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Chapter 1

Introduction

Polynomials play a central role in number theory, algebra, arithmetic dynamics and

related areas due to their fundamental connection with field extensions, factorization,

Diophantine problems, etc. It’s algebraic properties like irreducibility, stability, Galois

group, monogenity are well studied and there are a lot of interesting problems in the

area. Although it is known that almost all the polynomials with integer coefficients

are irreducible, proving it even for a certain families remains a challenging problem. In

this thesis, we start by considering the irreducibility of a family of truncated binomial

polynomials.

1.1 Irreducibility

A non-zero polynomial f(x) with integer coefficients is defined as irreducible over Z if it

is not possible to express it as the product of two non-constant polynomials with integer

coefficients. We start this chapter by defining truncated binomial polynomial.

Definition 1.1.1. For positive integers n ≥ m ≥ 2, the truncated binomial polynomial

of degree m is defined to be the truncation of (1 + x)n at mth stage i.e.,

Pn,m(x) :=

m∑
j=0

(
n

j

)
xj =

(
n

0

)
+

(
n

1

)
x +

(
n

2

)
x2 + · · · +

(
n

m

)
xm.
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In an investigation of the Schubert calculus on Grassmannians, Scherbak [90] proved

and used the property that the roots of Pn,m(x) are simple. Note that, for n = m,

we have Pm,m(x) = (1 + x)m which is clearly reducible and for n = m + 1, we have

Pm+1,m(x) = (1 + x)m+1 − xm+1, which is irreducible over Q iff m + 1 is prime (by

Eisenstein’s criterion).

Theorem 1.1.2 (Eisenstein’s Criterion). For a prime p, let f(x) = anx
n + · · · + a1x +

a0 ∈ Z[x] be a polynomial such that p does not divide the leading coefficient an, p
2 ∤ a0

and for all i in the range 0 ≤ i < n, p | ai, then the polynomial f(x) is irreducible over

Q. We sometimes call such a polynomial to be p-Eisenstein polynomial.

In [35], Filaseta, Kumchev and Pasechnik considered the irreducibility of Pn,m(x)

over rationals. They computationally verified the irreducibility of Pn,m(x) for integers

n,m with 2 ≤ m ≤ n−2 ≤ 98 and conjectured that Pn,m(x) is irreducible for all positive

integers n,m satisfying 2 ≤ m ≤ n− 2.

For m = 2, the discriminant of Pn,m(x) is negative whenever n ≥ m = 2 and hence is

irreducible over Q. In [26, Theorem 1.1], Dubickas and Šiurys proved the irreducibility

over Q of above polynomial for m ≤ 6 and n ≥ m + 2. In [67], Khanduja, Khassa and

Laishram proved the irreducibility of Pn,m(x) for all n,m such that 2 ≤ 2m ≤ n <

(m + 1)3.

In a joint work with Laishram [76], we extend the result of [67] and prove the following

irreducibility result.

Theorem 1. [76, Theorem 1.1] Suppose m is a positive integer and n is an integer in

the range 2m ≤ n < (m + 1)10. Then the polynomial Pn,m(x) is irreducible over Q.

The proof of the above theorem is given in Section 2.2. Thus for m,n, r with 2m ≤

n < (m + 1)r+1 and r ≤ 9, the polynomial Pn,m(x) is irreducible. We note here that

the proof of Theorem 1 is quite general in nature and with extra computation it can be

extended to a higher value of r. However we cannot prove the irreducibility of Pn,m(x)

for all n,m and hence we stop at r = 9. Further for r ≥ 10, we prove the following

finiteness result.
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Theorem 2. [76, Theorem 1.2] Let m,n, r ∈ Z>0 be such that 2m ≤ n < (m + 1)r+1

and r ≥ 10. If m ≥ max{106, r
3

2 } then the polynomial Pn,m(x) is either irreducible over

the field of rationals Q or it contains a factor of whose degree is given by im
j

(
≤ m

2

)
for

some 1 ≤ i ≤
[
r+1
2

]
, j ≤ r. Furthermore, if m ≥ max{106, 2r3} then the polynomial

Pn,m(x) is irreducible over Q.

The proof of the above theorem is given in Section 2.3. Here we would like to point

that the arguments used in the proof of [58, Theorem 1.2] are incomplete the deduction

that “there exists a term n− lj with 0 ≤ lj < k such that vp1(n− lj) = e′′(≤ e) for some

prime p1 > k and lj /∈ St(e
′′) is not correct” and hence the proofs of [58, Theorems 1.1

and 1.2] are not complete.

For a fixed integer r ≥ 10, Theorem 2 provides an explicit value of m after which

Pn,m(x) is irreducible. Another aspect one can look at is finding the lower bound on n

when m is fixed. In [35], Filaseta et al. showed that for a fixed integer m ≥ 3, there

exists an integer n0 = n0(m) depending only on m such that Pn,m(x) is irreducible over

Q for all n ≥ n0. However their result was ineffective. In Theorem 3, we use Baker’s

explicit abc-conjecture to provide an explicit value of n0(m) for a fixed integer m.

Theorem 3. [76, Theorem 1.3] Assume Baker’s explicit abc-conjecture (Conjecture

1.1.3). For a fixed integer m ≥ 7, if n ≥ 2.718513.5m + 3 then the polynomial Pn,m(x) is

irreducible over Q.

The proof of the above theorem is given in Section 2.4. Here, Baker’s explicit abc-

conjecture, proposed by A. Baker [1] in 2004, is an explicit version of the well known

abc-conjecture stated as follows:

Conjecture 1.1.3 (Baker’s explicit abc-conjecture [1]). Suppose a, b and c are pairwise

coprime positive integers such that a + b = c. Then

c <
6

5
R

(logR)ω

ω!

where R = R(abc) =
∏

p|abc p is the radical of abc and ω = ω(R) is the number of distinct

prime factors of R.
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Definition 1.1.4. Consider a polynomial f(x) ∈ Z[x] with degree n. Let α1, α2, . . . , αn

be all of its roots in the complex numbers C. The field K = Q(α1, α2, . . . , αn), obtained

by adjoining all the roots of f(x) to the field of rational numbers Q, is termed the

“splitting field of f(x) over Q”. The “Galois group of f(x)” is then defined as the set

of all automorphisms of this splitting field K that leave every element of Q unchanged.

Next we consider the problem of determining the Galois group of the polynomial

Pn,m(x). Filaseta and Moy in [36, Theorem 1] proved that for any integer m ≥ 2 with

m ̸= 6, there exists an integer n1(m) that depends only on m. This integer has the

property that for all n ≥ n1(m), the Galois group associated to Pn,m(x) over Q is the

symmetric group Sm. In [71], Klahn and Technau established the statement for m = 6.

However, in both cases the proof was ineffective. Using Baker’s explicit abc-conjecture,

we provide an explicit value of n1(m) for a fixed integer m in the following theorem.

Theorem 4. [76, Theorem 1.4] Assume Baker’s explicit abc-conjecture (Conjecture

1.1.3). For a fixed integer m ≥ 10, if n ≥ 2.718513.5m + m
2 − 1 then the Galois group of

the polynomial Pn,m(x− 1) (and hence of Pn,m(x)) is the symmetric group Sm.

The proof of the above theorem is given in Section 2.4. Proof of Theorems 1, 2, 3

and 4 are published in [76] and are given in Chapter 2 of this thesis. The proofs are

based on idea of Newton polygon with respect to prime p and exploitation of large prime

divisors of consecutive integers. To define Newton polygon with respect to p, we first

need to understand the concept of p-adic valuation.

Fix a prime number p. For a non-zero integer n, vp(n) will denote the p-adic valuation

of n which is defined to be the largest power of p dividing n. We set the convention

vp(0) = ∞ for all prime p. This p-adic valuation can be easily extended to the set of

rational numbers. Let a
b ∈ Q be in it lowest form then we define vp(

a
b ) = vp(a) − vp(b).

Definition 1.1.5. Suppose f(x) =
∑e

i=0 aix
i is a polynomial with rational coefficient

such that f(0) ̸= 0. The “Newton polygon of f with respect to a prime p, denoted by

NPp(f), is the polygonal path formed by the lower edges along the convex hull in R2 of

the points (e− i, vp(ai)) for 0 ≤ i ≤ e.”

4



Newton polygons, named after Isaac Newton, have proven to be an indispensable

tool in the study of polynomials. They have numerous applications, including analyzing

the factors of a polynomial, studying the Galois group of a polynomial, computing the

discriminant of a number field, examining the monogenity and integral basis of number

fields, and understanding the splitting of a rational prime in a number field, etc. These

applications have attracted significant attention in recent years (cf. [21], [30] [33], [34],

[37], [43], [44], [53], [68], [76]–[81]).

Newton initially introduced polygons to study complex curves of two variables, which

eventually led to the development of what is now known as the Puiseux series of a curve

(cf. [13] for details). This method also applies to polynomials in one variable by looking

at their various g-adic expansions. A significant theory in this regard was developed

by Ore [85] nearly a century ago. In his 1923 Ph.D. thesis and a series of subsequent

papers, Ore extended the arithmetic applications of Newton polygons (cf. [84], [85]).

Consider a monic irreducible polynomial f(x) with integer coefficients. Let p be a

rational prime and K be the number field obtained by adjoining a root θ of f(x) to Q.

Under a certain p-regularity condition, Ore provided a constructive method to determine

the prime ideal decomposition of p in K, the p-adic valuation of the index of the subgroup

Z[θ] in ZK , and the factorization of f over the field Qp of p-adic numbers. The prime

ideals are parameterized in terms of combinatorial data associated with different ϕ-

Newton polygons, where the polynomials ϕ(x) are monic lifts to Z[x] of the distinct

irreducible factors of f(x) modulo p.

To introduce the concept of the ϕ-Newton polygon, we first need to define the Gauss

valuation. This valuation serves as an extension of the p-adic valuation vp, which is

originally defined on the field of p-adic numbers Qp, to the field of rational functions in

an indeterminate x over Qp, denoted as Qp(x). For a polynomial f(x) = a0 + a1x +

a2x
2 + · · · + anx

n ∈ Qp[x], it is given by

vp,x(f) = min
0≤j≤n

{vp(aj)}.

Definition 1.1.6. Given a rational prime p, let ϕ(x) be a monic polynomial within Zp[x]

5



which is not reducible modulo p. Take a monic polynomial f(x) ∈ Zp[x] that is not a

multiple of ϕ(x). We can express f(x) in terms of powers of ϕ(x) as
∑n

i=0 ai(x)ϕ(x)i,

where the degree of each ai(x) is less than the degree of ϕ(x), and an(x) is non-zero. For

each index i from 0 to n where an−i(x) is not the zero polynomial, define a point Pi in

the plane with coordinates (i, vp,x(an−i(x))). If both an−i(x) and an−j(x) are non-zero,

let µij represent the slope of the line segment connecting Pi and Pj.

Let i1 be the largest positive integer, not exceeding n, such that the slope µ0i1 is the

minimum among all slopes µ0j where 0 < j ≤ n and an−j(x) ̸= 0. If i1 is less than n, let

i2 be the largest index satisfying i1 < i2 ≤ n for which µi1i2 is the minimum of all µi1j

where i1 < j ≤ n and an−j(x) ̸= 0. This process continues iteratively. The “ϕ-Newton

polygon of f(x)” is then defined as the sequence of connected line segments formed by

joining the points P0 to Pn through the sequence of indices 0 = i0 < i1 < · · · < ik = n.

These segments, known as the edges of the polygon, exhibit strictly increasing, non-

negative slopes due to the fact that f(x) is a monic polynomial with coefficients in Zp.

Ore proved a theorem on product. We use a weaker version of it which relates the

ϕ-Newton polygon of a polynomial f(x) ∈ Zp[x] with its factorization over Zp[x] (see

[20, Theorem 1.5], [68, Theorem 1.1]).

Theorem 1.1.7. Consider two monic polynomials f(x) and ϕ(x) within the polynomial

ring Zp[x], where p represents a rational prime. Assume that ϕ(x) remains irreducible

when considered modulo p. Additionally, suppose f(x) is not a multiple of ϕ(x), yet

its reduction modulo p, denoted as f(x), can be expressed as a power of the reduction

of ϕ(x), ϕ(x). If the ϕ-Newton polygon of f(x) relative to p exhibits t distinct edges,

labeled S1, . . . , St, with strictly increasing slopes λ1 < · · · < λt, then f(x) can be factored

into a product of t monic polynomials in Zp[x], say f1(x) · · · ft(x). Each factor fi(x)

will possess a degree equal to ℓi deg(ϕ(x)), and its corresponding ϕ-Newton polygon will

consist of a single edge, denoted as S′
i, which is a translation of the original edge Si.

Here, ℓi signifies the length of the projection of Si onto the horizontal axis.

Ore’s work has gained renewed interest in recent years (e.g., see [19], [78], [81]). In

[29], [43], [44], Guardia, Montes, and Nart extended Ore’s ideas and developed the theory

6



of higher-order Newton polygons as a powerful tool for computing discriminants, prime

ideal decomposition, and integral bases of number fields. In 2019, Kim and Miller [70]

employed this tool to compute an integral basis and find integral elements of small prime

power norm, ultimately establishing an upper bound for the class number. Using further

algebraic arguments, they deduced that the class number is 1. Notably, computing the

class number without assuming the Generalized Riemann Hypothesis (GRH) remains a

highly challenging problem.

In 1906, Dumas [27] considered Newton polygons with respect to a prime p of two

polynomials f(x), g(x) ∈ Q[x] and gave a beautiful idea to construct the Newton polygon

of the polynomial obtained by the product f(x)g(x). This result helped in obtaining

various results on the irreducibility of the polynomials. Further, with such a result,

one can easily predict the Newton polygon structure of the polynomial f(x)n (n-times

product) for any polynomials f(x) ∈ Q[x]. Dumas proved the following fundamental

result:

Theorem 1.1.8. [27, Dumas’ Theorem] Let p be a prime and g(x), h(x) ∈ Z[x] be poly-

nomials with non-zero constant terms. Suppose pr exactly divides the leading coefficient

of the product gh. Then NPp(gh) can be formed by drawing a polygonal path starting at

(0, r) and using the translates of the edges of NPp(g) and NPp(h) precisely once. The

translated edges are arranged to form a polygonal path with increasing slopes.

It is, therefore, natural to ask the following questions: Given a polynomial g, how does

the Newton polygon of g ◦f change as f varies? Can we describe families of polynomials

that, when composed with g, preserve key features (such as segments and slopes) of the

Newton polygon?

In a joint work with Jakhar, Laishram and Srinivas [56], we attempt to answer the

above questions. Our main result provides a clear method to construct the Newton

polygon of g ◦ f from the structure of the Newton polygons of g and f , where both g

and f can have Newton polygons with multiple segments. Specifically, this construction

works under the condition that the slopes of the Newton polygon of g are not excessively

steep, or the p-adic valuation of the constant term of g is bounded relative to the slope

of its first edge. Composition with a polynomial f has the effect of “stretching” the

7



Newton polygon of g horizontally by a factor of deg f . This transformation preserves

the number of segments in the Newton polygon and adjusts the slopes in a predictable

manner. In particular, we prove Theorems 5 and 7.

We now state our main result in this direction which is proved in Section 3.2.

Theorem 5. [56, Theorem 1.2] Let p be a prime number and let g(x) = bex
e+be−1x

e−1+

· · · + b0, where b0 ̸= 0, be a polynomial of degree e with rational coefficients such that

vp(be) = 0 and p divides bi for 0 ≤ i ≤ e− 1. Let m0,m1, . . . ,mt−1,mt be integers such

that the successive vertices of the Newton polygon of g(x) with respect to p are given by

the set

{(0, 0), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))},

with m0 = e, mt = 0, and λi =
vp(bmi )−vp(bmi−1 )

mi−1−mi
, for 1 ≤ i ≤ t.

Let f(x) = adx
d + · · · + a0 ∈ Q[x] be such that νp(ad) = 0. Assume that the slope λ

of the first edge of the Newton polygon of f(x) with respect to p is greater than or equal

to λ1. If one of the following conditions holds:

(i) vp(b0) < λ1(d + e− 1),

(ii) vp(b0) = λ1(d + e− 1) with vp(f(0)) > dλ or λ > λ1,

then for any positive integer n, the successive vertices of the Newton polygon of the

composition g(fn(x)) with respect to p are given by the set

{(0, 0), (dn(e−m1), vp(bm1)), . . . , (dn(e−mt−1), vp(bmt−1)), (dne, vp(b0))},

where fn(x) denotes the n-th iterate of the polynomial f(x).

The proof of the above theorem is given in Section 3.2.

Remark. As highlighted in [56], we point out that the condition vp(be) = 0 in Theorem

5 is redundant. Suppose vp(be) ̸= 0, and replace assumption (i) of Theorem 5 with the

condition vp(b0)− vp(be) < λ1(d+ e− 1). Define the polynomial g1(x) = p−vp(be)g(x). It

is straightforward to verify that vp(g1(0)) = vp(b0)−vp(be) < λ1(d+e−1), which satisfies

8



the conditions of Theorem 5. We can then apply Theorem 5 to g1(x) and determine the

Newton polygon structure of the composition (g1 ◦ fn)(x). This, in turn, provides the

Newton polygon of g(fn(x)) = pvp(be)g1(f
n(x)) for all n ≥ 0.

For a polynomial f(x) ∈ Q[x], the following result about the Newton polygon struc-

ture of fn follows as a immediate consequence of the above theorem.

Theorem 6. Let p be a prime, and let f(x) = adx
d+· · ·+a1x+a0 ∈ Q[x] be a polynomial

of degree d with a0 ̸= 0 and νp(ai) > 0 for all 0 ≤ i < d. Let m1 > · · · > mt−1 be positive

integers such that the successive vertices of NPp(f) are given by the set

{(0, 0), (d−m1, vp(am1)), . . . , (d−mt−1, vp(amt−1)), (d, vp(a0))}.

If νp(a0) ≤
vp(am1 )
d−m1

(2d− 1), then for n ≥ 1, the successive vertices of NPp(f
n) are given

by the set {(0, 0), (dn−1(d−m1), vp(am1)), . . . , (dn−1(d−mt−1), vp(amt−1)), (dn, vp(a0))}.

Let p be a prime and f(x) = adx
d +ad−1x

d−1 + · · ·+a0 ∈ Q[x]. For an integer r ≥ 1,

we say f(x) is pr-pure, if vp(ad) = 0, vp(a0) = r, and
vp(ai)
d−i ≥ r

d for all 0 < i < d.

Note that in Theorem 5, if g(x) has a single edge then condition (i) is always satisfied.

Consequently, the main result of [22] can be derived as a corollary of Theorem 5 combined

with Dumas’ Theorem.

Corollary 1.1.9. [22] Consider a polynomial f(x) ∈ Q[x] that is pr-pure and has degree

d. Then, for any positive integer n ≥ 1, the n-th iteration of f , denoted by fn(x),

possesses at most gcd(dn, r) irreducible factors over the field of rational numbers Q.

Moreover, each of these irreducible factors has a degree that is at least dn

gcd(dn,r) .

A pr-pure polynomial f of degree d is said to be pr-Dumas if gcd(r, d) = 1. The

following corollary regarding pr-Dumas polynomials is an immediate consequence of

Corollary 1.1.9.

Corollary 1.1.10. [22] Let f(x) ∈ Q[x] be a pr-Dumas polynomial of degree d. Then,

for every positive integer n ≥ 1, the n-th iteration of f , denoted by fn(x), remains

irreducible over the field of rational numbers Q.
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Note that the application of Theorem 5 relies on the condition that all edges of

NPp(g) have positive slopes. Our next result extends this stretching property of the

Newton polygon to cases where the edges can have negative slopes, provided some dis-

tinct restrictions are imposed on the polynomial f . We prove the following result.

Theorem 7. [56, Theorem 1.5] Let p be a prime number, and let g(x) = bex
e +

be−1x
e−1 + · · ·+ b0 with b0 ̸= 0 be a polynomial of degree e with rational coefficients. Let

m0,m1, . . . ,mt−1,mt be integers such that the successive vertices of the Newton polygon

of g(x) with respect to p are given by the set

{(0, vp(be)), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))},

with m0 = e, mt = 0, and λi =
vp(bmi )−vp(bmi−1 )

mi−1−mi
, for 1 ≤ i ≤ t.

Let u be an integer such that u > |λj | for all j ∈ {1, 2, . . . , t}. Suppose f(x) =

adx
d+· · ·+a1x+a0 is a polynomial of degree d such that vp(ad) = 0 and vp(ai) ≥ u

β (d−i)

for all i ∈ {0, 1, 2, . . . , d}, where β ≤ d is a positive integer coprime to u. Then, the

successive vertices of the Newton polygon of the composition g(f(x)) with respect to p

are given by the set

{(0, vp(be)), (d(e−m1), vp(bm1)), . . . , (d(e−mt−1), vp(bmt−1)), (de, vp(b0))}.

The proof of the above theorem is given in Section 3.3. The following corollary follows

as a direct consequence of Theorem 7.

Corollary 1.1.11. [56] Under the notations and assumptions of Theorem 7, the suc-

cessive vertices of the Newton polygon of (g ◦ fn)(x) with respect to p are given by the

set

{(0, vp(be)), (d
n(e−m1), vp(bm1)), . . . , (dn(e−mt−1), vp(bmt−1)), (dne, vp(b0))}.
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Let m be a positive integer, and let b0, b1, . . . , bm denote arbitrary integers such that

|b0| = |bm| = 1. A Schur polynomial of degree m, denoted by Gm, is defined as:

Gm(x) = b0 + b1x + b2
x2

2!
+ · · · + bm

xm

m!
.

It is well known that Gm is irreducible for all m (see [92], [33, Theorem 2]).

In the special case where bi = 1 for all i, 0 ≤ i ≤ m, Gm becomes the truncated

exponential polynomial Em. An independent proof of the irreducibility of truncated

exponential polynomials using Newton polygons was given by Coleman in 1987 (cf.

[21]).

In Section 3.5.1, we prove the following result, which demonstrates how Theorem

7 can be utilized to construct a large family of polynomials f that are dynamically

irreducible at Schur polynomials, and consequently, at truncated exponential polynomials,

irrespective of whether these polynomials are irreducible themselves.

Theorem 8. [56, Theorem 1.9] Fix m ≥ 1 and let Gm(x) be the Schur polynomial of

degree m. Let f(x) ∈ Q[x] be a polynomial of degree d with leading coefficient ad such

that vp(ad) = 0 and f(x) ≡ adx
d (mod p). If d is coprime to m! and gcd(bi,m) = 1 for

all 0 < i < m, then f is dynamically irreducible at Gm.

The proof of the above theorem is given in Section 3.5.1. The subsequent corollary arises

directly as a result of Theorem 8.

Corollary 1.1.12. Suppose f(x) is as given in Theorem 8, and let Em denote the trun-

cated exponential polynomial of degree m. If d is coprime to m!, then f is dynamically

irreducible at Em.

In Section 3.5.2, we use Theorem 5 to construct an iterative family of non-monogenic

polynomials. The Section 3.5.3 applies Theorems 5 and 7 to analyze the number of

irreducible factors and their degrees in the iterates of certain polynomials. Finally,

in Section 3.5.4, we present a family of examples that satisfy Sookdeo’s Conjecture,

showcasing an application of Theorems 5 and 7.
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In 2024, Gajek-Leonard and Tomer [41] proved an interesting result regarding the

Newton polygon of composition of polynomials, which can be deduced as an easy corol-

lary of Theorem 7.

Corollary 1.1.13. [41, Theorem 1.1] Let f(x) ∈ Q[x] be a polynomial. Consider a

polynomial g(x) and its Newton polygon constructed with respect to a prime number p.

Assume that this Newton polygon is composed of t distinct segments, and the slopes of

these segments are ordered such that λ1 < · · · < λt. If f(x) is pr-pure and |λi| < r

for all 1 ≤ i ≤ t, then the Newton polygon of (g ◦ f)(x) has t segments with slopes

λ1
deg f < · · · < λt

deg f .

A degree d polynomial f(x) with rational coefficients, is termed stable (or dynamically

irreducible) over Q if fn(x) (n-th iteration of f) is irreducible over Q for all n ≥ 1. It

is said to be eventually stable if there exists a constant Cf that depends only on the

polynomial f itself, such that the number of irreducible factors of fn(x) is bounded by

Cf . One can easily note that a stable polynomial f is eventually stable with Cf = 1.

The advantage eventual stability has over stability is that, the property easily carriers

over to any finite extension of Q as illustrated in example below.

Example 1.1.14. Let f(x) = x2 − 2, then it is well known that all the iterates fn(x)

are irreducible over Q (cf. Corollary 1.1.10) i.e., f is stable over Q. But f is not stable

over Q(
√

2). Further, f is eventually stable over both Q as well as Q(
√

2).

The structures of Newton polygons obtained in Theorems 5 and 7 establishes stability

and eventual stability for a large class of polynomials, which is a central theme in

the arithmetic of dynamical systems. Eventual stability has been pivotal in proving

Sookdeo’s conjecture [97], finite-index results for arboreal representations (see [12, 11]).

It also has a lot of applications in preimage curves and arboreal Galois representations,

as detailed in [65, Section 3].

Our next result which we prove in Section 3.4, establishes eventual stability to a

broader class of polynomials compared to Theorems 5 and 7, although it does not pro-

vide explicit details about the Newton polygon structure or the number and degrees of

irreducible factors of fn(x) that Theorems 5, 7 offer.

12



Theorem 9. [56, Theorem 1.8] Let p be a prime, and let f(x) = adx
d + ad−1x

d−1 +

· · · + a1x + a0, a0 ̸= 0 be a polynomial of degree d with rational coefficients such that

vp(ai) > 0 for all i, 0 ≤ i < d, and vp(ad) = 0. Then fn(x) is eventually stable over Q.

The proof of the above theorem is given in Section 3.4. Proof of Theorems 5, 6, 7, 8

and 9 are published in [56] and are given in Chapter 3 of this thesis. For a polynomial

g(x) ∈ Q[x], we say f is dynamically irreducible at g if g ◦ fn is irreducible for all n ≥ 0.

Jones [64] proved an interesting result connecting stability with the sequence in forward

orbit.

Lemma 1.1.15. [64, Proposition 4.2] Let K be a field whose characteristic is not equal

to 2. Consider two monic polynomials f(x) and g(x) that are elements of the polynomial

ring K[x], and assume that f(x) has degree 2. Let γ be a critical point of f . If none of

the element

{(−1)deg gg(f(γ))} ∪ {g(fn(γ)) : n ≥ 2}

is a square in K, then f is dynamically irreducible at g.

From the above result, it is clear that a better understading of the sequence (g(fn(γ)))

can lead to the stability of the sequence of polynomial g ◦ fn. Let A = (a1, a2, . . .) be a

sequence of integers. For a sequence A, we define a term an to have a primitive prime

divisor if there exists a prime number p that divides an (i.e., p | an) but does not divide

any preceding term am in the sequence, where 1 ≤ m < n (i.e., p ∤ am).

Definition 1.1.16. Consider the sequence of integers A = (a1, a2, . . .). The set

Z(A) = {n ≥ 1 : an does not have a primitive prime divisor},

is called the Zsigmondy set of the integer sequence A.

The first question that one asks about the Zsigmondy set of a sequence is whether

it is finite and this question has received a lot of attention. Bang [2] (for b = 1) and

Zsigmondy [100] proved that for any co-prime integers a > b > 0, Z(an − bn) is a

finite set. Further, this result was extended to more general binary linear recurrence
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sequences. In fact, following the works of Carmichael [15], Schinzel [91], Stewart [98]

and Voutier [99], finally Bilu, Hanrot and Voutier [6] proved that Z(A) is a finite set for

any non-trivial Lucas or Lehmer sequence of integers A.

Assuming that the Zsigmondy sets under consideration are finite, it is natural to

ask for explicit bounds for #Z(A) and maxZ(A). For instance, Zsigmondy’s original

theorem shows that for integers a > b > 0, we have maxZ(an−bn) ≤ 6 and in particular

maxZ(2n − 1) = 6. Also, the deep result of Bilu et al., [6] shows that maxZ(U) ≤ 30

for any non-trivial Lucas or Lehmer sequence of integers U .

