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Abstract

The multi-view classification is an important machine learning paradigm, which ex-
plores the consistency and complementary properties of multiple views to discover
patterns hidden in data. Although the integration of multiple views is expected to
provide an intrinsically more powerful predictive model than its single-view coun-
terpart, it poses its own set of challenges. The most important problems associated
with multi-view classification are the handling heterogeneous nature of different views,
selection of relevant and complementary views while generating discriminative joint
subspaces for analysis, and capturing the lower dimensional non-linear geometry of
each view. In a multi-view scenario, it is expected that the joint subspace should be
learned in such a way that the similarity in the latent space implies the similarity
in the corresponding concepts. The joint subspace should also reflect the intrinsic
properties of each of the individual views and should efficiently capture the non-linear
correlated structures across different views. Moreover, if some of the views correspond
to images, the joint subspace should preserve the innate topological properties of the
image views properly.

In this regard, the main contribution of the thesis is to develop some multi-view pre-
dictive models for the classification of observations into different concepts or classes. In
order to evaluate the relevance of a particular view, a novel framework is introduced,
by judiciously integrating the merits of rough sets and Bayes decision theory. While
the former deals with the uncertainty due to inexactness, vagueness, and incomplete-
ness in class definition, the latter addresses the uncertainty due to overlapping class
boundaries. To learn a joint subspace that can efficiently encapsulate the underlying
non-linear data distribution of the given observations, a multi-view deep predictive
model, termed as multimodal discriminative deep Boltzmann machine (MDDBM), is
introduced, based on the framework of deep Boltzmann machine. The supervised
information of multi-view data is incorporated into the proposed deep architecture
through the class nodes to make the joint subspace discriminative in nature. The
theory of canonical correlation analysis is judiciously integrated with the learning
objective of the proposed MDDBM to learn a joint subspace from the maximally cor-
related subspaces, while the concept of Hilbert-Schmidt independence criterion helps
to encapsulate the cross-view dependency in terms of consensus and/or complemen-
tary knowledge from the input pairs of views. Based on the Bayes error analysis, an
upper bound on the error probability of the proposed deep model is estimated, which
facilitates determining the optimal architecture of the proposed model.

Finally, a deep predictive model is proposed to capture the spatial proximity within
the image views, when both image and non-image views are available for the analysis.
In order to recognize and represent the geometric structures of the image manifolds,



embedded in the ambient space, the theory of Laplacian eigenmap and the concept of
simultaneous diagonalization of Laplacians are judiciously integrated with the learning
objective of the MDDBM. In effect, the proposed deep predictive model can generate
a joint discriminative subspace from the image and non-image views.
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Chapter 1

Introduction

In the era of digitalization, an exponential growth of data can be noted in numerous
domains of applications. For example, there are about 1 trillion web pages; an average
of one hour of video is uploaded to YouTube every second, amounting to 10 years of
content every day; the genomes of thousands of people, each of which has a length of
3.8ˆ 109 base pairs, have been sequenced by various labs; Walmart handles more than 1M
transactions per hour and has databases containing more than 2.5 petabytes p2.5 ˆ 1015q

of information [32]; and so on. This deluge of data calls for data analysis [66], which refers
to the process of understanding and recognizing the interesting and non-trivial patterns
properly from the given input data. A pattern refers to a portion of the data that repeats
itself in a discernible way. It provides the information of data.

Pattern recognition is an automated process of exploring patterns and irregularities in
the data [189]. The problem of searching for patterns in data is a fundamental one and
has a long and successful history. For instance, the extensive astronomical observations of
Tycho Brahe in the 16 th century allowed Johannes Kepler to discover the empirical laws
of planetary motion, which in turn, provided a springboard for the development of classical
mechanics [18]. The field of pattern recognition is concerned with the automatic discovery
of regularities in data through the use of computer algorithms. This is where artificial
intelligence comes into play. In particular, artificial intelligence (AI) can be defined as a
systematic study and design of algorithms to automatically detect patterns in data, and
then use the uncovered patterns to predict future data, or perform other kinds of decision
making under uncertainty [138].

Nowadays, AI is a thriving field with many practical applications and active research
topics. Many of the early successes of AI took place in relatively sterile and formal environ-
ments and did not require computers to have much knowledge about the world. It solved
problems that are intellectually difficult for human beings but relatively straight-forward
for computers, that is, problems that can be described by a list of formal, mathematical
rules [57]. For example, IBM’s Deep Blue chess-playing system defeated world champion
Garry Kasparov in 1997. Chess is defined in relatively simple world, containing only sixty-
four locations and thirty-two pieces that can move in only rigidly circumscribed ways. It
can be completely described by a brief list of formal rules, easily provided ahead of time
by the programmer. The true challenge of AI is to solve the tasks that are easy for people
to perform but hard to describe formally, that is, problems that human beings solve intu-

1



itively, like recognizing spoken words or faces in images. A person’s everyday life requires
an immense amount of knowledge about the world. Much of this knowledge is subjective
and intuitive, and therefore, difficult to articulate in a formal way. The key challenge in
AI is how to get this informal knowledge into a computer.

One of the possible approach to solve the difficulties faced by the AI suggests that the
systems need the ability to acquire their own knowledge, by extracting patterns from raw
data. This capability is known as machine learning. It is a branch of AI that focuses
on the use of data and algorithms to imitate the way humans learn; gradually improving
its accuracy. The introduction of machine learning allowed computers to tackle problems
involving knowledge of the real world and make decisions that appear subjective. Based on
the learning strategy, pattern recognition and machine learning algorithms fall into three
primary categories, which include supervised, unsupervised, and semi-supervised learning.

In the predictive or supervised learning approach, a two-stage methodology is adopted
for identifying the patterns from the input data. The first stage includes the development
of a model, which is termed as training phase, and the second stage involves the prediction
of new or unseen data based on the developed model, which is referred to as testing phase.
In the training phase, the goal is to learn a mapping from input x to output y, given a
labelled set of input-output pairs B “ txi, yiuNi“1. Here, B denotes the training set and N
symbolizes the number of training examples. Each training input xi is a B-dimensional
vector of numbers, representing, say, the height and weight of a person. These are called
features, attributes or covariates. The output, target or response variable is primarily a
categorical or nominal variable from some finite set, yi P t1, ¨ ¨ ¨ , Cu, or a real-valued scalar.
When yi is categorical, the problem is known as classification, and when yi is real-valued,
the problem is known as regression.

In the descriptive or unsupervised learning approach, only the input B “ txiuNi“1 is
given, and the goal is to find interesting non-trivial patterns in the data. This is a less
well-defined problem, since it is not told what kinds of patterns to look for. The machine
should learn to categorize the data based on the similarity in the patterns, present in the
data. Clustering is an unsupervised technique where the goal is to find natural groups
or clusters by interpreting the input data. The semi-supervised learning is less commonly
used. Here, a combination of a small amount of labelled data and a large amount of
unlabelled data is used to learn the model. An initial model is developed based on the
limited labelled training data and then unlabelled data is used to refine the model.

Classification is a fundamental problem in pattern recognition and machine learning.
The conventional supervised learning algorithms include Bayesian network [214], logistic
regression [90], decision tree [98], random forest [13], support vector machine [197], nearest
neighbors [38], and so on. The performance of these supervised learning algorithms depends
heavily on how the input data is represented in the feature space. Much of the pattern
recognition tasks can be solved by constructing the right set of features to extract for the
task and then providing these features to the input of the machine learning algorithms.
However, it is difficult to apprehend the features that need to be extracted from the input
data for the accomplishment of a certain task. One possible solution is to use machine
learning algorithms to discover not only the mapping from the feature representation to
output but also the representation itself. This approach is known as representation learning.
Learned representations often result in much better performance as compared to the hand-
crafted counterparts, which allows the AI systems to rapidly adapt to the given tasks with
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minimal human intervention.
The quintessential example of a representation learning algorithm is the artificial neural

network, commonly referred to as neural network. It provides a powerful alternative to
the conventional techniques of supervised machine learning which are often limited the
assumptions of normality, linearity, variable independence, and so on. The inception of
neural networks is motivated by the fact that the human brain computes in an entirely
different way than the existing machine learning algorithms. The brain is a highly complex,
non-linear information processing unit, which has the capability to organize its structural
constituents, termed as neurons, to perform certain tasks. For example, human vision is
an information processing task. The brain routinely accomplishes this task many times
faster than the fastest digital computer in existence today. A neural network is designed to
model the way in which the brain performs a particular task or function of interest. The
formal definition of a neural network is presented in [4], which is as follows:

• A neural network is a massively parallel distributed processor made up of simple
processing units, which has a natural propensity of storing experiential knowledge and
making it available for use. It resembles the brain in two respects:

1. Knowledge is acquired by the network from its environment through a learning
process.

2. Interneuron connection strengths, known as synaptic weights, are used to store
the acquired knowledge.

The procedure to perform the learning process is termed as the learning algorithm of
the network. The objective of a learning algorithm is to modify the synaptic weights, or
simply weights, of the network in an orderly fashion to achieve the desired objective. Since
a neural network is comprised of non-linear neurons, it itself is non-linear. Non-linearity
is an extremely important property, particularly if the underlying data distribution is
inherently non-linear. Adaptability of the synaptic weights based on the environment is
another essential property of neural networks.

The primary focus of neural networks is to disentangle the factors of variation that
explain the observed data. In this context, the term factors refers to quantities that are not
directly observed but they may exist as forces in the physical world that affect observable
quantities. They provide useful simplifying explanations or inferred causes of the observed
data. Factors can be regarded as concepts or abstractions that help to comprehend the
rich variability in the data. For example, the factors of variation for analyzing a speech
recording include the speaker’s age, gender, accent, and the words that are been spoken. In
case of complex problems, it becomes nearly impossible for the neural networks to identify
such high-level, abstract factors of variation from the raw data.

One of the possible approach to overcome this situation is to define the surrounding
world in terms of a hierarchy of concepts, with each concept defined in terms of its relation
to simpler concepts. The hierarchy of concepts allows the network to learn complicated
concepts by building them out of simpler ones. If a graph is drawn showing how these
concepts are built on top of each other, then the graph will be deep, having many layers.
Hence, this learning strategy is referred to as deep learning. Deep learning models resolve
the difficulty of learning the desired complicated mapping by breaking it into a series of
nested simple mappings, each described by a different layer of the model. The input is
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presented at the visible layer, so named because it contains the observed variables. Then,
a stack of hidden layers extracts increasingly abstract features from the given data. These
layers are termed as hidden because the corresponding representations are not given in
the data. The model needs to determine which concepts are useful for explaining the
relationships in the observed data.

Deep learning has a long and rich history. Although the term deep learning appears to
be relatively nascent, the field dates back to the 1950s. It has been abandoned many times
for several years preceding its current popularity and has gone through many different
names reflecting different philosophical viewpoints. In the present scenario, deep learning
has evolved to be more effective as the amount of available training data has increased
over time. Due to the development of acquisition equipments and sensors, a large amount
of data has become more accessible nowadays. However, the unpredictably ambiguous
nature of the data, along with the incompleteness in data representation, has restricted the
performance of deep learning models [119]. In real world applications, data are collected
from different sources of diverse domains. So, multiple representations of the same data
are available, which are also referred to as different modalities or views of the data. It is
primarily assumed that judicious integration of different views may provide comprehensive
and descriptive description of the inherent characteristics of the input data.

1.1 Multi-View Data Analysis

Multi-view learning is an emerging machine learning paradigm that focuses on discovering
patterns in data represented by multiple distinct views [182]. Data can naturally be de-
scribed in terms of multiple views. For example, a webpage can be described by the words
appearing on the page itself and the words underlying the links pointing to the webpage
from other pages [19]. In natural language processing tasks, the same document can have
multiple representations in different languages [7]. Although each of the individual views
can characterize the input data, multiple views often provide information distinct to each
other, which can alleviate the difficulty of describing the intrinsic properties of the given
data. A naive solution concatenates all the views to obtain a single data matrix, which can
then be applied to single view learning algorithms. However, it becomes difficult to reflect
the individual statistical properties of each of the modalities in the unified representa-
tion. In recent years, several methods of integrating imperative information from multiple
views have been developed in numerous domains of applications, such as integration of
multi-omics data, biomedical imaging, multilingual categorization, multi-camera face and
facial expression recognition, and so on [156,225]. The enormous success of the multi-view
learning can be explained through several arguments. The significant ones are discussed
next.

1. Complete Perspective: Each view of the given multi-view data has a fundamen-
tally distinct representation of the underlying data distribution. Hence, it can be
primarily assumed that integration of different views may provide comprehensive
and inclusive description of the inherent characteristics of the input data.

2. Complementary Information: Different views of the given data may provide some
knowledge, which is distinct from the rest of the views. Therefore, the underlying
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complementary information of different views can be suitably exploited to learn the
diverse knowledge regarding the latent inherent structure of the data.

3. Cross-Platform Analysis: Due to the presence of multiple views of the given input
data, it is possible to relate the observed variables from different views. For example,
combining the information of functional magnetic resonance images (fMRI) with the
single nucleotide polymorphism (SNP) data makes it easier to locate the changes in
the brain regions that are caused by the associated SNP changes in the genes.

4. Resilience to Noise: In real-life applications, data is usually corrupted by noise.
However, if information from multiple views is integrated, then it is most likely that
a noisy data point in one view is indemnified by the corresponding data points of
other views.

Despite these benefits, there are number of difficulties associated with the multi-view
data analysis, some of which are discussed in the following section.

1.2 Challenges in Multi-View Data Analysis

The conventional supervised machine learning algorithms, such as nearest neighbors, sup-
port vector machine, decision trees, artificial neural networks, or even deep learning models,
are primarily developed to process unimodal data. In order to adapt to multi-view envi-
ronment, few modifications are required to be performed on these approaches. Hence,
recognizing the inherent structures of data from the given multiple views offers its own set
of challenges. The pivotal ones are discussed next.

1. Joint Subspace: For multi-view data analysis, multiple view-specific linear or non-
linear mapping functions are required to be sought in order to transform the data
from input spaces to a joint subspace. The resultant joint subspace should embody
the inherent characteristics of each of the input views. In order to address the classi-
fication problem, supervised information of sample categories should be incorporated
in the joint subspace. The consistency and diversity present among different views
are also need to be reflected in the corresponding subspace. Since each view is charac-
terized by different statistical properties, representing all the imperative information
in the joint subspace is a difficult task.

2. Latent Distribution: In multi-view learning, it is essential that the underlying
non-linear data distribution of the given observations is efficiently encapsulated in
the joint subspace. Since the views are assumed to be generated from the latent
distribution, the joint subspace is expected to characterize and classify the given data
accurately. However, different views of the data provide different representations of
the underlying data distribution.

3. Heterogeneous Nature of Data: A naive solution of multi-view data analysis
concatenates all the views to obtain a single data matrix, which can then be applied
to single view learning algorithms. However, the direct concatenation approach is
not always meaningful since different views are generally captured at different scales.
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The data in each view is represented with distinct unit, having unique variance. For
example, in real-life cancer data sets, the β-values of DNA methylation data usually
lie in r0, 1s, whereas the RNA sequence-based gene expression data is quantified
in terms of RPM (reads per million), having real values in the order of 105. The
concatenation of such diverse views is essentially dominated by the view with higher
variance value.

4. Heterogeneity in Views: In multi-view learning, it may so happen that the individ-
ual views correspond to completely different spaces. For example, in imaging genetics,
one view may correspond to multidimensional fMRI, while the other view refers to
the one-dimensional SNP array. Similarly, in image annotation and image retrieval
tasks, the views are generally represented by natural images and their corresponding
description or tags. The set of functions required to model the one-dimensional text
modality will essentially be different from the set of functions required to model the
image modality. In such a scenario, learning the joint subspace from the individual
spaces may not be able to capture the cross-modal information.

5. Irrelevant and Redundant Views: In real-life applications, the observations in
the given input views are usually prone to noise, generating from the measurement
errors. In absence of proper pre-processing procedure, the noise propagates or even
gets amplified during the data integration process. Based on the assumption that each
view provides some information which is fundamentally distinct from the information
provided by the rest of the views, all the input views are generally considered for
multi-view data analysis. However, presence of redundant and irrelevant views may
affect the overall performance of the corresponding approaches.

6. Class Evolution: The supervised machine learning algorithms usually address the
multi-view classification problem, where the class labels of the given observations
as well as the total number of input classes are known a priori. However, there
might be cases where the number of classes is not known beforehand, although the
input observations are provided with the corresponding class labels. In dynamic data
streams, the class evolution occurs when an observation with a new class label comes
in the data stream.

7. Incomplete Views: In multi-view data analysis, it is primarily assumed that all
the views represent information corresponding to the same set of samples. However,
in real-life scenario, the data on various views may get corrupted during the data
collection or pre-processing phase. As a consequence, a particular set of samples
may be present in one view, while the corresponding samples may not be observed
in another view, which is referred to as incomplete view.

Certain challenges, such as, obtaining joint subspace, heterogeneity in views, and presence
of irrelevant, redundant, and incomplete views, are inherent to multi-view data analysis
only, whereas recognizing latent distribution and class evolution in dynamic data stream are
pertinent to single view data analysis as well. From the discussion on the aforementioned
challenges, it can be inferred that some advanced supervised machine learning algorithms
are required to be developed in order to discover and analyze the intrinsic structures or
patterns present in the multiple views of the given input data.
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1.3 Challenges in Deep Learning

The goal of deep learning is to be able to comprehend high-dimensional data with rich
structures, for example, natural images [226], audio waveforms representing speech [222],
documents containing multiple words [89], and so on. Deep predictive models consider such
high-dimensional data as input and summarize it with a categorical label, for example, what
object is present in the photo, what word is spoken in the recording, or what topic the
document is about. Although deep learning models have achieved a phenomenal success in
almost every research field and application domains, there still exists certain aspects which
limit the construction as well as the overall performance of deep learning models. Some of
these challenges are discussed next.

1. Determination of Architecture: In deep learning, there does not exist any guiding
principle or rule based on which the architecture of the model can be determined.
The number of neurons at a particular layer or the number of layers in a deep model
is either heuristically determined based on, for example, evolutionary algorithms, or
existing networks, pre-trained on natural images, are considered whose parameters
are fine-tuned based on the target database, except for the output layer of the model
which needs to be trained from scratch. However, the architecture of the model,
defined based on such aforementioned approaches, does not take into account the
diversities present in the nature of the problem as well as the complexities associated
with the given input data.

2. Overfitting: It is an undesirable behavior in which a deep learning model tries to
fit the training data entirely and ends up memorizing the data patterns, noise, and
random fluctuations. As a consequence, the model performs well on training data,
but similar performance is not observed on unseen data. Thus, the model fails to
generalize and tends to learn specific and low-level features that may not be relevant
or useful for other domains or tasks. It prevents the model from leveraging the
existing knowledge and skills to learn new or related ones. Overfitting occurs due to
several reasons, such as:

• the number of training samples is too small to reflect the data characteristics
properly;
• the training data contains irrelevant and redundant information;
• the model is trained on same set of samples for a long period of time;
• the model is highly complex and so, it learns the noise present in the input data;

In effect, the overall performance of the deep learning model is degraded.

3. Computationally Expensive: Training and deploying deep learning models can
be computationally very expensive and time-consuming as compared to the conven-
tional machine learning algorithms, as they involve complex mathematical operations
and multiple layers of neurons. Deep learning models necessitate the use of a large
amount of computational resources, which include powerful central processing unit,
high-performance graphics processing unit, storage, and so on. The amount of com-
putational power, needed to efficiently train a deep learning model, depends on the
depth and complexity of the model.

7



4. Lack of Interpretability: In deep learning, lack of interpretability is an important
issue in which the outputs or decisions provided by the deep models are difficult to
be explained. For this reason, deep learning models are often considered as black
boxes. It is still difficult to analyze in deep models that how it is determined which
feature to extract at which layer for proper modelling of the given input data. This
can pose problem in applications that require transparency and accountability, such
as medical image analysis.

5. Security: Deep learning models are susceptible to small input perturbations, in
most cases imperceptible to the human eye. It is shown in [174] that small additive
noise to an input image leads to misclassification by the model which was identified
with 99.99% confidence earlier. Such perturbations, which can fool a trained model,
are known as adversarial attacks. The study of adversarial attacks and robustness
against them has become a great deal of research in deep learning.

Despite of having these challenges, deep learning models have vast inroads into many
applications with outstanding performance. This is due to the fact that deep learning mod-
els achieve great power and flexibility by perceiving the environment as a nested hierarchy
of concepts and representations, with each concept defined in relation to simpler concepts.
It is possible for the deep models to perform tasks which is more expensive than the clas-
sification task. Density estimation [122], denoising [115], missing value imputation [87],
and sampling [80] are just to name a few. Because of the powerful feature abstraction
ability, a surging interest is noted in recent years for combining information from multiple
views using deep learning models. In this regard, the problem of developing deep predictive
models for the analysis of multi-view data is addressed in this thesis.

1.4 Scope and Organization of Thesis

In this regard, the thesis focuses on devising a set of novel models in order to address the
classification problem of multi-view data. The significant challenges of multi-view classifi-
cation include heterogeneity in data representation, incompleteness in class definition, and
overlapping class boundaries, which substantially degrade the performance of the classifica-
tion algorithms. In multi-view environment, it is expected that a joint subspace is defined
in such a way that it can efficiently encapsulate the latent non-linear data distribution of
the given observations. The joint subspace should also contain the discriminative informa-
tion so that the similarity in the latent space implies the similarity in the corresponding
concepts. The consistency and diversity present among different views are important as-
pects of multi-view data analysis, which are required to be properly explored for efficient
representation and recognition of the given observations. Furthermore, if one or more input
views correspond to images, then joint subspace should be learned in such a way that the
topological properties of the image views are properly preserved along with the inherent
characteristics of the rest of the views. As a consequence, the interpretability or explain-
ability of the proposed models can be enhanced in addressing the multi-view classification
problem. The primary contribution of the thesis is to develop few novel models, which can
appropriately characterize the given classes and obtain a joint representation, incorporat-
ing all the imperative information of the input views such that the given observations are
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classified into multiple categories accurately. Integration of information from various views
can be observed as example of data fusion technique.
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Chapter 1
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Figure 1.1: Outline of the thesis.

The outline of the thesis is depicted in Figure 1.1. It contains eight chapters. An
introduction to multi-view data analysis and it’s significance in the present scenario are
discussed in Chapter 1. The major challenges associated with the multi-view learning
are also described in this chapter. A concise study on state-of-the-art multi-view learning
approaches is presented in Chapter 2.

The existing multi-view learning approaches consider a uniform set of descriptors for
describing all the given input classes, which restricts the recognition rates of the correspond-
ing approaches. In this context, Chapter 3 introduces a novel method, which is developed
based on the hypothesis that a particular set of descriptors may be significant for differ-
entiating observations belonging to a specific pair of classes, but may not be relevant for
identifying observations from other pairs of classes. Also, it is assumed that all the features
in a descriptor do not contribute uniformly in describing the inherent characteristics of the
given observations. Therefore, a set of relevant descriptors is identified for representing
the intrinsic properties of a particular pair of classes, and then the final feature set for
multiple classes is formed from the relevant descriptors of all possible pairs of classes. Ju-
diciously integrating the merits of rough sets and Bayes decision theory, a new framework,
termed as Rough-Bayesian model, is introduced to evaluate the relevance of a descriptor
in discriminating observations from a given pair of classes. While rough set theory deals
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with the uncertainty due to the incompleteness in class definition, the probabilistic model
addresses the uncertainty due to overlapping classes by measuring the belongingness of an
observation to a specific class, based on some presumed intensity distribution of the class.
During the computation of the relevance of each given descriptors, the proposed method
takes care of the presence of both noisy features in a descriptors and noisy observations
in an input class. Finally, support vector machine is used to predict the class labels of
the given observations. The performance of the proposed method is studied with reference
to several state-of-the-art approaches on a set of real-life human epithelial type 2 (HEp-2)
cell image databases. An important finding is that the accuracy for classifying HEp-2 cell
images is significantly increased if class-pair specific descriptors are considered, instead of
selecting a uniform set of descriptors for multiple classes. Some of the results of this chapter
are reported in [102,103].

Although the classical approaches have achieved some promising results in numerous
domains of applications, it is difficult for the hand-crafted features to effectively analyze
the hidden attributes of the input data. On the other hand, features extracted by the
deep models are data as well as task specific. Deep learning models can effectively learn
complex, non-linear, and abstract representations of the given data by allowing multiple
hierarchical layers. In this regard, Chapter 4 introduces a novel deep multi-view predictive
model, termed as multimodal discriminative deep Boltzmann machine (MDDBM). The
proposed deep model can extract discriminative and descriptive features from the given
views, learn a joint subspace by integrating all the imperative information from the fea-
ture representations corresponding to each of the input views, and also classify the given
observations into multiple categories. The proposed framework is developed based on the
architecture of deep Boltzmann machine (DBM) in multi-view environment to encapsulate
the underlying non-linear data distribution of the given observations. The class nodes are
incorporated into the proposed deep architecture to include the supervised information at
each layer of the network. Through proper learning of the weights associated with the cor-
responding class nodes, it can be ensured that the obtained representations at each layer of
the network will have better discriminative abilities as compared to the unsupervised coun-
terparts. Also, considering the class nodes in the architecture allows the proposed model
to predict the class labels of given observations without employing any additional classifier
for classification purpose. The performance of the MDDBM model is extensively stud-
ied and compared with several state-of-the-art multi-view learning approaches on various
benchmark and real-life cancer data sets. Some of the results of this chapter are reported
in [104].

In multi-view environment, it may so happen that the individual views correspond
to completely different sources. In such a scenario, the individual hidden representations
correspond to essentially different spaces. So, learning the joint subspace from the indi-
vidual spaces may not be able to capture the cross-modal information. However, if the
proposed model is learned in such a way that the modality-specific subspaces are highly
correlated, then the inherent characteristics of the views can be efficiently modeled by the
joint subspace. In this regard, a novel architecture, termed as discriminative deep canonical
correlation analysis (D2CCA), is proposed in Chapter 5, by judiciously integrating the mer-
its of MDDBM, introduced in Chapter 4, and the theory of canonical correlation analysis
(CCA). The weights of the network are updated such that the individual latent spaces are
transformed to maximally correlated subspaces. Hence, the joint representation, learned
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from the obtained subspaces, can efficiently capture the non-linear correlated structures
across different modalities. Also, considering the class nodes in the architecture includes
the supervised information of sample categories at each layer of the network, which in
turn, allows the proposed D2CCA model to perform as feature extractor as well as classi-
fier. Furthermore, the proposed framework is consolidated with corresponding convergence
analysis. The proficiency of the D2CCA architecture is extensively studied and compared
with numerous state-of-the-art methods on several benchmark and real-life cancer data
sets. Some of the results of this chapter are reported in [104].

Along with the correlated structures, the complementary knowledge among different
modalities may also contain useful information, which may essentially facilitate accurate
classification of the given observations into different categories. In this regard, a novel deep
learning model, termed as discriminative deep generalized dependency analysis (D2GDA),
is proposed in Chapter 6 based on the MDDBM framework, introduced in Chapter 4. Thus,
the proposed model can efficiently encapsulate the underlying non-linear data distribution
of the given observations. Inclusion of supervised information at each layer of the network
enhances the discriminative ability of the D2GDA model. Based on the concept of Hilbert-
Schmidt independence criterion, a loss function is proposed to efficiently capture the cross-
view dependency across several views. A view-pair specific constraint is incorporated in the
loss function to extract the relevant cross-view information in terms of consensus and/or
complementary knowledge from the given input pairs of views. Based on the Bayes error
analysis, an upper bound on the error probability of the proposed deep model is estimated
in terms of the model architecture. Hence, instead of heuristically determining the frame-
work of the proposed model, an optimal architecture is estimated for each given database.
While the number of layers is obtained from the total error probability of the model, the
number of nodes at each layer is computed based on the Hilbert-Schmidt independence
criterion. An analytic formulation demonstrates that the proposed model is the general-
ization of several state-of-the-art feature extraction techniques. The proposed approach is
further consolidated with the convergence analysis. Finally, the proficiency of the proposed
model is studied on numerous domain of applications, namely, object recognition, docu-
ment classification, multilingual categorization, and cancer subtype identification. Some of
the results of this chapter are reported in [105].

Combining information from multiple views is particularly challenging when the in-
put views involve both image and non-image information. It is primarily due to the fact
that as opposed to the non-image counterparts, the image modalities embody neighbour-
hood information which needs to be encapsulated properly for efficient representation of
the given input data. In this regard, a deep predictive model, termed as discriminative
deep joint Laplacian embedding (D2JLE), is developed in Chapter 7, which can process
multiple image and non-image modalities simultaneously. For proper characterization of
a particular image view, the corresponding manifold needs to be appropriately modelled
from the given input images in such a way that moving into the latent space results into
moving on the manifold. Hence, an objective function is developed based on the theory
of Laplacian eigenmap, which can efficiently encapsulate the underlying low-dimensional
embedding from the input high-dimensional pixel space. In case of multiple image views,
the intrinsic geometric structures of the corresponding image manifolds need to be consol-
idate appropriately in the joint subspace. So, an objective function is formulated based on
the concept of simultaneous diagonalization of Laplacians in which an approximate com-
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mon eigenbasis is computed from the Laplacians simultaneously. In the proposed D2JLE
model, the two objective functions are judiciously integrated with the learning objective
of the MDDBM, introduced in Chapter 4, to capture the imperative information from
both image and non-image views. The relevance of each view is evaluated based on the
discrimination criterion of the corresponding view and the joint subspace is learned from
the weighted combination of the individual subspaces. Based on the Bayes error analysis,
an upper bound on the error probability of the proposed model is estimated in terms of
the model architecture, which allows the model to determine the optimal architecture of
the model for each database considered. The proposed D2JLE model is further consoli-
dated with convergence analysis. The proficiency of the proposed model is demonstrated
on several benchmark, HEp-2 cell image, and the real-life Virus databases with reference
to several state-of-the-art multi-view learning approaches.

Finally, the concluding remarks are presented in Chapter 8 with discussions on future
directions and improvements of the proposed research work.
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Chapter 2

Survey on Multi-View Data Analysis

The basic notions of multi-view data analysis, along with a concise literature survey, are
discussed in this chapter.

2.1 Multi-View Data Analysis

A multi-view data having M views is represented by a set of n samples, tx1, x2, . . . , xnu,
where M ą 1. Different views or modalities of the given input data can be characterized
by various sets of descriptors. Hence, throughout the thesis, the terms view, modalities,
and descriptors are interchangeably used, and multi-view data set is also referred to as
a multimodal data set . The views are either represented by feature value based data or
relational data. In case feature value based representation, a set of M data matrices
X1, X2, . . . , Xm, . . . , XM is considered to signify an M -view data set, where each data
matrix corresponds to one of the M input views. Hence, Xm denotes a pdm ˆ nq matrix,
where dm indicates the total number of input features for m-th view and n refers to the
number of samples, observed in a dm-dimensional measurement space. The input data
matrices are generally defined on Euclidean space, where Xm is represented by numeric
values in <nˆdm . However, other data types, such as, binary, categorical, and textual,
are also observed. The measurement space, as well as the number of observed variables,
dm, need not be the same across different views. The matrices X1, . . . , XM may vary in
terms of their scale, unit, variance, dimension (column-wise), and data distribution. In
case of relational data, the M views are typically represented by M similarity (distance)
matrices W1,W2, . . . ,Wm, . . . ,WM . Each Wm is a pn ˆ nq matrix which is defined as
Wm “ rwmpi, jqsnˆn, where wmpi, jq ě 0 is the similarity (distance) between samples xi
and xj in the m-th view.

Figure 2.1 shows an example of multimodal omics data set with feature vector based
representation. The advent of whole genome sequencing technologies have led to the gen-
eration of different types of omics data from different levels of the genome. As shown in
Figure 2.1, the DNA methylation, protein expression, gene expression, and copy number
variation data can be observed from the epigenomic, proteomic levels of the genome, tran-
scriptomic, and genomic, respectively. In a multimodal data set, these observations can be
made for a common set of n samples or patients whose genome is being sequenced. The
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Figure 2.1: Different views of multi-omics data analysis.

resulting data set is a collection of M views, denoted by X1, X2, . . . , Xm, . . . , XM . Each
Xm, in this case, is a pnˆ dmq data matrix consisting of the expression levels of dm genes,
or micro-RNAs, or proteins for those n samples.

The area of multi-view learning is relatively nascent. However, due to the performance
of multi-view learning in numerous domains of applications, a rich literature of machine
learning research is developed over the past decade.

2.2 Multi-View Learning Approaches

The conventional machine learning algorithms, such as nearest neighbors, support vector
machine, decision trees, artificial neural networks, or even deep learning models, are pri-
marily developed to process unimodal data. A naive solution concatenates all the views to
obtain a single data matrix which can then be applied to single view learning algorithms.
However, the direct integration approaches suffer from the overfitting problem, which is
predominant in case of small training data sets. Also, it becomes difficult to reflect the
individual statistical properties of each of the modalities in the unified representation for
heterogeneous databases. In recent years, a surging interest is noted in combining informa-
tion from multiple views. The existing algorithms can be approximately partitioned into
five categories, namely, subspace learning, multiple kernel learning, co-training, embedding,
and deep multi-view learning.
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2.2.1 Subspace Learning

The main objective of subspace learning-based methods is to obtain a latent subspace
shared by multiple modalities, where each input view can be generated from this latent
subspace. The subspace learning effectively addresses the curse of dimensionality problem,
as the latent subspace has lower dimensionality than that of any input view. Canonical cor-
relation analysis (CCA) [78] finds linear relationships between two multidimensional views.
It obtains two-directional weight vectors, also termed as basis vectors, and the empirical
correlation between the respective projections onto these weight vectors is maximum. The
CCA has been widely used in multi-view regression [91] and clustering [23] fields.

A generalization of Fisher’s discriminant analysis has been proposed in [35] to explore
the latent subspace spanned by a multimodal data set. This generalization is supervised
although CCA does not incorporate the class information. Multi-view metric learning [155]
has been developed to construct projections from multi-view data. The latent subspace is
used to infer another view from the observation view. To establish the connections between
the two views through latent subspaces, the Markov network [26], maximization of mutual
information [131], and Gaussian process [173] have been used. In [165], a latent subspace is
used to factorize private and shared information from different views. The main objective
of factor analysis is to obtain latent factors, which summarize the input data. Partial least
squares (PLS) [207] is another popular statistical technique that has been used to find
fundamental relations between two views.

2.2.2 Multiple Kernel Learning

The main objective of multiple kernel learning (MKL) is to control the search space capacity
of possible kernel matrices to achieve good generalization. The kernels in MKL correspond
to different views, and the integration of different kernels may improve the learning per-
formance. Thus, MKL is widely used to analyze multi-view data sets. Over the past
few years, MKL has become one of the important techniques to analyze multi-view data
sets. It achieves attention due to the utilization of various optimization techniques [107] as
well as the recognization ability by exploring possible combinations of base kernels [227].
In [107], MKL has been formulated as a semi-definite programming problem. MKL is
used to develop a dual formulation of the quadratically-constrained quadratic program as
a second-order cone program problem in [11], where a sequential minimal optimization
algorithm has been developed to efficiently obtain the optimal solution.

2.2.3 Co-training

Co-training [20] is one of the earliest models to analyze multimodal data. It learns al-
ternately by maximizing the mutual correspondence between two unlabeled views. There
are many modifications which have been done in the recent past. In [144], generalized
expectation-maximization has been done, where adjustable probabilistic labels are assigned
to unlabeled data. Some robust semi-supervised learning algorithms have been proposed
in [139], where active learning is combined with co-training. In [219], Bayesian undirected
graphical models are developed for co-training and a novel co-training kernel for Gaussian
process classifiers. In [175], a co-regularization framework has been introduced where classi-
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fiers are learned in each view through forms of multi-view regularization. Some co-training
based multi-view clustering algorithms have been proposed in [100,101].

2.2.4 Embedding

To overcome the representational differences, an alternative transformed representation
has to be created for each view. An algorithm has been proposed in [110], where each
view is projected into a homogeneous meta-space. The dimension of the projected space
is the same for each view with the same scale. In [198], consensus embedding has been
introduced, where according to the minimum predictive value, embeddings selected from
different views have to be combined. The boosted embedding concatenation has been
reported in [191], where supervised information is used in the fusion process. In [52], an
algorithm of boosted embedding concatenation has been proposed based on the Adaboost
classifier, which evaluates and provides weight on each embedding to integrate different
views.

2.2.5 Deep Multi-View Learning

Due to the powerful feature extraction capability, deep learning methods have gained at-
tention in recent years. By using multiple hierarchical layers, deep learning models can
learn non-linear, subtle, complex, and abstract representations of the target data from
multiple views. Several deep multi-view learning algorithms exist in the literature, such
as multi-view convolutional neural network [109], multi-view auto-encoder [49], multi-view
generative adversarial network [209], multi-view graph neural network [54], multi-view deep
belief net [180], and multi-view recurrent neural network [129]. The conventional learning
methods are also extended into the deep framework, such as, deep canonical correlation
analysis [9], deep multi-view matrix factorization [224], deep multi-view spectral learning
network [84], and deep multi-view information bottleneck [5].

• Multi-View Convolutional Neural Network: The convolutional neural network
(CNN) [109] has demonstrated outstanding performance in numerous domains of
application. As opposed to single-view CNN architectures, the multi-view CNN is
defined as modeling from multiple feature sets with access to multi-view information
of the target data. The multi-view CNN architecture aims to integrate impera-
tive information from different views so as to obtain more discriminative common
representations. The existing multi-view CNN architectures are usually partitioned
into the following two types; one-view-one-net mechanism and multi-view-one-net
mechanism. The multi-view CNN based on one-view-one-net mechanism adopts one
convolutional neural network for each view and extracts feature representation cor-
responding to each view separately, then multiple representations are fused through
subsequent part of the network. Multi-view-one-net mechanism feeds multi-view
data into the same network to get the final representation. In essence, the difference
between one-view-one-net mechanism and multi-view-one-net mechanism lies in the
fusion methods of different views.

CNN has been proven to be an effective way to extract high-level features from input
data automatically. Many variants of the CNN model have been proposed, includ-
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ing principal component analysis network (PCANet), canonical correlation analysis
network (CCANet), multiple scale CCANet (MS-CCANet) and multiview CCANet
(MCCANet). The PCANet is specialized for single view feature abstraction, while
in many real-world practices, data are frequently observed from many more views.
Although CCANet, MS-CCANet and MCCANet can be applied to two or more view
data, they consider only the pair-wise correlation by calculating a series of two-order
covariance matrices. However, the high-order consistence, which can only be ex-
plored by collectively and simultaneously examining all views, remains undiscovered.
In this context, tensor canonical correlation analysis (TCCA) network is developed
in [213]. Particularly, TCCA learns filter banks by simultaneously maximizing arbi-
trary number of views with high-order-correlation and solves the optimization prob-
lem by decomposing a covariance tensor. After the convolutional stage, binarization
and block-wise histogram strategies are utilized to generate the final feature. In deep
multiset CCA (dMCCA) [178], feed-forward networks have been used to map the
given input modalities to a shared subspace such that the joint representation maxi-
mizes the ratio of between and within modality covariance of the given observations.
Couture et al. [30] have developed task optimal CCA (TOCCA) that focuses on both
CCA and task driven objectives using a deep architecture.

• Multi-View Auto-Encoder: Auto-encoder (AE) is a variation of neural network
and has obtained promising results in various applications, such as data retrieval [49],
human pose recovery [76], and disease analysis [223]. AEs are unsupervised feature
learning method in the deep learning literature that consist of two objective func-
tions; encoding function and decoding function. Specifically, the encoding function
aims to map an input data to a compressed hidden representation. The decoding
function aims to reconstruct the data from its compressed hidden representation.
The hyper-parameters of AE architecture are obtained by minimizing the error of
the reconstruction, which can be estimated by losses, for example, mean-squared loss.
Some recent works are proposed to learn the common representation of multi-view
data by using AEs. For example, Rastegar et al. [157] have proposed a multimodal
deep learning framework, termed as MDL-CW, which exploits the cross-weights be-
tween modality-specific representations and gradually learns interactions between the
given modalities through a deep network. In this way, the modality that contains
higher level information can help to find a better representation for other modalities.
It is also theoretically shown that intra-modality information can be captured by
considering these inter-modality interactions.

Inspired by MDL-CW, Feng et al. [49] present a correspondence auto-encoder (Corr-
AE) to conduct cross-modal retrieval, which simultaneously learns the shared in-
formation of multiple modalities and the specific information in each individual
modalities. The main idea of the Corr-AE is to minimize the correlation learning
error between multiple modalities and the feature learning errors of each modality.
The Corr-AE model is composed of the two subnetworks, each of which is a basic
auto-encoder. The two subnetworks are combined by designing a code layer with a
predefined similarity measurement. Feng et al. [49] also propose a full-modal ver-
sion of Corr-AE, which can be regarded as an integration of standard auto-encoder
and Corr-AE. The human pose recovery problem based on video has been addressed
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in [76], where a multi-layered deep neural network has been used to construct low-
rank hypergraph Laplacian. A discriminative margin-sensitive auto-encoder has been
introduced in [223] to diagnose Alzheimer’s disease and for recognition of protein folds
accurately.

• Multi-View Generative Adversarial Network: As an unsupervised deep learn-
ing model, generative adversarial networks (GAN) [58] has been successfully applied
into many domains and obtained promising results, such as image-to-image transla-
tion [85] and image in-painting [36]. Typically, the basic GAN includes a generative
model G and a discriminative model D. Thus, it has the most prominent charac-
ter of adversarial training. The generative model G characterizes the distribution of
source data, while the discriminative model D is designed to estimate the probability
distribution from the training data. Generating images with multiple views from a
single-view input is a fundamental research topic for broad applications in computer
vision, robotics and graphics. The GAN-based multi-view generation methods first
use encoder E to map input images into latent space Z, then decoder G is adopted
to generate novel views.

Based on the existing generative adversarial network (GAN) paradigm, multi-view
GAN (MVGAN) is developed in [209] to handle the uncertainties associated with
multiple views. At first, the MVGAN framework provides a principle to model the
output distribution based on the input observations of two views by representing
the hidden nodes with conditional probabilities. It also provide implicit mappings
from input space to latent space and from latent space to output space. A natural
way to extend the concept for multiple views is to define the mapping function from
several views to single representation space. However, it is experimentally shown that
the resulting model exhibits undesirable behaviours. Therefore, the MVGAN model
proposes a constrain based on the idea that adding one more view to any subset of
views must decrease the uncertainty on the output distribution, that is, the more
views are provided, the less variance the output distribution has. This behaviour is
encouraged by using a Kullback-Leibler divergence regularization.

• Multi-View Graph Neural Network: Graph neural networks (GNN) [167] rec-
onciles the expressive power of graphs in modeling interactions with deep models in
terms of learning representation and has gained increasing attention due to its ca-
pability of modeling graph structured data. They process variable-size permutation-
invariant graphs and learn low-dimensional representations through an iterative pro-
cess of transferring, transforming and aggregating the representations from topo-
logical neighbors. Recently, GNN has achieved outstanding performance in graph-
structured data analysis, such as social network [82] and knowledge graphs [64].

Recently, GNN also has achieved promising performance in the scenario of multi-view
learning, such as multi-view graph conventional networks and multi-graph clustering.
In multimodal graph neural network (MMGNN) [54], an input data is represented
as a graph, consisting of three sub-graphs. Then, three aggregators are introduced
which guide the message passing from one graph to another to refine the nodes of
the network. The initial representations of the nodes in the three sub-graphs are
obtained from priors, learned from the deep convolution neural networks. The up-
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dated representation are considered to contain richer and more precise information
of the given input data, facilitating the predictive model to provide accurate pre-
diction of the class label information. In [43], a novel task-guided multi-view graph
auto-encoder clustering framework has been reported, which can learn node embed-
dings by applying the content information. To analyze the global poverty problem,
a graph structure based on the convolutional network has been proposed [97]. This
model can be applied to predict whether a person is living below the poverty line, to
predict the adoption of economic inclusion, or to predict the gender of mobile phone
subscribers. A redesigned graph neural network, collaborated with a convolutional
neural network, has been introduced in [210], to obtain a feature representation of
multi-view images.

• Multi-View Deep Belief Net: The deep belief net (DBN) is proposed by Geoffrey
Hinton et al. [71], which adopts the restricted Boltzmann machine (RBM) as its
fundamental component. RBM is a simple model, which just contains two layers; a
hidden layer and a visible layer. These two layers are connected by synaptic weights.
The DBN architecture is composed of several RBMs by stacking each RBM on top of
each other. The main aim of DBN is to capture the underlying data distribution of the
observations. To learn the multi-view representations, Srivastava et al. [180] present a
multi-view DBM based on generative model, which can model the joint distributions
of various data sources, such as audio, image and text. Taking the image and text
modality as an example, Srivastava et al. [180] first design different DBN models to
extract the high-abstract representations of different modalities. Then, a top RBM
with one-layer neural network is adopted to characterize the joint representation of
multi-view data by passing the combined features of each individual modality. A
hybrid model based on RBM has been reported in [6], and cross-modality as well as
inter-modality features are extracted to detect the sequential event. A multi-view
face recognition approach has been proposed in [3] based on DBN to capture the
complementary representation of deep and local features. Another multimodal deep
Boltzmann machine algorithm has been proposed in [184], where several patient
phenotypes and gene expression data are processed simultaneously to identify the
importance of different genes.

• Multi-View Recurrent Neural Network: For dealing with time series data,
Sutskever et al. propose a recurrent neural network (RNN) [183], which has been
successfully applied into various analysis tasks on time series data. The RNN model
consists of three kinds of layers in different time frames, which are the input word
layer, the recurrent layer, and the output layer. Mao et al. [129] propose a multi-view
RNN architecture, which aims to generate captions for visual images. The multi-view
RNN includes the three subnetworks; a vision network, a language network and a
multi-view network. Specifically, the vision network usually adopts a deep CNN, such
as Resnet, Alexnet and Inception, which aims to map the visual information of an
image into its deep feature representation. The language network is to capture the
task-specific representation and the temporal dependency. In the multi-view network,
a hidden network is adopted to find the relationship between the vision representation
and the learned language. Following [129], Karpathy et al. [95] present a multi-view
alignment model based on RNN to bridge the inter-view relationship between visual
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and textual data. In [1], a multi-view RNN model has been presented to address the
indoor scene recognition problem. An algorithm based on multi-view RNN has been
proposed in [166], which detects the wake and sleep state of a person by analyzing
the data generated from his/her smartphones and wearable technologies.

2.3 Conclusion

A significant challenge of multi-view data analysis includes identification of most relevant
views from the given multiple views which can efficiently characterize the inherent char-
acteristics of the input pair of classes. In this context, a novel framework is developed in
the next chapter by judiciously integrating the theory of rough sets and the Bayes decision
theory to evaluate the efficacy of a view in discriminating observations from a given pair
of classes.
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Chapter 3

Rough-Bayesian Approach to Select
Class-Pair Specific Descriptors

3.1 Introduction

In many real world applications, the data can naturally be described in terms of multiple
views. For example, a webpage can be described by the words appearing on the page itself
and the words underlying the links pointing to the webpage from other pages [19]. In
natural language processing tasks, the same document can have multiple representations
in different languages [7]. Although each of the individual views can characterize the input
data, multiple views often provide information distinct to each other which can alleviate
the difficulty of describing the intrinsic properties of the given data. In recent years,
several methods of learning from multiple images have been proposed by considering the
diversity of different views. These views may be obtained from multiple sources or different
feature subsets. For example, a person can be identified by images of face, fingerprint,
signature or iris with information obtained from multiple sources. Primarily, an image can
be represented by its color or texture features, which can be considered as different feature
subsets, also referred to as modalities, of the image. The classification of images based on
multi-view data has been exercised in numerous domains of applications, namely, object
detection [114], tumor analysis [48], face recognition [81], 3D saliency detection [65], and
so on.

One of the emerging problems of image classification is recognition of staining patterns
present in human epithelial type 2 (HEp-2) cells for automatic antinuclear antibody (ANA)
analysis. The patterns observable in the cells provide the main information used for the
analysis, since each pattern is related to the presence of specific ANAs. As the staining
pattern is independent of each cell nucleus or cell including cytoplasm, each cell needs to be
evaluated separately [177]. In common ANA analysis using indirect immunofluorescence
(IIF), an expert carefully analyzes the staining patterns of HEp-2 cells through a fluores-
cence microscope. However, this procedure is not only time consuming but also subjected
to inter-observer as well as intra-observer variability [133].

A significant amount of research has been undertaken in the last few years for auto-
matic recognition of staining patterns present in HEp-2 cell images. Different global texture

21



descriptors based on gray level co-occurrence matrix are used in [181], while edge orien-
tation histograms, rotation-invariant Gabor features, and modified Zernike moments are
also found to provide important information of an HEp-2 cell image [22]. Faraki et al. [45]
used covariance descriptor obtained from a bank of Gabor filters, while Kong et al. [99]
applied maximum-response filter banks and histogram of gradients for HEp-2 cell texture
analysis. The concept of bag of features model is used in [205], for the generation of cell
signature. In [22], it has been shown that the local variations of intensity patterns are
more effective than global information, obtained from the HEp-2 cell images, in differen-
tiating various staining pattern classes. Several local texture descriptors, namely, local
binary pattern (LBP) [148], rotation-invariant LBP (LBPri) [147], rotation-invariant uni-
form LBP (LBPriu2) [147], co-occurrence of adjacent LBP (CoALBP) [146], completed
LBP (CLBP) [61], rotation-invariant CoALBP (RICLBP) [145], median robust extended
LBP [121], noise tolerant LBP [46], pairwise rotation-invariant co-occurrence LBP [153]
and local ternary pattern [185], can be used to characterize a cell image. Some of them
have already been found to be successful for HEp-2 cell pattern analysis [22]. In order to
encode gradient and textural characteristics of the HEp-2 patterns, the concept of gradient-
oriented co-occurrence of LBP has been introduced in [188], while the dominant LBP has
been presented in [120] for texture analysis.

Recently, there has been a growing interest in the development of deep learning models
for HEp-2 cell staining pattern recognition. In [118], a deep convolutional residual in resid-
ual network has been proposed for simultaneous segmentation and classification of HEp-2
cell images. The deep residual network has been applied in [112] for classifying HEp-2 cell
images, while a deep feature extraction method, based on convolutional auto-encoders, has
been introduced in [199] for staining pattern recognition. A deeper architecture with con-
volutional neural network (CNN) is developed in [88], and several preprocessing techniques
have been applied in [160] to enhance the performance of deep CNN in identifying stain-
ing patterns present in HEp-2 cell images. However, the training of these deep learning
models is computationally very expensive due to the large parameter space. To alleviate
this problem, various deep architectures have recently been introduced in [55, 117], which
enable building of deep architectures with comparatively smaller parameter space. In [55],
the deep CNN has been used to classify HEp-2 cell staining patterns, whereas the features
extracted by shallow and deep multi-scale convolutional component are fused in [117] for
performance improvement. However, the availability of limited number of training images
causes inappropriate learning of deep models which result into inaccurate classification of
the HEp-2 cell images. Hence, data augmentation is necessary for these models to identify
staining patterns properly.

In this background, it can be stated that the textural properties of the HEp-2 cell images
are important for discrimination of the corresponding staining patterns as they contain
important information about the structural arrangement of surfaces and their relationship
to the surrounding environment. In literature, there exists several texture descriptors
which translate the given images from the input space to the feature space in such a way
that the intrinsic properties of the input images are properly described in the obtained
feature space. Now, different texture descriptors encapsulate different characteristics of
the images. For example, LBPri [147] consider rotation invariant texture classification,
whereas CoALBP [146] consider spatial relation among micropatterns. Also, an important
aspect of texture is scale. The appearance of most textures is changed when viewed at
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different scales. According to psychovisual studies, the human visual system processes
images in multiple scales; thus capable of preserving both local and global information. In
medical imaging perspective, the scale of the imagery may be different in many cases, and
so it is important to understand how information changes over different scales of imagery.
However, the existing approaches consider a uniform set of texture descriptors and/or scales
for describing all the staining pattern classes, which restricts the recognition rates of HEp-2
cell classification.

The proposed method is developed based on the hypothesis that a fixed set of descriptors
or scales may not be effective for classifying staining patterns present in HEp-2 cell images
into multiple classes. A particular set of descriptors may be significant for classifying a
pair of classes, but may not be relevant for other pairs of classes. Similarly, a uniform
set of scales may be effective for classifying a pair of classes, but may not be significant
for another pair of classes. Also, the proposed method assumes that all the features of
a particular set do not contribute uniformly in describing the inherent characteristics of
the staining patterns present in HEp-2 cell images. Furthermore, the intrinsic textures of
various HEp-2 cell types are fairly different from each other. The HEp-2 cell stained images
also have unpredictably ambiguous texture. This difficulty exists in both inter-class and
intra-class examples. Moreover, due to the nature of human cell, the shared visual similarity
of inter-class samples, like the texture of certain parts of the tissues, further increases
the ambiguity. These difficulties limit the accuracy of HEp-2 cell classification. Also,
there exists uncertainty due to inexactness, vagueness and incompleteness in HEp-2 class
definition, as well as overlapping characteristics of HEp-2 cell classes. In this regard, the
theory of rough sets can be used to handle uncertainties associated with HEp-2 cell pattern
classes. It provides an effective means for the analysis of data by constructing upper and
lower approximations of set concepts from the acquired data, based on information granules
[149]. The probabilistic modelling, on the other hand, aims to measure the belongingness
of an object to a specific class, based on a probability distribution. As rough sets and
probabilistic models are complementary in nature, they can be integrated for modelling
uncertainty inherent in classification of staining pattern classes of HEp-2 cells.

In this regard, the chapter introduces a novel method to identify a set of relevant
descriptors under appropriate scales for the recognition of staining patterns present in
HEp-2 cell images. The proposed method assumes that a uniform set of descriptors and/or
scale is not effective for all HEp-2 cell classes. Therefore, a set of relevant local texture
descriptors is first identified under appropriate scales for a pair of classes, and then the
final feature set for multiple classes is formed from the relevant descriptors of all possible
pairs of classes selected under appropriate scales. Judiciously integrating the merits of
rough sets and Bayes decision theory, a new framework, termed as Rough-Bayesian model,
is introduced to evaluate the relevance of a local texture descriptor and/or a scale for a
pair of classes. While rough set theory deals with the uncertainty due to inexactness,
vagueness, or incompleteness in HEp-2 class definition, the probabilistic model addresses
the uncertainty due to overlapping classes by measuring the belongingness of an HEp-2
cell to a specific class, based on some presumed intensity distribution of the class. During
the computation of the relevance of each descriptor and/or scale, the proposed method
takes care of the presence of both noisy pixels in an HEp-2 cell image and noisy HEp-2
cell images in a staining pattern class. Finally, support vector machine (SVM) [197] is
used to predict the staining patterns present in HEp-2 cell images. The performance of
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the proposed method is studied with reference to several state-of-the-art approaches on a
set of real-life HEp-2 cell image databases. Some of the results of this chapter are reported
in [102,103].

The rest of this chapter is organized as follows: Section 3.2 presents a new method to
find a set of effective descriptors, along with the corresponding scales, for classification of
staining patterns in HEp-2 cell images. Section 3.3 introduces a novel framework, termed as
Rough-Bayesian model, to compute the relevance of a set of features, integrating judiciously
the merits of rough sets and Bayes decision theory. Computational complexity of the
proposed approach is presented in Section 3.4. The efficacy of the proposed method is
studied with reference to several state-of-the-art approaches on a set of real-life HEp-2 cell
image databases in Section 3.5. Concluding remarks are provided in Section 3.6.

3.2 Selection of Relevant Descriptors and Scales

This section presents a new method to find a set of effective descriptors, along with the
corresponding scales, for classification of staining patterns in HEp-2 cell images.

3.2.1 Motivation

In general, a single scale of same local textural features is used for the recognition of HEp-2
patterns. Due to the drastic variation of different scales and noisy nature of the input HEp-
2 cell images, the single scale and/or descriptor usually gives poor performance, which is
reflected in the insufficient and inaccurate staining pattern representation of these images.

(a) Centromere (b) Homogeneous (c) Nucleolar (d) Speckled (e) Nuclear Membrane (f) Golgi

Figure 3.1: HEp-2 cell images from ICPR data set.

Let us assume thatM “ tM1, ¨ ¨ ¨ ,Mp, ¨ ¨ ¨ ,Mtu represents a set of tmodalities, where
each modality Mp corresponds to a local descriptor considered under a particular scale.
In the current example, four types of local descriptor, namely, LBP [148], LBPri [147],
LBPriu2 [147], and CoALBP [146], are used, while four scales of LBP neighborhood such
as 1 (S1), 2 (S2), 3 (S3), and 4 (S4) are considered. The 4-neighborhood is used for
CoALBP, while for others 8-neighborhood is considered. Table 3.1 and Table 3.2 present
several confusion matrices obtained for ICPR image database [75], which was used in
HEp-2 cell classification contest organized by ICPR 2014. In particular, 68,429 cell images
constitute the database, out of which 20% of data set, that is, 13,596 cell images are publicly
available. For experimental purposes, the set of 13,596 images is partitioned into training
and test sets, consisting of 6,797 and 6,799 cell images, respectively. In both training and
test sets, the images are almost equally distributed with respect to six different pattern
classes, namely, Centromere, Homogeneous, Nucleolar, Nuclear Membrane, Speckled, and
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Table 3.1: Confusion Matrix for ICPR Test Data Set at Scale 4

Actual/Predict Centromere Homogeneous Nucleolar Speckled Nuclear Mem. Golgi
Predicted Class Using LBP

Centromere 79.94%(1096) 2.26%(31) 3.72%(51) 13.42%(184) 0.29%(4) 0.36%(5)
Homogeneous 1.44%(18) 69.77%(870) 3.69%(46) 18.93%(236) 5.37%(67) 0.80%(10)
Nucleolar 4.31%(56) 6.39%(83) 67.82%(881) 10.08%(131) 4.08%(53) 7.31%(95)
Speckled 9.04%(128) 20.76%(294) 6.29%(89) 60.38%(855) 1.62%(23) 1.91%(27)

Nuclear Mem. 0.18%(2) 14.58%(161) 4.26%(47) 4.26%(47) 71.74%(792) 4.98%(55)
Golgi 0.83%(3) 9.12%(33) 38.40%(139) 9.67%(35) 11.60%(42) 30.39%(110)

Predicted Class Using LBPri

Centromere 83.08%(1139) 1.97%(27) 4.74%(65) 9.99%(137) 0.07%(1) 0.15%(2)
Homogeneous 1.68%(21) 81.96%(1022) 4.17%(52) 7.22%(90) 3.93%(49) 1.04%(13)
Nucleolar 3.00%(39) 6.16%(80) 81.45%(1058) 4.46%(58) 3.00%(39) 1.92%(25)
Speckled 15.89%(225) 38.56%(546) 12.43%(176) 30.23%(428) 1.84%(26) 1.06%(15)

Nuclear Mem. 0.18%(2) 11.14%(123) 3.35%(37) 1.36%(15) 80.98%(894) 2.99%(33)
Golgi 1.66%(6) 10.50%(38) 46.41%(168) 4.70%(17) 8.84%(32) 27.90%(101)

Predicted Class Using LBPriu2

Centromere 85.34%(1170) 1.53%(21) 3.06%(42) 9.85%(135) 0.22%(3) 0.00%(0)
Homogeneous 1.68%(21) 69.53%(867) 3.69%(46) 19.97%(249) 5.13%(64) 0.00%(0)
Nucleolar 1.77%(23) 3.93%(51) 73.29%(952) 15.78%(205) 5.23%(68) 0.00%(0)
Speckled 9.89%(140) 20.06%(284) 7.84%(111) 59.25%(839) 2.90%(41) 0.07%(1)

Nuclear Mem. 0.82%(9) 12.23%(135) 6.43%(71) 1.81%(20) 78.71%(869) 0.00%(0)
Golgi 0.55%(2) 15.47%(56) 59.94%(217) 8.84%(32) 14.92%(54) 0.28%(1)

Predicted Class Using CoALBP
Centromere 79.36%(1088) 4.38%(60) 6.71%(92) 8.90%(122) 0.29%(4) 0.36%(5)
Homogeneous 0.88%(11) 68.64%(856) 6.26%(78) 19.09%(238) 4.01%(50) 1.12%(14)
Nucleolar 7.85%(102) 7.16%(93) 73.98%(961) 7.62%(99) 1.46%(19) 1.92%(25)
Speckled 7.06%(100) 21.75%(308) 4.66%(66) 64.83%(918) 0.99%(14) 0.71%(10)

Nuclear Mem. 0.91%(10) 5.71%(63) 1.99%(22) 3.89%(43) 77.63%(857) 9.87%(109)
Golgi 6.35%(23) 5.25%(19) 15.19%(55) 6.35%(23) 30.94%(112) 35.91%(130)

Predicted Class Using Class-Pair Specific Descriptor
Centromere 83.81%(1149) 2.12%(29) 5.18%(71) 8.53%(117) 0.07%(1) 0.29%(4)
Homogeneous 0.80%(10) 75.70%(944) 3.29%(41) 16.36%(204) 3.37%(42) 0.48%(6)
Nucleolar 5.00%(65) 5.16%(67) 79.06%(1027) 7.85%(102) 1.00%(13) 1.92%(25)
Speckled 6.50%(92) 17.80%(252) 4.59%(65) 69.70%(987) 0.99%(14) 0.42%(6)

Nuclear Mem. 0.27%(3) 6.88%(76) 1.45%(16) 2.54%(28) 84.69%(935) 4.17%(46)
Golgi 3.04%(11) 2.49%(9) 18.51%(67) 5.25%(19) 14.64%(53) 56.08%(203)

Golgi. Representative images from the ICPR HEp-2 cell image database are presented in
Figure 3.1.

