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Notice that this middle intersection 2

3 >
1
2 because b <2(d +k ) in this panel (part 2

of Proposition 7). In the right panel, the three intersections are 0, 2
5 and 1. Hence,

the middle intersection 2
5 <

1
2 as b >2(d +k ) in this panel. . . . . . . . . . . . . . . . . . 60
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CHAPTER

1

INTRODUCTION

Evolutionary game theory is a sub-field of game theory concerned with the behavior of large populations

of strategically interacting players who recurrently revise their strategies based on the availability of

better payoff opportunities. In such games, rather than directly focusing on the equilibrium analysis

(as in the case of static/one-shot games), the strategic behavior of the population is modeled via

an evolutionary game dynamic (a differential equation on a suitable state space of the population).

Consequently, the theory aims to study the asymptotic properties (such as stability, convergence) of

these evolutionary dynamics.

An important class of evolutionary dynamic studied in the literature is the class of "perturbed best

response dynamic." In such a dynamic, the expected payoff of the population is perturbed using a

“perturbation function" (in most cases, the Shannon entropy) and the population “best responds" to

these perturbed expected payoffs. This thesis is primarily dedicated towards extending the literature of

perturbed best response dynamics and deriving asymptotic stability and equilibrium selection results

of the dynamic for various classes of games with a continuum of strategies and under incomplete

information.

To be more precise, the theory of evolutionary games can broadly be classified into four categories:

• homogeneous population (players are of the same type) finite strategy games,

• homogeneous population continuum strategy games,

• heterogeneous population (players are of different types) finite strategy games, and

• heterogeneous population continuum strategy games.1

1Heterogeneous population games are often referred to as Bayesian population games in the literature.
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As far as perturbed best response dynamic is concerned, the existing literature of evolutionary games

has mostly been confined to the following cases where: the underlying population is homogeneous;

the games are defined on finitely many strategies; and the perturbation function used is the Shannon

entropy. Some works in this direction include Hofbauer (1995); Hofbauer and Sandholm (2002); Ely and

Sandholm (2005); Hofbauer and Hopkins (2005); Hofbauer and Sorin (2006); Hofbauer and Sandholm

(2007); Zusai (2023) to name a few. This leads us to the following set of questions:

1. Is it possible to extend the theory of perturbed best response dynamic to homogeneous population

games with a continuum of strategies; and perhaps also for arbitrary perturbation functions?

2. Suppose that the underlying game has multiple equilibria. Is there a way to characterize which

equilibrium among the many is most likely to be selected by the population in the long run?

3. Can we develop a theory of perturbed best response dynamic for Bayesian population games with

finitely many strategies as well as for games with a continuum of strategies?

This thesis aims to solve the aforementioned problems in a series of five chapters. A brief description

of the chapters is provided below.

1.1 Chapter 2: Generalized perturbed best response dynamics with a con-

tinuum of strategies

In this chapter, we consider a generalization of perturbed best response dynamics in population games

with a continuum of strategies. The previous literature has considered the logit dynamic generated

through the Shannon entropy as a deterministic perturbation. We consider a wider class of deterministic

perturbations satisfying lower semicontinuity and strong convexity. Apart from the Shannon entropy,

Tsallis entropy and Burg entropy are other perturbations that satisfy these conditions. We thereby

generate the generalized perturbed best response dynamic with a continuum of strategies. We estab-

lish fundamental properties of the dynamic and show convergence in potential games and negative

semidefinite games.

1.2 Chapter 3: The logit dynamic in supermodular games with a continuum

of strategies: A deterministic approximation approach

In this chapter, we consider large population supermodular games with pairwise interaction and a

continuous strategy set. Our objective is to establish the convergence of the logit dynamic in such

games to logit equilibria. For this purpose, we apply the deterministic approximation approach, which

interprets a deterministic dynamic as an approximation of a stochastic process. We first establish the

closeness of this dynamic with a step–wise approximation. We then show that the logit stochastic process

is close to the step–wise logit dynamic in a discrete approximation of the original game. Combining the

two results, we obtain our deterministic approximation result. We then apply this result to supermodular
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games. Over finite but sufficiently long time horizons, the logit stochastic process converges to logit

equilibria in a discrete approximation of the supermodular game. By the deterministic approximation

approach, so does the logit dynamic in the continuum supermodular game.

1.3 Chapter 4: Equilibrium selection via stochastic evolution in continuum

potential games

In this chapter, we consider stochastic evolution in large population potential games with a continuous

strategy set. Examples include aggregative potential games and doubly symmetric games. We approxi-

mate the continuous strategy game with a finite strategy game. We then define a stochastic process

based on a noisy exponential strategy revision protocol in the finite strategy game. Existing results

imply the existence of a stationary distribution of the process on the finite strategy game. We then

characterize this stationary distribution as the number of strategies go to infinity and the noise level

goes to zero. The resulting distribution puts all its mass on the Nash equilibrium that maximizes the

potential function of the continuous strategy game. This provides us with an exact history–independent

equilibrium selection result in our large population potential game with a continuum of strategies.

1.4 Chapter 5: Regularized Bayesian best response learning in finite games

In this chapter, we introduce the notion of regularized Bayesian best response (RBBR) learning dynamic

in heterogeneous population games. We obtain such a dynamic via perturbation by an arbitrary lower

semicontinuous, strongly convex regularizer in Bayesian population games with finitely many strategies.

We provide a sufficient condition for the existence of rest points of the RBBR learning dynamic, and

hence the existence of regularized Bayesian equilibrium in Bayesian population games. These equilibria

are shown to approximate the Bayesian equilibria of the game for vanishingly small regularizations. We

also explore the fundamental properties of the RBBR learning dynamic, which includes the existence of

unique solutions from arbitrary initial conditions, as well as the continuity of the solution trajectories

thus obtained with respect to the initial conditions. Finally, as applications to the above theory, we

introduce the notions of Bayesian potential and Bayesian negative semidefinite games and provide

convergence results for such games.

1.5 Chapter 6: Perturbed Bayesian best response dynamics in continuum

games

In this chapter, the notion of perturbed Bayesian best response dynamic for continuum strategy Bayesian

population games is introduced. Fundamental properties of the dynamic such as existence of perturbed

equilibrium, convergence of the perturbed equilibrium to the Bayesian equilibrium of the underlying

game, as well as existence, uniqueness and continuity of solutions from arbitrary initial conditions is
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established. As applications to the theory, convergence of solutions to the perturbed equilibria is shown

to hold for two classes of games, namely, Bayesian potential games and Bayesian negative semidefinite

games.

In conclusion, Chapter 2 and Chapter 3 address Question 1; Chapter 4 addresses Question 2; and

Chapter 5 and Chapter 6 address Question 3.
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CHAPTER

2

GENERALIZED PERTURBED BEST

RESPONSE DYNAMICS WITH A

CONTINUUM OF STRATEGIES

2.1 Introduction

Perturbed best response dynamics are one of the most important classes of dynamics in evolutionary

game theory. Best response is, of course, the fundamental behavioral norm in game theory. But due

to multiplicity of best responses and the fact that the best response can change abruptly, the best

response dynamic arising from this behavioral protocol is technically difficult to analyze (Gilboa and

Matsui (1991), Hofbauer (1995)). Perturbed best response dynamics avoid this problem by considering a

uniquely defined smoothed version of the best response which can then be analyzed using the standard

theory of differential equations. Even if best responses are uniquely defined, perturbed best responses

are important in their own right because there may be errors in agents’ perception of payoffs or in

implementing the best response. In such situations, perturbed best response may be a better model of

behavior than the classical best response. For this reason, the notion of perturbed best response has

also found applications in rationalizing data in experimental economics (Goeree et al. (2016)).

The logit dynamic (Fudenberg and Levine (1998), Chapter 4) is the prototypical representative of

this class of dynamics obtained by perturbing the best response through the Shannon entropy function.

A number of authors have since generalized the logit dynamic to the class of perturbed best response

dynamics (Benaım and Hirsch (1999), Hofbauer and Hopkins (2005), Hofbauer and Sandholm (2002,
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2007)). As with most of evolutionary game theory, most of this literature on perturbed best response

dynamics has been in the context of large population games with finite strategy sets.1 However, similar

to classical game theory, various economic applications of evolutionary game theory are also more

conveniently done with games with a continuum of strategies. Despite introducing certain measure

theoretic complications related to, for example, defining the state space, continuous strategy models

greatly simplify the characterization of Nash equilibrium and Pareto optimal states.2 Therefore, to make

evolutionary game theory a more relevant technique for economic analysis, there is a need to develop

this theory in the context of games with continuous strategy sets. This has been the main motivation

behind the literature on extending the prominent evolutionary game dynamics from finite strategy to

continuous strategy games. Papers in this area include Oechssler and Riedel (2001, 2002) and Cheung

(2016) on the replicator dynamic, Hofbauer et al. (2009) on the Brown–von Neumann–Nash (BNN)

dynamic, Cheung (2014) on the pairwise comparison dynamic, and Perkins and Leslie (2014) and Lahkar

and Riedel (2015) on the logit dynamic.

The present paper is a contribution to this literature on continuous strategy evolutionary dynamics.

Specifically, it focuses on the class of perturbed best response dynamics for such games. The earlier

literature on this topic has been confined to the logit dynamic (Perkins and Leslie (2014), Lahkar and

Riedel (2015)). The logit dynamic is generated when agents’ payoffs are perturbed using the Shannon

entropy and agents best respond with respect to these perturbed payoffs. Here, we generalize the logit

dynamic by considering perturbations other than the Shannon entropy. Thus, instead of assuming

any particular form of perturbation, we consider a broader class of perturbations that satisfy certain

lower semicontinuity and strong convexity conditions. For example, apart from the Shannon entropy,

the Tsallis entropy and the Burg entropy are other admissible entropies under these conditions. As

far as we know, this is the first paper that considers such a generalization of perturbed best response

dynamics in continuous strategy games. We do note, though, that our generalisation is entirely with

respect to deterministic perturbations unlike in the finite strategy literature where both deterministic

and stochastic perturbations have been considered (Hofbauer and Sandholm (2002)).3

Similar to the logit best response, we first perturb an agent’s payoff using the general perturbation

function and allow the agent to best respond. This generates the generalized perturbed best response

(GPBR) and the associated dynamic. We establish the fundamental properties of the dynamic. Thus, we

show that rest points of the dynamic, which are fixed points of the perturbed best response function and

which we call perturbed equilibria, exist and converge to Nash equilibria of the underlying game when

the perturbation becomes small. We also show that unique solution trajectories that are continuous

1See Sandholm (2010) for an extensive review of the literature on finite strategy evolutionary game theory. In addition to
perturbed best response dynamics, there have been other extensions of the finite dimensional best response dynamic. For
example, Balkenborg et al. (2013) consider refined best reply dynamics. Suppose there is a continuum of Nash equilibria but,
due to the multiplicity of best responses, no Nash equilibrium is Lyapunov stable under the classical best response dynamic.
The refined best reply dynamic can then be used to analyze the evolutionary stability of certain faces of the simplex of mixed
strategies.

2See, for example, Cheung and Lahkar (2018), Lahkar (2020) and Lahkar and Mukherjee (2019, 2021) for such applications
to continuum strategy economic models like Cournot competition and implementation of efficiency in problems like public
goods, public bads and the tragedy of the commons.

3As far as we know, stochastic perturbations have not been studied in the context of continuous strategy games.
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with respect to initial states exist for this class of dynamics. Results of a similar nature have, of course,

already been established for the logit dynamic (Lahkar and Riedel (2015)). But by extending these

results beyond the logit dyanamic, this paper establishes the idea of perturbed best response on sounder

foundations in continuous strategy games.

This is important because one of main motivations behind looking for broader and more diverse

classes of evolutionary dynamics is to ensure that the results of evolutionary game theory are not

dependent upon the specific properties of a particular dynamic. Otherwise, those results will not be

robust. Our findings are in line with this general quest in evolutionary game theory. Conclusions

obtained from the application of the logit dynamic in continuous strategy games now become more

credible since such results now generalize to the wider class of perturbed best response dynamics.

This applies, for example, immediately to the results on evolutionary implementation in Lahkar and

Mukherjee (2019) where the logit dynamic has been applied. These results now also hold for the entire

class of deterministic perturbed best response dynamics.

Another ubiquitous pursuit in evolutionary game theory has been classes of games in which a

wide variety of evolutionary dynamics converge to Nash equilibria. Nash equilibrium prediction in

such games then becomes more credible even when agents are myopic as is the case in evolutionary

game theory. Two such classes of games in which almost all well known evolutionary dynamics, both

finite strategy and continuous strategy, do converge are potential games (Monderer and Shapley (1996),

Sandholm (2001)) and negative semidefinite games (Hofbauer and Sandholm (2009)).4 Potential games

are defined by a real valued function which summarises payoffs in the game. Negative definite games

are characterized by the property of “self–defeating externalities” due to which small groups of agents

changing strategy find themselves at a relative payoff disadvantage. We show that our GPBR dynamic

also converges in these two classes of games when their strategy sets are continuous. Convergence in

this case is, of course, not to Nash equilibria but to their approximation, perturbed equilibria. Once

again, such convergence have already been established for the continuous strategy logit dynamic. The

present results show that such convergence arises from fundamental properties of perturbations like

lower semicontinuity and convexity. This generalization is also in line with similar conclusions that

arise in the case of finite strategy perturbed best response dynamics (Hofbauer and Sandholm (2007)).

Analyzing evolutionary dynamics for continuous strategy dynamics raises certain significant mathe-

matical complications which makes the exercise a non–trivial extension of finite strategy dynamics. For

example, an important question to resolve is the choice of topology in the space of population states,

which takes a measure theoretic form. Following much of the literature (for example, Oechssler and

Riedel (2001, 2002), Lahkar and Riedel (2015)) we apply the strong and weak topologies in our analysis.

The weak topology is helpful in resolving questions like the existence of a perturbed equilibrium and

convergence of solution trajectories of the perturbed best response dynamics to perturbed equilibria in

4Monderer and Shapley (1996) originally introduced the notion of potential games in finite player games. Sandholm (2001)
extended the concept to large population games with finite strategies. Further generalizations to large population games
with continuous strategy sets can be found in, for example, Cheung (2014), Lahkar and Riedel (2015) and Cheung and Lahkar
(2018). Negative semidefinite games are also called stable games (Hofbauer and Sandholm (2009)) and they generalize the
fundamental idea of an evolutionary stable state (Maynard Smith (1982)). Continuous strategy extensions of such games have
been considered in Hofbauer et al. (2009), Cheung (2014) and Lahkar and Riedel (2015).
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potential and negative definite games. The strong topology, on the other hand, is required for results

like the existence of solution trajectories of the dynamic.

Nor is the present analysis a straightforward extension of earlier papers on the continuous strategy

logit dynamic. The absence of any specific functional form for the perturbation raises certain technical

challenges that requires us make appropriate assumptions to make the analysis tractable. For example,

we need assumptions like lower semicontinuity, strong convexity and the existence of a continuous

density function for the perturbation to establish the existence of a perturbed equilibria. Showing

convergence of perturbed equilibria to Nash equilibria requires us to impose some restrictions (Con-

ditions A1 and A2) on the perturbation function to ensure that a small change in the population state

does not lead to a large change in the perturbation. Such assumptions also ensure that, like the logit

dynamic, our general class of perturbed best response dynamics are forward invariant not just in the

state space, but in the space of states with bounded density functions. Such results then allow us to

construct appropriate Lyapunov functions that establish convergence in the classes of potential and

negative semidefinite games.

Beyond its theoretical merit, is there any importance of our exercise from the point of view of

applications? To answer this question, we consider a large population model of Cournot competition

with a linear cost function. Such a game is a potential game. Moreover, due to the linearity of the

cost function, the game has a convex set of Nash equilibria. Hence, it is possible that GPBR dynamics

generated by the Shannon, Tsallis and Burg entropies converge to perturbed equilibria that, as the

perturbation becomes small, approximate different Nash equilibria. We present certain simulations that

suggest that is indeed the case. Therefore, the pattern of social behavior can depend upon the manner

in which best responses are perturbed, particularly in situations where there is a continuum of Nash

equilibria. Hence, that our generalization of perturbed best response dynamics can have meaningful

consequences for applications.

The rest of the paper is as follows. Section 6.2 defines preliminaries of the model. In Section 2.3, we

analyze the perturbed best response and perturbed equilibria. This section also provides examples of

perturbations beyond the Shannon entropy to which our analysis applies; namely, the Tsallis entropy

and the Burg entropy. Section 2.4 establishes fundamental properties of the perturbed best response

dynamic. In Sections 6.4 and 6.5, we show convergence in potential games and negative definite games

respectively. Section 2.7 presents the application to the Cournot model and Section 6.6 concludes.

2.2 Preliminaries

We consider a population consisting of a continuum of agents of mass 1. Let S be a compact and convex

subset of a finite dimensional Euclidean space with unit Lebesgue measure. We denote the collection

of all probability measures on S byP (S ) and the collection of all signed measures on S byM (S ). Let

M0(S ) be the collection of all signed measures on S whose measure of the whole space S is 0, that

is,M0(S ) := {µ∈M (S ) :µ(S ) =0}. We also use the notationP0(S ) to describe the set of all probability

measures on S that admit a probability density function or, equivalently, is absolutely continuous with

11



respect to the Lebesgue measure. Finally, letP c
0 (S ) be the set of probability measures which admits

a continuous probability density function on S . We will denote the density of a generic probability

measure P inP0(S ) by p (·).
A probability measure P∈P (S ) denotes the state of the population. This means that for any Borel

set A ∈B (S ), P(A) denotes the proportion of the population using strategies in A. LetL∞(S ) be the set

of bounded measurable functions on S endowed with the sup-norm5 metric. We define a population

game as a map π :P (S )→L∞(S ) such that πx (P) is the payoff of an agent who plays strategy x at

population state P. Throughout the paper, we assume that the population game π is bounded in the

sup-norm and weakly continuous with respect to the Prohorov metric.6 A population state P◦ is said to

be a Nash equilibrium of the underlying population game π if for all x ∈Supp(P◦) and all y ∈S , we have

πx (P◦)≥πy (P◦).7

We now seek to define the generalized deterministic perturbed best response dynamic. This in turn

requires us to introduce the notions of a perturbed expected payoff and the perturbed best response.

Suppose the current population state is P∈P (S ). We then define the expected payoff at Pwith respect

to another probability measureQ∈P (S ) as EQ[π(P)] :=
∫

S
π(P)dQ. We further define a deterministic

perturbation function as a map v :P (S )→R∪{∞} with the restriction that v (Q) =∞ if and only if

Q /∈P0(S ). LetL 1(S ) denote the collection of Lebesgue integrable functions on S endowed with the

∥ .∥L 1(S )
8 norm. Also, define the following subset ofL 1(S ) :

L 1,1
+ (S ) :=

�

f ∈L 1(S ) | f (x )≥0 for all x ∈S and

∫

S

f (x )d x =1

�

. (2.1)

It is a well-known fact that for any f ∈L 1,1
+ (S ), there exists a unique probability measure Q f ∈P0(S )

such that the probability density function ofQ f is f . We define the counterpart of v as the mapping

ṽ :L 1(S )→R∪{∞} such that

ṽ ( f ) =







v (Q f ) if f ∈L 1,1
+ (S )

∞ otherwise.
(2.2)

The fact thatQ f is unique for every f ∈L 1,1
+ (S )makes ṽ well-defined. Throughout, we assume that ṽ is

lower semicontinuous9 and strongly convex10 with respect to the ∥ .∥L 1(S ) norm. One interpretation of

5The sup-norm of f ∈L∞(S ) is defined as ∥ f ∥∞ := supx∈S | f (x )|.
6See (2.9) for the definition of Prohorov metric.
7We denote the support of a probability measure P by Supp(P).
8The ∥ . ∥L 1(S ) norm of f ∈L 1(S ) is ∥ f ∥L 1(S ) :=

∫

S | f (x )|d x .
9A mapping h :L 1(S )→R∪{∞} is said to be lower semicontinuous with respect to the ∥ . ∥L 1(S ) norm if for all sequences

( fn )n≥1 inL 1(S ),∥ fn − f ∥L 1(S )→0 implies
liminf
n→∞

h ( fn )≥h ( f ).

10An extended function T on (L 1(S ),∥ . ∥L 1(S )) to R∪{∞,−∞} is said to be strongly convex if there exists L >0 such that

T (α f +(1−α)g )≤αT ( f )+(1−α)T (g )−
Lα(1−α)

2
∥ f −g ∥2L 1(S )

for all f ,g ∈domT and α∈ [0,1]where domT := { f ∈L 1(S ) : T ( f )<∞}.
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Q is that it is a mixed strategy andEQ[π(P)] is the expected payoff of an agent who plays strategyQ at the

population state P. The perturbed expected payoff for the agent with respect to v is thenEQ[π(P)]−v (Q).
Given η>0, we define the generalized perturbed best response map Gη :P (S )→P (S ) as

Gη(P) =
�

arg max
Q∈P (S )

�

EQ[π(P)]−ηv (Q)
��

. (2.3)

It now follows that the extended functional P 7→
�

EQ[π(P)]−ηv (Q)
�

has a unique maximizer (see Héliou

et al. (2020), Pg. 12, Lemma B.1). Therefore, Gη is well-defined. Furthermore, due to the restriction that

v (Q) =∞ ifQ /∈P0(S ), it must be that Gη(P)∈P0(S ) for all P∈P (S ).
We refer to Gη(P) as the generalized perturbed best response (GPBR) to population state P with

respect to the perturbation function v . Intuitively, it is a perturbation of the more usual game theoretic

notion of the best response, with the extent of perturbation declining as the perturbation factor η→0.

But it is analytically more tractable than the best response because for every P∈P (S ), it is uniquely

defined. The best response, on the other hand, may not even exist at certain state in games with

continuum strategy sets or, even if it exists, may be multi–valued. Using the generalized perturbed best

response, we can define the generalized perturbed best response (GPBR) dynamic as

Ṗ(A) =Gη(P)(A)−P(A) (2.4)

for A ∈B (S ). Thus, under this dynamic, a population state Pmoves in the direction of its generalized

perturbed best response Gη(P). Since both Gη(P),P∈P (S ), it must be that Ṗ∈M0(S ).

The reason behind calling Gη(P) as the generalized perturbed best response is that its construction

arises as a generalization of the logit best response for games with continuous strategy sets (Mattsson

and Weibull (2002)). They consider the perturbation function

v (Q) =







∫

S
q (x )logq (x )d x ifQ∈P0(S )

∞ otherwise,
(2.5)

which is, of course, the Shannon entropy ofQ∈P (S ). Maximizing the resulting perturbed expected

payoff as in (2.3), we obtain the logit best response (also called logit choice measure in Lahkar and

Riedel (2015)) Gη=Lη (Mattsson and Weibull (2002)) defined as

Lη(P)(A) =

∫

A
exp(η−1πy (P))d y
∫

S
exp(η−1πx (P))d x

(2.6)

for all A ∈B (S ). The logit best response is, therefore, a particular form of the generalized perturbed best

response Gη, which does not assume any structural form of v except that ṽ is lower semicontinuous

and strongly convex with respect to the ∥ .∥L 1(S ) norm and that v (Q)=∞ for allQ /∈P0(S ).11 Applying

Lη(P) defined by (2.6) to the general form of the perturbed best response dynamic (2.4) then gives us

11The counterpart of Shannon entropy also satisfies lower semicontinuity and strong convexity as we will show later.
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the continuous strategy logit dynamic (Perkins and Leslie (2014), Lahkar and Riedel (2015))

Ṗ(A) =Lη(P)(A)−P(A) =

∫

A
exp(η−1πy (P))d y
∫

S
exp(η−1πx (P))d x

−P(A). (2.7)

Recall thatGη(P)∈P0(S ) for every P∈P (S ) and, therefore, always has a density function. In addition,

if the existing population state P also has a density function, then (2.4) implies that Ṗ∈M0(S ) also a

density function. A rest point of the dynamic (2.4) is a state P such that Ṗ(A) =0 for all A ∈B (S ). It is

evident that any such rest point satisfies Gη(P) =P and is, therefore, also a fixed point of the perturbed

best response map Gη. We call such a fixed point of Gη or, equivalently, a rest point of (2.4) a perturbed

equilibrium. In the case of the logit dynamic, such an equilibrium is called a logit equilibrium.

2.3 Perturbed Best Response and Perturbed Equilibria

We now establish certain fundamental properties of the GPBR dynamic like the existence of a perturbed

equilibrium and existence of solutions to the dynamic. To do so, we first define certain topological

concepts that are standard in the analysis of continuous strategy evolutionary dynamics.

Two topologies arise in the context of such dynamics. One is the strong topology induced by the

variational norm onM (S ) given by ∥µ∥TV= supg |
∫

S
g dµ| where g is a measurable function g : S→R

such that supx∈S |g (x )| ≤1. If P,Q are two probability measures, then the distance between them under

this norm is (see, e.g., Shiryaev (1995), Pg. 360)

∥P−Q∥TV :=2 sup
A∈B (S )

|P(A)−Q(A)|, (2.8)

where ∥ .∥TV :P (S )×P (S )→R+ is called the total variation distance.

The other is the weak topology, which is induced by convergence in distribution. On way to metrize

the weak topology onP (S ) is through the Prohorov metric ρ :P (S )×P (S )→R+ defined by

ρ(P,Q) := inf
�

ε>0 :P(A)≤Q(Aε)+ε andQ(A)≤P(Aε)+ε for all A ∈B (S )
	

(2.9)

for all P,Q ∈P (S ) (see, e.g., Billingsley (2013), Pg. 72). Thus, a sequence of probability measures

(Pn )n≥1 ⊆P (S ) converges weakly to P ∈P (S ) if ρ(Pn ,P)→ 0. We will be using the strong topology

to establish results on convergence under perturbed best response dynamics, which would imply

convergence under the weak topology. The weak topology, on the other hand, is useful for establishing

results like existence of equilibrium since it renders the state spaceP (S ) compact.

We begin with the existence of a perturbed equilibrium. For that we will require few preliminary

notations and definitions. LetC (S ) denote the collection of continuous functions on S endowed with

the sup-norm (see Footnote (5)). Recall that the perturbation function v is not continuous in the strong

topology. Hence, it is not Fréchet differentiable, which is the more general notion of differentiablity in

Banach spaces. Therefore we apply a weaker notion of differentiability called the Gâteaux derivative
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which is defined as follows. Letφ :M (S )→R. The Gateaux derivative dφ(µ) :M0(S )→R ofφ at a point

µ∈M (S ) towards the direction ν∈M0(S ) is defined as

dφ(µ)(ν) := lim
ε→0

φ(µ+εν)−φ(µ)
ε

provided the limit exists.

Ifφ is Gâteaux differentiable atµ∈M (S ), we will assume that there exists a measurable map∇Gφ(µ)

called Gâteaux gradient ofφ at µ such that dφ(µ)(ν) = 〈∇Gφ(µ),ν〉 :=
∫

S
∇Gφx (µ)ν(d x ).

Our next theorem (Theorem 1) requires us to show that the mapping P 7→Gη(P) is continuous in

the weak toplogy on P (S ). For the purpose of this theorem, we introduce the notion of admissible

perturbations which ensure lower semicontinuity of the perturbation function onP c
0 (S )with respect to

the weak topology.

Definition 1 (Admissible Perturbation) Let π :P (S )→L∞(S ) be a population game. We call a pertur-

bation function v admissible if Range(π)⊆C (S ) implies Gη(P)∈P c
0 (S ) for all η>0 and all P∈P c

0 (S ).
12

We now show that a perturbed equilibrium always exists subject to some restrictions on the per-

turbation function v . The following theorem states the relevant result. The proof follows from the

Brouwer-Schauder-Tychonoff fixed point theorem (see Aliprantis and Border (2013), Pg. 583, Corollary

17.56).

Theorem 1 Suppose π :P (S )→L∞(S ) is population game such that Range(π)⊆C (S ). Suppose that the

perturbation function v is admissible and Gâteaux differentiable onP0(S ) such that the Gateaux gradient

∇Gv (Q)∈C (S ) for allQ∈P c
0 (S ). Then, for every η>0, the GPBR map Gη :P (S )→P (S ) admits a fixed

point, i.e. there exists P◦η ∈P (S ) such that Gη(P◦η) =P
◦
η. Any such P◦η is a perturbed equilibrium of π.

The proof of Theorem 1 is in Appendix A.1. The proof requires us to show that the mapping Gη :

P (S )→P (S ) is continuous in the weak topology (Lemma 9). We show this in two steps. Firstly, under the

given conditions of Theorem 1, we show that the perturbation function is weakly lower semicontinuous13

onP c
0 (S ), or, equivalently lower semicontinuous onP c

0 (S ) in the weak topology. This in turn calls for

the use of the Argmax Continuous Mapping Theorem (Ferger (2004), Van Der Vaart and Wellner (1996),

Pg. 286, Theorem 3.2.2). It states that if one has a sequence of stochastic processes indexed by some

metric space and if the sample paths of these processes are almost surely upper semicontinuous with

unique maximizers, then the sequence of maximizers of these processes converges in distribution to

the unique maximizer of the limiting process. Once we establish this lemma, the result follows from the

Brouwer-Schauder-Tychonoff fixed point theorem and the compactness ofP (S ). Lahkar and Riedel

(2015) establish a similar result on the existence of logit equilibria, which are fixed points of the logit best

response. The proof of Theorem 1 is, however, much more general as it does not assume any functional

12The fact that Shannon entropy (see (2.5)) is an admissible perturbation function follows from (2.6) and Definition 1.
13A mapping h : (P (S ),ρ)→R is weakly lower semicontinuous if for all sequences (Pn )n≥1 in P (S ), ρ(Pn ,P)→ 0 implies

liminfn→∞h (Pn )≥h (P).
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form of the perturbation function v . The only requirements that Lemma 9 imposes upon v are strong

convexity and lower semicontinuity.

We now consider the relationship between a perturbed equilibrium of π and a Nash equilibrium of

the game. Recall from (2.3) that the extent of perturbation in payoffs while calculating the perturbed

best response is determined by the parameter η. It, therefore, seems plausible that lower is η, the closer

is a perturbed best response to a best response and, therefore, closer is a perturbed equilibrium to a

Nash equilibrium. Our next theorem verifies this intuition subject to certain conditions. We need to

establish certain preliminaries before stating the theorem.

Let GE(π,η) be the set of perturbed equilibria of πwith respect to the GPBR map Gη :P (S )→P (S ).
That is, GE(π,η) := {P◦η ∈P (S ) :Gη(P

◦
η) =P

◦
η}. We will require the notion of the convex conjugate of ṽ .

The general definition of the convex conjugate of a function is as follows.

Definition 2 (Convex conjugate of a function) Let X be a real topological vector space and let X ∗ be the

dual space of X . For a function f : X →R∪{∞,−∞}, the convex conjugate f ∗ : X ∗→R∪{∞,−∞} is

defined by

f ∗(x ∗) := sup
x∈X
(x ∗(x )− f (x )).

Following Definition 2, we denote the convex conjugate of ṽ as ṽ ∗. We will also use the notation vη to

denote ηv .14 In that case, ṽ ∗η is the convex conjugate of the perturbation counterpart ṽη.

We will also require the notion of the Fréchet derivative, which is a generalization of the usual

derivative to Banach spaces. Let V and W be normed linear spaces. An operatorφ : V →W is Fréchet

differentiable at x if there exists a bounded linear operator A : V →W such that

lim
∥h∥V→0

∥φ(x +h )−φ(x )−Ah∥W
∥h∥V

=0.

Thus, if A is the Fréchet derivative of φ, then φ(x +h ) =φ(x )+A(h )+o(∥h∥V ) for all h near zero in V .

In this paper, we consider Fréchet differentiability of functionsφ :M (S )→R. We denote the Fréchet

derivative of such a function by Dφ.

Ifφ is Fréchet differentiable, we will assume that there exists a bounded measurable map∇Fφ(µ)∈
L∞(S ) such that for all ν∈M0(S ), we have

Dφ(µ)ν :=

∫

S

∇Fφ(µ)dν=

∫

S

∇Fφ(µ)(x )ν(d x ) = 〈∇Fφ(µ),ν〉. (2.10)

We then call the map∇Fφ the Fréchet gradient ofφ.

With these notations, we now define the following two important conditions, Condition A1 and

Condition A2, that will be required for establishing convergence of perturbed equilibria to Nash equi-

librium. Intuitively, these conditions impose some restrictions on the perturbation function so that

small changes in the population state does not lead to large changes in the perturbation. Recall that ṽ

14Notice from, for example, (2.5) that the original perturbation function v is defined independent of η. This additional piece
of notation is required to capture the effects as η→0.
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(Definition 2.2) denotes the perturbation counterpart of v , and ṽ ∗ denotes the convex conjugate of ṽ

(Definition 2).

Definition 3 (Condition A1) A perturbation function v satisfies Condition A1 if for all η>0, all disjoint

E ,F ∈B (S ) and all g ∈L∞(S )with infs∈F g (s )> supt ∈E g (t ), there exists a function u : (0,∞)→Rwith

limx→0 u (x ) =∞ such that

Dṽ ∗η(g )(IF )≥u (η)Dṽ ∗η(g )(IE ),

where Dṽ ∗η(g ) is the Fréchet derivative of ṽ ∗η(g ), and IE ,IF are indicator functions on E and F respectively.

Before defining Condition A2, we required another definition; that of the shift of a probability measure.

It is defined as follows.

Definition 4 Let P∈P0(S ) and let E ,F ⊆S be disjoint. We say that P̃ is a shift of P from E to F if

1. P̃(E )<P(E ),

2. P̃(F ) =P(F )+(P(E )−P̃(E )), and

3. P̃(G ) =P(G ) for all G ⊆S \ (E ∪F ).

Condition A2 is now defined as follows.

Definition 5 (Condition A2) We say that a perturbation function satisfies Condition A2 with respect

to a sequence of probability measures (Pn )n≥1 if for all disjoint E ,F ⊆ S with limn→∞Pn (E ) ̸= 0 and

infz∈F πz (Pn )> supw∈E πw (Pn ) for sufficiently large n, there exist (An )n≥1⊆E and (P̃n )n≥1 where P̃n is a

shift of Pn from An to F , and a constant κ>0 such that for sufficiently large n,

|v (Pn )−v (P̃n )| ≤κ(Pn (An )−P̃n (An )). (2.11)

Condition A2 is a mild continuity requirement that calls for the existence of a κ independent of n

such that (2.11) is satisfied. The existence of such κ also implies that for small η, small changes in the

population state cannot cause an abrupt change in the perturbation. The condition does look technical,

but it is not very demanding. We show in Section 2.3.1 that the Tsallis and Burg entropies satisfy this

condition. Moreover, it is also satisfied for all population games π that are weakly continuous and

where Range (π)⊆C (S ). With these preliminaries, we now state our desired theorem on convergence of

perturbed equilibria to a Nash equilibria.

Theorem 2 Suppose that the conditions of Theorem 1 are satisfied. Let (ηn )n≥1 be any positive sequence

such that ηn ↓0 and let (P◦n )n≥1 denote the corresponding sequence of perturbed equilibria. Suppose also

that the perturbation function v satisfies Condition A1, or Condition A2 with respect to (P◦n )n≥1, as stated

in Definitions 3 and 5 respectively. Then the family GE(π,ηn )n≥1 of perturbed equilibria has accumulation

points under the weak topology and any such accumulation point is a Nash equilibrium of the original

game.
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The proof of this theorem is in Appendix A.2. We provide some intuition as to how Condition A1

and Condition A2 are relevant for the proof. Since the space of signed measures is infinite dimensional,

assuming lower semicontinuity and strong convexity under the strong topology does not guarantee

continuity of the perturbation function. However, some type of continuity of the perturbation function is

required to ensure the convergence of the perturbed equilibria to the Nash equilibrium of the underlying

game. To ensure such weaker form of continuity of the perturbation function, we impose two conditions,

namely A1 and A2. The weaker form of continuity we consider implies that when a small proportion

of agents switch their strategies from one set to another, the change in the perturbation function will

also be small. This guarantees that the change in the perturbation function caused by small shift of the

agents’ strategies will be under control, and as a consequence, the payoff from the shifted strategies can

be made to dominate that change. Therefore, when perturbation decreases gradually, agents switch to

exercising strategies in those subsets which have a greater payoff and thereby will weakly converge to a

Nash equilibrium of the underlying game.

2.3.1 Examples of Perturbation Functions

We now provide some examples of perturbation functions v :P (S )→R∪{∞} that are admissible and

that satisfy Conditions A1 or A2. Theorem 2 would then be valid for with respect to these perturbation

functions.

Example 1 (Shannon entropy) The first example is the Shannon entropy itself as defined in (2.5) and

upon which the canonical logit dynamic is based.

We now establish that Shannon entropy satisfies Condition A1 (Definition 3). Let g ∈L∞(S ) and let

E ,F ∈B (S ) be disjoint such that infs∈F g (s )> supt ∈E g (t ). Then

Dṽ ∗η(g )(IF )

Dṽ ∗η(g )(IE )
=

∫

F
exp(η−1g (x ))d x
∫

E
exp(η−1g (y ))d y

≥exp(( inf
s∈F

g (s )−sup
t ∈E

g (t ))/η)
λ(F )
λ(E )

where λ denotes the Lebesgue measure. Therefore Shannon entropy satisfies Condition (A1) with u (η) =

exp((infs∈F g (s )−supt ∈E g (t ))/η)
λ(F )
λ(E )

for all η>0.

We know from Lahkar and Riedel (2015) that under the Shannon entropy, a sequence of the relevant

perturbed equilibria , which is the logit equilibria, converges to Nash equilibria as η→0. The exercise

in Example 12 provides another demonstration, albeit indirect, of this fact. Such convergence is a

consequence of the more general Condition A1. We now present two additional entropy functions

which, as far as we know, has not been explored much in the literature on evolutionary game theory.

These are the Tsallis (γ) entropy and the Burg entropy. In Appendix A.3, we show that these two entropy

functions satisfy Condition A2 (Definition 5).
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Example 2 (Tsallis(γ) entropy) For 0<γ<1, the Tsallis(γ) entropy is defined as

v t(Q) =







∫

S

q (x )−q (x )γ

γ(1−γ)
d x ifQ∈P0(S )

∞ otherwise.

We now show that Tsallis(γ) entropy is an admissible perturbation function. It follows from Héliou et al.

(2020) that under perturbation by Tsallis(γ) entropy,

Gη(P)(A) =
�

η

1−γ

�1/(1−γ)∫

A

1

(θ t
η−πz (P))1/(1−γ)

d z (2.12)

for all A ∈B (S ), where θη is such that the RHS in the above equation is a valid probability density function

on S. It follows from the above expression that Tsallis(γ) entropy is admissible.

It is well known in the literature (see Tsallis (1988)) that the Shannon entropy (Example 12) can be

obtained from the Tsallis(γ) entropy (Example 13) by taking γ→1. However, the analytical properties of

these entropies are quite different. Tsallis entropy is used in Héliou et al. (2020) in the context of online

non-convex optimization problems.

Example 3 (Burg entropy) The Burg entropy is defined as

v b(Q) =







−
∫

S
logq (x )d x ifQ∈P0(S )

∞ otherwise.

It also follows from Héliou et al. (2020) that under perturbation by the Burg entropy,

Gη(P)(A) =η
∫

A

dx

(θ b
η −πx (P))

, (2.13)

for all A ∈B (S ), where θ b
η is such that the integral if the above density is 1. The fact that Burg entropy is

admissible then follows from arguments similar to the Tsallis entropy.

The definition of Burg entropy for games with continuum strategy spaces (Example 5.3.1) is moti-

vated from the definition of Burg entropy for games on finite strategy spaces. Suppose that the strategy

space S = {1,...,n} is finite and let∆ := {x=(x1,..., xn )∈ [0,1]n | x1+ ...+xn =1} be the collection of popu-

lation states. In such a scenario, the Burg entropy is defined as v b(x) :=−
n
∑

i=1
log xi , for all x∈∆ (Hofbauer

and Sandholm (2002)). Héliou et al. (2020) use the continuous version of the Burg entropy for online

non-convex optimization problems.

The Shannon entropy has, of course, been widely used to model perturbations in both learning and

evolutionary game theory.15 In comparison, the Tsallis and Burg entropies are not so popular in game

15Fudenberg and Levine (1998), Chapter 4, applied the Shannon entropy to model stochastic fictitious play. The logit
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theory. Nevertheless, they are also legitimate models for providing microfoundations to a perturbed

best response. Like the Shannon entropy, we can also interpret the Tsallis and Burg entropies as “control

costs” that become large when too much probability is put on some particular pure strategy. There

is no a priori reason why such control costs can only take the form of Shannon entropy. In fact, if we

wish to generalize the notion of control costs, then the Tsallis entropy is a natural candidate because,

as mentioned earlier, the Shannon entropy is the limiting form of the Tsallis (γ) entropy as γ→1. As

far as we know, the Burg entropy doesn’t have any such relationship with the Shannon entropy. But

there are precedents to its use in game theory. For example, Proposition 2.2 in Hofbauer and Sandholm

(2002) consider the finite strategy version of the Burg entropy to define a perturbed best response.

Harsanyi (1973) also applied such a logarithmic perturbation to establish oddness of the number of

Nash equilibria. This earlier application was not in the contexts of learning or evolution but it does

gives the Burg entropy some game theoretic pedigree.16

It is known that all the three entropies mentioned in this section (namely, Shannon, Tsallis, and

Burg) satisfy strong convexity and lower semicontinuity (see Héliou et al. (2020), Pg. 7, Definition 1,

for details).17 We also show in Appendix A.3 that the Tsallis and Burg entropies satisfy Condition A2.

Therefore, it is not just the Shannon entropy to which Theorem 2 applies. Instead, we can meaningfully

define perturbed best responses for other entropies as well and approximate Nash equilibria with their

fixed points. This makes our exercise of generalizing perturbed best response dynamics beyond the

logit dynamic a substantial one.

2.4 Fundamental Properties of Perturbed Best Response Dynamics

We now seek to establish the fundamental properties of the GPBR dynamic (2.4). These are (i) the

existence of a unique solution trajectory from every initial state inP (S ) and (ii) the continuity of such

solution trajectories with respect to initial state. We will require the following definitions for establishing

the relevant result.

Definition 6 (Lipschitz population game) A population game π :P (S )→L∞(S ) is β−Lipschitz con-

tinuous if there exists a real number β >0 such that

∥π(P)−π(Q)∥∞≤β∥P−Q∥TV

for all P,Q∈P (S ), where ∥ .∥TV is the total variation distance as defined in (2.8).

Definition 7 (Semiflow of a dynamic) Consider an abstract differential equation

Γ ′(t ) =H (Γ (t ))

dynamic arose as the dynamics of mixed strategies in this model of learning. This dynamic was subsequently extended to
evolutionary game theory where the state variable is the current population state rather than the mixed strategies of a finite
group of players.

16Of course, (Harsanyi (1973)) did not use the term “Burg entropy”. He only applied the functional form of this entropy.
17Héliou et al. (2020) show that the perturbation functions we consider, satisfy the property called regularizers, which, by

definition is a combination of lower semicontinuity, strong convexity and some other properties.
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on a Banach space (X , || . ||X ). Suppose that a unique solution to the above differential equation exists

for every initial condition Γ (0) = γ (say). Denote the solution of the above differential equation with

initial condition γ by Γγ(t ). Then the semiflow of the dynamic is the map ζ : X × [0,∞)→X defined by

ζ(γ,t ) = Γγ(t ) for all γ∈X and t ∈ [0,∞).

We will apply Definitions 6 and 7 in establishing the fundamental properties of the GPBR dynamic.

Before that, we note from (2.4) that if indeed the GPBR dynamic admits a solution, thenP (S )must be

forward invariant under that dynamic. This means from any initial state inP (S ), the solution trajectory

must lie inP (S ) for all times t ≥0. This is immediate because from the definition of the perturbed best

response (2.3), if P∈P (S ), then Gη(P)∈P (S ).
While forward invariance ofP (S ) is obvious, we can actually establish a stronger result which will

also be useful for later in establishing the fundamental properties of the dynamic. For this purpose,

recall thatP0(S )⊂P (S ) is the set of absolutely continuous probability measures. Let D >1. We then

define the set

PD (S ) :=

�

P∈P0(S ) :
1

D
≤p (x )≤D for a l l x ∈S

and |p (x )−p (y )| ≤D |x − y | for all x , y ∈S

�

. (2.14)

Thus, PD (S ) is the set of absolutely continuous probability measures with D -Lipschitz continuous

density functions and whose lower and upper bounds are given by 1
D and D respectively. It is known

(see Perkins and Leslie (2014), Hanche-Olsen and Holden (2010)) that PD (S ) is a compact subset of

P (S ) under the total variation norm (2.8).

We now show that the GPBR dynamic is forward invariant not just inP (S ) but alsoPD (S ). Thus, if

P∈PD (S ), then the GPBR Gη(P)∈PD (S ) as well.18 Thus, if the GPBR dynamic admits a solution, then

the entire trajectory originating inPD (S )must lie inPD (S ) at all time t ≥0. To arrive at this result, we

will require a further piece of notation. Recall the setL 1,1
+ (S )⊂L 1(S ) from (2.1). We now define the

following subset ofL 1,1
+ (S ) by imposing bounds 1

D and D on the functions inL 1,1
+ (S ) and which are

D –Lispchitz continuous, where D >1. Thus,

L 1,1
+,D (S ) :=

�

f ∈L 1,1
+ (S ) :

1

D
≤ f (x )≤D for all x ∈S

and | f (x )− f (y )| ≤D |x − y | for all x , y ∈S

�

. (2.15)

It is easy to note thatξ restricted toL 1,1
+,D (S ) is a bijection ontoPD (S ). The following lemma states the

result on forward invariance. Recall that ṽ is the counterpart of v (see 2.2), ṽ ∗ is the convex conjugate

of ṽ (see Definition 2) and∇Fṽ ∗ is the gradient. The proof is in Appendix A.4.

18Perkins and Leslie (2014) establish this result for the specific case of the logit best response. Our result is more general.
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Lemma 1 Let π :P (S )→L∞(S ) and suppose that ∇Fṽ ∗(P)∈L 1,1
+,D (S ) for all P∈PD (S ). Consider the

GPBR dynamic (2.4). If P∈PD (S ), then Gη(P)∈PD (S ).

Thus, Lemma 1 would imply that if indeed the generalized PBR dynamic admits a solution, then

PD (S )would be invariant. The following theorem shows that indeed such solutions exist. Moreover,

any such solution must be unique and continuous with respect to initial states. This is the main result

of this section. The proof, which follows from the Picard–Lindelöf theorem, is in Appendix A.4.

Theorem 3 Suppose that π :P (S )→L∞(S ) is a β-Lipschitz population game and v is a deterministic

perturbation function. Suppose also that the counter part ṽ of v is closed19 and L-strongly convex (see

footnote 10). Then, given any initial condition P0 ∈P (S ), there exists a unique solution to the GPBR

dynamic Ṗ=Gη(P)−P. Furthermore, the semiflow of the dynamic is continuous in the initial condition

P0 with respect to the total variation norm.

2.5 Convergence in Potential Games

We now establish convergence of the GPBR dynamic to perturbed equilibria in potential games (Mon-

derer and Shapley (1996), Cheung (2014), Lahkar and Riedel (2015)). In order to define such games,

recall from (5.18) our assumption that a Fréchet differentiable functionφ has a Fréchet gradient∇Fφ.

Definition 8 (Potential Games) A population game π :P (S )→L∞(S ) is said to be a potential game if

there exists a Fréchet Differentiable functional ϕ :M (S )→R such that

∇Fϕ(P) =π(P) for all P∈P (S ).

The functional ϕ is called the potential function of the game π.

Applying the Frèchet derivatinve to ϕ, we obtain

Dϕ(P)(ν) :=
∫

S

∇Fϕ(P)dν=
∫

S

∇Fϕ(P)(x )ν(d x ) =

∫

S

πx (P)ν(d x ) =: 〈π(P),ν〉.

In order to establish the desired convergence result, we introduce the entropy adjusted potential

function defined as follows.

Definition 9 (Entropy adjusted potential function) For a potential game π :P (S )→L∞(S ), we define

the entropy adjusted potential function ϕ̃ :P0(S )→Ras ϕ̃(P) :=ϕ(P)−vη(P). For some D >1, the restriction

of ϕ̃ toPD (S ) is denoted by ϕ̃D .

Recall that since the perturbation function v is not Fréchet differentiable, we defined the Gateaux

derivative which is a generalization of the directional derivative and which will allow us to consider

19We call a function f : (X ,τ)→ (R, | . |) closed if the set {(x ,t ) : x ∈X ,t ∈R,t ≥ f (x )} is a closed subset of X ×R.
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movements along only specific directions; for example, directions that have density functions that are

bounded and bounded away from zero (as inPD (S )). Therefore, we apply the Gateaux derivative to

analyze the entropy adjusted potential function.

We need an additional result for establishing convergence in potential games. We say that the GPBR

dynamic satisfies positive correlation with respect to a function Γ :P (S )→L∞(S ) if
∫

S
Γx (P)Ṗ(d x )≥0

for all P∈P (S )with equality only if Ṗ=0. Define the virtual payoff of strategy x at state P as

π̃x (P) =πx (P)−∇Gvη(P)(x ). (2.16)

The following lemma shows that the dynamic satisfies positive correlation with respect to the

virtual payoff. In order to state the lemma, we impose a further condition, stated in (2.17), on our

perturbation functions. Let C 1([0,∞)) be the collection of all continuously differentiable functions

on [0,∞). Suppose that there exists a C 1([0,∞)) function Θ : [0,∞)→R such that the perturbation

function v can be expressed as

v (P) =







∫

S
Θ◦p (x )d x if P∈P0(S )

∞ otherwise.
(2.17)

The three entropies we consider, namely the Shannon entropy, the Tsallis entropy and the Burg

entropy, do satisfy (2.17). We then have the following lemma. The proof is in Appendix A.5.

Lemma 2 Let π :P (S )→L∞(S ) be a potential game. Suppose that the perturbation function v satisfies

(2.17). Then the followings hold:

1. Suppose thatΘ′ is strictly increasing on [0,∞). Then for everyη>0, the generalized dynamic satisfies

positive correlation with respect to the virtual payoff π̃ as defined in (5.19). Thus,
∫

S
π̃x (P)Ṗ(d x )≥0

for all P∈P0(S )with equality only if Ṗ=0.

2. Suppose that there exists 0≤α< 1<β <∞ such that Θ′ is strictly increasing on [α,β ). Then for

every η>0 such that [D −1
η ,Dη]⊂ [α,β ), the generalized dynamic satisfies positive correlation with

respect to the virtual payoff π̃ as defined in (5.19). Thus,
∫

S
π̃x (P)Ṗ(d x )≥ 0 for all P∈P (S ) with

equality only if Ṗ=0.

Intuitively, this implies that there is a positive relationship between the virtual payoff of a strategy

and it rate of change under the generalized PBR dynamic. It is a generalization of the corresponding

result for the logit dynamic in Lahkar and Riedel (2015) to more generalized PBR dynamics. Lemma 2

lemma leads to the following theorem on convergence in potential games. The proof is in Appendix A.5.

Theorem 4 Let π :P (S )→L∞(S ) be a potential game with potential function ϕ which is Fréchet differ-

entiable. Let v be a deterministic perturbation function such that ṽ is closed. Suppose further that the

Fréchet derivative of the convex conjugate ṽ ∗ of ṽ is identified by some element inL 1,1
+,D (S ) for some D >1.

Let (2.17) be satisfied so that Lemma 2 holds. Then the following hold.
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1. ϕ̃D increases weakly along every solution trajectory of the GPBR dynamic (2.4) arising inPD (S )

and increases strictly across every non stationary solution trajectory.

2. The set ofω-limit points (in the strong topology onPD (S )) of any trajectory of the GBPR dynamic is

a non-empty connected compact set of perturbed equilibria. Moreover, such limit points are local

maximizers of the entropy-adjusted potential function inPD (S ).

A significant feature of Theorem 4 is that solution trajectories of GPBR dynamics ascend the entropy

adjusted potential function and, therefore, converge to a local maximizer of the function. Such local

maximizers of the entropy adjusted potential function are the perturbed equilibria of the underlying

potential game. This is a feature common to other standard evolutionary game dynamics like the

replicator dynamic, the BNN dynamic and the pairwise comparison dynamic. The subtle distinction

is that these dynamics locally optimize the potential function while the GPBR dynamics do so for the

entropy adjusted potential function. Other evolutionary dynamics like adaptive dynamics also have

similar features in certain circumstances (Hofbauer and Sigmund (1990)). For example, if the relevant

payoffs are “frequency independent”, then these dynamics also lead to local optimization.

We end this section with an example of continuous strategy potential games. Section 2.7 presents a

more elaborate example that is of relevance for economics.

Example 4 [Two–Player Symmetric Game with Common Interests] Let the strategy set be S = [x , x̄ ]⊂R.

Consider the population game π defined by the payoff function

πx (P) =
∫

y ∈S
h (x , y )P(d y ), (2.18)

where h : S×S→R is a continuous function satisfying h (x , y )=h (y , x ). The interpretation here is that

players are randomly matched in pairs to play a symmetric two–player game with h (x , y ) being the payoff

of a player who plays strategy x against an opponent playing y . The payoff in (2.18) is then the expected

payoff of a player playing x at the population state P.

If we now impose the further restriction that h is doubly symmetric, i.e. h (x , y )=h (y , x ) for all x , y ∈S,

then the game becomes one of common interest. The two matched players always receive the same payoffs.

An example is a quadratic game where

h (x , y ) =−x 2+a x y − y 2 (2.19)

for some a >0, x <0 and x̄ >0 (Hofbauer et al. (2009)). It is known that such doubly symmetric games are
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potential games with potential function (see, for instance, Example 2, Cheung (2014))

ϕ(P) =
1

2

∫

S

∫

S

h (x , y )P(d y )P(d x )

=
1

2

∫

S

πx (P)(d x )

=
1

2
π̄(P), (2.20)

where π̄(P) =
∫

S
πx (P)(d x ) is the average payoff in the population at state P. Thus, the potential function

(2.20) of a doubly symmetric game is half the average payoff function. Theorem 4 implies that GPBR

dynamics converge to perturbed equilibria in such doubly symmetric games.

2.6 Convergence in Negative Semidefinite Games

In this section, we establish convergence of the GPBR dynamic to perturbed equilibria in negative

semidefinite games. We first recall the definition of such games from Lahkar and Riedel (2015).

Definition 10 A population game π :P (S )→L∞(S ) is said to be negative semidefinite if

∫

S

(πx (Q)−πx (P))(Q−P)(d x )≤0 (2.21)

for all P,Q∈P (S ).

If the inequality in (2.21) holds strictly, then we call the game negative definite. Two examples of

negative semidefinite games are linear quadratic symmetric normal form games with payoff function

ϕ(x , y )=−x 2+a x y , for some constant a ≤0 (Hofbauer et al. (2009)) and random matching in a two–

player symmetric zero-sum game (Cheung (2014)).

Suppose that the population game π :P (S )→L∞(S ) is C 1 in the sense of Fréchet differentiability

with respect to the appropriate topology under consideration. Then it is well known (see Cheung (2014),

Lahkar and Riedel (2015)) that π is negative semidefinite if and only if

〈Dπ(P)µ,µ〉≤0 for all P∈P (S ) and µ∈M0(S ).

The following lemma shows that such games have a unique perturbed equilibrium. The proof, in

Appendix A.6, is a generalization of a similar result in Lahkar and Riedel (2015) for the logit equilibrium.

That result in Lahkar and Riedel (2015) is itself an extension of the result about uniqueness of perturbed

equilibrium in finite strategy negative semidefinite games as established in Hofbauer and Sandholm

(2007).

Lemma 3 Let η>0 and D >1. Let π :P (S )→L∞(S ) be a negative semidefinite game which C 1 in the

sense of Frećhet differentiability.20 Suppose that the perturbation function v be Gâteaux differentiable

20For the purpose of this lemma, we extend the domain of the definition of π toM (S ).
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such that for every ε>0, 〈d∇Gvη(P+εµ),µ〉≥0 for all P∈P0(S ) and all absolutely continuous µ∈M0(S ).

Then the game π has a unique perturbed equilibrium.

The three entropies considered in this paper, Shannon, Tsallis, and Burg, satisfy the conditions in

Lemma 3.21 Therefore, in each of these cases, the associated perturbed best response leads to a unique

perturbed equilibrium in negative semidefinite games.

It is known that a negative semidefinite game has a convex set of Nash equilibria (Hofbauer and

Sandholm (2009)). In fact, if the game is negative definite, then there exists a unique Nash equilibrium.

Lemma 3, however, shows that when it comes to perturbed equilibria, the game does not have to be

negative definite for the equilibrium to be unique. Even if (2.21) is satisfied weakly so that the game is

only negative semidefinite, we still have uniqueness of perturbed equilibrium.

We now establish convergence of the generalized perturbed best response dynamic to the unique

perturbed equilibrium, as shown in Lemma 3, in negative semidefinite games. For this purpose, we

adopt a similar approach as in the case of potential games and prescribe a Lyapunov function which

satisfy certain monotonicity properties. Following Lahkar and Riedel (2015) we define the Lyapunov

function for a negative semidefinite game π as22

Λ(P) :=
�∫

S

πx (P)Gη(P)(d x )−vη(Gη(P))
�

−
�∫

S

πx (P)P(d x )−vη(P)
�

. (2.22)

Since the perturbation function v is admissible (Definition 1), Gη(P)∈P0(S ) for all P∈P0(S ). Also, since

the perturbation function v is finite onP0(S ), we have Λ is well defined.

We show that the Lyapunov function defined in (2.22) decreases along every solution trajectory

to the GPBR dynamic and decreases strictly along every non-stationary solution. This is stated in the

following theorem, which is the main result of this section. The proof is in Appendix A.6.

Theorem 5 Let π :P (S )→L∞(S ) be a negative semidefinite population game that is C 1 in the sense

of Fréchet differentiability. Consider the GBPR dynamic (2.4) and suppose the perturbation function

satisfies the conditions of Lemma 3. Let ΛD :PD (S )→R be the restriction of Λ (see (2.22)) toPD (S ). This

function decreases monotonically to zero along every solution trajectory of the dynamic that originates

inPD (S ), and decreases strictly along nonstationary solutions. Hence, every solution trajectory of the

GPBR dynamic inPD (S ) converges, with respect to the strong topology onPD (S ), to the unique perturbed

equilibrium of the game π.

21Fix ε>0. LetP∈P0(S ) andµ∈M0(S )with densities p (·) and z (·) respectively. It is known from Lahkar and Riedel (2015) that

for Shannon entropy,∇Gvη(P+εµ)(x )=η(1+log(p (x )+εµ(x ))) for all x ∈S . It then follows that d∇Gvη(P+εµ)(x )=
z (x )

p (x )+εz (x )

for all x ∈S . Therefore, 〈d∇Gvη(P+εµ),µ〉=
∫

S

z 2(x )
p (x )+εz (x )

d x ≥0. For Tsallis and Burg entropy, d∇Gvη(P+εµ)(x ) is equal

to
ηγ(1−γ)

(p (x )+εz (x ))2−γ
and

η

(p (x )+εz (x ))2
, respectively, for all x ∈S . The result then follows for these two entropies through

similar arguments.
22The Lyapunov function in Lahkar and Riedel (2015) is defined with respect to the logit dynamic and is an extension of the

Lyapunov function in Hofbauer and Hopkins (2005) for finite strategy negative semidefinite games. The function in (2.22) is
for the general class of perturbed best response dynamics.
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Theorem 5 generalizes the result on convergence of the logit dynamic (Lahkar and Riedel (2015)) in

negative semidefinite games to all continuous strategy perturbed best response dynamics considered

in this paper. It is, therefore, the continuous strategy analog of the result obtained by Hofbauer and

Sandholm (2007) for all perturbed best response dynamics in finite strategy negative semidefinite games.

2.7 An Application

We have generalized the class of perturbed best response dynamics with a continuum of strategies

beyond the Shannon entropy and the logit dynamic that this entropy generates. But what is the relevance

of this generalization? Does it lead to significantly different predictions about social behavior? In

particular, we know that the limit of a sequence of perturbed equilibria under any such perturbed

best response is a Nash equilibrium. Therefore, will different entropies lead to different limiting Nash

equilibrium? If the answer is yes, then the generalization is indeed meaningful because that will mean

that the nature of perturbation does determine our prediction of limiting behavior in a society.

To answer these questions, we consider a canonical model from economics–the model of Cournot

competition extended to a large population. Since the analysis in this section will be based on simula-

tions, we examine a numerical example of such a model. Let the population of agents be a set of firms

of mass 1. The strategy set of each firm is S = [0,1] where x ∈S represents the output that a firm can

produce. Given the population stateP, denote by A(P)=
∫

S
xP(d x )∈ [0,1] the aggregate output produced

by the firms at that state. Let β : [0,1]→R+ be the inverse demand function defined by β (α) = 1−α
where α=A(P) is the prevailing aggregate output. Thus, given the population state P and the associated

aggregate output α=A(P), the market price is 1−α. Further, let c : S→R+ defined by c (x ) =0.2x be the

cost function of a firm. As we will explain further below, it is important for our results that this cost

function be linear and not strictly convex.

The payoff of a firm which produces output x when the population state is P is then

πx (P) = xβ (A(P))−c (x )

= x (1−A(P))−0.2x . (2.23)

Thus, the payoff of the firm is the revenue it obtains from output x minus the cost of producing x .

Formally, therefore, (2.23) is a model of Cournot competition with a large population of firms. Notice

that the payoff in (2.23) depends entirely upon the firm’s own strategy x and the aggregate strategy level

A(P) in the population. Hence, such games are aggregative games (Corchon (1994)).

We now characterize the set of Nash equilibrium of (2.23). Proposition 1 in Cheung and Lahkar
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(2018) imply that the aggregative game (2.23) is a potential game with potential function

ϕ(P) =
∫ A(P)

0

β (z )d z −
∫

S

c (x )P(d x )

=

∫ A(P)

0

(1−z )d z −0.2

∫

S

xP(d x )

=

∫ A(P)

0

(1−z )d z −0.2A(P). (2.24)

Moreover, this function is concave inP (S ) (Lemma 1, Cheung and Lahkar (2018)). It is known that the

set of Nash equilibria of potential games with a concave potential function coincide with the convex set

of maximizers of the potential function (Sandholm (2001)). Clearly, anyPwith expected value (aggregate

strategy) A(P) =0.8 is a maximizer of (2.24). Therefore, any such P is a Nash equilibrium of (2.23).23 We

summarize this discussion in the following proposition.

Proposition 1 The large population model of Cournot competition π defined by (2.23) is a potential

game with potential function (2.24). Further, a population state P∈P (S ) is a Nash equilibrium of π if

and only if A(P) =0.8. Therefore, π has a convex set of Nash equilibria.

Proof 1 Follows from the preceding discussion.

Since (2.23) is a potential game, we are assured of convergence of GPBR dynamics in π to a per-

turbed equilibrium (Theorem 4). Further, by Theorem 2, as η→0, any such perturbed must be a Nash

equilibrium and, hence, by Proposition 1 satisfy A(P)=0.8. It is here that the convexity of the set of Nash

equilibria becomes important. We, therefore, have a continuum of Nash equilibria. This creates the

possibility that GPBR dynamics generated by different entropies will converge, as η→0, to different

Nash equilibria. As η→ 0, GPBR dynamics generated by different entropies like Shannon, Tsallis or

Burg would be expected to have only minute differences. Hence, it seems unlikely that such dynamics

would converge to different Nash equilibria from the initial state if those equilibria are sufficiently far

apart. But if we have a continuum of Nash equilibria, then even with minute differences, then different

dynamics may converge to equilibria that are that are close to each other but still distinct.

Analytical answers to such questions are not feasible. Instead, we consider the game (2.23) and

conduct certain numerical simulations of the GPBR dynamics generated by the three entropies we

have been considering in this paper–Shannon, Tsallis (0.5) and Burg–in this game.24 We present these

simulations in Figure 2.1 for four different values of η, the highest being η=0.04 and the lowest being

η=0.006. The initial distribution in all our simulations is the uniform distribution on S . In each case,

we present the density function to which the GPBR dynamics converge to for that value of η. Thus, in

the top left panel, where η=0.04, the logit dynamic converges to the blue density function, the Tsallis

23Notice from (2.23) that if A(P) =0.8, πx (P) =0 for all x ∈S = [0,1]. Hence, any such P is a Nash equilibrium. It may be that
there are other Nash equilibria as well with A(P) ̸=0.8. But the potential game argument rules out that possibility.

24For the Tsallis (γ) entropy, we take γ=0.5. Hence, the notation Tsallis (0.5). The GPBR dynamic generated by the Shannon
entropy is, of course, the logit dynamic.
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Figure 2.1: Density functions of the perturbed equilibrium under the Shannon entropy (in red), Tsallis
(0.5) entropy (in blue) and Burg entropy (in green) for η=0.04,0.01,0.009,0.006 in the Cournot com-
petition model (2.23). The horizontal axis represents strategies x ∈S = [0,1]. In each case, the relevant
GBPR dynamics converge from the uniform distribution on S to the distributions shown. As η declines,
differences in the density functions persist suggesting convergence to different Nash equilibria as η→0.
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(0.5) dynamic to the red and the Burg dynamic to the green one. Each such density function represents a

perturbed equilibrium under that particular entropy. For such low values of η, each of them is also close

to a Nash equilibrium ofπ. Therefore, by Proposition 1, the expected value of each of these distributions

is close to 0.8. Values of η<0.006 generated numerical errors as the perturbed best responses blow up

at such low perturbations.

The simulations does suggest that in the limit, the GPBR dynamics generated by the three entropies

are converging to different Nash equilibria. For each value ofη, the distributions to which these dynamics

are converging to are distinct. Of course, that is to be expected since the dynamics are different. But

more significantly, these distinctions seem to persist even for low values of η. Hence, it is a reasonable

conjecture that even as η→0, the three distributions will remain distinct and, therefore, converge to

different Nash equilibria of π. Each of these limiting Nash equilibria will have an aggregate strategy

level of 0.8. The simulations also suggest that the equilibria are not too distant (in distribution) from

each other as the density functions presented are not drastically dissimilar. But they are not identical

Nash equilibria. Hence, the different dynamics select different Nash equilibria in the limit.

We recognize that no simulation can ever provide conclusive evidence. But to the extent possible,

the simulations presented in Figure 2.1 highlight the possibility that if there is a continuum of Nash

equilibria, then GPBR dynamics generated by different perturbations can converge to different Nash

equilibria as the perturbations become small. We emphasise that this is only a possibility and need

not always happen whenever there is a continuum of equilibria. We can also now elaborate upon the

significance of the linearity of the cost function in our example (2.23). It is this linear cost function that

generates a convex set of equilibria. Instead, had the cost function been strictly convex, then we would

have had a unique Nash equilibrium (Propositions 3 and 4, Cheung and Lahkar (2018)). In that case,

the question of convergence to different Nash equilibria would not have arisen. We could have also

considered the potential game defined by the quadratic payoff function (2.19) in Example 4. For a >2,

this game has three monomorphic Nash equilibria, δx , δ0 and δx̄ (Proposition 4, Hofbauer et al. (2009)).

Thus, in this case, there are multiple equilibria but which are disconnected. We also conducted certain

simulations with the three GPBR dynamics in this game. The dynamics converge to either δx or δx̄ (or,

more precisely, the approximating perturbed equilibrium). But from an identical initial condition, all

these dynamics converge to the same equilibrium. This supports our earlier hypothesis that with such

disconnected equilibria, different GPBR dynamics will converge to the same limiting Nash equilibrium.

But in our Cournot model with its simple linear cost function and the resulting continuum of Nash

equilibria, even small differences in the perturbed best response can lead to selection of different

equilibrium from the same initial state.

2.8 Conclusion

This paper has considered a generalization of the logit dynamic in large population games with a

continuum of strategies. We have considered general deterministic perturbations that satisfy lower

semicontinuity and strong convexity. Apart from the well known Shannon entropy, other perturbations
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that satisfy these conditions are the Tsallis entropy and the Burg entropy. Once we perturb payoffs using

such perturbation functions and allow agents to best respond, we obtain the generalized perturbed best

response (GPBR) and the associated dynamic. This constitutes our generalization of the logit dynamic.

We characterize the rest points of the GPBR dynamic, which we call perturbed equilibria, and

show that they approximate Nash equilibria of the underlying population game as the extent of the

perturbation becomes small. Establishing this result requires us to impose appropriate lower bounds

on the perturbations we consider. We then establish the fundamental properties of the GPBR dynamic;

namely, existence and uniqueness of solution trajectories, and their continuity with respect to initial

conditions. We also establish convergence of the GPBR dynamic in potential games and negative

semidefinite games. Finally, we apply the GPBR dynamics generated by the Shannon, Tsallis and Burg

entropies to a large population Cournot model with a continuum of Nash equilibria. Our simulations in

this application suggests that when the set of Nash equilibria is a continuum, then as η→0, the GPBR

dynamics generated by the different entropies converge to different Nash equilibria. This is significant

because it means that differences in perturbations does lead to differences in our prediction of the

limiting social behavior.

