simplicity
and does not in any way entall loss of generality)e By the remarck following

Theoraem 6;3 We have

E 1s comeager |
== (ko MVag)( T £ ) (W) (Weg)(F £7) wuns (3 1)
(W) (ve)( tl)(ukl)(uel)(a 67) seeq (34,

(wko ) (Ve ER T N IS

l!_l!_#_!'!.lf!flilil!!"‘I!il
ﬁ.lit#iiiiii--.-l-iiinnn ii)

R OT) [E B '
'<<kg’k§,-nujkz - >,---;<kg}lgin-,kg_l >> is cnmeager iﬁ
0 P}
O,,0, "I O . Joel,, . Jmld Jel Jm=1 !
E(Eu*tn*-ii* i -l ti ._l"it-’“'ﬁ l‘”‘t ase W Ei-" l*tl - l)]l
| Jowl Gl
Now, E 1s comeager <> IT wines the game G *(E°)
> (ve (T t) (ve, )(a 8,) cesn(BeE),

T e = el gy
O

whers f = B'*t'*ﬁl tiﬁ asee
Hence (uesing (1)), the equivalence in (1) reduces to
(U'Bﬂ)( a tm)(uﬁl)( a tl) PP {(U(ID)(H nb) -nq;

eens(W)) [B - ] N . ‘J}

%B(nd) ’:'l-i ,ﬁj_l(nj_l )b‘
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O

s (W) (W) T E2YWEN WX £9) ceer (T 1)

ti? coss (?ﬂ i)

ey

(W) (eI 3 1) (wer ) (Mo )( 2

s & & 8 4 & & $ & 8 8 P B & 2 4. B v ¥ 2 & & 1

S e e e s i e e e e e e e ' (141)
T, , O - 1 l R
o . P A8 a8 * S asa
_...(U-;j) [Su*to' %s i i i ter -H-tl-)l- %a il-l :Ll-l

£ k ‘

e aa ]

<<kf;,...,|<ia_ > o ee 1 <KS ,...,kg B> 4.
31

Ag In [13‘;%' ll], we shall defite a game G! of _léngth w such thet =
winﬁ G' iff = wins the second game in (iii)g The game G! 1s eas
follows. Though ite totel length is ® we think of it as consisting
iipflenggnﬁﬁallg infinite sequence of subgames sach conslsting of
_tEﬂtBQE&Eélx'infinitE_SEQUEnGB of rdﬁnds;_ If In any play of G' the

-jéth subgame astually goes through infinitely many rounds, then the
'7(j+l)th subgame never gsts sterted. This keeps the total length within
~ bounds.

In-the J=th subgamé_the twe pléyara play the rounds of that

Sthame. _The A=~th such round opens With fﬂl signalling (by & choice
f ﬁf 0 or 1) aither a challenge or a passs If he challenges, the
Awﬁﬂlﬁ j=th subgame ends at once and the players proceed to tha (j+1)th
 éﬁbgame; 1n Ehis cage ue ranard ua <k3’:;"kKFl and

v, = J*tJ*u.*s[ [-l formed f-rnm the moves. If o passes, W

N
-chnuses k3<8 w and a aequenca numbexr a?( and 3 replies with

t'} e Ssq.., ’chen the pla_yera- prnuaad to the (ﬁl)-‘-th rounde
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If snmE j-th sybgame goes on forever because = fails to challesngse

on any round, 3 forfiets the game. If this provision does not apply,

then a sequence (uo,uu; ul,ul;....) will have been generatad.'iﬂ wins iff

for all

Vv Yy ey --;mBBE
o 1l 2 <U°,Ul,-liruj_l>

Thus the game G' is essentially of the form

where the condition M 1s Borel (in faot Ggs of [13:{11 7).y shall

. now make a faw observations. Firet observe that eech subgame in- the

second game of (1il) is a Banach=Mazur game interlaced with operation tgb
(whioh may be .locked upon as a gﬂmai); Secondly the condition within

[ .] i the same as the condition in the first game. Bpnsequently,
any radubtian of the second game of (iii) involves the interlacing of =a
Eanachnmazur'gama with an ordinary game of length ¢« uwhich is obtained
by the corresonding reduction of the opsration ﬂl'l Therefars;lraduning

k!
~ obsagrve that the equivalence (iii) is squivaleni tor. . . : "

the R, operation within { | } in the first game of (1ii) as above, ue

(Ve )3 )0y )( 3 ) wor {(¥a )3 b,) cer ()} -
| | iv

=5 (ve )(va )T £ )T b)) iees MaB),

Now, if = wins the sscond géma in '(iii), he also wins G! y the second

 geme in (iv)s By 7.2 T uins with a strategy O such that for any
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complate play sﬂ,an,tﬂ,bn,..f consistent with 0, B = sdﬁtdﬂ ’ou
correspands to a complete play of the Banach~Mazur game in (iv)s
Morsover, the strategy O glves rise to a strategy O#° in the second

e 1,1 .1

Q 0 o -7 i .
tﬁ’ kﬁ,nii-ib'ﬁn,tutkugnni,ilpian is

.gamﬂ of (iii) such that, if 8,

a complete »un consistent mith G%,’thén the seguence

s _ 0.,0 o A A T, .
B = adﬁtd*;.;*siD_Iﬁtin“iﬁs-*tdﬂ ese 18 also produced by a complste
run of the game G', when 3 plays with O, Consequently, B satisfios

the condition ih{ }in (iv) and henoe B € Fe

ﬁgmﬂag;;Fur sets E at the higher level we have an aquiuélénna éimilariy
_tn (iii); On the left side of ths sguivalence we have a Banach~flazur
 game Polloved by the cﬁrraapnnding R=oparation, and on the right slde

 we have Banach-Mazur games ¥interlaced® with ¢he operation (regardad as

a game pléyad on ¢ ) with dummy movee, if necessary., As in the proof

above, the second game can hs Teduoad ta a game of length «w and the

- proof procesds Exantly ns above (see Appendix).

7:5 On tha;ﬂrmtransfarmﬁ We shall now look at tho dual of the *%~transforn
~and obtain some apalogous results, The prﬁnfa being very similaxr to what

" we have already done, we shall omilt thew,

For a set ECX:{Y and UCY,.put Eaur—{xEX:Ex is

nonemneager in Q}-

.NGta-that A is the dual of the #=transform in the sense that
AU ¥
| E = [(En) . ]c:_ The A =transform behaves very must like the

*~transform and we have the counterpart of 6 2 .
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With notation ae in 5:2, wa have

| | \
AZ(s), M [Eg]az(s) = [_Et:-TM] An(s)
Koy PRy
This decomposition of the set E‘ﬂ suggests, as in the case of E“-' '
that (Eﬂjc rria'y be obtained as a fixed point of an inductive operator.

Indssd wa havs the fdllumiﬁg counterpart of 603

Theorems Let §N and E,, be tuo O-8 operatioms sush that EN
preserves the Baire property and E,‘ 1s mormal and subsumes both
(countable) U and m " Suppose there arg functions fy and gy
such that for any normal femily { E } of subsets of . w® X ¥ with

£ = EN({E }).

L(swg.(p)) .
E&E(E) “Eﬂ({E fl p)l 2 0 Gw})

Then ffor any regular normal f‘amily{ F;i' if F‘m]_n ({Fg}) then

Y palper i

FX 1a nnmaagar in 5(s)
TRy (U’k) [F'Cf'(ﬂ )iililf'(nk l)> 18 MON=Maagey h E(B*g‘(ﬁ ﬁucﬁgl(nk_l))]:
uhere f' and o' are suitable funetiop (iwdependent of { rp}) and

By EWUH

&2&1‘;-‘ F .lrsi: ﬂbﬁﬁr% that for any regular f'amily{ } F'u C F
if & C s« A8 4in 6.3(0) we define a LI relatiop operagive tm W

'HB_fDllﬂwﬂn
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t € T (R) <-—--e> F?QD is meager in 2((t),) v _
(W € M3 nendw) 3 u)”-[<(‘t')?‘-’<f'l(n}:-,(t)l#gl(n}»uﬁu} e A }.

To obtain the result, one then shows that x € Fﬂ‘z(a)?@"-ﬁ}(e,s} & Paf' 1

A8 1n 6.6, this theorem immediately implies that for a set E Sﬁ s 1IF
a --:aagN (§E }), then

x € g2 <~‘-"-$->(:-;'ln SN)(Un en ) (3n, sm)'(v-n sn),..}. ()
9

Y (“‘-’)[E‘:ff(n );*‘-’f,t(nk lJbiE non=meager in E(gl(n )*-u*g'(ﬂkql))]

for sultable N,f",g‘.' Mergover, ons can choose M such that
nemn& ecSagmd {3 nen) (g'(n) oxtends s).
Finelly obsorve that by (9) we have for E C e

E s meager <—>( 3N & M ) (wnen ) I NE M) un, €17) .o

oo (3 k) [Qt(nn}*gl("l)* veo § E(‘f'(”g)l“:rf"(“k.l)}] (v)
Arguing as in 7.5 and invoking 7;3(1::), we may show that =z can win the
game (v) (if he does so)} by & strategy O#% such that if ??m,nn,?'?lml,-n
is a complete play consistent with O%#, then B = g(nm)ﬁ-g(nl}* coe

is not in E.

The next theorem is the first stap towards our approximation

thEBram-

701 Tho 95 5 Lat e T w® xu® be a set .tn:r{ (P > 0)s Then theze ie

a sot EBBR @ﬁ) such that B CE and B ia comeager on Er.
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Proof. Let _Hp = I%jh and assume E ==]?§h({Eh}), with cash En clopen.

is in 6«6, there are functions f and g such that

X & E* Lol (_:-iﬂm £ m)(u"nn eﬂn)(aﬂle M)(U'nlgnl) tees ()
| | e
'"(uk)EEZF(HQ)'TI;'f(nk.‘l):}iB comeagal in Z(Q(no)*ini‘&g(nk_l))]

where M 18 such that E"IM E‘d' Furthexr, by 3;'8, thers is &

- 7%4€p~measurabla function x ===> T  such that whesnever x € E*,'T is
i b X
a winning strategy €or the player 3 in the game (i). Moreovexr, by
7.5 and the Ramark following 7;2, we may assumes that the function
X ---'> Tx 18 such that fox any complete play 0 u’no'ﬂl’nl’ 0o agresing
uith T, the sequence B = g(no)*g(nl)ﬂ-g(nz)ﬂ- ves 18 in E%, and that
the base M has besen chosen as ln Tehe

Define for sach Kk > 1, -
| u, (8 yx)<—>5aq(s) & fhle) = k & (vs < th(e)) [,(ﬁ)is T (e Pi)] :

i;é:}lmz consiate of the codes of the first K possible moves off %

when the exlstential player plays acoording to the strategy Tx; Clearly,
R
lﬂk SBﬂu' De‘f’ina; _
’ . - "
C{xyy )T a)(¥k) [wk(&(k),x) & y € Blgla(o) M. atglelk=1)) ] &x € E.

K We
W

Plainly, C is the result of operation v/%ﬂﬂ sets in &ﬂz@ﬁ
| w

shall show that
(a) C (;'E
and  (b) c*  ie comeager Whensver £° 48 ﬁﬂmBﬂgEr;

If (xyy) € C then X & e' and 3 ‘wins the game (1)e Fucther, thore
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1s a sequence {”k:k-a u}}' such that hu,nl,nz,.“ are t.he movaes of ¥ when
= plays EIBGDI‘diﬁQ to TX and y = g(nm)ﬂ-g(nl)ﬂ- seee Lonsoquently,

y € Ex;' To prove (b), fix an X such that X 18 comeager. Then

X e {yi( 3 a)(wk) [V (alk)yx) &y € 2g(alopte . #g(d(k-1)) ]}

= E(g(ng}ﬂ'g(nl}%.;‘;ﬁ-g(nk_l)), if lﬂk(ﬁnn,;.; ,.nk_l>,x)

= @, otherwise.

Then, c” #ﬁ({ﬂa}); Hence to show c® is comesner, it is snough to show

(by Vaught's farmula) that

(Ve )03 k B £ )%, (3 k) & oen() N etk _p> 12

coneager in E(au*tn*“.*si_l*ti_l) :].

S0 let W play aU; By 7;?&, pick kﬂ E‘Tx(:t >) stich that g(km)
extends go;" Then < replies wilth kﬂ and a sequence number tD such
that e #t_ = g(k_ ). Next uhen plays 8y, 3 plays k, & T (<k >)
such that g(k ) extends 8, and then plays t, such that

8y#t, = = g{k, ), and 8o one By adopting this strategy, 3 ensures that

for each 1 y

' boootha, W
Pk _yeen gy g is cameager in s b e.obe; 4%, ;)

X 1s comeeger. An application of 7.1 gives the required set B.

ThUE, C

The next lemma is the counterpart of 7;"?.

Lsmma_'{_B. Lst E (;w X Y bsaset inf{p

Let E #{x < E is meagar} Then E# E cR and there is a seot
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C sﬁﬁz @"B " (in fact, in a(j{p) R ,,) such that E ( C and
~Y 1) # kyor =¥ ()
E" .

X, '
C 1S meagsr on

- ! -
Proafs Plainly, Eiz’ € nj’dfp, By Ge7e
: L

Let  PygyN,M, E_ be &s in 7.6 with -‘{En} regular. Then, by (v) of 7.6,
EX s meager

e (310 LotomalmgMeen § ey e 351
Further, by the Remerk following Theorem 3.8 there is a a( ﬂp)qnaaaurable
function x e Tx such that T " is a winﬁing stratagy f:? 7 in ths
above game whenever x € Eo Morsover, ‘Tx can be chosen as in 7.6, Call
u=*<nn¢-.:}nk_i> good with respect to 'tx and B if B extends
g(nu}*;:;#g(nkl_l) and hu';::’nkn-l are the first k passlble moves qof

v when I plays with strateqy rx; Define
T(up,B—> Sea( u) & (¥ < Ah(w) [ (), & T ul) ]
&_P 2 Z((”)n*g((“)1)"'?"*9((-“); n()-1)) &
(vn e (u) [B¢ Z((U)Uﬂg((U)l*g((UJz_}*;--*g((U)‘ nu)-1 *aln)) 1.

In other words, far sach x,8, the seation Tx,ﬁ consists of all maximal
good sgquences With respect to ¥ and Bs Clearly, T € 5(ﬁp,® i 0w
w

and moreover Y% 15 plosed nouhere-dense for sech good seduencs U

and X» Now define,

CH{xyB) Somei> x E 'E# & (4 u) T(uyx,B8)
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Hot

co=¢' ) (w” - #) x w”,

Since E# 2 c&p, L€ G(E&p) @’{?) » and to conclude the proof we shall
show that E (: C. So let (x,8) & E. If x & E#, than We are done.
So assume X © E#. Therefore, 2 wins the game (1) with strateqy Tx.
Now, suppose when = plays the game (i) aceording to Tx, ¥ is able to
play N, a0y N, ,“.' such that for each Kk, <nn."”-'nk-l> is & good

sequence with respect to Tx and PB. Then

L1 LIl )

B = g(nu}*g(nl}ﬂ 'y

and hence, by '?.;16, B¢ X, Consequently, since we have f € Ex, ¥ is
able to play ”u’nl’“: 'conasistent' with B only upto a Pinite staga;

let u be the code of the maximal sequence. Then T(u,x,B) and henceo

(x,8) € C;

The following gives the approximation at the Pirst level.
7.9 Lemma: Let E-ﬁ: W X w? be a set in Rp(p > D)s Then thers are
= L
sets ByC in ﬁﬁz @73 W such that 8 (; E C_: C and C* « B 1is
| b 0w

meager for sach Xe

Proofs Let TE = E%E(E_) : 8 € Sag.

As E* satisfise the Baire property for each X,

L T, ={x ¢ e is non-msagar};

- {w
Since sach L(s) is a (raﬂuraive)ﬁmegmfpm_@ copy of &, wa capn apply

747 to get B3 as in the Lemma. Put
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LJ (8 M X '),

Clearly, B8 C: £y o S%Rp @B and for sach X, £° - B ia maagar;

£~

To get the sst C, work with E° and argue as above using 7.8,

7, 10 Approximation Theorems Let A be a ’,Ffp subset of w¥ X w? (P> Oy

o

Dy U< wl}. Thaen there are sets B and C in ’ﬁgﬁ @B . S4ch that

W
B C__ A C_ C and € ~ 87 is meager for sach Xa

Morsover, if A &-f)ﬂ 1L? then che can Find E,C in ﬁﬁ{p @ﬂ (W

with the above propartiaa.

Proofs We shall prove this by induction on K, UWhen ML = 0, this is

just Lemma 7.9, So suppose M > 0 and thet the result is trus for all

A< K. Let Alﬁﬂp S and let R, = IR EN' Then A is
i M . - P

the result of operation R, on a family A of sets from cf U j

By induction hypothesla, for esach n we have Bn and Cn both in

N < " R‘; @ﬁ sunh that B Cﬂ C C and B B:: 1= meager far

pach Xu Let ,
=Ro({ 8 ) end or =Ry ({c }).

