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Chapter - 1

INTRODUCTION AND SCOPE OF THE WORK
1.1 INTRODUCTION

The field of image processing deals with the manipulation of
 data which are inherently two-dimensional in nature. The
techniques of image processing stem from two principal application
areas,’ namely, improvement of pictorial information for human
interpretation and processing of scene data for automatic machine
perception. These areas together have experienced a vigorous
growth in recent years because they have offered a number of
important applications in solving scientific and engineering
problems. In biological and medical sciences, we are interested in
automatic analysis and interpretation of radiographs, cell images
and tissue micrographs. In metallurgical, geological and
environmental sciences, we are concerned with the automatic
analysis' of fractographic pictures, electron-microscopic images,
and particle morphology. In law enforcement, we need machines
which can interpret fingerprints, handwriting and speech
spectrograms. In earth and space sciences, we are interested in
automatic interpretation of satellite pictures and aerophotos. In
computer and information sciences, we need algorithms for
automatic recognition and reading of alphanumeric characters,
drawing, geometrical configurations and pictures. In industrial
application, we are interested in robots for product assembly,

testing of semifinished products and quality control by automated
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inspection of pictures generated by infrared , visible radiation,

X-rays or ultrasounds.

Let us now give a brief introduction of the various image

processing operations.

"1.2 IMAGE PROCESSING PRELIMINARIES

An image is a two dimensional light intensity function
£’(x,y), where (x,y) denotes the spatial co-ordinate and f’(x,y)
denotes the brightness (intensity) value at (x,y). A digital
image, on the other hand, is a two dimensional discrete function
£(x,y) which has been digitized both in spatial co-ordinates and
brightness. The brightness value f(x,y) is called the gray value
(gray level ) at (x,y). Thus a digital image can be viewed as a two
dimensional matrix whose row and column indices identify a point,
called a pixel, in the image and the corresponding matrix element
value identifies the intensity level, called the gray level at
that point. Throughout this report a digital image will be
represented by

F o= [£(x,¥)]pyq (1.1)
where PxQ is the size of the image and f(x,y) € Gy, = (0,1,..,L-1),
the set of gray levels.

Image processing or picture processing refers to operations

at transform a digital image into other digital images, which

in some sense, improved versions of the input image, while

image analysis/vision deals with shapes, positions, color, and



sizes of various objects in the scene. The task of processing
includes digitization, compression, enhancement, segmentation,
restoration and construction. It also includes description of the
scene in terms of relationships among the parts which involve

atching, representation and description of the image.

Digitization is a process which converts the continuous

rightness and spatial co-ordinates into discrete components. The

cuality of the processed image, obviously, depends on the
resolution of digitization both in gray levels and spatial
co-ordinates. The higher the resolution in either scale, the

setter is the quality of the processed image. However, nothing can

gained by increasing the resolutions beyond the spatial and

sray scale resolution capabilities of the receiver. On the other
hand, the objective of compression is to represent the image by as
few bits as possible for the purpose of reducing the transmission
and / or storage overhead. A good coverage of the various aspects

of digitization and compression can be found in [1,3].

often, the available image may not be of desired quality for

ne specific purpose. The objective of enhancement techniques is

transform the degraded image in such a way that the resultant

ge is more suitable for that specific purpose. The frequency

in methods of enhancement are based on the modification of the

ior transform of the image, while the spatial domain methods

directly on the image plane. A large number of methods are
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lable in the literature [1-11]. The objective of restoration

,12-20] is the same as that of the enhancement. In this case

her the degradation function is known or can be estimated. Here
<2 try to model the degradation process and given a degraded image
= try to make as good an estimate as possible of the original
picture. Normally, a restoration process will require some form of

xnowledge about the degradation function.

In many occasions we need to match two pictures with one

ther or to search for a given pattern within a scene, e.g,

searching a target in the terrian. These involve problem of

matching [1,21-27].

Segmentation is a process of partitioning the image into
~ondverlapping meaningful regions, depending on the problem being
considered. This is an essential step in image analysis/vision.
The success of an indus?rial inspection system will depend on the
quality of segmentation. A large variety of methods based on

various approaches is available [1,3,28-107] in the literature.

once the meaningful regions of the image have been extracted,
the relationship among various components can be established.
There are different types of picture models namely, declarative ,
procedural etc., which are used in image description. Once the

regions of the image have been segmented we try to characterise

image by a set of region descriptors which are resonably
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_-sensitive to changes in size, rotation, translation . This will,
ot only reduce the raw data, but also, bring out features which

11 help to differentiate between regions with different

actributes. In the next step we try to organise these regions into
2 meaningful relational structure. Details of several methods, in

‘this regard, may be obtained in [1,2,137-149].

The present thesis confines itself in providing a set of new
image information measures and in formulating a number of image
segmentation algvorithms for object extraction. The information
zeasures involve the co-occurrence matrix of an image and the
concept of entropy. Before presenting the scope of the thesis in
detail, we shall present a review of the various image
segmentation techniques along with the entropy definitions as a

zeasure of information.

1.3 REVIEW ON IMAGE SEGMENTATION

Segmentation is the first essential step of low level vision.
for example, in a vision guided car-assembly system, the robot
needs to pick up the appropriate components from the bin. For
this, segmentation followed by recognition is required.
Segmentation is a process of partitioning the image into some
non-intersecting regions such that each region is homogeneous and
union of no two adjacent regions is homogeneous. Formally, it can
-2 defined [28] as follows. If F is the set of all pixels and P()

.= a uniformity (homogeneity) predicate defined on groups of



connected pixels, then segmentation is a partitioning of the set F

into a set of connected subsets or regions (S;, S,,..,S;) such
that

n

Us,=F with s;nS; =¢ , i#j . (1.2)

e i =5

i=1
The uniformity predicate P(S;) = true for all regions (S;) and

p(siusj) = false, when S; is adjacent to sj.

There is no single method which can be considered good for
all images, nor all methods are equally good for a particular type
of image. There are various ways in which one can attempt to
extract the segments. Broadly, there are two approaches namely
classical apprca?h and fuzzy mathematical approach. Under the
classical approach we have segmentation based on histogram
thresholding, edge detection, relaxation, and semantic and
syntactiﬁ: approach. In addition to these,there are certain other
methods which do not fall clearly to any one of the above classes.
similarly, fuzzy mathematical approach also has methods based on
edge detection, thresholding and relaxation. These techniques are

described below.

1.3.1 Gray Level Thresholding

Histogram thresholding is one of the old, simple and popular
techniques for image segmentation, when the image is composed of
regions with different gray level ranges. If these regions are

distinct, the histogram of the image wusually shows different



peaks, each corresponding to one region and adjacent peaks are
likely to be separated by a valley. For example, if the image has
a distinct object on the background, the gray level histogram is
likely to be bimodal with a deep valley. In this case, the bottom
of the valley (T) is taken as the threshold for object background
separation. In other words, gray levels less than or equal to T
are taken as parts of the object (background) and others are

considered to be its background (object).

Therefore, when the histogram has a deep (or a set of)
valley(s), selection of threshold(s) becomes easy because , it
becomes a problem of detectingavalley. However, normally the
situation is not 1like this and threshold selection is not a
trivial job. rhere are various methods [1,2,28-107] available for
this. For example, Otsu [36] maximised a measure of class
separability. He maximised the ratio of the between class variance
to the total variance to obtain thresholds. Nagawa and Rosenfeld
(76] assumed that the object and background populations are
distributed normally with distinct means and standard deviations.
Under this assumption they selected the threshold by minimising
the total misclassification error. This method is computationally
involved. Kittler and Illinworth [55], under the same assumption
of normal mixture, suggested a computationally less involved
method. They proposed a method which optimises a criterion
function related to average pixel classification rate that finds

out an approximate minimum error threshold.
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Pun [59] assumed that an image is the outcome of an L-symbol
source. He maximised an upper bound of the total a-posteriori
entropy of the partitioned image for the purpose of selecting the
threshold. Kapur et. al. [33], on the other hand, assumed two
probability distributions, one for the object area and the other
for the background area. They then, maximised the total entropy of

the partitioned image in order to arrive at the threshold level.

All these methods have certain drawbacks, because they take
into account only the histogram information (ignoring the spatial
details). As a result, the algorithm may fail to detect thresholds
if these are not properly reflected in the histogram by valley,

which is normally the case.

There are many thresholding schemes which use spatial
information, insteads of histogram information. For example, the
pusyness measure of Weszka and Rosenfeld [73] is dependent on the
co-occurrence of the adjacent pixels in an image. They minimised
the busyness measure in order to arrive at the threshold for
segmentation. Deravi and Pal [74] minimised the conditional
probability of transition across the boundary between two regions.
This method also uses the local information contained in the
co-occurrence matrix of the image. These methods also threshold
the histogram, but since they make ‘use of the spatial details,
they result in more meaningful segmentation than the methods which
use only histogram information. Based on the co-occurrence

matrix, Chanda et. al. [75] have given an average-contrast measure
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for segmentation. Haralick et. al. [131] have also defined several

co-occurrence based measures for texture classification.

The philosophy behind gray level thresholding, "pixels with
gray level = T fall into one region and the remaining pixels
belong to another region ", may not be true on many occasions.
This leads one to go for the methods of pixel classification,

instead of gray level thresholding.

It may be mentioned here that the algorithms proposed in
this thesis are based on gray level thresholding. Methods of Pun
[59] , Kapur et. al. [33], Wezska and Rosenfeld (73], Deravi and
Pal [74], Chanda et. al. [75], and a Bayes classifier [3] have
been explained ‘in detail in the respective chapters while

comparing their performence with those of the proposed methods.

1.3.2 Relaxation

Relaxation [1] is an iterative approach to segmentation in
which ’classification’ decision about each pixel can be taken in
parallel. Decisions made at neighbouring points in the current
iteration are then combined to make decision in the next

iteration.
There are two types of relaxation : probabilistic and fuzzy.

1ot us discuss here the probabilistic relaxation. Suppose a set of

sixels (£,f,,....,f) are to be classified into m classes (C;,Cp,
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..,C,). We assume that for each pair of class assignments fie Cy
and fie C, there exists a quantitative measure of compatibility
c(i,jih,k) of this pair, i.e., the class assignments of pixels are
interdependent. It is reasonable to assume that a positive value

of c(i,jsh,k) indicates the compatibility of fje C; and fe Cp,

while a negative value represents incompatibility and a zero

ndon’t care" situation. The function C need not be symmetric.

Let p;. represent the probability that £; € C;, 1 =i = n and
ij i 3

1 =3 =m with 0 =

pij =1 , § pij = 1 . Intuitively, if Py is

high and C(i,jh,k) is positive, We should try to increase p;j
since it is compatible with the high-probability event f; € C .
similarly, if py, is high and C(i,j:h,k) is negative, we try to
reduce p;j as it'is incompatible with f; € C, . On the other hand,
if Ph is low or C(i,jsh,k) is nearly zero, we do not like to

change as either f, e C, has a low probability or is

Pij h k
irrelevent to f; Cy- Keeping the above analysis in mind, we need
a method of deriving pﬁ'l from p§j, given an estimate of pgj ;
4
P

ij is the probability of fi e C, at the rth iteration. One of the

J
methods for combining results of the rth step to get the estimate
of (r+l)th step can be described as follows.

r r
r+1 pyy -(¥dy4)
= : (1.3)
i % pf, (1+d
jo1 33 i3
n m
r o _ _ 1 . r
where aiy = w1 hZ, (kzl( C(i,3h, k) Phy ) (1.4)
h=i

30



Various types of compatibility functions can be used depending on
the problem at hand. However, a general method of defining C can

be done in terms of the a-priori and conditional probabilities of

i€ Cj and fh € Ck as follows.

c(i,jsh,k) = log(R(i,jih,k)) (1.5)

where R(i,j:h,k) = p(£; € C5 / £, € G ) / p;(£; « Cy)

Now, if f e ¢, is compatible to f; € C

] then 1;:(15i € Cj /

£ ecC would be greater than p(f; < Cj) making R greater than

h € %)
1. on the other hand, when they are incompatible R will be less

than 1; and R becomes 1 when fie C is independent of fh € Cp -

50
Therefore, loq(R(i,j:h,k)) satisfies the desired properties of a

compatibility function.
1.3.3 Surface Based Segmentation

Besl and Jain [49] have developed an imge segmentation
algorithm based on the assumption that the image data exhibits
surface coherence, i.e., image data may be interpreted as noisy
samples from a piecewise-smooth surface function. Though, this
method is probably most useful for range images (in a range image,
each pixel represents distance to the physical surface from a
known reference surface), the method can be used to segment any
type of image that can be modelled as a noisy sampled version of a
piecewise-smooth graph surface. Their method is based on the

concept that any arbitrary smooth surface can be decomposed into
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one of the eight possible surface types : peak, pit, ridge,
valley, saddle valley, flat (planar) and minimal. These simple
surfaces can be well approximated for the purpose of segmentation

by bivariate polynomials of order = 4.

The first stage of the algorithm creates a surface type label
image based on the local information (using mean curvature and
Gaussian curvature images). The second stage takes the original
image and the surface type image as input and performs iterative
region growing using the variable order surface fitting. In the
variable order surface fitting , first they try to represent the
point in a seed region by a planar surface. If this simple
hypothesis of planar surface is found to be true then the seed
region is grown on the planar surface fit. If the sinple
hypothesis fails, then the next more complicated hypothesis of
biquadratic surface fit is tried. If this is satisfied, the region
is grown based on that form otherwise, the next complicated form
is tried. The process is terminated when either the region growing
has converged (same region obtained twice) or when all preselected
hypotheses fail. In the later case, possibly a higher order

surface should be tried.

1.3.4 Clustering

Hoffman and Jain [51] have developed a method of segmentation
and classification of range images. They have used a clustering

algorithm to segment the image into surface patches. Different
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types of clustering algorithms including methods based on minimal
spanning tree, mutual nearest neighbour, hierarchical clustering
and square error clustering have been attempted. The square error
clustering has been found to be the most successful method for
range images. The feature set used contains the co-ordinate
position (x,y), the depth value f(x,y) and the estimated unit
surface normal vector. The unit surface normal vector is normal to
the tangent plane at a point which is obtained by finding the best
(in the least square sense) fitting plane over a 5x5
neighbourhood. In the second phase of the method this patches are
classified as planar, convex or cocave. In order to make the
method of classification more effictive they have combined three
different methods, namely ‘non-parametric trend test for
planarity’, ‘curvature planarity test’ and —the eigen value

planarity test.

In the final stage, boundaries between adjacent surface
patches are classified as crease or noncrease edge, and this
information is then used to merge adjacent compatible patches to

result in reasonable faces of the object.

1.3.5 Gibbsian Model

There are many iamge segmentation methods [64-67] that use
the spatial interaction model like Markov Random Field [MRF] or
Gibbs Random Field [GRF] to model images. Here the scene is

assumed to be a GRF and the observed digital image is a noise

33



(normally independent and identically distributed additive noise
is assumed) corrupted realization of the scene. Various
statistical criteria are then used to estimate the scene random

field from the observed image.
1.3.6 Edge Detection

S.egmentation can also be obtained through detection of edges
of various regions, which normally tries to locate the points of
abrupt changes in gray level intensity values. Since edges are
local feature, they are determined based on local information. A
large variety of methods are available in the literature
[1-3,86-100] for edge finding. There are different types of
differential opefators such as Robert.: gradient, Sobel gradient,
Prewitt gradient and the Laplacian operator [1-2]. These
difference operators respond to changes in gray level or average
gray level. The magnitude of the edge value at (x,y) under

different gradient operators can be defined as

e(x,y) = (I16,1+IG,1) (1.6)

or G, * ¢, (1.7)

where Gl and G,y under different gradient operators are defined as
follows.
For the Robert’s operator Gils are defined as
Gy = F(x+l,y+l) = £(x,y) (1.8)

G, = £(x,y+1) = £(x+1,y) (1.9)



This gradient operator, not only responds to edges but also to

isolated points. Prewitt’s and Sobel’s operators are obtained as

follows.
1
6, = —mpl (F(x¥l,y+l) + w.f(x+ly) + £(x+l,y-1)) -
(f(%=1,y+1)+w.f (x-1,y)+f (x-1,y-1))] (1.10)
and
= -1 - =
G, = srl (FOem1,y+1)  + w.f(x,y+1) + £(x+1l,y+1))
(£ (x+1,y=1)+w.f(x,y-1)+f(x-1,y-1))] (1.11)
In the equations 1.10 and 1.11 when w = 1 we get Prewitt’s

operator and with w = 2 we get Sobel’s operator.

\For Prewitt’s operator the response to the diagonal edge is
weak, while for Sobel’s operator the response to diagonal edge is
not that weak as it givesf’greater weight to points lying close to
(x,y). However, both Prewitt’s and Sobel’s operators possess

greater noise immunity.

The operators considered so far are called the first
difference operator. Laplacian, on the other hand, is a second

difference operator. The Laplacian operator

Pt %t (1.12)

has the digital equivalent as

92F(x,y) = £(x+1,y)+£(x-1,y)+f (x,y+1)+£(x,y-1) -4 £(%,Y) (1.13)
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The digital Laplacian being a second difference operator, has
a zero response to linear ramps. It responds strongly to corners,

lines, and isolated points.

Thus for a noisy picture, unless it has a low contrast, the
noise will produce higher Laplacian values than the edges. More

over, the digital Laplacian is not orientation invariant.

1.3.7 Laplacian of a Gaussian

A good edge detector, should be a filter with the following
two features. First, it should be a differential operator, taking
either a first or second spatial derivative of the image. Second,
it should be capable of being tuned to act at any desired scale,
so 'that a large filters can be used to detect blurry shadow edges,
and small ones to detect sharply focussed fine details. The second
requirement is very useful as intensity changes occur at different

scales in an image.

According to Marr and Hildreth [94] the most satisfactory
operator fulfilling these conditions is the Laplacian of Gaussian
(L-G) operator. It is normally denoted by vie ; where the

Laplacian is given by

(1.14)

and _ 27w o (1.15)
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is a two dimensional Gaussian distribution, with standard
deviation ¢2. The Gaussian part of the L-G operator blurs the
image, wiping out all structures at scales much smaller than o of

the Gaussian.

The Gaussian blurring function is preferred over others
because it has the desirable property of being smooth and
localised in both the spatial and the frequency domain. In order
to find the intensity change at a given scale, Marr and Hildreth,
first filtered the image with the v2G filter and then found the

zero crossings in the filtered image.

The space described by the scale parameter ¢ and the
zero-crossing curves is called the scale-space. The behaviour of
edges in the scale-space produced by the L-G operator has been
recently studied by Lu and Jain [97]. In order to formulate rules
for reasoning in the scale space they studied dislocation of
edges, false edges, and merging of edges with nice mathematical

frames.

1.3.8 An Average Edge Detector

In the case of a noise free image, the edge angle can be
measured accurately, but in real life images, noise can not be
avoided and it makes difficult to estimate the true edge angles.
Kittler et. al. [87] suggested three methods to improve the edge

angle estimate obtained from Sobel’s operator.
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All the three methods involve averaging of the outputs of the
Sobel’s operator over a 3x3 window. One of the methods, which
ignores the effect of the central pixel, at which the angle
estimate is wished, is found to produce best result. They have

justified this counter intuitive view also.
1.3.9 Facet Model

Haralick [96] attacked the problem of edge and region
detection from a new angle. He assumed that the observed image is
an ideal image with noise added. Each region in the image is a
sloped plane. In order to determine the edge between two pixels,
best fitted sloped planes over a neighbourhood of each pixel are
found. Edges ate declared at locations having significant
different planes on either side of them. The least square
procedure has been used to estimate the parameters of a sloped
surface for a given neighbourhood. Appropriate F-statistic has
been used to test the significance of the difference of the
estimated slope from a zero slope or the significance of the

difference of the estimated slopes of adjacent neighbours.
1.3.10 Edge Thresholding

Various operators have been discussed so far to get edge
values. All the edges produced by those operators are, normally,
not significant edges when viwed by human beings. Therefore, one
needs to find out prominent (valid) edges from the output of the

2dge operators. Kundu and Pal [95] have suggested a method of
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on The
thresholding to extract the prominent edges based psychovisual
phenomena. Haddon [99] developed a technique to derive a threshold

for any edge operator , based on the noise statistics of the

image.
1.3.11 Methods Based on Fuzzy Set Theory

Zadeh (1965) introduced the concept of fuzzy sets in which
imprecise knowledge can be used to define an event. A fuzzy set A

is represented as

A= {x; / pp(x;), i=1,2,...,m) (1.16)

where p,(x;) gives the degree of belongingness of the element
-

X; to the set A.

In the case of an ordinary set an element either belongs to
or does not belong to a set. Thus an ordinary set A is defined
by the characteristic function C, : R® --> (0,1) . On the other
hand, a fuzzy set A is defined by a characteristic function

u, : R?

R --—-> [0,1].

The function u, associates with each x < R? a grade of
membership to the set A and is known as the membership function .
Thus a fuzzy set (A) in a space of points X=(x) is a class of
events with a continuum of grades of membership and is
characterised by a membership function uA(x) which associates with
each point in X a real number in the interval [0 1] with the value

of u,(x) at x representing the grade of memnbership of x in A.
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Similarly, a property P defined on an event x; is a function
P(x;) which can have values only in the interval [0,1]. A set of
these functions which assigns the degree of possessing some
property P by the event x; constitutes what is called a property

set.

This theory has also been extensively used to solve various
image processing problems [100-107]. We shall consider here a few

methods of segmentation and edge detection based on this concept.

1.3.11.1 Fuzzy Edge Detection

pPal and King [100] used a nonsymmetrical membership function G_
to get the fuzzy property plane from the intensity plane. The Gg

is defined as

n F
G(F(x,y)) = (WIF = £Ge, 7)1/ Fg)  © (1.17)

where £ is a reference level, F, and Fy are the exponential and
denominational fuzzifiers respectively. If f = £, . the maximum
gray level, G approximatesthe standard S function [105] of Zadeh
and when f = some other level, 0 < £ < fj . , it approximates the
standard m function [105] of Zadeh. The G function under the above
cases will be denoted by GS and Gn respectively. They used this Gs
and G function in conjunction with an intensification operator
INT to intensify the contrast in the image. Finally, an inverse

transformation is also applied to get the spatial domain enhanced
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image. Edges of this enhanced image can, then be easily found with
any spatial domain techniques. Details of the method can be

obtained in [102].
1.3.11.2 Fuzzy Thresholding

Pal et. al. [101] have also used ambiguity measures like,
Index of fuzziness and entropy of a fuzzy set [102,116] to detect
the valley in a histogram for the purpose of gray level
thresholding. Their method is based on the fact that the ambiguity
in a fuzzy set is maximum when all the supporting points have
membership value 0.5 and ambiguity decreases as more and more
supporting poix;nts move away from 0.5. Recently, Pal and Rosenfeld
[106] used the concept of fuzzy geometry in detecting thresholds
by optimising "compactness" of an image which takes in_to account

the spatial information together with gray level information.
1.3.11.3 ' Fuzzy Clustering

The fuzzy ISODATA or fuzzy C-means clustering algorithm [108]
has also been used to image segmentation [107] . The fuzzy
Cc-means algorithm uses an iterative optimisation of an objective
function based on a weighted similarity measure between the pixels
in the image and each of C cluster centers. Local extrema of this
objective function indicate an optimal clustering of the input

data. The objective function that is minimised is given by

n ¢ n 2
W, (U,V) =k§ izl(uik) (dyy) (1.18)

w~
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where uj, is the fuzzy membership value of the k th pixel in the

i-th cluster ; d,, is any inner product induced norm metric; m

ix
controls the nature of clustering with hard clustering at m=1 and
increasingly fuzzier clustering at higher values of m; V is the
set of C-cluster centers and U is the fuzzy C partition of the
image.

Backer [118] developed a very general clustering strategy
which has been applied to different types of data including
images. The set of samples C is first partitioned into m (number
of clases) disjoint sets as an initial guess of the desired
partition. Then a membership function is assigned to those
initialised clusters according to some "point to point subset
affinity" mechanism for all points in C. In fact, he suggested a
number of affinity mechanisms based on the distance concept, the
neighbourhood concept, and the probabilistic concept. Updating of
the partitions (repartition, reclassification) is then done under
the guidance of some criterion function which characterises the
partition. He considered three different types of criterion
functions, based on measures of fuzziness, inter fuzzy set
distance, and measure of fuzzy similarity. If changes occur in the
earlier step, the process of assigning membership function and
updation is repeated otherwise, the algorithm terminates.

The above mentioned discussions made so far are related only

to the segmentation techniques. Before discussing the scope of the

thesis, let us now explain the various entropy definitions used as

a measure in image processing problems.
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1.4 Entropy Definitions

The term entropy was first used by Clausius in 1864. His
concept was a nonprobabilistic one. In statistical thermodynamics
L. Boltzmann(1896) defined entropy as a probabilistic function of

positions and velocities of all particles included in a physical

system. Though Boltzmann made no explicit reference to
information, his entropy gives a measure of disorder in a
physical system. This measure of disorder also indicates the

uncertainty concerning the states of the individual particles.
Therefore, Boltzmann may be considered the pioneer of information
theory. By ‘anlogy with Boltzmann’s expression for the
probabilistic entropy, Shannon ([109,110] in 1948, introduced

entropy as a measure of information of a probabilistic experiment.

The entropy of a system as defined by Shannon[109,110] gives
a measure of our ignorance about its actual structure. In the
context of information theory, Shannon’s function is based on the
concept that information gain from an event is inversely related
to its probability of occurrence. The logarithmic behavior of
entropy is considered to incorporate the additive property of gain
in information. But, there are some other probabilistic
definitions of entropy [111-115] using logarithmic function, which
do not satisfy sucht:dditive property.

There is another type of entropy measure [116-125] defined on

a fuzzy set. This reflects the amount of difficulty (ambiguity) in
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deciding whether an element can be considered a member of the set

or not.
1.4.1 Classical Entropy

Shannon’s Definition [109-110]

Shannon defined the entropy of an n-state system as

n
H = —izlpi log (p;) (1.19)

where p is the probability of occurrence of the event i and
i

In case of a binary system, the entropy becomes
H = - p log (p) - (1-p) log(1l-p) (1.20)

Thé entropy H is claimed to express a measure of ignorance

about the actual structure of the system.
other Definitions

Though Shannon’s definition of entropy is the oldest and
most widely used definition of entropy, there are other
definitions too, of which some are probabilistic and some are non
probabilistic. We shall, consider here some probabilistic

definitions only.

ES
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Renyi [111,115] extended . Shannon’s entropy to an

incomplete probability distribution by defining the entropy of

order a as

n
h

_
Hy = ) log 5 (1.21)

«
Py

n
where a > 0, o= 1, Z

Verma [112,115] proposed two expressions, namely

n
Aam 1 kzl pka-mﬂ
Mo, = =g log - (1.22)
kzlpk
where mrl < a <m , m =1 and Epksl and
n
Bam 1 k;pkwm
Ho = =y 1o9 — (1.23)
kzxpk
with0<a<m,mz1,2pksl.
Note that both of these expressions give Renyi’s « - entropy for

m = 1. The definition introduced by Kapur[113,115] is also a

logarithmic function of some combination of probabilities. He

ES
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defined entropy of order a and type B as

n
- oa+B-1
P,
H"‘ﬁ_ 1 B k; k
= og — (1.24)
) pkﬁ
e

where « > 0 , a # 1, g =1 and ):pksl.