It would be interesting to try and find other examples where different entropies generate different

limiting behavior. One possibility is to consider a situation where a Nash equilibrium is Lyapunov stable

(but not asymptotically stable) under the best response dynamic. Thus, there may be cycles around such

equilibria under the best response dynamic. Then, it may happen that under certain perturbations, the

cycle persist while under other perturbations, we obtain convergence to the Nash equilibrium. These are

interesting possibilities to explore for the future. Finding such examples will be challenging because, as

far as we know, there has been no general analysis of the best response dynamic in continuous strategy

games. But if successful, then along with our present example of the Cournot model, our approach

of generating perturbations with different entropies will add to the literature on refinements of Nash

equilibria for games with a continuum of strategies (Myerson and Reny (2020)).

This paper has been confined to deterministic perturbations of the best response. Hence, another

interesting research question for the future is to derive perturbed best response dynamics using stochas-

tic perturbations. This exercise has led to interesting results in finite strategy large population games

(Hofbauer and Sandholm (2002)). But so far, this question has remained unexplored in games with

continuous strategy sets. One more possible direction of research is to extend GPBR dynamics from

the single population considered here to multiple populations. This would not just be a theoretical

exercise but can also lead to interesting applications involving multiple populations or type of agents.

For example, Lahkar and Mukherjee (2019) apply continuous strategy evolutionary dynamics, including

the logit dynamic, to the problem of implementing social efficiency in a public goods game. It will be

interesting to apply GPBR dynamics to assess the implications of the choice of entropy on the spread of

the perturbed equilibrium around the Pareto efficient state.25

25Evolutionary implementation relies on adding externalities as a transfer price to the original game to construct an
externality adjusted game. Like the Cournot model in Section 2.7, the externality adjusted public goods game is also an
aggregative potential game but with multiple types of agents. It also has a unique Nash equilibrium which is the Pareto efficient
state of the original game. As in the Cournot game, GPBR dynamics will converge to a perturbed equilibrium that approximate
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the Nash equilibrium. The spread of the perturbed equilibrium may depend upon which entropy we apply. But rigorously
analyzing these issues will require an extension of these dynamics to multiple populations.
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CHAPTER

3

THE LOGIT DYNAMIC IN SUPERMODULAR

GAMES WITH A CONTINUUM OF

STRATEGIES: A DETERMINISTIC

APPROXIMATION APPROACH

3.1 Introduction

The deterministic approach to evolutionary game theory seeks to provide dynamical foundations to

Nash equilibria through the use of evolutionary dynamics, which usually take the form of ordinary

differential equations (Sandholm (2010)).1 A large population of agents play a game and the distribution

of strategies of agents in that population constitute the population state. Evolutionary dynamics are

defined over such population states. The key focus of most deterministic evolutionary game theoretic

models is whether the population state converges to a Nash equilibrium under different evolutionary

dynamics.

Two important questions need to be addressed before admitting evolutionary dynamics as valid

descriptions of the behavior of a large population. The first is about the behavioral foundations of

1Well known evolutionary dynamics include the replicator dynamic, the logit dynamic, the Brown–von Neumann–Nash
(BNN) dynamic and the pairwise comparison dynamic. Sandholm (2010) provides an extensive exposition of such dynamics
for finite strategy games. Such dynamics have also been extended to games with continuous strategy sets. See Cheung and
Lahkar (2018) for a review. Not all evolutionary dynamics need to be differential equations. For example, the best response
dynamic is a differential inclusion.
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evolutionary dynamics. This question is resolved by appealing to revision protocols which describe how

agents revise strategies when they receive a chance to do so. For example, imitative revision protocols

generate the replicator dynamic and the logit best response, which is a particular perturbation of the best

response, generates the logit dynamic.2 The second key question is about the mathematical foundations

of such dynamics. One justification of a deterministic evolutionary dynamic is through an informal

appeal to the law of large numbers. Thus, we envisage a large population of agents where behavior is

random but idiosyncratic. Hence, as long as the population size is sufficiently large, such randomness

would be averaged away generating the deterministic dynamic (Chapter 4, Sandholm (2010)). However,

to make these foundations more robust, we need to make this argument more rigorous.

The present paper, therefore, considers this second question in the context of the logit dynamic

with a continuum of strategies (Perkins and Leslie (2014), Lahkar and Riedel (2015)). It does so by taking

a deterministic approximation approach which we explain more fully below. This approach has been

applied earlier for evolutionary dynamics defined on large population games with a finite strategy set

(for example, Benaïm and Weibull (2003)). This paper extends that approach to an evolutionary dynamic

defined for a continuum of strategies. We then apply the deterministic approximation approach to an

important class of large population games; namely, supermodular games. Hofbauer and Sandholm

(2007) analyze such games with finite strategy sets. We extend that notion to the context of continuous

strategy sets and establish convergence of the continuum logit dynamic to logit equilibria, which are

a perturbation of Nash equilibria, in such games. As far as we know, large population supermodular

games with a continuum of strategies have not been considered earlier. Along with potential games and

negative definite games, supermodular games are one of the three broad classes of large population

games for which convergence results have been established under finite strategy evolutionary dynamics

(Hofbauer and Sandholm (2007)). For continuous strategy dynamics, such results have been established

for potential games and negative definite games independently of the deterministic approximation

approach (see, for example, Lahkar and Riedel (2015)). But that approach is required for supermodular

games and, hence, constitutes an important application in this paper.

An evolutionary dynamic is defined for a continuum of agents. The deterministic approximation

approach to such a dynamic involves introducing a stochastic process that decides how agents revise

strategies in a finite population. It is known, at least for games with a finite strategy set, that by making

the number of players in the stochastic process sufficiently large, we can approximate its behavior over

a finite time horizon by the solution trajectory of a deterministic dynamic.3 Intuitively, with the number

of players being so large, it becomes realistic to assume that the set of agents is a continuum in the

evolutionary dynamic. As a purely mathematical result, such a deterministic approximation approach

was introduced by Kurtz (1970). Since then, various authors have extended such results to evolutionary

game theory in the context of finite strategy games. They include Boylan (1995), Binmore et al. (1995),

Börgers and Sarin (1997), Schlag (1998), and Sandholm (2003). The strongest and most general such

2See, for example, Lahkar and Sandholm (2008) for some such revision protocols that generate the different important
evolutionary dynamics. Also see Cheung (2014) for an extension of the notion of revision protocols to large population games
with a continuum of strategies.

3See Chapter 10 of Sandholm (2010) for further details of this methodology.
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results can be found in Benaïm and Weibull (2003). Thus, under this approach, a deterministic evolu-

tionary dynamic may be interpreted as the approximation of the way a stochastic evolutionary process

would behave over finite time periods when there are a large number of agents.

The deterministic approximation approach, therefore, provides rigorous mathematical foundations

to evolutionary dynamics. From a practical point of view, this approach is useful because very often, it

is simpler to analyze an evolutionary dynamic instead of the underlying stochastic process. However,

as far as we know, all such deterministic approximation results are for large population games with a

finite number of strategies. But by now, there is a significant literature on evolutionary dynamics with a

continuum of strategies. These include the replicator dynamic and the more general class of imitative

dynamics (Oechssler and Riedel (2001),Oechssler and Riedel (2002), Cheung (2016)), the BNN dynamic

(Hofbauer et al. (2009)), the pairwise comparison dynamic (Cheung (2014)), the logit dynamic (Perkins

and Leslie (2014), Lahkar and Riedel (2015)) and the more general class of perturbed best response

dynamics to which the logit dynamic belongs (Lahkar et al. (2022a)). Such dynamics have also been

applied to a variety of classical models in economics like public goods, common resource problems

and Cournot competition (Lahkar and Mukherjee (2019), Lahkar and Mukherjee (2021), Lahkar and

Ramani (2021)). Hence, dynamics with a continuum of strategies are now a well–established part of

evolutionary game theory, both from the theoretical perspective as well as the applied. Investigating

their mathematical foundations through the deterministic approximation approach would, therefore,

place them on a more solid footing. This is the main motivation of this paper.

We consider the logit dynamic with a continuous strategy set for this purpose. This dynamic is one

of the canonical dynamics of learning and evolutionary game theory. It was introduced by Fudenberg

and Levine (1998) for finite strategy games in the context of stochastic fictitious play and has since

then been widely used to model evolution in large population games.4 It is the prototype of the wider

class of perturbed best response dynamics (Hofbauer and Sandholm (2002), Hofbauer and Sandholm

(2007)) and is generated by perturbing payoffs with the Shannon entropy. Thus, it is an approximation

of the best response dynamic but is always uniquely defined and, hence, is a differential equation.

Therefore, it is more tractable than the best response dynamic, particulary in large population games

with a continuous strategy set where the best response may not even exist.

Our focus on the logit dynamic is because of its importance in evolutionary game theory. A larger

goal, of course, would be to have a general deterministic approximation result for all continuous strategy

evolutionary dynamics. Right now, however, that is beyond our reach. In fact, even deriving such a result

for the broader class of continuous strategy perturbed best response dynamics may not be feasible at

present. Even though Lahkar et al. (2022a) present a general class of continuous strategy perturbed

best response dynamics using perturbations other than the Shannon entropy, closed form expressions

of such dynamics are not easily derivable. Our analysis in the present paper, on the other hand, relies

significantly on the closed form expression of the logit best response, upon which the logit dynamic is

based. Nevertheless, the paper does illustrate the possibility of obtaining deterministic approximation

4See, for example, Hofbauer and Hopkins (2005) and Hofbauer and Sandholm (2007). As noted earlier, this dynamic has
been extended to continuous strategy sets by Perkins and Leslie (2014) and Lahkar and Riedel (2015).
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results for continuous strategy evolutionary dynamics, even though the technical challenges of extending

it more generally to other dynamics may be significant.

We consider a population game generated by pairwise random matching which has a continuum of

strategies and is played by a continuum of agents. Our objective is to provide rigorous foundations to

the logit dynamic in such a game. We first define a step–wise approximation of the original game and

argue that solution trajectories of the original logit dynamic are close to those of the logit dynamic in the

step–wise approximation. We then consider a discrete approximation of the original game with a finite

number of strategies and a finite number of players and introduce the discrete time logit stochastic

process in this game. But in the logit dynamic, each of the three variables, time, players and strategies,

is continuous. Hence, our approximation approach has to address each one of them. Therefore, first,

we extend the logit stochastic process defined initially over discrete time to continuous time by taking

its interpolation. Next, by adapting the deterministic approximation framework of Benaïm and Weibull

(2003), we conclude that for a finite number of strategies, as the number of players become large, the

logit stochastic process would approximate the step–wise approximation of the logit dynamic. The

additional technical challenge that this paper addresses is then to also let the set of strategies approach

a continuum. Thus, by taking the double limit as, first, the number of players and then, the number

of strategies approach infinity, we show that the behavior of the stochastic process approximates the

continuum logit dynamic.

This gives us our desired deterministic approximation result. As per this result, the continuum logit

dynamic is an approximation of the logit stochastic process in a finite game as the number of strategies

and players in that game go to infinity. We should note that even though we apply the finite strategy

deterministic approximation framework of Benaïm and Weibull (2003), its extension to a continuum of

strategies is not trivial. For example, as we focus on continuous strategy games, we have to introduce

new techniques to relate continuum and discrete strategy games while constructing the logit stochastic

process. Further, even determining the notion of closeness in the continuous strategy case raises

significant topological considerations like whether to choose the strong or weak topology. All our results

are based on the strong topology or the topology induced by the total variation norm. As is typically the

case, our deterministic approximation result is a finite horizon result. It holds for finite time intervals

but may break down if the time span is of infinite length.

In the existing literature, Perkins and Leslie (2014) has also sought to approximate a stochastic

process using the continuous strategy logit dynamic. They consider a finite player learning model in

a continuous strategy game where the beliefs of players evolve according to the stochastic fictitious

play rule. This learning rule generates a discrete time stochastic process which the authors, using

an asymptotic pseudo–trajectory approach, approximate using the continuum logit dynamic. Their

approach, however, vary significantly from ours. First, as theirs is a learning model, they approximate the

evolution of beliefs using the logit dynamic. But as ours is a large population evolutionary model, we need

to approximate evolution of the strategy distribution in such a population through the logit dynamic.

Hence, our methodology is closer to the literature on finite strategy deterministic approximation in

large population games described earlier. Second, of the three variables–time, players and strategy–their
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approach only requires approximating the discrete time process with the continuous time logit dynamic.

In contrast, as discussed earlier, our deterministic dynamic not only approximates a discrete time

process with a deterministic trajectory, but also a finite strategy and finite player game with a game

having a continuous strategy set and a continuum of players. Therefore, the foundations we provide

to the continuum logit dynamic are very different from that in Perkins and Leslie (2014). We should,

however, note one point of similarity. Both papers provide a finite horizon approximation result.

We then apply our deterministic approximation approach to the question of convergence of the

continuum logit dynamic in supermodular games. Supermodular games are characterized by strategic

complementarities and form an important class of games in economics with applications like search,

coordination and modeling of positive externalities (Topkis (1998), Vives (1990), Milgrom and Roberts

(1990)). Hofbauer and Sandholm (2007) introduce large population finite strategy supermodular games

and establish convergence of perturbed best response dynamics to perturbed equilibria in such games.
5 We consider a continuous strategy supermodular game and apply the approach of Hofbauer and

Sandholm (2007) to argue that the logit stochastic process will converge in the medium run, i.e. over

a finite time horizon, to a logit equilibrium of the discrete approximation of the continuous strategy

game. Our deterministic approximation result then allows us to conclude that the logit dynamic

converges to logit equilibria in the continuous strategy supermodular game. Along the way, we have to

address significant technical problems like showing that the sequence of logit equilibria in a discrete

approximation converges to a logit equilibrium of the original continuous strategy game under the

strong topology.

As noted earlier, this is the first paper that defines continuous strategy supermodular games and,

therefore, also the first paper that establishes any result on convergence of an evolutionary dynamic in

such games. One question that arises is whether it is necessary to apply the deterministic approxima-

tion approach to establish such a convergence result. Hofbauer and Sandholm (2007) establish their

convergence results both for the perturbed best response stochastic process as well as for the perturbed

best response dynamic directly. Can’t such results be established directly in our case as well for the

continuous strategy logit dynamic? The difficulty is that the direct result in Hofbauer and Sandholm

(2007) (Theorem 3.3) is based on the theory of cooperative differential equations (Smith (1995)). As

far as we know, that theory has not been extended to differential equations with a continuous set of

variables. Hence, analyzing supermodular games directly with the continuous strategy logit dynamic in

not feasible for us. We have to rely upon the deterministic approximation approach, due to which our

results on supermodular games are an important application of our approach.

To summarize, the paper makes two important contributions. First, it provides a rigorous mathemat-

ical foundation to the continuous strategy logit dynamic, one of the canonical dynamics of evolutionary

game theory. By doing so, it adds to our understanding of how the logit dynamic describes behavior in

a large population of players. Second, it establishes the convergence of logit dynamic to logit equilib-

ria in supermodular games. This result enhances the scope of applying evolutionary game theoretic

5A perturbed best response equilibrium is an approximation of a Nash equilibrium. It is a rest point of a perturbed best
response dynamic. For the logit dynamic in particular, we refer to its rest points as logit equilibria.
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arguments to economic phenomenon that can be modeled as supermodular games.

The rest of the paper is as follows. Section 3.2 introduces the model and establishes the step–wise

approximation of the continuum logit dynamic. In Section 3.3, we derive our main deterministic

approximation result. Section 3.4 defines large population supermodular games with a continuum of

strategies and establishes the medium run convergence of the logit dynamic in such games. Section 6.6

concludes.

3.2 Preliminaries

We consider a population of unit mass with each agent in the population being of measure zero. Let

S := [0,1]⊂R be the strategy space of the players in the population.6 We endowS with the usual Borel

sigma-algebraB (S ). LetP (S ) denote the space of probability measures onS . A probability measure

µ∈P (S ) denotes the state of the population which we interpret as the distribution of strategies in

the population. Hence, µ(A) is the proportion of players in the population using strategies in A⊆S .

LetL∞(S ) be the collection of bounded measurable functions onS . A population game is a weakly

continuous mappingϕ :P (S )→L∞(S ) such thatϕx (µ) denotes the payoff to a player playing strategy

x at population state µ. A population state µ◦ is said to be a Nash equilibrium of the underlying

population game ϕ if for all x ∈Supp(µ◦) and all y ∈S , we have ϕx (µ◦)≥ϕy (µ◦).7

In this paper, we focus on games with pairwise interaction. We define such a game using a function

f :S ×S →R such that f (x , y ) is the payoff of an agent who plays x when randomly matched with

another agent playing y . Players are randomly matched in pairs to play the game. We can then write

payoffs in the associated population game ϕ as the expected value

ϕx (µ) =

∫

S
f (x , y )µ(d y ), for all x ∈S . (3.1)

An example of such a game with pairwise interaction is as follows.

Example 5 Consider strategies x , y ∈S and let f (x , y )=m (x )y −c (x ), where m is an increasing function

of x and c is an arbitrary function of x . Applying (3.1), we obtain a population game ϕ in which the

payoff of an agent playing strategy x at a population state µ is

ϕx (µ) =

∫

S
f (x , y )µ(d y )

=m (x )

∫

S
yµ(d y )−c (x )

∫

S
µ(d y )

=m (x )a (µ)−c (x ), (3.2)

6The strategy set being [0,1] is a convenient normalization. Our arguments extend to any strategy set that is a compact
convex subset of R.

7We denote the support of a probability measure µ by Supp(µ).
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where a (µ) =
∫

S yµ(d y ) is the aggregate strategy level in the population. We note that m being an

increasing function in (3.2) is not required to obtain the population game ϕ from f . But we make this

assumption in order to establish supermodularity later.

We focus on the logit dynamic for a large population game ϕ with a continuous strategy set. To

define the dynamic, fix a parameter η>0. Then the continuum strategy logit best response is a mapping

Lη :P (S )→P (S ) such that for all µ∈P (S ),

Lη[µ](A) :=
∫

A

exp(η−1ϕx (µ))d x
∫

S exp(η−1ϕy (µ))d y
, for all A ∈B (S ). (3.3)

Intuitively, the logit best response is an approximation of the best response, particularly for η small. In

that case, the probability measure Lη[µ] puts nearly all its mass on the set of best responses to µ. Unlike

best responses, though, the logit best response is uniquely defined and varies smoothly with µ. From

(3.3), we then obtain the continuum strategy logit dynamic (Perkins and Leslie (2014); Lahkar and Riedel

(2015))

µ̇=Lη(µ)−µ (3.4)

induced by ϕ. Like any other evolutionary dynamic, the logit dynamic also measures the rate of change

of the population state. Under the logit dynamic, a population state moves in the direction of the logit

best response.

The definition of the logit dynamic does not depend upon ϕ being generated by the underlying

pairwise interaction game f . But our subsequent results will depend greatly on the pairwise interaction

structure. A probability measure µ◦ is said to be a logit equilibrium if Lη(µ◦)=µ◦. Theorem 3.1 in Lahkar

and Riedel (2015) establishes the existence of such equilibria. As η→ 0, any such logit equilibrium

converges weakly to a Nash equilibrium of ϕ (Theorem 3.2, Lahkar and Riedel (2015)). We use the

notation LEη(ϕ) to denote the collection of logit best response equilibrium.

3.2.1 Step-wise Approximation of the Logit Dynamic

We now introduce a step–wise approximation of the logit dynamic that will be useful for our analysis

that follows. Our objective is to show that this step–wise approximation is close to the original logit

dynamic (3.4).The methodology we apply has certain similarities with the one employed by Oechssler

and Riedel (2002) to establish the closeness of the continuous strategy replicator dynamic with its

step–wise approximation.8

For this purpose, consider n ≥1, j ∈{0,1,...,2n −1} and denote the dyadic rational number j
2n by

αn , j . Further, let Sn be the collection of left-closed right-open intervals with dyadic rational endpoints

inS defined in the following way:

Sn :=
�

[αn , j ,αn , j+1) : j =0,...,2n −2
	

∪ [αn ,2n−1,1]. (3.5)

8See Section 7 of Oechssler and Riedel (2002).
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Thus,Sn is a collection of 2n disjoint intervals which covers the original strategy spaceS . Recall the

payoff f (x , y ) in (3.1). Our next step is to construct a step function approximation of f . For n ≥1, let

fn :S ×S →R is such that for all (x , y )∈S ×S ,

fn (x , y ) =







f (αn , j ,αn ,k ) if (x , y )∈ [αn , j ,αn , j+1)× [αn ,k ,αn ,k+1) and j ,k =0,1,...,2n −2

f (αn ,2n−1,αn ,2n−1) if (x , y )∈ [αn ,2n−1,1]× [αn ,2n−1,1].
(3.6)

Hence, by definition, ( fn )n≥1 is a sequence of step functions such that fn→ f uniformly as n→∞.

Now, similar to the definition of the population game ϕ in (3.1), let ϕn :P (S )→L∞(S ) be such

that for all µ∈P (S ),

ϕn
x (µ) :=

∫

S
fn (x , y )µ(d y ), for all x ∈S . (3.7)

Note from (4.16) that we can write (3.7) as

ϕn
x (µ) =







∑2n−1
k=0 f (αn , j ,αn ,k )

∫

[αn , j ,αn , j+1)
µ(d y ) if x ∈ [αn , j ,αn , j+1) and j =0,1,...,2n −2

∑2n−1
k=0 f (αn ,2n−1,αn ,k )

∫

[αn ,2n−1,1]µ(d y ) if x ∈ [αn ,2n−1,1].
(3.8)

We note that for every µ∈P (S ), ϕn is also a step function approximation of ϕ as defined in (3.1). This

follows from the definition of fn in (4.16). For a given n ≥1 and parameter η>0, we can then define the

logit best response induced by ϕn as a mapping Ln
η :P (S )→P (S ) such that for all µ∈P (S ),

L n
η [µ](A) :=

∫

A

exp(η−1ϕn
x (µ))d x

∫

S exp(η−1ϕn
y (µ))d y

, for all A ∈B (S ). (3.9)

Comparing (3.3) and (3.9), it is evident that the probability density function of the logit best response

induced by ϕn is also a step–wise approximation of the probability density function of the logit best

response induced by ϕ. Finally for n ≥1 and η>0, we define the logit dynamic induced by ϕn as

µ̇=Ln
η (µ)−µ. (3.10)

Letting t ≥0 be time, we denote as µ(t )∈P (S ) and µn (t )∈P (S ), t ≥0, the solution trajectories of

the two logit dynamics (3.4) and (3.10) respectively from the initial state µ(0). Theorem 3.4 in Lahkar

and Riedel (2015) establishes the existence of such unique solution trajectories of the logit dynamic

from every initial state inP (S ) provided the underlying population game is bounded and Lipschitz

continuous with respect to the variational norm.9 Such conditions are automatically satisfied if ϕ is as

9The total variation distance is a mapping ∥·∥TV :P (S )×P (S )→R+ defined as

∥µ−ν∥TV :=2 sup
A∈B (S )

|µ(A)−ν(A)|, for all µ,ν∈P (S ).
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defined in (3.1) since the underlying two player game f , and hence ( fn )n≥1 are bounded. Intuitively, it is

also reasonable to expect that these two solution trajectories would be close to each other since the

logit best response (3.9) is itself a step function approximation of (3.3). We formalize this intuition in

the following theorem.

Proposition 2 Consider the population game ϕ as defined in (3.1) and its step function approximation

ϕn as defined in (3.7). Denote by (µ(t ))t≥0 the solution to the logit dynamic (3.4) induced by ϕ and by

(µn (t ))t≥0 the solution to the logit dynamic (3.10) induced by ϕn for n ≥1. Suppose that µ(0)=µn (0) for

every n ≥1. Then (µn (t ))t≥0 converges uniformly on compact sets to (µ(t ))t≥0 in the variational norm,

that is, for every finite time horizon T >0,

lim
n→∞

sup
0≤t≤T
∥µ(t )−µn (t )∥TV=0.

Proof 2 See Appendix B.1.

Proposition 2 is our desired result on the step–wise approximation of the logit dynamic. It shows that

the solution trajectories of the two dynamics are close to each other the strong topology, or the topology

induced by the total variation norm. Of course, the result requires that the initial states be identical.

Also, n needs to be sufficiently large so that the step function fn defined in (4.16) is a reasonably close

approximation of the original pairwise interaction payoff f in (3.1). Intuitively, the probability mass

on each interval of the finite set Sn defined in (4.15) under the two trajectories µ(t ) and µn (t ) become

increasingly identical as n→∞.

3.3 Deterministic Approximation

The deterministic approximation approach to the continuum logit dynamic would require us to approx-

imate it as the behavior of a stochastic process in a discrete game where the number of strategies and

the number of players are finite but sufficiently large. With this objective, we now define the discrete

analogue of our population game ϕ. Consider the finite set

Sn =
�

αn ,0,αn ,1,αn ,2,...,αn ,2n−1

	

, (3.11)

where, as defined previously, αn , j =
j

2n . Thus, Sn is a finite approximation ofS = [0,1]. LikeSn in (4.15),

it contains 2n elements with the difference being it consists of points instead of intervals. Each element

of Sn is the leftmost point of the 2n intervals inSn . Now, let

∆(Sn ) =

�

pn ∈R2n

+ :
∑

0≤k≤2n−1

pn
i =1

�

(3.12)

be the set of probability distributions on Sn . Hence, pn
j is the probability on αn , j for j ∈{0,1,...,2n −1}.

Recalling the step function fn from (4.16), we then define payoffs in the discrete version of ϕ as follows.
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Definition 11 For n ≥1, the level-n discretization of a population gameϕ is the mappingDn
ϕ :∆(Sn )→

R2n
such that for all pn ∈∆(Sn ),

Dn
ϕ [p

n ](αn , j ) := 〈 fn (αn , j , ·),pn 〉=
∑

0≤k≤2n−1

f (αn , j ,αn ,k )p
n
k , for all j =0,1,...,2n −1. (3.13)

We can, therefore, envisageDn
ϕ as the population game induced by the matrix game whose entries

are given by ( fn (αn , j ,αn ,k ))0≤ j ,k≤2n−1. Equivalently, Dn
ϕ is a finite strategy population game in which

players’ strategy set is Sn and the proportion of players playing αn , j is pn
j . Notice from (4.18) and (3.13)

that if we have µ∈P (S ) and pn ∈∆(Sn ) such that pn
j =
∫

[αn , j ,αn , j+1)
µ(d y ) for j =0,1,...,2n −2, then the

payoffs in ϕn andDn
ϕ are identical.

We focus on the discrete game Dn
ϕ introduced in Definition 11. Further, we now assume that the

game is being played by a finite number of players, with N >1 being the number of players . Recall our

interpretation of pn
j as being the mass of agents playing αn , j ∈Sn inDn

ϕ . For n ≥1, and pn ∈∆(Sn ), we

also define the atomic probability measure onS as

µN
pn :=
∑

0≤ j≤2n−1

pn
j δαn , j

, (3.14)

where δx denotes the Dirac measure at x ∈S and the superscript N indicates the dependence on the

number of players N .10 Thus, the measure µpn onS puts probability pn
j on αn , j =

j
2n , j ∈{0,1, ·· · ,2n−1}

and 0 on all other points. This atomic measure now allows us to treat this discretized game as being

played onS with the proportion of players using strategy αn , j being pn
j .

We now introduce the logit best response on the discrete gameDn
ϕ . Given the parameter η>0 and

n ≥1, this logit best response L n
η :∆(Sn )→∆(Sn ) at the state pn takes the standard finite dimensional

form (Fudenberg and Levine (1998))

L n
η,i [p

n ] =
exp(η−1Dn

ϕ [p
n ](αn , j ))

∑

0≤k≤2n−1 exp(η−1Dn
ϕ [pn ](αn ,k ))

=
exp(η−1〈 fn (αn ,i , ·),pn 〉)
∑

0≤k≤2n−1 exp(η−1〈 fn (αn ,k , ·),pn 〉)
. (3.15)

Thus, given η, (3.15) is the probability with which strategy αn ,i ∈S would get chosen under the logit

best response in the population gameDn
ϕ at the population state µN

pn .

Let (Ω,F ,P) be an arbitrary probability space. We now consider the following discrete time stochastic

process (XN
n (k ))k≥1, where XN

n (k ) :Ω→P (S ) describes the state of the population at time k for every

10This dependence will arise from the fact that with N being the number of players, pn
j can take values only in

�

0, 1
N ,..., N−1

N ,1
	

.
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k ≥1. We use the discrete logit best response (3.15) to define the transition probability function as

P
�

XN
n

�

k +
1

N

�

=µN
qn |XN

n (k ) =µ
N
pn

�

=



























pn
i L n

η, j [p
n ], if qn =pn +

1

N
(e j −ei ) and j ̸= i

∑2n−1
i=0 pn

i L n
η,i [p

n ] if qn =pn

0, otherwise.

(3.16)

To understand these transition probabilities, we suppose that at discrete time intervals of length 1
N , a

single agent gets the opportunity to change strategy.11 If that agent is currently playing strategy αn ,i and

chooses to shift to αn , j , then the social state would change from µpn to µqn , with qn =pn + 1
N (e j −ei ).

The probability of this transition is the mass of agents playing αn ,i , which is pn
i , multiplied by the logit

probability of playing αn , j , which is L n
η, j [p

n ]. Alternatively, the agent can continue playing the same

strategy, the probability of which is given by the second line of (3.16).

In the rest of this section, we show that the behavior of the logit stochastic process inDn
ϕ approximates

the behavior of the continuum logit dynamic (3.4) in ϕ over finite time spans as the number of players,

N , and the number of strategies, 2n , becomes large. That would be the interpretation of the continuum

logit dynamic as a deterministic approximation of the logit stochastic process in a finite strategy and

finite player game. For that, we now extend the process (3.16) defined over discrete time to one over

continuous time. Thus, let (bXN
n (t ))t≥0 denote the continuous time Markov process obtained by affine

interpolation of the process (XN
n (k ))k≥1 as defined in (3.16). We call this process the interpolated logit

stochastic process. We establish our deterministic approximation result with respect to this interpolated

process. Note that this process is defined on the discrete gameDn
ϕ . Establishing that result requires us

to define the notion of smoothing of a probability measure.

Definition 12 For n ≥1, the smoothing of a probability measure is a mapping sn :P (Sn )→P (S ) such

that the following two conditions are satisfied:12

• sn (µN
pn ) is absolutely continuous with respect to the Lebesgue measure λ, for all pn ∈∆(Sn ).13

• The Radon-Nikodym derivative of the probability measure sn (µN
pn ) is expressed as

∫n (µN
pn )

dλ
(x ) :=
∑

0≤k≤2n−2

2nµN
pn ,k1[αn ,k ,αn ,k+1)(x ), for all x ∈S . (3.17)

The smoothing of a probability measure transforms atomic measures onS into probability measures

admitting a probability density function. Suppose that we have an atomic measure µpn onS , where

11Here, e j , j ∈{0,1,...,2n −1}, is the standard basis vector onR2n
. Under our atomic measures, the strategies that receive

positive probability are αn , j =
j

2n , j ∈{0,1,...,2n −1}. Hence, e j assigns value 1 to strategy j
2n and 0 to all other strategies.

12Here,P (Sn ) denotes the collection of atomic probability measures like (3.14) with support Sn .
13A probability measure µ is said to be absolutely continuous with respect to the Lebesgue measure λ if for all A ∈B (S ), we

have λ(A) =0 =⇒ µ(A) =0.
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the probabilities are concentrated on the points αn , j . Then sn (µpn ) denotes the probability measure

obtained by distributing the probability mass atαn , j uniformly on the interval [αn , j ,αn , j+1). We, thereby,

construct a probability measure with a probability density function that is a step function. This density

function is given by (3.17). Applying Definition 12 to (bXN
n (t ))t≥0, we can derive the smoothed interpo-

lated logit stochastic process. As an intermediate step towards our desired result, we first establish a

deterministic approximation result with respect to the step–wise logit dynamic (3.10).

Proposition 3 Suppose that the interpolated logit stochastic process (bXN
n (k ))k≥1 has as initial condition

the atomic measure µN
pn ∈P (S ), for some pn ∈∆(Sn ). Let (µn (t ))t≥0 denote the solution to the level-n

step logit dynamic (3.10) induced by the population game ϕn with initial condition µn (0)=µN
pn . Then

for every T >0, there exists C̄ >0 (independent of µn (0)) such that for all ε>0 and for every fixed n large

enough,

PµN
pn

�

sup
0≤t≤T





sn (bXN
n (t ))−µ

n (t )






TV≥ε
�

≤2(2n +1)e −N C̄ ε2
,

as N →∞.

Proof 3 See Appendix B.2.

Proposition 3, therefore, approximates the interpolated logit stochastic process in Dn
ϕ with the

step–wise deterministic logit dynamic (3.10) over finite time horizons. It does so by fixing the number

of strategies, indicated by n , at a sufficiently large level and then allowing the number of players, N ,

in Dn
ϕ to increase. Its proof can broadly be divided into two steps. First, we show that for every η>0,

the level-n step logit choice Ln
η is “approximately Lipschitz continuous" for sufficiently large n in a

sense made precise in Appendix B.2. Then, along the lines of Benaïm and Weibull (2003), we bound

the total variation norm between the smoothed stochastic evolutionary process and the solution to the

level-n step logit dynamic uniformly over finite time horizons using Grönwall’s inequality and some

other relevant estimates to complete the proof.

Thus, Proposition 3 is a deterministic approximation result for the step–wise logit dynamic. Its

importance lies as a key intermediate step towards our main objective, which is establishing an ap-

proximation result not just for the step–wise dynamic but the original continuum logit dynamic. We

state that result in the following theorem by allowing not just N but also n , which was held fixed in

Proposition 3, to go to infinity.

Theorem 6 Fix n ,N ≥ 1. Suppose that the interpolated logit stochastic process (bXN
n (t ))t≥0 has initial

condition µN
pn , for some pn ∈∆(Sn ). Let (µ(t ))t≥0 denote the solution to the continuum strategy logit

dynamic induced by the population game ϕ with initial condition µ(0)=µN
pn . Then for every T >0, and

every ε>0, we have that

lim
n→∞

lim
N→∞
PµN

pn

�

sup
0≤t≤T





sn (bXN
n (t ))−µ(t )






TV≥ε
�

=0.

Proof 4 See Appendix B.3.
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Theorem 6 is our desired deterministic approximation result and is a consequence of Propositions 2

and 3. By Proposition 3, the step–wise logit dynamic provides a deterministic approximation of the logit

stochastic process for sufficiently large but fixed n as N →∞. But Proposition 2 implies that the step–

wise logit dynamic itself is an arbitrarily close approximation of the original continuum logit dynamic as

n→∞. Hence, intuitively, the original logit dynamic should also be a deterministic approximation of

the logit stochastic process as both n ,N →∞. Notice that in Proposition 3, we are also able to establish

the rate of convergence of the step–wise dynamic to the stochastic process. This is due to the simpler

structure of the step–wise dynamic. In comparison, Theorem 6 is a weaker result as it only establishes

convergence of the original logit dynamic and not the rate of convergence. Nevertheless, it suffices in

establishing the conclusion we desire.

This theorem provides microfoundations to the continuum logit dynamic (3.4). It implies that over

finite time horizons, the behavior of the logit stochastic process (3.16) or, equivalently, its smoothed

version dynamic sn (bXN
n (t )) inDn

ϕ , is arbitrarily well approximated by the solution trajectory from the

same initial state of the logit dynamic (3.4) in the continuum game ϕ provided the number of strategies

and the number of players in Dn
ϕ are sufficiently high. Thus, the continuum logit dynamic may be

interpreted as approximating evolution in situations where the underlying population game have a

finite but large number of strategies and players and where the strategic behavior of players is governed

by the logit stochastic process. This is important because the direct analysis of the stochastic process

itself may be difficult. In such situations, we can make the problem significantly more tractable by

focusing, instead, on the behavior of the continuum logit dynamic.

3.4 Medium Run Convergence in Supermodular Games

As an application of our deterministic approximation approach, we now consider supermodular games.

Our objective is to show that over sufficiently large but finite time horizon, the continuum logit dynamic

converges to the set of logit equilibria in supermodular games. For finite strategy supermodular games,

Hofbauer and Sandholm (2007) establish results on convergence in such games for the class of stochas-

tically perturbed best response dynamics.14 But since we do not have a general theory of stochastic

perturbation of best response in continuous strategy games, we confine ourselves to the logit dynamic.

To define supermodular games with a continuous strategy set, we introduce the notation F̄µ :S →
[0,1] to denote the inverse cumulative distribution function of a probability measure µ∈P (S ). Thus,

F̄µ(x ) :=µ((x ,1]) for all x ∈S . Let ⪯ be a partial order onP (S ) defined as follows:

[µ⪯ν] ⇐⇒ [F̄µ(x )≤ F̄ν(x ), for all x ∈S ]. (3.18)

Therefore, under this partial order, a population state ν is “ranked higher” than another state µ if the

proportion of agents playing higher strategies is greater under ν than µ. We then arrive at the following

14For other canonical evolutionary dynamics like the replicator dynamic, the Brown–von Neumann–Nash dynamic, payoff
comparison dynamics and the best response dynamic, general results on convergence in supermodular games are not
available.
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definition of a large population supermodular game, which is an extension of the definition provided by

Hofbauer and Sandholm (2007) to our setting of a continuous strategy set. Intuitively, the definition

implies that in a supermodular game, higher strategy choices by other agents make a higher strategy

more attractive for every agent. Such games are, therefore, characterized by strategic complementarities.

Definition 13 A population game ϕ :P (S )→L∞(S ) is said to be a continuum supermodular game

onS if for all µ,ν∈P (S ), the following condition is satisfied:

[µ⪯ν] =⇒ [ϕy (µ)−ϕx (µ)≤ϕy (ν)−ϕx (ν), for all 0≤ x < y ≤1]. (3.19)

The partial order ⪯ used in (3.18) is the canonical notion of first order stochastic dominance (FSD).

Thus Definition 13 states that if a population state ν stochastically dominates another population state

µ, then for a supermodular game ϕ, the difference in switching from a lower ranked strategy x to a

higher ranked strategy y is higher under ν than under µ. As an illustration, the game in Example 5 is a

supermodular game provided the function m (x ) is strictly increasing. To check that the relevant payoff

(3.2) in this example satisfies supermodularity, notice that ϕy (µ)−ϕx (µ)= (m (y )−m (x ))a (µ)− (c (y )−
c (x )). Further, if µ⪯ν, then a (µ)≤a (ν). Hence, with m increasing, it must then be that ϕy (µ)−ϕx (µ)<

ϕy (ν)−ϕx (ν) if x < y . Thus, (3.19) is satisfied.

Recall from (3.1) that we are considering population games with pairwise interaction. Thus, ϕx (µ) =
∫

S f (x , y )µ(d x ). Intuitively, therefore, ifϕ is supermodular, then that should have some implication on

whether f is also supermodular. We show that is indeed the case. Following Topkis (1998), we define

supermodularity of the pairwise interaction game in the standard manner of f satisfying increasing

differences.

Definition 14 The pairwise interaction game f :S ×S →R is supermodular if for all x , y ∈S such that

x < y , f (y ,z )− f (x ,z ) is non–decreasing in z ∈S .

We then obtain the following result on the equivalence of the supermodularity of ϕ and f . The

result implies that our subsequent analysis of convergence of the logit dynamic in such games could

have been stated in terms of either the population game ϕ or the underlying pairwise interaction game

f . However, as our interest is in large population games, we find it more convenient to state our findings

in terms of ϕ.

Proposition 4 A population game ϕ :P (S )→L∞(S ) defined by (3.1) is a supermodular game if and

only if the underlying pairwise interaction game f :S ×S →Rwhich generatesϕ is supermodular onS .

Proof 5 See Appendix B.4.

Our result on convergence of the logit dynamic in supermodular games will depend upon our key

deterministic approximation result as presented in Theorem 6. Since such convergence is over finite

time horizons, we follow Hofbauer and Sandholm (2007) and call it medium run convergence. Hofbauer

and Sandholm (2007) also extend such convergence to an infinite time horizon by directly computing
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the stationary distribution of a stochastic process like (3.16). We do not pursue this long run analysis

here as that is independent of the deterministic approximation approach to the logit dynamic.

We now consider a supermodular game ϕ with an underlying pairwise interaction structure f

such as Example 5. Recall that LEη(ϕ) is the set of logit equilibria in a continuum population game

ϕ. For ε>0, let O ε(LEη(ϕ)) be the open ball of radius ε under the total variation norm around LEη(ϕ)

in a supermodular game ϕ generated by f . Applying the methodology used to derive Theorem 6, we

first discretize our supermodular game as in Definition 15. The following theorem establishes the

relationship between a continuum supermodular game and its discrete version. As is to be expected,

the two notions are equivalent. Before presenting the theorem, we state the definition of a discrete

supermodular game.

Definition 15 A population gameDn
ϕ :∆(Sn )→R2n

as defined in Definition 11 is a supermodular game

if it exhibits strategic complementarities, that is, for all pn ,qn ∈∆(Sn ), the following condition is satisfied:

[pn ⪯qn ] =⇒ [Dn
ϕ [p

n ](αn , j+1)−Dn
ϕ [p

n ](αn , j )≤Dn
ϕ [q

n ](αn , j+1)−Dn
ϕ [q

n ](αn , j )], (3.20)

for all j =0,1,...,2n −2.

In words, if qn stochastically dominates pn , then for any strategy αn , j , the payoff advantage of αn , j+1

over αn , j is greater at qn than at pn . We can also write the strategic complementarity condition (3.20)

equivalently by using partial derivatives as15

∂Dn
ϕ [p

n ](αn , j+1)

∂ pn
i+1

−
∂Dn

ϕ [p
n ](αn , j+1)

∂ pn
i

≥
∂Dn

ϕ [p
n ](αn , j )

∂ pn
i+1

−
∂Dn

ϕ [p
n ](αn , j )

∂ pn
i

, (3.21)

for all i , j =0,1,...,2n −2. Thus, if a small of mass of players switches from strategy αn ,i to αn ,i+1, then

the improvement in the payoff of strategy αn , j+1 is greater than that of αn , j . The result we now seek is

as follows.

Proposition 5 Fix a weakly continuous population gameϕ :P (S )→L∞(S ). Thenϕ is a supermodular

if and only if for every n ≥1, the level-n discretization Dn
ϕ :∆(Sn )→R2n

of the population game ϕ is a

supermodular game.

Proof 6 See Appendix B.5.

Recall now the step–wise approximation ofϕ,ϕn , as defined in (3.7) or (4.18). Also recall our comments

about the relationship between the payoffs inDn
ϕ and ϕn in the paragraph following Definition 11. We

then obtain the following corollary from Proposition 5. The proof is obvious and is left to the reader.

Corollary 1 Fix a population game ϕ :P (S )→L∞(S ). Then ϕ is a supermodular if and only if ϕn is

a supermodular game for every n ≥1.

15See Section 3.3 in Hofbauer and Sandholm (2007) and Theorem 3.4.2 in Sandholm (2010).
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Next, we introduce the discrete logit processXN
n (k ) as defined in (3.16) on the discrete supermodu-

lar game Dn
ϕ , construct the interpolated logit stochastic process bXN

n (t ) and smoothen the process as

described in Definition 12 to obtain sn (bXN
n (t )). In addition, we also need the following definition of an

irreducible discrete supermodular game from Hofbauer and Sandholm (2007). In stating this definition,

we recall the finite strategy set Sn = {αn ,0,αn ,1,...,αn ,2n−1} over which we defined the discrete gameDn
ϕ

in Definition 11. We also recall the notation αn , j to denote the strategy j
2n in (4.15).

Definition 16 Let bSn = Sn \αn ,2n−1 = {αn ,0,αn ,1,...,αn ,2n−2}. For n ≥ 1, the level-n discretization of a

supermodular gameϕ is said to be irreducible if for all states pn ∈∆(Sn ) and all j ∈ bSn , there exists at least

one i ∈ bSn such that (3.21) holds with strict inequality.

Definition 16 is a mild strengthening of the strategic complementarity condition (3.21) for a discrete

supermodular game. It requires that at every state pn , a movement from strategy j to j +1 improves the

relative performance of at least one strategy. As an illustration, we show that the discrete version of the

game in Example 5 does satisfy irreducibility.

Proposition 6 For every n ≥1, the discrete versionDn
ϕ of the game ϕ in Example 5 is irreducible.

Proof 7 See Appendix B.6.

With this irreducibility condition, we can now establish our main result about supermodular games

which, following Hofbauer and Sandholm (2007), we call a medium run convergence theorem. Before

considering that theorem, we state the following lemma which will be useful to us.

Lemma 4 Let ϕ be a population game as defined in (3.1) andDn
ϕ be its discretization. Suppose (p∗n )n≥1

is a sequence of logit equilibria of the discretized games (Dn
ϕ )n≥1. Recall from (3.14) the atomic measure

µp∗n derived from p∗n on S and the smoothing sn (µp∗n ) of µp∗n (Definition 12). Then the accumulation

points of the sequence (sn (µp∗n ))n≥1 under the total variation norm is non-empty. Furthermore, any such

accumulation point is a logit equilibrium of the game ϕ.

Proof 8 See Appendix B.7.

Lemma 4 is independent of supermodularity. It holds for population game of the form (3.1) that is

generated by pairwise random matching. It is well known that the set of probability measuresP (S ) is

compact under the weak topology. Hence, the sequence sn (µp∗n ) that we obtain from the logit equilibria

of the discretized gameDn
ϕ will have an accumulation point inP (S ). We show that this accumulation

point is a logit equilibrium of the original game ϕ. In addition, we also need to show that in case of

such logit equilibria, convergence under the weak topology also implies convergence under the strong

topology, or the topology induced by the total variation norm. This follows because as n→∞, the

probability mass put by the logit equilibrium p∗n on any strategy in the finite strategy set ofDn
ϕ goes to

zero.

We now establish our medium run convergence theorem. Suppose ϕ is a continuum supermodular

game and that its discretized formDn
ϕ satisfies irreducibility. Consider the interpolated logit stochastic
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process on Dn
ϕ and let the number of strategies and players in Dn

ϕ become large. The theorem states

that over sufficiently long but finite time horizons (hence the name “medium run”), the continuum logit

dynamic spends most of its time near the set of logit equilibria of ϕ.

Theorem 7 Suppose that the two player game f :S ×S →R be Lipschitz continuous. Suppose the

the population game ϕ :P (S )→L∞(S ) is supermodular game such that for every n, the level-n

discretization ofϕ is irreducible. Then for every ε>0, there exists Tε≥0 such that for all T ≥Tε, (µ(t ))t≥0 ∈
O 3ε(LEη(ϕ)) for all Tε≤ t ≤T .

Proof 9 See Appendix B.8.

The proof of Theorem 7 proceeds in several steps. First, we discretize ϕ intoDn
ϕ . Since ϕ is super-

modular, Proposition 5 implies thatDn
ϕ is also supermodular. We then consider the interpolated logit

stochastic process bXN
n (t ), define it appropriately on∆(Sn ) and allow it to run inDn

ϕ . By Theorem 6, once

we smoothen bXN
n (t ) and N ,n→∞, the behavior of the stochastic process inDn

ϕ is well approximated

by the continuum logit dynamic (3.4) on ϕ. Therefore, it is legitimate to analyze the convergence of

the logit dynamic on ϕ by considering the convergence of the logit stochastic process onDn
ϕ . We do so

by appealing to results in Hofbauer and Sandholm (2007) for finite strategy supermodular games and

applying some of our earlier results.

Since the discretized or finite–strategy game Dn
ϕ is supermodular, Theorem 4.1 (part (iii)) in Hof-

bauer and Sandholm (2007) implies that as the number of players N →∞, the logit stochastic process

converges to the set of logit equilibria ofDn
ϕ . We then show that once we smoothen a logit equilibrium

ofDn
ϕ , we obtain a logit equilibrium of the step–wise approximation of ϕ, ϕn . Corollary 1 then implies

that ϕn is also supermodular. Hence, the smoothed interpolated process sn (bXn (t )) lies near the set of

logit equilibria of ϕn over sufficiently long but finite time horizons as N →∞. By the deterministic

approximation result for the step–wise logit dynamic (Proposition 3), sn (bXn (t )) is itself close to the

trajectory of the step–wise logit dynamic, µn (t ), over such finite time horizons. Hence, over a finite time

horizon, µn (t ) converges to the set of logit equilibria of ϕn . Now, as n→∞, a logit equilibrium of ϕn

approaches a logit equilibrium of ϕ under the strong topology. This follows from Lemma 4. Moreover,

as n→∞, µn (t ) itself is close to µ(t ) by Proposition 2. Combining all these arguments, we conclude

that as both N ,n→∞, a trajectoryµ(t ) of the continuum logit dynamic converges to a logit equilibrium

of the supermodular game ϕ over finite but sufficiently long time periods.

Corollary 2 Fix n ,N ≥1. Suppose that the interpolated logit stochastic process (bXN
n (t ))t≥0 has identical

initial conditions µN
pn =µ(0). Suppose ϕ :P (S )→L∞(S ) be a supermodular game such that for every

n, the level-n discretization of ϕ is irreducible. Then for every ε>0, there exists Tε≥0 such that for all

T ≥Tε, we have

lim
n→∞

lim
N→∞
PµN

pn

�

sn (bXN
n (t ))∈O

ε(LEη(ϕ)) for all Tε≤ t ≤T

�

=1.

Proof 10 The proof follows from Theorem 7.
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3.5 Conclusion

The deterministic approach to evolutionary game theoretic dynamics seeks to provide mathematical

foundations to such dynamics as the limiting outcome of a stochastic process as the number of players

become large. In this paper, we have adopted such a deterministic approach to the logit dynamic in a

large population game with a continuous strategy set. We first construct a step–wise approximation

of such a game and show that the logit dynamic in that approximate game is close to the dynamic

in the original game. We then introduce a discrete approximation of the original game with a finite

number of strategies and players. Over finite time horizons, the logit stochastic process in this discrete

game approximates the behavior of the step–wise logit dynamic, which itself approximates the original

continuum logit dynamic. This gives us our deterministic approximation result. The continuum logit

dynamic is an approximation of the logit stochastic process of a game in which both the number of

players and strategies are finite but large.

We then apply our approach to large population supermodular games with a continuous strategy

set. If the discrete version of the supermodular game satisfies a condition called irreducibility, then over

time horizons that are finite but sufficiently long, the continuum logit dynamic converges to the set

of logit equilibria of the supermodular game. To establish this result, we consider the logit stochastic

process in the discrete version of the game. Results from finite strategy supermodular games imply that

this process converges. Our deterministic approximation result then show that the logit dynamic must

also converge.

This paper is limited to the logit dynamic. An obvious research question for the future is to extend the

deterministic approach to other well–known continuous strategy evolutionary dynamics. For example,

should it prove feasible to establish such a result for the larger class on continuous strategy perturbed

best response dynamics, then it may be possible to extend our result on convergence of the logit dynamic

in supermodular games to such dynamics as well.
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CHAPTER

4

EQUILIBRIUM SELECTION VIA

STOCHASTIC EVOLUTION IN CONTINUUM

POTENTIAL GAMES

4.1 Introduction

Evolutionary game theory is broadly divided into two parts; deterministic evolution and stochastic

evolution (Sandholm (2010)). In such models, there exists a large number of players in a population

who revise their strategies according to an underlying stochastic process. For time horizons that are

finite but sufficiently long (medium run), the change in the strategy distribution (the population state)

due to the stochastic process can be well approximated by a deterministic mean dynamic called an

evolutionary dynamic (Benaïm and Weibull (2003)). Well known examples of such dynamics are the

replicator dynamic, the logit dynamic, the BNN dynamic and the pairwise comparison dynamic.1 Such

evolutionary dynamics, being ordinary differential equations, are relatively more convenient to analyze

than the stochastic process directly. However, over infinitely long time horizons, the deterministic

approximation is no longer valid. Therefore, as perhaps first recognized by Foster and Young (1990),

to address questions of long run stability of Nash equilibria under evolution, one must analyze the

stochastic process directly.

An important motivation behind studying stochastic evolution is to generate exact equilibrium

1Sandholm (2010) provides a comprehensive review of the literature on such evolutionary dynamics with a finite number of
strategies. Also see Chapter 10 of Sandholm (2010) for a discussion of the deterministic approximation of a stochastic process
with an evolutionary dynamic.

51



selection results. We wish to predict to which Nash equilibrium the population would converge to

irrespective of the initial state. Most deterministic dynamics do not provide such history–independent

results, although there are exceptions like the sampling best response dynamic (Oyama et al. (2015)).

In contrast, stochastic evolutionary analysis seeks to characterize the stationary distribution of the

stochastic process to understand long run stability of a Nash equilibrium. If it can be shown that

the stationary distribution puts probability one on a particular equilibrium, then we obtain an exact

prediction that the population would spend almost all the time at that equilibrium, although only in the

long run. This is independent of the history of the game. By now, there is a significant literature on the

stochastic approach to evolutionary game theory. But as far as we know, this entire literature has been on

games with a finite set of strategies.2 In fact, starting with Kandori et al. (1993) and Young (1993), much

of this literature has been on symmetric games with two strategies with a common conclusion being

that the risk dominant equilibrium is stochastically stable in such games.3 Other finite strategy games

for which results on stochastic stability are available are three–strategy games (Sandholm and Staudigl

(2016)) and potential games (Blume (1993), Blume (2018), Alós-Ferrer and Netzer (2010), Section 11.5 of

Sandholm (2010)).

In this paper, we consider stochastic evolution in population games with a continuum of strategies.

Apart from raising interesting mathematical and technical questions, the evolutionary analysis of con-

tinuous strategy games is also important from the point of view of applications. Various problems of

substantive economic interest like oligopoly, public goods and common resources where evolutionary

analysis can provide insights are more naturally modeled as continuous strategy games (Cheung and

Lahkar (2018), Lahkar and Mukherjee (2021)). By now a significant literature on the canonical deter-

ministic evolutionary dynamics in continuous strategy games has developed. These are the replicator

dynamic and the more general class of imitative dynamics (Oechssler and Riedel (2001),Oechssler and

Riedel (2002), Cheung (2016)), the BNN dynamic (Hofbauer et al. (2009)), the pairwise comparison

dynamic (Cheung (2014)), the logit dynamic (Perkins and Leslie (2014), Lahkar and Riedel (2015)) and the

more general class of perturbed best response dynamics to which the logit dynamic belongs (Lahkar et al.

(2022a)).4 But as far as we know, the question of stochastic evolution under a continuum of strategies

has not been addressed. This paper seeks to contribute towards filling that gap in the literature.

We focus our analysis on large population potential games with a continuum of strategies. Potential

games are games in which strategic interests can be summarized using a real valued function called

the potential function. Monderer and Shapley (1996) originally defined these games in the context

of a finite number of players. Since then, the concept has been extended to large population games

with a finite number of strategies (Sandholm (2010)) as well as a continuum of strategies (Lahkar and

Riedel (2015), Cheung and Lahkar (2018)). Potential games are of great importance in evolutionary

game theory due to their attractive convergence properties. Local maximizers of the potential function

2See Chapters 11 and 12 of Sandholm (2010) for a review of this literature.
3Other stochastic models with two–strategy games include Binmore et al. (1995), Binmore and Samuelson (1997), Blume

(2003), Sandholm (2007), Sandholm (2012), Staudigl (2012).
4Also see Lahkar et al. (2023) on the derivation of the continuous strategy logit dynamic as a deterministic approximation

of an underlying stochastic process.
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are Nash equilibria of the game. All the canonical evolutionary dynamics we have mentioned earlier

converge to such local maximizers. Hence, Nash equilibria that are local maximizers of the potential

function emerge as evolutionarily stable under such dynamics (Sandholm (2001)).5

Therefore, Nash equilibrium prediction is particularly robust in potential games. But if there are

multiple such Nash equilibria, we run into the equilibrium selection problem characteristic of such

medium run analysis. To which of those locally potential maximizing Nash equilibrium the population

converges to depends upon the initial state. Potential games are, however, amenable to stochastic

analysis. The reason is that such games satisfy a condition called reversibility which makes it convenient

to characterize their stationary distribution. In fact, as noted earlier, this is the reason why finite strategy

potential games have been a focus of stochastic evolutionary analysis. Results in such models show that

the Nash equilibrium which is the global maximizer of the potential function is the unique stochastically

stable equilibrium.

We aim to establish such an exact equilibrium selection for continuous strategy potential games.

Again, the question is not merely of technical interest. There are significant examples of continuous

strategy potential games with multiple Nash equilibria. These include games with strategic complemen-

tarities (Bandhu and Lahkar (2022)) and doubly symmetric games (Hofbauer et al. (2009)), which are

extensions of pure coordination games to the continuous strategy case. An exact equilibrium selection

result in such games would provide answers to meaningful questions like whether in the long run, it

is the Pareto optimal Nash equilibrium that gets selected. If not, then under what circumstances will

the Pareto optimal equilibrium be selected. To make our problem tractable, we consider continuous

strategy games with an underlying pairwise interaction structure. Such a structure includes doubly

symmetric games as well as certain types of potential games with strategic complementarities called ag-

gregative potential games (Lahkar (2017)). In such games, a higher aggregate strategy creates incentives

for individual players to play a higher strategy.

The key to our analysis is a sequence of approximation that enables us to move from the continuous

strategy potential game to a potential game with a finite set of strategies and a finite number of players.

Our motivation behind these approximations is to apply existing results of large population potential

games with a finite number of strategies. Accordingly, our first approximation is a large population step

approximation where we replace our continuous strategy payoff function with a continuous strategy step

approximation. Next, we replace the step approximation with a large population–finite strategy game

where the payoff of each strategy corresponds to the payoff at each step of the step approximation. Our

final approximation is a finite player–finite strategy game which we construct from the large population

finite strategy approximation by ruling out the possibility of self–matching. As our original continuous

strategy game is a potential game, it follows that all the three approximations we construct are also

potential games,.

We then follow Chapters 11 and 12 in Sandholm (2010) and establish stochastic stability results

in our finite player–finite strategy and large population finite–strategy approximations. We apply a

class of stochastic processes known as a direct exponential stochastic process on the finite player–finite

5In the case of the logit dynamic, convergence is to a perturbed version of the Nash equilibrium.
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strategy approximation. A direct exponential stochastic process is a noisy strategy revision protocol

wherein agents switch strategies based on how attractive a new strategy is or how dissatisfied they are

with their current strategy. The most well–known such revision protocol is the logit protocol (Blume

(1993), Blume (2003)) wherein agents switch to the best response with probability nearly one. The

noise parameter makes the stochastic process irreducible. Under the additional assumption that

agents employ clever payoff evaluation which recognizes that a change of strategy by oneself in a finite

population would change the social state, we also obtain a reversible stochastic process with a unique

stationary distribution.

While this result is for the finite player–finite strategy approximation, we can take the limit as the

number of players become large. This characterizes the stationary distribution in the large population–

finite strategy approximation for a fixed noise parameter in the stochastic process. The main conclusion

we obtain is that this stationary distribution puts all its weight on the global maximizer of the entropy

adjusted potential function of the large population–finite strategy approximation. This is an equilibrium

selection result for this game. Maximizers of the entropy adjusted potential function are perturbations

of Nash equilibria (Hofbauer and Sandholm (2007)). For any fixed level of noise in the direct exponential

stochastic process, the stationary distribution in the large population–finite strategy approximation

chooses that perturbed equilibrium that globally maximizes the entropy adjusted potential function.

The above result is akin to the conclusion in Sandholm (2010) on the stationary distribution of a large

population potential game with a finite number of strategies. The main contribution of this paper lies

in extending this result to a large population potential game with a continuum of strategies. For this, we

now need to allow the number of strategies in the stochastic process to also go to infinity. Hence, keeping

the noise parameter fixed, we take the double limit by first allowing the number of players and then the

number of strategies to become large. This gives us the stationary distribution of a direct exponential

stochastic process for a fixed noise parameter in a large population continuous strategy potential game.

As is to be expected, this stationary distribution is concentrated on the perturbed equilibrium that is

the global maximizer of the continuous strategy version of entropy adjusted potential function. Our

main interest, however, is in selection among Nash equilibria and not perturbed equilibria. For this, we

establish the final and main result of this paper. This involves taking the triple limit of the stochastic

process, where first the number of agents go to infinity, then the number of strategies go to infinity and

finally, the noise parameter goes to zero. The stationary distribution then puts probability one on the

global maximizer of the potential function of our original large population continuous strategy game.

We, therefore, obtain our desired equilibrium selection result. In a large population continuous

strategy potential game, as the noise parameter goes to zero, a direct exponential stochastic process

selects that Nash equilibrium that globally maximizes the potential function of the game. The entire

mass of the stationary distribution is concentrated on that global maximizer. This is irrespective of the

initial state of the stochastic process. The interpretation of this result is that as the time horizon becomes

infinitely long, the proportion of time that the process spends on the globally potential maximizing

Nash equilibrium goes to one.

Superficially, it might seem that our result is a simply extends finite strategy results by taking the
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limit as the number of strategies increase. The extension, however, is not trivial and we need to resolve

significant technical complications. We need to choose the correct method of approximating our

continuous strategy game and the fact that these approximations use the underlying pairwise structure

is the reason why we confine ourselves to games with pairwise interaction. The construction of the

potential function for the large population step approximation game also involves significant challenges.

This step approximation is required in taking the limit as the number of strategies become infinite.

We first apply the result for the large population finite strategy game to the large population step

approximation. Then, as the number of strategies increase, the size of each step decreases and the step

approximation approaches our original continuous strategy game giving us our desired result. Such

analytical techniques are new to this paper.

We apply our main result to the two motivating examples of large population aggregative potential

games with multiple Nash equilibria and doubly symmetric games. The structure of equilibria in such

aggregative potential games is like that of two–strategy symmetric games with multiple equilibria. There

are three Nash equilibria, two of which are local maximizers of the potential function. One of them is

Pareto optimal and the other Pareto inferior among all Nash equilibria. Whichever of these two Nash

equilibria has the larger basin of attraction with respect to the best response strategy revision protocol

emerges as the global maximizer of the potential function and, therefore, the one that is selected by

stochastic evolution. Thus, if the Pareto optimal equilibrium has a smaller basin of attraction, and there

are circumstances when it does, then it is the Pareto inferior equilibrium that is stochastically stable.

The intuition behind this result is similar to the risk dominance argument in two–strategy symmetric

games. In contrast, in doubly symmetric games, the Pareto optimal equilibrium is always stochastically

stable. This is because the potential function of such games is a rescaled version of the aggregate payoff

function due to which, its global maximizer must be Pareto optimal.

The rest of the paper is as follows. Section 6.2 introduces the preliminaries of the model including

the classes of aggregative potential games and doubly symmetric games. In Section 4.3, we provide

specific examples of these two classes of games as motivations for our entire analysis. In particular, we

identify conditions under which the global maximizer of the potential function in aggregative potential

games is not the Pareto optimal equilibrium. Section 4.4 describes the three approximations of our

continuous strategy game that we require for the analysis. Our main results on stochastic evolution and

equilibrium selection are in Section 4.5. We conclude in Section 4.6 with a discussion on applying our

results to aggregative potential games and doubly symmetric games. Proofs are in the Appendix.

4.2 Preliminaries

We consider a large population of players with mass normalized to unity. Let S := [0,1] denote the

strategy space of the players in the population. The strategy spaceS is endowed with the usual Borel

sigma-algebraB (S ). LetP (S ) denote the collection of all probability measures onS . A probability

measure µ∈P (S ) denotes the state of the underlying population. Thus, for every A ∈B (S ), µ(A)
denotes the proportion of players in the population exercising strategies in A. Let L∞(S ) be the
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collection of bounded measurable functions onS equipped with the sup-norm metric.6 A population

game is defined as a weakly continuous mappingπ :P (S )→L∞(S ) such thatπx (µ) denotes the payoff

to an agent exercising strategy x ∈S at population state µ∈P (S ).7

A population state µ◦ is said to be a Nash equilibrium of the game π if πx (µ◦)⩾πy (µ◦) for all x ∈
supp(µ◦) and all y ∈S .8 We shall assume throughout, that the population game π is generated via a

continuous pairwise interaction game f :S ×S →R in the sense that for all µ∈P (S ),

πx (µ) :=

∫

S
f (x , y )µ(d y ), for all x ∈S . (4.1)

In this paper, we focus on equilibrium selection in continuum strategy potential games.9 In order to

define such games, we will require the notion of the Fréchet derivative, which is a generalization of the

usual derivative to Banach spaces. Let V and W be normed linear spaces. An operator φ : V →W is

Fréchet differentiable at x if there exists a bounded linear operator Ax : V →W such that

lim
∥h∥V→0

∥φ(x +h )−φ(x )−Ax (h )∥W
∥h∥V

=0.

Thus, if Ax denotes the the Fréchet derivative ofφ at x ∈V , thenφ(x +h )=φ(x )+Ax (h )+o(∥h∥V ) for all

h near zero in V . LetM (S ) be the collection of all signed measures onS equipped with the variational

norm.10 In this paper, we shall consider Fréchet differentiability of functionsφ :M (S )→R. We denote

the Fréchet derivative of such a function by DFφ. Ifφ is Fréchet differentiable, we will assume that for

every µ∈M (S ), there exists a bounded measurable map∇Fφ(µ)∈L∞(S ) such that,

DFφ(µ)(ν) :=

∫

S
∇Fφ(µ)dν=
∫

S
∇Fφx (µ)ν(d x ) =: 〈∇Fφ(µ),ν〉, for all ν∈M (S ). (4.2)

We then call the map ∇Fφ :M (S )→L∞(S ) the Fréchet gradient of φ. We now proceed with the

definition of continuum strategy potential games (Lahkar and Riedel (2015), Cheung and Lahkar (2018)).

Definition 17 A population gameπ :P (S )→L∞(S ) is said to be a potential game if there exists a Fréchet

differentiable mapping ϕ :M (S )→R such that

∇Fϕ(µ) =π(µ), for all µ∈P (S ). (4.3)

In other words, a population game π is said to be a potential game if there exists a Fréchet differentiable

6The sup-norm of a function f ∈L∞(S ) is defined as ∥ f ∥∞ := supx∈S | f (x )|.
7Weakly continuous implies continuous with respect to the weak topology. The weak topology onP (S ) is the topology

induced by the following notion of convergence: µn→w µ if and only if
∫

S f dµn→
∫

S f dµ for all continuous maps f :S →R.
8Here supp(µ) denotes the support of the probability measure µ.
9See, for example, Cheung (2014), Lahkar and Riedel (2015), Lahkar et al. (2022a) for an exposition on continuum strategy

potential games.
10The variational norm or the total variation norm onP (S ) is such that

∥µ−ν∥TV :=2 sup
A∈B (S )

|µ(A)−ν(A)|, for all µ,ν∈P (S ).
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map ϕ such that its Fréchet gradient ∇Fϕ is identified by π. We then call ϕ the potential function

corresponding to the potential game π. We now discuss two classes of continuous strategy potential

games which will be relevant for illustrating the stochastic approach to evolution. These are aggrega-

tive potential games and doubly symmetric games. In particular, in both these classes of games, the

stochastic approach to evolution can generate exact equilibrium selection even though the deterministic

evolution may not. In Section 4.3, we will present examples where that possibility may arise.

4.2.1 Aggregative Potential Games

The first class of examples is the class of aggregative potential games. Suppose that the underlying

pairwise structure takes the form f (x , y )= x (a +b y )−c (x ), where a ,b ∈R are constants such that b ̸=0

and c :S →R+ is a function that describes the cost of playing a strategy x ∈S . Let

A(µ) =

∫

S
xµ(d x ) (4.4)

be the aggregate strategy in the population at state µ. Notice that as S =[0,1], the aggregate strategy

A(µ)∈ [0,1].

Applying (4.1), we can then generate the population game with payoffs

πx (µ) =

∫

S
f (x , y )µ(d y )

=

∫

S
(x (a +b y )−c (x ))µ(d y )

= x (a +b A(µ))−c (x ). (4.5)

The population game π defined by (4.5) is an aggregative game as the payoff of an individual agent in

this game depends only upon that agent’s strategy and the aggregate strategy of the population (Corchon

(1994)). In addition, Proposition 1 in Cheung and Lahkar (2018) establish that an aggregative game of

the form (4.5) is a potential game with potential function

ϕ(µ) =

∫ A(µ)

0

(a +b z )d z −
∫

S
c (x )µ(d x )

=a A(µ)+
b (A(µ))2

2
−
∫

S
c (x )µ(d x ). (4.6)

Hence, we refer to a population game π of the form (4.5) as an aggregative potential game.11

In this paper, we are particularly interested in the case where b >0 in (4.5). Under that condition,

we may interpret (4.5) as a pairwise model of coordination. For example, it may represent a model of

11The result in Cheung and Lahkar (2018) is more general. It applies to aggregative games of the formπx (µ)= xβ (A(µ))−c (x ),
where β may be a non–linear function of A(µ). In the current paper, however, we confine ourselves to linear functions of
β (A(µ))=a +b A(µ) in order to generate (4.5) through a pairwise interaction structure.
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education or investment choice. The benefit that an agent receives from a particular strategy x ∈S
is increasing in the aggregate strategy A(µ). Hence, such models are also characterized by strategic

complementarities in the sense that a higher aggregate strategy makes it more attractive for an individual

agent to play a higher strategy x . Models of strategic complementarities typically generate multiple

Nash equilibria which may be Pareto ranked. The stochastic approach of this paper is then particularly

relevant in addressing questions such as whether in the long run, it is the Pareto equilibrium that gets

selected. The example in Section 4.3 will discuss that question in greater detail.

