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Abstract

“This dissertation deals with a number of questions related to the linear
complementarity problem (LCP). Given A € R™" and g € R" the LCP
is to find a vector z € R" such that Az+¢ > 0, 2 2 0 and z'(Az+¢) = 0.
“I'here is a vast Jiterature on LCP developed during the last four decades.
LCP plays a crucial role in the study of Mathematical Programming from
the point of view of algorithms as well as applications. The questions
on existence and multiplicity of solutions in LCP has led researchers to
introduce and study a variety of matrix classes. Most of the work of this
dissertation pertains to LCP within the class of Lipschitzian matrices.
Besides, various interesting results on I/V'S, adequate and connected ma-
trices are also presented. The gist of the dissertation is presented below
in a chapter-wise summary.

In Chapter 1, we introduce LCP along with some fundamental concepts
and results related to it. In Section 1.1 we state the LCP with a brief
historical background and discuss its importance in the applied field. In
Section 1.2 we present some basic concepts and results. fundamental to
the study of matrix classes in LCP. In Section 1.3 we briefly discuss the
basics of game theory, as a prerequisite for Chapter 5.

In Chapter 2 results p ining to Lipsch matrices are ted.

Mangasarian and Shiau [25] were the first 1o consider Lipschitz continuity
of solution maps of LCP. In this chapter, we present a number of interest-
ing consequences of property (**) introduced by Murthy, Parthasarathy
and Sriparna {36]. In [35], Murthy, Parthasarathy and Sabatini showed
that Lipschitzian Q. matrices satisfy property (**). In Section 2.3 it is
shown that property (**) is sufficient for a Lipschitzian matrix to be in

Q.. Further if A has this property, then A and all its PPTs must be

ix



completely @, and for any g, the linear complementarity problem (q.4)
can be processed by a simple principal pivoting method. We deduce, that
property (**) characterizes negative N matrices and P matrices, with
positive value. In Section 2.4 we study the properties of Lipschitzian ma-
trices in general. We establish, that the Lipschitzian property is inherited
by all the principal submatrices. We prove, that Lipschitzian matrices,
subject to a principal rearrangement, has the block structure.

In Chapter 3 we mainly discuss the IN'S class of matrices, introduced
by Stone (53], and using results on this topic we obtain some important
results concerning Lipschitzian matrices. In [36], Murthy, Parthasarathy
and Sriparna conjectured that nondegenerate matrices satisfying property
(**) are Lipschitzian. We settle this conjecture affirmatively and deduce
some necessary conditions on the nondegenerate IN'S class. In answer to
a question raised by Stone in [54], we prove that the class of nondegen-
erate TN'S matrices is complete. We conjecture that the block property
is sufficient for a matrix to be Lipschitzian and prove it for some special
cases.

In Chapter 4, we present some results pertaining to three matrix classes,
namely, (i) the class of adequate matrices introduced by Ingleton [19], (i)
the class of fully copositive matrices introduced by Murthy and Parthasarathy
[32] and (iii) the class of connected matrices introduced by Cao and Fer-
ris (3]. In the case of adequate matrices, our main result is that a col-
umn adequate matrix is in Q (in Q) if and only if it is completely-Q
(completely-Q,). Within the class of C‘{-matrices, we provide a sufficient
condition for a matrix to be in P,. As a corollary to this result, we give
an alternative proof of a result due to Murthy and Parthasarathy, which

states that CJ N Qo-matrices are in Po. As another consequence of this



resull, we characterize positive semidefinite matrices within the class of
bisymmetric Ef matrices.

In an attempt to settle the conjecture raised by Jones and Gawda [20],
that P, N Q, matrices are connected, we prove the result for the special
case, when the matrix is nonnegative.

Chapter 5 is somewhat expository in nature. In this chapter we show how
results from two person matrix games, due to von Neumann and Kaplan-
sky, can be effectively used to get interesting results in Linear Complemen-
tarity Problem. It is also indicated that the computation of equilibrium

points, through Lemke-ty for poly ic games, is pos-

sible.



Chapter 1

Introduction

1.1 The Problem

This dissertation dcals with various aspects of the linear complementar-
ity problem (LCP). The LCP consists of finding a vector in a finite
dimensional real vector space that satisfies a certain system of linear in-
equalities. Specifically, given a vector ¢ € R and a matrix 4 € R™".
the linear complementarity problem is to find a vector z € R satisfving

the following conditions:
220, Ar+g20

Az +9)=0.

The LCP with respect to A and g is denoted by (g, A). Although research
in this field started from 1940 onwards. it gained momentum only in the
sixties, This subject basically unifies linear and quadratic programs and
equilibrium problems (physical o economic). Linear and quadratic pro-

grams, as well as the equilibrium problems can be formulated as an LCP.



An algorithm, known as the complementary pivot algorithm, first devel-
oped to study LCPs, has been generalized to yield efficient algorithms for
computing Brouwer and Kakutani fixed points, for computing economic

equilibria and for solving systems of nonlinear equations and nonlinear

progr ing probl A new di ion was added to the LCP after
Lemke and Howson [24] developed the algorithm to solve bimatrix games.
From then onwards extensive research has been going on in this field.
LCP has a varied range of applications in economics, engineering, game
theory and optimization [24, 7, 11, 4. 1]. Research in LCP is carried out
in two directions. One concentrates on the study of matrix classes which
characterize certain properties of the LCP, the other develops algorithms
to process the problem. These two directions are very much interrelated.
\We concentrate mainly on the study of matrix classes. In Section 1.2 we
present brief discussion of the background, as a prerequisite for the study
of LCP. We include some key definitions and preliminary results of LCP.
In Section 1.3 we briefly discuss and give some important results related
to game theory which will be useful in the later chapters.

Chapter 2 mainly deals with Lipschitzian matrices. Property (**) was in-
troduced by Murthy, Parthasarathy and Sriparna in [36]. In [35] Murthy,
Parthasarathy and Sabatini proved that Lipschitzian matrices satisfy prop-
erty (**). They conjectured that a Lipschitzian matrix is in Qo if and only
if it satisfies the (**) property. This conjecture is settled affirmatively in
Chapter 2. [t is also shown that a negative matrix is an N matrix if and
only if it satisfies property (**). Any matrix A is a P matrix if and only if
it satisfies the (**) property and has positive value. Lipschitzian matrices
are shown to be complete. The notion of block property is introduced and

it is proved that Lipschitzian matrices have the block property.



In Chapter 3 we mainly consider the class of TN S matrices. The class

of IN'S matrices was introduced by stone [53;. To prove, that a nonde-

generate matrix satisfying (**) property is Lipschitzian, we invoke certain

results related to TN S matrices. The IV S class is shown to be complete,

and it is established that within the class of NS matrices. a nondegen-
crate matrix has block property.

In Chapter 4 we prove that within the class of adequate matrices intro-
duced by Ingleton [19], a matrix is Q, if and only if it is completely Qu.
Also. within the class of C/-matrices a matrix is P, if and only if all its
2% 2 principal minors are Py.

Chapter 4 also deals with connected matrices introduced by Cao and Fer-
ris [3]. Tn [20], Jones and Gowda have shown that the class of connected
matrices denoted by E.. belong to the class of Ef- matrices. They have
also shown that within the class R,. a matrix is P, if and only if it is
connected. They raised the conjecture that a @,-matrix is in P. if and
only if it is in E.. We prove the conjecture within the class of nonnegative
matrices

In Chapter 5 we show how game theoretic results can be effectively used
%0 get interesting results in the linear complementarity problem.

We also indicate the importance of LCP in game theory.

1.2 Matrix Classes

The LCP with respect to A and g has already been defined in Section 1.1.
1t can also be presented in the following form.
Given 4 € R™*™ and ¢ € R™, LCP(g, A) is to find w and z in R" such

that



and  w'z = 0.

We call the coordinates of z as primary variables, and those of v as sec-
ondary variables.

Forany ¢ € R* and A € R™*", let us define F(g, 4) and 5(g, ) as follows:

Flq.A)={2€ R} : Az + q 20}
5(g,4) = {z € Flg, A) : (Az + q)'z = 0}

We say that LCP(q. A) (or simply {g. 4)) is feasible if F(q,A) # o. Each

element in Flg,A) is 2 feasible solution to (g.4). We say that (g..1) has

a solution if. 5(q, A) # &. The set §(q, A) consists of all solutions to (g. 4).

Complementary Cones
The notion of complementary cones was first introduced by Samelson,
Thrall and Wesler [48]. Later it was studied in greater detail by Murty who
obtaincd some useful results on the existence and multiplicity of solutions

Lo linear complementarity problems {see [39]).

Definition 1.2.1 Let A € R™". The set {y € R™ : q = Az for some 3 €
R} is called the conves cone generated by A and is denoted by posA. The

columns of A are called the generators of the cone.

Definition 1.2.2 Civen A € R*™* and any a C a. we define a comple-

mentury matric B as follows:



B,=-A;ifjcaand B,=1;ifj€a
1 is called the complementary matriz with respect to o, and is denoted by

“ala)

Definition 1.2.3 The cone generated by the complementary matriz Cala),
is the complementary cone of A (or of (I : A)j with respect to o and is

denoted by pos Cala).

Definition 1.2.4 If |Aga| # 0, then.Ca(a) is called a complementary
basis. Then the complementary cone gencrated by it (pos Ca{a)), is called

Jull or nondegenerate.

Definition 1.2.5 The cone pos Calo); is catled a facet of the comple-
mentary cone pos Cale).

For a matrix of order n, there are 2* (not necessarily distinct) comple-
tentary cones. The LCP(g, A) is said to have a solution if, and only if, ¢
belongs to one of the complementary cones.

Lemma 1.2.6 Let A € R**" and g € R". Then LCP(q.A) has a so-
fution if and only if there ezists an a C #, such that q belongs 1o the

complementary cone with respect o a.

Proof: Suppose LCP(q, A) has 2 solution, say z € §(¢,4). Let o =

supp(z) and w = Az +¢. Then by the complementarity condition, w;
for i € a. In other words, ¢ belongs 1o the complementary cone with te-
spect to a. Conversely if ¢ belongs to the complementary cone generated
by Ca(a) for some a C #, then there exists a nonzero z € R such that
g = Cala)r. Define 2 € R} by z = 7 ifi€oand z,=0ifi€a. It can

5



be checked that z € $(q, 4). . [

Principal Pivot Transforms

The concept of principal pivotal transforms was introduced by Tucker [56],
and developed in [6, 7, 42, 38). Since then it has played a very important
role in the study of the linear complementarity problem. In addition to
the above references, the book by Cottle, Pang and Stone [9] provides a

detailed account of this topic.

Definition 1.2.7 Given A € R™" and a C R, if |Aaal # 0, then the
principal pivotal transform (PPT) with respect to o is given by the matriz
M defined as:

(Aao)™ ~(4aa) " as
Asa(Aac)™ ((AfAda )

M=

where ( A/Adao ) = Ass — AsalAsa) " Aas is called the Schur comple-
ment of A with respect to a. We denote the PPT of A with respect to o
by pa().

Remark 1.2.8 For a = ¢, the PPT is the matriz A itself. For o = #,

9o(A) = A™!, provided |A| # 0. Further, for any a C &, M = pa(A) iff
A = pa(M). The PPTs are called simple PPTs if a is a singleton set,

Whenever we mention a PPT, we assume that it exists, that is |Aga| # 0
for that a. The PPTs play an important role in the study of LCP, for

more details on this subject see (58, 6, 7].

Definition 1.2.9 For any A € R™", and a permutation matriz P of the

same dimension, PAP' is called a principal rearrangement of A.

6



Lemma 1.2.10 Giren any a € #, there cxists @ permutation matric P

such that
Aas Aoz
PAP' =
Ana Aas
Proof: Suppose a = (ki kae...km} and & = {kns1.kmaz,.... ke}. De-
fine P& ™™ by:
for i € n. pij = 1if j = k; and pij = 0 otherwise.

Taking P as above we sec that

Ao Ao
Asa Aad

PAP =

As it was mentioned carlier. the LCP(¢. 4) can also be written as the

problem of finding vectors w and z such that

and w'z=0

By Lemma 1.2.10, for any given & C 7, we can rewrite the above LCP in

terms of

Aca Aos
Asa  Asa

Note that if P is a Permutation matrix, then PP* = P*P = [. So we have.

w
{ PP —PPAPIP ] =4
z



or

Puw
[ 1 -pap ] =Pq
Pz

This can be written as,

We Ava Aas Za 9o

Wa Aso Acs 2 9
Next we present some important results connecting PPTs and LCP.

Lemma 1.2.11 Suppose A € R**" and q € R". Let a C @ be such that
0al(A) ezists. Then S(q, A) # 6 iff S(p, M) # &, where M = pa(A),pa =
—(Aaa) 9o and ps = g5 — Asa(Aaa) 'qa- Also |S(q,A)| = |S(p. M.

Proof: Let us suppose S(g, A) # o. and let (w, z) be a solution of (g,A).

Then we have.

Wa _ Asa  Aas o | _ | 9a w0, 230
wa Asa  Asa 2 9a
and  w'z=0.