3.2.1.1 Performance at Fixed Scale

Each confusion matrix of Table 3.1 corresponds to each of the four local descriptors at
scale S4. The SVM with linear kernel, discussed in Appendix C, is used to evaluate the
performance of different feature descriptors in the present work. While the first matrix
corresponds to LBP, next three matrices, namely, second, third, and fourth, are obtained
for LBPri, LBPriu2, and CoALBP, respectively. The LBP, LBPri, LBPriu2, and CoALBP,
respectively, achieve 85.83%, 70.21%, 69.56%, and 100% classification accuracy on train-
ing cell images of ICPR database, while 67.72% (=(1096+870+881+855+792+110)/6799),
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68.27%, 69.10%, and 70.75% accuracy on test images. However, from the confusion matri-
ces, it can be seen that the class labels of 38.40%, 46.41%, and 59.94% of the cell images
of Golgi class are predicted as Nucleolar class for LBP, LBPri, and LBPriu2, respectively,
while the predicted class of 30.94% of the cell images of Golgi class is Nuclear Membrane for
CoALBP. Similarly, the class label of 38.56% cell images of Speckled class is predicted as
Homogeneous class for LBPri. Moreover, for LBPriu2, only 1 image, out of 362 cell images,
of Golgi class is correctly identified, while the class label is correctly predicted for 85.34%
of the cell images of Centromere class. For LBP, LBPriu2, and CoALBP, nearly 20% of
Homogeneous cells is predicted as Speckled cells, while almost same percentage of Speckled
cells is classified as Homogeneous cells. So, a particular descriptor may be important for
classifying a class-pair, but may not be effective for another pair of classes.

Table 3.2: Confusion Matrix for ICPR Test Data Set for LBPri

Actual/Predict Centromere Homogeneous Nucleolar Speckled Nuclear Mem. Golgi
Predicted Class Using Scale 1

Centromere 75.27%(1032) 0.22%(3) 7.59%(104) 16.92%(232) 0.00%(0) 0.00%(0)
Homogeneous 0.08%(1) 50.12%(625) 5.21%(65) 30.07%(375) 14.35%(179) 0.16%(2)
Nucleolar 4.85%(63) 5.23%(68) 60.20%(782) 18.78%(244) 10.39%(135) 0.54%(7)
Speckled 5.44%(77) 15.89%(225) 12.50%(177) 63.28%(896) 2.12%(30) 0.78%(11)

Nuclear Mem. 0.00%(0) 13.86%(153) 14.58%(161) 8.24%(91) 63.04%(696) 0.27%(3)
Golgi 1.38%(5) 18.51%(67) 45.30%(164) 20.17%(73) 13.54%(49) 1.10%(4)

Predicted Class Using Scale 2
Centromere 84.32%(1156) 1.68%(23) 5.91%(81) 7.80%(107) 0.29%(4) 0.00%(0)
Homogeneous 0.88%(11) 72.49%(904) 2.73%(34) 14.51%(181) 9.22%(115) 0.16%(2)
Nucleolar 2.54%(33) 4.39%(57) 79.14%(1028) 7.85%(102) 5.70%(74) 0.38%(5)
Speckled 15.61%(221) 34.04%(482) 8.90%(126) 38.91%(551) 2.26%(32) 0.28%(4)

Nuclear Mem. 0.36%(4) 11.87%(131) 7.88%(87) 2.26%(25) 77.08%(851) 0.54%(6)
Golgi 2.21%(8) 13.81%(50) 55.25%(200) 11.33%(41) 11.60%(42) 5.80%(21)

Predicted Class Using Scale 3
Centromere 86.14%(1181) 1.39%(19) 3.36%(46) 8.53%(117) 0.22%(3) 0.36%(5)
Homogeneous 1.28%(16) 65.12%(812) 6.50%(81) 18.36%(229) 7.94%(99) 0.80%(10)
Nucleolar 2.62%(34) 3.23%(42) 77.14%(1002) 11.93%(155) 3.39%(44) 1.69%(22)
Speckled 10.17%(144) 18.29%(259) 5.72%(81) 62.71%(888) 2.19%(31) 0.92%(13)

Nuclear Mem. 0.09%(1) 13.77%(152) 3.80%(42) 2.72%(30) 76.99%(850) 2.63%(29)
Golgi 0.00%(0) 8.29%(30) 48.07%(174) 9.67%(35) 10.22%(37) 23.76%(86)

Predicted Class Using Scale 4
Centromere 83.08%(1139) 1.97%(27) 4.74%(65) 9.99%(137) 0.07%(1) 0.15%(2)
Homogeneous 1.68%(21) 81.96%(1022) 4.17%(52) 7.22%(90) 3.93%(49) 1.04%(13)
Nucleolar 3.00%(39) 6.16%(80) 81.45%(1058) 4.46%(58) 3.00%(39) 1.92%(25)
Speckled 15.89%(225) 38.56%(546) 12.43%(176) 30.23%(428) 1.84%(26) 1.06%(15)

Nuclear Mem. 0.18%(2) 11.14%(123) 3.35%(37) 1.36%(15) 80.98%(894) 2.99%(33)
Golgi 1.66%(6) 10.50%(38) 46.41%(168) 4.70%(17) 8.84%(32) 27.90%(101)

Predicted Class Using Class-Pair Specific Scale
Centromere 91.76%(1258) 1.17%(16) 2.77%(38) 4.16%(57) 0.07%(1) 0.07%(1)
Homogeneous 0.16%(2) 81.40%(1015) 2.65%(33) 12.51%(156) 2.89%(36) 0.40%(5)
Nucleolar 1.92%(25) 4.39%(57) 83.99%(1091) 6.62%(86) 1.39%(18) 1.69%(22)
Speckled 4.10%(58) 15.11%(214) 3.67%(52) 75.56%(1070) 1.48%(21) 0.07%(1)

Nuclear Mem. 0.09%(1) 7.52%(83) 1.36%(15) 1.72%(19) 85.24%(941) 4.08%(45)
Golgi 1.66%(6) 3.59%(13) 21.82%(79) 5.52%(20) 6.91%(25) 60.50%(219)
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3.2.1.2 Performance at Fixed Descriptor

Each confusion matrix of Table 3.2 corresponds to each scale of LBPri. While the first
two matrices correspond to scales S1 and S2, next two matrices are obtained for scales S3

and S4. The LBPri attains 60.67%, 68.56%, 73.30%, and 70.21% classification accuracy
on training cell images of ICPR database for scales S1, S2, S3, and S4, respectively, while
59.35%, 66.35%, 70.88%, and 68.28% of accuracy on test images. From the first four
confusion matrices, it is seen that the class labels of 45.30%, 55.25%, 48.07%, and 46.41%
of the cell images of Golgi class are predicted as Nucleolar class for scales S1, S2, S3, and
S4, respectively, while the class of 34.04% and 38.56% of the cell images of Speckled class is
predicted as Homogeneous class for scales S2 and S4, respectively. On the other hand, the
class labels of 30.07% of cell images of Homogeneous class are predicted as Speckled class
for scale S1. So, a specific scale may be significant in discriminating a class-pair, while it
may not be important for another pair of classes.

Table 3.3: Confusion Matrix for ICPR Test Data Set Using Class-Pair Specific Descriptors
and Scales

Actual/Predict Centromere Homogeneous Nucleolar Speckled Nuclear Mem. Golgi
Centromere 92.27%(1265) 1.02%(14) 2.26%(31) 4.30%(59) 0.07%(1) 0.07%(1)
Homogeneous 0.08%(1) 83.88%(1046) 1.04%(13) 13.79%(172) 0.96%(12) 0.24%(3)
Nucleolar 2.00%(26) 2.77%(36) 88.22%(1146) 4.31%(56) 0.92%(12) 1.77%(23)
Speckled 3.04%(43) 13.28%(188) 3.11%(44) 79.31%(1123) 1.06%(15) 0.21%(3)

Nuclear Mem. 0.00%(0) 4.89%(54) 1.45%(16) 1.36%(15) 89.04%(983) 3.26%(36)
Golgi 1.66%(6) 2.21%(8) 13.81%(50) 2.76%(10) 9.67%(35) 69.89%(253)

From all the confusion matrices reported in Tables Table 3.1 and Table 3.2, it is seen
that a unique scale and/or a unique local descriptor may not be effective for all staining
pattern classes. In other words, a scale or a descriptor may be significant for classifying a
pair of classes, while may not be effective for another pair of classes. For a pair of classes,
if the appropriate descriptors and corresponding scales can be identified properly, better
classification accuracy can be achieved for classifying HEp-2 cells into multiple classes,
as evident from last confusion matrices of Table 3.1 and Table 3.2. These two matrices
correspond to the cases when descriptors and scales, respectively, are class-pair specific
given fixed scale (S4) and fixed descriptor (LBPri). In case of class-pair specific descriptor,
as reported in Table 3.1, the classification accuracy on test images is 77.14%, while it
is 82.28% if class-pair specific scale Table 3.2 is considered. When both descriptor and
scale are considered to be class-pair specific, the classification accuracy on test images is
increased to 85.54% and corresponding confusion matrix is presented in Table 3.3. More
than 50% cells of Golgi class are correctly identified in these three cases, which is not
possible if a single descriptor or a single scale is considered for the extraction of features
of all classes.

3.2.2 Proposed Method

The proposed method selects important features from the relevant modalities for each pair
of classes, and forms the resultant feature set for multiple staining pattern classes. The
block diagram of the proposed method for HEp-2 cell staining pattern classification is
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depicted in Figure 3.2. At first, the class specific feature set is formed for each of the
HEp-2 cell staining pattern classes, considering the histograms of feature values for each
of the input HEp-2 cell images, under a specific modality. Then, the class-pair specific
feature sets are obtained for all possible class-pairs, from each of the class specific feature
sets. The relevance of each class-pair specific feature set under a particular modality is
evaluated based on rough sets and Bayes decision theory. After selecting a set of most
relevant feature sets for each class-pair, the final feature set for multiple staining pattern
classes is formed, which is used to train support vector machine. Each of these steps is
elaborated next one by one.

Figure 3.2: Block diagram of the proposed HEp-2 cell staining pattern recognition method.

Let us assume that X “ tx1, ¨ ¨ ¨ , xj , ¨ ¨ ¨ , xnu be a set of n number of HEp-2 cell images,
where each image xj P <m is represented by a set hj “ thj1, ¨ ¨ ¨ , hjk, ¨ ¨ ¨ , hjmu, consisting
of feature values of m features tA1, ¨ ¨ ¨ ,Ak, ¨ ¨ ¨ ,Amu. In the proposed work, four local
descriptors, namely, LBP, LBPri, LBPriu2, and CoALBP, are considered. So, hj is the
normalized histogram of xj corresponding to either LBP, LBPri, LBPriu2 or CoALBP. Let
h̃j “ th̃j1, ¨ ¨ ¨ , h̃jk, ¨ ¨ ¨ , h̃jmu be the sorted normalized histogram of xj , in descending order,
and Ij “ tIj1, ¨ ¨ ¨ , Ijk, ¨ ¨ ¨ , Ijmu represents the feature order of h̃j . Figure 3.3(a) presents
the normalized LBP histogram at S2 of an HEp-2 cell image belonging to Golgi class of
ICPR data, while Figure 3.3(b) depicts the corresponding sorted histogram.

3.2.2.1 Class Dependent Features

In order to find out the set of dominant features present in h̃j , corresponding to each HEp-2
cell image xj , the following function is defined:

Sprq “
r
ÿ

l“1

h̃jl. (3.1)
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Figure 3.3: Illustrative example to find out the dominant features of an HEp-2 cell image.

The function Sprq represents the cumulative sum of first r normalized feature values of
h̃j . As each normalized feature value h̃jk is positive, the function Sprq is single-valued and
monotonically increasing in the interval 1 ď r ď m. Moreover, 0 ď Sprq ď 1 for 1 ď r ď m.
The second-order derivative of this function is the difference

B2Sprq
Br2

“ Spr ` 1q ` Spr ´ 1q ´ 2Sprq. (3.2)

Figure 3.3(c) presents the variation of cumulative sum Sprq of first r normalized feature
values of h̃j , corresponding to Figure 3.3(b). In this figure, the number of dominant features
of xj is denoted by the point in X-axis, where the slope of the graph changes abruptly.
This is due to the fact that further addition of features into the dominant feature set does
not offer any significant increase in the cumulative sum of the normalized histogram of the
object xj . In order to identify this point, the difference operator is applied on Sprq. Now,
from the definition, it is known that the first-order difference yields a non-zero response
along a ramp. With the change of the slope of the ramp, only the magnitude of the
response of first-order difference operator changes. Hence, it is not possible to identify the
point of interest with first-order difference response. On the other hand, in case of second-
order difference, a non-zero response is only obtained at the beginning and end of the
ramp, that is, where the slope changes, and a zero response is obtained along the ramp.
Since the graph of Sprq can be considered as piece-wise linear after the slope changes,
the second-order difference produces almost zero response in this region. Figure 3.3(d)
depicts the second-order difference of Sprq, corresponding to Figure 3.3(c). Thus, the
number of dominant features for a particular object xj is defined as the feature index
beyond which second-order difference yields near to zero response, indicating no further
significant change in slope of the graph. As the second-order difference produces double
sided response, modulus of the response is considered for computational advantage. The
number of dominant features dj , present in h̃j , is thus defined as dj “ r, if

ˇ

ˇ

ˇ

B2Splq
Bl2

ˇ

ˇ

ˇ
ă ε1,

@l P tr ` 1, r ` 2, ¨ ¨ ¨ ,mu. So, the average number of dominant features for the set X is
given by

d “
1

n

n
ÿ

j“1

dj . (3.3)
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The set of dominant features, denoted by Vj , corresponding to sample xj , is defined as

Vj “ tAk | Ijq “ k and q ď du. (3.4)

The features, which are dominant in sample xj , belong to the set Vj , while rest of the
features those are considered to be insignificant do not belong to Vj . Algorithm 3.1 presents
the basic steps to determine the set of dominant features for each training cell image xj P X.

Algorithm 3.1 Determination of Set of Dominant Features for Each Cell Image xj P X.
Input: Set of training cell images X.
Output: Set of dominant features for each cell image xj P X.
1: for each xj P X do

(i) Compute the normalized histogram hj under a particular modality.

(ii) Sort the normalized histogram and compute cumulative sum of the sorted his-
togram.

(iii) Determine the second-order difference of the cumulative sum of sorted histogram.

(iv) Find out the number of dominant features dj of the sample xj , upto which the
second-order difference exhibits a non-zero response.

2: end for
3: Compute the average number of dominant features d over the entire set X.
4: for each xj P X do

‚ Select the first d features from the sorted histogram h̃j as the set of dominant
features for the sample xj .

5: end for

Let us assume that each sample xj P X belongs to one of the c classes of the set
tω1, ¨ ¨ ¨ , ωi, ¨ ¨ ¨ , ωcu. It is likely that the samples of the same class will have similar domi-
nant feature sets, while samples from different classes will have different sets of dominant
features. Presence of a noisy sample in the set X may introduce certain features in the
dominant set which definitely do not bear any significant characteristics of the class, say
ωi, to which the noisy sample belongs. Rather, presence of those features in the dominant
set can cause erroneous decision regarding classification of the samples of class ωi. Hence,
it is necessary to identify the features from the dominant set of a sample which correctly
represent the characteristics of the class to which it belongs.

In order to address the aforementioned problem, the probability of occurrence of a
feature Ak in the dominant sets of the samples of a particular class ωi is defined as follows:

ppAk|ωiq “
1

|ωi|

ÿ

xjPωi

vjk; (3.5)

where vjk “

"

1, if Ak P Vj ;
0, otherwise. (3.6)
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Figure 3.4: Illustration to find out dominant features of an HEp-2 cell class.

Here, |ωi| represents the number of samples belonging to class ωi. Figure 3.4(a) and
Figure 3.4(c) depict the probability of occurrence of LBPs in Homogeneous and Golgi
classes, respectively. The features, which have occurred in the dominant sets of the sam-
ples belonging to class ωi inadvertently, will have low probability of occurrence. Hence,
the features having ppAk|ωiq values below a certain threshold T pωiq can be considered to
be insignificant for the class ωi and can be discarded without loss of much information.
Moreover, if the samples of a class ωi show a large degree of variations among them, the
sets of dominant features of those samples will also vary to a great extent. So, there will
be a large number of features Aks having low ppAk|ωiq values. Here, T pωiq is expected
to have a low value. On the other hand, if the samples of a class, say ωr, exhibit similar
properties, then most of the features Aks will have high ppAk|ωrq values. In this case,
T pωrq should have a high value. Hence, the values of probability of occurrence of features
in the dominant sets of a class are not enough to determine the threshold of that class.
The frequency of probability of occurrence values also needs to be considered. Hence, the
histogram Hpωiq of the probability of occurrence values is calculated as follows:

Hlpωiq “ Hlpωiq ` 1 if ppAk|ωiq P
ˆ

l ´ 1

L
,
l

L



, @k; (3.7)

where 1 ď
L
ÿ

l“1

Hlpωiq ď m, L is the number of bins in histogram and l P t1, 2, ¨ ¨ ¨ , Lu

denotes an index of the bins. The maximum value of l, for which

l
ÿ

q“1

Hqpωiq ă ε2

L
ÿ

q“1

Hqpωiq, (3.8)

determines the threshold for the class ωi as follows:

T pωiq “
l

L
. (3.9)

The parameter ε2, which is considered to be 0.1 in the current study, depicts the amount
of acceptable loss. Figure 3.4(b) and Figure 3.4(d) represent the histograms corresponding
to probability of occurrence values of Figure 3.4(a) and Figure 3.4(c), respectively. The
threshold values for Homogeneous and Golgi classes of ICPR data, obtained using ((3.9)),
are 0.5 and 0.2, respectively.
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Based on the threshold T pωiq, the class dependent feature set N pωiq for the class ωi is
defined as

N pωiq “ tAk | ppAk|ωiq ě T pωiqu. (3.10)

So, the k-th feature Ak belongs to the feature set N pωiq only if Ak is dominant for most
of the samples belonging to class ωi as well as represents the important characteristics of
the class ωi. The main steps to generate class dependent feature set N pωiq, corresponding
to the class ωi, are outlined in Algorithm 3.2.

Algorithm 3.2 Determination of Class Dependent Feature Set
Input: Set of dominant features of each cell image xj P X.
Output: Class specific feature set N pωiq; i “ 1, ¨ ¨ ¨ , c.
1: for each class ωi do

(i) Calculate the probability of occurrence of features present in the dominant sets
of samples belonging to the class ωi.

(ii) Compute histogram of the probability of occurrence values in the class ωi.

(iii) Determine class specific threshold T pωiq from the histogram of the class ωi.

(iv) Form a feature set N pωiq, corresponding to the class ωi, with the features having
probability of occurrence values greater than T pωiq.

2: end for

3.2.2.2 Pairwise Class Dependent Features

Let N pωiq and N pωrq be two feature sets corresponding to two classes ωi and ωr, respec-
tively. These two sets represent the unique characteristics of two classes. The resultant
feature set for a pair of classes ωi and ωr, representing the characteristics of both the
classes, can be defined as

N ptωi, ωruq “ N pωiq XN pωrq. (3.11)

Hence, the feature set N ptωi, ωruq contains those features which are dominant or sig-
nificant with respect to both the classes ωi and ωr.

Given a set of modalitiesM “ tM1, ¨ ¨ ¨ ,Mp, ¨ ¨ ¨ ,Mtu, the proposed method evaluates
the relevance of each feature set Npptωi, ωruq, corresponding to the p-th modalityMp, for
a pair of classes tωi, ωru. Let Γpptωi, ωruq be the relevance of the feature set Npptωi, ωruq.
The relevance Γ P r0, 1s of each feature set is computed based on Bayes decision theory
and the concept of rough sets, introduced in Section 3.3. If the value of Γpptωi, ωruq is 1,
then all the samples belonging to two classes ωi and ωr can be classified correctly using
the set of features selected under the p-th modalityMp. If the value of Γpptωi, ωruq “ 0,
then no sample of either classes can be correctly classified with the selected set of features.
On the other hand, if Γpptωi, ωruq P p0, 1q, then some of the samples of two classes can be
accurately classified, while others are misclassified. So, the value of Γpptωi, ωruq refers to
the relevance of the p-th modality Mp for differentiating a pair of classes tωi, ωru. After
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selecting a set Ñir “ tNpptωi, ωruqu of t̃ most relevant feature sets for a pair of classes
tωi, ωru from t modalities, the final feature set D for all possible pairs of classes is obtained
as follows:

D “
ď

Ñir. (3.12)

The basic steps to select a set of best t̃ feature sets, for a pair of classes tωi, ωru, are outlined
in Algorithm 3.3; while Algorithm 3.4 presents the main steps of proposed method for HEp-
2 cell image classification.

Algorithm 3.3 Selection of Relevant ModalityMp PM for a Pair of Classes tωi, ωru
Input: Class specific feature sets Nppωiq and Nppωrq for each modalityMp PM.
Output: A set of class-pair specific feature sets Ñir “ tNpptωi, ωruqu, along with corre-
sponding modalities tMpu.
1: for each modalityMp PM do

(i) Compute class-pair specific feature set Npptωi, ωruq using two class specific feature
sets Nppωiq and Nppωrq of the classes ωi and ωr, respectively.

(ii) Compute the relevance Γpptωi, ωruq of the class-pair specific feature set
Npptωi, ωruq using Algorithm 3.5.

2: end for
3: Select the set Ñir “ tNpptωi, ωruqu of best t̃ feature sets, based on the relevance values.

3.3 Rough-Bayesian Approach for Computation of Relevance

The problem of generation of final feature set using (3.12) for c number of HEp-2 cell
staining pattern classes boils down to the evaluation of each feature set, corresponding to
a pair of classes considered under a particular modality. This section introduces a novel
framework, termed as Rough-Bayesian model, to compute the relevance of a set of features,
integrating judiciously the merits of rough sets and Bayes decision theory. The basics of
the theory of rough sets is presented in Appendix B.

Let U “ tx1, ¨ ¨ ¨ , xj , ¨ ¨ ¨ , xnu be the set of n objects, C “ tA1, ¨ ¨ ¨ ,Ak, ¨ ¨ ¨ ,Amu be
the set of m condition attributes or features, and D is the decision attribute set in U.
Let U{D “ tω1, ¨ ¨ ¨ , ωi, ¨ ¨ ¨ , ωcu denote c equivalence classes or information granules of
U generated by the equivalence relation induced from the decision attribute set D. The
proposed method assumes that each class ωi can be approximated by a pair of sets, namely,
lower approximation Apωiq and boundary region Bpωiq, based on the theory of rough sets.
The upper approximation Apωiq “ rApωiqYBpωiqs [149]. If an object belongs to the lower
approximation Apωiq of a class ωi, it definitely belongs to that class. On the other hand,
if an object belongs to the boundary region Bpωiq, it possibly belongs to that class and
potentially belongs to another class. Both lower and upper approximations of a class ωi can
be defined by the equivalence classes of U generated by the equivalence relation induced
from each condition attribute Ak P C. The equivalence classes or information granules,
corresponding to the condition attribute Ak or the set C, are constructed based on Bayes
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Algorithm 3.4 Proposed Method for HEp-2 Cell Classification
Input: Set of training cell images X.
Output: Final feature set D.
1: for each modalityMp PM do

(i) Obtain the set of dominant features for each of the training cell images xj P X
by Algorithm 3.1.

(ii) Determine class specific feature set Nppωiq, where i “ 1, ¨ ¨ ¨ , c, using Algorithm
3.2.

2: end for
3: for each class-pair tωi, ωru do

‚ Select a set of class-pair specific feature sets Ñir “ tNpptωi, ωruqu, using Algo-
rithm 3.3.

4: end for
5: Form the final feature set D, from all the selected class-pair specific feature sets Ñir’s,

corresponding to all pairs of classes.

decision theory, considering two-class problem.
Let ω1 and ω2 be the two classes in which the objects belong. Let us assume that

the a priori probabilities P pω1q and P pω2q of two classes are either known or they can be
estimated from the available training objects. Further, the class-conditional probability
density functions (pdf) ppx|ωiq, i “ 1, 2; representing the distribution of the feature vectors
in each of the classes, are assumed to be known. The pdf is also referred to as likelihood
function of ωi with respect to x. Given the above inputs, the task is to compute the
conditional probabilities P pωi|xq, i “ 1, 2; each of them represents the probability that the
object x belongs to the respective class ωi. Integrating the theory of rough sets and Bayes
decision theory, the classification rules for the proposed method are formulated as follows:

• R1: x is classified to ω1 if P pω1|xq ´ P pω2|xq ą λ;

• R2: x is classified to ω2 if P pω1|xq ´ P pω2|xq ă ´λ;

• R3: x is unclassified if |P pω1|xq ´ P pω2|xq| ď λ.

The parameter λpě 0q controls the region of uncertainty due to inexactness in class defi-
nitions of ω1 and ω2, and overlapping boundaries between ω1 and ω2. According to Bayes
rule,

P pωi|xq “
ppx|ωiqP pωiq

ppxq
; i “ 1, 2. (3.13)

Also, P pω1|xq ` P pω2|xq “ 1. (3.14)
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Combining rule R1, (3.13), and (3.14), we get

x is classified to ω1 if
P pω1qppx|ω1q

P pω2qppx|ω2q
ą

1` λ

1´ λ
. (3.15)

Let us assume that the likelihood functions ppx|ωiq of ωi with respect to x are multivariate
normal distributions, that is,

ppx|ωiq “
1

a

p2πqm|Σi|
exp

"

´
1

2
px´ µiq

TΣ´1
i px´ µiq

*

;

where µi and Σi are the mean of class ωi and corresponding m ˆ m covariance matrix,
while |Σi| denotes the determinant of Σi. So, the classification rule of R1 reduces to:

x is classified to ω1 if d2
Mpx, µ2,Σ2q ´ d

2
Mpx, µ1,Σ1q ´ ln

|Σ1|

|Σ2|
ą ∆12; (3.16)

where ∆12 “ 2

„

ln

ˆ

1` λ

1´ λ

˙

´ ln
P pω1q

P pω2q



; (3.17)

and dMpx, µi,Σiq “

b

px´ µiqTΣ´1
i px´ µiq (3.18)

is the Mahalanobis distance between x and µi.
Assuming the individual features, constituting the feature vector, are mutually uncor-

related, we get

Σi “ diagpσ2
i1, ¨ ¨ ¨ , σ

2
ik, ¨ ¨ ¨ , σ

2
imq; (3.19)

where σ2
ik is the variance of the k-th feature. So,

x is classified to ω1 if
m
ÿ

k“1

„

pxk ´ µ2kq
2

σ2
2k

´
pxk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙

ą ∆12. (3.20)

Similarly, from rules R2 and R3, we get

x is classified to ω2 if
m
ÿ

k“1

„

pxk ´ µ2kq
2

σ2
2k

´
pxk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙

ă ´∆12; (3.21)

and x is unclassified if
ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

„

pxk ´ µ2kq
2

σ2
2k

´
pxk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď ∆12. (3.22)
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Based on the concept of positive approximation accelerator, introduced in [126, 154],
the computing performance of a condition attribute set Ck`1 “ tA1,A2, ¨ ¨ ¨ ,Ak`1u can be
improved using the following recursive expression principle:

POSUk
Ck`1

pDq “ POSUk
Ck
pDq Y POSUk`1

Ak`1
pDq; (3.23)

where Uk`1 “ UkzPOSUk
Ck
pDq; U1 “ U; and POSU

CpDq “
ď

ωiPU{D
Apωiq. (3.24)

Here, POSU
CpDq is termed as the positive region, which contains all objects of U that can

be classified to classes of U{D using the knowledge in attribute set C. In effect, the decision
attribute set D can be positively approximated using granulation orders Ck and Ck`1 on the
gradually reduced universe, respectively. So, instead of considering all m features of C to
generate information granules or equivalence classes, equivalence classes corresponding to
each individual feature Ak P C can be generated separately, and then the decision attribute
D can be positively approximated by the equivalence classes of individual features.

Let U{Ak “ tβ1, ¨ ¨ ¨ , βi, ¨ ¨ ¨ , βc̃u denote c̃ equivalence classes or information granules of
U induced by the condition attributeAk. Based on Bayes decision theory, three information
granules, namely, β1, β2 and β3, are constructed for two classes corresponding to the
condition attribute Ak, as follows:

xj P β1 if
„

pxjk ´ µ2kq
2

σ2
2k

´
pxjk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙

ą ∆̃12; (3.25)

xj P β2 if
„

pxjk ´ µ2kq
2

σ2
2k

´
pxjk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙

ă ´∆̃12; (3.26)

and xj P β3 if
ˇ

ˇ

ˇ

ˇ

„

pxjk ´ µ2kq
2

σ2
2k

´
pxjk ´ µ1kq

2

σ2
1k

´ 2 ln

ˆ

σ1k

σ2k

˙ˇ

ˇ

ˇ

ˇ

ď ∆̃12; (3.27)

where ∆̃12 “
∆12

m
“ 2

„

ln

ˆ

1` δ

1´ δ

˙

´ ln
P pω1q

P pω2q



. (3.28)

This can be viewed as a supervised granulation process, which utilizes class information.
The parameter δ has the same interpretation as that of λ in (3.17). Combining (3.17) and
(3.28), the following relation holds between λ and δ:

λ “ 1´ 2

«

1`

ˆ

1` δ

1´ δ

˙mˆ

P pω1q

P pω2q

˙1´m
ff´1

. (3.29)

Let ωi Ď U, and Epβp, ωiq be the relative degree of misclassification of the set βp with
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respect to the set ωi, which is as follows [228]:

Epβp, ωiq “

#

1´
|βpXωi|

|βp|
, if |βp| ą 0;

0, otherwise.
(3.30)

The quantity Epβp, ωiq is also referred to as the relative classification error. The number
of misclassified objects is given by the product of Epβp, ωiq and |βp|, which is referred to
as an absolute classification error. According to the theory of variable precision rough
sets [228], each class ωi can be approximated using the measure Epβp, ωiq by constructing
the α-lower and α-upper approximations of ωi, where α is the admissible classification error
and α P r0.0, 0.5q as per the majority requirement. The α-lower approximation Aαpωiq, α-
upper approximation Aαpωiq, and α-boundary region Bαpωiq of the class ωi can be defined
as follows [228]:

Aαpωiq “
ď

tβp | Epβp, ωiq ď αu ; (3.31)

Aαpωiq “
ď

tβp | Epβp, ωiq ă 1´ αu ; (3.32)

Bαpωiq “
ď

tβp | α ă Epβp, ωiq ă 1´ αu . (3.33)

Hence, the lower approximation Aαpωiq is the collection of those elements of U that can be
classified into ωi with the classification error not greater than α.

Using (3.24) and (3.31), the α-dependency γAk
pDq, also known as degree of dependency,

of decision attribute D on the condition attribute Ak can be computed as follows [149,228]:

γAk
pDq “

|POSU
Ak
pDq|

|U|
“

1

n

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ωiPU{D
Aαpωiq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

; (3.34)

where γAk
pDq P r0, 1s. However, as α-lower approximation of a class contains both correctly

classified and misclassified objects, the γ measure of (3.34) fails to capture discriminative
characteristics of a feature properly. In order to circumvent the above problem, a relevance
measure is introduced next by discarding the adverse effect of misclassified objects.

The correctly classified objects belonging to the α-lower approximations of c classes
can be arrayed as a pcˆ nq matrix LpAkq “ rLijpAkqs, where ith row of the matrix

LipAkq “ tLi1pAkq{x1 ` Li2pAkq{x2 ` ¨ ¨ ¨ ` LinpAkq{xnu

corresponds to α-lower approximation Aαpωiq of the ith class ωi, “+” means the operator
of union in this case, and

LijpAkq “
"

1, if xj P Aαpωiq and xj P ωi;
0, otherwise. (3.35)

So, LipAkq Ď Aαpωiq. Since a correctly classified object belongs to the lower approxi-
mation of only one class, each column of LpAkq must contain at most one 1. Based on
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the above definition, the relevance of a condition attribute Ak, with respect to c classes
tω1, ¨ ¨ ¨ , ωi, ¨ ¨ ¨ , ωcu, is defined as

RelAk
pDq “

1

n

c
ÿ

i“1

n
ÿ

j“1

LijpAkq; (3.36)

where 0 ď RelAk
pDq ď 1. Higher value of relevance measure indicates better attribute or

feature for classification. In this regard, it should be noted that, for α “ 0, the definitions
of set or class approximations, given in (3.31), (3.32) and (3.33) based on variable precision
rough sets, reduce to that of Pawlak’s rough sets [149]. So, for α “ 0, LipAkq “ A0pωiq “
Apωiq, and the relevance measure RelAk

pDq defined in (3.36) is exactly same with the
degree of dependency γAk

pDq reported in (3.34).
Given a set C “ tA1, ¨ ¨ ¨ ,Ak, ¨ ¨ ¨ ,Amu of m condition attributes, in general, the equiv-

alence classes corresponding to the set C can be formed from that of individual attributes.
Based on the resultant equivalence classes of C, the α-lower approximations of c classes
can be found out using (3.31), and accordingly γCpDq or RelCpDq can be computed using
(3.34) or (3.36), respectively. However, as both γCpDq and RelCpDq, computed this way,
consider only dependency in multidimensional feature space and do not take into account
the relevance of individual attributes, they fail to identify relevant features [126, 127]. In
order to identify relevant as well as complementary features, the union of m individual
pcˆ nq matrices tLpAkqu, corresponding to m condition attributes, is considered, which is
as follows:

L̃pCq “
ď

AkPC
LpAkq; (3.37)

and corresponding relevance RelCpDq is computed from L̃pCq using (3.36). Obviously,

ReltAk,Alu
pDq ě maxtRelAk

pDq,RelAl
pDqu. (3.38)

Algorithm 3.5 Computation of Relevance of Feature Set
Input: A set of objects U “ tx1, ¨ ¨ ¨ , xj , ¨ ¨ ¨ , xnu, a set of condition attributes C “

tA1, ¨ ¨ ¨ ,Ak, ¨ ¨ ¨ ,Amu, decision attribute set D, and admissible classification error α.
Output: RelCpDq, relevance of condition attribute set C with respect to decision attribute
set D.
1: for each condition attribute or feature Ak P C do

‚ Form equivalence classes or information granules.

‚ Construct α-lower approximation for each class ωi P D using (3.31).

‚ Construct the matrix LpAkq using (3.35).

2: end for
3: Construct the matrix L̃pCq, corresponding to the set C, from m number of LpAkq

matrices using (3.37).
4: Calculate the relevance RelCpDq of C with respect to D from L̃pCq using (3.36).
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3.4 Computational Complexity

The basic steps of the proposed method to select the class-pair specific texture descriptors
under appropriate scales for HEp-2 cell classification are outlined in Algorithm 3.4. In this
section, the computational complexity of the proposed approach is presented.

Let us assume that M “ tM1, ¨ ¨ ¨ ,Mp, ¨ ¨ ¨ ,Mtu represents a set of t modalities,
where each modality Mp corresponds to a local descriptor considered under a particular
scale. Let m denote the average cardinality of the feature set, corresponding to a par-
ticular modality, and n is the number of HEp-2 cell images. At first, a set of dominant
features under a particular modalityMp is obtained for each training HEp-2 cell image by
Algorithm 3.1. The sorting operation of normalized histogram ofMp has a computational
complexity of Opm logmq. The complexity of each of the steps, required for determina-
tion of cumulative sum, second-order difference and number of dominant features, is Opmq.
Now, the operations performed in Algorithm 3.1 are executed for n images and tmodalities.
Hence, the overall computational complexity for obtaining the set of dominant features is
pOptnm logmq `Optnmqq » Optnm logmq.

Let Nppωiq denote the class specific feature set for the class ωi under the p-th modality
Mp and ñ is the average number of HEp-2 cell samples belonging to a particular class.
The set Nppωiq is determined using Algorithm 3.2. The probability of occurrence of the
features present in the dominant sets of samples belonging to the class ωi is calculated with
a complexity of Opñq. The computation of histogram Hpωiq of probability of occurrence
values in ωi has complexity Opmq. Considering L number of bins in Hpωiq, the class
specific threshold for the class ωi is determined from the corresponding histogram with a
complexity OpLq. Finally, the set Nppωiq is formed with a complexity Opmq. Now, it can
be seen that all the steps of Algorithm 3.2 are executed for c classes and t modalities. So,
the Algorithm 3.2 leads to an overall complexity of Optcpñ`m` Lqq.

As indicated in Algorithm 3.3, the class-pair specific feature set Npptωi, ωruq for each
pair of classes tωi, ωru under the modalityMp is computed from the class specific feature
sets Nppωiq and Nppωrq of the classes ωi and ωr, respectively. As this step does not include
any information from other class-pair as well as other modalities, the set Npptωi, ωruq
is formed with a complexity of Opmq. The relevance RelCpDq of the decision attribute
set D, containing the class label information of the samples belonging to tωi, ωru, on the
condition attribute set C “ Npptωi, ωruq is determined using Algorithm 3.3 For each feature
Ak P Npptωi, ωruq, both means and standard deviations of two classes ωi and ωr are
calculated with the complexity of Opñq. Similarly, c̃ number of equivalence partitions
induced by the condition attribute Ak, α-lower approximations of two classes and the
corresponding LpAkq matrix are formed with a complexity of Opñq. So, the computation
of relevance of the feature set Npptωi, ωruq using Algorithm 3.5 has Opmñq complexity.
Now, Algorithm 3.5 is executed for t modalities and

`

c
2

˘

class-pairs. Hence, the total
complexity is Optc2mñq. After computing the relevance values, t̃ most relevant feature sets
are chosen from t feature sets, corresponding to each pair of classes, with a complexity
Optq as t̃ ăă t. So, for

`

c
2

˘

class-pairs, the total complexity is Optc2q. Hence, the overall
complexity of Algorithm 3.5 is pOptc2mñq `Optc2qq » Optc2mñq.

Finally, in Algorithm 3.4, the resultant feature set D is formed as the union of pt̃ ¨
`

c
2

˘

q

feature sets. In order to reduce the computational complexity, D is represented as a
binary string of zeros and ones with cardinality pt ¨mq. The features, which are present
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in the selected class-pair specific feature sets, are denoted with ones at the corresponding
positions of the string, otherwise marked as zeros. Hence, D is formed with a computational
complexity of Optc2mq as t̃ ăă t. In effect, the computational complexity of the proposed
method for selecting relevant and complementary features under various modalities for
HEp-2 cell classification is Optnm logmq+Optcmnq+ OptcLq as n “ c ¨ ñ.

3.5 Experimental Results and Discussions

This section presents the performance of the proposed descriptor selection method for
HEp-2 cell image classification, along with a comparison with related approaches. The
methods compared are several local texture descriptors, namely, LBP [148], LBPri [147],
LBPriu2 [147], CoALBP [146], CLBP [61], and RICLBP [145], as well as several state-of-
the-art methods for HEp-2 cell classification. The performance of different methods is also
compared with respect to various scales of LBP neighborhood such as 1 (S1), 2 (S2), 3
(S3), 4 (S4), S123: concatenation of (S1, S2, S3), and S124: concatenation of (S1, S2, S4).
The 4-neighborhood is used for CoALBP and RICLBP, while for others 8-neighborhood is
considered. The SVM [197], discussed in Appendix C, is used to evaluate the performance
of different local texture descriptors. Both training-testing and ten-fold cross-validation
(CV) are performed to compute the classification accuracy. The comparative performance
analysis of different algorithms is also studied using tables of means, medians, standard
deviations, and p-values computed through paired-t and Wilcoxon signed-rank tests, con-
sidering 95% confidence level.

3.5.1 Description of Data Sets

Three HEp-2 cell image databases, namely, MIVIA database (ICPR 2012 HEp-2 cell clas-
sification contest data set) [51], ICPR image database (ICPR 2014 HEp-2 cell classification
contest data set) [75], and SNP HEp-2 database [206], are considered for the evaluation
of the proposed method as well as related existing approaches. The cell images of the
above three data sets were captured in different laboratory settings. For instance, SNP
HEp-2 used objective lens magnitude 20ˆ, while MIVIA HEp-2 used 40ˆ. The MIVIA
database contains 1455 cells obtained from 28 images: 721 training cell images and 734
test cell images. Six staining pattern classes, namely, Cytoplasmic, Fine Speckled, Nucle-
olar, Coarse Speckled, Homogeneous, and Centromere, are considered in this case. The
ICPR database contains the set of 13,596 HEp-2 cell images, which is partitioned into
6797 training and 6799 test cell images. The cell images belong to six different patterns,
namely, Centromere, Homogeneous, Nucleolar, Speckled, Nuclear Membrane, and Golgi.
The SNP database contains 1806 labelled cell images obtained from forty slide images: 869
training images and 937 test images. The samples are grouped into five pattern classes,
namely, Centromere, Homogeneous, Fine Speckled, Coarse Speckled and Nucleolar. Each
of the three sets of 1455, 13596, and 1806 cell images of MIVIA, ICPR, and SNP databases,
respectively, is also split into ten separate folds for ten-fold CV. In both training and test
sets as well as in ten folds, the cell images are almost equally distributed with respect to
different staining pattern classes. A detailed description of the data sets is reported in
Appendix A.
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3.5.2 Optimum Values of Different Parameters

The performance of the proposed modality selection method depends on the values of both
δ and α. While δ controls the region of uncertainty due to overlapping class boundaries
between two pattern classes and inexactness in class definition, α imposes an explicit
limitation on the admissible level of classification error. To find out the optimum value of
δ, extensive experiment is carried out on three HEp-2 image databases by varying the values
of δ from 0.00 to 0.95 and corresponding results are presented in first graph of Figure 3.5.
From the results reported in Figure 3.5, it is seen that the performance of the proposed
method increases with the increase in value of δ upto 0.40, irrespective of the databases
and experimental setup used. For δ ą 0.40, the performance remains almost constant in
all the cases. So, the optimum value of δ is considered as 0.40. It ensures that an object
definitely belongs to one of the staining pattern classes if its probability of belongingness
in that class is at least 0.70.
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Figure 3.5: Variation of classification accuracy for different values of δ, α and C.

Keeping the value of δ at 0.4, α is varied from 0.00 to 0.45 and the corresponding
results are plotted in middle graph of Figure 3.5. All the results reported in Figure 3.5
reveal that the stable performance of the algorithm is obtained for medium values of α
and considerable classification accuracy is achieved at α “ 0.30 for all the three databases,
irrespective of experimental setup used. Hence, the value of α is considered to be 0.30 for
the rest of the study. The optimum values of α “ 0.3 and δ “ 0.4 ensure that an object
can be classified to one of the staining pattern classes with classification error not greater
than 0.3, if its probability of belongingness in that class is at least 0.7.

The SVM [197] with linear kernel is used to analyze the performance of the proposed
method. It is based on supervised statistical learning theory which tries to obtain an
optimized hyperplane in the kernel space by maximizing the margin and minimizing the
classification error between the given classes. The robust performance of the SVM is
achieved by properly adjusting the parameter C, known as the penalty parameter in the
kernel function. For large value of C, error minimization is predominant, that is, the
optimization will choose a hyperplane with smaller margin so that all the training samples
are correctly classified. Conversely, if the value of C is small, then margin maximization is
emphasized, even if more training samples are misclassified. So, in the proposed method,
exhaustive search is conducted on a finite set of values of C, ranging from 10´5 to 105, and
the corresponding results are reported in last graph of Figure 3.5. From the results, it can
be observed that for C ą 0.01, the performance of the proposed method remains constant.
So, the optimum value of C is set at an intermediate value, which is 1 in this case.
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3.5.3 Effectiveness of Difference Operator and Threshold

Prior to selecting relevant local texture descriptors under appropriate scales, the proposed
method takes care of the presence of noisy pixels in an HEp-2 cell image as well as noisy
images in a staining pattern class. The proposed approach considers the second-order
derivative of S function and class specific threshold, introduced in (3.1) and (3.9), respec-
tively, to make itself insensitive to noisy pixels and noisy images. In order to establish
the importance of both S function and threshold, extensive experiment is carried out on
three HEp-2 cell image databases. Figure 3.6 and Table 3.4 compare the performance of
the proposed method with and without S function and class specific threshold.
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Figure 3.6: Performance of proposed method with and without S function and threshold
for training-testing.

The Method_1 is the proposed method without using both second-order derivative of
S function and threshold, while Method_2 is the proposed method without using only
class specific threshold. All the results reported in Figure 3.6 and Table 3.4 establish the
fact that the introduction of both S function and threshold helps to identify class specific
relevant features. While the second-order derivative of S function helps to eliminate the
effect of noisy pixels present in HEp-2 cell images, the class specific threshold takes care
of the presence of noisy images in staining pattern classes. In effect, the proposed method
obtains comparable classification accuracy, in both training-testing and 10-fold CV, with
significantly lesser number of features compared to both Method_1 and Method_2.

3.5.4 Significance of Proposed Relevance Measure

In the current study, α-lower and α-upper approximations of a staining pattern class are
obtained according to the theory of variable precision rough sets. The γ-measure takes into
account the union of α-lower approximations over all the classes, to compute the degree of
dependency of decision attribute set on the condition attribute set. However, the α-lower
approximation of a class contains both the correctly classified and misclassified samples. So,
the value of γ fails to reflect the discriminative characteristics of the condition attribute set.
On the other hand, the proposed relevance measure considers only the correctly classified
samples of the α-lower approximation of a class, where higher relevance value signifies
better classification ability of the feature set.

In order to establish the effectiveness of proposed relevance measure with respect to
γ-measure (henceforth, termed as Method_3), extensive experimentation is done on three
HEp-2 cell image databases, and corresponding results are reported in Figure 3.7 for
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Table 3.4: Performance of Proposed Method With and Without S Function and Threshold
for 10-Fold CV

Different Different Mean Median StdDev Paired-t :p Wilcoxon:p
Measures Approaches MIVIA

Accuracy
Method_1 94.90 95.58 1.67 6.21E-01 7.03E-01
Method_2 94.90 95.24 1.61 6.61E-01 6.60E-01
Proposed 94.83 94.90 1.93 - -

Number Method_1 4188.00 4204.00 22.49 1.00E+00 9.98E-01
of Method_2 3690.20 3691.00 20.69 1.00E+00 9.98E-01

Features Proposed 2736.40 2737.50 15.77 - -
SNP

Accuracy
Method_1 81.91 81.15 6.79 4.24E-01 3.37E-01
Method_2 82.19 80.87 7.02 6.09E-01 5.24E-01
Proposed 82.02 81.42 6.32 - -

Number Method_1 4044.80 4096.00 107.94 1.00E+00 9.98E-01
of Method_2 4017.20 4043.50 80.41 1.00E+00 9.98E-01

Features Proposed 2655.80 2674.50 68.10 - -
ICPR

Accuracy
Method_1 84.67 84.63 3.13 9.98E-01 9.97E-01
Method_2 84.56 84.67 2.90 9.93E-01 9.91E-01
Proposed 84.06 83.75 3.24 - -

Number Method_1 4145.20 4173.00 82.52 1.00E+00 9.98E-01
of Method_2 3682.80 3684.00 18.40 1.00E+00 9.98E-01

Features Proposed 2549.80 2547.00 15.28 - -
Method_1: Without applying second-order derivative of S function and threshold;
Method_2: Without applying threshold.

training-testing and Table 3.5 for 10-fold CV. From the results reported in Figure 3.7
and Table 3.5, it can be observed that the proposed method with new relevance mea-
sure performs significantly better than Method_3, for all the three HEp-2 image data
sets. Figure 3.7 and Table 3.5 also present the comparative performance analysis be-
tween proposed relevance measure with multidimensional approach (henceforth, termed
as Method_4) and that with union of individual L matrices (proposed). All the results
reported in Figure 3.7 and Table 3.5 indicate that the significantly increased classification
accuracy can be achieved using the proposed method to compute the relevance measure,
irrespective of data sets considered.

3.5.5 Relevance of Rough Sets and Bayes Decision Theory

For each pair of classes, the proposed method selects a set of features by evaluating its
relevance. The set of features corresponds to a local texture descriptor selected under a
particular scale. To compute the relevance of a feature set, the proposed method uses
a new relevance measure, which is based on judicious integration of variable precision
rough sets and Bayes decision theory. However, other feature evaluation measures such as
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Figure 3.7: Performance analysis of proposed method with - left: γ-measure (Method_3)
and multidimensional approach (Method_4); right: different feature evaluation indices for
training-testing.

Table 3.5: Performance Analysis of Different Measures for Computing Relevance Using
10-Fold CV

Different Mean Median StdDev Paired-t :p Wilcoxon:p
Measures MIVIA
Method_3 87.89 88.10 2.05 4.19E-05 2.53E-03
Method_4 93.81 94.22 2.01 3.09E-02 4.24E-02
Proposed 94.83 94.90 1.93 - -

SNP
Method_3 76.12 77.05 6.00 2.54E-03 6.26E-03
Method_4 77.38 76.78 5.44 8.17E-04 3.44E-03
Proposed 82.02 81.42 6.32 - -

ICPR
Method_3 77.16 75.61 5.05 3.14E-06 2.53E-03
Method_4 82.72 82.36 3.24 5.11E-05 2.53E-03
Proposed 84.06 83.75 3.24 - -
Method_3: γ-measure;
Method_4: Computing relevance in multidimensional feature space.

class separability (CS) index [39], Davies-Bouldin (DB) index [34], Dunn index [40], Bayes
classifier [39], and rough hypercuboid (RH) [126] approach can also be used to compute the
relevance of a feature set. Figure 3.7 and Table 3.6 depict the comparative performance
analysis of different feature evaluation indices for HEp-2 cell image classification. From the
results reported in Figure 3.7, it can be seen that the proposed relevance measure performs
better than all other measures for both SNP and ICPR databases. For MIVIA database,
it attains better classification accuracy than both CS and RH, but lower accuracy than
Bayes classifier, DB and Dunn indices.

On the other hand, the results reported in Table 3.6 using 10-fold cross-validation
confirm that the proposed feature evaluation index, based on rough sets and Bayes decision
theory, attains highest mean values for three databases and highest median values for
two databases. Out of total 30 cases, the proposed index performs significantly better
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Table 3.6: Performance Analysis of Various Indices at Multiple Scales for 10-Fold CV

Different Mean Median StdDev Paired-t :p Wilcoxon:p
Measures MIVIA

CS 93.20 93.20 2.05 7.73E-03 6.35E-03
DB 94.35 94.90 1.93 8.64E-02 1.30E-01
Dunn 94.56 94.90 2.08 2.47E-01 2.41E-01
Bayes 94.69 94.56 1.81 3.10E-01 3.88E-01
RH 94.56 94.90 1.64 1.11E-01 1.95E-01

Proposed 94.83 94.90 1.93 - -
SNP

CS 77.76 76.78 5.04 2.21E-03 4.65E-03
DB 74.04 72.68 5.50 2.01E-04 3.46E-03
Dunn 74.04 72.40 6.27 2.41E-04 3.46E-03
Bayes 82.13 81.69 6.12 5.91E-01 4.76E-01
RH 81.69 80.60 6.45 2.34E-01 3.82E-01

Proposed 82.02 81.42 6.32 - -
ICPR

CS 80.54 79.46 4.87 7.95E-04 3.46E-03
DB 77.10 75.83 4.90 3.29E-06 2.53E-03
Dunn 80.80 81.25 4.24 3.46E-03 2.53E-03
Bayes 82.08 81.55 2.41 1.09E-04 2.53E-03
RH 83.32 82.58 2.71 3.08E-02 5.71E-02

Proposed 84.06 83.75 3.24 - -

than other measures in 18 cases, and better but not significant in 11 cases. The better
performance of the proposed index is achieved due to the fact that the theory of rough
sets deals with the uncertainty arising from inexactness, vagueness, or incompleteness in
HEp-2 pattern class definition, while Bayes decision theory addresses the uncertainty due
to randomness and overlapping class boundary.

3.5.6 Importance of Class-Pair Specific Modalities

In general, the existing approaches, based on local texture descriptors, consider a fixed
set of modalities for all the HEp-2 cell classes, where each modality corresponds to a spe-
cific local texture descriptor considered under a particular scale. However, the proposed
method assumes that a fixed set of modalities may not be useful for all the classes. Rather,
class-pair specific modalities should be considered while analyzing HEp-2 cell images. To
establish the effectiveness of class-pair specific modalities over uniform modalities for all the
classes, extensive experiment is carried out on three HEp-2 cell image databases, consider-
ing different sets of modalities incorporating local, global as well as deep features extracted
from the input images.
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3.5.6.1 Local Features

The performance of various local texture descriptors, which include LBP, LBPri, LBPriu2,
and CoALBP, applied at different scales, namely, S1, S2, S3, and S4, is compared to that
of the proposed method given the set of descriptors as input and the obtained results
are presented Figure 3.8 and Table 3.7 for both single and multiple modalities. From
the results reported in top row of Figure 3.8 for single modality, it can be seen that the
proposed method attains highest classification accuracy of training-testing in most of the
cases. Similarly, all the results reported in bottom row of Figure 3.8, corresponding to three
modalities, confirm that the proposed method achieves highest classification accuracy in
all the cases. The results reported in Table 3.7, corresponding to 10-fold CV, show that the
proposed method obtains highest mean and median values, irrespective of the databases
and number of modalities used. Also, it attains significantly better results in all 132 cases,
irrespective of statistical significance tests.
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Figure 3.8: Performance of several local descriptors under different scales and proposed
method at single (top row) and multiple (bottom row) modalities for training-testing.

In order to establish the effectiveness of the proposed approach under other sets of local
features, Figure 3.9 and Table 3.8 compares the performance of the proposed method with
that of individual modalities, where the proposed method signifies selection of class-pair
relevant modality from the following given sets of modalities: (a) a set of eight modalities
- sign (S) and magnitude (M) components of LBPri under four scales; (b) a set of four
modalities - LPQ under four window sizes; (c) a set of four modalities - BSIF under four
window sizes; and (d) a set of seven modalities - CLBP under four scales and RICLBP at
three scales;

From the results reported in Figure 3.9(a), it can be observed that the proposed method
performs better than the individual modalities for SNP and ICPR databases, while it
attains comparable results in case of MIVIA data set. However, the results reported in
Table 3.8 demonstrates that the proposed method outperforms the individual modalities
in all the databases for 10-fold CV. Statistical significance analysis demonstrates that the
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proposed approach achieves significantly better p-values for all the 48 cases. In case of
input set corresponding to Figure 3.9(b), the proposed method performs better than the
input modalities on all the databases for training-testing. From the results reported in
Table 3.8, it can be noted that the proposed method outperforms the individual modalities
on all the data sets for 10-fold CV. Statistical significance tests demonstrate that out
of total 24 cases, the proposed model achieves significantly better p-values for 18 cases,
and better but not significant p-values for 5 cases. Given the input set corresponding to
Figure 3.9(c), the proposed method outperforms the individual modalities on all the data
sets for training-testing. Table 3.8 describes that the proposed method performs better
than the individual modalities on all the databases 10-fold CV. Statistical significance
analysis demonstrates that the proposed approach achieves significantly better p-values for
all the 24 cases. Lastly, given the input set corresponding to Figure 3.9(d), the proposed
method performs better than the individual modalities on all the databases for training-
testing. The results presented in Table 3.8 demonstrates that except for SNP database,
the proposed method attains highest mean and median values for both MIVIA and ICPR
data sets for 10-fold CV. Statistical significance tests reveal that out of total 42 cases,
the proposed model achieves significantly better p-values for 32 cases, and better but not
significant p-values for 6 cases.
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Figure 3.9: Performance of the proposed method at single modality considering different
sets of descriptors.

3.5.6.2 Deep Features

Deep features are extracted at various layers of CNN [21] and provided as input modalities
to the proposed approach which then identifies relevant modality based on the Rough-
Bayesian model, for discriminating each pair of staining pattern classes accurately. The
performance of the proposed method is compared with that of the individual modalities
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and the obtained results are reported in Figure 3.9 for training-testing and Table 3.8 for
10-fold CV. From the reported results, it can be noted that the proposed method performs
better than the each of the input modalities on all the databases for both training-testing
and 10-fold CV. Statistical significance analysis demonstrates that the proposed approach
achieves significantly better p-values for all the 18 cases.

3.5.6.3 Combination of Features

Considering a set of six modalities, which include global features, namely, Gabor features,
gray level co-occurrence matrix (GLCM), histogram of oriented gradients (HOG), local
features, namely, LPQ and BSIF, and deep features extracted using CNN, the proposed
method selects relevant modality to describe each pair of staining pattern classes. The
performance of the proposed method is compared with that of the individual modalities
and the obtained results are reported in Figure 3.9 for training-testing and Table 3.8 for
10-fold CV. From the reported results, it can be noted that the proposed method performs
better than the each of the input modalities on all the databases for both training-testing
and 10-fold CV. Statistical significance analysis demonstrates that the proposed approach
achieves significantly better p-values for all the 36 cases.

3.5.7 Comparative Performance Analysis

Finally, the performance of the proposed method is extensively compared with that of
several state-of-the art methods for texture classification and HEp-2 cell staining pattern
recognition. For the proposed method, single modality corresponding to each class-pair is
considered from the set of seven modalities, namely, CLBP under four scales and RICLBP
at three scales. Results are reported with respect to overall classification accuracy (OCA),
mean class accuracy (MCA) and execution time (in second).

3.5.7.1 Texture Classification Methods

This section compares the performance of the proposed descriptor selection method with
that of several state-of-the art texture classification methods, namely, dominant LBP
(DLBP) [120], discriminative features for texture description (DFTD) [60], restricted Boltz-
mann machine (RBM) [108], discriminative deep Belief networks (disDBN) [123], CNN [21],
deep encoding pooling (DEP) [211], and CNN_mRMR - a deep architecture combining
CNN and minimum redundancy-maximum relevance (mRMR) framework [192]. Results
are reported in Table 3.9 on three HEp-2 cell databases for training-testing. The perfor-
mance of both DLBP and DFTD is evaluated for S123 and S124. While DLBP considers
dominant features of LBP histogram [120], DFTD takes into account LBPri features to
form the discriminative set [60]. The SVM with linear kernel is used for staining pattern
classification in all the cases. All the results reported in Table 3.9 establish the fact that
the proposed method attains highest values of both OCA and MCA, irrespective of the
databases used. Also, the execution time required by the proposed method is significantly
lower than that of state-of-the-art deep learning based texture classification methods.
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Table 3.9: Performance Analysis of Proposed Approach and Different Texture Classification
Methods

Different MIVIA SNP ICPR
Methods OCA MCA Time OCA MCA Time OCA MCA Time

DLBP, S123 50.00 51.41 2.33 44.18 44.27 2.76 57.42 53.80 67.30
DLBP, S124 50.95 52.08 2.34 41.30 41.34 2.54 56.45 53.67 67.30
DFTD, S123 55.45 55.61 1.13 49.20 49.19 1.46 71.72 70.21 58.96
DFTD, S124 57.49 57.95 1.14 52.19 52.05 1.48 73.03 71.56 58.96

RBM 33.51 29.08 2826.39 47.49 47.38 3209.72 67.58 67.47 4558.93
disDBN 60.33 57.56 3114.46 54.66 52.69 7195.57 74.75 74.86 8889.01
CNN 46.87 39.39 2538.84 62.54 62.58 2888.41 69.57 69.33 18748.66
DEP 62.40 63.71 18353.64 57.20 56.38 22795.76 80.06 79.41 84428.37

CNN_mRMR 57.36 59.42 24631.54 50.48 49.46 27573.80 81.72 81.24 96925.61
Proposed 65.40 66.73 58.59 67.56 67.49 66.38 92.79 92.18 762.75

3.5.7.2 HEp-2 Cell Classification Methods

This section compares the performance of the proposed HEp-2 cell staining pattern recog-
nition method with that of several state-of-the art staining pattern classification methods,
namely, RICLBP [145], Fisher tensor (FT) [45], automated pattern recognition system
(APRS) [128], deep CNN model of Gao et al. (deepCNN) [55], dual convolutional auto-
encoder (DCAE) [199], CNN using several preprocessing techniques (CNNPT) [160], deep
CNN model of Jia et al. (DCNN) [88], and deep cross residual network (DCRNet_v2) [172].
Corresponding results are reported in Table 3.10 with respect to OCA, MCA and execution
time (in second). While RICLBP, FT, and APRS methods rely on handcrafted features,
other approaches consider features extracted using deep architectures for HEp-2 cell classi-
fication. From the results presented in Table 3.10, it can be seen that the proposed method
for HEp-2 cell staining pattern recognition outperforms several state-of-the-art methods on
all the three data sets, irrespective of the quantitative indices used. However, deepCNN [55]
performs better than the proposed method only on SNP database, while DCRNet_v2 [172]
attains slightly higher accuracy on MIVIA database.

