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Abstract

We have explored various aspects of multiple hypothesis testing in the context of dependent
hypotheses. Traditional methods often assume that tests are either independent or
weakly dependent. However, in large-scale testing scenarios, such as those encountered
in genomics, where variables like gene expressions are frequently correlated due to shared
biological processes, these assumptions can be inadequate. Existing literature has not
sufficiently addressed the performance of traditional algorithms under such dependence,

which can lead to excessive conservatism and a consequent loss of statistical power.

One widely used method for correcting for multiplicity is the Bonferroni correction.
This classical approach controls the Family-Wise Error Rate (FWER) at a specified
level, regardless of the dependence among hypotheses. However, under the global null
hypothesis and an equicorrelated normal model, the actual FWER of the Bonferroni
procedure is constrained by a line connecting 0 and the desired significance level («),
making it overly conservative. We have examined the FWER of the Bonferroni method
in nearly independent settings and demonstrated that it approximates the FWER under

independence when the correlations are smaller than the order of logn.

Our investigation also extends to the intersection of multiple testing and classification
theory. The Bayes rule, which is optimal for traditional classification problems, also
proves optimal for multiple testing under certain mild assumptions. Nonetheless, simplifying
the test statistic derived from the Bayes rule under dependence remains challenging,
limiting its practical application. We have successfully simplified the optimal test statistic
in a Gaussian model and, through extensive simulations, shown that the Oracle rule

significantly outperforms traditional methods, such as the Benjamini-Hochberg (BH)

il
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procedure for False Discovery Rate (FDR) control.

Lastly, we addressed the challenge of estimating the proportion of null hypotheses in the
presence of dependence. We have shown that the estimator proposed by Benjamini and
Hochberg converges to 1 under independence. Our simulations evaluate this estimator’s
performance under various dependent structures, including m-dependent and block-dependent
scenarios. We also assessed Storey’s estimator and another alternative to gauge their

effectiveness in these contexts.
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Chapter 1

Introduction

In the realm of scientific inquiry, the process of hypothesis testing serves as the cornerstone
upon which robust conclusions are built. However, as data sets grow in complexity and
size, researchers often find themselves faced with the challenge of simultaneously testing
multiple hypotheses. Current statistical inference problems in areas such as astronomy,
genomics etc. routinely involve the simultaneous testing of thousands, or even millions
of null hypotheses. These hypotheses concern a wide range of parameters, for high
dimensional multivariate distributions, with complex and unknown dependence structure

among variables. Example of testing problems include the following:
e The identification of differentially expressed genes in microarray experiments.

e In drug discovery, researchers may test multiple compounds for efficacy or safety
simultaneously. In clinical trials, multiple hypotheses may be tested to evaluate the

effectiveness of different treatment regimens or to identify potential adverse effects.

e In finance, multiple hypothesis testing is used in portfolio management, where
investors test multiple trading strategies simultaneously to maximize returns while
managing risk. In economics, researchers may test multiple hypotheses to understand

the impact of various policies or economic factors on outcomes.
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e In environmental studies, researchers may test multiple hypotheses to understand
the impact of different factors on ecosystems or environmental processes. For

example, testing the effect of various pollutants on water quality or biodiversity.

e In the vast expanse of astronomy, multiple hypothesis testing is crucial for detecting
exoplanets and assessing the distribution of key variables, such as metallicity and

radial velocity.
e Detection of outperforming stocks in the market.

Classical theories of statistical inference, however, fail to grapple adequately with the
multiplicity conundrum posed by these challenges. It is precisely these multiple testing

procedures that form the crux of this thesis.

1.1 Overview of Multiple Testing Problems

In a classical multiple hypothesis testing framework, the problem is to test a set of n
hypotheses as follows.

HO@' VS Hli 26{1,2,,71}

We denote the set of true null hypotheses by Iy and the set of false null hypotheses by
L. If |Iy| = n, then all null hypotheses are true and this case is known as “intersection

null” or “global null” (Often denoted as [ Ho;).

=1

Each of the n testing problems has its own notion of type I and type II error. It is
interesting to note that, if all hypotheses are tested at a level of significance «;, then

under global null and assuming that all testing problems are independent,
P(At least one false rejection) =1— (1 —a)">a Vn>1

The provided example serves to underscore a critical point: even in straightforward

scenarios like the intersection null, it’s imperative to meticulously manage the overall
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error rate of multiple testing problems. In the subsequent section, we delve into the

concept of error rates within the realm of multiple testing.

1.1.1 Owutcome of a Multiple Testing Procedure

For a simultaneous testing of n null hypotheses Hyi, Hos, ..., Hy,, the outcomes are

summarized in the following table.

Table 1.1: Outcomes of a multiple testing problem

Hypothesis | Claimed non-significant | Claimed significant | Total
Null U, Vi ng
Non-null T, Sh ny
Total A, R, n

In the simultaneous testing problem, V,, denote the number of type I errors (i.e. false
discoveries) and T,, denote the number of type Il errors (i.e. true acceptances). R,, denote
the number of rejections or “discoveries” and |Iy| = ng and |I;| = ny. In terms of the

outcomes described in table 1.1, the error rates are defined as follows.

1.1.2 Type I error rates in Multiple testing

Several notions of type I error rate are available in multiple testing literature.
Definition 1. Family wise error rate (FWER) = P(V,, > 1)

The Family-Wise Error Rate (FWER) stands as a classical measure, widely acknowledged
for its significance in assessing the Type I error rate, representing the probability of
at least one false rejection. Controlling FWER in the context of multiple testing has
been considered in Holm (1979), Hochberg (1987), Simes (1986), Hommel (1988) and a
comprehensive review is given in Westfall and Young (1993), Dudoit et al. (2003), Efron
(2012). Despite the rich literature addressing FWER, control, algorithms designed for this
purpose often tend towards conservatism, warranting further exploration and refinement.

A generalized version of FWER (namely k-FWER) has been proposed by Lehmann and

Romano (2012) which is probability of at least k false rejections.
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Definition 2. k-FWER = P(V,, > k)

Althogh FWER dominates the traditional multiple comparison literature, some other

measures of type I error rates are as follows.

Definition 3.  Per-comparison error rate (PCER) = —E[:L/"}

Definition 4.  Per-family error rate (PFER) = E[V,,]

PFER is the expected value of number of type I errors while PCER is the expected
proportion of type I errors among the n tests. However, the inherent limitations of these
conservative procedures underscored the need for further research in this domain. In
the latter half of the twentieth century, Benjamini and Hochberg (1995) pioneered a

groundbreaking concept: the False Discovery Rate (FDR).
Definition 5.  False discovery rate (FDR) = E [%I{r>0)

Since its debut in the seminal 1995 paper, the False Discovery Rate (FDR) has
garnered an expanding share of attention within statistical research circles. It has
progressed to attain the coveted status of “accepted methodology” in scientific subject-matter
journals. Storey (2002) introduced a notion of positive false discovery rate (pFDR) which

is defined as follows.
Definition 6.  Positive false discovery rate (pFDR) = E [ | R > 0]

The term “positive” stems from the notion that it denotes the anticipated proportion
of false discoveries, assuming that the number of rejections should be positive. Storey
(2002) has elaborated on this concept, demonstrating that, in the case of independent
observations from a mixture distribution, the positive false discovery rate (pFDR) can
be construed as a Bayesian posterior probability. However, dealing with the expectation
of the ratio of random variables presents substantial mathematical challenges. As an
alternative with relatively more tractability, the marginal false discovery rate (mFDR)

offers a similar error rate criterion.

E[v]

Definition 7. Marginal false discovery rate (mFDR) = B
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Different measures of type I error rate serves different purpose in the domain of
multiple testing. In experiments where even a single false positive could have severe
consequences (e.g.- confirmatory clinical trials (Dmitrienko et al. (2009))) stringent control
over the Family-Wise Error Rate (FWER) remains paramount. Conversely, in exploratory
studies, where a more lenient approach may be acceptable, attention is often directed

towards controlling the False Discovery Rate (FDR).

1.1.3 Relations among different type I error rate criteria
The following inequalities hold between the measures of type I error rates defined earlier.
e PCER < FDR < FWER < PFER
e FDR = pFDR Pr(R > 0) < pFDR
e FDR < mFDR
e k-FWER < FEER

The aforementioned inequalities shed light on the varying degrees of conservatism inherent
in different criteria. For instance, given that FDR < FWER, an algorithm designed to
maintain FWER at a predetermined level inherently manages FDR as well, although the
reverse isn’t necessarily true. But it is interesting to note that, under global null, FDR
and FWER are the same. An extensive review of the different types of Type I error rates
and their interrelationships can be found in Dudoit and Van Der Laan (2007), Efron
(2012).

1.1.4 Type II error rates

In hypothesis testing, a prevalent strategy involves minimizing the occurrence of type II
errors while maintaining a predetermined level of control over type I errors. Within the
domain of multiple testing, several concepts pertaining to type II errors (or equivalently

power) emerge, including the following (Dudoit et al. (2008)).

e The probability of rejecting at least one false null hypothesis is termed as “AnyPwr”.
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Definition 8. AnyPuwr = P(S, > 1)
e One might be interested in identifying all existing effects in a simultaneous testing

study. The notion of power suitable for such scenario is “AllPwr” which is the

probability of rejecting all false null hypotheses.

Definition 9. AllPwr = P(T,, = 0) = P(S, = ny)

e The average power (AvgPuwr) is the expected value of the proportion of true positives

among the false null hypotheses.

Definition 10. AvgPwr = ElSn] _ 1 _ Ellx]

ni ni

e The expected value of the proportion of true positives among the rejected hypotheses

is termed as “true discovery rate” (TDR).

Definition 11. True discovery rate (TDR) = E [%[{Rn>0}]

It is interesting to note that, TDR = 1 - FDR

e Perhaps the most appropriate quantity which complements FDR is False non-discovery
rate (FNR). FNR is the expected proportion of false non-discoveries among all

non-discoveries.

Definition 12. False non-discovery rate (FNR) = E [g—’;I{ApO}} =L [nf’;%n I{Rn<n}}

Genovese and Wasserman (2002) first introduced FNR as a dual quantity to control
along with FDR.

e Storey (2002) proposed positive false non-discovery rate (pFNR) to complement
pFDR. It is simply the conditional expectation of the proportion of false non-discoveries

among all non-discoveries given R,, < n.

Definition 13. Positive false non-discovery rate (pFDR) = E [%Mn > O}

e Sun and Cai (2007), Sun and Tony Cai (2009) considered marginal false non-discovery

rate to complement mFDR.
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Definition 14. Marginal false non-discovery rate (mFNR) = g[[i’;]] = Eﬁ[—TT;z]n}

Sun and Tony Cai (2009), Xie et al. (2011) have established a one to one correspondence
between a two-class weighted classification problem and multiple testing problem

in terms of a combination of mFDR and mFNR.

We will now focus on several multiple testing procedures.

1.1.5 Multiple testing procedures

For simultaneous testing of n null hypotheses Hyy, ..., Ho,, a decision rule is a function

on the sample space £~ which satisfies § : 2~ — {0, 1}" and

1 if i-th hypothesis is rejected

0 otherwise

Based on the type of decision rules, multiple testing procedures can be classified into two

categories.

e Margin based procedure : In this case, 0;(x) depends only on z;. (Where §;(.) is

the i-th component of § = (01, ..., 0,))

e Joint procedure : In this case, the decision rule is not as simple as the marginal based
procedures. The decision on ¢-th null hypothesis is taken based on all observations

instead of the single observation x;.

Our primary focus will be on margin-based procedures due to their simplicity in implementation.
These procedures can be categorized into two main types: single-step and stepwise

procedures.

1.1.6 Single step procedures

Single step procedures are usually of the form

0i(x) = Iym <)
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where T' = (11, .., T,,) are some test statistics and c is the cut-off. The following examples

are based on p-values P, ..., P, of n tests and suppose « is the desired level of significance.

e Bonferroni’s procedure : Bonferroni’s procedure is perhaps the oldest method

of FWER control where the decision rule is as follows.

(Sl(X) = [{Pig%}

This algorithm control FWER at the desired level under any configuration of null

and non-null hypotheses and under any dependence structure among the hypotheses.

e Sidak’s procedure : Since the Bonferroni’s method becomes very conservative in
practice, a slight improvement can be achieved by using Sidak’s procedure (Sidék

(1967)).
0i(x) = ]{ Pi<1-(1-a)n }

This procedure controls FWER at level a when the hypotheses are independent.

1.1.7 Stepwise procedures

The stepwise algorithms of multiple testing started to gain popularity mainly in the late
1980s. In this section, we delve into a comprehensive review of such procedures.

Consider the n-simplex
Sp={(t,.. . tn) ER"|0<t; <ty <...t, <1}

A step down multiple testing rule based on p values Pi, ..., P, makes use of the ordered

p values P3y < Py < --- < Py, and a cut-off s = (s1,...,5,) € Sy. Let,
kozmax{i|P(j) SSJ' Vle,,Z}

Then, a step down procedure rejects Hoyy, ..., Hok,) (Where Hy;) is the null hypothesis

corresponding to the ordered p value F))
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Examples of step down procedures

e Holm (1979) proposed a step down procedure for controlling FWER with

= — 2 Ni=1,....n
n—1+1

Among the earliest step-down procedures proposed in the literature was Holm’s
procedure. Notably, the thresholds set by this method are higher than those of
Bonferroni’s method, yet it effectively maintains control over the Family-Wise Error
Rate (FWER) at level «, irrespective of the underlying structure of dependence

among the hypotheses.

e Benjamini and Liu (1999a) proposed a step down method with

— o no ) —
S; = 1min 1,m 2—1,...77,

e Benjamini and Liu (1999b) studied another step down method with

1
(n—i+1)
si=1— |min (1, —*& i=1,...n
(n—i+1)

e Benjamini and Liu (1999b) also mentioned a step down method with

sizl—(l—oz)““l”l) i=1,...n

Among the step down procedures a result on optimality of Holm’s procedure has been
shown in Gordon and Salzman (2008). Step down algorithms reject a null hypothesis
corresponding to a ordered p value if and only if every preceding p-values fall below the
designated cut-offs. The step up algorithms are a little less restrictive in the sense that,
they only look for the last p-value which lies below the cut-off. A step up multiple testing

rule based on p values P,..., P, also makes use of the ordered p values Py < Pg) <



1.1 Overview of Multiple Testing Problems 10

-+ < P,y and a cut-off s = (s1,...,5,) € Sy,. Let,

ki = max{i | Py < s;}

Then, a step up procedure rejects H), ..., Hg,). It is easy to see that, using a fixed
cut-off s,, € S, if kg and k; are the number of rejections by the step down and step
up algorithms respectively, then ki > kg and hence step up procedures are always less

conservative compared to its step down counterpart.

Examples of step up procedures

e Hochberg (1988) proposed a step up algorithm for controlling FWER, with

«
= 0~ v‘zl,...,
° (n—i+1) ! "

This procedure controls FWER at level o when all hypotheses are independent or

there is positive regression dependence between them.

e Benjamini and Hochberg (1995) proposed a groundbreaking FDR controlling algorithm

which is a step up procedure with

ss=—VYi=1,...,n
n

e Benjamini and Yekutieli (2001) proposed a step up method with

716} .
$i=———Vi=1,...,n

n<z )

S

They have proved that, this method controls FDR at level a under any dependence

structure among the hypotheses.

In addition, numerous potent multiple testing algorithms exist that do not fall under
the categories of step-down or step-up. One notable example is Hommel’s procedure

(Hommel (1988)), which operates as follows.
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1. Compute j = max{i € {1,...,n} | Ppisr) > for k=1,...,i}

1.1.8 Dependence among Hypotheses

The presence of dependent observations presents a significant challenge in large-scale
multiple testing scenarios, as traditional methods assume independence. This challenge
is particularly pronounced in fields such as microarray experiments, where thousands
of genes are analyzed to identify a small subset of significant ones. In addition to
traditional familywise error rate (FWER) control, the analysis of false discovery rate
(FDR), introduced by Benjamini and Hochberg in 1995, has become a widely adopted
approach in these scenarios.

While the original FDR procedure was designed for independent p-values, subsequent
research by Benjamini and Yekutieli (2001), Sarkar (2008) demonstrated its adaptability
to certain dependency structures. However, when the proportion of true null hypotheses is
small, these procedures may yield undesirable outcomes, often being overly conservative,

leading to fewer discoveries.

1.1.9 Existing approaches towards dependence among hypotheses

While procedures such as Bonferroni’s method and Holm’s procedure effectively control
the family-wise error rate (FWER) at the desired level across different dependence setups,
the options for controlling the false discovery rate (FDR) are relatively limited. The
adjustment proposed by Benjamini and Yekutieli (2001) is notable for its conservative
nature, yet it maintains control over the FDR under various dependency structures. The
control over FDR of Benjamini Hochberg algorithm is studied in Benjamini and Yekutieli
(2001) and they introduced a notion of positive regression dependency setup (PRDS) on
a subset Iy. A set D is called increasing if x € D and y > x, implies y € D. Then, the

property PRDS is as follows

For any increasing set D and for any i € Iy, P(X € D | X; = x) is non-decreasing in z.
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Benjamini and Yekutieli (2001) established that, the Benjamini Hochberg procedure
controls the FDR at a level "2« if the joint distribution of the test statistics is PRDS on the
subset of test statistics corresponding to true null hypotheses. An equivalent explanation
of PRDS property is that, if ¢ : [0, 1] — R™ is a co-ordinate wise non-decreasing function,

then PRDS property holds if

E[¥(p1,...,pn) | pi = u] is non-decreasing function of u Vi € I

Sarkar (2007) proved the control over FDR of Benjamini Hochberg algorithm under a

slightly relaxed criterion.

E[W(p1,....pn) | pi < u] is non-decreasing function of u Vi € I

for any co-ordinatewise non-decreasing function (. ).

