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CHAPTER

INTRODUCTION

Evolutionary game theory is a sub-field of game theory concerned with the behavior of large populations
of strategically interacting players who recurrently revise their strategies based on the availability of
better payoff opportunities. In such games, rather than directly focusing on the equilibrium analysis
(as in the case of static/one-shot games), the strategic behavior of the population is modeled via
an evolutionary game dynamic (a differential equation on a suitable state space of the population).
Consequently, the theory aims to study the asymptotic properties (such as stability, convergence) of
these evolutionary dynamics.

An important class of evolutionary dynamic studied in the literature is the class of "perturbed best
response dynamic." In such a dynamic, the expected payoff of the population is perturbed using a
“perturbation function" (in most cases, the Shannon entropy) and the population “best responds" to
these perturbed expected payoffs. This thesis is primarily dedicated towards extending the literature of
perturbed best response dynamics and deriving asymptotic stability and equilibrium selection results
of the dynamic for various classes of games with a continuum of strategies and under incomplete
information.

To be more precise, the theory of evolutionary games can broadly be classified into four categories:
* homogeneous population (players are of the same type) finite strategy games,

* homogeneous population continuum strategy games,

¢ heterogeneous population (players are of different types) finite strategy games, and

* heterogeneous population continuum strategy games."

IHeterogeneous population games are often referred to as Bayesian population games in the literature.
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As far as perturbed best response dynamic is concerned, the existing literature of evolutionary games
has mostly been confined to the following cases where: the underlying population is homogeneous;
the games are defined on finitely many strategies; and the perturbation function used is the Shannon
entropy. Some works in this direction include Hofbauer (1995); Hofbauer and Sandholm (2002); Ely and
Sandholm (2005); Hofbauer and Hopkins (2005); Hofbauer and Sorin (2006); Hofbauer and Sandholm

(2007); Zusai (2023) to name a few. This leads us to the following set of questions:

1. Isit possible to extend the theory of perturbed best response dynamic to homogeneous population
games with a continuum of strategies; and perhaps also for arbitrary perturbation functions?

2. Suppose that the underlying game has multiple equilibria. Is there a way to characterize which
equilibrium among the many is most likely to be selected by the population in the long run?

3. Can we develop a theory of perturbed best response dynamic for Bayesian population games with
finitely many strategies as well as for games with a continuum of strategies?

This thesis aims to solve the aforementioned problems in a series of five chapters. A brief description
of the chapters is provided below.

1.1 Chapter 2: Generalized perturbed best response dynamics with a con-

tinuum of strategies

In this chapter, we consider a generalization of perturbed best response dynamics in population games
with a continuum of strategies. The previous literature has considered the logit dynamic generated
through the Shannon entropy as a deterministic perturbation. We consider a wider class of deterministic
perturbations satisfying lower semicontinuity and strong convexity. Apart from the Shannon entropy;,
Tsallis entropy and Burg entropy are other perturbations that satisfy these conditions. We thereby
generate the generalized perturbed best response dynamic with a continuum of strategies. We estab-
lish fundamental properties of the dynamic and show convergence in potential games and negative

semidefinite games.

1.2 Chapter 3: Thelogit dynamic in supermodular games with a continuum

of strategies: A deterministic approximation approach

In this chapter, we consider large population supermodular games with pairwise interaction and a
continuous strategy set. Our objective is to establish the convergence of the logit dynamic in such
games to logit equilibria. For this purpose, we apply the deterministic approximation approach, which
interprets a deterministic dynamic as an approximation of a stochastic process. We first establish the
closeness of this dynamic with a step-wise approximation. We then show that the logit stochastic process
is close to the step—wise logit dynamic in a discrete approximation of the original game. Combining the

two results, we obtain our deterministic approximation result. We then apply this result to supermodular
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games. Over finite but sufficiently long time horizons, the logit stochastic process converges to logit
equilibria in a discrete approximation of the supermodular game. By the deterministic approximation
approach, so does the logit dynamic in the continuum supermodular game.

1.3 Chapter 4: Equilibrium selection via stochastic evolution in continuum

potential games

In this chapter, we consider stochastic evolution in large population potential games with a continuous
strategy set. Examples include aggregative potential games and doubly symmetric games. We approxi-
mate the continuous strategy game with a finite strategy game. We then define a stochastic process
based on a noisy exponential strategy revision protocol in the finite strategy game. Existing results
imply the existence of a stationary distribution of the process on the finite strategy game. We then
characterize this stationary distribution as the number of strategies go to infinity and the noise level
goes to zero. The resulting distribution puts all its mass on the Nash equilibrium that maximizes the
potential function of the continuous strategy game. This provides us with an exact history-independent
equilibrium selection result in our large population potential game with a continuum of strategies.

1.4 Chapter 5: Regularized Bayesian best response learning in finite games

In this chapter, we introduce the notion of regularized Bayesian best response (RBBR) learning dynamic
in heterogeneous population games. We obtain such a dynamic via perturbation by an arbitrary lower
semicontinuous, strongly convex regularizer in Bayesian population games with finitely many strategies.
We provide a sufficient condition for the existence of rest points of the RBBR learning dynamic, and
hence the existence of regularized Bayesian equilibrium in Bayesian population games. These equilibria
are shown to approximate the Bayesian equilibria of the game for vanishingly small regularizations. We
also explore the fundamental properties of the RBBR learning dynamic, which includes the existence of
unique solutions from arbitrary initial conditions, as well as the continuity of the solution trajectories
thus obtained with respect to the initial conditions. Finally, as applications to the above theory, we
introduce the notions of Bayesian potential and Bayesian negative semidefinite games and provide

convergence results for such games.

1.5 Chapter 6: Perturbed Bayesian best response dynamics in continuum

games

In this chapter, the notion of perturbed Bayesian best response dynamic for continuum strategy Bayesian
population games is introduced. Fundamental properties of the dynamic such as existence of perturbed
equilibrium, convergence of the perturbed equilibrium to the Bayesian equilibrium of the underlying
game, as well as existence, uniqueness and continuity of solutions from arbitrary initial conditions is



established. As applications to the theory, convergence of solutions to the perturbed equilibria is shown
to hold for two classes of games, namely, Bayesian potential games and Bayesian negative semidefinite
games.

In conclusion, Chapter 2 and Chapter 3 address Question 1; Chapter 4 addresses Question 2; and
Chapter 5 and Chapter 6 address Question 3.



CHAPTER

2

GENERALIZED PERTURBED BEST
RESPONSE DYNAMICS WITH A
CONTINUUM OF STRATEGIES

2.1 Introduction

Perturbed best response dynamics are one of the most important classes of dynamics in evolutionary
game theory. Best response is, of course, the fundamental behavioral norm in game theory. But due
to multiplicity of best responses and the fact that the best response can change abruptly, the best
response dynamic arising from this behavioral protocol is technically difficult to analyze (Gilboa and
Matsui (1991), Hofbauer (1995)). Perturbed best response dynamics avoid this problem by considering a
uniquely defined smoothed version of the best response which can then be analyzed using the standard
theory of differential equations. Even if best responses are uniquely defined, perturbed best responses
are important in their own right because there may be errors in agents’ perception of payoffs or in
implementing the best response. In such situations, perturbed best response may be a better model of
behavior than the classical best response. For this reason, the notion of perturbed best response has
also found applications in rationalizing data in experimental economics (Goeree et al. (2016)).

The logit dynamic (Fudenberg and Levine (1998), Chapter 4) is the prototypical representative of
this class of dynamics obtained by perturbing the best response through the Shannon entropy function.
A number of authors have since generalized the logit dynamic to the class of perturbed best response
dynamics (Benaim and Hirsch (1999), Hofbauer and Hopkins (2005), Hofbauer and Sandholm (2002,



2007)). As with most of evolutionary game theory, most of this literature on perturbed best response
dynamics has been in the context of large population games with finite strategy sets.! However, similar
to classical game theory, various economic applications of evolutionary game theory are also more
conveniently done with games with a continuum of strategies. Despite introducing certain measure
theoretic complications related to, for example, defining the state space, continuous strategy models
greatly simplify the characterization of Nash equilibrium and Pareto optimal states.? Therefore, to make
evolutionary game theory a more relevant technique for economic analysis, there is a need to develop
this theory in the context of games with continuous strategy sets. This has been the main motivation
behind the literature on extending the prominent evolutionary game dynamics from finite strategy to
continuous strategy games. Papers in this area include Oechssler and Riedel (2001, 2002) and Cheung
(2016) on the replicator dynamic, Hofbauer et al. (2009) on the Brown-von Neumann-Nash (BNN)
dynamic, Cheung (2014) on the pairwise comparison dynamic, and Perkins and Leslie (2014) and Lahkar
and Riedel (2015) on the logit dynamic.

The present paper is a contribution to this literature on continuous strategy evolutionary dynamics.
Specifically, it focuses on the class of perturbed best response dynamics for such games. The earlier
literature on this topic has been confined to the logit dynamic (Perkins and Leslie (2014), Lahkar and
Riedel (2015)). The logit dynamic is generated when agents’ payoffs are perturbed using the Shannon
entropy and agents best respond with respect to these perturbed payoffs. Here, we generalize the logit
dynamic by considering perturbations other than the Shannon entropy. Thus, instead of assuming
any particular form of perturbation, we consider a broader class of perturbations that satisfy certain
lower semicontinuity and strong convexity conditions. For example, apart from the Shannon entropy,
the Tsallis entropy and the Burg entropy are other admissible entropies under these conditions. As
far as we know, this is the first paper that considers such a generalization of perturbed best response
dynamics in continuous strategy games. We do note, though, that our generalisation is entirely with
respect to deterministic perturbations unlike in the finite strategy literature where both deterministic
and stochastic perturbations have been considered (Hofbauer and Sandholm (2002)).3

Similar to the logit best response, we first perturb an agent’s payoff using the general perturbation
function and allow the agent to best respond. This generates the generalized perturbed best response
(GPBR) and the associated dynamic. We establish the fundamental properties of the dynamic. Thus, we
show that rest points of the dynamic, which are fixed points of the perturbed best response function and
which we call perturbed equilibria, exist and converge to Nash equilibria of the underlying game when

the perturbation becomes small. We also show that unique solution trajectories that are continuous

1See Sandholm (2010) for an extensive review of the literature on finite strategy evolutionary game theory. In addition to
perturbed best response dynamics, there have been other extensions of the finite dimensional best response dynamic. For
example, Balkenborg et al. (2013) consider refined best reply dynamics. Suppose there is a continuum of Nash equilibria but,
due to the multiplicity of best responses, no Nash equilibrium is Lyapunov stable under the classical best response dynamic.
The refined best reply dynamic can then be used to analyze the evolutionary stability of certain faces of the simplex of mixed
strategies.

2See, for example, Cheung and Lahkar (2018), Lahkar (2020) and Lahkar and Mukherjee (2019, 2021) for such applications
to continuum strategy economic models like Cournot competition and implementation of efficiency in problems like public
goods, public bads and the tragedy of the commons.

3As far as we know, stochastic perturbations have not been studied in the context of continuous strategy games.



with respect to initial states exist for this class of dynamics. Results of a similar nature have, of course,
already been established for the logit dynamic (Lahkar and Riedel (2015)). But by extending these
results beyond the logit dyanamic, this paper establishes the idea of perturbed best response on sounder
foundations in continuous strategy games.

This is important because one of main motivations behind looking for broader and more diverse
classes of evolutionary dynamics is to ensure that the results of evolutionary game theory are not
dependent upon the specific properties of a particular dynamic. Otherwise, those results will not be
robust. Our findings are in line with this general quest in evolutionary game theory. Conclusions
obtained from the application of the logit dynamic in continuous strategy games now become more
credible since such results now generalize to the wider class of perturbed best response dynamics.
This applies, for example, immediately to the results on evolutionary implementation in Lahkar and
Mukherjee (2019) where the logit dynamic has been applied. These results now also hold for the entire
class of deterministic perturbed best response dynamics.

Another ubiquitous pursuit in evolutionary game theory has been classes of games in which a
wide variety of evolutionary dynamics converge to Nash equilibria. Nash equilibrium prediction in
such games then becomes more credible even when agents are myopic as is the case in evolutionary
game theory. Two such classes of games in which almost all well known evolutionary dynamics, both
finite strategy and continuous strategy, do converge are potential games (Monderer and Shapley (1996),
Sandholm (2001)) and negative semidefinite games (Hofbauer and Sandholm (2009)).* Potential games
are defined by a real valued function which summarises payoffs in the game. Negative definite games
are characterized by the property of “self-defeating externalities” due to which small groups of agents
changing strategy find themselves at a relative payoff disadvantage. We show that our GPBR dynamic
also converges in these two classes of games when their strategy sets are continuous. Convergence in
this case is, of course, not to Nash equilibria but to their approximation, perturbed equilibria. Once
again, such convergence have already been established for the continuous strategy logit dynamic. The
present results show that such convergence arises from fundamental properties of perturbations like
lower semicontinuity and convexity. This generalization is also in line with similar conclusions that
arise in the case of finite strategy perturbed best response dynamics (Hofbauer and Sandholm (2007)).

Analyzing evolutionary dynamics for continuous strategy dynamics raises certain significant mathe-
matical complications which makes the exercise a non-trivial extension of finite strategy dynamics. For
example, an important question to resolve is the choice of topology in the space of population states,
which takes a measure theoretic form. Following much of the literature (for example, Oechssler and
Riedel (2001, 2002), Lahkar and Riedel (2015)) we apply the strong and weak topologies in our analysis.
The weak topology is helpful in resolving questions like the existence of a perturbed equilibrium and
convergence of solution trajectories of the perturbed best response dynamics to perturbed equilibria in

4Monderer and Shapley (1996) originally introduced the notion of potential games in finite player games. Sandholm (2001)
extended the concept to large population games with finite strategies. Further generalizations to large population games
with continuous strategy sets can be found in, for example, Cheung (2014), Lahkar and Riedel (2015) and Cheung and Lahkar
(2018). Negative semidefinite games are also called stable games (Hofbauer and Sandholm (2009)) and they generalize the
fundamental idea of an evolutionary stable state (Maynard Smith (1982)). Continuous strategy extensions of such games have
been considered in Hofbauer et al. (2009), Cheung (2014) and Lahkar and Riedel (2015).
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potential and negative definite games. The strong topology, on the other hand, is required for results
like the existence of solution trajectories of the dynamic.

Nor is the present analysis a straightforward extension of earlier papers on the continuous strategy
logit dynamic. The absence of any specific functional form for the perturbation raises certain technical
challenges that requires us make appropriate assumptions to make the analysis tractable. For example,
we need assumptions like lower semicontinuity, strong convexity and the existence of a continuous
density function for the perturbation to establish the existence of a perturbed equilibria. Showing
convergence of perturbed equilibria to Nash equilibria requires us to impose some restrictions (Con-
ditions Al and A2) on the perturbation function to ensure that a small change in the population state
does not lead to a large change in the perturbation. Such assumptions also ensure that, like the logit
dynamic, our general class of perturbed best response dynamics are forward invariant not just in the
state space, but in the space of states with bounded density functions. Such results then allow us to
construct appropriate Lyapunov functions that establish convergence in the classes of potential and
negative semidefinite games.

Beyond its theoretical merit, is there any importance of our exercise from the point of view of
applications? To answer this question, we consider a large population model of Cournot competition
with a linear cost function. Such a game is a potential game. Moreover, due to the linearity of the
cost function, the game has a convex set of Nash equilibria. Hence, it is possible that GPBR dynamics
generated by the Shannon, Tsallis and Burg entropies converge to perturbed equilibria that, as the
perturbation becomes small, approximate different Nash equilibria. We present certain simulations that
suggest that is indeed the case. Therefore, the pattern of social behavior can depend upon the manner
in which best responses are perturbed, particularly in situations where there is a continuum of Nash
equilibria. Hence, that our generalization of perturbed best response dynamics can have meaningful
consequences for applications.

The rest of the paper is as follows. Section 6.2 defines preliminaries of the model. In Section 2.3, we
analyze the perturbed best response and perturbed equilibria. This section also provides examples of
perturbations beyond the Shannon entropy to which our analysis applies; namely, the Tsallis entropy
and the Burg entropy. Section 2.4 establishes fundamental properties of the perturbed best response
dynamic. In Sections 6.4 and 6.5, we show convergence in potential games and negative definite games

respectively. Section 2.7 presents the application to the Cournot model and Section 6.6 concludes.

2.2 Preliminaries

We consider a population consisting of a continuum of agents of mass 1. Let S be a compact and convex
subset of a finite dimensional Euclidean space with unit Lebesgue measure. We denote the collection
of all probability measures on S by 22(S) and the collection of all signed measures on S by .Z(S). Let
My(S) be the collection of all signed measures on S whose measure of the whole space S is 0, that
is, Mo(S):={u e #(S): u(S)=0}. We also use the notation Z(S) to describe the set of all probability
measures on S that admit a probability density function or, equivalently, is absolutely continuous with
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respect to the Lebesgue measure. Finally, let 22 (S) be the set of probability measures which admits
a continuous probability density function on S. We will denote the density of a generic probability
measure P in Z(S) by p().

A probability measure P € #(S) denotes the state of the population. This means that for any Borel
set A€ A(S), P(A) denotes the proportion of the population using strategies in A. Let £ °°(S) be the set
of bounded measurable functions on S endowed with the sup-norm® metric. We define a population
game as a map 7 : 2 (S)— £ °°(S) such that . (P) is the payoff of an agent who plays strategy x at
population state P. Throughout the paper, we assume that the population game 7 is bounded in the
sup-norm and weakly continuous with respect to the Prohorov metric.® A population state P° is said to
be a Nash equilibrium of the underlying population game 7 if for all x € Supp(P°) and all y €S, we have
T (P°) > 7y, (P°).

We now seek to define the generalized deterministic perturbed best response dynamic. This in turn
requires us to introduce the notions of a perturbed expected payoff and the perturbed best response.
Suppose the current population state is P € 22(S). We then define the expected payoff at P with respect
to another probability measure Q € 22(S) as EQ[n(P)]:= f s (P)dQ. We further define a deterministic
perturbation function as a map v : 2(S) — RU{oco} with the restriction that v(Q)= oo if and only if
Q¢ Z)(S). Let £1(S) denote the collection of Lebesgue integrable functions on S endowed with the
Il 11 s)® norm. Also, define the following subset of £(S):

2 (8):= {fezl(S) | f(x)>0forall xeS and f f(x)dx= 1}». 2.1)

S

It is a well-known fact that for any f € £ j’l(S), there exists a unique probability measure Q7 € Z(S)
such that the probability density function of Q; is f. We define the counterpart of v as the mapping
7:.21(S)— RuU{oco} such that

v(Qy) if fezy!(S)

o0 otherwise.

v(f)= 2.2)

The fact that Q is unique for every f € £ j’l(S) makes U well-defined. Throughout, we assume that 7 is

lower semicontinuous® and strongly convex'® with respect to the || .|| 1) norm. One interpretation of

5The sup-norm of f €.2°°(S) is defined as || f || oo :=SUP 45| £ (X)I.
6See (2.9) for the definition of Prohorov metric.
"We denote the support of a probability measure P by Supp(P).
8The ||. || ¢1(s) norm of f € £(S)is || fll1(s):= [ | f(x)ld x.
9A mapping h: £1(S)— RU{oo} is said to be lower semicontinuous with respect to the || . || 21(s) norm if for all sequences
(fudnz1 0 LYS), 1 fu— Il 21(5)— O implies
liminfh(f,)2 h(f).

10An extended function T on (£1(S),]| . ll#1(s)) to RU{oo,—00} is said to be strongly convex if there exists L > 0 such that

La(l1—a)

Tlaf+(1—-a)g)<aT(f)+1—a)T(g)— 5

||f—g||?gl(3)

forall f,g €domT and a€[0,1] where domT :={f € £1(S): T(f) < co}.
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Q s that it is a mixed strategy and EQ[7(P)] is the expected payoff of an agent who plays strategy Q at the
population state P. The perturbed expected payoff for the agent with respect to v is then EQ[7(P)]— v(Q).
Given 1> 0, we define the generalized perturbed best response map ¢%,,: 2(S) — 2 (S) as

9, (P)= [arg@rgg% ) (EQ[n(P)]—n v(Q))]. (2.3)

It now follows that the extended functional P — (IEQ[ﬂ:(]P’)]—n U(Q)) has a unique maximizer (see Héliou
etal. (2020), Pg. 12, Lemma B.1). Therefore, %, is well-defined. Furthermore, due to the restriction that
v(Q)=00 if Q¢ Z(S), it must be that ¥, (P) € Z(S) for all P€ 2 (S).

We refer to ¢,(PP) as the generalized perturbed best response (GPBR) to population state P with
respect to the perturbation function v. Intuitively, it is a perturbation of the more usual game theoretic
notion of the best response, with the extent of perturbation declining as the perturbation factor  — 0.
But it is analytically more tractable than the best response because for every P 2 (S), it is uniquely
defined. The best response, on the other hand, may not even exist at certain state in games with
continuum strategy sets or, even if it exists, may be multi-valued. Using the generalized perturbed best

response, we can define the generalized perturbed best response (GPBR) dynamic as
B(A) =4, (P)(A)—P(A) 2.4)

for Ae A(S). Thus, under this dynamic, a population state P moves in the direction of its generalized
perturbed best response %,,(P). Since both %,,(P),P € £2(S), it must be that Pe . #,(S).

The reason behind calling %, (P) as the generalized perturbed best response is that its construction
arises as a generalization of the logit best response for games with continuous strategy sets (Mattsson
and Weibull (2002)). They consider the perturbation function

_ | [salxlogq(x)dx  ifQe(S)

lo%e) otherwise,

v(Q) (2.5)

which is, of course, the Shannon entropy of Q € 22(S). Maximizing the resulting perturbed expected
payoff as in (2.3), we obtain the logit best response (also called logit choice measure in Lahkar and
Riedel (2015)) ¥, =%, (Mattsson and Weibull (2002)) defined as

[, exp(n~' 7, (P))dy
[sexp(n1m(P))d x

£, (P)A)= (2.6)
for all Ae A(S). The logit best response is, therefore, a particular form of the generalized perturbed best
response ¥, which does not assume any structural form of v except that 7 is lower semicontinuous
and strongly convex with respect to the ||. || 1(s) norm and that v(Q)= oo for all Q¢ Z%(S)."! Applying
%, (P) defined by (2.6) to the general form of the perturbed best response dynamic (2.4) then gives us

HThe counterpart of Shannon entropy also satisfies lower semicontinuity and strong convexity as we will show later.
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the continuous strategy logit dynamic (Perkins and Leslie (2014), Lahkar and Riedel (2015))

pe [ exp(n'my (P)dy

B f sexp(n~im,(P))dx —PA). 2.7)

Recall that ¥, (P) € Z(S) for every P€ 2 (S) and, therefore, always has a density function. In addition,
if the existing population state P also has a density function, then (2.4) implies that P € .#,(S) also a
density function. A rest point of the dynamic (2.4) is a state P such that P(A)=0 for all A€ %4(S). Itis
evident that any such rest point satisfies ¥,(P) =P and is, therefore, also a fixed point of the perturbed
best response map ¥%,. We call such a fixed point of ¥, or, equivalently, a rest point of (2.4) a perturbed

equilibrium. In the case of the logit dynamic, such an equilibrium is called a logit equilibrium.

2.3 Perturbed Best Response and Perturbed Equilibria

We now establish certain fundamental properties of the GPBR dynamic like the existence of a perturbed
equilibrium and existence of solutions to the dynamic. To do so, we first define certain topological
concepts that are standard in the analysis of continuous strategy evolutionary dynamics.

Two topologies arise in the context of such dynamics. One is the strong topology induced by the
variational norm on ./ (S) given by ||u|ltv = supg Ifs gdu| where g is a measurable function g: S — R
such that sup ,.5|g(x)| < 1. If P,Q are two probability measures, then the distance between them under
this norm is (see, e.g., Shiryaev (1995), Pg. 360)

IP—Qllrv:=2 sup [P(A)—Q(A)l, (2.8)
A€ A(S)
where ||. ||pv: 2 (S)x 22 (S)— R, is called the total variation distance.
The other is the weak topology, which is induced by convergence in distribution. On way to metrize
the weak topology on 22 (S) is through the Prohorov metric p : Z(S)x #(S) — R, defined by

p(P,Q):=inf{e>0:P(A) < Q(A)+e€ and Q(A) < P(A)+e for all Ac B(S)} (2.9)

for all P,Q € 2(S) (see, e.g., Billingsley (2013), Pg. 72). Thus, a sequence of probability measures
(P)ns1 €22(S) converges weakly to Pe 2(S) if p(P,,,P) — 0. We will be using the strong topology
to establish results on convergence under perturbed best response dynamics, which would imply
convergence under the weak topology. The weak topology, on the other hand, is useful for establishing
results like existence of equilibrium since it renders the state space 2(S) compact.

We begin with the existence of a perturbed equilibrium. For that we will require few preliminary
notations and definitions. Let 6 (S) denote the collection of continuous functions on S endowed with
the sup-norm (see Footnote (5)). Recall that the perturbation function v is not continuous in the strong
topology. Hence, it is not Fréchet differentiable, which is the more general notion of differentiablity in

Banach spaces. Therefore we apply a weaker notion of differentiability called the Gateaux derivative
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which is defined as follows. Let ¢ : .#(S)— R. The Gateaux derivative d¢(u): .#,(S)— R of ¢ ata point
u € #(S) towards the direction ve _#(S) is defined as

o Plutev)—o(u)
dg(u)(v):=lim -

provided the limit exists.

If ¢ is Gateaux differentiable at u € ./ (S), we will assume that there exists a measurable map V¢ ¢ (u)
called Gateaux gradient of ¢ at u such that d¢ (u)(v)= (VS (u), v):= fs VO, (u)ndx).

Our next theorem (Theorem 1) requires us to show that the mapping P— %, (P) is continuous in
the weak toplogy on 2?(S). For the purpose of this theorem, we introduce the notion of admissible
perturbations which ensure lower semicontinuity of the perturbation function on Z; (S) with respect to

the weak topology.

Definition 1 (Admissible Perturbation) Letw: 2 (S)— £ °°(S) be a population game. We call a pertur-
bation function v admissible if Range(nt) € 6 (S) implies 4,(IP) € 2 (S) for alln >0 and allP € 900(8).12

We now show that a perturbed equilibrium always exists subject to some restrictions on the per-
turbation function v. The following theorem states the relevant result. The proof follows from the
Brouwer-Schauder-Tychonoff fixed point theorem (see Aliprantis and Border (2013), Pg. 583, Corollary
17.56).

Theorem 1 Supposen:2(S)— £ °(S) is population game such that Range(rt) € 6(S). Suppose that the
perturbation function v is admissible and Gdteaux differentiable on 2y(S) such that the Gateaux gradient
Ver(Q)e6(S) forallQe Py (S). Then, for everyn >0, the GPBR map %, : 2 (S)— 2(S) admits a fixed
point, i.e. there exists IP‘;) € P(8S) such that %,,(]P";I) = IP";]. Any such IF";) is a perturbed equilibrium of 7.

The proof of Theorem 1 is in Appendix A.1. The proof requires us to show that the mapping ¥, :
P (8)— 22(8S)is continuous in the weak topology (Lemma 9). We show this in two steps. Firstly, under the
given conditions of Theorem 1, we show that the perturbation function is weakly lower semicontinuous'
on Z(S), or, equivalently lower semicontinuous on Z; (S) in the weak topology. This in turn calls for
the use of the Argmax Continuous Mapping Theorem (Ferger (2004), Van Der Vaart and Wellner (1996),
Pg. 286, Theorem 3.2.2). It states that if one has a sequence of stochastic processes indexed by some
metric space and if the sample paths of these processes are almost surely upper semicontinuous with
unique maximizers, then the sequence of maximizers of these processes converges in distribution to
the unique maximizer of the limiting process. Once we establish this lemma, the result follows from the
Brouwer-Schauder-Tychonoff fixed point theorem and the compactness of 2(S). Lahkar and Riedel
(2015) establish a similar result on the existence of logit equilibria, which are fixed points of the logit best

response. The proof of Theorem 1 is, however, much more general as it does not assume any functional

12The fact that Shannon entropy (see (2.5)) is an admissible perturbation function follows from (2.6) and Definition 1.
13A mapping h: (2 (S),p) — R is weakly lower semicontinuous if for all sequences (Py)ns1 in 2(S), p(P,,P)— 0 implies
liminf,, oo h(P,) > h(P).
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form of the perturbation function v. The only requirements that Lemma 9 imposes upon v are strong
convexity and lower semicontinuity.

We now consider the relationship between a perturbed equilibrium of = and a Nash equilibrium of
the game. Recall from (2.3) that the extent of perturbation in payoffs while calculating the perturbed
best response is determined by the parameter n. It, therefore, seems plausible that lower is 1), the closer
is a perturbed best response to a best response and, therefore, closer is a perturbed equilibrium to a
Nash equilibrium. Our next theorem verifies this intuition subject to certain conditions. We need to
establish certain preliminaries before stating the theorem.

Let GE(7r,n) be the set of perturbed equilibria of 7t with respect to the GPBR map ¢%,,: 2 (S) — 2 (S).
That is, GE(r,n):= {]P’;’] e?2(S): %U(IP";]) = ]P";]}. We will require the notion of the convex conjugate of 7.

The general definition of the convex conjugate of a function is as follows.

Definition 2 (Convex conjugate of a function) Let X be a real topological vector space and let X* be the
dual space of X. For a function f : X — RU{00,—00}, the convex conjugate f*: X* - RU{0c0,—00} is
defined by

[ (x*):==sup(x*(x)—f(x)).

xeX

Following Definition 2, we denote the convex conjugate of 7 as 7*. We will also use the notation v, to
denote nv.'"* In that case, 17;]* is the convex conjugate of the perturbation counterpart 7.

We will also require the notion of the Fréchet derivative, which is a generalization of the usual
derivative to Banach spaces. Let V and W be normed linear spaces. An operator ¢ : V — W is Fréchet

differentiable at x if there exists a bounded linear operator A: V. — W such that

[¢(x+h)—p(x)—Ahllw _

0.
lI7lly—0 lAlly

Thus, if A is the Fréchet derivative of ¢, then ¢(x +h)=¢(x)+ A(h)+o(]|h||y) for all i near zero in V.
In this paper, we consider Fréchet differentiability of functions ¢ : .#(S) — R. We denote the Fréchet
derivative of such a function by D¢.

If ¢ is Fréchet differentiable, we will assume that there exists a bounded measurable map V¢ (u) e
%£°°(8S) such that for all ve _#,(S), we have

D¢(,u)v:=f Vio(u)d v=f VEQ(u)(x)d x)=(VEp(u), ). (2.10)
S S
We then call the map V¥ ¢ the Fréchet gradient of ¢.

With these notations, we now define the following two important conditions, Condition A1 and
Condition A2, that will be required for establishing convergence of perturbed equilibria to Nash equi-
librium. Intuitively, these conditions impose some restrictions on the perturbation function so that

small changes in the population state does not lead to large changes in the perturbation. Recall that 7

14Notice from, for example, (2.5) that the original perturbation function v is defined independent of 1. This additional piece
of notation is required to capture the effects as n — 0.
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(Definition 2.2) denotes the perturbation counterpart of v, and 7* denotes the convex conjugate of 7
(Definition 2).

Definition 3 (Condition A1) A perturbation function v satisfies Condition Al if for alln >0, all disjoint
E,F e A(S)andall g € £°°(S) withinf,cp g(s)>sup,cp g(t), there exists a function u :(0,00) =R with
lim,_,o u(x)= oo such that

DI (g)Lr) 2 u(n)DF(g)1L),

where Dﬁ;;(g) is the Fréchet derivative of ﬁ;,“(g), andlg,1g are indicator functions on E and F respectively.

Before defining Condition A2, we required another definition; that of the shift of a probability measure.
It is defined as follows.

Definition 4 LetPe 2(S) and let E,F C S be disjoint. We say that P is a shift of P from E to F if
1. P(E)<P(E),
2. P(F)=P(F)+(P(E)—P(E)), and
3. P(G)=P(G) forall G CS\(EUF).

Condition A2 is now defined as follows.

Definition 5 (Condition A2) We say that a perturbation function satisfies Condition A2 with respect
to a sequence of probability measures (P,,),> if for all disjoint E,F C S with lim,,_,.,P,(E)#0 and
inf,cp 7, (P,)>sup i 7w (P,) for sufficiently large n, there exist(A,),>1 € E and (P,),>; whereP, isa
shift of P, from A,, to F, and a constant k > 0 such that for sufficiently large n,

|V(Pn)_v(Pn)| SK(Pn(An)_Pn(AnD (2.11)

Condition A2 is a mild continuity requirement that calls for the existence of a k independent of n
such that (2.11) is satisfied. The existence of such « also implies that for small r, small changes in the
population state cannot cause an abrupt change in the perturbation. The condition does look technical,
but it is not very demanding. We show in Section 2.3.1 that the Tsallis and Burg entropies satisfy this
condition. Moreover, it is also satisfied for all population games 7 that are weakly continuous and
where Range (77) € 6/(S). With these preliminaries, we now state our desired theorem on convergence of

perturbed equilibria to a Nash equilibria.

Theorem 2 Suppose that the conditions of Theorem 1 are satisfied. Let(n,,),>1 be any positive sequence
such thatn, | 0 and let(P;),>, denote the corresponding sequence of perturbed equilibria. Suppose also
that the perturbation function v satisfies Condition Al, or Condition A2 with respect to (IP}),,>, as stated
in Definitions 3 and 5 respectively. Then the family GE1t,n,),>1 of perturbed equilibria has accumulation
points under the weak topology and any such accumulation point is a Nash equilibrium of the original

game.
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The proof of this theorem is in Appendix A.2. We provide some intuition as to how Condition Al
and Condition A2 are relevant for the proof. Since the space of signed measures is infinite dimensional,
assuming lower semicontinuity and strong convexity under the strong topology does not guarantee
continuity of the perturbation function. However, some type of continuity of the perturbation function is
required to ensure the convergence of the perturbed equilibria to the Nash equilibrium of the underlying
game. To ensure such weaker form of continuity of the perturbation function, we impose two conditions,
namely Al and A2. The weaker form of continuity we consider implies that when a small proportion
of agents switch their strategies from one set to another, the change in the perturbation function will
also be small. This guarantees that the change in the perturbation function caused by small shift of the
agents’ strategies will be under control, and as a consequence, the payoff from the shifted strategies can
be made to dominate that change. Therefore, when perturbation decreases gradually, agents switch to
exercising strategies in those subsets which have a greater payoff and thereby will weakly converge to a

Nash equilibrium of the underlying game.

2.3.1 Examples of Perturbation Functions

We now provide some examples of perturbation functions v : 2(S) - RuU{co} that are admissible and
that satisfy Conditions Al or A2. Theorem 2 would then be valid for with respect to these perturbation
functions.

Example 1 (Shannon entropy) The first example is the Shannon entropy itself as defined in (2.5) and
upon which the canonical logit dynamic is based.

We now establish that Shannon entropy satisfies Condition Al (Definition 3). Let g € £ °°(S) and let
E,F € B(S) be disjoint such thatinf,cp g(s)>sup,c; g(t). Then

Du(g)Ir) [rexp(n~g(x))d x A(F)

- inf o(s)— )
D) [, explr gy o ek S SR s G

where A denotes the Lebesgue measure. Therefore Shannon entropy satisfies Condition (Al) with u(n)=
A(F)

exp((infser g(s)—sup;cp g(t))/n)m foralln>0.

We know from Lahkar and Riedel (2015) that under the Shannon entropy, a sequence of the relevant
perturbed equilibria , which is the logit equilibria, converges to Nash equilibria as  — 0. The exercise
in Example 12 provides another demonstration, albeit indirect, of this fact. Such convergence is a
consequence of the more general Condition A1. We now present two additional entropy functions
which, as far as we know, has not been explored much in the literature on evolutionary game theory.
These are the Tsallis (y) entropy and the Burg entropy. In Appendix A.3, we show that these two entropy
functions satisfy Condition A2 (Definition 5).
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Example 2 (Tsallis(y) entropy) For0<7y <1, the Tsallis(y) entropy is defined as

PRI

o0 otherwise.

We now show that Tsallis(y) entropy is an admissible perturbation function. It follows from Héliou et al.

(2020) that under perturbation by Tsallis(y) entropy,

n /(=) 1
A= [ﬂ] L(%—m(}lﬂ’))l/ﬂ—ﬂdz =1

forall A€ A(S), where 0, is such that the RHS in the above equation is a valid probability density function

on S. It follows from the above expression that Tsallis(y) entropy is admissible.

It is well known in the literature (see Tsallis (1988)) that the Shannon entropy (Example 12) can be
obtained from the Tsallis(y) entropy (Example 13) by taking y — 1. However, the analytical properties of
these entropies are quite different. Tsallis entropy is used in Héliou et al. (2020) in the context of online

non-convex optimization problems.

Example 3 (Burg entropy) The Burg entropy is defined as

—[slogg(x)dx ifQe(s)

) otherwise.

Q)=
It also follows from Héliou et al. (2020) that under perturbation by the Burg entropy,

‘%(P)(A)=77Lm, (2.13)

forall Ae RB(S), where 97’]” is such that the integral if the above density is 1. The fact that Burg entropy is

admissible then follows from arguments similar to the Tsallis entropy.

The definition of Burg entropy for games with continuum strategy spaces (Example 5.3.1) is moti-
vated from the definition of Burg entropy for games on finite strategy spaces. Suppose that the strategy
space S={1,...,n} is finite and let A :={x=(x1,..., x,) €[0,1]" | x; +.. +xn =1} be the collection of popu-
lation states. In such a scenario, the Burg entropy is defined as v?(x):= Z log x;, for all xe A (Hofbauer
and Sandholm (2002)). Héliou et al. (2020) use the continuous versmnl;)%f the Burg entropy for online
non-convex optimization problems.

The Shannon entropy has, of course, been widely used to model perturbations in both learning and

evolutionary game theory.!® In comparison, the Tsallis and Burg entropies are not so popular in game

15Fudenberg and Levine (1998), Chapter 4, applied the Shannon entropy to model stochastic fictitious play. The logit
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theory. Nevertheless, they are also legitimate models for providing microfoundations to a perturbed
best response. Like the Shannon entropy, we can also interpret the Tsallis and Burg entropies as “control
costs” that become large when too much probability is put on some particular pure strategy. There
is no a priori reason why such control costs can only take the form of Shannon entropy. In fact, if we
wish to generalize the notion of control costs, then the Tsallis entropy is a natural candidate because,
as mentioned earlier, the Shannon entropy is the limiting form of the Tsallis (y) entropy as y — 1. As
far as we know, the Burg entropy doesn’t have any such relationship with the Shannon entropy. But
there are precedents to its use in game theory. For example, Proposition 2.2 in Hofbauer and Sandholm
(2002) consider the finite strategy version of the Burg entropy to define a perturbed best response.
Harsanyi (1973) also applied such a logarithmic perturbation to establish oddness of the number of
Nash equilibria. This earlier application was not in the contexts of learning or evolution but it does
gives the Burg entropy some game theoretic pedigree.'®

It is known that all the three entropies mentioned in this section (namely, Shannon, Tsallis, and
Burg) satisfy strong convexity and lower semicontinuity (see Héliou et al. (2020), Pg. 7, Definition 1,
for details).!” We also show in Appendix A.3 that the Tsallis and Burg entropies satisfy Condition A2.
Therefore, it is not just the Shannon entropy to which Theorem 2 applies. Instead, we can meaningfully
define perturbed best responses for other entropies as well and approximate Nash equilibria with their
fixed points. This makes our exercise of generalizing perturbed best response dynamics beyond the

logit dynamic a substantial one.

2.4 Fundamental Properties of Perturbed Best Response Dynamics

We now seek to establish the fundamental properties of the GPBR dynamic (2.4). These are (i) the
existence of a unique solution trajectory from every initial state in 2(S) and (ii) the continuity of such
solution trajectories with respect to initial state. We will require the following definitions for establishing
the relevant result.

Definition 6 (Lipschitz population game) A population game 1: 22 (S)— £ °°(S) is B—Lipschitz con-
tinuous if there exists a real number >0 such that

[7(P)=7(Q)ll oo < BIIP—Qll7v

forallP,Qe 2?(S), where||.||v is the total variation distance as defined in (2.8).

Definition 7 (Semiflow of a dynamic) Consider an abstract differential equation

I'(t)=((1))

dynamic arose as the dynamics of mixed strategies in this model of learning. This dynamic was subsequently extended to
evolutionary game theory where the state variable is the current population state rather than the mixed strategies of a finite
group of players.
160f course, (Harsanyi (1973)) did not use the term “Burg entropy”. He only applied the functional form of this entropy.
17Héliou et al. (2020) show that the perturbation functions we consider, satisfy the property called regularizers, which, by
definition is a combination of lower semicontinuity, strong convexity and some other properties.
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on a Banach space (X,||.||x). Suppose that a unique solution to the above differential equation exists
for every initial condition T(0) =y (say). Denote the solution of the above differential equation with
initial condition y byL,(t). Then the semiflow of the dynamic is the map { : X x[0,00) — X defined by
{(r,t)=TL,(¢) forally € X and t €[0,00).

We will apply Definitions 6 and 7 in establishing the fundamental properties of the GPBR dynamic.
Before that, we note from (2.4) that if indeed the GPBR dynamic admits a solution, then £ (S) must be
forward invariant under that dynamic. This means from any initial state in 2(S), the solution trajectory
must lie in 22(S) for all times ¢ > 0. This is immediate because from the definition of the perturbed best
response (2.3), if Pe Z(S), then %n(]P’) e 2(S).

While forward invariance of 22(S) is obvious, we can actually establish a stronger result which will
also be useful for later in establishing the fundamental properties of the dynamic. For this purpose,
recall that Z,(S) c 2(S) is the set of absolutely continuous probability measures. Let D > 1. We then
define the set

1

Pn(8):= {Pe@O(S):BSp(x)SD forallxeS

and |p(x)—p(y)|<D|x—y|forall x,y ES}. (2.14)

Thus, 25(S) is the set of absolutely continuous probability measures with D-Lipschitz continuous
density functions and whose lower and upper bounds are given by £ and D respectively. It is known
(see Perkins and Leslie (2014), Hanche-Olsen and Holden (2010)) that £25(S) is a compact subset of
22(8S) under the total variation norm (2.8).

We now show that the GPBR dynamic is forward invariant not just in & (S) but also £, (S). Thus, if
P e 2p(S), then the GPBR ¥, (P) € 25 (S) as well.'® Thus, if the GPBR dynamic admits a solution, then
the entire trajectory originating in %, (S) must lie in 2, (S) at all time ¢ > 0. To arrive at this result, we
will require a further piece of notation. Recall the set £ j’l(S) c £1(S) from (2.1). We now define the
following subset of .%j’l(S ) by imposing bounds % and D on the functions in .S&i’l(S) and which are

D-Lispchitz continuous, where D > 1. Thus,
1
2;:},(8) = {f ez(S): ) <f(x)<DforallxeS

andlf(x)—f(y)llex—ylforallx,yeS}. (2.15)

It is easy to note that & restricted to zj;}g,(s )is a bijection onto &2, (S). The following lemma states the
result on forward invariance. Recall that 7 is the counterpart of v (see 2.2), 7* is the convex conjugate
of 7 (see Definition 2) and V¥ 7* is the gradient. The proof is in Appendix A.4.

18perkins and Leslie (2014) establish this result for the specific case of the logit best response. Our result is more general.
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Lemmal Let mw:2(S)— £°°(S) and suppose that VFi*(P) e 2;:,5(5) for allP e 2,(S). Consider the
GPBR dynamic (2.4). If P € 2p(S), then ¥, (P)€ 2p(S).

Thus, Lemma 1 would imply that if indeed the generalized PBR dynamic admits a solution, then
Pp(S) would be invariant. The following theorem shows that indeed such solutions exist. Moreover,
any such solution must be unique and continuous with respect to initial states. This is the main result
of this section. The proof, which follows from the Picard-Lindel6f theorem, is in Appendix A.4.

Theorem 3 Suppose that t: 27 (S)— £ °°(S) is a B -Lipschitz population game and v is a deterministic
perturbation function. Suppose also that the counter part v of v is closed" and L-strongly convex (see
footnote 10). Then, given any initial condition Py € 2 (S), there exists a unique solution to the GPBR
dynamicP = %, (P)—P. Furthermore, the semiflow of the dynamic is continuous in the initial condition

Py with respect to the total variation norm.

2.5 Convergence in Potential Games

We now establish convergence of the GPBR dynamic to perturbed equilibria in potential games (Mon-
derer and Shapley (1996), Cheung (2014), Lahkar and Riedel (2015)). In order to define such games,
recall from (5.18) our assumption that a Fréchet differentiable function ¢ has a Fréchet gradient V¥ ¢.

Definition 8 (Potential Games) A population gamen:2(S)— £ °°(S) is said to be a potential game if
there exists a Fréchet Differentiable functional ¢ : #(S)— R such that

VEp(P)=n(P) forallPe2(S).
The functional ¢ is called the potential function of the game .

Applying the Frechet derivatinve to ¢, we obtain

D<P(IF’)(V):=J

S

v%umm:f

VFgo(IP’)(x) Ydx)= f 7, (P)v(d x)=: (n(P), v).
S s

In order to establish the desired convergence result, we introduce the entropy adjusted potential
function defined as follows.

Definition 9 (Entropy adjusted potential function) For a potential gamem:2?(S)— £ °°(S), we define
the entropy adjusted potential function ¢ : Z4(S) — R as ¢(P):= p(P)—uv,(P). For some D > 1, the restriction
of ¢ to Pp(S) is denoted by ¢ .

Recall that since the perturbation function v is not Fréchet differentiable, we defined the Gateaux

derivative which is a generalization of the directional derivative and which will allow us to consider

19We call a function f:(X,7)— (R,|.]) closed if the set {(x,): x € X,t €R, t > f(x)} is a closed subset of X xR.
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movements along only specific directions; for example, directions that have density functions that are
bounded and bounded away from zero (as in 2, (S)). Therefore, we apply the Gateaux derivative to
analyze the entropy adjusted potential function.

We need an additional result for establishing convergence in potential games. We say that the GPBR
dynamic satisfies positive correlation with respect to a functionT': 22(S) — £ °°(S) if f olx (P)P(dx)>0
for all Pe 22(S) with equality only if P=0. Define the virtual payoff of strategy x at state P as

7o (P) =1, (P)— V¢ v,y (P)(x). (2.16)

The following lemma shows that the dynamic satisfies positive correlation with respect to the
virtual payoff. In order to state the lemma, we impose a further condition, stated in (2.17), on our
perturbation functions. Let ([0, 00)) be the collection of all continuously differentiable functions
on [0,00). Suppose that there exists a 6([0,00)) function ©:[0,00) — R such that the perturbation

function v can be expressed as

| [(@ep(x)dx ifPe(S)

v(P) 2.17)

fore) otherwise.
The three entropies we consider, namely the Shannon entropy, the Tsallis entropy and the Burg
entropy, do satisfy (2.17). We then have the following lemma. The proof is in Appendix A.5.

Lemma?2 Letn:22(S)— £ °°(S) be a potential game. Suppose that the perturbation function v satisfies
(2.17). Then the followings hold:

1. Suppose that®’ isstrictly increasing on[0,00). Then for everyn >0, the generalized dynamic satisfies
positive correlation with respect to the virtual payoff 7t as defined in (5.19). Thus, f s L(PP(dx)>0
for all P € 2,(S) with equality only if P =0.

2. Suppose that there exists 0 < a <1< f§ < 00 such that ®' is strictly increasing on (@, ). Then for
everyn >0 such that [Dn_ I,Dn] Cla, B), the generalized dynamic satisfies positive correlation with
respect to the virtual payoff . as defined in (5.19). Thus, fs 7 (PYP(d x) >0 for all P € 2(S) with
equality only if P=0.

Intuitively, this implies that there is a positive relationship between the virtual payoff of a strategy
and it rate of change under the generalized PBR dynamic. It is a generalization of the corresponding
result for the logit dynamic in Lahkar and Riedel (2015) to more generalized PBR dynamics. Lemma 2

lemma leads to the following theorem on convergence in potential games. The proofis in Appendix A.5.

Theorem 4 Lett:22(S)— £ °°(S) be a potential game with potential function ¢ which is Fréchet differ-
entiable. Let v be a deterministic perturbation function such that v is closed. Suppose further that the
Fréchet derivative of the convex conjugate v* of U is identified by some element in £ jg (S) for some D > 1.
Let (2.17) be satisfied so that Lemma 2 holds. Then the following hold.
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1. @p increases weakly along every solution trajectory of the GPBR dynamic (2.4) arising in 2p(S)

and increases strictly across every non stationary solution trajectory.

2. The set of w-limit points (in the strong topology on 2 (S)) of any trajectory of the GBPR dynamic is
a non-empty connected compact set of perturbed equilibria. Moreover, such limit points are local

maximizers of the entropy-adjusted potential function in Zp(S).

A significant feature of Theorem 4 is that solution trajectories of GPBR dynamics ascend the entropy
adjusted potential function and, therefore, converge to a local maximizer of the function. Such local
maximizers of the entropy adjusted potential function are the perturbed equilibria of the underlying
potential game. This is a feature common to other standard evolutionary game dynamics like the
replicator dynamic, the BNN dynamic and the pairwise comparison dynamic. The subtle distinction
is that these dynamics locally optimize the potential function while the GPBR dynamics do so for the
entropy adjusted potential function. Other evolutionary dynamics like adaptive dynamics also have
similar features in certain circumstances (Hofbauer and Sigmund (1990)). For example, if the relevant
payoffs are “frequency independent”, then these dynamics also lead to local optimization.

We end this section with an example of continuous strategy potential games. Section 2.7 presents a

more elaborate example that is of relevance for economics.

Example 4 [Two—-Player Symmetric Game with Common Interests] Let the strategy set be S =[x, X]CR.

Consider the population game 1 defined by the payoff function
ﬂx(IP’)=f h(x,y)P(dy), (2.18)
yE€S

where h: S xS — R is a continuous function satisfying h(x,y)=h(y, x). The interpretation here is that
players are randomly matched in pairs to play a symmetric two-player game with h(x, y) being the payoff
of a player who plays strategy x against an opponent playing y. The payoffin (2.18) is then the expected
payoff of a player playing x at the population stateP.

Ifwe now impose the further restriction that h is doubly symmetric, i.e. h(x,y)=h(y,x) forallx,y €S,
then the game becomes one of common interest. The two matched players always receive the same payolffs.

An example is a quadratic game where
h(x,y)=—x*+axy—y? (2.19)

forsomea>0, x <0 and x >0 (Hofbauer et al. (2009)). It is known that such doubly symmetric games are
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potential games with potential function (see, for instance, Example 2, Cheung (2014))

oP)=> f f (x, By JP(d )
§JS
1

= ELMUP’)(dx)

= %ﬁ(}?), (2.20)

where i(P)= f s x(P)(d x) is the average payoff in the population at state P. Thus, the potential function
(2.20) of a doubly symmetric game is half the average payoff function. Theorem 4 implies that GPBR

dynamics converge to perturbed equilibria in such doubly symmetric games.

2.6 Convergence in Negative Semidefinite Games

In this section, we establish convergence of the GPBR dynamic to perturbed equilibria in negative

semidefinite games. We first recall the definition of such games from Lahkar and Riedel (2015).

Definition 10 A population game 1t: 2 (S)— £ °°(S) is said to be negative semidefinite if

f(ﬂx(Q)_ﬂx(P))(Q_P)(dx) <0 (2.21)
S

forallP,Qe 2 (S).

If the inequality in (2.21) holds strictly, then we call the game negative definite. Two examples of
negative semidefinite games are linear quadratic symmetric normal form games with payoff function
¢(x,y)=—x2+axy, for some constant a <0 (Hofbauer et al. (2009)) and random matching in a two-
player symmetric zero-sum game (Cheung (2014)).

Suppose that the population game 7: 2(S) — £ °°(S) is C! in the sense of Fréchet differentiability
with respect to the appropriate topology under consideration. Then it is well known (see Cheung (2014),
Lahkar and Riedel (2015)) that « is negative semidefinite if and only if

(Dr(P)u,u) <0 forall Pe 2(S) and u € #y(S).

The following lemma shows that such games have a unique perturbed equilibrium. The proof, in
Appendix A.6, is a generalization of a similar result in Lahkar and Riedel (2015) for the logit equilibrium.
That result in Lahkar and Riedel (2015) is itself an extension of the result about uniqueness of perturbed
equilibrium in finite strategy negative semidefinite games as established in Hofbauer and Sandholm
(2007).

Lemma3 Letn>0andD > 1. Lett: 22 (S)— £ °°(S) be a negative semidefinite game which C' in the

sense of Frechet differentiability.*° Suppose that the perturbation function v be Gateaux differentiable

20For the purpose of this lemma, we extend the domain of the definition of 7 to .#(S).
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such that for every € >0, (dVGvn(]P’+ eu),u) =0 for allP € 2,(8S) and all absolutely continuous u € #y(S).

Then the game 1t has a unique perturbed equilibrium.

The three entropies considered in this paper, Shannon, Tsallis, and Burg, satisfy the conditions in
Lemma 3.2! Therefore, in each of these cases, the associated perturbed best response leads to a unique
perturbed equilibrium in negative semidefinite games.

It is known that a negative semidefinite game has a convex set of Nash equilibria (Hofbauer and
Sandholm (2009)). In fact, if the game is negative definite, then there exists a unique Nash equilibrium.
Lemma 3, however, shows that when it comes to perturbed equilibria, the game does not have to be
negative definite for the equilibrium to be unique. Even if (2.21) is satisfied weakly so that the game is
only negative semidefinite, we still have uniqueness of perturbed equilibrium.

We now establish convergence of the generalized perturbed best response dynamic to the unique
perturbed equilibrium, as shown in Lemma 3, in negative semidefinite games. For this purpose, we
adopt a similar approach as in the case of potential games and prescribe a Lyapunov function which
satisfy certain monotonicity properties. Following Lahkar and Riedel (2015) we define the Lyapunov

function for a negative semidefinite game 7 as®?

A(]P’):z( f nx(P)fgn(P)(dx)—un(cg,,(m)))—( f nx(IP’)IP’(dx)—v,)(IP’)). (2.22)
S S

Since the perturbation function v is admissible (Definition 1), ¥,(IP) € 2(S) for all P € Z(S). Also, since
the perturbation function v is finite on Z(S), we have A is well defined.

We show that the Lyapunov function defined in (2.22) decreases along every solution trajectory
to the GPBR dynamic and decreases strictly along every non-stationary solution. This is stated in the

following theorem, which is the main result of this section. The proof is in Appendix A.6.

Theorem 5 Let 7t: 2 (S)— £ °(S) be a negative semidefinite population game that is C! in the sense
of Fréchet differentiability. Consider the GBPR dynamic (2.4) and suppose the perturbation function
satisfies the conditions of Lemma 3. Let Ap : Zp(S) — R be the restriction of A (see (2.22)) to Pp(S). This
function decreases monotonically to zero along every solution trajectory of the dynamic that originates
in Pp(S), and decreases strictly along nonstationary solutions. Hence, every solution trajectory of the
GPBR dynamic in 2 (S) converges, with respect to the strong topology on Pp(S), to the unique perturbed

equilibrium of the game .

2lFix € > 0. Let P€ 2(S) and u € .#,(S) with densities p(-) and z(-) respectively. It is known from Lahkar and Riedel (2015) that
z(x)

p(x)+ez(x)
d x > 0. For Tsallis and Burg entropy, d ve Uy(P+ep)(x) is equal

for Shannon entropy, V¢ Up(P+eu)(x)=n(1+log(p(x)+€eu(x))) forall x €S. It then follows that dve vp(P+eu)(x)=

2%(x)
for all x €S. Theref dveu,(P+

orall x erefore, ( vy(P+eu), u fs P Tezlx

1—
ny(1=7) >— and i >
(p(x)+ez(x))7 (p(x)+ez(x))
similar arguments.
22The Lyapunov function in Lahkar and Riedel (2015) is defined with respect to the logit dynamic and is an extension of the
Lyapunov function in Hofbauer and Hopkins (2005) for finite strategy negative semidefinite games. The function in (2.22) is

for the general class of perturbed best response dynamics.

, respectively, for all x €S. The result then follows for these two entropies through
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Theorem 5 generalizes the result on convergence of the logit dynamic (Lahkar and Riedel (2015)) in
negative semidefinite games to all continuous strategy perturbed best response dynamics considered
in this paper. It is, therefore, the continuous strategy analog of the result obtained by Hofbauer and

Sandholm (2007) for all perturbed best response dynamics in finite strategy negative semidefinite games.

2.7 AnApplication

We have generalized the class of perturbed best response dynamics with a continuum of strategies
beyond the Shannon entropy and the logit dynamic that this entropy generates. But what is the relevance
of this generalization? Does it lead to significantly different predictions about social behavior? In
particular, we know that the limit of a sequence of perturbed equilibria under any such perturbed
best response is a Nash equilibrium. Therefore, will different entropies lead to different limiting Nash
equilibrium? If the answer is yes, then the generalization is indeed meaningful because that will mean
that the nature of perturbation does determine our prediction of limiting behavior in a society.

To answer these questions, we consider a canonical model from economics-the model of Cournot
competition extended to a large population. Since the analysis in this section will be based on simula-
tions, we examine a numerical example of such a model. Let the population of agents be a set of firms
of mass 1. The strategy set of each firm is S =[0,1] where x € S represents the output that a firm can
produce. Given the population state P, denote by A(P)= fs xP(d x)€[0,1] the aggregate output produced
by the firms at that state. Let :[0,1] — R, be the inverse demand function defined by f(a)=1—a
where a = A(PP) is the prevailing aggregate output. Thus, given the population state P and the associated
aggregate output o = A(P), the market price is 1—a. Further, let ¢ : S — R, defined by c(x)=0.2x be the
cost function of a firm. As we will explain further below, it is important for our results that this cost
function be linear and not strictly convex.

The payoff of a firm which produces output x when the population state is P is then

7 (P)= x B(A(P))—c(x)
=x(1—A(P))—0.2x. (2.23)

Thus, the payoff of the firm is the revenue it obtains from output x minus the cost of producing x.
Formally, therefore, (2.23) is a model of Cournot competition with a large population of firms. Notice
that the payoff in (2.23) depends entirely upon the firm’s own strategy x and the aggregate strategy level
A(P) in the population. Hence, such games are aggregative games (Corchon (1994)).

We now characterize the set of Nash equilibrium of (2.23). Proposition 1 in Cheung and Lahkar
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(2018) imply that the aggregative game (2.23) is a potential game with potential function

A(P)
w(lP’)zf ﬁ(Z)dz—f c(x)P(d x)
oA(P) S

=f (l—z)dz—O.ZJ xP(d x)
O S

A(P)
:J (1—z)dz—0.2A(P). (2.24)
0

Moreover, this function is concave in 22(S) (Lemma 1, Cheung and Lahkar (2018)). It is known that the
set of Nash equilibria of potential games with a concave potential function coincide with the convex set
of maximizers of the potential function (Sandholm (2001)). Clearly, any P with expected value (aggregate
strategy) A(P)=0.8 is a maximizer of (2.24). Therefore, any such P is a Nash equilibrium of (2.23).23 We

summarize this discussion in the following proposition.

Proposition 1 The large population model of Cournot competition 1 defined by (2.23) is a potential
game with potential function (2.24). Further, a population stateP € 2 (S) is a Nash equilibrium of t if
and only if A(P)=0.8. Therefore, T has a convex set of Nash equilibria.

Proof 1 Follows from the preceding discussion.

