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Abstract

This thesis investigates how mobile agents with no centralised control can be employed in anony-
mous networks to perform efficient distributed graph computations. The network is modelled as
a simple, undirected, anonymous graph with n nodes and m edges, where nodes are memoryless
and indistinguishable, and edges represent bidirectional communication links or traversal paths
for the agents. The mobile agents are uniquely identifiable, possess limited local memory, and
operate under a local communication model, in which communication is restricted to agents co-
located at the same node. Under this computational model, we explore how mobile agents can
collaborate effectively to solve global network problems—including dispersion in the presence of
crashes, the construction of spanning trees, the identification of dominating sets, and the analysis
of sub-graph hierarchies. We study the time complexity and memory usage per agent required

to solve the above problems.

The first contributory chapter addresses the fault-tolerant dispersion problem, aiming to evenly
spread mobile agents across an anonymous graph in the presence of crash faults, from two initial
configurations: rooted, where all the agents start at a single node, and arbitrary, where agents are
initially scattered across the graph in multiple clusters. This chapter explores how dispersion can
be achieved under both settings, ensuring that each node eventually hosts at most one functional
agent despite crashes. The next chapter presents the problem of computing dominating sets us-
ing mobile agents, where two different algorithms are introduced: one for computing minimal
dominating sets in O(m) time when the agents are gathered at a single node, and another for
scenarios where agents start from multiple clusters. Additionally, an In A approximation algo-
rithm for the minimum dominating set problem is provided, where A is the maximum degree of
the graph. The subsequent chapter focuses on subgraph analytics using mobile agents dispersed
across the nodes of a graph. We present algorithms for triangle counting (3-cycles) in general
graphs and butterfly counting (4-cycles) in bipartite graphs. The triangle counting framework
extends to related problems such as truss decomposition, triangle centrality, and local clustering
coefficient. These methods enable the distributed identification of cohesive structures and dense
subgraphs, with butterfly counting being of relevance to bipartite graphs commonly found in
social network analysis and recommendation systems. The final chapter focuses on constructing
tree structures, specifically BFS trees and minimum spanning trees, using mobile agents. These al-
gorithms, which assume minimal prior knowledge, improve upon existing methods by achieving
better time complexity and optimal memory usage. Throughout the thesis, these graph problems
are explored through the lens of the mobile agent framework, focusing on minimising the time

complexity of the algorithms and memory usage per agent.
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Chapter 1

Introduction

Over the past few decades, distributed computing using mobile entities has emerged as an area of
significant interest within the computer science research community. This field investigates how
multiple computational entities—operating without centralised control—can collaborate to solve
global problems through local interactions. These entities, often referred to as robots, agents,
or mobile entities, typically operate under various constraints such as limited communication,
bounded memory, and restricted mobility. They are commonly deployed in environments mod-
elled as networks or spatial domains, where the structure of the environment itself influences the

nature of computation.

Research on distributed computation using mobile entities can be broadly classified into two
major streams. The first is robot swarms, which typically involve large numbers of simple, iden-
tical physical robots operating in continuous Euclidean spaces. These systems draw inspiration
from natural swarms (like ants or bees) and emphasise collective behaviour emerging from simple
local rules. The second stream focuses on mobile agents, a more generalised framework that en-
compasses both physical robots and software agents. These agents are well-suited for operation
in discrete environments, such as graphs, where the nodes represent processing units or spatial
locations, and edges represent communication links or paths of movement. In such graph-based
environments, agents navigate, interact, and compute while being constrained by the topology of
the underlying network. The study of mobile agents in discrete spaces bridges distributed com-
puting, algorithm design, and robotics, and continues to offer a rich landscape for both theoretical

exploration and practical innovation.

In this thesis, we focus on autonomous agents operating in discrete environments modelled
as graphs. The underlying graphs considered here are anonymous, meaning that their nodes do
not carry any unique labels or identifiers. This assumption reflects natural security-conscious
scenarios where nodes may deliberately withhold identity-related information or where identi-
fiers are inherently unavailable. The agents operate on arbitrary, simple, connected graphs and
are tasked with solving a range of classical graph problems, such as spanning tree construction,
dominating set construction, and subgraph detection. A key constraint in this setting is the lo-
cal communication model, where agents can communicate or exchange information only when
they occupy the same node. These restrictions pose significant algorithmic challenges, particu-
larly when agents must coordinate and compute using minimal memory and limited interaction.

This thesis investigates how such constraints can be overcome through efficient distributed al-
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gorithms that minimise time complexity and reduce memory usage per agent. The details of our
model assumptions are provided in Section 1.1.2. As the scope of distributed systems continues
to expand, the study of mobile agents in graph-based environments has gained increasing rel-
evance, with applications spanning large-scale wireless sensor networks, decentralised internet
protocols, multi-core architectures, and autonomous robotic systems. A central challenge in this
domain is the design of local interaction rules that lead to globally correct, consistent, and effi-
cient behaviour, even in the presence of uncertainty or anonymity. The problems explored in this
thesis are reexamined through the lens of mobile agents to account for the additional difficulties
posed by mobility, locality, and the absence of global knowledge, thereby contributing both to

theoretical understanding and practical methodologies for distributed computation.

The thesis starts with the problem of dispersion—a foundational coordination task where the
goal is to spread £ < n agents, initially positioned arbitrarily across the nodes of an n-node
anonymous graph, such that each agent occupies a distinct node. First formulated by Augustine
and Moses Jr. [9], the dispersion problem has evolved into a rich area of study due to its potential
scope of applications to graph exploration, load balancing, coverage, etc. Dispersion is not only
an interesting problem in its own right but also serves as a building block for more advanced
distributed algorithms developed later in this thesis. In fact, in most of our works, dispersion helps
to distribute n agents into n nodes and allows us to simulate message passing techniques from
classical distributed systems into our mobile agent model. The first part of this work addresses
the challenge of dispersion in the presence of crash faults—an adversarial setting where up to f
agents may fail during execution. We show that it is still possible to solve dispersion efficiently
under such failures, even when the agents begin in an arbitrary configuration scattered across
multiple clusters. The algorithms presented are time-efficient and memory-optimal, requiring
only O(log(k + A)) bits of memory per agent, and significantly improve upon existing bounds

in the literature.

The thesis then moves to the problem of constructing dominating sets—a key concept in graph
theory, computer networks and distributed computing. Dominating sets have important applica-
tions in wireless networks, such as routing, clustering, and backbone formation. While classical
distributed algorithms for dominating sets assume message-passing capabilities or global knowl-
edge, our agent-based approach assumes neither. We develop new algorithms that use graph
exploration and dispersion to identify dominating nodes in both rooted and arbitrary configura-
tions. Along the way, we discover that our minimal dominating sets also satisfy the properties of
maximal independent sets, another classical and important structure in computer science. In ad-

dition, we also present an approximation algorithm that achieves a logarithmic-factor guarantee



with respect to the optimal solution.

Apart from coordination and coverage, agents can also be tasked with performing subgraph
analytics—an area vital to network science. In the next part of the thesis, we investigate the prob-
lem of counting triangles and butterflies in a graph. These patterns play a foundational role in
understanding the structure and function of networks. Triangle counts are used to compute clus-
tering coefficients, identify dense subgraphs via truss decomposition, and evaluate node impor-
tance through triangle centrality and local clustering coefficient calculations. Butterfly counting,
particularly relevant in bipartite graphs, is commonly used in community detection, fraud iden-
tification, and recommendation systems. We present algorithms that allow agents to compute
local and global counts of such structures efficiently. These techniques are not only theoretically
interesting but also applicable in practice—for instance, in drone-based surveillance systems that
monitor crowd interactions, or in wireless sensor networks that need to assess redundancy and

resilience.

The final part of the thesis focuses on constructing two fundamental tree structures—Breadth-
First Search (BFS) trees and Minimum Spanning Trees (MST) used in a wide range of graph algo-
rithms and network coordination tasks. Constructing such structures in the agent-based setting
introduces several challenges, particularly in anonymous graphs where agents have no access to
global identifiers or topology. Issues such as identifying or simulating a root node, synchronising
agent movements, and distributing agents across levels of the tree pose key challenges and are
carefully addressed. We develop algorithms that handle these challenges under a variety of initial
conditions, ranging from fully clustered to fully dispersed agent placements, and even allow for
flexibility in the number of agents used. Our MST construction notably improves upon earlier re-
sults by achieving a lower round complexity while preserving optimal memory usage per agent.
Moreover, the MST structure helps in efficient leader election and enables a refined BFS construc-

tion, both accomplished without requiring any prior knowledge of global graph parameters.

Throughout the thesis, we see how seemingly simple mobile agents, when endowed with the
right algorithms, can solve a wide range of classical problems in anonymous graphs, often un-
der tight resource constraints and without central coordination. From fault-tolerant dispersion
and dominating set construction to triangle and butterfly counting, and finally, to BFS and MST
formation, this work presents a unified exploration of distributed computation through the co-
ordinated motion of autonomous agents. The results are not only of theoretical importance but
also suggest practical techniques for deploying agents in challenging real-world settings such as
disaster response, social network analysis, and wireless sensor deployment, which showcases the

application potential of mobile agents in distributed graph computation.



4 Introduction

1.1 Preliminaries

1.1.1 Notations and Definitions

This section summarises the principal notations and definitions used throughout the thesis. For
each chapter, we separately summarise the important problem-specific definitions, additional

notations, and the corresponding agent variables used in the algorithms.

General Notations

Symbol Description
G An arbitrary, anonymous, simple, connected undirected graph
representing the communication network.

n Number of nodes in the graph G.
m Number of edges in the graph G.
A Maximum degree among all nodes in G.

d(v) Degree of node v in graph G.
D Diameter of graph G.
k Number of mobile agents in graph G.
A Maximum agent identifier (ID) assigned to an agent.
R Set of all mobile agents.
r; Mobile agent with identifier (ID) <.
|A| Cardinality (size) of the set A.

Table 1.1: General graph and system notations used throughout the thesis.

Chapter 2: Crash-Tolerant Dispersion Algorithms for Mobile Agents

Dispersion. Given k£ < n agents, initially placed arbitrarily on a graph of n nodes, the agents
must reposition themselves autonomously to reach a configuration where each node has at

most one agent on it.

Fault-Tolerant Dispersion. Given k£ < n agents, up to f of which are faulty (which may
fail by crashing), initially placed arbitrarily on a graph of n nodes, the non-faulty agents,

i.e., the agents that have not crashed, must reposition themselves autonomously to reach a

configuration where each node has at most one non-faulty agent on it.
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Additional Notations: Chapter 2

Symbol Description
R, Rooted configuration from which all agents initially start.
f Number of crash-faulty agents.
l Number of initial agent clusters.

List of Agent Variables Used — Refer Table 2.2
Table 1.2: Additional notations used in Chapter 2.

Chapter 3: Algorithms for Finding Dominating Set using Mobile Agents

Dominating Set. For a graph G = (V, E), aset D C V is called a dominating set if every
node v € V'\ D has at least one neighbour in D.

Minimal Dominating Set. A dominating set D is called minimal if no proper subset of D is

itself a dominating set.

Minimum Dominating Set. A dominating set D* is called a minimum dominating set if it

has the minimum possible cardinality among all dominating sets of G.

Approximate Minimum Dominating Set. A dominating set D is called an a-approximate

, where D* is a minimum dominating set and « is the

minimum dominating set if |D| < «|D*
approximation ratio.
Maximal Independent Set (MIS). A set I C V is called an independent set if no two distinct

nodes in [ are adjacent in G. An independent set / is called a maximal independent set if no

proper superset of I is an independent set.

Additional Notations: Chapter 3

Symbol Description
D Dominating set of graph G.
D~ Minimum dominating set of graph G.
o Approximation ratio with respect to the minimum dominating set.

List of Agent Variables Used — Refer Table 3.2
Table 1.3: Additional notations used in Chapter 3.
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Chapter 4: Discovery of Dense Subgraph Structures with Triangles and Butterflies

Triangle. A triangle in a graph G = (V, E) is a set of three distinct nodes that are pairwise
adjacent (a 3—cycle).

Support. For a graph G(V, E), the support of an edge e € E is the number of triangles in G

that contain e.

k-Truss. A k-truss is defined as the largest subgraph 7T}, of G(V, E) in which every edge has
support at least £ — 2 with respect to 7.

trussness. The trussness of an edge e is the maximum value £ such that e belongs to 7}, but

does not belong to 7.

Triangle Centrality. The triangle centrality of a node v, denoted by 7'C'(v), is a triangle-based
centrality measure that evaluates the structural importance of v according to its participation

in triangles and the concentration of triangle structures around it.

Local Clustering Coefficient. For a node v € V' with degree d(v) > 2, let T(v) denote the
number of triangles containing v. The local clustering coefficient of v, denoted by LC'C(v), is
defined as LCC(v) = #&’;_1), which measures the fraction of pairs of neighbours of v that
are adjacent to each other, quantifying the local density of triangle structures around v.

Butterfly. For a bipartite graph G((A4, B), ), a 2 x 2 biclique on (A, B) is called a butterfly.

Additional Notations: Chapter 4

Symbol Description
T(v) Number of triangles containing node v.
T(G) Total number of triangles in graph G.
TC(v) Triangle centrality of node v € G.
LCC(v) Local clustering coefficient of node v € G.
Ty The k-truss subgraph of graph G.
A, B Two partitions of a bipartite graph.

List of Agent Variables Used — Refer Table 4.2
Table 1.4: Additional notations used in Chapter 4.
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Chapter 5: Constructing Tree Structures in Anonymous Graphs with Mobile Agents

Breadth-First Search (BFS) Tree. A BFS tree rooted at a node 7 is a spanning tree in which
the distance of every node from 7 in the tree is equal to its shortest-path distance from r in

the original unweighted graph.

Minimum Spanning Tree (MST). A minimum spanning tree of a weighted graph is a span-

ning tree whose total edge weight is minimum among all spanning trees of the graph.

Fragment. A fragment is a connected component or partial tree formed during the execution

of the MST construction algorithm.

Minimum Weight Outgoing Edge (MWOE). For a fragment F', an edge connecting a node
of F' to a node outside F' having minimum weight among all such outgoing edges is called the

Minimum Weight Outgoing Edge.

Leader Election. Leader election is the process of selecting a unique agent that acts as the

coordinator for the entire system.

Additional Notations: Chapter 5

Symbol Description
DPuv Port number at node u leading to node v.
T Constructed BFS tree or MST.
T Fragment/tree formed during MST construction.
Wy .y Dynamically computed virtual weight of edge (u, v).
treelabel Identifier associated with a fragment/tree.
treelevel Level associated with a fragment during MST merging.

List of Agent Variables Used — Refer Table 5.2
Table 1.5: Additional notations used in Chapter 5.

The thesis also uses certain local symbols and temporary variables that are defined contextu-
ally within specific sections to support particular algorithms, proofs, or intermediate computa-
tions. We now proceed to describe the general computational model that forms the foundation
for the work throughout this thesis. While this model serves as the baseline framework in most
chapters, certain variations are introduced depending on the problem setting under consideration.
These deviations are explicitly stated in the corresponding chapters. In particular, the modifica-
tions may involve changes to the underlying graph structure, such as the use of bipartite graphs
for butterfly counting in Chapter 4, or changes in assumptions regarding the agents themselves,

such as the consideration of crash-prone agents in Chapter 2.
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1.1.2 Model

Graph: We have an underlying graph G(V, E)) which is connected, undirected and anony-
mous with [V| = n nodes and |E| = m edges. Unless stated otherwise, graphs are assumed
unweighted. The nodes of GG do not have any distinguishing identifiers or labels. The nodes do
not possess any memory and hence cannot store any information. The degree of a node v € V
is denoted by 6(v), and the maximum degree of G is A. Edges incident on v are locally labelled
using port numbers in the range [0,6(v) — 1]. A single edge connecting two nodes receives
independent port numbering at either end. The edges of the graph serve as routes through which

the agents can commute. Any number of agents can travel through an edge at any given time.

Mobile Agents: We have a collection of k agents R = {ry,rs, ..., 7} residing on the nodes of
the graph. Each agent has a unique ID and has finite bits of memory to store information (we
bound their IDs to n¢, where c is an arbitrary constant). An agent cannot store the whole graph
structure information within its limited memory. An agent retains its memory as long as needed,
and it can be updated as required. Two or more agents can be present (co-located) at a node or
pass through an edge in GG. However, an agent is not allowed to stay on an edge. An agent can
recognise the port number through which it has entered and exited a node. The agents do not
have any visibility beyond their (current) location at a node. An agent at node v can only see the
adjacent ports (connecting to edges) at v. Only the collocated agents at a node can sense each
other and exchange information. An agent can transfer all the information stored in its memory

in a single round.

Communication Model: We consider a synchronous system where the agents are synchro-
nised to a common clock and the local communication model, where only co-located agents (i.e.,

agents at the same node) can communicate among themselves.

Time Cycle: Each agent r;, on activation, performs a Communicate — Compute — Move

(CCM) cycle as follows.

- Communicate: r; may communicate with other agents at the same node.

- Compute: Based on the gathered information and subsequent computations, r; may per-

form all manner of computations within the bounds of its memory.

- Move: r; may move to a neighbouring node using the computed exit port.



Literature Review 9

Starting Configuration: We assume three different starting configurations for the k agents.

- Rooted Initial Configuration: All the k agents start from a designated node called the

root node.

- Arbitrary Initial Configuration: The agents are placed arbitrarily in small clusters across
different nodes of the graph and represent the most generalised starting configurations for

the agents.

- Dispersed Initial Configuration: In this configuration, each node of the graph G has at
least one agent stationed in it at the start. For £ = n, there is exactly one agent at each

node of the graph.

Complexity Measures: An agent can perform the CC'M task in one time unit, called round.
The time complexity' of an algorithm is the number of rounds required to achieve the goal. The

memory complexity is the number of bits required by each agent to execute the algorithm.

1.2 Literature Review

In this section, we present a concise literature review highlighting the related works correspond-
ing to each contributory chapter. A more detailed discussion of the relevant literature is provided

within the respective chapters.

Chapter 2 - Crash-Tolerant Dispersion Algorithms for Mobile Agents In Chapter 2, we
study crash-tolerant dispersion algorithms for mobile agents. The dispersion problem was first in-
troduced by Moses Jr. et al. [9], who provided two algorithms for arbitrary graphs—one requiring
O(log n) memory per agent with a time complexity of O(mn), and another requiring O(nlogn)
memory and running in O(m) rounds. Since then, several works have extended and improved
dispersion algorithms under various models and assumptions [72, 68, 111, 76, 92, 35]. Recently,

Sudo et al. [116], proposed near-optimal algorithms: one that reduces the time complexity from

! Alternatively called the round complexity.
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O(min(m, kA)) to O(klog min k, A) for rooted configurations, and to O(k log k log min k, A) for
arbitrary ones, both using only O(log(k + A)) bits of memory per agent. They also introduced a
time-optimal O(k)-round algorithm for the rooted case requiring O(A + log k) bits of memory.
More recently, Kshemkalyani et al. [70] presented optimal O(k)-round dispersion algorithms for
both rooted and arbitrary configurations using O(log(k + A)) memory per agent, along with
a time-optimal (within an O(log k) factor) asynchronous algorithm with O(k log k) rounds and
O(log(k + A)) memory. The crash-tolerant version of dispersion was studied by Pattanayak et
al. [99], who considered a rooted initial configuration where some agents may be crash-prone.
Their algorithm tolerates an arbitrary number of crashes, completes in O( f-min(m, kA)) rounds,
and uses O(log(k + A)) bits of memory per agent. This was later improved in [100], where two
algorithms were proposed under different memory settings: the first achieves O(min(m, kA))
rounds using O(k log(k + A)) memory per agent, and the second runs in O(min(m, kA)(I + f))
rounds using only O(log(k + A)) bits of memory. Both approaches handle rooted (I = 1) and

arbitrary configurations, without requiring any prior knowledge of graph parameters.

Chapter 3 - Algorithms for Finding Dominating Set using Mobile Agents The first ef-
ficient distributed implementation of the dominating set problem in the CONGEST model was
studied in [60] by Jia et al. Their randomized algorithm, a refinement of the greedy approach
from [85], runs in O(lognlog A) rounds and achieves a In(A)-approximate dominating set in
expectation, with at most a constant number of messages exchanged between any pair of nodes.
Sultanik et al. [117] addressed a variant of the art gallery problem—equivalent to finding a min-
imal dominating set in visibility graphs—via a distributed algorithm that completes in a number
of rounds proportional to the graph’s diameter and returns a solution within a constant factor
of optimal with high probability. Kuhn and Wattenhofer [78] proposed LP-based approxima-
tion algorithms that compute a dominating set of expected size (kA?/*log A) times optimal in
O(k?) rounds, where k is a tunable parameter. Each node transmits O(k*A) messages of size
O(log A); setting k as a constant yields the first constant-round, non-trivial approximation al-
gorithm. Lower bounds were established by Kuhn et al. [77], showing that achieving even a

polylogarithmic approximation for minimum dominating set or vertex cover requires at least

Q ( 1010{5" and ) < 0 lolg A A) rounds, respectively, in the message-passing model. More re-
g logn og log

cently, [38] presented deterministic approximation algorithms for minimum dominating sets in

CONGEST, achieving an approximation factor of (1 + €)(1 + log(A + 1)), with runtimes of

O(20Vlegnloglogn)) and O(A, polylog(A) + polylog(A) log* n) for € > 1/ polylog(A). They also

extended their techniques to obtain a In(A)-approximate connected dominating set.
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Chapter 4 - Agent-Based Discovery of Dense Subgraph Structures with Triangles and
Butterflies A wide range of distributed and parallel algorithms have been proposed for tri-
angle enumeration across various computational models, including distributed memory, shared
memory, multi-core architectures, and message-passing interfaces (MPI). Arifuzzaman et al. [6]
introduced PATRIC, an MPI-based distributed memory parallel algorithm for triangle counting
in massive networks. Shun et al. [112] developed multi-core parallel algorithms for both exact
and approximate triangle computations, scaling efficiently to graphs with billions of nodes and
edges. In a follow-up work, Arifuzzaman et al. [7] proposed two MPI-based algorithms—one
optimising runtime using overlapping partitions and load balancing, and another minimising
memory via non-overlapping partitions. Ghosh et al. [51] introduced a node-based MPI triangle
counting framework, TriC, for both shared and distributed-memory settings, which was later re-
fined in [50]. Comprehensive surveys and additional works on triangle enumeration can be found
in [122,19,17, 120, 81, 8, 52, 118, 97]. Similarly, butterfly counting in bipartite graphs has received
extensive attention in both sequential and parallel contexts. Sanei-Mehri et al. [107] presented
efficient exact and approximate algorithms, while Wang et al. [125] enhanced performance using
node prioritisation. Zhou et al. [136] extended butterfly analysis to uncertain bipartite graphs.
Sariyiice and Pinar [108] introduced the tip and wing decompositions for dense subgraph discov-
ery. On the parallel front, Shi and Shun [110] developed multicore algorithms, Xu et al. [133]
proposed GPU-based methods, and Weng et al. [129] designed distributed algorithms suitable

for dynamic graph streams.

Chapter 5 - Constructing Tree Structures in Anonymous Graphs with Mobile Agents
Some of the earliest studies on distributed breadth-first search (BFS) date back to Cheung [28] and
Gallager et al. [46, 47] in the 1980s. In [47], the authors considered asynchronous point-to-point
communication networks modelled by undirected graphs and proposed two BFS algorithms. The
first has communication complexity O((E + V!°) log V) (later improved in [11]) and time com-
plexity O(V'5log V). The second, a recursive version, achieves O(E - 2VI°eVIg1oeV) messages
and O(V - 2VIeeVlglogVy rounds. Makki [89] later improved upon this by proposing a parallel
BFS with enhanced synchronisation, achieving a 2/ round algorithm (where [ is the height of
the BFS tree) using only 2(V — 1) messages. Chow et al. [30] implemented an experimental
BFS on massive graphs (billions of edges) distributed across machines. Awerbuch et al. [12, 13]
proposed the STRIP-EXPLORE algorithm, enabling a single agent to explore graphs via piecemeal
BFS in O(FE + V) rounds. Palanisamy et al. [96] developed a multi-agent strategy where the
graph is partitioned into clusters, and each of the k agents performs BFS in its region sequentially,
yielding a total runtime of O(k(V + E)). In [75], Kshemkalyani et al. employed BFS traversal
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to solve the dispersion problem, where £ < n agents are distributed to distinct nodes. Early dis-
tributed Minimum Spanning Tree (MST) construction was studied by Spira [114], focusing on
communication complexity. This led to the classical GHS algorithm [45], which builds an MST
in O(nlogn) rounds using O(nlogn + m) messages, each carrying one weight and three bits.
Subsequent work improved the time complexity to O(n) [10] and later to O(y/nlog* n+ D) [48],
with a lower bound of O(% + D) established in [101]. In the agent-based setting, [69] pre-
sented an MST algorithm using n agents with time complexity O(m + nlogn). If agents begin
dispersed, each requires O(max (A, logn)logn) bits of memory; for arbitrary starting positions,

the requirement increases to O(n logn) bits.

1.3 Contribution and Organisation of the Thesis

In this section, we outline the central problems addressed in the thesis, summarise the main
contributions and results, and describe the overall structure of the thesis. The subsequent chapters

are organised as follows.

Chapter 2 - Crash-Tolerant Dispersion Algorithms for Mobile Agents. This chapter ad-
dresses the problem of dispersion in the presence of crash faults, where mobile agents must spread
out such that at most one agent occupies each node of an anonymous graph. Moreover, through-
out this thesis, dispersion serves as a foundational primitive for several higher-level coordination
problems as discussed later, which provides a convenient and unified framework that enables
localised computation and structured coordination under the local communication model. While
prior works assume that all agents are fault-free, real-world systems must tolerate failures. This
chapter introduces algorithms that handle up to f crash faults under two distinct initial config-
urations: rooted and arbitrary. In the rooted setting, where all agents start from a single node,
we present an algorithm that achieves fault-tolerant dispersion in O(k?) rounds, improving on
existing results. In the arbitrary configuration, where agents begin in ¢ separate clusters, we pro-
pose an algorithm that completes dispersion in O(( f +¢) -min(m, kA, k?)) rounds, assuming the
agents know the parameters m, k, f, ¢ and A. Both algorithms are memory-efficient, requiring

only O(log(k + A)) bits per agent.

Chapter 3 - Algorithms for Finding Dominating Set using Mobile Agents. It explores the
problem of computing dominating sets in a graph using mobile agents. This chapter presents two

algorithms for computing a minimal dominating set: the first runs in O(m) rounds when all agents
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Reference Initial Knowledge Time Complexity Memory
Config. (Rounds)
[99] Rooted None O(f - min(m, kA)) O(log(k + A))
[100] Arbitrary None O(min(m, kA)) O(klog(k + A))
[100] Arbitrary None O(min(m, kA)(¢+ f)) | O(log(k + A))
Section 2.4 Rooted None O(k?) O(log(k + A))
Section 2.5 Arbitrary | m, A4k, f | O((f+€) min(m, kA, k?)) | O(log(k + A))

Table 1.6: Summary of crash-fault-tolerant dispersion algorithms for anonymous graphs. A de-
tailed comparison is provided in Table 2.1 of Chapter 2.

start from a single node, and the second operates in O(¢A log(\) 4+ nf + m) rounds when agents
begin from ¢ arbitrary clusters, where m is the number of edges, A is the maximum degree, and A
is the maximum ID-length. In addition, we propose a distributed In(A)-approximation algorithm

for computing a minimum dominating set, which completes in O(nA log()\)) rounds.

Problem Reference | Knowledge | Time Complexity | Memory | Initial
(Rounds) Config.
ion 3.4.1 — 1
Minimal Dominating Set Sect%on O(m) O(logn) Ro?ted
Section3.4.2 | A\ A,n, ¢ |OWAlogA+nl+m)| O(logn) | Arbitrary
Approximate Minimum | Section 3.5 A\ n O(nAlog\) O(logn) | Dispersed

Dominating Set

Table 1.7: Summary of our results on computing dominating sets using mobile agents. Details
are provided in Table 3.1 of Chapter 3.

Chapter 4 - Agent-Based Discovery of Dense Subgraph Structures with Triangles and
Butterflies. In this chapter, we present distributed algorithms for » mobile agents operating on
anonymous graphs to solve triangle counting and its extensions, including truss decomposition,
triangle centrality, and local clustering coefficient. Our algorithms run in O(A log A) rounds for
local triangle computations and O(DA log \) rounds for global counts, using only O(Alogn)
bits of memory per agent. Additionally, we propose efficient agent-based algorithms for but-
terfly counting in bipartite graphs, including leader election and spanning tree construction in
O(nlog A) rounds—techniques that extend naturally to general graphs. Butterfly counting at each
node is completed in O(A) rounds, while the total butterfly count for the graph is computed in
O(A + min |A|, | B|) rounds.

Chapter 5 - Constructing Tree Structures in Anonymous Graphs with Mobile Agents.

Breadth-First Search (BFS) and Minimum Spanning Tree (MST) constructions are fundamental
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Problem Reference Knowledge | Time Complexity Memory
(Rounds)
Node-Based Triangle |  Section 4.5.2 AV O(Alog\) O(Alogn)
Counting
Edge-Based Triangle Section 4.5.2 JAWDY O(Alog\) O(Alogn)
Counting
Total Triangle Section 4.5.3 A\ D O(DAlog \) O(Alogn)
Counting
Truss Section 4.6.1 A\, D O(mAlogA\+mD) | O(Alogn)
Decomposition
Triangle Centrality Section 4.6.2 A\, D O(Alog ) or O(Alogn)
O(DAlog\)
Local Clustering Section 4.6.3 JAWDY O(Alog\) O(Alogn)
Coefficient
Node-Based Section 4.11 A o(A) O(Alogn)
Butterfly Counting
Total Butterfly Section 4.11 A O(A+min{|A|, |B|}) | O(Alogn)
Counting

Table 1.8: Summary of our results on triangle and butterfly analysis using mobile agents. Other
details are provided in Table 4.1 of Chapter 4. In all of these problems, the agents start
at a dispersed configuration.

primitives in distributed graph algorithms. In this chapter, we study these problems in the same
agent-based network, where n autonomous mobile agents operate on an anonymous n-node,
m-edge graph G in synchronous rounds. The agents start from a dispersed configuration, with
exactly one agent located at each node, and communicate only when they meet at the same node.
We first present an MST construction algorithm, which improves over previous works and elects a
unique leader agent. The algorithm runs in O(n logn + A log® n) rounds using O(log n) memory
per agent, where A is the maximum degree of G. We then present BFS constructions for both
known-root and root-free settings. When a root is already known, the agents construct a BFS tree
in O(DA) rounds using O(log n) memory per agent, where D is the diameter of G. In the root-
free setting, a leader is first obtained through the MST construction and is then used as the root
for BFS. In this case, the overall BFS construction takes O(min(DA, m log n)+nlog n+Alog®n)
rounds using O(logn) memory per agent. In this chapter, we assume that each agent knows \,

the maximum agent identifier, and no other graph parameter is required to be known a priori.

Conclusion and Future Works 6 In this chapter, we provide a summary of the thesis’s main

contributions and highlight several interesting problems for future research.
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Problem Reference Knowledge Time Complexity Memory
(Rounds)
Section 5.4 A O(nlogn + Alog®n) O(logn)
Leader Election | Kshemkalyani et - O(m) O(log? n)
al. [69]
Kshemkalyani et n, A O(nlog®n + DAlogn) O(logn)
al. [71]
Section 5.4 A O(nlogn + Alog?n) O(logn)
MST , Kshemkalyani et - O(m + nlogn) O(max(A,logn)logn)
Construction al. [69]
Kshemkalyani et n, A O(m +nlog?n + O(Alogn)
al. [71] DAlogn)
BES Section 5.5 A O(nlogn+ A log?n + O(logn)
Construction min(mlogn, DA)
Section 5.5 root O(min(mlogn, DA)) O(logn)

Table 1.9: Comparison of our results with major related works for leader election, MST construc-
tion, and BFS construction using mobile agents. A more detailed discussion is provided
in Chapter 5.
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Chapter 2

Crash-Tolerant Dispersion Algorithms for
Mobile Agents

In this chapter, we study the dispersion problem, where k£ < n mobile agents must spread across
an n-node anonymous graph so that at most one agent occupies each node. We consider this
problem in the presence of crash faults, aiming to achieve dispersion regardless of the initial
placement of the agents. In a crash-fault setting, up to f < k agents may fail arbitrarily by
crashing, thereby losing all stored information and becoming incapable of communication. We
solve the dispersion problem under crash-fault conditions by analysing two different initial con-
figurations: (i) the rooted configuration, and (ii) the arbitrary configuration. In the rooted case,
all agents start at a single node. In contrast, the arbitrary configuration allows the agents to be
initially distributed across the graph in ¢ < k arbitrary clusters. For the rooted case, we design an
algorithm that achieves dispersion in the presence of faulty agents in O(k?) rounds, improving
upon the prior results by [99, 100]. For the arbitrary configuration, we present an algorithm that
solves dispersion in O(( f + ¢) - min(m, kA, k?)) rounds. Both our algorithms use O(log(k + A))

bits of memory per agent.
This chapter is based on the following works:

Prabhat Kumar Chand, Manish Kumar, Anisur Rahaman Molla, Sumathi Sivasub-
ramaniam. Fault-Tolerant Dispersion of Mobile Robots. In: Algorithms and Discrete Applied
Mathematics. Proceedings of the 9th International Conference, CALDAM 2023, Gandhinagar,
India, February 9-11, 2023. Lecture Notes in Computer Science, vol. 13756. Springer, Cham, pp.
28-40. https://doi.org/10.1007/978-3-031-25211-2_3

Prabhat Kumar Chand, Manish Kumar, Sumathi Sivasubramaniam, and Anisur
Rahaman Molla. Fault-Tolerant Dispersion of Mobile Robots. Discrete Applied Mathematics,
Elsevier, Vol. 377, pp. 299-313, 2025. DOI: 10.1016/j.dam.2025.06.068.
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2.1 Introduction

The dispersion of autonomous mobile agents to spread them out evenly in a region is a problem
of significant interest in distributed robotics, e.g. [53, 54]. Initially, this problem was formulated
by Augustine and Moses Jr. [9] in the context of graphs. They defined the problem as follows:
Given any arbitrary initial configuration of £ < n agents positioned on the nodes of an n-node
anonymous graph, the agents reposition autonomously to reach a configuration where each agent
is positioned on a distinct node of the graph. Mobile agents dispersion has various real-world
and practical applications, such as the relocation of self-driving electric cars (agent) to recharge
stations (nodes) (finding a free or empty charging station, assuming that the cars have smart
devices to communicate with each other), exploration (to visit each node of the graph in minimum
possible time), scattering (spread out in an equidistant manner in symmetric graphs like rings),
load balancing (nodes send or receives loads, and distributes them evenly among the nodes),
covering, and self-deployment can all be explored as mobile agent dispersion problems [68, 72,
74, 75].

The problem has been extensively studied in different graphs with varying assumptions since
its conceptualisation [92, 68, 74, 72, 73, 75, 76, 93, 94, 95]. We continue the study about the trade-off
between memory requirement and time to solve the dispersion problem. In [99], the authors have
studied the problem of dispersion in a setup where some of these mobile agents are prone to crash
faults. Whenever an agent crashes, it loses all its information immediately, as if the agent had
vanished from the network. This makes the problem more challenging and brings the problem to
a more practical level, where, quite naturally, some agents may be faulty, and one could expect
them to crash at any moment. With the limited resources that these agents have, it is a challenging
job to figure out how they can coordinate with each other and perform large, distributed tasks.
We have continued to study the efficacy of the problem in the same faulty environment. We have
studied the dispersion problems with the rooted and arbitrary configuration of the agent with

faulty setups and have been able to provide two fault-tolerant algorithms [25].