There are many other researches available in which the dependence problem has been
studied. Blanchard and Roquain (2009) proposed adaptive step-up methods for controlling
the false discovery rate (FDR) under both positive and unspecified dependencies. Fan
et al. (2012) introduced a novel procedure adjusted for dependence to approximate the
false discovery proportion (FDP). The asymptotic FDR and number of type I errors
of Benjamini-Hochberg (BH) procedure has been studied in Finner and Roters (2001),
Finner and Roters (2002), Finner et al. (2007). Efron et al. (2001) introduced an empirical
Bayes approach in multiple hypothesis testing based on local false discovery rate (lfdr).
This approach has been extended under dependence by Sun and Tony Cai (2009) and they
have claimed that their optimal statistic in terms of mFDR and mFNR is equivalent to
Ifdr under independence. The hidden markov model based approach of Sun and Tony Cai
(2009) has been extended by Xie et al. (2011) under Gaussian model.

This thesis is mostly focused on the problem of dependence in various aspects of multiple

hypothesis testing.
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1.2 Motivation and brief overview of our work

There are very few literature which provides an explicit mathematical work on the
performance of the existing multiple testing procedures under dependence. Recognizing
this void, the primary objective of this thesis is to bridge this gap by conducting a

comprehensive study encompassing various facets of the simultaneous testing problem.

Chapter 2 of this thesis is focused on the asymptotic FWER of Bonferroni’s procedure. It
has known to be a shortcoming of this procedure for being overly conservative especially
under dependence. Proschan and Shaw (2011) has studied the asymptotic FWER of
Bonferroni’s procedure under the equicorrelated normal distribution when the correlation
pn approaches zero as n — o0o. However, there is no literature which studies the
traditional FWER as a function of the correlation (p). If the FWER lies well below the
level of significance «, then one can easiy conclude that Bonferroni’s procedure indeed
becomes conservative and the level of conservativeness can be seen from the gap between

actual FWER and «.

Chapter 3 focues more on the FWER of the Bonferroni’s method under general correlation
matrix. The result of chapter 2 was later improved by Dey and Bhandari (2023). They
showed that the FWER is asymptotically zero for equicorrelated normal distribution.
Hence, there is a discontinuity in the FWER function near independence. We have
examined how far the FWER retains its behaviour similar to independence and introduced
a nearly independent setup where FWER of Bonferroni’s procedure is still close to the

one under independence.

Chapter 4 builds on the foundational work of Sun and Tony Cai (2009) and Xie et al.
(2011), who established a one-to-one correspondence between the multiple testing problem
and the weighted classification problem. Consequently, the Bayes rule used in weighted
classification also proves to be optimal for controlling the mFDR and mFNR in a multiple
testing problem. Despite its optimality, the resulting statistic is not symmetric and

requires computation involving the joint distribution of the observations.

Sun and Tony Cai (2009) implemented this optimal procedure within the framework of
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a Hidden Markov Model. The Markov chain assumption allowed them to simplify the
statistic to some extent. However, simplifying this statistic further remains challenging,

which limits the practical applicability of this optimal rule.

In the context of a Gaussian model, Xie et al. (2011) and Xie et al. (2016) demonstrated an
asymptotic equivalence between this test statistic and the local false discovery rate (1fdr)
introduced by Efron (2008). This equivalence, however, is contingent upon restrictive
assumptions regarding the correlation matrix. In Chapter 4, we address these limitations
by simplifying the test statistic for any correlation matrix . Our approach significantly
improves upon existing methods, including the Benjamini-Hochberg procedure and the

marginal procedure proposed by Xie et al. (2011).

In Chapter 5, we address the challenge of estimating the proportion of false null hypotheses
in a multiple testing scenario. Research by Benjamini and Yekutieli (2001) and Sarkar
(2008) has demonstrated that the Benjamini-Hochberg (BH) procedure often controls the
false discovery rate (FDR) at a level lower than desired. Specifically, if o represents the
desired significance level, then under the positive regression dependency setup (PRDS),
the FDR of the BH procedure is bounded by my«, where 7y denotes the proportion of
null hypotheses. Consequently, accurate estimation of my could enhance the power of the

BH procedure.

Several researchers have proposed various estimators for 7y, including Storey (2002),
Efron (2012), Benjamini and Hochberg (2000), Genovese and Wasserman (2002), Meinshausen
and Bithlmann (2005), Langaas et al. (2005), and Patra and Sen (2016). However,
most of these estimators were developed for independent samples, and there is limited
literature on their performance under dependent conditions. In this chapter, we explore
the asymptotic behavior of the estimator proposed by Benjamini and Hochberg (2000)
and examine its performance under various types of dependence commonly encountered
in real-life applications. Additionally, we analyze the performance of the estimators

proposed by Storey (2002) and Patra and Sen (2016) under different types of dependence.



Chapter 2

Asymptotic FWER for Correlated

Normal distribution

2.1 Introduction

Correlation is a fundamental measure of dependence in the analysis of normal random
variables. While it doesn’t capture all aspects of dependence, it serves as a crucial
starting point for examining how dependence among observations impact multiple testing
algorithms. Efron (2010) demonstrated in his study of empirical Bayes methods that the
correlation penalty hinges on the root mean square (RMS) of correlations, underscoring
its significance. A comprehensive review of related literature can be found in Efron (2012),
which provides further insights. Sarkar (2008) offers an extensive review on methods for
controlling false discovery rate (FDR) under dependence. These contributions collectively
emphasize the critical need for cautious handling of error rate criteria (such as family-wise

error rate (FWER) or FDR) in the presence of correlation.

In this chapter, we focus on the equicorrelated normal distribution, which is particularly
relevant for modeling the lifetimes of coherent systems, as discussed by Loperfido et al.

(2007). Some distribution free bounds on FWER under this setup can be found in Tong

15
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(2014) using Chebyshev-type inequalities as follows.

{1+ (n=1)p) (& +1—(n=1)(1=p)}2 +caln = 1)(1 = p)? 2

n [62 n <1+<n_1>p>} 2

Where FW ER(p) is the FWER of Bonferroni’s method with correlation among hypotheses

FWER(p) <

p and ¢, is the (1 — 2)-th quantile of N(0,1) distribution. Since ¢ = O(logn) the upper
bound on the right hand side increases indefinitely n gets larger and larger. As a result,
the gap between the actual FWER and the upper bound is significantly high for a choice

of a particular distribution (e.g. normal).

In Section 2.3, we conduct simulations and generate plots illustrating the behavior of the
Family-Wise Error Rate (FWER) as a function of p, ranging from scenarios with a small
number to a large number of null hypotheses. Through these simulations, we aim to gain
insights into how the FWER behaves under varying degrees of correlation. Section 2.4
highlights the asymptotic behaviour of FWER for correlated normal distribution. This
is probably the first attempt in the context of finding most classically used FWER in
terms of p asymptotically. It is also important to mention that the lifetime of parallel
systems can be conveniently modelled by the maximum of exchangeable normal random
vector. The asymptotic bound on FWER provided in this chapter is actually a lower
bound on the cumulative distribution function (cdf) of the failure time of the parallel
systems. Loperfido et al. (2007) has shown that the distribution of the maximum of n
observations from exchangeable normal distribution follows (n — 1) dimensional skew
normal distribution. While the cdf of multivariate skew normal distribution is very
difficult to deal with, an asymptotic bound on the cdf can be obtained by a reasoning

similar to the one in this paper.
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2.2 Description of the setup

Let X1, X5, ...... be a sequence of observations and the null hypotheses are
HOi : Xz ~ N(O, 1) 1= ]_,27

Here we have considered one sided tests (This means, Hy; is rejected for large values of X;
(say X; > ¢)). FWER is the probability of falsely rejecting at least one null hypothesis
(Which happens if X; > ¢ for some i and the probability is computed under the global
null Hy = ‘51 Hyi ={X;~ N(0,1) Vi=1,2,...,n}). Then,

FWER = P(At least one false rejection) = P(X; > ¢ for some i | Hy)

We assume,

Corr(Xi, X;)=p Yi#j (p=>0)

For Bonferroni’s method, ¢ = ®~'(1 — 2) (where ®(.) is the cdf of standard normal
distribution). It has been a common shortcoming of multiple testing rules that they
become conservative under positive dependence (see Storey (2002), Sarkar (2007), Efron
(2012)). We have studied the actual level of significance of Bonferroni’s method which is
much smaller than the desired level o and hence this procedure becomes very conservative

in the presence of non-negative correlation.

2.3 Simulation results

In our simulation study, we generated n observations from a N(0,1) distribution with a
constant correlation p between each pair of observations. Under the global null hypothesis,
the Family-Wise Error Rate (FWER) is equivalent to the False Discovery Rate (FDR).
Moreover, Bonferroni’s method and Holm’s procedure yield equivalent results for FWER.
Consequently, examining Bonferroni’s procedure provides valuable insights into the behavior

of Holm’s procedure. Various combinations of (n, p) were examined at significance levels
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a = 0.1, 0.05, and 0.01, which are commonly used in hypothesis testing.

We have estimated the actual FWER of the Bonferroni’s procedure in the context of
equicorrelated normal observations as a function of the correlation (p). All FWER
estimates are based on 10° replications at the significance level a. Each plot includes a
reference line L(p) = a1 — p), facilitating comparison of how the FWER curves deviate
from this line. Notably, FWER(0) ~ o and FWER(1) — 0 as n — oo. Therefore, the

FWER curve intersects the line L(p) = a(l —p) at p=0and p=1as n — 0.

The plots illustrating FWER as a function of correlation p are displayed below.
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Figure 2.1: Plots of FWER for various
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Figure 2.2: Plots of FWER for various values of N (a = 0.05)
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Figure 2.3: Plots of FWER for various
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values of N (a = 0.1)
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There is a consistent trend observed in the Family-Wise Error Rate (FWER) plots
across all three o values analyzed in our simulation study. Initially, for small sample
sizes (n), the FWER for Bonferroni’s procedure exhibits a concave pattern. However, as
the number of hypotheses increases, its behavior gradually transitions, shifting towards
convexity. The rate of this transition from concavity to convexity likely varies depending
on the specific value of a. Observe that, in figure 2.3 (for @ = 0.1) the nature changes
very quickly while in figure 2.1 (v = 0.01) the convergence to convexity occurs slowly.
The simulation results give us a hint that reference line L(p) = a(1 — p) might be an
asymptotic upper bound of FW ER(p). This claim is confirmed in corollary 2.4.1.1 of

section 2.4.

2.4 Main theorem
Let, H(p) = 1— FWER (p) = P(X; < ¢, Vi=1,2,....n| Hy)

Theorem 2.4.1. Suppose each Hy; is being tested at size av,. If lim,, o na, = a € (0,1)

then, asn — oo, H"(p) < 0 and hence H(p) asymptotically is a concave function in [0,1].
Note :-
1. For p =0 (Under independence), we must have, FWER =1 — (1 — a,)" = a.

2. For p=1( When X; = X; a.s. Vi # j), we must have FWER = «,, (Because one

rejection would imply rejection of all null hypotheses).

Suppose y = Z(p) denotes the line which joins (1,«,) and (0,1 — (1 — «,)"). The

following corollary describes the asymptotic behaviour of FWER as a function of p .

Corollary 2.4.1.1. Asn — oo, FWER (p) is bounded above by the line £ (p).

In this section we are going to provide a proof of this theorem.
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2.4.1 An alternate form of H(p) and it’s derivatives

Under the framework described above, we can say that under Hy, the sequence {X,,},>1
is exchangeable. (i.e. (X, ..., Xix) ~ Ng(Ok, (1 —p)Ix + pJi) (Where Jy is a k * k matrix
of ones).

Then, X, =0+ %2, ,Vk>1.

Where 6 is a mean 0, normal random variable, independent of the sequence {Z,},>1 and

Z;’s are i.i.d. normal random variables.
Since Cov(X;, X;) = p, this implies that Var(d) = p

=0~ N(0,p) and Z, g NO,1—p)Vn>1

Thus,
. c—90 c+/pZ
Hp)=PO+2Z; <cVi=1,2,..n)=Ey CID”( > =F <I>"<—>
(p) = P( ) T T
(Where Z ~ N(0,1) and @ is the cdf of N(0,1) distribution)
If we define, d = 222 then H(p) = E["(d)].
Now, an application of dominated convergence theorem would yield,
H'(p) = B |[n®" ! (d)o(d)G(p, 2) (2.1)

(Where G(p, Z) = g—‘; = 2(1jp)% [c—l— \%] and ¢(.) is the N(0,1) p.d.f. )

And again by D.C. T\,

H'(p) = B| 50" 2(d)o(d) (aG(p, Z) + bG(p, Z) + %)] (2.2)
Where,
dp — 1)®(d)

= (n— — —d) an :(
a=(n—1)¢(d) — db(—d) and b o)
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Let’s define, a; = ®(—d).

Observe that,

H"(p) = E|5(1 — a1)""*¢(d) (aG?(p, Z) +bG(p, Z) + _4;<(11—_c;>% )]
= _foo 21— a1)"2¢(d) [aG2<p, z) +bG(p, z) + 4;((11—:;)%%(,2)(12

2.4.2 Proof of the main theorem
The proof of the main theorem involves three steps.

e Step 1 :- The 2nd and 3rd term in H”(p) — 0 as n — oo. (Proof is given in

appendix ( lemma 2.4.2).

e Step 2 :- Suppose at z = 2y, a1(z) = P(—d(2)) = . If G(p, 20) < 0 then the

first term — 0 as n — oo.
e Step 3 :- If G(p, 20) > 0 then, the first term is asymptotically < 0.

Proof of step 1 is given in appendix (lemma 2.4.2). We shall proceed with the proof

of step 2.

2.4.3 Proof of step 2

Consider the three disjoint regions {a; > 6125’;”}, {n(loén)g < < 610%} and {a; <

n(lo—én)S} . We'll show that the integrals in the first two regions — 0 as n — co and the

integral in the third region is asymptotically non-positive.

° Casel:-{a1>610%}
If o > 610%’ then (1 _ Oél)n_2 < (1 . 61(7)1gn)n_2.
Using the fact that, (1— %)n <e®Vax>0,VneN,wecansay that, (1—a;)"? <
1
n3 "’

aG?
So. B[3(1— a0)" 20(d)aC?(p, Z)I | < $E[*TED L, sy

Each Hy; is being tested at size «, and we reject Hy; if X; > c.
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So, a, = ®(—c).

As n — 00, ¢ = 0o by the condition lim,, . na, = a € (0,1).

For large ¢, we have ®(—c) ~ %C) =1
V2mee 2
2
SO, N~ QV2TCET v (i)

c Z
Now, observe that, a = (n — 1)¢(d) —d®(d) <n—1+|d| <n—-1+ %

2, 22
o
2(1-p)3"

and G?(p, Z) <

(n—1+ <5220 <02+Zf

=5 )\ 2003

5 >]—>Oasn—>oo.

n? n

aG2(p,2)
SO, E|: p I(a1>61c7)1gn):| S E|:

e Case2 :-{a; < m}
For all d > 0, we must have ¢(d) < doy.
This implies, |a| = |(n — 1)¢(d) — d®(d)| < n|d|a; + |d].
For large n, We should have na; < 1 as nay < m.

This implies that, in this case, |a| < 2|d| for large n.

Using the fact ¢(d) < da; we can deduce that,

B30 - a)6@aG (0. DI, | < BITEERI ]

n(logn)3

From the previous observation (in case 1) we can say that,

(c+VPIZI (@ + Z)

d*G*(p, Z) <
G2 2p(1 = p)*

Notation :- =, = O(y,) if 3¢;,c0 > 0 and M € N such that, 1y, < z, <

CoYp VN >M
(By (i)), we can say that, logn = ©(c?).

This implies,

— 0
(1< e ™)

d*G*(p, Z)
B g
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Thus,
n

£l3

(1 =) 26 d)aG (0, D)y, .13 ] =0
1S Aoz n)®

Case 3 : - {a1 = ;o)

First we’ll show that z, takes a very large negative value. Observe that,

D(—d(=)) = % and ®(—c) = a,, ~ @

n

So, % ~ <. We know that, 2®(—x) ~ ¢(z) for large enough z.

So, for large enough n, d(zo)®(—d(20)) ~ ¢(—d(zp) and cP(—c) ~ ¢(c).

Thus,
#(d(z0)) &2
o(-dz) et 1
() d)(cC) d(Zo)edz(;O) o

Since 0 < a < 1, we must have ¢ > d(z). Thus, 62_‘122('20) < log(%)

log(1)

We can now conclude that, ¢ — d(zp) < T

for large enough n.

Since both ¢ — oo and d(zy) — oo as n — oo, this implies that ¢ — d(zy) — 0 as
n — oo.

1

From this, it is easy to see that, zo+cT(p) — 0 as n — co. (Where T'(p) = 17—4=

is entirely dependent on p and is a positive function for all 0 < p < 1)
This means, zy takes a very large negative value.

First consider the region {a; > %} Since o is a decreasing function of z, this
region can also be written as {z < 2z}
Note that, dG*(p, Z) = p(Z,c) (A polynomial in Z and c¢). Using this, it is easy to

see that, sup,_. dG*(p,z)¢(z) — 0 as n — co.

_ ct/pZ as. a.s.
d = —7= =¥ 00 as n — 0o (Because ¢ = 00 as n — 00).

So, a = (n — 1)¢(d) — d®(d) ~ d(nag — 1).



2.4 Main theorem 27

By lemma 2.4.3 in appendix, we can say that,
E[3(1 = )" 20(d)aG2(p, 2)| ~ E[3(1 - a)"26(d)d(nay — 1)G(p, 2)].
Now observe that,

E[3(1 = )" 20(d)d(nes — 1)G3(p, 2)|

[e.9]

= [ n(nar — 1)(1 — ay)"2¢(d)dG?(p, 2)$(2)d=

—0o0

mjfn(al)K(al)dal
(Where f,(a1) = n(nay — 1)(1 — ap)" 2 and K(ay) = dG*(p, 2)p(2) )

1
Observe that, fn(a1) > (<) 0 < a; > (<) L and [ f,(o)doy = 0.
0

And, ffn(al)dal = f(k: —1)(1 = E)yn=2qk < jo(x —1)e 2dr < ©
1 1

1

n

1
= [|fu(a1)|doy is bounded.
0

Since

sup K (ay) = sup dG*(p, 2)¢p(z) — 0

a1>% 2<20

It is easy to deduce that,
1
E[n(l —a1)"?p(d)d(nay — 1)G(p, Z)I(a1>%)] = /fn(al)K(al)dal — 0

Now we need to consider the region {m <oy <1}

O(—d(z)) = m and 2, = 2o + 0y,

(—d(z0)) _ 3
= St — (1087)

For large n,  d(z;)®(—d(z;)) ~ ¢(—d(z;)) for i =0, 1.
d(zl)edQ(;l)
d(zo)e%@

z 2 z1)— 2 Z
= log(jﬁzjj) + & 1)2d (z0) 3log(logn))

= ~ (logn)?

d(z d(z d(z1)—d(z
g, (k) =den) < 3o

Since d(z1) > d(zp), we can conclude tha logn)
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6 log(logn
= d(z1) = d(z0) = /7500 < R
Since d(z1) > d(z9) = —®7'(1) = ©(y/logn) this implies, % — 0 and hence

0, — 0 as n — oo.

