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Chapter 1
Introduction

The theory of implementation or mechanism design had its origins in the
debates in the 1930s between Hayek, Lange and Lerner on the informational
efficiency of the market economy. However, it was the work of Hurwicz in
the 1950s and the 1960s which formalised the insights of Hayek, Lange and
Lerner and paved the way for the body of work that followed his pioneering
effort.

In addition to the considerable theoretical literature on mechanism de-
sign'. there also exists a body of literature which uses the mechanism design
approach to address specific problems. Some examples of work in this vein
include Laffont and Tirole [34] on the economics of regulation, Mirrlees [39]
on optimal income tax schemes and Moulin [42] on cost sharing. The three
essays in this thesis are also examples of such work. While two of the es-
says are formally problems in mechanism design. the third essay is heavily
influenced by this literature.

In the rest of this chapter, we shall formally introduce the problem of
mechanism design and discuss some theoretical results in this area. We shall
then provide an overview of the work contained in this thesis by discussing

briefly each of the essays, and the results contained in them.

!See the surveys of Moore [40] and Palfrey [49].



6 CHAPTER 1. INTRODUCTION
1.1 Some Results on Mechanism Design

Formally, a non-cooperative game in strategic form is G = (N, {Si},cns {t}ien)-
where N is the (finite) set of players. S, is the strategy set of player ¢ and
u, : [lien Si — R is the payoff function of player i. Let S = [jen S; and
S_i = [ljem(i}- A generic element of S_; shall be denoted s_,. An equilib-
rium concept e for the game G is a selection from S and is denoted e(G).
We now define some specific equilibrium concepts.

Definition 1.1.1 The strategy s} is said to be a dominant strategy for player
iif wi(sT,s-s) > ui(si,s=;) for alls; € Sy and all s_; € S_;.

Definition 1.1.2 The strategy profile s* = (s}),cy is a dominant strategy
equilibrium of the game G if for each player i € N, s} is a dominant strategy
for i. The set of all dominant strategy equilibria of G will be denoted by
DS(G).

Obviously, a dominant strategy equilibrium need not exist for a given
game G. The next equilibrium concept to which we turn to is Nash equilib-

rium.

Definition 1.1.3 The strategy profile s* is a Nash equilibrium of the game
G if wi(sy, s%;) > wi(si, s;) for all s; € S;. The set of all Nash equilibria of
G will be denoted by NE(G).

In contrast to the previous concepts which only considered individual
incentives to deviate, the next two concepts will require that the equilib-
rium situation be immune against coalitional attempts to deviate. Given a
coalition T C N, the terms sr and s_g will refer to (s.);cp and (8:),emr
respectively.

Definition 1.1.4 The strategy profile s* is a Strong Nash equilibrium of the
game G if there does not ezist T C N, a strategy profile st for T such that
wi(s,s%p) > ui(s*) for alli € T.
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To define the next equilibrium concept, we need some notation. For
any T C N, and sir € Swr, let F(G,s}v\r) denote the game induced
on T by sy\p. So, T(G sip) = (T.(Si),eq: (u])eq) where for all j € T,
for all s7 € Sr,uj(sr) = wy(sr.syp). Observe that if N\T = 0. then
u;’(sT) = u;(sr). The set of Coalition-proof Nash equilibria (CPNE) of G is

defined inductively on the set of players.

Definition 1.1.5 In a single-player game, s* is o« CPNE of G iff s} maz-
imises ul(s) over s € S. Let G be a game with n players, where n > 1.
Suppose CPNE have been defined for all games with less than n players.
Then,

1. s € S is self-enforcing if for all T C N, s} is a CPNE of T(G, s}y,
and

2. s* € Sis a CPNE of G if it is self-enforcing and moreover there does
not exist another self-enforcing strategy vector s € S such that u;(s) >
ui(s*) for allic N.

We are now in a position to understand the problem of mechanism design.
The typical mechanism design scenario envisages a situation where there is a
group of agents, along with a social planner. There is informational asymme-
try between the agents on the onc hand and the social planner on the other:
while the agents know the “environment.”? the planner does not. Towever,
depending on the actual “environment,” the planner wants a particular de-
cision to be taken. The problem for the planner then, is to find a way of
ensuring that the agents reveal their information regarding the environment
truthfully. One way to do this is to have the agents play a suitable game
which will give the agents incentives to reveal their information truthfully.
The problem, as can be seen, is one of “designing” an appropriate game

form; hence the term mechanism design. It is important to observe that the

2This is the complete information framework.
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informational asymmetry between the agents and the planner is what gives
the mechanism design problem its bite.

Formally, the mechanism design problem can be set out, following Moore
[10] as follows. Let N = {1,...,n} be the set of agents. Let A be the set
of feasible decisions. The environment or state of the world is denoted by
6 € ©. Assume that in state 6, agent i has preferences R;(6) on A. Note
here that we are assuming that the actual state 8 is known to all the agents:
this is the complete information scenario. The scenario is one of incomplete
information if the agents do not know the environment.

The planner’s objective, which we alluded to carlier, is embodied in a
social choice correspondence (sec) which is a set-valued mapping from © to
A Formally, the scc f associates to each § € O, f(f) € A. The social
choice correspondence is referred to as a social choice function (scf) if it is
single-valued. The problem of mechanism design can now be posed as follows:
Given a sce f, does there exist a game G such that the equilibrinm® outcomes
of G for any § € © coincide with f(6)? (A weaker condition wherein we only
require that the equilibrium outcomes of G contain the set f(0) is referred to
as partial implementation or truthful implementation.) The answer to this
question depends both on the equilibrium concept used and the nature of
the environment.

The most satisfying situation is when we can implement a scc in dominant

strategy equilibrium. Implementation under this concept is convincing for
the simple reason that truthtelling is optimal for an agent irrespective of
what others do. Unfortunately, while implementation in dominant strategy
equilibrium is very appealing, we run into a basic impossibility result known
as the Gibbard-Satterthwaite thcorem.

Theorem 1.1.1 Suppose © includes all possible strict preference orderings
over A. Then there is no social choice function (scf) such that |f(©)| > 3

3The equilibrium concept can be any of those referred to earlier.
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which can be truthfully implemented in dominant strategy equilibrium unless
it is dictatorial.

Proof: See Gibbard [23], also Satterthwaite [53].

The Gibbard-Satterthwaite theorem implies that if we want positive re-
sults with dominant strategy implementation. then the domain restrictions
will have to be weakened. Moulin [41] is an early example of such work where
he obtains positive results by assuming that the set of possible preferences are
single-peaked. The second essay of this thesis (Chapter 3) is also an example
where one obtains positive results using dominant strategy implementation
on restricted domains.

One other way of getting around the Gibbard-Satterthwaite theorem is
to work with a notion of equilibrium which is weaker than that of dominant
strategy cquilibrium. Nash equilibrium is one such concept. The primary
result in this area is due to Maskin [38]. We need the following definitions.

Definition 1.1.6 The scc f is monotonic if. whenever a € [(0), and Jor
some state &, a & f(), then there exists an agent i € N and an outcome y €
A such that al?;(0)y and yP,(¢)a where Py(.) is the strict ordering associated
with the preference R;(.).

a is top-ranked in A by (n — 1) agents in state 0. then a € f(8).

Theorem 1.1.2 If the scc f is implementable in Nash equilibrium, then it
must be monotonic. Furthermore if n > 3 and f is monotonic and satisfies

No Veto Power, then f is implementable in Nash equilibrium.

Proof: Sce Maskin [38].

One can consider further refinements along this line, for instance, onc can
ask what social choice correspondences are implementable under subgame
perfect Nash equilibrium (see Abreu and Sen [1]) or what social choice cor-

respondences are implementable in undominated strategies (see Palfrey and



10 CHAPTER 1. INTRODUCTION

Srivastava [50]). Rather than proceeding along this line which is tangential
to my purpose (see Moore [40] for a discussion of these issues), we shall pro-
ceed to discuss implementation under equilibrium concepts which explicitly
take into consideration coalitional attempts to manipulate the mechanism.
The two concepts that we shall deal with in this regard arc Strong Nash
equilibrium and Coalition-proof Nash equilibrium.

With regard to implementation under Strong Nash equilibrium, the cen-
tral result is duc to Dutta and Sen [19] who provide a condition which is both
necessary and sufficient for implementation in Strong Nash equilibrium. This
condition, which the authors call Condition v is complicated to state. But
it requires the sce to be non-empty valued, Pareto optimal (otherwise all
or a subgroup of agents can deviate) and also monotonic (a condition also
necessary for Nash implementation). The heart of Condition 7 is a property
called Generalized Unanimitv which, roughly speaking, is an extension of the
monotonicity condition to allow for deviations by coalitions. Dutta and Sen

[19] establish the following.

Theorem 1.1.3 The scc [ is implementable in Strong Nash equilibrium if
and only if it satisfies Condition v.

Proof: See Dutta and Sen [19].*

There has not been much work characterising the social choice correspon-
dences which are implementable in Coalition-proof Nash equilibria. However,
in a recent work, Keiding and Peleg [31] have obtained partial characteriza-
tions in this regard. The characterization, however, is in terms of the cffec-
tivity function induced by the social choice correspondence. This is. as the
authors themselves recognize, less useful than having a characterization in
terms of the social choice correspondence itself. Given a set X, let P(X)
denote the power set of X.

" #See also Suh [59].
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Definition 1.1.8 An effectivity function is a map £ : P(N) —s P(A)

tisfyi foll d
sfying the f g t

1. for all B P(4),B ¢ E(0),

2. forall B €24, B¢ E(N),

3. for ull S € P(N),0 & E(S)

4. forall S €2V, Ae E(S).

Formally, Keiding and Peleg [31] cstablish:

Theorem 1.1.4 The effectivity funciion induced by a scc f which is truth-
[ully implementable in CPNE must be superadditi and .

Conversely, given an arbitrary effectivity function E which is superadditive
and mazimal, one can find a scc f which is truthfully implementable in CPNE
and has E as its associated effectivity function.

Proof: See Keiding and Peleg [31].

The above completes the bricf discussion of mechanism design that is
essential for our purpose. \We now turn to the work done in this thesis.
As mentioned before, two of the essays in this thesis are formally problems
in mechanism design. They are discussed in Chapters 3 and 4 respectively.
However, before addressing them, we first discuss a problem, which is strictly
speaking, not a problem in mechanism design but is nonetheless, highly in-
fluenced by that literature.
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1.2 Stable Networks

1.2.1 Networks in General

The first essay in this thesis is a problem on network formation.5 It can also
be thought of as a contribution to the theory of coalition formation. Be-
fore discussing the problem in particular, we discuss the economic analysis
of networks. A lot of recent work has focussed on the topic of networks. One
aspect of this work has been in the context of industrial organization (on
this, see the survey by Economides (20]). In contrast to the work relating
to Industrial Organization which uses non-cooperative game theory, another
branch, taking the lead from the early work of Myerson [45], has used coop-
erative game theory to examine a different set of issues. The original work

of Myerson [45] was concerned with ining the effect of ication
restrictions on the division of surplus. The starting point of his analysis was
the familiar characteristic function transferable utility game. A graph, which
was specified externally represented the communication possibilities to the
players. Myerson then defined a new game taking into account the externally
defined communication possibilities, suggested a solution for this game, and
also characterised it. Further work has been done along this line, and the
entire body of work is surveyed in van den Nouweland’s doctoral thesis [47].¢

As van den Nouweland notes, this body of work assumes that the com-
munication structure is exogeneously given. Our work, however, fits into a
body of work which endogenizes the formation of links. The work of Aumann
and Myerson [2] was an early attempt in this direction. They specified an
extensive form game to endogenize link formation. Assume that there is a
fixed order on the set of all possible links. The game consists of a pair of
players being offered the chance to form a link. A link is formed only if

This work, which constitutes Chapter 2 of the thesis, is based on Dutta and Mu-

tuswami [16]
9See also the doctoral thesis of Feltkamp [21).
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both players involved in the link agree to it. The offers are made according
to the prespecified order. The game ends when all possible pairs have been
offered the chance to form a link. Aumann and Myerson [2] obtain results
for particular games when the allocation rule is chosen to be the Myerson
value.