Theny B' C C' and for each X, E'XHE“XC U (Cx- x), and henoe

msagar- To complete the proof 1t is snough tn get B C 8! and

E::)C' such that B and C axe lﬂ"Bﬁu’@B 818" ia

mgager and E‘.x-D'x is meager for sach X. We h.':LJ.J. shol how to

obtain E 3 E can bes obtained similarly.

Let "3'- be the O-fisld gen&natad by yﬁp. Then
| s



B¢ p({ﬂ }) with each B oy :ﬁ@% we Thus, one can ohtain a
countabiy generated sub-d-figld é{ of 31’ sUch that each B & j(@ﬁ

Fix a countable generator of gk and let f o (mw,d{) — " be its o”

characteristic function. Put M = p(w”). Then (" ,Eﬁ) and (m,?@m)
are Borel isomorphice For each n, let B! =£(f(x),y)'(x,y) £ Ei}'
Then B! a’%mxmw for each n. Lot B! ! {(f‘(x),y) (%yy) E B}‘
Then B'Y = {B'}) Hence, there is a ast E Cm x & gn ﬂp
such that Eﬁ(m X ) = B''y Apply 7.9 end get E! (. £ such that

E' ﬁ@ ®ﬁ and Ew{E*)* 'is meager for each x. Lot
P x """*"> WX w¥  be the map

(e

P(xyy) = (F(x),y)a
Put 8 = (?)d(E'). Note that since f is a bimeasurable map of
( w” g()‘and (M, B ),

_l(R.p me) C{ﬂ Cm + A is the result of operation F{p

aets ing!}c Rp
Consequently, f-lmﬁp 'u®) CBRY . Thus eeBR" @’E

and clearly, p'*.g"  is meager for sach X

The second assaertion follous from the first by observing that

the class of all sets for which the result holds is closed undexr 1“

and complomentation.

The next proposition is quite well-known and follows from tHB

Van=Neumann selection theorem.
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Propogsitions Let (T,M) be a measurable space, M being a O~Pisld closed
under operation ﬁ{, and let Y be a polish space. Llet 8 3}{ @By

have non-empty vertical sections. Then 8 haa a Mﬂnaasurﬂhle selection.

Rs a consequence of the approximation theorem wg have the follouving.

7,11 Theoren: Supposs A (___ W’ xuw? 1 aﬁﬂp set (P > D) such that A™

is non~meager for sach %o - The A has s "BR, -rnaaaurable aelection.

3 ' P
Proofs By 7.10, got B eBR DB , such that 8 (CA and A%-5* ie
- m w ,
meager for sach X. B° 1is then normeampty for sach X, and the above

proposition yields the result,
The next selection theorem is dus %o Burgess [ 13 J.

7,12 Thenrami Lot F e ==> u® bo a multifunction such that F(x) is
non=mezager in ites closure c:,( (F(x)), ‘1 F ia’]?ﬁ -measurable and its

graph Gr(F) E%Rp, then F hes BB’R_ -maasurahle selection,
D

Proofe Define G by G(x) = c/( (F{x))s Then & 4is a closed-valued,

Q - .
R ~mpasurable multifunction. Hence there is a map g X y¥—> ¥
(...-v-j

such that o iaBR @’}3 wnaasurable and o(x,s) is cnntinunua,

open and onto G(x), for aanh x(of. [:ti'? 1)s  Dafine G! (;mw % oY

by .

6 =f(x,y) T alxsy) € F(x)}.

As  Go(F) E;’BJLD apd g 1is ﬂ'}{p @'B w—-measﬁrable, 6! is In ’BR_p.
by Ly W LD

Also, as the inverss image of a non-meager set under & contfinuous open
map'is non-meager, G' has nonemeager sectionss By 7.11, G! has a

K ~measurable selsction g'- Then F(x)= g(X,t_:] (x)) is a?ﬁ-ﬂneaaurabla

L
selectlion for Fe



PART IT

THE FINITE LEVELS OF THE HIERARCHY OF EFFECTIVE
R-SETS AND THE EFFECTIVE C~SETS

l. Until fwou we have only considered the boldface pointolasses

zE,?- y IEE etc. and the classioal. R-sets and have studied their various
propertiess We have, howsver, formulated and proved many of our results
go as to carry them mﬁer to the effective cass without much difficulty.
Wg firet recall ths definltion of the effsctive pointclassas. For eny
Pe8aCs T,

g% ={ _Eﬁ({-En ¢ né (.0}) = {En} ls a recursive famil&’}f

vhere - a family {En} of subsets of a space of type 0 or 1 is recursive

1ff the relation X € En ig recursive 3%

and TR Nzl =yl

For sach n, the nth level of the hierarchy of the effective R-gats

R |
is definaed to be Eln and will be denoted by T{n . e denote by GRH

| o 1
the class of complements of .‘Rn-ﬁets. Plainly, ?n = 2.1 and by results
ﬁ ( .
of Aczel, Hinman, Solovay Gﬁl = Ei-ind = "322 . Th.e effective R-sete
have besn studied by Hinman in [20:] and [?l]. Howsver, Hinman was
more intorested in the various aspects of the interplay bstusen the

operator W and hierarchies of rooursion theory and considered various

hierarchies 1n R n M cR;ﬁ_ _(Sae -{211)_- He has also shoun that B/ﬁ?rﬁ-l
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is precisely thoss sebs uwhich ars semie-recursive in ¢ '7:’: { [21]). Here,
we shall be more interested in the " set~theorstic !' aspects much in the
spirit of (Chapter 6 of) Moschovakis [3871. For instance, we obtain the
prewellordering propsrty of c:jlgn by adaptiﬁg Blackwell's proof of the
raduotion property for TTi ([ 67), thus showing that Blackwell's
method can be extended to more general set~theoretic operations.
Blackwell's idea was further generalized to obtain a wide range of - -
struoctural results by Moschovakis énd Others ¢ SoL B0 Eﬁﬁj_-,- t’;’}&]).
Of c'c:urse, the 'prawallc:rd:aring property of G’Rn follows from Hi_nman'a
chamctarizatinn- We prove it using Blackwell's idea not only for
technical reasons but also to bring out struotural similarities betwaen
these pointclasses and Tl'i . {Subtle differsnces howsver exist as
observed by Hinmane In his seminal paper [2{2]], He proved that Suslin-

Klesna~type theorems do not hold for operatiocns more powerful than
uparation-ﬂ:f )e

e now define the following ssquence of operations.
0
a = A, 44y = RO

Then by [21], an Rn and 90

’Rn ={Qn({En}) *.'.‘{En% iEIEDUI‘SiUB}i

Thus, for convenience, we shall work with Qn and shall make no distinc~-
tion between Q_ and R .
n n

It is not very hard to sge that {Rn tnkt ﬂ)}mrms a strict

hiararchy; n Fac{:, by tha- uB_L]al universal Sst'éfgument one can _shw th_at
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for svery n,

- o
ﬂn C?T A n+l n YN bl

It is well-known that c"}zm = TT% and chl = ) 2[23 are Spector

pointclassas (of [38])s Our first result shows that this is trus in

genesrnale.
1.l Theorem $ FDr BNy Ps8aCo Q > [j [Wj TT ~ 18 a Spector pointclass.

.
Proof ¢ It 1s sasy to see that T_f ls anp adequate pu:.ntclass and is

%
a)-—paramatrizad. "To ses that T'Tm has the aubata.tutmn proparty, 1&:1:

‘y be a [ mmaa’c and f‘ X --%y' a partial function which is
T¥E¥-recuralue- Let M be. the canonical base for ﬁ#. LetE;Fn}- be

a recursive family such that

I';’(ly} > (v nem)( nm)_[y £ Fn]. '._..(i)

m*l- - | ¢ 0 ﬁ@
-~ PECUTSLVE. Thare is a set P/<su:::h that FPor

Sinea f is partial TT
all s,
: : . | ! " | - |
F(X)\L avdy [f’(X) & N(‘:f‘; 5) ‘é‘"'}p (X,B)J - '.!l‘(ll)
5ince {:Fn} is recursive (and hence Eg). there is & E, sot

U (;{me such that

y € F <> {(3p) (y e NNy p) & U(p,n))e  eealidd)

Daf‘iné P (x) &2 (H'ﬂSN)( 7 l18ﬂ)( :| 0) LF’ (x,p) & U P:ﬂ)]

Eiy Theorem 1.2 17 it J.s not hard to sese "that P e 11 E*. hJe claa.m that_ o |
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for every X,

Plx) | = [PT(x) > p(F())]

So assume f"(x)d,u Then

-

P(r(x)) «=> (wnem)(F nen)[ F(x) e F ] by (i)

«> (¢nem(Inen)( p){rx)en(ysp) & u‘(pm)} by (iii)

«> (v nem)(Ine n){ ap){P'(x,p) & U(p,n)} by (ii)

«> P (x).

4 | | -
Thus TTlm has ths substitution propertys. It remains to show that

11 Jfﬁ:* is normeds To see this let N be the canonical base Por §§°

¥
and  F (; X be in TTJEE- Suppose
; n oo
1 F._§({En t nEﬂ)}),
where { En st ne m} 1s a reqular reoursive family, l.e.

e =X , and ‘d-ﬁ,tﬁﬁeq[s Ce—e, CE_|e

For X,Y SX y We define a gams G(x ,y) as follows. The game is played
betuwgen ¥ (I) and 3 (II)s First ¥ plays ED from N, 3 repliss

| : £ € N
with n, € §G and an T € N 3 ¥ then plays an " ﬂo and El N
The game then procesds as described above. We say that = wips

3
if for some Kk, X ¥ Eq., eve > and y € E

{ <m0,--:’mk“l>

do define %< y to hold iff X,y € F and = has a winning

strategy in ths game G(x,y)s UWe shall shouw that £ is a prevellordsring.

(of (36 yh 3 1.
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lD. Ve olaim that thers is no infinits SBquenca xi in F suoh

that xi{g X0l for all 1,

o

Suppose such a sequence exists., Since xﬂ & F we have

(v g en)(zin &g Meg eN)(Fn e g )eeea(Fk) [xﬂ;é E<nu’”'.’nk-l>]'

-ir(iU)

T
i

Fix a wipning stratagy ¢ for A 4in this game. Now notice that for each

iy II does not win the game G(X ) and since the game is determined

L1441
I winsge Thus for each 1,

(= £ € N ) n,© 'gD)(H-nﬂ e N I n € ﬂu)"”

-I;ii , 'U'
(%k) [-xia E‘:I‘]O,. »e ,nk> '-xi'l"JF E(ma,-n,m

k-f']

vaelV)

'Lat 0, be a winning strategy for d in (ff)..' We now simulate the

1
following sequence of games in which dotted lines indicate simulated moves

and solid arrows show responses a8 dictated by the fiXed winning stratesgiss.
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o e d e A SR &P RD RPN PO F S AR DDA A AR A R A F AR TP AR P A PR R A B A AR

EPEN  rernerereninconnes
|
f

G(XS’X&) 0

M T N AL T o A Y I il S " Wil o) S e LS T L T T i 3R AL, AR i T 5 WL LI AL e N LY e EPRCK WA . AT S, - P PR WA T S T T

2 2 | -
EGEN nﬂ r r " & J 2 F P e Fa AR
G(XZ’X3)_ N J.
gsm& ad b L [ ] I-'l-
| | o n | I’J!l-l-illl.-l' » »
' 1 1 1.,
|. - =
4 EGEN na {-;lt"N LI N I B B B I BB BN
L2 2.2 |
£ &
bn“‘} nD Eﬂ | EEEY
0 0 0, 0 LW
™
G(xﬂ’xl) ; : AV / | | /1
1 ' ! 1..1 | 1l 1.1
| : éo ""% nuségl gl > nlﬁ’gl tens e
1 | L . |
% '0_ 0 D 0.0
XD & F ED".} HDEEDI El.‘“} n13g1 A N N RN B N RN A NN A N NN O
' .
From the bnt#om game We have, for some K € @ , X, § E 0 o 0 .

SNgafyseeesNee 37

Since player I pleys according to his winning strategy UG in the game

SEINL

6x,x,) us have (#l) [x €€ o o Ux FE >
ﬂ"--’nk-ﬂ '

. <nﬂ,--- ,nk> <n
Thus, putting Kk = kt—i, we get

X, ¥ E . e
1. 1 L

At the next stage ws shall obtain

FE 2 2 '

<r‘10,-u,nk,~5>
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Proceeding thus .we see that at stage k', Xyt g Ea and thus obtain a

contradiction.

2°, By 1% we clearly have X :EZ X, for all x. Ffurthecmore, We

cannot have 1{x < x' V x' < x). Fipally, if xl-S” %y & %y L Xqy then
caombining the two strategies gives xlﬁg’KS; Thus fgf'is a prevellorder~
ing of F. Lot U be the norm it induces aon [

3%, Note that J has a winning strategy in the game G{x,y) iff XEF

and either y ¢ F or w(x) £ yly)s Thus

%

x < g Y > B wins G{x,y)
“> (v g en)(Fn_e g ) E”?as M) (¥m €N ) ..
t.ncai:([)(FE }"SE ]0
o <nﬂ,"' }nk:} & <mﬂ_’.."mkml>
The last expresaion clearly defines a set in TTl. ;

4", Ve now claim that
* . ] . . -
X *’iw y <> { I ﬂaam)(?ﬂ-mﬂﬂ WD)(U' gmbN)( 3n_ ¢ §G) Yy

sowve = E | € F - ssalvi
( :‘ k) [x ? <n0’.."nkwl>,& y <mDi.-ii ’mk-l>] (Ul)

To aéa this suppose = wins the aboue game. Then clearly X € Fe If

vi

y § F then X «:”: yo So assume y € Fa If TI(x < y) then ue must have

| ﬂ
$(y) € y(x) and herce Z wins G(y,x), 1ege

(H’ ’nm&‘» N)( Elmus; rr,ﬂ)( « EGE N)(H‘ﬂua §D) i-l-lri..ii

EREEFEY I | E | X & B . ].
(j L) [y % <ﬂ'_|tj,ni.~i ffﬂk:’ & ‘ <ﬁu!' ”’nk-l:’
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Combining the two gamses we can simulate maves such that at the end of

the plays uwe shall obtain kl and kz satisfying

% ¢ E and y £ E
< s ue a4
nu, gnk wl} <mm, i.pmk -l>

1 L

e E .
* B yeeagn, > 29 ¢ E

kz""'l <mﬂ,¢--!mk2

By regularity Gf‘-{ En} this gives a contradiction. Ue thersfore have

..}1

3%
% < .
m‘f

| 3
Conversely suppose X <¢ ye If XE€F and y § F then plainly
A wine (vi)s So assume X EF and yEF and w(x) < y(y)e Then

we have T(y < x)s Thus

(zAn en)(¥m en )wg en)(Bn €E) seena

casens (¥k) [y g E<m Vx§gE u-.(.vii} |

<ﬂu,--- ’nl{~1>]

n’iil ,fﬂk>

IIf“ 3 doss not win (vi) then u.t.a have
(v n_enN)( 3 men )1 E,EN(¥N € E ) eenans

asueen (M:) [xBE Uy;’lE< ] ...(Uiii')_

<ﬂﬂ,l ’s ,nk_l> mn,- . ,mk_l.‘»

From (vil), (viii) and the game witnessing y € F we can play a series
of games as In 1° and arrive at a coptradiction. This shows that

S .
must win the game (vi)e. Thus €:| & TFJ‘-_@ « This completes the praof.

le2 Corollary 3 For esoh n, c:?en is a Spector pointclass. . [
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The effective versions of 1;6.6, leBe7 and IL.6,12 giué us the

follmwing.' The proofs follow the same pattern and are therefors omitted.

l.3 Theoram .Lat P=R_n oT cRn. Then far any A € ' and any

sfn,r the follouing sets are alse in | (uniformly).

(a) A%Z(B) "-'-'-'{ x s A% is comeager in Z(s)}
(b) A" [n_,r_‘_l = { x 3 MA® 116" > r}-

(o) a*lmz) ﬁ{x tA*NE™ > o).

The next result is an effective analogue of Theorem Is3,8 and
- pan be viewsd as the counterpart of the third periodicity theorem of

Moschovakis [38 ].

R, -
le4 Theorem ¢ Suppose F € lil and assume that

F(x) «> (+n_en)(Fn en N e eN)(3n 8N ) seves

(E.k-) [:‘1 ECx,y <nn,...,nk_l>):l . e v (i)

where E is & regular recursive relation. Assume, moreover, that ﬁ}d
is normal,

RO
Then, there is a 'TT:L N-wrecursiue partial fupction T such

that 'L'x = T(X,e) 15 @ winning s'trzategy for 3 4in the above -gama,
whensver X & Fe.

Proof 8 Let 77 be the canonical inductiua qparatnr'asamqiated mifh
N and E so0 that ' '

. T‘x (g) w '].E(g,s) U' -(h‘ ﬂs-N)( Anen) [:_s-ﬂ- <ﬁ'> S. A :' .-.
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Plainly, F(x) «>ee I0°.

