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Notations & Abbreviations

Sn Permutation group of n symbols

Pn,i,j {σ ∈ Sn : σ(i) = j}

(S1)n n-Torus

N {0, 1, 2, · · · }

qN The operator en 7−→ qnen on ℓ2(N)

−qN+1 The operator en 7−→ −qn+1en on ℓ2(N)√
1− q2N The operator en 7−→

√
1− q2nen on ℓ2(N)

S The unilateral backward shift operator on ℓ2(N)

as well as bilateral backward shift operator on ℓ2(Z)

T Toeplitz algebra

H Hilbert space

B(H) The set of bounded linear operators on H

K(H) The set of compact operators on H

E ′ Commutant of E , i.e. {T ∈ B(H) : TR = RT ∀R ∈ E ⊆ B(H)}

E ′′ SOT-closure of span(E ), i.e. double commutant of E

M(A) The multiplier algebra of a C∗ algebra A

g Lie algebra
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Introduction

The class of quantum groups, unlike their classical counterparts (i.e. groups) are not

yet captured by a single definition. But mathematicians broadly agree on a number of

classes of objects that qualify as quantum groups. What all of these have in common is

a Hopf structure, together with additional structures that can be algebraic, functional

analytic or a combination of both in nature. The origin of the study of quantum groups

can be traced back to the work on group duality in the early 1930’s. However, work

on quantum groups in their present form started in the early 1980’s, by Drinfeld and

Jimbo and subsequently by Woronowicz, Vaksman & Soibelman and many others. Most

interesting classes of quantum groups known thus far are the deformations of classical

Lie groups which were first introduced by Drinfeld and Jimbo. The q-deformation of a

connected simply connected Lie group G is typically studied through two Hopf algebras

associated with it: the quantized universal enveloping algebra (QUEA) Uq(g) ([KS97])

and the quantized function algebra (QFA) O(Gq) ([KS98]).

Let U(g) denote the universal envelopping algebra of a complex simple lie algebra

g. The set of equivalence classes of finite dimensional representations has a ring struc-

ture.Any finite dimensional representation decomposes as a direct sum of irreducible

representations. Therefore the tensor product of any two finite dimensional irreducible

representations decomposes into a direct sum of irreducible representations. The quan-

tized universal envelopping algebras Uq(g), where q ∈ C\{0, 1}, are objects whose finite

dimensional irreducible representations share this same structure, except that unlike

3



4 Introduction

their classical counterparts, the tensor products π1 ⊗ π2 and π2 ⊗ π1 of two representa-

tions π1 and π2 are not equivalent through the flip map but a more complicated map

coming from what is known as the R-matrix.

In general, the dual Uq(g)∗ is not a Hopf-algebra. But one can restrict oneself to an

appropriate subspace of Uq(g)∗ to get a restricted dual O(Gq) that is a Hopf algebra.

This gives the quantized coordinate algebra of functions on the Lie group G. If G has

a compact real form K, one can use the Cartan involution to give a ∗-structure on

O(Gq), which makes it a Hopf-*-algebra. Passing on to the envelopping C∗-algebra of

O(Gq), one then obtains a compact quantum group, denoted usually by C(Kq). Thus

for example starting from the Lie algebra sl(2,C), its quantized universal envelopping

algebra Uq(sl(2,C)) and the compact real form SU(2) of SL(2,C), one obtains the

compact quantum group SUq(2) studied by Woronowicz et al.

What is widely considered to be one of the major achievements of quantum group

theory and has found applications in representation theory of classical groups is the

theory of crystal bases, which was developed independently by Kashiwara ([Kas90],

[Kas91], [Kas93], [Kas94], [Kas95]) and Lusztig ([Lus90a], [Lus90b]) in the early 1990’s.

For a broad class of Lie algebras g, they observed that even though the quantized

universal enveloping algebras Uq(g) do not exist at q = 0, when one looks at a finite

dimensional module over Uq(g), one can normalize the actions of the generating elements

in such a way that they continue to make sense at q = 0.

The coordinate ring of regular functions O(Gq) for the q-deformation of a complex

simple Lie groupG can be viewed as a module over the corresponding quantized universal

enveloping algebra Uq(g) of the Lie algebra g of the group G. Crystallization of these

modules were studied by Kashiwara in [Kas93] while developing his theory of crystal

bases. But O(Gq) also has an algebra structure. If K is the compact real form of g

with K being the corresponding connected simply connected compact subgroup of G,

then O(Gq) gets a *-algebra structure, and together with this *-algebra structure, it is

denoted by O(Kq).

What we are concerned with in this thesis are the possible crystal limits of this *-

algebra O(Kq) and its C∗-completion C(Kq). For the quantum SU(2) group, Woronow-

icz had described the C∗-algebra C(SUq(2)) at q = 0 in [Wor87]. Very recently Chakraborty

& Pal ([CP24]) demonstrated a very interesting application of this C∗-algebra in prov-

ing an approximate equivalence between the GNS representation of the Haar state of
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SUq(2) and another well known faithful representation, which we call the Soibelman

representation following Matassa & Yuncken ([MY23]), of the same C∗-algebra. This

approximate equivalence, in turn, has interesting applications in noncommutative ge-

ometry and topology. Therefore it seems worthwhile to investigate the crystallization

of quantized function algebras for the q-deformations of compact Lie groups in the C∗-

algebra set up. This is the main aim of the thesis.

The notion of crystallization of quantized function algebras was first introduced for

the quantum SU(n + 1) group in [GP22]. In Kashiwara’s work, while crystallizing a

Uq(g) module, the passage to q = 0 is done through quotienting by an appropriate ideal,

but the actions of the generating elements of Uq(g) need to be ‘renormalized’ before

the quotienting procedure so that one gets something meaningful after quotienting. In

our approach, we use a limiting procedure instead of quotienting, and similar to the

Crystal bases case, we make an appropriate scaling of the genarators before taking

limits. The main tool we use is a remarkable result due to Soibelman that gives a list of

all irreducible representations of the C∗-algebra C(Kq) for the compact real form K of G

for all simple complex Lie groups G. In particular, in the type An case, the Weyl group

is the permutation group Sn+1, and the set of inequivalent irreducible representations

are parametrized by (λ, ω) where λ ∈ (S1)n and ω is a reduced word in Sn+1 with

respect to the generating set {s1, s2, . . . , sn}, sk being the transposition (k, k + 1). Let

us call these representations ψ
(q)
λ,ω. Using Soibelman’s result, we make the following

crucial observation.

Theorem 0.0.1 Let q > 0 and let ui,j(q) denote the generators of C(SUq(n+ 1)). For

any irreducible representation π of C(SUq(n+1)) on a Hilbert space H, the norm limits

limq→0+(−q)min{i−j,0}π(ui,j(q)) exist for all 1 ≤ i, j ≤ n+ 1.

We then extract a set of relations satisfied by these limit operators, and define the crystal

limit C(SU0(n+1)) to be the universal C∗-algebra given by these relations. The crystal

limit O(SU0(n+1))) is similarly defined as the *-algebra given by these relations. What

helps us here is the fact that these relations ensure that for each representation of them

on a Hilbert space, the norm of each generating element is bounded by a fixed constant.

It should be noted here that Matassa & Yuncken ([MY23]) had subsequently came up

with a slightly different definition of the crystallization of quantized function algebras,

covering the q-deformations of all connected simply connected compact Lie groups. We
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believe that the crystallization defined in [MY23] will coincide with the one given in

[GP22] for the type A case mentioned in this thesis, but we do not have a proof of this

yet. We do not deal with the Matassa-Yuncken notion of crystallization in this thesis.

Going back to the representations ψ
(q)
λ,ω, if one now defines

ψλ,ω(zi,j) := lim
q→0+

(−q)min{i−j,0}ψ
(q)
λ,ω(ui,j(q)),

then one gets a representation of the C∗-algebra C(SU0(n + 1)). We next investigate

the following three problems that naturally arise at this stage:

1. whether the representations ψλ,ω are irreducible,

2. whether they are inequivalent,

3. if the answer to (1) above is yes, then whether these give all irreducible represen-

tations of C(SU0(n+ 1)).

We examine the case n = 2 in Chapter 3, where we have the following results that

answer the above questions completely.

Theorem 0.0.2 For any λ ∈ (S1)2 and a reduced word ω in S3, the representation

ψλ,ω is irreducible.

If (λ, ω) ̸= (µ, υ), then the representations ψλ,ω and ψµ,υ are inequivalent.

Theorem 0.0.3 Let π be an irreducible representation of C(SU0(3)) on a Hilbert space

H. Then there exist λ ∈ (S1)2 and a reduced word ω ∈ S3 such that π is equivalent to

ψλ,ω.

The results above are from the paper [GP22].

We extend the above results to higher rank cases in the final chapter. More specifi-

cally, we prove the following results:

Theorem 0.0.4 For any λ ∈ (S1)n and a reduced word ω in Sn+1, the representation

ψλ,ω is irreducible.

If (λ, ω) ̸= (µ, υ), then the representations ψλ,ω and ψµ,υ are inequivalent.
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Theorem 0.0.5 Let π be an irreducible representation of C(SU0(n + 1)) on a Hilbert

space H. Then there exist λ ∈ (S1)n and a reduced word ω ∈ Sn+1 such that π is

equivalent to ψλ,ω.

The proofs for the higher rank case are more involved and intricate. We first prove

several relations involving the generating elements zi,j that play a very useful role in

the proofs. Subsequently we study the image π(C(SU0(n + 1))) and its SOT-closure

for a representation π of C(SU0(n + 1)) on a complex separable Hilbert space. We

then further specialize to an irreducible representation π, which helps us draw stronger

conclusions on the operators we looked at in the image π(C(SU0(n+1))). In particular,

we are able to decompose the operators π(zi,j) in a certain way that helps us prove

a factorization theorem for irreducible representations. This factorization theorem, in

turn, helps us give a recursive proof of the classification theorem for all irreducible

representations of C(SU0(n+1)). In particular, the classification result tells us that any

irreducible representation must occur as a q → 0+ limit of an irreducible representation

for C(SUq(n+ 1)).

As consequences, we also prove the following.

Theorem 0.0.6 C(SU0(n+ 1)) is a type-I C∗-algebra.

Theorem 0.0.7 Let ∆ : C(SU0(n + 1)) → C(SU0(n + 1))⊗C(SU0(n + 1)) and ϵ :

C(SU0(n+ 1)) → C be the C∗-homomorphisms given on the generators by

∆(zi,j) =

max{i,j}∑
k=min{i,j}

zi,k ⊗ zk,j , ϵ(zi,j) = δi,j .

Then (C(SU0(n+ 1)),∆, ϵ) a C∗-bialgebra.

The results in the final chapter are from the paper [GP24]





CHAPTER 1

Preliminaries

In this chapter, we discuss notations, formally define quantization, and discuss back-

ground relevant to this thesis. Some notations and tools specific to a chapter are de-

scribed in the respective chapter.

1.1 Compact quantum group

Gelfand and Naimark established that if A is a commutative unital C∗-algebra, then

there exists a compact Hausdorff space X such that A is isometrically isomorphic to

C(X) with sup-norm. That means a unital C∗-algebra can be viewed as a noncom-

mutative analogue of a compact Hausdorff topological space. One can consider that the

concept of compact quantum groups is a noncommutative generalization of a compact

group. Many authors tried to give an appropriate definition of quantum groups in topo-

logical or measure theoritic setting. G. I. Kac, M. Takesaki, M. Enock, J.M. Schwartz,

S. L. Woronowicz, V. G. Drinfield and others have a significant role in this direction. It

was Woronowicz who first defined this concept in the C∗-algebra setting. A compact

group is a group where the underlying set is compact and both the group multiplication

and inversion are continuous functions. We also know that compact semigroup with

both sided cancellation law is a compact group. In order to generalize this concept

to the noncommutative setting, one replaces the compact space by a noncommutative

9



10 Chapter 1. Preliminaries

unital C∗-algebra, the group multiplication by a comultiplication on this C∗-algebra

and cancellation property by its non-commutative version which is a density condition.

Proceeding in this direction, Woronowicz axiomatized the theory of compact quantum

groups in [Wor98]. In this section we review some of the basic features of this theory.

Definition 1.1.1 (Compact quantum group) A compact quantum group is definrd

as a pair (A,∆) where A is a unital C∗-algebra and ∆ : A → A⊗A is a unital ∗

homomorphism such that

• Coassociativity: (∆⊗ id)∆ = (id⊗∆)∆

• Cancellation / Density:

– Closed linear span of {(a⊗ 1)∆(b) : a, b ∈ A} is A⊗A

– Closed linear span of {(1⊗ a)∆(b) : a, b ∈ A} is A⊗A

Here ⊗ is the minimal tensor product.

Therefore, for any two bounded linear functionals f and g on A, we can define another

bounded linear functional f ∗ g such that

f ∗ g := (f ⊗ g)∆. (1.1.1)

Compact quantum group (A,∆) has a unique state h (known as Haar State ) such that

f ∗ h = h ∗ f = f(1A)h for all f ∈ A∗. This state gives a Hilbert space denoted by

L2(A,∆) and a C∗ representation πh of A on L2(A,∆).

1.2 Deformation of the universal enveloping algebra

1.2.1 Quantization of Lie algebra g

Deformation of the universal enveloping algebra of a Lie algebra has been studied exten-

sively in the literature. For a detailed treatment, we refer to [KS97]. A finite dimensional

complex simple Lie algebra g is given by a finite set of generators satisfying certain rela-

tions called Weyl’s relations and Serre’s relation. The universal enveloping algebra U(g)

of g is an asscociative algebra which is the quotient of the tensor algebra T (g) over g

by two sided ideal x ⊗ y − y ⊗ x − [x, y], x, y ∈ g. By Serre’s theorem (see [KS98]),
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U(g) is given by a finite set of generators and relations. Lie algebra can be embed-

ded inside universal enveloping algebra which is generated by same generators and Lie

bracket of any two elements of Lie algebra is nothing but the commutator of them inside

universal enveloping algebra. The algebra U(g) together with two linear multiplicative

map ∆ : U(g) → U(g) ⊗ U(g) and ε : U(g) → C and one linear antimultiplicative map

S : U(g) → U(g) forms a Hopf structure where for all a ∈ g we have

∆(a) = a⊗ 1 + 1⊗ a,

ε(a) = 0,

ε(1) = 1,

S(a) = −a.

One constructs the quantized universal enveloping algebra Uq(g) by replacing these rela-

tions by their q-analogues. A finite dimensional irreducible representations of Uq(g) can

be completely determined up to equivalence by an r-tuple of complex numbers where r

is the rank of g.

1.2.2 Quantized universal enveloping algebra

Let ((ai,j)) be Cartan matrix and D = diag(d1, d2, · · · , dr) be the corresponding diag-

onal matrix such that di ∈ {1, 2, 3} for all i and DA is symmetric and positive def-

inite. The symbol F will stand for either the field Q(t) of rational functions in the

variable t over Q or the complex field. The letter z will stand for t when F = Q(t)

and non zero complex number that is not a root of unity when F = C. The quan-

tized universal enveloping algebra Uz(g) is universal F-associative algebra generated by

{X1, X2, · · · , Xr, Y1, Y2, · · · , Yr} ∪ {K1,K
−1
1 ,K2,K

−1
2 , · · · ,Kr,K

−1
r } satisfying the fol-

lowing relations:

1. KiKj = KjKi and KiK
−1
i = K−1

i Ki = 1 ,

2. XiYi − YiXi =
1

(zdi−z−di )
[Ki −K−1

i ] for 1 ≤ i ≤ r,

3. XiYj − YjXi = 0 for i ̸= j,

4. KiXjK
−1
i = zdiai,jXj ,

5. KiYjK
−1
i = zdiai,jYj ,
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6. And quantum Serre relations for i ̸= j

•
∑1−aij

s=0 (−1)s
[1−ai,j ]zi !

[s]zi ! [1−ai,j−s]zi !
Xs
iXjX

1−aij−s
i = 0,

•
∑1−ai,j

s=0 (−1)s
[1−ai,j ]zi !

[s]zi ! [1−ai,j−s]zi !
Y s
i YjY

1−aij−s
i = 0,

where [s]zi =
(zs.di )−(z−s.di )

zdi−(z−di )
and [s]zi ! = [1]zi · [2]zi · · · [s]zi .

This will be a Hopf algebra with the following linear multiplicative comultiplication

∆, linear multiplicative counit ε and linear anti-multiplicative antipode S where

∆ :


Ki 7−→ Ki ⊗Ki

Xi 7−→ Xi ⊗Ki + 1A ⊗Xi

Yi 7−→ K−1
i ⊗ Yi + Yi ⊗ 1A,

ε :


Ki 7−→ 1

Xi 7−→ 0

Yi 7−→ 0,

S :


Ki 7−→ K−1

i

Xi 7−→ −XiK
−1
i

Yi 7−→ −KiYi.

When F = Q(t) and z is t we will denote Uz(g) by Ut(g) and when F = C and z = q,

we will denote Uz(g) by Uq(g).

Now onwards we will use q to denote a real number with 0 < q < 1.

1.2.3 Real forms of Uq(g)

A real Lie algebra g0 is called a real form of a complex Lie algebra g if g is the com-

plexification of g0,i.e., g ≃ C ⊗R g0 . Thus a real form gives rise to a ∗ structure on

U(g). For a complex simple algebra g, G being the corresponding Lie group, there exists

a unique real form g0 that is the Lie algebra of a connected simply connected compact

Lie subgroup of the group G. This is called the compact real form of g. From that

complexification we get an involution K∗
i = Ki, X

∗
i = KiYi and Y

∗
i = XiK

−1
i on Uq(g)

such that the Hopf algebra Uq(g) becomes a Hopf-∗-algebra. Similarly we can get an
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involution satisfying t∗ = t, K∗
i = Ki, X

∗
i = KiYi and Y

∗
i = XiK

−1
i which turn Ut(g)

into a Hopf-∗-algebra.

1.2.4 Finite dimensional representations of Uq(g) and Ut(g)

Let π be a representation of Uq(g) ( Ut(g) respectively) on a vector space V . Given a

tuple λ = (λ1, λ2, · · · , λr−1, λr), where λi are element in corresponding field, we define

the vector subspace Vλ as follows:

Vλ = {x ∈ V : π(Ki)x = λix ∀i = 1, 2, · · · , r} (1.2.1)

If Vλ ̸= 0, then the tuple λ is called a weight of π and Vλ is called the weight subspace

corresponding to the weight λ of π. We call a representation π of Uq(g) ( Ut(g) respec-

tively) a weight representation if its underlying vector space V decomposes into a direct

sum of weight subspaces.

The following theorem says that irreducible weight representations exhaust all finite

dimensional irreducible representations of Uq(g).

Theorem 1.2.1 ([KS97]) Every irreducible finite dimensional representation is a weight

representation.

Definition 1.2.2 (Highest weight representation) We say a weight representation

π of Uq(g)( or Ut(g)) on a vector space V a highest weight representation if there ex-

ists a weight vector v such that π(Xi)v = 0 for i = 1, 2, ..., r and π(Uq(g))v = V ( or

π(Ut(g))v = V respectively). The vector v is called highest weight vector and correspond-

ing weight is called highest weight.

The following theorems will completely characterize all finite dimensional irreducible

representations of Uq(g) or Ut(g).

Theorem 1.2.3 ([KS97]) Every irreducible finite dimensional representaion is a high-

est weight representation. Such a representation is uniquely determined, up to equiva-

lence, by its highest weight.

The following theorems tells us about the set of all highest weights which appears in

a irreducible representation.
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Theorem 1.2.4 ([KS97]) A tuple λ = (λ1, λ2, · · · , λr−1, λr) is a highest weight of an

irreducible finite dimensional representation of Uq(g)( or Ut(g)) if and only if it is of

the form λ = (±qn1 ,±qn2 , · · · ,±qnr−1 ,±qnr)( or λ = (±tn1 ,±tn2 , · · · ,±tnr−1 ,±tnr)

respectively) with ni ∈ N.

Theorem 1.2.5 ([KS97]) Every finite dimensional representation of Uq(g)( or Ut(g))

can be decomposed as a direct sum of irreducible representations.

Definition 1.2.6 (Finite dimensional type I representation) A finite dimensional

representation π of Uq(g)(or Ut(g)) on a vector space V is called type I representation if

any weight λ = (λ1, λ2, · · · , λr−1, λr) of π is of the form λ = (qn1 , qn2 , · · · , qnr−1 , qnr)(or

λ = (tn1 , tn2 , · · · , tnr−1 , tnr) respectively) with ni ∈ N

Let ω = (ω1, ω2, · · · , ωr), ωi = ±1. Then there is a one dimensional representation χω

such that χω(Xi) = χ
ω(Yi) = 0, χω(Ki) = ωi where i = 1, 2, · · · , r.

Therefore any finite dimensional irreducible representation of Uq(g)(or Ut(g)) on a

vector space V with highest weight λ = (ω1q
n1 , ω2q

n2 , · · · , ωr−1q
nr−1 , ωrq

nr) (or λ =

(ω1t
n1 , ω2t

n2 , · · · , ωr−1t
nr−1 , ωrt

nr) respectively) can be written as tensor product χω ⊗

Lñ where Lñ is finite dimensional type I representation of Uq(g)( or Ut(g)) with highest

weight ñ = (qn1 , qn2 , · · · , qnr−1 , qnr) (or ñ = (tn1 , tn2 , · · · , tnr−1 , tnr) respectively) [See

[KS97]].

1.3 Quantized Function Algebra

Let π be a representation of Uq(g) acting on a vector space V over C and a f be a linear

functional defined on V . The functional given by a 7→ f(π(a)v) where a ∈ Uq(g) is called

a matrix element of the representation π. Note that a matrix element of a representation

lies in the dual space of Uq(g). The set of matrix elements of all finite dimensional type

I representations of Uq(g) forms a Hopf algebra which is known as the coordinate ring

of regular functions O(Gq) where G is the Lie group of g.

Similarly, we have matrix elements which are Q(t)-linear map on Ut(g). The set of

matrix elements of all finite dimensional type I representations of Ut(g) forms a Hopf

algebra which is known as the coordinate ring of regular functions O(Gt) where G is
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the Lie group of g. The involution on Ut(g) given in Section 1.2.3 make O(Gt) a Hopf-

∗-algebra.

For a compact, simply connected Lie group K with Lie algebra t, let g be the com-

plexification of t and G be complex simple Lie group whose Lie algebra is g; then this

complexification induces a real form on Uq(g). The Hopf algebra Uq(g) with this ∗ struc-

ture induces a Hopf -structure on O(Gq). The Hopf algebra O(Gq) together with this

involution is called the quantized algebra of regular functions on K, denoted by O(Kq).

We denote the enveloping C∗-algebra of O(Kq) by C(Kq) (See [KS97], chapter 9). By

extending the comultiplication from O(Kq) to C(Kq), we get a compact quantum group

Kq. It is called q-deformation of the compact group K.

There is another approach from Faddeev, Reshetikhin & Takhtajan to define the

quantized function algebra for a simply connected compact Lie group. To define the

algebra of regular functions on the quantum group, they start with a finite set of gen-

erators and relations based on the quantum R-matrix of a simple Lie algebra. Here we

take classical simple Lie algebras su(n+1), sp(2n), so(2n) and so(2n+1). One can view

the algebra of regular functions defined in the FRT approach as certain subalgebra of the

dual algebra of a quantized universal enveloping algebra through a pairing between this

algebra of regular functions and quantized universal enveloping algebra,. This relates

FRT approach with the previous one.

Let π1 denote the fundamental representation of Uq(sln+1(C)) corresponding to the

weight 1 := (1, 0, . . . , 0). The R-matrix for this representation is given by

Rq = q−1
∑
i

Ei,i ⊗ Ei,i +
∑
i ̸=j

Ei,i ⊗ Ej,j + (q−1 − q)
∑
i>j

Ei,j ⊗ Ej,i.

Let σ be the flip operator. Then R̂q := σ ◦ Rq. intertwines π1⃝⊤ π1 with itself, where

π1⃝⊤ π1 denotes the tensor product of the representation π1 with itself. Fix a highest

weight vector e1 and let {e1, e2, . . . , en+1} be the basis given by ej+1 = π1(Yj)ej . Let
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((ui,j)) denote the matrix of π1(·) with respect to this basis and its dual basis. The inter-

twiner equation R̂q(π
1⃝⊤ π1)(·) = (π1⃝⊤ π1)(·)R̂q gives following commutation relations

ui,jui,l = qui,lui,j if j < l, (1.3.1)

ui,juk,j = quk,jui,j if i < k, (1.3.2)

ui,luk,j = uk,jui,l if i < k and j < l, (1.3.3)

ui,juk,l − uk,lui,j = (q − q−1)ui,luk,j if i < k and j < l. (1.3.4)

The quantum determinant for the matrix ((ui,j)) is given by (see Equation (2.7), [Koe91]

or Chapter 4, [PpW91])

Dq =
∑

σ∈Sn+1

(−q)ℓ(σ)u1,σ(1)u2,σ(2) . . . un+1,σ(n+1), (1.3.5)

where ℓ(σ) denotes the length of the permutation σ.

The compact real form of Uq(sln+1(C)) induces a ∗-structure that makes the matrix

((ui,j)) unitary.

It is known that the quantized algebra O(SUq(n+ 1)) is the ∗-algebra generated by

the relations (1.3.1-1.3.4) together with the relations

Dq = 1, (1.3.6)

u∗i,j = (−q)i−j
∑

σ̃∈Pn+1,j,i

(−q)ℓ(σ)u1,σ̃(1)u2,σ̃(2) · · ·uj−1,σ̃(j−1)uj+1,σ̃(j+1) · · ·un+1,σ̃(n+1).

(1.3.7)

Then O(SUq(n+ 1)) has a Hopf-∗-structure given by the following map

• Comultiplication: ∆(ui,j) =
∑n+1

k=1 ui,k ⊗ uk,j

• Counit: ϵ(ui,j) = δi,j

• Antipode: S(ui,j) = u∗j,i

To make O(SUq(n+ 1)) a normed ∗-algebra we define

∥ a ∥= sup {∥ π(a) ∥ : π is a representation of O(SUq(n+ 1)))}
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Then we have ∥ ui,j ∥≤ 1, hence for all a ∈ O(SUq(n + 1)), ∥ a ∥< ∞. We define

by C(SUq(n + 1)) the completion of O(SUq(n + 1)) and ∆ extend on C(SUq(n + 1)).

The pair (C(SUq(n+1)),∆) is a compact quantum group. See (Chapters 8–9, [KS97]),

([Koe91]) , (Chapters 3–5,[PpW91]), (Chapters 3, [KS98]) for details.

1.3.1 Specialization maps

Let us denote the subring Q[t, t−1] of Q(t) by A. Let UAt (g) denote the A-subring of

Ut(g) generated by the elements

X
(r)
i :=

Xr
i

[r]ti !
, Y

(r)
i :=

Y r
i

[r]ti !
, K±1

i ,

where [r]ti ! stands for the t-factorial
∏r
j=1[j]ti , with [j]ti =

tdij−t−dij

tdi−t−di
. One then has (see

Section 4.1, [Kas93])

Ut(g) ∼= Q(t)⊗A U
A
t (g).