Myerson [46] also suggested a strategic form game, called the link for-
mation game to study the endogeneous formation of links. This game is
described in detail in the next chapter. Qin [48] has used this game to study
the endogeneous formation of coalition structures. This game has also been
used by Dutta, van den Nouweland and Tijs [17] to study network formation.
It should be noted that the starting point in all these papers is a game in
characteristic form. The problem is one of studying what network structures
(coalition structures) form when agents have the freedom to break or form
links. The answer clearly depends on the allocation rule.

Jackson and Wolinsky [30] modify the above framework in a small but
crucial way. Note that the value function in the ck istic function frame-
work specifies the “worth” of each coalition. In the Jackson-Wolinsky frame-
work, a value function specifies for each network or graph, the corresponding
worth of that network. As will be clear in the next chapter, the worth of a
set of players in the Myerson framework depends only on whether they are
“connected,” whereas in the Jackson-Wolinsky framework, it can depend on
how they are “connected” as well. The Jackson-Wolinsky framework is a
generalization of the Myerson framework, and it is the one we will adopt as
well.

A similar approach to network formation has been adopted by Bala and
Goyal [4]. The difference between their work and that of Jackson and Wolin-
sky [30] is their adoption of a dynamic framework. They study the formation
of networks when agents interact over time and learn from the past history.
They show that under some conditions, the learning process they study leads
to an efficient network, that is, one which maximises total worth.
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SOURCE 3

Figure 1.2.1: A Minimum Cost Spanning Tree Problem

Tn addition to the above mentioned work, there is a considerable literature
in the Operations Research arca on specific problems like the minimum cost
spanning tree problem. Some of these also involve the endogencous formation
of links.”

It is worth mentioning that in all these problems, a central insight has
been the realization that unless the allocation rule which specifies how the to-
tal surplus from a network is to be shared is “properly” designed. the cfficient
network may not be stable. To illustrate this point. consider the following
example of a minimum cost spanning tree problem taken from Sharkey [56).

As depicted in Figure 1.2.1, the problem involves a source and three
customers. Each of the customers has to be supplied an input from the
source. The cost of establishing each link is depicted in the diagram. Assume

"Sce the survey by Sharkey [56] on the use of nctwork models in economics.
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that the parameters take on the following values: a = 2.7, = v = 100, =
4,6 = 2and € = 4.1. It is easy to check that the cost efficient network is
{(01), (12), (23)} where 0 represents the Source. Consider the allocation rule
which divides the cost of each individual link equally among the agents using
it (this is the Shapley Value in operation). In this case, agent 3 would be
required to pay /3 +7/2+ 6 = 4.9. However, as the direct cost of linking 3
to the source is only 4.1, agent 3 would prefer not to be a part of the efficient
network. Thus the efficient network turns out not to be stable under this
“reasonable” cost allocation scheme. It is this tension between efficiency and
stability that we address in our work, albeit in a setting different from the
minimum cost spanning tree problem.

1.2.2 The Problem and its Resolution

The framework within which we address this problem is an extension of the
transferable utility characteristic function framework of cooperative game
theory. Observe that in the characteristic function framework, a value func-
tion specifies the “worth” of each coalition. Jackson and Wolinsky [30],
drawing on the work of Myerson [45], observed that one could extend this
framework by having the value function specify for each network or graph,
the total value of the graph. A graph can be thought of as a set of bilateral
links between the players. (We will be more specific in the next chapter.) The
value function then specifies the total surplus that can be achieved by the
players conditional on the bilateral relationship that they choose to establish.
Within this framework, Jackson and Wolinsky (30] showed a basic impossi-
bility result. Assume that an allocation rule specifies for every network, how
the surplus generated from that network should be divided amongst the play-
ers. Define a network to be efficient if the value of that network is at least
as much as any other network. A network is stable if no set of players can
deviate from that network (by either forming new links amongst themselves
or breaking existing links) and make themselves better off. One can then
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ask whether there exists an allocation rule which ensures that at least one
efficient graph is stable? Jackson and Wolinsky [30] show that the answer is
no if the allocation rule is constrained to be both anonymous (the names of
players should not matter) and component balanced (the surplus from a dis-
joint subnetwork should be shared amongst the players in that subnetwork).®
Jackson and Wolinsky’s result thus shows that if one wants to reconcile sta-
bility and efficiency, then either anonymity or component balancedness will
have to be given up. In their work, Jackson and Wolinsky pursue the former
option. In our work, we pursue the latter option.

It should be obvious that the problem is not formally one of mechanism
design. We had observed earlier that the mechanism design problem gets its
bite from the fact that there is asymmetric information between the players
and a “social planner.” However, here the social planner - who is assumed
to have the power to decide which allocation rule will be followed - knows all
that the players themselves know, namely, the value function itself. Rather,
what renders the network problem non-trivial is the fact that the planner
cannot control the formation of links which is under the control of the players
themselves. The planner can influence the formation of links only indirectly
through the allocation rule.

Even though the problem itself is not one of mechanism design, it is
nonetheless similar to a mechanism design problem. The problem in mecha-
nism design is one of designing a game such that in all states of the world,
agents find it in their own self-interest to report truthfully. The problem
before us is one of designing an allocation rule such that the agents find it
in their own self-interest to establish the links associated with an efficient
graph. The analogy is clear: just as the planner in a mechanism design
problem cannot compel the agents to report truthfully, so the planner in the

#Jackson and Wolinsky actually prove the result using a weaker notion of stability
called pairwise stability. This, as well as other notions of stabilility are defined formally
in Chapter 2.
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network problem cannot compel the agents to form the efficient network.

We thus address ourselves to the problem of designing an allocation rule
which ensures that at least one efficient network is stable. We also require
that the allocation rule ensure that inefficient networks are not stable. Fi-
nally, we require that violations of anonymity be restricted to those networks
which are not formed in equilibrium. Our first significant result is to demon-
strate the existence of a p bal d all ion rule satisfying all of
the above conditions.

To understand the other main result, we need to understand the process
of link formation. We basically model the process as a link formation game
following Myerson [46]. In this game, agents announce the set of players
with whom they want to form links, and a link is established between two
players if and only if they both announce that they want to establish a link
between themselves. Imagine that after the allocation rule has been selected
by the planner, the players play the link formation game which determines
the network that actually gets formed. In the first result, we assume that
the network that actually gets formed is one that is induced by some Strong
Nash equilibrium of the link formation game. So, if a network is not formed,
it follows that there does not exist any Strong Nash equilibrium of the link
formation game which can give rise to that particular network.

The problem with Strong Nash equilibrium, as has been pointed out by
Bernheim, Peleg and Whinston [9)] is that a strategy profile is ruled out as a
Strong Nash equilibrium if there exists a deviation for some coalition which
makes all members of that coalition better off. However, it is easy to con-
struct examples where the proposed deviation is not “credible.” An example
of this is the familiar Prisoners’ Dilemma game where the unique Nash equi-
librium is ruled out as a Strong Nash equilibrium by a joint deviation of the
two players to the (cooperate, cooperate) profile. However, this deviation is
not credible since if it were carried out, a player would at once deviate to
play non-cooperatively. In order to avoid this problem where potential equi-
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libria are ruled out by incredible deviations, Bernheim, Peleg and Whinston
[9] propose a modification which they dub Coalition-proof Nash equilibrium.

In the context of our problem, it is reasonable to require that the strategy
profile underlying an efficient graph be a Strong Nash equilibrium - that is,
proof against all deviations, even incredible ones. However, there is a problem
with requiring that there not exist any Strong Nash equilibria giving rise to
inefficient graphs. Indeed, if a strategy profile giving rise to an inefficient
graph is ruled out as a Strong Nash equilibrium by an “incredible” deviation,
then we have no reason to believe that inefficient graphs will not form. It
would thus be more reasonable to require that there not exist any Coalition-
proof Nash equilibria of the link formation game giving rise to inefficient
graphs. We show that under a domain restriction, there do exist allocation
rules meeting the modified criteria. Taken together, the results suggest that
the conflict between efficiency and stability can be reconciled after all.

1.3 Strategyproof Rules for Cost Sharing

The second essay of this thesis looks at a problem of cost sharing. Consider
the case where a set of agents desire an indivisible public good like network
access. The cost of supplying the good depends on the set of agents to whom
the good is to be supplied. If the willingness to pay for the public good for
each individual were known to the planner, then she could optimally provide
the service to the efficient coalition, that is, the coalition maximizing the
difference between the total willingness to pay and the cost of supplying the
good. In the absence of such information, a mechanism has to be designed
which will give the agents incentives to reveal their information truthfully.
In this context, Green and Laffont [25] show that there do not exist any
mechanism satisfying efficiency, strategyproofness and budget balance.

This setup has been examined recently by Moulin and Shenker [44] and
Deb and Razzolini [14] among others. Assuming that the cost function is
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submodular and that preferences are quasi-linear, Moulin and Shenker first
consider a mechanism which is strategyproof, efficient and satisfying Volun-
tary Participation. They then proceed to demonstrate that such a mechanism
is vulnerable to manipulations by coalitions. Next, they restrict attention to

Budget Balanced and Group Strategyproof mechanisms.” They show that

any mechanism satisfving five axioms. viz. Strong Group Strategyproofness,
Voluntary Participation, No Subsidy. Consumer Sovereignty and Budget Bal-
ance must be characterised by the property of Cross-Monotonicity. that is,
an individual’s cost share is non-increasing in the set of agents given ac-
cess to the good. They also establish a converse to the above. Moulin and
Shenker [44] then focus on a particular cross-monotonic mechanism based on
the Shapley value. They show that this mechanism has a special property
in that it minimizes the maximum loss caused by the non-formation of the
efficient. coalition.

Deb and Razzolini [14] consider a model very similar to that of Moulin
and Shenker. They restrict attention to the case where the cost of supplying
the good is the same for all coalitions (this is the case for an excludable public
good), but in contrast to Moulin and Shenker, they allow for a wider range of
preferences, and also use Strategyproofness instead of Group Strategyproof-
ness. The main result of their paper demonstrates that any Strategyproof
and Budget Balanced mechanism satisfving Voluntary Participation and a
condition called “Voluntary Non-Participation” must be characterised by an
“Equal Price” theorem: any agent given access must be charged the same
amount.

The differing approaches of Moulin and Shenker who use Group Strate-
gyproofness and Deb and Razzolini who use Strategyproofness prompts the
question: how different are the set of Group Strategyproof mechanisms from
the set of Strategyproof mechanisms? We answer this question by linking

9Group Strategyproofness requires that the mechanisru be immune against manipula-
tions by coalitions. We state this precisely later.
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Strategyproofness and Group Strategyproofness through the concept of Non-
Bossiness. Non-Bossiness was introduced by Satterthwaite and Sonnenschein
[54] and basically requires that a unilateral deviation by an agent which
leaves the agent herself indifferent not affect any other agent. We define two
variants of this concept: Outcome Non-Bossiness and Utility Non-Bossiness.
Outcome Non-Bossiness requires that a deviation by an agent which gives
the agent himself the same outcome, not change the outcome to any other
agent. Another version is Strong Utility Non-Bossiness. This requires that
a deviation by an agent which gives the agent herself the same utility, not
change the utility level of any other agent. We then define a weaker vari-
ant of Strong Utility Non-Bossiness called Weak Utility Non-Bossiness: this
requires that if an agent deviates in a manner which gives herself the same
utility level, then no other agent should be strictly better off.

We show that any Strategyproof mechanism satisfying Voluntary Par-
ticipation, No Subsidy and Outcome Nonbossiness must be at least Weak
Group Strategyproof.!® We show through an example that the four condi-
tions together do not imply Strong Group Strategyproofness. Next, we show
that the combination of Strategyproofness, Voluntary Participation, No Sub-
sidy, Outcome Nonbossiness and Weak Utility Nonbossiness implies Strong
Group Strategyproofness. We also show that if the cost function is submodu-
lar, then any Strongly Group Strategyproof mechanism satisfying Voluntary
Participation, No Subsidy, Consumer Sovereignty and Budget Balance must
also satisfy Outcome Nonbossiness and Weak Utility Nonbossiness. Taken
together, the results here suggest that the class of Strategyproof and Strong
Group Strategyproof mechanisms are essentially the same if the cost function
is submodular.