Premultiplying the above equation by (Ca(a))~! and rewriting it, we get,

ol _lee || P
Ws 2a Ps
Also
'
z wa wo .
>0 20, and =w'z=0
Wa 2a W Za
or in other words,
o] s
€ 5(p, M)
20



For the proof of the converse, we assume S(p, M) # ¢ and proceed just as
before. Hence we can say, there is a one-to-one correspondence between

solutions of (¢, 4) and (p, M). Consequently |S(q, A) = |S(p. M)|. m

Remark 1.2.12 Note that ¢ € pos Cala) iff p € pos Cp(e) and pis
called the principal pivotal transform of g with respect to a (and A). Also
note that if there exists a principal pivot transform p of q such that p > 0,

then it is easy to get a solution to (g, A) using this PPT.

Remark 1.2.13 [t is evident from the previous lemma that complemen-
tary cones corresponding to A and p,(A) are in one-to-one correspondence
through the nonsingular linear transformation ¢ — (Ca(@))~'q. Also, ¢

is in the inlerior of pos Ca(a) iff p is in the interior of pos Ca(a).

We end the discussion on PPT, by stating a theorem due to Tucker. con-

cerning determinants of PPTs.
Theorem 1.2.14 Suppose A € R**", and a C & is such that |Agal # 0.
If M = po(A) and B C &, then

det A,
detMpp = #,
oo

where y = a A 8.

LCP and matrix classes

The matrix classes provide answers to various questions related to the exis-
tence and multiplicity of solutions to the linear complementarity problem.
Hence, much of the research in LCP has been devoted to the study of
matrix classes. The matrix classes also characterize certain properties
of the linear complementarity problem. They provide answers to certain

fundamental questions related to the LCP. like

9



What is the class of matrices 4 € R™*" for which (g, A) is nonempty

for all g € R™?

For which class of matrices 4 € R™", does LCP(q, 4) has a unique

solution for all vectors ¢ € R"?

What is the class of matrices A for which (g, 4) # © whenever F(g, 4) #
&7

Also. from the algorithmic point of view it answers certain relevant ques-
tivus like.

What are the classes of matrices which can be processed by a certain
algorithm 7

like

These are the questions which led to the study of matrix class
Q.Qq. P. positive definite, semidefinite and consequently many others,
like Po. E,.Co and R... There are some classes which came as a result of
practical applications. like the Z-matrices [4, 11] and the class of adequate
matrices {19]. Other than the questions regarding multiplicity and exis.

tence of solutions. the study of matrix classes has also been initiated to

answer certain questions regarding the nature of the solution set, g 1o
determine the class of matrices for which the solution set will be convex or
connected say. for all . and how the solution set behaves. wheu ¢ changes.
These questions gave rise to the study of connected and Lipschitzian ma-

see Cottle Pang and

trices. For more details on the various matrix classes.

Stone (9] and Marzy {38].




1.3 Game Theory

A wo-person zero-sum matrix game can be described as follows. Player
I chooses an integer i (i = 1,2,....,m) and player 2 chooses an integer j
(j =1,2....n) simultaneously. Then player 1 pays plaver 2 an amount a,;
(which may be positive, zero or negative). The m x n matrix A = (a;) is

called the (player 1's) pay-off matrix.

..Pm). The idea

A suategy p for player 1 is a probability vector (py,
is that he chooses an juteger i with probability p;. A strategy ¢ for player
2is defined analogously. J.von Neumann’s fundamental minimax theorem

assorts that there exist strategies p = (p§,p%,..-.p%), ¢ = (¢%.g% ...

and a real number ¢ such that

S pla; <v Vi=1.2,.
Y gla, >0 Yi=i2,..m
3

The number v is called the minimax value associated with the matrix A.or

simply. value of the game. The strategies satisfying the above jnequalities
are called optimal strategies for the two players. In the game described
above, player 1 is the minimizer ( that is. he wants to give player 2 as
little as possible) and player 2 is the maximizer. We write o(A) to denote
the minimax value of the game A. If there is no scope of confusion, we
simply write v instead of v(A) .

.0}, then they are

If the probability vectors are of the form {0,...
called pure strategies, otherwise they are called mized strategies. A mixed

strategy p is called completely mized i p > 0.

11



Theorem 1.3.1 (J. von Neumann) kvery matriz game has a solution in

mized strategies.

Theorem 1.3.2 If the value of the game A is positive, then player I has
a completely mized strategy (not necessarily optimal), p > O such that

Ap > 0.

Theorem 1.3.3 (Kaplansky) If player 2 has a completely mized optimal
strategy g, then Ap = ve for every optimal mized strategy p of player I,

where € = (1....,1)".

Theorem 1.3.4 The value of a game A is positive (nonnegative) if and
only if there ezists a nonnegative nonzero vector & such that Az > 0
(Az > 0). Similarly, the value of a game is negative (nonpositive) iff
there exists a 0 # y > 0 such that A'y < 0 (A'y < 0).

Theorem 1.3.5 Let A € R**" and let M be a PPT of A with respect to
some a € n". Consider the games with pay-off matrices A and M. Then
o(A) > 0 iff o(M) > 0.

Proof: It is enough to show the if part, since the ‘only if’ part will follow
automatically. Suppose v(A) > 0. We can get a probability vector p such

that Ap > 0. Let y = Az. Assume without loss of generality that



Sinee

Za Yo
>0 and > 0.
Yo £
it follows that v(M) > 0. -

Definition 1.3.6 For a matriz A € R**". the game with pay-off matriz
A is said to be completely mized if, cvery optimal strategy (for either

player) is completely mized.
The following fundamental theorem is due to Kaplansky [21].

Theorem 1.8.7 A matriz game A with value zero is completely mized
i

{a) A is 0 square matriz with rank(A) = n - 1, where n is the onder of the
matriz end

(b) all the cofactors A; of A arc different from zero and have the same

sign






Chapter 2

Constructive
characterization of

Lipschitzian Q; matrices

2.1 Introduction

In this chapter we mainly study the class of Lipschitzian matrices. The
Lipschitzian property is closely related to the concept of stability at a
solution point. We say that LCP(g, A) is stable at z* if z* is an isolated
solution of LCP(q, 4) and there exist neighbourhoods V' of z* and U of
the pair (g, 4) such that for all (g, 4) € U, $(3, A) NV is nonempty. 1f it
is a singleton set for all (g, A) € U, then z” is said to be strongly stable. If
27 is strongly stable, then there exists a Lipschitzian function defined on a
neighbourhood of the pair (¢, 4) and having values in a neighbourhood of
2", The local upper Lipschitzian property of the solution st is concerned
with the stability of the LCP, when the matrix A is not perturbed.

15



Mangasacian and Shiau (23] were the first to consider Lipschitz continuity
of solution maps of LCP. The motivation of our results comes from the
conjectures on Lipschitzian matrices raised by Gowda [17, 16] and Pang.
In connection with LCP a number of matrix classes has been identified.
Among them @ and @, are of fundamental interest. In [35], Murthy,
Parthasarathy and Sabatini proved that Lipschitzian @, matrices satisfy
the (**) property. As a consequence of this result. they established that
a matrix A € R**" is a Lipschitzian @ matrix iff it is a2 P matrix. They
conjectured that property (**) is also sufficient for a Lipschitzian matrix
to be Q.. Our main goal in this chapter is to characterize Q,-matrices
within the class of Lipschitzian matrices and 1o show that the simple piv-
oting methods due to Zoutendijk (39] and Bard (2], process LCP (g..4)
when A is a Lipschitzian @,-matrix.

“The (**} Property was introduced by Murthy, Parthasarathy and Sriparna
[36]. Tn Section 2.3, we present several other interesting consequences of
property (**). ‘Lhe characterization of completely Qo-matrices, envisaged
by Cottle (3], is still an open problem. In [15], Frederickson. Watson and
Murty obtained a characterization of completely @, matrices of order less

ool

than or equal to three. Murthy and Parthasarathy in [32}. characteri;
the nonnegative completely @,-malrices and also proved that symmetric
copositive matrices are @, if and only if they are completely @,. In this
section. we establish that property (**) is sufficient for a matrix to be
completely Q,. Property (**) has other significant features. It character-
izes V' matrices of the second kind and P matrices with value positive.

So far. there is no finite characterization of Lipschitzian matrices. Man-
masarian and Shiau [25] proved that P matrices are Lipschitzian. and

CGiowda [16] showed that negative N matrices are Lipschitzian. Stone [51]
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asserted that Lipschitzian matrices belong to the IN S class. In general,
it is difficult to decide whether a given matrix is Lipschitzian or not. In
Section 2.4 we present some necessary conditions on Lipschitzian matrices.
We also exhibit the decomposition structure of nonpositive Lipschitzian

matrices and obtain the dlock structure of Lipschitzian matrices in general.

2.2 Preliminaries

Recall that a matrix A € R™ " is said to be a @ matrix if, 5(¢,4) # 0
for all ¢ € R™ and it is said to be in Q, if, S(¢g,A) # 0 whenever
F(g,A) # 0. The matrix A is said to be completely Q ( completely Q,)
if Aaa, the principal submatrix of A with respect to a, is in Q (Q,) for all
index sets . A matrix A is said to be a P (IV) matrix, if all its principal
minors are positive (negative). If all its principal minors are nonzero, then
it is said to be nondegenerate.
The following result is due to Murty [38].
Procedure 2.2.1 A square matriz A of order n is nondegenerate if and
only if every diagonal entry in every PPT of A is nonzero.
A similar result on P matrices, was proved by Parson (42].
Procedure 2.2.2 A square matriz A is a P matriz if and only if every
diagonal entry of every PPT of A is positive.
Let w and z be two vectors satisfying w = Az + ¢. Define Z as
w, z w,

“ | wherez=| " | andw= -
2 2 wp
Recall (Lemma 1.2.11) that £ € 5(¢, M) if and only if z € S(g, 4) and
15(g, M) = |S(g, A)|. There exist constants (see Gowda [17]), C\ and 2
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depending on A such that for w = Az'+ g and y = Az + p,

iz~ 2l < C1{llz - 2|l + llg - plI}
and
llg = »il < Callg - Al

This is the basis for some algorithms to solve LCPs. Certain classes of
LCPs can be processed by using only the simple PPTs. The algorithms
which use only simple PPTs are known as simple principal pivoting meth-
ods or Bard-type methods (see the book by Cottle, Pang and Stone (91,
pages 239, 240 for details).

Let B € R™" be an invertible matrix with lexicographically positive
rows. In Bard’s algorithm, the pivot is selected with the help of a vector
valued function, that strictly decreases in the lexicographic order. The

function is given by

" B
b = 2 = lexico max (G <o)
L i

Lemma 2.2.3 Bard’s Algorithm with the lezicographic pivot selection rule

mentioned above preserves the property

BY - qi(

B, ) where i#r.
a

Next, we state a theorem from Cottle Pang and Stone (9], which says that

the algorithm will terminate in a finite number of steps.

Theorem 2.2.4 The algorithm due to Bard is finite, also no complemen-

tary basis will ever be used more than once.

Remark 2.2.5 It has been noted in (9] that if LCP(q, A) is such that at
cach iteration of Bard’s algorithm, diagonal entries of M (PPT of A),
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corresponding to negalive entries of p {PPT af q). are strictly positive.

then termination occurs only when a solution has been found.

We conclude this section with the following definition and a result duc to

Gowda [17].

Definition 2.2.6 We say that A € R™" is @ Lipschitzian matriz if the
multivalued mapping & : ¢ — S(q. A) satisfies the following property :

there cxists a positive constant C such that
8(g.4) € S(p. A) + Clig ~ plIB

holds for cvery q and p satisfying S(g.4) # @ and $(p.A) # 0. Herc
B ={re R :|lzIl < 1} is the closed unil ball in R".

Theorem 2.2.7 Let A be a Lipschitzian matriz. Then every PPT of A

is also Lipschitzian

Remark 2.2.8 Mangasarian and Shiau [25] proved that P-matrices are

Lipsch Gowda [17] ished that negative N-matrices are also

Lipschitzian.

2.3 Lipschitzian Q¢-matrices

Property (**), defined below was obtained as a necessary condition on
Lipschitzian Q,-matrices by Murthy Parthasarathy and Sabatini in [35].
They conjectured that it is also sufficient for a Lipschitzian matrix to be
in Q,. Besides settling this conjecture affirmatively, it will be shown that
property (**) characterizes N-matrices (of second kind) and P-matrices

(with positive value)



Definition 2.3.1 Let A € R**". We say that A satisfies property (**)
of every PPT M of A satisfies the condition that the rows corresponding

to nonpositive diagonal entries of M are nonpositive.

Remark 2.3.2 Jt should be noted that if A satisfies property (**), then
so does every principal submatriz of A. Also every PPT of A satisfies

property (**).

‘The following algorithm, due to Zoutendijk and Bard, is shown to work
for a special class of LCPs (see Chapter 4 of Cottle Pang and Stone [9]
and Lemma 2.2.3 and Theorem 2.2.4 of this chapter). This is a simple
principal pivoting method in the sense that it transforms the given LCP
into its PPTs using only the diagonal entries as the pivoting blocks in
cach iteration.