In our work, we mainly discuss two problems of mobile agent dispersion in the presence of
crash-fault: i) rooted configuration and ii) arbitrary configuration. In the rooted case, all agents
are placed together at a single node (called the root) at the start. On the other hand, the arbitrary
configuration is a general configuration where the agents are initially placed in some ¢ < k clus-
ters arbitrarily across the graph. Our first algorithm works for the rooted configuration by using
depth-first search (DFS) traversal and improves the round complexity from O(f - min(m, kA))

rounds in [99] to O(k?) rounds (in the worst case, improvement is from cubic to quadratic). The
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second algorithm for the arbitrary graph is an entirely new result whose complexity depends
upon the factors like the number of faulty agents ( f), number of agent clusters (¢), total number
of edges in the graph (m), number of agent (k) and the maximum degree of the graph (A). In
this case, we have a round complexity of O((f + ¢) - min(m, kA, k?)). Both of our algorithms
maintain an optimal level of memory requirement for each agent, requiring O(log(k + A)) bits

per agent.

2.1.1 Challenges and Techniques

Both of our algorithms, Algorithm 1 and Algorithm 2 have Depth First Search (DFS) as their foun-
dation. Since the nodes themselves are indistinguishable, navigation is done via the agent that
settles on the nodes. Furthermore, the agents cannot communicate between themselves unless
they are in the same node. In a crash setting, this causes immediate problems in navigation. Faulty
agents, when they crash at inappropriate times, can also create endless cycles or can increase the
number of clusters on the arbitrary initial configuration. In this chapter, we have tried to solve
the problem by overcoming the said challenges, minimising the time complexity and keeping an

optimal memory requirement for each agent.

For the rooted initial configuration, we perform a DFS on G from the root vertex. Agents
from the root are released one by one as they explore the graph sequentially. The first agent from
the root settles down at the root and sets the minimum port number (that is yet unexplored)
available at the root as its current direction pointer (cdr). The next agent follows the cdr of the
previous agent and reaches a new node, where it settles and sets its own cdr pointer. Continuing
in a similar way, the succeeding agent builds upon the DFS and continues to explore the graph.
While exploring the graph, the agent can complete the exploration of a certain part of the graph
via a particular vertex when we set the backtrack value of the agent in the particular vertex to 1.
This ensures no agent further visits this part of the graph unnecessarily. In our algorithm, the **
agent is sent only after 3i rounds have elapsed. The i’* agent uses the 3i rounds to explore and, if
needed, return to the root (the agent returns to the root if it does not find a new node to settle after
27 rounds). In such a case, the agent keeps exploring new edges before it breaks out into a new
path and settles at a new node there. During the algorithm, if any agent crashes, the succeeding
agent from the root, which follows the previously set DFS path, corrects any inconsistency in
the pointers of the settled agent caused due to crashing. We claim that each such crash could
only extend the number of rounds by an O(k), at-most (Lemma 2.2) and eventually the algorithm

(Algorithm 1) completes in O(k?) rounds.
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The arbitrary configuration required a different approach, however. At the start, we have
¢ < k clusters of agents at ¢ different nodes of the graph. Our algorithm (Algorithm 2) runs in
phases, where each phase consists of min(m, kA, k?) rounds. At the start of each phase, each
cluster begins a counter that counts down from min(m, kA, k?). At the start of the phase, each
cluster C; begins exploring the network in parallel using a DFS approach. Unlike the rooted
configuration, individual agents do not explore and return, but the entire cluster moves together.
Whenever a cluster encounters a new (empty) node in the network, the agent with the current
highest ID in the cluster settles and updates its flag variables accordingly. Each time the cluster
moves through an edge to a different node, the counter is decreased by 1. When the counter
becomes zero, all flags are reset. After that, each cluster starts exploring the network with its
current node as a point of origin. This continues until all agents in the cluster settle, or the
algorithm ends. The algorithm completes in O((¢ + f) min(m, kA, k?)) rounds with each agent
requiring an optimal O(log(k + A)) bits of memory.

2.2 Related Works

The problem of dispersion was first introduced in [9] by Moses Jr. et al. , where they solved the
problem for different types of graphs. They had given a lower bound of 2(log n) on the memory
of each agent (later, made more specific with (2(log(max(k,A))) in [72]) and of (D) on the
time complexity, for any deterministic algorithm on arbitrary graphs. They also proposed two
algorithms on arbitrary graphs, one requiring O(logn) memory and running for O(mn) time,

while the other needing a O(n log n) memory and having a time complexity of O(m).

Kshemkalyani and Ali [68] provided several algorithms for both synchronous and asyn-
chronous models. In the synchronous model, they solved the dispersion problem in
O(min(m, kA)) rounds with O(klog A) memory. For the asynchronous cases, they proposed
several algorithms, one particularly requiring O(A®) rounds and O(D log A) memory, while an-
other requiring O(max(log k, log A)) memory and having a time complexity of O((m —n)k). In
a later work, Kshembkalyani et al. , in [72] improved the time complexity to O(min(m, kA) log k)
keeping the memory requirement to O(logn), while requiring that the agent know the param-
eters m, n, k, A beforehand. In subsequent work, [111] kept the time and memory complexity
of [72] intact while dropping the requirement of the agent to have prior knowledge of m, k, A.
Kshemkalyani and Sharma [76] improved the time complexity to O(min(m, kA)). Works of [92]
and [35] used randomisation, which helped to reduce the memory requirement for each agent.

Recently, there have been two significant advancements in fault-free dispersion problems. Sudo et
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al. [116] improved the time complexity of dispersion from O (min(m, kA)) to O(k log min{k, A})
in the rooted initial configuration, and to O(k log k log min{k, A}) in the arbitrary configuration,
both using only O(log(k + A)) bits of memory per agent. They also proposed an O(k) (time-
optimal) algorithm for the rooted configuration that requires O(A + log k) bits of memory per
agent. Quite recently, Kshemkalyani et al. [70] presented an optimal O(k)-round algorithm for
dispersion in both rooted and arbitrary configurations, while maintaining the memory usage at
O(log(k + A)) bits per agent. Furthermore, in the asynchronous setting, they proposed an algo-
rithm with time complexity O(k log k) and memory complexity O(log(k + A)) per agent, which
is time-optimal within an O(log k) factor.

In [73], Kshemkalyani et al. , studied the problem in the Global Communication Model, in
which the agents can communicate with each other irrespective of their positions in the graph'.
The authors obtained a time complexity of O(kA) rounds when O(log(k + A)) bits of memory
were allowed at each agent. Whereas, when agent were allowed O(A + log k)) bits, the number
of rounds reduced to O(min(m, kA)). Both were for an arbitrary initial configuration of agents.
They also used BFS traversal techniques for investigating the dispersion problem. The BES traver-
sal technique yielded a time of O((D + k)A(D + A)) rounds with O(log D + Alog k) bits of
memory at each agent, using global communication, for an arbitrary starting configuration of
agents. Here, D denotes the diameter of the graph. The problem was also studied on dynamic
graphs in [74], [2], [87]. Graph Exploration, which is a related problem, has also been intensively
studied in literature [14] [33] [37] [43]

The dispersion problem has also been recently studied for configurations with a faulty agent.
In [90], Molla et al. , considered the problem for anonymous rings, tolerating weak Byzantine
faults (agents that behave arbitrarily but cannot change their IDs). They gave three algorithms
(i), the first one being memory-optimised, requiring O(log n) bits of memory, O(n?) rounds and
tolerating up to n — 1 faults. (ii) the second one is time optimized with O(n) rounds, but require
O(nlogn) bits of memory, tolerating up-to n—1 faults. (iii) the third one runs in O(n) rounds and
O(log n) memory but cannot tolerate more than [”1—_74] faulty agents. In [95], the authors proposed
several algorithms for dispersion, with some of them tolerating strong Byzantine agents (agents
that behave arbitrarily and can tweak their IDs as well). Their algorithms are mainly based on the
idea of gathering the agents at a root vertex, using them to construct an isomorphic map of G and
finally dispersing them over GG according to a specific protocol. However, their algorithms take
exponential rounds for a strong Byzantine agent starting from an arbitrary configuration. For the

rooted configuration, their algorithm takes O(n?®) rounds but tolerates no more than [n/4 — 1]

'In the Local Communication Model, agents can communicate with each other only when they are at the same
node.



22 Crash-Tolerant Dispersion Algorithms for Mobile Agents

strong Byzantine agents.

Dispersion under crash faults in arbitrary graphs has been studied by Pattanayak et al. in [99]
and [100]. In [99], they considered the problem for a team of agents starting from a rooted config-
uration, where some agents may be crash-prone. Their algorithm tolerates an arbitrary number
of crashes, completes in O(f - min(m, kA)) rounds, and uses O(log(k + A)) bits of memory
per agent. Later, in [100], they improved the time complexity under different memory settings.
The first solves dispersion in O(min(m, kA)) rounds with O(klog(k + A)) bits of memory per
agent, while the second achieves O(min(m, kA)(¢ + f)) rounds using O(log(k + A)) bits. Both
algorithms handle rooted (¢ = 1) and arbitrary configurations, and the agents do not need prior
knowledge of any graph parameters. Despite these recent developments, our algorithms remain
significant due to their optimal memory usage and better time complexity in the rooted setting,
particularly when A > k. A detailed comparison with these works is provided in Table 2.1. Apart
from arbitrary graphs, fault-tolerant dispersion has also been studied in grid graphs in [16, 15].

Algorithm Initial Crash Time Complexity (Rounds) Memory
Config. Handling
Fault-Free Dispersion
[116] Rooted No O(klog min{k, A}) O(log(k + A))
[116] Arbitrary No O(klog klogmin{k, A}) O(log(k + A))
[70] Arbitrary No O(k) O(log(k + A))
Crash-Fault Dispersion
[99] Rooted Yes O(f - min(m, kA)) O(log(k + A))
[100] Arbitrary Yes O(min(m, kA)) O(klog(k + A))
[100] Arbitrary Yes O(min(m, kA) - (£+ f)) O(log(k + A))
Theorem 2.1 Rooted Yes O(k?) O(log(k + A))
Theorem 2.2 Arbitrary Yes O((f +¢) - min(m, kA, k?)) O(log(k + A))

Table 2.1: Summary of results for the dispersion of £ < n agents, including up to f < k crash-
prone agents, on anonymous graphs with m edges and maximum degree A. The param-

eter ¢ denotes the initial number of agent clusters. Theorem 2.2 assumes the knowledge
of m,A,k, f and /.

2.2.1 Our Results

We consider a team of £ < n mobile agents placed on an arbitrary, undirected simple graph,
consisting of n anonymous, memory-less nodes and m edges. The ports at each node are la-
belled. The agents have unique IDs and a restricted amount of memory (measured in number

of bits). These agents have some computing capability and can communicate with other agents,
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only when they are at the same node. We consider two different starting scenarios, based on the
initial configuration of the agent. When the agents start from a single node, we call the config-
uration rooted, otherwise, we call it an arbitrary configuration. We further assume that f < k
faulty agents in the network are prone to crash at any point in time. Our first algorithm for the
rooted configuration crucially uses a depth-first search (DFS) traversal and improves the round
complexity from O(f - min(m, kA)) [99] rounds to O(k?) [25]. The second algorithm for the
arbitrary configuration is an entirely new result whose complexity depends upon the factors: the
number of faulty agents(f), number of agent clusters (), total number of edges in the graph
(m), number of agents (k) and the maximum degree of the graph (A). In this case, the round
complexity is O((f + ¢) - min(m, kA, k?)) [25]. The results are summarised in the following two

theorems:

Theorem 2.1 (Crash Fault with Rooted Initial Configuration) Consider any rooted initial
configuration of k < n mobile agent, out of which f < k may crash, positioned on a single node of
an arbitrary, anonymous n-node graph G having m edges, in synchronous setting DISPERSION can
be solved deterministically in O(k?*) rounds with O(log(k + A)) bits memory at each agent, where
A is the maximum degree of the graph.

Theorem 2.1 improves over the algorithm in [99] (in the worst case, improvement is from
cubic to quadratic) that takes O(f - min(m, kA)) rounds for f faulty agents. The theorem also
matches the optimal memory bound (2(log(max(k, A))) [72]) with O(log(k + A)) bit memory

and can handle any number of crashes.

Theorem 2.2 (Crash Fault with Arbitrary Initial Configuration) Consider any arbitrary ini-
tial configuration of k < n mobile agent, out of which f < k may crash and positioned on { < k
nodes of an arbitrary and anonymous n-node graph G having m edges, in synchronous setting D1s-
PERSION can be solved deterministically in O((f + () - min(m, kA, k?)) rounds with O(log(k + A))

bits memory at each agent.

Theorem 2.2 solves the dispersion for an arbitrary configuration with optimal memory per
agent. The time complexity matches the one conjectured by Pattanayak et al. [99]. When f,  and
A are constants, the time complexity matches the lower bound of Q(k). Moreover, the algorithm

can handle any number of faulty agents. The results are summarised in the Table 2.1.
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2.3 Model Specifications and Problem Formulation

For this problem, we use the general model as described in Section 1.1.2, with the only difference
being in the crash fault assumptions detailed below. We assume that the number of agents,
denoted by £, is less than the number of nodes in the graph, which is n. For this work, we

assume that the agents start at two different starting configurations.

Crash Fault Model: The agents are not fault-proof, and a faulty agent can crash at any
time during the execution of the algorithm. Such crashes are not recoverable, and once an agent
crashes, it immediately loses all the information stored in itself, as if it were not present at all.
Further, a crashed agent is not visible or sensible to other agents. We assume there are f faulty
agents such that f < k < n.

Starting Configuration: We assume two different starting configurations for the k£ agents.

- Rooted Initial Configuration: All the & agents start from a designated node called the
root node.

- Arbitrary Initial Configuration: The agents are placed arbitrarily in small clusters across
different nodes of the graph and represent the most generalised starting configurations for
the agents.

Given a simple, anonymous, port-labelled, connected graph G with n memory-less nodes and
m edges with maximum degree A. Consider a team of £ < n mobile agents residing arbitrarily
on the nodes of the graph, with some of the agents being prone to crashes. We want to devise
algorithms such that each agent, which eventually remains active (some of the agents can crash
during the algorithm), repositions itself to a distinct node of G and remains stationary thereafter,
i.e., no two active agents occupy a single node at the conclusion of the algorithm. Below, we

formally state the problem of fault-tolerant dispersion.

Definition 2.1 (Fault-Tolerant Dispersion). Given k < n agents, up to f of which are faulty (which
may fail by crashing), initially placed arbitrarily on a graph of n nodes, the non-faulty agents, i.e., the
agents that are not yet crashed, must re-position themselves autonomously to reach a configuration

where each node has at most one (non-faulty) agent on it.

Before proceeding to the main sections, we provide a table depicting the agent variables used
in this chapter, in Table 2.2.
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Agent Variables Used in Chapter 2

Variable Values or Type Description
ri 1D Unique ID ID of an agent.
ri.parent Port / null Port through which r; entered and settled at its current
node.
ri.cdr Port number Current direction pointer used to continue DFS traversal.
r;.B 0/1 Backtracking status of the settled agent.
r;.settled 0/1 Indicates whether the agent has permanently settled.
r;.5tate forward, backtrack | Current traversal state of the moving agent/cluster.
r;.cid Cluster ID Stores the identifier of the cluster to which the agent be-

longed when it settled. The cluster ID is defined as the
highest agent ID within that cluster at the beginning of the

phase.
r;.counter Integer Stores the phase counter value, initialized to
min(m, kA, k?) at the beginning of each phase.
r;.priority Cluster ID Maintains the priority associated with the settled agent’s

cluster. Initially, it is equal to the cluster ID (cid), but it
may be updated if the agent is discovered by another cluster
with a higher priority.

Table 2.2: List of agent variables used in this chapter. List of notations on Table 1.2 (Introduction)

2.4 Crash-Fault Dispersion from Rooted Initial Configura-

tion

In this section, we present a deterministic algorithm that disperses the agent from a single-source
(rooted configuration) in the crash fault setting. Our goal is to minimise the round complexity as
well as keep the memory of the agent low (in bits).

2.4.1 Algorithm

In a crash fault setup, due to crashes, it becomes challenging to explore the graph. Typically,
dispersion algorithms rely on the agents themselves to keep track of the paths during exploration.
The presence of a crashed agent in this instance may lead to an endless cycle. Therefore, our goal

is to ensure the dispersion of the mobile agents despite the presence of faulty agents.

In the rooted configuration, to manage the presence of faults, we avoid exploring the graph
together with all the agents. That is, the graph is explored sequentially such that each agent r;
(1 < ¢ < k) does not begin exploring the graph until the previous agent 7;_; is guaranteed to
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have settled. During exploration, whenever an agent r; finds an empty node, it settles down at
that spot. Let us call this algorithm RooTED-CrASH-FAULT-DISPERSION. Below, we explain the

algorithm in detail.

Functionality: For simplicity, let us assume that the agent’s ID lies in the range of [1, k|. Oth-
erwise, the agent can map their IDs from the actual range to the range [1, k], since the IDs are
distinct. We denote the rooted configuration by R.. We slightly abuse notation and use R, to
indicate both the root and the initial gathering of the agents. An agent at IR, traverses the graph
via DFS (Depth First Search) approach, where the decision of which edge to traverse first is based
on the port numbers. The process proceeds in increasing order of IDs, starting with the agent

with the minimum ID at .. R, then sends each agent to explore the graph via DFS.

Let the agent with the current minimum ID at R, be 7;. Then r; begins to explore the graph via
DFS (starting with the minimum port number at R.). Once it leaves ., it has 3¢ rounds within
which it can either i) settle at the first empty node it finds or ii) return to R, if it does not find
an empty node to settle within 27 rounds. More specifically, r; has at most ¢ rounds to traverse
till the point traversed by the previous agent r;_; (let us say to the node v;_;); then ¢ rounds to
explore new edges of GG and settle if a new edge leads to an empty node or otherwise return to
v;_1 (specifically, r; uses i/2 rounds for exploring new edges from v;_; and /2 rounds to return
to v;_1, in case, no new empty node is found); and another 7 rounds to go back to R, for reporting,
if it does not get to settle. If r; reports to R, within 3¢ rounds, then R, ensures that it does not
release the agent with the next lowest ID, say 7;,1. 7; needs to traverse at most (i — 1) edges
to explore the path traversed by r;_; and similarly will require at most ¢ rounds to return to the
base I%.. As r; requires 7 rounds to report at the R, therefore, r; explores the graph only for the
first 2i rounds. Notice that an agent will not traverse a distance of more than (i + 1), before that,
there will be an empty edge at a distance (distance from the root) of (i + 1) and the agent will
settle down there. If r; did not find the empty node within 2: rounds, then it starts to traverse
towards .. In this way, 7; reports to R, within 37 rounds so that 1. does not send another agent
to explore the graph. If r; reports back to ., it re-sends r; to explore the graph once again, this
time allocating it a 3(i + 1) round window. In this way, any r; traverses the graph until it finds an
empty node. Note that in our process, we ensure that there are no two agents that are exploring

the graph at the same time.

To maintain the protocol, each r; maintains the following fields. Its ID (r;), a parent pointer
(r;.parent) that represents the edge it traversed, a current direction pointer (r;.cdr) which indi-

cates the direction it is required to follow. And finally, a backward traversal value (r;.B) which
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is initially 0, and is set to 1 once the backward traversal is complete. Here, our procedure per-
forms the traditional DFS protocol, but one-by-one, that is, the agent does not explore the graph

simultaneously. In the following subsection, we give a detailed procedure for the DFS procedure.

2.4.1.1 DFS Traversal Procedure

Let the agent positioned initially at root R, be denoted by R, = {r1, 72, ..., 71}, where r; is agent

with ID 7. For the rooted configuration, each agent stores the following four variables :

1. r;.parent : the port number through which the agent r; has entered a new empty node and

has settled. Initially, it is assigned to null.

2. r;.cdr : the current direction of a settled agent ;. A settled agent sets cdr as the minimum
available port number; however, as the algorithm progresses and more nodes are explored,

the agent ¢ can change its cdr value, if needed.

3. r;.B : abinary variable denoting backtrack status, initially assigned to 0, takes the value 1,
if and only if every sub-graph accessible through each of r;’s child edges has been explored,

and now, no new part of GG could be explored through the node containing ;.

4. r;.settled : a binary variable, initially assigned 0, takes the value 1, if and only if, r; has

settled at a particular node of ¢

Update procedure: In the first round, the agent r; assigns r;.settled <— 1 and sets ry.cdr < 1,
the minimum port number available at R,.. In the next round, the agent r, at R, reads and exits
through 7;.cdr to land at a new empty node (say w) and consequently sets ry.settled < 1.
Assume that 5 arrived at w through port p,,. 7o writes ry.parent < p,, and if ro.cdr < deg(w),
ro.cdr < ry.cdr + 1, if port ro.cdr + 1 # py, else ro.cdr < ry.cdr + 2. In the third phase,
the incoming agent r3, following the cdr pointers to w, can now decide to march forward or

backtrack based on the following conditions:

 forward : if (p, = ro.parent or p,, = old value of ry.cdr) and (there is at least one port at

w that has not been taken yet). The agent r3 exit w through port ry.cdr

« backtrack : if (p, = ro.parent or p,, = old value of ry.cdr) and (all the ports of w have
been taken already). Then, the agent r3 exits w through port ry.parent. In such case, 73

also sets the backtrack value of 5. B < 1
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There is another condition, denoting the onset of a cycle, under which choosing the backtrack

phase is in order. When an agent r; enters x through p, and agent r is settled at ,

« backtrack : if (p, # r.parent and p, # old value of r.cdr). The agent r; exits x through

port p,, and no variables of r are altered.

Each agent explores the graph one by one and eventually settles. In the 7" phase, an agent
r; has 3 - ¢ number of rounds, in which, it can either settle down or explore i/2 new edges of G
(it takes 7 rounds for r; to come to r;_1, takes additional ¢ rounds to explore i/2 new edges and

return to r;_; and further ¢ rounds to return at R,, following the parent pointers).

Now, coming back to the main algorithm, we explain the Decision part.

Decision: If r; encounters an unexpected child, r,,, i.e., a child whose parent and current pointer
direction are set in the inappropriate direction w.r.t. the perspective of r;, it realises that r, has
replaced an agent that has previously crashed. In such a situation, r; changes (resets) the pointer

variables of r, appropriately (see, Figure 2-1 and Algorithm 1) and the algorithm continues.

In this way, the algorithm continues till all the agents from R, have settled one by one into

the nodes of G. A pseudo-code for the algorithm is provided in Algorithm 1.
Lemma 2.1. In the non-faulty setup, round complexity is O(k?).

Proof. In a non-faulty setup, each agent behaves robustly, and there are no crashes. Therefore,
after the backtracking flag is set on a node, an edge is not traversed again during the DFS traversal.
In traversing a graph from R, two kinds of situations may arise: either an agent r; reaches an
empty node after O(i) edge traversals, or it traverses O(i%) edges. In the first case, there is an
empty node at a distance of O(7). Therefore, 7; settles at the empty node after O(7) rounds. If such
a situation arises repeatedly, then the algorithm takes O(1) +O(2) +- - -+ O(k) = O(k?) rounds.
In the second case, there might be a situation such that r; traverses O(i?) edges to find the empty
node and only encounters previously settled nodes (at most i(i — 1) /2 edges). More precisely, i/2
new edges are traversed in 3¢ rounds. Notice that an agent will traverse only earlier traversed
nodes at a distance (i + 1), if not, then there will be an empty edge at a distance (distance from
the root) of (i + 1) and the agent will settle down there. Therefore, r; covers O(i?) edges in O(i?)
rounds and future agent (i.e., agent having ID r;; V 7 > ) will not traverse these edges again.

Hence, we can conclude that the non-faulty setup takes O(k?) rounds in the given model. O

Lemma 2.2. In the faulty setting, a crashed agent may bring about an extra cost of O(k) rounds in

comparison to the non-faulty setting.
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R.={ri,ra,...19} Re={ra,r3.. R. = {rs,ro}

i

Re = {ro} Re={ro}

Figure 2-1: All agents are initially positioned in a rooted configuration at the root node R.
(Fig. (a)). The algorithm begins with the agent having the minimum ID, r;, settling
at R, and assigning the cdr pointer, represented by the directed teal edge in Fig. (b).
As the algorithm progresses, using these cdr pointers, the remaining agents establish
their positions accordingly, where a faulty agent r3 (marked in red) has also settled
(Fig. (c)). In Fig. (d), as exploration continues, 73 crashes while 7 is still in search of
an empty node. This failure results in 73 losing all its pointers and stored information
(depicted by the dotted red edges representing lost connections). Consequently, g
settles at the node previously occupied by r5. Although its cdr pointer remains valid,
its parent pointer is misdirected. Finally, in Fig. (), agent rg corrects these parent
pointers as it proceeds with its exploration in search of an unoccupied node.
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Algorithm 1 RoOTED-CRASH-FAULT-DISPERSION

Require: An anonymous network of n nodes where f agent are faulty such that f <k <n. k
is the number of agents.
Ensure: Agents Dispersion.

1: Each agent r; maintains its ID, parent pointer, current direction pointer and the backward
traversal pointer as (r;, r;.parent, r;.cdr, r;. B), respectively. Initially, 7;.cdr is the same, i.e.,
the minimum port number, ;. B = 0 for all the k agents at the rooted configuration. r;.B = 1
indicates that the backtrack is done for that settled agent, while r;. B = 0 represents back-
tracking is remaining,.

2: for 7k? rounds do > As stated in Lemma 2.5

The graph is traversed from (R.) via DFS (Depth First Search) by sending the current
minimum ID agent (7;) based on the current direction pointer at R, after every 3i round. If
agent r; reports to R, within 37 rounds, then R, resends r; until there is no report regarding
;. > DFS described in Section 2.4.1.1

4: Each r; settles down at the first empty node it finds and sets all the attributes accordingly.
> See functionality for more detail.

5 if 7; does not find an empty node in 2¢ rounds then

6 r; proceed to reports R.. > r; reports within 37 rounds.
7: else

8 r; settles at the empty node.

9 end if
10: if r; encounters an unexpected parent for r, (v < 7) then > See in decision.
11: r; resets the parent pointer, r,.parent and current direction pointer, 7,.cdr based on

minimum port available.

12: end if
13: end for

14: All the non-faulty agents settle at a unique node.

Proof. When an agent crashes, it loses all its internal information and its ability to interact with
others, effectively disappearing from the network. A crashed agent is no longer recognised by

any other agent in the system. A crash may occur in one of the following three scenarios:

Case (i): Before being dispatched from R.: An agent may crash while still waiting at the

root 1., before beginning its exploration.

Case (ii): During exploration: An agent may crash while actively exploring the graph within

its allocated number of rounds.

Case (iii): After settling: An agent may crash after it has successfully settled at a node.
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We analyse each of these cases separately in terms of their impact on the overall round com-

plexity:

Case (i): If an agent crashes while at R, its absence is immediately detectable by the other
agent waiting at [?.. In such a situation, the next agent in order (i.e., the agent with the next
smallest ID) simply begins its execution when its scheduled round window starts. Since no ex-
ploration had begun, this crash does not cause any deviation from the original schedule. Thus,

there is no extra round cost incurred in this case.

Case (ii): Suppose the ith agent crashes during its exploration. Recall that each agent is
allotted a 3j-round window (where j > ¢ is the number of times an agent (new or exploratory)
has started its exploration from R,). If the agent does not return to 1. within its allocated time
window, the system infers that it has crashed. Consequently, the next agent in line (i.e., 7;11)
begins its exploration at the start of the 3(j + 1) round window. Therefore, the crash is detected
within the existing round budget, and no additional rounds are wasted beyond what was already

allocated. Hence, no extra round complexity is incurred in this case either.

Case (iii): Now consider the case where an agent r; successfully settles at a node v;, but subse-
quently crashes. As a result, the node v; becomes vacant, and all local information maintained by
r;—such as direction pointers, parent references, and backtracking status—is lost. This loss poses
a challenge for subsequent exploration. Depending on the timing of the crash, when the next
agent ;1 begins its DFS traversal, it may either reach v; via the now-stale cdr pointer pointing
to the empty node, or it may encounter v; while backtracking to R.. In either case, ;1 settles at
v;, potentially with incorrectly set parent and cdr pointers. Since the DFS traversal relies on port
numbers and backtracking is coordinated through the parent and cdr pointers, the corruption or
absence of this information causes inconsistencies in the traversal structure. As a result, the next
agent in the sequence, 7;;2, may be forced to re-explore parts of the graph that were previously
discovered by 7;. In the worst-case scenario, r; might have explored up to ¢ — 2 distinct edges
before settling. Consequently, 7;,2 would need to retrace and rediscover these portions of the

graph and correct these pointers on 7;1; incurring an additional cost of O(i) rounds.

Since i can be as large as k, the total additional cost due to such a fault can be at most O(k)

rounds. O

Lemma 2.3. There is (at most) one agent moving (neither settled at its respective node, nor at the

rooted configuration R.) at any instance.

Proof. Proof by contradiction, let us suppose there exist two agents in moving condition, say r;

and 7;,1. Also, assume r; started before, ;1. Now, as r; has not settled, r; reports to R, every 3i
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rounds (Line 5 of algorithm ROOTED-CRASH-FAULT-DISPERSION). But if ; reports every 3i rounds,

then R. does not release the next agent, which is contradictory to our assumption. U

Lemma 2.4. A loop or cycle may be formed by the current direction pointer (cdr pointer). The

algorithm ROOTED-CRASH-FAULT-DISPERSION successfully avoids any loop during dispersion.

Proof. During the execution of the algorithm, a loop or cycle may be formed if an agent r; crashes
at a node v;, then the current direction pointer (cdr pointer) is set by the upcoming agent ;4
with the lowest port and that lowest port might have been traversed earlier. Therefore, a loop
is formed (as shown in Figure 2-1, see A and B). From Lemma 2.3, we know that only one agent
is moving at any instance, say ;1. Therefore, ;.5 (the next agent) starts after r;,; settles. If
r; 12 encounters any agent with an unexpected cdr pointer then r;,, changes the cdr pointer
appropriately (Line 10 of the algorithm RooTED-CrASH-FAULT-DIsPERsION and the Figure 2-1,

see C). Thus, loops are avoided in the network. O

Lemma 2.5. The algorithm ROOTED-CRASH-FAULT-DISPERSION takes at most Tk* rounds and
O(log(k + A)) bits memory.

Proof. In case of round complexity, a non-faulty set-up from Lemma 2.1, the total number of
rounds is 3(1 + 2 + - - + k) < 3k? (in the best case where r; finds the empty node within 3:
rounds). Additionally, an agent can traverse at most i/2 new edges in 3i rounds (in a particular
phase) without settling down on an empty node (in the worst case). Therefore, round complexity
for k(k — 1)/2 edges in the non-faulty setup is < 3k?. Moreover, from Lemma 2.2, we know that
the extra cost incurred for the f agents crashing is at most fk. Hence, overall round complexity
is at most 3k* + 3k* + k% = Tk™.

In case of memory complexity, each agent stores its ID, which takes O(log k) bit space. Along
with that, the parent pointer and current direction pointer take O(log A) bits of memory each.
While the backward pointer takes a single bit. Therefore, the memory complexity is O(log(k +
A)). O

From the above discussion, we conclude the following result.

Theorem 2.1. Consider any rooted initial configuration of k < n mobile agent, out of which f < k
may crash, positioned on a single node of an arbitrary, anonymous n-node graph G' having m edges,
in synchronous setting DISPERSION can be solved deterministically in O(k?) time with O(log(k+A))

bits memory at each agent, where A is the maximum degree of the graph.
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The rooted crash-tolerant dispersion algorithm completes in O(k?) rounds using O(log(k +
A)) bits of memory per agent. This improves the earlier crash-tolerant bound of O(f -
min(m, kA)) in the worst case, where the dependence on the number of faulty agents may make

the running time much larger.

It is also useful to compare this bound with the best-known results for fault-free dispersion.
In the synchronous fault-free setting, dispersion can be solved in optimal O(k) rounds using
O(log(k + A)) bits of memory per agent [70]. Before this optimal result, Sudo et al. [116] gave
an O(klog min{k, A})-round algorithm with O(log(k 4+ A)) bits of memory, and also an O(k)-
round rooted algorithm using larger O(A + log k) bits of memory. These results show that,

without faults, the rooted dispersion problem admits near-linear or linear-time solutions.

In contrast, the present chapter studies the crash-fault setting. Here, a faulty agent may crash
during the execution, lose all its stored information, and break the consistency of the DFS-based
navigation structure. The O(k?) term in our algorithm mainly comes from the sequential re-
lease of agents from the root and the possible need to repair inconsistencies caused by crashes.
Therefore, the fault-free O(k) bound is not directly comparable with our crash-tolerant setting,
but it does suggest that the gap between Q(k) and O(k?) under crash faults. The O(k?) bound
may not be optimal; however, improving it would likely require a more parallel exploration strat-
egy or a faster method for detecting and repairing the effects of crashed agents in anonymous,

memoryless graphs with only local communication.

2.5 Crash-Fault Dispersion for Arbitrary Initial Configura-

tion

In this configuration setting, the agents are distributed across the graph in clusters such that there
are C = {C4,...,Cy} groups of agents at ¢ different nodes at the start, such that ) . C; = k. The
goal of the dispersion is to ensure that the agents are dispersed among the graph nodes such that
each node has at most one agent. In this setting, we assume that the agents are aware of k, f, A, ¢

and m.

2.5.1 High-Level Idea:

Our protocol runs in phases, in which each phase consists of min(m, kA, k?) rounds. At the

start of each phase, each cluster begins a counter that counts down from min(m, kA, k%). Each
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cluster C; then begins exploring the network simultaneously via the traditional DFS algorithm
(in the trivial case of a singleton cluster consisting of only one agent, it considers itself dispersed).
Unlike the rooted configuration, individual agents do not explore and return; the entire cluster
moves together. Whenever a cluster encounters a new (empty) node in the network, the agent
with the current least ID in the cluster settles and sets its pointers appropriately. At the end of
each round, the counter is decreased by 1. When the counter becomes zero, it signals the end of
the phase, and all flags are reset, i.e., all pointers become null, including the pointers of already
settled agents. After that, each cluster starts exploring the network with its current node as a
point of origin. This continues until all agents in the cluster settle. Details of this procedure can
be found in the Algorithm 2.

2.5.2 Details:

There are two main parts to the protocol, i) exploration, ii) encounter. Exploration deals with
the general procedure involved in exploring the graph. While encounter deals with the details

involved in agents from different clusters meeting.

Let’s begin with all the information stored at an agent. Each agent r in a cluster C; consists
of the following pointers cid, parent, cdr, priority, counter and B (backtrack). When an agent
decides to settle at a node, the parent pointer keeps track of the port through which it entered
the node. Similarly, the cdr pointer is used to keep track of the port through which a cluster
leaves the node in which it is settled. And of course, the B of the backtrack pointer keeps track
of the backtrack status of its DFS. Now, we explain below the three additional variables used by

the agent in this case.

(i) cid: cid denotes the ID of the cluster it belonged to when an agent settles. cid of a cluster
C; is determined at the start of the phase, and is the ID of the agent with the highest ID.