Dafine Fr~least P such'thﬂt s € TZ?, if such a P exists
B(s rx) =
(_ (.ul othenwise.
Clearly, F(x) 4F§-B(e,x) <(nl.
Define FS(x) é> s & T‘xm .
_Rj,

This relation in X and s 1s in || . Now et x € F ¢ s0 = wuine

i- R sad | saw 2i
the above peme. If 'ﬂﬂ, nl, ’ﬂi-l RUSEUY ,’ni-—l are the first <1
relevant moves of % and =, obssrue that 2 4is in a winning position
1.8, he qoes on to win ths game (if he has not yet done so) iff

oo ' | |

‘:ﬂﬂ,itl ’ni"'l} £ Px 1sBe 1T B(inﬂ’-."niqlz‘"’.}{) <(l.)l. .HEHGE,
corresponding to any subsequent move 7T € N made by Y, =1 has to play
an n €7 such that B(ﬂ'nu,u;,ni__l,n},}() < B(<nﬂ,..-,ni_l>,3) holds.
Playing thus = ensures that he is in a winning position at pach stags
and ultimately arrives a2t a stage k when B(<nn""’nk-i>’x) =0 i,84
T E{x, <nn”"’nk-l}) and, therefore, wins the game (i). We shall show

R{

that = w©anh ensurs ﬁhis in a 'dl N(x) --mcursim way. Put

min(x, <N yeveyly 1>y <N ,...,nkf_]?)

- <F't g+ o0 yfl >
: 0 K=l &
G (b*ie:k)(nism& nieni)é( x € F

(U-u){(SBCI(U) & lh(U) =k & (¥i< k‘li{”)j_ =ng) & (V) &My

‘—-’B(?{! <nﬁ,‘-.’nk"‘l‘>) i B(X,U)}! |
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The proaof of Theorem l.l shows that the relation

B(x,u) < @, & Blx,u) & B(xyv)

R, Ry
is in TT; . It follows that the relation Min is in ‘l'rr .

Call <aﬂ'-rl L > baest with TEEPaCt to X and ﬂu,n-,ﬂ if

| K K
it is Y mindmal " with respect to x. and 'nm,.“;nk and if, moresover,

there ds no b<a in 1N

y such that ,<aa""’ak-l’b> is minimal.

K
Thus

EEBt(X, mﬂ,lii*nk>' <ﬂc},¢-i’ﬁk>)
M Min(x’ mc_’,-.-,ﬂk), -<ED’:ii1|ak>) &
(H‘ b'< Ek) [hank "'?B(x, <an,-“ 'ak:") < B()t, <Eﬁ’ii- 'ak“;'l’ b>)]

RO,
The relation Best is alsg in TTJ_ N. Finally, T is defined es follows

X 3 Mgs Ngs My npaeer iy e s ML
-3 F(x) & xeF® & B(x,0) > 0.
In this case, put
T (% $ 1 s hﬁf.n.ﬂk;_l; Ny, 1! ﬂk)' = 'ak
> | E'an) ove ( ak-—l) E(H-j<k) Bost(X , ﬂ]ﬂ,...,ﬂjh <an,..... ,,ajb-) -
3( Eﬂat(x_, ¢UG,....,T7R>, <an,*..,ak§ﬂ.

It is quite routina to check that if X & F.,Tx ls alwinning

strategy for 3 in the game (1)e [
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The natural question that'ariaas.nﬁw'is=wh5thér the Scalge—
Transfgr Theorem of Moschovakis [387 can be generalized to the typé
of games that we haue'daaling with so far. We do pot Enuﬁlﬁhather
this can be done. Housver, we can sstablish the spale property for
cﬁﬁin Dy observing the following facts. Firet nnté-that by sxtending
the notion of pressntability to any pointolass, one can obtain an affecm
tive version of Theorem I.4.6. Then abaerv972ﬁ§ result of Burgsess and
Kaniewski (Lemma I.5.1) can be affectivized using the canonical scales
on TTJ; sets and the affactive analogus of the theorem of Uan-Naumannu'
Yankov. Using these facts and the effective version of Bnrullary 12345
(which follows easily from tha proof of the norm property in Theorem le1)
one cén aFfE0tiUi;e Theorem I35.3. Wibhout going into any furthsr_dataiis

We announce
1.5 Theorem & For gvary N, Dﬁ?en. has the scale propartye |

The above results show that for sach n, G}Zn is a "nice M
pointclass with pleasent structural properties and is the:afdra an

interesting class to study:

2.4 the affegtive C~cata & In thié ssotion wWe shall consider the problem
of effectivizing the 7$}Q = C wgets of Selivanovskl}] in a réthan .
unorthodox fashion. The seffective C-saets have already been cnnstructad
| bQIHihman in [207] whers he has given a fairly gensral and satisfactory
method of effectivizing E(@ on W fqr.upe;‘atinns ﬁ mnra.:pqwsrf’:Ul
Ehan s Hinman gets ths effective ﬁiararchy by_gsna:alizing:Hddiéunia

construction of * Effaﬂtigewfzﬂnral'hierﬁrﬁhy wh;ch,_ruughlyg'unnsiste
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of alternating applications of r.e. union and complementation. Let us
briefly discuss Hinman's method. We shall confine ourselves to operation
Lfkifur simplicity. Brisfly, Hinman's method consists df assigning to
eagh set L as it is generated an index or code i{C) and at each stage
of the inductive deFinitiﬁn applying Dberatinn Ll%ltu_thnsa families {F}ﬁ}
of subsets of & for which the function n =~=> i(Fn) s recursive in
some set previously generated;_ The clags of sets thus obtained 1s sxactly
the class of sets recursive in IEl, tha type~2 object associated with
nperatimnltf%% This generalizes the result Fnr.tha " gffective ' Borel

2
sets or HYP, since HYP ds precisely the class of sets recursive in IE

the Klesne's type«~2 object associated with |Js More specifically, let I
be the smallest subSEt.ﬂf aa' such that for all a & I, thers exist

Pa c; « which satisfy the following conditions & for all a,b,c

(1) if c is an index of a partial recursive function on W then
L740> & 1 and P<?’n>==Dm{c} 3 -

(i1) 4if b€ I and for all k,~%ai}(k,Pb) € I, then <a,b> € I end
p<ﬁ’b} m'fe(({'lp{a} (k,pb) s k Eﬂj )'
This is an inductive definition uhose closure ordinal is Cnl[}Elf], the

least ordinal not the order~type of a well-ordering of @ recursive in

(cf [2271)s Put
v (f) = {pa tac I}.

Then hy [205 Thaqram 2-lU jlr

iy

Y} (,/f«z) sc(IE , the class of subsets of ® .;ré.acursiue in E,.
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Thisy in short, is the effective C~sets obtained by Hinman by appropriately

generalizing Addison's construction.

Now observe that the C-eets can be obtained by differsnt methods.
For example, as shown in L1371, the C~sets are obtained by applying ths
game quantifien ¥ to ég sets. In fact, by applying &) to the Ath
_leuél of the " difference hierarchy ¥ of £ g piven by alternated seriss
of decreasing closed sets (of [28 -QCM VI 7{) one obtains the ' Ath
level of the hierarchy of C-~sgts of Sslivanovskij. This neturally raises
the fallowing queatlons Can one obtein the affective Cesats by applyihg
$) to " effactive " alternated series of TTE sets of appropriste
lengthe 7 Ue feel that this should be poseibls, In this section we shall
confine ourselves to anothar, albeiﬁ unorthodox, method of ubtainiﬁg the

heirarchy of the classical C~sets and then obtain an effactive analagua;

But first we need the following definitlions.

. def
2.1 Definition ¢ E‘:l(c:r.') =3 o codos some tres on O

&d (WY 5) E:L(a) = ) @(Séq(s)& .
| (w6)(Seq(t) & £ C s —> alt) -=u})].

def |
82(5,5)1€f-b's is terminal for the tree coded by  «
def | . ‘
<> 5, (a) & afs) = 0 & (¥n) (s <n>) # 0)).
def

WF(a) <~ a codes 8 wsllfounded (uff) tree on @
—> 5. (a) & (¥B) (1) [aB(1)) # o]

> 5,(a) & (¥B) (T 1)5,(a, Bl1)),
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Plainly Sl and 52 are TTE while WF is Wi.

If T is a wff treeon w then 1T | denotes its length. If
T 75 Py then 1T 1=P{e), where P is the rank function (cof [38 s 2D 1),

If O ocodes a Wwff tree T +thenput all = |T l.

Let X be a space of type 0 or 1 and let G (:wm X X be a

good universal for Lc_.!L r}E » Dofine
e .
H(a,x) <> oa ,x) & af0) = 0V "G (a*.x) X af0) £ 0,
where o = Anealrtl).

. . l : m '
Now, define Dx C 4y Xmﬂ:’XI (ox D when ¥ 1is olear from the

context) as. follows.

0(Y48,%) €5 WF(Y) & (T a )¥n ) (¥ @) 3 n) (F 6 )n) eees

e ({5, (0 >,...,a,“ (01 ) & H®)0 b

Notice that the abave squivalsnce can also bs mritten als

D(Y58,x) > WF(Y) & (3 @ N¥n ) (ay) (Fn) e

e W3 hE, (Dm0 H((é)t*x)} (%)
t

This is berauss for any wff +tree T and any ssquence {mi} thers is a

unigque i sunh that <m ,.“,m l> lse tarminal for T. From the above

two equa.ualences it follows that D .15 im ﬁ = BR ﬂ '}3

The set O above (for apace's }f of type .l) was constructed by

Burgess and Lockhart in [1&] where they show that D ‘is universal for
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the C~sets. (If fact they prove that D is a Borel-programmable set and
so tha- class of Cwgeis is'atrictly included in the class of Borel-

programmable scts of Blackwa.ll (see l:la ',22 14 :l)).

A set A C:'ai , & space of type~l, is at the Ath level (h'<ﬂbl)
.[}.F C" 5':3\‘.'5' .
of the hieramh%iff‘ there exist Y& WF, 6 € o, 1l YI <N end A =D.>,é .
| ’

The offectivization in achisved by taking sections of- D by Wwf?

tregs and reals of inecreasing complexity (obtained a la Hinman)e Ue first

show that D is recursive in l;

2,2 Lemma s For eny space X (of type O or 1), D is mecursive
in El.

Proof ¢ We shail omit the superscript. We first fix a recursive function
(6,8) —>6% from o® X o —> &® such that (63)t = (5)5* g IF 4

codas a tree T then 75 is a code for Ts = {t t a¥ t € T} such that
the Fuﬁctican ()’,a) — )’8 18 recursive. Now define a partial function ¢

as follows.

P(oy)sbyx) = 0 if W(Y) & )Y n =0 &a((6) sx)

E:T . 1(?\ki EE(N{I‘{G}(X<k,kI> Iéczk,k >,K)))

it WR(Y) & HYylu>a

1 otheruise 4

0 1 (¢ BY( A m) (af{B(m)) = 0)
where IEl(cr,) = {

i if (AB) (vm) (a(B(m)) ;& g).
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Clearly ¢ 1is partial rsecursive in

4 By the recursion theorem thers

M
is an index ¢ . such that

07,6, {6} L (1,600)-

IE
It 1s easy to check by induction on | )’Il that {uﬂ' } 1 is the

characteristic function nf" D. Thus D is rafsursiue "Ny IEJ_ .

G) |
Since D{"" is recursive In £, ¢ 8ny effective hisrspohy we wish

to construct over % will not sxhaust z’sc(IEl) ags can be shown by

dlagonalizing. We therefors confine ourselves to ® and from now on
denote Daj by D
2,3 Definition * Let I be the smallest subset of @ such that Pox

avery a &€ lf thers exist tr(a) €® coding a uwff tree and a real

f(a) satisfying the Fulluming conditions.
For all a,b,b‘,ﬂ,k,ﬁ,ﬂ,m

(1) 4if © 4is the index of a total rauursiua function on W, then

<l7,e> € T apd tr{<17,c >) ia the caponical cods (i.8. the character-

istic function) for the tres {e} and .

r(< 1?,:: >¥ (< ayn>) ={m}' (n)

i

r(<17,0>)(m) 0 otherwise %

L _ | .: ' o § |
(ii.)- if b,bt € I and for alJ.._k,. {a}(k, Dtr(b),r(bf))ls I., then

<ayb,b!'> ¢ T and
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0

Il

tp(<a,b,bt>){(e)
' 0 if s=cU [Seqls) &
wleao o)) = ¢ a(a} kD pery)(e)=0]
1 otheruisa

r(<a,b,b'>)(<ks,n>) = r({a} (k,Dtr(b)’r(b,)))(Cs,m),

1.

otherwise r(<a,b,b'>)(m)

Now put

‘ L . .
= . { 3 —
}{-’ {Dtr(a),r(a') tajat el ¥ al = la'i}.
- :
Dbuinusly, there is a natural way of assigning ondinals to each a € I (viz lal)

so that one can define a npatural hierarchy whose scope is X . Ve shall

first show that it is a hierarchy in lSG(ﬂ?l)-

2¢4 Lomma * There ars primitive recursive functions -Gl and 02 such

L
that for all a € I,

-

te(a) = An. {Ul(a)} 1)

and r{a) = Anae [02(3)} | l(n).

Proof s Define two partial functions wl_,mz' as follows., For any

Joi——

91192!E$b!b'!ﬂrn:k:3su

"0 if n=e

(i) ¢1(511521<17:G>1 n) = {j - |
| 1 otherwise.
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(ii) (o 98y s<aybyb!>y £) = 0 if £ =e V Seqt) & ln(t) =

wl(sl,ezﬁa,b;b'},ka).: {El}“l(ﬂz’ga}(k’n E, _),8)
| An-iel} (az,b,n),%n-{ ol (el,b,n)

Wl( 11521<ﬁ bybt>, ﬂ) =1 if n ¢ Seq
(1i1) ql(al,ez,u,n) 18 undafinad otierwise.
(1) yy(ey48,4<1750>, <ayn>) ﬂ{c%(n)

(131) 4, (8, 9815 <ayb,b!>, <Ks o0 )

W{ o g E )ieum)
}\ni {El} (Engpﬂ},?\n-{'ﬁz}. l(Bl,b;n)

Wg(ﬁgtﬁlf <aybyb'>y m) =1 4if m § Seq V (m)ﬂ ¢ Seq
(iii!) wz(EQ,el,u,n) is undnfinsed otherwiso.

Clearly, wl,qz are partial recursive in IEl and so by the recursion

theorem thers are indices Ei, Eé sugh that
- oy k= IEl
Wl(ﬁlsﬂztarﬂ)'““ 9 (Ezra:n)

! 'f'#"'"'? dlﬂ IEl
and wZ(EZ'El’E’n) N 92 (Elpa’n)i

Let {Jl and 0, ba primitive recursive functions such that

fo a0} Hm 21z
{"_z(a}} (n) = {2} Eypeand-

ii"

l}‘ (e yayh)
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vy

1t is routine to oheck by induotion on I Ehat 4]

and a, have ths

1
required propercties. {

2,5 Theorem & ){ = lsc( *‘l)._

Proof ¢ One part of the incluslon follows from Lemmas 2.2 and 2Ze4. For

the other inclusion we shall shou

\YRY'% ={ P ¢ a 8"1‘} C__}C

In fact, we shall define partial recursive functicns pl' and Dz

that for svery a £ I, Dl(a), ﬂZQa) g1 ¢ | Dl(a)-l=-l ﬂz(a)'i and

astich

P& = Dtr(pl(é>)' r(ﬂz(a)) * * .u.(l)

éy the usual arqument via the recursion theorem one can get a primitive

Ly ey
retursive function 7 such that for every a € I and & € Seq, M{a}e I,

ﬂlH(r(a))t B H(r('n(a)))t " ase(2)

i

and | a | | 7t(a) | .

We now define two partial functions ¢l and ) by casss as follows.

(1) v (e s, <7,c>) = <17,c>

il

DACILIY <7,0>) = <17,c'>,

whers - Dm {'c} = G?\n.{c“} (n)

0 - if n=10

ond o'} () ="'{.{c*"'} N
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(ii) If u = <a,b>, then let 7T and T be primitive regursive funce

1. 2
tions such that for any v,t,A,
{El}- (92 :{U} (tyh)) E:‘{T (91!92! U)}(t,ﬂ) vee(3)
and ﬂ'({ } (EJl: tr-ﬂ‘))) et {T (91’532:”)/}' (t,A) Ceee(4)

Set wl(ﬂlrﬂz rb‘) <t (’51152:5) { l} (92’!3) {92} lrt')>

!#.Z(Ez,alr,u) — T (el,ﬂ,. a), } (Ez,b) { 2} (al,b}‘;».
By the recursion thoorem there are indices &, and &, such that
| “'1(31'52 ou) E{El} (52 :U.)
an;l qlz(Ez,al,u) ﬂ{%} (El’u)'
Set .Ol(u) {"-:{El} (Ez,u)

0, () 245, } (3, u):

We shall show by induction on I that Dl and 92 have thé desired

nroperties. So let u € I, If u is of the form <7,c>, then (1) holds

sasily. So let u = <a,b>, a # 7. Then

x € P €% (Aa)(¥n) [x # Pra) (Ea:'(n),Pb)]

- 4-»(21 cn)(vn)l:FD fa}(m(n)p (0 (h)))r(ﬁ (b) ))) r(P ({ J(a(n)Dtr(pl(b)))r(ﬁz(bP»)J |

by induction hypothésis.
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(ﬂh;)
e>(da) (b‘n)(ﬂ“mn)/(( Hag) () enes

Q 0O

t

(310 (5,060 @M P o (13,20, (19) )<l o )

& H((r(pz({ha}(&"(”)’Dtr(Dl(b)),r(ﬁz(h))})))t’x):l’ |

by (#) of 2,1 and determinacy {of closed ganes).