Consider the problem (¢.A), where 4 € R™" and g € R*. The following
algorithm, taken from [9] (page 239}. is presented in a different forrm with

a specific choice of B.

Algorithm 2.3.3 Step 0. Initialization. Set M = A, p = q and
B = I, the identity matriz in R™™" and o = @

Step 1. Rule for termination. If p > 0. then stop. The vector
defined by =, = p, and z, = 0 is a solution of (q,A).

Step 2. Pivot selection. lLet r be the index such that

B,
-

lezico max {i—’ tg < 0}

Step 3. Pivoting. Replace p and columns of B by their PPTs with
respect to M and {r}. Replace M by PPT of M with respect to {r}.

Replace o by its symmetric differcnee with {r). Go to Step 1
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Theorem 2.3.4 Suppose A € R™*" satisfies property (**). Then A be-

tongs 1o Qo.

Proof: Let ¢ € R" be such that F(g.4) # 0. We will show that
if Algorithm 2.3.3 is applicd to (g.A4). then it will terminate in a finite
number of steps with a salution to (g, 4). From the discussions in Section
2.2, it follows that F(p. M) # @ in each iteration of the algorithm. This
implies that, at each iteration of the algorithm, if p; < 0 for any 7, then
M. must have a positive entry. By property (**). mi; > 0 for each i such
that p; < 0. From Lemma 2.2.3 and Theorem 2.24. it follows that the
algorithm terminates in a finite number of steps with a solution to (g. 4)

(see also Remark 2.2.5 ). -

Corollary 2.3.5 Suppose A € R**" salisfics property (**). Then A (and
cvery PPT of A) is completely Q..

Proof: Follows from Remark 2.3.2. -

Theorem 2.3.6 Suppose A € R™*" is a Lipschitzian matriz. Then the
following eonditions are equivalent:

(i) A€ Q,

(ii) A satisfies property (**)
(i) A is completely Q,.

Proof: The implication (i) = (ii) has already been proved by Murthy,
Parthasarathy and Sabatini in [35). However, for the sake of completeness,
we will briefly outline the proof. Since Lipschitzian and @, properties ate
both invariant under PPT, it suffices to show that the rows corresponding
to the nonpositive diagonal entries of A are nonpositive. Assume a;; < 0.

Suppose 4. has a positive entry. For each positive integer k. define p* =
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(0,k,...,k) and ¢* = (—1/k,k,....k)'. Since Ay has a positive entry. for
all large k. F(q*, A) # @ and hence $(q*, 4) # 0. Since 0 € S(p*, A) for
all k, by Lipschitzian property of A. there exists a sequence z* € $(¢*. A)
such that z5 — 0 as k — oo. This forces 25 = 0, j = 2,.... n, for all large

k. But then (42z*)1 + ¢f < 0 for all large k& which is a contradiction.

= (iii) follows from Corollary

(i} = (i) is obvious. -
We shall now illustrate Algorithm 2.3.3 applied to (g, A), where A is a

Lipschitzian Q,-matrix.

Example 2.3.7 Consider the matrix

3 2 0 0
e 1 _
A= and g =
3 2 1 - -2
4 3 2 1 -2

Note that A js Lipschitzian. as the PPT of A with respect to a3z is a
negative N-matrix. For the sake of convenience, we use the following

tableau.

Initialization. a = @.

By B B
o 0o o
1 0o o
[ 0
0o o0 1
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i BV 2 s owa] el Bi Ba Bs
w | 7T 5 2 -1|-2] 1 0 0
w2 2 1 aa|al o 1 0 '
ws | 7 5 3 1|40 0 0 3 1
2|4 3 2 1|2 0 o0 0 -1
o= {17
Second iteration: r =3
v 5w ws w| p|Ba B2 By B
wn | 7/3 8/3 2/3 1/3| 2/3| 1 0 -2/3 173
wy |-1/3 13 /3 -2/30 13| 0 U -1/3 2/3 |
2 |-7/3 53 1/3 130 4/30 0 0 -1/3 -1/3
s | 2/3 13 -2/3 1/3[-2/31 0 0 238 173
a=139
Third iteration: r = 4.
BV |21 2 ws za| p|B: Ba By Bs
w |3 2 0 |0l 1 0o © 0
wl 1 1 o 2fa 0 1 1 0o
i3 2 1 1{2 0 0o -1 0
ws |2 -1 2 3|2f 6 0o 2 1
= {3}
Fourth iteration: r
BV |2 we ws z|»| By
w |1 2 2 3|2 1 -2 -2 9
m |1 1 1 21 a1 0
@ -1 -2 -1 -3(0 2 1 0
we |1 1 1 1|1 11 1
a={2

It can be checked that z = (0,1.0,0) is a solution of {g,4).
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Negative IV-matrices are known as N-matrices of the sccond kind. The
following theorem shows that property (**) is a necessary and sufficient

condition for a negative matrix to be in N.

Theorem 2.3.8 Let A € R™*" be a negative matriz. Then A is an N-
matriz if and only if it satisfies property (**).

Proof: Since a negative IN-matrix is Lipschitzian and is in Q,, the "only if
part’ follows from Theorem 2.3.6. We shall prove the ‘if* part by induction
on n. Obviously the theorem holds for 7 = 1. Assume that the theorem

is true for all matrices of order n — 1. n > 1. Let A be an n X n matrix

satisfying property (**). Write

at ann

By induction hypothesis. 13 € N. Lot M be the PPT of A with respect

0 3. Then man = @nn — aB~1h. Let y* = a'B~1. Suppose ma, < 0. By
property (**), then, y < 0. This in turn implies a* = y*B > 0 which con-
tradicts that @' < 0. Hence man > 0. Since det A = myudet B, del A < 0.
-

in terms of property (**).

I'he next theorem characterizes the P-matri
The value of a matrix A € R™*" is said to be positive, if there exists a
nonnegative vector z € K" such that Az > 0. The class of matrices with

positive value is known as S.

Theorem 2.3.9 Suppose A € R™*". Then A is a P-matriz if and only

if A satisfies the property (**) and has value positive.

Proof: We shall prove the ‘if* part. Since value of A is positive. every

PPT of A must also have value positive. If the value of a matrix is positive.
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then it cannot have any nonpositive rows. Since A satisfies property (**).
it follows that the diagonal entries of A and all its PPTs must be positive.

From Theorem 2.2.2 it follows that A is a P-matrix. -

Corollary 2.3.10 If a matriz A satisfies property (**), then A € S if
and only if A € P.

2.4 Properties of Lipschitzian matrices

In this section, we shall derive a number of properties of Lipschitzian ma-
trices. So far, there is no finite characterization of Lipschitzian matrices.

We have the following results which provide necessary conditions.

Theorem 2.4.1 Suppose A € R™™ is a Lipschitzian matriz. Then for
any permutation matriz P and any positive diagonal matriz D, PAP', AD

and DA are all Lipschitzian matrices.

The above theorem states that the Lipschitzian property is invariant un-
der principal rearrangements, positive row and column scaling. We omit
the easy proof of this theorem. The next theorem shows that every Lip-
schitzian matrix is nondegenerate. Gowda and Sznajder (18] proved this

using piecewise affine functions. We give an alternative proof.

Theorem 2.4.2 Suppnse A € R™*™ is Lipschitzian. Then A is nonde-

generate.

Proof: If we show that A has no zero diagonal entries, then from Theorem
2.2.7, it follows that the diagonal entries of every PPT of A are nonzero.
From Theorem 2.2.1, it follows that A is nondegenerate. Suppose a;; = 0
for some i, say i = 1. Choose A > 0 such that A4, + e > 0, where e =

(1.1.....1) € R™ Let ¢ = (0.1, 1.....1}" and for each positive integer
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k,let ¢* = (1/k.1,1....,1)' € R". Since ay; = 0, z = (A,0,...,0) €
S5(g,4). Also S(g¥,4) # OV k > 1. Since A is Lipschitzian, there exists
a sequence z¥ such that z*¥ € S(¢*, 4) and ||z¥ — z|| — 0 as £ — oo.
This implies for all large k, 2f > 0 and z¥ = 0 for j = 2,3,...,n. This
contradicts that z* € S(g*, A) for all large k. Hence a;; # 0. The theorem
follows. -

Theorem 2.4.3 Suppose A € R"" is Lipschitzian. Then A is com-

b A

pletely Lipschitzian, that is, all principal ices of A are L

Proof: We will imitate the proof of Gowda [16], which he gave in the case
of negative matrices. Let M be the leading principal submatrix of A of
order n — 1. We will show that M is Lipschitzian. Fix 5 and ¢ in R("—1)
such that (5. M) and 5(§. M) are nonempty. We will show that

S5, M) C S(q, MY+ Cilp ~ 4l B. (2.4.1)

where C'is the Lipschitzian constant with respect to 4 and & is the closed

anit ball in R"™D. Let £ € 5(5.M). For each positive integer m. define

= (7. m) and g™ = (¢'.m)". Note that, for all large m.

z = (z.0)' € §(p™, A). (2.4.2)

This implies S(p™, A) # 0. S(g™,A) £ 0. Since A is Lips-

chitzian and [|p™ — ¢™i| = Il — §it, we have for all m sufficiently large,
S(F™. ) G §(q™. A) + Clip — l|B. (2.4.3)

From (2.4.2) and (2.4.3), it follows that there exists a sequence z™ €
$(q™, Aj such that {2 — = < Ciip — gif for all large m. This implies

(Azm), + mo > 0 for some positive integer mo. which in turn implies that
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0. This implies

x =2+ Cl|p - dlla for some © € B,

where 2 = (2], 27%,..., 279 ) € S(g, M). This completes the proof of
(24.1). It follows that M is Lipschitzian. The rest of the proof of the

theorem follows by induction. -

Lemma 2.4.4 Supposc A € R**? has one of the following sign struc-

(i)

. where @ stands for + or 0. Then

Proof: Note that if A has sign structure given by (i) or (ii), then A € Q..
It is casy to see that A violales property (**) (in both the cases (i) and

(ii)). From Thecrem 2.3.6 it follows that A is not Lipschitzian. =

Lemma 2.4.5 Suppose A € R**® is a Lipschitzian matriz. Then A can-

not have the following sign structure:

Proof: Suppose A has the above sign structure. Then the sign structure
of PPTT of A with respect to a = {2,3} (exists by Theorem 2.4.2) is given

by

+ -+
(note that det Aaq < 0 by Theorem 2.3.7). Clearly 4 is a Q,-matrix which
violates property (**). This contradicts that A is a Lipschitzian matrix.

It follows that A cannot have sign structuie mentioned in the theorem. @
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Theorem 2.4.6 Suppose A € R**" is a Lipschitzian matriz. If the di-

agonal entries of A are negative, then A < 0.

Proof: Note that every 2x 2 matrix with negative diagonal entries is a Q-
matzix. By property (**), it follows that every 2 x 2 principal submatrix

is nonpositive. Hence A < 0. -

Theorem 2.4.7 Suppose A € R™*™ is a nonpositive Lipschitzian matriz.

Then there ezists a permutation mutriz P such that

N0
0 N2

PAP = )
(U] Nk

where each N7 is a negative N -matriz.

Proof: We shall prove this by induction on n. From Lemma 2.4.4, the
theorem is true for n = 1 or 2. Assume that the theorem is true for
all squace matrices of order less than or equal to (n — 1), n > 2. Let
@ = (i @n < 0} We will show that Apq < 0, Ags = 0, and Age = 0.
Let i) € @ and let 3 = {i,7.n}. Then a principal rearrangement of A5

will have the sign pattern

If a; = 0 or a;; = 0. then by Lemma 2.4.4. a;, = a,, = 0. This contradicts
Lemma 2.4.5. it follows that A, < 0. A similar argument will show that
Aas = 0 and Agn = 0. By induction hypothesis. Az, has the desired

structure and the theorem follows L]



Corollary 2.4.8 Supposc A € R'** is a Lipschitzian matriz. Then A

“subject to @ principal rearrangement) has the following structure:

An 0 0 Ak

0 Am ... 0 Ag
A= .

Q0 . Auenuen Ag-nk

LA ez Avaey A

.. k=1, are negative N -matrices and diagonal entrics

where Ay 1.2..

of Ak are positive.

Proof: Follows from Theorem 2.4.6 and Theorem 2.4.7. =

2.5 Concluding remarks

In this chapter. we have emphasized the importance of property (*=).
which arose naturally as a necessary condition for a Lipschitzian matrix
10 be a Q,-matrix. One of the important consequences is that if A (or

any of its PP'Ts) is either a P-matrix or an N-matrix of second kind or is

a Lipschitzian Q,-matrix, then the ing LCPs can be

by simple principal pivoting method which avoids cycling.

i

then Theorem 2.3.6 does not hold. Cansider the following examples.

-1 2 -1 -2
and B

01 2
Q. Lipschitzian matrix satisfying property (**) with respect to columns.

1 the definition of property (**), we use columns instead of rows.