" A more general type of definition of entropy of order a« and

type B , 1 =B, sn is introduced by Rathie [114,115] as

n
atB - 1
B ;;Z,Pk *
H log = (1.25)
B
P,k
i
with & >0 , a1, B >1 and L p, =1.
Equation (1.25) reduces to equation (1.24) when B, = g for
k=1,...,n. It is to be noticed that all the above mentioned

measures’ are logarithmic functions of the probabilities. It is
interesting to note that all these definitions involve logarithm
of some combination of probabilities.
Weighted Entropy

In all the definitions discussed so far, every state of the
system has been given equal importance to arrive at the expression
for entropy. But there are many areas dealing with random events
in which consideration of only probabilities is not enough for
entropy. It is necessary to take into account the probabilities

and some qualitative characteristics of the event. In order to
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account for the subjective aspects related to the goal set by the
experimenter it is necessary to attach a qualitative weight to
every elementary event. Thus the gain in the information from an
event with probability p; can be defined as

A I(p; . ;) = - w; log (p;) (1.26)

and the weighted entropy as

n
nv =Z p; A IRy 4 Wy ) (1.27)

1.4.2 Entropy of Fuzzy Sets

In the areas of pattern recognition and image processing, it
is often required to get some idea about the degree of ambiguity
(fuzziness) present in a fuzzy set. A measure of fuzziness is
expected to give the average amount of difficulty that is
involved in taking a decision whether an element belongs to
the set or not [116-125]. It is to be noted that this is not a
property'of the individual element of the set but, a property of
the set as a whole. Therefore, if every element of the set has a
nembership value of 0.5, then the fuzziness in the set should be
maximum. There have been different definitions of entropy for a
fuzzy set to provide measures of fuzziness. lere we shall
consider only definition provided by Deluca and Termini [120] as
that is a straight forword application of Shannon’s function.
Instead of the probability, the membership function has been used
here to give a measure of fuzziness(ambiguity) present in a set.

They defined the entropy of a fuzzy set A as
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n
HO(A) = kY S (uy(x;)) (1.28)
i
where S, is the Shannon’s function having the form
sp(x) = = x log (x) = (1-x) log (1-x) (1.29)

and k is a normalising constant.

The entropy H(A) has the following properties.

Pl : H(A) is minimum if and only if uA(xi) =0 or 1 for all i.
P2 : H(A) is maximum if and only if “A(xi) = 0.5 for all i.
P3 : H(A) = H(A * ), where A * is any sharpened version of A.

A sharpened version of A is defined as

uA* (x;) = up(x;) if up(x;) = 0.5
and
MA*(xj) = kp(%5) if up(x;) = 0.5.
P4 : H(A) = H(A) , where A is the complement set of A.

It is very easy to see that with proper choice of k

properties P1 to P4 are satisfied by H(a) of equation 1.28.

H(A) is thus seen to use Shannon’s function but its meaning
is quite different from the classical entropy (equation 1.19);
because no probabilistic concept is needed to define it. H(A)
provides the degree of fuzziness which expresses on a global
Jevel, the average amount of difficulty (or ambiguity) in deciding
whether an element would be considered to be a member of A or not.

In the subsequent discussion, the term nentropy of a fuzzy set"
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has often been referred as "fuzzy entropy". We shall now explain

the scope of the work presented in the thesis.
1.5 SCOPE 'OF THE WORK

The thesis introduces a number of measures of image
information and demonstrates their applications to image
segmentation problem. Some of the measures directly contribute
towards information theory and hence are applicable to any
information source including images while, the remaining measures
are developed exclusively for images. Justification for developing
each measure. has been provided. The performance of the proposed
methods has bee.n compared with those of the several related

methods.

1.5.1 Measures of Homogeneity and contrast [29,61,84]

In chapter 2, some of the co-occurrence based methods of
segmentation as described in section 1.3.1 have been critically
analysed and measures like "contrast" and "homogeneity" of regions
have been defined using the co-occurrence matrix of an image. The
measure of "contrast" involves the concept of logarithmic response
(adaptibility with background intensity) of the human visual
system. Based on these measures, two algorithms for image
segmentation have been formulated. Provisions are also kept in two
different ways to remove the undesirable segments. The

incorporation of the psychovisual facts and the region size in the

49



objective function made the methods superior to many other
co-occurrence based algorithms. The performance of the proposed

methods is compared with those of some existing ones.
1.5.2 Higher order and Conditional Entropy [31,63]

Limitations arising out of the improper interpretation of the
conept of entropy in the thresholding algorithms of Pun [59] and
Kapur et. al [33] have been discussed in chapter 3. Definitions of
the higher order probabilistic entropy (entropy of order q),
giving a measure of homogeneity within a region and the
conditional entropy, providing a measure of contrast, have then
been introduced based on Shannon’s theory of information. The
existing definition of global entropy is found to be its special
case when @ = 1 .

Based on these measures various algorithms for object
extraction from an image have been developed. Since the proposed
algorithms use the spatial information present in an image they

produce improved results as compared to those in [33,59].

1.5.3 Measures Based on a New Classical Entropy [30,68,69,85]

Chapter 4 justifies the need for an alternative definition
of the classical (probabilistic) entropy and introduces a new
definition which uses an exponential gain function instead of the
logarithmic function of Shannon. This new definition has been
established based on a large number of desirable properties along

with their proofs. The proposed definition has also been found
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extendable to define the entropy of a fuzzy set. It has then been
used to formulate algorithms for image segmentation using the
concept of higher order entropy and conditional entropy as

discussed in chapter 3.

An attempt has then been made to provide a definition of
positional entropy which gives a measure of information about the

location of an object in a scene.

1.5.4 Poisson Distribution Based Image Model
and Parametric Methods [32]

A Poisson distribution based digital image model derived from
the physics of image formation has been introduced in chapter 5 of
the thesis. The digital image model leads us to accept Poisson
distribution for the gray levels instead of the widely used normal
distribution. Under this model, some parametric segmentation
algorithms have been formulated based on the maximum entropy
principle and the minimum x2-statistic. Superiority of the Poisson
distribution over the normal distribution has been established
considering some global information based parametric algorithms.
Results indicate that image information is more appropriately
represented by the exponential entropy than by the logarithmic
entropy .

1.5.5. Higher order Fuzzy Entropy and Hybrid Entropy [62,126,127]

Chapter 6 discusses the inadequacy of the existing measures

of fuzziness to handle various real life problems and establishes
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the need for a new concept of "higher order entropy" of a fuzzy
set (higher order fuzzy entropy) .The higher order fuzzy entropy
introduced here is then used to define an index of similarity of

supports in a fuzzy set.

The second part, indicates the drawbacks of various attempts
to bridge between the probabilistic and possibilistic
uncértainties and introduces the definition of "hybrid entropy"
of a set. The hybrid entropy provides a measure of uncertainty
arising out of both probability distribution and possibility
distribution. When the fuzziness in a set is removed it boils down
to the classical entropy of a two state system. Different useful
properties of both definitions along with their proofs have also
been given.

Finally, the higher order fuzzy entropy has been used to
develop algorithms for segmentation and edge detection. The
results ,obtained here establish the superiority of the
exponential entropy over the Shannon’s entropy , in the case of an
image. Possible use of the hybrid entropy as an objective
criterion in channel noise removal and in image enhancement is

also highlighted.
1.5.6 Conclusion and Further Scope of Work

The concluding remarks with further scope of work are presented

in chapter 7.

In each chapter the results of the proposed methods have been

compared with some similar existing methods. Sufficient details of
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those methods have been discussed . in the respective chapters
(which are not covered in the review done in section 1.2)for the
convenience of the reader. Attempts have also been made to make
the chapters stand-alone so that the back and forth references can

be avoided.



Chapter 2

MEASURES OF HOMOGENEITY AND CONTRAST
2.1 INTRODUCTION

We have discussed in chapter 1, several techniques of image
segmentation based on global and local information of an image.
one of the techniques based on global information is histogram
thresholding which selects the vally points as threshold levels.
For images where the histogram does not have sharp valleys (i.e.,
having flat valley or local minima ) the histogram is usually
sharpened [1,70-72,101] by a sutiable transformation so that the
task of selecting valleys becomes easier. These transformations
usually require some parameters, the choice of which has
significant impact in determining the number of thresholds. The
co-occurrence matrix, on the other hand, uses local spatial
information of an image and provides information regarding the
humber of transitions between any two gray levels in the image.
This information has been used by various authors namely, Weszka
and Rosenfeld (73], Deravi and pal [74] and Chanda et. al [75] for

segmentation.

The measures on co-occurrence matrix reported by the above
mentioned authors did not consider the fact of logarithmic
response of human visual system (HVS) [2,95,128-130] in measuring

/Contrast’ between regions in an image. The work reported in this

o
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chapter attempts to bring this factor into consideration while
defining a measure of ’Contrast’ in addition to defining another
measure called ‘homogeneity’ within a region. The combination of
these two measures made the algorithms effective in determining
threshold levels. The ‘Contrast’ measure ensures three things.
Firstly, it assures the fact that a transition (change in the gray
level) from i to i+l and a transition from i to i+k, I#k, create
different impression. Secondly, a constant change in gray level at
different positions on the gray scale results in different
impression and finally, if the object and background intensities

are interchanged the contrast value remains unaltered.

Furthermore, provisions are also kept in two different ways
for eliminating the undesirable segments. In the first approach,
soninformative single gray level regions are eliminated by a
separate merging algorithm. The second approach on the other hand,
inherently attempts to eliminate such smaller regions irrespective

of their intensity-width.

The effectiveness of the algorithms alongith its comparison
with three other methods [73-75] has been demonstrated on a set of

images.

since the proposed methods [29,61,84] and the methods in
73-75] , use the co-occurrence matrix, let us first of all define

it before explaining the methods.



2.2. DEFINITION OF CO-OCCURRENCE MATRIX [29]

The co-occurrence matrix (or the transition matrix) of the
image F is an LxL dimensional matrix that gives an idea about the
transition of intensity between adjacent pixels. In other words,
the (i,j)th entry of the matrix gives the number of times the gray
Jevel j follows the gray level i (i.e., the gray level j is an

adjacent neighbour of the level i) in a specific fashion.

Let a denote the (i,j)th pixel in F, ag be the set of eight

neighbouring pixels of a, and b € agi i.e.,
b e ag = {(i,j-1), (i, j+1), (i+1,j), (i-1,j), (i-1,j-1),
(i-1,j+1), (i+1,j-1), (i+1,j+1) }.

pefine t;, =L &
0 1k T

I:)EaS

where 8 = 1, if the gray level value of a is 1 and that of b is k,

8 = 0, otherwise.

Obviously, tlk gives the number of times the gray level k
follows gray level 1 in any one of the eight directions. The
matrix T = [tlk]LxL is, therefore, the co-occurrence matrix of the

image F.
one may get different definitions of the co-occurrence matrix

by considering different subsets of ag, i.e.,considering b € ag,

where as' S ag .The co-occurrence matrices may be either
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non-symmetric or symmetric. One of the non-symmetrical forms can

be defined considering,
tix =‘): Ts (2.1)

8 =1, if f(i,j) = 1 and f(i,j+1) = k
or f(i,j) = 1 and f(i+l,j) = k

and § = 0, otherwise.

on the other hand, the following definition of tik gives a
symmetric co-occurrence matrix,

P Q

. tlk - 3 (2.2)

=X I
i=1 j=1

where & = 1, if f(i,j) = 1 and £(i,j+l) = k

or

f(i,j) = 1 and £(i,j-1) = k
or

f(i,j) = 1 and f(i+l,j) = k
or

£(i,j) = 1 and £(i-1,j) = k;
8 = 0, otherwise.

2.3 MEASURES FOR THRESHOLDING

Since the co-occurrence matrix contains information regarding

the spatial distribution of gray levels in the image, several
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workers [73-75] have used them for segmentation. Three of these
measures have been considered here in details as they have been

used for comparison.

2.3.1 Busyness Measure [73]

For thresholding at gray level s, Weszka and Rosenfeld
defined the busyness measure as follows
-

s 1
Busy(s) = L Lty o+
i=0 j=s+1 iZs+1

L-1 s
s ot (2.3)
=0 *J

The co-occurrence matrix used in equation 2.3 is symmetric (using

equation 2.2).

The sum of the entries of the shaded portion in Fig. 2.1,
represents the Busyness measure for thé level s. For an image with
only, two regions, say, object and background, the value of s for
which the minimum of Busy(s) occurs, gives the threshold.
similarly, for an image having more than two regions the Busyness
-easure provides a set of minima corresponding to different

~hresholds.
2.3.2 Conditional Probability Measure [74]
Deravi and Pal have given a measure for the conditional

_robability of transition from one region to another using a

-on-symmetric co-occurrence matrix:

P Q
b (2.4)

with
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Fig. 2.1 Pictorial representation of
Busyness measure
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5 =1, if £(i,j) = 1 , £(i,j+1) = k, and £(i+1,j) = k;

s = 0, otherwise.

If the threshold is at s, the conditional probability of the
intensity transition from the region [0,s] to [s+l, L-1], i.e.,
the probability of any intensity level from the class [0,s] being
followed by a level from the class [s+1, L-1] in the fashion given

by equation 2.4, is

s L-1
I Ity
iZ0  Jg=s+1
P, = (2.5)
s s s L-1
T L tgi+ Tt
izo j=o 1J ifo j=s+1?J
similarly, the conditional probability of intensity

transition from the region [s+1, L-1] to [0,s], is

L-1 s
T t. .
i=s+1 j=o *J
P, = (2.6)
-1 L-1 L-1 s

t

L tij+ I )
i=s+1 j=s+I i=s+1 j=0

The conditional probability, Pc(s) of transition across the

poundary is defined as

P(s) = (Py + P,)/2 (2.7)
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The lower the value of P_(s), the lower is the probability of
transition across the boundary between two classes [0,s] and [s+1
L-1]. That means, a minimum of P_(s) will correspond to a
threshold such that most of the transitions are within the class
and few are across the boundary. Therefore, a set of minima of
P_(s) would be obtained corresponding to different thresholds in

F.

2.3.3 Average Contrast Measure [75]

Chanda et.al have also used the co-occurrence matrix for

thresholding. They defined an average contrast measure as

s L-1 2 L-1 s 2
T I tp;* (im)) LT ty*x (0
i=0 j=s+1 i=s+1 j=0
AVC(s)= + (2.8)
s L-1 -1
T Tt t. .
i=o j=s+1*J izs+1 j=o 1J

AVC(s) shows a set of maxima corresponding to the thresholds

they

ong various regions in F. In the computation of tij

-onsidered only vertical transitions in the downward direction.
Note here that all of the three measures described before are

casically based on some weighted combinations of the number of

2ntries in the shaded and blank regions of Fig. 2.1-
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2.4 PROPOSED MEASURES OF CONTRAST AND HOMOGENEITY [29,31,84]

In this section, we are presenting an algorithm for
segmentation on the basis of the information of contrast and
homogeneity (between/within the regions in F) as obtained from the
co-occurrence matrix (equation 2.1). The concept of the Human
visual system has been incorporated in the contrast measure to
make the method of segmentation closer to the way, a human being
makes use of the intensity distribution for segmentation (of
course, human being uses some higher level knowledges too). Such a
segmented image when used for enhancement will result in a better
enhanced image as the method of segmentation tries to simulate the

way, a human being perceives the intensity variation.

Before describing the algorithm let us first explain some
facts of the human visual system.
2.4.1 Human Psychovisual Facts

In psychophysiology, contrast C refers to the ratio of
difference in luminance of an object Bo and its immediate

surrounding B [2] i.e.,

_ 4B

c=1By-Bl /B =-—f— (2.9)
The perceived grayness of a surface depends on its local
packground and the perceived contrast remains constant if the

measure C of the contrast between object and local background

remains constant.



The visual increment threshold (or the just noticeable
difference) is defined as the amount of light ABT necessary to add
to a visual field of intensity B such that it can be discriminated
from a reference field of same intensity B. It therefore, gives a

limit for a perceivable change in luminance or intensity.

At low intensity near absolute visual threshold (mere
presence or absence of light intensity detectable under dark
adapted condition), the visual increment threshold 4B, is constant.
with increasing B, ABj can be approximated by a linear function of
B, i.e., AB, = «.B (the factor « is called the weber ratio). When

this linear relationship is valid one speakes of ‘Weber behaviour’.

Fig. 2.2 presents such a characteristic response in the log
4B, - log B plane. The Weber behaviour is characterised by unit
slope of the curve. The preceding region with slope 1/2 is known
as the De Vries - Rose region characterised by ABy, = a1¢§, which
is a valid approximation, only followed in a small restricted
region. Under saturation, the visual increment threshold ABT does

not follow the Weber behaviour and this deviation from weber

behaviour is shown by the dashed line [128].

Therefore, if the brightness value of an object is higher
lower) than its surrounding or background or a reference
intensity B by such an amount that it corresponds to a point on or
above the curve (Fig. 2.2), the object will only then appear

srighter (darker) i.e., discriminable to the human visual system
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(HVS) . Furthermore, an equal amount of AB value created at
different background intensity (B-value) does not result in equal
perceivable change to HVS. For example, the discrimination ability
in the De Vries - Rose region is greater than that in the Weber
region, and this ability decreases with increase in the value of
B. The possible reason for this deterioration in discrimination
ability can be attributed to nonlinearities inherent in the visual

system.

2.4.2 Measures of Contrast and Homogeneity [29,61,84]

It has already been discussed that the problem of
segmentation is to partition the set GL of gray levels into some
non-intersecting subsets such that each segment is as homogeneous
as possible while the contrast between any segment and its
neighbouring segments is as high as possible. Two such measures,
namely the contrast of a segment with its neighbouring segments
and the homogeneity of a segment are defined in the following. A
composite measure of the two is then used to select the threshold

levels in the image F.

Let the gray levels ranging from K to M form one of the

segments, say, R, of the image F, i.e., Ry = [K,M], K =M.

Define cﬁ the contrast of the segment R, with respect to

M

other segments as folows:
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M

T T t.. kW T T T, ok W,
ier,  jer, *J +J i=k  j<K orj>u*J 1J
C'IE,M = = " (2.10)
c,x L I t.. c, * % r ot
1 ij 1 ; o i
ieR, jeR) j=x J<K oTj>H

From section 2.4.1 and Fig. 2.2 it is seen that because of
the logarithmic behaviour of the HVS, the discrimination ability
decreases with an increase in the value of background intensity B.
This is what is also reflected by the contrast measure C defined
in equation 2.9. In order to incorporate this property, we have

introduced the weighting factor W;; in the expression 2.10.

However, one may note that the direct use of AB/B for Wij
will obviously change the contrast value if the object and
background intensities are interchanged. Since this is not

intuitively appealing, W, may be defined as

J

either Wy o= 1/ (a4 (2.11.1)
or Wy o= limjl/max(i, §) (2.11.2)
or Wi ;= li=jl/min(i, J) (2.11.3)

Tt is, therefore, seen that W;. ensures equal contribution to

squation 2.10 when the object and background intensities are
interchanged in addition to the property of deterioration of

siscrimination ability with increase in the background intensity.

In case of a complex image, the visual system does not adapt

<o a single intensity level; instead, it adapts to an average
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level which depends on the nature of the image ([3]. It is
therefore, more logical to choose equation 2.11.1 for W;;. In the
denominator of equation 2.10 , the term EXt;; is ‘used to make the
nmeasure independent of the size of regions while the constant C,
is introduced to make 0 = "E,n = 1. c, obviously depends on the

choice of W; and is equal to the maximum possible value of wij'

J
Therefore,
c, = (L-1)/(L+1) for equation 2.11.1
= (L-1)/L for equation 2.11.2
= (L-1) for equation 2.11.3

where L is the maximum level in F.

Therefore, it appears from equation 2.10 that if i=j, then
cﬁ'" ~ 0 i.e., contrast in [K,M] is minumum. On the other hand, if
i=1 and joL then contrast is maximum (=1) since for all t;; that
are considered in Cl’i,M the values of W become equal to Cy,

thereby making the numerator and denominator same.

The t;; s considered in the equation 2.10 are shown by the
shaded portion in Fig. 2.3, which gives the total number of
- ransitions across the boundary of the segment R;, i.e., from the

cegion [K,M] to its outside.
Again, define r:z 4 + the homogeneity of the region {K,H] as
* |i-jl

tig * 1i-jl

R
i€R, jeR
(2.12)

(-1 * T L t (-1 *I_ F ty;
ieR, jeR;
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Fig. 2.3 Pictorial representation of contrast-
homogeneity measure
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The tijs considered in equation 2.12 are shown by the dotted

sortion in Fig.2.3. Cj , lies in the interval [0,1] i.e.,0 = .
s 1.

If Ry is perfectly homogeneous, K = M (i.e., the region
contains only one gray level) then L{IM =1 as li-jl = 0 for all i
and j.

With the decrease of the homogeneity of Ry, |i-jl increases
and approaches to (L-1). As a result, the ratio in eguation 2.12
approaches to unity and CZ,M tends to zero. Thus L’g,M and CZ,M are
found to increase with increase in contrast and homogeneity
respectively, in a region [K,M]. On the basis of these two
-casures we define a composite measure

, & =¥ % B (2.13)

W
9k, uCk,n k0 k,n " Cx,m

Since 0 scz’ns 1andosCB

KoM S 1, g also lies between 0 and 1.

The level at which g attains a maximum value can, therefore,

- considered a boundary (or threshold) between regions.
2.5 APPLICATION OF THE PROPOSED MEASURE FOR SEGMENTATION

5.5.1 Extraction of Starting Regions - Algorithm 1

In order to extract the thresholds in an image F, we start

<ith Ry = [0,0] and increase the size of R, one by one to the

-ight side of the gray scale till we get a local maximum of gy

69



i.e., the process is started with K = 0, M = 0 and M is
incremented one by one until gK,M attains a maximum value. If the
maximum occurs at the gray level K,, then K, corresponds to a
threshold and gray levels ranging from O to K, represent a region
of the image F. Then we start with K = M = K; + 1, and the process
is repeated as described above till we get the next maximum, say
at K,. The gray levels ranging from K +1 to K, thus constitute
another segment. In this way the process is carried on until the

entire gray scale is exhausted.

2.5.1.1 Merging of Single Valued Regions.

The composite measure Ix. M is found to be very much sensitive
<o highly uniform regions. In other words, a region containing

only one gray level is 1likely to be detected as a separate

gment, although one does not desire to have such a segment. To

0id this we have suggested here a merging algorithm whereby such
- single-valued segment is accepted, if the transitions within the
segment is higher than those across it. This criterion enables one
=5 retain only those regions which have significant size in the

patial domain.

Therefore, the algorithm first of all finds out the regions
: single gray level and determines whether such a region should

-= merged or not. If it decides to merge a region, then the next

sk is to determine the adjacent region (left or right) to which

- is to be merged.
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Let Ri = [M,M] be the region under consideration.

Let Tw be total number of transitions within the region Ri’

then TW = tH,M . (2.14)
If TO = total number of transitions from Ri to all other
outside regions, then
M
T =¥ L t;: (2.15)
O iz jew 1)

Decision Rules.

1£ T, > T, then the size of the region can be taken as
ceasonably big. Therefore, accept the region, do not merge it;
otherwise, merge the region to either of its adjacent regions. Now

<he problem is to select the adjacent region to which it is to be

~erged.

case-1. If M = 0, merge R; to the right adjacent region.
case-2. If M = L-1, merge R; to the left adjacent region.
case-3. If 0 < M < L-1, we proceed as follows.

Let T be the total number of transitions from R; to its left

djacent region. If the left adjacent region contains gray levels

ranging from Ll to L2 then

M L,
T, = . (2.16)

L It;
i= j=r,*7
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Suppose TR is the total number of transitions from R; to the right

adjacent region and the right adjacent region contains gray levels

ranging from tho R, then

n R
=X I tij (2.17)
i=M J:Rl
If T, > T, , then merge R; to the left adjacent region; otherwise,

merge it to the right adjacent region.

The foregoing decision rule can also be formulated in a more

general way as follows.

Let T, be the total number of transitions from R; to all

regions including itself,

M L-1
i.e., T, = § L t.. (2.18)
t iy j=o 1J
and e=1,/ T, ©<1.

Now if @ > @,, accept the region, otherwise, merge it, where
s, is some preassigned threshold value.

8, = 0.5 obviously gives the original decision rule.

The advantage of defining the decision rule in this manner is
-hat in an interactive environment one can change 6, if
-scessary, and compare the results to pick up the most appropriate

‘alue of @, for a particular type of image.
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2.5.2 Incorporating Size of Regions - Algorithm 2 [29]

In Algorithm 1 we have incorporated a separate merging phase
in order to eliminate the undesirable small (noninformative)
regions. The following algorithm introduces the concept of size of
regions into the composite measure g, . and thereby attempts to

eliminate the need of a separate merging phase.

A

s . _ R b «
Let us define gy , = gg » * [ = ] * [ - ] (2.19)
where
ap = size of the region [K,M], i.e., number of pixel
intensities in F which are in the range [K,M],
A = size of the Image = P * Q,
o = a parameter, with 0 = a =1,

Length of the region [K,M] = M-K+l.

The first factor (4p/4) gives more weight to the regions of
sreater size, resulting in an increase in gk’M value. Thus if the
-istogram of an image has a sharp valley, i,y value is very
_ikely to decrease when M is set at the valley point. On the other
-and, for a small region with a weak valley, such a decrease in g

2lue (for detecting- the region) is less likely to occur. In such
= situation it is further to be noted that the next following
-egion (valley) becomes much less likely to be detected because of

-he cummulative increase of region size dj and hence Ap .
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In

order to circumvent this situation, a second factor

1/d )“ is introduced which compensates the above effect b
- P Y

reducing the value of g’ with increase in dR . « controls the rate

of decrease in g’ value. As « increases, the number of regions is

likely to increase.

To extract the thresholds under this algorithm we proceed

exactly in the same way as we have mentioned earlier for Algorithm

1, considering gk " for Ix.m *
' ’

2.6 Computational Steps

Algorithm 1 : Extraction of initial thresholds

s0
s1

52

s3

sS4

S5

K=0, M =0, no-of-thresholds = 0

Previous-value = gK,M
M=M+1
If M is greater than L-1 , then go to S5; Otherwise,

Current-value = gy , -

If Current-value is not less than Previous-value, then
Previous-value = Current-value and go to S2.

no-of-thresholds = no-of-thresholds + 1

THRESHOLD (no-of-thresholds) = M - 1 (THRESHOLD is an

array that stores the threshold levels),

K = M, go to Sl.

End of extraction of thresholds
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Merging Algorithm (output of Algorithm 1 is input to this

algorithm)
S0 : Find the next region of single gray level. If there is

none then STOP.
S1 : ( Suppose the region under consideration is R; = [M,M])

Compute TV = The number of transitions. within Ri.
Compute Tt = the total number of transitions from Ri to
all the regions including itself. Compute 6 = T, / T-

S2 : If @ is greater than BH (a predetermined value), then
go to SO

S3 : If M is the first gray level with nonzero frequency,
then merge the region R; to its right adjacent region
and go to SoO.

sS4 : If M is the last gray level with non zero fregquency,
then merge the region R; to its left adjacent region
and go to SO.

S5 : Compute TR and TL’ the number of transitions from R to

its right and left adjacent regions, respectively.

S6 : If Ty is greater than T,, then merge Ri to its left

adjacent region. Otherwise, merge R; to its right

adjacent region.