(ii) counter: counter is set to min(m, kA, k?) at the beginning of each phase. Note that since
all agents set the counter at the beginning of the phase simultaneously, the counter has the

same value across all agents.

(iii) priority: The priority pointer of a settled agent keeps track of'its priority in various clusters.
Originally, this is simply the cid of the cluster it was part of; that is, the priority of a cluster is
simply its cid. However, an agent’s priority may change if a higher-priority cluster discovers
it and updates its priority pointer. In our work, priority is decided by the cluster’s ID; that

is, between two clusters, the cluster with the higher cid has higher precedence.
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2.5.2.1 Exploration:

As mentioned before, as long as a cluster is non-empty, at the beginning of each phase, each clus-
ter begins exploring the graph via the traditional DFS until the cluster is empty or it encounters
an agent from a higher priority cluster (more on this in the encounter section). In each phase,
each agent in any cluster C; sets its cid and priority to the highest ID in the cluster, and its
counter to min(m, kA, k?). We consider the node in which C; is at the start of the phase to be
its root. C; then follows the traditional DFS format for exploration. It leaves the node via the
smallest unexplored port. If the node is empty, the agent with the current minimum ID, say 7,

sets its parent and cdr pointers and settles at the node.

The update function for the cdr pointer is exactly the same as the one in the rooted case, i.e.,
it follows the traditional DFS procedure, except that all the agents in the cluster move through
the exit port. Here, the agents use a similar DFS traversal technique as explained in DFS Pro-
cedure 2.4.1.1. In the arbitrary case, the whole group moves together except for the agents that
have settled. Whenever an exit port is calculated for moving, every (unsettled) agent in the group

moves out through the port into the neighbouring node.

All agents in C; decrease their counter by one, and C; leaves through the port in r.cdr. If
a cluster ever finds itself returning to a node with an agent r from its own cluster and it has
exhausted all of the ports in which 7 has settled, then it sets r’s backtrack flag. Once a phase has
finished, if the cluster is non-empty, it resets all flags and counters and begins DFS once again.
During exploration, if the cluster C; reaches a node u whose degree is k, then they use BFS to
explore the neighbourhood of u and settle the agent of C; in at most O(k) rounds. However, here
we have not explored what happens if an agent from a cluster C; meets an agent from C);. That
brings us to the next important part of the protocol, the encounters. Details of the exploration

part of a cluster can be found in Algorithm 4.

2.5.2.2 Encounter

This section explains the encounter mechanism used during the dispersion process (see Algo-
rithm 3). An encounter occurs when a cluster meets a settled agent from a different cluster or
a different cluster. In such situations, the next step in the exploration is determined based on
a predefined priority rule. We now describe the details of priority assignment and how it is

updated during encounters.
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Priority Upgradation: Initially, each agent’s priority is set to the cid (cluster ID) of its cluster,
which is defined as the ID of the highest-ID agent in that cluster. Consider a cluster C; where
some agents have already settled, while the remaining are still exploring the graph. During this

exploration, the following three scenarios may arise (see Fig. 2-2):

Case (i): The cluster encounters a settled agent from another cluster with a lower priority.

Case (ii): The cluster encounters a settled agent from another cluster with a higher or equal

priority.

Case (iii): The cluster encounters another cluster that is actively exploring.
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Figure 2-2: Interaction between different types of clusters. In Fig i(a), a high-priority cluster
(in red) encounters a lower-priority agent (in teal) at node B. In such a case, the higher
priority cluster immediately takes over the lower priority agent (Fig i(b)). Conversely,
if a lower priority cluster encounters a higher priority agent (Fig ii(a)), the lower pri-
ority cluster halts and waits at node B until its priority succeeds the priority of the
agent it has encountered at node B (Fig ii(b)). Similarly, if two clusters of lower pri-
ority (depicted in teal and green) meet a higher priority agent at node B (Fig iii(a)),
they merge and wait until its priority becomes higher than that of the agent in B (Fig
iii(b)).
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Let C; be the exploring cluster with priority p;, and suppose it encounters a settled agent
with priority p; at node v. If p; > p; (case (i)), the higher-priority cluster C; takes over and treats

r as if it were an unsettled agent from its own cluster. It performs the following actions:

« Resets all of r’s variables,
o Sets r.priority < p;,

« Assigns r.parent and r.cdr as it would when settling a new agent at an empty node.

This effectively assimilates the encountered agent into the dispersion process of C;.

If p; < pj (case (ii)), then the lower-priority cluster C; halts its exploration for the remainder
of the current phase. Each agent in the cluster begins a local countdown and resumes exploration

at the start of the next phase.

In case (iii), where two or more exploring clusters meet at node v, they merge and adopt
the highest priority among them. Each agent r; in the merged cluster updates its priority as
ri.priority < max{r.priority : r € v}, waits for the current phase countdown to complete, and

resumes exploration as part of the new merged cluster in the next phase.

At the end of every phase, agent update their priorities as follows:

« A singleton agent (i.e., one that is alone at a node) resets all of its variables, considers itself
to have settled, and sets its priority <— null. Unless it is encountered by another cluster,

the agent remains at its location, and these values do not change.

« an agent r; that finds itself at a node v with other agents (i.e., part of a cluster) sets its cluster
ID as r;.cid < max{r.ID : r € v} and updates its priority accordingly as r;.priority <+

r;.cid. Any previously settled agent at v is also reset, and its variables are re-initialised.

The resetting of variables at the end of a phase does not interfere with the correctness of the
dispersion protocol. Each phase is sufficiently long—requiring O(m, kA, k?) rounds—allowing
even the largest cluster (up to k agents) to complete dispersion. Thus, even if an agent’s internal
variables—specifically its parent, cdr, or backtracking status (B)—are reset at the phase bound-
ary, the cluster still has sufficient rounds within the same phase to recompute these values from
scratch and complete its dispersion correctly. While some redundant exploration may occur due
to the resetting of internal variables, all such activity is confined within the O(m, kA, k?) round

window. Therefore, it does not affect the asymptotic complexity of the algorithm.
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Importantly, the number of clusters is non-increasing from one phase to the next. A cluster
may (i) successfully complete dispersion, (ii) survive to continue exploration in the next phase,
or (iii) merge with a higher-priority cluster. In all cases, the number of clusters either remains
unchanged or decreases. Intuitively, allowing (¢ + f) phases—where / is the initial number of
clusters and f is the number of crash-faults - ensures that each cluster gets an opportunity to
complete dispersion in a crash-free environment. We show that by the end of (¢ + f) phases,

dispersion is guaranteed.

Algorithm 2 ARBITRARY-CRASH-FAULT-DISPERSION

Require: An anonymous network of n nodes where f agent are faulty such that f < k < n. kis
the number of agents. The agent are distributed across the network in C' = {C, Cy, ..., Cy}
clusters such that ) ", |C;| < k. The value of f, ¢, m, k and A are known to the agent.

Ensure: agent’ Dispersion.

Each agent r belonging to a cluster C; maintains the following pointers. r.cid, r.priority,
r.parent, r.cdr and r.counter. Initially r.counter is set to min(m, kA, k?),where A is the
maximum degree of the network.

Jj=0.

1: while j < ({ + f) do

2: counter = min(m, kA, k?)

3: while counter > 0 do

4: All non-empty clusters C; perform Explore(C;).

5: counter = counter — 1.

6: end while

7: Reset all pointers to null. Set r.counter = min(m, kA, k?) across all r.
8: j=7+1

9: end while

Lemma 2.6. The effects of an agent crash, that is, the time delay caused by the presence of a crash,

are limited to the phase in which it occurs. After that, it ceases to have an effect.

Proof. Since at the end of every phase, all agent reset their flags, including the parent and cdr
pointers, previously explored paths are equivalent to new unexplored paths in the current phase,
as their pointers are set by the currently exploring clusters. Hence, previous phases do not have

any impact on the DFS running in the current phase. U

Lemma 2.7. Let C; be the cluster with the highest priority in Phase j. C; is guaranteed dispersion
by the end of j if j is fault-free.

Proof. From Lemma 2.6 we know that crashes in previous rounds do not have an effect on ex-

ploration in the current phase. And, in the absence of faults during the phase itself, we see that
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Algorithm 3 ENCOUNTER(C))

Require: A non-empty cluster of agent C;

1:
2:

Y 3
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24:
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30:
31:

32:
33:
34:

if node is not empty and contains an agent r,, then

if r,.cid = C;.cid then
if 7,.B is set then
Return through r.parent.
else
Continue to explore. Update r,.cdr to the minimum unexplored port. Move
through r,.cdr. > See Section 2.4.1.1 for detailed procedure.
end if
end if
if r,.cid # Cj.cid then
if 7, has higher priority then
Wait for counter to become zero.
else
rp.cid = C;.cid.
rp.priority = C;.priority.
rp.parent = port through which C; entered.
Continue to explore. Update r,.cdr to the minimum unexplored port. Move
through r,.cdr. > See Section 2.4.1.1 for detailed procedure.
end if
end if
if 7,.cid = null then > 1,’s flags have been reset.
rp.cid = Cj.cid.
rp.priority = Cj.priority
rp.parent = port through which C; entered.
rp.cdr is set to the minimum unexplored port, and the cluster then moves through
rp.cdr. > See Section 2.4.1.1 for detailed procedure.
end if
end if
if node is not empty and contains clusters Cs; C C' that are not C; then

if C; has highest priority then
Explore (C}).
else
Let C; be the cluster on the node with the highest priority.
C; merges with all remaining clusters in C/C}. It takes the priority of the highest
priority cluster in C/C}.
The clusters wait until the start of the next phase to begin exploration.
end if
end if
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Algorithm 4 ExpLoRe(C))

Require: A non-empty cluster of agent C;
1: if node is empty then
2: Settle agent with current lowest ID in C; (say 7).
3 r.priority <— r.cid.
4 r.counter < counter.
5: r.parent <— port through which r entered the node.
6
7
8

: r.cdr is the minimum port that hasn’t been explored so far.
: end if
: if node is not empty then
9: Perform Encounter(C}).
10: end if

C; exploration is equivalent to a rooted single cluster exploration of the network presented in
Section 2.4.1.1. Thus, it is able to complete its dispersion using DFS without any delays or inter-

ference from other clusters, which takes less than O(min(m, kA, k%)) rounds to complete. [

Lemma 2.8. Each cluster C; € C' is guaranteed to have at least a single fault-free phase in which
it has the highest priority.

Proof. Quite trivially, since there are (¢ + f) phases, each cluster is guaranteed at least one phase

in which no faults occur, and in which they are the highest priority. U

Lemma 2.9. At the end of (¢ + f) phases, all clusters are guaranteed to have dispersed.

Proof. This follows directly from Lemmas 2.7 and 2.8. Each cluster is guaranteed to have at least
one fault-free phase in which it has the highest priority. From 2.6 we know in that phase there is
guaranteed dispersion. Hence, in (¢ + f) phases, we are guaranteed to have total dispersion of

all clusters. O

Thus, we have the following theorem.

Theorem 2.2. In the synchronous setting, the crash-tolerant algorithm for the arbitrary configu-
ration (algorithm ARBITRARY-CRASH-FAULT-DISPERSION) ensures dispersion of mobile agents in an
arbitrary graph from an arbitrary initial configuration in O((f + £) - min(m, kA, k?)) rounds with
each agent requiring O(log(k + A)) bits of memory.

Since the number of clusters ¢ and the number of faulty agents f are both less than the total
number of agents k, we have the following remark.

Remark: 1. If only the number of agents (k) is known and all other factors are unknown to the

network, then the algorithm for arbitrary configuration takes O(k®) rounds.
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2.6 Conclusion

In this work, we studied the problem of dispersion for distinguishable mobile agents operating on
anonymous, port-labelled, arbitrary graphs under the presence of crash faults. We presented a
deterministic algorithm that solves the dispersion problem in two different initial configurations:
(i) the rooted setting, where all agents start at a designated root node, and (ii) the arbitrary setting,
where agents can begin at any location in the graph. Our algorithm achieves a round complexity
of O(k?) in the rooted case and O((f + ¢) min(m, kA, k?)) in the arbitrary case, where k is the
number of agents, f is the number of faulty agents(f < k), £ is the number of initially non-
isolated agent (i.e., agent in a group of size two or more), m is the number of edges, and A is
the maximum degree of the graph. In both settings, each agent uses only O(log(k + A)) bits of

memory.

Several directions emerge for future research. A natural next step is to improve the upper
bound or investigate lower bounds for the dispersion problem, particularly aiming to design a
time-optimal algorithm that uses only O(log(k + A)) bits of memory per agent, for both rooted
and arbitrary initial configurations. Another significant extension is to explore more severe fault
models, such as the Byzantine fault model, where faulty agents may behave arbitrarily under
the control of an adversary. This model can be further classified into the weak Byzantine set-
ting, where agents cannot forge identifiers, and the strong Byzantine setting, where identifiers
can also be forged. Additionally, it would be valuable to study dispersion in the global communi-
cation model, where agents can exchange information without needing to be co-located. Finally,
extending this work to heterogeneous agent systems—where agents differ in capabilities, mobility,
or communication protocols—would make the model more representative of real-world applica-
tions such as search and rescue, surveillance, or multi-platform robotic operations. For instance,
in a search-and-rescue scenario, aerial and ground agents may be equipped with different sensors
and actuation capabilities, and understanding the challenges of autonomous coordination in such

systems would be an intriguing research direction.

2.7 Dispersion as a Primitive for Later Chapters

In this chapter, we studied dispersion as an independent problem in the presence of crash faults.
However, dispersion also plays an important role throughout the rest of this thesis. Several later
chapters begin from a dispersed configuration, which provides an organised starting point be-

fore performing more involved graph computations. Once the agents are dispersed, each node
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is occupied by an agent that can act as its local representative. Information that would normally
be stored at a node in a classical distributed algorithm can instead be maintained by the corre-
sponding agent. Similarly, communication between neighbouring nodes can be realised through
agent movement, local meetings, and information exchange. This enables graph computations to
be carried out in a manner similar to message-passing systems while preserving the restrictions

of the mobile-agent model.

At the same time, a dispersed starting configuration does not directly simulate the message-
passing model. The agents remain mobile, the nodes are anonymous and memoryless, and com-
munication is possible only when agents meet at the same node. As a result, even after dispersion
is achieved, the algorithms developed in later chapters require additional coordination mecha-
nisms that are specific to the mobile-agent setting. To the best of our knowledge, several of the
problems studied later in this thesis are investigated for the first time in the mobile-agent model.
These include dominating set computation, triangle and butterfly counting, truss decomposition,
BFS tree construction, and MST construction. Although these problems have been extensively
studied in classical graph algorithms and distributed message-passing systems, solving them us-

ing locally communicating mobile agents requires new algorithmic techniques.

In many of these settings, starting from a dispersed configuration simplifies both the design
and analysis of the algorithms. Moreover, the cost of obtaining dispersion is often asymptotically
smaller than the cost of the graph computation that follows, and therefore does not dominate
the overall complexity. The role of dispersion also differs across chapters. In some cases, it is
necessary because computations must be performed locally at many nodes, while in others, it

mainly serves as a convenient design choice that simplifies coordination.

Alternative approaches without full dispersion may also be possible. One natural direction
is to study settings where the number of agents is smaller than the number of nodes, allowing
an agent to periodically visit and serve multiple nodes over time. Such oscillating agents may
emulate several local representatives, although this would require additional coordination and
would likely increase the complexity. We briefly discuss this direction in Chapter 6. Thus, in this
thesis, dispersion serves both as an independent coordination problem and as a useful starting

point for more advanced graph computations using mobile agents.



Chapter 3

Algorithms for Finding Dominating Set
using Mobile Agents

In this work, we study the problem of finding small dominating sets of a graph G using mobile
agents. The dominating set problem is fundamental in the field of mobile agents as it opens up
a way for solving various coordination and coverage problems, e.g., guarding, covering, facility
location, transport routing, etc. In this work, we first present two algorithms for computing a
minimal dominating set: (i) an O(m) rounds algorithm if the agents start from a single node (i.e.,
gathered initially), (ii) an O(¢/A log(\) 4+ nf + m) rounds algorithm, if the agents start from mul-
tiple nodes (i.e., positioned arbitrarily), where m is the number of edges and A is the maximum
degree of GG, / is the number of clusters of the agents initially and \ is the maximum ID-length of
the agents. Then we present a In(A) approximation algorithm for the minimum dominating set
which takes O(nA log(\)) rounds.

This chapter is based on the following work:

Prabhat Kumar Chand, Anisur Rahman Molla and Sumathi Sivasubramaniam Run for
Cover: Dominating Set via Mobile Agents. In: Georgiou, K., Kranakis, E. (eds) Algorithmics of
Wireless Networks. ALGOWIN 2023. Lecture Notes in Computer Science, vol 14061. Springer,
Cham. https://doi.org/10.1007/978-3-031-48882-5_10

3.1 Introduction

Research on autonomous mobile agents has become an area of significant interest in the field
of distributed computing. As autonomous agents become part of everyday life (in the form of
agents, drones, self-driving cars, etc.), the area becomes more and more relevant. On the other
hand, the dominating set problem is a well-researched classical graph problem. A dominating set
D of a graph G = (V, E) is a subset of the nodes V' such that for any v ¢ D, v has a neighbour
in D. Finding a dominating set has several practical applications. For example, in wireless com-

munications, the dominating set of the underlying network is useful in finding efficient routes
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within ad-hoc mobile networks. They are also useful in problems such as document summarising,

and for designing secure systems for electrical grids, to mention a few.

Covering problems, such as vertex covers, maximal independent sets (MIS), and dominating
sets, also have real-world applications in the field of mobile agents. For example, a minimum
dominating set can form the charge stations or parking places for autonomous mobile agents.
Maximal independent sets can be used to solve the same but also ensure that any two agents are
not close in real life. Both MIS and dominating sets can find a place in the guarding problem,
i.e., placing mobile agents such that agents guard (cover) an entire polygon. In the mobile agent
setting, MIS has been explored in [36, 103, 63]. However, in these works, the agents have some
amount of visibility (they have some knowledge of the graph) while ours have zero knowledge.
While both MIS and dominating sets are of great interest, in this work, we limit ourselves to
solving the dominating set problem in the field of mobile agents. We note, however, that for the

minimal dominating set case, our produced dominating sets are also maximal independent sets.

While the problem is a classic problem in graph theory, several attempts have been made to
solve it in distributed computing research as well [60, 78, 77, 38]. In the field of mobile agents, to
the best of our knowledge, this is the first work to solve the dominating set problem. Our algo-
rithms rely on the ideas used for dispersion to achieve a solution for the dominating set problem.
Dispersion, first introduced by the authors in [9], has been well studied for various configurations
of agents (see [92, 68, 72, 75]). The problem is briefly: on an n node graph G, in which there is
a configuration of agents R, |R| < n, we want to ensure that there is at most one agent on each
node. We take advantage of the fact that most dispersion protocols involve the exploration of GG,
and develop algorithms for calculating dominating sets. In the next subsection, we mention our

major results.

3.1.1 Our Results:

In this work, we show how to compute a minimal dominating set and an approximate minimum
dominating set on an anonymous graph using mobile agents. Let GG be a connected and anony-
mous graph of n nodes and m edges with maximum degree A. Suppose n agents (with distinct
IDs) are distributed arbitrarily over the nodes of G. We develop algorithms for the agents to work

collaboratively and identify small dominating sets of (. In particular, our results (Table 3.1) are:

« an O(m) rounds algorithm for the agents to compute a minimal dominating set on G when
all agents are gathered at a single node initially. The set of dominating nodes also forms an
MIS.
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« an O(¢Alog(\)+nl+m) rounds algorithm for the agents to compute a minimal dominating

set on G when the agents are placed arbitrarily at ¢ nodes initially.

« an O(nAlog())) rounds algorithm for a In(A) approximation solution to the minimum

dominating set on (G, where ) is the maximum ID-length of the agents.

All our algorithms require that the agents have at most O(log(n)) bits of memory. In a recent
work in [66], the authors solved a related problem called the Distance-2-Dispersion problem
(Details in Section 3.1.2) which also produces a MIS in special cases (when the number of agents
is greater than the number of nodes in the graph) in O(mA) rounds with O(log(A)) bits of

memory in each agent.

Problem Knowledge | Time Complexity Memory Initial Remarks
(Rounds) Configuration
Our Results
Minimal Dominating — O(m) O(logn) Rooted Dominating set
Set (Theorem 3.1) also forms a MIS
Minimal Dominating A ANl O(tAlog A-nl+m) O(logn) Arbitrary Dominating set
Set (Theorem 3.3) also forms a MIS
Approximate A\ n O(nAlog \) O(logn) Dispersed In(A)-
Minimum approximation
Dominating Set ratio
(Theorem 3.4)

Table 3.1: Summary of our results on computing dominating sets using n mobile agents in n-node
anonymous graphs.

In this work, dispersion and related organised configurations are useful because they allow
agents to reason locally about domination. Since the nodes are anonymous and memoryless, an
agent placed at or visiting a node can act as the local representative of that node. This helps the
agents decide which nodes should belong to the dominating set and which nodes are already dom-
inated. The algorithms in this chapter use dispersion or partial organisation as a clean starting

point for developing the main ideas in the mobile agent model.

3.1.2 Related Works

3.1.2.1 Dominating Set in Distributed Computing

Finding small dominating sets is one of the most fundamental problems in graph theory and dis-

tributed computing. The dominating set problem is closely related to the set cover problem and



46 Algorithms for Finding Dominating Set using Mobile Agents

is known to be NP-hard [49, 64]. Several distributed algorithms have been proposed for com-
puting dominating sets under different communication models. In [60], Jia et al. proposed one
of the first efficient distributed implementations for the dominating set problem in the CON-
GEST model. Their randomised algorithm, adapted from the greedy heuristic of [85], computes a
In(A)-approximate dominating set in expectation within O(log n log A) rounds. Kuhn and Wat-
tenhofer [78] developed LP-relaxation-based approximation algorithms that compute dominating
sets within a factor of (kA%*log A) of optimal in O(k?) rounds. They also established one of the
first non-trivial constant-round approximation schemes for dominating sets in distributed set-
tings. Later, Kuhn et al. [77] proved lower bounds for approximating minimum dominating sets

and minimum vertex covers in classical message-passing systems. They showed that even ob-

taining polylogarithmic approximation ratios requires at least Q( log’i gn> and Q( lolgoﬁ) ? A)
rounds. More recently, deterministic approximation algorithms with near-optimal guarantees
were proposed in [38]. Their algorithms achieve approximation ratios of (1+¢)(1+log(A+1)) in
the CONGEST model with improved deterministic complexities. The work also studies connected
dominating sets and obtains In(A)-approximation guarantees. In a related direction, Sultanik et
al. [117] studied a distributed variant of the art gallery problem equivalent to computing minimal

dominating sets of visibility graphs.

3.1.2.2 Distance-2 Dispersion and Related Problems

A problem closely related to ours is the Distance-2-Dispersion (D-2-D) problem introduced by
Kaur et al. [66]. In the D-2-D problem, agents settle on nodes such that no two settled agents
occupy adjacent nodes. Additionally, an agent may settle at an already occupied node only when
no valid unoccupied node remains satisfying the distance constraint. The authors showed that
the D-2-D problem can be solved in O(mA) rounds using O(log A) bits of memory per agent
without requiring prior knowledge of m, n, or A. They further observed that when the number
of agents satisfies £ > n, the nodes containing settled agents form a maximal independent set of

the graph.

3.1.2.3 Mobile Agents and Dispersion

The mobile-agent model differs fundamentally from classical message-passing systems because
agents can communicate only through physical co-location. Consequently, many coordination
tasks rely on structured exploration and movement-based communication. One important prim-

itive in this setting is dispersion, where mobile agents rearrange themselves so that at most one
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agent occupies each node of the graph. Dispersion was introduced in [9] and has since been exten-
sively studied under various assumptions and initial configurations [92, 68, 72, 75, 94, 95, 99, 25].
Detailed dispersion literature is already discussed in Chapter 1 and Chapter 2. In this chapter, we
primarily use dispersion as a coordination primitive that enables agents to reason locally about

domination.

3.2 Model and Problem Definition

In this work, we use the same model as described in Section 1.1.2, with one key difference: the
number of agents is exactly n. We study the minimal dominating set problem under two initial
configurations, namely rooted and arbitrary. For a minimal dominating set, we do not assume
dispersed initialisation. However, the approximation algorithm begins from a dispersed configu-

ration.

For computing the approximate dominating set, we use the dispersed configuration as a start
because they allow agents to reason locally about domination. Since the nodes are anonymous
and memoryless, an agent placed at a node can act as the local representative of that node. This
helps the agents decide which nodes should belong to the dominating set and which nodes are

already dominated.

Definition 3.1 (Problem Definition). Consider an undirected, connected n-node simple anonymous
graph G with n mobile agents placed over the nodes of G arbitrarily. Let A denote the maximum
degree of a node in G.

Minimal Dominating Set. The agents, irrespective of their initial placement, rearrange and colour
themselves in such a way that i) there is an agent at each node of G ii) there is a self-identified

subset of agents, coloured black, on D C G which forms a minimal dominating set for G.

Approximate Minimum Dominating Set. The agents, irrespective of how they are initially
placed, rearrange and colour themselves in such a way that a dominating set for G of size at most
a|D*| is identified, where D* is a minimum dominating set. Here « is the approximation ratio to

the minimum dominating set.

Our goal is to design an algorithm for solving the above problems as fast as possible and keeping

a as small as In(A).
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3.3 Preliminaries: DFS Traversal and Protocol MYN

In this section, we present two subroutines that we use in our algorithms. The first one is a simple
depth-first search (DFS) traversal that allows the agents to explore the entire graph and disperse
at the same time. The second one is a protocol that allows two agents on neighbouring nodes to
meet each other if required. But, at first, we provide the list of agent variables used throughout

the chapter and their main functionality.

Agent Variables Used in Chapter 3

Variable Values or Type Description
r; 1D Unique ID Distinguishes agents; also used in PRoTocoL MYN.
ri.parent Port / null Port through which r; first entered its settled node during
DFS.
r;.child Port /0 DFS port used for the next successful movement or explo-
ration.
r;.state forward, backtrack | Current DFS traversal state of the agent.
r;.settled 0/1 Indicates whether the agent is permanently settled.
r;.treelabel Agent ID Identifies the DFS tree or cluster of the agent.
r;.colour white, grey, black | Stores the domination status of the agent/node.
r45.8pan Integer pair Span value used in the approximate dominating set algo-
rithm.

Table 3.2: Agent variables used in this chapter. List of notations on Table 1.3 (Introduction)

3.3.1 DFS Traversal Protocol

The DFS Traversal Protocol is used frequently as a subroutine in several mobile agent problems.
Our work uses the same DFS protocol as described in [76]. Assume that all the n agents are
initially docked at a node, which we call the root node. The high-level idea is to traverse the
graph, node by node, while posting one agent at each node. The DFS protocol begins at the root
where the agent with the least ID settles. The remaining agents leave the root via a computed
exit port to land at a new node. The next smallest ID agent settles at the new node while the
remaining n — 2 agents leave the node to continue exploration. The agent group may need to
backtrack when it encounters a settled agent or when all ports of a node have been explored.
DFS completes when every agent settles. With the end of DFS, the agents achieve dispersion.
The protocol takes O(m) rounds.

We consider a collection of n agents, R = {ry,rs,...,7,} placed initially at a single node called

the root. For simplicity, we assume that r; is the lowest ID agent and ,,, the highest. The objective
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of the DFS Traversal Protocol is to explore the graph in a DFS manner until all the agents are
dispersed. In addition, since |R| = n, it is ensured that G has a distinct agent stationed at each
of its nodes after the end of the protocol. We recall that, for a node w, the ports are numbered

from 1 to d,,, where d,, is the degree of w.

To execute DFS, each agent r is provisioned with the following variables:

 parent— stores the port number through which r has entered an empty node and has settled
(for a settled agent).

+ child— for an unsettled agent r it stores the port number last taken while entering/exiting
a node. r, when settled, stores the port number that the other agents used for exiting a
node except when they entered the node in a forward mode for a second or subsequent

time. child is set to 0 initially.

« state— to indicate if 7 is in a forward mode or backtrack mode. state is initially set to

forward

« treelabel— to differentiate between different DFSs arising from different clusters (mean-
ingful only in an arbitrary initial agent configuration). ¢reelabel is the ID of the smallest

agent in a specific cluster.

« settled— to indicate whether an agent is settled (1) or unsettled (0)

Execution (Update Procedure)

In the first round, the agent r; assigns ry.settled < 1. The remaining agents R \ {r}
decide on the minimum port number available at root (which is 1), set r;.child and exit through
port ry.child to a new empty node u. In the next round, the agent 7, settles at u, and the
remaining agents similarly exit through ry.child leaving 7, at u. Let, at any stage of the DFS, the
agents {r;.1,742,...,7n} arrive at a node w through port p,, with degree ¢,,. Now, the agents

decide on the next course of action based on their state variable:

« state = forward: If w is empty, set r;;.settled < 1, riq.parent = r;q.child.
The remaining agents {r; 2, 73,...,7,} set child < (child + 1) (mod ¢,) and then
riy1.child < child. If child = r;.parent, it implies that all ports at w have been used and
hence the remaining unsettled agents set state <— backtrack. Otherwise if w is non-empty,
{risv1,7ive, ..., rn} set their state to backtrack. In both cases, the unsettled agents now

move out through child.
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« state = backtrack: Let r; be the settled agent at w. The agents {741, 7i12,...,7,} set
child < (child + 1) (mod 6,,) and rj.child < child (this updates the child port on
the settled agent). If child # r;.parent (implying an available port at w), the agents

{ris1,Tit2, ..., rn} switch their state to forward and exit through child port.

The protocol ends when there are no more unsettled agents remaining. Out of the m edges, each
m — (n — 1) non-tree edge is traversed a maximum of four times (twice from either end) and the
tree edges are traversed twice. Hence, the maximum number of rounds required to execute the
DFS Traversal Protocol is 4(m —n + 1) + 2(n — 1) = 4m + 2n — 2. So, we have the following

lemma.

Lemma 3.1. Let G' be an n-node arbitrary, connected and anonymous graph with a maximum
degree A. Let n mobile agents with distinct IDs be placed initially at a single node. Then, the DFS

Traversal Protocol disperses each of the mobile agents into n distinct nodes in O(m) rounds.

3.3.2 ProTocorL MYN

Since the port ordering of nodes is different, it can be tricky to ensure that two agents on neigh-
bouring nodes meet. Also, it is difficult to time the movement of agents and guarantee that two
neighbours meet without access to a global clock. Since it can be essential for two agents to pass
information to each other, arranging ways to ensure such a meeting can be beneficial. PRoTocoL
MYN is helpful in ensuring that an agent is able to communicate with all its neighbours at least
once when required. We use the pairing protocol PRoTocoL MYN to ensure that during a scan for
neighbours, an agent meets all its neighbours. For this, the algorithm essentially exploits the bits
representing the IDs of the agents. Let A denote the largest ID among all the n agents. Therefore,
the agents use a log(\) bit field to store the IDs. ProTocor MYN runs in phases. Each phase
consists of A rounds, and there are a total of log(\) phases. Each phase corresponds to a bit in
the field (with agents having IDs less than log()\) bits padding the rest with Os). The steps in a
phase are simple, starting with the rightmost bit. If the bit is 1, the agent uses A rounds to visit all
its neighbours. If the bit is 0, the agent waits at its node for visitors. Clearly, since all agents have
unique IDs, for any two pairs of neighbouring agents, there exists at least one round in which

the agents have different bits and meet.

Now, to find the neighbouring agents, an agent r; stationed at a node u does the following.

1. Checks the rightmost bit in its ID field.



Preliminaries: DFS Traversal and Protocol MYN 51

. If the bit is 1, r; goes to each of its neighbours one by one from u, following the ascending

order of the port numbers and back. Note that, from w, there are ports numbered from 1 to

du, each leading to a distinct neighbour of w.

. If r; finds an agent 7; (or other multiple agents) in its neighbour, it can exchange required

information.

. Otherwise, if the bit id 0, the agents sits at « and waits for A rounds.

. In the next phase of A rounds, 7; now checks its second bit from the right and repeats the

same process as described in the previous steps.

. The process continues for log A phases, ensuring every bit in the ID field has been scanned.

If there are no more bits remaining in r;./D and log A rounds have not been completed
(implying that r; has a smaller ID length than log A bits), 7; assumes the current bit as 0

and stays back at its own node for the rest of the algorithm.

Clearly, the protocol takes O(log()\)) rounds to ensure that two specific neighbours meet, to

ensure that an agent meets with all its neighbours, it takes no more than O(Alog(\)) rounds.

Hence,

Lemma 3.2. PRoTocoL MYN ensures that an agent meets all its neighbours at least once and takes
no more than O(A log(\)) rounds.

Algorithm 5 PrRoTocoL MYN

Require: A mobile agent r with log \ bit ID field - b1bs...bjog A;
Ensure: r meets every other agent in its neighbourhood

1: forv=1logAto1ldo

2:
3:
4:

R A

if b; is 1 then
for j =1to Ado
r visits neighbour at the port ¢;. If the neighbour contains an agent, it can com-

municate with it.

end for
else
r remains at its node.

end if

end for
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3.4 Algorithm for Minimal Dominating Set

In this section, we show that we can achieve a minimal dominating set for both the rooted and
arbitrary initial configurations. In the rooted case, initially, all agents are gathered at a single

root, while in the arbitrary case, the agents are gathered in clusters across the graph.

3.4.1 Single Source or Rooted Initial Configuration

Let us first consider the case where all the mobile agents are initially housed at a single node
of the graph. We refer to such a configuration as a single source or rooted initial configuration.
We design an algorithm for the mobile agents to work collaboratively to compute a minimal
dominating set of G. In particular, agents identify a subset D of the nodes V' such that D is a
minimal dominating set of G. Given n agents that start from a single source, our algorithm takes
O(m) rounds to find such a D, where m is the number of edges in the graph. Agents are not

required to know any graph parameters.

To solve the dominating set problem in the rooted initial configuration, we modify the stan-
dard DFS traversal (see Section 3.3.1) to allow the agents to simultaneously traverse and compute

the dominating set D.

To ensure that the agents know if they are part of the dominating set for G in the end, each
agent is coloured accordingly. The agents that occupy the nodes D C V are coloured “black” to
distinguish them from other mobile agents. Thus, the set of mobile agents coloured black forms
the dominating set for G. To ensure proper colouring, each agent uses an additional variable
r;.colour along with the ones used for executing the DFS Traversal. r;.colour is used to classify
the nature of the agent with respect to the dominating set. Each agent, at a given time, has one
out of the three colours - black, grey and white. Initially, all agents are white in colour. Agents
change their colour to black once it becomes a member of the dominating set. Agents that are

adjacent to a black coloured agent are coloured grey.

We will now describe our algorithm in detail. As mentioned before, our algorithm for creating
a dominating set follows a modified version of the depth-first algorithm described in Section 3.3.1.
We do so by the addition of an extra step each time an agent explores a new node, to decide an

bl
agent’s colour.

As in the DFS, the collection of agents R = {ry,rs,...,r,} start the algorithm from the

root € V. The agents leave the smallest ID agent r; at root, where r; settles and colours itself
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black. In general, the agents navigate the graph via the DFS protocol with the extra step of
deciding the colour of the agent that settles. This is decided as follows. Each time the agents
decide to settle an agent at the node u, they visit all neighbours of u. If they find a black settled
agent among u’s neighbours, then the agent settling at u colours itself grey, else it colours itself
black. However, the agent that has just arrived at a new empty node with its parent coloured
black can immediately become grey. The remaining agents move via the smallest port available at
u to the next node according to the DFS traversal protocol (see Section 3.3.1), and the algorithm

continues.