4.2.2 Doubly Symmetric Pairwise Interaction Game

Consider a pairwise interaction game f :S ×S →R. The game f is said to be doubly symmetric if

f (x , y ) = f (y , x ) for all x , y ∈S (Cheung (2014)). The payoff to x ∈S in the resulting population game

π :P (S )→L∞(S ) at the population state µ∈P (S ) is then,

πx (µ) =

∫

S
f (x , y )d y , for all x ∈S . (4.7)

Then, it is well known (see for eg. Cheung (2014)) that π is a potential game with potential function ϕ

given by

ϕ(µ) =
1

2

∫

S

∫

S
f (x , y )µ(d y )µ(d x )

=
1

2

∫

S
πx (µ)µ(d x )

=
1

2
π̄(µ), (4.8)

where π̄(µ)=
∫

S πx (µ)µ(d x ) is the average or, equivalently, aggregate payoff in the population at state µ.

4.3 Deterministic versus Stochastic Evolution: A Discussion

We now present examples of the two classes of potential games we discussed in Section 6.2. These are

aggregative potential games and doubly symmetric games. We will use these examples to illustrate

insights we may obtain from stochastic evolution particularly in comparison to deterministic evolution.

The deterministic approach is indeed the more usual approach to evolutionary game theory. It relies on

ordinary differential equations called evolutionary dynamics to track the change in the population state.

But as noted in the Introduction, deterministic dynamics may not be appropriate to model evolution

over infinitely long time horizons. Nor do such dynamics provide history–independent predictions in

the presence of multiple Nash equilibria. The examples we present will have multiple equilibria. Hence,

the stochastic approach will be useful in obtaining exact equilibrium selection in the long run in these

games. The first such example is of an aggregative potential game introduced in Section 4.2.1.
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Example 6 Consider aggregative potential games introduced in Section 4.2.1. Let the cost function be

c (x ) =d x +k x 2, where d ,k >0. Two important features of this cost function are that it is strictly convex

and that c ′(0)=d >0. With this cost function, we can assume, without loss of generality, that a =0 in (4.5)

as the effect of a can be subsumed under the parameter d . Therefore, let the pairwise interaction payoff in

this game be f (x , y )= b x y − (d x +k x 2), where b >0. Hence, applying (4.5), we obtain the population

game πwith payoff

πx (µ) = b x A(µ)− (d x +k x 2). (4.9)

Therefore, the potential function (4.6) for this game takes the form

ϕ(µ) =
b

2
(A(µ))2−
∫

S
(d x +k x 2)µ(d x ). (4.10)

To calculate Nash equilibria of this game, we write (4.9) as b xα− (d x +k x 2). For any given value of

α, we maximize this function over x ∈S = [0,1]. Clearly, this maximizer is

B R (α) =max
§

0,min
§

bα−d

2k
,1
ªª

. (4.11)

The interpretation of B R (α) is that it is the unique best response in the population game (4.9) to every

state µ such that A(µ)=α.12 Notice that because d >0, B R (0)=0. Intuitively, this happens because the

marginal cost at 0, c ′(0) =d > 0. On the other hand, the benefit that an agent obtains from playing a

strategy x in (4.9) is b xα. Hence, the marginal benefit at α=0 is 0 causing B R (0)=0. In fact, even for α

sufficiently close to 0, we would have B R (α) =0.

We now make another assumption, which is b −d >2k . This assumption implies that B R (1) =1 and

even for α sufficiently close to 1, B R (α)=1. Figure 4.1 illustrates the general pattern of such a best response

function for suitable parameter values. In both panels, we have {b ,d }= {12,4}. But in the left panel, k =3

while in the right panel k =1. In either case, the assumptions d >0 and b −d >2k are satisfied. Hence,

in both panels, the best response is flat in the vicinity of α=0 and α=1. But otherwise, B R (α) is strictly

increasing, which indicates strategic complementarities in our model and which arises from b >0.

Proposition 3.1 in Lahkar (2019) presents a method to characterize Nash equilibria of an aggregative

game such as (4.9). Such Nash equilibria are related to solutions of

B R (α) =α. (4.12)

The intuition is that at a Nash equilibrium, players playing their unique best response to the aggregate

strategy level α should leave that aggregate strategy level unchanged. If α∗ is a solution to (4.12), then the

corresponding Nash equilibrium is one where all agents play α∗. We denote this monomorphic state by

the Dirac distribution δα∗ .

Applying (4.12) to the best response function (4.11), we obtain three solutions in our example. They

12The strict convexity of the cost function c (x ) plays a role in (4.11). It ensures that the payoff function b xα−c (x ) is strictly
convex and, therefore, has a unique maximizer B R (α) for every α∈ [0,1].
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Figure 4.1: In both panels, the blue curve is the best response function B R (α) defined by (4.11) and α
is the aggregate strategy in the aggregative potential game (4.9). The parameter values are {b ,d ,k}=
{12,4,3} in the left panel and {b ,d ,k}= {12,4,1} in the right panel. In the left panel, we obtain three
intersections, 0, 2

3 and 1. Notice that this middle intersection 2
3 >

1
2 because b <2(d +k ) in this panel

(part 2 of Proposition 7). In the right panel, the three intersections are 0, 2
5 and 1. Hence, the middle

intersection 2
5 <

1
2 as b >2(d +k ) in this panel.

are 0, d
b−2k and 1. The solutions 0 and 1 arise because, as we have already noted, B (0) =0 and B (1) =1 by

our assumptions. The additional solution arises if from (4.11), we solve bα−d
2k =α, which gives α∗= d

b−2k .

To be a meaningful solution, we require 0< d
b−2k <1, which follows from our assumptions that d >0 and

b −d >2k . Figure 4.1 illustrates the solutions to (4.12) for the two sets of parameter values mentioned

earlier. In both panels, 0 and 1 are points of intersection. In addition, there is also an intersection in the

middle, which is d
b−2k =

2
3 in the left panel and 2

5 in the right panel.

Therefore, the aggregative potential game π defined by (4.9) has three Nash equilibria. We charac-

terize these equilibria in the following proposition. The proposition also identifies the Pareto efficient

Nash equilibrium in this game. As all Nash equilibria are in monomorphic states, all agents in a Nash

equilibrium will have identical payoffs. The Pareto efficient Nash equilibrium is then the one with the

highest equilibrium payoff.

Proposition 7 Consider the aggregative potential gameπ defined by (4.9). Suppose b ,d ,k >0 and b −d >

2k . Then the following conclusions hold true.

1. The set of Nash equilibria of this game is

N E (π) =
¦

δ0,δ d
b−2k

,δ1

©

. (4.13)

The aggregate strategy level at these three Nash equilibria are 0, d
b−2k and 1 respectively.

2. If b <2(d +k ), then d
b−2k >

1
2 . If b >2(d +k ), then d

b−2k <
1
2 .

3. The Pareto efficient Nash equilibrium is δ1.

Proof 11 See Appendix C.1.
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The first property in Proposition 7 arises from the fact that (4.12) has three solutions. Hence, in

Figure 4.1, the set of Nash equilibria in the left panel is
¦

δ0,δ 2
3

,δ1

©

while in the right panel, that set is
¦

δ0,δ 2
5

,δ1

©

. The second property follows from straightforward calculation. This property will be relevant

in understanding whether a stochastic evolutionary process in an aggregative potential game will converge

to a Pareto efficient Nash equilibrium. We observe the implication of this property on the value of the

middle intersections in Figure 4.1. The third property in the proposition characterizes the Pareto efficient

Nash equilibrium. Given strategic complementarities in our example, it is not surprising that δ1 is the

Pareto efficient equilibrium. A Nash equilibrium with a higher strategy will have a higher payoff. This is

true, for example, in both panels of Figure 4.1.

We now present a deterministic evolutionary analysis of Example 6. This analysis will establish that

multiple Nash equilibria in this example are locally stable under evolutionary dynamics. We will then

contrast this finding with that of the stochastic approach once we complete our analysis of stochastic

evolution in the following sections. Our argument will rely on the following result about the potential

function (4.10) that characterizes its maximizers.

Proposition 8 Consider the aggregative potential gameπ defined by (4.9). Suppose b ,d ,k >0 and b −d >

2k . The following conclusions hold.

1. The potential function ϕ defined by (4.10) has two local maximizers inP (S )with respect to the

weak topology. They are the two Nash equilibria, δ0 and δ1 characterized in (4.13).

2. Of these, δ1 is the global maximizer of (4.10) inP (S ) if b >2(d +k ) or, equivalently, if d
b−2k <

1
2 .

On the other hand, δ0 is the global maximizer if b <2(d +k ) or, equivalently, if d
b−2k >

1
2 .

3. The other Nash equilibrium characterized in (4.13), δ d
b−2k

is not a local maximizer of the potential

function (4.10).

Proof 12 See Appendix C.2.

Thus, two of the three Nash equilibria characterized in (4.13), δ0 and δ1, are local maximizers of the

potential function (4.10). Part 2 of this proposition identifies the condition under which one of these

two local maximizers is the global maximizer of the potential function. Recall from part 3 of Proposition

7 that δ1 is the Pareto efficient Nash equilibrium of the game (4.9). Hence, part 2 of Proposition 8

shows that the Pareto efficient Nash equilibrium need not always be global maximizer of the potential

function. In fact, by comparing part 2 of Propositions 7 and 8, we find that the Pareto efficient Nash

equilibrium is the global maximizer only if the aggregate strategy level of the third Nash equilibrium,
d

b−2k <
1
2 . Again, this observation will be helpful in understanding the intuition behind our stochastic

evolutionary analysis.

The fact that certain Nash equilibria of the game (4.9) are local maximizers of its potential function

is not surprising. It is well known that in large population potential games, all local maximizers of the

potential function are Nash equilibria. Further, all the canonical evolutionary dynamics mentioned in
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the Introduction converge to such local maximizers (Sandholm (2001), Cheung and Lahkar (2018)).13

Therefore, by part 1 of Proposition 8, both δ0 and δ1 would be stable under the standard evolutionary

dynamics in the game (4.9). The third Nash equilibrium, δ d
b−2k

, which is not a local maximizer, would

be unstable.

Whether a deterministic dynamic converges to δ0 or δ1 would depend upon the initial state. Figure

4.1 provides some intuition. Notice that to the left of d
b−2k , B R (α)<αwhile to the right of d

b−2k , B R (α)>α.

We would expect reasonable evolutionary dynamics to respect the direction of the best response. Hence,

we would expect that if the initial stateµ is such that A(µ)< d
b−2k , δ0 would be evolutionarily stable while

if A(µ)> d
b−2k , δ1 would be evolutionarily stable. The fact that δ0 is also evolutionarily stable means

that it is not necessary that an evolutionary dynamic must always converge to the Pareto efficient Nash

equilibrium δ1. It would, therefore, be of interest to see whether any exact equilibrium selection result

we obtain under stochastic evolution would imply selection of the Pareto efficient Nash equilibrium in

Example 6.

We conclude this discussion of Example 6 with a few more remarks on the importance of some of the

assumptions. First, the cost function c (x ) needs to be strictly convex, as it is in Example 6. Otherwise,

we would have a multiplicity of equilibria which cannot be Pareto ranked. Equilibrium selection then is

not a very interesting question.14 Second, we require b >0 in (4.5) for strategic complementarities. If

b <0, we would have strategic substitutability which would generate a unique Nash equilibrium even if

c (x ) is strictly convex (Section 4.2, Cheung and Lahkar (2018)). Equilibrium selection then becomes

irrelevant. Deterministic dynamics in the medium run would also converge to that unique equilibrium.

We now present another example of a continuous strategy potential game with multiple equilibria.

This example, adapted from Hofbauer et al. (2009), belongs to the class of doubly symmetric games

described in Section 4.2.2.

Example 7 LetS = [0,1] and

f (x , y ) =−
�

x −
1

4

�2

+β
�

x −
1

4

��

y −
1

4

�

−
�

y −
1

4

�2

. (4.14)

This is a modified version of the game in Proposition 4 of Hofbauer et al. (2009).15 Clearly, it is a doubly

symmetric game. Hence, by (4.8), this is a potential game with potential function 1
2 π̄(µ), where π̄(µ) is

the aggregate payoff of the potential game generated by (4.14).16 Our interest is in the case where β >2.

13For the logit dynamic, a caveat applies as it is generated through best response to a perturbed version of payoffs. Hence,
convergence happens to a perturbed version of the potential function, called the entropy adjusted potential function. We
discuss this function in Section 4.5 as it will also be useful for our stochastic analysis. But for low levels of perturbation,
maximizers of the perturbed potential function would be arbitrarily close to maximizers of the original potential function.
Also see Lahkar et al. (2022a) for a generalization of the logit dynamic in continuous strategy games and similar convergence
results for potential games.

14Suppose the cost function is linear, i.e. c (x )=d x with d < b . Then the payoff function in (4.5) would be x b A(µ)−c x =
x (b A(µ)−d ), where c < b . Then, any µwith A(µ) = d

b will be a Nash equilibrium. Payoffs in any such equilibrium will be zero.
15This modification is necessary because in our model,S =[0,1]whereas in Hofbauer et al. (2009), the strategy set is [−A,B ],

for A,B >0. We can rewrite this game equivalently as one where the pairwise interaction payoff is g (u ,v )=−u2+βu v −v 2

for u ,v ∈
�

− 1
4 , 3

4

�

, where u = x − 1
4 and v = y − 1

4 . An application of Proposition 4 in Hofbauer et al. (2009) then generates the
conclusions of this example.

16The exact calculation of the potential function is cumbersome and is, hence, omitted. Nor is that calculation required for
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Proposition 4 of Hofbauer et al. (2009) then implies that this game has three Nash equilibria; δ0, δ 1
4

and

δ1.

That same proposition in Hofbauer et al. (2009) also implies that δ0 and δ1 are the two local maxi-

mizers of the potential function 1
2 π̄(µ) in the population game generated by (4.14). Therefore, by our

discussion in Example 6, all standard evolutionary dynamics will converge to one of these Nash equi-

libria depending upon the initial state. But of these two Nash equilibria, it is easy to verify that δ1 is

the Pareto optimal equilibrium. Hence, just as in Example 6, it is possible that even in this example,

deterministic evolutionary dynamics converge to the Pareto inferior equilibrium δ0.

On the other hand, if β ⩽2 in (4.14) , then the stochastic approach may not yield additional insights.

If β < 2, then δ 1
4

is the unique Nash equilibrium and, hence, must be the unique maximizer of the

potential function. Even deterministic dynamics will globally converge to this equilibrium. If β =2, δx

for any x ∈S is a Nash equilibrium. The equilibrium payoff in all such equilibria is zero and Pareto

ranking is not possible.

As in aggregative potential games, our interest will be again in whether it is the Pareto efficient

Nash equilibrium that gets uniquely selected by stochastic evolution in doubly symmetric games. In

answering this question, we note that Pareto efficiency implies maximization of the aggregate payoff

π̄(µ). Hence, in doubly symmetric games, the global maximizer of the potential function, 1
2 π̄(µ), must

always be the Pareto efficient Nash equilibrium. This is unlike in aggregative potential games. Part 2 in

Proposition 8 shows that it is possible in such games for the Pareto inferior equilibrium δ0 to be the

global maximizer of the potential function. This happens, for example, in the left panel of Figure 4.1.

4.4 Approximations of the game π

To start our stochastic evolutionary analysis, we define three possible approximations of our original

population game π. First, we define another continuous strategy large population game by replacing

our original pairwise interaction payoff f (x , y )with its step function approximation. Next, we apply the

step function approximation to construct a large population finite strategy approximation of π. These

two approximations have also been applied in Lahkar et al. (2022a) for the deterministic approximation

of the logit dynamic in supermodular games. The third approximation, which follows from Sandholm

(2010), requires us to consider not just a finite discretization of the original continuous strategy set but

also a finite number of agents instead of the original continuum of agents. Finally, we establish that if π

is a potential game, so are the three approximations.

We require some notation for defining these approximations. For n ⩾1 and j ∈{0,1,...,2n −1}, let us

denote the dyadic rational number j
2n by αn , j . Further, letSn be the collection of left-closed right-open

intervals with dyadic rational endpoints inS defined in the following way:

Sn :=
�

[αn , j ,αn , j+1) : j =0,1,...,2n −2
	

∪ [αn ,2n−1,1]. (4.15)

our analysis. Interested readers are referred to equation (8) of Hofbauer et al. (2009).
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Thus, Sn is a collection of 2n disjoint intervals which covers the original strategy space S . We shall

denote the sub-intervals [αn , j ,αn , j+1) bySn , j for j =0,1,...,2n −2 and [αn ,2n−1,1] bySn ,2n−1. We begin

with the notion of large population step approximation ofπ. Recall the pairwise interaction payoff f (x , y )

in (4.1). Our next step is to construct a step function approximation of f . For n ⩾1, let fn :S ×S →R
be such that for all (x , y )∈S ×S ,

fn (x , y ) =







f (αn , j ,αn ,k ) if (x , y )∈Sn , j ×Sn ,k and j ,k =0,1,...,2n −2

f (αn ,2n−1,αn ,2n−1) if (x , y )∈Sn ,2n−1×Sn ,2n−1.
(4.16)

In this step function approximation, the payoff at any strategy profile (x , y )∈S ×S equals the original

pairwise payoff f (αn , j ,αn ,k )where (αn , j ,αn ,k ) are the left-bottom points of the intervals inSn to which

(x , y )belongs. Since the pairwise interaction game f is assumed to be continuous, it follows by definition

that, ( fn )n⩾1 is a sequence of step functions such that fn→ f uniformly as n→∞. We now obtain the

first of our three approximations of πwhich is defined as follows.

Definition 18 For n ⩾ 1, the large population-step approximation (LPSA) at level-n of our original

population game π defined by (4.1) is the mapping πn :P (S )→L∞(S ) such that for all µ∈P (S ),

πn
x (µ) :=

∫

S
fn (x , y )µ(d y ), for all x ∈S , (4.17)

where fn (x , y ) is the step function approximation (4.16).

Thus, as the name LPSA suggests, (4.17) is the large population game we would obtain on the original state

spaceP (S ) if we replace the original pairwise interaction payoff f (x , y )with its stepwise approximation.

Note from (4.16) that we can equivalently write (4.17) as

πn
x (µ) =















2n−1
∑

k=0
f (αn , j ,αn ,k )µ(Sn ,k ) if x ∈Sn , j and j =0,1,...,2n −2

2n−1
∑

k=0
f (αn ,2n−1,αn ,k )µ(Sn ,k ) if x ∈Sn ,2n−1.

(4.18)

Next, we define the notion of large population-finite strategy discretization of π. For this, we require

some further notation. For a fixed n ⩾1, let Sn := {αn , j : j =0,1,...,2n−1}. Thus, Sn acts as a finite strategy

discretization ofS . It consists of the left hand points of each of the finite intervals in the strategy set

Sn defined by (4.15). Let∆(Sn ) be the collection of all probability distributions on the finite set Sn , that

is,∆(Sn ) := {pn ∈ [0,1]2
n

:
∑

0⩽ j⩽2n−1 pn
j =1}. We shall denote a generic element in∆(Sn ) by pn . We now

define our second approximation of π.

Definition 19 For n ⩾1, the large population-finite strategy discretization (LPFSD) at level-n of our

original population game π defined by (4.1) is the mappingDn
π :∆(Sn )→R2n

such that for all pn ∈∆(Sn ),

Dn
π [p

n ](αn , j ) := 〈 fn (αn , j , ·),pn 〉=
2n−1
∑

k=0

fn (αn , j ,αn ,k )p
n
k , for all j =0,1,...,2n −1, (4.19)
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where fn (αn , j ,αn ,k ) is the step function approximation (4.16) but in this case defined only upon Sn ×Sn .

To interpret Definiiton 19, we can viewDn
π as the population game induced by random matching

in the matrix game whose entries are given by ( fn (αn , j ,αn ,k ))0⩽ j ,k⩽2n−1. Equivalently, Dn
π is a finite

strategy population game withDn
π [p

n ](αn , j ) being the payoff of an agent playing strategy αn , j ∈Sn at the

population state pn ∈∆(Sn ). The notation pn
j denotes the proportion of players in the population using

strategy αn , j ∈Sn . It is also worth noting that if µ∈P (S ) and pn ∈∆(Sn ) such that pn
j =
∫

Sn , j
µ(d y ) for

j =0,1,...,2n−2, then the two payoffs in (4.18) and in Definition 19 are equal. This implies the following

relationship between the LPFSD and the original game π defined by (4.1). If pn
j =
∫

Sn , j
µ(d y ), then for n

sufficiently large,Dn
π [p

n ](αn , j )≈
∫

S f (αn , j , y )µ(d y ) =παn , j
(µ).

Our subsequent analysis will require the notion of a large population finite strategy potential game.

We shall say thatDn
π is a large population finite strategy potential game if there exists a differentiable

functionDn
ϕ :Rn→R such that (Sandholm (2001))

∇Dn
ϕ (p

n ) =Dn
π [p

n ], for all pn ∈∆(Sn ). (4.20)

Formally, (4.20) is an application of Definition 17 to the special case of a finite strategy set. Hence, like in

(4.3), we require a real valued functionDn
ϕ whose gradient equals the payoff functionDn

π [p
n ]. Conceptu-

ally, however, (4.20) is a simpler condition as it is defined over finite dimensional probability distributions

pn . Hence, it can be interpreted in terms of usual partial derivatives instead of the measure theoretic

Frechét derivative in (4.3), Therefore, we can write (4.20) equivalently as
∂Dn

ϕ

∂ pn
j
(pn ) =Dn

π [p
n ](αn , j ).

Finally, we define our third notion of approximation, which is a finite population-finite strategy

discretization (FPFSD) of the population game π. Thus, in this approximation, there would not only

be a finite strategy set Sn (see Definition 19) but also a finite number of players N . For n ,N ⩾ 1, let

∆N (Sn ) :=∆(Sn )∩εNZ2n
. Thus,∆N (Sn ) consists of all probability distributions on Sn which are integer

multiples on εN . This is the set of population states that is now relevant as the total number of players

playing all strategies in Sn would have to add up to N . Note that for every N ⩾1,∆N (Sn )⊆∆(Sn ). We

wish to define a finite strategy population game on∆N (Sn ). However, with a finite number of players,

we cannot directly define the FPFSD as the restriction of LPFSD (Definition 19) onto∆N (Sn ). This is

because in finite player population games, self-matching can occur with a positive probability. Hence,

following Example 11.4.1 in Sandholm (2010), we define the FPFSD without self-matching as follows.

Definition 20 For n ,N ⩾ 1, the finite player-finite strategy discretization (FPFSD) at level-(n ,N ) of

our original population game π defined by (4.1) is the mapping Dn ,N
π :∆N (Sn )→R2n

such that for all

pn ,N ∈∆N (Sn ), and all j =0,1,...,2n −1,

Dn ,N
π [pn ,N ](αn , j ) :=Dn

π [p
n ,N ](αn , j )+

1

N −1
(Dn
π [p

n ,N ](αn , j )− fn (αn , j ,αn , j )), (4.21)

whereDn
π [p

n ,N ] is the LPFSD defined by (4.19), N is the finite number of players and each player has the

strategy set Sn defined in the context of Definition 19.
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Some explanation is required to understand (4.21). Recall thatDn
π [p

n ,N ] is the finite strategy large

population game (4.19) generated by the matrix game ( fn (αn , j ,αn ,k ))0⩽ j ,k⩽2n−1 at the population state

pn ,N ∈∆N (Sn ). The key difference is that in the finite player game with N players, avoiding self–

mathching means a player playing αn , j only faces N −1 possible rivals. Of these, N pn ,N
k opponents play

strategy αn ,k , but only N pn ,N
j −1 opponents play strategy αn ,i . Hence, the effective population state is

1
N−1 (N pn ,N −en

j ) =
N

N−1 pn ,N −
en

j

N−1 , where en
j is the standard basis vector onR2n whose j

2n −th entry is 1.

Hence, when a player playing αn , j ∈Sn is randomly matched with another agent in the matrix game

( fn (αn , j ,αn ,k ))0⩽ j ,k⩽2n−1, the payoff obtained is as follows:

N

N −1

2n−1
∑

k=0

fn (αn , j ,αn ,k )p
n
k −

1

N −1

2n−1
∑

k=0

fn (αn , j ,αn ,k )e
n
j

=
N

N −1
Dn
π [p

n ](αn , j )− fn (αn , j ,αn , j ), by (4.19)

=Dn
π [p

n ,N ](αn , j )+
1

N −1
(Dn
π [p

n ,N ](αn , j )− fn (αn , j ,αn , j )),

which is (4.21). Obviously,Dn ,N
π [pn ,N ](αn , j )→Dn

π [p
n ,N ](αn , j ) as N →∞.

Chapter 11 in Sandholm (2010) defines the condition such that a finite player-finite strategy game is

a potential game.17 Following that definition, we say that the FPFSD Dn ,N
π defined by (20) is a finite-

population potential game if there exists a functionDn ,N
ϕ :∆N (Sn )→R such that for all pn ,N ∈∆N (Sn ),

Dn ,N
π [pn ,N +N −1(en

j −en
i )](αn , j )−Dn ,N

π [pn ,N ](αn ,i )

=Dn ,N
ϕ (pn ,N +N −1(en

j −en
i ))−D

n ,N
ϕ (pn ,N ). (4.22)

The left hand side of (4.22) is the difference in payoff to an agent who changes strategy from αn ,i to αn , j .

This causes a change in the population state from pn ,N to pn ,N +N −1(en
j −en

i ). Thus, for Dn ,N
π to be a

finite strategy–finite player potential game, we require that there exists a real–valued function Dn ,N
ϕ

defined on∆N (Sn ) such that this difference in payoffs is equal to the difference in the values ofDn ,N
ϕ at

these population states.

Suppose that our original population game π is a potential game in the sense of Definition 17. It is

then natural to expect that for n ,N ⩾1, the three approximations of π, namely; the LPSA πn at level-n ,

the LPFSDDn
π at level-n , and the FPFSDDn ,N

π at level-(n ,N ) are also all potential games in the relevant

strategy–player context in which they are defined. Our next proposition verifies that conjecture. In

order to establish that result, we need the following notion of an embedding.

Recall the finite strategy set Sn and the set of probability distributions∆(Sn ) from Definition 19. For

n ⩾1, let βn :∆(Sn )→P (S ) be the mapping such that for every pn ∈∆(Sn ),

βn (p
n )(A) :=

2n−1
∑

j=0

pn
j δαn , j

(A), for all A ∈B (S ). (4.23)

17See equation (11.25) and Theorem 11.5.6 in that chapter.
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Thus, for a generic probability vector pn ∈∆(Sn ), βn (pn ) denotes the corresponding Dirac probability

measure on our original strategy setS , with support Sn , where the point αn , j is assigned probability pn
j .

We however note from (4.23) that the range of the map βn is essentiallyP (Sn ). Further, for n ⩾1, the

mapping pn 7→βn (pn ) induces a continuous embedding of∆(Sn ) intoP (S ). This embedding will play

an important role in the following proposition in establishing that the LPSA (4.17) and the LPFS (4.19)

are potential games. Let AC((0,1);P (S )) denote the collection of all absolutely continuous paths from

(0,1) toP (S ).18

Proposition 9 Suppose that π defined by (4.1) is a potential game with potential function ϕ as charac-

terized in Definition 17. Then, the following statements hold true.

1. Fix n ⩾1. LetDn
ϕ :∆(Sn )→R be a mapping such that

Dn
ϕ (p

n ) :=ϕ(βn (p
n )), for all pn ∈∆(Sn ). (4.25)

where βn (pn ) is as defined in (4.23). Then, the LPFSDDn
π defined by (4.19) is a potential game with

potential functionDn
ϕ defined by (4.25).

2. Fix n ,N ⩾1. LetDn ,N
ϕ :∆N (Sn )→R be a mapping such that

Dn ,N
ϕ (pn ,N ) :=

N

2(N −1)

�

NDn
ϕ (p

n ,N )−
∑

k∈Sn

fn (αn ,k ,αn ,k )p
n ,N
k

�

, for all pn ,N ∈∆N (Sn ). (4.26)

Then the FPFSDDn ,N
π defined by (4.21) is a potential game with potential functionDn ,N

ϕ defined by

(4.26).

3. Fix n ⩾1. Recall the embedding βn (pn ) from (4.23). Let ϕn :P (S )→R be a mapping defined as

ϕn (µ) :=











ϕ(βn (pn )), if µ=βn (pn ) for some pn ∈∆(Sn )

ϕ(δ0)+
1
∫

0

〈πn (γt ),γ̇t 〉d t , otherwise,
(4.27)

where γ∈AC((0,1);P (S )) such that γ0=δ0 and γ1=µ. Then, the LPSA πn defined in (4.17) is a

potential game with potential function ϕn defined by (4.27).

Proof 13 See Appendix C.3.

For part 1, we check that the LPFSDDn
π is a potential game with potential function (4.25) according

to the definition in (4.20). For part 2, we apply the definition in (4.22) to show that the FPFSD Dn ,N
π

is a potential game with potential game with potential function (4.26). Indeed the definition of (4.26)

18Let (X ,d )be a complete metric space and letγ : (a ,b )→X be a curve. We say thatγ∈AC1((a ,b );X ) if there exists m ∈L1(a ,b )
such that

d (γ(s ),γ(t ))⩽
∫ t

s

m (u )d u , for all a < s ⩽ t < b . (4.24)
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follows from Exercise 11.5.2 in Sandholm (2010). Part 3 perhaps requires more explanation. If µ can be

expressed as an embedding as defined in (4.23), then the potential function of the LPSA ϕn is simply

our original continuous strategy potential function (4.3) applied to that embedding. If, however, µ

cannot be written as an embedding, we need to apply a curve γ∈AC((0,1);P (S )) to define the potential

function. We choose any such γwith the only restriction being that γ1=µ. Even though the initial point

γ0=δ0 in (4.27), that choice is arbitrary. If we then take the gradient of the second part of the RHS of

(4.27), then, intuitively, we obtain a telescopic sum of differences πn (δ0)+
∑

(πn (γt+ϵ)−πn (γt )). After

canceling out common terms, we would be left with∇ϕn (µ)=πn (γ1)=πn (µ), which is as required by

our original definition of the potential function in (4.3).19

4.5 Stochastic Evolution and Equilibrium Selection

We now present our main results on stochastic evolution and equilibrium selection in potential games

in this section. We first discuss stochastic convergence along the lines of Sandholm (2010) for finite

strategy potential games in the context of both a finite number of players and a large population of

players. For this purpose, we define a class of revision protocols called exponential revision protocols

which describe how agents revise strategies stochastically. We then establish our results for the class of

games we are interested in, which are large population continuous strategy potential games. Our main

conclusion would be that a stochastic process generated by a direct exponential revision protocol would

converge to the global maximizer of the potential function of the continuous strategy potential game.

Consider a finite strategy game with 2n strategies like LPFSDDn
π in Definition 19 or the FPFSDDn ,N

π

in Definition 20. Let un be a payoff vector and αn , j ,αn ,k ∈Sn be two strategies in such a game. Thus, un
j

and un
k are respectively the payoffs at these two strategies. A revision protocol ρ :R2n →∆(Sn )2

n
then

takes the formρ j k (un ), which represents the probability with which an agent currently playing αn , j ∈Sn

adopts strategy αn ,k ∈Sn upon receiving a chance to revise strategy. Thus,
∑

k∈Sn
ρ j k (un ) =1. Following

Sandholm (2010) (Section 11.5.2), we then call a revision protocol ρ :R2n →∆(Sn )2
n

an exponential

revision protocol with noise level η>0 if

ρ j k (u
n ) =

exp(η−1ψ(un
j ,un

k ))

d j k (un )
, for all un ∈R2n

, (4.28)

where the functionsψ :R2→R and d :R2n → (0,∞)2n×2n
satisfy

1. ψ(u ,v )−ψ(v,u ) = v −u , for all u ,v ∈R and

2. d j k (un ) =dk j (un ), for all un ∈R2n
and all j ,k =0,1,...,2n −1.

19Even though the choice of γ is arbitrary, the potential function (4.27) is well defined. This is the sense that the potential
function is independent of the path traced by the curve γ. To see this, note from part (i) of Proposition 9 that the LPFSD
game is a potential game. As a result the vector field pn 7→Dn

π (p
n ) is a conservative. Hence, the integral in the RHS of (4.27) is

independent of the curve γ. The definition of the potential function does depend upon the initial condition of γ. But a change
in the initial condition of γ only causes a uniform translation in the value of the potential by a fixed constant. This renders the
potential function (4.27) non–unique but does not open it up to any mathematical inconsistency.
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Perhaps the most well known example of an exponential revision protocol is the logit protocol. In

the logit protocol, we haveψ(u ,v )= v and d j k (un )=
∑

i∈Sn
exp
�

η−1un
i

�

. Therefore, in our context, the

logit protocol takes the form

ρ j k (u
n ) =

exp
�

η−1un
k

�

∑

i∈Sn
exp
�

η−1un
i

� . (4.29)

For any η> 0, the logit protocol assigns a strictly positive probability to moving to any strategy αn ,k

from αn , j . But as η ↓0, the probability assigned to any strategy αn , j that is not a best response goes to

zero. The logit protocol is, however, not the only form that a direct exponential revision protocol can

take. For example, instead ofψ(u ,v )= v , we can haveψ(u ,v )=−u or max(0,v −u ) or −max(0,u−v ).

We refer the reader to Section 11.5.2 of Sandholm (2010) for further details of such revision protocols.20

Our analysis will require us to define a stochastic process on the FPFSDDn ,N
π using the exponential

revision protocol (4.28). Before that, however, we introduce a modification of the state variable pn ,N on

whichDn ,N
π is defined in Definition 20. This modification is required because with a finite number of

players, a change of strategy by an agent will have an impact on the social state. For example, suppose an

agent playing strategy αn , j at the population state pn ,N receives a revision opportunity and switches to

strategy αn ,k . The population state then changes to pn ,N +εN (en
k −en

j ). A naive agent, however, wouldn’t

realize this impact that his strategy change has on the social state. Such an agent would, therefore,

believe that the social state continues to be pn ,N and, hence, compare his current payoffDn ,N
π [pn ,N ](αn , j )

to Dn ,N
π [pn ,N ](αn ,k ), which is the payoff of strategy αn ,k at pn ,N . A “clever agent”, on the other hand,

would realize the impact of one’s strategy revision on the social state. Hence, such an agent would

compare the current payoff Dn ,N
π [pn ,N ](αn , j ) to Dn ,N

π [pn ,N +εN (en
k −en

j )](αn ,k ), which is the payoff of

strategy αn ,k at the new actual state pn ,N +εN (en
k −en

j ). Following Sandholm (2010) (Section 11.4.2), we

refer to this method of evaluating payoffs as clever payoff evaluation.

To formalize the notion of a clever payoff, recall from Definition 20 that for fixed N ,n ⩾1,∆N (Sn ) is

the collection of probability distributions on Sn which are integral multiples of N −1. Thus,∆N (Sn ) is the

state space of a finite population consisting of N -players with a generic element in that space being

pn ,N . We then define the collection of diminished states by ∆−N (Sn ) := {p
n ,N
− ∈R2n

+ :
∑

0⩽ j⩽2n−1 pn ,N
−, j =

N−1
N and N pn ,N

− ∈Z2n }. Thus, every diminished state denotes the behavior of the opponents of one

member in a population of size N . Given the FPFSD gameDn ,N
π , the clever payoff function is defined as

a mapping Ďn ,N
π :∆−N (Sn )→R2n

such that

Ďn ,N
π [pn ,N

− ](αn ,k ) :=Dn ,N
π [pn ,N

− +N −1en
k ](αn ,k ), for all k =0,1,...,2n −1. (4.30)

Thus, (4.30) is the “clever payoff” of an agent who has moved to a new strategy αn ,k . If that player had

been playing αn , j earlier, then we can also write the RHS of (4.30) asDn ,N
π [pn ,N +εN (en

k −en
j )](αn ,k ). In

that case, the diminished state would have been pn ,N
− =pn ,N −εN en

j , which describes the behavior of all

other agents except the one playing αn , j . Comparing (4.30) with Definition 20, we also conclude that

clever payoff evaluation incorporates two subtleties introduced by a finite set of players. First, as in

20Over finite time horizons, the logit protocol generates the canonical logit dynamic discussed in the Introduction.
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Definition 20, payoffs need to be defined by excluding the possibility of self–matching. Second, as in

(4.30), agents also have the be conscious of the impact they have on the population state while changing

strategy.21 It is also worth pointing out that the difference between the clever payoff and the naive

FPFS payoff Dn ,N
π [pn ,N ](αn ,k ) diminishes asymptotically since a single agent becomes progressively

insignificant as the number of players N →∞.

We now introduce our stochastic process on FPFSD gameDn ,N
π but under the condition that players

revise strategies on the basis of clever payoff evaluation. Let (Ω,H ,P)be an arbitrary but fixed probability

space. For N ,n ⩾1 and αn , j ,αn ,k ∈Sn , let ρ j k (Ďn ,N
π [pn ,N

− ]) be the direct exponential revision protocol

(4.28) wherein players decide on strategy revision based on the clever payoff function (4.30). Also

recall that if a player is playing αn , j , then from that player’s perspective, the reduced population state

pn ,N
− =pn ,N −εN en

j . We then define the direct exponential clever stochastic process (Xn ,N
η,k )k⩾1 on Dn ,N

π

induced by this revision protocol as

P
�

Xn ,N
η,τ+εN

=qn ,N |Xn ,N
η,τ =pn ,N
�

=























pn ,N
j ρ j k (Ďn ,N

π (pn ,N −εN en
j )), if qn ,N =pn ,N +εN (en

k −en
j ), k ̸= j

2n−1
∑

j=0
pn ,N

j ρ j j (Ďn ,N
π (pn ,N −εN en

j )), if qn ,N =pn ,N

0, otherwise.

(4.31)

The transition probabilities given by (4.31) induces a discrete time stochastic process (Xn ,N
η,τ )τ⩾1 on

∆N (Sn ). To understand this process, suppose that the population state at timeτ is pn ,N . Further, suppose

that at time τ, a player playing strategy αn , j receives a revision opportunity and selects αn ,k ̸=αn , j .

Then the population state moves to qn ,N = pn ,N +εN (en
k −en

j ) at the next time interval τ+ϵN . This

transition from pn ,N to qn ,N happens with probability pn ,N
j ρ j k (Ďn ,N

π (pn ,N −εN en
j )). Thus, a player

playing αn , j is chosen with probability pn ,N
j , who then chooses a new strategy αn ,k ∈Sn with probability

ρ j k (Ďn ,N
π (pn ,N −εN en

j )). On the other hand, the population remains unchanged between the two time

periods, i.e. qn ,N =pn ,N if an agent who receives a revision opportunity doesn’t change strategy. This

happens with probability
2n−1
∑

j=0
pn ,N

j ρ j j (Ďn ,N
π (pn ,N −εN en

j )). Due to the presence of the noise parameter

η in (4.28), (4.31) is an irreducible stochastic process.

Agents in the stochastic process (4.31) apply clever payoff evaluation and follow a direct exponential

revision protocol. Moreover, the FPFSD game Dn ,N
π is a potential game (part (ii) of Proposition 9).

Hence, by Theorem 11.5.12 in Sandholm (2010), this stochastic process admits a stationary distribution

on ∆N (Sn ). We wish to characterize the limiting behavior of this stationary distribution as N →∞.

Intuitively, as N →∞, the FPFSD game converges to the LPFSD gameDn
π (Definitions 19). Hence, the

limiting stationary distribution as N →∞will inform us of the behavior of the distribution in the LPFSD

game.

To characterize this limiting distribution, we adapt Theorem 12.2.3 in Sandholm (2010) to our two

finite strategy approximations, the FPFSDDn ,N
π and LPFSDDn

π . For establishing the result, we require

21Thus, by applying (4.21), we can also write the clever payoff (4.30) as Dn
π [p

n ,N
− +N −1en

k ](αn , j ) +
1

N−1 (D
n
π [p

n ,N
− +

N −1en
k ](αn , j )− fn (αn , j ,αn , j )).
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the entropy adjusted potential function for the LPFSD game. Recall from (4.25) the potential functionDn
ϕ

for the LPFSD game. Using this potential function, we define the entropy adjusted potential function

for the perturbation factor η>0 as a mappingDn ,η
ϕ :∆(Sn )→R as

Dn ,η
ϕ (p

n ) :=Dn
ϕ (p

n )−η
2n−1
∑

j=0

pn
j logpn

j , for all pn ∈∆(Sn ).22 (4.32)

The entropy adjusted potential function is, therefore, the original potential function minusη
2n−1
∑

j=0
pn

j logpn
j ,

which is the Shannon entropy of pn multiplied by the same perturbation parameter η that appears in

the exponential revision protocol (4.28). This function has been used in the literature on deterministic

evolution to show convergence of perturbed best response dynamics like the logit dynamic in potential

games (Hofbauer and Sandholm (2007)). Our present analysis will illustrate its pivotal importance in

stochastic evolution as well. In addition to the entropy adjusted potential function, we define a new

piece of notation which will come handy in stating the stochastic evolutionary results. For a bounded

continuous map h : E →R, let∆h : E →R be defined as

∆h (u ) :=h (u )−max
y ∈E

h (y ), for all u ∈E . (4.33)

Thus, ∆h (u )≤0, with equality only at the maximizer of h . We now state our result on the stationary

distribution of the stochastic process (4.31) as N →∞.

Proposition 10 Suppose thatπ :P (S )→L∞(S ) is a potential game with potential functionϕ as defined

in Definition 17. For perturbation parameter η>0 and n ⩾1 fixed, let (Xn ,N
η,τ )τ⩾1 be the direct exponential

clever stochastic process on∆N (Sn ) induced by the clever payoff evaluation gameDn ,N
π with stationary

distribution µn ,N
η for every N ⩾1. Then,

lim
N→∞

sup
pn ,N ∈∆N (Sn )

�

�

η

N
logµn ,N

η (pn ,N )−∆Dn ,η
ϕ (p

n ,N )
�

�=0, (4.34)

whereDn ,η
ϕ is the entropy adjusted potential function (4.32).

Proof 14 See Appendix C.4.

We emphasise that in this result, we hold n fixed. Therefore, this result is only with reference to the

two finite strategy games, the FPFSD Dn ,N
π and the LPFSD Dn

π , we are considering. As noted earlier,

with clever payoff evaluation, the direct exponential stochastic process (4.31) will admit a stationary

distribution in the FPFSD. But as N →∞, the FPFSD also converges to the LPSFD. Hence, intuitively, as

N →∞ in (4.34), Proposition 10 is characterizing the stationary distribution of a direct exponential

stochastic process for the LPFSDDn
π . The proof of this result relies on the potential functionsDn

ϕ and

Dn ,N
ϕ as defined in (4.25) and (4.26) for the LPFSD and FPFSD games respectively. It shows that a rescaled

22Here we use the standard convention that 0log0=0.
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version ofDn ,N
ϕ converges uniformly toDn

ϕ as N →∞ and thatDn
ϕ is aC 1 function. Hence, by Theorem

12.2.3 in Sandholm (2010), the conclusion follows.

The main implication of Proposition 10 is that as N →∞, the stationary distribution of the direct

exponential stochastic process (4.31) in∆N (Sn ) puts all its mass on the state that globally maximizes

the entropy adjusted potential function (4.32) in the LPFSD. To understand the result, we note that for a

fixed but sufficiently large N , the expression inside | · | in (4.34) implies µn ,N
η (pn ,N )⩽exp(Nη∆D

n ,η
ϕ (pn ,N )).

By (4.33), ∆Dn ,η
ϕ (pn ,N )⩽ 0 at all pn ,N with equality only at the global maximizer of (4.32) in ∆N (Sn ).

Hence, for a fixed but sufficiently large N , exp(Nη∆D
n ,η
ϕ (pn ,N ))≈0 or µn ,N

η (pn ,N )≈0 for all pn ,N except

the global maximizer of (4.32). Equivalently, the stationary distribution µn ,N
η must be putting nearly all

its mass on the global maximizer (4.32) on∆N (Sn ), which is the state space of the FPFSD game. But as

N →∞, the global maximizer of∆N (Sn )would become indistinguishable from that of∆(Sn ), the state

space of the LPFSD game. This leads to our conclusion.

Proposition 10 is an equilibrium selection result based on stochastic evolution. Maximizers, both

local and global, of the entropy adjusted potential function (4.32) are perturbed Nash equilibria of the

underlying large population finite strategy potential gameDn
π , with the perturbation depending upon

the noise parameter η> 0 (Hofbauer and Sandholm (2007)). Hence, an equivalent interpretation of

Proposition 10 is that the stationary distribution µn ,N
η puts all its mass on that particular perturbed

equilibrium ofDn
π that globally maximizes the entropy adjusted potential function. Following standard

interpretation of the stationary distribution, this mean that in the long run, as τ→∞, the stochastic

process spends nearly all its time on the global maximizer irrespective of the initial state. This is,

therefore, an exact or history–independent equilibrium selection result.

However, Proposition 10 applies only to the LPFSDDn
π while our objective is to obtain an equilibrium

selection result in our original continuous strategy potential gameπ. Hence, we now extend Proposition

10 to the continuous strategy case in the following two theorems, which represent the main contribution

of this paper. For this purpose, we embed the direct exponential stochastic process (4.31) in the infinite

dimensional spaceP (S ) over which our original game is defined. To do so, we recallSn , j =[αn , j ,αn , j+1)

(see the discussion following (4.15)). For n ,N ⩾1, we now define the following subset ofP (S ) as:

P̄n ,N (S ) :=
�

µ∈P (S ) :µ(A) =
2n−1
∑

j=0

2n pn ,N
j λ(A∩Sn , j ) for all A ∈B (S ) for some pn ,N ∈∆N (Sn )

�

. (4.35)

Thus, P̄n ,N (S ) is the collection of all absolutely continuous probability measures on our continuous

strategy set S with step probability density functions, such that the probability in the sub-intervals

{Sn , j : j =0,1,...2n −1} is identified by some element in∆N (Sn ). The multiplicative term 2n in (4.35) is

arising due to the dyadic rational numbers j
2n we are using for our finite strategy approximations. We

note that as N followed by n is allowed to approach infinity, the set P̄n ,N (S ) approaches the subset of

absolutely continuous probability measures inP (S ).23

Fix n ,N ⩾ 1. Another piece of notation that will be useful for us is the mapping β̄n ,N :∆N (Sn )→
23The double limit implies first N and then n approaches infinity.
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P̄n ,N (S ) such that for all pn ,N ∈∆N (Sn ),

β̄n ,N [p
n ,N ](A) :=

2n−1
∑

j=0

2n pn ,N
j λ(A∩Sn , j ), for all A ∈B (S ). (4.36)

In words, β̄n ,N maps a genetic probability vector pn ,N ∈∆N (Sn ) in the LPFSD game into an absolutely

continuous step-probability measure β̄n ,N (pn ,N ) onS such that the probability density of β̄n ,N (pn ,N )

in each sub-intervalSn , j is constant and is subject to the restriction that β̄n ,N [pn ,N ](Sn , j )=pn
j for all

j =0,1,...,2n −1. Thus, in order to embed the direct exponential stochastic process (Xn ,N
η,τ )τ⩾1 defined by

(4.31) intoP (S ), we consider the new process β̄n ,N (Xn ,N
η,τ ). Since (Xn ,N

η,τ )τ⩾1⊆∆N (Sn )⊂∆(Sn ), we have by

(4.36) that (β̄n ,N (Xn ,N
η,τ ))τ⩾1⊆P̄n ,N (S ). The fact that β̄n ,N is a measurable map, implies that the process

(β̄n ,N (Xn ,N
η,τ ))τ⩾1 is measurable.

We can now state the counterpart of Proposition 10 for our continuous strategy potential game π.

Recall from Definition 19 that the LPFSDDn
π has 2n strategies and approximatesπ as n→∞. Hence, we

need to extend the conclusion of Proposition 10 by taking n→∞. We require some additional notation.

For n ,N ⩾1, let Ξn ,N
η denote the measure on P̄n ,N (S ) obtained via the push-forward of the measure

µn ,N
η on ∆(Sn ) by the map β̄n ,N defined by (4.36). We also need the continuous strategy counterpart

of (4.32). Hence, for η>0, we define the continuous strategy entropy adjusted potential function as a

mapping ϕη :P (S )→R∪{−∞} as

ϕη(µ) :=







ϕ(µ)−η
∫

S µx logµx d x if µ admits a probability density function

−∞ otherwise.
(4.37)

In the above definition of entropy adjusted potential function, with an abuse of notation, we denote the

density of a probability measure µ at x by µx . Also recall the notation∆h (u ) from (4.33). The following

theorem then characterizes the limiting distribution of a direct exponential stochastic process in our

continuous strategy potential game. In this theorem, which is the first of our two main results, we keep

the perturbation factor η>0 fixed. In the second theorem, we will also take η→0.

Theorem 8 Suppose that the population game π :P (S )→L∞(S ) is a potential game with potential

function ϕ as defined in Definition 17. Let (Xn ,N
η,τ )τ⩾1 be the direct exponential clever stochastic process

(4.31) induced by the FPFSD game Dn ,N
π . Suppose that Ξn ,N

η denotes the stationary distribution of the

embedded clever stochastic process (β̄n (Xn ,N
η,τ ))τ⩾1. Then, for a fixed η>0,

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�=0. (4.38)

Proof 15 See Appendix C.5.

The conclusion of this theorem holds for our continuous strategy game π. This is because although

the direct exponential stochastic process (4.31) is defined on the FPFSD game, that game converges to
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π under the double limit limn→∞ limN→∞. Essentially, we translate the stationary distribution µn ,N
η in

Proposition 10 to the new stationary distribution Ξn ,N
η in Theorem 8 through the push–forward β̄n

# µ
n ,N
η

and apply this stationary distribution toπ by taking the double limit. Hence, the main implication of this

theorem is that at this double limit, the stationary distribution Ξn ,N
η of the embedded clever stochastic

process (β̄n (Xn ,N
η,τ ))τ⩾1 puts all its mass on the global maximizer of the entropy adjusted potential function

ϕη defined by (4.37) in our original continuous strategy potential game π.

To understand how we obtain this conclusion, it would be useful to apply a similar manipulation as

in (4.34) and express (4.38) equivalently as

Ξn ,N
η (µ̄n ,N )≊exp

�

η−1N
�

∆ϕη(µ̄
n ,N )+En ,N (µ̄

n ,N )
�

�

, uniformly in P̄n ,N (S ) (4.39)

for sufficiently large n ,N . Here En ,N denotes a term which converges uniformly in P̄n ,N (S ) to 0 as

N followed by n approaches infinity. Recall from (4.33) that ∆ϕη(µ̄n ,N )≤ 0 with equality only at the

global maximizer of ϕη in P̄n ,N (S ). Hence, as N →∞, exp(η−1N∆ϕη(µ̄n ,N ))→0 except at the global

maximizer. Once we take the second limit n→∞, the global maximizer on P̄n ,N (S ) will approach

the global maximizer onP (S ) under the total variation topology.24 In proving the result, we use the

large population step approximation (LPSA) game ϕn (Definition 18) and its potential function defined

in (4.27). As N →∞, the FPFSD gameDn ,N
π approximates the LPFSD gameDn

π . We already have the

conclusion from Proposition 10 for the LPFSD game. By reversing the process through which we went

from Definition 18 to Definition 19, we generate the LPSA game from the LPFSD game. We then apply

the conclusion of Proposition 10 to the potential function (4.27) of the LPSA game. This is where the

constructions in (4.35) and (4.36) become useful. Then, by taking n→∞, we obtain our original game

π from the LPSA thereby giving us the conclusion of Theorem 8. Of course, this heuristic explanation

conceals multiple technical complications which we address in the proof.

Like Proposition 10, Theorem 8 is also an equilibrium selection result but for the actual continuous

strategy potential game π. In such games, all maximizers of entropy adjusted potential function ϕη(µ)

are perturbed Nash equilibria (Lahkar and Riedel (2015)). Theorem 8 implies that among all such

perturbed equilibria, the stationary distribution of the direct exponential stochastic process uniquely

selects the global maximizer ofϕη(µ). This is once again in the sense that in the long run, as τ→∞, the

stochastic process spends nearly all the time at this global maximizer regardless of the initial state.

However, Theorem 8 is an equilibrium selection result on the set of perturbed Nash equilibria. Our

objective is to obtain such a result on the set of Nash equilibria of π. It is again well–known that in a

continuous strategy potential game like π, every maximizer of the potential function ϕ (see Definition

17) is a Nash equilibrium (Cheung and Lahkar (2018)). Therefore, a result like Theorem 8 will suffice

for us if we can establish that our stochastic evolutionary process converges globally to one of those

maximizers of the potential function. That would require us to extend Theorem 8 by taking the additional

24Recall that as N followed by n is allowed to approach infinity, the space P̄n ,N (S ) approaches the subset of absolutely
continuous probability measures inP (S ) under the variational norm. That suffices for our purpose as any maximizer of
ϕη must be absolutely continuous by the very definition of entropy adjusted potential function in (4.32). Hence, the global
maximizer of ϕη on the set of absolutely continuous probability measures will also be the global maximizer onP (S ).
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limit η ↓0. Notice from (4.37) that as η ↓0, the entropy adjusted potential function converges to the true

potential function. Therefore, it would be natural to expect that the global maximizer of the entropy

adjusted potential would also converge to the global maximizer of the true potential. We state the result

formally as follows.

Theorem 9 Suppose that the population game π :P (S )→L∞(S ) is a potential game with potential

function ϕ as defined in Definition 17. For perturbation parameter η>0 and n ,N ⩾1, let (Xn ,N
η,τ )τ⩾1 be

the direct exponential clever stochastic process (4.31) induced by the FPFSD game Dn ,N
π . Suppose that

Ξn ,N
η denotes the stationary distribution of the embedded clever stochastic process (β̄n (X

n ,N
η,k ))k⩾1. Then

the following statement holds true:

lim
η↓0

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

1

n log2

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−2ηn log2−∆ϕ(µ̄n ,N )
�

�

�=0. (4.40)

Proof 16 See Appendix C.6.

As with Theorem 8, it will be useful to express (4.40) equivalently as

Ξn ,N
η (µ̄n ,N )≊exp

�

η−1nN log2
�

∆ϕ(µ̄n ,N )
n log2

+En ,N ,η(µ̄
n ,N )
�

�

, uniformly in P̄n ,N (S ). (4.41)

Here En ,N ,η denotes a term which converges uniformly in P̄n ,N (S ) to 0 as N followed by n approaches

infinity finally followed by η approaching 0. Again, as in Theorem 8, once we take the double limit

limn→∞ limN→∞, the FPFSD game Dn ,N
π begins to resemble our original game π. When we take the

additional limit η ↓0, we can apply Theorem 9 to the actual potential function ϕ of π, as can be seen

from the ∆ϕ term in (4.40). By (4.33), ∆ϕ(µ̄n ,N )≤ 0 with equality only at the global maximizer of ϕ

in P̄n ,N (S ). Hence, Ξn ,N
η (µ̄n ,N )≈ exp

�

η−1N∆ϕ(µ̄n ,N )
�

→ 0 as N →∞ at all points except the global

maximizer on P̄n ,N (S ). The entire mass of this stationary distribution then becomes concentrated on

the global maximizer of ϕ on P̄n ,N (S ).
But how does the global maximizer of ϕ on P̄n ,N (S ) relate to the global maximizer on our original

state spaceP (S ), which is our real object of interest. Recall that as N followed by n approaches infinity,

P̄n ,N (S ) approaches notP (S ) but the subset of absolutely continuous probability measures under

the variational norm. Also recall all maximizers of ϕ on P (S ) are Nash equilibria. Therefore, if the

global maximizer of ϕ onP (S ) is a Nash equilibrium with a density function, then we are done. By

Theorem 9, the stationary distribution Ξn ,N
η would indeed put all its mass on the global maximizer of ϕ

onP (S ). But the potential maximizing Nash equilibrium may not have a density function. This would

be the case with a pure or monomorphic equilibrium. An argument like footnote 24 will then not work.

Instead, we need to argue that the set of absolutely continuous step probability measures is dense in

P (S ). Hence, P̄n ,N (S ) approachesP (S ) but under the weak topology. Therefore, in that case, the

global maximizer of ϕ on P̄n ,N (S )would approximate arbitrarily well the global maximizer onP (S )
under the weak topology.

Theorem 9 is our main equilibrium selection result for the potential game π. Once we take the triple
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limit in (4.40), the stationary distribution of the direct exponential stochastic process (4.31) will put all

its mass on or near the Nash equilibrium that globally maximizes the potential function ϕ of π. This

conclusion holds irrespective of the initial state of the process. But this selection holds only in the long

run. Thus, as τ→∞, the proportion of time the stochastic process spends on the globally potential

maximizing Nash equilibrium goes to 1.

4.6 Discussion and Conclusion

We now apply our results in Section 4.5 to the examples we had discussed in Section 4.3. Both Examples

6 and 7 are continuous strategy potential games. Thus, Example 6 is an aggregative potential game

with potential function (4.10) while Example 7 is a doubly symmetric game with potential function

is 1
2 π̄(µ), where π̄(µ) is the aggregate payoff of the game. We had noted in Section 4.3 that both these

examples have multiple Nash equilibria. Further all those Nash equilibria that are maximizers, local or

global, are locally stable under deterministic evolutionary dynamics in the medium run. Therefore, one

question we had raised in Section 4.3 was whether stochastic evolutionary analysis can provide an exact

equilibrium selection result in continuous strategy potential games. Theorem 9 provides the answer in

the affirmative. It shows that the direct exponential stochastic process (4.31) will converge globally to

the Nash equilibrium that is the global maximizer of the respective potential functions in both these

examples.

Our second question in Section 4.3 was whether exact equilibrium selection also implies selection

of the Pareto optimal Nash equilibrium. We address this question for Example 6 first. It turns out that

the answer is not necessarily so and it follows from Propositions 7 and 8. Part 3 of Proposition 7 shows

that in any aggregative potential game as discussed in Example 6, the Pareto optimal Nash equilibrium

is δ1. But Part 2 of Proposition 8 shows that δ1 is not always the globally potential maximizing Nash

equilibrium. Only if α∗< 1
2 is δ1 also globally potential maximizing. In contrast, if α∗> 1

2 , it is the Pareto

inferior Nash equilibrium δ0 that maximizes the potential function globally. Since stochastic evolution

selects the Nash equilibrium that is the global maximizer of the potential function, it follows that exact

equilibrium selection in Example 6 implies selection of the Pareto optimal equilibrium only if α∗< 1
2 .

But α∗ is also the aggregate strategy level of one of the three Nash equilibria of Example 6 (part 1

of Proposition 7). For convenience, we refer to α∗ as the “interior equilibrium” as it lies in (0,1) and is,

hence, in the interior ofS . Figure 4.1 illustrates this equilibrium as the middle intersection of B R (α)

and α. We can provide some intuition for why this interior equilibrium plays a role in the selection of

the Pareto optimal Nash equilibrium by considering random matching in a two–player symmetric game

with two strategies, 1 and 2. Let z be the proportion of players playing strategy 1 so that 1−z is the

proportion of players using strategy 2. Further, suppose the game has three Nash equilibria, z =0, z =1

and z = z ∗ ∈ (0,1). One such game is the stag–hunt game an example of which is

�

3 0

2 2

�

. (4.42)
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This matrix depicts the payoffs of the row player. The payoff of strategy 1 is 3z while that of strategy 2 is

2z +2(1−z ) =2. Hence, it is easily verified that z ∗= 2
3 .

Consider now the best response revision protocol in this stag–hunt game. It is easily verified that

under such a protocol, (0,z ∗) is the basin of attraction of the z =0 equilibrium while (z ∗,1) is the basin of

attraction of the z =1 equilibrium.25 Stochastic evolutionary processes like best response with mutation

selects the Nash equilibrium with the larger basin of attraction in two–strategy symmetric games like

(4.42) (Kandori et al. (1993), Young (1993)). Intuitively, if z ∗> 1
2 , then z =0 would have a bigger basin of

attraction. Hence, best response with mutation would select z =0 as it would require a larger number of

mutations to escape that equilibrium than z =1. It, therefore, becomes easier for process to escape z =1

due to which, its stationary distribution puts zero weight on that Nash equilibrium. In two–strategy

games like (4.42), an equilibrium with the larger basin of attraction is also the risk dominant equilibrium.

A similar insight applies to Example 6 as well but at the level of the aggregate strategy. Even though

there is a continuum of strategies, there are only three levels of aggregate strategy that are relevant

for equilibrium selection. They are 0, 1 and the “interior equilibrium” α∗ = d
b−2k . This is akin to the

three Nash equilibria in the two–strategy symmetric game (4.42). Consider now Figure 4.1 and the

two intervals (0,α∗) and (α∗,1). We interpret these two intervals as the basins of attraction of the two

equilibrium levels of aggregate strategy 0 and 1 respectively under the best response protocol. Suppose

the present population state is µ such that the aggregate strategy is A(µ)=α. The best response protocol

would require all agents to respond to µ with the best response B R (α) defined in (4.11). Figure 4.1

shows that if α>α∗, B R (α)>α so that if agents follow the best response protocol, the aggregate strategy

level would be pushed higher towards 1. Conversely, if α<α∗, B R (α)<α so that the best response

protocol would further reduce α towards 0. Thus, (0,α∗) and (α∗,1) are the basins of attraction of 0 and 1

respectively.

A direct exponential protocol like the logit protocol (4.29) may be seen as a perturbation of the best

response protocol. Agents put nearly the entire weight on the best response. Due to best response, there

is a natural tendency to move towards the two equilibrium levels of α=0 or α=1. But the irreducible

nature of the process causes the system to keep escaping these two equilibria. Following the intuition

of the two–strategy game (4.42), we can then argue that it is more difficult for the stochastic process to

escape the equilibrium with the larger basin of attraction. If α∗> 1
2 , that equilibrium is α=0 and, hence,

stochastic evolution would select α=0. This is the case in the left panel of Figure 4.1 where d
b−2k =

2
3 >

1
2 .

On the other hand, if α∗< 1
2 , then stochastic evolution would select α=1. The right panel of Figure 4.1

where d
b−2k =

2
5 <

1
2 illustrates this case.

But as noted earlier, this is the exact conclusion we obtain from the analysis of the potential function.

Therefore, we now have an intuitive understanding of when our model of stochastic evolution selects

the Pareto optimal Nash equilibrium δ1 in Example 6. It does when that equilibrium has the larger basin

of attraction under the best response protocol at the level of the aggregate strategy. This condition, in

turn, is satisfied when the aggregate strategy level at the interior equilibrium, α∗< 1
2 .26

25This is because if z ∈ (0,z ∗), then the best response to z is 0 whereas if z ∈ (z ∗,1), then the best response is 1.
26In the non–generic case when α∗= 1

2 , the stationary distribution will put an equal weight of 1
2 on both 0 and 1.
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We now consider the same question for the doubly symmetric game in Example 7. Thus, we ask

whether in this game, our stochastic evolutionary model will select the Pareto optimal equilibrium.

Here, the answer is a definite yes and it follows from the last paragraph of Section 4.3. The global

maximizer of the potential function 1
2 π̄(µ) is not just a Nash equilibrium, it is the Pareto optimal state in

the game. Therefore, in a doubly symmetric game, the selection of the globally potential maximizing

Nash equilibrium by stochastic evolution always implies selection of the Pareto optimal equilibrium.

The overall insight we receive is, therefore, mixed. In certain continuous strategy potential games

like doubly symmetric games, the direct exponential stochastic process uniquely selects the Pareto

optimal Nash equilibrium in the long run. But in other games like aggregative potential games, that

may not happen. Therefore, stochastic evolution may well lead to the selection of the Pareto inferior

Nash equilibrium in the long run.

We conclude with a few remarks on related research questions for the future. One criticism of

stochastic evolutionary models is that the waiting time required for the exact equilibrium selection

result to be realized can be astronomically long. This is particularly so when the population size is

reasonably large and the noise parameter is reasonably low.27 The intuition behind this argument is

that a large number of agents have to simultaneously play a non–best response in order to escape the

basin of attraction of a Nash equilibrium. The likelihood of that happening diminishes exponentially

as the population size grows and the noise parameter, which measures the probability of playing a

non–best response, becomes small. In view of this complication, the applicability of stochastic evolution

to problems of social or economic interest may be limited. Instead, it is the medium run deterministic

evolutionary methods that is more appropriate for such applications, even if such methods require us

to sacrifice the possibility of exact equilibrium selection. One way to resolve this dilemma is to retain

stochastic evolution but assume agents interact with their neighbors in a network instead of the whole

population. Existing results on finite strategy stochastic models with such local interaction show that

waiting times for equilibrium selection can go down significantly (Ellison (1993)). It would be of interest

to see whether similar results can also be obtained with local interaction in a continuous strategy games.

Another research question would be to extend the present results to other strategy revision protocols.

Apart from direct exponential protocols, Sandholm (2010) also considers stochastic evolution under

imitative exponential revision protocols and establishes equilibrium selection results in finite strategy

potential games under such protocols.28 The main difference is that in direct exponential protocols,

players choose a strategy on the basis of the payoffs of different strategies while in imitative exponential

protocols, an agent imitates the strategy of a randomly chosen opponent. Our conjecture is that the

approximation approach of the present paper can also be applied to such imitative exponential protocols.

Details of the analysis would, of course, vary and we leave that as a future exercise.

27See Section 11.3.2 in Sandholm (2010) for a discussion of this issue.
28See Theorem 11.5.13 in Sandholm (2010).
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CHAPTER

5

REGULARIZED BAYESIAN BEST RESPONSE

LEARNING IN FINITE GAMES

5.1 Introduction

5.1.1 Background and Motivation of the problem

Evolutionary game theory is primarily concerned with the behavior of large populations of strategically

interacting players. In such games, an evolutionary dynamic governs the behavior of the population

dynamically as a function of (discrete or continuous) time. The standard literature typically assumes that

the players in the underlying population are homogeneous, that is, are of the same type (Hofbauer and

Sandholm (2002), Hofbauer and Sandholm (2007), Sandholm (2010)). Such homogeneity is sometimes

referred to as anonymity in the game theoretic literature. However, in real-life situations, the population

can be heterogeneous in nature, consisting of players with diverse preferences/utilities. For instance,

depending on the infrastructure, labor force, and resource contracts, different players participating in

a Cournot competition may have different payoff functions. Similarly, in a prisoner’s dilemma game,

different individuals may incur different costs for the same number of years of imprisonment due

to factors such as age, health, and socioeconomic status. In view of this, we attempt to generalize

evolutionary games to accommodate heterogeneity in the population. We call such games Bayesian

population games.

Best response is one of the most standard behavioral protocols considered for homogeneous pop-

ulation evolutionary games. However, the multiplicity of the best response map makes it difficult to

analyze the evolutionary dynamic (Gilboa and Matsui (1991), Hofbauer (1995)). To circumvent the
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problem, several authors have considered the uniquely defined perturbed (smoothed) version of the

best response. Extrapolating this idea, we introduce the notion of perturbed Bayesian best response for

heterogeneous population games, which we call regularized Bayesian best response (RBBR) dynamic.

In RBBR, the expected payoff of a sub-population (consisting of players of a particular type) is perturbed

by a regularizer (for eg. an entropy function), and the sub-population best responds to this perturbed

expected payoff.

Regularized best response dynamics are one of the most important classes of dynamics in the

literature of evolutionary game theory. The logit dynamic (Fudenberg and Levine (1998)) is a standard

example of such an evolutionary dynamic for homogeneous population games. In this dynamic, the

expected payoff at a population state is regularized by perturbing via the well-known Shannon-Gibbs

entropy. In practice, however, the structure of the perturbation may be unknown (Coucheney et al.

(2015), Lahkar et al. (2022b)). To the best of our knowledge, regularized best response have been studied

primarily in the context of homogeneous population games. This paper is an attempt to extend the

notion of perturbed best response dynamics to the class of heterogeneous (Bayesian) games. (see Section

5.2.2 for some examples of such games). To model such a situation for heterogeneous population games,

instead of assuming a particular form of the perturbation function, RBBR learning dynamic is generated

via perturbation by an arbitrary lower semicontinuous and strongly convex function. Examples of such

regularizers include the Tsallis entropy and the Burg entropy, which have appeared in the literature of

deterministically perturbed best response dynamics (Hofbauer and Sandholm (2002)), stochastically

perturbed best response dynamics (Hofbauer and Sandholm (2007)), as well as in the context of online

non-convex optimization problems (Héliou et al. (2020)).

The brief heuristics of our model is borrowed from Ely and Sandholm (2005). We consider a pop-

ulation where the players are distributed over a complete separable metric space consisting of types,

equipped with a pre-specified probability distribution. We call such a probability space the type space

of the population. The state space of the RBBR learning dynamic is the space of Bayesian strategies

defined as the measurable maps from the type space to the collection of all probability distributions

over the strategies. To define the RBBR dynamic, we extend Bayesian strategies to integrable signed

Bayesian strategies defined as the measurable maps from the type space into Rn , and consider the

normed linear space of these strategies. Such an extension is necessary so that the learning dynamic

lives in an underlying vector space. Following Ely and Sandholm (2005), we equip the space of integrable

signed Bayesian strategies with the strong norm, which turns it into a Banach space (Diestel and Uhl Jr

(1978)). We define the RBBR dynamic as the instantaneous change in the population state occurred

due to its regularized Bayesian best response (to the current state). More formally, the RBBR dynamic

is defined as the difference between the regularized Bayesian best response to the current population

state and the current population state. Since the difference between two Bayesian strategies is a signed

Bayesian strategy, we require the RBBR to be defined on the extended space of signed Bayesian strategies.