Corresponding to UAt (g), one now defines an A-subring of O(Gt) as follows (see

equation 7.3.5, [Kas93]):

OA(Gt) :=
{
v ∈ O(Gt) : v(x) ∈ A for all x ∈ UAt (g)

}
.

. One has the isomorphism (see Lemma 7.3.1, [Kas93])

O(Gt) ∼= Q(t)⊗A OA(Gt).

For q ∈ (0,∞), through the action of A on C by p[t, t−1] · λ = p[q, q−1]λ, one then

has the specialization

O(Gq) ∼= C⊗A OA(Gt). (1.3.8)

Note that UAt (g) is closed under the ∗-structure on Ut(g) given by

K∗
i = Ki, X∗

i = KiYi, Y ∗
i = XiK

−1
i , t∗ = t.

This induces a ∗-structure on O(Gt). We will denote the resulting ∗-algebra over Q(t)

by O(Kt). The A-subring OA(Gt) is closed under the ∗-structure on O(Gt). We will

denote by OA(Kt) the A-subring OA(Gt) together with this inherited ∗-structure. The
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isomorphism (1.3.8) now allows one to get a map

θq : OA(Kt) → O(Kq)

that sends p[t, t−1]ui,j(t) to p[q, q
−1]ui,j(q) for each i, j and for any polynomial p[t, t−1].

1.3.2 Soibelman Representations of the C∗-algebra C(Kq)

Let S be the left shift operator on ℓ2(N):

Sen =


en−1 if n ≥ 1,

0 if n = 0.

Let f : N → C is a function. Then the operator f(N) on ℓ2(N) is given by f(N)ei =

f(i)ei

Next theorem will talk about irreducible C∗-representations of C(SUq(2)).

Theorem 1.3.1 ([CP95], Proposition 13.1.8)

1. Suppose that µ ∈ C and | µ |= 1, there is a one-dimensional C∗-representation

(χµ,C) such that χµ(αq) = µ and χµ(βq) = 0.

2. There is an infinite dimensional seperable C∗-representation (ℑq, ℓ2(N)) such that

ℑq(αq) = S
√
1− q2N and ℑq(βq) = qN .

3. Suppose that µ ∈ C and | µ |= 1. Then (χµ ∗ ℑq = (χµ ⊗ ℑq)∆q, ℓ
2(N)) is an

irreducible C∗-representation such that (χµ ∗ ℑq)(αq) = µS
√

1− q2N and (χµ ∗

ℑq)(βq) = qN .

4. The collection {χµ, χµ ∗ ℑq : | µ |= 1} is the complete list of all inequivalent

irreducible C∗-representation of C(SUq(2)).

From the canonical embeddings

℘k : Uq(sl(2,C)) −→ Uq(sl(n+ 1,C)) for 1 ≤ k ≤ n,

we have a compact quantum group epimorphism ℘∗
i : C(SUq(n + 1)) −→ C(SUq(2)).

Any irreducible C∗ representation π of C(SUq(2)) yields an irreducible C∗ representation

π ◦ ℘∗
i of C(SUq(n+ 1)).
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Elementary representation of C(SUq(n+ 1)): An irreducible C∗ representation

of C(SUq(n+1)) is called elementary if it is of the form π ◦℘∗
i where π is an irreducible

C∗ representation of C(SUq(2)).

Let us list elementary representations which are useful to get irreducible representa-

tions of C(SUq(n+ 1)).

The representation ℑq ◦ ℘∗
k of C(SUq(n + 1)) on ℓ2(N) is given below for 1 ≤ k ≤ n

such that

ℑq ◦ ℘∗
k(ui,j) =



S
√
1− q2N if i = j = k,√

1− q2NS∗ if i = j = k + 1,

−qN+1 if i = k, j = k + 1,

qN if i = k + 1, j = k,

δi,jI otherwise.

(1.3.9)

The above representation will be denoted by ψ
(q)
sk .

Irreducible representations of the C∗-algebras C(SUq(n+1)) are parametrized by the

elements (ω, µ) where ω is an element of Weyl group and µ is an element of distinguished

maximal torus. To get a representations corresponding to an element of Weyl group, we

need to know its reduced word expression.

The Weyl group Wn(A) for SUq(n+ 1) is s generated by s1, s2, · · · , sn satisfying the

following relations.

s2i = 1 for i = 1, 2, · · ·n

sisi+1si = si+1sisi+1 for i = 1, 2, · · ·n− 1

sisj = sjsi otherwise

Reduced expression of any element of the Weyl group Wn(A) can be written in the form

s[k1,1]s[k2,2] · · · s[kn,n]. For 1 ≤ r ≤ n, s[kr,r] is given below where 1 ≤ kr ≤ r + 1

• s[r+1,r]= empty string

• s[i,r] = srsr−1 · · · si+1si where 1 ≤ i ≤ r
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Here the Weyl group Wn(A) is isomorphic to the permutation group Sn+1 of n + 1

symbols and si is the transposition (i, i+ 1). Here the longest word w0 of Wn(A) is

(s1)(s2s1) · · · (sisi−1 · · · s1) · · · (snsn−1 · · · s1)

Then we can define following representations.

• For w = si1si2 · · · sir reduced word expression of the elements of Weyl group

ψ(q)
w = ψ(q)

si1
∗ ψ(q)

si2
∗ · · · ∗ ψ(q)

sir

(
See Equation 1.1.1

)

• For µ ≡ (µ1, µ2, · · ·µn) ∈ (S1)n

((
χµ(uk,l)

))
=diag(µ1,

µ2
µ1
, · · · , µn

µn−1
,
1

µn
) (1.3.10)

• Define ψ
(q)
µ,w = χµ ∗ ψ(q)

w (See Equation 1.1.1)

It is well-known (Theorem 6.2.7, page 121, [KS98]) that for any reduced word w and

a tuple µ ≡ (µ1, µ2, · · ·µn) ∈ (S1)n, the representation ψ
(q)
µ,w is an irreducible represen-

tation of C(SUq(n+ 1) and these give all the irreducible representations of them.

Let (χ, ℓ2(Z)⊗n) be the representation given below:

χ(uk,l) =



0 if k ̸= l

S ⊗ I⊗(n−1) if k = l = 1

S∗ ⊗ S ⊗ I⊗(n−2) if k = l = 2

I⊗(i−2) ⊗ S∗ ⊗ S ⊗ I⊗(n−i) if 3 ≤ k = l = i ≤ n− 1

I⊗(n−2) ⊗ S∗ ⊗ S if k = l = n

I⊗(n−1) ⊗ S∗ if k = l = n+ 1

Note that ψ
(q)
λ,ω acts on the Hilbert space ℓ2(Nk), where k is the length of the reduced word

ω = si1si2 . . . sik in Sn+1. For the longest word w0, ϕ
(q) := χ ∗ ψ(q)

w0 (Equation 1.1.1) is

faithful representation. We denote this representation by π
(q)
S and corresponding Hilbert

space by HS .
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The crystalized C∗-algebra

In the first section, we recall a few instances in the literature where “q = 0” version of

family of C∗-algebras that depend on a nonzero parameter q has been studied.

2.1 Quantum algebras at q = 0

2.1.1 Quantum group SUq(2)

For 0 < q < 1, C(SUq(2)) is the C∗ algebra generated by αq and βq such that they

satisfy the following relations

αqα
∗
q + q2βqβ

∗
q = 1,

α∗
qαq + β∗qβq = 1,

αqβq − qβqαq = 0,

αqβ
∗
q − qβ∗qαq = 0,

βqβ
∗
q = β∗qβq.

21
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Now using q = 0 in the above relations, Woronowicz ([Wor87]) got a new universal

C∗ algebra C(SU0(2)) generated by α0 and β0 satisfying the following relations

α0α
∗
0 = 1,

α∗
0α0 + β∗0β0 = 1,

α0β0 = 0,

α0β
∗
0 = 0,

β0β
∗
0 = β∗0β0.

We know that C(SUq(2)) (for 0 < q < 1) is isomorphic to C(SU0(2)).

2.1.2 Odd dimensional quantum sphere S2n+1
q

Suppose q ∈ (0, 1) . The universal C∗-algebra C(S2n+1
q ) is generated by z1, z2, · · · , zn+1

satisfying the following relations(see [HS02], [VS90]):

zizj = qzjzi if 1 ≤ j < i ≤ n+ 1,

z∗i zj = qzjz
∗
i if 1 ≤ j ̸= i ≤ n+ 1,

ziz
∗
i − z∗i zi + (1− q2)

∑
k>i

zkz
∗
k = 0 if 1 ≤ i ≤ n+ 1,

z1z
∗
1 + z2z

∗
2 + · · ·+ zn+1z

∗
n+1 = 1.

All the irreducible representations of C(S2n+1
q ) had been studied by Vaksman & Soibel-

man [VS90] and it is also known that the C∗-algebra C(S2n+1
q ) is generated by the

matrix elements of the first row of the fundamental matrix V of C(SUq(n+1)) [PV99].

Now using q = 0 in the defining relations, we get the universal C∗-algebra C(S2n+1
0 )

generated by z1, z2, · · · , zn+1 satisfying the following relations (see [HS02]):

zizj = 0 if 1 ≤ j < i ≤ n+ 1,

z∗i zj = 0 if 1 ≤ j ̸= i ≤ n+ 1,

z∗i zi =

n+1∑
k=i

zkz
∗
k if 1 ≤ i ≤ n+ 1,

z1z
∗
1 + z2z

∗
2 + · · ·+ zn+1z

∗
n+1 = 1.
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2.1.3 Quantum quaternion sphere H2n
q

Suppose

(ρ1, ρ2, · · · , ρn, ρn+1, ρn+2, · · · , ρ2n) = (n, n− 1, · · · , 1,−1,−2 · · · ,−n),

(ϵ1, ϵ2, · · · , ϵn, ϵn+1, ϵn+2, · · · , ϵ2n) = (1, 1, · · · , 1,−1,−1 · · · ,−1).

Let q be a positive real number smaller than 1. The universal C∗-algebra C(H2n
q ) is

generated by z1, z2, · · · , z2n satisfying the following relations (see [Sau15], Section 4,

page 15,29):

zizj = qzjzi if j < i, i+ j ̸= 2n+ 1,

q2n−iziz2n+1−i = q2n+2−iz2n+1−izi − (1− q2)
2n∑
k>i

q2n−kzkz2n+1−k if n < i,

z∗i z2n+1−i = q2z2n+1−iz
∗
i ,

z∗i zj = qzjz
∗
i if 2n+ 1 < i+ j, i ̸= j,

z∗i zj = qzjz
∗
i + (1− q2)ϵiϵjq

ρi+ρjz2n+1−iz2n+1−j if i+ j < 2n+ 1, i ̸= j,

z∗i zi = ziz
∗
i + (1− q2)

2n∑
k>i

zkz
∗
k if n < i,

z∗i zi = ziz
∗
i + (1− q2)

2n∑
k>i

zkz
∗
k + (1− q2)q2ρiz2n+1−iz

∗
2n+1−i if i ≤ n,

2n∑
k=1

zkz
∗
k = 1.

All irreducible representations of C(H2n
q ) were obtained in [Sau15]. It is also proved

that the C∗-algebra C(H2n
q ) is generated by the matrix elements of the first and last

rows of the fundamental matrix V of C(USPq(2n)).

The collection {
(
π
(q)
r,k , ℓ2(N)

⊗(k−1)
)

: | r |= 1, 1 ≤ k ≤ 2n} gives a complete list of

irreducible representations of C(H2n
q ) where we have

π
(q)
r,k(zj) =


rδ1,j if k = 1

r ·
(
ψs1 ∗ ψs2 ∗ · · · ∗ ψsk−1

)
(u2n,2n+1−j) if 2 ≤ k ≤ n

r ·
(
ψs1 ∗ ψs2 ∗ · · · ∗ ψsn−1 ∗ ψsn ∗ ψsn−1 ∗ · · · ∗ ψs2n−k+1

)
(u2n,2n+1−j) if n < k ≤ 2n
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Here {u2n,2n+1−j : 1 ≤ j ≤ 2n} are the elements of the last row of the fundamental

matrix of the quantum symplectic group USpq(2n).

It was proved in [Sau17] that C(H2n
q ) is isometrically isomorphic to C(S4n−1

0 ).

We also know ρi ≥ 1 for i ≤ n and ρi+ρj = 2n+1− (i+ j) > 0 for i+ j < 2n+1. It

was mentioned in [Sau17] that using q = 0 in the defining relations, one get the universal

C∗-algebra C(H2n
0 ) generated by z1, z2, · · · , z2n satisfying the following relations

zizj = 0 if 1 ≤ j < i ≤ 2n, i+ j ̸= 2n+ 1,

z2nz1 = 0,

z∗i zj = 0 if i ̸= j,

z∗i zi =
2n∑
k=i

zkz
∗
k,

2n∑
k=1

zkz
∗
k = 1.

The next theorem shows that {
(
π
(0)
r,k , ℓ2(N)

⊗(k−1)
)

: | r |= 1, 1 ≤ k ≤ 2n} is a

collection of inequivalent irreducible representations of C(H2n
0 ) where

• If k = 1,

π
(0)
r,1 (zj) = r δ1,j ,

• If 2 ≤ k ≤ n,

π
(0)
r,k (zj) =



r · S∗ ⊗ Id⊗(k−2) if j = 1

r(−1)j−1 · (|e0⟩ ⟨e0|)⊗(j−1) ⊗ S∗ ⊗ Id⊗(k−j−1) if 2 ≤ j ≤ k − 1

r(−1)k−1 · (|e0⟩ ⟨e0|)⊗(k−1) if j = k

0 otherwise,

• If n+ 1 ≤ k ≤ 2n,

π
(0)
r,k (zj) =



r · S∗ ⊗ Id⊗(k−2) if j = 1

r(−1)j−1 · (|e0⟩ ⟨e0|)⊗(j−1) ⊗ S∗ ⊗ Id⊗(k−j−1) if 2 ≤ j ≤ n− 1

r(−1)n−1 · (|e0⟩ ⟨e0|)⊗(j−1) ⊗ S∗ ⊗ Id⊗(k−j−1) if n ≤ j ≤ k − 1

r(−1)n−1 · (|e0⟩ ⟨e0|)⊗(k−1) if j = k

0 otherwise.

Theorem 2.1.1 For any r ∈ S1 and 1 ≤ k ≤ 2n, the representation π
(0)
r,k given above is

irreducible.
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If (r1, k1) ̸= (r2, k2), then the representations π
(0)
r1,k1

and π
(0)
r2,k2

are inequivalent.

Proof: Suppose

yj =


1
r · z1 if j = 1

(−1)j−1 1
r · zj if 2 ≤ j ≤ min(n, k)

(−1)n−1 1
r · zj if n+ 1 ≤ j ≤ k.

Therefore for any (m1,m2, · · · ,mk−1), (p1, p2, · · · , pk−1) ∈ Nk−1 one has

|em1⟩ ⟨ep1 | ⊗ |em2⟩ ⟨ep2 | ⊗ · · · ⊗ |emk−1
⟩ ⟨epk−1

|

= π
(0)
r,k

(
ym1
1 ym2

2 · · · ymk−1

k−1 yk(y
∗
k−1)

pk−1(y∗k2)
pk−2 · · · (y∗1)p1 .

)
Hence K(ℓ2(N)⊗(k−1)) ⊆ π

(0)
r,k (C(H

2n
0 )) and that implies π

(0)
r,k is irreducible.

Take k1 = k2 = k. Then after comparing the spectrum of π
(0)
r1,k

(zk) and π
(0)
r2,k

(zk) we

can conclude that π
(0)
r1,k

and π
(0)
r2,k

are inequivalent.

If k1 < k2, π
(0)
r1,k

(zk2) = 0 but π
(0)
r2,k2

(zk2) ̸= 0. Therefore π
(0)
r1,k1

and π
(0)
r2,k2

are inequiv-

alent. □

To show that the representations listed in the previous theorem are in fact all the

irreducible representations of C(H2n
0 ), we further need some lemmas.

Lemma 2.1.2 Let z1, z2, · · · , z2n be the generating elements of C(H2n
0 ). Then we have

zizj = 0 for j < i.

Proof: We have

(zizj)
∗(zizj) =z

∗
j (z

∗
i zi)zj

=z∗j (
2n∑
k=i

zkz
∗
k)zj

=z∗j

2n∑
k=i

zk(z
∗
kzj)

=0.

So zizj = 0 for j < i. □

Therefore we can conclude that C(H2n
0 ) is isomorphic to C(S4n−1

0 ) as a C∗-algebra.
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Lemma 2.1.3 The generating elements z1, z2, · · · , z2n of C(H2n
0 ) are partial isome-

tries.

Proof: We first show that z1 is partial isometry. Here we have z∗1z1 =
∑2n

k=1 zkz
∗
k = 1.

Assume zi is partial isometry for some i. We want to show that zi+1 is partial isometry.

Now we have

z∗i zi =

2n∑
k=i

zkz
∗
k

=ziz
∗
i +

2n∑
k=i+1

zkz
∗
k

=ziz
∗
i + z∗i+1zi+1

Therefore we can express the positive element z∗i+1zi+1 as a difference of two projections

(z∗i+1zi+1 = z∗i zi − ziz
∗
i ). So the positive element z∗i+1zi+1 is also a projection. Hence

zi+1 is partial isometry. □

Lemma 2.1.4 The family {ziz∗i : 1 ≤ i ≤ 2n} is a collection of mutually orthogonal

projections.

Proof: For i ̸= j, we have (ziz
∗
i )(zjz

∗
j ) = zi(z

∗
i zj)z

∗
j = 0. □

Lemma 2.1.5 Let z1, z2, · · · , z2n be the generating elements of C(H2n
0 ). Then we have

z∗j zjzi = ziz
∗
i zi if j ≥ i.

Proof: For j ≥ i, we have z∗j zjzi = (
∑2n

k=j zkz
∗
k)zi = ziz

∗
i zi. □

Lemma 2.1.6 Suppose z1, z2, · · · , z2n be the generating elements of C(H2n
0 ) and p be

a positive integer. Then we get (z∗i )
pzpi = z∗i zi.

Proof: Here we obtain

(z∗i )
pzpi =(z∗i )

p−2z∗i (
2n∑
k=i

zkz
∗
k)ziz

p−2
i

=(z∗i )
p−2z∗i (ziz

∗
i zi)z

p−2
i

=(z∗i )
p−2z∗i ziz

p−2
i
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=(z∗i )
p−1zp−1

i .

Repeating this argument we get (z∗i )
pzpi = z∗i zi. □

Lemma 2.1.7 Let z1, z2, · · · , z2n be the generating elements of C(H2n
0 ). Suppose j be

positive integer smaller than i and k and p1, p4 be any two positive integers and p2, p3

be any two non negative integers. Then we have (z∗i )
p1(z∗j )

p2zp3j z
p4
k = δp2,p3δi,k(z

∗
i )
p1zp4i .

Proof: If 0 < p2 < p3, we have

(z∗i )
p1(z∗j )

p2zp3j z
p4
k = (z∗i )

p1(z∗j )z
p3−p2+1
j zp4k

= (z∗i )
p1zp3−p2j (z∗j )(zj)z

p4
k

= 0.

If p2 > p3 > 0, we have

(z∗i )
p1(z∗j )

p2zp3j z
p4
k = (z∗i )

p1(z∗j )
p2−p3+1zjz

p4
k

= (z∗i )
p1(z∗j )

p2−p3zkz
∗
kz
p4
k

= 0.

If 0 < p2 = p3, we have

(z∗i )
p1(z∗j )

p2zp3j z
p4
k = (z∗i )

p1(z∗j )zjz
p4
k

= (z∗i )
p1zkz

∗
kz
p4
k

= δi,k(z
∗
i )
p1zp4i .

□

Lemma 2.1.8 Let ψ be a representation of C(H2n
0 ). Assume that there exists k such

that ψ(zk) ̸= 0 but ψ(zk+1) = 0. Then ψ(z1) ̸= 0, ψ(z2) ̸= 0, · · · , ψ(zk−1) ̸= 0 and

ψ(zk+1) = 0, ψ(zk+2) = 0, · · · , ψ(z2n) = 0.

Proof: Suppose for some i, ψ(zi) = 0. Then we have ψ(zi+1)ψ(zi+1)
∗ = ψ(z∗i zi −

ziz
∗
i ) = 0. Therefore we can conclude ψ(zi+1) = 0. □
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Lemma 2.1.9 Let ψ be an irreducible representation of C(H2n
0 ) on a Hilbert space H.

Assume that there exists k such that ψ(zk) ̸= 0 but ψ(zk+1) = 0. Let P be a projection

satisfying

P ≤ ψ(zk)
∗ψ(zk).

Then HP := closed linear span of B is an invariant subspace for ψ where

B = {ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ : m1,m2, · · · ,mk−1 ∈ N, ξ ∈ PH}.

If Q is another projection orthogonal to P satisfying the above conditions, HP and

HQ are orthogonal.

Proof: Here we have ψ(z∗kzk) = ψ(zkz
∗
k + zk+1z

∗
k+1) = ψ(zk)ψ(zk)

∗. Therefore ψ(zk)

is normal.

Take ξ ∈ PH. Then ψ(zk)ξ = ψ(zk)Pξ = Pψ(zk)ξ ∈ PH. From the generating

relations, one can show that if (m1,m2, · · · ,mj−1) ̸= (0, 0, · · · , 0),

ψ(zj) · ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ = 0.

Otherwise we have

ψ(zj) · ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ = ψ(zj)
mj+1 · · ·ψ(zk−1)

mk−1ξ.

Thus we get HP is invariant under ψ.

For the second part, take ξ ∈ PH and ζ ∈ QH. Suppose ξ′ = ψ(zk)
∗ξ and ζ ′ =

ψ(zk)
∗ζ. Then we have ξ = ψ(zk)ψ(zk)

∗ξ = ψ(zk)ξ
′ and ζ = ψ(zk)ψ(zk)

∗ζ = ψ(zk)ζ
′.

Therefore for (m1,m2, · · · ,mk−1) ∈ Nk−1 and (p1, p2, · · · , pk−1) ∈ Nk−1 one has,

⟨ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ, ψ(z1)
p1ψ(z2)

p2 · · ·ψ(zk−1)
pk−1ζ⟩

=⟨ψ(z∗k−1)
pk−1ψ(z∗k−2)

pk−2 · · ·ψ(z∗2)p2ψ(z∗1)p1ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ, ζ⟩

=⟨ψ(z∗k−1)
pk−1ψ(z∗k−2)

pk−2 · · ·ψ(z∗2)p2ψ(z∗1)p1ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ψ(zk)ξ
′, ψ(zk)ζ

′⟩

=⟨ψ(z∗k)ψ(z∗k−1)
pk−1ψ(z∗k−2)

pk−2 · · ·ψ(z∗2)p2ψ(z∗1)p1ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ψ(zk)ξ
′, ζ ′⟩

=⟨δp1,m1δp1,m1 · · · δpk−1,mk−1
ψ(z∗k)ψ(zk)ξ

′, ζ ′⟩
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=δp1,m1δp1,m1 · · · δpk−1,mk−1
⟨ψ(zk)ξ′, ψ(zk)ζ ′⟩

=δp1,m1δp1,m1 · · · δpk−1,mk−1
⟨ξ, ζ⟩

=δp1,m1δp1,m1 · · · δpk−1,mk−1
⟨Pξ,Qζ⟩

=0.

□

Proposition 2.1.10 Let ψ be an irreducible representation of C(H2n
0 ) on a Hilbert space

H. Suppose there is a natural number k such that ψ(zk) ̸= 0 but ψ(zk+1) = 0. Then

1. there exists a λ ∈ S1 such that the spectrum σ(ψ(zk)) is {0, λ},

2. ψ(zk)
∗ψ(zk) is a rank-one operator,

3. ψ is unitarily equivalent to π
(0)
r,k where

r =

λ(−1)k−1 if k ≤ n

λ(−1)n−1 otherwise.

Proof: Let E and F be two disjoint non empty closed subsets of the spectrum σ(ψ(zk))

such that 0 ∈ E and 0 ∈ F . Let P and Q be the spectral projections of ψ(zk)
∗ψ(zk)

corresponding to the subsets E and F respectively. Then it follows from the previous

lemma that HP and HQ are two invariant subspaces for ψ that are mutually orthogonal.

By irreducibility of ψ, it follows that σ(ψ(zk)) = {0, λ} for some λ ∈ C. Since ψ(zk) is

a normal partial isometry, therefore we have λ ∈ S1.

Now we will prove (2). Take a unit vector ξ ∈ ψ(zk)
∗ψ(zk)H. So we have ψ(zk)ξ = λξ.

Let Hξ be the closed linear span of

{ψ(z1)m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ : m1,m2, · · · ,mk−1 ∈ N}.

Thus Hξ is an invariant subspace of H and hence by the irreducibility of ψ, one has

Hξ = H.
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Now for the last part, consider the scalar cm1,m2,··· ,mk−1
and the vector vm1,m2,··· ,mk−1

where

cm1,m2,··· ,mk−1
=


∏k
j=1((−1)j−1)mj if k ≤ n,∏n

j=1((−1)j−1)mj ·
∏k
j=n+1((−1)n−1)mj otherwise.

,

vm1,m2,··· ,mk−1
=ψ(z1)

m1ψ(z2)
m2 · · ·ψ(zk−1)

mk−1ξ.

The map

U : em1 ⊗ em2 ⊗ · · · emk−1
7→ cm1,m2,··· ,mk−1

rm1+m2+···+mk−1 vm1,m2,··· ,mk−1

from ℓ2(N)⊗(k−1) to H extends to a unitary which gives us the required equivalence. □

The family of all inequivalent irreducible representations of the C∗-algebra C(H2n
0 )

are naturally parametrized analogous to q ̸= 0 case. In fact each of them can be obtained

as a norm limit of the irreducible representation of the the C∗-algebra C(H2n
q ) when

q → 0+.

2.2 The crystalized C∗-algebra C(SU0(n+ 1))

The C∗-algebras C(SUq(n+1)), for q ̸= 0 are given by a set of generators and relations.

In order to obtain the C∗-algebra C(SU0(n+1)), we look at the ‘relations at q = 0’ and

then take the universal C∗-algebra given by them. Our first aim is to obtain those rela-

tions. Recall that in Kashiwara’s work, while crystallizing an Uq(g) module, the passage

to q = 0 is done through quotienting by an appropriate ideal, but the actions of the gen-

erating elements of Uq(g) need to be ‘renormalized’ before the quotienting procedure so

that one gets something meaningful after quotienting. We will use a limiting procedure

instead of quotienting. Similar to the crystal bases case, we will make an appropriate

scaling or renormalization before taking limits. Here we look at the irreducible repre-

sentations of the C∗-algebra C(SUq(n + 1)) for q ̸= 0 and examine the actions of the

generating elements as q → 0+. We arrive at a set of relations and prove the existence

of a universal C∗-algebra given by these relations. We call this universal C∗-algebra the

crystallization of C(SUq(n+ 1)) and denote it by C(SU0(n+ 1)).