The unsettled agents scan their neighbour for black agents only in the forward phase. The
algorithm stops when the last unsettled agent that started from root settles and colours itself.
The nodes of GG, which we notate by D, that have a black agent placed, now form a dominating
set for the graph G.

3.4.1.1 Analysis

Lemma 3.3. Algorithm 6 ensures that each agent is associated with a distinct node in G and that

the subset, D, of agents coloured black forms a minimal dominating set of G.

Proof. During the course of the algorithm, which begins with a group of unsettled agents at a
specially designated node called root, the agents get settled one by one in increasing order of the
IDs, at some distinct node of G. The DFS protocol ensures that the entire graph is explored and
each node in GG contains a settled agent. Since each settled agent gets immediately coloured as
black or grey, Algorithm 6 leaves no agent with the colour white. The black-coloured agents, D,
form the dominating set, whereas the grey agents are the ones that are adjacent to one or more
agents included in the dominating set. Note that an agent is coloured grey if and only if there
exists a neighbour that was coloured black. Since there are no white agents at the end of the

protocol, D is a dominating set of G.

We now prove that D represents a minimal dominating set for the graph G. For contradiction,
let us assume that after the end of the algorithm, we can remove a black node (agent) r, from
D without disrupting its dominating set property. Therefore, D is still a dominating set for G
without 7,. Now, since the algorithm executes sequentially, the parent and every neighbourhood
of r, is grey after the end of the algorithm. It leaves the node 7, uncovered by any black node.

Therefore, D does not form a dominating set for G with r, excluded. O

Lemma 3.4. Algorithm 6 executes in O(m) rounds.
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Figure 3-1: Illustration of Mobile Agents identifying a Minimal Dominating Set. The agents start
at the root node A. The minimum ID agent settles at A and colours itself as black. The
rest of the agents follow the DFS and end up at node B, where the next minimum
ID agent in the group settles and colours itself as grey (since it comes from a black
parent). The rest of the agents now stop at the next node in the DFS, node C. The
settled agent at C scans the neighbourhood (teal coloured edges) and finds no black
agent and hence colours itself as black. The algorithm continues along the DFS route
(blue-directed edges) shown from (iv) to (vii), settles and colours agents accordingly
till it reaches the final configuration (viii). The red edge denotes a backtrack. After
the configuration of (viii) is reached, no new node is discovered, and the algorithm
stops after completing the DFS of the graph.
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Algorithm 6 DOMINATING SET - ROOTED CONFIGURATION (ALGORITHM FOR AGENT 77;)

Require: An n-node anonymous graph with n mobile agents docked at root node.
Ensure: Agents settle over the nodes and identify a minimal dominating set.

1: Letthe agents {rq,7o,...,7;,..., 7, } be docked ata node root. Agent r; maintains the follow-
ing list of variables: (r;.id, r;.parent, r;.child, r;.state, r;.colour), where r;.colour is initially
set to white, r;.parent, r;.child are set to null and r;.state is set to forward.

2: while r; is unsettled do
3: if 7; is not the minimum ID agent among the unsettled agents then
4: move according to DFS Traversal Protocol 3.3.1
5: else
6: if the current node is empty then
7: set 7;.settle «— 1 and inform the other unsettled agents to stay stationary
8: move to and check the colour of its parent agent and return
9: if parent is black then
10: sets r;.colour <—grey
11: else
12: visits each neighbour of the current node and if there is at least one black in
its neighbour, set r;.colour <—grey or else set r;.colour <—black
13: inform the remaining unsettled node about the completion of colouring
14: end if
15: else
16: move according to DFS Traversal Protocol 3.3.1 to find an empty node
17: end if
18: end if

19: end while
20: remains stationary at the current node for the rest of the algorithm
21: The nodes where each black-coloured agent is stationed form the dominating set D of G.

Proof. The algorithm essentially executes a depth-first search, in which it settles the n agents, one
by one. The depth-first search takes up O(m) rounds. In addition to that, once an agent r; settles
at a specific node w, it takes a maximum of O(d;) rounds, where J; is the degree of the node u, to
search for agents among its neighbours, to decide its own colour. Therefore, the algorithm takes
O(m + >_(0;)) = O(m) rounds to execute. O

Memory per agent. Each agent stores its ID, which takes O(log(n)) bit space. Along with that,
the parent and child pointers take O(log(A)) bits of memory each. Other variables take up a
constant number of bits. Therefore, the memory complexity is O(log(n + A)) = O(log(n)) bits.
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Combining it with Lemma 3.3 and Lemma 3.4, we have the following theorem.

Theorem 3.1. Let G be an n-node arbitrary, connected and anonymous graph with m edges. Let n
mobile agents with distinct IDs in the range [0, n¢|, where c is a constant, be placed at a single node,
known as the rooted initial configuration. Then, a minimal dominating set for G' can be found in

O(m) rounds using Algorithm 6 with O(log(n)) bits of memory at each agent.

As a by-product, the Algorithm 6 computes a maximal independent set (MIS). In fact, the set
D is also an MIS for G. Thus, we get the following result on MIS.

Theorem 3.2 (Maximal Independent Set). Let n mobile agents be initially placed at a single node
of an n-node anonymous graph G with m edges. Then there is an algorithm (cf. Algorithm 6) for
the agents to compute a maximal independent set of G in O(m) rounds and with O(log(n)) bits of

memory per agent.

Proof. An agent receives a black colour after ensuring that no neighbour is coloured black. This
ensures that no two adjacent nodes host black agents, guaranteeing D to be an independent set.
Now, let’s assume that we can add a black node v to D while maintaining its independent set
property. Since the agent at v was initially grey, it must have had a black neighbour at some node
u. Therefore, we happen to have two adjacent nodes u and v that are occupied by black agents,
contradicting the fact that D is an independent set. Therefore, no new black node can be added

to the independent set D, making it a maximal independent set (MIS). U

3.4.2 Multi Source or Arbitrary Initial Configuration

In the multi-source (or arbitrary) case, the n agents {ry, 79, ..., r,} startas { < n clusters, placed
arbitrarily at ¢ different nodes of G. Once again, our algorithm for constructing dominating sets
is inspired by the DFS Protocol for dispersion [76]. In this section, we show how we can achieve
a minimal dominating set for such a configuration. For this algorithm, we assume that the agents

are aware of the parameters n, A, ¢, and .

The agents first perform dispersion using the method described in Kshemkalyani [76]. Briefly,
their algorithm allows each of the ¢ clusters to begin DFS independently. If a DFS meets no other

! A recent optimal dispersion algorithm by Kshemkalyani et al. [70] disperses n mobile agents from an arbitrary
initial configuration in O(n) rounds. This can improve the dispersion phase of our algorithm from O(m) to O(n)
rounds. However, it does not asymptotically improve our overall dominating set construction from an arbitrary
configuration, since the post-dispersion construction phase still takes O(m) rounds. Also, as in [76], the algorithm
does not provide termination detection, so agents still need to wait for a sufficiently large number of rounds before
proceeding to the next phase.
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DEFS, then it executes to completion as in the rooted case. If not, their algorithm ensures that
if two (or more) DFSs meet while dispersing, they are all merged into the DFS with the largest
number of settled agents. That is, if DFS 7 meets DFS j and ¢ has more settled agents at the time of
meeting, then j is collapsed, and all of j’s agents join in executing i’s DFS. This act of gathering
all of j into 7 is called subsumption. Thus, when two DFSs meet, the shorter DFS gets subsumed
by the larger one. Note that this means that once dispersion is achieved, there may be several
DFS trees.

Let us assume then, after the end of the algorithm, there are /* < ¢ independent DFSs that
never met (each with its own unique root). Each DFS is identified by a unique label treelabel
(which is the ID of the smallest agent in the tree). Our procedure to create the minimal dominating
set consists of two steps (i) elect a global leader agent r* (ii) with r* as root, use an adaptation of
Algorithm 6 to achieve a minimal dominating set. Note that the dispersion algorithm in [76] takes
O(m) rounds. To ensure coordination, each agent waits to begin the leader election protocol after

cnA rounds for a sufficiently large constant c from the start of dispersion.

Leader Election: We first use the PRoTocoL MYN (see Section 3.3) to ensure that all agents
first meet their neighbours. When an agent meets an agent from a different ID, they share their
treelabels with one another. When an agent receives a lower treelabel value, it updates its own
treelabel to the lower value. After PRoTocoL MYN has been executed, each agent, starting from
the leaf nodes in a DFS (say DFS i), now sends its newly updated treelabel value to the root
of DFS i (root;) via its parent pointers. The root of the DFS i, root;, waits for O(n) rounds as
it receives different values of treelabel continuously from its leaf nodes (up-casting). The root;
now compares the minimum treelabel values received from its children with its own treelabel
and decides on the minimum treelabel. It then sends it along through its children into each
and every node of its, in the DFS (down-casting). All the agents in DFS ¢ are now updated with
the lowest treelabel value. This marks the end of a phase. After the end of ¢ (although ¢* is
sufficient, its value is unknown) such phases, it is guaranteed that each of the n agents in G now
has a consistent ¢reelabel value. The final treelabel value is the minimum among the ¢* DFSs;
however, it may not represent the minimum /D agent, as it may be consumed by a larger DFS
during the dispersion process happening earlier. After the end of the protocol, the agent that has
the globally decided minimum ¢reelabel continues the algorithm. We identify the leader agent

with the minimum treelabel value as 7*.

Creating Minimal Dominating Set: With r* as a leader, it first creates a new DFS of the graph
G with the node containing 7* as the root node. Since the agents are dispersed across each and

every node of GG, the nodes of GG are now distinguishable owing to the distinct IDs of the mobile
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agents in the nodes. r* starts from the root and rewrites the parent and child pointers of each
agent as it traverses across the whole graph G in a depth-first manner. Moving to an empty node
implies that 7* has arrived at the root. In such cases, 7* modifies its own variables accordingly.
The other details regarding the DFS can be found in Section 3.3.1. After the end of this process,
which takes an additional O(m) rounds, the newly assigned pointers of the agents now represent
a DFS of GG with 7* (node) as the root node.

Initially, all the agents are coloured white by default. The identification of the dominating
set takes place in similar lines as with the rooted case described in the previous Section 6. The
algorithm begins with 7* colouring itself black. * then moves the next node (say, node u resided
by an agent r,) following the newly created DFS. Upon the arrival of r* at u, 7, scans each of
its neighbours to check if there is a black agent. If there are no black agents, 7, colours itself as
black; otherwise, if there is at least one black agent in the neighbourhood of u, 7, colours itself
grey. After r,, has changed its colour from white, it informs 7* as 7* now moves to the next node
following the DFS. The process continues similarly with each new node of degree O(9;), taking
O(9;) rounds to scan its neighbour and colour itself accordingly. The algorithm terminates as

soon as r* completes the DFS of G.

Therefore, combining the results from the previous section (Section 3.4.1), DFS traversal and

ProTocoL MYN, we get the following main result.

Theorem 3.3. Let G be an n-node anonymous graph with the maximum degree /. Let n mo-
bile agents with distinct IDs in the range [0,n°|, where c is a constant, be initially placed arbi-
trarily among ¢ nodes of G in { clusters. Then, a minimal dominating set for G can be found in
O(lAlog(X) + nl + m) rounds using the algorithm in Section 3.4.2 with O(log(n)) bits of memory
per agent. \ is the maximum ID-string length of the agents.

Proof. The algorithm in Section 3.4.2 first disperses the n agents over the n nodes using the al-
gorithm in [76], which takes O(m) rounds. We then elect a leader among the agents. There are
at most ¢ DFS trees (as it starts with ¢ clusters initially). Each DFS tree uses PRoTocoL MYN to
communicate with the neighbouring DFS (if any). Once the leaf nodes receive a new commu-
nication from a different DFS, it sends the information to the root of its DFS, which may take
O(n) rounds. In the worst case PRoTocoL MYN may be executed ¢ times to elect the leader. From
Lemma 3.2 we know that ProTocorL MYN takes O(Alog(\)) rounds. Thus, the leader election
requires O(¢(Alog()\) 4+ n)) rounds. The leader agent then finds a minimal dominating set while
forming a single DFS tree using at most O(m) rounds. Finally, the dominating set identification
takes another O(m) rounds. Therefore, the time complexity of the algorithm in Section 3.4.2 is

O(m + £(Alog(A\) +n) +m) = O(m + ¢Alog(\) + nf) rounds. O
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The running time of the multi-source algorithm is O(¢A log A+nf+m), where ¢ is the number
of initial clusters. The dependence mainly on ¢ comes from the arbitrary initial configuration,
since ¢ dictates the number of phases during leader election. Therefore, the term O(¢(A log A4n))
incurs a fixed cost depending on ¢, A, \, and n. When the agents are divided into many small
clusters, ¢ can be large. In the extreme case, { = ©(n), and the term nf may become O(n?).
In such a case, even for a sparse graph where m = O(n), this term dominates the rooted-case
complexity, which is O(m) = O(n). Although the internal information propagation within a DFS
subtree can be fast in this setting (since the tree sizes are smaller), the nature of the algorithm
still requires the same coordination mechanism, which is bounded by the fixed values of n for
internal information propagation within a tree and ¢ for the number of phases. On the other
hand, when ¢ is small, for example, constant, the running time remains close to O(m) as in the
rooted case, apart from the additional neighbour-meeting and coordination costs. Therefore, the
algorithm is most efficient when the number of initial clusters is small, while its cost increases
as the initial placement becomes more fragmented. Now, when A and ¢ become O(n), in such a
case, we obtain the worst-case complexity of O(n?log())) rounds. On the other hand, when A
and / are constants, and the graph is sparse, the complexity becomes O(n) rounds, a best-case

possibility.

3.5 Algorithm for Approximate Minimum Dominating Set

In this section, we describe an approximation algorithm that gives us a dominating set with a size
that is optimal within a factor of In(A) in the mobile agent setting. In the previous algorithms, our
methodology was based on scanning only the 1-hop neighbourhood of an agent to assign an agent
one of the two colours - black or grey. The set of black coloured agents formed the dominating set
for G. Although these previous algorithms (rooted) ran in O(m) rounds, the approximation ratio
of the dominating set size produced with these algorithms to the optimal (minimum) dominating
set could be huge. For example, if we consider a star graph with the agents starting at one of
the leaves, then all leaf nodes become included in the dominating set (Figure 3-2). Although
that dominating set is minimal, it is far from optimal. The optimal in the case of a star graph
is the single non-leaf node at the centre. Therefore, the approximation ratio in such a case can
be as large as O(n). In this section, we adapt the well-known greedy distributed algorithm [85],
to provide a better approximation solution for the dominating set problem in the mobile agent

setting.

In [85], the authors give a greedy distributed algorithm (referred to in the paper as “distributed
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F

(v) optimal dominating set

Figure 3-2: When the agents start at a leaf node (node A), our previous algorithm (Algorithm 6)
produces a minimal dominating set identified by the black nodes as in (v) by execut-
ing through (ii), (iii) and (iv). The figure right next to (v) on the other hand, shows an
optimal dominating set. Therefore, for an n node graph, the size of a minimal domi-
nating set could be as bad as O(n) compared to the optimal.

database coverage heuristic (DDCH)”) for calculating a dominating set with an approximation
ratio of In A to the optimal set size. The same is reintroduced for a synchronous communication
model where the nodes can communicate with each other without moving [60]. The authors
also refined the algorithm to a randomised version, obtaining a better expected running time.
We essentially adopt the greedy distributed algorithm to our own model. The challenge is, of
course, as follows: in the earlier distributed setting, nodes are allowed to communicate with their
neighbours within the span of a round, whereas the agents in our model cannot communicate
with each other unless they are at the same node. While the agents can gather information by
visiting neighbouring agents, it is difficult to time the movement of agents and guarantee that
two neighbours meet without access to a global clock. However, with the help of PRoTocoL MYN
introduced in the previous section, a successful adaptation of the greedy algorithm is possible.

More details follow.

For this protocol, we assume that the n mobile agents of set, R = {ry,79,...,7,} start from a
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dispersed position on graph G. That is, they are initially dispersed among the n nodes of the graph
G with each agent at a distinct node of GG. If the agents are arbitrarily placed over ¢ initially,
the agents could be re-positioned using the dispersion algorithm described in [76]. As in our
previous sections, each agent is assigned a variable colour to keep track of its colour, which can
take one of three values white, grey or black. Let D C G be the set of black agents at the end of
the protocol, and D forms the dominating set of G. A white agent is one that is not (yet) covered
by any agent in the dominating set. The grey agents represent agents that are already covered by

some agent in D. Initially, all the agents are coloured white.

Let span of an agent r;, w(r;), be the number of white agents in the direct (1—hop) neighbour-
hood of 7;, including r; itself. Each agent r; uses an extra variable r;.span for the span values.
r;.span has both the ID and the span count. The basic idea of the protocol is as follows. Each
agent calculates the maximum span value within its 2 — hop neighbourhood. If r is the agent that
has the maximum span within 2 — hops, then r colours itself black and informs its neighbours.
To achieve this, each agent performs the following four stages (of 2A log(\) rounds each) until

there are no white agents left in the graph:

1. r; calculates its span r;.span: The ProTocoL MYN, described in the previous section,
guarantees that r; meets all its neighbouring agents within O(Alog())) rounds (“meet-
ing” includes r; being stationary and a neighbouring agent arriving at r; during these
O(Alog(A)) rounds). Inside the first O(A log()\)) rounds, the agent r; communicates with

its immediate neighbours and evaluates 7;.span.

2. r; gets to know the highest span value within its immediate neighbours
Inside the next O(Alog())) rounds, r; communicates with its immediate neighbours to
know the highest span value within its neighbourhood. If r;.span is the highest span
value among immediate neighbours, r;.span gets replaced by r;.span. For identical span

values, an agent with a lower ID is selected.

3. r; gets to know the highest span value within its 2 — hop neighbours
In the next O(Alog(A)) rounds of the algorithm, r; visits all its immediate neighbours
once again to check if there are any new updated span values (possibly from a neighbour’s

neighbour).

4. if r; coloured itself black, then it informs its neighbours.
After the completion of the first three stages, r; has the information of the highest span and
the agent that has the highest span in its 2 — hop neighbourhood. If ; itself is the agent
with the highest span, it colours itself black. Any agent that receives black colour then
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takes additional O(A log())) rounds to go to its neighbours and colour any white agent in
their neighbour as grey. The key intuition here is that agents with larger spans dominate
a larger number of currently uncovered nodes. Therefore, agents locally compete within a

2-hop neighbourhood, and only the locally strongest candidate joins the dominating set.

Note that once an agent colours itself black, its colour does not change. All agents then reset their
span values, and the next phase of O(A log \) begins. The algorithm runs till each agent r; has

no more white agents in their neighbourhood.

Algorithm 7 In(A) OPTIMAL DOMINATING SET (ALGORITHM FOR AGENT 7;)

1: while there are white agents in the neighbourhood do
2 fori=1to O(Alog\) do > Stage 1
3 Each agent ; € 'R computes its span r;.span using compute span PRoTocoL MYN.
4 if r;.span is zero then
5: Then r; stops executing the protocol. But will provide information if requested.
6 end if
7 end for
8 fori=1to O(Alog)) do > Stage 2
9: Each agent ; € R communicates its span 7;.span its neighbours.
10: end for
11: fori=1to O(Alog\) do > Stage 3
12: Each agent ; € 'R computes the maximum span within 2-hops.
13: end for

14: if r;.span is highest among all agents in the 2 — hop neighbourhood then, > Stage 4
15: r; colours itself as black

16: fori=1to O(Alog\) do

17: r; meets each neighbour and colours any white agent as grey (use PRoTocorL MYN)
18: end for

19: end if

20: Reset r;.span for all r; € R.
21: end while

Lemma 3.5. Let r; and ry, be two agents at a distance of 2 hops from each other. Then, the value of

r.span can be communicated to r; within O(Alog(\)) rounds.

Proof. Since r; and 7}, are at a distance of 2 hops from each other, there exists a sequence of
agents (nodes) (7;,7;,,7%) from 7; to 7. In the first O(Alog())) rounds, r; can communicate
with 7;, to get the value of r;,.span. In the meanwhile, r;, also collects the value of r;.span in
the same O(Alog()\)) round. Therefore, in the second sub-phase of O(A log())) rounds, when

r; communicates with r;, again, r; receives the value of r;.span through r;, or the vice-versa. []
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Lemma 3.6. Algorithm 7 computes a dominating set D which is a In(A) approximation to the

optimal size dominating set D* for the graph G.

Proof. Our protocol emulates the greedy distributed algorithm in [60] by ensuring that the node
with the highest span within a two-hop neighbourhood becomes a part of the dominating set.

Hence the In(A) approximation follows directly from the approximation results in [60, 127]. [

Lemma 3.7. Algorithm 7 takes O(nAlog(\)) rounds to execute.

Proof. There are four stages within a single while loop in Algorithm 7. The first stage starts
by calculating the span of each agent, which takes O(Alog())) rounds. In the next two stages
of O(Alog()\)) rounds, the agents communicate their span to all the agents with a distance of
2 — hops. In the final stage, when an agent gets a colour black (the agent with the highest span in
its 2 — hop neighbourhood), it can take another O(A log(\)) rounds to instruct its neighbouring
agents to colour themselves as grey. So, a single while loop from span calculation till colouring
agents as grey; takes no more than O(Alog())) rounds. As the execution of a single while loop
gives us at least one black agent in the worst case, the algorithm needs at most O(n) iterations

of the while loop. Thus, giving us a complexity of O(nA log()\)) rounds. O

Theorem 3.4. Let G be an n-node arbitrary, connected and anonymous graph with a maximum
degree A. Let n mobile agents with distinct IDs be placed in a dispersed initial configuration. Then,
a In(A)-approximation solution to the minimum dominating set for the graph G can be found in
O(nAlog(X)) rounds using Algorithm 7 with O(log(n)) bits of memory per agent, where \ is the
maximum length of the ID-string of the agents.

Proof. From Lemma 3.6, we know that Algorithm 7 provides a In(A) approximation solution.
And from Lemma 3.7 we know that it takes at most O(nA log(\)) rounds to execute. Thus, the

theorem. O

3.6 Conclusion and Future Work

In this work, we solved the problem of finding the dominating set of a graph G using mobile
agents. When the agents start at a single source, we are able to find a minimal dominating set
in O(nA) rounds. On the other hand, for the multi-source starting configuration, the agents ob-
tained a minimal dominating set in O(¢A log(\) +nf+nA) rounds. Additionally, the dominating

sets obtained by these two algorithms also serve as a maximal independent set for the graph G.
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In the last section, we described an approximation algorithm that gave us a dominating set with

a size that is optimal within a factor of In(A). The approximation algorithm had a running time

of O(nAlog(A)) rounds.

In future work, it would be interesting to investigate the lower bounds in terms of time, mem-
ory and number of agents being used, for the dominating set problem in the same distributed
model. In our work, the dominating sets are also MIS, so it would be interesting to see if it’s
possible to produce dominating sets that are also connected, i.e., connected dominating sets. It
would also be exciting to explore other classical graph problems, such as ruling sets, colouring,
etc., and of course, given practical real-world concerns, adaptation of the algorithms for faulty

agents is an important aspect to be considered for the future as well.



Chapter 4

Agent-Based Discovery of Dense Subgraph

Structures with Triangles and Butterflies

In this chapter, we study triangle and butterfly counting in anonymous graphs using autonomous
mobile agents—a setting motivated by scenarios where direct access to the network is restricted
but decentralised exploration is possible. For general graphs, we design efficient algorithms that
enable each agent to compute node- and edge-level triangle counts in O(A log A) rounds and
collectively determine the global triangle count in O(DA log \) rounds. These form the basis for
computing truss decomposition, triangle centrality, and local clustering coefficients. In bipartite
graphs, we present the first agent-based butterfly counting framework, where agents construct a
spanning tree, elect a leader, and use a local coordination technique to compute butterfly counts
in O(A+min{|A|,|B|}) rounds. All protocols operate without prior knowledge of the graph and
use limited memory, offering scalable solutions for decentralised network analysis in constrained

environments.
This chapter is based on the following works:

1. (a) Prabhat Kumar Chand, Apurba Das and Anisur Rahaman Molla. Agent-Based
Triangle Counting and Its Applications in Anonymous Graphs. (Extended Abstract) In: Pro-
ceedings of the 23rd International Conference on Autonomous Agents and Multiagent Sys-
tems (AAMAS 2024), pp. 2186-2188. https://dl.acm.org/doi/abs/10.5555/3635637.3663102

(b) Prabhat Kumar Chand, Apurba Das and Anisur Rahaman Molla. Agent-Based
Triangle Counting: Unlocking Truss Decomposition, Triangle Centrality, and Local Clustering
Coefficient. arXiv preprint, 2025. https://arxiv.org/abs/2402.03653 (A fully extended and
improved version of the extended abstract, currently under revision on IEEE Transactions

on Networking)

2. Prabhat Kumar Chand, Apurba Das, and Anisur Rahaman Molla. Brief Announce-
ment: Distributed Butterfly Analysis using Mobile Agents. In Proceedings of the 37th ACM
Symposium on Parallelism in Algorithms and Architectures (SPAA 2025), Portland, OR, USA,
July 28-August 1, 2025, pp. 623-627. ACM, 2025. DOI: 10.1145/3694906.3743334.
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4.1 Introduction

Triangle and butterfly counting are two of the most important problems in graph analytics, fun-
damental to revealing the structure, cohesion, and functional roles of nodes within complex
networks. Triangle-based metrics—such as the clustering coefficient [128, 20], triangle central-
ity [84, 1, 22], and truss decomposition [123]—enable identification of tightly-knit communi-
ties and hierarchical substructures [56, 3], with applications spanning web spam detection [19],
content quality estimation [40], database query optimization [17], link prediction in social net-
works [120], and community detection in biological systems [61]. In bipartite networks, but-
terfly motifs—i.e., 2 x 2 bicliques or 4-cycles—serve as analogues of triangles, capturing dense
two-mode interactions and facilitating tasks like dense subgraph peeling [108], community de-
tection [4], and motif-based analytics [126]. Practical uses of butterfly counting extend to fraud
detection [31], recommendation systems, and social media analysis. Prior studies have developed
efficient sequential and parallel algorithms for butterfly counting, including exact and approxi-
mate approaches [107], node-prioritised schemes [125], adaptations to uncertain graphs [136],
decomposition-based strategies [108], and hardware-accelerated solutions using multicore [110],
GPU [133], and distributed computing [129]. In this work, we study both triangle and butter-
fly counting through the lens of autonomous mobile agents in anonymous graphs. Our inter-
est is motivated by applications in private or inaccessible networks, such as underwater navi-
gation [34], military surveillance [82], drone-assisted crowd monitoring [91], social epidemiol-
ogy [41], and WSN deployments in remote environments [5, 39, 58, 55]. In such settings, triangle
counting by mobile agents not only enables local metric computation and global aggregation
but also supports downstream tasks like truss decomposition, triangle centrality, and clustering
coefficient estimation. Moreover, drones can leverage triangle structures for robust SAR com-
munication [135, 104, 132, 130], while bipartite butterfly motifs can reveal interaction clusters in

two-mode networks.

For general graphs, we present algorithms by which each agent can locally compute the num-
ber of triangles incident to its node and to its adjacent edges in O(A log ) rounds, and collectively
compute the total number of triangles in the graph in O(DA log \) rounds, where A and D are
the graph’s maximum degree and diameter, respectively. These serve as building blocks to solve
higher-level tasks: truss decomposition is achieved in O(mA log A + m D) rounds, triangle cen-
trality of each node is computed in O(Alog A) or O(DA log \) rounds depending on whether the
global triangle count is precomputed, and the local clustering coefficient for all nodes is obtained

in O(Alog \) rounds. All our algorithms require O(A logn) bits of memory per agent.
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In bipartite graphs, agents begin by determining their partitions, collaboratively constructing
a spanning tree and electing a leader in O(nlog\) rounds with only O(log \) bits per agent.
A novel local meeting mechanism enables efficient butterfly counting per node in O(A) rounds
and computation of the total butterfly count in O(A + min{|A|, |B|}) rounds. Our techniques
require no prior knowledge of the graph and naturally extend to general graphs while preserving

asymptotic efficiency.

We divide this chapter into two parts: the first part focuses on triangle counting and its ap-

plications, while the second addresses butterfly counting in bipartite graphs.

Part A: Triangle Counting and Its Applications

4.2 Our Contributions

We first enumerate the triangles in the graph GG and apply the triangle counting methodology
to three applications: (i) Truss Decomposition, (ii) Triangle Centrality, and (iii) Local Clustering
Coefficient. Let G be an n-node simple, undirected, anonymous and connected graph with the
maximum degree A and diameter D. Let n mobile agents with distinct IDs with the highest
agent ID )\, be placed at each of the n nodes of G in a dispersed initial configuration. Then, we

solve the following problems.

1. Triangle Counting

« Each agent r; can calculate and output the number of triangles containing the node

where 7; is placed on, in O(A log \) rounds.

» Each agent 7; can calculate the number of triangles based on each edge of GG in

O(Alog \) rounds.

« Each agent r; can calculate the total number of triangles in G in O(DA log \) rounds.
The memory requirement for each agent is O(A log n) bits.
2. Applications

+ Truss Decomposition - The Truss Decomposition Problem for GG can be solved by the

mobile agents in O(mA log A + mD) rounds.
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+ Triangle Centrality - The Triangle Centrality of each node v € G can be calculated in
O(Alog A) rounds if T(G) is known and in O( DA log A) rounds, if T(G) is unknown.
T(G) is the total triangle count of the graph G.

+ Local Clustering Coefficient - The Local Clustering Coefficient of each node v € G,
ie, LCC(v) can be calculated by the n agents in O(A log \) rounds.

The memory requirement for each agent is O(A log n) bits.

A summary of our results has been provided in Table 4.1. The notations are from Section 1.1.1.

4.3 Related Works

4.3.1 Triangle Counting

Triangle counting is a well-studied graph mining problem in both sequential and parallel settings.

4.3.1.1 Sequential Algorithms

In 1985, Chiba and Nishizeki [29] proposed an algorithm for counting all triangles in a simple
graph by computing intersections of neighbourhoods of adjacent nodes with time complexity
O(m%), where m is the number of edges in the graph. Other classical sequential algorithms are
based on the node-iterator [8] and edge-iterator [59] techniques. In the node-iterator approach, the
algorithm iterates over each node v and intersects the adjacency lists of pairs of neighbours of v.
In the edge-iterator approach, the algorithm iterates over each edge and intersects the adjacency

lists of its endpoints.

4.3.1.2 Parallel and Distributed Algorithms

Several distributed and parallel algorithms for triangle enumeration have been proposed for
shared-memory, distributed-memory, multi-core, GPU, and MPI-based systems. In [6], the au-
thors proposed an MPI-based distributed-memory parallel algorithm called PATRIC for count-
ing triangles in massive networks. Shun et al. [112] designed scalable multi-core parallel al-

gorithms for exact and approximate triangle counting on graphs with billions of nodes and
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Problem Knowledge Time Memory per Initial Remarks
Complexity Agent Configuration
(Rounds)
Triangle Counting and Applications
Node-Based JAWDY O(Alog\) O(Alogn) Dispersed Computes T'(v)
Triangle Counting for each node
Edge-Based JAYDY O(Alog\) O(Alogn) Dispersed Computes
Triangle Counting triangle count for
each edge
Total Triangle A\, D O(DAlog\) O(Alogn) Dispersed Computes T(G)
Counting
Truss A\, D O(mAlog A + O(Alogn) Dispersed Computes
Decomposition mD) trussness of
edges
Triangle Centrality AN\ D O(Alog\) or O(Alogn) Dispersed Depends on
O(DAlog\) whether T(G) is
known
Local Clustering AYDY O(Alog\) O(Alogn) Dispersed Computes
Coefficient LCC(v) for each
node
Butterfly Counting in Bipartite Graphs
Partition Detection A O(nlog\) O(log \) Arbitrary Constructs
+ Leader Election + spanning tree
Spanning Tree and elects leader
Node-Based A o(A) O(Alogn) Bipartite, Computes
Butterfly Counting Dispersed butterfly count
per node
Total Butterfly A O(A + O(Alogn) Bipartite, Computes total
Counting min{|Al, |B|}) Dispersed butterflies in

graph

Table 4.1: Summary of the main results for triangle and butterfly counting using n-mobile agents
in n-node anonymous graphs.

edges. In [7], two efficient MPI-based distributed-memory algorithms were proposed for ex-

act triangle counting in large graphs using overlapping partitioning and load-balancing tech-

niques. Ghosh et al. [51] introduced TriC, an MPI-based graph triangle counting method for

shared and distributed-memory systems, which was later improved in [50]. Additional sur-

veys and developments on triangle enumeration in different computational models may be found
in [122, 19, 17, 120, 81, 8, 52, 118, 97].
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4.3.2 Truss Decomposition

4.3.2.1 Sequential Algorithms

In [32], Cohen introduced trusses as a relaxation of cliques and defined a k-truss as a non-trivial
connected subgraph in which every edge participates in at least £ — 2 triangles. Since then, truss
decomposition has been extensively studied in graph mining and community detection [56, 27,
57, 65]. Yang et al. [123] proposed an improved in-memory serialized algorithm for computing all
k-trusses of a graph in O(m!*) rounds using O(m +n) memory. They also proposed I/O-efficient

algorithms for handling massive graphs that do not fit into the memory of a single machine.

4.3.2.2 Parallel and Distributed Algorithms

To handle the computational and memory requirements of massive graphs, several parallel im-
plementations for truss decomposition have been developed. In [62], the authors parallelized
the serialized algorithm of [123] using concurrent-update-friendly data structures. Sariyuce et
al. [109] employed iterative h-index computation, originally formulated in [88], for nucleus de-
composition and established convergence guarantees for both synchronous and asynchronous
settings. Since truss decomposition is a special case of nucleus decomposition, these results di-
rectly apply to truss computation. Voegele et al. [122] proposed a parallel graph-centric k-truss
decomposition algorithm and studied its relation with k-core decomposition. Jian Wu et al. [131]
turther optimised both serialised and parallel truss decomposition algorithms by reducing mem-
ory usage through improved data structures and WebGraph compression techniques. In [42], the
authors extended truss decomposition to probabilistic graphs and analysed convergence bounds
using iterative h-index updates. Many of these works also provide extensive experimental eval-

uations to demonstrate scalability and efficiency.

4.3.3 Mobile Agents and Graph Analytics

Agent-based graph exploration has been studied extensively in distributed computing and mobile
robotics. In [115], Sudo et al. studied graph exploration using a single mobile agent with white-
boards to reduce memory requirements. In [67], the authors investigated Depth-First-Search-
based graph exploration and analysed the trade-off between node memory and agent memory.
Dereniowski et al. [37] proposed collective graph exploration algorithms using multiple agents

and established near-tight bounds relating exploration time and team size under local and global
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communication models. A related line of research studies dispersion, where mobile agents spread
themselves so that at most one agent occupies each node of the graph. Dispersion has been ex-
tensively studied under various assumptions and initial configurations [68, 72, 75, 94, 95, 99, 25].

A detailed literature on dispersion is already discussed in Chapter 1 and Chapter 2.

The mobile-agent model considered in this work has also been used in several recent graph-
computation problems, including maximal independent set construction [103, 98], dominating
set computation [26], BFS and MST construction [69], and other distributed graph analytics tasks

in anonymous networks.