In this paper, we study several important properties of the RBBR dynamic, which we explain in detail in

the next section.
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5.1.2 Our contribution

An overview of our results is as follows. First, we establish the existence of rest points of the RBBR

learning dynamic. These rest points are fixed points of the regularized Bayesian best response map and

which we call regularized Bayesian equilibria. Next, we show that these regularized equilibria act as

approximations to the Bayesian equilibria of the original game for vanishingly small regularizations.

This approximation result is non-trivial and requires one of the two conditions, namely Condition

C1 or Condition C2, on the regularizers apart from strong convexity. Condition C1 ensures that the

population concentrates on the strategies that provide maximum payoff as the regularization vanishes,

and Condition C2 requires the regularizer to satisfy some mild continuity conditions in the sense that

small changes in the population state can only lead to a small changes in the value of the regularizer.

We show that the Shannon-Gibbs entropy satisfies Condition C1, whereas, the Tsallis and Burg entropy

satisfy Condition C2 (See Appendix D.7).

Next, we prove the existence of a unique continuous solution trajectory to the RBBR dynamic. We

further show that the solutions to the RBBR dynamic are continuous with respect to the initial states

(that is, if we start from two initial states that are very close, then the respective solutions to the RBBR

dynamic will also be close enough).

Finally, we introduce the notions of Bayesian potential and Bayesian negative semidefinite games and

provide results related to the convergence of the RBBR dynamic to the regularized Bayesian equilibrium

for such games. The Bayesian potential games are heterogeneous population extensions of standard

homogeneous potential games. The notion of such games have been studied very recently by Zusai

(2023) in the context of mean-field revision protocols. To the best of our knowledge, our paper is the

first to consider the heterogeneous version of negative semidefinite games.1

We provide a brief discussion on the technical challenges in deriving our results. Unlike evolutionary

games with finitely many strategies where the state space of the underlying dynamic is finite dimensional,

the space of Bayesian strategies on which the RBBR learning dynamic is defined is an infinite dimensional

Banach space. As a result, the RBBR dynamic is a non trivial extension of the existing results on

homogeneous population games with finitely many strategies. In particular, the choice of topology

on the state space plays an important role in deriving the results. For example, the weak topology on

the space of integrable signed Bayesian strategies turns out to be the appropriate topology to establish

results related to the existence of regularized Bayesian equilibrium. Whereas, the strong topology

(induced by the strong norm) is necessary to show the existence of solution trajectories to the RBBR

learning dynamic. Establishing convergence results for Bayesian potential and Bayesian negative

semidefinite games requires a further exercise of characterizing (strong) norm compact and forward

invariant subsets of the space of signed Bayesian strategies. This is subsequently used for constructing a

suitable Lyapunov function so as to apply relevant results from the theory of dynamical systems (Bhatia

and Szegö (2006)) for proving convergence results related to Bayesian potential and Bayesian negative

semidefinite games.

1See Monderer and Shapley (1996), Cheung (2014), Lahkar and Riedel (2015), and Lahkar et al. (2022b) for a complete
exposition of homogeneous population potential and negative semidefinite games.
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5.1.3 Literature review

Evolution in heterogeneous (Bayesian) games has not been explored much in the literature of evolution-

ary game theory. The theory was first introduced by Ely and Sandholm (2005) to study the Bayesian

best response dynamic when players have diverse preferences. The authors, instead of considering

regularization of the Bayesian best response, provided sufficient conditions under which the Bayesian

best response correspondence is unique (single-valued). In another result, they show the equilibrium

behavior and the stability of the Bayesian best response dynamic can be fully characterized by the

equilibrium behavior and the stability of the aggregation dynamic. The aggregation dynamic is obtained

by taking the expectation of Bayesian strategies over types.

Later, Sandholm et al. (2007) studies the evolutionary stability of purified equilibria of two-player

normal form games under the Bayesian best response dynamic. Staudigl (2013) considers a Bayesian

model for network evolution where players have diverse preferences and provides a closed-form ex-

pression for the invariant distribution of the underlying co-evolutionary process for potential games.

Very recently in Zusai (2023), the evolutionary dynamics in heterogeneous populations is obtained via a

mean dynamic based on revision protocol functions. Under some regularity conditions on the revision

protocol function, they show that the evolutionary dynamic admits a unique solution trajectory. They

further establish the equilibrium stability in heterogeneous potential games.

Our approach is different from Zusai (2023) as we generate the best response evolutionary dynamic

via regularization of the expected payoff of the population. We do this mainly due to two major reasons.

Firstly, a vast amount of literature in evolutionary game theory is devoted specifically to studying the

perturbed best response learning (Fudenberg and Kreps (1993), Kaniovski and Young (1995), Benaım

and Hirsch (1999), Lahkar et al. (2022b)), and secondly, to address questions related to the existence

and approximation of regularized equilibria, and convergence of RBBR dynamic in certain classes of

games, namely Bayesian potential and Bayesian negative semidefinite games.

5.1.4 Organization of our paper

The paper is organized as follows. Section 6.2 contains the preliminaries of the model. In Section 5.3, we

first introduce the notion of a regularizer, followed by the definition of regularized Bayesian best response

function, and the associated RBBR learning dynamic. We then establish the existence of rest points of

the RBBR learning dynamic, in particular, the existence of regularized Bayesian equilibrium followed by

approximation results concerning regularized Bayesian equilibria. In Section 5.4, we establish some

fundamental properties of the RBBR learning dynamic subject to some conditions on the type space. As

applications of these results, we prove convergence results pertaining to Bayesian potential games and

Bayesian negative semidefinite games in Section 5.5 and Section 5.6, respectively.
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5.2 Preliminaries

5.2.1 Basic notations

For n ⩾1, let Rn denote the n-dimensional Euclidean space endowed with its Borel sigma algebraBn .

Let (Ω,dΩ) be a complete separable metric space equipped with its Borel sigma algebraBΩ and a Borel

probability measure ξ. Let S := {1,...,n} and denote by∆ be the collection of all probability distributions

on S , identified by the simplex ∆ := {x= (x1,..., xn )∈ [0,1]n : x1+ ·· ·+xn =1}. We use the notations ∆◦

and ∂∆ to denote the relative interior and boundary of∆, respectively. LetCn (∆) be the collection of

all continuous maps from∆ into Rn endowed with the topology of uniform convergence.2

5.2.2 Model

Consider a large population of heterogeneous players whose mass is normalized to unity. By a het-

erogeneous population, we mean that the players are of different types. We assume that the players

are distributed over Ω according to the given probability measure ξ. The probability measure ξ thus

accounts for the degree of heterogeneity within the population. We call the probability space (Ω,ξ)

the type space, and the probability measure ξ, the type measure of the population. The set S denotes

the strategy space of the players in the population. In homogeneous population games, a probability

distribution x∈∆ denotes the social state/aggregate behavior of the population. When we say that the

aggregate behavior of the population is x, we mean that x j proportion of players in the population are

exercising strategy j ∈S . However, for heterogeneous populations, we consider a refined version of

aggregate behavior called a Bayesian strategy.3

A Bayesian strategy is aξ-measurable mappingσ :Ω→∆, whereσ(ω)denotes the belief (distribution)

induced by the players of typeω over the strategy space S .4 Loosely speaking, a Bayesian strategy can be

viewed as a random vector defined on the type space (Ω,ξ), taking values in the simplex∆. We say that

two Bayesian strategies σ and ρ are equivalent and write σ∼ρ if σ(ω) =ρ(ω), for ξ-a.eω∈Ω. Thus,

with an abuse of notation, we denote the equivalence classes of all Bayesian strategies by Σ itself. We

conclude this section with the definition of Bayesian population games followed by some examples on

Bayesian population games. As we shall observe later, Bayesian population games are extensions of

homogeneous population games to heterogeneous populations.

Definition 21 A Bayesian population game is a map G :Σ×Ω→Rn such that for every σ ∈Σ, the

mapping

ω 7→G (σ,ω) isBΩ/Bn measurable.5

The definition of Bayesian population games has the following interpretation. For a Bayesian strategy

σ∈Σ,G (σ,ω) denotes the payoff vector of the players in the population of typeω∈Ω. More precisely, if

2Suppose ( fm )m⩾1, f ∈Cn (∆). Then fm→ f uniformly iff ∥ fm − f ∥∞ := supx∈∆∥ fm (x )− f (x )∥→0 as m→∞.
3The notion of a Bayesian strategy was first introduced in the context of evolutionary games by Ely and Sandholm (2005).
4See Appendix D.1, Definition 50.
5HereBΩ/Bn measurable refers to measurability of G (σ, )̇ seen as a map from (Ω,BΩ) into (Rn ,Bn ).
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the population is playing Bayesian strategyσ, then a player of typeω exercising strategy i receives a

payoff G i (σ,ω). Zusai (2023) calls such a game a heterogeneous population game. The following is a

special example of a Bayesian population game, where the space of types Ω are identified by the payoff

functions (population games) which the players in the population use to calculate their payoff. We call

such a game, a Bayesian aggregative population game. Such games have been considered earlier in Ely

and Sandholm (2005). We clarify that our definition of a Bayesian population game has a more general

structure and all our results in the subsequent sections of the paper hold true for Bayesian populations

games with the general set-up.

Example 8 (Bayesian aggregative population games, Ely and Sandholm (2005)) In Bayesian aggrega-

tive population games, the type space of the agents in the population is the collection of continuous maps

from ∆ to Rn . Mathematically, we have (Ω,dΩ) := (Cn (∆),∥ ·∥∞), where ∥ ·∥∞ denotes the sup-norm

metric, and is defined as ∥ω−ω̄∥∞ := supx∈∆∥ω(x)−ω̄(x)∥ for allω,ω̄∈Ω. Since∆ is compact, we have

thatCn (∆), and thus, Ω is a complete and separable metric space. Let ξ be a probability measure on Ω.

Note that from the standard theory of evolutionary games, the elements of Ω are population games. The

expectation operator is a mapping E :Σ→∆ such that for everyσ∈Σ,

E i (σ) :=

∫

Ω

σi (ω)ξ(dω), for all i ∈S .6

Thus, givenσ∈Σ, E (σ) denotes the aggregate belief of the population over the strategies with respect

to the probability measure ξ. Following Ely and Sandholm (2005), we define the Bayesian aggregative

population game as a mapping G :Σ×Ω→Rn such that for everyσ∈Σ,

G (σ,ω) :=ω(E (σ)), for allω∈Ω.

The definition of Bayesian aggregative population game has the following interpretation. Given a Bayesian

strategy σ, ωi (E (σ)) denotes the payoff to a player of type ω∈Ω exercising strategy i ∈S at aggregate

population state E (σ). Thus, the payoff to a player of typeω exercising strategy i depends only on the

aggregate belief E (σ) over the strategies. Note that G above is well-defined since for every σ ∈Σ, the

mappingω 7→ω(E (σ)) is continuous, and hence measurable.

Example 9 (Asymmetric War of Attrition Game) The (symmetric) war of attrition game is a model to

mathematically analyze conflicts between different species of the animal population. It was first intro-

duced from a biological perspective by Maynard Smith (1982). In such a game, two animals (players)

are engaged in competition for an indivisible resource. A player’s strategy is to decide whether to dispute

(exit) given that the other player is still involved in the conflict. The player who persists longer is the

winner of the game. For such games, evolutionary stable strategies (ESS) were introduced and examined

by Maynard Smith (1982). The concept of a "generalized war of attrition game" with a general payoff

structure was later presented by Bishop and Cannings (1978), who also obtained mixed evolutionary

6Since the Bayesian strategies take values in the compact set∆, the expectation operator E is well–defined.
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stable strategies for such games. However, the nature of the war of attrition game can be asymmetric

(heterogeneous) in real-world situations. Such asymmetry within the population is denoted by Hammer-

stein and Parker (1982) as ‘roles’ and ‘situations’, respectively. We refer to such heterogeneity as ‘types’ in

this paper. As a result, the roles and situations (and thus, the types) in which the game is being played

determine the value and cost of the resources.

Suppose that a player with typeω encounters a player with type ω̄. Then the value and cost of the

game corresponding to this environment are V (ω,ω̄) and C (ω,ω̄), respectively. As a result, the payoff to

the player of typeω persisting time i against the player of type ω̄ persisting time j is given by the following

payoff function:

πi j (ω,ω̄) :=















V (ω,ω̄)− j C (ω,ω̄) if i > j
V (ω,ω̄)

2 −i C (ω,ω̄) if i = j

−i C (ω,ω̄) if i < j .

Thus, if we consider the random matching version of π in the Bayesian setup, we have the following

asymmetric war of attrition game G :Σ×Ω→Rn such that for allσ∈Σ and allω∈Ω,

G i (σ,ω) :=
n
∑

j=1

∫

Ω

πi j (ω,ω̄)σ j (ω̄)ξ(d ω̄) for all i ∈S .

Example 10 (Additively Separable Anonymous Game) Another example of a Bayesian population game

that can be found in the literature on discrete choice models (Anderson et al. (1992)) is the additively

separable anonymous game, or ASAG (Zusai (2023), Pg. 1221, Example 1). An additive idiosyncratic shock

that solely depends on the type of player introduces heterogeneity in the payoff in this class of games. There

is an additive relationship between the Bayesian strategy of the population and the type of the player.

To illustrate the game mathematically, let us suppose that the type space Ω of the population is Rn .

More formally, a player of typeω exercising strategy i induces an idiosyncratic shockωi to the payoff of

the game. Let π :∆→Rn be a given homogeneous population game. Thus, an ASAG G :Σ×Ω→Rn is

defined as follows: for a Bayesian strategyσ∈Σ, and a typeω∈Rn , the payoff is given by

G i (σ,ω) :=πi (E (σ))+ωi for all i ∈S ,

where E (θ ) denotes the expectation of the Bayesian strategy θ . The payoff at a Bayesian strategyσ and

a type ω in an additively separable anonymous game comprises of a common payoff (homogeneous

component) and a type dependent idiosyncratic shock (heterogeneous component). As a result, the overall

payoff function of the population is heterogeneous.

Example 11 (Incomplete Information Game) According to Zusai (2023), Pg. 1221, Example 2, an in-

complete information game is also an example of a Bayesian population game. Formally, let us consider

a finite set of signals Θ= {θ1,...,θk }. Let µ be a common prior belief on Θ. Let Ω represent the type space

of the population. Given a signal θ j ∈Θ, we denote the conditional distribution over Ω by ν(·|θ j ). The
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posterior belief onΘ can therefore be obtained by using the Bayes’ updation rule via the following relation:

µ(θ j |ω)∝ν(ω|θ j )×µ(θ j ) for j =1,...,k . (5.1)

Furthermore, let Gθ j
:Σ×Ω→Rn be the Bayesian population game corresponding to signal θ j ∈Θ,

where j =1,...,k . The expected payoff at the signal dependent Bayesian population games (Gθ j
) j=1,...,k

with respect to the posterior belief on Θ in (6.3) defines the Bayesian game for the population. Thus,

mathematically, we define the Bayesian population game as a map G :Σ×Ω→Rn such that

G (σ,ω) :=
k
∑

j=1

Gθ j
(σ,ω)µ(θ j |ω) for allσ∈Σ andω∈Ω.

5.3 Regularization of Bayesian best response

In this section we seek to introduce the notion of regularized Bayesian best response learning dynamic.

This, in turn, requires us to define the notion of a Bayesian best response map. It is an extension of best

response maps to the context of Bayesian (heterogeneous) population games. For a Bayesian strategy

σ∈Σ, the expected payoff to a player of typeω against an aggregate population state (aggregate belief)

y∈∆ is given by 〈y,G (σ,ω)〉, where 〈·, ·〉 denotes the usual inner product on Rn . Quite naturally, the

Bayesian best response correspondence is a mapping β :Σ↠Σ such that for allσ∈Σ,

β [σ](ω) :=argmax
y∈∆
〈y,G (σ,ω)〉 for allω∈Ω. (5.2)

Note that from the definition of Bayesian population games, G (σ,ω) denotes the payoff vector a

player of typeω faces at Bayesian strategyσ. Thus, the best response to a player of typeω at Bayesian

strategyσ is any probability distribution y on S which maximizes the expected payoff 〈y,G (σ,ω)〉.
A Bayesian strategyσ◦ ∈Σ is said to be a Bayesian equilibrium of the gameG ifσ◦ ∈β (σ◦). In terms

of the game G , the above condition can equivalently be expressed in the following way: σ◦ is a Bayesian

equilibrium if for ξ-a.eω∈Ω,

σ◦j (ω)>0 =⇒ G j (σ
◦,ω)⩾Gi (σ

◦,ω), for all i ∈S . (5.3)

In principle, the above condition suggests that a Bayesian strategyσ◦ is an equilibrium provided

the following condition holds: if a strategy j ∈S has positive probability in the induced belief σ◦(ω),

then the payoff vector G (σ,ω) should have a component-wise maximum at strategy j . Thus, strategies

in the support of the induced belief must have maximum payoff. Let BE(G ,ξ) denote the collection of

Bayesian equilibria corresponding to the game G . In order to state the result on existence of Bayesian

equilibrium, we require the notion of an appropriate topology on the space of Bayesian strategies, which

essentially is the weak topology in this case (see Definition 52).

Definition 22 A Bayesian population gameG :Σ×Ω→Rn is said to be weakly continuous if the mapping

σ 7→G (σ,ω) is continuous relative to the weak topology on Σ, for ξ-a.eω∈Ω.
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Proposition 11 Suppose that the population gameG is weakly continuous. Then BE(G ,ξ) is a non-empty

and compact subset of Σ.

Proof 17 Follows from Kakutani-Glicksberg-Fan theorem (Aliprantis and Border (2013)).

Suppose now that we fix a type ω∈Ω. We then define the game sliced at type ω as a mapping

Gω :Σ→Rn such that Gω(σ) :=G (σ,ω) for allσ∈Σ. In words, the sliced game determines how payoffs

behave as a function of Bayesian strategies, keeping a type fixed. Thus, we can view the sliced game Gω
as the game corresponding to the underlying sub-population consisting of players of exactly one type

ω. We then introduce theω-sliced best response for the game Gω as a mapping βω :Σ↠∆ such that

βω(σ) :=β [σ](ω), for allσ∈Σ. (5.4)

We say that a Bayesian strategyσ◦ is anω-sliced Bayesian equilibrium of theω-sliced game Gω if

σ◦(ω)∈βω(σ◦). We then have the following characterization result for Bayesian equilibria of the original

game G and the equilibria of the sliced game counterparts Gω.

Proposition 12 A Bayesian strategy σ◦ is a Bayesian equilibrium of the game G iff σ◦ is an ω-sliced

Bayesian equilibrium of the game Gω for ξ-a.eω∈Ω.

Proof 18 See Appendix D.2.

As the title of the paper suggests, we now shift our focus towards the regularized version of the

Bayesian best response. Recall that the Bayesian best response is a multi-valued mapping, which, under

standard evolutionary dynamics, becomes difficult to analyze. To circumvent this problem, we resort to

a regularized (smoothed) version of the Bayesian best response mapping in a view to obtain a unique

smoothed best response which can then be analyzed using the existing theory of differential equations

and dynamical systems. We begin with the definition of a regularizer.

Definition 23 A mapping v :∆→R∪{∞} is called a regularizer on∆ if:

• it is finite except possibly on the relative boundary ∂∆ of∆;

• it is lower semi-continuous on∆;

• it is strongly convex on ∆◦, in the sense that there exists γ> 0 such that for all 0⩽α⩽ 1, and all

x,y∈∆◦,

v(αx+(1−α)y)⩽αv(x)+(1−α)v(y)−
γα(1−α)

2
∥x−y∥2.

It is well-known (see Coucheney et al. (2015), Mertikopoulos and Sandholm (2016)) that regular-

ization ensures the existence of a unique best response. We bring to notice that our definition of a

regularizer is weaker as compared to the one used in the references mentioned just prior, in the sense

that regularizers in Coucheney et al. (2015) and Mertikopoulos and Sandholm (2016) are smooth in the

interior∆◦; whereas in our case, we only require lower semicontinuity on∆.
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Definition 24 (Regularized Bayesian best response) Given a noise parameter ε > 0, the regularized

Bayesian best response (RBBR) is a mapping βε :Σ→Σ such that for everyσ∈Σ,

βε[σ](ω) :=argmax
y∈∆

�

〈y,G (σ,ω)〉−εv(y)
�

, for allω∈Ω.7 (5.5)

As we mentioned before, the purpose behind defining the regularized version of the Bayesian best

response correspondence is to ensure the existence of a unique maximizer in (5.5), when the expected

payoff is perturbed via the regularizer v, thereby making the study of the evolutionary learning dynamic

amenable to the existing theory of ordinary differential equations and dynamical systems. Suppose

further that the regularizer is steep, in the sense that ∥∇v(xn )∥→∞ as xn→ ∂∆. It then follows that

for everyσ∈Σ, the best response βε[σ](ω) to typeω∈Ω lies in the relative interior∆◦ (see Rockafellar

(1970), Chapter 26).

Also it worthwhile to mention that the notion of deterministic and stochastically perturbed best

response in homogeneous populations with finitely many strategies has been studied in several occa-

sions such as Benaım and Hirsch (1999), Hofbauer and Sandholm (2002), Hofbauer and Hopkins (2005),

Hofbauer and Sandholm (2007) to name a few. In the recent past, Mertikopoulos and Sandholm (2016)

considers reinforcement learning under regularization. In the context of homogeneous population

games with a continuum of strategies, the study of perturbed best response dynamics has been general-

ized to logit best response in Lahkar and Riedel (2015) and Perkins and Leslie (2014). Very recently, a

general class of perturbed best response dynamics generated via an arbitrary perturbation function

(regularizer in our case) has been considered in Lahkar et al. (2022b). In this paper, we thus focus on

extending the notion of perturbed best response to heterogeneous population games with finitely many

strategies.

5.3.1 Some examples of regularizers

Below we provide some examples of widely used regularizers which have been extensively used in the

literature of evolution and learning in games, both in the context of finite strategy games and infinite

strategy homogeneous population games. They have also been used extensively in reinforcement

learning and online non-convex optimization problems (see Mertikopoulos and Sandholm (2016),

Héliou et al. (2020)). In the case of continuum strategy games, perturbed best response dynamics using

general regularizers have been recently considered in Lahkar et al. (2022b).

Example 12 (The Shannon-Gibbs entropy) The most classic and prototypical example of a regularizer

is the well-known Shannon-Gibbs entropy which is defined as

vs(x) :=
∑

j∈S
x j logx j , for all x∈∆. (5.6)

7The fact that the perturbation function v is strongly convex implies that for every fixedσ∈Σ, the mapping y 7→〈y,G (σ,ω)〉−
εv(y) has a unique maximum.
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As is well-known from the literature (see Fudenberg and Levine (1998)), the regularized Bayesian best

response map corresponding to vs is such that for everyσ∈Σ,

β s
ε, j [σ](ω) =

exp(ε−1G j (σ,ω))
∑

i∈S exp(ε−1Gi (σ,ω))
for allω∈Ω, and all j ∈S . (5.7)

Example 13 (The Tsallis entropy) A well-known generalization of the Shannon-Gibbs entropy is the

so-called Tsallis entropy which is defined as

vt(x) := (q −q 2)−1
∑

j∈S
(x j −xq

j ), for 0<q <1, for all x∈∆. (5.8)

Notice that the Shannon-Gibbs entropy can be obtained from the Tsallis entropy by letting q→1. It can

be shown (see for example Coucheney et al. (2015), Héliou et al. (2020)) that under perturbation by vt, the

regularized Bayesian best response map takes the following form: for everyσ∈Σ,

β t
ε, j [σ](ω) :=
� ε

1−q

�1/(1−q ) 1

(θ t
ε(σ,ω)−G j (σ,ω))1/(1−q )

, for allω∈Ω, and all j ∈S , (5.9)

where θ t(σ,ω)>max j∈SG j (σ,ω) is such that β t
ε[σ](ω) is a valid probability distribution on S for every

σ∈Σ and for everyω∈Ω.

Example 14 (The log-barrier entropy) Another important example of a regularizer is the logarithmic

barrier entropy, which is sometimes also called the Burg entropy (see Hofbauer and Sandholm (2002))

and is defined as

vb(x) :=−
∑

j∈S
logx j , for all x∈∆. (5.10)

In case of log-barrier regularization, the closed form expression of the regularized Bayesian best response

map is such that for everyσ∈Σ,

βb
ε, j [σ](ω) :=

ε

θ b
ε (σ,ω)−G j (σ,ω)

, for allω∈Ω, and all j ∈S , (5.11)

where θ b
ε (σ,ω)>max j∈SG j (σ,ω) is such that βb

ε [σ](ω) is a valid probability distribution on S for every

σ∈Σ and for everyω∈Ω (see Héliou et al. (2020) for the continuum strategy counterpart).

Before moving ahead with the notion of regularized Bayesian best response, it is necessary to ensure

that βε is well-defined in the sense that βε[σ] :Ω→∆ is a ξ-measurable mapping for every σ∈Σ. To

this end, we have the following proposition.

Proposition 13 For every ε>0 andσ∈Σ, the mappingω 7→βε[σ](ω) is ξ-measurable.

Proof 19 See Appendix D.3.

89



5.3.2 Regularized Bayesian best response dynamic

In this section, we seek to define the notion of the regularized Bayesian best response dynamic on the

space of Bayesian strategies. In what follows, we first extend the space of Bayesian strategies to the

space of integrable signed Bayesian strategies which is defined below as:

bΣ :=
¦

Òσ :Ω→Rn | Òσ is ξ−measurable and |||Òσ||| :=
∫

Ω

∥Òσ(ω)∥ξ(dω)<∞
©

.8 (5.12)

Definition 25 Let ε> 0 be a noise parameter and let the RBBR map be as defined in (5.5). Then the

regularized Bayesian best response learning dynamic is defined as

σ̇=βε[σ]−σ.9 (5.13)

From Definition 25, it follows that under the RBBR learning dynamic, a Bayesian strategy σ moves

towards its regularized Bayesian best response βε[σ]. A rest point of the RBBR learning dynamic is a

Bayesian strategyσ◦ satisfying σ̇◦≡0. Thus any rest point of the dynamic (5.13) is a Bayesian strategyσ◦

which satisfies βε[σ◦] =σ◦, and hence becomes a fixed point of the regularized Bayesian best response

map. Such a fixed point is called a regularized Bayesian equilibrium. Let RBE(G ,ξ,ε) be the collection

of all regularized Bayesian equilibrium of the gameG with noise parameter ε under type measure ξ, that

is, RBE(G ,ξ;ε) := {σ◦ ∈Σ :βε[σ◦] =σ◦}. We now state the existence theorem for regularized Bayesian

equilibria in Bayesian population games.

Theorem 10 Suppose that the Bayesian population game G :Σ×Ω→Rn is weakly continuous. Then

for every ε>0, the RBBR mappingσ 7→βε[σ] admits a fixed point, that is, there existsσ◦ε ∈Σ such that

βε[σ◦ε] =σ
◦
ε.

Proof 20 See Appendix D.4.

As a corollary to the above theorem, we have the following result which states the existence of

regularized equilibrium in Bayesian aggregative population games.

Corollary 3 Let G :Σ×Cn (∆)→Rn be a Bayesian aggregative population game as defined in Example 8.

Then for every noise parameter ε>0, there exists a regularized Bayesian equilibrium of the game G .

Proof 21 See Appendix D.5.

8Thus, we identify the space of integrable signed Bayesian strategies by the Böchner spaceL 1(Ω,ξ,Rn ). See Appendix D.1.
9We review the notions of continuity and differentiability of trajectories through the space (bΣ, ||| · |||) from Ely and Sandholm

(2005). Let (Òσt )t⩾0 be a trajectory through bΣ. An integrable signed Bayesian strategy Òσ∈ bΣ is a strong limit of (Òσt )t⩾0 as t
approaches t0 if limt→t0

|||Òσt −Òσ|||=0. The trajectory (Òσt )t⩾0 is continuous at time t if lims→t |||Òσs −Òσt |||=0. We say that the
trajectory (Òσt )t⩾0 is continuous if it is continuous at every t ⩾0. The trajectory (Òσt )t⩾0 is differentiable if for every t ⩾0, there
exists Ò̇tσ∈ bΣ such that

lim
ε−→0

�

�

�

�

�

�

�

�

�

�

�

�

Òσt+ε−Òσt

ε
−Ò̇tσ
�

�

�

�

�

�

�

�

�

�

�

�

=0.
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We now aim to prove the convergence of regularized Bayesian equilibria to the Bayesian equilibria of

the underlying gameG when we allow the noise parameter to be arbitrarily small. In such a scenario, we

can then argue that when the noise parameter is close to 0, the regularized Bayesian equilibrium acts as

a smoothed approximation of the original Bayesian equilibrium relative to the underlying weak topology.

Such approximation results have been considered, for example in Hofbauer and Sandholm (2002) for

finite strategy games and in Lahkar and Riedel (2015), Lahkar et al. (2022b) for continuum strategy

homogeneous population games. Thus, this calls for an extension of such a result in heterogeneous

population games, towards which we dedicate the rest of the section. In what follows, we require some

technical conditions on the regularizer. We begin with the following definition.

Definition 26 For an extended real valued function f :Rn→R∪{−∞,∞}, the convex conjugate f ∗ :

Rn→R∪{−∞,∞} is defined by

f ∗(y) := sup
x∈Rn
(〈y,x〉− f (x)), for all y∈Rn .

We also require two technical conditions on the regularizer, namely Condition C1 and Condition C2.

We provide some heuristics behind them prior to the definition of both the conditions.

Condition C1 requires that as the noise level in the learning dynamic gradually vanishes, the popula-

tion, while playing their best response at a particular population state must concentrate themselves

over that strategy which has the maximum payoff at that state in the limit. For ε>0, let us denote εv by

vε. Then, Condition C1 is defined as follows.

Definition 27 A regularizer v :∆→R∪{∞} satisfies Condition C1 if for all i , j ∈S with i ̸= j and u∈Rn

with u j >ui , there exists a function λ : (0,∞)→Rwith limx→0λ(x ) =∞ such that

∇v∗ε, j (u)⩾λ(ε)∇v∗ε,i (u), for sufficiently small ε>0, (5.14)

where∇v∗ε(u) denotes the gradient of the convex conjugate v∗ε of vε at the point u∈Rn .

The following condition (Condition C2) ensures that a small change in the population states can

only lead to a small change in the value of the regularizer. Before defining the condition technically, we

require the following notion; that of a shift of a Bayesian strategy.

Definition 28 Let σ∈Σ be a Bayesian strategy, and let Ω̄⊆Ω be such that ξ(Ω̄)> 0. We say that eσ is a

shift ofσ over Ω̄ from i to j, where i,j : Ω̄→S with i(ω) ̸= j(ω) for allω∈ Ω̄, if for allω∈ Ω̄, the following

three conditions are satisfied:

• eσi(ω)(ω)⩽σi(ω)(ω),

• eσj(ω)(ω) =σj(ω)(ω)+(σi(ω)(ω)− eσi(ω)(ω)), and

• eσk (ω) =σk (ω), for all k ̸= i(ω),j(ω).
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We now proceed to state the Condition C2 which calls for a ‘mild’ continuity condition on the

regularizer in the sense that small changes in the population state do not lead to abrupt changes in the

regularizer. We clarify for the reader that the required notion of continuity imposed on the regularizer is

much weaker than the usual notion of continuity for extended real valued functions.

Definition 29 Let (σm )m⩾1 be a sequence of Bayesian strategies and let Ω̄⊆Ω be such that ξ(Ω̄)>0. We

say that a regularizer v satisfies Condition C2 with respect to the pair ((σm )m⩾1,Ω̄) if for all ω∈ Ω̄, all

distinct i,j : Ω̄→S, with

• limm→∞σ
i(ω)
m (ω)>0,

• G j(ω)(σm ,ω)>G i(ω)(σm ,ω) for sufficiently large m (depending onω),

there exists (eσm )m⩾1, where eσm is a shift ofσm over Ω̄ from i to j, and a constant κi (ω)>0 (independent

of m) such that

|v(σm (ω))−v(eσm (ω))|⩽κi(ω)(ω)(σ
i(ω)
m (ω)− eσi(ω)

m (ω)), (5.15)

for sufficiently large m (depending onω).

We say that a regularizer v satisfies Condition C2 with respect to a sequence of Bayesian strategies

(σm )m⩾1 if it satisfies Condition C2 with respect to the pair ((σm )m⩾1,Ω̄) for every Ω̄⊆Ωwith ξ(Ω̄)>0.

We dedicate Appendix D.7 to show that the Shannon-Gibbs entropy satisfies Condition C1 and

that the Tsallis and the Burg entropy satisfy Condition C2. We now state the following approximation

theorem.

Theorem 11 Let (εm )m⩾1 be a sequence of positive noise parameters converging to 0 and let (σ◦m )m⩾1

be the corresponding sequence of εm -regularized Bayesian equilibria such thatσ◦m ∈RBE(G ,ξ,εm ) for

all m ⩾1. Suppose that the regularizer v satisfies either Condition C1, or Condition C2 with respect to

the sequence of Bayesian strategies (σ◦m )m⩾1. Then (σ◦m )m⩾1 has accumulation points with respect to the

weak topology and any such accumulation point is a Bayesian equilibrium of the original game G .

Proof 22 See Appendix D.6.

5.4 Fundamental properties of RBBR learning dynamic

In this section, we establish two fundamental properties of the regularized Bayesian best response

dynamic, namely, the existence of solutions from arbitrary initial conditions inΣ and continuity of these

solutions with respect to the initial states. We resort to the infinite dimensional Picard-Lindelöff theorem

(Zeidler (1986), Pg. 79) and the Grönwall’s inequality (see Zeidler (1986), Pg. 82, Proposition 3.10 and

3.11) in order to prove the main results of this section. We begin with the following two definitions.

Definition 30 A Bayesian population game G :Σ×Ω→Rn is said to be strongly Lipschitz if there exists

κ>0 such that for ξ-a.eω∈Ω,

∥G (σ,ω)−G (ρ,ω)∥⩽κ
�

�

�

�

�

�σ−ρ
�

�

�

�

�

�, for allσ,ρ ∈Σ.
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The strong Lipschitz assumption on Bayesian population games is a standard assumption in the

literature of Bayesian evolutionary games (Ely and Sandholm (2005)). In particular, the random match-

ing versions of Bayesian aggregate population games, asymmetric war of attrition games, additively

separable anonymous games, incomplete information games satisfy Lipschitz continuity according to

the above definition.

Definition 31 Consider an abstract differential equation

φ′(t ) =Λ(φ(t ))

on a Banach space (X,∥·∥X). Suppose that a unique solution to the above differential equation exists

for every initial condition φ(0) =γ and denote the solution with initial condition γ by φγ(t ). Then the

semiflow of the dynamic is the map ζ :X× [0,∞)→X defined as ζ(γ,t )=φγ(t ) for all γ∈X and t ∈ [0,∞).

We now state the main theorem of this section.

Theorem 12 Consider the type space (Ω,ξ). Suppose that the Bayesian population game G :Σ×Ω→Rn

is strongly Lipschitz. Then the following statements hold true:

1. For every initial conditionσ0 ∈Σ, the RBBR dynamic admits a unique solution (σt )t⩾0.

2. The semiflow ζ : bΣ× [0,∞)→ bΣ of the RBBR dynamic is continuous in the initial conditions with

respect to the strong topology on bΣ.

Proof 23 See Appendix E.5.

Following is a corollary, which states that the above result holds true for Bayesian aggregative

population games in Example 8. In what follows we require the following definition.

Definition 32 A population gameω :∆→Rn is said to be Lipschitz if there exists a real number α>0

such that

∥ω(x)−ω(y)∥⩽α∥x−y∥, for all x,y∈∆.

Let Lipα(∆) be the collection of α-Lipschitz population games which map∆ into Rn . Observe that

under the uniform topology, Lipα(∆) is a closed subset ofCn (∆). Thus Lipα(∆) is a possible candidate

for the support of the type measure ξ.

Corollary 4 Let G :Σ×Cn (∆)→Rn be a Bayesian aggregate population game. Suppose that there exists

α>0 such that ξ(Lipα(∆))=1. Then the conclusions of Theorem 17 hold true.

Proof 24 The proof of the corollary follows immediately and is left to the reader.

We now focus on some applications of the RBBR dynamic in order to obtain convergence results

for certain classes of Bayesian population games. As in case of homogeneous population games with
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finite or continuum strategies, we consider here the class of Bayesian potential and Bayesian negative

semi-definite games. To this end, we need to restrict our attention to norm-compact subsets of the

space of Bayesian strategies which are forward invariant under the RBBR dynamic. We thus provide a

sufficient condition to identify such subsets on which the solution trajectories of the RBBR dynamic

can lead to nice convergence results. This calls for some regularity on the Bayesian strategies which we

present in the following definition.

Definition 33 A Bayesian strategyσ :Ω→∆ is said to be Lipschitz if there exists α>0 such that

∥σ(ω)−σ(ω̄)∥⩽αdΩ(ω,ω̄), for allω,ω̄∈Ω.

Intuitively, the Lipschitz condition ensures that if the types of any two agents are close, then the

induced beliefs of the two agents are also close. Formally, if two typesω and ω̄ are close in the dΩ metric,

then the induced mixed strategiesσ(ω) andσ(ω̄) are also close with respect to the Euclidean metric.

We need a regularity condition (Lipschitz continuity in this case) on the Bayesian strategies to

establish the convergence of the dynamic to the perturbed equilibrium of the underlying game. Such

a convergence requires certain subsets of Σ to be norm compact and forward invariant under the

regularized Bayesian best response dynamic, which is ensured by the Lipschitz continuity (together

with other conditions).

Next we define a subset of the space of Bayesian strategies as follows. Let M ⊆∆◦ be a compact set.

Define

ΣM := {σ∈Σ :σ(ω)∈M for ξ−a.eω∈Ω}. (5.16)

In words, ΣM is the collection of those Bayesian strategies such that for ξ-almost all typesω∈Ω,

the induced belief over the strategies lies in M . In principle this means that the beliefs induced by

Bayesian strategies in Σ are almost surely bounded away from the boundary ∂∆ of the simplex∆. As a

result, the induced belief assigns a positive probability to each strategy in S . To present the main result

on convergence in Bayesian potential games, we restrict attention to the following subset of Bayesian

strategies. Fix α>0, M ⊆∆◦ compact, and Ξ⊆Ω. Define

ΣαM (Ξ) := {σ∈Σ :σ is α-Lipschitz on Ξ}∩ΣM . (5.17)

Thus, ΣαM (Ξ) is the collection of Bayesian strategies which are α-Lipschitz on the subset Ξwith range

ξ-a.s contained in the compact set M ⊆∆◦. In the following lemma (Lemma 5), we show that ΣαM (Ξ) is

relatively norm compact subject to suitable conditions on the type measure ξ. We also show that ΣαM (Ξ)

is forward invariant under the RBBR dynamic under some further conditions on the game G and on

the Lipschitz coefficient in Definition 33. As a result, the lemma provides a candidate space to prove

convergence results for Bayesian potential games and Bayesian negative semidefinite games.

Lemma 5 Suppose that there exists a compact set Ξ⊆Ω such that ξ(Ξ) =1. Then the following statements

hold true:
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1. For every α>0 and every M ⊆∆◦ compact, the subset ΣαM (Ξ) (as defined in (5.17)) is relatively norm

compact in bΣ.

2. Fix ε,γ > 0. Let v be steep and γ-strongly convex. Suppose that for every σ ∈Σ, the following

assumptions are satisfied:

• ∥G (σ,ω)∥⩽ c , for ξ-a.eω∈Ξ, for some c >0.

• the mappingω 7→G (σ,ω) is λ-Lipschitz on Ξ, for some λ>0.10

Then there exists a compact set M ⊆∆◦ (depending on c ) such that ΣαM (Ξ) is forward invariant

under the RBBR learning dynamic, provided α⩾ λ
εγ .

Proof 25 See Appendix D.9.

5.5 Convergence in Bayesian potential games

In this section we define the notion of Bayesian potential games and study the convergence of the RBBR

dynamic to the regularized Bayesian equilibria in such games.11 For this purpose, we first require the

notion of Fréchet derivative, which is a generalization of the standard notion of derivatives to Banach

spaces. Let V andW be two Banach spaces. An operatorφ :V→W is Fréchet differentiable at x ∈V if

there exists a bounded linear operator Ax :V→W such that

lim
∥h∥V→0

∥φ(x +h )−φ(x )−Ax (h )∥W
∥h∥V

=0.

Thus, if A is the Fréchet derivative ofφ, thenφ(x +h ) =φ(x )+Ax (h )+o(∥h∥V) for all h near zero in V.

In this paper, we consider Fréchet differentiability of functions φ : bΣ→R. The Fréchet derivative

of φ is denoted by Dφ. Let Rn
0 be the collection of n-dimensional vectors such that the sum of the

components is zero, that is,Rn
0 :={x =(x1,..., xn )∈Rn : x1+·· ·+xn =0}. LetΣ0 :={Òσ∈ bΣ :Òσ(ω)∈Rn

0 for ξ−
a.eω∈Ω}. For a Fréchet differentiable functionφ : bΣ→R, the Fréchet gradient ∇Fφ : bΣ→L∞(Ω,ξ,Rn ∗)

ofφ is a bounded measurable map defined as follows: for everyÒσ∈ bΣ and everyσ0 ∈Σ0,

Dφ[Òσ](σ0) :=

∫

Ω

〈σ0,∇Fφ(Òσ)〉(ω)ξ(dω) =
∫

Ω

〈∇Fφ[Òσ](ω),σ0(ω)〉ξ(dω), (5.18)

where the inner product in above integral after the first equality denotes the bilinear pairing as in

Definition 52 and the inner product in the integral after the second equality is the usual inner product

in Rn .

10We bring to notice to the readers that this condition is not very restrictive in the sense that the Bayesian aggregative
population games (Example 8) satisfies this condition with λ=1.

11See Monderer and Shapley (1996), Sandholm (2010), and Lahkar and Riedel (2015) for a complete exposition of homoge-
neous potential games.
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Definition 34 (Zusai (2023)) A mapping G :Σ×Ω→Rn is called a Bayesian potential game if there

exists a Fréchet differentiable map ϕ : bΣ→R such that for everyσ∈Σ, we have

∇Fϕ[σ](ω) =G (σ,ω), ξ−a.eω∈Ω.

The map ϕ is called the Bayesian potential function of the Bayesian potential game G .

We then introduce the notion of entropy adjusted Bayesian potential function. For a compact set

M ⊆∆◦, we then define a map ev :ΣM →R such that

ev(σ) :=

∫

Ω

v(σ(ω))ξ(dω), for allσ∈ΣM .

The fact that the regularizer v is strongly convex on ∆◦ implies that v is continuous on M . Thus v is

bounded on M and hence ev is well defined. This leads us to the following important definition.

Definition 35 For M ⊆∆◦ compact, the entropy adjusted Bayesian potential function is a mapping

eϕ :ΣM →R defined as

eϕ(σ) =ϕ(σ)−ev(σ), for allσ∈ΣM .

We require an additional result for establishing convergence in Bayesian potential games. We shall

say that the RBBR dynamic satisfies Bayesian positive correlation with respect to the gameG :Σ×Ω→Rn

if
∫

Ω
〈G (σ,ω),σ̇(ω)〉ξ(dω)⩾ 0 for all σ ∈Σ with equality only if σ̇= 0. For the rest of our analysis on

Bayesian potential and Bayesian negative semidefinite games, we assume that the regularizer is aC 1

function. The reason for such an assumption will be clear from the following definition. Define the

virtual payoff vector at a Bayesian strategyσ∈Σ for a player of typeω∈Ω as

eG (σ,ω) =G (σ,ω)−∇G
ev[σ](ω).12 (5.19)

The following lemma states that the RBBR dynamic satisfies Bayesian positive correlation with

respect to the virtual payoff eG . The lemma imposes a further condition (5.20) on the regularizer. Let

C 1((0,1)) denote the collection of all continuously differentiable functions θ : (0,1)→R.

Definition 36 A regularizer v :∆→Rn ∪{∞} is said to be decomposable if there exists aC 1 function θ

such that the regularizer v can be expressed as

v(x) :=
n
∑

i=1

θ (xi ), for all x∈∆◦.13 (5.20)

The three entropies we consider, namely the Shannon-Gibbs entropy, the Tsallis entropy, and the

Burg entropy, all satisfy condition (5.20). Following is an intermediate lemma which we use to prove

convergence in Bayesian potential games.

12The fact that v is smooth in the interior∆◦ and bounded on M implies that ev is Gâteaux differentiable.
13Such regularizers have been consider earlier, for instance in Coucheney et al. (2015), Mertikopoulos and Sandholm (2016).
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Lemma 6 LetG :Σ×Ω→Rn be a strongly Lipschitz Bayesian potential game. Assume that the conditions

of part (ii) of Lemma 5 are satisfied. Suppose that the regularizer satisfies (5.20). Then the following

statements hold:

1. Suppose that θ ′ is strictly increasing on (0,1). Then for every ε> 0, the RBBR dynamic satisfies

Bayesian positive correlation with respect to the virtual payoff eG as defined in (5.19).

2. Consider the norm compact setΣαM (Ξ) obtained in Lemma 5. Letδ=(δ1,...,δn )∈ (0, 1
2 )

n be such that

M ⊆ [δ1,1−δ1]×···×[δn ,1−δn ]. Suppose thatθ ′ is strictly increasing on the interval [mini=1,...,n δi ,1−
mini=1,...,n δi ]. Then the RBBR dynamic satisfies positive correlation with respect to the virtual payoff
eG defined in (5.19).

Proof 26 See Appendix D.10.

We shall see in Theorem 18 below that eϕ restricted to ΣαM (Ξ)will act as a Lyapunov function for the

RBBR dynamic when the underlying game is a Bayesian potential game. Also, the fact that ΣαM (Ξ) is

relatively norm compact and forward invariant under the RBBR learning dynamic will allow us to use

results from the theory of dynamical systems to prove the desired convergence of the solutions to the

regularized Bayesian equilibrium. In what follows, we present the main theorem of this section.

Theorem 13 Suppose that the assumptions of Theorem 5, part (ii) of Lemma 5 and Lemma 6 are satisfied.

Let G :Σ×Ω→Rn be a Bayesian potential game with Bayesian potential function ϕ :Σ→R and let eϕαM :

ΣαM (Ξ)→R be the entropy adjusted Bayesian potential function restricted to ΣαM (Ξ). Then the following

statements hold true:

1. eϕαM increases weakly along every solution trajectory to RBBR learning dynamic that originates in

ΣαM (Ξ) and increases strictly across every non-stationary solution trajectory.

2. The set of omega–limit points (in the strong topology) of any trajectory to the RBBR learning dynamic

is a non-empty connected compact set of perturbed Bayesian equilibria. Moreover, such limit points

are local maximizers of the entropy adjusted Bayesian potential function eϕαM on ΣαM (Ξ).

Proof 27 See Appendix D.11.

5.6 Convergence in Bayesian negative semidefinite games

In this section we seek to define the notion of Bayesian negative semidefinite games, which is a generaliza-

tion of negative semidefinite population games on finite strategy spaces to heterogeneous populations.

We also generalize the notion of self defeating externalities to Bayesian self defeating externalities.

Following Cheung (2014), we show the equivalence between Bayesian negative semidefinite games and

Bayesian self defeating externalities. Similar to Hofbauer and Sandholm (2007) in finite strategy negative

semidefinite games and Lahkar and Riedel (2015) in continuum strategy negative semidefinite games

under homogeneous set-up, we show uniqueness of regularized equilibrium. Finally, we conclude the
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section by proving a convergence result which shows that the solution to the RBBR learning dynamic

with initial condition in norm compact forward invariant subsets of Σ converges to the unique regular-

ized Bayesian equilibrium under the strong topology on Σ, when the underlying game is a Bayesian

negative semidefinite game. We begin with the following definition.

Definition 37 A mapping G :Σ×Ω→Rn is called a Bayesian negative semidefinite game if

∫

Ω

〈G (σ,ω)−G (ρ,ω),σ(ω)−ρ(ω)〉ξ(dω)⩽0 for allσ,ρ ∈Σ. (5.21)

Hofbauer and Sandholm (2009) calls such games stable games. The above definition is a generaliza-

tion of stable games to heterogeneous populations. Below we provide some examples of games which

are Bayesian negative semi-definite.

Example 15 (Bayesian aggregative RPS game) In this example, we define the notion of a Bayesian ag-

gregative Rock-Paper-Scissor game. We will use the abbreviation BA-RPS for the same. In standard RPS

games, the players are allowed three actions, namely, ‘rock (R)’, ‘paper (P)’ and ‘scissors (S)’. The P covers

the R, the R smashes the S, and the S cuts to the P. Now consider an agent of type ω. Suppose that the

Bayesian strategy exercised by the underlying population is Σ. Then the payoff vector of the agent is given

by AωE (σ), where Aω is the payoff matrix specific to agents of typeω and is defined as

Aω=







0 −a (ω) b (ω)

b (ω) 0 −a (ω)

−a (ω) b (ω) 0






(5.22)

where a ,b :Ω→ [0,∞) are measurable functions. Formally, a Bayesian aggregate RPS is a mapping

GBA-RPS :Σ×Ω→Rn such that for allσ∈Σ,

GB A−R P S (σ,ω) :=AωE (σ), for allω∈Ω. (5.23)

A special case of the above game is called a standard BA-RPS game if a (ω)= b (ω) for ξ-a.eω∈Ω. Now

suppose that b (ω)−a (ω)⩾0 for ξ-a.eω∈Ω, then from Definition 37 it follows that GBA-RPS is a Bayesian

aggregative RPS game.14

Example 16 (Bayesian symmetric zero-sum game) For everyω∈Ω, let Aω be a skew symmetric matrix,

that is, A
i j
ω =−A

j i
ω for all i , j ∈S. We then define the Bayesian symmetric zero-sum game as a mapping

Gsym :Σ×Ω→R such that for everyσ∈Σ,

Gsym(σ,ω) :=AωE (σ), for allω∈Ω. (5.24)

Thus, in such games, the inequality (5.21) is satisfied and hence Gsym is a Bayesian negative semidefinite

game.

14This follows computations similar to Hofbauer and Sandholm (2009).
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We now turn to investigate the equivalence between Bayesian negative semidefiniteness and Bayesian

self-defeating externalities. Recall from Section 5.3 that for a fixedω∈Ω, the slice game Gω :Σ→Rn

is defined as Gω(σ) :=G (σ,ω), for allσ∈Σ. We require this in the definition of Bayesian self defeating

externalities.

Definition 38 A Bayesian population gameG :Σ×Ω→Rn satisfies Bayesian self defeating externalities

if the following two conditions are satisfied:

[(i)]

1. For everyω∈Ω, the slice game Gω : bΣ→Rn isC 1-Fréchet differentiable for ξ-a.eω∈Ω, and

2.
∫

Ω
〈DGω[σ](σ0),σ0(ω)〉ξ(dω)⩽0, for allσ∈Σ, and allσ0 ∈Σ0.

Hofbauer and Sandholm (2009) first proved that the notion of negative semidefiniteness and self-

defeating externalities are equivalent in the case of finite strategy homogeneous population games,

followed by Cheung (2014) who proved the equivalence in the context of continuum strategy homoge-

neous population games. Our next lemma states that indeed, the same holds true in the case of finite

strategy Bayesian population games also.

Proposition 14 A Bayesian population gameG :Σ×Ω→Rn is Bayesian negative semidefinite if and only

if it satisfies Bayesian self defeating externalities.

Proof 28 See Appendix D.12.

Following is the result on the uniqueness of regularized Bayesian equilibrium for Bayesian negative

semidefinite games. This result extends the uniqueness result of Hofbauer and Sandholm (2009) in the

heterogeneous set-up for finitely many strategies.

Proposition 15 Fix a noise parameter ε>0. Suppose that G :Σ×Ω→Rn is a Bayesian negative semidef-

inite game which isC 1 in the sense of Fréchet differentiability. Suppose that the regularizer v satisfies

〈d∇vε[x+ t z0](z0),z0〉⩾ 0, for all t ∈R, x∈∆ and z0 ∈Rn
0 such that x+ t z0 ∈∆. Then the game G has a

unique regularized Bayesian equilibrium.

Proof 29 See Appendix D.13.

Now, we proceed to study the convergence of Bayesian negative semidefinite games under the RBBR

dynamic. To do so we again restrict the dynamic to the norm compact forward invariant subset ΣαM (Ξ)

as defined in Section 5.5. On this restricted space we define the appropriate Lyapunov function as a

mappingψαM ,ε :ΣαM (Ξ)→R such that for allσ∈ΣαM (Ξ),

ψαM ,ε(σ) :=
�

∫

Ω

〈G (σ,ω),βε[σ](ω)〉ξ(dω)−evε(βε(σ))
�

−
�

∫

Ω

〈G (σ,ω),σ(ω)〉ξ(dω)−evε(σ)
�

. (5.25)
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Theorem 14 LetG :Σ×Ω→Rn be a Bayesian negative semidefinite game such that the slice mapGω isC 1-

Fréchet differentiable in the norm topology forξ-a.eω∈Ω. Then, the Lyapunov functionψαM ,ε :ΣαM (Ξ)→R
as defined in (E.19) decreases monotonically to zero along every solution trajectory to the RBBR learning

dynamic that originates inΣαM (Ξ), and decreases strictly along every non stationary solution. Hence, every

solution trajectory to the RBBR learning dynamic in ΣαM (Ξ) converges with respect to the norm topology

on ΣαM (Ξ) to the unique regularized Bayesian equilibrium.

Proof 30 See Appendix D.14.
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CHAPTER

6

PERTURBED BAYESIAN BEST RESPONSE

DYNAMICS IN CONTINUUM GAMES

6.1 Introduction

6.1.1 Background of the Problem

Evolutionary game theory, from the perspective of an economist, is concerned with the behavior of large

populations consisting of strategically interacting ‘small’ players who recurrently revise their strategies

based on the availability of payoff opportunities. From the point of view of a biologist, the theory

can also be explained as a tool to model the interactions between various animal populations whose

genetic features lead to uncertain levels of success in their reproductivity. Most standard models in the

literature of evolutionary games are built upon two objects: population games and revision protocols.

A population game provides a complete description of the payoff structure for every distribution of

the players over the common strategy space of the population. On the other hand, a revision protocol

(perturbed best response in our case) captures how a player switches to a profitable strategy upon

receiving an opportunity.

The literature on evolutionary game theory is majorly concerned with homogeneous populations

where players have the same payoff structure. However, there can arise real-life situations where the

homogeneity assumption does not hold. For instance, different firms in a Cournot competition may

have different payoff functions based on their infrastructure, manpower, and availability/contracts over

resources. Even in a prisoner’s dilemma game, the same number of years of imprisonment may incur

different costs to different players based on their socioeconomic backgrounds, age, health, etc.

101



The objective of this paper is to investigate Bayesian evolutionary games with a continuum of

strategies when players employ perturbed Bayesian best response as the revision protocol. In a Bayesian

population game, each player has a ‘type’, and a population state is no longer a distribution of the

players in the population over strategies, rather, it is a function from the space of types to the space of

distributions across strategies.1 As we shall observe in the various examples presented in the paper, the

type of an agent is typically characterized by the utility function of the player. The relevance of continuum

strategy evolutionary games, although it makes the analysis technically involved, is omnipresent in

various domains of economics (Lahkar (2017)), biology (Hammerstein and Parker (1982)), and computer

science (Hsieh et al. (2021)). We also provide some examples of Bayesian population games with a

continuum of strategies, namely asymmetric war of attrition games, additively separable anonymous

games, games with incomplete information, Bayesian aggregative population games in Section 6.2.

As in the case of homogeneous population games, the perturbed Bayesian best response for Bayesian

games is obtained when the payoff corresponding to players of each type is subject to perturbation

by the Shannon entropy and players best respond to these perturbed payoffs. As a result, the logit

Bayesian best response dynamic is generated.2 We consider the perturbed best response approach to

avoid multiplicity of best responses as indicated by Gilboa and Matsui (1991) and Hofbauer (1995).

6.1.2 Our Contribution

We now provide a detailed description of the results in the paper. We assume that there is a complete

separable metric space of types and the population is distributed over the type space according to some

given probability measure. The state of the population is described by a Bayesian strategy which is

a map from the space of types to the space of distribution over the strategies. Thus, the state space

of the population is the collection of all Bayesian strategies. We consider three different topologies,

namely; the usual ‘weak topology’, a variation of the Bounded Lipschitz topology, and a variation of

the total variation topology on the space of Bayesian strategies to prove the results in this paper.3 In

Theorem 15, we prove the existence of logit Bayesian equilibrium in the weak topology under some

mild regularity conditions on the Bayesian population game. Theorem 16 establishes that the logit

Bayesian equilibrium approximates the original Nash equilibrium of the game for vanishingly small

perturbations under a modification of the Bounded Lipschitz topology. Under a version of the total

variation norm on the space of Bayesian strategies, we prove the existence of solutions of the perturbed

Bayesian best response dynamic (Theorem 17) and provide sufficient conditions for subsets of Bayesian

strategies to be norm-compact and forward invariant under the perturbed Bayesian best response

dynamic (Lemma 7). Finally, Theorem 18 and Theorem 19, respectively, establish results related to

1A population state is referred to as a ‘Bayesian strategy’ of the population in Ely and Sandholm (2005).
2The logit best response dynamic, first introduced by Fudenberg and Levine (1998) in the context of homogeneous

population finite strategy games is one of the most well–studied and prototypical form of perturbed best response dynamics
in the literature of evolutionary game theory.

3As mentioned earlier, the extension to perturbed best response dynamics to continuum strategy heterogeneous/Bayesian
population games is technically demanding and requires us to use techniques from probability theory, functional analysis,
differential equations, and dynamical systems. In particular, since the state space (Bayesian strategies in this case) is infinite-
dimensional, the choice of the topology plays a very crucial role in almost all the results in the paper.
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convergence in Bayesian potential games and Bayesian negative semidefinite games.

The paper is organized as follows. In Section 6.2, we provide the preliminaries and model of con-

tinuum strategy Bayesian population games followed by some examples of such games. Section 6.3

establishes the existence of perturbed Bayesian equilibrium of the Bayesian population game and

exhibits some fundamental properties of the dynamic. In Section 6.4 and Section 6.5, we establish the

convergence of solutions of the perturbed best response dynamic to the logit Bayesian equilibria in

Bayesian potential games and Bayesian negative semidefinite games. Finally, Section 6.6 concludes the

paper.

6.1.3 Literature Review

One can broadly classify the literature of evolutionary games into four categories based on the type of the

population (homogeneous or heterogeneous) and the type of the strategy space (finite or continuum).

For homogeneous populations having finite strategy spaces, Benaım and Hirsch (1999) studies ficti-

tious play in infinitely repeated randomly perturbed games where they establish that the sample path

process of the repeated game converges almost surely for 2×2 games with countably many Nash equilib-

ria. Hofbauer and Sandholm (2002) establish global convergence results for stochastic fictitious play in

four classes of games: games with an interior ESS, zero sum games, potential games, and supermodular

games. Hofbauer and Hopkins (2005) investigates stability of mixed strategy equilibria in two-person

(bimatrix) games under the perturbed best response dynamics. Later, Hofbauer and Sandholm (2007)

considers a stochastic evolutionary game dynamic obtained through random disturbances in payoffs.

They show that the resulting evolutionary process converges to an approximate Nash equilibrium in

both the medium run and the long run for three general classes of population games: stable games,

potential games, and supermodular games. Mertikopoulos and Sandholm (2016) considers a class of

reinforcement learning dynamics in finite games obtained via regularization. They study elimination of

dominated strategies, asymptotic stability of strict Nash equilibria, and convergence of time-averaged

trajectories in zero-sum games with interior Nash equilibrium under such dynamics.4

The extension of homogeneous population games for a continuum of strategies was led by Oechssler

and Riedel (2001). They study the stability and instability of rest points of the replicator dynamics on

continuum strategy spaces with applications in Nash demand game, war of attrition, linear-quadratic

game, and the harvest preemtion game. In a companion paper, Oechssler and Riedel (2002) provides

robust static stability concepts of the Nash equilibrium in doubly-symmetric games which are sufficient

to guarantee evolutionary stability under the replicator dynamics. Hofbauer and Sorin (2006) studies

best response dynamics in continuous time for concave-convex zero-sum games with finitely many

strategies and provides a dynamical proof of the minmax theorem by establishing the convergence of

the evolutionary trajectories to the set of saddle points. Hofbauer et al. (2009) studies Nash stationarity

for continuous payoff functions. In addition, they also show asymptotic stability of evolutionarily

robust Nash equilibria along with stability analysis for doubly symmetric games. Cheung (2014) con-

siders global convergence and local stability under general deterministic evolutionary dynamics in

4We also refer the reader to Sandholm (2010) for a complete exposition of such classes of games.
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potential games, and global asymptotic stability under pairwise comparison dynamics in contractive

games. The replicator dynamics for continuum strategy asymmetric games has been considered in

Mendoza-Palacios and Hernández-Lerma (2015) where they study the stability of critical points of the

system. Cheung (2016) studies local stability and global convergence in continuum strategy potential

games under the imitative dynamics. Lahkar and Riedel (2015) was dedicated to studying convergence

in potential and negative semidefinite games under the continuum strategy logit dynamic. Very re-

cently, convergence results for the same classes of games under the perturbed best response dynamics

generated out of arbitrary perturbation functions was considered in Lahkar et al. (2022b).

The model considered in our paper is more aligned towards Ely and Sandholm (2005) who were the

first to introduce the notion of heterogeneity in finite strategy population games and coined the name

Bayesian population games for the corresponding heterogeneous population. Ely and Sandholm (2005)

study the conditions necessary for the Bayesian best response correspondence to be unique. Under

such a scenario, they explore the disequilibrium behavior of the Bayesian best response dynamic and

also provide results under which the dynamic converges to the equilibrium in some classes of games. In

a companion paper, Sandholm et al. (2007) studies the evolutionary stability of purified equilibrium in

two-player normal form games under Bayesian evolution. Later Zusai (2023) deals with heterogeneous

population finite strategy games generated out of mean-field revision protocols. Until very recently, the

study of a perturbed version of the Bayesian best response dynamic has been considered in Mukherjee

and Roy (2021) for games with finitely many strategies. To the best our knowledge, ours is the first

paper to study evolutionary games with heterogeneous populations and a continuum of strategies.

6.2 Preliminaries and Model

Let S be a compact convex subset of R endowed with the Borel sigma algebraB . Consider a large

population of heterogeneous players with unit mass exercising strategies fromS . By heterogeneity, we

mean that the players in the population are diverse and are characterized by types which are distributed

over a complete separable metric space (Ω,dΩ) according to some given Borel probability measure

ξ.5 The probability measure ξ thus accounts for the heterogeneity within the population. We call the

probability space (Ω,ξ) the type space of the population. Let Lip(S ) denote the collection of all Lipschitz

functions onS . The bounded Lipschitz norm is defined as

∥g ∥BL := sup
x∈S
|g (x )|+sup

x ̸=y

|g (x )−g (y )|
|x − y |

, for all g ∈Lip(S ).

Let P denote the collection of all probability measures and letM denote the collection of all finite

signed measures onS . The dual BL∗-norm onM is then defined as

∥µ−ν∥BL∗ := sup
g∈Lip(S ):∥g ∥BL≤1

�

∫

S
f dµ−
∫

S
f dν
�

, for all µ,ν∈M . (6.1)

5The probability measure ξ is defined on the Borel subsetsBΩ of Ω induced by the underlying metric dΩ.
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It is well-known (Dudley (1966); Perkins and Leslie (2014), Pg. 185) that the space of finite signed

measuresM endowed with the BL∗-norm is a Banach space. Moreover, the weak topology onP coin-

cides with the topology generated by the BL∗-norm onM . Therefore, weak convergence of probability

measures onS is equivalent to convergence with respect to the BL∗-norm. We now proceed with the

definition of a Bayesian strategy.

Definition 39 A Bayesian strategy is a ξ-measurable map θ :Ω→P .6

Thus, a Bayesian strategy θ maps every typeω∈Ω to a distribution θ (ω)∈P over the strategies. We say

two Bayesian strategies θ and ρ are equivalent if θ (ω) =ρ(ω) for ξ-a.eω∈Ω. The equivalence class of

Bayesian strategies is denoted byΘ. We conclude this section with the definition of Bayesian population

games followed by some real-life examples. Let C denote the collection of continuous maps on S
endowed with the sup-norm topology, that is, ∥g ∥∞ := supx∈S |g (x )| for g ∈C .

Definition 40 A Bayesian population game is a mapG :Θ×Ω→C such that for everyθ ∈Θ, the mapping

Ω∋ω 7→G (θ ,ω)∈C isBΩ/B (C )measurable. (6.2)

The above definition can be interpreted in the following way. For a Bayesian strategy θ ∈Θ, the payoff

to a player of type ω∈Ω exercising strategy x ∈S is given by Gx (θ ,ω) such that the map in (6.2) is

measurable. We shall assume throughout the paper that the game is bounded, that is, there exists M >0

such that for every θ ∈Θ, we have ∥G (θ ,ω)∥∞≤M for ξ-a.eω∈Ω. Below, we provide some examples of

a Bayesian population games arising from the fields of biology and economics.

Example 17 (Bayesian aggregative population games) In the literature of evolutionary games with a

continuum of strategies, homogeneous aggregative population games are a special class of population

games where the payoff at a strategy depends on the state (distribution of players over the strategies) of the

population only through the expected value of the state. Some examples of such games include the class of

large population aggregative potential games (Lahkar (2017), Pg. 447); which, in principle, includes large

population Cournot games. This idea can similarly be extrapolated to heterogeneous populations. For

example, Ely and Sandholm (2005) studied the Bayesian best response dynamics in such classes of games

with finitely many strategies, though they did not call them Bayesian aggregative population games.

Below, we mathematically introduce the notion of such games when the strategy space is a continuum

and the population is heterogeneous. As we shall eventually see, the payoff in such a game depends on

the state of the population (Bayesian strategy) θ only through the expectation E (θ ) and hence the name

Bayesian aggregative population games.

6A function θ :Ω→P is ξ-measurable if it is the pointwise ξ-almost everywhere (a.e) limit of a sequence of simple functions
θn :Ω→P . Whereas, the usual notion measurability would require that the inverse image of any Borel subset (generated
by open subsets w.r.t the weak topology) ofP under the map θ should lie inBΩ. Thus, the notion of ξ-measurability is a
stronger notion of measurability. We require such a condition on the Bayesian strategies to enable us to view them as elements
of an appropriate Böchner space. We refer the reader to Diestel and Uhl Jr (1978) for a complete exposition on the theory of
Böchner spaces.
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Recall thatP andC respectively denote the collection of probability distributions and continuous

functions on the strategy spaceS . For a homogeneous population gameϕ :P →C , the payoff to strategy

x at an aggregate population state µ is ϕx (µ). A population game ϕ is said to be weakly continuous if

µn→BL∗ µ implies that ϕ(µn )→ϕ(µ) uniformly.7

Let Φw c denote the space of weakly continuous population games. SinceP is compact under the BL∗-

norm and thatC is a Polish space under the sup-norm topology, it follows that the space Φw c is a Polish

space (Munkres (2014)). Consequently, Φw c is a possible candidate for the type space of a population.

Suppose now, that the type space Ω of the population is Φw c . As usual, let Θ be the collection of Bayesian

strategies. Then the expectation operator is a mapping E :Θ→P such that for every θ ∈Θ,

E [θ ](A) :=
∫

Ω

θ [ω](A)ξ(dω) for all A ∈B ,

where the above integral is a Böchner integral.8 Finally, a mapping G :Θ×Φw c →C defined as

G (θ ,ϕ) :=ϕ(E (θ )) for all θ ∈Θ, and all ϕ ∈Φw c

is called a Bayesian aggregative population game. Since types are identified by population games, the

payoff function at a Bayesian strategy θ for a population gameϕ is the payoff ofϕ at the expectation E (θ )
of the Bayesian strategy θ . We note that G is well-defined since for every θ ∈Θ, the mapping ϕ 7→ϕ(E (θ ))
is continuous and hence measurable.

Example 18 (Asymmetric War of Attrition Game) The (symmetric) war of attrition game, first intro-

duced from a biological perspective by Smith (1974), is a model to study conflicts between various species

of the animal population. The game involves two animals (players) competing over an indivisible resource.

In such a game, the strategy of a player is to select the time to dispute (exit) given that the opponent is still

continuing to last in the conflict. The player who persists longer is the winner of the game. Thus, the game

induces a trade-off between strategic gains in outlasting the competitor and loss incurred in enduring the

conflict over the passage of time. Smith (1974) formulated and studied evolutionary stable strategies (ESS)

for such games. Later, Bishop and Cannings (1978) introduced the notion of ‘generalized war of attrition

game’ and obtained mixed evolutionary stable strategies for such games. However, in real life scenarios,

the war of attrition game can be asymmetric (heterogeneous) in nature. In particular, the specie of the

animal as well as the environmental conditions involved in the conflict might pose undue advantages or

disadvantage to the competitors. Hammerstein and Parker (1982) denotes such asymmetry within the

population as ‘roles’ and ‘situations’ respectively. In this paper, we call such asymmetry as types. Thus, the

value and cost of the resources depends on the roles and situations (and therefore, types) in which the

game is being played.