85 : Go to SO.
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2.7 IMPLEMENTATTON AND RESULTS

The segmentation algorithms described in the previous section
are implemented on a set of four different images [3] having
dimension 64 x 64 with 32 gray levels. Figs. 2.4.1, 2.5.1, 2.6.1
and 2.7.1 represent the original input images, while Figs. 2.4.2,
2.5.2, 2.6.2 and 2.7.2 represent the corresponding gray level
histograms. These images are produced on a line printer by over
printing different character combinations for different gray

levels.

Fig. 2.4.1 represents an image of Mona Lisa. It is to be
noted that the gray level histogram [Fig. 2.4.2] is almost
unimodal (having some local minima). When porposed Algorithm 1
without merging) is applied to it, four thresholds namely, 0,1,6

znd 17 are produced. The corresponding segmented image is shown in

Fig. 2.4.7, where different segments are represented by different
zextures. When the merging algorithm is applied to it, the segment
‘1,1] (Table 2.1) is merged to its right adjacent segment. The
segmented image so obtained after merging is shown in Fig. 2.4.3.
“omparing Fig 2.4.3 and 2.4.7 we find that there is an undesirable
-2gion inside the hair of Mona Lisa, which after being merged
-2sults in \a more meaningful segmentation [Fig 2.4.3]. Fig. 2.4.7
s shown, as an illustration, only to demonstrate the effect of

-ne merging algorithm in selecting final thresholds.
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Fig. 2.4.1 Input Fig. 2.4.2 Histogram

“ig. 2.4.3 Segmented image by

Fig. 2.4.4 Segmented image
Egn . 2.13(after merging)

by Egn. 2.3
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e

Fig. 2.4.6 Segmented Imag
2.8

Fig. 2.4.5 Segmented image by
Ean. 2.7 by Ean.

Fig. 2.4.8 Segmented image
2.19 (a = .7)

by Ean.

2.4.7 Segmented image by
2.13(before merging)

Input and segmented images of Mona Lisa
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Thresholds for

Table 2.1

Various Methods

Proposed, method Method of Method of| Method of
IMAGE Before Afte Wezska and; Deravi Chanda
merging mergmg Rosenfeld and Pal et.al.
MONALISA | 0,1,6,17 | 0,6,17 0,30 0,3,6,17,i 0,3,6,17,
25,30 28,30
0,4,9,13,{ 0,4,9,13,; 0,4,9,12, i4,9,12,17,:5,10,12,17,
17,18,24 | 17,24 17,24,30 (23,30 22,27,30
0,3,7,23,{ 0,3,7,24,} 0,3,5,7, 3,7,11, 7,11,13,18,
24,26 26 18,29 18,29 21,23
0,1,2,10,{ 1,10,17, 0,10,17, 0,2,10,17,:0,10,14,17,
17,18,23 | 23 22,30 22,30 21,29
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Fig. 2.5.1 is an image of Abraham Lincoln, and the
éorresponding gray level histogram [Fig. 2.5.2] is found to have a
number of deep valleys. The thresholds (before and after merging)
generated by the proposed method 1 are shown in Table 2.1. The

output segmented image is shown in Fig. 2.5.3.

To demonstrate the validity of the method 1 for images with
flat and wide valleys in their histogram, the algorithm is applied
to the image of a jet [Fig. 2.6.1]. One can see in Fig. 2.6.1 that
the right wing of the jet has vanished inside the cloud in such a
way that apparently it is very difficult to trace the boundary of
the right wing. The present algorithm 1 is found to be successful
in separating out that wing from the cloud. Fig. 2.6.3 represents
the segmented image, while the thresholds are shown in Table 2.1.
as a typical illustration, Fig. 2.6.9 shows the plot of gy, y Value

Zor the image of the Jet.

Fig. 2.7.1 represents the image of a biplane having two
Zominant modes in its histogram [Fig. 2.7.2]. From Fig. 2.7.3 the

-bject is found to be clearly separated from the background.

The above results were obtained by using equation 2.11.1
‘aile computing W; ; of the contrast measure. Experiments were
lso carried out with equations 2.11.2 and 2.11.3, and the

]
crresponding performances were found to be almost similar.



Fig. 2.5.1 Input Fig. 2.5.2 Histogram

ig. 2.5.3 GSegmented image by Fig. 2.5.4 Segmented image
Ean . 2.13(after merging) by Eagn. 2.3
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.5 Segmented image by Fig. 2.5.6 Segmented Image
Ean. 2.7 by Ean. 2.8

Fig. 2.5.7 Segmented image
Eqn. 2.19 (a = .7)

=. 2.5 Input and segmented images of Abraham Lincoln
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Fig. 2.6.1 Input Fig. 2.6.2 Histogram

Fig. 2.8.3 Segmented image by Fig. 2.6.4 Segmented image
Eqn . 2.13(after merging) by Ean. 2.3

Fig. 2.6.5 Segmented image by Fig. 2.6.8 Segmented image
Egn. 2.7 by Ean.



Fig. 2.6.7 Segmented image by
Ean. 2.13 (64=.75)

Fig. 2.6.9 Plot of g(K,M)

Fig. 2.6.8 Segmented Image
by Egn. 2.19(a=.7)

Fig. 2.6.10 Plot of g (K,M)

(a=0.6)

Fig. 2.8 Input and segmented image of Jet



Fig. 2.7.1 Input Fig. 2.7.2 Histogram

Fig. 2.7.3 Segmented image by Fig. 2.7.4 Segmented image
Egn . 2.13(after merging) Eq



T.z. 2.7.5 GSegmented image by Fig. 2.7.6 Segmented image
Ean. 2.7 by Ean. 2.8

Fig. 2.7.7 Segmented Image
by Egn. 2.19(a=.7)

Fiz. 2.7  Input and segmented images of biplane
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Table 2.2 shows the thresholds for these images obtained by
the proposed Algorithm 2 for different values of o. As discussed
in Section 2.5.2 the number of segments is found to increase with
increases in the value of «. Note, too, from Table 2.2 that the
level 17 for Mona Lisa (unimodal histogram) which was detected at
« = 0.2 was found to be missing for values of « = 0.4 and 0.6. The
threshold at 17 or its around again appeared for « = 0.7 . Similar
is the case for Jet having almost flat and wide valleyed histogram
where the level 7 which was detected at a=0.2, was lost at a =
0.4, 0.6 and 0.7 and reappeared for higher « values. Such a
situation did not arise for Dincoln and biplane which have deep

valleys. This fact can be explained as follows.

Suppose the first threshold is detected at a gray level 1 =

for @ = a), which means that g’ kept on increasing up to gray

el 1, and at (1, +1), g’ started falling. Now if for a higher

ue of a = Xor Gy > oAy, the first threshold is detected earlier

a gray level 1 = 12, 12 < ll’ then we can say that 12 is

ected, as (1/dR)°‘ has reduced the value of g’ at (I,+1) to a

zlue which is less than the value of g’ at 12. The threshold at 1

= ‘.1 which was detected with a=a,, may not now be detected with an
= not very high from . because there will not be a sharp fall in

value as the histogram has weak valleys. Moreover, the value

3 1/dR)"‘ with dp = 1,+1 and « = «, may be smaller than (1/<1R)°‘

~th dR - 11—12, and a = a, as dR in the second case is reduced to

-1, from 1,+1, unless a, is very high. Therefore, unless a, is
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Table 2.2

Thresholds for Different ’a’

IMAGE « a=.8 a=1.0
MONALISA | 17,28 | 6,25 | 0,6,25,i0,6,17,:0,6,16,24,; 0,3,6,9,14,
Fig.2.4 28 24,28 (25,28 22,24,25,28
LINCOLN 5 4,17 | 4,9,17 i4,9,17,:4,9,17,24,} 2,4,7,9,15,
Fig.2.5 29 29 17,23,29
JET 7 3,23 | 3,21 3,21 i3,7,16,23,} 0,2,3,7,11,
Fig.2.6 28 13,16,19,

23,24,28
BIPLANE 10 10 8,10 8,10 0,7,10 2,7,9,23,
Fig.2.7 29
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sufficiently high, the threshold at I, will not be detected.
However, if the histogram has a deep valley at 1,, it will be
detected as the fall in g value will be sharp.

Fig. 2.4.8, 2.5.7, 2.6.8 and 2.7.7 show the segmented images
for Algorithm 2 when « is considered to be 0.7, as an
illustration. Fig 2.6.10 shows the plot of the gi , value for the

image of the Jet.

2.7.1 Comparison With The Existing Algorithms

In order to compare the performance of the algorithms with
those of some of the existing algorithms based on co-occurrence
matrix, we have considered algorithms of Weszka and Rosenfeld
(73], Deravi and Pal [74], and Chanda et. al [75]. The

thresholds obtained by these methods are also shown in Table 2.1.

Equation 2.3 is found to fail to extract all the meaningful
regions of the image of Mona Lisa. It has selected only three
segments [Fig. 2.4.4] with thresholds at 0 and 30, as a result,

zost of the important information is lost.

Equations 2.4-2.7, on the other hand, has detected two extra
segments in the chest and one extra region in the hair [Fig.
Z.4.5], while equation 2.8 has also produced two similar segments
one of them is of smaller size than the corresponding one
-roduced by equations 2.4-2.7 [Fig. 2.4.6]). From Fig 2.4.3, it is

en that the regions generated by the proposed method 1 where
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these additional regions are absent, create a better impression to
the eye. However, for Algorithm 2, (with « = 0.7) the hair of Mona

Lisa did not split, and it has two extra regions in her chest

(Fig. 2.4.8].

For the image of Lincoln (Fig. 2.5) all the methods except
the present ones have divided the fore-head into two regions.
Furthermore, Algorithm 1 and the method by Weszka and Rosenfeld
nave divided the beard into two regions, which is not the case for
the other three methods. Finally, Algorithm 2 created the smallest
number of segmented regions ([Fig. 2.5.7] and created a better

impression to the eye.

In the case of the jet, equation 2.8 has failed to
iiscriminate between the cloud and right wing [Fig. 2.6.6] while
“he other two methods 1like ours are successful in doing so
Figs.2.6.3, 2.6.4 and 2.6.5]. Algorithm 1 and eguation 2.3
oroduted comparable results, while the result produced by
squations. 2.4-2.7 [Fig.2.6.5] seems to create a better impression
to the eye, but, if we alter the value of 6, from 0.5 to 0.75 in
the merging algorithm, the first two regions (Table 2.1) are
serged and the resulting image ([Fig.2.6.7] is found to be much
improved. However, Fig.2.6.8 (by Algorithm 2) which has least

number of segments created best result.

In the case of the biplane, all the methods were able to

iatect its contour (Fig.2.7). However, equations 2.4-2.7 are found
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to generate two additional regions inside the tail of the biplane
which are absent for other cases. The background is found to be
clustered in two parts by all but our methods. Furthermore, all
the methods except ours have divided the shade of the biplane into
three or more regions, which is two and one for Algorithm 1 and 2,

respectively.

From Table 2.1 it apears that the equations 2.3, 2.4-2.7, and
2.8 detected, except for the Jet, a threshold at the end of the
gray scale (e.g., 30 for Mona Lisa, Lincoln and biplane ). These
thresholds correspond to some undesirable regions at the frame of

the images. The incorporation of the factor Wi in equation 2.10,

J
which accounts for the nonlinear behaviour of HVS, has been found
o be able to eliminate such occurrences. However, Algorithm 2 has

failed to eliminate such segments for higher value of «.
2.8 CONCLUSION

Two algorithms for image segmentation are described using
-he measures of "homogeneity" and "contrast" within/between
-egions of an image. The first algorithm has a separate merging
-hase to eliminate the undesirable segments. The second algorithm,
-n the other hand, eliminated the need of such a separate merging
-hase by considering the region size while extracting the
~hresholds. Both of the algorithms simulate the way in which human

-eings perceive the brightness variation in an image.



Note here that when a human being attempts to segment an
image, in addition to his/her logarithmic response to contrast he
she makes use of certain other higher level knowledge which is
not considered in the proposed algorithms. Hence it is not
expected that the proposed algorithms would segment an image
exactly in the same way a human observer does. However, the

incorporation of the weighting function w to simulate only the

i,]
contrast response of the human visual system has resulted in

consistently better segments for images with different types of

stograms.

It is found that none of the existing methods could generate
consistently good segments as that of the proposed algorithms for
=211 images. Some of the existing methods have generated extra
segments for some images, while some methods have failed to detect
meaningful segments. Both of the proposed algorithms are suitable

for an interactive environment.

It is seen that the choice of «a in Algorithm 2 is critical.
s o increases, the number of regions also increases, resulting in
an acceptable segmentation around o = 0.5. However, for a good
image having sharp valleys in the gray level histogram, the

pical value of a may be less than 0.5. On the other hand, an «

szrater than 0.5 can be taken for images having weak valleys in the

sistogram or a unimodal histogram.



The proposed methods are expected to be less sensitive to
noise as the psychovisual facts have been considered. No
information theoretic concept has been used here to define the
proposed co-occurrence based measures. In the next chapter some
more measures of contrast and homogeneity will be defined,
alongwith their applications, based on Shannon’s theory of

information.
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Chapter 3
HIGHER ORDER AND CONDITIONAL ENTROPY
:.1. INTRODUCTION

This chapter consists of three parts. In the first part, the
-arious applications [33,58,59] Of Shannon’s entropy in image
segmentation have been criticised. The second part introduces two
-ew definitions of image entropy. Their applications to image
segmentation problem have then been demonstrated in the third part

-£ the chapter.

Pun [58,59] used Shannon’s concept to define the entropy of

image assuming that an image is entirely represented by its

sray level histogram only. He used this concept to derive an
-xpression for an upper bound of the a-posteriori entropy and
-inally used it to segment an image into object and background.
<spur et al.[33] have found some flaws in Pun’s derivation and

1so used a similar concept to partition the image into object and

kground. They, instead of considering one probability

sistribution for the entire histogram, wused two separate
-robability distributions: one for the object and the other for
-ne background. The total entropy of the image is then maximised

-5 arrive at the threshold for segmentation.

Both these methods were developed without highlighting the
sequateness of the concept of Shannon’s entropy in the case of an

izage. For example, the dependency of pixel intensities in an



.mage and hence its spatial distribution are not taken into

ount in defining its entropy. As a result, different images
7ith identical histograms will always result in the same entropic
value and same threshold. This is, of course, not intuitively
scceptable. Moreover, in the algorithm of Pun [59] the
saximisation of an upper bound of the a-posteriori entropy, to
svoid the trivial result with the a-posteriori entropy, is not

sustified.

In order to circumvent this, two other definitions of entropy
sor images, namely entropy of order ¢, ¢ = 1,2,...,and the
-onditional entropy of an image have been defined. Entropy of
-rder unity (g = 1) corresponds to the global entropy as used by
un [58,59] and Kapur et al. [33]. Higher order (g > 1) entropies
-2ke into account the information contained in a sequence of gray
_evels "of length g and thus denote the various local entropies of
:n image. The conditional entropy, on the other hand, gives an
.verage amount of information that may be obtained from a region,

snen one has viewed the remaining portion of the image.

These new concepts are then introduced to develop two
zlgorithms for the object-background image classification
segmentation) problem. The effectiveness of these algorithms is

nstrated for a set of images with different types of

-istograms and their superiority in performence over those of Pun

53] and Kapur et al. [33] is also established.



:.2. ENTROPIC MEASURES FOR IMAGE PROCESSING

Shannon [109,110] defined the entropy of a system as a
sinction of the probability of occurence of different states of
=he system. If a system has n different states with probability of

sccurence

n

o., i=1,2,...,n, L p; = 1, then the entropy, H of the system is
- i=1

Zefined as

n
H = - p; log, p;- (3.1)
is

Based on the concept of Shannon’s entropy, different authors
=ave defined the entropy for an image. Let us discuss here those

zeasures and the associated problems when applied to image

crocessing.
Let F = [f(x,y)],be an image of size PXQ, where f(x,y)is
-ne gray value at (x,y)if(x,y) € G = {0,1,...,L-1) ,the set of

cray levels. Let Ni be the frequency of the gray level i. Then

N, =P * Q = N (say).

Pun (58,59] and Kapur et al. [33] cosidered the gray level
~istogram of F as the outcome of an L-symbol source, independently
srom the underlying image. In addition to this, they also assumed

-hat these symbols are statistically independent.
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Following Shannon’s definition of entropy (egugtion 3.1), Pun

(59] defined the entropy of the image (histogram) as
L-1
H=-3%p; loqui: p; = Ni/N' (3.2)
i=o

for the image segmentation problem.

3.2.1. Evaluation Function of Pun [59]

Let s be the threshold which classif:ies the image into
sbject and background. Let N and N, be the numbers of pixels in
-he black and white portions of the image. Then the a-posteriori
orobability of a black pixel is P, = NB/N and that of a white
cixel is P= N, / N. Thus, the a posteriori entropy of the image

is:

HL(S) = —PE logzvH - P“ logzPH
= -P; log,P, - (1 - P log,(1 - P) (3.3)
:s
s
P, ;E p; and P =1-P . (3.4)

Since the maximisation of H gives the trivial result of Py = 1/2,

sun maximised an upper bound g(s) of H (s), where

Hi . logZPs
g(s) = — 7
- Iog,[max(Py/P,s -+ iPg)]
(1 - H%) . log (1- P)
L B) * g2( S

(3.5)

+
H_ . Iog,max(Pg,, Pg,,r++/P,)]
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where
(3.6)

(3.7)

o

It

'
M

p; logp.
i=o * L

The value of s which maximises g(s) can be taken as the threshold

sor object and background classification.

3.2.2. Method of Kapur, Sahoo, And Wong [33]

Kapur et al. have also used Shannon’s concept of entropy but
:rom a different point of view. They, instead of considering one
-robability distribution for the entire image, considered two
-robability distributions, one for the object and the other for
--e background. The sum of the individual entropy of the object
.4 background is then maximised. In other words, this will result

1 equiprobable gray levels in each region and thus maximises the

m of homogeneities in gray levels within object and background

-y making the gray levels equiprobable in either region.

If s is an assumed threshold, then the probability
iistribution of the gray levels over the black portion of the

age is :

p1 pS
EIEI"'IﬁV

d that of the white portion is

PSOI PSOZ
1-ps ' “1-Ps ' !
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The entropy of the black portion (object) of the image

is :
(s) _ _3Pi
ul %5t log,(p;/] (3.8)
i=o
:nd that of the white portion is
L-1 p,
(s) _ _ i -
1) = - = A5 log,(p;/(1-P)). (3.9)
1=S+1 s
.= total entropy of the image is then defined as
()= u(s) 4 g(s), (3.10)
T B W

In order to select the threshold they maximised H(S). 1In

hner words, the value of s which maximises H(®) gives the

reshold for object and background classification.

2.3. Some Remarks

All the methods [33,58,59] discussed so far virtually assume
-aat an image is entirely represented only by its histogram. Thus,

iifferent images with identical histograms will result in same

ropic value in spite of their different spatial distributions

-z gray levels. This is, of course, not intuitively appealing. For

- .ample, consider Figs. 3.1 and 3.2 where "dotted",'"shaded" and

-lank" pixels represent the gray levels 1,1, and 1 (1< 1< 1)

=spectively. Both Fig.3.1 and Fig.3.2 have identical histograms

_t different spatial distributions of gray levels. As a result,

~-= entropy(information content) of Fig. 3.1 and Fig. 3.2 is
sected to be different.
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J
Fig. 3.1 Illustration of Fig 3.2 Image with same histogram,
image entropy different entropy
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Under those definitions all images with identical histograms
cut different spatial distributions of gray levels will,
-herefore, give rise to the same threshold value. Our experience
=nd intuition also do not support this. For example, 1, should be
che threshold in Fig. 3.1, whereas, it is 1, in Fig. 3.2 for

-bject-background classification.

In the algorithm of Pun [59], the concept of maximisation of
-he evaluation function g(s) (equation 3.5) , an upper bound of
=.(s), for object-background classification is not justified. For
zxample, the maximum value of equation 3.5 may even correspond to

= minimum value of the a-posteriori entropy (equation 3.3).

Moreover, all these methods have used Shannon’s concept of
=ntropy in image processing without highlighting its adequateness

-~ the case of an image.

ENTROPY OF AN IMAGE [31,63]

:.3.1. Global And Local Entropy

We know that in an image pixel intensities are not
.~dependent of each other. This dependency of pixel intensities

be incorporated by considering sequences of pixels to estimate

entropy. In order to arrive at the expression of entropy of an

~mage the following theorem due to Shannon (2,109) can be stated.



Theorem. Let p(s;) be the probability of a sequence s; of gray
levels of length g, where a sequence s; of length g is defined as a

sermutation of g gray levels. Let us define

(@ _ _ 1
H 33 plsy) dogpisy), (3.11)
vhere the summation is taken over all gray level sequences of
length g. Then H?) is a monotonic decreasing function of (q) and

im . u9 = H, the entropy of the image.

For different values of g we get various orders of entropy.

g =1, i.e., sequence of length one. If g = 1, we get

L-1
TLSR A

. ;1090 (3.12)
i=o

where p; is the probability of occurrence of the gray level i

Such an entropy is a function of the histogram only and it

be called the "global entropy" of the image. Therefore,
(1)

::fferent images with identical histograms would have same H

2lue irrespective of their contents. The definitions used by Pun
:nd Kapur et al., in fact belong to Case-1.
zse-2:

q = 2, i.e. sequences of length two, Hence

5 = - L2 p(s;)109,p(5y)



where s; is a sequence of gray level of length two,

1

=-l% 35 p. . logp, (3.13)
e 2Pij

uhere p,; is the probability of co-occurrence of the gray levels i

and j. Therefore, H(®) can be obtained from the co-occurrence

matrix.

1(?) takes into account the spatial distribution of gray
levels. Therefore, two images, with identical histograms but
iifferent spatial distributions will result in different
ntropy, H(?) values. Expressions for higher order entropies (g >

can also be deduced in a similar manner. H(i),i = 2, may be
-alled the "local entropy" of order i of an image. In this context
sention must be made of the work of Haralick et. al, who gave some

tropy measures for texture classification [131]. Their measures

e conceptually different from those defined above and are

endent on different types of spatial-dependence matrix which

nsider only pairs of pixels.
.3.2. Conditional Entropy
Suppose an image has two distinct portions, the object X and

- packground Y. Suppose the object consists of the gray levels

.} and the background contains the gray levels (y;). The

itional entropy of the object X given the background Y, i.e.

average amount of information that may be obtained from X

en that one has viewed the background Y, can be defined as

H(X/Y) = - £ T p(x;/y;)1ogp(x;/¥;)- (3.14)
(x/ o yjer /Y j)10g, 1/ j



similarly, the conditional entropy of the background Y given the
object X is defined as

H(Y/X) = - £ = p(y./x;)log,p(y /x;)- (3.15)
y.e¥ x.ex 2 % Ll A
8/
The pixel y, in general, can be an m th order neighbour of the

pixel Xi i.e., y. can be the m th pixel after X Since the

J
ostimation of such a probability is very difficult, we impose
another constraint on x; and y; of equations 3.14 and 3.15. In
aadition to x; < X and y; € ¥, we also impose the restriction that
x; and y; must be adjacent pixels. Thus, equations 3.14 and 3.15

can be rewritten as

H(X/Y) = - Z = p(x;/y;)1logp(x;/Y ;) (3.16)
x;eX ¥ ey a0 =g
(xl.,yj)najacenv.

H(Y/X) = - p(y;/x;)1og,p(y:/X;) (3.17)
y?sy erx S S A

(vj1%;)adsacent

The conditional entropy of the image can, therefore,

ce defined as
1) = (HX/Y) + H(Y/X) / 2 (3.18)

+here X and Y represent the object and background of the image,
-espectively.
3.4 APPLICATION TO IMAGE SEGMENTATION [31,63]

Based on the aforementioned new definitions of entropy of an
.age, the following two algorithms for object-background

-lassification are proposed.
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3.4.1 Algorithm 1 (Based on Second order Entropy)

We are now going to describe an algorithm based on
equation 3.13, which takes into account the spatial details of an
image. Such a method is dependent: on the probability of
co-occurrences of pixel intensities, that can be estimated from

the co-occurrence matrix defined in chapter - 2 (section 2.2).

Here, we have used an asymmetric co-occurrence matrix which
considers the horizontally right and vertically lower transitions
only. It has been found experimentally [29,74] that the
consideration of a symmetric co-occurrene matrix by taking into
sccount both right-left and upper-lower transitions needs some
additional computations without changing much the information
content in it. Furthermore, consideration of both horizontal and

vertical transitions allows all the edges to participate in

<hreshold selection.

follows :

(3.19.1)

n
.

£(1,k) =i and f£(1,k+1)
vhere § = 1 , if or

£(l1,k) =i and f£(1+1,k) = ji
5 = 0 , otherwise.,

The probability of co-occurrence of p;; of gray levels i and

can, therefore, be written as



ti; ) (3.19.2)

P

where obviously © = p;; S

If s, 0 = s = L-1 , is a threshold, then s partitions the

co-occurrence matrix into four quadrants, namely A, B, C and D
(Fig. 3.3).
Let us define the following quantities:
s s
P =% I Pjj- (3.20.1)
A iZ0 j=o "
s L=1
P = ¥ T P4 (3.20.2)
B 2o j=s+1 M
L-1
= I Py; o+ (3.20.3)
je=s+1td
L-1 s
P = P (3.20.4)

b Y D
i=s+1  j=o *J
vormalising the probabilities within each individual quadrant,
zuch that the sum of the probabilities of each quadrant is equal

-~ one(1), we get the following cell probabilities for different

suadrants :
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Fig. 3.3 Quadrants of co-occurrence matrix
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sw with the help of equations 3.13 and 3.21,

(3.21)

Pij _ ij .
P, 5 L-1 ’
L L t;j
i=0 j=s+1
for 0 s i ss , s+1 s j s L-1; (3.22)
(3.23)
- pi] _ ti)
P, ; 4
i=s+1 j=o *1J
(3.24)

for s+1 =i s L-1, 0 = j = s.

the second order

ocal entropy of the object can be defined as

@ 1 = 3 A A
H¥(s) = -2 1 T p'. log, p'. . (3.25)
N 2 gk E Fid 2 Pij
- milarly, the second-order entropy of the background can be
.ritten as
@ 1 = c c
H?(s) = - 2 1 pS. log, pS. . (3.26)
c 2 iZser jeser 2 Tij



Hence the total second order local entropy of the object and the
packground can be written as

(2)

) @
HP (s) = H]

(s) + H(s). (3.27)

The gray level corresponding to the maximum of Hy”

(s) gives
the threshold for object-backgrond classification. The

copmputational steps involved are given in section 3.5.1.
3.4.2. Algorithm 2 (Based on Conditional Entropy)

This algorithm is based on the concept of conditional entropy
equations 3.16-3.18). Suppose s is an assumed threshold. Then
oixels with gray level values ranging from 0 to s constitute the
sbject, while the remaining pixels with gray values lying between
s+1 and L-1 correspond to the background. Let t;; be an entry of
-he quadrant B (Fig 3.3), then tij gives the number of
—ransitions, such that i belongs to the object and j belongs to
-he background, and i and j are adjacent. Therefore, pi]. as
iefined in equation 3.22 gives the probability that gray levels i
ind j belong to the object and background, respectively, and they
:re adjacent. Thus p;i s of equation 3.22 give the probabilities
required by equation 3.16. Similarly, p;j s of equation 3.24
-orrespond to the probabilities of equation 3.17.

Therefore,

H(Object/Background)

s
= H(0/B) = - 1L (3.28)




H(Background/Object)
/ ST H
= H(B/O) = - po . log, p;; (3.29)
=s+1 j=0 *J 2T

Now the average conditional entropy of the partitioned image is
Hécl(s) = ( H(O/B) + H(B/O)) / 2. (3.30)

In order to get the threshold for object-background
classification H.®'(s) is maximised with respect to s. The

computational steps for this method is presented in section 3.5.2.

