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{o e S : o(i)=j}

n-Torus
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The operator e, — ¢"e, on (?(N)
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The operator e, — /1 — ¢2"e,, on /?(N)

The unilateral backward shift operator on ¢2(N)
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The set of compact operators on H

Commutant of &, i.e. {T € B(H) : TR=RTVRe & C B(H)}
SOT-closure of span(&’), i.e. double commutant of &
The multiplier algebra of a C* algebra A
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Introduction

The class of quantum groups, unlike their classical counterparts (i.e. groups) are not
yet captured by a single definition. But mathematicians broadly agree on a number of
classes of objects that qualify as quantum groups. What all of these have in common is
a Hopf structure, together with additional structures that can be algebraic, functional
analytic or a combination of both in nature. The origin of the study of quantum groups
can be traced back to the work on group duality in the early 1930’s. However, work
on quantum groups in their present form started in the early 1980’s, by Drinfeld and
Jimbo and subsequently by Woronowicz, Vaksman & Soibelman and many others. Most
interesting classes of quantum groups known thus far are the deformations of classical
Lie groups which were first introduced by Drinfeld and Jimbo. The ¢-deformation of a
connected simply connected Lie group G is typically studied through two Hopf algebras
associated with it: the quantized universal enveloping algebra (QUEA) U,(g) ([KS97])
and the quantized function algebra (QFA) O(G,) ([KS98]).

Let U(g) denote the universal envelopping algebra of a complex simple lie algebra
g. The set of equivalence classes of finite dimensional representations has a ring struc-
ture.Any finite dimensional representation decomposes as a direct sum of irreducible
representations. Therefore the tensor product of any two finite dimensional irreducible
representations decomposes into a direct sum of irreducible representations. The quan-
tized universal envelopping algebras U,(g), where ¢ € C\{0, 1}, are objects whose finite

dimensional irreducible representations share this same structure, except that unlike



4 Introduction

their classical counterparts, the tensor products m; ® me and 7wy ® 71 of two representa-
tions 71 and 7o are not equivalent through the flip map but a more complicated map

coming from what is known as the R-matrix.

In general, the dual U,(g)* is not a Hopf-algebra. But one can restrict oneself to an
appropriate subspace of U,(g)* to get a restricted dual O(G,) that is a Hopf algebra.
This gives the quantized coordinate algebra of functions on the Lie group G. If G has
a compact real form K, one can use the Cartan involution to give a *-structure on
O(Gy), which makes it a Hopf-*-algebra. Passing on to the envelopping C*-algebra of
O(Gy), one then obtains a compact quantum group, denoted usually by C(K,). Thus
for example starting from the Lie algebra si(2,C), its quantized universal envelopping
algebra U,(sl(2,C)) and the compact real form SU(2) of SL(2,C), one obtains the

compact quantum group SU,(2) studied by Woronowicz et al.

What is widely considered to be one of the major achievements of quantum group
theory and has found applications in representation theory of classical groups is the
theory of crystal bases, which was developed independently by Kashiwara ([Kas90],
[Kas91], [Kas93], [Kas94], [Kas95]) and Lusztig ([Lus90a], [Lus90b]) in the early 1990’s.
For a broad class of Lie algebras g, they observed that even though the quantized
universal enveloping algebras Ugy(g) do not exist at ¢ = 0, when one looks at a finite
dimensional module over Uy(g), one can normalize the actions of the generating elements

in such a way that they continue to make sense at ¢ = 0.

The coordinate ring of regular functions O(G,) for the g-deformation of a complex
simple Lie group G can be viewed as a module over the corresponding quantized universal
enveloping algebra U,(g) of the Lie algebra g of the group G. Crystallization of these
modules were studied by Kashiwara in [Kas93] while developing his theory of crystal
bases. But O(G,) also has an algebra structure. If 8 is the compact real form of g
with K being the corresponding connected simply connected compact subgroup of G,
then O(Gy) gets a *-algebra structure, and together with this *-algebra structure, it is

denoted by O(Ky).

What we are concerned with in this thesis are the possible crystal limits of this *-

algebra O(K,) and its C*-completion C'(K,). For the quantum SU(2) group, Woronow-
icz had described the C*-algebra C'(SU,4(2)) at ¢ = 0 in [Wor87]. Very recently Chakraborty
& Pal ([CP24]) demonstrated a very interesting application of this C*-algebra in prov-

ing an approximate equivalence between the GNS representation of the Haar state of
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SU,(2) and another well known faithful representation, which we call the Soibelman
representation following Matassa & Yuncken ([MY23]), of the same C*-algebra. This
approximate equivalence, in turn, has interesting applications in noncommutative ge-
ometry and topology. Therefore it seems worthwhile to investigate the crystallization
of quantized function algebras for the g-deformations of compact Lie groups in the C*-

algebra set up. This is the main aim of the thesis.

The notion of crystallization of quantized function algebras was first introduced for
the quantum SU(n 4 1) group in [GP22]. In Kashiwara’s work, while crystallizing a
Uy (g) module, the passage to ¢ = 0 is done through quotienting by an appropriate ideal,
but the actions of the generating elements of U,(g) need to be ‘renormalized’ before
the quotienting procedure so that one gets something meaningful after quotienting. In
our approach, we use a limiting procedure instead of quotienting, and similar to the
Crystal bases case, we make an appropriate scaling of the genarators before taking
limits. The main tool we use is a remarkable result due to Soibelman that gives a list of
all irreducible representations of the C*-algebra C'(K,) for the compact real form K of G
for all simple complex Lie groups G. In particular, in the type A,, case, the Weyl group
is the permutation group 7,11, and the set of inequivalent irreducible representations
are parametrized by (\,w) where A € (S1)" and w is a reduced word in .%,,1 with
respect to the generating set {s1,s2,..., sy}, sk being the transposition (k,k + 1). Let
us call these representations wgng Using Soibelman’s result, we make the following

crucial observation.

Theorem 0.0.1 Let ¢ > 0 and let u; j(q) denote the generators of C(SUy(n + 1)). For
any irreducible representation © of C(SUqy(n+1)) on a Hilbert space H, the norm limits

limg o1 (—q)™ ™30 (u; ;(q)) exist for all 1 <i,5 <n+1.

We then extract a set of relations satisfied by these limit operators, and define the crystal
limit C'(SUp(n+1)) to be the universal C*-algebra given by these relations. The crystal
limit O(SUp(n+1))) is similarly defined as the *-algebra given by these relations. What
helps us here is the fact that these relations ensure that for each representation of them

on a Hilbert space, the norm of each generating element is bounded by a fixed constant.

It should be noted here that Matassa & Yuncken ([MY23]) had subsequently came up
with a slightly different definition of the crystallization of quantized function algebras,

covering the g-deformations of all connected simply connected compact Lie groups. We
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believe that the crystallization defined in [MY23] will coincide with the one given in
[GP22] for the type A case mentioned in this thesis, but we do not have a proof of this
yet. We do not deal with the Matassa-Yuncken notion of crystallization in this thesis.

Going back to the representations wf\qu)ﬂ if one now defines

Urw(zig) = Jim (—0" IO (i 5(0)),

then one gets a representation of the C*-algebra C'(SUp(n + 1)). We next investigate

the following three problems that naturally arise at this stage:

1. whether the representations 1, ., are irreducible,
2. whether they are inequivalent,

3. if the answer to (1) above is yes, then whether these give all irreducible represen-

tations of C'(SUy(n + 1)).

We examine the case n = 2 in Chapter 3, where we have the following results that

answer the above questions completely.

Theorem 0.0.2 For any A\ € (SY)? and a reduced word w in .3, the representation

Yaw 15 irreducible.

If (A, w) # (1, v), then the representations 1y, and 1, are inequivalent.

Theorem 0.0.3 Let w be an irreducible representation of C(SUy(3)) on a Hilbert space

H. Then there exist X € (SY)? and a reduced word w € .5 such that 7 is equivalent to
’L/})\,w-

The results above are from the paper [GP22].

We extend the above results to higher rank cases in the final chapter. More specifi-

cally, we prove the following results:

Theorem 0.0.4 For any A € (SY)" and a reduced word w in %, 1, the representation

Yaw 15 irreducible.

If (A, w) # (1, v), then the representations 1y, and 1, are inequivalent.
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Theorem 0.0.5 Let 7w be an irreducible representation of C(SUp(n + 1)) on a Hilbert
space H. Then there exist A € (S1)™ and a reduced word w € %1 such that m is

equivalent to Py .

The proofs for the higher rank case are more involved and intricate. We first prove
several relations involving the generating elements z; ; that play a very useful role in
the proofs. Subsequently we study the image w(C(SUp(n + 1))) and its SOT-closure
for a representation 7 of C(SUy(n + 1)) on a complex separable Hilbert space. We
then further specialize to an irreducible representation m, which helps us draw stronger
conclusions on the operators we looked at in the image 7(C'(SUy(n+1))). In particular,
we are able to decompose the operators W(Zi’j) in a certain way that helps us prove
a factorization theorem for irreducible representations. This factorization theorem, in
turn, helps us give a recursive proof of the classification theorem for all irreducible
representations of C(SUp(n+1)). In particular, the classification result tells us that any
irreducible representation must occur as a ¢ — 0+ limit of an irreducible representation

for C(SU,(n + 1)).

As consequences, we also prove the following.
Theorem 0.0.6 C(SUy(n+ 1)) is a type-I C*-algebra.

Theorem 0.0.7 Let A : C(SUp(n + 1)) — C(SUp(n + 1))RC(SUy(n + 1)) and € :
C(SUp(n+ 1)) — C be the C*-homomorphisms given on the generators by
max{i,j}
Az ) = Z Zik @ 2 €(z; ;) = 0ij-

k=min{i,j}

Then (C(SUp(n+1)),A,€) a C*-bialgebra.

The results in the final chapter are from the paper [GP24]






CHAPTER 1

Preliminaries

In this chapter, we discuss notations, formally define quantization, and discuss back-
ground relevant to this thesis. Some notations and tools specific to a chapter are de-

scribed in the respective chapter.

1.1 Compact quantum group

Gelfand and Naimark established that if A is a commutative unital C*-algebra, then
there exists a compact Hausdorff space X such that A is isometrically isomorphic to
C(X) with sup-norm. That means a unital C*-algebra can be viewed as a noncom-
mutative analogue of a compact Hausdorff topological space. One can consider that the
concept of compact quantum groups is a noncommutative generalization of a compact
group. Many authors tried to give an appropriate definition of quantum groups in topo-
logical or measure theoritic setting. G. I. Kac, M. Takesaki, M. Enock, J.M. Schwartz,
S. L. Woronowicz, V. G. Drinfield and others have a significant role in this direction. It
was Woronowicz who first defined this concept in the C*-algebra setting. A compact
group is a group where the underlying set is compact and both the group multiplication
and inversion are continuous functions. We also know that compact semigroup with
both sided cancellation law is a compact group. In order to generalize this concept
to the noncommutative setting, one replaces the compact space by a noncommutative

9



10 Chapter 1. Preliminaries

unital C*-algebra, the group multiplication by a comultiplication on this C*-algebra
and cancellation property by its non-commutative version which is a density condition.
Proceeding in this direction, Woronowicz axiomatized the theory of compact quantum

groups in [Wor98]. In this section we review some of the basic features of this theory.

Definition 1.1.1 (Compact quantum group) A compact quantum group is definrd
as a pair (A, A) where A is a unital C*-algebra and A : A — A®A is a unital *

homomorphism such that

e Coassociativity: (A ®id)A = (id ® A)A
e Cancellation / Density:

— Closed linear span of {(a ® 1)A(b) : a,b € A} is AQA

— Closed linear span of {(1 ® a)A(b) : a,b € A} is ARA

Here @ is the minimal tensor product.

Therefore, for any two bounded linear functionals f and g on A, we can define another

bounded linear functional f % g such that

fxg:=(f®g)A. (1.1.1)

Compact quantum group (A, A) has a unique state h (known as Haar State ) such that
fxh=hxf = f(la)h for all f € A*. This state gives a Hilbert space denoted by
L?(A,A) and a C* representation 7, of A on L?(A,A).

1.2 Deformation of the universal enveloping algebra

1.2.1 Quantization of Lie algebra g

Deformation of the universal enveloping algebra of a Lie algebra has been studied exten-
sively in the literature. For a detailed treatment, we refer to [KS97]. A finite dimensional
complex simple Lie algebra g is given by a finite set of generators satisfying certain rela-
tions called Weyl’s relations and Serre’s relation. The universal enveloping algebra U(g)
of g is an asscociative algebra which is the quotient of the tensor algebra T (g) over g

by two sided ideal z ® y — y ® = — [x,y], ,y € g. By Serre’s theorem (see [KS98]),
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U(g) is given by a finite set of generators and relations. Lie algebra can be embed-
ded inside universal enveloping algebra which is generated by same generators and Lie
bracket of any two elements of Lie algebra is nothing but the commutator of them inside
universal enveloping algebra. The algebra U(g) together with two linear multiplicative
map A : U(g) = U(g) ® U(g) and € : U(g) — C and one linear antimultiplicative map
S :U(g) — U(g) forms a Hopf structure where for all a € g we have

One constructs the quantized universal enveloping algebra U, (g) by replacing these rela-
tions by their g-analogues. A finite dimensional irreducible representations of U,(g) can
be completely determined up to equivalence by an r-tuple of complex numbers where r

is the rank of g.

1.2.2 Quantized universal enveloping algebra

Let ((a;;)) be Cartan matrix and D = diag(dy,ds,- - ,d,) be the corresponding diag-
onal matrix such that d; € {1,2,3} for all i and DA is symmetric and positive def-
inite. The symbol F will stand for either the field Q(¢) of rational functions in the
variable ¢ over Q or the complex field. The letter z will stand for ¢ when F = Q(¢)
and non zero complex number that is not a root of unity when F = C. The quan-
tized universal enveloping algebra U (g) is universal F-associative algebra generated by
{X1, X0, , X, Y1, Yo, YV} U{K,K;{ ' Ko, Ky !y -+ Ky, K71} osatisfying the fol-

lowing relations:
1. KK; = K;K; and KK ' =K MK; =1,
2. X;V; -V, X; = ﬁu{ —K; Y for1<i<r,
3. X;Y; —Y;X,; =0 for i # j,

4. K XK = 2400 X5,

5. KY; K ! = 2%,
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6. And quantum Serre relations for 7 # j

o Yoo (C s Xp XX =0,

[slz;! [1—ai;—s]z;!

o« S ) R s WYY =0,

o] i, o]

(Z&di)f(zfs-di)

where [s],, = e

and [S]Zi! = [1]21‘ ’ [2}21 T [S]Zi'

This will be a Hopf algebra with the following linear multiplicative comultiplication

A, linear multiplicative counit € and linear anti-multiplicative antipode S where

K, — K;® K;
A:dX, — X, 0K +14®X;
Vi — K'eYi+Yiely,
K, — 1
€ X, — 0
Y, — 0,
(K, — K
S:qX; — XK !
Y, — —KY.

When F = Q(¢) and z is ¢t we will denote U (g) by U;(g) and when F = C and z = ¢,
we will denote U, (g) by Uy(g).

Now onwards we will use ¢ to denote a real number with 0 < ¢ < 1.

1.2.3 Real forms of U,(g)

A real Lie algebra gg is called a real form of a complex Lie algebra g if g is the com-
plexification of gg,i.e., g ~ C ®r go . Thus a real form gives rise to a * structure on
U(g). For a complex simple algebra g, G being the corresponding Lie group, there exists
a unique real form gy that is the Lie algebra of a connected simply connected compact
Lie subgroup of the group G. This is called the compact real form of g. From that
complexification we get an involution K; = K;, X = K;Y; and Y;* = XZ-KZ-_1 on Uy(g)
such that the Hopf algebra U, (g) becomes a Hopf-x-algebra. Similarly we can get an
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involution satisfying t* =t, K = K;, X = K;Y; and Y;* = XiKi_l which turn U(g)

into a Hopf-x-algebra.

1.2.4 Finite dimensional representations of /,(g) and U, (g)

Let m be a representation of U,(g) ( U (g) respectively) on a vector space V. Given a
tuple A = (A1, A2, -+, Ar—1, Ar), where \; are element in corresponding field, we define

the vector subspace V) as follows:
W={zeV : n(Kj)z =Nz Vi=1,2,---,r} (1.2.1)

If V) #£ 0, then the tuple X is called a weight of 7 and V) is called the weight subspace
corresponding to the weight A of 7. We call a representation 7 of Uy(g) ( Us(g) respec-
tively) a weight representation if its underlying vector space V' decomposes into a direct

sum of weight subspaces.

The following theorem says that irreducible weight representations exhaust all finite

dimensional irreducible representations of Uy(g).

Theorem 1.2.1 ([KS97]) Every irreducible finite dimensional representation is a weight

representation.

Definition 1.2.2 (Highest weight representation) We say a weight representation
m of Uy(g)( or U(g)) on a vector space V' a highest weight representation if there ex-
ists a weight vector v such that m(X;)v = 0 for i = 1,2,...,r and w(Uy(g))v = V ( or
w(U(g))v =V respectively). The vector v is called highest weight vector and correspond-
ing weight is called highest weight.

The following theorems will completely characterize all finite dimensional irreducible

representations of U, (g) or Us(g).

Theorem 1.2.3 ([KS97]) Every irreducible finite dimensional representaion is a high-
est weight representation. Such a representation is uniquely determined, up to equiva-

lence, by its highest weight.

The following theorems tells us about the set of all highest weights which appears in

a irreducible representation.



14 Chapter 1. Preliminaries

Theorem 1.2.4 ([KS97]) A tuple A = (A1, A2, , \r—1, Ar) is a highest weight of an
irreducible finite dimensional representation of Uq(g)( or Us(g)) if and only if it is of
the form A\ = (£q™,£q"2, - ,£q¢" 1, +¢"")( or X\ = (Lt £t"2 - "1 ")

respectively) with n; € N.

Theorem 1.2.5 ([KS97]) Every finite dimensional representation of Uy(g)( or Ui(g))

can be decomposed as a direct sum of irreducible representations.

Definition 1.2.6 (Finite dimensional type I representation) A finite dimensional
representation ™ of Uq(g) (or Us(g)) on a vector space V is called type I representation if
any weight A = (A1, Mg, -+, Ap—1, A\p) of 7 is of the form A = (¢"*,q"2,--- ,q"1,¢"") (or
A= (", "2 . g1 ) respectively) with n; € N

Let w = (wi,w2, -+ ,wr), w; = £1. Then there is a one dimensional representation X,

such that X (X;) = X, (Y;) =0, X,(K;) = w; where i =1,2,--- | r.

Therefore any finite dimensional irreducible representation of U,(g)(or U (g)) on a
vector space V with highest weight A = (w1¢™,w2q¢"2, -+ ,wr_1¢"" 1, wrq"") (or A =
(wit™ wot™, -+ [wp_1t" 1w, t™) respectively) can be written as tensor product X, ®
Ly where Lz is finite dimensional type I representation of U, (g)( or U;(g)) with highest
weight n = (¢™,q"2,--- ,q¢"',q¢"") (or n = (¢",t"2, ... "1 {") respectively) [See

[KS97]].

1.3 Quantized Function Algebra

Let 7 be a representation of U, (g) acting on a vector space V over C and a f be a linear
functional defined on V. The functional given by a — f(m(a)v) where a € U,(g) is called
a matrix element of the representation w. Note that a matrix element of a representation
lies in the dual space of U,(g). The set of matrix elements of all finite dimensional type
I representations of U,(g) forms a Hopf algebra which is known as the coordinate ring

of regular functions O(Gy) where G is the Lie group of g.

Similarly, we have matrix elements which are Q(¢)-linear map on U;(g). The set of
matrix elements of all finite dimensional type I representations of U;(g) forms a Hopf

algebra which is known as the coordinate ring of regular functions O(G¢) where G is
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the Lie group of g. The involution on U (g) given in Section 1.2.3 make O(G;) a Hopf-

x-algebra.

For a compact, simply connected Lie group K with Lie algebra t, let g be the com-
plexification of t and G be complex simple Lie group whose Lie algebra is g; then this
complexification induces a real form on U, (g). The Hopf algebra U, (g) with this * struc-
ture induces a Hopf -structure on O(G,). The Hopf algebra O(G,) together with this
involution is called the quantized algebra of regular functions on K, denoted by O(K,).
We denote the enveloping C*-algebra of O(K,) by C(K,) (See [KS97], chapter 9). By
extending the comultiplication from O(K,) to C(K,), we get a compact quantum group

K,. It is called g-deformation of the compact group K.

There is another approach from Faddeev, Reshetikhin & Takhtajan to define the
quantized function algebra for a simply connected compact Lie group. To define the
algebra of regular functions on the quantum group, they start with a finite set of gen-
erators and relations based on the quantum R-matrix of a simple Lie algebra. Here we
take classical simple Lie algebras su(n+1), sp(2n), so(2n) and so(2n+1). One can view
the algebra of regular functions defined in the FRT approach as certain subalgebra of the
dual algebra of a quantized universal enveloping algebra through a pairing between this
algebra of regular functions and quantized universal enveloping algebra,. This relates

FRT approach with the previous one.

Let m! denote the fundamental representation of Uy(sl,+1(C)) corresponding to the

weight 1 := (1,0,...,0). The R-matrix for this representation is given by
Ry=q 'Y Eiy®@Eyi+) Ei®Ej;+ ("' —a)) Ey;©Ej,
i i#] i>j

Let o be the flip operator. Then Rq = 0 o R,. intertwines rl@n! with itself, where
L@ ! denotes the tensor product of the representation 7! with itself. Fix a highest

weight vector e; and let {e1,e,...,en41} be the basis given by e;j11 = 71']1(Yj)ej. Let
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((u;,;)) denote the matrix of 7% (+) with respect to this basis and its dual basis. The inter-

twiner equation Ry ('@ 71)(-) = (7'@7)(-) R, gives following commutation relations

Wi Ui = QUG Ui j if j <1, (1.3.1)
Ui UL = QU Ui j ifi <k, (1.3.2)
Ui Uk, = Uk Ui ifi<kandj<lI, (1.3.3)
Wi jUk, ] — Uk Wi = (g — q_l)uivlukvj ifi<kandj<lI. (1.3.4)

The quantum determinant for the matrix ((u; ;)) is given by (see Equation (2.7), [Koe91]
or Chapter 4, [PpW91])

9(1 = Z (_q)é(o—)ul,a(l)ulo‘@) <o Untl,o(nt1)s (135)

0‘€5ﬁn+1

where /(o) denotes the length of the permutation o.

The compact real form of U, (sl,,+1(C)) induces a *-structure that makes the matrix
((us,5)) unitary.

It is known that the quantized algebra O(SUy(n + 1)) is the x-algebra generated by
the relations (1.3.1-1.3.4) together with the relations

Dy =1, (1.3.6)

uj ;= (—q)" Z (=) s 5yUa5(2) U1 F (1) U1 41) Ut 1 5t 1)-

CEP 1,5,

(1.3.7)
Then O(SU,(n + 1)) has a Hopf--structure given by the following map
e Comultiplication: A(u; ;) = Z’,;”ill Ui jp @ Uk, j
e Counit: e(u; ;) = 6; ;
e Antipode: S(u;;)=u}

Jst

To make O(SU,y(n + 1)) a normed x-algebra we define

| a||= sup {|| 7(a) || : 7 is a representation of O(SUy(n +1)))}
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Then we have || u;; [[< 1, hence for all a € O(SUy(n + 1)), || a ||[< oco. We define
by C(SUy(n + 1)) the completion of O(SUy(n + 1)) and A extend on C(SUy(n + 1)).
The pair (C(SUy(n+1)),A) is a compact quantum group. See (Chapters 8-9, [KS97]),
([Koe91]) , (Chapters 3-5,[PpW91]), (Chapters 3, [KS98]) for details.

