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Q.1 Let the joint distribution of X be an equal mixture of Ny (0, %7) and V; (0.35), where &7 = 0 r
2.p |
El/) : : : : . ;
and X5 = 0 E cand Es , is the 2 x 2 equi-correlation matrix with —1 < p < 1.
M

(a) Find the joint pdfs of Xy = (X, Xo) ', and that of Xy = (X3, Xy)
(b) Prove that Xy and X3 are uncorrelated but not independent.

() Are (X, Xy) and (X3, Xy) independent? 55 15

Q.2 Let X follow a p-dimensional elliptical distribution with density function

fxx) = det(s) P (e ) ]
where ¥ 2 o2 ]'(1 - pH - /’)117': - Find an appropriate orthogonal transformation Y = HX. suely that
Y has the density
g
Pely)y g Loty v (‘gL!/_f
Je2

where ¢y ey are constants. Also find the values of ¢y, e and the proportionality constant in Sy (y 1o

O3 Let M — X7X. where X € B777 i a4 normal data matrix (NDM) with paramcters (0.01). 1 - p.

1\[11 /\[10
f > 0. a i = =
0. and AS {le Mo

] where My is of order b <k (k< p). Define Mo = My Mo /L,ll\lgl.
(a) Show that the distribution J\/]lA_)JWETZl/Z, My 5 and AMyo are mutually independent.

(b) Define

det(M)

A:WMW

Using Basu’s theorem, show that A and tr(M) are independently distributed.
(c) Hence or otherwise, find the I (/i) 6+ 4+ 5]
Q4 Let F(A\;5,) = trace(X'S,,) — log (dct(Z"]Sn,)) ~ p. where ¥ = AAT + W, ¥ = Diag(v,.... SWp)s

v; > 0 for all j, and \ is a p x &k matrix. Let (\IJAU denote a pair that minimizes F(\, W;S,,) with
respect to (¥, A), and let D = Diag(d,, . ... d,) with d; > 0 for all ;.

(a) Show that (U.A) = (DWDT. I)JA\) mininiizes F(/\, U D,S'n[)j) with respect to (W, A).



(h) Henee deduce that the of maxinnun likelihood estimates of the factor model are scale mvariant.
7+ 5

().5 Let Dy, be a distance matrix (not necessarily Euclidean ). Show that there exists some real muunber .

X
such that the matrix A, = ((«)‘,_F,)‘) defined as
0 = d? = 2a. for alli = j. and 4, — 0. for all g
is Euclidean. 10

Q.6 Let A = Diag(Ay, ..., Ap) with real numbers Ay > .0 > A, and A = Diag(d;..... d,) with non-negative

numbers 8y > > 4§, > 0.

{a) Show that, minimizing

N2
trace <A — GAG )

over orthogonal matrices G is equivalent to maximizing trace (AGAG“ ).

("
4
=1

(b} Hewcee or otherwise show that the minimizer is (= Diag(£1. ..., +1).
Q.7 Cousider the normal lnear regression model
Y, = V3 -+ e where e~ V(0. a21). and N is a non-stochastic n < p matrix of rauk p.
Consider the problemn of testing Hyy : .43 = e where A is an e < p matrix of rank r

(a} Find the first order solution of (3.0 of the Lagrangian function under the constraint . Lot
the solution be (By.a7).

(h) Next. show that, for any given o? > 0. the squared error [Y — X317 is minimized noder gy if
B = Bo.

Hint: Towards this, you may first show that

)

Y XBP Y - XA X B B
and then show that. under Ty,
X (Bus — BYIY = 1X(Bo = B = | X (Bo — Bus) I,
where BLS is the unconstrained least square of 3.

(¢) Hence, or otherwise show that. under Hy. the likelihood is maximized if (3. a2y = {ﬂ(j.(?ﬁ).

{Hinl’: Towards this. vou may show that. under Hy
HBy. o2y~ 1(B.a%) > 0. and 1Bg.52) — 1(By. o) = 0,

where l5(3.0%) is the log-likelihood of (3.07) given Y.

|
(d) Find the LRT test statistic for testing Hy and its exact distribution uuder Hy,. [T+7=T+(1=10)!
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