3.5. COMPUTATIONAL STEPS.
3.5.1 Algorithm 1

S1. Compute the co-occurrence matrix.
s2. s =0, Max = 0 , Th = 0

$3. For i = 0 to s
For j = 0 to s

Compute p;j ( using equation 3.21)

S4. For i = s + 1 toL -1
For j=s + 1toL -1

compute p$ . using equation 3.23 )
ij ;

(2)

S5. Compute Hp (s) ( using equation 3.27

s6. If Max < uéz’(s) then

_ g
Max = Hp (s)

Th = s



If s < L - 1 then
go to s3.

S8. Th is the desired threshold.
STOP.
3.5.2 Algorithm 2

s1. Compute the co-occurrence matrix.

s2. s =0, Max =0 , Th = 0

S3. For i = 0 to s
For j = s+1 to L-1
Compute pl?j ( using equation 3.22)
s4. For i = s + 1 to L - 1
For j = 0 to s
Compute p;j ( using equation 3.24 )

c)

s5. compute Hp®’ (s) ( using equation 3.30 )

se. If Max < H,;,C) (s) then

— «c)
Max = HLT (s)

Th = s

S7. s =5+ 1
If s < L - 1 then
go to S3.

s8. Th is the desired threshold.

STOP.



3.6. IMPLEMENTATION AND RESULTS [31,63]

The segmentation (object-background classification)
:lgorithms described in Section 3.5 are implemented on a set of
four images . Figs. 3.4.1, 3.5.1, 3.6.1 and 3.7.1 represent the
input images while Figs. 3.4.2, 3.5.2, 3.6.2 and 3.7.2 represent
the corresponding gray level histograms. The threshold levels

oroduced by different methods are presented in Table 3.1.

Fig. 3.4.1 represents the image of a biplane with two
sominant modes in its gray level histogram (Fig. 3.4.2). The
segmented images produced by Algorithm 1, Algorithm 2, the method
of Pun, and the method of Kapur et al. are shown in Figs.
5.4.3-6, respectively. From the results one can see that, except
cor the conditional entropic method (Algorithm 2), the propeller
‘n front of the biplane is lost. In all but Algorithm 2, some
sortion of the background got mixed up with the object though the
nistogram of the image has two dominant modes. The methods of Pun
Fig. 3.4.5) and that of Kapur et al. (Fig. 3.4.6) have produced

comparable results to that of Algorithm 1.

Figs. 3.5.1 and 3.5.2 represent the input image of Abraham
“incoln and its gray level histogram, respectively. The histogram
~as a number of deep valleys. The thresholds produced by different
—ethods are shown in Table 3.1 and the corresponding segmented
images are shown in Figs 3.5.3 - 6 . In this case too, all the

~ethods except the conditional entropic method (Algorithm 2) have



Table - 3.1

Thresholds for Object-Background classification

Inages Thregholds
Proposed Proposed Algorithm Algorithm
Algorithm 1 Algorithm 2 of Pun of Kapur
(Equn. 3.27) (Equn. 3.30) (Equn. 3.5) et al.
(Equn. 3.10)
siplane 22 12 24 21
F1g.3.4)
Lincoln 17 10 16 15
Fig.3.5)
o 17 13 05
urred 33 41 32 33

Chromosome
F1g.3.7)
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See Fig. 2.7.2
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Fig. 3.4.6 Segmented image
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3.4.5 Segmented image by
Ean. 3.5



Fig. 3.4.7 Segmented image by [82]

Fig. 3.4 Input and segmented images of biplane



5.1 See Fig. 2.5.2
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3.5.5 Segmented image by Fig. 3.5.6 Segmented image
Eqn. 3.5 by Ean. 3.10

Fig. 3.5.7 Segmented image by [82]

3.5 Input and segmented images of Abraham Lincoln

]
[
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sroduced comparable result. The best result is produced by
ilgorithm 2 (equation 3.30) which has clearly separated the object
srom the background. All other methods failed to discriminate
cetween the beard and the background at the south-east corner of

zhe image.

Let us now consider an image of Saturn (Fig. 3.6.1). The
-haracteristics of its histogram are depicted in Fig. 3.6.2. More
-r less, all the algorithms are found here to partition well the

rn from the baékground. For Algorithm 1 and the method of

r et. al. a small portion of the background got mixed up with

-ne right side of the ring. On the other hand, the thin shade on

-ne left side of the ring is made visible by Algorithm. 2 and the

thod of Pun . Of these two, the boundaries of Saturn produced by

rithm 2 are more smooth and thus closely resemble that of the

t.

The algorithms are also tested on an image of blurred

romosome (Fig. 3.7.1) having a bimodal histogram (Fig 3.7.2).

re too, all the methods except the conditional entropic method

gorithm 2) have produced similar results. However, the best

-lassification is done by Algorithm 2. This also conforms well to

= recent work of Pal and Rosenfeld [106].

Recently, Abutaleb [82] suggested a thresholding algorithm

-2sed on 2-dimensional entropy. He regarded a pixel value and the



3.6.1 Input Fig. 3.6.2 Histogram
o ’
r,
TR © TH-17
.3 Segmented image by Fig. 3.6.4 Segmented image
3.2 by Ean 3.3
Th- 13 Te-5
3.6.5 Segmented image by Fig. 3.6.6 Segmented image
Eqn. 3.5 by Egqn. 3.10
Fig. 3.6 Input and segmented images of saturn
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Fig. 3.7.1 Input Fig. 3.7.2 Histogram

Fig. 3.7.3 Segmented image by Fig. 3.7.4 qumenced image
Ean. 3.27 and Fig 5.7.6 by Ean 5.
Ly ey 3-10

Fig. 3.7.5 Segmented image by
Eaqn. 3.

Fif. 3.7 Input and segmented images of blurred chromosome



average gray level value of its neighbourhood as a pair, for the
surpose of computation of the two dimensional histogram of the
image. The 2-dimensional probability distribution is obtained by
finding frequencies of such pairs. A threshold vector (s,t) , s
for the pixel value and t for the average value is obtained by
saximising the sum of entropies of object and background.
Regarding this approach, the following points must be mentioned
here.

a) Consideration of the threshold vector like (s,t), instead
-f (s,s) as we have used, increases the computational _overhead
-xtensively.

b) Computation of the average is also time consuming and may
-2sult in improper classification of the boundary pixels.

¢) To reduce some computation, he assumed that the sum of

cntries in the quadrants representing transitions across the

undary is zero. This seems to be a very unrealistic assumption.
woreover, those entries contain important information as

=stablished by our conditional entropic method.

The method [82] is also implemented, in a part of the

periment, on the images of the biplane and Lincoln for

parison. The results [Figs. 3.4.7 , 3.5.7) conform to the point

o) mentioned above. It is further to be noted that, the algorithm

(82] considers L? threshold vectors whereas, it is L in our
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3.7 EXTENSION TO MULTITHRESHOLDING [31]

The proposed algorithm can be extended to multithresholding

problems using the concept of conditional entropy for more than
two classes. For example, if S, = {s,s,, ....,s, )} denotes R
thresholds in an image with (R+1l) regions, then S partitions the

co-occurrence matrix of the image into (R+1) x (R+1) blocks.

vefine pi™ ;l1,m = 1,2,...,R*1, the normalised probabilities for
1]

the block (I,m) as

(3.31)

with s, = 0 and s .. = L-1. The total conditional entropy of the

-artioned image (into R+l regions) will then be

. R+1 R+1 S 5, Im -
(s)= - L I E P pjj 1log, Pij - (3.32)
1=1 m=1 i=s j=s
1-1 n-1
m#1
_ : - )
vector S, = { s,,5,,---..,5) which maximises Hy" (S)) can be

en as the set of thresholds for multiple segmentation of the

ge.



3.8. CONCLUSION

The concept of different order local entropy and conditional
entropy of an image are introduced. The first order local entropy
corresponds to the global entropy, as used by Pun[58,59] and by

Kapur et al. [33].

Two algorithms for object-background classification are
proposed whereby it is possible to segment/extract the object from
the background. The results are compared with those of the
existing entropic thresholding methods and are found to be

superior for a wide class of images. Extension of the conditional

tropic method to multithresholding has also been done.

The effect of noise on the performance of the algorithms,
defining quantitative measures for objective evaluation of the
resulting thresholded images, and establishment of a link between
zhe entropies presented here and some of the various Markovian

nmodels [132], may constitute a part of further investigation.



Chapter 4
MEASURES BASED ON A NEW CLASSICAL ENTROPY
4.1 INTRODUCTION

In the previous chapter, we have exploited the entropy

sefinition of Shannon in providing various image entropy measures.
The present chapter provides an alternative definition of

-lassical (probabilistic) entropy, in general, based on an

xponential behavior of gain function and it has then been used to

fine various image entropy measures.

In the first part of this chapter Shannon’s definition is
-ritically analysed and the need for a new definition, in general,
justified. Unlike the logarithmic behavior of Shannon’s

=ntropy, the gain function considered in the new definition is of

ponential nature so that the gain in information from an event

with probability of occurrence p; is defined at all points with

—ounds at both ends. All other properties except the additive

operty for independent events(which has been shown to be not

uch relevant in practice) of Shannon’s entropy are also proved.

An extension of the proposed definition is made to fuzzy sets

defining a nonprobabilistic entropy in the second part of the

apter. This nonprobabilistic entropy is found to satisfy all the

iesired properties stated by De luca and Termini [120], and Pal
102]. A large number of interesting properties of the aforesaid

s=finitions has been stated and proved.



In this context it should be mentioned that a more
informative definition of entropy of a fuzzy set together with its

application has been be introduced in chapter 6.

Based on the new concept, three definitions (e.g., global,
_ocal and conditional) of entropy of an image, as done in chapter
:, are then introduced. As an application of these definitio‘ns
-hree algorithms (similar to those in chapter 3) are developed for
_mage segmentation; one of which considers only the global

information and the remaining algorithms use local information.

The algorithms are finally implemented on a set of images
sith widely different types of histogram. The superiority of the
croposed methods is then established by comparing the results with
-hose of Pun [59] and Kapur et. al. [33]. It is to be noted that
_n this chapter only the exponential probabilistic entropy has
-zen used for segmentation. The fuzzy entropy defined here will be
_sed in chapter 6 where a more general and informative definition
- fuzzy entropy has been introduced.

The various image entropy measures defined so far, represent
sither the gray level ambiguity or the spatial ambiguity but, they
ic not say anything about the location of an object within a

zcene. In order to account for this fact another important

asure, "positional entropy", has finally been introduced. The



—ositional entropy which gives a measure of information about the

_ocation of an object within a scene, may be used in scene

lysis / computer vision.

£.2 JUSTIFICATION BEHIND SHANNON’S ENTROPY

In section 1.4.1, we have seen the expression for Shannon

-ntropy of an n-state system as

n
H = ‘,lei log (p;) (4.1)

i&

where p is the probability of occurrence of the event i and
i

n
Y p;=1 , o5 p;s1 (4.2)
is1

In order to explain why such an expression is taken as a

seasure of ignorance, let us critically examine the philosophy

-ehind Shannon’s entropic measure with an example described below.

Suppose a six faced die, covered with a box is placed on a
-=ble and someone is asked to guess about the top most face of the

Since the exact state of the die is not known, he/she can

iescribe the state of the die by the probability distribution of
-ccurrence of different faces on the top. In other words, the
s-ate of the die can be expressed by specifying p; , i=l,....,6;
sere p;is the probability that the i th face is the top most one.

‘oviously,



N1 o

0=p, =1 and p = 1. (4.3)

g1t
When the box is opened, the state of the die becomes known to us
and we gain some information. A very natural question arises, ‘How

zuch information did we gain ?/

Let Py = max ( p; ) : the most probable event and

P, = min ( p; ) : the least probable event.

sow if the k th face appears on the top, the gain in information
would be minimum, whereas the occurrence of the m th face on the

-op would result in the maximum gain.

Thus we see that the gain 'in information from an event is
inversely related to its probability of occurrence. This, of
-ourse, intuitively seems all right. For example, if some body

says, " The sun rises in the east", the information content of the

atement is practically nil. On the other hand, if one says, "he
_s ten feet in hight", the information content of the statement is
=ry high as it is an unlikely event. A very often used measure of
=.ch a gain is
A I = log (1/p; ) = - log (p; ) (4.4)

In order to justify the logarithmic function the following
soints can be stated.
a) It gives additive property of information. To make it

sore clear; suppose two independent events m and n,  with



srobabilities of occurrence p, and-p, , have occurred jointly, then
the additive property says

AI(Pm-Pn)=A1(Pm)+AI(Pn) (4.5)
wnere (p, -p,) is the probability of joint occurrence of the
-vents m and n . Thus the additive property can be stated as
sollows. The information gain from the joint occurrence of more
-han one independent events is equal to the sum of information

sain from their individual occurrence. .

The gain in information from an absolutely certain event is

zero, i.e., A I(p; = 1) = 0.
<) As p; increases, A I(p;) decreases.

Referring back to our experiment of die, the expected gain

in_information from the experiment can be written as
6,
H=E (0 I) = - z p; log(p;) - (4.6)
i1

~he value of H denotes the entropy(Shannon’s entropy) of the
ystem. Thus for an n-state source, the entropy may be defined as

in equation (4.1).

4.3 NEW DEFINITION OF ENTROPY [30,68,69]
4.3.1 Justification

Before introducing a new definition of entropy the
zollowing points are in order.

a) It is to be noted from the logarithmic entropic measure
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that as p; —> 0, AI (p;) > » and AI(p;) = - log (p;)
is not defined for p; = 0. On the other hand, as p; —> 1,
AT (p;) —> 0 and AI(p; = 1) = O.

Thus we see that information gain from an event is neither
bounded at both ends nor defined at all points. In practice, the
gain in information from an event, whether highly probable or
highly unlikely, is expected to lie between two finite limits. For
example, as more and more pixels in an image are analysed, the
gain in information increases and when ‘all the pixels are
inspected the gain attains its maximum value, irrespective of the

content of the image.

b) In Shannon’s theory the measure of ignorance or the gain in
information is taken as log(l/p;), i.e., ignorance is inversely
related to p;. But mathematically, a more sound expression is
possible to arrive at. If u; is the uncertainty of the i th event
then using the knowledge of probability one can write u;= 1-p; .
since u; is the unlikeliness (i.e., the probability of non
occurrence) , statistically ignorance can be better representd by

(1-p;) than (1/p;) -

Now if we define the gain in information corresponding to the

occurrence of the i th event as
AI(p;) = log (1-p;) (4.7)

then AI < O which is intuitively unappealing. Furthermore,

consideration of -log (1-p;) as the gain in information leads to
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e fact that AI(p;) increases with p;, which is again not

iesirable.

The above problem can be circumvented by considering an
=xponential function of (1-p;) instead of the logarithmic
cehavior. This is also appropriate while considering the concept

-f information gain in an image.

For example consider Fig. 4.1 Suppose the images [Figs.
£.1.1-4.1.5] have only two gray levels: one corresponding to the
lines (black portions) and the other corresponding to the white

ortion. In the case of the first image we have analysed only few

ck pixels and from this image we can’t say firmly about the

-ontent of the image. At this stage we see that it can be either a
—urtain or the hair of a face or something else. From the image
:.1.2 we can say that it is not a curtain (i.e., some gain in
nowledge) while from the image 4.1.3 one can realise that it is a

e. The image 4.1.4 says that it is a face with the mouth.

zowever, the image 4.1.5 does not say any thing more than what is

cribed by image 4.1.4, though the number of black pixels (hence

-obability) has increased.

Let AI(1), AI(2), AI(3), AI(4) and AI(5) be the information
-ontent of the images 4.1.1 thru 4.1.5 respectively. Now define

following quantities, representing the changes in gain;

Gl = AI(2) - AI(1) (4.8)

G2 = AI(3) - AI(2) (4.9)



Fig. 4.1 Variation of gain in information in images
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G3 = AI(4) - AI(3) (4.10)
G4 = AI(5) - AL(4) (4.11)
Obviously Gl > G2 > G3 > G4 = 0.

The above observation and the fact that information gain

cproaches a finite limit when more and more pixels (increase in

:.and hence p, ) are analysed, strengthen the assertion that the

i
s2in in information (i.e., increase in knowledge or decrease in

ignorance) is exponential in nature.

= The additive property of the gain function for independent

—vents does not have a strong relevance(impact) in practice. It

-an be justified as follows. The gain function AI is used to

:-fine the entropy of a system. If the system has n different

tes, only one of the states can occur at a time. The question

-: the additive property of the gain function then does not arise
-or defining the entropy of only one system. If we consider, on
-he other hand, the joint occurrence of two events (outcome of two
_ndependent systems), then there is no point in establishing a
-2lationship between the gains of two events as these are the
_utcomes of two independent systems. For example, consider the
-ases of two independent systems viz., throwing a die and shooting
. target. For the first system, the possible outcomes are

; whereas, there are only two (success or failure)

1,2 0004
~utcomes for the second experiment. Suppose the results of the two
-xperiments are ‘5’ and ’failure’, respectively. Then, is there any

-ustification in establishing a relationship between the gains
-ssociated with the two events? The answer is possibly ‘no’.



:.3.2 Definition

The aforesaid analysis led us to the following desirable
oroperties for the new entropic function.
?1: AI(p;) is defined at all points in (0,1].

P2 : plL:\-lll_>A§(pi) = AI(p;=0 ) = k; , k; >0 and finite.

23 : ‘AI(pi) =A(p; =1) =k, , Kk, >0and finite.
k2 < kl

P5 With increase in Pir AI(pi) decreases exponentially. In
other words, with increase in the uncertainty (u;) the gain

in information increases exponentially.

P6 @ AI(p) and H, the entropy, are continuous for 0 = p =1 .
P7 : H is maximum when all p; s are equal

In other words, H(pl,...,pn) = H(1/n,....,1/n) .
P8 : In case of a binary source H monotonically increases for p

in [ 0,0.5 ) and monotonically decreases for p in ( 0.5,1 ]

with a maximum at p = 0.5 .

Under the above frame work let us define the gain in

information from an event with probability p as
AI(p;) = e u; = e® T Py (4.12)

and



th

o

n
entropy H =E (AI) =3 p; e* 7 P& (4.13)
i=1

The normalised entropy H _ can be defined as follows,

1-1/n

H = k (H-1) where K=1/ (e - 1) (4.14)

It is easy to see that the properties pl thru P6 are
satisfied when k, and k, take the values e and 1 respectively. The

proofs of properties P7 and P8 are given in the next section.

Figure 4.2 gives the plot of Shannon’s entropy and the new
entropy (normalised) for a two state system. It is quite
interesting to note that the two curves are almost identical
indicating that the basic nature of the information measure remains

the same with the new definition.

4.3.3 Proofs

Proof of P7.

e Pp) (4.15)
n
0osp; =1 amd Ep; =1 (4.16)
iZ
_ _ a-p) a-p) a-p__ )
or H=p e’ P’ +p P +iiirp, P’ 4
(1 =P, = Py=ennee=Pp_) A L (4.17)

as

cee Ppoy -
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Now taking the partial derivative of H with respect to p; ,

1 s i < n and equating that to zero we get ,

a

5. =0, 4i=1,2,....,n1 (4.18)
d
or &Py - p. eWTPP - oPtPyte-eetpn
—_ =P — - (p.+p, +....+p ) -
(1-p,~p,~...-p,_) eP1'P> n-1 o (4.19)
- a-py _ (AP Fe e tD__ )
or (1-p;) e“7Pi (P+p,+- - -+pp_) ePi*Pe n-1 (4.20)
Now writing 1-p; = x; (4.21)
and
P+ P, teeeut P =y (4.22)
X.
ve get x; e 1 =ye¥ (4.23
Now define a function f(x) = x e* 0sx =1 (4-24)

Claim : f(x) is a bijection, i.e., f(x) maps x uniquely.

Proof:
Let x, and x, be two points in [0,1] , i.e., 0 = x,x,3 1
*
Then f(x) =x, e
and
*2
f(x) =x,e
* *2
If x > x then e > e > £(x,)
1 > 2
and



X,
N 1
if x < x, then e <e

> £(x,) < £(x,)
Thus if x, and x, are different then f(xl) and f(xz) will
also be different. Therefore, f(x,) = f(x,) if and only if x= x,.
dence, f(x) = x e is a bijection.
Using this fact and equation 4.23 one can write

x, =y fori=1,2,...,n-1

i
=P, *+Pte..otp, fori=1,2,...,0-1

‘ow taking the summation on both sides over i = 1,2,...,n-1 we get
n-1 n-1
igltl-Pi) = Zi(p, Pyt eeeeetpo) (4.25)

Sr (nm1) = (P, + P, *ee.et )

= (n-1) (p1 + p, + ....+pn_‘) (4.206)

sz (n=1) =0 (P, + P, * «...t Pp_) (4.27)
or n-1 =n (l—pn ) (4.28)
ar np, = 1 (4.29)
or p, = 1/n (4.30)
Similarly, expressing other p; ‘s , i = 1,2,...n-1 , in

serms of the remaining probabilities one can prove the condition

°f maximality of H as p; = 1/n for all i= 1,2,...,n.

Proof of PS8.
For a binary source with probabilities p and (1-p) for the

=wo states of the system, the entropy, H takes the following form.



H=pe P+ (1-p) P, 0=p= 1. :
We need to show that H monotonically increases in [0,0.5) and
zonotonically decreases in (0.5,1] with a maximum at p = 0.5.
Differentiating H with respect to p we get

g;: —e'™P _p P - P 4+ (1-p)eP (4.31)

a-p) P (4.32)

= (1-p) e -pe

sow if p e [0,0.5) then (1-p) e?P > p &P

snd if p e (0.5,1] then (1-p) e P < p &P -

Therefore, -g—g— > 0 if p € [0,0.5) ; (4.33.1)
daH ;
g~ <O if pe (0.51) (4.33.2)
dH_ _ ; _
G- =0 if p=o0.5. (4.33.3)
-2nce the proof.
-.3.4 Some Additional Properties (Theorems) on The Proposed H.
“heorem 4.3.4.1
n n
H=7J e'Pj 0O=p.=1; Lp,=1
L Pj 4 i =1t 7 L Pj
i=1 i=1
is a concave function.
sroof .
2t f(p) =p e P (4.34)
shen £’ (p) = (1-p) e' P (4.35)
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and £/ (p) = (p - 2)e' P (4.36)
i.e., £''(p) < O for 0 =p = 1.

We know that a function f(x) is concave in the interval
(a,b), if at all points in the interval (a,b) the second
derivative of f(x) is negative , i.e., f’’(x) < 0, hence f(p),
defined above is a concave function. It is also known that a sum
of concave functions is also a concave function. Hence H is a

concave function.

Theorem 4.3.4.2
Any change towards equalization of the probabilities
p, increases H. Thus if p, < p, and we increase P,

n
decreasing p, by an equal amount so that p, and p, become more

D Pyre

nearly equal, then H increases.

Proof.

suppose p, < p, . Now p; is increased by an amount § (5 > 0)
and p, is reduced by the same amount, such that p, + & < p, = & .
with this change p, and p, has become more equal. In order to

prove the theorem, we need to show that,

H(py + 8, Py = 8, Pyie-e-sPy) = H(Py, PyiPys ce-esPp) > 0 (4.37)
1-p - 1-p,+8 n 1-p;
or (p1+-§) e + (p2—5) e T p; e -
i=3
n
T p > 0 (4.38)



1-p,-s 1-p_+8 1-p
. f _ 28  _ _ 1-p,
ar (py*8) e + (py=8) e P, e Pt Pz >0
- - 1-p,
or py &P (e S - D+p,e ° @ -1+
1-p,-5 1-p,+8
5 (e - e o (4.40)
1-p -8 1-p,+8 '
et 8 (e - e =M (4.41)

iow pl+6<p2-6
==>1-p -8 >1-p,+3

1-p,-3 1-p,+8
==>35 (e -e ) >0

i.e., M > O.

et P, Py (7% - 1) + b, elP, % - 1) =k (4.42)
1-p 1-p, -

or K=p, e 2@ -1)-p e ta-e?) (4.43)
1-p

or K=p,e 2@® -1 - P, e (4.44)

since p e™P is a monotonically increasing function of p,
1_p2 P :
for p € [0,1], py e < py e In addition to this

(e-1)7e% ) < (e - 1) as e® > 1 for & > O.

Hence K > 0.
Thus '
E(p,+8, P,~8, Pyr----/Pp) ~ H(Py Pyie--sPp) =M+ K >0 (4.45)

dence the proof.
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Theorem 4.3.4.3
If any zero probability is changed to a nonzero probability by

~educing some other probability then the entropy increases. i.e.,

H(8,py=8,Pys--/Py) = H(0,Pyieeve,Py) > 0.
sroof ,
H(8,py=8,Pys+-1Pp) = H(0,Pyee-sPp)
1-p+s n 1-p, n 1-p,
1-8 i
= se + (p,=8) e 2 +Lp;e t -I pje
i=3 i=2
_ 1-p+5 1-p
- sl h (p,ms) e ° -pye 7 (4.46)
_ 1-p+8 1-p 1~
- s 4 (pyma) & P —se 2o (pyme) e (4.47)
1 1-)
S s (et e )4 (py-sde (-1

- 1-p,
=><§(el‘5 -e ) >0

igain & > O

=>e® >1

= (®-1>0
1-p,
=> (P, = 8 )e @ -1 >o0

z=nce the proof.



Theorem 4.3.4.4

H is minimum, if and only if all the p; but one are
zero, this one having the value of unity.
Proof.

p; =0 and T p; = 1 define a convex region and H is a
concave function defined over it. We have already seen in theorem
4.3.4.3 that if any non-zero probability is splitted into two
~on-zero components, the entropy of the system increases. Suppose
in the system two states i and j , have probabilities pjand p; .
vow if the probability of the states i and j are changed to 0 and
p; *+ p;) , the entropy of the system will be reduced. This
-eduction process of entropy can be continued, till (n - 1) states
.ssume zero probabilities and one state assume the probability
‘alue of unity(1l) . Further reduction is not possible as Z p; = 1.
voreover, this is true for any probability vector. In addition to
-his H is a symmetric function ( i.e., permutation of p; does not

-hange the entropy) . Thus, H will be minimum when all p; s are

zero except one , which takes a value of unity.

Zence,

H(1,0,0,...,0) = H(0,1,0,.0.,0)= «eeue. = H(0,0, ..., 1) = H o0

:.3.5 Properties of Compound Probabilistic Experiment

consider two probabilistic experiment A and B with possible

sutcomes (@ @, ... ,a) and  (b,b,....,b) respectively.
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Define (A * B) as a compound probabilistic experiment with
sutcomes of the form (ak,bl); k=1,2,...,n; 1=1,2,....,m.