Table 3.10: Performance Analysis of Proposed Approach and Different HEp-2 Cell Classi-
fication Methods

Different MIVIA SNP ICPR
Methods OCA MCA Time OCA MCA Time OCA MCA Time
RICLBP 63.49 64.67 17.98 63.82 63.82 14.56 83.91 81.70 179.85

FT 46.87 51.31 6374.39 48.03 48.01 3808.18 79.03 75.67 12820.44
APRS 54.90 52.61 - 53.79 53.60 - * * -

deepCNN 64.03 64.17 2527.28 70.44 70.55 2875.60 84.95 84.63 18604.08
DCAE 42.64 46.52 8532.00 41.62 41.58 9120.96 62.49 62.91 57565.31
CNNPT 50.32 48.77 29999.30 47.28 46.41 35537.22 84.80 84.72 97760.40
DCNN 46.19 49.53 5278.31 46.21 45.13 6221.17 68.50 68.93 48444.35

DCRNet_v2 66.49 66.99 12539.98 52.29 51.32 13947.27 87.20 85.60 871304.30
Proposed 65.40 66.73 58.59 67.56 67.49 66.38 92.79 92.18 762.75

It is worth mentioning here that APRS [128] considers the set of all 13,596 images
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of ICPR data set to train the model, which includes the entire set of 6799 test images
considered in the current study. So, the performance of APRS on ICPR data cannot be
evaluated, and hence, corresponding entries are denoted by “*” in Table 3.10. To compare
the performance of the proposed method with that of APRS on ICPR data, the HEp-2 cell
images of Task 2 set of ICPR 2014 contest are used as test set. For Task 2, 1008 specimen
images, belonging to seven HEp-2 cell classes, are made available. In [128], few cells from
the specimen images have been extracted. Among them, 5032 cell images, along with the
corresponding annotations, are shared by the authors of [128] for comparative performance
evaluation. The APRS method achieves 82.05% OCA and 83.04% MCA on Task 2 data set,
while the proposed method attains 72.48% OCA and 73.04% MCA. As the training model
of APRS is provided by the authors of [128], the corresponding execution time, denoted by
“-”, is ignored in Table 3.10.

The better performance of the proposed method is achieved due to the fact that it
considers class-pair specific modalities for analyzing HEp-2 cell images, rather than con-
sidering a fixed set of modalities for all the staining pattern classes. A set of dominant
features is extracted under each modality, based on the probability of texture pattern
occurrence, which makes the proposed algorithm insensitive to noisy HEp-2 cell images.
Moreover, the proposed approach employs rough sets and Bayes decision theory to evaluate
the relevance of each modality. While former deals with the uncertainty due to inexactness,
vagueness, and incompleteness in HEp-2 class definition, latter addresses the uncertainty
due to overlapping class boundaries. In effect, the proposed method provides significantly
better performance as compared to existing methods.

3.6 Conclusion

The major contribution of this chapter is three-fold, namely, (i) development of a method
to select a set of class-pair specific relevant texture descriptors under appropriate scales
for HEp-2 cell pattern classification; (ii) introducing a new relevance measure, based on
judicious integration of variable precision rough sets and Bayes decision theory; and (iii)
demonstrating the effectiveness of the proposed method on several benchmark HEp-2 cell
image databases.

The proposed class-pair specific modality selection method first selects local texture
descriptors under appropriate scales for a particular pair of classes, and then forms the
final feature set for multiple classes from the set of descriptors of all possible pairs of
classes. To evaluate the quality of a modality in discriminating samples from a given
class-pair, the theory of rough sets is judiciously integrated with Bayes decision theory.
To make the proposed descriptor selection method insensitive to noisy pixels present in
an HEp-2 cell image and noisy HEp-2 cell images in a staining pattern class, the concept
of significant descriptors of an HEp-2 cell image and a staining pattern class has been
introduced. Finally, the SVM is used to predict the class of HEp-2 cell images. The
performance of the proposed approach is exhibited on three benchmark HEp-2 cell image
databases, along with a comparative study with state-of-the-art methods. For three HEp-2
cell data sets, significantly better results are found for the proposed method compared to
several existing methods. Along with the local, global, and deep features, textural features
based on markov random fields can also be considered as the input set of descriptors for
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the proposed class-pair specific descriptor selection approach.
The results obtained on different HEp-2 cell image databases demonstrate that the

classification accuracy achieved by the proposed approach varies with the given set of
modalities to a certain extent. This is due to the fact that the performance of the proposed
method depends on the descriptive and discriminative ability of the features extracted
from the input images. Also, the proposed approach attains highest classification accuracy
on different data sets for different input sets of modalities. However, in case of deep
features, the proposed method performs consistently well on all the databases. A possible
explanation for the observation would be that the deep architectures takes into account
the nature and complexity of the given classification problem while extracting features at
various layers. Hence, in the next chapter, a deep architecture is developed based on the
theory of Boltzmann machine, which can efficiently captures the non-linear dependencies
between observed and latent variables by analyzing the energy landscape of the given
samples or observations. It learns a joint subspace over the space of multimodal inputs. In
order to improve the discriminative ability of the model, the class nodes are incorporated
into the proposed architecture which enables the architecture to serve as feature extractor
as well as classifier.
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Chapter 4

Multimodal Discriminative Deep
Boltzmann Machine for Joint
Subspace Analysis

4.1 Introduction

With the development of acquisition equipments and sensors, a large amount of data has
become more accessible nowadays. However, the unpredictably ambiguous nature of the
data, along with the incompleteness in data representation, has restricted the performance
of unimodal based data recognition systems [119]. In real world applications, data are col-
lected from different sources of diverse domains or obtained from various feature extraction
methods. So, multiple representations of the same data are available, which are also re-
ferred to as different modalities or views of the data. Since each view has a fundamentally
distinct representation of the underlying data distribution, it is primarily assumed that
integration of different views may provide comprehensive and discriminatory description of
the inherent characteristics of the given input data. In recent years, a surging interest is
noted for developing multi-view learning algorithms where the diversity of different views
are exploited, along with the patterns observable in the individual views [212]. By estab-
lishing the connections between the attributes of different views of the given data, it is
possible for the multi-view learning algorithms to obtain a more descriptive representation
of the data than the single view learning approaches. Hence, development of multi-view
learning algorithms has become a promising research topic with wide applicability.

A naive solution concatenates all the views to obtain a single data matrix which can then
be applied to single view learning algorithms. However, the direct integration approaches
suffer from the overfitting problem, which is predominant in case of small training data
sets. Also, it becomes difficult to reflect the individual statistical properties of each of the
modalities in the unified representation for heterogeneous databases. In this regard, several
approaches have been adopted in existing literature to learn the joint representation of the
data from the given multiple modalities. Various multi-view learning algorithms, based on
correlation analysis [25, 53, 96, 124], discriminant analysis [92, 93, 217], and deep learning
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[9, 30, 37, 44, 178, 180, 193, 202], have been developed that learn the necessary functions
to model each of the views and then jointly optimize all the functions to enhance the
generalization ability of the corresponding approaches.

Considering the baseline framework of canonical correlation analysis (CCA) [78] and
its kernel extensions [10, 67, 124], a variety of theories and approaches are introduced to
investigate the inherent correlation across several views. The multiset CCA (MCCA) [96]
is introduced as an extension of the classical two-set theory of CCA to several sets. Chen
et al. [25] have proposed graph-regularized MCCA (GMCCA) and graph-regularized kernel
MCCA (GMKCCA) approaches that minimize the distance between the canonical variables
and the common low-dimensional representations, based on the graph-induced knowledge of
the common sources. In case of randomized CCA (rCCA) [124], linear CCA is performed
on a pair of randomized non-linear mappings corresponding to the given input views.
In [53], large-scale generalized CCA (LasCCA) has been proposed whose memory and
computational costs vary linearly with the problem dimension and the number of non-zero
data elements, respectively. As a result, it can easily handle very large sparse views. A
distributed algorithm for generalized CCA (DisCCA) has also been developed in [53], which
computes the canonical variables of different views in parallel to reduce the run time of the
algorithm significantly.

Apart from the CCA based methods, several classical approaches have been developed
for multi-view data analysis. Multi-view discriminant analysis (MvDA) [92] learns single
unified discriminant common space from the given multiple views by jointly optimizing
the view-specific transforms corresponding to each of the input views. Furthermore, the
between-class and within-class variations are combined to form a generalized Rayleigh
quotient, which can be solved analytically by using the generalized eigenvalue decomposi-
tion. Inspired by the observation that different views share similar structures, MvDA with
view-consistency (MvDA-VC) [93] enforces consistency across different views to achieve a
more robust common space. Since the CCA based methods are, in general, unsupervised
in nature, the projected subspaces lack discriminative information. Also, the canonical
variables, corresponding to each of the views, are learned either by linear projections or
non-linear projections which are limited by a fixed kernel. Furthermore, an additional
classifier is required for the classification purpose. Although the MvDA and MvDA-VC
methods have the benefits of view discrepancy and discriminability, the common subspace
is learned using linear transformations.

Although the classical approaches have achieved some promising results in numerous
domains of applications, use of hand-crafted features and linear embedding functions have
restricted these methods to capture non-linear nature of complex multi-view data. Non-
linearity is described by a situation where there is no direct relationship between a depen-
dent and an independent variable, that is, the dependent variables do not change in direct
proportion to changes in any of the independent variables. As discussed in Chapter 3, the
hand-crafted features are constructed for capturing certain specific aspects of the given
data. They are restricted by the limited human knowledge and hence, it is difficult for the
hand-crafted features to effectively analyze the hidden attributes of the input data. On
the other hand, features extracted by the deep models, are data as well as task specific.
Deep learning models can effectively learn complex, non-linear, and abstract representa-
tions of the given data by allowing multiple hierarchical layers. This is also validated in
Chapter 3, where it can be observed that deep features provide outstanding performance
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in comparison to the hand-crafted features for all data sets considered. Along with the
success of various deep models, deep multi-view learning models have vast inroads into
numerous applications with outstanding performance.

Recently, several deep learning models have been developed to integrate information
from the given multiple views. The deep canonical correlation analysis (DCCA) [9] learns
complex non-linear transformations of the given two views in such a way that the result-
ing representations are highly correlated, while deep canonically correlated autoencoders
(DCCAE) [202] incorporates the objective of autoencoders into DCCA model. Since the
DCCA and DCCAE models are unsupervised in nature, the joint representations fail to
capture the discriminative information of the given observations. Also, both the models are
applicable to two views only. In deep multiset CCA (dMCCA) [178], feed-forward networks
have been used to map the given input modalities to a shared subspace such that the joint
representation maximizes the ratio of between and within modality covariance of the given
observations. Couture et al. [30] have developed task optimal CCA (TOCCA) that focuses
on both CCA and task driven objectives using a deep architecture. Though dMCCA and
TOCCA concentrate on learning the correlated subspace from the input multi-view data,
they eventually disregard the underlying data distribution. The deep CCA with view gen-
eration (DCCA-VG) [193] focuses on learning multi-view representation for hyperspectral
image classification by fusing spatial and spectral information. Dorfer et al. [37] have pro-
posed towards deep and discriminative CCA (TDDCCA) that incorporates a discriminative
regularizer into the objective of existing deep canonical correlation analysis to jointly avail
the advantages of correlation and discriminability. Both the DCCA-VG and TDDCCA
approaches serve as feature extractors and need to employ an additional classifier for clas-
sification purpose. Fan et al. [44] have proposed deep adversarial CCA (DACCA) model,
which integrates adversarial learning techniques with the concept of CCA to simultaneously
learn multi-view data representation and generate realistic multi-view samples. Since the
DACCA model is susceptible to slight variation in the input characteristics of the given
data, the performance of the model is highly dependent on the input signal-to-noise ratio.

From the state-of-the-art deep multi-view learning models, it can be stated that these
models have significant contribution towards extracting relevant features from the given
multiple views of the input data. However, they do not take into consideration the super-
vised information of sample categories in the corresponding learning objectives and hence,
the extracted features lack the discriminative information. Also, the models require an
additional classifier for categorizing the given observations into different classes. Hence, it
is required to develop a generalized framework which can provide better classification per-
formance through end-to-end learning. Now, deep Boltzmann machine (DBM) [163] is an
effective paradigm of undirected generative models that efficiently captures the non-linear
dependencies between observed and latent variables by analyzing the energy landscape
of the given observations. Hence, the multi-view model based on DBM is expected to
encapsulate the latent data distribution over the space of multimodal inputs. However,
the architecture of DBM is essentially unsupervised in nature. In case of classification
problem, it is expected that the similarity in the latent space implies the similarity in the
corresponding concepts.

This chapter introduces a novel deep multi-view predictive model, termed as multi-
modal discriminative deep Boltzmann machine (MDDBM). It is developed by judiciously
integrating the merits of DBM and the supervised information of sample categories. The
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proposed deep model can extract discriminative and descriptive features from the given
views, learn a joint subspace by integrating all the imperative information from the fea-
ture representations corresponding to each of the input views, and also classify the given
observations into multiple categories. The proposed framework is developed based on the
architecture of DBM in multi-view environment to encapsulate the underlying non-linear
data distribution of the given observations. The class nodes are incorporated into the pro-
posed deep architecture to include the supervised information at each layer of the network.
Through proper learning of the weights associated with the corresponding class nodes, it
can be ensured that the obtained representations at each layer of the network will have
better discriminative abilities as compared to the unsupervised counterparts. Also, con-
sidering the class nodes in the architecture allows the proposed model to predict the class
labels of given observations without employing any additional classifier for classification
purpose. The performance of the MDDBM model is extensively studied and compared
with several state-of-the-art multi-view learning approaches on various benchmark and
real-life cancer data sets considering both training-testing and ten-fold cross-validation.
Some of the results of this chapter are reported in [104].

The rest of this chapter is organized as follows: Section 4.2 discusses the basics of
Boltzmann machine, deep Boltzmann machine, and multimodal deep Boltzmann machine.
Section 4.3 describes the architecture and learning of the proposed MDDBM model. The
efficacy of the MDDBM framework is studied with reference to several state-of-the-art
approaches on various benchmark and real-life cancer data sets in Section 4.4. Concluding
remarks are provided in Section 4.5.

4.2 Basics of Boltzmann Machine

The basic concepts of Boltzmann machine (BM), deep Boltzmann machine (DBM), and
multimodal deep Boltzmann machine (MDBM) are briefly discussed in this section.

4.2.1 Boltzmann Machine

Boltzmann machine is an effective paradigm of undirected graphical models, also known as
Markov random fields, which provide a powerful mechanism for representing dependency
structure between random variables. It has originally been developed in [2, 70] as a bidi-
rectionally coupled neural networks, containing stochastic processing units which can be
partitioned into two different types, namely, visible units and hidden units. While the
observed data vectors are clamped on the visible units, the hidden units act as latent vari-
ables or features that allow the BM to model the probability distributions over visible state
vectors that cannot be modelled by direct pairwise interactions between the visible units.

Let us consider a BM with V visible units that represent the observed data vector and
H hidden units which account for the dependencies between observed variables. The state
of the model at any instant is defined as pv,hq P t0, 1uV`H . So, any distribution on t0, 1uV

can be modelled by the BM where the dimension of the target distribution is denoted by
the number of hidden units H. In order to update the state of the j-th hidden unit, hj , the
total input to the node is to be computed which is the sum of the weights on connections
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coming from rest of the active units and the corresponding bias term bj :

φhj “
V
ÿ

i“1

viwij `
H
ÿ

k“1,k‰j

hkukj ` bj , (4.1)

where wij and ukj represent the values of the weights on the bidirectional connections
between i-th visible unit and j-th hidden unit and k-th hidden unit and j-th hidden unit,
respectively. Based on the conditional distributions of the model, it can then be shown that
the j-th hidden unit turns on with a probability given by the following logistic function:

probphj “ 1q “

exppthj “ 1u
V
ř

i“1
viwij `

H
ř

k“1,k‰j

hkukj ` bjq

ř

hjPt0,1u

expthjp
V
ř

i“1
viwij `

H
ř

k“1,k‰j

hkukj ` bjqu

“
1

1` e
´φhj

. (4.2)

Thus, the hidden representation of the BM is obtained by applying non-linear transforma-
tion on the stochastic units. In a similar way, the updation rule for the state of a visible
unit can be obtained as

probpvi “ 1q “
1

1` e´φvi
, where φvi “

H
ÿ

j“1

wijhj `
V
ÿ

p“1,p‰i

yipvp ` ai. (4.3)

Here yip denotes the bidirectional real valued weight that connects the i-th visible unit
with p-th visible unit and ai represents the bias term corresponding to the i-th visible unit.

If the units are updated sequentially in any order that does not depend on their total
inputs, the network will eventually reach a Boltzmann distribution, also referred to as
equilibrium or stationary distribution, in which the probability of a state vector pv,hq is
determined solely by the energy of the vector relative to the energies of all possible binary
state vectors:

P pv,hq “
1

Z
e´Epv,hq, where Z “

ÿ

v,h
e´Epv,hq. (4.4)

Hence, the joint probability distribution of the variables under the model is governed by the
Gibbs distribution. Here, Z is termed as the partition function which acts as a normalizing
term. As in Hopfield networks [150], the energy of the state vector pv,hq is defined as

Ebmpv,hq “ ´
V
ÿ

i“1

H
ÿ

j“1

viwijhj ´
H
ÿ

j“1

H
ÿ

k“1,k‰j

hjujkhk´
V
ÿ

i“1

V
ÿ

p“1,p‰i

viyipvp´
V
ÿ

i“1

aivi´
H
ÿ

j“1

bjhj .

(4.5)
If the weights on the connections are so chosen that the energies of state vectors rep-

resent the inferior quality of the vectors as solutions to an optimization problem, then the
stochastic dynamics of the BM can be viewed as a way of escaping from local optima while
searching for good solutions. The total input to a hidden unit then represents the difference
in the energy depending on whether that unit is off or on, and the fact that unit occasion-
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ally turns on even the corresponding input to the unit is negative means that the energy
can occasionally increase during the search, thus allowing the search to jump over energy
barriers. The crucial computational step in a BM is determining how the model, with its
current generative parameters, might have used its hidden variables to generate an observed
data vector, which is referred to as the learning of the BM. Stochastic generative models,
like Boltzmann machines, generally have many different ways of generating any particular
data vector. The best possible way would be to infer the probability distribution over
the various possible settings of the hidden variables. The learning algorithm for BM [73]
required randomly initialized Markov chains to approach the equilibrium distribution.

The major limitation for learning of BMmodels is the necessity to compute the partition
function, whose purpose is to normalize the joint probability distribution over the set of
random variables. Additionally, the derivative of the partition function is required to
be estimated for learning of the model parameters. However, in most of the cases, the
exact computation of the partition function or the corresponding derivative is intractable
because it requires enumeration over an exponential number of terms. There has been
extensive research on obtaining deterministic approximations [215, 216] or deterministic
upper bounds [56, 200, 201] on the log-partition function of a BM. These methods take
a variational perspective of estimating the log-partition function and rely critically on
approximating the entropy of the undirected graphical model. Variational methods have
become very popular, since they typically scale well to large applications. There have also
been many developments in the use of Monte Carlo methods for estimating the partition
function, including annealed importance sampling [141], bridged sampling [132], nested
sampling [164], sequential Monte Carlo [135], Markov Chain Monte Carlo method [140],
and many others.

Setting both ujk “ 0 and yip “ 0, @i, j, p, k recovers the well-known restricted Boltz-
mann machine (RBM) [176]. In contrast to the BM, inference in RBM is exact. Although
exact maximum likelihood learning in RBM is still intractable, learning can be carried out
efficiently using contrastive divergence (CD) [69]. It was further observed [204] that for
contrastive divergence to perform well, it is important to obtain exact samples from the
conditional distribution, which is in turn intractable while learning of the original BM.

4.2.2 Deep Boltzmann Machine

Generative models with only one hidden layer are much too simple for modelling the
high-dimensional and richly structured sensory data that arrive at the visual cortex. It is
believed that our visual systems contain multilayer generative models in which top-down
connections can be used to generate low-level features of images from high-level represen-
tations, and bottom-up connections can be used to infer the high-level representations that
would have generated an observed set of low-level features. Single cell recordings [111] and
the reciprocal connectivity between cortical areas [47] both suggest a hierarchy of progres-
sively more complex features in which each layer can influence the layer below. Vivid visual
imagery, dreaming, and the disambiguating effect of context on the interpretation of local
image regions [137] also suggest that the visual system can perform top-down generation.

Apparently, it was too difficult to perform inference in the complicated multilayer non-
linear models. Until recently, several attempts have been formulated to develop multilayer
non-linear models [94, 168]. Multiple hidden layers can be learned by treating the hidden

60



activities of one RBM as the data for training a higher-level RBM [72]. However, if multiple
layers are learned in this greedy, layer-by-layer manner, the resulting composite model
is not a multilayer or deep Boltzmann machine [71]. It is a hybrid generative model
called a deep belief net that has undirected connections between its top two layers and
downward directed connections between all its lower layers. Each layer of a deep Boltzmann
machine (DBM) [163] captures complicated, higher-order correlations between the activities
of hidden features in the layer below. DBMs are interesting for several reasons. As in case
of deep belief networks, DBMs have the potential of learning internal representations that
become increasingly complex, which is considered to be a promising way of solving several
interesting real-life problems. Furthermore, unlike deep belief networks, the approximate
inference procedure, in addition to an initial bottom-up pass, can incorporate top-down
feedback, allowing DBMs to propagate uncertainty efficiently, which in turn, facilitate the
model to deal with ambiguous inputs robustly.

Let us consider, L denotes the number of layers in a DBM. The energy function of the
DBM is given by

Edbmpv,h1, ¨ ¨ ¨ ,hl, ¨ ¨ ¨ ,hLq “ ´
V
ÿ

i“1

H1
ÿ

j“1

viw
1
ijh

1
j ´

L
ÿ

l“l

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

hljw
pl`1q
jk h

pl`1q
k

´

V
ÿ

i“1

aivi ´
L
ÿ

l“l

Hl
ÿ

j“1

bljh
l
j ; (4.6)

where H l represents the number of hidden units in layer l of the model, blj signifies the bias

term corresponding to the j-th hidden unit at layer l, and w1
ij and w

pl`1q
jk denote the values

of the weights on the bidirectional connection between i-th visible unit and j-th hidden
unit at first hidden layer of the model and j-th hidden unit at layer l and k-th hidden unit
at layer pl ` 1q, respectively.

It is to be noted here that if the posterior distribution over the hidden variables can be
inferred for each data vector, then learning a DBM is relatively straightforward. Alterna-
tively, if unbiased samples can be obtained from the posterior distribution, then also the
learning of DBM becomes straightforward. In the later case, the parameters of the model
need to be adjusted so as to increase the probability that the sampled states of the hidden
variables in each layer would generate the sampled states of the hidden or visible variables
in the layer below. If training vectors are selected with equal probability from the training
set and the hidden states are sampled from the corresponding posterior distribution given
the training vector, then learning of the model has a positive effect on the probability that
the model would produce exactly the N training vectors if it was run N times.

4.2.3 Multimodal Deep Boltzmann Machine

In a multimodal setting, data consists of multiple modes, each modality having a different
kind of representation and correlational structure. For example, text is usually represented
as discrete sparse word count vectors, whereas an image is represented using pixel intensities
or outputs of feature extractors which are real-valued and dense. Having very different
statistical properties makes it much harder to discover relationships across modalities than
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relationships among features in the same modality. There is a lot of structure in the data
but it is difficult to discover the highly non-linear relationships that exist between low-level
features across different modalities. A good multimodal learning model must satisfy certain
properties. The joint representation must be such that similarity in the representation
space implies similarity of the corresponding concepts so that the representation is useful
for classification and retrieval. It is also desirable that the joint representation be easy to
obtain even in the absence of some modalities. It should also be possible to fill-in missing
modalities given the observed ones. In this context, Srivastava and Salakhutdinov have
developed a multimodal deep Boltzmann machine (MDBM) model in [180] for learning
multimodal data representations.

The energy function of the MDBM model is given by

Emdbmpvm,h1m, ¨ ¨ ¨ ,hlm, ¨ ¨ ¨ ,hLm,hpL`1qq “ ´

M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij h

1m
j

´

L
ÿ

l“l

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

hlmj w
pl`1qm
jk h

pl`1qm
k ´

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i ´

L
ÿ

l“l

M
ÿ

m“1

Hlm
ÿ

j“1

blmj hlmj ; (4.7)

where M denotes total number of input views or modalities, pL ` 1q signifies the total
number of hidden layers of the model, out of which L number of layers are modality-specific
and the top most layer represents the joint representation. vm represents the input view
corresponding to the m-th modality, the l-th modality-specific hidden layer corresponding
to the m-th modality is represented by hlm, and the joint representation is denoted by
hpL`1q. The key idea of the model is to effectively utilize large amount of unlabelled
data. Pathways for each modality are pretrained independently and plugged in together
for performing joint learning. The model fuses multiple data modalities into a unified
representation, which captures features that are useful for classification and retrieval. It
also performs well when some modalities are absent and improves upon models trained on
only the observed modalities.

4.3 Multimodal Discriminative Deep Boltzmann Machine

In this section, a novel architecture, termed as multimodal discriminative DBM (MDDBM),
is discussed for multi-view data analysis. It judiciously integrates the merits of DBM and
the supervised information of sample categories to accurately categorize the given obser-
vations into different class labels to efficiently encapsulate the underlying non-linear data
distribution over the space of multimodal inputs. The inclusion of supervised information
of class labels or sample categories into the architecture of DBM improves the discrimi-
native ability of the model. MDBM [180] is an unsupervised model employed for feature
extraction. So, the extracted features do not contain any class label information. However,
it is expected that if the hidden layers of a network are guided by the supervised informa-
tion of class label, the obtained joint subspace will have better discriminative ability. Also,
incorporating class nodes in the architecture enables the model to predict the class label
of given observations, without employing any additional classifier for classification.
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4.3.1 Objective Function of Proposed MDDBM Model

Let us assume that the proposed model has M input views or modalities, where vm “

tvm1 , ¨ ¨ ¨ , v
m
i , ¨ ¨ ¨ u represents the input view corresponding to the m-th modality and y “

ty1, ¨ ¨ ¨ , yc, ¨ ¨ ¨ u provides the class label information. Let us also assume that the model
contains L ą 1 hidden layers, out of which L0 ą 0 layers are modality-specific, while
the rest of the pL ´ L0q layers are joint hidden layers. The l-th modality-specific hidden
representation corresponding to them-th modality is denoted by hlm “ thlm1 , ¨ ¨ ¨ , hlmj , ¨ ¨ ¨ u,
whereas the joint hidden representation, corresponding to the l-th layer, is referred to as
hl “ thl1, ¨ ¨ ¨ , h

l
j , ¨ ¨ ¨ u. Here, the number of nodes in a representation is expressed by

the corresponding capital letter. For example, the number of nodes in vm is denoted
by V m. The energy Emddbmpv,h,yq of the proposed model is defined in (4.8), while the
corresponding architecture is depicted in Figure 4.1.

Emddbmpv,h,yq “ ´
M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij h

1m
j ´

L0´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

hlmj w
pl`1qm
jk h

pl`1qm
k

´

M
ÿ

m“1

HL0m
ÿ

j“1

HpL0`1q
ÿ

k“1

hL0m
j w

pL0`1qm
jk h

pL0`1q
k ´

L0
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj h

lm
j ´

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i

´

L
ÿ

l“pL0`1q

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjh

l
j ´

L´1
ÿ

l“pL0`1q

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

hljw
pl`1q
jk h

pl`1q
k ´

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj hlmj

´

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

bljh
l
j ´

Y
ÿ

c“1

dcyc. (4.8)

Figure 4.1: Illustration of proposed multimodal discriminative deep framework.

Here, the bidirectional weight parameters w1m
ij , wpl`1qm

jk , wpL0`1qm
jk , and wpl`1q

jk connect
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the i-th visible node of the m-th modality to the j-th hidden node of first modality-specific
hidden layer from the m-th modality, j-th hidden node of l-th modality-specific hidden
layer to k-th hidden node of pl` 1q-th modality-specific hidden layer from m-th modality,
j-th hidden node of modality-specific hidden layer L0 from modalitym to k-th hidden node
of first joint hidden layer, and j-th hidden node of l-th joint hidden layer to k-th hidden
node of pl ` 1q-th joint hidden layer, respectively. Similarly, the parameters ulmcj and ulcj
connect c-th class node to j-th hidden node of l-th modality-specific hidden layer fromm-th
modality, and c-th class node to j-th hidden node of l-th joint hidden layer, respectively.
The bias parameters ami , b

lm
j , blj , and dc are associated with i-th visible node of m-th

modality, j-th hidden node of l-th modality-specific hidden layer from m-th modality, j-th
hidden node of l-th joint hidden layer, and c-th class node, respectively.

Considering the energy function Emddbmpv,h,yq of (4.8), the parameter space θmddbm
of the model is defined by

θmddbm “ tw
1m, ¨ ¨ ¨ , wpL0`1qm, wpL0`2q, ¨ ¨ ¨ , wL, u1m, ¨ ¨ ¨ , uL0m, upL0`1q, ¨ ¨ ¨ , uL, am, b1m,

¨ ¨ ¨ , bL0m, bpL0`1q, ¨ ¨ ¨ , bL, du, @m P t1, 2, ¨ ¨ ¨ ,Mu.

Thus, through proper learning of the set of parameters tu1m, ¨ ¨ ¨ , uL0m, upL0`1q, ¨ ¨ ¨ , uL, du
@m, the discriminatory information can be efficiently incorporated in the hidden represen-
tations of the model at each layer, which in turn, improves the proficiency of the model
as feature extractor. Introducing the class nodes in the architecture allows the proposed
model to serve as the classifier as well. Given the input view v and the class label infor-
mation y, learning of the MDDBM model corresponds to identifying the model parameter
set θmddbm that maximizes the probability of observing the given observations. So, the
objective function is given by the log-likelihood function as follows:

lnLpθmddbm|v,yq “ lnP pv,y|θmddbmq “ ln
ÿ

h
e´Emddbmpv,h,yq ´ ln

ÿ

v,h,y
e´Emddbmpv,h,yq,(4.9)

where h denotes the stack of hidden layers, P pv,y|θmddbmq represents the probability
assigned to the observation pv,yq by the model parameter set θmddbm, and Emddbmpv,h,yq
signifies the energy of the joint configuration tv,h,yu corresponding to the MDDBMmodel.
The partition function of the model is defined as Z “

ř

v,h,y
e´Emddbmpv,h,yq.

Since the parameter space of the model is quite large, obtaining the parameters that
maximize (4.9) is computationally very intensive. The gradient ascent on the log-likelihood
is most commonly used to determine the optimal parameters, which iteratively updates the
parameters by an amount ∆θtmddbm based on the gradient of the log-likelihood. So, the
update rule for the parameters is given by

B lnLpθmddbm|v,yq
Bθmddbm

“
B

Bθmddbm

˜

ln
ř

h
e´Emddbmpv,h,yq ´ ln

ř

v,h,y
e´Emddbmpv,h,yq

¸

“ ´
ř

h
P ph|v,yq

BEmddbmpv,h,yq
Bθmddbm

`
ř

v,h,y
P pv,h,yq

BEmddbmpv,h,yq
Bθmddbm

. (4.10)
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So, the gradient of the log-likelihood function reduces to the difference between expec-
tation of gradient of energy function under model distribution, which is termed as data-
independent expectation, and under the conditional distribution of hidden representation
given the input views and class label information, referred to as data-dependent expecta-
tion. Since exact maximum likelihood learning is intractable, the variational learning is
employed to estimate the data-dependent expectation, whereas data-independent expecta-
tion is approximated by the stochastic approximation procedure. Hence, from (4.10), it can
be observed that in order to learn the parameters of MDDBM model, the corresponding
data-dependent and data-independent expectations are required to be estimated, which
are described subsequently.

4.3.2 Estimation of Data-Dependent Expectations

In the section, the data-dependent expectations are estimated using the concept of vari-
ational learning [142]. In variational inference, the posterior distribution P ph|v,yq is ap-
proximated with a tractable mean field distribution Qph|v,yq « P ph|v,yq. Now,

lnP pv,yq “ ln
ÿ

h
P pv,h,yq “ ln

ÿ

h
Qph|v,yq

P pv,h,yq
Qph|v,yq

. (4.11)

Since logarithmic is a concave function, applying Jensen’s inequality [31] in (4.11), we get

lnP pv,yq ě
ÿ

h
Qph|v,yq ln

P pv,h,yq
Qph|v,yq

“ Lv. (4.12)

Thus, the mean field approximation provides a lower bound Lv on the log-likelihood func-
tion. The difference between true posterior and the variational lower bound, obtained using
mean field theory, is given by

lnP pv,yq ´
ÿ

h
Qph|v,yq

"

lnP pv,yq ` ln
P ph|v,yq
Qph|v,yq

*

“ KLpQph|v,yq||P ph|v,yqq,(4.13)

where KLpQph|v,yq||P ph|v,yqq is the Kullback-Leibler divergence between the two dis-
tributions P and Q. So, better approximation of P ph|v,yq implies tighter bound on
lnP pv,yq.

Let us consider the following factorized distribution as the approximate posterior dis-
tribution of (4.12):

Qph|v,yq “
L0
ź

l“1

M
ź

m“1

Hlm
ź

j“1

qphlmj |v,yq
L
ź

l“pL0`1q

Hl
ź

j“1

qphlj |v,yq; (4.14)

where the hidden units thju are considered to be Bernoulli variables with qphj |v,yq “
µ
thj“1u
j p1 ´ µjq

thj“0u and µj denotes the probability of being the state of hj as 1. Thus,
using mean field approximation, the stochastic binary values are replaced with real-valued
probabilities.
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The variational lower bound Lv on the log-likelihood function lnP pv,h,yq can be
obtained from (4.12), which is as follows:

Lv “
ÿ

h
Qph|v,yqtlnP pv,h,yq ´ lnQph|v,yqu

“
ÿ

h
Qph|v,yqt´Emddbmpv,h,yq ´ lnQph|v,yq ´ lnZu. (4.15)

Considering the energy function (4.8) of the MDDBM model and substituting the mean
field distribution (4.14) in (4.15), the variational bound Lv for the proposed MDDBM
model can be obtained as

Lv “
M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij µ

1m
j `

L0
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj µ

lm
j `

L
ÿ

l“pL0`1q

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjµ

l
j

`

L0´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

µlmj w
pl`1qm
jk µ

pl`1qm
k `

M
ÿ

m“1

HL0m
ÿ

j“1

HpL0`1q
ÿ

k“1

µL0m
j w

pL0`1qm
jk µ

pL0`1q
k

`

L´1
ÿ

l“pL0`1q

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

µljw
pl`1q
jk µ

pl`1q
k `

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i `

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj µlmj `

Y
ÿ

c“1

dcyc

`

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

bljµ
l
j ´

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

!

µlmj lnµlmj ` p1´ µlmj q lnp1´ µlmj q
)

´

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

!

µlj lnµlj ` p1´ µ
l
jq lnp1´ µljq

)

´ lnZ. (4.16)

Since the mean field parameters (µ) of Lv (4.16) define the equilibrium state of the
model, they need to updated accordingly. In order to obtain the mean field parameters
of the proposed MDDBM model, the bound Lv (4.16) is maximized with respect to µ
for a fixed parameter set θmddbm. The update rule for the nodes of first hidden layer

corresponding to m-th modality is given by
BLv
Bµ1m

j

“ 0, which leads to

µ1m
j “ σ

ˆ Vm
ÿ

i“1

vmi w
1m
ij `

H2m
ÿ

k“1

w2m
jk µ

2m
k `

Y
ÿ

c“1

ycu
1m
cj ` b

1m
j

˙

, @m P t1, 2, ¨ ¨ ¨ ,Mu; (4.17)

where σpxq “
1

1` e´x
is the sigmoid function. Similarly, the following update rules can

be obtained:

µlmj “ σ

ˆ

Hpl´1qm
ř

k“1

µ
pl´1qm
k wlmkj `

Hpl`1qm
ř

k“1

w
pl`1qm
jk µ

pl`1qm
k `

Y
ř

c“1
ycu

lm
cj ` b

lm
j

˙

,

for 1 ă l ă L0 and @m; (4.18)
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µL0m
j “ σ

ˆHpL0´1qm
ÿ

k“1

µ
pL0´1qm
k wL0m

kj `

HpL0`1q
ÿ

k“1

w
pL0`1qm
jk µ

pL0`1q
k `

Y
ÿ

c“1

ycu
L0m
cj ` bL0m

j

˙

,@m;

(4.19)

µ
pL0`1q
j “ σ

ˆ M
ÿ

m“1

HL0m
ÿ

k“1

µL0m
k w

pL0`1qm
kj `

Y
ÿ

c“1

ycu
pL0`1q
cj `

HpL0`2q
ÿ

k“1

w
pL0`2q
jk µ

pL0`2q
k ` b

pL0`1q
j

˙

;

(4.20)

µlj “ σ

ˆHpl´1q
ÿ

k“1

µ
pl´1q
k wlkj `

Hpl`1q
ÿ

k“1

w
pl`1q
jk µ

pl`1q
k `

Y
ÿ

c“1

ycu
l
cj ` b

l
j

˙

, for pL0 ` 1q ă l ă L;

(4.21)

and µLj “ σ

ˆHpL´1q
ÿ

k“1

µ
pL´1q
k wLkj `

Y
ÿ

c“1

ycu
L
cj ` b

L
j

˙

. (4.22)

Thus, given a training data along with the corresponding class label tvm,yu, the equi-
librium state of the model is estimated using the concept of mean field theory. Now, based
on the mean field parameters, obtained using (4.17)-(4.22), the parameter set θmddbm of the
proposed MDDBM architecture, corresponding to the data-dependent expectation, can be
learned by maximizing Lv with respect to θmddbm for the equilibrium mean field parameters
µ, which are given by

BLv
Bw1m

ij

“ vmi µ
1m
j ;

BLv
Bwlmjk

“ µ
pl´1qm
j µlmk , for 1 ă l ď L0;

BLv
Bw

pL0`1qm
jk

“ µL0m
j µ

pL0`1q
k ;

BLv
Bwljk

“ µ
pl´1q
j µlk, for pL0 ` 1q ă l ď L;

BLv
Bulmcj

“ ycµ
lm
j , for 1 ď l ď L0;

BLv
Bulcj

“ ycµ
l
j , for L0 ă l ď L;

BLv
Bblmj

“ µlmj , for 1 ď l ď L0;

BLv
Bami

“ vmi ;
BLv
Bblj

“ µlj , for L0 ă l ď L; and
BLv
Bdc

“ yc; @m P t1, 2, ¨ ¨ ¨ ,Mu. (4.23)

So, the data-dependent expectations of (4.10) are estimated by the gradient ascent on the
lower bound of the proposed MDDBM architecture.

4.3.3 Estimation of Data-Independent Expectations

Now, the energy gradient with respect to the model distribution is to be estimated. The
Markov Chain Monte Carlo based stochastic approximation procedure [190] is considered
to approximate the data-independent expectations. The idea behind this approach is to
sample a new state of the model from the current state based on the conditional distri-
butions over visible and hidden nodes for a fixed parameter set θmddbm. The conditional
distributions corresponding to the proposed MDDBM model are given by
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P ph1m|vm,y,h2mq “
P ph1m,vm,y,h2mq

ř

h1m

P ph1m,vm,y,h2mq

“

H1m
ś

j“1
e
h1m
j p

V m
ř

i“1
vmi w

1m
ij `

Y
ř

c“1
ycu1m

cj `
H2m
ř

k“1
w2m

jk h
2m
k `b1mj q

H1m
ś

j“1

ř

h1m

e
h1m
j p

V m
ř

i“1
vmi w

1m
ij `

Y
ř

c“1
ycu1m

cj `
H2m
ř

k“1
w2m

jk h
2m
k `b1mj q

, @m P t1, 2, ¨ ¨ ¨ ,Mu. (4.24)

Hence, P ph1m
j |vm,y,h2mq “

e
h1m
j p

V m
ř

i“1
vmi w

1m
ij `

Y
ř

c“1
ycu1m

cj `
H2m
ř

k“1

w2m
jk h

2m
k `b1mj q

ř

h1m

e
h1m
j p

V m
ř

i“1
vmi w

1m
ij `

Y
ř

c“1
ycu1m

cj `
H2m
ř

k“1
w2m

jk h
2m
k `b1mj q

“ σ

˜

Vm
ÿ

i“1

vmi w
1m
ij `

H2m
ÿ

k“1

w2m
jk h

2m
k `

Y
ÿ

c“1

ycu
1m
cj ` b

1m
j

¸

,@m. (4.25)

Similarly, the subsequent conditional distributions can be obtained:

P phlmj |h
pl´1qm,hpl`1qm,yq “ σ

ˆ

Hpl´1qm
ř

k“1

h
pl´1qm
k wlmkj `

Y
ř

c“1
ycu

lm
cj ` b

lm
j

`
Hpl`1qm
ř

k“1

w
pl`1qm
jk h

pl`1qm
k

˙

, for 1 ă l ă L0, @m; (4.26)

P phL0m
j |hpL0´1qm,hpL0`1q,yq “ σ

ˆ

HpL0´1qm
ř

k“1

h
pL0´1qm
k wL0m

kj `
Y
ř

c“1
ycu

L0m
cj ` bL0m

j

`
HpL0`1q
ř

k“1

w
pL0`1qm
jk h

pL0`1q
k

˙

, @m; (4.27)

P ph
pL0`1q
j |hL0m,hpL0`2q,yq “ σ

ˆ

M
ř

m“1

HL0m
ř

k“1

hL0m
k w

pL0`1qm
kj `

Y
ř

c“1
ycu

pL0`1q
cj ` b

pL0`1q
j

`
HpL0`2q
ř

k“1

w
pL0`2q
jk h

pL0`2q
k

˙

; (4.28)

P phlj |h
pl´1q,hpl`1q,yq “ σ

ˆ

Hpl´1q
ř

k“1

h
pl´1q
k wlkj `

Y
ř

c“1
ycu

l
cj `

Hpl`1q
ř

k“1

w
pl`1q
jk h

pl`1q
k ` blj

˙

,

for pL0 ` 1q ă l ă L; (4.29)

P phLj |h
pL´1q,yq “ σ

˜

HpL´1q
ř

k“1

h
pL´1q
k wLkj `

Y
ř

c“1
ycu

L
cj ` b

L
j

¸

; (4.30)

P pvmi |h
1mq “ σ

˜

H1m
ř

j“1
w1m
ij h

1m
j ` ami

¸

, @m; (4.31)
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P pyc|h11, ¨ ¨ ¨ ,hL0M ,hL0`1, ¨ ¨ ¨ ,hLq “
eXc

Y
ř

c̄“1
eXc̄

;

where, Xc “
L0
ř

l“1

M
ř

m“1

Hlm
ř

j“1
ulmcj h

lm
j `

L
ř

l“pL0`1q

Hl
ř

j“1
ulcjh

l
j ` dc. (4.32)

It is to be mentioned here that if a Markov chain is run for sufficient number of steps,
then it can be ensured that the chain will converge to an unique stationary distribution
such that the subsequent states of the chain will be accordingly distributed. The gradient
of the energy function under model distribution is estimated by drawing samples from
the obtained stationary distribution. So, many persistent chains are run in parallel and
states of the chains are sampled based on the conditional distributions, described in (4.25)-
(4.32). Thus, the data-independent expectations with respect to the model parameters are
approximated as follows, where the state variables, sampled from the model distribution,
are denoted with superscript tilde (e.g., ṽ);

BEmddbm
Bw1m

ij

“ ṽmi h̃
1m
j ;

BEmddbm

Bwlmjk
“ h̃

pl´1qm
j h̃lmk , for 1 ă l ď L0;

BEmddbm

Bw
pL0`1qm
jk

“ h̃L0m
j h̃

pL0`1q
k ;

BEmddbm

Bwljk
“ h̃

pl´1q
j h̃lk, for pL0 ` 1q ă l ď L;

BEmddbm

Bulmcj
“ ỹch̃

lm
j , for 1 ď l ď L0;

BEmddbm

Bulcj
“ ỹch̃

l
j , for L0 ă l ď L;

BEmddbm
Bami

“ ṽmi ;
BE

Bblmj
“ h̃lmj , for 1 ď l ď L0;

BEmddbm

Bblj
“ h̃lj , for L0 ă l ď L; and

BEmddbm
Bdc

“ ỹc; @m P t1, 2, ¨ ¨ ¨ ,Mu. (4.33)

Hence, the proposed model can be efficiently learned from data-dependent and data-
independent estimates, obtained in (4.23) and (4.33), respectively.

4.3.4 Learning Rule of MDDBM Model Parameters

Let N , S, t, and η be the number of training samples, number of persistent Markov
chains, current epoch, and learning rate, respectively. Thus, the update rule for different
parameters of the proposed MDDBM architecture, required to perform gradient ascent on
the log-likelihood function corresponding to the energy function of (4.8), is as follows:

θ
pt`1q
mddbm “ θtmddbm `∆θtmddbm; (4.34)

where ∆θtmddbm “ η

#

1

N

N
ÿ

n“1

ˆ

BLv
Bθmddbm

˙

n

´
1

S

S
ÿ

s“1

ˆ

BEmddbm
Bθmddbm

˙

s

+

´ ρθtmddbm ` ζ∆θ
pt´1q
mddbm.

(4.35)

So, the energy function as well as the learning rule of the proposed MDDBM model
are defined in such a way that the model encapsulates the underlying non-linear data
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distribution of the given observations and ensures that similarity in the latent space implies
similarity in the corresponding concepts. From (4.34) and (4.35), it can be observed that the
update rules of the proposed MDDBM model follow the Hebbian rule, which is originally
employed for the learning of standard Boltzmann machine [136]. So, if a state of the model
is stuck in a local minima of energy landscape, the learning will help the state to raise the
energy of the state, so that the model can come out of the local minima [8]. The learning
algorithm of the proposed MDDBM model is illustrated in Algorithm 4.1.

Algorithm 4.1 Learning of MDDBM Architecture.
Input: Set of N training data vectors tvmuNn“1 for M modalities along with the corre-
sponding set of class labels tyuNn“1, number of persistent chains (S), number of epochs (τ),
learning rate (η), weight decay (ρ), momentum (ζ), and number of Gibbs steps (α).
Output: Final parameter set θτmddbm of the architecture.
1: Perform greedy layer-wise pretraining to initialize the set of model parameters, θ0

mddbm.

2: Randomly initialize S Markov chains tṽm
0
, ỹ0, h̃

1m0

, ¨ ¨ ¨ , h̃
L0m

0

, h̃
pL0`1q0

, ¨ ¨ ¨ , h̃
L0

uSs“1.
3: for each epoch t = 0 to τ do
4: // Variational inference
5: for each training sample n = 1 to N do
6: (i) Run mean field updates using (4.17)-(4.22) until convergence.
7: (ii) Save the obtained mean field parameter (µ) for the corresponding training

sample, µn = µ.
8: end for
9: // Stochastic approximation

10: for each persistent chain s = 1 to S do
11: Run the chain for α-steps and sample the state

tṽm
t`1
, ỹt`1, h̃

1mt`1

, ¨ ¨ ¨ , h̃
L0m

t`1

, h̃
pL0`1qt`1

, ¨ ¨ ¨ , h̃
Lt`1

u from

tṽm
t
, ỹt, h̃

1mt

, ¨ ¨ ¨ , h̃
L0m

t

, h̃
pL0`1qt

, ¨ ¨ ¨ , h̃
Lt

u using (4.25)-(4.32).
12: end for
13: Update the parameters of the model from θtmddbm to θ

pt`1q
mddbm using (4.34).

14: end for

4.4 Experimental Results and Discussions

In this section, the proficiency of the proposed MDDBM architecture is analyzed extensively
and corresponding results are presented. Several state-of-the-art approaches, namely, rCCA
[124], DCCA [9], DCCAE [202], MCCA [96], GMCCA [25], GMKCCA [25], LasCCA [53],
DisCCA [53], MDBM [180], dMCCA [178], TOCCA [30], DACCA [44], DCCA-VG [193],
and TDDCCA [37], are considered in the current study to establish the efficacy of the
proposed model. In order to evaluate the performance of the existing algorithms as well as
the proposed model, both training-testing and 10-fold cross-validation (CV) are performed.
In case of training-testing, overall classification accuracy is considered, while for 10-fold CV,
mean, median, standard deviation, and p-values computed using paired-t (one-tailed) and
Wilcoxon signed-rank (one-tailed) tests, with 95% confidence level, are employed.

70



4.4.1 Description of Data Sets

In this study, four benchmark databases, namely, CiteSeer [161], Cora [161], NUS-WIDE-
OBJECT (NW-OBJECT) [27], and Reuters [7], and two cancer data sets are considered.
CiteSeer and Cora (http://networkrepos- itory.com) consist of scientific publications with
annotated labels, NW-OBJECT (https://lms.comp.nus.edu.sg/wp-content/uploads/2019/
research/nuswide/NUS-WIDE.html) is image based database, whereas Reuters (http://ar-
chive.ics.uci.edu/ml/machine-learning-data- bases/00259) is a multilingual categorization
data set, containing documents written in English language with the corresponding trans-
lations in four different languages.

Table 4.1: Description of Data Sets

Data Sets SampleClassView V 1 V 2 V 3 V 4 V 5 V 6

B
en
ch
m
ar
k CiteSeer 3312 6 4 3703 3312 3312 3312 - -

Cora 2708 7 4 1433 2708 2708 2708 - -
NW-OBJECT 30000 31 5 64 225 144 73 128 -

Reuters 18758 6 5 21531 24893342791550611547 -

O
m
ic
s CESC 104 3 4 291368 192 174 12028 - -

LGG 374 3 5 293965 181 139 11973 6261 -

Different subtypes are identified for two real-life cancer data sets, which include cervical
carcinoma (CESC) and lower grade glioma (LGG). These data sets are obtained from The
Cancer Genome Atlas (TCGA) [194] (http://cancergenome.nih.gov). While CESC has four
modalities, namely, DNA methylation (mDNA), protein expression (Protein), microRNA
sequence (microRNA), and gene expression (RNA), LGG database has five modalities,
namely, mDNA, Protein, microRNA, RNA, and copy number segmentation (CNS). A brief
description of the data sets, which includes number of samples, number of classes, number
of views, and number of features in each view, is presented in Table 4.1. It can be noted
from Table 4.1 that CiteSeer and Cora databases have large dimension of the feature sets,
NW-OBJECT data set has large number of samples with small number of features in each
view, whereas Reuters database has large number of samples with large dimension of each
of the feature sets. On the other hand, the omics data sets offer the problem of high
dimensional feature sets with small number of samples. The performance of the proposed
model as well as the existing algorithms are evaluated on these databases. For experimental
purposes, each data set is randomly partitioned into two sets for training-testing and ten
separate folds for 10-fold CV. In both the cases, the samples are equally distributed with
respect to different classes. Detailed description of the data sets is reported in Appendix A.

4.4.2 Model Architecture and Implementation Details

In the proposed MDDBM architecture, two modality-specific hidden layers and one modality-
free hidden layer are considered for all the experiments. Each of the modality-specific hid-
den layers consists of 50 hidden nodes, whereas the number of nodes in joint representation
is considered to be 10 in the current study. The greedy layer-wise pretraining [163] is
performed to initialize the parameters of the architecture sensibly by learning a stack of
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modified restricted Boltzmann machines. The hidden nodes of the architecture are repre-
sented by the corresponding probability values and the parameters are updated based on
the mini-batches formed from the given set of training samples. The number of epochs, the
values of momentum and weight decay are considered to be 100, 0.5, and 0.0005, respec-
tively. The value of learning rate is initialized at 0.01 and then, gradually decreased with
increase in number of epochs. For the estimation of data-independent expectations, 100
Gibbs steps and 20 separate Markov chains are considered. For the classification of sam-
ples into one of the known classes, maximum class probability is taken into consideration
corresponding to the class nodes of the model.

4.4.3 Effectiveness of Proposed MDDBM Architecture

The performance of different aspects of the proposed MDDBM architecture is analyzed
in this section, which includes significance of incorporating supervised information and
efficacy of proposed method as feature extractor. The corresponding results are reported
in Figure 4.2, and Table 4.2 and Table 4.3. The scatter plots of Figure 4.2 are depicted
by considering the most relevant feature at x-axis and the corresponding most significant
feature at y-axis, obtained using the concept of rough hypercuboid approach [126]. While
the top row of Figure 4.2 corresponds to MDBM model, the plots of last row is obtained
from the MDDBM architecture.
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Figure 4.2: Scatter plots of MDBM (top row) and MDDBM (bottom row) for benchmark
and omics data sets.

4.4.3.1 Significance of Incorporating Supervised Information

The merits of DBM are judiciously integrated with the supervised information of sample
categories to develop the proposed MDDBM model. While MDBM [179] is an unsupervised
model, the proposed framework incorporates class nodes into the architecture to enhance
the discriminative ability of the model. In this section, the significance of incorporating
the supervised information into MDDBM architecture is established. It is to be mentioned
here that the MDBM model considers the support vector machine (SVM) for classification
of the samples into different categories, whereas in case of the proposed MDDBM model,
the class labels of the samples are predicted from the architecture itself. The scatter plots
of Figure 4.2, obtained on benchmark databases, reveal that the samples from different
classes overlap for MDBM, while the separation between the samples of various categories
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has improved in case of MDDBM. Similar results can be observed in Table 4.2, where MD-
DBM performs significantly better than MDBM for training-testing on all the benchmark
databases. Considering the graphs of Figure 4.2, corresponding to the omics data sets, it
can be noticed that the samples from different cancer subtypes are better discriminated
in case of MDDBM as compared to MDBM. Results reported in Table 4.3 also confirm
that MDDBM outperforms MDBM, irrespective of experimental set-up and cancer data
sets considered. Statistical significance analysis reveals that with reference to the MDBM
model, the proposed model achieves significantly better p-values in all the 4 cases.

Table 4.2: Effectiveness of Proposed MDDBM Architecture on Benchmark Data

Data Sets MDBM+SVM MDDBM for feature extraction MDDBMSVM Bayes
CiteSeer 17.80 65.76 67.03 71.93
Cora 10.99 60.27 52.94 64.37

NW-OBJECT 26.07 41.24 45.05 43.75
Reuters 46.84 59.85 59.67 61.25

Table 4.3: Effectiveness of Proposed MDDBM Architecture on Omics Data Sets

Data Sets Different MDBM+SVM MDDBM for feature extraction MDDBMMetrics SVM Bayes

C
E
SC

Train-Test 48.08 55.77 51.92 67.31

10
-f
ol
d
C
V Mean 52.50 61.11 65.00 64.17

Median 54.17 62.96 62.50 66.67
StdDev 17.59 6.69 10.24 5.62

Paired-t :p 3.87E-02 1.49E-01 5.76E-01 -
Wilcoxon:p 2.92E-02 1.21E-01 6.40E-01 -

LG
G

Train-Test 65.05 76.34 74.19 79.57

10
-f
ol
d
C
V Mean 27.63 59.21 56.05 63.95

Median 18.42 60.53 52.63 63.16
StdDev 14.90 6.59 5.69 6.08

Paired-t :p 2.38E-06 7.33E-02 1.49E-02 -
Wilcoxon:p 2.45E-03 5.70E-02 1.07E-02 -

4.4.3.2 Efficacy of Proposed Model as Feature Extractor

Apart from the classification purpose, the proposed MDDBM model can also be considered
as feature extractor. The features extracted by the MDDBM architecture at the final layer
are provided as input to various classifiers, namely, SVM and Bayes classifier, and the
classification performance is studied in order to estimate the discriminative ability of the
joint subspace. From the results reported in Table 4.2, it can be noted that given the
features extracted by the proposed architecture, reasonable accuracy is achieved using both
SVM and Bayes classifier. In fact, significantly better performance can be noted from Bayes
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classifier as compared to the MDDBM architecture for NW-OBJECT data set. The results
presented in Table 4.3 state that the Bayes classifier can suitably identify different subtypes
of CESC data for 10-fold CV. However, considerable classification accuracy is achieved on
all the data sets for both training-testing and 10-fold CV when the cancer subtypes are
identified using the proposed architecture itself. Statistical significance analysis reveals
that out of total 8 cases, the proposed MDDBM framework attains significantly better
p-values in 2 cases, better but not significant p-values in 4 cases.

4.4.4 Performance Analysis for Pair of Modalities

In the existing literature, several approaches are present which compute linear on non-linear
transformations of the given input pair of views. In this section, the performance of these
existing methods is compared with that of the proposed MDDBM architecture on both
benchmark and real-life cancer data sets. Two representative pairs of modalities, which
include the pair of first and third modalities and the pair of third and fourth modalities,
are chosen for each of the data sets and given as input to both state-of-the-art methods
as well as the proposed architecture. The state-of-the-art approaches include rCCA [124],
DCCA [9], and DCCAE [202]. While rCCA is a non-deep approach, both DCCA and
DCCAE are based on deep architectures. In case of rCCA and DCCA, 50 features are
extracted at final layer and 10 features are extracted at output layer for DCCAE, as
suggested in the respective papers. The obtained features are then applied to the input
of the SVM for classification purpose. However, in case of the proposed architecture, 10
features are considered for the joint representation, and the class labels are predicted from
the architecture itself. The corresponding results are reported in Table 4.4 for benchmark
databases and Table 4.5 for omics data sets.

Table 4.4: Comparative Performance Analysis for Pair of Modalities on Benchmark Data

Data rCCADCCADCCAEMDDBMrCCADCCADCCAEMDDBM
Sets v1v3 v3v4

CiteSeer 41.05 58.13 51.95 66.85 47.50 46.41 45.41 70.66
Cora 38.73 31.96 48.17 52.83 43.06 44.51 46.28 57.16

NW-OBJECT 35.41 26.75 37.07 40.51 35.29 34.74 27.97 41.29
Reuters 40.15 42.51 45.50 54.50 33.88 38.78 39.26 55.22

From the results reported in Table 4.4, it can be observed that the proposed model
outperforms the existing approaches on all the benchmark databases, irrespective of the
pairs of modalities considered. The results presented in Table 4.5 demonstrates that the
existing methods can efficiently identify subtypes of carcinoma samples for certain pairs of
views, but fail to provide similar results for some other pairs. For example, the DCCAE
method can identify over 75% of the samples correctly for input pair of views v1v3 on LGG
data set for 10-fold CV, but it has failed to provide similar result for the input pair v3v4.
Hence, the performance of these methods depends on the given input pair of modalities.
However, the proposed method is not only able to achieve similar results for the given
input pairs of views, but also attain highest classification accuracy on all the omics data
sets for both training-testing and 10-fold CV. Statistical significance analysis demonstrates

74



Table 4.5: Comparative Performance Analysis for Pair of Modalities on Omics Data Sets

Data Different rCCA DCCA DCCAEMDDBM rCCA DCCA DCCAEMDDBM
Sets Metrics v1v3 v1v3

C
E
SC

Train-Test 44.23 46.15 51.92 59.62 42.31 42.31 46.15 55.77

10
-f
ol
d
C
V Mean 50.00 49.17 53.33 63.33 46.67 46.67 45.83 60.83

Median 50.00 50.00 50.00 62.50 50.00 50.00 50.00 58.33
StdDev 3.93 7.30 8.96 11.92 9.78 9.78 10.58 5.62

Paired-t :p 2.28E-034.73E-036.67E-02 - 1.51E-031.51E-031.93E-03 -
Wilcoxon:p5.76E-036.14E-035.46E-02 - 3.76E-033.76E-037.36E-03 -

LG
G

Train-Test 53.23 62.90 64.52 74.19 48.39 48.39 48.39 67.20

10
-f
ol
d
C
V Mean 47.37 66.32 75.79 77.63 47.37 47.37 47.37 62.11

Median 47.37 65.79 77.63 77.63 47.37 47.37 47.37 64.47
StdDev 0.00 8.30 12.33 6.11 0.00 0.00 0.00 6.93

Paired-t :p 3.87E-081.14E-033.51E-01 - 4.30E-054.30E-054.30E-05 -
Wilcoxon:p2.46E-038.23E-033.61E-01 - 2.36E-032.36E-032.36E-03 -

that out of total 24 cases, the proposed approach achieves significantly better p-values for
20 cases, and better but not significant p-values for the rest 4 cases.