4.4 Model and Problem Formulation

In this work, we use the same model as described in Section 1.1.2 with two significant distinctions.
First, we use exactly n agents for our algorithm, and second, the agents start at a dispersed initial

configuration.

4.4.1 Problem Statements

Triangle Counting using Mobile Agents: Consider an undirected, simple, connected anony-
mous n-node graph G = (V| E') and a collection R = {ry,79,...,7,} of n agents, each of which
is initially placed distinctly at each node of G. We solve the following problems.

(a) Node-Based Triangle Counting: To count the number of triangles incident to a given node.
(b) Edge-Based Triangle Counting: To count the number of triangles based on a given edge.

(c) Total Triangle Counting: To count the total number of triangles in the graph G.

Truss Decomposition, Triangle Centrality and Local Clustering Coefficient: Consider
an undirected, simple, connected anonymous n-node graph G = (V, E) and a collection R =
{ry,ra,...,mn} of n agents, each of which is initially placed distinctly at each node of G. The
n autonomous agents coordinate among themselves to solve the (i) Truss Decomposition Problem

and compute (ii) Triangle Centrality, and (iii) Local Clustering Coefficient of a given node.

In this work, we study the above problems from a theoretical perspective and aim to solve

them while minimising both the number of rounds and the memory per agent as much as possible.
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For easy reference, we provide a table for the list of agent variables used in this chapter, for
different algorithms in Table 4.2

Before presenting the triangle counting algorithm, we briefly describe the motivation for us-
ing the dispersed configuration in this work. Triangle counting is a local subgraph problem,
where each node needs information about its neighbourhood and about connections among its
neighbours. A dispersed configuration is therefore very natural, because each agent can act as
the representative of one node and can collect the local information needed for counting triangles
involving that node. Using a dispersed configuration gives a clean starting point and allows us
to focus on the main difficulty of performing triangle-based computation under local communi-

cation and node anonymity.

4.5 Triangle Counting via Mobile Agents

In this section, we develop algorithms for n mobile agents that are initially dispersed among the
n nodes of the graph G to enumerate the number of triangles in GG. Since the nodes themselves
are memory-less and indistinguishable, the algorithm relies on the memory and IDs of the mobile
agents that reside on the nodes of the graph. Also, since the agents cannot communicate among
themselves (unless they are at the same node), synchronising the movement of the agents is

another challenge.

In our algorithm, the agents (technically representing the nodes they are sitting at) first scan
their neighbourhood. Once all the information about the neighbourhood is collected, the agents
now count the number of common neighbourhoods between two adjacent agents. After each
agent receives that count, the sum of each such count stored at each agent is evaluated, which,
when divided by three, gives us the number of triangles in GG. The algorithm runs in three phases.
In the first phase, the agents learn their neighbours. In the second phase, the agents check the
number of common neighbours with each of their adjacent agents. In this phase, each agent r;
also counts the number of local triangles with 7; as a node and the number of triangles with
(r;,7;) as an edge, where r; is an adjacent agent to r;. In the third and last phase, each agent
collects the local triangle count from every other agent and counts the number of triangles in G.

We now explain each phase in detail below.
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Agent Variables Used in Chapter 4

Variable Values or Type Description
r;. 1D Unique ID Agent ID
ri.edge(r;) Integer Number of triangles containing edge (r;, 7).
ri.local_sum Integer Sum of triangle contributions collected locally by ;.
r;.nbd_list Neighbor Set A variable that stores the list of all neighbours of agent r;.
The size of the r;.nbd_list list is A -log n bits, since it may
store up to A entries.
ri.h(e) Integer Current support/h-index estimate of an edge e dur-
ing truss decomposition. Its final value becomes the
trussness of edge e
ri.scheduled(e) TRUE / FALSE Indicates whether edge e is scheduled for the next truss
update iteration.
r;.change TRUE / FALSE Indicates whether any edge value changed in the current
truss iteration.
ri.N(e) Edge set Stores neighbouring edges participating in triangles with
edge e.
ri.L(e) Integer multiset Stores intermediate support values used for h-index com-
putation.
ri.parent Port / Agent ID Parent reference
r;.child Port / Agent ID Child reference
ri.level Integer BFS/tree level of the agent in the spanning tree.
r;.visitor 0/1 A variable set to 1 if agent 7; is visiting another node from
its home node. When r; is at its home node, the variable
visitorissettoO.
ri.partition A/B Stores the bipartite partition of agent ;.
r;.completion Boolean Initially set to false; becomes true once all children
of r; report completion.
r;.nextport Port Number Stores the next port to be explored by agent ;.
r;.sibling Port Number Used to reduce memory overhead while maintaining child
pointers.
r;.treelabel Agent ID Stores the identifier of the spanning tree (fragment) to
which agent r; currently belongs. Initially set to r;.1D.
r;.leader Boolean Indicates whether agent r; is currently the leader of its
spanning tree.
ri.BN (a;) Neighbor Set Number of neighbors involving agents (nodes) (a;, a;) in
butterfly counting
ri.BN (a;, a;) Integer Number of common neighbors involving agents (nodes)
(ai, a;)
ri.BN(a;, a;) Integer Number of butterflies involving agents (nodes) (a;, a;)
r;.BN (a;) Integer Number of butterflies involving agents (nodes) (a;)

Table 4.2: List of agent variables used in this chapter. List of notations on Table 1.4 (Introduction).
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4.5.1 Phase 1: Neighbourhood Discovery (PrRoTocoL MYN)

Each node is occupied by a distinct (via their IDs) agent before the start of the algorithm, and we
represent each node of GG by its stationed agent. The algorithm starts with Phase I, where each
agent discovers and records its neighbour. This is the same neighbour-meeting protocol intro-
duced in Chapter 3; we revisit it here with some additional details and for ease of reference. As
the IDs of the agents are unknown, agents cannot synchronously start scanning the neighbour-
hood. With each agent executing the same algorithm, agents may not find other agents at their
exact place when they move. Therefore, we need to ensure that each gets to record the correct
neighbour set for it. To do this, we exploit the ID bits of the agents. We use the fact that the IDs

of the agents are distinct. To this end, we state the following lemma.

Lemma 4.1. Let r; and r; be two distinct agents in R, with their ID fields being r;.ID and r;.I1D
respectively. Then, there exists at least one dissimilar bit in r;. 1D and r;.I D with one being 0 and

the other being 1.

Let )\ denote the largest ID among all the n agents. Therefore, the agents use a log A bit field
to store the IDs. Now, to list the neighbouring agents, an agent r; stationed at a node u does the
following. Here, §(u) denotes the degree of a node v and A denotes the maximum degree of a

node in G.

1. For log A rounds r; executes the following.

(a) r; checks the current ID bit in its ID from the right. (At the start, the current ID bit
is the rightmost bit in the ID field).

(b) In the next 2A rounds, r; chooses to do one of the following two:

o If the current ID bit is 0, r; waits at its own node for 2A rounds.

« If the current ID bit is 1, r; visits each of its neighbour and back using port num-
ber 0 till port 6(u) — 1. When r; meets a new agent ry, it checks 7;’s current
ID bit. If the current ID bit of 7, is 0, it adds r; and records it to r;’s neigh-
bours list. (This is to ensure that 7 is the original neighbour of r; and 7, is not an
exploratory agent from a different neighbouring node). The agent 7 also simul-
taneously records r; as its neighbour as well. The agents ignore any agent that

has already been registered.

(c) After the 2A rounds have elapsed, the next left bit in the ID field becomes the current

ID bit. If no more bits are remaining and log A rounds have not been completed
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(implying that r; has a smaller ID length than log A bits), r; assumes the current bit as

0 and stays back at its own node for the rest of the algorithm.

—
=D
(DY

~—

(iii) (iv)

Figure 4-1: Illustration of the neighbourhood meeting protocol used in Phase 1 of the triangle
counting algorithm. The figure shows one representative bit-position of the agents’
IDs around the central agent /, whose ID is 1001. In each 2A-round block, agents
whose current ID bit is 1 visit all their neighbouring nodes one by one and return to
their original node, while agents whose current ID bit is 0 remain stationary. Since
any two distinct IDs differ in at least one bit position, every adjacent pair of agents
eventually has a phase in which one agent moves and the other waits. This guarantees
that the two agents meet and record each other as neighbours. Red arrows indicate
outward visits by active agents, while blue arrows indicate meetings with stationary
agents at the central node. The four subfigures illustrate different bit positions of the
IDs and show how different subsets of agents become active or passive across the
phases.

After the completion of Phase 1 of our algorithm, it is guaranteed that each agent correctly
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records all its neighbouring agents in O(A-log A) rounds, which we prove in the following lemma.

Lemma 4.2. Each agentr; correctly records the exhaustive list of its neighbour agents in O(A-log \)
rounds after the completion of Phase 1.

Proof. Let r; (placed at node v) be a neighbour of r; (at node u). Then there exists a port joining u
to v having a port number between [0, §(u) —1]. Since r; and r; have distinct IDs, there exists a bit
(say the p' bit from the right) in 7;.1 D and r;.I D, which are different from one another (one bit
being 0, the other being 1)[Lemma 4.1]. Without the loss of generality, let us assume that the p*
bit of r; is 1 and the p'" bit of r; is 0. Therefore, when the p'" bit becomes the current ID bit, r;
starts exploring its neighbours one by one, during which it finds the agent r; now stationary at v
with current ID bit 0. Therefore, r; records r; as its neighbour (simultaneously, 7; also registers
r; in its neighbour list). In a similar way, r; records all of its neighbours exhaustively either
by visiting a stationary agent in its neighbourhood or by meeting an exploratory agent from its
neighbour. Phase 1 runs for log A rounds with each round consisting of O(A) sub-rounds to allow

the agents to visit each neighbour. Therefore, Phase 1 completes in O(A - log \) rounds. O

Therefore, with the end of Phase 1, each agent has now enlisted its neighbouring agents in
its memory. We call this particular step PRoTocorL MYN, a protocol for Meeting-Your-Neighbour.
The algorithm now moves to Phase 2, where each agent r; counts the number of triangles with
r; as one of its nodes.

4.5.2 Phase 2: Local Triangle Counting

In Phase 2, each agent, now equipped with the list of its neighbouring agents, visits each of its
neighbours once again, in exactly the same manner as described in Phase 1. Whenever the agent
r; meets its neighbour 7;, they communicate to find out the number of common neighbours they
both have. Since the nodes are anonymous, they are identified using the mobile agents that reside

on the nodes. This communication is also used to update the following variables of r;:

1. r;.edge(r;) : A variable which stores the count of the number of common neighbours of 7;
and r;, which represents the number of triangles based on the edge containing (r;,r;). r;
has A such variables r;.edge(x), where x represents another agent that has an edge with
r;. This, therefore, requires an additional O(A - logn) memory per agent, which forms the
dominant factor in the memory requirement. Each of these variables is initially set to 0. A

variable 7;.edge(z) remains 0 if there are no triangles with (r;, x) as an edge.
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2. r;.local_sum : Initially set to 0, adds up the counts of the common neighbours for each
distinct neighbour of r;. As r; finds its neighbours one by one, it cumulatively adds up the
count of the number of common neighbours with each of its neighbours. Mathematically,

rilocal_sum = ¥;r;.edge(r;), where the sum runs over every neighbouring agent r; of r;.

In the given window of log A rounds (each round containing a A sub-round), as the agents com-
municate with their neighbours, the variables r;.edge(-) are updated. At the end of this phase, 7;
also builds on the count of the variable r;.local_sum = X;r;.edge(r;). To get the correct number
of triangles with 7; as one of the nodes (local triangle counting), we divide r;.local_sum by 2. We

state the reason for the same in the following lemma.
Lemma 4.3. The number of triangles with agent r; as a node is given by %(ri.local,sum).

Proof. First, we observe that if the agents r; and r; have a common neighbour 7, then (r;, 75, ry)
form a triangle with 7; as one of the nodes. Now, the triangle (r;,7;, ;) has been tallied once
while counting the common neighbour of r; with r; and re-counted again as a common neighbour
of r; with ry. Therefore, each (r;,7;, ;) with r; as node, is counted twice, once through r; and
the other time through 7. So, the number of triangles with agent r; as a node is exactly half of

ri.local_sum. O

Thus, at the end of Phase 2, each agent r; gets a local count of the number of triangles with r;
as a node and a list of the number of triangles that are based on the edges adjacent to r;. In the
next phase, the algorithm determines the number of triangles of GG using the counts generated in

this phase.

4.5.3 Phase 3: Counting the Number of Triangles in G

To find the number of triangles in GG, we need to take into account the local triangle counts of each
agent. First, we need to accumulate the 7;.local_sum values of each of the n agents and calculate
the triangles of GG from there. However, due to the absence of a leader agent and the difficulty
of synchronising the movement of the agents, gathering the r;.local_sum is not straightforward.
The high-level idea is to communicate repeatedly with the neighbours and continually gather up

the values of local_sum of each agent, hop by hop, until each agent gets every local_sum value.

As described previously, the agents can reliably communicate with all their neighbours in
A -log A rounds. During the first A -log A round of this phase, the agents communicate with their

neighbours and exchange their local_sum values. An agent r;, along with its own r;.local _sum,
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collects r;.local_sum values from each of its neighbours 7; and stores them in memory. During
the next A-log A rounds, r; meets its neighbour agents r; again to check if they have collected any
new [ocal_sum values (possibly from their own neighbour). r; again stores any new local_sum
record (of its neighbour’s neighbour) that it receives through its neighbour 7; during this phase.
By the end of the second phase, 7; has the information of the [ocal_sum of all the agents that are
at a distance of 2 — hops from it. Now, with the completion of D (the diameter of the graph G,
which is known to the agents), such A -log A rounds, each agent r; now has the local_sum record
of every agent in G. The number of triangles in G is finally calculated by each agent by summing

up the n local_sum values that they have gathered and dividing them by 6.

Lemma 4.4. Let r; and ry, be two agents at a distance of d hops from each other. Then, the value of

ri.local _sum can be communicated to r; within d - O(A - log \) rounds.

Proof. Since r; and 7}, are at a distance of d hops from each other, there exists a sequence of
agents (nodes) (74,74, Tiy, -+ Tiy_,,7%) from r; to 7. In the first O(A - log ) rounds, r; can
communicate with 7;, to get the value of r;,.local_sum. Meanwhile, r;, also collects the value
of 7;,.local_sum during the same O(A - log \) round. Therefore, in the second sub-phase of
O(A -log A) rounds, when 7; communicates with r;, again, r; receives the value of r;,.local_sum
through r;,. Continuing in a similar way, r; is guaranteed to receive the value of ry.local_sum
from ry, at a distance of d hops through the agents r;,, r;,, ..., 7;, , by the end of - O(A -log \)

rounds. O

Let D denote the diameter of the graph . Since any two agents in GG are at most D hops

apart, the following lemma follows from Lemma 4.4.

Lemma 4.5. By the end of Phase 3, which takes O(D - A - log \) rounds, each agent r; has the

complete record of local_sum values of every agent in G.

Lemma 4.6. The number of triangles in graph G is given by % - X (ri.local _sum), where the sum

runs over all the n agents of G.

Proof. The number of triangles with agent r; as a node is given by % - r;.local _sum. Now, since
each triangle is counted once for every node it has, the total number of triangles in G is given by

3 - Sig - (ri.local_sum). O

Notation: We shall denote the number of triangles containing the node v and the total
number of triangles in G with T'(v) and T(G), respectively. For a node v with an agent r; on it,

we use r; and v interchangeably to denote the node.
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At the end of this phase, each agent has the value of the number of triangles in G, i.e., T(G).

In the following theorem, we assemble the list of results we obtained during the 3 phases.

Theorem 4.1. Let G be an n-node arbitrary, simple, connected graph with a maximum degree A
and diameter D. Let n mobile agents with distinct IDs in the range [0, n°| with the highest agent
ID X\ € [0,n°], where c is a constant, be placed at each of the n nodes of G in a dispersed initial

configuration. Then,

1. Each agentr; can calculate the number of triangles with r; as a node i.e., T(r;) in O(A-log \)
rounds.

2. Each agent r; can calculate the number of triangles based on each of its adjacent edges in

O(A -log \) rounds.

3. Each agent r; can calculate the number of triangles in G, T(G), in O(D - A - log \) rounds,

using O(Alogn) bits of memory per agent.

4.6 Applications: Truss Decomposition, Triangle Central-

ity and Local Clustering Coefficient

In this section, we show some applications of our triangle-counting algorithm via mobile agents
in an anonymous graph, namely in solving the truss decomposition problem and computing the
triangle centrality metric and local clustering coefficient for each node of the graph. Truss decom-
position and clustering coefficient calculations using mobile agents offer significant advantages
in environments where decentralised and adaptive operations are crucial. In scenarios with lim-
ited or unreliable communication infrastructure, mobile agents can perform local computations,
reducing the need for extensive data transmission. This capability is especially valuable in tem-
porary or ad hoc networks, such as those formed during disaster response, where agents can
quickly analyse the network’s structure to identify robust sub-graphs or highly connected ar-
eas, ensuring that resources are efficiently allocated. For instance, drones operating in disaster
zones can perform truss decomposition to pinpoint areas of strong connectivity, directing rescue
efforts where the network of survivors or critical infrastructure is most resilient. In urban en-
vironments, mobile agents representing vehicles can compute clustering coefficients to identify

highly interconnected regions of a city, enabling more effective traffic management and resource
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distribution. In the military context, UAVs can employ triangle counting to reveal strategic com-
munication hubs, improving surveillance and ensuring critical areas are secured against potential

disruptions.

4.6.1 Truss Decomposition

We first use the techniques from Section 4.5 to identify a £ — truss sub-graph of a given graph
G using mobile agents, when it exists. A sub-graph 7T} of GG is called a k — truss if every edge
of Ty, is a part of at least k — 2 triangles, i.e., each edge in T}, C G is supported by at least k — 2

triangles in 7.

In our algorithm, we use the popular truss decomposition method to first calculate what is
called the trussness value for each edge. The trussness values are then used to construct the

k — truss sub-graph for any value of k.

Before we explain our algorithms in detail, we formally define support, k-truss and
trussness.

Definition 4.1 (support). For a given graph G(V, E), the support of an edge e € E is the number
of triangles in G that contain e.

Definition 4.2 (k-truss). k—truss is defined as the largest sub-graph Ty, of G(V, E) in which every
edge has support > k — 2 with respect to T},. In case T}, is a null graph, we say k-truss for G' does

not exist.

Definition 4.3 (trussness). The trussness of an edge e is defined as the maximum k such that e

belongs to T}, but does not belong to T}, .

Algorithm for Truss Decomposition: We now propose an algorithm for mobile agents to
evaluate trussness for each edge of the graph G(V, E). The algorithm is based on the parallel
truss decomposition described in [131]. The trussness values determine a partition (thus an
equivalence relation) on F, where each class has the edges of GG with the same trussness value.
Let tx denote the equivalence class of edges having trussness = t;. To find the k-truss, T}, we
construct a sub-graph of G with edges from the equivalence classes ty, txi1, ..., tmax, Where
timaz 1S the maximum trussness of any edge in G. Mathematically, 7}, = U’gzgfti. Therefore, by
computing the trussness for each edge in G(V, E), we obtain a partition (equivalence classes) of
E, thereby obtaining the k-trusses of GG for any k by taking the union of the equivalent classes.
Therefore, the k-truss decomposition of a graph is equivalent to computing the trussness of each

edge in the graph.
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trussness values of each edge in G can be computed efficiently using existing serial and
parallel algorithms. The serial truss decomposition algorithm first calculates support for each
edge and iteratively removes a single edge each time until all the edges of the graph are removed.
Each time, the edges are sorted in ascending order, and the edge with the lowest support is
removed. The removed edge (say e) keeps its final support + 2 as its trussness value. Once e
is removed, the support value of the edges that formed the triangle with e is re-evaluated. The
remaining edges are once again sorted in order before running another pass. The need to sort the

edges in order of support makes the algorithm inherently sequential.

In the parallel version of the algorithm, the sorting condition is relaxed with the use of h —
index upgradation. For a set of integers S, the h — index of S is defined as the largest number A
such that there are at least i elements in S that are equal to or greater than h. The trussness of
an edge is related to the h —index, for the trussness of an edge e can be thought of as the largest
k such that it is contained in at least % triangles whose edges have a trussness value of at least
k. In the algorithm, each edge e in G is initialised to its support as the first approximation to its
trussness. Now, the support values of all triangles with e as an edge are stored in a set L, and
its h — index is computed. At each iteration, the h — index of e is updated to the smallest of its
current value and the h — index of L. The algorithm iteratively updates an edge’s h — index by
computing the h—index of all edges that support it, until achieving convergence when no updates
would happen. The final i — index of each edge before no further updates happen, provides the
trussness value for each edge. We give below the pseudocode of the parallel version of the truss

decomposition algorithm from [131].

Before presenting the algorithm for mobile agents, we first illustrate its execu-
tion using the example in Fig. 4-2. For the graph G, the edge set is F =
{AB,AD,AE,BC,BD,BE,CD,CF,DE}. Let h(e) denote the current support of an edge
e, and let scheduled(e) indicate whether e is marked for evaluation in the next iteration. The
variable updated records whether the h(-) value of any edge changes during an iteration. Two
additional sets, NV and L, are used as local storage: N stores the edges that, together with e, form
a triangle, and for each such triangle (e, ¢/, ¢”), the value p = min{h(e’), h(e”)} is inserted into
L. Finally, H denotes the h-index of the multiset L.

From the figure, the initial supports are as follows: h(BD) = 3; h(AB) = h(AD) =
h(AE) = h(BE) = h(DE) = 2; h(BC) = h(CD) = 1; h(CF) = 0. Every edge is ini-
tially scheduled, i.e., scheduled = TRUE. Since updated = TRUE, the algorithm enters the while
loop (Lines 6-31). For each edge (Lines 8-30), the algorithm constructs /N and L. We illustrate
this process for two edges, AF and BD.
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Algorithm 8 ParaLLEL K-TRrUss DEcomposiTION (FROM [131])

1: function k-TrRuUsS-PARALLEL(G, support)
2 for each edge e € £ do
3 hle] < supportle|, scheduled[e] < TRUE
4: end for
5: updated < TRUE > TRUE if any hle] is updated
6 while updated do
7 updated < FALSE
8 for each edge e € E in parallel do
9 if scheduled|e] = FALSE then
10: continue
11: end if
12: L+ 0, N«<20@
13: for each A contains e do
14: ', e” < the two edges in A other than e
15: N.add(e'), N.add(e")
16: p < min{hle'], h[e"|}
17: L.add(p)
18: end for
19: H + h-index of L
20: if hle] # H then
21: updated < TRUE
22: for each edge ey € N do
23: if H < h[eN] < h[e] then
24: scheduled|ey] < TRUE
25: end if
26: end for
27: hle] < H
28: end if
29: scheduled]e] < FALSE
30: end for
31: end while
32: for each edge e € £/ do
33: trussnessle] <— hle] 4 2
34: end for
35: return {russness

36: end function

Edge AE. In the first triangle containing AF i.e., (AE, AB, BE), we have N = {AB, BE}
and p = min{h(AB), h(BE)} = min{2,2} = 2, giving L. = {2}. For triangle (AE, AD, DE),
we update N = {AB,BE,AD,DFE} and add p = min{h(AD),h(DE)} = min{2,2} = 2,
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Graph G
B
(=
D
4 — truss of G 3 —truss of G

Figure 4-2: The figure illustrates 4 — truss and 3 — truss of the graph G, consisting of 6 nodes
and 9 edges. By definition, a k-truss is a maximal subgraph of GG in which every edge
participates in at least k£ — 2 triangles (i.e., each edge has support > k — 2).

resulting in L. = {2,2}. Thus, after all triangles containing AE are processed, we compute
H(AE) = h-index(L) = 2. In parallel, the edge BD is also processed.

Edge BD. First triangle (BD, BC,CD): N = {BC,CD}, p = min{h(BC),h(CD)} =
min{1,1} = 1, L = {1}. Second triangle (BD,AB,AD): N = {BC,CD,AB,AD}, p =
min{h(AB),h(AD)} = min{2,2} = 2, L = {1,2}. Third triangle (BD,BE,DE): N =
{BC,CD,AB,AD,BE,DE}, p = min{h(BE),h(DE)} = min{2,2} = 2, L = {1,2,2}.
Hence, H(BD) = h-index(L) = 2, decreasing from its initial value of 3.

Since at least one edge (here, B D) satisfies the condition in Line 23, it is scheduled for update.
Specifically, as 2 < h(BD) = 3 < 3, the h value of BD is updated to 2 (Line 27). In the next
iteration of the while loop (Lines 6-31), no further updates occur, and the loop terminates. Finally,

the trussness of each edge is set (Line 33), yielding:

trussness(E) = {AB : 4, AD : 4, AE : 4, BC : 3, BD : 4, BE : 4, CD : 3, CF :
0, DE : 4}.

Thus, the 3-truss is given by the union | J{AB, AD, AE, BC, BD, BE,CD, DE}, and the
4-trussis | J{AB, AD, AE, BD, BE, DE}, as shown in Fig. 4-2.

However, mobile agents bring unique challenges. The agents do not have any global knowl-

edge of the topology of the network and can only communicate with other agents if they are
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located in the same node (or they are in sufficient proximity). Further, the movement of the
agents, although synchronous, does not have any centralised control. These limitations pose
unique challenges in constructing algorithms for truss decomposition. We, therefore, engineer
the existing parallel version [131] of the truss decomposition algorithm to adapt to our mobile

agent model.

To start with, each of the n agents, r; has the following variables:

1. r;.ID - stores the ID string of the agent ;. As per our assumption, agents have ID in the
range [0, n¢], where c is an arbitrary but fixed constant, so ;.1 D requires O(logn) bits of

storage space.

2. r;.nbd_list : A variable which stores the list of all neighbours of agent ;. The size of nbd_list

is A - logn bits as it may store up to A entries in the worst case.

3. r;.edge_set - to store the edges incident on a particular node containing r;. 7; stores only
edges (r;,r;), where r; > r;. edge_set requires O(Alog n) bit of memory, where A is the
maximum degree of a node in GG. The ordering of edges ensures that each edge becomes
associated with exactly one agent. The agent r; creates the list r;.edge_set from the record
of r;.nbd_list.

4. h - a variable associated with each edge in edge_set; initially stores the support of each
edge. h is next updated according to the i — index values as the algorithm progresses, as

described earlier. The final i values provide the trussness for a particular edge.

5. L - also associated with each edge in edge_set. L is used to store the values

min{h(e'), h(e")} for each triangle (e, ¢, ¢”) containing e.
6. N - is used to temporarily store the edges ¢’, ¢” for each triangle (e, ¢/, ¢”) containing e.

7. scheduled - to identify the edges in the edge_set that need further updating in subsequent

rounds of the algorithm. Initially, every edge in edge_set is scheduled (true).

8. ri.change - initially assigned 0. If no more edges in r;.edge_set are scheduled, r;.change

becomes 1.

Our algorithm for mobile agents runs in phases as described below, in detail.
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Phase 1 (PrRoTOCOL MYN)

With each node of GG hosting a distinct agent, each agent first visits and registers its list of neigh-
bours. Due to a lack of movement synchronisation, the agents follow the exact protocol as de-
scribed in Phase 1 of Section 4.6.1 to register the neighbours, the ports that lead to the respective
neighbours and the respective edges. To avoid inconsistency, the agents maintain the record
of the edges in a specific order. An agent 7; only stores the record of an edge (r;,7;) if r; is a
neighbour of 7; and r;.ID > r;.ID. This gives a total ordering on the edges. This phase takes
O(A -log A) rounds to complete. Now the agents begin the next phase of calculating support for
each edge. With the execution of Phase 1, edge_set gets recorded.

Phase 2 (Initialisation)

The agents now calculate the support for each edge. To do this, the agents use a similar method-
ology to the one used in Phase 2 of Section 4.6.1. The agents go to each of their neighbours once
again. Let us assume, at some point in time during the algorithm, an agent r; meets its neigh-
bour r;. 7; then checks the number of common neighbours with 7; and records the count into
ri.support(r;,r;) (we have assumed that r;.1D > r;.ID; otherwise if r;./D < r;.1D, then the
edge (7, 7;) (simultaneously, r;.support(r;,r;)) does not register in r;’s records and in such a
case, the agent r; does nothing. However, in such a case, the edge does register in 7;’s record,
and r; then does the needful in that respect.). Support calculation takes O(A log A) rounds, after
which, each agent receives its support number. With the execution of this, the h value for each

edge in 1;.edge_set gets initialised to the support of the particular edge.

Phase 3 (Upgradation)

With each edge receiving its initial support value, the algorithm now updates h for each edge
through multiple iterations of this phase. The phase iterates till the change value in any of the
agents 7; remains (0 and terminates once the value of change in each and every agent becomes
1. In each phase, each agent r; does the following in parallel. Each step of the iteration requires
a specific number of rounds. Since the agents know the parameters A, A\, and D, every step is

executed within calculated, well-defined communication rounds.

1. Checks if any edge is scheduled for further up-gradation in its edge_set. If no, set

r;.change < 1 and stop executing the algorithm, but remain active. r; provides any in-
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formation when required to other agents and also takes part in “Checking for Termination

(Step 6)”. This step of computation takes a single round.

. Resets the sets L and N. This step of computation also takes a single round.

. For each edge e in edge_set which is scheduled for up-gradation, L stores min{h(e’), h(e”)}

for each triangle (e, ¢/, €”) in G. To obtain min{h(e), h(e”)}, r; must communicate with
its neighbouring agent. For example, consider the edge (r;,7;) with r; < r;, stored in
ri.edge_set. Also, consider another agent r,(r, < 7; < r;) stationed on another node

such that (r;,7;,7,) forms a triangle. Let e = (r;,7;),€ = (rp,1:),€"

= (rp,7;). Now
for r; to calculate min{h(e’), h(e”)}, r; must visit r, because these edges are stored in the
edge_set of rp,. Therefore, r; must execute "PRoTocoL MYN” (Phase 1, Sec. 4.5.1) which takes
additional O(Alog \) rounds, in order to guarantee that r; meets r, so that the required
values of h(e), h(e") can be obtained. As r; meets its neighbours, along with the set L, the
set N is also updated. Now for e = (r;,7;) and for each triangle (e, €/, e”) the agents add
€', €’ to their respective N sets. As mentioned before, since each edge, ¢’ or €”, is associated
with a unique agent, an invocation of "PrRoTocoL MYN” (Phase 1, Sec. 4.5.1) is required to
inform the correct agent associated with a particular edge so that the agent can schedule

the particular edge in the next step if required. So, this step requires 2A log A rounds.

. r; now computes the h — index for the set L. If the calculated h — index is less than h(e),

then e along with the edges ¢/ € N with h —index(L) < h(e’) < h(e) is further scheduled
for up-gradation in the next iteration and h(e) is updated to the new h — index. Otherwise,
e is unscheduled, and its current h value gives the trussness at the end of the algorithm
(if not updated further during the algorithm). This step of computation also takes a single

round.

. Based on whether there are scheduled edges in r;.edge_set, r;.change updates its value if

necessary. This step of computation also takes a single round.

. Checking for Termination: To determine whether the algorithm is ready for termination,

each agent first evaluates the change value for the current phase. Each agent then commu-
nicates with all other agents to collect their change values and compute the binary product
of these n values. This process requires the application of PRoTocoL MYN repeatedly
to ensure that every change value is propagated to all n agents. Given the importance
of this step, which may be performed multiple times during iterations, we first establish

a communication framework to propagate the binary product across all n agents effectively.
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To achieve this, the agents construct a BES tree of the graph, rooted at the node with the
minimum ID agent. This BFS tree construction step is a self-independent one-time process
and can be completed either just before the first iteration or at the beginning of the decom-
position algorithm. During the iterations, if the binary product of the change values results
in 1 (indicating that all agents have the same binary product value), the agents terminate
the algorithm. If not, the agents repeat Phase 3 until the product equals 1. Details of the

BFS tree construction mechanism are provided in the subsequent section.

Creating a BFS Tree for Communication

As described earlier, to ensure the termination of the Truss Decomposition algorithm, the n agents
must communicate to verify that no further edges are scheduled for upgrading and that no addi-
tional iterations are required. This consensus information must be disseminated across all agents
to confirm the completion of the algorithm. However, due to the constraints of local commu-
nication, propagating such information globally becomes the most time-intensive part of the

algorithm.

To achieve termination through a global consensus, the agents must repeatedly execute Pro-
TocoL MYN for at least D rounds, where D is the graph’s diameter, each time an edge is flagged
for further upgrading. The algorithm terminates only after confirming that all agents reach the
state change = 1, indicating that no further computation is needed. This process intuitively adds
a multiplicative factor of at least O(DA log \) rounds to the time complexity for each iteration

(at-most m rounds in the worst case), where m is the number of edges.

The complexity of this process can be significantly reduced if, instead of applying PrRoTocoL
MYN repeatedly, the agents construct a BFS tree rooted at the minimum ID agent, allowing for

more efficient communication across the network.

In this subsection, we present an algorithm that constructs a BFS tree for the graph G, rooted
at the agent with the minimum ID, denoted as r*. The primary purpose of this BFS tree is to
compute a global value © = f(1,x2, 23, ..., z,) from the individual values x; provided by each
agent 7;, and then disseminate the computed value x to all agents in the network in minimum
amounts of time. To facilitate the construction of the BFS tree, each agent is equipped with the
following variables.

« 1;.parent, r;.child— used for storing respective child and parent pointers for r;. We re-

call that each node u with degree 9, has a local port-numbering = {0,1,...,6, — 1}.
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The r;.parent pointer stores the port number that connects u to its parent agent. Simi-
larly, the child pointers store the port numbers that connect the node w to its children.
An agent has at most A child pointers. Initially, r;.parent, r;.child =_1. The child point-
ers use O(Alog A) bits overall, which is absorbed in the overall memory requirement of

O(Alogn) bits for the truss decomposition.

« 7;.level— denotes the level assigned to an agent relative to the tree that r; is part of. Initially,

rilevel = —1

« 7;.v18itor - a variable set to 1, if r; is a visitor to another node from its own node. When r;

is at its home node, the visitor value is 0.

The algorithm starts by electing a leader agent, which then coordinates the construction of
a BFS tree of the graph G. After the leader is chosen, the agents proceed to build the BFS tree
incrementally, level by level. To ensure proper synchronisation between levels, the agents utilise
the knowledge A, the maximum degree of the graph. The algorithm operates over O(DA) rounds,

with each level of the BFS tree assigned 2A rounds for completion.

Step 1: Electing a Leader

To elect a leader, each agent r; first sends its ID to its neighbours. Each agent now computes
the minimum of the IDs received from neighbouring agents and sends this minimum ID to its
neighbours. Each round of communication with neighbours is performed using PRoTocoL MYN.
This process continues for D rounds, with each communication requiring O(A log A) rounds. So,

to elect a leader, r; does the following steps for D rounds.

1. r; calculates the minimum IDs it has received from the neighbours.

2. r; sends this minimum ID to its neighbours with one execution of PRorocoL MYN.

Using Lemma 4.4, we can argue that after d steps of communication, every agent r;, now has the
minimum ID of all the agents in its d — hop neighbourhood. Since the diameter of the graph is

D, we have the following lemma.
Lemma 4.7. By the end of O(D - Alog \) rounds, every agent has the knowledge of the least ID

agent in the network.