“>(3a ) )(¢a) (A0 )2 a,)(¥n) .ee

oo -.('.:.l k) [Sz(tr(ﬁl({a}(&'ﬂ( nﬂ)’Dtr(li;l(b)),r(pztb))))) r‘(w}J

‘ & H((”(”(pzo[?}(&ﬁ(”u)*Dtr(pl(b)),r(DZ(b)))))))t’“i] by (2)
i 1 ag)(‘d-no) (U-cnl) (1 nl)(él az)(\%nz) cevns
N k)[Ez(tr({Tl(El’Ez’a)}(an(nn)’Dtr(pl(b)),r(PZCb))))’t) %

H((r({’tz(gl,'ﬁz,aﬂ(&ﬂ(nn),Dtr(pl(b))’r(ﬂz(b})))t ,x)] , by (3) and (4)
<> D(tr(<T,(8y,8,,a),0, (b},P, (b)>),0(<T, (5,8, ,8) 40, (b),, (B)>), x),
<> 0(tx(P, (u)),=(P,(u)}, x), by dﬂfiniti;n-
 This complates the proofe

Reomark & It is clear that the above construction is pexfectly general and
can be generalized to obtain a hisrarchy over lsc(}‘g), For any De@s0 E

subsuming U« I



PART TIT

SOME PROPERTIES OF LARGE TTi SETS AND THE STRUCTURE
OF HYPERARITHMETICAL SETS OF AMBIGUOUS BOREL CLASSES

La Larqge ﬂi gsets ¢ In his papsr ‘'Measure and category in

sffective dsscriptive set theory’ ]:iﬁj, Keghrls provad a number of
méaaufawthanratic and cétegary-thaaretic results for the analytical
classes under Projesctive Dﬁferminacy-(Pﬁ). 'Althnugh sgparate proofs
wers given for measure &nd catsgory Kanhrié, howsver, unifiad (and
csXtsnded to tha.higharllauala of the analftical-hiararchy under PD)

* the basis theorem of TanakeSacks ([ 483, [407) and Hi'man&Thnmqsgn' |
([197, [50]) by formulating the prt;blem In terms of G--?-idéa_ls n.f.'
subsets of reals satisfying cextain definability nnnditinns!. In;thia 
soction we shall show that, at the Pirst level ﬂf.thﬂ analytinél hierarchy,
some of these results (ses (1) =(5) of Thaunemllyﬁ) Bre instannas‘uf_mnra
general results much in tha'spirit of Kechris' Basis Thoorasme. Exeabt;fur
the Easis theorem, we need only ko consider haTeditary fﬂhiliﬁﬁ'é% (leos
closad under subsets) aatisfying'a'weak definability nonditiﬂn'viii, the

!
TTJ.

are thought of being small sets and we shall abtain the besis thad;gm_for

cmmpi.:tatiunali formula (agaa Dﬁfination 1,3 balow)e. Elamanté of 3{

larqge Tfi sats when 5% is 8 O-~idsal satisfying the T]—_.Il_ - ﬁnmputatinnal'
formula., The ocorresponding results for measure and category are, thersefora,
particular instances of our rssu;té.' FUrﬁhermora, the basis theorem of

Kechris for largse ﬂi sets is atréngthaned since wa-prwé it under a much

wpaker definability essumptions
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U-ux;_nriginal_raaulta? and proofs (see I:S J} uwers-strengthenad and

modified by Y.Va Srivatsa and we present baelow mainly tha modified versiori

We work iy ZF + DC. Our notation and terminology is as in
Mosohovakis [ 387+ Stendard results in sffactive theory used here will
be found in [387. The follouing definitions would be needed in the

aequal;

lal Dafinigﬁgt Let A C o be a T[i sets The come of A, -denotad
by co(A), is the union of all Ai subssts (posaibly-empby) af A

1.2 Dofi tion ¥ For reals «,f ws write ailB ifFf @ € Ai(ﬁ) and
.a =IW.‘Lﬂ iff a 5-1 P & B.ilm' Cloarly = 1s .aﬁ---equiuals'_ﬁna i*alatiﬂn '

and both < 1 and = y are TTi relations,
Lot 3{ be 8 family of aubaata_ﬂ,f _mm ant;! let [ be & pnintnlaﬁg'f

1,3 Definition s The family %’( is said to satisfy the- T~ computetional

formula 1f every 8¢ ', B (; X < o™ , X = .(cnm)k xw", the sat

) Béiif{lxﬂ}(iﬁxlﬁﬁﬂ'(} |
is also in P, whare Bx ={B J (x,ﬂ} EEJ‘&

Examplae ¢ The O~ideals of meager sets and Lebesgue measure zero sots |
satisfy both 'zi and T_ri computational formulas { [ 24])y the O~ideal of
cauntable sets satisfy thél Ei but not the TTi computational formula,
uh:!.lai' tha O~ideal of Ramsey nui.l Bs-ta'(,i.,e.,maaggr with respect to thé |
Ellentuck tupolagy) satiafies na,ithar_’che-' E}_ _:nni*"_the TTi cqmputatinn,al

furmula:
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We shall also nesd the following result whose proof can be found

| ; 1 I
gandy's basis thsorem ¢ If A C;m 1s a non-empty El set, then A

contains 8 real a with CDT =ml o 0

l.4 Theoragm ¢ Let EI( be a hereditary famlily of subsets of reals not

cﬁntainiing o which satisfies the '[Ti' ﬁqmputé’cinnal farm.u.la.' ‘Then

we have the lelnuingt
(1) Every TTl set of reals A ¢ ﬁ( contains & A subsgt 8 § 8‘[
(2) a ao:‘”:ml <oal} 31
Al N of®
(3) ac¢ o> e o't ag, Bfp
where Al ﬂm. is the s_at of all Al reals,
(4) F.t:-r avary ﬂi gat A C_mm, Awe(h) € ‘3‘(_-_
If, moreover, %L( ls a O«ideal, then .
| 1 1
(5) evVaRYy TTJ_ set of reals A ﬁ 9{ cantains & Al raal.

Proof (1) This is implicitly (rather dualizetion of) an sffsctive

analogue of F‘igtkiawicz's result (cof [39]).'
. 1 | . 1
Fix a TTl noem @ on A. Suppose A is not Ajs Let
. * | .
C --{cr.:@.ﬂ <(po:} £ ?(}.
1 | 1 e
Sincse 3’( satisfies the TT computational formula, C is El and aince

A ¢ 3’( C C A. Morsover

c(a) c?x (9(B) < tp(ct.)) ~> C(B)..



118

| * | |
Hence thera 18 a_ €A such that € ={a 1 a<ya }. since « ¢,

it follow that
.
c =18 ¢ i3<¢aq}¢ %L :

Let B be a Ai sat such that C C B C A. Plainly B is the reguirsd

s6t.

(2) Let A ={a e W ¢ 1 K & col} Plainly A is —T (]38 34F )
and if A § ?& then by (1) A inmcludes a nnn-amptyAl set. But this is

not posasible by Gandy 8 baais thaorems« Sao A € ﬁ(.

(3) If o is aAl point then clsarly {ﬁam (N ﬁ} o ¢ 9{
For the converse, first chesrve that if a is a T[l ()’ ainglatnn 1484
{cﬂ_} is ﬂ_i()') , than the set E[ol H{B £ w3 af_lﬁ}'ia TTi()f) .
1f furthermore E(ald ¢ 3’(, then by the relativized version of (1),
there lo a Ai()’) sgt B (: E.L‘cnj such that B ¥ S0 o .8 for all

P E B. But then
aln) = m <> (¥8) [ BB) —> (A6 e A(BN(6e{a} & 8(n) =m) ],

so that o s 2 Ai()‘) real. Han'::a the set

s={aca®{prag,et ¢ Ff

contains no non-trivial TTi()’) singleton for eny ). Also by hypothesia
G 1is TTi » We now claim that G is thén i--ﬂa cuntains no perfact set.
If not, then there is a ﬂ )’) , OnE~one Functir::n q ¢ 2 —«?-G for same 7
But Zm containg & non~trivial 'TT ()’) singlﬁtﬂn and 80 G containe a
nnn—-triuial TTJ'(}') singloton. - But this is not possibloe So 6 4s thin

and ﬂonsaquently, G Ccl, the largest thin TT sat (cf‘ [25 7). Since . €
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is closed under £,

must be the set of &i’ reals (see [ 253418 7]). This completes the

and G contains no rnunwtriuial TT;' éingletdn G'

proof of (3).

- | !
(4) Let A C-Cl)m be a li sete Lat A ‘-—-{ca: e o .mik"mi
Fix a recuraive function f s ™ f-".‘!'a)m such that A{a) <> Wo(f(a)).

‘Suppose & € A o Then f(a) & WO and CD?_: = mik‘ ut  fla) is Ai(a)

and hence P (c) | < o:ic=m§k; F oo each £ < mik y lat A

A;" ={aens ir(@)igE}s Then & (C U A« By boundedness,

J A = c(A), tha union of all Ai subsets of A. Thue

a _TT set € such that f‘/\ C is one-one and r(c) .' Consider the
predicete - q(sj <> £(C (| Ns 5& g(.. Clearly, & is ﬂ_i « FiXx a T[i

norm on @ apd define -
P(a,t) > Q(s) & a(t) & s (_:_ t & 1h(t) = 1h(a)' +1 &
1 (u g! {s (; t' & 1h(t') = in(e) + 1

— (1 <yt & Lt <q}t ! (t)lh(ﬁ) < (¢ )lh(t ZD}

- Plainly P is Tl'i and sincé cg‘t is a G-—ideal for aach 8 E= 4 thare ie

(unique) t € @ such that P(s,t). By the Racursinn Thaarem ([ 38y TH..Z])

- the unidue CI. that P defines :Ls a Al point in C¢ Henca f(a) ia a

ﬁi polnt in A
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" Remark 1 3 It is olear from the proof of (1) that if l_'. is a Spector
pointclass and ?I( a hereditary family of subsots of o® which satisfiea

the [ computational formule, then for an'y [ set A # ?; there 1o a
A(=TN"r) eet 8 Cﬁ_auch that B ¢ ?.

Remark 2 ¢ An appropriate ganerallzatlun of (3) to higher levels of the

analytical hierarchy has besn ubtained by Srivataa.

Remark 3 ¢ The following sxample of Stivetsa shous that one cannot hope

to get the basis theorem for hereditary familisa.

Example ¢ Lot A C_:_ mm be & Ai ggt not ountaining any Ai rodds
Dofine I(A)} = {B C o % A ¢ B } Clearly I(A) ie s hemdiﬁany

family and it 1s easy to sss that it satisfiss the TTJi computational
formula, .Further F\}i I(A) and A contains no Ai raé.:l...' “

Raemark 4 3 A boldface analogue of (1) above yields the following (cf [.‘35]).

Let {% he & Ow-jdeal which satiafies ths .«.T.T:,i computational formula.

Lat C (:tﬂm?’(mm he A ﬂl

L l

set such that for each «, Ca =-{B s c(a,B)}l; '::E.

~ Then there is a Horel measurable function £ such that (a,f(a)) € € for

- o
pach a4 £ @

To see this first obtain a Borel aet B C C such that ECLF ?

for sach o, by (dualizing) Pi'ejltkiemic:z'.a theoreme Then proceed as in the
proof of (5).

We now obtain en analogue of a mault of Kauhris on the existanca

of the largest Trl ast in ? mhara oa; is = Unidaﬂl. Predictably, aur

- proof relies on the techniques developed in ['25].
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1.5 Theorem ¢ Let the O=ideal % satis?ty both the TT_:I[ and Ei.

computational Pormulas. Then there is' a largest TTJJ: sat in ?.

Proof ¢ Let U (: WX W be a ﬂi set which 1s W-univarsal for

TT% sete of reals. Fix a regular ﬂi noem 4y on W, Define
oy ) <> u(ny@) &8 1 (n8) &, (mar} e .

Put R(a) <% ( 3n)aln,a). By hypothesis, @ is TT! and eo R e TT]'

1
It is esey to check that if U ={rx $ lﬂ(n.r:z } € ?; then hJ (:R. Ta
complete the proof 1t remains to show thatl R € ?Jf(- For this it suffices

to show Q_ € ?.l for sach ne Suppose there is an n € & such that @ F ?-
n | | | - n
Pub

£ 5 {'It:. Qk
a Qné-avasqn& Wy = o .

By Theorem 1, Q \ Q' B?C and hence EJ' > %‘- For aach &, leb

-‘[c:t; £ C| ' q(n,&) = §} Suppose o © Q and let m(n,a)

- ﬂr'ﬁ
Then the intial segment aof g 4 datermined by (n,x) is & Ai{ct,)
prewellorderdng of X o of langth U~ Hoenoe M is thse length of a

A.;IL.(G) prewvellordering of cnm and so0 M < d% Bk (cf [24'_‘[). Thua

QI’I C_. U y Qnrg .'.
§<m§ ..

and, consequently, there is a § < mlk such that U ot 2 % But this

{s clearly & conbradiction, since for sach £, 'Qn,g is sasily ssen to be

in %(t- This completes tha proofs

Obviously the problem that is of interest houw is to find necessary

'ut:inditiﬂns for O~ideals "Xt to satisfy the TTi camputatinnal formula.
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No satisfaoctory answer has been obtained« Houwever, we shall show that

if ‘31 is generatad by an ildeal of closed sats which is Wi

| syBYLY Ei set in 6}‘ hae the covering property and hence, the Li‘

tational formulae holds. The covering theorem lncidentally gives altsrna-

codsd, then

COMPLU~

tive pranfe‘af some Wall=known results like the covering propsrty of Ei
meagen setﬁ, of Ei O=bounded sets and Harrison's theorsm on countable
Ei sets. Louveau ([30], [31]) has already obtained these sarlier -but
our methods are differents Reasults in the rest of this section vere

obtained Jjointly with A. Maitra and U.U.'Sriﬁataa.

l.6 Dsfinition s A family 8 of closed subsets of w® will ba called
an ideal of closed sets if whenever A € 6 and B C A is r}lnaed, then
A e 9 . ‘%’L Wwill be called the O~ideal ganerated hy 9 provided B E ?ﬂ.

iff thero is a sequence {Bﬂ% in % such that 8 C L Bn' |
n

An ideal of clossd sebs %) i said to be Wi«uodad if the sst of

codes
0 . | .
¥ ==£t1 & O 3 codes 2 tree T on w such that LT 1 € %}

if ﬂi. 1f ‘31 18 the O~ideal generated by a Tifl-cﬂdad ideal y than %L

1
is also said to be ”i-mdad.
1.7 Lemma ¢ Let % be a ni poded ideal of clased ssts. If A E_% ’

A ia Ei y thaen there is a Z:\i tree T on & such that LT I a% and

n(;t:‘r:].

ProoP ¢ Suppose not, ls9s whenever T is a &i tree such that A C [Td,

P el ool

(T3 ¢ %- In particular, T is not Ai, where T' = {BESEE} ' N 1A 7“9}
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so that T' 1o a Ei' tree and [T'3 Sg . let 9 be a TT_]i norm on
5eq\T » Dofine uy(t) = min{fﬂ(u) t Seq(u) & u (C ¢ & 1 T'(u)']‘,
t € Seg\T'e Clearly u,t € Seq\T' & u-(:t ~> (%) < Wu). It is not

hard to cheok that 4 1s a TTi} noxm on Saq‘gT'. Then

s €T <> Segle) & (va) [(cr, codes a tres & |
7 setel B e
(¢ t) (a(t) = 0 =» 1(t < 480> o) .
To see this, lat s €T s Now if CL codes a tree T"- Eﬁuh_ that .
H | 1 - -
(bt)(t 6T - (¢ <*tk a)), then T (; T', 8o that ET“ J 6_3 anq 80

o € C. Conversely, supposs s § T X Seq(a)e Let S .

: ={t ¢ seq 1 »1(5_(*“ s)}-.

Clearly S5 ig AZ

l- UE! dﬂfinﬁ

s* ={ueseqs ( ItINs(t) & u C 6)} .
Then §° is a Ay tres and T' (8 ((s*. Choose a & &® such that
¢ =0 on S and a0 off 5. Then (¢ ) [tx(t) = 0 —> (& <: a)].
Bi.nca o 'fmdes a Ai traeh 8* and A (; Es*j ,Isn by ;aasumptinn '-lE(t;t)}
This proves (i). But (i) {1 a Tfi‘ daf‘ini-tian_ of T', 80 T'ia' Ai,l..which
is a contradiction. . I - |

The above lemma can also bs formulated in terms of a Spactor point-

) : |
class closed under %% and is of independent intersst.