So, B[ 4(1 - a1)"*6(d)d(nay = VG (0. D)+ <)

< n(l — a1)" 2K (ay)doy

m—z e

n(logn)3

Note that, |K(aq)] <  max p(z,¢)p(z) (as K(ay) =p(z,¢)(2) )

2€[20,20+06n]

Since 0, — 0 and p(zo, c)¢p(29) — 0 as n — oo, by continuity of p(z, c)¢(z) we can

say that, [max ]p(z, c)¢(z) — 0 and hence, |K(aq)| — 0 as n — oc.

2€[20,20+6n

¥ 1
[ nl—a)"2day= [ (1-%)2dk <

1
n(logn)3 (logn)3

o%,_.
w\:r

So, f n(l — )" ?K(ay)da; — 0

And thus, E[ (1 — an)"26(d)d(noy — 1)G2(p, Z)I, <QI<L)] 0.

1
n(logn)3 = =

This completes the proof of step 2.

2.4.4 Proof of step 3

1
As noted earlier, f,(o) > (<)0 < g > (<)% and [ f,.(c;)da; = 0.
0

An argument similar to the one given in the proof of step 2, we can say that the
1 1

contribution in the integrals [ f,(c1)K (a1)day and [ f,(aq)day outside the region
0 0

1 . . .
{m <a < 60%} is negligible as n — oo.

Since ®(—d(zy)) = = < 3 for large enough n, this means , d(z) > 0 for large n.

Also, observe that, a; is a decreasing function of z. Since G(p, zp) > 0, we can say

that, K(a1(z)) > K(au(?')) V2 < zp and z > 2 in the region { <o <

n(log n)3
6 logn}
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> 1
This means, [ [f,(a1)|K(ar)dar > [|fu(on)|K(a1)day.
0 1

n

1
Since f,(a1) <0, Yoy € (0,1), this means [ f,(oq) K (oq)doy <0
0

And thus, E[%(l —ap)"2¢(d)d(nay — 1)G*(p, Z)} < 0 which gives us the desired

result.

This completes the proof of main theorem.

2.4.5 Appendix

Lemma 2.4.2. The second and third term in H"(p) — 0 as n — oo.

Proof :- We shall do it only for the third term. The other one follows similarly. This

proof is similar to the proof of case 2 (G(p, z9) < 0) of step 2 of theorem 2.4.1.

Third term in H"(p) is proportional to E[nc(1—aq)" *é(d)] = [ nce(l—aq1)"té(d)¢(z)dz.
Let, ¢(z) = M(v).
Then, [ ne(l —oq)" té(d)p(z)dz=c [(1— %)”flM(s)dk
oo 0
Since ¢(d) < d3«; for large enough d, so
n—1
E[ncu — ) ¢(d)f(al<nao;m3)] =0

Also, if ay > 610% then (1 — )" < n% and hence
E|nc(1— a1>n—1¢(d)-[(al>610%)j| —0
Let, @(~d(z0 —0,)) = gz and B(—d(z0 +6,) =

Similar to the case 2 ( G(p,2z9) < 0) of step 2 of theorem 2.4.1 we can say that,

max{d,,d } — 0 as n — oo.

n
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This implies that, if ﬁ <y < 898" then

ogn) n

cM(aq) < max cp(z) > 0asn — oo
2€[z0—080,,20+00) ]

Thus, E[nc(l — ozl)”*lgzﬁ(d)]( L <a1<61c7)lgn)i| — 0 and the third term in H”(p) — 0.

n(logn

Lemma 2.4.3. E[ga — )" 2$(d)G2(p, Z)|a — d(nay — 1)|] 50 asn — 0.

Proof :- |a — d(nay — 1)| = (n — 1)|¢(d) — d®(d)|.

If d <0, then oy > & and hence, (1 —a;)"% < ()"

(M)

c

Since n = ©(ce’z ), this immediately implies that,

E| 51— a)"*o(d)G*(p, Z)la — d(nay — Dl Iuso) | = 0

When d > 0, [¢(d) —dP(d)| < Kay for a constant K > 0.

This implies that,

n

E [2 (1—an)"26(d) G2 (p, Z)|a—d(na1—1)|1(d>0)} <KE [n2a1(1—a1)n—2¢(d)a2(p, Z) 1450,

An idea similar to the proof of lemma 2.4.2 will tell us that, we need to consider the
region {m <o < Sk’%}. The integral corresponding to this region — 0 follows

exactly in the similar manner.

2.5 Simulation results

Corollary 2.4.1.1 tells us for large n, FWER for Bonferroni’s method (with level of
significance «) is asymptotically bounded above by a(l — p). In order to verify this
result empirically, some simulation results have been provided in table 2.1. In our
simulation experiments, we have considered p = 0, 0.1, 0.3, 0.5, 0.7, 0.9 and o =

0.01, 0.05, 0.1, 0.4, 0.6, 0.7. In each combination of (p,«), 10000 replications have
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been made to estimate the FWER (the estimate obtained is denoted by F WER) In
each replication, we have generated 10000 equicorrelated normal random variables each
with mean 0 and variance 1. Bonferroni’s method suggests us to reject Hy; at level « if
Zi > (1 — 15555)-th quantile of N(0,1) distribution. In each replication we have to note
whether or not any of the 10000 Z;’s exceeds that cut-off and then F WER is obtained
accordingly from the 10000 replications.

Each FW ER obtained at the combination (p, ) is compared with a(1 — p)(the upper
bound mentioned in 2.4.1.1). It is impressive that in all the cases F' W ER is substantially
smaller than a(l — p) (except at (p,a) = (0.1,0.01)), although the difference is not
noteworthy). All these observations suggest that in positively correlated setup, Bonferroni’s

method actually controls the FWER at a much smaller level than the desired level of

significance which makes this method more conservative.

Table 2.1: Simulation results

P a 0.01 0.05 0.1 0.4 0.6 0.7
0.9 | FWER 9.00E-05 0.00046 0.00053 0.00221 0.00324 0.0031
a(l—p) 1.00E-03 0005 001 004 006  0.07
0.7 | FWER 0.00101 0.00363 0.00588 0.01617 0.02149  0.023
a(l—p) 0003 0015 003 012 018 021
05| FWER 0.00347 0.01156 0.01918 0.04909 0.06414 0.07042
a(l—p) 0.005 0025  0.05 0.2 0.3 0.35
03| FWER 0.00683 0.02523 0.04363 0.11495 0.15013 0.16494
a(l—p) 0007 0035 007 028 042 049
0.1 | FWER 0.00996 0.04367 0.07978 0.23801 0.31105 0.34295
a(l—p) 0009 0045 009 036 054 0.3

0 | FWER 0.01018 0.0486 0.09424 0.32914 0.45065 0.50499
a(l—p)  0.01 0.05 0.1 0.4 0.6 0.7
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2.6 FDR of BH procedure

Motivated by the finding of corollary 2.4.1.1, our exploration now shifts towards the
asymptotic behavior of the False Discovery Rate (FDR) concerning the Benjamini-Hochberg
procedure. Herein lies our inquiry: does a simple bound akin to a(1 — p) effectively
capture the intricate dynamics of FDR under this methodology? Finner and Roters
(2001) demonstrated that the false discovery rate (FDR) of the Benjamini-Hochberg
(BH) procedure asymptotically approaches a non-zero value. However, a closed-form
expression for this value as a function of p is not available. More recently, Dey (2022),
Dey and Bhandari (2024) have further investigated the asymptotic behavior of the FDR
for the BH procedure, providing additional insights into this phenomenon. They have

shown that,

11 —ta) — dH(1—t
lim FDRpu(n,a,p) =1—®| inf ( Q) = vPe | )

>0
n—00 [tE(O,l) \/ﬁ :|

(Where FDRpy(n, a, p) denotes the FDR of BH procedure at level a under an equicorrelated

normal setup with correlation p)

Although their asymptotic limit appears to be simpler, it does not address whether
the limiting FDR is below the threshold given by the line Z(p) = «(1 — p) or not.
The following graphs exhibit the asymptotic behaviour of FDR for Benjamini Hochberg
method. In this study, we have again generated n observations from N (0, 1) distribution
in such a way that there is a fixed correlation (p) between any two observations. Different

combinations of (n, p) are considered and they are studied at a = 0.1,0.05,0.01.
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Figure 2.4: Plots of FDR of BH procedure for various values of N (a = 0.01)
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Figure 2.5: Plots of FDR of BH procedure for various values of N (a = 0.05)
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Figure 2.6: Plots of FDR of BH procedure for various values of N (a = 0.1)
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It is clear from the plots that this procedure is not as conservative as the FWER
controlling procedures. However, the FDR tends to decrease at first and then increase as
p increases. But in all the cases, the FDR’s are well below the desired level of significance
(). Tt is a more challenging task to provide an asymptotic upper bound on the FDR of
the Benjamini-Hodgeberg procedure which enables us to provide a correlation correction
in this setup. Much research is needed in order to develop a stronger upper bound on

these type-I error rates under general correlation structure.



Chapter 3

FWER under nearly independent

setup

3.1 Introduction

The preceding chapter delved into the control of Family-Wise Error Rate (FWER)
using Bonferroni’s method within the framework of equicorrelated normal distributions.
Corollary 2.4.1.1 provided a crucial insight, demonstrating that as the number of hypotheses
(n) grows larger and larger, the FWER of Bonferroni’s method becomes bounded above
by a(l — p), where « represents the significance level and p signifies the correlation
coefficient. Moreover, recent advancements by Dey and Bhandari (2023) have enriched
our understanding of this phenomenon. They have showcased that under the assumptions
of a global null hypothesis and equicorrelated normal distribution, the FWER of Bonferroni’s
method asymptotically approaches zero. Intriguingly, their work also reveals a captivating
nuance: while the FWER remains bounded away from zero in the absence of correlation, it
tends towards zero asymptotically for any non-zero correlation coefficient. This observation
hints at a fascinating discontinuity within the behavior of the FWER function, particularly
at p = 0. Consequently, it beckons researchers to explore sequences of correlation
coefficients (p,) that converge towards zero as n — oo. Such investigations aim to

elucidate the rate of convergence towards zero at which the asymptotic FWER of Bonferroni’s

37
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method continues to closely resemble its behavior under independence.

While the assumption of equal correlation may be suitable for an initial exploratory
analysis of FWER, behavior, real-life studies often deviate from this premise. In this
chapter, our objective is to address the question of to what extent the FWER of Bonferroni’s
method remains consistent with that under independence. Additionally, we have extended
our analysis to include jointly normal distributions, focusing on approximating the FWER
of Bonferroni’s method within a “nearly independent” framework. Furthermore, we have
introduced an asymptotic correction factor to refine the FWER of Bonferroni’s method
within this setup.

This chapter is organized as follows: in section 3.2, we introduce the framework of
our work. In section 3.3, we have shown the motivation of considering the “nearly
independent” setup and in section 3.4 we have approximated the FWER under this setup

and provided a correction factor which accounts for the deviation from independence.

3.2 Description of the problem

Let X, Xo, ...... be a sequence of observations and the null hypotheses are

Ho,; : Xz ~ N(O,l) 1= 1,27....

Here we have again considered one sided tests (This means, Hy; is rejected for large values
of X; (say X; > ¢)). Again, we consider FWER under the intersection null hypothesis
Ho= () Hoi={X; ~N(0,1) Vi=1,2,...,n}). Then,

=1

)

FWER = P(At least one false rejection) = P (U{X’ > c} | H0>

i=1
Suppose, Corr(X;, X;) = p;; Vi # j and ¥ is the corresponding correlation matrix.

We assume the following about the correlation matrix .

1 S,
pij:O<W> Vi # j for some 5 > 0
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For convenience, we shall call this setup as “nearly independent setup”.

Suppose P( X; > ¢ | Hy,;)) = «,. Then, under the assumption of independence of
hypotheses (i.e. if ¥ is identity matrix), we have FWER = 1 — (1 — «,)". We shall
study the value of the FWER under nearly independent setup. Bonferroni’s method is

based on a;,, = %. So, we shall consider the setup where lim,, o, na,, = a.

3.3 Motivation behind the nearly independent setup

Efron (2007) in his study of empirical Bayes methods, has pointed out that the correlation

penalty on the summary statistics based on empirical cdf depends on the root mean square

(RMS) of correlations (ﬁz?éZp?j) A natural question might arise from this result is
i#j

that “does the RMS of correlations act as a correlation penalty” in our framework also 7

If this were true, then we would have

1
FWER ~ FWER under independence as —— 2 =0
p 1) 2 2P
i#j
We can construct an easy counterexample to answer this question.
Let M, (p) denote the n * n equicorrelation matrix with correlation p and 0,, denote the
n * n matrix with all zero entries. Consider the n? * n? block-diagonal matrix with n

many M, (p) blocks in the diagonal.

Mn(ﬂ) 0. 0,
0, M, 0,
le. X = ()
0. 0. My (p)

This is the correlation matrix of the n? variables (X7, ..., X,,2) such that,
o (X1,..X,), (Xntt1, -, Xon)y ooy (Xn2_pi1, .., Xp2) are independent.

e In each block (X(x—1)nt1,.., Xpn) we have Corr(X;, X;) = p for i # j. (for k =

1,...,n)
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If we apply Bonferroni (@) method in this setup then a,, = <. By the similar approach
of Das and Bhandari (2021), we can argue that,

1-FWER
> (1= &)= (1= )1 = ) = (1= &))"
== gr-0-pl - =&

Since 1 — (1 —2)* < kz V0 <z < 1, this implies,

1-FWER > (1 — %) [1 — ( /))(';L Ja — e 0P a5 n — o0
n n

Since 1 — e™® < x for all positive z, we finally have FWER < «a(1 — p) asymptotically

under this setup. It is interesting to note that,

“5)e _ 0(1) an
(%) O(;) and

so is the mean square of correlations. Although the root mean square (RMS) of

e In this setup, mean of the absolute values of correlations is

correlations becomes smaller and smaller, the FWER is not close to the FWER
under independence. So, the correlation penalty is neither dependent on RMS of

correlations nor the mean of their absolute values.

e It is also interesting to note that, whenever max |pi;| is bounded away from 0, it is
i#]
possible to find a setup where FWER widely differs from the one obtained under

independence.

So, if we ask ourselves “how far can we go from independence without losing much?”,
then the above example suggests us to bound the absolute values of the correlations.
Under the nearly independent setup, we bound the absolute values by the order n—lﬁ for

some 3 > 0.

3.4 FWER under the nearly independent setup

Let’s denote FWER under correlation matrix 3 by FWER(X).
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Theorem 3.4.1. Fiz a sufficiently large integer K. Then, under the nearly independent

setup, FWER can be approximated by the following way.

FWER(S) ~ Y Lm 7” Z

Where p = ﬁz > pij is the mean of correlations.
i

K .
Remarks :- It is interesting to note that, > # ~ 1 — e @ for sufficiently
i=1
large K. Also lim, ;o1 — (1 — ;)" = 1 — e~ @ is the limiting form of FWER under

independence. So, if we use large enough K for this approximation then the first term is
K .

nearly equal to the FWER for independent case. So, the second term & ELY(-1)! (if;)!
i=2

acts as a correction factor or the amount of deviation from independence. Under the

nearly independent setup, p = O(-5) (The correction factor is very small)

Before we proceed with the proof of theorem 3.4.1, the following important theorem must

be stated.

Theorem 3.4.2. Multivariate Mill’s Ratio (Savage (1962))

Let X ~ N,,(0,,,V) and M =V 1.

Nl

F(a, M) = P(X > a) and f(a, M) = |M|

—LaT M
o exp(—3a” Ma)

[SEy

L@tA:(lTM (Ze Alzz:a]mﬂ i:1,2,...,m)
- J

If A; > 0 Vi, then

F
1__sz”1+5w - <1
a0 :

Here §;j = Kronecker’s Delta

Proof of theorem 3.4.1

FWER (%)
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= >PX; >¢c)=YYPX; >c X; >0+ DD>DPX;, >c¢ Xj >c¢ X >
i=1 1#£] 1,5,k distinct

)+ . + (=) P(X) > ¢, ., X, > 0)

Fix any 1 <k < K << n where K is a fixed positive integer.

Lemma 3.4.3. :- Forany 1 <1, < ... <1, <n,

k
P(X;, > ¢, Xi, > ) ~ felp)([] A0~

=1

(Where A = 1L W= W is the correlation matriz of (Xi,, Xiy, .., Xi,

) and f(.) is the

density function of Ni(0x, W) distribution)

Proof -
Let W =1+ R.
=W '=(I+R)'=1-—R+oR)
By the nearly independent assumption, we have (I + R)™! ~ (I — R).
So, A =c1IW™ ~ c17(I — R).
= A; =c¢(1—=>pj;) >0 Vi (By the nearly independent assumption)
J#
Now it is clear that, 1 — 233 w =1—0(%). (This is because the sum is over
i o
a fixed no. of terms (k* many terms)).

P(Xil >c,..., Xik>c)

f(clk)(f[l A1

Since ¢ — 00 as n — oo, we can say that, lim,_, = 1 and hence the

result.

k
Approximation of f(c1;)(]] A;)~"
i=1

By the nearly independent assumption on ¥, we can say that, |I + R| ~ 1.