1.3.1 Specialization maps

Let us denote the subring Q[t,t~'] of Q(t) by A. Let U/ (g) denote the A-subring of

U.(g) generated by the elements

X0 o= My W g
‘ [T]ti!7 ! [r]ti!7 v
where [r];,! stands for the ¢t-factorial [[}_, [j]:;, with [j]:, = %. One then has (see

Section 4.1, [Kas93])
Ui(g) = Q1) ®4 U'(a).

Corresponding to U{(g), one now defines an A-subring of O(G;) as follows (see

equation 7.3.5, [Kas93)):
OMNGy) = {veO(Gy) :v(zx) € Aforall x € UtA(g)}.
. One has the isomorphism (see Lemma 7.3.1, [Kas93])

O(Gy) = Q(t) ®4 O (Gy).

For q € (0,00), through the action of A on C by p[t,t71] - X = plg, ¢ ]\, one then
has the specialization

O(G,) = C o4 ONGY). (1.3.8)

Note that Uf(g) is closed under the *-structure on U;(g) given by

KYy= K. X* = K.Y

7 IE i AR

Vi=X,K Y tr=L

This induces a *-structure on O(G;). We will denote the resulting *-algebra over Q(t)
by O(K;). The A-subring O4(Gy) is closed under the *-structure on O(Gy). We will
denote by O4(K;) the A-subring O4(G}) together with this inherited #-structure. The
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isomorphism (1.3.8) now allows one to get a map
0, OY(K;) — O(K,)
that sends plt, ¢~ u; () to plg, ¢ u, ;(g) for each i, j and for any polynomial p[t,t~1].

1.3.2 Soibelman Representations of the C*-algebra C(K,)

Let S be the left shift operator on ¢(N):

€n—1 if n Z 1,
Se, =

0 ifn=0.

Let f : N — C is a function. Then the operator f(N) on ¢2(N) is given by f(N)e; =
fli)es
Next theorem will talk about irreducible C*-representations of C(SU,(2)).
Theorem 1.3.1 ([CP95], Proposition 13.1.8)
1. Suppose that u € C and | u |= 1, there is a one-dimensional C*-representation
(Xu, C) such that x,(ag) = p and xu(Bg) = 0.
2. There is an infinite dimensional seperable C*-representation (Jq, (2(N)) such that
Sy(ag) = Sv/1—¢2N and S, (B,) = ¢

3. Suppose that p € C and | p |= 1. Then (x, * Sq = (Xu ® Sq)Ag, 2(N)) is an
irreducible C*-representation such that (x, * Sq)(eq) = pSv/1—¢*V and (x, *
Sq)(Bg) = ¢

4. The collection {Xu,xu * Sq : | p |= 1} is the complete list of all inequivalent
irreducible C*-representation of C(SU,(2)).

From the canonical embeddings
or : Ug(s1(2,C)) — Uy(sl(n +1,C)) for 1 <k <n,

we have a compact quantum group epimorphism F : C(SUy(n + 1)) — C(SU,(2)).
Any irreducible C* representation 7 of C'(SU,(2)) yields an irreducible C* representation
mo g of C(SUy(n+1)).
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Elementary representation of C(SU,(n + 1)): An irreducible C* representation
of C(SUy(n+1)) is called elementary if it is of the form 7 o pf where 7 is an irreducible

C* representation of C(SU,(2)).

Let us list elementary representations which are useful to get irreducible representa-

tions of C(SU,(n + 1)).

The representation S, o pf of C(SU,(n + 1)) on £%(N) is given below for 1 <k <n

such that
Sv/1—g®N  ifi=j=k,
V1—@?NS* ifi=j=k+1,

Sqo @Z(U”) =q —¢V Tt ifi=kj=k+1, (1.3.9)
v ifi=k+1,5=k,
0i ;1 otherwise.

\
The above representation will be denoted by 1/J§Z).

Irreducible representations of the C*-algebras C'(SU,(n+1)) are parametrized by the
elements (w, 1) where w is an element of Weyl group and p is an element of distinguished
maximal torus. To get a representations corresponding to an element of Weyl group, we

need to know its reduced word expression.

The Weyl group W,,(A) for SU;(n+ 1) is s generated by s1, s, - , s, satisfying the

following relations.

s?zl fori=1,2,---n
5i8i415i = Si+15iSi+1 fori=1,2,---n—1
5i8j = 5;5; otherwise

Reduced expression of any element of the Weyl group W,,(A) can be written in the form

S[k1,1)S[k2,2] * " " S[kn,n]- FOr 1 <7 < n, s, is given below where 1 <k, <r +1

® Si41,]= empty string

® S[is] = SrSr—1-°"Sit18; where 1 <i <
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Here the Weyl group W, (A) is isomorphic to the permutation group .#,11 of n + 1
symbols and s; is the transposition (i,7 + 1). Here the longest word wqy of W,,(A) is

(81)(8281) .. (Sisi_l . . 31) ... (Snsn—l ... 31)

Then we can define following representations.

e For w = s;,8;, - - - 84, reduced word expression of the elements of Weyl group

@Z&(f) ISURTICI @Z{EE’R ( See Equation 1.1.1)

811 812

e For = (1, p2, - pn) € (SH)"

((xu(ur)) ) =diag(n, PR :n) (1.3.10)

e Define @Z)u,w = Xpu * 1/1{3) (See Equation 1.1.1)

It is well-known (Theorem 6.2.7, page 121, [KS98]) that for any reduced word w and
a tuple pu = (u1, 2, i) € (SH)™, the representation @z)fﬁl,, is an irreducible represen-

tation of C(SU,(n + 1) and these give all the irreducible representations of them.

Let (x, £?(Z)®") be the representation given below:

0 if k#1
S*®S®I®(n_2) lfk}:l:2
x(ug) = . ;
190-2) @ 6* 0 S @ [®(n—1)  f3<k=]=i<n-—1
1902 ¢ 6+ o § ifk=10l=n
I@(n—1)®5* fk=1l=n+1

Note that wf\qi acts on the Hilbert space ¢£2(N*), where k is the length of the reduced word
W = 8i; Siy - - - S, in ©pqq. For the longest word wy, PD =y x Qp(‘” (Equation 1.1.1) is
faithful representation. We denote this representation by 7T(q) and corresponding Hilbert

space by Hgs.



CHAPTER 2

The crystalized C*-algebra

In the first section, we recall a few instances in the literature where “g = 0” version of

family of C*-algebras that depend on a nonzero parameter ¢ has been studied.

2.1 Quantum algebras at ¢ =0

2.1.1 Quantum group SU,(2)

For 0 < ¢ < 1, C(SU4(2)) is the C* algebra generated by «, and S, such that they

satisfy the following relations

agay + ¢ BB =1,
az;aq + ﬁ;ﬁq =1,
agBq — qBgg = 0,
agfBy — aBgoq =0,

Bqﬁg = B:;Bq

21



22 Chapter 2. The crystalized C*-algebra

Now using ¢ = 0 in the above relations, Woronowicz ([Wor87]) got a new universal

C* algebra C'(SUy(2)) generated by ag and fy satisfying the following relations

apogy = 1,
apao + Bpfo = 1,
aofo =0,
aofy = 0,

BBy = BoPo-
We know that C'(SU4(2)) (for 0 < ¢ < 1) is isomorphic to C(SUp(2)).

2.1.2 Odd dimensional quantum sphere 52"

Suppose ¢ € (0,1) . The universal C*-algebra C(Sg"“) is generated by 21, 29, -+, Zn11
satisfying the following relations(see [HS02], [VS90)):

2iZj = qZjZ%; fl<j<i<n+1,
2izj = qzjz; ifl1<j#i<n+1,
ziz;‘—z;‘zi—i—(l—qQ)szzZ:O ifl1<i<n+l1,

k>i

2121 + 2025 + -+ 2pg12p 1 = 1L

All the irreducible representations of C(S2"1) had been studied by Vaksman & Soibel-
man [VS90] and it is also known that the C*-algebra C(Sg”“) is generated by the
matrix elements of the first row of the fundamental matrix V' of C(SU,(n+ 1)) [PV99].

Now using ¢ = 0 in the defining relations, we get the universal C*-algebra C (Sg”“)

generated by z1, 29, -+ , zn41 satisfying the following relations (see [HS02]):
2izj =0 fl<j<i<n+l1,
zizj =0 if1<j#i<n+1,
n+1
zfzi:szzz ifl1<i<n+1,
k=i

2121 + 2225 + -+ Zng12y 41 = L
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2.1.3 Quantum quaternion sphere Hg”

Suppose

(Iolaan”' s Py Pnt15 Pn42, " " 7p2n) = (n7n_17"' 717_17_2'” 7_n)7

(617627"' y€Eny En41y €En42,° * 76271) = (1717 717_17_1"' 7_1)

Let ¢ be a positive real number smaller than 1. The universal C*-algebra C’(Hg”) is

generated by 21,29, , 22, satisfying the following relations (see [Saul5|, Section 4,
page 15,29):
2i%j = q2j% it j<i, i4+j#2n+1,
2n
" iz = " gz — (1= )Y " Fapzon gk if n <4,
k>1i

* 2 *
ZiZon+1—i = 4 Z2n+1—i%;

2izj = qzj%; if2n+1<i+j, 1 # 7,
zizj = qzjz; + (1 — q2)6i6qu+pj22n+1_i22n+1—j ifi+j<2n+1, i #j,
2n
2iz =22t + (1= %) Z 2Ly, if n <1,
k>i
2n

®
N

3
Il

fri=z +(1—q%) Z w2y + (L= )P zont1-iz5p 1 i <,

k>1
2n
Z zkzz =1.
k=1

All irreducible representations of C'(H, 3") were obtained in [Saulb]. It is also proved
that the C*-algebra C (Hg”) is generated by the matrix elements of the first and last
rows of the fundamental matrix V' of C(USF,(2n)).

The collection {(Wﬁqlz, IN)PE=D) | =1, 1 <k < 2n} gives a complete list of

irreducible representations of C(HZ") where we have

7“51’3' ifk=1
7T¢(~,qk)(zj) = e (thsy * Uy %+ % Ugy ) (Uan2ng1—5) if2<k<n

r- (¢s1 * %2 Kook ¢sn_1 * 1/1571 * wsn_1 Koeeeok ¢82n_k+1) (u2n72n+1—j) ifn<k<2n
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Here {uon ont+1—; :1 < j < 2n} are the elements of the last row of the fundamental

matrix of the quantum symplectic group USpq(2n).
It was proved in [Saul7] that C(HZ") is isometrically isomorphic to C (Sgmh.

We also know p; > 1 fori <mnand pj+p; =2n+1—(i+j)>0fori+j<2n+1. It
was mentioned in [Saul7] that using ¢ = 0 in the defining relations, one get the universal

C*-algebra C'(H3™) generated by 21, 29, - - , 225, satisfying the following relations

2izj =0 if1<j<i<2n,i+4+j#2n+1,
Z2n21:07
zizj =0 if 1 # 4,

2n
2 7 = Z Zk2
k=i
2n
szzz =1
k=1

The next theorem shows that {(ﬂfaok), LINPEDY =1, 1 <k < 2n}isa

collection of inequivalent irreducible representations of C'(HZ") where

o If k=1,

”5?1)(33') =7 01,

o [f2<k<n,

r-S* @ Id®k=2) ifj=1
RO r(=1)771 - (Jeg) (eo))®V—D ® §* @ Id®k—I-1)  if2<j<k—1
r z
m F(=1)F1 - (Jeg) (eo) D) ifj = k
0 otherwise,
e Ifn+1<k<2n,
( r.S* @ 1422 if j=1

eo) (e @ §* @ Id®HF—ID)  if2<j<n-—1
1("?16)('2]) 7”(—1) (|€0> €g |) G-1 ® S* ®]d®(k Jj—1) ifn < j <k-1
r(=1)"" - (leo) (eo|) ¥+~ if j =k

0 otherwise.

{
{

Theorem 2.1.1 For anyr € S' and 1 < k < 2n, the representation 7r£0,2 given above is

irreducible.
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If (r1, k1) # (72, k2), then the representations 79 and 79 are inequivalent.

7”1,]{:1 7"27k2
Proof: Suppose
1.z if j=1
yi =4 (17112 if 2 <j < min(n,k)

7 ifn+1<j5<k.

Therefore for any (my,ma, -+ ,my_1), (p1,p2,- - ,pr—1) € N¥! one has

|em1> <ep1| ® ‘€m2> <ep2| - |emk71> <eplc71|

0 -
= (s )P ) D))

Hence K(¢2(N)®(k-1)) C ﬂ£0]3<C(HO2n)) and that implies 7r7(1?k) is irreducible.
(0)

Take k1 = ko = k. Then after comparing the spectrum of Wi?)k(zk) and m, " (z) we
can conclude that Ff,??k and 7r7(ﬂ(2)’)k are inequivalent.

If ki < ka, w0y (2y) = O but 7))

v kg (Zhk2) 7 0. Therefore ﬂﬁ?)k and 7° are inequiv-

1 r2,k2

alent. 0

To show that the representations listed in the previous theorem are in fact all the

irreducible representations of C(H2"), we further need some lemmas.

Lemma 2.1.2 Let 21, 22, , 29, be the generating elements of C(HZ™). Then we have

zizj = 0 for j <.

Proof: We have

(2i2)" (ziz5) :z;-‘(zfzi)zj
2n

=53 )2

k=1
2n
=25 Y 2k(22)
k=i
=0.
So z;z; = 0 for j <. O

Therefore we can conclude that C(H3") is isomorphic to C(Sg" ') as a C*-algebra.
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Lemma 2.1.3 The generating elements z1, 22, - ,2on of C’(Hg”) are partial isome-

tries.

Proof: We first show that z; is partial isometry. Here we have 2]z = Zi’;l 22y, = L.
Assume z; is partial isometry for some i. We want to show that z;,1 is partial isometry.

Now we have

2n

ziz = E 22

k=i
2n
=z;2] + E 2527
k=i+1

* *
=2iz; + 2117241

Therefore we can express the positive element 27, ;2;11 as a difference of two projections
(zfﬂziﬂ = 2% — z;z}). So the positive element zi 1%i+1 1s also a projection. Hence

zi+1 is partial isometry. g

Lemma 2.1.4 The family {z;z; : 1 <1i < 2n} is a collection of mutually orthogonal

projections.

Proof: For i # j, we have (2;2])(2;2]) = 2i(2]zj)z] = 0. O
Lemma 2.1.5 Let z1, z2, - , 225, be the generating elements of C(Hg"). Then we have
z;zjzi =22}z if § > i

Proof: For j > i, we have z]2;z; = (Zizj 2R25) % = %% % O
Lemma 2.1.6 Suppose z1, z2,--- , 2zon be the generating elements of C(Hg”) and p be
P

a positive integer. Then we get (27)Pz = z}z;.

Proof: Here we obtain

2n
(2Pl =(27 P22 (> aneg) et~
k=1

= (P22 (22 )2

:(zj)p_szzizf_Q
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Repeating this argument we get (27)Pz! = 272;. O

Lemma 2.1.7 Let 21, 22, , 22, be the generating elements of C(HZ"™). Suppose j be
positive integer smaller than i and k and p1,ps4 be any two positive integers and pa, p3

be any two non negative integers. Then we have (2{)P(2])P225° 27" = Opy py 0k (27)P1 27"

Proof: If 0 < py < p3, we have

o J
= GO AT )

=0.

(z;‘)pl (Z;f)pz 2573 2274 — (szk)pl (ZT)Z§3—172+1Z£4

If po > p3 > 0, we have

(z;k)Pl(Z])pz 3 p4 _ (z ) ( )pz ps—i—l
= (27" (z)7 p32kzk2€

=0.

If 0 < p2 = p3, we have

GG = P s
= (2P 2220

527k(z )p1 P4

Lemma 2.1.8 Let v be a representation of C(HZ"). Assume that there exists k such
that P(z) # 0 but Y(zp41) = 0. Then (z1) # 0, ¥(z2) # 0, -+, P(zp-1) # 0 and
V(zp41) =0, Y(2k42) =0, -+, P(22n) = 0.

*

Proof: Suppose for some i, ¥(z;) = 0. Then we have ¥ (zj+1)¥(zit1)* = (22 —

1

ziz}) = 0. Therefore we can conclude (z;41) = 0. O



28 Chapter 2. The crystalized C*-algebra

Lemma 2.1.9 Let ¢ be an irreducible representation of C(Hgn) on a Hilbert space H.
Assume that there exists k such that ¥(zx) # 0 but ¥ (zx11) = 0. Let P be a projection

satisfying

P < (z) ¢ (zr)-

Then Hp := closed linear span of B is an invariant subspace for ¢ where
B = {tp(21)™h(22)™ - - P(2—1)" 1 s my,ma, - my1 € N § € PHY.

If Q is another projection orthogonal to P satisfying the above conditions, Hp and

Hg are orthogonal.

Proof: Here we have 1 (z)2) = ¥(212] + 2rp412541) = ¥(2x)¢(21)*. Therefore ¥(zy)

is normal.

Take £ € PH. Then ¢(z;)§ = ¢(zk)PE = Pi(zr)€ € PH. From the generating

relations, one can show that if (m,mo,---,m;_1) # (0,0,---,0),

P(z5) - (20)™ P (22)™2 - (2 1) ™ 1E = 0.

Otherwise we have

¢(Z]) c(z1) ™M (22)™2 - (2p—1)TEE = Qp(zj)mﬂ""l (g ) ELE

Thus we get Hp is invariant under ).

For the second part, take £ € PH and ( € QH. Suppose & = ¥(z)*¢ and (' =
¥(2)*C. Then we have § = 1(zk)1(21)*€ = ¢(21)€" and ¢ = ¥ (21)Y(2k)*C = P(zx)C"

Therefore for (mq,ma, - ,mp_1) € N~ and (py,pa,- - ,pr—1) € N*~! one has,

Pz1)"™ P (22)™ - (ze-1) ™1, P2)PP(22)" - - P(zp-1)PF 1)

P21 (2 0) 7 - P(22) P2 (27 b (20) ™ e (22) ™2 - - (k1) 1€ €)

P(h )P ()2 (25) P (1) e (20) ™ 0 (22) ™2 - (zem1) ™ P ()€ 1 (20)C)
()W (2 )P (2 o)PE2 o (232 (2])P b () ™ e (22) ™ - - (1) ™ ()€, )
=(Op1.miOprm Oy amiey Y ()Y (2k)E )
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:5p1,m1 5}71,7711 e 6pk717mk71 (1/J(Zk)€', ¢(zk)C'>
:6p17m15p17m1 T 5pk—11mk_1 <€7 C>
:6p17m15p17m1 T 5pk—17mk_1 (Pf, QO

=0.

Proposition 2.1.10 Let ) be an irreducible representation ofC(Hg”) on a Hilbert space
H. Suppose there is a natural number k such that 1 (zx) # 0 but ¥(zx+1) = 0. Then

1. there exists a A € St such that the spectrum o((z)) is {0, A},

2. Y(zk)*Y(zk) is a rank-one operator,

3. ¥ is unitarily equivalent to 7T7(n012 where
A(—1)k—1 ifk<n

A(—=1)""1  otherwise.

Proof: Let F and F be two disjoint non empty closed subsets of the spectrum o (¢ (zx))
such that 0 € F and 0 € F. Let P and @ be the spectral projections of 1(zx)*¥(zk)
corresponding to the subsets F and F' respectively. Then it follows from the previous
lemma that Hp and Hg are two invariant subspaces for ¢ that are mutually orthogonal.
By irreducibility of 9, it follows that o(1(zx)) = {0, A} for some A € C. Since ¥(zx) is

a normal partial isometry, therefore we have A € S1.

Now we will prove (2). Take a unit vector & € 1(z;)*9(zk)H. So we have ¢(z)€ = AE.

Let H¢ be the closed linear span of

{h(z1)™ P(22)"2 - - p(2g—1)™* 1€ my, Mo, -+ ,myp—1 € N}

Thus H¢ is an invariant subspace of H and hence by the irreducibility of ¢, one has

He =M.
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Now for the last part, consider the scalar ¢, mo,... ;m,_, and the vector vm, my . ms_,

k—1
where
[Ty (=171 if k<,
Cmy,ma, ymp_1 = A k )
[T (=177 Tl (F1)"1)™ otherwise.
Uy ma, - M1 =tp(21) ™M P (22)™2 - - (zp_1) ™ LE.
The map

. mi+mo+-+my_
U . eml & emz & emk—l — cmth’... m 17“ k—1 Um1,

5 —

m2, -, Mg—1

from ¢2 (N)‘X’(k_l) to H extends to a unitary which gives us the required equivalence. [

The family of all inequivalent irreducible representations of the C*-algebra C(HZ")
are naturally parametrized analogous to ¢ # 0 case. In fact each of them can be obtained
as a norm limit of the irreducible representation of the the C*-algebra C (Hg”) when

qg—0T.

2.2 The crystalized C*-algebra C(SUy(n + 1))

The C*-algebras C(SU,(n+1)), for ¢ # 0 are given by a set of generators and relations.
In order to obtain the C*-algebra C(SUy(n+ 1)), we look at the ‘relations at ¢ = 0’ and
then take the universal C*-algebra given by them. Our first aim is to obtain those rela-
tions. Recall that in Kashiwara’s work, while crystallizing an U,(g) module, the passage
to ¢ = 0 is done through quotienting by an appropriate ideal, but the actions of the gen-
erating elements of U,(g) need to be ‘renormalized’ before the quotienting procedure so
that one gets something meaningful after quotienting. We will use a limiting procedure
instead of quotienting. Similar to the crystal bases case, we will make an appropriate
scaling or renormalization before taking limits. Here we look at the irreducible repre-
sentations of the C*-algebra C(SUy(n + 1)) for ¢ # 0 and examine the actions of the
generating elements as ¢ — 04. We arrive at a set of relations and prove the existence
of a universal C*-algebra given by these relations. We call this universal C*-algebra the

crystallization of C'(SU,(n + 1)) and denote it by C(SUp(n + 1)).

We will denote the generating elements u; ; by u; j(¢) as we will be dealing with the

algebras C(SU,(n + 1)) for different values of ¢q. Observe that for all ¢ € (0,1), the
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irreducible representations @D/(\(fi of the C*-algebras above are parametrized by the same
set (S1)™ x W, which is independent of ¢, and the representation ng‘ffu acts on the Hilbert
space H ,, 1= (> (N¥), k being the length of w, which does not change for different values
of the parameter q. Thus for any irreducible representation ¢§32J of C(SUy(n + 1)),
the operators w/(\qzj(uu(q)) live on the same Hilbert space H,, for ¢ € (0,1). The
following is the key observation in obtaining the commutation relations used to define

the crystallized C*-algebra C(SUp(n + 1)).

Proposition 2.2.1 Let ¢ > 0 and let u; ;(q) denote the generators of C(SUy(n + 1)).