We will denote the generating elements ui,j by ui,j(q) as we will be dealing with the

algebras C(SUq(n + 1)) for different values of q. Observe that for all q ∈ (0, 1), the
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irreducible representations ψ
(q)
λ,ω of the C∗-algebras above are parametrized by the same

set (S1)n×Wn which is independent of q, and the representation ψ
(q)
λ,ω acts on the Hilbert

space Hλ,ω := ℓ2(Nk), k being the length of ω, which does not change for different values

of the parameter q. Thus for any irreducible representation ψ
(q)
λ,ω of C(SUq(n + 1)),

the operators ψ
(q)
λ,ω(ui,j(q)) live on the same Hilbert space Hλ,ω for q ∈ (0, 1). The

following is the key observation in obtaining the commutation relations used to define

the crystallized C∗-algebra C(SU0(n+ 1)).

Proposition 2.2.1 Let q > 0 and let ui,j(q) denote the generators of C(SUq(n + 1)).

For any irreducible representation π of C(SUq(n+ 1)). on a Hilbert space H,

1. the norm limits limq→0+ π(ui,j(q)) exist for all 1 ≤ i, j ≤ n+ 1.

2. the norm limits limq→0+(−q)i−jπ(ui,j(q)) exist for all 1 ≤ i < j ≤ n+ 1.

Proof: Observe that if the above limits exist for two representations π1 and π2, then

the limits also exist for the representation π1 ∗ π2. This is immediate from the equality

π1 ∗ π2(ui,j(q)) =
n+1∑
k=1

π1(ui,k(q))⊗ π2(uk,j(q)).

Therefore the proof reduces to a simple verification of the existence of the limits for the

representations χµ and ψ
(q)
sk using (1.3.9) and (1.3.10). □

We can observe that the limit is non-zero for some representation. Let

π
(q)
i,j =


χ
(1,1,··· ,1) if i = j, (See 1.3.10)

ψ
(q)
sisi−1···sj if i > j,

ψ
(q)
sisi+1···sj if i < j.

Then we have

π
(q)
i,j (ui,j(q)) =



1 if i = j,

qN ⊗ qN ⊗ · · · ⊗ qN︸ ︷︷ ︸
i−j

if i > j,

(−1)j−iqN+1 ⊗ qN+1 ⊗ · · · ⊗ qN+1︸ ︷︷ ︸
j−i

if i < j.
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Therefore we get

lim
q→0+

(−q)j−iπ(q)i,j (ui,j(q)) = lim
q→0+

qN ⊗ qN ⊗ · · · ⊗ qN︸ ︷︷ ︸
j−i

̸= 0 if i < j,

lim
q→0+

π
(q)
i,j (ui,j(q)) = lim

q→0+
qN ⊗ qN ⊗ · · · ⊗ qN︸ ︷︷ ︸

i−j

̸= 0 if i > j,

lim
q→0+

π
(q)
i,i (ui,i(q)) = 1 ̸= 0 otherwise.

The above proposition says that for each irreducible representation ψ
(q)
λ,ω of C(SUq(n+

1)), the norm limits limq→0+ ψ
(q)
λ,ω ◦ θq

(
(−t)min{i−j,0}ui,j(t)

)
where θq is the map defined

in Subsection 1.3.2, exist and finite.

We now proceed to find the relations satisfied by the limiting operators. For an

irreducible representation π of C(SUq(n+ 1)), let us define

Zπi,j :=


limq→0+ π(ui,j(q)) if i ≥ j,

limq→0+(−q)i−jπ(ui,j(q)) if i < j.

(2.2.1)

Theorem 2.2.2 For any irreducible representation π of C(SUq(n + 1)), the operators

Zi,j ≡ Zπi,j satisfy the following commutation relations:

Zi,jZi,l = 0 if j < l, (2.2.2)

Zi,jZk,j = 0 if i < k, (2.2.3)

(2.2.4)

Zi,lZk,j − Zk,jZi,l = 0 if i < k and j < l. (2.2.5)

Zi,lZk,j = 0 if i < k, j < l and max{i, j} ≥ min{k, l}, (2.2.6)

Zi,jZk,l − Zk,lZi,j = 0 if i < k, j < l and max{i, j}+ 1 < min{k, l}, (2.2.7)

Zi,jZk,l − Zk,lZi,j = Zi,lZk,j if i < k, j < l and max{i, j}+ 1 = min{k, l}, (2.2.8)
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Proof: Let us recall the commutation relations among the generators of C(SUq(n+1))

ui,jui,l = q ui,lui,j if j < l, (2.2.9)

ui,juk,j = q uk,jui,j if i < k, (2.2.10)

ui,luk,j = uk,jui,l if i < k and j < l, (2.2.11)

ui,juk,l − uk,lui,j = (q − q−1) ui,luk,j . if i < k and j < l (2.2.12)

Let Fi,j(q) and Ci,j be scalars such that

Fi,j(q) =

qi−j if i < j

1 otherwise,
; Ci,j =

(−1)i−j if i < j

1 otherwise.

Therefore for i < j we have limq→0+
1

Fi,j(q)
= 0.

Multiplying both sides of (2.2.9) with Ci,jCi,lFi,j(q)Fi,l(q), multiplying both sides of

(2.2.10) with Ci,jCk,jFi,j(q)Fk,j(q) and multiplying both sides of (2.2.11) with

Ci,lCk,jFi,l(q)Fk,j(q) and taking limit we get the relations (2.2.2), (2.2.3) and (2.2.5). Re-

lation (2.2.6) is obtained by multiplying both sides of (2.2.12) with q·Ci,jCk,lFi,j(q)Fk,l(q)

and taking limit. Now multiplying both sides of the relation (2.2.12) with Ci,jCk,lFi,j(q)Fk,l(q)

and taking limit we get relations (2.2.7) and (2.2.8). □

Proposition 2.2.3 For any irreducible representation π of C(SUq(n+ 1)), one has

Z1,1Z2,2 . . . Zn+1,n+1 = I. (2.2.13)

Proof: From quantum determinant condition one gets π(Dq) = I and the result follows

by taking limit as q → 0+. □

Lemma 2.2.4 Let 1 ≤ s < r ≤ n+ 1. Let

ik =


k if 1 ≤ k < r,

k + 1 if r ≤ k ≤ n,

jk =


k if 1 ≤ k < s,

k + 1 if s ≤ k ≤ n,

Let σ ∈ Sn. Then ∑
k:jσ(k)>ik

(jσ(k) − ik) ≥ r − s.
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Proof: The required inequality follows from the following simple computation:

∑
k:jσ(k)>ik

(jσ(k) − ik) ≥
n∑
k=1

(jσ(k) − ik)

=

n∑
k=1

jσ(k) −
n∑
k=1

ik

=

(
(n+ 1)(n+ 2)

2
− s

)
−
(
(n+ 1)(n+ 2)

2
− r

)
= r − s.

□

Proposition 2.2.5 For any irreducible representation π of C(SUq(n+ 1)), one has

Z∗
r,s =


Z1,1 . . . Zs−1,s−1Zs,s+1Zs+1,s+2 . . . Zr−1,rZr+1,r+1 . . . Zn+1,n+1 if r > s,

Z1,1 . . . Zr−1,r−1Zr+1,rZr+2,r+1 . . . Zs,s−1Zs+1,s+1 . . . Zn+1,n+1 if r < s,

Z1,1 . . . Zs−1,s−1Zs+1,s+1Zs+2,s+2 . . . Zn+1,n+1 if r = s.

(2.2.14)

Proof: We will denote the operator π(ui,j(q)) by Y
π
i,j ≡ Y π

i,j(q) in this proof. we get

(Y π
r,s)

∗ = (−q)s−r
∑
σ∈Sn

(−q)ℓ(σ)Y π
i1,jσ(1)

. . . Y π
in,jσ(n)

(2.2.15)

= (−q)s−r
∑

σ̃∈Pn+1,r,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
r−1,σ̃(r−1)Y

π
r+1,σ̃(r+1) . . . Y

π
n+1,σ̃(n+1),

(2.2.16)

where ik and jk are as in above Lemma and σ̃ ∈ Sn+1 is the permutation that takes

ik 7→ jσ(k) for all k ∈ {1, 2, . . . , n} and takes r to s. Consider the permutation ĩdr,s
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such that

ĩdr,s(i) =



i if i < min{r, s}

i if i > max{r, s}

i− 1 if r < i ≤ s

i+ 1 if s ≤ i < r

s if r = i

Now let us look at the case r < s first. In this case, from Equation 1.3.7 one has

(−q)r−s(Y π
r,s)

∗ =
∑

σ̃∈Pn+1,r,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
r−1,σ̃(r−1)Y

π
r+1,σ̃(r+1) . . . Y

π
n+1,σ̃(n+1)

= Y π
1,1Y

π
2,2 . . . Y

π
r−1,r−1Y

π
r+1,r . . . Y

π
s,s−1Y

π
s+1,s+1 . . . Y

π
n+1,n+1

+
∑

σ̃∈Pn+1,r,s

σ̃ ̸=ĩdr,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
r−1,σ̃(r−1)Y

π
r+1,σ̃(r+1) . . . Y

π
n+1,σ̃(n+1).

Taking limit as q → 0+, one gets

Z∗
r,s = Z1,1 . . . Zr−1,r−1Zr+1,rZr+2,r+1 . . . Zs,s−1Zs+1,s+1 . . . Zn+1,n+1.

For r = s, from Equation 1.3.7 one has

(Y π
s,s)

∗ =
∑

σ̃∈Pn+1,s,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
s−1,σ̃(s−1)Y

π
s+1,σ̃(s+1) . . . Y

π
n+1,σ̃(n+1)

= Y π
1,1Y

π
2,2 . . . Y

π
s−1,s−1Y

π
s+1,s+1 . . . Y

π
n+1,n+1

+
∑
σ∈Sn

σ̃ ̸=ĩdr,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
s−1,σ̃(s−1)Y

π
s+1,σ̃(s+1) . . . Y

π
n+1,σ̃(n+1).

Taking limit as q → 0+, one gets

Z∗
s,s = Z1,1 . . . Zs−1,s−1Zs+1,s+1Zs+2,s+2 . . . Zn+1,n+1.
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For r > s, from Equation 1.3.7 one has

(Y π
r,s)

∗ = (−q)s−r
∑

σ̃∈Pn+1,r,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
r−1,σ̃(r−1)Y

π
r+1,σ̃(r+1) . . . Y

π
n+1,σ̃(n+1)

= (−q)s−rY π
1,1Y

π
2,2 . . . Y

π
s−1,s−1Y

π
s,s+1 . . . Y

π
r−1,rY

π
r+1,r+1 . . . Y

π
n+1,n+1

+ (−q)s−r
∑

σ̃∈Pn+1,r,s

σ̃ ̸=ĩdr,s

(−q)ℓ(σ)Y π
1,σ̃(1) . . . Y

π
r−1,σ̃(r−1)Y

π
r+1,σ̃(r+1) . . . Y

π
n+1,σ̃(n+1).

Taking limit as q → 0+ and by Lemma 2.2.4, it follows that

Z∗
r,s = Z1,1 . . . Zs−1,s−1Zs,s+1Zs+1,s+2 . . . Zr−1,rZr+1,r+1 . . . Zn+1,n+1.

This completes the proof. □

Proposition 2.2.6 For any irreducible representation π of C(SUq(n+1)), the operators

Zi,j ≡ Zπi,j satisfy the following relations:

Z∗
i,jZr,s = Zr,sZ

∗
i,j , i ̸= r, j ̸= s. (2.2.17)

Proof: Let us recall a relation involving involution among the generators of C(SUq(n+

1))

ui,ju
∗
r,s = u∗r,sui,j , i ̸= r, j ̸= s. (2.2.18)

Therefore the result is immediate from (2.2.18) and Proposition 2.2.1. □

Theorem 2.2.7 There is a universal C∗-algebra generated by the elements zi,j, 1 ≤

i, j ≤ n+ 1 satisfying the following relations:

zi,jzi,l = 0 if j < l, (2.2.19)

zi,jzk,j = 0 if i < k, (2.2.20)

zi,lzk,j − zk,jzi,l = 0 if i < k and j < l. (2.2.21)

zi,lzk,j = 0 if i < k, j < l,max{i, j} ≥ min{k, l}, (2.2.22)
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zi,jzk,l − zk,lzi,j = 0 if i < k, j < l,max{i, j}+ 1 < min{k, l}, (2.2.23)

zi,jzk,l − zk,lzi,j = zi,lzk,j if i < k, j < l,max{i, j}+ 1 = min{k, l}, (2.2.24)

z1,1z2,2 . . . zn+1,n+1 = 1, (2.2.25)

z∗r,s =



(
z1,1 . . . zs−1,s−1

) (
zs,s+1zs+1,s+2 . . . zr−1,r

) (
zr+1,r+1 . . . zn+1,n+1

)
if r > s,(

z1,1 . . . zr−1,r−1

) (
zr+1,rzr+2,r+1 . . . zs,s−1

) (
zs+1,s+1 . . . zn+1,n+1

)
if r < s,(

z1,1 . . . zs−1,s−1

) (
zs+1,s+1zs+2,s+2 . . . zn+1,n+1

)
if r = s.

(2.2.26)

z∗i,jzr,s = zr,sz
∗
i,j , i ̸= r, j ̸= s. (2.2.27)

Proof: Let H be the Hilbert space ℓ2(N). Let 1 ≤ k ≤ n and let

ψ(0)
sk

(zi,j) =



S if i = j = k,

S∗ if i = j = k + 1,

|e0⟩ ⟨e0| if i = k, j = k + 1,

|e0⟩ ⟨e0| if i = k + 1, j = k,

δi,jI otherwise,

where |e0⟩ ⟨e0| is the projection onto the span of e0. Then ψ
(0)
sk gives a representation of

the above relations. It follows from the relations (2.2.22–2.2.26) that

j∑
k=1

zj,kz
∗
j,k =

n+1∑
k=j

z∗k,jzk,j = 1, 1 ≤ i ≤ n+ 1. (2.2.28)

Hence for any representation π of the relations, we have ∥π(zi,j)∥ ≤ 1 for all i ≥ j.

Using (2.2.27), one then concludes that ∥π(zi,j)∥ ≤ 1 for all i < j. Thus ∥π(zi,j)∥ ≤ 1

for all i, j. The rest of the proof is now standard and follows from the fact that for any

polynomial a in the zi,j ’s and z
∗
i,j ’s, there is a positive real K such that ∥π(a)∥ ≤ K for

any representation π of the relations. □

The C∗-algebra in the above theorem is defined to be the crystallization of the family
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of C∗-algebras C(SUq(n + 1)). This will be denoted by C(SU0(n + 1)). The *-algebra

given by the above set of relations is similarly defined as the crystallization of the

quantized algebra of regular functions O(SUq(n+ 1)). We will denote this *-algebra by

O(SU0(n+ 1)).

In the next two chapters, we will study the irreducible representations of their crys-

tallized algebras.



CHAPTER 3

Irreducible representations of C(SU0(3))

Let us define

Zi,j = lim
q→0+

(−q)min{i−j,0}ψ
(q)
λ,ω(ui,j(q)), (3.0.1)

where ψ
(q)
λ,ω is the representation of C(SUq(n + 1)) . It has been shown in (Proposi-

tion 2.2.1, Theorem 2.2.2, Proposition 2.2.3 and 2.2.5) that the above limits exist and

the operators Zi,j obey the commuation relations, quantum determinant relations and

involution relations.

Therefore

ψ
(0)
λ,ω(zi,j) = lim

q→0+
(−q)min{i−j,0}ψ

(q)
λ,ω(ui,j(q)), i, j ∈ {1, 2, . . . , n+ 1} (3.0.2)

defines a representation of C(SU0(n + 1)) on the Hilbert space ℓ2(Nℓ(ω)), where ℓ(ω)

denotes the length of the element ω. If λ = (1, 1, . . . , 1), we will denote ψ
(0)
λ,ω by just

ψ
(0)
ω .

This chapter is about all irreducible representations of C(SU0(3)) which is mainly

from [GP22].

39
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3.1 Irreducible representations of C(SU0(3))

Throughout this chapter we consider S3 = { empty word, s1, s2, s1s2, s2s1, s1s2s1} where

s1 is the transposition (1, 2) and s2 is the transposition (2, 3).

Theorem 3.1.1 For any (λ, µ) ∈ (S1)2 and a reduced word ω in S3, the representation

ψ(λ,µ),ω given by (3.0.2) is irreducible.

If ((λ, µ), ω) ̸= ((λ′, µ′), ω′), then the representations ψ(λ,µ),ω and ψ(λ′,µ′),ω′ are in-

equivalent.

Proof: We will denote the rank one projection |e0⟩ ⟨e0| by P0. For ω = empty word,

the representation ψ(λ,µ),ω is one dimensional and hence irreducible.

Let ω = s1. In this case, ψ(λ,µ),ω is given by

z1,1 7→ λS,

z2,1 7→ λ̄µP0

z3,1 7→ 0

z1,2 7→ λP0

z2,2 7→ λ̄µS∗

z3,2 7→ 0

z1,3 7→ 0

z2,3 7→ 0

z3,3 7→ µ̄I.

(3.1.1)

Therefore for any j, k ∈ N, one has

λj−k−1(z∗1,1)
jz1,2z

k
1,1 7→ |ej⟩ ⟨ek|.

Therefore K(ℓ2(N)) ⊆ ψ(λ,µ),ω(C(SU0(3))). This imples ψ(λ,µ),ω is irreducible.

Proof for ω = s2 is similar.

Next, let us take ω = s1s2. In this case we have

z1,1 7→ λS ⊗ I,

z2,1 7→ λ̄µP0 ⊗ I

z3,1 7→ 0

z1,2 7→ λP0 ⊗ S

z2,2 7→ λ̄µS∗ ⊗ S

z3,2 7→ µ̄I ⊗ P0

z1,3 7→ λP0 ⊗ P0

z2,3 7→ λ̄µS∗ ⊗ P0

z3,3 7→ µ̄I ⊗ S∗.

(3.1.2)

In this case, for any j, k ∈ N, we have

λj−k−1(z∗1,1)
jz1,2z

k
1,1 7−→ |ej⟩ ⟨ek| ⊗ I,

µj−k+1zj3,3z3,2(z
∗
3,3)

k 7−→ I ⊗ |ej⟩ ⟨ek|.
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Thus K(ℓ2(N)⊗ℓ2(N)) ⊆ ψ(λ,µ),ω(C(SU0(3))), which imples ψ(λ,µ),ω is irreducible. Proof

for ω = s2s1 is similar.

Finally take ω = s1s2s1. Here one has


z1,1 7→ λS ⊗ I ⊗ S,

z2,1 7→ λ̄µP0 ⊗ I ⊗ S

z3,1 7→ I ⊗ P0 ⊗ P0


z1,2 7→ λP0 ⊗ S ⊗ S∗ + S ⊗ I ⊗ P0

z2,2 7→ λ̄µS∗ ⊗ S ⊗ S∗

z3,2 7→ µ̄I ⊗ P0 ⊗ S∗


z1,3 7→ λP0 ⊗ P0 ⊗ I

z2,3 7→ λ̄µS∗ ⊗ P0 ⊗ I

z3,3 7→ µ̄I ⊗ S∗ ⊗ I

(3.1.3)

Now observe that for any j, k,m, n ∈ N,

c1z
m
3,3

(
zj2,3z1,3(z

∗
2,3)

k
)
(z∗3,3)

n 7−→ |ej⟩ ⟨ek| ⊗ |em⟩ ⟨en| ⊗ I,

c2z
j
3,3

(
zm3,2z3,1(z

∗
3,2)

n
)
(z∗3,3)

k 7−→ I ⊗ |ej⟩ ⟨ek| ⊗ |em⟩ ⟨en|,

where c1 and c2 are two scalars involving λ and µ. Therefore it follows that

K(ℓ2(N)⊗ ℓ2(N)⊗ ℓ2(N)) ⊆ ψ(λ,µ),ω(C(SU0(3))),

which imples that ψ(λ,µ),ω is irreducible.

The inequivalence of different ψ(λ,µ),ω’s follow by comparing the spectrum of the

operators ψ(λ,µ),ω(zi,j)’s. □

The next theorem states that the ones listed in the previous theorem are in fact all

the irreducible representations of C(SU0(3)). The proof is given in the next subsection.

Theorem 3.1.2 Let π be an irreducible representation of C(SU0(3)) on a Hilbert space

H. Then there exist λ, µ ∈ S1 and a reduced word ω ∈ S3 such that π is equivalent to

ψ(λ,µ),ω.

Corollary 3.1.3 Theorem 3.1.1 and Theorem 3.1.2 together gives us the family of all

inequivalent irreducible representations of the C∗-algebra C(SU0(3)). They are naturally

parametrized exactly as their counterparts for nonzero q, and in fact they arise as limits

of the irreducible representations of the C∗-algebras C(SUq(3)) as q → 0+.
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Corollary 3.1.4 In the course of proof of Theorem 3.1.1, we have also observed that for

any irreducible representation π of C(SU0(3)) on a Hilbert space Hπ, one has K(Hπ) ⊆

π(C(SU0(3))). Thus C(SU0(3)) is a type I C∗-algebra.

3.1.1 Proof of Theorem 3.1.2

We first prove a few lemmas on the generating elements and certain products of them

that will be needed in the proof.

We will first show that the generators zi,j and certain products of them are partial

isometries. This will be needed in the computations that follow in obtaining all the

irreducible representations.

Define pi,j = z∗i,jzi,j and qi,j = zi,jz
∗
i,j . In terms of the pi,j ’s and qi,j ’s, the relations

can be written as

p1,1 + p2,1 + p3,1 = 1, q3,1 + q3,2 + q3,3 = 1,

p2,2 + p3,2 = 1, q2,1 + q2,2 = 1,

p3,3 = 1, q1,1 = 1,

(3.1.4)

We have the following results.

Lemma 3.1.5 ([Erd68], [HW70]) Let u and v be partial isometries. Then uv is a

partial isometry if and only if u∗u and vv∗ commute.

Lemma 3.1.6 The family {pi,j , qi,j : 1 ≤ j ≤ i ≤ 3} is a commuting family of projec-

tions.

Proof: First observe that

p1,1 = z∗1,1z1,1 = z2,2z3,3z1,1 = z2,2z1,1z3,3 = z2,2z
∗
2,2 = q2,2.

Since q1,1 = 1, it follows that p1,1 = q2,2 is a projection. From (3.1.4), it now follows

that p2,2 and q2,1 are projections. Consequently p3,2 = 1−p2,2 is a projection. Since q2,1

is a projection, p2,1 also is, and hence so is p3,1 = 1−p2,1−p1,1. Thus pi,j is a projection

for all i ≥ j. Hence qi,j also is a projection for all i ≥ j.
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Note that

p3,1 = z∗3,1z3,1 = z1,2z2,3z3,1 = z1,2z3,1z2,3 = z3,1z1,2z2,3 = z3,1z
∗
3,1 = q3,1.

From the fact that p1,1 = q2,2 and from the equalities (3.1.4), we get

p3,1 = q3,1, p3,2 = q3,2 + q3,1, p3,3 = q3,3 + q3,2 + q3,1, (3.1.5)

p1,1 = q2,2, p2,1 = q2,1 − q3,1, p2,2 = q3,3. (3.1.6)

Therefore it is now enough to show that the family {qi,j : 1 ≤ j ≤ i ≤ 3} is commuting.

Since the qi,j ’s are projections for i ≥ j, zi,j is a partial isometry for i ≥ j. Since q1,1 =

I and q2,2 commute, it follows from the lemma above that z∗2,2z1,1 is a partial isometry.

Since z∗2,2z1,1 = z1,1z
∗
2,2, one more application of the lemma tells us that p1,1 and p2,2

commute, i.e. q2,2 commutes with q3,3. From the relation z2,2z3,1 = z3,1z2,2, it follows

that q2,2 commutes with p3,1 = q3,1. Hence q2,2 commutes with q3,2 = 1− q3,1 − q3,3. It

now follows that the family {qi,j : 1 ≤ j ≤ i ≤ 3} is commuting. □

From these two lemmas we have the following corollary.

Corollary 3.1.7 Any product of the form ab, where a, b ∈ {zi,j : i ≥ j} ∪ {z∗i,j : i ≥ j},

is a partial isometry.

Now come to the proof of Theorem 3.1.2. We will split it into different cases, cor-

responding to the different words in the Weyl group S3 for the type A2 case. Let us

start with an irreducible representation π of C(SU0(3)) on a Hilbert space H. We will

denote by Pi,j and Qi,j the operators π(pi,j) and π(qi,j) respectively. It is easy to see

that exactly one of the following conditions will hold for the irreducible representation

π:

1. π(z3,1) = 0, π(z3,2) = 0, π(z2,1) = 0,

2. π(z3,1) = 0, π(z3,2) = 0, π(z2,1) ̸= 0,

3. π(z3,1) = 0, π(z3,2) ̸= 0, π(z2,1) = 0,

4. π(z3,1) = 0, π(z3,2) ̸= 0, π(z2,1) ̸= 0,

5. π(z3,1) ̸= 0, π(z∗1,3) = π(z2,1)π(z3,2) = 0,
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6. π(z3,1) ̸= 0, π(z∗1,3) = π(z2,1)π(z3,2) ̸= 0.

We will deal with the above cases separately. As we will see, these cases correspond to

the six elements of the Weyl group S3.

Case 1: π(z3,1) = 0, π(z3,2) = 0, π(z2,1) = 0.

From the commutation relations it follows that π(zi,j) = 0 for all i ̸= j. Therefore

π(zi,i) are unitary with π(z1,1)π(z2,2) = π(z∗3,3) and π(z1,1) commutes with π(z2,2).

Irreducibility of π now implies that H is one dimensional and there exist λ, µ ∈ S1 such

that π(z1,1) = λ, π(z2,2) = µ and π(z3,3) = λµ. Here we take ω = empty word. Thus π

is unitarily equivalent to ψ(λ,λµ),ω := χ(λ,λµ).

Case 2: π(z3,1) = 0, π(z3,2) = 0, π(z2,1) ̸= 0.

From the commutation relations it follows that

1. π(z1.3) = π(z2,3) = 0,

2. π(z3,3) is a unitary,

3. π(z2,1) is normal,

4. π(z2,1) commutes with π(z3,3) and π(z1,2).

Theorem 3.1.8 Let P be a projection such that

P ≤ P2,1, Pπ(z2,1) = π(z2,1)P, Pπ(z3,3) = π(z3,3)P.

Then HP := {π(z2,2)nξ : n ∈ N, ξ ∈ PH} is an invariant subspace for π.

If Q is another projection orthogonal to P satisfying the above conditions, then HP

and HQ are orthogonal.
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Proof: From the commutation relations, it follows that

π(z1,1) (π(z2,2)
nξ) =


π(z1,1)ξ if n = 0,

π(z3,3)
∗π(z2,2)

n−1ξ if n > 0,

(3.1.7)

π(z1,2) (π(z2,2)
nξ) =


π(z1,2)ξ if n = 0,

0 if n > 0,

(3.1.8)

π(z2,1) (π(z2,2)
nξ) =


π(z2,1)ξ if n = 0,

0 if n > 0,

(3.1.9)

π(z2,2) (π(z2,2)
nξ) = π(z2,2)

n+1ξ, (3.1.10)

π(z3,3) (π(z2,2)
nξ) = π(z2,2)

n π(z3,3)ξ. (3.1.11)

Since P ≤ P2,1, we have ξ = P2,1ξ = Q2,1ξ for all ξ ∈ HP . Hence

π(z1,1)ξ = π(z1,1)π(z2,1)
(
π(z∗2,1)ξ

)
= 0.