4.4.5 Comparative Performance Analysis

Finally, the classification performance of the proposed MDDBM architecture is studied
with reference to several existing methods on benchmark as well as omics data sets, and
the corresponding results are reported in Table 4.6 and Table 4.8 for benchmark databases,
and Table 4.7 and Table 4.9 for real-life cancer data sets. The scatter plots of existing
algorithms and the proposed model are presented in Figure 4.3 and Figure 4.4. It is to
be noted here that the proposed method predicts the class labels from the architecture
itself based on the maximum class probability. Hence, no additional classifier is required in
the proposed method for classification purpose. The existing algorithms include multiset
classical approaches as well as multi-view deep learning based methods.

4.4.5.1 Performance of Existing Classical Approaches

In this section, the performance of the proposed method is analyzed with reference to several
multiset classical approaches, namely, MCCA [96], GMCCA [25], GMKCCA [25], LasCCA
[53], and DisCCA [53]. All the existing algorithms extract 25 features from the given input
views to represent the joint subspace, which are then applied to the input of SVM for
classification purpose. The scatter plots of Figure 4.3, obtained on benchmark databases,
reveal that the separation between the samples of various categories has improved in case
of MDDBM as compared to the existing approaches. Similar results can be noticed in
Table 4.6, where the proposed method attains highest classification accuracy with respect to
the existing multiset classical approaches on all the four benchmark databases. Considering
the graphs of Figure 4.3 for omics data sets, it can be observed that the samples from
different cancer subtypes are better discriminated in case of MDDBM with reference to the
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Figure 4.3: Scatter plots of existing multiset classical approaches on benchmark and omics
data sets (from top to bottom row: MCCA, GMCCA, GMKCCA, LasCCA, DisCCA, and
MDDBM, respectively).

classical approaches. Results reported in Table 4.7 also confirm that the proposed method
outperforms the five multiset classical methods on all cancer data sets for both training-
testing and 10-fold CV. Statistical significance tests reveal that the proposed architecture
achieves significantly better p-values for all the 20 cases.

4.4.5.2 Performance of Deep Learning Based Methods

Finally, the performance of the proposed architecture is compared with that of several state-
of-the-art multi-view deep learning based methods, namely, dMCCA [178], TOCCA [30],
DACCA [44], DCCA-VG [193], and TDDCCA [37], and the corresponding results are pre-
sented in Figure 4.4, Table 4.8, and Table 4.9. For TOCCA, DACCA, DCCA-VG, and
TDDCCA, 50, 80, 20, and 50 features are extracted, respectively, from the given views,
which are then applied to the input of the SVM for classification. In case of dMCCA, 50
features are extracted at the final layer. Since the method is essentially a feed-forward net-
work, it does not require any additional classifier for class label prediction. The architecture
for each of the models follows the same as suggested in the corresponding papers.
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Table 4.6: Performance Analysis of Classical Approaches on Benchmark Data Sets

Data Sets MCCAGMCCAGMKCCALasCCADisCCAMDDBM
CiteSeer 58.13 23.43 24.98 22.25 20.71 71.93
Cora 32.85 30.97 30.19 31.63 30.19 64.37

NW-OBJECT 30.34 4.56 6.43 7.40 10.93 43.75
Reuters 57.50 24.78 28.69 28.67 23.27 61.25

Table 4.7: Comparative Performance Analysis of Classical Approaches on Omics Data Sets

Data Sets Different Metrics MCCA GMCCAGMKCCALasCCADisCCAMDDBM

C
E
SC

Train-Test 38.46 42.31 44.23 42.31 36.54 67.31

10
-f
ol
d
C
V Mean 45.83 49.17 38.33 35.00 39.17 64.17

Median 50.00 50.00 41.67 33.33 33.33 66.67
StdDev 13.75 14.41 11.92 15.61 10.43 5.62

Paired-t :p 1.62E-032.56E-03 1.16E-04 2.76E-044.39E-05 -
Wilcoxon:p 8.47E-036.84E-03 2.46E-03 5.71E-033.63E-03 -

LG
G

Train-Test 39.78 33.33 38.71 44.09 29.03 79.57

10
-f
ol
d
C
V Mean 35.53 40.53 33.16 38.68 38.68 63.95

Median 34.21 40.79 31.58 36.84 38.16 63.16
StdDev 7.67 8.70 4.99 7.95 7.24 6.08

Paired-t :p 1.84E-067.85E-05 7.08E-09 1.18E-041.44E-05 -
Wilcoxon:p 2.52E-033.44E-03 2.50E-03 3.46E-032.53E-03 -

From the results reported in Table 4.8, it can be noticed that except for DCCA-VG
method on Reuters database, the proposed method performs considerably better than
the existing multi-view deep learning based methods on all the benchmark databases.
Similar inference can be drawn from the scatter plots of benchmark databases, presented
in Figure 4.4. For the omics data sets, results are depicted in Figure 4.4 and Table 4.9, which
describe that the DCCA-VG and TDDCCA approaches perform better than the proposed
model on CESC data for 10-fold CV. However, significant improvement in performance can
be noted in case of the proposed MDDBM architecture as compared to the existing deep
learning based models, irrespective of the experimental set-up and data sets considered.
Statistical significance tests demonstrate that out of total 24 cases, the proposed model
achieves significantly better p-values for 20 cases.

Table 4.8: Comparative Performance Analysis of Deep Models on Benchmark Data Sets

Data Sets dMCCATOCCADACCADCCA-VGTDDCCAMDDBM
CiteSeer 21.16 39.60 55.22 37.33 40.42 71.93
Cora 30.19 52.39 50.06 44.62 53.05 64.37

NW-OBJECT 17.80 33.61 38.42 19.23 17.80 43.75
Reuters 51.72 57.38 56.38 64.38 57.27 61.25
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Figure 4.4: Scatter plots of existing deep models on benchmark and omics data sets (from
top to bottom row: dMCCA, TOCCA, DACCA, DCCA-VG, TDDCCA, and MDDBM,
respectively).

4.5 Conclusion

The major contribution of the paper is three-fold, namely, (a) developing MDDBM frame-
work by judiciously integrating the theory of Boltzmann machine with the supervised
information of sample categories; (b) demonstrating the effectiveness of the proposed ar-
chitecture as feature extractor as well as classifier; and (c) illustrating the proficiency of
the proposed method on different domains of applications, namely, object recognition,
document classification, multilingual categorization, and cancer subtype identification.

The learning objective of the proposed architecture includes the merits of deep Boltz-
mann machines. It enables the network to figure out activations for the architecture nodes
in each layer, which constitute a plausible explanation of how the observed data vectors
would have been generated. Incorporating supervised information into the objective func-
tion enhances the discriminative ability of the joint representation of the model, which
in turn, entitles the architecture to serve as the feature extractor as well as classifier.
The proficiency of the proposed architecture is demonstrated on various multi-view data
sets with reference to several classical as well as deep learning models, considering both
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Table 4.9: Comparative Performance Analysis of Deep Architectures on Omics Data Sets

Data Sets Different Metrics dMCCATOCCADACCADCCA-VGTDDCCAMDDBM
C
E
SC

Train-Test 51.92 36.54 47.12 65.38 53.98 67.31
10

-f
ol
d
C
V Mean 40.83 43.33 39.81 67.50 78.20 64.17

Median 41.67 50.00 39.42 70.83 78.20 66.67
StdDev 12.08 14.05 5.37 16.87 0.06 5.62

Paired-t :p 4.30E-051.00E-031.96E-07 7.05E-01 1.00E+00 -
Wilcoxon:p 3.30E-033.63E-032.53E-03 7.13E-01 9.98E-01 -

LG
G

Train-Test 62.37 45.70 65.59 77.96 66.85 79.57

10
-f
ol
d
C
V Mean 50.79 45.00 59.35 51.32 57.14 63.95

Median 47.37 46.05 58.87 51.32 57.00 63.16
StdDev 7.24 6.38 3.42 3.34 0.39 6.08

Paired-t :p 1.24E-045.80E-051.75E-02 5.80E-06 2.62E-03 -
Wilcoxon:p 3.37E-032.52E-031.42E-02 2.52E-03 6.26E-03 -

training-testing and ten-fold CV.
In the proposed MDDBM model, the joint subspace is learned from the individual

modality-specific subspaces and class label information. However, it may so happen that
the individual views correspond to completely different sources. For example, in case of
cancer data sets, one view corresponds to DNA methylation data, whereas the other view
refers to microRNA expression. In such a scenario, the individual hidden representations
correspond to essentially different spaces. So, learning the joint subspace from the indi-
vidual spaces may not be able to capture the cross-modal information. It is also reported
in Table 4.9 that the existing TDDCCA method performs significantly better than the
proposed model in categorizing the samples from CESC data set for 10-fold CV. This can
possibly be explained by the fact that different views of the CESC data set are captured
at various scales and so, it has become difficult for the proposed model to encapsulate the
discriminative information from the individual spaces into the joint subspace. However, if
the proposed model is learned in such a way that the modality-specific subspaces are highly
correlated, then the inherent characteristics of the views can be efficiently modeled by the
joint subspace. So, in the next chapter, the learning of the proposed architecture is defined
in such a way that given the input views, the joint subspace is learned from maximally
correlated subspaces.
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Chapter 5

Discriminative Deep Canonical
Correlation Analysis for Coherent
Subspace Learning

5.1 Introduction

Advancement in information acquisition processes has entailed the development of predic-
tive models for multi-view data analysis. The classification based on multi-view data has
been exercised in numerous domains of applications, for example, object detection [114],
tumor analysis [48], face recognition [81], 3D saliency detection [65], and so on. Since each
view has a fundamentally distinct representation of the underlying data distribution, it is
primarily considered that information from different sources encompasses diverse as well as
coherent knowledge, corresponding to the given observations. Thus, judicious integration
of information from multiple views, as evident in Chapter 3 and Chapter 4, can potentially
provide a more comprehensive and discriminative representation of the data, as compared
to each of the unimodal representations. In turn, it can stimulate the improvement in the
proficiency of the multi-view learning models.

As mentioned in Chapter 4, several attempts have been made to characterize the inher-
ent correlation across multiple views, of which the most acknowledged methods include mul-
tiset CCA (MCCA) [96], graph-regularized MCCA (GMCCA) [25], graph-regularized ker-
nel MCCA (GMKCCA) [25], large-scale generalized CCA (LasCCA) [53], and distributed
algorithm for generalized CCA (DisCCA) [53]. The regularized generalized CCA (RGCCA)
has also been proposed in [187], which is a generalization of the regularized CCA for three
or more sets of variables. It integrates the flexibility of partial least squares path mod-
eling with the power of multiblock data analysis methods. In order to address with the
singularity issue of the covariance matrices corresponding to the input views, an optimal
shrinkage parameter is estimated for each view. As a result of which, the off-diagonal values
of the covariance matrices are reduced, keeping the diagonal elements unchanged. Thus,
the search space for obtaining the canonical variables will increase, which in turn, enhances
the proficiency of the algorithm for multimodal data analysis. In order to obtain single
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unified discriminant common space from the given multiple views by jointly optimizing
the view-specific transforms corresponding to each of the input views, multi-view discrim-
inant analysis (MvDA) [92] and MvDA with view-consistency (MvDA-VC) [93] have been
developed which are discussed in Chapter 2 and Chapter 4 in details.

As reported in Chapter 4, a surging interest is noted in recent years for combining infor-
mation from multiple modalities using deep learning based models, such as deep multiset
CCA (dMCCA) [178], task optimal CCA (TOCCA) [30], multimodal deep Boltzmann ma-
chine (MDBM) [180], deep adversarial CCA (DACCA) [44], deep CCA with view generation
(DCCA-VG) [193], and towards deep and discriminative CCA (TDDCCA) [37]. Rastegar
et al. [157] have proposed a multimodal deep learning framework, termed as MDL-CW,
which exploits the cross-weights between modality-specific representations and gradually
learns interactions between the given modalities through a deep network. In this way, the
modality that contains higher level information can help to find a better representation for
other modalities. However, in MDL-CW model, the final representation of the multi-view
data corresponds to concatenation of individual representations, obtained for each of the
given input views. Although weights among the individual networks share information,
the model lacks a joint representation learned over the space of multimodal inputs. In
multimodal graph neural network (MMGNN) [54], an input data is represented as a graph,
consisting of three sub-graphs. Then, three aggregators are introduced which guide the
message passing from one graph to another to refine the nodes of the network. The ini-
tial representations of the nodes in the three sub-graphs are obtained from priors, learned
from the deep convolution neural networks. In [209], multi-view generative adversarial
network (MVGAN) have been developed to automatically expand the labelled multi-view
samples, and the expanded dataset is then used to train the multistream convolutional neu-
ral network. While MMGNN and MVGAN frameworks concentrate on the view-specific
information, they do not take into consideration the shared knowledge of different views.

From the existing literature, it can be observed that several deep architectures are
considered to learn the joint representation of the given data from the input multiple
modalities. The dMCCA model [178] is developed based on the framework of feed-forward
network, whereas stacked autoencoder has been considered for MDL-CW [157]. While
graph neural network is used for the development of MMGNN [54], generative adversar-
ial network has been considered for the implementation of MVGAN [209]. However, the
backpropagation learning algorithm of feed-forward networks considers only the training
classification error to iteratively adjust the parameters of the model. Hence, the perfor-
mance of the network largely depends on the training set of the given data. One of the
difficulties of stacked autoencoders lies in the fact that if error is present in the first layer
of the network, it propagates through the final layer and causes the network to reconstruct
the average of the training data. Since the majority of graph based deep networks assume
homogeneous graphs, it is difficult to directly apply the corresponding algorithm to hetero-
geneous graphs that contain different forms of node and edge inputs, such as multimodal
omics data or image and text as different views of the given data. The effectiveness of
adversarial learning has a strong correlation with the distance between a test point and
the manifold of training data embedded by the network. Consequently, the adversarial
networks are more likely to be vulnerable to the blind-spot attacks, where the input obser-
vation resides in blind-spots or low density regions of the empirical distribution of training
data but is still on the ground truth data manifold.
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On the other hand, as discussed in Section 4.2.2 of Chapter 4, deep Boltzmann ma-
chine (DBM) [163] is an effective paradigm of undirected generative models that efficiently
captures the non-linear dependencies between observed and latent variables by analyzing
the energy landscape of the given observations. Unlike the feed-forward counterparts, the
learning objective of DBMs is to adjust the weights of the network such that the prob-
ability of observing the training data is maximized. One of the advantages of DBMs is
the stochastic approximation procedure which, apart from the usual bottom-up passes,
includes a top-down feedback to incorporate uncertainty associated with the given input
data. Also, the problem of slow and intractable learning of contrastive divergence is alle-
viated by considering the variational learning approach, proposed by Salakhutdinov and
Hinton in [163]. So, the learning procedure as well as the architecture of DBM compliment
the psychological evidences. Furthermore, by following the gradient of variational lower
bound on the likelihood objective, the parameters of all the layers in DBM can be jointly
optimized, which is beneficial especially in case of learning models from heterogeneous
data originating from different modalities. Hence, the joint representation in DBM based
multi-view model is expected to encapsulate the underlying non-linear data distribution
of the given observations. In this context, multimodal discriminative DBM (MDDBM) is
developed in Chapter 4 to learn the joint subspace over the space of multimodal inputs.
Also, incorporation of class nodes into the proposed deep architecture enhances the predic-
tive ability of the model. Comparative performance analysis establishes the proficiency of
the model in multi-view data analysis. However, in multi-view scenario, it may so happen
that the modality-specific representations correspond to completely different spaces. So,
learning the joint representation from the individual spaces may not be able to capture the
cross-modal information appropriately. Hence, it is required that the learning objective of
the multi-view model is defined in such a way that it can efficiently capture the correlated
structures across several modalities.

In this regard, a novel architecture, termed as discriminative deep canonical correla-
tion analysis (D2CCA), is proposed in this chapter by judiciously integrating the merits
of MDDBM and the theory of CCA. In order to incorporate the cross-modal information,
the theory of CCA is introduced to the learning objective of the proposed framework. The
weights of the network are updated such that the individual latent spaces are transformed
to maximally correlated subspaces. Hence, the joint representation, learned from the ob-
tained subspaces, can efficiently capture the non-linear correlated structures across different
modalities. Also, considering the class nodes in the architecture includes the supervised
information of sample categories at each layer of the network, which in turn, allows the
proposed D2CCA model to perform as feature extractor as well as classifier. Furthermore,
the proposed framework is consolidated with corresponding convergence analysis. The pro-
ficiency of the D2CCA architecture is extensively studied and compared with numerous
state-of-the-art methods on several benchmark and real-life cancer data sets considering
both training-testing and ten-fold cross-validation. Some of the results of this chapter are
reported in [104].

The rest of this chapter is organized as follows: Section 5.2 describes the architecture as
well as the learning of the proposed D2CCA model. Various aspects of the proposed model
are discussed in Section 5.3. The proficiency of the D2CCA framework is analyzed with
reference to several state-of-the-art approaches on various benchmark and real-life cancer
data sets in Section 5.4. Concluding remarks are provided in Section 5.5.
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5.2 Discriminative Deep Canonical Correlation Analysis

In this section, a novel deep learning model, termed as discriminative deep CCA (D2CCA),
is presented for multi-view data analysis. It judiciously integrates the theory of CCA
and the merits of the proposed multimodal discriminative DBM (MDDBM), discussed in
Chapter 4, to classify the given observations into different sample categories.

Let us assume that the proposed model has M input views or modalities, where vm “
tvm1 , ¨ ¨ ¨ , v

m
i , ¨ ¨ ¨ u represents the input view corresponding to the m-th modality and y “

ty1, ¨ ¨ ¨ , yp, ¨ ¨ ¨ u provides the class label information. Let us also assume that the model
contains L ą 1 hidden layers, out of which L0 ą 0 layers are modality-specific, while the
rest of the pL ´ L0q layers are joint. The l-th layer of the m-th modality-specific hidden
layer is represented by hlm “ thlm1 , ¨ ¨ ¨ , hlmj , ¨ ¨ ¨ u, whereas the joint hidden representation,
corresponding to the l-th layer, is referred to as hl “ thl1, ¨ ¨ ¨ , hlj , ¨ ¨ ¨ u. Here, the number
of nodes in a representation is expressed by the corresponding capital letter. For example,
the number of nodes in vm is denoted by V m.

5.2.1 Objective Function of Proposed D2CCA Model

In MDDBM, the joint representation is learned from the individual modality-specific rep-
resentations and class label information. However, it may so happen that the individual
views correspond to entirely distinct sources. For example, one view may correspond to
an image, whereas the other view refers to text modality. In such a scenario, the indi-
vidual hidden representations correspond to completely different spaces. So, learning the
joint representation from the individual spaces may not be able to capture the cross-modal
information. However, if the model is learned in such a way that the modality-specific
subspaces are highly correlated, then the inherent characteristics of the views can be effi-
ciently modeled by the joint representation. So, given the input views, the objective of the
proposed framework is to update the parameters of the model in such a way that the joint
representation is learned from maximally correlated subspaces.

The CCA [78] is an effective statistical method in integrating information acquired
from different views. It measures the linear relationship between two multidimensional
variables, and finds the best linear transformation to achieve the maximum correlation
between them. The objective of CCA is to extract latent features from two data sets
X1 P <pˆN and X2 P <qˆN , which are highly correlated. Each column of X1 and X2

corresponds to one of the N samples, and each row represents one variable. The CCA
obtains two directional weight vectors, also termed as basis vectors, ω1 P <p and ω2 P <q,
from the two corresponding mean centred data matrices X1 and X2, respectively, such
that the correlation between the respective projections onto these weight vectors, that is,
between X1

Tω1 and X2
Tω2 is maximum. So,

pω1, ω2q “ arg max
}X1

Tω1}2“}X2
Tω2}2“1

tpX1
Tω1q

T pX2
Tω2qu. (5.1)

The objective of CCA is incorporated into the energy function Ed2cca of the proposed
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MDDBM model, which turns out to be

Ed2ccapv,h,yq “ ´
M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij h

1m
j ´

L0´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

hlmj w
pl`1qm
jk h

pl`1qm
k

´

M
ÿ

m“1

HL0m
ÿ

j“1

HpL0`1q
ÿ

k“1

hL0m
j w

pL0`1qm
jk h

pL0`1q
k ´

L´1
ÿ

l“pL0`1q

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

hljw
pl`1q
jk h

pl`1q
k ´

Y
ÿ

c“1

dcyc

´

L0
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj h

lm
j ´

L
ÿ

l“pL0`1q

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjh

l
j ´

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i ´

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj hlmj

´

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

bljh
l
j ´

M´1
ÿ

m“1

M
ÿ

r“pm`1q

HL0m
ÿ

j“1

hL0m
j hL0r

j ´

M
ÿ

m“1

λm

¨

˝1´
HL0m
ÿ

j“1

phL0m
j q

2

˛

‚. (5.2)

Here, λm is the Lagrange multiplier. It is assumed that HL0m is same for all m P

t1, 2, ¨ ¨ ¨ ,Mu. The criterion presented in (5.2) is termed as the sum of correlations, which
is used to integrate more than two sets of multidimensional variables.

The architecture of the proposed D2CCA model follows the same as depicted in Fig-
ure 4.1 of Chapter 4. From the figure, it can be observed that the bidirectional weight
parameters w1m

ij , wpl`1qm
jk , wpL0`1qm

jk , and wpl`1q
jk connect the i-th visible node of the m-th

modality to the j-th hidden node of first modality-specific hidden layer from the m-th
modality, j-th hidden node of l-th modality-specific hidden layer to k-th hidden node of
pl`1q-th modality-specific hidden layer from m-th modality, j-th hidden node of modality-
specific hidden layer L0 from modality m to k-th hidden node of first joint hidden layer,
and j-th hidden node of l-th joint hidden layer to k-th hidden node of pl`1q-th joint hidden
layer, respectively. Similarly, the parameters ulmcj and ulcj connect c-th class node to j-th
hidden node of l-th modality-specific hidden layer from m-th modality, and c-th class node
to j-th hidden node of l-th joint hidden layer, respectively. The bias parameters ami , b

lm
j ,

blj , and dc are associated with i-th visible node of m-th modality, j-th hidden node of l-th
modality-specific hidden layer from m-th modality, j-th hidden node of l-th joint hidden
layer, and c-th class node, respectively.

Considering the energy function Ed2ccapv,h,yq of (5.2), the parameter space θd2cca of
the model is defined by

θd2cca “ tw
1m, ¨ ¨ ¨ , wpL0`1qm, wpL0`2q, ¨ ¨ ¨ , wL, u1m, ¨ ¨ ¨ , uL0m, upL0`1q, ¨ ¨ ¨ , uL, am, b1m,

¨ ¨ ¨ , bL0m, bpL0`1q, ¨ ¨ ¨ , bL, d, λmu, @m P t1, 2, ¨ ¨ ¨ ,Mu.

Thus, the concept of CCA is incorporated into the learning objective of the proposed
D2CCA architecture by including only M number of λm parameters in the parameter
space of the model. The energy function of the model decreases with the increase in the
correlation among different views as the joint representation of the model is learned from
maximally correlated subspaces.

The learning of D2CCA model corresponds to estimating the parameter set θd2cca that
maximizes the probability of observing the given input data. Considering the input view
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pv,yq, the objective function of the D2CCA is given by the log-likelihood function, which
is as follows:

lnLpθd2cca|v,yq “ lnP pv,y|θd2ccaq “ ln
ÿ

h
e´Ed2ccapv,h,yq ´ ln

ÿ

v,h,y
e´Ed2ccapv,h,yq; (5.3)

where h denotes the stack of hidden layers, P pv,y|θd2ccaq represents the probability as-
signed to the observation pv,yq by the model parameter set θd2cca, and Epv,h,yq signifies
the energy of the joint configuration tv,h,yu. The corresponding partition function can
be defined as Z “

ř

v,h,y
e´Ed2ccapv,h,yq. Since the parameter space of the D2CCA model is

quite large, the gradient ascent on the log-likelihood is commonly used to determine the
optimal parameters of the model. So, the update rule for the parameters of the D2CCA
model is given by

B lnLpθd2cca|v,yq
Bθd2cca

“ ´
ÿ

h
P ph|v,yq

BEd2ccapv,h,yq
Bθd2cca

`
ÿ

v,h,y
P pv,h,yq

BEd2ccapv,h,yq
Bθd2cca

.(5.4)

Thus, the gradient of the log-likelihood function turns out to be the difference between the
expectation of gradient of energy function under model distribution, referred to as data-
independent expectation, and under the conditional distribution of hidden representation
given the input views, termed as data-dependent expectation. Hence, in order to learn the
parameters of D2CCA model, the corresponding data-dependent and data-independent
expectations are required to be estimated, which are described subsequently.

5.2.2 Estimation of Data-Dependent Expectations

Now, the exact maximum likelihood learning is intractable, so the variational learning [142]
is employed to estimate the data-dependent expectation. In variational inference, the
posterior distribution P ph|v,yq is approximated with a tractable mean field distribution
Qph|v,yq « P ph|v,yq. Now,

lnP pv,yq “ ln
ÿ

h
Qph|v,yq

P pv,h,yq
Qph|v,yq

(5.5)

where P pv,h,yq “ p1{Zqe´Ed2ccapv,h,yq represents the probability associated with the joint
configuration tv,h,yu. Since logarithmic is a concave function, applying Jensen’s inequal-
ity [31], we get

lnP pv,yq ě
ÿ

h
Qph|v,yq ln

P pv,h,yq
Qph|v,yq

“ Lv. (5.6)

Thus, the mean field approximation provides a lower bound Lv on the log-likelihood func-
tion. The difference between true posterior and the variational lower bound, obtained using
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mean field theory, is given by

lnP pv,yq ´
ÿ

h
Qph|v,yq

"

lnP pv,yq ` ln
P ph|v,yq
Qph|v,yq

*

“ lnP pv,yq ´ lnP pv,yq `
ÿ

h
Qph|v,yq ln

Qph|v,yq
P ph|v,yq

“ KLpQph|v,yq||P ph|v,yqq, (5.7)

where KLpQph|v,yq||P ph|v,yqq is the Kullback-Leibler divergence between the two dis-
tributions P and Q. So, better approximation of P ph|v,yq implies tighter bound on
lnP pv,yq. Here, let the mean field distribution be defined as

Qph|v,yq “
L0
ź

l“1

M
ź

m“1

Hlm
ź

j“1

qphlmj |v,yq
L
ź

l“pL0`1q

Hl
ź

j“1

qphlj |v,yq; (5.8)

where the hidden units thju are considered to be Bernoulli variables with qphj |v,yq “
µ
thj“1u
j p1 ´ µjq

thj“0u and µj denotes the probability of being the state of hj as 1. The
definitions of Qph|v,yq, presented in (5.8), and P pv,h,yq, corresponding to the energy
function obtained in (5.2), are substituted in (5.6) to obtain the final expression of Lv,
which is reported in (5.9).

Lv “
ÿ

h
Qph|v,yqt´Ed2ccapv,h,yq ´ lnZu ´

ÿ

h
Qph|v,yq lnQph|v,yq

“

M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij µ

1m
j `

L0
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj µ

lm
j `

L0´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

µlmj w
pl`1qm
jk µ

pl`1qm
k

`

M
ÿ

m“1

HL0m
ÿ

j“1

HpL0`1q
ÿ

k“1

µL0m
j w

pL0`1qm
jk µ

pL0`1q
k `

L´1
ÿ

l“pL0`1q

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

µljw
pl`1q
jk µ

pl`1q
k `

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i

`

L
ÿ

l“pL0`1q

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjµ

l
j `

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj µlmj `

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

bljµ
l
j `

Y
ÿ

c“1

dcyc ´ lnZ

`

M´1
ÿ

m“1

M
ÿ

r“pm`1q

HL0m
ÿ

j“1

µL0m
j µL0r

j ´

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

!

µlmj lnµlmj ` p1´ µlmj q lnp1´ µlmj q
)

`

M
ÿ

m“1

λm

¨

˝1´
HL0m
ÿ

j“1

µL0m
j

˛

‚´

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

!

µlj lnµlj ` p1´ µ
l
jq lnp1´ µljq

)

. (5.9)

Since, the mean field parameters (µ) of Lv, presented in (5.9), define the equilibrium
state of the model, they need to be updated accordingly. In order to obtain the mean
field parameters of the proposed model, the variational bound Lv of (5.9) is maximized
with respect to µ for a fixed parameter set θd2cca. Let us assume H0m “ V m, µ0m “ vm,
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H0 “ HL0m, µ0
kw

1
kj “

M
ř

m“1
µL0m
k w

pL0`1qm
kj , and µl “ 0, @l ą L. So,

BLv
Bµlmj

“ 0 leads to

µlmj “ σ

ˆ

Hpl´1qm
ř

k“1

µ
pl´1qm
k wlmkj `

Hpl`1qm
ř

k“1

w
pl`1qm
jk µ

pl`1qm
k `

Y
ř

c“1
ycu

lm
cj ` b

lm
j

˙

,

for 1 ď l ă L0 and @j,m; (5.10)

where σpxq “
1

1` e´x
is the sigmoid function. Similarly, the following update rules can

be obtained:

µL0m
j “ σ

ˆHpL0´1qm
ÿ

k“1

µ
pL0´1qm
k wL0m

kj `

Y
ÿ

c“1

ycu
L0m
cj ` bL0m

j `

HpL0`1q
ÿ

k“1

w
pL0`1qm
jk µ

pL0`1q
k

`

M
ÿ

r‰m“1

µL0r
j ´ λm

˙

, @j,m; (5.11)

µlj “ σ

ˆHpl´1q
ÿ

k“1

µ
pl´1q
k wlkj `

Hpl`1q
ÿ

k“1

w
pl`1q
jk µ

pl`1q
k `

Y
ÿ

c“1

ycu
l
cj ` b

l
j

˙

, for L0 ă l ď L, @j.

(5.12)

Thus, given the training data along with the corresponding class label tvm,yu, the equi-
librium state of the model is estimated using the concept of mean field theory. Now, based
on the obtained mean field parameters, the parameter set θd2cca of the proposed D2CCA
architecture, corresponding to the data-dependent expectations, can be learned by max-
imizing the variational bound Lv with respect to θd2cca for the equilibrium mean field
parameters µ. The expressions for differentiation of Lv with respect to each of the model
parameters are given by

BLv
Bw1m

ij

“ vmi µ
1m
j ;

BLv
Bwlmjk

“ µ
pl´1qm
j µlmk , for 1 ă l ď L0;

BLv
Bw

pL0`1qm
jk

“ µL0m
j µ

pL0`1q
k ;

BLv
Bulmcj

“ ycµ
lm
j , for 1 ď l ď L0;

BLv
Bwljk

“ µ
pl´1q
j µlk, for pL0 ` 1q ă l ď L;

BLv
Bami

“ vmi ;

BLv
Bulcj

“ ycµ
l
j , for L0 ă l ď L;

BLv
Bblmj

“ µlmj , for 1 ď l ď L0;
BLv
Bblj

“ µlj , for L0 ă l ď L;

BLv
Bdc

“ yc; and
BLv
Bλm

“

ˆ

1´
HL0m
ÿ

j“1

µL0m
j

˙

; @m P t1, 2, ¨ ¨ ¨ ,Mu. (5.13)

So, the data-dependent expectations are estimated by the gradient ascent on the lower
bound of the proposed architecture.
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5.2.3 Estimation of Data-Independent Expectations

Now, the second term of the gradient of log-likelihood function (5.4), that is, energy gra-
dient with respect to the model distribution, is estimated using the Markov Chain Monte
Carlo based stochastic approximation procedure [190]. The idea behind this approach
is to sample a new state of the model from the current state based on the conditional
distributions over visible and hidden nodes for a fixed parameter set θd2cca. Considering

hl “ 0, @l ą L, h0
kw

1
kj “

M
ř

m“1
hL0m
k w

pL0`1qm
kj , and H0 “ HL0m, the conditional distribu-

tions corresponding to the proposed D2CCA model is given by

P ph1m
j |vm,y,h2mq “ σ

˜

Vm
ÿ

i“1

vmi w
1m
ij `

Y
ÿ

c“1

ycu
1m
cj `

H2m
ÿ

k“1

w2m
jk h

2m
k ` b1mj

¸

, @j,m; (5.14)

P phlmj |h
pl´1qm,hpl`1qm,yq “ σ

ˆHpl´1qm
ÿ

k“1

h
pl´1qm
k wlmkj `

Hpl`1qm
ÿ

k“1

w
pl`1qm
jk h

pl`1qm
k

`

Y
ÿ

c“1

ycu
lm
cj ` b

lm
j

˙

, for 1 ă l ă L0, @j,m; (5.15)

P phL0m
j |hpL0´1qm,hpL0`1q,hL0r,yq “ σ

ˆHpL0´1qm
ÿ

k“1

h
pL0´1qm
k wL0m

kj `

Y
ÿ

c“1

ycu
L0m
cj ` bL0m

j

`

HpL0`1q
ÿ

k“1

w
pL0`1qm
jk h

pL0`1q
k `

M
ÿ

r‰m“1

hL0r
j ´ λm

˙

, @j,m; (5.16)

P phlj |h
pl´1q,hpl`1q,yq “ σ

ˆHpl´1q
ÿ

k“1

h
pl´1q
k wlkj `

Y
ÿ

c“1

ycu
l
cj `

Hpl`1q
ÿ

k“1

w
pl`1q
jk h

pl`1q
k ` blj

˙

,

for L0 ă l ď L, @j; (5.17)

P pvmi |h
1mq “ σ

˜

H1m
ÿ

j“1

w1m
ij h

1m
j ` ami

¸

, @m; (5.18)

P pyc|h11, ¨ ¨ ¨ ,hL0M ,hL0`1, ¨ ¨ ¨ ,hLq “
eXc

Y
ř

c̄“1
eXc̄

; (5.19)

where Xc “

L0
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

ulmcj h
lm
j `

L
ÿ

l“pL0`1q

Hl
ÿ

j“1

ulcjh
l
j ` dc. (5.20)

Given that the convergence criteria are satisfied, which are to be discussed in Section
5.3.1, if a Markov chain is run for sufficient number of steps, then it can be ensured that the
chain will converge to an unique stationary distribution such that the subsequent states of
the chain will be accordingly distributed. The gradient of the energy function under model
distribution is estimated by drawing samples from the obtained stationary distribution.
So, many persistent chains are run in parallel and states of the chains are sampled based
on the conditional distributions, described in (5.14) - (5.19). Thus, the data-independent

89



expectations with respect to the model parameters are approximated as follows, where the
state variables, sampled from the model distribution, are denoted with superscript tilde
(e.g., ṽ);

BEd2cca

Bw1m
ij

“ ṽmi h̃
1m
j ;

BEd2cca

Bwlmjk
“ h̃

pl´1qm
j h̃lmk , for 1 ă l ď L0;

BEd2cca

Bw
pL0`1qm
jk

“ h̃L0m
j h̃

pL0`1q
k ;

BEd2cca

Bulmcj
“ ỹch̃

lm
j , for 1 ď l ď L0;

BEd2cca

Bwljk
“ h̃

pl´1q
j h̃lk, for pL0 ` 1q ă l ď L;

BEd2cca

Bulcj
“ ỹch̃

l
j , for L0 ă l ď L;

BEd2cca

Bblmj
“ h̃lmj , for 1 ď l ď L0;

BEd2cca

Bami
“ ṽmi ;

BEd2cca

Bblj
“ h̃lj , for L0 ă l ď L;

BEd2cca

Bdc
“ ỹc;

and
BEd2cca

Bλm
“

ˆ

1´
HL0m
ÿ

j“1

ph̃L0m
j q2

˙

; @m P t1, 2, ¨ ¨ ¨ ,Mu. (5.21)

Hence, the proposed model can be efficiently learned from data-dependent and data-
independent estimates, obtained in (5.13) and (5.21), respectively.

5.2.4 Learning Rule of D2CCA Model Parameters

Let N , S, t, and η be the number of training samples, number of persistent Markov chains,
current epoch, and learning rate, respectively. Thus, the update rule for the parameters of
the proposed D2CCA architecture, required to perform gradient ascent on the log-likelihood
function corresponding to the energy function of (5.2), is as follows:

θ
pt`1q
d2cca “ θtd2cca `∆θtd2cca; (5.22)

where ∆θtd2cca “ η

#

1

N

N
ÿ

n“1

ˆ

BLv
Bθd2cca

˙

n

´
1

S

S
ÿ

s“1

ˆ

BEd2cca

Bθd2cca

˙

s

+

´ ρθtd2cca ` ζ∆θ
pt´1q
d2cca.

(5.23)

From (5.22) and (5.23), it can be observed that the update rules of the proposed D2CCA
model follow the Hebbian rule, which is originally employed for the learning of standard
Boltzmann machine [136]. The energy function of the model is defined in such a way
that it not only considers relation within a particular modality but also across different
modalities. So, if a state of the model is stuck in a local minima of energy landscape, the
learning will help the state to raise the energy of the state, so that the model can come out
of the local minima [8]. It can be observed that all the parameters of the model are learned
simultaneously using (5.22) which is considered to be beneficial in case of learning joint
subspace from heterogeneous data. Also, subtracting the data-independent expectations
from the corresponding data-dependent terms in (5.22) basically stabilizes the distribution
of parameters of the proposed model in order to propagate uncertainties associated with
ambiguous inputs. The learning algorithm of the proposed D2CCA model is illustrated in
Algorithm 5.1.
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Algorithm 5.1 Learning of D2CCA Model.
Input: Set of N training data vectors tvmuNn“1 for M modalities along with the corre-
sponding set of class labels tyuNn“1, number of persistent chains (S), number of epochs (τ),
learning rate (η), weight decay (ρ), momentum (ζ), and number of Gibbs steps (α).
Output: Final parameter set θτd2cca of the architecture.
1: Perform greedy layer-wise pretraining to initialize the set of model parameters, θ0

d2cca.

2: Randomly initialize S Markov chains tṽm
0
, ỹ0, h̃

1m0

, ¨ ¨ ¨ , h̃
L0m

0

, h̃
pL0`1q0

, ¨ ¨ ¨ , h̃
L0

uSs“1.
3: for each epoch t = 0 to τ do
4: // Variational inference
5: for each training sample n = 1 to N do
6: (i) Run mean field updates using (5.10)-(5.12) until convergence.
7: (ii) Save the obtained mean field parameter (µ) for the corresponding training

sample, µn = µ.
8: end for
9: // Stochastic approximation

10: for each persistent chain s = 1 to S do
11: Run the chain for α-steps and sample the state

tṽm
t`1
, ỹt`1, h̃

1mt`1

, ¨ ¨ ¨ , h̃
L0m

t`1

, h̃
pL0`1qt`1

, ¨ ¨ ¨ , h̃
Lt`1

u from

tṽm
t
, ỹt, h̃

1mt

, ¨ ¨ ¨ , h̃
L0m

t

, h̃
pL0`1qt

, ¨ ¨ ¨ , h̃
Lt

u using (5.14)-(5.19).
12: end for
13: Update the parameters of the model from θtd2cca to θ

pt`1q
d2cca using (5.22).

14: end for

5.3 Various Aspects of Proposed D2CCA Model

In this section, various aspects of the proposed framework are analyzed, which include
convergence analysis and class evolution of the D2CCA model for dynamic streaming data.

5.3.1 Convergence Analysis

In the proposed model, variational learning is employed to estimate the data-dependent
expectations, which provides a lower bound Lv : <|θ| ÞÑ < on the log-likelihood function
(5.6) of the model. Given a particular state, the parameter set θd2cca of the model is
updated by applying gradient ascent on Lv. In this section, the convergence of the gradient
ascent algorithm on Lv is discussed.

The gradient function of Lv, corresponding to the energy function of (5.2), is given by

∇Lvpθd2ccaq “

»

–

BLvpθd2ccaq

Bw1m
ij

¨ ¨ ¨
BLvpθd2ccaq

Bw
pL0`1qm
jk

BLvpθd2ccaq

BwL0`2
jk

¨ ¨ ¨
BLvpθd2ccaq

BwLjk

BLvpθd2ccaq

Bu1m
cj

¨ ¨ ¨
BLvpθd2ccaq

BuL0m
cj

BLvpθd2ccaq

BuL0`1
cj

¨ ¨ ¨
BLvpθd2ccaq

BuLcj

BLvpθd2ccaq

Bami

BLvpθd2ccaq

Bb1mj
¨ ¨ ¨

BLvpθd2ccaq

BbL0m
j
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BLvpθd2ccaq

BbL0`1
j

¨ ¨ ¨
BLvpθd2ccaq

BbLj

BLvpθd2ccaq

Bdc

BLvpθd2ccaq

Bλm

ffT

; @i, j, k, c,m, (5.24)

where T denotes the transpose operator. The gradient of Lvpθd2ccaq with respect to each
of the parameters can be obtained using (5.13), which makes it clear that the gradient func-
tion∇Lvpθd2ccaq is independent of θd2cca, that is,∇Lvpθd2cca_1q “ ∇Lvpθd2cca_2q, @θd2cca_1,
θd2cca_2 P θd2cca. The independence of ∇Lvpθd2ccaq with respect to the parameters of
D2CCA model is evident since each parameter of the model is included in the correspond-
ing energy function Ed2ccapv,h,yq, presented in (5.2) as an additive term. So, it can be
said that Lv is a differential function having β-Lipschitz continuous gradient for some β ě
0, that is, }∇Lvpθd2cca_1q ´ ∇Lvpθd2cca_2q}2 ď β}θd2cca_1 ´ θd2cca_2}2. For a function
having β-Lipschitz gradient, it is known that @θd2cca_1, θd2cca_2 P θd2cca,

Lvpθd2cca_1q ď Lvpθd2cca_2q `∇Lvpθd2cca_2q
T
pθd2cca_1 ´ θd2cca_2q

`
1

2
β}θd2cca_1 ´ θd2cca_2}

2
2
. (5.25)

Let, θd2cca_1 “ θtd2cca and θd2cca_2 “ θ
pt`1q
d2cca, where t denotes the current epoch. Substitut-

ing the values of θd2cca_1 and θd2cca_2, and rearranging the terms in (5.25), we get

Lvpθpt`1q
d2ccaq ěLvpθ

t
d2ccaq `∇Lvpθ

pt`1q
d2ccaq

T
pθ
pt`1q
d2cca ´ θ

t
d2ccaq ´

1

2
β}θ

pt`1q
d2cca ´ θ

t
d2cca}

2

2
.

Since gradient ascent algorithm on Lv is employed in the proposed model to learn the
parameter values of θd2cca, it is obvious that θpt`1q

d2cca “ θtd2cca ` η∇Lvpθtd2ccaq, where η
denotes the learning rate. Now, considering the independence property of ∇Lvpθd2ccaq in
the proposed model, that is, ∇Lvpθpt`1q

d2ccaq “ ∇Lvpθ
t
d2ccaq, we have

Lvpθpt`1q
d2ccaq ě Lvpθ

t
d2ccaq ` ηp1´

1

2
βηq}∇Lvpθtd2ccaq}

2
2.

Assuming η to be small enough such that η ď
1

β
, we get p1´

1

2
βηq ě

1

2
. Thus, we have

Lvpθpt`1q
d2ccaq ě Lvpθ

t
d2ccaq `

1

2
η}∇Lvpθtd2ccaq}

2
2. (5.26)

Let θ˚d2cca be the optimal parameter set that maximizes the lower bound, or equiva-
lently maximizes the log-likelihood function of the proposed model in such a way that,
Lvpθ˚d2ccaq ě Lvpθd2ccaq,@θd2cca P θd2cca. Now, since Lvpθd2ccaq is defined as a linear func-
tion of θd2cca in (5.9), we have

Lvpθtd2ccaq “ Lvpθ˚d2ccaq `∇Lvpθtd2ccaq
T
pθtd2cca ´ θ

˚
d2ccaq. (5.27)
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Using (5.27) in (5.26), we get

Lvpθ˚d2ccaq ´ Lvpθ
pt`1q
d2ccaq ď ´∇Lvpθ

t
d2ccaq

T
pθtd2cca ´ θ

˚
d2ccaq ´

1

2
η}∇Lvpθtd2ccaq}

2
2

ñ Lvpθ˚d2ccaq ´ Lvpθ
pt`1q
d2ccaq ď

1

2η

!

}θtd2cca ´ θ
˚
d2cca}

2
2 ´ }θ

t
d2cca ´ θ

˚
d2cca}

2
2 ´ }η∇Lvpθ

t
d2ccaq}

2
2

´ 2η∇Lvpθtd2ccaq
T
pθtd2cca ´ θ

˚
d2ccaq

)

ñ Lvpθ˚d2ccaq ´ Lvpθ
pt`1q
d2ccaq ď

1

2η

!

}θtd2cca ´ θ
˚
d2cca}

2
2 ´ }θ

t`1
d2cca ´ θ

˚
d2cca}

2

2

)

.

Taking summation over iteration till t “ τ , we get

T
ř

t“0

!

Lvpθ
˚
d2ccaq ´ Lvpθ

t`1
d2ccaq

)

ď
1

2η

T
ř

t“0

!

}θtd2cca ´ θ
˚
d2cca}

2
2 ´ }θ

t`1
d2cca ´ θ

˚
d2cca}

2

2

)

ñ τLvpθ˚d2ccaq ´
τ´1
ř

t“0
Lvpθt`1

d2ccaq ď
1

2η

!

}θ0
d2cca ´ θ

˚
d2cca}

2
2 ´ }θ

τ
d2cca ´ θ

˚
d2cca}

2
2

)

.

Since Lvpθd2ccaq is an increasing function of θd2cca, we can replace
τ´1
ř

t“0
Lvpθpt`1q

d2ccaq with

τLvpθτd2ccaq and the inequality will still hold. Thus, we get

Lvpθ˚d2ccaq ´ Lvpθτd2ccaq ď
1

2ητ

!

}θ0
d2cca ´ θ

˚
d2cca}

2
2 ´ }θ

τ
d2cca ´ θ

˚
d2cca}

2
2

)

ď
1

2ητ
}θ0
d2cca ´ θ

˚
d2cca}

2
2. (5.28)

From (5.28), it can be concluded that the variational learning algorithm in the proposed
D2CCA model converges with a rate Op 1

τ q after τ iterations, if the learning rate is consid-

ered to be small enough, that is, η ď
1

β
.

Now, stochastic approximation procedure is considered in the proposed model to ap-
proximate data-independent expectations. Convergence of the procedure to an asymptot-
ically stable point is already established in [218, 220]. One necessary condition requires
the learning rate (η) to decrease with iteration t, so that the algorithm eventually settles

down to a fixed state. So, it is required that
8
ř

t“0
ηt “ 8 and

8
ř

t“0
η2
t ă 8. This condition

can be trivially satisfied by setting ηt “ a
b`t , for constants a ą 0 and b ą 0. Also, in

practice, the sequence |θtd2cca| is bounded and the Markov chain is ergodic which, along
with the condition on learning rate, establish the convergence of stochastic approximation
procedure. Together with the condition on the variational learning (5.28), this ensures the
convergence of the proposed D2CCA model.

5.3.2 D2CCA Model for Class Evolution of Dynamic Streaming Data

The proposed deep architecture can deal with the problem of supervised learning, where the
class labels of the given samples as well as the total number of classes are known apriori.
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However, there might be cases where the number of classes is not known beforehand,
although the input samples are provided with the corresponding class labels. In dynamic
data streams, the ‘class evolution’occurs when a sample with a new class label comes in
the data stream. In such a scenario, the modifications of the proposed D2CCA model that
are needed to be adopted for accurate prediction of the class labels of the given samples
are discussed next.

In D2CCA architecture, the number of class nodes is considered to be equal to the
number of distinct class labels. Since the number of class labels is not known beforehand,
let us assume a maximum possible class nodes which is denoted by Y in the proposed
D2CCA model. Now, out of the Y nodes, only one node will be activated for a particular
input sample. Let, Y0 be the total number of input classes. Then, it is evident from the
learning of the proposed model that during estimation of data-dependent expectations,
described in Section 5.2.2, only Y0 nodes will be activated, while the rest of the pY ´ Y0q

nodes will always remain at zero. Hence, the terms related to class nodes will contribute
to the computation of variational lower bound in (5.9), mean field equations from (5.10)
to (5.12), and gradient of lower bound in (5.13) only for c P t1, ¨ ¨ ¨ , Y0u and will have a
zero value for c P tY0 ` 1, ¨ ¨ ¨ , Y u. So, the terms related to class nodes contribute to the
estimation of data-dependent expectations only for valid class nodes, while they remain
quiescent for rest of the nodes.

However, this is not the case for the estimation of data-independent expectations, pre-
sented in Section 5.2.3. For the computation of conditional distribution P pyc|h11, ¨ ¨ ¨ ,hL0M ,
hL0`1, ¨ ¨ ¨ ,hLq in (5.19), the value of Xc depends on the weights and biases associated with
the node yc, which may result into prediction of class labels corresponding to the invalid
class nodes. In order to overcome such situation, the update rule for the weight and bias pa-
rameters related to the class nodes, that is, ulmcj , u

l
cj , and dc, which is earlier demonstrated

in (5.23), can be modified as follows:

∆ulm
t

cj “

$

’

’

&

’

’

%

´ulm
t

cj if
N
ř

n“1
ycµ

lm
j “ 0;

η

"

1

N

N
ř

n“1
pycµ

lm
j q ´

1

S

S
ř

s“1
pỹch̃

lm
j q

*

´ ρulm
t

cj ` ζ∆ulm
pt´1q

cj otherwise;

for 1 ď l ď L0; (5.29)

∆ul
t

cj “

$

’

’

&

’

’

%

´ul
t

cj if
N
ř

n“1
ycµ

l
j “ 0;

η

"

1

N

N
ř

n“1
pycµ

l
jq ´

1

S

S
ř

s“1
pỹch̃

l
jq

*

´ ρul
t

cj ` ζ∆ul
pt´1q

cj otherwise;

for L0 ă l ď L; (5.30)
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∆dtc “

$

’

’

&

’

’

%

´dtc if
N
ř

n“1
yc “ 0;

η

"

1

N

N
ř

n“1
yc ´

1

S

S
ř

s“1
ỹc

*

´ ρdtc ` ζ∆d
pt´1q
c otherwise.

(5.31)

Thus, the update rules (5.29)-(5.31), considered with (5.22), ensure that weight and bias
parameters associated with the class nodes, which remain quiescent during data-dependent
estimation, remain at zero value throughout the learning of the D2CCA model. Hence,
during the prediction of the class labels of given test samples, it can be ensured that only
the valid class nodes will be activated. Thus, the class labels of the unknown samples can
be predicted from the set of valid class labels when the total number of input classes is
unknown apriori.

5.4 Experimental Results and Discussions

In this section, the classification performance of the proposed architecture is studied exten-
sively and the corresponding results are reported. In order to demonstrate the efficacy of the
proposed model, several existing algorithms are considered, which include RGCCA [187],
MCCA [96], GMCCA [25], GMKCCA [25], LasCCA [53], DisCCA [53], MvDA [92], MvDA-
VC [93], MDBM [180], dMCCA [178], TOCCA [30], DACCA [44], DCCA-VG [193], TDD-
CCA [37], MDL-CW [157], MMGNN [54], and MVGAN [209]. Both training-testing and
10-fold cross-validation (CV) are performed to evaluate the performance of the proposed
model as well as existing algorithms. In case of training-testing, overall classification accu-
racy is considered, while for 10-fold CV, mean, median, standard deviation, and p-values
computed using paired-t (one-tailed) and Wilcoxon signed-rank (one-tailed) tests, with
95% confidence level, are employed.

5.4.1 Description of Data Sets

In this study, six benchmark databases, namely, Digits [86], Caltech [114], CiteSeer [161],
Cora [161], NUS-WIDE-OBJECT (NW-OBJECT) [27], and Reuters [7], and three cancer
data sets are considered to evaluate the performance of different algorithms. Digits, Cal-
tech, and NW-OBJECT are image based databases, CiteSeer and Cora consist of scientific
publications with annotated labels, whereas Reuters is a multilingual categorization data
set. Different subtypes are identified for three real-life cancer data sets, which include cer-
vical carcinoma (CESC), lower grade glioma (LGG), and lung carcinoma (LUNG). These
data sets are obtained from The Cancer Genome Atlas (TCGA) [194].

It is to be noted here that while Digits and Caltech data sets exhibit large variance in
the dimensionality of the input feature sets, CiteSeer and Cora databases have large number
of features in the corresponding feature sets. The NW-OBJECT data set has large number
of samples with small number of features in each view, whereas Reuters database has large
number of samples with large dimension of each of the feature sets. On the other hand,
the omics data sets offer the problem of high dimensional feature sets with small number
of samples. A brief description of the CiteSeer, Cora, NW-OBJECT, Reuters, CESC, and

95



Table 5.1: Description of Data Sets

Data SampleClassView V 1 V 2 V 3 V 4 V 5 V 6

Benchmark Digits 2000 10 6 240 76 216 47 64 6
Caltech 2386 20 6 48 40 254 1984 512 928

Omics LUNG 546 2 5 2946681802162050249230 -

LGG data sets is presented in Chapter 4. In addition to the aforementioned data sets, the
Digits, Caltech, and LUNG databases are also considered in this chapter for performance
analysis of different algorithms. The number of samples, number of classes, number of
views, and number of features in each view corresponding to these three databases, are
presented in Table 5.1. Each data set is randomly partitioned into two sets for training-
testing and ten separate folds for 10-fold CV. In both the cases, the samples are equally
distributed with respect to different classes. Detailed description of all the data sets is
reported in Appendix A.

5.4.2 Model Architecture and Implementation Details

In case of the proposed D2CCA architecture, two modality-specific hidden layers and one
joint hidden layer are considered for all the experiments. Each of the modality-specific
hidden layers consists of 50 hidden nodes, whereas for the joint representation, extensive
experiment is carried out on three cancer data sets. The number of nodes or features at the
final layer is varied from 5 to 500, and the variation of classification accuracy is studied for
both training-testing and 10-fold CV. The corresponding results are reported in Figure 5.1
considering three cancer data sets. From the obtained results, it can be observed that
the performance of the proposed model increases when the number of features in the final
layer is increased from 5 to 10. If the number of features is further increased from 10, the
classification accuracy, achieved by the model, remains almost constant or even decreases
in some cases. However, if the number of nodes in joint layer is fixed at 10, considerable
classification accuracy can be achieved irrespective of the experimental set-up and data
sets considered. Thus, the number of nodes in joint representation is considered to be 10
for the rest of the study.
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Figure 5.1: Variation of classification accuracy with respect to number of features in final
layer for omics data sets.
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The greedy layer-wise pretraining [163] is performed to initialize the parameters of the
architecture. The hidden nodes of the model are represented by the probability values and
the parameters are updated based on the mini-batches of training samples. The number
of epochs, the values of momentum and weight decay are considered to be 100, 0.5, and
0.0005, respectively. The value of learning rate is initialized at 0.01 and then, gradually
decreased with increase in number of epochs. For the estimation of data-independent
expectations, 100 Gibbs steps and 20 separate Markov chains are considered. For the
classification of samples into one of the known classes, maximum class probability is taken
into consideration corresponding to the class nodes of the model.

5.4.3 Choice of Deep Model

In existing literature, several deep models have been considered to learn the joint subspace
of the data from the given multiple modalities. The dMCCA model is developed based on
the feed-forward network and stacked autoencoder has been considered for MDL-CW, while
graph neural network is used for the development of MMGNN and generative adversarial
network has been considered for the implementation of MVGAN. However, the proposed
D2CCA architecture has been developed based on the framework of Boltzmann machine.
In this section, the performance of the proposed architecture is compared with that of
different existing deep frameworks and the corresponding results are reported in Table 5.2
and Table 5.3 for benchmark and omics databases, respectively.

Table 5.2: Effectiveness of D2CCA Over Several Deep Models on Benchmark Data

Data dMCCAMDL-CWMMGNNMVGAND2CCA
Digits 10.00 86.40 88.90 82.70 91.00
Caltech 33.71 54.25 74.27 77.31 84.54
CiteSeer 21.16 42.05 41.78 46.32 73.12
Cora 30.19 41.40 42.06 44.95 80.47

NW-OBJECT 17.80 18.20 37.87 27.61 52.21
Reuters 51.72 62.69 59.16 57.60 84.60

From the results presented in Table 5.2, it can be observed that dMCCA and MDL-
CW fail to categorize the given observations from the benchmark databases correctly, but
both MMGNN and MVGAN have achieved satisfactory results on the data sets. However,
highest classification accuracy is attained by the proposed model on all the six databases.
In case of omics data sets, corresponding to the results reported in Table 5.3, significant
improvement in performance can be noted for the proposed D2CCA model as compared to
different deep architectures for both training-testing and 10-fold CV. Statistical significance
analysis demonstrates that the proposed model achieves significantly better p-values for 20
cases and better but not significant p-values for the rest of the 4 cases.

5.4.4 Effectiveness of Proposed D2CCA Architecture

In this section, the effectiveness of different aspects of the proposed D2CCA architecture is
demonstrated, which includes significance of integrating CCA and effectiveness of proposed
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Table 5.3: Effectiveness of D2CCA Over Different Deep Models on Omics Data Sets

Data Different Metrics dMCCAMDL-CWMMGNNMVGAND2CCA
C
E
SC

Train-Test 51.92 65.38 55.77 57.69 69.23
10

-f
ol
d
C
V Mean 40.83 69.17 69.17 61.67 75.00

Median 41.67 66.67 66.67 58.33 75.00
StdDev 12.08 14.72 13.64 12.55 6.80

Paired-t :p 3.17E-05 1.66E-01 1.36E-01 3.16E-03 -
Wilcoxon:p 2.45E-03 1.42E-01 1.05E-01 6.97E-03 -

LG
G

Train-Test 62.37 73.12 71.51 74.73 82.80

10
-f
ol
d
C
V Mean 50.79 76.84 72.11 76.84 82.37

Median 47.37 77.63 72.37 77.63 82.89
StdDev 7.24 7.63 3.96 7.63 5.41

Paired-t :p 2.19E-06 3.50E-03 1.45E-05 3.50E-03 -
Wilcoxon:p 2.50E-03 8.09E-03 2.50E-03 8.09E-03 -

LU
N
G

Train-Test 59.34 93.77 90.84 92.67 95.24

10
-f
ol
d
C
V Mean 60.71 93.93 82.14 94.11 96.61

Median 58.93 95.54 93.75 94.64 97.32
StdDev 5.05 4.31 19.32 3.95 3.41

Paired-t :p 1.99E-10 2.33E-03 1.75E-02 1.47E-02 -
Wilcoxon:p 2.52E-03 5.71E-03 2.17E-02 1.76E-02 -

method as feature extractor. The corresponding results are reported in Figure 5.2, and
Table 5.4 and Table 5.5. The scatter plots of Figure 5.2 are depicted by considering the
most relevant feature at x-axis and the corresponding most significant feature at y-axis,
obtained using the concept of rough hypercuboid approach [126]. While the top row of
Figure 5.2 corresponds to MDDBM model, the plots of last rows are obtained from D2CCA
architecture, respectively.
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Figure 5.2: Scatter plots of MDDBM (top row) and D2CCA (bottom row) for benchmark
and omics data sets.