We now prove the covering thenrem;

1.8 Theorem 8 Let CB he as above and %(. the Jw-ideal gener'atad'_ by Qﬁ" .
suppose A (C o is z;‘_ and A € ‘ﬁf . Then thers is a A7 sat BC & X o
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such that for each ny By =-Ecr. ¢ B(n ,a)}e D and (%a) [A(a)—>( Hn).ﬂ(n:,a)].

Proof ¢ Let M = U{_[Tj t T 1is a Ai" trae & [TJ € Cj}. It le easy to
oheck that M is TTY.

We claim that if L # 9 is Ei and Lﬁg’ﬂ, then L (1M # @,

To sea this, let { 3 o~ o be 8 recursive funotion and D Cmm

D :
' = L . | E
be a TI, set such thet £(D) =L. Now L C-;nl.ajnt'“ uhora each L &
By Baire Category theorem, thers is s, £ 5eq end n_ & @ such that

. - 1
¢ £ p(0 N NEU) C Lnﬁ' Now f(D ﬂMsﬂ) ie %, and so ol{ £(D HNEG)).

is Ei and in cﬂ’- Hance by Lamma L there is e &i treg T auch that

(T1e Y and #(® NN ) C [TI. It Follove that
0 .

LAN D LOTTI ) spNN ) #9.
0

Now if. a gmi than L' = A.\N j;a E;:, nonempty apd in g’l-'

Hence L& [1M 75 P whit‘:hl is impmssible; S50 A (: Ms Lot

R{nja) «> .cl(n)l‘& C(d{n)) & (¥m) (d(n)(&'(m)) = 0),

£\

whore o s & ~> O isg a partial TTi recursive function which para~

metrizes AT M o® R s 111 and A(a) => (An)R(nya)e Get & A]
function g1 a’ =3 ® such that (¥a&A)R(gla), a).

et Q.{n) &> (Tachr)(gla) = n)
1,(n) <> d(n)] & c(aln}).

1 1 N 1
So E]l s 2y Q.z is TTJ. and Ql C_ Q,» Get & Al 8 such that
4, C 0 8,. Define

s(na) <> A(nY) & (a) (A(n)En) = 0)s
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Clearly, B is Ai‘ and does the joba.

The El computational formula now follows immediately.

]

1.9 Theorem ¢ Lot %( be as above. Than g( satisfies the Zi’ :nmputa;-

tional formula.

Proof ¢ Let A g Xxmw be a - Ei set, where X = (mm)k x cul.. Let
={x 14 ¢ %

It suffices to shou that B8 1s Wi- ' By a2 relatiwization of Thanrém 1.8

Wwe have

B(x) > (¥B) | A(x,B) = ( Hn){d(n,x)} & C(d(n,x))
& (¥ m) (dlnyx)(B(n)) = 0)) T,

whers d ie as in [384 40,27, Thus B s T[y. i

As an illustration, we shall we shall adopt the above methods to

ohtaln the following asparétimn theorem (see [15] and the next sactinn_).

Suppose A and B are tuo }:‘i sgts and A can ba-slep_arlated

from B by the difference of tuwo 3‘:'3 setse Then A can be ssparated

from B by the differencs of two Ai nég sats.

To see this consider the following ideal of tlosed sots

%ﬂ{[ﬁ] ¢+ T 4satrea & [TI1(1 8 is contained in a éz
saet disjoint from P:} . . -
=f{[T3+T isa tres & [TIM B is conteinad in &
A(T), £ set diejoint from A [, by the separation
> | |

theorem of Louveau [29].
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Then o is ﬂ'i‘_nﬂﬂdad and if Latr,is the O~ideal gonerated by S,
theh A€ %L + So by the covering theorem, there is a ﬂiéaaquenue of

gots Fn - | Gnrn such that A (: H (Fn - lilj Gnm) and-aaqh Fn’ Gn

m il

| | 1 - e |
is closed and (unif'urmly)ﬁl and Enm A =9, F“h B (ﬂ ‘Fﬁj qnm.. Then

A UF. -~ UG, and (UF. - UG )MNB=¢,
gn'” nmnm n-n Ny nm

2. Hyperarithmeticel Sota of ﬂmbigucua Borael Claaaas_uith REElimatimnS
to Borel Sgts in Product Spaces. | |

2.0 Introduotiop 3 1In thle pert of our dissertation ve shall digress
a bit and undertake a study of the structure of hypsmrithmeticql; spts
which are of ambiguous Horel classes. Thuas our objsct mf study is mainly
zﬁi ﬂ£.2+l (& <&)§k). Boragl sets of ambiguous clase &+l (i-a. belong-
ing tﬂc.é. E+1) are pracisely' those sets which can be written as the union:
of alternating differences of a transfinite decressing sequence of H&U
setse Such a repressntation gives rise to a natural hierarnhy'(ﬁha S0~
called differsnoe hisrarchy) of A 9 . (cf [ %844 37 IV ]). Here we
o Etl _

| \ | 1 0

shall show that thers is an analogous effective hlerarchy of A-l ﬁ£§+l

which coincldes with the difference hierarchy ché §+1 restricted to Ai.

Although we believe that the study of such bierarchies is not
entirely out of place in the context of the effective R -sets, the content
of this section stems mainly from a result of G. Daebs [16] on the .

structure of Borel sets in product spaces L&hiah sl’catas"'t;he fnllﬂlqing; -
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Suppose X and_ Y' be two Polish (analytin) spaces and B C:-X-'xY a

gl sl e epin i

porel sot such that sach vertical section is the differsnce Df;tﬁﬂ

Wt Sl o A M. L Py ot - felieronl . Rl A

Gg sgts.s Thon 8% (~0) where C,D0 ars Borel subssts of XxY with

-

Gé sections. . In the previous section, we have obtained an effective

~analogue by showing that a [ki sot of reals which 1& the difference of
0 P 1 0
two IIZ sete 18 of the form C~D, wheze G and D ere both A7 N J;I'z;
This Immedlately glves Debs'! result in product spaces. We shall generaw-
lize Debs! result by showing the f’nlluwingl. S upposa A is a ﬁ:ii' spt of

reals and Nt are fixed recursive ordinals. Supposas thers is a decreas-

Leerp

ing tramsftinite aéquenuea of TTD sats {GM t < ?\} such that

< A
I even

(6= By
1 ' 1 O
Then there le & dooresedng " A =sequence " of A [ *-a”E asts
{6y 8 H< A} such thet
7 *
Ae U (6, =6, ).

M < A
I even

This completely gsmeralizes Deba' result on Borel sets in product spaces

and snswers & question raised by us in [ 3 J. (Note that when N is

odd G'?\ and G; above are taken to be the smpty sot)e Now ohserve that

l. After we have obtaeined this result ws Uers informed by Profa Louveal
that he has obtained this and much more in his paper % Some properties
of the Wadqe hierarchy of Borsl sets ' in 1327. :
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by 2 result of Burgess and Louveau [29;?{.2 Theorem & J (s@s Theorem
2.,2.8 helow) there is an effsctive ana;ngua of the difference hiararchy
in gﬁiﬁf1[&;:ar Our result quoted above shows that thile hlerarchy

Corry | |

soincides with the hisrarchy in ggi'r1£§§+l obtained by restricting the

difference hispsrohy in é §+l to Ai’ sats. We shall also éhw (vie 8
sagparation theorem for Ei sats) thet if P and Q are two disjoint

‘Ei asets in_ufb ):afb such that each ﬁertiaal sesotlon Pa s sgparated

Prom Qa by a‘ég sat, then thers is a Borsel set B saparating P and
¢ auu’h that sach vertical saction Ea isé J . This is a result of

~ Burgess for £ =2 3% our result extends Burgess! rasultltn avery level.
Analogues of ﬁheaa results for Z&i}.clnpen sats are'alsﬁ obtained -
results due to J.U, Addison, but never publisheds Ws include tham for

the sake of mumplatﬁneaa;:

As applications we shall, as is usually the case, obtain structural
results for Borel sets in product spaces. These includs the generaliza-
tion of Debs’ result mentioned earlier.and an unpublishsd result of Addison

and Harrington nh the non-sxistence of Borel ssts uplversal for A§+l'
- &

241 Ceoding pair 3 the & = and @ — topologies ¢ Most of the material in

this subsection is taken from Lnﬁueau‘a article [ 29]. Here, W Pix &
rgcursively presented (reps) Polish space X (for definitisn see [:33];
otheruiee one may think of X as the space Zm or mm or (mm)k P mx).
Given such a space X, by a coding pair we shall mean a pair (W(X)4C(X))
(or (W,C), when X is clear from the context) such that

1 |
(i) W, the sst of codes, is a TT]‘ set of integers,
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(ii) C is a TT; subset of X X which is universal for non-enpty.

Z\i attbsete of X
(1ii) 7 (C) = U, and

(iv) the relation n€ W & x gC_ is TTi.

Obsorve that such a coding palr sxists (of :38'_]).
A sat A (;'X .is the Ai-—uniun of a sequence {B t NeW },
1 | n

uritten A =UJB , if A = B and the set B dofined by
n .
B{n,x) €> x € B

is L\i. if [ ie a family of sots, ue danute'by Ui‘ " the family of

gets obtalned by Ai-uniun performed on ssquence of sets from .

The Ai-racuraiue hisrarchy (EZ ,T'.'z),g_ e 0, Lo defined by the

inductian
Ei '—"sz ={Ns t 5 ¢ Saq}
EZ = ui( ﬂLZIETt;;)
anq Jl'z='1£fg=={ﬂ gx':x-nsz‘g}.
Cloarly, EZ (; Eg M r.’).i; in fact Lagueau proves, for £ < m?k :
Lz =Mg ﬂﬁxi and Ai = gi_)wﬂkz*g ”
1

For dotalls regarding this hierarchy we refer to [_29].

ck

1! the set W, of E~codes. is defined by

For gach E < 0 g
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| %
nNElW €&>»pnel C 7 .
3 &n &

Ohe can éhc:w that W, and U 4., are ﬂl ([29]).
2 n<t n 1
We now consider a family of topologise as follows.,

For gach &, 1 < £ < ﬂ:ik, the topology TE on X is the topolagy on

. |
X generated by El N{ U TE ) Tm ls the topology onh X ganerated
| n<ET

1 | |
by all 2, subsets of X. The topology Tm will be called the

J

® ~topology or the Harrington topologys Clearly T, 1e the usual tﬁpulugy
“on X and the topologles {T $ £ < m }- are lncressing, each Tg baing

coarser than Tcn « Terms and notation like '"Ewopen" , " teglosed ",

| J— H '
g s+ refer to the porresponding topological notiocn in the. £~topologys

" Wa shall need the fullﬁwing results in the sequel. The proofs can

. be found in [ 29].

2.141 Lgmma (Harringtnn, Louveau) s The spacs (X,T ) is a Baire
- OPew
“space i.a. tha sountebls intersection of co/(:-dana:a gsate ls @ ~dense.

Consequently, any open subspacs of (X,Tm) ie also a Baire space. [

0

2ele2 Lamma (Louveau) ¢ Let A CX bo & El soks Them A°> is L{’I‘g

L
and Ei; [I

" denote the largest &=-open ast such

that H (] GH la mﬁneagar; We set H§ = X-—GH. Clearly Hg s &~closed

For pach set H C Xs let G

and H-WE is ® ~meagoer. In fact we havs

2,1.3 Lomma (Louveau) ¢ If H is Eé,then HLE..Hg is u::-rneag-ar.

Proof § Soe [:29:1.
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For any tuo subsets A,B of X we wrdts A (C B if A~B is
e |

@ ~meager. Clearly, if A C B than A C By C is transitive and
de 6 e |

satisfles many of the properntiss of Q.'

Z.led Lepma ¢ IF A C;X is @ -open, and A (: H, then A CT—TE ’

Beab
Proof s Clearly, A C '.FTE_ and hence I'_’i----'“fll"E le @ -meager. But A-TE
Be B o |
is ®~opane 50 by Lemm=a 2,1«s1, A A% = Do

2.2 The mein resylte Faor any Polish spagce X, a property IP of

e

subspts of X 18 called & fgithful sagaratign-(FS) prnperty 1f for any-
disjolnt Ell A E C Xz, if there sxist a sat B C X2 separatihg' A E
" ' .
such that avery vertical sesotion Ex of B has 1P, then thers exists
a Borel set with the same propertiss. Burgese | 97) hee shoun that the
property of being ég %8 FS. In this seotion we shall extend this |

result to evary level. Ws first need the following separation principles

2.2,1 Lemma ¢ Let l<EK mik . Lot P and @ be two Ei sets of

reals which ocan be separate by a Ag sgte The_h they cen be separated by
L ) :
1 n - |
a Al ﬂ é’g geot.
N 0 - _
Ppoof ¢ Suppose H isa aé - set such that P (;_H and H Na =9,
Slnoo P.g is Ei‘ s DY I.ernmal-l;é;, P C ﬂg . Henos EE (;fﬁ'g o Similarly,
EE g H C . SD,
— - ! % r"-’-.E
FENTECTHE NS CEE-m) Y =10,

r~4&

Since both H and H® are 3}2, by LemmeZLa3y both H° - H and H° -

are  ~meagers Hence 'E'E 1 Tjg is m ~meager. By Lemma}laz y EE ﬂ ﬁg.
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is Zi and hence by Lemmall.l, Eg' [ Ei'g =P, Applying the separation
theorem of Lauveau twice one ohtains two diaj.oint ﬂi ,E}% sots P and
a* such that PS Cr* and T° Ca". now by [293%24, Corollary 3]
or by effectivizing [251?30 VII Theorem 2 ] we getﬂ a Ai ﬂ£§ sat

# L
sgparating P from G*. This completes the proof.

The relativized version of the above immediately glves the FS

property of A .
Ly

2,2,2 Theorsm t Let P and @ be tuo disjoint 3 subeats of o xo®
suph that each vertical ssotion Py H{B t P(ayB)} of P is sepersted
from Qd‘ by a ‘én ety 1L < £ < fDlu Then there is a Bcﬁr'el set B
separating P and Q@ such that eacﬁ vertical ssotion B, 8 éﬂ-
~Proof ¢ Fix z such that P and Q are Zi(Z) and E <.m§- Then
for each «, Pa and QﬂC are Ei’ (Kayz>) sote uihinh can be saparated
by aé[é sets Hence by Lemma 2.2.1 (relativized) thers is &

Ai (<Qyz>) ﬂég spt separating Pa and | Qa-' As in [2.932;‘2(; 1 fix a
peir (U,C) of 7 relations, U (CX X&'y ¢ (CX XaxXa® euch that
for mach x4 < Nx ' Cx > 1ls a coding pair f‘nr. &i(x) subssts of a)m .

Consider the f‘ﬂllnming‘ (of. [297] for notation)

R(ctymyn) €> m € mga,z';*& neé mg‘l*z”

& C<G3:Z>,m =-jc<ﬂ.p2>!n & Pa (; B‘-a!zz’.!m

8(' G":G:’Z:’"Fﬂ n Q(I = @ .

One can check that R is ni(z) (of [257]) and (%a) (I m) (3 n)R(asmyn)e
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Hence by'Eaey Uniformization [38] there exist Ai(z) functions f snd g

such that (¥a)R(a,f(a),q{a)). Now define B as follows,
B{a.yB) € C(<ctyz>, f(a),B)

Clearly, B Iis Ai'(Z) and hence Borel, B separates P from G and

for aach o, Ba 1s iﬁ‘g' This completess the proof.

We shall now prove the atruutural result méntiuned in the intoow
ductimn; We fix for ths rest of this section a recursive function 9

such that if o & W0 than 9P{a,n) cndés the striot initial segment of

Sq wdth top n, Whenever n & Fiald(ia) ¢y otherwise it codes the empty

relation.

24243 Thegrem ' Lat- L and m' be twa disjolint Ei cete of reals,
P C > any _Ei got and 1 < A< mik » L L E < {D.Ek » Suppose there is

‘a decreaaing transfinlte sequence {Hu t B < ?x} of g% sets such thﬁf,

(a) L C H,

(b) H. = [1 H

" if M <A is limit
W < L |

MI'!
(¢) H, NN gle, if M <N is even
() H#ﬂLgHm_l, if W< A is odd

(a) (ﬂHu)ﬂPﬂ*fP
SN

Then, for sach recurgive w € WO with la | = A, thers is a n‘g set

oy C o X o such that

(a) H:_DHJ"; 9 1,3



(1)
(2)
(3)
(4)
(5)

13

. LY} .
L. C Hn if n 8 F'i'ald(:?-cc)

Y
3

el
—r

He
Hi

M
i<, 4

% v
rHiﬂF"IC_Hj
¥ *
Hil"lL CHj

( ()

i€ Field(< )

if 10(a,i)t

5.
and | ¥(a,n) i =0
is limit

is aven and 19{c,i)i + 1 = | @(c,j)|

is odd and 19¥{a,i)l + 1 = [9(a,J)]

if 19(a,i)l
if [ O(a,i)l
H:) Np=¢,

Proof ¢ We shall prove this by induction on MNe So assuma that the

result is trus for all ?\' <.?\.