Observe that,

flely) ~ : ! - exp <—C—21{(1 - R)1k> =

27’(’) 2 2 (27‘(‘)%

Since p, = O(=5) and ¢ = O(logn), this implies, Y > = 0(1).
l#m
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We know that, e ~ 1 + x for sufficiently small . So,

2 2
WP<%§:§3%vaL+%§:§:mn

l#m l#m

k

S (el ~ —Lp ()14 £3 Tp) and ([T 4) = ¢ [0 - 5 py)

l#m i=1 e

k
Since p;; = O(=5), this implies, [T(1 =Y pji) ~ 1.
i=1 i

Hence,
62
k Ck(l + 52 Zplm)

C]_k Az -1 ~ T I#m 5
R | e e

Recall that, ®(—c) = a,, ~ 2.

If ¢(.) denote the standard normal density, then for large enough ¢, then

o(c) ~cP(—c) = n ~ a\/ﬁceé

k
This implies, for any finite k, f(c1;)(TT &))" ~ (2)F(1 + %Z > Pim)
i=1 l#m

In particular,

P(Xi, > ¢,y Xig > €) ~ (g)k (1 +§ SN o)

n —
I#£me{in,..,ix }

[ Approximation of FW ER(Y) under the nearly independent setup

FWER (3)

:ZP<X1>C)_ZZP(Xz>67X]>C)+Z Z ZP(Xi>C,XJ’>C,Xk>
i=1 its i,j,k distinct

) + (=1)"IP(X) > ¢,..., X,, > )
Clearly, P(X; > ¢) = ®(—c) = «a,, and hence Y P(X; > ¢) = na,, ~ a.
i=1

For a fixed positive integer K (K > 2), we have

FWER(Y)
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K n

=na,+y, Y, (—1)Z'*1P(Xu1 > ey Xy, >0+ D > (—1)“1P(Xu1 >,y Xy, >
=2 e =KL G

c)

Clearly,

Z > (=) 'P(Xy,, > ¢, ..., Xy, > )

i—1/a\2 2
~> > DTN+ S XY pim)
=2 uq,...,u; distinct I#me{ui,...,u; }
X (et 2 & i—1(a\i(n—2
~a+ Y (=) S S (1)) () (O i)
i=2 i=2 itj
D @ e yiel
~ Y e (D) T (0 Yop)
i=1 i=2 its
K _ 7,71047, c2— K i ot
~ Z ( 1)Zl + Tp Z( 1) 1(1_2)1
=1 =2
We ignore the tail term > 3 (=) 'P(X,, > ¢, ..., Xy, > ¢) from FWER(X)

1=K+1 uq,...,u; distinct

and we approximate the FWER by the following formula.

. (=)'’ p = i-1__ @
FWER(Z) ~ Y ey > (=1
i=1 ’ i=2

Remarks :- It is interesting to note that, taking p;;’s O(n%) is not necessary for the

1
logn*

proof. It works for any order faster than c% or

3.5 Simulation results

Bonferroni’s procedure controls FWER at desired level under independence. We examine
the FWER in the nearly independent setup and compare with the corrected value of
FWER as per theorem 3.4.1. For these simulations we have considered n = 5000 and
B = 0.4,0.6,0.8,1. They are repeated on four levels of significance («) ( namely a =
0.01,0.05,0.1,0.2). For each combination, the actual FWER is estimated based on 10,000

replications and the corrected value as per theorem 3.4.1 is computed based on K = 15.
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Table 3.1: FWER for level o = 0.01

6 | FWER | FWER under independence | FWER with correction
0.4 | 0.0121 0.00995 0.00993
0.6 | 0.011 0.00995 0.00995
0.8 | 0.0108 0.00995 0.00995

1 | 0.0089 0.00995 0.00995

Table 3.2: FWER for level a = 0.05

6 | FWER | FWER under independence | FWER with correction

0.4 | 0.0543 0.0487 0.0484
0.6 | 0.0475 0.0487 0.0487
0.8 | 0.0422 0.0487 0.0488
1 ] 0.0495 0.0487 0.0488

Table 3.3: FWER for level a = 0.1

6 | FWER | FWER under independence | FWER with correction
0.4 ] 0.1077 0.0952 0.0934
0.6 | 0.0901 0.0952 0.095
0.8 | 0.0967 0.0952 0.0951

1 | 0.0983 0.0952 0.0952

Table 3.4: FWER for level o = 0.2

8 | FWER | FWER under independence | FWER with correction
0.4 ] 0.0192 0.0181 0.0178
0.6 | 0.0182 0.0181 0.018
0.8 | 0.0176 0.0181 0.0181

1 0.018 0.0181 0.0181

The simulation results indicate that there is minimal deviation in the FWER between
the nearly independent and independent setups when employing Bonferroni’s procedure.
Due to the negligible correction factor, the adjusted values closely mirror those obtained
under independence. This suggests that even in equicorrelated scenarios, the asymptotic
behavior of the FWER exhibits a discontinuity at zero, remaining consistently zero for any
positive correlation values (Dey (2021)). This study aims to explore the permissible extent
of departure from independence within a general setup without significant FWER loss.
Notably, FWER equivalence to independence persists in the nearly independent setup.
Further investigations in this domain could involve explicitly quantifying correction factors

attributable to correlations.



Chapter 4

Optimal test statistic under

(zaussian distribution

4.1 Introduction

In the realm of multiple testing, conventional approaches often revolve around the rigid
process of ranking and setting thresholds on p-values. However, the landscape of statistical
inference experienced a notable shift with the pioneering work of Efron, who introduced an
alternative avenue through the integration of Z-values and the empirical Bayes framework.
In his seminal review Efron (2012), Efron elucidated an empirical Bayes interpretation
of the Benjamini-Hochberg algorithm, reshaping the conventional paradigm. Departing
from the conventional reliance on p-values, Efron’s framework introduces the concept of
the local false discovery rate (LFDR), offering a nuanced perspective on multiple testing.
This novel approach transcends the limitations of traditional methodologies, providing a

more robust and insightful framework for statistical inference in complex scenarios.

The intersection of the multiple testing problem with traditional classification theory first
garnered attention through the seminal work of Storey (2003). Storey (2002) introduced
a novel type I error rate, termed the positive false discovery rate (pFDR), positing its
superiority over the conventional false discovery rate (FDR) in the context of multiple

testing scenarios. The way Genovese and Wasserman (2002) proposed a dual quantity to

46
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FDR, Storey (2003) introduced pFNR as a dual quantity to pFDR. Through meticulous
analysis, Storey (2003) showcased the intrinsic connection between the multiple testing

conundrum and the classification problem, particularly in terms of pFDR and pFNR.

This groundbreaking work set the stage for further exploration by researchers such as
Sun and Cai (2007), Sun and Tony Cai (2009), as well as Xie et al. (2011). Amidst
the era of burgeoning microarray experiments, the prevalence of dependent observations
surpassed that of independent ones. Traditional algorithms, which often prioritized
validity over efficiency, fell short when confronted with such dependent data. Recognizing
this challenge, Sun and Tony Cai (2009) charted a distinct course, devising an adaptive
multiple testing framework tailored for controlling false discoveries in the face of dependent
observations. In their paper, they have used marginal false discovery rate (mFDR) and
marginal false non-discovery rate (mFNR) in place of the traditional FDR and FNRs.
However, Genovese and Wasserman (2002) have established that, under the assumption
of independence, these are asymptotically the same in the sense that, mFDR = FDR
+ O(\/Lﬁ) and mFNR = FNR —i—O(\/Lﬁ), where n is the number of hypotheses. Such
asymptotic equivalence is valid in a more general setting (Xie et al. (2011)) of short range
dependency structure. Sun and Tony Cai (2009) established a one to one correspondence
between weighted classification problem and multiple hypothesis testing problem under
the monotone ratio condition (MRC) and introduced a new test statistic named local
index of significance (LIS) which is optimal in the sense that the test based on this
statistic minimizes the mFNR among all methods that control mFDR at a certain level
of significance. The optimality of their test statistic is a remarkable development because

of the following two reasons.
I Tt does not depend on the structure of dependency of the hypotheses.

IT Tt has been established under MRC condition which is fairly general. As Sun and
Tony Cai (2009) have highlighted that, the test statistics that are defined on the
basis of z-values, such as local false discovery rate (Efron et al. (2001)), p-value and

the weighted p-value vector (Genovese et al. (2006)) belong to the MRC class.
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The LIS statistic reduces to local false discovery rate (LFDR) under independence and
and the optimality of LFDR based procedures of Efron (2012), Efron et al. (2001) is thus
established (Sun and Cai (2007)). However, the closed form expression of this optimal
statistic is usually very difficult to find and this poses a major challenge to its application
in real data. Sun and Tony Cai (2009) considered the hidden Markov model (HMM) where
the latent indicator variable of being non-null follows a homogeneous irreducible Markov
Chain and developed a recursive method for implementation of the optimal statistic
based test. Xie et al. (2011) have implemented this test under multivariate normal
distribution model. However, their original claim that, the optimal LIS statistic and
LFDR is asymptotically the same, only holds under very stringent conditions imposed on
model parameters (Xie et al. (2016)). In this chapter, we have studied the same model
and substantially simplified the test statistic. The reason for considering multivariate
Gaussian model is its wide applicability in real life problems and the results proved in

this chapter hold for any positive definite correlation matrix.

4.2 Oracle Decision rule for Multivariate normal model

We consider testing n null hypotheses Hyy, ..., Hy, and for i = 1,2,...n

1 if i-th null hypothesis is false

0 Otherwise

Let X = (X3, ..., X,,) be a sequence of test statistics for testing Ho = (Hoq, - - ., Hon)-
In this chapter we consider the following model.

e 0,...,0, ik Ber(p) for some 0 <p < 1

e X|0 ~ N,(k0,%) where 0 = (6,...,6,) and k # 0. Here ¥ is any positive definite

covariance matrix.

A decision rule in any multiple testing problem is a function § : 2~ — {0,1}" such that,

5i = ]{H()i is rejected}
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The landscape of decision rules in statistical inference has predominantly revolved around
p-value-based marginal decision rules. While these rules have exhibited robust performance
under scenarios of independent hypotheses, their efficacy diminishes when confronted
with dependencies among hypotheses. A decision rule § is symmetric if §{r(x)} =
7{d(x)} for all permutation operators 7. In scenarios characterized by the anticipation
of clustered non-null hypotheses, it becomes intuitive to discern between a hypothesis
enveloped by other non-null hypotheses and one ensconced amidst null hypotheses. Yet,
when subjected to a symmetric rule, these two hypotheses are treated interchangeably,
disregarding their contextual disparities.

Traditional false discovery rate (FDR) procedures, which hinge on thresholding p-values
or local false discovery rates (LFDR), operate under the guise of symmetric rules.
Consequently, they fail to adequately account for the nuances introduced by correlated
hypotheses, rendering them suboptimal in such contexts. As pointed out by Sun and
Tony Cai (2009), the optimal procedure of Storey (2007), being a symmetric decision rule,
becomes inefficient in a problem where hypotheses are arising from a hidden markov model
(HMM). Consequently, there arises a pressing need to embrace asymmetric decision-making
frameworks to attain optimality in these nuanced contexts. In this chapter, we will
consider the optimal rule based on the criteria of mFDR and mFNR suggested in Sun

and Tony Cai (2009), Xie et al. (2011).

4.2.1 Discussion on error rate criteria

For any multiple testing procedure on these n hypotheses, let V, R, W, A denote the
number of false rejections, number of rejections, number of false acceptances and number
of acceptances respectively. The false discovery rate (FDR) and marginal false discovery

rate (mFDR) are defined as below.

v ElV
FDR = E {EI{M}} and mFDR = %
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These are versions of type - I error in the context of multiple testing. And, the versions

of type -1I errors are defined as

o (w _ E[W]
FNR =F |:ZI{A>O}:| and mFNR= m

It can be easily shown by Jensen’s inequality that,

FDR (FNR) < mFDR (mFNR)

This implies, the methods which aims to control mFDR, tend to be more conservative
than the methods controlling FDR. However, Genovese and Wasserman (2002) has shown
that, mFDR (mFNR) = FDR (FNR) + O(\/iﬁ) under independence. Xie et al. (2011)
have established the asymptotic equivalence of mFDR (mFNR) and FDR (FNR) under

short range dependency criterion.

Theorem 4.2.1. (Xie et al. (2011)) Suppose X = (X, ..., X,) is a sequence of random
variables with same marginal density f and X; and X; are independent if |i — j| > n” for
some 0 < 7 < 1. Let, o = Is,cr) be a short-ranged rule to test Hy;, in the sense that S;

only depends on the variables that are dependent with X;,
Si = S(Xicpur)s oooes Xigt )
Further, suppose that,
P(S;€R,0;,=1)>P(S; € R, 6; =0),

and,

P(SzER,tgzzl) >0Vi=1,2,..,n.
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Then, the FDR(FNR) of the rule 6 can be approzimated by the mFDR(mFNR) in the

sense that,

mFDR = FDR + 0(i> and mFNR = FNR + 0(

nl—’T

1
n1—7>

Note :- This asymptotic equivalence does not hold when the correlation matrix is

not sparse (e.g. equi-correlated case)

In this chapter, we have considered mFDR and mFNR and derived an optimal test
statistic which minimizes mFNR among all methods controlling mFDR at a pre-specified

level of significance.

4.2.2 Oracle decision rule for multiple testing problem

Consider the weighted classification problem with decision rule 6 = (41, ...,9,) € {0,1}",
with

1 if i-th hypothesis is rejected
0 otherwise

Consider the loss function

[7(5,0) = % i{(siu —0) + \(1 = 6:)} (4.1)

with A > 0 the weight for a false positive result. It is well-known that, if g(x|0; = j)
denotes the density of x when 6, = j ( j = 0,1), then, the classification risk F[L,(6,9)]

is minimized by the Bayes rule 6(A, \) = (41, ..., d, ), where

o= 1{ Al = u ;g%"éx 'ﬁlz) U A) (4.2)

Alternatively, if the goal is to discover as many significant hypotheses as possible while
incurring a relatively low proportion of false positives, we can study a multiple testing
problem where the goal is to find a decision rule § that has the smallest FNR(mFNR)

among all FDR(mFDR) procedures at level a. Consider the set of all Bayes rules for the
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classification problem and name it as %;. i.e.

PDs ={6]6; = I{N;(x) < A} for some \ > 0}

Sun and Tony Cai (2009), Xie et al. (2011) has shown that, among all procedures
controlling mFDR at level a, a procedure which minimizes the mFNR must belong to

the class ;. The following theorem explicate the whole idea.

Theorem 4.2.2. ( Xie et al. (2011) ) Consider the class of decision rules P = {6 :
0i = Ipnen, i =1,...,n} where A = {Ay,..., A} is defined in (4.2) and X € R. Given

any mEDR level o and a decision rule

5(5, R) — {IsleRN ) ISnERn}

with mFDR(6(S,R)) < «. Then there exists a A depending on §(S,R), such that,
(A, N) € Ds outperforms §(S, R) in the sense that,

mEDR(8(A, \) < mFDR(5(S, R)) < a,

and

mENR(S(A,\) < mFNR(5(S, R))

Theorem 4.2.2 implies that, the optimal solution of the multiple testing problem with
mFDR and mFNR as the error rate criteria, belongs to the set Z;. Instead of searching
for all decision rules, one only needs to search in the collection & for the optimal rule.
The following result shows that, for a given «, the optimal rule for the multiple testing

problem is unique.

Theorem 4.2.3. ( Xie et al. (2011) ) Consider the optimal decision rule (A, X) in the
weighted classification problem with the loss function (4.1). For any 0 < « < 1, there
exists a unique \«), such that {A, A\(a))} controls the mFDR at level o and minimizes

the mFNR among all decision rules.
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Theorem 4.2.2 gives us the optimal testing rule with mFDR and mFNR as the
error rate criteria and theorem 4.2.3 establishes a one-to-one correspondence between
the multiple testing problem and weighted classification problem. However, it is often

hard to determine the A(a) corresponding to the given a.

4.2.3 Implementation of the optimal test

Xie et al. (2011) have provided a method to implement the optimal test of theorem 4.2.2.

Define,
1 - ;=0
9(x)
Clearly, Tor,; = %Ai increases with A;. Thus, for a given mFDR value «, one can rewrite

the optimal rule as

dori = 0(AMa)) =1 {TOR’i < %}

Let Tog,;) denote the i-th order statistic of Tor; and Hy ;) be the corresponding null
hypothesis (i = 1,...,n) . Sun and Tony Cai (2009) have shown that, if R denote the

number of rejections, mFDR can be written as follows.

mFDR =FE

| B
= Z Tor, i)
=1

Then, according to the theorem 4 of Sun and Tony Cai (2009) or theorem 5 of Xie et al.

(2011), if p and g are known, then the following method controls mFDR at level « :
I
. . 1
Reject all Hy ;) for i = 1,...,k where k = max {l b ZTOR’(i) < a} (4.3)
i=1

The final oracle rule (4.3) consists of two steps :
e (Calculate the oracle statistic Togr, for i =1,...,n.

e Rank the statistics and calculate the running averages to determine the cutoff. All

hypotheses below the cutoff are rejected.



4.3 Oracle decision rule for Gaussian model 54

However, the major difficulty associated with this optimal test is that the test statistic
Tor, is often very difficult to compute. A simplified expression of this test statistic is
hard to find and the model parameters are difficult to estimate under dependent models.
In this article, we provide a method for implementation of the optimal test under the

multivariate normal model.

4.3 Oracle decision rule for Gaussian model

Xieet al. (2011) and Xie et al. (2016) have established the asymptotic equivalence between

the oracle decision rule and the LFDR based rule under some assumptions as follows.

Theorem 4.3.1. (Xie et al. (2011), Xie et al. (2016))

Let, 0 = (64,...,0,) satisfy 64, ...,0, Y Ber(p) and X |0 ~ N(u(0), X), where ¥ is a
correlation matriz and () = (16, poba, . . ., pnbn). Let Tor; = P(6; = 0| x) be the test
statistic of the oracle rule as discussed before and Ty, = P(0; = 0] x;) be the marginal

test statistic which is same as local false discovery rate (LFDR).

We make the following assumptions about the distribution.
(i) n%gpﬁl—n%forsom60<ﬁ<1.