- It can be verified that A is a non-

A

On the other hand, B is 2 Lipschitzian Qo-matrix, but B does not satisfy

property (**) with respect to columns.
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Chapter 3

On Lipschitzian @y and INS

Matrices

3.1 Introduction

Samelson, Thrall and Wesler (48], and Ingleton [19] independently estab-
lished that a matrix A € R"*™ is a P matrix, if and only if (¢, A) has a
unique solution for every ¢ € R™. The class of U matrices introduced by
Cottle and Stone [8] is an extension of the class P. A matrix A € R"*" is
said to be in U, if (g, A) has a unique solution for all ¢ in the interior of
K(A) {see Stone [52}). The IN S matrices introduced by Stone (53] may
be viewed as a generalization of the class U.

The main purpose of this chapter is to settle a conjecture raised by Murthy,
Parthasarathy and Sriparna [36), and derive certain interesting properties
of nondegenerate IN'S matrices. The class of IN'S matrices was intro-
duced by Stone [53]. and he established that Lipschitzian matrices are

nondegenerate JIN'S mairices. Stone [54i. proved the converse under the
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Lipschitzian path-connectedness of K(M).

In [36], Murthy, Parthasarathy and Sriparna conjectured that nondegen-
erate matrices satisfying property (**) are Lipschitzian. In an attempt
1o settle this conjecture, we first establish that a nondegenerate matrix
satisfying property (**) belongs to the class INSN Q, and this in turn
implies that it is Lipschitzian.

In the previous chapter it was shown that the class of Lipschitzian matri-
ces is complete, that is, if a matrix is Lipschitzian then all jts principal
submatrices are Lipschitzian. In [51], Stone conjectured that the class of
nondegenerate IN S matrices is complete. We settle this conjecture affir-
watively in Section 3.3,

There is no constructive characterization of Lipschitzian or TN § matrices.
Tn Section 3.4. we obtain some necessary conditions on the nondegenerate
INS class. We conjecture that the block property (B property) is suffi-
cient for a matrix 10 be Lipschitzian. We verify this for n = 2 and certain

other special cases.

3.2 Preliminaries

The following theorem by Eaves { see [9]) establishes the equivalence be-

tween the class Q, and the convexity of K(A).

Proposition 3.2.1 Let us suppose M € R™. then the following conditions
are equivalent:

Wy Meq,.

11} KQM) is conver.

iij K (MY = pos(T.— M)



Definition 3.2.2 A malrir A is said {0 be an IN Sy-matriz if |S(g. A} =
k for allq € 1nt K(A), where K(A) is the set of all p for which S(p. A) # 0,
and the class INS = UfLo N Sk.

For A € R™", let us consider a complementary cone pas C(J) relative to
A. where the matrix ((J) € R for J C # is defined as C(J); = -4,
ifj e and C(Jhs

15 otherwise (sec Section 1.2). We denote by pos
€(J); the facet relative to A for some i € i. The following definitions of

proper and reflecting facets relative to A are needed in the sequel.

on 3.2.3 for A € R"*" a C @ and 1 € h. consider the product,
(detAaaNdet Az ).

for 3 C n such that a A8 = {i}. The common facet pos C'(J); is proper
ireflecting) if the above product is positive /negativej. If the product is
zero, then the common facet pos C(J); rclative to A is soid 1o be degen-

crate.

If a facet F = pos C(J);

2 € R", such that p'#' = 0 and the columns 7; and ~ A lie on the same

is reflecting, then there exists a nonzero vector

side of the hyperplane H = {z : p'z = 0}

Given A € R", the cane K(A)is said to be regular if all the reflecting and
degenerate facets relative to A lie on the boundary of & (4).
We now state a theorem from Cottle, Pang and Stone ( {9) Theorem 6.6.22,

page 595), which will be useful in the next section.

Theorem 3.2.4 Let A € R"™ ™. Suppose intK(A) is connected. Then

1€ INS if and only if K(A) is reqular.
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Definition 3.2.5 Let A € R™" and ¢ € R™. A multivalued mapping
r: R™ — R" is said to be upper semicontinuous at g if for every ¢ there
ezists a & such that

(@) S () +eB
for all § satisfying [|g — gt < 6.
The following theorem is taken from Cottle Pang and Stone [9].

Theorem 3.2.6 Let A € R**". If §(q, A) is bounded, then the multival-
ued solution map § : R* — R" is upper semicontinuous at §; moreover

there ezists a constant ¢ > 0 and a neighbourhood V of § such that,
2l < ¢ forall z€ S(q,A) and geV.

5$(q. A) is said to be uniformly bounded in a set Y if,

2l < K VYze€ S(g,A)andVgeY.

Hence the second inclusion of the above theorem states if LCP(g. A) has
a (nonempty) bounded solution set, then the (nonempty) solution sets of
all nearby LCP(g, A), with g sufficiently close to § are uniformly bounded.

In [54], Stone proved the following theorem.
Theorem 3.2.7 If A € R™*" is Lipschitzian, then A € INS.
The converse of this holds under certain special conditions.

Definition 3.2.8 A set § C R" is said to be Lipschitz arc-connected
(path-connected) if there ezists a constant L such that, for all z.y € S,
the set § contains a polygonal arc between z and y whose length does not

exceed Lijz - yil-



 is convex. then it is clearly Lipschitz path-connected. However.
many nonconvex seis are Lipschitz path-connected. "T'he following example

due to Stone from [54]. illustrates this point.
Example 3.2.9 Let S={z€ R*: 1 20 orzz2 20}

T

take any 2.y € 8, such that =, < 0 and ¥; < 0. The line segment botween

set S is not convex, but it is Lipschitz path-connected. To see it.

z and y may or may not lic in 5. If we take z € R? such that 21 =y 2 0
and z3 = 72 > 0. The line segment between z and z, and the Jine segment
between y and z are in S. This is true for all z,y € 5. The length of the
path thus formed will obviously be less than or equal to { z — yi|v/2. Thus
S is Lipschitz path-connected.

An example of a set, which is not Lipschitz path-connected, is the following

(see {5

Example 3.2.10 § = {z € R?: 73 # 0 or 21 < 0}
The following theorem and corollary, are due to Stone [54].

Theorem 3.2.11 If A € INS is a nondegenerate matriz and if intK(A)

is Lipschitz then A is L

Corollary 3.2.12 Let A € Qo1 R™™ be given. A is Lipschitzian if and

only if A is a nondegenerate TN S-matriz.

Murthy et al [35) and Sridhar [51] showed the following. Let A € R™™. If
A is Lipschitzian and Q. then A satisfies property (**). We have shown

in the previous chapter that if A satisfies property (**), then 4 is in Qo.
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3.3  On Lipschitzian ; and INS matrices

For A € R™",if intA'(A) is connected and all the reflecting and degener-
ate facets relative to 4 lie on the boundary of K(A), then from Theorem
324, it follows that A is an TIVS matrix. Using this, we prove the fol-

lowing result.

Theorem 3.3.1 Let A € R™" be a nondegenerate matriz. If A satisfies
property (**), then A is in the class INSN Q,.

Proof: Erom Corollary 2.3.5, we note that A is a Qo-matrix. Since 4 is a
nondenerate matrix , there are no degenerate facets relative to A. It needs
to be shown that every reflecting facet relative to A lies on the boundary

ies property {(**). Let a;y < 0. It is clear that

the facet F = pos({a..... L) Is roflecting. Since A satisfies property

i**).ay; S Oforall j € {2.....n}. For the veclor p= /| € R". we have

p'F =Uand p(=A,) 2 0 for all ). This implies thal plg > 0Vg € A(-1)

Hence. K(A) lies fully on one side of the hyperplane containing £. 5o the
facet £ lics on the boundary of A(A).

Suppose £ = pos C(J); for J € n, {J] # 1, is a rellecting facet for
some i € n. Since the complementary matrix C(J) is nonsingular, we
can consider & principal pivot transform with respect to /. The resulting

M)

J). where ('(J) contains cotumns of {I. — 4} not

matrix is M
in €/ Tts (i.4)th diagonal entey is negative. Since A satisfies property
(). we notice as before that the facel = pos(Ly,... Loy, Ligreer.. Ln)
lies on the boundary of A(3). Since there is a one-to-one correspondence
between the complamentary cones relative to A and those relative to Af
we concinde that the reflecting facet 1 relative 10 A lies on the boundary of

K{A) Since this is true for any reflecting facet retative to A and int At 43
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is connected, we conclude that A belongs 1o the JNS class of matrices.
u

As a corollary 1o the above theorem we answer a question raised by Murthy
Parthasarathy and Sriparna in [36], in the afirmative.

Corollary 3.3.2 let A € R™*" be a nondegenerate matriz. If A satisfies
property {77), then A is Lipschitzian.

Proof: From the above theorem, it follows that A is an JN $NQ, matrix.
Since any Q, matrix is Lipschitzian arc-connected (Proposition 3.2.1), the

result follows from Theorem 3.2.11 -

Combining the results given here and the known results on Lipschitzian

matrices we have the following theorem.

Theorem 3.3.3 Let A € R™ " be a nondegenerate Q. matriz. Then the
Jollowing are equivalent:

1ij A is Lipschitzian.

(1) A satisfis
(11} A is an IN'S matriz.

s property (**).

Furthermore if any of these conditions hold for A then it holds for every

principal submatriz of A

It has been observed by Murthy, Parthasarathy and Sriparna [36] that the
class of Lipschitzian matrices is complete, that is, if A is Lipschitzian then
all the principal submatrices of A are also Lipschitzian. In [54], Stone
raises the question, whether the class of nondegenerate 7N S matrices is
complete. From the above theotem it is clear that the class of nondegen-
erate IIVS 11 @, matrices is complete.

We prove the general case in the following theorem.
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Theorem 3.3.4 The nondegenerate INS class is complete.

Proof: Let A € INS be a nondegenerate matrix. It suffices to show that
B the principal submatrix of A obtained by leaving out the 1st row and

1st column, is an NS matrix. Let A be partitioned as

A = (3.3.1)

where a,b € R™! correspond to the first row and first column of A leaving
out the diagonal entry a;;.

It is clear that if the facet ' = pos (I2,...,J4_1,—Bxg1s...,~Ba)is
a reflecting facet relative to K'(B) for some 2 < k < n, then the facet F
defined by F = pos ({1,...,—Lx_1,—Ax41,-..,—An) is a reflecting facet
relative to A (A). We claim that if £NintK(B) # o, then FRinth(A) #
@: this will imply that the reflecting facet F relative to A (A) does not lie
on the boundary of A'(A4), contradicting that A is an JN'S matrix.

In order to prove our claim, let us first consider reflecting facets relative
to K (B) of the form pos({2y. .., Lx1, T ks1s---110), for some 2 < k < n.
Suppose F' = pos(lz,..., n-1) is reflecting and FNintKk(B) # ¢. Then
for some ¢ = (g2,...,4n)" € F, there exists an € > 0 such that for any
¢ € R* ' with ||¢’ — q|| < ¢, LCP(¢’, B) has a solution. We can assume
without loss of generality that ¢ is of the form (g2,...,¢n_1,0)' where
G >0fori=2...,n—1 Let U ={q:|lg—gll <e}. Since Bisa
nondegenerate matrix, §(g, B) is uniformly bounded for g varying over a
bounded set. From Theorem 3.2.6, it follows that there exists a constant

A > 0 and a neighbourhood V of ¢ in R*~!, such that

lzl<A VvV z€5(q.B) qevV.
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We can assume without loss of generality that U C V. Now, let ¢ €

R" be defined as ¢ = qi for i = 2,...,n and ¢ be chosen such that

¢1 > [le||A + ¢. where a is as given in (3.3.1). Clearly g € F. Choose r €
R" such that ||r—g|| < ¢. Then ||#—4|| < [[r—g|| where 7 is the n—1 vector
obtained from r by leaving out the first coordinate. Hence LCP(#, B) has

a solution (u.v) where u,v € R""'. Let

21 =0 w =a'z+r7;.
If a'z > 0, then w; > 0. Otherwise, —a‘z = |a'z] < |la|l{{z|| < |lallX <
g1 — ¢ Since 7, = ¢1 — € , we have wy = 1 + a'z 2 0. Hence, (w,2)
is a solution to the LCP(r, A). This imples that for every [ir — q|| < ¢,
+ € K(A), which, in turn, implies that FNint&(A) # ¢. This contradicts
that A € INS. Hence, the reflecting facet F relative to K (B) does not
intersect intA'(B). Now if F is any other reflecting facet relative to B,
then we can consider a principal pivotal transform C of A with respect
to a complementary cone relative to K (B), incident on F'. Then C is an
INS matrix, and C, the principal submatrix of C leaving out its first
row and first column, is a principal pivot transform of B. I'rom the one-
to-one correspondence existing between the facets relative to B and the
facets relative to C, we notice that F° corresponds to a reflecting facet of
K(C) of the form, pos (Z2,...,Jk-1,Tk31,---,1n), for some 2 < k < n.
Therefore, we can appeal to our earlier argument to conclude that F does
not intersect the interior of K(B). This along with B being nondegenerate

implies that B is an TN S matrix. This concludes the proof. [ ]
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3.4 Nondegenerate I.VS and Lipschitzian ma-
trices

Stone in [53] showed that Lipschitzian matrices are INS-

matrices and conjectured that the converse is also true. Furthermore, he
showed that the conjecture is true under the additional assumption of
Lipschitz path-connectedness (sce [53] for details). Till date, no construc-
tive characterization is known for IN S matrices. Thus, there is no finite

procedure to verify whether a given matrix is N S or not.