Case l. ?\=5\"+ le -

Iy

I N

ls limit, than obaarﬁa, that the éaquenoa {HU» 3 M < "}t} satisfies

the hypotheses (a) ~ (o) of the theorem.- ;Hanca-.induotiﬂn*-*h'ygﬂthasis

! K
appliea. So assume A=A, + 2, Fix a recursive function f and BT

1]

set A (C © such that P(A) =P. Lot (U,6) and (u',C') be coding

paire which code A::Il-. subsets of o

Subcase gil. hl is sven.

%

In this cass we define ﬁl as follo

and X o respectively.

WE o
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e (31){ 18 [ u & xec & (Fne U)X Fne u(w8)

xEHl
’0<§ | ﬂ<§

LBeanc, —>(r(B)ec and

(0)

L L

(¥1) (v3) (18 Fiala(c ) & i < 3= ¢}, Dc) o)

& .(l) v (v1) (ieFleld(< ) HNIO(a,i)= 0 =L Ccn’i

X (2}

& l a—
(b":t.)_( !w(a,i)! ls limit = C_, = j{ﬂ icn,j)

&(3) ¢ (i) (v3) (1e Field(f_a) & |P{a,di) | is avan
K1P(ai) 141 = | P(ay3)| —> c;’i N Cc;}'j)
&(8) ¢ (vi)(¥3) (10{a,i)] dis pdd'& lcp(a,iji + 1= 19,5 _
LN Ceny)
&(s')e n'i* ne MNmn= ]}'

whers  1®{a,i*)1 = Ay. Clearly, F}J is E~open and hence m ~opane

Moreover, it is not hard to check that Ai is also ﬂi. We now claim

'}!l 'H' ' —
that A (_ Ays If not, then B=A~A, #9 andso f(8) ( F(R) = P.
. . N 0
Hencae by (9),‘1’(8) C f'?\l+l y Where . F?xl-l-l = a:s - H?\l-l*l is ;EE .

So We may write F?\ 41 © |J F}\ 410 Wherae sach F?lil-i*l is in n'ﬂ(k)

1 REW "1
| - (k) |
for some 7N{k) < E« Consequently, f£(B) C L F'}\ + ¢ Nou observe that
) 1 |

Be5 K

B is o ~clopen and hehte (E,T ) is a Balre space. Further
1 (k)

| & =1k .
P s (B!Tm ) *-B'((ﬁ(ﬁ, Tm) is cmntinumua and open. Hemce B8 ( U f (F’/\l-i-l Yo
Sa b k -

| | | o1, Nk |
So thers 16 a KE W such that £ (F?\ +l ) is not ~ @ ~nowheredansee.
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' . 1 ' ) fhn(k)
Hence there is a non-smply El sat @ C B such that f( E') C ?\ +1
~1(k) . ﬂ(k)
k - _-:-——--n
. But F?\ +1 C F .'I. +1 C__ F?\l+l » Hancs f_'(B a(: F?\ +.1 This shows

that f(El')n(k) ﬂH?\fl is m-;meagar.- Since F(E')n(k) is g~open,

Wwg haye

F(B p(a") MK H7\1+1 ees(I)
We now defins & decreasing saquanca*caf‘ E~closad sets {-:JLL s LS }\l*‘lf l} o

satisfying the following
(1) L C 3 .
. | tﬂg | | _ |
(11) 3, (R for each H'g A+

L

(iii) sach 2 is“#zl

1
(1v) 3,01m C_ D1 'if'. (< 7\1+; is sven -

(v)q 3,00 Iy, 47 M<A+1 fe odd

(vi) 3. = [ 3

" if M< AL + 1 dis limit.
i < L .

! 1

Such a sequence is defined by recursion as follow. Fix unué'and for
all m, it e Fiald(f_:_a) such that 19{asmi*)| =0 and 1P{a,r*)} = A F L

1 oy
let G be & good ®=universal set for El r(,u xXa® . DEFlnE
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R(pynga) €~> (n = n* & q € T_'g)
V (19{a,n) is limit & (v 3 <0; n)G(p, ,a))

V ( Ime Fiﬂld(im)) (p(a,m) ) + 1= 19(a,n)}l & n < it

-
L)

& 19(a,n) | is even & « € G

V (3me Fiald(ia) ( l@(&',m)rln-{- -l - I‘P(d:.n)l & n f.':-a n.,‘;.

& 10(a,n)| is odd & o E G

16
B, An=).

1
. : l j
Hence by the Recursion Theorem of Klesns ([3[3 s JH :]) thers is a te

As 'in the proof of Lemma 2421 (cf EZQ]) one c:ah show that R is &

such that
R(p*,n,a) € o(p*,n,a).

Then for 7 <A, + 1, us define Iy by

Q€ 3, <> R(p™ ,net)

where n B'Fisld(f_a) & W(ayn)l =1,

Clearly J,'s satisfy (i),'(iii),l(vi)_ abovej(ii), (iv) and (v) are

proved by induction. To see (ii), for inétance, observe that

3 =;C! ﬂL§

T -+ 1 »
1 - when .ﬂ 1l is e?an

But ZI11 ML Cﬁng N L by induction hypothesis

Cﬂnf"l"-C_?_ LES R

He B

!vg o
Hence by Lemma 2.l.4, :l,n L (;_: Hn_l_l.i
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_ . - .
Consequsntly, JT"H-l = Jﬂ M L C Hn§+l' To see {iv), observe that,

when 7N is sven,

The other cases can be proved similafly. Having defined such a sepquence

lJ;’E have by (I)g

.‘;-(?‘)n_(k) g I+ =7
- i

S0 by the separation theorem of Louvesy ]:'29], there is -a Ir:;(k) set E

such that

f(8') CE end E T3 ? .

: - _ AN

' a4
Now E f1m g N-J?\f_l C o - J?\l by (1v).

'. | [J
Thus the decreasing sequence of 1‘15 gats {.’Ju I 5". ?\l} satisfies the
hypotheses (a) ~ (o) of the theorem with .P..replapsd by E 1 Me Hepse- .
by induction hypbthesis, thero is an n & h!é such that C; '
.aatisf‘iaa (D) - (5) In the statement of the theorem with P replaced by

E N M and a replaced by @(a,r*).

Now fix X & B'. Get me& U Y. such that E = C_« Since f

- n<g | o
is recursive, there is an i € U W, 'such that C, = f (C_). Clearly
| n<g . 4 o
| : -
x & Cge Suppose BeA MNC,. Then ?(B) € C. and moreover C_ satis-

rioe conditions (D) = (§') in the definition of Ai. This establishes
¥
1’ _
sach y € P there exist m¢€ U lﬂn, y SIW; ‘such that y 8 C_ and Cr:

. - M . .
X € A which is a contradiction. Thus A C A.’L"' This meane that for
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| * |
satisfius conditions (U) - (5') in ths definition of ﬂl' Define

Q{yym) €==> mE. L 'lUncf':{yEC.
nN<E

%(En) ne mg' & c' satisfies (0) - (5') ].

N is 'ﬂ—i and for eadh y € P there is an . m such that Q(y,m) holds.

Hence thare is aAl-f‘unc’ciﬂn f such that (b‘ y&PIR(y,F(y))e

Let =PI eand V={me o (an)[naw & ¢
n<
satiaf‘ias, (0) ~ (5')]};-

1 AN ¥ 1
yo Vo ds TT7 and U (:u. Let U (;m be A} such that

u g C v. Clearly, P (C U Cp ands moraover, for sach m € U,
me U

( I n) [n 2 tﬂé & cn- satisfies (0) - (5') in the definition of Ai ].

U 18 X

by () ~eolection again, there is a Al function g uhich for sach me U¥
ploks an 'integar né Wé guch that C; satisfies {0) - (_5') ln the

definition of nj. Now define

' (1,x) > £ g Faedd(g ) v ({1 < ) & (vme *)" (g(m) 445x))

(=) & (¢me U*)[1C(n,x) & C'(glm),i ,x)]).

where 1w(cn, *J1 =N+ A tedious but straightforwerd computation shows

that H' satisfies the conclusion of the theorem.

Subcosg (1i) ?\l is odde

H ' .
In this caasg ws gefins Pc: gxactly Jike Psl except that we replace in

the definition of A"'; condition (5') b

\ .
L =¢
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and the proof proceeds exactly as abova,

Case 2 A is limit.

In this case We dafine A; as follous.
xﬁﬂ*%(ﬂi){iﬁ ) u &xac_&._
3 Y nce n i

( : pE Field(ﬁdp( '..-'lrnE: ﬂgg Wn)( Ine -wé)(b‘ﬁ) [BE AN Cy >

r()ec & "(E; satisfies (0) ~ (4) in the definition

of n*; with P(a,p) replading a) &
(sm)( N ¢ i)_ﬂcmm-@)]}-

Ny
i<€£'P |

As 1n subcase (1) we can show that A C f-\g , end fucther U® i_é, dafined
similarly such that for sach m&U*, Ehere exist p€Field(g o) end

.n'ahjé such that C:l gatisfies (0) - (5"') apove with raﬁl-éna’d by

Pogp)s Get two ﬂ'}_ _f‘unctir:n‘s f ariq:,, g which far sach néU* selaot

a p and an n as above. Then dEFine

XEH; > i § Fleld(< )V (Wne Y4 S.-_af(m) - ¢' (g(m), 1,x)] :

Finally define
'{,.I.'

xeHy (w5 A (3x) v [(10(@)1 18 Linit) & (#5< A" (3x) ] s

Dne can now check that HY is our required sots This completes the proaf.

Ae an immediate consequence of Theorem 2.2.3 we have the following

saparation result.
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2.2,4 Thoorem ¢ Let L and M be fwu disjoint Ei sats of reals,
Let A and ¢ b8 two recursive ordinals. Suppose thsra is & descrsasing

saquence of T

0 | :
Jip eets {H + <A} such that, at limit ordinals
H

‘L.J" HLL": [ and the gsst B = U (HLL-HLH-J.) spparates L

f
W< M _LL < AN even |
from M. Then, Whenever ¢ 1is a recursive cods of A, thers 1s a #;

sat H' - <> such that

(b) W' = N H, it ®(ayn)l is limit

1<
n Cli.n

»

O
and  [9(a,n)l+1 = [O(am)t}

and (o) &8 =1U {H‘: - H s 19(a,n)! 1o sven, n & Fisld(<

aeparétes . from -N.(ﬂhah A is odd we take _Hy;F-¢..15imilarly for H*)¢

Proof ¢ This follows from Theorem 2.2.3 by taking P=L when N is

'evan and P =M uwhen A 4is odde U

Ws now state the main result of this section.

24245 Theorem s Let A C _mm be a (}i set a.n'd‘ { HJ-L LIRS ?x} a decreas-

ing sequence of ¢§§ sets as above such that

A = u . (H "'H )i

| S - * % | o0
Then for each Tecursive & coding A, there is a JTE set . H .Cm X M

as in Theorem 2.2.4 such that .

" u['H*;-H: ()| s sven, 1 <o m & Playn) 141 = P(cym) | J
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Proof 3 follows Prom Theorsm Z2.2.4 by takin'g L =A and M = AY 0

To obtain structural prnperﬁies of AJJ: sets in the ambiguous

cK
X

for A;_' ﬂég sets. This result is due to Burgees end since na ptiblie

Borel class E+ 1, § < @77, us shall first obtain a structural result
shed account exiats we shall give a pronf for the sake of complatensss.
Yo need the following result Prom induutiva'dafinébiiity dus to Cepzer

{15]s (For basic fects about inductive operators we refsr to [387).

2+2.6 Lomma s Let 1" be @ monotone TT:I'L' operator on wm and £ @&

iyl P e

Ei 8ot of reels such that E C re. ‘Then there is a recureive ordinel

AN such that E C I"”.

The above lemma srables U8 to afffeutiuizé [‘E;{M U_I'f].

0

2247 Theorem t Let E Caﬁm. be -a Qi 'ﬂﬁéz sate Then t._harra is 8

recursive ordinal A such that for svery recursive code @& of A there

ls A:]L_, olosed sgt F Clm'x Eam with' the following properties

(a) anrm ¥ n< o

il

(b) F= N F if Jayn)1 ie Limit

< n'"
"

and () E = U{Fn - Fo [9(ayn) 1 .ie even &n <G‘H_] :
8 10(ayn) 1+ 1 = [@(a,m)i}-

Proof ¢ Define a trapefinite decreasing saquence of closad sets by the

inductlon
X = o, X = 1 X, if 4 is linit,
Xy = Xy MEN (%, =E) s
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Since x,u, is a decreasing sedquesnce of closed sate there is an ordinal

u*<m1 such that Xwﬁ,ﬂ = XU-?" . Thus we have

L

X,

This implies

iy et -l sl

X.Lﬂf.r‘IE#Xw!.me "".E-

Nauw, Xw. is closed and hence a Baire space. Moraover, hoth & and

E°  are dense GS sats In X This is not possible unlaesge XIJ:"' = P,

Vo
& |
Set Y, =W =~ X, e Then Y =1UY =m£l‘.\ +» UWe shall nouw define a TTJ'
Mo v D m M | 1
monotong opearatforn P on (um whose Mth iterate f"“ = Y!J- if KL< ®
and FM = Yu+l 1P LWD® . The opsrator [ 4is defined es follous,

where A varigs over subsghts of cbm s

e € 7 (A) «> ('ﬂa){ (@en,) &1 (wB) (Be Ny ME —=>BeR)
V. .(b‘B) (Ben, N E° ~»Be4) ]}

This 18 a monotone TTi operator such that F® =y  =@®. Hence by

(X)
Lomma 2.2.6, there is a recursive ordinal A such that _T'?*'_= o® . This

implice that, Por a recusive ordinal A, X?\, = P, Now let %xEE and

' .
let M< N  be the least ordinal such that x g X“ﬂ_l. Then xbxu-)(u-E.

Thua

£ G
Further “EEJ;\'(XU' -- X“ - E) (; E» Henoco

ug?\'(x“‘ T

E & LLIIZ]?\'(X“ et xu aa E) .
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An application of Thec}re_m 24245 (with £ = 1) giﬁes s the result. {
To get the general result we nesd & transfer thaoren (sse [[29]).

Transfer Lemma (Kuratowski~Louveau) ¢ For each A in A§+l M Al ’

ck -
2 < g;wl K there is a Al’ closed seat F C;_m y 8nd a Al-_rrac:ursiue
function f from F onto mr.o_ mhidh is injective and continuous, sunh
that for sach open subset G of a® , £(G) & 50 and such that f‘"l(ﬁ}
bt

18 bothﬂn .and Al in o .

2,2.8 Theorem(lLouveau) s For sach E (_ o® in Al N Ag+1 y 1267 m?_k

thers is a recursive ordinal N and a Al ﬂﬁ_g set H me o> (cor~

ragsponding to sach rscursive code cr,' for A) such that
(8) W (H if mg,n

(b) Hn [ Hl if W(a,n)! is limit, and

nt<
a

(¢c) E = U{Hn m Hm t [P(ayn)l is even & n <am
& 19(ayn) i+ 1 = 10(a,m) i}
Proof ¢ This follows from Theorem 2.2.7 and the Transfer Lemma.

Remark $ Theoram 2.2.8 enables us to defins an sffective hiéramhy in

Al T A §+l analagnus to the difference hierarchy in Al By

| | J, ,
Zelal Corollary s 5Suppose by E' C cum be two E:l ;eta which capn be

separated by a Qg-l'l sot, 1L < E < ﬂﬁik. Then there is a recursive ordinal

AN and 8 TI set H C{DX ™ (correspanding to each -_remjraiua ¢ for

: _
N}, as in Theorem 2.2.8, such that the sat
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= U{Hn ~H o ®(a,n)l Ls even &n < m & [9(ayn) i+ 1 = 19¢aym) 1§
ggparates E from E'- .

Proof s By Lemma 22,1 thera is a Al M ‘é'§+l set B separating

E  from E « The result naw follows from THeorem 2.2.8.

sUb~
2.3 The Kalmar hierarchy ¢ 1In this/section we shall study the Kalmar

hierarchy faor clopen subsets of & which'arszxi.

For any set K C o and any 8 € o @ let

s - A
K(E) _{CI-E: 03 3 BCLBK}-

The Kalmar hiaramhy 13{& 3 g < ml} ia defined by induction as f’c:lluwa :
o
D‘(ﬂ ={(P ,CD }a

Having defined }{n for every 7 < &, put

e e v [ Ky € .