7See (B.14) for the definition of BL∗-topology onP .
8We refer the reader to Chap II of Diestel and Uhl Jr (1978) for an exposition on Böchner integrals.
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For a formal description of such games, suppose that a player with typeω encounters a player with

type ω̄. Then the value and cost of the game corresponding to this environment are Vω,ω̄ and Cω,ω̄,

respectively. As a result, the payoff to the player of typeω persisting time x against the player of type ω̄

persisting time y is given by the following payoff function:

gω,ω̄(x , y ) :=















Vω,ω̄−Cω,ω̄y if x > y
Vω,ω̄

2 −Cω,ω̄x if x = y

−Cω,ω̄x if x < y .

Thus, if we consider the random matching version of g in the Bayesian setup, we have the following

asymmetric war of attrition game G :Θ×Ω→C such that for all θ ∈Θ and allω∈Ω,

Gx (θ ,ω) :=

∫

Ω

∫

S
gω,ω̄(x , y )θ (ω̄)(d y )ξ(d ω̄) for all x ∈S .

Example 19 (Additively Separable Anonymous Game) An additively separable anonymous game (ASAG)

(Zusai (2023), Pg. 1221, Example 1) is an example of a Bayesian population game which appears in

the literature of discrete choice models (Anderson et al. (1992)), where the heterogeneity in the payoff is

introduced via an additive idiosyncratic shock which depends only on the type of the player for which the

payoff is calculated. In such games, the interaction between the Bayesian strategy of the population and

the type of a player is additive in nature.

To illustrate the example mathematically, let us assume that the strategy space of the population

is given byS := [0,1]. Suppose that the type space Ω of the population is the collection of continuous

functionsC onS endowed with the sup-norm.9 In other words, a player of typeω exercising strategy

x incorporates an idiosyncratic shock ω(x ) to the payoff of the game. Again, as in Example 17, let

ϕ :P →C be a fixed homogeneous population game. Since we shall use this fixed population gameϕ to

define additively separable anonymous games, we shall refer toϕ as the common payoff function. This is

because ASAG will be defined as a sum of a common payoff function and a type dependent idiosyncratic

shock. More formally, an ASAG G :Θ×Ω→C has the following additively separable structure: for a

Bayesian strategy θ ∈Θ, and a typeω∈Ω, the payoff is given by

Gx (θ ,ω) := ϕx (E (θ ))
︸ ︷︷ ︸

common payoff at Bayesian strategy θ

+ ω(x )
︸︷︷︸

idiosyncratic shock at typeω

for all x ∈S ,

where E (θ ) denotes the expectation of the Bayesian strategy θ . Thus, according to the definition above,

the payoff in an additively separable anonymous game comprises of two components, namely; a com-

mon payoff at every Bayesian strategy (homogeneous component) and a type dependent idiosyncratic

shock (heterogeneous component). As a result, the overall payoff function of the population is hetero-

geneous.
9Notice thatC is a complete and separable metric space and hence a possible candidate for the type space according to

our definition of a Bayesian population game.
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Example 20 (Incomplete Information Game) An incomplete information game is another example of

a Bayesian population game. We borrow this example from Zusai (2023) (Pg. 1221, Example 2). To begin

with, let us consider a finite set of signals Σ= {σ1,...,σn}, and let µ be a common prior belief on Σ. Let

Ω denote the type space of the population. We denote by ν(·|σ) the conditional distribution on the type

space Ω given a signalσ∈Σ. Then, using the Bayes’ rule, the posterior belief on Σ can be obtained via the

following relation:

µ(σ|ω)∝ν(ω|σ)×µ(σ) forσ∈Σ. (6.3)

Further for every signalσ, let Gσ(θ ,ω) denote the payoff function of the population at Bayesian strategy

θ for the players of typeω. Then the payoff corresponding to the Bayesian population gameG :Θ×Ω→C
can be obtained as the expected payoff at the signal dependent Bayesian population gameGσ with respect

to the posterior belief on Σ in (6.3) as

G (θ ,ω) :=
∑

σ

Gσ(θ ,ω)µ(σ|ω) for all θ ∈Θ andω∈Ω.

6.3 Perturbed Bayesian Best Response Dynamic

In this paper, we aim to introduce the notion of logit Bayesian best response dynamic for Bayesian

(heterogeneous) population games with a continuum of strategies. In order to do so, we first require the

notion of Bayesian best response correspondence. Let 〈g ,µ〉 :=
∫

S g (x )µ(d x ) for g ∈C and µ∈P . For a

Bayesian strategy θ ∈Θ, the expected payoff to a player of typeω against a probability measure µ∈P is

given by 〈G (θ ,ω),µ〉. Thus, the Bayesian best response correspondence is a mapping B :Θ⇒Θ such

that for all θ ∈Θ,

B[θ ](ω) :=argmax
µ∈P
〈G (θ ,ω),µ〉, for allω∈Ω. (6.4)

The following proposition ensures the measurability of the Bayesian best response correspondence.

Proposition 16 Let G :Θ×Ω→C be a Bayesian population game. Then for every θ ∈Θ, the correspon-

dence B[θ ] :Ω⇒P is ξ-measurable.

Proof 31 See Appendix E.1.

A Bayesian strategy θ ◦ ∈Θ is called a Bayesian equilibrium of the game G if θ ◦ ∈B(θ ◦). Suppose

now that we fix a typeω∈Ω. Then the game sliced at typeω is defined as a mapping Gω :Θ→C such

that Gω(θ ) :=G (θ ,ω) for all θ ∈Θ. Thus, we can view the sliced game Gω as the game corresponding to

the underlying subpopulation consisting of players of exactly one typeω. As a result, theω-sliced best

response for the game Gω is a mapping Bω :Θ⇒P such that

Bω(θ ) :=B[θ ](ω), for all θ ∈Θ. (6.5)

A Bayesian strategyθ ◦ is anω-sliced Bayesian equilibrium of theω-sliced gameGω ifθ ◦(ω)∈Bω(θ ◦).

The following result establishes a relation between Bayesian equilibria of the original game G and
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equilibria of the sliced game counterpartsGω. It states that a Bayesian strategy is a Bayesian equilibrium

of the game if and only if it is a sliced Bayesian equilibrium for the corresponding sliced counterparts of

the game.

Proposition 17 Let G :Θ×Ω→C be a Bayesian population game. A Bayesian strategy θ ◦ is a Bayesian

equilibrium of G iff θ ◦ is anω-sliced Bayesian equilibrium of the game Gω for ξ-a.eω∈Ω.

Proof 32 The proof is similar to the proof of Proposition 3.2 in Mukherjee and Roy (2021).

To avoid multiplicity of the Bayesian best response correspondence and to make the analysis of best

response tractable, we consider the perturbed version of B. In what follows, let λ denote the Lebesgue

measure onS and letPa c denote the collection of all probability measures onS which admits density

with respect to λ.

Definition 41 Let η>0. Then the logit Bayesian best response (LBBR) under perturbation level η is a

mapping Lη :Θ→Θ such that for every θ ∈Θ,

Lη[θ ](ω) :=argmax
µ∈P

�

∫

S
Gx (θ ,ω)µ(d x )−ηv(µ)

�

, for allω∈Ω, (6.6)

where v(µ) is the negative Shannon entropy of a probability measureµand is defined as v(µ)=
∫

S µx logµx d x

if µ∈Pa c , and v(µ) =∞ otherwise.10

We refer to Lη(θ ) as the logit Bayesian best response (LBBR) to the Bayesian strategy θ with respect to

the perturbation v at pertubation level η. The fact that v(µ)=∞ for all µ /∈Pa c implies that for every

θ ∈Θ, we have Lη[θ ](ω)∈Pa c for all ω∈Ω. It is also well-known (Lahkar and Riedel (2015)) that for

every θ ∈Θ, and everyω∈Ω,

Lη[θ ][ω](A) =

∫

A

exp(η−1Gy (θ ,ω))d y
∫

S exp(η−1Gz (θ ,ω))d z
, for all A ∈B . (6.7)

Before we introduce the notion of logit Bayesian best response dynamic, we argue that the logit

Bayesian best response map is well-defined, that is, Lη(θ ) can be expressed as a limit of (simple) Bayesian

strategies for every θ ∈Θ. Thus, we have the following proposition.

Proposition 18 For every θ ∈Θ, the mapping θ 7→Lη(θ ) is well-defined.

Proof 33 The proof of the proposition follows from Pettis Measurability Theorem (Diestel and Uhl Jr

(1978), Pg. 42, Theorem 2).

In order to define the logit Bayesian best response dynamic, we require the notion of strong topology

on the space of Bayesian strategies. In what follows, we first extend the space of Bayesian strategies to

the space of integrable signed Bayesian strategies Θ̂. Thus, we identify Θ̂ with the collectionL 1(Ω,ξ,M )
10Whenever a probability measure µ admits a probability density function, we shall denote the same by µx .
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of Böchner integrable functions from Ω into the Banach spaceM . The strong topology on Θ̂ is then

induced by the following norm:

∥θ̂ −ρ̂∥Θ̂TV=

∫

Ω

∥θ̂ (ω)−ρ̂(ω)∥TVξ(dω), for all θ̂ ,ρ̂ ∈ Θ̂.11

Definition 42 For a perturbation level η>0, the logit Bayesian best response dynamic is defined as

θ̇ =Lη(θ )−θ .12 (6.8)

A rest point of the dynamic (6.8) is a Bayesian strategy θ ◦ that satisfies Lη(θ ◦)=θ ◦. In other words,

it is a fixed point of the logit Bayesian best response map. We call such a fixed point, a logit Bayesian

equilibrium of the game G . It follows from Proposition 18 that the logit Bayesian best response map

Lη(θ ) is well-defined. Also, for every fixed θ ∈Θ, the logit Bayesian best response Lη[θ ](ω) ∈P for

every ω∈Ω. Therefore, by Lahkar and Riedel (2015), we can conclude that Θ is positively invariant

under the dynamic (6.8). As a result, we obtain that the logit Bayesian best response dynamic (6.8) is

well-defined. Let LBE(G ,ξ,η) be the collection of logit Bayesian equilibria at perturbation level η. Thus,

notationally we have LBE(G ,ξ,η) := {θ ◦ ∈Θ : Lη(θ ◦) =θ ◦}. We now aim to prove the existence of logit

Bayesian equilibria in our setup. In what follows, we first define the following subset ofP : for β >1 let

Pβ :=
¦

µ∈Pac :
1

β
≤µx ≤β for all x ∈S and |µx −µy | ≤β |x − y | for all x , y ∈S

©

.

Again for β >1, let us also define the following subset of the space of Bayesian strategies:

Θβ :=
¦

θ ∈Θ :θ (ω)∈Pβ for ξ-a.eω∈Ω
©

.

To prove the existence of logit Bayesian equilibrium, we shall first fix a perturbation level η> 0. As

we shall observe in the proof of Theorem 15 that for a given η> 0, there exists β > 1 (depending on

η) such that Lη(θ )∈Θβ for all θ ∈Θ.13 Thus, it is enough to prove the existence of a logit Bayesian

equilibrium in the subset Θβ . Let L 2(λ) := { f :S →R : ∥ f ∥L 2 :=
∫

S | f (x )|
2λ(d x )<∞} denote the

collection of all square integrable functions onS . We now make the following observation. Note that

since Range(G ) is contained in the space of continuous maps C , the Radon-Nikodym derivative of

Lη[θ ](ω) is a continuous probability density function onS for every θ ∈Θ and everyω∈Ω. Furthermore,

since the strategy spaceS is compact, the convergence of probability density functions with respect to

the ∥·∥Θ̂TV-norm and ∥·∥Θ̂L 2 -norm are equivalent.14 Thus, we may identify Θβ as a subset ofL 2(λ). We

now introduce the notion of weak topology onL 1(Ω,ξ,L 2). For θ̂ ∈L 1(Ω,ξ,L 2) and ρ̂ ∈L∞(Ω,ξ,L 2),

let 〈θ̂ ,ρ̂〉(ω) := ρ̂(ω)(θ̂ (ω))=
∫

S ρ̂x (ω)θ̂x (ω)λ(d x ) for allω∈Ω.15 Thus, weak topology onL 1(Ω,ξ,L 2)

11For two probability measures µ and ν, the total variation distance is defined as ∥µ−ν∥TV :=2supA∈B |µ(A)−ν(A)|.
12The derivative in the dynamic is with respect to the ∥·∥Θ̂TV-topology defined above. See Ely and Sandholm (2005) for more

details on how the dynamic is defined for finite strategy games.
13We shall remove the dependence of η on β to keep the notations simple.
14Here, ∥θ̂ −ρ̂∥Θ̂L 2 :=

∫

Ω
∥θ̂ (ω)−ρ̂(ω)∥L 2ξ(dω).

15It follows thatL 1(Ω,ξ,L 2)∗∼=L∞(Ω,ξ,L 2) (Diestel and Uhl Jr (1978), Pg. 98, Theorem 1).
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is the topology induced by the following convergence:

θ̂n→w θ̂ ⇐⇒
∫

Ω

〈θ̂n ,ρ̂〉(ω)ξ(dω)→
∫

Ω

〈θ̂ ,ρ̂〉(ω)ξ(dω), for all ρ̂ ∈L∞(Ω,ξ,L 2).

Definition 43 A Bayesian population game G :θ ×Ω→C is said to be a weakly continuous, if for ξ-a.e

ω∈Ω, the mapping θ 7→G (θ ,ω) is continuous relative to the weak topology on Θ.

We now state the main result of this section. It guarantees the existence of a logit Bayesian equilib-

rium subject to a mild continuity condition on the Bayesian population game.

Theorem 15 Suppose that the Bayesian population game G :Θ×Ω→C is bounded and weakly continu-

ous. Then for every η>0, the perturbed best response mapping θ 7→Lη(θ ) admits a fixed point, that is,

there exists θ ◦η ∈Θ such that Lη(θ ◦η) =θ
◦
η.

Proof 34 See Appendix E.2.

Corollary 5 Consider the type space (Φwc,ξ). Let G :Θ×Φw c →C be a bounded aggregative Bayesian

population game as defined in Example 17. Then for every perturbation parameter η>0, there exists a

logit Bayesian equilibrium.

Proof 35 See Appendix E.3.

Note that it is natural to think of logit Bayesian equilibria as smooth approximations of the original

Bayesian equilibria for small enough perturbations η. This requires an appropriate theoretical justifica-

tion, and towards which we dedicate the next result. Such approximations have been considered in

finite strategy homogeneous population games by Hofbauer and Sandholm (2009), continuum strat-

egy homogeneous population games by Lahkar and Riedel (2015) and finite strategy heterogeneous

population games by Mukherjee and Roy (2021). To state the desired theorem, we require the notion of

∥·∥Θ̂BL∗-topology on Θ̂ which is induced by the following norm:

∥θ̂ −ρ̂∥Θ̂BL∗ =

∫

Ω

∥θ̂ (ω)−ρ̂(ω)∥BL∗ξ(dω), for all θ̂ ,ρ̂ ∈ Θ̂.

Theorem 16 LetG :Θ×Ω→C be a bounded and weakly continuous Bayesian population game. Suppose

further that G is continuous in the ∥ · ∥Θ̂BL∗-topology. Consider a sequence of positive perturbation

parameters (ηn )n≥1 such that ηn ↓ 0. For n ≥ 1, let θ ◦n be an ηn -logit Bayesian equilibrium of G . If

θ ◦n converges to some θ ◦ in the ∥·∥Θ̂BL∗-topology, then θ ◦ is a Bayesian equilibrium of the original game

G .

Proof 36 See Appendix E.4.

Theorem 16 guarantees that any convergent sequence of perturbed Bayesian equilibria along minuscule

perturbations approximate a Bayesian equilibrium of the game G . However, one may wonder whether
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the converse of Theorem 16 also holds. Formally, whether it is true that for every Bayesian equilibrium

θ ◦ of G , there exists a sequence of perturbed equilibria that approximates θ ◦ for vanishingly small

perturbations. This problem is not addressed in this paper and we leave it for future research.

Corollary 6 Consider the type space (Φwc,ξ). Let G :Θ×Φw c →C be a bounded aggregative Bayesian

population game as defined in Example 17. Then the conclusion of Theorem 16 holds for G .

Proof 37 The proof of Corollary 6 is straightforward and is left as an exercise.

We now establish two fundamental properties of the logit Bayesian best response dynamic, namely,

the existence of solutions from arbitrary initial conditions and the continuity of the solutions thus

obtained with respect to the initial conditions. We shall resort to the infinite dimensional Picard-

Lindelöff theorem (Zeidler (1986), Pg. 79) and the Grönwall’s lemma (Zeidler (1986), Pg. 82, Proposition

3.10 and 3.11) in order to prove the result.

Definition 44 A Bayesian population game G :Θ×Ω→C is said to be strongly Lipschitz if there exists

κ>0 such that for ξ-a.eω∈Ω,

∥G (θ ,ω)−G (ρ,ω)∥∞≤κ∥θ −ρ∥Θ̂TV, for all θ ,ρ ∈Θ. (6.9)

In other words, G is strongly Lipschitz if it is Lipschitz with respect to the ∥·∥Θ̂TV-topology for ξ-a.e

ω∈Ω. As mentioned in Chapter 5, the Lipschitz condition on Bayesian population games is a standard

assumption in the literature of Bayesian evolutionary games. The following theorem shows that the

strong Lipschitz property of the Bayesian population game is sufficient to ensure the existence of

solutions to the logit Bayesian best response dynamic from any given initial condition and to ensure

continuity of the corresponding semiflow with respect to the initial conditions.

Theorem 17 Suppose that the Bayesian population game G :Θ×Ω→C is strongly Lipschitz. Then the

following statements hold true:

1. For every initial condition θ0 ∈Θ, the LBBR dynamic admits a unique solution (θt )t≥0.

2. The semiflow ζ :Θ× [0,∞)→Θ of the LBBR dynamic is continuous in the initial conditions with

respect to the strong topology on Θ̂.

Proof 38 See Appendix E.5.

The following corollary is dedicated to the existence of solutions to the logit Bayesian best response

dynamic for the class of Bayesian aggregative population games. For κ>0, let

Lipκ(P ) := {ϕ ∈Φw c :




ϕ(µ)−ϕ(ν)∥∞≤κ∥µ−ν∥TV for all µ,ν∈P
	

. (6.10)

Corollary 7 Let G :Θ×Φw c →C be Bayesian aggregative population game. Suppose that there exists

κ>0 such that ξ(Lipκ(P ))=1. Then the conclusions of Theorem 17 hold for G .
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Proof 39 The proof of the corollary follows immediately and is left to the reader.

We now aim to prove convergence of solutions to the logit Bayesian equilibria in two classes of

games, namely, the class of Bayesian potential games and the class of Bayesian negative semidefinite

games. This requires us to find an appropriate norm compact forward invariant subset of the space of

Bayesian strategies on which the dynamic can lead to nice convergence results. For γ>0 and Ξ⊆Ω, let

Θγ(Ξ) be the collection of Bayesian strategies which are γ-Lipschitz on Ξ.16 For β >1,γ>0 and Ξ⊆Ω, let

us consider the following subset of Θ:

Θβ ,γ(Ξ) :=Θβ ∩Θγ(Ξ).

The following lemma establishes relative compactness and forward invariance of the subcollection

Θβ ,γ(Ξ) of Bayesian strategies under some mild conditions on the type space of the population and the

Bayesian population game.

Lemma 7 Fix a perturbation level η> 0. Suppose that Ξ⊆Ω be compact such that ξ(Ξ) = 1. Then the

following statements hold true:

1. There existβ >1 and γ>0 (both depending onη) such thatΘβ ,γ(Ξ) is relatively compact with respect

to the ∥·∥Θ̂TV-topology.

2. Suppose further that there exists κ̂>0 such that the mappingω 7→G (θ ,ω) is κ̂-Lipschitz on Ξ for

every θ ∈Θ. Then there exist β > 1 and γ> 0 (both depending on η and κ̂) such that Θβ ,γ(Ξ) is

forward invariant with respect to the LBBR dynamic.

Proof 40 See Appendix E.6.

6.4 Convergence in Bayesian Potential Games

In this section we define the notion of Bayesian potential games with a continuum of strategies and

prove related convergence results. The notion of potential games for continuum strategy homogeneous

population games was introduced by Cheung (2014), and later studied in the context of perturbed

best response dynamics by Lahkar and Riedel (2015). On the other hand, finite strategy heterogeneous

potential games was introduced very recently by Zusai (2023). In what follows, we first require the notion

of the Fréchet derivative of maps between Banach spaces. Let V andW be Banach spaces. An operator

φ :V →W is Fréchet differentiable at u if there exists a bounded linear operator Au :V →W such that

lim
∥h∥V→0

∥φ(u+h )−φ(u )−Au (h )∥W
∥h∥V

=0. (6.11)

16Let γ>0 and Ξ⊆Ω. A Bayesian strategy θ :Ω→P is said to be γ-Lipschitz on Ξ if

∥θ (ω)−θ (ω̄)∥TV≤γdΩ(ω,ω̄), for allω,ω̄∈Ξ.
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Definition 45 A Bayesian population gameG : Θ̂×Ω→C is called an extended Bayesian potential game

if there exists aC 1-Fréchet differentiable map ϕ : Θ̂→R such that for every θ ∈Θ,

∇Fϕ[θ ](ω) =G (θ ,ω), for ξ-a.eω∈Ω.17 (6.12)

The map ϕ is called the Bayesian potential function of the Bayesian potential game G . Note that in

homogeneous population games both in the context of finite strategies, its continuum counterpart as

well as in heterogeneous population games with finitely many strategies, construction of an appropriate

Lyapunov function serves as a necessary tool to prove convergence results in the class of potential

games. We apply the same technique here. Thus, we have the following definition.

Definition 46 For β >1, γ>0, and Ξ⊆Ω compact, the entropy adjusted Bayesian potential function is

a mapping ϕ̂ :Θβ ,γ(Ξ)→R defined by

ϕ̂(θ ) =ϕ(θ )−
∫

Ω

∫

S
θx (ω)logθx (ω)λ(d x )ξ(dω)
︸ ︷︷ ︸

=:v̂(θ )

, for all θ ∈Θβ ,γ(Ξ). (6.13)

Observe that the mapping ϕ̂ is well-defined since for every θ ∈Θβ ,γ(Ξ), and for ξ-a.eω∈Ω, the quantity

0≤θx (ω)≤β for every x ∈S . Further, observe that the Fréchet differentiability of the potential function

ϕ and the Bayesian version v̂ of the Shannon entropy on Θβ ,γ(Ξ) with respect to the strong topology

together imply differentiability (and hence continuity) of the entropy adjusted potential function (Lya-

punov function) ϕ̂ on Θβ ,γ(Ξ) for the Bayesian potential game G . We are now ready to state the main

convergence result pertaining to Bayesian potential games.

Theorem 18 Fix a perturbation level η>0. Let Ξ⊆Ω be compact with ξ(Ξ) =1. Let G :Θ×Ω→C be a

Bayesian potential game such that the mapω→G (θ ,ω) is κ̂-Lipschitz on Ξ for every θ ∈Θ. Then, there

exist β >1 and γ>0 (both depending on η and κ̂) such that the following statements hold true for the

entropy adjusted Bayesian potential function ϕ̂ :Θβ ,γ(Ξ)→R of the game G :

1. ϕ̂ increases weakly along every solution trajectory to the LBBR dynamic that originates in Θβ ,γ(Ξ),

and increases strictly across every non-stationary solution trajectory.

2. The set of omega-limit points (in the ∥·∥Θ̂TV-topology) of any trajectory to LBBR dynamic is a non-

empty connected compact set of perturbed Bayesian equilibria. Moreover, such limit points are local

maximizers of the entropy adjusted Bayesian potential function ϕ̂ on Θβ ,γ(Ξ).

Proof 41 See Appendix E.7.
17Here ∇Fϕ denotes the gradient of the Fréchet differentiable potential function ϕ. Note that since ϕ is a C 1-Fréchet

differentiable map,∇Fϕ[θ ](ω) is a continuous function onS for every θ ∈Θ and ξ-a.eω∈Ω.
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6.5 Convergence in Bayesian Negative Semidefinite Games

In this section we introduce the notion of Bayesian negative semidefinite games for heterogeneous

population games with a continuum of strategies. These classes of games have been considered in

homogeneous population finite strategy setup by Hofbauer and Sandholm (2009), homogeneous pop-

ulation continuum strategy setup by Lahkar and Riedel (2015), and heterogeneous population finite

strategy setup Mukherjee and Roy (2021). We also generalize the notion of self defeating externalities

to Bayesian self defeating externalities. Following Cheung (2014), we show the equivalence between

Bayesian negative semidefinite games and Bayesian self defeating externalities. Finally, we conclude

the section by proving a convergence result related to Bayesian negative semidefinite games.

Definition 47 An extended Bayesian population game G : Θ̂×Ω→C is called an extended Bayesian

negative semidefinite game if

∫

Ω

〈G (θ ,ω)−G (ρ,ω),θ (ω)−ρ(ω)〉ξ(dω)≤0 for all θ ,ρ ∈Θ. (6.14)

SinceG is bounded, the integral in (6.14) is well-defined. Following Cheung (2014), we now characterize

the notion of Bayesian semidefinite games using the notion of Bayesian self defeating externalities. For

a fixedω∈Ω, recall theω-sliced gameGω associated to typeω∈Ω defined in Section 6.3. LetM0 be the

collection of all finite signed measures onS whose measure on the full spaceS equals 0. We define

Θ0 := {θ0 ∈ Θ̂ :θ0(ω)∈M0 for ξ−a.eω∈Ω}.

In other words, Θ0 can be seen as the collection of integrable signed Bayesian strategies in Θ̂ that can be

expressed as the difference between two Bayesian strategies.

Definition 48 A Bayesian population game G :Θ×Ω→C satisfies Bayesian self defeating externalities

if the following two conditions hold:

1. The slice map θ 7→Gω(θ ) isC 1-Fréchet differentiable in the norm topology for ξ-a.eω∈Ω.

2.
∫

Ω
〈DGω[θ ](θ0),θ0(ω)〉ξ(dω)≤0, for all θ ∈Θ and all θ0 ∈Θ0.18

Cheung (2014) proved that negative semidefiniteness and self defeating externalities are equivalent in

the context of homogeneous population games with a continuum of strategies. Our next lemma states

that similar result holds in the context of Bayesian negative semidefinite games.

Lemma 8 Let G :Θ×Ω→C be a Bayesian population game. Suppose that the slice map θ 7→Gω(θ ) is

C 1-Fréchet differentiable in the norm topology for ξ-a.eω∈Ω. Then, G is Bayesian negative semidefinite

if and only if it satisfies Bayesian self defeating externalities.

Proof 42 See Appendix E.8.

18Here DGω denotes the Fréchet derivative of the sliced game Gω.
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We now proceed to state the main convergence theorem of this section pertaining to Bayesian

negative semidefinite games. In order to do so we need to first define the appropriate Lyapunov function.

Recall the norm-compact forward invariant subset Θβ ,γ(Ξ) for γ>0, β >1, and Ξ⊆Ω compact. We then

define the Lyapunov function as a map ψ̂η :Θβ ,γ(Ξ)→R such that for all θ ∈Θβ ,γ(Ξ),

ψ̂η(θ ) :=
�

∫

Ω

〈G (θ ,ω),Lη[θ ](ω)〉ξ(dω)− v̂η(Lη(θ ))
�

−
�

∫

Ω

〈G (θ ,ω),θ (ω)〉ξ(dω)− v̂η(θ )
�

. (6.15)

The following theorem ensures the convergence of every solution trajectory of the logit Bayesian best

response dynamic under the strong topology to the unique logit Bayesian equilibrium of the Bayesian

negative semidefinite game. Notice that the assumption of Fréchet differentiability of the game G , the

differentiability of the Bayesian version v̂ of the Shannon entropy, and the forward invariance property

of the perturbed Bayesian best response dynamics onΘβ ,γ(Ξ) together imply differentiability (and hence

continuity) of the Lyapunov function ψ̂η on Θβ ,γ(Ξ) for the Bayesian negative semidefinite game G .

Theorem 19 Fix a perturbation level η>0. Let Ξ⊆Ω be compact with ξ(Ξ) =1. Let G :Θ×Ω→C be a

Bayesian negative semidefinite game such that the slice mapGω isC 1-Fréchet differentiable in the ∥·∥Θ̂TV-

topology for ξ-a.eω∈Ω and the mapω 7→G (θ ,ω) is κ̂-Lipschitz on Ξ for every θ ∈Θ. Then, there exists

β >1 and γ>0 (both depending on η and κ̂) such that the Lyapunov function ψ̂η :Θβ ,γ(Ξ)→R defined in

(6.15) decreases monotonically to zero along every solution trajectory to the logit Bayesian best response

dynamic that originates in Θβ ,γ(Ξ), and decreases strictly along every non stationary solutions. Hence,

every solution trajectory to the LBBR dynamic in Θβ ,γ(Ξ) converges with respect to the ∥·∥Θ̂TV-topology to

the unique logit Bayesian equilibrium.

Proof 43 See Appendix E.9.

6.6 Conclusion

This paper provides an approach for modeling several real-life evolutionary situations by allowing the

population to be heterogeneous. More precisely, it analyzes the perturbed best response dynamics

for continuum strategy Bayesian (heterogeneous) population games. It characterizes the rest points

of the logit Bayesian best response dynamic and thereby establishes the existence of perturbed (logit)

equilibria for a Bayesian population game. These equilibria are shown to approximate the original

equilibrium of the game for small levels of perturbation. It further establishes the existence of solutions

to the logit Bayesian best response dynamic from any initial condition and the continuity of these

solutions with respect to the initial conditions. Sufficient conditions for a subset of Bayesian strategies

to be norm-compact and forward invariant under the perturbed Bayesian best response dynamic are

provided. Finally, given any initial condition in some forward invariant subset, this paper establishes
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the convergence of the logit Bayesian best response dynamic to the logit equilibrium for two classes of

games, namely; Bayesian potential and Bayesian negative semidefinite games.19

19See Lahkar and Riedel (2015) for the existing results on continuum strategy homogeneous population games.
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APPENDIX

A

SUPPLEMENT TO CHAPTER 1

A.1 Proof of Theorem 1

The proof of Theorem 1 requires the application of the Brouwer-Schauder-Tychonoff fixed point theorem
(see Aliprantis and Border (2013), Pg. 583, Corollary 17.56), which we state below.

Theorem 20 (Brouwer-Schauder-Tychonoff FPT) Let V be a non-empty compact convex subset of a
locally convex Hausdorff space, and let f : V →V be a continuous function. Then the set of fixed points of
f is compact and nonempty.

We apply Theorem 24 with V =P (S ) and f (P)=Gη(P). Recall the Prohorov metric ρ. Since (P (S ),ρ)
is a metric space, it is Hausdorff. Furthermore, it is convex by definition. To show that f is continuous
in the weak topology, it is sufficient to show that Gη is continuous in the weak topology. We show this in
the following lemma, which is the key result in the proof of Theorem 1.

Lemma 9 Suppose that the conditions in Theorem 1 are satisfied. Then the mapping Gη :P (S )→P (S ) is
continuous in the weak topology.

The proof of Lemma 9 will, in turn, require the following theorem.

Theorem 21 (Argmax Continuous Mapping Theorem, Van Der Vaart and Wellner (1996)) Let (Mn )n≥1

andM be stochastic processes indexed by a metric spaceH and defined on some common probability
space (Ω,F ,P). Consider a sequence (ĥn )n≥1, satisfying

Mn (ĥn )≥ sup
h∈H
Mn (h )−αn

where αn =oP(1). Suppose that the following assumptions are fulfilled :
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1. Mn⇝M inL∞(G ) for every compact G ⊆H .

2. The trajectories ofM are almost surely upper semicontinuous and posses a unique maximizer ĥ ,
which is Borel measurable.

3. The sequence (ĥn )n≥1 is uniformly asymptotically tight, i.e. for every ε>0, there is a compact set
Gε⊆H such that

limsup
n→∞

P∗(ĥn /∈Gε)≤ε,

where P∗ denotes the outer probability of P.

Then
ĥn⇝ ĥ in H .

Proof 44 (Proof of Lemma 9) In order to apply Theorem 21 to Lemma 9, we firstly show that the per-

turbation function v is weakly lower semicontinuous onP0(S ). Since ∥Q f −Qg ∥TV=
1

2
∥ f −g ∥L 1(S ), it

is easy to see that v is strongly convex with respect to the total variation norm. Now we show that the
perturbation function v is strongly convex with respect to the Prohorov metric. Fix two probability
measures P,Q∈P (S ) and A ∈B (S ). Let ε := ∥P−Q∥TV. Then

P(A)≤P(A)−Q(A)+Q(A)

≤∥P−Q∥TV+Q(Aε)

=Q(Aε)+ε.

Therefore by the definition of Prohorov metric, we have that ρ(P,Q)≤∥P−Q∥TV for all P,Q∈P (S ). This
along with the fact that v is strongly convex with respect to the total variation norm implies that v is
strongly convex with respect to the Prohorov metric. It then follows from elementary properties of
strongly convex functions that

v (Q̃)≥ v (Q)+
∫

S

∇Gv (Q)d (Q̃−Q)+
L

2
ρ(Q̃,Q)2 (A.1)

for allQ,Q̃∈P0(S ). Now consider a sequence (Qn )n≥1,Q⊂P c
0 (S ) such thatρ(Qn ,Q)→0. Setting Q̃=Qn

for n ≥1 in Equation (A.1) we have

v (Qn )≥ v (Q)+
∫

S

∇Gv (Q)d (Qn −Q)+
L

2
ρ(Qn ,Q)2

for all n ≥1. Since∇Gv (Q)∈C (S ) for allQ∈P c
0 (S ), we have that

liminf
n→∞

v (Qn )≥ v (Q).

This proves that v is weakly lower semicontinuous onP c
0 (S ).

Consider the metric space (P (S ),ρ). Since S is compact, weak convergence of probability measures
and convergence with respect to ρ on the spaceP (S ) are equivalent (see Billingsley (2013), Pg. 73). Let
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O (P (S )) denote the collection of all open sets inP (S ) under ρ. For D >1, let

U(PD (S )) :=

�

ψ :PD (S )→R
�

�

� ψ is weakly upper semicontinuous

�

.

Recall that PD (S ) is a compact subset of P (S ) under the strong topology. Since ρ(P,Q)≤ ∥P−Q∥TV

for all P,Q∈P (S ), it follows that the identity map ι : (PD (S ),∥ · ∥TV)→ (PD (S ),ρ) is continuous. Since
the image of a compact set under a continuous map is also compact, we have thatPD (S ) is compact
under the weak topology. The fact that upper semicontinuous functions on a compact set attains its
maximum implies that U(PD (S ))⊆L∞(PD (S )). We consider the sup-norm topology on U(PD (S )). Let
B (U(PD (S ))) be the Borel sigma algebra on U(PD (S )), that is, the smallest sigma algebra containing all
open subsets of U(PD (S ))with respect to the sup-norm topology. For the rest of the proof, we assume
that U(PD (S )) is endowed with the Borel sigma algebraB (U(PD (S ))), andP (S ) is endowed with the
Borel sigma algebraB (P (S )) generated by open sets ofP (S ) under the weak topology.

Consider a sequence (Pn )n≥1 in P (S ) such that ρ(Pn ,P)→ 0 as n →∞. We need to show that
ρ(Gη(Pn ),Gη(P))→0. Fix a probability space (Ω,F ,λ̂).

For every n ≥1, letMn :Ω→U(PD (S )) and ĥn :Ω→PD (S ) be degenerate random variables, where
Mn is indexed byPD (S ) and is defined asMn (Q)=

∫

S
π(Pn )dQ−ηv (Q) for allQ∈PD (S ), and ĥn =Gη(Pn ).

Similarly, letM :Ω→U(PD (S )) and ĥ :Ω→PD (S ) be degenerate random variables indexed by PD (S )
defined asM(Q) =

∫

S
π(P)dQ−ηv (Q) for allQ∈PD (S ) and ĥ =Gη(P). By our formulation, (Mn )n≥1 and

M are stochastic processes indexed byPD (S ) and are defined on the common probability space (Ω,F ,λ̂).
Moreover, by the definition of Gη(Pn ), we have thatMn (Gη(Pn ))≥ supQ∈PD (S )Mn (Q) for all n ≥ 1. We
proceed to check Conditions (i), (ii), and (iii) in Theorem 21.

Condition (i): Let ε>0. Define the open ball of radius ε aroundQ as Bε(Q) := {P∈P (S ) :ρ(Q,P)<ε}. We
have

|Mn (Q)−M(Q)|=
�

�

�

∫

S

[πx (Pn )−πx (P)]Q(d x )
�

�

�

≤
∫

S

|πx (Pn )−πx (P)|Q(d x ).

Now fix ε>0. Then (Bε(Q))Q∈PD (S ) is an open cover ofPD (S ). Note that since (PD (S ),ρ) is compact, there
exists a Kε ∈N and a finite subcollection {Qε1,...,QεKε} such thatPD (S )⊆∪1≤i≤KεBε(Qεi ). LetQ∈PD (S ).
Let j ∈{1,...,Kε} be such that ρ(Q,Qεj )≤ε.

Putting these observations together, we have

∥Mn −M∥∞= sup
Q∈PD (S )

|Mn (Q)−M(Q)|

≤ max
1≤i≤Kε

∫

S

|πx (Pn )−πx (P)|Qεi (d x )+ε.

By the assumption of the theorem, π is a bounded and weakly continuous map. Therefore by
Dominated Convergence Theorem, we have

∫

S
|πx (Pn )−πx (P)|Qεi (d x )→0 as n→∞ for all 1≤ i ≤Kε.
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So we have

lim
n→∞
∥Mn −M∥∞≤ lim

n→∞
max

1≤i≤Kε

∫

S

|πx (Pn )−πx (P)|Qεi (d x )+ε

→ε.

Since ε is arbitrary,Mn converges uniformly overPD (S ) (and therefore over every compact G ⊆PD (S ))
toM. Since for all Q∈PD (S ),Mn (Q) is degenerate at

∫

S
π(Pn )d (Q)−ηv (Q) for all n ≥ 1, andM(Q) is

degenerate at
∫

S
π(Pn )d (Q)−ηv (Q), this implies thatMn⇝M inL∞(G ) for every compact G ⊆PD (S ).

This verifies Condition (i) of Theorem 21.

Condition (ii): Since the perturbation function v is lower semicontinuous with respect toρ (and appears
with a minus sign inM) and the mappingQ 7→

∫

S
π(P)dQ is continuous with respect to ρ, we have that

M has almost surely upper semicontinuous paths on PD (S ) and a unique maximizer Gη(P) ∈ PD (S ).
This verifies Condition (ii) of Theorem 21 since Range(π)⊆C (S ) and v is admissible.

Condition (iii): Note that the space (PD (S ),ρ) is compact. Therefore, Condition (iii) holds if we choose
Gε=PD (S ) for each ε>0. This verifies Condition (iii) of Theorem 21.

Now, we are ready to complete the proof of Lemma 9. By Theorem 21, we have ĥn⇝ ĥ inP (S ). Since
ĥn is degenerate at Gη(Pn ) for all n ≥1, and ĥ is degenerate at Gη(P), it follows that ρ(Gη(Pn ),Gη(P))→0.
This completes the proof of Lemma 9.

The proof of Theorem 1 is now complete by Theorem 21 and Lemma 9.

A.2 Proof of Theorem 2

Let (ηn )n≥1 be a sequence of positive perturbation parameters such that ηn ↓0. Let P◦n be a sequence
of ηn -perturbed equilibrium for every n ≥1. By compactness ofP (S ) under the weak topology, there
exists a subsequence such that P◦nk

→w P◦. We need to show that P◦ is a Nash equilibrium of the original
game. We prove this by contradiction. Suppose that P◦ is not a Nash equilibrium. Then there exist y ∈S
and x ∈ supp(P◦), disjoint open balls By and Bx , an ε>0, and a large enough Nε such that for all nk ≥Nε,
we have

inf
z∈By

πz (P◦nk
)≥2ε+ sup

z∈Bx

πz (P◦nk
). (A.2)

Weak convergence of P◦nk
ensures the convergence of P◦nk

(Bx ). We show that P∗nk
(Bx ) converges to 0.

First, we establish the result under Condition A1. Set E =Bx , F =By , and gnk
=π(P◦nk

). For nk >Nε, it
follows from (A.2) that infs∈F gnk

(s )> supt ∈E gnk
(t ). Since v satisfies Condition A1, it follows that for all

nk >Nε,

Dṽ ∗ηnk
(π(P◦nk

))(IBy
)≥u (ηnk

)Dṽ ∗ηnk
(π(P◦nk

))(IBx
). (A.3)

By Danskin’s theorem (Héliou et al. (2020), Pg. 13, Proof of Lemma B.1), we have

Dṽ ∗ηnk
(π(P◦nk

))(IBy
) = 〈∇Fṽ ∗ηnk

(π(P◦nk
)),IBy
〉.
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Here, the dual pairing 〈·, ·〉 :L 1(S )×L∞(S )→R is defined as 〈 f ,g 〉 :=
∫

S
f (x )g (x )d x for all f ∈L 1(S )

and all g ∈L∞(S ). Moreover,

〈∇Fṽ ∗ηnk
(π(P◦nk

)),IBy
〉=
∫

S

∇Fṽ ∗ηnk
(π(P◦nk

))(t )IBy
(t )d t

=

∫

By

∇Fṽ ∗ηnk
(π(P◦nk

))(t )d t

=ξ(∇Fṽ ∗ηnk
(π(P◦nk

)))(By )

=P◦nk
(By ).

Combining all these observations, we have Dṽ ∗ηnk
(π(P◦nk

))(IBy
) = P◦nk

(By ). Similarly, we can obtain

Dṽ ∗ηnk
(π(P◦nk

))(IBx
)=P◦nk

(Bx ). Therefore, (A.3) impliesP◦nk
(By )≥u (ηnk

)P◦nk
(Bx ) for nk >Nε. Since u (ηnk

)→
∞ as k→∞, this implies that P◦ηnk

(Bx )→ 0. Moreover, since P◦nk
→w P◦, we have by Portmanteau’s

theorem that P◦(Bx )=0. However, this leads to a contradiction since x ∈ supp(P◦). Therefore P◦must be
a Nash equilibrium of the original game.

Next, we establish the result under Condition A2. Continuing from (A.2), we once again show by

contradiction that P◦nk
(Bx )→0. Suppose that P◦nk

(Bx )→ c , where c >0. This implies that P◦nk
(Bx )≥

c

2
for large k such that nk ≥N ′ (say). Since P◦nk

(Bx ) is bounded away from 0 for sufficiently large k , there

exists a sequence (Ank
)k≥1⊆Bx and a sequence of shifted probability measures (P̃◦nk

)k≥1 where P̃◦nk
is a

shift of P◦nk
from Ank

to By for sufficiently large k . Then by some algebra we have that

∫

Ank
∪By

πz (P◦nk
)P̃◦nk
(d z )≥2ε(P◦nk

(Ank
)−P̃◦nk

(Ank
))+

∫

Ank
∪By

πz (P◦nk
)P◦nk
(d z )

for all nk ≥max{Nε,N ′}. Since ηn ↓0 and v satisfies Condition A2 with respect to the sequence (P◦n )n≥1,
there exists N ′′ such that for all nk ≥N ′′, we have

|vηnk
(P̃◦nk
)−vηnk

(P◦nk
)|= |ηnk

||v (P̃◦nk
)−v (P◦nk

)|

≤ε(P◦nk
(Ank

)−P̃◦nk
(Ank

))

for nk ≥max{Nε,N ′,N ′′}. This in turn implies that

vηnk
(P̃◦nk
)≤ vηnk

(P◦nk
)+ε(P◦nk

(Ank
)−P̃◦nk

(Ank
))

for nk ≥max{Nε,N ′,N ′′}. Note that

∫

S\(Ank
∪By )

πz (P◦nk
)P◦nk
(d z ) =

∫

S\(Ank
∪By )

πz (P◦nk
)P̃◦nk
(d z )

for all k ≥1. Therefore we have that

∫

S

πz (P◦nk
)P̃◦nk
(d z )−ηnk

v (P̃◦nk
)≥ε(P◦nk

(Ank
)−P̃◦nk

(Ank
))+

∫

S

πz (P◦nk
)P◦nk
(d z )−ηnk

v (P◦nk
)
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for large enough k , contradicting the fact that P◦nk
is a ηnk

-perturbed equilibrium for every n ≥ 1.
Therefore P◦nk

(Bx )→0. Since P◦nk
→P◦, we must have that P◦(Bx ) =0, which is a contradiction, since x is

in the support of P◦. Therefore P◦ is a Nash equilibrium of the original game. This concludes the proof
of Theorem 2.

A.3 Tsallis Entropy and Burg Entropy

We show that both the Tsallis(γ) entropy, 0<γ<1 (Example 13), and the Burg entropy (Example 5.3.1)
satisfy Condition A2 with respect to the sequence (P◦nk

)k≥1, where (P◦nk
)k≥1 is as defined in the proof of

Theorem 1. To show this, consider two disjoint subsets E ,F ⊆S with P◦nk
(E )↛0 with infz∈F πz (P◦nk

)>
supw∈E πw (P◦nk

) for sufficiently large k . Since (P◦nk
)k≥1⊆P c

0 (S ), it follows that there exists (Ank
)k≥1⊆E

such that p ◦nk
is bounded away from 0 uniformly of Ank

for sufficiently large k , in which case there

exist a sequence of probability measures (P̃◦nk
)k≥1, where P̃◦nk

is a shift of P◦nk
from Ank

to F for all k ≥1
(Definition 4).

1. Tsallis(γ) entropy satisfies Condition A2: By the definition of shifted probability measures (Defi-
nition 4), for every k ≥1, the probability density function of P̃◦nk

is the same as the density of P◦nk

on the set S \ (Ank
∪F ). Therefore it is enough to bound the difference in entropy on Ank

∪F . Note
that

|v t(P̃◦nk
)−v t(P◦nk

)|=
�

�

�

�

∫

Ank
∪F

p̃ ◦nk
(x )− p̃ ◦nk

(x )γ

γ(1−γ)
d x −
∫

Ank
∪F

p ◦nk
(x )−p ◦nk

(x )γ

γ(1−γ)
d x

�

�

�

�

,

where p̃ ◦nk
and p ◦nk

denote the probability densities of P̃◦nk
and P◦nk

, respectively, for every k ≥1.

By Definition 4, we have that

p̃ ◦nk
(x ) =αnk

p ◦nk
(x ) for all x ∈ F,

where αnk
=1+
P◦nk
(Ank

)−P̃◦nk
(Ank

)

P◦nk
(F )

for all k ≥1. Since αnk
>1 for all k ≥1 and 0<γ<1, we have

that α
γ
nk
−1<αnk

−1 for all k ≥1. Therefore, we have in particular

αγnk
−1<
P◦nk
(Ank

)−P̃◦nk
(Ank

)

P◦nk
(F )

for all k ≥1.

First we bound the difference in the entropy on the ball F . We have

∫

F

�

�

�

p̃ ◦nk
(x )− p̃ ◦nk

(x )γ

γ(1−γ)
−

p ◦nk
(x )−p ◦nk

(x )γ

γ(1−γ)

�

�

�d x

≤
∫

F

�

�

�

p̃ ◦nk
(x )−p ◦nk

(x )

γ(1−γ)

�

�

�d x +
∫

F

�

�

�

p̃ ◦nk
(x )γ−p ◦nk

(x )γ

γ(1−γ)

�

�

�d x

≤
1

γ(1−γ)

�

(αnk
−1)
∫

F
p ◦nk
(x )d x +(αγnk

−1)
∫

S
p ◦nk
(x )γd x

�
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≤
1

γ(1−γ)

�

(P◦nk
(Ank

)−P̃◦nk
(Ank

))+
(P◦nk
(Ank

)−P̃◦nk
(Ank

))

P◦nk
(F )

�

∫

S
p ◦nk
(x )d x

�γ�

≤
(P◦nk
(Ank

)−P̃◦nk
(Ank

))

γ(1−γ)

�

1+
1

P◦nk
(F )

�

.

Note that the second last inequality is due to Jensen’s inequaity since the mapping t 7→ t γ is
concave for 0<γ< 1. We now show that P◦nk

(F ) is bounded away from 0. Since P◦nk
is a Nash

equilibrium for every k ≥1, it follows from Héliou et al. (2020) that

P◦nk
(A) =

�

ηnk

1−γ

�1/(1−γ)∫

A

1

(θnk
−πz (P◦nk

))1/(1−γ)
d z

for all A ∈B (S ), where for every k ≥1, we choose θnk
> ∥π(P◦nk

)∥∞ such that

�

ηnk

1−γ

�1/(1−γ)∫

S

1

(θnk
−πz (P◦nk

))1/(1−γ)
d z =1.

Letting ε→0 in (A.2), we have that

∫

F

1

(θnk
−πz (P◦nk

))1/(1−γ)
d z ≥
∫

E

1

(θnk
−πz (P◦nk

))1/(1−γ)
d z

for all k ≥1. Therefore we have that P◦nk
(F )≥P◦nk

(E ) for all k ≥1. Since P◦nk
(Bx ) is bounded away

from 0, we have that P◦nk
(F ) is also bounded away from 0. That is, there exists c > 0 such that

P◦nk
(F )≥ c for all k ≥1. Therefore in particular we have

∫

F

�

�

�

p̃ ◦nk
(x )− p̃ ◦nk

(x )γ

γ(1−γ)
−

p ◦nk
(x )−p ◦nk

(x )γ

γ(1−γ)

�

�

�d x ≤
(c +1)(P◦nk

(Ank
)−P̃◦nk

(Ank
))

c γ(1−γ)
.

Now, it follows that

∫

Ank

�

�

�

p̃ ◦nk
(x )− p̃ ◦nk

(x )γ

γ(1−γ)
−

p ◦nk
(x )−p ◦nk

(x )γ

γ(1−γ)

�

�

�d x ≤
1

γ(1−γ)

�

P◦nk
(Ank

)−P̃◦nk
(Ank

)

+

∫

Ank

|p ◦nk
(x )γ− p̃ ◦nk

(x )γ|d t

�

.

It now follows that there exists a constant c̃ >0 such that for sufficiently large k , we have p ◦nk
(x )≥

c̃ for all x ∈Ank
. Therefore, for sufficiently large k we have that the mapping t 7→ t γ is Lipschitz

on Ank
, in which case we have that

∫

Ank

|p ◦nk
(x )γ− p̃ ◦nk

(x )γ|d t ≤
γ

c̃ 1−γ (P
◦
nk
(Ank

)−P̃◦nk
(Ank

))
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for sufficiently large k . Therefore in particular we have that

∫

Ank

�

�

�

p̃ ◦nk
(x )− p̃ ◦nk

(x )γ

γ(1−γ)
−

p ◦nk
(x )−p ◦nk

(x )γ

γ(1−γ)

�

�

�d x ≤

�

1+
γ

c̃ 1−γ

�

(P◦nk
(Ank

)−P̃◦nk
(Ank

))

γ(1−γ)
.

Finally, for sufficiently large k , we have that

|v t
η(P̃
◦
nk
)−v t

η(P
◦
nk
)| ≤
η
�

2c +
γ

c̃ 1−γ +1
�

(P◦nk
(Ank

)−P̃◦nk
(Ank

))

c γ(1−γ)
.

Since E ,F ⊆S are arbitrary, it follows that Tsallis entropy satisfies Condition A2.

2. Burg entropy satisfies Condition A2: As in the previous case, we have that the densities of P◦nk

and P̃◦nk
remain unchanged on S \ (Ank

∪F ) for every k ≥1. Therefore it is enough to bound the
difference in entropy on Ank

∪F . Note that,

|v b(P̃◦nk
)−v b(P◦nk

)|=
�

�

�

�

∫

Ank
∪F

logp̃ ◦nk
(x )d x −
∫

Ank
∪F

logp ◦nk
(x )d x

�

�

�

�

.

Observe that
p̃ ◦nk
(x ) =αnk

p ◦nk
(x ) for all x ∈ F,

where αnk
= 1+
P◦nk
(Ank

)−P̃◦nk
(Ank

)

P◦nk
(F )

for all k ≥ 1. Since log(1+ x )< x for all x > 0, we have that

logαnk
<
P◦nk
(Ank

)−P̃◦nk
(Ank

)

P◦nk
(F )

for all k ≥1. Therefore, we have

∫

F

|logp̃ ◦nk
(x )− logp ◦nk

(x )|d x =

∫

F

|logαnk
p ◦nk
(x )− logp ◦nk

(x )|d x

=

∫

F

|logαnk
|d x

=

∫

F

�

�

�

�

log

�

1+
P◦nk
(Ank

)−P̃◦nk
(Ank

)

P◦nk
(F )

��

�

�

�

d x

≤
λ(F )
P◦nk
(F )
(P◦nk
(Ank

)−P̃◦nk
(Ank

)).

Since P◦nk
(E ) is bounded away from 0 for sufficiently large k , we have by similar arguments that

P◦nk
(F ) is bounded away from 0 for sufficiently large k . In other words, P◦nk

(F )≥ c for sufficiently
large k . Therefore we have

∫

F

|logp̃ ◦nk
(x )− logp ◦nk

(x )|d x ≤
λ(F )

c
(P◦nk

Ank
)−P̃◦nk

(Ank
))

for sufficiently large k . By similar arguments, as in the case of Tsallis entropy, there exists c̄ >0
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such that that p ◦nk
(x )≥ c̄ for all t ∈Ank

for sufficiently large k . Therefore, for sufficiently large k ,
the mapping t 7→ logt is Lipschitz of Ank

. This implies that

∫

Ank

|logp̃ ◦nk
(x )− logp ◦nk

(x )| ≤
1

c̄
(P◦nk
(Ank

)−P̃◦nk
(Ank

))

for sufficiently large k . So we have

|v b
η (P̃
◦
nk
)−v b

η (P
◦
nk
)| ≤η
�

λ(F )
c
+

1

c̄

�

(P◦nk
(Ank

)−P̃◦nk
(Ank

))

for sufficiently large k . Since E ,F ⊆S are arbitrary, it follows that Burg entropy satisfies Condition
A2.

A.4 Appendix to Section 2.4

Proof of Lemma 1

Recall the definitions ofL 1,1
+ (S ) in (2.1) andL 1,1

+,D (S ) in (2.15). Let ξ be the bijective map ξ :L 1,1
+ (S )→

P0(S ) defined by ξ( f )=Q f , whereQ f is as defined immediately following (2.1). Note that the restriction

of ξ toL 1,1
+,D (S ) is a bijection betweenL 1,1

+,D (S ) andPD (S ) as defined in (2.14).
Without loss of generality, it is enough to prove the lemma for η= 1. Let π :P (S )→L∞(S ) and

let∇Fṽ ∗(g )∈L 1,1
+,D (S ) for all g ∈L∞(S ). We show that∆D is forward invariant under the generalized

dynamic, that is, G1(P)∈PD (S ) for all P∈PD (S ). Since L 1(S )∗ ∼=L∞(S ) (see Rudin (2006), Pg. 127,
Theorem 6.16), we have ṽ ∗(g )=sup f ∈L 1(S )

�

〈 f ,g 〉− ṽ ( f )
�

for all g ∈L∞(S ), where 〈 f ,g 〉 :=
∫

S
f (x )g (x )d x .

Since ṽ is closed and L-strong convex, we have for all g ∈L∞(S ) (see Héliou et al. (2020), Pg. 13, Proof
of Lemma B1),

∇Fṽ ∗(g ) =arg max
f ∈L 1(S )

�

〈 f ,g 〉− ṽ ( f )
�

. (A.4)

Since ṽ ( f ) =∞ for all f ∈L 1(S )\L 1,1
+ (S )we have

arg max
f ∈L 1(S )

�

〈 f ,g 〉− ṽ ( f )
�

=arg max
f ∈L 1,1

+ (S )

�

〈 f ,g 〉− ṽ ( f )
�

. (A.5)

Therefore,

arg max
f ∈L 1(S )

�

〈 f ,g 〉− ṽ ( f )
�

=arg max
f ∈L 1,1

+ (S )

�

〈 f ,g 〉− ṽ ( f )
�

=arg max
f ∈L 1,1

+ (S )

�

∫

S

f (x )g (x )dx − ṽ ( f )
�

=arg max
f ∈L 1,1

+ (S )

�

∫

S

g (x ) f (x )dx − ṽ ( f )
�

=arg max
f ∈L 1,1

+ (S )

�

∫

S

g dQ f −v (Q f )
�

.
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This implies

ξ
�

arg max
f ∈L 1,1

+ (S )

�

〈 f ,g 〉− ṽ ( f )
�

�

=arg max
Q f ∈P0(S )

�

∫

S

g dQ f −v (Q f )
�

. (A.6)

By the assumption of the lemma,∇Fṽ ∗(g )∈L 1,1
+,D (S ) for all g ∈L∞(S ). Fix P∈PD (S ). Taking g =π(P)

and using (A.6) we have

G1(P) =arg max
Qg∈P0(S )

�

∫

S

π(P)dQg −v (Qg )
�

=ξ
�

arg max
f ∈L 1,1

+ (S )

�

〈 f ,π(P)〉− ṽ ( f )
�

�

=ξ(∇Fṽ ∗(π(P)))∈PD (S ).

This concludes our proof.

Proof of Theorem 3

We use the generalized Picard-Lindelöf Theorem to prove Theorem 3.

Theorem 22 (The Generalized Picard-Lindelöf Theorem, Zeidler (1986), Pg. 79) Consider the initial
value problem

x ′(t ) = f (t , x (t )); x (t0) = y0

Let Y be a Banach space and let f :R×Y →Y be a mapping with the following properties:

1. f is continuous on R×Y and locally Lipschitz continuous with respect to Y ; i.e for every (t0, y0)∈
R×Y there exists real numbers a ,b >0 and L ≥0 such that

∥ f (t , x )− f (t , y )∥≤ L∥x − y ∥,

for all t ∈R, x , y ∈Y with |t − t0| ≤a , ∥x − y0∥≤ b , and ∥y − y0∥≤ b .

2. There exists a constant K >0 such that ∥ f (t , x (t ))∥≤K for all t for which x (·) is a solution to the
above initial value problem exists.

Then the above initial value problem has exactly one continuously differentiable solution x (·) on R for
each initial value y0 ∈Y .

By Theorem 26 it is enough to show that the mapping P 7→Gη(P) is Lipschitz with respect to the total
variation norm. We show this in the following lemma.

Lemma 10 The mapping P 7→Gη(P)−P is Lipschitz continuous with respect to the total variation norm.

Proof 45 By Definition 6, we need to show that

||Gη(P)−Gη(P̃)||TV≤ ||P− ħP||TV (A.7)
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for all P,P̃∈P (S ). Consider the mapping ξ : (L 1,1
+ (S ),∥ .∥L 1(S ))→ (P0(S ),∥ .∥TV). We show that ξ is 1-

Lipschitz. For f ,g ∈L 1,1
+ (S ), we have

∥ξ( f )−ξ(g )∥TV= ∥Q f −Qg ∥TV

=
1

2

∫

S

| f (x )−g (x )|d x

≤∥ f −g ∥L 1(S ).

We complete the proof in two steps: first we prove that the mapping P 7→Gη(P) is Lipschitz with
respect to the total variation norm, and second, we use this to prove the same for P 7→Gη(P)−P. Since
π is β-Lipschitz, we have ∥π(P)−π(P̃)∥∞ ≤ β∥P− P̃∥TV for all P,P̃ ∈P (S ). Let ṽη( f ) := ηṽ ( f ) for all
f ∈L 1(S ). Since ṽ is closed and strongly convex, ηṽ is closed and ηL-strongly convex. Therefore,

∥∇Fṽ ∗η(g )−∇
Fṽ ∗η(g̃ )∥∞≤

1

ηL
∥g − g̃ ∥∞ for all g , g̃ ∈L∞(S ) (see Hiriart-Urruty and Lemaréchal (2004),

Pg. 240 Theorem 4.2.1). Therefore it follows from Lemma 1 that

∥Gη(P)−Gη(P̃)∥TV= ∥ξ(∇Fṽ ∗η(π(P)))−ξ(∇
Fṽ ∗η(π(P̃)))∥TV

≤∥∇Fṽ ∗η(π(P))−∇
Fṽ ∗η(π(P̃))∥L 1(S )

≤
1

ηL
∥π(P)−π(P̃)∥∞

≤
β

ηL
∥P−P̃∥TV.

Finally,

∥(Gη(P)−P)− (Gη(P̃)−P̃)∥TV≤∥Gη(P)−Gη(P̃)∥TV+∥P−P̃∥TV

≤
�

β

ηL
+1

�

∥P−P̃∥TV.

This completes the proof of Lemma 10.

The proof of Lemma 10 establishes one part of Theorem 3, the existence of a unique solution from
every initial state. To prove the continuity of the semiflow (Definition 7) of the dynamic, we apply
Gronwall’s Lemma which we state below.

Lemma 11 (Zeidler (1986), Pg. 82, Proposition 3.10) Let u ,v : [t0−a ,t0+a ]→V be maps into the sub-
space V of a Banach space Y . Suppose f : [t0−a ,t0+a ]×V →Y is continuous and Lipschitz continuous
with respect to u, i.e.,

∥ f (t ,u )− f (t ,v )∥≤ L∥u−v ∥ for all t ∈ [t0−a ,t0+a ] and u ,v ∈V and fixed L >0.

Then ∥u (t )−v (t )∥≤ e L |t−t0|∥u (0)−v (0)∥ for all t ∈ [t0−a ,t0+a ].

We apply Lemma 29 with Y =M (S ),V =P (S ) and f =Gη. By Lemma 10, the conditions of Lemma
29 are satisfied. Therefore, there exists k >0 such that for any two solutions (Pt )t≥0 and (Qt )t≥0 to the
Generalized Dynamic with initial conditions P0 andQ0, respectively, we have ∥Pt −Qt ∥TV≤ e k t ∥P0−
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Q0∥TV. This establishes continuity of the semiflow of the Generalized Dynamic. This concludes the
proof of Theorem 3.

A.5 Appendix to Section 6.4

We first prove Lemma 2. For that, we require another lemma.

Lemma 12 Suppose Φ :M (S )→R is the perturbed expected payoff in a population game π. That is
Φ(µ) =
∫

S
π(P)dµ− v (µ) where v satisfies the properties as stated before. Then there exists a unique

maximizer µ̂ such that

dv (µ̂)(ν) =

∫

S

π(P)dν.

Proof 46 The fact v is strongly convex and lower semicontinuous imply that there exists an unique
maximizer of Φ, say µ̂. Then,

0=dΦ(µ̂)(ν)

= lim
ε→0

Φ(µ̂+εν)−Φ(µ̂)
ε

= lim
ε→0

ε
∫

S
π(P)dν−v (µ̂+εν)+v (µ̂)

ε

=

∫

S

π(P)dν−dv (µ̂)ν.

Therefore we must have dv (µ̂)(ν) =
∫

S
π(P)dν.

Proof 47 (Proof of Lemma 2) We need to show that
∫

S
π̃x (P)Ṗ(d x )≥0 for all P∈P0(S ). In other words,

we need to show that
∫

S
π̃x (P)(Gη(P)−P)(d x )≥0. By Lemma 12 we have

∫

S
π(P)dP=
∫

S
∇Gvη(Gη(P))dP

for all P∈P0(S ). This yields

∫

S

π̃x (P)(Gη(P)−P)(d x ) =

∫

S

[∇Gvη(Gη(P))−∇Gvη(P)]d (Gη(P)−P).

Since vη is strongly convex (and hence convex), it follows (see Rockafellar (1970), Pg. 242, Theorem

25.1) that vη(Q̃)≥ vη(Q)+
∫

S
∇Gvη(Q)d (Q̃−Q) for all Q̃,Q ∈P (S ). Setting Q̃=Gη(P) and Q= P, and

interchanging the roles of Q̃ andQ, we obtain

∫

S

[∇Gvη(Gη(P))−∇Gvη(P)]d (Gη(P)−P)≥0. (A.8)

It remains to show that equality holds in (A.8) only if Gη(P) =P, (i.e, Ṗ=0). We first show that

dvη(P)µ=
∫

S

Θ′◦p (x )µ(d x ) (A.9)
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for all P∈P0(S ) and all µ∈M0(S ). Fix P∈P0(S ) and µ∈M0(S )with density functions p and µ0 respec-
tively. Since the perturbation function satisfies (2.17), it follows that for every ε>0

vη(P+εµ) =
∫

S

Θ◦ (p +µ0)(x )d x =

∫

S

Θ◦p (x )d x +εµ0(x )Θ
′◦p (x )d x +o(ε2). (A.10)

Therefore (A.9) follows that Equation (A.10) and the notion of the Gateaux derivative. It now follows that
∇Gvη(P) =Θ′◦p for all P∈P0(S ).

We now proceed to prove part (i) of Lemma 2. Let pη denote the density function ofGη(P) . Therefore,
by Equation (A.9), we have∇Gvη(Gη(P))(x ) =Θ′ ◦pη(x ) and∇Gvη(P)(x ) =Θ′ ◦p (x ) for all x ∈S . This in
particular means that

∫

S

[∇Gvη(Gη(P))−∇Gvη(P)]d (Gη(P)−P) =
∫

S

(Θ′◦pη(x )−Θ′◦p (x ))(pη(x )−p (x ))d x . (A.11)

By assumption of part (i) the lemma, Θ is either strictly increasing or strictly decreasing on [0,∞).
Therefore the integrand in the RHS Equation (A.11) is either non negative or non positive for all x ∈S .
This implies that equality holds in Equation (A.11) if and only if pη(x )=p (x ) for all x ∈S . This proves
part (i) of Lemmma 2.

We now prove part (ii) of Lemma 2. It follows from Lemma 1 that for every η>0, Gη(P)∈PDη (S ) for

every P∈P (S ). This in particular means that D −1
η ≤pη(x )≤Dη for all x ∈S . By assumption of part (ii) of

the lemma, there exists 0≤α<1<β such that Θ is either strictly increasing or strictly decreasing on
[α,β ].

Let η>0 be such that [D −1
η ,Dη]⊂ [α,β ]. It then follows that

(Θ′◦pη(x )−Θ′◦p (x ))(pη(x )−p (x ))

is either non negative or non positive for all x ∈S and all P∈PDη (S ) according as Θ is strictly increasing
or decreasing on [α,β ]. This implies that

∫

S

[∇Gvη(Gη(P))−∇Gvη(P)]d (Gη(P)−P) =
∫

S

(Θ′◦pη(x )−Θ′◦p (x ))(pη(x )−p (x ))d x (A.12)

is either non negative or non positive according as Θ is strictly increasing or decreasing on [α,β ], with
equality if and only if pη(x ) =p (x ) for all x ∈S . This proves part (ii) of Lemma 2.

This concludes the proof of Lemma 2.

Proof 48 (Proof of Theorem 4) Let {Pt }t≥0 be the solution trajectory with initial condition P0 ∈PD (S ).
We have already shown thatPD (S ) is forward invariant under the generalized dynamic. This implies
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that Pt ∈PD (S ) for all t >0 whenever P0 ∈PD (S ). Note that

˙̃ϕ(P) = ϕ̇(P)− v̇η(P)

=Dϕ(P)Ṗ−dvη(P)Ṗ

= 〈∇Gϕ(P),Ṗ〉−〈∇Gvη(P),Ṗ〉

= 〈π(P),Ṗ〉−〈∇Gvη(P),Ṗ〉

=

∫

S

π(P)dṖ−
∫

S

∇Gvη(P)dṖ

=

∫

S

[π(P)−∇Gvη(P)]dṖ

=

∫

S

π̃(P)dṖ≥0.

The last inequality follows from Lemma 2. Hence Λ(Pt ) increases strictly whenever P0 is not the rest
point of the generalized dynamic.

We know that the spacePD (S ) is compact with respect to the strong (total variation) topology. The
fact that the vector field in the generalized dynamic is Lipschitz, a continuous and unique solution exists
starting from P0 ∈PD (S ). Form standard results of dynamical systems theory (see Bhatia and Szegö
(2006), Pg. 117, Theorem 2.2.9) it follows that the ω-limit set of the trajectory {Pt }t≥0 is non-empty
compact and connected in the strong topology. Moreover this set is contained in the set consisting of
the rest points of the dynamic. Hence any element in theω-limit set is a rest point of the generalized
dynamic and hence a generalized equilibrium. Also since the entropy adjusted potential function is
increasing along every solution trajectory, any point in theω-limit set will be a maximizer of the function.
This concludes the proof of Theorem 4.

A.6 Appendix to Section 6.5

Proof 49 (Proof of Lemma 3) We prove the lemma along the lines of Lahkar and Riedel (2015). Since
the generalized dynamic is forward invariant onPD (S ), it suffices to prove uniqueness onPD (S ). Fix
P∈PD (S ) and consider the virtual payoff

π̃(P) =π(P)−∇Gvη(P)

for every P∈P (S ). Then for every µ∈M0(S ) and t ∈R, such that P+ tµ∈PD (S ), define

ϱ(P,µ,t ) :=

∫

S

π̃(P+ tµ)µ(d x ).

We now compute the Gâteaux derivative of ϱ(P,µ,.)with respect to t . By similar arguments as in Lahkar
and Riedel (2015), we obtain

∂ ϱ(P,µ,t )
∂ t

=

∫

S

dπ̃x (P+ tµ)µ(d x ).
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We now compute integrand on the right hand side of the above equation. Note that by definition of π̃,
we have

(dπ̃(P+ tµ)µ)(x ) = (dπ(P+ tµ)µ)(x )−d∇Gvη(P+ tµ)µ(x ).