Since (2.23) is a potential game, we are assured of convergence of GPBR dynamics in 7 to a per-
turbed equilibrium (Theorem 4). Further, by Theorem 2, as 1 — 0, any such perturbed must be a Nash
equilibrium and, hence, by Proposition 1 satisfy A(I?)=0.8. It is here that the convexity of the set of Nash
equilibria becomes important. We, therefore, have a continuum of Nash equilibria. This creates the
possibility that GPBR dynamics generated by different entropies will converge, as n — 0, to different
Nash equilibria. As n — 0, GPBR dynamics generated by different entropies like Shannon, Tsallis or
Burg would be expected to have only minute differences. Hence, it seems unlikely that such dynamics
would converge to different Nash equilibria from the initial state if those equilibria are sufficiently far
apart. But if we have a continuum of Nash equilibria, then even with minute differences, then different
dynamics may converge to equilibria that are that are close to each other but still distinct.

Analytical answers to such questions are not feasible. Instead, we consider the game (2.23) and
conduct certain numerical simulations of the GPBR dynamics generated by the three entropies we
have been considering in this paper-Shannon, Tsallis (0.5) and Burg—in this game.?* We present these
simulations in Figure 2.1 for four different values of 1), the highest being 11 =0.04 and the lowest being
1 =0.006. The initial distribution in all our simulations is the uniform distribution on S. In each case,
we present the density function to which the GPBR dynamics converge to for that value of 1. Thus, in
the top left panel, where n =0.04, the logit dynamic converges to the blue density function, the Tsallis

23Notice from (2.23) that if A(P)=0.8, 7 (P)=0 for all x € S=[0,1]. Hence, any such P is a Nash equilibrium. It may be that
there are other Nash equilibria as well with A(P)# 0.8. But the potential game argument rules out that possibility.

24For the Tsallis (y) entropy, we take y =0.5. Hence, the notation Tsallis (0.5). The GPBR dynamic generated by the Shannon
entropy is, of course, the logit dynamic.
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Figure 2.1: Density functions of the perturbed equilibrium under the Shannon entropy (in red), Tsallis
(0.5) entropy (in blue) and Burg entropy (in green) for n =0.04,0.01,0.009,0.006 in the Cournot com-
petition model (2.23). The horizontal axis represents strategies x € S =[0,1]. In each case, the relevant
GBPR dynamics converge from the uniform distribution on S to the distributions shown. As n) declines,
differences in the density functions persist suggesting convergence to different Nash equilibria as p — 0.
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(0.5) dynamic to the red and the Burg dynamic to the green one. Each such density function represents a
perturbed equilibrium under that particular entropy. For such low values of ), each of them is also close
to a Nash equilibrium of 7z. Therefore, by Proposition 1, the expected value of each of these distributions
is close to 0.8. Values of 1 < 0.006 generated numerical errors as the perturbed best responses blow up
at such low perturbations.

The simulations does suggest that in the limit, the GPBR dynamics generated by the three entropies
are converging to different Nash equilibria. For each value of }, the distributions to which these dynamics
are converging to are distinct. Of course, that is to be expected since the dynamics are different. But
more significantly, these distinctions seem to persist even for low values of 1. Hence, it is a reasonable
conjecture that even as 11 — 0, the three distributions will remain distinct and, therefore, converge to
different Nash equilibria of 7. Each of these limiting Nash equilibria will have an aggregate strategy
level of 0.8. The simulations also suggest that the equilibria are not too distant (in distribution) from
each other as the density functions presented are not drastically dissimilar. But they are not identical
Nash equilibria. Hence, the different dynamics select different Nash equilibria in the limit.

We recognize that no simulation can ever provide conclusive evidence. But to the extent possible,
the simulations presented in Figure 2.1 highlight the possibility that if there is a continuum of Nash
equilibria, then GPBR dynamics generated by different perturbations can converge to different Nash
equilibria as the perturbations become small. We emphasise that this is only a possibility and need
not always happen whenever there is a continuum of equilibria. We can also now elaborate upon the
significance of the linearity of the cost function in our example (2.23). It is this linear cost function that
generates a convex set of equilibria. Instead, had the cost function been strictly convex, then we would
have had a unique Nash equilibrium (Propositions 3 and 4, Cheung and Lahkar (2018)). In that case,
the question of convergence to different Nash equilibria would not have arisen. We could have also
considered the potential game defined by the quadratic payoff function (2.19) in Example 4. For a > 2,
this game has three monomorphic Nash equilibria, 6, 6, and 6 ; (Proposition 4, Hofbauer et al. (2009)).
Thus, in this case, there are multiple equilibria but which are disconnected. We also conducted certain
simulations with the three GPBR dynamics in this game. The dynamics converge to either 6, or 6% (or,
more precisely, the approximating perturbed equilibrium). But from an identical initial condition, all
these dynamics converge to the same equilibrium. This supports our earlier hypothesis that with such
disconnected equilibria, different GPBR dynamics will converge to the same limiting Nash equilibrium.
But in our Cournot model with its simple linear cost function and the resulting continuum of Nash
equilibria, even small differences in the perturbed best response can lead to selection of different

equilibrium from the same initial state.

2.8 Conclusion

This paper has considered a generalization of the logit dynamic in large population games with a
continuum of strategies. We have considered general deterministic perturbations that satisfy lower

semicontinuity and strong convexity. Apart from the well known Shannon entropy, other perturbations
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that satisfy these conditions are the Tsallis entropy and the Burg entropy. Once we perturb payoffs using
such perturbation functions and allow agents to best respond, we obtain the generalized perturbed best
response (GPBR) and the associated dynamic. This constitutes our generalization of the logit dynamic.

We characterize the rest points of the GPBR dynamic, which we call perturbed equilibria, and
show that they approximate Nash equilibria of the underlying population game as the extent of the
perturbation becomes small. Establishing this result requires us to impose appropriate lower bounds
on the perturbations we consider. We then establish the fundamental properties of the GPBR dynamic;
namely, existence and uniqueness of solution trajectories, and their continuity with respect to initial
conditions. We also establish convergence of the GPBR dynamic in potential games and negative
semidefinite games. Finally, we apply the GPBR dynamics generated by the Shannon, Tsallis and Burg
entropies to a large population Cournot model with a continuum of Nash equilibria. Our simulations in
this application suggests that when the set of Nash equilibria is a continuum, then as — 0, the GPBR
dynamics generated by the different entropies converge to different Nash equilibria. This is significant
because it means that differences in perturbations does lead to differences in our prediction of the
limiting social behavior.

It would be interesting to try and find other examples where different entropies generate different
limiting behavior. One possibility is to consider a situation where a Nash equilibrium is Lyapunov stable
(but not asymptotically stable) under the best response dynamic. Thus, there may be cycles around such
equilibria under the best response dynamic. Then, it may happen that under certain perturbations, the
cycle persist while under other perturbations, we obtain convergence to the Nash equilibrium. These are
interesting possibilities to explore for the future. Finding such examples will be challenging because, as
far as we know, there has been no general analysis of the best response dynamic in continuous strategy
games. But if successful, then along with our present example of the Cournot model, our approach
of generating perturbations with different entropies will add to the literature on refinements of Nash
equilibria for games with a continuum of strategies (Myerson and Reny (2020)).

This paper has been confined to deterministic perturbations of the best response. Hence, another
interesting research question for the future is to derive perturbed best response dynamics using stochas-
tic perturbations. This exercise has led to interesting results in finite strategy large population games
(Hofbauer and Sandholm (2002)). But so far, this question has remained unexplored in games with
continuous strategy sets. One more possible direction of research is to extend GPBR dynamics from
the single population considered here to multiple populations. This would not just be a theoretical
exercise but can also lead to interesting applications involving multiple populations or type of agents.
For example, Lahkar and Mukherjee (2019) apply continuous strategy evolutionary dynamics, including
the logit dynamic, to the problem of implementing social efficiency in a public goods game. It will be
interesting to apply GPBR dynamics to assess the implications of the choice of entropy on the spread of

the perturbed equilibrium around the Pareto efficient state.”®

25Evolutionary implementation relies on adding externalities as a transfer price to the original game to construct an
externality adjusted game. Like the Cournot model in Section 2.7, the externality adjusted public goods game is also an
aggregative potential game but with multiple types of agents. It also has a unique Nash equilibrium which is the Pareto efficient
state of the original game. As in the Cournot game, GPBR dynamics will converge to a perturbed equilibrium that approximate

31



the Nash equilibrium. The spread of the perturbed equilibrium may depend upon which entropy we apply. But rigorously
analyzing these issues will require an extension of these dynamics to multiple populations.
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CHAPTER

3

THE LOGIT DYNAMIC IN SUPERMODULAR
GAMES WITH A CONTINUUM OF
STRATEGIES: A DETERMINISTIC
APPROXIMATION APPROACH

3.1 Introduction

The deterministic approach to evolutionary game theory seeks to provide dynamical foundations to
Nash equilibria through the use of evolutionary dynamics, which usually take the form of ordinary
differential equations (Sandholm (2010)).! A large population of agents play a game and the distribution
of strategies of agents in that population constitute the population state. Evolutionary dynamics are
defined over such population states. The key focus of most deterministic evolutionary game theoretic
models is whether the population state converges to a Nash equilibrium under different evolutionary
dynamics.

Two important questions need to be addressed before admitting evolutionary dynamics as valid
descriptions of the behavior of a large population. The first is about the behavioral foundations of

'Well known evolutionary dynamics include the replicator dynamic, the logit dynamic, the Brown-von Neumann-Nash
(BNN) dynamic and the pairwise comparison dynamic. Sandholm (2010) provides an extensive exposition of such dynamics
for finite strategy games. Such dynamics have also been extended to games with continuous strategy sets. See Cheung and
Lahkar (2018) for a review. Not all evolutionary dynamics need to be differential equations. For example, the best response
dynamic is a differential inclusion.
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evolutionary dynamics. This question is resolved by appealing to revision protocols which describe how
agents revise strategies when they receive a chance to do so. For example, imitative revision protocols
generate the replicator dynamic and the logit best response, which is a particular perturbation of the best
response, generates the logit dynamic.? The second key question is about the mathematical foundations
of such dynamics. One justification of a deterministic evolutionary dynamic is through an informal
appeal to the law of large numbers. Thus, we envisage a large population of agents where behavior is
random but idiosyncratic. Hence, as long as the population size is sufficiently large, such randomness
would be averaged away generating the deterministic dynamic (Chapter 4, Sandholm (2010)). However,
to make these foundations more robust, we need to make this argument more rigorous.

The present paper, therefore, considers this second question in the context of the logit dynamic
with a continuum of strategies (Perkins and Leslie (2014), Lahkar and Riedel (2015)). It does so by taking
a deterministic approximation approach which we explain more fully below. This approach has been
applied earlier for evolutionary dynamics defined on large population games with a finite strategy set
(for example, Benaim and Weibull (2003)). This paper extends that approach to an evolutionary dynamic
defined for a continuum of strategies. We then apply the deterministic approximation approach to an
important class of large population games; namely, supermodular games. Hofbauer and Sandholm
(2007) analyze such games with finite strategy sets. We extend that notion to the context of continuous
strategy sets and establish convergence of the continuum logit dynamic to logit equilibria, which are
a perturbation of Nash equilibria, in such games. As far as we know, large population supermodular
games with a continuum of strategies have not been considered earlier. Along with potential games and
negative definite games, supermodular games are one of the three broad classes of large population
games for which convergence results have been established under finite strategy evolutionary dynamics
(Hofbauer and Sandholm (2007)). For continuous strategy dynamics, such results have been established
for potential games and negative definite games independently of the deterministic approximation
approach (see, for example, Lahkar and Riedel (2015)). But that approach is required for supermodular
games and, hence, constitutes an important application in this paper.

An evolutionary dynamic is defined for a continuum of agents. The deterministic approximation
approach to such a dynamic involves introducing a stochastic process that decides how agents revise
strategies in a finite population. It is known, at least for games with a finite strategy set, that by making
the number of players in the stochastic process sufficiently large, we can approximate its behavior over
a finite time horizon by the solution trajectory of a deterministic dynamic.® Intuitively, with the number
of players being so large, it becomes realistic to assume that the set of agents is a continuum in the
evolutionary dynamic. As a purely mathematical result, such a deterministic approximation approach
was introduced by Kurtz (1970). Since then, various authors have extended such results to evolutionary
game theory in the context of finite strategy games. They include Boylan (1995), Binmore et al. (1995),
Borgers and Sarin (1997), Schlag (1998), and Sandholm (2003). The strongest and most general such

2See, for example, Lahkar and Sandholm (2008) for some such revision protocols that generate the different important
evolutionary dynamics. Also see Cheung (2014) for an extension of the notion of revision protocols to large population games
with a continuum of strategies.

3See Chapter 10 of Sandholm (2010) for further details of this methodology.
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results can be found in Benaim and Weibull (2003). Thus, under this approach, a deterministic evolu-
tionary dynamic may be interpreted as the approximation of the way a stochastic evolutionary process
would behave over finite time periods when there are a large number of agents.

The deterministic approximation approach, therefore, provides rigorous mathematical foundations
to evolutionary dynamics. From a practical point of view, this approach is useful because very often, it
is simpler to analyze an evolutionary dynamic instead of the underlying stochastic process. However,
as far as we know, all such deterministic approximation results are for large population games with a
finite number of strategies. But by now, there is a significant literature on evolutionary dynamics with a
continuum of strategies. These include the replicator dynamic and the more general class of imitative
dynamics (Oechssler and Riedel (2001),0echssler and Riedel (2002), Cheung (2016)), the BNN dynamic
(Hofbauer et al. (2009)), the pairwise comparison dynamic (Cheung (2014)), the logit dynamic (Perkins
and Leslie (2014), Lahkar and Riedel (2015)) and the more general class of perturbed best response
dynamics to which the logit dynamic belongs (Lahkar et al. (2022a)). Such dynamics have also been
applied to a variety of classical models in economics like public goods, common resource problems
and Cournot competition (Lahkar and Mukherjee (2019), Lahkar and Mukherjee (2021), Lahkar and
Ramani (2021)). Hence, dynamics with a continuum of strategies are now a well-established part of
evolutionary game theory, both from the theoretical perspective as well as the applied. Investigating
their mathematical foundations through the deterministic approximation approach would, therefore,
place them on a more solid footing. This is the main motivation of this paper.

We consider the logit dynamic with a continuous strategy set for this purpose. This dynamic is one
of the canonical dynamics of learning and evolutionary game theory. It was introduced by Fudenberg
and Levine (1998) for finite strategy games in the context of stochastic fictitious play and has since
then been widely used to model evolution in large population games.* It is the prototype of the wider
class of perturbed best response dynamics (Hofbauer and Sandholm (2002), Hofbauer and Sandholm
(2007)) and is generated by perturbing payoffs with the Shannon entropy. Thus, it is an approximation
of the best response dynamic but is always uniquely defined and, hence, is a differential equation.
Therefore, it is more tractable than the best response dynamic, particulary in large population games
with a continuous strategy set where the best response may not even exist.

Our focus on the logit dynamic is because of its importance in evolutionary game theory. A larger
goal, of course, would be to have a general deterministic approximation result for all continuous strategy
evolutionary dynamics. Right now, however, that is beyond our reach. In fact, even deriving such a result
for the broader class of continuous strategy perturbed best response dynamics may not be feasible at
present. Even though Lahkar et al. (2022a) present a general class of continuous strategy perturbed
best response dynamics using perturbations other than the Shannon entropy, closed form expressions
of such dynamics are not easily derivable. Our analysis in the present paper, on the other hand, relies
significantly on the closed form expression of the logit best response, upon which the logit dynamic is
based. Nevertheless, the paper does illustrate the possibility of obtaining deterministic approximation

4See, for example, Hofbauer and Hopkins (2005) and Hofbauer and Sandholm (2007). As noted earlier, this dynamic has
been extended to continuous strategy sets by Perkins and Leslie (2014) and Lahkar and Riedel (2015).
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results for continuous strategy evolutionary dynamics, even though the technical challenges of extending
it more generally to other dynamics may be significant.

We consider a population game generated by pairwise random matching which has a continuum of
strategies and is played by a continuum of agents. Our objective is to provide rigorous foundations to
the logit dynamic in such a game. We first define a step—wise approximation of the original game and
argue that solution trajectories of the original logit dynamic are close to those of the logit dynamic in the
step-wise approximation. We then consider a discrete approximation of the original game with a finite
number of strategies and a finite number of players and introduce the discrete time logit stochastic
process in this game. But in the logit dynamic, each of the three variables, time, players and strategies,
is continuous. Hence, our approximation approach has to address each one of them. Therefore, first,
we extend the logit stochastic process defined initially over discrete time to continuous time by taking
its interpolation. Next, by adapting the deterministic approximation framework of Benaim and Weibull
(2003), we conclude that for a finite number of strategies, as the number of players become large, the
logit stochastic process would approximate the step—wise approximation of the logit dynamic. The
additional technical challenge that this paper addresses is then to also let the set of strategies approach
a continuum. Thus, by taking the double limit as, first, the number of players and then, the number
of strategies approach infinity, we show that the behavior of the stochastic process approximates the
continuum logit dynamic.

This gives us our desired deterministic approximation result. As per this result, the continuum logit
dynamic is an approximation of the logit stochastic process in a finite game as the number of strategies
and players in that game go to infinity. We should note that even though we apply the finite strategy
deterministic approximation framework of Benaim and Weibull (2003), its extension to a continuum of
strategies is not trivial. For example, as we focus on continuous strategy games, we have to introduce
new techniques to relate continuum and discrete strategy games while constructing the logit stochastic
process. Further, even determining the notion of closeness in the continuous strategy case raises
significant topological considerations like whether to choose the strong or weak topology. All our results
are based on the strong topology or the topology induced by the total variation norm. As is typically the
case, our deterministic approximation result is a finite horizon result. It holds for finite time intervals
but may break down if the time span is of infinite length.

In the existing literature, Perkins and Leslie (2014) has also sought to approximate a stochastic
process using the continuous strategy logit dynamic. They consider a finite player learning model in
a continuous strategy game where the beliefs of players evolve according to the stochastic fictitious
play rule. This learning rule generates a discrete time stochastic process which the authors, using
an asymptotic pseudo-trajectory approach, approximate using the continuum logit dynamic. Their
approach, however, vary significantly from ours. First, as theirs is alearning model, they approximate the
evolution of beliefs using the logit dynamic. But as oursis a large population evolutionary model, we need
to approximate evolution of the strategy distribution in such a population through the logit dynamic.
Hence, our methodology is closer to the literature on finite strategy deterministic approximation in
large population games described earlier. Second, of the three variables-time, players and strategy—their
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approach only requires approximating the discrete time process with the continuous time logit dynamic.
In contrast, as discussed earlier, our deterministic dynamic not only approximates a discrete time
process with a deterministic trajectory, but also a finite strategy and finite player game with a game
having a continuous strategy set and a continuum of players. Therefore, the foundations we provide
to the continuum logit dynamic are very different from that in Perkins and Leslie (2014). We should,
however, note one point of similarity. Both papers provide a finite horizon approximation result.

We then apply our deterministic approximation approach to the question of convergence of the
continuum logit dynamic in supermodular games. Supermodular games are characterized by strategic
complementarities and form an important class of games in economics with applications like search,
coordination and modeling of positive externalities (Topkis (1998), Vives (1990), Milgrom and Roberts
(1990)). Hofbauer and Sandholm (2007) introduce large population finite strategy supermodular games
and establish convergence of perturbed best response dynamics to perturbed equilibria in such games.
> We consider a continuous strategy supermodular game and apply the approach of Hofbauer and
Sandholm (2007) to argue that the logit stochastic process will converge in the medium run, i.e. over
a finite time horizon, to alogit equilibrium of the discrete approximation of the continuous strategy
game. Our deterministic approximation result then allows us to conclude that the logit dynamic
converges to logit equilibria in the continuous strategy supermodular game. Along the way, we have to
address significant technical problems like showing that the sequence of logit equilibria in a discrete
approximation converges to a logit equilibrium of the original continuous strategy game under the
strong topology.

As noted earlier, this is the first paper that defines continuous strategy supermodular games and,
therefore, also the first paper that establishes any result on convergence of an evolutionary dynamic in
such games. One question that arises is whether it is necessary to apply the deterministic approxima-
tion approach to establish such a convergence result. Hofbauer and Sandholm (2007) establish their
convergence results both for the perturbed best response stochastic process as well as for the perturbed
best response dynamic directly. Can’t such results be established directly in our case as well for the
continuous strategy logit dynamic? The difficulty is that the direct result in Hofbauer and Sandholm
(2007) (Theorem 3.3) is based on the theory of cooperative differential equations (Smith (1995)). As
far as we know, that theory has not been extended to differential equations with a continuous set of
variables. Hence, analyzing supermodular games directly with the continuous strategy logit dynamic in
not feasible for us. We have to rely upon the deterministic approximation approach, due to which our
results on supermodular games are an important application of our approach.

To summarize, the paper makes two important contributions. First, it provides a rigorous mathemat-
ical foundation to the continuous strategy logit dynamic, one of the canonical dynamics of evolutionary
game theory. By doing so, it adds to our understanding of how the logit dynamic describes behavior in
alarge population of players. Second, it establishes the convergence of logit dynamic to logit equilib-
ria in supermodular games. This result enhances the scope of applying evolutionary game theoretic

5A perturbed best response equilibrium is an approximation of a Nash equilibrium. It is a rest point of a perturbed best
response dynamic. For the logit dynamic in particular, we refer to its rest points as logit equilibria.
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arguments to economic phenomenon that can be modeled as supermodular games.

The rest of the paper is as follows. Section 3.2 introduces the model and establishes the step-wise
approximation of the continuum logit dynamic. In Section 3.3, we derive our main deterministic
approximation result. Section 3.4 defines large population supermodular games with a continuum of
strategies and establishes the medium run convergence of the logit dynamic in such games. Section 6.6

concludes.

3.2 Preliminaries

We consider a population of unit mass with each agent in the population being of measure zero. Let
& :=[0,1] C R be the strategy space of the players in the population.® We endow . with the usual Borel
sigma-algebra 2(.¥). Let Z () denote the space of probability measures on .. A probability measure
ueZ(<) denotes the state of the population which we interpret as the distribution of strategies in
the population. Hence, u(A) is the proportion of players in the population using strategies in AC.%.
Let £°°(<) be the collection of bounded measurable functions on .. A population game is a weakly
continuous mapping ¢ : 2 () — £ °°(#) such that ¢, (u) denotes the payoff to a player playing strategy
x at population state u. A population state u° is said to be a Nash equilibrium of the underlying
population game ¢ if for all x € Supp(u°) and all y €., we have ¢, (u°)> ¢, (u°).”

In this paper, we focus on games with pairwise interaction. We define such a game using a function
[ x& —Rsuch that f(x, y) is the payoff of an agent who plays x when randomly matched with
another agent playing y. Players are randomly matched in pairs to play the game. We can then write

payoffs in the associated population game ¢ as the expected value

gox(,u):J flx,y)uldy), forallxes. (3.1)
S

An example of such a game with pairwise interaction is as follows.

Example 5 Consider strategies x,y €. andlet f(x,y)=m(x)y—c(x), where m is an increasing function
of x and c is an arbitrary function of x. Applying (3.1), we obtain a population game ¢ in which the
payoff of an agent playing strategy x at a population state u is

wx(u)= f x,y)uldy)

=m x)J yu(dy)— x)J (dy)

=m(x)a(u)—c(x), (3.2)

6The strategy set being [0,1] is a convenient normalization. Our arguments extend to any strategy set that is a compact
convex subset of R.
"We denote the support of a probability measure u by Supp(u).
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where a(u) = f o yuldy) is the aggregate strategy level in the population. We note that m being an
increasing function in (3.2) is not required to obtain the population game ¢ from f. But we make this
assumption in order to establish supermodularity later.

We focus on the logit dynamic for a large population game ¢ with a continuous strategy set. To
define the dynamic, fix a parameter 1 > 0. Then the continuum strategy logit best response is a mapping
£,):2(S)— P(F)such that for all ue (),

exp(n " . (u))d x
4 [, expnte, (w)dy

Lylul(A):= , forall Ae B(¥). (3.3)
Intuitively, the logit best response is an approximation of the best response, particularly for n small. In
that case, the probability measure £,[u] puts nearly all its mass on the set of best responses to u. Unlike
best responses, though, the logit best response is uniquely defined and varies smoothly with . From
(3.3), we then obtain the continuum strategy logit dynamic (Perkins and Leslie (2014); Lahkar and Riedel
(2015))

=L, (W —u (3.4)

induced by ¢. Like any other evolutionary dynamic, the logit dynamic also measures the rate of change
of the population state. Under the logit dynamic, a population state moves in the direction of the logit
best response.

The definition of the logit dynamic does not depend upon ¢ being generated by the underlying
pairwise interaction game f. But our subsequent results will depend greatly on the pairwise interaction
structure. A probability measure u° is said to be a logit equilibriumif £,(u°)=u°. Theorem 3.1 in Lahkar
and Riedel (2015) establishes the existence of such equilibria. As n — 0, any such logit equilibrium
converges weakly to a Nash equilibrium of ¢ (Theorem 3.2, Lahkar and Riedel (2015)). We use the

notation LE,(¢) to denote the collection of logit best response equilibrium.

3.2.1 Step-wise Approximation of the Logit Dynamic

We now introduce a step—wise approximation of the logit dynamic that will be useful for our analysis
that follows. Our objective is to show that this step—wise approximation is close to the original logit
dynamic (3.4).The methodology we apply has certain similarities with the one employed by Oechssler
and Riedel (2002) to establish the closeness of the continuous strategy replicator dynamic with its
step—wise approximation.®

For this purpose, consider n>1, j€{0,1,...,2" —1} and denote the dyadic rational number zi,, by
a,, ;. Further, let S,, be the collection of left-closed right-open intervals with dyadic rational endpoints

in .# defined in the following way:

S ={lan,jytn j+1)1 J=0,...,2" =2} U@ 20y, 1] (3.5)

8See Section 7 of Oechssler and Riedel (2002).
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Thus, ., is a collection of 2" disjoint intervals which covers the original strategy space . Recall the
payoff f(x,y)in (3.1). Our next step is to construct a step function approximation of f. For n>1, let
fn: ¥ xS —>Rissuch that forall (x,y)e S x.&,

f(an,j’an,k) if(xr.)’)e[an,j’an,j+l)x [an,kran,k+1) and j,kZO,l,...,Zn—Z

fu(lx,y)= (3.6)

flapon_y,apom—) if(x,y)elayon_y,1]1x[ay2n1,1].

Hence, by definition, (f;,),>1 is a sequence of step functions such that f,, — f uniformly as n — co.
Now, similar to the definition of the population game ¢ in (3.1), let ¢ : 2 (%) — £ °°(#) be such
that for all y € 2 (),

go)’cl(,u)::f fulx,y)u(dy), forallxe.. (3.7)
3
Note from (4.16) that we can write (3.7) as

2" —1
_ Zk=0 f(anrj’an'k)f[anyj,an_]url

Zi;}l f(an.Z"—l’an,k)f[a,,,zn_l,l]“(dﬂ if x €[a, n_1,1].

),u(dy) ifx€layj,a, 1) and j=0,1,...,2" =2

@) (3.8)

We note that for every u e 2 (), " is also a step function approximation of ¢ as defined in (3.1). This
follows from the definition of f,, in (4.16). For a given n > 1 and parameter 1) >0, we can then define the
logit best response induced by ¢,, as a mapping SZ 1P (L) — P () such that for all y e (&),

exp(n ¢ (u)d x

- , forall Ae (). (3.9
af expn el (u)dy

24 =

Comparing (3.3) and (3.9), it is evident that the probability density function of the logit best response
induced by y,, is also a step—wise approximation of the probability density function of the logit best
response induced by ¢. Finally for n > 1 and 1> 0, we define the logit dynamic induced by ¢,, as

p=L0(u)—p. (3.10)

Letting ¢ > 0 be time, we denote as u(t)e () and u"(t)e (<), t =0, the solution trajectories of
the two logit dynamics (3.4) and (3.10) respectively from the initial state u(0). Theorem 3.4 in Lahkar
and Riedel (2015) establishes the existence of such unique solution trajectories of the logit dynamic
from every initial state in 22 (%) provided the underlying population game is bounded and Lipschitz

continuous with respect to the variational norm.? Such conditions are automatically satisfied if ¢ is as

9The total variation distance is a mapping ||-|lpv : 2 () x 2 () — R, defined as

lu—Vlrv:=2 sup |u(A)—n(4)|, foralluy,ve?(¥).
AeRB(S)
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defined in (3.1) since the underlying two player game f, and hence (f;,),,>; are bounded. Intuitively, it is
also reasonable to expect that these two solution trajectories would be close to each other since the
logit best response (3.9) is itself a step function approximation of (3.3). We formalize this intuition in

the following theorem.

Proposition 2 Consider the population game ¢ as defined in (3.1) and its step function approximation
¢" as defined in (3.7). Denote by (u(t));>o the solution to the logit dynamic (3.4) induced by ¢ and by
(u"(£))¢>0 the solution to the logit dynamic (3.10) induced by @,, for n > 1. Suppose that u(0)=u"(0) for
everyn=>1. Then (u"(t)),»o converges uniformly on compact sets to (u(t)),;>o in the variational norm,

that is, for every finite time horizon T >0,

lim_ sup [lu(t)—p" (0)ll7v=0.

n—=000<s<T

Proof 2 See Appendix B.1.

Proposition 2 is our desired result on the step—wise approximation of the logit dynamic. It shows that
the solution trajectories of the two dynamics are close to each other the strong topology, or the topology
induced by the total variation norm. Of course, the result requires that the initial states be identical.
Also, n needs to be sufficiently large so that the step function f;, defined in (4.16) is a reasonably close
approximation of the original pairwise interaction payoff f in (3.1). Intuitively, the probability mass
on each interval of the finite set S,, defined in (4.15) under the two trajectories u(t) and u"(¢) become

increasingly identical as n — oo.

3.3 Deterministic Approximation

The deterministic approximation approach to the continuum logit dynamic would require us to approx-
imate it as the behavior of a stochastic process in a discrete game where the number of strategies and
the number of players are finite but sufficiently large. With this objective, we now define the discrete

analogue of our population game ¢. Consider the finite set
Sn:{an'o,an'l,an'z,...,anygn_l}, 3.11)

where, as defined previously, a, ; = Zin Thus, S, is a finite approximation of & =[0,1]. Like .}, in (4.15),
it contains 2" elements with the difference being it consists of points instead of intervals. Each element

of S, is the leftmost point of the 2" intervals in .%,. Now, let

A(S,)= {p" eR?: > pI= 1} (3.12)

0<k<2n—1

be the set of probability distributions on S,,. Hence, p;.’ is the probability on ,, ; for j€{0,1,...,2" —1}.
Recalling the step function f;, from (4.16), we then define payoffs in the discrete version of ¢ as follows.
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Definition 11 For n > 1, the level-n discretization of a population game @ is the mapping 9 ;’ CA(S,)—
R?" such that for all p" € A(S,,),

Do lp" Nan,j)={fulep,j,), p") = Z flanjanipy, forall j=0,1,...,2" —1. (3.13)
0<k<2n—1

We can, therefore, envisage @Z as the population game induced by the matrix game whose entries
are given by (f,, (@, j, @p k))o<j,k<2n—1- Equivalently, @;’ is a finite strategy population game in which
players’ strategy set is S, and the proportion of players playing a,, ; is p;l. Notice from (4.18) and (3.13)
that if we have y € 2 (%) and p" € A(S,,) such that p? = f[an,j:an,j+l)u(d y)for j=0,1,...,2" -2, then the
payoffs in ¢" and @{,} are identical.

We focus on the discrete game @g introduced in Definition 11. Further, we now assume that the
game is being played by a finite number of players, with N > 1 being the number of players . Recall our
interpretation of p;l as being the mass of agents playing a,, ; €S, in @3. For n>1, and p" € A(S,,), we
also define the atomic probability measure on .% as

N ._ n
Ppn = Z p].5an,]_, (3.149)

0<j<2n—1

where § , denotes the Dirac measure at x €. and the superscript N indicates the dependence on the
number of players N.'° Thus, the measure Upn ON & puts probability p;.’ ona, ;= 2]—;1, je{o,1,---,2"—1}
and 0 on all other points. This atomic measure now allows us to treat this discretized game as being
played on % with the proportion of players using strategy @, ; being p;?.

We now introduce the logit best response on the discrete game @g. Given the parameter 1 >0 and
n > 1, this logit best response L,’; 1 A(S,) — A(S,,) at the state p” takes the standard finite dimensional
form (Fudenberg and Levine (1998))

L7 (= exp(n~ 2;[p" l(an,;))

n’l D o<k<on_1€Xp(M 123 [p")(ap i)

3 exp(n~{fu(cty,ir),p™))

D ock<on €PN fu(@p k) p"))

(3.15)

Thus, given 1), (3.15) is the probability with which strategy a,, ; € ¥ would get chosen under the logit
best response in the population game @:Z at the population state ,ug,,.

Let(€2,.Z,P) be an arbitrary probability space. We now consider the following discrete time stochastic
process (Xg’ (k))g>1, where Xg (k):Q2— 22 () describes the state of the population at time k for every

10This dependence will arise from the fact that with N being the number of players, p7 can take values only in

{o,%,..., M1 1}
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k> 1. We use the discrete logit best response (3.15) to define the transition probability function as

n

. 1 ..
p; Ly ;p"] ifq" =P"+N(ej—ei) and j#i

1 n
P(Xif (k) = (kFMiYn):* S iy it =p" 19

0, otherwise.

To understand these transition probabilities, we suppose that at discrete time intervals of length %, a
single agent gets the opportunity to change strategy.'! If that agent is currently playing strategy a,, ; and
chooses to shift to @, ;, then the social state would change from py. to ug., with q" =p” + %(e i—e;).
The probability of this transition is the mass of agents playing a, ;, which is p}, multiplied by the logit
probability of playing @, ;, which is er;l, j[p”]. Alternatively, the agent can continue playing the same
strategy, the probability of which is given by the second line of (3.16).

In the rest of this section, we show that the behavior of the logit stochastic processin 2 ;’ approximates
the behavior of the continuum logit dynamic (3.4) in ¢ over finite time spans as the number of players,
N, and the number of strategies, 2", becomes large. That would be the interpretation of the continuum
logit dynamic as a deterministic approximation of the logit stochastic process in a finite strategy and
finite player game. For that, we now extend the process (3.16) defined over discrete time to one over
continuous time. Thus, let (Xfl’ (2));>0 denote the continuous time Markov process obtained by affine
interpolation of the process (X’ry (k))k>1 as defined in (3.16). We call this process the interpolated logit
stochastic process. We establish our deterministic approximation result with respect to this interpolated
process. Note that this process is defined on the discrete game @:’}. Establishing that result requires us

to define the notion of smoothing of a probability measure.

Definition 12 For n > 1, the smoothing of a probability measure is a mappings,, : 2(S,) — 2 (<) such

that the following two conditions are satisfied:"?

. sn(,u%) is absolutely continuous with respect to the Lebesgue measure A, for all p"* € A(S,,)."3

* The Radon-Nikodym derivative of the probability measure s n(,ug,,) is expressed as

fn(ugn)

(x):= Z 2",ugn,k]l[an,k,an,kﬂ)(x), forallxes. (3.17)
0<k<2n—2

da

The smoothing of a probability measure transforms atomic measures on . into probability measures

admitting a probability density function. Suppose that we have an atomic measure yy.» on %, where

UHere, e i, J€10,1,...,2" —1}, is the standard basis vector on R2". Under our atomic measures, the strategies that receive
positive probability are a,, i= Zi,,, j<€{0,1,...,2"—1}. Hence, e j assigns value 1 to strategy Zi,, and 0 to all other strategies.

12Here, 2(S,,) denotes the collection of atomic probability measures like (3.14) with support S,,.

13A probability measure y is said to be absolutely continuous with respect to the Lebesgue measure A if for all A€ 98(.7), we
have A(A)=0 = u(A)=0.
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the probabilities are concentrated on the points @, ;. Then s,(up.) denotes the probability measure
obtained by distributing the probability mass at @,, ; uniformly on the interval [, ;, @, j+1). We, thereby,
construct a probability measure with a probability density function that is a step function. This density
function is given by (3.17). Applying Definition 12 to (XQ’ (£))>0, we can derive the smoothed interpo-
lated logit stochastic process. As an intermediate step towards our desired result, we first establish a

deterministic approximation result with respect to the step—wise logit dynamic (3.10).

Proposition 3 Suppose that the interpolated logit stochastic process (Xfl] (k))k>1 has as initial condition
the atomic measure ,u,l;’n e P (), for some p" € A(S,)). Let (u"(t));>0 denote the solution to the level-n
step logit dynamic (3.10) induced by the population game @,, with initial condition u"(0)= ,ugn. Then
forevery T >0, there exists C >0 (independent of u"(0)) such that for all € >0 and for every fixed n large
enough,

SN _nn > < n _Ncez
PH%(OZ‘;STHEH(XMU) u (I)HTV_G)_Z(Z +1)e :

as N — oo.
Proof 3 See Appendix B.2.

Proposition 3, therefore, approximates the interpolated logit stochastic process in @;’ with the
step—wise deterministic logit dynamic (3.10) over finite time horizons. It does so by fixing the number
of strategies, indicated by 7, at a sufficiently large level and then allowing the number of players, N,
in @g to increase. Its proof can broadly be divided into two steps. First, we show that for every n >0,
the level-n step logit choice 2,’7’ is “approximately Lipschitz continuous" for sufficiently large n in a
sense made precise in Appendix B.2. Then, along the lines of Benaim and Weibull (2003), we bound
the total variation norm between the smoothed stochastic evolutionary process and the solution to the
level-n step logit dynamic uniformly over finite time horizons using Gronwall’s inequality and some
other relevant estimates to complete the proof.

Thus, Proposition 3 is a deterministic approximation result for the step—wise logit dynamic. Its
importance lies as a key intermediate step towards our main objective, which is establishing an ap-
proximation result not just for the step—wise dynamic but the original continuum logit dynamic. We
state that result in the following theorem by allowing not just N but also n, which was held fixed in

Proposition 3, to go to infinity.

Theorem 6 Fix n,N >1. Suppose that the interpolated logit stochastic process (Xg (£))s>0 has initial
condition ,ugn, for some p" € A(S,,)). Let (u(t));>o9 denote the solution to the continuum strategy logit
dynamic induced by the population game ¢ with initial condition u(0)= ,ugn. Then for every T >0, and
every € >0, we have that

. . SN _ _
timtim 2 sup [ (0)-pt0)] 2 € ) 0.

Proof4 See Appendix B.3.
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Theorem 6 is our desired deterministic approximation result and is a consequence of Propositions 2
and 3. By Proposition 3, the step—wise logit dynamic provides a deterministic approximation of the logit
stochastic process for sufficiently large but fixed n as N — oo. But Proposition 2 implies that the step-
wise logit dynamic itself is an arbitrarily close approximation of the original continuum logit dynamic as
n — oo. Hence, intuitively, the original logit dynamic should also be a deterministic approximation of
the logit stochastic process as both n, N — 0o. Notice that in Proposition 3, we are also able to establish
the rate of convergence of the step—wise dynamic to the stochastic process. This is due to the simpler
structure of the step-wise dynamic. In comparison, Theorem 6 is a weaker result as it only establishes
convergence of the original logit dynamic and not the rate of convergence. Nevertheless, it suffices in
establishing the conclusion we desire.

This theorem provides microfoundations to the continuum logit dynamic (3.4). It implies that over
finite time horizons, the behavior of the logit stochastic process (3.16) or, equivalently, its smoothed
version dynamic s n(XIrY (1)) in2 g, is arbitrarily well approximated by the solution trajectory from the
same initial state of the logit dynamic (3.4) in the continuum game ¢ provided the number of strategies
and the number of players in @g are sufficiently high. Thus, the continuum logit dynamic may be
interpreted as approximating evolution in situations where the underlying population game have a
finite but large number of strategies and players and where the strategic behavior of players is governed
by the logit stochastic process. This is important because the direct analysis of the stochastic process
itself may be difficult. In such situations, we can make the problem significantly more tractable by

focusing, instead, on the behavior of the continuum logit dynamic.

3.4 Medium Run Convergence in Supermodular Games

As an application of our deterministic approximation approach, we now consider supermodular games.
Our objective is to show that over sufficiently large but finite time horizon, the continuum logit dynamic
converges to the set of logit equilibria in supermodular games. For finite strategy supermodular games,
Hofbauer and Sandholm (2007) establish results on convergence in such games for the class of stochas-
tically perturbed best response dynamics.!* But since we do not have a general theory of stochastic
perturbation of best response in continuous strategy games, we confine ourselves to the logit dynamic.
To define supermodular games with a continuous strategy set, we introduce the notation Fu S —
[0,1] to denote the inverse cumulative distribution function of a probability measure yu € (). Thus,

Fu(x) :=u((x,1]) for all x €.~. Let < be a partial order on 2 () defined as follows:
[u=v] < [F(x)<E,(x), forall xes]. (3.18)

Therefore, under this partial order, a population state v is “ranked higher” than another state u if the

proportion of agents playing higher strategies is greater under v than u. We then arrive at the following

4For other canonical evolutionary dynamics like the replicator dynamic, the Brown-von Neumann-Nash dynamic, payoff
comparison dynamics and the best response dynamic, general results on convergence in supermodular games are not
available.
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definition of a large population supermodular game, which is an extension of the definition provided by
Hofbauer and Sandholm (2007) to our setting of a continuous strategy set. Intuitively, the definition
implies that in a supermodular game, higher strategy choices by other agents make a higher strategy

more attractive for every agent. Such games are, therefore, characterized by strategic complementarities.

Definition 13 A population game ¢ : (&) — £ °°(Y) is said to be a continuum supermodular game
on ifforallu,ve Z(), the following condition is satisfied:

=yl = [, (W—p (W) <@, (V)—p(v), forall0<x<y<1]. 3.19)

The partial order < used in (3.18) is the canonical notion of first order stochastic dominance (FSD).
Thus Definition 13 states that if a population state v stochastically dominates another population state
u, then for a supermodular game g, the difference in switching from a lower ranked strategy x to a
higher ranked strategy y is higher under v than under u. As an illustration, the game in Example 5is a
supermodular game provided the function m(x) is strictly increasing. To check that the relevant payoff
(3.2) in this example satisfies supermodularity, notice that ¢, (u)— ¢ (u)=(m(y)—m(x))a(u)—(c(y)—
¢(x)). Further, if u < v, then a(u) < a(v). Hence, with m increasing, it must then be that ¢, (u)— ¢ (1) <
©y(V)—px(v)if x < y. Thus, (3.19) is satisfied.

Recall from (3.1) that we are considering population games with pairwise interaction. Thus, ¢, (u)=
f o f(x,y)uld x). Intuitively, therefore, if ¢ is supermodular, then that should have some implication on
whether f is also supermodular. We show that is indeed the case. Following Topkis (1998), we define
supermodularity of the pairwise interaction game in the standard manner of f satisfying increasing
differences.

Definition 14 The pairwise interaction game f : & x.& — R is supermodular if for all x, y € & such that
x <y, fly,z)—f(x,z) is non-decreasinginz € <.

We then obtain the following result on the equivalence of the supermodularity of ¢ and f. The
result implies that our subsequent analysis of convergence of the logit dynamic in such games could
have been stated in terms of either the population game ¢ or the underlying pairwise interaction game
f. However, as our interest is in large population games, we find it more convenient to state our findings

in terms of ¢.

Proposition 4 A population game ¢ : (&) — £ °°(S) defined by (3.1) is a supermodular game if and
only if the underlying pairwise interaction game f : ¥ x ¥ — R which generates @ is supermodular on & .

Proof5 See Appendix B.4.

Our result on convergence of the logit dynamic in supermodular games will depend upon our key
deterministic approximation result as presented in Theorem 6. Since such convergence is over finite
time horizons, we follow Hofbauer and Sandholm (2007) and call it medium run convergence. Hofbauer

and Sandholm (2007) also extend such convergence to an infinite time horizon by directly computing
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the stationary distribution of a stochastic process like (3.16). We do not pursue this long run analysis
here as that is independent of the deterministic approximation approach to the logit dynamic.

We now consider a supermodular game ¢ with an underlying pairwise interaction structure f
such as Example 5. Recall that LE,(y) is the set of logit equilibria in a continuum population game
@. For € >0, let 0¢(LE,(¢)) be the open ball of radius € under the total variation norm around LE,,(¢)
in a supermodular game ¢ generated by f. Applying the methodology used to derive Theorem 6, we
first discretize our supermodular game as in Definition 15. The following theorem establishes the
relationship between a continuum supermodular game and its discrete version. As is to be expected,
the two notions are equivalent. Before presenting the theorem, we state the definition of a discrete
supermodular game.

Definition 15 A population game 9 g :A(S,)—R?" as defined in Definition 11 is a supermodular game
if it exhibits strategic complementarities, that is, for all p", q"* € A(S,,), the following condition is satisfied:

(P 24" = (219" (@, 1)~ 210" N ) S DL 1q" N, )~ 2L [0 et ) (3.20)
forall j=0,1,...,2" 2.

In words, if q" stochastically dominates p”, then for any strategy @, ;, the payoff advantage of @, j 1,
over a, ; is greater at q" than at p”. We can also write the strategic complementarity condition (3.20)
equivalently by using partial derivatives as'®

050" i) OB " Ntnjer) 275" Nen)) O7IR"etn,))
op}, op;} - op}y, op;

(3.21)

foralli,j=0,1,...,2" —2. Thus, if a small of mass of players switches from strategy a, ; to a, ;11, then
the improvement in the payoff of strategy a,, ;, is greater than that of @,, ;. The result we now seek is
as follows.

Proposition 5 Fix a weakly continuous population game ¢ : P (S )— L ° (). Then  is a supermodular
if and only if for every n > 1, the level-n discretization @g : A(S,) — R?" of the population game ¢ is a

supermodular game.
Proof 6 See Appendix B.5.

Recall now the step—wise approximation of ¢, ¢”, as defined in (3.7) or (4.18). Also recall our comments
about the relationship between the payoffs in &/ and " in the paragraph following Definition 11. We
then obtain the following corollary from Proposition 5. The proof is obvious and is left to the reader.

Corollary 1 Fix a population game ¢ : 2 (S )— £ °°(S). Then g is a supermodular if and only if ™ is
a supermodular game for everyn > 1.

15Gee Section 3.3 in Hofbauer and Sandholm (2007) and Theorem 3.4.2 in Sandholm (2010).
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Next, we introduce the discrete logit process Xg (k) as defined in (3.16) on the discrete supermodu-
lar game @g, construct the interpolated logit stochastic process XQ’ () and smoothen the process as
described in Definition 12 to obtain 5,1(5{2’ (£)). In addition, we also need the following definition of an
irreducible discrete supermodular game from Hofbauer and Sandholm (2007). In stating this definition,
we recall the finite strategy set S, ={a, ¢,y 1,...,2, 20— } Over which we defined the discrete game @g

in Definition 11. We also recall the notation @, ; to denote the strategy zin in (4.15).

Definition 16 Let S, =S, \pony ={ty,0,An1s-..»Anon_}. For n>1, the level-n discretization of a
supermodular game @ is said to be irreducible if for all states p" € A(S,) and all j € S,., there exists at least
onei €S, such that (3.21) holds with strict inequality.

Definition 16 is a mild strengthening of the strategic complementarity condition (3.21) for a discrete
supermodular game. It requires that at every state p”, a movement from strategy j to j+1 improves the
relative performance of at least one strategy. As an illustration, we show that the discrete version of the
game in Example 5 does satisfy irreducibility.

Proposition 6 For every n>1, the discrete version @g of the game ¢ in Example 5 is irreducible.
Proof 7 See Appendix B.6.

With this irreducibility condition, we can now establish our main result about supermodular games
which, following Hofbauer and Sandholm (2007), we call a medium run convergence theorem. Before

considering that theorem, we state the following lemma which will be useful to us.

Lemma4 Let ¢ be a population game as defined in (3.1) and @;} be its discretization. Suppose (p},)>1
is a sequence of logit equilibria of the discretized games (@;‘) n>1- Recall from (3.14) the atomic measure
Uy, derived from py on & and the smoothing s, (U ) of Uy (Definition 12). Then the accumulation
points of the sequence (s,(p;, ) n>1 under the total variation norm is non-empty. Furthermore, any such
accumulation point is a logit equilibrium of the game .

Proof8 See Appendix B.7.

Lemma 4 is independent of supermodularity. It holds for population game of the form (3.1) that is
generated by pairwise random matching. It is well known that the set of probability measures #? () is
compact under the weak topology. Hence, the sequence s, (up+ ) that we obtain from the logit equilibria
of the discretized game @g will have an accumulation point in (). We show that this accumulation
point is a logit equilibrium of the original game ¢. In addition, we also need to show that in case of
such logit equilibria, convergence under the weak topology also implies convergence under the strong
topology, or the topology induced by the total variation norm. This follows because as n — oo, the
probability mass put by the logit equilibrium p} on any strategy in the finite strategy set of 2 ;’ goes to
Zero.

We now establish our medium run convergence theorem. Suppose ¢ is a continuum supermodular

game and that its discretized form 2 s’Z satisfies irreducibility. Consider the interpolated logit stochastic
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process on @Z and let the number of strategies and players in @g become large. The theorem states
that over sufficiently long but finite time horizons (hence the name “medium run”), the continuum logit
dynamic spends most of its time near the set of logit equilibria of .

Theorem 7 Suppose that the two player game f : & x.&¥ — R be Lipschitz continuous. Suppose the
the population game ¢ : P () — L (<) is supermodular game such that for every n, the level-n
discretization of ¢ is irreducible. Then for every € > 0, there exists T, > 0 such that forall T > T, (u(t)) ;>0 €
O%(LE,(p)) forall T <t <T.

Proof9 See Appendix B.8.

The proof of Theorem 7 proceeds in several steps. First, we discretize ¢ into @g. Since ¢ is super-
modular, Proposition 5 implies that @g is also supermodular. We then consider the interpolated logit
stochastic process X’ry (2), define it appropriately on A(S,,) and allow it to run in 2 ;l. By Theorem 6, once
we smoothen Xg (t) and N, n — oo, the behavior of the stochastic process in @;’ is well approximated
by the continuum logit dynamic (3.4) on ¢. Therefore, it is legitimate to analyze the convergence of
the logit dynamic on ¢ by considering the convergence of the logit stochastic process on @:j. We do so
by appealing to results in Hofbauer and Sandholm (2007) for finite strategy supermodular games and
applying some of our earlier results.

Since the discretized or finite-strategy game @g is supermodular, Theorem 4.1 (part (iii)) in Hof-
bauer and Sandholm (2007) implies that as the number of players N — oo, the logit stochastic process
converges to the set of logit equilibria of @;’. We then show that once we smoothen a logit equilibrium
of @;‘, we obtain a logit equilibrium of the step-wise approximation of ¢, ¢". Corollary 1 then implies
that ¢ is also supermodular. Hence, the smoothed interpolated process s,(X,(¢)) lies near the set of
logit equilibria of ¢” over sufficiently long but finite time horizons as N — co. By the deterministic
approximation result for the step-wise logit dynamic (Proposition 3), 5,(X,,(¢)) is itself close to the
trajectory of the step—wise logit dynamic, " (¢), over such finite time horizons. Hence, over a finite time
horizon, u"(t) converges to the set of logit equilibria of ¢”. Now, as n — 00, a logit equilibrium of ¢"
approaches a logit equilibrium of ¢ under the strong topology. This follows from Lemma 4. Moreover,
as n— oo, u"(t)itselfis close to u(t) by Proposition 2. Combining all these arguments, we conclude
that as both N, n — o0, a trajectory u(t) of the continuum logit dynamic converges to a logit equilibrium
of the supermodular game ¢ over finite but sufficiently long time periods.

Corollary 2 Fix n,N > 1. Suppose that the interpolated logit stochastic process (Xi\l’ (£));>0 has identical
initial conditions ,ugn =u(0). Suppose p : 2 (S )— £ °°(<) be a supermodular game such that for every
n, the level-n discretization of ¢ is irreducible. Then for every € >0, there exists T, > 0 such that for all
T > 1T, we have

lim lim P, ~
n—oo N—oo Hpn

(g,,(?{f,j(t)) € O°(LE,(p)) forall T, <t < T) =1.

Proof 10 The proof follows from Theorem 7.
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3.5 Conclusion

The deterministic approach to evolutionary game theoretic dynamics seeks to provide mathematical
foundations to such dynamics as the limiting outcome of a stochastic process as the number of players
become large. In this paper, we have adopted such a deterministic approach to the logit dynamic in a
large population game with a continuous strategy set. We first construct a step—wise approximation
of such a game and show that the logit dynamic in that approximate game is close to the dynamic
in the original game. We then introduce a discrete approximation of the original game with a finite
number of strategies and players. Over finite time horizons, the logit stochastic process in this discrete
game approximates the behavior of the step-wise logit dynamic, which itself approximates the original
continuum logit dynamic. This gives us our deterministic approximation result. The continuum logit
dynamic is an approximation of the logit stochastic process of a game in which both the number of
players and strategies are finite but large.

We then apply our approach to large population supermodular games with a continuous strategy
set. If the discrete version of the supermodular game satisfies a condition called irreducibility, then over
time horizons that are finite but sufficiently long, the continuum logit dynamic converges to the set
of logit equilibria of the supermodular game. To establish this result, we consider the logit stochastic
process in the discrete version of the game. Results from finite strategy supermodular games imply that
this process converges. Our deterministic approximation result then show that the logit dynamic must
also converge.

This paper is limited to the logit dynamic. An obvious research question for the future is to extend the
deterministic approach to other well-known continuous strategy evolutionary dynamics. For example,
should it prove feasible to establish such a result for the larger class on continuous strategy perturbed
best response dynamics, then it may be possible to extend our result on convergence of the logit dynamic

in supermodular games to such dynamics as well.
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CHAPTER

4

EQUILIBRIUM SELECTION VIA
STOCHASTIC EVOLUTION IN CONTINUUM
POTENTIAL GAMES

4.1 Introduction

Evolutionary game theory is broadly divided into two parts; deterministic evolution and stochastic
evolution (Sandholm (2010)). In such models, there exists a large number of players in a population
who revise their strategies according to an underlying stochastic process. For time horizons that are
finite but sufficiently long (medium run), the change in the strategy distribution (the population state)
due to the stochastic process can be well approximated by a deterministic mean dynamic called an
evolutionary dynamic (Benaim and Weibull (2003)). Well known examples of such dynamics are the
replicator dynamic, the logit dynamic, the BNN dynamic and the pairwise comparison dynamic.! Such
evolutionary dynamics, being ordinary differential equations, are relatively more convenient to analyze
than the stochastic process directly. However, over infinitely long time horizons, the deterministic
approximation is no longer valid. Therefore, as perhaps first recognized by Foster and Young (1990),
to address questions of long run stability of Nash equilibria under evolution, one must analyze the
stochastic process directly.

An important motivation behind studying stochastic evolution is to generate exact equilibrium

ISandholm (2010) provides a comprehensive review of the literature on such evolutionary dynamics with a finite number of
strategies. Also see Chapter 10 of Sandholm (2010) for a discussion of the deterministic approximation of a stochastic process
with an evolutionary dynamic.
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selection results. We wish to predict to which Nash equilibrium the population would converge to
irrespective of the initial state. Most deterministic dynamics do not provide such history-independent
results, although there are exceptions like the sampling best response dynamic (Oyama et al. (2015)).
In contrast, stochastic evolutionary analysis seeks to characterize the stationary distribution of the
stochastic process to understand long run stability of a Nash equilibrium. If it can be shown that
the stationary distribution puts probability one on a particular equilibrium, then we obtain an exact
prediction that the population would spend almost all the time at that equilibrium, although only in the
long run. This is independent of the history of the game. By now, there is a significant literature on the
stochastic approach to evolutionary game theory. But as far as we know, this entire literature has been on
games with a finite set of strategies.” In fact, starting with Kandori et al. (1993) and Young (1993), much
of this literature has been on symmetric games with two strategies with a common conclusion being
that the risk dominant equilibrium is stochastically stable in such games.® Other finite strategy games
for which results on stochastic stability are available are three—strategy games (Sandholm and Staudigl
(2016)) and potential games (Blume (1993), Blume (2018), Al6s-Ferrer and Netzer (2010), Section 11.5 of
Sandholm (2010)).

In this paper, we consider stochastic evolution in population games with a continuum of strategies.
Apart from raising interesting mathematical and technical questions, the evolutionary analysis of con-
tinuous strategy games is also important from the point of view of applications. Various problems of
substantive economic interest like oligopoly, public goods and common resources where evolutionary
analysis can provide insights are more naturally modeled as continuous strategy games (Cheung and
Lahkar (2018), Lahkar and Mukherjee (2021)). By now a significant literature on the canonical deter-
ministic evolutionary dynamics in continuous strategy games has developed. These are the replicator
dynamic and the more general class of imitative dynamics (Oechssler and Riedel (2001),0echssler and
Riedel (2002), Cheung (2016)), the BNN dynamic (Hofbauer et al. (2009)), the pairwise comparison
dynamic (Cheung (2014)), the logit dynamic (Perkins and Leslie (2014), Lahkar and Riedel (2015)) and the
more general class of perturbed best response dynamics to which the logit dynamic belongs (Lahkar et al.
(2022a)).* But as far as we know, the question of stochastic evolution under a continuum of strategies
has not been addressed. This paper seeks to contribute towards filling that gap in the literature.

We focus our analysis on large population potential games with a continuum of strategies. Potential
games are games in which strategic interests can be summarized using a real valued function called
the potential function. Monderer and Shapley (1996) originally defined these games in the context
of a finite number of players. Since then, the concept has been extended to large population games
with a finite number of strategies (Sandholm (2010)) as well as a continuum of strategies (Lahkar and
Riedel (2015), Cheung and Lahkar (2018)). Potential games are of great importance in evolutionary

game theory due to their attractive convergence properties. Local maximizers of the potential function

2See Chapters 11 and 12 of Sandholm (2010) for a review of this literature.

30ther stochastic models with two-strategy games include Binmore et al. (1995), Binmore and Samuelson (1997), Blume
(2003), Sandholm (2007), Sandholm (2012), Staudigl (2012).

4Also see Lahkar et al. (2023) on the derivation of the continuous strategy logit dynamic as a deterministic approximation
of an underlying stochastic process.
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are Nash equilibria of the game. All the canonical evolutionary dynamics we have mentioned earlier
converge to such local maximizers. Hence, Nash equilibria that are local maximizers of the potential
function emerge as evolutionarily stable under such dynamics (Sandholm (2001)).°

Therefore, Nash equilibrium prediction is particularly robust in potential games. But if there are
multiple such Nash equilibria, we run into the equilibrium selection problem characteristic of such
medium run analysis. To which of those locally potential maximizing Nash equilibrium the population
converges to depends upon the initial state. Potential games are, however, amenable to stochastic
analysis. The reason is that such games satisfy a condition called reversibility which makes it convenient
to characterize their stationary distribution. In fact, as noted earlier, this is the reason why finite strategy
potential games have been a focus of stochastic evolutionary analysis. Results in such models show that
the Nash equilibrium which is the global maximizer of the potential function is the unique stochastically
stable equilibrium.

We aim to establish such an exact equilibrium selection for continuous strategy potential games.
Again, the question is not merely of technical interest. There are significant examples of continuous
strategy potential games with multiple Nash equilibria. These include games with strategic complemen-
tarities (Bandhu and Lahkar (2022)) and doubly symmetric games (Hofbauer et al. (2009)), which are
extensions of pure coordination games to the continuous strategy case. An exact equilibrium selection
result in such games would provide answers to meaningful questions like whether in the long run, it
is the Pareto optimal Nash equilibrium that gets selected. If not, then under what circumstances will
the Pareto optimal equilibrium be selected. To make our problem tractable, we consider continuous
strategy games with an underlying pairwise interaction structure. Such a structure includes doubly
symmetric games as well as certain types of potential games with strategic complementarities called ag-
gregative potential games (Lahkar (2017)). In such games, a higher aggregate strategy creates incentives
for individual players to play a higher strategy.