5.4.4.1 Significance of Integrating CCA

In this chapter, a novel deep learning framework is proposed for multimodal data clas-
sification. The D2CCA model is developed by integrating the theory of CCA with MD-
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Table 5.4: Effectiveness of Proposed Architecture on Benchmark Data

Data MDDBMD2CCA+SVMD2CCA+BayesD2CCA
Digits 85.60 87.50 85.90 91.00
Caltech 74.14 83.90 71.74 84.54
CiteSeer 71.93 63.85 94.10 73.12
Cora 64.37 63.49 66.26 80.47

NW-OBJECT 43.75 33.56 34.16 52.21
Reuters 61.25 84.64 85.47 84.60

DBM architecture, so that the joint representation at the final layer is learned from the
corresponding maximally correlated subspaces. In order to study the significance of in-
corporating CCA into MDDBM architecture, the performance of D2CCA is compared
with that of MDDBM on both benchmark and omics data sets. Considering the scatter
plots of Figure 5.2, corresponding to the benchmark databases, it can be observed that
the separation between the samples of different classes is improved in case of D2CCA as
compared to MDDBM. This result is also reflected in Table 5.4, where the classification
accuracy has improved for D2CCA in comparison to MDDBM on the benchmark data for
training-testing.

The scatter plots of Figure 5.2, corresponding to each of the omics data sets, reveal
that all the given classes are well separated for D2CCA. In case of MDDBM, although the
samples from different classes can be distinguished for LUNG data, they tend to overlap for
CESC and LGG data sets. This observation can also be validated from the results reported
in Table 5.5, where it can be observed that MDDBM performs better on LUNG data, in
comparison to rest of the omics data sets. However, the highest classification accuracy
is achieved by D2CCA architecture on all the data sets, for both training-testing and
10-fold CV. Statistical significance analysis demonstrates that the D2CCA model attains
significantly better p-values for all the cases.

5.4.4.2 Effectiveness of D2CCA as Feature Extractor

Apart from multimodal data classification, the proposed D2CCA architecture can be con-
sidered as feature extractor as well. In order to establish the discriminative ability of the
features, extracted by the D2CCA architecture, the joint representation of the multi-view
data is provided as input to various classifiers, namely, support vector machine (SVM)
and Bayes classifier. From the results reported in Table 5.4, it can be observed that given
the features extracted by the proposed architecture, reasonable accuracy is achieved using
both SVM and Bayes classifier. In fact, significantly better performance can be noted
from Bayes classifier as compared to the D2CCA architecture for CiteSeer and Reuters
data sets. The results presented in Table 5.5 state that the samples from CESC data set
can be efficiently recognized by the SVM for training-testing, while the Bayes classifier
can suitably identify different subtypes of LGG data for training-testing and CESC data
for 10-fold CV. However, considerable classification accuracy is achieved on all the omics
data sets for both training-testing and 10-fold CV using the proposed architecture itself.
Statistical significance analysis reveals that out of total 12 cases, the proposed D2CCA
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Table 5.5: Effectiveness of Proposed Architecture on Omics Data Sets

Data Different MDDBM D2CCA D2CCA D2CCAMetrics +SVM +Bayes
C
E
SC

Train-Test 67.31 75.00 69.23 69.23
10

-f
ol
d
C
V Mean 64.17 54.17 80.00 75.00

Median 66.67 58.33 79.17 75.00
StdDev 5.62 18.94 8.05 6.80

Paired-t :p 3.13E-03 8.68E-03 9.16E-01 -
Wilcoxon:p 7.31E-03 1.89E-02 8.58E-01 -

LG
G

Train-Test 79.57 67.74 94.62 82.80

10
-f
ol
d
C
V Mean 63.95 18.42 69.74 82.37

Median 63.16 18.42 69.74 82.89
StdDev 6.08 0.00 6.71 5.41

Paired-t :p 2.42E-05 1.75E-11 1.62E-04 -
Wilcoxon:p 2.53E-03 2.49E-03 2.53E-03 -

LU
N
G

Train-Test 94.51 92.67 90.48 95.24

10
-f
ol
d
C
V Mean 90.18 67.68 91.61 96.61

Median 91.96 62.50 92.86 97.32
StdDev 7.49 26.45 5.19 3.41

Paired-t :p 5.00E-03 2.35E-03 1.01E-04 -
Wilcoxon:p 3.98E-03 2.52E-03 2.52E-03 -

framework attains significantly better p-values in 10 cases.

5.4.5 Comparative Performance Analysis

Finally, the classification performance of the proposed D2CCA architecture is compared
with that of several existing methods on benchmark as well as omics data sets, and the
corresponding results are reported in Table 5.6, Table 5.7, Table 5.8, and Table 5.9. The
scatter plots of existing algorithms and the proposed model are presented in Figure 5.3 and
Figure 5.4. It is to be noted here that the proposed method predicts the class labels from the
architecture itself based on the maximum class probability. Hence, no additional classifier
is required in the proposed method for classification purpose. The existing algorithms
include multiset CCA based methods, multi-view discriminative analysis based methods,
and multi-view deep learning based methods.

5.4.5.1 Performance of Multiset CCA Based Methods

In this section, the performance of the proposed method is analyzed with reference to
several multiset CCA based methods, namely, RGCCA [187], MCCA [96], GMCCA [25],
GMKCCA [25], LasCCA [53], and DisCCA [53]. The scatter plots corresponding to the
MCCA, GMCCA, GMKCCA, LasCCA, and DisCCA approaches are presented in Fig-
ure 4.3 of Chapter 4, whereas the scatter plots for RGCCA method are depicted in Fig-
ure 5.3 on both benchmark and omics databases. All the existing algorithms extract 25
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Figure 5.3: Scatter plots of classical approaches on benchmark and omics data sets (from
top to bottom row: RGCCA, MvDA, MvDA-VC, and D2CCA, respectively).

Table 5.6: Comparative Performance Analysis of Classical Approaches on Benchmark Data

Data RGCCAMCCAGMCCAGMKCCALasCCADisCCAMvDAMvDA-VCD2CCA
Digits 90.30 87.00 11.20 6.60 10.20 5.60 92.40 93.50 91.00
Caltech 33.71 41.83 4.82 7.48 4.06 3.17 76.30 75.29 84.54
CiteSeer 27.61 58.13 23.43 24.98 22.25 20.71 37.69 43.51 73.12
Cora 52.16 32.85 30.97 30.19 31.63 30.19 53.94 55.72 80.47

NW-OBJECT 18.91 30.34 4.56 6.43 7.40 10.93 29.03 28.62 52.21
Reuters 55.26 57.50 24.78 28.69 28.67 23.27 56.01 55.15 84.60

features from the given input views to represent the joint subspace, which are then applied
to the input of SVM for classification purpose. From the plots presented in Figure 4.3
and Figure 5.3, and the results reported in Table 5.6, it can be observed that although
RGCCA and MCCA achieve satisfactory results for Digits data set, they have failed to ob-
tain similar results for other benchmark databases. However, the proposed method attains
highest classification accuracy with respect to the existing CCA based methods on all the
six benchmark databases. In case of omics data sets, from Figure 4.3, Figure 5.3, and Ta-
ble 5.7, it can be observed that the proposed method outperforms all the six multiset CCA
based methods on three cancer data sets for both training-testing and 10-fold CV, except
on CESC data set for 10-fold CV, where RGCCA achieves similar classification accuracy.
Statistical significance tests reveal that out of total 36 cases, the proposed architecture
achieves significantly better p-values for 34 cases.

5.4.5.2 Performance of Discriminative Analysis Based Methods

Various state-of-the-art multi-view discriminative analysis based methods, namely, MvDA
[92] and MvDA-VC [93], are considered for performance evaluation. For each of the meth-
ods, 25 features are extracted, and then given as input to the SVM for classification pur-
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Table 5.7: Comparative Performance Analysis of Classical Approaches on Omics Data

Data Different Metrics RGCCA MCCA GMCCAGMKCCALasCCADisCCA MvDA MvDA-VCD2CCA

C
E
SC

Train-Test 61.54 38.46 42.31 44.23 42.31 36.54 42.31 40.38 69.23

10
-f
ol
d
C
V Mean 75.00 45.83 49.17 38.33 35.00 39.17 46.67 50.00 75.00

Median 79.17 50.00 50.00 41.67 33.33 33.33 41.67 50.00 75.00
StdDev 13.03 13.75 14.41 11.92 15.61 10.43 15.32 14.16 6.80

Paired-t :p 5.00E-011.91E-044.60E-04 5.04E-06 4.27E-063.21E-057.93E-04 3.54E-04 -
Wilcoxon:p 3.60E-012.46E-033.44E-03 2.50E-03 2.52E-032.38E-036.20E-03 2.50E-03 -

LG
G

Train-Test 41.40 39.78 33.33 38.71 44.09 29.03 75.81 73.12 82.80

10
-f
ol
d
C
V Mean 45.00 35.53 40.53 33.16 38.68 38.68 75.79 81.05 82.37

Median 47.37 34.21 40.79 31.58 36.84 38.16 76.32 78.95 82.89
StdDev 10.99 7.67 8.70 4.99 7.95 7.24 8.02 7.83 5.41

Paired-t :p 2.77E-061.09E-077.85E-07 2.40E-09 4.46E-083.76E-081.13E-02 3.03E-01 -
Wilcoxon:p 2.53E-032.50E-032.53E-03 2.52E-03 2.53E-032.53E-031.83E-02 2.54E-01 -

LU
N
G

Train-Test 87.91 46.52 68.86 86.08 82.42 47.62 92.31 91.58 95.24

10
-f
ol
d
C
V Mean 87.68 51.43 68.39 86.07 85.18 50.71 94.82 95.54 96.61

Median 86.61 50.89 69.64 87.50 85.71 48.21 96.43 95.54 97.32
StdDev 4.16 3.13 7.48 8.32 6.68 8.84 4.16 3.29 3.41

Paired-t :p 2.68E-053.13E-129.13E-08 1.63E-03 1.01E-042.76E-084.79E-02 9.67E-02 -
Wilcoxon:p 2.52E-032.53E-032.53E-03 2.53E-03 2.52E-032.53E-038.02E-02 9.61E-02 -

Table 5.8: Comparative Performance Analysis of Deep Models on Benchmark Data Sets

Data dMCCATOCCADACCADCCA-VGTDDCCAMDL-CWMMGNNMVGAND2CCA
Digits 10.00 96.50 84.60 89.00 85.90 86.40 88.90 82.70 91.00
Caltech 33.71 80.23 73.89 49.68 74.52 54.25 74.27 77.31 84.54
CiteSeer 21.16 39.60 55.22 37.33 40.42 42.05 41.78 46.32 73.12
Cora 30.19 52.39 50.06 44.62 53.05 41.40 42.06 44.95 80.47

NW-OBJECT 17.80 33.61 38.42 19.23 17.80 18.20 37.87 27.61 52.21
Reuters 51.72 57.38 56.38 64.38 57.27 62.69 59.16 57.60 84.60

pose. The scatter plots corresponding to the MvDA and MvDA-VC methods are depicted
in Figure 5.3 on both benchmark and omics databases. Considering the graphs depicted in
Figure 5.3 and the results reported in Table 5.6, it can be observed that both MvDA and
MvDA-VC achieve considerable accuracy on all the benchmark databases. However, the
highest classification accuracy is attained by the proposed method in all the cases, except
for Digits database. For omics data sets, the plots presented in Figure 5.3 and results
are reported in Table 5.7 which demonstrate that although MvDA and MvDA-VC achieve
similar classification accuracy, the proposed architecture outperforms both the methods on
all the omics data sets. From the p-values obtained through two statistical significance
tests, it can be observed that out of total 12 cases, the proposed model attains significantly
better p-values for 7 cases and better but not significant p-values for 5 cases.

5.4.5.3 Performance of Deep Learning Based Methods

Finally, the performance of the proposed architecture is compared with that of several
state-of-the-art multi-view deep learning based methods, namely, dMCCA [178], TOCCA
[30], DACCA [44], DCCA-VG [193], TDDCCA [37], MDL-CW [157], MMGNN [54], and

102



-2x10
7

-1.5x10
7

-1x10
7

-5x10
6

 0

 5x10
6

 1x10
7

 1.5x10
7

 2x10
7

-1.5x10
7

-1x10
7

-5x10
6

 0  5x10
6

 1x10

-8x10
6

-6x10
6

-4x10
6

-2x10
6

 0

 2x10
6

 4x10
6

 6x10
6

 8x10
6

-6x10
7

-5x10
7

-4x10
7

-3x10
7

-2x10
7

-1x10
7

 0  1x10
7

 2x10
7

 3x10
7

 4x10

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2  0  2  4  6  8  10  12  14  16

-12

-10

-8

-6

-4

-2

 0

 2

 4

-60 -50 -40 -30 -20 -10  0  10  20  30  40  50

-14

-12

-10

-8

-6

-4

-2

 0

 2

 4

 6

-6 -5 -4 -3 -2 -1  0  1  2  3  4

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

 6

-5 -4 -3 -2 -1  0  1  2  3  4  5

-20000

-15000

-10000

-5000

 0

 5000

 10000

-40000 -30000 -20000 -10000  0  10000  20000  30000

-12000

-10000

-8000

-6000

-4000

-2000

 0

 2000

 4000

 6000

 8000

 10000

-40000 -20000  0  20000  40000  60000  80000  100000

-50000

-40000

-30000

-20000

-10000

 0

 10000

 20000

 30000

 40000

-250000 -200000 -150000 -100000 -50000  0  50000  100000  150000  200000  250000

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

 12

-15 -10 -5  0  5  10  15  20

-60

-40

-20

 0

 20

 40

 60

-80 -60 -40 -20  0  20  40  60  80

-2

-1

 0

 1

 2

 3

 4

-2 -1.5 -1 -0.5  0  0.5  1  1.5

-1000

-800

-600

-400

-200

 0

 200

 400

 600

 800

-1000 -800 -600 -400 -200  0  200  400  600  800

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

 12

-6 -4 -2  0  2  4  6  8

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

-4 -3 -2 -1  0  1  2  3  4  5

-10

-5

 0

 5

 10

 15

 20

-10 -5  0  5  10  15  20

-500000

-400000

-300000

-200000

-100000

 0

 100000

 200000

 300000

 400000

 500000

-600000 -400000 -200000  0  200000  400000  600000

-800000

-600000

-400000

-200000

 0

 200000

 400000

 600000

-1.2x10
6

-1x10
6

-800000 -600000 -400000 -200000  0  200000  400000  600000  800000  1x10

-60

-40

-20

 0

 20

 40

 60

-80 -60 -40 -20  0  20  40  60  80  100

-25

-20

-15

-10

-5

 0

 5

 10

 15

 20

-40 -30 -20 -10  0  10  20  30  40  50

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

-0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

-0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3

-4

-2

 0

 2

 4

 6

 8

 10

 12

-15 -10 -5  0  5  10

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

 6

-4 -3 -2 -1  0  1  2  3  4

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6

-8

-6

-4

-2

 0

 2

 4

 6

 8

-20 -15 -10 -5  0  5  10  15  20  25

-350

-300

-250

-200

-150

-100

-50

 0

 50

 100

-100 -50  0  50  100  150  200  250  300

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-1.5 -1 -0.5  0  0.5  1  1.5  2  2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

-2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5  2  2.5  3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

-1 -0.5  0  0.5  1  1.5  2  2.5  3

-5

-4

-3

-2

-1

 0

 1

 2

-2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5  2  2.5  3

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

 6

-5 -4 -3 -2 -1  0  1  2  3

-4

-3

-2

-1

 0

 1

 2

 3

 4

-4 -3 -2 -1  0  1  2  3  4  5

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-1.5 -1 -0.5  0  0.5  1  1.5  2

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5

-3

-2

-1

 0

 1

 2

 3

-1.5 -1 -0.5  0  0.5  1  1.5

Digits Caltech CiteSeer Cora NW-OBJECT Reuters CESC LGG LUNG

Figure 5.4: Scatter plots of deep approaches on benchmark and omics data sets (from top
to bottom row: MDL-CW, MMGNN, MVGAN, and D2CCA, respectively).

MVGAN [209], and the corresponding results are reported in Table 5.8 and Table 5.9. The
scatter plots corresponding to the dMCCA, TOCCA, DACCA, DCCA-VG, and TDDCCA
models are presented in Figure 4.4 of Chapter 4, whereas the scatter plots for MDL-CW,
MMGNN, and MVGAN models are depicted in Figure 5.4 on both benchmark and omics
databases. For TOCCA, DACCA, DCCA-VG, TDDCCA, and MDL-CW, 50, 80, 20, 50,
and 600 features are extracted, respectively, from the given views, which are then applied
to the input of the SVM for classification. In case of dMCCA, MMGNN, and MVGAN, 50
features are extracted at the final layer for each of the approaches. Since these methods
are essentially feed-forward networks, they do not require any additional classifier for class
label prediction. The architecture for each of the models follows the same as suggested in
the corresponding papers. From the plots presented in Figure 4.4 and Figure 5.4, and the
results reported in Table 5.8, it can be noticed that except for TOCCA method on Digits
database, the proposed method performs considerably better than the existing multi-view
deep learning based methods on the benchmark databases. For the omics data sets, the
graphs are depicted in Figure 4.4 and Figure 5.4, and the results are presented in Table 5.9,
which describes that the TDDCCA approach performs better than the proposed model on
CESC data for 10-fold CV. However, significant improvement in performance can be noted
in case of the proposed D2CCA architecture as compared to the existing deep learning
based models, irrespective of the experimental set-up and data sets considered. Statistical
significance tests demonstrate that out of total 48 cases, the proposed model achieves
significantly better p-values for 38 cases, and better but not significant p-values for 8 cases.

5.5 Conclusion

The major contribution of this chapter is four-fold, namely, (a) introducing D2CCA model
based on the theory of CCA and MDDBM; (b) consolidating the theory of the proposed
framework with convergence analysis; (c) demonstrating the effectiveness of the proposed
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Table 5.9: Comparative Performance Analysis of Deep Architectures on Omics Data
Data Different Metrics dMCCATOCCADACCADCCA-VGTDDCCAMDL-CWMMGNNMVGAND2CCA

C
E
SC

Train-Test 51.92 36.54 47.12 65.38 53.98 65.38 55.77 57.69 69.23

10
-f
ol
d
C
V Mean 40.83 43.33 39.81 67.50 78.20 69.17 69.17 61.67 75.00

Median 41.67 50.00 39.42 70.83 78.20 66.67 66.67 58.33 75.00
StdDev 12.08 14.05 5.37 16.87 0.06 14.72 13.64 12.55 6.80

Paired-t :p 3.17E-051.42E-043.17E-07 9.67E-02 9.15E-01 1.66E-01 1.36E-01 3.16E-03 -
Wilcoxon:p 2.45E-032.49E-032.52E-03 7.63E-02 8.34E-01 1.42E-01 1.05E-01 6.97E-03 -

LG
G

Train-Test 62.37 45.70 65.59 77.96 66.85 73.12 71.51 74.73 82.80

10
-f
ol
d
C
V Mean 50.79 45.00 59.35 51.32 57.14 76.84 72.11 76.84 82.37

Median 47.37 46.05 58.87 51.32 57.00 77.63 72.37 77.63 82.89
StdDev 7.24 6.38 3.42 3.34 0.39 7.63 3.96 7.63 5.41

Paired-t :p 2.19E-061.96E-076.98E-08 4.76E-08 6.16E-08 3.50E-03 1.45E-05 3.50E-03 -
Wilcoxon:p 2.50E-032.52E-032.53E-03 2.49E-03 2.53E-03 8.09E-03 2.50E-03 8.09E-03 -

LU
N
G

Train-Test 59.34 57.14 95.05 89.74 67.42 93.77 90.84 92.67 95.24

10
-f
ol
d
C
V Mean 60.71 57.14 95.71 94.11 67.72 93.93 82.14 94.11 96.61

Median 58.93 57.14 95.60 95.54 67.65 95.54 93.75 94.64 97.32
StdDev 5.05 0.00 1.17 4.69 0.38 4.31 19.32 3.95 3.41

Paired-t :p 1.99E-102.13E-112.53E-01 1.48E-02 5.71E-10 2.33E-03 1.75E-02 1.47E-02 -
Wilcoxon:p 2.52E-032.43E-032.88E-01 1.76E-02 2.53E-03 5.71E-03 2.17E-02 1.76E-02 -

architecture as feature extractor as well as classifier; and (d) illustrating the proficiency
of the proposed method on different domains of applications, namely, object recognition,
document classification, multilingual categorization, and cancer subtype identification.

The learning objective of the proposed architecture includes the merits of multi-view
discriminative deep Boltzmann machines which allows the model to estimate the activations
for the hidden nodes of the framework in such a way that a plausible explanation of how
the observed data vectors would have been generated can be constituted. Considering
supervised information into the objective function enhances the discriminative ability of
the joint representation of the model, which in turn, entitles the D2CCA model to serve
as the feature extractor as well as classifier. In order to capture the non-linear correlated
structures across multiple modalities, the theory of CCA is introduced to the learning
objective of the proposed method. Theoretical analysis ensures the convergence of the
proposed method to an asymptotically stable point, provided given sufficient conditions
are met. The efficacy of the proposed architecture is established on several multi-view data
sets. Significant improvement in performance is noticed in case of the proposed model as
compared to the existing approaches for both training-testing and 10-fold CV.

The proposed framework is developed primarily based on the consensus principle. How-
ever, the complementary knowledge among different modalities may also contain useful
information, which may essentially facilitate accurate classification of given observations
into different categories. Hence, view-discrepancy can be an important aspect that needs
to be taken into consideration to develop a deep framework for multi-view data analysis.
Additionally, a data-specific architecture of the proposed deep model needs to be estimated
instead of considering an uniform architecture for all the given databases. It can be noted
from Figure 5.1 that despite of the extensive experimentation carried out on all the data
sets, a trade-off has to be made between the classification accuracy achieved on different
databases in order to obtain the uniform architecture of the D2CCA framework. So, it is
necessary to determine the optimal number of layers and the number of hidden nodes at
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a particular layer for each data set in such a way that the challenges offered by different
databases can be efficiently characterized. In this regard, a novel deep learning model is
presented in next chapter, based on the concept of Hilbert-Schmidt independence crite-
rion, to capture the relevant cross-view information from the given multi-view data. An
upper bound on the error probability of the proposed deep model is estimated in terms of
the model architecture. It facilitates determining the optimal architecture of the proposed
model for each database considered.
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Chapter 6

Discriminative Deep Generalized
Dependency Analysis for Cross-View
Learning

6.1 Introduction

The primary objective of a predictive model is to identify and analyze the inherent struc-
tures or patterns of the data, which are relevant to categorize the given samples or observa-
tions into different groups. With the recent advent of data acquisition processes, a surging
interest is noted for the development of predictive models for the analysis of multi-view
data in numerous domains of applications. However, due to the presence of noise and
disparity among the sources of different views, it is primarily assumed that each view has
a fundamentally distinct representation of the underlying data distribution. Hence, it is
essential for the predictive models to discover the intrinsic patterns and relationship shared
between each pair of given input views. Concatenation of all the views suffers from loss of
the individual statistical properties of each of the input views, which is predominant in case
of heterogeneous data. Hence, information from various sources needs to be consolidated
appropriately in order to enhance the proficiency of the multimodal predictive models.

In existing literature, two significant principles are generally considered for judicious
integration of information from multiple sources, namely, consensus and complementary.
In multi-view environment, the input views are expected to agree upon the inherent latent
distribution from where the views are assumed to be generated. The consensus principle
focuses on maximizing the agreement on different views [96]. In [33], the connection be-
tween the consensus of two hypotheses on two views and their corresponding error rates
is established. Theoretical analysis demonstrates that the probability of a disagreement
of two independent hypotheses upper bounds the error rate of either hypothesis. Thus,
by maximizing the agreement between the two hypotheses, the error rate of each hypoth-
esis can be minimized. On the other hand, the complementary principle states that each
view of the given data may provide some knowledge which is distinct from the rest of the
views [93]. Therefore, the underlying complementary information of different views can be
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suitably exploited to learn the diverse knowledge regarding the latent inherent structure
of the data.

Following the consensus principle, various classical as well as deep learning models have
been developed to characterize the correlated structures across different views, namely, reg-
ularized generalized CCA (RGCCA) [187], multiset CCA (MCCA) [96], graph-regularized
MCCA (GMCCA) [25], graph-regularized kernel MCCA (GMKCCA) [25], large-scale gen-
eralized CCA (LasCCA) [53], distributed algorithm for CCA (DisCCA) [53], deep CCA
with view generation (DCCA-VG) [193], and multimodal deep learning framework (MDL-
CW) [157], which have already been discussed in Chapter 2 and Chapter 4 in details.
Several multi-view algorithms based on the complementary principle have also been formu-
lated over the past few years, which include multi-view discriminant analysis (MvDA) [92],
MvDA with view-consistency (MvDA-VC) [93], multi-view generative adversarial network
(MVGAN) [209], multi-view common component discriminant analysis (MvCCDA) [217],
and multi-view linear discriminant analysis network (MvLDAN) [79].

The MvCCDA approach is proposed in [217] to handle view discrepancy, discriminabil-
ity, and non-linearity in a joint manner. It incorporates the supervised information of
sample categories into the common component extraction process to learn a discriminant
joint subspace corresponding to the given input multi-view data. Hu et al. [79] have for-
mulated MvLDAN method by seeking a non-linear discriminant and view-invariant repre-
sentation shared among multiple views. It employs multiple feed-forward neural networks
corresponding to each view and a novel eigenvalue-based objective function to encapsulate
the discriminative variance into the shared subspace. Since MvCCDA is developed based
on paired observations, it does not take into consideration the optimization of all the input
views simultaneously. The MvLDAN model concentrates on the view-specific information,
but they does not take into consideration the shared knowledge of different views.

In recent years, an escalation of interest is noted for developing models that can effi-
ciently capture both consensus and complementary information from the given multi-view
data. In this context, towards deep and discriminative CCA (TDDCCA) [37], multimodal
graph neural network (MMGNN) [54], and deep adversarial CCA (DACCA) [44] models
have already been discussed in Chapter 2, Chapter 4, and Chapter 5 in details. Inheriting
the advantages of both structural graph learning and multi-view generative models, multi-
view graph restricted Boltzmann machine (mgRBM) is developed in [221]. In mgRBM,
the latent representations of each view are determined by considering the structure in-
formation of other views. It also adaptively balances the consensus and complementary
information of different views to disentangle the hidden representations of multi-view data.
The state-of-the-art multi-view learning approaches consider only pair-wise correlations and
ignores the higher-order correlations among multiple views for identifying latent distribu-
tion of the given observations. In order to explore the consensus as well as complementary
information, and simultaneously explore the high-order statistical relationships, a novel
deep convolutional network, which is referred to as tensor canonical correlation analysis
(TCCA), is developed in [213]. The multi-view filter kernels are learned by decomposing
a higher-order covariance tensor [125]. Though TDDCCA [37] concentrates on learning
the correlated subspaces, it eventually disregards the underlying data distribution. Since
the DACCA [44] model is susceptible to slight variation in the input characteristics, the
performance of the model is highly dependent on the input signal-to-noise ratio.

Hence, a deep learning model needs to be developed which can efficiently learn a joint
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representation over the space of multimodal inputs. In order to address the multi-view
classification problem, it is required that the similarity in the latent space implies the
similarity in the corresponding concepts. Non-linearity is another important aspect in
multi-view data analysis. It is also expected in multimodal learning that the joint rep-
resentation is learned from the given input views in such a way that the view-specific as
well as the cross-view information are preserved properly. In the context of cross-view
dependency, it is essential that both view-consistency and view-discrepancy are addressed
simultaneously. In existing literature, a unified approach, based on either consensus and/or
complementary principles, is considered to represent view-consistency or view-discrepency
in the joint subspace. However, in the proposed approach, it is assumed that each view
has a fundamentally distinct representation of the underlying data distribution and so,
the relationship between each pair of views is considered to be unique. Hence, instead of
considering a unified approach among all the pairs, a view-pair specific method should be
employed for efficient representation of cross-view information in the joint subspace. It can
be observed in Chapter 5 that extensive experimentation needs to be carried out on all the
data sets and a trade-off has to be made between the classification accuracy achieved on
different databases, in order to obtain the uniform architecture of the D2CCA framework.
So, it is necessary to determine the optimal number of layers and the number of hidden
nodes at a particular layer for each data set in such a way that the challenges offered by
different databases can be efficiently characterized.

In this regard, a novel deep learning model, termed as discriminative deep general-
ized dependency analysis (D2GDA), is developed based on the framework of multimodal
discriminative deep Boltzmann machine (MDDBM), which is discussed in Chapter 4 in
details. Thus, the proposed model can efficiently encapsulate the underlying non-linear
data distribution of the given observations. The MDDBM framework considers supervised
information of sample categories at each layer of the network, as a result of which the dis-
criminative ability of the D2GDA model is enhanced. Also, no additional classifier needs
to employed in case of the proposed D2GDA model for classifying the given observations
into different categories. Based on the concept of Hilbert-Schmidt independence criterion,
a loss function is proposed to efficiently capture the cross-view dependency across several
views. The proposed model is developed based on the hypothesis that the relation between
each pair of views is unique. Hence, a view-pair specific constraint is incorporated in the
loss function to extract the relevant cross-view information in terms of consensus and/or
complementary knowledge from the given input pairs of views. An upper bound on the er-
ror probability of the proposed deep model is estimated in terms of the model architecture.
Hence, instead of heuristically determining the architecture of the proposed model, an op-
timal architecture is estimated for each given database based on the Bayes error analysis
of the network. While the number of layers is obtained from the total error probability of
the model, the number of nodes at each layer is computed based on the Hilbert-Schmidt
independence criterion. An analytic formulation demonstrates that the proposed model is
the generalization of several state-of-the-art feature extraction techniques. The proposed
approach is further consolidated with the convergence analysis. Finally, the proficiency
of the proposed model is studied on numerous domain of applications with reference to
several state-of-the-arts multi-view classification algorithms. Some of the results of this
chapter are reported in [105].

The rest of this chapter is organized as follows: Section 6.2 describes the concept of
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Hilbert-Schmidt independence criterion. The proposed deep model is discussed in details
in Section 6.3. Different aspects of the proposed model which include error analysis, gen-
eralization ability, and convergence analysis, are discussed in Section 6.4. The efficacy of
the D2GDA framework is analyzed with reference to several state-of-the-art approaches on
various benchmark and real-life cancer data sets in Section 6.5. Concluding remarks are
provided in Section 6.6.

6.2 Basics of Hilbert-Schmidt Independence Criterion

A vector space with the inner-product x¨, ¨y operation is referred to as inner-product space.
An important property regarding inner-product space is given by [17]:

Property 6.1. Any finite dimensional inner-product space is a Hilbert space.

Let us consider, k represents a kernel in Hilbert space. The reproducing property of
Hilbert space is given by the following theorem.

Theorem 6.1. If k is a positive definite kernel, then there exists a unique reproducing
kernel Hilbert space (RKHS) F whose kernel is k.

The Hilbert-Schmidt independence criterion (HSIC) [59] efficiently measures the de-
pendency between two random variables, by mapping the variables into RKHS such that
the correlations measured in that space correspond to higher-order joint moments between
the original distributions. The advantage of the HSIC over state-of-the-art dependency
measures is that it provides an empirical definition to compute the dependency between
two random variables without estimating the joint distribution.

Consider two random variables X and Y , which are defined over two input spaces X
and Y, respectively, with a joint distribution pxy. Let us define a mapping φpxq from x P X
to RKHS F , such that the inner product between two vectors in F is given by a kernel
function k1px, x1q “ xφpxq, φpx1qy. Let G be another RKHS defined on input space Y with
mapping ϕpyq and kernel function k2py, y1q “ xϕpyq, ϕpy1qy. The linear cross-covariance
operator Cxy : G Ñ F between two feature maps is defined as

Cxy “ Erpφpxq ´ µxq b pϕpyq ´ µyqs, (6.1)

where Er¨s denotes the expectation operator, µx “ Erφpxqs and µy “ Erϕpyqs represent
the mean values of φpxq and ϕpyq, respectively, and b signifies the tensor product. Using
Riesz’s representation theorem [158], it can be shown that if Erk1px, x1qs and Erk2py, y1qs
are finite, then Cxy exists and is unique.

Given two separable RKHSs F , G, and the joint distribution pxy, the HSIC between two
variables X and Y is defined as the Hilbert-Schmidt norm of the cross-covariance operator:

HSICppxy,F ,Gq “ }Cxy}2HS. (6.2)
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Let Z “ tpx1, y1q, ¨ ¨ ¨ , pxN , yN qu Ď X ˆ Y be a set of N independent observations
drawn from pxy. The empirical estimate of the HSIC is given by

HSICpZ,F ,Gq “ 1

pN ´ 1q2
trpK1DK2Dq, (6.3)

where trp¨q denotes the trace operator, K1,K2, D P RNˆN , K1 and K2 are Gram ma-
trices corresponding to the kernels k1 and k2, respectively, where K1

i,j “ k1pxi, xjq “

xφpxiq, φpxjqy, K2
i,j “ k2pyi, yjq “ xϕpyiq, ϕpyjqy, and Di,j “ δi,j ´ N´1 centers the

Gram matrix to have zero mean in the feature space. In [59], it has been shown that
HSICpZ,F ,Gq converges to HSICppxy,F ,Gq at a rate of OpN´1{2q with a bias of OpN´1q.

Theorem 6.2. Denote by F , G RKHSs with universal kernels k1, k2 on the compact
domains X and Y, respectively. Assume without loss of generality that }f}8 ď 1 and
}g}8 ď 1 for all functional f P F and g P G. Then, }Cxy}HS “ 0 if and only if X and Y
are independent [59].

In general, if the covariance between the variables X and Y is zero, then it does not
imply that the variables are independent of each other. If X and Y are non-linearly related,
then it will not be reflected in the corresponding covariance value. However, a zero HSIC
value does imply independence of the associated variables. Hence, it can be said that the
HSIC takes higher-order moments into account while measuring the dependency between
two random variables.

6.3 Proposed Model

In this section, the proposed D2GDA model, along with its learning, is discussed in details.
At first, the concept of generalized dependency analysis (GDA) is proposed in the current
study to capture the cross-modal information from the given view-specific representations.
Then, the architecture of the proposed D2GDA model is discussed to encapsulate the
underlying data distribution over the space of multimodal inputs. Finally, the learning of
the D2GDA model is developed by judiciously incorporating the objective of GDA into the
proposed deep framework.

6.3.1 Proposed Generalized Dependency Analysis

Let us consider that the given input modalities {vm} are transformed into respective
modality-specific subspaces {hm}. Now, the joint subspace h, learned from the {hm},
should be able to capture the modality-specific characteristics as well as the cross-modal
information of the data across various modalities. The pictorial representation of the above
concept is depicted in Figure 6.1, where M denotes the total number of input modalities.

Now, the relevant cross-modal information can be embedded in the correlated struc-
tures or complementary knowledge of different views. Since each view has a fundamentally
distinct representation of the underlying data distribution, the relationship between each
pair of views is assumed to be unique. Hence, instead of considering an unified approach
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Figure 6.1: Illustration of proposed multi-view data analysis framework.

among all the pairs, a view-pair specific method should be employed for efficient representa-
tion of cross-modal information in the joint subspace. In this regard, an objective function
is proposed in this chapter, based on the concept of HSIC, that not only quantifies de-
pendency among multiple modalities, but also facilitates to identify relevant cross-modal
information in terms of coherent structures or complementary knowledge from the given
input pair of views.

In the proposed approach, it is assumed that the vector space spanned by each modality-
specific representation is RH , whereH is the dimension of hm, @Mm“1. Hence, it is essentially
a Hilbert space of dimension H since it holds Property 6.1.

Let,Km be the Gram matrix corresponding to the kernel km associated with the Hilbert
space spanned by hm. In the proposed method, Km is defined as

Km “ phm ´ hmq b phm ´ hmq, @m P t1, 2, ¨ ¨ ¨ ,Mu (6.4)

where hm represents the mean vector of hm. So, Km is defined to be a cross-covariance
matrix.

Property 6.2. Km is always positive semi-definite.

The positive definiteness of Km can be ensured by restricting the variance value equal
to 1 using Lagrange multiplier. So, by Theorem 6.1, it can be said that the vector space
spanned by the corresponding modality-specific subspace is RKHS. Hence, based on theKm

considered in the current study, the value of HSIC between the modality-specific subspaces
hm and hr is computed as

HSICphm,hrq “
1

pN ´ 1q2

!
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Thus, from the definition of Km, presented in (6.4), the expression of HSICphm,hrq
is obtained in (6.5), which is to be considered for the rest of the current study. Here,
the centering matrices of (6.3) are ignored since Km in (6.4) is already defined to be
mean centered. Based on the above analysis, the following theorem is introduced for
HSICphm,hrq, @m, r, corresponding to the Gram matrix Km defined in (6.4).

Theorem 6.3. The value of HSICphm,hrq between hm and hr lies within the range of

[0,1], if H ď
4pN ´ 1q
?
N

and hmnj P [0,1], @n, j,m.

Proof : It is assumed that hmnj P r0, 1s, @n, j,m.
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So, if H ď
4pN ´ 1q
?
N

,HSICphm,hrq P r0, 1s,@m, r.˝

Thus, Theorem 6.3 provides an upper bound on the dimensionality of modality-specific
representations hm, @Mm“1 based on the number of given observations N . It is important
to note here that the bound obtained in Theorem 6.3 becomes particularly effective in
cases where the dimension or the number of features in a representation is heuristically
determined. In the proposed approach, the definition of HSIC, obtained from (6.5), is
employed to quantify the cross-modal information between each pair of modality-specific
representations. As discussed in Section 6.2, the higher value of HSIC indicates higher de-
pendency between two random variables, while the zero value of HSIC implies independence
between the associated variables. In order to capture the non-linear dependency among
multiple modalities, a new measure, termed as balanced HSIC (BHSIC), is introduced by
incorporating a balance parameter between each pair of views as follows:

113



BHSICph1, ¨ ¨ ¨ ,hm, ¨ ¨ ¨ ,hM q “
2

MpM ´ 1q

M´1
ÿ

m“1

M
ÿ

r“pm`1q

|γmr|HSICphm,hrq. (6.6)

Here, γmr denotes the balance parameter between a pair of views vm and vr. The value
of γmr in (6.6) signifies the contribution of dependency between hm and hr in the overall
cross-modal information of the given input data. An important property of the proposed
BHSIC measure is to be noted here.

Property 6.3. Given HSICphm,hrq P [0,1] and γmr P [-1,1], @Mm,r“1, the value of BHSICph
1,

¨ ¨ ¨ ,hm, ¨ ¨ ¨ ,hM q lies within the range of [0,1]. A zero value of BHSIC denotes that all the
modality-specific representations are completely independent of each other, while the higher
value of BHSIC signifies higher dependency between the given representations.

Based on the BHSIC measure, defined in (6.6), a loss function is proposed to learn
view-consistency and view-discrepancy simultaneously across several modalities, which is
as follows:
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(6.7)

where γmr P r´1, 1s and λm represents the Lagrange multiplier. The first term in
(6.7) ensures that the variance value of hm is equal to 1, or equivalently, Km, @m, is
always positive definite. The second term computes the weighted dependency value between
each pair of given input modalities. Thus, for γmr P p0, 1s, minimizing EGDA will ensure
that the BHSIC value and correspondingly, the dependency between the modality-specific
subspaces are maximized. As a consequence, the coherent knowledge between the views
will be reflected in the joint subspace. However, if γmr P r´1, 0q, minimization of EGDA
corresponds to the minimization of the BHSIC value. Hence, the independence between
the associated pair of views will be maximized, which in turn, enhances the complementary
information of the individual views in the joint representation.

Property 6.4. If γmr P p0, 1s, then the dependency between hm and hr is maximized; if
γmr P r´1, 0q, then the independence between hm and hr is maximized; and if γmr “ 0,
then the dependency between the corresponding view-pair is not taken under consideration
in order to minimize EGDA.

The loss function, defined in (6.7), and Property 6.4 ensure that a view-pair specific
method is developed which can appropriately capture cross-modal information across mul-
tiple modalities in terms of correlated or complementary structures of the data, based on
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the appropriate values of balance parameters. In order to learn the optimal value of γmr,
a deep learning model is proposed next.

6.3.2 Architecture of Proposed D2GDA Model

In multi-view classification problem, it is expected that the non-linear structures embedded
in the given input views, along with the supervised information of sample categories, are
suitably reflected in the shared subspace. Hence, the architecture of the proposed D2GDA
model is developed based on the framework of multimodal discriminative deep Boltzmann
machine (MDDBM), introduced in Chapter 4. Therefore, the joint subspace, learned from
the D2GDA model, is expected to encapsulate the underlying non-linear data distribution
of the given observations. Since the class nodes are included into the framework, the hidden
subspaces of the proposed model contain the supervised information of sample categories,
which in turn enhances the discriminative ability of the model. Also, it allows the model to
predict the class label of the given observations, without employing any additional classifier.

In the proposed D2GDA model, let the input view corresponding to the m-th modality
be represented by vm “ tvm1 , ¨ ¨ ¨ , vmi , ¨ ¨ ¨ u and y “ ty1, ¨ ¨ ¨ , yc, ¨ ¨ ¨ u denotes the class label
information. Let us assume that L1 ą 0 signifies the number of modality-specific hidden
layers in the architecture and L2 ą 0 refers to the number of joint hidden layers. While
hlm “ thlm1 , ¨ ¨ ¨ , hlmj , ¨ ¨ ¨ u represents the l-th modality-specific hidden representation of the
m-th modality, the joint hidden representation, corresponding to the l-th layer, is referred
to as hl “ thl1, ¨ ¨ ¨ , hlj , ¨ ¨ ¨ u. Here, the number of nodes in a representation is expressed by
the corresponding capital letter. For example, the number of nodes in vm is denoted by
V m.

Here, the bidirectional weight parameters w1m
ij , wpl`1qm

jk , wpL1`1qm
jk , and wpl`1q

jk connect
the i-th input node of the m-th modality to the j-th hidden node of first modality-specific
hidden layer from the m-th modality, j-th hidden node of l-th modality-specific hidden
layer to k-th hidden node of pl` 1q-th modality-specific hidden layer from m-th modality,
j-th hidden node of modality-specific hidden layer L1 from modalitym to k-th hidden node
of first joint hidden layer, and j-th hidden node of l-th joint hidden layer to k-th hidden
node of pl ` 1q-th joint hidden layer, respectively. Similarly, the parameters ulmcj and ulcj
connect the c-th class node to the j-th hidden node of the l-th modality-specific hidden
layer fromm-th modality, and c-th class node to j-th hidden node of l-th joint hidden layer,
respectively. The bias parameters ami , b

lm
j , blj , and dc are associated with the i-th visible

node of the m-th modality, j-th hidden node of l-th modality-specific hidden layer from
m-th modality, j-th hidden node of l-th joint hidden layer, and c-th class node, respectively.
Thus, the supervised information of sample categories can be appropriately incorporated
at each layer of the architecture through proper learning of the set of parameters associated
with the class nodes, which in turn, enhances the proficiency of the proposed framework.

6.3.3 Learning D2GDA Model Using Generalized Dependency Analysis

The objective function of GDA is judiciously integrated with the learning objective of
MDDBM architecture to develop the proposed D2GDA model. The deep framework is
not only able to learn the intrinsic characteristics associated with each of the given input
modalities, but also identifies the relevant cross-modal information across different views.
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The overall objective function and learning of the parameters corresponding to the D2GDA
model are discussed in details in this section.

6.3.3.1 Objective Function of Proposed Model

The proper learning of the MDDBM framework ensures that the joint subspace suitably
represents the underlying inherent characteristics of the given modalities as well as su-
pervised information of the sample categories. In order to encapsulate the cross-view
dependency across several modalities in the shared subspace, the loss function, proposed
in (6.7), is considered in the D2GDA model. The principle of GDA is integrated with the
objective of the MDDBM model since the following properties hold.

• In MDDBM, hL1m
j , @j,m, represents the state of the j-th hidden node of modality-

specific hidden layer L1 from modality m, which is essentially a real value. Hence,
hL1m spans RH , where H denotes the dimension of hL1m, @m, that is, HL11 “

HL12 “ ¨ ¨ ¨HL1M “ H. So, Property 6.1 holds.

• The Gram matrix Km is a variance-covariance matrix corresponding to hL1m of the
MDDBM architecture. In effect, it satisfies Property 6.2.

• In MDDBM framework, hL1m
j P t0, 1u, @j,m. Considering H ď

4pN ´ 1q
?
N

and γmr P

r´1, 1s, it can be ensured that both HSICphL1m,hL1rq and BHSICphL11, ¨ ¨ ¨ ,hL1M q,
@Mm,r“1, lie within the range of [0,1]. Thus, Theorem 6.3 and Property 6.3 are satisfied.

So, the loss function of GDA, presented in (6.7), corresponding to each given observa-
tion, can be efficiently combined with the energy function (4.8) of the MDDBM architec-
ture. Hence, the overall objective of the D2GDA model turns out be

Ed2gdapv,h,yq “ Emddbmpv,h,yq ` EgdaphL11, ¨ ¨ ¨ ,hL1M q

“ ´

M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij h

1m
j ´

L1´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

hlmj w
pl`1qm
jk h

pl`1qm
k ´

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i

´

M
ÿ

m“1

HL1m
ÿ

j“1

H1
ÿ

k“1

hL1m
j w

pL1`1qm
jk h1

k ´

L1
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj h

lm
j ´

L2
ÿ

l“1

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjh

l
j

´

L2´1
ÿ

l“1

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

hljw
l
jkh

pl`1q
k ´

L1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj hlmj ´

M
ÿ

m“1

λm

ˆ

1´
HL1m
ÿ

j“1

phL1m
j ´ hL1m

j q
2
˙

´

M´1
ÿ

m“1

M
ÿ

r“pm`1q

γmr

"HL1m
ÿ

j“1

phL1m
j ´ hL1m

j qphL1r
j ´ hL1r

j q

*2

´

L2
ÿ

l“1

Hl
ÿ

j“1

bljh
l
j ´

Y
ÿ

c“1

dcyc; (6.8)

where Egda represents the loss function EGDA of (6.7) for each given observation. The
parameter space of the proposed model is defined by θd2gda “ θmddbmYθgda; where θgda “
tλm, γmru, @

M
m,r“1. The learning of D2GDA model corresponds to estimating the model
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parameter set θd2gda that maximizes the probability of observing the given input data.
Considering the input view tv,yu, the objective function of the proposed model is given
by the log-likelihood function, which is as follows:

lnLpθd2gda|v,yq “ lnP pv,y|θd2gdaq “ ln
ÿ

h
e´Ed2gdapv,h,yq ´ ln

ÿ

v,h,y
e´Ed2gdapv,h,yq; (6.9)

where h denotes the stack of hidden layers, P pv,y|θd2gdaq represents the probability
assigned to the observation pv,yq by the model parameter set θd2gda, and Ed2gdapv,h,yq
signifies the energy of the joint configuration tv,h,yu. The corresponding partition func-
tion can be defined as Z “

ř

v,h,y
e´Ed2gdapv,h,yq.

The values ofM number of λm and
`

M
2

˘

number of γmr parameters, along with the other
parameters of D2GDA framework, can be obtained through proper learning of the model.
If γmr is learned to be positive, then the energy function in (6.8) decreases with increase in
the dependency between hL1m and hL1r. However, if γmr is learned to be negative, then
Ed2gdapv,h,yq in (6.8) decreases as the corresponding modality-specific representations
become more independent of each other. Since the parameter space of the D2GDA model
is quite large, the gradient ascent on the log-likelihood is commonly used to determine the
optimal parameters of the model. So, the update rule for the parameters of the D2GDA
model is given by

B lnLpθd2gda|v,yq
Bθd2gda

“ ´
ÿ

h
P ph|v,yq

BEd2gdapv,h,yq
Bθd2gda

`
ÿ

v,h,y
P pv,h,yq

BEd2gdapv,h,yq
Bθd2gda

.

(6.10)

Thus, the gradient of the log-likelihood function turns out to be the difference between the
expectation of gradient of energy function under model distribution, referred to as data-
independent expectation, and under the conditional distribution of hidden representation
given the input views, termed as data-dependent expectation.

6.3.3.2 Estimation of Data-Dependent Expectations

Now, the exact maximum likelihood learning is intractable, so the variational learning [142]
is employed to estimate the data-dependent expectation. In variational inference, the
posterior distribution P ph|v,yq is approximated with a tractable mean field distribution
Qph|v,yq « P ph|v,yq. Now, it can be observed that

lnP pv,yq “ ln
ÿ

h
Qph|v,yq

P pv,h,yq
Qph|v,yq

(6.11)

where P pv,h,yq “ p1{Zqe´Ed2ccapv,h,yq represents the probability associated with the joint
configuration tv,h,yu. Since logarithmic is a concave function, applying Jensen’s inequal-
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ity [31], we get

lnP pv,yq ě
ÿ

h
Qph|v,yq ln

P pv,h,yq
Qph|v,yq

“ Lv. (6.12)

Thus, the mean field approximation provides a lower bound Lv on the log-likelihood func-
tion. The difference between true posterior and the variational lower bound, obtained using
mean field theory, is given by

lnP pv,yq ´
ÿ

h
Qph|v,yq

"

lnP pv,yq ` ln
P ph|v,yq
Qph|v,yq

*

“ lnP pv,yq ´ lnP pv,yq `
ÿ

h
Qph|v,yq ln

Qph|v,yq
P ph|v,yq

“ KLpQph|v,yq||P ph|v,yqq, (6.13)

where KLpQph|v,yq||P ph|v,yqq is the Kullback-Leibler divergence between the two dis-
tributions P and Q. So, better approximation of P ph|v,yq implies tighter bound on
lnP pv,yq. Here, let the mean field distribution be defined as

Qph|v,yq “
L1
ź

l“1

M
ź

m“1

Hlm
ź

j“1

qphlmj |v,yq
L2
ź

l“1

Hl
ź

j“1

qphlj |v,yq; (6.14)

where the hidden units thju are considered to be Bernoulli variables with qphj |v,yq “
µ
thj“1u
j p1 ´ µjq

thj“0u and µj denotes the probability of being the state of hj as 1. The
definitions of Qph|v,yq, presented in (6.14), and P pv,h,yq, corresponding to the energy
function obtained in (6.8), are substituted in (6.12) to obtain the final expression of Lv,
which is reported in (6.15).

Lv “
ÿ

h
Qph|v,yq

"

lnP pv,h,yq ´ lnQph|v,yq
*

“
ÿ

h
Qph|v,yq

"

´ Ed2gdapv,h,yq ´ lnZ

*

´
ÿ

h
Qph|v,yq lnQph|v,yq

“

M
ÿ

m“1

Vm
ÿ

i“1

H1m
ÿ

j“1

vmi w
1m
ij µ

1m
j `

L1´1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

Hpl`1qm
ÿ

k“1

µlmj w
pl`1qm
jk µ

pl`1qm
k `

M
ÿ

m“1

Vm
ÿ

i“1

ami v
m
i

`

M
ÿ

m“1

HL1m
ÿ

j“1

H1
ÿ

k“1

µL1m
j w

pL1`1qm
jk µ1

k `

L1
ÿ

l“1

M
ÿ

m“1

Y
ÿ

c“1

Hlm
ÿ

j“1

ycu
lm
cj µ

lm
j `

L2
ÿ

l“1

Y
ÿ

c“1

Hl
ÿ

j“1

ycu
l
cjµ

l
j

`

L2´1
ÿ

l“1

Hl
ÿ

j“1

Hpl`1q
ÿ

k“1

µljw
l
jkµ

pl`1q
k `

L1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

blmj µlmj `

L2
ÿ

l“1

Hl
ÿ

j“1

bljµ
l
j `

Y
ÿ

c“1

dcyc
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`

M
ÿ

m“1

λm

»

–1´
HL1m
ÿ

j“1

!

µL1m
j ´ 2µL1m

j hL1m
j ` phL1m

j q2
)

fi

fl´ lnZ

`

M´1
ÿ

m“1

M
ÿ

r“pm`1q

HL1m
ÿ

j“1

γmr

!

µL1m
j ´ 2µL1m

j hL1m
j ` phL1m

j q2
)!

µL1r
j ´ 2µL1r

j hL1r
j ` phL1r

j q2
)

` 2
M´1
ÿ

m“1

M
ÿ

r“pm`1q

HL1m´1
ÿ

j“1

HL1m
ÿ

k“pj`1q

γmrpµ
L1m
j ´ hL1m

j qpµL1r
j ´ hL1r

j qpµL1m
k ´ hL1m

k qpµL1r
k ´ hL1r

k q

´

L1
ÿ

l“1

M
ÿ

m“1

Hlm
ÿ

j“1

!

µlmj lnµlmj ` p1´ µlmj q lnp1´ µlmj q
)

´

L2
ÿ

l“1

Hl
ÿ

j“1

!

µlj lnµlj ` p1´ µ
l
jq lnp1´ µljq

)

.

(6.15)

Since, the mean field parameters (µ) of Lv, presented in (6.15) define the equilibrium
state of the model, they need to be updated accordingly. In order to obtain the mean
field parameters of the proposed model, the variational bound Lv of (6.15) is maximized
with respect to µ for a fixed parameter set θd2gda. Considering H0m “ V m, µ0m “ vm,

H0 “ HL1m, µ0
kw

1
kj “

M
ř

m“1
µL1m
k w

pL1`1qm
kj , and µl “ 0, @l ą L2, the update rules for the

nodes of the hidden layers, corresponding to the proposed D2GDA model are given by

µlmj “ σ

ˆHpl´1qm
ÿ

k“1

µ
pl´1qm
k wlmkj `

Hpl`1qm
ÿ

k“1

w
pl`1qm
jk µ

pl`1qm
k `

Y
ÿ

c“1

ycu
lm
cj ` b

lm
j

˙

,

for 1 ď l ă L1 and @j,m; (6.16)

µL1m
j “ σ

ˆHpL1´1qm
ÿ

k“1

µ
pL1´1qm
k wL1m

kj `

H1
ÿ

k“1

w
pL1`1qm
jk µ1

k `

Y
ÿ

c“1

ycu
L1m
cj ` bL1m

j

´ λmp1´ 2hL1m
j q `

M
ÿ

r‰m“1

γmrp1´ 2hL1m
j qtµL1r

j ´ 2µL1r
j hL1r

j ` phL1r
j q2u

` 2
M
ÿ

r‰m“1

γmr

HL1m
ÿ

k‰j“1

pµL1r
j ´ hL1r

j qpµL1m
k ´ hL1m

k qpµL1r
k ´ hL1r

k q

˙

, @j,m; (6.17)

µlj “ σ

ˆHpl´1q
ÿ

k“1

µ
pl´1q
k w

pl´1q
kj `

Hpl`1q
ÿ

k“1

wljkµ
pl`1q
k `

Y
ÿ

c“1

ycu
l
cj ` b

l
j

˙

, for 1 ď l ď L2, @j;

(6.18)

where σpxq “
1

1` e´x
is the sigmoid function. Given the equilibrium state of the model,

the parameter set θd2gda of the proposed architecture, corresponding to the data-dependent
expectation, can be learned by maximizing Lv with respect to θd2gda for the equilibrium
mean field parameters µ, obtained using (6.16)-(6.18). The expressions for differentiation
of Lv with respect to each of the parameters are given by
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BLv
Bw1m

ij

“ vmi µ
1m
j ;

BLv
Bwlmjk

“ µ
pl´1qm
j µlmk , for 1 ă l ď L1;

BLv
Bw

pL1`1qm
jk

“ µL1m
j µ1

k;

BLv
Bwljk

“ µljµ
pl`1q
k , for 1 ď l ă L2;

BLv
Bulmcj

“ ycµ
lm
j , for 1 ď l ď L1;

BLv
Bulcj

“ ycµ
l
j , for 1 ď l ď L2;

BLv
Bami

“ vmi ;
BLv
Bblmj

“ µlmj , for 1 ď l ď L1;
BLv
Bdc

“ yc;

BLv
Bblj

“ µlj , for 1 ď l ď L2;
BLv
Bλm

“

ˆ

1´
HL1m
ÿ

j“1

!

µL1m
j ´ 2µL1m

j hL1m
j ` phL1m

j q2
)

˙

;

BLv
Bγmr

“

HL1m
ÿ

j“1

!

µL1m
j ´ 2µL1m

j hL1m
j ` phL1m

j q2
)!

µL1r
j ´ 2µL1r

j hL1r
j ` phL1r

j q2
)

` 2
HL1m´1
ÿ

j“1

HL1m
ÿ

k“pj`1q

pµL1m
j ´ hL1m

j qpµL1r
j ´ hL1r

j qpµL1m
k ´ hL1m

k qpµL1r
k ´ hL1r

k q @m, r.

(6.19)

Thus, the data-dependent expectations are estimated by the gradient ascent on the
lower bound of the log-likelihood function. These expectations are employed in (6.27),
discussed in Section 6.3.3.4, to update the parameters of the proposed architecture, which
exhibits that the parameter updation rule follows Hebb’s postulate. The Hebbian learning
rule is not only considered to be one of the most acknowledged learning rules, but also
compliments the corresponding psychological evidences.

6.3.3.3 Estimation of Data-Independent Expectations

In order to obtain the gradient of log-likelihood function, the energy gradient with re-
spect to the model distribution needs to be estimated. The Markov Chain Monte Carlo
based stochastic approximation procedure [190] is considered to approximate the data-
independent expectations. The idea behind this approach is to sample a new state of
the model from the current state, based on the conditional distributions over visible
and hidden nodes for a fixed parameter set θd2gda. Considering hl “ 0, @l ą L2,

h0
kw

0
kj “

M
ř

m“1
hL1m
k w

pL1`1qm
kj , and H0m, h0m, and H0 are defined as in Section 6.3.3.2,

the conditional distributions corresponding to the proposed D2GDA model are given by

P phlmj |h
pl´1qm,hpl`1qm,yq “ σ

ˆ

Hpl´1qm
ř

k“1

h
pl´1qm
k wlmkj `

Hpl`1qm
ř

k“1

w
pl`1qm
jk h

pl`1qm
k `

Y
ř

c“1
ycu

lm
cj ` b

lm
j

˙

for 1 ď l ă L1,@j,m; (6.20)
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P phL1m
j |hpL1´1qm,h1,hL1m

´j ,hL1r,yq “ σ

ˆ

HpL1´1qm
ř

k“1

h
pL1´1qm
k wL1m

kj `
H1
ř

k“1

w
pL1`1qm
jk h1

k

`
Y
ř

c“1
ycu

L1m
cj ` bL1m

j ´ λmp1´ 2hL1m
j q `

M
ř

r‰m“1
γmrp1´ 2hL1m

j q

ˆ

hL1r
j ´ hL1r

j

˙2

`2
M
ř

r‰m“1

HL1m
ř

k‰j“1

γmrph
L1r
j ´ hL1r

j qphL1m
k ´ hL1m

k qphL1r
k ´ hL1r

k q

˙

, @j,m; (6.21)

where hL1m
´j represents modality-specific hidden representation, corresponding to L1-th

layer of m-th modality, consisting values of all the nodes except hL1m
j . Similarly, the

following update rules can be obtained.