Therefore integrating both sides of the above equation we have,

∫

S

dπ̃x (P+ tµ)µ(d x ) =

∫

S

dπx (P+ tµ)µ(d x )−
∫

S

d∇Gvη(P+ tµ)µ(d x ).

Since π is a Fréchet differentiable, the Gâteaux derivative of π coincides with the Fréchet derivative of π.
Also since negative semidefinite game, we have

∫

S

dπx (P+ tµ)µ(d x ) =

∫

S

Dπx (P+ tµ)µ(d x )≤0.

By assumptions of the lemma, we have

∫

S

d∇Gvη(P+εµ)µ(d x )≥0.

This in turn implies that
∂ ϱ(P,µ,t )
∂ t

<0.

The proof now follows along the lines of Lahkar and Riedel (2015). This completes the proof of Theorem
3.

Proof 50 (Proof of Theorem 5) We first define some notations which we require in the proof. Let

Λ1
D (P) :=
∫

S

πx (P)Gη(P)(d x ), Λ2
D (P) := vη(Gη(P)), Λ3

D (P) :=
∫

S

πx (P)P(d x ) and Λ4
D (P) := vη(P) for all

P∈P0(S ). Since Gâtaeux derivative is linear, it is enough to compute the Gâtaeux derivative of Λi
D (P) for

i =1,...,4 separately. Differentiating Λ1
D we have

DΛ1
D (P)Ṗ=
∫

S

Dπ(P)Ṗ(x )Gη(P)(d x )+

∫

S

πx (P)Ġη(P)(d x )

= 〈Dπ(P)Ṗ,Gη(P)〉+〈π(P),Ġη(P)〉.

Since the perturbation function v is Gâteaux differentiable, we have

dΛ2
D (P)Ṗ=dvη(Gη(P))Ġη(P)

= 〈∇Gvη(Gη(P)),Ġη(P)〉.

Now, differentiating Λ3
D we have

DΛ3
D (P)Ṗ=
∫

S

πx (P)ṖP(d x )+

∫

S

πx (P)Ṗ(d x )

= 〈Dπ(P)Ṗ,P〉+〈π(P),Ṗ〉.
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Finally differentiating we have Λ4
D we have

dΛ4
D (P)Ṗ=dvη(P)Ṗ

= 〈∇Gvη(P),Ṗ〉.

Combining all the observations from above we have

Λ̇D (P) = 〈Dπ(P)Ṗ,Gη(P)〉+〈π(P),Ġη(P)〉−〈∇Gvη(Gη(P)),Ġη(P)〉

−〈Dπ(P)Ṗ,P〉−〈π(P),Ṗ〉+〈∇Gvη(P),Ṗ〉.

= 〈Dπ(P)Ṗ,Gη(P)−P〉+〈π(P),Ġη(P)−Ṗ〉+〈∇Gvη(P),Ṗ〉−〈∇Gvη(Gη(P)),Ġη(P)〉.

Sinceπ is a negative semidefinite game and Ṗ=Gη(P)−P∈M0(S ), we have from the definition of negative
semidefinite game that the first term in the RHS on the above equation, namely 〈Dπ(P)Ṗ,Gη(P)−P〉≤0.
Using this inequality in the RHS of the above expression and rearranging the terms we have

Λ̇D (P)≤〈π(P)−∇Gvη(Gη(P)),Ġη(P)〉−〈π(P)−∇Gvη(P),Ṗ〉.

Observe that the first term on the right is 0 due to Lemma 12 and the second term on the right is non
negative due to Lemma 2. Therefore Λ̇D (P)≤0 along every solution which originated inPD (S). This in
particular means the Lyapunov function as defined in (2.22) decrease along every solution trajectory
which originates inPD (S ). SincePD (S ) is compact under the strong topology and Λ̇D (P)≤0 with equality
only from the rest points, it follows from standard results of dynamical systems theory (Bhatia and
Szegö (2006), Pg. 117, Theorem 2.2.9) implies thatω-limit of every solution trajectory satisfies Λ̇D (P)=0,
which is the set of all rest points of the GPBR dynamic. In particular, we have from Lemma 3 every non
stationary solution originating inPD (S ) converges to the unique generalized perturbed equilibrium.

A.7 Appendix to Section 2.7

In this Appendix we calculate the value of the constants θ t
η in (2.12) and θ b

η in (2.13) in the following
manner.

Tsallis Entropy

Recall from (2.12) that for Tsallis(γ) entropy, the generalized perturbed best response is

Gη(P)(A) =
�

η

1−γ

�1/(1−γ)∫

A

dx

(θ t
η−πx (P))1/(1−γ)

,

where θ t
η is such that the integral if the above density is 1. Here we have taken γ=0.5. Therefore the

generalized best response becomes

Gη(P)(A) =4η2

∫

A

dx

(θ t
η−πx (P))2

.
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Since we are looking at the Cournot competition model (2.23), we have πx (P)= (1−α)x −0.2x , where
α=A(P) is the aggregate output at P or, equivalently, the mean of the distribution P. Therefore,

Gη(P)(A) =
∫

A

4η2dx

(θ t
η− (1−α)x +0.2x )2

, (A.13)

where θ t
η is such that the integral of the above density is 1. After computing the above integral we see

that the value of θ t
η for which the integral in (A.13) is 1 is given by

θ t
η=
(0.8−α)+
p

(0.8−α)2+16η2

2
.

Burg Entropy

Similarly, for the Burg entropy, we have from (2.13) that the perturbed best response is

Gη(P)(A) =η
∫

A

dx

(θ b
η −πx (P))

,

where θ b
η is such that the integral of the above density is 1. For the Cournot competition model (2.23),

the generalized perturbed best response becomes

Gη(P)(A) =
∫

A

ηdx

(θ b
η − (1−α)x +0.2x )

. (A.14)

Similar to the Tsallis entropy, the value of θ b
η for which the integral in (A.14) is 1 is

θ b
η =
(0.8−α)exp
�

0.8−α
η

�

exp
�

0.8−α
η

�

−1
.
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B.1 Proof of Proposition 2

To keep the notations simple, we shall, without of loss of generality, fix η to be equal to 1. Now fix
A ∈B (S ). We then observe that,

|µ[t ](A)−µn [t ](A)|=
�

�

�

�

t
∫

0

µ̇[s ](A)ds −

t
∫

0

µ̇n [s ](A)d s

�

�

�

�

≤
�

�

�

�

t
∫

0

L[µ(s )](A)ds −

t
∫

0

Ln [µn (s )](A)d s

�

�

�

�

+

�

�

�

�

∫ t

0

µ[s ](A)−µn [s ](A)

�

�

�

�

d s

≤
�

�

�

�

t
∫

0

L[µ(s )](A)d s −

t
∫

0

L[µn (s )](A)d s

�

�

�

�

+

�

�

�

�

∫ t

0

µ[s ](A)−µn [s ](A)

�

�

�

�

d s

+

�

�

�

�

t
∫

0

L(µn (s ))(A)ds −

t
∫

0

Ln (µn (s ))(A)d s

�

�

�

�

≤

t
∫

0

(∥L(µ(s ))−L(µn (s ))∥TV+∥µ(s )−µn (s )∥TV)
︸ ︷︷ ︸

=:T n
1 (s )

d s

+

t
∫

0

∫

A

�

�

�

�

exp(ϕx (µn (s )))
∫

S exp(ϕy (µn (s )))d y
−

exp(ϕn
x (µ

n (s )))
∫

S exp(ϕn
y (µn (s )))d y

�

�

�

�

︸ ︷︷ ︸

=:T n
2 (s ,x )

d x d s

It follows from Lahkar and Riedel (2015) that there exists κ>0 such that

T n
1 (s ) := ∥L(µ(s ))−L(µ

n (s ))∥TV+∥µ(s )−µn (s )∥TV

≤ (1+κ)∥µ(s )−µn (s )∥TV, (B.1)

for all s ≥0. We now state and prove a lemma which provides an appropriate upper bound on the second
term T n

2 (s , x ) in order for us to apply Grönwall’s lemma in the subsequent stages of the proof.

Lemma 13 Fix n ≥1. Then for every x ∈S and every s ≥0, it holds that:

T n
2 (s , x )≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞). (B.2)

Proof 51 Fix x ∈S . Since the two-player games ( fn )n≥1 and f are bounded below by definition, it then
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follows from the definition of T n
2 (s , x ) that,

T n
2 (s , x ) =

�

�

�

�

∫

S
exp(ϕx (µn (s )))exp(ϕn

y (µ
n (s )))d y −
∫

S
exp(ϕn

x (µ
n (s )))exp(ϕy (µn (s )))d y

�

∫

S
exp(ϕy (µn (s )))d y

��

∫

S
exp(ϕn

y (µn (s )))d y
�

�

�

�

�

≤exp(∥ fn∥∞+∥ f ∥∞)
�

�

�

�

∫

S

exp(ϕx (µ
n (s )))exp(ϕn

y (µ
n (s )))d y −
∫

S

exp(ϕn
x (µ

n (s )))exp(ϕy (µ
n (s )))d y

�

�

�

�

=exp(∥ fn∥∞+∥ f ∥∞)
�

�

�

�

∫

S

exp[ϕx (µ
n (s ))+ϕn

y (µ
n (s ))]d y −
∫

S

exp[ϕn
x (µ

n (s ))+ϕy (µ
n (s ))]d y

�

�

�

�

≤exp(∥ fn∥∞+∥ f ∥∞)
�

∫

S

|exp[ϕx (µ
n (s ))+ϕn

y (µ
n (s ))]−exp[ϕn

x (µ
n (s ))+ϕn

y (µ
n (s ))]|

︸ ︷︷ ︸

=:T n
21 (s ,x )

d y

+

∫

S

|exp[ϕn
x (µ

n (s ))+ϕn
y (µ

n (s ))]−exp[ϕn
x (µ

n (s ))+ϕy (µ
n (s ))]|

︸ ︷︷ ︸

=:T n
22 (s ,x )

d y
�

.

The first inequality in the above string of inequalities occurs since the payoff functions ( fn )n≥1 and
f are bounded below by (−∥ fn∥∞)n≥1 and −∥ f ∥∞, in which case the integrals

∫

S
exp(ϕy (µn (s )))dy

and
∫

S
exp(ϕn

y (µ
n (s )))dy are bounded below by exp(−∥ fn∥∞)n≥1 and exp(−∥ f ∥∞). Now we bound the

terms T n
21(s , x ) and T n

22(s , x ) separately. For any two bounded functions g1,g2 :S →R, it follows by an
application of mean-value theorem that

|exp(g1(x ))−exp(g2(x ))| ≤exp(∥g1∥∞∨∥g2∥∞)|g1(x )−g2(x )|, for all x ∈S . (B.3)

Therefore by an application of (B.3), we have for all s ≥0, and x ∈S , that

T n
21(s , x ) =

∫

S
|exp(ϕn

y (µ
n (s )))||exp(ϕx (µ

n (s )))−exp(ϕn
x (µ

n (s )))|d y

≤exp∥ fn∥∞exp(∥ f ∥∞∨∥ fn∥∞)
∫

S
|ϕx (µ

n (s ))−ϕn
x (µ

n (s ))|d y

≤exp(∥ fn∥∞+∥ f ∥∞∨∥ fn∥∞)∥ f − fn∥∞

≤exp(2∥ f ∥∞∨∥ fn∥∞)∥ f − fn∥∞.

Proceeding similarly as above we observe that

T n
22(s , x )≤exp(2∥ f ∥∞∨∥ fn∥∞)∥ f − fn∥∞, for all x ∈S .

Combining the above inequalities we have,

T n
2 (s , x )≤exp(∥ fn∥∞+∥ f ∥∞)

�

T n
21(s , x )+T n

22(s , x )
�

≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞),

for all x ∈S . This completes the proof of Lemma 13.
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We now proceed with the proof of the proposition. Using Lemma 13 in conjunction with (B.1), we now
arrive at

|µ[t ](A)−µn [t ](A)| ≤
∫ t

0

T n
1 (s )d s +

∫ t

0

T n
2 (s , x )d s

≤ (1+κ)
∫ t

0

∥µ(s )−µn (s )∥TVd s +2

∫ t

0

∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)d s

≤ (κ+3)

∫ t

0

�

∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)+∥µ(s )−µn (s )∥TV

�

d s .

Taking supremum over all A ∈B (S ), we have

∥µ(t )−µn (t )∥TV≤2(κ+3)

∫ t

0

�

exp(4∥ f ∥∞∨∥ fn∥∞)∥ fn − f ∥∞+∥µ(s )−µn (s )∥TV

�

d s . (B.4)

We now define a mapping Λn : [0,T ]→R such that

Λn (t ) := ∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)+∥µ(t )−µn (t )∥TV, for all 0≤ t ≤T .

From the above inequality (B.4), it then follows that

Λn (t )≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)+2(κ+3)

∫ t

0

Λn (s )d s , for all 0≤ t ≤T .

As a result, by Grönwall’s inequality, we have for all 0≤ t ≤T that

Λn (t )≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)×exp(2t κ+6t )

≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)×exp(2T κ+6T ).

Since fn→ f uniformly, ∥ fn∥∞ is uniformly bounded, in which case it follows using the definition of Λn

that

sup
0≤t≤T
∥µ(t )−µn (t )∥TV≤2∥ fn − f ∥∞exp(4∥ f ∥∞∨∥ fn∥∞)×exp(2(κ+3)T −1)→0, as n→∞.

This completes the proof of Proposition 2.

B.2 Proof of Proposition 3

As in the proof of Proposition 2, we assume without loss of generality that η is equal to 1. We begin
the proof of the proposition along the lines of Benaïm and Weibull (2003). To get rid of cumbersome
notations in the proof, we shall, for every n ≥1, denote the vector fieldP (S )∋µ 7→Ln (µ)−µ∈M0(S )
by µ 7→Ln

vect(µ) for all µ∈P (S ). For N ,n ≥1, consider the stochastic evolutionary process (XN
n (k ))k≥1

as defined in (3.16). We also use the notation δN to denote the quantity 1/N for every N ≥1. Now, let
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U N
n : [0,∞)→M (S ) be a mapping defined as

U N
n (kδN ) =

1

δN
[XN

n ((k +1)δN )−XN
n (kδN )]−Ln

vect(X
N
n (kδN )), for all k ≥1. (B.5)

We now define the continuous time process asU N
n (t ) :=U

N
n (kδN ) for all kδN ≤ t < (k +1)δN . For

k ≥1, letFk denote the σ-algebra generated by {XN
n (0),...,XN

n (kδN )}. To proceed with the proof, we
also require the following notation. Let X̄N

n (t ) :=X
N
n (kδN ), for all kδN ≤ t < (k+1)δN , be the step process

corresponding to (XN
n (k ))k≥1. It now follows that

bXN
n (t )−µ

n
0 =

t
∫

0

[L n
vect(X̄

N
n (s ))+U

N
n (s )]d s

=

t
∫

0

[L n
vect(bX

N
n (s ))+L

n
vect(X̄

N
n (s ))−L

n
vect(bX

N
n (s ))+U

N
n (s )]d s .

We now make the following important observations about the smoothing operator sn before we proceed
with the proof of the proof of Proposition 3. Firstly, we note that the smoothing operator is linear in
its arguments. Secondly, we can extend the domain of definition of the smoothing operator in such a
way so that it acts as an identity operator on the subset of probability measures which already admits a
probability density function. Thus, by definition of the smoothing map sn (Definition 12), it follows that

sn (bXN
n (t ))−sn (µ

N
pn ) =

t
∫

0

[Ln
vect(bX

N
n (s ))+L

n
vect(X̄

N
n (s ))−L

n
vect(bX

N
n (s ))+sn (U N

n (s ))]d s .

Also since we have µn (t )−µn
0 =
∫ t

0
Ln

vect(µ
n (s ))d s , we have that

∥sn (bXN
n (t ))−µ

n (t )∥TV≤
∫ t

0

∥Ln
vect(bX

N
n (s ))−L

n
vect(µ

n (s ))∥TVd s

∫ t

0

∥Ln
vect(X̄

N
n (s ))−L

n
vect(bX

N
n (s ))∥TVd s +Ψ(T ),

where Ψ(T )= sup0≤t≤T ∥
∫ T

0
sn (U N

n (s ))d s∥TV. We now require the following two lemmas to complete the
proof of Proposition 3.

Lemma 14 Fix n ≥1. Let µ,ν∈P (Sn ) be two arbitrary purely atomic probability measures. Then

∥sn (µ)−sn (ν)∥TV≤
1

4
∥µ−ν∥TV. (B.6)

Proof 52 By definition of smoothing of a probability measure, we have that sn (µ),sn (µ) are both abso-
lutely continuous with respect to the Lebesgue measure. Now by definition of total variation distance,
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we have

∥sn (µ)−sn (ν)∥TV=
1

2

∫

S

�

�

�

d sn (µ)
dλ

(x )−
d sn (ν)

dλ
(x )
�

�

�d x

=
1

2

∫

S

�

�

�

2n−1
∑

k=0

2nµ({αn ,k })I[αn ,k ,αn ,k+1)(x )−
2n−1
∑

k=0

2nν({αn ,k })I[αn ,k ,αn ,k+1)(x )
�

�

�d x

≤
1

2

2n−1
∑

k=0

|µ({αn ,k })−ν({αn ,k })|

=
1

4
∥µ−ν∥TV.

This completes the proof of Lemma 14.

Lemma 15 Fix ε>0. Then for every µ,ν∈P (S ), we have

∥Ln
vect(µ)−L

n
vect(ν)∥TV≤4εexp(4∥ fn∥∞)+(1+2∥ f ∥∞exp(4∥ fn∥∞))∥µ−ν∥TV, (B.7)

for sufficiently large n.

Proof 53 For every n ≥1, let us define a sequence εn := ∥ fn − f ∥∞. We shall make use of this sequence
in the proof of the lemma as well as in the later part of the proof of Proposition 3. We now proceed with
the proof of the lemma. Fix µ,ν∈P (S ). Now note that by definition of total-variation norm, and again
exploiting the fact that the two-player games ( fn )n≥1 are bounded below, we have

∥Ln (µ)−Ln (ν)∥TV=

∫

S

�

�

�

exp(ϕn
x (µ))

∫

S exp(ϕn
y (µ))d y

−
exp(ϕn

x (ν))
∫

S exp(ϕn
y (ν))d y

�

�

�d x

=

∫

S

�

�

�

∫

S exp(ϕn
x (µ))exp(ϕn

y (ν))d y −
∫

S exp(ϕn
x (ν))exp(ϕn

y (µ))d y

(
∫

S exp(ϕn
y (µ))d y )(
∫

S exp(ϕn
y (ν))d y )

�

�

�d x

≤exp(2∥ fn∥∞)
∫

S

�

�

�

∫

S
exp(ϕn

x (µ)+ϕ
n
y (ν))d y −
∫

S
exp(ϕn

x (µ)+ϕ
n
y (ν))d y

+

∫

S
exp(ϕn

x (µ)+ϕ
n
y (ν))d y −
∫

S
exp(ϕn

x (ν)+ϕ
n
y (µ))d y
�

�

�

≤exp(2∥ fn∥∞)
∫

S
|exp(ϕn

x (µ))(exp(ϕn
y (ν))−exp(ϕn

y (µ)))|d y

∫

S
|exp(ϕn

y (µ))(exp(ϕn
x (µ))−exp(ϕn

x (ν)))|d y

≤2exp(2∥ fn∥∞)exp(∥ϕn (µ)∥∞+∥ϕn (µ)∥∞∨∥ϕn (ν)∥∞)∥ϕn (µ)−ϕn (ν)∥∞

≤2exp(4∥ fn∥∞)∥ϕn (µ)−ϕn (ν)∥∞

≤2exp(4∥ fn∥∞)(∥ϕn (µ)−ϕ(µ)∥∞+∥ϕ(µ)−ϕ(ν)∥∞+∥ϕn (ν)−ϕ(ν)∥∞)

≤2exp(4∥ fn∥∞)(2εn +∥ f ∥∞∥µ−ν∥TV)

=4εn exp(4∥ fn∥∞)+2∥ f ∥∞exp(4∥ fn∥∞)∥µ−ν∥TV.

147



As a result, we have by definition of Ln
vect that

∥Ln
vect(µ)−L

n
vect(ν)∥TV= ∥(Ln (µ)−µ)− (Ln (ν)−ν)∥TV

≤∥Ln (µ)−Ln (ν)∥TV+∥µ−ν∥TV

≤4εn exp(4∥ fn∥∞)+2∥ f ∥∞exp(4∥ fn∥∞)∥µ−ν∥TV+∥µ−ν∥TV

=4εn exp(4∥ fn∥∞)+(1+2∥ f ∥∞exp(4∥ fn∥∞))∥µ−ν∥TV (B.8)

for all µ,ν∈P (S ). Finally fix ε> 0. We first observe that since fn→ f uniformly, we have εn ≤ ε for
sufficiently large n . Thus, we have that

∥Ln
vect(µ)−L

n
vect(ν)∥TV≤4εexp(4∥ fn∥∞)+(1+2∥ f ∥∞exp(4∥ fn∥∞))∥µ−ν∥TV,

for sufficiently large n . This concludes the proof of Lemma 15.

We now proceed with the proof of the proposition. Notice that using (B.8), we can thus say that

∥sn (bXN
n (t ))−µ

n (t )∥TV≤8εn t exp(4∥ fn∥∞)+(1+2∥ f ∥∞exp(4∥ fn∥∞))δN T

+(1+2∥ f ∥∞exp(4∥ fn∥∞))
∫ t

0

∥sn (bXN
n (s ))−µ

n (s )∥TVd s +Ψ(T ).

Since fn→ f uniformly, there exists B >0 such that ∥ fn∥∞≤B for all n ≥1. Therefore, by taking supre-
mum on both sides of the above inequality over the time horizon 0 to T , we have

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≤
�

8εn T exp(4B )+(1+2∥ f ∥∞exp(4B ))δN T

+Ψ(T )
�

+(1+2∥ f ∥∞exp(4B ))

∫ t

0

∥sn (bXN
n (s ))−µ

n (s )∥TVd s .

Therefore by Grönwall’s inequality we have the following bound:

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≤
�

8εn T exp(4B )+(1+2∥ f ∥∞exp(4B ))δN T

+Ψ(T )
�

exp((1+2∥ f ∥∞exp(4B ))T ). (B.9)

Recall the definition of εn from the proof of Lemma 15. Since both εn and δN converges to 0 as n→∞
and N →∞, we can choose n and N sufficiently large such that

εn ∨δN ≤
� ε

32T exp(4B )
∧

ε

4T (1+2∥ f ∥∞exp(4∥ f ∥∞))

�

×exp(−(1+2∥ f ∥∞exp(4B ))T ), (B.10)

in which case we have

�

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≥ε
�

=⇒
�

Ψ(T )≥
ε

2
exp(−(1+2∥ f ∥∞exp(4B ))T )

�

(B.11)
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As a result, we have

Pµn
0

�

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≥ε
�

≤Pµn
0

�

Ψ(T )≥
ε

2
exp(−(1+2∥ f ∥∞exp(4B ))T )

�

.

We now proceed to bound the probability on the right hand side of the above inequality. Let us
define the following collection of functions:

L̄∞(S ) :=
�

ḡ ∈L∞(S ) :∃ (βk )
2n−1
k=0 ⊆R, such that ḡ (x ) :=

2n−1
∑

k=0

βk1[αn ,k ,αn ,k+1)(x ), for all x ∈S
�

.

Thus, in principle, L̄∞(S ) is the sub-collection of bounded step functions on the strategy spaceS .

Lemma 16 Let γ := (
p

2+supµ∈P (S )∥Ln
vect(µ)∥TV)2. For k ≥1, let Zk : L̄∞(S )→R be a mapping defined

as

Zk (ḡ ) :=exp
�

k
∑

i=0

〈ḡ ,δN ∫n (U N
n ,i )〉−

γ

2
kδ2

N ∥ḡ ∥
2
∞

�

, for all ḡ ∈L̄∞(S ).

Then, for every ḡ ∈ L̄∞(S ), the process (Zk (ḡ ))k≥1 is a supermartingale with respect to the filtration
(Fk )k≥1.

Proof 54 From definition of (U N
n ,k ), we observe that

∥sn (U N
n ,k )∥TV≤

1

δN
∥XN

n ((k +1)δN )−XN
n (kδN )∥TV+∥Ln

vect(X
N
n (kδN ))∥TV

≤
p

2+ sup
µ∈P (S )

∥Ln
vect(µ)∥TV=
p

γ.

Now it follows along the lines of Benaïm and Weibull (2003), that E(exp(〈ḡ ,U N
n ,k 〉))≤ exp(γ∥ḡ ∥

2
∞

2 ), and
thus completes the proof of Lemma 16.

Thus for any θ >0, using Lemma 16, we have that

Pµn
0

�

max
0≤k≤m

¬

ḡ ,
k−1
∑

i=0

δN sn (U N
n ,i )
¶

≥θ
�

≤Pµn
0

�

max
0≤k≤m

Zk (ḡ )≥exp(θ −
γ

2
∥ḡ ∥2∞mδ2

N )
�

≤exp
�γ

2
∥ḡ ∥2∞mδ2

N −θ
�

For k ≥1, let hk : S→R be defined as hk (x ) :=1[αn ,k ,αn ,k+1)(x ), for x ∈S . It then follows that (hk )0≤k≤2n−1

forms a basis of L̄∞(S ). Let h = hk or h = −hk for some k . Set θ = ε2

γmδ2 . Then there exists h =

(h (αn ,0),...,h (αn ,2n−1))∈R2n
and UN

n ∈R
2n

such that
¬

h ,
k−1
∑

i=0
δN sn (U N

n ,i )
¶

=
¬

h,
k−1
∑

i=0
δN UN

n ,i

¶

. Now set g =
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�

θ
ε

�

h and define g :=
�

θ
ε

�

h. It then follows from Benaïm and Weibull (2003) that

Pµn
0

�

max
0≤k≤m

¬

h ,
k−1
∑

i=0

δN sn (U
N

n ,i )
¶

≥ε
�

=Pµn
0

�

max
0≤k≤m

¬

h,
k−1
∑

i=0

δN UN
n ,i

¶

≥ε
�

=Pµn
0

�

max
0≤k≤m

¬

g,
k−1
∑

i=0

δN UN
n ,i

¶

≥θ
�

≤exp
� −ε2

2mγδ2
N

�

.

It now follows from Lemma 14 that

Pµn
0
(Ψ(T )≥ε)≤2(2n +1)exp

� −ε2

8δN γT

�

.

Define C := exp(−(1+2∥ f ∥∞exp(4B ))T )>0. Note that by definition of C , it is independent of µn
0 .

As a result, we then arrive the inequality:

Pµn
0

�

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≥ε
�

≤Pµn
0

�

Ψ(T )≥
C ε

2

�

≤2(2n +1)exp

�

−C 2ε2

32δN γT

�

.

Let C̄ :=C 2/32γT . As δN =1/N , we have that

Pµn
0

�

sup
0≤t≤T
∥sn (bXN

n (t ))−µ
n (t )∥TV≥ε
�

≤2(2n +1)exp(−N C̄ ε2).

This concludes the proof of Proposition 3.

B.3 Proof of Theorem 6

The proof Theorem 6 follows from Propositions 2 and 3. To make the proof mathematically rigorous,
consider the fixed probability space (Ω,F ,P) on which the stochastic evolutionary process (bXN

n (t ))t≥0

is defined. For n ≥ 1, let bXn :Ω→P (S ) be the degenerate stochastic process such that for al ω∈Ω,
we have bXn (ω)(t ) :=µn (t ), for all t ≥ 0. Also define the process bX :Ω→P (S ) such that for all ω∈Ω,
bX(ω)(t ) :=µ(t ), for all t ≥0. For ε>0, we have that

�

sup
0≤t≤T
∥sn (bXN

n (t ))− bX(t )∥TV≥ε
�

⊆
�

sup
0≤t≤T
∥sn (bXN

n (t ))− bXn (t )∥TV≥ε/2
�

∪
�

sup
0≤t≤T
∥bXn (t )− bX(t )∥TV≥ε/2

�

.
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As a result we have that

PµN
pn

�

sup
0≤t≤T





sn (bXN
n (t ))− bX(t )






TV≥ε
�

≤PµN
pn

�

sup
0≤t≤T





sn (bXN
n (t ))− bXn (t )






TV≥ε/2
�

+PµN
pn

�

sup
0≤t≤T






bXn (t )− bX(t )






TV≥ε/2
�

.

By assumption of the theorem, we have that the initial conditions µN
pn =µ0, for all N ,n ≥1, implies that

Pµ0

�

sup
0≤t≤T





sn (bXN
n (t ))− bX(t )






TV≥ε
�

≤Pµ0

�

sup
0≤t≤T





sn (bXN
n (t ))− bXn (t )






TV≥ε/2
�

+Pµ0

�

sup
0≤t≤T






bXn (t )− bX(t )






TV≥ε/2
�

.

Fix n ≥1. Then by taking limits as N →∞we have by Proposition 3 that

lim
N→∞
Pµ0

�

sup
0≤t≤T





sn (bXN
n (t ))− bX(t )






TV≥ε
�

≤Pµ0

�

sup
0≤t≤T






bXn (t )− bX(t )






TV≥ε/2
�

. (B.12)

Now, allowing n→∞, in (B.12) we have by an application of Proposition 2 that

lim
n→∞

lim
N→∞
Pµ0

�

sup
0≤t≤T





sn (bXN
n (t ))− bX(t )






TV≥ε
�

=0.

Finally, using the fact that bX(t ) =µ(t ), for all t ≥0, Pµ0
-a.s concludes the proof of Theorem 6.

B.4 Proof of Proposition 4

Only-if part: Suppose that ϕ is a supermodular game as per Definition 13. We need to show that
the underlying two-player game f is supermodular. That is, we need to show that f (y ,z )− f (x ,z ) is
increasing in z if x < y . Let z1≤ z2. Define µ1 :=δz1

and µ2 :=δz2
. It then follows that µ1⪯µ2. Sinceϕ is

a supermodular game, we have that

f (y ,z1)− f (x ,z1) =

∫

S
f (y ,z )µ1(d z )−

∫

S
f (x ,z )µ1(d x )

=ϕy (µ1)−ϕx (µ1)

≤ϕy (µ2)−ϕx (µ2)

=

∫

S
f (y ,z )µ2(d z )−

∫

S
f (x ,z )µ2(d x )

= f (y ,z2)− f (x ,z2).

This proves that f (y ,z )− f (x ,z ) is non–decreasing in z if x < y . Thus f is supermodular on S by
Definition 14.

If part: We now show that if f is supermodular inS then the population gameϕ is a supermodular
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game. To this end, fix x < y . Since f is supermodular on S , we have that f (y ,z )− f (x ,z ) is non–
decreasing in z by Definition 14. Now fix µ⪯ν. By (3.1), we have

ϕy (µ)−ϕx (µ) =

∫

S
( f (y ,z )− f (x ,z ))µ(d z )

≤
∫

S
( f (y ,z )− f (x ,z ))ν(d z )

=ϕy (ν)−ϕx (ν).

This proves that ϕ is supermodular according to Definition 13. This concludes the proof of Proposition
4.

B.5 Proof of Proposition 5

For this proof, we topologize the space of probability measuresP (S )with the BL∗-norm. In order to
define such a norm, we first require the notion of a BL-norm. The bounded Lipschitz norm is defined as

∥g ∥BL := sup
x∈S
|g (x )|+sup

x ̸=y

|g (x )−g (y )|
|x − y |

, for all g ∈Lip(S ), (B.13)

where Lip(S ) denotes the collection of all Lipschitz functions onS . Now let

Bounded-Lip(S ) := {g :S →R | g is bounded and Lipschitz with ∥g ∥BL≤1}

be the collection of bounded Lipschitz continuous functions with BL-norm bounded by 1. Denote by
M (S ), the space of all signed measures onS . Then the dual BL∗-norm onM (S ) is defined as

∥µ−ν∥BL∗ := sup
g∈Bounded-Lip(S )

�∫

S
f dµ−
∫

S
f dν

�

, for all µ,ν∈M (S ). (B.14)

It is well-known (see Billingsley (2013), Perkins and Leslie (2014)) that the weak topology on P (S )
coincides with the topology generated by the BL∗-norm on P (S ). Therefore, weak convergence is
equivalent to convergence with respect to the BL∗-norm.

We now proceed with the proof of the proposition. Suppose that ϕ is supermodular and let n ≥1.
We show that the level-n discretizationDn

ϕ of ϕ as defined in Definition 11 is a supermodular game. Fix

x,y∈∆(Sn )with x⪰y. It then follows that µx :=
∑

0≤ j≤2n x jδαn , j
⪰
∑

0≤ j≤2n y jδαn , j
=:µy. Now fix i < j . It
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then follows from the definition ofDn
ϕ that,

Dn
ϕ [x](αn , j )−Dn

ϕ [x](αn ,i ) = 〈 fn (αn , j , ·),x〉−〈 fn (αn ,i , ·),x〉

=
∑

0≤k≤2n

fn (αn , j ,αn ,k )xk −
∑

0≤k≤2n

fn (αn ,i ,αn ,k )xk

=

∫

S

fn (αn , j ,t )µx(d t )−
∫

S

fn (αn ,i ,t )µx(d t )

=ϕαn , j
(µx)−ϕαn ,i

(µx)

≥ϕαn , j
(µy)−ϕαn ,i

(µy)

=

∫

S

fn (αn , j ,t )µy(d t )−
∫

S

fn (αn ,i ,t )µy(d t )

=
∑

0≤k≤2n

fn (αn , j ,αn ,k )yk −
∑

0≤k≤2n

fn (αn ,i ,αn ,k )yk

= 〈 fn (αn , j , ·),y〉−〈 fn (αn ,i , ·),y〉

=Dn
ϕ [y](αn , j )−Dn

ϕ [y](αn ,i ).

This completes the proof thatDn
ϕ is a supermodular game. Since n ≥1 is arbitrary, this concludes the

proof of “only-if part" of Proposition 5.
We now proceed to prove the “if-part" of the theorem. Now suppose that Dn

ϕ is a supermodular
game for every n ≥ 1. We need to show that ϕ is a supermodular game. To this end, first x > y . Let
S∞ :=∪n≥1Sn . Note that S∞ consists of all dyadic rationals inS and hence is dense inS . Thus, there
exists two subsequences {nk }k≥1,{mk }k≥1⊆N and sequences

�

αx
nk , jnk

	

⊆Snk
and
�

α
y
mk , jmk

	

⊆Smk
such

thatαx
nk , jnk
↓ x andα

y
mk , jmk

↑ y as k→∞. Again, since S∞ is dense inS , it follows (see Billingsley (2013))

that that space of atomic probability measuresP (S∞) on S∞ is dense inP (S ) relative to the topology
of weak convergence. Since weak topology in equivalent to the BL∗-norm onP (S ), we therefore have

that for every µ∈P (S ), there exists (µn )n≥1 ⊆P (S∞) such that µn
BL∗−→µ. By definition since ϕ is a

weakly continuous population game, we have ϕx (µn ) converges to ϕx (µ) for all x ∈S . As a result we
have for all x ∈S that,

ϕx (µ) = lim
n→∞

ϕx (µn )

= lim
n→∞

∫

S

f (x ,t )µn (d t ).

By the definition in (4.16), the sequence ( fn )n≥1 converges uniformly to f . This, in conjuction with
Bounded Convergence Theorem (Billingsley (2013)) implies that

ϕx (µ) = lim
n→∞

∫

S

f (x ,t )µn (d t ).

= lim
n→∞

lim
k→∞

∫

S

fk (α
x
nk , jnk

,t )µn (d t )

= lim
n→∞

lim
k→∞
Dn
ϕ [pµn

](αx
nk , jnk

).

153



We are now ready to conclude the proof of the theorem. Fix µ,ν∈P (S )with µ⪰ν. Then there exists
two sequences of atomic probability measures (µn )n≥1⊆P (S∞) and (νn )n≥1⊆P (S∞) such that µn ⪰νn

for all n ≥1, such thatµn
BL∗−→µ and νn

BL∗−→ν. By hypothesis of the theorem, the level-n discretizationDn
ϕ

is a supermodular game. Also by construction, we have that αx
nk , jnk

>α
y
mk , jmk

for every k ≥1. Therefore

we have

ϕx (µ)−ϕy (µ) = lim
n→∞

lim
k→∞
Dn
ϕ [pµn

](αx
nk , jnk

)− lim
n→∞

lim
k→∞
Dn
ϕ [pµn

](αy
mk , jmk

)

= lim
n→∞

lim
k→∞

�

Dn
ϕ [pµn

](αx
nk , jnk

)−Dn
ϕ [pµn

](αy
mk , jmk

)
�

≥ lim
n→∞

lim
k→∞

�

Dn
ϕ [pνn

](αx
nk , jnk

)−Dn
ϕ [pνn

](αy
mk , jmk

)
�

= lim
n→∞

lim
k→∞
Dn
ϕ [pνn

](αx
nk , jnk

)− lim
n→∞

lim
k→∞
Dn
ϕ [pνn

](αy
mk , jmk

)

=ϕx (ν)−ϕy (ν).

Since µ⪰ν is arbitrary, this proves that ϕ is a supermodular game and hence concludes the proof of
Proposition 5.

B.6 Proof of Proposition 6

Recall that the two-player game f which induces ϕ in Example 5 is defined as f (x , y )=m (x )y −c (x ),
for all x , y ∈S , where m is an increasing function of x and c is an arbitrary function of x . Using (4.16),
we define the step–wise approximation of f as

fn (x , y ) =







m (αn , j )αn ,k −c (αn , j ), if (x , y )∈ [αn , j ,αn , j+1)× [αn ,k ,αn .k+1) and j ,k =0,...,2n −2

m (αn ,2n−1)αn ,2n−1−c (αn ,2n−1) if (x , y )∈ [αn ,2n−1,1]× [αn ,2n−1,1].
(B.15)

This implies that for every n ≥1, we have from (3.13),

Dn
ϕ [p

n ](αn , j ) =
∑

0≤k≤2n−1

fn (αn , j ,αn ,k )p
n
k , for all j =0,1,...,2n −1.

We now proceed to show thatDn
ϕ is irreducible. Fix pn ∈∆(Sn ) and K ⊂ bSn arbitrary as in Definition

16. Now let j ∈K and i ∈ bSn \K . Since m is an increasing function of x , we have

∂Dn
ϕ [p

n ](αn , j+1)

∂ pn
i+1

−
∂Dn

ϕ [p
n ](αn , j+1)

∂ pn
i

= fn (αn , j+1,αn ,i+1)− fn (αn , j+1,αn ,i )

=m (αn , j+1)(αn ,i+1−αn ,i )

>m (αn , j )(αn ,i+1−αn ,i )

= fn (αn , j ,αn ,i+1)− fn (αn , j ,αn ,i )

=
∂Dn

ϕ [p
n ](αn , j )

∂ pn
i+1

−
∂Dn

ϕ [p
n ](αn , j )

∂ pn
i
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This proves thatDn
ϕ is irreducible and hence concludes the proof of Proposition 6.

B.7 Proof of Lemma 4

To prove the lemma we shall first exploit the properties of BL∗-norm, or equivalently weak topology on
the spaceP (S ). Observe that the sequence of level-n step logit equilibria ∫n (µp∗n )∈P (S ) for every

n ≥1. Since the weak topology, and hence the BL∗-norm renders the spaceP (S ) compact, there exists
a subsequence (nk )k≥1 such that snk

(µp∗nk
) converges in the BL∗-norm to some µ∗ ∈P (S ). We now show

that µ∗ is a logit equilibrium of the original game ϕ. To this end, we need to show that

µ∗(A) =Lη[µ∗](A), for all A ∈B (S ).

Note that since snk
(µp∗nk

) is a level-nk step logit equilibrium of the gameϕnk for every k ≥1, we have that

∫nk
[µp∗nk

](A) =L nk
η [∫nk

(µp∗nk
)](A), for all A ∈B (S ) such that µ∗(∂ A) =0. (B.16)

Now, we show that ϕnk (snk
(µp∗nk

))→ϕ(µ∗) as k→∞. Fix x ∈S . Since f is Lipschitz continuous, we
have

|ϕnk
x (snk

(µp∗nk
))−ϕx (µ

∗)|=
�

�

�

�

∫

S
fnk
(x , y )snk

(µp∗nk
)(d y )−
∫

S
f (x , y )µ∗(d y )

�

�

�

�

≤
∫

S
| fnk
(x , y )− f (x , y )|snk

(µp∗nk
)(d y )+

�

�

�

�

∫

S
f (x , y )(snk

(µp∗nk
)−µ∗)(d y )

�

�

�

�

≤2∥ fnk
− f ∥∞+∥ f ∥∞∥snk

(µp∗nk
)−µ∗∥BL∗ .

As a result, using the fact that fn→ f uniformly, and that snk
(µp∗nk

) converges in the BL∗-norm to µ∗, we
have

∥ϕnk (snk
(µp∗nk

))−ϕ(µ∗)∥∞= sup
x∈S
|ϕnk

x (snk
(µp∗nk

))−ϕx (µ
∗)|

≤2∥ fnk
− f ∥∞+∥ f ∥∞∥snk

(µp∗nk
)−µ∗∥BL∗

→0, as k→∞.

Also since
exp(ϕnk

x (∫nk
(µp∗nk

)))≤exp(2(1+∥ f ∥∞)), for all x ∈S ,

we have using Dominated Convergence Theorem that
∫

S exp(ϕnk
y (snk

(µp∗nk
)))d y →
∫

S exp(ϕy (µ∗))d y .

Now, in order to prove that Lnk
η (snk

(µp∗nk
)) converges in the variational norm to Lη(µ∗), it is enough to

show that
dL nk

η (∫nk
(µp∗nk

))

dλ
→

dLη(µ∗)
dλ

inL 1(S ) as k→∞.1

1The spaceL 1(S ) is defined as the collection of all measurable functions g :S →R such that
∫

S | f (x )|d x <∞. We say

that gn→ g inL 1(S ) if
∫

S |gn (x )−g (x )|d x→0 as n→∞.
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Note that the density function of Lnk
η (snk

(µp∗nk
)) satisfies

dL nk
η (∫nk

(µp∗nk
))

dλ
(x )≤exp(2(1+∥ f ∥∞)), for all x ∈S .

We also have that for all x ∈S ,

dL
nk
η (snk

(µp∗nk
))

dλ
(x )→

dLη(µ∗)

dλ
(x ) as k→∞.

Again, by an application of Dominated Convergence Theorem, we conclude that Lnk
η (snk

(µp∗nk
)) con-

verges in the variational norm to Lη(µ∗). Therefore, for every A∈B (S ), we have that Lnk
η [snk

(µp∗nk
)](A)→

Lη[µ∗](A) as k→∞. Using this observation in (B.16), we have that µ∗ is a fixed point of Lη and hence
a logit equilibrium of ϕ. In fact, we proved that that snk

(µp∗nk
)=Lnk

η (snk
(µp∗nk

))→Lη(µ∗)=µ∗ as k→∞
with respect to the total variation norm. This concludes the proof of Lemma 4.

B.8 Proof of Theorem 7

The proof of Theorem 7 is subdivided into several steps.
Step 1: In this step, we show that the discretized version of the stochastic evolutionary process

converges in the medium run to an element of LEη(Dn
ϕ ) as N →∞. Fix ε>0. Pick N ,n ≥1 and consider

the interpolated stochastic evolutionary process (bXN
n (t ))t≥0. We observe that though (bXN

n (t ))t≥0 is
a stochastic process in taking values in P (S ), however in principle, (bXN

n (t ))t≥0 takes values in the
space of atomic measures onS with support Sn . Note that any probability measure µ∈P (Sn ) can be
expressed asµ=

∑

0≤k≤2n−1 pn
j δαn , j

, for some pn ∈∆(Sn ) and vice-versa. We therefore define the bijective

mapping dn :P (Sn )→∆(Sn ) such that dn (
∑

0≤k≤2n−1 pn
j δαn , j

) = pn for all pn ∈∆(Sn ). It then follows

that (dn (bXN
n (t )))t≥0 is the interpolated stochastic evolutionary process on ∆(Sn ). Let LEη(Dn

ϕ ) denote
the collection of discretized logit equilibria corresponding to the level-n discretized gameDn

ϕ . More
precisely, LEη(Dn

ϕ ) := {p
n ,∗
η : L n

η [p
n ,∗
η ] =pn ,∗

η }. By assumption of the theorem, we have that the original
population game ϕ is supermodular. Therefore by Proposition 5, we have that the level-n discretization
Dn
ϕ is supermodular. Also by hypothesis of the theorem, we have that Dn

ϕ is irreducible. Thus, by

Hofbauer and Sandholm (2007), the process (dn (bXN
n (t )))t≥0 ⊆∆(Sn ) converges in the medium run to

an element of LEη(Dn
ϕ ) as N →∞. Let us denote by p∗n the element in LEη(Dn

ϕ ) to which (dn (bXN
n (t )))t≥0

converges in the medium run as N →∞.2 That is, there exists Tε>0 such that for all T ≥Tε, such that

lim
N→∞
Pµ0

�

dn (bXN
n (t ))∈O

ε(p∗n ) for all Tε≤ t ≤T
�

=1.

We now proceed to show that the smoothed version of the stochastic evolutionary process (sn (bXN
n (t )))t≥0

converges in the medium run to an element of LEη(ϕn ) as N →∞. In particular, we show that
(sn (bXN

n (t )))t≥0 converges in the medium run to sn (µp∗n ). The fact that the processes (sn (bXN
n (t )))t≥0 and

(dn (bXN
n (t )))t≥0 are in one-to-one correspondence with each other implies that sn (bXN

n (t ))t≥0 converges
in the medium run to an element of ∫n (LEη(Dn

ϕ )).

2To keep the notations simple, we remove the dependence of η in p∗n .
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Step 2: As a next step in the proof, we proceed to show that ∫n (LEη(Dn
ϕ )) coincides with LEη(ϕn ),

thereby proving that sn (µp∗n )∈LEη(ϕn ). We prove this in the following lemma.

Lemma 17 For n ≥1, let LEη(Dn
ϕ ) and LEη(ϕn ) be the collection of level-n discretized and level-n step logit

equilibria corresponding toDn
ϕ andϕn respectively. Then pn ,∗

η ∈LEη(Dn
ϕ ) if and only if sn (µpn ,∗

η
)∈LEη(ϕn ).

Proof 55 Again, as before, we shall use the notation p∗ to denote a discretized level-n logit equilibrium
to simplify the presentation of the proof. First observe that for any pn ∈∆(Sn ), we have by definition of
sn that

µpn [αn ,k ,αn ,k+1) = sn (µpn )[αn ,k ,αn ,k+1) =pn
k , for all k =0,1,...,2n −1.

Suppose that p∗ ∈LEη(Dn
ϕ ). Then we have p∗= L n

η [p
∗]. This, in particular implies that

µp∗ =
∑

0≤k≤2n−1

L n
η,k [p

∗]δαn ,k
.

Thus by definition of sn (Definition 12), above equality implies that for all x ∈S ,

sn (µp∗ )

dλ
(x ) =
∑

0≤k≤2n−1

2n L n
η,k [p

∗]1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

2n exp(η−1〈 fn (αn ,k , ·),p∗〉)
∑2n−1

j=0 exp(η−1〈 fn (αn , j , ·),p∗〉)
1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1
∑

0≤ j≤2n−1 fn (αn ,k ,αn , j )p∗j )

2−n
∑2n−1

j=0 exp(η−1
∑

0≤i≤2n−1 fn (αn , j ,αn ,i )p∗i ))
1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1
∑

0≤ j≤2n−1 fn (αn ,k ,αn , j )µp∗ [αn , j ,αn , j+1))

2−n
∑2n−1

j=0 exp(η−1
∑

0≤i≤2n−1 fn (αn , j ,αn ,i )µp∗ [αn ,i ,αn ,i+1))
1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1
∫

S fn (αn ,k , y )µp∗ (d y ))

2−n
∑2n−1

j=0 exp(η−1
∫

S fn (αn , j , y )µp∗ (d y ))
1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1ϕn
αn ,k
(µp∗ ))

2−n
∑2n−1

j=0 exp(η−1ϕn
αn , j
(µp∗ ))
1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1ϕn
αn ,k
(µp∗ ))

∑2n−1
j=0 exp(η−1ϕn

αn , j
(µp∗ ))λ([αn , j ,αn , j+1)

1[αn ,k ,αn ,k+1)(x )

=
∑

0≤k≤2n−1

exp(η−1ϕn
αn ,k
(µp∗ ))

∫

S exp(η−1ϕn
y (µp∗ ))λ(d y )

1[αn ,k ,αn ,k+1)(x ). (B.17)

The proof of Lemma 17 concludes if we are able to show that ϕn
x (sn (µp∗ )) =ϕn

x (µp∗ ) for all x ∈S . In
fact, a more general equality holds: for all x ∈S , we have

ϕn
x (sn (µpn ))=ϕn

x (µpn ), for all pn ∈∆(Sn ).
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To this end, fix x ∈S . Then, using the definition of ϕn , we have that

ϕn
x (sn (µpn ))=

∫

S
fn (x , y )sn (µpn )(d y )

=
∑

0≤k≤2n−1

fn (x ,αn ,k )sn (µpn )[αn ,k ,αn ,k+1)

=
∑

0≤k≤2n−1

fn (x ,αn ,k )p
n
k

=

∫

S
fn (x , y )µpn (d y )

=ϕn
x (µpn ).

Plugging in the above observation in (B.17), we have the following equality:

∫n (µp∗ )

dλ
(x ) =
∑

0≤k≤2n−1

exp(η−1ϕn
αn ,k
(∫n (µp∗ )))

∫

S exp(η−1ϕn
y (∫n (µp∗ )))λ(d y )

1[αn ,k ,αn ,k+1)(x ), for all x ∈S .

Thus, using the above equality, we have by definition of level-n step logit equilibrium that sn (µp∗ ) =
Ln
η (sn (µp∗ )). As a result, we have that sn (µp∗ )∈ LEη(ϕn ). Similarly, suppose p∗ be such that sn (µp∗ )∈

LEη(ϕn ). It then follows using similar arguments that p∗ ∈LEη(Dn
ϕ ). This concludes the proof of Lemma

17.

Therefore by applying Lemma 17 along with Hofbauer and Sandholm (2007), we then have that for every
ε>0, interpolated smoothed version sn (bXN

n (t ))t≥0 converges in the medium run to O ε(sn (µp∗n )).
Step 3: In this step, we use the deterministic approximation result (Proposition 3) to obtain that for

sufficiently large T ≥Tε, the solution to the level-n step logit dynamic (µn (t ))t≥0 is close to an element
of LEη(ϕn ) in the medium run. We require the following lemma in this regard.

Lemma 18 For every ε>0, there exits Tε>0 such that for all T ≥Tε, we have µn (t )∈O ε(sn (µp∗n )) for all
Tε≤ t ≤T .

Proof 56 Consider the probability space (Ω,F ,P) on which the interpolated stochastic evolutionary
process (bXN

n (t ))t≥0 is defined. Let (bXn (t ))t≥0 be a process such that bXn (t ) :Ω→P (S ) is defined as
bXn (t ,ω)=µn (t ) for allω∈Ω. The fact that (bXn (t ))t≥0 is a deterministic process implies that it is measur-
able. To prove the lemma, we need to show that

Pµ0

�

bXn (t )∈O ε(sn (µp∗n )) for all Tε≤ t ≤T
�

=1.

To this end, we first show that the solution trajectory µn (t ) is continuous in t . Note that by definition of
ϕn , we have that for all µ,ν∈P (S ) and all x ∈S ,

|ϕn
x (µ)−ϕ

n
n (ν)|=
�

�

�

∫

S
fn (x , y )µ(d y )−

∫

S
fn (x , y )ν(d y )
�

�

�

≤∥ fn∥∞∥µ−ν∥TV.
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As a result, we have ∥ϕn (µ)−ϕn (ν)∥∞ ≤ ∥ fn∥∞∥µ−ν∥TV for all µ,ν∈P (S ). Thus, ϕn is a Lipschitz
population game, and hence by Lahkar and Riedel (2015), we have that the step-wise logit dynamic
admits a continuous solution (µn (t ))t≥0. Therefore bXn has continuous paths P-a.s. This implies that

Pµ0

�

bXn (t )∈O ε(sn (µp∗n )) for all Tε≤ t ≤T
�

=Pµ0

�

bXn (t )∈O ε(sn (µp∗n )) for all t ∈ [Tε,T ]∩Q+
�

,

whereQ+ denotes the collection of all positive rationals. Let (rk )k≥1 be an enumeration of rationals in
[Tε,T ]. Thus, in order to prove the lemma, we need to show that Pµ0

�

∩∞k=1
bXn (rk )∈O ε(sn (µp∗n ))

�

=1. To

this end, we show that Pµ0

�

bXn (rk )∈O ε(sn (µp∗n ))
�

=1 for all k ≥1. Fix ε̄ >0. Then, for all N ≥1, it holds
that

¦

∥bXn (rk )−O ε(sn (µp∗n ))∥TV> ε̄
©

⊆
¦

∥bXn (rk )−sn (bXN
n (rk ))∥TV> ε̄/2

©

∪
¦

∥sn (bXN
n (rk )−O ε(sn (µp∗n ))∥TV> ε̄/2

©

.

This implies that

Pµ0

�

∥bXn (rk )−O ε(sn (µp∗n ))∥TV> ε̄
�

≤Pµ0

�

∥bXn (rk )−sn (bXN
n (rk ))∥TV> ε̄/2

�

+Pµ0

�

∥sn (bXN
n (rk )−O ε(sn (µp∗n ))∥TV> ε̄/2

�

.

We now apply Theorem 3 and Theorem 4.1 of Hofbauer and Sandholm (2007) to conclude that there
exists Nε̄≥1 sufficiently large such that for all N ≥Nε̄, we have

Pµ0

�

∥bXn (rk )−O ε(sn (µp∗n ))∥TV> ε̄
�

≤2(2n +1)e −N C̄ ε̄2
+ ε̄

≤2ε̄

Since ε̄ is arbitrary, we conclude that Pµ0
(bXn (rk )∈O ε(sn (µp∗n ))) =1. Also, since k ≥1 is arbitrary, we have

that P(bXn (rk )∈O ε(LEη(ϕn ))) = 1 for all k ≥ 1. Now, by an application of Bonferroni’s inequality (see
Billingsley (2008)), we have that P(∩∞k=1

bXn (rk )∈O ε(sn (µp∗n ))) = 1. This concludes the proof of Step 3.
Since (bXn (t ))t≥0 is a degenerate stochastic process, we have that µn (t )∈O ε(sn (µp∗n )) for all Tε≤ t ≤T .

Step 4: As a final step of the proof, we now proceed to show that the solution to the continuum strategy
logit dynamic (µ(t ))t≥0 is close to the continuum strategy logit equilibria LEη(ϕ) in the medium run. We
again show this in the following lemma.

Lemma 19 For ε>0, there exists Tε>0 such that for all T ≥Tε, we have µ(t )∈O 3ε(LEη(ϕ)) for all Tε≤
t ≤T .

Proof 57 First note that since the original supermodular game ϕ is supermodular, we have by Proposi-
tion 5 that the level-n discretizationDn

ϕ is supermodular for every n ≥1. By assumption of the theorem,
Dn
ϕ is irreducible for every n ≥ 1. Thus, it follows from Hofbauer and Sandholm (2007) that the dis-

cretized stochastic evolutionary process (dn (bXN
n (t )))t≥0 converges in the medium run to an element of

LEη(Dn
ϕ ). Let us denote by pn

∗ the medium run limit. Again, it follows from Lemma 17 that (sn (bXN
n (t )))t≥0

converges in the medium run to sn (µpn
∗ ), which is an element of LEη(ϕn ). By applying Lemma 18, we

have thatµn (t ) stays in the medium run near sn (µpn
∗ ). By Lemma 4, there exists a subsequence of sn (µpn

∗ )
which converges to µ∗ under the variational norm for some µ∗ ∈P (S ). Again by Lemma 4, the limit
µ∗ is a continuum strategy logit equilibrium corresponding to the game ϕ, that is, µ∗ ∈ LEη(ϕ). We
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now proceed show that the solution to the continuum strategy logit dynamic (µ(t ))t≥0 stays near µ∗

in the medium run. To this end we make use of the approximation result (Proposition 2). The fact
that sup0≤t≤T ∥µn (t )−µ(t )∥TV→0 as n→∞, implies that for every ε>0, there exists Nε≥1 such that
sup0≤t≤T ∥µn (t )−µ(t )∥TV ≤ ε for all n ≥Nε. For T ≥Tε, we have by Lemma 18 that µn (t ) stays in the
medium run near sn (µpn

∗ ). Again by Lemma 4, we have that sn (µpn
∗ )→µ

∗ in the total variation norm,
with µ∗ being a continuum strategy logit equilibrium. Combining all these observations we have that
µ(t ) stays in the 3ε neighborhood of µ∗ in the medium run. This completes the proof of Lemma 19.

This concludes the proof of Theorem 7.
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APPENDIX

C

SUPPLEMENT TO CHAPTER 3

C.1 Proof of Proposition 7

Part 1 follows from the observation preceding the statement of the proposition that Nash equilibria of
an aggregative game like (4.9) can be characterized by solutions to (4.12). Part 2 is immediate.

For part 3, note that all three Nash equilibria in (4.13) are in monomorphic states. At any monomor-
phic state µ=δα, the aggregate strategy is A(µ)=α. Hence, applying (4.9), we can write the payoff of
any player at such a monomorphic state as

G (α) = bα2− (dα+kα2). (C.1)

Clearly, G (0) = 0 and G (1) = b − (d +k )> 0 given our assumptions. Hence, the Nash equilibrium δ1

generates a strictly higher payoff than the Nash equilibrium δ0. We now show that δ1 also generates a
strictly higher payoff than the third Nash equilibrium, δ d

b−2k
, or G (1)>G
�

b
d−2k

�

. That would be sufficient

to show that δ1 is the Pareto optimal Nash equilibrium.
For this, note that G ′(α) =2α(b −k )−d . Hence, G ′(α)<0 if α< d

2(b−k ) and G ′(α)>0 if α> d
2(b−k ) . It

is straightforward to check that d
2b−2k <

d
b−2k <1. Hence, G (α) is strictly increasing at both b

d−2k and 1.

Hence, it must be that G (1)>G
�

b
d−2k

�

.

C.2 Proof of Proposition 8

Define the function g : [0,1]→R as

g (α) =
b

2
α2− (dα+kα2) =

�

b

2
−k
�

α2−dα. (C.2)
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1. Notice from (4.10) and (C.2) that at a monomorphic state µ=δα, ϕ(δα) = g (α). On the other hand,
if µ is a polymorphic state with A(µ) =α, then g (α)>ϕ(µ). This is due to the strict convexity of the
cost function c (x ) =d x +k x 2. Therefore, if µ is such that A(µ) =α, then g (α)⩾ϕ(µ)with equality
only if µ=δα.

It is easy to verify from (C.2) that due to our assumption b > 2k +d (see Proposition 7), g (α)
is strictly convex and is minimized at d

b−2k ∈ (0,1). Hence, (C.2) must be locally maximized at
α=0 and α=1. Further, g (0)=ϕ(δ0). We now argue that the potential function (6) is also locally
maximized at δ0. Consider µ̃ close to δ0 under the weak topology so that A(µ̃) =0. First, suppose
µ̃ is monomorphic. Hence, µ̃=δϵ, for ϵ≈ 0. Then, ϕ(δ0) = g (0)> g (ϵ) =ϕ(δϵ). Now consider a
polymorphic µ̃ such that A(µ̃) = ϵ. Then, ϕ(δ0) = g (0)> g (ϵ)>ϕ(µ̃). Therefore, for all µ̃ close to δ0

under the weak topology, we obtain ϕ(δ0)>ϕ(µ̃).

An analogous argument holds for δ1 as well.

2. From (4.10), it is easily verified that ϕ(0) =0 and ϕ(1) = b
2 − (d +k ). Hence, ϕ(1)>ϕ(0) if and only if

b >2(d +k ). The identity of the global maximizer of (4.10) then follows immediately. Recall from
part 2 of Proposition 7 that b > 2(d +k ) is equivalent to d

b−2k <
1
2 . Hence, the remainder of the

statement follows.

3. Consider δ d
b−2k

. As noted earlier, d
b−2k is the unique minimizer of (C.2). Hence, g

�

d
b−2k

�

=

ϕ
�

δ d
b−2k

�

<ϕ(δα) = g (α) for all α∈ [0,1]\ 2
3 . That suffices to establish that this Nash equilibrium is

not a local maximizer of the potential function (4.10) under the weak topology.

C.3 Proof of Proposition 9

Proof 58 (Proof of part (i)) In order to prove part (i) of Proposition 9, we require the following two lem-
mas.

Lemma 20 Consider the population game π as defined in (4.1). Then the following statement holds true:

παn , j
(βn (p

n ))=Dn
π [p

n ](αn , j ), for pn ∈∆(Sn ) and j ∈{0,1,...,2n −1}. (C.3)

Proof 59 Since the population game π is assumed to be a pairwise interaction game, we observe using
(4.1) that for pn ∈∆(Sn ) and j ∈{0,1,...,2n −1},

παn , j
(βn (p

n ))=

∫

S
f (αn , j , y )βn (p

n )(d y )

=

∫

S
f (αn , j , y )

2n−1
∑

k=0

pn
kδαn ,k

(d y )

=
2n−1
∑

k=0

f (αn , j ,αnk
)pn

k

= 〈 f (αn , j , ·),pn 〉

=(4.16) 〈 fn (αn , j , ·),pn 〉

=Dn
π [p

n ](αn , j ).
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This completes the proof of Lemma 20.

Lemma 21 One has,

∇Dn
ϕ [p

n ](αn , j ) =∇Fϕαn , j
(βn (p

n )), for pn ∈∆(Sn ) and j ∈{0,1,...,2n −1}. (C.4)

Proof 60 We first note that the mapµ 7→ϕ(µ) is Fréchet differentiable in the variational norm. Therefore
by Definition 9, we have that the map pn 7→Dn

ϕ (p
n ) is differentiable in the usual Euclidean topology. Fix

pn ∈∆(Sn ), zn ∈R2n
and denote the gradient ofDn

ϕ at the point pn by∇Dn
ϕ (p

n ). Then by (4.25), and the
relationship between derivative and its gradient, we have

2n−1
∑

j=0

∇Dn , j
ϕ [p

n ]zn
j = 〈∇D

n
ϕ (p

n ),zn 〉

=DDn
ϕ [p

n ](zn )

= lim
ε↓0

�

ε−1
�

Dn
ϕ (p

n +εzn )−Dn
ϕ (p

n )
�

�

= lim
ε↓0

�

ε−1
�

ϕ(βn (p
n +εzn ))−ϕ(βn (p

n ))
�

�

= lim
ε↓0

�

ε−1
�

ϕ(βn (p
n )+εβn (z

n ))−ϕ(βn (p
n ))
�

�

=DFϕ[βn (p
n )](βn (z

n ))

= 〈∇Fϕ(βn (p
n )),βn (z

n )〉

=
2n−1
∑

j=0

∇Fϕαn , j
(βn (p

n ))zn
j .

Since the above equality holds true for arbitrary zn ∈R2n
, one concludes that

∇Dn , j
ϕ (p

n ) =∇Fϕαn , j
(βn (p

n )), for all j ∈{0,1,...,2n}. (C.5)

This completes the proof of Lemma 21.

We now complete the proof of the proposition using Lemma 20 and Lemma 21. Sinceπ is a potential
game, we can conclude that,

∇Dn , j
ϕ [p

n ](αn , j ) =∇Fϕαn , j
(βn (p

n ))=παn , j
(βn (p

n ))=Dn
π [p

n ](αn , j ). (C.6)

Thus,Dn
π is a potential game with potential functionDn

ϕ . This concludes the proof of part (i) of Proposi-
tion 9.

Proof 61 (Proof of part (ii)) Follows from (4.22) and part (i) of Proposition 9.

Proof 62 (Proof of part (iii)) Fix n ⩾1. We need to show thatπn (Definition 18) is a potential game with
potential function ϕn (see (4.27)). We prove this in a few steps. First, we show that ϕn is well-defined,
in the sense that the definition of ϕn is independent of the choice of the absolutely continuous curve γ.
However, the definition of ϕn might depend on the choice of the initial condition of γ. But, this does
not affect the proof of the proposition since changing the initial condition of γ only leads to a uniform
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translation in the value ofϕn , the effect of which diminishes while computing its Fréchet gradient. Then
we prove that ϕn is a Fréchet differentiable map with respect to the strong topology. After showing that
ϕn is well-defined, we show that the Fréchet gradient∇Fϕn of ϕn is identified by πn (see (4.3) and the
paragraph therein). Proceeding, fix µ∈P (S ) and consider a γ∈AC((0,1);P (S ))with γ0=δ0 and γ1=µ.
It then follows after some computations that,

〈πn (γt ),γ̇t 〉=
∫

S
πn

x (γt )γ̇t (d x )

=

∫

S

∫

S
fn (x , y )γt (d y )γ̇t (d x )

=

∫

S

2n−1
∑

k=0

fn (x ,αn ,k )γt (Sn ,k )γ̇t (d x )

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )γt (Sn ,k )γ̇t (Sn , j ).

Thus, by an application of the definition (4.27), we have,

ϕn (µ) =ϕ(δ0)+

1
∫

0

2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )γt (Sn ,k )γ̇t (Sn , j )d t . (C.7)

Given the curve γ, and n ⩾1 (fixed before hand), we construct a new curve γn : (0,1)→∆(Sn ) such that
for all 0< t <1,

γn ,k
t =γt (Sn ,k ), for all k =0,1,...,2n −1. (C.8)

In words, for every 0< t <1, γn
t is an element of∆(Sn ) such that the k -th component γn ,k

t of γn
t is the

probability that the original curve γ assigns to the sub-intervalSn ,k at time t . Since γ∈AC((0,1);P (S )),
and the fact that the variational norm on∆(Sn ) is equivalent to the Euclidean norm on∆(Sn ), implies
that γn ∈AC(0,1;∆(Sn )). Also notice that the initial conditions of the curve γn is given by γn

0 = en
0 and

γn
1 = (µ(Sn ,0),µ(Sn ,1),...,µ(Sn ,2n−1)). Thus, using definition ofDn

ϕ in (4.25), we can rewrite (C.7) as

ϕn (µ) =ϕ(δ0)+

1
∫

0

2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )γ
n ,k
t γ̇n ,k

t d t

=Dn
ϕ (e

n
0 )+

1
∫

0

2n−1
∑

j=0

Dn
π (γ

n
t )(αn , j )γ̇

n , j
t d t

=Dn
ϕ (e

n
0 )+

1
∫

0

〈Dn
π (γ

n
t )(·),γ̇

n ,·
t 〉d t . (C.9)

However, by part (i) of Proposition 9, Dn
π is a potential game with potential function Dn

ϕ . As a result,
the vector field pn 7→Dn

π (p
n ) is a conservative. Thus the integral in the RHS of Equation (C.9) is in fact

independent of the curve γn . Since γ∈AC((0,1);P (S )) is arbitrary, we conclude that the definition of
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ϕn is Equation (4.27) is independent of the curve γ.
We now proceed to show that ϕn is Fréchet differentiable and that its Fréchet gradient ∇Fϕn is

indeed identified by the population game πn . Recall from the proof just prior that the definition of
ϕn is does not depend on the choice of the curve γ. Thus, in order to complete the proof of part (ii) of
Proposition 9, we shall, in particular, fix a curve γ according to our convenience which we define below.
Let γ : (0,1)→P (S ) be defined as

γεt :=







(1− t )δ0+ tµ, if 0⩽ t ⩽1
�

ε−t+1
ε

�

µ+
�

t−1
ε

�

(µ+εν), if 1< t ⩽1+ε.
(C.10)

In words, in between time points 0 and 1, the curve γ is a line segment joining δ0 and µ followed by a
line segment joining µ and µ+εν between time points 1 and 1+ε respectively. Thus, in principle, γ is a
piece-wise linear curve essentially joining δ0, µ, and µ+εν and therefore belongs to AC((0,1);P (S )).
As a consequence, we have the following two observations:

• limε↓0γ
ε
1 =µ.

• γ̇εt =ν for all 1< t ⩽1+ε.

Since ϕn is Fréchet differentiable, we have by (4.27) that for µ∈P (S ) and ν∈M (S ),

DFϕ
n [µ](ν) = lim

ε↓0

ϕn (µ+εν)−ϕn (ν)
ε

= lim
ε↓0

1

ε

�

1+ε
∫

0

〈πn (γt ),γ̇t 〉d t −

1
∫

0

〈πn (γt ),γ̇t 〉d t
�

= lim
ε↓0

1

ε

1+ε
∫

1

〈πn (γt ),γ̇t 〉d t .