The questions related to Zsigmondy set have been also studied for non-linear recur-

rences sequences. For example, Silverman [93] first showed that Zsigmondy set is finite

for a elliptic divisibility sequence, but gave no effective bound for the largest element

in the Zsigmondy set. Later for some special elliptic curves, a uniform bound for the

largest element in the Zsigmondy set was obtained (see [31, 50]).

Recently, several authors explored the subject of primitive divisors in recurrence

sequences generated by the iteration of nonlinear polynomials and rational functions.

For a set S endowed with self map f and for α ∈ S, we define the forward orbit by

O+
f (α) := {fm(α) | m ∈ N}.

We say that a point α in S is preperiodic if fm+n(α) = fm(α) for some n ≥ 1 and

m ≥ 0. In an equivalent manner, an element α is termed preperiodic iff its forward orbit

under the action of f , denoted by O+
f (α), constitutes a finite set. A non preperiodic

point, i.e., point with infinite f -orbit, is called a wandering point. For a polynomial f ,

the Zsigmondy set of the sequence (fn(α))n≥1 is defined by

Z(f, α) = {n ≥ 1 : fn(α) does not have a primitive prime divisor}.

In this direction, Rice [88] first proved that for a monic polynomial f(x) ∈ Z[x], f(x) ̸=

xd, if 0 is a preperiodic of f and α ∈ Z has infinite orbit, then Z(f, α) is finite. Ingram

and Silverman [52] later generalized this result to arbitrary rational maps over number
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fields. In fact, they proved that for any rational function f(x) ∈ Q(x) of degree d ≥ 2

with f(0) = 0 and order of vanishing of f at x = 0 is not d, if α has infinite orbit,

writing fn(α) = An
Bn

∈ Q in lowest terms, the Zsigmondy set Z((An)n≥0) is finite.

Their proof, relies on Roth’s theorem and does not provide an effective upper bound for

maxZ((An)n≥0).

Hereafter, by Z(f, 0) we denote the Zsigmondy set for the sequence defined by the

numerators of fn(0). In [25], Doerksen and Haensch explicitly characterized the Zsig-

mondy set Z(f, 0) for the polynomial f(x) = xd + c of degree d ≥ 2 with c ∈ Z and

Of (0) infinite. In fact, they proved that maxZ(f, 0) ≤ 2 if c = ±1 and Z(f, 0) is empty

for all other c ∈ Z. Krieger [72] considered the Zsigmondy set for such f when c ∈ Q

and showed that #Z(f, 0) ≤ 23. Recently, Ren [87] further generalized the result of

Krieger for more general polynomials which are not necessarily monic nor integer poly-

nomial. The main result of [87] asserts that for every polynomial f ∈ Q[x] of degree

d ≥ 2 with a critical point u ∈ Q there is a constant Mf > 0, depending only on f (and

not on c ∈ Q), such that #Z(fc, u) ≤ Mf for every c satisfying certain condition where

fc(x) = f(x) + c. For other related results in this direction, we refer to [80, 17, 42].

In a joint work with Rout and Laishram [74], we study the question of the existence

of an effective bound on the largest element of Z(f, 0), and also finding a uniform bound

on the largest element of the Zsigmondy set for some class of rational polynomials. To

state our result, let

f(x) = adx
d + · · · + a1x + a0,with ai ∈ Q, ad ̸= 0, and a1 = 0. (1.1)
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As defined in [74], let P±, N± and n± be defined as:

P+ = {0 ≤ i ≤ d : ai = 0 or sgn(ai) = sgn(ad)}

P− = {0 ≤ i ≤ d : ai = 0 or sgn((−1)iai) = sgn((−1)dad)}

N± = (P±)c (complement of P± in {0,1,2, . . . ,d})

n± =


max{1,max{i : i ∈ N±}} if N± ̸= ∅

1 if N± = ∅

(1.2)

where sgn(a) = a/|a| for any real number a ̸= 0. Let x be such that |x| ≥ 1 and satisfies

∑
n+<i≤d

|ai||x|i−n+ ≥

∑
i∈N+

|ai|

+ 1 and
∑

n−<i≤d

|ai||x|i−n− ≥

∑
i∈N−

|ai|

+ 1

(1.3)

for both the sets N+ and N−. Then our main result is the following.

Theorem 10. [74, Theorem 1.1] Let f(x) ∈ Q[x] be a polynomial of degree d ≥ 2 as in

(1.1) with |a0| ≥ 1. Let ĥf be the associated canonical height. Further assume that a0

satisfies inequality (1.3). If n ∈ Z(f, 0), then

n ≤ 2

log d
log

(
dC

(d− 1)ĥf (a0)

)
+ 2 (1.4)

where C ≥
∑

v∈VK
logCv and Cv is the associated constant in Remark 4.1.9.

The proof of the above theorem is given in Section 4.2. The method used in proving the

theorem are inspired by the work of Krieger [72]. We would like to point out that the

upper bound on Z(f, 0) for polynomials of type (1.1) is enough for the upper bound on

Zsigmondy set Z(g, γ) of the sequence (gn(γ) − γ)n≥1 for any polynomial g(x) ∈ Q[x]

with a critical point γ ∈ Q. Define a polynomial f(x) = g(x+γ)−γ, a simple calculation

will yield that linear term of f is zero and gn(γ)−γ = fn(0), for all n ∈ N. The following

result of Krieger [72, Proposition 5.3] can be easily seen as a corollary of Theorem 10

(see Subsection 4.2.1).
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Corollary 1.1.17. [72] For d ≥ 3, suppose f(x) = xd + c ∈ Q[x] is such that c ∈ Q\Z

and |c| > 2
d

d−1 , then Z(f, 0) = ∅.

Proof of the above corollary is given in Section 4.2.1. Next, we apply Theorem 10

to provide an explicit and uniform bound on the Zsigmondy set for the orbit of 0 of

polynomials f(x) = xd + xe + c ∈ Q[x] where d > e ≥ 2. In particular, we prove the

following result.

Theorem 11. [74, Theorem 1.3] For d > e ≥ 2, suppose f(x) = xd + xe + c ∈ Q[x] is

such that c = a
b ∈ Q and |c| > 2. If n ∈ Z(f, 0), then n ≤ 6.

The proof of the above theorem is given in Section 4.3. In Theorem 10, we have taken

c to be rational which are not integers, because the case for an integer c has been solved

by Shokri [80]. In Section 4.4, we use the method similar to those used by Krieger [72]

to obtain the upper bound of Z(f, 0) when |c| < 2 with certain assumptions on parity

of d and e.

Zsigmondy questions of this type also connect to broader problems in number theory

and arithmetic dynamics. In 2013, assuming the abc-conjecture, Gratton, Nguyen and

Tucker [42] proved the finiteness of Zsigmondy set for the numerator sequence of infinite

orbit under rational iteration. Silverman and Voloch [96] used Zsigmondy results of

Ingram and Silverman [52] to prove that there is no dynamical Brauer-Manin obstruction

for dimension 0 subvarieties under morphisms ϕ between projective number field of

degree at least 2, whereas Faber and Voloch [32], have used the Zsigmondy results of

[52] in studying the nonarchimedean convergence of Newton’s method.

1.2 Monogenity

Consider a number field K, and let ZK denote the ring of algebraic integers in K. A clas-

sical question in algebraic number theory is to determine whether K is monogenic—that

is, whether there exists an element ξ ∈ ZK such that the set {1, ξ, . . . , ξn−1} forms an in-

tegral basis of ZK . The problem of an arithmetic characterization of monogenic number

fields was raised by Hasse [48] in 1960. Extensive literature exists on monogenic fields.
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Dedekind [23] provided the first example of a non-monogenic number field. Gaál’s [38]

book provides some classification of monogenity in lower degree number fields using in-

dex form equation (cf. [38]). Recently, Bhargava, Shankar, and Wang [5] established

that the density of monic irreducible polynomials f(x) ∈ Z[x], such that a root θ of f(x)

yields a power basis for the ring of algebraic integers of Q(θ), is approximately 30.71%.

The aim over here, is to provide an infinite family of monogenic number fields of any

degree.

Consider an algebraic number field K = Q(θ), where θ is a root of a monic irreducible

polynomial f(x) of degree n over the field of rational numbers Q.Let dK denote the

discriminant of K and Df denote the discriminant of the polynomial f(x), then it is

well-known that dK and Df are related by the following formula (see [69, 18])

Df = [ZK : Z[θ]]2dK . (1.5)

In the above formula, if [ZK : Z[θ]] = 1, then we have ZK : Z[θ], i.e., one of the integral

basis of K is {1, θ, · · · , θn−1}; in this situation we say that f(x) is monogenic. Clearly if

f(x) is monogenic, then K is also monogenic. In 1878, Dedekind gave a necessary and

sufficient criterion to be satisfied by the minimal polynomial f(x) of θ so that p does not

divide [ZK : Z[θ]] (cf. [18, Theorem 6.1.4], [24]). Dedekind criterion has generated a lot

of interest among the mathematicians. Its several equivalent versions and generalizations

are known (cf. [16], [54], [73]). In 2016-17, using Dedekind criterion, Jakhar, Khanduja

and Sangwan [55] gave necessary and sufficient conditions for ZK = Z[θ] when θ is a

root of an irreducible trinomial xn +axm + b ∈ Z[x] having degree n. As an application,

they deduced infinitely many monogenic trinomials. In 2021, Harrington and Jones [47]

determined formula for the discriminant of the polynomial f(x) = xn−km(xk + a)m + b

assuming k | n. In a joint work with Jakhar and Laishram [57], we extend this result to

provide the formula for the discriminant of f(x) without the restriction k | n. Recently,

several results on the monogenity of certain classes of polynomials and the number fields

have been developed (cf. [38], [40], [54] –[62]).

Let K = Q(θ) be an algebraic number field with θ having minimal polynomial f(x) =

xn−km(xk +a)m +b over Q, 1 ≤ km < n. In [57], we explicitly compute the discriminant
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of f(x) and characterize all the primes dividing the index of the subgroup Z[θ] in ZK .

We use this discriminant to provide the critrions when these primes will divide the index

[ZK : Z[θ]]. To better understand our results, we will later present several illustrative

examples. In few of these examples, we will also explicitly compute the index [ZK : Z[θ]].

In what follows throughout this section, the notation Df will represent the discrim-

inant of the polynomial f(x) = xn−km(xk + a)m + b, where the integers n,m, k satisfy

1 ≤ km < n. Additionally, t will denote the greatest common divisor of n and k, and

we will use n1 and k1 to represent n
t and k

t , respectively. Precisely stated, we prove the

following results.

Theorem 12. [57, Theorem 1.1] For integers n,m, k with n > km ≥ 1, consider an

irreducible polynomial f(x) = xn−km(xk + a)m + b ∈ Z[x]. Then the discriminant Df of

the polynomial f(x) is given by the formula,

Df = (−1)
n(n−1)

2 bn−k−1
[
bk1nn1 + (−1)n1−k1m+k1+1 an1kk1mmk1m(n− km)n1−k1m

]t
,

(1.6)

where t = gcd(n, k) and n = n1t, k = k1t.

The proof of the above theorem is given in Section 5.2. We shall denote U and V to be

the integers defined by

U = bk1 nn1 and V = (−1)n1−k1m+k1+1an1kk1mmk1m(n− km)n1−k1m, (1.7)

then in view of the above theorem Df = (−1)
n(n−1)

2 bn−k−1 (U + V )t.

Theorem 13. [57, Theorem 1.2] Consider f(x) = xn−km(xk + a)m + b where a, b ∈ Z

and n > km ≥ 1. Suppose f(x) is irreducible and has a root θ. Denote K = Q(θ) and

ZK be the ring of integers of K. Let gcd(n, k) = t and n = n1t, k = k1t. Let p be a

prime dividing Df , then p ∤ [ZK : Z[θ]] iff one of the following condition is satisfied:

(i) if p | b, assume either p|a or p ∤ a with m ≥ 2, then p2 ∤ b;

(ii) if p | b, m = 1, p ∤ a with j = vp(k) ≥ 0, then either p divides a1 but not b1 or

p ∤ bn−k−1
1 a1[(−a)n1−k1ak11 − (−b1)

k1 ], where a1 = a+(−a)p
j

p and b1 = b
p ;
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(iii) if p | a and p ∤ b with j = vp(n) ≥ 1, then either p divides a2 but not b2 or

p ∤ a2
[
an1
2 bn1−k1 − (−1)k1bn1

2

]
, where a2 = ma

p and b2 = b+(−b)p
j

p ;

(iv) if p ∤ ab and p | k with k = pjs, n = pjs′, p ∤ gcd(s, s′), then polynomials

1
p

[
(−1)p

j
(∑m

i=1

(
m
i

)
xs

′−siai + b
)pj

+
∑m

i=1

(
m
i

)
xp

j(s′−si)ai + b
]
and xs

′−sm(xs +

a)m + b are co-prime modulo p;

(v) if p ∤ abk and p | m, then p2 ∤ [(−b)p + b];

(vi) if p ∤ abkm, then p2 ∤ (U + V ) where U and V are as in (1.7).

Above theorem is proved in Section 5.2. The following corollaries are immediate

consequence of Theorem 13.

Corollary 1.2.1. [57] Consider the polynomial f(x) and the field K as defined in The-

orem 13. Then the ring of integers of K, denoted by ZK , is equal to Z[θ] iff every

prime number p that divides the discriminant Df satisfies at least one of the conditions

(i) − (vi) stated in Theorem 13.

Corollary 1.2.2. [57] Consider the polynomial f(x) and the field K as defined in The-

orem 13. Given that m ≥ 2 and gcd(n, akm) = 1, the equality ZK = Z[θ] holds precisely

when every prime p that is a divisor of Df fulfills one of these conditions: (i) vp(b) = 1,

or (ii) p does not divide b and p2 does not divide (U + V ), where U and V are defined

as in (1.7).

Suppose f(x) = xn−km(xk + a)m + b ∈ Z[x] with gcd(a, b) > 1. Let q be a prime

dividing gcd(a, b) with q2 ∤ b. For j ≥ 0, denote fq,j(x) = f(xq
j
). Then fq,j(x) is

q-Eisenstein for all j ≥ 0 and the discriminant Dfq,j of polynomial fq,j(x) satisfies

|Dfq,j | = |bqj(n−k)−1qjnq
j
(U +V )tq

j | where t = gcd(n, k), U and V are as in (1.7). Using

the formula for |Dfq,j |, Corollary 1.2.2 and Theorem 13, we deduce that the composition

of a certain type of polynomial is also monogenic polynomial.

Corollary 1.2.3. [57] Let f(x) = xn−km(xk + a)m + b be as in Corollary 1.2.2 with

gcd(a, b) > 1. Let q be a prime number dividing gcd(a, b) with q2 ∤ b. For j ≥ 0, denote

fq,j(x) = f(xq
j
). Then fq,j(x) is q-Eisenstein for all j ≥ 0. Further fq,j(x) becomes

monogenic for every j ≥ 0 iff every prime p that is a divisor of Df fulfills one of these
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conditions: (i) vp(b) = 1, or (ii) p does not divide b and p2 does not divide (U + V ),

where U and V are defined as in (1.7).

The classical inverse Galois problem asks whether, for a given finite group G, there

exists a polynomial f(x) over Q whose Galois group is isomorphic to G. In a founda-

tional result from 1892, Hilbert demonstrated that for any positive integer n, there are

infinitely many irreducible polynomials of degree n over Q whose Galois group is either

the symmetric group Sn or the alternating group An. After that, several mathematicians

have used many techniques such as class field theory, elliptic curves, Newton polygons,

resolvents to obtain similar results for various groups (cf. [7], [46], [49], [62]). Our next

result gives a class of polynomials of prime degree q such that their discriminant are not

square-free and their Galois group Gf is isomorphic to Sq.

Theorem 14. [57, Theorem 1.6] Suppose q, k,m are integers such that q > km ≥ 1 and

q is prime. Let f(x) = xq−km(xk + a)m + b ∈ Z[x] be irreducible. Suppose there exists a

prime p such that p | Df , p ∤ abkm and p2 ∤ Df , then the Galois group of f(x) over Q is

isomorphic to the full symmetric group Sq.

The proof of the above theorem is given in Section 5.3. As an application of Theorem

14, we provide examples of monogenic polynomials of prime degree p having Galois

group Sp using Corollaries 1.2.2, 1.2.3. For the example below, θ will denote a root of

the polynmial f(x) and K will denote the number field generated by θ over Q.

Example 1.2.4. [57] Suppose p ≥ 5 is an odd prime number. Set k = 2, m = p−1
2 , a =

2, b = 2p and n = p in Corollary 1.2.2. Note that p ≥ 5 implies m ≥ 2. So we have

f(x) = x(x2+2)m+2p is 2−Eisenstein. Note that |Df | = (2p)p−3(4p2+p+2p(p−1)p−1).

Applying Corollary 1.2.2, we get ZK = Z[θ] iff the part U + V = p2+p + 2p−2(p− 1)p−1

in the discriminant Df is square-free. For all primes p satisfying 5 ≥ p ≤ 17, we verify

that p2+p +2p−2(p−1)p−1 is square-free. Further, Theorem 14 implies that Galois group

of f(x) is Sp. Further, using Corollary 1.2.3 and keeping in mind that 2 | gcd(a, b) and

22 ∤ b, we conclude that f(x2
j
) are monogenic for all j ≥ 0 and primes 5 ≤ p ≤ 17.

Now for p = 19, p2+p + 2p−2(p− 1)p−1 = 172u where u is a square-free integer. Then

Corollary 1.2.2 implies that 17 | [ZK : Z[θ]]. Further, using Corollary 1.2.3 and keeping
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in mind that 2 | gcd(a, b) and 22 ∤ b, we conclude that f(x2
j
) are non-monogenic for all

j ≥ 0 and p = 19. The computations to obtain factorisation of the discriminant were

carried out using sage.

Observing (1.5), it is evident that any irreducible polynomial f(x) with a squarefree

discriminant is monogenic. This is precisely the method used in [66, 10]. However, when

Df is not squarefree, establishing the monogenity of f(x) becomes non-trivial.

Recently, Jones [60] found infinitely many monogenic polynomials of given prime

degree p whose discriminant is not squarefree. Part of this result relied on generalized

abc-conjecture for number fields. Jones and White [63] gave asymptotic formula for

some special types of monogenic trinomials. In 2021, Jones [61] gave an infinite family

of monogenic polynomials of general degree but no asymptotic formula was provided. In

a joint work with Jakhar and Srinivas, we provide an asymptotic formula for the number

of monogenic polynomials of the type xn−km(xk + a)m + b ∈ Z[x].

Theorem 15. [59, Theorem 1.1] Let n,m, k be positive integers with n > km and k | n.

Let t = n/k and κ = ℓ rad(km), where ℓ is a prime number not dividing km. Then for

a fixed integer a coprime to t and divisible by κ, there are

X

κζ(2)

∏
p|κ

(
1 +

1

p

)−1 ∏
p∤atm(t−m)

(
1 − 1

p2 − 1

)
+ O(X3/4). (1.8)

monogenic polynomials f(x) = xn−km(xk +a)m +b satisfying b ≤ X and b ≡ 0 (mod κ).

The O-constant in (1.8) may depend on n, k,m and a.

The proof of the above theorem is given in Section 5.4. A necessary condition for

f(x) = xn−km(xk + a) + b to be monogenic is that b must be squarefree, as can be seen

in 12. Our next result proves that there are infinitely many monogenic polynomial f(x)

with both a and b squarefree. Part of the proof relies on abc-conjecture for number fields

(see [86, Conjecture 4.1]).

Theorem 16. [59, Theorem 1.2] Let n,m, k, t, ℓ and κ be as in Theorem 15 with

gcd(t, κ) = 1. Let b be a squarefree integer divisible by κ. Assume abc-conjecture for

number fields, then there exists infinitely many primes p such that f(x) = xn−km(xk +
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κp)m + b is monogenic. However, for t = 2, 3, the result is true without assuming

abc-conjecture.

The proof of the above theorem is given in Section 5.5.

Remark 1.2.5. We wish to point out here that in the above theorems, if k > 1 and

n− k > 2, then the polynomials will have a squarefull discriminant as can be seen from

(1.7). Further we also note that, if n − k > k ≥ 3, then the discriminant of these

polynomials are k-full.

It is worth noting that each monogenic polynomial derived from the aforementioned

theorems helps to construct infinite families of monogenic polynomials of higher degrees.

This is achievable through the application of Corollary 1.2.3, which facilitates the gen-

eration of such families by composing f(x) with xq
j
, where q satisfies the conditions

outlined in the corollary. Proof of Theorems 12, 13, 14, 15 and 16 are published in

[59, 57] and are given in Chapter 5 of this thesis.
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Chapter 2

Truncated Binomial Polynomials

For positive integers n ≥ m, let Pn,m(x) :=
∑m

j=0

(
n
j

)
xj =

(
n
0

)
+
(
n
1

)
x + . . . +

(
n
m

)
xm

be the truncated binomial expansion of (1 + x)n consisting of all terms of degree ≤ m.

It is conjectured that for n > m + 1, the polynomial Pn,m(x) is irreducible. In this

Chapter, We confirm this conjecture when 2m ≤ n < (m + 1)10. Also we show that

for any r ≥ 10 and 2m ≤ n < (m + 1)r+1, the polynomial Pn,m(x) is irreducible when

m ≥ max{106, 2r3}. Under the explicit abc-conjecture, for a fixed m, we give an explicit

n0, n1 depending only on m such that ∀n ≥ n0, the polynomial Pn,m(x) is irreducible.

Further ∀n ≥ n1, the Galois group associated to Pn,m(x) is the symmetric group Sm.

The results of this chapter has been published in [76].

2.1 Preliminaries

Recall that, for positive integers n ≥ m, the truncated binomial polynomial which is the

truncation of (1 + x)n at mth stage is defined as:

Pn,m(x) :=

m∑
j=0

(
n

j

)
xj =

(
n

0

)
+

(
n

1

)
x +

(
n

2

)
x2 + · · · +

(
n

m

)
xm.

In this chapter, we prove Theorems 1, 2, 3 and 4 which are about the irreducibility

and Galois group of Pn,m(x). The ideas of the proofs are quite general in nature. For
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the proofs of theorems, we consider the Newton polygons of Fn,m(x) and Pn,m(x − 1)

where

Fn,m(x) :=
m∑
j=0

(
n−m− 1 + j

j

)
xm−j and Pn,m(x− 1) =

m∑
j=0

cjx
j

with cj =
∑m

i=j

(
n
i

)(
i
j

)
(−1)i−j (see [35]). Note that the irreducibility of Pn,m(x), Pn,m(x−

1) and Fn,m(x) are all same since Fn,m(x + 1) = xnPn,m(1/x) (see [9, Lemma 3]). A

simple calculation yields that

cj = (−1)m−j

(
n

j

)(
n− j − 1

m− j

)
=

(−1)m−jn(n− 1) · · · (n−m)

j!(m− j)!

1

n− j
. (2.1)

The proof of Theorem 1 spreads over Sections 2.2.1, 2.2.2 and 2.2. The proof of

Theorem 2 is given in Section 2.3. Theorems 3 and 4 are proved in Section 2.4. The

calculations presented in this paper were performed using the software system SAGE.

These SAGE codes has been listed in the Section 2.5.

From this point onward, the symbol p will invariably represent a prime number, and

the letters n,m, k, t will consistently denote positive integers. For any positive integer

v, let P (v) stand for its greatest prime divisor, with the understanding that P (1) = 1.

Let π(v) denote the number of primes upto v. We begin this section with some bounds

on prime counting functions due to Dusart.

Lemma 2.1.1. [28, pp. 14; Prop 1.7] For v > 1, we have

1. π(v) ≤ v

log v

(
1 +

1.2762

log v

)
.

2.
∏
p≤v

p < 2.71851v.

Definition 2.1.2. Fix m ≥ 2. For positive integers t ≤ m/2 and e, define

Ut(e) :=

{
l ∈ [0,m] : t = a

l

e
+ b

m− l

e
with a

l

e
, b
m− l

e
∈ Z

}
,

Vt(e) :=

{
l ∈ [0,m] : t = a

l

e
+ b

m− l

e
with a

l

e
, b
m− l

e
∈ Z and a ̸= b

}
\{0,m}

and Wt(e) :=

{
l ∈ [0,m] : t = a

l

e
+ b

m− l

e
with a

l

e
, b
m− l

e
∈ Z and a = b

}
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where 0 ≤ a, b ≤ e. Throughout the paper, the integer l will lie between 0 and m both

inclusive and the integer t will lie between 1 and m
2 both inclusive.

Note that for any positive integer k, Ut(e) ⊆ Ut(ke) and Vt(e) ⊆ Vt(ke). Clearly,

Ut(e) = Wt(e) ∪ Vt(e). Suppose that Wt(e) is non-empty, say l0 ∈ Wt(e). Then t =

a l0
e +am−l0

e =⇒ t = am
e . In fact, if we assume t = im

j for some i, j ∈ Z>0 with i ≤ j
2 then

for any e divisible by j, j ∈ Wt(e). Hence, we deduce that Wt(e) is non-empty iff t = im
j

for some j | e. Further we can assume that i and j are relatively prime whenever t = im
j

and hence j | m. For t = im
j and j | e, we notice that a = b =⇒ im

j = a l
e + am−l

e = am
e

implying a = ie
j . Substituting this value of a in set Wt(e), we obtain

Wt(e) =

{
l :

im

j
=

il

j
+

i(m− l)

j
with

il

j
,
i(m− l)

j
∈ Z

}
={l : j | l} [∵ gcd(i, j) = 1]

Summarizing all the above, we obtain.

Wt(e) =


{l : j | l} if t = im

j , where j | (e,m) and (i, j) = 1,

∅ otherwise.

Now for the set Vt(e) notice that if
[
e+1
2

]
≤ a, b with at least one inequality strict (as

a ̸= b in Vt(e)) then t = a l
e + bm−l

e >
[
e+1
2

]
m
e ≥ m

2 which is not possible. Also note

that,

Vt(e) ⊆
{
l ∈ [0,m] :

te− bm

a− b
= l for some 0 ≤ a ̸= b ≤ e

}
.

Therefore, we conclude Vt(e) ⊆ St(e) and hence |Vt(e)| ≤ Me where St(e) and Me are as

defined by Jakhar and Sangwan [58].

Definition 2.1.3. For a positive integer e, Me is defined as

Me =


(e+1)(3e+1)

4 if e is odd,

e(3e+2)
4 if e is even.
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The motivation for defining the set Ut(e) comes from the Dumas’ Theorem 1.1.8.

Definition 2.1.4. For n > m, we define

Zm := {i : 0 ≤ i < m,P (n− i) > m}, zm := |Zm|

and gn,m := #{0 ≤ i < m : ∃p > m with vp(n + i) odd}.

We prove the following lemma, which will be crucial for the proofs of Theorems 1, 2, 3

and 4.

Lemma 2.1.5. Let 2 ≤ 2m ≤ n < (m+1)r+1 for some positive integer r. Let 1 ≤ t ≤ m
2 .

If Zm\
⋃r

e=1 Ut(e) is non-empty then Pn,m(x) does not have a factor of degree t over Q.

Further, for t /∈ D = {im/e : e ≤ r; 1 ≤ i ≤
[
e+1
2

]
}, if Zm\

⋃r
e=1 Vt(e) is non-empty

then Pn,m(x) does not have a factor of degree t over Q.

Proof. Let 2 ≤ 2m ≤ n < (m + 1)r+1 for some positive integer r and l ∈ Zm. Then

there exists a prime p > m such that pe || (n − l) with e ≤ r. Suppose Pn,m(x) has a

factor of degree t ∈
[
1, m2

]
. Then Pn,m(x − 1) has a factor of degree t and the Newton

polygon of Pn,m(x− 1) with respect to p consists of two line segments one joining (0, e)

with (m − l, 0) and another joining (m − l, 0) with (m, e). Applying Dumas’ Theorem

(Theorem 1.1.8), we obtain

t = a
l

e
+ b

m− l

e
for some integers 0 ≤ a, b ≤ e and a

l

e
, b
m− l

e
∈ Z (2.2)

implying l ∈ Ut(e). Hence Zm ⊆
⋃r

e=1 Ut(e).