For any irreducible representation m of C(SUqy(n +1)). on a Hilbert space H,
1. the norm limits limg_o4 7(u;j(q)) exist for all 1 <i,5 <n+ 1.
2. the norm limits limg_04+ (—q) 77 (u; ;(q)) exist for all 1 <i < j<n+1.

Proof: Observe that if the above limits exist for two representations 7 and mo, then

the limits also exist for the representation 7 % . This is immediate from the equality

n+1
™1 * T (u; 5(q)) = Zﬂl(ui,k(Q)) ® ma(ug ;(q))-
k=1

Therefore the proof reduces to a simple verification of the existence of the limits for the

representations X, and wgz) using (1.3.9) and (1.3.10). O

We can observe that the limit is non-zero for some representation. Let

X, ifi=7, (See1.3.10)

(@) _ e

WZZ - ¢‘g(z‘1‘gi71“‘8j if 7 > 7,

¢§32i+1...5j ifi < j.

Then we have
.
1 if i = j,
(q) o' @ @q" if i > 7,
Ly (uij(q) = e

(—1)- "M @Ml o @ VT i<
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Therefore we get

lim (fq)j‘iwfj)(ui,j(q)) =lim "o e - 2¢" #0 ifi <7,
q—0t ’ q—0t
j—i
lim 7% (u;;(q) = lim N @ ¥ @@ ¢V #0 if i > j,
q—0t 7 q—07t ~—
i~
l_i}r(]]a+ WZ(Z) (uii(q)) =1+#0 otherwise.
q

The above proposition says that for each irreducible representation wg\"z of C(SU,(n+
1)), the norm limits lim,_,4 @Z)g\qi o Gq((—t)min{i_jvo}um(t)) where 6, is the map defined

in Subsection 1.3.2, exist and finite.

We now proceed to find the relations satisfied by the limiting operators. For an

irreducible representation 7 of C'(SUy(n + 1)), let us define

lim, o4 7(u; ;(q if 1 > 7,
Z;r] — q—0+ ( 7,,]( )) (221)

limg o4 (—q) I 7(u,; ;(q)) ifi<j.

Theorem 2.2.2 For any irreducible representation m of C(SUy(n + 1)), the operators

Z; 5 = Z7; satisfy the following commutation relations:

Zi,jZi,l =0 if 3 <, (222)

Zi,jZk,j =0 if i < k, (223)

(2.2.4)

Zi1Zy; =0 if i <k, j <l and max{i,j} > min{k, [}, (2.2.6)

Z;iZg1 — 2112y =0 if i <k,j<land max{i,j} +1 < min{k,l}, (2.2.7)
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Proof: Let us recall the commutation relations among the generators of C(SU,(n+1))

Ui, jUil = G Ui | Ui if 7 <, (2.2.9)
Wi jUk,j = G Uk, jUi,j if i <k, (2.2.10)
Wi U j = Uk, Ui if i <kandj<l, (2.2.11)
Wi jUk ] — Uk, Ui = (g — b Wi (U - ifi <kandj<l (2.2.12)

Let F; j(q) and C;; be scalars such that

g7 ifi<j (—1)i=J ifi <j
Fii(q) = ; Cij =
1 otherwise, 1 otherwise.

Therefore for 7 < j we have limg_04 %@ =
2%}

Multiplying both sides of (2.2.9) with C; ;C; 1 F; j(¢)F;(q), multiplying both sides of
(2.2.10) with C; ;Cy ; F; j(q) Fr,j(¢) and multiplying both sides of (2.2.11) with
Ci,1Cy i Fi1(q) F j(q) and taking limit we get the relations (2.2.2), (2.2.3) and (2.2.5). Re-
lation (2.2.6) is obtained by multiplying both sides of (2.2.12) with ¢-C; ;Cy 1 F; j(q) Fi 1 (q)
and taking limit. Now multiplying both sides of the relation (2.2.12) with C; ;Cj 1 F; ;(q) Fk1(q)
and taking limit we get relations (2.2.7) and (2.2.8). O

Proposition 2.2.3 For any irreducible representation m of C(SUy(n + 1)), one has

Proof: From quantum determinant condition one gets 7(%,) = I and the result follows

by taking limit as ¢ — 0+. O

Lemma 2.2.4 Let 1 <s<r<n-+1. Let

k f1<k<r, . k if 1 <k<s,
Jk
k+1 ifr<k<n, k+1 ifs<k<n,

i

Let 0 € .,. Then
> Uowy —in) =7 —s.

k:ja(k)>ik
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Proof: The required inequality follows from the following simple computation:

S Uoty = k) = > o) — i)
pt

Ko () >k - )
= ;jo(k) - ;lk
_ <_(n+1)2(n;2) ) S) B ((n+ 1)2(n+2) _r>

=r—s.

O
Proposition 2.2.5 For any irreducible representation © of C(SUq(n + 1)), one has
Zl,l ce Zsfl,sflzs,s+lzs+l,s+2 v erl,rZrJrl,rJrl ce Zn+1,n+1 if?" > s,
3 _ .
Z’r‘,s - Zl,l ce ZT—I,T—IZT—FI,TZT—&-Q,T—&-I s Zs,s—IZs—&-l,s—i—l cee Zn—‘rl,n—l—l Zf’l" <,
Zyy Ly g5 12511 541%542.5+2 - Dt ntl if r=s.
(2.2.14)

Proof: We will denote the operator m(u;;(q)) by Y;7; = ¥;;(¢) in this proof. we get

7j -
(Y’TS)* = (_q)57’r Z (_q)e(a)}/;lr!]a'(l) e Y;f:7]a'(n) (2'2‘15)
TES
= (¢ Z (—Q)Z(U)Yfg(l) - 'K“il,g(r—l)y;“ﬁ—l,&(r—l—l) : --szr+1,&(n+1)»
5ec@n+1,r,s
(2.2.16)

where i, and ji are as in above Lemma and ¢ € .%,41 is the permutation that takes

ix & Jok) for all k € {1,2,...,n} and takes r to s. Consider the permutation id, s
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such that

i if i <min{r,s}

i if i > maz{r,s}

idrs(i)=49i—1 if r<i<s

i+1 if s<i<r

s if r=1

Now let us look at the case r < s first. In this case, from Equation 1.3.7 one has

r—S(VT \* __ L(o)y T 0 T ™
(_Q) (}/r,s) - Z (—Q) le,&(l) ce K—l,&(r—l)y;"—i-lﬁ(r-ﬁ—l) ce Yn-‘rl,E(n-ﬁ-l)
Eet@n-kl,r,s
_ VT T ™ ™ 7r 7r ™
- Y1,1Y2,2 s Y;‘fl,rfl r+1,r - Y:s,sfl s+1,5+1 - nt+ln+l

l(o)y T T T g
+ Y Y0y Y sy Y s - Y s
5€yn+1,r,s
Gidys

Taking limit as ¢ — 0+, one gets
* JR—
Z'r,s - Zl,l ce Zr—l,r—IZT—l—l,rZr—l—Z,r—i-l ce Zs,s—IZs+1,s+1 ce Zn+1,n+1'

For r = s, from Equation 1.3.7 one has
T \* lo)y T g ™ ™
V) = > (0" Y50 Y s Y 15(41) - Vo1 5(ns1)
aey’n«‘ﬁl,s,s
= Y17,r1Y27,r2 s Y;r—1,s—1 5117s+1 .- 'Y7:T+1,n+1
‘
+ Y (0" Y0y Y s Yo s Yo st

oES
Gotidns

Taking limit as ¢ — 0+, one gets

* J—
Zs,s - Zl,l s Zs—l,s—1Zs+17s+1Zs+2,s+2 s Zn+1,n+1'
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For r > s, from Equation 1.3.7 one has

(Y:,rs)* = (76.7)8_74 Z (7q)E(U)Y17,r5(1) - 'Y;"W—I,G(r—l) ril,&(r—l—l) cee 7?—&—1,5(714—1)

aeyn—o—l,r,s

_ S—r v v s T v v v
= (—q) Y1,1Y2,2 - 'Y:s—l,s—l}/:s,s—i—l e Yr—l,r r1+1 Yn+1,n+1

- ¢
+(=*" D (YT Y s ) Y s - Y s
ateynmkl,r,s
Gidy s

Taking limit as ¢ — 0+ and by Lemma 2.2.4, it follows that
Z;k,s = Zl,l s Zsfl,sflzs,s+1Zs+l,s+2 v ZT*l,T'ZT'+1,7‘+1 ce Zn+1,n+1‘

This completes the proof. O

Proposition 2.2.6 For any irreducible representation m of C(SUy(n+1)), the operators

Z; ; = Z[; satisfy the following relations:

VARV /A i#T ] F s, (2.2.17)

1,7 <r,s r,s<,99

Proof: Let us recall a relation involving involution among the generators of C(SU,(n+

1)

Ui jUns = Un i, LFET, JF s (2.2.18)
Therefore the result is immediate from (2.2.18) and Proposition 2.2.1. O

Theorem 2.2.7 There is a universal C*-algebra generated by the elements z; ;, 1 <
1,7 < n+ 1 satisfying the following relations:
212k — %% = 0 if i <k andj<l. (2.2.21)

Zi1%6; =0 if i <k, j<l,max{i,j} > min{k, [}, (2.2.22)
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2 %k~ #Rii =0 ifi <k,j<lmax{i,j} +1<min{k, ([}, (2.2.23)

ZZ-JZ,CJ — zkylzm = Ziylz]w- 'LfZ < k, ] < l,maX{i,j} + 1= min{k, l}7 (2224)

211%22 Zntint1 = L (2.2.25)

(21,1 . -25—1,5—1) (Zs,s+1zs+1,s+2 e Zr—l,r) (zr+1,r+1 . ~Zn+1,n+1) ifr>s,

* == .
rs (21’1 o ZT*I,T‘*l) (ZT‘+1,7'ZT'+2,7‘+1 e 237571) (ZS+1,S+1 e Zn+17n+1) ’[,fr < 6?226)
(zl,l ce Zs—l,s—l) (Zs+1,s+1zs+2,s+2 s zn+17n+1) ifT’ = S.
Gt = sty AFET I FS. (2.2.27)

Proof: Let H be the Hilbert space ¢2(N). Let 1 < k < n and let

S ifi=j=k,
S* ifi=j=k+1,
wgg)(zi,j): leo) {eo] ifi=k, j=k+1,

|60><€0| le:]{—Fl, ]:kv

0i ;1 otherwise,

where |eg) (ep]| is the projection onto the span of eg. Then @Z)gg) gives a representation of

the above relations. It follows from the relations (2.2.22-2.2.26) that

7 n+1
szkzj’."k = ZZZJ% =1, 1<i<n+l1. (2.2.28)
k=1 k=j

Hence for any representation m of the relations, we have [|7(z; ;)| < 1 for all i > j.
Using (2.2.27), one then concludes that ||7(z; ;)| <1 for all i < j. Thus [7(z, ;)[| <1

for all 4, j. The rest of the proof is now standard and follows from the fact that for any

)

polynomial a in the z, ;

s and z;;’s, there is a positive real K such that || (a)|| < K for

any representation 7 of the relations. ([l

The C*-algebra in the above theorem is defined to be the crystallization of the family
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of C*-algebras C(SUy(n + 1)). This will be denoted by C(SUy(n + 1)). The *-algebra
given by the above set of relations is similarly defined as the crystallization of the
quantized algebra of regular functions O(SU,(n + 1)). We will denote this *-algebra by
O(SUy(n +1)).

In the next two chapters, we will study the irreducible representations of their crys-

tallized algebras.



CHAPTER 3

Irreducible representations of C'(SUy(3))

Let us define

_ 1 min{i—74,0},/(q)
Zij = lim (=q) =208\ (u; 5(q)), (3.0.1)

where wg\q‘l is the representation of C'(SU,(n + 1)) . It has been shown in (Proposi-
tion 2.2.1, Theorem 2.2.2, Proposition 2.2.3 and 2.2.5) that the above limits exist and
the operators Zi,j obey the commuation relations, quantum determinant relations and

involution relations.

Therefore
WO (2i5) = lim (—q)™ ™09 (4 (q)),  ije{l2...,n+1}  (3.02)

defines a representation of C'(SUy(n + 1)) on the Hilbert space £2(N¢®)), where ¢(w)
denotes the length of the element w. If A = (1,1,...,1), we will denote wg\?‘l by just
v,

This chapter is about all irreducible representations of C(SUy(3)) which is mainly
from [GP22].

39
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3.1 Irreducible representations of C'(SUy(3))

Throughout this chapter we consider .5 = { empty word, s1, s2, 5152, S281, $15251 } where

s1 is the transposition (1,2) and s is the transposition (2, 3).

Theorem 3.1.1 For any (\, p) € (S1)? and a reduced word w in .3, the representation

Yap)w given by (3.0.2) is irreducible.

If (A p),w) # (N, p'),w'), then the representations vy ). and Yoy ) are in-

equivalent.

Proof: We will denote the rank one projection |eg) (eg| by Py. For w = empty word,

the representation ) )., is one dimensional and hence irreducible.

Let w = s1. In this case, 9y ). is given by

z91 AP Zgo — AuS* Zg3 = 0 (3.1.1)
Z3q 0 Y 0 Z35 > [l

Therefore for any j, k € N, one has
)\j_k_l(zil)jﬁ,ﬂfl = lej) (el

Therefore K(£%(N)) C ¥(x 1) (C(SUs(3))). This imples )y ), is irreducible.
Proof for w = sy is similar.

Next, let us take w = s1s5. In this case we have

In this case, for any j, k € N, we have

)\jfkfl(zil)jzlzzil — [ej) (ex| @ I,

k1 _j k
w +12§,3Z3,2(2§,3) > I @ |ej) (exl.
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Thus K(¢2(N)®2(N)) C ¥(x),.(C(SU(3))), which imples )y ., is irreducible. Proof

for w = s957 is similar.

Finally take w = s1s2s1. Here one has

(3.1.3)

Now observe that for any j, k,m,n € N,

1oy (B (5 ) (9" — leg) ex] @ lem) fenl © 1.

C2Z:ja,3 (Z§72Z371(Z§,2)n) (2§3)k I ®|ej) (er] ® |em) (enl,

where ¢; and ¢y are two scalars involving A and p. Therefore it follows that
K(?(N) @ £2(N) @ £2(N)) € ¢x,,w(C(STUu(3))),

which imples that ¢y )., is irreducible.

The inequivalence of different ¢, ,.’s follow by comparing the spectrum of the

operators Yy ) w(%; ;)’s- O

The next theorem states that the ones listed in the previous theorem are in fact all

the irreducible representations of C(SUy(3)). The proof is given in the next subsection.

Theorem 3.1.2 Let w be an irreducible representation of C(SUy(3)) on a Hilbert space

H. Then there exist \,;u € S* and a reduced word w € .#3 such that 7 is equivalent to

¢(>\,M),W'

Corollary 3.1.3 Theorem 3.1.1 and Theorem 3.1.2 together gives us the family of all
inequivalent irreducible representations of the C*-algebra C(SUy(3)). They are naturally
parametrized exactly as their counterparts for nonzero q, and in fact they arise as limits

of the irreducible representations of the C*-algebras C(SU,(3)) as ¢ — 0+.
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Corollary 3.1.4 In the course of proof of Theorem 3.1.1, we have also observed that for
any irreducible representation w of C(SUy(3)) on a Hilbert space Hr, one has K(Hr) C
m(C(SUp(3))). Thus C(SUy(3)) is a type I C*-algebra.

3.1.1 Proof of Theorem 3.1.2

We first prove a few lemmas on the generating elements and certain products of them

that will be needed in the proof.

We will first show that the generators z; ; and certain products of them are partial
isometries. This will be needed in the computations that follow in obtaining all the

irreducible representations.

Define pij = zz’-“,jzm and 4, = ziyjzz-*’j. In terms of the pm-’s and qm-’s, the relations
can be written as
P11+ P2y +p31 =1, @31+ a2+ az=1,
Do+ P32 =1, Qo1+ Gao =1, (3.1.4)
P33 = 1, q11 = 1,

We have the following results.

Lemma 3.1.5 ([Erd68], [HWT70]) Let u and v be partial isometries. Then uv is a

partial isometry if and only if u*u and vv* commute.

Lemma 3.1.6 The family {p; ;,q;; : 1 < j < i < 3} is a commuting family of projec-

tions.

Proof: First observe that

— * — JE— p— * —
P11 = ?1,171,1 = ?2,273,3%1,1 = ?2,271,173,3 — #2,2%22 = {2.2-

Since ¢, ; = 1, it follows that p; ; = g5 is a projection. From (3.1.4), it now follows
that p, o and g, ; are projections. Consequently ps o = 1—p, 5 is a projection. Since gy
Is a projection, p, ; also is, and hence so is p3;1 =1 —py 1 —p; ;. Thus p, ; is a projection

for all ¢ > j. Hence 4 also is a projection for all ¢ > j.
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Note that

JE— * J— JE— J— JE— * JR——
P31 = 231731 = #1,2%2,3%3,1 — *1,273,1%2,3 — #3,1%1,272,3 = #3,1%31 — 43,1-

From the fact that p; ; = g, 5 and from the equalities (3.1.4), we get

D31 =431, P32 =432 1T 3431, P33 =433+ 4q32 1T 431, (3.1.5)

P11 =4G22 P21 =421 — 431, P22 =433 (3.1.6)

Therefore it is now enough to show that the family {qm- :1 < j <i <3} is commuting.

Since the g, ;’s are projections for ¢ > j, z; ; is a partial isometry for ¢ > j. Since ¢; ; =
I and g, 5 commute, it follows from the lemma above that 23,2 ; is a partial isometry.
Since 254211 = 211239, one more application of the lemma tells us that p; ; and py
commute, i.e. gy, commutes with g3 5. From the relation 25525, = 23254, it follows
that g, , commutes with p; ; = ¢5,. Hence g, , commutes with 39 =1 —¢3; —¢g33. It

now follows that the family {g; ; : 1 <j <4 < 3} is commuting. O

From these two lemmas we have the following corollary.

Corollary 3.1.7 Any product of the form ab, where a,b € {z;; :i > j}U{z]; :i > j},

s a partial isometry.

Now come to the proof of Theorem 3.1.2. We will split it into different cases, cor-
responding to the different words in the Weyl group .5 for the type As case. Let us
start with an irreducible representation m of C'(SUp(3)) on a Hilbert space H. We will
denote by P;; and Q;; the operators 7(p; ;) and m(g; ;) respectively. It is easy to see
that exactly one of the following conditions will hold for the irreducible representation
m

1. m(z31) =0, m(232) =0, m(22,1) =0,

2. 7T(Z3,1) = 0, 7T(2’372) = O, W(Zg’l) 75 0,

3. 71'(23,1) = 0, 7T(2372) 75 O, 77(22’1) = 0,

4. 7T(Z3,1) = 0, 7T(2372) 75 O, 77(22’1) 7A 0,

5. m(z31) #0, (27 3) = m(22,1)7(232) = 0,
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6. m(z31) #0, 77(2{3) = m(29,1)7m(232) # 0.
We will deal with the above cases separately. As we will see, these cases correspond to
the six elements of the Weyl group .73.
Case 1: 7(z31) =0, m(232) =0, m(22,1) = 0.

From the commutation relations it follows that m(z; ;) = 0 for all ¢ # j. Therefore
m(2;;) are unitary with m(21,1)m(222) = 7(233) and 7(21,1) commutes with 7(z2,2).
Irreducibility of 7 now implies that # is one dimensional and there exist A, 4 € S! such
that m(21,1) = A, m(22,2) = p and 7(233) = Au. Here we take w = empty word. Thus 7
is unitarily equivalent t0 ¥\ xu).w = X(A\0)-

Case 2: 7(z31) =0, m(232) =0, m(z2,1) # 0.
From the commutation relations it follows that
1. 71'(21.3) = 7T(22,3) = 0,
2. m(z33) is a unitary,
3. m(22,1) is normal,

4. 7(z2,1) commutes with 7(z33) and 7(21,2).
Theorem 3.1.8 Let P be a projection such that
P <Py, Pr(z91) = m(221)P, Pr(z33) = m(233)P.

Then Hp = {m(222)"¢ : n € N, € PH} is an invariant subspace for m.

If Q is another projection orthogonal to P satisfying the above conditions, then Hp

and Hq are orthogonal.
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Proof: From the commutation relations, it follows that

m(z11)€ if n=0,
71'(21,1) (71'(2272)”5) = (3.1.7)
7['(23,3)*7['(2272)”_15 if n >0,

m(212)¢ ifn=0,

m(21,2) (m(222)"€) = (3.1.8)
0 if n >0,
w(z if n =0,

71'(2271) (77'(2'2’2)”5) = ( 271)5 (3.1.9)
0 if n >0,

m(22,2) (7(22,2)"€) = m(222)" V¢, (3.1.10)

71'(2373) (77'(2'2’2)”5) = 7T(2272)n 7T(2373)f. (3.1.11)

Since P < Py 1, we have £ = P51 = (Q2,1& for all £ € Hp. Hence

m(211)€ = m(z11)m(22,1) (7(25,1)€) = 0.

Thus Hp is invariant under m(z1,1). Since Zi? = 22,1233, 7(z1,2) commutes with P
and we have 7(z12)¢ = m(212)P¢ = Pr(z12)§. Thus Hp is invariant under 7(z2).
Similarly, since 7(22,1) and 7(z33) both commute with P, we have the invariance of Hp

under the actions of m(zg,1) and m(233).
From the commutation relations, it follows that Hp is invariant under .
For the second part, take £ € PH and ¢ € QH.

Then for n € N, one has

(m(22,2)"C, m(20,2)"E) = (m(232)"7(22,2)"C, €)
= (¢, &)
=(Q¢, P¢)
=0.

Next, for m,n € N with m > n, we have

(m(22,2)™ ¢ m(22,2)"€) = (¢, m(232) "7 (22,2)"E)
= ((,m(232)" ")
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= (G, m(z33)" "m(21,1)" )
=0.

A similar calculation gives (m(z2,2)™(, 7(22,2)"¢) = 0 for m < n. Thus Hp and Hg are

orthogonal. O

Corollary 3.1.9 There exists a A € S such that o(m(221)) = {0, A}.

Proof: Let E and F' be two disjoint closed subsets of the spectrum o(7m(z2,1)) such
that 0 ¢ E, 0 ¢ F and let P and @ be the spectral projections of 7(22,1) corresponding
to the subsets E and F' respectively. Then it follows from the previous proposition
that Hp and Hg are two invariant subspaces for 7 that are mutually orthogonal. By
irreducibility of , it follows that o(m(z21)) = {0, A} for some A # 0 in C. Since 7(221)

is a normal partial isometry, it follows that A\ € S*. O

Corollary 3.1.10 There exists a p € S* such that o(m(z33)) = {1}

Proof: From the commutation relations, it follows that 7(233) is a unitary and com-
mutes with P ;. Let P and @) be two spectral projections corresponding to two disjoint
closed subsets of the spectrum of the restriction of 7(233) to P» 1. Then the above
proposition tells us that Hp and Hg are two invariant subspaces for 7 that are mutu-
ally orthogonal. Using irreducibility of 7, we deduce that o(7(233)|p, %) = {u} where
p € St Hence for & € Py H, we have

m(z33)(m(232)€) = (m(252)7 (23 3)€ = Am(259)¢.