Thus HP is invariant under π(z1,1). Since z∗1,2 = z2,1z3,3, π(z1,2) commutes with P

and we have π(z1,2)ξ = π(z1,2)Pξ = Pπ(z1,2)ξ. Thus HP is invariant under π(z1,2).

Similarly, since π(z2,1) and π(z3,3) both commute with P , we have the invariance of HP

under the actions of π(z2,1) and π(z3,3).

From the commutation relations, it follows that HP is invariant under π.

For the second part, take ξ ∈ PH and ζ ∈ QH.

Then for n ∈ N, one has

⟨π(z2,2)nζ, π(z2,2)nξ⟩ = ⟨π(z∗2,2)nπ(z2,2)nζ, ξ⟩

= ⟨ζ, ξ⟩

= ⟨Qζ, Pξ⟩

= 0.

Next, for m,n ∈ N with m > n, we have

⟨π(z2,2)mζ, π(z2,2)nξ⟩ = ⟨ζ, π(z∗2,2)mπ(z2,2)nξ⟩

= ⟨ζ, π(z∗2,2)m−nξ⟩
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= ⟨ζ, π(z3,3)m−nπ(z1,1)
m−nξ⟩

= 0.

A similar calculation gives ⟨π(z2,2)mζ, π(z2,2)nξ⟩ = 0 for m < n. Thus HP and HQ are

orthogonal. □

Corollary 3.1.9 There exists a λ ∈ S1 such that σ(π(z2,1)) = {0, λ}.

Proof: Let E and F be two disjoint closed subsets of the spectrum σ(π(z2,1)) such

that 0 /∈ E, 0 /∈ F and let P and Q be the spectral projections of π(z2,1) corresponding

to the subsets E and F respectively. Then it follows from the previous proposition

that HP and HQ are two invariant subspaces for π that are mutually orthogonal. By

irreducibility of π, it follows that σ(π(z2,1)) = {0, λ} for some λ ̸= 0 in C. Since π(z2,1)

is a normal partial isometry, it follows that λ ∈ S1. □

Corollary 3.1.10 There exists a µ ∈ S1 such that σ(π(z3,3)) = {µ}.

Proof: From the commutation relations, it follows that π(z3,3) is a unitary and com-

mutes with P2,1. Let P and Q be two spectral projections corresponding to two disjoint

closed subsets of the spectrum of the restriction of π(z3,3) to P2,1H. Then the above

proposition tells us that HP and HQ are two invariant subspaces for π that are mutu-

ally orthogonal. Using irreducibility of π, we deduce that σ(π(z3,3)|P2,1H) = {µ} where

µ ∈ S1. Hence for ξ ∈ P2,1H, we have

π(z∗3,3)(π(z
n
2,2)ξ) = (π(zn2,2)π(z

∗
3,3)ξ = µ̄π(zn2,2)ξ.

Since HP2,1 = H, we have the result. □

Theorem 3.1.11 The projection P2,1 is of rank one and π is unitarily equivalent to the

representation ψ(λ̄µ̄,µ̄),s1
.

Proof: Take a unit vector ξ ∈ P2,1H. From the previous two corollaries, it follows that

π(z3,3)ξ = µξ and π(z2,1)ξ = λξ. Therefore π(z1,2)ξ = π(z∗3,3z
∗
2,1)ξ = λ̄µ̄ξ. Let

Hξ = span {π(z2,2)nξ : n ∈ N}.
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From equations, it now follows that

π(z1,1) (π(z2,2)
nξ) =


0 if n = 0,

µ̄π(z2,2)
n−1ξ if n > 0,

(3.1.12)

π(z1,2) (π(z2,2)
nξ) =


λ̄µ̄ξ if n = 0,

0 if n > 0,

(3.1.13)

π(z2,1) (π(z2,2)
nξ) =


λξ if n = 0,

0 if n > 0,

(3.1.14)

π(z2,2) (π(z2,2)
nξ) = π(z2,2)

n+1ξ, (3.1.15)

π(z3,3) (π(z2,2)
nξ) = µπ(z2,2)

nξ. (3.1.16)

Thus Hξ is an invariant subspace of H and hence by irreducibility of π, one has Hξ = H.

The map

U : en 7→ λ−nπ(z2,2)
nξ

from ℓ2(N) to H now extends to a unitary and gives us the required unitary equivalence.

□

Case 3: π(z3,1) = 0, π(z3,2) ̸= 0, π(z2,1) = 0.

Analogous to the results in the previous case, here we have the following results. The

proofs are similar.

Theorem 3.1.12 Let P be a projection such that

P ≤ P3,2, Pπ(z3,2) = π(z3,2)P, Pπ(z1,1) = π(z1,1)P.

Then HP := {π(z3,3)nξ : n ∈ N, ξ ∈ PH} is an invariant subspace for π.

If Q is another projection orthogonal to P satisfying the conditions above, then HP

and HQ are orthogonal.

Corollary 3.1.13 There exists a λ ∈ S1 such that σ(π(z3,2)) = {0, λ}.

Corollary 3.1.14 There exists a µ ∈ S1 such that σ(π(z1,1)) = {µ}.
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Theorem 3.1.15 The projection P3,2 is of rank one and π is unitarily equivalent to the

representation ψ(µ,λ̄),s2
.

Case 4: π(z3,1) = 0, π(z3,2) ̸= 0, π(z2,1) ̸= 0.

Let us first prove the following lemma.

Lemma 3.1.16 If π(z3,1) = 0 and π(z2,1)π(z3,2) = 0, then either π(z2,1) = 0 or

π(z3,2) = 0.

Proof: Let us assume that π(z3,1) = 0, π(z2,1)π(z3,2) = 0 and π(z2,1) ̸= 0. We will

show that π(z3,2) = 0. Since π(z3,1) = 0, it follows from commutation relations that

π(z1,1)π(z3,2) = π(z3,2)π(z1,1). Since z2,3 commutes with z3,2, we get

π(z3,2)π(z
∗
3,2) = π(z3,2z1,1z2,3) = π(z1,1z2,3z3,2) = π(z∗3,2z3,2),

i.e. π(z3,2) is normal. Since π(z2,1)
∗ commutes with π(z3,2), it follows that π(z2,1) com-

mutes with π(z3,2).

Let H0 be the closed linear span of {π(zk2,2)π(z2,1)ξ : k ∈ N, ξ ∈ H}. Using the

commutation relations and the fact that π(z3,1) = 0, we then have

π(z1,1)
(
π(zk2,2)π(z2,1)ξ

)
=


0 if k = 0,

π(zk−1
2,2 )π(z2,1)

(
π(z∗3,3)ξ

)
if k > 0.

π(z1,2)
(
π(zk2,2)π(z2,1)ξ

)
=


π(z2,1) (π(z1,2)ξ) if k = 0,

0 if k > 0.

π(z1,3)
(
π(zk2,2)π(z2,1)ξ

)
=


π(z2,1) (π(z1,3)ξ) if k = 0,

0 if k > 0.

π(z2,1)
(
π(zk2,2)π(z2,1)ξ

)
=


π(z2,1) (π(z2,1)ξ) if k = 0,

0 if k > 0.

π(z2,2)
(
π(zk2,2)π(z2,1)ξ

)
= π(zk+1

2,2 )π(z2,1)ξ.
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π(z2,3)
(
π(zk2,2)π(z2,1)ξ

)
= 0.

π(z3,2)
(
π(zk2,2)π(z2,1)ξ

)
= 0.

π(z3,3)
(
π(zk2,2)π(z2,1)ξ

)
= π(zk2,2)π(z2,1)

(
π(z3,3)ξ

)
.

Therefore H0 is invariant subspace. Since π is irreducible, we have H = H0. Therefore

π(z3,2) = 0. □

Theorem 3.1.17 Let P be a projection such that

P ≤ P1,3, Pπ(z2,1) = π(z2,1)P, Pπ(z3,2) = π(z3,2)P.

Then the subspace HP := {π(z∗1,1)mπ(z3,3)nξ : m,n ∈ N, ξ ∈ PH}. is invariant for π.

If Q is another projection orthogonal to P satisfying the same conditions above, then

HP and HQ are orthogonal.

Proof: Let ξ ∈ PH. Then we have

π(z1,1)ξ = 0 = π(z1,2)ξ = π(z2,2)ξ = π(z∗2,2)ξ = π(z∗2,3)ξ = π(z∗3,3)ξ. (3.1.17)

Therefore the actions of the π(zi,j)’s on π(z
∗
1,1)

mπ(zn3,3)ξ are given by

π(z1,1)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if m = 0,

π(z∗1,1)
m−1π(z3,3)

nξ if m > 0.

(3.1.18)

π(z1,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if m = 0, n = 0,

π(z3,3)
n−1

(
π(z∗2,1)ξ

)
if m = 0, n > 0,

0 if m > 0.

(3.1.19)

π(z1,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z3,2)

∗π(z∗2,1)ξ if m = 0, n = 0,

0 if m = 0, n > 0,

0 if m > 0.

(3.1.20)
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π(z2,1)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z3,3)

n (π(z2,1)ξ) if m = 0,

0 if m > 0.

(3.1.21)

π(z2,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if n = 0,

π(z∗1,1)
m+1π(z3,3)

n−1ξ if n > 0.

(3.1.22)

π(z2,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z∗1,1)

m+1
(
π(z∗3,2)ξ

)
if n = 0,

0 if n > 0.

(3.1.23)

π(z3,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z∗1,1)

m (π(z3,2)ξ) if n = 0,

0 if n > 0.

(3.1.24)

π(z3,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
= π(z∗1,1)

mπ(z3,3)
n+1ξ. (3.1.25)

As P commutes with π(z2,1) and π(z3,2), for any ξ ∈ PH we have π(z2,1)ξ, π(z
∗
2,1)ξ,

π(z3,2)ξ and π(z
∗
3,2)ξ lies in PH. From above actions we get thatHP is invariant subspace

for π. As π is irreducible, H = HP

For the second part, Let us compute the inner product ⟨π(z∗1,1)mπ(z3,3)nξ,

π(z∗1,1)
m′
π(z3,3)

n′
ξ′⟩ where ξ ∈ PH and ξ′ ∈ QH. In the case m ̸= m′ or n ̸= n′, Using

the relations z1,1z
∗
1,1 = 1 = z∗3,3z3,3, z1,1z3,3 = z3,3z1,1 and z1,1z

∗
3,3 = z∗3,3z1,1, one arrives

at a vector of the form π(a)ζ where a is z∗1,1 or z
∗
3,3 and ζ is either ξ or ξ

′, and by (3.1.17),

π(a)ζ = 0. If m = m′ and n = n′, the above inner product reduces to ⟨ξ, ξ′⟩, is zero. □

Proof of the next two corollaries are similar to the earlier cases and hence omitted.

Corollary 3.1.18 The operator π(z2,1) is normal, with P1,3 ≤ P2,1 and there exists a

λ ∈ S1 such that the restriction of π(z2,1) to P1,3H is λI.

Corollary 3.1.19 The operator π(z3,2) is normal, with P1,3 ≤ P3,2 and there exists a

µ ∈ S1 such that the restriction of π(z3,2) to P1,3H is µI.

Theorem 3.1.20 The representation π is unitarily equivalent to ψ(λ̄µ̄,µ̄),s1s2
.

Proof: Take a unit vector ξ ∈ P1,3H. From the previous two corollaries, it follows that

π(z3,2)ξ = µξ and π(z2,1z3,2)ξ = λµξ. Let

Hξ = {π(z∗1,1)mπ(z3,3)nξ : m,n ∈ N}.
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From equations(3.1.18-3.1.25), it now follows that

π(z1,1)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if m = 0,

π(z∗1,1)
m−1π(z3,3)

nξ if m > 0.

(3.1.26)

(3.1.27)

π(z1,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if m = 0, n = 0,

π(z3,3)
n−1 (µ̄ξ) if m = 0, n > 0,

0 if m > 0.

(3.1.28)

(3.1.29)

π(z1,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


µ̄λ̄ξ if m = 0, n = 0,

0 if m = 0, n > 0,

0 if m > 0.

(3.1.30)

(3.1.31)

π(z2,1)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z3,3)

n (λξ) if m = 0,

0 if m > 0.

(3.1.32)

(3.1.33)

π(z2,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


0 if n = 0,

π(z∗1,1)
m+1π(z3,3)

n−1ξ if n > 0.

(3.1.34)

(3.1.35)

π(z2,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z∗1,1)

m+1 (µ̄ξ) if n = 0,

0 if n > 0.

(3.1.36)

(3.1.37)

π(z3,2)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
=


π(z∗1,1)

m (µ̄ξ) if n = 0,

0 if n > 0.

(3.1.38)

(3.1.39)

π(z3,3)
(
π(z∗1,1)

mπ(z3,3)
nξ
)
= π(z∗1,1)

mπ(z3,3)
n+1ξ. (3.1.40)

Thus Hξ is an invariant subspace of H and hence by irreducibility of π, one has Hξ = H.

The map

U : em,n 7→ µ−m−nλ−mπ(z∗1,1)
mπ(z3,3)

nξ

from ℓ2(N2) to H gives us the required unitary. □
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Case 5: π(z3,1) ̸= 0, π(z2,1)π(z3,2) = 0.

Note that in both Case 5 and Case 6, one has π(z∗3,1) = π(z1,2)π(z2,3) ̸= 0. This implies

that π(z2,3) ̸= 0, which in turn implies that π(z3,2) ̸= 0 because π(z∗2,3) = π(z1,1)π(z3,2).

Theorem 3.1.21 Let P be a projection such that P ≤ P3,1 and Pπ(z1,2) = π(z1,2)P ,

Pπ(z2,3) = π(z2,3)P . Let HP := {π(z∗1,1)nπ(z3,3)mξ : n,m ≥ 0, ξ ∈ PH}. Then HP is

an invariant subspace for π.

If Q is another projection orthogonal to P such that Qπ(z1,2) = π(z1,2)Q and Qπ(z2,3) =

π(z2,3)Q, then HP and HQ are orthogonal.

Corollary 3.1.22 The operator π(z1,2) is normal, with P3,1 ≤ P1,2 and there exists a

λ ∈ S1 such that the restriction of π(z1,2) to P3,1H is λI.

Corollary 3.1.23 The operator π(z2,3) is normal, with P3,1 ≤ P2,3 and there exists a

µ ∈ S1 such that the restriction of π(z2,3) to P3,1H is µI.

Theorem 3.1.24 The representation π is unitarily equivalent to ψ(λ,λµ̄),s2s1.

Case 6: π(z3,1) ̸= 0, π(z2,1)π(z3,2) ̸= 0.

Theorem 3.1.25 If π(z3,1) ̸= 0 and π(z2,1)π(z3,2) ̸= 0, then π(z3,1z2,1z3,2) ̸= 0.

Proof: Let us assume that π(z3,1) ̸= 0 and π(z3,1z2,1z3,2) = 0. We will show that this

implies π(z2,1)π(z3,2) = 0.

Let H3,1 be the closed linear span of
{
π(z∗1,1)

mπ(zn3,3)ξ : m,n ∈ N, ξ ∈ P3,1H
}
. We

will show that H = H3,1 and π(z2,1)π(z3,2) = 0.

Let ξ ∈ P3,1H. Then one has ξ = P3,1ξ = π(z∗3,1)ξ
′ for some ξ′ ∈ H. Since z3,1 is

normal, one also has ξ = π(z3,1)ξ
′′ for some ξ′′ ∈ H. Using this observation, the relation

z∗1,3 = z2,1z3,2 and the condition π(z3,1z2,1z3,2) = 0, we now get

π(z1,3)ξ = 0 π(z∗1,3)ξ = 0, (3.1.41)

π(z1,1)ξ = 0 π(z2,1)ξ = 0, (3.1.42)

π(z∗3,2)ξ = 0 π(z∗3,3)ξ = 0. (3.1.43)
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Since z1,2 and z2,3 commute with z∗3,1 and z3,1 is normal, it also follows that

π(z1,2)ξ ∈ H3,1 π(z∗1,2)ξ ∈ H3,1, (3.1.44)

π(z2,3)ξ ∈ H3,1 π(z∗2,3)ξ ∈ H3,1. (3.1.45)

π(z∗2,3)π(z
∗
1,1)ξ = π(z∗1,1)π(z

∗
2,3)ξ, ξ ∈ P3,1H. (3.1.46)

π(z1,1)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


0 if m = 0,

π(z∗1,1)
m−1π(zn3,3)ξ if m > 0.

π(z1,2)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


0 if m > 0,

π(z3,3)
n (π(z1,2)ξ) if m = 0.

π(z1,3)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
= 0.

π(z2,1)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


0 if m > 0,

π(z3,3)
n−1

(
π(z∗1,2)ξ

)
if m = 0, n > 0,

0 if m = 0, n = 0.

π(z2,2)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


π(z∗1,1)

m+1π(zn−1
3,3 )ξ if n > 0,

0 if n = 0.

π(z2,3)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


π(z∗1,1)

m (π(z2,3)ξ) if n = 0,

0 if n > 0.

π(z3,1)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


0 if m > 0,

0 if m = 0, n > 0,

π(z3,1)ξ if m = 0, n = 0.

π(z3,2)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
=


0 if n > 0,

π(z∗1,1)
m+1

(
π(z∗2,3)ξ

)
if n = 0.

π(z3,3)
(
π(z∗1,1)

mπ(zn3,3)ξ
)
= π(z∗1,1)

mπ(z3,3)
n+1ξ.
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Thus H3,1 is an invariant subspace for π. Irreducibility of π gives us H = H3,1. Since

π(z1,3) = 0 onH3,1 from the above computation, it follows that π(z2,1)π(z3,2) = π(z1,3) =

0.

Observe that the commutation relations imply that z1,3 and z3,1 are both normal, i.e.

P1,3 = Q1,3 and P3,1 = Q3,1. Using the commutation relations again, we now conclude

that z3,1z2,1z3,2 is a normal partial isometry, with initial and final projection given by

P1,3P3,1 as the following computations show

(
z3,1z2,1z3,2

) (
z3,1z2,1z3,2

)∗
=
(
z3,1z

∗
1,3

) (
z3,1z

∗
1,3

)∗
= z3,1z

∗
1,3z1,3z

∗
3,1

= z∗1,3z1,3z3,1z
∗
3,1

= z∗1,3z1,3z
∗
3,1z3,1,

and similarly,

(
z3,1z2,1z3,2

)∗ (
z3,1z2,1z3,2

)
=
(
z3,1z

∗
1,3

)∗ (
z3,1z

∗
1,3

)
= z1,3z

∗
3,1z3,1z

∗
1,3

= z1,3z
∗
1,3z

∗
3,1z3,1

= z∗1,3z1,3z
∗
3,1z3,1.

□

Theorem 3.1.26 Let P be a projection such that

P ≤ P1,3P3,1, Pπ(z3,1) = π(z3,1)P, Pπ(z1,3) = π(z1,3)P.

Then HP :=
{
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ : k,m, n ≥ 0, ξ ∈ PH

}
is an invariant subspace for

π.

If Q is another projection orthogonal to P satisfying the same conditions above, then

HP and HQ are orthogonal.

Proof:
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Since P ≤ P1,3P3,1, one has ξ = P1,3P3,1ξ for ξ ∈ PH. Therefore

π(z1,1)ξ = 0, π(z1,2)ξ = 0, π(z2,1)ξ = 0, (3.1.47)

π(z∗2,3)ξ = 0, π(z∗3,2)ξ = 0, π(z∗3,3)ξ = 0. (3.1.48)

Consequently, we also have

π(z2,2)ξ = π(z∗3,3)π(z
∗
1,1)ξ = π(z∗1,1)π(z

∗
3,3)ξ = 0. (3.1.49)

From (3.1.47-3.1.48) and (2.2.19–2.2.22), it follows that for all n ∈ N.

π(z2,1)π(z
n
2,3)ξ = 0, π(z1,2)π(z

n
3,2)ξ = 0. (3.1.50)

Since P commutes with π(z1,3) and π(z3,1), we have

ξ ∈ PH =⇒ π(z1,3)ξ, π(z
∗
1,3)ξ, π(z3,1)ξ, π(z

∗
3,1)ξ ∈ PH. (3.1.51)

Let ξ ∈ PH.

π(z1,1)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


0 if k = 0,

π(zm3,3)π(z
k−1
2,3 )

(
π(z∗3,2)π(z

n
3,2)ξ

)
if k > 0.

(3.1.52)

π(z1,2)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=



0 if m = 0, k = 0,

π(zk−1
2,3 )

(
π(z∗3,1)π(z

n
3,2)ξ

)
if m = 0, k > 0,

π(zm−1
3,3 )π(zn+1

3,2 )
(
π(z1,3)ξ

)
if m > 0, k = 0,

π(zm3,3)π(z
k−1
2,3 )

(
π(z∗3,1)π(z

n
3,2)ξ

)
if m > 0, k > 0.

(3.1.53)

π(z1,3)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


π(zn3,2)

(
π(z1,3)ξ

)
if m = 0, k = 0,

0 if m > 0 or k > 0.

(3.1.54)
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π(z2,1)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=



0 if m = 0, k = 0, n = 0,

π(zn−1
3,2 )

(
π(z∗1,3)ξ

)
if m = 0, k = 0, n > 0,

0 if m = 0, k > 0,

π(zm−1
3,3 )π(zk+1

2,3 )
(
π(z3,1)ξ

)
if m > 0, n = 0

π(zm3,3)π(z
n−1
3,2 )

(
π(z∗1,3)ξ

)
if m > 0, n > 0, k = 0,

0 if m > 0, n > 0, k > 0.

(3.1.55)

π(z2,2)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


0 if m = 0,

π(zm−1
3,3 )π(zk+1

2,3 )π(zn+1
3,2 )ξ if m > 0.

(3.1.56)

π(z2,3)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


π(zk+1

2,3 )π(zn3,2)ξ if m = 0,

0 if m > 0.

(3.1.57)

π(z3,1)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


π(zk2,3)

(
π(z3,1)ξ

)
if m = 0, n = 0,

0 if m+ n > 0.

(3.1.58)

π(z3,2)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
=


π(zk2,3)π(z

n+1
3,2 )ξ if m = 0,

0 if m > 0.

(3.1.59)

π(z3,3)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
= π(zm+1

3,3 )π(zk2,3)π(z
n
3,2)ξ. (3.1.60)

Now observe that

π(z∗3,2)π(z
n
3,2)ξ =


π(z∗3,2)ξ = π(z∗3,2)π(z

∗
3,1)π(z3,1)ξ = 0 if n = 0,

(I − π(z∗2,2)π(z2,2))π(z
n−1
3,2 )ξ = π(zn−1

3,2 )ξ if n > 0.

π(z∗3,1)π(z
n
3,2)ξ =


π(z∗3,1)ξ if n = 0,

π(z1,2)π(z2,3)π(z
n
3,2)ξ = π(z1,2)π(z

n
3,2)π(z2,3)ξ = 0 if n > 0.

π(z2,1)π(z
n
3,2)ξ =


π(z2,1)ξ = 0 if n = 0,

π(z∗1,3)π(z
n−1
3,2 )ξ = π(zn−1

3,2 )π(z∗1,3)ξ if n > 0.

Therefore it follows that π(zi,j)
(
π(zm3,3)π(z

k
2,3)π(z

n
3,2)ξ

)
∈ HP for all i, j. Thus HP is

an invariant subspace for π.
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For the second part, take ξ ∈ PH and ξ′ ∈ QH. Let

ξk,m,n = π(zm3,3)π(z
k
2,3)π(z

n
3,2)ξ, k,m, n ∈ N,

ξ′k,m,n = π(zm3,3)π(z
k
2,3)π(z

n
3,2)ξ

′, k,m, n ∈ N.

Since z∗3,3z3,3 = 1, we have

⟨ξk,m,n, ξ′k′,m′,n′⟩ =


⟨π(z∗3,3)m

′−mπ(zk2,3)π(z
n
3,2)ξ , π(z

k′
2,3)π(z

n′
3,2)ξ

′⟩ if m < m′,

⟨π(zk2,3)π(zn3,2)ξ , π(z∗3,3)m−m′
π(zk

′
2,3)π(z

n′
3,2)ξ

′⟩ if m > m′,

⟨π(zk2,3)π(zn3,2)ξ , π(zk
′

2,3)π(z
n′
3,2)ξ

′⟩ if m = m′.

Using the equalities z∗3,3 = z1,1z2,2, z2,2z2,3 = 0 = z2,2z3,2 and π(z2,2)ξ = 0 = π(z2,2)ξ
′,

we get

⟨ξk,m,n, ξ′k′,m′,n′⟩ =


0 if m ̸= m′,

⟨π(zk2,3)π(zn3,2)ξ , π(zk
′

2,3)π(z
n′
3,2)ξ

′⟩ if m = m′.

(3.1.61)

Next, note that from the equality z∗2,2z2,2 + z∗3,2z3,2 = 1, it follows that

(z∗3,2)
m(zn3,2) = (z∗3,2)

m−1(zn−1
3,2 ) if m ≥ 1, n ≥ 1, and m+ n > 2.

Therefore using the equalities π(z∗3,2)ξ = 0 = π(z∗3,2)ξ
′, we get

⟨ξk,m,n, ξ′k′,m′,n′⟩ =


0 if m ̸= m′ or n ̸= n′,

⟨π(zk2,3)ξ , π(zk
′

2,3)ξ
′⟩ if m = m′, n = n′.

(3.1.62)

Finally, note that

z∗2,3z2,3 = z1,1z3,2z2,3 = z1,1z2,3z3,2 = z∗3,2z3,2.

This together with the relations z2,3z3,2 = z3,2z2,3 and z2,3z
∗
3,2 = z∗3,2z2,3 give us

⟨ξk,m,n, ξ′k′,m′,n′⟩ =


0 if m ̸= m′ or n ̸= n′ or k ̸= k′,

⟨ξ, ξ′⟩ if m = m′, n = n′, k = k′,

(3.1.63)

Since PQ = 0, we have ⟨ξk,m,n, ξ′k′,m′,n′⟩ = 0. □
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The following two corollaries are now immediate.

Corollary 3.1.27 There exists a λ ∈ S1 such that the restriction of π(z1,3) to P1,3P3,1H

is λI.

Corollary 3.1.28 There exists a µ ∈ S1 such that the restriction of π(z3,1) to P1,3P3,1H

is µI.

Theorem 3.1.29 The representation π is unitarily equivalent to ψ(λ,µ̄),s1s2s1.

Proof: In view of the above corollaries, it follows that

π(z1,1)ξk,m,n =


ξk−1,m,n−1 if k > 0, n > 0,

0 otherwise,

(3.1.64)

π(z1,2)ξk,m,n =


λξ0,m−1,n+1 if k = 0,m > 0

µ̄ξk−1,m,0 if k > 0, n = 0,

0 otherwise,

(3.1.65)

π(z1,3)ξk,m,n =


λξ0,0,n if m = 0, k = 0

0 otherwise,

(3.1.66)

π(z2,1)ξk,m,n =


λ̄ξ0,m,n−1 if k = 0, n > 0,

µξk+1,m−1,0 if m > 0, n = 0

0 otherwise,

(3.1.67)

π(z2,2)ξk,m,n =


0 if m = 0,

ξk+1,m−1,n+1 if m > 0.

(3.1.68)

π(z2,3)ξk,m,n =


ξk+1,0,n if m = 0,

0 if m > 0.