The key to our analysis is a sequence of approximation that enables us to move from the continuous
strategy potential game to a potential game with a finite set of strategies and a finite number of players.
Our motivation behind these approximations is to apply existing results of large population potential
games with a finite number of strategies. Accordingly, our first approximation is a large population step
approximation where we replace our continuous strategy payoff function with a continuous strategy step
approximation. Next, we replace the step approximation with a large population—finite strategy game
where the payoff of each strategy corresponds to the payoff at each step of the step approximation. Qur
final approximation is a finite player—finite strategy game which we construct from the large population
finite strategy approximation by ruling out the possibility of self-matching. As our original continuous
strategy game is a potential game, it follows that all the three approximations we construct are also
potential games,.

We then follow Chapters 11 and 12 in Sandholm (2010) and establish stochastic stability results
in our finite player—finite strategy and large population finite-strategy approximations. We apply a

class of stochastic processes known as a direct exponential stochastic process on the finite player—finite

5In the case of the logit dynamic, convergence is to a perturbed version of the Nash equilibrium.
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strategy approximation. A direct exponential stochastic process is a noisy strategy revision protocol
wherein agents switch strategies based on how attractive a new strategy is or how dissatisfied they are
with their current strategy. The most well-known such revision protocol is the logit protocol (Blume
(1993), Blume (2003)) wherein agents switch to the best response with probability nearly one. The
noise parameter makes the stochastic process irreducible. Under the additional assumption that
agents employ clever payoff evaluation which recognizes that a change of strategy by oneself in a finite
population would change the social state, we also obtain a reversible stochastic process with a unique
stationary distribution.

While this result is for the finite player—finite strategy approximation, we can take the limit as the
number of players become large. This characterizes the stationary distribution in the large population—
finite strategy approximation for a fixed noise parameter in the stochastic process. The main conclusion
we obtain is that this stationary distribution puts all its weight on the global maximizer of the entropy
adjusted potential function of the large population-finite strategy approximation. This is an equilibrium
selection result for this game. Maximizers of the entropy adjusted potential function are perturbations
of Nash equilibria (Hofbauer and Sandholm (2007)). For any fixed level of noise in the direct exponential
stochastic process, the stationary distribution in the large population—finite strategy approximation
chooses that perturbed equilibrium that globally maximizes the entropy adjusted potential function.

The above result is akin to the conclusion in Sandholm (2010) on the stationary distribution of a large
population potential game with a finite number of strategies. The main contribution of this paper lies
in extending this result to a large population potential game with a continuum of strategies. For this, we
now need to allow the number of strategies in the stochastic process to also go to infinity. Hence, keeping
the noise parameter fixed, we take the double limit by first allowing the number of players and then the
number of strategies to become large. This gives us the stationary distribution of a direct exponential
stochastic process for a fixed noise parameter in a large population continuous strategy potential game.
As is to be expected, this stationary distribution is concentrated on the perturbed equilibrium that is
the global maximizer of the continuous strategy version of entropy adjusted potential function. Our
main interest, however, is in selection among Nash equilibria and not perturbed equilibria. For this, we
establish the final and main result of this paper. This involves taking the triple limit of the stochastic
process, where first the number of agents go to infinity, then the number of strategies go to infinity and
finally, the noise parameter goes to zero. The stationary distribution then puts probability one on the
global maximizer of the potential function of our original large population continuous strategy game.

We, therefore, obtain our desired equilibrium selection result. In a large population continuous
strategy potential game, as the noise parameter goes to zero, a direct exponential stochastic process
selects that Nash equilibrium that globally maximizes the potential function of the game. The entire
mass of the stationary distribution is concentrated on that global maximizer. This is irrespective of the
initial state of the stochastic process. The interpretation of this result is that as the time horizon becomes
infinitely long, the proportion of time that the process spends on the globally potential maximizing
Nash equilibrium goes to one.

Superficially, it might seem that our result is a simply extends finite strategy results by taking the
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limit as the number of strategies increase. The extension, however, is not trivial and we need to resolve
significant technical complications. We need to choose the correct method of approximating our
continuous strategy game and the fact that these approximations use the underlying pairwise structure
is the reason why we confine ourselves to games with pairwise interaction. The construction of the
potential function for the large population step approximation game also involves significant challenges.
This step approximation is required in taking the limit as the number of strategies become infinite.
We first apply the result for the large population finite strategy game to the large population step
approximation. Then, as the number of strategies increase, the size of each step decreases and the step
approximation approaches our original continuous strategy game giving us our desired result. Such
analytical techniques are new to this paper.

We apply our main result to the two motivating examples of large population aggregative potential
games with multiple Nash equilibria and doubly symmetric games. The structure of equilibria in such
aggregative potential games is like that of two—strategy symmetric games with multiple equilibria. There
are three Nash equilibria, two of which are local maximizers of the potential function. One of them is
Pareto optimal and the other Pareto inferior among all Nash equilibria. Whichever of these two Nash
equilibria has the larger basin of attraction with respect to the best response strategy revision protocol
emerges as the global maximizer of the potential function and, therefore, the one that is selected by
stochastic evolution. Thus, if the Pareto optimal equilibrium has a smaller basin of attraction, and there
are circumstances when it does, then it is the Pareto inferior equilibrium that is stochastically stable.
The intuition behind this result is similar to the risk dominance argument in two—strategy symmetric
games. In contrast, in doubly symmetric games, the Pareto optimal equilibrium is always stochastically
stable. This is because the potential function of such games is a rescaled version of the aggregate payoff
function due to which, its global maximizer must be Pareto optimal.

The rest of the paper is as follows. Section 6.2 introduces the preliminaries of the model including
the classes of aggregative potential games and doubly symmetric games. In Section 4.3, we provide
specific examples of these two classes of games as motivations for our entire analysis. In particular, we
identify conditions under which the global maximizer of the potential function in aggregative potential
games is not the Pareto optimal equilibrium. Section 4.4 describes the three approximations of our
continuous strategy game that we require for the analysis. Our main results on stochastic evolution and
equilibrium selection are in Section 4.5. We conclude in Section 4.6 with a discussion on applying our

results to aggregative potential games and doubly symmetric games. Proofs are in the Appendix.

4.2 Preliminaries

We consider a large population of players with mass normalized to unity. Let . :=[0,1] denote the
strategy space of the players in the population. The strategy space . is endowed with the usual Borel
sigma-algebra #(.). Let Z(.¥) denote the collection of all probability measures on .¥. A probability
measure y € (<) denotes the state of the underlying population. Thus, for every A e 2(%), u(A)
denotes the proportion of players in the population exercising strategies in A. Let L°°(#) be the
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collection of bounded measurable functions on . equipped with the sup-norm metric.® A population
gameis defined as a weakly continuous mapping 7 : (%) — L°°(.¥’) such that 7, (u) denotes the payoff
to an agent exercising strategy x € % at population state u € 2 ().’

A population state u° is said to be a Nash equilibrium of the game 7 if 7, (u°)> 7, (u°) for all x €
supp(u°) and all y € .8 We shall assume throughout, that the population game 7 is generated via a

continuous pairwise interaction game f :.% x.% — R in the sense that for all u € (),

ﬂx(,u)::f flx,y)u(dy), forallxes. 4.1)
5%

In this paper, we focus on equilibrium selection in continuum strategy potential games.” In order to
define such games, we will require the notion of the Fréchet derivative, which is a generalization of the
usual derivative to Banach spaces. Let V and W be normed linear spaces. An operator ¢ : V— W is

Fréchet differentiable at x if there exists a bounded linear operator A, : V — W such that

19 (x+h)—p(x)—A(Mllw _

0.
lIRlly—0 Iy

Thus, if A, denotes the the Fréchet derivative of ¢p at x € V, then ¢p(x+ h)=¢(x)+ A (h)+o(||h||y) for all
h near zeroin V. Let /(%) be the collection of all signed measures on . equipped with the variational
norm.'? In this paper, we shall consider Fréchet differentiability of functions ¢ : .# (%) — R. We denote
the Fréchet derivative of such a function by D4 ¢. If ¢ is Fréchet differentiable, we will assume that for
every u € /(), there exists a bounded measurable map V¢ (u) € L°°() such that,

Dy p()(v):= f Vrp(udv= f Vrd(WNdx)=(Vso(u),r), forallve#(s).  (42)
S S

We then call the map Vg ¢ : #(S)— L°°(<) the Fréchet gradient of ¢p. We now proceed with the
definition of continuum strategy potential games (Lahkar and Riedel (2015), Cheung and Lahkar (2018)).

Definition 17 A population gamen: 2 (S)—L°°() is said to be a potential game if there exists a Fréchet
differentiable mapping ¢ : # (<) — R such that

Vzou)=n(u), forallue?(<). (4.3)

In other words, a population game 7 is said to be a potential game if there exists a Fréchet differentiable

6The sup-norm of a function f € L°°(+) is defined as || f || oo := sup e | f(x)I.
"Weakly continuous implies continuous with respect to the weak topology. The weak topology on 2 () is the topology
induced by the following notion of convergence: u,, —»% u ifand only if fy fdu,— fy fduforall continuous maps f:.¥ —R.
8Here supp(u) denotes the support of the probability measure .
9See, for example, Cheung (2014), Lahkar and Riedel (2015), Lahkar et al. (2022a) for an exposition on continuum strategy
potential games.
10The variational norm or the total variation norm on 2 (%) is such that

lu—vlrv:=2 sup |u(A)—n(A), forallu,ve? (7).
AcB(S)
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map ¢ such that its Fréchet gradient V 4 ¢ is identified by 7. We then call ¢ the potential function
corresponding to the potential game 7. We now discuss two classes of continuous strategy potential
games which will be relevant for illustrating the stochastic approach to evolution. These are aggrega-
tive potential games and doubly symmetric games. In particular, in both these classes of games, the
stochastic approach to evolution can generate exact equilibrium selection even though the deterministic

evolution may not. In Section 4.3, we will present examples where that possibility may arise.

4.2.1 Aggregative Potential Games

The first class of examples is the class of aggregative potential games. Suppose that the underlying
pairwise structure takes the form f(x,y)=x(a+by)—c(x), where a, b €R are constants such that b #0
and ¢ : ¥ — R, is a function that describes the cost of playing a strategy x €.&. Let

A(M):f xu(dx) (4.4)
k%

be the aggregate strategy in the population at state u. Notice that as . =[0, 1], the aggregate strategy
A(u)€[0,1].
Applying (4.1), we can then generate the population game with payoffs

ﬂx(u)=J fle,yuldy)
4

=J (x(a+by)—c(x)u(dy)
S

=x(a+bA(u))—c(x). (4.5)

The population game 7 defined by (4.5) is an aggregative game as the payoff of an individual agent in
this game depends only upon that agent’s strategy and the aggregate strategy of the population (Corchon
(1994)). In addition, Proposition 1 in Cheung and Lahkar (2018) establish that an aggregative game of

the form (4.5) is a potential game with potential function

Alp)
so(u)=f (a+bz)dz—f c(x)uldx)
0 S

b(A(p)y

=aA(u)+ 5

—J c(x)u(d x). (4.6)
7
Hence, we refer to a population game 7 of the form (4.5) as an aggregative potential game.'!

In this paper, we are particularly interested in the case where b >0 in (4.5). Under that condition,

we may interpret (4.5) as a pairwise model of coordination. For example, it may represent a model of

The result in Cheung and Lahkar (2018) is more general. It applies to aggregative games of the form 7, (u) = x B(A(u))—c(x),
where § may be a non-linear function of A(u). In the current paper, however, we confine ourselves to linear functions of
B(A(u))=a+bA(u) in order to generate (4.5) through a pairwise interaction structure.
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education or investment choice. The benefit that an agent receives from a particular strategy x € &
is increasing in the aggregate strategy A(u). Hence, such models are also characterized by strategic
complementarities in the sense that a higher aggregate strategy makes it more attractive for an individual
agent to play a higher strategy x. Models of strategic complementarities typically generate multiple
Nash equilibria which may be Pareto ranked. The stochastic approach of this paper is then particularly
relevant in addressing questions such as whether in the long run, it is the Pareto equilibrium that gets

selected. The example in Section 4.3 will discuss that question in greater detail.

4.2.2 Doubly Symmetric Pairwise Interaction Game

Consider a pairwise interaction game f :.¥ x.¥ — R. The game f is said to be doubly symmetric if
f(x,y)=f(y,x)forall x,y € (Cheung (2014)). The payoff to x €. in the resulting population game
m: P (S)—L%°(S) at the population state u € 2(¥) is then,

nx(,u)zf f(x,y)dy, forallxes. 4.7)
5%

Then, it is well known (see for eg. Cheung (2014)) that 7 is a potential game with potential function ¢

given by
w(u)%J J f Yt ytdx)

%J (gl )
4

=7, *.8)

where 7(u)= fy 7, (u)u(d x) is the average or, equivalently, aggregate payoff in the population at state u.

4.3 Deterministic versus Stochastic Evolution: A Discussion

We now present examples of the two classes of potential games we discussed in Section 6.2. These are
aggregative potential games and doubly symmetric games. We will use these examples to illustrate
insights we may obtain from stochastic evolution particularly in comparison to deterministic evolution.
The deterministic approach is indeed the more usual approach to evolutionary game theory. It relies on
ordinary differential equations called evolutionary dynamics to track the change in the population state.
But as noted in the Introduction, deterministic dynamics may not be appropriate to model evolution
over infinitely long time horizons. Nor do such dynamics provide history-independent predictions in
the presence of multiple Nash equilibria. The examples we present will have multiple equilibria. Hence,
the stochastic approach will be useful in obtaining exact equilibrium selection in the long run in these

games. The first such example is of an aggregative potential game introduced in Section 4.2.1.
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Example 6 Consider aggregative potential games introduced in Section 4.2.1. Let the cost function be
c(x)=dx+kx?, whered,k>0. Two important features of this cost function are that it is strictly convex
and that c¢’(0)=d > 0. With this cost function, we can assume, without loss of generality, that a=0 in (4.5)
as the effect of a can be subsumed under the parameter d. Therefore, let the pairwise interaction payoff in
this game be f(x,y)=bxy—(dx+kx?), where b > 0. Hence, applying (4.5), we obtain the population
game 1t with payoff

()= b xA(u)—(d x + kx?). (4.9)

Therefore, the potential function (4.6) for this game takes the form

b

Plu)= E(A(“Dz_f (dx+kx*)u(dx). (4.10)
2

To calculate Nash equilibria of this game, we write (4.9) as b xa—(d x + k x?). For any given value of

o, we maximize this function over x € ¥ =[0,1]. Clearly, this maximizer is
. (ba—d
BR(a)=max 0,min T’l . (4.11)

The interpretation of BR(a) is that it is the unique best response in the population game (4.9) to every
state u, such that A(u)= a.'? Notice that because d >0, BR(0)=0. Intuitively, this happens because the
marginal cost at 0, ¢’(0)=d > 0. On the other hand, the benefit that an agent obtains from playing a
strategy x in (4.9) is bxa. Hence, the marginal benefit at @ =0 is 0 causing BR(0)=0. In fact, even for
sufficiently close to 0, we would have BR(a)=0.

We now make another assumption, which is b—d > 2k. This assumption implies that BR(1)=1 and
even for a sufficiently close to 1, BR(a)=1. Figure 4.1 illustrates the general pattern of such a best response
function for suitable parameter values. In both panels, we have {b,d}={12,4}. But in the left panel, k =3
while in the right panel k = 1. In either case, the assumptions d >0 and b—d > 2k are satisfied. Hence,
in both panels, the best response is flat in the vicinity of a =0 and a = 1. But otherwise, BR(«a) is strictly
increasing, which indicates strategic complementarities in our model and which arises from b > 0.

Proposition 3.1 in Lahkar (2019) presents a method to characterize Nash equilibria of an aggregative

game such as (4.9). Such Nash equilibria are related to solutions of
BR(a)=a. (4.12)

The intuition is that at a Nash equilibrium, players playing their unique best response to the aggregate
strategy level a should leave that aggregate strategy level unchanged. If a* is a solution to (4.12), then the
corresponding Nash equilibrium is one where all agents play a*. We denote this monomorphic state by
the Dirac distribution 0 .

Applying (4.12) to the best response function (4.11), we obtain three solutions in our example. They

12The strict convexity of the cost function c(x) plays a role in (4.11). It ensures that the payoff function b xa— c(x) is strictly
convex and, therefore, has a unique maximizer BR(a) for every a €[0,1].
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Figure 4.1: In both panels, the blue curve is the best response function BR(a) defined by (4.11) and a
is the aggregate strategy in the aggregative potential game (4.9). The parameter values are {b,d, k} =
{12,4,3} in the left panel and {b,d, k} ={12,4,1} in the right panel. In the left panel, we obtain three
intersections, 0, § and 1. Notice that this middle intersection % > 3 because b <2(d + k) in this panel
(part 2 of Proposition 7). In the right panel, the three intersections are 0, % and 1. Hence, the middle
intersection £ <  as b >2(d +k) in this panel.

are0, ﬁ and 1. The solutions 0 and 1 arise because, as we have already noted, B(0)=0 and B(1)=1 by
our assumptions. The additional solution arises if from (4.11), we solve % =q, which gives a* = ﬁ.
To be a meaningful solution, we require 0 < ﬁ <1, which follows from our assumptions that d >0 and
b—d >2k. Figure 4.1 illustrates the solutions to (4.12) for the two sets of parameter values mentioned
earlier. In both panels, 0 and 1 are points of intersection. In addition, there is also an intersection in the
middle, which is ﬁ = % in the left panel and % in the right panel.

Therefore, the aggregative potential game 1 defined by (4.9) has three Nash equilibria. We charac-
terize these equilibria in the following proposition. The proposition also identifies the Pareto efficient
Nash equilibrium in this game. As all Nash equilibria are in monomorphic states, all agents in a Nash
equilibrium will have identical payoffs. The Pareto efficient Nash equilibrium is then the one with the
highest equilibrium payoff.

Proposition 7 Consider the aggregative potential game 1 defined by (4.9). Suppose b, d,k >0 and b—d >
2k. Then the following conclusions hold true.

1. The set of Nash equilibria of this game is
NE(n):{60,5ﬁ,51}. (4.13)
The aggregate strategy level at these three Nash equilibria are0, ﬁ and 1 respectively.
2. Ifb<2(d+k), then 34> 3. Ifb>2(d+k), then ;% < 3.
3. The Pareto efficient Nash equilibrium is 0.
Proof'11 See Appendix C.1.
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The first property in Proposition 7 arises from the fact that (4.12) has three solutions. Hence, in
Figure 4.1, the set of Nash equilibria in the left panel is {50, ) 2 ) 1} while in the right panel, that set is
{50, o 2 01 } The second property follows from straightforward calculation. This property will be relevant
in understanding whether a stochastic evolutionary process in an aggregative potential game will converge
to a Pareto efficient Nash equilibrium. We observe the implication of this property on the value of the
middle intersections in Figure 4.1. The third property in the proposition characterizes the Pareto efficient
Nash equilibrium. Given strategic complementarities in our example, it is not surprising that 6, is the
Pareto efficient equilibrium. A Nash equilibrium with a higher strategy will have a higher payoff. This is

true, for example, in both panels of Figure 4.1.

We now present a deterministic evolutionary analysis of Example 6. This analysis will establish that
multiple Nash equilibria in this example are locally stable under evolutionary dynamics. We will then
contrast this finding with that of the stochastic approach once we complete our analysis of stochastic
evolution in the following sections. Our argument will rely on the following result about the potential

function (4.10) that characterizes its maximizers.

Proposition 8 Consider the aggregative potential game 1 defined by (4.9). Suppose b,d, k>0 and b—d >

2k. The following conclusions hold.

1. The potential function ¢ defined by (4.10) has two local maximizers in 2 (<) with respect to the
weak topology. They are the two Nash equilibria, 64 and 0, characterized in (4.13).

2. Of'these, 0, is the global maximizer of (4.10) in 2 (<) if b > 2(d + k) or, equivalently, ifﬁ < %
On the other hand, 0 is the global maximizer if b < 2(d + k) or, equivalently, ifﬁ > %

3. The other Nash equilibrium characterized in (4.13), 6 L is not a local maximizer of the potential
—2
function (4.10).

Proof 12 See Appendix C.2.

Thus, two of the three Nash equilibria characterized in (4.13), 6, and 6, are local maximizers of the
potential function (4.10). Part 2 of this proposition identifies the condition under which one of these
two local maximizers is the global maximizer of the potential function. Recall from part 3 of Proposition
7 that 6, is the Pareto efficient Nash equilibrium of the game (4.9). Hence, part 2 of Proposition 8
shows that the Pareto efficient Nash equilibrium need not always be global maximizer of the potential
function. In fact, by comparing part 2 of Propositions 7 and 8, we find that the Pareto efficient Nash
equilibrium is the global maximizer only if the aggregate strategy level of the third Nash equilibrium,
ﬁ < % Again, this observation will be helpful in understanding the intuition behind our stochastic
evolutionary analysis.

The fact that certain Nash equilibria of the game (4.9) are local maximizers of its potential function
is not surprising. It is well known that in large population potential games, all local maximizers of the

potential function are Nash equilibria. Further, all the canonical evolutionary dynamics mentioned in
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the Introduction converge to such local maximizers (Sandholm (2001), Cheung and Lahkar (2018)).'3
Therefore, by part 1 of Proposition 8, both §, and §; would be stable under the standard evolutionary

dynamics in the game (4.9). The third Nash equilibrium, 6 _« , which is not a local maximizer, would

=
be unstable.

Whether a deterministic dynamic converges to 0, or 6; would depend upon the initial state. Figure
4.1 provides some intuition. Notice that to the left of ﬁ, BR(a)< awhile to the right of ﬁ, BR(a)>a.
We would expect reasonable evolutionary dynamics to respect the direction of the best response. Hence,
we would expect that if the initial state u is such that A(u) < ﬁ, 0, would be evolutionarily stable while
if A(u)> ﬁ, 07 would be evolutionarily stable. The fact that d is also evolutionarily stable means
that it is not necessary that an evolutionary dynamic must always converge to the Pareto efficient Nash
equilibrium 6;. It would, therefore, be of interest to see whether any exact equilibrium selection result
we obtain under stochastic evolution would imply selection of the Pareto efficient Nash equilibrium in
Example 6.

We conclude this discussion of Example 6 with a few more remarks on the importance of some of the
assumptions. First, the cost function c¢(x) needs to be strictly conve, as it is in Example 6. Otherwise,
we would have a multiplicity of equilibria which cannot be Pareto ranked. Equilibrium selection then is
not a very interesting question.'* Second, we require b > 0 in (4.5) for strategic complementarities. If
b <0, we would have strategic substitutability which would generate a unique Nash equilibrium even if
c(x) is strictly convex (Section 4.2, Cheung and Lahkar (2018)). Equilibrium selection then becomes
irrelevant. Deterministic dynamics in the medium run would also converge to that unique equilibrium.

We now present another example of a continuous strategy potential game with multiple equilibria.
This example, adapted from Hofbauer et al. (2009), belongs to the class of doubly symmetric games
described in Section 4.2.2.

Example 7 Let =[0,1] and

f(x,y):—(x—i)2+ﬂ(x—z—ll)(y—z—ll)—(y—i)z. (4.14)

This is a modified version of the game in Proposition 4 of Hofbauer et al. (2009)."> Clearly, it is a doubly
symmetric game. Hence, by (4.8), this is a potential game with potential function %ﬁ(,u), where ©t(u) is
the aggregate payoff of the potential game generated by (4.14).'% Our interest is in the case where 3 > 2.

13For the logit dynamic, a caveat applies as it is generated through best response to a perturbed version of payoffs. Hence,
convergence happens to a perturbed version of the potential function, called the entropy adjusted potential function. We
discuss this function in Section 4.5 as it will also be useful for our stochastic analysis. But for low levels of perturbation,
maximizers of the perturbed potential function would be arbitrarily close to maximizers of the original potential function.
Also see Lahkar et al. (2022a) for a generalization of the logit dynamic in continuous strategy games and similar convergence
results for potential games.

l4guppose the cost function is linear, i.e. c(x)=d x with d < b. Then the payoff function in (4.5) would be x b A(u)—c x =
x(bA(u)—d), where ¢ < b. Then, any py with A(u)= % will be a Nash equilibrium. Payoffs in any such equilibrium will be zero.

15This modification is necessary because in our model, & =[0,1] whereas in Hofbauer et al. (2009), the strategy set is [—A, B],
for A, B> 0. We can rewrite this game equivalently as one where the pairwise interaction payoffis g(u,v)=—u?+puv—v?
foru,ve [—%, %], where u=x— % and v = y—%. An application of Proposition 4 in Hofbauer et al. (2009) then generates the
conclusions of this example.

16The exact calculation of the potential function is cumbersome and is, hence, omitted. Nor is that calculation required for
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Proposition 4 of Hofbauer et al. (2009) then implies that this game has three Nash equilibria; 64, 0 1 and
01.

That same proposition in Hofbauer et al. (2009) also implies that 6, and &, are the two local maxi-
mizers of the potential function %ﬁ(,u) in the population game generated by (4.14). Therefore, by our
discussion in Example 6, all standard evolutionary dynamics will converge to one of these Nash equi-
libria depending upon the initial state. But of these two Nash equilibria, it is easy to verify that 6, is
the Pareto optimal equilibrium. Hence, just as in Example 6, it is possible that even in this example,
deterministic evolutionary dynamics converge to the Pareto inferior equilibrium 0,.

On the other hand, if 8 <2 in (4.14) , then the stochastic approach may not yield additional insights.
If <2, then 6 1 is the unique Nash equilibrium and, hence, must be the unique maximizer of the
potential function. Even deterministic dynamics will globally converge to this equilibrium. If =2, 6,
for any x € % is a Nash equilibrium. The equilibrium payoff in all such equilibria is zero and Pareto
ranking is not possible.

As in aggregative potential games, our interest will be again in whether it is the Pareto efficient
Nash equilibrium that gets uniquely selected by stochastic evolution in doubly symmetric games. In
answering this question, we note that Pareto efficiency implies maximization of the aggregate payoff
7i(u). Hence, in doubly symmetric games, the global maximizer of the potential function, %ﬁ(,u), must
always be the Pareto efficient Nash equilibrium. This is unlike in aggregative potential games. Part 2 in
Proposition 8 shows that it is possible in such games for the Pareto inferior equilibrium 6 to be the

global maximizer of the potential function. This happens, for example, in the left panel of Figure 4.1.

4.4 Approximations of the game 7

To start our stochastic evolutionary analysis, we define three possible approximations of our original
population game 7. First, we define another continuous strategy large population game by replacing
our original pairwise interaction payoff f(x, y) with its step function approximation. Next, we apply the
step function approximation to construct a large population finite strategy approximation of 7. These
two approximations have also been applied in Lahkar et al. (2022a) for the deterministic approximation
of the logit dynamic in supermodular games. The third approximation, which follows from Sandholm
(2010), requires us to consider not just a finite discretization of the original continuous strategy set but
also a finite number of agents instead of the original continuum of agents. Finally, we establish that if ©
is a potential game, so are the three approximations.

We require some notation for defining these approximations. For n>1 and j €{0,1,...,2" —1}, let us
denote the dyadic rational number Zj—n by @, ;. Further, let 7}, be the collection of left-closed right-open

intervals with dyadic rational endpoints in . defined in the following way:

Fni={lan;an j+1): ] =0,1,...,2" =2} Ul 201, 1]. (4.15)

our analysis. Interested readers are referred to equation (8) of Hofbauer et al. (2009).
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Thus, ., is a collection of 2" disjoint intervals which covers the original strategy space .. We shall
denote the sub-intervals [a, ;, @, j+1) by 7, ; for j=0,1,...,2" —2 and [@;, 2n_1,1] by 7}, 2n_;. We begin
with the notion of large population step approximation of 7. Recall the pairwise interaction payoff f(x, y)
in (4.1). Our next step is to construct a step function approximation of f. Forn>1,let f,,: ¥ x% —R
be such that for all (x,y)e ¥ x &,

f(an,j,an'k) if(x,y)e&”n,j xIpkand j,k=0,1,...,2" =2

falx,y)= (4.16)

flanon1,@uan) i(x,y)€ S 201X I 201
In this step function approximation, the payoff at any strategy profile (x, y)€.¥ x.¥ equals the original
pairwise payoff f(a, ;, @, ) where (a,,;,a, ) are the left-bottom points of the intervals in -, to which
(x,y)belongs. Since the pairwise interaction game f is assumed to be continuous, it follows by definition
that, (f,,),,>1 is a sequence of step functions such that f,, — f uniformly as n — co. We now obtain the
first of our three approximations of 7= which is defined as follows.

Definition 18 For n > 1, the large population-step approximation (LPSA) at level-n of our original
population game 1 defined by (4.1) is the mapping " : 2 () — L°° () such that for ally € 2 (<),

ﬂZ(u)::f fulx,y)uldy), forallxe<, (4.17)
%

where f,,(x,y) is the step function approximation (4.16).

Thus, as the name LPSA suggests, (4.17) is the large population game we would obtain on the original state
space (<) if we replace the original pairwise interaction payoff f(x, y) with its stepwise approximation.
Note from (4.16) that we can equivalently write (4.17) as

2"—1
> flagjan )u(Fni) ifxe, jand j=0,1,...,2" =2
mh =1 £ | 4.18)
Z f(an,znflran,k).l"(yn,k) if x e5”11,2'171-
k=0

Next, we define the notion of large population-finite strategy discretization of 7. For this, we require
some further notation. Forafixed n>1,letS,:={a, ;: j=0,1,...,2" —1}. Thus, S, acts as a finite strategy
discretization of .. It consists of the left hand points of each of the finite intervals in the strategy set
<, defined by (4.15). Let A(S,,) be the collection of all probability distributions on the finite set S,;, that
is, A(S,):={p"€[0,1]*": > 0<j<zn—1 P} =1}. We shall denote a generic element in A(S,) by p". We now
define our second approximation of 7.

Definition 19 For n > 1, the large population-finite strategy discretization (LPFSD) at level-n of our
original population game 1t defined by (4.1) is the mapping 2 : A(S,) — R?" such that for all p* € A(S,,),

2n—1

271 p" Nan, )= (fulay,)p")= an(anvj,amk)pz, forall j=0,1,...,2"—1, (4.19)
k=0
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where f,(a,,j,ay i) is the step function approximation (4.16) but in this case defined only upon S, x S,.

To interpret Definiiton 19, we can view & as the population game induced by random matching
in the matrix game whose entries are given by (f, (@, j, @5 r))o<j k<2n—1- Equivalently, 2 is a finite
strategy population game with 2 [p"](a,, ;) being the payoff of an agent playing strategy a,, ; €S, at the
population state p” € A(S,). The notation p’} denotes the proportion of players in the population using
strategy @, ; €S,. It is also worth noting that if y € (') and p" € A(S,,) such that p;.’ = fé”n,j u(dy)for
j=0,1,...,2" =2, then the two payoffs in (4.18) and in Definition 19 are equal. This implies the following
relationship between the LPFSD and the original game 7 defined by (4.1). If p;.’ = f S u(dy), then for n
sufficiently large, 2 [p"(ay,;)~ [, f(an j, YIu(d y)=Ta, ,(4)-

Our subsequent analysis will require the notion of a large population finite strategy potential game.
We shall say that 2] is a large population finite strategy potential game if there exists a differentiable
function @;’ :R” — R such that (Sandholm (2001))

V@;’(p”) =2"[p"], forallp” €A(S,). (4.20)

Formally, (4.20) is an application of Definition 17 to the special case of a finite strategy set. Hence, like in
(4.3), we require a real valued function ¥ g whose gradient equals the payoff function % [p"]. Conceptu-
ally, however, (4.20) is a simpler condition as it is defined over finite dimensional probability distributions
p”. Hence, it can be interpreted in terms of usual partial derivatives instead of the measure theoretic
Frechét derivative in (4.3), Therefore, we can write (4.20) equivalently as a@;j P")=2]p"(ay,;)
Finally, we define our third notion of approximation, which is a finite population-finite strategy

5p7

discretization (FPFSD) of the population game 7. Thus, in this approximation, there would not only
be a finite strategy set S,, (see Definition 19) but also a finite number of players N. For n,N > 1, let
AN(S,):=A(S,)NenZ?". Thus, Ay(S,) consists of all probability distributions on S,, which are integer
multiples on €. This is the set of population states that is now relevant as the total number of players
playing all strategies in S,, would have to add up to N. Note that for every N > 1, An(S,)) CA(S,,). We
wish to define a finite strategy population game on A y(S,,). However, with a finite number of players,
we cannot directly define the FPFSD as the restriction of LPFSD (Definition 19) onto Ax(S,,). This is
because in finite player population games, self-matching can occur with a positive probability. Hence,
following Example 11.4.1 in Sandholm (2010), we define the FPFSD without self-matching as follows.

Definition 20 For n,N > 1, the finite player-finite strategy discretization (FPFSD) at level-(n,N) of
our original population game 1 defined by (4.1) is the mapping @7’7__"1‘] : An(S,)— R?" such that for all
pN eAn(S,), andall j=0,1,...,2"—1,

1
7N P N, )= 270" Naw, )+ 55— (220" N tn, )= Faln @, ), (4.21)

where 9"[p™N ] is the LPFSD defined by (4.19), N is the finite number of players and each player has the
strategy set S,, defined in the context of Definition 19.
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Some explanation is required to understand (4.21). Recall that @g[p”'N | is the finite strategy large
population game (4.19) generated by the matrix game (f,(, j, @y ))o<j,k<2n—1 at the population state
p™N € An(S,). The key difference is that in the finite player game with N players, avoiding self-
mathching means a player playing a,, ; only faces N —1 possible rivals. Of these, N pZ'N opponents play
strategy o, i, but only N p? N_1 opponents play strategy «,, ;. Hence, the effective population state is

n

1 mN_any_ N _aN__ & n . 2n g :
= (Np e?)=x=p ~—1» Where e} is the standard basis vector on R*" whose 37 —th entry is 1.

Hence, when a player playing a,, ; €S, is randomly matched with another agent in the matrix game

(ful@n, j»@n K))o<j k<on—1, the payoff obtained is as follows:

N 2"—1 2"—1

N— Ian an]’ank)pk an an]’ank

N
=m@ [p I( an] — falay, ,jrqAn, ]) by (4.19)

:@g[pn'N](an,]) (@n[pnN](an] fn(an,j,an,j))r

N-—1

which is (4.21). Obviously, 22N [p™N|(a,, ;)= 22 p" N (a,,;) as N — oo.

Chapter 11 in Sandholm (2010) defines the condition such that a finite player-finite strategy game is
a potential game.!” Following that definition, we say that the FPFSD @7’;'1\’ defined by (20) is a finite-
population potential game if there exists a function @g'N : An(S,) — R such that for all pN € Ay (S,,),

DN ip" N + N7 el —e! ey, )= 27 N PV (@)
= @;}*N p™N +N‘1(e7 —e?))—@g”\’ (p™M). (4.22)

The left hand side of (4.22) is the difference in payoff to an agent who changes strategy from a,, ; to a,, ;.
This causes a change in the population state from p™" to p™V +N‘1(e;.‘ —e!'). Thus, for 2N tobe a
finite strategy—finite player potential game, we require that there exists a real-valued function @;“N
defined on Ay (S, ) such that this difference in payoffs is equal to the difference in the values of @g’N at
these population states.

Suppose that our original population game 7 is a potential game in the sense of Definition 17. It is
then natural to expect that for n, N > 1, the three approximations of 77, namely; the LPSA 7" at level-n,
the LPFSD 2" at level-n, and the FPFSD @T’?'N atlevel-(n, N) are also all potential games in the relevant
strategy—player context in which they are defined. Our next proposition verifies that conjecture. In
order to establish that result, we need the following notion of an embedding.

Recall the finite strategy set S,, and the set of probability distributions A(S,,) from Definition 19. For
nz1,let B,:A(S,)— 2 (<) be the mapping such that for every p” € A(S,,),

= Z P"8q,,(4), forall Ac B(7). (4.23)

17See equation (11.25) and Theorem 11.5.6 in that chapter.
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Thus, for a generic probability vector p” € A(S,,), ,,(p") denotes the corresponding Dirac probability
measure on our original strategy set ., with support S,,, where the point @,, ; is assigned probability p;.’.
We however note from (4.23) that the range of the map S, is essentially 2(S,,). Further, for n > 1, the
mapping p” — B, (p") induces a continuous embedding of A(S,,) into 2 (). This embedding will play
an important role in the following proposition in establishing that the LPSA (4.17) and the LPES (4.19)
are potential games. Let AC((0,1); Z (%)) denote the collection of all absolutely continuous paths from
(0,1) to 2(7).18

Proposition 9 Suppose that ©t defined by (4.1) is a potential game with potential function ¢ as charac-

terized in Definition 17. Then, the following statements hold true.
1. Fixn=1. Let 9:; :A(S,) — R be a mapping such that
9" (p 0(B.(p"), forallp™ €A(S,). (4.25)

where f3,,(p") is as defined in (4.23). Then, the LPFSD 9" defined by (4.19) is a potential game with
potential function @;l defined by (4.25).

2. Fixn,N>1. Let @g'N :An(S,;)— R be a mapping such that

Z (N22@"™) = ful@n i@ pl™ ) forallp™™ e An(S,).  4.26)

— ¢
2(N-1) &

Then the FPFSD @g'N defined by (4.21) is a potential game with potential function @;”N defined by
(4.26).

3. Fix n>1. Recall the embedding B, (p") from (4.23). Let " : 2 () — R be a mapping defined as

e (Ba(p"), ifu=pB.(p") for somep" € A(S,)
(W)= ! 4.27)
o ¢(00) +f "re)ye)dt, otherwise,
0

wherey € AQ(0,1); 2(Y)) such that yy= 6y and v, = . Then, the LPSA " defined in (4.17) is a
potential game with potential function ¢™ defined by (4.27).

Proof 13 See Appendix C.3.

For part 1, we check that the LPFSD % is a potential game with potential function (4.25) according
to the definition in (4.20). For part 2, we apply the definition in (4.22) to show that the FPFSD @g'N
is a potential game with potential game with potential function (4.26). Indeed the definition of (4.26)

181 et (X, d)be a complete metric space and let r:(a,b)— X beacurve. We say thaty €AC!((a, b);X)ifthere exists m€L(a, b)
such that

r
d(y(s),y(t)Kf m(u)du, foralla<s<it<bhb. (4.24)
N
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follows from Exercise 11.5.2 in Sandholm (2010). Part 3 perhaps requires more explanation. If u can be
expressed as an embedding as defined in (4.23), then the potential function of the LPSA ¢" is simply
our original continuous strategy potential function (4.3) applied to that embedding. If, however, u
cannot be written as an embedding, we need to apply a curve y € AC((0, 1); 22 (%)) to define the potential
function. We choose any such y with the only restriction being that y; = u. Even though the initial point
yo =0y in (4.27), that choice is arbitrary. If we then take the gradient of the second part of the RHS of
(4.27), then, intuitively, we obtain a telescopic sum of differences 7" (6) +Z(7r"(yt+3)—7r”(yt)). After
canceling out common terms, we would be left with Vo (u)=n"(y,)=n"(u), which is as required by
our original definition of the potential function in (4.3).'°

4.5 Stochastic Evolution and Equilibrium Selection

We now present our main results on stochastic evolution and equilibrium selection in potential games
in this section. We first discuss stochastic convergence along the lines of Sandholm (2010) for finite
strategy potential games in the context of both a finite number of players and a large population of
players. For this purpose, we define a class of revision protocols called exponential revision protocols
which describe how agents revise strategies stochastically. We then establish our results for the class of
games we are interested in, which are large population continuous strategy potential games. Our main
conclusion would be that a stochastic process generated by a direct exponential revision protocol would
converge to the global maximizer of the potential function of the continuous strategy potential game.

Consider a finite strategy game with 2" strategies like LPFSD % in Definition 19 or the FPFSD @g'N
in Definition 20. Let u” be a payoff vector and a,, j, @, x €S, be two strategies in such a game. Thus, u;?
and u;’ are respectively the payoffs at these two strategies. A revision protocol p :R¥" - A(S,)?" then
takes the form p j;(u"), which represents the probability with which an agent currently playing a,, ; €S,
adopts strategy @, x €S, upon receiving a chance to revise strategy. Thus, > kes, Pjk(")=1. Following
Sandholm (2010) (Section 11.5.2), we then call a revision protocol p : R?" — A(S,)?" an exponential
revision protocol with noise level n) > 0 if

exp(n~'y(u},uy))
djr(un)

pjk(u") = , forallu”eR?", (4.28)

where the functions ¢ : R? =R and d : R?" — (0,00)?"*?" satisfy
1. Y(u,v)—yY(v,u)=v—u, forall u,veR and

2. dji(u")=dy j(u"), for all u”eR? andall j,k=0,1,...,2"—1.

19Even though the choice of 1 is arbitrary, the potential function (4.27) is well defined. This is the sense that the potential
function is independent of the path traced by the curve y. To see this, note from part (i) of Proposition 9 that the LPFSD
game is a potential game. As a result the vector field p” — 2] (p") is a conservative. Hence, the integral in the RHS of (4.27) is
independent of the curve y. The definition of the potential function does depend upon the initial condition of y. But a change
in the initial condition of y only causes a uniform translation in the value of the potential by a fixed constant. This renders the
potential function (4.27) non—-unique but does not open it up to any mathematical inconsistency.
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Perhaps the most well known example of an exponential revision protocol is the logit protocol. In
the logit protocol, we have y(u,v)=v and d;;(u")= > ies, exp(n_lu;?). Therefore, in our context, the
logit protocol takes the form

exp(n~'u})
Yies, exp(ntuf)

For any 1 > 0, the logit protocol assigns a strictly positive probability to moving to any strategy «,,

pjeu")= (4.29)

from @, ;. Butas | 0, the probability assigned to any strategy @, ; that is not a best response goes to
zero. The logit protocol is, however, not the only form that a direct exponential revision protocol can
take. For example, instead of i(u«, v)= v, we can have y(u, v) =—u or max(0, v — u) or —max(0, u—v).
We refer the reader to Section 11.5.2 of Sandholm (2010) for further details of such revision protocols.?°

Our analysis will require us to define a stochastic process on the FPFSD @7’;'1\’ using the exponential
revision protocol (4.28). Before that, however, we introduce a modification of the state variable p™”" on
which @7’;'1\7 is defined in Definition 20. This modification is required because with a finite number of
players, a change of strategy by an agent will have an impact on the social state. For example, suppose an
agent playing strategy a,, ; at the population state p™" receives a revision opportunity and switches to
strategy @, . The population state then changes to p™" +¢ n(ef —e;.’). A naive agent, however, wouldn't
realize this impact that his strategy change has on the social state. Such an agent would, therefore,
believe that the social state continues to be p™” and, hence, compare his current payoff @;}N [p"N(a,, i)
to 2"N[p™N](a, k), which is the payoff of strategy a,, ;. at p™". A “clever agent”, on the other hand,
would realize the impact of one’s strategy revision on the social state. Hence, such an agent would
compare the current payoff 2N [p™N](a,, ;) to 2N [p™" +ey(e} —e)l(ap,i), which is the payoff of
strategy @, i at the new actual state p™" +¢ n(e} —e;?). Following Sandholm (2010) (Section 11.4.2), we
refer to this method of evaluating payoffs as clever payoff evaluation.

To formalize the notion of a clever payoff, recall from Definition 20 that for fixed N,n > 1, Ax(S,,) is
the collection of probability distributions on S,, which are integral multiples of N~!. Thus, Ax(S,,) is the
state space of a finite population consisting of N -players with a generic element in that space being
p™". We then define the collection of diminished states by Ay(S,):={p"" €R?": Y. jean1 pﬁﬁv =
% and N pf’N €7?"}. Thus, every diminished state denotes the behavior of the opponents of one
member in a population of size N. Given the FPFSD game 2V, the clever payoff function is defined as
amapping 9™V : Ay (S,) — R?" such that

PN N ) =22 N p"N + N el l(ani), forallk=0,1,...,2"—1. (4.30)

Thus, (4.30) is the “clever payoff” of an agent who has moved to a new strategy «a,, . If that player had
been playing a,, ; earlier, then we can also write the RHS of (4.30) as @ﬁ'N[p”’N +en(e; —e?)](an,k). In
that case, the diminished state would have been pf’N =p"N—en e’]?, which describes the behavior of all
other agents except the one playing @,, ;. Comparing (4.30) with Definition 20, we also conclude that

clever payoff evaluation incorporates two subtleties introduced by a finite set of players. First, as in

20Qver finite time horizons, the logit protocol generates the canonical logit dynamic discussed in the Introduction.
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Definition 20, payoffs need to be defined by excluding the possibility of self-matching. Second, as in
(4.30), agents also have the be conscious of the impact they have on the population state while changing
strategy.’! It is also worth pointing out that the difference between the clever payoff and the naive
FPFS payoff 2N [p™N](a, ;) diminishes asymptotically since a single agent becomes progressively
insignificant as the number of players N — oo.

We now introduce our stochastic process on FPFSD game %" but under the condition that players
revise strategies on the basis of clever payoff evaluation. Let (2,7 ,P) be an arbitrary but fixed probability
space. For N,n>1and @, ;,a, €Sy, let pjk(@;[l'N[pf’N]) be the direct exponential revision protocol
(4.28) wherein players decide on strategy revision based on the clever payoff function (4.30). Also
recall that if a player is playing @, ;, then from that player’s perspective, the reduced population state
pE’N =p"N—e¢ Ne;‘. We then define the direct exponential clever stochastic process (XZ:,CN Jik>1 On @7’;'1\’

induced by this revision protocol as

P} p (2N (pnN —ene)), if g N =pmN +en(ef—e)), k#

211
N S5, , : N — pn,
P, =a" XY =p™ )= ]ZO P} pji( 2NN —ene])),  ifq"N=pmN
0, otherwise.
(4.31)
The transition probabilities given by (4.31) induces a discrete time stochastic process (X;’l:év )r>1 ON

An(S,,). To understand this process, suppose that the population state at time 7 is p™*"V. Further, suppose
that at time 7, a player playing strategy «,, ; receives a revision opportunity and selects @, # @, ;.
Then the population state moves to q»V =p™" +¢ niey —e?) at the next time interval 7 +¢y. This
transition from p™" to q’»N happens with probability p;.”N p k(@ (pmN—e ve})). Thus, a player
playing a,, ; is chosen with probability p?'N , who then chooses a new strategy a,, ; €S, with probability
Pj k(@,’;’N (p™N—e Ne;.l)). On the other hand, the population remains unchanged between the two time
periods, i.e. ¢* =p™" if an agent who receives a revision opportunity doesn’'t change strategy. This
happens with probability Zzolp;l N Pj j(@g’N ("N —e Ne}?)). Due to the presence of the noise parameter
nin (4.28), (4.31) is an irreiiucible stochastic process.

Agents in the stochastic process (4.31) apply clever payoff evaluation and follow a direct exponential
revision protocol. Moreover, the FPESD game @;}N is a potential game (part (ii) of Proposition 9).
Hence, by Theorem 11.5.12 in Sandholm (2010), this stochastic process admits a stationary distribution
on Ay(S,). We wish to characterize the limiting behavior of this stationary distribution as N — co.
Intuitively, as N — 0o, the FPFSD game converges to the LPFSD game % (Definitions 19). Hence, the
limiting stationary distribution as N — oo will inform us of the behavior of the distribution in the LPFSD
game.

To characterize this limiting distribution, we adapt Theorem 12.2.3 in Sandholm (2010) to our two

finite strategy approximations, the FPFSD 2" and LPFSD 2, . For establishing the result, we require

2IThus, by applying (4.21), we can also write the clever payoff (4.30) as 27[p"" + N~1e]l(ay, ;) + y=5(22[p™" +
N_le;cl](an,j)_fn(an,j»an,j))~
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the entropy adjusted potential function for the LPFSD game. Recall from (4.25) the potential function @g
for the LPFSD game. Using this potential function, we define the entropy adjusted potential function
for the perturbation factor >0 as a mapping @g :A(S,)— R as

271
@;""(p”) = Qg(p”)—n Z(; p;‘logp;‘, forall p” € A(S,,).?? (4.32)
]:

211
The entropy adjusted potential function is, therefore, the original potential function minusn »_ p;.’ logp;.’,
r)

J
which is the Shannon entropy of p” multiplied by the same perturbation parameter 1 that appears in

the exponential revision protocol (4.28). This function has been used in the literature on deterministic
evolution to show convergence of perturbed best response dynamics like the logit dynamic in potential
games (Hofbauer and Sandholm (2007)). Our present analysis will illustrate its pivotal importance in
stochastic evolution as well. In addition to the entropy adjusted potential function, we define a new
piece of notation which will come handy in stating the stochastic evolutionary results. For a bounded
continuous map h: E —R,let Ah: E — R be defined as

Ah(u):= h(u)—mag(h(y), forallu€E. (4.33)
ye
Thus, Ah(u) <0, with equality only at the maximizer of . We now state our result on the stationary
distribution of the stochastic process (4.31) as N — oo.

Proposition 10 Supposethatr:? (S )—L°°(S) is a potential game with potential function g as defined
in Definition 17. For perturbation parametern >0 and n =1 fixed, let(X:)’:iV ):>1 be the direct exponential
clever stochastic process on Ay(S,) induced by the clever payoff evaluation game 2!~ with stationary
distribution ,u,’;'N forevery N =2 1. Then,

: n n,N¢_nN n n,N
lim  sup |—logu™"(p"™)—A2"(p"")| =0, (4.34)
N*”pn'NeAN(anN ! 7 |

where @g’n is the entropy adjusted potential function (4.32).
Proof 14 See Appendix C.4.

We emphasise that in this result, we hold z fixed. Therefore, this result is only with reference to the
two finite strategy games, the FPFSD @;"N and the LPFSD 2, we are considering. As noted earlier,
with clever payoff evaluation, the direct exponential stochastic process (4.31) will admit a stationary
distribution in the FPFSD. But as N — oo, the FPFSD also converges to the LPSFD. Hence, intuitively, as
N — o0 in (4.34), Proposition 10 is characterizing the stationary distribution of a direct exponential
stochastic process for the LPFSD 2. The proof of this result relies on the potential functions @g and
@Z’N as defined in (4.25) and (4.26) for the LPFSD and FPFSD games respectively. It shows that a rescaled

22Here we use the standard convention that 0log0=0.
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version of @g’N converges uniformly to @g as N — oo and that @g is a ¢! function. Hence, by Theorem
12.2.3 in Sandholm (2010), the conclusion follows.

The main implication of Proposition 10 is that as N — oo, the stationary distribution of the direct
exponential stochastic process (4.31) in Ay(S,,) puts all its mass on the state that globally maximizes
the entropy adjusted potential function (4.32) in the LPFSD. To understand the result, we note that for a
fixed but sufficiently large N, the expression inside |-| in (4.34) implies ,u’nl'N (pPN)< exp(%A@;l Mpmy).
By (4.33), A2, (p™N) <0 at all pV with equality only at the global maximizer of (4.32) in Ay(S,).
Hence, for a fixed but sufficiently large N, exp(%A@g p™N))~0 or ,uZ’N (p™N)~0 for all pV except
the global maximizer of (4.32). Equivalently, the stationary distribution ,uZ'N must be putting nearly all
its mass on the global maximizer (4.32) on Ay(S,,), which is the state space of the FPFSD game. But as
N — o0, the global maximizer of Ay(S,,) would become indistinguishable from that of A(S,,), the state
space of the LPFSD game. This leads to our conclusion.

Proposition 10 is an equilibrium selection result based on stochastic evolution. Maximizers, both
local and global, of the entropy adjusted potential function (4.32) are perturbed Nash equilibria of the
underlying large population finite strategy potential game %, with the perturbation depending upon
the noise parameter 1 > 0 (Hofbauer and Sandholm (2007)). Hence, an equivalent interpretation of
Proposition 10 is that the stationary distribution ,u;)”N puts all its mass on that particular perturbed
equilibrium of 2" that globally maximizes the entropy adjusted potential function. Following standard
interpretation of the stationary distribution, this mean that in the long run, as T — 00, the stochastic
process spends nearly all its time on the global maximizer irrespective of the initial state. This is,
therefore, an exact or history-independent equilibrium selection result.

However, Proposition 10 applies only to the LPFSD % while our objective is to obtain an equilibrium
selection result in our original continuous strategy potential game 7. Hence, we now extend Proposition
10 to the continuous strategy case in the following two theorems, which represent the main contribution
of this paper. For this purpose, we embed the direct exponential stochastic process (4.31) in the infinite
dimensional space & (%) over which our original game is defined. To do so, werecall 7, ; =[ay j, @y j1+1)
(see the discussion following (4.15)). For n, N > 1, we now define the following subset of (%) as:

2n_1
Pyn(F) = {‘ue,@(y):‘u(A): Z an?'Nl(AﬂcSﬂn'j) for all A€ B() for some p™V EAN(SH)}. (4.35)
=0

Thus, 2, x() is the collection of all absolutely continuous probability measures on our continuous
strategy set . with step probability density functions, such that the probability in the sub-intervals
{“,j:j=0,1,...2" =1} is identified by some element in Ay(S,,). The multiplicative term 2" in (4.35) is
arising due to the dyadic rational numbers Zf—n we are using for our finite strategy approximations. We
note that as N followed by n is allowed to approach infinity, the set 2, () approaches the subset of
absolutely continuous probability measures in 22 (.).%3

Fix n,N > 1. Another piece of notation that will be useful for us is the mapping f,, v : Ax(S,) —

23The double limit implies first N and then n approaches infinity.
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2, n() such that for all pN € Ay (S,,),

2n—1
Bunlp™N(A):= Z 2"p"NAANS,, ), forall A€ B(). (4.36)
Jj=0

In words, 3, y maps a genetic probability vector pV € Ay (S,) in the LPFSD game into an absolutely
continuous step-probability measure 8, y(p™") on % such that the probability density of f,, x(p""")
in each sub-interval %, ; is constant and is subject to the restriction that /3n nip™N ()= p;.’ for all
j=0,1,...,2"—1. Thus, in order to embed the direct exponential stochastic process (X;;:év )z>1 defined by
(4.31) into 2 (), we consider the new process f3,,, N(XZ:?’ ). Since (XZ:?’ )e=1 SAN(S,) C A(S,), we have by
(4.36) that (ﬂn' N(XZ;?’ )es1 € P, N (). The fact that /3,1 n is a measurable map, implies that the process
(B, N(XZ:Q’ ))z>1 is measurable.

We can now state the counterpart of Proposition 10 for our continuous strategy potential game 7.
Recall from Definition 19 that the LPFSD %" has 2" strategies and approximates 7 as n — 00. Hence, we
need to extend the conclusion of Proposition 10 by taking n — co. We require some additional notation.
For n,N > 1, let EZ“N denote the measure on 9_7’,,, ~(7) obtained via the push-forward of the measure
,uZ'N on A(S,) by the map f3,, y defined by (4.36). We also need the continuous strategy counterpart
of (4.32). Hence, for n > 0, we define the continuous strategy entropy adjusted potential function as a
mapping ¢, : ?(¥)— RuU{—oo} as

wu)—n f o Uxlogu,dx if u admits a probability density function

MIES (4.37)

—00 otherwise.

In the above definition of entropy adjusted potential function, with an abuse of notation, we denote the
density of a probability measure u at x by u,. Also recall the notation Ah(u) from (4.33). The following
theorem then characterizes the limiting distribution of a direct exponential stochastic process in our
continuous strategy potential game. In this theorem, which is the first of our two main results, we keep

the perturbation factor > 0 fixed. In the second theorem, we will also take n — 0.

Theorem 8 Suppose that the population game n: 2 () —L°°(Y) is a potential game with potential
function ¢ as defined in Definition 17. Let(XZ"éV )e>1 be the direct exponential clever stochastic process
(4.31) induced by the FPFSD game @;I"N . Suppose that EZ'N denotes the stationary distribution of the

embedded clever stochastic process (3 n()q:év ))e>1- Then, for a fixedn >0,

lim lim sup ‘%logEZ’N(ﬂ”’N)—Agon(,a”'N) =0. (4.38)

nmee N_)OOﬂn’NE'@n,N(y)
Proof 15 See Appendix C.5.

The conclusion of this theorem holds for our continuous strategy game 7. This is because although

the direct exponential stochastic process (4.31) is defined on the FPFSD game, that game converges to
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7 under the double limit lim,,_,, limy_,+o. Essentially, we translate the stationary distribution ,uZ’N in
Proposition 10 to the new stationary distribution EZ’N in Theorem 8 through the push—forward j . ,uZ'N
and apply this stationary distribution to 7 by taking the double limit. Hence, the main implication of this
theorem is that at this double limit, the stationary distribution EZ’N of the embedded clever stochastic
process (;, (XZ:?’ )):>1 puts all its mass on the global maximizer of the entropy adjusted potential function
¢, defined by (4.37) in our original continuous strategy potential game 7.

To understand how we obtain this conclusion, it would be useful to apply a similar manipulation as

in (4.34) and express (4.38) equivalently as

=N (@) exp [n_lN(Agon(ﬂ”’N )+ Ep (@ ))] uniformly in &, y(%) (4.39)
for sufficiently large n, N. Here &, y denotes a term which converges uniformly in &, () to 0 as
N followed by n approaches infinity. Recall from (4.33) that Agpn(,a”'N ) <0 with equality only at the
global maximizer of ¢, in 2, n(&). Hence, as N — 00, exp(n_lNAgan(ﬂ”'N)) — 0 except at the global
maximizer. Once we take the second limit n — 0o, the global maximizer on %, y(.%) will approach
the global maximizer on 22(.) under the total variation topology.?* In proving the result, we use the
large population step approximation (LPSA) game ¢” (Definition 18) and its potential function defined
in (4.27). As N — o0, the FPFSD game @g'N approximates the LPFSD game 2. We already have the
conclusion from Proposition 10 for the LPFSD game. By reversing the process through which we went
from Definition 18 to Definition 19, we generate the LPSA game from the LPFSD game. We then apply
the conclusion of Proposition 10 to the potential function (4.27) of the LPSA game. This is where the
constructions in (4.35) and (4.36) become useful. Then, by taking n — oo, we obtain our original game
7 from the LPSA thereby giving us the conclusion of Theorem 8. Of course, this heuristic explanation
conceals multiple technical complications which we address in the proof.

Like Proposition 10, Theorem 8 is also an equilibrium selection result but for the actual continuous
strategy potential game 7. In such games, all maximizers of entropy adjusted potential function ¢, (1)
are perturbed Nash equilibria (Lahkar and Riedel (2015)). Theorem 8 implies that among all such
perturbed equilibria, the stationary distribution of the direct exponential stochastic process uniquely
selects the global maximizer of ¢, (u). This is once again in the sense that in the long run, as 7 — ©o, the
stochastic process spends nearly all the time at this global maximizer regardless of the initial state.

However, Theorem 8 is an equilibrium selection result on the set of perturbed Nash equilibria. Our
objective is to obtain such a result on the set of Nash equilibria of 7. It is again well-known thatin a
continuous strategy potential game like 77, every maximizer of the potential function ¢ (see Definition
17) is a Nash equilibrium (Cheung and Lahkar (2018)). Therefore, a result like Theorem 8 will suffice
for us if we can establish that our stochastic evolutionary process converges globally to one of those

maximizers of the potential function. That would require us to extend Theorem 8 by taking the additional

24Recall that as N followed by 7 is allowed to approach infinity, the space 2, x (%) approaches the subset of absolutely
continuous probability measures in (%) under the variational norm. That suffices for our purpose as any maximizer of
(¢, must be absolutely continuous by the very definition of entropy adjusted potential function in (4.32). Hence, the global
maximizer of ¢, on the set of absolutely continuous probability measures will also be the global maximizer on 2 ().
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limit ) | 0. Notice from (4.37) that as 1 | 0, the entropy adjusted potential function converges to the true
potential function. Therefore, it would be natural to expect that the global maximizer of the entropy
adjusted potential would also converge to the global maximizer of the true potential. We state the result
formally as follows.