10Weak Group Strategyproofness requires that no coalition should be able to deviate
in a manner which leaves all members of the coalition strictly better off. Strong Group
Strategyproofness requires that no coalition should be able to deviate in a manner which
leaves all members weakly better off and at least one member strictly better off. These
concepts are defined precisely later.
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We then go on to characterise a particular Strong Group Strategyproof
and Budget Bal. d hanism under the ion that the cost func-
tion is submodular. This is the Egalitarian cost allocation rule, and is based

on the egalitarian solution for characteristic function TU-games which was
proposed by Dutta and Ray [18]. Assume that agents’ valuations are inde-
pendent of each other and distributed according to a common distribution
function which satisfies the monotone hazard rate condition. Then, we are
able to show that the Egalitarian cost allocation rule maximises the proba-
bility that all members of a given coalition accept the cost shares imputed
to them in the class of all Strong Group Strategyproof and Budget Bal-
anced rules satisfying Voluntary Participation, No Subsidy and Consumer
Sovereignty. Under a stronger condition on the distribution function, we
show that the Egalitarian cost allocation rule maximizes the expected sur-
plus from the ez ante efficient coalition. We also use the results obtained
on the link between Strategyproofness and Strong Group Strategyproofness
to give alternate characterisations of the Shapley value and the Egalitarian
rules in terms of Strategyproofness and Nonbossiness.

1.4 Multi-Good Cost Sharing

The third essay deals with an extension of the model examined in Chapter
3. The motivation for this problem comes from the literature on club goods.
As Cornes and Sandler [12] observe, the literature on club goods has for the
most part confined itself to the analysis of the single club good (or exclud-
able public good) model.!! However, most clubs in real life offer a range
of products to their members. For example, a club might offer a swimming
pool, a golf course and tennis courts to its members. Typically, there are
economies of scale associated with offering multiple services; this externality

1The literature on multiproduct clubs include Berglas (7], (8], Brueckner and Lee [11],
Sandler and Tschirhart [52] and Wooders [61].
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in production is what renders the multiproduct case different from the single
good case. To the best of our knowledge, there have been no results obtained
on the Strategyproof cost sharing of multiple excludable public goods.

Moulin [42] offers a model of cost sharing which can be interpreted to
accomodate the multiple excludable public good case. In his model. there
are n agents, labelled for convenience as {1...., n}. Agent 1 is assumed to
be able to consume discrete units of good i. The cost function defined on the
vector of quantitics (g1, ...,gn) is assumed to be supermodular (increasing
marginal costs). To interpret the model as one involving multiple excludable
public goods, assume that agent i can consume & units of good i where k is
the number of excludable public goods. Unfortunately, Moulin’s assumption
of increasing marginal costs cannot be satisfied because with multiple ex-
cludable public goods. the cost function displays neither increasing marginal
costs nor decreasing marginal costs. To see this, observe that once the first
good has been produced, the marginal cost of accomodating an additional
person is zero unless the additional person demands a unit of the second
good. So, the marginal cost is zero if a good has been produced and is in-
creasing only at those points where an additional good has to be produced.
The consequence of this is that Moulin’s model cannot really address the
multiple excludable goods problem.

The work closest to what we are doing are two papers - one by van
Kolpin [32] and the other by Koster [33] - which aim to extend the serial cost
sharing rule proposed by Moulin and Shenker [43] for the homogeneous good
case to multiple goods. The paper by Kolpin is basically an impossibility
result showing that the additivity axiom is incompatible with other axioms
in the multiple goods scenario. Koster [33] proposes a way of extending the
serial cost sharing rule to the multiple goods case, but the analysis is from
an axiomatic viewpoint. Other rclated work include the paper by Ausubel
[3] on efficient auctions for multiple objects and the paper by Bikhchandani

and Mamer [10] on competitive equilibria in economies with indivisibilities.
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The situation with multiple excludable goods is more complicated than
the single good case. In the single good case. the mechanism had to decide
whether the good was to be produced. and if the good was produced, the
set of agents getting access and their cost shares. With multiple goods. the
mechanism has to first decide which subset of goods is to be produced., then
for each agent the set of goods to which he is to be given access, and finally
the cost shares. For instance, with just two goods and two agents, there arc
sixteen potential cases to consider ranging from the one where both agents
get access to both goods to the one where no production takes place and so
neither agent gets access to any good.

Suppose we are interested in mechanisms which satisfy the axioms pos-
tulated for the single good case. That is, we want mechanisms which are
Strategyproof, Outcome Non-Bossy, Budget Balanced and satisfy No Sub-
sidy, Voluntary Participation and Consumer Sovereignty. (The Consumer
Sovereignty axiom has to be reformulated to handle the multiple good case.)
We show, as our main result. that at least for the special case of two agents,
there exist no mechanism satisfying all of the above axioms. We do identify
mechanisms violating one or more of the above axioms.

One issue which is of great interest is to evaluate the welfare implications
of these mechanisms. The result of Green and Laffont [25] still goes through.
So we know that any budget balanced and strategyproof mechanism must,
in general, be inefficient. However, the computations of welfare loss become
much more complicated. and we have not been able to obtain any results
which would be the natural analogue of the characterisations of the Shapley

Value rule and Egalitarian Cost Allocation rule for the single good case.
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Chapter 2

Stable Networks

2.1 Introduction

The interaction between agents can often be fruitfully described by a network
structure or graph, where the nodes represent the agents and an arc exists
between two nodes if the corresponding agents interact bilaterally. Network
structures have been used in a wide variety of contexts ranging from so-
cial networks (Wellman and Berkowitz [60], information transmission (Goyal
[24)), internal organization of firms (Marschak and Reichelstein [37]), cost al-
location schemes (Henriet and Moulin [29]), to the structure of airline routes
(Hendricks, Piccione and Tan [28]).

In a recent paper, Jackson and Wolinsky [30] focus on the stability of
networks. Their analysis is designed to give predictions concerning which
networks are likely to form when self-interested agents can choose to form
new links or severe existing links. They use a specification where a value
function gives the value (or total product) of each graph or network, while
an allocation rule gives the distribution of value amongst the agents forming
the network. A principal result of their analysis shows that efficient graphs
(that is, graphs of maximum value) may not be stable when the allocation

rule treats individuals symmetrically.

25
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In this chapter, the potential conflict between stability and efficiency of
graphs is subject to further scrutiny. In order to do this, we follow Dutta, et.
al. [17] and assume that agents’ decisions on whether or not to form a link
with other agents can be represented as a game in strategic form.! In this
“link formation” game, each player announces a set of players with whom he
or she wants to form a link. A link between two players is formed if both
players want the link. This rule determines the graph corresponding to any
n-tuple of announcements. The value function and the allocation rule then
give the payoff function of the strategic form game.

Since the link formation game is a well-defined strategic form game, one
can use any equilibrium concept to analyze the formation of networks. We
will define a graph to be strongly stable (respectively weakly stable) if it
corresponds to a Strong Nash equilibrium (respectively Coalition-proof Nash
equilibrium) of the link formation game. Although Jackson and Wolinsky [30]
did not use the link formation game, their specification assumed that only
two-person coalitions can form; their notion of pairwise stability is implied
by our concept of strong stability. Hence, it follows straightaway from their
analysis that there is a conflict between strong stability and efficiency if the
allocation rule is symmetric.

How can we ensure that efficient graphs will form? One possibility is
to use allocation rules which are not symmetric. For instance, fix a vector
of weights w = (wy, w, ..., wy). Call an allocation rule w-fair if the gains or
losses to players i and j from the formation of the newlink (i7) is proportional
to ‘:“4] w-fair rules are symmetric only if w; = w; for all i and j. However, the
vector of weights w can be chosen so that there is only a ‘slight’ departure
from symmetry. We first show that the class of w-fair rules coincides with
the class of weighted Shapley values of an appropriately defined transferable

UThis game was originally suggested by Myerson [46] and subsequently used by Qin
[48). Sce also Hart and Kurz [27] who discuss a similar strategic form game in the context

of the ion of coalition structures.
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utility game. We then go on to construct a value function under which no
efficient graph is strongly stable for any w-fair allocation rule. Thus, the
relaxation of symmetry in this direction does not help.

A second possibility is to use weak stability instead of strong stability.
However, again we demonstrate a conflict between efficiency, symmetry and
(weak) stability.

We then go on to adopt an impl ion or

A

design ap-
proach. Suppose the implicit assumption or prediction is that only those
graphs which correspond to Strong Nash equilibria of the link formation
game will form. Then, our interest in the ethical properties of the allocation
rule should be restricted only to how the rule behaves on the class of these
graphs. Hence, if we want symmetry of the allocation rule, we should be sat-
isfied if the allocation rule is symmetric on the subdomain of strongly stable
graphs.

We analyse two specific problems within this general approach. In the
first design problem, we construct an allocation rule which ensures that (i)
the class of strongly stable graphs is a nonempty subset of the set of efficient
graphs, and (ii) satisfies the restriction that the rule is symmetric on the class
of strongly stable graphs. This result is proved under a very mild restriction
on the class of value functions. The second result is much stronger, but is
proved for a more restrictive class of value functions. More specifically, we
construct an allocation rule which (given the restrictions on the class of value
functions) guarantees that (i) there is at least one strongly stable graph, (ii)
all weakly stable graphs are efficient, and (iii) the allocation rule is symmetric
on the class of weakly stable graphs. Thus, this achieves a kind of ‘double’
implementation in Strong Nash and Coalition-proof Nash equilibrium.

A common feature of the allocation rules constructed by us is that these
distribute the value of stable graphs equally amongst all agents. Obviously,
this ensures symmetry of the allocation rules on the class of stable graphs.
Of course, the rules do not treat agents symmetrically on some graphs which
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are not stable. Indeed, the asymmetrics are carefully constructed so as to
ensure that the other requirements of the design problem(s) are satisfied.

2.2 Some Definitions

Let N = {1,2,...,n} be a finite set of agents with n > 3. Interactions between
agents are represented by graphs whose vertices represent the players. and
whose arcs depict the pairwise relations. The complete graph, denoted gV,
is the set of all subsets of N of size 2. G is the set of all possible graphs on
N, so that G = {g|g C g™}. Given any g € G, let N(g) = {i € N|3j such
that (i) € g}.

The link (¢7) is the subset of N containing 4, j. g+ (ij) and g— (ij) are the
graphs obtained from ¢ by adding and subtracting the link (ij) respectively.

Two agents i and j are connected in g if there is a sequence {iy, 1, ..., ix }
such that 49 =4, ix = j and (ixixs1) € g forall k =0,1,.... K — 1. We will
use C(g) to denote the set of connected components of g. The graph g is
said to be fully connected (respectively connected on S) if all pairs of agents
in N (respectively in S) are connected. The graph g is totally disconnected
if g = {0}. If h is a component of g, then N(h) = {i|(ij) € h for some j €
N\{i}}, and n), denotes the cardinality of N(h).

The value of a graph is represented by a function v : G — IR. We will only
be interested in the set V' of such functions satisfying Component Additivity.

Definition 2.2.1 A value function is component additive ifv(g) = Y v(h)
heClg)

‘We interpret the value function to indicate the total “output” produced
by agents in N when they are “organised” according to a particular graph.
For instance, the members of N may be workers in a firm. The graph g
then represents the internal organization of the firm, that is the structure
of communication amongst the workers. Alternatively, N could be a set of
(tax) auditors and supervisors, and g could represent a particular hicrarchical
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structure of auditors and supervisors. In this case, v(g) is the (expected) tax
revenue realized from a population of tax payers when g is in “operation.”

It is worth emphasizing at this point that the value function is a very
general concept. In particular, it is more general than Myerson’s {45] games
with cooperation structure. A cooperation structure is a graph in our ter-
minology. Given any exogeneously specified transferable utility game (V, u)
and a graph g, we define for each S C N, the restricted graph on S as
9|8 = {(ij) € gli,j € S}. The graph-restricted game (N, u9) specifies the
worth of a coalition as follows.

Forall SC N, w/(S)= Y u(N(h) (2.2.1)
heC(glS)

The value or worth of a given set of agents in Myerson’s formulation
depends on whether they are connected or not, whereas in the Jackson-
Wolinsky approach, the value of a coalition can in principle depend on how
they are connected. The following example illustrates this.