)

Since Hp, , = H, we have the result. O

Theorem 3.1.11 The projection Ps 1 is of rank one and 7 is unitarily equivalent to the

representation Yz o) s, -

Proof: Take a unit vector { € P> 1H. From the previous two corollaries, it follows that

m(233)¢ = pé and m(221)§ = A§. Therefore m(212)€ = m(23 323 1) = Mié. Let

He = span {m(222)"€ : n € N}
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From equations, it now follows that

0 ifn =0,

m(z1,1) (7 (3.1.12)

pm(ze2)" ¢ if n >0,

0 if n >0,

A ifn =0,

7T(Z2,1) (3.1.14)

0 ifn>0,

(22,2) {
A€ ifn =0,
m(21,2) (m(22,2)" { (3.1.13)
m(22,2)"€) = {
m(22,2)"€) = m(222)" '€, (3.1.15)

W(ZQ,Q)

7T(Z3,3) <7T(2272)n§) = ,U,7T(Z'2’2)n£. (3.1.16)

Thus H¢ is an invariant subspace of H and hence by irreducibility of 7, one has He = H.

The map
U:e,— )\7”71'(2272)n§

from ¢2(N) to H now extends to a unitary and gives us the required unitary equivalence.

0

Case 3: 7T(2’371) = 0, 7T(Z3,2) 7& 03 77(22,1) =0.

Analogous to the results in the previous case, here we have the following results. The

proofs are similar.
Theorem 3.1.12 Let P be a projection such that
P < Pso, Pr(z32) = m(232) P, Pr(z11) = m(z1,1) P,

Then Hp = {n(233)"¢ :n € N, € PH} is an invariant subspace for .

If Q) is another projection orthogonal to P satisfying the conditions above, then Hp
and Hq are orthogonal.

Corollary 3.1.13 There ezists a A € S* such that o(m(232)) = {0, \}.

Corollary 3.1.14 There exists a p € S* such that o(m(211)) = {1}
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Theorem 3.1.15 The projection P32 is of rank one and 7 is unitarily equivalent to the

representation 1, 3y q,-

Case 4: 7(z31) =0, m(232) # 0, m(22,1) # 0.

Let us first prove the following lemma.

Lemma 3.1.16 If m(z31) = 0 and ©(22,1)m(232) = 0, then either m(z21) = 0 or

7T(2’372) =0.

Proof: Let us assume that m(231) = 0, m(22,1)7(232) = 0 and 7(22,1) # 0. We will
show that 7(z32) = 0. Since m(z31) = 0, it follows from commutation relations that

m(z11)7(232) = m(23.2)m™(21,1). Since 2z 3 commutes with 232, we get
T(232)m(250) = m(23221,1223) = T(21,122,323,2) = (23 9232),

i.e. m(235) is normal. Since 7(221)" commutes with 7(232), it follows that 7(221) com-

mutes with 7(232).

Let Ho be the closed linear span of {7r(z’2“72)7r(2271)§ : k€ N,¢ € H}. Using the

commutation relations and the fact that 7(23 ;) = 0, we then have

(29 1) (7?(25,2)71-(22’1)5) _

77(2551)”(2271) (77(2;73)5) i k> 0.

m(2g1) (T2 if k=0,
m(21,2) (W(ZS’Q)W(ZQ’l)é-) = { (29,1) ((21,2)€)

0 if k> 0.

m(291) (m(21,3)€) if k=0,
m(z13) (W(Z§,2)7T(Z2,1)5) = { ( 2’1)( (21.8)¢)

0 it k> 0.

m(z (2 k=0,
m(z21) (ﬂz’;,?)w(zz,l)s) = { (22,1) (m(22,1)€)

0 if k> 0.

m(222) (m(h2)m(221)€) = m(5E)m(z20)€,
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m(z23) (n(H)m(220)€ ) = 0.
7(25.2) (m(52)m(20,0)€) = 0.

7(23,5) (T(2)m(21)€) = m(a)m(20) (m(25,5)6)

Therefore H is invariant subspace. Since 7 is irreducible, we have H = Hg. Therefore

m(2z32) = 0. O

Theorem 3.1.17 Let P be a projection such that
P S P173, P?T(ZQJ) = 71'(2271)]3, P?T(Z3,2) = 71’(2372)P.

Then the subspace Hp = {m(z11)"m(233)"§ : m,n € N, € PH}. is invariant for .

If Q is another projection orthogonal to P satisfying the same conditions above, then

Hp and Hg are orthogonal.

Proof: Let £ € PH. Then we have

m(211)€ = 0 = m(212)§ = 7(222)€ = 7(222)€ = m(233)§ = 7(233)¢. (3.1.17)

)

Therefore the actions of the m(z;;)’s on 7(2] ;)" 7 (23 5)§ are given by

0 if m =0,
m(z11) (m(211) "7 (23,3)"€) = (3.1.18)
m(zf )" (23 3)"E i m > 0.

0 itm=0,n=0,
m(21,2) (W(Zf,l)mW(ZB,B»)ng) = 7r(23,3)n_1 (W(ZSJ)g) ifm=0,n>0, (3.1.19)

0 if m>0.

m(z32)*m(25,)§ if m=0,n=0,
m(z13) (m(211)"m(23,3)"€) = 3 0 if m=0,n>0, (3.1.20)

0 if m > 0.
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m(z33)" (w(z if m=0,
m(22,1) (w(zf 1) "7 (23,3)"€) = (aa)” (n(z21)¢) (3.1.21)
0 if m > 0.

m(22,2) (7r(2171)m7r(z373)”§) — (3.1.22)
W(Zf,l)mﬂﬂ(zs,?,)"_lﬁ if n>0.

* \ym—+1 * if — 0’
m(223) (w(2] 1) "7 (23,3)"E) = ()" (n(52)) i (3.1.23)
0 if n > 0.

m(zy )™ (7 (z if n=0,
m(z32) (m(2] 1) "7 (23,3)"E) = ()" (nlz32)¢) (3.1.24)
0 if n > 0.

m(233) (m(21 1) (233)"E) = (21 1) " (233)" TE (3.1.25)

As P commutes with 7(z9,1) and 7(z32), for any § € PH we have m(221)§, (23 )¢,
m(23,2)€ and 7 (2] 5)§ lies in PH. From above actions we get that H p is invariant subspace

for . As m is irreducible, H = Hp

For the second part, Let us compute the inner product (m(27 )" 7(233)"¢,
77(21‘71)m/7r(23,3)”’§’> where £ € PH and ' € QH. In the case m # m’ or n # n’, Using
the relations z; 1271 =1 = 233253, 21 1233 = 233211 and 2y 1233 = 23 321 1, One arrives
at a vector of the form 7 (a)¢ where a is 271 or z3 5 and ( is either § or ¢, and by (3.1.17),

m(a)¢ = 0. If m =m’ and n = n/, the above inner product reduces to (£,¢’), is zero. 0O

Proof of the next two corollaries are similar to the earlier cases and hence omitted.

Corollary 3.1.18 The operator 77(7:271) is normal, with P13 < P>1 and there exists a

X\ € St such that the restriction of m(22,1) to P13H is AI.

Corollary 3.1.19 The operator m(z35) s normal, with P13 < P32 and there exists a

p € St such that the restriction of m(232) to Py 3H is pl.
Theorem 3.1.20 The representation w is unitarily equivalent to ¢(5\ﬂ7ﬂ)7

5182°

Proof: Take a unit vector { € Py 3H. From the previous two corollaries, it follows that

(25 9)€ = p€ and (29123 5)€ = Apg. Let

He = {m(211)"m(23,3)"€ : m,n € N}
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From equations(3.1.18-3.1.25), it now follows that

[0 if m=0,
m(211) (7(27 1) 7 (233)"E) = (3.1.26)
7r(zil)m*17r(2373)”§ if m > 0.

(3.1.27)
0 if m=0,n=0,

m(21,2) (W(Zik,l)mﬁ(zs,s)ng) = 7r(z3,3)"—1 (i€) ifm=0,n>0, (3.1.28)

0 if m > 0.
(3.1.29)
gXE ifm=0,n=0,
m(z1,3) (m(25 1) " (233)"E) =<0 ifm=0,n>0, (3.1.30)
0 if m > 0.
(3.1.31)
s " >\£ if = 07
r(oan) (r( (g )e) — 4 ) RS (3.1.32)
0 if m > 0.
(3.1.33)
0 if n =0,
m(22,2) (m(21 1) (233)"€) = (3.1.34)
W(Zf,l)mH?T(Zs,a)"_lf if n> 0.
(3.1.35)
P (EE) ifn =0,
m(22,3) (m(27 1) "7 (23,3)"E) = (W(zm) () tn (3.1.36)
0 if n>0.
(3.1.37)
* \m 75 ifn = 0,
m(z32) (w(2] 1) "7 (23,3)"E) = T () (3.1.38)
0 if n > 0.
(3.1.39)
m(z33) (w(27 1) " (23,3)"E) = (21 1) " w(z33)" e (3.1.40)

Thus H¢ is an invariant subspace of H and hence by irreducibility of 7, one has H¢ = H.
The map
U:e .+ ,u_m_")\_mﬂ(zil)mﬂ(2373)”§

m,n

from ¢2(N?) to H gives us the required unitary. O
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Case 5: 7(231) # 0, m(22,1)7(232) = 0.

Note that in both Case 5 and Case 6, one has 7(23 ) = 7(21,2)7(22,3) # 0. This implies

that m(z2,3) # 0, which in turn implies that 7(232) # 0 because 7 (23 3) = 7(21,1)7(232)-

Theorem 3.1.21 Let P be a projection such that P < P31 and Pr(z12) = 7(212)P,
Pr(z23) = m(203)P. Let Hp := {m(2] )" m(233)"E : n,m > 0,§ € PH}. Then Hp is

an invariant subspace for m.

If Q is another projection orthogonal to P such that Qm(z12) = m(21,2)Q and Qm(223) =

7(223)Q, then Hp and Hg are orthogonal.

Corollary 3.1.22 The operator 7r(2172) is normal, with P31 < P2 and there exists a

A € S such that the restriction of m(z, 5) to P31 H is M.

Corollary 3.1.23 The operator m(2y3) is normal, with P31 < Py 3 and there exists a

p € St such that the restriction of m(293) to P3aH is pl.

Theorem 3.1.24 The representation m is unitarily equivalent to Y\ xp),sos, -

Case 6: 7(z31) # 0, m(22,1)7(232) # 0.

Theorem 3.1.25 If m(z3,1) # 0 and m(22,1)7(232) # 0, then m(23 129 1235) # 0.

Proof: Let us assume that 7(231) # 0 and 7 (231259 125) = 0. We will show that this
implies 7(22,1)m(232) = 0.

Let 3, be the closed linear span of {m(z] )" (253)¢:m,n € N,& € P31 H}. We
will show that H = Hz 1 and 7(22,1)7(232) = 0.

Let £ € P;1H. Then one has § = P31& = m(25,)¢’ for some & € H. Since zy, is
normal, one also has = 7 (23 1)¢" for some {"” € H. Using this observation, the relation

2] 3 = 291239 and the condition 7 (25 125123 5) = 0, we now get

77(21’3)5 =0 7r(z’1’:3)§ =0, (3.1.41)
m(211)§ =0 7w(2)¢ =0, (3.1.42)

m(239)§ =0 m(233)§ = 0. (3.1.43)
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Since z; o and z, 3 commute with 23, and z3; is normal, it also follows that

7'('(21,2)6 € Hs1 7T(Z>1k’2)§ € Hs 1, (3.1.44)
m(293)§ € H31 m(233)§ € Hz 1. (3.1.45)
m(23)m(21 )€ = 7(21 1) m(233)€, € € P31H. (3.1.46)

0 if m > 0,

m(2z33)" (m(212)€) if m =0.

m(z18) (m(271)" 7 (253)8) = 0.

0 if m > 0,
m(291) (m(27 1) "7 (253)€) = m(233)" ! (w(zig)g) if m=0,n>0,
0 ifm=0,n=0.

7r(zil)m+17r(zggl)§ if n >0,

0 ifn=0.

m(zf )™ (w(223)) if n =0,

0 ifn>0.

m(251)§ if m=0,n=0.

5

0 if n >0,

0 if m >0,
m(2z31) (m(21 1) (253)€) = S 0 if m=0,n>0,

m(zf )" (m(253)€) ifn=0.

)
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Thus H3; is an invariant subspace for 7. Irreducibility of 7 gives us H = Hs 1. Since
m(213) = 0on H3 1 from the above computation, it follows that 7(221)7(232) = (2, 3) =

0.

Observe that the commutation relations imply that z; 3 and z3 ; are both normal, i.e.
Pi3 = Q13 and P31 = (31. Using the commutation relations again, we now conclude
that z3 125125 is a normal partial isometry, with initial and final projection given by

Py 3P3 ;1 as the following computations show

(23,12'2,123,2) (23,12'2,133,2)* = (23,1ZT,3) (23,1Zik,3)*
= 23,127?321,32;,1
= ZT,3Z1,3Z3,1Z§,1

% *
= %1,3%1,3%3,1%3,1>

and similarly,

(23,1227123,2)* (23,122,1Z3,2) = (23,1Zik,3)* (23,14,3)
= 21,3Z§,1Z3,1Zik,3
= 21,32T,3Z§,123,1

Lk *
= %1,3%1,3%3,1%3,1"

Theorem 3.1.26 Let P be a projection such that
P < P3Py, PW(Z3,1) = 77(33,1)]37 PW(ZL?,) = 77(21,3)]3-

Then Hp := {7r(z§7’13)7r(z’2“’3)7r(z§’2)§ tk,m,n >0,§ € PH} is an invariant subspace for

.

If Q is another projection orthogonal to P satisfying the same conditions above, then

Hp and Hg are orthogonal.

Proof:
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Since P < Pj 3P3 1, one has § = P; 3P3 1€ for £ € PH. Therefore
m(21)€ =0, m(212)¢ =0, m(291)€ = 0, (3.1.47)
m(253)§ =0,  m(z32){ =0, m(233){=0 (3.1.48)
Consequently, we also have
T(299)§ = m(233)7(211)€ = (21 1)7(23,3)€ = 0. (3.1.49)
From (3.1.47-3.1.48) and (2.2.19-2.2.22), it follows that for all n € N
m(22,1)7(253)§ = 0, m(21,2)7(259)€ =0 (3.1.50)
Since P commutes with 7(2 5) and 7(z5 ), we have
€ € PH = (2, 5)6, 721 5)6 7(25,)6, w21 )€ € PH. (3.151)
Let £ € PH.
. 0 if k =0,
m(11) () m(50)€ ) = - (3.152)
m()m(85") (w5 ) (52)€) ik > 0.
0 itm=0,k=0,
o m(55) ()7 ()¢ if m =0,k >0,
m(21,2) (W(Z:ZL3)7T(22,3)7T(23,2)§> = (3.1.53)
w25 m(55h) (7(21,0)€) it m >0,k =0,
W(zgfg)w(z];’gl) W(Zék’l)ﬂ(ng)f) ifm>0,k>0.

m(213) (ﬂz%)ﬂ(zgg)ﬂ(z%)g) _ (25 5) <7T(2173)§> ifm=0,k=0,

0 ifm>0o0rk>0.

(3.1.54)
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77(23,3) (W(Z§7}3)7T(Z§,3)7T(2372)§> = W(Zg?:;rl)ﬂ(zg,?))ﬂ(zgg)g'

0 if m=0,k=0,n=0,

W(Z§,51)<7T(2i3)5) ifm=0,k=0,n>0,

0 if m=0,k>0,
(3.1.55)

m(5 (53" (m(20.0)€)
m()m(z7 ") ((215)¢)

ifm>0,n=0

if m>0,n>0k=0,

0 ifm>0,n>0k>0.

[0

ifm=0,
(3.1.56)
(255 m(ENm(5EhE i m >0,
k41 n .
(255 )m(2549)€ i m =0,
v (3.1.57)
0 if m > 0.
W(ZIQCS)(W(ZE, 1)5) iftm=0,n=0,
’ ’ (3.1.58)
0 if m+n > 0.
m(2E ) m(28sheE if m =0,
Faslmisia (3.1.59)
LO if m > 0.
(3.1.60)
m(259)m (251 )m(231)€ = ifn=0,
(I = m(23 )7 (2 0)) (255" )€ = m(255 )€ if n > 0.
if n =20,

77(21,2)”(22,3)7(332)5 = 77(21,2)”(232)”(22,3)5 =0 ifn>0.

77(22,1)5 =0

if n=20,

m(2; ) m(2h5 )¢ = m(25y w2t 5)¢ if n> 0.

Therefore it follows that 7T(Zi7j)(7’[’(2’57'3)71'(2573)71'(2?72)5) € Hp for all i,5. Thus Hp is

an invariant subspace for 7.



3.1. Irreducible representations of C'(SUy(3)) 57

For the second part, take £ € PH and £ € QH. Let

Ermm = T(B)T(55)n(9)€,  k,m,n €N,

glk,m,n = 77(2373)7[-(253)71-(2?,2)57 ka m,n € N.
Since 23 323 3 = 1, we have

<7T(Z§,3)m/_mﬁ(zgg)ﬂ(zgz)f ; 7r(z’2“:3)7r(z§:2)£’> if m <m/,

(Chmns € b} = (m (2 )T (28)€ o m(253)™ ™ m(h's)m(250)€") it m >,

!

<7T(Z§,3)7T(Z:?,2)§ ) W(Z§f3)7r(zg‘,2)§’> if m=m'.

Using the equalities 23 3 = 21 1299, 229203 = 0 = 255235 and m(2y5) = 0 = 7(295)¢’,

we get

, 0 if m #£m/,
<§k,m,n7§ k’,m’,n’> = ) , (3161)
<W(Z’5,3)W(Z§,2)§ ) 7r(z§’3)7r(z§,2)§’> if m=m’.

Next, note that from the equality 23525 5 + 23 923 9 = 1, it follows that
(232)"(232) = (z§72)m_1(z§’51) iftm>1,n>1 and m+n> 2.

Therefore using the equalities (23 5)§ = 0 = m(23 )¢, we get

) 0 if m=#m'orn#n/,
<§k,m,n7€ k’,m’,n’> = ) (3162)
(m(253)€, m(253)¢) fm=m'n=n"

Finally, note that
* . . . *
R2,3%23 = %1,173,2%2,3 = %1,1%2,3%3,2 = 3,273 2"

This together with the relations zy 323 9 = 23 929 3 and 2y 323 5 = 23 929 5 give us

) 0 ifm#m' orn#n ork#k,
<€k,m,n7§k’,m/7n’> = (3163)
&) itm=m'n=n'k=F,

Since PQ = 0, we have (§; . ., & s s ) = 0. O
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The following two corollaries are now immediate.

Corollary 3.1.27 There exists a A € SY such that the restriction of m(z1,3) to P3P 1 H
s \.

Corollary 3.1.28 There exists a i € S' such that the restriction of m(z31) to P 3Ps1H

s pl.

Theorem 3.1.29 The representation m is unitarily equivalent to Y\ ) s1sos: -

Proof: In view of the above corollaries, it follows that

Shcimn_1 ifEk>0,n>0,
7T(Zl,l)gk,n’b,n = o (3164)
0 otherwise,

)\507m_17n+1 lf k — O,m > 0
77(2172)£k,m,n = /jl/fk_me if k>0,n=0, (3165)

0 otherwise,

Xoon Hm=0k=0
T(21,3) 8k mn = (3.1.66)
0 otherwise,

X&O’m’n_l 1f k — O, n > 0,

(29,1 )Ekmm = #e 1m0 fm>0mn=0 (3.1.67)
0 otherwise,
\
(O if m =0,
7(299)kmmn = (3.1.68)

§k+1,m—1,n+1 if m > 0.

ka on ifm=0,
T(22,3)Ekmn = ” (3.1.69)
0 if m > 0.

1€k 0.0 ifm=0,n=0,
7(231) &k mm = (3.1.70)
0 otherwise.

$ronpr Hm=0,
7T(23,2)£k’7m7n = (3171)
0 if m> 0.
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W(Z3,3)fk,m,n = &hmt1m- (3.1.72)

Thus if we define H¢ to be the clsoed linear span of {g,ﬁm,n : k,m,n € N}, then H¢ is an
invariant subspace for 7. Since 7 is irreducible, we have ‘H = H,. By the computations
in the proof of the second part of Theorem 3.1.26, it follows that {Ek’m’n i k,m,n € N}

is an orthonormal basis for H. The map

k, k—m—
em,kn 7 A " ngk,m,n

from £2(N x N x N) to H now sets up a unitary equivalence between m and Y\ a),515251 -

0






CHAPTER 4

Irreducible representations of C'(SUy(n + 1))

First section of this chapter is about some properties of C'(SUy(n+1)) which are essential
to get all irreducible representations. Second section is about all irreducible representa-
tions of C(SUp(n + 1)) which is mainly from [GP24]. Last section is about a bialgebra
structure on C(SUp(n + 1)), faithful representation of C'(SUy(n + 1)) related to Soibel-
man representation of C'(SUy(n+1)) and relation among irreducible C*-representations

of C(SUp(n+ 1)) and C(SUy(n + 1))( for positive g).

4.1 Projections in C(SUy(n + 1))

In this section we will restrict ourselves to the *-subalgebra of C'(SUp(n + 1)) generated
by the z; ;’s and derive certain relations that will in particular show that the generators

z; ; are all partial isometries.
I

Theorem 4.1.1 Let 1 <i¢<j<n—+1. Then

(Zi,izi+1,i+1 - 'Zj,j)* = (21,122,2 - -Zifl,ifl)(Zj+1,j+1zj+2,j+2 e Zn+1,n+1)~ (4.1.1)

61



62 Chapter 4. Irreducible representations of C(SUy(n + 1))

Proof: Note that for ¢« = j, it follows. We will assume that the equality holds for

1 < j<n+1 and prove that it holds for i < j + 1 also. Using above relaions, we get

*
(Zi,iziJrl,iJrl e Zj+1,j+1)* = Z;+1,j+1 (Zi,iZiJrl,iJrl e Zj,j)
= (211222 %) (2512542751343 - - Znimt1)
(21,122,2 e Zz’—l,z'—l)(Zj+1,j+lzj+2,j+2 e Zn+1,n+1)
= (Zj12 41274343 - Znrins1) (11722 - - 2 5)
(Zj+1,j+lzj+2,j+2 o Zn+1,n+1)(z1,122,2 o Zi—l,i—l)
= (Zj+2,j+2zj+3,j+3 . 'Zn+1,n+1)(21,1z2,2 e Zi—l,i—l)

= (Z1,122,2 e Zi—l,i—1)(Zj+2,j+2zj+3,j+3 e Zn+1,n+1)~
This completes the proof. ]

Lemma 4.1.2 Let us denote by p; ; the element 27 ;z; ; and by g ; the element z; ;27 ..