Definition 3.4.1 Say that A has property (B) if every PPT M of A has

the following block structure (subjcct to a principal rearrangement):

Ma 0 .0 Mgy
0 My . 0

M=
0 0 . My Mgy
Mg Mmoo Mg Moy

- My are all negative N-matrices (i.e., all entrics and

where My, M.
all principal minars are negative] and the diagonal entries of Myry 7y are

positive.

I the previous chapter we have shown that a Lipschitzian matrix satisfies
property (B). In this section. we show that every nondegenerate IN S-
matrix also satisfies property {3}

Note that if a matrix A has property (B), then it must be nondegenerate
as all the diagonal entries of every PPT of A is nonzero (see Proposition

2.2.1). From the definition. it follows that property {8} is invariant under

PPTs and is inherited by

e principal submatrices.
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Theorem 3.4.2 Suppose A € R"*" is a nondegeneratc INS-matriz.
Then A has property (B).

Proof: Let a = {i : ai; < 0}. By Theorem 3.3.4, A,q is a nondegenerate
IN S-matrix. Also, for i,j € a, i # j, Apg € INS, where 8 = {i,j}.
It is easy to check that if Agp has a positive entry, then Ags ¢ INS. It
follows that A, is nonpositive and hence is in Q,. From Corollary 3.2.12,

Aaq is Lipschitzian. From Theorem 2.4.7 of the previous chapter we get,

N' 0 ... O
0 N?

Aca=| . . | forsomel>1,
o 0 ... N

where each N' is a negative N-matrix. Since all the PPTs of a nondegen-
erate I N S-matrix are also nondegenerate TN S, we conclude that A has

property (B). -
‘We conjecture that property (B) is also sufficient for a matrix to be Lips-
chitzian. We verify this conjecture in certain special cases.

Theorem 3.4.3 Suppose A € R"*". Assume that any one of the follow-

ing conditions holds:
(i) n=2

(ii) A<0

(iii) A is completely-Q

(iv) 4> 0.

Then the following st arc eq
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(a) A is nondegenerate INS
(b) A is Lipschitzian
() A has property (B).

Proof: In view of Stone’s result that (b) = (a) (Theorem 3.2.7), it suffices
to show that (c) implies (b). So assume that (c) holds.
(i) If the diagonal entries of A are negative, then property (B) implies

- 0
that either A is a negative N-matrix or A o . In the first case,
J

when A is a negative N-matrix, 4 is Lipschitzian by Remark 2.2.8. In the
other case A is a nondegenerate matrix satisfying property (**), hence it
is Lipschitzian by Corollary 3.3.2. If the diagonal entries of A are positive.
then cither A is a P-matrix or A~! is a negative N-matrix. Once again
A'is Lipschitzian (see Remark 2.2.8). Consider the last case a;; < 0 and
az: > 0, without loss of generality. It is easy to check (graphically) that
A'is INS and that K(A) is Lipschitz path-connected (see Stone [53] for
details and Example 3.2.9). From Theorem 3.2.11, we conclude that A is

Lipschitzian.

(ii) By property (B), A can be decomposed into a block diagonal ma-
trix where each submatrix on the diagonal is a negative N-matrix. As
negative N-matrices are Lipschitzian one can easily verify that A is also
Lipschitzian.

(iii) In this case we actually show that A is a P-matrix and this we do
by induction on the order of the matrix. Obviously. the result is true for
n = 1. Assume the result for all matrices of order n — 1, 7 > 1. Suppose
A € R™" satisfies the hypothesis. Then all the proper principal minors

of A arc positive. If A & P, then det A < 0 and that the diagonal entrics
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of A~! are negative. By property (B), A™! must be nonpositive. But this
contradicts that A € Q. Hence A € P (So by Mangasarian and Shiau
(25), A is Lipschitzian).

(iv) From the hypothesis and (c), ai; > O for all . Since A > 0. A is
completely-Q. Therefore A € P. -

Proposition 3.4.4 Suppose A € R™™". Assume that for some index set
@, Ao is Lipschitzian and Ass € P. If Asa = 0 o1 Aga = 0, then A is

Lipschitzian.

Proof: Assume Ase = 0. Let p, ¢ € K(A). Let A and Xz be the
Lipschitzian constants corresponding to Aaq and Ass, respectively. Take
any arbitrary z € S(p, ). We will exhibit a z € S(g.A) such that ||z —
z|| < Alip — qi|, where A, to be chosen later, depends only on A1, A2 and
A. Since S(g,A) # @, choose any Z € S(g,A). Let y = Az + p and
@ = Az + q. Note that z, € S(ph, Aaa) and Za € S(gh, Aca), Where
P = Pa + Aca®s and g4 = qa + AasZs. Since Aaq is Lipschitzian, there

exists a 2o € S(qh; Aaa) such that

lza = zall < MllPh — gl
< Mflpa - gell + Ml Blillza — zall

Since zo € S(ghsAca)s Wo = AaaZa + ga + AasZs and whz, = 0. This
implies 2 = (25, 24)* € 5(¢,A). As Ass € P. 25 and z5 are the unique

solutions of (pa, Asw) and (gs, Ass ). Therefore, [lzq — zall < X2llps — ¢al-
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Combining this with the above inequality, we get

iz =zl <

A A

A

llza = Zall + llza = 2all

Mllpa — 2all + a2l Bl + A2)llpa — gall
Allp — all + (a2l Bl + A2)llp — gll
Alp = gll, where A = A1 + J2 + M A2||BYf-

It follows that A is Lipschitzian. The case Aas = 0 can be tackled in a

similar fashion.

The above Proposition is not valid if we simply assume that A,, and Asa

-1

1
are Lipschitzian. As a counter example, consider A = CIvis
0

-1

clear that A ¢ IN S and hence A is not Lipschitzian.



Chapter 4

Some results on C(J;,
Adequate and Connected

matrices

4.1 Introduction

As discussed earlier, the characterization of completely @, matrices [5] in
general is still an open problem. Murthy and Parthasarathy [31, 32] have
shown that nonnegative matrices, symmetric copositive matrices and fully
copositive matrices are in @, if and only if they are completely Qo. We
establish, that a column adequate matrix, introduced by Ingleton (19}, is
in Q (Q,) if and only if it is completely @ (completely Q).

The class of Cal matrices was introduced by Murthy and Parthasarathy
in [31]. Within the class of C{ matrices, we provide a sufficient condition
under which a given matrix will be in P,. As a corollary to this result we

give an alternative proof of a result by Murthy and Parthasarathy (31],
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which states that €/ N Q, C P,. As another consequence of this result,
we deduce that a bisymmetric Ef-matrix A is positive semidefinite if and
only if the rows and columns of A + A* corresponding to the zero diagonal
entries are zero.

In Section 4.4 we consider the class of connected matrices. The class of
connected matrices are those for which the solution set is (topologically)
connected for all g. We settle a conjecture raised by Jones and Gowda
{20), subject to some additional assumptions. The original problem how-
ever still remains unsolved.

There are three papers dealing with connectedness of S(g,4). In [17],
Rapcsak gives a sufficient condition for the connectedness of certain sub-
sets of the solution set of an LCP corresponding to a symmetric matrix.
But Cao and Ferris [3] were the first to study explicitly the class of con-
nected matrices. They dénoted this class as Po-matrices, and proved the
following.

(i) The matrices P N Q, are processed by Lemke’s algorithm [23).

(ii} P, € P. C E, for 2 x 2 matrices.

)If A € P, then for all g except those in a set of measure zero { which

depends on A), LCP(q. A) has a connected solution set.
They conjectured that (ii) holds for matrices of general order n. Stone
gave an example to show that the claim P, C P. is false for matrices of
general order. The second inclusion, that is P; C Eq, was proved by Jones
and Gowda, and they denote this class as E.. They have in fact shown
that E. ¢ EI 120] .

The following results given below are due to Jones and Gowda [20).

(i) I0 A is a P, matrix then for any q € R™, if 5(¢. A4) has a bounded

connected component, then S{g, 43 s connected.
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(ii) The following are cquivalent for an R,-matrix:

(a) A€ P,

(b) A is connected.

They conjectured that P, N Q, = E. N Q,. In an attempt to settle this
conjecture, we show in Section 3, that if all the entries of the matrix are
nonnegative, then P,NQ, = E;NQ,. We also prove that if A € R™*" is

a P,-matrix, then §(g, A) is connected.

4.2  Preliminary results.

Adequate and fully copositive matrices

We recall the definitions of some of the matrix classes, relevant to this
chapter. A € R™ ™, is said to be a P-matrix (FP,-matrix) if all its principal
minors are positive (nonnegative); if all principal minors of A are nonzero,
then A is called a nondegenerate matrix; A is ssmimonotone (E,) if (¢, A)
has a unique solution for every ¢ > 0; A is fully semimonotone (E‘;’) if
every PPT of A is in E,; A is copositive (C,) if z*Az > 0 for every z > 0;
A is fully copositive (Cu/) if every PPT of A is in Co.

The following results are due to Murthy and Parthasarathy [32}.

Theorem 4.2.1 Suppose A € R"*" N Cé’. Then ai; > 0 for all i € 7,
implies that A € P,.

Theorem 4.2.2 Let A € R"*™. If A is a nonnegative matriz withn > 2,

then A belongs to Q, iff the following condition holds:
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forevery i€n, Ai#£0= ai>0.

Theorem 4.2.3 Suppose A € R***NQ,NP,. Assume for some ip, jo €

#t, @igiy = 0 and a;yj, > 0. Then there ezists a k € fi such that aki, < 0.

Theorem 4.2.4 Suppose A € R™*™" N E, N N,. Assume that A is non-
singular. Then there ezists a principal rearrangement

Ase Aas

Asa Asa
of A such that o # ¢, & # R, Asa, Gnd Ags are nonpositive strict upper

triangular matrices, and Ass, and Ag, are nonnegalive matrices.

The following results on C matrices are due to Murthy and Parthasarathy
[31].

Theorem 4.2.5 Suppose A € R**" N C/{. Then A € Q, if and only if
the following condition holds:

forany PPT M of A,my =0= m; +my =0 V 4,j€ 0.

A matrix A is said to be bisymmetric if for some index set a, Aso and
Agag are symmetric, and Aga = —AL;. It is easy to check that PPTs of

bisymmetric matrices are bisymmetric.

Theorem 4.2.6 Suppose A € R**"NEJ is a bisymmetric matriz. Then

A is fully copositive.

A number of matrix classes are invariant under principal pivoting, i.e., if

a matrix is in class C, then all its PPTs are also in €. The matrix class

3

Q. Q.. P. P,, E{, C!, INS and Lipschitzian matrices all fall in this
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category. Jn the definition below we consider another class of matrices

which is invariant under PPTs.

Definition 4.2.7 A real square matriz A € A if for every PPT M of A

the diagonal entries are nonnegative.

Remark 4.2.8 Notc that Ef, which contains the classes Po and Cf
(sec [9, 81, 32]), is a subclass of A. However, A\ Ef is nonempty as
0 -1
-1
that if A € A, then A' € A.

is an ezample of this kind. Furthermore, it is easy to check

Definition 4.2.8 Any real square matriz A is said to have property (D).

if for every index set « the follawing holds:
det Ao =0 = columns of A., arc linearly dependent.

Let D denote the class of matrices satisfying property (D). Note that
if A € A (A € D). then Age € A (Ay, € D) for every o. An inter-
esting property of D is that if A € D, then (g, A) has a solution with
a complementary basis for any ¢ with S(g.4) # D (sce [32]). Another
interesting property of D, which is a direct consequence of the definition.

is the following.

Proposition 4.2.10 If A€ D is ingular, then A is

Song Xu in [50], introduced the class of column competent matrices and
established an equivalence between the class D and column competent

matrices.
Definition 4.2.11 A matriz A € R™™" is said to be column competent if
z(Mz), =0 foralli=1.2....n=>Mz=0
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Theorem 4.2.12 The following Lwo statements are equivalent.
(i) A € R™" is column competent
(ii)A belongs to the class D.

The following result by Song Xu (see [50]) gives an interesting character-

ization of the class D.

Theorem 4.2.13 The following statements are equivalent.

(i) A is column competent.

(ii} For ali vector q, the LCP(g, A} has a finite number of w-solutions,
(i) For all vector ¢, any w-solution of the LCP(q, A), if it exists, must

be locally w-unique.

Any w-solution. 1, of LCP(g, 4), Is said to be locally unique if there exists
4 neighborhood of i within which @ is the only w-solution.

The following theorem is due to Murthy and Parthasarathy [32].