(1) 1, ...,y are i.i.d. random variables having distribution function G. G(.) satisfies

) — G(—(2m3 log n)%) =0 for some 7 > 1

o=

G((2m2logn)

This guarantees that, P(|p;| < (2mlogn)2) =1 fori=1,...,n

(#ii) The minimum eigenvalue of 3 is bounded away from zero. i.e.

liminf A (3) =k >0

n—oo

(iv) The correlation matrixz X satisfies the short range dependency structure. i.e.

Yi; =0 for|i—j| >n" for some0 <1 <1
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If assumptions (i)-(iv) are satisfied, then for all e > 0,

lim P(|TOR,i - TMG,i| Z E) =0
n—r00

Theorem 4.2.2 significantly simplifies the complex test statistic associated with the
Oracle rule, given assumptions (i)-(iv) and a short-range dependency structure. The
subsequent theorem further simplifies this statistic within the Gaussian model, accommodating

any correlation matrix .

Theorem 4.3.2. If X |0 ~ N,(k0,%) and 61,...,0, "“" Ber(p), then fori=1,....n

PO, =0|X) =

Where U; = exp(—(%tm — kS i) ([ (pe ¥t + (1=p))) and t; = (trg, ..., tns) is
=1 i#i ~
the i-th column of X1,

Proof of theorem 4.3.2 is given in appendix.

Remarks :- While the equivalence of the joint conditional probability of Xie et al.
(2011) and Xie et al. (2016) was established under very restrictive assumptions on the
correlation matrix, theorem 4.3.2 sufficiently simplifies the conditional probability for
any covariance matrix. The result of 4.3.2 enables us to implement the Oracle decision
rule for any p, 3. We have performed extensive simulations with different combinations
of p and ¥ and compared the observed value of FDR and FNRs some of which will be

discussed here.

4.3.1 Simulation Studies

In this section, we evaluate the performance of the oracle rule and compare with the BH
procedure and the marginal procedure mentioned in Xie et al. (2011). We have evaluated

the empirical FDR, FNR and also the number of rejections. In our simulations, we
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assumed a multivariate normal model :

X |0 ~ N(ch,3)

where 6; follows Bernoulli(p). Under this model, the non-null distribution has mean ¢ and
Y’ is a correlation matrix. For our simulations, we have considered ¢ = 2.5 and o = 0.05.
Our objective is to assess the performance of these methods when there is sufficient
deviation from independence. In the first case, we have considered equicorrelated Y. In
all the simulations, number of hypotheses (n) have been considered to be 5000 and they
are run on 10 combinations of proportion of non-null p = 0.01,0.02, ....,0.1. In order to
assess the performance under sufficient deviation from independence, seven cominations
of correlation have been considered (p = 0.2,0.3,0.4,0.5,0.6,0.7,0.8). The results suggest
that, the Oracle procedure is least conservative among the three procedures in terms of
FDR. It is interesting to note that, the FDR of the Oracle rule always lies within the
prescribed limit of 0.05. Maintaining this upper bound on FDR, there is a substantial
gain in the FNR over both BH and marginal procedure. It is interesting to note that, the
marginal procedure becomes more conservative than the other two methods. However,
the FNR of the marginal procedure remains similar to the BH procedure which suggests
a possibility of improvement of this method and that is achieved by considering the
information of joint distribution in the Oracle procedure. The conservative nature of the
marginal procedure in comparison to the BH method is possibly due to the objective
of controlling mFDR instead of FDR. Since the FNR remains equivalent for these two
methods, careful examination of the class ¥, may provide a significantly better test

statistic.
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Table 4.1: FDRs of the three methods
Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.016 0.042 0.043 0.01 | 0.2
0.011 0.038 0.044 0.01]0.3
0.007 0.033 0.044 0.01 0.4
0.005 0.029 0.044 0.01 | 0.5
0.003 0.023 0.043 0.01] 0.6
0.003 0.019 0.041 0.01 | 0.7
0.002 0.017 0.039 0.01]0.8
0.022 0.042 0.045 0.02 | 0.2
0.015 0.039 0.044 0.02 | 0.3
0.011 0.035 0.043 0.02 | 0.4
0.008 0.031 0.043 0.02 | 0.5
0.006 0.027 0.041 0.02 | 0.6
0.005 0.022 0.040 0.02 | 0.7
0.005 0.019 0.040 0.02 | 0.8
0.025 0.042 0.043 0.03 | 0.2
0.018 0.040 0.042 0.03 | 0.3
0.013 0.036 0.042 0.03 | 0.4
0.010 0.032 0.040 0.03 | 0.5
0.009 0.029 0.039 0.03 | 0.6
0.008 0.024 0.037 0.03 | 0.7
0.007 0.019 0.039 0.03 | 0.8
0.027 0.043 0.042 0.04 | 0.2
0.020 0.040 0.041 0.04 | 0.3
0.015 0.037 0.039 0.04 | 0.4
0.012 0.034 0.038 0.04 | 0.5

Continued on next page
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Table 4.1 (FDRs)— continued from previous page

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.011 0.031 0.036 0.04 | 0.6
0.010 0.026 0.034 0.04 | 0.7
0.009 0.020 0.038 0.04 ] 0.8
0.028 0.042 0.040 0.05 | 0.2
0.022 0.040 0.039 0.05] 0.3
0.018 0.038 0.037 0.05] 0.4
0.014 0.034 0.036 0.05 | 0.5
0.013 0.031 0.034 0.05 ] 0.6
0.012 0.027 0.032 0.05 | 0.7
0.011 0.022 0.037 0.05] 0.8
0.030 0.042 0.038 0.06 | 0.2
0.023 0.040 0.037 0.06 | 0.3
0.019 0.038 0.036 0.06 | 0.4
0.016 0.035 0.033 0.06 | 0.5
0.014 0.031 0.031 0.06 | 0.6
0.013 0.028 0.029 0.06 | 0.7
0.013 0.023 0.036 0.06 | 0.8
0.031 0.042 0.037 0.07 | 0.2
0.025 0.040 0.035 0.07 1 0.3
0.020 0.038 0.034 0.07 0.4
0.018 0.035 0.031 0.07 | 0.5
0.016 0.032 0.029 0.07 | 0.6
0.015 0.028 0.027 0.07 | 0.7
0.015 0.023 0.034 0.07 ] 0.8
0.032 0.042 0.035 0.08 | 0.2
0.026 0.040 0.034 0.08 | 0.3

Continued on next page
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Table 4.1 (FDRs)— continued from previous page

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.022 0.038 0.032 0.08 | 0.4
0.019 0.036 0.029 0.08 | 0.5
0.017 0.032 0.027 0.08 | 0.6
0.017 0.030 0.025 0.08 | 0.7
0.016 0.025 0.033 0.08 | 0.8
0.032 0.041 0.034 0.09 | 0.2
0.027 0.039 0.032 0.09 | 0.3
0.023 0.037 0.030 0.09 | 0.4
0.020 0.036 0.027 0.09 | 0.5
0.019 0.033 0.025 0.09 | 0.6
0.019 0.030 0.023 0.09 | 0.7
0.018 0.025 0.032 0.09 | 0.8
0.033 0.041 0.032 0.1 0.2
0.028 0.039 0.031 0.1 0.3
0.024 0.038 0.028 0.1 |04
0.022 0.036 0.026 0.1 |05
0.020 0.033 0.023 0.1 |0.6
0.020 0.030 0.021 0.1 |0.7
0.019 0.025 0.030 0.1 0.8

From the FDRs, it is clear that,

e All the three methods (especially BH procedure) become more and more conservative

with increasing value of the correlation.

e Marginal procedure tends to be the most conservative among the other three

methods for higher correlations. (i.e. FDRyp < FDRpy < FDRpp. However,
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slight exceptions can be observed for smaller correlations and higher p where BH

procedure has slightly higher FDR among all.

With the above mentioned observations on FDR, it is imperative to note the FNRs of

these three methods.

Table 4.2: FNRs of the three methods

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.0094 0.0089 0.0085 0.01 | 0.2
0.0094 0.0089 0.0077 0.01]0.3
0.0094 0.0088 0.0065 0.01]04
0.0094 0.0088 0.0049 0.01 | 0.5
0.0094 0.0088 0.0030 0.01] 0.6
0.0094 0.0087 0.0012 0.01 | 0.7
0.0094 0.0086 0.0001 0.01]0.8
0.0177 0.0170 0.0154 0.02 | 0.2
0.0177 0.0169 0.0135 0.02 | 0.3
0.0177 0.0168 0.0110 0.02 | 04
0.0177 0.0168 0.0080 0.02 | 0.5
0.0177 0.0166 0.0047 0.02 | 0.6
0.0178 0.0165 0.0017 0.02 | 0.7
0.0179 0.0164 0.0002 0.02 0.8
0.0253 0.0246 0.0216 0.03 | 0.2
0.0253 0.0244 0.0187 0.03 | 0.3
0.0253 0.0243 0.0150 0.03 0.4
0.0254 0.0242 0.0106 0.03 | 0.5
0.0254 0.0240 0.0060 0.03 | 0.6
0.0255 0.0239 0.0021 0.03 | 0.7

Continued on next page
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Table 4.2(FNRs) — continued from previous page

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.0257 0.0236 0.0002 0.03 | 0.8
0.0322 0.0317 0.0274 0.04 | 0.2
0.0323 0.0315 0.0234 0.04 | 0.3
0.0324 0.0314 0.0186 0.04 | 04
0.0325 0.0312 0.0130 0.04 | 0.5
0.0325 0.0310 0.0073 0.04 | 0.6
0.0327 0.0307 0.0024 0.04 | 0.7
0.0331 0.0305 0.0002 0.04 | 0.8
0.0389 0.0385 0.0329 0.05 | 0.2
0.0389 0.0382 0.0280 0.05 ] 0.3
0.0390 0.0381 0.0221 0.05 |04
0.0392 0.0380 0.0153 0.05 | 0.5
0.0393 0.0376 0.0085 0.05 | 0.6
0.0396 0.0374 0.0028 0.05 | 0.7
0.0400 0.0370 0.0002 0.05] 0.8
0.0451 0.0450 0.0382 0.06 | 0.2
0.0452 0.0448 0.0323 0.06 | 0.3
0.0453 0.0446 0.0254 0.06 | 0.4
0.0455 0.0444 0.0176 0.06 | 0.5
0.0456 0.0440 0.0097 0.06 | 0.6
0.0460 0.0437 0.0032 0.06 | 0.7
0.0466 0.0433 0.0002 0.06 | 0.8
0.0510 0.0511 0.0434 0.07 | 0.2
0.0511 0.0510 0.0366 0.07 1 0.3
0.0512 0.0507 0.0287 0.07 | 0.4
0.0515 0.0505 0.0198 0.07 | 0.5

Continued on next page
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Table 4.2(FNRs) — continued from previous page

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
0.0517 0.0503 0.0109 0.07 | 0.6
0.0521 0.0499 0.0035 0.07 | 0.7
0.0529 0.0494 0.0002 0.07 ] 0.8
0.0565 0.0571 0.0484 0.08 | 0.2
0.0568 0.0570 0.0408 0.08 | 0.3
0.0570 0.0569 0.0320 0.08 | 0.4
0.0572 0.0566 0.0221 0.08 | 0.5
0.0575 0.0562 0.0121 0.08 | 0.6
0.0581 0.0559 0.0039 0.08 | 0.7
0.0590 0.0553 0.0002 0.08 | 0.8
0.0621 0.0630 0.0535 0.09 | 0.2
0.0622 0.0628 0.0450 0.09 | 0.3
0.0624 0.0626 0.0352 0.09 | 0.4
0.0625 0.0622 0.0244 0.09 | 0.5
0.0631 0.0620 0.0134 0.09 | 0.6
0.0636 0.0614 0.0044 0.09 | 0.7
0.0647 0.0608 0.0002 0.09 | 0.8
0.0672 0.0686 0.0585 0.1 0.2
0.0673 0.0685 0.0493 0.1 0.3
0.0675 0.0682 0.0385 0.1 |04
0.0678 0.0680 0.0267 0.1 |05
0.0683 0.0675 0.0148 0.1 106
0.0692 0.0672 0.0048 0.1 |0.7
0.0705 0.0665 0.0002 0.1 0.8
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As per the optimality of Oracle procedure, it has the lowest FNR among all. It
is interesting to note that, while the marginal procedure was the most conservative in
terms of FDR, its FNR is nearly equivalent (or even better in some cases) to the BH
procedure. It is again reminded that, we are controlling the mFDR(mFNR) instead of
FDR(FNR). The results suggest that there is a scope of further improvement in the class
Ds=A{0 : 6 =I{p,<xy,i=1,...,n} if A and X can be chosen properly.

Examining the FDRs and FNRs does not entirely describe how conservative a method is.
We know that, these methods become conservative with increasing value of correlation.
To examine this, we have also tabulated the number of rejections of these three methods

in different combinations of p and correlation.

Table 4.3: No. of rejections of the three methods

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
3 8 8 0.01 | 0.2
3 13 12 0.01 | 0.3
3 19 19 0.01 | 04
3 28 27 0.01 | 0.5
3 36 37 0.01] 0.6
3 52 46 0.01 | 0.7
3 70 51 0.01]0.8
13 19 25 0.02 | 0.2
13 25 34 0.02 | 0.3
12 31 47 0.02 04
12 40 63 0.02 | 0.5
12 51 80 0.02 | 0.6
12 62 95 0.02 | 0.7
12 83 103 0.02 | 0.8
26 34 45 0.03 | 0.2

Continued on next page
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Table 4.3(No. of rejections) — continued from previous page
Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
26 40 60 0.03 ] 0.3
26 47 80 0.03 | 0.4
25 55 102 0.03 | 0.5
25 67 125 0.03 | 0.6
25 79 145 0.03 | 0.7
24 95 155 0.03 ] 0.8
42 51 68 0.04 | 0.2
42 57 89 0.04 | 0.3
42 64 113 0.04 04
41 72 142 0.04 | 0.5
41 85 171 0.04 | 0.6
40 96 195 0.04 | 0.7
38 111 207 0.04 | 0.8
61 69 92 0.05 | 0.2
61 75 118 0.05 ] 0.3
61 83 149 0.05] 0.4
60 92 183 0.05 | 0.5
60 104 217 0.05 ] 0.6
58 117 244 0.05 | 0.7
56 130 259 0.05] 0.8
83 89 118 0.06 | 0.2
82 95 149 0.06 | 0.3
82 103 184 0.06 | 0.4
81 113 223 0.06 | 0.5
80 123 262 0.06 | 0.6
78 136 294 0.06 | 0.7

Continued on next page
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Table 4.3(No. of rejections) — continued from previous page
Marginal Procedure | BH procedure | Oracle procedure | p | Correlation
75 153 310 0.06 | 0.8
106 111 145 0.07 | 0.2
105 118 180 0.07 1 0.3
105 125 220 0.07 | 0.4
104 134 264 0.07 | 0.5
102 145 308 0.07 | 0.6
100 157 343 0.07 | 0.7
96 170 361 0.07 ] 0.8
131 135 172 0.08 | 0.2
130 141 212 0.08 | 0.3
129 149 257 0.08 | 0.4
128 158 305 0.08 | 0.5
126 166 353 0.08 | 0.6
124 182 392 0.08 | 0.7
119 195 413 0.08 | 0.8
157 158 200 0.09 | 0.2
157 165 244 0.09 | 0.3
155 172 293 0.09 | 0.4
155 182 346 0.09 | 0.5
152 192 398 0.09 | 0.6
150 207 440 0.09 | 0.7
143 219 464 0.09 | 0.8
186 184 228 0.1 0.2
185 190 276 0.1 0.3
184 198 329 0.1 |04
182 206 387 0.1 |05

Continued on next page
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Table 4.3(No. of rejections) — continued from previous page

Marginal Procedure | BH procedure | Oracle procedure | p | Correlation

179 215 443 0.1 0.6
175 227 488 0.1 |07
167 241 515 0.1 |08

Number of rejections for the Oracle procedure is significantly higher than the other three
methods and hence this is the least conservative among all. However, the equicorrelated
Y} is an unlikely scenario in real life applications. We only considered this in order
to generate a scenario which is substantially different from the independent setup and
compare the performances of the methods. Now we present the results on block diagonal
correlation matrix. Here we have divided the correlation matrix in four equal sized blocks
of equicorrelated matrices with correlation 0.15,0.25,0.5,0.75. The results again suggest
that, the Oracle Procedure is least conservative among the three methods in terms of FDR
while maintaining the prescribed limit of 0.05. Number of rejections for Oracle procedure

is significantly higher than the other two and the gain in power is also noteworthy.

Table 4.4: FDRs in block diagonal case

Marginal procedure | BH procedure | Oracle procedure | p
0.0185 0.0369 0.0435 0.01
0.0274 0.0385 0.0432 0.02
0.0309 0.0394 0.0416 0.03
0.0329 0.0399 0.0398 0.04
0.0346 0.0403 0.0380 0.05
0.0358 0.0403 0.0361 0.06
0.0370 0.0404 0.0345 0.07
0.0380 0.0405 0.0328 0.08
0.0388 0.0402 0.0313 0.09
0.0395 0.0401 0.0298 0.1
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Table 4.5: FNRs in block diagonal case

Marginal procedure | BH procedure | Oracle procedure | p
0.0094 0.0090 0.0052 0.01
0.0177 0.0173 0.0091 0.02
0.0253 0.0249 0.0125 0.03
0.0323 0.0320 0.0157 0.04
0.0389 0.0388 0.0187 0.05
0.0452 0.0453 0.0216 0.06
0.0511 0.0515 0.0245 0.07
0.0567 0.0575 0.0274 0.08
0.0621 0.0633 0.0303 0.09
0.0673 0.0689 0.0332 0.1

Table 4.6: No. of rejections in block diagonal case

Marginal Procedure | BH Procedure | Oracle Procedure | p

3 9 25 0.01
12 19 57 0.02
26 33 92 0.03
42 49 129 0.04
61 67 166 0.05
82 87 204 0.06
106 108 242 0.07
131 131 280 0.08
157 156 318 0.09
186 181 357 0.1

As mentioned earlier, Oracle procedure exploits the information of joint distribution
unlike the marginal and BH procedure. The results from the simulation studies have
shown a significant improvement in FNR and the number of rejections in exchange of
very little sacrifice in FDR. Hence, it is interesting to explore the class 2 = {I{x,>¢} @ =
1,...,n} and to search for a different choice of ¢ which can provide further improvement.
Also, implementation of the optimal procedure under a more general dependency setup

(e.g. m-dependent structure) is still a challenging open problem.
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4.4 Annexure

4.4.1 Proof of theorem 4.3.2

Let f(x,6) denote the value of N(k6,Y) density at x. Then,

(1 — ) Eoo,.[f(%, 60)]
Eplf(x,0)]

P6; =0]|x) =

Where 60y, has 0 in it’s i-th place.