(3.1.69)

π(z3,1)ξk,m,n =


µξk,0,0 if m = 0, n = 0,

0 otherwise.

(3.1.70)

π(z3,2)ξk,m,n =


ξk,0,n+1 if m = 0,

0 if m > 0.

(3.1.71)



3.1. Irreducible representations of C(SU0(3)) 59

π(z3,3)ξk,m,n = ξk,m+1,n. (3.1.72)

Thus if we define Hξ to be the clsoed linear span of {ξk,m,n : k,m, n ∈ N}, then Hξ is an

invariant subspace for π. Since π is irreducible, we have H = Hξ. By the computations

in the proof of the second part of Theorem 3.1.26, it follows that {ξk,m,n : k,m, n ∈ N}

is an orthonormal basis for H. The map

em,k,n 7→ λkµk−m−nξk,m,n

from ℓ2(N×N×N) to H now sets up a unitary equivalence between π and ψ(λ,µ̄),s1s2s1 .

□





CHAPTER 4

Irreducible representations of C(SU0(n+ 1))

First section of this chapter is about some properties of C(SU0(n+1)) which are essential

to get all irreducible representations. Second section is about all irreducible representa-

tions of C(SU0(n+ 1)) which is mainly from [GP24]. Last section is about a bialgebra

structure on C(SU0(n+ 1)), faithful representation of C(SU0(n+ 1)) related to Soibel-

man representation of C(SUq(n+1)) and relation among irreducible C∗-representations

of C(SU0(n+ 1)) and C(SUq(n+ 1))( for positive q).

4.1 Projections in C(SU0(n+ 1))

In this section we will restrict ourselves to the ∗-subalgebra of C(SU0(n+1)) generated

by the zi,j ’s and derive certain relations that will in particular show that the generators

zi,j are all partial isometries.

Theorem 4.1.1 Let 1 ≤ i ≤ j ≤ n+ 1. Then

(zi,izi+1,i+1 . . . zj,j)
∗ = (z1,1z2,2 . . . zi−1,i−1)(zj+1,j+1zj+2,j+2 . . . zn+1,n+1). (4.1.1)

61
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Proof: Note that for i = j, it follows. We will assume that the equality holds for

i ≤ j < n+ 1 and prove that it holds for i < j + 1 also. Using above relaions, we get

(zi,izi+1,i+1 . . . zj+1,j+1)
∗ = z∗j+1,j+1

(
zi,izi+1,i+1 . . . zj,j

)∗
= (z1,1z2,2 . . . zj,j)(zj+2,j+2zj+3,j+3 . . . zn+1,n+1)

(z1,1z2,2 . . . zi−1,i−1)(zj+1,j+1zj+2,j+2 . . . zn+1,n+1)

= (zj+2,j+2zj+3,j+3 . . . zn+1,n+1)(z1,1z2,2 . . . zj,j)

(zj+1,j+1zj+2,j+2 . . . zn+1,n+1)(z1,1z2,2 . . . zi−1,i−1)

= (zj+2,j+2zj+3,j+3 . . . zn+1,n+1)(z1,1z2,2 . . . zi−1,i−1)

= (z1,1z2,2 . . . zi−1,i−1)(zj+2,j+2zj+3,j+3 . . . zn+1,n+1).

This completes the proof. □

Lemma 4.1.2 Let us denote by pi,j the element z∗i,jzi,j and by qi,j the element zi,jz
∗
i,j.

For 1 ≤ i ≤ j ≤ n+ 1, one has the following:

i∑
k=1

qk,j =
n+1∑
k=j

pi,k (4.1.2)

j∑
k=1

qk,j =
n+1∑
k=j

pj,k = 1. (4.1.3)

Proof: We will prove that

i∑
k=1

qk,j =


(z1,1z2,2 · · · zi−1,i−1)zi,j(zi+1,izi+2,i+1 . . . zj,j−1)(zj+1,j+1 . . . zn+1,n+1) if i < j,

1, if i = j

(4.1.4)

n+1∑
k=j

pi,k =


(z1,1z2,2 · · · zi−1,i−1)zi,j(zi+1,izi+2,i+1 . . . zj,j−1)(zj+1,j+1 . . . zn+1,n+1) if i < j,

1, if i = j.

(4.1.5)

Note that for i = 1, one has

q1,j = z1,jz
∗
1,j

= z1,j(z2,1z3,2 · · · zj,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1).
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Thus the first equality in (4.2.4) holds for i = 1. Next assume that it holds for i− 1 and

1 ≤ i < j ≤ n+ 1. Then using equation (2.2.25) we get

qi,j +
i−1∑
k=1

qk,j

= zi,j(z1,1z2,2 · · · zi−2,i−2zi−1,i−1)(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zi−2,i−2)zi−1,jzi,i−1(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1 · · · zn+1,n+1)

= (z1,1z2,2 · · · zi−2,i−2)zi,jzi−1,i−1(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zi−2,i−2)zi−1,jzi,i−1(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

= (z1,1 · · · zi−2,i−2zi−1,i−1)zi,j(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1 · · · zn+1,n+1).

Hence the first equality in (4.2.4) follows. Using this, one now gets

j∑
k=1

qk,j =

j−1∑
k=1

qk,j + qj,j

= (z1,1z2,2 · · · zj−2,j−2)zj−1,jzj,j−1(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

+ zj,j(z1,1z2,2 · · · zj−2,j−2zj−1,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

= (z1,1z2,2 · · · zj−2,j−2)zj−1,jzj,j−1(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zj−2,j−2)zj,jzj−1,j−1(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

= z1,1z2,2 · · · zj−2,j−2zj−1,j−1zj,jzj+1,j+1zj+2,j+2 · · · zn+1,n+1

= 1

Thus we get (4.2.4). Proof of (4.2.5) is similar. First observe that for j = n+1, one has

pi,n+1 = z∗i,n+1zi,n+1

= (z1,1z2,2 · · · zi−1,i−1)(zi+1,izi+2,i+1 . . . zn+1,n)zi,n+1

= (z1,1z2,2 · · · zi−1,i−1)zi,n+1(zi+1,izi+2,i+1 . . . zn+1,n).

Thus the first equality in (4.2.5) holds for j = n + 1. Now, assuming that it holds for

j + 1, we have

pi,j +

n+1∑
k=j+1

pi,k
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= (z1,1z2,2 · · · zi−2,i−2zi−1,i−1)(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)zi,j

+ (z1,1z2,2 · · · zi−1,i−1)zi,j+1(zi+1,izi+2,i+1 · · · zj,j−1)zj+1,j(zj+2,j+2 · · · zn+1,n+1)

= (z1,1z2,2 · · · zi−2,i−2zi−1,i−1)(zi+1,izi+2,i+1 · · · zj,j−1)zj+1,j+1zi,j(zj+2,j+2 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zi−1,i−1)(zi+1,izi+2,i+1 · · · zj,j−1)zi,j+1zj+1,j(zj+2,j+2 · · · zn+1,n+1)

= (z1,1z2,2 · · · zi−1,i−1)(zi+1,izi+2,i+1 · · · zj,j−1)zi,j(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)

= (z1,1z2,2 · · · zi−1,i−1)zi,j(zi+1,izi+2,i+1 · · · zj,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1).

This proves the first equality in (4.2.5). Using this we now get

n+1∑
k=i

pi,k =

n+1∑
k=i+1

pi,k + pi,i

= (z1,1z2,2 · · · zi−1,i−1)zi,i+1zi+1,i(zi+2,i+2zi+3,i+3 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zi−1,i−1)(zi+1,i+1zi+2,i+2zi+3,i+3 · · · zn+1,n+1)zi,i

= (z1,1z2,2 · · · zi−1,i−1)zi,i+1zi+1,i(zi+2,i+2zi+3,i+3 · · · zn+1,n+1)

+ (z1,1z2,2 · · · zi−1,i−1)zi+1,i+1zi,i(zi+2,i+2zi+3,i+3 · · · zn+1,n+1)

= z1,1z2,2 · · · zi−1,i−1zi,izi+1,i+1zi+2,i+2zi+3,i+3 · · · zn+1,n+1

= 1,

which completes the proof. □

Lemma 4.1.3 The elements pi,j and qi,j are projections for 1 ≤ i ≤ j ≤ n.

Proof: We will show that for any 1 ≤ j ≤ n, if
{∑i

k=1 qk,j : 1 ≤ i ≤ j
}

is a family

of projections then
{∑i

k=1 qk,j+1 : 1 ≤ i ≤ j + 1
}

is also a family of projections. Then

by an application of equation (4.2.3) in Lemma 4.1.2, we will successively conclude for

i = 1, 2, . . . , n + 1 that the sums
∑i

k=1 qk,j are all projections for i ≤ j ≤ n + 1. This

will imply that all qi,j ’s (and hence all pi,j ’s) for 1 ≤ i ≤ j ≤ n+ 1 are projections.

Now fix 1 ≤ j ≤ n and assume that
{∑i

k=1 qk,j : 1 ≤ i ≤ j
}
is a family of projections.

Note that by this assumption, it follows that qi,j =
∑i

k=1 qk,j−
∑i−1

k=1 qk,j , being positive

and a difference of two projections, is also a projection. Hence pi,j is also a projection.

Now from Lemma 4.1.2, for i ≤ j, we get

i∑
k=1

qk,j+1 =

n+1∑
k=j+1

pi,k =

n+1∑
k=j

pi,k − pi,j =

i∑
k=1

qk,j − pi,j .
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Thus the element
∑i

k=1 qk,j+1 is positive and is a difference of two projections. Therefore

it is a projection. For i = j + 1,
∑j+1

k=1 qk,j+1 = 1 and hence is a projection. □

Lemma 4.1.4 For 1 ≤ i ≤ j ≤ n+ 1, one has the following:

j∑
k=1

qi,k =
n+1∑
k=i

pk,j , (4.1.6)

i∑
k=1

qi,k =
n+1∑
k=i

pk,i = 1 (4.1.7)

Proof: We will prove that

j∑
k=1

qi,k =


(z1,1z2,2 · · · zj−1,j−1)zi,j(zj,j+1zj+1,j+2 . . . zi−1,i)(zi+1,i+1 . . . zn+1,n+1), if j < i,

1 if j = i,

(4.1.8)

n+1∑
k=i

pk,j =


(z1,1z2,2 · · · zj−1,j−1)zi,j(zj,j+1zj+1,j+2 . . . zi−1,i)(zi+1,i+1 . . . zn+1,n+1), if i > j,

1 if i = j.

(4.1.9)

For j = 1, the first equality in (4.2.8) holds as one has

qi,1 =zi,1z
∗
i,1

=zi,1(z1,2z2,3 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1).

Next, assuming that it holds for j − 1, we have

qi,j +

j−1∑
k=1

qi,k

=zi,j(z1,1z2,2 · · · zj−1,j−1)(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

+(z1,1z2,2 · · · zj−2,j−2)zi,j−1zj−1,j(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

= (z1,1z2,2 · · · zj−2,j−2)zi,jzj−1,j−1(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

+(z1,1z2,2 · · · zj−2,j−2)zi,j−1zj−1,j(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)
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= (z1,1z2,2 · · · zj−1,j−1)zi,j(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1).

Thus the equality holds. For i = j, one has

i∑
k=1

qi,k

=

i−1∑
k=1

qi,k + qi,i

=(z1,1z2,2 · · · zi−2,i−2)zi,i−1zi−1,i(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

+zi,i(z1,1z2,2 · · · zi−2,i−2)zi−1,i−1(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

=(z1,1z2,2 · · · zi−2,i−2)zi,i−1zi−1,i(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

+(z1,1z2,2 · · · zi−2,i−2)zi,izi−1,i−1(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

=z1,1z2,2 · · · zi−2,i−2zi−1,i−1zi,izi+1,i+1zi+2,i+2 · · · zn+1,n+1

=1.

Thus we have (4.2.8)

Next, note that

pn+1,j = z∗n+1,jzn+1,j

= (z1,1z2,2 · · · zj−1,j−1)(zj,j+1zj+1,j+2 . . . zn,n+1)zn+1,j

= (z1,1z2,2 · · · zj−1,j−1)zn+1,j(zj,j+1zj+1,j+2 . . . zn,n+1).

Thus the first equality in (4.2.9) holds for i = n+ 1.

Assume it holds for i+ 1. Then

pi,j +
n+1∑
t=i+1

pt,j

=(z1,1z2,2 · · · zj−1,j−1)(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)zi,j

+(z1,1z2,2 · · · zj−1,j−1)zi+1,j(zj,j+1zj+1,j+2 · · · zi−1,i)zi,i+1(zi+2,i+2 · · · zn+1,n+1)
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=(z1,1z2,2 · · · zj−2,j−2zj−1,j−1)(zj,j+1zj+1,j+2 · · · zi−1,i)zi+1,i+1zi,j(zi+2,i+2 · · · zn+1,n+1)

+(z1,1z2,2 · · · zj−1,j−1)(zj,j+1zj+1,j+2 · · · zi−1,i)zi,i+1zi+1,j(zi+2,i+2 · · · zn+1,n+1)

=(z1,1z2,2 · · · zj−1,j−1)(zj,j+1zj+1,j+2 · · · zi−1,i)zi,j(zi+1,i+1zi+2,i+2 · · · zn+1,n+1)

=(z1,1z2,2 · · · zj−1,j−1)zi,j(zj,j+1zj+1,j+2 · · · zi−1,i)(zi+1,i+1zi+2,i+2 · · · zn+1,n+1).

Thus we have the first equality in (4.2.9).

For i = j,

pj,j +
n+1∑
k=j+1

pk,j

=(z1,1z2,2 · · · zj−1,j−1)zj+1,jzj,j+1(zj+2,j+2zj+3,j+3 · · · zn+1,n+1)

+(z1,1z2,2 · · · zj−1,j−1)(zj+1,j+1zj+2,j+2 · · · zn+1,n+1)zj,j

=(z1,1z2,2 · · · zj−1,j−1)zj+1,jzj,j+1(zj+2,j+2zj+3,j+3 · · · zn+1,n+1)

+(z1,1z2,2 · · · zj−1,j−1)zj+1,j+1zj,j(zj+2,j+2zj+3,j+3 · · · zn+1,n+1)

=z1,1z2,2 · · · zj−1,j−1zj,jzj+1,j+1zj+2,j+2 · · · zn+1,n+1

=1.

Thus the proof is complete. □

Lemma 4.1.5 The elements pi,j and qi,j are projections for 1 ≤ j ≤ i ≤ n.

Proof: By using Above Lemma, one can prove exactly as in the proof of Lemma 4.1.4

that if
{∑j

k=1 qi,k : 1 ≤ j ≤ i
}
is a family of projections then

{∑j
k=1 qi+1,k : 1 ≤ j ≤ i+ 1

}
is also a family of projections. This leads to the required conclusion. □

Corollary 4.1.6 The elements zi,j are partial isometries for all 1 ≤ i, j ≤ n+ 1.
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Lemma 4.1.7 Let i < k and j < ℓ. Assume that either i ≥ ℓ or k ≤ j. Then

zi,ℓz
∗
k,j = 0 (4.1.10)

z∗i,ℓzk,j = 0 (4.1.11)

Proof: Assume that i ≥ ℓ. Then using Lemma 4.1.4, we have

n+1∑
k=i+1

(
zi,ℓz

∗
k,j

)(
zi,ℓz

∗
k,j

)∗
= zi,ℓ

(
n+1∑
k=i+1

pk,j

)
z∗i,ℓ

= zi,ℓ

( j∑
s=1

qi+1,s

)
z∗i,ℓ

=

j∑
s=1

zi,ℓzi+1,sz
∗
i+1,sz

∗
i,ℓ

= 0,

since zi,ℓzi+1,s = 0 for all 1 ≤ s ≤ ℓ− 1. Therefore zi,ℓz
∗
k,j = 0 for all j < ℓ and i < k.

Similarly if k ≤ j then using Lemma 4.1.2, we get

n+1∑
ℓ=j+1

(
zi,ℓz

∗
k,j

)∗(
zi,ℓz

∗
k,j

)
= zk,j

n+1∑
ℓ=j+1

(
pi,ℓ
)
z∗k,j

= zk,j

( i∑
s=1

qs,j+1

)
z∗k,j

= 0.

Therefore as before, zi,ℓz
∗
k,j = 0.

The second equality can be proved in a similar way using above Lemmas 4.1.2 and

4.1.4 □

Lemma 4.1.8 Let k > max{i, j}. Then

qi,jzn+1,k = zn+1,kqi,j , zi,jpn+1,k = pn+1,kzi,j .
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Proof: If max{i, j}+1 < k, then one has zi,jzn+1,k = zn+1,kzi,j and hence the equality

follows. Assume max{i, j}+ 1 = k (i.e. k = s+ 1 and max{i, j} = s). Then

zi,jzn+1,k = zn+1,kzi,j + zi,kzn+1,j .

It follows from Lemmas 4.1.2 and 4.1.4 that if i ≥ j, then pn+1,jpi,j = 0 and if i < j,

then pi,kpi,j = 0. Therefore in either case we get from the above equation that

qi,jzn+1,k = zi,jzn+1,kz
∗
i,j

= zn+1,kzi,jz
∗
i,j + zi,kzn+1,jz

∗
i,j

= zn+1,kqi,j .

Similarly, We have

zi,jpn+1,k = zi,jz
∗
n+1,kzn+1,k

= z∗n+1,kzi,jzn+1,k

= pn+1,kzi,j + z∗n+1,kzi,kzn+1,j

= pn+1,kzi,j + z∗n+1,kzn+1,jzi,k

= pn+1,kzi,j .

□

Lemma 4.1.9 Let 1 ≤ i ≤ j ≤ n+ 1. Then zi,j+1z
∗
n+1,j+1 − z∗n+1,jzi,j = 0

Proof: We have

(
zi,j+1z

∗
n+1,j+1 − z∗n+1,jzi,j

) (
zi,j+1z

∗
n+1,j+1 − z∗n+1,jzi,j

)∗
= zi,j+1pn+1,j+1z

∗
i,j+1 + z∗n+1,jqi,jzn+1,j − zi,j+1z

∗
n+1,jz

∗
i,jzn+1,j − z∗n+1,jzi,jzn+1,j+1z

∗
i,j+1

=zi,j+1(pn+1,j + qn+1,j+1)z
∗
i,j+1 + z∗n+1,jqi,jzn+1,j

− zi,j+1(zn+1,j+1zi,j + zn+1,jzi,j+1)
∗zn+1,j − z∗n+1,j(zn+1,j+1zi,j + zn+1,jzi,j+1)z

∗
i,j+1

=zi,j+1pn+1,jz
∗
i,j+1 + z∗n+1,jqi,jzn+1,j − zi,j+1z

∗
i,j+1z

∗
n+1,jzn+1,j − z∗n+1,jzn+1,jzi,j+1z

∗
i,j+1

=pn+1,jqi,j+1 + z∗n+1,jqi,jzn+1,j − pn+1,jqi,j+1 − z∗n+1,jqi,j+1zn+1,j



70 Chapter 4. Irreducible representations of C(SU0(n+ 1))

=z∗n+1,j(qi,j − qi,j+1)zn+1,j .

Summing over i we get

j∑
i=1

(
zi,j+1z

∗
n+1,j+1 − z∗n+1,jzi,j

) (
zi,j+1z

∗
n+1,j+1 − z∗n+1,jzi,j

)∗
=z∗n+1,j

(
j∑
i=1

qi,j −
j∑
i=1

qi,j+1

)
zn+1,j

=z∗n+1,j

I − n+1∑
k=j+1

pj,k

 zn+1,j

=z∗n+1,jpj,jzn+1,j

=0.

Therefore we have the result. □

4.2 Irreducible representations of C(SU0(n+ 1))

The remaining part of this section is devoted to the proof of irreducibility of ψλ,ω and

their inequivalence for different pairs (λ, ω).

Let us start with the observation that the representation ψsr is given by

ψsr(zi,j) =



S if i = j = r,

S∗ if i = j = r + 1,

P0 if i ̸= j and i, j ∈ {r, r + 1},

δi,jI otherwise,

(4.2.1)

where P0 denotes the rank one projection |e0⟩⟨e0| = I−S∗S. The following lemma is an

important observation that will be used in the proof of the main theorem in this section.

The proof is straightforward and hence omitted.

Lemma 4.2.1 Let ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1] and let ω′ = ωsa1−1. Then

ψλ,ω′(zi,j) =

max{i,j}∑
m=min{i,j}

ψλ,ω(zi,m)⊗ ψsa1−1(zm,j). (4.2.2)
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Diagrams for the representations ψλ,ω. We will next introduce certain dia-

grams for the representations ψλ,ω similar to those introduced in [CP03] for the case of

C(SUq(n+ 1)) for nonzero q. These diagrams will be very helpful in understanding the

images of the generatoring elements zi,j of the C
∗-algebra C(SU0(n+1)). In particular,

they will play a very important role in proving the irreducibility of the representations

ψλ,ω in the present section and later on while characterising all irreducible representa-

tions, these diagrams will once again he helpful by providing us the necessary ideas and

intuition.

Let us start with the diagrams for the representations ψsi and ψsisj .

ψsi

+

−

ℓ2(N)

1

j

j + 1

i

i+ 1

n

n+ 1

1

j

j + 1

i

i+ 1

n

n+ 1

ψsj

+

−

ℓ2(N)

1

j

j + 1

i

i+ 1

n

n+ 1

1

j

j + 1

i

i+ 1

n

n+ 1

ψsisj

+

−
+

−

ℓ2(N)⊗ ℓ2(N)

1

j

j + 1

i

i+ 1

n

n+ 1

1

j

j + 1

i

i+ 1

n

n+ 1

In the leftmost diagram above, each path from a node k on the left to a node l on the

right stands for an operator on ℓ2(N). A horizontal unlabelled line stands for the identity

operator, a horizontal line labelled with a ‘+’ sign stands for the unilateral forward shift

S∗ and one labelled with a ‘−’ sign stands for the unilateral backward shift S. Diagonal

lines going upward or downward represent the projection P0. The image ψsi(zm,l) is the

operator represented by the path from m on the left to l on the right, and is zero if there

is no such path. Similarly the diagram in the middle stands for the representation ψsj .

The diagram on the right above is for the representation ψsisj , where one simply puts

the two diagrams representing ψsi and ψsj adjacent to each other, with the one for ψsj

to the right of that for ψsi . The image ψsisj (zm,l) of zm,l is an operator on ℓ2(N)⊗ ℓ2(N)

given by the sum of the paths from the node m on the extreme left to the node l on the

extreme right that do not contain both upward and downward diagonals. It would be

zero if there is no such path.
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Next, we come to the description of ψω. As we have already remarked, we will take

a reduced word for ω of the form ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1] where 1 ≤ k ≤ n,

1 ≤ bk < bk−1 < · · · < b1 ≤ n, and 1 ≤ ai ≤ bi for 1 ≤ i ≤ k. To get the diagram

for ψω, we simply put the diagrams for the ψsr ’s appearing in this word adjacent to

each other in the order they appear in the word from left to right. Thus for example, if

ω = s[2,4]s[6,7]s[1,8]s[5,9]s[3,10], then the following is the diagram for ψω:

ψs[3,10]ψs[5,9]ψs[1,8]ψs[6,7]ψs[2,4]

1

2

3

b5 = 4

5

6

b4 = 7

b3 = 8

b2 = 9

b1 = 10

11

1 = a3

2 = a5

3 = a1

4

5 = a2

6 = a4

7

8

9

10

11

Finally, for λ = (λ1, . . . , λn) ∈ S1, the diagram for ψλ,ω is the same as that for ψω, except

that the paths starting at m on the left get multiplied by a scalar which is λm−1λm if

1 ≤ m ≤ n+ 1 (with the convention that λ0 = λn+1 = 1).

Remark 4.2.2 In view of the above, except for the last theorem in this section (The-

orem 4.2.9) where we prove that ψλ,ω’s are inequivalent for different pairs (λ, ω), we

will not need to keep track of the λi’s. Accordingly, all the operator equalities we will

write before Theorem 4.2.9 in this section will be valid only modulo a complex number

of modulus 1.

In the diagram for ψλ,ω, we will refer to the part corresponding to ψs[aj,bj ] as the

s[aj ,bj ]-section and the smallest rectangle containing the diagonal lines in the s[aj ,bj ]-

section as the s[aj ,bj ]-rectangle. For example, the different s[aj ,bj ]-rectangles have been

shown in red colour and the s[5,9]-section has been shown in blue colour in the diagram

below. Observe that if i > bj + 1, then the horizontal line starting at node i on the left

passes above the s[am,bm]-rectangles for m ≥ j. For an operator R given by a path, we

will denote by Rj the operator given by the s[aj ,bj ]-section of that path. In such a case

one has

R = Rk ⊗Rk−1 ⊗ . . .⊗R1,
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where Rj acts on ℓ
2(N)⊗ℓj for all j.

s[3,10]s[5,9]s[1,8]s[6,7]s[2,4]

λ1

λ1λ2

λ2λ3

λ3λ4

λ4λ5

λ5λ6

λ6λ7

λ7λ8

λ8λ9

λ9λ10

λ10

1

2

3

4

5

6

7

8

9

10

11

The diagram for ψλ,ω and the terminology introduced above will be helpful in under-

standing the operators in the image ψλ,ω(C(SU0(n + 1))) as well as certain quantities

associated with them that we will define in the remaining part of this section. They are

also going to be helpful in getting insight into some of the proofs in sections 5 and 6,

though we will not explicitly use or refer to the diagrams there.

Given a reduced word ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1], we will next define certain

elements in the C∗-algebra An(0) that will play a crucial role in the proof of irreducibility

of the representation ψλ,ω. For 2 ≤ j ≤ k and aj ≤ i ≤ bj +1, define two integers n(j, i)

and n′(j, i) as follows:

n(j, i) = max
{
m : 1 ≤ m ≤ j − 1 and am ≤ i

}
, (4.2.3)

n′(j, i) = max
{
m : 1 ≤ m ≤ j − 1 and am + 1 ≤ i

}
, (4.2.4)

with the usual convention that maximum of an empty set will be taken as −∞. Thus

n(j, i) is the maximum of all those m for which the ith horizontal line (from the bottom)

intersects the s[am,bm]-rectangle, and n(j, i) = −∞ when the ith horizontal line is below

the s[am,bm]-rectangles for 1 ≤ m ≤ j − 1.

Next, for 1 ≤ j ≤ k and for aj ≤ i ≤ bj + 1, define operators vj,i(ω) ≡ vj,i as follows:

v1,i = zb1+1,i, (4.2.5)

vj,i =


zbj+1,ivn(j,i),i+1, if n(j, i) is finite

zbj+1,i if n(j, i) = −∞
2 ≤ j ≤ k. (4.2.6)
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Let us denote by Zi,j and Vi,j the operators ψλ,ω(zi,j) and ψλ,ω(vi,j) respectively. We will

next study the operators Vj,i. In general, Zbj+1,i is given by a sum of paths from bj + 1

to i going downwards. The operator Vj,i will be given by the lowest among these paths

(appearing in the sum for Zbj+1,i) with some of its s[ar,br]-sections slightly modified for

1 ≤ r ≤ j − 1 so that at most one shift operator occurs in each such section. This is

made more precise in the next two propositions.