Theorem 9 Suppose that the population game n: () —L°°(Y) is a potential game with potential
function ¢ as defined in Definition 17. For perturbation parametern >0 andn,N > 1, let(Xf)"éV )e>1 be
the direct exponential clever stochastic process (4.31) induced by the FPFSD game 9 7’T”N . Suppose that
EZ'N denotes the stationary distribution of the embedded clever stochastic process (f n(X;’kN Ni>1. Then
the following statement holds true:

N1 g=nN

lim lim lim su —log= 72" NY—2nnlog2—Ap(a™N)|=o0. (4.40)
”lO”H“N*“ﬂnwe@me”10g2N 8=, (77 )—2nnlog2—Ap(p™)

Proof 16 See Appendix C.6.

As with Theorem 8, it will be useful to express (4.40) equivalently as

Ap(p™N)

nlog? +gn.N,n(ﬂ”'N))]’ uniformlyingﬁn,N(y’). (4.41)

EZ'N(,H”'N) N exp[n_lanogZ(
Here &, x , denotes a term which converges uniformly in 2, n(F)to 0 as N followed by n approaches
infinity finally followed by n approaching 0. Again, as in Theorem 8, once we take the double limit
lim,,_,o0 limy o0, the FPFSD game 2" begins to resemble our original game 7. When we take the
additional limit n | 0, we can apply Theorem 9 to the actual potential function ¢ of 7, as can be seen
from the Ay term in (4.40). By (4.33), Ap(a™") < 0 with equality only at the global maximizer of ¢
in 2, (). Hence, ET’;'N(Q”’N) ~exp(n ! NAp(a™V))— 0 as N — oo at all points except the global
maximizer on 2, y(.%). The entire mass of this stationary distribution then becomes concentrated on
the global maximizer of ¢ on 2, ().

But how does the global maximizer of ¢ on &, y() relate to the global maximizer on our original
state space &2 (%), which is our real object of interest. Recall that as N followed by n approaches infinity,
2, n(F) approaches not 2 () but the subset of absolutely continuous probability measures under
the variational norm. Also recall all maximizers of ¢ on & (%) are Nash equilibria. Therefore, if the
global maximizer of ¢ on & (<) is a Nash equilibrium with a density function, then we are done. By
Theorem 9, the stationary distribution EZ’N would indeed put all its mass on the global maximizer of ¢
on Z(<). But the potential maximizing Nash equilibrium may not have a density function. This would
be the case with a pure or monomorphic equilibrium. An argument like footnote 24 will then not work.
Instead, we need to argue that the set of absolutely continuous step probability measures is dense in
2(S). Hence, 9}_',1, ~(&) approaches 22 () but under the weak topology. Therefore, in that case, the
global maximizer of ¢ on 2, y(%) would approximate arbitrarily well the global maximizer on 2 (%)
under the weak topology.

Theorem 9 is our main equilibrium selection result for the potential game 7. Once we take the triple
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limit in (4.40), the stationary distribution of the direct exponential stochastic process (4.31) will put all
its mass on or near the Nash equilibrium that globally maximizes the potential function ¢ of 7. This
conclusion holds irrespective of the initial state of the process. But this selection holds only in the long
run. Thus, as T — 00, the proportion of time the stochastic process spends on the globally potential

maximizing Nash equilibrium goes to 1.

4.6 Discussion and Conclusion

We now apply our results in Section 4.5 to the examples we had discussed in Section 4.3. Both Examples
6 and 7 are continuous strategy potential games. Thus, Example 6 is an aggregative potential game
with potential function (4.10) while Example 7 is a doubly symmetric game with potential function
is %ﬁ(,u), where 7(u) is the aggregate payoff of the game. We had noted in Section 4.3 that both these
examples have multiple Nash equilibria. Further all those Nash equilibria that are maximizers, local or
global, are locally stable under deterministic evolutionary dynamics in the medium run. Therefore, one
question we had raised in Section 4.3 was whether stochastic evolutionary analysis can provide an exact
equilibrium selection result in continuous strategy potential games. Theorem 9 provides the answer in
the affirmative. It shows that the direct exponential stochastic process (4.31) will converge globally to
the Nash equilibrium that is the global maximizer of the respective potential functions in both these
examples.

Our second question in Section 4.3 was whether exact equilibrium selection also implies selection
of the Pareto optimal Nash equilibrium. We address this question for Example 6 first. It turns out that
the answer is not necessarily so and it follows from Propositions 7 and 8. Part 3 of Proposition 7 shows
that in any aggregative potential game as discussed in Example 6, the Pareto optimal Nash equilibrium
is 07. But Part 2 of Proposition 8 shows that 0, is not always the globally potential maximizing Nash
equilibrium. Only if a* < % is 0, also globally potential maximizing. In contrast, if a* > %, it is the Pareto
inferior Nash equilibrium 6, that maximizes the potential function globally. Since stochastic evolution
selects the Nash equilibrium that is the global maximizer of the potential function, it follows that exact
equilibrium selection in Example 6 implies selection of the Pareto optimal equilibrium only if a* < %

But a* is also the aggregate strategy level of one of the three Nash equilibria of Example 6 (part 1
of Proposition 7). For convenience, we refer to a* as the “interior equilibrium” as it lies in (0, 1) and is,
hence, in the interior of .. Figure 4.1 illustrates this equilibrium as the middle intersection of BR(a)
and a. We can provide some intuition for why this interior equilibrium plays a role in the selection of
the Pareto optimal Nash equilibrium by considering random matching in a two—player symmetric game
with two strategies, 1 and 2. Let z be the proportion of players playing strategy 1 so that 1—z is the
proportion of players using strategy 2. Further, suppose the game has three Nash equilibria, z=0, z=1

and z=2z*<(0,1). One such game is the stag-hunt game an example of which is

3 0
, (4.42)
22
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This matrix depicts the payoffs of the row player. The payoff of strategy 1 is 3z while that of strategy 2 is
2z+2(1—2z)=2. Hence, it is easily verified that z* = %

Consider now the best response revision protocol in this stag-hunt game. It is easily verified that
under such a protocol, (0, z*) is the basin of attraction of the z =0 equilibrium while (z*,1) is the basin of
attraction of the z =1 equilibrium.?® Stochastic evolutionary processes like best response with mutation
selects the Nash equilibrium with the larger basin of attraction in two-strategy symmetric games like
(4.42) (Kandori et al. (1993), Young (1993)). Intuitively, if z* > %, then z =0 would have a bigger basin of
attraction. Hence, best response with mutation would select z =0 as it would require a larger number of
mutations to escape that equilibrium than z =1. It, therefore, becomes easier for process to escape z =1
due to which, its stationary distribution puts zero weight on that Nash equilibrium. In two-strategy
games like (4.42), an equilibrium with the larger basin of attraction is also the risk dominant equilibrium.

A similar insight applies to Example 6 as well but at the level of the aggregate strategy. Even though
there is a continuum of strategies, there are only three levels of aggregate strategy that are relevant
for equilibrium selection. They are 0, 1 and the “interior equilibrium” a* = ﬁ. This is akin to the
three Nash equilibria in the two-strategy symmetric game (4.42). Consider now Figure 4.1 and the
two intervals (0,a*) and (a*,1). We interpret these two intervals as the basins of attraction of the two
equilibrium levels of aggregate strategy 0 and 1 respectively under the best response protocol. Suppose
the present population state is u such that the aggregate strategy is A(u)= . The best response protocol
would require all agents to respond to u with the best response BR(a) defined in (4.11). Figure 4.1
shows that if @ > a*, BR(a)> a so that if agents follow the best response protocol, the aggregate strategy
level would be pushed higher towards 1. Conversely, if a < a*, BR(a) < a so that the best response
protocol would further reduce a towards 0. Thus, (0,a*) and (@*, 1) are the basins of attraction of 0 and 1
respectively.

A direct exponential protocol like the logit protocol (4.29) may be seen as a perturbation of the best
response protocol. Agents put nearly the entire weight on the best response. Due to best response, there
is a natural tendency to move towards the two equilibrium levels of @ =0 or ¢ =1. But the irreducible
nature of the process causes the system to keep escaping these two equilibria. Following the intuition
of the two—strategy game (4.42), we can then argue that it is more difficult for the stochastic process to
escape the equilibrium with the larger basin of attraction. If o* > %, that equilibrium is ¢ =0 and, hence,
stochastic evolution would select @ =0. This is the case in the left panel of Figure 4.1 where b_dw =:>32
On the other hand, if a* < 3, then stochastic evolution would select @ = 1. The right panel of Figure 4.1
where ﬁ = £ < 5 illustrates this case.

But as noted earlier, this is the exact conclusion we obtain from the analysis of the potential function.
Therefore, we now have an intuitive understanding of when our model of stochastic evolution selects
the Pareto optimal Nash equilibrium &, in Example 6. It does when that equilibrium has the larger basin
of attraction under the best response protocol at the level of the aggregate strategy. This condition, in

turn, is satisfied when the aggregate strategy level at the interior equilibrium, a* < %.26

25This is because if z € (0, z*), then the best response to z is 0 whereas if z €(z*,1), then the best response is 1.

26In the non-generic case when a* = %, the stationary distribution will put an equal weight of % on both 0 and 1.
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We now consider the same question for the doubly symmetric game in Example 7. Thus, we ask
whether in this game, our stochastic evolutionary model will select the Pareto optimal equilibrium.
Here, the answer is a definite yes and it follows from the last paragraph of Section 4.3. The global
maximizer of the potential function %ﬁ(,u) is not just a Nash equilibrium, it is the Pareto optimal state in
the game. Therefore, in a doubly symmetric game, the selection of the globally potential maximizing
Nash equilibrium by stochastic evolution always implies selection of the Pareto optimal equilibrium.

The overall insight we receive is, therefore, mixed. In certain continuous strategy potential games
like doubly symmetric games, the direct exponential stochastic process uniquely selects the Pareto
optimal Nash equilibrium in the long run. But in other games like aggregative potential games, that
may not happen. Therefore, stochastic evolution may well lead to the selection of the Pareto inferior
Nash equilibrium in the long run.

We conclude with a few remarks on related research questions for the future. One criticism of
stochastic evolutionary models is that the waiting time required for the exact equilibrium selection
result to be realized can be astronomically long. This is particularly so when the population size is
reasonably large and the noise parameter is reasonably low.>’ The intuition behind this argument is
that a large number of agents have to simultaneously play a non-best response in order to escape the
basin of attraction of a Nash equilibrium. The likelihood of that happening diminishes exponentially
as the population size grows and the noise parameter, which measures the probability of playing a
non-best response, becomes small. In view of this complication, the applicability of stochastic evolution
to problems of social or economic interest may be limited. Instead, it is the medium run deterministic
evolutionary methods that is more appropriate for such applications, even if such methods require us
to sacrifice the possibility of exact equilibrium selection. One way to resolve this dilemma is to retain
stochastic evolution but assume agents interact with their neighbors in a network instead of the whole
population. Existing results on finite strategy stochastic models with such local interaction show that
waiting times for equilibrium selection can go down significantly (Ellison (1993)). It would be of interest
to see whether similar results can also be obtained with local interaction in a continuous strategy games.

Another research question would be to extend the present results to other strategy revision protocols.
Apart from direct exponential protocols, Sandholm (2010) also considers stochastic evolution under
imitative exponential revision protocols and establishes equilibrium selection results in finite strategy
potential games under such protocols.?® The main difference is that in direct exponential protocols,
players choose a strategy on the basis of the payoffs of different strategies while in imitative exponential
protocols, an agent imitates the strategy of a randomly chosen opponent. Our conjecture is that the
approximation approach of the present paper can also be applied to such imitative exponential protocols.

Details of the analysis would, of course, vary and we leave that as a future exercise.

27See Section 11.3.2 in Sandholm (2010) for a discussion of this issue.
28See Theorem 11.5.13 in Sandholm (2010).
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CHAPTER

5

REGULARIZED BAYESIAN BEST RESPONSE
LEARNING IN FINITE GAMES

5.1 Introduction

5.1.1 Background and Motivation of the problem

Evolutionary game theory is primarily concerned with the behavior of large populations of strategically
interacting players. In such games, an evolutionary dynamic governs the behavior of the population
dynamically as a function of (discrete or continuous) time. The standard literature typically assumes that
the players in the underlying population are homogeneous, that is, are of the same type (Hofbauer and
Sandholm (2002), Hofbauer and Sandholm (2007), Sandholm (2010)). Such homogeneity is sometimes
referred to as anonymity in the game theoretic literature. However, in real-life situations, the population
can be heterogeneous in nature, consisting of players with diverse preferences/utilities. For instance,
depending on the infrastructure, labor force, and resource contracts, different players participating in
a Cournot competition may have different payoff functions. Similarly, in a prisoner’s dilemma game,
different individuals may incur different costs for the same number of years of imprisonment due
to factors such as age, health, and socioeconomic status. In view of this, we attempt to generalize
evolutionary games to accommodate heterogeneity in the population. We call such games Bayesian
population games.

Best response is one of the most standard behavioral protocols considered for homogeneous pop-
ulation evolutionary games. However, the multiplicity of the best response map makes it difficult to
analyze the evolutionary dynamic (Gilboa and Matsui (1991), Hofbauer (1995)). To circumvent the
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problem, several authors have considered the uniquely defined perturbed (smoothed) version of the
best response. Extrapolating this idea, we introduce the notion of perturbed Bayesian best response for
heterogeneous population games, which we call regularized Bayesian best response (RBBR) dynamic.
In RBBR, the expected payoff of a sub-population (consisting of players of a particular type) is perturbed
by a regularizer (for eg. an entropy function), and the sub-population best responds to this perturbed
expected payoff.

Regularized best response dynamics are one of the most important classes of dynamics in the
literature of evolutionary game theory. The logit dynamic (Fudenberg and Levine (1998)) is a standard
example of such an evolutionary dynamic for homogeneous population games. In this dynamic, the
expected payoff at a population state is regularized by perturbing via the well-known Shannon-Gibbs
entropy. In practice, however, the structure of the perturbation may be unknown (Coucheney et al.
(2015), Lahkar et al. (2022b)). To the best of our knowledge, regularized best response have been studied
primarily in the context of homogeneous population games. This paper is an attempt to extend the
notion of perturbed best response dynamics to the class of heterogeneous (Bayesian) games. (see Section
5.2.2 for some examples of such games). To model such a situation for heterogeneous population games,
instead of assuming a particular form of the perturbation function, RBBR learning dynamic is generated
via perturbation by an arbitrary lower semicontinuous and strongly convex function. Examples of such
regularizers include the Tsallis entropy and the Burg entropy, which have appeared in the literature of
deterministically perturbed best response dynamics (Hofbauer and Sandholm (2002)), stochastically
perturbed best response dynamics (Hofbauer and Sandholm (2007)), as well as in the context of online
non-convex optimization problems (Héliou et al. (2020)).

The brief heuristics of our model is borrowed from Ely and Sandholm (2005). We consider a pop-
ulation where the players are distributed over a complete separable metric space consisting of types,
equipped with a pre-specified probability distribution. We call such a probability space the type space
of the population. The state space of the RBBR learning dynamic is the space of Bayesian strategies
defined as the measurable maps from the type space to the collection of all probability distributions
over the strategies. To define the RBBR dynamic, we extend Bayesian strategies to integrable signed
Bayesian strategies defined as the measurable maps from the type space into R”, and consider the
normed linear space of these strategies. Such an extension is necessary so that the learning dynamic
lives in an underlying vector space. Following Ely and Sandholm (2005), we equip the space of integrable
signed Bayesian strategies with the strong norm, which turns it into a Banach space (Diestel and Uhl Jr
(1978)). We define the RBBR dynamic as the instantaneous change in the population state occurred
due to its regularized Bayesian best response (to the current state). More formally, the RBBR dynamic
is defined as the difference between the regularized Bayesian best response to the current population
state and the current population state. Since the difference between two Bayesian strategies is a signed
Bayesian strategy, we require the RBBR to be defined on the extended space of signed Bayesian strategies.
In this paper, we study several important properties of the RBBR dynamic, which we explain in detail in

the next section.
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5.1.2 OQur contribution

An overview of our results is as follows. First, we establish the existence of rest points of the RBBR
learning dynamic. These rest points are fixed points of the regularized Bayesian best response map and
which we call regularized Bayesian equilibria. Next, we show that these regularized equilibria act as
approximations to the Bayesian equilibria of the original game for vanishingly small regularizations.
This approximation result is non-trivial and requires one of the two conditions, namely Condition
C1 or Condition C2, on the regularizers apart from strong convexity. Condition C1 ensures that the
population concentrates on the strategies that provide maximum payoff as the regularization vanishes,
and Condition C2 requires the regularizer to satisfy some mild continuity conditions in the sense that
small changes in the population state can only lead to a small changes in the value of the regularizer.
We show that the Shannon-Gibbs entropy satisfies Condition C1, whereas, the Tsallis and Burg entropy
satisfy Condition C2 (See Appendix D.7).

Next, we prove the existence of a unique continuous solution trajectory to the RBBR dynamic. We
further show that the solutions to the RBBR dynamic are continuous with respect to the initial states
(that is, if we start from two initial states that are very close, then the respective solutions to the RBBR
dynamic will also be close enough).

Finally, we introduce the notions of Bayesian potential and Bayesian negative semidefinite games and
provide results related to the convergence of the RBBR dynamic to the regularized Bayesian equilibrium
for such games. The Bayesian potential games are heterogeneous population extensions of standard
homogeneous potential games. The notion of such games have been studied very recently by Zusai
(2023) in the context of mean-field revision protocols. To the best of our knowledge, our paper is the
first to consider the heterogeneous version of negative semidefinite games.!

We provide a brief discussion on the technical challenges in deriving our results. Unlike evolutionary
games with finitely many strategies where the state space of the underlying dynamic is finite dimensional,
the space of Bayesian strategies on which the RBBR learning dynamic is defined is an infinite dimensional
Banach space. As a result, the RBBR dynamic is a non trivial extension of the existing results on
homogeneous population games with finitely many strategies. In particular, the choice of topology
on the state space plays an important role in deriving the results. For example, the weak topology on
the space of integrable signed Bayesian strategies turns out to be the appropriate topology to establish
results related to the existence of regularized Bayesian equilibrium. Whereas, the strong topology
(induced by the strong norm) is necessary to show the existence of solution trajectories to the RBBR
learning dynamic. Establishing convergence results for Bayesian potential and Bayesian negative
semidefinite games requires a further exercise of characterizing (strong) norm compact and forward
invariant subsets of the space of signed Bayesian strategies. This is subsequently used for constructing a
suitable Lyapunov function so as to apply relevant results from the theory of dynamical systems (Bhatia
and Szeg6 (2006)) for proving convergence results related to Bayesian potential and Bayesian negative

semidefinite games.

1See Monderer and Shapley (1996), Cheung (2014), Lahkar and Riedel (2015), and Lahkar et al. (2022b) for a complete
exposition of homogeneous population potential and negative semidefinite games.
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5.1.3 Literature review

Evolution in heterogeneous (Bayesian) games has not been explored much in the literature of evolution-
ary game theory. The theory was first introduced by Ely and Sandholm (2005) to study the Bayesian
best response dynamic when players have diverse preferences. The authors, instead of considering
regularization of the Bayesian best response, provided sufficient conditions under which the Bayesian
best response correspondence is unique (single-valued). In another result, they show the equilibrium
behavior and the stability of the Bayesian best response dynamic can be fully characterized by the
equilibrium behavior and the stability of the aggregation dynamic. The aggregation dynamic is obtained
by taking the expectation of Bayesian strategies over types.

Later, Sandholm et al. (2007) studies the evolutionary stability of purified equilibria of two-player
normal form games under the Bayesian best response dynamic. Staudigl (2013) considers a Bayesian
model for network evolution where players have diverse preferences and provides a closed-form ex-
pression for the invariant distribution of the underlying co-evolutionary process for potential games.
Very recently in Zusai (2023), the evolutionary dynamics in heterogeneous populations is obtained via a
mean dynamic based on revision protocol functions. Under some regularity conditions on the revision
protocol function, they show that the evolutionary dynamic admits a unique solution trajectory. They
further establish the equilibrium stability in heterogeneous potential games.

Our approach is different from Zusai (2023) as we generate the best response evolutionary dynamic
via regularization of the expected payoff of the population. We do this mainly due to two major reasons.
Firstly, a vast amount of literature in evolutionary game theory is devoted specifically to studying the
perturbed best response learning (Fudenberg and Kreps (1993), Kaniovski and Young (1995), Benaim
and Hirsch (1999), Lahkar et al. (2022b)), and secondly, to address questions related to the existence
and approximation of regularized equilibria, and convergence of RBBR dynamic in certain classes of

games, namely Bayesian potential and Bayesian negative semidefinite games.

5.1.4 Organization of our paper

The paper is organized as follows. Section 6.2 contains the preliminaries of the model. In Section 5.3, we
firstintroduce the notion of a regularizer, followed by the definition of regularized Bayesian best response
function, and the associated RBBR learning dynamic. We then establish the existence of rest points of
the RBBR learning dynamic, in particular, the existence of regularized Bayesian equilibrium followed by
approximation results concerning regularized Bayesian equilibria. In Section 5.4, we establish some
fundamental properties of the RBBR learning dynamic subject to some conditions on the type space. As
applications of these results, we prove convergence results pertaining to Bayesian potential games and

Bayesian negative semidefinite games in Section 5.5 and Section 5.6, respectively.
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5.2 Preliminaries

5.2.1 Basic notations

For n>1, let R" denote the n-dimensional Euclidean space endowed with its Borel sigma algebra 43,,.
Let (22, d) be a complete separable metric space equipped with its Borel sigma algebra %, and a Borel
probability measure &. Let S:={1,..., n} and denote by A be the collection of all probability distributions
on S, identified by the simplex A :={x=(x3,...,x,)€[0,1]" : x; +---+ x,, = 1}. We use the notations A°
and J A to denote the relative interior and boundary of A, respectively. Let 6,(A) be the collection of

all continuous maps from A into R” endowed with the topology of uniform convergence.?

5.2.2 Model

Consider a large population of heterogeneous players whose mass is normalized to unity. By a het-
erogeneous population, we mean that the players are of different types. We assume that the players
are distributed over Q2 according to the given probability measure £. The probability measure & thus
accounts for the degree of heterogeneity within the population. We call the probability space (€,&)
the type space, and the probability measure &, the type measure of the population. The set S denotes
the strategy space of the players in the population. In homogeneous population games, a probability
distribution x € A denotes the social state/aggregate behavior of the population. When we say that the
aggregate behavior of the population is x, we mean that x; proportion of players in the population are
exercising strategy j € S. However, for heterogeneous populations, we consider a refined version of
aggregate behavior called a Bayesian strategy.®

A Bayesian strategyis a £ -measurable mapping o :Q2— A, where o (w) denotes the belief (distribution)
induced by the players of type w over the strategy space S.* Loosely speaking, a Bayesian strategy can be
viewed as a random vector defined on the type space (£, &), taking values in the simplex A. We say that
two Bayesian strategies o and p are equivalent and write o ~ p if o(w)=p(w), for £-a.e w € Q. Thus,
with an abuse of notation, we denote the equivalence classes of all Bayesian strategies by X itself. We
conclude this section with the definition of Bayesian population games followed by some examples on
Bayesian population games. As we shall observe later, Bayesian population games are extensions of

homogeneous population games to heterogeneous populations.

Definition 21 A Bayesian population game is a map 9 : ¥ xQ— R”" such that for every o €%, the

mapping
w—Yo,w) is Bg/ B, measurable.’

The definition of Bayesian population games has the following interpretation. For a Bayesian strategy

o €%, Y(o,w) denotes the payoff vector of the players in the population of type w € Q2. More precisely, if

2Suppose (fin)mz1,f € €n(A). Then f,, — f uniformly iff || £, — fllco :=SUP yep Il fin (X)— f(x)]| — 0 as m — oo.

3The notion of a Bayesian strategy was first introduced in the context of evolutionary games by Ely and Sandholm (2005).
4See Appendix D.1, Definition 50.

SHere %q/ %, measurable refers to measurability of Y(o,)seenas a map from (Q, Bq) into (Z", B,,).
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the population is playing Bayesian strategy o, then a player of type w exercising strategy i receives a
payoff ¥‘(o,w). Zusai (2023) calls such a game a heterogeneous population game. The following is a
special example of a Bayesian population game, where the space of types (2 are identified by the payoff
functions (population games) which the players in the population use to calculate their payoff. We call
such a game, a Bayesian aggregative population game. Such games have been considered earlier in Ely
and Sandholm (2005). We clarify that our definition of a Bayesian population game has a more general
structure and all our results in the subsequent sections of the paper hold true for Bayesian populations
games with the general set-up.

Example 8 (Bayesian aggregative population games, Ely and Sandholm (2005)) In Bayesian aggrega-
tive population games, the type space of the agents in the population is the collection of continuous maps
from A to R". Mathematically, we have (2,dq) :=(6,(A),||'lloc), Where ||||lco denotes the sup-norm
metric, and is defined as || — ©|| oo :=SUP e p l|(x)—D(x)|| for all w,® €. Since A is compact, we have
that 6,(A), and thus, Q) is a complete and separable metric space. Let & be a probability measure on ().
Note that from the standard theory of evolutionary games, the elements of Q) are population games. The
expectation operator is a mapping & : ¥ — A such that for everyo €%,

&(o) ::f ol(w)(dw), forallieS.b
Q

Thus, given o €%, §(0) denotes the aggregate belief of the population over the strategies with respect
to the probability measure £. Following Ely and Sandholm (2005), we define the Bayesian aggregative
population game as a mapping 4 : > xQ—R" such that for every o €%,

Y(o,w):=w(8(0)), forallwe.

The definition of Bayesian aggregative population game has the following interpretation. Given a Bayesian
strategy o, w'(8(c)) denotes the payoff to a player of type w € Q) exercising strategy i €S at aggregate
population state §(c). Thus, the payoff to a player of type w exercising strategy i depends only on the
aggregate belief &(0) over the strategies. Note that % above is well-defined since for every o €%, the
mapping w — w(&(0)) is continuous, and hence measurable.

Example 9 (Asymmetric War of Attrition Game) The (symmetric) war of attrition game is a model to
mathematically analyze conflicts between different species of the animal population. It was first intro-
duced from a biological perspective by Maynard Smith (1982). In such a game, two animals (players)
are engaged in competition for an indivisible resource. A player’s strategy is to decide whether to dispute
(exit) given that the other player is still involved in the conflict. The player who persists longer is the
winner of the game. For such games, evolutionary stable strategies (ESS) were introduced and examined
by Maynard Smith (1982). The concept of a "generalized war of attrition game" with a general payoff

structure was later presented by Bishop and Cannings (1978), who also obtained mixed evolutionary

6Since the Bayesian strategies take values in the compact set A, the expectation operator & is well-defined.
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stable strategies for such games. However, the nature of the war of attrition game can be asymmetric
(heterogeneous) in real-world situations. Such asymmetry within the population is denoted by Hammer-
stein and Parker (1982) as ‘roles’ and ‘situations, respectively. We refer to such heterogeneity as ‘types’ in
this paper. As a result, the roles and situations (and thus, the types) in which the game is being played
determine the value and cost of the resources.

Suppose that a player with type w encounters a player with type &. Then the value and cost of the
game corresponding to this environment are V(w, ®) and C(w, @), respectively. As a result, the payoff to
the player of type w persisting time i against the player of type & persisting time j is given by the following
payoff function:

V(iw,&)—jClw,») ifi>j
m(w,@)={ Y29 _ic(w,@) ifi=j
—iC(w,®) ifi<j.
Thus, if we consider the random matching version of 7 in the Bayesian setup, we have the following
asymmetric war of attrition game 94 : > xQ— R" such that for allo €Y. and all w €1,

cg"(a,w):ZJ ' (w,®)0 (®)E(d®) forallies.
j=1Ja

Example 10 (Additively Separable Anonymous Game) Another example of a Bayesian population game
that can be found in the literature on discrete choice models (Anderson et al. (1992)) is the additively
separable anonymous game, or ASAG (Zusai (2023), Pg. 1221, Example 1). An additive idiosyncratic shock
that solely depends on the type of player introduces heterogeneity in the payoffin this class of games. There
is an additive relationship between the Bayesian strategy of the population and the type of the player.

To illustrate the game mathematically, let us suppose that the type space ) of the population isR".
More formally, a player of type w exercising strategy i induces an idiosyncratic shock w' to the payoff of
the game. Let m: A —R" be a given homogeneous population game. Thus, an ASAG 9 :ZxQ—R" is
defined as follows: for a Bayesian strategy o € ¥, and a type w €R", the payoff is given by

G'(o,w):=n'(&0))+w' forallies,

where &(0) denotes the expectation of the Bayesian strategy 6. The payoff at a Bayesian strategy o and
a type w in an additively separable anonymous game comprises of a common payoff (homogeneous
component) and a type dependent idiosyncratic shock (heterogeneous component). As a result, the overall

payoff function of the population is heterogeneous.

Example 11 (Incomplete Information Game) According to Zusai (2023), Pg. 1221, Example 2, an in-
complete information game is also an example of a Bayesian population game. Formally, let us consider
a finite set of signals©® ={6,,...,0;}. Let u be a common prior belief on ©. Let () represent the type space
of the population. Given a signal 6; € ©, we denote the conditional distribution over S by ¥(+|0;). The
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posterior belief on © can therefore be obtained by using the Bayes’ updation rule via the following relation:
u(0jlw)oc N(w|0;)x u(0;) for j=1,...,k. (5.1)

Furthermore, let 9, : X xQ—R" be the Bayesian population game corresponding to signal 0;€0,
with respect to the posterior belief on © in (6.3) defines the Bayesian game for the population. Thus,
mathematically, we define the Bayesian population game as a map 4 : ¥ xQ—R" such that

k
Y(o,w) :=Z‘§9j(a,w)u(9j|w) foralloeX and we.
=1

5.3 Regularization of Bayesian best response

In this section we seek to introduce the notion of regularized Bayesian best response learning dynamic.
This, in turn, requires us to define the notion of a Bayesian best response map. It is an extension of best
response maps to the context of Bayesian (heterogeneous) population games. For a Bayesian strategy
o €Y, the expected payoff to a player of type w against an aggregate population state (aggregate belief)
y<€ A is given by (y,%(0,w)), where (-,-) denotes the usual inner product on R”. Quite naturally, the

Bayesian best response correspondence is a mapping 3 : X — ¥ such that for all o €%,

Blol(w):= argman(y,%(a,a))) for all w €. (5.2)
ye

Note that from the definition of Bayesian population games, ¥(o, w) denotes the payoff vector a
player of type w faces at Bayesian strategy o. Thus, the best response to a player of type w at Bayesian
strategy o is any probability distribution y on S which maximizes the expected payoff (y, ¥4(o, w)).

A Bayesian strategy 0° € X is said to be a Bayesian equilibrium of the game ¥ if o° € (0 °). In terms
of the game ¥, the above condition can equivalently be expressed in the following way: o° is a Bayesian
equilibrium if for £-a.e w €,

U‘;.(o))>0 = Yi(0°,w)>¥%;(0° w), forallies. (5.3)

In principle, the above condition suggests that a Bayesian strategy o° is an equilibrium provided
the following condition holds: if a strategy j € S has positive probability in the induced belief o°(w),
then the payoff vector ¥(o, w) should have a component-wise maximum at strategy j. Thus, strategies
in the support of the induced belief must have maximum payoff. Let BE(%, £) denote the collection of
Bayesian equilibria corresponding to the game %. In order to state the result on existence of Bayesian
equilibrium, we require the notion of an appropriate topology on the space of Bayesian strategies, which
essentially is the weak topology in this case (see Definition 52).

Definition 22 A Bayesian population game ¥ : > xQ—R" is said to be weakly continuous if the mapping

o — Y(0,w) is continuous relative to the weak topology on %, for &-a.e w €.
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Proposition 11 Suppose that the population game 9 is weakly continuous. Then BE(Y,&) is a non-empty

and compact subset of 3.
Proof 17 Follows from Kakutani-Glicksberg-Fan theorem (Aliprantis and Border (2013)).

Suppose now that we fix a type w €2. We then define the game sliced at type « as a mapping
9, X—R" such that ¥,(0):=¥%(0,w) for all o € X. In words, the sliced game determines how payoffs
behave as a function of Bayesian strategies, keeping a type fixed. Thus, we can view the sliced game ¥%,,
as the game corresponding to the underlying sub-population consisting of players of exactly one type
w. We then introduce the w-sliced best response for the game %, as a mapping S, : ¥ — A such that

Po(0):=Pplo](w), foralloeX. (5.4)

We say that a Bayesian strategy o° is an w-sliced Bayesian equilibrium of the w-sliced game ¥,, if
o°(w)e€ B,,(0°). We then have the following characterization result for Bayesian equilibria of the original

game ¥ and the equilibria of the sliced game counterparts ¥,,.

Proposition 12 A Bayesian strategy o° is a Bayesian equilibrium of the game ¥ iff o° is an w-sliced

Bayesian equilibrium of the game ¥9,, for &-a.e w €.
Proof 18 See Appendix D.2.

As the title of the paper suggests, we now shift our focus towards the regularized version of the
Bayesian best response. Recall that the Bayesian best response is a multi-valued mapping, which, under
standard evolutionary dynamics, becomes difficult to analyze. To circumvent this problem, we resort to
aregularized (smoothed) version of the Bayesian best response mapping in a view to obtain a unique
smoothed best response which can then be analyzed using the existing theory of differential equations

and dynamical systems. We begin with the definition of a regularizer.

Definition 23 A mapping v: A —RU{oo} is called a regularizer on A if:

e it is finite except possibly on the relative boundary 0 A of A;
e itis lower semi-continuous on A;

* it is strongly convex on A°, in the sense that there exists y >0 such that for all0< a <1, and all
x,yeA°,

a(l—a)
2

ax+(1—a)y) < av(x)+(1—a)uy)— L lx—y[2.

It is well-known (see Coucheney et al. (2015), Mertikopoulos and Sandholm (2016)) that regular-
ization ensures the existence of a unique best response. We bring to notice that our definition of a
regularizer is weaker as compared to the one used in the references mentioned just prior, in the sense
that regularizers in Coucheney et al. (2015) and Mertikopoulos and Sandholm (2016) are smooth in the

interior A°; whereas in our case, we only require lower semicontinuity on A.
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Definition 24 (Regularized Bayesian best response) Given a noise parameter € > 0, the regularized

Bayesian best response (RBBR) is a mapping 3. : X — X such that for everyo €%,
Belol(w):= argm%x[(y, 9(o,w)—eny)|, forallwen (5.5)
ye

As we mentioned before, the purpose behind defining the regularized version of the Bayesian best
response correspondence is to ensure the existence of a unique maximizer in (5.5), when the expected
payoff is perturbed via the regularizer v, thereby making the study of the evolutionary learning dynamic
amenable to the existing theory of ordinary differential equations and dynamical systems. Suppose
further that the regularizer is steep, in the sense that ||Vv(x,,)|| — oo as x,, — d A. It then follows that
for every o €%, the best response [0 ](w) to type w €2 lies in the relative interior A° (see Rockafellar
(1970), Chapter 26).

Also it worthwhile to mention that the notion of deterministic and stochastically perturbed best
response in homogeneous populations with finitely many strategies has been studied in several occa-
sions such as Benaim and Hirsch (1999), Hofbauer and Sandholm (2002), Hofbauer and Hopkins (2005),
Hofbauer and Sandholm (2007) to name a few. In the recent past, Mertikopoulos and Sandholm (2016)
considers reinforcement learning under regularization. In the context of homogeneous population
games with a continuum of strategies, the study of perturbed best response dynamics has been general-
ized to logit best response in Lahkar and Riedel (2015) and Perkins and Leslie (2014). Very recently, a
general class of perturbed best response dynamics generated via an arbitrary perturbation function
(regularizer in our case) has been considered in Lahkar et al. (2022b). In this paper, we thus focus on
extending the notion of perturbed best response to heterogeneous population games with finitely many
strategies.

5.3.1 Some examples of regularizers

Below we provide some examples of widely used regularizers which have been extensively used in the
literature of evolution and learning in games, both in the context of finite strategy games and infinite
strategy homogeneous population games. They have also been used extensively in reinforcement
learning and online non-convex optimization problems (see Mertikopoulos and Sandholm (2016),
Héliou et al. (2020)). In the case of continuum strategy games, perturbed best response dynamics using

general regularizers have been recently considered in Lahkar et al. (2022b).

Example 12 (The Shannon-Gibbs entropy) The most classic and prototypical example of a regularizer

is the well-known Shannon-Gibbs entropy which is defined as

v4(x) ::Z:xj logx;, forallx€A. (5.6)
JjEes

“The fact that the perturbation function v is strongly convex implies that for every fixed o € %, the mapping y— (y, 4(0, w))—
ev(y) has a unique maximum.
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As is well-known from the literature (see Fudenberg and Levine (1998)), the regularized Bayesian best

response map corresponding to v is such that for everyo €%,

exp(e ' ¥;(0,w))
Y iesexp(e1%i(o, w))

ﬂ:,j[a](w): forallwe, andall j€S. (5.7)
Example 13 (The Tsallis entropy) A well-known generalization of the Shannon-Gibbs entropy is the

so-called Tsallis entropy which is defined as
vx):= (q—qz)_lz(xj—x7), for0<qg<1, forallxe A. (5.8)
jes

Notice that the Shannon-Gibbs entropy can be obtained from the Tsallis entropy by lettingq — 1. It can
be shown (see for example Coucheney et al. (2015), Héliou et al. (2020)) that under perturbation by vy, the

regularized Bayesian best response map takes the following form: for every o €%,

€ ]1/(1—q) 1

» ll GQ, d ll 'GS, 5.9
1=q (0d(0,w)—Y;(0,w))/0-4) forallw€Q, and all j (5.9)

pL [olw)=]
where 0'(0,w)>max;es 9;(0,w) is such that B[o|(w) is a valid probability distribution on S for every

o €Y. and for every w €.

Example 14 (The log-barrier entropy) Another important example of a regularizer is the logarithmic
barrier entropy, which is sometimes also called the Burg entropy (see Hofbauer and Sandholm (2002))
and is defined as
vb(x)::—ZIngj, forallxe A. (5.10)
J€S
In case of log-barrier regularization, the closed form expression of the regularized Bayesian best response

map is such that for every o €%,

b € .
Jo](w):= , forallweQ, andall j€S, 5.11
B iy j (5.11)

where 06”(0, w)>maxjcs ¥;(0,w) is such that ﬁeb[a](co) is a valid probability distribution on S for every

o €X and for every w € (see Héliou et al. (2020) for the continuum strategy counterpart).

Before moving ahead with the notion of regularized Bayesian best response, it is necessary to ensure
that f. is well-defined in the sense that §.[c]: Q2 — A is a £-measurable mapping for every o € . To

this end, we have the following proposition.

Proposition 13 For every € >0 and o €%, the mapping w — B[ ](w) is & -measurable.

Proof 19 See Appendix D.3.
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5.3.2 Regularized Bayesian best response dynamic

In this section, we seek to define the notion of the regularized Bayesian best response dynamic on the
space of Bayesian strategies. In what follows, we first extend the space of Bayesian strategies to the
space of integrable signed Bayesian strategies which is defined below as:

$i= {Ef:ﬂ—dR" | T is E—measurable and ||7|| ::f [o(w)||E(dw) < oo}.8 (5.12)
Q

Definition 25 Let € >0 be a noise parameter and let the RBBR map be as defined in (5.5). Then the

regularized Bayesian best response learning dynamic is defined as
o=p.Jo]l-0c’ (5.13)

From Definition 25, it follows that under the RBBR learning dynamic, a Bayesian strategy o moves
towards its regularized Bayesian best response f.[0]. A rest point of the RBBR learning dynamic is a
Bayesian strategy o° satisfying 6° =0. Thus any rest point of the dynamic (5.13) is a Bayesian strategy o°
which satisfies 8.[0°]=0°, and hence becomes a fixed point of the regularized Bayesian best response
map. Such a fixed point is called a regularized Bayesian equilibrium. Let RBE(%, £, €) be the collection
of all regularized Bayesian equilibrium of the game ¢ with noise parameter € under type measure &, that
is, RBE(Y,&;€):={o° € X: B.[0°]=0°}. We now state the existence theorem for regularized Bayesian

equilibria in Bayesian population games.

Theorem 10 Suppose that the Bayesian population game 9 : X x Q) —R" is weakly continuous. Then
for every € >0, the RBBR mapping o — B.[0] admits a fixed point, that is, there exists o] €Y. such that

Be [UZ] =0,
Proof 20 See Appendix D.4.

As a corollary to the above theorem, we have the following result which states the existence of

regularized equilibrium in Bayesian aggregative population games.

Corollary 3 Let 9 :> x 6,(A)—R" be a Bayesian aggregative population game as defined in Example 8.

Then for every noise parameter € >0, there exists a regularized Bayesian equilibrium of the game 9.

Proof 21 See Appendix D.5.

8Thus, we identify the space of integrable signed Bayesian strategies by the Béchner space £1(Q,&,R"). See Appendix D.1.
9We review the notions of continuity and dlfferentlablhty of trajectories through the space & -1 from Ely and Sandholm
(2005). Let (G;);»o be a trajectory through £. An integrable signed Bayesian strategy G €5 is a strong limit of (G°,) ;¢ as t
approaches f; if lim;_,;, [|5; —@|| =0. The trajectory (G';) ;>0 is continuous at time ¢ if lim,_,; [|G;—@|| =0. We say that the
trajectory (0 ;) >0 is continuous if it is continuous at every ¢ > 0. The trajectory (G';);» is differentiable if for every t >0, there
exists "¢ €S such that
lim 40y

e—0

€

90



We now aim to prove the convergence of regularized Bayesian equilibria to the Bayesian equilibria of
the underlying game ¢ when we allow the noise parameter to be arbitrarily small. In such a scenario, we
can then argue that when the noise parameter is close to 0, the regularized Bayesian equilibrium acts as
a smoothed approximation of the original Bayesian equilibrium relative to the underlying weak topology.
Such approximation results have been considered, for example in Hofbauer and Sandholm (2002) for
finite strategy games and in Lahkar and Riedel (2015), Lahkar et al. (2022b) for continuum strategy
homogeneous population games. Thus, this calls for an extension of such a result in heterogeneous
population games, towards which we dedicate the rest of the section. In what follows, we require some

technical conditions on the regularizer. We begin with the following definition.

Definition 26 For an extended real valued function f :R"* — RU{—00,00}, the convex conjugate f*:
R" - RU{—00, 00} is defined by

= Slﬁg((y,x)—f(x)), forallyeR".

We also require two technical conditions on the regularizer, namely Condition C1 and Condition C2.
We provide some heuristics behind them prior to the definition of both the conditions.

Condition C1 requires that as the noise level in the learning dynamic gradually vanishes, the popula-
tion, while playing their best response at a particular population state must concentrate themselves
over that strategy which has the maximum payoff at that state in the limit. For € > 0, let us denote ev by

V.. Then, Condition Cl1 is defined as follows.

Definition 27 A regularizer v: A — RU{oo} satisfies Condition C1 if for all i, j € S with i # j and ucR"
with w; > w;, there exists a function A:(0,00) — R withlim,_,yA(x)= 00 such that

Vv*;j(u) > A(G)Vv*;l.(u), for sufficiently small € >0, (5.14)
where Vi (u) denotes the gradient of the convex conjugate v of v, at the point u€ R".

The following condition (Condition C2) ensures that a small change in the population states can
only lead to a small change in the value of the regularizer. Before defining the condition technically, we

require the following notion; that of a shift of a Bayesian strategy.

Definition 28 Letr o € X be a Bayesian strategy, and let Q2 C Q be such that £(2)>0. We say that G is a
shift of o over ) fromi to j, where i, j:Q— S with i(w)# j(w) for all w €Q, if for all w €9, the following
three conditions are satisfied:

. 5ﬂw)(w) < O-i(co)(w),

¢ 319 w)= )N w)+ (01 w)—-F 1) w)), and

o 5K (w)=0%(w), for all k # i(w), j(w).
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We now proceed to state the Condition C2 which calls for a ‘mild’ continuity condition on the
regularizer in the sense that small changes in the population state do not lead to abrupt changes in the
regularizer. We clarify for the reader that the required notion of continuity imposed on the regularizer is

much weaker than the usual notion of continuity for extended real valued functions.

Definition 29 Let (0 ,,),,>1 be a sequence of Bayesian strategies and let Q2 C Q be such that £(Q)> 0. We
say that a regularizer v satisfies Condition C2 with respect to the pair (0 ;) ;m>1,) if for all w €, all
distinct i,j:Q— S, with

e lim,, o0 aﬁlw)(a)) >0,

o GiO) g, w)> 941 T ,,,w) for sufficiently large m (depending on w),

there exists (G ) p>1, Where &, is a shift of o, over Q from i to j, and a constant k ;(w) > 0 (independent
of m) such that
U0 ()= UG ()| < K i) @)(0 1) =T 1 (@), (5.15)

for sufficiently large m (depending on ).
We say that a regularizer v satisfies Condition C2 with respect to a sequence of Bayesian strategies
(0 m)ms1 if it satisfies Condition C2 with respect to the pair (T ;) ;m>1,) for every Q€ Q with £()> 0.

We dedicate Appendix D.7 to show that the Shannon-Gibbs entropy satisfies Condition C1 and
that the Tsallis and the Burg entropy satisfy Condition C2. We now state the following approximation

theorem.

Theorem 11 Let (€,,),,>1 be a sequence of positive noise parameters converging to 0 and let (0, )1
be the corresponding sequence of € ,, -regularized Bayesian equilibria such that o, € RBHY,E,€,,) for
all m = 1. Suppose that the regularizer v satisfies either Condition C1, or Condition C2 with respect to
the sequence of Bayesian strategies (0, ) n>1. Then (07, )m>1 has accumulation points with respect to the
weak topology and any such accumulation point is a Bayesian equilibrium of the original game 9.

Proof 22 See Appendix D.6.

5.4 Fundamental properties of RBBR learning dynamic

In this section, we establish two fundamental properties of the regularized Bayesian best response
dynamic, namely, the existence of solutions from arbitrary initial conditions in ¥ and continuity of these
solutions with respect to the initial states. We resort to the infinite dimensional Picard-Lindel6ff theorem
(Zeidler (1986), Pg. 79) and the Gronwall’s inequality (see Zeidler (1986), Pg. 82, Proposition 3.10 and

3.11) in order to prove the main results of this section. We begin with the following two definitions.

Definition 30 A Bayesian population game 9 : > x Q) —R" is said to be strongly Lipschitz if there exists
K >0 such that for & -a.e w €9,

19(0,0)=%(p, )| <k||lo—p]||, foralio,pex.
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The strong Lipschitz assumption on Bayesian population games is a standard assumption in the
literature of Bayesian evolutionary games (Ely and Sandholm (2005)). In particular, the random match-
ing versions of Bayesian aggregate population games, asymmetric war of attrition games, additively
separable anonymous games, incomplete information games satisfy Lipschitz continuity according to

the above definition.

Definition 31 Consider an abstract differential equation

P’ (1)=Ap(2))

on a Banach space (X, ||-|lx). Suppose that a unique solution to the above differential equation exists
for every initial condition ¢(0)=y and denote the solution with initial conditiony by ¢,(t). Then the
semiflow of the dynamic is the map  : X x[0,00) — X defined as {(y,t)= ¢,(t) for ally eX and t €[0, 00).

We now state the main theorem of this section.

Theorem 12 Consider the type space (0, ). Suppose that the Bayesian population game 4 : ¥ x Q—R"
is strongly Lipschitz. Then the following statements hold true:

1. For every initial condition oy €., the RBBR dynamic admits a unique solution (o ;);>o-

2. The semiflow{ :¥.x[0,00)— 3. of the RBBR dynamic is continuous in the initial conditions with
respect to the strong topology on 3.

Proof 23 See Appendix E.5.

Following is a corollary, which states that the above result holds true for Bayesian aggregative

population games in Example 8. In what follows we require the following definition.

Definition 32 A population game w: A —R" is said to be Lipschitz if there exists a real number a >0
such that
lox)—w(y)ll<alx—yll, forallxyeA.

Let Lip,(A) be the collection of a-Lipschitz population games which map A into R”. Observe that
under the uniform topology, Lip,(A) is a closed subset of 6,,(A). Thus Lip,(A) is a possible candidate
for the support of the type measure &.

Corollary 4 Let % :Y x 6,(A)—R" be a Bayesian aggregate population game. Suppose that there exists
a >0 such that £(Lip,(A))=1. Then the conclusions of Theorem 17 hold true.

Proof 24 The proof of the corollary follows immediately and is left to the reader.

We now focus on some applications of the RBBR dynamic in order to obtain convergence results
for certain classes of Bayesian population games. As in case of homogeneous population games with
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finite or continuum strategies, we consider here the class of Bayesian potential and Bayesian negative
semi-definite games. To this end, we need to restrict our attention to norm-compact subsets of the
space of Bayesian strategies which are forward invariant under the RBBR dynamic. We thus provide a
sufficient condition to identify such subsets on which the solution trajectories of the RBBR dynamic
can lead to nice convergence results. This calls for some regularity on the Bayesian strategies which we

present in the following definition.
Definition 33 A Bayesian strategy o : Q) — A is said to be Lipschitz if there exists a > 0 such that
lo(w)—o(®)||< ado(w,®), forall w,deN.

Intuitively, the Lipschitz condition ensures that if the types of any two agents are close, then the
induced beliefs of the two agents are also close. Formally, if two types w and @ are close in the d metric,
then the induced mixed strategies o(w) and o(®) are also close with respect to the Euclidean metric.

We need a regularity condition (Lipschitz continuity in this case) on the Bayesian strategies to
establish the convergence of the dynamic to the perturbed equilibrium of the underlying game. Such
a convergence requires certain subsets of X to be norm compact and forward invariant under the
regularized Bayesian best response dynamic, which is ensured by the Lipschitz continuity (together
with other conditions).

Next we define a subset of the space of Bayesian strategies as follows. Let M € A° be a compact set.
Define

Yy={oeX:o(w)eM for{—a.ewe}. (5.16)

In words, ), is the collection of those Bayesian strategies such that for £-almost all types w €,
the induced belief over the strategies lies in M. In principle this means that the beliefs induced by
Bayesian strategies in > are almost surely bounded away from the boundary J A of the simplex A. As a
result, the induced belief assigns a positive probability to each strategy in S. To present the main result
on convergence in Bayesian potential games, we restrict attention to the following subset of Bayesian
strategies. Fix a >0, M € A° compact, and ZC . Define

1, (E):={o €X:0 is a-Lipschitzon E}N%),. (5.17)

Thus, X, (Z) is the collection of Bayesian strategies which are a-Lipschitz on the subset = with range
&-a.s contained in the compact set M C A°. In the following lemma (Lemma 5), we show that X, (E) is
relatively norm compact subject to suitable conditions on the type measure . We also show that X, (=)
is forward invariant under the RBBR dynamic under some further conditions on the game % and on
the Lipschitz coefficient in Definition 33. As a result, the lemma provides a candidate space to prove

convergence results for Bayesian potential games and Bayesian negative semidefinite games.

Lemma5 Suppose that there exists a compact set = C 2 such that (=)= 1. Then the following statements
hold true:
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1. Forevery a>0 and every M € A° compact, the subset >3,(=) (as defined in (5.17)) is relatively norm

compact in s

2. Fix €,y>0. Let v be steep and y-strongly convex. Suppose that for every o € %, the following
assumptions are satisfied:

e |9(o,w)l|<c, forE-a.eweE, for some c > 0.

* the mapping w — ¥(0,w) is A-Lipschitz on Z, for some A >0.'0

Then there exists a compact set M C A° (depending on c) such that ¥$,(Z) is forward invariant

under the RBBR learning dynamic, provided a > %

Proof 25 See Appendix D.9.

5.5 Convergence in Bayesian potential games

In this section we define the notion of Bayesian potential games and study the convergence of the RBBR
dynamic to the regularized Bayesian equilibria in such games.!! For this purpose, we first require the
notion of Fréchet derivative, which is a generalization of the standard notion of derivatives to Banach
spaces. Let V and W be two Banach spaces. An operator ¢ : V— W is Fréchet differentiable at x € V if

there exists a bounded linear operator A, : V— W such that

l¢(x+h)—@(x)—A(R)llw _
lI2lly—0 lklly

Thus, if A is the Fréchet derivative of ¢, then ¢(x+ h)=¢(x)+A,(h)+o(||h|ly) for all h near zero in V.
In this paper, we consider Fréchet differentiability of functions ¢ : & — R. The Fréchet derivative

0.

of ¢ is denoted by D¢. Let R be the collection of n-dimensional vectors such that the sum of the
components is zero, thatis, R :={x =(xy,..., X,) ER" : x; ++-+ x, =0}. Let Xy := (e :O(w)eR] for E—
a.e w €9)}. For a Fréchet differentiable function ¢ : & — R, the Fréchet gradient V¥ ¢ : 3 — £°°(Q,&,R"™)
of ¢ is a bounded measurable map defined as follows: for every & € 3. and every o € 2,

Do¢[T])(oy):= f (00, VEp (@) (w)E(dw) = f (VF@[T)(w),o¢(w)E(dw), (5.18)
Q

Q
where the inner product in above integral after the first equality denotes the bilinear pairing as in
Definition 52 and the inner product in the integral after the second equality is the usual inner product

in R”,

10we bring to notice to the readers that this condition is not very restrictive in the sense that the Bayesian aggregative
population games (Example 8) satisfies this condition with A=1.

11See Monderer and Shapley (1996), Sandholm (2010), and Lahkar and Riedel (2015) for a complete exposition of homoge-
neous potential games.
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Definition 34 (Zusai (2023)) A mapping 4 : >~ xQ—R" is called a Bayesian potential game if there

exists a Fréchet differentiable map ¢ : ¥ — R such that for every o €., we have
Viplolw)=Y%(o,w), E—aewe.

The map y is called the Bayesian potential function of the Bayesian potential game 9.

We then introduce the notion of entropy adjusted Bayesian potential function. For a compact set
M C A°, we then define a map V:3;; — R such that

V(o) ::J vio(w))é(dw), foralloeX,,.
Q

The fact that the regularizer v is strongly convex on A° implies that v is continuous on M. Thus v is

bounded on M and hence V is well defined. This leads us to the following important definition.

Definition 35 For M C A° compact, the entropy adjusted Bayesian potential function is a mapping
¢ : Xy — R defined as
plo)=yp(o)-Uo), foralloeXy,.

We require an additional result for establishing convergence in Bayesian potential games. We shall
say that the RBBR dynamic satisfies Bayesian positive correlation with respect to the game ¥ : > xQ2—R"
if fQ(%(U, w),0(w))E(dw) =0 for all o € X with equality only if ¢ =0. For the rest of our analysis on
Bayesian potential and Bayesian negative semidefinite games, we assume that the regularizer is a 6!
function. The reason for such an assumption will be clear from the following definition. Define the

virtual payoff vector at a Bayesian strategy o € X for a player of type w € Q as
Y(o,w)=Y(0,0)-VHo]|(w).? (5.19)

The following lemma states that the RBBR dynamic satisfies Bayesian positive correlation with

respect to the virtual payoff ¢¥. The lemma imposes a further condition (5.20) on the regularizer. Let

%1((0,1)) denote the collection of all continuously differentiable functions 8 :(0,1) — R.

Definition 36 A regularizer v: A —R"U{oco} is said to be decomposable if there exists a 6! function 0

such that the regularizer v can be expressed as
n
v(x) ::ZH(Xi), for allxe A°.13 (5.20)
i=1
The three entropies we consider, namely the Shannon-Gibbs entropy, the Tsallis entropy, and the

Burg entropy, all satisfy condition (5.20). Following is an intermediate lemma which we use to prove

convergence in Bayesian potential games.

12The fact that v is smooth in the interior A° and bounded on M implies that ¥ is Gateaux differentiable.
13Such regularizers have been consider eatlier, for instance in Coucheney et al. (2015), Mertikopoulos and Sandholm (2016).
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Lemma6 Let¥9:>xQ—R" bea strongly Lipschitz Bayesian potential game. Assume that the conditions
of part (ii) of Lemma 5 are satisfied. Suppose that the regularizer satisfies (5.20). Then the following

statements hold:

1. Suppose that 0’ is strictly increasing on (0,1). Then for every € >0, the RBBR dynamic satisfies
Bayesian positive correlation with respect to the virtual payoff G as defined in (5.19).

2. Consider the norm compact set X4, (Z) obtained in Lemma 5. Let6 =(,,...,6,)€(0, %)” be such that
MC[0,1=61]x--x[0,,1—0,]. Supposethat 8’ is strictly increasing on theinterval[min;_; _,0;,1—
min;_; _,0;]. Then the RBBR dynamic satisfies positive correlation with respect to the virtual payoff
9 defined in (5.19).

Proof 26 See Appendix D.10.

We shall see in Theorem 18 below that ¢ restricted to X¢,(Z) will act as a Lyapunov function for the
RBBR dynamic when the underlying game is a Bayesian potential game. Also, the fact that X{,(Z) is
relatively norm compact and forward invariant under the RBBR learning dynamic will allow us to use
results from the theory of dynamical systems to prove the desired convergence of the solutions to the

regularized Bayesian equilibrium. In what follows, we present the main theorem of this section.

Theorem 13 Suppose that the assumptions of Theorem 5, part (ii) of Lemma 5 and Lemma 6 are satisfied.
Let 9 :¥.xQ—R" be a Bayesian potential game with Bayesian potential function ¢ : > —R and let ¢§, :

3¢ (E) — R be the entropy adjusted Bayesian potential function restricted to X3, (Z). Then the following

statements hold true:

1. ¢y, increases weakly along every solution trajectory to RBBR learning dynamic that originates in
¥4, (E) and increases strictly across every non-stationary solution trajectory.

2. Theset of omega-limit points (in the strong topology) of any trajectory to the RBBR learning dynamic
is a non-empty connected compact set of perturbed Bayesian equilibria. Moreover, such limit points

are local maximizers of the entropy adjusted Bayesian potential function ¢, on ¥$,(Z).

Proof 27 See Appendix D.11.

5.6 Convergence in Bayesian negative semidefinite games

In this section we seek to define the notion of Bayesian negative semidefinite games, which is a generaliza-
tion of negative semidefinite population games on finite strategy spaces to heterogeneous populations.
We also generalize the notion of self defeating externalities to Bayesian self defeating externalities.
Following Cheung (2014), we show the equivalence between Bayesian negative semidefinite games and
Bayesian self defeating externalities. Similar to Hofbauer and Sandholm (2007) in finite strategy negative
semidefinite games and Lahkar and Riedel (2015) in continuum strategy negative semidefinite games

under homogeneous set-up, we show uniqueness of regularized equilibrium. Finally, we conclude the
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section by proving a convergence result which shows that the solution to the RBBR learning dynamic
with initial condition in norm compact forward invariant subsets of > converges to the unique regular-
ized Bayesian equilibrium under the strong topology on %, when the underlying game is a Bayesian

negative semidefinite game. We begin with the following definition.

Definition 37 A mapping ¥ :>xQ—R" is called a Bayesian negative semidefinite game if

f (Y(0,w)—Y(p,w),0(w)—p(w)E(dw)<0 forallo,peX. (5.21)
Q

Hofbauer and Sandholm (2009) calls such games stable games. The above definition is a generaliza-
tion of stable games to heterogeneous populations. Below we provide some examples of games which

are Bayesian negative semi-definite.

Example 15 (Bayesian aggregative RPS game) In this example, we define the notion of a Bayesian ag-
gregative Rock-Paper-Scissor game. We will use the abbreviation BA-RPS for the same. In standard RPS
games, the players are allowed three actions, namely, rock (R), ‘paper (P)’ and ‘scissors (S). The P covers
the R, the R smashes the S, and the S cuts to the P Now consider an agent of type w. Suppose that the
Bayesian strategy exercised by the underlying population is 3. Then the payoff vector of the agent is given
by A, &(a), where A,, is the payoff matrix specific to agents of type w and is defined as

0 —a(w) b(w)
A,=| b(w) 0 —a(w) (5.22)
—a(w) b(w) 0

where a,b : Q1 — [0,00) are measurable functions. Formally, a Bayesian aggregate RPS is a mapping
Yga-rps: 2 xQ—R" such that forallg €%,

Ypa_rps(O,w):=A,8E(0), forallwe. (5.23)

A special case of the above game is called a standard BA-RPS game if a(w)= b(w) for & -a.e w € Q. Now
suppose that b(w)—a(w) =0 for &-a.e w €9, then from Definition 37 it follows that Y, pps is a Bayesian
aggregative RPS game.'*

Example 16 (Bayesian symmetric zero-sum game) For every w €1, let A,, be a skew symmetric matrix,
that is, A;] =—A}, foralli, j€S. We then define the Bayesian symmetric zero-sum game as a mapping
Ysym: = x Q2 — R such that for every o €%,

Yoymlo,w):=A,E(0), forallwe. (5.24)

Thus, in such games, the inequality (5.21) is satisfied and hence Yy, is a Bayesian negative semidefinite

game.