Therefore, if Zm\
⋃r

e=1 Ut(e) is non-empty, then Pn,m(x) cannot have a factor of

degree t.

Further for t /∈ D clearly Ut(e) = Vt(e) implying Zm ⊆
⋃r

e=1 Vt(e) whenever Pn,m(x)

has a factor of degree t. Therefore, if Zm\
⋃r

e=1 Vt(e) is non-empty, then Pn,m(x) cannot

have a factor of degree t.

The following consequence is immediate.
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Corollary 2.1.6. Let 2 ≤ 2m ≤ n < (m + 1)r+1 for some positive integer r. Suppose

Pn,m(x) has a factor of degree t. Let

Lm,t =

l ∈ [0,m] : l /∈
r⋃

e=1

Ut(e)

 .

Then P (n− l) ≤ m for all l ∈ Lm,t.

Lemma 2.1.7. If n > m, then

zm ≥ m− π(m) − log(m− 1)!

log(n−m)
≥ m− π(m) − (m− 1) log(m− 1)

log(n−m)
.

Proof. Let T = {n − i : 0 ≤ i < m,P (n − i) ≤ m} and t = |T |. Then t = m − zm.

For each prime p ≤ m, choose n − ip ∈ T such that vp(n − ip) is maximal. Let T ′ =

T\{n− ip : p ≤ m}. For i ̸= ip, from n− i = n− ip + ip− i, we have vp(n− i) ≤ vp(ip− i).

Hence,

vp

 t∏
i=1
i ̸=ip

(n− i)

 ≤ vp

 t∏
i=1
i ̸=ip

(ip − i)

 ≤ vp
(
ip!(m− 1 − ip)!

)
≤ vp((m− 1)!).

Therefore, from t = m− zm,

(n−m)m−zm−π(m) = (n−m)t−π(m) ≤
∏

n−i∈T ′

(n− i) ≤ (m− 1)!

=⇒zm ≥ m− π(m) − log((m− 1)!)

log(n−m)

implying the first assertion of the lemma. The second inequality of the lemma follows

by observing that (m− 1)! ≤ (m− 1)m−1.

The following result is the generalization of an observation made by Borisov et al. in

[9, pp. 4].

Lemma 2.1.8. Suppose Fn,m(x) has a factor of degree t ≤ m/2. Fix l ∈ {0, 1, 2, . . . , t−

1} and a factor q of m− l. Let g0 = max1≤s≤l{gcd(q, s)}. If p > m is such that pe||(n−

m + l) or pe||(n− l), then e ≥ q/g0.
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Proof. Let p > m be such that pe||(n−m + l). For l + 1 ≤ j ≤ m, we deduce from

(
n−m− 1 + j

j

)
=

(n−m− 1 + j)(n−m + j − 2) . . . (n−m− 1 + 1)

j!

that p divides the numerator but not the denominator of the last expression. In fact,

pe exactly divides the numerator. As p > m > t and p | (n −m + l), we can conclude

that p ∤
(
n−m−1+l

l

)
. The Newton polygon of Fn,m(x) with respect to this prime p, will

have its rightmost edge the line segment joining (l, 0) and (m, e). Recall t ≥ l + 1. Since

Fn,m(x) has a factor of degree t, it follows that there are two lattice points, say (a, b)

and (c, d) with c > a on rightmost edge with c−a ≤ t. Comparing slope of this line with

the slope of rightmost edge, we observe that

|d− b|
c− a

=
e

m− l
⇒ (m− l)|d− b| = (c− a)e

Now q | (m − l) ⇒ q | ((c − a)e). Hence we conclude that q/g divides e, where

g = gcd(q, c− a). Since q/g > 0 and e > 0, we conclude that e ≥ q/g ≥ q/g0.

Let p > m be such that pe||(n− l). If Fn,m(x) has a factor of degree t then Fn,m(x+1)

has a factor of degree t, where Fn,m(x + 1) is given by (see [9, Lemma 3])

Fn,m(x + 1) =
m∑
j=0

(
n

j

)
xm−j(= xmPn,m(1/x)).

Since l ≤ t− 1 ≤ m/2 − 1, we have n− l ̸= n−m + l and hence we deduce that for any

j with l + 1 ≤ j ≤ m, pe||
(
n
j

)
and p ∤

(
n
l

)
. Therefore, the rightmost edge of the Newton

Polygon of Fn,m(x + 1) with respect to this p contains the line segment with endpoints

(l, 0) and (m, e). The same argument as above gives q/g divides e. Hence we conclude

e ≥ q/g0.

Remark: Observe that if q is prime and q > l, then g0 = 1. Further q | e from the

proof of Lemma 2.1.8.

The next two results follows from the solutions of P (x2 − 1) < 100 given explicitly

by Luca and Najman [79].

29



Lemma 2.1.9. If n > 814997916(≈ 8.1 × 108), then P (n(n + 2)(n + 4)) > 100. In fact

if n > 8818136(≈ 9 × 106) and P (n(n + 2)(n + 4)) < 100 then

n ∈ {12334686, 13143546, 14993286, 15068480, 30947616, 86368800, 814997916}.

Proof. Suppose P (n(n+2)(n+4)) < 100. Then P (n(n+2)) < 100 and P ((n+2)(n+4)) <

100 implying P ((n+1)2−1) < 100 and P ((n+3)2−1) < 100. Hence (n+1) and (n+3)

both should be a solution of P (x2− 1) < 100. From Luca and Najman [79], we find that

n ≤ 814997916 and further there are only 7 values of n satisfying the above contraints

and are bigger than 8818136. These values are precisely those listed in the statement of

the lemma.

Lemma 2.1.10. [79, Corollary 6] If P (n(n + 1)(n + 2)(n + 3)) < 100, then n ≤ 97524.

If P (n(n + 1)(n + 2)) < 100, then n < 4.1 × 108.

For the application of explicit abc-conjecture in the proof of Theorems 3 and 4, we use

the following result proved by Laishram and Shorey [75].

Lemma 2.1.11. [75] Assume Baker’s explicit abc-conjecture (Conjecture 1.1.3). Let

a, b and c be pairwise coprime positive integers satisfying a + b = c and R = R(abc).

Then

c < R1+ 3
4 .

2.2 Proof of Theorem 1

In this section, we prove that the polynomial Pn,m(x) is irreducible over Q for positive

integers n,m satisfying 2m ≤ n < (m+1)10. For the ease of calculations and using some

better known estimates, we will split the proof the Theorem 1 into two parts. Assuming

m ≥ 14, first we will prove the irreducibility of Pn,m(x) for n with (m+1)3 ≤ n < (m+1)5

in Section 2.2.1, then for n with (m + 1)5 ≤ n < (m + 1)10 in Section 2.2.2.
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2.2.1 Proof for m ≥ 14 and (m+ 1)3 ≤ n < (m+ 1)5

Lemma 2.2.1. For m ≥ 14 and (m + 1)3 ≤ n < (m + 1)5, the polynomial Pn,m(x) is

irreducible.

Proof. Let m ≥ 14 and (m + 1)3 ≤ n < (m + 1)5. Suppose the polynomial Pn,m(x) has

a factor of degree t ≤ m/2. By using the lower bound 3 logm of log(n −m) in Lemma

2.1.7 and using Lemma 2.1.1, we obtain

zm ≥


m− π(m) − log(m−1)!

3 logm if m < 67.

m− m
logm

(
1 + 1.2762

logm

)
− (m−1) log(m−1)

3 logm if m ≥ 67.

(2.3)

We compute Me (see Definition 2.1.3) for 2 < e ≤ 4 to obtain M3 = 10 and M4 = 14.

Further using |Vt(e)| ≤ Me and Vt(e) ⊆ Vt(ke) for any k ∈ Z, we get |
⋃4

e=1 Vt(e)| ≤

|
⋃

2<e≤4 Vt(e)| ≤ M3 + M4 = 24. From (2.3), for m ≥ 67, we obtain zm > 24(≥

|
⋃4

e=1 Vt(e)|) and for 32 ≤ m < 67, we obtain zm > |
⋃4

e=1 Vt(e)|. By Lemma 2.1.5,

we have t ∈ {m/2,m/3,m/4} for m ≥ 32.

Since n ≥ (m+1)3, by [82, Theorem 1], we have gn−m,m ≥ 8 for m ≥ 14 where gn−m,m

is given in Definition 2.1.4. For t not of the type im/3 or im/1, if |Vt(1) ∪ Vt(3)| < 8

then there exist l /∈ Vt(1) ∪ Vt(3) and a prime p > m such that either p || (n − l) or

p3 || (n−l) since gn−m,m ≥ 8. From Lemma 2.1.5, Pn,m(x) cannot have a factor of degree

t for m ≥ 14. For t = m/2 and m/4, we obtain that |Vt(1) ∪ Vt(3)| < 8 and hence for

m ≥ 14, Pn,m(x) cannot have a factor of degree m/2 or m/4.

Let t = m/3. Then we have |
⋃4

e=1 Ut(e)| ≤ 9 + m/3. However from (2.3), we obtain

zm > 9 +m/3 for m ≥ 68. The SAGE code used to calculate the values of zm is given in

Listing 2.1.

Therefore, summarizing above, Pn,m(x) is irreducible for m ≥ 68. For 32 ≤ m < 68,

Pn,m(x) may have a factor of degree m/3 and further for 14 ≤ m < 32, Pn,m(x) may

have a factor of any degree t < m/2, t ̸= m/4.
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Let 14 ≤ m < 68 and Pn,m(x) has a factor of degree t = m/3. Then 3 | m. We

give arguments for m = 66 and similar arguments work for the other values of m. Let

m = 66. Then t = m/3 = 22. Using 61 | (m − 5) and Lemma 2.1.8 with l = 5(< t)

and q = 61, we obtain 61 | vp((n − 5)(n − 66 + 5)) for any prime p > 66. Since n <

(m + 1)5 < 6761, we must have vp((n − 5)(n − 66 + 5)) = 0 for all primes p > 66 i.e.

P ((n− 5)(n− 61)) ≤ 66. Again using 59 | (m− 7) and Lemma 2.1.8 with l = 7(< t) and

q = 59 yields P ((n − 7)(n − 59)) ≤ 66. Hence, P ((n − 5)(n − 7)(n − 59)(n − 61)) ≤ 66

implying P ((n − 6)2 − 1) ≤ 66 < 100 and P ((n − 60)2 − 1) ≤ 66 < 100. Therefore,

n − 6 and n − 60 are solutions of P (x2 − 1) < 100. From Luca and Najman [79], this

is possible for 13 values of n. For each such n, there exist p > 66 with vp(n − 1) = 1.

For eg. n = 108763, there exist p = 18127 > 66 with vp(n − 1) = 1 =⇒ t ∈ {1, 65}

contradicting t = 22. Similarly, we exclude factors of degree m/3 for other values of m

with 14 ≤ m < 68.

Let 14 ≤ m ≤ 31 and assume that Pn,m(x) has a factor of degree t /∈ {m/2,m/3,m/4}.

Recall that if |Vt(1)∪Vt(3)| < 8 then Pn,m(x) cannot have a factor of degree t. From now

on we will consider those t with |Vt(1)∪Vt(3)| ≥ 8. For such a t, using explicit computa-

tion we find l1, l2 ∈ Lm,t (with r = 4) and i1, i2 ∈ {1, 2, 4} such that l1+i1, l2+i2 ∈ Lm,t.

The values of l1, l2 and i1, i2 were calculated using the algorithm given in Listing 2.3.

Given l ∈ {l1, l1 + i1, l2, l2 + i2} ⊆ Lm,t, we have P (n− l) ≤ m by Corollary 2.1.6. Using

Lehmer [77], there are only few values of n − l1 and n − l2 which are explicitly given.

We have excluded these values of n using the prime divisors of n− i for 0 ≤ i ≤ m.

2.2.2 Proof for m ≥ 14 and (m+ 1)5 ≤ n < (m+ 1)10

We start this section with the following result.

Lemma 2.2.2. For m ≥ 68 and (m + 1)5 ≤ n < (m + 1)10, the polynomial Pn,m(x) is

either irreducible over Q or it has a factor of degree in

D =

{
im

j
: 2 ≤ j ≤ 9, 2i ≤ j, gcd(i, j) = 1

}
.
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Proof. Let m ≥ 68 and (m + 1)5 ≤ n < (m + 1)10. Suppose the polynomial Pn,m(x) has

a factor of degree t ≤ m/2, with t /∈ D. By using the lower bound 5 logm of log(n−m)

in Lemma 2.1.7 and using Lemma 2.1.1, we obtain

zm ≥ Zm :=



m− π(m) − log(m−1)!
5 logm if m < 200.

m− π(m) − (m−1) log(m−1)
5 logm if 200 ≤ m < 370.

m− m
logm

(
1 + 1.2762

logm

)
− (m−1) log(m−1)

5 logm if m ≥ 370.

(2.4)

It suffices to show Zm > |
⋃9

e=1 Vt(e)| by Lemma 2.1.5.

Using |Vt(e)| ≤ Me (given by Definition 2.1.3) and Vt(e) ⊆ Vt(ke) for any k ∈ Z, we

have |
⋃9

e=1 Vt(e)| ≤
∑9

e=5Me = 220. From (2.4), we obtain Zm > 220 for m ≥ 370.

Hence we consider m < 370. For m < 370, the computation performed using the

algorithm given in Listing 2.2 yields:

max
t,m

|Vt(9)| ≤ 38; max
t,m

|Vt(8)| ≤ 32; max
t,m

|Vt(7)| ≤ 28

=⇒ |
9⋃

e=1

Vt(e)| ≤
6∑

e=5

Me + 28 + 32 + 38 = 152.

For 291 ≤ m < 370, we obtain Zm > 152. Hence m < 291. Exact computation for

m < 291 yields

|
9⋃

e=1

Vt(e)| < Zm for 103 ≤ m < 291 and m ∈ T = {85, 89, 91, 95, 97, 99, 100, 101}.

Hence, we consider 68 ≤ m < 103 and m /∈ T. For such an m, we find maximum

5 ≤ E ≤ 8 such that |
⋃E

e=1 Vt(e)| < Zm. From Lemma 2.1.5, we obtain that Pn,m(x)

can only have a factor of degree im/j for n < (m + 1)E+1. Thus we may assume that

n ≥ (m + 1)E+1. Further, using the lower bound (E + 1) logm of log(n−m) in Lemma

2.1.7, we obtain |
⋃9

e=1 Vt(e)| < zm. Hence the assertion follows.

Lemma 2.2.3. For m ≥ 68 and (m + 1)5 ≤ n < (m + 1)10, the polynomial Pn,m(x) is

irreducible over Q.
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Proof. By Lemma 2.2.2, it suffices to check that the polynomial Pn,m(x) does not have

factor of degree t = im/j ∈ D. Throughout the proof l will be chosen between 0 to m.

Using t = im/j in the set Vt(e), we observe that

9⋃
e=1

Vt(e) ⊆
{
l :

im

j
= a

l

e
+ b

m− l

e
for some e ≤ 9 and 0 ≤ a ̸= b ≤ e

}
\{0,m}

=

{
l :

l

m
=

ei− bj

j(a− b)
for some e ≤ 9 and 0 ≤ a ̸= b ≤ e

}
\{0,m}.

As 0 < l < m, we have 0 < l
m < 1 implying

|
9⋃

e=1

Vt(e)| ≤ #

{
0 <

ei− bj

j(a− b)
< 1 : e ≤ 9 and 0 ≤ a ̸= b ≤ e

}
=: vt.

Using lower bound for zm in (2.4) and exact computations using Listings 2.1 and 2.2

yields the following

Degree t = im
j vt zm > vt + m

j + 1 for

m/2 27 m ≥ 235

m/3 45 m ≥ 168

m/4 59 m ≥ 168

m/5 57 m ≥ 144

m/6 63 m ≥ 146

m/7 59 m ≥ 132

m/8 57 m ≥ 123

m/9 45 m ≥ 96

2m/5 63 m ≥ 158

2m/7 71 m ≥ 155

2m/9 67 m ≥ 140

3m/7 67 m ≥ 147

3m/8 75 m ≥ 159

4m/9 79 m ≥ 161
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For m ≥ 235,

zm > vt +
m

j
+ 1 ≥ |

9⋃
e=1

Vt(e)| + |
9⋃

e=1

Wt(e)| ≥ |
9⋃

e=1

Ut(e)|.

Hence, Pn,m(x) is irreducible for m ≥ 235 by Lemma 2.1.5.

For m < 235, exact computation using Listings 2.1 and 2.3 yields zm > |
⋃9

e=1 Ut(e)|

is true for each 68 ≤ m < 235 except when t = m
2 and m = 70, 90. Let (m, t) ∈

{(70, 35), (90, 45)}. We find that 1, 3, 5 ∈ Lm,t with r = 9. Corollary 2.1.6 implies

P ((n− 1)(n− 3)(n− 5)) ≤ m < 100. From Lemma 2.1.9, we obtain n− 5 < 814997916

contradicting n ≥ (m + 1)5 ≥ 715 > 814997921.

Lemma 2.2.4. For 41 < m < 68 and (m+1)5 ≤ n < (m+1)10, the polynomial Pn,m(x)

is irreducible over Q.

Proof. Let 41 < m < 68 and assume that Pn,m(x) has a factor of degree t. Recall that

if |
⋃9

e=1 Ut(e)| < zm, then Lemma 2.1.5 implies that Pn,m(x) cannot have a factor of

degree t. From now on we will consider t ∈ T0(m) where

T0(m) :=

t : 0 < t ≤ m

2
and |

9⋃
e=1

Ut(e)| ≥ zm

 .

For t ∈ T0(m), consider the set Lm,t defined in Corollary 2.1.6 with r = 9. Using

Corollary 2.1.6, we obtain P (n− l) ≤ m for all l ∈ Lm,t. Let

T1(m) :=
{
t ∈ T0(m) : ∃l ∈ Lm,t with l + 2, l + 4 ∈ Lm,t or l + 1, l + 2, l + 3 ∈ Lm,t

}
.

Let t ∈ T1(m). Then there exist l ∈ Lm,t such that either P ((n − l)(n − l − 2)(n −

l − 4)) ≤ m < 100 or P ((n − l)(n − l − 1)(n − l − 2)(n − l − 3)) ≤ m < 100. Here

n ≥ (m + 1)5 ≥ 425 > 8818136 and we use Lemma 2.1.9 or Lemma 2.1.10, respectively

to obtain

n− l − 4 ∈ {12334686, 13143546, 14993286, 15068480, 30947616, 86368800, 814997916}.
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For these values of n, we find that there exist 0 ≤ i ≤ m such that P (n− i) > m and

i /∈
⋃9

e=1 Ut(e). Hence, Pn,m(x) cannot have a factor of degree t for t ∈ T1(m).

For t ∈ T0(m)\T1(m), define

T2(m) :=
{
t ∈ T0(m) : ∃l1 ̸= l2 ∈ Lm,t and ∃i ∈ {1, 2} such that l1 + i, l2 + i ∈ Lm,t

}
.

For t ∈ T2(m), suppose l1, l2, l1 + i, l2 + i ∈ Lm,t for some i ∈ {1, 2}. Clearly for each

l ∈ {l1, l1 + i, l2, l2 + i}, we have P (n − l) ≤ m < 100. Suppose i = 1. Then we

have P ((n − l1)(n − l1 − 1)) < 100 implying P ((2(n − l1))(2(n − l1) − 2)) < 100 i.e.

P ((2(n − l1) − 1)2 − 1) < 100 a solution to P (x2 − 1) < 100. If i = 2 then P ((n − l1 −

1)2 − 1) = P ((n − l1)(n − l1 − 2)) < 100 which is again a solution to P (x2 − 1) < 100.

Applying similar arguments to l2 we obtain another solution of P (x2 − 1) < 100. The

solutions to P (x2−1) < 100 is given in Luca and Najman [79], there are only few choices

of solutions x1, x2 satisfying x1 − x2 = (n − l1 − 1) − (n − l2 − 1) = l2 − l1 when i = 2

similarly x1 − x2 = (2(n − l1) − 1) − (2(n − l2) − 1) = 2(l2 − l1) when i = 1. We use

algorithm in Listing 2.3 to find these values of l1, l2 and i ∈ {1, 2}. We have excluded

these values of n using the prime divisors of n− i for 0 ≤ i ≤ m. Hence, Pn,m(x) cannot

have a factor of degree t for any t ∈ T1(m) ∪ T2(m). After this we are left with the

following few cases:

(m, t) ∈ T = {(42, 16), (43, 15), (43, 18), (47, 18), (50, 22), (52, 18), (54, 14), (57, 22)}.

For (m, t) ∈ T , we follow the arguments similar to that shown for m = 66, t = 22 in

the proof of Lemma 2.2.1 to exclude each (m, t) ∈ T. Hence, the assertion follows.

Lemma 2.2.5. For 14 ≤ m ≤ 41 and (m+1)5 ≤ n < (m+1)10, the polynomial Pn,m(x)

is irreducible over Q.

Proof. We apply the same method as in Lemma 2.2.4 except here we use the table given

by Lehmer [77] instead of solutions to P (x2 − 1) < 100 in the process of obtaining the

few values of n. Then the assertions follows using the arguments in Lemma 2.2.4.

36



Proof of Theorem 1. Combining the Lemmas from Section 2.2.1 and Section 2.2.2, we

have obtained the irreducibility for m ≥ 14. Using SAGE we find the solutions to the

diophantine equations given in [35, pp. 462 (4)] for 6 < m < 14. For these solutions,

we have verified the irreducibility using the prime divisors of n − i for 0 ≤ i ≤ m. We

already know the irreducibility for m ≤ 6 due to [26]. Hence, the assertion follows.

2.3 Proof of Theorem 2

For positive integers m and r ≥ 10, let n be an integer in the range 2m ≤ n < (m+1)r+1.

For the above values of n,m and r, we prove that the polynomial Pn,m(x) is irreducible

over Q whenever m ≥ max{106, 2r3}.

Proof of Theorem 2. Consider an integer t such that 0 ≤ t ≤ m/2. Our objective is to

determine the smallest integer value of m for which the polynomial Pn,m(x) does not

possess any factor of degree t. Then one simple observation to note is that for any

positive integer k, Ut(e) ⊆ Ut(ke). Using this observation, we note that

|
r⋃

e=1

Ut(e)| ≤ |
⋃

r/2<e≤r

Ut(e)| ≤


∑

r/2<e≤r Me + m
j if t = im

j ∈ D,∑
r/2<e≤r Me otherwise.

(2.5)

Computation yields that
∑

r/2<e≤r Me < r3

3 for r = 10. Using induction one can

easily prove that
∑

r/2<e≤r Me <
r3

3 for all r ≥ 10.

As we have already proved the irreducibility for 2m ≤ n < (m+ 1)10, we can assume

that n ≥ (m + 1)10. Substituting this lower bound for n along with upper bound for

π(m) (Lemma 2.1.1) in Lemma 2.1.7, we deduce

zm ≥ m− m

logm

(
1 +

1.2762

logm

)
− (m− 1) log(m− 1)

10 logm
≥ 2m

3

since m ≥ 106. For 0 < t ≤ m
2 , suppose that t /∈ D where the set D is as defined in Lemma

2.1.5. By Lemma 2.1.5, Pn,m(x) does not have a factor of degree t if zm > |
⋃r

e=1 Vt(e)|

which is true if 2m
3 ≥ r3

3 i.e. m ≥ r3

2 .
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Now suppose t = im
j . Again by Lemma 2.1.5, Pn,m(x) does not have a factor of degree

t if zm > |
⋃r

e=1 Ut(e)| which is true if 2m
3 ≥ r3

3 + m
2 as m

j ≤ m
2 . This holds if m ≥ 2r3.

Hence the assertion.

2.4 Bounds using abc-conjecture

Filaseta et al. [35] proved that for a fixed m, there exist n0 such that for all n ≥ n0,

the polynomial Pn,m(x) is irreducible. However their method is ineffective viz. we do

not have any upper bound on the value of n0. In this section using Baker’s explicit

abc-conjecture, we provide an explicit n0.

Lemma 2.4.1. Assume Baker’s explicit abc-conjecture (Conjecture 1.1.3). Fix positive

integers m, d, f with f ≥ d ≥ 5. Let a, b, c be positive integers with P (abc) ≤ m. If the

equation axd − byf = c has a solution (x, y) ∈ N × N then a
3
5xd−3.5 < 2.71851

7m
4 . In

particular, for d ≥ 7 we have axd < 2.718513.5m.

Proof. Let (x, y) ∈ N × N be a solution of the equation axd − byf = c. We use Lemma

2.1.11 with ε = 3
4 for the equation axd = byf + c to obtain axd < R(axbyc)1+ε implying

axd < R(abc)1+εR(x)1+εR(y)1+ε

=⇒ axd < 2.71851(1+ε)mx1+εR(y)1+ε [using Lemma 2.1.1]

=⇒ a
3
5xd−2−2ε

2.71851(1+ε)m
a

2
5x1+ε < y1+ε.

For d ≥ 5, we want ε such that d − 2 − 2ε > 0 which is true for ε = 3
4 chosen above.

Assume that a
3
5xd−2−2ε ≥ 2.718517m/4 we obtain

a
2
5x7/4 < y7/4 =⇒ axd ≤ (a

2
5x7/4)4d/7 < (y7/4)4d/7 ≤ byd ≤ byf ,

since d ≤ f which is a contradiction to axd > byf . Hence a
3
5xd−3.5 < 2.71851

7m
4 .

The following two lemmas are due to Filaseta et al. in [35, Lemma 2 and Lemma 3]

with k replaced by m in their statement.
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Lemma 2.4.2. [35, Lemma 2] Let n′ be the largest divisor of n(n−m) that is relatively

prime to m!. Write n′ = pe11 pe22 · · · perr where the pj denote distinct primes and the ej are

positive integers. Let

d = gcd(m, e1, e2, . . . , er). (2.6)

Then the degree of each irreducible factor of Pn,m(x) is a multiple of m/d.

Lemma 2.4.3. [35, Lemma 3] Suppose d = 2 in the statement of Lemma 2.4.2. Let

n′′ be the largest divisor of (n− 1)(n−m + 1) that is relatively prime to m!. Let p be a

prime > m such that vp(n
′′) = e ≥ 1. If Pn,m(x) is reducible, then (m− 1) | e.

Next lemma will be helpful in the proof of Theorem 3.

Lemma 2.4.4. Let m ≥ 7 and Pn,m(x) be reducible. Then there exists i ∈ {0, 1, 2, 3}

and r ≥ 7 such that

n− i = axr and n−m + i = byr for some a, b, x, y ∈ N with P (ab) ≤ m. (2.7)

Proof. Suppose Pn,m(x) is reducible and d be as defined in Lemma 2.4.2. Then by

Lemma 2.4.2, Pn,m(x) has an irreducible factor of degree a multiple of m/d implying

d ≥ 2.

If d = 2 then Lemma 2.4.3 implies that (2.7) is satisfied for i = 1 and r = m − 1.

Clearly r = m− 1 ≥ 7 since m ≥ 7 and 2 | m.

If d = 3 then Pn,m(x) has factors of degree m
3 and 2m

3 . Let i ∈ {1, 2} be such that

m − i is odd. Let p > m be prime such that pe || (n − i) and r = gcd(m − i, e). Then

the Newton polygon of Pn,m(x − 1) with respect to p will consist of two line segments

one joining (0, e) to (m − i, 0) and other joining (m − i, 0) to (m, e). Applying Dumas’

Theorem, we obtain m−1
r divides (m3 and 2m

3 − 1) or it divides (m3 − 1 and 2m
3 ) when

i = 1 and m−2
r divides (m3 and 2m

3 − 2) or it divides (m3 − 2 and 2m
3 ) or it divides (m3 − 1

and 2m
3 −1) when i = 2. In each of the cases, we obtain m−i

r divides 4 implying m−i
r = 1

since m − i is odd. Hence, we obtain i ∈ {1, 2} and r = m − i such that prα || (n − i)

for all prime p > m dividing n− i and some positive integer α implying (2.7) is satisfied

by n− i for some i ∈ {1, 2} and r = m− i. Clearly r = m− i ≥ 7 as m ≥ 7 and 3 | m.
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Similar arguments also give that (2.7) is satisfied by n−m + i for the same i, r as that

for n− i.