The agents are now aware of the leader agent. We denote this agent as 7*. r* now initiates

the construction of the BFS tree rooted at r*.
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Step 2: Construction of BFS Tree

The leader agent 7* begins constructing a BES tree, with itself as the root. The process proceeds
level by level. First, 7* marks itself as level 0, initiating the algorithm by visiting all its neigh-
bouring agents one by one. As r* visits each neighbour, it marks them as its children, and these

newly marked children also mark 7* as their parent simultaneously.

To explore the graph in levels, agents use the variable [evel. When r* identifies its children
(and they, in turn, recognise r* as their parent), these agents update their level to r*.level 4 1. The
children of 7* then begin exploring the next level in search of their own children. However, before
they proceed, the children of 7* at level 1 must ensure that all their siblings have been explored by
r*. Only after this can agents at the next level begin exploring in parallel. This synchronisation
is crucial to correctly constructing the BFS tree. If any child prematurely starts extending the
tree before all siblings have been explored, it could result in a tree with longer-than-necessary
paths, violating the BFS structure. For example, in a complete graph, if the first discovered child
immediately continues exploring its own children, the resulting tree could have n — 1 levels,
whereas the correct BFS tree should only have one level. To prevent this, the agents synchronise

their actions by waiting for 2A rounds.

Below is an outline of the algorithm for an agent r; during rounds 2kA to 2(k + 1)A:

1. Case 1: r;.level = k

« 1; sets r;.visitor <— 1 moves to its neighbours one by one using increasing port num-
bers (recall that each node has a local port numbering for every outgoing edge). Let

one of its neighbours be v.

+ Sub-case 1: If ; meets a single new agent r; at v with level = —1 (implying the
agent has not been visited before), it marks 7, as its child, and simultaneously 7, sets

r;’s incoming port as its parent. Additionally, r; sets r;.level < r;.level + 1.
« Sub-case 2: r; finds multiple agents at v

- 1: Original resident present - If the original resident r; of v (with r,.visitor =
0) is at v, r; accepts the request from the visitor agent with the lowest ID. If r; is
that agent, it updates its child pointers accordingly. The newly discovered agent
sets its parent accordingly and increments its level to r;.level + 1. If r; is not

selected, it returns to its original node and proceeds to the next neighbour.

— 2: Original resident absent - If the original resident is absent, all agents are

visitors. In this case, the agent 7; returns to its original home node.



90 Agent-Based Discovery of Dense Subgraph Structures with Triangles and Butterflies

+ Sub-case 3: If r; finds v to be empty, r; returns to explore other neighbourhoods. An
empty node indicates that the resident agent of that particular node is at the same

level as r;.

+ Sub-case 4: If ; encounters an agent r, that is already assigned a non-negative level,

r; ignores r; and returns to its home node for further exploration.

« If all the outgoing ports (neighbours) have been visited, r; sits at its node till the

remaining time 2(k + 1)A rounds have elapsed.

2. Case 2: r;.level # k: In this case, r; does not take any action and remains idle at its current
node during the 2A rounds. However, if it is visited by a neighbouring agent (which could
be a potential parent), r; behaves as described for r; in the previous scenario, responding

appropriately to establish the parent-child relationship.

To complete the BFS tree construction, this process runs in phases of 2A, a D number of times.
Therefore, after the completion of 2A D rounds, the algorithm terminates, and the BFS construc-
tion from r* is complete. Since the number of levels in a BFS tree cannot exceed the diameter D

of the graph, we have the following lemma.

Lemma 4.8 (BFS Tree Construction). The n agents construct a BFS tree for G rooted at r* in

O(DAlog \) rounds.

We now provide a mechanism that allows the root r* to collect n different values x; from each
agent r; and compute a value x = f(x1,x9, - ,x,) and then disseminate this value to all the

agents in G.

1. Each agent r; sends its own value z; to its parent.

2. Each agent waits till it gets the array of values from all of its children, each appends its own

value to the array and continues to forward this updated set of data to its parent.

3. Finally r* after receiving all these z; values from its children and using its own value x*

computes the function = = f(z1,xs, - ,x,)
4. To send this value across the BFS tree, the agents use their level number.

5. In the first A rounds, the agents with level = 1 moves to its parent (r*) to collect the value

of x from r*.
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6. In round ¢, each agent r; with level = ¢ similarly moves up to its parent to collect the value

of z.

7. Finally, within D rounds, this value of = reaches every agent in the graph.

We therefore have the following lemma.

Lemma 4.9. Each agent can learn the value of the function f(x,xs, ..., x,), which is computed
from n inputs provided by the n agents, in O(D) rounds by utilising the constructed BFS tree as the

framework.

Therefore, using the methodology above, the agents can compute the binary product of the
change values, which is the function f(zq, s, ..., x,) here, with x; representing the change
values of an agent r;. In the following lemma, we now analyse the final time complexity of

solving the Truss Decomposition Problem using the mobile agents.
Lemma 4.10. Algorithm 4.6.1 takes O(mAlog A + mD) rounds to terminate.

Proof. Phase 1 and Phase 2 take O(Alog \) rounds, as shown in Lemma 4.2 and Lemma 4.3.
To elect a leader and construct the BEFS tree, the agents need additional O(DAlog A + DA)
rounds (Lemmas 4.7, 4.8). In each execution of Phase 3, the agent needs to communicate with
its neighbour to update its trussness(h) values, taking O(A log \) rounds. Finally, to check for
termination, each agent propagates the change value to every other agent, needing O(D) rounds
(Lemma 4.9).

At worst, the algorithm may update the h — index value of one edge during each execution
of Phase 3. Also, the up-gradation of the h — index value of an edge is equivalent to the fact
that the triangle count (support) of that particular edge (and possibly some other edges) in G has
been decreased. Therefore, each time an i — index of an edge is updated (it can only decrease),
the graph G loses at least one edge. Therefore, the algorithm may need to execute Phase 3, m
times before termination. Therefore Algorithm 4.6.1 takes O(Alog \) + O(DAlog A + DA) +
m - (O(Alog\) + O(D)) = O(mAlog A + mD) rounds to execute. O

Theorem 4.2. Let G be an n-node arbitrary, simple, connected graph with a maximum degree A
and diameter D. Let n mobile agents with distinct IDs in the range [0, n¢| with the highest agent
ID X\ € [0,n¢], where c is a constant, be placed at each of the n nodes of G in a dispersed initial
configuration. Then, the TRUss DECOMPOSITION PROBLEM for GG can be solved by the mobile agents
in O(mAlog A +mD) rounds with O(Alogn) bits of memory per agent.
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The memory requirement for triangle counting is governed primarily by local neighbourhood
information rather than by the size of the entire graph. To correctly identify and count triangles
involving a node, an agent must temporarily store information about neighbouring agents and
their local connections in order to perform comparisons and avoid redundant counting. Con-
sequently, the memory usage naturally depends on the maximum degree A. Although this re-
quirement is higher than the purely logarithmic memory used in some basic coordination and
dispersion tasks, the agents still do not maintain the full graph structure or any substantial global
representation of the network. Instead, each agent stores only the local information necessary
around its own node for the ongoing computation. Furthermore, there exists a natural trade-off
between memory and movement complexity: reducing memory would require agents to repeat-
edly perform additional to-and-fro movements and local interactions to recollect information
when needed. Thus, the additional memory used in the triangle-counting framework serves to
improve computational efficiency. In particular, for sparse or constant-degree graphs, the mem-

ory usage remains modest and scales only with the local neighbourhood size.

4.6.2 Triangle Centrality

The concept of Triangle Centrality was introduced in [22] by Paul Burkhardt. The concept may be
useful for finding important nodes in a graph based on the concentration of triangles surrounding
each node. An important node in triangle centrality is at the centre of many triangles, and there-
fore, it may be in many triangles or none at all. In this section, we employ n mobile agents, each
with a distinct ID starting at each distinct node of an arbitrarily connected anonymous graph, to

compute the triangle centrality for each node of the graph.

Mathematically, Triangle Centrality, T'C'(v) of a node v € G is formulated in [22] as:

B % ZueN;(v) T(u) + ZweN(v)\NT(v) T(w)

TC(v) TG

where, where N (v) is the neighbourhood set of v, Np(v) is the set of neighbours that are in
triangles with v, and N (v) is the closed set that includes v. T|(v) and T(G) denote the respective
triangle counts based on v and total triangle count in G. Mathematically, N(v) = {u : (u,v) €
E(@)}, Nx(v) = {u € N(v) : N(u) N N(v) # ¢} and N (v) = {v} U Np(v). Now, we outline
our algorithm that computes 7'C'(v) for a node v € G using the mobile agents that run in these

3 phases:

1. Computing T(v) and T(G) - We use the triangle counting algorithm for mobile agents
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described in Section 4.5 to evaluate the number of triangles involving the node v, T'(v) and
the total number of triangles in G, T(G). The execution of this phase takes O(Alog \) +
O(DAlog \) = O(DAlog \) rounds [Lemma 4.3,4.6]. With the completion of this phase,
the agents begin the next phase. Note that if the count of the total number of triangles is

available a priori, only 7'(v) needs to be evaluated.

2. Computing N (v), Nj(v) and Np(v) - N(v), the neighbours of v can be recorded in
O(Alog \) rounds by the agents (Lemma 4.2). After we allow the agents to record their
neighbourhood in the first O(Alog \) rounds, in the subsequent O(Alog \) rounds, the
agents can now meet their neighbours once again, this time, learning about N (u) for each
neighbour agent u of v. Now the agent from v communicates with each u € N(v) to
evaluate the set Np(v). Similarly, the agents can also build the set N (v). Now, as the
agent meets with each of its neighbours u € N(v), it cumulatively evaluates the sums

s = Zu@\q(v) and © = > n(y)p(v) Simultaneously. Finally the sum 3, c v\ np(w) =
s — z + T(v) is evaluated. This step takes O(A log \) rounds.

3. Computing 7'C(v) - With the values of ZueN;(v) T (u),
D weN(w)\Np(v) L (w) and T(G) have now been obtained, the agent at v can now evaluate

3 2yenzt ) T wen @) \Np ) TW)
T(G)

TC(v) =

To this end, we have the following theorem.

Theorem 4.3. Let G be an n-node arbitrary, simple connected graph with a maximum degree A
and diameter D. Let n mobile agents with distinct IDs in the range [0, n°| with the highest ID ),
where c is an arbitrary constant, be placed at each n node of G in an initial dispersed configuration.
Then, the triangle centrality of each node v € G can be calculated in O(Alog \) rounds if T(G)
is known and in O(DAlog \) rounds, if T(G) is unknown. T(Q) is the total triangle count of the
graph G.

4.6.3 Local Clustering Coefficient

The local clustering coefficient of a node in a graph is used to quantify how close its neighbours
are to being a clique (complete graph), i.e., how well connected the network is around a particular
node. Mathematically, the local clustering coefficient (LC'C') of a node v € GG can be written as
LCC(v) = %,(from [106]). Here 6(v) denotes the degree of the node v. This metric
can be easily calculated using mobile agents. 7T'(v) for a node v can be calculated in O(A log \)
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rounds [Lemma 4.3]. The agent that already knows 0(v) at v can now evaluate LC'C(v) using the

formula.

Theorem 4.4. Let G be an n-node arbitrary, simple connected graph with a maximum degree A
and diameter D. Let n mobile agents with distinct IDs in the range [0, n| with the highest ID \,
where c is an arbitrary constant, be placed at each n node of G in an initial dispersed configuration.
Then, the Local Clustering Coefficient of each nodev € G, LCC(v) can be calculated in O(Alog \)

rounds.

We now move to the second part of the chapter, where we use a similar agent-based model

for butterfly analysis in bipartite graphs.

Part B: Butterfly Counting in Bipartite Graphs

4.7 Our Contributions

In a bipartite graph, a 2 x 2 biclique is called a butterfly [4, 108]. We begin by providing an
algorithm that first finds the bi-partition of the graph and its respective size. We also construct
a spanning tree of the graph and elect a leader in the process. This algorithm is then used as
a foundation for butterfly counting in the subsequent sections. We list our contributions below

(These results are also summarised in Table 4.1):

Let G((A, B), E) be an n node arbitrary, simple, connected bipartite graph with a maximum
degree A where n mobile agents (with highest ID \; known to all the agents) are initially placed
at each of the n nodes of G in a dispersed initial configuration’. The agents solve the following

problems:

1. Leader Election, Spanning Tree and Partition: The agents (i) elect a leader and con-
struct a rooted spanning tree (ii) determine their bi-partition sets (A or B), and (ii) deter-
mine the size of sets A and B in O(nlog \) rounds, using O(log A\) bits of memory per

agent.

2. Counting Node-Based and Total Butterflies: The agents calculate (i) the number of
butterflies at each node in O(A) rounds, and (ii) the total number of butterflies in G in

additional O(min{|A|, |B|}) rounds using O(A log \) bits of memory per agent.

'In a dispersed initial configuration, the agents start with at-most one agent at each node. For other starting
configurations of agents, dispersion is first achieved in O(n) rounds using [70].
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4.8 Model and Problem Statements

In this part, we adopt the same model used in the first part for triangle counting, except that
these agents operate on a bipartite graph G(V, E'), where the node set V' forms the bipartition
V = (A, B). However, for this part, we assume no global graph parameters are known to the

agents. The agents are only aware of the value of A, the highest ID among themselves.

The dispersed or organised placement of agents also plays an important role in the butterfly
counting part. Butterfly counting in a bipartite graph depends on local neighbourhood informa-
tion and on the ability to combine counts across the graph. When agents are distributed over the
graph, they can locally represent nodes, exchange information through controlled movement,
and later aggregate the computed values using a spanning tree. As in the triangle counting case,
this assumption is mainly used as a natural launch pad. Other approaches with fewer agents
may be possible, but they would require additional mechanisms for agents to repeatedly visit and

serve multiple nodes.

4.8.1 Problem Statement

Let G((A, B), E) be an n node arbitrary, anonymous, simple, connected bipartite graph with a
maximum degree A. Let n mobile agents with distinct IDs in the range [0,72°")] be placed at
each of the n nodes of G in a dispersed initial configuration. Let A be the highest ID of the agents,
ie, A € [0,n°M)]. The agents solve the following problems.

1. Bi-partition Identification and Partition Size Determination - The agents determine the bi-
partition to which they belong, calculate the size of each bi-partition and construct a span-

ning tree rooted at the agent with the smallest ID (leader), which is identified in the process.

2. Butterfly Counting - The agents compute the number of butterflies associated with each

node (local count) and the total number of butterflies (global count) in the graph G.

4.9 Additional Related Works on Butterfly Analysis

Butterfly counting has been vastly studied in both sequential and parallel settings. Sanei-Mehri et

al. [107] introduced efficient exact and approximate algorithms, while Wang et al. [125] improved
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! p“
Figure 4-3: A 4-cycle in a bipartite graph represents a butterfly. Here the butterflies can be listed
as: (by, ay,b1,as,b9), (ba, a1, by,as,by) and (be, as, by, as, by). The number of butter-

flies containing a1, as, ag, by and by are respectively 2, 2, 2, 3 and 3. The total number

of butterflies in the graph is 3, which can also be calculated by summing the number

of butterflies in each partition and dividing by 2 (i.e., w or %) Additionally, the

total number of butterflies can be determined by summing the butterfly counts for
each node and then dividing by 4, a method we employ in this work.

counting by prioritising nodes. Zhou et al. [136] extended this to uncertain bipartite graphs.
Sariyiice and Pinar [108] introduced tip and wing decomposition for dense subgraph discovery.
Parallel algorithms include Shi and Shun’s [110] multicore approaches, Xu et al’s [133] GPU
algorithm, and Weng et al’s [129] distributed methods for dynamic graphs.

4.10 Partition Assignment and Spanning Tree Construction

We assume n agents start in a dispersed configuration, each occupying a node in the bipartite
graph G((A, B), E). This section describes how they identify their partition and compute its
size. A leader agent starts the algorithm by assigning itself a partition, and its children continue
to explore and assign partitions to their descendants while constructing a spanning tree. When
the leader is known, the tree facilitates information dissemination; otherwise, when a leader is not
known a priori, the spanning tree also provides termination, as no global graph parameters are
initially known. Our leader election and spanning tree construction extend to general graphs and
significantly improve upon prior work [69] in a dispersed setting. See Section 4.10.2 for details.
We first present the algorithm for the known leader case, which serves as the foundation for the

no-leader version in the next section.



Partition Assignment and Spanning Tree Construction 97

4.10.1 A Leader Agent is Known

Each agent maintains the following variables: partition (a single-bit value, 0 or 1, with the leader
7 set to 0), parent (stores the port number through which the agent was first discovered ), child
(to record the port number through which the agent has moved to an undiscovered adjacent node
to identify new agent), completion (a boolean, initially false, set to true when all children
report completion), and nextport (port number for the next exploration). A variable sibling is

employed to reduce memory on the child pointers, which is described in Remark 2.

The algorithm starts with the leader 7 setting its partition to 0 and moving through the small-
est available port. Upon discovering a new agent r, it assigns r a partition of 1. In the second
round, both 7 and r explore their minimum unvisited ports in parallel, continuing the partition
assignment and spanning tree construction. In general, when an agent r; is visited by r;, it in-
herits a partition opposite to ;, records the discovery port as its parent, and starts exploring
its neighbours. If the partition is already assigned, the visit is ignored. Meanwhile, r; updates
its child pointers accordingly. The strategy which optimizes the exploration is that all agents
with assigned partitions explore their next potential children in parallel. An agent r; explores
its neighbours sequentially via r;.nextport, updating it in each round. When an agent com-
pletes exploration (it sets nextport = —1) and has no children, it sends a completion
message, node degree value and partition count (or its sum up to these children) to its parent.
These messages propagate up the tree until 7 receives all completions, signalling the completion
of the exploration. Now, 7 transmit these values down the tree in a similar way. In the first round,
it sends these values to its first child. In the second round, 7 and its first discovered children send
their second and first children, respectively. In this way, these values reach all agents in the
graph within O(n) rounds. Once every agent is aware of these values, they use a more efficient

down-casting approach as detailed in Section 4.11.1.
Lemma 4.11. The algorithm in Section 4.10.1 assigns a partition to each agent in O(n) rounds.

Proof. An agent receives its partition when it is first visited by a neighbouring agent. Let us parti-
tion the set of agents into two disjoint subsets: 7}, the set of agents that have already been visited
and assigned a partition after ¢ phases (each phase consists of two rounds—one for exploration
and one for return), and Sy, the set of agents yet unvisited after ¢ phases. Without loss of general-
T)| = k. We aim to
Tii1] > k+1.

For the analysis, we first show how explorations happen till the k" phase, and for that, we divide

ity, assume that the first k£ agents were discovered over [ distinct phases. i.e.,

show that by the end of the (k + 1)-th phase, at least one new agent is visited, i.e.,

the k£ phases into two parts: first, the [ phases by which time k agents were already discovered
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and next, the remaining £ — [ phases. In the first [ phases, the number of exploration attempts is

atleast 1 +2+--- 4+ 1= @ In the remaining k — [ phases, each of the k£ agents can explore

one edge per phase, contributing an additional (k — [ )k possible explorations. Therefore, the total

number of edge explorations possible within the subgraph induced by the k agents during the

first k£ phases is
l(l+1
(+1) + (k= D)k.
2
Now, the minimum integral value of the expression is @, which is greater than the number

of edges a graph on %k nodes could possibly have.

Therefore, after £ phases, all internal edges among the k& agents must have been explored.
This shows that even if the subgraph induced by these £ agents is dense, all internal edges are
eventually examined. Similarly, in a sparse graph, the agents may have already exhausted all
internal edges and begun discovering new agents before reaching the k-phase threshold. In either
case, the process ensures that at least one new unvisited agent must be discovered during the
(k + 1)-th phase, i.e.,
agents will have received their partition assignments within n phases or 2n rounds, completing
the proof. O

Tii1| > k + 1. By applying this argument, we can conclude that all n

4.10.2 No Leader Agent is Known

When a leader is unknown, we first elect one. A straightforward approach is repeated communi-
cation until a leader emerges, but two challenges arise: (i) agents may fail to meet due to simul-
taneous movement, and (ii) termination is difficult without global parameters like n, preventing
agents from knowing when all others have been reached. Previous methods that use PRoTocoL
MYN rely on parameters such as A (max degree) and A (max agent ID) for coordination. Since
agents meet based on ID bits rather than port order, the algorithm must allow a A-round window

for interactions, leading to an O(A) round communication window for meeting full neighbours.

We propose a novel approach that enables agents to meet their neighbours one by one in a
predefined order. Unlike prior methods, our technique requires no graph parameters except A,
ensuring agents meet efficiently. It helps achieve leader election and spanning tree construction
from a dispersed configuration using only O(log \) memory and completes in O(n log A) rounds,
significantly improving upon [69] (which elects a leader among n agents in O(m) rounds using
O(n logn) bits from any initial configuration). Before detailing our leader election algorithm, we

introduce this meeting protocol that guarantees two agents meet within O(log \) rounds.
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4.10.2.1 An Improved Meeting Protocol for Two Adjacent Agents - Meeting with

Neighbor()

In this section, we propose a deterministic protocol that guarantees a meeting between two ad-
jacent agents within O(log \) rounds. This protocol ensures that a specified agent moves to the

other’s location and meets its neighbour within the given time window.

Algorithm 9 MEETING WITH NEIGHBOR()

Require: Two agents, 7, and r,, each with a unique ID, are initially located at adjacent nodes
u and v, respectively. Node u is connected to v via outgoing port p, (and enters v via p,).
Agent r, has no knowledge of r, or v, but wants to meet the neighbouring agent via port p,,.

Ensure: Agent r, meets the agent located at the neighbouring node accessible via port p, in a

span of 4 log A rounds. > A total of 2log A bits and each bit corresponding to 2 rounds.

Pad r,’s ID with leading zeros to obtain a log A-bit binary string 7,,.b

ry.new_ID < 1,.b || 7o.b > Concatenate bitwise complement of b, with b,; length 2 log A

fori =0to2log\ —1do
current_bit < i+1-th least significant bit of r,,.new_I D
if current_bit = 1 then

Move to neighbour v via port p, and meet with r, (if present) > Round 27 + 1
Return to original node u > Round 27 + 2
else
Stay at node u during Rounds 2¢ 4+ 1 and 27 + 2
end if
11: 11+ 1
12: end for

R R AN A~ > s

—_
e

Let agents r, and r, initially reside at adjacent nodes v and v, with u joining v via outgoing
port p, at u. r,, wants to meet its neighbour via p,,. Each agent pads its ID to a log A-bit binary
string and appends its bitwise complement to the left, forming a 2 log A-bit new_I D (Lines 1-2,
Algorithm 9). The protocol runs for 4 log A rounds, with two rounds per bit position from LSB to
MSB (Lines 3-12). For each bit, if r,.new_I D has a 1, it moves to node v in the first round and
returns in the second; otherwise, it stays at u. The protocol is local and requires no knowledge

of r,’s state. An agent invokes it with any specific port it wants to take.

Since the IDs are distinct, there exists at least one bit position where one visiting agent has a 1
and the respective neighbour has a 0 in their respective new_I D, ensuring that one moves while
the other stays—leading to a meeting. The concatenation with the complement is crucial: without
it, simultaneous movements might prevent two agents from meeting. Consider an example where
agent r, wants to meet its neighbour r, via a specific port p,. Suppose r,.ID = 0010 and
ry.ID = 0110. The first, second, and fourth bits of their IDs are identical, meaning they will
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both either stay or move simultaneously — making a meeting impossible. While their third bits
differ, , has a 0, indicating it remains stationary, and r, has a 1, meaning it moves. However, r,’s
movement is not guaranteed to be toward r,; it could be exploring a different neighbour. Thus,
even this differing bit does not ensure a meeting. By concatenating the ID with its complement,
r,’s new ID becomes 11010010, and 7,’s becomes 10010110, the meeting is now guaranteed.

Specifically, at the 7th LSB, r,, moves while r, remains stationary, ensuring a successful meeting.

Lemma 4.12. Let r, be an agent located at node u with degree 0,,. Let v be a neighbouring node of
u hosting an agent r,,. Then r,, can communicate with r, inlog A rounds. Furthermore, r,, can meet

all its neighbours in at most d,, - log \ rounds.

Coming back to the main algorithm, the agents first elect a leader and construct a single
spanning tree rooted at the leader agent. Each agent begins as a separate single-node spanning
tree, considering itself as the leader. The core idea is to implement the same tree construction
methodology from the algorithm in Section 4.10.1 with a crucial modification; whenever two
agents meet, the one with the smaller ID dominates, causing the larger ID agent to give up on its
leader status and join the smaller ID’s tree. This process continues until all agents are connected

under a single leader with the smallest ID.

Each agent additionally maintains a variable treelabel, which initially stores its own
ID and helps in tracking the spanning tree to which it belongs. At the start, each agent ini-
tialises itself as a leader, assigning its own ID to the treelabel variable. Each agent meets
its neighbours one by one using Algorithm 9. If two agents belong to different spanning trees
(treelabel values are different), the one with the smaller treelabel absorbs the other.
The larger ID agent updates its treelabel and reconfigures its parent and child point-
ers to join the new tree. After merging, all agents in the absorbed tree eventually update their
variables, ensuring the tree structure is maintained correctly. The agent with the smallest ID (i.e.,
the smallest t reelabel) continues absorbing other trees until a single spanning tree remains.
Once an agent has received comp 1l et ion messages from all its children, it propagates the mes-
sage upward. Eventually, when the agent with the least ID receives completion signals from all
its children, the algorithm terminates. Once the leader 7 is elected, the agents can now execute

the algorithm in Section 4.10.1.

Lemma 4.13. There is a unique agent r satisfying: (i) r.leader = true, and (ii) r.completion =
true.

Proof. First, we prove there is at least one agent that satisfies these conditions. For this, let us

consider the agent with the least ID, say 7. Since 7 has the least ID, its tree subsumes all other trees
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as it ultimately grows out of reach of all the n nodes. At this point, it starts receiving completion
signals from the leaf nodes, until finally, it receives these completion signals from its immediate
children and terminates the algorithm by setting its own completion = true. Also, since it is

never subsumed by any other tree, its leader status ultimately remains to be true.

Now, we prove its uniqueness. Assume another agent r sharing the same status of variables
completion and leader upon the termination of the algorithm. Now, since the graph is a con-
nected one, there exists a sequence of agents 7, 7, , 74,, . . . , 7, 7. As the tree belonging to agent
r moves towards 7 via the sequence of agents, there must be an agent r;, ;1 < k£ < j where the
trees from 7 and r meet. Now, if 7* has a lower ID, ultimately, it subsumes 7’s tree or vice versa.
Hence, one of them must give up its leadership status. Hence, there cannot be two agents with
leader = true at the end of the execution of this algorithm. U

Remark: 2 (Memory Complexity). The main memory complexity of the algorithm comes from
maintaining the child pointers. Since an agent can have up to A children, an agent would typically
require at least O(Alog \) bits to manage them. However, we can reduce this complexity by intro-
ducing a sibling variable. Whenever an agent discovers its first child, it sets its child pointer to the
corresponding outgoing port. Now, as it discovers the next child, it does not store it as its children;
rather, it moves to its previous (first) child and stores the outgoing port of its new second child into the
first sibling variable and so on. This eliminates the need for using A child pointers for a single agent,
and the child pointers can be efficiently stored using O(log \) bits. The variables, parent, child and
nextport requires O(log A) + O(log A) = O(log \) bits. While the other variables require O(1)
bits. Therefore, we have a memory complexity of O(log \) bits.

Theorem 4.5. Given an arbitrary simple connected graph G withn nodes andn agents in a dispersed
initial configuration. Then, a leader among the n agents can be elected, and a spanning tree rooted
at the leader node can simultaneously be constructed in O(nlog \) rounds using O(logn) bits of
memory per agent. The agents do not require any prior knowledge about any global parameters,

except for A\, which is an upper bound on the IDs of the agents.

Proof. The time complexity of the algorithm in Section 4.10.2 is dominated by the leader agent, 7.
Since the algorithm follows the same operations as the algorithm in Section 4.10.1 from the per-
spective of 7, it eventually consumes all other trees, making the total time complexity dependent

solely on the number of movements performed by 7.

Given that each agent requires O(log \) rounds to meet a neighbouring agent, and the algo-
rithm in Section 4.10.1 runs in O(n) rounds, the overall complexity is O(n - log A). Combining

this with the memory complexity analysis from Remark 2, we establish the theorem. O
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The tree construction and leader election methodology used here can also be extended to
general graphs. Also, this process can produce spanning trees of large diameter even in a densely
connected graph. For example, in a complete graph of n nodes, a spanning tree could be a path
of length n — 1 (outer ring), although its diameter is 1. Therefore, when two farthest agents
need to communicate via the spanning tree, it can take O(n) rounds instead of O(D) rounds.
However, in bipartite graphs, we see that the diameter of the spanning tree can only be at most

O(min{|A|, |B|}), which we note in the following remark.

Remark: 3. The diameter of a spanning tree constructed on a bipartite graph can be at-most 2 -
min{|A[, [ B[}

Proof. Consider the largest path in the spanning tree and assume that it joins r; and ;. Now, the

maximum length of this path can be 2 - min{|A|, | B|}, since it must alternately connect between
the agents of two partitions A and B. In addition, since it’s a path, it cannot visit any node more

than once. O

4.11 Butterfly Counting

In this section, we present an algorithm for counting butterflies in a bipartite graph G((A4, B), E).
We designate the partition containing the leader (least ID agent) 7 as A. The algorithm counts
butterflies associated with each node in A through Phases 1 and 2. In the final phase, agents
compute the total number of butterflies by aggregating individual counts from each a; € A.
Before the algorithm starts, we assume that the n agents are initially dispersed and have executed
the algorithm in Section 4.10.2 to identify their partition, determine its size, compute A, and

construct the spanning tree of G.

We use the following notation: agents in A are denoted as a;, those in B as b;; the neighbour-
hood list of a; is BN (a;); the number of common neighbours between a; and a; is BN (a;, a;);
the number of butterflies involving a; and a; is BN (a;, a;); and the total number of butterflies

containing a; is BN (a;).

Phase 1: Each agent scans its neighbourhood and records its neighbours in memory. Before
counting begins, agents must establish communication, which requires knowledge of their parti-
tion, and A, which is used to synchronise the movements of the agents. Communication follows
alternating phases: in odd rounds, agents in A communicate while those in B remain stationary;
in even rounds, vice versa. This ensures that within 2A rounds, all agents have exchanged infor-

mation with their neighbours. Each agent requires O(A log \) bits of memory for this process,
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since each agent a; needs at most A entries for managing BN (a;) list, with each entry containing

an ID of O(log A) bits. This forms the dominating chunk of the memory for each agent.

Phase 2: In Phase 2, comprising of 2A rounds, each agent a; counts the butterflies it shares
with a;(# a;). It revisits its neighbours and, for each b; € BN(a;), determines the number
of common neighbours between itself and a;, using b;’s recorded neighbour list BN (b;). After

iterating through all b;, a; computes the number of butterflies involving (a;, a;) as

BN (aj,a;) ; .
BN(ar,a;) = ( 5 ), if BN (a;,a;) > 1
0, otherwise

, sums » ;BN (a;, a;), and stores this value in its memory. This gives the total butterfly count

involving a;, i.e., BN (a;).

Phase 3: After each a; has computed its local butterfly count, it sends this count to the leader
7 via the constructed spanning tree. Although each child of an agent can simultaneously transmit
its value to its parent, requiring at most min{| A|, | B|} rounds for all values BN (a;) to reach 7, the
reverse process—disseminating the total count to all agents—requires a more efficient approach,
which we detail below. First, 7 computes the total butterfly count by summing all BN (a;) values

received and dividing it by 2 using min{|A|, | B|} rounds.

4.11.1 Downward Communication Through the Spanning Tree

To efficiently broadcast a value down a tree, we employ the following strategy: Over the next
2min{|A|, |B|} rounds, each child oscillates between its position and its parent, ensuring infor-
mation propagation. In the first two rounds, 7’s immediate children receive the value. In the next
two rounds, the grandchildren of 7 obtain the value, and the process continues. By the end of

2min{|A|, | B|} rounds, all agents have received this value from 7.

So, in the next 2min{|A|, | B|} rounds, all agents have the total butterfly count. In a similar

way, the algorithm can compute butterflies for each b; € B by executing Phases 1 and 2 for agents
in B.

Remark: 4. The total number of butterflies in a bipartite graph is half the sum of the individual
butterfly counts of all nodes in either A or B [124, 107].

Lemma 4.14 (Time Complexity). The agents calculate (i) the number of butterflies based on their
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own node in O(A) rounds, and (ii) the total number of butterflies in G in O(A + min{|A|, |B|})

rounds.

Lemma 4.15 (Memory Analysis). The butterfly counting algorithm requires O(Alog \) bits of

memory per agent.

Theorem 4.6 (Butterfly Counting with Agents). Let G((A, B), E) be an n node arbitrary, simple,
connected bipartite graph with a maximum degree /. Let n mobile agents with distinct IDs in the
range [0,n°M)] with the highest agent ID X € [0,n°")], be placed at each of the n nodes of G in a

dispersed initial configuration. Then, the agents can

1. calculate the number of butterflies based on their own node in O(A) rounds, and

2. calculate the total number of butterflies in G in O(A + min{|A|, | B|}) rounds.
using O(Alog \) bits of memory per agent.

The memory used in butterfly counting is mainly governed by local neighbourhood informa-
tion. Since a butterfly is a 2 x 2 biclique in a bipartite graph, an agent must keep enough infor-
mation to compare neighbourhoods and count common-neighbour structures. Thus, the memory
requirement depends on the local degree and not on the size of the entire graph. This keeps the
algorithm within the low-memory spirit of the thesis, especially for sparse or bounded-degree
bipartite graphs, while also reflecting the additional information required by dense subgraph

computations.

4.12 Conclusion and Future Directions

In this work, we introduce and analyse novel algorithms for triangle counting within the mobile
agent model over an arbitrary anonymous graph. The agents first enumerate triangles based on
the nodes and edges, and subsequently calculate the total number of triangles in the graph. We
subsequently apply this triangle counting methodology to develop and analyse algorithms for
solving the Truss Decomposition Problem and for computing important metrics such as Triangle

Centrality and Local Clustering Coefficient for each node.

Future research could focus on several key areas to further enhance our approach. Establish-
ing lower bounds for both time complexity and memory usage per agent would provide valuable

insights into the efficiency and limitations of our algorithms. Additionally, exploring the lower
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bounds on the number of agents required to execute the algorithms could lead to more optimised
and practical implementations. Another important direction is to investigate the performance
of our algorithms in the presence of faulty agents, which would help in designing more robust
solutions for real-world applications. Another interesting direction for future work could be to
investigate scenarios where global parameters or their bounds, like the maximum degree A or

the diameter D of the graph, are not known in advance.