P phlj |h
pl´1q,hpl`1q,yq “ σ

ˆ

Hpl´1q
ř

k“1

h
pl´1q
k w

pl´1q
kj `

Hpl`1q
ř

k“1

wljkh
pl`1q
k `

Y
ř

c“1
ycu

l
cj ` b

l
j

˙

,

for 1 ď l ď L2, @j; (6.22)

P pvmi |h
1mq “ σ

˜

H1m
ř

j“1
w1m
ij h

1m
j ` ami

¸

, @i,m; (6.23)

P pyc|h11, ¨ ¨ ¨ ,hL1M ,h1, ¨ ¨ ¨ ,hL2q “
eXc

Y
ř

c̄“1
eXc̄

;

where Xc “
Lc
ř

l“1

M
ř

m“1

Hlm
ř

j“1
ulmcj h

lm
j `

L2
ř

l“1

Hl
ř

j“1
ulcjh

l
j ` dc, @c. (6.24)

Given that the convergence criteria, discussed in Section 6.4.2, are satisfied, if a Markov
chain is run for sufficient number of steps, then it can be ensured that the chain will con-
verge to an unique stationary distribution such that the subsequent states of the chain will
be accordingly distributed. The gradient of the energy function under model distribution is
estimated by drawing samples from the obtained stationary distribution. So, many persis-
tent chains are run in parallel and states of the chains are sampled based on the conditional
distributions, described in (6.20)-(6.24). Thus, data-independent expectations with respect
to the model parameters are approximated as follows, where the state variables, sampled
from the model distribution, are denoted with superscript tilde (e.g., ṽ):

BEd2gda

Bw1m
ij

“ ṽmi h̃
1m
j ;

BEd2gda

Bwlmjk
“ h̃

pl´1qm
j h̃lmk , for 1 ă l ď L1;

BEd2gda

Bw
pL1`1qm
jk

“ h̃L1m
j h̃1

k;

BEd2gda

Bwljk
“ h̃lj h̃

pl`1q
k , for 1 ď l ă L2;

BEd2gda

Bulmcj
“ ỹch̃

lm
j , for 1 ď l ď L1;

BEd2gda

Bami
“ ṽmi ;

BEd2gda

Bulcj
“ ỹch̃

l
j , for 1 ď l ď L2;

BEd2gda

Bblmj
“ h̃lmj , for 1 ď l ď L1;

BEd2gda

Bdc
“ ỹc;
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BEd2gda

Bblj
“ h̃lj , for 1 ď l ď L2;

BEd2gda

Bλm
“

$

&

%

1´
HL1m
ÿ

j“1

ˆ

h̃L1m
j ´ h̃

L1m
j

˙2
,

.

-

; and

BEd2gda

Bγmr
“

"HL1m
ÿ

j“1

ph̃L1m
j ´ h̃

L1m
j qph̃L1r

j ´ h̃
L1r
j q

*2

@m, r. (6.25)

The data-independent estimates, obtained in (6.25), are considered in (6.27) for learning the
parameter values of the proposed model. As in case of data-dependent estimates, similar
observation can be noticed for data-independent estimates as well, where the learning rule
for the parameters of the architecture follows Hebb’s postulates. Hence, the proposed model
can efficiently learn both the data-dependent and data-independent estimates, using (6.19)
and (6.25), respectively.

6.3.3.4 Learning Rule of D2GDA Model Parameters

Let us assume that t, η, N , S, ρ, and ζ represent the current epoch, learning rate, number
of training observations, number of persistent Markov chains, weight decay, and momen-
tum constant, respectively. Thus, the learning rule for different parameters of the proposed
D2GDA model, required to perform gradient ascent on the log-likelihood function corre-
sponding to the energy function of (6.8), can be defined as:

θ
pt`1q
d2gda “ F

`

θtd2gda `∆θtd2gda

˘

; (6.26)

where ∆θtd2gda “ η

#

1

N

N
ÿ

n“1

ˆ

BLv
Bθd2gda

˙

n

´
1

S

S
ÿ

s“1

ˆ

BEd2gda

Bθd2gda

˙

s

+

´ ρθtd2gda ` ζ∆θ
pt´1q
d2gda,

(6.27)

and F p¨q denotes hyperbolic tangent function in case of balance parameter γmr, and identity
function for the rest of the parameters belonging to θd2gda. Thus, it can be noted here
that in the proposed D2GDA model, the values of γmr are learned in such a way that
γmr P r´1, 1s, and hence, Property 6.4, presented in Section 6.3.1, is satisfied. It can also
be observed that all the parameters of the model are learned simultaneously using (6.26),
and the modification in the parameter values of the D2GDA model at any epoch depends on
the values of pre-synaptic and post-synaptic nodes of the parameter, which is in accordance
with the Hebbian learning rule. Also, subtracting the data-independent expectations from
the corresponding data-dependent terms in (6.26) basically stabilizes the distribution of
parameters as well as allows the proposed model to propagate uncertainties associated
with ambiguous inputs. The learning algorithm of the proposed model is illustrated in
Algorithm 6.1.

6.4 Different Aspects of Proposed Model

In this section, different aspects of the proposed model are studied, which include error
analysis, convergence criterion, and generalization ability of the D2GDA model. The de-

122



Algorithm 6.1 Learning of Proposed D2GDA Model.
Input: Set of N training data vectors tvmuNn“1 for M modalities along with the corre-
sponding set of class labels tyuNn“1, number of persistent chains (S), number of epochs (τ),
learning rate (η), weight decay (ρ), momentum (ζ), and number of Gibbs steps (α).
Output: Final parameter set θτd2gda of the architecture.
1: Perform greedy layer-wise pretraining to initialize the set of model parameters, θ0

d2gda.

2: Randomly initialize S Markov chains tṽm
0
, ỹ0, h̃

1m0

, ¨ ¨ ¨ , h̃
L0m

0

, h̃
pL0`1q0

, ¨ ¨ ¨ , h̃
L0

uSs“1.
3: for each epoch t = 0 to τ do
4: // Variational inference
5: for each training sample n = 1 to N do
6: (i) Run mean field updates using (6.16)-(6.18) until convergence.
7: (ii) Save the obtained mean field parameter (µ) for the corresponding training

sample, µn = µ.
8: end for
9: // Stochastic approximation

10: for each persistent chain s = 1 to S do
11: Run the chain for α-steps and sample the state

tṽm
t`1
, ỹt`1, h̃

1mt`1

, ¨ ¨ ¨ , h̃
L0m

t`1

, h̃
pL0`1qt`1

, ¨ ¨ ¨ , h̃
Lt`1

u from

tṽm
t
, ỹt, h̃

1mt

, ¨ ¨ ¨ , h̃
L0m

t

, h̃
pL0`1qt

, ¨ ¨ ¨ , h̃
Lt

u using (6.20)-(6.24).
12: end for
13: Update the parameters of the model from θtd2gda to θ

pt`1q
d2gda using (6.26).

14: end for

tailed analysis of each of these aspects is discussed next.

6.4.1 Error Analysis of Proposed Model

In the current study, the D2GDA model is developed to classify the observations of the
given multi-view data into different categories. Now, it is well known that Bayes discrim-
inant function provides the optimal solution to any classification problem. In order to
analyze the discriminative ability of the proposed framework, the mean-squared error be-
tween the prediction rule (6.24) of the D2GDA model and Bayes decision rule is studied.
Thus, reduction in the corresponding error will indicate better approximation of Bayes dis-
criminant function by the proposed model, which in turn, will ensure better discriminative
ability of the model.

Let, v be the input visible vector, ωc represents the c-th input class, where C represents
the total number of classes, that is, C “ Y , Ωc denotes the set of all possible visible

vectors, and Ω “
C
Ť

c“1
Ωc signifies the input space. In the proposed D2GDA model, the

class label for the input vector v is predicted as arg max
c
P pyc “ 1|vq, where P pyc “ 1|vq

is obtained using (6.24). Now, the Bayes optimal discriminant functions are given by
gcpvq “ P pωc|vq, @c P t1, 2, ¨ ¨ ¨ , Cu, and the corresponding decision rule is v P ωc if
gcpvq ě gkpvq, @k ‰ c. This decision rule is termed as minimum error decision rule as it
provides the minimum probability of error.
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In order to establish that the prediction criterion (6.24) of the proposed architecture
approximates the Bayes decision rule, it is to be demonstrated that the following error
criterion is minimized through learning of the architecture:

ε2pθd2gdaq “

C
ÿ

c“1

ż

Ω

”

lnP pyc “ 1|vq ´ gcpvq
ı2
ppvqdv. (6.28)

In the proposed framework, learning of the model (6.9) refers to estimating the parameter
values for which the probability of observing the given samples is maximized, that is,

max
θd2gda

#

1

N

ř

v,y
lnP pv,yq

+

“ max
θd2gda

#

N1

N

1

N1

ř

vPΩ1

lnP pv, y1 “ 1q

` ¨ ¨ ¨ `
NC

N

1

NC

ř

vPΩC

lnP pv, yC “ 1q

+

(6.29)

where Nc denotes the number of training observations corresponding to the class ωc. Now,
the number of feature vectors drawn from ppvq for any given class is proportional to the a
priori probability of that class. Considering a class with non-zero probability of occurrence,
N Ñ8 will imply Nc Ñ8. So, by strong law of large numbers, (6.29) can be written as

max
θd2gda

#

1

N

ÿ

v,y
lnP pv,yq

+

“ max
θd2gda

ż

Ω

#

P pω1qppv|ω1q lnP pv, y1 “ 1q ` ¨ ¨ ¨

` P pωCqppv|ωCq lnP pv, yC “ 1q

+

dv

“ max
θd2gda

C
ÿ

c“1

ż

Ω

P pωcqppv|ωcq lnP pv, yc “ 1qdv

“ max
θd2gda

#

C
ÿ

c“1

ż

Ω

P pωcqppv|ωcq lnP pyc “ 1|vqdv`
C
ÿ

c“1

ż

Ω

P pωcqppv|ωcq ln ppvqdv

+

“ max
θd2gda

#

C
ÿ

c“1

ż

Ω

ppvqP pωc|vq lnP pyc “ 1|vqdv

+

`

ż

Ω

ppvq ln ppvqdv

“ max
θd2gda

#

C
ÿ

c“1

ż

Ω

ppvqgcpvq lnP pyc “ 1|vqdv

+

`

ż

Ω

ppvq ln ppvqdv

“ min
θd2gda

#

C
ÿ

c“1

ż

Ω

”

 

lnP pyc “ 1|vq
(2
´ 2gcpvq lnP pyc “ 1|vq `

 

gcpvq
(2
ı

ppvqdv

´

C
ÿ

c“1

ż

Ω

 

lnP pyc “ 1|vq
(2
ppvqdv

+

´

C
ÿ

c“1

ż

Ω

 

gcpvq
(2
ppvqdv`

ż

Ω

ppvq ln ppvqdv
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“ min
θd2gda

#

ε2pθd2gdaq ´

C
ÿ

c“1

ż

Ω

 

lnP pyc “ 1|vq
(2
ppvqdv

+

´

C
ÿ

c“1

ż

Ω

 

gcpvq
(2
ppvqdv

`

ż

Ω

ppvq ln ppvqdv. (6.30)

Hence, it can be observed that learning of the proposed architecture with prediction crite-
rion (6.24) attempts to provide a classifier which is mean-squared error approximation to
the Bayes optimal classifier. So, minimization of the mean-squared error depends on the ef-
ficient learning of the model parameters, which in turn, depends on the model architecture.
Thus, by modifying the architecture of the model or parameter values, the discriminative
ability of the model can be varied. Hence, there must exist a relation between the model
architecture and the values of the parameters with the error probability of the proposed
D2GDA model.

Because of the resemblance of prediction criterion between the proposed method and
Bayes decision rule, the error probability of the D2GDA model can be defined in accordance
with the Bayes multi-class classifier [169], which is given by

Pe “ ErP pe|vqs “ Er1´maxc P pyc “ 1|vqs

ď 2
ř

vPΩ
ppvq

C´1
ř

c“1

C
ř

k“pc`1q

P pyc “ 1|vqP pyk “ 1|vq. (6.31)

In the current study, P pyc “ 1|vq is defined as conditional distribution in (6.24), which can
be replaced in (6.31) and the corresponding upper bound on the error probability of the
D2GDA model can be obtained as

Pe ď
ř

vPΩ
ppvq

$

’

’

’

&

’

’

’

%

2
C´1
ř

c“1

C
ř

k“pc`1q

eXc

C
ř

c̄“1
eXc̄

eXk

C
ř

k̄“1

eXk̄

,

/

/

/

.

/

/

/

-

ñ Pe ď
ř

vPΩ
ppvq

$

’

’

’

’

&

’

’

’

’

%

C
ř

c“1
e2Xc ` 2

C´1
ř

c“1

C
ř

k“pc`1q

eXceXk ´
C
ř

c“1
e2Xc

ˆ

C
ř

c̄“1
eXc̄

˙2

,

/

/

/

/

.

/

/

/

/

-

ñ Pe ď
ř

vPΩ
ppvq

$

’

’

’

&

’

’

’

%

1´

C
ř

c“1

ˆ

eXc

˙2

ˆ

C
ř

c̄“1
eXc̄

˙2

,

/

/

/

.

/

/

/

-

(6.32)

where Xc “
L1
ř

l“1

M
ř

m“1

Hlm
ř

j“1
ulmcj h

lm
j `

L2
ř

l“1

Hl
ř

j“1
ulcjh

l
j ` dc. (6.33)

So, an upper bound of the error probability Pe is achieved in terms of Xc, which depends
on both architecture as well as parameters of the model. Through proper learning of the
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model parameters, the upper bound on the error probability can be minimized. Also, by
suitably varying the model architecture, a tighter bound on Pe can be achieved.

Let, u1
c “ min

j,l,m
tulmcj u, h

1 “ min
j,l,m

thlmj u, u
2
c “ min

j,l
tulcju, h

2 “ min
j,l
thlju, H

1 “ min
l,m
tH lmu,

and H2 “ min
l
tH lu. So,

Xc ď L1MH1u1
ch

1 ` L2H
2u2
ch

2. (6.34)

If the value of Xc in (6.33) is substituted with the formulation of (6.34), the inequality will
still hold, which is given by

Pe ď
ÿ

vPΩ
ppvq

$

’

’

’

&

’

’

’

%

1´

C
ř

c“1
e2L1MH1u1

ch
1`2L2H2u2

ch
2

ˆ

C
ř

c“1
eL1MH1u1

ch
1`L2H2u2

ch
2

˙2

,

/

/

/

.

/

/

/

-

. (6.35)

It can be observed from (6.35) that instead of heuristically determining the architecture of
the proposed framework, an optimal deep architecture can be obtained for the analysis of
the given multi-view data. Apart from the model parameters and architecture of the pro-
posed D2GDA framework, the error probability also depends on the nature and complexity
of the given classification problem.

6.4.2 Convergence Analysis

In the proposed D2GDA model, variational learning is employed to estimate the data-
dependent expectations inSection 6.3.3.2. It provides a lower bound Lv : R|θd2gda| ÞÑ R on
the log-likelihood function (6.15) of the proposed model. Given an equilibrium state, the
parameter set θd2gda of the model is updated by applying gradient ascent on Lv. In this
section, the convergence of the gradient ascent algorithm on Lv is discussed.

The gradient function of Lv, corresponding to the energy function of (6.8), can be
expressed as

∇Lvpθd2gdaq “

»

–

BLvpθd2gdaq

Bw1m
ij

¨ ¨ ¨
BLvpθd2gdaq

Bw
pL1`1qm
jk

BLvpθd2gdaq

Bw1
jk

¨ ¨ ¨
BLvpθd2gdaq

Bw
pL2´1q
jk

BLvpθd2gdaq

Bu1m
cj

¨ ¨ ¨
BLvpθd2gdaq

BuL1m
cj

BLvpθd2gdaq

Bu1
cj

¨ ¨ ¨
BLvpθd2gdaq

BuL2
cj

BLvpθd2gdaq

Bami

BLvpθd2gdaq

Bb1mj
¨ ¨ ¨

BLvpθd2gdaq

BbL1m
j

BLvpθd2gdaq

Bb1j

BLvpθd2gdaq

BbL2
j

BLvpθd2gdaq

Bdc

BLvpθd2gdaq

Bλm

BLvpθd2gdaq

Bγmr

ffT

;@i, j, k, c,m, r, (6.36)

where T denotes the transpose operator. The gradient of Lvpθd2gdaq with respect to each of
the parameters can be obtained using (6.19), which makes it clear that the gradient function
∇Lvpθd2gdaq is independent of θd2gda, that is, ∇Lvpθd2gda_1q “ ∇Lvpθd2gda_2q, @θd2gda_1,
θd2gda_2 P θd2gda. The independence of ∇Lvpθd2gdaq with respect to the parameters of
D2GDA model is evident since each parameter of the model is included in the corre-
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sponding energy function Ed2gdapv,h,yq as an additive term. So, it can be said that
Lv is a differential function having β-Lipschitz continuous gradient for some β ě 0, that
is, }∇Lvpθd2gda_1q ´ ∇Lvpθd2gda_2q}2 ď β}θd2gda_1 ´ θd2gda_2}2. For a function having
β-Lipschitz gradient, it is known that @θd2gda_1, θd2gda_2 P θd2gda,

Lvpθd2gda_1q ď Lvpθd2gda_2q `∇Lvpθd2gda_2q
T
pθd2gda_1 ´ θd2gda_2q

`
1

2
β}θd2gda_1 ´ θd2gda_2}

2
2
. (6.37)

Let, θd2gda_1 “ θtd2gda and θd2gda_2 “ θ
pt`1q
d2gda, where t denotes the current epoch. Now,

substituting the values of θd2gda_1 and θd2gda_2, and rearranging the terms in (6.37), we
get

Lvpθpt`1q
d2gdaq ěLvpθ

t
d2gdaq `∇Lvpθ

pt`1q
d2gdaq

T
pθ
pt`1q
d2gda ´ θ

t
d2gdaq ´

1

2
β}θ

pt`1q
d2gda ´ θ

t
d2gda}

2

2
.

Since gradient ascent algorithm on Lv is employed in the proposed model to learn the
parameter values of θd2gda, it is obvious that θpt`1q

d2gda “ θtd2gda ` η∇Lvpθtd2gdaq, where η
denotes the learning rate. Now, considering the independence property of ∇Lvpθd2gdaq in
the proposed model, that is, ∇Lvpθpt`1q

d2gdaq “ ∇Lvpθ
t
d2gdaq, we have

Lvpθpt`1q
d2gdaq ě Lvpθ

t
d2gdaq ` ηp1´

1

2
βηq}∇Lvpθtd2gdaq}

2

2
.

Assuming η to be small enough such that η ď
1

β
, we get p1´

1

2
βηq ě

1

2
. Thus, we have

Lvpθpt`1q
d2gdaq ě Lvpθ

t
d2gdaq `

1

2
η}∇Lvpθtd2gdaq}

2

2
. (6.38)

Let θ˚d2gda be the optimal parameter set that maximizes the lower bound, or equiva-
lently maximizes the log-likelihood function of the proposed model in such a way that,
Lvpθ˚d2gdaq ě Lvpθd2gdaq,@θd2gda P θd2gda. Now, since Lvpθd2gdaq is defined as a linear
function of θd2gda in (6.15), we have

Lvpθtd2gdaq “ Lvpθ˚d2gdaq `∇Lvpθtd2gdaq
T
pθtd2gda ´ θ

˚
d2gdaq. (6.39)

Using (6.39) in (6.38), we get

Lvpθ˚d2gdaq ´ Lvpθ
pt`1q
d2gdaq ď ´∇Lvpθ

t
d2gdaq

T
pθtd2gda ´ θ

˚
d2gdaq ´

1

2
η}∇Lvpθtd2gdaq}

2

2

ñ Lvpθ˚d2gdaq ´ Lvpθ
pt`1q
d2gdaq ď

1

2η

!

}θtd2gda ´ θ
˚
d2gda}

2

2
´ }θtd2gda ´ θ

˚
d2gda}

2

2
´ }η∇Lvpθtd2gdaq}

2

2

´ 2η∇Lvpθtd2gdaq
T
pθtd2gda ´ θ

˚
d2gdaq

)

ñ Lvpθ˚d2gdaq ´ Lvpθ
pt`1q
d2gdaq ď

1

2η

!

}θtd2gda ´ θ
˚
d2gda}

2

2
´ }θt`1

d2gda ´ θ
˚
d2gda}

2

2

)

.
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Taking summation over iteration till t “ τ , we get
T
ÿ

t“0

!

Lvpθ
˚
d2gdaq ´ Lvpθ

t`1
d2gdaq

)

ď
1

2η

T
ÿ

t“0

!

}θtd2gda ´ θ
˚
d2gda}

2

2
´ }θt`1

d2gda ´ θ
˚
d2gda}

2

2

)

ñ τLvpθ˚d2gdaq ´

τ´1
ÿ

t“0

Lvpθt`1
d2gdaq ď

1

2η

!

}θ0
d2gda ´ θ

˚
d2gda}

2

2
´ }θτd2gda ´ θ

˚
d2gda}

2

2

)

.

Since Lvpθd2gdaq is an increasing function of θd2gda, we can replace
τ´1
ř

t“0
Lvpθpt`1q

d2gdaq with

τLvpθτd2gdaq and the inequality will still hold. Thus, we get

Lvpθ˚d2gdaq ´ Lvpθτd2gdaq ď
1

2ητ

!

}θ0
d2gda ´ θ

˚
d2gda}

2

2
´ }θτd2gda ´ θ

˚
d2gda}

2

2

)

ď
1

2ητ
}θ0
d2gda ´ θ

˚
d2gda}

2

2
. (6.40)

From (6.40), it can be concluded that the variational learning algorithm in the proposed
D2GDA model converges with a rate Op 1

τ q after τ iterations, if the learning rate is consid-

ered to be small enough, that is, η ď
1

β
.

Now, stochastic approximation procedure is considered in the proposed model to ap-
proximate data-independent expectations. Convergence of the procedure to an asymptot-
ically stable point is already established in [218, 220]. One necessary condition requires
the learning rate (η) to decrease with iteration t, so that the algorithm eventually settles

down to a fixed state. So, it is required that
8
ř

t“0
ηt “ 8 and

8
ř

t“0
η2
t ă 8. This condition

can be trivially satisfied by setting ηt “ a
b`t , for constants a ą 0 and b ą 0. Also, in

practice, the sequence |θtd2gda| is bounded and the Markov chain is ergodic which, along
with the condition on learning rate, establish the convergence of stochastic approximation
procedure. Together with the condition on the variational learning (6.40), this ensures the
convergence of the proposed D2GDA model.

6.4.3 Generalization Ability of Proposed Model

In this section, various state-of-the-art approaches, such as canonical correlation analysis
(CCA) [78], generalized multi-view principal component analysis (GMPCA) [171], and
partial least squares (PLS) [207], are demonstrated as special cases of the energy function
Egda, proposed in (6.8).

6.4.3.1 Canonical Correlation Analysis

In CCA [78], the main objective is to maximize the correlation between each pair of given
input modalities. Let, γmr “ 1 and hL1m “ 0, @Mm,r“1. So, the energy function Egdaphq,
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presented in (6.8), reduces to

Eccaphq “ ´
M´1
ř

m“1

M
ř

r“pm`1q

#

HL1m
ř

j“1
hL1m
j hL1r

j

+2

´
M
ř

m“1
λm

˜

1´
HL1m
ř

j“1
phL1m
j q

2

¸

. (6.41)

Here, the first term
HL1m
ř

j“1
hL1m
j hL1r

j corresponds to the trace of covariance between hL1m

and hL1r, and the second term represents the constraint that the variance of hL1m is equal
to 1. So, in order to minimize the energy function Eccaphq in (6.41), trpcovphL1m,hL1rqq

is to be maximized subject to the constraint that varphL1mq “ 1. So, the energy function
Eccaphq in (6.41) is essentially the Lagrangian of the CCA. Now, if Eccaphq, obtained in
(6.41), is considered in the energy function Ed2gdapv,h,yq of (6.8), then the joint represen-
tation of the MDDBM architecture will be learned from maximally correlated modality-
specific subspaces, and hence, the corresponding model is referred to as MDDBM_CCA.
For efficient learning of the parameters of the MDDBM_CCA model, the first term of
variational lower bound Lv, the update rule for µL1m

j , and the conditional distribution
P phL1m

j |hpL1´1qm,h1,hL1m
´j ,hL1r,yq are required to be modified by suitably replacing the

values of γmr and hL1m in (6.15), (6.17), and (6.21), respectively.

6.4.3.2 Generalized Multi-View Principal Component Analysis

The GMPCA [171] aims to determine the direction where the variance of each given modal-
ity as well as the covariance between every pair of modalities are maximized. Suppose,
γmr “ 1, λm “ ´1, and hL1m “ 0, @m, r. In this case, the energy function Egdaphq of
(6.8) is reduced to

Egmpcaphq “ ´
M´1
ÿ

m“1

M
ÿ

r“pm`1q

#

HL1m
ÿ

j“1

hL1m
j hL1r

j

+2

´

M
ÿ

m“1

HL1m
ÿ

j“1

phL1m
j q

2
. (6.42)

From (6.42), it can be observed that the first term represents the squared value of trace of
covariance between every pair of modality-specific hidden representations, while the second
term denotes the variance of hL1m, @m. So, in order to detect the optimal minima in the
given energy landscape, both the variance and covariance terms need to be maximized,
which is primarily the objective of the GMPCA. The deep framework obtained by consid-
ering Egmpcaphq of (6.42) in the energy function of (6.8) is termed as MDDBM_GMPCA.
The update rule for the model parameters can be determined by substituting γmr, λm, and
hL1m values in (6.15), (6.17), and (6.21), respectively.

6.4.3.3 Partial Least Squares

The objective of PLS [207] is to maximize the covariance between each pair of input modal-
ities. Assume, γmr “ 1, λm “ 0, and hL1m “ 0, @m, r. In such a scenario, the energy
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function Egdaphq of (6.8) turns out to be

Eplsphq “ ´
M´1
ÿ

m“1

M
ÿ

r“pm`1q

#

HL1m
ÿ

j“1

hL1m
j hL1r

j

+2

. (6.43)

It is evident from (6.43) that Eplsphq is the negative of the squared value of trpcovphL1m,
hL1rqq, @m, r. Hence, in order to minimize Eplsphq in (6.43), the covariance between
each pair of modality-specific hidden representations is required to be maximized, which is
clearly the objective of PLS. Now, if the energy function Eplsphq of (6.43) is employed in
the overall energy function Ed2gdapv,h,yq of (6.8), then the joint subspace of the MDDBM
architecture will be formed in such a way that the covariance between the modality-specific
representations in the projected space is maximum. The deep framework, obtained using
the energy function of (6.43), is termed as MDDBM_PLS, which can be learned by re-
placing γmr, λm, and hL1m values in (6.15), (6.17), and (6.21), respectively.

Thus, the proposed loss function is the generalization of the three acknowledged fea-
ture extraction techniques, namely, CCA, GMPCA, and PLS. In this context, it is to be
mentioned here that, if γmr “ 0, λm “ 0, and hL1m “ 0, @m, r, then the D2GDA model
boils down to the MDDBM model.

6.5 Experimental Results and Discussions

In this section, the performance of the proposed D2GDA model is extensively studied
and the corresponding results are reported. In order to evaluate the efficacy of the pro-
posed architecture, several existing algorithms are considered, which include RGCCA [187],
MCCA [96], GMCCA [25], GMKCCA [25], LasCCA [53], DisCCA [53], MvDA [92], MvDA-
VC [93], MvCCDA [217], MDBM [180], dMCCA [178], TOCCA [30], DACCA [44], DCCA-
VG [193], TDDCCA [37], MDL-CW [157], MMGNN [54], MvLDAN [79], mgRBM [221],
TCCA [213], and MVGAN [209]. The performance of the proposed approach as well
as existing methods is demonstrated in terms of both training-testing and 10-fold cross-
validation (CV). In case of training-testing, overall classification accuracy is considered,
while mean, median, standard deviation, and p-values computed using paired-t (one-tailed)
and Wilcoxon signed-rank (one-tailed) tests, with 95% confidence level, are employed for
10-fold CV.

6.5.1 Description of Data Sets

In order to evaluate the performance of different algorithms, seven benchmark databases,
namely, Digits [63], Caltech [114], CiteSeer [161], Cora [161], NUS-WIDE-OBJECT (NW-
OBJECT) [27], Reuters [7], and Animals with Attributes (AwA) [208], and five can-
cer data sets are considered. The Digits, Caltech, NW-OBJECT, and AwA are image
based databases, CiteSeer and Cora consist of scientific publications with annotated labels,
whereas Reuters is a multilingual categorization data set, containing documents written
in English language with the corresponding translations in four different languages. Five
real-life omics data sets, corresponding to cervical carcinoma (CESC), colorectal carcinoma
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(CRC), kidney carcinoma (KIDNEY), lower grade glioma (LGG), and lung carcinoma
(LUNG), are obtained from The Cancer Genome Atlas [194].

Table 6.1: Description of Data Sets

Data SampleClassView V 1 V 2 V 3 V 4 V 5 V 6

Benchmark AwA 30475 50 6 2688 2000252 2000 20002000

Omics CRC 261 2 4 293526 222 23613465 - -
KIDNEY 305 2 5 300451 174 209205029059 -

It is to be noted here that while Digits and Caltech data sets exhibit large variance
in the dimensionality of the input feature sets, CiteSeer and Cora databases have large
number of features in the corresponding feature sets. The NW-OBJECT data set has large
number of samples with small number of features in each view, whereas Reuters and AwA
databases have large number of samples with large dimension of each of the feature sets.
On the other hand, the omics data sets offer the problem of high dimensional feature sets
with small number of samples. A brief description of the CiteSeer, Cora, NW-OBJECT,
Reuters, CESC, and LGG data sets is presented in Chapter 4, whereas the description
of Digits, Caltech, and LUNG databases is illustrated in Chapter 5. In addition to the
aforementioned data sets, the AwA, CRC, and KIDNEY databases are also considered
in this chapter for performance analysis of different algorithms. The number of samples,
number of classes, number of views, and number of features in each view corresponding to
these three databases, are tabulated in Table 6.1. Each data set is randomly partitioned
into two sets for training-testing and ten separate folds for 10-fold CV. In both the cases,
the samples are equally distributed with respect to given classes. Detailed description of
all the data sets is reported in Appendix A.

6.5.2 Model Architecture Based on Error Bound

In existing literature, the architecture of a deep framework is heuristically determined for
all the databases under consideration. Hence, it does not take into account the diversities
present in the nature of the problem as well as the complexities associated with the given
data sets. However, in the proposed method, an upper bound on the error probability
(6.35) is estimated in terms of the architecture of the model, which enables the framework
to select an optimal architecture for the analysis of the given multi-view data. In the current
study, greedy layer-wise pretraining [163] is performed to initialize the model parameters
sensibly.

In order to determine the optimal number of layers in the proposed D2GDA model,
extensive experiments are carried out on both benchmark and omics data sets. During
the pretraining, the number of modality-specific hidden layers (L1) is varied from 1 to 5
for each of the data sets, keeping the number of joint hidden layers (L2) fixed at 1 and
the corresponding values of error bound are noted. Then, L1 is fixed at the value for
which the error bound has achieved the minimum value, while L2 is varied from 1 to 5
and the variation in the error bound is observed. The value of L2 for which error bound
attains the minimum value is considered for the analysis of the particular data set. The
variation of error bound with respect to L1 and L2, corresponding to the benchmark and
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omics databases, are presented in Figure 6.2 and Figure 6.3, respectively, for both training-
testing and 10-fold CV. The optimal values of L1 and L2, obtained from the corresponding
error plots, are tabulated in Table 6.2. It establishes the fact that different number of
layers is required by the proposed deep architecture to address the challenges offered by
each of the data sets for various experimental set-up.
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Figure 6.2: Variation of error bound with respect to the architecture of the proposed
D2GDA model on benchmark data.
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Figure 6.3: Variation of error bound with respect to the architecture of the proposed
D2GDA framework (top row: training-testing and bottom row: 10-fold CV on omics data).

The hidden nodes of the architecture are represented by the corresponding probability
values and the parameters are updated based on the mini-batches formed from the given
set of training samples. The number of hidden nodes is upper bounded by Theorem 6.3,
presented in Section 6.3.1. Each of the L1 layers consists of 25 hidden nodes, whereas
the L2 joint layers have 10 hidden nodes each. The number of epochs, and the values of
momentum and weight decay are considered to be 100, 0.5, and 0.0005, respectively. The
value of learning rate is initialized at 0.01 and then, gradually decreased with the increase
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Table 6.2: Optimal Number of Layers for D2GDA Model Based on Estimated Error Bound

Different Different Data Sets Number of Layers
Metrices pL1, L2q

T
ra
in
in
g-
T
es
ti
ng Benchmark

Digits 4,2
Caltech 4,2
CiteSeer 3,2
Cora 5,4

NW-OBJECT 4,3
Reuters 5,5
AwA 4,4

Omics

CESC 1,3
CRC 1,2

KIDNEY 2,2
LGG 2,4
LUNG 4,2

10
-f
ol
d
C
V

Omics

CESC 5,4
CRC 1,2

KIDNEY 5,2
LGG 1,4
LUNG 5,2

in number of epochs. For the estimation of data-independent expectations, 100 Gibbs steps
and 20 separate Markov chains are considered.

6.5.3 Effectiveness of Proposed D2GDA Model

Various state-of-the-art feature extraction methods, namely CCA [78], GMPCA [171], and
PLS [207], can be expressed as special cases of the proposed loss function employed in
the D2GDA model. So, for different values of γmr, λm, and hL1m, the energy function
of the proposed D2GDA framework reduces to the objective function of MDDBM, MD-
DBM_CCA, MDDBM_GMPCA, and MDDBM_PLS models. In order to establish the
effectiveness of the proposed model, the performance of the D2GDA framework is exten-
sively studied in comparison to its different variants on seven benchmark databases and
five omics data sets, considering both training-testing and 10-fold CV. The corresponding
results are reported in Figure 6.4, Table 6.3, and Table 6.4. It is to be mentioned here
that the architecture remains the same for the proposed model as well as the variants
corresponding to each of the data sets. Only the learning objectives are changed based
on the values of γmr, λm, and hL1m, in (6.15), (6.17), and (6.21), respectively. The scatter
plots of Figure 6.4 are depicted by considering the most relevant feature at x-axis and
the corresponding most significant feature at y-axis, obtained using the concept of rough
hypercuboid approach [126]. The first row of Figure 6.4 corresponds to MDDBM frame-
work, the second, third, and fourth rows refer to MDDBM_CCA, MDDBM_GMPCA,
and MDDBM_PLS models, respectively, while the plots of last row are obtained from the
proposed D2GDA framework.
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Considering the scatter plots of Figure 6.4 corresponding to the benchmark databases,
it can be observed that all the classes of Digits data set can be properly identified by
the different variants of the proposed model. For Caltech, AwA, and Reuters databases,
although the samples from different classes tend to overlap for MDDBM architecture, the
separation between the classes has improved for rest of the models. However, in case of Cite-
Seer and Cora data sets, almost similar plots are obtained for all the models. This result
is also reflected in Table 6.3, where the classification accuracy on benchmark databases
is presented for training-testing. From the results reported in Table 6.3, it can be ob-
served that significant improvement in the performance can be noted for all the models in
comparison to MDDBM framework on Caltech, AwA, and Reuters data sets, whereas com-
parable classification accuracy is achieved by the frameworks in case of CiteSeer and Cora
databases. Although MDDBM_GMPCA and MDDBM_PLS perform better than the
proposed model in CiteSeer and Cora databases, respectively, the D2GDA model performs
significantly better on Digits, Caltech, NW-OBJECT, Reuters, and AwA data sets.

Table 6.3: Comparative Performance Analysis of Different Variants of Proposed D2GDA
Model on Benchmark Database

Data MDDBM MDDBM MDDBM MDDBM D2GDA_CCA _GMPCA _PLS
Digits 85.60 91.60 88.80 90.00 97.30
Caltech 74.14 83.78 82.51 84.28 92.52
CiteSeer 71.93 73.02 73.48 71.30 73.12
Cora 64.37 82.13 81.69 83.02 82.46

NW-OBJECT 43.75 46.97 46.44 49.38 55.39
Reuters 61.25 67.45 62.74 74.26 86.70
AwA 56.86 59.76 65.40 60.04 68.57

The scatter plots of Figure 6.4 corresponding to the omics data sets demonstrate that
all the given classes can be efficiently identified by the proposed architecture. While the
classes are well separated for all the variants on KIDNEY and LUNG data, the separation
between the samples of different categories has detoriated in case of rest of the data sets.
This observations can be validated from the results reported in Table 6.4, where it can
be noted that considerable classification accuracy is obtained by almost all the variants
of the proposed model on KIDNEY and LUNG databases. Although the highest classi-
fication accuracy is achieved by the proposed framework on all the cancer data sets for
both training-testing and 10-fold CV, significant improvement in the performance of the
D2GDA model is noted on CESC, CRC and LGG data sets. The statistical significance
analysis reveals that out of the total 40 cases, the proposed model attains significantly
better p-values in 30 cases and better but not significant p-values for the rest 10 cases.

6.5.4 Comparative Performance Analysis

Finally, the performance of the proposed D2GDA model is studied on seven benchmark and
five omics data sets with reference to several existing approaches, which include consensus
principle based methods, complementary principle based approaches, and both consensus
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and complementary principles based approaches. The corresponding results are reported
in Table 6.5, Table 6.6, Table 6.7, Table 6.8, Table 6.9, and Table 6.10. The scatter plots of
the existing approaches as well as the proposed D2GDA model are depicted in Figure 6.5.
It is to be mentioned here that, in case of proposed framework, the class labels of input
samples are predicted from the architecture itself. Hence, no classifier is employed in the
proposed method for classification purpose.

Table 6.4: Performance Analysis of Different Variants of Proposed Model on Omics Data

Data Different MDDBMMDDBM MDDBM MDDBMD2GDAMetrics _CCA _GMPCA _PLS

C
E
SC

Train-Test 67.31 61.54 59.62 57.69 78.85

10
-f
ol
d
C
V Mean 64.17 70.00 72.50 70.00 84.17

Median 66.67 66.67 75.00 70.83 83.33
StdDev 5.62 8.96 13.64 11.92 6.15

Paired-t :p 1.62E-04 2.14E-03 1.24E-02 4.73E-03 -
Wilcoxon:p 3.48E-03 7.23E-03 2.11E-02 1.20E-02 -

C
R
C

Train-Test 78.46 80.00 77.69 79.23 85.50

10
-f
ol
d
C
V Mean 71.11 83.33 84.07 82.59 87.04

Median 74.07 81.48 85.19 81.48 88.89
StdDev 15.20 5.59 6.31 5.25 4.00

Paired-t :p 6.26E-03 1.15E-02 7.63E-02 6.50E-03 -
Wilcoxon:p 2.34E-03 7.97E-03 8.59E-02 1.36E-02 -

K
ID

N
E
Y

Train-Test 98.03 98.03 96.05 94.74 98.68

10
-f
ol
d
C
V Mean 90.32 99.35 99.35 98.10 99.68

Median 91.94 100.00 100.00 98.21 100.00
StdDev 8.60 1.36 1.36 0.42 1.02

Paired-t :p 3.84E-03 2.96E-01 1.72E-01 1.53E-03 -
Wilcoxon:p 3.68E-03 2.82E-01 1.59E-01 6.06E-03 -

LG
G

Train-Test 79.57 75.00 71.81 77.13 90.32

10
-f
ol
d
C
V Mean 63.95 86.32 84.47 81.58 98.68

Median 63.16 85.53 82.89 81.58 98.68
StdDev 6.08 7.42 6.50 3.51 1.39

Paired-t :p 1.28E-08 2.90E-04 2.13E-05 1.51E-08 -
Wilcoxon:p 2.50E-03 3.42E-03 2.50E-03 2.45E-03 -

LU
N
G

Train-Test 94.51 95.24 94.87 94.51 96.34

10
-f
ol
d
C
V Mean 90.18 96.96 96.61 96.79 97.32

Median 91.96 97.32 96.43 98.21 98.21
StdDev 7.49 2.92 3.09 3.24 2.95

Paired-t :p 3.24E-03 2.22E-01 1.84E-02 9.67E-02 -
Wilcoxon:p 3.79E-03 2.98E-01 3.17E-02 2.46E-01 -
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Table 6.5: Comparative Performance Analysis of Consensus Principle Based Methods on
Benchmark Databases

Data RGCCA MCCA GMCCA GMKCCA LasCCA DisCCA DCCA-VG MDL-CW D2GDA
Digits 90.30 87.00 11.20 6.60 10.20 5.60 89.00 86.40 97.20
Caltech 33.71 41.83 4.82 7.48 4.06 3.17 49.68 54.25 92.52
CiteSeer 27.61 58.13 23.43 24.98 22.25 20.71 37.33 42.05 73.12
Cora 52.16 32.85 30.97 30.19 31.63 30.19 44.62 41.40 82.46

NW-OBJECT 18.91 30.34 4.56 6.43 7.40 10.93 19.23 18.20 55.39
Reuters 55.26 57.50 24.78 28.69 28.67 23.27 64.38 62.69 86.70
AwA 6.90 15.08 1.58 3.09 1.59 1.94 46.59 59.58 68.57

Table 6.6: Performance Analysis of Consensus Principle Based Approaches on Omics Data

DataDifferent Metrics RGCCA MCCA GMCCA GMKCCA LasCCA DisCCA DCCA-VG MDL-CW D2GDA

C
E
SC

Train-Test 61.54 38.46 42.31 44.23 42.31 36.54 65.38 65.38 78.85

10
-f
ol
d
C
V Mean 75.00 45.83 49.17 38.33 35.00 39.17 67.50 69.17 84.17

Median 79.17 50.00 50.00 41.67 33.33 33.33 70.83 66.67 83.33
StdDev 13.03 13.75 14.41 11.92 15.61 10.43 16.87 14.72 6.15

Paired-t :p 1.21E-02 1.55E-05 6.79E-05 1.23E-07 9.46E-07 2.45E-07 2.94E-03 5.00E-03 -
Wilcoxon:p 1.55E-02 2.49E-03 2.49E-03 2.47E-03 2.50E-03 2.47E-03 8.81E-03 1.24E-02 -

C
R
C

Train-Test 83.85 73.85 83.85 50.77 78.46 73.08 77.69 76.15 85.50

10
-f
ol
d
C
V Mean 81.85 60.74 78.52 54.07 78.52 62.59 76.30 77.04 87.04

Median 83.33 62.96 81.48 55.56 77.78 68.52 75.93 77.78 88.89
StdDev 5.64 10.36 7.57 8.59 4.20 13.23 4.68 3.83 4.00

Paired-t :p 8.24E-03 5.10E-05 2.74E-03 9.26E-07 3.10E-04 6.43E-05 1.87E-04 1.04E-05 -
Wilcoxon:p 1.41E-02 2.53E-03 6.14E-03 2.52E-03 2.50E-03 2.50E-03 3.79E-03 2.38E-03 -

K
ID

N
E
Y

Train-Test 91.45 55.92 85.53 82.89 74.34 58.55 93.42 92.76 98.68

10
-f
ol
d
C
V Mean 92.90 60.97 75.81 81.61 79.03 60.97 96.45 95.48 99.68

Median 91.94 61.29 77.42 83.87 77.42 64.52 96.77 95.16 100.00
StdDev 4.76 6.17 6.32 7.91 10.99 8.93 2.82 3.12 1.02

Paired-t :p 9.15E-04 7.22E-09 3.05E-07 2.92E-05 1.42E-04 1.48E-07 4.23E-03 1.86E-03 -
Wilcoxon:p 5.61E-03 2.34E-03 2.45E-03 2.50E-03 2.39E-03 2.46E-03 1.16E-02 7.88E-03 -

LG
G

Train-Test 41.40 39.78 33.33 38.71 44.09 29.03 77.96 73.12 90.32

10
-f
ol
d
C
V Mean 45.00 35.53 40.53 33.16 38.68 38.68 51.32 76.84 98.68

Median 47.37 34.21 40.79 31.58 36.84 38.16 51.32 77.63 98.68
StdDev 10.99 7.67 8.70 4.99 7.95 7.24 3.34 7.63 1.39

Paired-t :p 6.57E-08 1.10E-09 2.85E-09 2.97E-12 7.39E-10 7.39E-10 1.43E-11 2.97E-06 -
Wilcoxon:p 2.47E-03 2.46E-03 2.50E-03 2.50E-03 2.47E-03 2.50E-03 2.49E-03 2.50E-03 -

LU
N
G

Train-Test 87.91 46.52 68.86 86.08 82.42 47.62 89.74 93.77 96.34

10
-f
ol
d
C
V Mean 87.68 51.43 68.39 86.07 85.18 50.71 94.11 93.93 97.32

Median 86.61 50.89 69.64 87.50 85.71 48.21 95.54 95.54 98.21
StdDev 4.16 3.13 7.48 8.32 6.68 8.84 4.69 4.31 2.95

Paired-t :p 8.00E-05 2.72E-12 2.45E-07 8.54E-04 1.01E-04 1.92E-08 5.99E-03 2.00E-04 -
Wilcoxon:p 2.50E-03 2.53E-03 2.53E-03 2.53E-03 2.52E-03 2.53E-03 5.81E-03 3.30E-03 -

6.5.4.1 Performance of Consensus Principle Based Methods

In this section, several state-of-the-art consensus principle based methods are considered for
performance evaluation of the proposed D2GDA model, namely RGCCA [187], MCCA [96],
GMCCA [25], GMKCCA [25], LasCCA [53], DisCCA [53], DCCA-VG [193], and MDL-
CW [157]. Out of these methods, RGCCA, MCCA, GMCCA, GMKCCA, LasCCA, and
DisCCA are classical approaches, whereas DCCA-VG and MDL-CW are deep learning
models. The scatter plots corresponding to the MCCA, GMCCA, GMKCCA, LasCCA,
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and DisCCA approaches are presented in Figure 4.3 of Chapter 4, whereas the scatter plots
for RGCCA method are depicted in Figure 5.3 on both benchmark and omics databases.
The plots corresponding to the DCCA-VG and MDL-CW models are illustrated in Fig-
ure 4.4 of Chapter 4 and Figure 5.4 of Chapter 5, respectively. The scatter plots corre-
sponding to the proposed D2GDA framework are presented in Figure 6.5. Each of the
existing classical algorithms considers 25 features to represent the joint subspace, whereas
DCCA-VG and MDL-CW models consider 20 and 600 features, respectively, in the shared
subspace. The architecture for each of these methods follows the same as described in
the corresponding papers. For the existing algorithms, the extracted features are applied
to the input of support vector machine (SVM) [197] for classification purpose. From the
results reported in Table 6.5, it can be observed that although RGCCA and MCCA achieve
considerable classification accuracy on Digits data set, they fail to attain similar results
on rest of the benchmark databases. However, the proposed model exhibits significantly
better performance with respect to the existing consensus principle based methods on all
the seven benchmark databases. The results reported in Table 6.6 corresponding to the
omics data sets demonstrate that the proposed method outperforms all the eight multiset
consensus principle based methods on five cancer data sets for both training-testing and
10-fold CV. The statistical significance test reveals that the proposed architecture achieves
significantly better p-values for all the 80 cases.

Table 6.7: Comparative Performance Analysis of Complementary Principle Based Ap-
proaches on Benchmark Databases

Data MvDA MvDA-VC MvCCDA MvLDAN MVGAN D2GDA
Digits 92.40 93.50 92.80 90.70 82.70 97.20
Caltech 76.30 75.29 76.68 79.47 77.31 92.52
CiteSeer 37.69 43.51 45.69 49.05 46.32 73.12
Cora 53.94 55.72 58.71 63.26 44.95 82.46

NW-OBJECT 29.03 28.62 37.33 36.27 27.61 55.39
Reuters 56.01 55.15 55.36 53.36 57.60 86.70
AwA 16.55 15.37 62.67 47.41 69.06 68.57

6.5.4.2 Performance of Complementary Principle Based Approaches

Here, the performance of the proposed model is analyzed with reference to several comple-
mentary principle based approaches, namely MvDA [92], MvDA-VC [93], MvCCDA [217],
MvLDAN [79], and MVGAN [209]. Out of these methods, MvDA, MvDA-VC, and MvC-
CDA are classical approaches, whereas MvLDAN and MVGAN are deep learning models.
The scatter plots corresponding to the MvDA and MvDA-VC approaches are presented in
Figure 4.3 of Chapter 4, whereas the scatter plots for MvCCDA method are depicted in Fig-
ure 5.3 on both benchmark and omics databases. The plots corresponding to the MVGAN
model are illustrated in Figure 5.4 of Chapter 5. The scatter plots corresponding to the
MvLDAN model as well as proposed D2GDA framework are presented in Figure 6.5. Each
of the existing classical algorithms considers 25 features to represent the joint subspace,
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Table 6.8: Comparative Performance Analysis of Complementary Principle Based Ap-
proaches on Omics Data Sets

Data Different Metrics MvDA MvDA-VC MvCCDA MvLDAN MVGAN D2GDA

C
E
SC

Train-Test 42.31 40.38 59.62 65.38 57.69 78.85

10
-f
ol
d
C
V Mean 46.67 50.00 61.67 65.83 61.67 84.17

Median 41.67 50.00 58.33 66.67 58.33 83.33
StdDev 15.32 14.16 12.55 10.72 12.55 6.15

Paired-t :p 4.39E-05 1.85E-05 7.22E-04 1.00E-03 7.23E-04 -
Wilcoxon:p 2.52E-03 2.47E-03 3.61E-03 5.76E-03 3.53E-03 -

C
R
C

Train-Test 80.77 83.08 82.31 80.77 79.23 86.15

10
-f
ol
d
C
V Mean 83.70 86.67 82.59 80.00 81.85 87.04

Median 85.19 88.89 81.48 81.48 81.48 88.89
StdDev 5.00 6.34 3.92 3.98 3.68 4.00

Paired-t :p 2.07E-02 4.36E-01 2.56E-03 3.59E-04 2.63E-04 -
Wilcoxon:p 1.01E-01 8.07E-01 8.47E-03 2.45E-03 3.76E-03 -

K
ID

N
E
Y

Train-Test 92.76 94.74 95.39 96.71 95.39 98.68

10
-f
ol
d
C
V Mean 93.23 94.19 95.16 87.74 81.61 99.68

Median 93.55 93.55 93.55 85.48 77.42 100.00
StdDev 2.38 2.54 3.80 8.30 12.64 1.02

Paired-t :p 1.43E-05 1.54E-04 1.30E-03 9.70E-04 6.94E-04 -
Wilcoxon:p 2.32E-03 3.19E-03 7.03E-03 8.68E-03 5.71E-03 -

LG
G

Train-Test 75.81 73.12 77.96 75.81 74.73 90.32

10
-f
ol
d
C
V Mean 75.79 81.05 77.63 76.84 76.84 98.68

Median 76.32 78.95 77.63 77.63 77.63 98.68
StdDev 8.02 7.83 6.11 7.63 7.63 1.39

Paired-t :p 3.87E-06 2.56E-05 4.74E-07 2.97E-06 2.97E-06 -
Wilcoxon:p 2.50E-03 2.47E-03 2.52E-03 2.50E-03 2.50E-03 -

LU
N
G

Train-Test 92.31 91.58 93.77 90.48 92.67 96.34

10
-f
ol
d
C
V Mean 94.82 95.54 96.96 95.18 94.11 97.32

Median 96.43 95.54 98.21 94.64 94.64 98.21
StdDev 4.16 3.29 3.37 3.77 3.95 2.95

Paired-t :p 2.76E-02 7.48E-03 2.22E-01 9.00E-03 2.56E-03 -
Wilcoxon:p 4.63E-02 1.21E-02 2.97E-01 8.24E-03 8.88E-03 -

whereas MvLDAN and MVGAN models consider 20 and 50 features, respectively, in the
shared subspace. The architecture for each of these methods follows the same as described
in the corresponding papers. For the existing classical algorithms, the extracted features
are applied to the input of SVM for classification purpose. The results corresponding to
Table 6.7 demonstrate that the complementary principle based methods achieve consider-
able accuracy on all the seven benchmark databases. However, the highest classification
accuracy is attained by the proposed model in all the cases, except for AwA data set where
the MVGAN model attains the highest classification accuracy. From the results reported
in Table 6.8, it can be observed that the proposed model performs considerably better than
all the existing approaches on all the five cancer data sets for both training-testing and
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10-fold CV. The p-values obtained from the two statistical significance tests indicate that
out of total 50 cases, the proposed model attains significantly better p-values for 45 cases
and better but not significant p-values for 4 cases.

Table 6.9: Comparative Performance Analysis of Both Consensus and Complementary
Principle Based Approaches on Benchmark Databases

Data MDBM mgRBM DACCA TCCA TDDCCA MMGNN D2GDA
Digits 10.00 88.60 84.60 97.80 85.90 88.90 97.20
Caltech 2.53 78.75 73.89 87.58 74.52 74.27 92.52
CiteSeer 17.8 63.23 55.22 56.40 40.42 41.78 73.12
Cora 10.99 58.16 50.06 56.94 53.05 42.06 82.46

NW-OBJECT 26.07 32.16 38.42 33.61 17.80 37.87 55.39
Reuters 46.84 58.13 56.38 75.97 57.27 59.16 86.70
AwA 27.16 53.5 69.20 64.63 53.32 44.96 68.57

6.5.4.3 Performance of Consensus and Complementary Principles Based Ap-
proaches

Finally, the proficiency of the proposed framework is compared with that of several state-
of-the-art methods which are based on both the consensus and complementary principles.
These methods include MDBM [180], mgRBM [221], DACCA [44], TDDCCA [37], TCCA
[213], and MMGNN [54]. Out of these methods, mgRBM is a classical approaches, whereas
MDBM, DACCA, TDDCCA, TCCA, and MMGNN are deep learning models. The scatter
plots corresponding to the MDBM model are presented in Figure 4.2, whereas the scatter
plots for DACCA and TDDCCA models are depicted in Figure 4.4 of Chapter 4 on both
benchmark and omics databases. The plots corresponding to the MMGNN model are
illustrated in Figure 5.4 of Chapter 5. The scatter plots corresponding to the rest of the
existing algorithms, namely mgRBM and TCCA as well as proposed D2GDA framework
are presented in Figure 6.5. The shared subspace is represented with 2048, 50, 80, 50,
64|V |B, and 50 features by MDBM, mgRBM, DACCA, TDDCCA, TCCA, and MMGNN,
respectively, where |V | and B denote the number of input views and total number of
batches, considered for a particular data set. The architecture for each of these models
follows the same as described in the corresponding papers. From the results reported in
Table 6.9, it is evident that significant improvement in classification accuracy is achieved
by the proposed architecture in comparison to the existing multi-view approaches based on
both consensus and complementary principles on all the benchmark databases, except for
TCCA and DACCA models on Digits and AwA databases, respectively. In case of omics
data sets, the results are presented in Table 6.10, which signify that the proposed model
outperforms the six existing methods for all the five real-life cancer data sets considered.
Statistical significance analysis reveals that out of total 60 cases, the proposed model
achieves significantly better p-values for 56 cases and better but not significant p-values in
the rest 4 cases.
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Table 6.10: Comparative Performance Analysis of Both Consensus and Complementary
Principle Based Approaches on Omics Data Sets

Data Different Metrics MDBM mgRBM DACCA TCCA TDDCCA MMGNN D2GDA

C
E
SC

Train-Test 48.08 63.46 47.12 61.54 53.98 55.77 78.85

10
-f
ol
d
C
V Mean 52.50 63.33 39.81 60.19 78.20 69.17 84.17

Median 54.17 62.50 39.42 61.54 78.20 66.67 83.33
StdDev 17.59 9.78 5.37 5.74 0.06 13.64 6.15

Paired-t :p 3.15E-04 7.68E-05 7.72E-08 1.38E-06 6.80E-03 9.36E-03 -
Wilcoxon:p 3.98E-03 3.58E-03 2.52E-03 2.53E-03 6.23E-03 1.30E-02 -

C
R
C

Train-Test 26.15 76.15 85.77 86.92 72.50 74.62 85.50

10
-f
ol
d
C
V Mean 54.07 70.37 81.69 82.92 48.80 80.00 87.04

Median 70.37 74.07 81.54 83.85 48.76 81.48 88.89
StdDev 24.33 8.37 3.12 3.55 0.30 4.35 4.00

Paired-t :p 1.25E-03 2.41E-04 7.28E-03 3.39E-02 1.60E-10 9.58E-05 -
Wilcoxon:p 2.38E-03 2.47E-03 1.09E-02 2.97E-02 2.53E-03 3.56E-03 -

K
ID

N
E
Y

Train-Test 69.08 86.84 96.71 96.71 51.59 89.47 98.68

10
-f
ol
d
C
V Mean 70.97 91.94 96.64 96.58 42.48 95.16 99.68

Median 67.74 91.94 96.38 96.71 42.43 93.55 100.00
StdDev 10.20 7.17 1.09 1.19 0.22 3.80 1.02

Paired-t :p 4.45E-06 4.82E-03 2.79E-05 1.62E-04 2.20E-16 1.30E-03 -
Wilcoxon:p 1.95E-03 8.57E-03 2.49E-03 3.31E-03 2.52E-03 7.03E-03 -

LG
G

Train-Test 65.05 72.04 65.59 81.18 66.85 71.51 90.32

10
-f
ol
d
C
V Mean 27.63 70.26 59.35 77.89 57.14 72.11 98.68

Median 18.42 68.42 58.87 77.63 57.00 72.37 98.68
StdDev 14.90 12.09 3.42 4.51 0.39 3.96 1.39

Paired-t :p 4.59E-08 1.89E-05 2.00E-11 2.61E-08 2.31E-15 1.92E-09 -
Wilcoxon:p 2.34E-03 2.52E-03 2.53E-03 2.46E-03 2.53E-03 2.40E-03 -

LU
N
G

Train-Test 87.91 87.55 95.05 93.41 67.42 90.84 96.34

10
-f
ol
d
C
V Mean 61.25 86.96 95.71 95.42 67.72 82.14 97.32

Median 42.86 90.18 95.60 95.24 67.65 93.75 98.21
StdDev 23.81 11.67 1.17 1.00 0.38 19.32 2.95

Paired-t :p 3.24E-04 2.95E-03 9.29E-02 5.71E-02 1.44E-10 1.59E-02 -
Wilcoxon:p 2.49E-03 2.52E-03 1.01E-01 5.71E-02 2.53E-03 1.03E-02 -

6.6 Conclusion

The primary contributions of the current study include (a) formulation of a loss function,
based on the concept of HSIC, to capture the relevant cross-view dependency in terms
of coherent and/or complementary knowledge from the given pair of input views; (b)
integrating the principle of cross-view dependency learning with the objective of MDDBM
framework; (c) determining the data specific architecture of D2GDA model based on the
estimated error bound; (d) demonstrating the generalization ability of the D2GDA model
both theoretically as well as experimentally; and finally, (e) illustrating the efficacy of the
D2GDA model on different domains of application, namely, object recognition, document
classification, multilingual categorization, and cancer subtype identification.

In this study, a loss function is developed to efficiently represent the cross-modal depen-
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dency across several modalities in terms of coherent as well as complementary structures of
the given multi-view data. The MDDBM architecture includes the modality-specific char-
acteristics as well as supervised information of sample categories into the joint subspace.
Incorporating the loss function, corresponding to the proposed cross-view dependency anal-
ysis, into the learning objective of MDDBM architecture enables the D2GDA model to
encapsulate the latent probability distribution of the given multimodal data as well as pre-
dict class labels of the given observations. The error analysis, generalization ability, and
convergence analysis establish the efficacy of the proposed model. The comparative perfor-
mance analysis demonstrates the proficiency of the proposed model on several multi-view
data sets, considering both training-testing and 10-fold CV.

Combining information from multiple modalities is particularly challenging when the
input modalities involve both image and non-image information. It is primarily due to the
fact that as opposed to the non-image counterparts, the image modalities embody neigh-
bourhood information which needs to be encapsulated properly for efficient representation
of the given input data. A B1ˆB2 image can be visualized as a point on the hypercube in
<B1B2 where each pixel is realized as a coordinate axis of the hypercube. So, all the B1ˆB2

images can be considered as different points on the hypercube. Now, only some specific
points on the hypercube form the meaningful naturally occurring images. Consequently, if
few points are uniformly sampled from the hypercube, it is most likely that noisy images
will be obtained. Hence it can be said that the points lie on the low dimensional manifold,
embedded in high dimensional pixel space (<B1B2). So, for proper characterization of the
images, the corresponding manifold needs to be appropriately modelled from the given
input images such that moving into the latent space results into moving on the manifold.
Now, Laplacian eigenmap builds a graph incorporating the intrinsic geometry of the given
data and considers eigenvectors corresponding to the Laplacian of the graph to obtain the
neighbourhood preserving low dimensional embedding of the high dimensional data. Thus,
in the next chapter, the concept of Laplacian eigenmap is judicially incorporated into the
architecture of MDDBM model for efficient representation and classification of images into
multiple categories.
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Chapter 7

Discriminative Deep Joint Laplacian
Embedding for Spatial Proximity
Analysis

7.1 Introduction

Analysis of multi-view data becomes difficult when the relationships between the given
multiple views are required to be explored in case of input heterogeneous data. The het-
erogeneous nature of data originates due to the wide range of variations in data types,
formats, or even acquisition sensors, considered in different views of the input data. How-
ever, it can be noted from Chapter 5 and Chapter 6 that the consistency and diversity
of different view representations can be effectively utilized to obtain a comprehensive and
descriptive joint representation of the given input data, which in turn, stimulates the profi-
ciency of the multi-view predictive models. Consolidating information from multiple views
is particularly challenging when the input views involve both image and non-image infor-
mation. It is primarily due to the fact that as opposed to the non-image counterparts, the
image modalities embody neighbourhood information which requires to be encapsulated
properly for efficient representation of the input data. In such scenario, different feature
sets are commonly considered to represent the innate properties of the input image while
learning joint subspace from the given multiple image and non-image modalities. This re-
sults into not only loss in information but also affects the classification performance of the
overall system. Hence, combining one-dimensional non-image modalities with the multi-
dimensional image modalities is a promising research problem with numerous applicability.