For1<i¢<j<n+1, one has the following:

7 n+1
Z Uy = sz‘,k (4.1.2)
k=1 k—j

n+1

j
g =) pip=1 (4.1.3)
k=1 k=j

Proof: We will prove that

Zi:q = (211222 Zim1i-1)%i (FirriZinainn - 20 (B ) H0<,
= . if i = j
(4.1.4)
Tilp. _ (z11%22 %im1,i-1)% j(Fiv1.i%is2,i41 - 25.5—1) (111 - Fngingr) <7,
= . if i = j.
(4.1.5)

Note that for ¢ = 1, one has

_ *
d1,j = #1,5%1,j

= Zl,j(z2,1z3,2 T Zj,j—l)(zj+1,j+lzj+2,j+2 T Zn+1,n+1)‘
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Thus the first equality in (4.2.4) holds for i = 1. Next assume that it holds for i — 1 and
1 <i<j<n+ 1. Then using equation (2.2.25) we get

1—1
Qg+ D iy
k=1

= Zi,j(ZI,IZQ,2 e 'Zi—2,i—2zi—1,i—1)(Zi+1,z'zi+2,i+1 T Zj,j—l)(zj+1,j+1 T Zn+1,n+1)
+ (21,122,2 T Zi—2,i—2)zi—1,jzz‘,i—1(Zi+1,izi+2,i+1 T Zj,j—l)(zj+1,j+1 T Zn+1,n+1)
= (Z1,1Z2,2 T Zz‘—2,z‘—2)zz‘,jzi—1,z‘—1(Zz‘+1,z‘zi+2,z‘+1 e Zj,j—l)(2j+1,j+1 T zn—i—lm—&-l)
+ (21,122,2 e Zi—Q,i—Q)zi—l,jzi,i—l(Zi+1,izi+2,z‘+1 T Zj,j—l)(zj+1,j+1zj+2,j+2 T Zn+1,n+1)

= (21,1 T Zi—Z,i—sz'—Li—l)zi,j(Zi+1,izi+2,i+1 o 'Zj,j—1)<zj+1,j+1 T Zn+1,n+1)-

Hence the first equality in (4.2.4) follows. Using this, one now gets

j j-1
Dok =D kit
k=1 k=1

= (21,1222 Zj-2,j-2)%j-13%,-1(Zj41 j+1 742542 Znt1nt1)
+25(z11%0 205 2% 1) (Zjn1 1% a2 Fnt i)
= (210222 Zj2j-2)%j-1%,-1(Z41 1% 42542 Zntint1)

+ (21,122,2 T zj72,j72)zj,jzjfl,jfl(Zj+1,j+lzj+2,j+2 T Zn+1,n+1)

21,142,277 25—2,§—2%5-1,j—1%5,j%5+1,j+1%542,j+2 " “n+1,n+1

=1
Thus we get (4.2.4). Proof of (4.2.5) is similar. First observe that for j = n+ 1, one has

_ *
Pin+1 = Zin+1”in+1
= (31,122,2 T Zi—l,i—l)(zi+1,izi+2,i+l o Zn+1,n)zi,n+l

= (2'1,122,2 T Zifl,ifl)Zi,n+1(zi+1,izi+2,i+1 e 2n+1,n)-

Thus the first equality in (4.2.5) holds for j = n 4+ 1. Now, assuming that it holds for
7+ 1, we have

n+1

Pij T+ Z Dik

k=j+1
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= (21,12'2,2 e 'Zi—Q,i—QZi—l,i—1)< i+1,i%i42,i4+1 " % j— 1)(Zj+1,j+1zj+2,j+2 e

Zn—l—l,n—i—l)zz j

+ (2’1,122,2 T Zifl,ifl)zi,jJrl(Zi+1,izi+2,i+1 T Zj,jfl)zj+1,j(zj+2,j+2 T Zn+1,n+1)

= (21,122,2 i '21'72,@'72%71,171)(Zi+1,izi+2,i+1 2 ‘71)Z‘+1, i+1%i, '(Z'+2, i+2 "
3:J J+1,3 J\“j+2,5

Zn+1,n+1)

+ (21,122,2 T 2171,1‘71)(Zi+1,7;2i+2,i+1 e zj7j71)zi,j+lzj+1,j(Zj+2,j+2 e 'Zn+1,n+1)

= (21,122,2 e 'Zi—l,i—l)(zi+1,izi+2,z’+l T Zj,j—l)zz‘,j(Zj+1,j+1zj+2,j+2 T Zn+1,n+1)

= (21,122,2 e 'Zi—l,i—l)zi,j(zi+1,z’zi+2,i+1 T Zj,j—l)(2j+1,j+lzj+2,j+2 T Zn+1,n+1)-

This proves the first equality in (4.2.5). Using this we now get

n+1 n+1
szk_ szk+pzz
k=i+1

= (21,122,2 T Zifl,ifl)zi,iJrlZiJrl,i(zi+2,i+22i+3,i+3 e Zn+1,n+1)
+ (21,12’2,2 T Zifl,z’fl)(ZiJrl,i+1zi+2,i+2zi+3,i+3 T Zn+1,n+l)zz i
= (21,122,2 T Zifl,ifl)zi,iJrlZiJrl,i(Zi+2,i+22i+3,i+3 T Zn+1,n+1)
+ (21,122,2 T Zz'—l,z'—l)Zi+1,i+1zi,i(Zi+2,i+2zi+3,i+3 T Zn+1,n+1)
= 21,1722 77 Fi—1,i—1%0,0 R4 1,4+ 17042042704 3,i4+3 " T Pnt1n+1

= 1,
which completes the proof. ]

Lemma 4.1.3 The elements i and q; ; are projections for1 <i<j<n.

Proof: We will show that for any 1 < j < n, if {22:1 Q1 <i< j} is a family
of projections then {2221 QGjpr1 1 <i<j+ 1} is also a family of projections. Then
by an application of equation (4.2.3) in Lemma 4.1.2, we will successively conclude for
i=1,2,...,n+ 1 that the sums 22:1 qy j are all projections for i < j < n + 1. This

will imply that all qi7j’s (and hence all pm’s) for 1 <7 < j <n+1 are projections.

Now fix 1 < j7 < n and assume that {22:1 Q1 <i< j} is a family of projections.
Note that by this assumption, it follows that 4, = 22:1 . j— 22;11 Qe being positive
and a difference of two projections, is also a projection. Hence p; j is also a projection.

Now from Lemma 4.1.2, for i < j, we get

n+1 n+1

1
qu,]—l-l = Z Pix = szk; Pij = qu;,j —DPij-
k=1

k=j+1
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Thus the element 22:1 Q. j+1 1s positive and is a difference of two projections. Therefore

it is a projection. For ¢ = j + 1, Zf;ll qy j4+1 = 1 and hence is a projection. n

Lemma 4.1.4 For1<i¢<j<n+41, one has the following:

J n+1
> 4= i (4.1.6)
k=1 k=i

n+1

7
G => ppi=1 (4.1.7)
k=1 k=i

Proof: We will prove that

zj:q‘ ) Gz 2020 Z e Zien) G - Fapen)s 15 <
=1 1 if j =1,
(4.1.8)
Tilp o (z10%29  Zj—1-1)% (%) 17501 1o -+ Zie1.) Fig1iv1 - - - Zngins1)s L8> 7,
= 1 if i = j.
(4.1.9)

For j = 1, the first equality in (4.2.8) holds as one has

_ *
di1 =%i1%i1

:Zi,1(21,222,3 T Zi—l,i)(zi+1,i+1zi+2,i+2 T Zn+1,n+1)‘
Next, assuming that it holds for j — 1, we have
7j—1
q;j + E q; i
k=1
:Zi,j(zl,122,2 e 'ijl,jfl)(zj,j+lzj+1,j+2 T 2171,1)(Zi+1,i+12i+2,z’+2 T zn+1,n+1)

+(2?1,122,2 T ijz,jfZ)Zi,jflzjfl,j(Zj,j+1zj+1,j+2 T Zifl,i)(zi+1,i+lzi+2,i+2 T Zn+1,n+1)

= (21,1732,2 T Zj—2,j—2)zi,jzj—1,j—1(zj,j+lzj+1,j+2 e Zz‘—l,i)(zz‘+1,z‘+1zi+2,i+2 T Zn+1,n+1)

+(Z1,122,2 T Zj—z,j—Q)Zz‘,j—lzj—l,j(Zj,j+1zj+1,j+2 T Zi—l,i)(zz‘+1,i+1zi+2,i+2 T Zn+1,n+1)
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= (Z1,122,2 e Zj—l,j—l)zi,j(Zj7j+1zj+1,j+2 e zi—17i)(zi+1,i+1zi+2,i+2 T zn+1,n+1)'

Thus the equality holds. For ¢ = j, one has
i
Z 4; K
k=1

i—1
= Z Qg+ ;i
k=1

:(21,12'2,2 s 21'72,1'72)21',1'7121'71,2'(Zi+1,i+1zi+2,z'+2 T Zn+1,n+1)

+Zi,i(21,122,2 T Zif2,i72)zifl,ifl(Zi+1,i+1zi+2,z’+2 S Zn+1,n+1)

:(21,122,2 T Zi—Z,i—Q)Zi,i—lzi—l,i(Zi+1,i+lzi+2,i+2 T Zn+1,n+1)

+(Z1,122,2 T Zz‘—2,z‘—2)zi,izi—1,i—1(Zi+1,i+1zi+2,z‘+2 T Zn+1,n+1)

TR1,172,2 7 Bi—2,i—2%i—1,i—1%4,i%i4+1,i+1%i42,i+2 """ Fn41,n+1

=1.

Thus we have (4.2.8)

Next, note that

. *
Pn+1j = #n+1,5%n+1,5
= (21,122,2 T Zj—l,j—l)(zj7j+1zj+l,j+2 e zn,n-{—l)zn—i-lj

= (21,122,2 T ijl,jfl)szrl,j(Zj,j+1zj+l,j+2 e Zn,n+1)~

Thus the first equality in (4.2.9) holds for i = n + 1.
Assume it holds for i + 1. Then

n+1
Pij+ Z Dt
t=1+1

:(21,122,2 T ijl,jfl)(zj,j+1zj+l,j+2 T Zifl,i)(zi+1,i+lzi+2,i+2 T Zn+1,n+1)zi,j

+(Z1,1Z2,2 T ijl,jfl)zi+1,j(Zj,j+1zj+1,j+2 i 'Zifl,i)zi,i+1(zi+2,i+2 o 'Zn+1,n+1)
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:(2’1,122,2 e Zj—27j—22j—1,j—1)(zj,j+1zj+17j+2 T zi—l,i)zi—i-l,i—i-lzi,j(Zi+2,i+2 c Zn+1,n+1)

+(?«’1,122,2 T ijl,jfl)(zj,j+lzj+l,j+2 T Zifl,i)zi,i+1zi+1,j(Zi+2,i+2 T Zn+1,n+1)

:(21,122,2 T ijl,jfl)(zj,j+1zj+1,j+2 T Zifl,i)zi,j(Zi+1,i+lzi+2,i+2 e 'Zn+1,n+1)
:(21,122,2 T Zj—l,j—l)Zi,j(zj,j+lzj+1,j+2 T Zz’—l,z')(zi+1,z‘+lzi+2,i+2 e 'Zn+1,n+1)~
Thus we have the first equality in (4.2.9).
For ¢ = 3,
n+1

Piit D Pry

k=j+1

=(z11%2,2 " 2j-1,j-1)%j11,4%,j+1 (Zj12,5+2%j4+3,543 ** Zntlnt1)

+(21,1202* 2j-1,j-1)(Zj11 j117j42,542 * * Zntind1) 7))

:(21,122,2 T ijl,jfl)ZjJrl,jzj,qul(Zj+2,j+22j+3,j+3 e 'Zn+1,n+1)

+(21,12’2,2 e ijl,jfl)ZjJrl,jJrle,j(Zj+2,j+22j+3,j+3 v 'Zn+1,n+1)

2117227 B —1,j-1%5,5%541,5+1%542,j42 " Fndlntl

=1.
Thus the proof is complete. ([l
Lemma 4.1.5 The elements p; ; and g, ; are projections for 1 < j <i <mn.
Proof: By using Above Lemma, one can prove exactly as in the proof of Lemma 4.1.4

that if {Zi;:l ¢p:1<5< z} is a family of projections then {Zizl G p1<j<i+ 1}

is also a family of projections. This leads to the required conclusion. (Il

Corollary 4.1.6 The elements z; ; are partial isometries for all 1 <1i,7 <n+ 1.
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Lemma 4.1.7 Leti <k and j < £. Assume that either i > £ or k < j. Then

22, =0 (4.1.11)

Proof: Assume that i > ¢. Then using Lemma 4.1.4, we have

n+1 n+1
*
E, zi0%k5) (Zie%hs) = Zig E, ki | Zie
( 0Rk )(Z V4 ) z, ( D ) z,

k=i+1 k=i+1

J

_ *

= Zi dit1,5)%ie
s=1

J

_ * *

= E Zi 0%i+1,5%i+1,5%i .0
s=1

=0,

since 2 0215 = 0 for all 1 < s < /{— 1. Therefore zivzzzﬂ- =0forall j <fandi<k.

Similarly if £ < j then using Lemma 4.1.2, we get

n+1 n+1
* O\ * * _ *
Z (Zi,ézkvj) (Zi,ﬁzk,j) = %k,j Z (Pi,z)zm
l=j+1 l=j+1
7
_ *
= %k,j 9s.5+1 ) %k.j
s=1
=0.

l—
Therefore as before, z; ,z ; = 0.

The second equality can be proved in a similar way using above Lemmas 4.1.2 and

4.14 U

Lemma 4.1.8 Let i > max{i,j}. Then

%i,j%n+1,k = “n+1,k%,5 Zi,jPrn+1k = Pnt1k%ij-
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Proof: If max{i,j}+1 <k, then one has 2, ;z, .|, = 2,1 ;% ; and hence the equality

follows. Assume max{i,j} + 1=k (i.e. k = s+ 1 and max{i,j} = s). Then

2 iZn41k = Zng1,k%ig T ZikFntl,)

It follows from Lemmas 4.1.2 and 4.1.4 that if ¢ > j, then Ppy1;Pi; =0 and if 7 < j,

then P; kPij = 0. Therefore in either case we get from the above equation that

_ *

4i j%n+1,k = i j%n+1,k%i,j
_ * + *
= Pnt+1k%i%05 T FikFnt1,5%i,5

= 21,k
Similarly, We have

_ *
ZiiPnt1,k = Zij¥n+1,k%n+1k
— *
= Zn+1,k%i,j*n+1,k
N *
= Pnt1,k%ij T Znt1 k% kZn+1,)
—_ *
= Pnt1,k%ij T Zng1 k%n+1,5%ik

= Pn+1,k%i,5

Lemma 4.1.9 Let 1 <i<j<n+1. Then zi,jJrlz:‘LH’jJrl — z;"LH’jzm =0

Proof: We have

* * * * *
(zi,j+1zn+1,j+1 - zn+1,jzi,j) (Zi,j+1zn+1,j+1 - Zn+1,jzi,j)

*

_ * * * * *
= Zijp 1P, j+1 %0+ T Zna1,%,5 %041, T Rl Fnd 1,575, T Fndl,j i, fnt 14174

_ * *
—Zi,j+1(pn+1,j + Qn+1,j+1)zi,j+1 + 2n41,i%,j%n41,5
* * *
= 211 (Zn1 1%y + Znt15%i401) Znag — Znan (G g Zig + Zng1g%i01) %
_ * * * * * *
=Zi,j41Pn+1,5%i+1 T 1,595 %0415 T ZijH1%0 41 041,741, T Fnd 1 Fnd1,5 %4150 41

. * *
=Pnt1,j% j+1 T Zn41,j%,j%n+1,5 — Prnt1,i% j+1 — Znt1,%,j+1%n+1,5
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P
_zn-i-l,j(qi,j - qi,j+1)zn+17j'

Summing over i we get

J
* * * * *
E , (Zi,j+1zn+1,j+1 - Zn+1,jzi,j) (Zi,j+lzn+1,j+1 - ZnJrl,jZi,j)

=1
j j
ok
=Zn41, Zqi,j—zqmﬂ Znt1,j
=1 =1
n+1
ok
=zr1g | 1= D Pig | vy
k=j+1

_ *
=Zn+1,5Pj,j%n+1,5

=0.

Therefore we have the result. O

4.2 Irreducible representations of C'(SUy(n + 1))

The remaining part of this section is devoted to the proof of irreducibility of %, , and

their inequivalence for different pairs (A, w).

Let us start with the observation that the representation v is given by

S ifi=j=nr
S* ifi=j=r+1,

Vs, (2:5) = (4.2.1)
Py ifi#jandi,je{rr+1},

0; I otherwise,

where Py denotes the rank one projection |eg)(eg| = I —S*S. The following lemma is an
important observation that will be used in the proof of the main theorem in this section.

The proof is straightforward and hence omitted.

Lemma 4.2.1 Let w = s, p,15] - S[ay by] and let W' = wsq,—1. Then

ak—1,bk-1]

max{i,j}

D (Zi) = D rnw(Zim) @ Us, i (2 ). (4.2.2)

m=min{%,j}
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Diagrams for the representations 1) . We will next introduce certain dia-
grams for the representations 1y ,, similar to those introduced in [CP03] for the case of
C(SUy(n + 1)) for nonzero gq. These diagrams will be very helpful in understanding the
images of the generatoring elements z; ; of the C*-algebra C(SUp(n +1)). In particular,
they will play a very important role in proving the irreducibility of the representations
Y in the present section and later on while characterising all irreducible representa-
tions, these diagrams will once again he helpful by providing us the necessary ideas and

intuition.

Let us start with the diagrams for the representations v, and s, .

¢Si /l;Z}S]' ¢SZ’S]'
n+1—n+1 n+l—mn+1 n-+1 n—+1
n—mn n——mnm n n
1 + 41 +
7 7 i+1— 141 i+ 1 i+ 1
e - =
j+1 j+1 i+ 1 + 4+ 1 4+ 1 + i+ 1
- J J J j]
i—1 jzj J J
1—1 1—1 1 1
£(N) £2(N) £2(N) ® £2(N)

In the leftmost diagram above, each path from a node k on the left to a node [ on the
right stands for an operator on £2(N). A horizontal unlabelled line stands for the identity
operator, a horizontal line labelled with a ‘+’ sign stands for the unilateral forward shift
S* and one labelled with a ‘—’ sign stands for the unilateral backward shift S. Diagonal
lines going upward or downward represent the projection Fy. The image z/Jsi(zm’l) is the
operator represented by the path from m on the left to [ on the right, and is zero if there

is no such path. Similarly the diagram in the middle stands for the representation ;.

The diagram on the right above is for the representation ts,s;, where one simply puts
the two diagrams representing v, and 95, adjacent to each other, with the one for 1,
to the right of that for 1)s,. The image ts,5;(2,,,) of 2z, ; is an operator on 2(N)® 3(N)
given by the sum of the paths from the node m on the extreme left to the node l on the
extreme right that do not contain both upward and downward diagonals. It would be

zero if there is no such path.
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Next, we come to the description of 1,. As we have already remarked, we will take

a reduced word for w of the form w = sy, 4, < S[ay by Where 1 < k < n,

Slag—1,br-1]
1 <bp <bp_1<--<b <n,and1<a; <b forl <i < k. Togetthe diagram
for v, we simply put the diagrams for the 15 ’s appearing in this word adjacent to
each other in the order they appear in the word from left to right. Thus for example, if

W = S[2,4)5[6,75[1,8]5[5,9]5[3,10]» then the following is the diagram for ¢,

1/)5[2,4] ws[ﬁﬂ 1/15[1,8] w5[579] 1/’5[3,10]
1

1 1=a3

Finally, for A = (A1,...,\,) € S, the diagram for 1w s the same as that for 1),,, except
that the paths starting at m on the left get multiplied by a scalar which is A\p_1 Ay, if

1 <m <n+1 (with the convention that A\g = A\p41 = 1).

Remark 4.2.2 In view of the above, except for the last theorem in this section (The-
orem 4.2.9) where we prove that 1y, ’s are inequivalent for different pairs (\,w), we
will not need to keep track of the \;’s. Accordingly, all the operator equalities we will
write before Theorem 4.2.9 in this section will be valid only modulo a complex number

of modulus 1.

In the diagram for 1, ., we will refer to the part corresponding to zbs[aj’bj] as the
S[a; b;)-S€ction and the smallest rectangle containing the diagonal lines in the s, p.1-
section as the s|,; ;. )-rectangle. For example, the different s, ; j-rectangles have been
shown in red colour and the sj5 g-section has been shown in blue colour in the diagram
below. Observe that if ¢ > b; + 1, then the horizontal line starting at node 4 on the left
passes above the s, 3, -rectangles for m > j. For an operator R given by a path, we

will denote by R; the operator given by the s, ; j-section of that path. In such a case

one has

R=R,®Rr 1®...0 Ry,
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where R; acts on ¢2(N)®% for all j.

S12,4]  9[6,7) S[1,8] 515,9] 5[3,10]

[y
=

Mo

XB}\lO

AgAg ><

A7)s

Aor X>< X>< Xx

X5 /\6

A5 ><

PV

X2 >\3 >< ><

Xl A2
A1

>

N W s OO N oo

The diagram for v, ., and the terminology introduced above will be helpful in under-
standing the operators in the image 1) ,(C(SUp(n + 1))) as well as certain quantities
associated with them that we will define in the remaining part of this section. They are
also going to be helpful in getting insight into some of the proofs in sections 5 and 6,

though we will not explicitly use or refer to the diagrams there.

Given a reduced word w = s, p,15]| - S[ay by]» We will next define certain

ag—1,bx—1] -
elements in the C*-algebra A,,(0) that will play a crucial role in the proof of irreducibility
of the representation v ,,. For 2 < j <k and a; < i < bj + 1, define two integers n(j, i)

and n/(j,1) as follows:

n(j,i) = max{m :1<m<j—1anda,< i}, (4.2.3)

n'(j,i) = max{m:1<m < j—1and an +1 < if, (4.2.4)

with the usual convention that maximum of an empty set will be taken as —oo. Thus
n(j,1) is the maximum of all those m for which the ith horizontal line (from the bottom)
intersects the s, 5, -rectangle, and n(j,i) = —oo when the ith horizontal line is below

the s -rectangles for 1 <m < j — 1.

a?’r’ubm}

Next, for 1 < j < k and for a; < < b;j + 1, define operators UM‘(W) =, as follows:

Vi = 2p 41,00 (4.2.5)

2y 140 o~y i n(F,4) is finite
Uj7z‘ — bJ"'_lvZ n(],z),1+1 2 S ] g kf (426)
2y, 41, if n(j,i) = —o0
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Let us denote by Z; ; and V; ; the operators w/\,w(zz}j) and ¥, , (v; ;) respectively. We will
next study the operators V; ;. In general, ij 41, Is given by a sum of paths from b; + 1
to ¢ going downwards. The operator V]Z will be given by the lowest among these paths
(appearing in the sum for ij +17i) with some of its sp,, ;,]-sections slightly modified for
1 < r < j—1 so that at most one shift operator occurs in each such section. This is

made more precise in the next two propositions.

Proposition 4.2.3 Let {, = b, —a, +1 for 1 <r < k. Then for aj <i <bj+1, one

has

V=T o1 @ o1, (4.2.7)

where Tg) ’s are of the following form:
%6 if r> g, (4.2.8)
pPr=) g g% @ reliar—1) ifr=3jandi>a,+]1, (4.2.9)
pPrmarth) ifr=jandi=a,,  (4.2.10)
PP g 1 g5 ifr<jandi=a,+1,  (42.11)
PP @ I g §* @ 18ti-ar=1) ifr<janda,+1<i<b,  (4.2.12)
tensor product of Py’s and I’s ifr<jandi<a,. (4.2.13)

Proof: For j =1, it is easy to check from the diagram for ¢, , that (4.2.7) holds
for a; +1 < i < b; 4+ 1. To help follow the argument, let us keep the following diagram
before us in which the s, 5, )-section and the the s|, ,; ,j-section have been enclosed

by pairs of coloured vertical lines.