X -

<§
It is not very difficult to see that

LS

UJ
£< W 1
Giﬁen a ¢lopen set P 7" K C cum we chall associate a8 well-foundead tres

TK as follows.
, P S |

where 5 = (n ’l.”rk"l) if 5 = (n l"'lnx_l!nx) If K ""(PI TK iE‘r

taken Lo be the empty tres. Conversely, glven & wall=foundad tree 'T,
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there 1s a oclopen sat K C ajm such that T = TK' If T is a wail...

founded tree, then its Yength, denoted by |T |, ie defined as in | 38].

243,11 ProEmeitiﬁni Let K C

-

mw be a clopen sets Then

Proof 1 Thia.is ﬁruued'by-inductipn on E and 1s atraightfurwardi'

2.3.2 Propesitiont If K (_ o> is Ai' a_nd clopen, then there is a

ok

rocureive £ < 1

such tha{: K& ){E‘

Proof 3 Let K baAi

and clopsn. We shall first show that T, is &
.Ahi well-founded tres. Consider the éaé

K

o . . V) W)
| TK ={<5> & SEIC] H K(ﬁ) ﬂ.'.'-_ &K(E') fm f . l.

K

l'l’han 8 €T, %NEQK&”NE. ¢K
>N (K B (k) (o' Ct & N, (LK)

This shous that T, te TTT. Sinilarly, T'  ds aleo TI]. Further

K
T, «> N K&-'Ns,(;}(
@(Ht)(sgt“& tﬁTI:c)&NB,¢K

Thus , Té is also E:IL- since

o e (306 Craten)

'I:Lt follows that TK 15 If}.i. Hance TK is a Ai ..ms.]._l-f'.'nuhdad tree and
80 E =-1TK1-- < ﬂ:)tik'. By h;‘upmsiﬁﬂ_n 2'3"1’.’ K 's,){g.__ _This_ IC’GITI_PlE’cEI.a' B
ﬁhe proof .
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We shall now obtaedn a sepsration result analogous to Theorem 2,24
If o codes a wellwfounded tres T, ws shall dennte. by ll'cn il the length

of the tree T. As in EM; 7410 ] we can define a “]Ti‘ relation S,

such that 4f B codes & well=founded tree, thsn
S<(£_r,6) €% o codes a well-founded tree ¥ i Q| < B .

24343 Theorgm ¢+ Let P,Q bo two disjoint Zi sete of reals and

A < m‘;k. Suppase there 1o a sst K 8K, which ssparates P fProm Q.

Then there is a Ai apt K & ‘}(?1 which ssparates P from W

Proof ¢ We shall prove this by induction on N. Now for esch n, Rl(n))

1 |
| e |
and El((n)) aro Iy sat:aland K((n)) §9?\M§ sgparates P((n)) from -
Q((n))' Hance by inductian hypothesls, there is a ﬂi real @, Hall <A,

which codes a wallfeunded tree with tha aésoaiatad'ulupen set separating

1 - 1
P((n)) and Q((n))' Fix a /) 1 Y such that ) codes a 'Al- wallfounded
tree and H Y =N and define

Anya) > 8 (ary) & (#8) (B & B,y =>( 39) (k) (ale) = C
' . & (s K >) 7&_0.& B € NB)]
& (48} [(#) (31) (als) = 0 & ale' () A0 KBEN)
' ~> Bf Oy 1
R is TTi and (H)'(amsﬁ,i)ﬂ(n,q). Hanca by the Uniformization

Lamma therse is 8 Ai-—funutinn f such that b‘nﬁ(n;f‘(n)). Now define

a Lree T as follows

T ”'{"“"’ﬁa | P(n)(e) = u_}, o
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T is wellfounded and ITI £ ANe If K% be tha'clahén get sunh that

T = Tyns then 1t is not hard to see that K& is Ai and separatos

P from Q.

An immediate consequence of Lemma 2.2.1 and Proposition 2.3.2

is the following

2.3.4 Theorem ¢ Let P and 0 be tuc Ei sets of reals and aupposs

set which separetes P and Q. Then thers iz @ A < afj{

thare is s 1

7 L

and & [&i set K 8.}{;' such that K separates P from . U

2.4 Applidations to Borel eets in product spaces 3 In this subseztion we

shall obtaln consequences of the results obtainad in.the previous subsections
to the bnldPaua'thaory._'As usual for convenienoe we shall work in o,

Our first result is the gensralization of Debs! result mentioned in the

introduction.

Z2eliel Theorsm s Let B be a Borel subset of Gjmx d)m ,.and MNE two

countable ordinals. Buppusa for gach X € @ there is a dacréasihg

0 o
< = [1 H
transfinite sequence of n‘g sats {H ¢ M ?\} y With Hu wop M
at limits, such that tha uertiual aantiand B LJ" (H“‘ M*l)

. uc Mk even
Then there is a decrsmasing transfinite sequence Df Borel sets. {Eu' 1 U-«:?\}

with seotions in »EDE such that
= n & 1f b is limit
Ut <

}Ja‘: ?\,H» gvean
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Proof ¢ Fix =z such that 8 1s Ai(z) and §:7\-<w§- Then each

1 . |
vertical section Bx is Al(< x,z‘}) and is also the upicn of alternating

O

differences of a decreasing A-sequence of T . sats. Hanné by Theorem
ot .

202 a5 (I‘alatiuized), there is a TFZ(-( Xez>) set H* C a))(mm such that

(b) H'= N W, if @(a;n)i is limit

N T .
and (G) B}( —*U{Hn v Hm . I(P((I;n)[ 18 even & n {D:m

& IP(a,n)i+ 1= @(c,m)) }

whore o 348 a recursive in z code for h. Just as in the proof of

Thoorom 2.242, get; a A i(z) ~ rocursive function f such that for sach

K, 2> -, - def % .. ..
E ’ o [
%y F{x) ‘-ﬂg and _de,zb-, £(x) H® satisfies (_a)._ (c) above
(Hero Tor sach vy, <'.'uly ’ Ey> is a coding pair for A i(y)f(ﬁ < o Ye

For each M< A fixn* © Field(f_a)' such that (¢(a,n™)! =} and define
Bu(xr‘f) > G(<xyz>, F(X), [¥,y)s

1t can bo checked that { 2 M < ?\}' satisfiss the concluaion of thal

thoaraliie

W
2.442 Theorem s Lot P,Q Ccumx w be twa Ei sets such that for
-4 )
U Ay
oach X, P, le acparated from Q by aégﬂ sty 1 < & < @, Then
therp 46 8 counbtable ordimal A and a decressing transfinite sequence

of Borol sols { B"L s M < ?\]’ ang above such that the set

a= L) (g -8y
< }\,“' gven »

gpparatea P Prom Q.
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Proof ¢ By Theorem 2.2.2 there is & Borel set B C o X o with

gections In & which eoparates P from Q. Fi'x z such that B

1s A l(<x z>)  and AEH

Hence by Theorem 2,2.8 reletivized, thera. is an o € W0 recursive in

s 60
ig Al(z) and § <@]. Thus for sach x, B

X
. " | |

<Xy2> and a TIE(<5<,Z>) set H* Ca} <o ag in the proof of Theorem 2.4.l

above. By the Uhiformization Lemma and the huundedﬁese theorem there is

a A< @, such that'each @ € W0 above has length Less than A. An

1
applicatlion of Theorem 2.4«1 gilves a sequence { Bu": M < ?\} of Borsl

pats with required properties such that B = U (E!u » Hml).
. L < ?\--pu' Bven |

Remerk ¢ The above result for & =1 ie dus to Burgess [ © 14

The following is now immediates
S | w0
26443 Dﬂrullarz : It B bs a Borsl subset of®w X & with ssch
Lrartmal spotion in AE"’J- y L LEK ﬂil Then there le a countabls

ordinal A and & debressing aequence t::{’ Barel sats { E:{J' s M < ?\} 83

above Bu_ch that B = U (Eiu' - Bp'{.l).

L N M oven
Finally wg eetablish the followlng unpublishsed result of Addison

and Harringtone
24bet4 Corollary ¢ There fe fo Borel sot 6 Cﬂ&m xm"f’ which is
. o -
universal for égﬂf{n , £ < _asl
Progf 3 Suppose there 1s such a Borel set B. Fix z such that & is.

| | 1
A'}:(z) and aseume & » 1« Then for each X, B,  is A{<x,2>)  and

Hence by Theorem Z;ilé,.ralatiuizEd, there is an o £ W0 pecursivs

0
é g+1°
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m | o
in <z and & W,(<x,2>) set H (C ® X @® such that

:

(1) o G Hp 4F mgyn

H

(ii) H
n' N

m

& v ir 1®(ayn) | is limit
< o

G

and (i1i) B, U{Hn ~H icp(a,n.)l is evon X n<,m

& l(p(cn!n)l + l - l(P(O.‘.,m)I} ¢
By the usual selsction and boundednass ‘arglmerit there is A < ® 4 such
that mach @ € W0 as above has length less than A. This would imply

that each set in é&aﬂ-l is avallable at the Ath level of Eh_e_ differance

hierarchy of A g+l . This is clearly a contradiction (cf [:281,1137 IV ]).
ooy - | |

The proof for £ = 0 is simllar. f
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.Egggg_gg Lemma 7.5 of Part 71

o el SN g ) g PPiakel . Syl bl el SR ¥l

With each operation Rp,p < Wy, every family'{En} of
subsets of X and every x £ X we will associate a (closed)

gameé on the integers, Gﬁ(x), played between ¥ and E]'auch

that

X € Rp({En})'+*3 wins Gﬂ(x).

(ObBerve that GQ(x)- depende on {Eﬁ}'thnugh our notation doas

not indicate thig),

The game Gp(x) will be defined by induction on py it
will be of length A + 1 for some linmit ordinal )\ < Wy with

VvV making a move at position ). (This move will be called the

gtopping move of the game Gp(x)).

Corresponding to each limit ordinal A < Wy fix, £or the

rest of this section, a seguence ml(n).+ A

For p = 0, the game G (x) is played with ] playing
suceessivah(ac, ai,..i, while at position w ¥ plays a K

(a stopping move) thereby producing, what we shall call a

)

ralevant sequence, 5 = <ao’ai"“"ak-l}‘ We sBay that 53. win3 
- | 0 .
Now suppose p = | + 1f  Then..3p =1ﬁ;RuRHf Set Ru = &
and define
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E = @ﬁ({ Eh'k')

u
E- = :* ({E a D)

(i1}
Hh.

'Cu ,...-;11 - IE>
B O k-1 . @0({¢*({E{

m n of Tk~1 !

The game Gp(x) is played as follows. First ¥ and'f} play

{E' <k >

Gu(x)' corresponding to the family } with W making. a

(stopping) move at the last position thereby producing a
relevant sequence 8, Then ¥ and Eﬂ pla?tho dual of
the game. Gu{x) {denoted by Gﬁtx} which is played asg in.

Gu(x) by interchanging the moves of V anﬂ“E} ) corresponding

<<Eo,m>> |
to the family {~ E -}, with J making a (stopping) move

at the last position to produce a relevant sequeﬁce' to. Let

u = <g _,t >, Next ¥ and - play G, (x) corresponding to
¢ © © '<u ;n> ' u | .
the family (B °© }n with ¥ making a (stopping) move at
the last position to produce a rélevant sequence 8, ‘Then

¥ and fﬂ_ play the dual game GE(x) associated with the family

{ ~E © | } m where fﬂ makes the last (stopping) move
te produce & relevant seguence tl. Set u, = <sl;t1>r 7

' S ; e .
and V¥V continue to play alternately Gu(x) and Gu(x) as

degsoribed above. At the end ¥ plays some k 50 that

AL P 1> iga the relevant'sequendé produced. Then - wins

L]

iff x € E
<ua"“'uk-l>_
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Now suppose p is limif. Then Rp = nz@@o, where ¢

is defined by

e{r }) =Fi“] o 1) (e mol) v (14)

for any family {Fn}. The game .Gb{x} is defined as follows.

First ¥ makes a move -i& (called a choige move) which specifies

the game to be played. Then ¥ and -] play the game

| | ',<<io,n>>
G ; y{x) associated with the family {EB }  (see (1)) at
¢p( » - n
the end of which ¥ makes a (stopping) move producing a relevant
sequence 8_. Next -1 plays J, (a choice move) and then
¥, - start playing the dual game Gztj )(x) agsoclated with
<<<i ;8 >,<i_,m>>> poe

{~E }m with E] moving at the last position

r - . - . _ }}-
producing a relevant sequence to Let u, <<i_s8.% o PR

Then ¥ makes a cholece move il signaling the start of the

,<u0,fil;n>>

} and the
n

game {x) assﬁciated with {E

G
above procedure is repeated. At the end a stopping move k is
made by ¥ 80 that <u0,;..,uk_l>__is the relevdnt sequence.

L]

produced. Then __:;] wins 1ff x € E

_<um,.}..uk_1>
It is quite straightfcrwa:d, though tedioﬁs; te shaw that.
for every O < Wy« if «x a'Rp{{En}); then E%_ wins Gp(x).
For the cornverse, recall the definition of .EE from

| _I:Z.ﬁ. Défine'for every 8 ¢ Sedq, the game Gprs(x) exactly as

i34

above with'theifoilaﬁing winning.condition faf. :_if.uﬂ,ul;.;.
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are the relevant sequencesa produced and if ¥ plays k at

. the last position (stopping move), then EH- wins 1ff

X ¢ E . Then one can show by induction on

*<u 1 e« 2 s U >
BTGty Y-

g that if x.A_Ez_ then =] does not win G g(x). It then
' r

follows from Thecrem[t2, 7 that Iif x A E then - doceg not win

G = .
p,etx} Gﬂ(x) Thus we1have

X € Rp({En}) ++ ~ wins Gp(x).

Note that 1f o < w, then Gp(x) is of length mp+l+1..'

. | ;
We now define by induction on A a genme GP(x) of
length w+l (anéd canh thus be regarded as an ordinary Gale-Stewart

gameé with the last move contributing to the pay~off set} associated

with {En}, x € X Such that
= wins Gp(x) ++ = wins GP(x).f
In this game also the v player makes a choice move at the

last pnsition' w to praﬂuée a relevant seqdenoe*

At the base step, G;(x) is the same as qp(xl. We shall
now describe G;(x) for successor ordinals’p only, the limit
cage belng much similar. 8o supposé p = u + L. The game
G;(x) will be such that if'bath players play acccrﬂing to gsome
specified rules, then at thé end _v _plays.a K - producing a
reiﬁvaﬁﬁ sequence 'ruo,;;.,uk_lk andeJ 'wins iff
. To éee hnwl G;(x) .is playéd recall ﬁaw

X ¢ E | ey
.’(Uﬂr- r ;uk__l} |



- the game Gp(xl' is described. We shall first define an
tl . L |
intermediate game Gp(x) of length w2+1 .and then obtaln

\

(x) In bhe game chx)J first ¥ and EH play the game

ﬂ
' .. L n
G (x) (associated with {E ¢n>}) with ¥ making a move at

positinn w (thereby praducihg some relevant.sequence sc).
t o
Next ¥ and Eﬂ play (G, (x))a, the dual of the game G (x)
| <(s§,m>> M
{associated with {~ E ~} ), with - making a stopping
move at the last pﬁsitian 80 as to produce Eome relevant
' sequenge t . Let u, = <so,to>. The game then procﬁads
k
with the two players alternately playing Gu(x) and
' o | | | ' .
(Gn(x))a. At position m2+1, v plays Kk and produces the
relevant sequence <u_,+..,u, _,>. If none of the players

viclate the'preacribed rules in each of the above siubgames,

t_.hen - wins iff x¢e E
| <uo,...,uk“l>
: |

The gamef Gp(xjnis how easy to describe. -Thoughiita
total length is +1 we think of it as consisting of potentially
infinite sequénce of subgames each consisting of Eggﬂﬂglg;;x
infinlite sequence of rnunds.- Each of théae subgames "corresponds”
to the corresponding subgame in G"(x);' If in any play of
G {x} the Jj~tbh subgame actually goes thrnugh influitely many

raunds, then the (j+l)th subgame never gets started. Thils keeps

the total length within bounds.

v
e

make moves

P _
In the 5 Kt th subgame of Gp(x), ‘¥ and

. ' L L |
'maintainlng the rules of the j-th subgame of Gp(x), A move
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of ¥ followed by a move of E} (or vice verga,_depehding on
| | TR |
the order ©f the moves in the j~th subgame of Gp(x}} will be

called a round.

The ifth_:ound of the zj-th subgame opens with ¥
signaliing_(by.a choice of 0 lﬁxj lj_either.a gggiigﬂgg or ‘a
pasgg. If he chaliengeé; the whuia_Zj-th.subgﬁme.ands'at 5nce
and the players proceed to tﬁe'(2j+1)th subgaﬁe; in this case
we trecord uj € Seq which codes the moves'of.tha players in
thie subgame. If ¥ passes, then the two players play the
i~th rouné (according to the rules of 24~th subgame in

] | .
Gp(x)); then the players proceed to the (i+l)th round.

The (2j+1)th subgame is played exactly like the 2j-th
subgame with —-| (ingtead of ¥) signalling a challenge or a

pass at the start of each roud.