Example 2.2.1 Let N = {1,2,3}. Let the characteristic function v be de-
fined as v(N) = 2, v(S) = 1 for all S C N such that [S| = 2, and v(S) = 0
otherwise. Consider two graphs g = g™ and h = {(12), (13)}. Tt is easy to
see that the value function for graph-restricted game corresponding to the
graph g is the same as the characteristic function v. The characteristic func-
tion corresponding to h is given as v*(N) = 2,v*({1.2}) = v*({1,3}) = 1,
and v"(S) = 0 for all other S C N. Note that the worth of the grand coali-
tion, and the subcoalitions {1,2}, {1, 3} are the same under the characteristic
functions v9 and v". However, since 2 and 3 are not connected directly in A,
the worth of {2,3} in the graph-restricted game v” is zero. This illustrates
the point that the value of a set of agents depends only on whether they
are connected. In the Jackson-Wolinsky framework. this is precisely what is
different.
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Given v, g is strongly efficient if v(g) > v(g') for all ¢ € G. Let E(v)
denote the set of strongly efficient graphs.

Finally, an allocation rule Y : V x G — IRV describes how the value
associated with each network is distributed to the individual players. Y(v, g)
will denote the payoff to player ¢ from graph g under the value function
v. Clearly, an allocation rule corresponds to the concept of a solution in
cooperative game theory.

Given a permutation 7 : N — N, let g° = {(ij)|i = n(k), j =
7(€), (k€) € g}. Let ¢™ be defined by v™(g™) = v(g).

The following condition imposes the restriction that all agents should be
treated symmetrically by the allocation rule. In particular, names of the
agents should not determine their allocation.

Definition 2.2.2 Y is anonymous on G' C G if for all pairs (v,g) € V xG",

and for all permutations 7, Yy (v™. g") = Yi(v, g).

Remark 2.2.1 If Y is anonymous on G, we say that Y is fully anonymous.

Definition 2.2.3 Y is component balanced if Z Yi(v,g) = v(h) for every
€N (k)

9€G, heC(g).

Component balance implies that cross-subsidization is ruled out. We will
restrict attention to component balanced allocation rules throughout this

chapter.?

2.3 The Link Formation Game

In this section, we describe the strategic form game which will be used to

model the endogeneous formation of networks or graphs®. The following

2Jackson and Wolinsky [30] point out that the conflict between anonymity, stability
and efficiency disappears if the rule is not component balanced.

3Aumann and Mycrson [2] use an eztensive form approach in modeling the endogeneous
formation of cooperation structures.
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description of the link formation game assumes a specific value function v
and an allocation rule Y. Let v = (v,Y).

The linking game I'(y) is given by the (n -+ 2) - tuple (N;Sy,..., Sn, f7),
where for each i € N, S, is player i's strategy set with S, = 2V and the
payoff function is the mapping f¥: S = HS, = RN given by

HEN
F(s) = Yi(v, 9(s)) (2.3.2)
for all s € S, with
g(s) = {(i)lj € si,i € 55} (2.3.3)

So, a typical strategy of player i in I'(v) consists of the set of players with
whom i wants to form a link. Then, (2.3.3) states that a link between ¢
and j forms if and only if they both want to form this link. Hence, cach
strategy vector gives rise to a unique graph g(s). Finally, the payoff to
player i associated with s is simply Y;(v, g(s)). the payoff that is given by
the allocation rule for the graph induced by s.*

Our interest lies in the graphs which are induced by the strategy v

OTS
corresponding to either the Strong Nash equilibria or Coalition-proof Nash
cquilibria of the link formation game. This motivates the following definition.

Definition 2.3.4 g¢* is strongly stable [respectively weakly stable] for v =
(v.Y) of g7 is induced by some s which is a SNE [respectively CPNE] of
T(y).

Hence, a strongly stable graph is induced or supported by a strategy
vector which is a Strong Nash equilibrium of the linking game. Of course, a
strongly stable graph must also be weakly stable.

Finally, in order to compare the Jackson-Wolinsky notion of pairwise sta-
bility, suppose the following constraints are imposed on the set of possible
deviations in the definition of Strong Nash equilibrium (see Definition 1.1.4.).

1We will say that g is induced by s if g = g(s), where g(s) satisfies (2.3.3).
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First, the deviating coalition can contain at most two agents. Second, the
deviation can consist of severing just one existing link or forming one addi-
tional link. Then, the set of graphs which are immune to such deviations
is called pairwise stable. Obviously. if ¢* is strongly stable, then it must be
pairwise stable.

2.4 The Results

Notice that strong stability (as well as weak stability) has been defined for
a specific value function v and allocation rule Y. Of course, which network
structure is likely to form must depend upon both the value function as
well as on the allocation rule. Here, we adopt the approach that the value
function is given ezogeneously, while the allocation rule itself can be “chosen”
or “designed.”

Within

rules which are (ethically) attractive and which also lead to the formation

s general approach, it is aetural o seok (o corstract alacation

of stable network structures which maximize output, no matter what the
exogeneously specified value function. This is presumably the underlying
motive behind Jackson and Wolinsky’s search for a symmetric allocation rule
under which at least one strongly efficient graph would be pairwise stable for
every value function. Jackson and Wolinsky [30] however showed that this is
not. possible.

Proposition 2.4.1 There does not exist any anonymous and component bal-

anced allocation rule such that for all value functions, at least one efficient
graph is pairwise stable.

Proof: The proof is by a counterexample. Let N = {1,2,3} and consider
the following value function: v({i,j}) = 1 for all {i,j} C N, v(g") =
Lv({i,5},{j, k}) = 1+ e forall i,j,k € N such that i # j,j # k. k # i.
Observe that the efficient graphs are of the form ({7, 3}, {j,4}). We shall
show that such graphs cannot be stable for certain values of e.
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Note that by anonymity we have Yi({i,j}) = Y;({,5}) = 1/2 for all
{i.j} C N, and also Y;(¢V) = 1/3 for all i € N.

Next, observe that Y;({i.j}.{j k}) > 1/2, otherwise j will break links
with either £ or 7 to induce the graph {i.;} or {j,k}. By component bal-
ancedness and anonymity. we thus have Y;({1, 7}, {4, k}) = Yx({i, 7}, {4, k}) <
1/4 4 €/2. But if € < 1/6, then both 7 and k are better off deviating from
the graph ({i.j}, {j, k}) by forming the link {¢, k} and moving to g"¥. m.

Given the negative result, we initially impose weaker requirements. First,
instead of full anonymity, we only ask that the allocation rule be w-fair, a
condition which is defined presently. However, we show that there can be
value functions under which no strongly efficient graph is strongly stable®.

Second, we retain full anonymity but replac

strong stability by weak stabil-
ity. Again, we construct a value function under which the unique strongly
efficient graph is not weakly stable.

Our final results, which are the main results of the chapter, explicitly
adopt an implementation approach to the problem. Assuming that Strong
Nash equilibrium is the “appropriate” concept of equilibrium and that the
individual agents decide to form network relations through the link formation
game is equivalent to predicting that only strongly stable graphs will form.
Let S(v) be the set of strongly stable graphs corresponding to v = (v,Y).
[nstead of imposing full anonymity, we only require that the allocation rule
be anonymous on the restricted domain S(v). However. we now require that
for all permissible value functions, S(v) is contained in the set of strongly
efficient graphs, instead of merely intersecting with it, which was the “target”
sought to be achieved in the earlier results. We are able to construct an
allocation rule which satisfies these requirements.

Suppose, however, that the designer has some doubt whether Strong Nash
equilibrium is really the “appropriate” notion of equilibrium. In particular,

she apprehends that weakly stable graphs may also form. Then, she would

“We point out below that strong stability can be replaced by pairwise stability.
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want to ensure anonymity of the allocation rule over the larger class of weakly
stable graphs, as well as efficiency of these graphs. Assuming a stronger re-
striction on the class of permissible value functions, we are able to construct
an allocation rule which satisfies these requirements. In addition, the alloca-
tion rule also guarantees that the sct of strongly stable graphs is nonempty.

Our first result uses w-fairness. Fix a vector w = (wy, ..., w,) 3> 0.

Definition 2.4.5 An allocation rule Y is w-fair if for all v € V, for all
9€G, foralli,j €N,

S ¥i0.9) = Yi(wg — ()] = %{w,y) ~Y;(v,9 - (D)

In Proposition 2.4.2 below. we show that the unique allocation rule which
satisfies w-fairness and component balance is the Weighted Shapley value of
the following characteristic function game.

Take any (v,g) € V x G. Recall that for any S C N, the restricted graph
on S is denoted g|S. Then, the TU game u,, is given by :

Forall S C N, u,,(S) = > w(h).
heC(g]S)

Proposition 2.4.2 For allv € V, the unique w-fair allocation rule Y which
satisfies component balance is the weighted Shapley value of u, .

Proof : The proof is omitted since it is a straightforward extension of the
corresponding result in Dutta et.al. [17]. [ ]

Remark 2.4.2 This proposition is similar to corresponding results of Dutta,
et. al. [17] and Jackson and Wolinsky [30]. The former proved that w-
fair allocation rules satisfying component balance are the weighted Shapley
values (also called weighted Myerson values) of the graph-restricted game
given by any exogeneous TU game and any graph g. Of course, the set of
graph-restricted games is a strict subset of V. and hence Proposition 2.4.2
is a formal generalization of their result. Jackson and Wolinsky [30] show
that when w; = w; for all ¢, j, the unique w-fair allocation rule satisfying

component balance is the Shapley value of wu, 4.
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Our first result on stability follows. The motivation for proving this result is
the following. Since the weight vector w can be chosen to make the allocation
rule ‘approximately’ anonymous (by choosing w to be very close to the unit
veetor (1,...,1), we may ‘almost’ resolve the tension between stability, cfli-
ciency and symmetry uncarthed by Jackson-Wolinsky by using such a w-fair

allocation rule. However, the next result rules out this possibility.

Theorem 2.4.1 Suppose w > 0. Then, there is no w-fair allocation rule
Y satisfying component balance and such that for each v € V, at least one
strongly efficient graph is strongly stable.

Pmof. Let N = {1,2.3}. and choose any w such that w; > wy > wy > 0

and Zu/‘ =1.

Ntm consider the (component additive) v such that v({(ij)}) = 1. v({(ij), (jk)}) -
L+¢, and v(g¥) =1+ 2¢, where £ € (0, 3(1 — 22-))

Using Proposition 2. the unique w-fair allocation rule Y satisfying
component balance is the weighted Shapley value of u, 4. Routine calculation

vields the following.

Yi(v,9") = 2ew; + wi( ‘”’w ) forall ij ke N  (2.4.4)

wi
—F
w; +w; o w; +

Yi(v {(if)}) = E{’T forallije N (2.4.3)

From 2.4.4 and 2.4.5, and using Zwl = 1. we get

=1

(0, {(@)}) = Yi(v, gV) = wi(1 - - 2.4.6
Yilo, {(5))) = Yo, g") = wi( e SRR
Remembering that w, > w, > wy and that ¢ < %(1 - T\fﬁ)v (2.4.6) yields

Yi(w, {(ij)}) — Yi(w, g™) > 0 for i € {2,3} (2.4.7)

(2.4.7) implies that ¢ is not strongly stable since {2, 3} will break links with
1 to move to the graph {(2,3)}. Since gV is the unique strongly cfficient
graph, the theorem follows. [ ]
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Remark 2.4.3 Note that since only a pair of agents need form a coalition
to “block” gV, the result strengthens the intuitive content of the Jackson-
Wolinsky result.

Our next result uses weak stability instead of strong stability.

Theorem 2.4.2 There is no fully anonymous allocation rule Y satisfying
component balance such that for each v € V, at least one strongly efficient
graph is weakly stable.

Proof : Let N = {1,2,3}, and consider v such that v(g") = 1 = v({(ij)})
and v({(ij), (jk)}) = 1 + 2¢. Assume that 0 < = < .

Since Y is fully anonymous and component balanced. Yi(v, {(ij)}) =
Vi(v, {(ij)}) = 5. Let ¢/ = {(ij), (jk)}. Note that {g’]j € N} is the set
of strongly efficient graphis. Choose any j € N. Then. Yj(v,g’) > é For.
suppose Y, (v, g/) < ;— Then, j can deviate unilaterally to change g7 to {(ij)}
or {(jk)} by breaking the link with i or k respectively. So. if Y;j(v.g’) < 3
and g/ is induced by s, then s is not a Nash equilibrium. and hence not a
CPNE.