If d = 4 then Pn,m(x) has factors of degree
(
m
2 and m

2

)
or
(
m
4 and 3m

4

)
. If Pn,m(x)

has factors of degree m
2 and m

2 then the assertion of the Lemma follows from the argu-

ments used for d = 2. Now suppose that Pn,m(x) have factors of degree m
4 and 3m

4 . Let

p > m be prime such that pe || (n− 1) and r = gcd(m− 1, e). Then the Newton polygon

of Pn,m(x − 1) with respect to p will consist of two line segments, one joining (0, e) to

(m− 1, 0) and other joining (m− 1, 0) to (m, e). Applying Dumas’ Theorem, we obtain

m−1
r divides (m4 and 3m

4 − 1) or it divides (m4 − 1 and 3m
4 ). In both the cases, we obtain

m−1
r divides 3 implying r = m−1

3 or m − 1. If r = m − 1 then r ≥ 7 since m ≥ 7 and

4 | m. Let r = m−1
3 . Then r ≥ 7 for m ≥ 22. Further from 4 | m, 3 | (m− 1) and m ≥ 7,

we only need to consider m = 16.

Let m = 16. Assume that Pn,16(x) has factors of degree m
4 = 4 and 3m

4 = 12. Let

p > m be a prime such that pe || (n − 2) and r = gcd(m − 2, e). Then the Newton

polygon of Pn,16(x − 1) with respect to p will consist of two line segments one joining

(0, e) to (14, 0) and other joining (14, 0) to (16, e). Applying Dumas’ Theorem, we obtain

14
r divides either both 4 and 12 − 2 or both 4 − 1 and 12 − 1 or both 4 − 2 and 12. In

each of the cases, we obtain 14
r | 2 implying r = 14 or 7. Hence, we obtain i ∈ {1, 2} and

r ≥ 7 such that prα || (n − i) for all p > m dividing n − i and some positive integer α,

i.e. n− i satisfies (2.7). Similar arguments also give n−m + i satisfies (2.7).

If d = 5 then Pn,m(x) has factors of degree
(
m
5 and 4m

5

)
or
(
2m
5 and 3m

5

)
. If Pn,m(x)

have factors of degree m
5 and 4m

5 using arguments as above, we obtain (2.7) with i = 1

and r = m−1
gcd(m−1,4) . Then r ≥ 7 for m ≥ 29. Further from 5 | m, 2 | (m− 1) and m ≥ 7,

we only need to consider m ∈ {15, 25}. For m ∈ {15, 25}, we obtain (2.7) with i = 2 and

r = m− 2 ≥ 7.

Now, if Pn,m(x) has factors of degree 2m
5 and 3m

5 , we obtain (2.7) with i = 1 and

r = m−1
gcd(m−1,3) . Clearly r ≥ 7 for m ≥ 22. Further from 5 | m, 3 | (m − 1) and m ≥ 7,

we have r ≥ 7 except for m = 10. For m = 10, similar arguments can be used to obtain

(2.7) with i = 3 and r = m− 3 = 7.
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If d = 6 then Pn,m(x) has factors of degree
(
m
6 and 5m

6

)
or
(
m
2 and m

2

)
or
(
m
3 and 2m

3

)
.

If Pn,m(x) has factors of degree m
2 and m

2 then the assertion of the Lemma follows from

the arguments used for d = 2. If Pn,m(x) has factors of degree m
3 and 2m

3 then the

assertion of the Lemma follows from the arguments used for d = 3.

If Pn,m(x) has factors of degree m
6 and 5m

6 , we obtain (2.7) with i = 1 and r =

m−1
gcd(m−1,5) . From 6 | m, observe that r = m − 1 ≥ 7 if 5 ∤ (m − 1) and r = m−1

5 ≥ 7 if

5 | (m− 1).

If d ≥ 7 then pdα || (n(n − m)) for all primes p > m dividing n(n − m) and some

α ∈ N. Hence we obtain (2.7) with i = 0 and r = d ≥ 7.

Now we will prove Theorem 3 by providing the value of n0 such that for all n ≥ n0,

Pn,m(x) is irreducible.

Proof of Theorem 3. Fix m ≥ 7 and assume that Pn,m(x) is reducible. Applying Lemma

2.4.4, we deduce that there exists i ∈ {0, 1, 2, 3} and an integer r ≥ 7 satisfying (2.7).

Note that P (axr − byr) = P (m − 2i) ≤ m also P (ab) ≤ m. Applying Lemma 2.4.1, we

obtain n − i = axr < 2.718513.5m =⇒ n < 2.718513.5m + 3. Therefore, for m ≥ 7 and

n ≥ 2.718513.5m + 3 the polynomial Pn,m(x) is irreducible over Q.

The proof of Theorem 4 is based on the following result, see [45, Theorem 2.2].

Lemma 2.4.5. [45, Theorem 2.2] Let f(x) be an irreducible polynomial of degree m

and suppose q is prime in the interval (m/2,m− 2) such that the Newton polygon with

respect to some prime p has an edge with slope a/b where a and b are relatively prime

integers and q | b. Let ∆ be the discriminant of f(x). Then the Galois group of f(x) over

Q is the alternating group Am if ∆ is a square and is the symmetric group Sm if ∆ is

not a square.

Filaseta and Moy [36, Lemma 3] showed that the discriminant of Pn,m(x − 1) is given

by

∆ = (−1)
m(m−1)

2 (n(n−m))m−1

(
(n−m + 1)(n−m + 2) · · · (n− 1)

m!

)m−2

.
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Using the above observation we prove the following result.

Lemma 2.4.6. Let m ≥ 5. Let ∆ be the discriminant of Pn,m(x− 1). Then ∆ is not a

square for n ≥ max{m(m−1)2

4 + m + 1, (m− 1)2 + m− 1}.

Proof. It was proved in [36, Lemma 4] that for even m, and n ≥ m(m−1)2

4 + m + 1, ∆ is

not a square. Let m be odd. Then ∆ is a square if there exists y ∈ Z such that

(n−m + 1)(n−m + 2) · · · (n− 1) = m!y2. (2.8)

Using [89, Corollary 2] with (k, n) replaced by (m − 1, n −m + 1), we obtain that the

equation (2.8) has no solution for m − 1 ≥ 4 and n − m + 1 > (m − 1)2. Hence the

assertion. Further note that m3 ≥ max{m(m−1)2

4 + m + 1, (m− 1)2 + m− 1}.

Let n,m be positive integers. In Theorem 4, we find the value of n1(m) such that

for all n ≥ n1(m), the polynomial Pn,m(x) has Galois group Sm.

Proof of Theorem 4. By Bertrand’s postulate, there is a prime number q with m
2 < q <

m− 2 for m ≥ 8. Further such q ≥ 7 if m ≥ 10 also n− q ̸= n−m + q.

Let pe || (n− q) with p > m. Then the Newton polygon of Pn,m(x− 1) with respect

to p consists of two edges, one joining (0, e) to (m− q, 0) and the other joining (m− q, 0)

to (m, e). The rightmost edge of the Newton polygon has slope e
q . If Pn,m(x − 1) is

irreducible, using Lemmas 2.4.5 and 2.4.6, we deduce that for m ≥ 5 and n > m3, the

Galois group of Pn,m(x−1) is Sm unless q | e. Using similar arguments for primes p > m

dividing n−m + q, we obtain that the Galois group is Sm unless q | vp(n−m + q) i.e.

(2.7) is satisfied with i = m− q and r = q.

As P ((n − m + q) − (n − q)) = P (2q − m) ≤ m, we obtain axq − byq = 2q − m

where P (ab(2q − m)) ≤ m. Since q ≥ 7 for m ≥ 10, applying Lemma 2.4.1 we obtain

n−m+q = axq < (2.71851)3.5m =⇒ n < (2.71851)3.5m +m−q ≤ (2.71851)3.5m + m
2 −1.

Therefore, for m ≥ 10 and n ≥ (2.71851)3.5m+ m
2 −1, the irreducibility of Pn,m(x−1)

follows from Theorem 3 and hence the Galois group is Sm.
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2.5 SAGE codes

1 def factorial(k):

2 fac =0;

3 R=range(1,k);

4 for i in R:

5 fac=fac+log(i);

6 return(fac)

7

8 for m in range (200 ,300):

9 fac=factorial(m);

10 alpha= ceil(float(m- prime_pi(m) - ((m-1)*log(m-1))/(5* log(m))));

11 beta= ceil(float(m- prime_pi(m) - (fac)/(5* log(m+1)) - m/2))

12 print("For m=",m,"\t",alpha ," ",beta);

Listing 2.1: Value of zm

1 E=range (7,8);

2 s=0;

3 Vte=set(); Xte=set();

4 for m in range (291 ,370):

5 for t in range(1,ceil((m+1) /2)):

6 Vte.clear(); Xte.clear(); f=0;

7 for e in E:

8 Xte.clear();

9 for a in range(0,e+1):

10 for b in range(0,e+1):

11 if(a!=b):

12 r=simplify ((t*e-m*b)/(a-b));

13 if(r>=0 and r in ZZ and r<=m):

14 Xte.add(r);

15 Vte=Vte.union(Xte);

16 s=max(s,len(Vte));

17

18 print("\t Max length of V_t(e)=",s);

Listing 2.2: The set Vt(e) and its upper bound
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1 m=42;

2 print("For m=",m);

3 E=range (1 ,10);

4 s=0; j=0;

5 T=range(1,ceil((m+1)/2));

6 Vte=set(); Xte=set(); Ute=set(); Yte=set();

7 for t in T:

8 print("\n\nFor t=",t,"\t",t/m);

9 j=(t/m).denominator ();

10 Vte.clear(); Xte.clear(); f=0; Ute.clear(); Yte.clear();

11 for e in E:

12 Xte.clear();

13 for a in range(0,e+1):

14 for b in range(0,e+1):

15 if(a!=b):

16 r=simplify ((t*e-m*b)/(a-b));

17 if(r>=0 and r in ZZ and r<=m):

18 Xte.add(r);

19 Vte=Vte.union(Xte);

20 s=max(s,len(Vte));

21 if(j in E):

22 for l in range(0,m+1):

23 if(l%j==0):

24 Yte.add(l);

25 Ute=Vte.union(Yte);

26 print("U_t(e) is a subset of ",sorted(Ute));

27

28 print("\nPairs (l,l+1) both not in U_t(e)")

29 for i in range(0,m):

30 if(i in Ute or (i+1) in Ute): f=2;

31 else: print(i,(i+1),end="\t");

32

33 print("\n\nPairs (l,l+2) both not in U_t(e)");

34 for i in range(0,m-1):

35 if(i in Ute or (i+2) in Ute): f=2;

36 else: print(i,i+2,end="\t");

37

38 print("\n\nPairs (l,l+4) both not in U_t(e)");

39 for i in range(0,m-3):

40 if(i in Ute or (i+4) in Ute): f=2;

41 else: print(i,i+4,end="\t");

Listing 2.3: The set Ut(e) and Lm,t
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Chapter 3

Behaviour of Newton Polygon

over polynomial composition

In this chapter, we study the structure of Newton polygons for compositions of polyno-

mials over the rationals. For f(x), g(x) ∈ Q[x], we establish sufficient conditions under

which the successive vertices of the Newton polygon of the composition g(fn(x)) with

respect to a prime p can be explicitly described in terms of the Newton polygon of the

polynomial g(x). Our results provide deeper insights into how the Newton polygon of a

polynomial evolves under iteration and composition, with applications to the study of

dynamical irreducibility, eventual stability, non-monogenity of tower of number fields,

etc. All the proofs and results in this chapter are taken from [56].

3.1 Preliminaries

Throughout this chapter, p will always denote a prime number and we use the notation

NPp(h) to denote the Newton polygon of h(x) ∈ Q[x] with respect to p. To prove

Theorems 5 and 7, we will need the following four lemmas.

Lemma 3.1.1. Let g(x) = bex
e + be−1x

e−1 + · · · + b0, with b0 ̸= 0, be a polynomial of

degree e with rational coefficients such that vp(be) = 0 and p divides bs for 0 ≤ s ≤ e−1.

Let m0,m1, . . . ,mt−1,mt be integers such that the successive vertices of the Newton

polygon of g(x) with respect to p are given by the set

{(0, 0), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))},
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where m0 = e and mt = 0. If α is a positive integer such that vp(b0) ≤ vp(bm1 )
e−m1

α, then

for any s with 0 ≤ s ≤ t, we have

vp(bms) ≤
vp(bm1)

e−m1
(α−ms). (3.1)

Proof. Denote vp(bms) by rs for 0 ≤ s ≤ t. Using the fact that mt = 0 and the hypothesis

vp(b0) ≤ r1
e−m1

α, it is clear that (3.1) holds for s = t.

Now, let us fix an integer s with 0 ≤ s < t. As the slopes of the edges of the Newton

polygon of g(x) with respect to p are in increasing order, we can easily verify that

r1
e−m1

≤ rs+1 − rs
ms −ms+1

≤ rt − rs
e− (e−ms)

.

Using the above inequality along with the hypothesis rt ≤ r1
e−m1

α, we obtain

rs ≤ rt −
r1

e−m1
ms ≤

r1
e−m1

α− r1
e−m1

ms.

This completes the proof of the lemma.

Lemma 3.1.2. Let g(x) = bex
e+be−1x

e−1+· · ·+b0 ∈ Q[x], with b0 ̸= 0, be a polynomial

of degree e. Let m0,m1, . . . ,mt−1,mt be integers such that the successive vertices of the

Newton polygon of g(x) with respect to p are given by the set

{(0, vp(be)), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))},

where m0 = e, mt = 0, and the slopes of the segments of the Newton polygon of g are

given by

λi =
vp(bmi) − vp(bmi−1)

mi−1 −mi
for 1 ≤ i ≤ t.

Let s and α be non-negative integers. Then we have the following:

(i) If s + 1 < α ≤ t, then

vp(bms+1) + λs+1(ms+1 − j) < vp(bmα) + λα(mα − j), for all j ≤ mα.

(ii) If 0 ≤ α ≤ s + 1 ≤ t, then

vp(bms+1) = vp(bmα) +
s+1∑

i=α+1

λi(mi−1 −mi).

Proof. Denote vp(bmi) by ri for 0 ≤ i ≤ t. We will prove the two cases separately.
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Case (i): Suppose s + 1 < α. Since the slopes of the edges of the Newton polygon of

g(x) with respect to p are in increasing order, we have

λs+1 <
rα − rs+1

ms+1 −mα
and λs+1 < λα.

Using these inequalities and the identity λs+1(ms+1−j) = λs+1(ms+1−mα)+λs+1(mα−
j) for j ≤ mα, it follows that

λs+1(ms+1 − j) < rα − rs+1 + λα(mα − j),

which can be rearranged as

rs+1 + λs+1(ms+1 − j) < rα + λα(mα − j).

This completes the proof of Case (i).

Case (ii): Suppose 0 ≤ α ≤ s + 1 ≤ t. Using the definition of λi, we have rs+1 =

rs + λs+1(ms −ms+1). With iterative similar equalities, we obtain

vp(bms+1) = vp(bmα) +
s+1∑

i=α+1

λi(mi−1 −mi).

This completes the proof of the lemma.

Lemma 3.1.3. With the notations and assumptions of Theorem 5, denote vp(bmi) by ri

for 0 ≤ i ≤ t. Assume that the successive vertices of the Newton polygon of (g ◦ fn)(x)

with respect to p are given by the set

{(0, 0), (dn(e−m1), r1), . . . , (d
n(e−mt−1), rt−1), (d

ne, rt)}.

If the polynomial (g◦fn+1)(x) is given by (g◦fn+1)(x) =
dn+1e∑
k=0

Ckx
k, then for k = dn+1ms

with 0 ≤ s ≤ t, we have vp(Ck) = rs.

Proof. Let f(x) =
∑d

i=0Aix
i and (g ◦ fn)(x) =

∑dne
j=0Bjx

j . Composition of (g ◦ fn)(x)

and f is given by

(g ◦ fn+1)(x) =

dne∑
j=0

Bj

 d∑
i=0

Aix
i

j

=

dn+1e∑
k=0

Ckx
k,
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For given k = dn+1ms, we determine vp(Ck) by analyzing the p-adic valuation of the

coefficient of xk in the expansion of the term:

Bj

 d∑
i=0

Aix
i

j

(3.2)

for each j in the range 0 ≤ j ≤ dne.

By hypothesis, the successive vertices of the Newton polygon of (g ◦ fn)(x) are given

by the set

{(0, 0), (dn(e−m1), r1), . . . , (d
n(e−mt−1), rt−1), (d

ne, rt)}.

This means that NPp(g ◦ fn) will appear as shown in Figure 3.1 below.

λs+1

dn

λt
dn

(0,0) (dn(e−m1), r1)

(dn(e−ms), rs)

(dn(e−ms+1), rs+1)

(dn(e−mt−1), rt−1)

(dne, rt)

(dne− j, vp(Bj))

Figure 3.1: Newton polygon of g ◦ fn(x) with respect to p

Recall that the Newton polygon of g ◦ fn is the lower convex hull formed using the

points {(dne − j, vp(Bj)) : 0 ≤ j ≤ dne}. Therefore, for any 0 < j ≤ dne, the point

(dne− j, vp(Bj)) will lie on or above the Newton polygon, i.e.,

vp(Bj) − 0

dne− j − 0
≥ r1

dn(e−m1)
=

λ1

dn
, for all j ∈ {0, 1, 2, . . . , dne− 1}.

This implies that

vp(Bj) ≥
λ1

dn
(dne− j), for all j ∈ {0, 1, 2, . . . , dne}. (3.3)
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From the hypothesis, the first edge
of NPp(f) has slope λ. Thus, for
0 < i ≤ d, the point (d− i, vp(Ai))
lies above the line joining (0, 0)
and (d, dλ), as shown in Figure
3.2.

λ

(0,0)

(d, dλ)
(d− i, vp(Ai))

Figure 3.2: Newton polygon of f with respect to p

This implies

vp(Ai) − 0

d− i− 0
≥ λ, for all i ∈ {0, 1, 2, . . . , d− 1};

which yields

vp(Ai) ≥ λ(d− i), for all i ∈ {0, 1, 2, . . . , d− 1, d}. (3.4)

The proof of the lemma is divided into three cases. We first prove the lemma for the

cases s = 0 and s = t seperately, then proceed with the case 0 < s < t.

Case s = 0: We begin with s = 0, i.e., k = dn+1m0 = dn+1e. In this situation, the only

term of degree k = dn+1e in the expression of (g ◦ fn+1)(x) is BdneA
dne
d xd

n+1e, thus we

have

vp(Ck) = vp(Bdne) + dnevp(Ad) = 0 = r0.

This proves the lemma for s = 0.

Case s = t: Now consider s = t, i.e., k = dn+1mt = 0. Then we have Ck = C0 =∑dne
j=0BjA

j
0. Recall the given fact that rt ≤ λ1(d + e− 1). For any j ≤ dne, we use the

upper bound of rt and note that −dn ≤ −1 to obtain

rt ≤
λ1

dn
(dn+1 + dne− dn) ≤ λ1

dn
(dn+1 + dne− 1) =

λ1

dn
(dne− j) +

λ1

dn
(dn+1 + j − 1).

Note that dn+1 ≥ 1, and it is easy to verify that for j ≥ 1, dn+1 + j − 1 ≤ dn+1j. By

applying this, along with λ1 ≤ λ and using Equations (3.3) and (3.4), we obtain:

rt ≤ λ1(d + e− 1) ≤ λ1

dn
(dne− j) +

λ

dn
dn+1j ≤ vp(Bj) + jvp(A0) = vp(BjA

j
0).

Remember that the above inequality holds only for j ≥ 1. Furthermore, we note that

one of the inequalities above is strict, based on the assumptions (i) and (ii) of Theorem

5; hence, we have vp(BjA
j
0) > rt whenever j ≥ 1. Also, for j = 0, we have vp(B0A

0
0) =

vp(B0) = rt. Hence, we conclude that vp(C0) = rt, which proves the lemma for s = t as

well.
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Case 0 < s < t: Fix an integer s satisfying 0 < s < t, and consider k = dn+1ms. If

j < k
d , then the highest possible degree of x in the expansion of (3.2) is dj, which is

strictly smaller than k. Therefore, no term of degree k exists in (3.2) whenever j < k
d .

Now, if j > k
d = dnms, we observe that j − k

d = j − dnms ≥ 1. Suppose that k can

be partitioned into j terms as k = i1 + i2 + · · · + ij with each iℓ ≤ d for 1 ≤ ℓ ≤ j.

Then there exists a term in the form Bj
∏j

ℓ=1Aiℓx
iℓ =

(
Bj
∏j

ℓ=1Aiℓ

)
xk of degree k in

the expansion of (3.2). Now, we show that for each such partition of k with j > k
d , the

inequality vp(Ck) > rs holds. Using Equations (3.3) and (3.4), we obtain

vp(Ck) ≥ vp

Bj

j∏
ℓ=1

Aiℓ

 = vp(Bj) +

j∑
ℓ=1

vp(Aiℓ) ≥
λ1

dn
(dne− j) +

j∑
ℓ=1

λ(d− iℓ).

Keeping in mind the given fact λ ≥ λ1 and the condition d− iℓ ≥ 0, we deduce

vp(Ck) ≥ λ1

dn
(dne− j) + λ1

j∑
ℓ=1

(d− iℓ)

= λ1

e− j

dn
+ dj −

j∑
ℓ=1

iℓ


= λ1

[
e− j

dn
+ dj − k +

k

dn+1
−ms+1

]
− λ1

(
k

dn+1
−ms+1

)
(3.5)

> λ1

[
e +

(
d− 1

dn

)(
j − k

d

)
−ms+1

]
− λs+1

(
k

dn+1
−ms+1

)

where the last inequality is strict because for any s > 0, we have λ1 < λs+1 and
k

dn+1 −ms+1 = ms −ms+1 > 0. Additionally, using j − k
d ≥ 1 and d ≥ 1, we derive

vp(Ck) > λ1

[
e + (d− 1) −ms+1

]
− λs+1

(
k

dn+1
−ms+1

)
.

Recall the given fact that rt ≤ λ1(d+ e− 1). Applying Lemma 3.1.1 with α = e+ d− 1

for the first part of RHS and substituting the values of k, λs+1, we obtain

vp(Ck) > rs+1 −
(

rs+1 − rs
ms −ms+1

)(
dn+1ms

dn+1
−ms+1

)
= rs.

Thus, for j > k
d = dnms, we assert that vp(Ck) > rs. Now for the case j = k

d ,

i.e., j = dnms, the only term of degree k in the expansion of (3.2) is Adnms
d Bdnms .

Furthermore, by applying the hypothesis to the structure of NPp(g ◦ fn) and recalling

that p ∤ Ad, we derive vp(A
dnms
d Bdnms) = dnmsvp(Ad) + vp(Bdnms) = dnms(0) + rs = rs.

Combining all of these, we obtain vp(Cdn+1ms
) = rs. As s was chosen arbitrarily, the
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lemma holds for all 0 < s < t. This completes the proof of the lemma.

Lemma 3.1.4. With the notations and hypotheses of Theorem 5, denote vp(bmi) by ri

for 0 ≤ i ≤ t. Assume that the successive vertices of the Newton polygon of (g ◦ fn)(x)

with respect to p are given by the set

{(0, 0), (dn(e−m1), r1), . . . , (d
n(e−mt−1), rt−1), (d

ne, rt)}.

If the polynomial (g◦fn+1)(x) is given by (g◦fn+1)(x) =
dn+1e∑
k=0

Ckx
k, then for k ≤ dn+1ms

with 0 ≤ s < t, we have

vp(Ck) ≥ rs+1 + λs+1

(
ms+1 −

k

dn+1

)
.

Proof. Write f(x) =
∑d

i=0Aix
i and (g ◦ fn)(x) =

∑dne
j=0Bjx

j . Since (g ◦ fn+1)(x) is

given by (g ◦ fn+1)(x) =
dn+1e∑
k=0

Ckx
k, we obtain

(g ◦ fn+1)(x) =
dne∑
j=0

Bj

 d∑
i=0

Aix
i

j

=
dn+1e∑
k=0

Ckx
k.

To determine vp(Ck) for a given k with k ≤ dn+1ms, we examine the p-adic valuation of

the coefficient of xk in the expansion of the term:

Bj

 d∑
i=0

Aix
i

j

(3.6)

for each j in the range 0 ≤ j ≤ dne.

We use arguments similar to those used for obtaining Equations (3.3) and (3.4) to

conclude the following:

vp(Bj) ≥
λ1

dn
(dne− j), ∀j ∈ {0, 1, 2, . . . , dne}; (3.7)

vp(Ai) ≥ λ(d− i), ∀i ∈ {0, 1, 2, . . . , d}. (3.8)

Now, to prove the lemma, fix an integer s within the range 0 ≤ s < t.

Case 1: We first prove the result for k in the range dn+1ms+1 ≤ k < dn+1ms, i.e.,

dnms+1 ≤ k
d < dnms. We split this case into two subcases according to whether j ≤ k

d

or j > k
d .
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Subcase (i): Suppose j ≤ k
d < dnms, i.e., dne− j > dne− dnms = dn(e−ms). In this

situation, the point (dne − j, vp(Bj)) lies strictly beyond the point (dn(e − ms), rs) as

illustrated in Figure 3.1. Consequently, the slope of the segment joining (dne−j, vp(Bj))

and (dn(e − ms), rs) is greater than or equal to λs+1/d
n, depicted by the blue dotted

line in Figure 3.1. Using this observation for j < dnms and the value of λs+1, we deduce

vp(Bj) − rs
dnms − j

≥ λs+1

dn
=

rs+1 − rs
dn(ms −ms+1)

.

Although the above inequality holds only for j < dnms, the next inequlity deduced from

above is true for all j ≤ dnms,

vp(Bj) − rs ≥
rs+1 − rs

dn(ms −ms+1)
(dnms − j)

= rs+1 − rs +
rs+1 − rs

dn(ms −ms+1)
(dnms+1 − j).

This implies

vp(Bj) ≥ rs+1 +
λs+1

dn
(dnms+1 − j) (3.9)

Using this in (3.6) and keeping in mind that vp(Ai) ≥ 0 for all i ∈ {0, 1, . . . , d}, we

obtain

vp(Ck) ≥ vp(Bj) ≥ rs+1 +
λs+1

dn
(dnms+1 − j).

Further, using j ≤ k
d , we conclude

vp(Ck) ≥ rs+1 +
λs+1

dn

(
dnms+1 −

k

d

)
= rs+1 + λs+1

(
ms+1 −

k

dn+1

)
.

Therefore, our lemma is proved whenever j ≤ k
d .

Subcase (ii): Suppose j > k
d , and let k = i1 + i2 + · · · + ij be a partition of k into j

terms, where iℓ ≤ d for 1 ≤ ℓ ≤ j. Then there exists a term of degree k in the form

Bj
∏j

ℓ=1Aiℓx
iℓ =

(
Bj
∏j

ℓ=1Aiℓ

)
xk within the expansion of (3.6). We use arguments

similar to those used for (3.5) to arrive at the following conclusion:

vp(Ck) ≥ λ1

[
e− j

dn
+ dj − k +

k

dn+1
−ms+1

]
− λ1

(
k

dn+1
−ms+1

)
≥ λ1

[
e +

(
d− 1

dn

)(
j − k

d

)
−ms+1

]
− λs+1

(
k

dn+1
−ms+1

)
,
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where the last inequality holds because for any s > 0, as k
dn+1 −ms+1 ≥ 0 and λ1 ≤ λs+1.

Additionally, if j − k
d ≥ 1, we use d ≥ 1 to derive

vp(Ck) ≥ λ1

[
e + (d− 1) −ms+1

]
+ λs+1

(
ms+1 −

k

dn+1

)
.

Using the given fact that rt ≤ λ1(d + e − 1) in Lemma 3.1.1 with α = e + d − 1, the

above inequality becomes

vp(Ck) ≥ rs+1 + λs+1

(
ms+1 −

k

dn+1

)
.