We aim to extend our work on butterfly counting by reducing the number of agents required.
The goal is to analyse the trade-off between agent count, time complexity, and memory usage.
As a start, we look to determine whether the same problem can be efficiently solved using only
min{|A|,

these counting techniques to explore Tip and Wing Decomposition problems, which are useful

B|} agents while minimising computational overhead. In addition, we look to use

in constructing a hierarchy of butterfly dense node and edge induced sub-graphs in bipartite

networks.
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Chapter 5

Constructing Tree Structures in Anony-

mous Graphs with Mobile Agents

Breadth-First Search (BFS) and Minimum Spanning Tree (MST) constructions are fundamental
primitives in distributed graph algorithms. In this chapter, we study these problems in the same
agent-based network, where n autonomous mobile agents operate on an anonymous n-node,
m-edge graph G in synchronous rounds. The agents start from a dispersed configuration, with
exactly one agent located at each node, and communicate only when they meet at the same node.
We first present an MST construction algorithm, which improves over previous works [69, 71]
and elects a unique leader agent. The algorithm runs in O(nlogn 4+ Alog®n) rounds using
O(logn) memory per agent, where A is the maximum degree of G. The chapter then turns
to BES construction, for which we present two algorithms. In the first setting, when a root is
already known, the agents construct a BFS tree in O(DA) rounds using O(logn) memory per
agent, where D is the diameter of GG. In the second, root-free setting, a leader is first obtained
through the MST construction and is then used as the root for BFS. In this case, the overall BFS
construction takes O(n log n+Alog® n+min(DA, mlogn)) rounds using O(log n) memory per
agent. Thus, MST construction, apart from being an independent and important tree-construction
problem, also supplies the coordination needed to construct BFS without prior root knowledge.
In this chapter, we assume that each agent knows )\, the maximum agent identifier and no other

parameters are needed to be known to the agents a priori.
This chapter is based on the following works:

1. Prabhat Kumar Chand, Manish Kumar and Anisur Rahaman Molla. Agent-Driven
BFS Tree in Anonymous Graphs with Applications. In: Proceedings of the 12th Interna-
tional Conference on Networked Systems (NETYS 2024), Rabat, Morocco, pp. 67-82.
https://doi.org/10.1007/978-3-031-67321-4_4

2. Prabhat Kumar Chand, Manish Kumar, and Anisur Rahaman Molla. Computing Tree
Structures in Anonymous Graphs via Mobile Agents. In: Proceedings of the 27th International
Symposium Stabilization, Safety, and Security of Distributed Systems (555 2025), Kathmandu,
Nepal, pp. 111-127. DOI: 10.1007/978-3-032-11127-2_11.
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5.1 Introduction

Tree structures are among the most fundamental primitives in graph algorithms and distributed
computing. In particular, a Breadth-First Search (BFS) tree provides a layered view of the network
that supports shortest-path discovery in unweighted graphs and enables efficient level-by-level
traversal and parallelisation. A Minimum Spanning Tree (MST) provides a sparse backbone that
is widely used for routing, aggregation, synchronisation, and as a core subroutine in numerous
distributed tasks. BFS-based techniques have been used, for example, to design parallel graph
procedures on large platforms [113], to support memory-efficient graph exploration [105], and to
perform subgraph enumeration in directed graphs [83]. In modern autonomous systems, these
structures are also valuable because they provide a structured way to coordinate decentralised

entities and to reduce repeated exploration.

We study BFS and MST construction in an agent-based distributed computing model on an

anonymous, simple, connected graph G = (V, E') with |V| = n, |E| = m, maximum degree A,
and diameter D. The nodes of G are indistinguishable and have no identifiers, no memory, and no
computational ability; they act only as containers. Computation is performed by n mobile agents,
each having a unique identifier (ID), local computation ability, and limited memory. The compu-
tation proceeds in synchronous rounds: in each round, an agent may perform arbitrary local
computation and may traverse one incident edge to move to a neighbouring node. Communica-
tion is purely by meeting: two agents can exchange information if and only if they are co-located
at the same node in the same round. This model captures settings where reliable long-range
communication is unavailable or undesirable, and where mobility itself is the primary means
of interaction. It also introduces a fundamental algorithmic difficulty: when an agent moves to
a neighbour to communicate, the intended neighbour may simultaneously move away, and the
node retains no state that could help coordinate or buffer information. A central point of this
chapter is that MST and BFS are treated as related but distinct tree-construction problems. The
MST construction is studied first as an independent problem and also because it elects a unique
leader agent. This leader is useful later when no BFS root is specified in advance. However, BFS
construction itself does not inherently require an MST: when a root is already known, the BFS
tree can be constructed directly from that root. Thus, the MST phase is used only to remove the

prior-root assumption in the root-free BFS setting.

Recent work demonstrates that mobile agents can solve a variety of classical graph prob-
lems in anonymous networks, including dispersion [68, 75], maximal independent set construc-

tions [103, 98], dominating sets [26], and subgraph analytics such as triangle counting [24].
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Kshemkalyani et al. [69] initiated the study of deterministic leader election and MST construc-
tion without assuming any knowledge of global graph parameters; however, their algorithms use
O(n log n) bits per agent and require O(m) rounds for leader election and O(m+n logn) rounds
for MST construction. A recurring bottleneck behind many agent-based graph algorithms is local
coordination: to guarantee that adjacent agents meet and exchange information, prior approaches
often rely on knowing A to allocate sufficiently long scheduling windows (typically proportional
to A) [26, 98, 24]. Removing such parameter knowledge while keeping both time and memory
small is non-trivial, and is central to building fast and robust higher-level constructions such as
MST and BFS.

5.1.1 Our Contributions

We consider an arbitrary, connected, undirected, simple, anonymous graph GG with n agents ini-

tially in a dispersed configuration (one agent per node). Our main contributions are as follows:

« We design an efficient neighbour-meeting protocol that guarantees a meeting with any cho-
sen neighbour within O(logn) rounds per neighbour, without requiring any prior knowl-

edge of graph parameters [Algorithm 10].

» We present an MST construction algorithm for the mobile-agent model. The algorithm
also elects a unique leader agent and runs in O(n logn + Alog® n) rounds using O(logn)

memory per agent [Algorithm 15, Theorems 5.2 and 5.3].

« We present two BFS constructions. If a root is already known, the agents construct a BFS
tree directly from that root in O(DA) rounds. If no root is known initially, the leader
obtained from the MST construction is used as the root. In the root-free setting, the overall
BFS construction takes O (nlogn + Alog? n + min(mlogn, DA)) rounds using O(log n)
memory per agent [Algorithm 18, Theorem 5.5].

All algorithms assume that the maximum agent ID ) is known a priori, and require O(logn) bits
of memory per agent.
5.1.2 Challenges and Techniques

As the nodes are memoryless and agents can communicate only upon meeting, even coordinating

two adjacent agents is delicate: an initiator may arrive exactly as its neighbour departs. Many
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earlier agent-based algorithms, therefore, assume that agents know A to provision sufficiently
long degree-dependent schedules that force neighbour meetings [26, 98, 24]. Our first objective
is to remove this assumption while keeping per-agent memory small. We achieve this via a
deterministic neighbour-meeting primitive (Section 5.4.1) that depends only on agent IDs. Each
agent uses a padded binary string formed by concatenating its ID with its bitwise complement,
ensuring that any two agents differ at some position where one has 1 and the other has 0; this

asymmetry forces a meeting with any chosen neighbour within O(log n) rounds (per neighbour).

Since communication in our model is strictly local and possible only when agents become
co-located at the same node, the spanning structures constructed later are more than just direct
simulations of classical message-passing algorithms. Instead, they serve as coordination frame-
works that enable controlled movement, synchronisation, and gradual information propagation
through repeated local interactions between agents. The MST construction is not only a prepro-
cessing step for BFS; it is a fundamental tree-construction problem in its own right. At the same
time, its leader-election property is useful for the root-free BFS setting, because the elected leader
provides a natural root from which BFS can be initiated. When a root is already known, this MST
phase is unnecessary, and BFS can be constructed directly. Moreover, all of these constructions
are non-trivial adaptations of classical message-passing algorithms, carefully redesigned to op-
erate under the constraints of the mobile-agent model. Since nodes are memoryless and agents
can communicate only when they become co-located, every exchange of information must be
achieved through controlled movement, local interactions, and explicit synchronisation among

agents, while operating with minimal assumptions regarding global parameter knowledge.

For MST, we impose a deterministic order on edges in an anonymous, unweighted graph
by assigning distinct virtual weights computed on demand from endpoint IDs and port num-
bers, and emulated the fragment-growth structure of GHS [45] under meet-only communication:
fragments repeatedly identify their MWOE, aggregate candidate minima to the fragment leader,
and broadcast the selected edge back along the fragment tree using periodic traversals, all with
O(logn) memory per agent, until a single fragment remains whose leader becomes the global
leader. For BFS, we addressed the uncertainty of frontier coordination (and the potential blow-
up of repeated to and fro traversal-based dispersal, e.g., O(AP”) in [68]) using two routines: one
with a known root in a dispersed start, agents first compute A and then expand level-by-level
in O(DA) rounds; second, when the root is unknown, we first run the MST phase to elect a
leader and obtain a stable tree backbone for parameter gathering and synchronisation, and then

construct BFS by taking the better of the two routines.
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5.2 Related Works

5.2.1 Classical Distributed BFS, MST, and Leader Election

Breadth-First Search (BFS), Minimum Spanning Tree (MST), and leader election are among the
most fundamental primitives in distributed computing and have been extensively studied in the
classical message-passing model. Early BFS constructions include the layer-by-layer algorithm
of Cheung [28] and the asynchronous BFS frameworks of Gallager et al. [46, 47], later improved
by Awerbuch [11]. Subsequent works refined synchronisation and communication complexity in
specialised settings such as planar networks and asynchronous BFS variants [44, 89]. In parallel
and large-scale systems, BFS has also been studied through scalable partitioning strategies and
optimised implementations for massive graphs [30, 134, 21, 18, 121, 86].

For MST construction, early distributed approaches date back to Spira [114] and culminated
in the classical GHS algorithm [45], which remains one of the foundational distributed MST al-
gorithms. Later works improved round complexity and established lower bounds for spanning-
tree and MST-type constructions [10, 48, 101]. Leader election, introduced by Le Lann [80], has
likewise been extensively investigated, leading to deterministic algorithms and tight trade-offs
between time and message complexity [11, 102, 79]. These works collectively motivate the study
of how such primitives can be adapted to mobile-agent settings where communication occurs

only through local meetings rather than direct message passing,.

5.2.2 BFS and Exploration with Mobile Agents

In mobile-agent and agent-based models, BFS often appears as both an exploration primitive and a
coordination framework. Awerbuch et al. [12, 13] studied BFS-style exploration by a single agent
under periodic return constraints, resulting in the STRIP-EXPLORE framework. In multi-agent
settings, Palanisamy et al. [96] proposed a cluster-based approach that performs BFS sequentially
across clusters, achieving a running time of O (k(|V'|+|E|)) with k agents. BFS has also been used
extensively in dispersion algorithms, where agents spread so that at most one agent occupies each
node. Since the literature on dispersion has already been discussed in Chapter 1 and Chapter 2,
we avoid repeating those results here. In particular, Kshemkalyani et al. [75] developed BFS-
based dispersion algorithms under both local and global communication assumptions, improving

over earlier exponential-time behaviour such as the O(A”) phenomenon analysed in [68].
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5.2.3 MST and Other Graph Structures in Agent-Based Models

Deterministic MST construction and leader election in the mobile-agent setting were initiated
more recently. Kshemkalyani et al. [69] proposed the first deterministic MST and leader-election
algorithms in the agent-based model without assuming prior knowledge of graph parameters.
Their work also introduced a broader perspective on adapting message-passing algorithms to
mobile-agent systems. Subsequent works studied improved trade-offs under different assump-
tions and parameter knowledge [71]. Beyond BFS and MST, there has been growing interest in
computing classical graph structures using mobile agents. Recent works include maximal inde-
pendent set constructions [103, 98], dominating set computation [26], and triangle counting and
related graph analytics [24]. These works collectively demonstrate that mobile agents can per-
form increasingly sophisticated distributed graph computations despite severe communication

constraints.

5.2.4 Deterministic Coordination and Applications

Deterministic label-based coordination has a rich history in rendezvous and exploration prob-
lems. In particular, strongly universal exploration sequences (UXS) and related techniques have
been used to guarantee rendezvous and treasure-hunt objectives under limited information [119].
Although these works primarily focus on global exploration, they illustrate the broader princi-
ple that agent identifiers can be exploited to enforce deterministic coordination without rely-
ing on node identities. Our work follows this philosophy in the local neighbourhood setting
by developing efficient deterministic neighbour-meeting techniques that support faster BFS and
MST constructions in anonymous graphs. Such agent-based coordination mechanisms are also
motivated by practical applications in domains including underwater navigation [34], network-
centric warfare [82], social-network analysis [137, 91], search and rescue [135, 104, 132, 130],
and drone-assisted wireless sensor networks [5, 39, 58, 55], where mobility and intermittent local

communication are natural operational constraints.

5.3 Model and Problem Definition

Graph: The underlying graph G(V, E) that is connected, undirected, and anonymous with
|V| = n nodes and |E| = m edges. Nodes of G do not have any distinguishing identifiers or

labels. These nodes do not possess any memory and hence cannot store any information. The
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Algorithm Knowledge| Time Complexity Memory/Agent Initial
(Rounds) Config.
Leader Election
Section 5.4 A O(nlogn + Alog®n) O(logn) Dispersed
Kshemkalyani et - O(m) O(log?n) Arbitrary
al. [69]
Kshemkalyani et n, A O(nlog®n + O(logn) Arbitrary
al. [71] DAlogn)
MST Construction
Section 5.4 A O(nlogn + Alog®n) O(logn) Dispersed
Kshemkalyani et - O(m + nlogn) O(max(A,logn)logn)| Arbitrary
al. [69]
Kshemkalyani et n, A O(m + nlog®n + O(Alogn) Arbitrary
al. [71] DAlogn)
BEFS Construction
Section 5.5 A O(nlogn+Alog? n+ O(logn) Dispersed
min(mlogn, DA))
Section 5.5 root O(min(mlogn, DA)) O(logn) Dispersed

Table 5.1: Comparison of previous and recent results for leader election, MST construction, and
BFS construction in the mobile-agent model. Here, A denotes the maximum agent ID
among the n agents in an n-node graph with m edges, diameter D, and maximum
degree A. The symbol ‘—’ denotes that no prior knowledge is assumed.

degree of a node v € V is denoted by §(v), and the maximum degree of G is A. Edges incident
on v are locally labelled using port numbers in the range [0, §(v) — 1]. We denote a port number
that connects the nodes u to v by py,. In general, p,, # p,,. The edges of the graph serve as
routes through which the agents can commute. Any number of agents can travel through an
edge at any given time. For BFS, the graph is considered unweighted. For MST construction, we
additionally allow positive edge weights. When the graph is unweighted, distinct virtual weights
are assigned to simulate the GHS framework. For a weighted graph, the edge weights are
positive numbers bounded by O(n°) for some constant ¢ > 1. The edge weights are associated
with the port numbers of the respective edges. An agent at a node v can see the weights of the

edges adjacent to v.

Mobile Agents: We have a collection of n agents enumerated as R = {ry,r9,...,r,} residing
on the nodes of the graph with each having a unique ID € [0, n¢] for some constant ¢ > 1, and

has O(logn) bits of memory to store information. We assume that the maximum ID among
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the n agents is known to all agents, denoted by A with (A\ < n¢)'. Two or more agents can
be present (co-located) at a node in GG; however, an agent is not allowed to stay on an edge.
An agent can recognise the port number through which it has entered and exited a node.
The agents do not have any visibility beyond their (current) location at a node. An agent at
a node v can only realise its adjacent ports (connecting to edges) at v. Only the collocated
agents at a node can sense each other and exchange information. An agent can exchange all
the information stored in its memory instantaneously. We consider that n agents start from a

complete dispersed initial configuration® such that each node of the graph G has exactly one agent.

Communication Model: We consider a synchronous system where the agents are synchronised
to a common clock and the local communication model, where only co-located agents (i.e., agents
at the same node) can communicate among themselves. In each round, an agent r; performs
the Communicate — Compute — Move (CC M) task-cycle as follows: (i) Communicate: r; may
communicate with other agents at the same node, (ii) Compute: Based on the gathered information
and subsequent computations, ; may perform all manner of computations within the bounds of
its memory, and (iii) Move: r; may move to a neighbouring node using the computed exit port. We
measure the complexity in two metrics, namely, time/round and memory. The time complexity of
an algorithm is the number of rounds required to execute the algorithm. The memory complexity

is measured w.r.t. the amount of memory (in bits) required by each agent for computation.

For the tree construction problems studied in this chapter, dispersed configurations help the
agents maintain local information about the graph. For example, an agent can store information
such as parent, children, level, fragment label, or edge-related values on behalf of the node it
represents. This is useful for constructing BFS and MST structures in anonymous graphs, where
the nodes themselves cannot store any information. The agents must move, meet, exchange
information locally, and coordinate their actions under the restrictions of the mobile agent model.
Thus, the organised placement of agents is used as a useful starting point for building global tree

structures.

5.3.1 Problem Statements

We consider an n-node simple, connected, anonymous graph G(V, E') with n autonomous agents

initially placed in a dispersed configuration (one agent per node). The goal is to solve and analyse

'We use O(logn) in place of O(log A) throughout to express bounds in standard graph parameters and enable
direct comparison with existing results.
?For other starting configurations of agents, dispersion is first achieved in O(n) rounds using [70].
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the complexity of the following problems:

1. Minimum Spanning Tree (MST) Construction: Given a weighted graph GG, where each agent
can access the weights of the edges incident to its current node, construct an MST of G

such that each MST edge is known to at least one of its endpoint agents.
2. Leader Election: Elect a unique leader among the n agents.

3. Breadth-First Search (BFS) Tree Construction: Construct a BFS tree of (G such that each tree

edge is known to at least one of its endpoint agents.

Before proceeding with our main algorithms, we provide the list of variables used in this
chapter in Table 5.2.

Agent Variables Used in Chapter 5

Variable Values / Type Description
ri. 1D Unique ID Agent ID.
3.0 Binary string Padded binary representation of the agent ID.
rinew_ID Binary string Concatenation of the complemented ID and original ID
used in neighbour meetings.
b; Binary bit Current bit examined during Meeting with
Neighbor ().
ri.parent Port / Agent ID Parent reference maintained in the MST/BES tree.
r;.child Port / Agent ID Stores the first child pointer in the constructed tree.
r;.510ling Port / Agent ID Links sibling children to reduce memory usage.
r;.treelabel Agent ID Identifies the fragment/tree to which the agent belongs.
r;.treelevel Integer Stores the level of the fragment during MST merging.
ri.min_weight Weight value Minimum outgoing edge weight discovered locally by the
agent.
r;.min_local Weight value Aggregated local minimum received from children and
self.
r;.leader_min Weight value Global MWOE value maintained by the fragment leader.
Wayp Edge weight Dynamically computed virtual edge weight of (u, v).
r;.level Integer BFS level of the agent in the constructed BFS tree.
r;.completed Boolean Initially set to false; becomes t rue once all neighbor-
ing nodes of r; (except its parent) have been visited.
ri.visitor 0/1 Set to 1 when agent 7r; is visiting another node from its
home node; otherwise set to 0.

Table 5.2: List of agent variables used in this chapter. List of notations on Table 1.5 (Introduction).
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54 Agent-Based MST Construction

In this section, we describe the construction of a Minimum Spanning Tree (MST) that simulta-
neously elects a leader agent. Besides its independent importance, the MST construction also
enables the collection of useful graph parameters and provides a leader that is later used in the
root-free BFS setting, where no designated root is available in advance. The MST is constructed
by adapting the classical distributed GHS algorithm [45]; however, this adaptation is non-trivial
in the mobile-agent model. In the classical message-passing setting, neighbouring nodes can di-
rectly exchange messages across edges, and nodes can store local information. In contrast, in our
model, the nodes are anonymous and memoryless, and communication is possible only when
two agents physically meet at the same node. Thus, every exchange of information required
by the GHS framework must be implemented through carefully synchronised agent movements
and local meetings. Although the graph G is unweighted, we adopt the GHS framework due
to its parallel nature. Consequently, our approach improves upon the existing agent-based MST
result in [69], which also implements a GHS-based strategy but in a sequential manner. To ap-
ply the MST framework to our unweighted graph, we first assign distinct virtual weights to the
edges, computed using agent IDs and port numbers rather than stored at the nodes (details in
Section 5.4.2). A key requirement in this process is that adjacent agents must be able to meet reli-
ably. Since agents may move simultaneously and nodes cannot buffer information, synchronising
such meetings is one of the main challenges. To address this, we develop a neighbour-meeting
procedure that allows two adjacent agents to meet across a given edge within O(logn) rounds,

without requiring prior knowledge of A (Section 5.4.1).

5.4.1 Meeting with Neighbouring Agents

The agents operate autonomously without any centralised control, so ensuring that an agent suc-
cessfully meets its intended neighbour is challenging. This difficulty arises because the targeted
neighbour might simultaneously move to meet another of its own neighbours in the same round.
Therefore, a mechanism is needed to guarantee that two adjacent agents, intending to meet, can
do so within a specified time frame. One such mechanism, known as Protocol MYN, hasbeen
employed in several studies [26, 24], where agents use the knowledge of A (the maximum degree)
along with their ID bits to ensure that each agent meets all its neighbours at least once within
O(Alog M) rounds. However, this approach has two key drawbacks. First, agents must have prior

knowledge of A, the maximum degree in the graph. Secondly, the order in which neighbours are
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Algorithm 10 IMPROVED MEETING WITH NEIGHBOUR()

Require: Two agents r,, and 7, with unique IDs, located at adjacent nodes v and v.
Ensure: The agent r, meets r, at v within 4 log A rounds.

1: Pad each agent’s ID to log A bits by adding leading zeros and call it b.

2: rynew_ID < (~ 1r,.0)||(ry.b).

3: Let us suppose round_no represents the round number initialized to 0.

4: for 4log A rounds do

5 if round_no mod 2 = 0 then
6: r, scans r,.new_I D from LSB to MSB.
7: if (round_no/2 + 1)" bit of r,.new_ID is 1 then
8: r, moves to node v via port p, and return to node u in the next round.
9 else
10: r, remains at node u for 2 consecutive rounds.
11: end if
12: end if

13: end for

met is dictated by the ID bits rather than the node’s port numbers. In some algorithms, agents
may be required to meet only a specific neighbour or visit the neighbours in a sequence of port

numbers. Our proposed approach overcomes both of these limitations.

Our proposed algorithm Meeting with Neighbour () (Algorithm 10) is as follows.
Consider two agents, r, and 7, initially located at adjacent nodes u and v, respectively. Let p,
and p, denote the ports connecting these nodes. Each agent r, first pads its ID r,,.I D with leading
Os to ensure a binary length of exactly log A bits. Let us call this padded ID r,.b (Line 1). It then
computes a new identifier, new_I D, by appending the bitwise complement of its ID to the left
(Line 2), resulting in a 2log A-bit string. The protocol runs for 4 log A rounds, with two rounds
corresponding to a bit position (Lines 4-13). Agents scan their new_I D from the least significant
bit (LSB) to the most significant bit (MSB). In each of these rounds, if the current bit of r,.new_I D
(new_ID of agent r,) is 1, r, moves to neighbouring node v; otherwise, it stays at node u. Since
the agents have distinct IDs, there must exist a bit position in r,.new_I D and r,.new_I D where

the former has a 1 and the latter has a 0. This guarantees that r, moves to v and encounters r,.

For example, let 7, have ID 100 and A = 1100. Padding gives 0100, and computing new_I D
results in 10110100. If r, has ID 110, then r,.new_I D is 10010110. In this case, r, meets r, in
the 2-6 — 1 = 11th round.

Observation 5.1. Let 1, be an agent located at node u with degree 6(u). Let v be a neighbouring

node of u hosting an agent r,,. Then r,, can meet r,, within 4log \ rounds. Furthermore, r,, can meet
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all its neighbours in at most §(u) - 4log A rounds.

Observe that concatenating the IDs with their bitwise complement is crucial; otherwise, the
two agents may not meet. For instance, consider agents r, and r, with IDs 0010 and 0110, re-
spectively. Suppose r, aims to meet r,, but r, is simultaneously engaged in another meeting with
a neighbour r,, # r,. In the second round, both r,, and r, move, preventing their meeting. In the
subsequent rounds, r,, remains stationary, failing to meet r,. However, using new_I D, this issue
is avoided. The new IDs for r, and r, are 11010010 and 10010110, respectively. In this case, r, is

guaranteed to meet 7, in the 7th LSB, where 7, has a 1 and r, has a 0.

Having established the meeting with neighbouring agents, we now move to the next section,

where we construct a minimum spanning tree of a graph using agents.

5.4.2 Constructing a Minimum Spanning Tree

Although the high-level fragment-growth strategy follows the classical GHS framework, adapting
it to the mobile-agent model introduces several challenges. Unlike the message-passing setting,
agents can communicate only upon meeting, nodes are memoryless, and storing explicit edge
information may violate the desired low-memory bound. Therefore, the main technical aspects
of our approach are: (i) guaranteeing deterministic neighbour meetings without prior knowledge
of A, (ii) dynamically computing edge weights instead of storing them, and (iii) maintaining
fragment communication and parent-child relationships using only O(log n) bits of memory per

agent.

Now, we present an algorithm that enables agents to construct an MST (which becomes a
spanning tree for an unweighted graph) for a given graph G(V, E'). Our approach is an adaptation
of the GHS algorithm [45], a classical algorithm for constructing a Minimum Spanning Tree (MST)
in the message-passing model of distributed computing. To adapt the GHS algorithm to our
agent-based model, we first address the requirement of unique edge weights, as the algorithm
assumes distinct weights for all m edges. Since we consider a graph with unweighted edges, we
must assign unique weights to meet this requirement. While this could be achieved by assigning
random weights to the edges, our algorithm is deterministic, necessitating a deterministic method
for weight assignment. To this end, we leverage the agents’ unique identifiers (IDs) and the port
numbering at each node to systematically assign distinct edge weights. Furthermore, this weight
assignment approach introduces additional memory requirements for storing and managing the
assigned weights. For an agent r,, the memory required would be O(d(u)log A) bits, where

d(u) denotes the degree of node u and A represents the maximum ID value of the agents. To
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eliminate this overhead, we do not store edge weights in the agents’ memory. Instead, these
weights are computed dynamically when needed. Below, we outline the method used by the

agents to dynamically assign distinct weights to each edge in the graph as needed.

5.4.2.1 Generating Distinct Edge Weights:

To obtain distinct edge weights, an agent 7, does the following:

« 7, meets its neighbours one by one.

+ Once 7, meets a neighbour r,, let  denote the endpoint agent with smaller ID, i.e., r.ID =
min{r,.ID,r,.ID}. The weight of the edge (7,7, ) is defined as 7.1 D + ——, where p,,,

pu'u +2 ’
is the port number at agent r leading to the other endpoint agent.

1
Puv+2

« Both r, and r, assign the same weight r./D + to the edge (ry,7,).

Lemma 5.1 (Distinct Edge Weights). The edge weights assigned to each edge are distinct.

Proof. To prove this, we consider two arbitrary edges of G, say e; and e,. First, we assume that
e1 and e, are adjacent edges having the common node u containing the agent r,. Let e; connect
r, (at node u) to 7, (at node v) and ey connect r, to r, (node w) via port number p,, and py,
respectively. Now, if 7,.I D = min{r,.ID,r,.ID,r,.I D}, then, the weights of e; and e namely
we, and w, are given by 7,.ID + 1/(py, + 2) and r,.ID + 1/(puw + 2) which are, clearly,
distinct as pyy 7# Puw- If 7.1 D is not the minimum then the weights w,, and w,, are assigned by
two different agents from the set {r,, r,, 7, }. Since the IDs of these agents are integers and the
addition fraction in the weight calculation due to port number, i.e., 1/(port + 2) is less than 1, so
we, and w,, must be distinct. On the other hand, if e; and e; are not adjacent, then w,, and w,,

are assigned weights based on different agents’ IDs, which, similarly, must be distinct. Il

To compute the weight of an edge, an agent must interact with its neighbouring agent at least
once, which can be achieved using the Meeting with Neighbour () protocol. Through
this process, each agent sequentially meets all its neighbours and determines the weights of its
outgoing edges. Once distinct edge weights have been assigned, the agents proceed to simu-
late the GHS algorithm to construct a spanning tree. Now, we provide the details of the MST

construction (Algorithm 15). We divide the algorithm into the following three main stages:

1. Minimum Weight Outgoing Edge (MWOE) Calculation: Each fragment’s leader de-
termines the minimum weight outgoing edge (MWOE) among all its outgoing edges using
Algorithm 11.
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2. MWOE Identification and Selection: Using Algorithm 12, an agent gets to know
whether its outgoing edge is MWOE. For this, the fragment’s leader broadcasts the mini-
mum weight value to all the agents in its fragment. Once an agent realises that one of its

incident edges is the MWOE, it proceeds to the next stage.

3. Fragment Merging: In this stage, as the agent holding the MWOE (say, 7,,) meets with its
adjacent agent (say, r,), 7, shares its fragment level (treelevel) and its intention to merge
with or absorb the fragment of r,. At this point, agent r, executes either Merge () (Al-
gorithm 14) or Absorb () (Algorithm 13), depending on the respective treelevel values
of agents r, and r, and whether the edge (7, r,) is the MWOE for both fragments.

The process continues until all the agents become part of a single fragment with no more
outgoing edges. At this point, the algorithm terminates. Below, we explain the three stages in
detail.

5.4.2.2 Stage 1 - Minimum Weight Outgoing Edge (MWOE) Calculation:

Each edge is assigned a unique virtual weight, as derived from Section 5.4.2.1. Initially, each of
the n agents individually represents a distinct tree fragment. As the algorithm progresses, these
fragments merge via the Minimum Weight Outgoing Edge (MWOE). In Algorithm 11, the agents
within each fragment collaboratively compute the MWOE of the fragment, while the fragment
leader’ finally obtains the global minimum through aggregation. The algorithm begins with each
agent exploring its neighbours in parallel. For each neighbour, the agent checks whether the edge
connecting to it is internal or outgoing by comparing their respective treelabel values. If the
treelabel values match, the edge is internal; otherwise, it is considered outgoing (Algorithm 11,
Line 3). Then each agent sequentially examines its neighbours to identify the minimum-weight
outgoing edge. During this process, it maintains a variable r,.min_weight to store the smallest
weight encountered among all outgoing edges. Although each agent searches its local neigh-
bourhood sequentially, these searches occur in parallel across the agents. The agent then aggre-
gates the minimum weights received from its children, storing the local minimum in the variable
min_local (Lines 2—11, Algorithm 11). This value is subsequently propagated up in the fragment’s
hierarchy with the parent node, ensuring that the fragment leader obtains the global minimum

(Algorithm 11, Lines 12-15). The algorithm terminates when only a single fragment remains,

*During MST construction, the leader is assumed to be the fragment leader unless specified otherwise. Once all
fragments merge into a single one, the fragment’s leader becomes the leader of all agents.
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which occurs when there are no outgoing edges. This termination condition is detected in Algo-
rithm 11, Line 16. Each agent is also equipped with the variable treelevel, which tracks the level
of a given fragment. Specifically, when two fragments with the same ¢reelevel merge, the newly
formed fragment’s treelevel is incremented. The variables treelabel and treelevel serve distinct
roles: treelabel identifies agents within the same fragment (which serves like a tree ID), while
treelevel facilitates the merging of different fragments. Initially, ¢treelevel = 0, and treelabel is
set to the fragment leader’s ID. Since each agent starts as an independent fragment, its treelabel
is initially assigned as its own ID. As the fragments merge, the treelabel of the agents in the

merged fragment is determined by the leader of the new fragment.

Algorithm 11 MWOE CALCULATION WITHIN A FRAGMENT

1: 7,.min_weight < ¢
2: for each agent r, (in parallel), and for each neighbour 7 of , do

3: if r.treelabel # r,.treelabel then > Outgoing edge check
4: r, computes the weight w,., ,. of edge (r,,7)
5: else
6: Wy, r —1
7: end if
8: if r,.min_weight > w,, , then
9; r,-min_weight < w, ,
10: end if
11: end for
12: r, waits until it receives r,.min_weight from each child r, (if any)
13: r, calculates r,.min local = min ({r,.min_weight}, {r,.min_weight | 7, is a child of ,, })

and sends it to its parent
14: if r, is the leader agent then

15: ry.leader_min < r,.min_local
16: if r,.leader_min = then
17: terminate algorithm.

18: end if

19: end if

Before proceeding to the selection of MWOE, we highlight two important remarks. The first
deals with memory complexity, which enables the agents to construct the MST using O(log \)
bits. The second introduces a simple synchronisation technique that allows the leader of a frag-

ment to efficiently communicate with all agents in its subtree.

Remark: 5 (Memory Complexity). The primary memory overhead of the algorithm arises from
maintaining child pointers. An agent with up to A children would typically require O(Alog \)
bits for storage. However, this complexity can be reduced using a sibling variable. When an
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agent discovers its first child, it sets its ch1 1d pointer to the corresponding outgoing port. For each
subsequent child, instead of storing multiple child pointers, the agent updates the previously added
child’s sibling variable with the new child’s outgoing port. This cascading approach eliminates
the need for A child pointers, allowing the chi 1d pointers to be stored efficiently in O(log \) bits.
The other variables parent, child, and treelabel require O(log \)+O(log A) = O(log \)
bits, while other variables require only O(1) bits. Thus, the overall memory complexity is O(log \)
or O(log n) bits, since A < n°W),

Remark: 6 (parent-child communication). To efficiently exchange information between a
parent and its children in a single round, we introduce the following strategy: After every 4log A
rounds of neighbour interactions, an additional round is reserved in which each agent (except the
leader) moves to its parent for updates. Thus, after every 4log A round, each child oscillates once
between its node and its parent node. When the leader initiates a broadcast, its immediate children
receive the value in the first oscillation, followed by the grandchildren in the next, continuing until
all agents are updated after D oscillations, where D is the tree diameter. To ensure updates propa-
gate correctly, once all children at a given level have received the update, they stay at their node for
4 log A rounds, allowing deeper levels to update sequentially. This ensures a smooth transfer of infor-
mation. Conversely, during the same reserved round, children can send information to their parents

simultaneously. Thus, transmitting any value requires an additional O(n) rounds in the worst case.

5.4.2.3 Stage 2 - MWOE Identification and Selection:

To determine the MWOE of a fragment, an agent must verify whether any of its adjacent edges
has been selected by the leader as the MWOE for connecting to another fragment. This requires
the leader to broadcast the minimum computed weight value to all agents, a process carried out
using Algorithm 12. Each agent checks if any of its adjacent edges is the MWOE by comparing its
variable r,,.min_weight with the value sent by the leader; if they match, one of its adjacent edges
is identified as the MWOE (Line 4). Since agents do not store edge weights in memory, they
must reevaluate the weights (Line 5) to identify the edge corresponding to the MWOE weight
received from the leader, introducing an additional computational factor of Alogn into Algo-
rithm 11. With the MWOE of the fragment determined, we now proceed to describe the merging

of fragments.
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Algorithm 12 MWOE IDENTIFICATION AND SELECTION

1: r, checks r;.leader_min. > Communication within the constructed tree is achieved using
techniques established in Remark 6
if r,.leader_min # r;.leader_min then > Fragment leader has calculated a new weight
r,.leader_min < r;.leader_min
if r,.min_weight = r,.leader_min then > One of 7,’s adjacent edges is the MWOE
r, Vvisits each neighbour to re-calculate edge weights and find the edge matching
ry.leader_min
6: The matched edge is computed as the MWOE, connecting r, to some neighbour 7

(say)

r,, informs 7, that its incident edge is the MWOE and schedules it for merging.
end if
9: else > No new edge weight calculated
10: r,, does nothing
11: end if

5.4.2.4 Stage 3 - Fragment Merging:

Let F} and F5 be two fragments connected via a MWOE e. Then the fragments F and I, merge

based on the following rule:

1. Rule 1 - If F}.treelevel < Fj.treelevel, then F) joins the fragment F5 and the treelabel
of the new fragment will be F.treelabel. Moreover, the leader of the fragment will be the

leader of fragment F.