So, Y;(v,¢’) > % Since Y is fully anonymous and component balanced,
Yi(v.g’) = Yi(v,¢?) < §+e. Again, full anonymity of ¥ ensures that
Y (v, ¢ Lforallie N.

Hence, {i.k} can deviate from g7 and form the additional link (ik). This

will precipitate the complete graph. From preceding arguments, the deviation
is profitable if £ < ;.

Letting s denote the strategy n-tuple which induces g”, one notes that
sV 15 Nash equilibrium. Hence, the deviation of {i, k} to sV is not deterred
by the possibility of a further deviation by cither i or k. So, g’ is not weakly
stable. This completes the proof of the theorem. [ ]

Remark 2.4.4 Again note that only a 2-person coalition has to form to
block ¢/. So, the result could have been proved in terms of “pairwise weak
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stability,” which is strictly weaker than pairwise stability. Hence, this gener-
alizes Jackson and Wolinsky's basic result.

Definition 2.4.6 v satisfies monotonicity if for all g € G, foralli,j €
N, (g + (7)) = v(g)-

Thus. a monotonic value function has the property that additional links
never decrease the value of the graph®. A special class of monotonic value
functions. the class considered by Dutta, et. al. [17], is the set of graph-
restricted games derived from superadditive TU games. Of course, there
are also other contexts which might give rise to monotonic value functions.
Dutta, et. al proved that for the class of graph-restricted games derived from
superadditive TU gamcs, a large class of component balanced allocation rules
(including all w-fair rules with w > 0) has the property that the set of weakly
stable graphs is a subset of the set of graphs which are payoff-equivalent to
g™, Moreover, g" itself is weakly stable”. Their proof can be easily extended

to cover all monotonic value functions. We state the following result.

Theorem 2.4.3 Suppose v is monotonic. Let Y be any w-fair allocation
rule with w > 0, and satisfying component balance. Then, ¢~ is weakly
stable for (v,Y). Moreover. if g is weakly stable for (v,Y), then g is payoff
- equivalent to g™ .8

Proof : The proof is omitted since it is almost identical to that of Dutta,
et. al. [17]. L]

Remark 2.4.5 Note that Theorem 2.4.3 ensures that only strongly efficient
graphs are weakly stable. Thus, if our prediction is that only weakly stable

°Hence, gV is strongly efficient.

g and g' are payoff-equivaient under (v,Y) if Y'(v,9) = Y(v.g'). Also, note that if v
is monotonic, then g™ and hence graphs which arc payoff-cquivalent to g™ are strongly
efficient.

The result is true for a larger class of allocation rules which is not being defined here.
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graphs will form, then this result guarantees that there will be no loss in
efficiency. This guarantee is obviously stronger than that provided if some
stable graph is strongly efficient. In the latter case. there is the possibility
that other stable graphs are inefficient. and since there is no reason to predict
that only the efficient stable graph will form, inefficiency can still occur.

Unfortunately, monotonicity of the value function is a stringent require-
ment. There are a variety of problems in which the optimum network is a tree
or a ring. For example, cost allocation problems give rise to the minimum-
cost spanning tree. Efficient airline routing or optimal trading arrangements
may also imply that the star or ring is the efficient network.? Indeed. in cases
where there is a (physical) cost involved in setting up an additional link, g®
will seldom be the optimal network.

This provides the motivation to follow the “implementation approach”
and prove results similar to that of Theorem 2.4.3, but covering nonmono-
tonic value functions. First, we construct a component balanced allocation
rule which is anonymous on the set of strongly stable graphs and which en-
sures that all strongly stable graphs are strongly efficient. In order to prove
this result, we imposc a restriction on the class of value functions.

Dofinivion 2.4.7 Lhe sct of adinissible caluc functions w V" = {v € V]u(y) >

0 iff g is not totally di

connected }.

So. a value function is admissible if all graphs (except the trivial one in which

no pair of agents is connected) have positive value.*

?See Hendricks et.al. (28] on the “hub and spokes ” model of airline routing. See
also Landa [35) for an intcresting account of why the ring is the efficient institutional

for of amongst tribal communities in East Papua New
Guinea.
'°In common with Jackson and Wolinsky {30], we are implicitly assuming that the value
of a disconnected player is zero. This assumption can be dropped at the cost of some
complicated notation
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Before we formally define the particular allocation rule which will be used
in the proof of the next theorem, we discuss briefly the key properties which
will have to be satisfied by the rule.

Choose some efficient g* € G. Suppose s* induces g*, and we want to
ensure that g* is strongly stable. Now, consider any g which is different from
g', and let s induce g. Then, the allocation rule must punish at least one
agent who has deviated from s* to s. This is possible only if a deviant can
be identified. This is trivial if there is some (ij) € ¢\ g*, because then both
i and j must concur in forming the extra link (ij). However, if g C g*. say
(ij) € g*\ g, then either i or j can unilatcrally break the link. The only way
to ensure that the deviant is punished, is to punish both i and j.

Several simple punishment schemes can be devised to ensure that at least
two agents who have deviated from s* are punished sufficiently to make
the deviation unprofitable. However, since the allocation rule has to be
component balanced, these punishment schemes may result in some other
agent being given more than the agent gets in g*. This possibility creates
a complication because the punishment scheme has to satisfy an additional
property. Since we also want to ensure that incfficient graphs are not strongly
stable, agents have to be provided with an incentive to deviate from any
graph which is not strongly efficient. Hence. the punishment scheme has to
be relatively more sophisticated.

Choose some strongly efficient g* with C(g*) = {h},... A3}, and let

> be a s

¢ ordering on arcs of g*. Consider any other graph ¢, and let
Clg) = {h1,. .. hi}.

The first step in the construction of the allocation rule is to choose agents
who will be punished in some components hx € C(g). For reasons which will
become clear later on, we only need to worry about components hy such that
D(h) = {i € N(h)|(ij) € g* for some j ¢ N(hy)} is nonempty. For such
components, choose i(hx) = ik such that V j € N (hg)\{ix}, Vin & N(hi):

(jm) € 9" = (ixl) = (jm) for some (ixl) € g*,1 & N(hy). (2.4.8)
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We will say that g is a *-supergraph of g* if for each h* € C(g*), there is
h € C(g) such that N(h*) C N(h). Note that the fully connected graph is a
*-supergraph of every graph.

Lemma 2.4.1 Suppose g = (hy,....hg) is not a =-supergraph of g*. Then,
3k,le {1,..., K} such that (ixi)) € g.

Proof : Since g is not a x-supergraph of g*, it follows that g is not fully
connected, and that there exists a component h and players 7, j such that
i€ N(h),j € N(h) and (ij) € ¢*. Indeed, assume that for each hy € C(g),
the set D(hy) is nonempty.'! For every k = 1,2,..., K, there is ji & N(hs)
such that (ixjx) € g and (ijx) = (ij) for all i € D(hx)\{ix} and for all
j & N(hg) with (i5) € g*. Let the > -maximal element within the set
{(it, 1), s (ki) } be (igejie). Let jxe € N(y). Note that from the definition
of the pair (ig-jg+), it follows that [ # k*. Also, (ix-jk-) € g*. It therefore
follows that 7, = jg. and j, = 2;-. Hence, (ix-%) € g*. This completes the

proof of the lemma. .

The implication of Lemma 2.4.1 is the following. Suppose one or more
agents deviate from ¢* to some g € G (such that g is not a =-supergraph of
g*) with components {h, ..., hx}. Then, the set of agents {i(h1),....i(hk)}
must contain a deviator. This property will be used intensively in the proof

of the next theorem.

Theorem 2.4.4 Let v € V*. Then, there is a component balanced allocation
rule Y* such that the set of strongly stable graphs is nonempty and conlained

in E(v). Moreover, Y* is anonymous on the set of strongly stable graphs.

Proof : Choose any v € V*. Fix g" € E(v). Let C(g*) = {h},....hx}.
An allocation rule Y* satisfying the required properties will be constructed
which ensures that g* is strongly stable. Moreover, no g will be strongly

stable unless it is in E(v).

U Otherwise, we can restrict attention to those components for which D(Ax) is nonempty.
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For any S C N with |S| > 2, let Gs be the set of graphs which are
connected on S, and have no arcs outside S. So,

Gs = {g € Glg is connected on S and N(g) = S}.
Let ag = min yecsm Choose any € such that

0<ex< (2.4.9)

min as
SCN,|S|Z2
The allocation rule Y* is defined by the following rules. Choose any g.

(Rule 1) For any h € C(g), suppose N(h) = U;e;N(h}) for some (non-empty)
IC{1,....K}. Then,

(/)

Y (v,9) = for all i € N(h).

(Rule 2) Suppose N(h) # U,e; N(h{) for all T C {1,...,K}. Then. g is not
a *-supergraph of g*. Choose j, € N(h) such that j, # i,. Then.

Yo(og) = { (nn = 1)e L it
v(h) — (np — 1)%¢  otherwise

Clearly, the rule defined above is component balanced. We will show later
that Y* is anonymous on the set of strongly stable graphs. We first show
that the efficient graph ¢* is strongly stable under the above allocation rule

Let s* be the strategy profile defined as follows: For all i € N.s; = {j €
N|(ij) € g*}. Clearly, s* induces g* in v = (v,Y*). We need to show that s"
is a SNE of ['(v).

Consider any s # s*, and let g be induced by s. Also, let T = {i €
Nis; # si}. Suppose h € C(g). If N(h) = UiesN(h}) for some nonempty
subset T of {1,..., K}, then Y;*(v,9) = Liﬂ for ﬂl] i € N(h). However, since
g* is efficient, there exists some i € T such that 4 > L) So, no member
of h} is better-off as a result of the deviation. A.lz.o ‘note Lhac TNAN(h}) #0.
So, T does not have a profitable deviation in this case.
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Suppose there is b € C(g) such that V(h) # U;c; N(h]) for any nonempty
subset [ of {1,..., K}. Then, g is not a +-supergraph of g*, and let C(g) =
{h1,...,hs}. From Lemma 2.4.1. there exists (ixi) € g* where i and i
are the players who are punished in hx and h; respectively. Obviously,
T ik, i} # #. But from Rule (2), it follows that Yi(v,9) = (n, — e
and Yi*(v,g) = (na, — 1)e. Given the value of e. it follows that both i, and
ip are worsc—off from the deviation.

We now show that if g is strongly stable. then g € E(v). So suppose that
¢ is an inefficient graph.

(i) If g is an inefficient graph which is a *-supergraph of g*, then there exist
he C(g).h* € C(g") such that N(h*) C N(h) and

L(’l) L(h )

Y (v,9) = <Y'(v.g") = for all i € N(h").

So. each ¢ € N(h*) can deviate to the strategy s7. This will induce the
component h* where they are all strictly better off.
(ii) Suppose that g is not a *-supergraph of g*. Let C(g) = (hi,..., hi).
Without loss of generality, let ny, < ... < ny,.. Since g is not a *-supergraph
of g*. Rule (2) of the allocation rule applies and we know that there exist
hi, lu € C(g), and in, € N(hg),in, € N(h) such that Y,;k(v.g) = (nn, — 1)e
and Y,:l(v‘g) = (nn, — 1)e. Let § be such that
() V) & {ing in}, 8 = s;.
(ii) 5i,, = {JlJ € si,, orj =in}.
(iii) 3i,, = {417 € 83, 01 j = in, }.

Let g be the graph induced by s. Notice that g = g + (in,7s,). We claim
that

Y7 (v,9) > Y] (v, 9) Vi € {in,, 0} (2.4.10)

Let o € C(g) be the component containing players in, and ,,. Notice that

nj, > max(ng,, ny,). Given the value of e, it follows that

Y (v,§) > (n, — 1)e Vi € {iny,in}
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This shows that the coalition {is,,i} has a deviation which makes both
players better off.

The second half of the proof also shows that g is strongly stable only if g
is a *-supergraph of g*. From Rule (1), it is clear that Y is anonymous on

all such graphs. This observation completes the proof of the theorem. =

We have remarked earlier that we need to restrict the class of permissible
value functions in order to prove the analogue of a “double implementation”
in Strong Nash and Coalition-proof Nash equilibrium. In order to explain the
motivation underlying the restricted class of value functions, we first show in
Example 2.4.2 below that the allocation rule used in Theorem 2.4.4 cannot be
used to prove the double implementation result. In particular, this allocation

rule does not ensure that weakly stable graphs are efficient.