14This follows computations similar to Hofbauer and Sandholm (2009).
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We now turn to investigate the equivalence between Bayesian negative semidefiniteness and Bayesian
self-defeating externalities. Recall from Section 5.3 that for a fixed w €, the slice game ¥, : X —R”"
is defined as ¥,,(0) :=¥(0, w), for all o €. We require this in the definition of Bayesian self defeating

externalities.

Definition 38 A Bayesian population game 9 : 3. xQ — R" satisfies Bayesian self defeating externalities

if the following two conditions are satisfied:
(D]
1. For every w €, the slice game ¥,,: 5. —R" is ¢! -Fréchet differentiable for £-a.e w €, and
2. fQ(D%w[a](O'O),ao(w))f(da)) <0,foralloe¥, and all oy €.

Hofbauer and Sandholm (2009) first proved that the notion of negative semidefiniteness and self-
defeating externalities are equivalent in the case of finite strategy homogeneous population games,
followed by Cheung (2014) who proved the equivalence in the context of continuum strategy homoge-
neous population games. Our next lemma states that indeed, the same holds true in the case of finite

strategy Bayesian population games also.

Proposition 14 A Bayesian population game ¢ : ¥ xQ— R" is Bayesian negative semidefinite if and only

if it satisfies Bayesian self defeating externalities.
Proof 28 See Appendix D.12.

Following is the result on the uniqueness of regularized Bayesian equilibrium for Bayesian negative
semidefinite games. This result extends the uniqueness result of Hofbauer and Sandholm (2009) in the

heterogeneous set-up for finitely many strategies.

Proposition 15 Fix a noise parameter € > 0. Suppose that 4 : 3> xQ— R" is a Bayesian negative semidef-
inite game which is 6" in the sense of Fréchet differentiability. Suppose that the regularizer v satisfies
(dVve[x+1tz](z0),29) 20, for all t €R, x€ A and zy €R[} such that x+tzy€A. Then the game ¢ has a

unique regularized Bayesian equilibrium.
Proof 29 See Appendix D.13.

Now, we proceed to study the convergence of Bayesian negative semidefinite games under the RBBR
dynamic. To do so we again restrict the dynamic to the norm compact forward invariant subset ¢, (Z)
as defined in Section 5.5. On this restricted space we define the appropriate Lyapunov function as a
mapping ', . : X, (E) - R such that for all o € X, (5),

Y (o= J (9(0,0), Bl (@) E(dw)—TVe(Be(0)]

Q

—[J (9(0,0),0(w)E(dw)—T (o)) (5.25)
Q
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Theorem 14 Let % :Y.xQ—R" be a Bayesian negative semidefinite game such that the slice map 9,, is 6! -
Fréchet differentiable in the norm topology for ¢ -a.e w €€). Then, the Lyapunov functionyy, .1 X5, (E)— R
as defined in (E.19) decreases monotonically to zero along every solution trajectory to the RBBR learning
dynamic that originates in X5, (=), and decreases strictly along every non stationary solution. Hence, every
solution trajectory to the RBBR learning dynamic in X3,(Z) converges with respect to the norm topology

on X§,(Z) to the unique regularized Bayesian equilibrium.

Proof 30 See Appendix D.14.
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CHAPTER

6

PERTURBED BAYESIAN BEST RESPONSE
DYNAMICS IN CONTINUUM GAMES

6.1 Introduction

6.1.1 Background of the Problem

Evolutionary game theory, from the perspective of an economist, is concerned with the behavior of large
populations consisting of strategically interacting ‘small’ players who recurrently revise their strategies
based on the availability of payoff opportunities. From the point of view of a biologist, the theory
can also be explained as a tool to model the interactions between various animal populations whose
genetic features lead to uncertain levels of success in their reproductivity. Most standard models in the
literature of evolutionary games are built upon two objects: population games and revision protocols.
A population game provides a complete description of the payoff structure for every distribution of
the players over the common strategy space of the population. On the other hand, a revision protocol
(perturbed best response in our case) captures how a player switches to a profitable strategy upon
receiving an opportunity.

The literature on evolutionary game theory is majorly concerned with homogeneous populations
where players have the same payoff structure. However, there can arise real-life situations where the
homogeneity assumption does not hold. For instance, different firms in a Cournot competition may
have different payoff functions based on their infrastructure, manpower, and availability/contracts over
resources. Even in a prisoner’s dilemma game, the same number of years of imprisonment may incur

different costs to different players based on their socioeconomic backgrounds, age, health, etc.
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The objective of this paper is to investigate Bayesian evolutionary games with a continuum of
strategies when players employ perturbed Bayesian best response as the revision protocol. In a Bayesian
population game, each player has a ‘type’, and a population state is no longer a distribution of the
players in the population over strategies, rather, it is a function from the space of types to the space of
distributions across strategies.! As we shall observe in the various examples presented in the paper, the
type of an agent is typically characterized by the utility function of the player. The relevance of continuum
strategy evolutionary games, although it makes the analysis technically involved, is omnipresent in
various domains of economics (Lahkar (2017)), biology (Hammerstein and Parker (1982)), and computer
science (Hsieh et al. (2021)). We also provide some examples of Bayesian population games with a
continuum of strategies, namely asymmetric war of attrition games, additively separable anonymous
games, games with incomplete information, Bayesian aggregative population games in Section 6.2.
As in the case of homogeneous population games, the perturbed Bayesian best response for Bayesian
games is obtained when the payoff corresponding to players of each type is subject to perturbation
by the Shannon entropy and players best respond to these perturbed payoffs. As a result, the logit
Bayesian best response dynamic is generated.” We consider the perturbed best response approach to
avoid multiplicity of best responses as indicated by Gilboa and Matsui (1991) and Hofbauer (1995).

6.1.2 Our Contribution

We now provide a detailed description of the results in the paper. We assume that there is a complete
separable metric space of types and the population is distributed over the type space according to some
given probability measure. The state of the population is described by a Bayesian strategy which is
a map from the space of types to the space of distribution over the strategies. Thus, the state space
of the population is the collection of all Bayesian strategies. We consider three different topologies,
namely; the usual ‘weak topology’, a variation of the Bounded Lipschitz topology, and a variation of
the total variation topology on the space of Bayesian strategies to prove the results in this paper.® In
Theorem 15, we prove the existence of logit Bayesian equilibrium in the weak topology under some
mild regularity conditions on the Bayesian population game. Theorem 16 establishes that the logit
Bayesian equilibrium approximates the original Nash equilibrium of the game for vanishingly small
perturbations under a modification of the Bounded Lipschitz topology. Under a version of the total
variation norm on the space of Bayesian strategies, we prove the existence of solutions of the perturbed
Bayesian best response dynamic (Theorem 17) and provide sufficient conditions for subsets of Bayesian
strategies to be norm-compact and forward invariant under the perturbed Bayesian best response

dynamic (Lemma 7). Finally, Theorem 18 and Theorem 19, respectively, establish results related to

1A population state is referred to as a ‘Bayesian strategy’ of the population in Ely and Sandholm (2005).

2The logit best response dynamic, first introduced by Fudenberg and Levine (1998) in the context of homogeneous
population finite strategy games is one of the most well-studied and prototypical form of perturbed best response dynamics
in the literature of evolutionary game theory.

3As mentioned earlier, the extension to perturbed best response dynamics to continuum strategy heterogeneous/Bayesian
population games is technically demanding and requires us to use techniques from probability theory, functional analysis,
differential equations, and dynamical systems. In particular, since the state space (Bayesian strategies in this case) is infinite-
dimensional, the choice of the topology plays a very crucial role in almost all the results in the paper.
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convergence in Bayesian potential games and Bayesian negative semidefinite games.

The paper is organized as follows. In Section 6.2, we provide the preliminaries and model of con-
tinuum strategy Bayesian population games followed by some examples of such games. Section 6.3
establishes the existence of perturbed Bayesian equilibrium of the Bayesian population game and
exhibits some fundamental properties of the dynamic. In Section 6.4 and Section 6.5, we establish the
convergence of solutions of the perturbed best response dynamic to the logit Bayesian equilibria in
Bayesian potential games and Bayesian negative semidefinite games. Finally, Section 6.6 concludes the

paper.

6.1.3 Literature Review

One can broadly classify the literature of evolutionary games into four categories based on the type of the
population (homogeneous or heterogeneous) and the type of the strategy space (finite or continuum).

For homogeneous populations having finite strategy spaces, Benaim and Hirsch (1999) studies ficti-
tious play in infinitely repeated randomly perturbed games where they establish that the sample path
process of the repeated game converges almost surely for 2 x 2 games with countably many Nash equilib-
ria. Hofbauer and Sandholm (2002) establish global convergence results for stochastic fictitious play in
four classes of games: games with an interior ESS, zero sum games, potential games, and supermodular
games. Hofbauer and Hopkins (2005) investigates stability of mixed strategy equilibria in two-person
(bimatrix) games under the perturbed best response dynamics. Later, Hofbauer and Sandholm (2007)
considers a stochastic evolutionary game dynamic obtained through random disturbances in payoffs.
They show that the resulting evolutionary process converges to an approximate Nash equilibrium in
both the medium run and the long run for three general classes of population games: stable games,
potential games, and supermodular games. Mertikopoulos and Sandholm (2016) considers a class of
reinforcement learning dynamics in finite games obtained via regularization. They study elimination of
dominated strategies, asymptotic stability of strict Nash equilibria, and convergence of time-averaged
trajectories in zero-sum games with interior Nash equilibrium under such dynamics.*

The extension of homogeneous population games for a continuum of strategies was led by Oechssler
and Riedel (2001). They study the stability and instability of rest points of the replicator dynamics on
continuum strategy spaces with applications in Nash demand game, war of attrition, linear-quadratic
game, and the harvest preemtion game. In a companion paper, Oechssler and Riedel (2002) provides
robust static stability concepts of the Nash equilibrium in doubly-symmetric games which are sufficient
to guarantee evolutionary stability under the replicator dynamics. Hofbauer and Sorin (2006) studies
best response dynamics in continuous time for concave-convex zero-sum games with finitely many
strategies and provides a dynamical proof of the minmax theorem by establishing the convergence of
the evolutionary trajectories to the set of saddle points. Hofbauer et al. (2009) studies Nash stationarity
for continuous payoff functions. In addition, they also show asymptotic stability of evolutionarily
robust Nash equilibria along with stability analysis for doubly symmetric games. Cheung (2014) con-

siders global convergence and local stability under general deterministic evolutionary dynamics in

4We also refer the reader to Sandholm (2010) for a complete exposition of such classes of games.
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potential games, and global asymptotic stability under pairwise comparison dynamics in contractive
games. The replicator dynamics for continuum strategy asymmetric games has been considered in
Mendoza-Palacios and Herndndez-Lerma (2015) where they study the stability of critical points of the
system. Cheung (2016) studies local stability and global convergence in continuum strategy potential
games under the imitative dynamics. Lahkar and Riedel (2015) was dedicated to studying convergence
in potential and negative semidefinite games under the continuum strategy logit dynamic. Very re-
cently, convergence results for the same classes of games under the perturbed best response dynamics
generated out of arbitrary perturbation functions was considered in Lahkar et al. (2022b).

The model considered in our paper is more aligned towards Ely and Sandholm (2005) who were the
first to introduce the notion of heterogeneity in finite strategy population games and coined the name
Bayesian population games for the corresponding heterogeneous population. Ely and Sandholm (2005)
study the conditions necessary for the Bayesian best response correspondence to be unique. Under
such a scenario, they explore the disequilibrium behavior of the Bayesian best response dynamic and
also provide results under which the dynamic converges to the equilibrium in some classes of games. In
a companion paper, Sandholm et al. (2007) studies the evolutionary stability of purified equilibrium in
two-player normal form games under Bayesian evolution. Later Zusai (2023) deals with heterogeneous
population finite strategy games generated out of mean-field revision protocols. Until very recently, the
study of a perturbed version of the Bayesian best response dynamic has been considered in Mukherjee
and Roy (2021) for games with finitely many strategies. To the best our knowledge, ours is the first

paper to study evolutionary games with heterogeneous populations and a continuum of strategies.

6.2 Preliminaries and Model

Let . be a compact convex subset of R endowed with the Borel sigma algebra 98. Consider a large
population of heterogeneous players with unit mass exercising strategies from .. By heterogeneity, we
mean that the players in the population are diverse and are characterized by types which are distributed
over a complete separable metric space (£2,dg) according to some given Borel probability measure
&.° The probability measure & thus accounts for the heterogeneity within the population. We call the
probability space (€2, £) the type space of the population. Let Lip(.#’) denote the collection of all Lipschitz
functions on .. The bounded Lipschitz norm is defined as

lIgllpL == sup|g(x)|+sup lg(x)—g(y)l

, forall g eLip(¥).
xes x#y |x_.}/|

Let & denote the collection of all probability measures and let .# denote the collection of all finite

signed measures on .. The dual BL*-norm on ./ is then defined as

|u—V||grs == sup (f fd,u—f fdv), forall uy,ve.«. (6.1)
geLip(#)lIgllpL<l " J S

5The probability measure £ is defined on the Borel subsets 98, of Q induced by the underlying metric dj,.
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It is well-known (Dudley (1966); Perkins and Leslie (2014), Pg. 185) that the space of finite signed
measures ./ endowed with the BL*-norm is a Banach space. Moreover, the weak topology on & coin-
cides with the topology generated by the BL*-norm on ./ . Therefore, weak convergence of probability
measures on . is equivalent to convergence with respect to the BL*-norm. We now proceed with the

definition of a Bayesian strategy.
Definition 39 A Bayesian strategy is a & -measurable map 0 : QQ— 2 .°

Thus, a Bayesian strategy 8 maps every type w €2 to a distribution 8(w) € £ over the strategies. We say
two Bayesian strategies € and p are equivalent if 8(w)= p(w) for £-a.e w €. The equivalence class of
Bayesian strategies is denoted by ©. We conclude this section with the definition of Bayesian population
games followed by some real-life examples. Let 6 denote the collection of continuous maps on .

endowed with the sup-norm topology, that s, ||g|cc :=sup,c |g(x) for g€ €.
Definition 40 A Bayesian population gameisamap ¥ :0 xQ— 6 such that for every 6 €0, the mapping
Q>w—Y0,w)eEC is Bq/ B(€) measurable. (6.2)

The above definition can be interpreted in the following way. For a Bayesian strategy 6 €0, the payoff
to a player of type w €2 exercising strategy x €. is given by ¥,(6,w) such that the map in (6.2) is
measurable. We shall assume throughout the paper that the game is bounded, that is, there exists M >0
such that for every 8 €0, we have ||4(0, w)||co < M for £-a.e w €. Below, we provide some examples of

a Bayesian population games arising from the fields of biology and economics.

Example 17 (Bayesian aggregative population games) [n the literature of evolutionary games with a
continuum of strategies, homogeneous aggregative population games are a special class of population
games where the payoff at a strategy depends on the state (distribution of players over the strategies) of the
population only through the expected value of the state. Some examples of such games include the class of
large population aggregative potential games (Lahkar (2017), Pg. 447); which, in principle, includes large
population Cournot games. This idea can similarly be extrapolated to heterogeneous populations. For
example, Ely and Sandholm (2005) studied the Bayesian best response dynamics in such classes of games
with finitely many strategies, though they did not call them Bayesian aggregative population games.
Below, we mathematically introduce the notion of such games when the strategy space is a continuum
and the population is heterogeneous. As we shall eventually see, the payoffin such a game depends on
the state of the population (Bayesian strategy) 0 only through the expectation &(0) and hence the name

Bayesian aggregative population games.

6A function 6 :Q— 2 is £-measurable if it is the pointwise & -almost everywhere (a.e) limit of a sequence of simple functions
0, :Q— 2. Whereas, the usual notion measurability would require that the inverse image of any Borel subset (generated
by open subsets w.r.t the weak topology) of 2 under the map 6 should lie in %q. Thus, the notion of £-measurability is a
stronger notion of measurability. We require such a condition on the Bayesian strategies to enable us to view them as elements
of an appropriate Bochner space. We refer the reader to Diestel and Uhl Jr (1978) for a complete exposition on the theory of
Bochner spaces.
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Recall that & and 6 respectively denote the collection of probability distributions and continuous
functions on the strategy space /. For a homogeneous population game ¢ : % — 6, the payoff to strategy
X at an aggregate population state u is @ .(u). A population game ¢ is said to be weakly continuous if

Un —BL u implies that (u,)— ¢(u) uniformly.”

Let®,,. denote the space of weakly continuous population games. Since & is compact under the BL* -
norm and that 6 is a Polish space under the sup-norm topology, it follows that the space ®,,. is a Polish
space (Munkres (2014)). Consequently, ®,,. is a possible candidate for the type space of a population.
Suppose now, that the type space ) of the population is®,,.. As usual, let © be the collection of Bayesian
strategies. Then the expectation operator is a mapping & :© — & such that for every 0 €0,

810](A) :=J Olw](A)é(dw) forallAc A,
Q

where the above integral is a Bichner integral® Finally, a mapping 4 :0x®,,. — € defined as
9(0,0):=¢(8(0)) forall@€®, andallp €,

is called a Bayesian aggregative population game. Since types are identified by population games, the
payoff function at a Bayesian strategy 0 for a population game ¢ is the payoff of ¢ at the expectation &(8)
of the Bayesian strategy 6. We note that ¢4 is well-defined since for every 8 €©, the mapping ¢ — ¢(&(0))
is continuous and hence measurable.

Example 18 (Asymmetric War of Attrition Game) The (symmetric) war of attrition game, first intro-
duced from a biological perspective by Smith (1974), is a model to study conflicts between various species
of the animal population. The game involves two animals (players) competing over an indivisible resource.
In such a game, the strategy of a player is to select the time to dispute (exit) given that the opponent is still
continuing to last in the conflict. The player who persists longer is the winner of the game. Thus, the game
induces a trade-off between strategic gains in outlasting the competitor and loss incurred in enduring the
conflict over the passage of time. Smith (1974) formulated and studied evolutionary stable strategies (ESS)
for such games. Later, Bishop and Cannings (1978) introduced the notion of ‘generalized war of attrition
game’ and obtained mixed evolutionary stable strategies for such games. However, in real life scenarios,
the war of attrition game can be asymmetric (heterogeneous) in nature. In particular, the specie of the
animal as well as the environmental conditions involved in the conflict might pose undue advantages or
disadvantage to the competitors. Hammerstein and Parker (1982) denotes such asymmetry within the
population as ‘roles’ and ‘situations’ respectively. In this paper, we call such asymmetry as types. Thus, the
value and cost of the resources depends on the roles and situations (and therefore, types) in which the

game is being played.

7See (B.14) for the definition of BL*-topology on 2.
8We refer the reader to Chap II of Diestel and Uhl Jr (1978) for an exposition on Béchner integrals.
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For a formal description of such games, suppose that a player with type w encounters a player with
type . Then the value and cost of the game corresponding to this environment are V,, ; and C,, 4,
respectively. As a result, the payoff to the player of type w persisting time x against the player of type @&
persisting time y is given by the following payoff function:

Vo= Cony ifx>y

8w,a(X,y)= %— waX ifx=y

—Cyp,X ifx<y.

Thus, if we consider the random matching version of g in the Bayesian setup, we have the following

asymmetric war of attrition game % :0 x 2 — % such that for all 6 €©® and all w €,

%X(H,w):sz 8wa(X,y)0(w)dy)i(dw) forall xe.
QJs

Example 19 (Additively Separable Anonymous Game) Arn additively separable anonymous game (ASAG)
(Zusai (2023), Pg. 1221, Example 1) is an example of a Bayesian population game which appears in
the literature of discrete choice models (Anderson et al. (1992)), where the heterogeneity in the payoffis
introduced via an additive idiosyncratic shock which depends only on the type of the player for which the
payoff is calculated. In such games, the interaction between the Bayesian strategy of the population and
the type of a player is additive in nature.

To illustrate the example mathematically, let us assume that the strategy space of the population
is given by . :=[0, 1]. Suppose that the type space Q2 of the population is the collection of continuous
functions ¢ on.¥ endowed with the sup-norm.? In other words, a player of type w exercising strategy
x incorporates an idiosyncratic shock w(x) to the payoff of the game. Again, as in Example 17, let
¢ : &P — 6 be afixed homogeneous population game. Since we shall use this fixed population game ¢ to
define additively separable anonymous games, we shall refer to ¢ as the common payoff function. Thisis
because ASAG will be defined as a sum of a common payoff function and a type dependent idiosyncratic
shock. More formally, an ASAG ¥ :0 x Q2 — € has the following additively separable structure: for a
Bayesian strategy 6 €0, and a type w €12, the payoff is given by

94.(0,w):= v(&(0)) + w(x) forall x €.,

common payoff at Bayesian strategy #  idiosyncratic shock at type w

where &(0) denotes the expectation of the Bayesian strategy 6. Thus, according to the definition above,
the payoff in an additively separable anonymous game comprises of two components, namely; a com-
mon payoff at every Bayesian strategy (homogeneous component) and a type dependent idiosyncratic
shock (heterogeneous component). As a result, the overall payoff function of the population is hetero-

geneous.

9Notice that ¢ is a complete and separable metric space and hence a possible candidate for the type space according to
our definition of a Bayesian population game.
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Example 20 (Incomplete Information Game) An incomplete information game is another example of
a Bayesian population game. We borrow this example from Zusai (2023) (Pg. 1221, Example 2). To begin
with, let us consider a finite set of signals¥ ={o0,...,0,}, and let u be a common prior beliefon ¥. Let
Q denote the type space of the population. We denote by v(-|0) the conditional distribution on the type
space ) given a signal o € . Then, using the Bayes’ rule, the posterior belief on > can be obtained via the
following relation:

ulolw)oc viw|o)x u(o) foroeX. (6.3)

Further for every signal o, let 9,(0,w) denote the payoff function of the population at Bayesian strategy
0 for the players of type w. Then the payoff corresponding to the Bayesian population game 4 :0xQ— €
can be obtained as the expected payoff at the signal dependent Bayesian population game 9, with respect

to the posterior beliefon X in (6.3) as

9(0,w) Z% (0, w)u(c|w) foralld O and we .

6.3 Perturbed Bayesian Best Response Dynamic

In this paper, we aim to introduce the notion of logit Bayesian best response dynamic for Bayesian
(heterogeneous) population games with a continuum of strategies. In order to do so, we first require the
notion of Bayesian best response correspondence. Let (g, u) : fy) u(ldx)forge6¢ and ue??. Fora
Bayesian strategy 6 €O, the expected payoff to a player of type w agalnst a probability measure y € & is
given by (¥4(60, ), u). Thus, the Bayesian best response correspondence is a mapping B:© =0 such
that for all 8 €0,

B[0](w) —argmax( (0,w),u), forall wef. (6.4)

The following proposition ensures the measurability of the Bayesian best response correspondence.

Proposition 16 Ler ¥ :0 xQ— 6 be a Bayesian population game. Then for every 8 €0, the correspon-
dence B[0]: Q= 2 is & -measurable.

Proof31 See Appendix E.1.

A Bayesian strategy 0° €0 is called a Bayesian equilibrium of the game ¥ if §° €B(0°). Suppose
now that we fix a type w €€). Then the game sliced at type w is defined as a mapping ¥, :© — € such
that ¥,,(0):=9%(0, w) for all 8 €B. Thus, we can view the sliced game ¥, as the game corresponding to
the underlying subpopulation consisting of players of exactly one type w. As a result, the w-sliced best

response for the game ¥, is a mapping B, : © = & such that
B,(0):=B[0](w), foralldec0. (6.5)

A Bayesian strategy 0° is an w-sliced Bayesian equilibrium of the w-sliced game ¥,, if 0°(w)€B,,(6°).

The following result establishes a relation between Bayesian equilibria of the original game ¥ and
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equilibria of the sliced game counterparts ¥,,. It states that a Bayesian strategy is a Bayesian equilibrium
of the game if and only if it is a sliced Bayesian equilibrium for the corresponding sliced counterparts of
the game.

Proposition 17 Let % :0 xQ — 6 be a Bayesian population game. A Bayesian strategy 0° is a Bayesian

equilibrium of 9 iff 0° is an w-sliced Bayesian equilibrium of the game 9, for & -a.e w €.
Proof 32 The proofis similar to the proof of Proposition 3.2 in Mukherjee and Roy (2021).

To avoid multiplicity of the Bayesian best response correspondence and to make the analysis of best
response tractable, we consider the perturbed version of B. In what follows, let A denote the Lebesgue
measure on . and let 22, denote the collection of all probability measures on . which admits density
with respect to A.

Definition 41 Letn >0. Then the logit Bayesian best response (LBBR) under perturbation leveln is a
mapping L, :© — © such that for every 6 €0,

L[0)(w):= argLn%)g[J 9.0, 0)u(dx)—nuu)|, forallweq, (6.6)
€ &

where () is the negative Shannon entropy of a probability measure u and is defined as v(u) = f S lxlogu,dx
ifu€P,., and u)= oo otherwise.'’

We refer to L, (0) as the logit Bayesian best response (LBBR) to the Bayesian strategy 6 with respect to
the perturbation v at pertubation level 1. The fact that v(u)= oo for all u ¢ 2, . implies that for every
0 €0, we have Ln[H](a)) e, for all we . It is also well-known (Lahkar and Riedel (2015)) that for
every 6 €0, and every w €,

Ly[0][w

exp(n ' %, (0,w))d
Jf P(n Ndy forall Ae A. (6.7)

exp(n~19,(0,w))dz’

Before we introduce the notion of logit Bayesian best response dynamic, we argue that the logit
Bayesian best response map is well-defined, thatis, L, (6) can be expressed as a limit of (simple) Bayesian

strategies for every 8 € ®. Thus, we have the following proposition.
Proposition 18 For every 6 €O, the mapping 6 — L(0) is well-defined.

Proof 33 The proof of the proposition follows from Pettis Measurability Theorem (Diestel and Uhl Jr
(1978), Pg. 42, Theorem 2).

In order to define the logit Bayesian best response dynamic, we require the notion of strong topology
on the space of Bayesian strategies. In what follows, we first extend the space of Bayesian strategies to
the space of integrable signed Bayesian strategies ©. Thus, we identify © with the collection £(Q,&,.#)

10Whenever a probability measure u admits a probability density function, we shall denote the same by .
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of Bochner integrable functions from € into the Banach space .. The strong topology on © is then

induced by the following norm:

||é—ﬁ||@w=f 10(w)—p(w)lvE(dw), forall §,ped.M

)

Definition 42 For a perturbation level ) > 0, the logit Bayesian best response dynamic is defined as
0=L,(0)—6." (6.8)

Arest point of the dynamic (6.8) is a Bayesian strategy 0° that satisfies L,(6°) = 6°. In other words,
it is a fixed point of the logit Bayesian best response map. We call such a fixed point, a logit Bayesian
equilibrium of the game ¥. It follows from Proposition 18 that the logit Bayesian best response map
L,(0) is well-defined. Also, for every fixed 6 €©, the logit Bayesian best response L,[0](w) € 2 for
every w €£). Therefore, by Lahkar and Riedel (2015), we can conclude that © is positively invariant
under the dynamic (6.8). As a result, we obtain that the logit Bayesian best response dynamic (6.8) is
well-defined. Let LBE(¥, £, 1) be the collection of logit Bayesian equilibria at perturbation level n. Thus,
notationally we have LBE(%,£,n):={0°€©:L,(0°)=0°}. We now aim to prove the existence of logit

Bayesian equilibria in our setup. In what follows, we first define the following subset of #: for § >1 let
1
P = {ueg?’acz /—3 Suy<Pforall xe. and |uy—u,|<Blx—y|forall x,y e&ﬂ}.
Again for § > 1, let us also define the following subset of the space of Bayesian strategies:
Op = {9 €0:0(w)e P for E-ae w EQ}.

To prove the existence of logit Bayesian equilibrium, we shall first fix a perturbation level n > 0. As
we shall observe in the proof of Theorem 15 that for a given 1 > 0, there exists > 1 (depending on
n) such that L, (0)€©g for all 6 € 0.'% Thus, it is enough to prove the existence of a logit Bayesian
equilibrium in the subset ©g. Let LN ={f: S —>R:|fllg2:= fy |f(x)?A(d x) < oo} denote the
collection of all square integrable functions on .. We now make the following observation. Note that
since Range(%¥) is contained in the space of continuous maps %, the Radon-Nikodym derivative of
L,[0](w)is a continuous probability density function on . for every 6 €© and every w €. Furthermore,
since the strategy space . is compact, the convergence of probability density functions with respect to
the ||-|lgpy-norm and || -||g - -norm are equivalent.!* Thus, we may identify Op as a subset of £2(A). We
now introduce the notion of weak topology on £1(,&,.£2). For € £1(Q,£,£2)and p € £°(0, £, £2),
let (0,p)(w):=p(w)O(w))= Jisﬁpx(w)éx(co)k(d x) for all w € Q.'> Thus, weak topology on (£, &, £?)

HFor two probability measures u and v, the total variation distance is defined as ||u— v||py := 2sup pe g |(A)— Y(A)|.

12The derivative in the dynamic is with respect to the ||- llgTv-topology defined above. See Ely and Sandholm (2005) for more
details on how the dynamic is defined for finite strategy games.

13We shall remove the dependence of 17 on f to keep the notations simple.

“Here, 10 —pllg.g: = [, 18(0)— )l S(dw).

151t follows that £1(Q, &, %) = £°°(Q,&,.%?) (Diestel and Uhl Jr (1978), Pg. 98, Theorem 1).
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is the topology induced by the following convergence:

0,—" 0 = f (9n,ﬁ)(w)§(dw)—>J (0,p)(w)(dw), forall peL(Q,E,2L%).
Q Q
Definition 43 A Bayesian population game 9 : 8 x Q) — 6 is said to be a weakly continuous, if for & -a.e

w €1}, the mapping 0 — ¥9(0,w) is continuous relative to the weak topology on ©.

We now state the main result of this section. It guarantees the existence of a logit Bayesian equilib-

rium subject to a mild continuity condition on the Bayesian population game.

Theorem 15 Suppose that the Bayesian population game ¥ :© xQ — € is bounded and weakly continu-
ous. Then for everyn >0, the perturbed best response mapping 6 — L, (0) admits a fixed point, that is,

there exists 9;)’ €0 such that Ln(H;;) = 9;7’.

Proof 34 See Appendix E.2.

Corollary 5 Consider the type space (9, &). Let 4 :0x®,,. — 6 be a bounded aggregative Bayesian
population game as defined in Example 17. Then for every perturbation parametern >0, there exists a
logit Bayesian equilibrium.

Proof 35 See Appendix E.3.

Note that it is natural to think of logit Bayesian equilibria as smooth approximations of the original
Bayesian equilibria for small enough perturbations ). This requires an appropriate theoretical justifica-
tion, and towards which we dedicate the next result. Such approximations have been considered in
finite strategy homogeneous population games by Hofbauer and Sandholm (2009), continuum strat-
egy homogeneous population games by Lahkar and Riedel (2015) and finite strategy heterogeneous
population games by Mukherjee and Roy (2021). To state the desired theorem, we require the notion of

|| llogy+-topology on © which is induced by the following norm:

10 —pllopr = f 10()—p()llpE(dw), forall §,p 0.
Q

Theorem 16 Let ¥ :0xQ— 6 be a bounded and weakly continuous Bayesian population game. Suppose
further that ¢ is continuous in the ||-||g g+ -topology. Consider a sequence of positive perturbation
parameters (1) ,>1 such thatn, | 0. For n>1, let 6; be an n),-logit Bayesian equilibrium of 4. If

0, converges to some 0° in the ||-||g g -topology, then 0° is a Bayesian equilibrium of the original game
9.

Proof 36 See Appendix E.4.

Theorem 16 guarantees that any convergent sequence of perturbed Bayesian equilibria along minuscule

perturbations approximate a Bayesian equilibrium of the game ¢. However, one may wonder whether
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the converse of Theorem 16 also holds. Formally, whether it is true that for every Bayesian equilibrium
0° of ¥, there exists a sequence of perturbed equilibria that approximates 8° for vanishingly small
perturbations. This problem is not addressed in this paper and we leave it for future research.

Corollary 6 Consider the type space (®,, ). Let 4 :0©x®,,. — 6 be a bounded aggregative Bayesian
population game as defined in Example 17. Then the conclusion of Theorem 16 holds for 9.

Proof 37 The proof of Corollary 6 is straightforward and is left as an exercise.

We now establish two fundamental properties of the logit Bayesian best response dynamic, namely,
the existence of solutions from arbitrary initial conditions and the continuity of the solutions thus
obtained with respect to the initial conditions. We shall resort to the infinite dimensional Picard-
Lindeloff theorem (Zeidler (1986), Pg. 79) and the Gronwall’s lemma (Zeidler (1986), Pg. 82, Proposition
3.10 and 3.11) in order to prove the result.

Definition 44 A Bayesian population game 9 :0 xQ — € is said to be strongly Lipschitz if there exists
K >0 such that for £-a.e w €,

19(0,w)—%(p,w)lleo <kll0—pllgy, foralld,p €O. (6.9)

In other words, ¥ is strongly Lipschitz if it is Lipschitz with respect to the ||-[|gpy-topology for £-a.e
w €. As mentioned in Chapter 5, the Lipschitz condition on Bayesian population games is a standard
assumption in the literature of Bayesian evolutionary games. The following theorem shows that the
strong Lipschitz property of the Bayesian population game is sufficient to ensure the existence of
solutions to the logit Bayesian best response dynamic from any given initial condition and to ensure
continuity of the corresponding semiflow with respect to the initial conditions.

Theorem 17 Suppose that the Bayesian population game ¢ :© xQ)— € is strongly Lipschitz. Then the
following statements hold true:

1. For every initial condition 6y € ©, the LBBR dynamic admits a unique solution (0;);>o.

2. The semiflow { :0 x[0,00) — O of the LBBR dynamic is continuous in the initial conditions with

respect to the strong topology on ©.
Proof 38 See Appendix E.5.

The following corollary is dedicated to the existence of solutions to the logit Bayesian best response
dynamic for the class of Bayesian aggregative population games. For k> 0, let

Lip, (2):={p €@y : || o ()= 9(M)lloo <Kllu—Vlizy for all y, ve 2} (6.10)

Corollary 7 Let 9 :0x®,,. — 6 be Bayesian aggregative population game. Suppose that there exists
K >0 such that &(Lip.(??))=1. Then the conclusions of Theorem 17 hold for 4.
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Proof 39 The proof of the corollary follows immediately and is left to the reader.

We now aim to prove convergence of solutions to the logit Bayesian equilibria in two classes of
games, namely, the class of Bayesian potential games and the class of Bayesian negative semidefinite
games. This requires us to find an appropriate norm compact forward invariant subset of the space of
Bayesian strategies on which the dynamic can lead to nice convergence results. For y >0 and 2CQ, let
©,(Z) be the collection of Bayesian strategies which are y-Lipschitz on E Forf>1,y>0and ZCH, let

us consider the following subset of ©:
@/3,7,(5) = @/3 ﬁ@T(E).

The following lemma establishes relative compactness and forward invariance of the subcollection
Op,,(Z) of Bayesian strategies under some mild conditions on the type space of the population and the

Bayesian population game.

Lemma 7 Fix a perturbation level n > 0. Suppose that = CQ be compact such that £(=)=1. Then the

following statements hold true:

1. Thereexist 5 >1 andy >0 (both depending onn) such that©g ,(Z) is relatively compact with respect
to the||-||lgy-topology.

2. Suppose further that there exists & > 0 such that the mapping w — 9(0,w) is K -Lipschitz on E for
every 0 €©. Then there exist f >1 and y >0 (both depending on 1 and k) such that ©p (=) is

forward invariant with respect to the LBBR dynamic.

Proof 40 See Appendix E.6.

6.4 Convergence in Bayesian Potential Games

In this section we define the notion of Bayesian potential games with a continuum of strategies and
prove related convergence results. The notion of potential games for continuum strategy homogeneous
population games was introduced by Cheung (2014), and later studied in the context of perturbed
best response dynamics by Lahkar and Riedel (2015). On the other hand, finite strategy heterogeneous
potential games was introduced very recently by Zusai (2023). In what follows, we first require the notion
of the Fréchet derivative of maps between Banach spaces. Let ¥ and #" be Banach spaces. An operator
¢ : vV — W is Fréchet differentiable at u if there exists a bounded linear operator A, : ¥ — # such that

lp(u+h)—¢(w)—A,(Mlly _
Il —0 Al
16 et y >0 and EC Q. A Bayesian strategy 6 : Q— 2 is said to be y-Lipschitz on Z if

0. (6.11)

10(w)—0()|ltv < yda(w,d), forall w,oeE.
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Definition 45 A Bayesian population game % :0 xQ— € is called an extended Bayesian potential game
if there exists a ‘6 -Fréchet differentiable map ¢ : © — R such that for every 6 €0,

V[0l w)=9(0,w), forE-aewe.” (6.12)

The map ¢ is called the Bayesian potential function of the Bayesian potential game %. Note that in
homogeneous population games both in the context of finite strategies, its continuum counterpart as
well as in heterogeneous population games with finitely many strategies, construction of an appropriate
Lyapunov function serves as a necessary tool to prove convergence results in the class of potential
games. We apply the same technique here. Thus, we have the following definition.

Definition 46 For 3 > 1,y >0, and E C 2 compact, the entropy adjusted Bayesian potential function is
a mapping ¢ :©p . (Z) — R defined by

@(0)290(0)—[[ 0, (w)logf,(w)A(dx)é(dw), forall @ €Op (=) (6.13)
ol

=:(0)

Observe that the mapping ¢ is well-defined since for every 6 € ©p (=), and for £-a.e w €12, the quantity
0<0,(w)< B for every x € . Further, observe that the Fréchet differentiability of the potential function
¢ and the Bayesian version V of the Shannon entropy on 0 ,(Z) with respect to the strong topology
together imply differentiability (and hence continuity) of the entropy adjusted potential function (Lya-
punov function) ¢ on 0 ,(Z) for the Bayesian potential game %. We are now ready to state the main
convergence result pertaining to Bayesian potential games.

Theorem 18 Fix a perturbation levelnn>0. LetZ2C Q) be compact with E(Z)=1. Let 4 :0xQ— 6 bea
Bayesian potential game such that the map w — %(0,w) is kK -Lipschitz on E for every 0 € ©. Then, there
exist B> 1 andy >0 (both depending onn and k) such that the following statements hold true for the
entropy adjusted Bayesian potential function ¢ :0p ,(Z) > R of the game 4

1. ¢ increases weakly along every solution trajectory to the LBBR dynamic that originates in ©g (),

and increases strictly across every non-stationary solution trajectory.

2. The set of omega-limit points (in the||-||g rv-topology) of any trajectory to LBBR dynamic is a non-
empty connected compact set of perturbed Bayesian equilibria. Moreover, such limit points are local
maximizers of the entropy adjusted Bayesian potential function ¢ on©pg ,(Z).

Proof 41 See Appendix E.7.

17Here VF ¢ denotes the gradient of the Fréchet differentiable potential function ¢. Note that since ¢ is a ¢ !-Fréchet
differentiable map, V¥ [6](w) is a continuous function on . for every § €© and &-a.e w €.
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6.5 Convergence in Bayesian Negative Semidefinite Games

In this section we introduce the notion of Bayesian negative semidefinite games for heterogeneous
population games with a continuum of strategies. These classes of games have been considered in
homogeneous population finite strategy setup by Hofbauer and Sandholm (2009), homogeneous pop-
ulation continuum strategy setup by Lahkar and Riedel (2015), and heterogeneous population finite
strategy setup Mukherjee and Roy (2021). We also generalize the notion of self defeating externalities
to Bayesian self defeating externalities. Following Cheung (2014), we show the equivalence between
Bayesian negative semidefinite games and Bayesian self defeating externalities. Finally, we conclude

the section by proving a convergence result related to Bayesian negative semidefinite games.

Definition 47 An extended Bayesian population game % :0© xQ — € is called an extended Bayesian

negative semidefinite game if
f (9(0,0)—%(p,w),0(w)—p(w)E(dw)<0 forall@,p 0. (6.14)
Q

Since ¥ is bounded, the integral in (6.14) is well-defined. Following Cheung (2014), we now characterize
the notion of Bayesian semidefinite games using the notion of Bayesian self defeating externalities. For
a fixed w €1}, recall the w-sliced game ¥, associated to type w €2 defined in Section 6.3. Let .#, be the
collection of all finite signed measures on . whose measure on the full space . equals 0. We define

0Oy:={0,€0:0y(w)e M, for E—a.e we}.

In other words, ©, can be seen as the collection of integrable signed Bayesian strategies in © that can be

expressed as the difference between two Bayesian strategies.

Definition 48 A Bayesian population game 9 : 0 x$)— 6 satisfies Bayesian self defeating externalities
if the following two conditions hold:

1. The slice map 0 — 9,,(0) is 61 -Fréchet differentiable in the norm topology for & -a.e w €.
2. fQ(D%w[O](GO), Oo(w))E(dw)<0, forall @ €O and all 6, €©,.'8

Cheung (2014) proved that negative semidefiniteness and self defeating externalities are equivalent in
the context of homogeneous population games with a continuum of strategies. Our next lemma states

that similar result holds in the context of Bayesian negative semidefinite games.

Lemma8 Let ¥ :0xQ— 6 be a Bayesian population game. Suppose that the slice map 0 — 4,,(0) is
6 -Fréchet differentiable in the norm topology for & -a.e w € Q. Then, ¢ is Bayesian negative semidefinite

if and only if it satisfies Bayesian self defeating externalities.

Proof 42 See Appendix E.8.

18Here DY, denotes the Fréchet derivative of the sliced game ¥,,.
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We now proceed to state the main convergence theorem of this section pertaining to Bayesian
negative semidefinite games. In order to do so we need to first define the appropriate Lyapunov function.
Recall the norm-compact forward invariant subset ©p (=) for y >0, > 1, and = € compact. We then

—_
—

define the Lyapunov function as a map iﬁn :0p,,(Z)— R such that for all €Oy (=),

z/in(e)::[J (9(0,0), L[ 0]()E(d w)—, (L, (0))
Q
—[f (9(0,0),0()E(dw)—v,(0)] (6.15)
Q

The following theorem ensures the convergence of every solution trajectory of the logit Bayesian best
response dynamic under the strong topology to the unique logit Bayesian equilibrium of the Bayesian
negative semidefinite game. Notice that the assumption of Fréchet differentiability of the game ¥, the
differentiability of the Bayesian version ¥ of the Shannon entropy, and the forward invariance property
of the perturbed Bayesian best response dynamics on ©p ,(=) together imply differentiability (and hence

continuity) of the Lyapunov function 1/3,] on O ,(Z) for the Bayesian negative semidefinite game ¥.

Theorem 19 Fix a perturbation leveln>0. LetEC Q) be compact with E(Z)=1. Let 4:0xQ— 6 bea
Bayesian negative semidefinite game such that the slice map %,,, is 6 -Fréchet differentiable in the |- || v-
topology for &-a.e w €Y and the map «w — 9(0,w) is k -Lipschitz on E for every 0 €©. Then, there exists
B >1andy >0 (both depending onn and k) such that the Lyapunov function 1[),7 :0p4(E) — R defined in
(6.15) decreases monotonically to zero along every solution trajectory to the logit Bayesian best response
dynamic that originates in ©p ,(Z), and decreases strictly along every non stationary solutions. Hence,
every solution trajectory to the LBBR dynamic in ©p ,(Z) converges with respect to the ||-||g ry-topology to
the unique logit Bayesian equilibrium.

Proof 43 See Appendix E.9.

6.6 Conclusion

This paper provides an approach for modeling several real-life evolutionary situations by allowing the
population to be heterogeneous. More precisely, it analyzes the perturbed best response dynamics
for continuum strategy Bayesian (heterogeneous) population games. It characterizes the rest points
of the logit Bayesian best response dynamic and thereby establishes the existence of perturbed (logit)
equilibria for a Bayesian population game. These equilibria are shown to approximate the original
equilibrium of the game for small levels of perturbation. It further establishes the existence of solutions
to the logit Bayesian best response dynamic from any initial condition and the continuity of these
solutions with respect to the initial conditions. Sufficient conditions for a subset of Bayesian strategies
to be norm-compact and forward invariant under the perturbed Bayesian best response dynamic are

provided. Finally, given any initial condition in some forward invariant subset, this paper establishes
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the convergence of the logit Bayesian best response dynamic to the logit equilibrium for two classes of

games, namely; Bayesian potential and Bayesian negative semidefinite games.'?

198ee Lahkar and Riedel (2015) for the existing results on continuum strategy homogeneous population games.
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APPENDIX

A

SUPPLEMENT TO CHAPTER 1

A.1 Proofof Theorem 1

The proof of Theorem 1 requires the application of the Brouwer-Schauder-Tychonoff fixed point theorem
(see Aliprantis and Border (2013), Pg. 583, Corollary 17.56), which we state below.

Theorem 20 (Brouwer-Schauder-Tychonoff FPT) Let V be a non-empty compact convex subset of a
locally convex Hausdorff space, and let f : V — V be a continuous function. Then the set of fixed points of
f is compact and nonempty.

We apply Theorem 24 with V' =22(S) and f(P)= %, (P). Recall the Prohorov metric p. Since (2 (S), p)
is a metric space, it is Hausdorff. Furthermore, it is convex by definition. To show that f is continuous
in the weak topology, it is sufficient to show that %, is continuous in the weak topology. We show this in
the following lemma, which is the key result in the proof of Theorem 1.

Lemma9 Suppose that the conditions in Theorem 1 are satisfied. Then the mapping %, : 27 (S)— 2(S) is
continuous in the weak topology.

The proof of Lemma 9 will, in turn, require the following theorem.
Theorem 21 (Argmax Continuous Mapping Theorem, Van Der Vaart and Wellner (1996)) Let(M,,),>1
andM be stochastic processes indexed by a metric space 7 and defined on some common probability

space (Q, Z,P). Consider a sequence (fzn) n>1, Satisfying

M, (f2,) > sup M, (h)—a,,
hest

where a, = op(1). Suppose that the following assumptions are fulfilled :
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1. M, ~M in £ °°(G) for every compact G C 7.

2. The trajectories of M are almost surely upper semicontinuous and posses a unique maximizer h,
which is Borel measurable.

3. The sequence (h,),>1 is uniformly asymptotically tight, i.e. for every e >0, there is a compact set
G, C A such that
limsupP*(h, ¢ G.)<e,

n—oQ

whereP* denotes the outer probability of P.

Then
h,~h in 7.
Proof 44 (Proof of Lemma 9) In order to apply Theorem 21 to Lemma 9, we firstly show that the per-

turbation function v is weakly lower semicontinuous on Z,(S). Since |Q—Qg/lrv = E”f_g”gl(s), it
is easy to see that v is strongly convex with respect to the total variation norm. Now we show that the

perturbation function v is strongly convex with respect to the Prohorov metric. Fix two probability
measures P,Qe 2 (S) and A A(S). Let € :=||P—Q||ty. Then
P(A) <P(A)—-Q(A)+Q(A)

<|P—Qllrv+Q(A%)

=Q(A%)+e.
Therefore by the definition of Prohorov metric, we have that p(P,Q) <||P—Q||yy for all P,Q € 22(S). This
along with the fact that v is strongly convex with respect to the total variation norm implies that v is

strongly convex with respect to the Prohorov metric. It then follows from elementary properties of
strongly convex functions that

v(Q)> V(Q)Jrf Vér(Qd(Q-Q)+ gp(Q,Q)Z A1
S

for all Q, Q € 2(S). Now consider a sequence (Q,,),>1,Q € 2 (S) such that p(Q,,,Q)— 0. Setting Q=Q,,
for n>1 in Equation (A.1) we have

v(Qn)2 v(@)+f VO UQU(Qu Q)+ 5 PO

S

for all n> 1. Since V€ (Q) € 6(S) for all Q € 22, (S), we have that
liminfv(Q,) 2> v(Q).

This proves that v is weakly lower semicontinuous on Z (S).

Consider the metric space (#(S), p). Since S is compact, weak convergence of probability measures
and convergence with respect to p on the space Z(S) are equivalent (see Billingsley (2013), Pg. 73). Let
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0(2(8S)) denote the collection of all open sets in #?(S) under p. For D > 1, let
U(Zp(8)):= {1,0 :Pp(S)— R | ¢ is weakly upper semicontinuous }

Recall that 2;(S) is a compact subset of Z22(S) under the strong topology. Since p(P,Q) < ||P—Q||tv
for all P,Q e 2(S), it follows that the identity map ¢ : (Z5(S),]| * |ltv) = (Zp(S), p) is continuous. Since
the image of a compact set under a continuous map is also compact, we have that 2, (S) is compact
under the weak topology. The fact that upper semicontinuous functions on a compact set attains its
maximum implies that U(Zp(S)) € .Z°°(Zp(S)). We consider the sup-norm topology on U(Z,(S)). Let
B(U(2p(S))) be the Borel sigma algebra on U(Zp(S)), that is, the smallest sigma algebra containing all
open subsets of U(Z(S)) with respect to the sup-norm topology. For the rest of the proof, we assume
that U(2p(S)) is endowed with the Borel sigma algebra (U(Zp(S))), and £2(S) is endowed with the
Borel sigma algebra %3(%?(S)) generated by open sets of #2(S) under the weak topology.

Consider a sequence (P,),>1 in £ (S) such that p(P,,P)— 0 as n — co. We need to show that
p(9,(P,),%,(P))— 0. Fix a probability space (2, Z, 7).

Foreveryn>1,letM,, :Q— U(#p(S)) and ﬁn :Q— Pp(S) be degenerate random variables, where
M, is indexed by 25 (S) and is defined as M,,(Q) = [ 7(P,,)dQ—nv(Q) for all Q€ (S), and fr,, =%, (P,,).
Similarly, let M : Q — U(Z?p(S)) and h:Q— 25(S) be degenerate random variables indexed by Zp(S)
defined as M(Q)= fs n(P)dQ—nv(Q) for all Q € 22, (S) and h= %, (P). By our formulation, (M), and
M are stochastic processes indexed by 2,,(S) and are defined on the common probability space (2, 7, A).
Moreover, by the definition of ¢,(P,), we have that M,(%,(P,)) > suer%(S)Mn(Q) foralln>1. We
proceed to check Conditions (i), (ii), and (iii) in Theorem 21.

Condition (i): Let € > 0. Define the open ball of radius € around Q as B.(Q):={Pe 2 (S): p(Q,P)< e}. We
have

M,,(Q)—M(Q)| = U (7 (P)— 7 (B)]Q(d x)
S

< J 172 (P)— 7 (P)|Q(d ).
S

Now fix € > 0. Then (B.(Q))ge,(s) is an open cover of 22, (S). Note that since (#p(S), p) is compact, there
exists a K. € N and a finite subcollection {Qf,.. .,ch} such that 225(S) C U <j<k, Be(Q5). Let Q€ 22(S).
Let j€{1,...,K.} be such that p(Q,Q%) <e.

Putting these observations together, we have

IM, =Moo = sup [M,(Q)—M(Q)|
QeZp(S)

< max f 17 (Py) =7 (P)|Q5 (d x)+e.
KeJs

T 1<i<

By the assumption of the theorem, 7 is a bounded and weakly continuous map. Therefore by
Dominated Convergence Theorem, we have fs |7 (P,)— 7, (P)QS(dx)—0asn—ooforall1<i< K.
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So we have

hm IM,,—M|| 0 < lim max J 17 (P)— 7 (P)| Q5 (d x)+

n—oo1<i<K,

Since e is arbitrary, M,, converges uniformly over 2, (S) (and therefore over every compact G € %5 (S))
to M. Since for all Q € 25 (S), M,,(Q) is degenerate at fs n(P,)d(Q)—nv(Q) for all n>1, and M(Q) is
degenerate at fs n(P,)d(Q)—nv(Q), this implies that M,, ~ M in £ °°(G) for every compact G € Zp(S).
This verifies Condition (i) of Theorem 21.

Condition (ii): Since the perturbation function v is lower semicontinuous with respect to p (and appears
with a minus sign in M) and the mapping Q — f s T(P)dQ is continuous with respect to p, we have that
M has almost surely upper semicontinuous paths on 2p(S) and a unique maximizer %,(P) € 25 (S).
This verifies Condition (ii) of Theorem 21 since Range(7t) € 6(S) and v is admissible.

Condition (iii): Note that the space (#p(S), p) is compact. Therefore, Condition (iii) holds if we choose
G. =2p(S) for each € > 0. This verifies Condition (iii) of Theorem 21.

Now, we are ready to complete the proof of Lemma 9. By Theorem 21, we have 1, ~ /1 in 22(S). Since
h,, is degenerate at ¥,(IP,,) for all n> 1, and h is degenerate at ¥,(P), it follows that p(%,,(P,), %, (P)) — 0.
This completes the proof of Lemma 9.

The proof of Theorem 1 is now complete by Theorem 21 and Lemma 9.

A.2 Proof of Theorem 2

Let (,),>1 be a sequence of positive perturbation parameters such that n,, | 0. Let P, be a sequence
of n,-perturbed equilibrium for every n > 1. By compactness of & (S) under the weak topology, there
exists a subsequence such that P}, —* P°. We need to show that P is a Nash equilibrium of the original
game. We prove this by contradiction. Suppose that P° is not a Nash equilibrium. Then there exist y €S
and x € supp(P°), disjoint open balls B, and By, an € >0, and a large enough N, such that for all ;. > N,
we have

inf 7, (P )>26+sup77:z(P ) (A.2)

ZGB ZEB
Weak convergence of ]P’;k ensures the convergence of ]P’;k(Bx). We show that ]P’j;k(Bx) converges to 0.
First, we establish the result under Condition Al. Set E =B,, F = By, and g, = n(IP‘;qk). For ny > N, it

follows from (A.2) that infsep gp,, (§)>sup, g gp, (). Since v satisfies Condition Al, it follows that for all
ny > Ne»

Do) (n(P;, )Ls,)= u(n,, DT, (n(P, )s,) (A3)
By Danskin’s theorem (Héliou et al. (2020), Pg. 13, Proof of Lemma B.1), we have

Doy (n(Py ))Ip,)=(V T} (n(P) )1g,).

nnk nnk ng y

128



Here, the dual pairing (-,-) : £1(S)x £°°(S) — R is defined as (f,g) : fs f(x)g(x)dx for all fe.LY(
and all g € £°°(S). Moreover,

(Vioy (n(P; ) I5,) = fVF o (5 N(E)Lg, (1)t
N

- f VFr (n(®5,))1)d1
B, k

=&(VF 5, (=P, ))(B))

=P;, (By).
Combining all these observations, we have Dﬁ;nk(ﬂ(ﬂﬂ’;k ))(]IBy) = IP‘;lk(By). Similarly, we can obtain
Dop (n(P;, )Ip,)=P5, (B,). Therefore, (A.3) implies P} (By)> u(n,, )P, (B,)for n;> N,. Since u(n,,)—

00 as k — oo, this implies that ]P’% (B,)— 0. Moreover, since P, — " P°, we have by Portmanteau’s
g

theorem that P°(B,) =0. However, this leads to a contradiction since x € supp(lP°). Therefore P° must be
a Nash equilibrium of the original game.
Next, we establish the result under Condition A2. Continuing from (A.2), we once again show by

¢
contradiction that ]P";k(Bx) — 0. Suppose that ]P;k(Bx) — ¢, where ¢ > 0. This implies that IP‘;lk(Bx) > 3

for large k such that n; > N’ (say). Since ]P";lk(Bx) is bounded away from 0 for sufficiently large k, there
exists a sequence (A4, )i>1 € B and a sequence of shifted probability measures (P:zk)kZI where ]f"‘;lk isa
shift of ]P";lk from A,, to B, for sufficiently large k. Then by some algebra we have that

f 7 (%, B, (d2)> 2€(B%, (An)~ P, (A )+ f (P, )P, (d2)
A,, UB

ng =2y A,,kUBy

for all n, >max{N,,N'}. Since 17, | 0 and v satisfies Condition A2 with respect to the sequence (P3 ),,>1,
there exists N” such that for all n, > N”, we have

109, (%, )= vy, (5, )| =1, |[0(B, )~ v(®, )|
< €(F, (A)~F, (An,)

for ny > max{N,, N/, N”}. This in turn implies that
Uy (sz)ﬁ U, (P, )+ e, (Ay)— —P (An))

for n;. > max{N,,N’,N”}. Note that

J nz(]P’;k)]P’;k(dz):f ﬂZ(P;k)P:lk(dz)
S\(An UBy) S\(Ap, UBy)

for all k> 1. Therefore we have that

k k

Jnz(P;k)P;k(dz)—nnkv(P:,)> €(F5, (A, )%, (A )+ f (5, )P, (d2) =1 V(P )
S S
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for large enough k, contradicting the fact that Py, isan n.-perturbed equilibrium for every n > 1.
Therefore ]P’;k(Bx) — 0. Since ]P",;k — P°, we must have that P°(B,)=0, which is a contradiction, since x is
in the support of P°. Therefore P° is a Nash equilibrium of the original game. This concludes the proof
of Theorem 2.

A.3 Tsallis Entropy and Burg Entropy

We show that both the Tsallis(y) entropy, 0 <y <1 (Example 13), and the Burg entropy (Example 5.3.1)
satisfy Condition A2 with respect to the sequence (P;k)kzl, where (Pflk)kzl is as defined in the proof of
Theorem 1. To show this, consider two disjoint subsets E, F C S with ]P’;k (E)-» 0 withinf,cf ”z(P;k) >
SUp ,cg ﬂw(IF’jlk) for sufficiently large k. Since (P;k Ji=1 € 2y (S), it follows that there exists (A, )i>1 € E
such that Py, 18 bounded away from 0 uniformly of A,, for sufficiently large k, in which case there
exist a sequence of probability measures (]F";lk)kzl, where ]f”jlk is a shift of P}, from Ay, to F forall k>1
(Definition 4).

1. Tsallis(y) entropy satisfies Condition A2: By the definition of shifted probability measures (Defi-
nition 4), for every k > 1, the probability density function of ]f‘";lk is the same as the density of P,
on the set S\ (A,, UF). Therefore it is enough to bound the difference in entropy on A, UF. Note

that
J PP J PP
A,, UF A,, UF

trme \__ ,,trme —
v E )=V E, ) r(1=7) r(1=7)

N

where f);k and pr‘;k denote the probability densities of fF”‘;lk and ]P’;k, respectively, for every k > 1.