Proposition 4.2.3 Let ℓr = br − ar + 1 for 1 ≤ r ≤ k. Then for aj ≤ i ≤ bj + 1, one

has

Vj,i = T
(j)
k,i ⊗ T

(j)
k−1,i ⊗ · · · ⊗ T

(j)
1,i , (4.2.7)

where T
(j)
r,i ’s are of the following form:

I⊗ℓr if r > j, (4.2.8)

P
⊗(br+1−i)
0 ⊗ S∗ ⊗ I⊗(i−ar−1) if r = j and i ≥ ar + 1, (4.2.9)

P
⊗(br−ar+1)
0 if r = j and i = ar, (4.2.10)

P
⊗(br−ar−1)
0 ⊗ I ⊗ S∗ if r < j and i = ar + 1, (4.2.11)

P
⊗(br−i)
0 ⊗ I ⊗ S∗ ⊗ I⊗(i−ar−1) if r < j and ar + 1 < i < br, (4.2.12)

tensor product of P0’s and I’s if r < j and i ≤ ar. (4.2.13)

Proof: For j = 1, it is easy to check from the diagram for ψλ,ω that (4.2.7) holds

for a1 + 1 ≤ i ≤ b1 + 1. To help follow the argument, let us keep the following diagram

before us in which the s[am,bm]-section and the the s[am′ ,bm′ ]-section have been enclosed

by pairs of coloured vertical lines.

s[am,bm] s[am′ ,bm′ ]

l

i

bm + 1

i
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Let us now assume that (4.2.7) holds for j ≤ m−1 and aj+1 ≤ i ≤ bj+1. Take an i

such that am+1 ≤ i ≤ bm+1. Let us look at the case n(m, i) = −∞ first. In this case,

i < aj for all 1 ≤ j ≤ m − 1, i.e. the ith horizontal line is below the s[aj ,bj ]-rectangles

for 1 ≤ j ≤ m − 1. Therefore Tj,i = I⊗(ℓj) for 1 ≤ j ≤ m − 1. Since the horizontal

line starting at bm + 1 on the left passes above the s[aj ,bj ]-rectangles for j > m, there is

exactly one path going from bm+1 on the left to i on the right and it does not intersect

the s[aj ,bj ]-rectangles for 1 ≤ j ≤ m− 1. Thus

Zbm+1,i = I⊗(
∑k

r=m+1 ℓr) ⊗
(
P

⊗(bm+1−i)
0 ⊗ S∗ ⊗ I⊗(i−am−1)

)
⊗ I⊗(

∑m−1
r=1 ℓr)

= T
(m)
k,i ⊗ T

(m)
k−1,i ⊗ · · ·T (m)

1,i .

Next assume m′ := n(m, i) is finite. We have Vm,i = Zbm+1,iVm′,i+1. Since m′ < m, by

our hypothesis,

Vm′,i+1 = T
(m′)
k,i+1 ⊗ T

(m′)
k−1,i+1 ⊗ · · ·T (m′)

1,i+1.

Note that since m′ < m, one has T
(m′)
r,i+1 = I⊗(ℓr) for m ≤ r ≤ k. It is also immediate

that Zbm+1,i is of the form I⊗(
∑k

r=m+1 ℓr) ⊗R for some operator R that acts on the last∑m
r=1 ℓr copies of ℓ

2(N). The operator R is given by
∑bm+1

l=i R(l) where R(l) is the sum

of operators given by the paths that go from bm+1 to l in the s[am,bm]-section and then

from l to i in the s[am,bm] . . . s[a1,b1]-section.

From the diagram, we conclude that for l > i, the s[am′ ,bm′ ]-section of R(l) is either

of the form I⊗(bm′−l) ⊗ S ⊗ S∗ ⊗ I⊗(l−am′−1) or of the form I⊗(bm′−l) ⊗ S ⊗ I⊗(l−am′ ),

while T
(m′)
m′,i+1 = P

⊗(bm′−i)
0 ⊗ S∗ ⊗ I⊗(i−am′ ). Therefore

R(l)
(
T
(m′)
m,i+1 ⊗ T

(m′)
m−1,i+1 ⊗ · · ·T (m′)

1,i+1

)
= 0

Hence

R
(
T
(m′)
m,i+1 ⊗ T

(m′)
m−1,i+1 ⊗ · · ·T (m′)

1,i+1

)
= R(i)

(
T
(m′)
m,i+1 ⊗ T

(m′)
m−1,i+1 ⊗ · · ·T (m′)

1,i+1

)
.

Let us write Tr,i = R(i)rT
(m′)
r,i+1 for 1 ≤ r ≤ m. We will show that Tr,i is given

by (4.2.8–4.2.13) for j = m. Note that the path R(i) consists of the diagonal line

coming down from bm + 1 to i is the s[am,bm]-section and its horizonal continuation in

the s[am−1,bm−1] . . . s[a1,b1]-section. Let us now look at the following three cases separately.
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Case I: 1 ≤ r ≤ m− 1 and ar < i.

Since ar < i, we have r ≤ m′. Therefore in this case, R(i)r = I⊗(br−i) ⊗ S ⊗ S∗ ⊗

I⊗(i−ar−1), and T
(m′)
r,i+1 = P

⊗(br−i)
0 ⊗ S∗ ⊗ I⊗(i−ar). Therefore Tr,i = R(i)rT

(m′)
r,i+1 =

P
⊗(br−i)
0 ⊗ I ⊗ S∗ ⊗ I⊗(i−ar−1). Since r < m and i > ar, from (4.2.12) it follows

that this is of the form T
(m)
r,i .

Case II: 1 ≤ r ≤ m− 1 and ar = i.

As in the earlier case, we have r ≤ m′. Hence R(i)r = I⊗(ℓr−1) ⊗ S. Now if r = m′,

then by (4.2.9) we have T
(m′)
r,i+1 = P

⊗(ℓr−1)
0 ⊗ S∗ and if r < m′, then by (4.2.11), we have

T
(m′)
r,i+1 = P

⊗(ℓr−1)
0 ⊗I⊗S∗ Thus Tr,i = R(i)rT

(m′)
r,i+1 is either P

⊗(ℓr−1)
0 ⊗I or P⊗(ℓr−2)

0 ⊗I⊗I.

Since r < m and i = ar, by (4.2.13) Tr,i is of the form T
(m)
r,i , as required.

Case III: 1 ≤ r ≤ m− 1 and i < ar.

In this case, R(i)r = I⊗(ℓr), so that Tr,i = T
(m′)
r,i+1. If r > m′, then T

(m′)
r,i+1 = I⊗ℓr . Since

i + 1 ≤ ar, if r = m′, we must have i + 1 = ar. Hence by (4.2.12) T
(m′)
r,i+1 is a tensor

product of P0’s and I’s. If r < m′ and i+1 ≤ ar, then also by (4.2.13), T
(m′)
r,i+1 is a tensor

product of P0’s and I’s. Since Tr,i = T
(m′)
r,i+1, in all these subcases, it is of the required

form. □

We now list a few important corollaries of the above propsition.

Corollary 4.2.4

|Vj,aj | · |Vj−1,aj−1
| · · · |V1,a1 | = Tk ⊗ Tk−1 ⊗ · · · ⊗ T1,

where

Tr =


I⊗ℓr if r > j,

P
⊗(br+1−ar)
0 if r ≤ j.

Corollary 4.2.5 Let aj ≤ i ≤ bj + 1. Then

V ∗
n′(j,i),iVj,i = Tk ⊗ Tk−1 ⊗ · · · ⊗ T1, (4.2.14)
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where

Tr =



I⊗ℓr if r > j,

P
⊗(br+1−ar)
0 if r = j and i = ar,

P
⊗(br+1−i)
0 ⊗ S∗ ⊗ I⊗(i−ar−1) if r = j and i ≥ ar + 1,

tensor product of P0’s and I’s if r < j.

(4.2.15)

Proof: Observe that for r < j, the section T
(j)
r,i is of the form (4.2.11) or (4.2.12)

(i.e. contains the right shift) exactly when r < j and ar < i. Let n′(j, i) be as defined

in (4.2.4). Then for the operator Vn′(j,i),i also, the corresponding sections T
(s)
r,i exactly

match T
(j)
r,i and the remaining ones are tensor products of I and P0’s. Therefore the

result follows. □

Corollary 4.2.6 Let aj ≤ i ≤ bj + 1. Define

Ej,i(ω) :=

V ∗
n′(j,i),iVj,i|Vj−1,aj−1

| · |Vj−2,aj−2
| · · · |V1,a1 | if n′(j, i) > −∞

Vj,i|Vj−1,aj−1
| · |Vj−2,aj−2

| · · · |V1,a1 | if n′(j, i) = −∞

Then

Ej,i(ω) = Tk ⊗ Tk−1 ⊗ · · · ⊗ T1, (4.2.16)

where

Tr =



I⊗ℓr if r > j,

P
⊗(br+1−i)
0 ⊗ S∗ ⊗ I⊗(i−ar−1) if r = j and i ≥ ar + 1,

P
⊗(br+1−ar)
0 if r = j and i = ar,

P
⊗(br+1−ar)
0 if r < j.

(4.2.17)

Proposition 4.2.7 For 1 ≤ j ≤ k and aj + 1 ≤ i ≤ bj + 1, let

Rj,i = I⊗(
∑k

r=j+1 ℓr) ⊗
(
P

⊗(bj+1−i)
0 ⊗ S∗ ⊗ I⊗(i−aj−1)

)
⊗ I⊗(

∑j−1
r=1 ℓr),

Sj,i = I⊗(
∑k

r=j+1 ℓr) ⊗
(
I⊗(bj+1−i) ⊗ S∗ ⊗ I⊗(i−aj−1)

)
⊗ I⊗(

∑j−1
r=1 ℓr).

Then Rj,i and Sj,i belong to ψλ,ω(C(SU0(n+1)))′′ for 1 ≤ j ≤ k and aj+1 ≤ i ≤ bj+1.
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Proof: This is easy to see for j = 1, as one has R1,i = V1,i for a1 + 1 ≤ i ≤ b1 + 1,

S1,1+b1 = V1,1+b1 and

S1,i =
∑

ki,...kbj∈N
S
kb1
1,1+b1

. . . Ski1,i+1V1,i(S
kb1
1,1+b1

)∗ . . . (Ski1,i+1)
∗ if a1 ≤ i ≤ b1.

Fix a j < k. Assume that Rr,i, Sr,i ∈ ψλ,ω(C(SU0(n + 1)))′′ for 1 ≤ r ≤ j. Take i such

that aj+1 + 1 ≤ i ≤ bj+1 + 1. Let us denote the operators in Corollary 4.2.6 by Ej,i.

Then

Rj+1,i =

j−1∑
r=1

∑
kr,ar ,...kr,br∈N

S
kr,br
r,1+br

. . . S
kr,ar
r,1+ar

Ej+1,i(S
kr,ar
r,1+ar

)∗ . . . (S
kr,br
r,1+br

)∗.

Since Ej+1,i belongs to the image ψλ,ω(C(SU0(n+1))), we have Rj+1,i ∈ ψλ,ω(C(SU0(n+

1)))′′. Now note that

Sj+1,i =
∑

ki,...kbj∈N
R
kbj
j+1,1+bj

. . . Rkij+1,i+1Rj+1,i(R
ki
j+1,i+1)

∗ . . . (R
kbj
j+1,1+bj

)∗,

Therefore it follows that Sj+1,i also belongs to the strong operator closure of ψλ,ω(C(SU0(n+

1))). □

Theorem 4.2.8 Let λ ∈ (S1)n and ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1] be a reduced word

in Sn+1. Then the representation ψλ,ω is an irreducible representation.

Proof: This is an immediate consequence of the previous proposition. □

Theorem 4.2.9 λ, λ′ ∈ (S1)n and let

ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1], ω′ = s[a′
k′ ,b

′
k′ ]
s[a′

k′−1
,b′
k′−1

] . . . s[a′1,b′1]

be two reduced words in Sn+1. If (λ, ω) ̸= (λ′, ω′), then the representations ψλ,ω and

ψλ′,ω′ are inequivalent.

Proof: Let 1 ≤ j ≤ n + 1. Define mk+1(j, ω) = j and for 1 ≤ i ≤ k, define mi(j, ω)

recursively as follows:
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mi(j, ω) =


mi+1(j, ω) + 1 if ai ≤ mi+1(j, ω) ≤ bi,

mi+1(j, ω) if mi+1(j, ω) ≥ bi + 1 or mi+1(j, ω) < ai.

In the diagram for ψλ,ω, one starts at j and proceeds horizontally and goes one step

up whenever one encounters a diagonal going upward. The numbers mr(j, ω) simply

keep track of the horizontal line one is on when one completes the s[ar,br]-section. Thus

m1(j, ω) is the maximum k such that ψλ,ω(zj,k) ̸= 0.

Let us first assume that ω = ω′ and λ ̸= λ′. Let

j := max{1 ≤ i ≤ n : λi ̸= λ′i}.

If bi+1 < j < bi for some i, then

spec(ψλ,ω(zj+1,m1(j+1,ω))) = {0, λjλj+1},

spec(ψλ′,ω(zj+1,m1(j+1,ω))) = {0, λ′jλ
′
j+1},

i.e. the spectrums of the same element are different for the two representations. Therefore

ψλ,ω and ψλ′,ω′ are inequivalent. Similarly if j = bi for some i, then write m = n′(i, ai).

By Corollary 4.2.5 and keeping track of the effect of λ and λ′, we get that if m > −∞,

then

spec
(
ψλ′,ω(Ei,ai(ω))

)
=
{
0, λ

′
bmλ

′
jλ

′
bm+1λ

′
j+1

}
=
{
0, λbmλ

′
jλbm+1λj+1

}
,

spec
(
ψλ,ω (Ei,ai(ω))

)
=
{
0, λbmλjλbm+1λj+1

}
,

and if m = −∞, then

spec
(
ψλ′,ω(Ei,ai(ω))

)
= {0, λ′jλ

′
j+1} = {0, λ′jλj+1}

spec
(
ψλ,ω (Ei,ai(ω))

)
= {0, λjλj+1}.

Thus ψλ,ω and ψλ′,ω′ are inequivalent in this case also.

Let us next assume that ω ̸= ω′. We will split this into different cases and in each case,
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produce an element of C(SU0(n+1)) whose image under one representation will be zero

while the image under the other is nonzero, thus proving that the two representations

are not equivalent.

Case I:

There exists j ≤ min{k, k′} such that bi = b′i, ai = a′i for 1 ≤ i ≤ j − 1 and bj ̸= b′j .

Assume without loss in generality that bj > b′j . Then m1(bj , ω) > m1(bj , ω
′). Therefore

ψλ′,ω′(zbj ,m1(bj ,ω)) = 0,

ψλ,ω(zbj ,m1(bj ,ω)) ̸= 0.

Case II:

There exists j ≤ min{k, k′} such that bi = b′i, ai = a′i for 1 ≤ i ≤ j − 1, bj = b′j and

aj ̸= a′j .

Assume without loss in generality that aj > a′j . Once again using Corollary 4.2.6, we ob-

serve that modulo multiplication by complex numbers of modulus one, ψλ,ω(Ej,aj (ω)) is

a projection, while ψλ′,ω′(Ej,aj (ω)) is a tensor product of shifts and projections. There-

fore ψλ,ω and ψλ′,ω′ are inequivalent.

Case III:

bi = b′i, ai = a′i for 1 ≤ i ≤ k′ and k′ < k.

In this case m1(bk, ω) > m1(bk, ω
′). Therefore

ψλ′,ω′(zbk,m1(bk,ω)
) = 0,

ψλ,ω(zbk,m1(bk,ω)
) ̸= 0.

Case IV:

bi = b′i, ai = a′i for 1 ≤ i ≤ k and k < k′.

This case is identical to Case III with k and k′ interchanged. □

4.2.1 Operators in π(C(SU0(n+ 1)))′′

In this section, we will study the actions of the generating elements zi,j on a Hilbert

space and construct certain operators using the strong operator topology available there.

These will turn out to be very useful tool in analysing the irreducible representations.

Let us start with a representation π of C(SU0(n + 1)) on a Hilbert space H. For all
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i and j, we will denote the operators π(zi,j), π(pi,j) and π(qi,j) by Zi,j , Pi,j and Qi,j

respectively.

Proposition 4.2.10 Let 1 ≤ s ≤ m ≤ n. Assume Zm+1,s = 0 where s < m+ 1. Then

Zi,j = 0 for i ≥ m+ 1 and j ≤ s.

Proof: Let us assume s > 1 and take i = m+ 1, j = s− 1. From relation (2.2.21), we

have Zm+1,s−1Zs,s = 0, so that

Zm+1,s−1Qs,s = 0.

For 1 ≤ k ≤ s− 1, the commutation relation (2.2.22) gives us

Zk,s−1Zm+1,s − Zm+1,sZk,s−1 = Zm+1,s−1Zk,s.

Since Zm+1,s = 0, we get Zm+1,s−1Zk,s = 0 which implies

Zm+1,s−1Qk,s = 0, 1 ≤ k ≤ s− 1.

Therefore

Zm+1,s−1 = Zm+1,s−1

(
s∑

k=1

Qk,s

)
= 0. (4.2.18)

Next, let us assume m < n and take i = m + 2, j = s. Using relation (2.2.21) we get

Zm+1,m+1Zm+2,s = 0, so that

Pm+1,m+1Zm+2,s = 0.

For m+ 2 ≤ k ≤ n+ 1, we get from (2.2.22)

Zm+1,sZm+2,k − Zm+2,kZm+1,s = Zm+1,kZm+2,s.

Since Zm+1,s = 0, we get Zm+1,kZm+2,s = 0 which implies

Pm+1,kZm+2,s = 0, m+ 2 ≤ k ≤ n+ 1.

Therefore

Zm+2,s =

(
n+1∑

k=m+1

Pm+1,k

)
Zm+2,s = 0. (4.2.19)
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By repeated application of (4.2.18) and (4.2.19), we get Zi,j = 0 for i ≥ m+1 and j ≤ s.

□

Lemma 4.2.11 Assume i ̸= m and j ̸= k. If Zi,jQm,k = Qm,kZi,j and Zm,kQi,j =

Qi,jZm,k, then one has Zi,jZm,k = Zm,kZi,j.

Proof: Computing
(
Zi,jZm,k − Zm,kZi,j

)(
Zi,jZm,k − Zm,kZi,j

)∗
using the given re-

lations we get the required equality. □

Lemma 4.2.12 Let F be a subset of {1, 2, . . . , n + 1}. Let j ̸∈ F and i ̸= m. Assume

Zm,kQi,j = Qi,jZm,k for all k ∈ F and Zi,j

(∑
k∈F Qm,k

)
=
(∑

k∈F Qm,k

)
Zi,j. Then

Zi,jZm,k = Zm,kZi,j for all k ∈ F.

Proof: Note that

∑
k∈F

(
Zi,jZm,k − Zm,kZi,j

) (
Zi,jZm,k − Zm,kZi,j

)∗
=Zi,j

(∑
k∈F

Qm,k

)
Z∗
i,j +

∑
k∈F

(
Zm,kQi,jZ

∗
m,k

)
− Zi,j

∑
k∈F

(
Zm,kZ

∗
i,jZ

∗
m,k

)
−
∑
k∈F

(
Zm,kZi,jZ

∗
m,k

)
Z∗
i,j

=

(∑
k∈F

Qm,k

)
Zi,jZ

∗
i,j +Qi,j

∑
k∈F

(
Zm,kZ

∗
m,k

)
− Zi,jZ

∗
i,j

∑
k∈F

(
Zm,kZ

∗
m,k

)
−
∑
k∈F

(
Zm,kZ

∗
m,k

)
Zi,jZ

∗
i,j

=0.

Therefore we have the result. □

Given a representation π of C(SU0(n+1)), we will denote by r(π) ≡ r the following

r(π) ≡ r := min{i : 1 ≤ i ≤ n+ 1, Zn+1,i ̸= 0}. (4.2.20)

Proposition 4.2.13 Assume 2 ≤ r ≤ n. Then one has

Zi,jZn+1,k = Zn+1,kZi,j for 1 ≤ i ≤ n, 1 ≤ j ≤ r − 1 and r ≤ k ≤ n+ 1. (4.2.21)

Proof: Observe that for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ r − 1 and r ≤ k ≤ n + 1, one has

max{i, j}+ 1 ≤ r ≤ min{n+ 1, k}. If max{i, j}+ 1 < min{n+ 1, k}, then Zi,jZn+1,k =
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Zn+1,kZi,j . Since by Proposition 4.2.10, we have Zn+1,j = 0 for 1 ≤ j ≤ r − 1, if

max{i, j}+ 1 = min{n+ 1, k}, then one has

Zi,jZn+1,k = Zn+1,kZi,j + Zn+1,jZi,k = Zn+1,kZi,j .

Let us next assume that Zi,jZn+1,k = Zn+1,kZi,j for all 1 ≤ j ≤ r− 1, r ≤ k ≤ n+1 and

for all 1 ≤ i ≤ t < n. Then Pi,jZn+1,k = Zn+1,kPi,j for all such j, k and i. Therefore

Zn+1,k = Zn+1,k

 n∑
i=j

Pi,j

 =

 n∑
i=j

Pi,j

Zn+1,k.

Since Pi,jZn+1,k = Zn+1,kPi,j for 1 ≤ i ≤ t and
∑n

i=t+1 Pi,j =
∑j

m=1Qt+1,m, it follows

that

Zn+1,k

(
j∑

m=1

Qt+1,m

)
=

(
j∑

m=1

Qt+1,m

)
Zn+1,k.

Therefore

Zn+1,kQt+1,j = Qt+1,jZn+1,k

for 1 ≤ j ≤ r − 1. On the other hand, we also have

Zt+1,j = Zt+1,j

(
n+1∑
k=r

Qn+1,k

)
=

(
n+1∑
k=r

Qn+1,k

)
Zt+1,j .

Therefore by Lemma 4.2.12, we have

Zt+1,jZn+1,k = Zn+1,kZt+1,j

for r ≤ k ≤ n+ 1 and 1 ≤ j ≤ r − 1.

By repeated application, we now get the result. □

We next look at certain infinite sums of elements from π(C(SU0(n + 1))) that con-

verge in the strong operator topology (SOT) so that they belong to the SOT-closure

π(C(SU0(n+ 1)))′′ of π(C(SU0(n+ 1))).
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Proposition 4.2.14 Let r be as in (4.2.20) and let r ≤ k ≤ n + 1. If Tk is a partial

isometry with T ∗
kTk ≤ Pn+1,k and TkT

∗
k ≤ Pn+1,k, then the operator

Tk+1 :=
∑
m∈N

Zmn+1,k+1Tk(Z
m
n+1,k+1)

∗

exists as a strong operator convergent sum and is a partial isometry with T ∗
k+1Tk+1 ≤

Pn+1,k+1 and Tk+1T
∗
k+1 ≤ Pn+1,k+1.

Proof: Define the operators

Rk,m := Zmn+1,k+1Pn+1,k(Z
m
n+1,k+1)

∗, m ∈ N.

Then Rk,m’s form a family of orthogonal projections. Observe that

Pn+1,k+1 −
m∑
j=0

Rk,j = Zm+1
n+1,k+1(Z

m+1
n+1,k+1)

∗

and the sum
∑

j∈NRk,j converges in SOT. Therefore we have
∑

j∈NRk,j ≤ Pn+1,k+1.

Hence

Pn+1,k+1 −
∑
j∈N

Rk,j = SOT- lim
m→∞

Zmn+1,k+1(Z
m
n+1,k+1)

∗. (4.2.22)

Next, write

Tk,m = Zmn+1,k+1Tk(Z
m
n+1,k+1)

∗, m ∈ N.

Then one has Tk,m = Rk,mTk,mRk,m for all m ∈ N. It is easy to check that T ∗
k,mTk,m′ =

0 = Tk,mT
∗
k,m′ for m ̸= m′ and one has

T ∗
k,mTk,m ≤ Pn+1,k+1,

Tk,mT
∗
k,m ≤ Pn+1,k+1.

Therefore the sum T :=
∑

m∈N Tk,m converges in SOT and it is a partial isometry with

both initial and range spaces contained in Pn+1,k+1H. □
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Using the above proposition, one can now define recursively the operators Wi,j for

1 ≤ j ≤ n+ 1 and j ≤ i ≤ n+ 1 and the operators Ui for r + 1 ≤ i ≤ n+ 1 as follows:

Wi,j :=


Zn+1,j , if i = j,∑

k∈N Z
k
n+1,iWi−1,j(Z

k
n+1,i)

∗, if j + 1 ≤ i ≤ n+ 1.

(4.2.23)

Ui :=


Zn+1,r, if i = r + 1,∑

k∈N Z
k
n+1,iUi−1(Z

k
n+1,i)

∗, if r + 2 ≤ i ≤ n+ 1.

(4.2.24)

Thus we have

Wi,r+1 =
∑

kr+2,...,ki∈N
Zkin+1,iZ

ki−1

n+1,i−1 · · ·Z
kr+2

n+1,r+2Zn+1,r+1(Z
kr+2

n+1,r+2)
∗ · · · (Zki−1

n+1,i−1)
∗(Zkin+1,i)

∗,

(4.2.25)

Wi,r =
∑

kr+2,...,ki∈N
Zkin+1,iZ

ki−1

n+1,i−1 · · ·Z
kr+2

n+1,r+2Zn+1,r(Z
kr+2

n+1,r+2)
∗ · · · (Zki−1

n+1,i−1)
∗(Zkin+1,i)

∗,

(4.2.26)

Ui =
∑

kr+2,...,ki∈N
Zkin+1,iZ

ki−1

n+1,i−1 · · ·Z
kr+2

n+1,r+2Zn+1,r(Z
kr+2

n+1,r+2)
∗ · · · (Zki−1

n+1,i−1)
∗(Zkin+1,i)

∗.

(4.2.27)

We will use these three operators repeatedly in the rest of the paper. We start with

a few observations on these operators.

Proposition 4.2.15 Let r be as in (4.2.20). Then

1. Ui is a normal partial isometry for r + 2 ≤ i ≤ n+ 1,

2. Wi,r is a normal partial isometry for all r ≤ i ≤ n+ 1,

3. Wi,r+1 is a partial isometry with source projection and range projection contained

in Pn+1,i for r + 2 ≤ i ≤ n+ 1,

Proof: By Proposition 4.2.14, the operators Ui, Wi,r and Wi,r+1 are all partial isome-

tries. Normality of Ui and Wi,r follow from the fact that Pn+1,r = Qn+1,r. It is easy to

see from (4.2.25) and (4.2.27) that

W ∗
i,r+1Wi,r+1 ≤ Pn+1,i, (4.2.28)

W ∗
i,r+1Wi,r+1 −Wi,r+1W

∗
i,r+1 = U∗

i Ui. (4.2.29)
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Therefore part 3 follows. □

Proposition 4.2.16 Let r be as in (4.2.20). Then we have the following relations:

Zi,rWn+1,r+1 −Wn+1,r+1Zi,r = Un+1Zi,r+1, i ≤ r, (4.2.30)

Zi,rW
∗
n+1,r+1 −W ∗

n+1,r+1Zi,r = 0, i ≤ r. (4.2.31)

Proof: Since i ≤ r, the operator Zi,r commutes with Zn+1,j for r + 2 ≤ j ≤ n + 1.