Example 2.4.2 Let N = {1,2,3,4}. Consider a value function such that
v(g*) =4, v(g1) = 3.6, v(g2) = v(gs) = 2.9, where g* = {(14), (13),(23),(12)}.
g = {(12).(13),(34)}, 9o = ((12).(13)} and g5 = {(13),(34)}. Also,
©({(i5)}) = 1.6 for all {i,j} C N. Finally. the value of other graphs is
such that € = 0.4 satisfies (2.4.9). Note that g* is the unique efficient graph.
Let the strict order on links (used in the construction of the allocation rule
in Theorem 2.4.4) be given by
(13) > (23) > (14) > (12)

Consider the graph g = {(12), (34)}. Then, from (Rule 2) and the spec-
ification of =, we have Yy (v, g) = Y{ (v, 9) = 1.2,Y7 (v, g) = Yy (v, ¢) = 0.4.
Now. g is weakly stable, but not efficient.

To see that g is weakly stable. notice first that agents 2 and 1 have
no profitable deviation. Sccond, check using the particular specification of
= that Yy (v,g2) = 1.3 > Yy(v,01) = 0.9, Y7 (v, {(13)}) > Y¥{(v,¢») and
Y5 (v, g3) = 0.8 > Yy (v, {(13)}) = 0.4.

Finally, consider the 2-person link formation game T" with player set {1.3}
generated from the original game by fixing the strategies of players 2 and 4
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at s = {1},s4 = {3}. Routine inspection yields that there is no Nash
equilibrium in this game. This shows that g is weakly stable. [ ]

In order to rule out inefficient graphs from being stable. we need to give
some coalition the ability to deviate credibly. However. the allocation rule
constructed earlier fails to ensure this essentially because agents can sever
links and become the “residual claimant” in the new graph. For instance.
notice that in the previous example, if 3 “deviates” from g, to g, by breaking
ties with 4. then 3 becomes the residual claimant in g,. Similarly, given gs.
1 breaks links with 2 to establish {(13)}, where she is the residual claimant.

To prevent this jockeying for the position of the residual claimant. one
can impose the condition that on all inefficient graphs. players are punished
according to a fized order. Unfortunately, while this does take care of the
problem mentioned above, it gives rise to a new problem. It turns out that
in some cases the efficient graph itself may not be (strongly) stable. The

following example illustrates this.

Example 2.4.3 Let N = {1,2,3,4}. Let g", the unique efficient graph be
{(12),(23),(34), (41)}, let g = {(12),(34)}. Assume that v(g’) = 4 and
v({(ij)}) = 1.5 for all {7, j} C N. The values of the other graphs are chosen
so that

v(g)
(IN]=2)|S]
Choose ¢ = 0.25 and let >p be an ordering on N such that 1 p 275 3, 4

mingey min yeq, =025

Applying the allocation rule specified above, it follows that
Yi(v,g") =1l forallie N
Ya(v, 9) = Yi(v, g) = 1.25 and Yi(v, 9) = Ys3(v,9) = 0.25

One easily checks that the coalition {2,4} can deviate from the graph g* to
induce the graph g. This deviation makes both deviators better off. The
symmetry of the value function on graphs of the form {(ij)} now implies
that no fixed order will work here. []
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This explains why we need to impose a restriction on the class of value
functions. We impose a restriction which ensures that for some efficient graph
g*, there is a “central” agent within each component, that is, an agent who is
connected to every other agent in the component. This restriction is defined

formally below.

Definition 2.4.8 A graph g is focussed if for each h € C(g), there is iy €
N(h) such that (inj) € h for all j € N(h)\ {in}.

Let U be the set of all value functions v such that
(i) v(g) = 0 only if g is completely disconnected.
(ii) There exists g* € F(v) such that g* is focussed.

We now assume that the class of permissible value functions is V. This is a
much stronger restriction than the assumption used in the previous theorem.
However, there are several interesting problems which give rise to such value
functions. Indeed, the two special models discussed in Jackson and Wolinsky
[30] (the symmetric connections and coauthor models) both give rise to value
functions in V.

Choose some v € V, and let g* € E(v) be focussed. Assume that
(hi,..., k) are the components of g*, and let i, be the player who is con-
nected to all other players in NV(h}).!2

Let -, be a strict order on the player set N satisfying the following
conditions:

() Vi,j € N,ifi € N(h),j € N(h) and k < [, then i>,j.
(ii) ix>=pj for all j € N(hg)\{ix}, k =1,...,K.

So, >, satisfies two properties. First, all agents in N(h;) are ranked
above agents in N(hj,,). Second, within each component, the player who is
connected to all other players is ranked first. Finally, choose any e satisfying
(2.4.9).

"2If more than one such player exists, then any selection rule can be employed.
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The allocation rule Y* is defined by the following rules. Choose any g
and h € C(g).
(Rule 1) Suppose N(h) = N(h*) for some h* € C(g*). Then,
Y (v,9) = vlk) for all ¢ € V(h).
np
(Rule 2) Suppose N(h) C N(h*) for some h* € C(g*). Let j, be the “mini-
mal” element of N(h) under the order >-,. Then. for all i € N(h),

(mn = 1)e £ #

Yiwg) = { o(h) = (np — 1) ifi=jn

(Rule 3) Suppose N(h)  N(h*) for any h* € C(g"). Let j, be the “minimal”
element of N(h) under the order >,. Then, for all i € N(h),
H if i # Jn
Yi(v,g) =4 2
S { (k) — 2D iy =,
The allocation rule has the following features. First. provided a compo-
nent consists of the same set of players as some component in g*, the value of

the component is divided equally amongst all the agents in the component.

Second, punishments are levied in all other cases. The punishment is more

severe if players form links across components in g*.

Let s* be the strategy profile given by s7 = {j € N|(ij) € g*} for all i €
N, and let C(g7) = {hi,...,hk}. We first show that if agents in components
hi, ..., hj are using the strategies s;, then no group of agents in hj, will find it
profitable to deviate. Moreover, this is independent of the strategics chosen
by agents in components coming ‘after’ hj.

Lemma 2.4.2 Let v € V. Suppose s is the strategy profile given by s; = 87
for alli € N(h;), Vk = 1,...,K where K < K. Then, there is no s' such
that f(s') > f7(s) for all i € T where s, = s} for all i € N(h}),k < K and
T = {i € N(h)|s; # s:}.
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Proof : Consider the case K = 1. Let g be the graph induced by s. Note
that h} € C(g).
Consider any s', and let ¢’ be the graph induced by s’. Suppose that
T ={ie N(h})|s; # si} #0.
Case (1): There exists h € C(g') such that N(h) = N(h7).
In this case, Rule (1) applies, and we have
v(h) < v(h})
IN(WI T IN (R

Y (v,9) = =Y"(v.g) Vi € N(h).
So no @ € N(h}) benefits from the deviation.
Case (2): There exists h € C(g') such that N(h) N N(h}) # ¢, and N(h)
N(B).
In this case, Rule (3) applies, and we have

¥ (w.d) = § < ¥ (v,9) ¥ € N(h]) N N(h).

Noting that N(h]) N N(h) NT # 0, we must have f7(s) > f7(s') for some
1eT.
Case (3): There exists h € C(g') such that N(h) C N(h}).

Noting that there is 7; who is connected to cveryone in N(h}), either
€T or T = N(h). If i €T, then since f](s) < (ny — 1)e < f](s), the
lemma is true. Suppose i; ¢ 7. Ruling out the trivial case where a single
agent breaks away, '* we have [T > 2. From Rule 2 or Rule 3, at least one
of the agents must be worse off.

Hence, in all possible cases, there is some ¢ € T who does not benefit
from the deviation.

The proof can be extended in an obvious way for all values of K. [ ]

Lemma 2.4.3 Let v € V. Let g be the graph induced by a strategy profile
s. Suppose there exists h € C(g) such that N(k) C N(h}). Then, g is not
weakly stable.”

13The agent then gets 0.
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Proof: If s is not a Nash equilibrium of T'(7), then there is nothing to prove.
So, assume that s constitutes a Nash equilibrium.

We will prove the lemma by showing that there is a credible deviation from
s for a coalition D C N(h}),|D| = 2. The game induced on the coalition D is
defined as I'(v, syyp) = (D, {Si}icp: f7) where f;’(s’,)) =Y} (v, 9(sD, smn))
for all j € D. We show that there is a Nash equilibrium in this two-person
game which Pareto-dominates the payoff corresponding to s.

Suppose there is i € N(h}) \ N(h), j ¢ N(h}) such that (ij) € g. Then,
¥"(v,9) = 5. Since s is a Nash equilibrium, this implies that i by a unilateral
deviation cannot induce a graph ¢’ in which ¢ will be in some component such
that N (k') € N(h}).

Now, let j be the >,-maximal agent in Nfh). Consider the coalition
D = {i,5}. Choose s/ = {j}, and let sj be the best response to s} in the
game I'(7, snyp). Then, (s!. s3) must be a Nash equilibrium in I'(y, swp)."t
Using e {2), 138 wivial 1o check that both 2 and j gain by deviating to
s' from s.

Hence, we can now assume that if N(h) C N(A}), then there exist
{h,...,hr} C C(g) such that N(h}) = U=, N(h;).'> Note that L > 2.

Without loss of generality, let 1 be the >p-maximal agent in N(h])and
L€ N(hy). Let ¢ be the »,-maximal agent in N(hy), and let D = {1,3}.

Suppose L > 2. Then, consider 5 = s, U {i}, and let 5, be the best
response to 3y in the game ['(7, sy\p). Note that 1 can never be the residual
claimant in any component. and that 1 € 5,. It then follows that (51,5) is
a Nash equilibrium in I'(v, sy\p) which Pareto-dominates the payoffs (of D)
corresponding to the original strategy profile s.

Suppose L = 2. Let S = {35 = (3,5, 5_p) for some (51,5) € S x
Si. Let G be the set of graphs which can be induced by D subject to the

"The fact that i has no profitable deviation from s} follows from the assumption that
the original strategy profile is a Nash equilibrium.
15 Again, we arc ignoring the possible existence of isolated individuals.
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restriction that both 1 and i belong to a component which is connected on
N(h}). Let g be such that v(g) = max ,zv(g), and suppose that 5 induces
g. Then, note that z € 3, and 1 € 5,.

Now, ¥/'(v,§) = ¥;*(v,5) = %2, Clearly, Y (v.9) > Y;(v,9) for j € D.
If (31,35;) is a Nash equilibrium in I'(v, sn\p), then this completes the proof
of the Lemma. Suppose (51,5) is not a Nash equilibrium of I'(v,swvp)-
Then, the only possibility is that ¢ has a profitable deviation since 1 can
never become the residual claimant. Let §; be the best response to 8 in
T(7,snp). Note that 1 € §;. Let § denote the induced graph. We must
therefore have Y*(v,3) > Y (v,g).'® Obviously, ¥;*(v,§) > ¥;*(v,g). Since
) is also a best response to 3; in ['(y, sy\p), this completes the proof of the
lemma. [ ]

We can now prove the following.

Theorem 2.4.5 Let v € V. Then, there exists a component balanced allo-
cation rule Y satisfying the following

(i) The set of strongly stable graphs is nonempty.
(ii) If g is weakly stable, then g € E(v).

(iii) Y is anonymous over the set of weakly stable graphs.

Proof : Clearly, the allocation rule ¥~ defined above is component balanced.
We first show that the efficient graph g* is strongly stable by showing that
s* is a Strong Nash equilibrium of I'(v).

Let C(g*) = {h,..., hk}.

Let s # s*, g be the graph induced by s, and T = {i € Nls; # si}. Let
t* = argmin, ;< 8; # s§ for some i € N(hj).

16T his follows since 1 is now in a component containing more agents.
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By Lemma 2.4.2, it follows that at least one member in N(he)NT does
not profit by deviating from the strategy s*. This shows that the graph g*
is strongly stable.

We now show that if ¢ is not efficient. then it cannot be weakly stable.
Let s be a strategy profile which induces the graph g. We have the following
cases.

Case (1a): There exists h € C(g) such that N(h}) = N(k) and v(h) < v(h]).