Slam ,bm] Slap, byl

XX X
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Let us now assume that (4.2.7) holds for j <m—1and aj+1 <i <b;+1. Take an i
such that a,, +1 < i < b, + 1. Let us look at the case n(m,i) = —oo first. In this case,
i <ajforall 1 <j <m—1,1ie. the ith horizontal line is below the s[aﬁbﬂ—rectangles
for 1 < j < m — 1. Therefore Tj; = 1) for 1 < j < m — 1. Since the horizontal
line starting at b,, + 1 on the left passes above the S[a; b;)-rectangles for j > m, there is
exactly one path going from b,, 4+ 1 on the left to ¢ on the right and it does not intersect

the sp,, p,-rectangles for 1 < j <m — 1. Thus

Zy 1i= 19 emi1 ) (P((]@(bm"‘l_i) ® S* ® I®(i—am—1)) ® 185 &)

=TV oT™ @ TP,

Next assume m’ := n(m, i) is finite. We have V;,; = Z, |V, ;. . Since m’ < m, by
our hypothesis,

Vit i1 = Tlg,TZr)l ® Tlng?i-&-l ® - Tl(TJr)l

Note that since m’ < m, one has T;Z& = 1%W) for m < r < k. It is also immediate

that Z, is of the form & r—m1 ) ® R for some operator R that acts on the last

bm+1,i
S™ | £, copies of £2(N). The operator R is given by S 0" R(l) where R(l) is the sum
of operators given by the paths that go from by, +1 to [ in the s[4, 3,,]-section and then

from [ to 7 in the sg,, p,.] - - - S[ay,by)-SECTION.

From the diagram, we conclude that for I > i, the s|, ,; j-section of R(l) is either
of the form I®Cw =0 @ § ® §* @ I9(=aw =1 or of the form I®Cw =0 @ § & 1®0=m),

while Té:,n;)_‘_l = P0®(bm'_i) ® §* @ I®(i=am)  Therefore

R(l) (T(m) T( %z—i—l ® - Tl( z+)1) =0

m,i+1

Hence
R (Tém H)-l ® TT(TLm i ,i+1 @ - Tl(T-i-)l) - R(Z) (T7(n H)-l ® T(m % ,i+1 ® - Tl(Tzn—i-)l)

Let us write T,; = R(i), TT(H_)1 for 1 < r < m. We will show that T;.; is given

by (4.2.8-4.2.13) for j = m. Note that the path R(i) consists of the diagonal line
coming down from by, + 1 to i is the s, 3,j-section and its horizonal continuation in

the s - S[ay,by)-S€ction. Let us now look at the following three cases separately.

amflybmfl] o
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Casel: 1 <r<m-—1anda, <i.
Since a, < i, we have r < m/. Therefore in this case, R(7), = I®tr=) @ § ®@ §* ®
I®G—ar—1) = and TT(TJF)I P()@)(b’"_i) ® S* @ [®li=ar)  Therefore T = R(i)rTr(;.'i)l -
Pgwh_l) ®1®S8* @ I®0~==1)_ Since r < m and i > a,, from (4.2.12) it follows

that this is of the form TSVT).

Casell: 1<r<m-—1and a, = 1.
As in the earlier case, we have 7 < m/. Hence R(i), = I®“ =1 ® S. Now if r = m/,
then by (4.2.9) we have T,SH)I P, 91 8% and if r < m/, then by (4.2.11), we have
Tr(ﬁ)l = P®(ZT Y®I®8* Thus T, ri = R(1),T, r(z+)1 is either P®(£""_1)®I or P(()X)(Z""_Q)®I®I.
Since r < m and ¢ = a,, by (4.2.13) T, ; is of the form Tr(ﬂ- ), as required.

CaseIIl: 1 <r<m-—1and < qa,.

In this case, R(i), = I®), so that T, = ™) I e > m/, then ™) — 194 Since

ri+1° ri+1l T
i+ 1< ap, if r =m/, we must have i + 1 = a,. Hence by (4.2.12) Tfﬁ)l is a tensor

product of Py’s and I’s. If r < m’ and i +1 < a,, then also by (4.2.13), qu,z'+)1 is a tensor

product of Fy’s and I'’s. Since T;.; = T, r( ; +)1, in all these subcases, it is of the required

form. OJ

We now list a few important corollaries of the above propsition.

Corollary 4.2.4
"/},aj’ ' ‘ijfl,ajfll e “/1,(11‘ = Tk ® Tk—l X Tla

where

%t if r > 7,
T —

T

PO i<
Corollary 4.2.5 Let a; <i <b; +1. Then

VaryiVis =T @ Ty @ - @ T, (4.2.14)

bl 7,L J7Z
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where
1%t if > j,
P0®(b’°+1_ar) ifr=4 and i = a,,
T = (4.2.15)
P0®(br+1_z) ® §* @ [®li—ar—1) ifr=jandi>a,+1,
tensor product of Py’s and I’s if r <j.

\

Proof: Observe that for » < j, the section TT(? is of the form (4.2.11) or (4.2.12)
(i.e. contains the right shift) exactly when r < j and a, < i. Let n/(j,7) be as defined
in (4.2.4). Then for the operator Vn,(m.),i also, the corresponding sections Tr(j-) exactly
match Tr(? and the remaining ones are tensor products of I and Fy’s. Therefore the

result follows. O

Corollary 4.2.6 Let a; <i <b; 4+ 1. Define

E;i(w) = V:/(]'»i)ﬂ‘/]'viﬂ/j_l;aij ' |Vj—2,aj,2| T |V1,zz1| if n'(j,i) > —o0
ViilVicta; o 1Vicaa, | Vi, | if ' (j,i) = —o0
Then
Eijiw)=T,0T, ®- -1}, (4.2.16)
where
194 if r > j,

P[)@(br—f—l—i) ® S* ® [®(i—ar—1) ifr=j andi>a, +1,
. (4.2.17)

ng(bﬂrl*a” ifr=7 andi=a,,

pPbrrizan) ifr < 7.

\

Proposition 4.2.7 For 1 <j<kanda; +1<1<0b; +1, let

Ry = I®Ci=int) g ( pEEFI) g g g [®(z’—aj—1>) @ 91216

Sji = [*Er=int) g ( 18b;+1-1) & g% & [®(i*aj*1)) ® 18216

)

Then Rj; and Sj; belong to ¢, ,(C(SUg(n+1)))" for1 <j <k anda;j+1<i<b;+1.
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Proof: This is easy to see for j =1, asone has R ; =V} ; for a1 +1 <1 < by + 1,

S1,146, = V1,144, and

Spi= > S ST V(S ) (ST i an << by
ki7~-~kbj eN
Fix a j < k. Assume that R,;,S,; € ¥, ,(C(SUp(n + 1)))” for 1 <r < j. Take i such
that aj;1 +1 <7 < bjy1 + 1. Let us denote the operators in Corollary 4.2.6 by Ej,i‘
Then

<.
|
_

_ k"r,br kr,ar kr,arp * kr,br *
Rj+1,i - E : Sr,l—&-b,,. s Sr,lJrarEjJrl,i(Sr,lJrar) s (Sr,l-i—br.) .
1 k‘r,ara---kr,breN

ﬁ
Il

Since E; ; ; belongs to the image 1,  (C(SUp(n+1))), we have R, ; € ¥y ,(C(SUp(n+
1)))”. Now note that

kbA k. k; kb'
_ J i i * J *
Sj+1,i = E , Rj+1,1+bj "'Rj+1,z’+1Rj+1,i(Rj+1,i+1) "'(Rj+1,1+b]~) )
ik EN

Therefore it follows that Sj1; also belongs to the strong operator closure of ¢, ,(C(SUo(n+

1))). O

Theorem 4.2.8 Let A € (S)" and w = Slapbe] Slan_1.bu_1] - - - Slar,by) b€ a reduced word

in &py1. Then the representation 1y, is an irreducible representation.

Proof: This is an immediate consequence of the previous proposition. O

Theorem 4.2.9 )\, \ € (SYH)" and let

—_— / —_
W= Slag,by]Slag—1,bx—1] - - - Sa1,b1]s W= Slal, by 5lag, b ] Slay b

be two reduced words in Spi1. If (A\,w) # (N,w'), then the representations vy, and

Yy are inequivalent.

Proof: Let 1 <j <n+ 1. Define my41(j,w) = j and for 1 < i < k, define m;(j,w)

recursively as follows:
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, miv1(j,w) + 1 if a; <mip(j,w) < by,
m;(j,w) =
mi1(j, w) if miy1(j,w) > b +1 or mip1(j,w) < a;.

In the diagram for ), one starts at j and proceeds horizontally and goes one step
up whenever one encounters a diagonal going upward. The numbers m,(j,w) simply
keep track of the horizontal line one is on when one completes the s(,, 5 -section. Thus

m1(j,w) is the maximum k such that 7J)x\,uz('zﬁ',k) 7 0.

Let us first assume that w = w’ and A # \. Let
jr=max{l <i<mn:\ #A}
If bjy1 < j < b; for some 4, then

spec(Vxw(2j41,m, (j+1.w))) = {0, Tj)‘jJrl}a

Spec(l/b\ﬁw (Zj—l—l,ml (j+1,w))) = {0, )\7)\341},

i.e. the spectrums of the same element are different for the two representations. Therefore
rw and Yy are inequivalent. Similarly if j = b; for some 4, then write m = n’(i, a;).

By Corollary 4.2.5 and keeping track of the effect of A and X, we get that if m > —oo,

then
spec(Ya w(Bia; (W) = {O?X;,,LX;)\Z,RH)‘;‘nLl}
- {o,Xme;/\bmHAjH},
spec(¥n w (Bia, (w))) = {vabmxj)‘bm-i-l)‘j—i—l}’
and if m = —oo, then

Spec(w)\’,w(Ei,ai (W») = {07)‘7;'/\;'—1—1} = {07/\73‘)‘%-1}

spec (¥ w (Eia, (w))) = {0, AjAj1}-

Thus 9, and 9y s are inequivalent in this case also.

Let us next assume that w # w’. We will split this into different cases and in each case,
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produce an element of C(SUy(n+ 1)) whose image under one representation will be zero
while the image under the other is nonzero, thus proving that the two representations
are not equivalent.

Case I:

There exists j < min{k, &'} such that b, = b}, a; = a; for 1 <i <j—1 and b; # 1.

Assume without loss in generality that b; > b. Then my(bj,w) > mi(bj,w’). Therefore

wX,w’ (ij ,ml(bj ,w)) = 07

1/})\,0.) (ij ,ml(bj ,w)) ;é 0

Case II:

There exists j < min{k, &'} such that b, = b}, a; = aj for 1 <i < j—1,b; = b; and
a; # a;-.

Assume without loss in generality that a; > a;». Once again using Corollary 4.2.6, we ob-
serve that modulo multiplication by complex numbers of modulus one, 1y ,(Ej,q, (w)) is
a projection, while ¥y . (Ejq;(w)) is a tensor product of shifts and projections. There-
fore 1), and 9y . are inequivalent.

Case III:

b, =0, a;,=a, for 1 <i<Fk and ¥ < k.

In this case my (bg,w) > mq(bg,w’). Therefore

¢)\’,w’(2bk,m1(bk,w)) =0,

Uaw ('zb;c ,ml(bkvw)) # 0.

Case IV:
b,="b,,a;,=a,for1 <i<kandk<Fk.

This case is identical to Case III with k and &’ interchanged. g

4.2.1 Operators in 7(C(SUy(n + 1)))”

In this section, we will study the actions of the generating elements Z; j on a Hilbert
space and construct certain operators using the strong operator topology available there.
These will turn out to be very useful tool in analysing the irreducible representations.

Let us start with a representation m of C(SUp(n + 1)) on a Hilbert space H. For all
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i and j, we will denote the operators 7 (2, ;), m(p; ;) and 7(g, ;) by Z, ;,

respectively.

Proposition 4.2.10 Let 1 < s < m < n. Assume Zm+178 = 0 where s <m+ 1. Then

Z;,;=0fori>zm+1andj<s.

Proof: Let us assume s > 1 and take i = m+ 1, j = s — 1. From relation (2.2.21), we

have Z,, .4 s 1Z, s =0, so that

Zm+1,sles,s =0.

For 1 <k < s — 1, the commutation relation (2.2.22) gives us

Zk,slem—i-l,s - Zm—l—l,sZk,sfl = Zm—f—l,s—le,s'
Since Z,, 11 s =0, we get Z,, 1 ;17 o = 0 which implies
Zm+1,slek,s = 07 1 S k S S — 1

Therefore

S
Zimt1,5-1 = Zmt1,s-1 (Z Qk,s> = 0. (4.2.18)
k=1

Next, let us assume m < n and take i = m + 2, 7 = s. Using relation (2.2.21) we get

Zm+1,m+1Zm+27s = 0, so that

Pm+1,m+IZm+2,s =0.

For m+2 <k <n+1, we get from (2.2.22)

Zm+1,sZm+2,k - Zm+2,kZm+1,s = m+1,k:Zm+2,s'
Since Z,,, 1 =0, we get Z,, 1, Z,, 15 o = 0 which implies

P11 kZms2s =0, m+2<k<n-+l1.

m

Therefore

n+1
Zm+2,s = ( Z Pm+1,k> Zm+2,s =0. (4.2.19)
k=m+1
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By repeated application of (4.2.18) and (4.2.19), we get Z;;=0fori>m+1landj <s.
]

Lemma 4.2.11 Assume i # m and j # k. If Z,,Q,., = Q,, %, ; and Z,, ,Q
Q; jZ ks then one has Z, ;2 7 7

ii%mk — “mk%i5°

ij =

Proof:  Computing (Z,, 2, — ZupZi;) (ZigZup = ZmpZs;) using the given re-
lations we get the required equality. ([l

Lemma 4.2.12 Let F be a subset of {1,2,...,n+1}. Let j € F and i # m. Assume
Z @iy = QugZom Jor allk € F and Z,; (Syer Qs ) = (Sher Qi) Zige Then

m m,k“i,j

for allk € F.

Proof: Note that

Z (Zi,jZm,k - Zm,k:Zi,j) (Zi,jZm,k’ - Zm,k:Zi,j)*

keFr
7, (z @m,k> 2+ Lo Zins) — 2oy S (G Zins) S sy Zins)
ker ker ker ker
= (Z Qm,k> Z;iZi i+ Qi Z (Zin g Zmi) = Zi ;25 Z (ZyZ 1) — Z (ZinpZmr) Zi 255
keF kEF keF keF
=0.
Therefore we have the result. O

Given a representation 7 of C(SUp(n + 1)), we will denote by r(7) = r the following
r(r)=r:=min{i: 1 <i<n+1,7,,,,; #0}. (4.2.20)
Proposition 4.2.13 Assume 2 <r <n. Then one has

Zi iZps1 ke = ZnsaxZiy for1<i<n, 1<j<r—landr<k<n+1. (4.2.21)

Proof: Observe that for 1 <i<r—-1,1<j<r—1landr <k <n+1, one has

max{i,j} +1 <7 <min{n + 1,k}. If max{i,j} + 1 <min{n+ 1,k}, then Z, ;Z, ., =
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Zn—i—l,k

max{i,j} + 1 = min{n + 1, k}, then one has

Z; ;. Since by Proposition 4.2.10, we have Z, , ; = 0 for 1 < j < r —1,if

Zi iZniik = Zny1kZijt Zns1,Zik = Lot ki

Let us next assume that Zm-ZnJrl k= Zni1 kZz‘,j foralll<j<r—1,r<k<n+1and

for all 1 <7<t <n. Then P,L-’jZ k= Zn+1,sz‘,j for all such j, k and i. Therefore

n
n n
Zn+1,k:Zn+1,k E Pi,j = § Pi,j Zn—i—l,k‘
i=j i=j

Since P, Z, 1 = Zyy p P for 1<i<tand 30, Pi=37_1 Q1 it follows

2,

that , .
J J
ZnJrl,k < E Qt+1,m> - < E Qt—i—Lm) ZnJrl,k'
m=1 m=1

Therefore

Zn+1,th+1,j = Qt+1,jZn+1,k
for 1 < j <r —1. On the other hand, we also have
n+1 n+1
Ziv1j = Ziv1 <Z Qn-i—l,k) = (Z Qn+1,k> Ziy15-
k=r k=r

Therefore by Lemma 4.2.12, we have

Zt+1,jZn+1,k = Zn+1,th+1,j

forr<k<n+land1<j<r-—1.
By repeated application, we now get the result. (|
We next look at certain infinite sums of elements from 7(C(SUp(n + 1))) that con-

verge in the strong operator topology (SOT) so that they belong to the SOT-closure
7(C(SUys(n 4+ 1)))" of 7(C(SUs(n + 1))).
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Proposition 4.2.14 Let r be as in (4.2.20) and let r < k < n+ 1. If T} is a partial

isometry with TgTy, < B, and T, T <P, ,, then the operator

pp— m m *
Thy1 = E : Zn+1,k+1Tk(Zn+1,k+1)
meN

exists as a strong operator convergent sum and is a partial isometry with Ty T, <

P

*
11 ond Ty Ty < P

n+1,k+1"°
Proof: Define the operators

m

P m *
Rim = Zp4 1 i1 Pagr o (2051 1) m € N.

Then Ry ,,’s form a family of orthogonal projections. Observe that

m
__ rrm+1 m+1 *
Ptk — E Rij =2 k1 (Z0 0 i)
=0

and the sum } ;.\ R ; converges in SOT. Therefore we have } ..y Ry ; < P,

JEN j — " nt+lk+1"

Hence

Poii ke — Z Ry ;= SOT
JEN

ZTT+1J€+1(Z7T+1,I€+1)*- (4.2.22)

- lim
m—00

Next, write
— m m *
Tk,m = n+1,k+1Tk(Zn+1,k+l) ) m € N.

Then one has T} ,, = R, T} . Ry ., for all m € N. It is easy to check that Tl:,mTk,m =

0="1,,Ty,, for m#m’ and one has

*
TymThem < Potik+1,

*
Ty m < Pnt1k+1-

Therefore the sum 7 := ) T}, ,, converges in SOT and it is a partial isometry with

meN

both initial and range spaces contained in P, 1k H O
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Using the above proposition, one can now define recursively the operators W; ; for

1<j<n+1andj<i<n+1 and the operators U; for r +1 < i <n+ 1 as follows:

Z if i = 7,
W, =4 (4.2.23)
> _keN Zs+1,iwfi—1,j(zs+l,i)*7 fj+1<i<n+1
Z , ifi=r+1,
U= (4.2.24)

> keN Zﬁﬂ,z’Ui—l(ZsH,i)*, ifr+2<i<n+1.

Thus we have

o k; ki—1 kri2 kryo * ki—1 x (ki *
M,T+1 - Z Zni‘rl,iZn—i-l,i—l T Zn+1,r+2Zn+1,7‘+1(Zn+1,r+2) e (Zn+1,i—1) (Zni‘rl,z) )
kryo2,...,k; EN
(4.2.25)
_ k; ki1 krio kri2 * ki1 x [ r7k; *
VVi,T - Z Zn2+1,iZn+1,ifl e Zn+1,r+2Zn+1,r(Zn+1,r+2) T (Zn+1,i71) (anrl,z) )
kr+2,‘..,ki€N
(4.2.26)
o k; ki1 krio kriyo2 * ki—1 *( kg *
Ui = Z ZnJrl,iZnJrl,ifl e Zn+1,T+QZn+1,T(Zn+1,7‘+2) T (ZnJrl,ifl) (Zn+1,i) :
kry2,....ki€N
(4.2.27)

We will use these three operators repeatedly in the rest of the paper. We start with

a few observations on these operators.

Proposition 4.2.15 Let r be as in (4.2.20). Then

1. U; is a normal partial isometry forr +2 <i<n+1,

2. W, is a normal partial isometry for all T <i<mn+1,

3. W, 11 1s a partial isometry with source projection and range projection contained

z'nPnHﬂ- forr+2<i<n+41,

Proof: By Proposition 4.2.14, the operators U;, W; , and W, ., are all partial isome-
tries. Normality of U; and Wi,r follow from the fact that P, 11, = Qnt1,-. It is easy to
see from (4.2.25) and (4.2.27) that

)

WiriiWir1 < Py (4.2.28)

Wi iWiggr = Wi il Wi = UJU; (4.2.29)

)
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Therefore part 3 follows. g

Proposition 4.2.16 Let r be as in (4.2.20). Then we have the following relations:

ZiWoitrr = W1 Zip = Un1Ziprs 15T, (4.2.30)

Z W*+1 r41 W;’L<+1,T'+1Zi,7‘ - 07 7/ S T. (4231)

Proof: Since ¢ < r, the operator Z;, commutes with Z forr+2<j<n-+1.

n+1,j5
Using this and the relation (2.2.22), we get (4.2.30). Equation (4.2.31) follows by using

(2.2.22) and (2.2.26). 0

Theorem 4.2.17 Let r be as in (4.2.20). Then the operator W, ., . commutes with all
the Z, ;’s

Proof: For 1 <j <r —1, the commutaions follow from Proposition 4.2.13.

Assume next that 1 <4 < j =r. Then

§ k k *
Z W r+1,r Zi,r Zn+1,r+1Zn+1,r(Zn+1,r+1)

keN
— k k *
- Z Zn+1,r+1Zi,an+1,r(ZnJrl,rJrl)
keN
k k+1 *
+ Z Zn+1,r+IZ +1, T'ZZ T+IZ +1 T(ZnJrl r+1)
keN
— k+1 *
ZZn—i—l 7’+1 +1 rZz 7’+1(Zn+1 r—i—l) )
keN

and

* k
r+1 r 'L r E Zn+1 r+1 n+1 T(ZTL+1,7‘+1) Zi,r
keN

k *
Z n+1, 'r+1 n+1, rZz T(Zn+1,r+1) .
keN

Thus we have

k *
Z W r+1,r r+1 r z ;T Z n+1, 7‘+1 n+1,r (Zn+1,rZi,7"+IZ +1,r4+1 Z; ,7") (Zn+1,r+1) .
keN
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Now
(221,21 2 —~ ZnirZi) (221 2 v 20, —~Zyi1:Zi0)"
n+1r“ir4+1“n+1,r4+1 n+1r“ir n+1r“ir+1“n+1,r+1 n+1,r“i,r
_ *
- n—i—l,rQi,r n+1l,r = Qn—f—l,rQi,r—l—l'
Therefore

T

E 2 * 2 * *
(Zn+1,TZi,r+1 n+1l,r4+1 Zn—i—l,rZi,r) (Zn+1,rZi,T+1Zn+1,r+1 - Zn+1,rZi,r)
i=1

r r
—Ln4lr (Z Qi,r) ’:—i—l,r - Qn—‘rl,r (Z Qi,r—f—l)
=1 =1
n+1
:QnJrl,r - QnJrl,r ( Z PT,k)

k=r+1
:Qn-l—l,’rpr,r

- n+1,rPr,r

=0.