Observe that,

1- X,Q()i ho 907;
( )EOOZI:f(X 901)] ( p)%f( v) ( 7)

[f( 79)] ( ) Z f(X 90 z)h0(90 z) +PZ f(X 01 z)hl(el z)

07, 911

Where 6, ; has 1 in it’s i-th place and hy and h; are the joint p.m.f.s of 6 given ¢; = 0
and 0; = 1 respectively. In particular, 6;,; = 6y, + e; (e; is the vector with 1 in the i-th
place and 0 elsewhere)

Let B = Z f(X, 917i)h1(917i) and A = Z f(X, 907z‘)h0(9071‘).

01, o,
Then, P(0; =0|x) =

%)

= (A monotone function in 3

pB
I+ apa

Since 0;’s are i.i.d., we must have hy = h;. Putting 0,; = 0y, + e;, we get,

2

k
f(x,601;) = f(x,00,) exp(—;eiTZ_lei) exp(k(x — kbp;)" S e;)

Let t; = (t14, ..., tn;i) be the i-th column of 7!, Then, el X7 te; = t;; and x' X le; =

> t;ix;. This implies,
j=1

2

L n
fX, 91,1‘) = f(X, 0072') exp(—(;tm —k Z tmxj))(exp(—k:zﬁaiz_lei))
j=1
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Observe that,
92 f(x701,l‘)h1(€1,i)

S 7000000 (000)

90,i

B, [f(x0,.)]
o EQOYi[f(xveo,i)}

2 n Eo, ;[f(x,00,:) exp(_k2951271ei)]
= exp(—(5tas— b 3 ty0) (P B e )

J=1

Note that, f(x,6y;) = g(x—6;) = A function of (x — kb ;). As per our model (X —6;)

is independent of f; and hence, we can say that,

Eg, [f(x,00.) exp(=k*0g .5 e:)] = Eo, [ f (x, 00,)]C

And thus,

B k? - 29T -1

7 = exp(=(Ftii—k D tiiws)) gy lexp(—k05, 5 e;)]

j=1
Note that, 6], %" 'e; = 3~ 0;t;,; and from the independence of ;s we can conclude that,
i
gy lexp(=k205,5"e,)] = [ ] Ele™] = [J (e ™ + (1 = p))
i i

Thus, we finally obtain a simplified expression of the optimal test statistic as the

following
1
P#; =0|X) =

Us;
1+ f_p

Where U; = exp(— (5t =k 3 ty525)) ([T (pe 00 + (1= p)) and £ = (t14, ey ta) I

Jj=1 J#

the i-th column of X!



Chapter 5

Estimation of 7y under dependence

5.1 Introduction

It has been shown that, the FDR controlling procedure of Benjamini-Hochberg algorithm
controls FDR at a level less than or equal to “a = mya under independence (Benjamini
and Hochberg (1995)) (Here 7y represents the proportion of true null hypotheses).

Traditional methods often reach their maximum Type I error rate when faced with the
global null hypothesis, leaving ample room for increased statistical power, particularly
when 7y < 1. In an ideal scenario where 7 is known, adjusting the Benjamini-Hochberg
procedure to precisely control the FDR at a specified « level would be straightforward.
However, in practice, my remains unknown and necessitates estimation from the available
data. Benjamini and Hochberg (2000) proposed an adaptive FDR controlling procedure
where 7y was estimated based on a graphical approach similar to Schweder and Spjgtvoll
(1982). Building upon this foundation, Storey (2002) later proposed an adaptive technique
grounded in a conservative estimation of 7y, showcasing substantial enhancements in
statistical power. A bias-corrected version of Storey’s estimator was later proposed
by Biswas et al. (2022). Genovese and Wasserman (2004) brought attention to the
identifiability challenges inherent in the estimation of my, delineating key criteria for
achieving identifiability and purity in estimations. In the context of their study, a

comprehensive review of existing literature was provided, synthesizing the advancements

70
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in FDR control methodologies. Furthermore, a novel estimator for m, was proposed,
accompanied by a robust confidence interval construction. Notably, Genovese and Wasserman
(2004) demonstrated the asymptotic validity of both the proposed point estimator and
associated confidence intervals, reinforcing their utility in practical applications. Efron
(2012) has addressed the identifiability issue by assuming that the support of the null
density contains a portion which is disjoint from the non-null density. Many works have
been done under the assumption that the distributions belong to certain parametric
models (see, for example Cohen (1967), Lindsay and Basak (1993)). Jin (2008), Cai and
Jin (2010) used empirical characteristic functions to estimate the non-null distribution
under a semiparametric normal mixture model. In the context of multiple testing Meinshausen
and Biithlmann (2005), Meinshausen and Rice (2006), Celisse and Robin (2010) have
also suggested different estimators and confidence bounds. Patra and Sen (2016) have
investigated the identifiability problem in complete generality and proposed a consistent
estimator of m.

Although these estimators were initially conceived under the assumption of independence
among test statistics (such as p-values) corresponding to each hypothesis, scant literature
exists on exploring the extent to which these estimators can withstand dependence. In
this chapter, we delve into an investigation of the consistency of these estimators across

a spectrum of weakly dependent scenarios.

5.2 The model and identifiability

We consider a sample X7, X, ..., X, which comes from a common distribution function
F'. In the multiple testing problem with n null hypotheses Hyy, ..., Hy,, X; is the test
statistic corresponding to the i-th testing problem. Let F and F; be the distribution
under the null hypothesis and alternate hypothesis respectively (Fy and F; does not

depend on 7). Then we consider the mixture model

F(x) = (1 —m)Fy(x) + mFi(z) (5.1)
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Note that, the mixture model is written as a function of proportion of non-null hypotheses
(m1 = 1 — mp). Usually the null distribution Fy(.) is known and 7y, Fi(.) are unknown.
For example, if we consider p values for the multiple testing problem, then F{ is the
Unif[0, 1] distribution if the p values are continuous. If we consider z values as per Efron
(2008), then the null distribution is standard normal distribution.

When both m; and F} are unknown, the problem is non-identifiable. If the model 5.1

holds then for any 0 < v < my = 1 — 7y, one can re-write as

F) = (m+9) ( 2T R+~ R@) ) + (1= m = )R

So, the expression of F(x) as a convex combination of the null distribution (Fy(z))
and some other distribution is not uniquely defined. Genovese and Wasserman (2004)
discussed the identifiability issue when Fy is Unif|0, 1] distribution and F has a density.
Building on this foundation, Patra and Sen (2016) redefine the mixing proportion as

follows
1 —7)F
~

m=inf {7 € (0,1] : {F_( }isaCDF} (5.2)

They have further examined this 7m; and found the connection between m and m

satisfying model 5.1.
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Theorem 5.2.1. Patra and Sen (2016)
Let F be as in model 5.1 and 7y be defined as 5.2. Then,

m=m —sup{0<e<1: mkF —e€Fy is a sub-CDF } (5.3)

In particular, if Fy and Fy are absolutely continuous, i.e. they have densities f;

and fo respectively, then

m=m (1 — essinf f—;) (5.4)

where, for any function g, essinfg = sup{a € R : m{{z : g(z) <a} = 0}, m

being the Lebesgue measure.

As a consequence, m; < 7y if and only if there exists ¢ > 0 such that f; > cfy, almost
everywhere m. Note that, in particular, if the support of F} is strictly contained in that
of Fy, then the problem is identifiable and we can estimate ;. In the subsequent sections

we will discuss different estimators of m; and their consistency.

5.3 Inconsistency of the BH estimator

The Benjamini Hochberg step up algorithm is based on ordered p values Py < --- < Py,
which compares each F; to % When the observations are independent, this algorithm
controls the FDR at a level myar < «. Later an adaptive version of BH procedure was
proposed by Benjamini and Hochberg (2000) and they proposed a graphical approach of

estimating ng and hence o = 2¢. The estimation works as follows

(1—P;y)
(n+1—1)

e (Calculate the slopes S; =

o Let, j=inf{i > 2 : S; < S;_1}. Then set, ng = min([sij +1],n) and 7o = 2

One might expect that the estimator 7y gy is a consistent estimator of mp in order to

ensure a good performance of the adaptive BH method for large number of hypotheses.
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However, the following theorem describes that 7y g cannot be a consistent estimator of

T as it puts non-zero mass on some point for any 0 < 7y < 1.

Theorem 5.3.1. Let j, ng and 7o g be defined as per the above mentioned description.
Also assume that, the p values are absolutely continuous and the alternate distribution
of the p values are stochastically smaller than the null distribution (Unif[0,1]). Then,

To.s — o for all values of my € [0,1] (i.e. 7o pm is not a consistent estimator of mp)

5.3.1 Proof of theorem 5.3.1
By definition, j > 2 with probability 1.
P(j > 2)

— P(S, > S))

— p(lnp(12> > 1 Z(l))

Let, g =1 — p; for i = 1,...,n. This implies, q@1+1—s = 1 — p() for all i.

So, P(Sy > 8)) = P(Am < )

qd(n—1) — n—1
Let g and G respectively denote the density and the cdf of the ¢;’s. Then, from the joint

density of order statistics, one can easily deduce that,

n—l

\

Il
\)—‘
|
~—
@Q
—~
~—
3
0
S~—
<
~—
S~—
3
-
N——
Q
—~
<
S~—
x
<

f cj(;) )n_1> (n(G(y)"'g(y)) dy
-5~ ()]

The last equality holds because of the fact that g(,) has density h(y) = n (G(y))”*1 9(Y) ocy<1-

Now observe that,
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Glam))

Since the alternate density is stochastically smaller than the Unif[0,1] distribution,

G(1) =1 and g,y =3 1 as n — oo.

a.s.

So, by the continuity of G(.), we can write G(q(n)) — G(1) = 1 as n — oo.
And ¢(&,) — g(1—) as n — 0.

Thus,
G (("F)am)

n[l - Glaw)

}—>g(1—) as n — 0o

Here, g(1—) = lim,4 g(x).

And hence,

lim P(j >2) = lm B[1 - (M) | = 1 - expl—g(1-))
Case 1: g(1-) < oo and 1 —exp(—g(1—)) < 1

Since P(j > 2) =1 and lim,,_,o, P(j > 2) < 1, this implies,

lim P(j =2) =exp(—g(1—)) >0

n—oo

And thus,
1
lim P(ng=—+1) > exp(—g(1—)) >0
Since Sy = 1: @ this implies,

lim P(fg=n) >0

n—oo
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and hence

lim P(Topy =1) >0

n—oo

So, even if the true value of 7y is strictly less than 1, the estimator asymptotically puts
a positive mass at 1 and hence, this estimator is not a consistent estimator for 7.
Case 2: g(1-) =00 and 1 —exp(—g(1—)) =1

For i =0,...,n— 2, define

A

A, = {Q(nfi). < q(nf'ifl) }
n-—1 n—1i—1

Then,
k—2
P(j > k)= P(S; > Si_1 z---zsl)zp(ﬂAZ)

i=0
We have already shown that lim,, . P(A) = 1 —exp(—g(1—)) = 1.

From the the joint density of (¢,—i, gn—i—1), it can be deduced that,

p (%= < —q("‘.i‘l)

n— — n—i—1

== f f (1= Gy) glx)g(y)dudy

= G f (1=G) (G = (G ((55)" ™ ) alw)dy

T f )T L= Gly) (1 - (W)n_i_jg(y)dy
1— (G("nq(:u) o))” - 1]

Note that, if i = o(n) then g, =3 1 and G(g nz)glasn%oo. Sincen(l—

=F

M) “% g(1—) = oo, this implies, lim P(A;
G i) g ) ) n—00 i

If lim,HOO% =0 € (0,1), then if z; is the (1 — §)-th quantile of the distribution of q’s,

then qg,—) L% 25 as n — 00.
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Again, by continuity theorem, G(g(,—i)) =3 (1 — ) as n — oo and,

n—i

(1 G ( EZICI(n—w)) _ z59(2—)

G(qn—)) ~(1-96)
And thus,
. G ("5 i) \ =i 259(25—)
tm - (T )= (- i)

Since this is true for all 0 < § < 1, we can surely find some 0 < §y < 1 for which

1 —exp < - Z‘Efﬁ’%ﬁ) < 1 and for that &y, we’'ll have

lim P(ﬁ'O,BH = 50) >0

n—oo

Existence of such dp will not allow 7 g to have a degenerate limit and hence it is not a

consistent estimator of .

Theorem 5.3.1 demonstrates that the BH estimator lacks consistency for my. Despite
this limitation, it often serves as a conservative estimator of my (i.e., Topy > o).
Consequently, the adaptive BH procedure typically maintains validity for FDR control.

The following theorem illustrates this fact for the global null.

Theorem 5.3.2. Under the global null (i.e. mqg = 1), the BH estimator of my satisfies
T0,BH X1 asn— o0

Proof : If myp = 1, then all P values come from Unif|0, 1] distribution.
In this case, q1,...,qx, i Unif0,1] where ¢; =1— P, fori=1,... n.
Observe that, for k=2,...,n
P(j>k)

:P(SkZSk_1Z"'252251>

. 9d(n+1—k) d(n+2—k) (I(_n)
_P( n+l1—k > n+2—k e n )
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1 4(n) d(n+2—k)
d(n+1—k) q(2)
0 0
0 (%)q(n) (Zi;:Z)Q(nJr%k)

- L0 ()

If we choose a sequence {x,} which is o(n), and > (1—e~!)*~! < 0o, then by first Borel
n=2

Cantelli lemma, we can conclude that, P(j < x, for all but finitely many n) = 1. One

such example might be x, = n°?Y.

So, 7 = o(n) almost surely. Note that, for any j with j = o(n), n?ltll;(j)) > 1 for all but
J

finitely many n, with probability 1. Hence,
P(7o.py = 1 for all but finitely many n) =1

This holds true not only for the global null hypothesis but also for the case where
lim,, .o Mo = 1, which is encountered most often in real-life applications. To illustrate
this, consider that ng of the ¢;’s are derived from a uniform distribution Unif[0, 1], while
the remaining originate from some alternate distribution. Let q?l) < e < q?no) denote
the order statistics among the sub-sample of null p-values. Let j, represent the index
among the null p-values where qi’;f%? first decreases. Then, in the combined sample, it
is in the (ng + 1 — jo + x1)-th place where z; is the no. of non-null p values lying above

that place. Clearly

(n0+1—j0+l’1) §n+1—]
This implies,
J < Jjo+ (m — )

By theorem 5.3.2, jo = o(ng) = o(n) and since lim,,_,o, mo = 1. this implies, (ny — x1) =

o(n). Hence, j = o(n) and the conclusion of the theorem 5.3.2 remains valid.

Now we ask the question, what is the behaviour of 7y gz when 0 < 7y < 1.
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5.3.2 Behaviour of 7y py for 0 < mp < 1

Theorem 5.3.3. For any 0 < my < 1,
T0,BH X1 asn — oo

Proof : Let h(.), H(.) denote the distribution of ¢; =1 — P, for i = 1,...,n. Then,
the joint density of g1y < gy < ... qn) is given by h,(x) = n'(ﬁ1 h(z;)).
Now, the proof proceeds in the similar manner as theorem 5.3.2_. Again, for k=2,...,n
P(j > k)

=P(S, >S4 > > 8 >5)

—PpP (q(n+1—k) > d(n+2—k) > M)

n+l—k — n4+2—-k — n
1 q(n) d(n+2—k)
d(n+1—k) 92) n
=n/! c. f tee f (H h(x,-))dq(l) c. dQ(nfk) dQ(nJrl,k) e dq(n,l)dq(n)
0 0 =1
O (%) (552%)am+2-n)
n—1 . j
= I (1 - (ﬁ)j> This is because H(0) =0 and H(1) =1
j=nt1—k !
k—1 B n—m
= ml_:[1 (1 - (n—m—i—l) )

It is very important to observe that, the quantity j is actually a distribution-free quantity.

So, we can again make a conclusion similar to theorem 5.3.2 that, j = o(n) and consequently

A~ a.s.
To,BH — 1 asm — 00

However, the rate of convergence is very slow and depends on the value of my. We have
considered testing Hy; : p; = 0 vs Hy; @ p; > 0 in the context of Gaussian distribution with
unit variance. Our approach involved drawing n = 10000 observations from a blend of
N(0,1) and N(2,1) distributions, and then deriving 7y g based on the computed p-values.
Repeating this process 10000 times allowed us to scrutinize the distribution of 7y prr. The
ensuing table showcases the mean and minimum values of 7y g across these replications.
Notably, for all instances where 0 < my < 1, the minimum estimators notably surpass

the true my value. It indicates that the adaptive BH procedure remains valid using the
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plug-in estimator.

Table 5.1: 7y py for Gaussian mean test for n = 10%

0 E[ﬁ'O,BH] Median ﬁO,BH min ﬁO,BH Sd

0.5 |0.76 0.76 0.69 0.021
0.75 | 0.91 0.91 0.88 0.011
0.8 | 0.94 0.94 0.91 0.008
0.9 | 0.98 0.98 0.96 0.004
0.95 | 0.99 0.99 0.98 0.002

1 1 0.998 1 6.61E-05

The table above illustrates that the value of Ty g significantly exceeds 7y for n = 10000,
confirming that the adaptive Benjamini-Hochberg (BH) procedure remains valid for
practical applications. However, the primary result, 7o g %1 as n — o0, is not evident
even for n = 10000 due to the slow rate of convergence. Additionally, we conducted similar
simulation exercises for a larger number of hypotheses (n = 107,10%). The subsequent
table demonstrates that the BH estimator gradually converges to 1 as n increases. The

convergence rate is particularly slow when 7y is significantly less than 1.