Let p,; be the probability of the event (ay,b;) . Now, if
5, be the probability of the outcome a, in the first experiment
regardless of the second then,

m
Py = L P (4.48)
3 12.PK1 .
similarly, q; , the probability of b, in the second experiment
-egardless of the first is
n

q; = L P (4.49)
1 Keq Kl

Now, p(ak/bl), the conditional probability of ay given

=hat b, has occured is given by

(a/p) = L - (say) (4.50)
p(ay,/b,) q, Pys1 Y .
ilarly, p(b;/a,) = Pra a1 (4.51)
Py

Therefore, the entropy of the system A, given that b, has

ured in the experiment B is given by

n l-pk/l
H (A/b;) = T P e (4.52)
n 1 xiy Pr/1
m n 1-py )
H_(A/B) = T L 4; p, e (4.53)
n 151 k=1 L TK/I



similarly,

n m 1-a;
H (B/A) = L L P9 e (4.54
m k=1 121 K /E )

:jain, the entropy of the compound experiment (A * B) is defined

1-p,
= e Bt (4.55)

n
Hop(a * B) = I Py

n
z
k=1 1=1

Under the above framework, the following theorems can be

stated .
Theorem 4.3.5.1.
H,(B/A) = H,(B)
and
H (A/B) S H,(B)

This theorem says that the average amount of gain in
m the realisation of the experiment A (or B) can

information froi
lready been realised.

secrease if another experiment B (or A) has a

2roof .
We know that for any real valued continuous concave
-unction f(x) over [0,1] and for any set of (xl,xz,....,xn) over
10,1] the following inequality holds good.
(4.56)

n n
T A, £(x) = £( I A ) (Jensen inequality)
k=1 KK k=1 KK

n
where A; s are non-negative real numbers such that % a; = 1.
i



It has been already proved that f(x) = x e

_ 1-x

is a concave

fanction over [0,1]. Now taking A, = py and X, = q, , , we have

(A =1 and 0sx s1)
n n
1-q 1-T Pa
1/k [ ] k91/k
P, q9 e Py g9 e (4.57)
kZJ. k d1/k kzl k 1/k
n
. 1-q 1-q
1/k 1
or P, e q, e (4.58)
kzl k d1/k 1
Y¥ow summing over 1, we get .
H,(B/A) s H(B) (4.59)
milarly, it can also be proved that
H,(A/B) s H_ () (4.60)
Theorem 4.3.5.2
Ho.(A * B) s H(A) + H (B/A)
Proof.
H_ (A * B) = ; % iy o Pr1 (4.61)
am k=1 1=1
e m 1-Py 91 /K
= T Z Py g e (4.62)
k=1 151 K /K
n m 1-p 1-g
1/k
= I L P9 (e e ) (4.63)
k=1 151 K /K
(as '™ + &' = e'™ ;0 = x,y = 1 ; will be shown latter)
n m 1-py n m 1-a
=X L Py 9 e z L Py q e (4.64)
k=1 151k /K k=1 1=1 K /K



n m 1-p, n m 1-q
K 1/k
= L (C Ipyy)e + I LPy 9q e
k=1 1= Kl k=1 151K /K
n 1-p n m 1-q
3 1/k
= Lp + L Py g e
k=1 K k=1 151 K /K
= H,(A) + H (B/A)
=2nce,
Ho(A * B) = H (A) + H (B/A)
sroof of el 4 oY 2 X, o s x, y= 1.
we need to show
I¥ p 1Y 2 QI o sx, ys1
or e¥(17Y) 4 oY (ATX)

We know that log(1l-x)

or log (1-x) = - X

or 1-x s e ¥

Using the above result, we can write that
e*¥(17Y) 4 GY(I7X) 1 - x(1-y) + 1 - y(1-x)

or e ¥(TY) (X)) o 5 _x -y 4 2xy

or e X(Y) 4 (X .5 L x oy 4 xy

or e ¥(TY) 4 ¥(ATX) 2 4 (1-y) (1-x)

or e ¥(TY) 4 (X)) .3 as0sx, ys1.

or el¥ 4 el » Q17X

Hence the proof.

(4.65)

(4.66)

(4.67)

(4.68%



Theorem 4.3.5.3

H (A * B) s H (A) + H_(B)

nm(
This result follows from theorems 4.3.5.1 and 4.3.5.2.
Theorem 4.3.5.4
Let p(s;) be the probability of a sequence of symbols s; of
length g, then 19), the entropy of order g of the system ‘is

defined as

1-p(s
L p(s;) e
i

w(@ 1) (4-69)

X
q

+here the summation is taken over all possible sequence of length

.. If the information source is stationary, then the entropy of

<he source H is given by

W= 1im 8 =1im * m_ (4.70)
g-—>a g-—>e 9 9
) 1-p(s;)
denoting I p(s;) e =Hy (4.71)
H
Proof.
Suppose the source can generate symbols
(9y.9pr-+-009g) = Gy (saY) (4.72)
et us now consider a sequence of symbols (xy,%,,.-,X;), ¥; € Gp,

such that x; occurs at time t;. Let us denote such a sequence by

(%)/€qs e+ e %/ Ey) -SUPROSE  P(Xp/y, ... Xp/Ey)  xepresents  the

crobability of the sequence (X/t;,...,X,/t;). The information

source is said to be stationary, if for any integer r the

following is true.
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CIVANS R WA o B - COVARRRRE VAT (4.73)
= t L 5 -
et sg = (/% %,/ T+, oo X /EHGm1) and S is the finite
crobability space whose elementery events are sequences of the
sorm s;. It is to be noted that there are LY such sequences.
Therefore, the entropy of such a finite probability space S; can

oce written as

© 1-P(x,/t, - o X/ E¥G-1) ,
HSS ) = Y PO/t e eee X /t4g-1) @ (4.74)
q g VL Y
S
q
Since the source is stationary, we can write that, s; = s;
ence
ty _ 0y _ (@
H(S = H(S = H 4.75
(q) (Sg) ( )
_.e., the entropy H(S;) does not depend on t, but on the

crobabilistic structure of the source and g. Now consider a

sequence of length (g+k) as,

o P
sq“‘ = (xl/o,xz/l, . ,xq/q—l,xq+1/q, e ,xq+k/q+k—1) (4.76)

2nd the associated finite probability space 53+k .

sow,

o

Sgrk T (Xl/U,xz/l,--.,xq/q—l) n (xq+1/q,...,xq+k/q+k—l) (4.77)
= s; n si ; as this implies a sequence of length (q+k)

. q o
in which s follows sy .

Thus we have,



o o q
gk = Sq ¥ SE (4.78)

_.e., the probability space S;m is equal to the compound (product)

srobabilistic space sg * sl .

‘e have already seen that (theorem 4.3.5.2)

H(A % B) = H(A) + H(B/A)

R 0 q. 0 q 0
B HSg * s s sy ) + HST /s L (4.79)
0
= HSy + HSD (4.80)
(by theorem 4.3.5.1)
since the source is stationary, S§ = sp
0 4 57y < s o
H(Sy ¥ ST = H(Sp) + H(Sy) (4.81)
N o - o 0
or H(Sg,,) = H(Sy) + H(Sp) (4.82)
Tor the sake of notational simplicity, we can write,
(@) @ x00 (4.83)
From equation 4.83 one can write
a@™@) < g (4.84)
caking k=1, ™ s g (4.85)
(n)
S H Py
or T = H (4.86)
wnere H(!) is the entropy of the finite probability space SO

i.e, only sequence of length one).



Now when the source can geneate L distinct symbols,

ES I EEV2S

(already proved). Now since H™/ n = H(?) ve can write,

(n)
Inf ﬂ = g (4.87)
n

e
n

Let ws write H = Inf —— (4.88)
n

Thus for every € > 0, there exists a positive integer m, such that

or

(m) .

—ﬁ-— - H<e (4.89)
(m)

.ﬁ— H+ ¢ (4.90)

vow, we can always find a pair of integers n and r such that n > m

and (r-1)m < n = rm. From equations 4.83 and 4.84 we can write
g(m o glrm o gOm (4.91)
- a5 g (4.92)
(n)
or H < L xm (4.93)
n il
) a(m
or _27 s Im i (4.94)
(n) (m)
H r H
. n T r1 m (4-99)
(as r/(r-1) > (rm)/n  will be shown latter)
(n)
H r
or B < Emte (4.96)
(Using equation 4.90)
Therefore,



. ™
Lim  sup B sH+e (4.97)
(as n ==>w , r -=> » and lim (r/(r-1)) -=> 1)

r-—>w

since € is a positive number, we can write

. el
Lim  Sup e (4.98)
Again, we have seen that (equation 4.88)
(™
n
g(n)
Therefore,  Lim _ Inf —5— (4.99)

¥ow combining equations 4.98 and 4.99, we get

()

Lim H ; Hence the proof.

n--->e
Proof of ( r/(r-1) > (rm)/n)
n/(rm) = (rm -x)/(rm) where 0 = x = m-1
= 1- x/(rm)

Since 0 = x s m-1 , x/(rm) < 1/r

Now (r-1)/r = 1- 1/r < 1 - x/(rm)
= (rm-x)/(rm)
= n/(rm)

Thus (r-1)/r < n/(rm)

> r/(r-1) > (rm)/n
An Alternative Proof of P7.

We have already proved that H is a real valued concave

function defined on the interval [0,1]. In order to prove P7, we
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shall make use of the well known Jensen inequality for a real

valued continuous function.

Let f(x) be a real valued continuous concave function

defined on the interval [a,b]. Then for any X ,X,...,X, € [a,b]
and for any set of non negative real numbers a ,a, ...,a, such
n
that [ a; = 1 , we have
i=1
n n
Y £(x;) = £( Zai ) (4.100)
% i&
we have already seen that f(x) = x e X is a real valued
continuous concave function over [0,1].
Therefore, setting
a=0,b=1, x; = , = 1/n
and f(x) = x e’ ¥ we get,
n n 1
1-P; (1 = L= py)
1 1 n ;]
L pie =Yg py)e (4.101)
i %
n 1-p, 1-1/n
_ 1 i 1
or — Lp; e s = e (4.102)
n 1-p; 1-1/n
sr  Ip;e = e (4.103)
L Pi
i=1
oy 1 1 B X
Thus H(D,, D, ---+/Pp) = H(—E . —5 seeeees—g) (4.104)

Zence the proof.



:1.3.6 Extension of the New Concept to Fuzzy Sets

Based on the exponential entropy, let us define a new

-xpression for the entropy of a fuzzy set A as

n
1= (X.) M (X))
2a) = Vo) e A e (o xg)) et (4.105)

Zike the equation 1.28, H’(A) also satisfies all the properties P1
-5 P4 of section 1.2.5.2. Proofs of those properties for equation
:.105 are given in the next section. Therefore, equation 4.105 can
ce regarded as a measure of fuzziness in a set which gives the

iverage amount of difficulty (ambiguity) in deciding whether an

zlement would be considered to be a member of a set or not.

It is to be noted that this definition has been given here as

in application of the exponential entropy. A more general and

informative entropy definition of fuzzy sets will be introduced in

chapter 6 along with its application. Furthermore, an attempt is

2lso made there to combine the probabilistic and fuzzy
incertainties by defining a measure, "hybrid entropy" of a set.
“his entropy measure reduces to the classical entropy of a two
state system when the fuzziness is removed.

1.3.6.1 Proofs for the Entropy of Fuzzy Sets

For the sake of notational simplicity p,(x;) will be written
as wy -
froof of P3.

(We shall prove P3 first and then P1 and P2 will be proved ,

-his will make the proof of Pl and P2 easier )



n
B@A) =% T

shere  £(ug) = My

In order to prove

(1-u;)
e

n
SR RACH

zonotonically increases for

+ (1—ui) e
P3 it is enough to
u; € [0,0.5),
Ky € (0.5,1] and

sonotonically decreases for

:zttains the maximum value at My o=

iow differentiating f(

ar !
Aaﬁ; = (1-u;) e

Now if u; € [0,0.5

if u; < (0.5,

znd if = 0.5

Therefore, we see that

daf
o if

au;
< o if
= 0 if

Hence the proof.
Proof of pl.
If pu; =0 or

a-uy

0.5.

}

show

;) with respect to u; we get,

-u

)

1]

then

1 then

+ (1 -y

11
then (1_“1) e
1-iy
then (1-u;) e
1-u
i
(1-u;) e
[0,0.5)
(0.5,1]
0.5.
™
yet =1

that

(4.106)

(4.107)

(4.108)

(k)

(4.109)

(4.110)

(4.111)

(4.112)

(4.113)



It has been already shown that such a funtion monotonically
increases with u over u € [0,0.5) and monotonically decreases with
4 for pm e (0.5,1]. Therefore, each term of H’(A) assumes the

minimum value of 1, when u; = 0 or 1, as shown in equation 4.113.

a-p .

In other words, minimum {u; e + (1-wy) e 1y
Hi e [o0,1]

attained when u; = 0 or 1. Therefore, H'(A) will attain the

1 and it is

minimum value when My o= 0 or 1 for all i = 1,2,...,Nn.

The minimum value of H’(A) = 1.

r1

=
n
Proof of P2

It has already been shown that,

(1-x) X
F(x) = x e + (1-x) e is a concave function of x over

[0,1] and it assumes the maximum when x=0.5. Now, since H'(A) is a
summation of n such functions. Therefore, H’(A) attains the global
maximum value when each of f(ui) attains the maximum value. Thus
H'(A) attains the global maximum value when each p; = 1/2; for

i=1,..

Proof of P4.

Hoa) =2 (4.114)
_1
-1 (4.115)
= w (&) .

Hence the proof.



4.3.7. Additional Theorem on H’(A).

) Theorem 4.3.7.1. Let A and B are two fuzzy subsets in a
space of points X = (x; ) with membership functions Hp(x;) and
JB(Xi) respectively. Then

H (AU B) + H (A B) = H (A) + H' (B) (4.116)
Proof

Let us denote

D= { x; / up(x;) = up(x;) )} (4.117)
and
D' = (x5 / Hp(%;) < k() (4.118)
Then,
DUD =X (4.119)
and DnND =@ (4.120)

Let us define

-u u
f(u) = ne + (1-u) e (4.121)
then m (a) = % I £y (x;)) (4.123)
Xi € X
and
1
W =L p Rugx;)) (a.124)
Toxex B
H@AUB) =2 § £l (%)) (4.125)
xi e X
and H(AnB) =% I £, (%)) (4.126)
x. € X

i
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We know that,

Kyp (X)) = max {mp(x) o Hp(x3) ¥, VX5 € X (4.127)

and “mu(xi) = min { uk(xi) . “B(xi) Yy v x; € X (4.128)(

Therefore, we can write,

I L)) = L fn0q) + T L fUp))  (4:129)
i i
similarly,
fu, (x:)) = £, (%)) + g (X (4.130)
£ O (5 xi):eu’ NeR xi):eD (g (%))

sow taking the sum of eguations 4.129 and 4.130 we obtain the

zollowing.
LI flh )+ B flg)) =
i i
T fluy (%)) + T Fug(%;)) (4.131)
x; € X L x; € X L

as DUD =X and DD =8 .
Now dividing equation 4.131 by n, we get
H' (AU B) + H(AqnQB) = H(A) + H (B) (4.132)

and this completes the proof.
i.4. ENTROPY OF AN IMAGE [30].
i.4.1 Higher Order Entropy (Exponential).

We have already explained in chapter 3 that pixel

_~tensities in an image are not independent of each other. This



dependency of pixel intensities can be incorporated by considering
sequences of pixels to estimate the entropy of an image. Based on
theorem 4.3.5.4 the following definition for the higher order
entropy of an image can be given.

Let p(s;) be the probability of a sequence s; of gray levels

of length g. Then the Entropy of order g is defined as follows.

1-p(s;)
(@) _ 1 i
H q E p(s;) e (4.133)

Different values of g will generate various orders of entropy. It
is to be noted that this expression for entropy of order g is

iifferent from that described in chapter-3.

As in the case of equations 3.12 and 3.13, the H' and HZ ,
considering the exponential gain function can be written as

L-1 1-p

@ =y e 1 (4.134)

p;
i=o *

1-p, .
(2 = 1,2 I Lp;e 17, (4.135)
i j

Here H' is dependent on the gray level histogram and u? is

Zependent on the co-occurrence matrix of an image.
:.4.2 Conditional Entropy (Exponential).

Under the new frame work, the expression for H(X/Y) and

%/X) are given as
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1-P(x;/¥5)

H(X/Y) I p(x; /Y;)e (4.136)
y.eY J
. J
and
1-p(y ;/%;)
H(Y/X) =T z P(Yj / x3) e (4.137)
€Y X.eY
J i
where the pixel y; , in general can be an m th order

neighbour of the pixel X When we impose the constraint that x;

and yj are adjacent pixels, equations 4.136 and 4.137 can be
rewritten as.
1-p(x;/Y ;)
H(X/Y) = Z Z p(x; / yj) e (4.138)
x; €X y;e¥
(xi ' Yj) adjacent
and
1-p(y;/%;)
nex =y S by sEp e (4.139)

v EY % <x
(vj + %;) adjacent
The conditional entropy HC) of the image can, therefore,

ce defined as the average of equations 4.138 and 4.139.

Thus,
H(®) = (H(X/Y) + H(Y/X) ) / 2 (4.140)
$.5. APPLICATION TO IMAGE SEGMENTATION [30,68]
Based on the new definitions of entropy (exponential) of an

nage, the following three algorithms for object-background

ssification are proposed.



4.5.1 Algorithm Based on Global Information (Algorithm 1)

Following the concept of Kapur et. al.(as mentioned in
chapter 3, section 3.2.2, and making use of the equation 4.134 we
can determine the thresholding criterion as follows. Suppose s is
an assumed threshold which partitions the image into object(black)
and background(white). Using equation 4.134 the global entropy of

the object (or the black portion) of the image can be defined as

(4.141)

and the global entropy of the background (or white portion) of the

image as

1-p;/(1-By)
P;/(1-P;) e (4.142)

1 (s)
Therefore, the total global entropy of the partitioned image is
H,I(,”) (s) = Héc){s) + Hv(f) (s) (4.143)

Zet  Maximum { H,I(,D) (s) ) = H,}” (k) ;0 =s,k = L-1.
s

Then the level k can be taken as a threshold for object-background
-lassification of the image. The threshold so obtained will

-lassify the object and background in such a way that the sum of
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information in the background and object is maximised; i.e., the

resulting distribution of gray levels in the partioned image would

e uniform in the best possible way.

However, like the entropic methods of Pun and Kapur et. al. ,
<his algorithm (equations 4.141-4.143) is also seen to be a
cunction of the gray level histogram of the image only. In other

vords, different images with identical histogram would result in

e same threshold value irrespective of the contents of the

image.

£.5.2 Algorithms Based on Local Information

:.5.2.1 Algorithm 2.

Let us now describe another algorithm based on equation 4.135

which takes into account the spatial details of an image. As
zentioned in section 3.4.1, an assumed threshold s, 0 = s = L-1,
—artitions the co-occurrence matrix into four quadrants, namely A,

=, ¢, D [Fig. 3.3], and the corresponding cell probabilities are

:s follows:

t,
p? . B (4.144)
ij 5 s .
T T ot
i=o j=o *J
for 0si , jss
t, .
B = 2 (4.145)
Pij s L-1 -
T Tt
i=o j=s+1 *J

for 0 =i =s and s+l = j = L-1.
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tij
I T T 7 (4.246)

b )
i=s+1 j=s+1

for s+l s i, j=L-1

2nd
D — 1j
p;; = =T 5 (4.147)
T E By
i=st1  j=o *J

for s+1 s i ss and 0 = j = s.
The co-occurrence matrix [cij] used here is defined in
<ection 3.4.1 . Now in terms of the exponential entropy (equation
£.135) the second order local entropy of the object and the

zackground can be defined as follows

A
1-pt
(2) _ A S S A ij
H (s) = = 3 T Pt e (4.148)
A 2 j=0 j=o 1J
c
L-1  L-1 1-p5
ul? (s) = - I pl(.:j e i (4.149)

i=s+l j=s+1

nce the total second order entropy of the partitioned

image can be written as
12 o = w? o + 5 (s (4.150)

—e gray level corresponding to the maximum of H{Z)(s) gives the

-areshold for object-background classification.
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4.5.2.2 Algorithm 3.

Like Algorithm 2 of chapter 3, this algorithm is based on the

concept of the conditional (exponential) entropy (equations

4.138-4.140). Let t.. be an entry of the quadrant B [Fig.

1]
3.3].Then, pfj s of equation 4.145 give the probabilities required

by equation 4.138. Similarly, p?. s of equation 4.147 correspond
1] q

to the probabilities of equation 4.139.

Therefore,

H(Object/Background) = H(O/B)

s 1 g 1-p%,
= T I P;; e J (4.151)
i=0 j=s+1
ind  H(Background/Object) = H(B/O)
-1 s 5 1—p?j
= z L pjj e (4.152)

i=s+1 j=0
Now the conditional entropy of the image is

u{® (s) = (H(o/B) + H(B/O) ) / 2 (4.153
In order to get the threshold for object-background classification

éc) (s) is maximised with respect to s.

4.6, IMPLEMENTATION AND RESULTS

The performance of the algorithms proposed in section-4.5 has
ceen demonstrated on a set of five images having widely different
types of histograms. We shall first of all concentrate on

ilgorithm 1 and show its superiority over other algorithms based
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on global information only. Then the results of algorithms 2 and 3

“hich are based on local information will be presented.

1.6.1 Results of Methods Based on Global Information

Figures 4.3.1 - 4.7.1 represent the different input images
-sed, while figures 4.3.2 - 4.7.2 depict the corresponding gray
-evel histograms. In order to compare the results of the proposed
:lgorithm 1 with some of the existing methods, algorithm of
“un[59] and kapur et. al. [33] have been implemented. In addition
o these , another algorithm based on Bayes misclassification
srror [2] has Dbeen considered here. Though the details of this
zethod is available in [2], for the convenience of the reader, it

_s given in brief below.

Suppose the gray level distribution for the object follows

;11,0'12) and that of the background follows N(uz,aj ). Then
i 8
2 Vo,
N i
p;(x) = FvaT e (4.154)

-nere x denotes the brightness value and i can take the value 1 or

corresponding to probability distribution over the object or

-2ckground.

Let 1 be a threshold level for object-background

-lassification. Then the probability of classification of a

cackground pixel as an object pixel is equal to



. "
vy o= J' P, (x) ax (4.155)

while the misclassification probability of an object pixel is

v, = I Py (x) ax (4.156)
1

If P1 and Pz are the proportion of pixels in the object and the
background respectively (i.e., P, + P, = 1) then the expected

value of the misclassification error is given by

E; = PV, + Pyvy (4.157)

Therefore, minimising El , with respect to 1 , the threshold level

for object-background classification is obtained.

Implementation of such a method requires the estimation of
(w;,0;), i=1,2; the parameters of the distributions. For a gray
level 1 (assuming l+c as the threshold, & is a small positive

quantity), (u;,0;,v;,P;), i=1,2 and E; are estimated as follows.

~ 1 1

i, =(Li.N)/ TN (4.158)
1 i=0 = i=o %

. -1 -1

b, = i.N, ) N, (4.159)
2= (R 1)/ Bt

s 1 .2 1

o] = L (i-uy)-.N )/ IN (4.160)
1 i=o0 A i=o *

. -1, 2 -1

o = ( T (d-py).N; )/ LI N; (4.161)
2 i=I+1 2004 i=T+1 %



l+e

v, = _[ Py (x) dx . (4.162)
-
«

v, = I py (%) dx (4.163)
1+e

N 1 L-1

P, = LN,/ LN, (4.164)

R = = A

P, =1-5 (4.165)

and =B .V, + B, .Y (4.166)

where Ni is the number of pixels with gray level i and the & has

been introduced to make the range of integration continuous.

The threshold levels produced by different global methods are
displayed in Table 4.1. Fig. 4.3.1 represents the image of the
biplane with two dominent modes in its gray level histogram [Fig.
4.3.2]. The segmented images produced by different methods are
shown in Figs. 4.3.3 - 4.3.6. From the results one can see that
except equation 4.166 the propeller in front of the biplane is
lost. For the other methods some portion of the background got
mixed up with the object. The methods of Pun and Kapur et. al.
have produced results comparable to that of Algorithm 1.

Figs. 4.4.1-4.4.2 depict the input image of Abraham
Lincoln and its gray level histogram respectively. The thresholded
images are shown in Figs. 4.4.3-4.4.6. Here also the results
produced by equation 4.166 is better than that by the other

methods.



TABLE - 4.1

Thresholds for object background classification
(Based on global information)

THRESHOLDS
Proposed Algorithm Algorithm Bayes
Images algorithm -1 of Pun [59] Kapur et.al classifir
(Eqn. 4.143) [33]
BIPLANE 22 24 21 12
(Fig.4.3)
LINCOLN 15 16 15 08
(Fig.4.4)
CHROMOSOMES 19 27 20 -
(Fig.4.5)
BLURRED
CHROMOSOME 32 32 33 43
(Fig. 4.7)
BOY 11 15 13 12
(Fig. 4.7)




See Fig. 2.7.2

page- 95
Fig. 4.3.1 Input Fig. 4.3.2 Histogram
TR- 22 T2
Fig. 4.3.3 Segmented image by Fig. 4.3.4 Segmented image
Eaqn. 4.143 by Ean 3.5
e
o
Fig. 4.3.5 & 4.3.7 segmented Fig. 4.3.6 & 4.3.8 Segmented
image by Egns. 3.10 & 4.150 by Eqns. 4.166 & 4.153

Fig. 4.3 Input and segmented images of biplane
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Fig. 2.5.1 See Fig. 2.5.2
page- page- 9

ig. 4.4.1 Input Fig. 4.4.2 Histogram

T s ALY
ig. 4.4.3 & 4.4.5 Segmented Fig. 4.4.4 & 4.4.7 Segmented
age by Egns. 4.143 & 3.10 image by Eans 3.5 & 4.150



Fig. 4.4.6 segmented image Fig. 4.4.8 segmented
by ean. 4.166 image by ean. 4.153

Fig. 4.4 Input and segmented image of Abraham Lincoln



In order to show the effectiveness of the algorithms for
images with unimodal histogram [Fig. 4.5.2] , an image of three
chromosomes [Fig. 4.5.1] has been considered. In this case it is
found th;t equation 4.143 ‘(proposed Algorithm 1) and the method
of Kapur et. al. have resulted in good object-background
classification [Fig. 4.5.3 and 4.5.5] keeping the legs of a
chromosome connected. The method of Pun has totally failed as
shown in Fig. 4.5.4 to extract the chromosomes. It is to be
noticed that no threshold is detected by the equation 4.166. This
is because the assumption of the mixture of normal distributions

is possibly not valid here.
N

In case of the image of the blurred chromosome [Fig. 4.6.1]
with a bimodal histogram [Fig. 4.6.2], the segmented results
produced by all the methods are found to be comparable, although
the threshold detected by equation 4.166 is markedly different

from others.

¥or the image of the boy [Fig. 4.7.1], the proposed
algorithm (Algorithm 1) is seen to be able to extract the face

oreserving its shape and also to separate the ring in the right

r of the boy [Fig.4.7.3]. The other methods have either

sturbed the shape of the face due to the selection of a lower
threshold value or have failed to separate the ring because of the

;etection‘,ot a threshold at a higher value [Figs. 4.7.4-6].



Fig."4.5.1 Input Fig. 4.5.2 Histogram
¢
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Fig. 4.5.3 Segmented image- Fig. 4.5.4 Segmented image
3.5

by ean. 4.143 by ean.
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“ig. 4.5 Input and segmented-image of three chromosomes



See Fig. 3.7.2

page- |/

Fig. 4.6.1 Input Fig. 4.6.2 Histogram
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Fig. 4.6.3 and 4.6.4 segmented Fig. 4.6.5 Segmented image

image by Egns. 4.143 & 3.5 by Egn 3.10
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Fig.4.6.6 segmented image . Fig. 4.6 Segmented image
by Egn. 4.166 by Egns. 4.150
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Fig. 4.6.8 SEgmented image by
Eqn. 4.153

Fig. 4.6 Input and segmented images of blurred chromosome
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Fig. 4.7.1 Input

Fig. 4.7.3 Segmented image
by Egn. 4.143

Histogram

Fig. 4.7.4
by Eans
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Fig. 4.7.5 segmented image Fig. 4.7.6 segmented

by eqn. 3.10 image by ean. 4.166

Fig. 4.7.7 and 4.7.8 Segmented image
by Eqns.- 4.150 and 4. 3

Fig. 4.7 Input and segmented image of boy



<.6.2 Results of Methods Based on Local Information .