Thus we have Z; W, ., = W, ., Z;, for1 <i < r. Since Z;, commutes with

2y forall j > 7+ 2, we get
Zi,rWn—f—l,r = Wn+1,rZi,r‘

Next, let 1 < i <r + 1. Then one has
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_ s k
zr—l—lW +2,r — “ir+1 ZZ n+1,r42 +1,'r+IZ —+1 T(Zn—l-l,r—i-l) (Z +1, 'r+2)

keN seN
— k s s * k *
- Z Z Zn+1,7‘+2Zi,7‘+IZn+l,r+1Zn—i—l,r(Zn—l—l,r—f—l) (Zn+1,7"+2)
keN seN
+ Z Z; 028 Z, 1, (Z8 V(2 L)
+1 r4+2%n+1r+1“i,r4+2%n+1,r4+1“n+1,r\“n+1,r+1 n+1,r4+2
keN seN
k *
Z n+1,7r+244 r+lZ +1 T(Zn+1,r+2)
keN
S *
+ Z Z n+1 r+2Zn+1 r+1Z’L T+2Z +1 T(Zn+1,7'+1) (Zn+1 r+2)
keN seN
k *
Z n+1, 7'+QZn+1 T(Zn+1,r+2) Zi,r+1
keN
k *
+ Z Z Zn+1,r+2Zn+1,r+1Wr+1,rZi,r+2(Zn+1 r+2) ’
keN seN

and

— E k k *
Wr+2,rZi,r+1 - Zn+1,r+22n+1,r(Zn+1,r+2) Zz’,r—l—l

keN
s+1 *( rz7k *
+ZZ 22, r+1Zn+1,r(Zn+1 r11) Zng1o42) Zi g
keN seN
(Zh )'Z
+1 r+2 n+1,r\“n+1,r+2 i,r+1
keN
+y zF Z W, 2k Z, . (Zk )*
n+1,r4+2%n+1r+1" r4+1r“n+1,r+1“i,r+1 +1,r+2/ -
keN

Using Lemma 4.2.9, we now get

) r+1W +2,r Wr+2,rZi,r+1

* * * k *
E +1 7"+2 n+1, r+1W +1,r (Zi,r+2Zn+1,r+2 - Zn+1,r+1Zi,r+1) Zn+1,r+1Zi,r+1(Zn+1,r+2)
keN
= 0.

Thus we have Z; , W, 5, =W, 5,2,y Since Z; ., commutes with Z, , ; for all
j=>r+3, we get

7 7"+1W +1,r = n+1,rZi,7’+1'
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Let j >r+2and 1 <i<j. Then one has

k
Z; W+1r: ZJZ +1]+1W (1’L+1j+1)
keN

= Z Zn+1 j+1Z W (25 n+1 ]+1)k
keN

k—1 k
Z Zn+1 J+1 n+1 J 7]-HI/V ( n+1 ]+1)
E>1

_ k * k
= Z Zni1 i+ iWii1(Znga 1) Zi
keN

* k+1
+ D I i1 201 WinZiger(Znga )"
keN

and

§ : k
]+1r i, +1]+1W ( n+1,j+1) Zz’,j

keN
* s * k
_ZZ n+1,j+1 +1]W l'r( n+1,j) (Zn-&—l,j—&-l) Zi,j
keN seN
* k
Z +1J+1W 17~(Zn+1,j+1) Zz‘,j
keN

k
‘1‘22 nt1j12n41, W10 (Zng1 ) (Zpg1 j+1) " Zi

keEN s>1

* k
Z +1]+1W 1(Zpi1j41)" 2
keN

* k
Z n+1 ]+1Zn+1,jW r n—‘,—lj(Zn-‘rl,j-‘rl) Zz,j
keN

Use Lemma 4.2.9 to get

J

* k+1
E : n+1 ]+IZn+1 ]W Z,j+1< n+1,j+1)
keN

Z W j+1r — W'+1,rZi,j

k * k
- E Zn+1 ]+1Zn+1 jW r n+1](Zn+1,j+1) Zz',j
keN

* * * k
E : n+1 ]—HZn—H ]W r (Zi,j+1Zn+1,j+1 - Zn—i—l,jZi,j) ( n—l—l,j—l—l)
keN

=0.
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Thus we have Z;, W, , =W, .7, ;. Since Z, ; commutes with Z, , , forall k > j+2,
we get

Zi iWoi1r = Wag1,2i 4

Thus W, , commutes with Z, ; for all ¢ < j. Therefore using (2.2.25), we conclude
that W, , commutes with Z;; for all ¢ > j. Since W, , is normal, it follows that it

commutes with all Z; ;’s. O
Proposition 4.2.18 Let r be as in (4.2.20). Then
i1 Unsr = Una Uy (4.2.32)
Proof: We have
i 1rUnt

n+l k kr+l * * k 1 * k * k 1
E : Zn+1 n+1Znil n Zn+1,r+1 n—i—l,r( n+1,r+1) T ( n+1,n) n( n+1,n+1) nr
k;eN

§ kny1 k kri2 * krqo * k * knt1
X Zn+1 n+1Zn11 n "’ Zn+1,r+2Zn+1,r(Zn+1,r+2) T ( n+1,n) n(Zn+1,n+l)

k;eN

kn+1 kryo2
Z Zn+1 n+1 n+1 n'’ Zn+1,r+2
k;eN

7k k k k
x Z rl—+117“+1 1 (Znit )" Zor o (Zngt o) (Zpt )™ (Zpgt 1)

7‘+1€N

n+l k kr+2 * * k +2
E : Zn+1 n+1Znil n Zn+1,r+2 ( 7L+1,T'ZTL+1,T) (Zn+1,r+2) .

k;eN
*
Un+1 Un+1

_ kn+1 kri2 * * Erio * ko ( 7% Ent1
- Z Zn+1 n+1 n+1 n " Zn+1,r+2 n—i—l,r( n+1,r+2) e ( n—i—l,n) (Zn—i-l,n—i-l)
k;eN

kn+1 k kry2 * krio * k * kn+1
X § :Z +1, n+1Zn3—1n “Zn+1,r+2Z +1 T‘(ZTL+1,T‘+2) T+ ( n+1,n) n( n+1,n+1) "

k;eN

k k k k
= Z an;anrlZnil n' "’ ZnT++12,r+2 (Z;;—i-l,TZn—&-l,T) (Z:L+1,7“+2) IARREE ( ;;—l—l,n) n(Z;;—l—l,n—l—l)

k;eN

( :L+1,n)kn (Znt1n+1)

kn-}—l

kn+1

kn+1



4.2. Irreducible representations of C'(SUy(n + 1)) 91

Thus we have the required equality. O

4.2.2 Implications of irreducibility

In this section, we will further restrict our attention to an irreducible representation 7.
Irreducibility will help us extract more information on the operators W; ;’s, which will

be needed in analysing all irreducible representations.

Proposition 4.2.19 Assume 7 is irreducible. Then there is a A € S* such that Wi, =
M.

Proof: Since W, is normal, by Theorem 4.2.17 and by the irreducibility of 7 it is

a scalar operator. But it is also a partial isometry and

*
n+l,rWn+1,r > Pn-‘rl,?" 7é 0.

Therefore we have the result. O

Our next goal is to show that for an irreducible representation 7, the operator

Wit1,041 18 an isometry. For that, we start with a few commutation relations.

Proposition 4.2.20 Let 1 <j<r—1and1<i<n. Then

Wn+1,r+1Zi,j = Zz‘,jWn+1,r+1a

W;{—&—l,r—&—lzi,j = Zz‘,jW;+1,r+1
Proof: This is an immediate consequence of Proposition 4.2.13. U

Proposition 4.2.21

Wim—&-lzn—i-l,j =0, r4+2<i<j.
Zni1,jWiri1 = Wirs1Zn4155 j<it<n+1

Zi iWirs1 = ZijWi 1,11

=W; 1,414 1 <j,r+2<j

Proof: The first equality follows from the fact that @, ;Q, 1, ; =0 for ¢ # j.
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For the second equality, observe that if j < i, then

Zn+1,jWi,r+1 =Z n+1,j5 Z Zn+1 ZVVZ 1 r+1(Zn+1 z)
keN

—4Ln41 sz‘—1 r+1s

k *
Wi,r—i-lZn—‘rlj Z +11 1r+1(Zn+1,i) Zn—i—l,j

keN

11 n41,5-

By repeating the above, we get 2, .\ W, .y = 2, W, ., and W; 7, ., =

ij,r+1Zn+1,j' Finally, for j = i one has

k *
Zn+1,jo,r+1 n+1 J E Zn+l J 1T+1<Zn+l,j)

keN
k+1 k *

Z Zn+1 ,J -1 r+1(Zn+1,j)

keN
_ k+1 k *
=Zn1 Wi + Z Zni1iWic1041(Znga )

k>1
_ * k+1 k+1 \x
=Zp1,;Wis1r41Zn41,j%n41,5 T Z Zpi1 ]Wj—l,r—i-l(ZnJrl ) 2
k>1
(Zk1 )2
+1] —1,r+1\“n+1,5 n+1,5
k>1

11y — Wit Zng

j,r+IZ +1,5°

The last equation follows from the observation that Z,,Z, ., ; = 0. O

Proposition 4.2.22 Let j>r+2 and 1 <i<j. Then

Zi iWis1r41 = Wit 11455

*
Zi Wi re1 = Wit 2y
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Proof: Let j >r+2and1 <4 <j. Then one has

* k
Z W jHLr+1 — ] Z n+1 j—HW T+1(Zn+1,j+1)
keN

_ k * k
- Z Zn—&—Lj-ﬁ-IZi,jW’,r—‘rl (Zn—l—l,j—l-l)
keN

k—1 * k
E:ZTLJrlJJrl n+1,5 i7j+1Wj,7"+1(Zn+1,j+1)

k>1

_ k * k
= Z Zn i1+ Wic1mi1(Zng j+1)" 2 5
keN

* k+1
Z n+1,j+1 +1,]Wj,7‘+IZi,j+1(Zn-‘rl,j-‘rl)

keN

and

* k
Wit1ri1Zi Z 1 Wi (Zny 1) 2
keN

k
—ZZ nt1,j412n41,Wi—1.041(Zng1,5)° (Znga j11)" Zs

keN seN

* k
Z Wi (Zr ) 2
keN

k
+ Z Z 1412041, Wi—1041(Zng1 )" (Zoga j11)

keEN s>1

* k
Z Wi (Zr ) 2
keN

k
Z n+1,j+1 +13Wj,r+1( ;;+1,j)(Z;;+1,j+1) Z; j.

keN

Use Lemma 4.2.9 to get

Z W j+1lr+1 WjJrl,rJrlZi,j

_ k * k+1
- E Zn+1,j+1ZnJrl,jo,rJrlZi,jJrl(Zn+1,j+1)
keN

k
Z 1112041, Wir1(Zny1,) (Znga j41)" Zi
keN

— k * * k
=> ZnivjnZariWir (ZijnZiijin = ZnsaiZig) (Zogaj)

keN

=0.
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Thus we have the required relation. O

T

Proposition 4.2.23 Let 1 <i <r. Then Z;, commutes with Wy, sW, 11

Proof: From (4.2.25), we have for r +2 < j <n+1,

* _ E : k; Eri2 * kryo * k;
I/Vj,r+1vvj,r+1 - Zn+1,j te Zn+1,r+2 (Zn+1,r+1Zn+l,r+1) (Zn+1,7"+2) s (Zn—i-l,j
kr+2,...,]€j€N

Hence

* *
Zi,rWn+1,r+1Wn+1,r+l - Wn+1,r+1Wn+1,r+IZi,r

_ kn+1 k'r'+2
- E : Zn+1,n+1 T Zn+1,r+2
kr+27---7kn+16N

* * kr+2 * kn+l *
(Zi,an+1,r+IZn+1,r+1 - Zn+1,r+1Zn+1,r+1Zi,7') (Zn+1,r+2) s (Zn+1,n+1) :

since Q11 ,41@n+1, = 0, we have

* 7%
Zz‘,an+1,r+1Zn+1,r+1 —Zn+1,r+1ZimZn+17r+1
. *
_Zn-‘rlm-‘rl (Zn-‘rl,r-i-lZi,r + Zn-i-l,?"Zi»?"‘f‘l)

__ %
- n+1,r+1Zn+1,r+1Zi,7“

: * _ *
Therefore we have the equality Z; Wy (W q 00 = Wit i Wi 004, O

Proposition 4.2.24 Let1 <i <r+1. Then Z;, ., commutes with Wy 1, .sW, 1 11



4.2. Irreducible representations of C'(SUy(n + 1)) 95

Proof: We have

i r+1W +2, r+1W +2,r+1

k * k *
Zi,r-i—l Z Zn+1,r+2 (Z +1, r+1Z +1 7‘+1) (Zn+l,r+2)
keN

k *
Z n+1,r4+2 Zi,'r—i-lZ +1, r+1Z +1 7“—1—1) (Zn+1,7”+2)
keN

k * k+1 *
+ E Zn+1,r+2 (Zn+17r+1Zi,r+QZ +1, r+1Z +1 7”—1—1) (Zn+1,r+2)
keN

k k
= Z Zn+1,T+2Zi,r+1 (Qn+1,r+1 + Qn+1,r) (Zn+1,r+2)*
keN

k * k *
+ § 1042 (Zn+1,r+1Zi,r+2Zn+1,r+2) (Zp+1r42)
keN

k
Z n+1,7r4+2 i,r+1Qn+1,r(Zn+1,r+2)*
keN

k k
+ E Zp e (Zni1ri1ZipiaZminrra) (Ziirya)s
kEN

and

W r+2, r+1Wr+2,r+IZi,r+1

- +1 r+2 Z n+1, r+1Zn+1 r+1) (Zn+1,r+2) Zi,rJrl
keN

_ * k *
= Z 1,42 Zn—|—1,r il T it e 412041, ri1) Zipi1(Zpi1r12)
keN

k
= Z n+1,r4+2 Qn-{—l,rZz',r—i—l) (Zn+1,r+2)*
keN

k? * *
+ Z Zn+1,r+2 (Zn+1,r+1Zn+1,r+1Zi,r+1) (Zn+1 r+2) :
keN

Therefore

*
7 r—l—IW +2, r+1W +2r+1 Wr+2,r+1W +2,r+1 z 41

k k
= Z Zn+1,r+2 (Zi,r+lQn+1,7‘ - Qn—l—l,rZi,r—i—l) (Zn+1,r+2)*
keN

* * k *
Z n+1, ’r‘+2 n+1,r+1 (Zi,r+2Zn+17r+2 - Zn+17r+1Zi,r+1) (Zn+1,r+2)
keN

* * k *
- E Zn+1 r+2 n+1 r+1 (Zi,r+2Zn+1,r+2 Z n+1 r+1Zi,r+1) (Zn+1,7"+2) :
keN
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The right hand side above vanishes by Lemma 4.2.9. Since Z, . ; commutes with Z, , ;

*
and Zn+17j

*

for j > r+ 3, it follows that Z; ,,, commutes with W7, W, 4. O

1,7+
Proposition 4.2.25 Let 7 be irreducible. Then Wy 4 W, 1y . = 1.

Proof: From propositions 4.2.20, 4.2.22, 4.2.23 and 4.2.24, it follows that W, . .« W, 11 .14
commutes with Z; ; for all 1 <4 < j < n + 1. Therefore using (2.2.25) we conclude

*

that Wy (1 W, 41,41 commutes with Z; ; for all ¢ and j. Since Wiy (W, 1y 44 18

*

a projection, and Wy, W, 1y .0y > Py, # 0, we get the result. O

The above result tells us that the operator Wy, , W, ;.1 is also an isometry. We
next express the operators Z; ; using this operator. This will be the main tool in proving

the main theorems in the next subsection.

Theorem 4.2.26 Assume 7 is irreducible. Define

W= W;+1,rWn+1,r+1 = j‘WnJrl,rJrl? (4237)
Z;; if g & {r,r+1},
1
v =<z, w  ifj=r (4.2.38)

w ifi=j=r+1,
W ifi=j=r
YZ(JQ) =9I —-WW* difije{r,r+1} and i # j, (4.2.39)
I ifi=j¢{rr+1}
0 otherwise.

max{,j }
Zij= Y vyl (4.2.40)
k=min{z,j}

Before getting into the proof of the above theorem, we first prove two propositions where

we show that the elements Z, W and W*Z, ., are in the commutant {W, W*}".
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Proposition 4.2.27 Let W be as defined in Theorem 4.2.26. Then Z; W € {W,W*}/

for1 <i<r.

Proof: It is enough to show that Z; ‘W, ., . € {W, 1 1, W) 4,1} From Propo-

sition 4.2.16, we have

(Zi,rWnJrl,rJrl - Wn+1,r+IZi,T)Wn+1,r+1 = Un+IZi,r+1Wn+1,r+1'

Now note that

Un1Z; r 1 1Woi1r11

_ § : Fnt1 k2 * Kpyo * Eni1
_( Zn+1,n+1 e Zn+1,r+QZn+l,r( n+l,r+2) T ( n+l,n+1) mt
kr+2:-~~7kn+l€N
kn+1 Eri2 * Erya * En1
Zi,’l‘+1< § : Zn+1,n+l e Zn+l,r+2Zn+1,7“+l(Zn+1,r+2) T ( n+1,n+1) "
kT+21---7kn+1€N
_ kn+41 ) * krio * kn+1
- E : <Zn11,n+1 T anrl,r+2 (Zn+1,TZi,T+IZn+1,r+1) (Zn+1,r+2) T2 ( n+1,n+1) "
krto,....knt1€EN

o kn+1 ) * kr42 * kn+1
- § : (Zn+1,n+1 U Zn+1,r+2 (Zi,r—l—lZn—i—l,an-l—l,r—l—l) (Zn+1,r+2) T (Zn—i—l,n—i—l) "

kri2,...kni1€N

=0.

Thus Z; , W, 11,41 commutes with W, ;.. One also has

* * _
(Zi,rWn—i—l,r—i-l)Wn—i—l,r—i-l - Zi,r(I - Un—l—lUn-i—l) - Zi,r?
* *
n+1,r+1(Zi,rWn+1,r+1) = Zi,rWn+l,r+an+1,r+l = Zi,r'
* !/ .
Thus Zi,rWnJrl,rJrl € {Wn+1,r+17 Wn+1,r+1} for 1 SeST. U

Proposition 4.2.28 Leti <r+ 1. Then W*Z, ., € {W,W*}.

. * _ *
Proof:  Let us first prove that Wy, 1 Z;, (Wit 010 = W, Wi 1241

n
We have

Zi,r—H Wr+2,r+1

_ § : k * k § : k—1 2 * k
- Zn+1,r+ZZi,r+1Zn+1,r+l(Zn+1,r+2) + Zn+1,r+QZi,r+QZn+l,r+1( n+1,r+2)
keN k>1
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_ § k 2 * k+1
- Zn+1,r+2Zi,r+2Zn+1,r+1( n+1,7"+2)
keN

*
Wn+1,r+1Zi,r+1Wn+1,r+1

_ kn+1 kr+2 * 2 * kr+2 * kn+1 *

- § : Zn+1,n+1 te Zn+1,r+2 (Zn+1,T+IZi,7‘+QZn+1,r+1 n+1,r+2) (Zn+1,r+2) cee (Zn+1,n+1)
kri2,....knt1€EN

o 2 : knt1 kr42 * 2 * kri2 * kn+1 *

- Zn+1,n+1 tee Zn+1,r+2 (Zn+1,r+1Zn+1,r+1Zi,r+2 n+1,7’+2) (Zn+1,r+2) cee (Zn+1,n+1)
kr+27~--’kn+1 eN

o kn+1 kry2 * kry2 * knt1 *

- § : n+ln+1 - Zn+1,r+2 (Pn+1,7‘+1Zn+1,7“+1Zi,T+2Zn+1,T+2) (Zn+1,r+2) ce (Zn+1,n+1)
kr42,...;kn+1€EN

o knit1 kryo * kryo * kn+1 *

- E : Zn+1,n+1 ce Zn+1,r+2 (Zn+1,T+1Zi,T+2Zn+1,T+2> (Zn+1,r+2) ce (ZnJrl,nJrl) :

kr+27"'7kn+1eN

*
Wn+1,r+1 n+1,r+1Z2’,r+1

_ kn+1 kr+2 * k'r+2 * k/'n+1 *
- E : Zn+1,n+1 s Zn+1,r+2 (Zn+1,7‘+IZn+1,r+1Zi,T+1) (Zn+1,r+2) s (Zn—i-l,n—l-l) :
kr+27~-~7kn+1eN

Therefore using Lemma 4.2.9,

* *
Wn+1,r+1Zi,r+1Wn+1,r+1 - Wn+1,r+1 n+1,T+IZi,'r+1
§ : kn+1 krio * *
- Zn+1,n+1 cee Zn+1,r+QZn+l,r+1 (Zi,r+2Zn+1,r+2 - Zn+1,r+1Zi,r+1>
kr42,....kn+1€EN

Ky k
(Zn+-_12,7"+2)* ce (an—*ijn—i-l)*

Since W commutes with all the Z, ;’s, we get W*Z, W = WW*Z, . It remains to

prove that W*Z,  W* = (W*>2Zi,'r+1' Since W,, ;1,41 Is an isometry, we have

*

* _ *
Wn+1,r+1Zi,r+1 n+1,r+1Wn+1,r+1 - Wn+1,r+IZi,r+1

*

_ *
- Wn+1,r+1Wn+1,r+1 n+1,7‘+1Zi,7‘+1

= ( ;{+1,r+1)22i,r+1w
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Therefore it is enough to prove that

*

* * _ * 2 *
n+1,r+IZi,r+1 n+1,r+1(Ii Wn—i—l,r—l—l n+1,r+1) - ( n+1,r+1) Zz’,r—i—l(I* Wn—l—l,r—l—l n+1,r+1)'

Note that the left hand side above is 0. Since by (4.2.29) we have I-W, ., ..,y W 1,11 =
U,

n

11U, it suffices to show that (W*)QZZ.J,HUnH = 0. Now

Zz’,r+1Un+1
_ kn+1 k'r+2 k:r+2 * kn+1 *
_Zz',r—f—l § : Zn+1,n+1 ce Zn+1,T+QZn+1,r(Zn+1,r+2) cee (Zn+1,n+1)
kry2,..sknt1E€EN
o knt1 kry3 kry2 kryo * kn+1 *
- § : Zn+1,n+1 tee Zn+17r+3Zi,TJrlZn—i—l,r—i—ZZnJrl,T(Zn+1,r+2) te (Zn—i—l,n-‘rl)
kT+2,...,kn+1€N
_ kn+l kr+3 k'r+2 kr+2 * kn+1 *
- § : Zn+1,n+1 tee Zn+1,r+3Zn+1,r+QZi,r+1Zn+1,T(Zn+1,r+2) ce (ZnJrl,nJrl)
kT+27"'7kn+1eN
kn+1 k'r+2 1+k7‘+2 * kr+3 * kn+1 *
+ E : Zn+1,n+1 s Zn+1,r+2Zn+1,T+1Zi,7‘+2(Zn+1,r+2) (Zn+1,7"+3) ce (Zn+1,n+1) :
krq2,...;knt1€N
Hence
*\ 2
(W*2Z; 1 Uni

o kni1 kryo2 * 2/ rrkri2 * kn+1 *
- Z Zn+1,n+1 tee Zn+1,r+2( n—‘rl,r-i-l) (Zn+1,7’+2> cee (Zn—‘,—l,n—f—l)
k1'+27--~7kn+1€N

2 : knt1 kr43 kryo kr42 * kn+41 *
Zn+1,n+1 ce Zn+1,r+3Zn+1,r+2Zi,T+1Zn+1,?"(Zn+1,r+2) ce (Zn—i—l,n—i-l)
k'r‘+27--~1kn+1€N

knt1 kri2 1+krg2 \x/r7kris * knt1 *
+ E : Zn+1,n+1 cee Zn+1,r+2Zn+1,T+1Zi,7“+2(Zn+1,r+2) (Zn+1,r+3) ce (ZnJrl,nJrl)
krto,....knt1€EN

o kn+1 kr43 krio * 2 krio * kn+1 *
- § : Zn+1,n+1 s Zn+1,r+3Zn+1,r+2( TL+1,T+1) Zi,T+1Zn+17T(Zn+l,r+2) s (Zn+1,n+1)

kr42,...;kn+1€EN

2 : kn+1 kri2 * 2( rrkri2 * ktkrio
+ Zn+1,n+1 t 'Zn+1,r+2( n+1,r+1) (Zn+1,7‘+2) (Zn+l,r+2) " Zn+l,r+1Zi,r+2

kakr+2a~~-)kn+1€N

k+1+k k k
(Zn+1,7‘+r2+2)*(Zn:j_lg,r—i-?))* cee (Zny—ﬁ}n-i-l)*

o kn+1 kry2 * 2 k
- Z Zn+1,n+1 ce Zn+1,r+2( n+1,'r’+1) (Zn+1,r+2) Zn+1,r+1Zi,r+2
kvkr+27-~~7k‘n+1eN

k+1+k, kr kn
(Zn+1,r+2+2)*(zn++1?:r+3)* ( n++lfn+1)*
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Thus the proof is complete. O

For the remaining operators, i.e. VV*Zw_H for i > r+2 and ZZ-JW fori>r—+1, we

now invoke the relation (2.2.25). Observe that for i > r + 2, one has

(Ws—i-l,r-&-lZi,r—&-l)*
= (Z1,1Z2,2 s Zr,r) (Zr+1,7“+2 v Zifl,i) (Zi+1,i+1 ce Zn+1,n+1) Wn+1,r+1

= (Z1,1Z2,2 ce erl,rfl) (Zr,rWnJrl,rJrl) (Zr+1,r+2 ce Zifl,i) (Zi+1,2'+1 ce Zn+1,n+1) ’

and for ¢ > r + 1, one similarly has

*

(Zi,rWn+l,r+1)
= '::—i—l,r—i—l (Zl,1Z2,2 cee Zr—l,'r—l) (Zr,r—l-l ce Zi—l,i) (Zi—l—l,i—‘rl ce Zn+1,n+1)

- (Z1,122,2 ce Zr—l,r—l) W:—&-l,r—&-er,r-i-l (Zr+1,r+2 s Zi—l,i) (Zi—i-l,i—i—l cee Zn—i—l,n—i—l) .