Theorem 4.2.14 Suppose A € R*™*NQ,. Leti€ 7 and & = 7. Suppose
A has property D. Then either Ayo € Qo or there ezists a B € n*
satisfying:

faj 1€ 3.

b) det Az # 0

(c) M, <0, where M = g d
(d) u € S{e, A), where uz = — \|
fe) (Au) = -1

s and uz = 0 and

A matrix 4 is said to be a column (row) adequate matrix if A (4] is
in DN P,. Ingleton [19] introduced the class of adequate matrices (i.e.
both row and column adequate) and showed that if A is adequate. then

for every g with $(g,A) # . Az + ¢ Is constant over 5(q, A).
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Connected matrices

A matrix A € R**" is said to be a P,-matrix, if A € P, and exactly
one of its principal minors is equal to zero. It is said to be a U matrix if
LCP(q, A) has a unique solution for all ¢ €int ' (A). The following theorem
is from Cottle Pang and Stone ({9] page 235).

Theorem 4.2.15 A P, matriz is also a Q, matriz.

The next result is due to Cottle and Stone (see [8] Theorem 6).
Theorem 4.2.16 If A € (P,\Q) N R™ ", then A € U, and K(A) is a
half-space. If, in addition, |A| = 0, then the normal to the hyperplane
JK(A) can be chosen as a positive vector.

The following theorem is due to Murthy and Parthasarathy [32].
Theorem 4.2.17 Suppose A € R**" 1 E{ N Q,. Then A belongs to P,.
Remark 4.2.18 We know that a nonnegative matriz with all the diagonal
entries positive, is a Q-matriz, and if A € R**" is a P,N Q matriz, then
A is an R, matriz (see Cottle Pang and Stone [9)).

We know if A is an R, matrix then the solution set is bounded for all

gER".

Next, we discuss certain pts related to conn:
Definition 4.2.19 A set S in a topological space Y is said to be discon-
nected if, it can be written in the form, S = 5 U S; where 51,5 are
closed sets and S1 N Sy = @. A set S is said to be connected if, it is not
disconnected.

A component C(y) in Y is the maximal connected subset of ¥’ containing
. that is there is no connected subset of ¥ that properly contains C(y).

We state a fundamental theorem (see Dugundji [12]), on connected sets.
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Theorem 4.2.20 Let ¥ be a topological space. The union of any family

of connected subsets having at least one point in common is also connected.

A path in Y is a continuous mapping f : / — V, where I is the unit
interval. If f:/ — Y is a path in Y, we call £(0) € ¥ the initial (or the
starting) point of ¥ and f(1) € ¥ the terminal (or end) point, of the path
f.and say that f runs from £(0) to f(1) or joins £(0) to F(1).

Definition 4.2.21 A4 ical space Y is path (or pathwise
connected) if each pair of its points can be joined by a path.

Analogously, path connected components are defined as maximal path-
connected subsets of the topological space Y.

Each path-connected space is connected. But a connected space need not
be path-connected.

Lemma 4.2.22 Suppose S1.52.....5, are closed conver sets. IfUS; is

connected. then il is path connected.

Proof: Let us take the set §1 say. Then $j N(UL,5i) # o, since by our

hypothesis US, is connected. Hence. there exists a j € {2.3,...,k}, such

that §; N 5, # o. Without loss of generality, let this be §;. Since S, 5,

are convex sets {hence pata-connected), and $1 N 52 # o, 5, U S, is path-

connected. Now instead of §1. we can cake ;55 and similarly show that

52 # 0. Since

¥ ;=3 such that 75, L §

there exists a j € {3.....k}

$1U 52 is path-connected and $3 is convex. we conclude that 5, S 53 U §a

is path-connected. Proceeding in this way. we can conclude that U,

path-connected.

Definition 4.2.23 A matriz A € R™" is said to be connected if for

every g € R™. $(q. ) is connected.



The following theorem is due to Jones and Gowda [20].

Theorem 4.2.24 Suppose A € R™" and q € R". Then the following
staternents hold.

(i) If A is connected, then A € EJ.

(iij If A is a Py matriz then for any q € R if 5(q, A) has a bounded
connected component, then 5(g,A) is connected.

¢iti) The following are equivalent for an Ro-matriz:

‘a) A€ P

() A is connected.

4.3 On Cy/ and Adequate matrices
We now present our main results on column adequate matrices.
Theorem 4.3.1 If A€ AN D, then A € P.

Proof: We prove this by induction on ». Obviously the theorem is true if
n = 1. Assume that the theorem is true for all (n — 1) X (» — 1) matrices.
Let A € R™" N AN D. By the previous observations, Aea € P, for all
@ such that |a| = n — 1. Suppose A ¢ P,. Then det A < 6. Note that 4
is almost P,. Since A € A, diagonal entries of A~! by Theocrem 1.2.14,
are equal to zero. This means that det Ao, = 0 for all o with [al = n— 1.
Since A € D, this implies that columns of A are linearly dependent which

contradicts that A is nonsingular. It follows that A € P,. -

Corollary 4.3.2 Suppose A4 € R™*™. The following conditions are equiv-
alent:

ar 1€ P.ND.




(b) A€ AND.
It is known that nondegenerate E-matrices are P-matrices.
Corollary 4.3.3 If E{ ND, then A€ P,.

A matrix A is said to be completely-@ if all its principal submatrices
including A are Q-matrices. Cottle introduced this class in (5] and char-
acterized completely-Q matrices as the class of strictly semimonotone ma-
trices. One of the problems posed by Cottle [5] is the characterization of
completely-Q, matrices which is still an open problem. In Chapter 2 we
give a characterization of completely-@, matrices. satisfying property (**)
(see [31, 32]). The following result gives a characterization of completely

Q. matrices within the class of column adequate matrices.
Theorem 4.3.4 Suppose A € AN D. Then

(2) A € Qo if and only if A is completely-Qo.

(b) A€ Q ifand only if A is completely-Q.

Proof: (a) It suffices to show the ‘only if’ part. Suppose Aoy & Qo, say.
for @ = {1.2.....n — 1}. By Theorem 4.2.14, there exists a 3 such that
n € 3. detAss £ 0and M, < 0. where M = py(4). Since 4 € P,
(Theorem 4.3.1). Mon = 35422 = 0. where 7 = 3\ {n}. This implies
det A, = 0 which in turn implies det Agy = 0 as A € D. From this
contradiction. it follows that ., € Q,. By induction it follows that /A is
completely-Q,.

(b) We will again show the “only if’ part. Note that the conclusions of
‘I'heorem 4.2.14 remain valid even if we replace Q,, by Q in the statement
of that theorem (almost the same proof can be repeated). Ience it follows

([rom the praof of part (a) here) thal A is completely-@Q. .
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Corollary 4.3.5 Evcry column adeguate matriz is in Q if and only if it

is strictly sernimonotone.

We now turn our attention to the results on C/-matrices. In [31], using
the concept of incidence, Murthy and Parthasarathy established that C/N

Q. C P,. We recapture this result as a consequence of our results here.

Theorem 4.3.6 Suppose A € R**"NC{, n > 2. If the rows and columns
of A+ A* cor ding to the zero di [ entries of A are zero, then

A€ Fo.

Proof: From the hypothesis and Theorem 4.2.1, it is clear that every 2x 2
principal submatrix of A4 isin P,. Assuming that every (k—1)x(k=1), k =
2, principal submatrix of A is in P, we will show that every kx k principal
submatrix of A is also in P,. Let B be any k x k principal submatrix of
A such that all its proper principal minors are nonnegative. Suppose
det B < 0. Then B is an almost P,-matrix and B~! € C{ N N,. Let

E = B~'. By Theorem 4.2.4, there exists a subset o of 7 such that

¢Fa# R, Eaa<0, FEsa<0, Eazz0and Esa20.

Since E € C,, we must have Eao = Ess = 0. Without loss of generality

we can assume that

0 C
E=B"= R
D o
where C and D are nonnegative square matrices of same order. It follows
o D
that C and D are nonsingular, and B = . . From the hy-
c- 0
pothesis. it follows that C~? + (D~')' = 0 and hence D' = —(C~M).
This in turn implies that D = —C*. This contradicts that D is nonnega-
tive. Hence det B > 0 and the theorem follows. L]
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Corollary 4.3.7 Suppose A € R"*"NC/NQ,. Then A€ P,.

Proof: 1f n = 1, there is nothing to prove. Assume n > 2. We will
show that every 2 x 2 principal submatrix of A is in P,. Suppose, to the
contrary, assume that Aag & P; for some a with [a] = 2. Without loss of

0
generality, we may take a = {1,2}. Then Agq = * | (this notation
+ 0

means a;; = az = 0 and a2, az are positive). Since Aan € Q, we must
have 7 > 2 and a j € & such that a;, < 0 (follows from Theorem 4.2.3).
Note that if a); < 0, then A ¢ C/. But if ay, > 0. then also A ¢ C/.
This is because if a1; > U. then taking & = {1,2.} we get.

0+ +
Asa | + +
- 2

If we take PPT with respect 1o & = {1,2), and if we denote it as M =

©alA), then it can be easily checked that Maq is of the form,

0 +
Moa=| 4+ 0 —

This is not a C, matrix. hence it follows that every 2 x 2 principal sub
T

0 b
€ R/ P Then

matrix of A is in Ps. Suppose &
I

i
from [31] (by Murthy and Parthasarathy) we get that for every i. such

that a; = 0, a;; + a;; = 0 for all j. For the sake of completeness we outline

the proof here. If be # 0, then e < 0 and B~ = . Since His

P
i
Poo

copositive. b+ ¢ < 0 and since B is copositive, B > Dorb+c < 0
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Hence b+ ¢ = 0. Let @ = 0. If @,; < 0 then ay; has Lo be strictly positive.
since A is copositive. Then aij + aji = 0. If ai; > 0, then from Theorem
4.2.3, there exists a k such that ag < 0. If a = 0, then k # j and @i > 0
(since A is copositive). Let & = {i,5,k}.
0+ + ok -
w2 | 0 + s |andMa=]| « *x 0
- o x + - 0
Here. M, is not copositive. This contradicts that A € Cg. It follows that
ay: # 0 and hence ai; + a5 = 0. If aij =0, then if aj; # 0, a5 > 0, by the
assumption of copositivity of A. By the previous argument, aj; > 0. But
then, by taking PPT with respect to & = {i,j}, we see that Moq does not
belong to Co. Hence for every i, such that a;; = 0, we have a;; +a;; = 0 for
all j. Hence the rows and columns corresponding to zero diagonal entries
of A are zero. From Theorem 4.3.6, it follows that A € Po. -
In {31] it was shown by Murthy and Parthasarathy that a C{-matrix is
in Q, if, and only if, it is completely-Q,. The arguments used to prove

this can be extended to obtain the following result.

Theorem 4.3.8 Suppose A € R"™"NC!. If A€ Q, then A! and all its
PPTs are completely-Q,-

Proof: It can be verified that if a matiix B € A satisfies the condition :
every PPT C of B satisfies
i =0zc.»,-+c,.-=0l‘oralliandj,

then B and all its PPTs are compietely-Q, matrices. This is because if,
1 has this property, then Graves’ algorithm processes (g, B) for any ¢ and

terminates either with a solution or with the conclusion that F(g,B) =

57



8 (see Chapter 4 of the book by K.G.Murthy (38] and Theorem 4.2.5). "
Therefore we will show, that any PPT of A satisfy the above condition.
Let D = pa(A*) for some a. Observe that p,{A) exists. Let M = po(A).
foa O
[t can be checked that, M = SD'S, where § = . Hence
0 -l
for each 4,7, either dij + dji = mij +mi; or dij+ dys = —(muy + my).

If d;; = 0 for some i, then my

0 and by Theorem 4.2.5, my; + my; = 0.

From this it follows that if for some ¢, dj = 0, then di; + dj; = 0. L]

The converse, is however not true. The problem arises from the fact that

transpose of a C/-matrix need not be in C/. As a counterexample. con-
10

sider the C/-matrix 4 = Tt can be checked from the definition,
10

3
or using Theorem 4.2.2, that A’ and its PPTs are completely-Q,, but
AEQ,

Theorem 4.3.9 Suppose A € R™* is a bisymmetric E{-matriz. Then

the following are equivalent:

(a) 4€Q,

(b) A is positive semidefinite

() foranyij. ay=0 = a,~a,=0

(d) every 2 x 2 principal submatriz of A is in P..

Proof: We first observe that every bisymmetric Ef-matrix is in €/ ( The-
orem 4.2.6). Implication (a) = (b) was already established in [31). The
implication

(b) = (c) is a well known fact about positive semidefinite matrices. The

implication (¢} = (d) is & direct consequence of Theorem 4.3.6. To com-

plete the proof of the theorem. we will show that (d) = (a). A me that
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A satisfies (d). Using the fact that every 2 x 2 principal submatrix of A
is in €/ N P,
1.3.6. A € Po. Let M be any PPT of A. Suppose m = () for some 1. As

tis easy to show that A satisfies (¢). Hence. by Theorem

A is bisymmetric, so is M. So for any j, either m;, = —my; or mi; = m,.
If mi; = —myi, then myj + my; = 0. If i, = mny,, then, as M € P, and
7. = 0, we must have my, = myi = 0. Thus for any j, m,; + m,; = 0. By

Theorem 4.2.5, it follows that 4 € Q,,. -

4.4 Sufficient conditions for connected matrices

In this section we have settled a conjecture raised by Jones and Gowda

[20). for the special case, when the matrix is nonnegative.