Thus, in order to complete the proof of the proposition, we need to show that the limit in the RHS of the
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above string of equalities is 〈πn (µ),ν〉. Therefore,

1+ε
∫

1

〈πn (γt ),γ̇t 〉d t =

1+ε
∫

1

2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )γt (Sn ,k )γ̇t (Sn , j )

=

1+ε
∫

1

2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
¦ε− t +1

ε
µ(Sn ,k )

+
t −1

ε
(µ(Sn ,k )+εν(Sn ,k ))

©

ν(Sn , j )d t

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
�

1+ε
∫

1

¦ε− t +1

ε
µ(Sn ,k )

+
t −1

ε
(µ(Sn ,k )+εν(Sn ,k ))

©

d t
�

ν(Sn , j )

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
�µ(Sn ,k )

ε
(εt −

t 2

2
+ t )1+ε1

+
µ(Sn ,k )+εν(Sn ,k )

ε
(
t 2

2
− t )1+ε1

�

ν(Sn , j )

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
�ε2µ(Sn ,k )

2ε
+
ε2µ(Sn ,k )+ε3ν(Sn ,k )

2ε

�

ν(Sn , j )

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
�εµ(Sn ,k )

2
+
εµ(Sn ,k )+ε2ν(Sn ,k )

2

�

ν(Sn , j )

=
2n−1
∑

j=0

2n−1
∑

k=0

fn (αn , j ,αn ,k )
�

εµ(Sn ,k )+
ε2

2
ν(Sn ,k )
�

ν(Sn , j ).

As a result, using the fact that the step-approximations ( fn )n⩾1 are uniformly bounded, we have

lim
ε↓0

�

�

�

1

ε

1+ε
∫

1

〈πn (γt ),γ̇t 〉d t −〈πn (µ),ν〉
�

�

�⩽ lim
ε↓0

ε

2

2n−1
∑

j=0

2n−1
∑

k=0

| fn (αn , j ,αn ,k )|ν(Sn ,k )ν(Sn , j )

⩽ lim
ε↓0

ε

2
∥ fn∥∞

=0.

Thus, we arrive at the following equality: for all µ∈P (S ),

DFϕ
n [µ](ν) = 〈πn (µ),ν〉, for all ν∈M (S ). (C.11)

This implies that∇Fϕn (µ)=πn (µ) for all µ∈P (S ), verifying the fact that πn is a potential game with
potential function ϕn . This concludes the proof of Proposition 9.
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C.4 Proof of Proposition 10

We prove the proposition in two steps. We first verify that the sequence of rescaled potential functions
(N −1Dn ,N

ϕ )N⩾1 converge uniformly toDn
ϕ . Then we show thatDn

ϕ is aC 1-potential function.
Step 1: Observe that the potential functionϕ is Fréchet differentiable onP (S )under the variational

norm, and hence continuous onP (S ). Also notice that∆(Sn ) is a compact under the variational norm
when seen as an embedded subset of P (S ). Thus, one can say that there exists M > 0 such that
|ϕ(βn (pn ))|⩽M for all pn ∈∆(Sn ). Recall that by definition, we have for all pn ,N ∈∆N (Sn ),

max
pn ,N ∈∆N (Sn )

|εNDn ,N
ϕ (pn ,N )−Dn (pn )|= max

pn ,N ∈∆N (Sn )
|

1

N −1

�

NDn
ϕ (p

n ,N )

−
∑

k∈Sn

fn (αn ,k ,αn ,k )p
n ,N
k

�

−Dn
ϕ (p

n ,N )|

⩽
1

N −1
sup

pn∈∆(Sn )
|Dn
ϕ (p

n )|+
1

N −1
∥ fn∥∞

=
1

N −1
sup

pn∈∆(Sn )
|ϕ(βn (p

n ))|+
1

N −1
∥ fn∥∞

⩽
M

N −1
+

1

N −1
∥ fn∥∞

→0, as N →∞.

Step 2: In this step, we need to verify thatDn
ϕ is aC 1-potential function. To this end, we show that

ϕ is aC 1-potential function. LetB(M (S ),R) denote the space of bounded linear operators fromM (S )
to R equipped with the operator norm. To prove that Dn

ϕ is a C 1-potential function, it is enough to
show that the mapping DFϕ :M (S )→B(M (S ),R) is continuous. Let (µm )n⩾1,µ⊆M (S ) be such that
µm→µ in the variational norm as m→∞. It then follows that,

∥DFϕ(µm )−DFϕ(µ)∥op= sup
∥ν∥TV⩽1

|DFϕ(µm )(ν)−DFϕ(µ)(ν)|

= sup
∥ν∥TV⩽1

|〈π(µm ),ν〉−〈π(µ),ν〉|

⩽2∥ f ∥∞∥µm −µ∥TV

→0, as m→∞.

Thus, the conditions of Theorem 12.2.3 in Sandholm (2010) are verified and hence concludes the
proof of Proposition 10.

C.5 Proof of Theorem 8

In order to prove the theorem, we shall make use of Proposition 10. In order to proceed with the proof
of the theorem, we require the following observation, which we present in the form of a lemma.

Lemma 22 One has

∆ϕn
η (µ̄

n ,N ) =∆Dn ,η
ϕ (β̄

−1
n ,N (µ̄

n ,N )), for all µ̄n ,N ∈P̄ n ,N (S ), (C.12)
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Proof 63 Fix µ̄n ,N (S )∈P̄ n ,N (S ). We then observe that

ϕn
η (µ̄

n ,N ) =ϕn (µ̄n ,N )−η
∫

S
µ̄n ,N

x logµ̄n ,N
x d x

=ϕ(δ0)+

1
∫

0

〈πn (γt ),γ̇t 〉d t −η
2n−1
∑

j=0

2n pn ,N
j log(2n pn ,N

j )λ(Sn , j )

=ϕ(δ0)+

1
∫

0

〈πn (γt ),γ̇t 〉d t −η
2n−1
∑

j=0

pn ,N
j logpn ,N

j −ηn log2

=ϕ(δ0)+

1
∫

0

〈Dn
π [γ

n
t ],γ̇

n
t 〉d t −η

2n−1
∑

j=0

pn ,N
j logpn ,N

j −ηn log2,

where γn : (0,1)→∆(Sn ) is the mapping such that for all 0< t < 1, we have γ
n , j
t := γt (Sn , j ), for all j =

0,1,...,2n−1, with γn
0 =en

0 and γn
1 =(µ̄

n ,N (Sn ,0),µ̄n ,N (Sn ,1),...,µ̄n ,N (Sn ,2n−1))= β̄−1
n ,N (µ̄

n ,N ). We now state
a representation result which we shall use in the course of the proof of Lemma 22.

Lemma 23 Suppose π is a potential game with potential function ϕ. For every n ⩾ 1, let Dn
π be the

corresponding LPFSD game induced by π. Then the following representation holds modulo translation:

ϕ(βn (p
n ))=ϕ(βn (e

n
0 ))+

1
∫

0

〈Dn
π [γ

n
t ],γ̇

n
t 〉d t , for all pn ∈∆(Sn ), (C.13)

where γn ∈AC(0,1;∆(Sn )) satisfying γn
0 = en

0 and γn
1 =pn .

Proof 64 Fix µ,ν∈P (S ) and consider anC 1-regular curve γwith γ0=µ and γ1=ν. Observe that by
chain rule of differentiation, we have

d

d t
ϕn ◦γt = 〈∇Fϕn (γt )),γ̇t 〉, for all 0< t <1. (C.14)

Thus, using Fundamental theorem of calculus (Rudin (2006)), (C.14), and the fact that Dn
π is a

potential game with potential functionDn
ϕ , one has

Dn
ϕ (γ

n
t )−D

n
ϕ (e

n
0 ) =D

n
ϕ (γ

n
t )−D

n
ϕ (γ

n
0 )

=

∫ t

0

d

d u
Dn
ϕ ◦γ

n
u d u

=

∫ t

0

〈∇Dn
ϕ (γ

n
u ),γ̇

n
u 〉d u

=

∫ t

0

〈Dn
π (γ

n
u ),γ̇

n
u 〉d u . (C.15)

We make the following observations. Firstly, by construction, fn is bounded. SinceDn
π is generated
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via fn according to (4.17) (see Definition 18), it is uniformly bounded. As a result, the RHS of (C.15)
is uniformly bounded. Also, notice that γn is a C 1-regular on ∆(Sn ) and Dn

ϕ is differentiable. Hence,
t 7→γn

t and pn 7→Dn
ϕ (p

n ) is continuous. Thus, by an application of Bounded Convergence Theorem,

Dn
ϕ (p

n )−Dn
ϕ (e

n
0 ) = lim

t ↑1
Dn
ϕ (γ

n
t )−D

n
ϕ (e

n
0 )

= lim
t ↑1

∫ t

0

〈Dn
π (γ

n
u ),γ̇

n
u 〉d u

=

∫ 1

0

〈Dn
π (γ

n
u ),γ̇

n
u 〉d u .

Therefore, by definition ofDn
ϕ , we can conclude the proof of Lemma 23 by observing that

ϕ(βn (p
n ))−ϕ(βn (e

n
0 ))=D

n
ϕ (p

n )−Dn
ϕ (e

n
0 )

=

∫ 1

0

〈Dn
π (γ

n
u ),γ̇

n
u 〉d u .

This concludes the proof of Lemma 23.

We now proceed with the proof of the lemma. Thus, by an application of Lemma 23, we observe that

∆ϕn
η (µ̄

n ,N ) =

∫ 1

0

〈Dn
π (γ

n
t ),γ̇

n
t 〉d t −η

2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )

− max
µ̄n ,N ∈P̄ n ,N (S )

�

∫ 1

0

〈Dn
π (γ

n
t ),γ̇

n
t 〉d t −η

2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )
�

=Dn
ϕ (β̄
−1
n (µ̄

n ,N ))−η
2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )

− max
µ̄n ,N ∈P̄ n ,N (S )

�

Dn
ϕ (β̄
−1
n ,N (µ̄

n ,N ))−η
2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ−1
n , j (µ̄

n ,N )
�

=∆Dn
ϕ (β̄
−1
n ,N (µ̄

n ,N )).

This concludes the proof of Lemma 22.

For n ⩾1, let us introduce the following subset ofP (S ):

P̄n (S ) :=
�

µ∈P (S ) :µ(A) =
2n−1
∑

j=0

2n pn
j λ(A∩Sn , j ) for all A ∈B (S ) for some pn ∈∆(Sn )

�

. (C.16)

Thus, P̄n (S ) is the collection of all absolutely continuous probability measures onS with step probabil-
ity density functions, such that the probability in the sub-intervals {Sn , j : j =0,1,...2n −1} is identified
by some element in∆(Sn ).

We now proceed with the proof of the concerned theorem. We do so by invoking the result from
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Lemma 22 in the second line of the string of inequalities which follows below:

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�⩽ sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕn
η (µ̄

n ,N )
�

�

�

+ sup
µ̄n ,N ∈P̄n ,N (S )

|∆ϕn
η (µ̄

n ,N )−∆ϕη(µ̄n ,N )|

= sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆Dn ,η
ϕ (β̄

−1
n ,N (µ̄

n ,N ))
�

�

�

+ sup
µ̄n ,N ∈P̄n ,N (S )

|∆ϕn
η (µ̄

n ,N )−∆ϕη(µ̄n ,N )|.

Thus, allowing N to approach infinity, we have

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�

⩽ lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logµn ,N

η ◦β̄
−1
n ,N (µ̄

n ,N )−∆Dn ,η
ϕ (β̄

−1
n ,N (µ̄

n ,N ))
�

�

�

+ sup
µ̄n∈P̄n (S )

|∆ϕn
η (µ̄

n )−∆ϕη(µ̄n )|

⩽ lim
N→∞

sup
pn ,N ∈∆N (Sn )

�

�

�

η

N
logµn ,N

η (pn ,N )−∆Dn ,η
ϕ (p

n ,N )
�

�

�

+ sup
µ̄n∈P̄n (S )

|∆ϕn
η (µ̄

n )−∆ϕη(µ̄n )|.

By applying Proposition 10, we have that the first term in the RHS of the above inequality

lim
N→∞

sup
pn ,N ∈∆N (Sn )

�

�

�

η

N
logΞn ,N

η ◦β̄
−1
n ,N (p

n ,N )−∆Dn ,η
ϕ (p

n ,N )
�

�

�=0.

As a result, we arrive at the following inequality:

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�⩽ sup
µ̄n∈P̄n (S )

|∆ϕn
η (µ̄

n )−∆ϕη(µ̄n )
�

�

�.

Finally, allowing n to approach infinity, we have

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�⩽ lim
n→∞

sup
µ̄n∈P̄n (S )

|∆ϕn
η (µ̄

n )−∆ϕη(µ̄n )|.

Thus, in order to complete the proof of the theorem, we need to show that the RHS of the above inequality
is 0. Thus, proceeding with the right hand side of the above inequality we have

lim
n→∞

sup
µ̄n∈P̄n (S )

|∆ϕn
η (µ̄

n )−∆ϕη(µ̄n )|= lim
n→∞

sup
µ̄n∈P̄n (S )

|∆ϕn (µ̄n )−∆ϕ(µ̄n )|

⩽2 lim
n→∞

sup
µ̄n∈P̄n (S )

|ϕn (µ̄n )−ϕ(µ̄n )|.
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The above computation thus implies that it is enough to show that the potential function ϕn

converges uniformly to ϕ over P̄n (S ). Therefore, we proceed as follows:

sup
µ̄n∈P̄n (S )

|ϕn (µ̄n )−ϕ(µ̄n )|= sup
µ̄n∈P̄n (S )

|(ϕn (µ̄n )−ϕ(δ0))− (ϕ(µ̄n )−ϕ(δ0))|

⩽ sup
µ̄n∈P̄n (S )

sup
{γn∈AC1((0,1);P̄n (S )):γn

0=δ0,γn
1=µ̄n }

�

�

�

�

1
∫

0

〈πn (γn
t ),γ̇

n
t 〉d t

−

1
∫

0

〈π(γn
t ),γ̇

n
t 〉d t
�

�

�

�

⩽ sup
µ̄n∈P̄n (S )

sup
{γn∈AC1((0,1);P̄n (S )):γn

0=δ0,γn
1=µ̄n }

1
∫

0

|〈πn (γn
t )−π(γ

n
t ),γ̇

n
t 〉|d t

⩽ sup
µ̄n∈P̄n (S )

∥ fn − f ∥∞∥µ̄n∥TV

⩽2∥ fn − f ∥∞.

Thus, we arrive at

lim
n→∞

sup
µ̄n∈P̄n (S )

|ϕn (µ̄n )−ϕ(µ̄n )|⩽ lim
n→∞
∥ fn − f ∥∞

=0.

This concludes the proof of Theorem 8.

C.6 Proof of Theorem 9

We shall make use of Theorem 8 in order to complete the proof of this theorem. To this end we first
obtain the following upper bound. Notice that since n log2⩾1 for every n ⩾4, we have via an application
of triangle inequality that:

1

n log2

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−2ηn log2−∆ϕ(µ̄n ,N )
�

�

�

⩽
1

n log2

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�+
1

n log2

�

�

�∆ϕη(µ̄
n ,N )−∆ϕ(µ̄n ,N )−2ηn log2

�

�

�

⩽
�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�+
1

n log2

�

�

�∆ϕη(µ̄
n ,N )−∆ϕ(µ̄n ,N )−2ηn log2

�

�

�.

Note that as compared to the proof of Theorem 8, this proof requires an additional ‘outer-limit’ as the
noise parameter η ↓0. Therefore, taking supremum over P̄n ,N (S ) followed by the required limits on
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both sides of the above inequality we have:

lim
η↓0

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

1

n log2

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−2ηn log2−∆ϕ(µ̄n ,N )
�

�

�

⩽ lim
η↓0

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

�

�

�

η

N
logΞn ,N

η (µ̄n ,N )−∆ϕη(µ̄n ,N )
�

�

�

+ lim
η↓0

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

1

n log2

�

�

�∆ϕη(µ̄
n ,N )−∆ϕ(µ̄n ,N )−2ηn log2

�

�

�.

Thus, in order to complete the proof of Theorem 9, we need to show that both the limits in the right
hand side of the above inequality is 0. Notice that by Theorem 8, we have for every η>0, the first term
in the right hand side of the above inequality is 0. As a result, it is only enough to show that the second
term in the right hand side of the above inequality is 0. To this end, we require the following lemma.

Lemma 24 Fix n ,N ⩾1 and consider the map β̄n ,N :∆N (Sn )→P̄n ,N (S ) as defined in (4.36). Then,

∫

S
µ̄n ,N

x logµ̄n ,N
x (d x ) =

2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )+n log2, for all µ̄n ,N ∈P̄n ,N (S ). (C.17)

Proof 65 Fix n ,N ⩾1 and consider an arbitrary step probability measure µ̄n ,N ∈P̄n ,N (S ). Then, using
the definition of βn one can express the Shannon entropy associated to µ̄n ,N in the following manner:

∫

S
µ̄n ,N

x logµ̄n ,N
x (d x ) =

∫

S

2n−1
∑

j=0

2n β̄−1
n ,N , j (µ̄

n ,N )log(2n β̄−1
n ,N , j (µ̄

n ,N ))1Sn , j
(x )d x

=
2n−1
∑

j=0

2n β̄−1
n ,N , j (µ̄

n ,N )[n log2+ logβ−1
n , j (µ̄

n ,N )]λ(Sn , j )

=
2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )[n log2+ logβ̄−1
n ,N , j (µ̄

n ,N )]

=
2n−1
∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )+n log2.

This concludes the proof of Lemma 24.

We now continue with the proof of the theorem. In other words, we proceed to show that the second
term in the inequality just prior equals 0. Using the definition of∆ϕη and∆ϕ we have by an application
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of triangle inequality that:

1

n log2
|∆ϕη(µ̄n ,N )−∆ϕ(µ̄n ,N )−2ηn log2|

=
1

n log2

�

�

�

�

ϕη(µ̄
n ,N )− max

µ̄n ,N ∈P̄n ,N (S )
ϕη(µ̄

n ,N )
�

−
�

ϕ(µ̄n ,N )− max
µ̄n ,N ∈P̄n ,N (S )

ϕ(µ̄n ,N )
�

−2ηn log2
�

�

�

=
1

n log2

�

�

�

�

ϕη(µ̄
n ,N )−ϕ(µ̄n ,N )−ηn log2

�

−
�
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µ̄n ,N ∈P̄n ,N (S )

ϕη(µ̄
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µ̄n ,N ∈P̄n ,N (S )
ϕ(µ̄n ,N )−ηn log2

�

�

�

�

⩽
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n log2
|ϕη(µ̄n ,N )−ϕ(µ̄n ,N )−ηn log2|

+
1

n log2

�

�
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µ̄n ,N ∈P̄n ,N (S )

ϕη(µ̄
n ,N )− max

µ̄n ,N ∈P̄n ,N (S )
ϕ(µ̄n ,N )−ηn log2

�

�

�

⩽
1

n log2
|ϕη(µ̄n ,N )−ϕ(µ̄n ,N )−ηn log2|

+
1

n log2
max

µ̄n ,N ∈P̄n ,N (S )
|ϕη(µ̄n ,N )−ϕ(µ̄n ,N )−ηn log2|

⩽
2

n log2
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µ̄n ,N ∈P̄n ,N (S )
|ϕη(µ̄n ,N )−ϕ(µ̄n ,N )−ηn log2|

⩽
2η

n log2
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µ̄n ,N ∈P̄n ,N (S )

�

�

�

∫

S
µ̄n ,N

x logµ̄n ,N
x (d x )−n log2

�

�
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We now apply Lemma 24 to obtain the following inequality:

sup
µ̄n ,N ∈P̄n ,N (S )
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n log2
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n log2
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x (d x )−n log2
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�
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n log2
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µ̄n ,N ∈P̄n ,N (S )

�

�

�
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∑

j=0

β̄−1
n ,N , j (µ̄

n ,N )logβ̄−1
n ,N , j (µ̄

n ,N )
�

�

�

=
2η

n log2
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pn ,N ∈∆N (Sn )
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�

�

2n−1
∑
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pn ,N
j logpn ,N

j

�

�

�

⩽
2η

n log2
sup

pn∈∆(Sn )

�

�

�

2n−1
∑

j=0
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j logpn

j

�

�

�

Now we observe that the term in the right hand side of the above inequality is in particular the Shannon
entropy itself. We know that the supremum of the quantity is attained at the uniform distribution. More
precisely, if all the strategies in Sn is allocated the same probabilities, then the term is maximized. Note
that there are 2n -many strategies in Sn for every n ⩾1. Therefore, the absolute entropy is maximized at
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pn ,N
j = 1

2n for all j =0,1,...,2n −1. In that case, we have

2η

n log2
sup

pn∈∆(Sn )

�

�

�

2n−1
∑

j=0

pn
j logpn

j

�

�

�⩽
2η

n log2

�

�

�

2n−1
∑

j=0

1

2n
log

1

2n

�

�

�

⩽2η.

This leads to the fact that

lim
η↓0

lim
n→∞

lim
N→∞

sup
µ̄n ,N ∈P̄n ,N (S )

1

n log2

�

�

�∆ϕη(µ̄
n ,N )−∆ϕ(µ̄n ,N )−2ηn log2

�

�

�

⩽ lim
η↓0

lim
n→∞

lim
N→∞

sup
pn∈∆(Sn )

2η

n log2

�

�

�

2n−1
∑

j=0

pn
j logpn

j

�

�

�

=0.

This completes the proof of Theorem 9.
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APPENDIX

D

SUPPLEMENT TO CHAPTER 4

D.1 Preliminaries of Böchner Spaces

In this section, we provide a brief exposition on the preliminary theory of Böchner spaces which we use
in our proofs.

Definition 49 Let (Ω,A ,µ) be a probability space and let X be a Banach space. A function f :Ω→X is
simple if there exists x1, x2,..., xk ∈X and E1,E2,...,Ek ∈A such that f (ω)=

∑

1⩽i⩽k xiχEi
(ω) for allω∈Ω,

where χEi
denotes the indicator function on Ei for all i =1,2,...,k .

Definition 50 Let (Ω,A ,µ) be a probability space and let X be a Banach space. A function f :Ω→X is
µ-measurable if there exists a sequence of simple functions ( fn )n⩾1 with limn→∞∥ fn − f ∥X=0, µ-almost
everywhere.

Definition 51 Let (Ω,A ,µ) be a probability space and let X be a Banach space. A function f :Ω→X is
weakly µ-measurable if for every x ∗ ∈X∗, the numerical function x ∗ f is µ-measurable.

LetL p (Ω,µ,X) denote the space of all (µ-a.s.) equivalence classes of Böchner integrable functions
f :Ω→Xwith norm defined as

∥ f ∥ :=

∫

Ω

∥ f (ω)∥pXµ(dω)<∞.

The Böchner spaceL p (Ω,µ,X) is a generalization of standardL p (µ) spaces.1 Note that the space of
integrable signed Bayesian strategies as defined in (5.12) can be viewed as the Böchner spaceL 1(Ω,µ,X),
where Ω=Ω,A =BΩ, µ=ξ, and X=Rn .

1See Diestel and Uhl Jr (1978) and Hille and Phillips (1996) for further details on Böchner spaces.
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We now introduce the notion of weak topology onL p (Ω,µ,X) for 1⩽p <∞. Let f ∈L p (Ω,µ,X) and
g ∈L q (Ω,µ,X∗), where p−1+q−1=1.2 Define 〈 f ,g 〉(ω) := g (ω)( f (ω)) for allω∈Ω.3

Definition 52 Let (Ω,A ,µ) be a probability space and let X be a Banach space. The weak topology on
L p (Ω,µ,X) is the topology induced by the convergence:

fn→w f ⇐⇒
∫

Ω

〈 fn ,g 〉(ω)µ(dω)→
∫

Ω

〈 f ,g 〉(ω)µ(dω), for all g ∈L q (Ω,µ,X∗).

The following three definitions are required in the context of Theorem 5.

Definition 53 Let f ∈L 1(Ω,µ,X) and A ∈A . Then the average value of f over A is defined as

avg( f ;A) :=
1

µ(A)

∫

A

f (ω)µ(dω).

Definition 54 Let f ∈L 1(Ω,µ,X) and A ∈A . Then the Bocce oscillation of f over A is defined as

Bocce-osc( f ;A) :=
1

µ(A)

∫

A

∥ f (ω)−avg( f ;A)∥Xµ(dω).

Definition 55 A subsetK ofL 1(Ω,µ,X) is said to satisfy small Bocce oscillation if for every ε>0, there
exists a finite measurable partition {A1,...,Ap }⊆Ω such that for all f ∈K, we have

∑

1⩽i⩽p

µ(Ai )Bocce-osc( f ;Ai )<ε.

D.2 Proof of proposition 17

We first prove the ‘only-if’ part. Note that the definition of Bayesian best response (6.4) can be equiva-
lently written as

β (σ) :=
¦

ρ ∈Σ :ρ(ω)∈argmax
y∈∆
〈y,G (σ,ω)〉 for ξ−a.eω∈Ω

©

.

Now suppose thatσ◦ is a Bayesian equilibrium of G . Then we must haveσ◦ ∈β (σ◦)which implies by
the definition of Bayesian equilibrium that

σ◦(ω)∈argmax
y∈∆
〈y,G (σ◦,ω)〉 for ξ−a.eω∈Ω.

As a result, by the original definition of Bayesian best response correspondence, we have σ◦(ω) ∈
β [σ◦](ω) for ξ-a.eω∈Ω. Finally, by the definition ofω-sliced Bayesian best response (6.5), we have that
σ◦(ω)∈βω(σ◦) for ξ-a.eω∈Ω. This completes the proof of the only-if part.

We now proceed with the proof of ‘if-part’. So let us suppose that σ◦ is an ω-sliced Bayesian
equilibrium of the game Gω for ξ-a.eω∈Ω. Similarly, back tracing as in the proof of only if part, we
haveσ◦ is a Bayesian equilibrium of G .

2Here X∗ denotes the dual space of X.
3Suppose that the Banach space X is reflexive. Then for 1⩽p <∞, the dual ofL p (eµ,X) is identified byL q (eµ,X∗), where

p−1+q−1=1. That is,L p (eµ,X)∗∼=L q (eµ,X∗), for 1⩽p <∞. See Diestel and Uhl Jr (1978) for a complete exposition on weak
topology on Böchner spaces.
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D.3 Proof of Proposition 13

To prove the proposition, we resort to the Pettis Measurability Theorem theorem. We provide the
statement of the theorem for completeness.

Theorem 23 (Pettis Measurability Theorem (Diestel and Uhl Jr (1978))) Let (bΩ,A ,µ) be a probability
space and let X be a Banach space. A function f : bΩ→X is µ-measurable if and only if

1. f is µ-essentially separable valued, that is, there exists E ∈A with µ(E ) =0 and such that f (bΩ\E )
is (norm) separable subset of X, and

2. f is weakly µ-measurable.

We now proceed with the proof of the proposition. We apply Theorem 23 with bΩ=Ω, µ=ξ, and X=Rn .
To show that the mapping σ 7→βε(σ) is well-defined, we need to show that for every σ∈Σ, βε(σ)∈Σ.
In other words, we need to show that βε[σ] is ξ-measurable. We thereby verify the conditions of
Theorem 23. Note that by definition, β [σ] :Ω→∆. Since ∆ is compact, it is separable. This verifies
condition (i). To verify condition (ii), we need to show that βε(σ) :Ω→∆ is weakly ξ-measurable in
the sense of Definition 51. Thus, fix u∈Rn . We need to show that the map u◦βε[σ] :Ω→R defined by
u◦βε[σ](ω) := 〈u,βε[σ](ω)〉 for allω∈Ω is weakly ξ-measurable. Since v is a strongly convex function, it
follows that βε[σ](ω) =∇v∗ε(G (σ,ω)), in which case we have

〈u,βε[σ](ω)〉= 〈u,∇v∗ε(G (σ,ω))〉 for allω∈Ω.

Also since G is a Bayesian population game, it follows from the definition that the mapω 7→G (σ,ω)
is measurable. Also, it follows from Rockafellar (1970) that∇v∗ε is 1/γε-Lipschitz (hence continuous).
Therefore the mapω 7→∇v∗ε(G (σ,ω)) is measurable. Thus,ω 7→ 〈u,∇v∗ε(G (σ,ω))〉 is measurable. As a
result, by simple function approximation theorem, it follows that the mapω 7→u◦βε[σ](ω) is weakly
ξ-measurable. Since u∈Rn is arbitrary, condition (ii) is verified. This concludes the proof of Proposition
23.

D.4 Proof of Theorem 10

The proof of Theorem 10 is an application of Brouwer-Schauder-Tychonoff fixed point theorem (Alipran-
tis and Border (2013))). We again provide the statement of the theorem for completeness.

Theorem 24 (Brouwer-Schauder-Tychonoff FPT) Let V be a non-empty compact convex subset of a
locally convex Hausdorff space, and let f :V→V be a continuous function. Then the set of fixed points of
f is compact and nonempty.

In order to apply Theorem 24, recall from (5.12) that the space of integrable signed Bayesian strategies
bΣ is identified by the Böchner spaceL 1(Ω,ξ,Rn ). Since bΣ is endowed with the weak topology, it follows
from Kesavan (2009) that it is a Hausdorff topological space. It also follows from the definition that bΣ is
locally convex. Therefore, under the weak topology, the space of integrable signed Bayesian strategies
is a locally convex Hausdorff topological space. We now proceed to show that the space of Bayesian
strategies Σ is compact under the weak topology. The fact that Σ is convex is obvious.

Lemma 25 The space of Bayesian strategies Σ is compact under the weak topology.

Proof 66 The proof of Lemma 33 is an application of Dunford’s Theorem (Diestel and Uhl Jr (1978))
which characterizes relatively weakly compact subsets ofL 1(Ω,ξ,Rn ).
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Theorem 25 (Dunford’s Theorem (Diestel and Uhl Jr (1978))) Let (bΩ,A ,µ) be a finite measure space
andX be a Banach space such that bothX andX∗ satisfy the Radon-Nikodym property.4 A subsetK of
L 1(µ,X) is relatively weakly compact if

1. the subsetK is bounded,

2. the subsetK is uniformly integrable, and

3. for each E ∈A , the set

�

∫

E
f (ω)dµ(dω) : f ∈K

�

is relatively weakly compact.

We apply Theorem 25 with bΩ=Ω, µ=ξ,X=Rn , andK=Σ. We need to show that the space of Bayesian
strategiesΣ satisfies the conditions stated in Theorem 25. Note that ∥σ(ω)∥⩽

p
n , for allω∈Ω. Therefore,

we have

sup
σ∈Σ
|||σ|||= sup

σ∈Σ

∫

Ω

∥σ(ω)∥ξ(dω)⩽
p

n .

Therefore the subset Σ is bounded. This verifies condition (i) of Theorem 25.
To verify condition (ii), note that Σ is uniformly integrable, since every Bayesian strategyσ∈Σ is

uniformly bounded by
p

n , for everyω∈Ω, in which case we have

lim
ε→∞

sup
σ∈Σ

∫

∥σ∥>ε
∥σ(ω)∥ξ(dω)⩽

p
n lim
ε→∞

sup
σ∈Σ
ξ(∥σ∥>ε) =0.

Finally we verify condition (iii) of Theorem 25. To this end, let E ∈BΩ. Consider the set

IE :=
¦

∫

E

σ(ω)ξ(dω) :σ∈Σ
©

.

The fact that∆ is a compact convex subset of Rn and that Range(σ)⊆∆ for all σ∈Σ, together imply
that IE is relatively compact. Since E is arbitrary, condition (iii) of Theorem 25 is satisfied.

This proves that Σ is relatively compact under the weak topology. However since Σ is itself closed
under the weak topology, it is compact. This concludes the proof of lemma 33.

To conclude the proof of Theorem 10, we need to show that the mappingσ 7→βε(σ) is continuous in
the weak topology. We show this in the following lemma.

Lemma 26 The mappingσ 7→βε(σ) is continuous in the weak topology.

Proof 67 To prove the lemma, consider a sequence (σn )n⩾1⊆Σ, such thatσn→w σ. We need to show
thatβε(σn )→w βε(σ). Since the regularizer is a γ-strongly convex function andG is a weakly continuous
Bayesian population game, there exists Ω̄⊆Ωwith ξ(Ω̄) =1 such that for every fixedω∈ Ω̄, we have that

∥βε[σn ](ω)−βε[σ](ω)∥= ∥∇v∗ε(G (σn ,ω))−∇v∗ε(G (σ,ω))∥

⩽
1

εγ
∥G (σn ,ω)−G (σ,ω)∥→0.

4See Diestel and Uhl Jr (1978), Chap III for the definition of Radon-Nikodym property. It is known that ifX is a reflexive
Banach space, then X has the Radon-Nikodym property. In our case, X=Rn . Thus X follows the Radon Nikodym property.
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This proves the fact that βε[σn ](ω)→βε[σ](ω) for everyω∈ Ω̄. Now let g ∈L∞(Ω,ξ,Rn ∗). This implies
that g (ω) is a bounded linear functional from Rn to R for everyω∈Ω. Therefore, for everyω∈Ω, we
have g [ω](xn )→ g [ω](x), whenever xn→x. Since βε[σn ](ω)→βε[σ](ω) for everyω∈ Ω̄, we have that

∫

Ω

〈βε(σn ),g 〉(ω)ξ(dω) =
∫

Ω

g (ω)(βε[σn ](ω))ξ(dω)

=

∫

Ω̄

〈g (ω),βε[σn ](ω)〉ξ(dω)

→
∫

Ω̄

〈g (ω),βε[σ](ω)〉ξ(dω)

=

∫

Ω

g (ω)(βε[σ](ω))ξ(dω)

=

∫

Ω

〈βε(σ),g 〉(ω)ξ(dω).

Since g ∈L∞(Ω,ξ,Rn ∗) is arbitrary, this proves that the mappingσ 7→βε(σ) is continuous in the weak
topology on Σwhich completes the proof of Lemma 35.

Since Σ is a non empty compact convex subset of bΣ and βε is a continuous map, the conditions of
Theorem 24 are satisfied and the existence of a fixed point is established. This concludes the proof of
Theorem 10.

D.5 Proof of Corollary 3

In order to prove the corollary, it is enough to show that the aggregate Bayesian population game G is
weakly continuous. Note that from the definition of G it is enough to show that E is continuous. Let
σn→σ. We show that E (σn )→E (σ). To this end, fix i ∈S . Define the projection map πi :Cn (∆)→Rn ∗,
such that for everyω∈Cn (∆),

πi [ω](x) :=xi , for all x∈Rn .
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Note that πi ∈L∞(Cn (∆),ξ,Rn ∗) for all i ∈S . Since σn →w σ, we have from the definition of weak
topology that

E i (σn ) =

∫

Ω

σi
n (ω)ξ(dω)

=

∫

Ω

πi (ω)(σn (ω))ξ(dω)

=

∫

Ω

〈σn ,πi 〉(ω)ξ(dω)

→
∫

Ω

〈σ,πi 〉(ω)ξ(dω)

=

∫

Ω

πi (ω)(σ(ω))ξ(dω)

=

∫

Ω

σi (ω)ξ(dω)

=E i (σ).

This proves that E (σn )→E (σ). Thus σn→w σ implies that G (σn ,ω) =ω(E (σn ))→ω(E (σ)) =G (σ,ω)
for allω∈Cn (∆). Hence G is weakly continuous. This concludes the proof of Corollary 3.

D.6 Proof of Theorem 11

Let (εm )m⩾1 be an arbitrary sequence of positive noise parameters such that εm ↓0. For every m ⩾1, let
σ◦m denote the correspondingεm -regularized Bayesian equilibrium, the existence of which is guaranteed
by Theorem 10. Note that by Lemma 33, the space of Bayesian strategies Σ is compact relative to the
weak topology. Thus there exists a subsequence (σmk

)k⩾1⊆Σ such that σ◦mk
→w σ◦, for some σ◦ ∈Σ.

We need to show thatσ◦ is a Bayesian equilibrium of the game G . We first prove the following lemma.

Lemma 27 Fix a noise parameter ε>0. Thenσ◦ε is a regularized Bayesian equilibrium of the game G iff
σ◦ε(ω) is a regularized equilibrium of theω-sliced game Gω for ξ-a.eω∈Ω.

Proof 68 The proof of the lemma follows using the definitions of βε and βεω and is left to the reader.

We now proceed with the proof of the theorem. We shall prove this by the method of contra-
diction. Suppose on the contrary that σ◦ is not a Bayesian equilibrium. Then by definition, there
exists Ω̄⊆Ω with ξ(Ω̄)> 0 such that σ◦(ω) /∈ β [σ◦](ω) for all ω ∈ Ω̄, which in principle implies that
σ◦(ω) /∈argmaxy∈∆〈y,G (σ◦,ω)〉 for allω∈ Ω̄. Thus, there exists i,j : Ω̄→S such that for everyω∈ Ω̄, there
exists j(ω)∈S , i(ω)∈ supp(σ◦(ω)) and an η(ω)>0 satisfying the following inequality:

G j(ω)(σ◦,ω)>2η(ω)+G i(ω)(σ◦,ω).

Since G is a weakly continuous population game, there exists for everyω∈ Ω̄, a K (ω)⩾1 sufficiently
large enough such that

G j(ω)(σ◦mk
,ω)>η(ω)+G i(ω)(σ◦mk

,ω), for sufficiently large k ⩾K (ω). (D.1)
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We now make the following observation. By our assumptions, we have thatσ◦mk
→w σ◦. We show that

σ◦mk
(ω)→σ◦(ω) as k→∞ for everyω∈Ω. To prove the claim, fix anω∈Ω and i ∈S . Define a function

g i
ω :Ω→Rn as g i

ω(ω̄) :=ei1ω(ω̄), for all ω̄∈Ω. It then follows that ∥g i
ω∥∞=1 and that g i

ω∈L
∞(Ω,ξ,Rn ∗),

for everyω∈Ω and every i ∈S . Sinceσ◦mk
→σ◦, we have by definition of weak topology that,

σ◦,imk
(ω) = 〈σ◦mk

(ω),ei 〉

=

∫

Ω

〈σ◦mk
,g i
ω〉(ω̄)ξ(d ω̄)

→
∫

Ω

〈σ◦,g i
ω〉(ω̄)ξ(d ω̄)

= 〈σ◦(ω),ei 〉

=σ◦,i (ω).

Since i(ω)∈ supp(σ◦(ω)) for all ω∈ Ω̄, we must have that σ◦,i(ω)(ω)> 0 for all ω∈ Ω̄. However, we
show that this cannot happen. Thus, in order to arrive at a contradiction, we show thatσ◦,i(ω)mk

(ω)→0 for
someω∈ Ω̄. We show this separately for regularizers satisfying Condition C1 followed by regularizers
satisfying Condition C2.

Proof 69 (Proof for regularizers satisfying Condition C1) Proceeding, first let us suppose that the reg-
ularizer satisfies Condition C1 (Definition 27). We prove a much stronger statement, that is, we show

thatσ◦,i(ω)mk
(ω)→0 for allω∈ Ω̄. To this end, fixω∈ Ω̄. Then by (D.1), there exists i(ω),j(ω)∈S such that

uj(ω)
mk

:=G j(ω)(σ◦mk
,ω)>G i(ω)(σ◦mk

,ω) =: ui(ω)
mk

for k ⩾K (ω). Since v satisfies Condition C1, we have

∇v∗εmk
,j(ω)(G (σ

◦
mk

,ω))⩾λ(εmk
)v∗εmk

,i(ω)(G (σ
◦
mk

,ω)), for all k ⩾K (ω).

Next, note that ∇v∗εmk
,j(ω)(G (σ

◦
mk

,ω)) =βεmk
,j(ω)[σ◦mk

](ω) and ∇v∗εnk
,i(ω)(G (σ

◦
mk

,ω)) =βεmk
,i(ω)[σ◦mk

](ω).

Also sinceσ◦mk
is aεmk

-regularized Bayesian equilibrium of the gameG , we have that∇v∗εmk
,j(ω)(G (σ

◦
mk

,ω))=

σ◦,i(ω)mk
(ω) and∇v∗εmk

,i(ω)(G (σ
◦
mk

,ω))=σ◦,i(ω)mk
(ω). In what follows, we have

σ◦,j(ω)mk
(ω)⩾λ(εmk

)σ◦,i(ω)mk
(ω), for all k ⩾K (ω).

Since εmk
converges to 0 as k→∞ and that v satisfies Condition C1, we have λ(εmk

)→∞ as k→∞.

Thus we can conclude thatσ◦,i(ω)mk
(ω)→0. However, this leads to a contradiction since i(ω)∈ supp(σ◦(ω)).

Since ω∈ Ω̄ is arbitrary, we have that σ◦,i(ω)mk
(ω)→ 0 for all ω∈ Ω̄. Thus, the required claim is proved.

Thereforeσ◦must be a Bayesian equilibrium of the original game G .

Proof 70 (Proof for regularizers satisfying Condition C2) Next we establish the same under Condition
C2 (Definition 29). We again prove this via the method of contradiction. However, contrary to Case 1, we

show thatσ◦,i(ω)mk
(ω)→0 for someω∈ Ω̄, which, as mentioned in the previous arguments, is enough to

conclude thatσ◦ is a Bayesian equilibrium. Suppose not. Then we must have thatσ◦,i(ω)mk
(ω) converges

to c (ω), where c (ω)>0 for allω∈ Ω̄.5 As a result,σ◦,i(ω)mk
(ω) is bounded away from 0 for allω∈ Ω̄. Thus,

5We note that the convergence ofσ◦,i(ω)mk
(ω) is guaranteed by weak convergence of (σ◦mk

)k⩾1.
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we have via Condition C2 that there exists a sequence of shifted Bayesian strategies (eσ◦mk
)k⩾1, where

(eσ◦mk
)k⩾1 is a shift of (σ◦mk

)k⩾1 over Ω̄, such that, after some algebra, the following condition holds true

for allω∈ Ω̄:

∑

α∈{i(ω),j(ω)}
Gα(σ◦mk

,ω)eσ◦,αmk
(ω)⩾2η(ω)(σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω))

+
∑

α∈{i(ω),j(ω)}
Gα(σ◦mk

,ω)σ◦,αmk
(ω)

for sufficiently large k ⩾K2(ω). Now fix an ε> 0. Note that since εmk
↓ 0, there exists N ⩾ 1 such that

εmk
<ε for all k ⩾N . Also since the regularizer v satisfies Condition C2. Thus, in particular, it satisfies

Condition C2 with respect to the sequence of Bayesian strategies (σ◦mk
)k⩾1 over the subset Ω̄, we have

for everyω∈ Ω̄,

|vεmk
(eσ◦mk

(ω))−vεmk
(σ◦mk

(ω))|= |εmk
||vεmk

(eσ◦mk
(ω))−vεmk

(σ◦mk
(ω))|

⩽ε(σ◦,i(ω)mk
(ω)− eσ◦,i(ω)mk

(ω))

for sufficiently large k ⩾max{N ,K2(ω)}. As a result, we have that

vεmk
(eσ◦mk

(ω))⩽vεmk
(σ◦mk

(ω))+ε(σ◦,i (ω)mk
(ω)− eσ◦,i (ω)mk

(ω))

for k ⩾max{N ,K2(ω)}. Now note that for allω∈ Ω̄ and α∈S \{i(ω),j(ω)}, we have

∑

α∈S\{i(ω),j(ω)}
Gα(σ◦mk

,ω)eσ◦,αmk
(ω) =
∑

α∈S\{i(ω),j(ω)}
Gα(σ◦mk

,ω)σ◦,αmk
(ω).

Combining all the above observations, we arrive at the following inequality:

〈G (σ◦mk
,ω), eσ◦mk

(ω)〉−εmk
v(eσ◦mk

(ω))⩾η(ω)(σ◦,i(ω)mk
(ω)− eσ◦,i(ω)mk

(ω)) (D.2)

+〈G (σ◦mk
,ω),σ◦mk

(ω)〉−εmk
v(σ◦mk

(ω))

for large k ⩾max{N ,K2(ω)}. Thus in terms of the sliced game, the above inequality can equivalently be
written as

〈Gω(σ◦mk
), eσ◦mk

(ω)〉−εmk
v(eσ◦mk

(ω))⩾η(ω)(σ◦,i(ω)mk
(ω)− eσ◦,i(ω)mk

(ω)) (D.3)

+〈Gω(σ◦mk
),σ◦mk

(ω)〉−εmk
v(σ◦mk

(ω))

for large k ⩾max{N ,K2(ω)}. However note that sinceσ◦mk
is an εmk

-regularized Bayesian equilibrium,
we have by Lemma 27 that σ◦mk

(ω) is an εmk
-perturbed equilibrium of the sliced game Gω for every

k ⩾1. Thus we have by definition thatσ◦mk
(ω)=βεmk

[σ◦mk
](ω) for ξ-a.eω∈Ω. As a result, it should be

the case that

〈Gω(σ◦mk
),σ◦mk

(ω)〉−εmk
v(σ◦mk

(ω))⩾ 〈Gω(σ◦mk
),y〉−εmk

v(y), for all y∈∆.

But we observe from (D.3) that for allω∈ Ω̄ the above inequality does not hold. Therefore, we have
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constructed a sequence of shifted Bayesian strategies (eσ◦mk
)k⩾1 which have a greater expected payoff

under theω-sliced gameGω for everyω∈ Ω̄. We also note that the shifted sequence of Bayesian strategies
differ from the original sequence of regularized Bayesian equilibria on the set Ω̄ of positive measure.

Hence, arrive at a contradiction. Thus,σ◦,i(ω)mk
(ω)→0 for someω∈ Ω̄. Also since we have thatσ◦mk

→σ◦

relative to the weak topology on Σ, we have thatσ◦,i(ω)(ω)=0. But again, we arrive at a contradiction
since by our hypothesis, i(ω)∈ supp(σ◦(ω)) for all ω∈ Ω̄. Therefore, σ◦ is a Nash equilibrium of the
original game G .

D.7 Regularizers satisfy Condition C1 or Condition C2

In this section, we shall show that the Shannon-Gibbs entropy satisfies Condition C1, whereas the Tsallis
entropy and the Burg entropy satisfy Condition C2.

Shannon-Gibbs entropy satisfies condition C1

In this subsection, we show that the Shannon-Gibbs entropy (Example 12) satisfies Condition C1
(Definition 27). Fix u∈Rn and i , j ∈S with i ̸= j such that u j >ui . In that case, it follows from (5.7) that

∇v∗s,ε, j (u)

∇v∗s,ε,i (u)
=

exp(ε−1u j )

exp(ε−1ui )
=exp(ε−1(u j −ui )).

Thus, Condition C1 is satisfied with λ(ε) :=exp(ε−1(u j −ui )). Note that since u j >ui , this implies that
λ(ε)→∞ as ε→0.

Tsallis entropy satisfies Condition C2

In this subsection, we show that Tsallis entropy (Example 13) satisfies Condition C2 (Definition 29)
with respect to the sequence (σ◦mk

)k⩾1, where (σ◦mk
)k⩾1 is sequence of Bayesian strategies obtained

in Theorem 10. Fix an arbitrary Ω̄⊆Ω such that ξ(Ω̄)> 0. Consider ω ∈ Ω̄, distinct i,j : Ω̄→ S with

limk→∞σ
◦,i(ω)
mk
(ω)>0 and G j(ω)(σ◦mk

,ω)>G i(ω)(σ◦mk
,ω) for sufficiently large k (depending onω). The

fact that limk→∞σ
◦,i(ω)
mk

(ω)>0 implies that limk→∞σ
◦,i(ω)
mk

(ω) is bounded away from 0, in which case we
can construct a corresponding sequence of Bayesian strategies (eσ◦mk

)k⩾1, where (eσ◦mk
)k⩾1 is a shift of

(σ◦mk
)k⩾1 over Ω̄ from i to j. First we observe that for everyω∈ Ω̄, the induced belief under the shifted

sequence (eσ◦mk
)k⩾1 differs from the original sequence (σ◦mk

)k⩾1 only at the co-ordinates i and j in the

sense that for allω∈ Ω̄, we have eσ◦,kmk
(ω) =σ◦,kmk

(ω) for all k ∈S \{i(ω),j(ω)}. Therefore, in order to verify
Condition C2, it is enough to bound the difference in the entropy function over the strategies i(ω) and
j(ω). Thus, by definition of Tsallis entropy, we have

|vt(eσ◦mk
(ω)−vt(σ◦mk

(ω))|⩽
1

q (1−q )

�

|eσ◦,j(ω)mk
(ω)−σ◦,j(ω)mk

(ω)|
︸ ︷︷ ︸

=:T k
1 (ω)

+ |eσ◦,j(ω)mk
(ω)q −σ◦,j(ω)mk

(ω)q |
︸ ︷︷ ︸

=:T k
2 (ω)

�

+
1

q (1−q )

�

|eσ◦,i(ω)mk
(ω)−σ◦,i(ω)mk

(ω)|+ |eσ◦,i(ω)mk
(ω)q −σ◦,i(ω)mk

(ω)q |
︸ ︷︷ ︸

=:T k
3 (ω)

�

. (D.4)
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We bound the terms T k
1 (ω),T k

2 (ω) and T k
3 (ω) separately. Note that by the very definition of eσ◦mk

(via
Definition 28) that,

T k
1 (ω) = |eσ

◦,j(ω)
mk
(ω)−σ◦,jmk

(ω)|= |eσ◦,i(ω)mk
(ω)−σ◦,i(ω)mk

(ω)|. (D.5)

In order to bound the term T k
2 (ω), we first observe that eσ◦,j(ω)mk

(ω) can be expressed as

eσ◦,j(ω)mk
(ω) =δi(ω)j(ω)

mk
(ω)σ◦,j(ω)mk

(ω), (D.6)

where δi(ω)j(ω)
mk

(ω) :=1+
σ◦,i(ω)mk

(ω)−eσ◦,i(ω)mk
(ω)

σ
◦,j(ω)
mk

(ω)
. Since by definition, δi(ω)j(ω)

mk
(ω)>1, and 0<q <1, we must have

δ
i(ω)j(ω)
mk

(ω)q −1<δi(ω)j(ω)
mk

(ω)−1. Thus we arrive at

T k
2 (ω) = |eσ

◦,j(ω)
mk
(ω)q −σ◦,j(ω)mk

(ω)q |

= |(δi(ω)j(ω)
mk

(ω)q −1)σ◦,j(ω)mk
(ω)q |

⩽ |(δi(ω)j(ω)
mk

(ω)−1)σ◦,j(ω)mk
(ω)q |

=
σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)

σ
◦,j(ω)
mk
(ω)1−q

.

Thus, in order to bond the term T k
2 (ω), we need to lower bound the termσ

◦,j(ω)
mk
(ω)1−q . Note that

sinceσ◦mk
(ω) is a regularized equilibrium of the sliced game Gω, we have that

σ◦,j(ω)mk
(ω) =
� εmk

1−q

�1/(1−q ) 1

(θ t
ε(σ◦mk

,ω)−G j(ω)
ω (σ◦mk

))1/(1−q )
(D.7)

Thus, letting η(ω)↓0 in (D.1), we have thatσ◦,j(ω)mk
(ω)⩾σ◦,i(ω)mk

(ω) for all k sufficiently large (depending on

ω). As a result, we have thatσ◦,j(ω)mk
(ω)q−1⩽σ◦,i(ω)mk

(ω)q−1 for sufficiently large k (depending onω). Note

that since limk→∞σ
◦,i(ω)
mk

(ω)>0, there exists ci(ω)(ω)>0 such thatσ◦,i(ω)mk
(ω)⩾ ci(ω)(ω)

2 for sufficiently large

k (depending onω). This, in conjunction with the fact thatσ◦,j(ω)mk
(ω)⩾σ◦,i(ω)mk

(ω) for all k sufficiently

large (depending on ω) implies that σ◦,j(ω)mk
(ω)⩾ ci(ω)(ω)

2 for all k sufficiently large (depending on ω).
Combining all the above observations, we arrive at

T k
2 (ω)⩽

21−q

ci(ω)(ω)1−q
(σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)). (D.8)

Finally, we proceed to bound the term T3. Recall that σ◦,i(ω)mk
(ω)⩾ ci(ω)(ω)

2 for sufficiently large k
(depending onω). Now, by an application of the mean-value theorem, we have

T k
3 (ω) = |eσ

◦,i(ω)
mk
(ω)q −σ◦,i(ω)mk

(ω)q |

⩽
q 21−q

ci(ω)(ω)1−q
|eσ◦,i(ω)mk

(ω)−σ◦,i(ω)mk
(ω)|.

Combining all the inequalities obtained above in (D.5), (D.8) and (D.9) we have for sufficiently large
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k that,

|vt(eσ◦mk
(ω))−vt(σ◦mk

(ω))|⩽
�

2+
21−q

ci(ω)(ω)1−q
+

q 21−q

ci(ω)(ω)1−q

�

|eσ◦,i(ω)mk
(ω)−σ◦,i(ω)mk

(ω)|

=
�2ci(ω)(ω)1−q +21−q (1+q )

q (1−q )ci(ω)(ω)1−q

�

|eσ◦,i(ω)mk
(ω)−σ◦,i(ω)mk

(ω)|.

Thus setting κi(ω)(ω) :=
2ci(ω)(ω)1−q+21−q (1+q )

q (1−q )ci(ω)(ω)1−q , and observing the fact thatσ◦,i(ω)mk
(ω)> eσ◦,i(ω)mk

(ω), proves

the fact that the Tsallis entropy satisfies Condition C2.

Burg entropy satisfies Condition C2

In this subsection, we show that Burg entropy (Example 5.3.1) satisfies Condition C2. Fixω∈Ω, distinct

i,j : Ω̄→S with limk→∞σ
◦,i(ω)
mk

(ω)>0 andG j(ω)(σ◦mk
,ω)>G i(ω)(σ◦mk

,ω) for sufficiently large k (depending
onω). As in the case of the proof for Tsallis entropy, it is enough to bound the Burg entropy at co-ordinates
i(ω) and j(ω).

We proceed similar to the case of Tsallis entropy. Note that by definition of Burg entropy, we have

|vb(eσ◦mk
(ω))−vb(σ◦mk

(ω))|⩽ |log eσ◦,j(ω)mk
(ω)− logσ◦,j(ω)mk

(ω)|
︸ ︷︷ ︸

=:U k
1 (ω)

+ |log eσ◦,i(ω)mk
(ω)− logσ◦,i(ω)mk

(ω)|
︸ ︷︷ ︸

=:U k
2 (ω)

. (D.9)

We bound the terms U k
1 (ω),U

k
2 (ω) separately. We first observe that eσ◦,j(ω)mk

(ω) can be expressed as

eσ◦,j(ω)mk
(ω) =δi(ω)j(ω)

mk
(ω)σ◦,j(ω)mk

(ω), (D.10)

where δi(ω)j(ω)
mk

(ω) :=1+
σ◦,i(ω)mk

(ω)−eσ◦,i(ω)mk
(ω)

σ
◦,j(ω)
mk

(ω)
. Since log(1+x )< x for all x >0, we have that logδi(ω)j(ω)

mk
(ω)<

σ◦,i(ω)mk
(ω)−eσ◦,i(ω)mk

(ω)

σ
◦,j(ω)
mk

(ω)
. Now, by definition of Burg entropy, we have

U k
1 (ω) = |log eσ◦,j(ω)mk

(ω)− logσ◦,j(ω)mk
(ω)|

= |log
�

δi(ω)j(ω)
mk

(ω)σ◦,j(ω)mk
(ω)
�

− logσ◦,j(ω)mk
(ω)|

= |logδi(ω)j(ω)
mk

(ω)|

<
σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)

σ
◦,j(ω)
mk
(ω)

Thus, similar to Tsallis entropy, we need to lower bound the termσ
◦,j(ω)
mk

(ω). Note that sinceσ◦mk
(ω)

is a regularized equilibrium of the sliced game Gω, we have that

σ◦,jmk
(ω) =

εmk

(θ b
ε (σ◦mk

,ω)−G j(ω)
ω (σ◦mk

))
. (D.11)

Thus, letting η(ω) ↓0 in (D.1), we have thatσ◦,j(ω)mk
(ω)⩾σ◦,i(ω)mk

(ω) for all k sufficiently large (depending
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on ω). Note that since limk→∞σ
◦,i(ω)
mk
(ω)> 0, there exists bci(ω)(ω)> 0 such that σ◦,i(ω)mk

(ω)⩾ bci(ω)(ω)
2 for

sufficiently large k (depending onω). This, in conjunction with the fact thatσ◦,j(ω)mk
(ω)⩾σ◦,i(ω)mk

(ω) for all

k sufficiently large (depending onω) implies thatσ◦,j(ω)mk
(ω)⩾ bci(ω)(ω)

2 for all k sufficiently large (depending
onω). Combining the above observations, we arrive at

U k
1 (ω)⩽

2

bci(ω)(ω)
(σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)). (D.12)

We now proceed to bound the term U k
2 (ω). Notice that the mapping x 7→ log x is Lipschitz on [a ,∞),

where a > 0. The fact that σ◦,i(ω)mk
(ω) is bounded away from 0, implies that the shifted sequence of

Bayesian strategies can be chosen in such a way that eσ◦,i(ω)mk
(ω) is bounded away from 0. More precisely,

we can construct a shifted sequence of Bayesian strategies such that eσ◦,i(ω)mk
(ω)⩾ bci(ω)(ω)

4 . Thus, by an
application of mean value theorem, we have

U k
2 (ω) = |log eσ◦,i(ω)mk

(ω)− logσ◦,i(ω)mk
(ω)|

⩽
4

bci(ω)(ω)
(σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)). (D.13)

Therefore, combining (D.12) and (D.13), we arrive at

|vb(eσ◦mk
(ω))−vb(σ◦mk

(ω))|⩽U k
1 (ω)+U k

2 (ω)
� 2

bci(ω)(ω)
+

4

bci (ω)

�

(σ◦,i(ω)mk
(ω)− eσ◦,i(ω)mk

(ω))

⩽
6

bci(ω)(ω)
(σ◦,i(ω)mk

(ω)− eσ◦,i(ω)mk
(ω)).

Thus, setting bκi(ω)(ω) :=
6
bci(ω)(ω)

and observing the fact thatσ◦,i(ω)mk
(ω)> eσ◦,i(ω)mk

(ω), proves the fact that the

Burg entropy satisfies Condition C2.

D.8 Proof of Theorem 17

We use the infinite dimensional Picard-Lindeloff Theorem (see Zeidler (1986) for details) to prove
Theorem 17.

Theorem 26 (Picard-Lindelöff Theorem, Zeidler (1986)) Let Y be a Banach space. Let y0 ∈Y,t0 ∈R,
and

Qb := {(t , y )∈R×Y | |t − t0|⩽a and ∥y − y0∥⩽ b }

for fixed a ,b >0. Suppose f :Qb →Y is continuous and that

∥ f (t , x )− f (t , y )∥⩽ L∥x − y ∥ for all (t , x ),(t , y )∈Qb , and

∥ f (t , x )∥<M for all (t , x )∈Qb
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where L ⩾0 and M >0 are fixed. Choose c such that 0< c <a and M c <b . Then the initial value problem

ẋ (t ) = f (t , x (t )), x (t0) = y0,

where x : [t0−c ,t0+c ]→Y, has exactly one continuously differentiable solution on the interval [t0−c ,t0+
c ].

Now we proceed with the proof of Theorem 17. To prove Theorem 17, it is by Theorem 26 enough to
show that the mappingσ 7→βε(σ) is Lipschitz continuous with respect to the strong topology on Σ. We
show this in the following lemma.

Lemma 28 The mappingσ 7→βε(σ) is Lipschitz continuous with respect to the strong norm on Σ.

Proof 71 To prove the lemma, we need to show that there exists a constant κ>0, such that

�

�

�

�

�

�βε(σ)−βε(ρ)
�

�

�

�

�

�⩽ κ̄
�

�

�

�

�

�σ−ρ
�

�

�

�

�

�, for allσ,ρ ∈Σ. (D.14)

Fixσ,ρ ∈Σ. By (5.5) and the definition of strong norm, we have that

�

�

�

�

�

�βε(σ)−βε(ρ)
�

�

�

�

�

�=

∫

Ω

∥βε[σ](ω)−βε[ρ](ω)∥ξ(dω)

=

∫

Ω

∥∇v∗ε(G (σ,ω))−∇v∗ε(G (ρ,ω))∥ξ(dω)

⩽
1

εγ

∫

Ω

∥G (σ,ω)−G (ρ,ω)∥ξ(dω)

⩽
κ

εγ

�

�

�

�

�

�σ−ρ
�

�

�

�

�

�.

The second last inequality occurs since∇v∗ε is (εγ)−1-Lipschitz, and the last inequality occurs since the
Bayesian population game G is κ-strongly Lipschitz. Finally we have that

�

�

�

�

�

�βε(σ)−βε(ρ)
�

�

�

�

�

�⩽ κ̄
�

�

�

�

�

�σ−ρ
�

�

�

�

�

�, for allσ,ρ ∈Σ.

Therefore (D.14) is satisfied with κ̄= κ
εγ . This completes the proof of Lemma 36.

We now apply Grönwall’s Lemma (see Zeidler (1986) for details) to prove the continuity of the
semiflow, that is, part (ii) of Theorem 17. We state the lemma below.

Lemma 29 (Grönwalls’s Lemma, Zeidler (1986)) Let u ,v : [t0−a ,t0+a ]→V be maps into the subspace
V of a Banach space Y. Suppose f : [t0−a ,t0+a ]×V→Y is continuous and Lipschitz continuous with
respect to u, that is,

∥ f (t ,u )− f (t ,v )∥Y⩽ L∥u−v ∥V for all t ∈ [t0−a ,t0+a ] and u ,v ∈V and fixed L >0.

Then ∥u (t )−v (t )∥V⩽ e L |t−t0|∥u (0)−v (0)∥ for all t ∈ [t0−a ,t0+a ].

We apply Lemma 29 with Y= bΣ,V=Σ, and f =βε. By Lemma 36, the conditions of Lemma 29
are satisfied. Therefore, there exists k > 0 such that for any two solutions (σt )t⩾0 and (eσt )t⩾0 to the
Generalized Dynamic with initial conditionsσ0 and eσ0, respectively, we have |||σt − eσt |||⩽ e k t |||σ0− eσ0|||.
This establishes continuity of the semiflow of the Generalized Dynamic. This concludes the proof of
Theorem 17.
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D.9 Proof of Lemma 5

To prove part (i) of the theorem, we require the following lemma.

Lemma 30 (Balder et al. (1994)) A subset K of L 1(µ,X) is relatively norm compact if and only if the
following conditions are satisfied:

1. The subsetK is relatively weakly compact.

2. The subsetK satisfies small Bocce oscillation.

3. The subset {avg( f ;A) : f ∈K} is relatively norm compact in X, for every A ∈BΩ, such that µ(A)>0.

Throughout the proof, we fix a compact set Ξ⊆Ωwith ξ(Ξ)=1. To verify condition (i) of Lemma 37, note
that for every α>0 and M ⊆∆◦, we have ΣαM (Ξ) is a subset of Σ. Therefore, the fact that Σ is relatively
weakly compact implies that ΣαM (Ξ) is also relatively weakly compact.

We now proceed to verify condition (ii) of Lemma 37, that is, we need to show that ΣαM (Ξ) satisfies
small Bocce oscillation. To this end, fix η>0. Since ΣαM (Ξ) is a family of Bayesian strategies which are
α-Lipschitz on Ξ, it follows that ΣαM (Ξ) is equicontinuous on Ξ. Therefore, by the definition, there exists
δ>0, such thatω,ω̄∈Ξ and dΩ(ω,ω̄)<δ imply that

∥σ(ω)−σ(ω̄)∥<η, for allσ∈ΣαM (Ξ). (D.15)

Fixω∈Ξ, and let B (ω;δ) denote the open ball of radius δ aboutω. Then, for everyσ∈ΣαM (Ξ), we have
that ∥σ(ω)−σ(ω̄)∥<η, for all ω̄∈B (ω;δ). We now proceed to show that Bocce-osc(σ,B (ω;δ))<η, for
everyσ∈ΣαM (Ξ). Fixσ∈ΣαM (Ξ). Note that for every ω̄∈B (ω;δ), we have ∥σ(ω)−σ(ω̄)∥<η. This implies
that

∥σ(ω)−avg(σ,B (ω;δ))∥=







σ(ω)−
1

ξ(B (ω;δ))

∫

B (ω;δ)
σ(ω̄)ξ(d ω̄)









=
1

ξ(B (ω;δ))










∫

B (ω;δ)
σ(ω)ξ(d ω̄)−
∫

B (ω;δ)
σ(ω̄)ξ(d ω̄)









⩽
1

ξ(B (ω;δ))

∫

B (ω;δ)
∥σ(ω)−σ(ω̄)∥ξ(d ω̄)

<η.

This implies Bocc-osc(σ,B (ω,δ))<η. Since ΣαM (Ξ) is equicontinuous on Ξ, we have from (D.15),
that

Bocce-osc(σ;B (ω;δ))<η, for allσ∈ΣαM (Ξ).

Note that (B (ω;δ))ω∈Ω is an open cover of Ω, and hence an open cover of Ξ. Since Ξ is compact,
it follows that there exist ω1,...,ωp ∈ Ξ, such that Ξ⊆ ∪1⩽i⩽p B (ωi ;δ). Suppose that the collection
(B (ωi ;δ))1⩽i⩽p is disjoint. Then,

{B (ωi ;δ) : 1⩽ i ⩽p}∪ (Ω\Ξ)

forms a finite measurable partition of Ω. However, if it happens to be the case that the collection
(B (ωi ;δ))1⩽i⩽p is not disjoint, we disjointify the collection and extract a collection (G (ωi ;δ))1⩽i⩽p such
that ∪1⩽i⩽p G (ω;δ) =∪1⩽i⩽p B (ωi ;δ) and that G (ωi ;δ)∩G (ω j ;δ) = ; for all i ̸= j . In such a case, we have
that

{G (ωi ;δ) : 1⩽ i ⩽p}∪ (Ω\Ξ)
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forms a measurable partition of Ω. The fact that the elements of the new collection (G (ωi ;δ))1⩽i⩽p

are measurable subsets follows since both open sets and closed sets are measurable, and the Borel
sigma-algebra is closed under intersection of finitely many open and closed sets. Therefore we finally
have that

∑

1⩽i⩽p

ξ(G (ωi ;δ))Bocc-osc(σ;G (ωi ;δ))<η.

This proves that ΣαM (Ξ) has small Bocce oscillation thereby verifying condition (ii) of Lemma 37.
Finally we verify condition (iii) of Lemma 37. Fix A ∈BΩ, such that ξ(A)> 0. By the definition

of Bayesian strategies, we have that {avg(σ;A) :σ∈ΣαM (Ξ)}⊆∆. Since ∆ is compact in the Euclidean
topology, we have that {avg(σ;A) :σ∈ΣαM (Ξ)} is relatively norm compact inRn . Since A ∈BΩ is arbitrary,
Condition (iii) of Lemma 37 is satisfied. This concludes the proof of part (i) of Theorem 5.

We now proceed to prove part (ii) of Lemma 5. We first observe that the game G is uniformly
bounded in the sense that there exists c >0 such that for everyσ∈Σ, ∥G (σ,ω)∥⩽ c for ξ-a.eω∈Ω. Let
Bc := {u∈Rn : ∥u∥⩽ c }. Since the mapping u 7→∇v∗ε(u) is continuous and Bc is a compact set, we have
that the image of Bc is a compact set. Also since the regularized best response maps payoff-vectors
to the interior of ∆, we have ∇v∗ε(u)∈∆

◦ for every u∈Rn , we have that the image of Bc is a compact
subset of ∆◦. Thus, for a given c > 0, consider the set Bc and define Mc to be the image of Bc under
the map u 7→∇v∗ε(u). Therefore, we have that βε[σ]∈ΣMc

wheneverσ∈Σ. This implies, in particular,
that βε[σ]∈ΣMc

wheneverσ∈ΣMc
. Also, by assumption of lemma, we have for everyσ∈Σ, the map

ω 7→G (σ,ω) is λ-Lipschitz for ξ-a.eω∈Ξ. As a result, fixingω,ω̄∈Ξ, we have

∥βε[σ](ω)−βε[σ](ω̄)∥= ∥∇v∗ε(G (σ,ω))−∇v∗ε(G (σ,ω̄))∥

⩽
1

εγ
∥G (σ,ω)−G (σ,ω̄)∥

⩽
λ

εγ
dΩ(ω,ω̄)

⩽αdΩ(ω,ω̄).

Combining the above observations, we have that βε[σ]∈ΣαMc
(Ξ) whenever σ ∈Σ. This again, in

particular, implies that βε[σ]∈ΣαMc
(Ξ) whenever σ ∈ΣαMc

(Ξ). Thus, we have proved that given c > 0,
there exists a compact set Mc ⊆∆◦ such thatβε[σ]∈ΣαMc

(Ξ)wheneverσ∈ΣαMc
(Ξ), provided the Lipschitz

coefficient of the Bayesian strategy α⩾ λ
εγ . Hence ΣαMc

(Ξ) is forward invariant under the RBBR learning
dynamic. This completes the proof of part (ii) of Lemma 5.

D.10 Proof of Lemma 6

In order to prove the lemma, we need to show that

∫

Ω

〈 eG (σ,ω),σ̇(ω)〉ξ(dω)⩾0 for allσ∈Σ,

with equality only if σ̇=0. We first prove the inequality. We require the following lemma in this regard.

189



Lemma 31 For everyσ∈ΣαM , the following equality holds:

∫

Ω

〈∇G
evε[βε(σ)](ω),σ̇(ω)〉ξ(dω) =

∫

Ω

〈G (σ,ω),σ̇(ω)〉ξ(dω).