A substantial amount of research work has been carried over the past few years for
efficient characterization and classification of images into multiple categories. Representing
color and textural properties of an image through several local and global features has
already been discussed in Section 3.1 of Chapter 3. However, in case of the appearance
based methods, an image of dimension B1 ˆ B2 is represented by a vector in B1 ˆ B2

dimensional space. In practice, the B1ˆB2 dimensional space is too large to enable robust
prediction of the corresponding images into different categories. A conventional approach
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to resolve this issue is to consider dimensionality reduction techniques [14,113,116,170,195].
Out of these methods, two of the most acknowledged techniques are principal component
analysis (PCA) [195] and linear discriminant analysis (LDA) [14].

PCA is an eigenvector method developed to model linear variation in high-dimensional
data. PCA performs dimensionality reduction by projecting the original B-dimensional
data onto the bpăă Bq-dimensional linear subspace spanned by the leading eigenvectors
of the covariance matrix of the given input data. The goal of the method is to find a set
of mutually orthogonal basis functions that capture the directions of maximum variance in
the data and for which the coefficients are pairwise decorrelated. For linearly embedded
manifolds, PCA is guaranteed to discover the dimensionality of the manifold and produces
a compact representation. On the other hand, LDA is a supervised learning algorithm. It
searches for the projection axes on which the data points of different classes are far from
each other while requiring data points of the same class to be close to each other. Unlike
PCA which encodes information in an orthogonal linear space, LDA encodes discriminating
information in a linearly separable space using bases that are not necessarily orthogonal.
However, both PCA and LDA effectively consider only the Euclidean structure. They
fail to discover the underlying structure, if the corresponding images lie on a non-linear
submanifold hidden in the image space.

Over the last few years, various methods have been developed to discover the non-linear
structure of the manifold from the high-dimensional input space, which include Laplacian
eigenmaps [16], locally linear embedding [162], and isomap [186]. Geometric deep learning
is a relatively nascent field that has attracted significant attention in the recent years,
since it integrates the concept of aforementioned manifold learning methods with the rep-
resentation ability of deep frameworks. In order to identify the low-dimensional manifold
embedded in high-dimensional ambient space, graph regularized restricted Boltzmann ma-
chine (GraphRBM) has been developed in [24]. It incorporates a graph regularized term
into the energy function of the restricted Boltzmann machine (RBM). It is extended to
deep model by learning a stack of GraphRBM based modules, which is termed as full
GraphRBM-based deep belief network (fGraphDBN). In [83], a Riemannian network ar-
chitecture, referred to as SPDNet, has been introduced by incorporating the advantages
of symmetric positive definite (SPD) matrix based non-linear learning into a deep frame-
work. The convolutional restricted Boltzmann machine (CRBM) is developed in [152],
which incorporates the translation invariance property of convolution operation into the
energy function of RBM to reduce the number of parameters needed to be learned for
proper training of the model. These non-linear methods do yield impressive results on
some benchmark artificial data sets. However, they produce maps that are defined only on
the training data points and the evaluation procedure of the maps on unknown test data
points remains unclear [68].

Hence, a geometrically motivated deep predictive model is required to be developed,
which can process multiple image and non-image modalities simultaneously. In case of
multi-view analysis, it is essential that descriptive and comprehensive information is ef-
ficiently extracted from all the views of the given input data and appropriately reflected
in the joint subspace. If one or more input views correspond to image modalities, then it
should be ensured that the innate topological properties of each of the input image modal-
ities are properly preserved. Hence, for proper characterization of a particular image view,
the corresponding manifold needs to be appropriately modelled from the given input im-
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ages in such a way that moving into the latent space results into moving on the manifold.
In case of multiple image views, the intrinsic geometric structures of the corresponding
image manifolds need to be consolidate appropriately in the joint subspace. In order to
address the multi-view classification problem, it is necessary that similarity in the latent
space implies similarity in the corresponding concepts. Non-linearity is another important
aspect that needs to be addressed in multi-view learning.

In this regard, a novel deep learning model, termed as discriminative deep joint Lapla-
cian embedding (D2JLE), is developed based on the framework of multimodal discrimina-
tive deep Boltzmann machine (MDDBM), introduced in Chapter 4. In order to recognize
and represent the latent geometric structures of a particular image view, an objective
function is developed based on the theory of Laplacian eigenmap, which can efficiently
encapsulate the underlying low-dimensional embedding from the input high-dimensional
pixel space. As two graph Laplacian matrices are not comparable even if they correspond
to the same set of observations, an objective function is formulated based on the concept
of simultaneous diagonalization of Laplacians to consolidate the topological properties of
multiple image views. In the proposed D2JLE model, these two objective functions are
judiciously integrated with the learning objective of the MDDBM to capture the impera-
tive information from both image and non-image views. The proposed model is developed
based on the hypothesis that not all the modalities contribute uniformly in providing the
discriminative information of sample categories. Hence, the relevance of each modality
is evaluated based on the discrimination criterion of the corresponding modality and the
joint subspace is learned from the weighted combination of the individual subspaces. An
upper bound on the error probability of the proposed model is estimated in terms of the
model architecture, which allows the model to determine the optimal architecture of the
model for each database considered. The proposed D2JLE model is further consolidated
with convergence analysis. As the proposed model is developed based on the MDDBM
framework, it can efficiently encapsulate the underlying non-linear data distribution over
the space of multimodal inputs. The MDDBM framework considers supervised information
of sample categories at each layer of the network, as a result of which the discriminative
ability of the D2JLE model is enhanced. Also, no additional classifier is required to be
employed in case of the proposed D2JLE model for classifying the given observations into
different categories. The proficiency of the proposed model is demonstrated on four bench-
mark databases, three HEp-2 cell image data sets, and the real-life Virus database for both
training-testing and 10-fold cross validation (CV).

The rest of this chapter is organized as follows: In Section 7.2, the basic notions in
spectral geometry of manifolds and graphs are summarized. Section 7.3 describes the
architecture as well as the learning of the proposed D2JLE model. Different aspects of
the proposed model, which include error analysis and convergence analysis, are discussed
in Section 7.4. In Section 7.5, the proficiency of the D2JLE framework is analyzed with
reference to several state-of-the-art approaches on various benchmark, HEp-2 cell, and
Virus data sets. Concluding remarks are provided in Section 7.6.
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7.2 Basics of Graph Laplacian Eigenmap

A Riemannian manifold is a differentiable manifold whose tangent spaces are equipped with
an inner product operation. Let, M be a compact, b-dimensional Riemannian manifold,
which is embedded into a Bpąą bq-dimensional Euclidean space. The structure of the
manifold can be studied by means of the Laplace-Beltrami operator ∆M onM [159,196],
defined axiomatically through the Stokes identity as

ż

M
f∆Mgdζ “

ż

M
x∆Mf,∆Mgydζ, (7.1)

where f, g :M ÞÑ < are smooth scalar fields on the manifoldM, dζ is a volume element,
∆M is the intrinsic gradient, and x¨, ¨y represents the Riemannian metric, which is the inner
product on the tangent space. The Laplace-Beltrami operator reduces to the common

Laplacian operator ∆f “
B
ř

j“1

B2f̂
Bx2

j
, f̂ :M ÞÑ <, where f̂ is twice differentiable and xj being

the Euclidean coordinates, if the manifold is an open subset of the Euclidean space. The
eigenfunction νj on ∆M, satisfying the Laplacian eigenvalue problem ∆Mνj “ λjνj , is often
referred to as manifold harmonic. The eigenvalues of νj are analogous to frequencies in the
Euclidean case and the eigenfunctions to the basis functions related to sine and cosine terms
[196]. Low frequency eigenfunctions, corresponding to the smallest eigenvalues, describe
the global structure of the manifold, while the high frequency eigenfunctions capture the
details [159].

A common way to discretize a manifold is by a graph structure. An undirected weighted
graph is an ordered pair G “ pV, Eq, consisting of the set of nodes V “ tυ1, ¨ ¨ ¨ , υp, ¨ ¨ ¨ , υNu
and the set of edges E , which are unordered pairs of elements of V. Such a graph is
constructed from a data set by assigning each data point sampled on an underlying manifold
to a node. For instance, in case of analysis of a given set of images, each node of the graph
represents a particular image and the number of nodes in the graph equals the number of
the images in the input set [229]. The edge weights represent a notion of similarity between
data points. Two nodes υp, υr are connected with an edge apr ě Θ,Θ P <`0 . A popular

choice for the graph edges is to use a Gaussian kernel, apr “ expp´
||υp´υr||

2
F

2σ2 q, where F
denotes the Frobenius norm and σ > 0 is the kernel bandwidth [16]. However, various
other kernels can also be considered depending on the problem definition [230].

The eigenvectors of a graph Laplacian discretize the eigenfunctions of the Laplace-
Beltrami operator [16]. Let us consider L “ D´ 1

2 pD ´AqD´ 1
2 represents the symmetric

normalized graph Laplacian. Here, the matrix A “ raprsNˆN is referred to as the adjacency
matrix where N denotes the total number of input observations and D “ diagp

ř

r‰p aprq

represents the diagonal degree matrix, containing the degree of each node, that is, the sum
of weights connected to that node.

Property 7.1. L is always positive semi-definite.

From Property 7.1, it is evident that L is always symmetric. Since L is a real matrix,
it is also a Hermitian matrix. The spectral theorem of Hermitian matrices follows next.

Theorem 7.1. Every Hermitian matrix is unitarily diagonalizable [77].
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Hence, L can be decomposed as L “ ΦTΛΦ, such that ΦTΦ “ IN , where IN denotes
the identity matrix of order N , Φ signifies the matrix of column eigenvectors of L, Λ “

Diagpγ1, γ2, ¨ ¨ ¨ , γNq represents the diagonal matrix of corresponding eigenvalues 0 “ γ1 ď

γ2 ď ¨ ¨ ¨ ď γN , and T indicates the transpose operator. The eigenvectors of the Laplacian
L can be considered as a discretization of eigenfunctions νj of the continuous operator
∆M onM. It is shown in [203] that under certain conditions on the discretization of the
Laplacian, they converge to the continuous counterparts.

Several methods have been developed over the years for geometric construction of the
underlying manifolds with eigenvectors and eigenvalues of the Laplacian [15, 162, 186]. A
popular spectral embedding technique is Laplacian eigenmap (LE) algorithm [16]. It cap-
tures the intrinsic low-dimensional structure of a manifold by finding an optimal embedding,
which preserves the neighbourhood property of the input data. This can be posed as the
minimization problem

arg min
HP<Nˆb

trpHTLHq such that HTDH “ Ib (7.2)

where trp¨q symbolizes the trace operator. Now, the problem in (7.2) has an analytic solu-
tion H “ ph1, ¨ ¨ ¨ ,hbq containing the first b eigenvectors of L. Thus, effectively embedding
of the data signifies the smallest eigenvectors of the graph Laplacian. Such an embedding
is referred to as LE. The neighbourhood-preserving property of the eigenmaps is related to
the fact that the smallest or low-frequency eigenvectors of the Laplacian vary smoothly on
the manifold.

By using the objective function of (7.2), two neighboring points υp and υr in the original
space, represented with high value of apr, incur a penalty if they are mapped far apart in
the embedding space. Therefore, minimization of (7.2) ensures that the local neighborhood
properties are preserved. For b-dimensional embedding problem, the constraint, presented
in (7.2), prevents the solution to collapse onto a subspace having dimension less than
b ´ 1. (b in cases where orthogonality to the constant vector is required). Let 1 be the
constant function taking 1 at each vertex. It is evident that 1 is an eigenvector with zero
eigenvalue. If the graph is connected, 1 is the only eigenvector for zero eigenvalue. The
diagonal degree matrix D provides a natural measure on the vertices of the graph. The
higher value of Dpp, corresponding to the p-th vertex, signifies greater importance of the
vertex. It is shown in [16] that solution of the minimization problem is equivalent to that of
the generalized eigenvalue problem of the graph Laplacian, Lϑ “ χDϑ, whose eigenvectors
give the optimal embedding, with the diagonal degree matrix D. Here, χ symbolizes the
eigenvalue corresponding to the eigenvector ϑ of L.

7.3 Proposed Model

In this section, the geometrically motivated deep predictive model, termed as D2JLE, is
proposed. It can appropriately process multiple image and non-image modalities simul-
taneously, and obtain a joint subspace reflecting the inherent characteristics of each of
the given input modalities. At first, the architecture of the proposed D2JLE model is
described. The proposed approach for efficient extraction and propagation of the locality
preserving properties of an input image modality is then discussed. The proposed method
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of combining the topological properties of multiple image modalities is discussed next. A
discriminative relevance measure is introduced based on which the imperative information
from all the modalities is consolidated properly in the joint subspace. Finally, the learning
objective of the proposed D2JLE model is outlined for proper characterization as well as
classification of the given observation into various categories.

7.3.1 Architecture of Proposed D2JLE Model

In case of multimodal data analysis, it is assumed that each view has a fundamentally dis-
tinct representation of the underlying data distribution. So, the joint subspace should be
able to reflect the non-linear structures embedded in the given input modalities, along with
the supervised information of sample categories. Hence, the architecture of the proposed
D2JLE model is developed based on the framework of multimodal discriminative deep
Boltzmann machine (MDDBM), introduced in [104] and presented in Chapter 4. There-
fore, the joint subspace, learned from the D2JLE model, is expected to encapsulate the
underlying non-linear data distribution of the given observations. Since the class nodes
are included into the framework, the hidden subspaces of the proposed model contain the
supervised information of sample categories, which in turn, enhances the discriminative
ability of the model. Also, it allows the model to predict the class label of the given
observations, without employing any additional classifier.

In the proposed D2JLE model, let M be the total number of input views, out of which
M1 ą 1 views corresponds to images, M2 ą 0 views corresponds to non-image information,
and M1 ` M2 “ M . While the input image views are represented by the normalized
symmetric Laplacian matrices tL1, ¨ ¨ ¨ ,LM1u, the input non-image views are denoted by
tv1, ¨ ¨ ¨ ,vM2u. Also, yp “ typ1, ¨ ¨ ¨ , ypc, ¨ ¨ ¨ u denotes the input class label information of p-
th observation. Let us assume that L1 ą 0 signifies the number of modality-specific hidden
layers in the architecture and L2 ą 0 refers to the number of joint hidden layers. While
hlmp “ thlmp1 , ¨ ¨ ¨ , h

lm
pj , ¨ ¨ ¨ u represents the l-th modality-specific hidden representation of the

m-th modality for p-th observation, the joint hidden representation, corresponding to the
l-th layer of p-th observation, is referred to as hlp “ th

l
p1, ¨ ¨ ¨ , h

l
pj , ¨ ¨ ¨ u. Here, the number

of nodes in a representation is expressed by the corresponding capital letter. For example,
the number of nodes in hlm is denoted by H lm. The architecture of the proposed D2JLE
model is depicted in Figure 7.1.

The bidirectional weight parameters wpl`1qm
jk , wpL1`1qm

jk , and wpl`1q
jk connect j-th hidden

node of l-th modality-specific hidden layer to k-th hidden node of pl`1q-th modality-specific
hidden layer from m-th modality, j-th hidden node of modality-specific hidden layer L1

from modality m to k-th hidden node of first joint hidden layer, and j-th hidden node of
l-th joint hidden layer to k-th hidden node of pl ` 1q-th joint hidden layer, respectively.
Similarly, the parameters ulmcj and ulcj connect the c-th class node to the j-th hidden node
of the l-th modality-specific hidden layer from m-th modality, and c-th class node to j-th
hidden node of l-th joint hidden layer, respectively. The bias parameters blmj , blj , and dc
are associated with the j-th hidden node of l-th modality-specific hidden layer from m-th
modality, j-th hidden node of l-th joint hidden layer, and c-th class node, respectively.
Thus, the supervised information of sample categories can be appropriately incorporated
at each layer of the architecture through proper learning of the set of parameters associated
with the class nodes, which in turn, enhances the proficiency of the proposed framework.
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Figure 7.1: Illustration of proposed D2JLE framework.

7.3.2 Encapsulating Image Manifold

In this section, the objective function considered in the proposed model for the analysis
of an image modality is discussed in details. A B1 ˆ B2 image can be visualized as a
point on the hypercube in <B1B2 , where each pixel is realized as a coordinate axis of the
hypercube. Let us consider a normalized image with three pixels, then p0.5, 0.5, 0.5q denotes
the middle point in the hypercube, p0, 1, 0q represents a vertex, and p0.5, 1, 1q signifies an
edge of the hypercube. So, all the B1 ˆ B2 images can be considered as different points
on the hypercube. Now, only some specific points on the hypercube form the meaningful
naturally occurring images. Consequently, if few points are uniformly sampled from the
hypercube, it is most likely that noisy images will be obtained. Let us consider two images
of a person with different facial expressions which are represented by two different points
in the hypercube. If a linear path is drawn between the two points, then the intermediate
points on the path may not correspond to the faces of that person, which signify that the
transition is not a smooth one. However, if a specific path is followed between the two points
such that the intermediate points correspond to the faces of the person, then the transition
of the faces will be smooth. Hence, it can be said that the points lie on the low dimensional
face manifold, embedded in high dimensional pixel space (<B1B2). Traversing between any
two points while remaining on the manifold ensures smooth transition between the images.
Therefore, for proper characterization and classification of the images, the corresponding
manifold is required to be appropriately modelled from the given input images such that
moving into the latent space results into moving on the manifold in the original space.
Now, similar images tend to have similar spatial properties in a neighbourhood. Hence,
the mapping from the high-dimensional pixel space to low-dimensional latent space should
preserve the intrinsic geometric structure of the data, that is, nearby points in the original
space should remain close in the latent space as well.

In [15], Belkin and Neogi have developed the non-linear data representation technique,
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termed as LE algorithm, to obtain a neighbourhood preserving low-dimensional embedding
of the image manifold. The concept of LE is considered in the proposed model for the
analysis of the input image modality of the given data. The justification for considering
the LE algorithm comes from the role of the Laplace-Beltrami operator in providing an
optimal embedding for the manifold. The manifold is approximated by the adjacency
graph computed from the data points. The Laplace-Beltrami operator is approximated by
the weighted Laplacian of the adjacency graph with weights chosen appropriately. Thus,
the embedding for the data basically approximates the eigenmaps of the Laplace-Beltrami
operator, which are intrinsically defined on the corresponding manifold. It is shown in
[16] that by preserving the spatial properties in the embedding, the algorithm implicitly
emphasizes the natural categories in the data. It is also required to be mentioned here
that the biological perceptual apparatus is confronted with high-dimensional stimuli from
which it recovers the low-dimensional structure. If the approach, considered for recovering
such low-dimensional structure, is inherently local, as in case of the LE algorithm, then
it may serve as the basis for the emergence of categories in biological perception [15].
Furthermore, the neighbourhood preserving characteristics of the LE algorithm makes it
relatively insensitive to outliers and noise.

In the proposed model, the weighted adjacency graph A “ raprsNˆN is constructed
incorporating the neighbourhood information of the given data where each input image is
considered as a node of the graph. Based on the notion of the Laplacian L “ D´ 1

2 pD ´

AqD´ 1
2 of the graph, a low-dimensional embedding of the data is computed using (7.2).

The objective function corresponding to the optimization problem of (7.2) is defined as
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ř
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ř
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#
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¯

hpjhpk

+

, (7.3)

where hp “ thp1, ¨ ¨ ¨ , hpj , ¨ ¨ ¨ , hpbu and hr denote the b-dimensional embedding corre-
sponding to p-th and r-th observations, respectively. Here, κj and ψjk represent the La-
grange multipliers. The embedding obtained using (7.2) may be viewed as a discrete
approximation to a continuous map that naturally arises from the intrinsic geometry of the
image manifold.

There exist various proficient methods [28,29] in literature to solve the objective func-
tion in (7.3) and obtain the optimal embedding hp for the p-th observation of the input
data. However, the current study deals with the classification problem. Hence, it is impor-
tant that, in addition to the geometric structures of the image manifolds, the discriminative
information of the sample categories is also reflected in the corresponding embedding. Now,
the architecture and learning objective of multimodal discriminative deep Boltzmann ma-
chine (MDDBM), introduced in Chapter 4, have already been described to encapsulate the
underlying non-linear data distribution of the given observations. The class nodes of the
MDDBM framework incorporates the supervised information at each layer of the model,
which not only enhances the discriminative ability of the latent subspaces, but also allows
the model to predict the class labels of the observations without employing any additional
classifiers.
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Now, the MDDBMmodel is developed for the analysis of multi-view data. However, this
section addresses the problem of efficient characterization and classification of a particular
image modality. So, the energy function of MDDBM model, presented in (4.8), is required
to be defined to capture the intrinsic characteristics of a given particular modality. This can
be achieved by consideringM “ 1 and hl “ 0, @l ą L0; in (4.8). The corresponding model
is termed as discriminative deep Boltzmann machine (DDBM) and the energy function is
denoted by Eddbmpv,h,yq. In order to encapsulate the locality preserving properties of a
given image modality as well as the supervised information of sample categories, the theory
of LE is judiciously integrated with the DDBM framework and the resultant predictive
model is referred to as discriminative deep architecture for image analysis (D2AIA). The
learning objective of the proposed D2AIA model can be obtained by incorporating the
objective function of the LE algorithm, presented in (7.3), corresponding to each given
observation, into the energy function of DDBM model, which turns out to be

Ed2aiapLp,hp,ypq “ ElepLp,hpq ` EddbmpLp,hp,ypq
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Here, ELEpL,Hq “
N
ř

p“1
ElepLp,hpq, Ed2aiapap,hp,ypq signifies the energy of the state

tap,hp,ypu of the D2AIA model, corresponding to the p-th image of the given data, L1

denotes the total number of layers considered in the model, hlp represent the embedding at l-
th layer of the model corresponding to the p-th input image, and H l indicates the number
of nodes at l-th layer of the model. The parameter set of the proposed D2AIA model
is given by θd2aia “ tapr, w

l
jk, u

l
cj , b

l
j , dcu. Thus, based on the energy function, defined

in (7.4), the proposed model can efficiently encapsulate the underlying image manifold,
where the topological properties of the input images are properly preserved, enhance the
discriminative ability of the obtained embeddings by incorporating supervised information
of the sample categories, and propagate the spatial as well as discriminative properties
through each layer of the model.

7.3.3 Combining Multiple Image Manifolds

In case of multi-view data analysis, it is required that the inherent characteristics of each
of the input views of the given data are precisely preserved in the joint subspace. With
two or more image modalities of the input data, the image manifolds, represented by
the eigenvectors of the corresponding graph Laplacians, must be consolidated properly
in the joint subspace such that the underlying non-linear data distribution of the given
observations can be encapsulated efficiently. Now, two graph Laplacian matrices are not
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comparable even if they correspond to the same set of observations [41]. This can possibly
be explained by the following arguments. First, they do not share the same intrinsic
structure, that is, they are not isometric. More generally, for non-isometric manifold, which
is usually the case in real applications, the Laplacian eigenvectors can differ drastically,
causing the information from different image modalities mutually incomparable. Second,
the Laplacian eigenvectors are defined only up to a sign, that is, if φ is an eigenvector of
L, then -φ is also an eigenvector with the same eigenvalue. Third, if the multiplicity of an
eigenvalue is greater than one, the eigenvectors corresponding to the eigenvalue may be in
a different order or subject to an orthonormal transformation. A common solution is to
find eigenbases of the Laplacians simultaneously [42]. An important theorem regarding the
simultaneous diagonalization of two matrices, say A1 and A2, is given by next theorem.

Theorem 7.2. Two Hermitian matrices A1 and A2 can be diagonalized simultaneously,
if and only if A1A2 “ A2A1 [77].

So, from Theorem 7.2, it is evident the graph Laplacians will be simultaneously di-
agonalizable, iff they commute. Simultaneous diagonalization implies that there exists a
single set of orthonormal vectors H, which is referred to as joint eigenvectors, such that
HTLmH “ Λm “ diagpγm

1 , γ
m
2 , ¨ ¨ ¨ , γ

m
N q, is the diagonal matrix of eigenvalues correspond-

ing to the Laplacian matrix Lm of m-th image modality. Thus, the joint diagonalization
allows to remove the ambiguities and incompatibilities between the given modalities. How-
ever, due to the differences between the modalities, discretization, and presence of noise,
the Laplacian matrices rarely commute and have a joint eigenbasis. An approximate joint
diagonalization [12] is possible by solving the following optimization problem:

min
HP<NˆH

M1
ÿ

m“1

}offpHTLmHq}2F such that HTH “ IH; (7.5)

where offpXq “ }X´DiagpXq}2F is the sum of squared off-diagonal elements. Here,
DiagpXq denotes a diagonal matrix containing only the diagonal elements of X, M1 de-
notes the total number of input image modalities, and H represents the number of smallest
eigenvectors considered. For a symmetric matrix Lm, the optimization problem, presented
in (7.5), achieves the minimum value of zero with a minimizer H containing the eigenvec-
tors of Lm. The objective function corresponding to the optimization problem of (7.5) is
defined as
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.

(7.6)

Here, tL1, ¨ ¨ ¨ ,LM1u represents the Laplacian matrices corresponding to the M1 input
image modalities. Thus, the topological properties of each of the image modalities can
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be consolidated properly and included in the joint subspace using the objective function
EAJDpL

1, ¨ ¨ ¨ ,LM1 ,Hq, presented in (7.6). In order to incorporate the supervised infor-
mation of sample categories into the joint subspace and to capture the non-linear data
distribution over the space of multimodal inputs, the proposed D2JLE model is consid-
ered in the current study. The learning objective of the proposed model is described in
Section 7.3.5.

7.3.4 Computation of Relevance

In multimodal environment, all the modalities may not contribute equally in providing the
discriminative information of sample categories. Hence, learning joint subspace from the
modality-specific subspaces with equal weightage may degrade the overall performance of
the model. So, the relevance of each of the modalities is required to be evaluated based on
the discrimination ability of that particular modality. Subsequently, the joint subspace is
learned from the weighted combination of individual subspaces. In this context, a relevance
measure is proposed in the current study to evaluate each of the given input modalities,
which is defined as follows:

Γm “
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ř

p“1

N
ř

r“p`1

Hm
ř

j“1
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rjq

2p1´
Y
ř
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2p
Y
ř
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ypcyrcq

, @m. (7.7)

Here, Γm represents the relevance of the m-th modality. The hmp and hmr signify the
modality-specific subspaces corresponding to the p-th and r-th input observations of them-
th modality, respectively, whereas yp and yr denote the class vector for p-th and r-th input
observations, respectively. The Hm, N , and Y represent the dimension of modality-specific
subspace corresponding to them-th modality, the number of observations of the given input
data, and the number of class labels, respectively. Now, Γm is defined in (7.7) such that
the numerator will have non-zero values only for observations belonging to different classes.
In case of the denominator, the term under summation yields non-zero values only for
samples belonging to the same class and remains quiescent otherwise. Thus, a high value
of Γm signifies high inter-class separability and low intra-class distance between the given
observations, which implies better discriminative ability of the corresponding modality. The
low Γm value indicates low inter-class separability and high intra-class difference, which
denotes overlap between observations of different classes. Therefore, incorporating the
imperative information from all the input modalities into the joint subspace, based on the
proposed relevance measure basically, emphasizes the modalities with high discriminability,
which in turn, enhances the efficacy of the joint subspace in categorizing the observations
into different classes.

7.3.5 Learning D2JLE Model Using Laplacian Eigenmap

In this section, the learning objective of the proposed D2JLE model, developed for efficient
characterization as well as classification of the given image and non-image modalities of
the input data, is discussed in details.
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7.3.5.1 Objective Function of Proposed Model

Since the proposed D2JLE model is developed based on the architecture of the MDDBM
model, introduced in Chapter 4, the learning objective of the D2JLE model includes the
energy function of the MDDBM model, presented in (4.8) of Chapter 4. Hence, the joint
subspace of the D2JLE model can efficiently encapsulate the underlying non-linear data
distribution over the space of multimodal inputs. Also, due to the presence of the class
nodes, the supervised information of sample categories is incorporated into the hidden
representation at each layer of the model, which not only enhances the discriminability of
the model but also allows the model to predict the class label of the given observations. In
order to capture the low-dimensional manifold, embedded into the high-dimensional pixel
space, the objective function of (7.3), corresponding to the optimization problem of the
LE algorithm, is included into the learning objective of the D2JLE model in such a way
that moving into the modality-specific subspaces results into moving on the corresponding
manifolds. Combining the objective function of LE algorithm with the energy function of
the MDDBM model, it can be ensured that the topological properties of each modality are
not only extracted efficiently from the given input images, but also propagated properly
through the deep layers of the proposed model. Generally, the information from different
modalities is mutually incomparable as the Laplacian eigenvectors, corresponding to the
image modalities, differ drastically. Hence, the objective function of approximate joint
diagonalization of Laplacians, presented in (7.6), is considered in the learning objective of
the proposed model, so that the intrinsic geometric structures of the corresponding image
manifolds can be consolidated properly and reflected in the joint subspace. Furthermore,
the imperative information from all the modalities is combined in the joint subspace based
on the discriminative relevance measure, defined in (7.7). Hence, the overall objective
function of the proposed D2JLE model, corresponding to the p-th observation, is given by
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where EajdpLp,hpq represents the loss function EAJDpL
1, ¨ ¨ ¨ ,LM1 ,Hq of (7.6) for each

given observation. The parameter space of the proposed model is defined by θd2jle “

tw1m, ¨ ¨ ¨ , wpL1`1qm, w1, ¨ ¨ ¨ , wL2´1, u1m, ¨ ¨ ¨ , uL1m, u1, ¨ ¨ ¨ , uL2 , b1m, ¨ ¨ ¨ , bL1m, b1, ¨ ¨ ¨ , bL2 ,
d, κlm, ψlm, λu, @l,m. It is to be noted here that for M1 “ 1, the energy function of the
proposed model Ed2jlepLp,vp,hp,ypq deduces to the summation of the objective function,
corresponding to the LE algorithm, ElepLp,hpq and the energy function of the MDDBM
model Emddbmpvp,hp,ypq. The learning of D2JLE model corresponds to estimating the
model parameter set θd2jle that maximizes the probability of observing the given input
data. Considering the input view tLp,vp,hp,ypu, corresponding to the p-th observation,
the objective function of the proposed D2JLE model is given by the log-likelihood function,
which is as follows:

lnLpθd2jle|Lp,vp,hp,ypq “ lnP pLp,vp,hp,yp|θd2jleq

“ ln
ř

h

e´Ed2jlepLp,vp,hp,ypq ´ ln
ř

L,v,h,y

e´Ed2jlepLp,vp,hp,ypq; (7.9)

where h denotes the stack of hidden layers, P pLp,vp,hp,yp|θd2jleq represents the proba-
bility assigned to the p-th input observation tLp,vp,hp,ypu by the model parameter set
θd2jle, and EpLp,vp,hp,ypq signifies the energy of the joint configuration tLp,vp,hp,ypu.
The corresponding partition function can be defined as Z “

ř

L,v,h,y

e´Ed2jlepLp,vp,hp,ypq.

Since the parameter space of the D2JLE model is quite large, the gradient ascent on the
log-likelihood is commonly used to determine the optimal parameters of the model. So,
the update rule for the parameters of the D2JLE model is given by

B lnLpθd2jle|Lp,vp,hp,ypq

Bθd2jle
“ ´

ř

h

P php|Lp,vp,ypq
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Bθd2jle

`
ř

L,v,h,y

P pLp,vp,hp,ypq
BEd2jlepLp,vp,hp,ypq

Bθd2jle
. (7.10)

Thus, the gradient of the log-likelihood function turns out to be the difference between the
expectation of gradient of energy function under model distribution, referred to as data-
independent expectation, and under the conditional distribution of hidden representation
given the input views, termed as data-dependent expectation. Hence, in order to learn
the parameters of D2JLE model, the corresponding data-dependent and data-independent
expectations are required to be estimated, which are described subsequently.

7.3.5.2 Estimation of Data-Dependent Expectations

Now, the exact maximum likelihood learning is intractable. So, the variational learning
[142] is employed to estimate the data-dependent expectation. In variational inference,
the posterior distribution P php|Lp,vp,ypq is approximated with a tractable mean field
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distribution Qphp|Lp,vp,ypq « P php|Lp,vp,ypq. Now,

lnP pLp,vp,ypq “ ln
ÿ

h
Qphp|Lp,vp,ypq

P pLp,vp,hp,ypq

Qphp|Lp,vp,ypq
(7.11)

where P pLp,vp,hp,ypq “ p1{Zqe´Ed2jlepLp,vp,hp,ypq represents the probability associated
with the joint configuration tLp,vp,hp,ypu corresponding to the p-th input observation.
Since logarithmic is a concave function, applying Jensen’s inequality [31], we get

lnP pLp,vp,ypq ě
ÿ

h
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P pLp,vp,hp,ypq

Qphp|Lp,vp,ypq
“ Lv. (7.12)

Thus, the mean field approximation provides a lower bound Lv on the log-likelihood func-
tion. The difference between true posterior and the variational lower bound, obtained using
mean field theory, is given by
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ř

h

Qphp|Lp,vp,ypq
!

lnP pLp,vp,ypq ` ln
P php|Lp,vp,ypq

Qphp|Lp,vp,ypq

)

“ lnP pLp,vp,ypq ´ lnP pLp,vp,ypq `
ř

h

Qphp|Lp,vp,ypq ln
Qphp|Lp,vp,ypq

P php|Lp,vp,ypq
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where KLpQphp|Lp,vp,ypq||P php|Lp,vp,ypqq is the Kullback-Leibler divergence between
the two distributions P and Q. So, better approximation of P php|Lp,vp,ypq implies tighter
bound on lnP pLp,vp,ypq. Let the mean field distribution be defined as
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where the hidden units thpju are considered to be Bernoulli variables with qphpj |Lp,vp,ypq “
µ
thpj“1u
pj p1´µpjq

thpj“0u and µpj denotes the probability of being the state of hpj as 1. The
definitions of Qphp|Lp,vp,ypq, presented in (7.14), and P pLp,vp,hp,ypq, corresponding to
the energy function obtained in (7.8), are substituted in (7.12) to obtain the final expression
of Lv, which is as follows:
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s“p

N
ř

t“pr`1q

ampra
m
st

#

H1
ś

j“1
pµ1
pj ´ µ

1
rjqpµ

1
sj ´ µ

1
tjq

+

`
L2
ř

l“1

Y
ř

c“1

Hl
ř

j“1
ypcu

l
cjµ

l
pj

`
M
ř

m“1
Γm

HL1m
ř

j“1

H1
ř

k“1

µL1m
pj w

pL1`1qm
jk µ1

pk `
L2´1
ř

l“1

Hl
ř

j“1

Hpl`1q
ř

k“1

µlpjw
l
jkµ

pl`1q
pk

`
M
ř

m“1

L1
ř

l“1

Hlm
ř

j“1
blmj µlmpj `

L2
ř

l“1

Hl
ř

j“1
bljµ

l
pj `

Y
ř

c“1
dcypc ´ lnZ. (7.15)

Since, the mean field parameters (µp) of Lv, presented in (7.15), define the equilibrium
state of the model corresponding to the p-th observation, they need to be updated accord-
ingly. In order to obtain the mean field parameters of the proposed D2JLE model, the
variational bound Lv of (7.15) is maximized with respect to µp for a fixed parameter set
θd2jle. The update rule for the nodes of first hidden layer corresponding to m-th modality

is obtained by setting
BLv
Bµlmpj

“ 0, which leads to

µ1m
pj “ σ

ˆ

Vm
ř

i“1
vmpiw

1m
ij `

H2m
ř

k“1

w2m
jk µ

2m
pk `

Y
ř

c“1
ypcu

1m
cj ` b

1m
pj ´

N
ř

r“1,r‰p
ampr

´

1´ 2µ1m
rj

¯

´κ1m
j

#

1´
´ N

ř

r“1,r‰p
ampr

¯

µ1m
pj

+

´
H1m
ř

k“1,k‰j

ψ1m
jk

#

´ N
ř

r“1,r‰p
ampr

¯

µ1m
pj µ

1m
pk

+

˙

, @m; (7.16)

where σpxq “
1

1` e´x
is the sigmoid function. Similarly, the following update rules can

be obtained:

µlmpj “ σ

ˆ

Hpl´1qm
ř

k“1

µ
pl´1qm
pk wlmkj `

Hpl`1qm
ř

k“1

w
pl`1qm
jk µ

pl`1qm
pk `

Y
ř

c“1
ypcu

lm
cj ` b

lm
pj

´
N
ř

r“1,r‰p
ampr

´

1´ 2µlmrj

¯

´ κlmj

#

1´
´ N

ř

r“1,r‰p
ampr

¯

µlmpj

+

´
Hlm
ř

k“1,k‰j

ψlmjk

#

´ N
ř

r“1,r‰p
ampr

¯

µlmpj µ
lm
pk

+

˙

, for 1 ă l ă L1 and @m; (7.17)
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µL1m
pj “ σ

ˆ

HpL1´1qm
ř

k“1

µ
pL1´1qm
pk wL1m

kj ` Γm
H1
ř

k“1

w
pL1`1qm
jk µ1

pk `
Y
ř

c“1
ypcu

L1m
cj ` bL1m

pj

´
N
ř

r“1,r‰p
ampr

´

1´ 2µL1m
rj

¯

´ κL1m
j

#

1´
´ N

ř

r“1,r‰p
ampr

¯

µL1m
pj

+

´
HL1m
ř

k“1,k‰j

ψL1m
jk

#

´ N
ř

r“1,r‰p
ampr

¯

µL1m
pj µL1m

pk

+

˙

, @m; (7.18)

µ1
pj “ σ

ˆ

M
ř

m“1
Γm

HL1m
ř

k“1

µL1m
pk w

pL1`1qm
kj `

H2
ř

k“1

w1
jkµ

2
pk `

Y
ř

c“1
ypcu

1
cj ` b

1
pj

´H1pH1 ´ 1q
M1
ř

m“1
Γm

N
ř

r“1,r‰p

`

ampr
˘2
p1´ 2µ1

rjq ` λ

´2
M1
ř

m“1
Γm

N
ř

r“1,r‰p

N´1
ř

s“p

N
ř

t“pr`1q

ampra
m
stpµ

1
sj ´ µ

1
tjq

˙

; (7.19)

µlpj “ σ

ˆ

Hpl´1q
ř

k“1

µ
pl´1q
pk wlkj `

Hpl`1q
ř

k“1

w
pl`1q
jk µ

pl`1q
pk `

Y
ř

c“1
ypcu

l
cj ` b

l
pj

˙

, for1 ă l ă L2;(7.20)

and µL2
pj “ σ

ˆ

HpL2´1q
ř

k“1

µ
pL2´1q
pk wL2

kj `
Y
ř

c“1
ypcu

L2
cj ` b

L2
pj

˙

. (7.21)

Thus, given the training data along with the corresponding class label tLmp ,vmp ,ypu for
the p-th observation, the equilibrium state of the model is estimated using the concept of
mean field theory. Now, based on the obtained mean field parameters, the parameter set
θd2jle of the proposed D2JLE architecture, corresponding to the data-dependent expecta-
tions, can be learned by maximizing the variational bound Lv with respect to θd2jle for
the equilibrium mean field parameters µp. The expressions for differentiation of Lv with
respect to each of the model parameters are given by

BLv
Bw1m

ij

“ vmpiµ
1m
pj ;

BLv
Bwlmjk

“ µ
pl´1qm
pj µlmpk , for 1 ă l ď L1;

BLv
Bw

pL1`1qm
jk

“ µL1m
pj µ1

pk;

BLv
Bulmcj

“ ypcµ
lm
pj , for 1 ď l ď L1;

BLv
Bwljk

“ µlpjµ
pl`1q
pk , for 1 ď l ă L2;

BLv
Bulcj

“ ypcµ
l
pj , for 1 ď l ď L2;

BLv
Bblmpj

“ µlmpj , for 1 ď l ď L1;
BLv
Bblpj

“ µlpj , for 1 ď l ď L2;

BLv
Bdc

“ ypc;
BLv
Bκlmj

“

#

1´
´

N
ÿ

r“1,r‰p

ampr

¯

µlmpj

+

, for 1 ď l ď L1;

BLv
Bψlmjk

“

#

´

N
ÿ

r“1,r‰p

ampr

¯

µlmpj µ
lm
pk

+

, for 1 ď l ď L1; and
BLv
Bλ

“

´

1´
H1
ÿ

j“1

µ1
pj

¯

; @p,m.

(7.22)

So, the data-dependent expectations are estimated by the gradient ascent on the lower
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bound of the proposed architecture.

7.3.5.3 Estimation of Data-Independent Expectations

Now, the second term of the gradient of log-likelihood function (7.10), that is, energy
gradient with respect to the model distribution, is estimated using the Markov Chain Monte
Carlo based stochastic approximation procedure [190]. The idea behind this approach
is to sample a new state of the model from the current state based on the conditional
distributions over visible and hidden nodes for a fixed parameter set θd2jle. The conditional
distributions corresponding to the proposed D2JLE model are given by

P ph1m
pj |L

m
p ,v

m
p ,yp,h

2m
p q “ σ

ˆ

Vm
ř

i“1
vmpiw

1m
ij `

H2m
ř

k“1

w2m
jk h

2m
pk `

Y
ř

c“1
ypcu

1m
cj ` b

1m
pj

´
N
ř

r“1,r‰p
ampr

´

1´ 2h1m
rj

¯

´ κ1m
j

#

1´
´ N

ř

r“1,r‰p
ampr

¯

h1m
pj

+

´
H1m
ř

k“1,k‰j

ψ1m
jk

#

´ N
ř

r“1,r‰p
ampr

¯

h1m
pj h

1m
pk

+

˙

, @m. (7.23)

Similarly, the subsequent conditional distributions can be obtained:

P phlmpj |L
m
p ,h

pl´1qm
p ,h

pl`1qm
p ,ypq “ σ

ˆ

Hpl´1qm
ř

k“1

h
pl´1qm
pk wlmkj `

Hpl`1qm
ř

k“1

w
pl`1qm
jk h

pl`1qm
pk

`
Y
ř

c“1
ypcu

lm
cj ` b

lm
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N
ř

r“1,r‰p
ampr

´

1´ 2hlmrj

¯

´ κlmj

#

1´
´ N

ř

r“1,r‰p
ampr

¯

hlmpj

+

´
Hlm
ř

k“1,k‰j

ψlmjk

#

´ N
ř

r“1,r‰p
ampr

¯

hlmpj h
lm
pk

+

˙

, for 1 ă l ă L1, @m; (7.24)

P phL1m
pj |Lmp ,h

pL1´1qm
p ,h1

p,ypq “ σ

ˆ

HpL1´1qm
ř

k“1

h
pL1´1qm
pk wL1m

kj ` Γm
H1
ř

k“1

w
pL1`1qm
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`
Y
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r“1,r‰p
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´

1´ 2hL1m
rj

¯

´ κL1m
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#

1´
´ N

ř

r“1,r‰p
ampr

¯

hL1m
pj

+

´
HL1m
ř

k“1,k‰j

ψL1m
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#

´ N
ř

r“1,r‰p
ampr

¯

hL1m
pj hL1m

pk

+

˙

, @m; (7.25)

P ph1
pj |L

m
p ,h

L1m
p ,h2
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ř
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hL1m
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pL1`1qm
kj `

H2
ř

k“1
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pk `

Y
ř

c“1
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1
cj

`b1pj ´H
1pH1 ´ 1q

M1
ř
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Γm

N
ř

r“1,r‰p

`

ampr
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p1´ 2h1

rjq ` λ

´2
M1
ř
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Γm

N
ř

r“1,r‰p

N´1
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s“p

N
ř
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m
stph

1
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1
tjq

˙

; (7.26)
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P phlpj |h
pl´1q
p ,h

pl`1q
p ,ypq “ σ

ˆ

Hpl´1q
ř

k“1

h
pl´1q
pk wlkj `

Hpl`1q
ř

k“1

w
pl`1q
jk h

pl`1q
pk `

Y
ř

c“1
ypcu

l
cj ` b

l
pj

˙

,

for 1 ă l ă L2; (7.27)

P phL2
pj |h

pL2´1q
p ,ypq “ σ

ˆ

HpL2´1q
ř

k“1

h
pL2´1q
pk wL2

kj `
Y
ř

c“1
ypcu

L2
cj ` b

L2
pj

˙

; (7.28)

P pvmpi |h
1m
p q “ σ

ˆ

H1m
ř

j“1
w1m
ij h

1m
pj

˙

, @m; (7.29)

P pypc|h
11
p , ¨ ¨ ¨ ,h

L1M
p ,h1

p, ¨ ¨ ¨ ,h
L2
p q “

eXpc

Y
ř

c̄“1
eXpc̄

;

where Xpc “
M
ř

m“1

L1
ř

l“1

Hlm
ř

j“1
ulmcj h

lm
pj `

L2
ř

l“1

Hl
ř

j“1
ulcjh

l
pj ` dpc. (7.30)

Given that the convergence criteria are satisfied, which are to be discussed in Sec-
tion 7.4.2, if a Markov chain is run for sufficient number of steps, then it can be ensured
that the chain will converge to an unique stationary distribution such that the subsequent
states of the chain will be accordingly distributed. The gradient of the energy function
under model distribution is estimated by drawing samples from the obtained stationary
distribution. So, many persistent chains are run in parallel and states of the chains are
sampled based on the conditional distributions, described in (7.23) - (7.30). Thus, the
data-independent expectations with respect to the model parameters are approximated as
follows, where the state variables, sampled from the model distribution, are denoted with
superscript tilde (e.g., ṽ);

BEd2jle

Bw1m
ij

“ ṽmpi h̃
1m
pj ;

BEd2jle

Bwlmjk
“ h̃

pl´1qm
pj h̃lmpk , for 1 ă l ď L1;

BEd2jle

Bw
pL1`1qm
jk

“ h̃L1m
pj h̃1

pk;

BEd2jle

Bulmcj
“ ỹpch̃

lm
pj , for 1 ď l ď L1;

BEd2jle

Bwljk
“ h̃lpj h̃

pl`1q
pk , for 1 ď l ă L2;

BEd2jle

Bulcj
“ ỹpch̃

l
pj , for 1 ď l ď L2;

BEd2jle

Bblmj
“ h̃lmpj , for 1 ď l ď L1;

BEd2jle

Bdc
“ ỹpc;

BEd2jle

Bblj
“ h̃lpj , for 1 ď l ď L2;

BEd2jle

Bκlmj
“

#

1´
´

N
ÿ

r“1,r‰p

ampr

¯

phlmpj q
2

+

, for 1 ď l ď L1;

BEd2jle

Bψlmjk
“

#

´

N
ÿ

r“1,r‰p

ampr

¯

hlmpj h
lm
pk

+

, for 1 ď l ď L1; and

BEd2jle

Bλ
“

´

1´
H1
ÿ

j“1

ph1
pjq

2
¯

; @p,m. (7.31)

Hence, the proposed model can be efficiently learned from the data-dependent and data-
independent estimates, obtained in (7.22) and (7.31), respectively.
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7.3.5.4 Learning Rule of D2JLE Model Parameters

Let N , S, t, and η be the number of training samples, number of persistent Markov chains,
current epoch, and learning rate, respectively. Thus, the update rule for the parameters of
the proposed D2JLE architecture, required to perform gradient ascent on the log-likelihood
function corresponding to the energy function of (7.8), is as follows:

θ
pt`1q
d2jle “ θtd2jle `∆θtd2jle; (7.32)

where ∆θtd2jle “ η

#

1

N

N
ř

p“1

ˆ

BLv
Bθd2jle

˙

p

´
1

S

S
ř

s“1

ˆ

BEd2jle

Bθd2jle

˙

s

+

´ ρθtd2jle ` ζ∆θ
pt´1q
d2jle . (7.33)

From (7.32) and (7.33), it can be observed that the update rules of the proposed D2JLE
model follow the Hebbian rule, which is originally employed for the learning of standard
Boltzmann machine [136]. The energy function of the model is defined in such a way
that it not only considers relation within a particular modality but also across different
modalities. So, if a state of the model is stuck in a local minima of energy landscape, the
learning will help the state to raise the energy of the state, so that the model can come out
of the local minima [8]. It can be observed that all the parameters of the model are learned
simultaneously using (7.32) which is considered to be beneficial in case of learning joint
subspace from heterogeneous data. Also, subtracting the data-independent expectations
from the corresponding data-dependent terms in (7.32) basically stabilizes the distribution
of parameters of the proposed model in order to propagate uncertainties associated with
ambiguous inputs. The learning algorithm of the proposed D2JLE model is outlined in
Algorithm 7.1.

7.4 Different Aspects of Proposed Model

In this section, different aspects of the proposed model are studied, which include error
analysis and convergence analysis of the D2JLE model. The detailed analysis of each of
these aspects is discussed next.

7.4.1 Error Analysis of Proposed Model

In the current study, the D2JLE model is developed to classify the given observations into
different categories. Now, it is well known that Bayes discriminant function provides the
optimal solution to any classification problem. In order to analyze the discriminative ability
of the proposed framework, the mean-squared error between the prediction rule (7.30) of
the D2JLE model and Bayes decision rule is studied. Thus, reduction in the corresponding
error will indicate better approximation of Bayes discriminant function by the proposed
model, which in turn, will ensure better discriminative ability of the model.

Following the similar steps as demonstrated in Section 6.4.1 of Chapter 6, it can be
established that the learning of the proposed D2JLE architecture with prediction criterion
(7.30) attempts to provide a classifier, which is mean-squared error approximation to the
Bayes optimal classifier. So, minimization of the mean-squared error depends on the effi-
cient learning of the model parameters, which in turn, depends on the model architecture.
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Algorithm 7.1 Learning of D2JLE Model.
Input: Set of Laplacian matrices tLmu corresponding to M1 image modalities and set of
data vectors tvmu for M2 non-image modalities, along with the corresponding set of class
labels tyu, number of persistent chains (S), number of epochs (τ), learning rate (η), weight
decay (ρ), momentum (ζ), and number of Gibbs steps (α).
Output: Final parameter set θτd2jle of the architecture.
1: Perform greedy layer-wise pretraining to initialize the set of model parameters, θ0

d2jle.
2: Randomly initialize S Markov chains tL̃m0

, ṽm
0
, ỹ0, h̃1m0

, ¨ ¨ ¨ , h̃L1m
0
, h̃10

, ¨ ¨ ¨ , h̃L2
0
uSs“1.

3: for each epoch t = 0 to τ do
4: // Variational inference
5: for each training sample p = 1 to N do
6: (i) Run mean field updates using (7.16)-(7.21) until convergence.
7: (ii) Save the obtained mean field parameter (µ) for the corresponding training

sample, µp = µ.
8: end for
9: // Stochastic approximation

10: for each persistent chain s = 1 to S do
11: Run the chain for α-steps and sample the state

tL̃m
t`1
, ṽm

t`1
, ỹt`1, h̃1mt`1

, ¨ ¨ ¨ , h̃L1m
t`1
, h̃1t`1

, ¨ ¨ ¨ , h̃L2
t`1
u from

tL̃m
t
, ṽm

t
, ỹt, h̃1mt

, ¨ ¨ ¨ , h̃L1m
t
, h̃1t , ¨ ¨ ¨ , h̃L2

t
u using (7.23)-(7.30).

12: end for
13: Update the parameters of the model from θtd2jle to θ

pt`1q
d2jle using (7.32).

14: end for

Thus, by modifying the architecture of the model or parameter values, the discriminative
ability of the model can be varied. Hence, there must exist a relation between the model
architecture and the values of the parameters with the error probability of the proposed
D2JLE model.

Because of the resemblance of prediction criterion between the proposed method and
Bayes decision rule, the error probability of the D2JLE model can be defined in accordance
with the Bayes multi-class classifier [169], which is given by

Pe “ ErP pe|L,vqs “ Er1´maxc P pyc “ 1|L,vqs

ď 2
ř

L,vPΩ

ppL,vq
C´1
ř

c“1

C
ř

k“pc`1q

P pyc “ 1|L,vqP pyk “ 1|L,vq. (7.34)

Substituting the conditional distribution P pypc “ 1|Lp,vpq of (7.30) in (7.34), the upper
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bound on the error probability of the D2JLE model can be obtained, which is given by

Pe ď
ř

Lp,vpPΩ
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$

’

’

’
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’

’

’

%

2
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ř
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ř
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ř
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ř
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ˆ
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ˆ
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ř
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-

(7.35)

where Xpc “
L1
ř

l“1

M
ř

m“1

Hlm
ř

j“1
ulmcj h

lm
pj `

L2
ř

l“1

Hl
ř

j“1
ulcjh

l
pj ` dpc. (7.36)

So, an upper bound of the error probability Pe is achieved in terms of Xpc, which depends
on both architecture as well as parameters of the model. Through proper learning of the
model parameters, the upper bound on the error probability can be minimized. Also, by
suitably varying the model architecture, a tighter bound on Pe can be achieved.

Let, u1
c “ min

j,l,m
tulmcj u, h

1
p “ min

j,l,m
thlmpj u, u

2
c “ min

j,l
tulcju, h

2
p “ min

j,l
thlpju, H

1 “ min
l,m
tH lmu,

and H2 “ min
l
tH lu. So,

Xpc ď L1MH1u1
ch

1
p ` L2H

2u2
ch

2
p. (7.37)

If the value of Xpc in (7.36) is substituted with the formulation of (7.37), the inequality
will still hold, which is given by

Pe ď
ÿ

vPΩ
ppvq

$

’

’

’

&

’

’

’

%

1´

C
ř

c“1
e2L1MH1u1

ch
1`2L2H2u2

ch
2

ˆ

C
ř

c“1
eL1MH1u1

ch
1`L2H2u2

ch
2

˙2

,

/

/

/

.

/

/

/

-

. (7.38)

It can be observed from (7.38) that instead of heuristically determining the architecture of
the proposed framework, an optimal deep architecture can be obtained for the analysis of
the given multi-view data. Apart from the model parameters and architecture of the pro-
posed D2JLE framework, the error probability also depends on the nature and complexity
of the given classification problem.
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7.4.2 Convergence Analysis of the Proposed D2JLE Model

In the proposed model, variational learning is employed to estimate the data-dependent
expectations, which provides a lower bound Lv : <|θ| ÞÑ < on the log-likelihood function
(7.12) of the model. Given a particular state, the parameter set θd2jle of the model is
updated by applying gradient ascent on Lv. In this section, the convergence of the gradient
ascent algorithm on Lv is discussed.

The gradient function of Lv, corresponding to the energy function of (7.8), is given by

∇Lvpθd2jleq “

»

–

BLvpθd2jleq

Bw1m
ij

¨ ¨ ¨
BLvpθd2jleq

Bw
pL1`1qm
jk
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jk

¨ ¨ ¨
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BwL2
jk
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Bu1m
cj

¨ ¨ ¨
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BuL1m
cj
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cj

¨ ¨ ¨
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cj

BLvpθd2jleq
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¨ ¨ ¨
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¨ ¨ ¨
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BbL2
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Bκ1m
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BLvpθd2jleq

BκL1m
j

BLvpθd2jleq

Bψ1m
jk

BLvpθd2jleq

BψL1m
jk

BLvpθd2jleq

Bλ

ffT

; @i, j, k, c,m, (7.39)

where T denotes the transpose operator. The gradient of Lvpθd2jleq with respect to each of
the parameters can be obtained using (7.22), which makes it clear that the gradient function
∇Lvpθd2jleq is independent of θd2jle, that is, ∇Lvpθd2jle_1q “ ∇Lvpθd2jle_2q, @θd2jle_1,
θd2jle_2 P θd2jle. The independence of∇Lvpθd2jleq with respect to the parameters of D2JLE
model is evident since each parameter of the model is included in the corresponding energy
function Ed2jlepLp,vp,hp,ypq, presented in (7.8) as an additive term. So, it can be said
that Lv is a differential function having β-Lipschitz continuous gradient for some β ě 0,
that is, }∇Lvpθd2jle_1q ´∇Lvpθd2jle_2q}2 ď β}θd2jle_1 ´ θd2jle_2}2. For a function having
β-Lipschitz gradient, it is known that @θd2jle_1, θd2jle_2 P θd2jle,

Lvpθd2jle_1q ď Lvpθd2jle_2q `∇Lvpθd2jle_2q
T
pθd2jle_1 ´ θd2jle_2q

`
1

2
β}θd2jle_1 ´ θd2jle_2}

2
2
. (7.40)

Let, θd2jle_1 “ θtd2jle and θd2jle_2 “ θ
pt`1q
d2jle , where t denotes the current epoch. Substituting

the values of θd2jle_1 and θd2jle_2, and rearranging the terms in (7.40), we get

Lvpθpt`1q
d2jle q ě Lvpθtd2jleq `∇Lvpθ

pt`1q
d2jle q

T
pθ
pt`1q
d2jle ´ θ

t
d2jleq ´

1

2
β}θ

pt`1q
d2jle ´ θ

t
d2jle}

2

2
.

Since gradient ascent algorithm on Lv is employed in the proposed model to learn the
parameter values of θd2jle, it is obvious that θpt`1q

d2jle “ θtd2jle ` η∇Lvpθtd2jleq, where η de-
notes the learning rate. Now, considering the independence property of ∇Lvpθd2jleq in the
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proposed model, that is, ∇Lvpθpt`1q
d2jle q “ ∇Lvpθ

t
d2jleq, we have

Lvpθpt`1q
d2jle q ě Lvpθ

t
d2jleq ` ηp1´

1

2
βηq}∇Lvpθtd2jleq}

2

2
.

Assuming η to be small enough such that η ď
1

β
, we get p1´

1

2
βηq ě

1

2
. Thus, we have

Lvpθpt`1q
d2jle q ě Lvpθ

t
d2jleq `

1

2
η}∇Lvpθtd2jleq}

2

2
. (7.41)

Let θ˚d2jle be the optimal parameter set that maximizes the lower bound, or equiva-
lently maximizes the log-likelihood function of the proposed model in such a way that,
Lvpθ˚d2jleq ě Lvpθd2jleq,@θd2jle P θd2jle. Since Lvpθd2jleq is defined as a linear function of
θd2jle in (7.15), we have

Lvpθtd2jleq “ Lvpθ˚d2jleq `∇Lvpθtd2jleq
T
pθtd2jle ´ θ

˚
d2jleq. (7.42)

Using (7.42) in (7.41), we get
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.

Taking summation over iteration till t “ τ , we get

T
ř

t“0

!
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)

ď
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T
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Since Lvpθd2jleq is an increasing function of θd2jle, we can replace
τ´1
ř

t“0
Lvpθpt`1q

d2jle q with

τLvpθτd2jleq and the inequality will still hold. Thus, we get

Lvpθ˚d2jleq ´ Lvpθτd2jleq ď
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2ητ
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}θ0
d2jle ´ θ

˚
d2jle}

2

2
´ }θτd2jle ´ θ

˚
d2jle}

2

2

)

ď
1

2ητ
}θ0
d2jle ´ θ

˚
d2cca}

2

2
. (7.43)

From (7.43), it can be concluded that the variational learning algorithm in the proposed
D2JLE model converges with a rateOp 1

τ q after τ iterations, if the learning rate is considered
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to be small enough, that is, η ď
1

β
.

Now, stochastic approximation procedure is considered in the proposed model to ap-
proximate data-independent expectations. Convergence of the procedure to an asymptot-
ically stable point is already established in [218, 220]. One necessary condition requires
the learning rate (η) to decrease with iteration t, so that the algorithm eventually settles

down to a fixed state. So, it is required that
8
ř

t“0
ηt “ 8 and

8
ř

t“0
η2
t ă 8. This condition

can be trivially satisfied by setting ηt “ a
b`t , for constants a ą 0 and b ą 0. Also, in

practice, the sequence |θtd2jle| is bounded and the Markov chain is ergodic which, along
with the condition on learning rate, establish the convergence of stochastic approximation
procedure. Together with the condition on the variational learning (7.43), this ensures the
convergence of the proposed D2JLE model.