All the five images described earlier have also been used as
nput to the proposed algorithms 2 and 3. The threshold levels

-otained by these methods for different imput images are displayed
‘1 Table - 4.2. In case of the biplane [Fig. 4.3.1 ], Algorithm 3
-as produced much better result than Algorithm 2 [Figs. 4.3.7-8].

zesults produced by Algorithm 2 is comparable to those obtained by

he method of Kapur et. al. and equation 4.143 [Table 4.1].

milar is the case for Lincoln image, where Algorithm 3 created

—uch better result than that of Algorithm 2 ([Figs. 4.4.7 and

:.4.8]. The threshold obtained by Algorithm 3 is close to those

ven by equation 4.166 [Fig. 4.6.6, 4.6.8] whereas, the result of

gorithm 2 is almost same with that of others shown in Table 4.1.

Finally, for the image of the boy [Fig. 4.7.1] both

slgorithms 2 and 3 have produced same threshold. The thresholded

zages are shown in Fig. 4.7.7. Considering Figs. 4.7.3-8, it

ears that for this image some global methods have produced

-etter results than these methods.
It is to be noted that, the results obtained by the

ponential entropy are not much different from those of the

—orresponding algorithms of chapter 3 which use the logarithmic
shannon’s entropy . However, the merit of the exponential entropy
+ill be visualised in chapters 5 and 6.

The new entropy introduced in section 4.4 or Shannon’s

-ntropy, gives a measure of our ignorance about the system.



TABLE - 4.2

Thresholds for object-background classification
(Based on local information)

THRESHOLDS

-pages Proposed Proposed
~zag algorithm - 2 algorithm - 3
(Egn. 4.150) (Egn. 4.153)
21 12
16 09
10 17
31 41
08 08
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Referring to the example of die, the entropy provides with the
expected value of our ignorance about the top most face of the
die. For an image, the global entropy gives a measure of grayness
ambiguity. The local and conditional entropy, on the other hand,
give information about the spatial ambiguity by measuring intraset
homogeneity and interset contrast. Although it has Dbeen
ostablished that these measures of information are quite useful,
there is another kind of information, one may be interested in.
for example, in case of the die one may be interested in the
information about the position of the die on the plane, i.e.,

where the die lands after it is thrown.

Similarly, for an iamge, information about the location of
the object is very important. For example, in scene analysis
problem and in the field of robotics and computer vision it
becomes highly desirable to have the information about the
cosition of the object within a scene. The proposed entropic
neasures are able extract(segment) the object irrespective of its
cosition on the scene and if the object is moved from one place to
another, on the scene, keeping the gray level distribution same
then the entropy does not change. This idea led us to define
another entropic measure which will give an idea about the
location of the object. Such a measure may be named as ’Positional
Entropy’. In the following section there is an attempt to

introduce such an entropic measure.
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4.7 Positional Entropy (85]
Before introduging the measure let us define the ‘Object

Correlation’ as

()': () )Ot(:; o
r = 1,J) € ec (4.167)
U'i U‘J OS

where I = P/2 + 0.5 ; J = Q/2 +0.5 ;

o, is the size of the object ;

P * @ is the size of the image ;

2

L (i-1) 1/2
— 1 (4.168)

/2 (4.169)

o
Q

Such a correlation can have either a positive, negative or

zero value depending on the position of the object in the scene.

The ‘Object correlation’ will be positive, if major portion of the

sbject is along the diagonal AC [Fig. 4.8]. On the other hand r
+il1 be negative when the object is concentrated along the

siagonal BD [Fig. 4.8] and r takes the value zero when the object

_ies symmetrically on any one of the axes EF and GH [Fig. 4.8].

et us now define the positional entropy (H') as follows.

1ed (4.170)
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Fig.4.8 Different positions of object for correlation.
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Where P;,j is the probability of occurrence of the gray

evel that occupies the (i,j) th cell (note that this p; ; is

J
sifferent from the p;; introduced earlier as the probability of
zo-occurrence) . wy; is defined as
Yi " 1/dA(1,J) ; when r >0 (4.171.1)

= 1/dD(i.j) ; when r <0 (4.171.2)
= 1/d5(i,J) ; when r = 0 and T (j-3) =0 (4.171.3)

(i,j) e Object

= 1/dg(i,]) ; when r =0 andy (j-J) * 0 (4.171.4)
(i,j) € Object

Where d,(i,j) denotes the distance from the point x (x can
ce any of the points A, D, G, and E [Fig. 4.8].
Ihe equation 4.170 for H' can be written as

1

-p;
P 1,
W =F L ;-P;; e J

(4.172)

(4.173)

where W; and the gray levels ranging from 0 to

W, o
1,]

L
£(i,j)=1
s constitute the object. Similar definition using the logarithmic
entropy can also be written.

Equation 4.173 can be viewed as an weighted entropy

introduced in section 1.4.Such a measure takes into account the



position 3f the object both on the image plane and on the gray
scale. Thus if the same object (same gray level distribution) is
placed at different position on the scene, the positional entropy
will change. Again keeping the position of the object fixed, if
the gray level distribution is changed, then also the positional
entropy changes. This characteristic of HP, may be used to find
the approximate location of the object on the scene. Depending on
the value of r , three possible cases may arise.
Case = 1 r =0

If the object lies symmetrically any where on the axis EF or
:H [Fig. 4.8] , the correlation (r) will be zero. Note that (j-J)
- 0 for an object lying on the axis GH. Thus a high(low) value of
s will indicate the position of the object near G(H). Similarly,
if the object is on the axis EF, then high and low values of H'

©ill correspond to the vicinity of E and F respectively.

Case - 2. r >0
In this case the object is expected to lie along the

iiagonal AC [Fig. 4.8). Hence if H' is high, the major part of the

-bject will be in the first quadrant, otherwise in the third
suadrant.
Case - 3. r <o

Under this situation a high value of H' will indicate the
-osition of the major part of the object in the fourth gquadrant

Fig. 4.8]. Similarly, a low value of H® will correspond to the

=cond quadrant.



The above discussion merely introduces a concept for
providing information regarding the location of an object in a
scene. Further experimental investigation is required to assign

the value of HY to the fuzzy hedges ‘high’ and ‘low’.

The global and local/conditional entropy provides information
necessary for extracting/classifying an object. After it is
extracted, its location can be estimated with its positional

entropy measure.

As an illustration, Figs. 4.9.1-4.9.10 demonstrate the above
zentioned feature of H® for different positions of an object of

ize 4 x 8 in an 8 level 16 x 16 image. The corresponding HY and r

values conform to what been discussed earlier.

+.8 CONCLUSION

A new definition of probabilistic entropy based on the
=xponential behavior of information gain is proposed along with
_ts justification. Its properties are also found to include those
>f Shannon’s entropy. Based on this concept various definitions of
_mage-entropy (namely, global,local and conditional) are
_ntroduced. The idea is also found to be extendable for defining
she non-probabilistic entropy of a fuzzy set. A number of
_nteresting properties of the new probabilistic and fuzzy entropy

-ave been proved.

Three algorithms for object-background classification are

posed. One of them is based on the global entropy while the
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remaining two take the local and conditional entropy into account.
The performance of the proposed algorithms is compared to some
existing entropic thresholding methods and with a Bayes classifier
using normal distribution. The proposed conditional entropic
—ethod is found to be consistently superior to other methods for a

wide range of input images.

Besides these, a concept of positional entropy together with
its formulation has also been attempted. This may be used to find

<he approximate location of an object in a scene.

Note that no application of the fuzzy entropy (equation
1.105), introduced in this chapter, has been shown here. However,
its application along with a more general definition of entropy
called higher order entropy) of a fuzzy set has been given in

chapter 6. :
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Chapter 5

POISSON DISTRIBUTION BASED IMAGE MODEL AND PARAMETRIC METHODS
5.1 INTRODUCTION

In the previous chapters we have developed several methods
for object extraction. These methods are of non parametric nature
which involve estimation of the probability of occurrence p; of
the ith level in a region without making use of an appropriate
distribution which the gray level variation may follow. There are
some parametric methods [2] for object-background classification
which assume the well known normal distribution for the gray level
without justfication. All these methods do not consider the theory

of formation of an image while formulating an algorithm.

The work presented here is an attempt to formulate object
extraction algorithms, based on the theory of formation of an ideal
image. An ideal imaging process has been described which shows
that the gray level distributions within the object and background
can be approximated with Poisson distributions characterised by
two Aifferent parameters. In order to establish the validity of
the proposed concept, two approaches for object-background
classification have been adopted. The first approach is dependent
on the maximum entropy principle whereas, the other one is based
on the minimum xz statistic. The Xz statistic is often used as a
criterion for testing goodness of fit of a distribution.
Therefore, if an appropriate distribution is assumed, the minimum

»? is likely to produce a good segmentation.
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When we feel the exposure level over the entire imaging
device as uniform, the number of incident quanta is found to
follow a Poisson -distribution with a sufficient degree of validity
[133]. In other words, if the uniform exposure level is such that,

each receptor has, on the average ‘q’ quanta then

p,. = probability of a counter receiving r quanta

= qfe™Yr1 for r=0,1,... .- (5.1)

= probability of counters receiving r quanta.

If the number of received quanta exceeds the saturation
level(s), the ~excess gquanta will not be reflected in the recorded
value. In fact in any photographic process, in addition to this
upper limit, there is also a lower limit, i.e, threshold (T) to
the number of recorded quanta. In other words, as long as the
number of incident quanta is less than T, no quanta will be
recorded and the T th incident gquanta will be recorded as one. The

behaviour of the recorded quanta is shown in Fig. 5.1.

Though the number of incident quanta follow a Poisson
distribution with average number A, the average value of the
recorded number of quanta will be different from A because of the
two limits mentioned above. The average value, a, of the recorded
number of quanta is given by

e oA
X

®
a =Z X e——— (5.2)
x=0
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1
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Incident Quan

Fig. 5.1 Plot of received vs recorded quanta
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for

x
for T = x < S
for x

s et
on the other hand, A= z x —T— (5.3)
x=0
obviously, a # A.

In the case of a digital image, each pixel can be viewed as a
receptor. Like the ideal imaging system, the spatial resolution
here depends also on the spatial size of the pixel and each pixel
can have only a finite number of states with a saturation level.
The observed gray level of a pixel is nothing but the effect of
the received quanta by the corresponding receptor. Larger the
number of recorded quanta, the higher is the gray value. For the
sake of simplicity we assume here that the probability of the
number of incident quanta less than T or greater than § is very
small. Thus, under the above assumption, the average number of
recorded quanta ‘a’ (equation 5.2) will be, for all practical
purposes, equal to A. Therefore, the number of recorded quanta
will approximately follow a Poisson distribution with average

value of a.

Let us now consider a scene consisting of an ideal object and
an ideal background. An ideal object means that the entire object
surface has uniform characteristics (i.e., constant coefficient of

reflection, constant temperature distribution, made up of same



material and so on). Similarly, the ideal background also has
uniform characteristics, but obviously different from that of the
object. When we take the photograph of such an ideal scene
illuminated by uniform light, the scene itself acts as the source
of light for the imaging system. Though the illumination of the
entire scene is uniform, the object and background exposure levels
for the imaging system will be of two different natures since they
have different characteristics. Ignoring the interaction between
the quanta emitted by the object with that emitted by the
background, we can say that the recorded uniform image will have
two uniform illuminations, one corresponding to the object and the

other due to background.

We assume that the pixel value of a cell is equivalent to the
recorded quanta by the corresponding receptor cell of the imaging
system. In other words, it implies that the pixel values for
uniform illumination follow a Poisson distribution. Thus the gray
level histogram of a digital image will be a combination of two

Poisson distributions characterised by two different parameters AO

and AB .

To establish the validity of the above model, the idea of
Poisson distribution has been used to develop various image
segmentation  algorithms. Two  approaches  namely, entropy
maximisation and x? statistic minimisation are adopted in the

aforesaid context.



The superiority of - . Poisson distribution over the commonly
used normal distribuion for gray level in a digital image has been
demonstrated by considering the same algorithms with normal

distribution.

5.3 MAXIMUM ENTROPIC THRESHOLDING (MAXET)
We know that the entropy of an n-state system as defined by

Shannon is given by

<1 (5.4)

n
H= -) p; log p;
121 + i

where P; is the probability of the ith state .of the system. The
drawback of this measure of information has been mentioned in
chapter 4 and the entropy of an n-state system as suggested there

is
n n
H= yp;e ' , Yp;=1, 0s<p;=<1 (5.5)

-p,
The term (-log(p;)) i.e., log(l/p;) in equation 5.4 or e z

in 5.5 is called the gain in information from the occurrence of
the ith event. Let us denote it by AI(p;), i.e, AI(p;) is the gain
in information from the occurrence of the ith state of the n-state

system. Thus, in general we can write the expression of entropy

as

n
H = p; AI( P;),
1; B *



1-p.
where AI(p;) can either be log(l/p;) or e 1 depending on the

definition used.

Suppose g,(x) is the probability function (or probability
density function) of the gray level x over the object and gp(x) is
the same over the background. The maximum entropic thresholding
principle may now be stated as follows. Partition the image into
two non intersecting regions (say, object and background) such
that the total entropy of g,(x) and gy(x) is maximised. In other

words, when g,(x) and gy(x) are discrete, maximise
T o0 AL(ge(x) + Y gu(x). AI(gg(x)) (5.6)
x & ob1%0t x € valrgrouna

on the other hand, when g,(x) and gp(x) "are continuous, one needs

to maximise,

[ 9o008Tgo(0) e+ [ gp00. AT(gh00) e (5.7)
X € object X € background
In the previous section we have justified that the gray
levels within the object and the background follow Poisson

distribution with two different parameters }‘0 and Ag -

-2 x
e

Thus gox) = —12> (5.8)
e A%

and gg(x) = —5 12 (5.9)
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Therefore, the problem is to find a gray level 1 , 0 < 1 < L-1,
A9 < 1 < Ay, such that the gray levels ranging from 0 to 1
represent the object with expected uniform illumination A, and the
gray levels in the range 1+l to L-1 constitute the background with
average illumination )\54 In order to acheive this we maximise
equation 5.6 . 'Maximisation of equation 5.6 requires the

evaluation of g (x) and gp(x) and hence requires the values of Ag
and A, which are to be estimated from the input digital image.
There are various methods of estimation of the parameter A of a
Poisson distribution. We use here the maximum likelyhood (ML)
estimate of A. For some hypothetical boundary 1 , the ML estimate

of 2o and Ap are given as follows

1 1
= (_Zi.Ni )/ ZNi (5.10)
i%o0 i%o
-1 -1
Z i.N; ) /) N (5.11)
+1 i= l+1

(~ is used to indicate the estimated values)

Thus the estimated probability of a gray level x, x e object, is
given by

o e ax
By = — (5.12)
and that for an x € background is
A4
- e Ax
Py x T (5-13)



Therefore, for an assumed boundary 1, 0 < 1 < L-1, the total

entropy of the partioned image can be written as

b L1
~0 ~0 A~ ~B
H) = Pu-AL(PY) + po . AI( PD ) (5.14)
4 xZo * B le+1 * B

Based on H) (equation 5.14), the following two algorithms can be
formulated.

5.3.1 Algorithm 1

1-p.
In this method we take AI(p,) = e * and maximise

equation 5.14 with respect to 1.

5.3.2 Algorithm 2

This algorithm uses Shannon’s formula of entropy,

i.e., it takes AI(px) = log(l/px).

In order to strengthen the concept of Poisson distribution we
have also experimented with MAXET using the normal distribution to
describe the probability distribution of gray levels within a
homogeneous region. Thus, we assume that the gray level x is

continuous and

Io(x) = N(ug ,cré) (5.15)

and gg(x) = Nug ,02), i.e., (5.16)

9o (x) = (1/ (05 VI exp (- 5 ((x-1y) /95 ) (5.17)

and gy(x) = /(o VIM) exp {~ 5 ((x-up) /o5 )% (5.18)



“here g, Mp are means of the two normal distributions and Tor Og
ire the standard deviations of the same. With the above forms of
orobability density functions, we maximise the total entropy of
-he partitioned image as expressed by equation 5.7 . However, the
ise of equation (5.17 and 5.18) demands the knowledge of Hor Mpr
e and o - Like the previous method, we use here the ML
-stimators to estimate the p and o of the distributions. The ML

ostimates of the parameters are given by

ﬁo =( iioi.ni) / iZONi (5.19)
N L=t Lot

Hp = izliiNi) /1214-];1' (5:20)
AP 3 ~ 2 &

a5 = ( 1_Zo(i—uo). N /iZONi (5.21)
a2 LSl A, L=t

with the above parameter values, go(x) and gB(x) can be determined

and the following algorithms can be formulated.

5.3.3 algorithm 3

In this algorithm, we use AI(g(x)) = e' 9% and maximise,
for an assumed threshold 1,

B = [ go(n.8L(gg(x)) ax +[ gpt0. AT(ggx)) ax  (5.23)

X € object X € background



In this method x (here 1) is assumed to be continuous. While
selecting the optimum threshold, we compute H‘f for different 1 at
unit interval over the entire range of the gray levels. Since an
image can possess only discrete levels, one dimensional grid

search with unit interval sufficies.

5.3.4 ' Algorithm 4

This algorithm is same as algorithm 3, except that it uses

Shannon’s entropy, i.e., uses AI(g(x)) = log(1/g(x))-.

5.4 MINIMUM CHI-SQUARE THRESHOLDING (MINCST)

Let us describe here another set of thresholding algorithms
based on minimun Chi-square (x2) statistic to demonstrate the
appropriateness of Poisson distribution for gray levels. Let N,
Ny, ...,N, be the observed frequencies of k different classes and
Py, Pys---/Py be the hypothetical probabilities of a normal
distribution. In order to test the goodness of fit of the
hypothetical probabilities to the observed ones, K. Pearson [134]
suggested the critrion,

N k (Ni—N.pi)z X (observed - expected)?
L -

(5.24)

expected

where N is the total number of observations and the asymptotic
distribution (a.d) of x> as defined in equation 5.24 is a 2 (k-1),

i.e, a chi-square with (k-1) degrees of freedom.



The more general problem may be to test whether the class
probabilities are some specific functions of a fewer parameters
which may be known. If the class probabilities are some specified
functions, pl(a), pz(e),...,pk(e), where 6 has q (say) components
ice, ©=(6,,0,,...,8,) and 6 is an efficient estimator of @, then

under suitable conditions [134] it can be shown that

A &
L2 e 4))

N .p;(8)

is a 22 (k-1-q).

This statistic is known as x° statistic,and is very often
used to measure the goodness of fit of some hypothetical
aistribution to an observed data. Lower the value of x2, better is
the fit. The expression for x> may also be viwed as a weighted sum

of squared deviation of the expected frequencies from the observed

ones.

For the image segmentation problem, the minimum %2
thresholding (MINCST) principle may thus be stated as follows.
’Given the distributions, that the gray 1levels may follow,
partition the image into two nonintersecting regions, such that

the sum of x2 (over the object and the background) is minimised’.

Based on this principle two algorithms, one using Poisson
distribution and the other using normal distribution, are
suggested.



5.4.1 Algorithm 5

Let g (x) and gy(x) (equations 5.8 and 5.9) be the probability
functions of the gray levels in the object and background regions-
respectively. For an arbitrary threshold 1 , the observed

frequencies of gray levels over the object are given by

i P i=0,1,2,..1 (5.25)
and those over the background are
i=1+1, 1+2,...,L-1 (5.26)

on the other hand, the estimated probability of a gray level i, 0
< i = 1, i.e., i is in the object, is given by g,(i),
i=0,1,2,...1, and that over the background is given by gg(i),
i=1+1,1+2,..L-1. Normalising g,(i) and gy(i), over the object and
the background regions respectively, we get the expected

probabilities as follows.

1
B = go() /_Zogoo'), i=0,1,2...1 (5.27)
2
L-1
~B ¥ . :
p; = gp(i) / gg(d) i=1+1,1+2,..,L-1 (5.28)
i & j=¥+1 B0 ’ !

Thus the expected frequencies of the gray levels over the

object and gackground are given by the foltowing equations.

£0 _ 20 i
N = B} .Ng, i=0,1,2,..,1 (5.29)
B 2B :
N7 = B .Np, i=1+1,142,...,L-1 (5.30)
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where Ny and Ny are the total number of observations within the
object and the background respectively. The parameters Ay and Ag
which are required for the evaluation of g,(x) and gy(x) are
estimated using the ML estimator (described in section 5.3).

Therefore, for a threshold 1, the total Chi-square is given by

, Loal-A)? oo - B2

_ i - N i - Ny

x =) =5 + =5 (5.31)
i=0 Ni i=1+1 Ni

The optimum threshold is obtained by minimising xi with
respect to 1.

5.4.2 Algorithm 6

This algorithm is also based on the principle of MINCST, but
it assumes normal distributions (equations 5.17 and 5.18) for the
gray levels. In order to compute the x2, for an arbitrary

threshold 1, we proceed as follows.

consider a band (y-0.5,

For each gray level y, y = 1,2,.

y+0.5) and compute Iy as follows.

y+0.5

. f go(x) ax for 0 <y < 1 (5.32)
y-0.5
y+0.5

and =J gB(x) dx for 1+ 1 <y<L-~-1 (5.33)
y-0.5

I, gives the probability of the gray levels lying in the

range (y-0.5, y+0.5). The expected frequency in the band

(y-0.5,y+0.5) will then be
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0
Ny = NI, for 0 <y <1 (5.34)
B _ B

or Ny = wg.T, for 1+ 1<y <L~-1 (5.35)

while the observed frequency of the band around y will be Ny,
y=1,2,.... .
Note that, we have not considered above the gray levels y < 1

and y = 1 for the object; similarly, gray levels y = 1 + 1 and

Yy > L - 2 for the background. In order to account for this, in
case of object, we compute
0.5
1, =_l go(x) ax (5.36)
and 1, = I go(x) ax (5.37)
1%0.5
so that
so
Ny = ng.1, (5.38)
and %0 =nN_.1 (5.39)
1 o-T1 .

It is to be noted here that the sum of all the band integrals
1

for g,(x) will be equal to one, i.e., Y I, 1. sinmilar
y=o

computation can also be done for the background probability

distribution. Once we know the observed and expected frequencies
2

in different classes, the x“ (equation 5.31) can be computed and

minimised with respect to 1 for selecting the threshold.
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5.5  RESULTS

All the six algorithms discussed in section 5.3 and 5.4
have been implemented on a set of four images with widely
different types of histograms. In addition to this, the global
entropy based method of Kapur et. al., as discussed in section
3.2.2 has also been implemented for comparison of results with
those of the new methods suggested in this chapter. It has been
discussed in chapter 3 that Kapur et. al. maximised the total
entropy of the partitioned image without considering any
appropriate probability distribution that the gray levels may

follow.

Table 5.1 , displays the thresholds produced by different
methods for various images. Figs. 5.2.1 and 5.2.2 represent the
input image of a biplane and its gray level histogram,
respectively. Figs. 5.2.3 - 5.2.9 give the segmented images

produced by different methods.

From the results, one can observe that algorithms 1,5 and 6
have produced same result and infact it is the best segmentation
of the biplane image. Algorithm 2 has produced almost identical
results to that of the above three methods. On the other hand,
Algorithms 4 and the method of Kapur et. al. could not extract the
propeller infront of the biplane. It is to be noticed that for
this image all the algorithms that used Poisson distribution

resulted in good and comparable segments. Though the biplane has a
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Table

5.1

Thresholds Produced by different methods

MAXENT MINCST
IMAGES  —x75 1 Alg. Z Alg. 3 Alg. 4 Alg. 5 Alg. 6 Alg. of
Kapur etal

PLANE 12 13 16 18 12 12 21
(Fig.5.2)

LINCOLN 11 12 9 15 9 6 b 5.3
(Fig.5.3)

BOY 9 11 9 14 12 5 13
(Fig.5.4)
CHROMO. 12 16 19 19 16 - 20
(Fig.5.5)




See Fig. 2.7.1 See Fig. 2.7.2

Page - 95 Page - 85
Fig. 5.2.1 Input Fig. 5. Histogram
T
Fig. 5.2.8, 5.2.7 & 5.2.8 Segmented Fig. 5.2.4 Segmented
image by Eqns. 5.14(exp. ent.), image by Eqn. 5.14
31 (Pos. dist.)and 5.381 (Normal dist.) (log.ent.)
1 _
Fig. 5.2.5 Segmented image Fig. 5.2.6 Segmented image

by ean. 5.23 (exp. ent.) by Ean. 5.23 (log. ent.)
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Th a4

Fig. 5.2.9 Segmented image by
Egn. 3.10

Fig. 5.2 Input and segmented image of biplane



bimodal histogram with a deep valley, Algorithm 3 and 4 (which use
normal distribution) and algorithm of Kapur et. al. could not make

appropriate segmentation.

The Lincoln image [Fig. 5.3.1] has a multimodal histogram
[Fig. 5.3.2]. In this case, the best segmentation is produced by
Algorithm 1 [Fig. 5.3.3]. Algorithms 2,3 and 5 have more or less
correctly extracted the object [Figs. 5.3.4, 5.3.5 and 5.3.7]. On
the other hand, Algorithm 4 and the algorithm of Kapur et. al. ,
which have resulted in same threshold value, could not separate
the beard of Lincoln at the lower right hand side corner of the
image [Figs. 5.3.6 and 5.3.9]. Algorithm 6 has produced a very low
threshold. Here also all the algorithms which use Poisson
distribution give better results than the normal distribution
based algorithms. Another point to be observed is that the
exponential entropy gives a better threshold than the logarithmic

entropy.

Figs. 5.4.1 and 5.4.2 depict the input image and the gray
level histogram of a boy. Here, except Algorithm 6, which has
resulted in a low threshold, all other methods have produced
acceptable results [Figs. 5.4.3 - 9]. However, a critical anlysis
of the results [(Figs. 5.4.3 - 9] shows that the best result is
produced by Algorithm 2 and 5 [Fig. 5.4.4 and 5.4.7], as they have
oreserved the features of the face and also extracted the ring in

the left ear of the image.
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See Fig. 2.5.1 See Fig. 2.5.2
page— 91 page— 21

,q
0

5.3.1 Input Fig. 5.3.2 Histogram

T 2

g. 5.3.3 Segmented Fig. 5.3.4 Segmented
nage by Egn. 5.14(exp. ent.) image by Ean 5.14(log.




Th- s

5.3.5 & 5.
-mage by eans.
i 5.31 (Pos. d

3.7 segmented Fig. 5.3.6 & 5.3
23 (exp. ent.) image by egns.
st.) and 3.10.

9 segmented
23(log ent.)

Fig. 5.3.8 Segmented image by Eagn. 5.31
(normal dist.

Fig. 5.3 Input and segmented image of Abraham Lincoln

]
-



See Fig. 4.7.1
6

Fig. 5.4.1 Input

Fig. 5.4.3 & 4.5 Segmented
image by Eqns. 5.14(exp. ent.)
and 5.23 (exp. ent)

o

See Fig. 4.7.2
page- 176
Fig. 5.4.2 Histogram

T®

Fig. 5.4.4 Segmented

image by Eqn 5.14(log.

ent)



Th 1y

4.6 segmented image
5.23 (log. ent.)