2. Rule 2 - If F).treelevel = Fy.treelevel, then Fy and F; will merge if and only if, e is the
common MWOE of F} and F5. In such a case, the leader of the fragment will be the leader

of I} and F5 that has the minimum ID, and the fragment level increases by 1 after merging.

3. Rule 3 - In other cases, fragments wait till one of the rules 1 or 2 applies to them.

Now, let us consider two adjacent agents 7, and r connected via the MWOE e of r,. Now, 7,

does the following

1. If ry.treelevel > ry.treelevel, r, does nothing.

2. If r,.treelevel = ry.treelevel and e is the MWOE of the fragment belonging to r;, as well,
r, executes Merge ().

3. If ry.treelevel = ry.treelevel and e is not the MWOE of the fragment belonging to 7, 7,

does nothing.
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4. If ry.treelevel < ry.treelevel, r, executes Absorb ().

Specifically, Merge () is used when two fragments have the same level, requiring an increment
in their treelevel value. In contrast, Absorb () is typically applied when two fragments can
be ordered based on their treelevel and I D values. Through Absorb (), the fragment of r,
merges into the fragment of r;. During the merging process, the merging fragment terminates
all ongoing operations and updates its child and parent pointers, as well as treelabel and treelevel

accordingly.

Algorithm 13 ABSORB()

1: r, immediately aborts any operation it may be doing.

2: r, marks r; as parent and collects ry.treelabel, ry.treelevel and leader information of r;’s
fragment.

3. r, moves to its parent agent, and instructs it to immediately abort any ongoing operation.

4: r, informs its parent about the new leader, changes its parent’s treelabel, treelevel to
ri.treelabel, r.treelevel, and changes the parent pointer to child pointer.

5: Once the parent pointer has been changed, the old parent moves to its own parent, requests
abortion of any ongoing operation, marks its parent pointer as a child pointer, and simi-
larly transmits and modifies the new information. Continuing similarly, when this message
reaches the root, the root sends out completion information to 7 via the newly changed
parent chain.

6: Once 7, receives the completion information from its old root, it sends this new leader and
treelabel, treelevel information across its other (old) children in a similar fashion. The leaf
children, after modifying their own information, again send out completion information to
ry. After r, has received the completion information from all of its children, it now informs 7,
about the completion of the Absorb (). Asr, visits r; with the completion information,
7y sets the port leading to r, as its child pointer.

7: The fragment of r, has now merged with r;’s fragment with a new leader of r;’s fragment.

Algorithm 14 MERGE()

1: r, and 7, compare their leader IDs
2: if r, has a higher leader ID then

3 . increments ry.treelevel by 1.
4 ri executes Absorb ()

5: else

6 r, increments ry.treelevel by 1.
7: r, executes Absorb ()

8: end if




Agent-Based MST Construction 125

Algorithm 15 MST CONSTRUCTION USING MOBILE AGENTS

1: while r,.leader_min #1 do
2: Calculate the MWOE using Algorithm 11.
3: Identify and select the MWOE using Algorithm 12. > Let e be the MWOE from the agent
r, which connects to the agent 7.
4 if r,.treelevel = ry.treelevel and ry also scheduled for merging via e then
5 Execute Merge ().
6: else if r,.treelevel = ry.treelevel and rj not scheduled for merging via e then
7 r,, does nothing and waits.
8 else if r,.treelevel > r,.treelevel then
9 r,, does nothing and waits.
10: else if r,.treelevel < ry.treelevel then
11: r, executes Absorb ().
12: end if
13: end while

5.4.2.5 Complexity Analysis of Algorithm 15 (MST Construction)

Lemma 5.2. The respective time complexities of the 3 stages of the MST construction are respectively
O(Alog A +n), (Alog A + n) and O(n) rounds.

Proof. For Stage 1, each agent takes O(A log \) rounds in the worst case to search its neighbours,
which is done in parallel by the agents of a fragment. To report the minimum weight to the leader,
the agents must send this value via their parent, and the leader computes the minimum of all the
received weights. Since this transmission occurs via the tree, in the worst case, it can take O(n)
rounds. So, calculating the MWOE by the leader takes O(A log A + n) rounds. To distribute the
MWOE to the whole fragment, the agents can take a maximum of O(n) rounds, as the agents that
are at the same distance from the root collect this MWOE from their parents, in parallel. Now
the agents once again evaluate the edge weights to compute the matching edge with the selected
edge weight. So, Stage 2 also takes O(n + Alog \) rounds. Finally, for Stage 3, the agent that
connects its fragment via the MWOE needs to visit the chain of parents to inform them about the
merging and changing of their child-parent pointers, respectively. This modification takes O(n)

rounds in the worst case. O

According to the GHS algorithm, the number of fragments while constructing the spanning
tree reduces by at least half in each phase, so it takes O(log n) phases for the fragments to merge
into a single fragment, giving out the final spanning tree. Now since, during each phase, weight
is evaluated (at most twice), Algorithm 12 and Algorithm 11 is invoked once followed by merg-

ing of fragments, the time complexity of constructing the spanning tree is given by O(logn) -
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(O(Alog A\) + O(Alog A +n) + O(n + Alog A) + O(n)) = O(Alognlog A + nlogn) rounds.
Considering that O(log \) = O(logn), we can rewrite the complexity as O(A log® n + nlogn).
The maximum memory overhead for the agents is used to store the IDs and pointers. Since the
IDs are bound by n° for some constant ¢ > 1, the memory requirement for each agent is O(log n)
bits. Combining other details from the discussion in Remark 5, the correctness of the original

GHS algorithm, and the preceding lemma, we have the following theorem.

Theorem 5.2 (MST). Given an arbitrary simple connected anonymous graph G with n nodes, m
edges, maximum degree A and diameter D. Then, an MST can be constructed in O(Alog2 n +
nlogn) rounds, when the n agents begin in a dispersed initial configuration with O(logn) bits of
memory per agent. The agents do not require any prior knowledge about any graph parameters, but

need to know an upper bound of the ID of the agents, \.

5.4.3 Leader Election via MST Construction

Following the construction of the spanning tree, all fragments eventually merge into a single
connected component containing all n agents. As a consequence of this merging process, the
fragment leader of the final component naturally serves as a unique leader for the entire network.
Thus, the unweighted MST construction implicitly yields a leader election procedure as a by-

product of fragment merging. This observation leads to the following result.

Theorem 5.3 (Leader Election via MST). Given a dispersed configuration of n agents with unique
identifiers, placed one agent per node of an anonymous n-node, m-edge graph G' with maximum
degree A\, there exists a deterministic algorithm that elects a unique leader in O(Alog® n + nlogn)
rounds using O(logn) bits of memory per agent. The algorithm requires no prior knowledge of
any graph parameters and assumes that each agent knows only A\, the maximum among all agent
identifiers.

We emphasise that this leader election is not an independently designed primitive; rather,
it emerges implicitly from the fragment-based merging process of the MST algorithm. While
this approach suffices for establishing a unique leader, it inherits the time complexity overhead
of MST construction, particularly the dependence on A arising from repeated neighbourhood

probing.

Weighted MST. In the case of a weighted graph with distinct edge weights, the algorithm pro-
ceeds analogously to Algorithm 15. The only difference is that edge weights are predefined and
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do not need to be computed explicitly, as discussed in Section 5.4.2.1. Consequently, all ana-
lytical results, including time and memory complexity bounds, remain unchanged. This yields

Theorem 5.2 for weighted graphs.

5.5 Agent-Based BFS Tree Construction

In this section, we present two algorithms for BFS construction. The first is a basic approach
that assumes the system starts from a dispersed configuration and that a designated root agent is
known. It proceeds in two phases: first, the agents compute A, the maximum degree of the graph;
next, starting from the root, they build the BES tree level by level, waiting exactly A rounds per
level, which yields an overall running time of O(DA) rounds. This routine is useful whenever
a root is already known or pre-selected: even from an arbitrary initial configuration, the agents
can first disperse in O(n) rounds [70] and then construct the BES tree in an additional O(DA)

rounds.

When no leader or root is known in advance, the above BFS construction cannot be applied
directly, since there is no distinguished agent from which the BFS exploration can be initiated.
Our second algorithm, therefore, first uses the MST construction developed earlier to elect a
unique leader and to gather the graph-parameter information needed for synchronisation. The
elected leader then serves as the root for the subsequent BFS construction. The agents construct
the BFS tree using a different technique based on repeated applications of the Meeting with
Neighbour () protocol (Algorithm 10) to assign correct BES levels. This construction com-
pletes in O(mlogn) rounds. Since the agents can compute the expected running time of the
available approaches, they can choose the faster option between this O(mlogn) method and
the O(DA) level-expansion phase of the basic known-root algorithm, thereby selecting the BFS
construction strategy that best matches the input graph. We now describe both algorithms in
detail.

5.5.1 Basic Algorithm for BFS Construction

In this section, we describe a BES tree construction algorithm for n agents, initially placed in a
dispersed configuration, and the root of the BFS tree is pre-defined. The algorithm executes in
two phases. In the first phase, the agents compute A, the maximum degree of a node in the graph
G. In the second phase, we construct the BES tree of GG from the given root using the acquired

value of A.
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We first provide a list of variables that are used by each agent r; during the execution of the

algorithm.

1. ID - stores the ID bits of an agent. An O(log n) bit of memory space is used for the purpose.

2. parent - stores the port number from which an agent 7, finds r; and r; becomes the child

of r;. Initially parent =_1.

3. child - stores the outgoing port number through which r; exited its own node to move to

a neighbouring node to find a previously unvisited agent. Initially child =1

4. completed - a boolean variable, initially set to false, which takes a value true if and only
if each of its neighbouring nodes (except parent) has been visited and no new unvisited

neighbouring node is left.

5. level - initially —1, it represents the [evel of 7; in a tree with respect to the root agent which

has level = 0

6. visitor - a variable set to 1, if r; is a visitor to another node from its own node. When r; is

at its home node, the visitor value is 0.

We denote the 7oot agent as r* and use the notation 7/ to denote an agent at a level j with respect
to the tree from the root. We first provide a high-level pseudocode for the BFS construction

algorithm in Algorithm 16. The detailed execution of the two phases is described subsequently.

Algorithm 16 Basic BFS CONSTRUCTION

Root agent r* initiates exploration.
Construct a spanning tree while propagating the maximum degree A upward to the root.
Root broadcasts the value of A to all agents.
Root sets level = 0.
for each BES level in increasing order do
Agents at the current level explore neighbouring nodes.
Unvisited agents set parent pointers and assign their BFS levels.
Wait 2A rounds before expanding the next level.
end for
Propagate completion information back to the root.

R A A T T

—_
=4
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5.5.1.1 Phase 1: Knowing the Value of A

The agent at the root node r* begins the algorithm by visiting each of its neighbouring nodes.
As r* visits each child one by one, it immediately instructs each child r;}, upon receiving this
instruction for the first time, to begin visiting its own children. Consider an agent 7 at the ;%"
level who has received instruction from its parent to visit its children. Now the following cases

may arise:

1. 7/ finds a new unvisited agent (with parent =) in its adjacent node - 7/ sets the new

agent as its child and similarly, the new agent stores the appropriate parent pointer to 7.

2. 7/ finds that some of its adjacent nodes are empty - In such a case, r/ returns to its origi-
nal node, marks the port as visited, and continues exploring the graph through the other

available ports.
3. Tf finds multiple agents on one of its adjacent nodes.

(a) The original resident of the node is present at the node (whose visitor = 0) - In such
a case, the agent that has the least level (tie is broken using lower ID) becomes the
parent. If 7’5 is not the selected agent, it returns to its original node and marks the

node as visited.

(b) The original resident of the node is absent at the node - In such a case, all agents are

visitors and all of them return to their original home node.

4, rf finds an agent r that has already been visited (i.e., r.parent #.1) - In such a case, rg

ignores r, returns to its original node, and continues exploring the remaining ports.

5. If 7/ receives an instruction from an agent to visit its neighbour for the second or subsequent

times, it ignores any such request.

If some agent rg has no children or all of its children have already been visited (except the parent),
it sets its completed value to true and sends the degree value of its node to its parent. Now, the
parent of rg waits till it gets a completed message from each of its children and simultaneously
collects the maximum degree information from all of its children (whose completed = true),
compares it with its own degree, and sends the maximum to its parent along with the message
completed = true. Once an agent has received the maximum degree information from all of its

children, it continues to move and inform its parent. When the root receives the maximum degree
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information from all of its children, it compares it with its own degree and thereby establishes
the value of the maximum degree of the graph G, A. Now each agent has established the child-
parent relationship with its appropriate neighbours. Thereafter, the root propagates (downcast)
the value of A throughout the graph using the constructed tree. Every agent in the graph is now

acquainted with the maximum degree of the graph A.

Now all the agents have the value of A, and we execute the next phase of constructing the BFS
tree from the root. One may notice that the tree formed during the computation of the maximum
degree (A) may not form a BFS tree. The gradual construction of the BFS tree during the first

exploration phase is illustrated in Figure 5-1.

5.5.1.2 Phase 2: Constructing a BFS Tree

Now, the agents have the prior knowledge of A, and they create a BFS tree from the root. The
root starts the algorithm by visiting each of its neighbours. The root marks the appropriate ports
leading to each of its neighbours as its child ports. Simultaneously, when a new agent (a probable
child) gets a visit from its parent for the first time, the child sets its parent port accordingly. To
maintain synchronicity between the agents at each level, each agent is equipped with a variable
r;.level, which is initially set to —1. The root sets its level to 0. During the first visit of root to
its children, each of its children 7‘1»1 set their level as r}.level < root.level + 1. Now, each of the
agents at level 1 waits for 2A rounds before proceeding further. By that time, it is guaranteed
that root has visited each of its children. Now, with the end of the first 2A rounds, the agents at
level = 1 begin to explore their neighbours in search of potential children. Consider the situation
where, after 2Aj rounds, all agents at level j have received the instruction from their parents to
start exploring their respective children. Let an agent Tf at level j start exploring its neighbours

and move to a node v. Then, the following cases may arise:

1. rf finds out an agent r at v with r.level = —1 - It marks r as its child, and simultaneously

r marks Tf’s incoming port as its parent port. r sets r.level rf.level +1
2. rzj finds multiple agents at v

(a) The original resident of v, r is present at the node (whose visitor = 0) - r accepts the
request for becoming a child of the visitor agent which has the least ID. In case rf is
that particular agent, it updates its child pointers accordingly, and the newly discov-
ered agent sets its parent port and level rf level + 1. Notice that all visiting agents

reaching the node at this stage belong to the same BFS level, since the exploration
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Figure 5-1: Phase 1 initiated by the root agent r,. In subfigure (i), the initial graph configuration
is shown. In subfigures (ii)-(v), the tree exploration gradually expands outward from
the root, where red arrows indicate the current exploration step performed by the ex-
ploring agents. The blue edges denote the edges that have already been incorporated
into the spanning tree. During the process, each newly discovered node selects the
first incoming exploration edge as its parent edge in the tree. As the exploration pro-
gresses, additional nodes become attached to the current tree structure while avoiding
redundant parent assignments. Subfigure (vi) shows the completed spanning tree af-
ter all reachable nodes have been discovered. Finally, subfigure (vii) illustrates the
upward communication process through the constructed spanning tree, where infor-
mation propagates from the leaf agents toward the root agent r,.
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proceeds level-by-level. If r{ is not the selected agent, it returns to its original node

and marks the node as visited.

(b) The original resident of the node is absent at the node - In such a case, all agents are

visitors and all of them return to their original home node.

3. Tf finds v to be empty - rg returns to explore the other neighbourhoods. An empty node

implies that the resident agent of that particular node is at the same level as r}.

4. rf finds an agent r that is already assigned a non-negative level - rf ignores r and returns

back to its home node for further exploration.
During the latter stage of the execution of the algorithm, if

1. r] receives an instruction from an agent to visit its neighbours for the second or subsequent

times, it ignores any such request or, if it

2. receives a visit from an agent with the same or lower level as itself, rf ignores such an

agent and continues exploration.

Now, as the algorithm continues to execute, after each 2A round, we have a new level of the BFS

being created.

When an agent uses up all the available ports for exploration, it sets its completed = true and
informs its parent agent about the completion. As and when an agent receives the completion
information from all its children, it marks its own completed = true and similarly informs its
parent agent about the same. As soon as the root receives the completion information from all
its children, it terminates the algorithm and sends the termination information across all agents

via the tree.

The continuation of the BFS expansion process after the initial discovery phase is illustrated

in Figure 5-2.
Lemma 5.3. With the execution of Phase 2, the agents correctly create a BFS tree for the graph G.

Proof. Since an agent always ignores any repeat request for becoming a child node, algo-
rithms in both Phase 1 and Phase 2 always create a tree substructure of the graph G. Let
T be the tree generated by the agents after Phase 2. Let u be any node of the graph and
P(root = vy,vs,..., Vg, Vgs1,...,u = vp,) be the path from root to u in 7. Since the algo-

rithm explores the graph level-by-level, it explores all the nodes at level £ before moving on to
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Figure 5-2: Illustration of Phase 2 of the BES tree construction process. The BFS tree construction
continues to expand level by level from the root agent r4. Red arrows represent the
current exploration step performed by the active agents, while the blue edges denote
the portion of the BFS tree that has already been established. In subfigures (i)-(v),
the exploration frontier gradually advances through undiscovered nodes, and newly
visited nodes attach themselves to the BFS tree. As the exploration proceeds, the
BFS layers are completed incrementally, with each level taking 2A rounds, without
modifying previously assigned parent relationships. Subfigure (vi) shows the final
BFS tree after all nodes have been explored and incorporated into the structure.
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nodes at level k£ + 1, ensuring that it finds the shortest path to each node from the root. Therefore,
the path P represents the shortest path from root to u. Hence, 7T is a BFS tree. U

Lemma 5.4. Phase 2 takes O(DA) rounds to construct the BFS tree.

Proof. In Phase 2, each level is completed in O(A) rounds during the construction of the BFS
tree. Furthermore, the height of the BFS tree is O(D). Therefore, BFS tree construction takes
O(DA) rounds. As the agents continue to construct the BES tree, some agents might have already
completed visiting their children. These agents keep moving to their parents to inform them about
their completion. The time for transmitting this completion information by all agents to the root
can take at most O(DA) rounds, although most of this time overlaps with the BFS construction

phase. Hence, the algorithm achieves completion within O(DA) rounds. 0

Lemma 5.5. Phase 1 requires O(DA) rounds to compute the A.

Proof. We first establish that any agent at a distance d from the root gets visited within O(dA)

rounds, using induction on d.

« d = 1 : The root informs all its adjacent nodes in 2A rounds to explore their respective

children.
« d =i : We assume that all agents at a distance 7 have been visited in 2:A rounds.

o d =i+ 1: With the beginning of the 2¢A + 1 round, all agents at a distance 7 that have
already been visited from the root, so the agents at distance 7 can begin instructing their
children for exploration (some may have already initiated this process). Therefore, by the
end of 2iA + 2A rounds, it is guaranteed that all agents at a distance ¢ + 1 from the root

have been visited.

Since the distance between root and any arbitrary agent is < D, it can be guaranteed that all the
n agents must have received the exploration instruction from their parents by the end of 2DA

rounds and hence the lemma.

O

Remark: 7 (child pointers). To efficiently manage the storage of child node pointers, the agent uses
the same sibling pointer strategy as the MST construction (described in 5).

Lemma 5.6 (Memory Complexity). Each agent requires an O(logn) bits of memory to execute the

algorithm.
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Proof. To execute the algorithm, the agents need to store the port numbers for child, parent and
sibling pointers, needing an O(log A) memory space. For the IDs, the agent requires O(logn)
bits. Other variables require a constant number of bits. Therefore, each agent would require a

O(log n) bits of memory to execute the algorithm. O

Combining lemmas from 5.3 to 5.6, we have the following result.

Theorem 5.4. Given an arbitrary simple connected graph G with n nodes, m edges, maximum
degree A and diameter D. Then, a BES tree can be constructed in O(DA) rounds from the root node
when such a node is known a priori and the n agents begin in a dispersed initial configuration with
O(logn) bits of memory per agent. The agents do not require any prior knowledge about any global

parameters.

5.5.2 Second algorithm for BFS Construction

With the basic BFS construction algorithm in place, we now introduce a new BFS construction
algorithm that completes in O(m log n) rounds with m denoting the number of edges in G. By
combining these two algorithms, we achieve a round complexity of O(min(DA, mlogn)) for
the BFS construction. As mentioned earlier, the assumptions of a known root and m can be
removed using the leader election protocol in Section 5.4. In fact, the values of m, and any other
necessary graph parameters can be computed by Algorithm 15. The BFS algorithm heavily uses
the Meeting with Neighbour () (Algorithm 10) as a subroutine, which requires \ to be

known to the agents. Below, we discuss an overview of the algorithm.

High-Level Idea: The algorithm proceeds by propagating levels and marking tree edges in the
BFS tree, similar to the flooding-based algorithm in the message-passing model. We use the
Meeting with Neighbour () (Algorithm 10) to send level information from one agent
to its neighbouring agents, one by one. Suppose an agent r* is located at the specified root node,
which is at level O in the BFS tree. We denote an agent’s level as the level of its correspond-
ing node in the BFS tree. Thus, the root agent 7* sets its level as r*.level = 0, and every other
agent r, sets its level as r,.level =L initially. Whenever an agent r,, updates its level, it informs
its neighbouring agents of its new level. A neighbouring agent r, updates its level such that
ry.level = ry.level + 11if, r,.level > ry.level + 1 or r,.level =1. r, considers r, as its parent,
and the corresponding edge is considered as the edge of the BFS. In case more than one neighbour
sends their level simultaneously (in the same round), such that they can be considered as the par-

ent, then the minimum level neighbour is considered as the parent. In case there is more than one
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such minimum considerable level sent, the one sent by the lower ID agent is considered as the
parent. The agent informs its neighbours one by one based on port numbering (in increasing or-
der) using the Meeting with Neighbour () that takes O(4log \) rounds per neighbour.
Notice that to meet any neighbour Meeting with Neighbour () start the procedure in
the round number that is divisible by 4 log A and this procedure runs for 2m times, after which

each agent learns its actual level in the BFS tree.

Now, considering the basic algorithm (particularly Phase 2) described earlier in Section 5.5.1,
we have two algorithms with round complexity O(mlogn) (from Algorithm 17) and O(DA)
(from 5.5.1). We consider the best of these two algorithms for BFS construction. For that, first,
we run Algorithm 16; either Algorithm 16 terminates within O(DA) rounds, if so, then we have
the BFS tree. Otherwise, we run the Algorithm 17 that terminates in O(m logn) rounds. Thus,
we get the best round complexity of these two algorithms. The pseudocode for that is given in
Algorithm 18.

Algorithm 17 O(mlog n)-Rounp BFS CONSTRUCTION.

Require: Graph G with a specified root and m.
Ensure: a BFS tree where each tree edge is identified by an agent.
1: Let us consider the agent r, whose level is denoted by r,.level. Initially, every r, agent has
ry.level =1 and r,.parent L.
2: Consider root agent 7* such that r*.level = 0.
3: r* sends 7*.level to its neighbours one-by-one using the meeting neighbours algorithm
Meeting with Neighbors () (Algorithm 10). > Takes 4 log A rounds
4: for 2m time do
if agent r, updates its level then

6: r, sends 7,.level to neighbours one-by-one using the Meeting with
Neighbour (). > Takes 4 log A\ rounds
7: end if

Let { = min{L(r,) | r, € H} where L(r,) denotes the level of a neighbour r, in the set
H.

8: if r, receives ¢ such that (¢ + 1 < ry.level) or (r,.level =1) then
9: ry.level < 0+ 1

10: Choose an arbitrary 7, € H such that L(r,) = {

11: Ty.parent <— r,

12: end if

13: end for

Lemma 5.7. Algorithm 17 correctly constructs a BFS tree.

Proof. We prove two cases to show that Algorithm 17 constructs a BFS. i) Each agent 7, is assigned

a minimum level (shortest distance from the root). ii) There does not exist a cycle. We prove these
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Algorithm 18 IMPROVED BFS CONSTRUCTION.

Require: Graph G having n nodes and n agents in a dispersed configuration.
Ensure: BFS construction.
1: Elect the leader/root by running MST Algorithm 15; during this phase, the root learns the
graph parameters m, A, and A in O(Alog® n + nlogn) rounds. See Section 5.4.
Root 7* initiates the BFS construction from Algorithm 16, but only up to 8m log A rounds.
if the BFS construction has completed within 8m log A rounds then
Terminate.
else
Root r* runs Algorithm 17.
end if

cases by contradiction. Let us assume that the level assigned to an agent r, is not the minimum,
then in the Algorithm 17, if the level assigned to an agent r, is not minimum, then there exists
a neighbour of r,, say r,, such that r,.level + 1 < r,.level or r,.level =_L. In both conditions,
the neighbour r, did not pass its level to r,, which is contradictory to the Line 5. If r, also does
not have the minimum level, then one of the neighbours did not pass its level to r, and so on.
Eventually, by induction, we have that r* does not pass its level to one of its neighbours, which

is a contradiction to the Line 3.

For the second case, let us consider agents 1,79, 73,...,7, forms a cycle such that (w.Lg.)
ro.parent <— ri,rs.parent < 7o, ..., ri.parent < r,. This implies ri.level > ry.level >
rs.level > --- > ry.level > ry.level. This implies that there exists more than one parent to an
agent, which is contradictory. O

Lemma 5.8. Algorithm 17 constructs a BFS tree in O(mlog \) rounds and requires O(log n) bits of

memory at each agent.

Proof. Let us assume there exists an agent r, that requires 8m log A +¢ rounds to get the minimum
level, for any ¢ > 0. r,.parent’s, say r,, took at most 4log A - 6(u) rounds to send the minimum
level to r,. Similarly, r,.parent’s, say r,, took at most 4 log A - §(w) rounds to send the minimum
level to 7, and so on. Therefore, the total number of edges in the shortest path, from r* to r,
is not more than the sum of the degrees of r,.parent’s and their parent, recursively, up to 7*.
As a result, this degree sum is not more than 2m. Recall that communication between any two
neighbouring agents takes not more than 4 log A rounds (Algorithm 10). Consequently, the total
number of rounds required to send the minimum level to any of the agents is not more than
8m log A, which is a contradiction. In the case of memory per agent, the Algorithm 17 stores only

its parent’s port number and level, which does not require more than O(logn) bits at each agent.
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Hence, the lemma. OJ

Remark: 8. Starting from an arbitrary initial configuration, agents can first achieve dispersion in
O(n) rounds [70], provided that n is known. Once dispersion is reached, the BFS construction com-
pletes in O(min(DA, mlogn)-+nlogn+Alog® n) rounds (Theorem 5.5). Consequently, the overall

round and memory complexity for BFS from an arbitrary initial configuration remains unchanged.

From the above discussion, we have the following theorem.

Theorem 5.5 (BFS Tree). Given a dispersed configuration of n agents with unique identifiers po-
sitioned one agent at every node of n nodes m edges, maximum degree A, and diameter D, graph
G with no node identifier. Then, there is a deterministic algorithm that constructs a BFS tree in
O(min(DA, mlogn) + nlogn + Alog®n) rounds using O(logn) bits per agent. The algorithm
requires no prior knowledge of any graph parameters and assumes that each agent knows only A,

the maximum among all agent identifiers.

Remark: 9. The term O(nlogn+ Alog® n) in the root-free BFS construction comes from obtaining
a leader through the MST construction. If a root is already known, this preliminary phase is not

needed, and the BFS tree can be constructed directly from the given root.

5.6 Conclusion and Future Work

In this chapter, we studied the complexity of constructing Minimum Spanning Tree (MST) and
Breadth-First Search (BFS) trees using mobile agents in arbitrary anonymous graphs. We pre-
sented an efficient MST construction algorithm that, beyond its independent significance, also
enables leader election and the collection of useful graph parameters, improving upon prior
agent-based constructions. We then presented BFS constructions for both known-root and root-
free settings. In particular, the known-root BES construction is independent of the MST con-
struction, while the root-free BFS construction uses the leader obtained from the MST phase to
avoid assuming a designated root in advance. Both the MST and BFS algorithms rely on a new
neighbour-meeting primitive that guarantees information exchange between adjacent agents
within O(log n) rounds, without assuming prior knowledge of global graph parameters. In par-
ticular, this primitive removes the standard dependence on knowing A in advance and may help
accelerate several existing agent-based procedures that rely on A-dependent waiting schedules.
As future work, it would be interesting to establish matching lower bounds on the round com-
plexity of agent-based MST and BEFS constructions, and to extend the proposed framework to

crash- and Byzantine-fault settings motivated by real-world deployments.



Chapter 6

Conclusion and Future Works

This thesis presented a comprehensive exploration of distributed graph computations using au-
tonomous mobile agents. We investigated a wide range of classical graph problems, including
dispersion, dominating set, triangle and butterfly counting, BFS and MST construction, through
the algorithmic lens of mobile agents operating on anonymous, port-labelled graphs with limited

memory and local communication capabilities.

Our first contribution addressed the dispersion problem in the presence of crash faults. We
designed fault-tolerant algorithms that operate under both rooted and arbitrary initial configu-
rations, with provable round and memory complexity bounds. These results not only extend the
theoretical foundations of agent dispersion but also provide theoretical foundations that may sup-
port practical deployment; in dynamic environments where faults are inevitable. In this thesis,
dispersion also serves as an important primitive for several later computations. Once the agents
are dispersed, each agent can act as a local representative of a node, which helps in designing
algorithms that resemble distributed graph computations while still respecting the restrictions of

the mobile agent model.

We developed algorithms for computing minimal and approximate dominating sets, together
with related independent-set based techniques. Our methods accommodated both single-source
and multi-source initialisations, and included an approximation algorithm that produces near-
optimal dominating sets within logarithmic approximation factors. These results are relevant for

applications like network backbone formation and distributed monitoring.

In the context of subgraph enumeration, we introduced agent-based algorithms for triangle
counting and used these techniques to solve the truss decomposition problem and to compute
triangle centrality and local clustering coefficient. For bipartite graphs, we proposed butterfly
counting algorithms, which form a critical building block for analysing dense substructures in
two-mode networks. These algorithms are not only efficient in terms of memory and communi-

cation but are also scalable to large graphs.

The thesis further examined BFS tree construction under different agent configurations. Start-
ing with the case where the BFS root is known, we provided time and memory-efficient algorithms

that also support practical applications such as bipartiteness testing and agent gathering. We then
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improved this methodology by removing the root assumption, reducing the round complexity,
and introducing a novel neighbour-meeting protocol. This protocol enabled agents to coordinate
without knowledge of global parameters such as the maximum degree, and played a central role

in enabling decentralised MST construction and leader election.

Looking ahead, several compelling directions arise from our work. A deeper understanding
of lower bounds for the problems studied here — in terms of time, space, and number of agents —
could lead to more optimal algorithms and tighter analyses. Fault tolerance remains a rich area
for further exploration, particularly under more severe adversarial models such as the Byzantine
setting, where faulty agents may behave arbitrarily or maliciously. Another natural progression
is to consider algorithms that make fewer assumptions about global knowledge; for instance, the
highest agent ID \. This is especially important in settings where agents must self-organise in

entirely unknown environments.

Another interesting direction is to study these problems with fewer agents. In several parts of
this thesis, a dispersed configuration is used as a natural starting point. This gives a clean setting
where each node has an agent that can store local information and participate in the computation.
However, it is natural to ask how far these ideas can be extended when the number of agents is less
than the number of nodes. For example, in triangle counting, truss decomposition, and related
problems, one extreme case is to solve the problem using a single agent by first constructing a
complete map of the graph. However, in anonymous graphs where nodes do not have identifiers,
efficient exploration is highly challenging. As shown in [23], if the agent has no prior knowledge
of n, the exploration requires O(n%A?log n) rounds and O(n*A?log nlog A) bits of memory. By
contrast, if a single node is marked, or equivalently if two agents are used and one agent remains
fixed as a marker, the exploration can be completed in O(n3A) rounds using only O(nA logn)
bits of memory. Other results in the same direction also show a severe trade-off: optimising
memory complexity may lead to very high, even exponential, time complexity. This highlights

the difficulty of solving such problems with only a constant number of agents.

Between the two extremes of one agent and one agent per node, there is a large and interesting
middle ground. If a larger number of agents is available, then they may communicate among
themselves and reduce the amount of exploration needed. However, the extent of this reduction
depends heavily on the network topology, the number of agents, and their initial placement. For
instance, if we consider a graph composed of a series of triangles, each connected to the next by a
single edge. Suppose one agent is positioned at a degree-two node in each triangle. In this setup,
the graph has n nodes and n/3 agents. Each agent can locally cover its own triangle, since all

three nodes of the triangle are adjacent to it. Yet, despite this coverage, no agent may encounter



141

another agent, even if it waits indefinitely at each of its neighbouring nodes. Consequently,
even with O(n) agents, locating another agent for communication and making progress may still
require searches of order O(A?) under a natural port-based search strategy. In addition, when the
number of agents is smaller than the number of nodes, the agents may need to oscillate between
several nodes in order to maintain coverage over time. This suggests a rich trade-off among the
number of agents, memory per agent, graph topology, and total time complexity. A particularly
interesting question is the following: if the agents are deployed so that they are roughly ¢ hops

apart, can communication be achieved with optimal memory in O(A’log \) rounds?

The scope for incorporating heterogeneous agents—differing in mobility, sensing, or com-
munication capabilities—opens up a new dimension for both theoretical modelling and practical
deployment. Furthermore, many classical graph problems, such as connected dominating set,
graph colouring, and ruling sets, remain largely unexplored in the mobile agent setting, and they
represent valuable future directions. Our work on triangle and butterfly structures also lays the
groundwork for studying higher-order structures like tip and wing decomposition, which are

useful for understanding the hierarchical organisation of dense subgraphs in bipartite networks.

Another important future direction is to study these algorithms under more realistic execu-
tion models. The algorithms developed in this thesis are primarily analysed in a synchronous
round-based setting, where movement, communication, and coordination occur in a structured
manner. However, in practical mobile-agent or multi-agent systems, several additional factors
may influence the performance of the algorithms. For example, communication between nearby
agents may suffer from delays, movement along edges may incur non-uniform costs, and agents
may have only restricted opportunities to coordinate with one another. These issues become even
more significant in partially asynchronous settings, where agents may not move or communicate
in perfectly synchronised rounds. Similarly, limited communication environments, where agents
can exchange only small messages or communicate intermittently, may require new techniques
for synchronisation, information propagation, and termination detection. Extending the algo-
rithms of this thesis to such settings would help bridge the gap between the theoretical mobile-

agent model and practical multi-agent systems.

Finally, while our contributions have been theoretical, implementing these algorithms in re-
alistic settings, either through simulations or on multi-agent platforms, would provide important
empirical validation. This would allow us to understand the robustness, scalability, and practical

trade-offs of our techniques under various forms of uncertainty.

In conclusion, this thesis offers a unified framework for solving a broad class of graph prob-

lems using mobile agents, balancing algorithmic rigour with practical considerations. Dispersion
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provides one important starting point for this framework, while the future directions above sug-
gest how the model can be extended beyond fully dispersed configurations and toward settings
with fewer agents, weaker assumptions, and richer forms of coordination. We believe that the
insights and methods developed here will serve as a foundation for advancing distributed coor-

dination and computation in multi-agent systems across both theory and application.
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