Therefore, our lemma holds whenever j− k
d ≥ 1. The only remaining part in this subcase

is when 0 < j − k
d < 1, which implies k < dj < d + k. Thus, there exists an integer γ

in the range 0 < γ < d satisfying k + γ = dj. Further, we use k = i1 + i2 + . . . + ij to

deduce
(∑j

ℓ=1 iℓ

)
+γ = dj. This implies γ =

∑j
ℓ=1(d−iℓ). Additionally, considering the

condition j < k
d + 1 and bearing in mind that k < dn+1ms, we infer that j < dnms + 1,

i.e., j ≤ dnms. Now, we use reasoning similar to those used for (3.9) to deduce vp(Bj) ≥
rs+1 + λs+1

dn (dnms+1 − j). Using this inequality and (3.8), we obtain

vp(Ck) ≥ vp(Bj) +

j∑
ℓ=1

vp(Aiℓ) ≥ rs+1 +
λs+1

dn
(dnms+1 − j) + λ

j∑
ℓ=1

(d− iℓ).

Substituting j = k
d + γ

d and using γ =
∑j

ℓ=1(d− iℓ), we have

vp(Ck) ≥ rs+1 +
λs+1

dn

(
dnms+1 −

(
k

d
+

γ

d

))
+ λγ

≥ rs+1 + λs+1

(
ms+1 −

k

dn+1

)
− λs+1

dn
γ

d
+ λ1γ,

where the last inequality follows from the hypothesis λ ≥ λ1. Therefore, to establish

our lemma in this subcase, it is enough to show that

λ1γ − λs+1

dn
γ

d
≥ 0.

Taking into account the conditions γ > 0, n ≥ 0, and λt ≥ λs+1, for all s with 0 < s ≤ t,

the above inequality holds true if

λ1 ≥
λt

d
=

1

d

rt − rt−1

mt−1 −mt
, i.e., rt ≤ λ1d(mt−1 −mt) + rt−1.
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Furthermore, noting that rt−1

e−mt−1
≥ λ1 and keeping in mind that mt = 0, the inequality

above holds true if

rt ≤ λ1dmt−1 + λ1(e−mt−1), i.e., rt ≤ λ1[e + (d− 1)mt−1].

The last inequality follows from mt−1 ≥ 1 and the hypothesis that rt ≤ λ1(d + e − 1).

This proves Subcase (ii). Thus, our lemma holds for any s, 0 ≤ s < t, whenever k lies

in the range dn+1ms+1 ≤ k < dn+1ms. This completes the proof of Case 1.

Case 2: Now suppose that k < dn+1ms. Note that the sequence mi’s are decreasing;

hence there exists an integer α < t such that α ≥ s and dn+1mα+1 ≤ k < dn+1mα.

Using exactly similar arguments to Case 1 for α, we see that

vp(Ck) ≥ rα+1 + λα+1

(
mα+1 −

k

dn+1

)
(3.10)

= rα + rα+1 − rα +
rα+1 − rα
mα −mα+1

(
mα+1 −

k

dn+1

)
= rα +

rα+1 − rα
mα −mα+1

(
mα −mα+1 + mα+1 −

k

dn+1

)
= rα + λα+1

(
mα − k

dn+1

)
> rα + λα

(
mα − k

dn+1

)
, (3.11)

where the last inequality holds because λα+1 > λα and k < dn+1mα. If α = s, then the

lemma is clearly true using (3.10). If α = s+ 1, we use (3.11) to prove our lemma. Now,

assuming α > s + 1 and keeping in mind k
dn+1 < mα, we apply Lemma 3.1.2 (i) to the

right-hand side of (3.11) to conclude

vp(Ck) > rs+1 + λs+1

(
ms+1 −

k

dn+1

)
.

This completes the proof of Case 2. Thus, our lemma is proved for s. Since s was

arbitrarily chosen from the range 0 ≤ s < t, our result holds for all s, 0 ≤ s < t. This

concludes the demonstration of the lemma.

3.2 Proof of Theorem 5

Proof of Theorem 5: Recall that 0 = mt < mt−1 < · · · < m1 < m0 = e are integers such

that NPp(g) has vertices

{(0, 0), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))}.
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Suppose f(x) is a polynomial satisfying (i) or (ii) and let n be a positive integer, our

aim is show that NPp(g ◦ fn) has vertices

{(0, 0), (dn(e−m1), vp(bm1)), . . . , (dn(e−mt−1), vp(bmt−1)), (dne, vp(b0))}.

Let vp(bmi) be denoted by ri for 0 ≤ i ≤ t. Hence, λi can be expressed as

λi =
ri − ri−1

mi−1 −mi
for 1 ≤ i ≤ t.

We proceed by induction on n ≥ 0. For n = 0, we have g ◦ f0 = g, and the result is

trivially true.

Now, fix an integer n > 0. Assume that the result holds for n, i.e., the successive

vertices of NPp(g ◦ fn) are given by the set

{(0, 0), (dn(e−m1), r1), . . . , (d
n(e−mt−1), rt−1), (d

ne, rt)}.

Our goal is to show that NPp(g ◦ fn+1), has the structure as depicted in Figure 3.3.

Specifically, we need to show that the successive vertices of NPp(g ◦ fn+1) are given by

the set

{(0, 0), (dn+1(e−m1), r1), . . . , (d
n+1(e−mt−1), rt−1), (d

n+1e, rt)}.

λs+1

dn+1

λt
dn+1

(0,0) (dn+1(e−m1), r1)

(dn+1(e−ms−1), rs−1)

(dn+1(e−ms), rs)

(dn+1(e−mt−1), rt−1)

(dn+1e, rt)

(dn+1e− k, vp(Ck))

Figure 3.3: Newton polygon of g ◦ fn+1 with respect to p
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Write f(x) =
∑d

i=0Aix
i and (g ◦ fn)(x) =

∑dne
j=0Bjx

j . Thus, we have

(g ◦ fn+1)(x) =
dne∑
j=0

Bj

 d∑
i=0

Aix
i

j

.

Let Ck denote the coefficient of xk such that

(g ◦ fn+1)(x) =

dn+1e∑
k=0

Ckx
k.

Using Lemmas 3.1.3 and 3.1.4, we will show that the first edge of NPp(g ◦ fn+1)

has endpoints (0, 0) and (dn+1(e − m1), r1). For s = 0, we have m0 = e. By applying

Lemma 3.1.3 with s = 0, we obtain vp(Cdn+1e) = r0 = 0, meaning that the first edge of

NPp(g ◦ fn+1) starts at the point (0, 0).

Next, applying Lemma 3.1.4 with s = 0 and k ≤ dn+1m0 = dn+1e, we deduce that

vp(Ck) ≥ r1 + λ1

(
m1 −

k

dn+1

)
= r0 + r1 − r0 +

r1 − r0
e−m1

(
m1 −

k

dn+1

)
= r0 +

r1 − r0
e−m1

(
e− k

dn+1

)
.

Thus, we have
vp(Ck) − r0
dn+1e− k

≥ 1

dn+1
· r1 − r0
e−m1

=
λ1

dn+1
. (3.12)

Hence, every point (dn+1e−k, vp(Ck)) lies on or above the line segment joining (0, 0)

and (dn+1(e−m1), r1). By applying Lemma 3.1.3 for s = 1, we obtain vp(Cdn+1m1
) = r1.

To show that (dn+1(e−m1), vp(Cdn+1m1
)) is the endpoint of the first edge, it suffices to

prove that any point (dn+1e−k, vp(Ck)) beyond (dn+1(e−m1), vp(Cdn+1m1
)) lies strictly

above the line segment representing the first edge, as indicated by the green dotted

segment in Figure 3.3.

Now, consider a point (dn+1e−k, vp(Ck)) lying beyond (dn+1(e−m1), r1), i.e., dn+1e−
k > dn+1(e−m1). Then, we have k < dn+1m1. Lemma 3.1.4 with s = 1 gives
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vp(Ck) ≥ r2 + λ2

(
m2 −

k

dn+1

)
= r1 + r2 − r1 +

r2 − r1
m1 −m2

(
m2 −

k

dn+1

)
= r1 +

r2 − r1
m1 −m2

(
m1 −

k

dn+1

)
> r1 + λ1

(
m1 −

k

dn+1

)
.

where the last inequality follows using the fact that k < dn+1m1 and λ1 < λ2. Following

similar reasoning as for inequality (3.12), we get

vp(Ck) − r0
dn+1e− k

>
λ1

dn+1
.

Thus, every point (dn+1e− k, vp(Ck)) lying beyond (dn+1(e−m1), r1) lies strictly above

the line segment joining (0, 0) and (dn+1(e −m1), r1). Therefore, we conclude that the

first edge of NPp(g ◦ fn+1) has endpoints (0, 0) and (dn+1(e−m1), r1).

For any s in the range 0 < s ≤ t, similar arguments will show that the s-th edge

of NPp(g ◦ fn+1) has endpoints (dn+1(e − ms−1), rs−1) and (dn+1(e − ms), rs). This

completes the proof of the theorem.

We now present a few examples to illustrate that the assumptions made in Theorem

5 are not only sufficient but also strictly necessary for its conclusions. For a given

polynomial g(x) ∈ Q[x] of degree e, we use the notation:

NPp(g) : (0, 0) → (e−m1, vp(bm1)) → · · · → (e, vp(b0))

to represent the successive vertices of the Newton polygon of g(x) with respect to the

prime p. These vertices are given by the set

{(0, 0), (e−m1, vp(bm1)), . . . , (e, vp(b0))}.

In what follows, Example 3.2.1 illustrates the importance of the condition λ ≥ λ1,

while Examples 3.2.2 and 3.2.3 highlights the necessity of the condition rt ≤ λ1(d+e−1).

Example 3.2.1. Let f(x) = x3 + 2x + 4 and g(x) = x3 + 4x + 24. Then

(g ◦ f)(x) = x9 + 6x7 + 12x6 + 12x5 + 48x4 + 60x3 + 48x2 + 104x + 96.
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Furthermore, the Newton polygons of f , g, and g ◦ f with respect to the prime 2 are:

NP2(f) : (0, 0) → (2, 1) → (3, 2),

NP2(g) : (0, 0) → (2, 2) → (3, 4),

NP2(g ◦ f) : (0, 0) → (6, 2) → (8, 3) → (9, 5).

Using the notations in Theorem 5, we observe that t = 2, d = e = 3, λ = 1
2 < 1 = λ1,

and rt = 4 < 5 = λ1(d + e − 1). While all other conditions of Theorem 5 are satisfied,

the condition λ ≥ λ1 is violated, leading to the failure of Newton polygon structure

preservation. This underscores the necessity of the condition λ ≥ λ1.

Next two examples demonstrate the importance of the condition rt ≤ λ1(d + e − 1)

for cases where t = 2 and t = 3.

Example 3.2.2. Let f(x) = x3 + 2x2 + 2x + 4 and g(x) = x3 + 2x + 8. Then

(g ◦ f)(x) = x9 + 6x8 + 18x7 + 44x6 + 84x5 + 120x4 + 154x3 + 148x2 + 100x + 80.

The Newton polygons of f , g, and g ◦ f with respect to the prime 2 are:

NP2(f) : (0, 0) → (2, 1) → (3, 2),

NP2(g) : (0, 0) → (2, 1) → (3, 3),

NP2(g ◦ f) : (0, 0) → (6, 1) → (8, 2) → (9, 4).

Using the notations in Theorem 5, we have t = 2, d = e = 3, λ = λ1 = 1
2 , and

rt = 3 > 5
2 = λ1(d + e − 1). This example illustrates the necessity of condition (i) of

Theorem 5.

Example 3.2.3. Consider the case t = 3. Let f(x) = x11 + 2x4 + 4x+ 16. The Newton

polygons of f and f2 with respect to the prime 2 are given by:

NP2(f) : (0, 0) → (7, 1) → (10, 2) → (11, 4),

NP2(f
2) : (0, 0) → (77, 1) → (110, 2) → (117, 3) → (121, 4).

Using the notations of Theorem 5, we observe that in this example t = 3, d = e = 3,

λ = λ1 = 1
7 , and r3 = 4 > 3 = λ1(d + e − 1). This demonstrates the necessity of the

condition rt ≤ λ1(d + e− 1) in Theorem 5.
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3.3 Proof of Theorem 7

Proof of Theorem 7: Recall that 0 = mt < mt−1 < · · · < m1 < m0 = e are integers such

that NPp(g) has vertices

{(0, vp(be)), (e−m1, vp(bm1)), . . . , (e−mt−1, vp(bmt−1)), (e, vp(b0))}.

Suppose f(x) and u satisfy assuptions of theorem, our aim is show that NPp(g ◦ f) has

vertices

{(0, vp(be)), (d(e−m1), vp(bm1)), . . . , (d(e−mt−1), vp(bmt−1)), (de, vp(b0))}.

Denote vp(bmi) by ri for 0 ≤ i ≤ t. Thus, λi can be written as λi = ri−ri−1

mi−1−mi
for

1 ≤ i ≤ t. Our goal is to show that the successive vertices of NPp(g ◦ f) are given by

the set

{(0, r0), (d(e−m1), r1), . . . , (d(e−mt−1), rt−1), (de, rt)}.

Write f(x) =
∑d

i=0 aix
i. So, we have

(g ◦ f)(x) =
e∑

j=0

bj

 d∑
i=0

aix
i

j

.

Let ck denote the coefficients of xk in this expansion, so that

(g ◦ f)(x) =
de∑
k=0

ckx
k.

The proof of our theorem will proceed similarly to the proof of Theorem 5, once we

establish the following two key equations:

For k = dms with 0 ≤ s ≤ t, we have vp(ck) = rs, (3.13)

for k ≤ dms with 0 ≤ s ≤ t, we have vp(ck) ≥ rs+1 + λs+1

(
ms+1 −

k

d

)
. (3.14)

To prove Equations (3.13) and (3.14), we need to determine vp(ck) for a given k

within the range 0 ≤ k ≤ de. That is, we need the p-adic valuation of the coefficient of

xk in the expansion of the term:

59



bj

 d∑
i=0

aix
i

j

(3.15)

for each j in the range 0 ≤ j ≤ e. By hypothesis, the successive vertices of NPp(g) are

given by the set

{(0, r0), (e−m1, r1), . . . , (e−mt−1, rt−1), (e, rt)}.

Therefore, NPp(g) is as shown in Figure 3.4.

λ1

λ2 λt−1

λt

(0, r0)

(e−m1, r1)

(e−m2, r2) (e−mt−2, rt−2)

(e−mt−1, rt−1)

(e, rt)

Figure 3.4: Newton polygon of g(x) with respect to p

Recall the hypothesis that vp(ad) = 0 and

vp(ai) ≥
u

β
(d− i) for all i ∈ {0, 1, 2, . . . , d}. (3.16)

We now prove (3.13). The proof of (3.13) is split into two cases depending on whether

s = 0 or 0 < s ≤ t.

Case s = 0: For s = 0, we have k = dm0 = de. In this situation, the only term of

degree k in the expression of (g ◦ f)(x) is bea
e
d. Hence, we have:

vp(ck) = vp(be) + evp(ad) = r0 + e(0) = r0.

This proves (3.13) for s = 0.

Case 0 < s ≤ t: Fix an integer s with 0 < s ≤ t and let k = dms. If j < k
d , then the

highest possible degree of x in the expansion of (3.15) is dj, which is strictly less than
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k. Therefore, no term of degree k exists in (3.15) whenever j < k
d .

Now assume j > k
d = ms. Recall that the mi’s form a decreasing sequence, so there

exists an integer α in the range 0 < α ≤ s such that mα < j ≤ mα−1. In this case, we

have e− j ≥ e−mα−1, i.e., the point (e− j, vp(bj)) lies beyond (e−mα−1, rα−1). Thus,

we obtain the inequality:

vp(bj) − rα−1 ≥ λα(mα−1 − j),

i.e., vp(bj) ≥ rα−1 + λα(mα−1 − j). (3.17)

Suppose that k can be partitioned into j terms as k = i1 + i2 + · · · + ij with each

iℓ ≤ d for 1 ≤ ℓ ≤ j. Then, there exists a term of the form

bj

j∏
ℓ=1

aiℓx
iℓ =

bj

j∏
ℓ=1

aiℓ

xk

of degree k in the expansion of (3.15). Our goal is to show that for each such partition

of k with j > k
d , the inequality vp(ck) > rs holds. Using (3.16) and (3.17), we get:

vp(ck) ≥ vp

bj

j∏
ℓ=1

aiℓ

 = vp(bj) +

j∑
ℓ=1

vp(aiℓ) ≥ rα−1 + λα(mα−1 − j) +

j∑
ℓ=1

u

β
(d− iℓ).

Furthermore, applying Lemma 3.1.2 (ii), to prove vp(ck) > rs, it suffices to show that:

rα−1 + λα(mα−1 − j) +
u

β
(dj − k) > rs = rα−1 +

s∑
i=α

λi(mi−1 −mi),

i.e., λα(mα−1 − j) +
u

β
(dj − dms) > λα(mα−1 −mα) +

s∑
i=α+1

λi(mi−1 −mi),

i.e.,
u

β
d(j −ms) > λα(j −mα) +

s∑
i=α+1

λi(mi−1 −mi).

On the contrary suppose that the above inequality does not hold. This means we

have:

d

β
(j −ms) ≤

λα

u
(j −mα) +

s∑
i=α+1

λi

u
(mi−1 −mi) < j −mα + (mα −ms),

where the last inequality follows from the fact that λi ≤ |λi| < u for all i in the range

0 < i ≤ t, along with j > mα and the fact that the mi’s form a decreasing sequence.

Since j−ms > 0, the above inequality is equivalent to d
β < 1, which is a contradiction to
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the fact that β ≤ d. Hence, the desired inequality holds, implying vp(ck) > rs whenever

j > k
d .

The only remaining case is j = ms, for which there is only one term of degree k in

(3.15), namely bja
j
d. Its p-adic valuation is:

vp(bja
j
d) = vp(bms) + jvp(ad) = rs.

Combining all of these results, we obtain vp(cdms) = rs. Since s was chosen arbitrarily

from the range 0 < s ≤ t, this completes the proof of (3.13) for all 0 < s ≤ t.

We now proceed to prove (3.14). Fix an integer s in the range 0 ≤ s ≤ t.

Case 1: We first establish (3.14) for k such that dms+1 < k ≤ dms.

Note that if j < k
d , the highest possible degree of x in the expansion of (3.15) is dj,

which is strictly smaller than k. Hence, no term of degree k exists in the expansion of

(3.15) whenever j < k
d .

Now, assume j ≥ k
d > ms+1. Recall that the mi’s form a decreasing sequence, so

there exists an integer α in the range 0 < α ≤ s+ 1 such that mα < j ≤ mα−1. Suppose

that k can be partitioned into j terms as k = i1 + i2 + · · · + ij , where each iℓ ≤ d for

1 ≤ ℓ ≤ j. Then, there exists a term in the form:

bj

j∏
ℓ=1

aiℓx
iℓ =

bj

j∏
ℓ=1

aiℓ

xk

of degree k in the expansion of (3.15). Now, we will show that for each such partition of

k with j ≥ k
d , the inequality (3.14) holds. Using (3.16) and arguments similar to those

used for (3.17), we obtain:

vp(ck) ≥ vp

bj

j∏
ℓ=1

aiℓ

 = vp(bj) +

j∑
ℓ=1

vp(aiℓ) ≥ rα−1 + λα(mα−1 − j) +

j∑
ℓ=1

u

β
(d− iℓ).

Recall that α − 1 < α ≤ s + 1. By applying Lemma 3.1.2 (ii) to rs+1, we see that in

order to prove (3.14), it suffices to show that

rα−1 + λα(mα−1 − j) +
u

β
(dj − k) ≥ rα−1 +

s+1∑
i=α

λi(mi−1 −mi) + λs+1

(
ms+1 −

k

d

)
,

i.e.,
u

β
d

(
j − k

d

)
≥ λα(j −mα) +

s+1∑
i=α+1

λi(mi−1 −mi) + λs+1

(
ms+1 −

k

d

)
.

(3.18)
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In the case where α = s + 1, inequality (3.18) becomes:

u

β
d

(
j − k

d

)
≥ λs+1(j −ms+1) + λs+1

(
ms+1 −

k

d

)
= λs+1

(
j − k

d

)
.

The above inequlity trivially holds for j = k
d . Now for j > k

d , if the above inequality does

not hold, then we use the fact λs+1 ≤ |λs+1| < u to conclude d
β < 1, which contradicts

β ≤ d. Therefore, inequality (3.18) holds for α = s + 1.

Now suppose α < s + 1. In this case, inequality (3.18) can be rewritten as:

u

β
d

(
j − k

d

)
≥ λα(j −mα) +

s∑
i=α+1

λi(mi−1 −mi) + λs+1

(
ms −

k

d

)
.

Assume, for the sake of contradiction, that the last inequality is false. That is, we have:

d

β

(
j − k

d

)
<

λα

u
(j −mα) +

s∑
i=α+1

λi

u
(mi−1 −mi) +

λs+1

u

(
ms −

k

d

)
< j −mα + mα −ms + ms −

k

d
= j − k

d
,

where the last inequality follows from λi ≤ |λi| < u for all i in the range 0 < i ≤ t,

j > mα, ms ≥ k
d , and the fact that the mi’s are decreasing. For j = k

d , the above

inequality in contradictory. So assume j > k
d . Since j − k

d > 0, the above inequality can

be rewritten as d
β < 1, which contradicts β ≤ d. Therefore, (3.14) holds for k in the

range dms+1 < k ≤ dms.

Case 2: Now consider the case where k ≤ dms+1, i.e., k
d ≤ ms+1. Recall that the

mi’s form a decreasing sequence. Therefore, there exists an integer α in the range

s + 1 < α ≤ t such that mα < k
d ≤ mα−1, i.e., dmα < k ≤ dmα−1. Using arguments

similar to those in Case 1, we obtain:

vp(ck) ≥ rα + λα

(
mα − k

d

)
> rα−1 + λα−1

(
mα−1 −

k

d

)
(3.19)

where the last inequality can be obtained using the arguments similar to those used to

obtain (3.11) from (3.10). If α = s + 2, then (3.14) holds true from (3.19). So assume

α > s + 2, we apply Lemma 3.1.2 (i) and use (3.19) to deduce that:

vp(ck) > rs+1 + λs+1

(
ms+1 −

k

d

)
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for all dmα < k ≤ dmα−1. This completes the proof of Case 2, and hence, the inequality

(3.14) holds true for all k ≤ dms.

Since s was chosen arbitrarily from the range 0 ≤ s < t, inequality (3.14) holds for

all s, 0 ≤ s < t. This concludes the proof of inequality (3.14), and consequently, the

proof of Theorem 7.

We now provide an example to illustrate that the assumption u > λt in Theorem 7

is crucial for preserving the structure of the Newton polygon of g under composition by

f . Furthermore, this example demonstrates that alternative conditions, such as u > λ1

or u > rt
e , which generalize [22, Theorem 3.7], are insufficient to maintain the Newton

polygon structure of g.

Example 3.3.1. Consider the polynomials f(x) = x5 + 4x+ 4 and g(x) = x3 + 4x+ 16.

The composition (g ◦ f)(x) is given by:

(g ◦ f)(x) = x15 + 12x11 + 12x10 + 48x7 + 96x6 + 52x5 + 64x3 + 192x2 + 208x + 96.

The Newton polygons of g and g ◦ f with respect to the prime 2 are:

NP2(g) : (0, 0) → (2, 2) → (3, 4),

NP2(g ◦ f) : (0, 0) → (10, 2) → (14, 4) → (15, 5).

Using the notations of Theorem 7, we find u = 2 and β = 5. Observe that u = 2 satisfies

both u > λ1 = 1 and u > rt
e = 4

3 . However, the Newton polygon structure of g is not

preserved under the composition by f , highlighting the necessity of the condition u > λt

in Theorem 7.

3.4 Proof of Theorem 9

To prove Theorem 9, we first establish a technical lemma that will be instrumental in

the proof.

Lemma 3.4.1. Let f(x) = adx
d + ad−1x

d−1 + · · · + a1x + a0, where a0 ̸= 0, be a

polynomial of degree d with rational coefficients. Let p be a prime, and let g(x) =

bex
e + be−1x

e−1 + · · · + b1x + b0 be a polynomial of degree e with rational coefficients.

Suppose that

vp(a0) > max
1≤j≤e

vp(b0) − vp(bj)

j
.

Then, vp(g(f(0))) = vp(b0).

64



Proof. From the given condition, for all j with 1 ≤ j ≤ e, we have

vp(a0) >
vp(b0) − vp(bj)

j
,

which implies

vp(bj) + jvp(a0) > vp(b0), ∀j, 1 ≤ j ≤ e.

Now consider the evaluation of g(f(0)):

g(f(0)) =
e∑

j=0

bja
j
0.

For j ≥ 1, the inequality vp(bj)+ jvp(a0) > vp(b0) ensures that all other terms bja
j
0 have

strictly higher p-adic valuation than b0. Consequently, vp(g(f(0))) = vp(b0).

Proof of Theorem 9: Let f(x) = adx
d + ad−1x

d−1 + · · · + a1x + a0, a0 ̸= 0 be such that

vp(ai) > 0 for all i, 0 ≤ i < d, and vp(ad) = 0. Our aim is to show that f(x) is eventually

stable. We first establish the following assertion for all natural numbers n:

fn(x) ≡ a
dn−1
d−1

d xd
n

(mod p) and vp(f
n(0)) = vp(a0). (3.20)

The assertion clearly holds for n = 1 by the given conditions. Assume that the result

holds for n = k, i.e.,

fk(x) ≡ a
dk−1
d−1

d xd
k

(mod p) and vp(f
k(0)) = vp(a0).

This implies

fk+1(x) ≡ a
dk−1
d−1

d

(
adx

d + ad−1x
d−1 + · · · + a1x + a0

)dk
(mod p)

≡ a
dk−1
d−1

+dk

d xd
k+1 ≡ a

dk+1−1
d−1

d xd
k+1

(mod p),

where the final congruence follows since vp(ai) > 0 for all i ∈ {0, 1, . . . , d− 1}.

Next, let fk(x) =
∑dk

j=0 bjx
j . By the induction hypothesis on fk(x), we have vp(bj) ≥

1 for all j, 1 ≤ j ≤ dk. Consequently, we have:

max
1≤j≤dk

vp(b0) − vp(bj)

j
≤ vp(b0) − 1

j
< vp(b0) = vp(f

k(0)) = vp(a0),
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where the final equality follows from the induction hypothesis. By applying Lemma

3.4.1, it follows that

vp(f
k+1(0)) = vp(b0) = vp(f

k(0)) = vp(a0).

Thus, (3.20) holds for all natural numbers n.

Since vp(ad) = 0, we have vp(a
dn−1
d−1

d ) = 0, implying that the NPp(f
n) starts at (0, 0).

Furthermore, (3.20) shows that NPp(f
n) has an endpoint at (dn, vp(a0)), and all edges

of NPp(f
n) must have positive slopes. A chain of edges with positive increasing slopes

from (0, 0) to (dn, vp(a0)) can have at most vp(a0) edges. By applying Dumas’ theorem

to NPp(f
n), it follows that fn(x) can have at most vp(a0) irreducible factors. Therefore,

fn(x) is eventually stable.

3.5 Some Applications

In this section, we give some applications of our main results, i.e., Theorems 5, 7 and 9.

We start this section by proving Theorem 8 which is about the families of polynomials

that are dynamically irreducible at Schur polynomials.

3.5.1 Proof of Theorem 8:

Choose a prime p | m and fix n ≥ 0. Let Gm(x) be the Schur polynomial of degree m.

Suppose f(x) ∈ Q[x] is such that vp(ad) = 0 and f(x) ≡ adx
d (mod p). We show that

Gm ◦ fn is irreducible over Q. Write m =
∑N

i=1 bip
mi with m1 < m2 < · · · < mN and

0 < bi < p. Denote zj = b1p
m1 + · · · + bjp

mj for 1 ≤ j ≤ N . Using a method similar to

that in [21, Lemma II] and keeping in mind that gcd(bi,m) = 1 for all i, 0 ≤ i ≤ m, we

have that NPp(Gm) has N (as shown in Figure 3.5) segments with slopes

λi =
pmi − 1

pmi(p− 1)
< 1.