Table 5.2: 7y py for Gaussian mean test for n = 107

o0 E[ﬁ'(]’BH] Median(fro,BH) MiIl(ﬁ'O,BH) Sd

0.5 | 0.8428 0.8417 0.8213 0.0093
0.75 | 0.9494 0.9491 0.9392 0.0037
0.8 | 0.9648 0.9646 0.9585 0.0027
0.9 | 0.9891 0.9890 0.9866 0.0011
0.95 | 0.9968 0.9968 0.9958 0.0004

1 1 1 0.9999 7.70E-08

5.3.3 Behaviour of 7y gy under dependence

Our simulations have primarily focused on independent P-values. However, we have
extended our analysis to explore the behavior of Ty g under various forms of dependence.

Initially, we investigate the m-dependent scenario, where X; and X; are independent if
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|i — j| > m. In this setup, we generate observations X; from a set of independent normal
i+m
variables &1, &,, ..., following the formula X; = \/%H ]2_: &;.
Within this framework, n; of the X;’s are N(u, 1) and ngy of them are N(0,1) random
variables. For our simulations, we fix n = 1000 and explore six combinations of 7,
consistent with our previous investigations. Additionally, we vary the parameter m with

values of 2 and 5.

Table 5.3: 7y gy for Gaussian mean test for m = 2 and n = 1000

0 E[ﬁ'()’BH] Median(fr(),BH) Min(ﬁ'()’BH) Sd
0.5 |0.692 0.688 0.600 0.034
0.75 | 0.903 0.902 0.846 0.019
0.8 | 0.935 0.934 0.888 0.016
0.9 |0.983 0.984 0.957 0.007
0.95 | 0.997 0.998 0.983 0.003
1 1 1 1 0

Table 5.4: 7y py for Gaussian mean test for m = 5 and n = 1000

0 E[ﬁ'(],BH] Median(fro,BH) Min(ﬁo,BH) Sd
0.5 | 0.621 0.614 0.574 0.038
0.75 | 0.896 0.882 0.826 0.044
0.8 ]0.943 0.934 0.875 0.035
0.9 | 0.996 1.000 0.959 0.007
0.95 | 1.000 1.000 0.989 0.001
1 1 1 1 0

It is interesting to observe that, in all cases, the value of 7y gy lies well above the
actual value. We have further simulated the same for n = 10000 and the observations

are presented below.



5.3 Inconsistency of the BH estimator 82

Table 5.5: 7y gy for Gaussian mean test for m = 2 and n = 10000

0 E[ﬁ'()’BH] Median(fr(),BH) Min(ﬁ'()’BH) Sd
0.5 |0.746 0.742 0.681 0.027
0.75 | 0.931 0.930 0.896 0.013
0.8 | 0.956 0.955 0.926 0.010
0.9 ]0.991 0.991 0.978 0.004
0.95 | 0.999 0.999 0.993 0.001
1 1 1 1 0

Table 5.6: 7y gy for Gaussian mean test for m =5 and n = 10000

0 E[ﬁO,BH] Median(ﬁo,BH) Min(ﬁ‘(),BH) Sd

0.5 | 0.878 1 0.608 0.163
0.75 | 0.998 1 0.880 0.011
0.8 10.999 1 0.935 0.002
09 |1 1 0.999 2.04E-05
095 |1 1 1 0

1 1 1 1 0

As before, the values of T gy slowly increases as we increase n. So, we might expect

similar result for m-dependent setup also.

Now, we explore block dependent structure. First, we have considered the problem of
Gaussian mean test with 10 blocks of equicorrelated normal variables with correlations
0.1,...,0.9,0.95 and each block consists of 100 observations. The observations are
presented in the following table. Although the mean and median of the 10000 replications

Table 5.7: 7y py for Gaussian mean test under block dependence for n = 1000

0 E[ﬁO,BH] Median(fro,BH) Min(ﬁ(),BH) Sd

0.5 |0.713 0.712 0.349 0.082
0.75 | 0.886 0.891 0.547 0.051
0.8 |0.915 0.922 0.635 0.044
0.9 ]0.965 0.972 0.690 0.030
0.95 | 0.985 0.991 0.745 0.023
1 0.996 1 0.765 0.018

lie well above the original value of 7y, the minimum observed from the 10000 replications
is not above my anymore. This is possibly due to the increased level of dependence among
the hypotheses. However, this gap appears to narrow progressively and the estimator

increases slowly as we continually increase n from 1000 to 10000.
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Table 5.8: 7y gy for Gaussian mean test under block dependence for n = 10000

o | Elfopr] | Median(7ogr) | Min(7g pr) | Sd

0.5 |0.761 0.761 0.480 0.076
0.75 | 0.911 0.915 0.624 0.042
0.8 10.935 0.940 0.688 0.035
0.9 |0.975 0.979 0.717 0.022
0.95 | 0.990 0.993 0.773 0.016
1 0.998 1 0.762 0.011

5.4 Estimator proposed in Storey (2002)

Since the largest p-values are most likely to be uniformly distributed, Storey (2002)

suggested that a conservative estimator of g is

. P> ()
(L e S VT Y

(5.5)

for some well chosen A. Since Pr(P; > ) = mo(1 — A) + m1(1 — Fi())), by strong law
of large numbers, one can easily deduce that for any 0 < A < 1 and for independent p

values,
1—Fi(\)

7?'0()\)12)'77'0%71'1( 1_/\

) as n — oo

So, the estimator is asymptotically a conservative estimator of 7y. Storey (2002) proposed
two methods for controlling pFDR and FDR and showcased the gain in power and
accuracy using the estimator 7p(A). While the validity of the results were initially
established under the assumption of independent p-values, it can be shown that these
findings remain applicable even under conditions of weak dependence. For p values with
empirical cdf and cdf F, and F respectively, if ||F), — Fl|lsc %3 0 as n — oo, then all
theorems of Storey (2002) remains valid.

Under various forms of weak dependence among p-values, the condition || F, — F||o, <5 0
persists. By invoking the Ergodic theorem as presented in Billingsley (2017), it becomes
apparent that if the right shift transformation of the sequence of p-values is measure-preserving
(i.e., (P, Py, Ps,...) 4 (P, Ps,...)), then the empirical cumulative distribution function

(ecdf) F,(x) converges pointwise almost surely to some limit as n — 0o. The condition
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of measure preservation in the right shift transformation is synonymous with stating that
the sequence of p-values is strongly stationary. The stationarity of the p-values guarantees

the existence of an almost sure limit, which may or may not be degenerate.

To ensure that the pointwise limit equals to the cdf F(zx), it suffices to assume that
F,(z) L F () Vx. Convergence in probability implies that a subsequence of the original
sequence is almost surely convergent. Given the original sequence’s almost sure convergence,
all subsequences should converge to the same limit, thereby leading to F,,(x) converging
almost surely to F'(x) for all . Consequently, according to the Glivenko-Cantelli lemma,
it can be asserted that ||[F, — Fllsc “3 0 as n — oo. These discussions are formally

encapsulated into the theorem presented below.

Theorem 5.4.1. Let P, P, ..., P, be a sequence of p values in a multiple testing
problem with empirical cdf and continuous cdf F,,, F' respectively. We assume the

following about the joint distribution of the p values.
I ) Py, P, .. forms a strongly stationary sequence.
11 ) Fn(x)iF(x)‘v’x asn — 0o.

Then, ||, — Flloo 3 0 as n — o0

The assumption (II) outlined in theorem 5.4.1 holds over a wide array of dependence
structures commonly encountered in practical contexts. We highlight a few such cases

where the assumptions are met.

e m-dependent and stationary p values satisfy assumption (I) and (II)

e Hidden Markov model similar to Sun and Tony Cai (2009). In particular. if the
sequence of P values form a stationary, Ergodic Markov chain, then the assumptions

(I) and (IT) are met.

e All Ergodic, stationary sequence of p values satisfy assumption (I) and (IT). This is
because, ergodicity ensures that the limit of F},(.) is indeed the distribution function.

In practice, we often assume a sequence of random variables to be asymptotically
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independent. One such example of asymptotic independence is mixing sequence
(Billingsley (2017)). Since all mixing sequences are ergodic (under the right shift

operation), mixing sequences also satisfy assumption (I) and (II).

e The assumption of asymptotic independence can be somewhat relaxed as follows.

.1
Vo, nh_}rgo ﬁz Z(P?‘(R- <z, P <z)—(F(2))?) =0
i#]
By Chebyshev’s inequality, it can be easily argued that, under the above mentioned

assumption, F,(z) L () Vo as n — oo. In fact, it constitutes a necessary and

sufficient criterion for assumption (II) to hold.

5.4.1 Simulation results

The estimator in Storey (2003) involves a tuning parameter, A. Choosing A requires
balancing bias and variance for the estimator 7o(\). According to Storey (2003), for
well-behaved p-values, the bias tends to decrease as A increases, reaching its minimum as
A approaches 1. Consequently, Storey (2003) proposed a method for selecting the optimal
A

e Fix a range of A’s by A (e.g. A =1{0,0.01,0.02,...,0.95})
e By 5.5, compute 7y(A) for each A € A.

e Fit a cubic spline (f) on 7#o(A) and obtain the final estimate as
o = min{f(1), 1}

In addition to the smoothing-based technique introduced by Storey (2003), a bootstrap-based
method for selecting the optimal value of A\ was proposed in Storey et al. (2004). This
method builds on the earlier work of Storey (2002). The proposed automatic choice of A

aims to estimate the value that minimizes the mean squared error (MSE), balancing bias
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and variance. Specifically, it seeks to minimize E [(7o(\) — m9)?]. The procedure for this

method is summarized below.

e For each A € A, compute 7y(A) as 5.5.

Generate B bootstrap samples from the p values. For each b = 1,..., B, find the

estimators {7;%(\)}aea based on the b-th sample.

Since E[fo(N\)] >

pip for all A € [0, 1), a plug-in estimator of 7y can be taken as

o = min{Ao(\)}
NeA

for each \ € A, estimate its respective MSE as

MSE(X) = é > {fra‘”(A) - gr,leiﬁ{ﬁo(X)}}

Set the final estimator as

7o = min {1, argminAeAMSE()\)}

Based on these two methods, we examined the performance of Storey’s estimator under
various dependence structures. Initially, we focused on the autoregressive model of order

1 (AR(1)), where observations are generated according to the mechanism described below.
X,=aX,_1+ 52 for > 1 and X = 51 (56)

&’s are standard normal random variables. Theorem 19.1 of Billingsley (2013) ensures
that the AR(1) process meets the necessary criteria for the validity of Storey’s estimator.
In our analysis, we set n = 1000 and considered values of a as 0.1, 0.2, 0.5, 0.75. We also
examined 10 different combinations of 7, specifically {0.5, 0.6, 0.65, 0.7, ..., 0.95, 0.98}.

Observations were generated from a mixture of N(0,1) and N(2,1) random variables,



5.4 Estimator proposed in Storey (2002)

and p-values were computed for a one-sided test of the mean.

For values of a = 0.1 and 0.2, both the bootstrap and spline-based estimators consistently

yielded results above the true values of my. There was minimal difference between these

two methods in terms of selecting the optimal .

Table 5.9: n = 1000 and a = 0.1, 0.2

a=0.1 a=0.2
mo | o (Bootstrap) | 7y (Smoother) | 7y (Bootstrap) | 7o (Smoother)
0.5 | 0.501 0.502 0.522 0.522
0.6 | 0.604 0.605 0.628 0.627
0.65 | 0.655 0.655 0.681 0.680
0.7 10.707 0.707 0.734 0.735
0.75 | 0.756 0.757 0.785 0.786
0.8 | 0.809 0.808 0.838 0.839
0.85 | 0.858 0.858 0.892 0.892
0.9 |0.911 0.908 0.945 0.944
0.95 | 0.959 0.959 0.987 0.985
0.98 | 0.984 0.984 0.997 0.997

It is interesting to note that as the degree of dependence increases, Storey’s estimator

tends to become more conservative. Specifically, as we move from a = 0.1 and a = 0.2 to

a = 0.5 and a = 0.75, the estimated values approach 1 for all values of 7.

Table 5.10: n = 1000 and a = 0.5, 0.75

a=0.5 a=0.75

o | o (Bootstrap) | 7y (Smoother) | 7y (Bootstrap) | 7 (Smoother)
0.5 | 0.692 0.691 0.977 0.977
0.6 | 0.827 0.828 0.998 0.996
0.65 | 0.893 0.895 0.998 0.997
0.7 ] 0.962 0.961 0.999 1
0.75 1 0.995 0.995 1 1

0.8 |1 1 1 1
0.85 |1 1 1 1

09 |1 1 1 1
0951 1 1 1
098 |1 1 1 1
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In the AR(1) model, Storey’s estimator exhibits increased bias as the correlation strengthens.
Additionally, we evaluated the estimator for a stationary m-dependent sequence of p-values.
In this case, we generated p-values from a mixture of normal distributions using the

following approach:

. i+m
Let &, &, ... & N(0,1) and X; o< Y ((m+1)—(j—1i))§. X,’s are standardized so
=i

that, they have unit variance. In this case, {X;};>1 forms a m-dependent sequence of
random variables with the nearer observations getting higher weight. Next, we add 2 to
n(l — m) of the X; values so that they form a mixture of N(0,1) and N(2,1) random
variables. When computing Storey’s estimator based on these p-values, the estimates

tend to be very close to 1, indicating a higher level of dependence.

Table 5.11: n = 1000 and m = 1,2

m=1 m=2
pio | o (Bootstrap) | 7y (Smoother) | 7y (Bootstrap) | 7y (Smoother)
0.5 | 0.915 0.915 0.999 0.999
0.6 | 0.993 0.992 1 1
0.65 | 0.999 0.999 1 1
0.7 10.999 0.999 1 1
0.75 |1 1 1 1
0.8 |1 1 1 1
0.85 |1 1 1 1
09 |1 1 1 1
095 |1 1 1 1
098 |1 1 1 1

And if we move further to m = 5, then the estimator is identically 1 for all choices of
mo. The simulation results vary slightly in the m-dependent case, where observations are
generated as X; = \/m;iﬂ Zg &;. Unlike scenarios with decreasing weights, this setup uses
equal weights for the m ]I;elighboring observations. The heightened dependence in this
case results in slower convergence. Consequently, Storey’s estimator is much closer to
the true value of my compared to the previous case, where estimated values were near 1.

Although Storey’s estimator is typically biased and tends to overestimate 7, this effect

is less pronounced here due to the increased dependence among observations.
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Table 5.12: n = 1000 and m = 1,2, 5 for the equally weighted case

m=1 m=2 m=5
o 7o (Bootstrap) | 7y (Smoother) | 7, (Bootstrap) | 7y (Smoother) | 7, (Bootstrap) | 7y (Smoother)
0.5 | 0.494 0.497 0.496 0.497 0.501 0.494
0.6 | 0.598 0.599 0.600 0.597 0.591 0.597
0.65 | 0.642 0.650 0.647 0.647 0.649 0.644
0.7 | 0.694 0.700 0.699 0.704 0.687 0.701
0.75 | 0.755 0.749 0.742 0.744 0.747 0.753
0.8 | 0.800 0.791 0.797 0.797 0.795 0.794
0.85 | 0.844 0.846 0.839 0.841 0.820 0.837
0.9 | 0.893 0.887 0.884 0.880 0.872 0.866
0.95 | 0.927 0.922 0.919 0.918 0.906 0.897
0.98 | 0.945 0.946 0.936 0.934 0.911 0.912

Due to the slight underestimation of my, the validity of the estimator seems to be

questionable for n = 1000. However, as n increases, the difference appears to diminish.

The bootstrap-based estimator exhibits a particularly interesting property in this context:

it seems to converge to the true value of my, as evidenced by the simulation results for

n = 10%. For all values of m (i.e., m = 1,2,5), the estimated values, rounded to three

decimal places, show identical figures, as is apparent from Table 5.13.

Table 5.13: n = 10% and m = 1,2, 5 for the equally weighted case

m=1 m=2 m=>5
o 7o (Bootstrap) | 7y (Bootstrap) | 7y (Bootstrap)
0.5 | 0.496 0.496 0.496
0.6 | 0.597 0.597 0.597
0.65 | 0.647 0.647 0.647
0.7 | 0.698 0.698 0.698
0.75 | 0.748 0.748 0.748
0.8 | 0.798 0.798 0.798
0.85 | 0.849 0.849 0.849
0.9 | 0.899 0.899 0.899
0.95 | 0.950 0.950 0.950
0.98 | 0.980 0.980 0.980

A block-dependent sequence does not meet the stationarity requirements necessary

for establishing the validity of the estimator via the Strong Law of Large Numbers

(SLLN). We have examined a scenario with n = 1000, where the data is divided into 10
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equal-sized blocks of equicorrelated standard normal random variables with correlations
0.1, 0.2, ...,0.9, 0.95.

Our analysis indicates that the estimates of my are quite accurate for smaller values of
mo. However, as 7y increases, particularly for values above 0.9, the discrepancy between

the estimated values and the true value of 7y becomes more pronounced.

Table 5.14: Block dependent variables with n = 1000 and 10 blocks

o 0.5 0.6 0.65 | 0.7 0.75 0.8 0.85 | 0.9 0.95 | 0.98

7o (Bootstrap) | 0.497 | 0.596 | 0.649 | 0.698 | 0.745 | 0.780 | 0.827 | 0.856 | 0.884 | 0.899

7o (Smoother) | 0.497 | 0.602 | 0.644 | 0.693 | 0.737 | 0.785 | 0.827 | 0.871 | 0.886 | 0.909

Even with a slight reduction in dependence by considering 200 blocks of equicorrelated
variables, each of size 5, the overall picture remains largely unchanged. In this scenario,
the discrepancy between the estimated and true values of 7 still becomes more pronounced

for higher values of .