Theorem 4.4.1 If A€ R"*" isa nonnegative P. N Q. matrir. then the

matriz A is a connected matriz.

Définition 4.4.2 Say that A € R™" has property (B) if for every bounded
set H € R™ the sel Uy S(g, A) is bounded.

Remark 4.4.3 Jf a matriz A has property (B}, then A € R, (see Cottle
Pang and Stone [9]).

Proposition 4.4.4 If A € R" is a nonnegative Q-matriz, then A has
property (B).
Proof: Since A4 is nonnegative @, a;; > 0 for all 5. Let H C R" be

counded. Suppose T = Uyen5(g, A) is unbounded. Then there exist.

ners ¢F € H and 2% € S(¢%, A), such that for some i € n. 2f — o
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as k — oo. From complementarity, we must have
Ai* 4 gf = 0 for alt large &

Since A, > 0, ;¢ > 0, 2% — 00 and {¢*} is bounded, the left hand side of
the equation is positive for all k sufficiently large. From this contradiction
we conclude that T is bounded. .

The following theorem Is due to Jones and Gowda [20],

Theorem 4.4.5 Let A € R™", IfAisinQNP, (or equivalently in
RN P, ), then S(q, A) is connected for all g € R™".

Theorem 4.4.8 Let A € R™" and ¢ € R®. Then the Jollowing condi-
tions hold:
(i) $(q.A) is o finite union of closed conves sets.

(3] If $(g. A) is connected then it is path connected.

Proof: (i) For cach 3 C #. define S(8) = {z € S(g.4) : Agz + g5 =
0,25 = 0}. Clearly. 5 is a closed convex set and S(¢,A) = UgS(3). Thus
5(g.A) s a finite unior: of closed convex sets.

(i) This foilows from Lemma 22 »

Theorem 4.4.7 Let A € R*™"1 P.. If 4 has property 8}, then S(g. )

is conneeted for every g
Proof: Since A has property (B) it is an R,-matrix, by Theorem 4.4.3.
Since 4 € P, N Ry, it follows (from Theorem 3.9.22 of Cottle, Pang and
Stone), A € Q. Now invoking Theorem 4.4.5, we get the desired resuls.
L
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Theorem 4.4.8 Suppose A € R"™" is a nonnegative P, N Q,-tnatriz.
Then S(q,A) is connected.

We shall prove this by induction on n. In fact we will show that S(g, A) is
path-connected, which will in turn imply connectedness. Observe that A
is completely @, from Theorem 4.2.2. Write a = {i : ai > 0}. Then from
Theorem 4.2.2 it follows that A5, = 0. If @ = ¢, then A € R, N P, and
consequently S(g,A) is connected from Theorem 4.2.24. If @ = @&, then
A is a null matrix and trivially S(g, A) is connected. So we will assume
a # ¢ and a # 7. If ¢; > 0 for some i € &, then induction hypothesis gives
the desired result. So we assume ¢; = 0 for every ¢ € &. From Theorem
4.4.6, write

5(g, A) = 51U 82U ... U S,

where each §; is a closed convex set. Define

So={z€5(g.A): 25 = 0}.
Note that So = 5(ga)Aaa), and as Aaa € P, N R,, So is 2 nonempty
connected set. By Theorem 4.4.6, So is path connected.
Fix a 2° € Sp. We will show that every element Z of S(gq, A) has a path
connecting it to zo. That is, we will exhibit a continuous function
F(t):[0,1] — S(g, A), such that F(0) = 2% and F(1) = z.

This will imply that S(g,A) is path connected.
So fix any z € S(q, A). Let V be the path comp of §(q,A)

. Since §;s are convex, there exists a J C {1,2,...,h} such that V =
UjesS;. Consequently. V is a closed set.

0 and z. So assume

If V N Sp # ¢, there is a path connecting 2
VNS =o.
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Define
do = infrevp'z,

where p is a vector whose first & coordinates are equal to 0 and the last
n — k coordinates are equal to 1 (p‘z is the sum of last n — & coordinates
of z).

Claim: There exists a z° € V such that p'2* = XAg. From the definition
of Ag, there exists a sequence {2} in V such that p'z™ converges to Ap.
Note that 2 is bounded. Also, for each m, 22 € S(4, Any), Where
95 = 9o + Aasza™. As {z'} is bounded, {¢['} is bounded. By property
(B) of Ao, {27} is bounded. Thus. {2} is a bounded sequence. With-

me 2™ — z*. As V is closed. z= € V.

out loss of generality, we may a:

This proves the claim.

Since VN $o = &, Ag > 0 and 2z # 0. Define = {i € & : 27 > 0}.

Let mg be such that 27 — -&- > 0 for all i € 3. For each m, define z™ as

-1 for i € 3, and 2/ = 0 for i € a\3.
m

where 2™ is any particular solution of S(gl', Aug) ($(a. Ane) # o since

Aas is a @-matrix) and @7 = ¢, = 5020 = £)da. Then for cach

m > mo. 2™ € 5(g. A). Withous loss of generality, we may assnme
for all m.

Note that p'z™° < Ao, From the definitions of Ag and V.. it follows that

Vs

Since {q'} is bounded, by property (B) of Aqq, {z™} is bounded. Hence.
{2™} is bounded. Without loss of generality, assume 2™ — u. Since Sy is

closed, u € 9.
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Define g2 = go+ Cies7! Aai- Observe that u, and 23 belong to $(4a. Aao)-
Since Aga € Po N Ro, S(¢3,Aac) is path connected. Note that z €
5(¢2, Ago) if and only if z € $(¢°% A) where ¢° = (g3,43)' with g3 = 0

and z, = z and 25 = z5. Let
p(t) : [0,1} — S(3, Aao) such that p(0) = u, and p(1) = 2z
be a path connecting , and z5. Then. F(t) : [0,1] — 5(¢°, A) defined by
F(t), = p(t) and F(t), = 25

is a path between u and z*. From the definition of V, » € V. But this
contradicts that V N Sy = . It follows that Ap = 0 and So € V. Therefore
there is a path connecting 2% and 2. This completes the proof of the

theorem. =

Theorem 4.4.9 Let A € R**"™ be a nonnegative matriz. If A€ EcNQ,
then A € P,.

Proof: Since A € E,, from Jones and Gowda’s result (Theorem 4.2.24),
A€ E{.Since A € Q, and the matrix A is nonnegative, A € Qo. Hence
from Theorem 4.2.17, we conclude that A € P,. [ ]
Thus we have proved the conjecture for the special case when the matrix
A is ponnegative. Nevertheless the conjecture raised by Jones and Gowda,
P,NQ, = E. still remains open. The problem E.NQ C P, also remains
open.

Next theorem establishes the class P, to be connected matrices.
Theorem 4.4.10 If A € P,, then S(q, A) is connected.

Proof: Since A € P, from Theorem 4.2.15 we get, A € Q..
Casel: A€ Q.
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If 4 € Q then since A € Py, A € R,. From Theorem 4.2.24, we conclude
that $(q, 4) is connected.

Case II: A € Q,\Q.

Since A € P,, A is a P,-matrix, with exactly one principal minor equal
to zero. Without loss of generality, we can take |4| = 0. Also, since
A € P,n(Q.\Q), the value of the game with pay-off matrix A is zero
(¥(A)=0). Since |A] = 0 all the proper principal submatrices of A are
P matrices. Hence the game with pay-off matrix A is completely mixed.
Hence, there exists @ > 0 such that a’A = 0, where = is an optimal
strategy of the minimizer. Since A € P, N (Q,\Q), 4 € U (see Theo-
rem 4.2.16). Hence for all g € int/(A), LCP(q, A) has 2 unique solution.
Also, A(A) = {g : 7'q > 0} (see pages 211, 212 of {8]). Let us consider
9 € K(A). for this g we have =%g = 0.

Claim. $(¢.A}= {20 : Az +¢ =0}

Suppose not, then there exist an x € 5(g, A) such that Az + ¢ > 0, and

{Ar + gk > 0 for some i. Then

Side+ g > 0

at

But since ='A = = s i~ a contradicsior. Thus we nave proved

our claim. Hence. Sig. 41 is connected. ]
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Chapter 5

LCP in Static and Dynamic

Games

5.1 Introduction

In this chapter we briefly indicate, how LCP and minimax theorem com-
plement each other.This chapter is somewhat expository in nature. We
show how results from two person matrix games, due to von Neumann
and Kaplansky, can be effectively used to get interesting results in LCP.
This is done in Section 5.2. Here we show that a completely mixed game
A with (A) = 0 is a Q,-matrix. We also show a sort of converse to the

next theorem due to Cottle and Stone [8].
Theorem 5.1.1 If A€ UNQ, then A is a P, matriz.

Recall A is a P, matrix if exactly one principal minor is zerc and all the
other principal minors are positive. In other words, A € P, if A € P, and
exactly one principal minor of A is zero. Without loss of generality we

will assume defA = 0, whenever A4 € P,.
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In Section 1.3 we have briefly discussed the basics of a two-person zero-
sum game. We denote the minimax value of the game with pay-off matrix
A as u(A). A generalized version of the following praposition is proved in

Chapter 1 (Theorem 1.3.5).

Proposition 5.1.2 Let A be a square matriz of order n. Suppose v(A) >
0. If A is nonsingular then v(A~1) > 0, where A~! stands for the inverse
of A.

Recall that a strategy is pure if it is of the form (0,0, 1,0, .., 0), otherwise
it is mixed. In case p; > 0V4, we call the strategy p = (p1.p2,... pm)
completely mixed. We say that the matrix game A is completely mixed if
every optimal strategy of ither player is completely mixed. The following

results, given in Section 1.3, are due to Kaplansky {21].

Theorem 5.1.3 Let A denote the pay-off matriz of onder m X n of a two
person game. We then have the following:
(i) If player I has o completely mized optimal strategy, then any optimal

strategy ¢ = (gf.08.....00) for player 2 satisfies T, aijq? = v(A)V: =

{ii) If m = n and if the game s not completely mized then both players
have optimal strategies that are not completely mired.
(iif) A game with v(A) = 0 is completely mized if and only if faj m = n

and the rank of A

7= | and b, al the cofactors A,y of A are different

Jrom zero and have the same sign

(ir) Suppose A is a completely mired game. Then v(A) = = where
) open

14| stands for the determinant of A and A,;’s are the cofuctors.

(v) Let V' = {v,) denote the matriz of order m X n where v; is the value

of a game whose pay-off matriz is obluined from A by omitting its ith row
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and jth column. Then the game with pay-off matriz A is not completely
mized if and only if the game with pay-off matriz V has a pure saddle

point, that is, if and only if there ezists a pair (in,jo) such that,

Vies < Vijo  Vijo Vi,j where vigj, = v(A).

If the game A is completely mixed then the game with pay-off matrix A*
(transpose of A) is also completely mixed and v(A) = v(A"). If Aisa
nonsingular matrix with A~! < 0 ( every entry in A~! is negative ), then
the game with pay-off matrix A is completely mixed. A is an N matrix
if every principal minor of A is negative. Call § a signature matrix if Sis
a diagonal matrix and the diagonals are either 1 or —1.

Parthasarathy and Ravindran (see [43]) proved the following results.

Theorem 5.1.4 Let A € R™ " be such that a;; < 0 for all i, j. Then the

I g st are eq

(i) A is an N-matriz.
(ii) For every signature matriz S # +I or —I, WSAS) is positive.

(iii} A does not reverse the sign of any non-unisigned vector, that is,
(Az)i(z:) <0 for alli implies x<0orz>0.

Theorem 5.1.5 Let A be a nonsingular matriz. Then the following state-
ments are equivalent:

(i) A is an almost P-matriz.

(ii) (S AS) > 0 for all ezcept one, say S = So (as well as —So), and for
that So, (SoASo) < 0 and SoA™1Sp < 0.

We now state the “Theorem of alternatives” due to Farkas’, which we will

use shortly.



Theorem 5.1.6 Let A € R™™" and b € R". Then ezacily one of the
Jollowing conditions holds.
(i) Az = b has a nonnegative solution.

(3) The system 'A< 0, y* > 0 has o solution.

In Section 5.4 it is indicated that the computation of equilibrium points,

through Lemke-type algorithms for polystachastic games, is possible.

5.2 Game Theoretic Results in LCP

In this section, we demonstrate the usefulness of minimax theorem and
Kaplansky’s results in LCP.
Proposition 5.2.1 (i) IfA€Q, then o(A) > 0.

(ii) Ifv(A) 20 and Az = 0 for some z >0, then A ¢ Q.

Proof: of (i) : Since A € @, LCP (A,q) will have a solution for every
g€ R* Let ¢ = (—1,-1

w>0 and zw=0.

.= 1). Then A2+ ¢~ = v where 2 > D,

ince ¢* < 0, z cannot be a zero vector. Hence
Az=w—¢" >0 and consequently the “maximizer” can assure himself a
positive income. Thus v(A4) > 0.

Analogously, (ii) can be proved. Let A be a square matrix of order n.