From the proof of Theorem 9, we have fn(x) ≡ a
dn−1
d−1

d xd
n

(mod p). Thus, by Theorem

7, NPp(Gm ◦ fn) has N segments with slopes

pmi − 1

dnpmi(p− 1)
.
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λ1

λi

λN

(0,−vp(m!)) (z1,−vp((m− z1)!))

(zi−1,−vp((m− zi−1)!))

(zi,−vp((m− zi)!))

(zN−1,−vp((m− zN−1)!))

(m, 0)

Figure 3.5: Newton polygon of Gm with respect to p

In particular, dnpvp(m) = dnpm1 divides the denominator of each slope of NPp(Gm ◦
fn). Therefore, by [21, Corollary I], dnpvp(m) divides the degree of any irreducible

factor of Gm ◦ fn over Q. It follows that any irreducible factor of Gm ◦ fn has degree

dn
∏

p|m pvp(m) = dnm, which proves the result.

Remark: To remove the restriction gcd(bi,m) = 1 for all i, 0 < i < m, we can use a

method similar to that in the proof of [33, Theorem 2].

3.5.2 Non-monogenity of number fields:

Consider an algebraic number field K = Q(θ), where θ is an element within the ring

of algebraic integers of K, denoted by ZK . Let f(x) be the minimal polynomial of θ

over the field of rational numbers Q, and assume that the degree of this polynomial is

n. Recall that, a number field K is termed monogenic if an element α ∈ ZK exists such

that ZK = Z[α]. In this scenario, {1, α, . . . , αn−1} constitutes an integral basis for K,

referred to as a power integral basis, or simply a power basis of K. If K lacks any such

power basis, it is designated as non-monogenic.

Let ind θ signify the index of the subgroup Z[θ] within ZK , and let i(K) denote the

index of the field K, defined by

i(K) = gcd{indα | K = Q(α) and α ∈ ZK}.

A prime number p that divides i(K) is termed a prime common index divisor of K.

Observe that if K is monogenic, then i(K) = 1. As a result, any number field that has

a prime common index divisor cannot be monogenic.
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For a rational prime p, let Fp stand for the finite field containing p elements, and let

Zp represent the ring of p-adic integers. The subsequent result, taken from [83, Theorem

4.34], will be employed to demonstrate the non-monogeneity of the number field K.

Lemma 3.5.1. [83, Theorem 4.34] Consider an algebraic number field K and a rational

prime p. Let Ph represent the count of unique prime ideals within the ring of integers

of K, ZK , that lie over p and possess a residual degree of h. Further, let Nh denote the

quantity of irreducible polynomials of degree h in the polynomial ring over the finite field

with p elements, Fp[x]. Then, p serves as a prime common index divisor of K if and

only if, for at least one value of h, the inequality Ph > Nh holds.

Recently, using the aforementioned result, many authors have constructed classes of

non-monogenic number fields generated by roots of binomials, trinomials, quadrinomials,

and other types of polynomials. For further details, we refer the reader to the recent

survey article [39].

To understand the link between the prime ideals lying above p and the Newton

polygon, we need the following definition of residual polynomial.

Definition 3.5.2. Let ϕ(x) be a monic polynomial in Zp[x] that remains irreducible

when considered modulo a rational prime p, and let α be a root of ϕ(x) in an algebraic

closure of the p-adic numbers, Qp. Consider a monic polynomial f(x) ∈ Zp[x] not

divisible by ϕ(x), with its ϕ(x)-expansion given by ϕ(x)n +an−1(x)ϕ(x)n−1 + · · ·+a0(x),

and assume that the reduction of f(x) modulo p, f(x), is a power of the reduction of

ϕ(x), ϕ(x).

Suppose the ϕ-Newton polygon of f(x) with respect to p has a single edge, denoted

by S, exhibiting a positive slope l/e, where l and e are coprime positive integers. This

implies that

min

{
vp,x(an−i(x))

i

∣∣∣∣ 1 ≤ i ≤ n

}
=

vp,x(a0(x))

n
=

l

e
,

Consequently, n is divisible by e, say n = et, and vp,x(an−ej(x)) ≥ lj for 1 ≤ j ≤ t.

Thus, the polynomial bj(x) := an−ej(x)/plj has coefficients in Zp, and bj(α) ∈ Zp[α]

for 1 ≤ j ≤ t. The polynomial T (Y ) in the indeterminate Y , defined as T (Y ) =

Y t +
∑t

j=1 bj(α)Y t−j with coefficients in Fp[α] ∼= Fp[x]/⟨ϕ(x)⟩, is termed “the residual

polynomial of f(x)” with respect to (ϕ, S).

Now, consider the case where the ϕ-Newton polygon of f(x) possesses multiple edges,

say S1, . . . , St, with slopes λ1 < · · · < λt. By applying Theorem 1.1.7, we can factor f(x)

as f(x) = f1(x) · · · ft(x), where each fi(x) ∈ Zp[x] has a ϕ-Newton polygon consisting

of a single edge S′
i, which is a translation of Si. “The residual polynomial of fi(x) with

respect to (ϕ, S′
i) is then referred to as the residual polynomial of f(x) with respect to
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(ϕ, Si).” Furthermore, “the polynomial f(x) is called p-regular with respect to ϕ if none

of the polynomials Ti(Y ) exhibit a repeated root within the algebraic closure of Fp, for

all i from 1 to t.”

Definition 3.5.3. Suppose f(x) ∈ Zp[x] is a monic polynomial and its factorization

modulo p into irreducible polynomials is given by f(x) = ϕ1(x)e1 · · ·ϕr(x)er , where each

ϕi(x) ∈ Zp[x] is monic and ei > 0. Then, according to Hensel’s lemma [8, Ch.4,

Section 3], there exist monic polynomials f1(x), . . . , fr(x) in Zp[x] such that f(x) =

f1(x) · · · fr(x) and fi(x) = ϕi(x)ei for every i. “The polynomial f(x) is defined as

p-regular (with respect to ϕ1, . . . , ϕr) if each individual fi(x) exhibits p-regularity with

respect to its corresponding ϕi.”

We now state a weaker version of [68, Theorem 1.2], which will help in the counting

number of prime ideals in ZK dividing a rational prime p.

Theorem 3.5.4. [53, Theorem 3.7] Let K = Q(θ) be a number field with θ satisfying

an irreducible polynomial f(x) ∈ Z[x] and p be a rational prime. Let ϕ1(x)e1 · · ·ϕr(x)er

be the factorisation of f(x) modulo p into powers of distinct irreducible polynomials over

Fp with each ϕi(x) belonging to Z[x] monic and not dividing f(x). For each i, suppose

that the ϕi-Newton polygon of g(x) have ti edges Sij with slopes λij = lij/eij, where

gcd(lij , eij) = 1. If f(x) is p-regular and Tij(Y ) =
∏sij

s=1 Uijs(Y ) is the factorisation of

the residual polynomial Tij(Y ) into distinct irreducible factors over Fp with respect to

(ϕi, Sij) for 1 ≤ j ≤ ti, then

pZK =

r∏
i=1

ti∏
j=1

sij∏
s=1

p
eij
ijs,

where pijs are distinct prime ideals of ZK having residual degree deg ϕi(x) · degUijs(Y ).

We highlight here that using Theorems 5 and 7 with Lemma 3.5.1, one can easily

deduce a tower of non-monogenic number fields Kn generated by roots of irreducible

polynomials fn(x) for n ∈ N. For example:

Let f(x) = xd + 34axm + 34bxl + 34c ∈ Q[x] with v3(a) = v3(b) = v3(c) = 0. Suppose

that the vertices of the Newton polygon NP2(f) are given by the set

S = {(0, 0), (d−m, v2(a)), (d− l, v2(b)), (d, v2(c))}.

Assuming gcd(d−m, v2(a)) = gcd(d− l, v2(b)) = gcd(d, v2(c)) = 1, define the slopes:

λ1 =
v2(a)

d−m
, λ2 =

v2(b) − v2(a)

m− l
, λ3 =

v2(c) − v2(b)

l
.
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Clearly, f(x) is a 34-Dumas polynomial. By Corollary 1.1.10, all iterates fn of f are

34-Dumas and hence irreducible. Further, choose a, b, c ∈ Q such that v2(c) ≤ λ1(2d−1).

Under this assumption, Theorem 6 implies that for all n ∈ N, the Newton polygon

of fn with respect to 2 is given by:

NP2(f
n) : (0, 0) → (dn−1(d−m), v2(a)) → (dn−1(d− l), v2(b)) → (dn, v2(c)).

The constraints on the 2-adic valuations of a, b, c ∈ Q ensures that the residual poly-

nomials corresponding to each edge are linear. If θn is a root of fn and Kn = Q[θn],

then by Theorem 3.5.4, we see that the number of distinct prime ideals of ZKn lying

above 2 having residual degree 1 are 3. However, we know that the number of distinct

irreducible linear polynomials in F2[x] are 2. Therefore, by Lemma 3.5.1, 2 | i(Kn) for

all n ∈ N. This establishes that for all n ∈ N, fn is non-monogenic.

There exist infinitely many such families of polynomials. One particular family is

f(x) = x4 + 2 · 34ax3 + 16 · 34bx + 128 · 34c,

where a, b, c ∈ Q satisfy vq(a) = vq(b) = vq(c) = 0 for q = 2, 3. Clearly, f(x) is a

34-Dumas polynomial.

3.5.3 Number of Irreducible Factors, Eventual Stability, and Degree

of Factors:

Let g(x) ∈ Q[x] be a polynomial of degree e, and let p be a prime such that the Newton

polygon of g with respect to p is given by:

NPp(g) : (0, 0) → (e−m1, r1) → · · · → (e−ms, rs) → · · · → (e, rt).

Here, we define m0 = e, mt = r0 = 0, and let 0 < λ1 < λ2 < · · · < λt be the slopes of

the edges of NPp(g). If rt ≤ λ1(2e − 1), then Theorem 5 implies that, for any n ∈ N,

the Newton polygon of the nth iterate of g, denoted by gn, is given by:

NPp(g
n) : (0, 0) → (en−1(e−m1), r1) → · · · → (en−1(e−ms), rs) → · · · → (en, rt).

In this case, the number of irreducible factors of gn is bounded by rt, ensuring that

gn is eventually stable. Furthermore, if we assume

gcd(e(ms+1 −ms), rs+1 − rs) = 1 for all 0 ≤ s < t,
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then the vertices of the Newton polygon are the only lattice points on NPp(g). Applying

Dumas’ Theorem, it follows that gn remains eventually stable, with the number of

irreducible factors of gn bounded by t.

Additionally, Dumas’ Theorem implies that the degree of any irreducible factor of gn

belongs to the set:
k∑

j=1

(mij+1 −mij ) : 1 ≤ k ≤ n and 1 ≤ i1, i2, . . . , ik ≤ n

 .

3.5.4 Conjecture of Sookdeo:

Consider a number field K and a non-constant rational function f(x) ∈ K(x). The

backward orbit of α ∈ P1(K) under f , denoted by O−
f (α), is defined as

O−
f (α) :=

⋃
n≥0

f−n(α) =
⋃
n≥0

{β ∈ P1(K) : fn(β) = α}.

Recall that, a point α is preperiodic for f if its forward orbit O+
f (α) = {α, f(α), f2(α), . . .}

is finite. Similarly, α is said to be exceptional for f if its backward orbit O−
f (α) is finite.

Consider a point α ∈ P1(K). For each n ≥ 1, choose coprime an, bn ∈ K[x] with

fn(z) = an(x)/bn(x). If α ̸= ∞, we say that the pair (f, α) is eventually stable, if

the number of irreducible factors of an(x) − αbn(x) in K[x] is bounded by a constant

independent of n. We say that (f,∞) is eventually stable, if the number of irreducible

factors of bn(z) is similarly bounded.

Let S be a finite set of places of K containing all Archimedean places. A point

β ∈ P1(K) is called S-integral with respect to γ ∈ P1(K) if there is no prime p of K(β)

lying over a prime outside of S such that the images of β and γ modulo p coincide.

Define the set

OS,γ := {β ∈ P1(K) : β is S-integral with respect to γ}.

If S consists only of the Archimedean places of K, then OS,∞ is the ring of algebraic

integers in K.

With the above definitions, Silverman [94] in 1993 proved that: For a rational func-

tion f(x) ∈ Q(x) of degree at least 2 and α ∈ P1(K), if α is not exceptional for f ,

then the forward orbit O+
f (α) contains only finitely many points in P1(K) that are S-

integral relative to α. Motivated by this result, Sookdeo [97] in 2011, gave the following

conjecture for S-integral points in backward orbit.
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Conjecture 3.5.5. If α ∈ P1(K) is not preperiodic for f , then the backward orbit O−
f (α)

contains at most finitely many points in P1(K) which are S-integral relative to α.

In the same paper, Sookdeo [97, Theorem 2.5 and 2.6] proved the following result

relating eventual stability with S-integral points in O−
f (α).

Theorem 3.5.6. Let K be a number field, S a finite set of places of K containing all

Archimedean places, α ∈ P1(K), and f(x) ∈ K(x) be a rational function of degree d ≥ 2.

If (f, α) is eventually stable, then

OS,γ ∩O−
f (α) is finite for all γ ∈ P1(K) not preperiodic under f.

From Theorem 3.5.6, we observe that eventual stability plays a crucial role in proving

the Conjecture of Sookdeo. Using Theorems 5 and 7, one can easily generate infinitely

many families of polynomials in Q[x] satisfying the conjecture. One such family is

described below.

For an integer n ≥ 3, consider the polynomial

g(x) = x3n + 2ax2n−2 + 4bxn−2 + 8c,

where a and b are positive rationals with v2(a) = v2(b) = 0, and c is an odd positive inte-

ger. A simple application of Theorem 5 shows that gn(x) is eventually stable. Moreover,

it can be easily verified that

8 ≤ g(0) < g2(0) < · · · < gn(0) < · · · ,

which implies that 0 is not preperiodic under g. Applying Theorem 3.5.6, it follows that

Sookdeo’s conjecture [97, Conjecture 1.2] holds for the polynomial g(x).
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Chapter 4

Primitive prime divisors

For the polynomial f(x) ∈ Q[x], we consider the Zsigmondy set Z(f, 0) associated to

the numerators of the sequence {fn(0)}n≥0. In this chapter, we provide an upper bound

on the largest element of Z(f, 0). As an application, we show that the largest element

of the set Z(f, 0) is bounded above by 6 when f(x) = xd +xe + c ∈ Q[x], with d > e ≥ 2

and |c| > 2. Furthermore, when f(x) = xd + c ∈ Q[x] with |f(0)| > 2
d

d−1 and d > 2, we

also deduce a result of Krieger [Int. Math. Res. Not. IMRN, 23 (2013), pp. 5498-5525]

as a consequence of our main result. All the proofs and results in this chapter are taken

from [74].

4.1 Preliminaries

Throughout the chapter, p will denote a prime number, and vp(α) will denote the p-adic

valuation of an integer α. Let f(x) be a polynomial such that

f(x) = adx
d + · · · + a1x + a0,with ai ∈ Q, ad ̸= 0, and a1 = 0 (4.1)

Write the nth-iteration fn(0) in lowest form as

fn(0) =
An

Bn
, (4.2)

where Bn > 0 and co-prime to An. Recall the definition

Z(f, 0) := {n ∈ N : An has no primitive prime divisor}.
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At first we will establish the rigid divisibility of the sequence (An)n≥0 and state lem-

mas related to this property. Next, we define the concepts of local and global canonical

heights and state results related to properties of canonical heights.

4.1.1 Rigid divisibility property

A sequence (un)n≥0 of integers is said to be a rigid divisibility sequence if for every prime

p the following properties hold:

1. If vp(un) > 0, then vp(ukn) = vp(un) for all k ≥ 1.

2. If vp(un) > 0 and vp(um) > 0, then vp(ugcd(n,m)) > 0.

Let p be a prime such that p | An0 for some n0 ∈ N ∪ {0}. Set k(p) = min{n : p | An}.

Lemma 4.1.1. Let f(x) be as above in (4.1) and An as in (4.2). Suppose that p is a

prime that divides some element of the sequence (An)n≥0. Then for every n ∈ N, the
p-adic valuation of An and Ak(p) are related in the following way:

vp(An) =

vp(Ak(p)) if k(p) | n,

0 else.

Proof. The proof follows from [72, Lemma 2.3].

One can see that the following result is a consequence of Lemma 4.1.1.

Lemma 4.1.2. Let f(x) be as above in (4.1) and An as in (4.2). For a natural number

n, suppose that n ∈ Z(f, 0), i.e., An does not have a primitive prime divisor. Then An

satisfies the following relation

An |
∏
q|n

q prime

An
q
. (4.3)

Taking logarithms of the absolute values in the above corollary, we obtain our next

result which will be helpful in computations.

Corollary 4.1.3. Let f(x) be as above in (4.1) and An as in (4.2). Suppose An has no

primitive prime divisor. Then

log |An| ≤
∑
q|n

q:prime

log |An
q
|.
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4.1.2 Canonical heights

Let VQ be the set of places of Q. For p ∈ VQ, we choose a normalized absolute value | · |p
in the following way. When p = ∞, the notation | · |p refers to the standard absolute

value defined on the set of rational numbers Q. Alternatively, if p represents a prime

number, then |·|p denotes the p-adic absolute value on Q, where for any non-zero rational

number x ∈ Q×, its absolute value is given by |x|p = p−vp(x), with vp(x) being the p-adic

valuation of x. These absolute values satisfy the product formula

∏
v∈VQ

|x|v = 1,

for any x ∈ Q×. The standard (global) height function on Q is the function h : Q → R
given by h(x) = log max{|m|∞, |n|∞}, where x = m/n in lowest terms. Equivalently,

h(x) =
∑
v∈VQ

log max{1, |x|v}, for any x ∈ Q×. (4.4)

This height function h extends to the algebraic closure Q̄ of Q (see [95, Section 3.1]).

For any fixed polynomial f(x) ∈ Q[x] (or more generally, rational function) of degree

d ≥ 2, the canonical height function ĥf : Q̄ → R for f is given by

ĥf (x) := lim
n→∞

h
(
fn(x)

)
dn

. (4.5)

Lemma 4.1.4 ([14, 95]). The canonical height function satisfy the following properties:

(a) There is a constant C depending only on f such that |ĥf (x)− h(x)| ≤ C for every

x ∈ Q̄.

(b) ĥf
(
f(x)

)
= d · ĥf (x) for all x ∈ Q̄.

Definition 4.1.5. For v ∈ VQ, let Cv denote the completion of an algebraic closure of

Q with respect to v. The function hv : Cv → [0,∞) given by

hv(x) := log max{1, |x|v}

is called the standard local height at v. Using this, (4.4) can be rewritten as

h(x) =
∑
v∈VQ

hv(x), for any x ∈ Q×.
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If f(x) ∈ Q[x] is a polynomial of degree d ≥ 2, the associated local canonical height is

the function ĥv,f (x) : Cv → [0,∞) given by

ĥv,f (x) = lim
n→∞

hv
(
fn(x)

)
dn

. (4.6)

The local canonical heights provide a similar decomposition for ĥf , as follows.

Lemma 4.1.6 ([14], Theorem 2.3). Let f(x) ∈ Q[x] be a polynomial of degree d ≥ 2.

Then for all x ∈ Q
ĥf (x) =

∑
v∈VQ

ĥv,f (x).

The following result of Benedetto et al. [4, Proposition 2.1] is needed to estimate the

constant C in Lemma 4.1.4(a).

Lemma 4.1.7. Let K be a field with absolute value v, let f(x) ∈ K[x] be a polynomial

of degree d ≥ 2, and let ĥv,f be the associated local canonical height. Write f(x) =

adx
d + · · · + a1x + a0 = ad(x− α1) · · · (x− αd), with ai ∈ K, ad ̸= 0, and αi ∈ Cv. Let

A = max{|αi|v : i = 1, 2, . . . , d} and B = |ad|
−1/d
v , and define real constant Cv ≥ 1 by

Cv =

max{1, A,B, |a0|v, |a1|v, . . . , |ad|v} if v is nonarchimedean,

max{1, A + B, |a0|v + |a1|v + . . . + |ad|v} if v is archimedean.

Then for all x ∈ Cv,

−d logCv

d− 1
≤ ĥv,f (x) − hv(x) ≤ logCv

d− 1
.

Remark 4.1.8. Note that from [4, Remark 2.3], if v is nonarchimedean then A =

max{|αi|v} can be directly computed from the coefficients of f . Specifically,

A = max

{∣∣∣∣ajad
∣∣∣∣1/(d−j)

v

: 0 ≤ j ≤ d− 1

}
.

On the other hand, if v is archimedean then A ≤
∑d−1

j=0 |aj/ad|
1/(d−j)
v . Hence, the con-

stant Cv can be easily computed from the coefficients of f .

Remark 4.1.9. For f(x) ∈ Q[x], taking sum over all places v of Q, we obtain

−dC

d− 1
≤ ĥf (x) − h(x) ≤ dC

d− 1
(4.7)

where C is a constant satisfying C ≥
∑

v∈VK
logCv.
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4.2 Proof of Theorem 10

For d ≥ 2, let f(x) = adx
d + · · · + a1x + a0 ∈ Q[x] be such that ad ̸= 0 and a1 = 0. In

this section, we prove Theorem 10 which establishes an upper bound of the Zsigmondy

set for the sequence (fn(0))n≥1. At first we will establish the lower bound for |fk(x)|.
Precisely, we will prove that |fk(x)| ≥ 1 for all k ≥ 1. This observation will help us to

use h(fk(0)) and log |An| interchangeably.

Proposition 4.2.1. Let f(x) ∈ Q[x] be a polynomial of degree d ≥ 2. Write f(x) =

adx
d + · · ·+ a1x+ a0, with ai ∈ Q, ad ̸= 0. Let x be such that |x| ≥ 1 and satisfies (1.3).

Then for all k ∈ N, we have |fk(x)| ≥ |x|.

Proof. Let x ∈ R be such that |x| ≥ 1 and satisfies (1.3). If x ≥ 1, then from (1.2) and

(1.3), we get

|f(x)| =

∣∣∣∣∣∣
∑
i∈P+

aix
i +

∑
i∈N+

aix
i

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣
∑
i∈P+

aix
i

∣∣∣∣∣∣−
∣∣∣∣∣∣
∑
i∈N+

aix
i

∣∣∣∣∣∣
≥
∑
i∈P+

|ai||x|i − |x|n+
∑
i∈N+

|ai|

≥ |x|n+

 ∑
n+<i≤d

|ai||x|i−n+ −
∑
i∈N+

|ai|

 ≥ |x|n+ ≥ |x|.

(4.8)

If x ≤ −1, then proceeding as in (4.8) with the sets P− and N− and then using the

assumption in (1.3), we obtain

|f(x)| ≥ |x|n− ≥ |x|.

Note that |f(x)| ≥ |x| ≥ 1. If f(x) ≥ 1, then by the last inequality of (4.8),

|f2(x)| ≥ |f(x)|n+

 ∑
n+<i≤d

|ai||f(x)|i−n+ −
∑
i∈N+

|ai|


≥ |x|n+

 ∑
n+<i≤d

|ai||x|i−n+ −
∑
i∈N+

|ai|

 ≥ |x|n+ ≥ |x|.

Similarly, if f(x) ≤ −1, then |f2(x)| ≥ |x|n− ≥ |x| ≥ 1. Now Proposition 4.2.1 follows

by induction on k.
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Proof of Theorem 10: For d ≥ 2, let f(x) = adx
d + · · · + a1x + a0 ∈ Q[x] be such that

ad ̸= 0 and a1 = 0. Then from (4.2), we get

fk−1(a0) = fk(0) =
Ak

Bk
.

We proceed to find an upper bound of n ∈ Z(f, 0). Since |a0| ≥ 1 and a0 satisfies

the inequality (1.3), by Proposition 4.2.1, we have for all k ≥ 1, |fk−1(a0)| ≥ |a0| ≥ 1

and hence |Ak| ≥ Bk. Thus,

h(fk−1(a0)) = h(fk(0)) = log(|Ak|), for all k ≥ 1. (4.9)

Suppose that n ∈ Z(f, 0). By Corollary 4.1.3, we have

log |An| ≤
∑
p|n

log |An
p
| (4.10)

where the sum is taken over all distinct prime divisors p of n. Then from (4.9) and

(4.10), we get

h(fn−1(a0)) ≤
∑
p|n

h(f
n
p
−1

(a0)). (4.11)

Let C be the constant given in Remark 4.1.9. From (4.7), we have

ĥf (fn−1(a0)) −
dC

d− 1
≤
∑
p|n

(
ĥf (f

n
p
−1

(a0)) +
dC

d− 1

)
.

Further, using functional relation in Lemma 4.1.4(b), we get

dn−1ĥf (a0) −
dC

d− 1
≤ ĥf (a0)

∑
p|n

d
n
p
−1

+ ω(n)
dC

d− 1
.

where ω(n) represents the count of the distinct prime factors of the integer n. A simple

calculation gives

dn−1 − ω(n)d
n
2
−1

ω(n) + 1
≤

dn−1 − 1
d

∑
p|n d

n
p

ω(n) + 1
≤ dC

(d− 1)ĥf (a0)
. (4.12)

Further, for n ≥ 4, one can easily obtain that 2ω(n) + 1 ≤ n − 1 ≤ 2
n
2 − 1 < d

n
2 . This

yields

2ω(n) + 1 < d
n
2 , for all d ≥ 3 and n ≥ 2. (4.13)

Hence, from (4.12), we get
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d
n
2
−1 ≤ d

n
2
−1d

n
2 − ω(n)

ω(n) + 1
≤ dC

(d− 1)ĥf (a0)

implying

n ≤ 2

log d
log

(
dC

(d− 1)ĥf (a0)

)
+ 2.

This completes the proof of Theorem 10.

Remark 4.2.2. We use (1.3) and |a0| ≥ 1 to prove that |fn(a0)| ≥ 1, so that we

can replace log |An| by h(fn(a0)). If we can ensure |fn(a0)| ≥ 1, then without the

assumptions (1.3) and |a0| ≥ 1 in Theorem 10, we can directly use the bound on n given

there.

4.2.1 Proof of Corollary 1.1.17:

From Remark 4.1.9, we can easily see that C = log 2 +h(c) will work for the polynomial

f(x). Further, the remark following [51, Lemma 6] gives the lower bound ĥf (c) ≥ 1
dh(c)

for |c| > 2
d

d−1 . Using the above values in Theorem 10, we deduce that n ≤ 5. Further,

with the simple observation |f(x)| ≥ |x|d−1 whenever |x| > 2 and the rigid divisibility

of numerator of the sequence fn(0), we deduce that Z(f, 0) = ∅.

4.3 Proof of Theorem 11

The following result of Benedetto et al. [3, Lemma 2.1] will be used to establish the

lower bound of ĥf (x) for x ∈ Q×.

Lemma 4.3.1. Let f(x) = f1(x)/f2(x) ∈ Q(x) where f1, f2 are relatively prime polyno-

mials in Z[x] with degree d := max{deg f1,deg f2} ≥ 2. Let R = Res(f1, f2) ∈ Z be the

resultant of f1 and f2, and let

D := min
t∈R∪{∞}

max
{
|f1(t)|, |f2(t)|

}
max{|t|d, 1}

. (4.14)

Then D > 0, and for all x ∈ P1(Q) and all integers i ≥ 0,

ĥf (x) ≥ d−i

[
h(f i(x)) − 1

d− 1
log

(
|R|
D

)]
. (4.15)

Proof of Theorem 11: Suppose that f(x) = xd+xe+ a
b where c = a

b ∈ Q for a, b relatively

prime integers and |c| ≥ 1. We proceed to show that 6 is an upper bound of Z(f, 0).
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Rewrite f(x) as

f(x) =
f1(x)

f2(x)
, where f1(x) = bxd + bxe + a ∈ Z[x] and f2(x) = b ∈ Z[x].