Using this and the relation (2.2.22), we get (4.2.30). Equation (4.2.31) follows by using

(2.2.22) and (2.2.26). □

Theorem 4.2.17 Let r be as in (4.2.20). Then the operator Wn+1,r commutes with all

the Zi,j’s.

Proof: For 1 ≤ j ≤ r − 1, the commutaions follow from Proposition 4.2.13.

Assume next that 1 ≤ i ≤ j = r. Then

Zi,rWr+1,r = Zi,r
∑
k∈N

Zkn+1,r+1Zn+1,r(Z
k
n+1,r+1)

∗

=
∑
k∈N

Zkn+1,r+1Zi,rZn+1,r(Z
k
n+1,r+1)

∗

+
∑
k∈N

Zkn+1,r+1Zn+1,rZi,r+1Zn+1,r(Z
k+1
n+1,r+1)

∗

=
∑
k∈N

Zkn+1,r+1Z
2
n+1,rZi,r+1(Z

k+1
n+1,r+1)

∗,

and

Wr+1,rZi,r =
∑
k∈N

Zkn+1,r+1Zn+1,r(Z
∗
n+1,r+1)

kZi,r

=
∑
k∈N

Zkn+1,r+1Zn+1,rZi,r(Z
k
n+1,r+1)

∗.

Thus we have

Zi,rWr+1,r −Wr+1,rZi,r =
∑
k∈N

Zkn+1,r+1Zn+1,r

(
Zn+1,rZi,r+1Z

∗
n+1,r+1 − Zi,r

)
(Zkn+1,r+1)

∗.
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Now

(
Z2
n+1,rZi,r+1Z

∗
n+1,r+1 − Zn+1,rZi,r

) (
Z2
n+1,rZi,r+1Z

∗
n+1,r+1 − Zn+1,rZi,r

)∗
=Zn+1,rQi,rZ

∗
n+1,r −Qn+1,rQi,r+1.

Therefore

r∑
i=1

(
Z2
n+1,rZi,r+1Z

∗
n+1,r+1 − Zn+1,rZi,r

) (
Z2
n+1,rZi,r+1Z

∗
n+1,r+1 − Zn+1,rZi,r

)∗
=Zn+1,r

(
r∑
i=1

Qi,r

)
Z∗
n+1,r −Qn+1,r

(
r∑
i=1

Qi,r+1

)

=Qn+1,r −Qn+1,r

(
n+1∑
k=r+1

Pr,k

)

=Qn+1,rPr,r

=Pn+1,rPr,r

=0.

Thus we have Zi,rWr+1,r = Wr+1,rZi,r for 1 ≤ i ≤ r. Since Zi,r commutes with

Zn+1,j for all j ≥ r + 2, we get

Zi,rWn+1,r =Wn+1,rZi,r.

Next, let 1 ≤ i ≤ r + 1. Then one has
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Zi,r+1Wr+2,r =Zi,r+1

∑
k∈N

∑
s∈N

Zkn+1,r+2Z
s
n+1,r+1Zn+1,r(Z

s
n+1,r+1)

∗(Zkn+1,r+2)
∗

=
∑
k∈N

∑
s∈N

Zkn+1,r+2Zi,r+1Z
s
n+1,r+1Zn+1,r(Z

s
n+1,r+1)

∗(Zkn+1,r+2)
∗

+
∑
k∈N

∑
s∈N

Zkn+1,r+2Zn+1,r+1Zi,r+2Z
s
n+1,r+1Zn+1,r(Z

s
n+1,r+1)

∗(Zk+1
n+1,r+2)

∗

=
∑
k∈N

Zkn+1,r+2Zi,r+1Zn+1,r(Z
k
n+1,r+2)

∗

+
∑
k∈N

∑
s∈N

Zkn+1,r+2Z
s+1
n+1,r+1Zi,r+2Zn+1,r(Z

s
n+1,r+1)

∗(Zk+1
n+1,r+2)

∗

=
∑
k∈N

Zkn+1,r+2Zn+1,r(Z
k
n+1,r+2)

∗Zi,r+1

+
∑
k∈N

∑
s∈N

Zkn+1,r+2Zn+1,r+1Wr+1,rZi,r+2(Z
k+1
n+1,r+2)

∗,

and

Wr+2,rZi,r+1 =
∑
k∈N

Zkn+1,r+2Zn+1,r(Z
k
n+1,r+2)

∗Zi,r+1

+
∑
k∈N

∑
s∈N

Zkn+1,r+2Z
s+1
n+1,r+1Zn+1,r(Z

s+1
n+1,r+1)

∗(Zkn+1,r+2)
∗Zi,r+1

=
∑
k∈N

Zkn+1,r+2Zn+1,r(Z
k
n+1,r+2)

∗Zi,r+1

+
∑
k∈N

Zkn+1,r+2Zn+1,r+1Wr+1,rZ
∗
n+1,r+1Zi,r+1(Z

k
n+1,r+2)

∗.

Using Lemma 4.2.9, we now get

Zi,r+1Wr+2,r −Wr+2,rZi,r+1

=
∑
k∈N

Zkn+1,r+2Zn+1,r+1Wr+1,r

(
Zi,r+2Z

∗
n+1,r+2 − Z∗

n+1,r+1Zi,r+1

)
Z∗
n+1,r+1Zi,r+1(Z

k
n+1,r+2)

∗

= 0.

Thus we have Zi,r+1Wr+2,r = Wr+2,rZi,r+1. Since Zi,r+1 commutes with Zn+1,j for all

j ≥ r + 3, we get

Zi,r+1Wn+1,r =Wn+1,rZi,r+1.



4.2. Irreducible representations of C(SU0(n+ 1)) 89

Let j ≥ r + 2 and 1 ≤ i ≤ j. Then one has

Zi,jWj+1,r = Zi,j
∑
k∈N

Zkn+1,j+1Wj,r(Z
∗
n+1,j+1)

k

=
∑
k∈N

Zkn+1,j+1Zi,jWj,r(Z
∗
n+1,j+1)

k

+
∑
k≥1

Zk−1
n+1,j+1Zn+1,jZi,j+1Wj,r(Z

∗
n+1,j+1)

k

=
∑
k∈N

Zkn+1,j+1Wj−1,r(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

Zkn+1,j+1Zn+1,jWj,rZi,j+1(Z
∗
n+1,j+1)

k+1,

and

Wj+1,rZi,j =
∑
k∈N

Zkn+1,j+1Wj,r(Z
∗
n+1,j+1)

kZi,j

=
∑
k∈N

∑
s∈N

Zkn+1,j+1Z
s
n+1,jWj−1,r(Z

∗
n+1,j)

s(Z∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Wj−1,r(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

∑
s≥1

Zkn+1,j+1Z
s
n+1,jWj−1,r(Z

∗
n+1,j)

s(Z∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Wj−1,r(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

Zkn+1,j+1Zn+1,jWj,rZ
∗
n+1,j(Z

∗
n+1,j+1)

kZi,j .

Use Lemma 4.2.9 to get

Zi,jWj+1,r −Wj+1,rZi,j

=
∑
k∈N

Zkn+1,j+1Zn+1,jWj,rZi,j+1(Z
∗
n+1,j+1)

k+1

−
∑
k∈N

Zkn+1,j+1Zn+1,jWj,rZ
∗
n+1,j(Z

∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r

(
Zi,j+1Z

∗
n+1,j+1 − Z∗

n+1,jZi,j
)
(Z∗

n+1,j+1)
k

=0.
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Thus we have Zi,jWj+1,r =Wj+1,rZi,j . Since Zi,j commutes with Zn+1,k for all k ≥ j+2,

we get

Zi,jWn+1,r =Wn+1,rZi,j .

Thus Wn+1,r commutes with Zi,j for all i ≤ j. Therefore using (2.2.25), we conclude

that Wn+1,r commutes with Z∗
i,j for all i > j. Since Wn+1,r is normal, it follows that it

commutes with all Zi,j ’s. □

Proposition 4.2.18 Let r be as in (4.2.20). Then

W ∗
n+1,rUn+1 = U∗

n+1Un+1. (4.2.32)

Proof: We have

W ∗
n+1,rUn+1

=

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+1

n+1,r+1Z
∗
n+1,r(Z

∗
n+1,r+1)

kr+1 · · · (Z∗
n+1,n)

kn(Z∗
n+1,n+1)

kn+1


×

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2Zn+1,r(Z
∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n)

kn(Z∗
n+1,n+1)

kn+1


=

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2

×

 ∑
kr+1∈N

Z
kr+1

n+1,r+1Z
∗
n+1,r(Z

∗
n+1,r+1)

kr+1

Zn+1,r(Z
∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n)

kn(Z∗
n+1,n+1)

kn+1


=

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2

(
Z∗
n+1,rZn+1,r

)
(Z∗

n+1,r+2)
kr+2 · · · (Z∗

n+1,n)
kn(Z∗

n+1,n+1)
kn+1

 .

U∗
n+1Un+1

=

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2Z
∗
n+1,r(Z

∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n)

kn(Z∗
n+1,n+1)

kn+1


×

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2Zn+1,r(Z
∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n)

kn(Z∗
n+1,n+1)

kn+1


=

∑
ki∈N

Z
kn+1

n+1,n+1Z
kn
n+1,n · · ·Z

kr+2

n+1,r+2

(
Z∗
n+1,rZn+1,r

)
(Z∗

n+1,r+2)
kr+2 · · · (Z∗

n+1,n)
kn(Z∗

n+1,n+1)
kn+1

 .
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Thus we have the required equality. □

4.2.2 Implications of irreducibility

In this section, we will further restrict our attention to an irreducible representation π.

Irreducibility will help us extract more information on the operators Wi,j ’s, which will

be needed in analysing all irreducible representations.

Proposition 4.2.19 Assume π is irreducible. Then there is a λ ∈ S1 such thatWn+1,r =

λI.

Proof: Since Wn+1,r is normal, by Theorem 4.2.17 and by the irreducibility of π it is

a scalar operator. But it is also a partial isometry and

W ∗
n+1,rWn+1,r ≥ Pn+1,r ̸= 0.

Therefore we have the result. □

Our next goal is to show that for an irreducible representation π, the operator

Wn+1,r+1 is an isometry. For that, we start with a few commutation relations.

Proposition 4.2.20 Let 1 ≤ j ≤ r − 1 and 1 ≤ i ≤ n. Then

Wn+1,r+1Zi,j = Zi,jWn+1,r+1,

W ∗
n+1,r+1Zi,j = Zi,jW

∗
n+1,r+1

Proof: This is an immediate consequence of Proposition 4.2.13. □

Proposition 4.2.21

Wi,r+1Zn+1,j = 0, r + 2 ≤ i < j. (4.2.33)

Zn+1,jWi,r+1 =Wi,r+1Zn+1,j , j ≤ i ≤ n+ 1. (4.2.34)

Zi,jWj,r+1 = Zi,jWj−1,r+1 (4.2.35)

=Wj−1,r+1Zi,j , i ≤ j, r + 2 ≤ j. (4.2.36)

Proof: The first equality follows from the fact that Qn+1,iQn+1,j = 0 for i ̸= j.
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For the second equality, observe that if j < i, then

Zn+1,jWi,r+1 =Zn+1,j

∑
k∈N

Zkn+1,iWi−1,r+1(Z
k
n+1,i)

∗

=Zn+1,jWi−1,r+1,

Wi,r+1Zn+1,j =
∑
k∈N

Zkn+1,iWi−1,r+1(Z
k
n+1,i)

∗Zn+1,j

=Wi−1,r+1Zn+1,j .

By repeating the above, we get Zn+1,jWi,r+1 = Zn+1,jWj,r+1 and Wi,r+1Zn+1,j =

Wj,r+1Zn+1,j . Finally, for j = i one has

Zn+1,jWj,r+1 =Zn+1,j

∑
k∈N

Zkn+1,jWj−1,r+1(Z
k
n+1,j)

∗

=
∑
k∈N

Zk+1
n+1,jWj−1,r+1(Z

k
n+1,j)

∗

=Zn+1,jWj−1,r+1 +
∑
k≥1

Zk+1
n+1,jWj−1,r+1(Z

k
n+1,j)

∗

=Zn+1,jWj−1,r+1Z
∗
n+1,jZn+1,j +

∑
k≥1

Zk+1
n+1,jWj−1,r+1(Z

k+1
n+1,j)

∗Zn+1,j

=
∑
k≥1

Zkn+1,jWj−1,r+1(Z
k
n+1,j)

∗Zn+1,j ,

=Wj,r+1Zn+1,j −Wj−1,r+1Zn+1,j

=Wj,r+1Zn+1,j .

The last equation follows from the observation that Zi,iZn+1,i = 0. □

Proposition 4.2.22 Let j ≥ r + 2 and 1 ≤ i ≤ j. Then

Zi,jWj+1,r+1 =Wj+1,r+1Zi,j ,

Zi,jW
∗
j+1,r+1 =Wj+1,r+1Z

∗
i,j .



4.2. Irreducible representations of C(SU0(n+ 1)) 93

Proof: Let j ≥ r + 2 and 1 ≤ i ≤ j. Then one has

Zi,jWj+1,r+1 =Zi,j
∑
k∈N

Zkn+1,j+1Wj,r+1(Z
∗
n+1,j+1)

k

=
∑
k∈N

Zkn+1,j+1Zi,jWj,r+1(Z
∗
n+1,j+1)

k

+
∑
k≥1

Zk−1
n+1,j+1Zn+1,jZi,j+1Wj,r+1(Z

∗
n+1,j+1)

k

=
∑
k∈N

Zkn+1,j+1Wj−1,r+1(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r+1Zi,j+1(Z
∗
n+1,j+1)

k+1,

and

Wj+1,r+1Zi,j =
∑
k∈N

Zkn+1,j+1Wj,r+1(Z
∗
n+1,j+1)

kZi,j

=
∑
k∈N

∑
s∈N

Zkn+1,j+1Z
s
n+1,jWj−1,r+1(Z

∗
n+1,j)

s(Z∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Wj−1,r+1(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

∑
s≥1

Zkn+1,j+1Z
s
n+1,jWj−1,r+1(Z

∗
n+1,j)

s(Z∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Wj−1,r+1(Z
∗
n+1,j+1)

kZi,j

+
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r+1(Z
∗
n+1,j)(Z

∗
n+1,j+1)

kZi,j .

Use Lemma 4.2.9 to get

Zi,jWj+1,r+1 −Wj+1,r+1Zi,j

=
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r+1Zi,j+1(Z
∗
n+1,j+1)

k+1

−
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r+1(Z
∗
n+1,j)(Z

∗
n+1,j+1)

kZi,j

=
∑
k∈N

Zkn+1,j+1Zn+1,jWj,r+1

(
Zi,j+1Z

∗
n+1,j+1 − Z∗

n+1,jZi,j
)
(Z∗

n+1,j+1)
k

=0.
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Thus we have the required relation. □

Proposition 4.2.23 Let 1 ≤ i ≤ r. Then Zi,r commutes with W ∗
n+1,r+1Wn+1,r+1.

Proof: From (4.2.25), we have for r + 2 ≤ j ≤ n+ 1,

W ∗
j,r+1Wj,r+1 =

∑
kr+2,...,kj∈N

Z
kj
n+1,j . . . Z

kr+2

n+1,r+2

(
Z∗
n+1,r+1Zn+1,r+1

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kj
n+1,j)

∗.

Hence

Zi,rW
∗
n+1,r+1Wn+1,r+1 −W ∗

n+1,r+1Wn+1,r+1Zi,r

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Zi,rZ

∗
n+1,r+1Zn+1,r+1 − Z∗

n+1,r+1Zn+1,r+1Zi,r
)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗.

since Qn+1,r+1Qn+1,r = 0, we have

Zi,rZ
∗
n+1,r+1Zn+1,r+1 =Z

∗
n+1,r+1Zi,rZn+1,r+1

=Z∗
n+1,r+1

(
Zn+1,r+1Zi,r + Zn+1,rZi,r+1

)
=Z∗

n+1,r+1Zn+1,r+1Zi,r.

Therefore we have the equality Zi,rW
∗
n+1,r+1Wn+1,r+1 =W ∗

n+1,r+1Wn+1,r+1Zi,r. □

Proposition 4.2.24 Let 1 ≤ i ≤ r+1. Then Zi,r+1 commutes with W ∗
n+1,r+1Wn+1,r+1.
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Proof: We have

Zi,r+1W
∗
r+2,r+1Wr+2,r+1

=Zi,r+1

∑
k∈N

Zkn+1,r+2

(
Z∗
n+1,r+1Zn+1,r+1

)
(Zkn+1,r+2)

∗

=
∑
k∈N

Zkn+1,r+2

(
Zi,r+1Z

∗
n+1,r+1Zn+1,r+1

)
(Zkn+1,r+2)

∗

+
∑
k∈N

Zkn+1,r+2

(
Zn+1,r+1Zi,r+2Z

∗
n+1,r+1Zn+1,r+1

)
(Zk+1

n+1,r+2)
∗

=
∑
k∈N

Zkn+1,r+2Zi,r+1

(
Qn+1,r+1 +Qn+1,r

)
(Zkn+1,r+2)

∗

+
∑
k∈N

Zkn+1,r+2

(
Zn+1,r+1Zi,r+2Z

∗
n+1,r+2

)
(Zkn+1,r+2)

∗

=
∑
k∈N

Zkn+1,r+2Zi,r+1Qn+1,r(Z
k
n+1,r+2)

∗

+
∑
k∈N

Zkn+1,r+2

(
Zn+1,r+1Zi,r+2Z

∗
n+1,r+2

)
(Zkn+1,r+2)

∗,

and

W ∗
r+2,r+1Wr+2,r+1Zi,r+1

=

(∑
k∈N

Zkn+1,r+2

(
Z∗
n+1,r+1Zn+1,r+1

)
(Zkn+1,r+2)

∗

)
Zi,r+1

=

(∑
k∈N

Zkn+1,r+2

(
Zn+1,rZ

∗
n+1,r + Zn+1,r+1Z

∗
n+1,r+1

)
Zi,r+1(Z

k
n+1,r+2)

∗

)

=
∑
k∈N

Zkn+1,r+2

(
Qn+1,rZi,r+1

)
(Zkn+1,r+2)

∗

+
∑
k∈N

Zkn+1,r+2

(
Zn+1,r+1Z

∗
n+1,r+1Zi,r+1

)
(Zk+1

n+1,r+2)
∗.

Therefore

Zi,r+1W
∗
r+2,r+1Wr+2,r+1 −W ∗

r+2,r+1Wr+2,r+1Zi,r+1

=
∑
k∈N

Zkn+1,r+2

(
Zi,r+1Qn+1,r −Qn+1,rZi,r+1

)
(Zkn+1,r+2)

∗

+
∑
k∈N

Zkn+1,r+2Zn+1,r+1

(
Zi,r+2Z

∗
n+1,r+2 − Z∗

n+1,r+1Zi,r+1

)
(Zkn+1,r+2)

∗

=
∑
k∈N

Zkn+1,r+2Zn+1,r+1

(
Zi,r+2Z

∗
n+1,r+2 − Z∗

n+1,r+1Zi,r+1

)
(Zkn+1,r+2)

∗.
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The right hand side above vanishes by Lemma 4.2.9. Since Zi,r+1 commutes with Zn+1,j

and Z∗
n+1,j for j ≥ r + 3, it follows that Zi,r+1 commutes with W ∗

n+1,r+1Wn+1,r+1. □

Proposition 4.2.25 Let π be irreducible. Then W ∗
n+1,r+1Wn+1,r+1 = I.

Proof: From propositions 4.2.20, 4.2.22, 4.2.23 and 4.2.24, it follows thatW ∗
n+1,r+1Wn+1,r+1

commutes with Zi,j for all 1 ≤ i ≤ j ≤ n + 1. Therefore using (2.2.25) we conclude

that W ∗
n+1,r+1Wn+1,r+1 commutes with Zi,j for all i and j. Since W ∗

n+1,r+1Wn+1,r+1 is

a projection, and W ∗
n+1,r+1Wn+1,r+1 ≥ Pn+1,r+1 ̸= 0, we get the result. □

The above result tells us that the operator W ∗
n+1,rWn+1,r+1 is also an isometry. We

next express the operators Zi,j using this operator. This will be the main tool in proving

the main theorems in the next subsection.

Theorem 4.2.26 Assume π is irreducible. Define

W :=W ∗
n+1,rWn+1,r+1 = λ̄Wn+1,r+1, (4.2.37)

Y
(1)
i,j =


Zi,j if j ̸∈ {r, r + 1},

Zi,rW if j = r,

W ∗Zi,r+1 if j = r + 1.

(4.2.38)

Y
(2)
i,j =



W if i = j = r + 1,

W ∗ if i = j = r,

I −WW ∗ if i, j ∈ {r, r + 1} and i ̸= j,

I if i = j ̸∈ {r, r + 1},

0 otherwise.

(4.2.39)

Then Y
(1)
i,j ∈ {W,W ∗}′ for all i, j and

Zi,j =

max{i,j}∑
k=min{i,j}

Y
(1)
i,k Y

(2)
k,j . (4.2.40)

Before getting into the proof of the above theorem, we first prove two propositions where

we show that the elements Zi,rW and W ∗Zi,r+1 are in the commutant {W,W ∗}′.
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Proposition 4.2.27 Let W be as defined in Theorem 4.2.26. Then Zi,rW ∈ {W,W ∗}′

for 1 ≤ i ≤ r.

Proof: It is enough to show that Zi,rWn+1,r+1 ∈ {Wn+1,r+1,W
∗
n+1,r+1}′ From Propo-

sition 4.2.16, we have

(Zi,rWn+1,r+1 −Wn+1,r+1Zi,r)Wn+1,r+1 = Un+1Zi,r+1Wn+1,r+1.

Now note that

Un+1Zi,r+1Wn+1,r+1

=
( ∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 · · ·Z
kr+2

n+1,r+2Zn+1,r(Z
∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n+1)

kn+1

)
Zi,r+1

( ∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 · · ·Z
kr+2

n+1,r+2Zn+1,r+1(Z
∗
n+1,r+2)

kr+2 · · · (Z∗
n+1,n+1)

kn+1

)
=

∑
kr+2,...,kn+1∈N

(
Z
kn+1

n+1,n+1 · · ·Z
kr+2

n+1,r+2

(
Zn+1,rZi,r+1Zn+1,r+1

)
(Z∗

n+1,r+2)
kr+2 · · · (Z∗

n+1,n+1)
kn+1

)
=

∑
kr+2,...,kn+1∈N

(
Z
kn+1

n+1,n+1 · · ·Z
kr+2

n+1,r+2

(
Zi,r+1Zn+1,rZn+1,r+1

)
(Z∗

n+1,r+2)
kr+2 · · · (Z∗

n+1,n+1)
kn+1

)
=0.

Thus Zi,rWn+1,r+1 commutes with Wn+1,r+1. One also has

(Zi,rWn+1,r+1)W
∗
n+1,r+1 = Zi,r(I − Un+1U

∗
n+1) = Zi,r,

W ∗
n+1,r+1(Zi,rWn+1,r+1) = Zi,rW

∗
n+1,r+1Wn+1,r+1 = Zi,r.

Thus Zi,rWn+1,r+1 ∈ {Wn+1,r+1,W
∗
n+1,r+1}′ for 1 ≤ i ≤ r. □

Proposition 4.2.28 Let i ≤ r + 1. Then W ∗Zi,r+1 ∈ {W ,W ∗}′.

Proof: Let us first prove that W ∗
n+1,r+1Zi,r+1Wn+1,r+1 = Wn+1,r+1W

∗
n+1,r+1Zi,r+1.

We have

Zi,r+1Wr+2,r+1

=
∑
k∈N

Zkn+1,r+2Zi,r+1Zn+1,r+1(Z
∗
n+1,r+2)

k +
∑
k≥1

Zk−1
n+1,r+2Zi,r+2Z

2
n+1,r+1(Z

∗
n+1,r+2)

k
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=
∑
k∈N

Zkn+1,r+2Zi,r+2Z
2
n+1,r+1(Z

∗
n+1,r+2)

k+1.

W ∗
n+1,r+1Zi,r+1Wn+1,r+1

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Z∗
n+1,r+1Zi,r+2Z

2
n+1,r+1Z

∗
n+1,r+2

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Z∗
n+1,r+1Z

2
n+1,r+1Zi,r+2Z

∗
n+1,r+2

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Pn+1,r+1Zn+1,r+1Zi,r+2Z

∗
n+1,r+2

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Zn+1,r+1Zi,r+2Z

∗
n+1,r+2

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗.

Wn+1,r+1W
∗
n+1,r+1Zi,r+1

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2

(
Zn+1,r+1Z

∗
n+1,r+1Zi,r+1

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗.

Therefore using Lemma 4.2.9,

W ∗
n+1,r+1Zi,r+1Wn+1,r+1 −Wn+1,r+1W

∗
n+1,r+1Zi,r+1

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2Zn+1,r+1

(
Zi,r+2Z

∗
n+1,r+2 − Z∗

n+1,r+1Zi,r+1

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=0.

Since W commutes with all the Zi,j ’s, we get W ∗Zi,r+1W =WW ∗Zi,r+1. It remains to

prove that W ∗Zi,r+1W
∗ = (W ∗)2Zi,r+1. Since Wn+1,r+1 is an isometry, we have

W ∗
n+1,r+1Zi,r+1W

∗
n+1,r+1Wn+1,r+1 =W ∗

n+1,r+1Zi,r+1

=W ∗
n+1,r+1Wn+1,r+1W

∗
n+1,r+1Zi,r+1

= (W ∗
n+1,r+1)

2Zi,r+1W.
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Therefore it is enough to prove that

W ∗
n+1,r+1Zi,r+1W

∗
n+1,r+1(I −Wn+1,r+1W

∗
n+1,r+1) = (W ∗

n+1,r+1)
2Zi,r+1(I −Wn+1,r+1W

∗
n+1,r+1).

Note that the left hand side above is 0. Since by (4.2.29) we have I−Wn+1,r+1W
∗
n+1,r+1 =

Un+1U
∗
n+1, it suffices to show that (W ∗)2Zi,r+1Un+1 = 0. Now

Zi,r+1Un+1

=Zi,r+1

 ∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2Zn+1,r(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗


=

∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 . . . Z
kr+3

n+1,r+3Zi,r+1Z
kr+2

n+1,r+2Zn+1,r(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+3

n+1,r+3Z
kr+2

n+1,r+2Zi,r+1Zn+1,r(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

+
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2Zn+1,r+1Zi,r+2(Z
1+kr+2

n+1,r+2)
∗(Z

kr+3

n+1,r+3)
∗ . . . (Z

kn+1

n+1,n+1)
∗.