By Definition 4, we have that
ﬁ,;k(x) = ankp,:k(x) forall x € F,

]P:lk (Ank)_sz(Ank)
P5, (F)
that a’,’lk —1<a,, —1forall k> 1. Therefore, we have in particular

where a,, =1+

forall k>1. Since a,, >1forall k>1and 0<y <1, we have

P;lk(Ank)_]po k(Ank)

n

- forall k>1.
Pnk(F)

al —1<
First we bound the difference in the entropy on the ball F. We have

Jr
<Jr

Py (X)=D, (X) p, (X)=p, (x)
-y -7
Py (X)—p;, (x)
r(1—7)

< }f(%_y)[(ank_l)f}? p;k(x)dx—i-(az;k_l)fsp;;k(x)},dx]
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1 ) (5, (An,)—P5, (A, r
[(P;k(Ank)—P;k(Ank)H ‘ : (fspnk dx)]

r(1—7) Py, (F)
(5, (An )P (An,) s 1
r(1—7) Py, (F)

Note that the second last inequality is due to Jensen’s inequaity since the mapping ¢ — ¢7 is
concave for 0 <y < 1. We now show that sz(F ) is bounded away from 0. Since Py, isa Nash
equilibrium for every k > 1, it follows from Héliou et al. (2020) that

/(1=y)
T)nk ].
Fnlh= [ } f O~

for all A€ %(S), where for every k > 1, we choose 0,, > ||7r(1P";lk)||<>O such that

/(=)
[ Ny ] f 10 dz=1.
1— Y S (gnk_ﬂz(Pnk))l/(l_y)

Letting € — 0 in (A.2), we have that

1 1
dz2 dz
JF (0, — 70, (P, )01 JE (6, —11,(P5, )1/0-7)

for all k > 1. Therefore we have that ]P";lk(F )> P;k(E )forall k> 1. Since ]P";lk(Bx) is bounded away
from 0, we have that ]P";lk(F ) is also bounded away from 0. That is, there exists ¢ > 0 such that
P;k(F )= ¢ for all k > 1. Therefore in particular we have

)

Now, it follows that

J

P, () =Py () py (X)—py, (2] ‘ § (c+1)(P;, (Ay)—P;, (An,)
r(1—=7) r(1—7) - cy(1—7y) '

Pp (x)=p, (x) B Pp (X)—p, (X) ‘

1 (e] _"'O
- - < =) []P’nk(Ank) P}, (Ay)

Nk

+ f g, () =5, (x)d .

Ang

¢ for all x € A,,, . Therefore, for sufficiently large k we have that the mapping ¢ — ¢7 is Lipschitz
on A, , in which case we have that

It now follows that there exists a constant ¢ > 0 such that for sufficiently large k, we have Py, (x)=

JA Py, (X) =P, (x )7|dl‘<clyy( (An)-P) (A,)

k
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for sufficiently large k. Therefore in particular we have that

J

Finally, for sufficiently large k, we have that

P =P po (-pe ) (142 P, (An) =B, (An)
-y -7 ‘ - r1-7) '

Nk

Y . _
(B 1t ) n(2e+ i +1)(BS, (A,)~ P, (A,,)
aEnd) = UalEn 1< cy(1—7y)

Since E, F C S are arbitrary, it follows that Tsallis entropy satisfies Condition A2.

. Burg entropy satisfies Condition A2: As in the previous case, we have that the densities of P,

and P;k remain unchanged on S\ (A, UF) for every k > 1. Therefore it is enough to bound the
difference in entropy on A,, UF. Note that,

J logﬁ;k(x)dx—J logp,, (x)dx
Ay UF A, UF

Nk Nk

b o b o _
0P(E°, ) vP(ES, )=

Observe that
Py, (X)=0p.p, (x) forall xeF,
P, (Ap)—P5, (Ay,)
P, (F)
P (An)—F] (An)
P (F)

where a,, =1+

for all k> 1. Since log(1+ x) < x for all x >0, we have that

loga,, < for all k> 1. Therefore, we have

f Ilogﬁ,ik(x)—logp,ik(x)ldx=J llogay, p, (x)—logp, (x)ldx
F F

=J‘ lloga,, |dx
F

= og| 1+—= k
e P;,.(F)
MF)

< 5 0y Foe )5, ()

X

Since ]P";lk(E ) is bounded away from 0 for sufficiently large k, we have by similar arguments that
]P;k(F ) is bounded away from 0 for sufficiently large k. In other words, P;k(F )= ¢ for sufficiently
large k. Therefore we have

~ 0 o A'(F‘) (o] O
f llog 55, (x)~logp;, (x)ldx < = =(F, A4,,)~F;, (4,,)
F

for sufficiently large k. By similar arguments, as in the case of Tsallis entropy, there exists ¢ >0
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such that that p;l’k(x) > ¢ forall t € A,, for sufficiently large k. Therefore, for sufficiently large k,
the mapping ¢ —logt is Lipschitz of A, . This implies that

1'3||>—l

f llog ;. (x)~logpg, (x)| < 5(BS, (An) B, (An)
An

k

for sufficiently large k. So we have

_ AF) 1 _
|vp (B, )—vp(P;, )l < n(% + g)(P;k(Ank)—P;;k (An)

for sufficiently large k. Since E, F C S are arbitrary, it follows that Burg entropy satisfies Condition
A2.

A.4 Appendix to Section 2.4

Proof of Lemma 1

Recall the definitions of.ffj’l(S) in (2.1) and 21 - p(8)in (2.15). Let & be the bijective map & : 21 1(S) —
2(S) defined by £(f)=Q/, where Q is as deﬁned immediately following (2.1). Note that the restriction
ofEto ¥ i,’]l)(s ) is a bijection between .Z i:IID(S )and 2, (S) as defined in (2.14).

Without loss of generality, it is enough to prove the lemma for n=1. Let 7: 2(S) — £ °°(S) and
let VEo*(g)e % j:})(s ) for all g € £°°(S). We show that A is forward invariant under the generalized
dynamic, that is, %, (P) € 225(S) for all P€ 22,(S). Since £(S)* = 2°°(S) (see Rudin (2006), Pg 127
Theorem 6.16), we have ﬁ*(g)=supf€$1(s)[(f,g)— o(f) ] forall ge.£°°(S), where (f,g): fs
Since 7 is closed and L-strong convex, we have for all g € £ °°(S) (see Héliou et al. (2020), Pg. 13 Proof
of Lemma B1),

vt (g)= arg max [(f g)— f] (A.4)
Since 7(f)= oo forall f € £1(S)\ £ (S) we have

arg max [(f g)—(f)]= arg max [(f.g)—0(f)] (A.5)

+

Therefore,

arg max [(f,8)—0()]= arg max [(f.8)—0(f)]

feL\(s

=arg max ff x)dx— v(f))

fegll

=arg max (f g(x)f(x)dx—ﬁ(f))
s

feg'(s)

=arg max )(J ngf—v(Qf)).
S

feel\s
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This implies

3 (argfegﬁs)w 8)—0(f)])=arg Qgg,ﬁs)[Lngf— v(@Qp)] (A.6)

By the assumption of the lemma, V¥ 7*(g) e 2;:},(5) for all g € £°°(S). Fix Pe P (S). Taking g =n(P)
and using (A.6) we have

SE5))

% (P)=arg ng;x(s)[ L (P)dQg — v(Qy)]

=¢(arg_max [(/,7(®)- (/)]

fezl\(s)

= E(VE ¥ (r(P)) € 2p (S).

This concludes our proof.

Proof of Theorem 3

We use the generalized Picard-Lindel6f Theorem to prove Theorem 3.

Theorem 22 (The Generalized Picard-Lindel6f Theorem, Zeidler (1986), Pg. 79) Consider the initial
value problem
x(t)=f(t,x(1);  x(to)=y

Let Y be a Banach space and let f :Rx Y — Y be a mapping with the following properties:

1. f is continuous on R x Y and locally Lipschitz continuous with respect to Y ; i.e for every (ty, o) €
Rx Y there exists real numbers a,b >0 and L >0 such that

1f (¢, )= (&, y)ll < Lllx=yll,

forallteR, x,yeY with|t—ty|<a,llx—yll<b,and|ly—pll <b.

2. There exists a constant K >0 such that||f(t,x(¢t))|| < K forall t for which x(-) is a solution to the
above initial value problem exists.

Then the above initial value problem has exactly one continuously differentiable solution x(-) on R for
each initial value yy €Y.

By Theorem 26 it is enough to show that the mapping P— %,(PP) is Lipschitz with respect to the total
variation norm. We show this in the following lemma.

Lemma 10 The mappingP — %,(P)—P is Lipschitz continuous with respect to the total variation norm.

Proof 45 By Definition 6, we need to show that

19, (P)— %, (P)llry < [|P—Pllry (A7)
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for all P,Pe 2(S). Consider the mapping & : (£} (S),I|. l¢1s) = (Zo(S), Il - llrv). We show that € is 1-
Lipschitz. For f, g effi’l(S), we have

1E)— @)y =110 —Qglhry
=3 f Flx)—g(x)dx
S
< f—glles)-

We complete the proof in two steps: first we prove that the mapping P— %, (P) is Lipschitz with
respect to the total variation norm, and second, we use this to prove the same for P — %, (P)—P. Since
7 is B-Lipschitz, we have ||7(P)—7t(P)||co < B|IP—P|yy for all P,P € 22(S). Let 0,(f):=no(f) for all
fe<£(S). Since 7 is closed and strongly convex, 17 is closed and 1 L-strongly convex. Therefore,

1
I\ ﬁ;(g)—VF 73(&)lloo < 0L llg—&lloo forall g, g € £°°(S) (see Hiriart-Urruty and Lemaréchal (2004),
Pg. 240 Theorem 4.2.1). Therefore it follows from Lemma 1 that

19,P)— %, (B)lry = |16V 7 (x(P)—E(VF 5D
<|IVETH )=V 53 (®))ll 2 1(s)
< niL 17(B) = 7(®)lleo

LA

< P—P||py.
LII [lrv

Finally,

14, (P)—P)—(4,(B)—P)llxy < |9, (P)— 4, (B)llrv + [[P—Pllry
< (ﬂ + l)lllP’—]F’HTV.
nL
This completes the proof of Lemma 10.
The proof of Lemma 10 establishes one part of Theorem 3, the existence of a unique solution from
every initial state. To prove the continuity of the semiflow (Definition 7) of the dynamic, we apply

Gronwall’s Lemma which we state below.

Lemma 11 (Zeidler (1986), Pg. 82, Proposition 3.10) Let u,v:[ty—a,ty+al— V be maps into the sub-
spaceV of a Banach space Y . Suppose f :[ty—a, to+a]x V — Y is continuous and Lipschitz continuous
with respect to u, i.e.,

I f(t,u)—f(t,v)||< L||lu—v|| forall t €[ty—a,ty+a) and u,v eV and fixed L > 0.
Then ||u(t)—v(t)|| < e*=%l|u(0)—v(0)| for all t €[ty—a, ty+al.
We apply Lemma 29 with Y =_Z(S),V=22(S) and f = %,. By Lemma 10, the conditions of Lemma

29 are satisfied. Therefore, there exists k > 0 such that for any two solutions (P;); and (Q;);>qo to the
Generalized Dynamic with initial conditions Py and Q,, respectively, we have ||P, —Q,||py < e ||Py—
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QollTv- This establishes continuity of the semiflow of the Generalized Dynamic. This concludes the
proof of Theorem 3.

A.5 Appendix to Section 6.4
We first prove Lemma 2. For that, we require another lemma.

Lemma 12 Suppose ®: /4 (S)— R is the perturbed expected payoff in a population game n. That is
O(u) = f s n(P)du—v(u) where v satisfies the properties as stated before. Then there exists a unique
maximizer {i such that

dv(@)(v) :f n(P)d v.
S

Proof 46 The fact v is strongly convex and lower semicontinuous imply that there exists an unique
maximizer of @, say fi. Then,

0=da(@)()

_lig AteE V)—‘P(ﬂ)

€—0
efs dv v(g+ev)+v(a)

E—>O €

=f n(P)d v—dv(i)v.
s

Therefore we must have dv(a)(v)= f sT(P)dv.

Proof 47 (Proof of Lemma 2) We need to show that fs P)P(d x)> 0 for all P€ 2,(S). In other words,

we need to show that fs 7T (P)(¥9,(P)—P)(dx)=0. By Lemma 12 we have fs n(P)dP= fs Ve vy (9, (P))dP
for all P € Z)(S). This yields

fﬁx(P)(%,(P)—P)(dxh J [V¢0,(9,([P)—VCu,([P)]d(¥,(P)—P).
S S

Since v, is strongly convex (and hence convex), it follows (see Rockafellar (1970), Pg. 242, Theorem
25.1) that v,(Q) > v,( Q)+ [ V¢v,(Qd(Q—Q) for all Q,Q € (S). Setting Q= ¥,(P) and Q =P, and
interchanging the roles of Q and Q, we obtain

J[VG V,(%,(P)—VE v, (P)ld(%,(P)—P)> 0. (A.8)
S
It remains to show that equality holds in (A.8) only if ¥,(P)=P, (i.e, IP=0). We first show that

dvn(]P’),u:f 0 o p(x)u(d x) (A.9)
s
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for all Pe 22)(S) and all p € #,(S). Fix P € 22(S) and u € #,(S) with density functions p and u, respec-
tively. Since the perturbation function satisfies (2.17), it follows that for every € >0

vy(P+eu)= LGO(p +uo)(x)dx = L@olo(x)dx+6,u0(x)®’0p(x)dx+o(62). (A.10)

Therefore (A.9) follows that Equation (A.10) and the notion of the Gateaux derivative. It now follows that
VEu,(P)=0"op for all P€ Z(S).

We now proceed to prove part (i) of Lemma 2. Let p, denote the density function of %,,(P) . Therefore,
by Equation (A.9), we have VEv,(%,(P))(x)=0’op,(x) and Vv, (P)(x)=0op(x) forall x €S. This in
particular means that

f [VE0,(4,(®)—VC v, (P)d(¥,([P)~P)= f (0" py(x) =00 p(x))(py(x)—p(x))d x. (A.11)
N N

By assumption of part (i) the lemma, O is either strictly increasing or strictly decreasing on [0, 00).
Therefore the integrand in the RHS Equation (A.11) is either non negative or non positive for all x €.
This implies that equality holds in Equation (A.11) if and only if p,(x)= p(x) for all x € S. This proves
part (i) of Lemmma 2.

We now prove part (ii) of Lemma 2. It follows from Lemma 1 that for every n> 0, ¢,(P) € Zp, (S) for
every Pe 2(S). This in particular means that Dy 1< py(x)< D, forall x €S. By assumption of part (ii) of
the lemma, there exists 0 <« < 1< 8 such that © is either strictly increasing or strictly decreasing on
[a,B].

Let n >0 be such that [Dn_ l,Dn] Cla, B]. It then follows that

(@0 py(x) =00 p(x))(py(x)—p(x)

is either non negative or non positive for all x €S and all P € #p, (S) according as © is strictly increasing
or decreasing on [, 8]. This implies that

f[va,,(%(P))—vGvn(P)]d(%(P)—P)=f (@0 py(x)—80 p(x))(py(x)—p(x))d x (A.12)
S S

is either non negative or non positive according as O is strictly increasing or decreasing on [«, 8], with
equality if and only if p,(x)=p(x) for all x €S. This proves part (ii) of Lemma 2.
This concludes the proof of Lemma 2.

Proof 48 (Proof of Theorem 4) Let {P;};-( be the solution trajectory with initial condition Py € 225 (S).
We have already shown that 22,(S) is forward invariant under the generalized dynamic. This implies
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that P, € 25 (S) for all £ > 0 whenever Py € 25(S). Note that

¢ (P)= ¢ (P)—0,,(P)
=Dy (P)P—duv,(P)P
=(VEo(P),P)—(VEu,(P),P)
= (n(P),P)—(V v,(P),P)

:J n(]P)dP—J VEv,(P)dP
S S

=f [7(P)— Vv, (P)]dP
S
= f f(P)dP> 0.

S

The last inequality follows from Lemma 2. Hence A(P;) increases strictly whenever P is not the rest
point of the generalized dynamic.

We know that the space 25 (S) is compact with respect to the strong (total variation) topology. The
fact that the vector field in the generalized dynamic is Lipschitz, a continuous and unique solution exists
starting from Py € 2, (S). Form standard results of dynamical systems theory (see Bhatia and Szego
(2006), Pg. 117, Theorem 2.2.9) it follows that the w-limit set of the trajectory {P;};>¢ is non-empty
compact and connected in the strong topology. Moreover this set is contained in the set consisting of
the rest points of the dynamic. Hence any element in the w-limit set is a rest point of the generalized
dynamic and hence a generalized equilibrium. Also since the entropy adjusted potential function is
increasing along every solution trajectory, any point in the w-limit set will be a maximizer of the function.
This concludes the proof of Theorem 4.

A.6 Appendix to Section 6.5
Proof 49 (Proof of Lemma 3) We prove the lemma along the lines of Lahkar and Riedel (2015). Since
the generalized dynamic is forward invariant on 2 (8S), it suffices to prove uniqueness on &, (S). Fix
P e #5(S) and consider the virtual payoff

#(P)=n(P)— Vv, (P)

for every P #(S). Then for every u € .#,(S) and t €R, such that P+t u € 25 (S), define

oP,u,t):= f AP+ rpju(d x).
N

We now compute the Gateaux derivative of p(P, u,.) with respect to ¢. By similar arguments as in Lahkar
and Riedel (2015), we obtain

Go®,p 1) _ J 7, (P+ t)u(d x).
Jat S
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We now compute integrand on the right hand side of the above equation. Note that by definition of 7,
we have

(AA(P+ ¢ p)p)(x) = (dn(P+ t p)u)(x)—dVE v, (P+ £ p)u(x).
Therefore integrating both sides of the above equation we have,
f d7t  (P+ t,u),u(dx)=f dr (P+tu)u(dx)— f AVSu, (P+ rpu(d x).
S S S

Since 7 is a Fréchet differentiable, the Gateaux derivative of 7 coincides with the Fréchet derivative of 7.
Also since negative semidefinite game, we have

f dr (P+ t,u),u(dx):f D7n, (P+tu)u(dx)<0.
S S

By assumptions of the lemma, we have

f dve® Uy(P+eu)u(dx)=0.
s

This in turn implies that
doP,u, 1)
— <
ot

The proof now follows along the lines of Lahkar and Riedel (2015). This completes the proof of Theorem
3.

0.

Proof 50 (Proof of Theorem 5) We first define some notations which we require in the proof. Let
AL(P) ::f T (P)%,(P)dx), AL(P):=v,(4,(P), A3(P) ::J 1, (P)P(d x) and A7}, (P) := v,(P) for all
s

S .
P 2,(S). Since Gataeux derivative is linear, it is enough to compute the Gataeux derivative of A, (P) for

i=1,...,4 separately. Differentiating A}, we have

DAL (P)P= f Dr(P)P(x)¥,(P)(d x)+ f 7 (B)%,(P)(d x)
S S
= (Dn(P)P, 4,(P)) + (n(P), %, (P)).

Since the perturbation function v is Gateaux differentiable, we have

dAZ (PP =d v, (%, (P)%,(P)
=(VOu,(%,(P)), 4, (P).

Now, differentiating A%, we have

DA (P)P= f nx(]P’)]P’]P’(dfo 7 (P)P(d x)
S S

= (Dn(P)P,P) + (n(P),P).
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Finally differentiating we have A}, we have

dA} (PP =du, (PP
=(VSu,(P),P).

Combining all the observations from above we have

Ap(P)= (D(P)P, %, (P)) +(1(P), 4, (P)) — (VO v, (%, (P)), 4, (P))
—(Dr(P)P,P)—(n(P), ) +(VC v, (P), P).
= (Dn(P)P, 9, (P)—P) + (n(P), 4, (P)—P) + (VE v, (P), ) — (V¢ v, (%, (P)), ¥, (P)).
Since 7 is a negative semidefinite game and P= %, (P)—P e .#,(S), we have from the definition of negative

semidefinite game that the first term in the RHS on the above equation, namely (D7(P)P, %,(]P’)—]P’) <0.
Using this inequality in the RHS of the above expression and rearranging the terms we have

Ap(P) < (n(P)— Vv, (9, (P)), ¥, (P)) — (n(P)—V v, (P), B).

Observe that the first term on the right is 0 due to Lemma 12 and the second term on the right is non
negative due to Lemma 2. Therefore Ap(P) < 0 along every solution which originated in 5 (S). This in
particular means the Lyapunov function as defined in (2.22) decrease along every solution trajectory
which originates in 2 (S). Since %25 (S) is compact under the strong topology and A 5 (P) < 0 with equality
only from the rest points, it follows from standard results of dynamical systems theory (Bhatia and
Szegd (2006), Pg. 117, Theorem 2.2.9) implies that «-limit of every solution trajectory satisfies A, (P)=0,
which is the set of all rest points of the GPBR dynamic. In particular, we have from Lemma 3 every non
stationary solution originating in £, (S) converges to the unique generalized perturbed equilibrium.

A.7 Appendix to Section 2.7

In this Appendix we calculate the value of the constants 9,; in (2.12) and 9}]’ in (2.13) in the following
manner.

Tsallis Entropy

Recall from (2.12) that for Tsallis(y) entropy, the generalized perturbed best response is

[ n 1/(1-y) dx
9, (P)(A)= [lTy] ROEN G ek

where 0} is such that the integral if the above density is 1. Here we have taken y =0.5. Therefore the
generalized best response becomes

dx

— 2 YT
4, (P)(A)=4n L )

140



Since we are looking at the Cournot competition model (2.23), we have 7 ,(P)=(1—a)x—0.2x, where
a = A(P) is the aggregate output at P or, equivalently, the mean of the distribution P. Therefore,

3 4n?dx
%(P)(A)_L(95—(1—00“0-236)2' (A.13)

where 9,; is such that the integral of the above density is 1. After computing the above integral we see
that the value of Br‘] for which the integral in (A.13) is 1 is given by

ot (0.8—a)++/(0.8—a)2 + 1612
n 2 '

Burg Entropy

Similarly, for the Burg entropy, we have from (2.13) that the perturbed best response is

dx

%, (P)(A)= ﬁJA m,

where 0P is such that the integral of the above density is 1. For the Cournot competition model (2.23),
the generalized perturbed best response becomes

_ ndx
HENA)= L(e,?—(l—a)xw.zx)' A1

Similar to the Tsallis entropy, the value of 0}; for which the integral in (A.14) is 1 is
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B.1 Proof of Proposition 2

To keep the notations simple, we shall, without of loss of generality, fix n to be equal to 1. Now fix
Ae B(S). We then observe that,

ul)(A)—p"[£](A) = fﬂ[S](A)dS—Jll"[S](A)dS
0 0

J pls)(A)—p"[s](A)|ds
0

t t
< JS[M(S)](A)ds—f2"[#"(5)1(14)618 +
0 0

IA

f ulsl(A)—p"s)(A)|ds
0

t t
f Luls)(A)d s —f Lu"($A)ds|+
0 0

t t

f S(M"(S))(A)dS—J L (s)(A)d s
0 0

+

J(IIS u(s))— S(u"(S))IITerIIu(S) "(s)lrv)ds

0 ”

It follows from Lahkar and Riedel (2015) that there exists xk > 0 such that

exp((( "(s)))  explplu"(s)
[, exple,(un(s\dy [, exp(e}(un(s)dy
=7,"(s,x)

‘dxds

T (s) = 1L(u(s)—Lw" (sllrv+lu(s) =" (s)llrv
<A+x)|uls) =" ()l (B.1)

for all s > 0. We now state and prove alemma which provides an appropriate upper bound on the second
term 7,"(s, x) in order for us to apply Gronwall’s lemma in the subsequent stages of the proof.

Lemma 13 Fix n>1. Then for every x € & and every s >0, it holds that:

T, (8,x) < 2|l fu— flloo €xp(4ll flloo VIl fullo)- (B.2)

Proof51 Fix x €. Since the two-player games (f;,),>1 and f are bounded below by definition, it then
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follows from the definition of 7,"(s, x) that,

T, (s,x)=

Jsexp( (1" (s)explp (4" (s))dy — [ exp(e (" (s)expleo, (" (s))d y '
([sexpleoy(un(sMdy )( [sexplefun(s)dy)

<exp(ll fulloo +11 flloo)

f eXp(sox(u”(S)))eXP(so;l(u”(S)))dy—f
S

exp(ip (1" (s)explg, (1" (s))d y'
S

=exp(|l fulloo + I flleo) J eXp[SOx(M”(S))Jrw;(u”(S))]dy—f
S

eXp[sOQ(u”(s))Jrsoy(u”(s))]dy‘
S

<exp(llfulloo + “f”oo)[f lexply (" () + ¢y (" (s)]—exple (" () +¢y W (Ndy
S

=:7}(s,x)

+J |expl (1" (s)+ @ (1" (s)]—exple (" (s)+ @ (" (sl d y |
S

=:7,3(5,X)

The first inequality in the above string of inequalities occurs since the payoff functions (f;,),,>1 and
f are bounded below by (—|| f;|lco)n>1 and —|| f|lco, in which case the integrals fs exp(y,, (u"(s))dy

and fs exp(cpj’j(,u”(s)))dy are bounded below by exp(—|| |l co)n>1 and exp(—||f|lco)- Now we bound the
terms 7,/ (s, x) and Z,5(s, x) separately. For any two bounded functions g;,8, : ¥ — R, it follows by an
application of mean-value theorem that

lexp(g:(x))—exp(ga(x))| < exp(l|gilloo VIIg2lloo)Ig1(x)—82(x), forall xe.. (B.3)

Therefore by an application of (B.3), we have for all s >0, and x €., that

T\ (s, x) =f lexp( (" (s))llexp(p . (1" (s)))—exp(@y (1" (s)d y
s

<exp|l fulloo exp(ll floo V”fn”oo)J @ (" ()= @5 (u"(s)ldy
S

Proceeding similarly as above we observe that

T (8, %) <exp(2l flloo VI fulloo) I f = fulloo,  forall xe..

Combining the above inequalities we have,

7, (5, %) < expll fulloo + I flloo)[ T3 (5, %)+ T (5, x)]
<2l fu—flloo €xp@ll flloo VIl full o),

for all x €. This completes the proof of Lemma 13.
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We now proceed with the proof of the proposition. Using Lemma 13 in conjunction with (B.1), we now
arrive at

t

L E A =" [E1(A)| < f

0

9’1”(3)ds+f F,)'(s,x)ds

0

S(1+K)f ||H(S)—M"(S)||Tvds+2f I /o= flloo €xp(4] flloo VI fulloo)d s
0 0

<(k+3) f [11£=Flloo €XP(Al1flloo VIl falloo) +lla(s) =" (S)llzv ] ds.
0

Taking supremum over all A€ %(.¥), we have

t

() —p" ()llry < 2(K+3)f [eXp(4||f||oo Vil fallooll fn=flloo + IIM(S)—M"(S)IITv]dS- (B.4)

0
We now define a mapping A,, : [0, T]— R such that
An(8):=1fn—flloo €XpAll flloo VIl fulloo) + ()= (¢)llry, forall0<s<T.

From the above inequality (B.4), it then follows that

t
An(r)s2||fn—f||ooexp(4||f||oov||fn||oo)+z(:<+3)J An(s)ds, forall 0< ¢ <T.
0

As aresult, by Gronwall’s inequality, we have for all 0 < ¢ < T that

An(t) <2 fn— flloo €Xp(4ll flloo VI fulloo) x exp (21K +61)
<2 fn—flloo exp(4| flloo VI fulloo) x exp(2Txk +6T).

Since f,, — f uniformly, ||, ||co is uniformly bounded, in which case it follows using the definition of A,
that

OSUBT”,U(”_;Un(t)”TVS2||fn_f“ooexp(4“f||ooV”fn”oo)xexp(z(K+3)T_1)_’0’ as n— oo.
<t<

This completes the proof of Proposition 2.

B.2 Proof of Proposition 3

As in the proof of Proposition 2, we assume without loss of generality that 1) is equal to 1. We begin
the proof of the proposition along the lines of Benaim and Weibull (2003). To get rid of cumbersome
notations in the proof, we shall, for every n > 1, denote the vector field 2 ()3 u— £"*(u)—u € My(S)
by u— £7, . (u) for all u€ Z (). For N, n > 1, consider the stochastic evolutionary process (Xfl](k))kzl

as defined in (3.16). We also use the notation 0 5 to denote the quantity 1/N for every N > 1. Now, let
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N :[0,00) — /() be a mapping defined as
1
UN (k)= 5—[X§j (k+1)65)—XN (k6 n)]—L" (XN(k6 ), forall k> 1. (B.5)
N

We now define the continuous time process as %,ﬁv(t) = %,ZZV(kEN) forall koy <t <(k+1)oy. For
k>1,let Z; denote the o-algebra generated by {X]r\l’ (0),... ,Xg (k6 n)}. To proceed with the proof, we
also require the following notation. Let XI,Y( t) :=X1,\l’(k5N), forall ko <t <(k+1)0, be the step process
corresponding to (Xff (k))g>1- It now follows that

SMOETE f [ LK (D2, ())d s

=f[$\,’lct(XN(S))+£f et (X0 () =L K () + 2, (s)ld s.

We now make the following important observations about the smoothing operator s,, before we proceed
with the proof of the proof of Proposition 3. Firstly, we note that the smoothing operator is linear in
its arguments. Secondly, we can extend the domain of definition of the smoothing operator in such a
way so that it acts as an identity operator on the subset of probability measures which already admits a
probability density function. Thus, by definition of the smoothing map s,, (Definition 12), it follows that

5 (X (1) =5 (pi) = f[ﬁvect (R () L0 (K ()= Lt X7 () 5,2, (s)]dl .

Also since we have u"(t)—ug = fo Llct(u(s))ds, we have that

llsn (X)) (£)— t)||TV<f 1Lt (K7 () =Ll ($)llv s

f 1Lt (K5 ()= £l K (sDllrvd s +(T),

where U(T)=supy,<7ll f o 9nl 02/ (s))d s|lty. We now require the following two lemmas to complete the
proof of Proposition 3.

Lemma 14 Fixn>1. Let u, ve 2(%,) be two arbitrary purely atomic probability measures. Then

1
s, () =5, (Vv < leu— Vv (B.6)

Proof 52 By definition of smoothing of a probability measure, we have that s, (u),s, (u) are both abso-
lutely continuous with respect to the Lebesgue measure. Now by definition of total variation distance,
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we have

ds,, d o
s ()= (Mlrv = f | )y L) )

21 2n—1
=3 JS D 2"t el . )—kz_;2"v({an,k})H[an_k,a,,,,m)(x)dx

k=0

2"—1
<3 3 (i, )= (1))
k=0

=—|lu—Vllv.
PN
This completes the proof of Lemma 14.

Lemma 15 Fix € >0. Then for every u, ve 2 (<), we have

€0 et = Lhecd Ml Ty < 4€ exp(d]] flloo) + (14211 1l oo €xp(4ll frolloo Nl — Vil v, (B.7)
for sufficiently large n.

Proof 53 For every n>1, let us define a sequence €,, :=||f, — f|lco. We shall make use of this sequence
in the proof of the lemma as well as in the later part of the proof of Proposition 3. We now proceed with
the proof of the lemma. Fix u, ve 2(.¢). Now note that by definition of total-variation norm, and again
exploiting the fact that the two-player games ( f,,),,>1 are bounded below, we have

I (- H Py (p e
YN expel u))dy [ explep(dy
~ f o exp(pr(w)exp(pi(M)dy — [, exp(pr()exp(pl(W)dy
P ([, exp(p()dy) [, exp(p}(v)d y)
<exp(2|l fulloo) f

f eXp(SOZ(u)HD;‘(V))dy—f exp(py (W+e,(V)dy
') 7

f exp(i () + @ (M) y — J explp () + ¢} (u)d |
S S

dx

SeXp(lefnlloo)f |lexp(; (1))(exp(y, (v))—exp(py (w)ld y
;4

J lexp(i, (L)) (exp(y; (L) —exp(p (M)d y

<ZeXp(ZIIfnlloo)eXp(IISO"(u lloo +11¢" (Wlloo V" (Mool ™ ()= (Moo
<2expll fulloo)lle" (W)= ¢" (Voo

<2expll fulloo )l ™ (W)= p(Wlloo + I () =P (Mlloo + 1" (V=9 (Vo)
<2exp(4| fulloo)2€n + I flloo It —iirv)

=4€, exp(4l fulloo) + 2| f Il oo €xp(4| fall oo llt—= VllTv-
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As a result, we have by definition of £, that

I1€0ectt) = Lhec My = 1€ (1) — ) — (€% ()= V)llrv
<€) =L Mllrv+Ip— Yty
<4e€pexp(d|lfulloo) +2[1 f lloo exp(4l] fulloo it = Yirv + Il = Vllrv
=4€5,exp(4]| fnlloo) +(1+2[| fllco exp(4l| frllco DIt = VllTv (B.8)

for all u, ve 22(<). Finally fix € > 0. We first observe that since f,, — f uniformly, we have €,, <€ for
sufficiently large n. Thus, we have that

I1€0ect W)= Lhec (Vv < 4€exp(4] fulloo) + (14211 f ll o €xp(4l] fr lloo DlIt— Vllzv,
for sufficiently large n. This concludes the proof of Lemma 15.

We now proceed with the proof of the proposition. Notice that using (B.8), we can thus say that

152 (X () =" ()llry <86, £ exp(&]l full oo)+(1+2]1 fll oo exp(4ll fulloo))on T

+(142| flloo exp(4]] fr ||oo))f lIsn(X}) () =" (s)llrvd s +(T).
0

Since f,, — f uniformly, there exists B >0 such that || f,,||cc < B for all n > 1. Therefore, by taking supre-
mum on both sides of the above inequality over the time horizon 0 to T, we have

Sup 52 (X () =" (0)lly < [8€n Texp(4B)+(1+2||fllco exp(4B))on T
<t<

+‘I’(T)]+(1+2||f||oo eXp(4B))J l15,(X7 ()" ($)llvdss.
0

Therefore by Gronwall’s inequality we have the following bound:

Sup s (X)) (£) =" ()lly < [8€n T'exp(4B)+(1+2| flloo exp(4B))on T
<t<

+U(T)|exp((1+2]1 lloo exp(4B)T). (B.9)

Recall the definition of €,, from the proof of Lemma 15. Since both €,, and § 5y converges to 0 as n — co
and N — oo, we can choose n and N sufficiently large such that

€ €
32T exp(@B) 47(1+ 2] flloo exp(&l fl1o0)

enVon <( )xexp(—(1+2llf oo exp(dB)T),  (B.10)
in which case we have
{ sup |15, (X (£)—p" ()llry = 6} - {‘I’(T)Z gexp(—(l+2||f||ooexp(4B))T)} (B.1D)

0<t<T
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As a result, we have

PMS(SUP lonl&) ()~ .U"(I)HTV>€)<]P’ (wmzgexp(—(l+2||f||ooexp(4B))T)).

0<t<T

We now proceed to bound the probability on the right hand side of the above inequality. Let us
define the following collection of functions:

2"—1
L) = {g‘ € 2*():3 (Br)iy' SR, such that §(x):= > Brlia, .a,,.,)(X), forall x e y}.
k=0
Thus, in principle, £ °°(.#) is the sub-collection of bounded step functions on the strategy space ..

Lemma 16 Lety:= (1/—+supueg) ||£Vect(,u)||TV) Fork>1, let Zy : £°°(%)— R be a mapping defined
as

k
z(8)=exp( D (&, 5N >——k52 IgI2,),  forallge 2°°().
i=0

Then, for every § € £°°(S), the process (Z;.(g))ik=1 is a supermartingale with respect to the filtration
(T k=1

Proof 54 From definition of (%, k) we observe that

l152(%,y llry < —IIXN((k+1)5N) X (k& N )llrv + 11 €0 (X5 (kG 3 )iy

<‘/_+ sup, ||2vect( Nlrv= /7.

UEP (S

Now it follows along the lines of Benaim and Weibull (2003), that E(exp((g, %flv ) exp(ﬂlg_zll‘z"’ ), and
thus completes the proof of Lemma 16.

Thus for any 0 >0, using Lemma 16, we have that

Py max (8. onsn(,))2 0) <Py ( max 2,(§)> expl6—T11gl1%,m5%)

_exp(5||g||io mé&s,—0)

For k>1,let h;: S— R be defined as hi(x):= ﬂ[an,kvan,k+l)(x)’ for x €S. It then follows that (hy )g<r<on_1
forms a basis of £°°(S). Let h = h; or h =—h; for some k. Set 0 = ,;252. Then there exists h=

(h(ap0)s-..s h(@ppn—1)) €R?" and UN eR?" suchthat<h Z(SNsn >=<h Z(SNU > Now set g =
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(%)h and define g:= (g)h It then follows from Benaim and Weibull (2003) that

£l (13 0002 €) =i (03 503
=Py max <g,:5NU§,>29)
< exp(%;;v)

It now follows from Lemma 14 that
P (¥(T)> €)<2(2" +1)exp(8(;;;T).

Define C :=exp(—(1+2||f||oc €xp(4B))T)> 0. Note that by definition of C, it is independent of u.
As a result, we then arrive the inequality:

P sup lou (R () ~a" (1)l = €) <P (w)2 <)

0<t<T
—C?¢?
<2(2"+1 —_—|.
( )exp(325NrT)

Let C:=C?/32yT. As 6y =1/N, we have that

Pﬂg(osgp lsn (KN (£)— " (£)llrv > €) < 22" +1)exp(—N Ce?).

This concludes the proof of Proposition 3.

B.3 Proofof Theorem 6

The proof Theorem 6 follows from Propositions 2 and 3. To make the proof mathematically rigorous,
consider the fixed probability space (2,7 ,P) on which the stochastic evolutionary process (XQ’ )
is defined. For n>1, let X, : 2 — 22(.¢) be the degenerate stochastic process such that for al w €,
we have X, (0)(t):= u”(t), for all ¢ >0. Also define the process X:Q— 2 () such that for all w € Q,
X(w)(t) :=u(t), for all £ >0. For € >0, we have that

{ sup |ls, (X} (£)=X(0)llv > 6} { sup ls, (X} (1)K, (¢ )IITVZG/Z}

0<t<T 0<t<T

U{ sup |1X,,(£)=X(1)llrv > 6/2}-

0<t<T
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As a result we have that

P~ ( sup ||5n(XN(t)) t)”TV )<Pu§ ( sup Hﬁn XN( 1)—-X ”TV> 6/2)

0<t<T 0<t<T

+Pyy ( sup ||, (0)=X(1)|| 2 e/z).

0<t<T

By assumption of the theorem, we have that the initial conditions ,ui)\{l =y, for all N,n > 1, implies that

]P’HO(O?E)T||5n(§§1,:’(t))—§§(t)”w26)SIF’H (OiugTHsn KN ()X, (1) |)Tv>e/2)

+IP’HO(Oiup ”X A(I)HTVZ 6/2).

Fix n>1. Then by taking limits as N — oo we have by Proposition 3 that

lim P, ( sup ||5n(§A§I:(t))—X(t)||TV26)SIF’MO( sup [[Xn(0)=X(0)||py = 6/2) (B.12)
0<t<T 0<t<T

N—00

Now, allowing n — oo, in (B.12) we have by an application of Proposition 2 that

lim lim P, ( sup Hsn(Xg(t))—X(t)HTVZ6):0.
0<t<T

n—o0 N—oo

Finally, using the fact that X(¢)= u(t), for all ¢ >0, P,,-a.s concludes the proof of Theorem 6.

B.4 Proof of Proposition 4

Only-if part: Suppose that ¢ is a supermodular game as per Definition 13. We need to show that
the underlying two-player game f is supermodular. That is, we need to show that f(y,z)— f(x,z)is
increasingin z if x < y. Let z; < z,. Define u; ;=6 and u,:=0,. It then follows that u; < u,. Since ¢ is
a supermodular game, we have that

f(y,zl)—f(x,zl)=f f(yyZ)ul(dZ)—f f(x,2)u(d x)
s s

:SDy(.Ul)_SOx(.Ul)
<@y (U2)—px(u2)

=J f(J’»Z).Uz(dZ)—f f(x,2)pa(d x)
5 S
=, 22)=f(x,2,).
This proves that f(y,z)—f(x,z) is non-decreasing in z if x < y. Thus f is supermodular on & by

Definition 14.
If part: We now show thatif f is supermodular in .% then the population game ¢ is a supermodular

151



game. To this end, fix x < y. Since f is supermodular on .¥, we have that f(y,z)— f(x,z) is non-
decreasing in z by Definition 14. Now fix u < v. By (3.1), we have

%(H)—wx(u):f (f(y,2)=f(x,2)uldz)
7

sf (f(y,2)=f(x,2)Mdz)
4
= (Py(V)_SOx(V)-

This proves that ¢ is supermodular according to Definition 13. This concludes the proof of Proposition
4.

B.5 Proof of Proposition 5

For this proof, we topologize the space of probability measures &2 (%) with the BL*-norm. In order to
define such a norm, we first require the notion of a BL-norm. The bounded Lipschitz norm is defined as

X)— .
gl := suplg(x)l+sup B TEWN o ai g e Lip(s) (B.13)
xes

x#y |x_J/| ,

where Lip(#) denotes the collection of all Lipschitz functions on .. Now let
Bounded-Lip(#):={g : ¥ — R| g is bounded and Lipschitz with ||g||g. < 1}

be the collection of bounded Lipschitz continuous functions with BL-norm bounded by 1. Denote by
M (), the space of all signed measures on .. Then the dual BL*-norm on ./ (%) is defined as

[|u—Vllgrs := sup (J fd,u—J fdv), forall u, ve 4(¥). (B.14)
g<Bounded-Lip(#)\ J & 4

It is well-known (see Billingsley (2013), Perkins and Leslie (2014)) that the weak topology on (%)
coincides with the topology generated by the BL*-norm on £ (.¥). Therefore, weak convergence is
equivalent to convergence with respect to the BL*-norm.

We now proceed with the proof of the proposition. Suppose that ¢ is supermodular and let n > 1.
We show that the level-7 discretization @;l of ¢ as defined in Definition 11 is a supermodular game. Fix
x,y € A(S,) with x> y. It then follows that uy =3 ;2. X;0a, ; = D o< <20 VO, ; = My Now fix i < j. It
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then follows from the definition of @g that,

@Z[X](an,j)_@;l[x](an,i):(fn(an,j)')’X)_<fn(an,i")rx>
= Z fn(an,j’an,k)xk_ Z fn(an,iran,k)xk

0<k<2n 0<k<2n
:f fn(an,j: t).ux(d t)_f fn(an,ir t)‘ux(d t)
S S

=@q, ;(Ux)—Pa,, (Ux)
2 Yq, (Uy)—Pa,, (Uy)

:f fn(an,j’ t).uy(d t)_f fn(an,i’ t).uy(d r)
S S
= 2 fn(an,j’an,k)Yk_ Z fn(an,i’an,k)Yk

0<k<2n 0<k<2n

= (fn(an,j» )’Y> - <fn(an,i")rY>
=7, [yllay, ;)= 2yl an,).

This completes the proof that @g is a supermodular game. Since n > 1 is arbitrary, this concludes the
proof of “only-if part" of Proposition 5.

We now proceed to prove the “if-part" of the theorem. Now suppose that @;‘ is a supermodular
game for every n > 1. We need to show that ¢ is a supermodular game. To this end, first x > y. Let
Soo :=Up>1S,,. Note that S., consists of all dyadic rationals in ¥ and hence is dense in .. Thus, there

exists two subsequences {n;};>1, {mi}r>1 €N and sequences {ajﬁ . } cS,, and {ay . } cS,,, such
> > ko Jing, k M, Jmy, k
that aﬁk i | x and afnk i 1y as k — 00. Again, since S, is dense in ., it follows (see Billingsley (2013))
g »Imye
that that space of atomic probability measures 2 (S ) on S is dense in & () relative to the topology
of weak convergence. Since weak topology in equivalent to the BL*-norm on £ (.¥), we therefore have

that for every u € 2 (), there exists (U,,)n>1 € 2 (Seo) such that u, LR u. By definition since ¢ is a
weakly continuous population game, we have ¢, (u,) converges to ¢ ,(u) for all x €.#. As aresult we
have for all x € & that,

znlgrgof flx, )unldr).
S

By the definition in (4.16), the sequence (f;),>1 converges uniformly to f. This, in conjuction with
Bounded Convergence Theorem (Billingsley (2013)) implies that

@x(ﬂ)=nlijgof f(xr t)‘un(dt)-
N

= lim lim Lfk(azk,jnk’t)“"(dt)

n—o90 k—o00

s . n x
= i Jim 97lp,, e, ;)

153



We are now ready to conclude the proof of the theorem. Fix u, ve 2 (%) with u > v. Then there exists
two sequences of atomic probability measures (i4,,);,>1 € 2 (Seo) and (v,,)>1 € 2 (Seo) such that u, = v,
foralln>1, such that u, LR uand v, L By hypothesis of the theorem, the level-n discretization @g

is a supermodular game. Also by construction, we have thata; . > a

, >
ering >~ Cmi o for every k> 1. Therefore

we have

¢x() =y (W)= lim lLim 7p, ey, ; )= lim lim 7][p, )a a,. mg)

M Jn n—09 k—o00

= lim lim |7;[p, Nay, ]n) Dby, @ J;;zk ]mk)]

n—0oQ k—o00

> lim lim @"[Pvn](azk,jn )—@$[Pvn]( a,

n—o0 k—oo my, ] k)]

— n X
N nlggo kll,nc;lo @‘P [ ](

@x(V)—SOy(V).

)— lim lim @n[pvn]( M, ]mk)

N, ]}’Lk n—o0 k—oo

Since u > v is arbitrary, this proves that ¢ is a supermodular game and hence concludes the proof of
Proposition 5.

B.6 Proof of Proposition 6

Recall that the two-player game f which induces ¢ in Example 5 is defined as f(x, y)=m(x)y —c(x),
for all x,y € &, where m is an increasing function of x and c is an arbitrary function of x. Using (4.16),
we define the step-wise approximation of f as

m(an,j)an,k_c(an,j)r if(x,y)e [an,j’an,jH) X [an,kran.kH) and j,k=0,...,2" =2
Julx,y)= (B.15)
m(Qyon_1)tyon_1—C(Apon_y)if (x,y) €[ty 2n_1,1] X[t} 201, 1].

This implies that for every n > 1, we have from (3.13),

D" en )= > ol @uidpl, forall j=0,1,...,2"—1.

0<k<2n—1

We now proceed to show that 9;2 is irreducible. Fix p” € A(S,) and K c S, arbitrary as in Definition
16. Nowlet je K and i €S,,\ K. Since m is an increasing function of x, we have
02" Nanj+1)  07g[p"N@n,j+1) _
P4 op}

n(an,j-H’an,i+1)_fn(an,j+l’an,i)

= m(an,jﬂ)(an,iﬂ_an,i)
> m(an,j)(an,i+l _an,i)

:fn(an,j’an,i+1)_fn(an,jran,i)
_ 97,p"(an,j) B 07 5p" (ap,j)
Ipin op;}

154



This proves that @;’ is irreducible and hence concludes the proof of Proposition 6.

B.7 Proofof Lemma4

To prove the lemma we shall first exploit the properties of BL*-norm, or equivalently weak topology on
the space 2 (). Observe that the sequence of level-n step logit equilibria ,(up:)€ 2 () for every

n > 1. Since the weak topology, and hence the BL*-norm renders the space % (.¥) compact, there exists

asubsequence (1 )r>1 such that s, (up: ) ) converges in the BL*-norm to some u* € (). We now show

that u* is a logit equilibrium of the original game . To this end, we need to show that
u*(A)=2,[u*)(A), forall Ac B(7).

Note that since s nk(n“pé‘lk )is alevel-n; step logit equilibrium of the game ¢ "* for every k > 1, we have that

fnk[up; )= I (ups, N(A),  forall A€ () such that *(2 A)=0. (B.16)

Now, we show that " (5nk(.up’ak ) — @(u*) as k — oo. Fix x €.#. Since f is Lipschitz continuous, we
have

|02 (s, (1py, N— (") =

f Ja (2, y)8 0, (s, )(dy)—f f(x,y)u*(dY)‘
% %

SJ | fni (2, )= f (%, ¥ )5, (s, N y)+
S

J F(x, yXsn, (g, )= d y)
S
<2l fpe = Flloo + 1 f loolls ny (thp, ) — 1" [IL+-

As aresult, using the fact that f,, — f uniformly, and that s, (up: k) converges in the BL*-norm to u*, we
have

10" (5, (g, =W loo = sup |97 (5 (hp, ) — 0 (17
XE.

<2l fre = Flloo +11f lloollsn, gy, )— 2"l

—0, ask—oo.

Also since
EXP(%'Zk(fnk (tp;, ) <exp2(1+]Ifllec)), forall xe.,

we have using Dominated Convergence Theorem that fy) exp(y ;,lk(ﬁnk (Upr . N)dy — f v exp(yy (u))dy.
Now, in order to prove that SZ" (5, (Upz . )) converges in the variational norm to £,(u,), it is enough to
show that e

ALy*( o (Up, )

n "
[5TT as )

N
i i

IThe space £ 1()is defined as the collection of all measurable functions g :.% — R such that fy |f(x)|dx < 00. We say
that g, — g in £1() iffy., |gn(x)—g(x)|dx —0asn— oo.

in (%) as k— o00.!
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Note that the density function of SZ" (57, (Up . )) satisfies

ALy ( & (s, )

T (x)<exp(2(1+]|flloo)), forall xe.

We also have that for all x €.,

dﬂﬁk(snk(upzkn() dg,(u)
dr . an

(x) ask—oo.

Again, by an application of Dominated Convergence Theorem, we conclude that SZ" (51, (“P?k )) con-

verges in the variational norm to £, (u,). Therefore, for every A€ (%), we have that £Z’“ (5, (Up . )J(A)—
£,lu*](A) as k — oo. Using this observation in (B.16), we have that u* is a fixed point of £,, and hence
alogit equilibrium of ¢. In fact, we proved that that 5, (“p’;,k )= 2,’;’“ (5nk(ﬂp2k ))— £y(u*)=u* as k — 00
with respect to the total variation norm. This concludes the proof of Lemma 4.

B.8 Proofof Theorem 7

The proof of Theorem 7 is subdivided into several steps.
Step 1: In this step, we show that the discretized version of the stochastic evolutionary process
converges in the medium run to an element of LE, (%) as N — 0o. Fix € > 0. Pick N, 7 > 1 and consider

the interpolated stochastic evolutionary process (XQ’ (t))¢>0- We observe that though (Xﬁ\l’ (£))¢>0 1s
a stochastic process in taking values in 2(<’), however in principle, (}‘22’ (t))s>o takes values in the
space of atomic measures on . with support S,,. Note that any probability measure yu € 2(S,,) can be
expressed as =2 con_; p;.’ 9) a,» for some p” € A(S,) and vice-versa. We therefore define the bijective
mapping 0, : 2(S,,) — A(S,) such that On(Zoskszn_lp;} 50(”,]) =p” for all p"” € A(S,). It then follows
that (0 n(XZX (£)))¢>0 is the interpolated stochastic evolutionary process on A(S,,). Let LEn(@;}) denote
the collection of discretized logit equilibria corresponding to the level-n discretized game @g. More
precisely, LEn(@;’) = {PZ'* : L,’;[p,’;’*] = pg’*}. By assumption of the theorem, we have that the original
population game ¢ is supermodular. Therefore by Proposition 5, we have that the level-#z discretization
@g is supermodular. Also by hypothesis of the theorem, we have that @g is irreducible. Thus, by
Hofbauer and Sandholm (2007), the process (DH(XQ’ (£)))r>0 € A(S;) converges in the medium run to
an element of LEn(@g) as N — 00. Let us denote by p? the element in LEn(@g) to which (d n(XZ,\[ () ¢>0
converges in the medium run as N — c0.? That is, there exists T, > 0 such that for all T > T, such that

]\}EEOPHO(DH(XJX(t))e o“(pt)forall T, <t < T)=1.
We now proceed to show that the smoothed version of the stochastic evolutionary process (s,, (Xﬁ;’ (>0

converges in the medium run to an element of LE,(¢") as N — oo. In particular, we show that

(sn(B’Efl] (£)))=0 converges in the medium run to s, (up: ). The fact that the processes (sn(Xjr\[ (£)))¢>0 and

© n(X’,}’ (2)));>0 are in one-to-one correspondence with each other implies that 5n(X2’ (2))¢>0 converges

in the medium run to an element of n(LEn(@;})).

/

2To keep the notations simple, we remove the dependence of 1) in P}
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Step 2: As a next step in the proof, we proceed to show that n(LEn(@Z)) coincides with LE,,(¢"),
thereby proving that s, (up: ) € LE, (¢"). We prove this in the following lemma.

Lemma 17 Forn>1, let LEn(@g) and LE,(¢™) be the collection of level-n discretized and level-n step logit
equilibria corresponding to @S and ™ respectively. Then pg'* S LEn(@g) ifand only ifsn(,up;z’,*) € LE,(p").

Proof 55 Again, as before, we shall use the notation p* to denote a discretized level-n logit equilibrium
to simplify the presentation of the proof. First observe that for any p” € A(S,,), we have by definition of
5, that

Upn (@ kA er1) :5n(Up'l)[an,kran,k+1) = pZ’ forall k=0,1,...,2"—1.

Suppose that p* € LE,(Z Z). Then we have p*= L,’; [p*]. This, in particular implies that

Ppe= > L'[p'da,,

0<k<2n—1

Thus by definition of s,, (Definition 12), above equality implies that for all x € &,

Sp(Ups)
an (x)= Z Zner]l,k[p*]ﬂ[an,kvan,k+l)(x)

0<k<2rn—1

=S exp(n”! {fu(@n,ir), D))
0<k<2n—1 Z?Slexp(n—l(fn(anyj,-),p*
. exp(™" Yo< j<zny [ @n ko @n, )P

2n—1
o<i<zna1 27 X iog XN Docicony fu(@n, > @n,i )P}

eXp(T]_l ZOSjSzn—l fn(an,k) an,j)ﬂp*[an,j,an,j+l))
= —n 2n—1 ) j]'[an,kran,k+l)(x)
oskzzn—127" 2= exXP(71 Docicony fu(@n,j Cn,ipe[@nis @ 41)

exp(n ™" [, ful@n e ¥ )tp-(d y))
= [an,k)an,k+l)(x)

o<l 27 Y expn [, fulan, Y )pe(dy)

>) [an,k van,k+1)(x)

)) ﬂ [an,k van,k+1)(x)

s exp(n'yy  (Up-) -

- n— ‘ [an, )an, + ) x

o<k<zn-127" Zi’:oleXp(Tl_l<Pgn,j(Mp*)) e
exp(n ¢ (Up)

- Z jl[an,k'an,kJrl)(x)

ockSEh1 Ljco XTI 0%, 1y DAt . 1)
exp(n~' g (up)
—1pn ' ]l[an,kvan,kﬂ)(x)'
0<k<2n—1 fy exp(n=tyy(up))Ady)

(B.17)

The proof of Lemma 17 concludes if we are able to show that ¢ (s, (up))= ¢ (up:) forall x € . In
fact, a more general equality holds: for all x € %, we have

(s, (upn)) =@ (upn), forall p” € A(S,).
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To this end, fix x € /. Then, using the definition of ¢", we have that

90;1(5n(.up"))= fn(x’y)5n(.up”)(dy)
R

= Z fn(xran,k)ﬁn(Upn)[an,kran,k+1)

0<k<2n—1

= Z fn(x)an,k)p;cl

0<k<2n—1
=f fn(x’y).up"(d,)/)
5
= (tpn)-
Plugging in the above observation in (B.17), we have the following equality:

[ (Wp) exp(n' ¢, [ (p))

(x)=

x), forallxe«.

L, oty o)
az 0<k<2n—1 fy eXp(n_lwy(f"(Hp*)))ﬂ(dy) ()

Thus, using the above equality, we have by definition of level-n step logit equilibrium that s, (up.) =
SZ(ﬁn(up*)). As a result, we have that s, (up.) € LE,(¢"). Similarly, suppose p* be such that s, (up) €
LE,(¢"). It then follows using similar arguments that p* € LE, (%, Z). This concludes the proof of Lemma
17.

Therefore by applying Lemma 17 along with Hofbauer and Sandholm (2007), we then have that for every
€ >0, interpolated smoothed version s n(Xﬁ;’ ()0 converges in the medium run to 0°(s,(up ).

Step 3: In this step, we use the deterministic approximation result (Proposition 3) to obtain that for
sufficiently large T > T, the solution to the level-n step logit dynamic (u”(¢));>¢ is close to an element
of LE,(¢") in the medium run. We require the following lemma in this regard.

Lemma 18 For every € >0, there exits T, > 0 such that for all T > T, we have u"(t) € 0°(s,(u)) for all
T.<t<T.

Proof 56 Consider the probability space (2, ,P) on which the interpolated stochastic evolutionary
process (Xf;’(t))tzo is defined. Let (X,,(¢));>¢ be a process such that X,,(¢): Q2 — & () is defined as

Xn(t, w)=p"(t)for all w €. The fact that (Xn(t))tzo is a deterministic process implies that it is measur-
able. To prove the lemma, we need to show that

Py (Kn(1)€ O (sl ) forall T, <t < T)=1.

To this end, we first show that the solution trajectory u”(¢) is continuous in ¢. Note that by definition of
", we have that for all y, ve (<) and all x €.,

wz(m—soz(vn:U fn(x,y)u(dy)—f fn(x,y)v(dy)\
4 4

< falloolltt= iy
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As a result, we have || (1) — @ (V)llco < | fulloollt— Vliv for all u, ve 2 (). Thus, ¢" is a Lipschitz
population game, and hence by Lahkar and Riedel (2015), we have that the step-wise logit dynamic
admits a continuous solution (1”(£)),so. Therefore X,, has continuous paths P-a.s. This implies that

Py, (K(1)€ O (sl ) for all T, <1 < T) =Py, (K(t) € 0 (s,(pip)) for all £ €[ T, TINQ),

where Q' denotes the collection of all positive rationals. Let (r;)r>; be an enumeration of rationals in
[T, T]. Thus, in order to prove the lemma, we need to show that Puo(ﬂ;il X,(rp) € O (s, (Upr, ))) =1.To
this end, we show that IP’MO(X"(TIC) € 0°(s,(Up ))) =1 forall k>1. Fix €>0. Then, for all N > 1, it holds
that

{I1R(r)— 0 gy Dirv > €} S { 1K ()= 5K (r)llry > €/2}
O{lsn (XY (re)— 0 (s (ptpy Dllav > €/2}

This implies that

P (110 (0)— 0 (51 e Dy > €) < Py (IR (ri) =5 (XY (Dl > €/2)
+ Py, (1150 (K ()= 0 (511 Dlly > €/2).

We now apply Theorem 3 and Theorem 4.1 of Hofbauer and Sandholm (2007) to conclude that there
exists N; > 1 sufficiently large such that for all N > N, we have

Py, (11K ()= 0 (s s DIy > €) < 2(2" +1)e NV EF 16

<2¢é

Since € is arbitrary, we conclude that PHO(Xn(rk) € 0°(s,(upx)))=1. Also, since k > 1 is arbitrary, we have
that P(X,,(ri) € 0¢(LE,(¢™))) =1 for all k>1. Now, by an application of Bonferroni’s inequality (see
Billingsley (2008)), we have that ]P’(ﬂiil}‘zn(rk) € 0°(s,,(Up)))=1. This concludes the proof of Step 3.
Since (X,,(7));»0 is a degenerate stochastic process, we have that u"(r)€ 0“(s,(up:)) forall . <t < T.

Step 4: As a final step of the proof, we now proceed to show that the solution to the continuum strategy
logit dynamic (u(t));»o is close to the continuum strategy logit equilibria LE, () in the medium run. We
again show this in the following lemma.

Lemma 19 For € >0, there exists T, > 0 such that for all T > T, we have u(t) < 03E(LEn(cp)) forall T, <
t<T.

Proof 57 First note that since the original supermodular game ¢ is supermodular, we have by Proposi-
tion 5 that the level-n discretization @g is supermodular for every n > 1. By assumption of the theorem,
QZ is irreducible for every n > 1. Thus, it follows from Hofbauer and Sandholm (2007) that the dis-

cretized stochastic evolutionary process (0 H(XQ’ (£)))s>0 converges in the medium run to an element of
LE,(2 $)~ Letus denote by p/' the medium run limit. Again, it follows from Lemma 17 that (s n(XQ’ (£ ¢>0
converges in the medium run to s,(upr), which is an element of LE,(¢"). By applying Lemma 18, we
have that " (¢) stays in the medium run near s, (upr). By Lemma 4, there exists a subsequence of 5, (up)
which converges to u* under the variational norm for some u* € (). Again by Lemma 4, the limit
p* is a continuum strategy logit equilibrium corresponding to the game g, that is, u* € LE, (). We
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now proceed show that the solution to the continuum strategy logit dynamic (u(t));>o stays near u*
in the medium run. To this end we make use of the approximation result (Proposition 2). The fact
that supg< ;< |l (£)—u(t)llrv — 0 as n — oo, implies that for every € > 0, there exists N, > 1 such that
supg<;<7 |l (£)—u(t)llry < € for all n > N,.. For T > T, we have by Lemma 18 that u"*(#) stays in the
medium run near s,(uy»). Again by Lemma 4, we have that s,,(up2) — p* in the total variation norm,
with u* being a continuum strategy logit equilibrium. Combining all these observations we have that
u(t) stays in the 3e neighborhood of y* in the medium run. This completes the proof of Lemma 19.