The resultant of f1 and f2 is given by R = Res(f1, f2) = bd. Now we will compute the

lower bound for D defined in (4.14). Let s := max{2, |c|}. Then for |t| ≤ s, we have

max{1, |t|d} ≤ sd. Since b ≥ 1, for t ∈ R ∪ {∞},

max{|f1(t)|, |f2(t)|}
max{|t|d, 1}

≥ |f2(t)|
sd

=
b

sd
≥ 1

sd
. (4.16)

Again for |t| > s ≥ 2, we obtain

max{|f1(t)|, |f2(t)|}
max{|t|d, 1}

≥ |f1(t)|
|t|d

≥ b

(
1 − 1

|t|d−e
− |c|

|t|d

)
>

(
1 − 1

2
− 1

2d−1

)
≥ 1

4
≥ 1

sd

(4.17)

since |a| > b > 1, |t| > s ≥ 2 and d ≥ 3. From (4.16) and (4.17), we get D ≥ 1
sd

.

Substituting the lower bound for D and the value of resultant R in (4.15), for any

integer i ≥ 0, x ∈ P1(Q) and |c| ≥ 2, we obtain

ĥf (x) ≥ d−i

[
h(f i(x)) − 1

d− 1
log bd +

1

d− 1
log

(
1

sd

)]

= d−i

[
h(f i(x)) − d

d− 1
log |a|

]
.

Therefore,

ĥf (x) ≥ d−i

[
h(f i(x)) − d

d− 1
h(c)

]
. (4.18)

For any x ∈ R with |x| ≥ |c| > 2,

|f(x)| = |xd + xe + c| ≥ |x|d − |x|e − |c| ≥ |x|d−1 − |x|e + |x|d−2 − |c| + |x|d−2 ≥ |x|d−2

where the last inequality holds since |x| ≥ |c| > 2 and the fact that d > e ≥ 2. This

implies that h(f(c)) ≥ (d− 2)h(c) and hence for d ≥ 5, we have

(d− 1)h(f(c)) − dh(c) ≥ ((d− 1)(d− 2) − d)h(c) ≥ dh(c). (4.19)

For d = 4, the above inequality implies that

(d− 1)h(f(c)) − dh(c) ≥ 2h(c). (4.20)
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For d = 3, one can notice that sgn(cd) = sgn(c), and hence

|f(c)| ≥ |c|3 − |c|2 ≥ |c|2.

Using similar argument as in (4.19), for d = 3 we obtain that

(d− 1)h(f(c)) − dh(c) ≥ h(c). (4.21)

Setting i = 1 and |c| > 2 in (4.18), then from (4.19), (4.20) and (4.21), we get the lower

bound for ĥf (c)

(d− 1)ĥf (c) ≥

h(c) if d ≥ 5,

1
3h(c) if d = 4, 3.

Using the computations from Remark 4.1.8 and Lemma 4.1.7, we obtain that

Cv =

|b−1|v if v is nonarchimedean,

2 + |c| if v is archimedean.
(4.22)

Hence, the constant C in Theorem 10 for f(x) = xd + xe + c can be taken as

C = log 2 + h(c). (4.23)

We would like to point out that (1.3) is satisfied for d > e+1 ≥ 3. For the case d = e+1,

recall that (1.3) was only needed to show that |fn(c)| ≥ 1 for all n ∈ N, which can easily

established using the relation |f(x)| ≥ |x|d−2, for all |x| ≥ |c| > 2. So, for d ≥ 3 and

|c| > 2, if n ∈ Z(f, 0), then from (1.4), we infer that

n ≤ 2

log d
log

(
dC

(d− 1)ĥf (c)

)
+ 2 ≤ 2

log d
log

(
3d(log 2 + h(c))

h(c)

)
+ 2

≤ 2

log d
log

(
3d

(
log 2

log 5
+ 1

))
+ 2 < 7,

where the last inequality follows from the fact that h(c) ≥ log 5 which is clearly true as

|c| > 2 and c ∈ Q\Z. This completes the proof of Theorem 11.

4.4 Few cases when |c| < 2

In this section, we establish the upper bound on Zsigmondy set of the sequence (fn(0))n≥1

where f(x) = xd + xe + c ∈ Q[x] with |c| < 2. In this, we are only able to establish the

upper bound on Z(f, 0) under certain cases, that is,
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(a) c ∈ (0, 2),

(b) c ∈ (−1, 0) and d is odd,

(c) c ∈ (−2,−1) and either d is odd or e is even.

The case (a) is proved in Propositions 4.4.1 and 4.4.2, the case (b) and (c) are proved

in Propositions 4.4.3 and 4.4.4, respectively. For the remaining cases, one can use the

ideas of Ren [87] to bound the cardinality of Z(f, 0).

Proposition 4.4.1. Let f(x) = xd + xe + c ∈ Q[x] be a polynomial of degree d ≥ 3 with

c ∈ Q and 1 < c < 2. Then n ≤ 7, whenever n ∈ Z(f, 0).

Proof. We will proceed as in the proof of Theorem 11. In this case, we have s ≤ 2c.

Hence, for any integer i ≥ 0, x ∈ Q and 1 < c < 2, we have

ĥf (x) ≥ d−i

[
h(f i(x)) − 1

d− 1
log |bd| +

1

d− 1
log

(
1

sd

)]

≥ d−i

[
h(f i(x)) − d

d− 1
log(2a)

]
.

Thus,

ĥf (x) ≥ d−i

[
h(f i(x)) − d

d− 1
h(2c)

]
. (4.24)

For 1 < c < 2, we get

f(c) = cd + ce + c = c(cd−1 + ce−1 + 1) > 2c > 2

and this implies

h(f2(c)) ≥ dh(f(c)) ≥ dh(2c). (4.25)

Multiplying (d− 1) on both sides of (4.25) and then simplifying, we get

(d− 1)h(f2(c)) − dh(2c) ≥ (d(d− 1) − d)h(2c) ≥ d(d− 2)h(2c). (4.26)

Then from (4.24) and (4.26), we deduce that

(d− 1)ĥf (c) ≥ d−1(d− 2)h(2c).
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Note that fn(c) > 1 as c > 1. Also, the constant C in Theorem 10 for f(x) = xd +xe +c

can be taken as C = log 2 + h(c). If n ∈ Z(f, 0), then from (1.4), we have

n ≤ 2

log d
log

(
dC

(d− 1)ĥf (c)

)
+ 2

≤ 2

log d
log

(
d2(log 2 + h(c))

(d− 2)h(2c)

)
+ 2

≤ 2

log d
log

(
2d2

d− 2

)
+ 2 ≤ 2

log 6d

log d
+ 2 < 8.

This completes the proof.

Proposition 4.4.2. Let f(x) = xd + xe + c ∈ Q[x] be a polynomial of degree d > e ≥ 2

with c ∈ Q and 0 < c < 1. Then Z(f, 0) = ∅.

Proof. Observe that for any x > 0, f(x) ≥ x. Using this observation and induction on

n, we can conclude that |fn(c)| ≥ c for all n ≥ 1 since c > 0. Also,

|f(c)| = cd + ce + c ≤ c(c2 + c + 1) = αc

where α = c2 + c + 1. Clearly 1 < α < 3. A simple induction will imply that

|fn(c)| ≤ α
dn−1
d−1 c.

Hence, for 0 < c < 1, we obtain that

c ≤ |fn(0)| ≤ α
dn−1−1

d−1 c. (4.27)

From (4.2), we have fn(0) = An
Bn

with Bn = bd
n−1

. If n ∈ Z(f, 0), then from Corollary

4.1.3, we obtain

log |fn(0)| + dn−1 log b ≤
∑
q|n

(
log |f

n
q (0)| + d

n
q
−1

log b
)

where the summation on the right-hand side extends over all unique prime numbers q

that are divisors of n. Multiplying d and using (4.27), we have

d log c + dn log b ≤
∑
q|n

[
d

n
q − d

d− 1
logα + d log c + d

n
q log b

]
,

rearranging above inequality, we get

d(1 − ω(n)) log c + [dn − sd(n)] log b ≤ logα

d− 1
[sd(n) − dω(n)],
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where sd(n) :=
∑

q|n d
n
q . Since d(1 − ω(n)) log c is always non-negative, we have

[dn − sd(n)] log b ≤ logα

d− 1
[sd(n) − dω(n)] ≤ logα

d− 1
sd(n).

As α < 3 < b2, we get

dn − sd(n) ≤ 2

d− 1
sd(n)

and hence using sd(n) ≤ dn/2ω(n) and (4.13), we get

dn ≤ d + 1

d− 1
sd(n) ≤ 2dn/2ω(n) < dn,

for any d ≥ 3 and n ≥ 2. This is a contradiction.

Proposition 4.4.3. Let f(x) = xd + xe + c ∈ Q[x] be a polynomial of odd degree

d > e ≥ 2 with c ∈ Q. Suppose −1 < c < 0, then Z(f, 0) = ∅.

Proof. Case I: (e is odd). In this case, we have the following inequality

|c| ≤ |fn(0)| ≤ |α|
dn−1−1

d−1 |c|,

where α = c2 + |c| + 1. If n ∈ Z(f, 0). Proceeding as in the proof of Proposition 4.4.2,

we get a contradiction.

Case II: (e is even). Since −1 < c < 0, d is odd and e is even, we have cd+ce is positive

and has absolute value less than |c|. So, we conclude that |f(c)| = |cd + ce + c| ≤ |c| and

f(c) < 0. Suppose that |fn(c)| ≤ |c| < 1 and fn(c) < 0. Then

|fn+1(c)| = |f(fn(c))| = |(fn(c))d + (fn(c))e + c| ≤ |c|.

As −1 < c < fn(0) < 0, clearly we have fn+1(c) < 0. Thus induction hypothesis yields

−1 < c ≤ fn(c) < 0, for all n ∈ N.

Note that d− e is odd. Thus, from above equation, we get

|1 + (fn(c))d−e| < 1 and |fn(c)| ≤ |c| for all n ≥ 0.

Now for n ≥ 1, we have

|fn(c)| ≥ |c| − |fn−1(c)|e|1 + (fn−1(c))d−e|

> |c| − |c|e ≥ |c|(1 − |c|e−1).
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Thus,

|c|(1 − |c|e−1) ≤ |fn(c)| ≤ |c|.

For −1 < c = a
b < 0, note that |c|e−1 ≤ |c| = |a|

b . So,

(1 − |c|e−1) ≥ b− |a|
b

≥ b−1.

If n ∈ Z(f, 0), then from Corollary 4.1.3, we obtain

log(|c|(1 − |c|e−1)) + dn−1 log b ≤ ω(n) log |c| + log b
∑
q|n

d
n
q
−1

.

Upon multiplying both sides by d and subsequently rearranging the terms, we obtain

[dn − sd(n)] log b ≤ d(ω(n) − 1) log |c| − d log((1 − |c|e−1))

≤ −d log((1 − |c|e−1)) ≤ d log b.

By using sd(n) ≤ dn/2ω(n) and (4.13), we obtain

dn ≤ sd(n) + d ≤ dn/2ω(n) + d ≤ dn/2(ω(n) + 1) < dn

for d ≥ 3 and n ≥ 2. This is a contradiction.

Proposition 4.4.4. Let f(x) = xd + xe + c ∈ Q[x] be a polynomial of degree d > e ≥ 2

with c ∈ Q. Suppose −2 < c < −1 and d is odd or e is even. Then Z(f, 0) = ∅.

Proof. Using simple inductive arguments, we obtain the upper bound

|fn(c)| ≤ 3
dn−1
d−1 |c|dn for all n ∈ N.

Now we consider different cases to get a lower bound for |f (c)|.
Case I: (d is odd). As c < −1 and d is odd, from

f(c) = cd + ce + c = −|c|(|c|d−1 ± |c|e−1 + 1),

we observe that f(c) is negative and |f(c)| ≥ |c| > 1. Inductively using fn−1(c) < 0 and

|fn−1(c)| ≥ |c| > 1, we obtain from

fn(c) = (fn−1(c))d + (fn−1(c))e + c < c < 0,

that fn(c) is negative and |fn(c)| ≥ |c| > 1 for all n ∈ N.

Thus, we may assume that d is even, then e is also even.
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Case II: (d and e are even). Since c < −1 and both d, e are even, from

f(c) = cd + ce + c ≥ cd = |c|d > 1 we observe that f(c) is positive and |f(c)| ≥ |c|d.

Inductively using fn−1(c) > 0 and |fn−1(c)| ≥ |c|dn−1
> 1, we obtain from

fn(c) = (fn−1(c))d + (fn−1(c))e + c > fn−1(c)d > |c|dn ,

i.e., fn(c) is positive and |fn(c)| ≥ |c|dn for all n ∈ N.

If n ∈ Z(f, 0), then proceeding as in Proposition 4.4.2, we get a contradiction for d ≥ 3

and n ≥ 5. For n ≤ 4, simple manual check also contradicts the inequality arising from

the Corollary 4.1.3.

4.5 Concluding Remark

Let f(x) = xd + xe + c ∈ Q[x] be the polynomial of even degree d. If c ∈ (−1, 0) or

c ∈ (−2,−1) and e is odd, then obtaining a non-trivial lower bound of |fn(c)| seems to

be difficult. Hence, as a consequence, it is not easy to provide an explicit upper bound

of Z(f, 0) in such cases.
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Chapter 5

Monogenity

Consider an algebraic number field K = Q(θ), where θ is a root of the irreducible poly-

nomial f(x) = xn−km(xk+a)m+b, which belongs to the ring of polynomials with integer

coefficients Z[x]. We are given that 1 ≤ km < n, and ZK denotes the ring of algebraic

integers of the field K. In this chapter, we explicitly compute the discriminant of f(x).

Furthermore, we establish a set of necessary and sufficient conditions, expressed solely

in terms of the parameters a, b,m, k, and n, for f(x) to be monogenic. Additionally,

we provide a characterization of all prime numbers that divide the index of the sub-

group Z[θ] within the ring of integers ZK . As a specific application of our result, we

also present a class of monogenic polynomials that possess a discriminant which is not

square-free and whose Galois group is isomorphic to Sn, the symmetric group acting on

n elements. Furthermore, using analytic techniques, we produce asymptotics for number

of such monogenic polynomials with b ≤ X. All the proofs and results in this chapter

are taken from [57] and [59].

5.1 Preliminaries

For a prime p and a polynomial h(x) ∈ Z[x], the notation h̄(x) will be used to represent

the polynomial resulting from the reduction of each coefficient of h(x) modulo p.

The subsequent straightforward lemmas will be referenced in the following sections.

Their proofs are omitted.

Lemma 5.1.1. [55, Lemma 2.1] Let p be a prime number and b, b′ be integers. Suppose

that m,n,m1, n1 are positive integers with gcd(m,n) = t, n1 = n
t and m1 = m

t . Then

the polynomials xm− b̄′ and xn− b̄ have a common root in the algebraic closure of Z/pZ
iff bm1 ≡ (b′)n1 (mod p).
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Lemma 5.1.2. [54, Corollary 2.3] Consider a prime number p and let vp(n) = j ≥ 1,

so we can write n = pjs′, where p does not divide s′. Let c be an integer not divisible by

p. Suppose that the factorization of xs
′ − c̄ into a product of distinct monic irreducible

polynomials over Z/pZ is given by ḡ1(x) · · · ḡr(x), where each gi(x) ∈ Z[x] is a monic

polynomial. Then, we can express xn − c as:

xn − c = (g1(x) · · · gr(x) + pH1(x))p
j

+ pg1(x) · · · gr(x)H2(x) + p2H3(x) + cp
j − c

where H1(x), H2(x), H3(x) are polynomials with integer coefficients.

Following results on Discriminant and Norm will be used in the proof of Theorem 12.

Lemma 5.1.3. [69, Lemma 2.6] Consider a monic irreducible polynomial f(x) ∈ Z[x]

of degree n. Let f(θ) = 0 and K = Q(θ). Then

Df = (−1)n(n−1)/2NK/Q(f ′(θ)).

Lemma 5.1.4. [69, Theorem 1.20] Let K/F be an extension of degree n and α be an

element of K with [F (α) : F ] = d. Then

NK/F (α) =
(
NF (α)/F (α)

)n/d
.

Now we state the result known as Dedekind criterion. The equivalence of assertions

(i) and (ii) of this lemma was proved by Dedekind (cf. [18, Theorem 6.1.4], [24]). A

straightforward demonstration of the equivalence between conditions (ii) and (iii) can

be found in [54, Lemma 2.1].

Lemma 5.1.5. Let f(x) ∈ Z[x] be a monic irreducible polynomial. Consider its fac-

torization modulo a prime p as ḡ1(x)e1 · · · ḡr(x)er , where this is a product of powers of

distinct irreducible polynomials over Z/pZ, and gi(x) ∈ Z[x] are monic polynomials. Let

K = Q(θ), where θ is a root of f(x). Then the following conditions are equivalent:

(i) The prime p does not divide the index [ZK : Z[θ]].

(ii) For every i in the range 1 ≤ i ≤ r, either ei = 1 or the polynomial ḡi(x) does not

divide M(x), where M(x) is defined as M(x) = 1
p(f(x) − g1(x)e1 · · · gr(x)er).

(iii) The polynomial f(x) is not an element of the ideal ⟨p, gi(x)⟩2 in Z[x] for any i

such that 1 ≤ i ≤ r.
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Let β be an integer, and let ρ, γ, α, α0, β0 be positive integers that satisfy the conditions

below:

(i) gcd(α0β0ρ, γ) = 1 and gcd(α, β) = 1,

(ii) for all prime divisors p of β, we have p2 | β,

(iii) α0, β0 be squarefree divisors of α, β respectively,

(iv) αβ0ρ + β ̸≡ 0 (mod p2) for every p | γ.

(5.1)

Using the above notations, Jones and White [63, Theorem 3.8] proved an asymptotic

result for the set defined by

U(X) = U(X; ρ, γ, α, α0, β, β0) := |{y ≤ X : y ≡ ρ (mod γ2), gcd(y, α0β0) = 1,

µ(y) ̸= 0, µ(αβ0y + β) ̸= 0}|.

Lemma 5.1.6. [63, Theorem 3.8] Given the restrictions on the variables ρ, γ, α, α0, β

and β0 as in (5.1), we have

U(X) = X

(
ϕ(α0β0)

α0β0γ2ζ(2)

) ∏
p|α0β0γ

(
1 − 1

p2

)−1 ∏
p∤αβγ

(
1 − 1

p2 − 1

)
+ O(X3/4)

where the implied constant is dependent on γ, α, α0, β and β0.

For the proof of Theorem 16, we require a result which ensures that for any given

polynomial F (x), there are infinitely many primes p such that F (p) is squarefree. For

the statement of this theorem, we need the following definition of local obstruction.

Definition 5.1.7. Let p be a prime and F (x) be a polynomial with integer coefficients.

The polynomial F (x) is said to have a local obstruction at p if for all z ∈ (Z/p2Z)∗,

F (z) ≡ 0 (mod p2).

The statement in Theorem 5.1.8 is a special case of a a general result proved in [86,

Theorem 1.1]. It is a well known concept among the analytic number theorists. For a

thorough explanation and discussion on this theorem, refer [63, Remark 2.6] and the

subsequent discussion therein.

Lemma 5.1.8. [63, Corollary 2.7] Let F (x) ∈ Z[x], and assume that F (x) decomposes

into a product of distinct irreducible polynomials, where the highest degree of any irre-

ducible factor is d. Further, assume that F (x) does not have a local obstruction at any

prime q. If d ≥ 4, assume that the abc-conjecture for number fields holds for F (x), then

there are infinitely many primes p such that F (p) is squarefree.
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5.2 Proof of Theorems 12 and 13

Let n,m and k be positive integers with n > km. Let t = gcd(n, k) and define the

integers k1 = k/t and n1 = n/t. Let f(x) = xn−km(xk + a)m + b be the polynomial with

integer coeffecients. Suppose f(x) is irreducible and has a root θ. Let K = Q(θ) be a

number field having ring of integers ZK . In Theorem 12, we give the formula for the

discriminant of the polynomial f(x) explicitly in terms of integers n,m, k, t, a, b, n1 and

k1.

Proof of Theorem 12: Suppose that f(x) is irreducible with f(θ) = 0. Then, we have

θn−km(θk + a)m = −b. (5.2)

Since f ′(x) = (n− km)xn−km−1(xk + a)m + mkxk−1xn−km(xk + a)m−1, it follows that

f ′(θ) = (n− km)θn−km−1(θk + a)m + mkθk−1θn−km(θk + a)m−1

= θn−km−1(θk + a)m−1
(
nθk + a(n− km)

)
.

Observe that θ and θk + a are non-zero, otherwise in view of (5.2) we have b = 0; which

is impossible as f(x) is irreducible. So we have

θ(θk + a)f ′(θ) = θn−km(θk + a)m
(
nθk + a(n− km)

)
. (5.3)

From (5.2) and (5.3), we have

θ(θk + a)f ′(θ) = −b
(
nθk + a(n− km)

)
. (5.4)

We simply write N for the norm NK/Q, where K = Q(θ). Since N (θ) = (−1)nb,

taking norm on both sides of (5.4) we have

N (θ)N (θk + a)N (f ′(θ)) = (−b)nN
(
nθk + a(n− km)

)
. (5.5)

Now we first calculate N (nθk + a(n − km)). Let nθk + a(n − km) = z. We can write

θk = z−a(n−km)
n . Taking power k1 on both sides in (5.2) and using n = kd+ r, we obtain

(θkd+r)k1(θk)−k1m(θk + a)k1m = (−b)k1 .
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Since k = k1t and r = r1t, we have rk1 = r1k. So the above equation can be rewritten

as

(θk)k1d(θk)r1(θk)−k1m(θk + a)k1m = (−b)k1 ,

i.e., (θk)(k1d+r1−k1m)(θk + a)k1m = (−b)k1 . (5.6)

Substituting θk = z−a(n−km)
n and k1d + r1 = n1 in above equation, we obtain

(
z − a(n− km)

n

)n1−k1m(z − a(n− km)

n
+ a

)k1m

= (−b)k1 .

Hence, we conclude that z satisfies the polynomial

h1(x) = (x− a(n− km))n1−k1m(x + akm)k1m − (−b)k1nn1 .

Now, we will prove that h1(x) is the minimal polynomial for z. It is easy to verify that

Q(z) = Q(θk). Therefore, in order to establish that the minimal polynomial of z over Q
has degree n1, it is enough to show that [Q(θk) : Q] = n1. To prove this, it is enough to

show that (i) Q(θk) = Q(θt) and (ii) [Q(θt) : Q] = n1 holds.

We first show that Q(θk) = Q(θt). Since k = k1t, we have θk = (θt)k1 ∈ Q(θt); this

implies that Q(θk) ⊂ Q(θt). Now we show that Q(θt) ⊂ Q(θk). Using (5.2) we can

easily deduce that θn ∈ Q(θk). Since gcd(n, k) = t, there exists u1, u2 ∈ Z such that

nu1+ku2 = t. Now we have θt = (θn)u1(θk)u2 ∈ Q(θk) which implies that Q(θt) ⊂ Q(θk).

This proves (i). Now define a polynomial g(x) = xn1−k1m(xk1 + a)m + b ∈ Z[x]. We will

prove that g(x) is minimal polynomial for θt, i.e., g(x) is irreducible and g(θt) = 0.

g(θt) = (θt)n1−k1m((θt)k1 + a)m + b = f(θ) = 0.

Now suppose g(x) is reducible say g(x) = g1(x)g2(x) ∈ Z[x] with deg(g1),deg(g2) ≥ 1.

Clearly g(xt) = f(x). Using this, we obtain f(x) = g(xt) = g1(x
t)g2(x

t). This contra-

dicts the irreducibility of f(x). Hence, g(x) is irreducible. This proves (ii). Combining

(i) and (ii), we conclude that the minimal polynomial of z over Q has degree n1. As

h1(x) ∈ Z[x] is a monic polynomial of degree n1 satisfying h1(z) = 0, we conclude that

h1(x) is the minimal polynomial of z over Q. Thus,

NQ(z)/Q(z) = (−1)n1h1(0).

Using Lemma 5.1.4, we have

N (nθk + a(n− km)) = NK/Q(nθk + a(n− km)) = ((−1)n1 h1(0))t.
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Substituting value of h1(0) in above equation, we obtain

N (nθk+a(n−km)) = (−1)n
[
(−1)n1−k1m(n− km)n1−k1man1(km)k1m + (−1)k1+1bk1nn1

]t
.

(5.7)

Similarly, if we let z = θk + a. Then using Equation (5.6), we obtain

(θk)n1−k1m(θk + a)k1m = (−b)k1 ,

i.e., (z − a)n1−k1m(z)k1m = (−b)k1 .

Hence, using similar argument as above the minimal polynomial for z in this case is

h2(x) = (x− a)n1−k1mxk1m − (−b)k1 .

Using Lemma 5.1.4, we have

N (θk + a) = NK/Q(θk + a) = ((−1)n1 h2(0))t.

Substituting value of h2(0) in above equation, we obtain

N (θk + a) = (−1)n+k+t bk. (5.8)

Therefore, keeping in mind that b ̸= 0, the theorem follows from Lemma 5.1.3 and

Equations (5.5), (5.7) and (5.8).

In Theorem 13, we use th discriminant formula of f(x) obtained in Theorem 12 to

characterize the primes dividing the index of the ring Z[θ] in ZK . We give the necessary

and sufficient condition for primes dividing a, b,m, n, k to divide [ZK : Z[θ]].

Proof of Theorem 13: Consider a prime divisor p of the discriminant Df . Based on

Lemma 5.1.5, p will not be a divisor of the index [ZK : Z[θ]] iff, for every monic polyno-

mial g(x) ∈ Z[x] that remains irreducible modulo p and satisfies the condition that its

reduction modulo p, denoted as ḡ(x), divides the reduction of f(x) modulo p, it holds

that f(x) ̸∈ ⟨p, g(x)⟩2. It is worth noting that the condition f(x) ̸∈ ⟨p, g(x)⟩2 holds iff

the polynomial ḡ(x) is not a repeated factor in the factorization of f̄(x).

Case (i). In the scenario where p divides b and also p divides a, we have the congruence

f(x) ≡ xn (mod p). It is evident that f(x) ∈ ⟨p, x⟩2 holds precisely when p2 divides b. As

a result, p does not divide the index [ZK : Z[θ]] iff p2 does not divide b. Now assume that

p|b, p ∤ a and m ≥ 2, then f(x) ≡ xn−km(xk + a)m (mod p). Consider the factorization

of xk + a modulo p over Z/pZ, expressed as xk + a ≡
∏r

i=1 gi(x)ei (mod p). In this

representation, ei’s are positive integers, each gi(x) ∈ Z[x] denotes a monic polynomial
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that is irreducible modulo p, and these polynomials are distinct. Given m ≥ 2, the

condition f(x) ∈ ⟨p, gi(x)⟩2 holds for every i in the range 1 ≤ i ≤ r iff p2 is a divisor of b.

Moreover, in the scenario where n − km ≥ 2, the condition f(x) ∈ ⟨p, x⟩2 is equivalent

to p2 dividing b. As a consequence, p does not divide the index [ZK : Z[θ]] iff p2 is not

a divisor of b. This establishes the proof of the theorem for Case (i).

Case (ii). When p | b, m = 1 and p ∤ a. Let k = pjs with p ∤ s. In the case where

j = 0, the polynomial xk + a exhibits separability over the field Z/pZ. Considering

the condition that p divides b, and referring to equation (1.6), it can be deduced that

n − k ≥ 2. In this situation f(x) lies in the ideal ∈ ⟨p, x⟩2 iff p2 is a divisor of b;

consequently p ∤ [ZK : Z[θ]] iff p2 ∤ b.

Now assume that j ≥ 1. Applying Binomial theorem, we deduec that

f(x) ≡ xn−k(xs + a)p
j

(mod p).

If n − k ≥ 2, then clearly f(x) ∈ ⟨p, x⟩2 iff p2 | b. If n − k = 1, then x is simple

factor of f̄(x). As p ∤ s, the polynomial xs + a is separable. Suppose ḡ1(x) · · · ḡr(x) is

the decomposition of xs + ā in Z/pZ, where gi(x) are monic polynomials with integer

coefficients that are not reducible modulo p, obviously gi’s must be distinct modulo p.