Proof 72 To prove the lemma, fixσ∈ΣαM andω∈Ω and consider a mapping Φεσ,ω :∆◦→R defined as

Φεσ,ω(y) := 〈y,G (σ,ω)〉−εv(y), for all y∈∆◦. (D.16)

Now note that by the definition of regularized Bayesian best response map and the fact that v is
strongly convex, we have that βε[σ](ω) is the unique maximizer of Φεσ,ω. Therefore, we must have
dΦεσ,ω[βε[σ](ω)](z0) =0 for all z0 ∈Rn

0 . As a result, for z0 ∈Rn
0 , we have

0=dΦεσ,ω[βε[σ](ω)](z0)

= lim
η→0

Φεσ,ω(βε[σ](ω)+ηz0)−Φεσ,ω(βε[σ](ω))

η

= 〈z0,G (σ,ω)〉− lim
η→0

vε(βε[σ](ω)+ηz0)−vε(βε[σ](ω))
η

= 〈z0,G (σ,ω)〉−d vε[βε[σ](ω)](z0). (D.17)

Thus, we have d vε[βε[σ](ω)](z0)= 〈G (σ,ω),z0〉 for all z0 ∈Rn
0 . Fixσ∈ΣαM andσ0 ∈Σ0. Recall from the

definition of ev that for fixed η>0, we have

evε(βε[σ]+ησ0) =

∫

Ω

vε(βε[σ](ω)+ησ0(ω))ξ(dω),

and that

evε(βε[σ])=

∫

Ω

vε(βε[σ](ω))ξ(dω).

Sinceσ∈ΣαM , we have that v(σ(ω)) is uniformly bounded for ξ-a.eω∈Ω, in which case, we have

devε[βε(σ)](σ0) =

∫

Ω

d vε(βε[σ](ω))(σ0(ω))ξ(dω). (D.18)

However using (D.17) and the definition of Gâteaux derivative, we have

∫

Ω

∇G
evε[βε(σ)](ω)(σ0(ω))ξ(dω) =

∫

Ω

〈σ0(ω),∇G
evε[βε(σ)](ω)〉ξ(dω)

=

∫

Ω

d vε(βε[σ](ω))(σ0(ω))ξ(dω)

=

∫

Ω

〈G (σ,ω),σ0(ω)〉ξ(dω).
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Note that the above equality holds true for arbitraryσ0 ∈Σ0. Since, σ̇=βε(σ)−σ∈Σ0, we have that

∫

Ω

∇G
evε[βε(σ)](ω)(σ̇(ω))ξ(dω) =

∫

Ω

〈G (σ,ω),σ̇(ω)〉ξ(dω). (D.19)

This completes the proof of the Lemma 31.

We now proceed with the proof of Lemma 6. Note that, as a consequence of Lemma 31, we have the
following equality:

∫

Ω

〈 eG (σ,ω),σ̇(ω)〉ξ(dω) =
∫

Ω

〈G (σ,ω)−∇G
ev[σ](ω),σ̇(ω)〉ξ(dω)

=

∫

Ω

〈∇G
ev[βε(σ)](ω)−∇G

ev[σ](ω),σ̇(ω)〉ξ(dω).

Therefore, in order to prove Theorem 18, firstly we need to show that

∫

Ω

〈∇G
ev[βε(σ)](ω)−∇G

ev[σ](ω),σ̇(ω)〉ξ(dω)⩾0. (D.20)

Since v is strongly convex (and hence convex), we have that ev is also convex. As a result, we have from
Rockafellar (1970), that for everyσ,ρ ∈Σ,

ev(ρ)⩾ev(σ)+
∫

Ω

〈ρ−σ,∇G
ev(σ)〉(ω)ξ(dω)

=ev(σ)+

∫

Ω

〈∇G
ev[σ](ω),ρ(ω)−σ(ω)〉ξ(dω).

Putting ρ=βε[σ] in the above inequality we have that

ev(βε[σ])⩾ev(σ)+
∫

Ω

〈∇G
ev[σ](ω),βε[σ](ω)−σ(ω)〉ξ(dω). (D.21)

Now interchanging ρ andσ, we have that

ev(σ)⩾ev(βε[σ])+
∫

Ω

〈∇G
ev(βε[σ])(ω),σ(ω)−βε[σ](ω)〉ξ(dω). (D.22)

Combining inequalities (D.21) and (D.22) above, we arrive at the required inequality (D.20). Hence this
completes the proof of Lemma 6.

It now remains to show that equality in (D.20) holds only if βε(σ) =σ, that is, σ̇= 0. Since v is a
decomposable regularizer, there exists aC 1-function θ : (0,1)→R such that v(x)=

∑

1⩽i⩽n θ (xi ), for all
x∈∆◦. We first require the following lemma.

Lemma 32 Suppose that v is a regularizer decomposable via the function θ : (0,1)→R. Then for every
σ∈ΣαM , we have

devε[σ](σ0) :=ε
n
∑

i=1

∫

Ω

θ ′(σi (ω))σi
0(ω)ξ(dω), for allσ0 ∈Σ0.
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Proof 73 For x∈∆◦ and z0 ∈Rn
0 , we have

d vε[x](z0) = lim
η→0

vε(x+ηz0)−vε(x)
η

=ε lim
η→0

∑

1⩽i⩽n θ (xi +ηz0
i )−
∑

1⩽i⩽n θ (xi )

η

=ε
n
∑

i=1

zi
0θ
′(xi ).

It now follows from (D.18) and the previous arguments that forσ∈ΣαM andσ0 ∈Σ0, we have

devε[σ](σ0) =

∫

Ω

d vε(σ(ω))(σ0(ω))ξ(dω)

=ε
n
∑

i=1

∫

Ω

θ ′(σi (ω))σi
0(ω)ξ(dω).

This completes the proof of Lemma 32.

We now proceed with the proof of part (i) of Lemma 6 in the context of decomposable regularizers.
By Lemma 32, we have that the Gâteaux gradient∇G

evε(βε[σ]) at the typeω is identified by the vector
ε(θ ′(β1

ε [σ](ω)),...,θ ′(βn
ε [σ](ω))). Similarly, we have that∇G

evε[σ](ω) =ε(θ ′(σ1(ω)),...,θ ′(σn (ω))) for all
ω∈Ω. This in particular implies that

∫

Ω

〈∇G
ev[βε(σ)](ω)−∇G

ev[σ](ω),σ̇(ω)〉ξ(dω)

=ε
n
∑

i=1

∫

Ω

[θ ′(β i
ε[σ](ω))−θ

′(σi (ω))][β i
ε[σ](ω)−σ

i (ω)]ξ(dω). (D.23)

By assumption of the lemma, we have that the function θ ′ is strictly increasing on (0,1). Thus, we
have that the RHS of the equality (D.23) is positive for ξ-a.eω∈Ω. This implies that the RHS of (D.23)
equals 0 iff βε[σ] =σ, that is equality holds iff σ̇=0.

Finally we proceed with the proof of part (ii) of Lemma 6. We note by Lemma 5, that there exists
a compact set M ⊆∆◦ such that ΣαM (Ξ) is forward invariant under the RBBR dynamic. Thus, we can
find δ ∈ (0, 1

2 )
n such that M ⊆ [δ1,1−δ1]×···× [δn ,1−δn ].6 Now suppose that σ∈ΣαM (Ξ). By forward

invariance, βε[σ] ∈ΣαM (Ξ). Also by assumption in part (ii) of the lemma, we have that θ ′ is strictly
increasing on the interval [min1⩽i⩽n δ

i ,1−min1⩽i⩽n δ
i ]. Thus, in such a scenario, the RHS of the equality

(D.23) is positive for ξ-a.eω∈Ω. This implies that the RHS of (D.23) equals 0 iff βε[σ]=σ, that is equality
holds iff σ̇=0. Thus, the RBBR learning dynamic satisfies positive correlation with respect to the virtual
payoff eG .

6We clarify the reader that the compact set M and δ∈ (0, 1
2 )

n depends on the underlying parameters stated precisely in
Lemma 5. We remove the dependence of the parameters for a clean presentation of the proof.
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D.11 Proof of Theorem 18

We first observe that by Theorem 5, the subset ΣαM (Ξ) is norm compact and forward invariant under the
RBBR learning dynamic. Thus, in order to prove the theorem, we need to show the Bayesian entropy
adjusted potential function eϕαM increases along every solution trajectory to the regularized Bayesian
best response learning dynamic which originates in ΣαM (Ξ). Note that

ėϕ(σ) = ϕ̇(σ)−ėv(σ)

=Dϕ[σ](σ̇)−dev[σ](σ̇)

=

∫

Ω

〈σ̇,∇Fϕ(σ)〉(ω)ξ(dω)−
∫

Ω

〈σ̇,∇G
ev(σ)〉(ω)ξ(dω)

=

∫

Ω

∇Fϕ[σ](ω)(σ̇(ω))ξ(dω)−
∫

Ω

∇G
ev[σ](ω)(σ̇(ω))ξ(dω)

=

∫

Ω

〈∇Fϕ[σ](ω),σ̇(ω)〉ξ(dω)−
∫

Ω

〈∇G
ev[σ](ω),σ̇(ω)〉ξ(dω)

=

∫

Ω

〈G (σ,ω),σ̇(ω)〉ξ(dω)−
∫

Ω

〈∇G
ev[σ](ω),σ̇(ω)〉ξ(dω)

=

∫

Ω

〈G (σ,ω)−∇G
ev[σ](ω),σ̇(ω)〉ξ(dω)

=

∫

Ω

〈 eG (σ,ω),σ̇(ω)〉ξ(dω)

Now we complete the proof by showing that the solution trajectory to the RBBR dynamic converges
to the set of regularized Bayesian equilibria under the strong topology. By assumption of the theorem, it
follows from Theorem 5 thatΣαM (Ξ) is norm compact and forward invariant. Also, since the vector field is
Lipschitz under the norm ||| . |||, it follows from Theorem 17 that a continuous and unique solution exists,
given any initial conditionσ0 ∈Σ. It then follows from standard results of dynamical systems theory
(see Bhatia and Szegö (2006)) that the omega–limit set of the trajectory (σt )t⩾0 is non–empty, compact,
and connected in the norm topology. Moreover this set is contained in the set of rest points of the
RBBR learning dynamic. Hence any element in the omega–limit set is a rest point of the RBBR learning
dynamic and hence a regularized Bayesian equilibrium. Also since the entropy adjusted Bayesian
potential function is increasing along every solution trajectory, any point in the omega–limit set will be
a maximizer of the function. This concludes the proof of Theorem 18.

D.12 Proof of Proposition 8

The proof of the proposition follows along the lines of Cheung (2014). Fix ω∈Ω, σ∈Σ, and σ0 ∈Σ0.
Since the slice map Gω : bΣ→Rn isC 1-Fréchet differentiable for ξ-a.eω∈Ω, we have

Gω(σ+εσ0) =Gω(σ)+DGω[σ](εσ0)+o(ε∥σ0∥).

This implies that
Gω(σ+εσ0)−Gω(σ) =DGω[σ](εσ0)+o(ε∥σ0∥).
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Taking inner product with respect to εσ0(ω) on both sides of the above equation and integrating with
respect to ξ, we have

∫

Ω

〈Gω(σ+εσ0)−Gω(σ),εσ0(ω)〉ξ(dω) =
∫

Ω

〈DGω[σ](εσ0),σ0(ω)〉ξ(dω)+o(ε2∥σ0∥2).

Since G is a negative semidefinite game, we have

ε2

∫

Ω

〈DGω(σ)(σ0),σ0(ω)〉ξ(dω)+o(ε2∥σ0∥2)⩽0.

Since ε is arbitrary, we have by dividing both sides of the above inequality by ε2 and allowing ε→0, that

∫

Ω

〈DGω[σ](σ0),σ0(ω)〉ξ(dω)⩽0.

This proves that G satisfies self defeating externalities if and only if G is a negative semidefinite game,
which concludes the proof of Proposition 8.

D.13 Proof of Proposition 15

Proof 74 Hofbauer and Sandholm (2007) show uniqueness of logit equilibrium for finite strategy nega-
tive semidefinite games under homogeneous population set-up. We extend this result to finite strategy
negative semidefinite games under heterogeneous set-up, which we call Bayesian negative semidefinite
games. We prove the proposition along the lines of Lahkar and Riedel (2015), Lahkar et al. (2022b).
Note that since the space ΣαM (Ξ) is forward invariant under the RBBR dynamic, it is enough to prove the
uniqueness result on ΣαM (Ξ). Recall from Section 5.5 that the virtual payoff vector is such that for all
σ∈ΣαM (Ξ),

eG (σ,ω) =G (σ,ω)−∇G
ev[σ](ω), for allω∈Ω. (D.24)

Now, for everyÒσ0 ∈ bΣ0 and t ∈R such thatσ+ tÒσ0 ∈ΣαM (Ξ), we define the following quantity:

λ(σ,Òσ0,t ) :=

∫

Ω

〈 eG (σ+ tÒσ0,ω),Òσ0(ω)〉ξ(dω). (D.25)

We would now like to calculate the Gâteaux derivative of the function λ(σ,Òσ0, ·)with respect to t . Notice
that

λ(σ,Òσ0,t +η) =

∫

Ω

〈 eG (σ+(t +η)Òσ0,ω),Òσ0(ω)〉ξ(dω)

=

∫

Ω

[〈 eG (σ+ tÒσ0,ω)+d eGω[σ+ tÒσ0](ηÒσ0),Òσ0(ω)〉+o(|η|)]ξ(dω)

=λ(σ,Òσ0,t )+

∫

Ω

〈d eGω[σ+ tÒσ0](ηÒσ0),Òσ0(ω)〉ξ(dω)+o(|η|).
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Thus, we have that
∂ λ(σ,Òσ0,t )

∂ t
=

∫

Ω

〈d eGω[σ+ tÒσ0](Òσ0),Òσ0(ω)〉ξ(dω).

In order for us to complete the proof of the proposition, we need to compute the right hand side of the
above equation. Note that from the definition of eG , we have

∫

Ω

〈d eGω[σ+ tÒσ0](Òσ0),Òσ0(ω)〉ξ(dω) =
∫

Ω

〈dGω[σ+ tÒσ0](Òσ0),Òσ0(ω)〉ξ(dω)

−
∫

Ω

〈d∇G
ev[σ+ tÒσ0](Òσ0),Òσ0(ω)〉ξ(dω). (D.26)

Since the game G is Fréchet differentiable, G is Gâteaux differentiable too in which case, using the
fact that G satisfies Bayesian self-defeating externalities, we have the following inequality:

∫

Ω

〈dGω(σ+ tÒσ0)(Òσ0),Òσ0(ω)〉ξ(dω) =
∫

Ω

〈DGω(σ+ tÒσ0)(Òσ0),Òσ0(ω)〉ξ(dω)⩽0.

We now show that the second term in the RHS of (E.18) is positive. For this, we note that for every
σ∈ΣαM , the following equality holds:

∇G
evε[σ](ω) =∇vε(σ(ω)), for allω∈Ω. (D.27)

With the above equality in hand, we have that

∫

Ω

〈d∇G
evε[σ+ tÒσ0](Òσ0),Òσ0(ω)ξ(dω) =

∫

Ω

〈d∇vε[σ(ω)+ tÒσ0(ω)](Òσ0(ω)),Òσ0(ω)〉ξ(dω). (D.28)

By assumption of the lemma, 〈d∇vε[x+ t z0](z0),z0〉⩾ 0, for all t ∈R, x∈∆ and z0 ∈Rn
0 such that

x+ t z0∈∆. Thus, noticing the fact thatσ(ω)+ tÒσ0(ω)∈∆,Òσ0(ω)∈Rn
0 for allω∈Ω and using the equality

relation in (D.28), we have that

∫

Ω

〈d∇G
evε[σ+ tÒσ0](Òσ0),Òσ0(ω)ξ(dω) =

∫

Ω

〈d∇vε[σ(ω)+ tÒσ0(ω)](Òσ0(ω)),Òσ0(ω)〉ξ(dω)⩾0. (D.29)

Therefore, the LHS of (E.18), and thus ∂ λ(σ,Òσ0,t )
∂ t <0. Now, let us fix a regularized Bayesian equilibrium

σ◦. It then follows from standard theory of gradient of convex conjugate (see for instance Rockafellar
(1970)) that eG i (σ◦,ω) is independent of i for every ω∈Ω. In other words, given the equilibrium σ◦,
we have for every ω∈Ω, a c (σ◦,ω) such that eG i (σ◦,ω) = c (σ◦,ω) for all ω∈Ω and i ∈S . As a result,
we have that λ(σ◦,Òσ0,0) =

∫

Ω
〈G (σ◦,ω),Òσ0(ω)〉ξ(dω) = 0 for all Òσ0 ∈ bΣ. Now define σ̄ :=σ◦+ tÒσ0 for

some non-zeroÒσ0 ∈ bΣ such that σ̄ is distinct fromσ◦. By definition, we have
∫

Ω
〈 eG (σ̄,ω),Òσ0(ω)〉ξ(dω)=

λ(σ◦,Òσ0,t ).Also, from the previous arguments, we have thatλ(σ◦,Òσ0,0)=0. This, in conjunction with the
fact that ∂ λ(σ̄,Òσ0,t )

∂ t <0, implies that λ(σ̄,Òσ0,t )<0. Therefore, we have that
∫

Ω
〈 eG (σ̄,ω),Òσ0(ω)〉ξ(dω)<0,

and hence σ̄ cannot be a regularized equilibrium. This completes the proof of Proposition 15.
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D.14 Proof of Theorem 19

Similar to the proof of Theorem 18, we need to show that the Lyapunov functionψαM ,ε decreases along
every solution trajectory to the RBBR learning dynamic which originates in ΣαM (Ξ). To this end let us
define the following quantities:

• ψ1
ε(σ) :=
∫

Ω
〈G (σ,ω),βε[σ](ω)〉ξ(dω), for allσ∈ΣαM (Ξ),

• ψ2
ε(σ) :=evε(βε(σ)), for all ΣαM (Ξ),

• ψ3
ε(σ) :=
∫

Ω
〈G (σ,ω),σ(ω)〉ξ(dω), for all ΣαM (Ξ), and

• ψ4
ε(σ) :=evε(σ), for all ΣαM (Ξ).

To prove the theorem, it is enough to show that

ψ̇ε(σ) = ψ̇
1
ε(σ)+ψ̇

2
ε(σ)+ψ̇

3
ε(σ)+ψ̇

4
ε(σ)⩽0.

We now compute the derivatives ofψi
ε, i =1,...,4 separately. We have

Dψ1
ε[σ](σ̇) =

∫

Ω

〈DGω[σ](σ̇),βε[σ](ω)〉ξ(dω)+
∫

Ω

〈Gω(σ),β̇ε[σ](ω)〉ξ(dω).

Since the regularizer evε is Gâteaux differentiable, we have that

Dψ2
ε[σ](σ̇) =devε(βε(σ))(β̇ε(σ))

=

∫

Ω

〈β̇ε(σ),∇G
evε(βε(σ))〉ξ(dω)

=

∫

Ω

∇G
evε[βε(σ)](ω)(β̇ε[σ](ω))ξ(dω).

For the third term, we have

Dψ3
ε[σ](σ̇) =

∫

Ω

〈DGω[σ](σ̇),σ(ω)〉ξ(dω)+
∫

Ω

〈Gω(σ),σ̇(ω)〉ξ(dω).

Finally for the fourth term we have

Dψ4
ε[σ](σ̇) =devε[σ](σ̇)

=

∫

Ω

〈σ̇,∇G
evε(σ)〉ξ(dω)

=

∫

Ω

∇G
evε[σ](ω)(σ̇(ω))ξ(dω).
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Combining all the four equations above, we have after simplification that

ψ̇αM ,ε(σ) =

∫

Ω

〈DGω[σ](σ̇),βε(ω)(ω)〉ξ(dω)+
∫

Ω

〈Gω(σ),β̇ε[σ](ω)〉ξ(dω)

−
∫

Ω

∇G
evε[βε(σ)](ω)(β̇ε[σ](ω))ξ(dω)−

∫

Ω

〈DGω[σ](σ̇),σ(ω)〉ξ(dω)

−
∫

Ω

〈Gω(σ),σ̇(ω)〉ξ(dω)+
∫

Ω

∇G
evε[σ](ω)(σ̇(ω))ξ(dω)

=

∫

Ω

〈DGω[σ](σ̇),σ̇(ω)〉ξ(dω)+
∫

Ω

〈Gω(σ),β̇ε[σ](ω)−σ̇(ω)〉ξ(dω)

−
∫

Ω

∇G
evε[βε(σ)](ω)(β̇ε[σ](ω))ξ(dω)+

∫

Ω

∇G
evε[σ](ω)(σ̇(ω))ξ(dω).

Since G is a Bayesian negative semidefinite game and σ̇∈Σ0, it follows from Lemma 8 that the first
term in the RHS of the above equation is less than or equal to zero, that is,

∫

Ω

〈DGω[σ](σ̇),σ̇(ω)〉ξ(dω)⩽0.

Using this fact and rearranging the other terms in the RHS of the above equation, we have

ψ̇αM ,ε(σ)⩽
∫

Ω

〈Gω(σ)−∇G
evε[βε(σ)](ω),β̇ε[σ](ω)〉ξ(dω)

−
∫

Ω

〈Gω(σ)−∇G
evε[σ](ω),σ̇(ω)〉ξ(dω).

It now follows from Lemma (31) that the first term in the RHS of the above inequality is 0. It also
follows that the second term in the RHS of the above inequality is non-negative. As a result, we have
ψ̇αM ,ε⩽0 along every solution which originates in ΣαM (Ξ). In particular, this implies that the Lyapunov
function defined in (E.19) decreases along every non–stationary solution which originates in ΣαM (Ξ). By
part (i) of Theorem 5, we have that ΣαM (Ξ) is compact under the norm topology on bΣ and ψ̇αM ,ε⩽0 with
equality only at the rest points, it follows from the standard theory of dynamical systems (Bhatia and
Szegö (2006)) that the omega–limit of every solution trajectory satisfies ψ̇αM ,ε=0, which is the set of all
rest points of the RBBR dynamic. We therefore have that every non–stationary solution arising in ΣαM (Ξ)
converges to the unique regularized Bayesian equilibrium.
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APPENDIX

E

SUPPLEMENT TO CHAPTER 5

E.1 Proof of Proposition 16

We first present the formal definition of Böchner measurability for correspondences, and then state a
useful result for our proof that relates Böchner measurability to a relatively simpler notion called scalar
measurability.

A correspondence Γ :Θ⇒M is Böchner measurable if there exists a sequence of simple correspon-
dences (Γn )n≥1 such that for ξ-a.eω∈Ω,

H (Γn (ω),Γ (ω))→0 as n→∞,

whereH denotes the Hausdorff distance onP .1

LetM ∗ denote the dual space ofM . For E ⊆M , the support function of E is a mapping σ(·,E ) :
M ∗→R such that

σ(µ∗,E ) := sup{〈µ∗,µ〉 :µ∈E } for all µ∗ ∈M ∗.

A correspondence Γ :Θ⇒M is said to be scalarly measurable if for all µ∗ ∈M ∗ the map

ω 7→σ(µ∗,Γ (ω)) is measurable.

From Theorem III.2 and III.15 in Castaing and Valadier (1977), it follows that for compact and convex
valued correspondences, the Böchner measurability coincides with scaler measurability.

We now show that B[θ ] :Ω⇒P is Böchner measurable. First, we show that B[θ ](ω) is compact

1For E ,F ⊆M , the Hausdorff distanceH (E ,F ) between E and F is defined as

H (E ,F ) :=max

�

sup
µ∈E

�

inf
ν∈F
∥µ−ν∥BL∗
�

, sup
ν∈F

�

inf
µ∈E
∥µ−ν∥BL∗
�

�

.
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and convex valued for every ω∈Ω, and then we conclude the proof by showing that B[θ ] is scalarly
measurable, that is, the functionω 7→σ(µ∗,B[θ ](ω)) is measurable.

The fact that B[θ ](ω) is convex valued follows from the fact that any convex combination of two
probability measures maximizing the expected payoff of G (θ ,ω) also does so due to the linearity of
the expectation operation. We show that B[θ ](ω) is compact-valued for every ω∈Ω. Note that P is
compact since it is endowed with the weak topology. Thus, it is enough to show that B[θ ](ω) is a closed
subset ofP for allω∈Ω. Let (µn )n≥1 be a sequence in B[θ ](ω) such that µn→BL∗ µ. This implies

〈G (θ ,ω),µn 〉≥ 〈G (θ ,ω),ν〉 for all ν∈P .

Since G (θ ,ω)∈C for everyω∈Ω, weak convergence of the sequence (µn )n≥1 to µ implies that

〈G (θ ,ω),µ〉≥ 〈G (θ ,ω),ν〉 for all ν∈P ,

and hence µ∈B[θ ](ω). This shows B[θ ](ω) is closed (and hence compact) for everyω∈Ω.
Finally, we show that the mapω 7→σ(µ∗,B[θ ](ω)) is measurable. First, note that since 〈µ∗, ·〉 :M→R

is a bounded linear functional, µ 7→ 〈µ∗,µ〉 is measurable (under the topology induced by the BL∗-norm).
Furthermore, B[θ ](ω) is separable since it is a compact subset ofM . Since, the map ω 7→G (θ ,ω) is
measurable and G (θ ,ω) ∈C for every ω ∈Ω, we have by the application of Measurable Maximum
Theorem (Aliprantis and Border (2013), Pg. 508, Theorem 14.91) that

ω 7→σ(µ∗,B[θ ](ω)) is measurable,

and hence the correspondence Γ is scalarly measurable. This completes the proof that B[θ ] is Böchner
measurable.

E.2 Proof of Theorem 15

The proof of Theorem 15 is an application of Brouwer-Schauder-Tychonoff fixed point theorem (Alipran-
tis and Border (2013), Pg. 583, Corr. 17.56). We first make the following observation. Suppose that for
a given η>0, a logit Bayesian equilibrium θ ◦η exists. Then, we must have that θ ◦η ∈Θβ for some β >1

(depending on the noise parameter η).2 Thus, we complete the proof of Theorem 15 in two steps. First,
we show that Θβ is compact under the weak topology. Then, we show that the mapping θ 7→Lη(θ ) is
continuous on Θβ with respect to the same topology.

Lemma 33 The subset Θβ is compact under the weak topology.

Proof 75 We shall invoke Dunford’s Theorem (Diestel and Uhl Jr (1978), Pg. 101, Theorem 1) which
characterizes relatively weakly compact subsets of Böchner spaces. In particular, we first need to
show that the subset Θβ is bounded and uniformly integrable. This follows immediately since Θβ
consists of Bayesian strategies, the range of which is contained in the setPβ , which in turn, contains
probability measures with densities uniformly bounded by β . Thus to conclude the proof of the lemma,
we finally need to show that for every Ξ⊆Ω, the set {〈θ ,ξ〉Ξ :θ ∈Θβ } has compact closure as a subset of
P under the ∥·∥L 2 -topology.3 Note that by Kolmogorov-Reisz compactness theorem (Hanche-Olsen
and Holden (2010), Perkins and Leslie (2014)), the subsetPβ is compact under the ∥·∥TV-topology. Since

2See the proof of Theorem 15 for validity of the statement.
3Here, 〈θ ,ξ〉Ξ :=

∫

Ξ
θ (ω)ξ(dω).
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{〈θ ,ξ〉Ξ :θ ∈Θβ } can be viewed as an embedded subset ofPβ for every Ξ⊆Θ, the proof of the lemma
follows. This concludes the proof of lemma 33.

To proceed with the proof of the theorem, we require another lemma which we shall also use in this
as well as in the subsequent proofs of the paper.

Lemma 34 The following inequality holds true: for all θ ,ρ ∈Θ,

∥Lη[θ ](ω)−Lη[ρ](ω)∥L 2 ≤η−1 exp(6η−1M )∥G (θ ,ω)−G (ρ,ω)∥∞, for allω∈Ω. (E.1)

Proof 76 Consider θ ,ρ ∈Θ andω∈Ω. Using the definition of ∥·∥L 2 , we have the following:

∥Lη[θ ](ω)−Lη[ρ](ω)∥L 2

=
1

2

∫

S
|Lx
η[θ ](ω)−Lx

η[ρ](ω)|
2d x

=
1

2

∫

S

�

�

�

exp(η−1Gx (θ ,ω))
∫

S exp(η−1Gy (θ ,ω))d y
−

exp(η−1Gx (ρ,ω))
∫

S exp(η−1Gy (ρ,ω))d y

�

�

�

2
d x

≤exp(2η−1M )

∫

S

�

�

�

exp(η−1Gx (θ ,ω))
∫

S exp(η−1Gy (θ ,ω))d y
−

exp(η−1Gx (ρ,ω))
∫

S exp(η−1Gy (ρ,ω))d y

�

�

�d x

≤exp(4η−1M )

∫

S

�

�

�

∫

S

�

exp(η−1(Gx (θ ,ω)+Gy (ρ,ω)))−exp(η−1(Gx (ρ,ω)+Gy (θ ,ω)))
�

d y
�

�

�d x

≤exp(4η−1M )

∫

S

�

�

�

∫

S

�

exp(η−1(Gx (θ ,ω)+Gy (ρ,ω)))−exp(η−1(Gx (θ ,ω)+Gy (θ ,ω)))
�

d y
�

�

�d x

+
�

�

�

∫

S

�

exp(η−1(Gx (θ ,ω)+Gy (θ ,ω)))−exp(η−1(Gx (ρ,ω)+Gy (θ ,ω)))
�

d y
�

�

�d x

=exp(4η−1M )

�∫

S

�

�

�

∫

S
exp(η−1Gx (θ ,ω))

�

exp(η−1Gy (ρ,ω))−exp(η−1Gy (θ ,ω))
�

d y
�

�

�d x

+

∫

S

�

�

�

∫

S
exp(η−1Gy (θ ,ω))

�

exp(η−1Gx (θ ,ω))−exp(η−1Gx (ρ,ω))
�

d y
�

�

�d x

�

.

To proceed with the proof of the lemma, let us define the map g : [−M ,M ]→R as g (u ) :=exp(η−1u )
for all −M ≤ u ≤M . Thus, by an application of the standard mean value theorem (Rudin (2006)) for
real-valued functions we have the following inequality:

|g (u )−g (v )| ≤η−1 exp(η−1M )|u−v |, for all −M ≤u ,v ≤M .

Now set u =Gy (ρ,ω),v =Gy (θ ,ω) and u =Gx (θ ,ω),v =Gx (ρ,ω) subsequently and make use of the
above inequality in order to obtain the fact that there exists a constant γ(η)>0 (depending on η) such
that the mappingω 7→Lη[θ ](ω) is γ(η)-Lipschitz. Continuing from the above string of inequalities we
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have:

∥Lη[θ ](ω)−Lη[ρ](ω)∥L 2

≤exp(4η−1M )

�∫

S

�

�

�

∫

S
exp(η−1Gx (θ ,ω))

�

exp(η−1Gy (ρ,ω))−exp(η−1Gy (θ ,ω))
�

d y
�

�

�d x

+

∫

S

�

�

�

∫

S
exp(η−1Gy (θ ,ω))

�

exp(η−1Gx (θ ,ω))−exp(η−1Gx (ρ,ω))
�

d y
�

�

�d x

�

≤exp(5η−1M )

�∫

S

�

�

�exp(η−1Gy (ρ,ω))−exp(η−1Gy (θ ,ω))
�

�

�d y

+

∫

S

�

�

�exp(η−1Gy (ρ,ω))−exp(η−1Gy (θ ,ω))
�

�

�d y

�

≤η−1 exp(6η−1M )∥G (θ ,ω)−G (ρ,ω)∥∞.

This concludes the proof of Lemma 34.

Finally, to conclude the proof of Theorem 15, we require the following lemma.

Lemma 35 The mapping θ 7→Lη(θ ) is continuous on Θβ in the weak topology.

Proof 77 Fix θ ∈Θβ , and consider a sequence (θn )n≥1⊆Θβ , such that θn→w θ . We need to show that
Lη(θn )→w Lη(θ ). Note that by assumption of the lemma, the game G is uniformly bounded for ξ-a.e
ω∈Ω. In other words, there exists M >0 such that for all θ ∈Θ, we have

∥G (θ ,ω)∥∞≤M , for ξ−a.eω∈Ω.

As a result, one obtains for ξ-a.eω∈Ω, the following bounds on the probability density function of the
logit Bayesian best response Lη(θ ) at Bayesian strategy θ ∈Θ:

exp(−2η−1M )≤Lx
η[θ ](ω) :=

exp(η−1Gx (θ ,ω))
∫

S exp(η−1Gy (θ ,ω))d y
≤exp(2η−1M ), for all x ∈S . (E.2)

Note that, by the assumption of the theorem, the gameG is continuous relative to the weak topology
onΘβ . As a result,G (θn ,ω) converges toG (θ ,ω) in the sup-norm forξ-a.eω∈Ω. Thus, by an application
of Lemma 34, we can conclude that Lη[θn ](ω)→Lη[θ ](ω) under the ∥·∥L 2 -topology for ξ-a.eω∈Ω. Now
let us fix ρ ∈L∞(Ω,ξ,L 2). Then, by an application of Hölder’s inequality (Rudin (2006)), we have the
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following observation:

�

�

�

∫

Ω

〈Lη[θn ]−Lη[θ ],ρ〉(ω)ξ(dω)
�

�

�=
�

�

�

∫

Ω

〈Lη[θn ](ω)−Lη[θ ](ω),ρ(ω)〉ξ(dω)
�

�

�

=
�

�

�

∫

Ω

∫

S
(Lx
η[θn ](ω)−Lx

η[θ ](ω))ρx (ω)λ(d x )ξ(dω)
�

�

�

≤
∫

Ω

�

�

�

∫

S
(Lx
η[θn ](ω)−Lx

η[θ ](ω))ρx (ω)λ(d x )
�

�

�ξ(dω)

≤
∫

Ω

∫

S
∥Lη[θn ](ω)−Lη[θ ](ω)∥

1/2
L 2∥ρ(ω)∥

1/2
L 2λ(d x )ξ(dω)

≤esssup
ω∈Ω
∥ρ(ω)∥1/2L 2

∫

Ω

∥Lη[θn ](ω)−Lη[θ ](ω)∥
1/2
L 2ξ(dω).

We need to show that the term in the RHS of the above inequality converges to 0. First, observe that
ρ ∈L∞(Ω,ξ,L 2). As a result, esssupω∈Ω∥ρ(ω)∥

1/2
L 2 <∞. Since the Bayesian population game G is

bounded, we have from (E.2) that the probability density Lη[θ ](ω) is bounded above by exp(2η−1M ). As
a result, the integrand in the last line of the above string of inequalities is bounded above by 2exp(2η−1M ).
Since Lη[θn ](ω)→Lη[θ ](ω) under the ∥·∥L 2 -topology for ξ-a.eω∈Ω, we have the desired convergence
by an application of Dominated Convergence theorem. This proves that the mapping θ 7→ Lη(θ ) is
continuous in the weak topology on Θβ which completes the proof of Lemma 35.

Since Θ̂ is endowed with the weak topology, it is a Hausdorff topological space (Kesavan (2009);
Brezis (2011), Pg. 57, Proposition 3.3). Therefore, it follows from standard results in functional analysis
(Rudin (1991), Pg. 64, Theorem 3.10) that Θ̂ is a locally convex Hausdorff topological space under the
weak topology. By Lemma 33 and Lemma 35, it follows that Θβ is a non-empty compact convex subset
of Θ̂ and Lη is a continuous map. Thus the conditions of the Brouwer-Schauder-Tychonoff Theorem are
satisfied and the existence of a fixed point is established. This concludes the proof of Theorem 15.

E.3 Proof of Corollary 5

To prove the corollary, we need to show that the Bayesian aggregative population gameG (θ ,ϕ) :=ϕ(E (θ ))
is weakly continuous. As stated in the proof of Theorem 15, it is therefore enough to show that the
mapping θ 7→E (θ ) is continuous with respect to the weak topology onΘβ . Again, let θ ∈Θβ and consider
a sequence (θn )n≥1 such that θn→w θ . We show that E (θn )→w E (θ ). Notice that for every n ≥ 1, the
existence of a probability density function for the probability measureθn (ω) is guaranteed forξ-a.eω∈Ω
since θn ∈Θβ . Therefore, forϕ∈Φw c and x ∈S , let us define a bounded linear functionalρx [ϕ] :L 2→R
such that

ρx [ϕ](g ) := g x , for all g ∈L 2. (E.3)

In other words, ρx is the evaluation of any map g ∈L 2 at the point x . We now proceed to conclude the
proof of the corollary. Thus, let us fix A ∈B . Applying Fubini’s theorem (Billingsley (2013)), we observe
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that,

E [θn ](A) =

∫

Φw c

θn [ϕ](A)ξ(dϕ)

=

∫

Φw c

∫

A

θn ,x (ϕ)λ(d x )ξ(dϕ)

=

∫

Φw c

∫

A

ρx [ϕ](θn (ϕ))λ(d x )ξ(dϕ)

=

∫

Φw c

∫

A

〈θn ,ρx 〉(ϕ)λ(d x )ξ(dϕ)

=

∫

A

∫

Φw c

〈θn ,ρx 〉(ϕ)ξ(dϕ)λ(d x )

→
∫

A

∫

Φw c

〈θ ,ρx 〉(ϕ)ξ(dϕ)λ(d x )

=

∫

Φw c

∫

A

〈θ ,ρx 〉(ϕ)λ(d x )ξ(dϕ)

=

∫

Φw c

∫

A

ρx [ϕ](θ (ϕ))λ(d x )ξ(dϕ)

=

∫

Φw c

∫

A

θx (ϕ)λ(d x )ξ(dϕ)

=

∫

Φw c

θ [ϕ](A)ξ(dϕ)

=E [θ ](A).

Therefore by Portmanteau’s theorem (Billingsley (2013), Pg. 11, Theorem 2.1), we have that E (θn )→w

E (θ ). Since the type space Φw c consists of weakly continuous population games, we have that θn→w θ ,
impliesG (θn ,ϕ)=ϕ(E (θn ))→ϕ(E (θ ))=G (θ ,ϕ), for allϕ∈Φw c . Thus,G is a weakly continuous Bayesian
population game and hence concludes the proof of Corollary 5.

E.4 Proof of Theorem 16

Consider a sequence of noise levels (ηn )n≥1 such that ηn ↓0. SinceG is continuous in the weak topology,
we have by Theorem 15 the existence of ηn -logit Bayesian equilibrium for every n ≥1. Let θ ◦n denote
the logit Bayesian equilibrium corresponding to noise parameter ηn such that θ ◦n→

w θ ◦. We need to
show that θ ◦ is a Bayesian equilibrium of the original game G . Assume on the contrary that θ ◦ is not a
Bayesian equilibrium. Thus, by definition, there exists Ω̄⊆Ω with ξ(Ω̄)>0 such that θ ◦(ω) /∈B[θ ◦](ω) for
allω∈ Ω̄. This, in particular, implies that θ ◦(ω) /∈argmaxµ∈P 〈G (θ ◦,ω),µ〉 forω∈ Ω̄. Therefore, for every
ω∈ Ω̄, there exists yω ∈S , xω ∈ supp(θ ◦(ω)) and εω>0 satisfying the following inequality:

Gyω (θ
◦,ω)>2εω+Gxω (θ

◦,ω). (E.4)
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The fact that G (θ ◦,ω)∈C implies that there exists open balls Bxω ,Byω around xω and yω such that

inf
z∈Byω

Gz (θ
◦,ω)≥2εω sup

z∈Bxω

Gz (θ
◦,ω). (E.5)

Also by assumption of the theorem, we have that the Bayesian population game G is continuous with
respect to the ∥·∥Θ̂BL∗-topology, there exists Kω≥1 sufficiently large such that

inf
z∈Byω

Gz (θ
◦
n ,ω)>εω+ sup

z∈Bxω

Gz (θ
◦
n ,ω), for sufficiently large n ≥Kω. (E.6)

Notice that θ ◦n is a logit Bayesian equilibrium of the game G corresponding to noise parameter ηn for
every n ≥1. Therefore, θ ◦n =Lηn

(θ ◦n ) for every n ≥1. As a result, we have

θ ◦n (ω) =Lηn
[θ ◦n ](ω), for ξ-a.eω∈Ω. (E.7)

We are now ready to conclude the proof of the theorem. Let us fixω∈ Ω̄. Then consider the following
computation:

θ ◦n [ω](Byω )

θ ◦n [ω](Bxω )
=

Lηn
[θ ◦n ][ω](Byω )

Lηn
[θ ◦n ][ω](Bxω )

=

∫

Byω
exp(η−1

n Gz (θ ◦n ,ω))d z
∫

Bxω
exp(η−1

n Gz (θ ◦n ,ω))d z

≥
exp(η−1

n infz∈Byω
Gz (θ ◦n ,ω))λ(Byω )

exp(η−1
n supz∈Bxω

Gz (θ ◦n ,ω))λ(Bxω )

=exp(εω/ηn )
λ(Byω )

λ(Bxω )
.

First observe that Bxω and Byω are open balls and thus have positive Lebesgue measure. Thus, allowing n
to approach infinity in the above inequality, we obtain that θ ◦n [ω](Bxω )→0 as n→∞. In other words, for
allω∈ Ω̄, there exists Bxω ∈B such that θ ◦n [ω](Bxω )→0. However, since xω ∈ supp(θ ◦(ω)), we must have
θ ◦[ω](Bxω )> 0. Thus, there exists a set Ω̄ with positive ξ-measure such that liminfn→∞ |θ ◦n [ω](Bxω )−
θ ◦[ω](Bxω )|>0 for allω∈ Ω̄. This contradicts the fact that θ ◦n→θ

◦ in the ∥·∥Θ̂BL∗-topology. Hence θ ◦ is a
Bayesian equilibrium of the game G . This concludes the proof of Theorem 16.

E.5 Proof of Theorem 17

The proof of the theorem is an application of the infinite dimensional Picard-Lindelöff Theorem (Zeidler
(1986), Pg. 79). The existence of solutions to the LBBR dynamic is guaranteed once we show that the
mapping θ 7→Lη(θ ) is Lipschitz continuous with respect to the ∥·∥Θ̂TV-topology.

Lemma 36 The mapping θ 7→Lη(θ ) is Lipschitz continuous with respect to ∥·∥Θ̂TV-topology on Θ̂.

Proof 78 Consider θ ,ρ ∈Θ andω∈Ω. Using the conclusion of Lemma 34 in conjunction with the fact
that the Bayesian population game G is strongly κ-Lipschitz with respect to the ∥·∥Θ̂TV-topology, we
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have that
∥Lη[θ ](ω)−Lη[ρ](ω)∥TV≤κη−1 exp(4η−1M )∥θ −ρ∥Θ̂TV.4

We now integrate both sides of the above inequality with respect to the probability measure ξ to prove
that the mapping θ 7→Lη(θ ) is continuous with respect to the strong topology on Θ̂. This concludes the
proof of Theorem 17.

We now apply the infinite dimensional Grönwall’s Lemma (Zeidler (1986), Propositions 3.10 and 3.11) to
prove the continuity of the semiflow part 2 of Theorem 17. Since the conditions of Grönwall’s Lemma
is satisfied, there exists α>0 such that for any two solutions (θt )t≥0 and (θ̃t )t≥0 to the LBBR dynamic
with initial conditions θ0 and θ̃0, respectively, we have ∥θt − θ̃t ∥Θ̂TV∗ ≤ e αt ∥θ0− θ̃0∥Θ̂TV for all t >0. This
establishes continuity of the semiflow of the LBBR dynamic and hence concludes the proof of Theorem
17.

E.6 Proof of Lemma 7

To prove the lemma, we require the following result (Balder et al. (1994), Pg. 3, Theorem 2.4). We provide
the result below for completeness.

Lemma 37 A subsetK ofL 1(µ,X) is relatively norm compact if and only if the following conditions are
satisfied.

1. The subsetK is relatively weakly compact.

2. The subsetK satisfies small Bocce oscillation.

3. The subset {avg( f ;A) : f ∈K } is relatively norm compact in X, for every A ∈BΩ, such that µ(A)>0.5

To apply the above lemma, we take X=L 2(ξ). The fact thatΘβ ,γ(Ξ) is bounded and uniformly integrable
follows since Θβ ,γ(Ξ) consists of only those Bayesian strategies which induces probability density func-
tions that are bounded by β . Fix ρ∗ ∈L 2(ξ). For θ ∈Θβ ,γ(Ξ), let us define the mapping 〈ρ∗,θ 〉 :Ω→R
such that

〈ρ∗,θ 〉(ω) =ρ∗(θ (ω)) :=
∫

S
ρ∗(x )θx (ω)λ(d x ), for allω∈Ω.

We need to show that the collection of maps Λρ∗ := {〈ρ∗,θ 〉 :θ ∈Θβ ,γ(Ξ)〉} is relatively norm compact
inL 1(ξ) for all ρ∗ ∈L 2(ξ). By Lemma 37, it is enough to show that the above collection is relatively
weakly compact and satisfies small Bocce-oscillation. The relative weak compactness follows from the
following inequality:

|〈ρ∗,θ 〉|≤ ∥ρ∗∥1/2∥θ ∥1/2

≤β1/2∥ρ∗∥1/2.

The proof of the lemma concludes if we are able to show that the collection Λρ∗ satisfies small Bocce-
oscillation for every ρ∗ ∈L 2(ξ). Thus fix ρ∗ ∈L 2(ξ) and θ ∈Θβ ,γ(Ξ). Then we have the following

4The proof of the inequality is similar to the proof of Lemma 34 replacing ∥·∥L 2 by ∥·∥TV.
5See Balder et al. (1994) for the definitions of ‘avg’ and ‘small Bocce-oscillation’.
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computation: forω∈Ω, we have

|〈ρ∗,θ 〉(ω)−avg(〈ρ∗,θ 〉,Bδω)|=
�

�

�〈ρ∗,θ 〉(ω)−
1

ξ(Bδω)

∫

Bδω

|〈ρ∗,θ 〉(ω̄)ξ(d ω̄)
�

�

�

=
1

ξ(Bδω)

�

�

�

∫

Bδω

�

〈ρ∗,θ 〉(ω)−〈ρ∗,θ 〉(ω̄)
�

ξ(dω)
�

�

�

≤
1

ξ(Bδω)

∫

Bδω

|〈ρ∗,θ 〉(ω)−〈ρ∗,θ 〉(ω̄)|ξ(dω)

≤
1

ξ(Bδω)

∫

Bδω

∫

S
|ρ∗(x )θx (ω)−ρ∗(x )θx (ω̄)|λ(d x )ξ(dω)

=
1

ξ(Bδω)

∫

Bδω

∫

S
|ρ∗(x )||θx (ω)−θx (ω̄)|λ(d x )ξ(dω)

≤
∥ρ∗∥L 2

ξ(Bδω)

∫

Bδω

∥θ (ω)−θ (ω̄)∥TVξ(dω)

≤∥ρ∗∥L 2ε.

Thus the Bocce-osc(〈ρ∗,θ 〉,Bδω)≤∥ρ
∗∥L 2ε. The rest of the proof now follows along the lines of Mukherjee

and Roy (2021).
We now proceed to show that the subsetΘβ ,γ(Ξ) is forward invariant under the LBBR dynamic. Thus,

we need to show that θ ∈Θβ ,γ(Ξ) implies Lη(θ )∈Θβ ,γ(Ξ). In other words, we need to show that Lη(θ )
belongs to both Θβ and Θγ(Ξ). First, note that by the assumption of the lemma, the game G is uniformly
bounded for ξ-a.eω∈Ω, that is there exists M >0 such that for all θ ∈Θ,

∥G (θ ,ω)∥∞≤M , for ξ−a.eω∈Ω.

Using the above inequality, the following bound holds for the logit Bayesian best response density
function Lx

η[θ ](ω) for all θ ∈Θ and ξ-a.eω∈Ω:

exp(−2η−1M )≤Lx
η[θ ](ω)≤exp(2η−1M ) for all x ∈S . (E.8)

Secondly, by assumption of the lemma, we also have that the game G is κ-strongly Lipschitz for ξ-a.e
ω∈Ω. Therefore, it follows from Perkins and Leslie (2014) (Pg. 201, Lemma C.1) that

|Lx
η[θ ](ω)−Ly

η [θ ](ω)| ≤
2κexp(2η−1M )

η
|x − y |, for all x , y ∈S .

Notice that the perturbation parameter η>0 is fixed. Thus, given η, we define

β :=max{exp(2η−1M ),2η−1κexp(2η−1M )}.

Therefore for ξ-a.eω∈Ω, we have the following two inequalities:

• 1
β ≤Lx

η[θ ](ω)≤β for all x ∈S .

• |Lx
η[θ ](ω)−Ly

η [θ ](ω)| ≤β |x − y | for all x , y ∈S .
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As a result, we can conclude that Lη(θ )∈Θβ . Now, in order to complete the proof of the lemma, we need
to show that Lη(θ ) belongs to Θγ(Ξ). In other words, we need to show that there exists a constant γ>0
(depending on η) such that the logit Bayesian best response Lη(θ ) at the Bayesian strategy θ ∈Θ viewed
as a map Ω∋ω 7→Lη[θ ](ω)∈P is γ-Lipschitz. More precisely, we need to show that

∥Lη[θ ](ω)−Lη[θ ](ω̄)∥TV≤γdΩ(ω,ω̄), for ξ-a.eω,ω̄∈Ω.

The proof of the above statement follows using similar arguments as in the proof of Lemma 34 in
conjunction with the fact that for every θ ∈Θ, the Bayesian population game G is κ̂-Lipschitz for ξ-a.e
ω,ω̄∈Ω. We ommit the proof to avoid redundancy. This proves that the map Ω∋ω 7→Lη[θ ](ω)∈P is
γ-Lipschitz and hence Lθ (θ )∈Θγ(Ξ). As a result, we have that Lη(θ )∈Θβ ,γ(Ξ). This shows that Θβ ,γ(Ξ) is
forward invariant under the LBBR dynamic and hence the proof of Lemma 7 concludes.

E.7 Proof of Theorem 18

Since the conditions of Lemma 7 are satisfied, we first conclude that the subsetΘβ ,γ(Ξ) is relatively norm
compact and forward invariant under the logit Bayesian best response dynamic. Thus, in order to prove
the theorem, we need to show the entropy adjusted Bayesian potential function ϕ̂ is an appropriate
Lyapunov function corresponding to the underlying evolutionary dynamic. In particular, we need to
show that ϕ̂ increases weakly along every solution trajectory to the Bayesian best response dynamic
and increases strictly across every non-stationary solution trajectory that originates in Θβ ,γ(Ξ). To this
end, we require the following lemma.

Lemma 38 Consider the Bayesian population game G :Θ×Ω→C . Then the following statements are
true:

1. For every θ ∈Θ andω∈Ω, one has

Gx (θ ,ω) =ηlogLx
η[θ ](ω)+ηlog

∫

S
exp(η−1Gy (θ ,ω))d y , for all x ∈S . (E.9)

2. Consider the virtual payoff function Ĝ . Then, the logit Bayesian best response dynamic satisfies
virtual positive correlation at θ . That is,

∫

Ω

〈Ĝ (θ ,ω),θ̇ (ω)〉ξ(dω)≥0 (E.10)

with equality only at rest points of the dynamic.

Proof 79 To prove part 1 of the lemma, we observe that for every θ ∈Θ and everyω∈Ω,

Lx
η[θ ](ω) =

exp(η−1Gx (θ ,ω))
∫

S exp(η−1Gy (θ ,ω))d y
, for all x ∈S . (E.11)

Taking log followed by multiplication by η on both sides of the above equality yields

Gx (θ ,ω) =ηlogLx
η[θ ](ω)+ηlog

∫

S
exp(η−1Gy (θ ,ω))d y , for all x ∈S . (E.12)
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This concludes the proof of part 1 of the lemma.
We now proceed with the proof of part 2 of the lemma. By using the definition of Ĝ and an application

of part 1 of the lemma, we have the following string of inequalities.

∫

Ω

〈Ĝ (θ ,ω),θ̇ (ω)〉ξ(dω) =
∫

Ω

〈G (θ ,ω)−ηlogθ·(ω),θ̇ (ω)〉ξ(dω)

=

∫

Ω

∫

S
(Gx (θ ,ω)−ηlogθx (ω))θ̇x (ω)(d x )ξ(dω)

=

∫

Ω

∫

S
(ηlogLx

η[θ ](ω)+ηlog

∫

S
exp(η−1Gy (θ ,ω))d y

−ηlogθx (ω))(L
x
η[θ ](ω)−θx (ω))(d x )ξ(dω)

=

∫

Ω

∫

S
(logLx

η[θ ](ω)− logθx (ω))(L
x
η[θ ](ω)−θx (ω))(d x )ξ(dω).

Since the mapping x 7→ log x is increasing, we note that for everyω∈Ω and every x ∈S ,

logLx
η[θ ](ω)≥ logθx (ω) if and only if Lx

η[θ ](ω)≥θx (ω).

Thus, the above integral is non-negative. Also, we notice that equality holds in the above inequality only
if θ̇ =0. This concludes the proof of part 2 of the lemma and hence, the proof of Lemma 38.

We now proceed with the proof of Theorem 18. Let (θt )t≥0 denote the solution trajectory of the logit
Bayesian best response dynamic with initial condition θ0 ∈Θβ ,γ(Ξ). Since Θβ ,γ(Ξ) is forward invariant
under the best response dynamic (Lemma 7), it follows that θt ∈Θβ ,γ(Ξ) for all t >0. To conclude that
the entropy adjusted Bayesian potential function increases along this solution trajectory, we compute
the derivative of ϕ̂ using the chain rule of differentiation. Note that ϕ̂ consists of two terms, namely, the
original potential function and the associated Shannon entropy. Since the potential function is Fréchet
differentiable, we can apply chain rule directly. However, the term associated to Shannon entropy,
though not Fréchet differentiable, is continuously Gâteaux differentiable since, in Θβ ,γ(Ξ), The Gâteaux
derivative of v̂ defines a continuous bilinear mapping

〈∇Gv̂(θ ),θ0〉=η
∫

Ω

∫

S
logθx (ω)θ

x
0 (ω)(d x )ξ(dω), (E.13)

for θ0 ∈Θ0 such that θ0(ω) admits a density function for ξ-a.e ω ∈Ω. Thus, using the chain rule of
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differentiation, we obtain:

˙̂ϕ(θ ) = ϕ̇(θ )− ˙̂v(θ )

=Dϕ[θ ](θ̇ )−dv̂[θ ](θ̇ )

=

∫

Ω

〈θ̇ ,∇Fϕ(θ )〉(ω)ξ(dω)−
∫

Ω

〈θ̇ ,∇Gv̂(θ )〉(ω)ξ(dω)

=

∫

Ω

∇Fϕ[θ ](ω)(θ̇ (ω))ξ(dω)−
∫

Ω

∇Gv̂[θ ](ω)(θ̇ (ω))ξ(dω)

=

∫

Ω

〈∇Fϕ[θ ](ω),θ̇ (ω)〉ξ(dω)−
∫

Ω

〈∇Gv̂[θ ](ω),θ̇ (ω)〉ξ(dω)

=

∫

Ω

〈G (θ ,ω),θ̇ (ω)〉ξ(dω)−
∫

Ω

〈ηlogθ·(ω),θ̇ (ω)〉ξ(dω) (E.14)

=

∫

Ω

〈G (θ ,ω)−ηlogθ·(ω),θ̇ (ω)〉ξ(dω)

=

∫

Ω

〈Ĝ (θ ,ω),θ̇ (ω)〉ξ(dω)

≥0, (E.15)

with equality only at the rest points of the logit Bayesian best response dynamic. We note that (E.14)
follows from (E.13) and (E.15) follows as a consequence of Lemma 38.

We are now ready to complete the proof of the theorem. Notice that the space Θβ ,γ(Ξ) is relatively
norm compact under the ∥·∥Θ̂TV-topology and the logit Bayesian best response dynamic generates a
continuous semiflow on this forward invariant space with respect to the same topology (Lemma 7).
Therefore, by standard results from the theory of dynamical systems (see Bhatia and Szegö (2006), pg.
117, Theorem 2.2.9), we obtain that the omega-limit sets of the solution trajectory θt is non-empty,
compact and connected. Moreover, this set is contained in the set of Bayesian strategies which satisfy
˙̂ϕ(θ ) =0. Therefore, we can conclude that the omega-limit points of the trajectory are rest points of the

dynamic and is, hence, a logit Bayesian equilibrium. Furthermore, since the entropy adjusted Bayesian
potential function is shown to increase along the solution trajectory (θt )t≥0, we must have that any such
limit point is a local maximizer of ϕ̂. This concludes the proof of Theorem 18.

E.8 Proof of Lemma 8

The proof of the lemma follows along the lines of Cheung (2014). Fixω∈Ω, θ ∈Θ, and θ0 ∈Θ0. Since the
slice map Gω : Θ̂→C isC 1-Fréchet differentiable for ξ-a.eω∈Ω, we have

Gω(θ +ηθ0) =Gω(θ )+DGω[θ ](ηθ0)+o(η∥θ0∥).

As a result, we have that

Gω(θ +ηθ0)−Gω(θ ) =DGω[θ ](ηθ0)+o(η∥θ0∥).
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Thus, taking inner product with respect to ηθ0(ω) on both sides of the above equation and integrating
with respect to ξ, we have

∫

Ω

〈Gω(θ +ηθ0)−Gω(θ ),ηθ0(ω)〉ξ(dω) =
∫

Ω

〈DGω[θ ](ηθ0),ηθ0(ω)〉ξ(dω)+o(η2∥θ0∥2).

Since G is a negative semidefinite game, we have by Definition 47 that

η2

∫

Ω

〈DGω[θ ](θ0),θ0(ω)〉ξ(dω)+o(η2∥θ0∥2)≤0.

Since η is arbitrary, we have by dividing both sides of the above inequality by η2 and allowing η→0, that

∫

Ω

〈DGω[θ ](θ0),θ0(ω)〉ξ(dω)≤0.

This proves that G satisfies self defeating externalities if and only if G is a negative semidefinite game,
which concludes the proof of Lemma 8.

E.9 Proof of Theorem 19

We first show that the game G admits a unique logit Bayesian equilibrium.

Lemma 39 The game G admits a unique logit Bayesian equilibrium.

Proof 80 We first notice that to prove the lemma, it enough to show uniqueness of equilibrium on
Θβ ,γ(Ξ). Fix θ ∈Θβ ,γ(Ξ) andω∈Ω and consider the Bayesian virtual payoff

Ĝx (θ ,ω) :=Gx (θ ,ω)−ηlogθx (ω), for all x ∈S . (E.16)

For every θ̂0 ∈ Θ̂ and t ∈R such that θ + t θ̂0 ∈Θβ ,γ(Ξ), we define a new quantity as

Π(θ ,θ̂0,t +ε) =

∫

Ω

〈Ĝ (θ +(t +ε)θ̂0,ω),θ̂0(ω)〉ξ(dω)

=

∫

Ω

[〈Ĝ (θ + t θ̂0,ω)+d Ĝω[θ + t θ̂0](εθ̂0),θ̂0(ω)〉+o(|ε|)]ξ(dω)

=Π(θ ,θ̂0,t )+

∫

Ω

〈d Ĝω[θ + t θ̂0](εθ̂0),θ̂0(ω)〉ξ(dω)+o(|ε|)

Computing the Gâteaux derivative of Π(θ ,θ̂0, ·)with respect to t , one obtains the following

∂ Π(θ ,θ̂0,t )
∂ t

=

∫

Ω

〈d Ĝω[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω). (E.17)
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We now compute the right hand side of the above equation. Note that from the definition of Ĝ , we have

∫

Ω

〈d Ĝω[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω) =
∫

Ω

〈dGω[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω)

−η
∫

Ω

〈d log[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω). (E.18)

Since the game G is Fréchet differentiable, G is Gâteaux differentiable too in which case, using the
fact that G satisfies Bayesian self-defeating externalities, we have the following inequality:

∫

Ω

〈dGω[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω) =
∫

Ω

〈DGω[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω)≤0.

In order to complete the proof of the lemma, we need to show that the second term in the RHS of
(E.18) is positive. Thus, we compute d log[θ + t θ̂0](θ̂0) explicitly. Fixω∈Ω and x ∈S . We then have

d log[θx (ω)+ t θ̂ x
0 (ω)](θ̂

x
0 (ω))= lim

ε→0

log(θx (ω)+ t θ̂ x
0 (ω)+εθ̂

x
0 (ω))− log(θx (ω)+ t θ̂ x

0 (ω))
ε

=
θ̂ x

0 (ω)

θx (ω)+ t θ̂ x
0 (ω)

.

First observe that t ∈R and θ̂0 ∈ Θ̂ is chosen in such a way that θ + t θ̂0 ∈Θβ ,γ(Ξ). Hence the denomi-
nator in the above ratio in non-negative. Therefore, the second term in the LHS of (E.18) boils down
to

η

∫

Ω

〈d log[θ + t θ̂0](θ̂0),θ̂0(ω)〉ξ(dω) =η
∫

Ω

∫

S

[θ̂ x
0 (ω)]

2

θx (ω)+ t θ̂ x
0 (ω)

(d x )ξ(dω)

≥0,

as required. Thus, we have ∂ Π(θ ,θ̂0,t )
∂ t <0. Now, let us fix a regularized Bayesian equilibrium θ ◦. Notice

that Ĝx (θ ◦,ω)=η
∫

S exp(η−1Gy (θ ◦,ω))d y , which is a quantity independent of x for everyω∈Ω. As a

result, we haveΠ(θ ◦,θ̂0,0)=η
∫

Ω
〈Ĝ (θ ◦,ω),θ̂0(ω)〉ξ(dω)=0, for all θ̂0∈ Θ̂which admits a density function.

Now let us define a Bayesian strategyρ asρ :=θ ◦+ t θ̂0 ∈Θβ ,γ(Ξ) such thatρ ̸=θ ◦. By definition, we have
∫

Ω
〈Ĝ (ρ,ω),θ̂0(ω)〉ξ(dω)=Π(θ ◦,θ̂0,t ). Since Π(θ ◦,θ̂0,0)=0, we have that Π(θ ◦,θ̂0,t )<0. Therefore, we

must have
∫

Ω
〈Ĝ (ρ,ω),θ̂0(ω)〉ξ(dω)<0. Thus, ρ cannot be logit Bayesian equilibrium. This completes

the proof of Lemma 39.

We now proceed with the proof of Theorem 19. Similar to the proof of Theorem 18, we show that
in case of Bayesian negative semidefinite games, the Lyapunov function ψ̂η in (E.19) decreases along
every solution trajectory to the logit Bayesian best response dynamic which originates in Θβ ,γ(Ξ). Recall
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that ψ̂η is defined as

ψ̂η(θ ) :=
�

∫

Ω

〈G (θ ,ω),Lη[θ ](ω)〉ξ(dω)− v̂η(Lη(θ ))
�

−
�

∫

Ω

〈G (θ ,ω),θ (ω)〉ξ(dω)− v̂η(θ )
�

, for all θ ∈Θβ ,γ(Ξ). (E.19)

Note that

v̂η(Lη(θ ))=

∫

Ω

vη(Lη[θ ](ω))ξ(dω)

=η

∫

Ω

∫

S
Lx
η[θ ](ω)logLx

η[θ ](ω)(d x )ξ(dω)

=

∫

Ω

∫

S
Gx (θ ,ω)Lx

η[θ ](ω)(d x )ξ(dω)−η
∫

Ω

�

log

∫

S
exp(η−1Gy (θ ,ω))d y

�

ξ(dω).

Therefore plugging in the value of vη(Lη(θ )) obtained above in (E.19), we observe that the expression of

ψ̂η(θ ) reduces to

ψ̂η(θ ) =η

∫

Ω

�

log

∫

S
exp(η−1Gy (θ ,ω))d y

�

ξ(dω)

−
�

∫

Ω

〈G (θ ,ω),θ (ω)〉ξ(dω)− v̂η(θ )
�

, for all θ ∈Θβ ,γ(Ξ).

We now denote the three separate quantities in the right hand side of the above equality by ψ̂1
η(θ ),ψ̂

2
η(θ ),

and ψ̂3
η(θ ) respectively. More precisely:

• First term: ψ̂1
η(θ ) :=η
∫

Ω

�

log
∫

S exp(η−1Gy (θ ,ω))d y
�

ξ(dω) for all θ ∈Θβ ,γ(Ξ),

• Second term: ψ̂2
η(θ ) :=
∫

Ω
〈G (θ ,ω),θ (ω)〉ξ(dω) for all θ ∈Θβ ,γ(Ξ), and

• Third term: ψ̂3
η(θ ) := v̂η(θ ) for all θ ∈Θβ ,γ(Ξ).

We claim that the map ψ̂η acts as a Lyapunov function for the underlying logit Bayesian best response
dynamic subject to the condition that the game is Bayesian negative semidefinite. Thus, in order to
prove the theorem, it is enough to show that

˙̂ψη(θ ) =
˙̂ψ1
η(θ )+

˙̂ψ2
η(θ )+

˙̂ψ3
η(θ )≤0, (E.20)

along the solution of the logit Bayesian best response dynamic arising in Θβ ,γ(Ξ). Thus, we now com-

pute the derivatives of ψ̂i
η, i =1,2,3 separately. Firstly, notice that that term ψ̂1

η consists of a smooth
transformation of the Bayesian population game G , which is Fréchet differentiable. Therefore, we can
conclude that ψ̂1

η is also Fréchet differentiable. We thus compute the Fréchet derivative of ψ̂1
η as follows:

Dψ̂1
η[θ ](θ̇ ) =

∫

Ω

〈DGω[θ ](θ̇ ),Lη[θ ](ω)〉ξ(dω). (E.21)
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To compute Dψ̂2
η, note that ψ̂2

η(θ ) =
∫

Ω
〈G (θ ,ω),θ (ω)〉ξ(dω). Therefore, we have

Dψ̂2
η[θ ](θ̇ ) =

∫

Ω

〈DGω[θ ](θ̇ ),θ (ω)〉ξ(dω)+
∫

Ω

〈Gω(θ ),θ̇ (ω)〉ξ(dω). (E.22)

Finally for the third term ψ̂3
η, we have

Dψ̂3
η[θ ](θ̇ ) =dv̂η[θ ](θ̇ )

=dv̂η[θ ](θ̇ )

=

∫

Ω

∇Gv̂η[θ ](ω)(θ̇ (ω))ξ(dω)

=

∫

Ω

〈L·η[θ ](ω),θ̇ (ω)〉ξ(dω), (E.23)

where L·η[θ ](ω) denotes the logit best response density function corresponding to Bayesian strategy θ
for the sub-population of players of typeω. Combining all the three equations above, namely (E.21),
(E.22) and (E.23), we have after simplification that

˙̂ψη(θ ) =

∫

Ω

〈DGω[θ ](θ̇ ),Lη[θ ](ω)〉ξ(dω)−
�

∫

Ω

〈DGω[θ ](θ̇ ),θ (ω)〉ξ(dω)

−
∫

Ω

〈Gω(θ ),θ̇ (ω)〉ξ(dω)−
∫

Ω

〈L·η[θ ](ω),θ̇ (ω)〉ξ(dω)
�

=

∫

Ω

〈DGω[θ ](θ̇ ),Lη[θ ](ω)−θ (ω)〉ξ(dω)−
∫

Ω

〈Gω(θ )−L·η[θ ](ω),θ̇ (ω)〉ξ(dω)

=

∫

Ω

〈DGω[θ ](θ̇ ),θ̇ (ω)〉ξ(dω)−
∫

Ω

〈Gω(θ )−L·η[θ ](ω),θ̇ (ω)〉ξ(dω)

≤0,

with equality only at the rest points. The above quantity is non-positive because of the following reason.
First notice that since G is a Bayesian negative semidefinite game and θ̇ ∈Θ0, it follows from part 2 of
Definition 48 and Lemma 8 that the first term in the right hand side of the above equation is less than or
equal to zero, that is,

∫

Ω

〈DGω[θ ](θ̇ ),θ̇ (ω)〉ξ(dω)≤0.

The second term in the expression of ˙̂ψη is zero if θ̇ =0 and negative if θ̇ ̸=0. This is due to the fact
the logit Bayesian best response dynamic satisfies virtual positive correlation with respect to the virtual
population game Ĝ (see part (ii) of Lemma 38).

As a result, we observe that ˙̂ψη(θ )≤ 0 for all θ ∈Θβ ,γ(Ξ), with equality only at rest points of the

dynamic. Thus, ψ̂η decreases monotonically along every solution to the logit Bayesian best response
dynamic which originates inΘβ ,γ(Ξ), and decreases strictly along every non-stationary solution. We now
complete the proof of the theorem. Notice that the subset Θβ ,γ(Ξ) is a compact subset of the space of

Bayesian strategies under the ∥·∥Θ̂TV-topology. Since ˙̂ψη(θ )≤0 with equality only at the rest points, we
can conclude using standard results of dynamical systems (Bhatia and Szegö (2006), Pg. 117, Theorem
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2.2.9) that the omega-limit set corresponding to every solution trajectory satisfies ˙̂ψη = 0, which, in
particular is the set of logit Bayesian equilibria. Therefore, every solution trajectory converges to the
set of logit Bayesian equilibria of the game G . However, we also know from Lemma 39 that a Bayesian
negative semidefinite game has a unique Bayesian logit equilibrium. Thus, in particular, every solution
trajectory of the logit Bayesian best response dynamic converges to the unique equilibrium of the
Bayesian negative semidefinite game G .
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