Suppose all individuals i in N(h}) deviate to s}. Clearly, all individuals
in N(h}) gain from this deviation. Moreover, Lemma 2.4.2 shows that no
subcoalition of N(h]) has any further profitable deviation. Hence, s cannot
be a CPNE of T'(v) in this case.

Case (1b): There does not exist h € C(g) such that N(h) C N(h3).

In this case all players in N (hj) are either isolated (in which case they
get zero) or they are in (possibly different) components which contain players
not in N(h7). Using Rule (3) of the allocation rule, it follows that

Yilv.g) < Vi€ N(h). '

So all players in N(hj) can deviate to the strategy s;. Obviously, this
will make them strictly better off. That this is a credible deviation follows
from Lemma 2.4.2.

Case (1c): There exists h € C(g) such that N(h) C N(hj).

In this case, it follows from Lemma 2.4.3 that there is a credible deviation
for a coalition D C N(h}).

Case (2): If there exists h € C'(g) such that N(h) = N(h}) and v(h) = v(hi),
then apply the arguments of Case 1 to A} and so on.

The preceding arguments show that if g is weakly stable, then :

(i) N(hi) = N(h}) for cach i € {1,...,K}.

(i) v(hi) = v(h}) for cach i € {1,.... K}.
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These show that all weakly stable graphs must be efficient. Furthermore,
it follows from Rule (1) that ¥ is anonymous on all such graphs. This
completes the proof of the theorem. -

Notice that in both Theorems 2.4.4 and 2.4.5. we have imposed the re-
quirement that the allocation rule satisfy component balance on all graphs,
and not just on the set of stable (or weakly stable) graphs. This raises the
obvious question as to why we have treated the two properties of component
balance and anonymity asymmetrically.

The answer lies in the fact that component balance has a strategic role,
while anonymity is a purely ethical property. Consider, for instance. the
“equal division” allocation rule which specifies that each agent gets ”s(” on
all graphs g. This rule violates component balance. Let the value function
be such that M > @ where ¢* is some efficient graph. Then. given
the equal division rule, agents i and j both do strictly better by breaking
away from the rest of the society since the total reward given to them by this
allocation rule is less than what they can get by themselves. On the other
hand, Theorems 2.4.4 and 2.4.5 show that some allocation rules which arc
component balanced cnsure that no set of agents wants to break away.

There is an obvious analogy with the literature on implementation in this
regard. In the implementation context, mechanisms which waste resources
“out of equilibrium” will not be renegotiation-proof since all agents can move
away to a Pareto-superior outcome. Here, the violation of component bal-
ance implies that all agents in some component can agree on a jointly better
outcome.

There is also another logical motivation which can be provided for this
asymmetric treatment of component balance and anonymity. In view of the
Jackson-Wolinsky result, onc or both the conditions have to be relaxed in
order to resolve the tension between stability and efficiency. Here, we show
that simply relaxing anonymity out of equilibrium is sufficient. Since we

have also argued that the violation of ethical conditions such as anonymity
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on graphs which are not likely to be observed is not a matter for concern,
our results suggest an interesting avenue for avoiding the potential conflict
between stability and efficiency in the context of this framework.

2.5 Conclusion

The central theme in this chapter has been to examine the possibility of con-
structing allocation rules which will ensure that efficient networks of agents
form when the individual agents decide to form or severe links amongst them-
selves. Exploiting the insights provided by Jackson and Wolinsky [30], it is
shown that in general it may not be possible to reconcile efficiency with
stability if the allocation rule is required to be anonymous on all graphs.

However, we go on to argue that if our prediction is that only efficient
graphs will form, then the requirement that the allocation rule be anonymous
on all graphs is unnccessarify stringent. We suggest that a “mechanism
design” approach is more appropriate, and show that under almost all value
functions, the nonempty set of (strongly) stable graphs will be a subset of the
efficient graphs under an allocation rule which is anonymous on the domain of
strongly stable graphs. A stronger domain restriction allows us to prove that
the above result also holds when strong stability is replaced by a condition
requiring cfficient graphs to be strongly stable and inefficient graphs to be not
weakly stable. Since these allocation rules will treat agents symmetrically on
the graphs which are “likely to be observed,” it seems that stability can be
reconciled with efficiency after all.



Chapter 3

Strategyproof Rules for Cost
Sharing

3.1 Introduction

We consider a situation where an excludable public good like network access
is desired by a group of agents. The cost of supplying the service depends
on the set of agents to whom the service is to be provided. If the willing-

ness to pay of each individual for the service is known to the planner, then

he can optimally provide the service to the efficient coalition, that is. the
coalition which maximises the difference between the total willingness to pay
and the cost of supplying the service. In the absence of such information.
the planner has to design a suitable mechanism which will give the individu-
als incentives to reveal their private information truthfully. A mechanism is
called Strategyproof if telling the truth is a dominant strategy for all agents.
However, a price has to be paid for ensuring Strategyproofness: either effi-
ciency or budget balance has to be given up. This result is well-known in the
implementation literature.!

1See Green and Laffont [25].
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Moulin and Shenker [44] have examined this problem from a non-Bayesian
perspective.? They first characterise an efficient and Strategyproof mecha-
nism called the marginal contribution mechanism and show that it is not
immune against coalitional deviations. They then consider Budget Balanced
mechanisms and characterise a class of mechanisms which are Budget Bal-
anced and Strong Group Strategyproof® under the assumption that the cost
function is submodular. These mechanisms are characterised by the condition
of cross monotonicity, that is, the cost imputation to an individual does not
increase when she becomes part of a larger coalition. Moulin and Shenker
also characterise a particular cross monotonic cost allocation rule which is
based on the Shapley value. This rule is characterised by the condition that it
minimises the maximum loss resulting from the non-formation of the efficient
coalition.

Deb and Razzolini [14] have also examined this problem for a particular
specification of the submodular cost function. This is the case where the cost
of supplying the service to a coalition is independent of its size.? In contrast
to Moulin and Shenker who use Strong Group Strategyproofness. they use
the weaker axiom of Strategyproofuness. They prove that all Strategyproof
and Budget Balanced mechanisms satisfying a condition they call *Volun-
tary Non-Participation” must be characterised by an “equal price theorem”
all agents given access must be charged the same amount. The different
approaches of Deb and Razzolini [14] and Moulin and Shenker [44] raise
the question of whether there are significant differences between the class

of Strategyproof mechanisms and the class of Strong Group Strategyproof

2By a non-Bayesian perspective, we mean that no assumptions are made about the
planner’s beliefs concerning the distribution of the agents’ valuations.

3The mechanism is Strong Group Strategyproof if there does not exist a deviation
which makes all members of the deviating coalition weakly better-off and at least one
member strictly better-off.

“Deb and Razzolini, however, work with a broader group of utility functions than
followed here or in Moulin and Shenker [44].
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mechanisms. Since the class of mechanisms identified by Deb and Razzolini
can also be characterised in terms of Strong Group Strategyproofness®, this
question remains to be answered.

In this chapter, we retain the focus on Budget Balanced mechanisms. We
first examine the relationship between Strategyproofness and Group Strat-
egyproofness under different definitions of Non-bossiness. The condition of
Non-bossiness is used in many contexts, and it amounts to saying that if
an agent’s unilateral change of announcement leaves him indifferent. then all
other agents must be indifferent as well. We give three different definitions of
this concept. One version of this concept is labelled Outcome Non-bossiness,
and means that if one agent’s unilateral change of announcement gives him
the same outcome. then the outcome must be the same for all other agents.
Another one is Strong Utility Non-bossiness which requires that if the deviat-
ing agent is indifferent in terms of ufility, then all other agents must also be
deriving the same utility. A weaker version of Strong U

lity Non-bossiness is
then defined: this requires that if an agent’s unilateral change of announce-
ment leaves him indifferent in utility terms, then no other agent should be
strictly better-off.

We show that any Strategyproof mechanism satisfying the conditions of
Voluntary Participation. No Subsidy and Outcome Non-bossiness must be at
least Weak Group Strategyproof. We show through an example that the four
conditions together do not imply Strong Group Strategyproofness. Next. we
show that the combination of Strategyproofness, Voluntary Participation,
No Subsidy, Outcome Non-bossiness and Weak Utility Non-bossiness implics
Strong Group Strategyproofness. We also show that if the cost function
is submodular, then any Strongly Group Strategyproof mechanism satisfy-
ing Voluntary Participation, No Subsidy, Consumer Sovereignty and Budget
Balance must also satisfy Outcome Non-bossiness and Weak Utility Non-

bossiness. Taken together, the results here suggest that the class of Strat-

5See Moulin [42].



56 CHAPTER 3. STRATEGYPROOF RULES FOR COST SHARING

egyproof and Strong Group Strategyproof mechanisms are essentially the
same if the cost function is submodular.

We go on to characterise a particular Strong Group Strategyproof and
Budget Balanced mechanism under the assumption that the cost function
is submodular. This is the Egalitarian cost allocation rule. and is based
on the egalitarian solution for characteristic function TU-games which was
proposed by Dutta and Ray (18]. Assume that agents’ valuations are inde-
pendent of each other and distributed according to a common distribution
function which satisfies the monotone hazard rate condition. Then, we are
able to show that the Egalitarian cost allocation rule maximises the proba-
bility that all members of a given coalition accept the cost shares imputed
to them in the class of all Strong Group Strategyproof and Budget Bal-
anced rules satisfying Voluntary Participation. No Subsidy and Consumer
Sovereignty. Under a stronger condition on the distribution function. we
show that the Egalitarian cost allocation rule maximizes the expected sur-
plus from the ez ante cfficient coalition. We also use the results obtained
on the link between Strategyproofness and Strong Group Strategyproofness
to give alternate characterisations of the Shapley value and the Egalitarian

rules in terms of Strategyproofness and Non-bossiness.

3.2 The Model

Let IV be the set of agents, and let u, denoté individual i’s valuation for the

service. The utility function of each individual is quasi-linear:
Ui(gs, 2:) = wigi — i (3.2.1)

where ¢; € {0,1} and z; is the cost imputed to i.
The cost function C' : 2V — R is assumed to be nondecreasing and
nonnegative:
C@)=0,SCT=C(S)<CT) (3.2.2)
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In Section 3.4, we shall also assume that the cost function is submodular:
CEUT)+C(SNT)<C(S)+C(T) for all ST C N (3.2.3)

A cost allocation mechanism associates to each announcement v = (v;)ien a
tuple (g;(v), z,(v)) for each i € N.

A cost allocation rule € associates to each coalition S, a corresponding non-
negative |S|-tuple (&(5))ics such that 3,c5 &(S) = C(5).

The relationship between the two concepts will be made clear in Section
3.4. We now define a few axioms for cost allocation mechanisms. In defining
these axioms. we follow Moulin and Shenker [44]. Let u = (u;)icn be the
“true” profile of the agents, and let v = (2;);enx be an announcement.

Definition 3.2.1 The mechanism satisfie:
allv and alli € N.

No Subsidy (NS) if x,;(v) > 0 for

Definition 3.2.2 The mechanism satisfies Voluntary Participation (VP) if
Ui(gi(v), zi(v)) > 0 for all v such that v; = u,.

Voluntary Participation says that the mechanism must guarantee any agent
who reports truthfully at least the utility level corresponding to not getting

the service and not paying anything either.

Definition 3.2.3 The mechanism satisfies Consumer Sovercignty (CS) if
there exists a message v, for individual i such that g;(v) = 1 for all v such

that v; = v}.

Let S(v) = {i € N|g;(v) = 1} denote the set of agents who are given access
to the service when the announcement is v.

Definition 3.2.4 The mechanism is Budget Balanced if for each announce-
ment v, Tiese) Ti(v) = C(S(v)).
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The following three axioms are all variants of the idea that the mechanism

be immune against attempts to manipulate it.

Definition 3.2.5 The mechanism F = (q.,x) is Strong Group Strategyproof
of for all v,v' such that v; = v} for alli @ T C N and v; = u; for all i €
T, [Ulq:(v), 2:(v) 2 Ui@i(v),2i(v)) for alli € T] = [Ui(aq,(v"). 2:(v") =
Uiqi(v), z:(v)) for all i € T).

Definition 3.2.6 The mechanism F = (q,z) is Weak Group Strategyproof
if for all v, v’ such that v, = v} for all i ¢ T C N and v; = u; for all i € T,
it is not true that Uy(qi(v'), x;(v")) > Ui(qi(v), 2:(v)) for alli € T.