Table 5.15: Block dependent variables with n = 1000 and 200 blocks

o 0.5 0.6 0.65 | 0.7 0.75 108 085 | 0.9 0.95 | 0.98

7o (Bootstrap) | 0.492 | 0.590 | 0.649 | 0.692 | 0.746 | 0.782 | 0.822 | 0.863 | 0.891 | 0.909

7o (Smoother) | 0.501 | 0.590 | 0.645 | 0.698 | 0.742 | 0.786 | 0.829 | 0.866 | 0.886 | 0.911

5.5 Estimator proposed in Patra and Sen (2016)

If 1 = v € (0,1] were known, for an independent and identically distributed sample

X1, Xo, ..., X, with distribution function F', a naive estimator of F} would be
A F,— (1 —~)F
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where F), is the empirical CDF of the observed sample. Since Ff , need not be a valid

cdf, this naive estimator can be improved further as

ﬁ’;n = argmin 1 i{W(Xz) — ﬁﬂn}z
wWeF "o
where F is the set of all cdfs. Essentially, }3’27 ., 1s the closest cdf to the naive estimator E -
The minimizer can be easily found by the pool adjacent violators algorithm mentioned
in Robertson (1988). In practice, m; is usually unknown and using the two estimators
an and F;n over all possible values of v € (0,1], Patra and Sen (2016) suggested the

following estimator of ;.

7o = inf {y € (0,1] : vdn(F],, F5,) < %} (5.7)

where ¢, is a sequence of constants satsifying ¢, = o(y/n) and d,(.,.) is same as the
Lo(F,) distance, i.e. if f,g : R — R are two functions, then

2 2 RS 2
di(f.9) = [ (f(&) = g(@)*dFy(z) = = > (f(X) — 9(X(»))

n <
=1
The idea of this estimator originated from the following observations.

o If v =1, then clearly Ffm = AQI,n = [}, and they are much different for smaller

values of ~.

e For any v € (0, 1], it is easy to see that,
d(Fy v Fy, 4 (1= ) Fy) = ydo(F],,, F3,)

And

A

lim ~d, (F}

y—0+ Ln
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The quantity ~d, (Fﬂn, F; n) represents the difference between two estimators of
the overall distribution function F. One estimator is the empirical cdf (F},), and

the other is derived by using F; ., as a plug-in estimator of Fj.

b ’de(ﬁw

Un» Fy,,) changes its behaviour at .

Theorem 5.5.1. For my < v < 1, vd,(F}

1,n

F),) < do(F, F,). Then, if ||F, —

Flloo “3 0 as n — oo then,

. 0 if v > m
’}/dn<F’y

1,n

>0, fy<m

The proof of Theorem 5.5.1 can be easily done using the idea similar to Patra and Sen
(2016). The proof is given in appendix. Theorem 5.5.1 demonstrates that the function
v (F7

L F; ») changes behaviour at ;. For sufficiently large n, the function has a steep

decline to the left of m; and a more gradual decrease near zero to the right of 7. Thus,

v, (F7

Ln,ﬁgn) exhibits an elbow-like structure around 7. To estimate m;, one should

select the smallest v for which the distance remains small. This leads to the estimator
discussed in 5.7. The consistency of the estimator requires a criterion stronger than
|F, — Flloo 3 0 as n — oo. Specifically, we need /nd,(F,, F) to be stochastically
bounded for the estimator in 5.7 to be consistent. The following theorem explains the

consistency of the estimator in 5.7.

Theorem 5.5.2. If \/nd,(F,, F) is stochastically bounded and ¢, — oo and

limy, o0 & =0 (i.e. ¢, = o(y/n)), then " Lo asn — 0.

The proof of theorem 5.5.2 can be done using the idea similar to Patra and Sen
(2016). The proof of this theorem is given in appendix. The criterion v/nd,(F,, F')
remains stochastically bounded is stronger than ||F), — F||ls “3 0 as n — oo which is
required by 5.4.1. We highlight a few cases from Billingsley (2017) where this condition

1s met.
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5.5.1 Mixing sequence

As per the definitions of Billingsley (2013), consider two measures of dependence between

two sigma algebras .# and ¥.
4+ o, =sup{|P(ANB)— P(A)P(B)| : Ae #,Bc¥Y}

+ pu=sup{| Bl : El&] = Bl = 0, €]l < 1,IInll €1, 0(6) € #,0(n) € ¥}
It is well known that, o, < p,,.

> A sequence of stationary random variables X7, X5, ... is said to be a-mixing if for

ﬁ = U(Xl, Ce ,Xk) and g == U(Xk+nan+n+l> ), hmn_mo oy = 0.

> A sequence of stationary random variables Xi, Xs,... is said to be p-mixing if
lim,, o pn = 0.

The requirement for a mixing sequence is more rigorous than just being stationary and
ergodic. For various types of mixing sequences, the criterion v/n||F, — F||o = Op(1) is

satisfied. We highlight a few examples below.

e For a stationary sequence of random variables X7, X5,..., we define a sequence

{pn(x)}n>1 as follows.
pli-j(x) = P(Xi < 2, X; < x) — (F())*

If for every x, Y pn(x) < oo, then we will have \/n||F,, — F||lc = Op(1) as a

n=1

consequence of theorem 19.2 from Billingsley (2013).

e If the stationary sequence of random variables X7, X, ... is a-mixing with «, =

O(n=?), then \/n||F, — F||ls = Op(1).

Many real-life applications frequently involve examples that meet the assumptions outlined
in the previous discussion. For instance, if a stationary sequence is either m-dependent or
block dependent, it will satisfy both of the criteria mentioned above. Also, by Billingsley
(2017), a stationary markov chain with finite state space is a-mixing for a,, = K" for

some 6 with |#| < 1. Thus, it also satisfies the above criterion.
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5.5.2 Simulation results

According to Theorem 5.5.2, a sequence {c,} is required such that ¢, — 0o as n — o
and lim,, . \C/—% = 0. Patra and Sen (2016) emphasized the importance of selecting an
appropriate ¢, for the effective performance of the estimator 7{". Their recommendation,
based on finite sample performance, suggests ¢, = 0.1log(logn) as a useful choice.
Additionally, they proposed a cross-validation-based method for choosing the optimal
¢,. For our simulations, we employed 10-fold cross-validation to determine the optimal
cn, and also tested the fixed choice ¢, = 0.11log(logn). We have considered some models

where \/n||F,, — F ||« is stochastically bounded.

Our primary focus is the AR(1) model described in 5.6. We consider a sample size
of n = 1000 and p-values derived from a mixture of N(0,1) and N(2,1) distributions.
For the AR(1) parameter a, we examine four values: a = 0.1, 0.2, 0.5, and 0.75. The
performance of the estimator for a = 0.1 and a = 0.2 is detailed in Table 5.16 below.

The estimator 717" estimates m = 1 — my. In Table 5.16, we present the estimated values

of my (i.e., 1 — "), rounded to three decimal places.

Table 5.16: AR(1) model with @ = 0.1 and 0.2

a=0.1 a=0.2
0 7AT0 (leed) 7?('0 (CV) 7?('0 (leed) ﬁ'o (CV)
0.5 | 0.544 0.500 0.547 0.512
0.6 |0.636 0.596 0.637 0.599
0.65 | 0.682 0.652 0.685 0.644
0.7 |0.729 0.698 0.724 0.700
0.75 | 0.770 0.729 0.773 0.738
0.8 |0.818 0.795 0.816 0.786
0.85 | 0.860 0.841 0.859 0.835
0.9 |0.899 0.886 0.898 0.883
0.95 | 0.945 0.935 0.940 0.927
0.98 | 0.963 0.969 0.966 0.953

For a = 0.1 and a = 0.2, there is minimal difference between the estimated values obtained

using fixed and cross-validation approaches. The estimators 7, remain close to the true
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value of my. However, as we increase the AR(1) coefficient to a = 0.5 and a = 0.75, the
gap between the true value of my and 7y widens due to the increased level of dependence.

This indicates that the rate of convergence slows as the coefficient a increases.

Table 5.17: AR(1) model with a = 0.5 and 0.75

a=0.5 a=0.75
0 7AT0 (Fixed) ﬁ'o (CV) ﬁ'o (Fixed) ﬁ'o (CV)
0.5 | 0.556 0.499 0.525 0.440
0.6 | 0.636 0.583 0.564 0.474
0.65 | 0.668 0.629 0.588 0.495
0.7 10.706 0.638 0.608 0.517
0.75 ] 0.734 0.687 0.627 0.548
0.8 |0.772 0.706 0.645 0.552
0.85 | 0.801 0.756 0.664 0.558
0.9 |0.837 0.782 0.684 0.593
0.95 | 0.866 0.806 0.701 0.629
0.98 | 0.885 0.839 0.714 0.630

It is interesting to observe that the discrepancy between 7y and 7y becomes more pronounced
as 7o increases. The estimator’s performance is satisfactory for smaller values of 7y (up
to mp = 0.6). Moreover, using a cross-validation-based estimator provides little or no
improvement in this range. In these cases, the fixed choice of ¢, = 0.1log(logn) also

yields good results.

We now consider the m-dependent scenario. As before, given a sample {&; }i>1, observations
are generated according to X; o< Zin ((m+1)— (5 —1i))& and are standardized to have
unit variance. A mixture of N (]0:,11) and N(2,1) variables is then formed from this
sequence {X;};>1, and the p-values are computed for a one-sided test of the mean. We
conduct simulations with n = 1000 and consider m = 1,2, and 5. The estimated values

of my are shown in the table 5.18.

Due to the very slow rate of convergence, the deviation between the true and estimated

values of 7y is evident in this setup. This discrepancy becomes even more pronounced
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Table 5.18: Estimator of null proportion for m-dependent model with m = 1,2,5
m=1 m=2 m=>5

0 7AT0 ( Fixed) ’ﬁ'o ( CV) ﬁ'o ( leed) 7?(0 ( CV) 7AT0 ( Fixed) ’ﬁ'() ( CV)

0.5 | 0.540 0.460 0.512 0.425 0.449 0.345

0.6 | 0.599 0.508 0.550 0.459 0.466 0.368

0.65 | 0.622 0.549 0.568 0.470 0.474 0.388

0.7 10.649 0.571 0.588 0.503 0.482 0.408

0.75 1 0.674 0.602 0.605 0.518 0.491 0.378

0.8 |0.701 0.627 0.622 0.543 0.497 0.418

0.85 | 0.728 0.679 0.638 0.543 0.505 0.410

0.9 |0.750 0.688 0.656 0.549 0.513 0.423

0.95 | 0.773 0.703 0.672 0.580 0.522 0.430

0.98 | 0.786 0.718 0.682 0.594 0.525 0.437

as the degree of dependence increases, which occurs when the value of m is raised.

Additionally, in the m-dependent case where equal weights are assigned to neighbors

+m

(ie., X; = \/%H > &;), the deviation between the true and estimated values is even more
j=i

substantial. This is clearly illustrated in the table 5.19. It is noteworthy that, due to the

increased dependence among observations, the performance of the cross-validation-based

choice of ¢, is inferior to the fixed choice regarding the deviation between the true and

estimated values of my. The assumption of independence is crucial for the validity of

cross-validation-based methods, which is why the fixed choice of ¢, performs better in

scenarios with a higher degree of dependence. Consequently, the extensive time spent on

cross-validation appears to be unproductive in this context.

Table 5.19: Equally weighted m-dependent model with m = 1,2,5

m=—1 m=2 m=>5
o 7o (Fixed) | 7y (CV) | my (Fixed) | 7y (CV) | 7y (Fixed) | 7y (CV)
0.5 |0.443 0.381 0.449 0.398 0.444 0.386
0.6 | 0.501 0.448 0.498 0.436 0.496 0.429
0.65 | 0.516 0.482 0.522 0.472 0.515 0.463
0.7 | 0.550 0.495 0.546 0.499 0.537 0.467
0.75 | 0.564 0.528 0.570 0.523 0.561 0.513
0.8 | 0.588 0.546 0.585 0.553 0.589 0.525
0.85 | 0.608 0.572 0.611 0.563 0.608 0.538
0.9 |0.632 0.591 0.627 0.576 0.608 0.581
0.95 | 0.648 0.614 0.640 0.595 0.636 0.580
0.98 | 0.658 0.621 0.652 0.615 0.649 0.597
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We now shift our focus to the block-dependent setup where the requirement of stationarity
is not satisfied. In this context, the estimator 7{" appears to perform better compared
to the m-dependent case. We fixed n = 1000 and examined two scenarios: one with 10
blocks of size 100 and another with 200 blocks of size 5. Clearly, the latter scenario is
closer to independence than the former. The estimators are presented in Table 5.20. As

before, we considered 10 different correlation values for the block-dependent case, namely

0.1, 0.2, ..., 0.9, 0.95.

Table 5.20: Block dependent case with n = 1000

Block of size 5 Block of size 100
0 7AT0 (leed) 7?('0 (CV) ﬁo (leed) 7?('0 (CV)
0.5 | 0.531 0.481 0.540 0.488
0.6 | 0.616 0.568 0.628 0.578
0.65 | 0.657 0.621 0.671 0.635
0.7 | 0.696 0.671 0.716 0.670
0.75 ] 0.737 0.697 0.755 0.690
0.8 |0.773 0.753 0.799 0.749
0.85 | 0.815 0.774 0.836 0.807
0.9 | 0.851 0.817 0.876 0.849
0.95 | 0.881 0.877 0.911 0.890
0.98 | 0.896 0.900 0.920 0.892

Interestingly, the performance of the cross-validation-based estimator deteriorates when
moving from 200 blocks to 10 blocks, due to the increased degree of dependence. In
contrast, the fixed choice of ¢, provides a relatively satisfactory estimate of my. However,
using these estimates may not ensure conservative control over the false discovery rate

(FDR), as they tend to underestimate my at higher values.

5.6 Remarks

The simulation results indicate that both Storey’s estimator and the estimator proposed

by Patra and Sen (2016) are sensitive to the dependence structure in the data. Storey’s
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estimator is known to be a biased estimator of 7y, whereas the estimator 7{" is consistent
under conditions of weak dependence. However, its rate of convergence is notably slow,
and this rate decreases even further in the presence of dependence. Even relatively simple
dependence structures, such as m-dependence, can significantly distort the performance of
these estimators. Therefore, further research is needed to develop a consistent estimator

of the proportion of non-null hypotheses that remains reliable under weak dependence.

5.7 Appendix

5.7.1 Proof of theorem 5.5.1

Case 1: {y> m}

Let,
F—(1-9)F

Fl ==
7’y ’y

(5.8)

A

Then, vd,(F}

1,n

Fi,) = du(F,, F).

Consider the set I' = {'y € [0,1] | {@} is a valid cdf }. We'll first show that, I is
a convex set.

Suppose 71,72 € I' so that, @ is a valid cdf for ¢ =1, 2.

Forany 0 < a <1,

F—(1—ayi—(1-a)y2)Fo
ayi+(1—a)y2

:< a1 > <F—(1—71)F0> _|_< (1—a)vs ) <F—(1—72)F0>
ayi+(1—a)y2 7 am+(l-a)ye 7

Since convex combination of cdfs should be cdf, we can now say that,

F—(1—ay1—(1—a)y2) Fo
am+(1-a)y

is a valid cdf and hence ay; + (1 — @)y, € T
This implies, for any m < v <1, w is a valid cdf. Thus, F} , defined in 5.8 is a
valid cdf.

So, by the definition of Fgm, it can be said that,

Vdn(ﬁw

1,n»

an) < Vdn<ﬁl,naﬁ11,v) = dn<Fn7F) vﬁ)/ > m
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Since, d,(F,, F) < ||Fy — Flloo, [|[Fn = Flloo 3 0 as n — oo implies, d,,(F,, F) “3 0 as
n — oo. Hence,

vd, (F]

1,n

F;’n)aj)'()asn%oo

Case 2: {y < m}

a.s

F} ,, is not a valid cdf. by the definition of ;. Also, if ||F}, — F||ec %3 0, then F7 — Fi,

as n — Q.

So, for sufficientlly large n, the difference between an and F;n is substantially high as

an converges to F ., which is not a valid cdf and by definition, F;n is a cdf.
Combining the two observations in case 1 and case 2, we can finally conclude that,

s 0 ifty> m
~vd,, (F7 F;n) =

1,n

>0, ify< m

5.7.2 Proof of theorem 5.5.2

Fix any € > 0. We need to show that, lim,, ., P(|7{" — m| >¢€) =0
We will first prove that, lim, ., P(7{" — m < —¢) = 0.
If m <€, then m — e <0 and hence it is obvious. So, assume that m; > €.

Recall that,

F—(1—~)F
—inf {v € (0,1] : { (1=7) 0} is a CDF}
Y
So, for v < my, E=U=DH0 i not a edf and for any such -, an, F;n are quite different.
Consider v = ( m — ¢€), and we can conclude that, (m — €)d, (Fl(vr?_e),ﬁéﬂ?_e)) is

bounded away from zero.
Recall that,

Cn
7o = inf {7 € (0,1] : ydn(F7,, F3,) < —=
) \/ﬁ

Consider the set A, = { (0,1] : ydn(F} F7 a) < \/—ﬁ} Clearly A, is a convex set.

1,n

So, P(#{" < m —€) < P(( —€)dn (Ff? Rt E)>



5.7 Appendix 100

Since, ( m — €)d, (Fl(;r ) FZ(n €)> is bounded away from zero and limy, o <% = 0, we
can say that,

lim P(( m — €)d, <F1(7,?_€), £ ﬂ_e)> < —> =0

n—oo
Thus, lim,, . P(7{" < m —€) =0

On the other hand, {7{" — m > €)} implies, {( m + €)d, (Fl((ere), ﬁ’z(y(nﬂ“)) > \C/—"—}

,

3

So,
P — m )<P(\/_d < (mite) F(4+6)> > (;;ﬁ))

From the proof of theorem 5.5.1, for any v € ( m, 1], vd, (an, F;n) <d,(F,, F).

So, P(w{" — m > )<P<\/_d (F, F) > (7r+e)>

Since, lim,, o ¢, = 0o and v/nd,,(F,,, F) is stochastically bounded, we can conclude that,

lim P (\/ﬁdn(Fn,F) > 6—16)) =0

~Cn

Thus, lim,, . P(7{" — m > ¢) = 0 and this completes the proof.
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