Therefore using the earlier results (Propositions 4.2.20, 4.2.27 and 4.2.22), we now obtain

the following proposition.
Proposition 4.2.29 Let W be as in Theorem 4.2.26. Then

W*Zi,r+1 e{w,w*y fori>nr+2.

Z; W e {W,w}/ fori>r+1.

Proof of Theorem 4.2.26:
From Propositions 4.2.20, 4.2.22 and 4.2.27-4.2.29, it follows that Yi(;) e {W,W*} for

all 7, j. So it remains to prove (4.2.40). For that, we need to prove the following equalities

Z ,WW* =27, i<, (4.2.41)

ZiyW(I = WW* + W*Z, W = Z; 1 i<, (4.2.42)
W*Z; AW = Z; i>r+1, (4.2.43)

W*Zs (I = WW*) + Z, WW* = Z, i>r+1 (4.2.44)

For (4.3.43), note that

Zi,r(I - WW*) = Zi,r(I - Wn+1,r+1 ;+1,r+1) = Zz',rUnHU:{H'
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Since ¢ < r, we have

_ kn+1 kr+3 k'r+2 k'r+2 * kn+l *
ZZ',TU'IH-I - § : Zn+1,n+1 te Zn+1,r+3Zn+1,r+2 (Zi,an—i-l,'r) (Zn+1,r+2) ce (Zn+1,n+1) = 0.
kri2,ekni1€EN

Therefore

Z, WW* =2, — Z; (I - WW*)
:Zi,r - Zz’,rUn+1U;+1

=0.
Next let us prove (4.2.42). Use Proposition 4.2.16 to get

Zi,TW(I - WW*) :W;-i-l,TZi,rWn—i—l,r—f—l(I - WW*)
:Wrt—i—l,r (Wn+1,r+1Zi,r + Un+1Zi,r+1) (I - WW*)
=WZ;,(I =WW?*) + Wi 1,Up 12 p (I = WWF)
=WZ; ,Up1Upir + Ui Up 1 Z o (1= WWT)

=(I = WW*)Z,, 0y (I~ W),

Since W*Z.

i r41 commutes with W, we get

=L+l (I - WW*)ZZ',THWW*

* *
:Zi,r+1 - Un+1 n+1Zi7r+1WW .

By (4.2.41), the second term in the right hand side above vanishes. Therefore we have
(4.2.42).

For proving (4.2.43) and (4.2.44), we will need the following equality.
W*Z i1 = ZipiW* = Z, (T = WW*)  ifi>r+1, (4.2.45)
Here

* *
Zi,r+1Wn+1,r+1 - Wn+1,7‘+lzi,r+1

= (ZLIZQ,Q e Zr,r) (Zr+l,r+2 e Zi—l,i) (Zz'—i—l,i-l—l e Zn+1,n+1) W11
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~Woiir1 (Z11255 - Z,0) (Zosrgis - Zirs) (Zisrisn -+ - Zngrmnsr)
= (211222 Zp17-1) (ZeWoi1oi1 = Wast r41Z00)
(Zosrri2-Zicri) (Zigrar -+ Zngangn)
=(Z11Z95 - Zp 101) Uns1Zr011) (Zosrvso - Zi1i) (Zigrion - Znging1)
=Uns1 (211295 Zp 101) (Zrps1Zrirvsn - Zi14) (Zigtion - Zngini1)

*
= n+1Zi,7“
Therefore we have

* * *
W Zim—&-l - Zi,r—i-lW - Zi7rUn+1Wn+1,r

= Z;,(I - WW™).

Using the above equality, we get

W*Zi,r+1W ~Ziry1 = (W*Zi,r—H - Zi,r—i—lW*) w
=Z; (I — WW* W

=0.
Thus we have (4.2.43). Next,

W*Z; s (I = WW*) + Z, WW*
= (ZigaW* + Zy (I = WWH) (I = WW¥) + Z, WW*

7,7

Thus we have proved (4.2.44). This completes the proof of Theorem 4.2.26.

4.2.3 Classification of irreducible representations

We are now in a position to prove the following factorisation theorem for irreducible
representations of the C*-algebra C'(SUy(n+1)). This will subsequently help us identify
all the irreducible representations of C'(SUy(n + 1)).

Theorem 4.2.30 (Factorization theorem) Let 7 be an irreducible representation of

C(SUy(n + 1)) on a Hilbert space H. Assume r = r(m) < n where r is as in (4.2.20).
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Then there is an irreducible representation m of C(SUy(n+1)) acting on a Hilbert space
Hi such that r(m1) = r+ 1 and 7 is unitarily equivalent to the representation mp * s,

acting on H1 @ (2(N) given by

max{i,j}

Tk s, (25) = Z (2 5) @ Vs, (25), 1<4,5<n+1
k=min{s,j}

Proof: From Proposition 4.2.25, we know that W is an isometry. Since U, U, ¢ >

P, 41, it follows from (4.2.29) that W is not a unitary. By Wold decomposition, there

n

are Hilbert spaces Ho and #H; and a unitary U on Hg such that (%, W) is unitarily
equivalent to ((H; ® 2(N)) @ Ho, (I ® S*) @ U). By Theorem 4.2.26, the subspace
H1 ® (2(N) is kept invariant by Yl(jl), YZ(?), (YZ(;))* and (Yz(jz))* for all 4, j. Therefore the

subspace H1 ® ¢?(N) is an invariant subspace for 7. By irreducibility of 7, it follows that

Ho = {0}. Thus there are operators Zi(’? € L(H1) and ZZ.(E-) € L(#*(N)) such that

1 1 2 2 ..
vW=zVe1 vP=102? 1<ij<n+1,
and we have
max{%,j}
Zy= Y. ZY ezl 1<ij<n+l
k=min{i,j}
In fact one has
(
S* ifi=j=r+1,
S ifi=j5=nr,
2
Zi(,j) =9P ifi,je{r,r+1}andi#j, (4.2.46)

I ifi=j¢{rr+1},

0 otherwise.

Thus the map z; ; — ZZ»(? defines a representation of C(SUp(n + 1)) on ¢*(N) which is
in fact the representation 1, defined in section 3. Observe that the Zi(?’s belong to the
Toeplitz algebra .7 C L(¢%(N)). Therefore

m(2; ;) € L(H1) ® 7 for all i, . (4.2.47)
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Let 0 : 7 — C be the x-homomorphism given by S — 1. Then one has
7Y = (id® 0)Z; ; = (id @ o)n(z)-

Z’?j

)

Thus the map m : z; ; — ZZ(E gives a representation of C'(SUy(n + 1)) on Hp and we

have
max{i,j}

m(zig) = Y. mzp) @ (), 1<ij<n+1,
k=min{:,j}

If T belongs to the commutant of 7 (C(SUp(n + 1))), then T ® I € w(C(SUp(n+1)))’.
By irreducibility of =, it follows that T = I. Thus m; is irreducible. Therefore we get

T (2y11,) = Zpy1,W = 0. Also, note that

* * * _ 7% *
(W Zn+1,7‘+1) (W Zn+1,r+1) - Zn+1,r+1WW Zn—i—l,r—l—l
* *
= ntlr+1 — Zn+1,r+1(I -Ww )Zn+1,r+1
% %
— Int+lr+1 — Zn+1,r+1Un+lUn+1Zn+1,r+l

= In4+1r+1 7& 0.

Thus we have

min{i: 1 <i <n+1,m(2,4,;) #0} =r+ 1.
This completes the proof. ]

We next come to the main result that gives a parametrisation of all the irreducible

representations.

Theorem 4.2.31 Let w be an irreducible representation of C(SUy(n + 1)) on a Hilbert
space H. Then there is a A = (\1,...,A\n) € (S and a reduced word
W = S[ay be] Slap_1.be1] - - - Slas,by] 1 Ont1 such that T = 1y, where

1<by<bp_1<---<by<n,and1<a; <b; for1 <i<k.

Proof: Let r is as in (4.2.20). Note that when m = 1)y, then » < » implies by = n

and a1 = .

It was proved in [GP22] that the statement holds for n = 2.
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Let us assume that it holds for n — 1. Let us first deal with the case r = n+ 1. In
this case, from Proposition 4.2.10 it follows that L1, =0 for 1 < j < n. Therefore

we have

L. Pn+1,n+1 = Qn+1,n+1 = I?

2. Z,

m_H:Oforlgign,

3' Zi,jZn'i‘l,n-‘rl - Zn+1,n+1Zi7j fOl" all ’L,j

Therefore Z

i1t 1S @ unitary and any spectral subspace of Z, | . is an invariant

subspace for 7. By irreducibility of 7, it follows that Z, ., ,, 1 = pol for some po € S 1

Now define
(n—1) Zi,j ifl<j<nand1<i<n-—1,
770(21',]‘ )=
poZ;; it1<j<nandi=n,
where 21(3-71)78 denote the generators for C(SUy(n)). Then mg is an irreducible repre-

sentation of C'(SUp(n)) on H. Therefore there is a = (u1, ..., pun—1) € (S1)" ! and a
reduced word w = (g, 5,] - - - S[arb1] € On C Gnp1 where 1 < bp <bgp—y <+ <by <n—1

such that mo = 1), ,,. We thus have

T T/b\,w,

where A = (u1, 2, ..., tin—1, o). Next, assume 1 < r < n. By an application of the
second factorisation result proved earlier (Theorem 4.2.30), it follows that there is an
irreducible representation 7 acting on a Hilbert space H; such that r(7m;) = + 1 and

T = * g, ie.
max{i,j}

m(z; ;) = Z m1(2; ) @ Vs, (25 )

k=min{i,5}
Using Lemma 4.2.1 and by repeated application of Theorem 4.2.30, we conclude that
there is an irreducible representation 7y acting on a Hilbert space Hg such that r(m) =

n+1and m = mp % ws[m]. By the previous case, the result now follows. g

4.3 Corollaries of the classification theorem

In this section, we present a few important consequences of the classification theorem.
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Proposition 4.3.1 The set
{¥rw A€ (SH", w a reduced word in Sp4q}

gives all inequivalent irreducible representations of C(SUp(n + 1)).

This follows from Theorems 4.2.8 and 4.2.9 in Section 2 of Chapter 4 and Theorem 4.2.31.
Thus irreducible representations of C'(SUy(n + 1)) are precisely the ones that occur as
qg — 0+ limits of irreducible representations of the C*-algebras associated with the

corresponding quantum groups.

Recall that O(SUp(n+1)) denotes the *-algebra given by the relations 2.2.19-2.2.28 in
Theorem 2.2.7. Thus O(SUp(n+1)) can be viewed as a dense *-subalgebra of C'(SUp(n+

1)), and the family 1y ,, gives all the irreducible *-representations of this algebra.

Let o) denote the C*-homomorphism from .7 to C obtained by composing the evalu-

ation map ev : C(S') — C with the canonical projection map n: 7 — C(S') = 7 /K.

Let wo = (s1)(s251) - (8iSi—1---81) -+ (SpSn—1 - - - $1) be the longest word for .7, 11.
Let g = (p1, p2, -+ s pn) € (S1)™. Since .0, (C(SUp(n + 1))) C 9®%"(”+1), one can
view the irreducible representation 1, ., as a C*-homomorphism into the C*-algebra
Tt Let u € C(S') denote the function A — X and 1 € C(S') denote the
function X\ — 1. Let us define a map ¢ from the set {z;; : 1 <14,j < n+1} of generators

of C(SUy(n + 1)) to the C*-algebra C(S1)®" ® T3 1) a5 follows:

u11I® - @11 Y.(z,;) ifi=1,
Couele @101 Yz ;) ifi =2,
19w @ue - @101z, ifi=3,

19191® - @u QudP,(z,;) ifi=n—1,

Theorem 4.3.2 The map ¢ defined above extends to an injective x-homomorphism from

C(SUp(n+1)) to C(SH*" @ FO3n(n+1)

Proof:  Since the elements ¢(z; ;) obey the defining relations (Equation 2.2.19 to
Equation 2.2.27), the map ¢ extends to a C*-homomorphism from C(SUy(n + 1)) into

c(shHen @ FOnm+) - Fop injectivity, note that 1, ,, 7 is a reduced word in .7, 11,
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constitute all irreducible representations of C(SUy(n + 1)). Therefore it is enough to

show that each 1), ; factorises through ¢. Let o) : 7 — C be given above. Define

aP" ifk=r+1
id ® U?(r_l) ifk=r
Oy = { id®0—H+D @ oPFD o < <y
id®" "t @ oy if k=2
id®" ifk=1
For any word w = S[, 1]S[ky.2] ** * S[kn,n] a0d any tuple g = (1, po, -+, pin) € (S1)"

Then 0w = (v, @ €vy, @ -+ @ evy, @ Oy 1) @ Oy ) @ -+ @ O, 1)) © -

Through the embeddings C(S1)®" < L(£?(Z)®") and FOzn(n+l) o, E(EQ(N)‘@%”(”H)),
the above map ¢ gives a faithful representation of C'(SUy(n + 1)) acting on the Hilbert
space £2(Z)*" @ KQ(N)®%”("+1), denoted by 77%0). This is the analogue of the representa-
tion 7y of C'(SUp(2)) used by Chakraborty and Pal in [CP03]. O

Theorem 4.3.3 C(SUy(n+ 1)) is a type I C*-algebra.

Proof: For each 1 <r <k, let is and js; be nonnegative integers for a, < s < b,.

Let |e;) (e;| be the rank one operator x — (e;, )e;. Define the operator
Ty = lei, ) (e, | @ e, 1) (€5, 1| ® -~ @ ei,, ) (€], |-

It is enough to prove that T}, ® T}, ®- - -® T belongs to the image 1 ,,(C(SUp(n+1))).

We will use the operators

72 7i ]?1’

‘G—l,aj,1| ' ‘ij—Q,aj,2| e "/l,m‘

described in Corollary 4.2.6 for this. Recall that

B, = TO Y01 (bs—ast) ® (Po®(bj+1_i) ©S*® I®(i7aj71)> ® Pg@ Zg;i(bs—as-i-l)‘

Now observe that |e;) (e;| = (S%)*PyS7 and hence

iby, tay, Jay, * Joy, * ®(bg—1—ar_1+1) ®(b1—a1+1)
Ek,1+bk .. 'Ek,1+akEk,ak (Ek’lJrak) . (Ek,1+bk) =Ty®F, ®- P, )
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Thus Tj, @ PE"=1 %1 g P95 belongs to 1y, (C(SUp(n+ 1))). Having

proved that
T = Tk X Tk—l R ® TS+1 ® P((]g(bsfas“i’l) ® P(;@(bs—lfas—l‘Fl) ® - ® P[)®(51704+1)
belongs to ¥ ,(C(SUp(n + 1))), note that

s Bl (B

Jbs
s,14bs " " s, 14as s,1+as)* e (Es,ls+bs)*

=T, T 1 Q- ® TS_~_1 T, ® Po®(bsf1—asf1+1) R ® P(;@(b1—a1+1)'

Thus by repeating the arguent, it follows that T, @11 ®- - -QT1 € Py ,(C(SUp(n+1))).
g

Theorem 4.3.4 The map A, : C(SUp(n+1)) = C(SUp(n+1))@C(SUp(n+ 1)) given

on the generators by
max{7,j}

An(z; ;) = Z Zik @ 2k

k=min{:,j}
together with € = 11 1 ... 1),a from C(SUp(n + 1)) to C makes (C(SUp(n + 1)), Ap,¢€) a
C*-bialgebra.

Proof: Note that since C(SUy(n + 1)) is of type I, the tensor product C*-algebra
C(SUy(n+1)) ® C(SUp(n + 1)) is unique. In order that A, defined on the generating
elements as above extend to a C*-homomorphism from C(SUy(n + 1)) to C(SUp(n +
1)) ® C(SUp(n + 1)), it is enough to verify that the elements A(z; ;) obey the same

relations as the z, .’s. Recall from Section 2 that for any irreducible representation 7 of

17-]
C(SUy(n + 1)), the operators Y; ; = limg 04 (—q)™ =30 7 (¢; ;(q)) satisfy these same

relations.
Let ¢ € (0,1). Since A, is a C*-homomorphism from C(SUy(n + 1)) to C(SUy(n +

()

1))®C(SUy(n+1)), the elements Ay (u; ;) = Zzg u;  ®uy, ; obey the same commutation

)

;'s. Hence for A\, € (SH™ and wy,ws reduced words in .7, 11, the

relations as the u;
9,

elements

(w2, @ vi2), ) (Ag(u;)
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also satisfy the same relations. Now observe that

max{i,j}

ql_i;& <¢,(\C,1Z,1 ® w;(ﬂu) (Aq((—Q)min{i_j’o}Ui,j)> = (Yaw ® Vuws) Z Zik @ 2
k=min{:,j}

Since C'(SUp(n + 1)) is of type I, the representations 9 ., ® ¥, ., give all irreducible
representations of the C*-algebra C'(SUp(n+1))®@C(SUy(n+1)) (See Proposition 11.3.2
of [KR97]). Therefore it follows that the A(z, ;)’s obey the relations.

Since C(SUp(n+1)) is of type I, the representations 1y ,,, ® 1, w, give all irreducible
representations of the C*-algebra C'(SUy(n + 1)) ® C(SUy(n + 1)). Therefore it follows

that the A, (2, ;)’s obey the relations .

The identities (A, ® id)A, = (id @ A,)A, and (e ® id)A,, = (id ® €)A,, = id follow

by evaluating both sides on the generating elements. O

Theorem 4.3.5 (C(SUp(n+1)),A,) is not a compact quantum group.

Proof: We will show that the density condition is violated for C(SUy(n + 1)).

Let us denote the generators of C(SUy(2)) by y; ;- Then one can directly verify that
the elements Zzlj};{l;g]} Y k @Yy, ; in the tensor product C(SUp(2)) ® C(SUp(2)) satisty
the same relations as the y, ;’s and hence Ay : C(SUp(2)) — C(SUp(2)) ® C(SUu(2))
given by y, ; — Z?jﬁy{i]} Yk ® Yy ; makes (C(SUp(2)), A1) a compact quantum semi-
group. Now let

51'7]' ifi>2orj>2.

Then one can verify that the w;, ;’s obey the relations for C'(SUp(n + 1)). Therefore the
map ¢ : C(SUp(n+ 1)) — C(SUy(2)) given by

©(z;5) = w;
extends to a surjective C*-homomorphism and it satisfies (¢ ® ¢)A,, = Ajp. Thus

(C(SUH(2)), A1) is a quantum subsemigroup of (C'(SUp(2)), Ap).

Finally, assume that the density condition in the definition of a compact quantum
group holds for (C'(SUy(n+1)),Ay). Then applying the homomorphism ¢ ® ¢ and using
the fact that it is surjective, it follows that {(1 ® a)A1(b) : a,b € C(SUy(2))} and
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{(a®1)A1(D) : a,b e C(SUy(2))} are total in C'(SUp(2)) ® C(SUy(2)). But this implies
that (C(SUp(2)), A1) is a compact quantum group which is false. Thus
(C(SUy(n+1)),A,) is not a compact quantum group. O

Theorem 4.3.6 The crystallized algebra C(SUy(n+1)) is isomorphic to the C*-subalgebra

of the space of bounded operators on (*(Z)®" @ EQ(N)‘@n(n;l) generated by the limits

. (@) ((__ymin{i—5,0},
q1—1>%1+7TS <( %) uw(q)>,

where qu) is the Soibelman representation of C(SUq(n + 1)).

Proof: Similar to the case of nonzero ¢, one can prove that the direct integral 71'5@0)
of the representations v, over A € (S 1 where wy is the longest word in .%,,1, is a

faithful representation of C'(SUy(n + 1)) acting on ¢3(Z)®" ® EQ(N)®n(n2+l). It is simple

to check that the limits lim, o4 ﬂgq) <(—q)min{i*j’0}ui’j(q)) exist and one has

W(so)(zi,j) = qlg& Wqu) ((—Q)min{ifj’o}ui,j(@) .

Therefore the result follows. OJ

Note that the C*-algebra described in the above theorem resembles the Matassa-Yuncken
crystallization in the type A, case. Finally, we have the following important property

of our crystallized algebra.

Theorem 4.3.7 Let 7% be an irreducible representation of the crystallization C(SUp(n+
1)) (respectively O(SUy(n+ 1))) on a Hilbert space H. Then there exist irreducible rep-
resentations 79 of C(SU,(n+1) (respectively O(SU,(n+1))) on the same Hilbert space
H such that
Oz )= lim 7@ ( _q)min{i=i0},, n
70(z,) = lim 7 ((~g) wis(@). g€ {12 nt 1),

Proof: This follows from Theorem 4.2.9, Proposition 4.3.1 and Soibelman’s result

(Theorem 6.2.7, page 121, [KS98]). O

For the Lie groups of type B, C, D etc., a similar definition of crystallized quantized
function algebras seem possible. It will be interesting to see if analogous of the main

results (Theorems 4.2.31) hold for them as well.
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