If some subgame goes on forever because - or ¥ (as
the case may be) falls to challenge on any round, then he
forfeits the game. If this provision does not apply. a

sequence U,V _j ul,vlg... (of relevant gequences) i8 generated.

Then at position w, Vv plays a J and 2 wins iff

X € E - . '
4 & % v. })l

One can check that - wins G{;(_x). L££ =] wins
_Gp(x). In fact any winning strategy o for 4 in_Gp(x)

gives rise in a canonical way to h.winning strategy o*
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for Eﬂ in the game Gﬂ(x); and vice versa. Morcover, G;(x)

is a d; game. (For detailes at the finite levels, seeo

Py

(13,4 11]).

The game J (%): We shall pow define a game Jp(x} associated

il wip S Al [T ek I PR AR

with normal families -{En},_analogauﬁ to Gﬂ(x}, such that

E] wins JQ(HJ iff BY is comeager.

Now ﬁbaervé that in_epqh jw--.blpck in the game Gﬁ(x} (apart
from the choice moves and ﬁhe etopping moves) either E? plays
Eueceaslvely;ar--V; ﬁlagﬁ successgively. Each movE'by,El ’
which is not a choice move or a stopping mave; in Gp(x) will
"correspond” {in the game Jp{x)) to a sequence move (l.e., a

chojce from @ Y

) by ? followed by a.se4uence move and a
integer move by E}. Sitmilarly, each meve by ¥ in éﬁ(x)
which is not a choice mcve'a; 2 stepping meye,-will carrespdnd
ta a sequence move and an intceger move by ¥ fallowed.by a
sequence move by Eﬂ 1n Jﬂ(x). R choice move by ¥ (fa ) in
G (x) corresponds to a choice move by .V(:ﬂ ) in Jp(x) and a

£ | |
stopping move by ¥ ( 7 ) in G,(x) corresponds tc a stopping

move by w<53 )'ip Jp(x).'ihus each A-block, A 1limit, in
Jolx) will givéirige to ggg.;ngvﬁh# séguehces, one from the
intéger'mavea and:the other frﬁm the sequence moves. At the
end of the gaﬁe .Jp(x)_'?:tpléys_sﬂma 1k thusnpraduﬁihg two

relevant sequences of the form u = <u ,... u, _,> and
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X

Vo= v Ry k., k We say that = wing 1ff B, is

1 vk-l'll‘.

comeager in I (v).

More formally we define Jp(x) as follows. First recall

the definition of the Vaught operation A and tﬁe operations

Sp from’6.5. For convenience we replace 8eq by _w<w- ‘Let

{En} be a normal famlly of subseta of w® x mw, g8 & filnite

sequence and x ¢ ww. When p = U, J () 18 the vahght game

| PeS |
and 1ls played as follows: First V¥ chooses a finite sequence

81 then ~ replies with a finite gequence tQ and a natural
number L then ¥ chooses a finite sequence 8, while 4

K

replies with ¢ and so on. In the end ¥ plays an

17 "1 |
integer 1 (a stopping move) to praduae two relevant sgequences

wins

| = = * .* \'r *
u <k0fn-l;ki“l> Elnd \'4 BQ t . e | Ei""'l ti_li

i1f £ Ei 1s comeager in E(s*v).

Now suppose p = Uy + 1. Then Sp = E%SHSE. Now V¥ and

E] first play the game J E(x] agssocliated with_the normal

L e
l‘:n)‘}

family {B (defined as in (i) above) with ¥ making a

(stopping) move at the end so as to produde two relevant

< L | |

sequences s, € Seq and t_ e u W mhen ¥ plays a finite
sequence t and the two players play the dual game |
| g(ﬂG;_m:’} _
(x) (asgociated with {~BE ~ }m) with ;1

JU:E*tO*t'  | |
playing at the end to produce two relevant sequences

! <w » ; . - - | - H
S, € Seq, t} € w ~ with to, = t*t] for some tl. Let
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- . { . = ' <
u <s_,8.>, v =t *tl. Next -~ plays a t' ew - and two

Q
, <1, nd>

plavers play J (associated with {E © }n) witﬁ

u IE*vQ*tI (x)

¥ making the last move to produce two relevant sequences 8,8y

and then ¥ plays ¢t% ¢ w‘w and they play the dual game
o ~ |
Ju,s*vn*tl*tJX)' Thus the two players alternately play Ju(x)

aﬁﬁl JS(x) as described above producing two sequences {ui} and
{vi} of relevant sequences. Nt the end of the play V¥V plays

a Kk to produce the relevant gequengces Uu = <ua""’uk-l> E Seq

oy W " - =] r*®
and v = v *v,¥.. .y, _,+ Then = wing iff B is comeager in

Z(S*v*v'}, where v' is the next sequence move (played by V).

Ag in the casc of Gp(x) we can now define exactly as

above, a game Jp o (%) of length @+l with ¥ playing in the
' | %

end to produce two relevant sequences such that

e '
L -
I

wins ina(x)-w -]  wins Jms(x}.

We now show that Ex is onmeager in L{(s) iff'Eﬂ wins

Jp.a(x). This is really Theorem I:6.6 in disguise.
! ' .

Let J (x} be & variant of the game J (x) which is
P8 - P8

played exactly as in J s{x] such that if uo’ulf;f"va‘vl""

£

are the two sequences of relevant sequences produced before ¥

plays an integer k in the last position, then 2 wins

| X
J 1ff s*v _*v *.... € E_ |
Q;B(x) | & 1 - ‘uc};if-l.[uk_l}.
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mma_l: With notation asg above, we have E® is comeager in

L ] e

=

- - L,y
xis) 1ff 5 wins J ) iff = _
¥:) f - wins o, slX) LEf - wins Jp;s(x)

Praoof. We shall'prmve this by induction on (. We prove it
only for the successor case, the limit case being similar.
Without loss cf'generaliiy assume that {En} is regular.

- ’ D
SuUppo 8o ) = + 1. Then R = IRR R . Put ¢ = R .
PP b= 0 Tt 4 Y

'<n>}), X

1°. Since E = ¢ ({E E ig comeager in E(s) implies

n

'
4 wins I ¢ (X) essociated with (e “™}, by induction
!

hypothesig. So to win the game Jp s(x) E\;first plays with
! .

a winnindstrateqgy 0,r say, in I, J{X). If in a complete

run of this subgame s+t are the relevant sequences produced,

, <8 > | B
then (E © )x is comeager in E(B*tg)a Now

<8 > <<s  m>> <87 o |
E © = ¢ﬂ({E }y. Thus (E ) is comeager 1in
m | | |
e v
L{8 tQ)

{<E°rm}}
+ (& ({~E )

m

X is meager in Z(s*ta}

<“:BDrm>> e _ _ : * .
+  (Yu)~[ (D ({~E B is comeager in Z(s £ ul ]

m

+ (vu) [T does not win the game Jufs*tﬂ*u(x)

o <<s m>>
" associated with {~E 7 1]

| AR ._

> (v [ Eﬂwins the &ua} game JU1s*to*u(#)
o | L ._{";E.orm}}

.aESGQiated'with {~E 1.
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Thus :ﬂ wins the second subgame of J stx) with strategy
!

Tm’ say, when the first subgame has been played with Eo'ta
as the generated relevant sequences. Thus = playe with
T, and if s, t! are the relevant sequences produced at

the end of a run, then we have (eince ?ﬂ wins the dual game)

{< B ,sé}}

0 .
(E % is nonmeager in Ets*te*t;)
<
and 8o for some - vV g W wr
<<sﬂ,sé>} " | |
{E ) is comeager in E(B*ta*té*v).

. By regularity BX is comeager in E{ﬂ*tﬂ*té*v). In

<<Eorﬁé>>
the next subgame - plays this v and then continue as

desoribed above. This clearly defines a winning strategy

for T:I in the game (x) .

s—

o
P, 8

r

2°. 1t is clear that if I wins Ep o {x) then = wins

JL'Etx)ﬁ ¥or ,without loss of generality, {Eﬁ} may be taken
PR _ '.

to be a family of clopen sets and so EE is comengerinz(v)

iff f(uw) (C E-

3. Now gUppoOse E] wins Jp-s(x) with stratggy ¢g. Now

' 4

suppose the two playvers play the first two subgames with E]

playing according to O. Supppse u_ v, are the relevant

In the next-subgamé 4 plays some Vv

ag dictated by o0, If for some t € W

sequences produced.

Ex_r“] L(s*v *v*t}'i:¢; Ehen V. can beat ¢ by playing
U | T e T o L B
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this ¢t as his next move. (Apart from the choice move, if

there 1s one, 1t is 9's turn to piay 2 finite sequenc), Thus
for all ¢t e'w<w, Eﬁ rjzﬂﬁ*vo*v*t) ¥ o3 and this is true at

0O
every stage. This shows that if.{ui} and {vi} arc the two

gequences produced before ¥V plays at the last pesition, then

aky *y. % .. e B-

e Ly
o 1 <u¢""’uk-1} for every k and s@ - wine J, (0

s
with the same strategy oo

4°., It now remains to show that if E] wins Jp E(x} then REX
- !

is comeager in £{(8). To this end we show that if E* is not

comeager in I(s), then =] wine the dual game. p (X). Thie
, |

© using the decomposition in Lemma I:6,2,

is shown as in 1

We omit the proof, '“

Wwith notation as above we now have the fpllnﬂing

* 18 comeager iff - wins J_ _(x)., Moreover,

Lemma 23 E .

e jagegie. il il a— -

with any winninq strategy ¢ for o in Jp,e(x’ one can

associate a winning strategy o* such that if _{ui} and {vi}
are twe relevant sEquenoes pr0duced_(befcre' v plays a k 1in

the last position) in a complete runm of p E(x) when E} plays

| | | i
with o¥%, the sequence § = v _*y,¥vu,¥ ..., e in E”.

4
Proof. The firat part of the lemma ia aimply Lemma 1. Now B

| s
is comeager 1ff player II wins the Banaeh~Mazur game ~ B l1.@.,

iff
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x.

(¥s) (d ) (ve)) (Fty) ... {8 ¢ E)

+ (Vso) (3 ta) (Vsl) (E]tl} voee { < wins Gﬁ(xjﬁ)}

L

=+ (¥s) (]t ) (vs) (dt)) vou wineg G;(x,ﬁj} | .

whe = L M kb R
re 8 8 tm Sy t1 e e

Now, E] wins Jp,e(x) = Jp(x)_iff Eﬂ wins ﬁp(x) (with_same
strategy). Further,_the game ﬁp(x) is obtained fron Gp(x}a)
by interlacing the integer moves of Gptx,ﬁl with sequence.

moves such that the sequence mﬂves of a comﬁiete run in ﬁp(x)

. . | | = o
generate O. Thug if Jp(x) is obtained from J (x) in the

. ¥ : i .
same way as J,(x) is obtained from J_(x) or Gp(x) is obtained

| P
R S |
from Gpjx); then observe that'-Jp(x) is simply Gp(x,GJ_

interlaced with a Banach~Mazur game. Thus we have

-~ - S L '
(VsQ)(;;tO)(vsl)(Eﬂtl) ‘e s { =I wins G&(H;S)} ++.: wins 3p(g),

which i8 nf the form of the equivalence.in Lemmals7.2. MNow

suppmse = wineg JQ(x}. Then he #ins?_ﬁé(xj.with some strateqﬁ
C. Now modify 0 to O* s0 that any complete play.in E;(x)'
corresponds to a complete play in the (1eft-si&e)lﬁanach-nazur
game as in_Lemma_I:?.z._ The stratégy O* gives rise to a
strategy 'G** for Ei- in Jp(x) such that if {ui} and {vi}

are two SEquences.df relevant sa§uenca§ formed when_zﬂ plays

g% *,then the same twq_relevant sequences can be obtained, by



166

& | F 3 '
simulation, in a play of 3p(x) when ;l plays o¢*, This
1 | I‘
can be eagily scen from the way Tp(xj is obtained from

3p{x). Conseguently, § = vﬁ*vl*vz*va* vees 18 generated

by a complete play_mf the (left-aide) Banach-Mazur game

when player II plays with a winning strategy. Thus § ¢ EX, “

As we have mentioned earlier the above lemma is really .
Theorem I:6.6, stated in a different form. Thus it is not
suprizing that for every o and every normal family {En}'

one can show that

— - o X
;j wins Jp'ﬂ(x) 4 (:ﬂ n e_MQ){vn grﬂ[Efp(x).
is comeager in E(s*gp{n))]:

where ¢, = 8§ and f and g are suitable functions
M p p P

. P
independent of {E'}. We shall now shat that if o wins
J {x) (JQ (x)) with some strategy o , then there is some
Or8 WA X
n € MD(ME) gsuch that for each n e n, there is a complete play
in 'Jﬂ'B(x) (ngs(x)) withVEﬂ piaying with 0, such that
¥ F - . - _ .
fp(n) and gp(n) are relevant sequences produced. We will show

p = 0 and 3 winsg J (x)

this by induction on . Suppose 0,8

with strategy o+ Then =] winsa the following game with

strategy g, *

(VBGJ(E]gq)(Elkm)tVBi)(E]ti}(EIki) oo

seee Wi')[E#k BT )ih comeager _in_t(s*ao*tc*'..._*si__l*ti_'l)]"
S ﬂ'"‘ "'_' i-J_. -



L&7

= << {\ >> LI T ' :
Let n = {<<s_r<k ot >>,000 €8 2 o<k _yot, 1>

sg,tﬁ,kcssl,tl,klg....; 8;.1rt,_yrk;_y is an initial

segment of a play in the above game when | follows o }.

It is easy to see that n. is in the canonical base for S,

Ppefine
fof“:(EQ;{kG;tG}},. . "‘:Bi"l’(ki"l‘ti-l}}}) o {}Fﬂpl ' ;ki_l}

fgtn] = 1 otherwise;

| - ' ' ke W * * i
9o (<< <k ut > e <y ) a<ky gty (32> ) s e KKy gty

Qﬂln) = 1 otherwise.

The'dual case is shown similarly.

We now proveée our assertion for successor ordinals
the limit case being similar. So let p = p+l and suppose

'E] wins Jiﬂ s(x) with strategy 'Ux' We show that E] wins
, |

the game (ii) belaﬁ_with a-strapegy o, with the following
property: If no'no’uo'go'?b'vﬁ"" is a_camplete'play donsistent_
with U; then for each k there is a comélgte p;éy_in prs(x)
consistent wiih- ﬂﬁi such.that L

<<fu(ﬁﬁ$, fu(mﬂ?b';‘f'<fu{nk-1)f fptmk_l)>§ and

gu‘nojﬁuo*gu *"'*gu(mkfll Vy.y are the

corresponding relevant seguences produced.

(ma)*vc
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(2 nge M) (¥n en ) (Vu D (VE eM J (m eE )T v ).,

{3

Con (Vk)[E<<f () €M ) > ee <E (1) oF my _4)>>

is dﬁmeager in I{s*g (n_)*u *g {m )*v *.;i*gu(mk_l)*vk_l}]

W 0" Yo Cuiie’ o

L I (ii)
Since = wins Jﬂ'E(x), he wins Ju;ﬂtx) (asscciated with
\ |
the normal family (F <n>}). So for some N € M” and for
every n ¢ ncthere is & complete ﬁlay in_thé subgame Jurstx)

(consistent with o such that fu(n) and g (n) are the

u
relevant sequences produced., 8o in the game () E} pl ays

%

such an nﬂ. suppose ¥ plays n., € n r A finite sequence

Y

U and &t _ € Mu. NOow :3 winse the dual game
© ° <<f (n Y S>>

o . ~ H
Cﬁi,s*guinol*uﬁ‘x)aESGaiated with _}m. Hence
for every ED € Mu there is a m € EO such that

' ky are th levant
<fu(no), fp(mﬂ)> and u(n ) - gu{mo) arg @ rele
sequences (consistent with c&) produced in the dual game

and consequently

<<f (n ) ,£f {(m_ }>> o
E Wotel Ty © is'gﬁm&ager in Z(S*QH(nG)*uo*gu(mo)*vﬂ}

for some v, E W .w. Thus :'--_'] plays such M. V.. By regularity,

L
k

. . ) : . » oy kg # m Y*v ),
E“fu(ng"fu(m0’>>is cmme;ggr in ZI(s gu(nO) u_ gu( 0) o
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Proceeding thus it is clear that El can win_ the game (fi).
Finally obeerve that the function x ~—> &x can be chosen
to be ’féﬁg-measurable (aee‘ the proof ©f Theorem II:l.l and
Theorem I1:3.8). Consgsequently, x ~—> U; can also be chosen
to be %gnmeasurable, aince to describe or;: one needs to
describe relevant sequences with reﬁpect to G, » Finally;

*
for each x € E we choose O (in aﬂﬂ_i-meaau.rabla way) to
| b,

*

satisfy the conclusion of Lemma 2 above. Thus for each X € E
- o | o |

we can choose (in a E?E’G measurable way) o, euch that o, ig

a winning strategy in the game (ii) above and satisfies the

GGI‘I&IUQIOI'I of Lemma I:7.5. “
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