Hence

(W ∗)2Zi,r+1Un+1

=

 ∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2(Z
∗
n+1,r+1)

2(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗


 ∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 . . . Z
kr+3

n+1,r+3Z
kr+2

n+1,r+2Zi,r+1Zn+1,r(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

+
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2Zn+1,r+1Zi,r+2(Z
1+kr+2

n+1,r+2)
∗(Z

kr+3

n+1,r+3)
∗ . . . (Z

kn+1

n+1,n+1)
∗


=

∑
kr+2,...,kn+1∈N

Z
kn+1

n+1,n+1 . . . Z
kr+3

n+1,r+3Z
kr+2

n+1,r+2(Z
∗
n+1,r+1)

2Zi,r+1Zn+1,r(Z
kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗

+
∑

k,kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2(Z
∗
n+1,r+1)

2(Z
kr+2

n+1,r+2)
∗(Zn+1,r+2)

k+kr+2Zn+1,r+1Zi,r+2

(Z
k+1+kr+2

n+1,r+2 )∗(Z
kr+3

n+1,r+3)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=
∑

k,kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+2

n+1,r+2(Z
∗
n+1,r+1)

2(Zn+1,r+2)
kZn+1,r+1Zi,r+2

(Z
k+1+kr+2

n+1,r+2 )∗(Z
kr+3

n+1,r+3)
∗ . . . (Z

kn+1

n+1,n+1)
∗

=0.
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Thus the proof is complete. □

For the remaining operators, i.e. W ∗Zi,r+1 for i ≥ r + 2 and Zi,rW for i ≥ r + 1, we

now invoke the relation (2.2.25). Observe that for i ≥ r + 2, one has

(
W ∗
n+1,r+1Zi,r+1

)∗
=
(
Z1,1Z2,2 . . . Zr,r

) (
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
Wn+1,r+1

=
(
Z1,1Z2,2 . . . Zr−1,r−1

) (
Zr,rWn+1,r+1

) (
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
,

and for i ≥ r + 1, one similarly has

(
Zi,rWn+1,r+1

)∗
=W ∗

n+1,r+1

(
Z1,1Z2,2 . . . Zr−1,r−1

) (
Zr,r+1 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
=
(
Z1,1Z2,2 . . . Zr−1,r−1

)
W ∗
n+1,r+1Zr,r+1

(
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
.

Therefore using the earlier results (Propositions 4.2.20, 4.2.27 and 4.2.22), we now obtain

the following proposition.

Proposition 4.2.29 Let W be as in Theorem 4.2.26. Then

W ∗Zi,r+1 ∈ {W ,W ∗}′ for i ≥ r + 2.

Zi,rW ∈ {W,W ∗}′ for i ≥ r + 1.

Proof of Theorem 4.2.26:

From Propositions 4.2.20, 4.2.22 and 4.2.27–4.2.29, it follows that Y
(1)
i,j ∈ {W,W ∗}′ for

all i, j. So it remains to prove (4.2.40). For that, we need to prove the following equalities

Zi,rWW ∗ = Zi,r i ≤ r, (4.2.41)

Zi,rW (I −WW ∗) +W ∗Zi,r+1W = Zi,r+1 i ≤ r, (4.2.42)

W ∗Zi,r+1W = Zi,r+1 i ≥ r + 1, (4.2.43)

W ∗Zi,r+1(I −WW ∗) + Zi,rWW ∗ = Zi,r i ≥ r + 1 (4.2.44)

For (4.3.43), note that

Zi,r(I −WW ∗) = Zi,r(I −Wn+1,r+1W
∗
n+1,r+1) = Zi,rUn+1U

∗
n+1.
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Since i ≤ r, we have

Zi,rUn+1 =
∑

kr+2,...,kn+1∈N
Z
kn+1

n+1,n+1 . . . Z
kr+3

n+1,r+3Z
kr+2

n+1,r+2

(
Zi,rZn+1,r

)
(Z

kr+2

n+1,r+2)
∗ . . . (Z

kn+1

n+1,n+1)
∗ = 0.

Therefore

Zi,rWW ∗ =Zi,r − Zi,r(I −WW ∗)

=Zi,r − Zi,rUn+1U
∗
n+1

=0.

Next let us prove (4.2.42). Use Proposition 4.2.16 to get

Zi,rW (I −WW ∗) =W ∗
n+1,rZi,rWn+1,r+1(I −WW ∗)

=W ∗
n+1,r

(
Wn+1,r+1Zi,r + Un+1Zi,r+1

)
(I −WW ∗)

=WZi,r(I −WW ∗) +W ∗
n+1,rUn+1Zi,r+1(I −WW ∗)

=WZi,rUn+1U
∗
n+1 + Un+1U

∗
n+1Zi,r+1(I −WW ∗)

=(I −WW ∗)Zi,r+1(I −WW ∗).

Since W ∗Zi,r+1 commutes with W , we get

Zi,rW (I −WW ∗) +W ∗Zi,r+1W =(I −WW ∗)Zi,r+1(I −WW ∗) +WW ∗Zi,r+1

=Zi,r+1 − (I −WW ∗)Zi,r+1WW ∗

=Zi,r+1 − U∗
n+1Un+1Zi,r+1WW ∗.

By (4.2.41), the second term in the right hand side above vanishes. Therefore we have

(4.2.42).

For proving (4.2.43) and (4.2.44), we will need the following equality.

W ∗Zi,r+1 − Zi,r+1W
∗ = Zi,r(I −WW ∗) if i ≥ r + 1. (4.2.45)

Here

Z∗
i,r+1Wn+1,r+1 −Wn+1,r+1Z

∗
i,r+1

=
(
Z1,1Z2,2 . . . Zr,r

) (
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
Wn+1,r+1
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−Wn+1,r+1

(
Z1,1Z2,2 . . . Zr,r

) (
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
=
(
Z1,1Z2,2 . . . Zr−1,r−1

) (
Zr,rWn+1,r+1 −Wn+1,r+1Zr,r

)
(
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
=
(
Z1,1Z2,2 . . . Zr−1,r−1

) (
Un+1Zr,r+1

) (
Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
=Un+1

(
Z1,1Z2,2 . . . Zr−1,r−1

) (
Zr,r+1Zr+1,r+2 . . . Zi−1,i

) (
Zi+1,i+1 . . . Zn+1,n+1

)
=Un+1Z

∗
i,r.

Therefore we have

W ∗Zi,r+1 − Zi,r+1W
∗ = Zi,rU

∗
n+1Wn+1,r

= Zi,r(I −WW ∗).

Using the above equality, we get

W ∗Zi,r+1W − Zi,r+1 =
(
W ∗Zi,r+1 − Zi,r+1W

∗)W
=Zi,r(I −WW ∗)W

=0.

Thus we have (4.2.43). Next,

W ∗Zi,r+1(I −WW ∗) + Zi,rWW ∗

=
(
Zi,r+1W

∗ + Zi,r(I −WW ∗)
)
(I −WW ∗) + Zi,rWW ∗

=Zi,r.

Thus we have proved (4.2.44). This completes the proof of Theorem 4.2.26.

4.2.3 Classification of irreducible representations

We are now in a position to prove the following factorisation theorem for irreducible

representations of the C∗-algebra C(SU0(n+1)). This will subsequently help us identify

all the irreducible representations of C(SU0(n+ 1)).

Theorem 4.2.30 (Factorization theorem) Let π be an irreducible representation of

C(SU0(n + 1)) on a Hilbert space H. Assume r ≡ r(π) ≤ n where r is as in (4.2.20).
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Then there is an irreducible representation π1 of C(SU0(n+1)) acting on a Hilbert space

H1 such that r(π1) = r + 1 and π is unitarily equivalent to the representation π1 ∗ ψsr
acting on H1 ⊗ ℓ2(N) given by

π1 ∗ ψsr(zi,j) =
max{i,j}∑
k=min{i,j}

π1(zi,k)⊗ ψsr(zk,j), 1 ≤ i, j ≤ n+ 1.

Proof: From Proposition 4.2.25, we know that W is an isometry. Since U∗
n+1Un+1 ≥

Pn+1,r, it follows from (4.2.29) that W is not a unitary. By Wold decomposition, there

are Hilbert spaces H0 and H1 and a unitary U on H0 such that (H,W ) is unitarily

equivalent to ((H1 ⊗ ℓ2(N)) ⊕ H0, (I ⊗ S∗) ⊕ U). By Theorem 4.2.26, the subspace

H1 ⊗ ℓ2(N) is kept invariant by Y (1)
i,j , Y

(2)
i,j , (Y

(1)
i,j )∗ and (Y

(2)
i,j )∗ for all i, j. Therefore the

subspace H1⊗ℓ2(N) is an invariant subspace for π. By irreducibility of π, it follows that

H0 = {0}. Thus there are operators Z
(1)
i,j ∈ L(H1) and Z

(2)
i,j ∈ L(ℓ2(N)) such that

Y
(1)
i,j = Z

(1)
i,j ⊗ I, Y

(2)
i,j = I ⊗ Z

(2)
i,j , 1 ≤ i, j ≤ n+ 1,

and we have

Zi,j =

max{i,j}∑
k=min{i,j}

Z
(1)
i,k ⊗ Z

(2)
k,j 1 ≤ i, j ≤ n+ 1.

In fact one has

Z
(2)
i,j =



S∗ if i = j = r + 1,

S if i = j = r,

P0 if i, j ∈ {r, r + 1} and i ̸= j,

I if i = j ̸∈ {r, r + 1},

0 otherwise.

(4.2.46)

Thus the map zi,j 7→ Z
(2)
i,j defines a representation of C(SU0(n + 1)) on ℓ2(N) which is

in fact the representation ψsr defined in section 3. Observe that the Z
(2)
i,j ’s belong to the

Toeplitz algebra T ⊆ L(ℓ2(N)). Therefore

π(zi,j) ∈ L(H1)⊗ T for all i, j. (4.2.47)
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Let σ : T → C be the ∗-homomorphism given by S 7→ 1. Then one has

Z
(1)
i,j = (id⊗ σ)Zi,j = (id⊗ σ)π(zi,j).

Thus the map π1 : zi,j 7→ Z
(1)
i,j gives a representation of C(SU0(n + 1)) on H0 and we

have

π(zi,j) =

max{i,j}∑
k=min{i,j}

π1(zi,k)⊗ ψsr(zk,j), 1 ≤ i, j ≤ n+ 1.

If T belongs to the commutant of π1(C(SU0(n+ 1))), then T ⊗ I ∈ π(C(SU0(n+ 1)))′.

By irreducibility of π, it follows that T = I. Thus π1 is irreducible. Therefore we get

π1(zn+1,r) = Zn+1,rW = 0. Also, note that

(
W ∗Zn+1,r+1

)∗ (
W ∗Zn+1,r+1

)
= Z∗

n+1,r+1WW ∗Zn+1,r+1

= Pn+1,r+1 − Z∗
n+1,r+1(I −WW ∗)Zn+1,r+1

= Pn+1,r+1 − Z∗
n+1,r+1U

∗
n+1Un+1Zn+1,r+1

= Pn+1,r+1 ̸= 0.

Thus we have

min{i : 1 ≤ i ≤ n+ 1, π1(zn+1,i) ̸= 0} = r + 1.

This completes the proof. □

We next come to the main result that gives a parametrisation of all the irreducible

representations.

Theorem 4.2.31 Let π be an irreducible representation of C(SU0(n+ 1)) on a Hilbert

space H. Then there is a λ = (λ1, . . . , λn) ∈ (S1)n and a reduced word

ω = s[ak,bk]s[ak−1,bk−1] . . . s[a1,b1] in Sn+1 such that π ∼= ψλ,ω, where

1 ≤ bk < bk−1 < · · · < b1 ≤ n, and 1 ≤ ai ≤ bi for 1 ≤ i ≤ k.

Proof: Let r is as in (4.2.20). Note that when π ∼= ψλ,ω, then r ≤ n implies b1 = n

and a1 = r.

It was proved in [GP22] that the statement holds for n = 2.
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Let us assume that it holds for n − 1. Let us first deal with the case r = n + 1. In

this case, from Proposition 4.2.10 it follows that Zn+1,j = 0 for 1 ≤ j ≤ n. Therefore

we have

1. Pn+1,n+1 = Qn+1,n+1 = I,

2. Zi,n+1 = 0 for 1 ≤ i ≤ n,

3. Zi,jZn+1,n+1 = Zn+1,n+1Zi,j for all i, j.

Therefore Zn+1,n+1 is a unitary and any spectral subspace of Zn+1,n+1 is an invariant

subspace for π. By irreducibility of π, it follows that Zn+1,n+1 = µ0I for some µ0 ∈ S1.

Now define

π0(z
(n−1)
i,j ) =


Zi,j if 1 ≤ j ≤ n and 1 ≤ i ≤ n− 1,

µ0Zi,j if 1 ≤ j ≤ n and i = n,

where z
(n−1)
i,j ’s denote the generators for C(SU0(n)). Then π0 is an irreducible repre-

sentation of C(SU0(n)) on H. Therefore there is a µ = (µ1, . . . , µn−1) ∈ (S1)n−1 and a

reduced word ω = s[ak,bk] . . . s[a1,b1] ∈ Sn ⊆ Sn+1 where 1 ≤ bk < bk−1 < · · · < b1 ≤ n−1

such that π0 ∼= ψµ,ω. We thus have

π ∼= ψλ,ω,

where λ = (µ1, µ2, . . . , µn−1, µ0). Next, assume 1 ≤ r ≤ n. By an application of the

second factorisation result proved earlier (Theorem 4.2.30), it follows that there is an

irreducible representation π1 acting on a Hilbert space H1 such that r(π1) = r + 1 and

π = π1 ∗ ψsr i.e.

π(zi,j) =

max{i,j}∑
k=min{i,j}

π1(zi,k)⊗ ψsr(zk,j).

Using Lemma 4.2.1 and by repeated application of Theorem 4.2.30, we conclude that

there is an irreducible representation π0 acting on a Hilbert space H0 such that r(π0) =

n+ 1 and π = π0 ∗ ψs[r,n]
. By the previous case, the result now follows. □

4.3 Corollaries of the classification theorem

In this section, we present a few important consequences of the classification theorem.
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Proposition 4.3.1 The set

{
ψλ,ω : λ ∈ (S1)n, ω a reduced word in Sn+1

}
gives all inequivalent irreducible representations of C(SU0(n+ 1)).

This follows from Theorems 4.2.8 and 4.2.9 in Section 2 of Chapter 4 and Theorem 4.2.31.

Thus irreducible representations of C(SU0(n + 1)) are precisely the ones that occur as

q → 0+ limits of irreducible representations of the C∗-algebras associated with the

corresponding quantum groups.

Recall thatO(SU0(n+1)) denotes the *-algebra given by the relations 2.2.19–2.2.28 in

Theorem 2.2.7. Thus O(SU0(n+1)) can be viewed as a dense *-subalgebra of C(SU0(n+

1)), and the family ψλ,ω gives all the irreducible *-representations of this algebra.

Let σλ denote the C∗-homomorphism from T to C obtained by composing the evalu-

ation map evλ : C(S1) → C with the canonical projection map η : T → C(S1) ∼= T /K.

Let ω0 = (s1)(s2s1) · · · (sisi−1 · · · s1) · · · (snsn−1 · · · s1) be the longest word for Sn+1.

Let µ = (µ1, µ2, · · · , µn) ∈ (S1)n. Since ψµ,ω0(C(SU0(n + 1))) ⊆ T ⊗ 1
2
n(n+1), one can

view the irreducible representation ψµ,ω0 as a C∗-homomorphism into the C∗-algebra

T ⊗ 1
2
n(n+1). Let u ∈ C(S1) denote the function λ 7→ λ and 1 ∈ C(S1) denote the

function λ 7→ 1. Let us define a map ϕ from the set {zi,j : 1 ≤ i, j ≤ n+1} of generators

of C(SU0(n+ 1)) to the C∗-algebra C(S1)⊗n ⊗ T ⊗ 1
2
n(n+1) as follows:

zi,j 7→



u⊗ 1⊗ 1⊗ · · · ⊗ 1⊗ 1⊗ ψω(zi,j) if i = 1,

u∗ ⊗ u⊗ 1⊗ · · · ⊗ 1⊗ 1⊗ ψω(zi,j) if i = 2,

1⊗ u∗ ⊗ u⊗ · · · ⊗ 1⊗ 1⊗ ψω(zi,j) if i = 3,
...

1⊗ 1⊗ 1⊗ · · · ⊗ u∗ ⊗ u⊗ ψω(zi,j) if i = n− 1,

1⊗ 1⊗ 1⊗ · · · ⊗ 1⊗ u∗ ⊗ ψω(zi,j) if i = n

Theorem 4.3.2 The map ϕ defined above extends to an injective ∗-homomorphism from

C(SU0(n+ 1)) to C(S1)⊗n ⊗ T ⊗ 1
2
n(n+1).

Proof: Since the elements ϕ(zi,j) obey the defining relations (Equation 2.2.19 to

Equation 2.2.27), the map ϕ extends to a C∗-homomorphism from C(SU0(n + 1)) into

C(S1)⊗n ⊗ T ⊗ 1
2
n(n+1). For injectivity, note that ψµ,τ , τ is a reduced word in Sn+1,
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constitute all irreducible representations of C(SU0(n + 1)). Therefore it is enough to

show that each ψµ,τ factorises through ϕ. Let σλ : T → C be given above. Define

θ[k,r] =



σ⊗r1 if k = r + 1

id⊗ σ
⊗(r−1)
1 if k = r

id⊗(r−k+1) ⊗ σ
⊗(k−1)
1 if 2 ≤ k ≤ r

id⊗r−1 ⊗ σ1 if k = 2

id⊗r if k = 1

For any word ω = s[k1,1]s[k2,2] · · · s[kn,n] and any tuple µ = (µ1, µ2, · · · , µn) ∈ (S1)n.

Then ψµ,ω = (evµ1 ⊗ evµ2 ⊗ · · · ⊗ evµn ⊗ θ[k1,1] ⊗ θ[k2,2] ⊗ · · · ⊗ θ[kn,n]) ◦ ϕ.

Through the embeddings C(S1)⊗n ↪→ L(ℓ2(Z)⊗n) and T ⊗ 1
2
n(n+1) ↪→ L(ℓ2(N)⊗

1
2
n(n+1)),

the above map ϕ gives a faithful representation of C(SU0(n+ 1)) acting on the Hilbert

space ℓ2(Z)⊗n⊗ ℓ2(N)⊗
1
2
n(n+1), denoted by π

(0)
S . This is the analogue of the representa-

tion π0 of C(SU0(2)) used by Chakraborty and Pal in [CP03]. □

Theorem 4.3.3 C(SU0(n+ 1)) is a type I C∗-algebra.

Proof: For each 1 ≤ r ≤ k, let is and js be nonnegative integers for ar ≤ s ≤ br.

Let |ei⟩ ⟨ej | be the rank one operator x 7→ ⟨ej , x⟩ei. Define the operator

Tr := |eibr ⟩ ⟨ejbr | ⊗ |eibr−1
⟩ ⟨ejbr−1

| ⊗ · · · ⊗ |eiar ⟩ ⟨ejar |.

It is enough to prove that Tk⊗Tk−1⊗· · ·⊗T1 belongs to the image ψλ,ω(C(SU0(n+1))).

We will use the operators

Ej,i := V ∗
n′(j,i),iVj,i|Vj−1,aj−1

| · |Vj−2,aj−2
| · · · |V1,a1 |

described in Corollary 4.2.6 for this. Recall that

Ej,i = I⊗
∑k

s=j+1(bs−as+1) ⊗
(
P

⊗(bj+1−i)
0 ⊗ S∗ ⊗ I⊗(i−aj−1)

)
⊗ P

⊗
∑j−1

s=1(bs−as+1)
0 .

Now observe that |ei⟩ ⟨ej | = (Si)∗P0S
j and hence

E
ibk
k,1+bk

. . . E
iak
k,1+ak

Ek,ak(E
jak
k,1+ak

)∗ . . . (E
jbk
k,1+bk

)∗ = Tk⊗P
⊗(bk−1−ak−1+1)
0 ⊗· · ·⊗P⊗(b1−a1+1)

0 .
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Thus Tk ⊗P
⊗(bk−1−ak−1+1)
0 ⊗ · · · ⊗P

⊗(b1−a1+1)
0 belongs to ψλ,ω(C(SU0(n+1))). Having

proved that

T := Tk ⊗ Tk−1 ⊗ · · · ⊗ Ts+1 ⊗ P
⊗(bs−as+1)
0 ⊗ P

⊗(bs−1−as−1+1)
0 ⊗ · · · ⊗ P

⊗(b1−a1+1)
0

belongs to ψλ,ω(C(SU0(n+ 1))), note that

E
ibs
s,1+bs

. . . E
ias
s,1+as

T (E
jas
s,1+as

)∗ . . . (E
jbs
s,1+bs

)∗

=Tk ⊗ Tk−1 ⊗ · · · ⊗ Ts+1 ⊗ Ts ⊗ P
⊗(bs−1−as−1+1)
0 ⊗ · · · ⊗ P

⊗(b1−a1+1)
0 .

Thus by repeating the arguent, it follows that Tk⊗Tk−1⊗· · ·⊗T1 ∈ ψλ,ω(C(SU0(n+1))).

□

Theorem 4.3.4 The map ∆n : C(SU0(n+1)) → C(SU0(n+1))⊗C(SU0(n+1)) given

on the generators by

∆n(zi,j) =

max{i,j}∑
k=min{i,j}

zi,k ⊗ zk,j

together with ϵ = ψ(1,1,··· ,1),id from C(SU0(n+ 1)) to C makes (C(SU0(n+ 1)),∆n, ϵ) a

C∗-bialgebra.

Proof: Note that since C(SU0(n + 1)) is of type I, the tensor product C∗-algebra

C(SU0(n+ 1))⊗ C(SU0(n+ 1)) is unique. In order that ∆n defined on the generating

elements as above extend to a C∗-homomorphism from C(SU0(n + 1)) to C(SU0(n +

1)) ⊗ C(SU0(n + 1)), it is enough to verify that the elements ∆(zi,j) obey the same

relations as the zi,j ’s. Recall from Section 2 that for any irreducible representation π of

C(SUq(n + 1)), the operators Yi,j = limq→0+(−q)min{i−j,0}π(ti,j(q)) satisfy these same

relations.

Let q ∈ (0, 1). Since ∆q is a C∗-homomorphism from C(SUq(n + 1)) to C(SUq(n +

1))⊗C(SUq(n+1)), the elements ∆q(ui,j) =
∑n+1

k=1 ui,k⊗uk,j obey the same commutation

relations as the ui,j ’s. Hence for λ, µ ∈ (S1)n and ω1, ω2 reduced words in Sn+1, the

elements (
ψ
(q)
λ,ω1

⊗ ψ(q)
µ,ω2

) (
∆q(ui,j)

)
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also satisfy the same relations. Now observe that

lim
q→0+

(
ψ
(q)
λ,ω1

⊗ ψ(q)
µ,ω2

)(
∆q((−q)min{i−j,0}ui,j)

)
= (ψλ,ω1 ⊗ ψµ,ω2)

 max{i,j}∑
k=min{i,j}

zi,k ⊗ zk,j

 .

Since C(SU0(n + 1)) is of type I, the representations ψλ,ω1 ⊗ ψµ,ω2 give all irreducible

representations of the C∗-algebra C(SU0(n+1))⊗C(SU0(n+1)) (See Proposition 11.3.2

of [KR97]). Therefore it follows that the ∆(zi,j)’s obey the relations.

Since C(SU0(n+1)) is of type I, the representations ψλ,ω1 ⊗ψµ,ω2 give all irreducible

representations of the C∗-algebra C(SU0(n+ 1))⊗ C(SU0(n+ 1)). Therefore it follows

that the ∆n(zi,j)’s obey the relations .

The identities (∆n ⊗ id)∆n = (id⊗∆n)∆n and (ϵ⊗ id)∆n = (id⊗ ϵ)∆n = id follow

by evaluating both sides on the generating elements. □

Theorem 4.3.5 (C(SU0(n+ 1)),∆n) is not a compact quantum group.

Proof: We will show that the density condition is violated for C(SU0(n+ 1)).

Let us denote the generators of C(SU0(2)) by yi,j . Then one can directly verify that

the elements
∑max{i,j}

k=min{i,j} yi,k⊗yk,j in the tensor product C(SU0(2))⊗C(SU0(2)) satisfy

the same relations as the yi,j ’s and hence ∆1 : C(SU0(2)) → C(SU0(2)) ⊗ C(SU0(2))

given by yi,j 7→
∑max{i,j}

k=min{i,j} yi,k⊗ yk,j makes (C(SU0(2)),∆1) a compact quantum semi-

group. Now let

wi,j =


yi,j if 1 ≤ i, j ≤ 2,

δi,j if i > 2 or j > 2.

Then one can verify that the wi,j ’s obey the relations for C(SU0(n+ 1)). Therefore the

map φ : C(SU0(n+ 1)) → C(SU0(2)) given by

φ(zi,j) = wi,j

extends to a surjective C∗-homomorphism and it satisfies (φ ⊗ φ)∆n = ∆1φ. Thus

(C(SU0(2)),∆1) is a quantum subsemigroup of (C(SU0(2)),∆n).

Finally, assume that the density condition in the definition of a compact quantum

group holds for (C(SU0(n+1)),∆n). Then applying the homomorphism φ⊗φ and using

the fact that it is surjective, it follows that {(1⊗ a)∆1(b) : a, b ∈ C(SU0(2))} and



110 Chapter 4. Irreducible representations of C(SU0(n+ 1))

{(a⊗ 1)∆1(b) : a, b ∈ C(SU0(2))} are total in C(SU0(2))⊗C(SU0(2)). But this implies

that (C(SU0(2)),∆1) is a compact quantum group which is false. Thus

(C(SU0(n+ 1)),∆n) is not a compact quantum group. □

Theorem 4.3.6 The crystallized algebra C(SU0(n+1)) is isomorphic to the C∗-subalgebra

of the space of bounded operators on ℓ2(Z)⊗n ⊗ ℓ2(N)⊗
n(n+1)

2 generated by the limits

lim
q→0+

π
(q)
S

(
(−q)min{i−j,0}ui,j(q)

)
,

where π
(q)
S is the Soibelman representation of C(SUq(n+ 1)).

Proof: Similar to the case of nonzero q, one can prove that the direct integral π
(0)
S

of the representations ψλ,ω0 over λ ∈ (S1)n, where ω0 is the longest word in Sn+1, is a

faithful representation of C(SU0(n+ 1)) acting on ℓ2(Z)⊗n ⊗ ℓ2(N)⊗
n(n+1)

2 . It is simple

to check that the limits limq→0+ π
(q)
S

(
(−q)min{i−j,0}ui,j(q)

)
exist and one has

π
(0)
S (zi,j) = lim

q→0+
π
(q)
S

(
(−q)min{i−j,0}ui,j(q)

)
.

Therefore the result follows. □

Note that the C∗-algebra described in the above theorem resembles the Matassa-Yuncken

crystallization in the type An case. Finally, we have the following important property

of our crystallized algebra.

Theorem 4.3.7 Let π(0) be an irreducible representation of the crystallization C(SU0(n+

1)) (respectively O(SU0(n+ 1))) on a Hilbert space H. Then there exist irreducible rep-

resentations π(q) of C(SUq(n+1) (respectively O(SUq(n+1))) on the same Hilbert space

H such that

π(0)(zi,j) = lim
q→0+

π(q)
(
(−q)min{i−j,0}ui,j(q)

)
, i, j ∈ {1, 2, . . . , n+ 1}.

Proof: This follows from Theorem 4.2.9, Proposition 4.3.1 and Soibelman’s result

(Theorem 6.2.7, page 121, [KS98]). □

For the Lie groups of type B, C, D etc., a similar definition of crystallized quantized

function algebras seem possible. It will be interesting to see if analogous of the main

results (Theorems 4.2.31) hold for them as well.
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