This concludes the proof of Theorem 7.
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APPENDIX

C

SUPPLEMENT TO CHAPTER 3

C.1 Proof of Proposition 7

Part 1 follows from the observation preceding the statement of the proposition that Nash equilibria of
an aggregative game like (4.9) can be characterized by solutions to (4.12). Part 2 is immediate.

For part 3, note that all three Nash equilibria in (4.13) are in monomorphic states. At any monomor-
phic state u=0,, the aggregate strategy is A(u)=a. Hence, applying (4.9), we can write the payoff of
any player at such a monomorphic state as

G(a)=ba*—(da+ka?). (C.1)

Clearly, G(0)=0 and G(1)= b —(d + k) > 0 given our assumptions. Hence, the Nash equilibrium &,
generates a strictly higher payoff than the Nash equilibrium 6,. We now show that 9, also generates a
strictly higher payoff than the third Nash equilibrium, & _d_,0r G(1)>G (ﬁ). That would be sufficient
to show that 8, is the Pareto optimal Nash equilibrium.

For this, note that G’(a)=2a(b—k)—d. Hence, G'(a)<0if a < ﬁ and G'(a)>0ifa> ﬁ. It
is straightforward to check that ﬁ < ﬁ < 1. Hence, G() is strictly increasing at both d_"ﬁ and 1.

Hence, it must be that G(1)> G (ﬁ).

C.2 Proof of Proposition 8

Define the function g :[0,1] =R as

g(a):gaz—(daJrkaz):(g—k)az—da. (C.2)
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1. Notice from (4.10) and (C.2) that at a monomorphic state u=06,, ¢(6,)=g(a). On the other hand,
if u is a polymorphic state with A(u)=a, then g(a)> ¢(u). This is due to the strict convexity of the
cost function c¢(x)=d x + kx?. Therefore, if u is such that A(u) = q, then g(a)> ¢(u) with equality
onlyif u=9,.

It is easy to verify from (C.2) that due to our assumption b >2k+d (see Proposition 7), g(a)
is strictly convex and is minimized at ﬁ €(0,1). Hence, (C.2) must be locally maximized at
a=0and a=1. Further, g(0)=¢(6,). We now argue that the potential function (6) is also locally
maximized at ,. Consider ji close to 6, under the weak topology so that A({i)=0. First, suppose
[ is monomorphic. Hence, (i =46,, for e~0. Then, p(0)=g(0)> g(€)=¢(6.). Now consider a
polymorphic { such that A({1)=¢€. Then, ¢(6y)=g(0)> g(€)> ¢(i1). Therefore, for all i close to d,
under the weak topology, we obtain ¢(04) > ().

An analogous argument holds for 6, as well.

2. From (4.10), it is easily verified that ¢(0)=0and ¢(1)= %—(d + k). Hence, ¢(1)> ¢(0) if and only if
b >2(d + k). The identity of the global maximizer of (4.10) then follows immediately. Recall from
part 2 of Proposition 7 that b > 2(d + k) is equivalent to ﬁ < % Hence, the remainder of the
statement follows.

3. Consider 6 d . As noted earlier, ﬁ is the unique minimizer of (C.2). Hence, g(3%z)=
—2

@ (6 d ) <p(6y,)=gla)forallac[0,1]\ % That suffices to establish that this Nash equilibrium is
—2
not a local maximizer of the potential function (4.10) under the weak topology.

C.3 Proof of Proposition 9

Proof 58 (Proof of part (i)) In order to prove part (i) of Proposition 9, we require the following two lem-
mas.

Lemma 20 Consider the population game 1 as defined in (4.1). Then the following statement holds true:
ﬂan‘j(ﬁn(pn)) =2.[p"(an,;), forp"€A(S,)andje{o,1,...,2"—1}. (C.3)

Proof 59 Since the population game 7 is assumed to be a pairwise interaction game, we observe using
(4.1) that for p" € A(S,;) and j €{0,1,...,2" —1},

ﬂan,,(ﬁn(p”))=f f(an,;,y)Br(@")dy)
5
21

= | fl@n;¥)D Piba,, (dy)
S k=0

2"—1

= Z f(an,jrank)pZ

k=0
= (f(cn,;)p")
=10 (. (tn, 1,7) ™)
= @,-’Z[Pn](an,j)-
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This completes the proof of Lemma 20.

Lemma 21 One has,
V@z[p"](an,j):Vtggoan‘j(ﬁn(p")), forp" € A(S,) and j€{0,1,...,2" —1}. (C.4)

Proof 60 We first note that the map u— ¢(u) is Fréchet differentiable in the variational norm. Therefore
by Definition 9, we have that the map p" — 2 sg’(p”) is differentiable in the usual Euclidean topology. Fix

p" €A(S,), z" € R?" and denote the gradient of @g at the point p” by V@S(p”). Then by (4.25), and the
relationship between derivative and its gradient, we have

2n—1
D> voripl = (Valp")2")
j=0
=D [p")z")
gl e300

=lim[e ™ (9(B,(p" +€2")~9(B(p")]

€lo
:gﬁl[e—l(so(ﬂn(p")+e/sn(z"»—w(ﬁn(p"n)]
=Dz p[Ba(p"))(Bn(z"))

2n—1
= V5 9a,,Ba@")e].
=0

J

Since the above equality holds true for arbitrary z” € R?", one concludes that
V@gi P")=Vz¢a,,(Bs(p"), forall je{o0,1,...,2"}. (C.5)
This completes the proof of Lemma 21.

We now complete the proof of the proposition using Lemma 20 and Lemma 21. Since 7 is a potential
game, we can conclude that,

V", )=V 5 60, (Bul®")= T, (B0 = 9210 ). €o)

Thus, 9 is a potential game with potential function @g. This concludes the proof of part (i) of Proposi-
tion 9.

Proof 61 (Proof of part (ii)) Follows from (4.22) and part (i) of Proposition 9.

Proof 62 (Proof of part (iii)) Fix n> 1. We need to show that " (Definition 18) is a potential game with
potential function ¢” (see (4.27)). We prove this in a few steps. First, we show that ¢” is well-defined,
in the sense that the definition of ¢” is independent of the choice of the absolutely continuous curve 7.
However, the definition of ¢” might depend on the choice of the initial condition of y. But, this does
not affect the proof of the proposition since changing the initial condition of y only leads to a uniform
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translation in the value of ¢ ", the effect of which diminishes while computing its Fréchet gradient. Then
we prove that ¢” is a Fréchet differentiable map with respect to the strong topology. After showing that
" is well-defined, we show that the Fréchet gradient V¢ " of ¢ is identified by 7" (see (4.3) and the
paragraph therein). Proceeding, fix u € (%) and consider a y € AC((0,1); 2 (<)) with yo =0 and y; = u.
It then follows after some computations that,

(™ (re)¥e) _J n(?’t)7t(dx)
S

f f Ful, Yy e(dy)y (dx)

2n—1
f an(x G )Y (S )7 (A X)
S k

2"—12”—1

= Ful@n jy @ Y (T )T (T ).

j=0 k=0

Thus, by an application of the definition (4.27), we have,

2n—12"—1
"(w)= ¢(50)+J DD fal@n jy @)y (S (S ) (C7)

j=0 k=0
0 J

Given the curve 7, and n > 1 (fixed before hand), we construct a new curve 1" :(0,1) — A(S,,) such that
forall0O<t<1,
"=y, (Sr) forallk=0,1,...,2"—1. (C.8)

In words, for every 0< t <1, y” is an element of A(S,) such that the k-th component 7} * of v} is the
probability that the original curve y assigns to the sub-interval ., ;. at time ¢. Since y € AC((0,1); 2 (%)),
and the fact that the variational norm on A(S,;) is equivalent to the Euclidean norm on A(S,,), implies
that y" € AC(0,1; A(S,)). Also notice that the initial conditions of the curve y” is given by y; =e{ and
Y =W(Fn0) Fn,1)s - s (S 2n—1)). Thus, using definition of @;‘ in (4.25), we can rewrite (C.7) as

2n—12"—1
‘Pn(ﬂ)zﬁﬁwo)"‘f Z an ay ]»ank yt 7’; kdt

j=0 k=0

’%Jz@mawmﬁt

1

=.@;;(egwf<@;(r¢)(-),r?">dt. C9)

0

However, by part (i) of Proposition 9, 2 is a potential game with potential function 2. As a result,
the vector field p” — 2 (p") is a conservative. Thus the integral in the RHS of Equation (C.9) is in fact
independent of the curve y”. Since y € AC((0,1); 22 (%)) is arbitrary, we conclude that the definition of
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" is Equation (4.27) is independent of the curve y.

We now proceed to show that ¢” is Fréchet differentiable and that its Fréchet gradient Vg " is
indeed identified by the population game 7"*. Recall from the proof just prior that the definition of
" is does not depend on the choice of the curve y. Thus, in order to complete the proof of part (ii) of
Proposition 9, we shall, in particular, fix a curve y according to our convenience which we define below.
Lety:(0,1)— 2 () be defined as

1—t)0g+tu, ifo<r<1
Tfiz ( )oo+tu (C.10)

(CE)u+ () u+er), ifl<t<l+e.

In words, in between time points 0 and 1, the curve 7 is a line segment joining 0, and u followed by a
line segment joining u and u+ € v between time points 1 and 1+ € respectively. Thus, in principle, y isa
piece-wise linear curve essentially joining 0, u, and u+ € v and therefore belongs to AC((0,1); 2 (.%)).
As a consequence, we have the following two observations:

e limg 7] =u.
e y¢=vforalll<z<l+e.

Since ¢" is Fréchet differentiable, we have by (4.27) that for ye 2 () and ve 4 (%),

" u+ev)—p"(v)

Dgaso”[u](v)ﬂei{rol

€
1+€ 1
13 1 n . _ n .
—lgge[fm (ro)7e)dt f (" (ro)yo)dt]
0 0
1+e€
IR N N
—1;?016 f (n"(re)7o)dt.

1

Thus, in order to complete the proof of the proposition, we need to show that the limit in the RHS of the

165



above string of equalities is (7" (u), v). Therefore,

1+e€ 2" 1on_
f ( Tt) 7’1‘ dt_f Z an(an ]’an k)?’t( n, k)?’t(yn ])
j=0 k=0
n 12”
J Z an(an jrOn, k){ .u(yn k)
Jj=0 k=0
—1
+tT(u(yn,kHev(yn,k))}v(yn, i
RS i e—t+1
_Z fn an]’ank)[f{ (yn,k)
j=0 k=0

)+ AT D |1 )

2"—12"—1 ( ) l_
_Z Tl an]’ank)[ (Et_?+t)l+6
Jj=0 k=0

+‘u(§ﬂn k)+€e WS, k)(t__t)HE] T ;)

271271 (S i) (S i) +EENS 1)
= fn(an,j’an,k)[ 2 + 2
Jj=0 k=0 ¢ ‘

")

2n—12n_] 2
eUSn i)  EUS i) HE NS k)

an anj,ank)[ 211 + _ 2 2 ]V(yn,j)

Jj= =0

2n—12n—1 2
€
= S, @ ) €p(F )+ 5 A )P )
j=0 k=0

As aresult, using the fact that the step-approximations (f;,),>; are uniformly bounded, we have

1+e€
' 1 . 2n—12"—
1:?(;1 E J (ﬂn('rt)»rt>dt_< (‘U) % ‘<hm g g |fn Ay j’an k)lv(yn k)V( n])

1

<lim=
I;H)l 5 ”fn lloo
=0.
Thus, we arrive at the following equality: for all u € 2 (%),
Dz " [ul(v)=(n"(u),v), forall ve #(%). (C.11)

This implies that V4 ¢"(u)=n"(u) for all u € (), verifying the fact that 7" is a potential game with
potential function ¢". This concludes the proof of Proposition 9.
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C.4 Proof of Proposition 10

We prove the proposition in two steps. We first verify that the sequence of rescaled potential functions
(N _l@g’N )n>1 converge uniformly to @g. Then we show that @g is a 6!-potential function.

Step 1: Observe that the potential function ¢ is Fréchet differentiable on 22(%”) under the variational
norm, and hence continuous on 2 (%). Also notice that A(S,) is a compact under the variational norm
when seen as an embedded subset of Z(.%). Thus, one can say that there exists M > 0 such that
lo(B,(p™))| < M for all p”* € A(S,,). Recall that by definition, we have for all p™V € Ay(S,),

1
max € @n,N n,N —gM(p™)| = max — (Ng" n,N
len 7Nt ="M= max | (NEE™Y)

pn'NEAN(SU
N )
- Z fn(an,k’an,k)pz )_@;l(pn N)|
keS,

<

1
sup |22(p" )+ ——=II1ull
N—1piengs,) 7 N—1""ee

1
n
= —

<
N-—1

—0, asN —oco.

1
+m”fn”oo

Step 2: In this step, we need to verify that @;’ is a 6!'-potential function. To this end, we show that

¢ isa ¢!-potential function. Let B(.# (%), R) denote the space of bounded linear operators from ./ (%)
to R equipped with the operator norm. To prove that @g is a ¢!1-potential function, it is enough to
show that the mapping D ¢ : (&) — B(#(S),R) is continuous. Let (U,;),>1, 4 € 4 () be such that
Um — u in the variational norm as m — 0. It then follows that,

IDz¢(Um)—DzeWllop= sup [Dz@(Um)(v)—Dgp(u)(v)

IVlrv<1

= sup |(x(ptp), V)~ (), ¥)

[IVllTy<1
< 2||f||oo”.um _.u“TV

—0, asm— oo.

Thus, the conditions of Theorem 12.2.3 in Sandholm (2010) are verified and hence concludes the
proof of Proposition 10.

C.5 Proofof Theorem 8

In order to prove the theorem, we shall make use of Proposition 10. In order to proceed with the proof
of the theorem, we require the following observation, which we present in the form of a lemma.

Lemma 22 One has

Agog(gnvN):A@gv”(ﬁ;gv(g””)), forallg™N e »"N (), (C.12)
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Proof 63 Fix 3"V (7)e 2 ™N(<). We then observe that

sOZ,’(ﬂ"'N)=sO”(ﬂ”’N)—nJ g loga'yN d x
S
1

2n—1
= 90(50)+J (") po)de—n > 2"p N log2"pl A, ;)

—0
0 J

1
21

= 90(5o)+f (") pe)de—n > piNlogp!N —nnlog2

=0
0 J

1

2n—1
= 90(50)+J (2P hrdt—n Z p’}'Nlogp?'N—nnlogz,

s
0 J

where y" :(0,1) = A(S,,) is the mapping such that for all 0 < £ < 1, we have y?’j =7(Sp ;) forall j=
0,1,...,2" =1, with y§ =ef} and y{ = (2N (F,0), &N (S 1), o BN (S 20-1)) = By, v (@™N). We now state
arepresentation result which we shall use in the course of the proof of Lemma 22.

Lemma 23 Suppose 7 is a potential game with potential function ¢. For every n>1, let 9 be the
corresponding LPFSD game induced by ©t. Then the following representation holds modulo translation:

1

0(Ba(p™") = (Bnle))+ f (2RlriLyhde,  forallp" € A(S,), (C.13)

0
wherey™ € AQ0,1;A(S,)) satisfyingy; = e} andy}=p".

Proof 64 Fix u, ve 2 (<) and consider an 6!-regular curve y with vy, = u and y; = v. Observe that by
chain rule of differentiation, we have

d
= "oy, =(VEQ™(r),7.), forallo<t<1. (C.14)

Thus, using Fundamental theorem of calculus (Rudin (2006)), (C.14), and the fact that 2 is a
potential game with potential function @g, one has

D (r)—2,(€5)=25(r)—25(rg)

"d

:J E@(Zoyﬁdu
Ol‘

=f (V2 (ri) ) du
Ot

:f (27 (o)1) du. (C.15)
0

We make the following observations. Firstly, by construction, f, is bounded. Since 2] is generated
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via f;, according to (4.17) (see Definition 18), it is uniformly bounded. As a result, the RHS of (C.15)
is uniformly bounded. Also, notice that y" is a 6! -regular on A(S,) and @3 is differentiable. Hence,
t—y}and p" — @g(p”) is continuous. Thus, by an application of Bounded Convergence Theorem,

750" )= (eq)=lm 7 (r )= 7 (e5)

t
“lim f (@D
i,

1
=f (27 (rp)Tidu.
0
Therefore, by definition of @g, we can conclude the proof of Lemma 23 by observing that

@(Bn(P")—¢(Bnleg))=2,(p")—2,(e;)

This concludes the proof of Lemma 23.

We now proceed with the proof of the lemma. Thus, by an application of Lemma 23, we observe that

1 2"-1
App (™™= f (DR de=n D B (@ logh, @)
0

j=0
1 2"—1
n(., N\ o0 2—1 -n,N n—1 -n,N
—W%agw)(fo <@ﬂ(m,n>dr—njzoﬁn,,v,j(u JiogB, . ;@™™))

on_

j=
2"—1

nep—=1 (n,Ny__ a—1 -n,N —1/5nN
—ﬂn‘N%afN(y)(%(ﬁn,N(u ) n;ﬁm,,-(u Jlog, ("))
=258, N (B"")

This concludes the proof of Lemma 22.

For n 2 1, let us introduce the following subset of 2 (%):

2"—1

P (S )= {ueﬁ}’ ():u(A ZZ” )\Aﬂyn])forallAe%(y)forsomep”eA(Sn)}. (C.16)

Thus, 2,() is the collection of all absolutely continuous probability measures on . with step probabil-
ity density functions, such that the probability in the sub-intervals {7, ;: j=0,1,...2" —1} is identified
by some element in A(S,,).

We now proceed with the proof of the concerned theorem. We do so by invoking the result from
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Lemma 22 in the second line of the string of inequalities which follows below:

sup | log= N (N )- Ay (V)< sup  |LlogEr(am - ap ()
.an'Ne??n,N('y) ﬂ"'Negj‘n,N(ry)

+  sup  A@](E"N)—Ap, @™
arNe?, n(S)

= sup | logEl (@ M) — AT B, ()

ﬂ"'Neg N ‘ N

+  sup  JA@](E™N)—Ap, (@™,
’an,NG(o}nyN((g/)

Thus, allowing N to approach infinity, we have
lim sup —log="" (0™

| rogu o1~ Ag B )
+ sup |App(a")—Ap, (")l

anez, ()

<Jim sup | Liogurpm)—agmipm)|
N—)OOpnNEAN( )

+ sup  [Ap(p")—Ag, (")l
aneP, ()

By applying Proposition 10, we have that the first term in the RHS of the above inequality

lim sup
N=00pnneay(s)| NV

’ Llog=i N o i, (p" )~ A 1 (p™)| 0.

As aresult, we arrive at the following inequality:

lim up ‘—log””N ”'N)—Acpn(ﬁ”’N)‘< sup [Ap(a")—Ap, (")
N—oo n,N n N
arNeP, aneP, ()

Finally, allowing n to approach infinity, we have

. . =n,N¢~-n,N -n,N . n
lim lim  sup \—logu (@)= Ay (V)| < Jim sup  |A@R(E") Ay (")

NTOON=O0 inNeD, (7 ane?, (&)

Thus, in order to complete the proof of the theorem, we need to show that the RHS of the above inequality
is 0. Thus, proceeding with the right hand side of the above inequality we have

lim  sup [A@(@")—Ap,(a")l=lim sup [Ap"(@")—Ap@")
N0 e () O "0 e, ()

<2 lim sup |o"(@")—p(@").
"0 pned, ()
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The above computation thus implies that it is enough to show that the potential function ¢”
converges uniformly to ¢ over 2,(.%). Therefore, we proceed as follows:

sup " (@")—p(@")= sup [(¢"(@")—p(60)—(p(@")—¢(5o))
aned, (&) are, ()

S sup SUP (‘J Vt) 7’t
[1€P, () {yneACH (0,155, (S iyl =60,y =fin)

: f <ﬂ(7?),7?>dtD

0
1

< sup sup Jl(ﬂ”(yf)—n(y’;),}'f’;)ldt
B2 ) rneAC (O Vg =B0 ) =i} )

< sup lfn=fllooll@" v
aneP, (L)

L2/ fn=flloo-

Thus, we arrive at

. nr—-n -n :
Jlim - sup  [p"(@")—p(@")< Hmlfy—flleo
AnePy(S)

=0.

This concludes the proof of Theorem 8.

C.6 Proof of Theorem 9

We shall make use of Theorem 8 in order to complete the proof of this theorem. To this end we first
obtain the following upper bound. Notice that since nlog2 > 1 for every n > 4, we have via an application
of triangle inequality that:

nlogzN log=) " (2" )_ZnnlogZ—Aw(ﬂ"'N)‘

| log= ™ (1)~ Ao, (i "N)( |8 (") g (@)~ 2itog?)

<
nlogZ 0g2

log="N (1 ”’N)—Agan(ﬂ"’N)‘+ (Ason(ﬂ”'N)—Aw(ﬂ”'N)—Znn1082‘-

‘N nlog2

Note that as compared to the proof of Theorem 8, this proof requires an additional ‘outer-limit’ as the
noise parameter 1) | 0. Therefore, taking supremum over 2, y() followed by the required limits on
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both sides of the above inequality we have:

. . . n =n,N~n,N n,N
lrlﬁglnlggo]\}l_r)réoun]v:;p o gZ‘ logu (@™")—2nnlog2—Aep(a™ ))
n —=n,N -n,N
<lim lim lim su ) lo —A ’ ‘
nlo n—»ooN—>ooMnN€@pN g ( ) (Pn(.u )
=n,Ny__ =n,Ny__
+1717{51n11>r¥>101\715rolomw:;p )nlogZ‘ Pl )= AP Znnlogz‘.

Thus, in order to complete the proof of Theorem 9, we need to show that both the limits in the right
hand side of the above inequality is 0. Notice that by Theorem 8, we have for every > 0, the first term
in the right hand side of the above inequality is 0. As a result, it is only enough to show that the second
term in the right hand side of the above inequality is 0. To this end, we require the following lemma.

Lemma24 Fix n,N > 1 and consider the map ﬂn,N :AN(S,)— Py n(F) as defined in (4.36). Then,

f "Nlogn™N(dx)= Z ”'N)logﬂﬁv'j(,a”’NHnlog2, forallg™N e 2, n(#).  (C.17)

j=0

Proof 65 Fix n,N > 1 and consider an arbitrary step probability measure g™ € 2, y(#). Then, using
the definition of 8,, one can express the Shannon entropy associated to g’V in the following manner:

2m—1
J @M logatNdx)=| > 2" B (@ N)log2" B, (@M, (x)dx
52 S =0
2n—1 _
2"B,, N, ;8" nlog2+log B, L (a" A, ;)

o

~.

n

\S)
—

ﬁ;k,j(ﬂn,N)[nlogZ+log,6;y§vyj(‘an,N)]
=0

N
3 .
|
—

By ;@™ ogph (@"N)+nlog2.

(=}

.

This concludes the proof of Lemma 24.

We now continue with the proof of the theorem. In other words, we proceed to show that the second
term in the inequality just prior equals 0. Using the definition of Ay, and Ay we have by an application
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of triangle inequality that:
—— A, (@) —Ap(a"N)—2nnlog2
nlog2| @™ )=Ap(a™")—2nnlog2|

-n,N n,N
=— )—  max
nlogz‘ py(a")= max gl )

—(go(,a”’ )— max )ga(ﬂ"’N))—ZnnlogZ‘

‘un'Net@n,Nt

nlogZ‘ o™ —p(a™N)—nnlog2)

n,N)

—( max @ max  (a"™N)- nnlogZ)(
.U"Ne@nN(y) an evZnN(ﬁp)

—— o, (@™ )= (") —nnlog2|

nlo 2
+nlig2 ﬂnwegﬁ(y)%( amh- N () ‘P(‘UHN)—T]"lOgZ‘
nl gzl(pn(UnN) p(@"N)—nnlog2|
nligzumgl],ax( oo (@M= (@™ )—nnlog2|
nligzum?@ax o (@™ )= (@ )—nnlog2|
nlzongzunNEJnN U v loga ™ (d x)— nlogZ‘.

We now apply Lemma 24 to obtain the following inequality:

sup son(ﬂ”'N)—Aso(ﬂ”'N)—ZnnlogZ‘

ﬂ"'NGfﬁn,N (7) n 10g2 ‘

2n N
1 d 1 2‘
nlogZHnNe}nN ‘f ogily’ N(dx)—nlog
2” 5 ~n,N
= 1 n,N ’
nlngMnNEy”N ) ‘ZﬂnN] Og/jnN](‘U, )
277 2"—1
n,N
n10g2pﬂNeAN Zp] ng
2"—1

< n
nlogzpneA ’Zp] ngf

Now we observe that the term in the right hand side of the above inequality is in particular the Shannon
entropy itself. We know that the supremum of the quantity is attained at the uniform distribution. More
precisely, if all the strategies in S,, is allocated the same probabilities, then the term is maximized. Note
that there are 2" -many strategies in S,, for every n > 1. Therefore, the absolute entropy is maximized at
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p;."szin forall j=0,1,...,2" —1. In that case, we have

2n S
1 —
nlog?2 pnelip Zp] ng] nlogz) Z 2n g
<2n.
This leads to the fact that
lim lim i 1" M) —Ap(a™N)—2nnl 2‘
éf?ng’élowféoum:;p nlog2 Apy(@™™)—Ap(@E™")—2nnlog

2"—1

Z p] ogpl

<lim lim lim sup
N0 n—00 N—00 yuea(s, nlog2

=0.

This completes the proof of Theorem 9.
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APPENDIX

D

SUPPLEMENT TO CHAPTER 4

D.1 Preliminaries of Bochner Spaces

In this section, we provide a brief exposition on the preliminary theory of Bochner spaces which we use
in our proofs.

Definition 49 Let(,.</,u) be a probability space and let X be a Banach space. A function f:Q—Xis
simple if there exists Xy, Xp, ..., Xy €X and Ey, By, ..., Ex € .of such that f(w)=, ;< Xi X5, (0) forallw e,
where y g, denotes the indicator function on E; foralli=1,2,...,k.

Definition 50 Let(,.</,u) be a probability space and let X be a Banach space. A function f:Q—Xis
u-measurable if there exists a sequence of simple functions (f,,),>1 withlim,,_,c || f,—fllx =0, u-almost
everywhere.

Definition 51 Let(Q,.</,u) be a probability space and let X be a Banach space. A function f :Q— X is
weakly u-measurable if for every x* € X*, the numerical function x* f is u-measurable.

Let £P(Q,u,X) denote the space of all (u-a.s.) equivalence classes of Bochner integrable functions
f :22— X with norm defined as

||f||:=f I1f (@)bu(dw)< oo.
Q

The Bochner space £ (2, u,X) is a generalization of standard .7 (u) spaces.! Note that the space of
integrable signed Bayesian strategies as defined in (5.12) can be viewed as the Béchner space £ 1(Q, 4, X),
where Q=0, .o/ = B, u=£, and X=R".

1See Diestel and Uhl Jr (1978) and Hille and Phillips (1996) for further details on Bochner spaces.
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We now introduce the notion of weak topology on £7(2, 4, X) for 1 < p < 0o. Let f € £”(Q, u,X) and
g €29, u,X*), where p~'+ g1 =1.2 Define (f,g)(w):=g(w)(f(w)) for all w € .3

Definition 52 Let(Q,.</,u) be a probability space and let X be a Banach space. The weak topology on
2£P(Q,u,X) is the topology induced by the convergence:

h="f = J {fnr &))u(d w) —J (f &lwuldw), forallg e L9(Qu,X").
Q Q
The following three definitions are required in the context of Theorem 5.

Definition 53 Let f € £(Q,u,X) and A€ .</ . Then the average value of f over A is defined as

1
avg(f;A):= mLf (wu(dw).

Definition 54 Ler f € £(Q,u,X) and A€ .</. Then the Bocce oscillation of f over A is defined as
1
Bocce-osd(f;A)i=—— f Il f(w)—avg(f; Allxu(d w).
u(a) ),

Definition 55 A subsetK of (9, u,X) is said to satisfy small Bocce oscillation if for every € > 0, there
exists a finite measurable partition {A;,...,A,} € Q such that for all f €K, we have

Z U(A;)Bocce-osc(f;A;) < €.

1<isp

D.2 Proof of proposition 17

We first prove the ‘only-if’ part. Note that the definition of Bayesian best response (6.4) can be equiva-
lently written as
Blo):= {p eX:p(w)e argmaAX(y, Y(o,w)) forE—aewe Q}.
ye

Now suppose that o° is a Bayesian equilibrium of ¢. Then we must have o° € (o °) which implies by
the definition of Bayesian equilibrium that

o°(w)e argm%X(y, Y(o°,w)) for&—a.ewe.
y€

As a result, by the original definition of Bayesian best response correspondence, we have o°(w) €
Blo°](w) for £-a.e w €. Finally, by the definition of w-sliced Bayesian best response (6.5), we have that
o°(w)e P,(o°) for £-a.e w €. This completes the proof of the only-if part.

We now proceed with the proof of ‘if-part’. So let us suppose that o° is an w-sliced Bayesian
equilibrium of the game ¥, for £-a.e w €. Similarly, back tracing as in the proof of only if part, we
have o° is a Bayesian equilibrium of 4.

2Here X* denotes the dual space of X.

3Suppose that the Banach space X is reflexive. Then for 1< p < 0o, the dual of 27 (fi,X) is identified by £9(fi,X*), where
p~l+q 7' =1. Thatis, 2P (I, X)* = 29({1,X*), for 1 < p < 00. See Diestel and Uhl Jr (1978) for a complete exposition on weak
topology on Béchner spaces.
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D.3 Proof of Proposition 13

To prove the proposition, we resort to the Pettis Measurability Theorem theorem. We provide the
statement of the theorem for completeness.

Theorem 23 (Pettis Measurability Theorem (Diestel and Uhl Jr (1978))) Let(ﬁ, ./, u) be a probability
space and let X be a Banach space. A function f :Q— X is u-measurable if and only if

1. f is u-essentially separable valued, that is, there exists E € .o/ with u(E)=0 and such that f(Q\ E)
is (norm) separable subset of X, and

2. f is weakly u-measurable.

We now proceed with the proof of the proposition. We apply Theorem 23 with Q=Q, u=¢&, and X=R".
To show that the mapping o — f.(o) is well-defined, we need to show that for every o €%, .(0)eX.
In other words, we need to show that S.[o] is £-measurable. We thereby verify the conditions of
Theorem 23. Note that by definition, f[o]: 22— A. Since A is compact, it is separable. This verifies
condition (i). To verify condition (ii), we need to show that .(c):Q — A is weakly -measurable in
the sense of Definition 51. Thus, fixueR". We need to show that the map uc §.[c]: 2 — R defined by
uof[o])(w):=(u,B[o](w)) for all w € is weakly £-measurable. Since v is a strongly convex function, it
follows that f.[0](w)=VVi(¥(0,w)), in which case we have

(u,Bclo](w)) =(u,VVi(¥Y(o,w)) forallwe.

Also since ¥ is a Bayesian population game, it follows from the definition that the map w — ¥(o, ®)
is measurable. Also, it follows from Rockafellar (1970) that Vv? is 1/ye-Lipschitz (hence continuous).
Therefore the map w — Vvi(¥(0,w)) is measurable. Thus, w— (u, Vvi(¥%(0,w))) is measurable. As a
result, by simple function approximation theorem, it follows that the map w —uo [0 ](w) is weakly
&-measurable. Since ueR” is arbitrary, condition (ii) is verified. This concludes the proof of Proposition
23.

D.4 Proofof Theorem 10

The proof of Theorem 10 is an application of Brouwer-Schauder-Tychonoff fixed point theorem (Alipran-
tis and Border (2013))). We again provide the statement of the theorem for completeness.

Theorem 24 (Brouwer-Schauder-Tychonoff FPT) LetV be a non-empty compact convex subset of a
locally convex Hausdorff space, and let f :V —V be a continuous function. Then the set of fixed points of
f is compact and nonempty.

In order to apply Theorem 24, recall from (5.12) that the space of integrable signed Bayesian strategies
5 is identified by the Bochner space £1(€,£,R"). Since ¥ is endowed with the weak topology, it follows
from Kesavan (2009) that it is a Hausdorff topological space. It also follows from the definition that 3 is
locally convex. Therefore, under the weak topology, the space of integrable signed Bayesian strategies
is a locally convex Hausdorff topological space. We now proceed to show that the space of Bayesian
strategies X is compact under the weak topology. The fact that X is convex is obvious.

Lemma 25 The space of Bayesian strategies . is compact under the weak topology.

Proof 66 The proof of Lemma 33 is an application of Dunford’s Theorem (Diestel and Uhl Jr (1978))
which characterizes relatively weakly compact subsets of £1(Q,&,R").
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Theorem 25 (Dunford’s Theorem (Diestel and Uhl Jr (1978))) Let (Q),.</, 1) be a finite measure space
and X be a Banach space such that both X and X* satisfy the Radon-Nikodym property.* A subsetK of
£V (u,X) is relatively weakly compact if

1. the subsetK is bounded,
2. the subsetK is uniformly integrable, and

3. foreach E € .4/, the set { fE flw)duldw): fe K} is relatively weakly compact.

We apply Theorem 25 with =0, u=¢&, X=R", and K =X. We need to show that the space of Bayesian
strategies X satisfies the conditions stated in Theorem 25. Note that ||o(w)|| < v/7, for all w €. Therefore,
we have

supllofl= SUPJ lo(w)llE(dw)< Vn.

geX geX Jq
Therefore the subset X is bounded. This verifies condition (i) of Theorem 25.

To verify condition (ii), note that ¥ is uniformly integrable, since every Bayesian strategy o € 3 is

uniformly bounded by +/7, for every w €, in which case we have

lim Supf lo(w)lE(dw)< v lim supE(llof|>€)=0.
loll>e

€700 gex oex

Finally we verify condition (iii) of Theorem 25. To this end, let E € %,. Consider the set

S :={f o(w)i(dw):oex}.
E

The fact that A is a compact convex subset of R” and that Range(c) C A for all o € %, together imply
that .#g, is relatively compact. Since E is arbitrary, condition (iii) of Theorem 25 is satisfied.

This proves that X is relatively compact under the weak topology. However since X is itself closed
under the weak topology, it is compact. This concludes the proof of lemma 33.

To conclude the proof of Theorem 10, we need to show that the mapping o — f8.(o0’) is continuous in
the weak topology. We show this in the following lemma.

Lemma 26 The mapping o — B(0) is continuous in the weak topology.

Proof 67 To prove the lemma, consider a sequence (0 ,),>; €%, such that o,, =% 0. We need to show
that B.(0,,) =" B¢(0). Since the regularizer is a y-strongly convex function and ¥ is a weakly continuous
Bayesian population game, there exists 0 € Q with £(Q) =1 such that for every fixed w €, we have that

1Belonl(@)—Belo)()I=IVVE(Y(0n, )= VV(Y(o, w))|

1
< 6—rll‘5(0n,w)—‘ﬁ(0,w)ll —0.

4See Diestel and Uhl Jr (1978), Chap III for the definition of Radon-Nikodym property. It is known that if X is a reflexive
Banach space, then X has the Radon-Nikodym property. In our case, X =R". Thus X follows the Radon Nikodym property.
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This proves the fact that B.[0 ,](w) — Be[o ](w) for every w € Q. Now let g € £°°(Q, &, R™). This implies
that g(w) is a bounded linear functional from R” to R for every w € Q. Therefore, for every w €2, we
have g[w](x,)— g[w](x), whenever x,, — x. Since S.[0,](w)— Belo](w) for every w €, we have that

f (Be(on) g)w)E(dw) =J g(@)(Belo,](w))E(dw)
Q

Q

Q

=J (8(w), Belo,)(w))é(dw)

- f (g8(w), Belo)(w))E(d w)

Q

_ j g(o)Blolw)E(dw)
Q

=f (Be(0),8)(w)E(dw).
Q

Since g € £°°(Q,&,R™) is arbitrary, this proves that the mapping o — f.(c) is continuous in the weak
topology on ¥ which completes the proof of Lemma 35.

Since ¥ is a non empty compact convex subset of $ and B is a continuous map, the conditions of
Theorem 24 are satisfied and the existence of a fixed point is established. This concludes the proof of
Theorem 10.

D.5 Proof of Corollary 3

In order to prove the corollary, it is enough to show that the aggregate Bayesian population game ¥ is
weakly continuous. Note that from the definition of ¥ it is enough to show that & is continuous. Let
o, — 0. We show that &(0,,) — &(0). To this end, fix i € S. Define the projection map 7; : 6,(A) — R"™*,
such that for every w € 6, (A),

m[w]x):=x;, forallxeR".
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Note that ; € £°°(6,(A),&,R™) for all i €S. Since o, —»% o, we have from the definition of weak
topology that

. [ .
&'(on)=| o, (w)iE(dw)
Ja

.
Ti(w)(o p(w))E(dw)

= | {onmi)w)é(dw)
JQ

—*f (0,1)(w)é(dw)
Q

_ f i) o(@)Edw)
Q

=f ol(w)E(dw)
Q
=&(0).

This proves that §(o,,) = &(o). Thus o,, =% ¢ implies that ¥(0,,, w)= w(&E(0,)) — w(E(0))=Y(0, w)
for all w € 6,(A). Hence ¥ is weakly continuous. This concludes the proof of Corollary 3.

D.6 Proofof Theorem 11

Let (€,,)m>1 be an arbitrary sequence of positive noise parameters such that €,, | 0. For every m > 1, let
o denote the corresponding €, -regularized Bayesian equilibrium, the existence of which is guaranteed
by Theorem 10. Note that by Lemma 33, the space of Bayesian strategies ¥ is compact relative to the
weak topology. Thus there exists a subsequence (0, )x>1 € X such that (rfﬂk —W% g°, for some g° €.
We need to show that o° is a Bayesian equilibrium of the game ¢. We first prove the following lemma.

Lemma 27 Fix a noise parameter € >0. Then o is a regularized Bayesian equilibrium of the game ¥ iff
0 ¢(w) is a regularized equilibrium of the w-sliced game 9,, for & -a.e w €.

Proof 68 The proof of the lemma follows using the definitions of 8. and 5/ and is left to the reader.

We now proceed with the proof of the theorem. We shall prove this by the method of contra-
diction. Suppose on the contrary that o° is not a Bayesian equilibrium. Then by definition, there
exists € Q with &(2) > 0 such that 0°(w) ¢ B[o°](w) for all w €, which in principle implies that
0°(w)¢argmaxyea(y, 9(0°, w)) forall w e ). Thus, there exists i,j: 2 — S such that for every w €}, there
exists j(w) € S, i(w) € supp(o°(w)) and an n(w) > 0 satisfying the following inequality:

GIO)g° w)> 2n(w)+ GO)g° w).

Since ¥ is a weakly continuous population game, there exists for every w €, a K(w)> 1 sufficiently
large enough such that

%j(”)(crjnk, w)>n(w)+ %i(“’)(a‘;nk,a)), for sufficiently large k > K(w). (D.1)
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We now make the following observation. By our assumptions, we have that O ™ ¥ o°. We show that

;’nk(a)) — 0°(w) as k — oo for every w €. To prove the claim, fix an w € and i € S. Define a function

g, Q—R"as g/ (©0):=e;1,(®), forall ® €. It then follows that ||g/ ||.o =1 and that g} € £°°(Q, &, R™),
for every w e and every i €S. Since 0}, — 0°, we have by definition of weak topology that,

(&

o

oo (@)=(0, (@)e)

= f (0, ELN@)E(d @)
Q

— f (0°,8 (@)E(d o)
Q
=(0°(w),e;)

=0 (w).

Since i(w) € supp(o°(w)) for all w €, we must have that *®)(w)> 0 for all w €. However, we
show that this cannot happen. Thus, in order to arrive at a contradiction, we show that 0'(,),’71]5@)(60) — 0 for
some w €. We show this separately for regularizers satisfying Condition C1 followed by regularizers
satisfying Condition C2.

Proof 69 (Proof for regularizers satisfying Condition C1) Proceeding, first let us suppose that the reg-
ularizer satisfies Condition C1 (Definition 27). We prove a much stronger statement, that is, we show
that ac,’,’,ilgw)(w) — 0 for all w €. To this end, fix w €Q. Then by (D.1), there exists i(w),j(w) € S such that
uj,(n‘:) = %i(“’)(aj’nk,w) > %i(“’)(a;’nk,co) = ui,gfi) for k> K (w). Since v satisfies Condition C1, we have

vt

Emkni

(w)((g(o-" w))Z A€ V; )(%(o"’ w)), forall k> K(w).

my’ emk,i(w my’

Next, note that Vv’gmwj(w)(%(a;k,w)) = /J’Emk 'i(w)[afnk](“)) and Vv’gnk 'i(w)(%(a‘;nk,w)) = ﬁemk,i(w)[afnk](wl
Also since O, 182 €m, -regularized Bayesian equilibrium of the game ¢, we have that Vv} )(% (U;’nk , W)=
my

i@ (4)) and Vv*

k

Jjlo
(9o, w)= Uti,gi]g”)(w). In what follows, we have
ka

U:r,lilgw)(w) > A(Emk)a‘;’fiw)(w), for all k > K(w).

Since €,,, converges to 0 as k — oo and that v satisfies Condition C1, we have A(¢€ ,, ) — c0 as k — co.
Thus we can conclude that U‘;,’,']E”)(co) — 0. However, this leads to a contradiction since i(w) € supp(o°(w)).
Since w €1 is arbitrary, we have that U‘,’,’;,Ew)(w) — 0 for all w €. Thus, the required claim is proved.

Therefore 0° must be a Bayesian equilibrium of the original game ¥.

Proof 70 (Proof for regularizers satisfying Condition C2) Next we establish the same under Condition
C2 (Definition 29). We again prove this via the method of contradiction. However, contrary to Case 1, we
show that Uc,’,’,ilgw)(co) — 0 for some w €, which, as mentioned in the previous arguments, is enough to
conclude that o° is a Bayesian equilibrium. Suppose not. Then we must have that O'C,’,’,i,(cw)(w) converges

to c(w), where c(w)> 0 for all w €£).> As a result, O'C,’,’,ilgw)(w) is bounded away from 0 for all w €. Thus,

SWe note that the convergence of 0;’11,5”)(@) is guaranteed by weak convergence of (0';’",c Ji>1-
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we have via Condition C2 that there exists a sequence of shifted Bayesian strategies (Efnk) 1, Where
(5‘;nk) k>1 is a shift of (a;’nk) k>1 over Q, such that, after some algebra, the following condition holds true
for all w e

> 9o, )F N w)> 2n(w)o]

i(w) _ =oi(w)
)T (©)()— 52 w)
aefi(w)j(w)}

myg

O,a(

my CL))

4% g°

+ Z 4% (o mk,a))a
as{i(w)jw)}

for sufficiently large k > K,(w). Now fix an € > 0. Note that since €, | 0, there exists N > 1 such that

€m, <€ forall k> N. Also since the regularizer v satisfies Condition C2. Thus, in particular, it satisfies

Condition C2 with respect to the sequence of Bayesian strategies (afnk) >1 over the subset €2, we have

for every w €,

~0

IVe,,, (&, ()

~0

(05, (@)= 1em, Ve, (@5, (@)—ve, (0%, (@)

< (07 w)—F 3 w))

- v€ mp

for sufficiently large k > max{N, K;(w)}. As a result, we have that

Ve, (5, (@) <V, (07, (@)+ (05 @)-571 )

for k> max{N, K,(w)}. Now note that for all w €Q and a € S\ {i(w),j(w)}, we have

a o ~o,( _ a o o,a
DA C ) o () ) SR A ) e ()
aeS\{i(w),j(w)} aeS\{i(w),j(w)}

Combining all the above observations, we arrive at the following inequality:
(9(05, ,©),07, (©)—€m VT, (0)>n(@) o5 w)-Fm w) (D.2)

+{Y(07,,,w),05, ()—€p (0], ()

for large k > max{N, K;(w)}. Thus in terms of the sliced game, the above inequality can equivalently be
written as

(Do, 1T, (@) =€ VT, ()2 N(@) 05 w)-F51 ) w)) (D.3)

(Y07, )07, (@) —€mv(07, (W)

for large k > max{N, K,(w)}. However note that since a‘;nk is an €, -regularized Bayesian equilibrium,
we have by Lemma 27 that 0%, (w) is an €, _-perturbed equilibrium of the sliced game ¥, for every
k = 1. Thus we have by definition that a‘;nk(a)) = ﬁemk [U‘;nk](a)) for £-a.e w €. As aresult, it should be
the case that

o o o

<(ga)(o'mk),O'mk(w»_emkv(o':nk(w)) > <(gw(amk)’Y>_6mkV(Y)’ for allye A.

But we observe from (D.3) that for all w €2 the above inequality does not hold. Therefore, we have
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constructed a sequence of shifted Bayesian strategies (G, )k>1 which have a greater expected payoff
under the w-sliced game ¥,, for every w € ). We also note that the shifted sequence of Bayesian strategies
differ from the original sequence of regularized Bayesian equilibria on the set  of positive measure.
Hence, arrive at a contradiction. Thus, O'C,’;,iliw)(w) — 0 for some w €. Also since we have that a‘,’nk —0o°
relative to the weak topology on 3, we have that 0>{®)(w)=0. But again, we arrive at a contradiction
since by our hypothesis, i(w) € supp(c°(w)) for all w € Q. Therefore, o° is a Nash equilibrium of the
original game ¥.

D.7 Regularizers satisfy Condition C1 or Condition C2

In this section, we shall show that the Shannon-Gibbs entropy satisfies Condition C1, whereas the Tsallis
entropy and the Burg entropy satisfy Condition C2.

Shannon-Gibbs entropy satisfies condition C1

In this subsection, we show that the Shannon-Gibbs entropy (Example 12) satisfies Condition C1
(Definition 27). Fixu€R” and i, j € S with i # j such that u; >u;. In that case, it follows from (5.7) that

Vv, () _ exp(e'u;)
Vv (u) exp(elu;)

S,6,1

= eXp(G_l(uj—ui))-

Thus, Condition Cl1 is satisfied with A(¢) :=exp(e ' (u j—u;)). Note that since u; > u;, this implies that
Ae)— oo as e —0.

Tsallis entropy satisfies Condition C2

In this subsection, we show that Tsallis entropy (Example 13) satisfies Condition C2 (Definition 29)
with respect to the sequence (O'C;nk)k>1, where (a‘,’nk) >1 is sequence of Bayesian strategies obtained
in Theorem 10 Fix an arbitrary Q C Q such that £(2) > 0. Consider w €2, distinct i,j: 2 — S with
limy_,00 Oy (w) >0 and ¥i© (ajnk, w)> %i(“’)(afﬂk, w) for sufficiently large k (depending on w). The
fact that hmk_,Oo o m;E )( )> 0 implies that limy._, o a‘,}l’ilgw)(w) is bounded away from 0, in which case we
can construct a corresponding sequence of Bayesian strategies (&‘;nk) >1, where (ﬁjnk) k>1 is a shift of
(ank )i>1 over € from i to j. First we observe that for every w €2, the induced belief under the shifted
sequence (chjnk) >1 differs from the original sequence (cr‘;nk) >1 only at the co-ordinates i and j in the
sense that for all w €2, we have 5'77’1’]2((,0) = 0;&’;(“)) for all k € S\ {i(w),j(w)}. Therefore, in order to verify
Condition C2, it is enough to bound the difference in the entropy function over the strategies i(w) and
j(w). Thus, by definition of Tsallis entropy, we have

V(&5 ()—V'(0, (@) < (1550 @)= o )] +1530 ) w) — ol )]

q(1—q)

=T (w)

+qu_qﬂv“ (@)=l @) +15501 @) — o 21 w)| | (D4)

=T} (w)
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We bound the terms le(w), Tzk(a)) and Tgk(a)) separately. Note that by the very definition of E'jnk (via
Definition 28) that,

T} (@)= 531 w)—03) (0) =15 (w)—a‘;;f(w)(wn. (D.5)

In order to bound the term T2k (w), we first observe that &, (w) can be expressed as

New) =, w)o i w), (D.6)

my

T (T ()

where 5i,(,l‘;j)j(w)(w) =1+ T ) . Since by definition, 5%;))“60)(60) >1,and 0 < g <1, we must have
my

5i,(n°:)j(w)(w)‘7 —1< Ei,(,f;)i(w)(w)— 1. Thus we arrive at

T} (w) =157 ( )=o) )]
—|(6' (w)q Do) w)]
<IN ) - 1o s )|

O'm;E )(w)—omi )(co)
RO

Thus, in order to bond the term 7, (co) we need to lower bound the term o, m ( )1=4. Note that
since O'jnk(w) is a regularized equihbrlum of the sliced game ¥,,, we have that

o €my 11/0-4) 1
it [] =
1=q (080 5n,» 0)— 40" (075, )=

Thus, letting () | 0in (D.1), we have that o), (w) > crmk (a)) for all k sufficiently large (depending on
w). As a result, we have that o rmE )( )< oy ’l (w)q ! for sufﬁmently large k (dependlng on w). Note
that since limy._, oo a;;ikw (w)> 0, there exists ¢j(,,)(w)> 0 such that O'm (a)) > Gel@) g sufficiently large
k (depending on w). This, in con]unctlon V\nth the fact that o, mk (co) >0 (a)) for all k sufficiently

large (depending on w) implies that o, (a)) 2 “ for all k sufﬁ(:lently large (depending on w).
Combining all the above observations, We arrive at

)< —2 (0% )52 ), (D.8)
2 h Cl(w)(w)l q .
Finally, we proceed to bound the term T3. Recall that O'mk (a)) P L for sufficiently large k

(depending on w). Now, by an application of the mean-value theorem, we have

T ()= |55 ()T — o3 )]
L
h Cl(w)(w)l_q

o

()=o) w).

Combining all the inequalities obtained above in (D.5), (D.8) and (D.9) we have for sufficiently large
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k that,

G () =0 w)

1— 1—
V(e (a)))—vt(afnk(a))ﬂg(z_}_ 271 q219 )

" Cite) (@) Cie)(@)' =7 T M
ZCi(w)(Ct))l_q-l-Zl_q(l-l-q)) s .
=( 501 () - (w)).
k my

q(1—q)cy(e)(w)t=7

ZCi(w]((J))liq +217q(1+6])
q(1=q)ci(e) ()14
the fact that the Tsallis entropy satisfies Condition C2.

Thus setting Kj(,,)(w) == , and observing the fact that 0':,':,560)(60) > 5’:,’:,5@)(60), proves

Burg entropy satisfies Condition C2

In this subsection, we show that Burg entropy (Example 5.3.1) satisfies Condition C2. Fix w €, distinct
i,j:Q— S withlim;_, Uf}f,iw)(w) >0and %i(‘*’)(a‘;nk ,w)> %i(“’)(o‘;nk ,w) for sufficiently large k (depending
on w). Asin the case of the proof for Tsallis entropy, it is enough to bound the Burg entropy at co-ordinates
i(w) and j(w).

We proceed similar to the case of Tsallis entropy. Note that by definition of Burg entropy, we have
(

~o0 b, _o ~o0,j o,j ~o,i o,i
V(&5 () VP05, (@)I< |logcrm’iw)(co)—loga'm’iw)(w)l+|logO'm'IE“’)(co)—logO'm'lE“’)(w)l. (D.9)

=Uf(w) =:Uf (o)
We bound the terms Ulk (w), Uzk (w) separately. We first observe that ("f:,;iliw)(w) can be expressed as

(Nr;’,fi‘“)(w) - 5ir(n¢:)i(w)(w)o-<;;li£w)(w), (D.10)

o,i(w) ~o,i(w]( )

where 510 (@) =1+ T (O Ty &
. :

Uc;;'jl(cw)(w) . Since log(1+ x) < x for all x >0, we have that logéi,%:)i(w)(w) <

T (@)-5 7 w) .
k . Now, by definition of Burg entropy, we have
U (@)= [1ogF ;3N (w)—logo s (w)|
= [log[ X )01 )] -log o 33 w)|
= [log &L ) )
T M0) =G ()

k
o)

Thus, similar to Tsallis entropy, we need to lower bound the term ac,’;liliw)(w). Note that since U‘;nk (w)
is a regularized equilibrium of the sliced game ¥%,,, we have that

o) (@)= — Cm = . D.11)
(02 (05 @) =%, (Om,))

Thus, letting n(w) | 0 in (D.1), we have that afhiiw)(w) > a;,’lilgw)(a)) for all k sufficiently large (depending
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on w). Note that since lim._, o a(;,’li,gw)(w) > 0, there exists G,)(w)> 0 such that a‘,’;lilgw)(w) > c'(%(w) for
sufficiently large k (depending on w). This, in conjunction with the fact that 0':,'111560)(6()) = O'C,’,’;,Ew)

k sufficiently large (depending on w) implies that Uc;;lilgw)(w) = M for all k sufficiently large (depending

on w). Combining the above observations, we arrive at

(w) for all

U ()< % (01 () —F 1) w)). (D.12)

We now proceed to bound the term Uzk(co). Notice that the mapping x — log x is Lipschitz on [a, 00),
where a > 0. The fact that crc,’,'lilgw)(w) is bounded away from 0, implies that the shifted sequence of
Bayesian strategies can be chosen in such a way that 5'c,’,',i,£w)(co) is bounded away from 0. More precisely,
we can construct a shifted sequence of Bayesian strategies such that &;’;]Ew)(w) = M. Thus, by an
application of mean value theorem, we have

U (@) =|logd ) (w)—logo ) (w)

< = o °1@)())—F21@)(¢y)). D.13
Ci(a))(w)( e (w) e (w)) ( )

Therefore, combining (D.12) and (D.13), we arrive at

W@, (@) —v°(05, (@) < UF )+ Uf(w)

2 4 0,i(w) _ ~oi(w)
(Ei(w)(w)—i_?,-(w))(am/c (0)=0,, (@)

6 . .
<— 2O ) — ) L),
G-I w)

i(w)

Thus, setting Kj(,,)(w) = ﬁ and observing the fact that a;;k

Burg entropy satisfies Condition C2.

(w)> &‘;;},E“’)(w), proves the fact that the

D.8 Proofof Theorem 17

We use the infinite dimensional Picard-Lindeloff Theorem (see Zeidler (1986) for details) to prove
Theorem 17.

Theorem 26 (Picard-Lindeloff Theorem, Zeidler (1986)) Let Y be a Banach space. Let €Y,y €R,
and

2, :={(t,y)eRxY| [t—ty|<a and ||y —yll < b}

for fixed a,b >0. Suppose f : 2, —Y is continuous and that
If (2, x)=f(t, YIS LIlx—yll for all(z,x),(t,y) € £y, and

lf(t,x)l| <M forall(t,x)e L,
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where L >0 and M >0 are fixed. Choose ¢ such that0< c <a and Mc < b. Then the initial value problem

X(t):f(t,X(t)), x(tO):yO)
where x :[ty—c, ty+c]—Y, has exactly one continuously differentiable solution on the interval [ty—c, ty+
cl.

Now we proceed with the proof of Theorem 17. To prove Theorem 17, it is by Theorem 26 enough to
show that the mapping o — (o) is Lipschitz continuous with respect to the strong topology on . We
show this in the following lemma.

Lemma 28 The mapping o — (o) is Lipschitz continuous with respect to the strong norm on .

Proof 71 To prove the lemma, we need to show that there exists a constant x >0, such that
|||/5€(0')—/56(p)m < k|||0'—p |||, forallo,p eX. (D.14)

Fix o,p €. By (5.5) and the definition of strong norm, we have that

H{/fe(o)—/se(p)|||=f IBelo)(@)—Belplw)E(dw)
Q
:J Vv ((0, ) —VV:(Y(p, w)IE(dw)
Q

< if 19(0, w)=%(p, w)l|E(dw)
€Y Q
K

<Zfjo-pll

The second last inequality occurs since Vv* is (ey) ™" -Lipschitz, and the last inequality occurs since the
Bayesian population game ¥ is k-strongly Lipschitz. Finally we have that

|||ﬁe(0)—/56(10)m < k|||0—p |||, forallo,peX.

Therefore (D.14) is satisfied with & = EK—}, This completes the proof of Lemma 36.
We now apply Gronwall’s Lemma (see Zeidler (1986) for details) to prove the continuity of the
semiflow, that is, part (ii) of Theorem 17. We state the lemma below.

Lemma 29 (Gronwalls’s Lemma, Zeidler (1986)) Let u,v:[ty—a, ty+a]— 'V be maps into the subspace
V of a Banach spaceY. Suppose f :[ty—a, tg+a]xV =Y is continuous and Lipschitz continuous with
respect to u, that is,

| f(t,u)—f(t,v)ly<Lllu—vl|ly forallt €[ty—a, ty+a)l and u,v €V and fixed L > 0.

Then || u(t)—v(t)|ly < el u(0)—v(0)|| for all t €[ty—a, ty+a).

We apply Lemma 29 with Y = £,V=Y, and f =pB¢. By Lemma 36, the conditions of Lemma 29
are satisfied. Therefore, there exists k > 0 such that for any two solutions (0;);>g and (G ;)¢ to the
Generalized Dynamic with initial conditions o, and &, respectively, we have |0, —& || < e*!||o¢—&ll.
This establishes continuity of the semiflow of the Generalized Dynamic. This concludes the proof of
Theorem 17.
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D.9 ProofofLemmas

To prove part (i) of the theorem, we require the following lemma.

Lemma 30 (Balder et al. (1994)) A subset K of £'(u,X) is relatively norm compact if and only if the
following conditions are satisfied:

1. The subsetK is relatively weakly compact.
2. The subset K satisfies small Bocce oscillation.
3. The subset{avg(f;A): f €K} is relatively norm compact in X, for every A€ RBq, such that u(A)> 0.

Throughout the proof, we fix a compact set 2 C Q2 with (=)= 1. To verify condition (i) of Lemma 37, note
that for every a >0 and M C A°, we have Xf,(Z) is a subset of .. Therefore, the fact that X is relatively
weakly compact implies that ¢, (Z) is also relatively weakly compact.

We now proceed to verify condition (ii) of Lemma 37, that is, we need to show that X, (Z) satisfies
small Bocce oscillation. To this end, fix > 0. Since X, (Z) is a family of Bayesian strategies which are
a-Lipschitz on E, it follows that Xf,(Z) is equicontinuous on Z. Therefore, by the definition, there exists
0 >0, such that w,® € E and dg(w, @) < 6 imply that

lo(w)—o(®)ll<n, foralloeX{,(E). (D.15)
Fix w € Z, and let B(w;6) denote the open ball of radius 6 about w. Then, for every o € X, (E), we have
that ||o(w)—0o(®)|| < n, for all ® € B(w;0). We now proceed to show that Bocce-osc(o, B(w;0)) <1, for
every o € ©.¢,(Z). Fix o € X¢,(Z). Note that for every @ € B(w; ), we have ||o(w)—0o(®)|| < 7. This implies
that

lo(w)—avgo, Ble; )= o)~ (@)do)

1
E(B(w;9)) JBW)“

1 0 ™\ —_
= mHJB(w;b_)U(w)g(dw)—fB(w;ﬁ)U(a))g(dw)H
1
x——mmm _ _ d _
~ EBi0) L(w;ﬁ)lla(w) o(@)E(de)

<.

This implies Bocc-osc(o, B(w,6)) < 7). Since £¢,(E) is equicontinuous on E, we have from (D.15),
that
Bocce-osc(o; B(w;0))<n, foralloe Z;‘(/[(E).