Our next result gives a characterization of N matrices through LCP.

Theorem 5.2.2 Let A < 0. Then the following statements are equiva-
tent.

(i) A is an N-matriz.

(i) For every signature matriz § # I or —{, there erists a nonnegative
vector T such that SASz > 0, that is. +{545) > 0.

(ifi) A does not reverse the sign of any non unisigned vector, thal is
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(Az).z; < 0Vi implics that z > 0 or z < 0.
(iv) For all g > 0, LCP (A,q) has ezactly two solutions.
(v) SAS € Q for every S# 1 or —1I.

Proof: Equivalence of (i) to (iv) can be seen through Theorem 5.1.4. We
now prove (i) = (v}, as (v) = (i) follows from Proposition 5.2.1. Note
(i) implies A is an IN-matrix. Since A < 0, v(S§AS) > 0 whenever § # /.
Hence from Proposition 5.1.2, we have that v(SA~'S) > 0 whenever § #
1. Write M = SA™'5. To complete the proof we will verify Karamardian's
sufficient condition for M € Q [22). That is, we need to check that the
system
0#£z2>0, t>0,
z;>0=> (Mz)+t=0,
z;i=0=> (Mz);+t2>0,

is inconsistent. [ Here z is a vector, t is a scalar |. On the contrary,
suppose there is a solution z > 0 with at least one coordinate positive
and t > 0 to the above system. If z; > 0 for every ¢ then v(M) < 0
and it leads to a contradiction. If z;, = 0 for some g, then the principal
submatrix omitting the igth row and the igth column from M(= SA~!S)
is a P-matrix and this will imply z; = 0 for all 7 # ¢y or £ = 0 which leads
to a contradiction. Thus SA"'S € Qor SASe Qfor S #1.

A similar result can be given for P-matrices. Interested readers can con-
sult [38]. The following result is due to Mohan and Eagambaram [13].

However our proof is game theoretic in nature and is different from theirs.

Theorem 5.2.3 Let A € R**". Suppose n'A = 0 = A6 where = > 0,
&> 90 and rank of A = n— 1. Then K(A) = {q:n'q > 0}. Furthermore,
1 mlq = O then the number of solutions for LCP(q. A) is infinite. That is
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if g € OK(A) ( = boundary of K(A) ), then the number of solutions for
LCP(q, A) is infinite.

Proof: First we show that A € Q,. If ¢ is feasible then there exists z > 0
such that Az + ¢ > 0. This implies x*q > 0. We will prove ¢ € K(A). If
wtq = 0 then Az + ¢ > 0 implies Az + ¢ = 0, since = is a strictly positive
vector. Hence ¢ € K(A). If, x'g > 0 and Az + q¢ > 0, we will produce
a solution. From Kaplansky’s results (Theorem 5.1.3) , the game with
pay-off matrix A is completely mixed with value zero. Also det4 = 0. We
also know that cofactors A;; are different from zero and are of the same

sign. Assume without loss of generality that A;s are positive.

Let
e+ an ain
Bk - an az2 azn
@1 @n2 -t @an

‘We can take k sufficiently large so that the cofactors of By are also different
from zero and is strictly positive. This along with the fact that |Bi| > 0,
gives By~! > 0. Hence By~' € Q or Bx € Q.
an+4 @2 - am zf @
N +] | =w®. (%)
an1 @nz ccc Gpn Zn gn

If {z*} is bounded, then clearly LCP(g, A) has a solution. If {z*} is un-
bounded, assume w.l.g, ”—ziﬁ — z° # 0 and 2" > 0. It follows from (*),
Az" > 0. Another application of Kaplansky’s theorem yields =~ to be

strictly positive. Hence, z¥ > 0 for large k. Consequently,
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; "
o+

Azk + : =0.
In
This is impossible for,
&
a+ f;;‘ B
(At + : )=7r‘/41'k+1r‘q+7r|%>0
qn

[ Since wtq > 0]. Thus we have shown that A € Q. The fact that
K(A) = {g: g > 0}, follows from the following lemma.

Lemma 5.2.4 Let M € R*™", Mé = O for some § > 0 and rank of
M=n—1. If M € Q\Q, then K(M) is a half-space. In fact, K(M) =
{q: y'q > 0} where y is an optimal strategy for the minimizer.

Proof of the lemma can be given using Kaplansky’s theorem and a “The-
orem of alternatives” { Theorem 5.1.6). We omit the details. ‘We continue
the proof of Theorem 5.2.3. We have shown that A € Q. and all the con-
ditions of Lemma 5.2.4 are satisfied. Consequently, K(A) = {g: 7'q > 0}.
For the second part, if x'g = 0, then Az + ¢ = 0 and this means Az +
§) + q = 0. In other words, LCP(g, A) has infinite number of solutions.
Cottle and Stone have shown in [8), that if A € P, and if A ¢ @ then
A € U and K(A) is a half-space. Since we are assuming |A| = 0 whenever
A € P, and all other principal minors are positive, it follows that A is
completely mixed with v(A) = 0. Hence Cottle and Stone’s result can be
rephrased as follows: If A € P, with |A| = 0, then A € U. Is the converse
true. that is, if A € U and if A is completely mixed with v(A4) = 0, then
can we say that A € P, 7 The answer is yes as the following theorem

shows,
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Theorem 5.2.5 Let A be a completely mized game with v(A) =0. Then

the following two are

(i) A € P, that is, detA = 0 and all other principal minors are positive.
(ii) A € U, that is, for every ¢ € interior of K(A), LCP(q,A) has a

unique solution.

Proof: Cottle and Stone have shown that (i) = (i), since (i) implies
that A € Q,\Q. We will show (ii) = (i). Since A is completely mixed
with v(A) = 0, it follows from Theorem 5.1.3 (iv), det4 = 0. To complete
the proof we need to show every proper principal minor of A is positive.
Proof of this depends heavily on Theorem 5.2.3. We will make use of the
same notation as in Theorem 5.2.3.

Since A € Q, and A € U, it follows (See Theorem 5.1.1) that A € P,.

Suppose a;; = 0. Consider,

z | 0
0 an ain
0 9z
+] T | =w
@n1  @Gn2 Gnn
0 | L an
Then,
R " 0
0 a2 ain 2z
. 92 .
] T =
Gni @nz -t @nn 0 |
L 2n

We can choose gz, . . . gn, large enough with 7¢q > 0, where g = (0,g2,...,¢a)"
Clearly, such a g € interior of K(A) = interior of {g : w'q > 0} and

LCP(g, A) will have two solutions contradicting our hypothesis. namely

A € U. Hence, we conclude a;; > 0 for every i. We will now show that
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an a2

2 x 2 principal minors are positive. Suppose = 0.
an @22
. an a2 t
Also there exist ;, t; (reals) not both zero such that =
an  ax 121
an ez 1 1
0. Choose ¢, and g; so that + i = 0.
az @z 1 92

We can choose ga, .. ., ga so large satisfying (1) 7'q > 0 and (2) LCP(q, A)
has at least two solutions namely(1,1,0...,0) and (1+1¢;,1+¢2,0...,0).
This leads to a contradiction to the hypothesis, namely A € U. Thus,
every 2 x 2 principal minors are positive. We can continue this process for
every k x k principal minor with £ <n — 1. Thus A € P,. ]
Let E. denote the class of all square matrices A with the property, LCP(q, A)
has a unique solution for every non-zero non-negative vector g and LCP(0, A)
has at least two solutions. Danao attributes the following conjecture to
Cottle. Let A € P, N R"*". Then A € E. if and only if A € P,\Q. One
can verify that if A € P,\Q, then A € E. (See Danao[10]). Converse is
not true as the following example shows. In other words, A € E. N P,
need not imply A € P,.
‘We now give an example of a matrix A with the following property.
A € P,n E. but A¢ U and consequently by Theorem 5.2.5, A ¢ P,.
Example 5.2.6 Let

1 1 -1 -1

11 -2 0

1 2 1 -4

A=

-3 -4 2 5
Here K(A) = {¢ = (41,92,93,94) * 1 + ¢2 + 95 + ¢4 2 O}
Let go = (—4,~4,20,100). Then go € interior of A'(A). LCP(go,A) has
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(at least) two solutions namely z! = (4,0,0,0)" and z* = (0,4,0.0)" with
Az’ +¢° > 0 and z'(Az* + go) = O for i = 1,2. Thus A ¢ U. Also
observe that column sums and row sums are zero. Rank of A is 3. Thus
invoking Theorem 5.2.5, we infer A ¢ P,. It is also not hard to check that
A€ E.NP,.

We will end this section by another nice application of Theorem 5.1.3.
Recall that A € R™™" is said to be an £ matrix if LCP(g,A) has a
unique solution for every positive vector ¢ € R™. This implies and is
implied by the fact that v(Asq) > 0 for every nonempty index set o C #
(see [9]).

Theorem 5.2.7 Let A € R"*™. Then the following two conditions are
equivalent.

(i)A € Eg.

(ii)At € Eo.

Proof: (i) = (ii). Let A € Ep then v(Asa) = 0Va. It is enough to
show that ¥(Asa') > 0Va. We prove this by induction on n. If n = 1,
the result is immediate. So, we will assume the result to be true for all
o with cardinality of @ < n — 1. That is, we have »(Aas) > OVa and
v(AL,) 2 0V with |a| < n—1. We need to show that v(At) > 0. Suppose
v(A') < 0. It means the game A' is completely mixed and consequently
v(A') = v(A) < 0 leading to a contradiction. Hence A! € Eq.

Proof of (ii) = (i) follows from the fact that (A*)* = A. [ ]

In the next section we will indicate the importance of LCP in stochastic

game theory.
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5.3 LCP in stochastic Game Theory

When Nash introduced the concept of equilibrium points for noncoopera-
tive games [40], one of the major open problems in the bimatrix games was
to compute the equilibrium points. Original proof by Nash is existential
in nature and it uses either Brouwer’s fixed point theorem or Kakutani’s
fixed point theorem. It was Lemke and Howson who gave a remarkable
(finite) algorithm to get an equilibrium point for bimatrix games. His-
torically, LCP was conceived as a unifying formulation for the linear and
quadratic programming problems as well for the bimatrix game. A rich
account of LCP dealing with bimatrix games in all its depth is discussed
in the excellent monograph by Cottle, Pang and Stone (9].

Since we do not make any original contributions with reference to stochas-
tic games, we will briefly discuss the recent works of Mohan, Neogy and
Parthasarathy [27, 28]. We now introduce the notion of polystochastic
games.

A polystochastic game is defined by the objects,
(N,5,Ni(s), Aij(s), q(t/s,an), for s€S. i#j, i,j€N).

Here, N = {1,2,...n} denotes the set of players, § = {1,2,...n} de-

notes the states of a system , N;(s) stands for the actions available to
player i in state s, the matrix A;;(s) denotes the matrix of partial costs
incurred by player i depending on the actions of players ¢ and j, i # j
and g¢(t/s,an) is the probability that the game moves to state ¢ given the
game is played in state s and player n chooses action a, € Nn(s). Suppose
7:(s) denotes the vector of probabilities over N;(s) used by player i. Then
the total expected cost incurred by player i on any given day is given by

7,08)(T g Ais(8)z,(s)). Here prime refers to the transpose. Suppose the
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game is played over the infinite horizon. Let f; = {z:i(s) : s € 5) be a
sequence of mixed strategies played by player i. Such strategies fi are
called stationary strategies.

We will consider two pay-off criteria. They are,

(i) 8-discounted pay-off and

(ii) undiscounted pay-off.

(i) 8- discounted pay-off : For the n players, 8 discounted pay-off vector
is given by where 8 € [0,1),

B far fa) = 308°Q7 (A1 fos- - udes
=
where ¢ stands for the cost vector, (fi, fz,-.- fa) for the strategies used
by the n players, Q° = I (Identity matrix) Q" = @ x @ x - - x @ (product
of @ taken r times) and Q is the Markov matrix whose (1.s)th element
given fi. fa.- - fn is given by g(t/s. fa(s)) [ These are one player controlled

transitions. We assume nth player controls the transition probabilities ].

(ii) Undiscounted pay-off : For the ith player’s pay-off is given by

SN f2 a1 = Q€.

where Q = limiao(} 5, Q') and ¢ is the cost vector.

Objective: Every player wants to minimize his cost.

Call (/5. f2) an equilibrium point if

IS S5 TS < TMALSE () ¥ fiand s, (3.3.1)
DU S5 fs) T fo - 50s) ¥ frand s, (52

2

In

6



(5.3.3)

I3 S5 fadsy < I3UA.---fao1, fa)(s) YV fa and s(5.34)

A similar definition can be given for the undiscounted case.

Existence of equilibrium points is known. See [55. 14}. Is it possible to give
an efficient algorithm to get an equilibrium point to polystochastic games?
It was shown recently that indeed one can compute an equilibrium point
through Lemke-type algorithm. The details can be found in [27, 28]. In
the case of undiscounted pay-off, we are able o give Lemke-type algorithm
under the additional assumption that the transition probability matrix is
irreducible. The general problem remains open.

For references on stochastic games, see [41, 44, 46, 27, 28].
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