7.5 Experimental Results and Discussions

In this section, the performance of the proposed D2JLE model is extensively studied and
the corresponding results are reported. In order to evaluate the efficacy of the proposed
architecture, several existing algorithms are considered, which include regularized general-
ized canonical correlation analysis (RGCCA) [187], multiset canonical correlation analysis
(MCCA) [96], graph-regularized MCCA (GMCCA) [25], graph-regularized kernel MCCA
(GMKCCA) [25], large-scale generalized canonical correlation analysis (LasCCA) [53],
distributed algorithm for canonical correlation analysis (DisCCA) [53], multi-view dis-
criminant analysis (MvDA) [92], MvDA with view-consistency (MvDA-VC) [93], multi-
view common component discriminant analysis (MvCCDA) [217], multimodal deep Boltz-
mann machine (MDBM) [180], deep adversarial canonical correlation analysis (DACCA)
[44], deep canonical correlation analysis with view generation (DCCA-VG) [193], towards
deep and discriminative canonical correlation analysis (TDDCCA) [37], multimodal deep
learning framework with cross-weights (MDL-CW) [157], multimodal graph neural net-
work (MMGNN) [54], multi-view linear discriminant analysis network (MvLDAN) [79],
multi-view graph restricted Boltzmann machine (mgRBM) [221], tensor canonical corre-
lation analysis (TCCA) [213], multi-view generative adversarial network (MVGAN) [209],
fGraphDBN [24], SPDNet [83], and CRBM [152]. The performance of the proposed ap-
proach as well as existing methods is demonstrated in terms of both training-testing and
10-fold cross-validation (CV). In case of training-testing, overall classification accuracy is
considered, while mean, median, standard deviation, and p-values computed using paired-t
(one-tailed) and Wilcoxon signed-rank (one-tailed) tests, with 95% confidence level, are
employed for 10-fold CV.

7.5.1 Description of Data Sets

In order to evaluate the performance of different algorithms, four benchmark databases,
namely, Digits [63], Caltech [114], NUS-WIDE-OBJECT (NW-OBJECT) [27], and Animals
with Attributes (AwA) [208], three HEp-2 cell image databases, and one real-life Virus data
set [106] are considered. All the databases, studied in this chapter, are image based. For
example, the Digits data set consists of handwritten numerals, Caltech and NW-OBJECT
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databases contain images of various types of objects, and AwA data set is comprised of
images of several kind of animals. Different staining patterns are identified from the three
HEp-2 cell image databases, which include MIVIA (ICPR 2012 HEp-2 cell classification
contest data set) [51], ICPR (ICPR 2014 HEp-2 cell classification contest data set) [75], and
SNP [206]. The Virus data set contains negative stain transmission electron microscopy
(TEM) images, which are primarily used for the detection of virus particles. A brief
description of the NW-OBJECT data set is presented in Chapter 4, whereas the description
of the Digits database is illustrated in Chapter 5. While a brief description of the AwA
data set is provided in Chapter 6, the description of the HEp-2 cell image databases are
summarized in Chapter 3. The Virus data set includes 15 different virus classes, each of
which is represented by 100 TEM images.

In case of benchmark databases, the pre-extracted feature sets are considered along
with the corresponding images as input to the proposed D2JLE model as well as existing
algorithms. For the HEp-2 cell image databases and the Virus data set, completed local
binary pattern [61] at scales S1, S2, S3, and S4, and rotation-invariant co-occurrence of
adjacent local binary pattern [145] at scales S1, S2, and S4, are employed to provide the
input feature sets along with the corresponding images for the evaluation of the proposed
model and existing approaches. It is to be noted here that while the Digits and Caltech
data sets exhibit large variance in the dimensionality of the input feature sets, the NW-
OBJECT and ICPR data set have large number of samples with small dimensionality of
the input feature sets. The MIVIA and SNP databases are represented by small number of
samples having small number of classes, whereas the Virus data set is represented by small
number of samples having large number of classes. On the other hand, AwA is a large scale
database having large number of samples and classes with large dimension of each of the
feature sets. Each data set is randomly partitioned into two sets for training-testing and ten
separate folds for 10-fold CV. In both the cases, the samples are equally distributed with
respect to given classes. Detailed description of all the data sets is reported in Appendix A.

7.5.2 Model Architecture and Implementation Details

In existing literature, the architecture of a deep framework is heuristically determined for
all the databases under consideration. Hence, it does not take into account the diversities
present in the nature of the problem as well as the complexities associated with the given
data sets. However, in the proposed method, an upper bound on the error probability
(7.38) is estimated in terms of the architecture of the model, which enables the framework
to select an optimal architecture for the analysis of the given multi-view data. In the current
study, greedy layer-wise pretraining [163] is performed to initialize the model parameters
sensibly.

In order to determine the optimal number of layers in the proposed D2JLE model,
extensive experiments are carried out on benchmark, HEp-2, and Virus data sets. During
the pretraining, the number of modality-specific hidden layers (L1) is varied from 1 to 5
for each of the data sets, keeping the number of joint hidden layers (L2) fixed at 1 and the
corresponding values of error bound are noted. Then, L1 is fixed at the value for which
the error bound has achieved the minimum value, while L2 is varied from 1 to 5 and the
variation in the error bound is observed. The value of L2 for which error bound attains the
minimum value is considered for the analysis of the particular data set. The variations of
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error bound with respect to L1 and L2, corresponding to the benchmark, HEp-2, and Virus
databases, are presented in Figure 7.2 and Figure 7.3, respectively, for both training-testing
and 10-fold CV. The optimal values of L1 and L2, obtained from the corresponding error
plots, are tabulated in Table 7.1. It establishes the fact that different number of layers is
required by the proposed deep architecture to address the challenges offered by each of the
data sets for various experimental set-up.
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Figure 7.2: Variation of error bound with respect to the architecture of the proposed D2JLE
model on benchmark data.
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Figure 7.3: Variation of error bound with respect to the architecture of the proposed D2JLE
framework (top row: training-testing and bottom row: 10-fold CV on HEp-2 and Virus
data).

The hidden nodes of the architecture are represented by the corresponding probability
values and the parameters are updated based on the mini-batches formed from the given
set of training samples. Each of the L1 layers consists of 25 hidden nodes, whereas the
L2 joint layers have 10 hidden nodes each. The number of epochs, and the values of
momentum and weight decay are considered to be 100, 0.5, and 0.0005, respectively. The
value of learning rate is initialized at 0.01 and then, gradually decreased with the increase
in number of epochs. For the estimation of data-independent expectations, 100 Gibbs steps
and 20 separate Markov chains are considered.
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Table 7.1: Optimal Number of Layers for D2JLE Model Based on Estimated Error Bound

Different Different Data Sets Number of Layers
Metrices pL1, L2q

T
ra
in
in
g-
T
es
ti
ng Benchmark

Digits 4,4
Caltech 5,3

NW-OBJECT 5,4
AwA 5,5

HEp-2
MIVIA 3,4
SNP 3,3
ICPR 4,3

Virus 4,4

10
-f
ol
d
C
V

HEp-2
MIVIA 3,3
SNP 3,3
ICPR 4,2

Virus 4,3

7.5.3 Effectiveness of Proposed Model for Image Analysis

In the current study, a novel deep learning model, termed as D2AIA, is developed for proper
characterization and classification of an input image into different categories. In the pro-
posed D2AIA model, the theory of LE [16] is judiciously incorporated into the framework of
DDBM in such a way that the underlying low-dimensional image manifold is encapsulated
efficiently using the LE algorithm and the corresponding locality preserving properties as
well as the supervised information of sample categories are propagated properly through
the deep layers of DDBM architecture. In this section, the performance of the proposed
D2AIA model is studied on four benchmark, three HEp-2, and one Virus databases, con-
sidering only the image modality. The efficacy of the proposed D2AIA model is compared
with that of the several state-of-the-art approaches, which are primarily considered to iden-
tify the low-dimensional embedding from the input high-dimensional pixel space. Firstly,
the input image is converted into one-dimensional representation using row concatenation
and then the representation is provided as input to the DDBM model. The corresponding
model is referred to as Concat+DDBM. Similarly, PCA [195], LDA [14], and CNN [21]
are applied to the input images for obtaining the low-dimensional representations, which
are then applied to the input of DDBM and the corresponding approaches are termed as
PCA+DDBM, LDA+DDBM, and CNN+DDBM, respectively. It is to be noted here that
the architecture of the DDBM model remains the same for the existing approaches as well
as the proposed model.

Considering the results reported in Table 7.2, it can be observed that although the
CNN+DDBM approach achieves satisfactory results on all the benchmark databases, the
proposed D2AIA model attains highest classification accuracy with respect to the existing
image analysis based methods on all four benchmark databases considered. In case of
HEp-2 and Virus data sets, the results are presented in Table 7.3, which demonstrate that
the proposed model outperforms four existing approaches for image analysis on all the
three HEp-2 cell image databases as well as the real-life Virus database. From the p-values
obtained through two statistical significance tests, it can be observed that the proposed
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Table 7.2: Classification Accuracy of Proposed Model for Image Analysis on Benchmark
Data

Data Sets Concat PCA LDA CNN D2AIA+ DDBM + DDBM + DDBM + DDBM
Digits 34.60 71.20 84.70 89.00 91.20
Caltech 40.68 68.44 73.26 78.45 82.64

NW-OBJECT 37.95 43.64 37.72 48.27 53.94
AwA 42.22 61.92 67.08 80.30 85.95

Table 7.3: Classification Accuracy of Proposed Model for Image Analysis on HEp-2 and
Virus Data Sets

Data Sets Different Concat PCA LDA CNN D2AIAMetrics + DDBM + DDBM + DDBM + DDBM

M
IV

IA

Train-Test 24.52 45.10 51.77 53.13 70.84

10
-f
ol
d
C
V Mean 41.77 47.19 52.81 59.60 72.27

Median 43.05 48.72 52.21 58.99 73.58
StdDev 5.94 8.83 5.00 3.28 4.47

Paired-t :p 2.53E-10 1.85E-05 2.13E-06 6.81E-05 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 -

SN
P

Train-Test 49.63 61.47 59.98 65.74 70.86

10
-f
ol
d
C
V Mean 54.29 60.22 63.38 66.08 71.42

Median 55.34 61.63 62.33 65.55 72.17
StdDev 5.18 4.41 4.81 4.09 3.17

Paired-t :p 3.86E-06 5.77E-05 1.17E-03 1.17E-03 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 3.46E-03 -

IC
P
R

Train-Test 39.79 58.83 64.88 66.57 90.23

10
-f
ol
d
C
V Mean 50.39 51.78 52.54 55.97 84.08

Median 51.53 52.31 54.99 54.98 83.94
StdDev 9.59 6.16 5.83 3.79 3.74

Paired-t :p 2.69E-06 1.71E-07 1.15E-07 6.81E-09 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 -

V
ir
us

Train-Test 57.87 59.60 70.93 60.67 83.07

10
-f
ol
d
C
V Mean 64.00 70.07 77.40 78.33 83.60

Median 64.00 70.67 77.33 77.67 83.67
StdDev 3.30 3.18 2.62 4.85 2.22

Paired-t :p 3.18E-08 5.32E-07 5.31E-04 4.11E-03 -
Wilcoxon:p 2.52E-03 2.52E-03 3.42E-03 8.27E-03 -

D2AIA model attains significantly better p-values for all the 32 cases. Hence, it is evident
that the topological properties of the input images are not only extracted efficiently but
also propagated properly through the deep layers of the proposed D2AIA model, which in
turn, allows the model to appropriately classify the input images into different categories.
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7.5.4 Comparative Performance Analysis

Finally, the performance of the proposed D2JLE model is studied on four benchmark,
three HEp-2 cell, and Virus data sets with reference to several existing approaches, which
include consensus principle based methods, complementary principle based approaches,
both consensus and complementary principles based methods, and spatial proximity based
approaches. The corresponding results are reported in Table 7.4, Table 7.5, Table 7.6,
Table 7.7, Table 7.8, Table 7.9, Table 7.10, and Table 7.11. It is to be mentioned here that,
in case of proposed framework, the class labels of input samples are predicted from the
architecture itself. Hence, no classifier is employed in the proposed method for classification
purpose.

Table 7.4: Performance Analysis of Consensus Principle Based Approaches on Benchmark
Data

Data Sets RGCCA MCCA GMCCA GMKCCA LasCCA DisCCA DCCA-VG MDL-CW D2JLE
Digits 90.30 87.00 11.20 6.60 10.20 5.60 89.00 86.40 97.50
Caltech 33.71 41.83 4.82 7.48 4.06 3.17 49.68 54.25 93.79

NW-OBJECT 18.91 30.34 4.56 6.43 7.40 10.93 19.23 18.20 58.32
AwA 28.32 38.83 41.62 51.36 60.19 62.69 45.00 60.25 90.52

Table 7.5: Performance Analysis of Consensus Principle Based Approaches on HEp-2 and
Virus Data Sets

Data SetsDifferent Metrics RGCCA MCCA GMCCA GMKCCA LasCCA DisCCA DCCA-VG MDL-CW D2JLE

M
IV

IA

Train-Test 56.95 55.86 56.81 57.08 59.67 58.99 65.26 63.08 73.02

10
-f
ol
d
C
V Mean 67.69 70.68 70.27 69.25 69.05 68.57 69.18 68.84 95.40

Median 67.41 70.14 71.16 69.80 69.46 68.78 69.12 68.44 95.52
StdDev 2.88 2.40 2.97 2.40 2.32 2.26 1.52 2.08 1.52

Paired-t :p 1.46E-11 4.88E-10 2.20E-10 3.95E-11 1.33E-12 3.00E-12 9.72E-13 3.02E-13 -
Wilcoxon:p 2.52E-03 2.53E-03 2.52E-03 2.52E-03 2.52E-03 2.52E-03 2.50E-03 2.52E-03 -

SN
P

Train-Test 60.19 57.63 51.97 57.84 55.71 53.47 62.97 61.26 72.79

10
-f
ol
d
C
V Mean 67.10 70.66 70.77 70.00 68.47 67.76 73.01 71.09 89.19

Median 69.40 72.68 70.77 69.95 70.49 70.49 73.50 71.86 89.67
StdDev 8.18 6.33 5.08 4.96 7.84 9.02 3.60 3.55 4.17

Paired-t :p 8.22E-06 7.03E-06 1.47E-06 1.80E-06 7.36E-06 1.93E-05 6.01E-07 1.82E-07 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.52E-03 2.53E-03 2.53E-03 2.52E-03 -

IC
P
R

Train-Test 82.28 81.31 81.47 81.00 81.82 81.48 83.87 83.28 94.04

10
-f
ol
d
C
V Mean 82.65 80.99 71.54 72.95 76.26 74.45 81.26 77.02 91.16

Median 82.91 80.45 69.90 73.79 77.17 74.92 80.56 76.67 91.44
StdDev 3.32 4.67 5.97 5.60 5.80 7.42 3.54 3.71 2.92

Paired-t :p 1.28E-05 5.99E-08 1.80E-08 4.74E-08 2.81E-06 1.34E-05 4.18E-10 9.51E-11 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.52E-03 2.53E-03 2.53E-03 2.53E-03 -

V
ir
us

Train-Test 75.60 75.67 73.47 71.20 67.67 76.40 79.67 78.67 88.93

10
-f
ol
d
C
V Mean 73.93 69.80 71.60 70.47 68.60 67.07 78.53 76.47 83.77

Median 74.33 69.33 71.00 70.33 70.33 70.00 78.33 77.00 84.33
StdDev 3.76 3.19 3.28 2.98 5.26 5.99 3.09 2.93 1.81

Paired-t :p 2.02E-06 6.01E-09 2.70E-07 9.07E-10 4.79E-06 3.61E-06 3.11E-04 2.10E-05 -
Wilcoxon:p 2.50E-03 2.50E-03 2.47E-03 2.52E-03 2.50E-03 2.53E-03 3.84E-03 2.49E-03 -
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7.5.4.1 Performance of Consensus Principle Based Methods

In this section, several state-of-the-art consensus principle based methods, namely, RGCCA
[187], MCCA [96], GMCCA [25], GMKCCA [25], LasCCA [53], DisCCA [53], DCCA-
VG [193], and MDL-CW [157], are considered for performance evaluation of the proposed
D2JLE model. Out of these methods, RGCCA, MCCA, GMCCA, GMKCCA, LasCCA,
and DisCCA are classical approaches, whereas DCCA-VG and MDL-CW are deep learn-
ing models. The experimental set-up for the existing consensus principle based approaches
is discussed in details in Section 6.5.4.1 of Chapter 6. From the results reported in Ta-
ble 7.4, it can be observed that although RGCCA and MCCA achieve considerable classi-
fication accuracy on Digits data set, they fail to attain similar results on rest of the bench-
mark databases. However, the proposed model exhibits significantly better performance
with respect to the existing consensus principle based methods on all the four benchmark
databases. The results reported in Table 7.5 corresponding to the HEp-2 and Virus data
sets demonstrate that the proposed method outperforms all the eight multiset consensus
principle based methods on three HEp-2 cell and Virus data sets for both training-testing
and 10-fold CV. The statistical significance test reveals that the proposed architecture
achieves significantly better p-values for all the 64 cases.

Table 7.6: Performance Analysis of Complementary Principle Based Methods on Bench-
mark Data

Data MvDA MvDA-VC MvCCDA MvLDAN MVGAN D2JLE
Digits 92.40 93.50 92.80 90.70 82.70 97.50
Caltech 76.30 75.29 76.68 79.47 77.31 93.79

NW-OBJECT 29.03 28.62 37.33 36.27 27.61 58.32
AwA 55.31 65.82 59.64 61.76 58.47 90.52

7.5.4.2 Performance of Complementary Principle Based Approaches

Here, the performance of the proposed model is analyzed with reference to several comple-
mentary principle based approaches, namely, MvDA [92], MvDA-VC [93], MvCCDA [217],
MvLDAN [79], and MVGAN [209]. Out of these methods, MvDA, MvDA-VC, and MvC-
CDA are classical approaches, whereas MvLDAN and MVGAN are deep learning models.
The experimental set-up for the existing complementary principle based approaches is dis-
cussed in details in Section 6.5.4.2 of Chapter 6. The results corresponding to Table 7.6
demonstrate that the complementary principle based methods achieve considerable accu-
racy on all the four benchmark databases. However, the highest classification accuracy is
attained by the proposed model in all the cases. From the results reported in Table 7.7, it
can be observed that the proposed model performs considerably better than all the existing
approaches on all the three HEp-2 cell and Virus data sets for both training-testing and
10-fold CV. The p-values obtained from the two statistical significance tests indicate that
the proposed model attains significantly better p-values for all the 40 cases.
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Table 7.7: Performance Analysis of Complementary Principle Based Approaches on HEp-2
and Virus Data Sets

Data Different Metrics MvDA MvDA-VC MvCCDA MvLDAN MVGAN D2JLE

M
IV

IA

Train-Test 63.62 64.99 64.31 63.22 63.90 73.02

10
-f
ol
d
C
V Mean 78.93 77.96 80.57 84.18 85.64 95.40

Median 78.78 78.44 80.14 83.78 85.10 95.52
StdDev 3.74 2.68 2.28 2.59 3.30 1.52

Paired-t :p 5.55E-07 1.66E-09 2.17E-08 1.05E-08 4.14E-07 -
Wilcoxon:p 2.53E-03 2.52E-03 2.52E-03 2.52E-03 2.52E-03 -

SN
P

Train-Test 62.22 62.22 63.07 63.61 61.47 72.79

10
-f
ol
d
C
V Mean 71.53 70.22 79.07 74.28 72.81 89.19

Median 73.50 70.77 82.40 75.85 71.67 89.67
StdDev 6.17 5.33 6.74 9.44 5.69 4.17

Paired-t :p 2.55E-06 2.05E-06 3.69E-04 5.97E-04 3.20E-05 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.53E-03 -

IC
P
R

Train-Test 82.13 81.70 83.37 83.51 83.97 94.04

10
-f
ol
d
C
V Mean 70.76 71.23 71.06 74.80 72.34 91.16

Median 70.19 70.04 70.85 75.48 72.33 91.44
StdDev 4.86 4.70 5.08 2.78 3.81 2.92

Paired-t :p 1.86E-10 1.30E-10 2.72E-10 2.73E-07 2.06E-08 -
Wilcoxon:p 2.52E-03 2.52E-03 2.53E-03 2.53E-03 2.53E-03 -

V
ir
us

Train-Test 79.47 80.13 79.47 80.60 80.53 88.93

10
-f
ol
d
C
V Mean 75.37 77.40 76.00 79.27 78.53 83.77

Median 75.67 77.33 75.67 80.00 79.67 84.33
StdDev 3.33 3.42 3.64 2.82 3.17 1.81

Paired-t :p 1.07E-05 4.46E-05 1.98E-05 1.71E-04 5.17E-04 -
Wilcoxon:p 2.53E-03 2.47E-03 2.52E-03 2.52E-03 3.82E-03 -

7.5.4.3 Performance of Consensus and Complementary Principles Based Meth-
ods

The proficiency of the proposed framework is compared with that of several state-of-the-
art methods, which are based on both the consensus and complementary principles. These
methods include MDBM [180], mgRBM [221], DACCA [44], TCCA [213], TDDCCA [37],
and MMGNN [54]. 0 Out of these methods, mgRBM is a classical approaches, whereas
MDBM, DACCA, TCCA, TDDCCA, and MMGNN are deep learning models. The shared
subspace is represented with 2048, 50, 80, 50, 64|V |B, and 50 features by MDBM, mgRBM,
DACCA, TDDCCA, TCCA, and MMGNN, respectively, where |V | and B denote the
number of input views and total number of batches, considered for a particular data set.
The architecture for each of these models follows the same as described in the corresponding
papers. From the results reported in Table 7.8, it is evident that significant improvement
in classification accuracy is achieved by the proposed architecture in comparison to the
existing multi-view approaches those are based on both consensus and complementary
principles, for all the benchmark databases, except for TCCA on Digits database. In case
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Table 7.8: Comparative Performance Analysis of Both Correlation and Complementary
Based Approaches on Benchmark Databases

Data Sets MDBM mgRBM DACCA TCCA TDDCCA MMGNN D2JLE
Digits 10.00 88.60 84.60 97.80 85.90 88.90 97.50
Caltech 2.53 78.75 73.89 87.58 74.52 74.27 93.79

NW-OBJECT 26.07 32.16 38.42 33.61 17.80 37.87 58.32
AwA 56.86 68.57 47.60 63.46 62.49 63.01 90.52

Table 7.9: Comparative Performance Analysis of Both Correlation and Complementary
Based Approaches on HEp-2 and Virus Data Sets

Data Different Metrics MDBM mgRBM DACCA TCCA TDDCCA MMGNN D2JLE

M
IV

IA

Train-Test 61.17 65.67 65.12 67.22 64.80 64.99 73.02

10
-f
ol
d
C
V Mean 85.78 87.62 86.60 90.34 88.64 89.66 95.40

Median 85.03 87.76 86.73 90.82 88.78 89.80 95.52
StdDev 3.40 2.77 2.57 2.05 2.10 2.07 1.52

Paired-t :p 1.03E-06 9.56E-07 7.08E-07 5.93E-06 6.11E-07 9.31E-06 -
Wilcoxon:p 2.53E-03 2.53E-03 2.52E-03 2.50E-03 2.50E-03 2.53E-03 -

SN
P

Train-Test 62.93 65.28 67.32 70.40 69.07 68.38 72.79

10
-f
ol
d
C
V Mean 65.46 67.36 68.36 78.14 73.31 71.31 89.19

Median 68.58 70.49 70.77 82.13 73.22 73.22 89.67
StdDev 6.83 7.53 5.21 7.65 5.86 6.26 4.17

Paired-t :p 5.08E-07 1.51E-05 1.92E-06 5.26E-04 7.50E-06 8.77E-06 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.53E-03 -

IC
P
R

Train-Test 81.94 83.00 83.13 85.51 84.38 83.89 94.04

10
-f
ol
d
C
V Mean 72.40 79.72 76.75 81.89 81.09 80.68 91.16

Median 71.94 79.13 75.61 81.51 80.48 79.46 91.44
StdDev 4.40 4.23 3.88 4.01 3.55 4.11 2.92

Paired-t :p 7.03E-09 3.40E-09 3.68E-09 2.10E-08 4.60E-10 3.74E-09 -
Wilcoxon:p 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.53E-03 2.53E-03 -

V
ir
us

Train-Test 73.93 81.00 81.40 82.13 81.73 81.60 88.93

10
-f
ol
d
C
V Mean 71.60 74.53 77.80 81.20 79.20 79.20 83.77

Median 69.67 74.00 77.33 80.33 78.67 79.00 84.33
StdDev 4.81 3.72 4.36 2.66 3.03 3.66 1.81

Paired-t :p 1.30E-05 6.25E-06 4.24E-04 5.19E-04 5.18E-05 7.97E-04 -
Wilcoxon:p 2.53E-03 2.50E-03 3.74E-03 3.79E-03 2.52E-03 3.46E-03 -

of HEp-2 and Virus data sets, the results are presented in Table 7.9, which signify that the
proposed model outperforms six existing methods for all three HEp-2 cell image data sets
and the real-life Virus database considered. Statistical significance analysis reveals that
the proposed model achieves significantly better p-values for all the 48 cases.
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Table 7.10: Performance Analysis of Spatial Proximity Based Approaches on Benchmark
Databases

Data Sets fGraphDBN SPDNet CRBM D2JLE
Digits 96.90 98.20 92.60 97.50
Caltech 94.68 89.23 90.37 93.79

NW-OBJECT 50.45 53.51 55.75 58.32
AwA 85.01 88.04 87.62 90.52

Table 7.11: Performance Analysis of Spatial Proximity Based Approaches on HEp-2 and
Virus Data Sets

Data Different Metrics fGraphDBN SPDNet CRBM D2JLE

M
IV

IA

Train-Test 66.35 68.99 65.12 73.02

10
-f
ol
d
C
V Mean 89.49 92.14 90.26 95.40

Median 89.12 91.91 89.62 95.52
StdDev 2.07 1.01 1.88 1.52

Paired-t :p 6.10E-07 1.80E-06 3.20E-06 -
Wilcoxon:p 2.52E-03 2.53E-03 2.52E-03 -

SN
P

Train-Test 68.47 71.86 72.97 72.79

10
-f
ol
d
C
V Mean 76.60 80.18 81.04 89.19

Median 78.58 79.95 82.32 89.67
StdDev 6.60 4.63 6.76 4.17

Paired-t :p 5.34E-05 3.88E-04 4.48E-03 -
Wilcoxon:p 2.53E-03 3.44E-03 6.26E-03 -

IC
P
R

Train-Test 88.23 89.38 85.12 94.04

10
-f
ol
d
C
V Mean 80.86 81.27 82.70 91.16

Median 80.85 80.56 82.25 91.44
StdDev 4.41 4.74 4.09 2.92

Paired-t :p 4.25E-09 5.06E-08 3.35E-06 -
Wilcoxon:p 2.53E-03 2.52E-03 2.52E-03 -

V
ir
us

Train-Test 81.00 81.53 81.87 88.93

10
-f
ol
d
C
V Mean 76.13 79.93 80.53 83.77

Median 75.33 79.67 80.00 84.33
StdDev 3.68 3.30 3.12 1.81

Paired-t :p 1.97E-05 4.20E-04 3.01E-03 -
Wilcoxon:p 2.53E-03 3.40E-03 6.23E-03 -

7.5.4.4 Performance of Spatial Proximity Based Approaches

Finally, various state-of-the-art spatial proximity based approaches, namely, fGraphDBN
[24], SPDNet [83], and CRBM [152], are considered for the performance evaluation of
the proposed model, and the corresponding results are reported in Table 7.10 and Ta-
ble 7.11. Out of these methods, only CRBM is a classical approach, whereas fGraphDBN
and SPDNet are deep learning models. The shared subspace is represented with 50, 100,
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and 5000 features by CRBM, fGraphDBN, and SPDNet, respectively. The architecture for
each of these models follows the same as described in the corresponding papers. Consid-
ering the results reported in Table 7.10, it can be observed that considerable classification
accuracy is achieved by the spatial proximity based approaches on all the benchmark
databases. In fact, the fGraphDBN and SPDNet models attain highest classification accu-
racy on Caltech and Digits data sets, respectively. However, the proposed D2JLE model
performs significantly better than the state-of-the-art approaches on rest of the benchmark
databases. In case of HEp-2 data sets, the results are presented in Table 7.11, which demon-
strate that although similar classification accuracy is achieved by the existing methods, the
highest classification accuracy is attained by the proposed model on all three HEp-2 cell
data sets, expect for CRBM on SNP database. Statistical significance analysis reveals
that the proposed model achieves significantly better p-values for all the 18 cases. For the
Virus data set, the results are reported in Table 7.9 which signify that the proposed model
outperforms three existing methods on the real-life Virus database considered. From the
p-values obtained through two statistical significance tests, it can be observed that the
proposed D2JLE model attains significantly better p-values for all the 6 cases.

The better performance of the proposed D2JLE model over state-of-the-art approaches
is achieved due to the following reasons:

• the proposed model is developed based on the framework of MDDBM, and so, the
joint subspace of the model efficiently encapsulates the latent non-linear data distri-
bution over the space of multimodal inputs;

• the discriminative ability of the model is enhanced by incorporating the supervised
information of sample categories at each layer of the framework;

• the intrinsic topological properties of the image modalities are precisely captured and
propagated through the deep layers of the model using the objective function of LE;

• the geometric structures corresponding to the multiple image modalities are consol-
idate properly in the joint subspace through approximate joint diagonalization of
graph Laplacians; and

• the relevance of each of the given input modality is evaluated based on which all the
imperative information is integrated in the joint subspace.

In effect, the proposed model provides significantly better performance as compared to
existing approaches.

7.6 Conclusion

The primary contributions of this chapter is five-fold, namely, (a) developing D2AIA model
for efficient characterization and classification of a given set of input images into different
categories; (b) introducing D2JLE model by judiciously integrating the theory of LE and
simultaneous diagonalization of Laplacians with the learning objective of MDDBM frame-
work; (c) determining the data specific architecture of the proposed model based on the
estimated upper bound of the total error probability of the network; (d) consolidating the
theory of the proposed framework with convergence analysis; and finally, (e) illustrating
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the efficacy of the D2JLE model on different domains of applications, namely, object detec-
tion, staining pattern recognition from HEp-2 cell images, and virus particle identification
from negative stain transmission electron microscopy images.

This chapter presents a novel geometrically motivated deep predictive model, termed
as D2JLE, which can process multiple image and non-image modalities simultaneously. It
considers the theory of LE in order to recognize and represent the geometric structures
of the image manifold, embedded in the high-dimensional pixel space. The corresponding
topological properties of a given image modality are propagated precisely through the deep
layers of the framework. The intrinsic geometric structures of multiple image modalities
are appropriately consolidated in the joint subspace of the D2JLE model by computing
an approximate common eigenbasis of multiple Laplacians simultaneously. The imperative
information corresponding to both image and non-image modalities are incorporated in the
joint subspace through the learning objective of MDDBM framework. A relevance mea-
sure is proposed in the current study for each input modality based on the discrimination
criterion of the corresponding embedding and subsequently, the joint subspace is learned
from the weighted combination of the individual subspaces. An upper bound on the error
probability of the proposed model is estimated in terms of the model architecture, which
allows determination of the optimal architecture of the model for each database considered.
The proposed D2JLE model is further consolidated with convergence analysis. The pro-
ficiency of the proposed model is established on four benchmark databases, three HEp-2
cell image data sets, and the real-life Virus database considering both training-testing and
10-fold CV.
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Chapter 8

Conclusion and Future Directions

A concise summary of the primary contributions of the research work, discussed in the
corresponding chapters, is reported in this chapter. The future scope of work, along with
the possible extensions and applications, are also provided in this chapter.

8.1 Major Contributions

The thesis focuses on devising a set of novel models to address the classification problem
of multi-view data. The significant challenges associated with multi-view classification
include (i) selection of relevant views for proper characterization of the given classes, (ii)
learning discriminative joint subspace for efficient encapsulation of the latent non-linear
data distribution, (iii) extracting correlated structures across different views (iv) capturing
cross-view dependency between each pair of given input views and (v) consolidating image
and non-image information while preserving the topological properties of the image views.
All the aforementioned issues have been addressed in this thesis. The principle attributes
of the proposed models are summarized next.

Chapter 3 introduces a novel class-pair specific descriptive selection method, which
identifies a set of relevant descriptors for representing the intrinsic properties of a particular
pair of classes, and then the final feature set for multiple classes is formed from the relevant
descriptors of all possible pairs of classes. To evaluate the efficacy of a descriptor in
discriminating observations from a given class-pair, a new framework, termed as Rough-
Bayesian model, is developed by judiciously integrating the merits of rough sets and Bayes
decision theory. During the computation of the relevance of each given descriptors, the
proposed method takes care of the presence of both noisy features in a descriptors and
noisy observations in an input class. Finally, support vector machine is used to predict
the class labels of the given observations. The performance of the proposed method is
studied with reference to several state-of-the-art approaches on a set of real-life human
epithelial type 2 (HEp-2) cell image databases. Significant improvement in classification
performance of HEp-2 cell images is noted if class-pair specific descriptors are considered,
instead of selecting a uniform set of descriptors for multiple classes.

The results reported in Chapter 3 demonstrate that given the set deep features as input,
the proposed method provides outstanding performance in comparison to the hand-crafted
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features for all data sets considered. This is due to the fact that the deep architectures takes
into account the nature and complexity of the given classification problem while extracting
features at various layers. Hence, in Chapter 4, a novel deep framework, termed as mul-
timodal discriminative deep Boltzmann machine (MDDBM), is proposed which provides
better classification performance through end-to-end learning. The learning objective of
the proposed architecture includes the merits of deep Boltzmann machines. It enables the
network to figure out activations for the architecture nodes in each layer, which constitute
a plausible explanation of how the observed data vectors would have been generated. In-
corporating supervised information into the objective function enhances the discriminative
ability of the joint representation of the model, which in turn, entitles the architecture to
serve as the feature extractor as well as classifier. The proficiency of the proposed archi-
tecture is demonstrated with reference to several classical as well as deep learning models
on various multi-view benchmark and real-life cancer data sets.

Learning the joint subspace from the modality-specific subspaces becomes difficult if the
individual views correspond to completely different sources. However, if the proposed model
is learned in such a way that the modality-specific subspaces are highly correlated, then the
inherent characteristics of the views can be efficiently modeled by the joint subspace. In this
regard, a novel architecture, termed as discriminative deep canonical correlation analysis
(D2CCA), is proposed in Chapter 5, by incorporating the theory of canonical correlation
analysis into the learning objective of MDDBM, discussed in Chapter 4. Hence, the joint
subspace can efficiently capture the non-linear correlated structures across different views.
Considering supervised information into the objective function enhances the discriminative
ability of the joint subspace, which in turn, entitles the D2CCAmodel to serve as the feature
extractor as well as classifier. Theoretical analysis ensures the convergence of the proposed
method to an asymptotically stable point, provided given sufficient conditions are met.
The efficacy of the proposed architecture is established on different domains of applications,
namely, object recognition, document classification, multilingual categorization, and cancer
subtype identification.

The D2CCA framework, discussed in Chapter 5, is developed primarily based on the
consensus principle. However, the complementary knowledge among different views also
contain useful information, which may essentially facilitate accurate classification of given
observations into different categories. In this regard, a novel deep learning model, termed
as discriminative deep generalized dependency analysis (D2GDA), is proposed in Chapter 6
to address view-consistency and view discrepancy simultaneously. Based on the concept
of Hilbert-Schmidt independence criterion, a loss function is proposed to efficiently cap-
ture the cross-view dependency across several views. A view-pair specific constraint is
incorporated in the loss function to extract the relevant cross-view information in terms
of consensus and/or complementary knowledge from the given input pairs of views. Incor-
porating the loss function, corresponding to the proposed cross-view dependency analysis,
into the learning objective of MDDBM architecture, introduced in Chapter 4, enables the
D2GDA model to encapsulate the latent probability distribution of the given multimodal
data as well as predict class labels of the given observations. The error analysis, general-
ization ability, and convergence analysis establish the efficacy of the proposed model. The
comparative performance analysis demonstrates the proficiency of the proposed model on
several multi-view benchmark and real-life cancer data sets.

Combining information from multiple modalities is particularly challenging when the
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input modalities involve both image and non-image information. It is primarily due to the
fact that as opposed to the non-image counterparts, the image modalities embody neigh-
borhood information which needs to be encapsulated properly for efficient representation
of the given input data. In this regard, a novel geometrically motivated deep predictive
model, termed as discriminative deep joint Laplacian embedding (D2JLE), is introduced in
Chapter 7, which can process multiple image and non-image modalities simultaneously. It
considers the theory of Laplacian eigenmap in order to recognize and represent the geomet-
ric structures of the image manifold, embedded in the high-dimensional pixel space. The
intrinsic structures of multiple image modalities are appropriately consolidated in the joint
subspace of the D2JLE model by computing an approximate common eigenbasis of multiple
Laplacians simultaneously. The imperative information corresponding to both image and
non-image modalities are incorporated in the joint subspace through the learning objective
of MDDBM framework. A relevance measure is proposed in the current study for each
input modality and subsequently, the joint subspace is learned from the weighted combi-
nation of the individual subspaces. The error analysis and convergence analysis establish
the efficacy of the proposed model. The proficiency of the proposed model is established
on four benchmark databases, three HEp-2 cell image data sets, and the real-life Virus
database with reference to several state-of-the-art spatial proximity based approaches.

In brief, the concept of analyzing multiple image and non-image views simultaneously
proposed in this thesis is unique.

8.2 Future Directions

There are various key characteristics of the research presented in this thesis that can be
extended further for the progress of multi-view data analysis. Some improvements and
future directions are reported next with which the research can be continued.

• Incomplete views: The multi-view predictive models, proposed in this thesis, con-
siders that all the views are available for the analysis of the given set of observations.
However, in real-world applications, it may so happen that some of the observations
have missing values in certain views due to the presence of noise or measurement er-
rors. Multi-view deep model can be developed to process input data with incomplete
views. Given the available views as input, the deep model can disentangle the factors
of variations and comprehend the hidden attributes, so that the missing values of the
corresponding observations can be inferred.

• Updation in Database: The proposed predictive models in the thesis are de-
veloped based on the assumption that all the views are available for analysis of
the given multi-view data. However, a large amount of data is being incorporated
in the existing databases on a regular basis. Either a set of new observations is
added or even an entire new view is generated for better analysis of the given
observations. For instance, the databases in The Cancer Genome Atlas (TCGA)
(https://cancergenome.nih.gov/) have been updated, both in terms of observations
and views, for more than 20 times over the last 5 years. Hence, the learning of the
models needs to be modified in such a way that it can adapt to the changes in the
databases robustly.

183



• Forward-Forward Learning: It is a greedy multi-layer learning procedure, de-
veloped based on the concept of noise contrastive estimation [62] and Boltzmann
machines [74]. The key idea of the learning procedure is to substitute the forward
and backward passes of backpropagation algorithm by two forward passes which can
operate in the same way as each other, but on different data and with opposite ob-
jectives. While the positive pass operates on real data, the negative pass operates
on data generated from model distribution. The advantage of the forward-forward
learning procedure over backpropagation algorithm is that it can be applied to cases
where the detailed description of the forward computation is not known beforehand.
The proposed multi-view deep models can be learned using this procedure to predict
the class-label of unknown observations.

• Tensor Based Learning: In multi-view data analysis, tensor is the extension of
matrix factorization. In tensor-based learning models, canonical polyadic decompo-
sition is generally performed on the parameters of the model. As a consequence,
the model can process multilinear arrays, exploiting the structural information along
every data dimension. Additionally, the number of parameters required to be trained
in the model decreases significantly. Hence, incorporating tensor based learning in
the proposed multi-view predictive models can result into efficient and fast learning
algorithm.
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Appendix A

Description of Data Sets

The appendix presents a brief description of the HEp-2 cell image data sets, benchmark
databases, real-life cancer data sets, and the Virus database considered in this thesis for per-
formance evaluation of the proposed models as well as state-of-the-art approaches. Over-
all, three HEp-2 cell image data sets, namely, MIVIA database (ICPR 2012 HEp-2 cell
classification contest data set) [51], ICPR image database (ICPR 2014 HEp-2 cell classifi-
cation contest data set) [75], and SNP HEp-2 database [206]; seven benchmark databases,
namely, Digits [63], Caltech [114], CiteSeer [161], Cora [161], NUS-WIDE-OBJECT (NW-
OBJECT) [27], Reuters [7], and Animals with Attributes (AwA) [208]; five omics data
sets [194], namely, cervical carcinoma (CESC), colorectal carcinoma (CRC), kidney car-
cinoma (KIDNEY), lower grade glioma (LGG), and lung carcinoma (LUNG); and the
real-life Virus database [106]; are employed in the current work.

A.1 HEp-2 Cell Image Databases

This section presents a brief description of the three HEp-2 cell image data sets.

1. MIVIA: The MIVIA or ICPR 2012 HEp-2 cell classification contest data set is com-
prised of indirect immunofluorescence (IIF) images. It is the outcome of a research
project jointly conducted by the Mivia Lab of the University of Salerno and the
University Campus Biomedico of Rome. IIF is considered a powerful, sensitive, and
comprehensive test for antinuclear autoantibodies (ANA) analysis. IIF slides are ex-
amined at the fluorescence microscope and their diagnosis requires the description of
staining pattern. Among the many staining patterns which can be observed, six of
them are relevant to the diagnostic purposes:

• Homogeneous: diffuse staining of the interphase nuclei and staining of the chro-
matin of mitotic cells;

• Fine Speckled : fine granular nuclear staining of interphase cell nuclei;

• Coarse Speckled : coarse granular nuclear staining of interphase cell nuclei;

• Nucleolar : large coarse speckled staining within the nucleus, less than six in
number per cell;
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• Cytoplasmatic: fine fluorescent fibres running the length of the cell; and
• Centromere: several discrete speckles ( 40-60) distributed throughout the inter-

phase nuclei and characteristically found in the condensed nuclear chromatin.

Specialists take HEp-2 images with an acquisition unit consisting of the fluorescence
microscope (40-fold magnification) coupled with a 50W mercury vapour lamp and
with a digital camera. The camera has a CCD with squared pixel of equal side to
6.45 µm. The images have a resolution of 1388 ˆ 1038 pixels, a color depth of 24 bits
and they are stored in bitmap format. It contains 1455 cells obtained from 28 images:
721 training cell images and 734 test cell images. Specialists manually segment and
annotate each cell at a workstation monitor since at the fluorescence microscope is
not possible to observe one cell at a time, and report data on the observable staining
pattern.

2. SNP: The SNP HEp-2 Cell database (SNP) was obtained at Sullivan Nicolaides
Pathology laboratory, Australia. The database has five patterns; centromere, coarse
speckled, fine speckled, homogeneous and nucleolar. The 18-well slide of HEp-2000
IIF assay from Immuno Concepts N.A. Ltd. with screening dilution 1:80 was used
to prepare 40 specimens. Each specimen image was captured using a monochrome
high dynamic range cooled microscopy camera, which was fitted on a microscope
with a plan-Apochromat 20ˆ{0.8 objective lenses and an LED illumination source.
DAPI image channel was used to automatically extract the cell image masks. There
are 1,884 cell images extracted from 40 specimen images. The specimen images are
divided into training and testing sets with 20 images each (4 images for each pattern).
In total there are 869 and 937 cell images extracted for training and testing.

3. ICPR: The data set has been collected at Sullivan Nicolaides Pathology laboratory,
Australia. It utilizes 419 patient positive sera, which were prepared on the 18-well
slide of HEp-2 IIF assay from Immuno Concepts N.A. Ltd. with screening dilution
1:80. The specimens were then automatically photographed using a monochrome high
dynamic range cooled microscopy camera which was fitted on a microscope with a
plan-Apochromat 20ˆ{0.8 objective lens and an LED illumination source. Approx-
imately 100-200 cell images were extracted from each patient serum. In total there
were 68,429 cell images extracted; 13,596 images used for training, made publicly
available, and 54,833 for testing, privately maintained by the organizers. The set of
13,596 HEp-2 cell images is partitioned into 6797 training and 6799 test cell images.
The cell images belong to the following six staining patterns, which are given by

(a) Homogeneous: uniform diffuse fluorescence covering the entire nucleoplasm some-
times accentuated in the nuclear periphery;

(b) Speckled : these patterns have two sub-categories;
• Coarse Speckled: densely distributed, variously sized speckles, generally

associated with larger speckles, throughout nucleoplasm of interphase cells;
nucleoli are negative;
• Fine Speckled: fine speckled staining in a uniform distribution, sometimes

very dense so that an almost homogeneous pattern is attained; nucleoli may
be positive or negative;
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(c) Nucleolar : brightly clustered large granules corresponding to decoration of the
fibrillar centers of the nucleoli as well as the coiled bodies;

(d) Centromere: rather uniform discrete speckles located throughout the entire nu-
cleus;

(e) Golgi : staining of a polar organelle adjacent to and partially surrounding the
nucleus, composed of irregular large granules; nuclei and nucleoli are negative;

(f) Nuclear Membrane: smooth homogeneous ring-like fluorescence of the nuclear
membrane in interphase cells

A.2 Benchmark Databases

A detailed description of the benchmark databases is presented in this section.

A.2.1 Digits

The data has been downloaded from https://archive.ics.uci.edu/ml/datasets/Multiple+
Features. The set consists of features of handwritten numerals (’0’-’9’) extracted from a
collection of Dutch utility maps. For each class, 200 patterns have been digitized in binary
images which make a total of 2000 images in the database. These images of the digits are
represented in terms of the following six feature sets:

1. mfeat-pix: 240 pixel averages in 2 x 3 windows.

2. mfeat-fou: 76 Fourier coefficients of the character shapes.

3. mfeat-fac: 216 profile correlations.

4. mfeat-zer: 47 Zernike moments.

5. mfeat-kar: 64 Karhunen-Love coefficients.

6. mfeat-mor: 6 morphological features.

It is to be mentioned here that for this database, the view mfeat-mor, consisting of 6
features, is not taken into consideration for the CCA based methods, since it does not
met the minimum feature criteria with respect to the output number of features for the
computation of canonical variables. Similar arguments hold for discriminant analysis based
methods. However, deep learning based methods do not impose such conditions on input
dimension of the modalities. Thus, in case of deep learning based methods, all six modalities
are considered to extract features from the set.

A.2.2 Caltech

This data has been downloaded from http://www.vision.caltech.edu/Image_Datasets/ Cal-
tech101. Caltech-101 consists of pictures of objects belonging to 101 categories. There are
40 to 800 images per category. Most categories have about 50 images. Collected in Septem-
ber 2003 by Fei-Fei Li, Marco Andreetto, and Marc Aurelio Ranzato. The size of each image
is roughly 300 x 200 pixels. The 2386 images of the database are represented in terms of
the following six feature sets:
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1. 48 Gabor features

2. 40 Wavelet moments

3. 254 CENTRIST features

4. 1984 HOG features

5. 512 GIST features

6. 928 local binary patterns

Caltech-20 is a subset of Caltech-101, which contains only 20 classes. In the current
research work, Caltech-20 is used to analyze the performance of the proposed model as
well as existing approaches.

A.2.3 CiteSeer

The CiteSeer database is obtained from http://networkrepository.com. The set is gener-
ated by sampling scientific documents from CiteSeer digital library. The publications are
classified into one of the six classes, namely, Agents, AI, DB, IR, ML, and HCI. There are
3312 papers in the data set. The papers are selected in a way such that in the final set
every paper cites or is cited by atleast one other paper. After stemming and removing the
stopwords, a vocabulary of size 3703 unique words is obtained. All the words with docu-
ment frequency less than 10 are removed. Each publication in the database is described by
a 0 or 1 valued word vector indicating the absence or presence of the corresponding word
in the document.

A.2.4 Cora

This is a standard benchmark dataset of research articles, downloaded from http:// net-
workrepository.com. The Cora data set consists of machine learning papers. These papers
are classified into one of the seven topics, which include Case_Based, Genetic_Algorithms,
Neural_Networks, Probabilistic_Methods, Reinforcement_Learning, Rule_Learning, and
Theory. The articles are selected in a way such that in the final set every paper cites or is
cited by atleast one other paper. There are 2708 papers in the data set. After stemming
and removing the stopwords, a vocabulary of size 1433 unique words is obtained. All the
words with document frequency less than 10 are removed. Each article in the database
is described by a 0 or 1 valued word vector indicating the absence or presence of the
corresponding word in the document.

A.2.5 NW-OBJECT

The NW-OBJECT data set, which is formally referred to as NUS-WIDE-OBJECT, is a sub-
set of NUS-WIDE database and has been downloaded from https://lms.comp.nus.edu.sg/wp-
content/uploads/2019/research/nuswide/NUS-WIDE.html. This database, created by Lab
for Media Search in National University of Singapore, is intended for object recognition
task. It consists of 30000 images, categorized into 31 different classes. The 30000 images
of the database are represented in terms of the following five feature sets:
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1. 64 color histogram features

2. 144 color correlogram features

3. 75 edge direction histogram features

4. 128 texture wavelet features

5. 225 block-wise color moment features

A.2.6 Reuters

This multilingual data has been obtain from http://archive.ics.uci.edu/ml/machine-learning-
databases/00259. The collection contains feature characteristics of documents originally
written in English language and the corresponding translations in French, German, Span-
ish, and Italian languages over a common set of 6 categories. This collection can be used
for multilingual categorization and multiview learning research. Documents have been
translated, preprocessed, and are made available as feature characteristics in a "bag of
words" format. 18758 documents are partitioned into 6 categories which include CCAT,
C15, ECAT, E21, GCAT and M11, and represented in terms of the following five feature
sets:

1. EN-EN : Original English documents with vocabulary size 21531

2. FR-EN : French documents translated to English with vocabulary size 24893

3. GR-EN : German documents translated to English with vocabulary size 34279

4. IT-EN : Italian documents translated to English with vocabulary size 15506

5. SP-EN : Spanish documents translated to English with vocabulary size 11547

A.2.7 AwA

This image based dataset has been obtained from https://cvml.ista.ac.at/AwA. The image
data was collected from public sources, such as Flickr, in 2016. It provides a platform
to benchmark transfer-learning algorithms, in particular attribute base classification. It
consists of 30475 images of 50 animals classes with six pre-extracted feature representations
for each image. The animals classes are aligned with Osherson’s classical class/attribute
matrix, thereby providing 85 numeric attribute values for each class. Using the shared
attributes, it is possible to transfer information between different classes. The six pre-
trained feature sets are given by

1. 2000 color histogram features

2. 2000 local self-similarity features

3. 252 pyramidHOG features

4. 2000 SIFT features

5. 2000 colorSIFT features

6. 2000 SURF features.
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A.3 Omics Data Sets

This section presents a brief description of the five multimodal omics data sets of The Can-
cer Genome Atlas (TCGA) [194] used in this work. All the data sets have been downloaded
from the Genomic Data Commons Data Portal (http://cancergenome.nih.gov).

A.3.1 Cervical Carcinoma (CESC)

This cancer accounts for 528,000 new cases and 266,000 deaths worldwide each year, more
than any other gynecological tumor [50]. By comprehensive integrated analysis, TCGA
research network has identified three subtypes in CESC [143]. The CESC data set consists
of 104 samples: 32 samples of keratin-low squamous subgroup, 46 samples of keratin-high
squamous subgroup, and 26 samples of adenocarcinoma-rich subgroup.

A.3.2 Colorectal Carcinoma (CRC)

It is the third most commonly diagnosed cancer in both men and women and account for
nine percent of all cancer deaths [130]. The colon and rectum are parts of the digestive
system and cancer forms in the colon and/or the rectum. There are 261 samples in the
CRC data set. Depending on the site of origin, the samples of CRC are divided into two
subtypes, namely, colon carcinoma and rectum carcinoma, having 192 and 69 samples,
respectively.

A.3.3 Kidney Carcinoma (KIDNEY)

The kidney cancer data set has two histological subtypes, namely, renal clear cell carcinoma
(KIRC) and renal papillary cell carcinoma (KIRP). These subtypes were included in the
2004 World Health Organization (WHO) classification of adult renal tumors [151]. The
KIDNEY data consists of 305 samples of kidney cancer with 95 samples of KIRC and 210
samples of KIRP.

A.3.4 Lower Grade Glioma (LGG)

According to World Health Organization, lower-grade glioma is grades II and III, which is
made up of diffuse low-grade and intermediate-grade gliomas. As LGG has highly variable
clinical behavior, it is very difficult to predict LGG based on histologic class [?]. Some are
indolent; others quickly progress to glioblastoma. In the current research work, 374 LGG
samples are used to analyze the performance of each algorithm. The first subtype exhibits
IDH mutation with no 1p/19q codeletion and has 180 samples. The second subtype has
129 samples that exhibit both IDH mutation and 1p/19q codeletion. The wild-type IDH
subtype is the third subtype, which has 65 samples.

A.3.5 Lung Carcinoma (LUNG)

There are two subtypes, namely, lung squamous cell carcinoma (LUSC) and lung adeno-
carcinoma (LUAD) are present in the current research work, based on the same primary
site of origin. According to the 2015 WHO lung cancer classification [?], these had been
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the two major subtypes. The total number of samples in LUSC and LUAD are 234 and
312, respectively.

These subtypes are clinically relevant and provide a roadmap for patient stratification
and trials of targeted therapies. While CESC and CRC databases have four modalities,
namely, DNA methylation (mDNA), protein expression (Protein), microRNA sequence
(microRNA), and gene expression (RNA), KIDNEY, LGG, and LUNG data sets have five
modalities, which are mDNA, Protein, microRNA, RNA, and copy number segmentation
(CNS).

Data Platforms and Preprocessing: For the DNA methylation modality, methyla-
tion β-values from Illumina Human Methylation 450 platform is used. The Human Methy-
lation 450 gives methylation β- values of approximately 450,000 CpG sites. Additionally,
CpG locations with missing gene information were filtered out from the study. The top
2,000 most variable CpG sites are used in the current research problem. For the protein
modality of all the data sets, reverse phase protein array data from the MDA_RPPA_Core
platform is used. The number of proteins is different for each sample. Only a set of common
proteins which is present in all the samples is considered to construct the protein expres-
sion data set. The miRNA sequence data is log transformed. The expression values of this
modality are not available for most of the samples in the data sets. To avoid considering
features with too many missing values, for all the omic modalities, those features for which
the corresponding omic expression value is not present for more than 5% of the total num-
ber of samples are excluded. For the remaining features, missing values are replaced using
0. For the RNA modality of all the data sets, RNA-sequence data from the Illumina HiSeq
platform is used which contains normalized RPKM (reads per kilobase of exon per million)
counts for 20,531 genes. The data is then log transformed and 2,000 most variable genes
based on their expression profile across the samples are considered. For KIDNEY, LGG,
and LUNG data sets, CNS data from Affymetrix SNP Array 6.0 platform is used. The raw
copy number segmented data is processed using the CNregions function of iCluster+ [134]
R-package to reduce the redundant copy number regions. The CNregions function has
an epsilon parameter which denotes the maximum Euclidean distance between adjacent
probes tolerated for defining a non-redundant region. The number of non-redundant copy
number regions extracted for a data set depends on the value of the epsilon parameter and
is proportional to the number of samples in the data set. It is recommended in [134] to
choose a value of epsilon such that the reduced dimension is less than 10,000. The default
value of 0.005 is considered for the epsilon parameter of the CNregions function for the
data sets.

A.4 Virus Cell Image Data Set

The samples of the real-life Virus database are imaged using negative stain transmission
electron microscope (TEM). The set includes 15 different virus classes, each of which is
represented by 100 TEM images. Different viruses exhibit different structural properties.
However, the diameter or cross-section remains almost constant within a particular virus
class. Usually, the diameter varies from 25nm to 270nm depending on the morphology
of the viruses. The virus particles, which are presented in the data set, include Dengue,
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Cowpox, Ebola, Influenza, Adenovirus, Astrovirus, Rotavirus, Norovirus, Crimean-Congo
Haemorrhagic Fever, Lassa, Marburg, Orf, Papilloma, Rift Valley, and WestNile.
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Appendix B

Basics of Rough Sets

The appendix presents a brief description of the theory of rough sets. An approximation
space or information system is a pair ă U,A ą [149], where U “ tx1, ¨ ¨ ¨ , xi, ¨ ¨ ¨ , xnu be
a non-empty set, the universe of discourse, and A is a family of attributes, also called
knowledge in the universe. V is the value domain of A and f̂ is an information function
f̂ : U ˆ A Ñ V . Any subset P of knowledge A defines an equivalence or indiscernibility
relation INDpPq on U

INDpPq “ tpxi, xjq P Uˆ U|@a P P, f̂pxi, aq “ f̂pxj , aqu.

If pxi, xjq P INDpPq, then xi and xj are indiscernible by attributes from P. The
partition of U generated by INDpPq is denoted as

U{INDpPq ” U{P “ trxisP : xi P Uu; (B.1)

where rxisP is the equivalence class containing xi. The elements in rxisP are indiscernible
or equivalent with respect to knowledge P. Equivalence classes, also termed as information
granules, are used to characterize arbitrary subsets of U. The equivalence classes of INDpPq
and the empty set H are the elementary sets in the approximation space ă U,A ą.

Given an arbitrary set X Ď U, in general, it may not be possible to describe X precisely
in ă U,A ą. One may characterize X by a pair of lower and upper approximations, defined
as follows [149]:

PpXq “
ď

trxisP | rxisP Ď Xu and (B.2)

PpXq “
ď

trxisP | rxisP XX ‰ Hu. (B.3)

Hence, the lower approximation PpXq is the union of all the elementary sets which are
subsets of X, and the upper approximation PpXq is the union of all the elementary sets
which have a non-empty intersection with X. The tuple ă PpXq,PpXq ą is the repre-
sentation of an ordinary set X in the approximation space ă U,A ą or simply called the
rough set of X. The lower (respectively, upper) approximation PpXq (respectively, PpXq)
is interpreted as the collection of those elements of U that definitely (respectively, possi-
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bly) belong to X. A set X is said to be definable or exact in ă U,A ą iff PpXq “ PpXq.
Otherwise X is indefinable and termed as a rough set. BPpXq “ PpXqzPpXq is called a
boundary set.

An information system ă U,A ą is called a decision table if the set A “ CYD, where
C and D are condition and decision attribute sets, respectively. The dependency between
C and D can be defined as [149]

γCpDq “
|POSCpDq|

|U|
(B.4)

where POSCpDq “ YCXi is called positive region of D with respect to C, Xi is the i-th
equivalence class induced by D and | ¨ | denotes the cardinality of a set.
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Appendix C

Basics of Support Vector Machine

The appendix presents a brief description of the theory of support vector machine which
has been considered for classification of the proposed method in Chapter 3 as well as
numerous existing approaches. The support vector machine (SVM) [197] is developed based
on supervised statistical learning theory, which is considered in the proposed method for
classification purpose. Given the feature representation corresponding to the training data,
the SVM attempts to obtain a hyperplane or decision boundary in the specified feature
space that has the largest distance to the nearest training data points, since in general it
is assumed that the larger the margin the lower the generalization error of the classifier.
In other words, the SVM maximizes the difference between the hyperplane and support
vectors as well as minimizes the classification error between the given classes.

Let us consider, the training data points are denoted as xj P <m, @j and yj P t`1,´1u
accounts for the class to which the sample xj belongs, considering a two-class problem.
The key idea of SVM is determine w P <m and b P <m such that the prediction given
by signpwTφpxq ` bq is correct for most of the training data points, where T signifies
the transpose operator. So, the objective of SVM classifier is to minimize the following
function:

min
w,b,ζ

1

2
wTw ` C

N
ÿ

j“1

ζj subject to yjpw
Tφpxjq ` bq ě 1´ ζj and ζj ě 0, @j. (C.1)

Intuitively, weâĂŹre trying to maximize the margin by minimizing }w}2 “ wTw, while
incurring a penalty when a data point is misclassified or within the margin boundary.
Ideally, the value yjpwTφpxjq ` bq would be ě 1 for all the given data points, which
indicates a perfect prediction. However, in real-life problems, the input data points are not
always perfectly separable with a hyperplane, so some of the points are allowed to be at
a distance from the corresponding correct margin boundary. The penalty term C accounts
for the trade-off between the margin width and rate of misclassification. In case of SVM
with linear kernels, φp¨q corresponds to the identity function and the classifier considers
one-vs-rest strategy for multi-class classification.
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