Fig. 5.4.8 Segmented image by
Egqn. 5.31 (normal dist.)

Fig. 5.4.7 segmented image
by eans.

5.31(Pos. dist.)

Fig.

5

Fig. 5.4 Input and segmented image of boy

4.9
Ean.

Segmented image

3.10



The proposed algorithms axe also tested on an image of a set
of three chromosomes [Fig. 5.5.1] with unimodal histogram [Fig.
5.5.2]. In this case, except algorithms 1 and 6 all others have
produced comparable results[Figs. 5.5.4 - 8]. Algorithm 1 has
produced a thinned version of the chromosomes [Fig. 5.5.3] while,
Algorithm 6 has failed to make any segmentation. Although the
algorithms described here are all based on global information of
an image, the thresholds obtained by Poisson distribution based
methods conform well to those obtained by local information based
methods (e.g., conditional entropic segmentation technique
described in chapters 3 and 4). Based on the above observations,

the following points can be mentioned.

All the algorithms which use Poisson distribution (Algorithms
1,2 and 5) consistently result in a better segmentation than the
others. This observation establishes the validity of our digital
image model based on Poisson distribution. It reveals that Poisson
distribution is much more appropriate than normal distribution for
the gray levels in a digital image.

The exponential entropic methods (Algorithms 1 and 3) are
found to be much better than the logarithmic entropic methods
(Algorithms 2,4 and method of Kapur et. al.). This shows that for
a digital image, the exponential entropy is possibly a more

appropriate measure of information than the Shannon’s entropy.

The minimum chi-square thresholdig principle is an excellent

method provided an appropriate distribution is assumed.
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See Fig. 4.5.2

See Fig. 4.5.1
Page - 72

Page - 172

Fig. 5.5.1 Input Fig. 5.5.2 Histogram

e —

) == >
f £}
4-:;:, _"‘f

Fig. 5.5.4 & 5.5.7 Segmented
image by Ean. 5.14(log. ent.)
and 5.31 (Pos. dist.)

"

BT

Fig. 5.5.8, Segmented image
image by Eqn. 5.14(exp. ent.),

3‘:—. ——r—
Y
F F

Fig. 5.5.8 Segmented image
by Egn. 3.10

5w

Fig. 5.5.5 & 5.5.6 Segmented image
by eans. 5.23 (exp. ent.)&
5.23 (log. ent.)

Fig. 5.5 Input and segmented image of three chromosomes
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CONCLUSION

An ideal-image model for a gray tone digital image has been
sescribed. It has been found that the gray levels in an image
sollow a Poisson distribution. Based on this concept, various
carametric algorithms for object background classification have
—cen formulated. Two principles namely, entropy maximisation and
.2 nminimisation have been adopted here while formulating the
zlgorithms. Thresholds obtained are found to be highly
satisfactory for a wide range of input images.

In order to strengthen the appropriateness of Poisson
iistribution, the same algorithms have been implemented with
normal distribution. In a part of the experiment, the results have
.1so been compared with those of an entropic thresholding
lgorithm which does not assume any parametric distribution. In

1

cases, the algorithms based on Poisson distribution

onsistently resulted in a better segmentation. It has further
seen revealed that the exponential entropic measure is more
tfective than the logarithmic (Shannon’s) entropy in extracting
hresholds. The x2 statistic can be regarded as a very nuch

-ffective tool for segmentation when poisson distribution is used.

It is to be mentioned here that the algorithms described here

all bpased on global information (i.e., histogram ) of an

image. Usually, the histogram based algorithms are less effective
-han local (spatial) information based algorithms. However, the
segmentation produced here by the Poisson distribution based

ethods is no way worse than that of the spatial information
based methods [30,31], described in earlier chapters.
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Chapter 6

HIGHER ORDER FUZZY ENTROPY AND HYBRID ENTROPY

6.1 INTRODUCTION

In Chapter 4 (section 4.3.5) we defined the entropy of a
fuzzy set (equation 4.105) considering an exponential information
function. This definition and the definition of Deluca and Termini
(equation 1.28), reflect an amount of difficulty in deciding
whether an element would be considered a member of a fuzzy set or
not. This type of information is not always sufficient for dealing
with practical problems. In many occasions, we may be interested
in evaluating the behavior of average uncertainty (ambiguity)

associated with a collection of supports.

A new concept called "higher order fuzzy entropy", H("),(r =
1) has been introduced here in this context. When r = 1, H(T)
reduces to equation 4.105 or equation 1.28 depending on the type
of information function used. Various entropy definitions have

=1so been discussed in this regard.

Furthermore, there have been several attempts to combine the
orobabilistic and fuzzy (possibilistic) entropy to obtain a
zeasure of total uncertainty involved in a system. These measures
~ave been reviewed and a new definition, called "hybrid entropy",
=,y has been suggested in the second part of this chapter. This
seasure can be regarded as a generalised entropy of a set such

-hat when the fuzziness is removed, the measure turns out to be

classical entropy of the set.
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Varigus properties of these measures have been stated and
proved. The higher order entropy, H', is found to possess some
interesting properties which can be used in feature evaluation and
image segmentation -problems. As expected, H' conveys more
information regarding{:factual structure of the set than Hl
(conventional fuzzy entropy) does. Hy. , on the other hand, can be
considered an objective function for proper defuzzification
(enhancement) of a set. These characteristics have been further
demonstrated with examples. An index of similarity of supports has

also been proposed.

Finally, the higher order fuzzy entropy has been applied to
develop algorithms for edge detection and segmentation of an

image.

CLASSICAL ENTROPY

It has already been discussed in chapter 4 that Shannon
109,110] defined the term entropy to represent a quantitative
seasure of information of a probabilistic system. If p; is the

robability of occurrence of the i-th state of an n-state systenm,

=p; s 1, T p; =1, then the entropy of the system is defined

n
H=-71
i=

1P1 log p; (6.1)

In chapter 4 a new definition of entropy [30] has also been

_ntroduced as



e A (6.2)

It is to be mentioned here that both of the above measures
give the average amount of information that would be gained from
the occurrence of any arbitrary state of a probabilistic system.
In this chapter, we shall concentrate on the entropy measures of a
fuzzy set. Before describing the new measures, let us first

critically anlysis, some of the existing fuzzy entropy measures

ENTROPY MEASURES OF FUZZY SETS

Y
w

Zadeh [117] defined the entropy of a fuzzy subset A for the

/%, } with respect to the probability

finite set {xy,%,, .-
distribution {Py+Pyr---spPp) @S

n

Hp = = L m,(%;) p; log (p;) (6.4)

i=1
here u, is the membership function of A, and p; is the
crobability of occurrence of X Zadeh in [117] did not
clarify the physical significance of H, , even he did not

zention whether H, can be used as a measure of fuzziness or not .

This Hj can be viewed as a weighted Shannon entropy where
the membership values are taken as the weight. Let us now see
now the use of HP' as a measure of fuzziness, leads to an
undesirable situation. Consider a fuzzy set with two elements

X, with probabilities Py/P, as shown in Table-6.1.




TABLE -6.1 :Value of Zadeh’s entropoy

CASE e P HE
o.5 0.01

1 ©0.028007

: o.5 0.99
o.s o.01

2 0.44800
o.9 0.99




. Since probabilities are same for both the cases, the
fuzziness is expected to be higher for case-1; but this is not
reflected in H,. This example, therefore, reveals the difficulty

in using Hy as a measure of fuzziness.

Kaufmann (119] defined the entropy of a fuzzy set with n

supports as

n
W = (-1/20g (m) ) T oy log (9;) (5.5)
iE

where

n
/T u, i i=1,2,...,n.

The drawback of this measure is that it does not depend on the
absolute values of M but on their relative values. Thus a set

with M; = 0 or 0.1 or 0.8 or 1 for all of its elements, would

have same entropy (equal to 1). This is intuitively unappealing.

Deluca and Termini [120] have used a different expression
n
(based on the Shannon‘s function) to define the etropy of a fuzzy

set as follows:
n
Ho= -k F{u; log(uy) + (1 - k) log (1-up)). (6.6)
i=1

Here k is a ncrmalising constant. Equation (6.6) is claimed to

oxpress an average amount of fuzziness(ambiguity) present in a
set A and it has the following desirable properties. This
oroperties have already been stated in chapter-4, for the

convenience of the reader it is presented again.
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P1l: H is minimum iff p;= 0 or 1 for all i.

P2: H is maximum iff My o= 0.5 for all i.
* * *
P3: H= H where H is the entropy of A '
a sharpened version of A.
* : : *

(A" is a sharpened version of A if u” = u for u

. * :

in [0,0.5] and 4" = u for u in [0.5,1].)

P4: H = H where H' is the entropy of the complement set.
for the sake of notational simplicity u(x;) has been written as u;.

Any measure of fuzziness should possess these four
croperties. Note that equation 6.4 does not satisfy all these
croperties. Bart Kosko [122] defined the entropy of a fuzzy set
:s the ratio of distances between the fuzzy set and its nearest
and  furthest nonfuzzy  neighbours. This  measure  also
satisfies properties P1 thru P4.

pal and Pal [30] have also given a measure of fuzziness in a

set (which has been discussed in chapter 4) as

1-uy uy
H=k7¥{u; e + (1-m;) e )} (6.7)

It has been proved in chapter 4 that equation 6.7 satisfies
ocroperties Pl thru P4.

It is to be noted here that the meaning of the entropy of a
fuzzy set is quite different from that of the probabilistic
=ntropy (equation 6.1 and 6.2). The former gives, as mentioned

ore, the average amount of ambiguity (difficulty) in deciding




whether an element belongs to a set or not, while the later
gives the average gain in information from the occurrence of an
svent. Since an ordinary set is a special case of a fuzzy set ,
a relationship between these two types of information is
expected. There have been several attempts in this regard to
combine the probabilistic (Shannon‘s) and possibilistic (fuzzy)

entropy. These are explained below.

Deluca and Termini [120] attempted to do so in the following
manner. Consider an experiment in which the elements Xy rXgpeee Xy

may occur, once and only once in each trial with probabilities

n
PyiPysece- (p; =2 0,;Ep; =1).

n

Shannon‘s entropy of the probability distribution is given by

n
H(Py/Pys «---sPy) == T P; log(p;) (6.8)
1=1

This gives the average amount of information gained from
the knowledge of the occurrence of an element. Suppose there
exists a difficulty in the interpretation of x;, the out come of
a trial, as 0 or 1. The amount of ambiguity involved in the

interpretation of X; is given by [120]

S(u;) = -u; log (ny) - (1-u;) log (1-u;) (6.9)

The statistical average (m) of S(u;) is given by

n
m =i£1 p; S(ui) (6.10)
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chis m  is claimed to give the average amount of difficulty in
saking a decision (0 or 1) on the elements x;, i=1,2,...,n.
combining equations 6.8 and 6.10 the total entropy is defined as

Zfollows.

H = H(Py/Pys-- Py + M (K,Py/Pyy---,Pp) (6.11)

tot
sccording to Deluca and Termini Hy_, gives the total average
incertainty that one may have in making a prevision about the
slements of (xy,X,,...,x;) which occur as a result of the

experiment, and in taking a decision 0 or 1 on their values.

Xie and Bedrosian [121] defined the total entropy of a fuzzy
set in a little different way. Consider a set A’ containing only
° and 1 with probabilities p, and py (P, + P; = 1, O = py,p; =
1). Suppose, due to some reason the sharpness in the set has
changed and resulted in a fuzzy set A. The membership value of an
element is changed to an arbitrary value in the range [0,0.5]
from 0 and in [0.5,1] from 1. In this way the ordinary set A’ has
been changed to a fuzzy set A. Thus the fuzzy set A has two types
of uncertainties, one due to the random uncertainty in the
ordinary set and the other is the fuzzy uncertainty arising due
to the fuzziness in the set. They defined the total entropy of a

fuzzy set as follows.

n
Heor = H(Pg/Py) + (1/m) I S(hy) (6.12)

This entropy reduces to Shannon's entropy of a two state system



~hen the fuzziness is removed (i.e., when the second part

sanishes) .

JUSTIFICATION FOR NEW DEFINITIONS [62,126,127]

In this section we shall be justifying the need for two new
iefinitions namely, hybrid and higher order entropy of fuzzy
sets. Before explaining their necessity let us, first critically

inalyse the aforementioned measures.

Regarding equation 6.11 the following points are in order.
Jeluca and Termini [120] presented equation 6.11 as if m in
zquation 6.11 is different from equation 6.6. But this is not the
-ase. A critical analysis of the aforesaid example considered to
ierive equation 6.11 shows that m is, in fact, equal to H in

zquation 6.6. Suppose, the said experiment is repeated N times,

-he entropy of the resulting fuzzy set, as given by equation 6.6

would then be
. N
H = {-1/N} El(ui log(um;) + (1-k;) log(l-u;)} (6.13)
i=:

n
et n; be the number of times Xy has occurred, then [ n; = N.

i=1

n
Thus, H = (-1/N) ¥ n; {u; log(u;) + (1-u;) log (1-u;)}
i=1

or H = (ng/N)  (uy log(uy) + (1-u;) log(l-u;)}
o H= ;g log (wy) + (1-w;) log (1-u;))
or H = P, S(uy)




oxr H = m(u, Pys Pyre-- ,pn)
Therefore, m in equation 6.11 is not different from H in equation
6.6.

Referring back to the same experiment of Deluca and Termini,
there will not be any difficulty in interpreting an outcome x; as
either o or 1 when the associated fuzziness is removed. In
other words, the entropy of the system should boil down to that
of a two state system, H(Py,P,), P, + P, = 1 . But this is not
supported by equation 6.11 which, in such a case, reduces to
H(Py,P,,--P,). This has also been pointed out by Xie and
Bedrosian [121] whose measure (equation 6.12) is free from this

drawback.

However, the equation 6.12 has the following unappealing
implications. Xie and Bedrosian established an  equivalence
between fuzzy information and Shannon information because both of

the information measures have the same mathematical form. If p; =

4;, they  inferred that the average amount of  fuzzy
information yielded by a fuzzy set with n elements is
"equivalent" to the average amount of Shannon information

vielded by n  independent binary Shannon information sources.
Based on this, it has been concluded that fuzzy information can
be transferred to Shannon information and inversely [121]. This
type of equivalence is physically meaningless except that both of

the measures yield same numerical value.
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Moreover, fuzzy information is conceptually different from
the probabilistic information. Their arithmatic sum may not
yield any meaningful quantity. In that sense, it is difficult to

interpret H Furthermore, if fuzziness is removed, equation

tot”
6.12 always reduces to  H(py/Pyp) irrespective of the
defuzzification process. For example, consider the following two
cases. In the first case, the symbols in the range [0,0.5] are
converted to zero and the remaining to unity. In the second case,
some of the symbols in [0,0.5] are wrongly mapped to 1. In both

cases equation 6.12 will yield the same entropy value. This is

not at all a desirable property.

It is to be mentioned here that since a fuzzy set is a
generalised version of an ordinary set, the entropy of a fuzzy
set deserves to be a generalised version of classical entropy by
taking into account not only the fuzziness of the set but also the
underlying probability structure . In other words, it should be
such that the classical entropy becomes its special case when
fuzziness is removed. It is also not necessary that, with the
removal of fuzziness  the  value ofznxejeneraliscd entropy
jecreases. Furthermore, in the example of 0 and 1 considered by
¥ie and Bedrosian, there would be one and only one type of
uncertainty  (difficulty) which is associated with  the
interpretation of an incoming symbol as 0 or 1. Of course, this
4ifficulty depends on two factors namely, the probability
distribution and the possibility distribution; but this can not be

the sum of two uncertainties (e.g. probabilistic and fuzzy) as



done in equation 6.12. Such a measure may be called Hybrid
Entropy.

The entropy of a fuzzy set as given by either equation 6.6
or 6.7 gives the average ambiguity in taking the decision whether
an element belongs to the set or not. Consider a fuzzy set " good
foot ball players" with 20 members. For any player x , W(x) gives
the degree of goodness of the player x. The entropy as given by
equation 6.6 or 6.7 for such a set gives an average amount of
difficulty in taking a decision whether an individual player is
good or not. This type of information is not always sufficient.
often we are interested to know, if a team of, say eleven,
players is formed by selecting any eleven players from the
twenty, to what extent on an average, the team can be called
"good" . This raises two important issues. Firstly, how to
measure the degree to which a collection of objects, as a
whole, possesses the property of "goodness" . Secondly, how
to get a measure of average amount of uncertainty related to

such collections.

Let us now consider the first issue. Suppose X,,X,,.. X, are
n supporting elements with membership values Kj,H,, ..., M, With
respect to some property P. Then to what extent { Xj,X,,.--.%, )

as a whole (collectively) possesses the property P. This obviously
depends on the problem at hand. For example, in a quiz team, if
u; is the ability of the i-th member then the ability of the team
as a whole would be max (u;), because if one member succeeds the

team succeeds. On the other hand, suppose a group of acrobats are



standing in such a fashion that all of them will fall if any one
of them falls. Under this situation, if p; is the stability of
the i-th member, then the stability of the team as a whole would
be min (u;). Allen (135] has addressed this issue of properties

of sets.

In order to get an answer to the second problem, a new
definition of entropy of a fuzzy set is required which will give
. measure of average uncertainty associated with any arbitrary
subset with r supports. Such an entropy may be called the r-th
order Entropy of a fuzzy set(r th order fuzzy entropy or higher
order fuzzy entropy). For r = 1 , the new definition should

correspond to a measure satisfying the properties P1 thru P4.

6.5 NEW DEFINITIONS [62,126,127]

In this section we shall define the higher. order entropy and

the hybrid entropy of a fuzzy set.

5.5.1 Higher Order fuzzy Entropy

Let P be a fuzzy property set with a finite number of
supports n, i.e., P = {u3/x;, i=1,2,..,n )} where u; denotes the
degree to which x; possesses the property P. Out of n elements
consider a combination of r elements. Let sz denote the i-th such

-
combination and u(S;) denote the degree to which the combination

N
s; . as a whole, possesses the property P. There are [ ? ] such
combinations. The entropy of order r of the fuzzy set A is defined

as
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1/ Yy wmshe
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-k (s3) 1-u(S;

)
+ (1-ushy e

1 (6.14)

similar definition using the logarithmic function can also be
given as follows.

n

(&)
=-1/ M Z [u(sh) logiu(sDy + (1- wusD) log(1-u(s1))1

i=1
(6.15)

In our subsequent discussion unless stated explicitly, H'

will refer to the equation 6.14. Therefore, H' will give a measure
of the average amount of difficulty in taking a decision on
any subset of size r with respect to the property P. In the

r

example of Acrobats, H' will denote an average amount of ambiguity

(difficulty) in deciding a random team of r acrobats as "stable'

Ifr =1, o™ in equations 6.14 and 6.15 reduces to equation 6.7

and 6.6, respectively. H has the following properties.

Pri. H attains a maximum if p; = 0.5 for all i = 1,2,...,n.
Pr2. H attains a minimum if My o= 0 or 1 for all i = 1,2,...,Nn.
pr3. u' = H* , where 'Y is the r-th order entropy

of a sharpened version of the fuzzy set.

, ’
pra. H is, in general, not equal to H , where H'  is
the r-th order entropy of the complement set.

prs. B = H'! when all u; e ([0,0.5] and

T s "' when all w; e [0.5,1].



Note that the property P4 of equation 6.6 or 6.7 is not, in
seneral, valid here. The additional property Pr5 implies that H
is a monotonically nonincreasing function of r for u; € [0,0.5]
and a monotonically nondecreasing function of r for u; € [0.5,1]
when min operator has been used to get the group membership
value). Proofs of Prl thru Pr3 for ut (i.e., for r=1) are given
in chapter - 4; when the exponential behavior of gain function is
considered in the entropy measure. Their proofs for H' (r=1)
zlong with the proof of Pr5 are given below.

Proof of Pril.

If p;= 0.5 for all i, then u(&‘v;) = 0.5 for j = 1,2, ...,(’r‘)
irrespective of whether the max or min operator is used to get the
sroup membership function. This fact and the proof of Pl in

section 4.3.6 prove the property ' ..

Proof of Pr2.

If u; = 0 or 1 for all i , then u(s;) = 0 or 1 for j =
:,2,..,(?) in both cases when the max or min operator is used to
arrive at the group membership function. This fact in
conjunction with the proof of P2 in section 4.3.6 , proves the
sroperty.

Proof of Pr3.

1f u(s?) > 0.5 then u(s;*) > 0.5 and u(s;*) > u(s;). Again
“hen u(s?) < 0.5 then u(s’]'.*) < 0.5 and u(sg*) = u(sg). Note that
the above two conditions are true both for the max and min

cperators. This fact and the proof of P3 (in section 4.3.6) prove

this property.



Proof of Pr4.

Proof of this property is obvious.

Proof of Pr5.

Let the property set P be defined from the set of supports s} as

ro_ i ivoe Lo n
o =k sk, g =1 d20 ()
where x‘} e s© ana u§ denotes the degree of possessing the
oroperty P by the j-th element of s’; . Let u(s?) = min (u§ ,
J
i=1,2,...r ). Now there are (n-r) subsets of size (r+l) such
that
r r+1
sf < s}
- r+1 i
iet us denote these subsets by Sj j , J=1,2,....,n7ri

i.e., sz“; is the Jj th subset of P of size (r+l) such that

st < st
i i,j
R r r+1
sow si <8t (6.16.1)
N i i i ; 1, 1,3 1,3
——> min { My, M eeeer Hp } = min {4, . Hy IEERRRT S
(6.16.2)
—> u(sh = u(s';*'j Y i J = 1,2,00000.,0°T (6.16.3)
f
Thus, for every s;f, i= 1,2,..,(?) , there are (n-r) subsets

of size (r+1) such that condition 6.16.3 is true. Thus for every

u(sT) , there are (n-r) times H(ST') such that

ush = u(s’]‘f}) L, j=1,2,c000.,(nT) (6.16.4)



Since from a set of size (r+l) we can generate exctly
distinct set of size r, we can infer that in the sequence

u(S';T:) s i=1,2,.00, ) 5 J = 1,2, (neT)
each of
r+1 .o n
W3 ) s 1= 1,2, (eyy)
has occurred ex‘:{:tly (r+1) times.
Thus,
n n
G (r41)
(n-1) Z uwsh = e Z ushth (6.16.5)
n n
G Grar)
@-r 5 ush e Y st
i=T =1
JR— = (6.16.6)
n n
43} @
()
Z EAS!
——> (n - 1) Er = (r + 1) (6.16.7)
TR (6.16.8)
> Er = ﬂr+1 (6.17)
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Thus, the average value of all u(sj ) is not less than that of
res
uspth.
In order to prove Pr5, let us investigte the behavior of an
sntropy function with respect to its membership values. Consider

<he entropic function( equation 6.7).

In chapter - 4 (section 4.3.6) we have seen that f(u) = u e™ * +

(1-u) e monotonically increases with u over u e [0,0.5) ,
zttains a maximum at p = 0.5 and then monotonically decreases

sver e (0.5,1].

This fact and inequation 6.17 prove the property Pr5.
5.5.2 Illustration.

Let us consider the problem of selecting a team of five
scrobats from a group of ten. Define a fuzzy set A  called
"stable acrobats" with ten supports , i.e., A = (ui/ X0 i
- 1,2,..,10), where u; denotes the stability of the i-th
‘ndividual x;. The fuzzy entropy of order 5 gives the ambiguity
difficulty) in deciding any arbitrary team of 5 players from the
sroup of 10 as stable or unstable. The values of H' thru u®
sresented in Table 6.2 highlight the key features of higher order

ontropy as compared to HY.

Based on Table-6.2 the following observations can be made.

When all the p; values are same, ' to H® , as expected

secome same. This is because of the fact that the difficulty in
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Higher order entropy

CASE pua H! ):d ):d H* H® HS s
1 (LLLLLLLLLLY 0 0 0 0 0 0 10
2 {6,5,.5,.5,55,.5,.5,55,.5,.5} 1 1 11 1 1 10
3 {1,1,1,1,1,5,5,5,5,5} 05 7777778 9166667 9761905 9960318 16428570
4 {5,5,5,5,5,6,6,6,6,6) 0809018 9915119 0968170 .9990006 9998485 19892083
5 (.6,6,65,9,9,9,9,99,915) 5384138 6785914 7810061 .8553280 9059016 9373114 7934287
6 (8,8,8,8,6,8,9,9,9,9) 5388815 6135760 6415336 6405325 6508657 .650857 8782636
7 (5,5,5,5,5,5,0,0,9,0) 7483621 9161205 .0790324 9970038 1 18168817
) (7,7,7,7,7,8,8,8,8,8) 1485938 8028872 8300330 8416682 8456463 8463210 9328772
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taking a decision regarding possession of a property on an
individual is same as that of a group selected therefrom. The
value of H would, of course, be dependent on the u; values.
since all the u; in case-2 are 0.5 (most ambiguous) the
corresponding H value is higher than that of case-1.

consider the cases 3 and 4. In case 3 the difference between H'
and H? is very high indicating a higher dis-similarity within the
singletons of the fuzzy set with respect to the possession of

oroperty P. On the other hand, the case 4 for which ut

is very
_lose to H? reflects that the fuzzy singletons of the set are
—ore alike (similar) with respect to the property P. It is also
-een that the higher the similarity among singletons the quicker

is the convergence to the limiting value of H.

Based on the above observation, let us define an Index of
<imilarity of supports of a fuzzy set as S = H' / H’ (when H? = o,
21 is also zero and S is taken as 1). Obviously, when u;e [0.5,1]
.nd  the min operator is used to assign the degree of
sossession of the property by a collection of supports, S will

r+1

lie in [0,1], as " s H .similarly, when u; € [0,0.5] , S may

e defined as H2 ; HY so that S lies in [0,1]. Higher the value of
S the more alike (similar) are the supports of the fuzzy set with
respect to the property P. This index of similarity can,

therefore, be regarded as a measure of the degree to which the

mbers of a fuzzy set are alike.

Let us now consider the cases 5 and 6. In both cases the H'



values are almost same but the index of similarity is lower for
case 5 than that of case 6. This indicates that the case 6 has

more similar supports than that of the case 5.

Note that the cases 7 and 8 also have almost identical
values for HY , but these values are much higher than those
of the cases 5 and 6. Based on this observation we can infer

that fuzzy sets corresponding to cases 7 and 8 have more
number of supports with lower degree of possession in [0.5,1] of
the property P than those of the cases 5 and 6 . Again the index
of similarity for case 8 is higher than that of case 7 indicating
that the members of the fuzzy set corresponding to case 8 are

more alike than those of case 7.

Therefore, the value of conventional fuzzy entropy (H') can
only indicate whether the fuzziness in a set is low or high. In
addition to this, the value of Hr also enables one to infer
whether the fuzzy set contains similar supports (or elements) or
not. The similarity index thus defined can be successfully used
for measuring interclass and intraclass ambiguity (i.e., class
homogenity and contrast) in pattern recognition and image

processing problems.

Let us consider the work of Pal and Chakraborty [136] who
have used the measure H' for evaluating feature importance in
Pattern yecognition problem . They used M - type membership
function to represent a pattern class. They made the membership

values lie in the range [0.5,1] with 0.5 corresponding to the



boundary elements of the pattern class and 1 at the central
point (the point corresponding to the average value of  the
feature). This type of representation is a very natural one. They
decided a feature to be of high importance , if it hasalow HY
value. We have already shown (e.g., cases 5 and 6, or 7 and 8 of
Table-6.2) that it is possible to have two fuzzy sets with
significantly different compactness, but almost identical values
for entropy . It is therefore, not appropriate to evaluate the
importance of a feature just on the basis of HY' . A  better
evaluation may possibly be done by considering H' and S together.
obviously, a low value of H' together with a high value of S will

indicate that the feature is more important.