We can express xs+a in the form g1(x) · · · gr(x)+pH(x), where H(x) is some polynomial

in Z[x]. By applying Lemma 5.1.2 to the polynomial h(x) = xs + a and observing that

f(x) = xn−k(h(xp
j
)) + b with the condition that p divides b, we deduce that

f(x) = xn−k


 r∏

i=1

gi(x) + pH(x)

pj

+ p

r∏
i=1

gi(x)T (x) + p2U(x) + a + (−a)p
j

+ b

= xn−k

 r∏
i=1

gi(x)

pj

+ px
r∏

i=1

gi(x)M1(x) + p2M2(x) + xn−k(a + (−a)p
j
) + b,

where T (x), U(x),M1(x),M2(x) are some polynomials with integer coefficients. Using

j ≥ 1, we see that the first three terms on the RHS of the above equation are elements

of ⟨p, gi(x)⟩2 for each i, where 1 ≤ i ≤ r. Therefore, f(x) belongs to the square of the

ideal ⟨p, gi(x)⟩ for some i in the above range, iff xn−k(a + (−a)p
j
) + b = p(a1x

n−k + b1)

does so. Evidently, the term p(a1x
n−k +b1) is an element of the ideal ⟨p, gi(x)⟩2 for some

index i iff one of the following conditions is met: either p is a divisor of both a1 and b1,

or p does not divide a1 and the polynomials ā1x
n−k + b̄1 and xk + a share a common

root. By Lemma 5.1.1, the polynomials ā1x
n−k + b̄1 and xk + a have no common root

iff p ∤ a1[(−a)n1−k1ak11 − (−b1)
k1 ]. By Lemma 5.1.5, p ∤ [ZK : Z[θ]] iff either p | a1 and

p ∤ b1 or p ∤ bn−k−1
1 a1[(−a)n1−k1ak11 − (−b1)

k1 ].
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Case (iii). In the case where p does not divide b but p does divide a, and given that p

divides the discriminant Df , it follows directly from equation (1.6) that p must divide

n. We can express n as n = pjs′, where p does not divide s′. Applying the Binomial

Theorem, we obtain

f(x) ≡ xn + b ≡ (xs
′
+ b)p

j
(mod p).

As p ∤ s′, the polynomial xs
′

+ b is separable over Z/pZ. Consider the factorization

of xs
′

+ b̄ modulo p over Z/pZ as ḡ1(x) · · · ḡr(x), where each gi(x) ∈ Z[x] is a monic

polynomial that is distinct and irreducible modulo p. We can express xs
′

+ b in the

form g1(x) · · · gr(x) + pH(x) for some polynomial H(x) ∈ Z[x]. Applying Lemma 5.1.2

to the polynomial h(x) = xs
′
+ b, and observing that f(x) = h(xp

j
) + amxn−k + · · · +

mam−1xn+k−km + amxn−km with the condition that p divides a, we can deduce that

f(x) =

 r∏
i=1

gi(x) + pH(x)

pj

+pT (x)

r∏
i=1

gi(x)+p2U(x)+ b+(−b)p
j
+maxn−k, (5.9)

where T (x), U(x) are some polynomials with integer coefficients. Since j ≥ 1, the initial

three terms on the right-hand side of equation (5.9) are elements of ⟨p, gi(x)⟩2 for every

i in the range 1 ≤ i ≤ r. Consequently, f(x) ∈ ⟨p, gi(x)⟩2 for some i, where 1 ≤ i ≤ r, iff

amxn−k+b+(−b)p
j

= p(a2x
n−k+b2) does so. Hence, p(a2x

n−k+b2) lies in the square of

the ideal ⟨p, gi(x)⟩ for some i iff either p divides both a2, b2 or p ∤ a2 and the polynomials

ā2x
n−k+b̄2, x

n+b have a common root. Using Lemma 5.1.1, the polynomials ā2x
n−k+b̄2

and xn + b̄ have no common root modulo p iff p ∤ a2
[
(a2b)

n1 − (−b)k1bn1
2

]
. By Lemma

5.1.5, p ∤ [ZK : Z[θ]] iff either p | a2 and p ∤ b2 or p ∤ a2
[
an1
2 bn1−k1 − (−1)k1bn1

2

]
. This

completes the proof of the theorem for Case (iii).

Case (iv). When p ∤ ab and p | k. Using p | Df , we obtain p | n. Let n = pjs′ and

k = pjs with p ∤ gcd(s, s′). Using Binomial theorem, we obtain

f(x) ≡ (xs
′−sm(xs + a)m + b)p

j
(mod p).

Denote h(x) = xs
′−sm(xs + a)m + b = xs

′
+
∑m

i=1

(
m
i

)
xs

′−siai + b, then keeping in mind

that f(x) = h(xp
j
) we see that

h(x) −
m∑
i=1

(
m

i

)
xs

′−siai − b

pj

= xn = h(xp
j
) −

( m∑
i=1

(
m

i

)
xn−kiai + b

)
.
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Using Binomial theorem to the left hand side of the above equation, we obtain

h(x)p
j

+ ph(x)H ′(x) + (−1)p
j

 m∑
i=1

(
m

i

)
xs

′−siai + b

pj

= h(xp
j
) −

 m∑
i=1

(
m

i

)
xp

j(s′−si)ai + b


= f(x) −

 m∑
i=1

(
m

i

)
xp

j(s′−si)ai + b


for some polynomials H ′(x) ∈ Z[x]. Let

r∏
i=1

ḡi(x)ei be the factorization of h(x) over

Z/pZ, where gi(x) are monic polynomials with integer coefficients that are not reducible

modulo p. Further, ei’s are positive and gi’s are distinct.Let h(x) =
r∏

i=1
gi(x)ei + pH(x)

for some polynomial H(x) ∈ Z[x], then we obtain

f(x) =

 r∏
i=1

gi(x)ei

pj

+ p
r∏

i=1

gi(x)eiH2(x) + p2H3(x)

+ (−1)p
j

 m∑
i=1

(
m

i

)
xs

′−siai + b

pj

+
m∑
i=1

(
m

i

)
xp

j(s′−si)ai + b (5.10)

Write f(x) =

(
r∏

i=1
gi(x)ei

)pj

+ pM(x) for some M(x) ∈ Z[x]. In view of Lemma

5.1.5, p ∤ [ZK : Z[θ]] iff M(x) is co-prime to h̄(x), which by virtue of (5.10) holds

iff 1
p

[
(−1)p

j
(∑m

i=1

(
m
i

)
xs

′−siai + b
)pj

+
∑m

i=1

(
m
i

)
xp

j(s′−si)ai + b

]
is co-prime to h(x)

modulo p.

Case (v). When p ∤ abk and p | m. It is clear from (1.6) that p | (n − km). Write

n− km = pjs, m = pjs′ with p ∤ gcd(s, s′). A direct use of Binomial theorem will yield

f(x) ≡ (xs(xk + a)s
′
+ b)p

j
(mod p).

As p ∤ k gcd(s, s′), the polynomial xs(xk + a)s
′
+ b is separable. Suppose ḡ1(x) · · · ḡr(x)

is the decomposition of xs(xk + ā)s
′

+ b̄ in Z/pZ, where gi(x) are monic polynomials

with integer coefficients that are not reducible modulo p, obviously gi’s must be distinct

modulo p. Let xs(xk + a)s
′
+ b = g1(x) · · · gr(x) + pH(x), where H(x) ∈ Z[x]. Denote

xs(xk + a)s
′
+ b by h(x), then we have

(xs(xk + a)s
′
)p

j
= (h(x) − b)p

j
.
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Applying Binomial theorem to the right-hand side, we obtain

xn−km(xk + a)m = (h(x))p
j

+ ph(x)M1(x) + (−b)p
j
,

for some integer coefficient polynomial M1(x). Substituting the expression h(x) =
r∏

i=1
gi(x) + pH(x), we can deduce that

f(x) = (h(x))p
j

+ ph(x)M1(x) + (−b)p
j

+ b

=

 r∏
i=1

gi(x) + pH(x)

pj

+ p

 r∏
i=1

gi(x) + pH(x)

M1(x) + (−b)p
j

+ b

=

 r∏
i=1

gi(x)

pj

+ p

 r∏
i=1

gi(x)

M2(x) + p2M3(x) + (−b)p
j

+ b,

for some M2(x),M3(x) ∈ Z[x]. As j ≥ 1, the initial three terms of the aforementioned

expression are contained in ⟨p, gi(x)⟩2 for each i, where 1 ≤ i ≤ r. Thus, f(x) lies in

the square of the ideal ⟨p, gi(x)⟩ for some i, with 1 ≤ i ≤ r, iff (−b)p
j

+ b does so.

Clearly (−b)p
j

+ b lies in the square of the ideal ⟨p, gi(x)⟩ for some i in above range iff

p2 | [(−b)p
j

+ b]. Lemma 5.1.5(iii) yields that p ∤ [ZK : Z[θ]] iff p2 ∤ [(−b)p
j

+ b]. Note

that if p ∤ b, then it can be easily checked that vp(b
pj−1 − 1) = vp(b

p−1 − 1). Hence, for

p ∤ b we obtain p2 ∤ [(−b)p
j

+ b] iff p2 ∤ [(−b)p + b]. Similar conclusion holds when p | b.
This completes the proof of the theorem for the current case.

Case (vi). We now turn our attention to the final scenario where the prime p does not

divide the product abkm. Since p | Df , it follows from (1.6) that p ∤ n(n − km). We

claim that there exists an integer α such that the polynomial xt− ᾱ is the product of all

the monic irreducible divisors of f̄(x) over Z/pZ that appear with a multiplicity greater

than one.

Let’s consider any root β of the polynomial f(x) = xn−km(xk+a)m+b in the algebraic

closure of the field Z/pZ that has a multiplicity greater than one (i.e., a repeated root).

Note that β ̸= 0̄ as p ∤ b. Also, we have

f(β) ≡ βn−km(βk + a)m + b ≡ 0 (mod p), (5.11)

f ′(β) ≡ (n− km)βn−km−1 (βk + a)m + kmβn−km+k−1(βk + a)m−1 ≡ 0 (mod p).

(5.12)

In view of the above equations, we obtain

βn−km−1(βk + a)m−1
(
nβk + a(n− km)

)
≡ 0 (mod p).
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Observe that (βk + a) ̸≡ 0 (mod p), otherwise in view of (5.11) we obtain p | b, which is

not possible. Therefore, keeping in mind that p ∤ n, we have

βk ≡ −a(n− km)

n
(mod p).

Clearly βk ∈ Z/pZ and f(β) ≡ 0 (mod p) implies that βn ≡ −b(1+aβ−k)−m ∈ Z/pZ. As

gcd(n, k) = t so there exist u1, u2 ∈ Z such that nu1+ku2 = t. Using this we obtain βt =

(βk)u2(βn)u1 ∈ Z/pZ, i.e., βt ≡
(
−b( −km

n−km)−m
)u1

(
−a(n−km)

n

)u2

(mod p). Therefore,

there exists an integer α ∈ Z/pZ, defined as α ≡
(
−b( −km

n−km)−m
)u1

(
−a(n−km)

n

)u2

(mod p2).

This establishes that any repeated root of f̄(x) is also a root of xt− ᾱ. We now proceed

to prove that if β1 is a root of xt−ᾱ with α ≡
(
−b( −km

n−km)−m
)u1

(
−a(n−km)

n

)u2

(mod p2),

then β1 is a repeated root of f̄(x). Note that

f(β1) ≡ (βt
1)

n1−k1m((βt
1)

k1 + a)m + b ≡ αn1−k1m(αk1 + a)m + b (mod p). (5.13)

As p | Df and p ∤ b, we get p | (U + V ). This implies

(−1)n1−k1m(n− km)n1−k1man1(km)k1m ≡ −(−1)k1+1bk1nn1 (mod p).

Since p ∤ n(n− km), the above equation can be rewritten as

(
−a(n− km)

n

)n1

≡

(
−b

(
−km

n− km

)−m
)k1

(mod p). (5.14)

Let α1, α2 be integers such that α1 ≡ −b
(

−km
n−km

)−m
(mod p2) and α2 ≡ −a(n−km)

n (mod p2),

then by the definition of α we have α ≡ αu1
1 · αu2

2 (mod p2) where u1, u2 ∈ Z are such

that nu1 + ku2 = t. Also, by (5.14) we see that αn1
2 ≡ αk1

1 (mod p). First we show that

f(β1) ≡ 0 (mod p). In view of (5.13), we have

f(β1) ≡ αn1−k1m(αk1 + a)m + b (mod p)

≡ (αu1
1 · αu2

2 )n1−k1m
[
(αu1

1 · αu2
2 )k1 + a

]m
+ b (mod p). (5.15)

Using k1u2 + n1u1 = 1 and αn1
2 ≡ αk1

1 (mod p) in (5.15), we obtain

f(β1) ≡ α1 · α−m
2 (α2 + a)m + b (mod p).

Substituting values of α1 and α2 in the above equation, we obtain

f(β1) ≡ −b

(
−km

n− km

)−m(−a(n− km)

n

)−m(−a(n− km)

n
+ a

)m

+ b (mod p)

≡ 0 (mod p). (5.16)
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Now we show that f ′(β1) ≡ 0 (mod p). Keeping in mind (5.12) and β1 ̸≡ 0 (mod p), we

have

f ′(β1) ≡ (n− km)βn−km−1
1 (βk

1 + a)m + kmβn−km+k−1
1 (βk

1 + a)m−1 (mod p)

≡ βn−km−1
1 (βk

1 + a)m−1
[
nβk

1 + a(n− km)
]

(mod p)

≡ β−1
1

[
βn−km
1 (βk

1 + a)m−1
(
nβk

1 + a(n− km)
)]

(mod p)

≡ β−1
1

[
(αu1

1 · αu2
2 )n1−k1m((αu1

1 · αu2
2 )k1 + a)m−1

(
n(αu1

1 · αu2
2 )k1 + a(n− km)

)]
(mod p).

Using k1u2 + n1u1 = 1 and αn1
2 ≡ αk1

1 (mod p) in the above equation, we obtain

f ′(β1) ≡ β−1
1

[
α1α

−m
2 (α2 + a)m−1(nα2 + a(n− km))

]
(mod p).

Substituting values of α1 and α2 in the above equation, we obtain

f ′(β1) ≡ β−1
1

[
−b

(
kma

n

)−1

(−a(n− km) + a(n− km))

]
(mod p)

≡ 0 (mod p). (5.17)

Combining equations (5.16) and (5.17), we deduce that every root of the polynomial

xt − ᾱ appears as a repeated root of f(x) modulo p. Hence, we have shown that xt − ᾱ

represents the product of all distinct monic irreducible divisors of f̄(x) in Z/pZ that

occur with multiplicity greater than one. Since t = gcd(n, k), it is easy to see that

f(x) = (xt)n1−k1m((xt)k1 + a)m + b = (xt − α)q(x) + αn1−k1m(αk1 + a)m + b, (5.18)

for some q(x) ∈ Z[xt]. As xt− ᾱ divides f̄(x), we have f̄(x) = (xt− ᾱ)q̄(x). Consider the

factorization of the polynomial f̄(x) modulo p into a product of powers of distinct irre-

ducible polynomials over Z/pZ as f̄(x) = ḡ1(x)e1 · · · ḡr(x)er , where each gi(x) ∈ Z[x] is a

monic polynomial. Without loss of generality, we can assume, possibly after reordering

the factors, that the exponents satisfy ei > 1 for 1 ≤ i ≤ r1 and ei = 1 for r1 < i ≤ r.

Then xt − ᾱ =
r1∏
i=1

ḡi(x). Write

xt − α =
r1∏
i=1

gi(x) + ph1(x), q(x) =
r1∏
i=1

gi(x)ei−1
r∏

i=r1+1
gi(x) + ph2(x)

where h1(x) and h2(x) are some polynomials with integer coefficients. Substituting the
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expression from the preceding equation into equation (5.18), we obtain

f(x) =

r∏
i=1

gi(x)ei + ph1(x)

r1∏
i=1

gi(x)ei−1
r∏

i=r1+1

gi(x) + ph2(x)

r1∏
i=1

gi(x)

+ p2h1(x)h2(x) + αn1−k1m(αk1 + a)m + b.

It is evident that every term in the summation on the right-hand side of the equation

above, with the possible exception of αn1−k1m(αk1 + a)m + b, is an element of the ideal

⟨p, gi(x)⟩2 for each i in the range 1 ≤ i ≤ r1. So f(x) lies in the ideal ⟨p, gi(x)⟩2 for some

i, with 1 ≤ i ≤ r1 iff p2 divides αn1−k1m(αk1+a)m+b. Since f̄(x) is not divisible by ḡi(x)2

for any i in range r1 < i ≤ r, it follows directly that f(x) is not an element of ⟨p, gi(x)⟩2

for these values of i. Combining this with the previous observation, we conclude that

f(x) ̸∈ ⟨p, gi(x)⟩2 for any i in the range 1 ≤ i ≤ r. iff p2 ∤ (αn1−k1m(αk1 + a)m + b). To

prove this case, it only remains to prove that αn1−k1m(αk1 + a)m + b ≡ 0 (mod p2) iff

U + V ≡ 0 (mod p2).

Using α ≡ αu1
1 αu2

2 (mod p2), we see that

αn1−k1m(αk1 + a)m + b ≡ (αu1
1 · αu2

2 )n1−k1m((αu1
1 · αu2

2 )k1 + a)m + b (mod p2).

Recall that U = bk1nn1 and V = (−1)n1−k1m+k1+1 an1 mk1m kk1m (n−km)n1−k1m. Keep-

ing in mind that p ∤ abn(n−km), α1 ≡ −b
(

−km
n−km

)−m
(mod p2), α2 ≡ −a(n−km)

n (mod p2)

and n1u1 + k1u2 = 1, where u1, u2 ∈ Z, one can verify that

(αu1
1 · αu2

2 )n1−k1m((αu1
1 · αu2

2 )k1 + a)m + b ≡ 0 (mod p2) iff U + V ≡ 0 (mod p2),

which completes the proof of the theorem.

5.3 Proof of Theorem 14

In this section, we show that the Galois group of the polynomial f(x) = xq−km(xk +

a)m + b ∈ Z[x] is the symmetric group Sq. The results presented below concerning the

Galois group of a polynomial will play a crucial role in the proof of Theorem 14.

Theorem 5.3.1. [7, Theorem 2.1] Let f(x) be a monic irreducible polynomial of degree

n with coefficients from the ring Z of integers, having a root θ. Let p be a rational prime

which is ramified in Q(θ). Suppose that f(x) ≡ (x − β)2ϕ1(x) · · ·ϕr(x) (mod p), where

(x−β), ϕ1(x), · · · , ϕr(x) are monic polynomials over Z which are distinct and irreducible

modulo p. Then the Galois group of f(x) over Q contains a non-trivial automorphism

which keeps n− 2 roots of f(x) fixed.
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Lemma 5.3.2. [36, Lemma 2] Let f(x) be an irreducible polynomial of degree n ≥ 2. If

the Galois group of f(x) over Q contains a transposition and a p-cycle for some prime

p > n/2, then the Galois group of f(x) is Sn.

Proof of Theorem 14: Let γ be a root of f(x). Since f(x) is of degree q, it follows that

[Q(γ) : Q] = q. By the Fundamental Theorem of Galois Theory, the Galois group Gf of

f(x) must contain a subgroup of index q. According to Lagrange’s theorem, this implies

that Gf is divisible by q. Consequently, by Cauchy’s theorem, Gf must contain an order

q element, i.e., a q-cycle.

We now proceed to establish that the Galois group Gf also includes a transposition.

Since k < q, it follows that t = 1. According to the given assumptions, there exists a

prime p such that p | Df , p ∤ abkm, and p2 ∤ Df . By employing reasoning analogous to

that in the proof of Theorem 13(vi), we deduce that α is the sole repeated root of f̄(x),

and that its multiplicity is precisely 2. Consequently, we can write f(x) ≡ (x−α)2q1(x)

(mod p), where q1(x) is a separable polynomial in Z/pZ[x]. Furthermore, let K = Q(θ),

where θ is a root of f(x). Given that p2 ∤ Df and using the identity Df = [ZK :

Z[θ]]2dK , we infer that p | dK , which implies that p ramifies in K. Therefore, applying

Theorem 5.3.1, we conclude that Gf contains a transposition. It then follows from

Lemma 5.3.2 that Gf
∼= Sq.

5.4 Proof of Theorem 15

The following lemma will be used to show that the polynomials obtained in Theorems

15 and 16 are monogenic.

Lemma 5.4.1. Let n, k,m, t and κ be as in Theorem 15. For positive integers a and b

with gcd(a, b) > 1, define

T := btt + (−1)t+matmm(t−m)t−m. (5.19)

Given that b and T are square-free integers and that κ is a divisor of the greatest common

divisor of a and b (i.e., κ | gcd(a, b)), then the polynomial f(x) = xn−km(xk + a)m + b

is monogenic.

Proof. Given that gcd(a, b) > 1, there exists a prime p dividing gcd(a, b). Furthermore,

as b is squarefree, it follows that f(x) is p-Eisenstein. Therefore, f(x) is irreducible over

Q. Applying Theorem 12 with the above notations, we obtain

Df = (−1)(
n
2)bn−k−1knT k. (5.20)
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Now to prove that f(x) is monogenic, it is enough to show that all the cases from

Theorem 13 holds. Throughtout the proof, p will be a prime dividing Df . Given that b

is square-free, it is straightforward to observe that statement (i) holds true.

Suppose that p | b, m = 1, p ∤ a. Then p ∤ gcd(a, b). Keeping in mind the definition

of κ and κ | gcd(a, b) we conclude that p ∤ k. Hence in Theorem 13 (ii), we have

j = vp(k) = 0. This implies that a1 = 0, i.e., p | a1. Using b is squarefree, we have p

does not divide b1 = b
p , i.e., (ii) holds.

Assume now that p divides a but not b. Then again as above, we obtain p ∤ gcd(a, b)

and p ∤ k. In this case p | n, then using p ∤ k, we conclude that p | t. This implies t ≥ 2,

i.e., p2 | at and p2 | tt which gives T ≡ 0 (mod p2). This contradicts the assumption

that T is squarefree. Thus (iii) holds.

From the assumption that κ divides gcd(a, b) and the definition of κ, it follows that

there do not exist any prime p such that p | km but p ∤ ab. Hence, Cases (iv) and (v)

are trivially true.

For Case (vi), suppose that p ∤ abkm. Using p ∤ kb and (5.20), we conclude that p | Df

iff p | T . In view of (1.7), we have U +V = Tkt. Now the conclusion p2 ∤ (U +V ) follows

using p ∤ k and T squarefree. Thus by Theorem 13, our contention is established.

Under certain assumptions on integers n,m, k and a, Theorem 15 estimates the total

number of integers b ≤ X such that f(x) = xn−km(xk + a)m + b is monogenic.

Proof of Theorem 15. Since b is squarefree and divisible by κ, we can write b = κb for

some b ∈ Z. Note that gcd(b, κ) = 1. Let ρ, γ, α, y, α0, β0 and β be integers such that

ρ = γ = 1, α = tt, y = b, α0 = 1, β0 = κ,

β = (−1)t+matmm(t−m)t−m.

One can easily verify that these variables satisfy the conditions given in (5.1). By

equation (5.19), one can see that

T = αβ0y + β.

We wish to count b ≤ X such that b ≡ 0 (mod κ) and both b, T are squarefree, i.e., we

want to estimate the following

U(X) := |{b ≤ X/κ : gcd(b, κ) = 1, µ(b) ̸= 0, µ(T ) ̸= 0}|.
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Applying Theorem 5.1.6, we obtain

U(X) =
X

κ

ϕ(κ)

κζ(2)

∏
p|κ

(
1 − 1

p2

)−1 ∏
p∤atm(t−m)

(
1 − 1

p2 − 1

)
+ O(X3/4)

=
X

κζ(2)

∏
p|κ

(
1 +

1

p

)−1 ∏
p∤atm(t−m)

(
1 − 1

p2 − 1

)
+ O(X3/4),

where the last equality follows by noting that ϕ(κ) = κ
∏

p|κ

(
1 − 1

p

)
. Using κ > 1 and

gcd(a, b) ≡ 0 (mod κ), we conclude gcd(a, b) > 1. Applying Lemma 5.4.1 completes the

proof of this theorem.

5.5 Proof of Theorem 16

Under certain assuptions on integers n,m, k and sqaurefree b, Theorem 16 shows that

there are infinitely many sqaurefree integers a such that f(x) = xn−km(xk + a)m + b is

monogenic.

Proof of Theorem 16: Fix a squarefree integer b and consider the polynomial

F (x) = mm(t−m)t−mκtxt + (−1)t+mttb ∈ Z[x].

We wish to apply Theorem 5.1.8 to the polynomial F (x). For this we first have to ensure

that F (x) has no repeated roots. Furthermore, the polynomial F (x) must not exhibit

any local obstructions. This means that for every prime number q, we need to prove the

existence of some element z in the multiplicative group of integers modulo q2, denoted

by (Z/q2Z)∗, such that F (z) is not congruent to 0 modulo q2 (i.e., F (z) ̸≡ 0 (mod q2)).

One can easily verify that the only possible repeated root of F (x) is 0 which is clearly

not a root of F (x). Therefore, the polynomial F (x) does not have any repeated factors.

We now proceed with the proof that F (x) has no local obstruction.Let q be a prime and

suppose that m(t −m)κ ≡ 0 (mod q). This implies either q | m or q | (t −m) or q | κ.

If q | m (or q | (t −m)), then we have q2 | mm (q2 | (t −m)t−m respectively). If q | κ,

then keeping in mind t ≥ 2, we conclude that q2 | κt. Combining all the above, we have

F (1) ≡ (−1)t+mttb (mod q2). (5.21)

Recall that gcd(m(t − m)κ, t) = 1, hence q ∤ t. Therefore we conclude that q2 divides

right side of equation (5.21) iff q2 divides b, which is not possible as b is sqaurefree.
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Therefore, we have F (1) ̸≡ 0 (mod q2), i.e., F (x) does not have a local obstruction at

primes q dividing m(t−m)κ.

Now assume that q ∤ m(t −m)κ. If q is a prime dividing t, then we have q2 divides

tt. Using this, we obtain F (1) ≡ mm(t − m)t−mκt (mod q2). Keeping in mind that

gcd(m(t −m)κ, t) = 1 and using q | t, we have q does not divide the right side of this

congruence, hence F (1) ̸≡ 0 (mod q2).

Now assume that q is a prime such that q ∤ m(t−m)κt. Consider,

F (1 + q) − F (1) = mm(t−m)t−mκt[(1 + q)t − 1t]

≡ mm(t−m)t−mκt(qt) (mod q2).

We use q ∤ m(t − m)κt, to deduce that the right side of the above congruence is not

divisible by q2 in this case. This implies F (1 + q) ̸≡ F (1) (mod q2). Hence, we obtain

that either F (1 + q) or F (1) is not congruent to 0 modulo q2. This concludes the proof

that F (x) has no local obstruction at any prime q.

Thus, by Theorem 5.1.8, there exist infinitely many prime numbers p for which F (p)

is square-free. The existence of such primes is unconditional when t = 2 or t = 3, and

it relies on the abc-conjecture for number fields when t ≥ 4. For any of these primes p

such that p > t, let a = κp. Then,

(−1)t+mT = mm(t−m)t−mat + (−1)t+mbtt

= mm(t−m)t−mκtpt + (−1)t+mbtt = F (p)

is squarefree. Hence, by Lemma 5.4.1 and keeping in mind that gcd(a, b) ≥ κ > 1,

f(x) = xn−km(xk +κp)m +b is monogenic. This completes the proof of Theorem 16.
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2011.

[33] Michael Filaseta. The irreducibility of all but finitely many Bessel polynomials.

Acta Math., 174(2):383–397, 1995.

[34] Michael Filaseta, Travis Kidd, and Ognian Trifonov. Laguerre polynomials with

Galois group Am for each m. J. Number Theory, 132(4):776–805, 2012.

[35] Michael Filaseta, Angel Kumchev, and Dmitrii V. Pasechnik. On the irreducibility

of a truncated binomial expansion. Rocky Mountain J. Math., 37(2):455–464, 2007.

[36] Michael Filaseta and Richard Moy. On the Galois group over Q of a truncated

binomial expansion. Colloq. Math., 154(2):295–308, 2018.

[37] Michael Filaseta and Ognian Trifonov. The irreducibility of the Bessel polynomials.

J. Reine Angew. Math., 550:125–140, 2002.

[38] István Gaál. Diophantine equations and power integral bases. Birkhäuser/Springer,
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