Note that (B(w;0)),en is an open cover of 2, and hence an open cover of Z. Since = is compact,
it follows that there exist w,...,w, €E, such that Z € U,;<, B(w;;6). Suppose that the collection
(B(w;;0))1<i<p is disjoint. Then,

{B(w;;0):1<i<plUQ\E)

forms a finite measurable partition of 2. However, if it happens to be the case that the collection
(B(w;;6))1<i<p is not disjoint, we disjointify the collection and extract a collection (G(w;;6))1<;<p such
that Uj<;<, G(w;0)=U<;<p B(w;;0) and that G(w;;6)NG(w;;0)=0 for all i # j. In such a case, we have
that

{G(w;;6):1<i<plU(Q\T)
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forms a measurable partition of (2. The fact that the elements of the new collection (G(w;;6))i<i<p
are measurable subsets follows since both open sets and closed sets are measurable, and the Borel
sigma-algebra is closed under intersection of finitely many open and closed sets. Therefore we finally
have that

Z &(G(wj;0))Bocc-osc(o;G(w;;0)) < 1.

1<i<p

This proves that X, (Z) has small Bocce oscillation thereby verifying condition (ii) of Lemma 37.

Finally we verify condition (iii) of Lemma 37. Fix A € %, such that (A) > 0. By the definition
of Bayesian strategies, we have that {avg(c;A): o € X¢,(E)} € A. Since A is compact in the Euclidean
topology, we have that {avg(c; A): o € X¢,(Z)} is relatively norm compact in R". Since A€ %, is arbitrary,
Condition (iii) of Lemma 37 is satisfied. This concludes the proof of part (i) of Theorem 5.

We now proceed to prove part (ii) of Lemma 5. We first observe that the game ¢ is uniformly
bounded in the sense that there exists ¢ >0 such that for every o €%, ||%4(0, w)|| < ¢ for £-a.e w €. Let
B :={ueR":|lul[ < c}. Since the mapping u— Vv(u) is continuous and B, is a compact set, we have
that the image of B, is a compact set. Also since the regularized best response maps payoff-vectors
to the interior of A, we have Vv (u) € A° for every u€ R", we have that the image of B, is a compact
subset of A°. Thus, for a given ¢ > 0, consider the set B, and define M, to be the image of B, under
the map u— Vv¥(u). Therefore, we have that §.[o] € X, whenever o € ¥. This implies, in particular,
that .[c]€ X, whenever o € Xy, . Also, by assumption of lemma, we have for every o € ¥, the map
w— Y(o,w)is A-Lipschitz for £-a.e w € =. As a result, fixing w, ® €E, we have

1Bl (@) B Lo )@ = [V (40, )~V (4(o, @)
<1190, 0)- 90,
€Y

A
< Zdo(w,®)
ey

<adg(w,®).
Combining the above observations, we have that .[c] € X, () whenever o € . This again, in

particular, implies that B.[o] € Zﬁ/lc () whenever o € Zﬁ/lc (). Thus, we have proved that given ¢ >0,
there exists a compact set M, € A° such that B.[o] e Zj'\‘/lc (E)whenever o € Z]”\‘/IC (&), provided the Lipschitz

coefficient of the Bayesian strategy a > F%, Hence Zj‘\‘,lc (2) is forward invariant under the RBBR learning
dynamic. This completes the proof of part (ii) of Lemma 5.

D.10 Proof of Lemma 6

In order to prove the lemma, we need to show that
f (9(0,w),0(w)E(dw)=0 foralloey,
Q

with equality only if o =0. We first prove the inequality. We require the following lemma in this regard.
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Lemma 31 Foreveryo € X%, the following equality holds:

f <v%e[ﬁe(a)](w),d(w»i(dw)=J (9(0,),0(w)E(dw).
Q

Q

Proof 72 To prove the lemma, fix o € £, and w € and consider a mapping ®;,  :A°—R defined as
tI)fT’w(y) =(y,%(0,w))—ev(y), forallyeA®. (D.16)

Now note that by the definition of regularized Bayesian best response map and the fact that v is
strongly convex, we have that f.[0’](w) is the unique maximizer of ®; . Therefore, we must have
ddy [Belol(w)l(zo)=0forallzye R{. As aresult, for zy € Rjj, we have

0=d®; ,[Belo)(w)](zo)
m 0y, o (Belol(w)+nzo)—25 ,(Belo)(w))
n—0 n
=(zo,‘5(0,co))—}’ii%Vf(ﬁf[a](“))Jr”Zno)—Ve(ﬁe[U](w))
= <ZO’ (g(o"C‘)»_dve[ﬁe[a](w)](zo)- (D.17)

Thus, we have dv,[B:[o](w)](zy) = (¥Y(0,w),z) for all zy €R]. Fix o € ©¢, and 0 € ¥,. Recall from the
definition of V that for fixed 1 > 0, we have

Q

Ve(ﬁe[UHT)Uo) =J ve(ﬁe[a](w)+nao(w))é(da)),

and that
Ve(Belo]) =f Ve(Belol(w))E(d w).
Q

Since o € ¢, we have that v(o(w)) is uniformly bounded for £-a.e w €, in which case, we have

Ave[fe(a)loo)= f Ave(felo)(w))oo(w)E(dw). (D.18)

Q

However using (D.17) and the definition of Gateaux derivative, we have

f V¥ [ Be(0)(w)(0o(w))E(d w) =J (0(w), V¥ Be(0)(w))E(d w)
Q Q

_ f dv (B o (@) oo(@)E(dw)
Q

=f (Y(0,w),0¢(w)é(dw).
Q
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Note that the above equality holds true for arbitrary oy € ¥. Since, 0 = B.(0)—0 € ¥y, we have that

JVGVE[IJ’G(U)](G))( (w)E(dw)= J( (0,w),0(w)é(dw). (D.19)
Q Q

This completes the proof of the Lemma 31.

We now proceed with the proof of Lemma 6. Note that, as a consequence of Lemma 31, we have the
following equality:

f ( N(U,w),d(w))i(dw)=f (9(0, )= VHo)(w),0(w)E(dw)

Q Q
f(VGV[ﬂe o)(w)-VHIo](w), o(@)E(dw).
Q

Therefore, in order to prove Theorem 18, firstly we need to show that

J(VGV[ﬂe 0)(w)—-VHIo](w), o(@)E(dw)>0. (D.20)
Q

Since v is strongly convex (and hence convex), we have that V is also convex. As a result, we have from
Rockafellar (1970), that for every o,p €%,

¥(p)>¥o)+ f<p —0, V(o)) (w)E(dw)

Q

=‘7(0)+f (Vo (), plw)—o(w))E(dw).
Q

Putting p = B[c] in the above inequality we have that

V(&[U]PWUHJ(VGV[U] ). Belol(w)—o(w))E(dw). (D.21)

Q

Now interchanging p and o, we have that

‘7(0)>V(/36[U])+f (V(Belo (@), 0(w)—Pelol(w)E(dw). (D.22)

Q

Combining inequalities (D.21) and (D.22) above, we arrive at the required inequality (D.20). Hence this
completes the proof of Lemma 6.

It now remains to show that equality in (D.20) holds only if 8.(c) =0, that is, 0 =0. Since vis a
decomposable regularizer, there exists a 6! -function 6 :(0,1) — R such that v(x) = D <i<n 0(x;), for all
xe€ A°. We first require the following lemma.

Lemma 32 Suppose that v is a regularizer decomposable via the function 0 :(0,1)— R. Then for every
o €X,, we have

dv [o](o0): _eZJ ()E(dw), forallogey,.
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Proof 73 Forxe A° and z, R}, we have

Ve(X+12Zo)—V(X)
n
— elim Dicicn 0 +1Z) =" i, 0(x))
n—0 n

n
= GZzéH’(xi).
i=1

It now follows from (D.18) and the previous arguments that for o € ¢, and o € ¥, we have

dv.[x](zy)=lim
n—0

dve[o)(og)= f dve(o(w))oo(w)E(dw)

—ez f o (@)E(dw).

This completes the proof of Lemma 32.

We now proceed with the proof of part (i) of Lemma 6 in the context of decomposable regularizers.
By Lemma 32 we have that the Gateaux gradient V¢V, (8.[c]) at the type w is identified by the vector
ﬂ [o](w ,0'(B'o](w)). Similarly, we have that V¥, [o)(w)=€(0' (0 (w)),...,0(c"(w))) for all

w €. This in partlcular implies that

f (VOB (0))()- Vo ](w), 0 (w)E(dw)
Q
=er [0'(B/[o)(@)—0" (0 (@)B/lo)w) -0 (@)E(dw). (D.23)
i=1JQ

By assumption of the lemma, we have that the function 8’ is strictly increasing on (0,1). Thus, we
have that the RHS of the equality (D.23) is positive for £-a.e w €. This implies that the RHS of (D.23)
equals 0 iff B.[0] =0, that is equality holds iff o =0.

Finally we proceed with the proof of part (ii) of Lemma 6. We note by Lemma 5, that there exists
a compact set M € A° such that ¢, (Z) is forward invariant under the RBBR dynamic. Thus, we can
find 6 €(0,3)" such that M €[5, 1 6']x---x[6™,1—6"].° Now suppose that o € £,(E). By forward
invariance, B.[o]€X{,(Z). Also by assumption in part (ii) of the lemma, we have that 0’ is strictly
increasing on the interval [min,<;<, 8°,1—min,<;<, 6']. Thus, in such a scenario, the RHS of the equality
(D.23) is positive for £-a.e w € Q. This implies that the RHS of (D.23) equals 0 iff .[c]= 0, that is equality
holds iff & =0. Thus, the RBBR learning dynamic satisfies positive correlation with respect to the virtual
payoff 9.

6We clarify the reader that the compact set M and 6 € (0, %)" depends on the underlying parameters stated precisely in
Lemma 5. We remove the dependence of the parameters for a clean presentation of the proof.
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D.11 Proof of Theorem 18

We first observe that by Theorem 5, the subset ¢, (Z) is norm compact and forward invariant under the
RBBR learning dynamic. Thus, in order to prove the theorem, we need to show the Bayesian entropy
adjusted potential function ¢, increases along every solution trajectory to the regularized Bayesian
best response learning dynamic which originates in ¢, (Z). Note that

¢lo)=¢(0)-V(0o)

=Dylo)(g)—dv(o](0)

-
= (d»VFw(G))(w)i(dw)—J (0, V(o) (w)E(dw)

Jo Q

;
= VFw[al(w)(d(w))i(dw)—f Vo (w)(o(w)E(dw)
JO Q

.
=J (VFSD[U](w),('f(wM(dw)—J (VHo](w),o(w)E(dw)
Q Q

-
= (g(U»w),d(w))i(dw)—J (Vo)) o(w)E(dw)

Ja 9)

=J (9(0,0)— Vo |(w),0(w)E(dw)
Q

[ .

= | (Y(o,w),0(w))é(dw)

JQ

Now we complete the proof by showing that the solution trajectory to the RBBR dynamic converges
to the set of regularized Bayesian equilibria under the strong topology. By assumption of the theorem, it
follows from Theorem 5 that X%, (£) is norm compact and forward invariant. Also, since the vector field is
Lipschitz under the norm ||. ||, it follows from Theorem 17 that a continuous and unique solution exists,
given any initial condition oy € X. It then follows from standard results of dynamical systems theory
(see Bhatia and Szeg6 (2006)) that the omega-limit set of the trajectory (o) is non—empty, compact,
and connected in the norm topology. Moreover this set is contained in the set of rest points of the
RBBR learning dynamic. Hence any element in the omega-limit set is a rest point of the RBBR learning
dynamic and hence a regularized Bayesian equilibrium. Also since the entropy adjusted Bayesian
potential function is increasing along every solution trajectory, any point in the omega-limit set will be
a maximizer of the function. This concludes the proof of Theorem 18.

D.12 Proof of Proposition 8

The proof of the proposition follows along the lines of Cheung (2014). Fix w €, o €%, and gy €Xy.
Since the slice map %, : > — R" is ¢! -Fréchet differentiable for &-a.e w €, we have

Y,(o+eog)=9,(0)+D¥Y,[co](€Ty)+o(ellogl)).

This implies that
Yoo +€00)=Yu(0)=DY,[0](€0)+0(€llo|).
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Taking inner product with respect to ecy(w) on both sides of the above equation and integrating with
respect to £, we have

f <%(a+eao)—%(a),eao(w»i(dw)=f (DY, [T 1(€0y),0(w))E(dw)+0(e*[log|).
Q Q

Since ¥ is a negative semidefinite game, we have
ezf (DY (0)(00), To(@)E(dw)+o(e*]logI*) <O.
)
Since € is arbitrary, we have by dividing both sides of the above inequality by €2 and allowing € — 0, that

f (DY,[o](00),00(w))E(d w) <.
Q

This proves that ¥ satisfies self defeating externalities if and only if ¢ is a negative semidefinite game,
which concludes the proof of Proposition 8.

D.13 Proof of Proposition 15

Proof 74 Hofbauer and Sandholm (2007) show uniqueness of logit equilibrium for finite strategy nega-
tive semidefinite games under homogeneous population set-up. We extend this result to finite strategy
negative semidefinite games under heterogeneous set-up, which we call Bayesian negative semidefinite
games. We prove the proposition along the lines of Lahkar and Riedel (2015), Lahkar et al. (2022b).
Note that since the space X¢,(Z) is forward invariant under the RBBR dynamic, it is enough to prove the
uniqueness result on X, (Z). Recall from Section 5.5 that the virtual payoff vector is such that for all
oeXx§ (5),

G(o,w)=9(0,0)-VSVo)(w), forallwe. (D.24)

Now, for every Gy €% and ¢t €R such that o+t T € %4(E), we define the following quantity:
A’(U’a\OII):J <g(0'+tﬁo,&)),ﬁo(&))>€(d(x)) (D.25)
Q

We would now like to calculate the Gateaux derivative of the function A(o, 7, ) with respect to ¢. Notice
that

A(U,ﬁo,l‘+n)=f (G0 +(t+1)T, ), To(w))E(dw)
Q
=f (G0 + 1T, w)+d G, [0+ G )NT0o), To(w)) +o(In]E(dw)
Q

=A(0,00, t)+f (dDulo +1T0)NT0), To(w))&(dw)+o(|n]).
Q
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Thus, we have that
oMo, Ty, t)

3= f (d [0+ 1)), To()E(dw)
Q

In order for us to complete the proof of the proposition, we need to compute the right hand side of the
above equation. Note that from the definition of ¢4, we have

f(d%[aﬂa‘o](a‘o),ao f(dw)= f (d9,[0+18](00), To(w))E(dw)
Q
—f (dVo+150)(T). To(@)E(dw).  (D.26)
Q

Since the game ¥ is Fréchet differentiable, ¥ is Gateaux differentiable too in which case, using the
fact that ¥ satisfies Bayesian self-defeating externalities, we have the following inequality:

f (d9,(0+100)(00),00(w))é(dw)= f (DY(0+100)(00),T0(w))E(dw)<0
Q Q

We now show that the second term in the RHS of (E.18) is positive. For this, we note that for every
o €x,, the following equality holds:

VS, [0)(w)=Vv (o(w)), forallwe. (D.27)

With the above equality in hand, we have that

f (V[0 +15,](T), To(w)E(dw)= f (dVve[o(w)+100(w)|(To(w)),To(w))E(d w). (D.28)
Q Q

By assumption of the lemma, (dVv,.[x+t2](z),zo) >0, for all ¢ €R, x€ A and z, € R} such that
x+1zy € A. Thus, noticing the fact that o(w)+t0(w) € A, Tp(w) Ry for all w € 2 and using the equality
relation in (D.28), we have that

f(dVGVe[UJrtﬁo](ﬁo)ﬁo(w)i(dwFf(dVVE[O(wHtﬁo(w)](ﬁo(w))ﬁo(w))é(dw)>0. (D.29)
Q Q

Therefore, the LHS of (E.18), and thus %?0'” <0. Now, let us fix a regularized Bayesian equilibrium
o°. It then follows from standard theory of gradient of convex conjugate (see for instance Rockafellar
(1970)) that ¢! (o°,w) is independent of i for every w €. In other words, given the equilibrium o°,
we have for every w €}, a c¢(o°, w) such that Gi(o°,w)=c(0°,w) forall weQ and i €S. As a result,
we have that A(c°,7,0) fﬂ G(0°,w),T(w))E(dw)=0 for all Gy € S. Now define 6 :=0° + t G, for
some non-zero &, € %. such that & is distinct from o° . By definition, we have fﬂ (0,0),00(w))e(dw)=
Ao, Ty, t).Also, from the previous arguments, we have that A(0°,7,0)=0. This, in conjunction with the
fact that W—U“ <0, implies that A(6,7, t) < 0. Therefore, we have that fn (0,w),00(w))E(dw)<0,
and hence 0 cannot be a regularized equilibrium. This completes the proof of Proposition 15.
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D.14 Proof of Theorem 19

Similar to the proof of Theorem 18, we need to show that the Lyapunov function ¢'§, . decreases along
every solution trajectory to the RBBR learning dynamic which originates in ¢, (Z). To this end let us
define the following quantities:

« PL0):=[(9(0, ), Bclol(w)E(dw), forall o € Y (2),
* Y2(0):=Y(Bc(0)), for all 2F (),
o 1,0‘2(0):: fn(%(a,a)),a(a)))i(da)), for all ¢, (Z), and
* (o)=Y (0), for all 2§, ().
To prove the theorem, it is enough to show that
Ye(@) =yl (o) +* (o) +§3 (o) + (o) <0.
We now compute the derivatives of ¢ f;, i=1,...,4 separately. We have

Dl/Jé[U](('T)=f

Q

(D%[U](t'f).ﬁe[U](w))i(def (9,(0), Belo (@) (d w).

Q

Since the regularizer V. is Gateaux differentiable, we have that

DY [0](0) = dVe(Be(0))(Be(0)
=f (Be(0), VV(Be(0))E(dw)
Q

= f Vel @) Belo(w)E(dw).
Q

For the third term, we have

D¢§[01(6)=f

Q

(D%[U](d)»a(w))i(dwﬂf (Y(0),0(w))é(dw).

Q

Finally for the fourth term we have
Dy [o)(¢)=dV.[o](0)

_ f (0,959 (0) E(d )
Q

=f Vi [olw)o(@)E(dw).
Q
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Combining all the four equations above, we have after simplification that

¢§4,€(0)=J (DYy[o](0), Be(w)(w)E(d w)+ f (9,(0), Belo)(@))E(dw)
Q Q

JVGve[ﬂe(U)] J(Belol(w))E(dw)— f(D%[U](t'T)yU(w))i(dw)
Q

Q

—f (%(a),d(w})i(deJ VY [ol(w)(o(w)E(dw)
Q

Q

:f (D%[U](t'f),éf(w))i(dw)Jrf (4,(0), Belol(w)—0(w)E(dw)
Q

Q

JVGve[ﬁe(a)] W)(Belo(@)E(dw)+ fVGVe[U](w)(d(w))i(dw)-
Q

Q

Since ¥ is a Bayesian negative semidefinite game and 0 €Y, it follows from Lemma 8 that the first
term in the RHS of the above equation is less than or equal to zero, that is,

f (DY, [o](0),0(w)E(dw)<0.
Q

Using this fact and rearranging the other terms in the RHS of the above equation, we have

IPM 6(0' f (Y,(0)— VGVe[ﬂe (o)](w ﬂF[U] w))é(dw)
Q
—f (9,(0)— V¥ [o](w),o(w)E(dw).
Q

It now follows from Lemma (31) that the first term in the RHS of the above inequality is 0. It also
follows that the second term in the RHS of the above inequality is non-negative. As a result, we have
Y i1, S0 along every solution which originates in X7, (). In particular, this implies that the Lyapunov
function defined in (E.19) decreases along every non-stationary solution which originates in ¢, (Z). By
part (i) of Theorem 5, we have that f () is compact under the norm topology on X and y'j, . <0 with
equality only at the rest points, it follows from the standard theory of dynamical systems (Bhatia and
Szego (2006)) that the omega-limit of every solution trajectory satisfies 1,[110\‘4 . =0, which is the set of all
rest points of the RBBR dynamic. We therefore have that every non-stationary solution arising in X, (=)
converges to the unique regularized Bayesian equilibrium.
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APPENDIX

E

SUPPLEMENT TO CHAPTER 5

E.1 Proof of Proposition 16

We first present the formal definition of Bochner measurability for correspondences, and then state a
useful result for our proof that relates Bochner measurability to a relatively simpler notion called scalar
measurability.

A correspondence I':© = ./ is Bochner measurable if there exists a sequence of simple correspon-
dences (I};),,>1 such that for £-a.e w €,

H(T,(w),I(w))—0as n— oo,

where ¢ denotes the Hausdorff distance on 22.!
Let .#* denote the dual space of .#. For E C _#, the support function of E is a mapping o (-, E):
M *— R such that
o(u* E):=sup{{u*,u):ucE} forallu*e. "

A correspondence I': @ = _/ is said to be scalarly measurable if for all u* € _#* the map
w— o(u*,I'(w))is measurable.
From Theorem II1.2 and II1.15 in Castaing and Valadier (1977), it follows that for compact and convex

valued correspondences, the Béchner measurability coincides with scaler measurability.
We now show that B[0]: Q2= 2 is Bochner measurable. First, we show that B[#](w) is compact

IEor E,F C ./, the Hausdorff distance (E, F) between E and F is defined as

%(E,F):max{sup( inf [lu— 1) , sup( inf ||M—V||BL*)}-
uUEeE veF yeF ‘UEE
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and convex valued for every w €2, and then we conclude the proof by showing that B[8] is scalarly
measurable, that is, the function w — o(u*,B[#](w)) is measurable.

The fact that B[#](w) is convex valued follows from the fact that any convex combination of two
probability measures maximizing the expected payoff of 4(8,w) also does so due to the linearity of
the expectation operation. We show that B[#](w) is compact-valued for every w € Q). Note that 2 is
compact since it is endowed with the weak topology. Thus, it is enough to show that B[#](w) is a closed
subset of 2 for all w €. Let (4,,),>1 be a sequence in B[#](w) such that u,, —BY" u. This implies

(9(0,0),u,)=(90,w),v) forall ve.
Since ¥(0, w) € 6 for every w €, weak convergence of the sequence (u,),>; to u implies that
(9(0,w),u)=(¥%(0,w),v) foral ve,

and hence u €B[0](w). This shows B[#](w) is closed (and hence compact) for every w €.

Finally, we show that the map w— o (u*,B[0](w)) is measurable. First, note that since (u*,-): # - R
is a bounded linear functional, u — (u*, u) is measurable (under the topology induced by the BL*-norm).
Furthermore, B[8](w) is separable since it is a compact subset of .#. Since, the map w— ¥(0,w) is
measurable and ¥(0,w) € € for every w €2, we have by the application of Measurable Maximum
Theorem (Aliprantis and Border (2013), Pg. 508, Theorem 14.91) that

w— o(u*,B[0](w)) is measurable,

and hence the correspondence T is scalarly measurable. This completes the proof that B[#] is Bochner
measurable.

E.2 Proofof Theorem 15

The proof of Theorem 15 is an application of Brouwer-Schauder-Tychonoff fixed point theorem (Alipran-
tis and Border (2013), Pg. 583, Corr. 17.56). We first make the following observation. Suppose that for
a given 1 >0, a logit Bayesian equilibrium 9; exists. Then, we must have that 9;)’ €0p for some 5> 1
(depending on the noise parameter 1).> Thus, we complete the proof of Theorem 15 in two steps. First,
we show that ©g is compact under the weak topology. Then, we show that the mapping 6 — L, (8) is
continuous on B4 with respect to the same topology.

Lemma 33 The subset©p is compact under the weak topology.

Proof 75 We shall invoke Dunford’s Theorem (Diestel and Uhl Jr (1978), Pg. 101, Theorem 1) which
characterizes relatively weakly compact subsets of Bochner spaces. In particular, we first need to
show that the subset O is bounded and uniformly integrable. This follows immediately since ©g
consists of Bayesian strategies, the range of which is contained in the set 2%, which in turn, contains
probability measures with densities uniformly bounded by . Thus to conclude the proof of the lemma,
we finally need to show that for every ZC (, the set {(0,£)=: 6 €®g} has compact closure as a subset of

22 under the ||-|| 2-topology.® Note that by Kolmogorov-Reisz compactness theorem (Hanche-Olsen
and Holden (2010), Perkins and Leslie (2014)), the subset 275 is compact under the ||-||ry-topology. Since

2See the proof of Theorem 15 for validity of the statement.
SHere, (0,&)z:= [ 0(w)&(dw).
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{(0,&)=: 0 €Bp} can be viewed as an embedded subset of 2 for every ZC 0, the proof of the lemma
follows. This concludes the proof of lemma 33.

To proceed with the proof of the theorem, we require another lemma which we shall also use in this
as well as in the subsequent proofs of the paper.

Lemma 34 The following inequality holds true: forall 8,p €0,

IL,[0)w) L)@l 22 <11 exp(6n~ M)4(0,0)~4(p, o, foralloe.  (E1)

Proof 76 Consider 8,p €0 and w €. Using the definition of || || 2, we have the following:

L, [0))—Lypl()l-
-~ f LA [0)e)-LE[p)e)dx

f . exp(n' %,(0,w)) exp(n”' Y. (p, )

fyexp —-19,(0,w))dy fyexp -19,(p,w))dy

< exp(2' M) f exp(n'9:(0,0)  exp(n %:(p,w)
o1 [, expn19,(0,0)dy [, exp(n9,(p,w)dy

2

’dx

Sexp(4n‘1M)f f [expn ™ (4:(0,0)+ 9y (0, @)—exp(n” (9u(p, )+, (0, 0))]d | dx
SIS

SeXP(4n‘1M)ﬁ L[exp(n—l(aex(e,w)+%(p,wn)—exp(n—l(%(e,w)+<gy(9,wm]dy]dx
+]L[exp(n‘l(%x(e,ww%(e,wm—exp(n‘l(% (p,w)+%,(8,0)) dy\dx
= exp(4n—1M)[ f ) (L exp(n) ' 4.(0, )| exp(n 4, (p, w))—exp(n ' (0, w))|dy \dx
+ f U exp(”4,(0,0)| exp(n 4,0, 0)—exp( 4, (p, ) dy\dx]

To proceed with the proof of the lemma, let us define the map g :[~M,M]— R as g(u):=exp(n"' u)
for all -M < u <M. Thus, by an application of the standard mean value theorem (Rudin (2006)) for
real-valued functions we have the following inequality:

lg(u)—g() <n'exp(n'M)lu—v|, forall—M <u,v<M.
Now set u=%,(p,w),v=%9,(0,w) and u=%,(0,w),v =%,(p,w) subsequently and make use of the

above inequality in order to obtain the fact that there exists a constant y(1) > 0 (depending on 1) such
that the mapping w— L, [0](w) is y(n)-Lipschitz. Continuing from the above string of inequalities we
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have:
1L, [0](w)—Ly[p ()| 2

SeXP(477_1M)U U eXP(n‘l%(H,w))[eXP(n‘l‘ﬁy(p,w))—eXp(n‘l‘ﬁy(H,w))]dy‘dx
SIS
+f | f exp(n—l(ﬁy(e,w))[exp(n—l%(e,w))—exp(n*%x(p,wn]dy]dx]
S JS

SeXP(Sn‘lM)U )eXP(n‘l%(p,w))—eXp(n‘l%(e,w)))dy
’

‘],

<N 'exp(6n M) 9(6, )~ %(p,)lloo-

exp(n™! Sﬁy(p,co))—exp(n_1 9,0, o)))‘ dy]

This concludes the proof of Lemma 34.

Finally, to conclude the proof of Theorem 15, we require the following lemma.

Lemma 35 The mapping 6 — Ly,(0) is continuous on ©p in the weak topology.

Proof 77 Fix 6 €©g, and consider a sequence (8,,),>, €©Opg, such that 6, - 6. We need to show that
L,(0,)—" L, (0). Note that by assumption of the lemma, the game ¥ is uniformly bounded for £-a.e
w €9, In other words, there exists M > 0 such that for all 8 €©, we have

19(0,w)|leo <M, for&—a.ewel.

As aresult, one obtains for £-a.e w €2, the following bounds on the probability density function of the
logit Bayesian best response L, (6) at Bayesian strategy 6 €O:

exp(n' %,(0,w))

<exp(2n'M), forall xe¥. (E.2)
fy exp(n~1%,(0,w))dy

exp(—2n"'M)< LZ[O](@) =

Note that, by the assumption of the theorem, the game ¥ is continuous relative to the weak topology
onOg. Asaresult, 4(0,, ) converges to ¥(0, w) in the sup-norm for £-a.e w €. Thus, by an application
of Lemma 34, we can conclude that L,[0,,](w) — L, [0](w) under the || -|| 2 -topology for £-a.e w €. Now
let us fix p € £°°(Q,&,.£2). Then, by an application of Hélder’s inequality (Rudin (2006)), we have the
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following observation:

(Jﬂmn[en1—Ln[el,p>(w)5(dw)\=\ JQ(LU[Bn](w)_Ln[g](w)’ plo)Edo)
-| L L(LZWnl(w)—L;,‘w](w))px(wwdx)g(dw)’
SL]L(L;‘,wn](w)—L;;w](w))px(wwczx)\g(dw)
= L Llanwn](w)—an](w)||}£||p(w)||}£wx)g(dw)

<esssupl|p(w)l|ys f L, [0, ()L [0)(w)Il e E(d w).
Q

wef

We need to show that the term in the RHS of the above inequality converges to 0. First, observe that
P ELXP(E L?). As aresult, esssupweQHp(co)H}éf < 00. Since the Bayesian population game ¥ is
bounded, we have from (E.2) that the probability density L,)[#](w) is bounded above by exp(2n~1M). As
aresult, the integrand in the last line of the above string of inequalities is bounded above by 2exp(2n~' M).
Since L,[0,](w) — L,[0](w) under the ||-|| #2-topology for £-a.e w €2, we have the desired convergence
by an application of Dominated Convergence theorem. This proves that the mapping 6 — L,(0) is

continuous in the weak topology on ©®g which completes the proof of Lemma 35.

Since O is endowed with the weak topology, it is a Hausdorff topological space (Kesavan (2009);
Brezis (2011), Pg. 57, Proposition 3.3). Therefore, it follows from standard results in functional analysis
(Rudin (1991), Pg. 64, Theorem 3.10) that O is a locally convex Hausdorff topological space under the
weak topology. By Lemma 33 and Lemma 35, it follows that ©4 is a non-empty compact convex subset
of © and L, is a continuous map. Thus the conditions of the Brouwer-Schauder-Tychonoff Theorem are
satisfied and the existence of a fixed point is established. This concludes the proof of Theorem 15.

E.3 Proof of Corollary 5

To prove the corollary, we need to show that the Bayesian aggregative population game ¥(8, ¢):=¢(&(0))
is weakly continuous. As stated in the proof of Theorem 15, it is therefore enough to show that the
mapping 6 — &(0) is continuous with respect to the weak topology on ©p. Again, let €4 and consider
a sequence (0,,),>1 such that 8,, =% 0. We show that §(6,) =" &(8). Notice that for every n > 1, the
existence of a probability density function for the probability measure 6,,(w) is guaranteed for £-a.e w €
since 0,, €0p. Therefore, for p €@, and x € ¥, let us define a bounded linear functional p ,[¢]: £ 2R
such that

Pelolg):=g,, forallge £ (E.3)

In other words, p , is the evaluation of any map g € %2 at the point x. We now proceed to conclude the
proof of the corollary. Thus, let us fix A€ 9. Applying Fubini’s theorem (Billingsley (2013)), we observe
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that,

&[0,](A )—f 0,lp)(A)E(dy)

J fnx(go (dx)z(dy)

_ J L PPl Oa (DA )E(d )
_ L f (61, p ) P)MAX)E(d )
J f 0,0 ) P)E(APIAA )
o,

J f (0,0x)(p)E(dp)A(d x)
Ao,

j Jpr (P)A(dx)E(d )
DA

J fp[cp]w NA(dx)E(d )
‘ch

A

f fex Wdx)E(d )

A)e(d )

Il Il I l Il

Il
%%

Therefore by Portmanteau’s theorem (Billingsley (2013), Pg. 11, Theorem 2.1), we have that £(8,,) =%
&(8). Since the type space ®,,. consists of weakly continuous population games, we have that 6,, =% 0,
implies ¥(0,,,0)=(&(0,))— ¢(&(0)=%(0,¢), forall p €d,,.. Thus, ¢ is a weakly continuous Bayesian
population game and hence concludes the proof of Corollary 5.

E.4 Proof of Theorem 16

Consider a sequence of noise levels (17,,),,>1 such thatn,, | 0. Since ¥ is continuous in the weak topology,
we have by Theorem 15 the existence of 1),,-logit Bayesian equilibrium for every n > 1. Let 6; denote
the logit Bayesian equilibrium corresponding to noise parameter 1,, such that 87 —* 6°. We need to
show that 8° is a Bayesian equilibrium of the original game ¢. Assume on the contrary that 6° isnota
Bayesian equilibrium. Thus, by definition, there exists Q C Q with &(2)> 0 such that 0°(w) ¢ B[0°](w) for
all w €. This, in particular, implies that 8°(w) ¢ argmax, e (9(0°,w),u) for w € (). Therefore, for every
w €1, there exists y, € ¥, x,, €supp(0°(w)) and €, > 0 satisfying the following inequality:

9,,(0°,w)>2€,+%9, (0°,w). (E.4)

203



The fact that ¢(0°, w) € ¢ implies that there exists open balls B, , B, around x,, and y,, such that

inf 9,(0°,w)>2€,, sup 9,(0°,w). (E.5)

Z€By, z€By,

Also by assumption of the theorem, we have that the Bayesian population game ¥ is continuous with
respect to the ||-||gp:-topology, there exists K, > 1 sufficiently large such that

inf 9,(0;,w)>¢€,+ sup ¥,(0;,w), forsufficientlylarge n> K. (E.6)
Z€By, z€By,,

Notice that 6, is a logit Bayesian equilibrium of the game ¥ corresponding to noise parameter ), for
every n > 1. Therefore, 6, =L, (6;) for every n> 1. As a result, we have

0:(w)=L, [0;](w), fori-aeweq. (E.7)

We are now ready to conclude the proof of the theorem. Let us fix w € 2. Then consider the following
computation:

0hlw)(By,) _ Ly, [0;][](By,)
0:lwl(By,) Ly, [071w](By,)

[, explr,14.(605,0)d 2

) [, exp(n;' 9.(65,w)dz

exp(n,,'infep, 9.(0, w)A(B,,)
~exp(y' sup.ep, (05, @)A(By,)
A(By,)

ABy,)

=exp(€e/MNn)

First observe that B, and B, are open balls and thus have positive Lebesgue measure. Thus, allowing n
to approach infinity in the above inequality, we obtain that 6 °[w](B, ) — 0 as n — co. In other words, for
all w €9}, there exists B, € % such that 6;[w](B,_)— 0. However, since x,, € supp(0°(w)), we must have
0°[w](By,)> 0. Thus, there exists a set {2 with positive £-measure such that liminf,,_,, |0, [w](B,, )—
0°[w](By )|>0forall we ). This contradicts the fact that 0, — 0° in the [|-||gpy+-topology. Hence 0° is a
Bayesian equilibrium of the game ¥%. This concludes the proof of Theorem 16.

E.5 Proofof Theorem 17

The proof of the theorem is an application of the infinite dimensional Picard-Lindel6ff Theorem (Zeidler
(1986), Pg. 79). The existence of solutions to the LBBR dynamic is guaranteed once we show that the
mapping 6 — L,)(0) is Lipschitz continuous with respect to the ||-||gry-topology.

Lemma 36 The mapping 6 — L,(0) is Lipschitz continuous with respect to ||-||g py-topology on 6.

Proof 78 Consider 8,p €0 and w €. Using the conclusion of Lemma 34 in conjunction with the fact
that the Bayesian population game ¥ is strongly k-Lipschitz with respect to the || -||gpy-topology, we
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have that
IL,[0)(w)—Lylp)()llrv < k1" exp(dn™"M)||0 —pllgpy-*

We now integrate both sides of the above inequality with respect to the probability measure & to prove
that the mapping 6 — L () is continuous with respect to the strong topology on ©. This concludes the
proof of Theorem 17.

We now apply the infinite dimensional Gronwall’s Lemma (Zeidler (1986), Propositions 3.10 and 3.11) to
prove the continuity of the semiflow part 2 of Theorem 17. Since the conditions of Gronwall’s Lemma
is satisfied, there exists a > 0 such that for any two solutions (8,) ;¢ and (8;) ;s to the LBBR dynamic
with initial conditions 6, and 6, respectively, we have |6, — 6, oy < e®! ||90_g0||©w for all £ > 0. This
establishes continuity of the semiflow of the LBBR dynamic and hence concludes the proof of Theorem
17.

E.6 Proofof Lemma 7

To prove the lemma, we require the following result (Balder et al. (1994), Pg. 3, Theorem 2.4). We provide
the result below for completeness.

Lemma 37 A subset ¢ of £'(u,X) is relatively norm compact if and only if the following conditions are
satisfied.

1. The subset ¢ is relatively weakly compact.
2. The subset & satisfies small Bocce oscillation.
3. The subset {avg(f;A): f € A} is relatively norm compact in X, for every A€ Bq, such that u(A)>0.°

To apply the above lemma, we take X=_¢2(&). The fact that Op,,(Z) is bounded and uniformly integrable
follows since O ,(Z) consists of only those Bayesian strategies which induces probability density func-
tions that are bounded by f. Fix p* €. £?(&). For 0 € 0p,,(Z), let us define the mapping (p*,0) : Q2 —R
such that

(p*,@)(a)):p*w(a)))::f PH(x)0 (w)A(dx), forallweq.
b

We need to show that the collection of maps A . :={(p*,0): 0 €0 ,(Z))} is relatively norm compact
in £1(&) for all p* € £?(&). By Lemma 37, it is enough to show that the above collection is relatively
weakly compact and satisfies small Bocce-oscillation. The relative weak compactness follows from the
following inequality:

(o*, O <lp*lI"101"2
<plprIe.

The proof of the lemma concludes if we are able to show that the collection A, satisfies small Bocce-
oscillation for every p* € £?(&). Thus fix p*€ £?(&) and 0 € 0p,4(Z). Then we have the following

4The proof of the inequality is similar to the proof of Lemma 34 replacing || || &= by || |l v-
5See Balder et al. (1994) for the definitions of ‘avg’ and ‘small Bocce-oscillation'.
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computation: for w €2, we have

(6", 0)@)—ave((p",0), B = (p",0)(co)— (07, 0)(6)E(d)

E(B3) g

U [(P*»9)(60)—(/)*,9)(60)]5(61@))
BS

1
£(B3)

< E(Bﬁ) B5|<p ,9)(0))—(p ,0)(w)E(dw)

< 7 Bg) BJ |p*(x)0,(w)—p*(x)0, (D) A(d x)&(d w)

5 JIp*(x)||9x(w)—9x(c‘o)l7t(dx)§(dw)
B) B3J

< oIl
- 5(33)

<llp* ||,%2€-

||9(w)—9(cb)llw§(dw)

Thus the Bocce-osc({p*,8), BS) < ||p*|| 42 €. The rest of the proof now follows along the lines of Mukherjee
and Roy (2021).

We now proceed to show that the subset ©4 ,(Z) is forward invariant under the LBBR dynamic. Thus,
we need to show that 6 €©p (=) implies L,(0) €O ,(Z). In other words, we need to show that L;)(0)
belongs to both ©4 and ©,(Z). First, note that by the assumption of the lemma, the game ¥ is umformly
bounded for {-a.e w e, that is there exists M > 0 such that for all 8 €0,
1900, w)]locc <M, foré—a.ewel.

Using the above inequality, the following bound holds for the logit Bayesian best response density
function L’,;[H](a)) forall @ €e®and £-a.e w e

exp(—2n"'M)< L [0](w)< exp(2n'M) forallxe.s. (E.8)

Secondly, by assumption of the lemma, we also have that the game ¥ is x-strongly Lipschitz for £-a.e
w €X). Therefore, it follows from Perkins and Leslie (2014) (Pg. 201, Lemma C.1) that

LE[0)(w) L [0](w)| < %| —yl, forallx,yes.

Notice that the perturbation parameter 1> 0 is fixed. Thus, given 1), we define
B :=max{exp(2n ' M),2n 'kexp(2n~' M)}.

Therefore for £-a.e w €2, we have the following two inequalities:

J —<Lx[0] w)<Pforallxes.

. |Lg[0](co)—L%[9](cu)| <Blx—ylforal x,yes.
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As a result, we can conclude that L, (6) €8g. Now, in order to complete the proof of the lemma, we need
to show that L,,(6) belongs to ©,(Z). In other words, we need to show that there exists a constant y >0
(depending on 1) such that the logit Bayesian best response L, () at the Bayesian strategy 6 € © viewed
asamap 2> w—L,[0](w)€ P is y-Lipschitz. More precisely, we need to show that

IL,[0]()—Ly[0)(@)llrv < ydo(w, @), for-a.e w, 0.

The proof of the above statement follows using similar arguments as in the proof of Lemma 34 in
conjunction with the fact that for every 8 €0, the Bayesian population game ¥ is k-Lipschitz for £-a.e
w,® €. We ommit the proof to avoid redundancy. This proves that the map 23w — L,[0](w)€ 2 is
r-Lipschitz and hence Ly (6) € ©,(Z). As a result, we have that L, (6) € ©g (). This shows that © (=) is
forward invariant under the LBBR dynamic and hence the proof of Lemma 7 concludes.

E.7 Proof of Theorem 18

Since the conditions of Lemma 7 are satisfied, we first conclude that the subset ©p ,(Z) is relatively norm
compact and forward invariant under the logit Bayesian best response dynamic. Thus, in order to prove
the theorem, we need to show the entropy adjusted Bayesian potential function ¢ is an appropriate
Lyapunov function corresponding to the underlying evolutionary dynamic. In particular, we need to
show that ¢ increases weakly along every solution trajectory to the Bayesian best response dynamic
and increases strictly across every non-stationary solution trajectory that originates in ©g ,(Z). To this
end, we require the following lemma.

Lemma 38 Consider the Bayesian population game 94 :0 xQ — 6. Then the following statements are
true:

1. Forevery 0 €0 and w €}, one has

%X(H,a))=nlogLZ[G](a)Hnlogf exp(n_léﬁy(e,w))dy, forallxe . (E.9)
5%

2. Consider the virtual payoff function 4. Then, the logit Bayesian best response dynamic satisfies
virtual positive correlation at 6. That is,

J (4(0,w),0(w)&(dw)>0 (E.10)
Q

with equality only at rest points of the dynamic.

Proof 79 To prove part 1 of the lemma, we observe that for every 8 €©® and every w €12,

exp(n'9,(0,w))

X 0 =
L [0)(w) [, exp(n1%,(8,w)dy

, forall xe.s. (E.11)

Taking log followed by multiplication by 1 on both sides of the above equality yields

94.(0,w)= nlogLf)[H](a)Hr)logJ exp(n_lgy(H,a)))dy, forall xe 7. (E.12)
5%
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This concludes the proof of part 1 of the lemma.
We now proceed with the proof of part 2 of the lemma. By using the definition of ¢ and an application
of part 1 of the lemma, we have the following string of inequalities.

J(%A(@,w),@(w))i(d )—J 4(0,w)—nlogh(w),8(w))E(dw)
Q
JJ (0, w)=nlogh(w))0,(w)(dx)E(dw)

=JJ (nlOgLf)[H](w)H)lOgJ exp(n”~' %,(0,w))dy
QJs 5
—nlogf. (W)L [0](w)—0(w)(dx)E(dw)

=J J (logL; [0](w)—log b (w))(Ly[0])(w)—bx(w))(d x)E(d w).
QJs

Since the mapping x — log x is increasing, we note that for every w €2 and every x € &,
logLf][H](a)) >logf,(w) ifand only if Lj;[@](w) >0, (w).

Thus, the above integral is non-negative. Also, we notice that equality holds in the above inequality only
if 8 =0. This concludes the proof of part 2 of the lemma and hence, the proof of Lemma 38.

We now proceed with the proof of Theorem 18. Let (8,),>o denote the solution trajectory of the logit
Bayesian best response dynamic with initial condition 6, € ©p ,(=). Since Op ,(Z) is forward invariant
under the best response dynamic (Lemma 7), it follows that 6, € ©g ,(Z) for all # > 0. To conclude that
the entropy adjusted Bayesian potential function increases along this solution trajectory, we compute
the derivative of ¢ using the chain rule of differentiation. Note that ¢ consists of two terms, namely, the
original potential function and the associated Shannon entropy. Since the potential function is Fréchet
differentiable, we can apply chain rule directly. However, the term associated to Shannon entropy,
though not Fréchet differentiable, is continuously Gateaux differentiable since, in ©p ,(Z), The Gateaux
derivative of ¥ defines a continuous bilinear mapping

(VE9(0), 00>=nf J log0,(w)8; (w)(d x)E(dw), (E.13)
0Js

for 8, € ©, such that 8y(w) admits a density function for £-a.e w € Q. Thus, using the chain rule of
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differentiation, we obtain:

$(0)=p(0)—%(0)
=Dy[0](0)—d¥[0](6)

=f (Q»VFQD(B))(w)i(dw)—f (6, VO¥(0)(w)E(dw)
Q

Q

=f VFSO[G](w)(g(w))i(dw)—f VE0)()0(w)E(dw)
Q

Q

=J (VFplB](w), 9(@))€(dw)—f (VE910)(),0(w)E(dw)
Q Q

|

- J (9(0,w)—nlogh(w),0(w))E(dw)
Q

o}

(%(H,w),é(w))i(dw)—f (nlogf.(w),8(w))E(dw) (E.14)
Q

= | (9(6,0) 0(w))E(dw)
Q

>0, (E.15)

with equality only at the rest points of the logit Bayesian best response dynamic. We note that (E.14)
follows from (E.13) and (E.15) follows as a consequence of Lemma 38.

We are now ready to complete the proof of the theorem. Notice that the space O (=) is relatively
norm compact under the ||-||gry-topology and the logit Bayesian best response dynamic generates a
continuous semiflow on this forward invariant space with respect to the same topology (Lemma 7).
Therefore, by standard results from the theory of dynamical systems (see Bhatia and Szegd (2006), pg.
117, Theorem 2.2.9), we obtain that the omega-limit sets of the solution trajectory 6, is non-empty;,
compact and connected. Moreover, this set is contained in the set of Bayesian strategies which satisfy
$(0)=0. Therefore, we can conclude that the omega-limit points of the trajectory are rest points of the
dynamic and is, hence, a logit Bayesian equilibrium. Furthermore, since the entropy adjusted Bayesian
potential function is shown to increase along the solution trajectory (6,),>, we must have that any such
limit point is a local maximizer of ¢. This concludes the proof of Theorem 18.

E.8 Proofof Lemma 8

The proof of the lemma follows along the lines of Cheung (2014). Fix w €12, 8 €0, and 6, € 6. Since the
slice map ¥, :© — € is 6 '-Fréchet differentiable for &-a.e w €, we have

Y,(0+n6))=%9,(0)+D%,[0]1(n6)+0(nl 6l
As a result, we have that

9 (0 +1600)— 9y (0)=DY,[01(1n6)+0(n]|6])).
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Thus, taking inner product with respect to 116y(w) on both sides of the above equation and integrating
with respect to &, we have

L( Y0 +160)—Ys(0),16(w)) E(d ) = L(D%[G](Wo),7790(60))i(dw)+0(n2||90||2)-
Since ¥ is a negative semidefinite game, we have by Definition 47 that
TIZL(D%[H](%), Oo(w))E(dw)+0(n*|16,]|*) <
Since 1) is arbitrary, we have by dividing both sides of the above inequality by n? and allowing ) — 0, that

f (DY,[0](65), Bp())E(d w) < 0.
Q

This proves that ¥ satisfies self defeating externalities if and only if ¢ is a negative semidefinite game,
which concludes the proof of Lemma 8.

E.9 Proofof Theorem 19

We first show that the game ¢ admits a unique logit Bayesian equilibrium.

Lemma 39 The game ¢ admits a unique logit Bayesian equilibrium.

Proof 80 We first notice that to prove the lemma, it enough to show uniqueness of equilibrium on
Op,,(Z). Fix 0e 0p,4(Z) and w €2 and consider the Bayesian virtual payoff

9.(0,0)=%,(0,w)—nlogh,(w), forallxe. (E.16)
For every 0, €0 and  €R such that 6 + ¢, € Op,,(Z), we define a new quantity as
11(6, 6,, t+€)—f (90 +(t +€)0p, w), o)) E(d w)

J[ (9(0 + 0y, w)+d 9,10 + 1t 0y (€0y), Oy(w)) +0(|€])]E(d w)

=T1(8, 6o, t)+f (d 9,10 +1,](¢ 60), Oo(w)) &(d w)+o(le])
Q

Computing the Gateaux derivative of I1(8, §,,-) with respect to ¢, one obtains the following

o11(0,6,,t)

5 =J (d 9,10 +10,1(0p), Op(w))E(d w). (E.17)
4 Q
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We now compute the right hand side of the above equation. Note that from the definition of ¢, we have

J(d‘ﬁ [0 +1051(60), Bo(w))&(dw) = f w0 +1051(60), Bo(w)) &(d w)
Q
—TIJ (dlog[0 +16,)(0y), Bg(@))E(d ). (E.18)
Q

Since the game ¥ is Fréchet differentiable, ¢ is Gateaux differentiable too in which case, using the
fact that ¥ satisfies Bayesian self-defeating externalities, we have the following inequality:

f (d 9,10 +10,](00), Oo(w))&(d w) =f (D Y0 +1051(6y), Oo(@))&(d w) 0.
Q Q

In order to complete the proof of the lemma, we need to show that the second term in the RHS of
(E.18) is positive. Thus, we compute d log[8 + £ 0,](0,) explicitly. Fix w € Q and x € &#. We then have

A

log(8,(w)+ 105 (w)+€05 (w))—log(,(w)+t OF (w))

dlog[0,(w)+ tHX(w)]( x(w))—hm
07 ()
0, (w)+ 105 (w)

First observe that ¢ €R and 6, €0 is chosen in such a way that 6 + th, < Op,,(Z). Hence the denomi-
nator in the above ratio in non-negative. Therefore, the second term in the LHS of (E.18) boils down
to

[9"(0))
n | (d1ogl0+10,)(0y), 0p(w))E(dw)=n )(d x)(dw)
Q

as required. Thus, we have an(g,ta w0 < 0. Now, let us fix a regularized Bayesian equilibrium 6°. Notice

that 4,(0°,w)= nfy exp(n! ¥,(0°,w))d y, which is a quantity independent of x for every w €. Asa
result, we have I1(6°, 6,,0) =1 f 0 (9(0°,w), 0y(w))E(d w)=0, for all §, €® which admits a density function.
Now let us define a Bayesian strategy p as p := 0°+t6,€0 5,y(E) such that p # 0°. By definition, we have
fQ Y(p,w), Go(a)))i(da)) I1(0°,0,, t). Since I1(0°, §,,0) =0, we have that II(°,8,, ) < 0. Therefore, we
must have fﬂ (p,w), Oy(w ))E(dw)<0. Thus, p cannot be logit Bayesian equilibrium. This completes
the proof of Lemma 39.

We now proceed with the proof of Theorem 19. Similar to the proof of Theorem 18, we show that
in case of Bayesian negative semidefinite games, the Lyapunov function v, in (E.19) decreases along
every solution trajectory to the logit Bayesian best response dynamic which originates in 0 ,(Z). Recall
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that 1/3,7 is defined as

1/3,,(0):=[L(%(e,co),L,,[e](w»&(dw)—vn(wn]
—[JQ«g(a,w),e(w))g(dw)—on(e)], for all 6 €@ ,(E). (E.19)
Note that
¥,(Ly(6))= L Vo(Ly[0](@)E(dw)
=1 LLL;w](w)logL:;[el(w)(dx)g(dw)

= f f %x(e,w)L;[e](w)(dx)adw)—nf [log f exp(n 4, (0, w))dy [&(dew).
NJS Q b

S

Therefore plugging in the value of v, (L,(6)) obtained above in (E.19), we observe that the expression of

~

Y ,(0) reduces to

z/in(e):nf [logf exp(n' 4, (0, w))dy |E(dw)
q :
—[f (9(0,0),0(w)E(dw)—7,(0)], forall 6 €6 ,().
Q

We now denote the three separate quantities in the right hand side of the above equality by 1,5}7(9), 1/3%’(9),
and @%(9) respectively. More precisely:

* First term: 1/3;](9) = nfﬂ [logfy exp(n'%, (0, w))dy]é’(dco) for all 6 €0y ,(2),

* Second term: ¥%(0):= [,{4(0,w),0(w))é(dw) for all 6 €O ,(E), and

e Third term: zﬁg(e) :=,(6) for all 0 €0 (2).

We claim that the map 1/3,, acts as a Lyapunov function for the underlying logit Bayesian best response
dynamic subject to the condition that the game is Bayesian negative semidefinite. Thus, in order to
prove the theorem, it is enough to show that

A

Py0)=9L0)+920)+3(0) <0, (E.20)

along the solution of the logit Bayesian best response dynamic arising in ©4 ,.(Z). Thus, we now com-
pute the derivatives of 1/3;], i =1,2,3 separately. Firstly, notice that that term 1/3}] consists of a smooth
transformation of the Bayesian population game ¢, which is Fréchet differentiable. Therefore, we can
conclude that 1/3717 is also Fréchet differentiable. We thus compute the Fréchet derivative of l[l%l as follows:

Dy, [01(6)= J (DY,[01(0),L,[01(w))E(dw). (B.21)

Q
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To compute Dt[)f), note that 1,5?](0) = fQ<‘5(9, ), 0(w))&(d w). Therefore, we have

DtﬁZ[e]w):f

(D%[@](é)ﬂ(w))ﬂdw%] (4.,(0),0(w)&(dw). (E.22)
Q

Q

Finally for the third term tﬁ%, we have

DY?[0](0)=dv,[0](6)
= dv,[6](6)

= f Vi, [0](w)6(w)E(dw)
Q

=f (L, [0)(),0(w)(dw), (E.23)
Q

where L'T][H](a)) denotes the logit best response density function corresponding to Bayesian strategy 6
for the sub-population of players of type «w. Combining all the three equations above, namely (E.21),
(E.22) and (E.23), we have after simplification that

?ﬁn(f)):f (D%[H](9),Ln[9](w))€(dw)—[J (DY,,[01(6),8(w))E(dw)
Q

Q

—f (%w(e),é(w))i(dw)—f (L;,[G](w),g(w))i(dw)]
Q

Q

=J (D%[H](9),Ln[9](w)—9(w))€(dw)—f (4.(0)—L, [0](w),0(w))E(dw)
Q Q

=J (D%[G’](é)ﬁ(w))i(dw)—f (4,(0)—L, [0](w),0(w))E(dw)
Q

Q
<0,

with equality only at the rest points. The above quantity is non-positive because of the following reason.
First notice that since ¥ is a Bayesian negative semidefinite game and 6 €@y, it follows from part 2 of
Definition 48 and Lemma 8 that the first term in the right hand side of the above equation is less than or
equal to zero, that is,

f (DY,,101(0),0(w))é(dw)<0.
0

The second term in the expression of 1/3,] is zero if = 0 and negative if § #0. This is due to the fact
the logit Bayesian best response dynamic satisfies virtual positive correlation with respect to the virtual
population game ¥ (see part (ii) of Lemma 38).

As a result, we observe that gﬁn(Q) <0 for all 6 €©p ,(=), with equality only at rest points of the
dynamic. Thus, l[)n decreases monotonically along every solution to the logit Bayesian best response
dynamic which originates in ©p ,(Z), and decreases strictly along every non-stationary solution. We now
complete the proof of the theorem. Notice that the subset Op ,(Z) is a compact subset of the space of

Bayesian strategies under the ||-||gpy-topology. Since gﬁn(H) <0 with equality only at the rest points, we
can conclude using standard results of dynamical systems (Bhatia and Szego (2006), Pg. 117, Theorem
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2.2.9) that the omega-limit set corresponding to every solution trajectory satisfies 1/3,) =0, which, in
particular is the set of logit Bayesian equilibria. Therefore, every solution trajectory converges to the
set of logit Bayesian equilibria of the game ¢. However, we also know from Lemma 39 that a Bayesian
negative semidefinite game has a unique Bayesian logit equilibrium. Thus, in particular, every solution
trajectory of the logit Bayesian best response dynamic converges to the unique equilibrium of the
Bayesian negative semidefinite game ¥.

214



	List of Figures
	Introduction
	Chapter 2: Generalized perturbed best response dynamics with a continuum of strategies
	Chapter 3: The logit dynamic in supermodular games with a continuum of strategies: A deterministic approximation approach
	Chapter 4: Equilibrium selection via stochastic evolution in continuum potential games
	Chapter 5: Regularized Bayesian best response learning in finite games
	Chapter 6: Perturbed Bayesian best response dynamics in continuum games

	Generalized Perturbed Best Response Dynamics With a Continuum of Strategies
	Introduction
	Preliminaries
	Perturbed Best Response and Perturbed Equilibria
	Examples of Perturbation Functions

	Fundamental Properties of Perturbed Best Response Dynamics
	Convergence in Potential Games
	Convergence in Negative Semidefinite Games
	An Application
	Conclusion

	The logit dynamic in supermodular games with a continuum of strategies: a deterministic approximation approach
	Introduction
	Preliminaries
	Step-wise Approximation of the Logit Dynamic

	Deterministic Approximation
	Medium Run Convergence in Supermodular Games
	Conclusion

	Equilibrium Selection Via Stochastic Evolution in Continuum Potential Games
	Introduction
	Preliminaries
	Aggregative Potential Games
	Doubly Symmetric Pairwise Interaction Game

	Deterministic versus Stochastic Evolution: A Discussion
	Approximations of the game 
	Stochastic Evolution and Equilibrium Selection
	Discussion and Conclusion

	Regularized Bayesian Best Response Learning in Finite Games
	Introduction
	Background and Motivation of the problem
	Our contribution
	Literature review
	Organization of our paper

	Preliminaries
	Basic notations
	Model

	Regularization of Bayesian best response
	Some examples of regularizers
	Regularized Bayesian best response dynamic

	Fundamental properties of RBBR learning dynamic
	Convergence in Bayesian potential games
	Convergence in Bayesian negative semidefinite games

	Perturbed Bayesian Best Response Dynamics in Continuum Games
	Introduction
	Background of the Problem
	Our Contribution
	Literature Review

	Preliminaries and Model
	Perturbed Bayesian Best Response Dynamic
	Convergence in Bayesian Potential Games
	Convergence in Bayesian Negative Semidefinite Games
	Conclusion

	References
	APPENDICES
	Supplement to Chapter 1
	Proof of Theorem 1
	Proof of Theorem 2
	Tsallis Entropy and Burg Entropy
	Appendix to Section 2.4
	Appendix to Section 6.4
	Appendix to Section 6.5
	Appendix to Section 2.7

	Supplement to Chapter 2
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Theorem 6
	Proof of Proposition 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Lemma 4
	Proof of Theorem 7

	Supplement to Chapter 3
	Proof of Proposition 7
	Proof of Proposition 8
	Proof of Proposition 9
	Proof of Proposition 10
	Proof of Theorem 8
	Proof of Theorem 9

	Supplement to Chapter 4
	Preliminaries of Böchner Spaces
	Proof of proposition 17
	Proof of Proposition 13
	Proof of Theorem 10
	Proof of Corollary 3
	Proof of Theorem 11
	Regularizers satisfy Condition C1 or Condition C2
	Proof of Theorem 17
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Theorem 18
	Proof of Proposition 8
	Proof of Proposition 15
	Proof of Theorem 19

	Supplement to Chapter 5
	Proof of Proposition 16
	Proof of Theorem 15
	Proof of Corollary 5
	Proof of Theorem 16
	Proof of Theorem 17
	Proof of Lemma 7
	Proof of Theorem 18
	Proof of Lemma 8
	Proof of Theorem 19