Table -6.2 also reveals the validity of the property Pr5,

a1

i.e., H = when u; e [0.5,1].

6.5.3 HYBRID ENTROPY

In section 6.3 we have discussed the various attempts that
have been made to combine the probabilistic and fuzzy
uncertainties and their associated problems. Since an ordinary set
is a special case of a fuzzy set, it is logical to think of a
generalised definition of entropy of a fuzzy set which reduces to
the probabilistic entropy in absence of fuzziness. Let us refer
back to the example (mentioned in section 6.3) of digital
communication over a noisy channel. For this type of example Xie

and Bedrosian [121] assumed two types of uncertainties. But one



can visualise that there is one and only one type of difficulty
and that is in the interpretation of an incoming symbol as 0 or 1.
of course, this is dependent on two different factors:
the probability of generation of 0 and 1 by the source, and

the transfer function (channel noise), which makes them fuzzy.

Let p, and p, be the probabilities of occurrence of the 0 and 1
symbols respectively, and u; denotes the membership for the fuzzy

set "symbol close to 1".

Let us consider an expression

n 1-p;
= (/n) Y u; e (6.18)
i=1

Differentiating E, with respect to u; we get

1-p
Ej (k) = (1/n) (A-uy) e Sii=1,2,..,n

Ej(u;) =0 for 0 = u; =1

(i.e., the rate of change of E, is seen to be non negative)

Thus E; is a monotonically increasing function of My for Hy e
[0,1]. In other words, as My increases from 0 to 1, E, also
increases. Now for an incoming zero(0) symbol, ifowy
increases the difficulty in the correct interpretation of the
symbol increases and hence the difficulty in the interpretation
of a ‘0’ as ‘1’ decreases; i.e, a wrong interpretatt_ion of a ‘0’

symbol becomes favourable. On the other hand, for an incoming
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71’ symbol if My increases the difficulty in its correct

interpretation decreases. The higher the value of E; , the more

favourable will be the interpretation of an arbitrary incoming

symbol as 1. Therefore, E, can be taken as the average likeliness
(possibility) of interpreting a received symbol as ‘1’.
similarly,

(6.19)

n My
o = (1/n) iEl(l-ui) e

can be viewed as the average likeliness of interpreting a

received symbol as 0.

since p, and p, are respectively the probabilities of
occurrence of 0 and 1 the Hybrid Entropy of the fuzzy set A
(symbols close to 1) may be defined as

Hy, = = Py 10g (Eq) = py 1og (E) (6.20)

(using logarithmic behavior)

or
1-E, l—El
H, =Py e +p, e (6.21)
(using exponential behavior)
th has the following properties.
Prop 1. -

In the absence of fuzziness when n p, received
symbols take the value zero(0) and n p, symbols take

the value of one(1) then E; and E, reduce to p; and p;
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Prop 2.

Proof

hy

respectively and equations 6.20 or 6.21 boil down to
classical entropy. Thus, we see that th boils down to
the classical entropy when a proper defuzzification
process is applied to detect (restore) correctly the
incoming symbol.

The proof of this property is trivial.

This property has significant application in automatic
image enhancement, segmentation and noise reduction
process where the difference between the classical
entropy and H,, can act as an objective criterion. The

lower the difference, the 1lesser is the fuzziness

associated with the individual symbol and higher will
be the accuracy in classifying them as 0 or 1.

If u; = 0.5 for all i = 1,2,....,n then E; = E;, and
equations 6.20 and 6.21 become independent of p, and

p,- In this case Hy assumes a constant value.

0.5 for i = 1,2,..,n; then equation 6.20 takes the form,
n n
1, 1
Py 109 ((i/m T % M2y - piaog (/m x5 %
i=1 i=1
(6.22)
or
log (% e/ } (6.23)
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i.e., Hy  takes a constant value and becomes independent of p; and

hy
p,. Similarly it can also be shown for equation 6.21.

This is, indeed a desirable property, as when all u; = 0.5
the receiver is unable to distinguish among the received symbols.
Note that this property is not satisfied by equations 6.11 and

6.12.
Prop 3.

For a given pj and p; (p, + PL =1, 0 = py, p; = 1), of all
defuzzified versions, the hybrid entropy th is minimum for the
properly defuzzified version.

proof
Suppose some defuzzification process has resulted in Q, times
zero(0) symbols and Q, times one (1) symbols (Q, + @ = n)-

Then,

M, n ™
o+ ¥ (1-u;) ety (6.24)

QO
Ey = (/n) { ¥ (1-u;) e
° i=1 X i=Qy+1

Without loss of generality we can assume that first Q symbols are

mapped to zero(0) and the remaining symbols to one(1).

Thus,
Ey = (1/n) Q, (6.25)
similarly,
E; = (n-Q4)/n (6.26)
and



Eq+ B =0Qy/n+(n-Q)/n=1 (6.27)

Thus, we see that for any defuzzified version EO + El = 1.

Now suppose under any arbitrary defuzzification process E,
and E, take the values q, and q, (g, + g; = 1), respectively.
Under this situation the hybrid entropy takes the form,
Hpy = “Pg 1og @y = (1-p; ) log (1-g,). (6.28)
We have already seen that a proper defuzzification will make g
=p, and q; = p,. Therefore, in order to prove the property, we

need to show that
=Py 1og py = (1-py) log (1- py) =

Py log @, - (1-pg) log (1- qy) (6.29)

with equality if and only if p, = qg.

We know that log x is a concave function, therefore, log x
always 1lies below its tangent. Now consider the equation of
tangent at x = 1; which is y = x-1. Thus, we can write log x =
x-1, with equality if and only if x=1.

Therefore,
log (@5 / Py) = 45/ Py -1
or Py 1og (@ / Py) S 4y = Py (6.30)
Similarly, ’
(1-py) log { (1-qy) / (1-Py) } = (1-qy) - (1-pg) (6.31)
Now from equations 6.30 and 6.31 we get,
Py 109 (44 / Pg) *+ (1 = py) log { (1-q,) / (1-pgy) } =

dy ~ P *(1-d3,) —(1-Pg) (6.32)
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or py log g, = Py 1og Py + (1-py) log (1-q,) -

(1-py) log (1-pgy) = 0O (6.33)
oxr Py log g, - (1-q,) log (1-q,) =
-Py 1log Py = (1-py) log (1-pg) (6.35)

Hence the proof.

Prop 4.

E, and E

o , can not take any arbitrary values. They satisfy the

following conditions:

1 _1/2 - .1 _1/2 _ 1 1/2
5 = B = 3 e + (1~ F e ) Py (6.36)
and
= 1 _1/2 _ _1 172
(1-p,) 5 e = Egs 1-p, A -5 e ) (6.37)
Proof

Let us consider equation 6.19 which is

n 1—ui
E;, = (1/n) T Hu; e
1 g M
- 1 1/2
> Elmax = (1/n) [n po* > * e + n pﬂ
(since E, is found to be monotonically increasing function of p;

and the expected number of symbol 0 (1) is n Py (n pl) and each

of them can take a maximum value of 1/2 (1)).

2
=p, + (-py * 3 &V

1/2
=%*e/ + (1—%*&1/2);:1 (6.38)



1/2,

> E :(1/n)[npu*0+np1*%*e

1min
1/2 (6.39)

= py * % * e
Combining equations 6.38 and 6.39 we get

e? ) p, (s.40)

(SIS
o
-
N
N
+
P
|
(NS

1 1/2
1, *
5 e P, S E; =

> 0.82436 * Py = El = 0.82436 + 0.17564 * Py

from equation 6.20 we have

Similarly,
. 1 .1/2
Eomax = (/m) {npy*1+np *3ze b
- 1= SV
= 1 py (1 5 e ) (6.41)
and
- 1 1/2
Eomin = (/M) {npy*35 *e +np, *0)
= (a-py x 1?2 (6.42)
Combining equations 6.41 and 6.42 one can write the following
condition.
= 1 1/2 - _ 1 1/2
A-p) * 3 *e s Eys1 py -5 * e ) (6.43)
= 1 -0.17564 * p, (6.44)

> (1-p,) * 0.82436 = E,
This completes the proof.

Prop 5.

E, + E, attains the maximum value of e'/? when all

Hi

s assume a value of 1/2.
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Thus,
E, + E, = e (6.45)
Proof
In chapter 4 it has been shown that equation 6.7 attains the
172

maximum value of e when all u; = 0.5 . Hence the above

condition is true.

As mentioned in Prop 1, when a proper defuzzification process
is applied to result in n p, times 0 symbol and n p; times 1

symbol, then E, and E, reduce to p, and p, respectively to make E;

6.5.4 Interpretation of H_ ' in Image Processing

hy

Let us consider an example of a digital image in which, say,
70 % pixels look white, while the remaining 30 % look dark. Thus
the probability of a white pixel p, is 0.7 and that of a dark
pixel p, "is 0.3. Suppose, the whiteness of the pixels is not
constant, i.e., there is a variation (grayness) and similar is the
case with the black pixels. The hybrid entropy of such an image

can be written as follows.

1-py

- n
Hyy = - P, log {(1/n) L u; e } = Py log {(1/n) L (A-uy) e

hy

where My gives the degree of whiteness of the i-th pixel. Now

H,, will be close to the classical entropy if there is not
much variation  in  the grayness within the white and  dark

portions. Table 6.3 demonstrates the use of H, in acting as an

hy
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objective criterion for a proper defuzzification process.

Each fuzzy set of the Table - 6.3 is a sharpened
(defuzzified) version of the previous one such that u value
increases (decreases) in the sharpened version for those u > 0.5
( < 0.5 ). One can observe that with proper defuzzification E;

approaches 0.7 and E, approaches 0.3; in fact they monotonically
decrease to 0.7 and 0.3 respectively from their initial values.

As a result, = |H-Hp | decreases to zero.

y!

Let us now consider the effect of improper defuzzification
on the pattern shown in case 1 of the Table 6.4 . Two types of
defuzzifications are considered here. In cases 2-4 all the symbols
with u = 0.5 are transformed to zero when some of them were
actually generated from symbol ’1’/. In cases 5-6 of Table 6.4
some of the u values greater than 0.5 which were generated from
symbol 1 ‘(or belong to the white portion of the image) are
wrongly defuzzified and brought down towards zero (instead of 1).
In both situations, it is to be noted that |H - th| does not

reduce to zero.

Let us now consider the column no. 7 in Tables 6.3 and 6.4
which indicates that the measure H . of Xie and Bedrosian does

not have the aforesaid properties.

Now, in image processing the process of defuzzification can
be viewed as a contrast enhancement operation. Therefore, the

measure |H - th[ can be regarded as an objective criterion for

an appropriate enhancement of an image.



= = = = = =
= = = =
= = = =
= = = = = =
1 = = = = =
= = = = == =
= = = = = =
= = =
P = = = = P
= == == = = =
= = = = = =
= = = = == =
2 = = 2 ¥ =
=3 = = = = ==
= = = = = =
= = = = = =
= = = = == =
=== = = - = =
= = = A==
= = = =
P — — == = e
—_— =X iy
—_— = === -
e = e =
-3 P = = <= =
—= = = = — =
— == = = —= =
—_— = = = == =
—_ = 2= T =3 —
— —a - — [ -




6.6 APPLICATIONS

This section attempts to illustrate some applications of u
to edge detection and image segmentation of digital images. For
detecting edges we have considered Hl whereas, for segmentation Hl

and H2 both have been used as objective criteria.
6.6.1 Application of H' to Contour Extraction
Edginess Measure
Let Ni y be a neighbourhood of order d of the pixel (x,y), d = 2.

For example,

W2 o= (YD) (Y1) Gy, (6L ) (L)) (6.46)

and

W, = ), (L) (e s (Y1), G e, (e Liymd),
_(x—l,y+1),(x+1,y-1),(x+1,y+1)) (6.47)

The edge-entropy, H , of the pixel (x,y), giving a measure

E

Xy

of edginess at (x,y) may be computed as follows. For every pixel

(x,y) having intensity f(x,Y), compute the average, maximum and

minimum values of gray levels over Ni vy - Let us denote the
i

average, maximum and minimum values by 4vg, Max and Min,

respectively. Now define the following quantities.

D = max { Max - Avg , Avg - Min } (6.48)
B = avg (6.49)
A=B-D (6.50)

(6.51)

o
I
w
+
o



A T-type membership function is then used to compute u(x,y)
for all (x,y) e N:Iy , such that p(A) = u(C) = 0.5 and u(B) = 1.
It is to be noted that u(x,y) = 0.5. Such a u(x,y), therefore,
gives the degree to which a gray level is close to the average

value computed over N . In other words, it represents a fuzzy

d
X,
set "pixel intensity f(x,y) close to its average value", averaged

d d
over Nx’y . When all f(x,y) over Nx,y

to each other(i.e., they are within the same region), such a

are either equal or close

transformation will make all u(x,y)=1 or close to 1. In other
words, if there is no edge, pixel values will be close to each
other and the u values will be close to one(1); thus resulting in
a low value of H'. on the other hand, if there is an edge
(dissimilarity in gray values over Ni,y ),then the u values will
be more away from unity; thus resulting in a high value of HY.

1 over N! _ can be viewed as a measure of

X,y
edginess(ﬂz y ) at the point (x,y). The higher the value of Hi v

the stronger is the edge intensity and the easier is its

Therefore, the entropy H

detection. There are several ways [102] in which one can define a
- type function as shown in Fig. 6.1. Zadeh’s standard T function
[105] may also be used here.

The above mentioned concept has been used to formulate an
algorithm for edge detection of an image. The algorithm using N y
neighbourhood system is explained below.

Algorithm 1

s0. For each (x,y) € F, repeat steps S1 thru S4.

s1. Compute Max, Min and avg for £(x,y) over N v -
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Fig.

6.1

Plot of T function



s2. Compute D = Maximum { Max - 4vg , Avg - Min }

B = avg
A=B-D
c=B+D

s3. Apply I - function [f£ig.6.1] to compute u(x,y) for all

(x,y) € N , such that u(B)=1, u (A)=u (C) = 0.5

S4. Compute the edge entropy H. y at ) by ut
'
(equation 6.6 or 6.7) over N3
XY
S5. Normalise the edge entropy values in the range (1-L) to

get the edge image.

6.6.2 Application of H' to Object Extraction

Before describing the methodology, let us define an image
from the fuzzy set theoretic point of view.
Image definition [101]:

An image F of size P*Q and L levels can be considered an
array of fuzzy singletons, each having a value of membership
denoting its degree of belongingness to a region in F. In the
notation of fuzzy sets, we may, therefore, write

F= UU {u(mn) / £(mn) } (6.52)
m n

m=1,2,....,P ; n=1,2,...,Q
where f(m,n) denotes the gray value at the (m,n)th pixel and
w(m,n) (0 s p(m,n) s 1) denotes the degree of belonging to some

region(or grade of possessing some property) by the (m,n)th pixel
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intensity, £(m,n). The way of computing k(m,n) from £(m,n) depends
on the problem at hand.

Selection of Membership Function for Segmentation

Let B be an assumed threshold which partitions the image F
into two parts namely, object and background. Suppose the gray
level ranges [1-B] and [B+1 - L] denote, respectively, the
object and background of the image F. An inverse I-type function
as shown by the solid line in the Fig.6.2, is used here to obtain
u(m,n) values of F. The inverse I-type function is seen (from
Fig.6.2) to be generated by taking union of S(x ; (B-(L-B)),B,L)
and 1 - S(x;1,B,(B + B - 1)), where S denotes the standard S

function defined by Zadeh([105].

The resulting function as shwon by the solid line, makes u
lie in [0.5,1]. Since the ambiguity(difficulty) in deciding a
level as a member of the object or the background is maximum for
the boundary level B, it has been assigned a membership value of
0.5(i.e., Cross-over point). Ambiguity decreases (i.e., degree of
belongingness to either object or background increases) as the
gray value moves away from B on either side. The u(m,n), thus
obtained denotes the degree of belongingness of a pixel f(m,n) to

either object or background.

since B is not necessarily the mid point of the entire gray
scale, the membership function(solid line in Fig.6.2) may not be a

symmetric one.
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Fig. 6.2 Plot of inverse 1T function
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Minimisation of fuzzy Entropy for Thresholding

In order to explain the criterion for thresholding, let us
consider H' and the Fig. 6.2. The entropy H' of the image F is

defined as

1 . P2 1-4(m, n) u(m,n)

Hg(F) =1/ (P*Q) El Zl { u(mn) e A+ (A-u(m,n) ey
m=1 n=

As explained in section 6.3, H: (F) is maximum when u(m,n)=0.5
for all (m,n). Therefore, higher the number of pixels having

w(m,n) ¥ 0.5, the greater will be the value of H:(F) .

Now modification of the cross over point B will result in
aifferent segmented images with varying HS (F). When B corresponds
to the appropriate boundary between two regions, there will be a
few pixels in F having u(m,n) = 0.5 and the rest will have values
away from 0.5; thus contributing least towards H:SL(F). Therefore,

Hi(l—‘) will show a minima at the appropriate boundary.

Let us now consider the second order entropy H° as a measure .
Here H2 reflects the similarity(homogenity) among the gray levels
in a region. Therefore, considering the previous framework of ut,
minimisation of HZ will also result in a proper segmentation of

the object and background.

To explain the merit of H® over u', let us reconsider the
cases 5 and 6 of Table-6.2. Here both cases have almost same u*

value but case 6 has significantly lower value of u2 than that of

259



case 5. It is also seen that the supports in case 6 are more
similar than those of case 5. Therefore, H? is seen to reflect the

homogenity among the supports in a better way than H' does.

Thus, considering the problem of  object-background
classification, H? seems to be more sensitive to the selection of
appropriate threshold; 4i.e., the improper selection of the
threshold is more strongly reflected by H® than H'. In other
words, the thresholds obtained by HZ measure have more validity

than those by HY

(which only takes into account the histogram
information). Similar arguments hold good for even higher order (r

> 2) entropy.

Algorithm 2

Assume a threshold s , 1 s s s L , and execute the following
steps.
s1. Apply an inverse [ -type function [Fig.6.2] to get
the fuzzy image u(x,y) , with u (x,y) € [0.5,1].

(The membership function is in general asymmetric)

s2. Compute the r th order fuzzy entropy of the object
(Hg) and the background (Hg) considering only the
spatially adjacent sequences of pixels present within
the object and background respectively. Use the min
operator to get the membership value of a sequence of

pixels.

S3. Compute the total rth order fuzzy entropy of the
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e . ro_ oyt r
partitioned image as Hg = H, + Hp

s4. Minimise H, with respect to s to get the threshold

for object background clasification.

6.7. RESULTS

The edge detection algorithm described in the previous
section has been implemented on two images. In order to compare
the relative performance of the proposed method , the well known
difference operatros, namely, Robert’s gradient, Prewitt’s
gradient and the Sobel’s gradient have also been implemented. Fig.
6.3.1 represents the input image of a biplane, while Figs. 6.3.2
and 6.3.3 represent the edge detected output produced by the
proposed method with exponential and logarithmic entropy,
respectively. From these two figures, it is clearly visible that
the exponential entropy has produced a less noisy and clear
boundary of the plane than the logarithmic one. Figs. 6.3.4-6.3.6
depict the edge detected outputs generated by Robert’s , Sobel’s
and Prewitt’s gradients,respectively. From the results , one can
see that both of the proposed entropic methods have resulted in
much better results than these difference operators, which are
found to generate many spurious edges. Fig. 6.4.1 displays the
input image of Lincoln, while Figs. 6.4.2-6.4.6 represent the
output images generated by the exponential entropic, logarithmic
entropic methods , Robert’s , Sobel’s and Prewitt’s difference
operators respectively. Here again, we see that the proposed
methods (exponential and logarithmic) have resulted in a much

petter edge detected output than the difference operators.
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See Fig. 2.7.1
Page -85

Fig. 6.3.1 Input Fig. 6.3.2 Edge deteected output
by exp. ent.

Fig. 6.3.3 Edge detected output Fig. 6.3.4 Edge detected output
by log. ent. by Robert’s operator

Fig. 6.3.5 Edge detected output Fig. 6.3.6 Edge detected output
by Sobel’s operator by Prewitt’s operator

Fig. 6.3 Input and edge detected output of biplane
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Fig. 6.4.3 Edge detected output

Fig. 6.4.4 Edge detected output
by log. ent.

by Robert’s operator
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Fig. 6.4.5 Edge detected output Fig. 6.4.6 Edge detected output
by Sobel’s operator by Prewitt’s operator

Fig. 6.4 Input and edge detected output of Abraham Lincoln



The proposed entropic methods are found to be less sensitive
to noise, because of the use of a dynamic membership function based
on a local neighbourhood. The methods are not sensitive to the
direction of edges. Moreover, any fuzziness measure, like index of

fuzziness [102] can also be used in the proposed algorithm.

The proposed segmentation method (Algorithm 2) has been
implemented for r = 1 and 2, and applied on the images of biplane
. Lincoln and boy. The thresholds produced are shown in Table 6.5
and the segmented images are displayed in Figs 6.5 - 6.7. It is
observed that both H' and H? have resulted in same thresholds

(except for the image of boy) .
6.8 CONCLUSION

New entropy measures such as higher order fuzzy entropy and
hybrid entropy of a set have been introduced. The higher order
entropy (H') is found to possess some interesting properties which
can be used in feature evaluation and image segmentation problem.
It leads to define a measure, called "Index of similarity" of
supports of a set. As expected, H conveys more information about
the actual structure of a set than H' does. Hy . on the other
hand, can be used as an objective measure for proper

defuzzification (enhancement) of a set.

As an attempt to demonstrate their applicability ,u' has been

used for edge detection while both H' and H® have been used for
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TABLE - 6.5

Thresholds Produced by H-  and

- R

IMAGES H

Biplane 12

Fig. 6.5

Lincoln os

Fig. 6.6

Boy 13

Fig. 6.7
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Fig. 6.5.1 & 6.5.2 Segmented Fig. 6.6.1 & 6.6.2 Segmented

output by H' and H output by H' and H

Fig. 6.5 Segmented image of Fig. 6.6 Segmented image of
biplane Abraham Lincoln

TR- 12

Fig. 6.7.1 Segmented output Fig. 6.7.2 Segmented output
by H by H

Fig. 6.7 Segmented images of boy
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image segmentation. Their computation is based on an adaptive
membership function which is automatically selected by the system
without human intervention. The edge detected output produced by
the proposed method is found to be better than those of the

Robert, Sobel and Prewitt difference operators.
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Chapter 7

CONCLUSION AND FURTHER SCOPE OF WORK

7.1 Conclusion

The work presented in this thesis consists mainly of two parts
namely, providing various measures of information of a set, in

general, and of an image in particular, and demonstrating their
success in image segmentation problems. Theory of probability and

fuzzy set theory have been used in this regard.

Based on the co-occurrences of pixels in an image, a measure
of homogeneity within a region and a measure of contrast between
regions have been proposed. The contrast measure makes use of the
behavior of human reaction to brightness variation (the
logarithmic response of human visual system to brightness). The
higher order entropy and the conditional entropy of a partitioned
image have been defined considering the interdependency of pixels.
Both of these measures are dependent on the probability
distribution of sequences of pixels. The higher order entropy
provides an objective measure of image information taking into
account the spatial distribution of gray levels. On the other
hand, the conditional entropy gives a measure of contrast of a
partitioned image. Attempt has also been made to define a measure,
'positional entropy’, which gives information about the location
of an object within a scene.

Besides giving all these information measures on an image, a

general definition of classical entropy considering an exponential
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pehavior of information gain has been provided. In this context,
the mathematical limitations of the well known Shannon’s entropy,
have been discussed. Various properties of the new exponential
entropy have been established. This has also been extended for

defining the aforementioned information measures of an image.

Need for defining the higher order fuzzy entropy and hybrid
entropy of a set has been established . The higher order fuzzy
entropy has been defined in order to have an estimate of the
ambiguity associated with an arbitrary collection of supports.
Based on this measure an index of similarity of supports has “then
peen defined. In order to establish a bridge between the
probabilistic and possibilistic uncertainties, a new measure called
"hybrid entropy" of a set has been introduced. This may be viewed
as a generalised entropy of a set such that it boils down to the
classical entropy of a two state system when the associated
fuzziness in the set is removed. Its application in contrast

enhancement of an image is indicated.

To demonstrate the applicability of these measures, several
algorithms for image segmentation have been formulated. These
algorithms have been implemented on a set of images with widely
different types of histogarm and the results are compared with

those of several existing methods.

Two algorithms have been developed based on the measures of

contrast and homogeneity for multi thresholding. Provisions have



been kept for removing the undesirable segments. This is achieved
either in a separate merging phase or by taking into account the
relative region size while formulating the objective criterion.
The higher order entropy and the conditional entropy in their both
logarithmic and exponential versions have been used to formulate
various algorithms for object-background segmentation. The methods
based on the conditional entropy are found to be much effective in
extracting an object. As illustrations of the applicability of the
higher order fuzzy entropy, an attempt has been made to use H' and
2 as objective crirerion for edge detection and object
extraction. These algorithms use adaptive (dynamic) membership
functions which are determined from the image data without

requiring any choice of parameter by the user.

Justification for using Poisson distributions to describe the
gray level variation has been given based on the physics of image
formation. A set of parametric object extraction algorithms have
been formulated based on the maximum entropy principle and
minimum x° principle. The algorithms formulated need only global
information. The superiority of algorithms using Poisson
distribution over those using normal distribution has been
established. The exponential entropic thresholding is seen to
perform better than that of logarithmic entropy. Furthermore, the
x® - statistic is found to be a very useful criterion for object

extraction.



In conclusion, the thesis provides various information
measures of a set, in general, and image information in
particular, and demonstrates their success in image segmentation
problems. These measures include exponential classical entropy,
higher order fuzzy entropy, hybrid entropy, local entropy,
conditional entropy, positional entropy and contrast-homogeneity
measures. Exponential entropy represents image information in a
petter way than the Shannon’s entropy. Gray level distribution is
more appropriately represented by Poisson distributions than by
normal distributions. The conditional entropic methed is found to
be the best local information based method. Whereas, methods using
Poisson distribution are seen to be best among the global

information based methods.

7.2 Further Sccpe of Work.

Some more properties, of the exponential entropy , higher
order fuzzy entropy, and the hybrid entropy of a set, need to be
investigated. Application of these measures to object extraction
problem has only been considered here. Further investigation of
these measures to other areas e.g., feature evaluation
enhancement, restoration , noise reduction may be done. These
measures are also useful in defining various quantitative indices
for processing and analysis of image in robot vision and remote
sensing applications where frequent human intervention ( and

subjective judgement on image quality ) is not possible.
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The superiority of the use of Poisson distribution to
approximate the probability distribution of gray levels in an
image has been established over the commonly used noraml
distribution in image segmentation problem. This concept of
Poisson distribution can be extended to many other occasions which

use normal distribution.

The noise sensitivity of all the proposed algorithms needs to
be studied. Further, the the application has been restricted here
over only 2-dimensional gray tone image. Their extension to
3-dimensional object extraction and to colour image space may also
be done. Development of quantitative measures for objective
evaluation of the thresholded image and establishment of a link
pbetween the entropies presented here and some of the Markovian

models may constitute a part of future investigation.
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