Definition 3.2.7 The mechanism ¥ = (q,x) is Strategyproof if for all v, v’
such thatv; = v} for all j # i and v; = w;, it is not true that Ui(gi(v'), z:(v")) >
Ui(gi(v), zi(v))-

Weak and Strong Group Strategyproofness are both expressions of the idea
that the mechanism be proof against coalitional attempts to manipulate.
Weak Group Strategyproofness only requires that there not exist a devia-
tion for any coalition which makes all members of the deviating coalition
strictly better off. Strong Group Strategyproofness. on the other hand. re-
quires that there not exist a deviation for any coalition which makes at least
one member strictly better off, and none worse-off. This notion of group
Strategyproofness is used by Moulin and Shenker {44] in establishing their
characterisation result for Strong Group Strategyproof and Budget Balanced
mechanisms.® Strategyproofness is the weakest of the above three axioms
since it only requires that the mechanism be proof against individual at-
tempts to manipulate.

In most of the results that we obtain. we will assume that the mecha-
nism satisfies No Subsidy, Voluntary Participation, Consumer Sovereignty
and Budget Balance. This motivates the following definition.

5S¢ Theorem 1 in Moulin and Shenker [44]; also Moulin [42].
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Definition 3.2.8 The mechanism is said to be admissible if it satisfies No
Subsidy, Voluntary Participation, Consumer Sovereignty and Budget Bal-
ance.

3.3 Strategyproofness and Non-bossiness

In this section, we discuss and propose various ways of formalising the concept
of Non-bossiness. We then go on to prove results establishing the relation-
ship between the different concepts of non-manipulability under alternative
definitions of Non-bossiness.

The notion of Non-bossiness was introduced by Satterthwaite and Son-
nenschein [54]. The basic idea behind this notion is that the mechanism
should not allow the outcome to any agent to be changed by unilateral devi-
ations by some other agent which leaves the deviator indifferent. The use of
Non-bossiness to explore the link between Strategyproof and Group Strate-
gyproof mechanisms has been done in other contexts, for instance, Barbera
and Jackson (5] for exchange economies and Serizawa [55] for the case of
public good economies.

We now define the concept of Outcome Non-bossiness. Lhis says that
if an agent changes his announcement unilaterally in a manner that gives
him the same outcome, then the other agents must also be getting the same
outcome.

Let Fi(v) = (q.(v), z:(v)) denote the outcome to individual i when the

ANNOUNCemMEent Vector is v.

Definition 3.3.9 Let v and v' be two announcements such that vy = v} for
all j # 4. The mechanism F = (q,z) is said to satisfy Outcome Non-bossiness
(ONB) if Fy(v) = Fi(v') = [F(v) = £5(v") for all j # .

As will become clear later on, Outcome Non-bossiness is not sufficient
to establish the connection between Strategyproof and Strong Group Strat-

egyproof mechanisms. We now turn to a different version of Non-bossiness.
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one which is defined in terms of utilities rather than outcomes. Let ui(v)
denote the utility that individual i gets from the mechanism when his true
type is u; and the announcement vector is v:

ui(v) = Vilgi(v), 2,(¢)) = wigi(v) — x(v) (3.3.4)

Definition 3.3.10 Let u and u' be profiles such that uy = for all j # i.
The mechanism F = (q,z) is said to satisfy Strong Utility Non-bossiness
(SUNB) if uy(u) = us(u') = [u;(w) = uj(«') for all j # 4.

Strong Utility Non-bossiness says that if an agent’s unilateral change of an-
nouncement leaves him indifferent in utility terms, then the other agents
must also be indifferent in utility terms. While this is the “natural” def-
inition if Non-bossiness is to be defined in utility terms, it turns out that
this definition is far too strong. We show below that there exist virtually no
Strategyproof and admissible mechanisms satisfving SUNB. For the purposes
of the next two results, let N = {1,2}.

Lemma 3.3.1 Let F = (q,z) be a Strategyproof mechanism salisfying NS.
VP and SUNB. Let u and ' be two profiles such that S(u) = S(u'). Then.
zi(u) = xi(') for all i € S(u).

Proof: Note that VP and NS together imply that i ¢ S(v) = z,(v) = 0. So
the lemma follows trivially if S(u) = S(u’) = 0. So, supposc that S(u) =
S(w') = {1,2} and without loss of generality, assume that = (u) # ().
Let =' = (@, up) and 22 = (), u}) where @, > max[uy, u}].

By Strategyproofness, VP and NS, it follows that 1 € S(z!) N S(z2),
21(2") = z1(u) < G and 7,(2%) = 2, (') < @,. Suppose first that 2 € §(z')N
S(z*). By Strategyproofness, z(z') = 7(2%) and hence, uy(z!) = uy(z?).
By SUNB,

uy(2!) = @, (2%) (3.3.5)
However, since 21(2') = z1(u) # z1(u') = 21(2?) (3.3.5) cannot be true. This
is a contradiction.
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Next suppose that 2 ¢ S(2')NS5(22). NS implies that z5(2') = 24(2%) = 0.
Hence,

uz(2') = uy(z%) = 0 (3.3.6)

Using SUNB, (3.3.5) follows. We again have a contradiction.

Finally, suppose that 2 € S(z')\S(z?). Strategyproofncss implies that
wy < up. If up = x5(z"), then (3.3.6) must be true. Once again, using SUNB,
(3.3.5) follows and yields a contradiction.

So. suppose that uy > z5(2'). Consider the profile 2 = (@, ;) where

iy = x(2"). If 2 € S(2), then Strategyproofness and NS imply that 29(2) =
@y = 25(z'). SUNB implies that 1 € S(2) and 7,(2) = z1(2!) = =,(u).
Suppose now that 2 deviates at Z to u5. Then. she is indifferent but since
ri(2') # x1(z%), @(2") # @(2?). This contradicts SUNB.

Suppose now that 2 ¢ S(z). Then, since 2 ¢ S(2?) also, uy(2) = uh(2?) =
0. SUNB implies that 1 € S(2) and z,(2) = z;(2?). Consider the deviation of
but since z,(z') # ,(z?),

2at Z to up. Then, 2is indifferent since z,(z!)

iy (2') # @, (2%). Again, we have a contradiction.
The remaining case, 2 € 5(z%)\S(z!), is dealt with in a similar manner.

This completes the proof of the lemma. -

Proposition 3.3.1 Suppose the cost function C satisfies C(12) # C(1) +
C(2). Then, there does not ezist any admissible mechanism F = (q.r) sal-

isfying Strategyproofness and SUNB.

Proof: By CS, there exists a message 4; for agent i such that g, (i, u,) = 1
for all u,. So, there exists a profile @ such that S(i) = N. Using the previous
lemma, let {cy, cz) be the cost shares whenever S(u) = S(u') = N.

Claim: S(u) = N whenever u; > ¢; for all 1 € V.

Proof: Let u and @ be profiles such that u; > ¢, and %; > max[it;, u;) for
all7 € N. By CS and the previous lemma, S(4) = N and z;(i) = ¢; for all
1€ N. By Strategyproofness and NS, S(i) = V and z;(@) = ¢, for alli € N.
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It now follows from Strategyproofness and NS that

1 € S(uy, iip) and z,(uy, ) = ¢, (3.3.7)
By SUNB, @y(u) = ta(uy, us). Using the fact that i, > maxfiy, us] > ¢,

we have that 2 € S(uy,i2) and Zo(uy, U2) = co. Using Strategyproofness, NS
and up > ¢, we get

2 € S(uy, us) and zy(uy, uy Zo(uy, Uy) = o (3.3.8)

Using (3.3.7) and SUNB, we get
1 € S(uy,ug) and zy(uy, u2) = ¢, (3.3.9)
(3.3.8) and (3.3.9) cstablish the claim. [ ]

Returning to the proof of the proposition, since C(12) # C(1) + C(2).
there exists ¢ € N such that ¢; # C(i). Without loss of generality, assume
that ¢, # C(1). Consider the profile «’ = (u}, uy) where v} = i@, and uj = ¢;.
By CS, 1 € S(u'). Suppose 2 € S(u/). Then, S(«') = N and z,(«') = ¢,
for all 2 € N. Suppose now that 2 deviates by announcing @, < u). By
Strategyproofness, VP and CS, S(u}, %) = {1}. Since r,(u') = s, we have
uy(u') = uh(uf, @y). However, since C(1) # ey, uj(uw') # ui(u},uy). This
violates SUNB.

Suppose that 2 € S(u'). By Budget Balance. z;(u') = C(1). Suppose
now that 2 deviates to @y > uj. By the above claim. S(u}, @) = N, and
thus, x;(u}, @) = ¢ for all ¢ € N. Hence, uy(u}, @z) = uy(u'). However,
since z1 (u') = C(1) # ¢ = z1(u}, @2), SUNB is violated. This contradiction
completes the proof of the lemma. n

Remark 3.3.1 The above lemma suggests that one needs a definition of
Non-bossiness which is weaker than SUNB in order to explore the link be-
tween Strategyproofness and Strong Group Strategyproofness.
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Definition 3.3.11 The mechanism F = (¢, z) satisfies Weak Utility Non-
bossiness (WUNB) if for all profiles u,u' such that u; = uj for all j # i,
{us (W) = wi(u)] = [u;(u’) < uj(u) for all j # i].

Weak Utility Non-bossiness only requires that an agent’s unilateral change
of announcement which leaves him indifferent not make any other agent
strictly better-off. Clearly, SUNB implies WUNB. The converse is not true
as the following example shows.

Example 3.3.1 Let N = {1,2}, and let the cost function C' be strictly
submodular.

v > C(1),vy = C(12) — O(1) ( ) =N z1(v) = C(1),22(0) = C(12) — C(1)
v =2 C(1),v2 < C(12) - C(1) S() ={1} =z(v) = C(1)

< C1),v 2 C2) .S(v) {2} za(v) = C(2)

v < C(1),m < C(2) S(w) =0

The above mechanism satisfies WUNB. However, SUNB is violated at the
profile u = (C(1),v2) where v, > C(2) > C(12) — C(1). If 1 deviates at
u by announcing v; < C(1), then he is indifferent, but 2 is worse-off since

C(2) > C(12) = C(1). -
The following two examples show that WUNB and ONB are independent.

Example 3.3.2 Let N and C be as in the previous example. Consider the
following mechanism.

v > C(1),02 > C12) —C(1) S@w)=N  z,(v) = C( 1) z3(v) = C(12) — C(1)
v =C(1),02>C(12) -C(1) S@w)=N ay(v) = C(1), 12(1)) c(12) - c(1)
v =C(1),0 <C(12) - CA) S@) = {1} @)= m

v < C(1), v = C(2) S() = {2} 2:(v) = C2)

v < C(1),vs < C(2) S(v) =10

This mechanism satisfies WUNB. However, ONB is violated at all profiles
(u1,C(12) — C(1)) where u; > C(1). If 1 changes her announcement to

u) = C(1), then her outcome remains the same, but 2’s outcome changes. m
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Example 3.3.3 Let NV and C be as in the previous two examples. Consider
the following mechanism.

2> (), 2 CO2) - C) ) =N nlw) = O, salv) = CUL2) — CLY
v > C(1),0 < C(12) — C(1) S() = {1} o1(t) = C(1)

v £ C(1),v2 > C(2) S(v) = {2} z(v) =C(2)

v < C(1),m < C(2) S(w) =0

This mechanism satisfies ONB. However, WUNB is violated at the profile
(C(1).v2) where v, > C(2) > C(12) — C(1). If 1 deviates at the profile
(C(1),v2) by announcing v; > C(1), then she is indifferent but 2 is better-
off. ]

We first show that a Strategyproof mechanism satisfying No Subsidy, Vol-
untary Participation and Outcome Non-bossiness must also be Weak Group
Strategyproof. In what follows, the notation (v;,u_;) refers to the profile
where the jth component of u has been replaced by v}, all other components
remaining the same.

Theorem 3.3.1 Suppose the Strategyproof mechanism F = (q,x) satisfies
NS. VP and ONB. Then, it is also Weak Group Strategyproof.

Proof: Throughout the proof, assume that F satisfies NS, VP, ONB and
is Strategyproof. Consider two profiles u and @ such that for some T"C .V,
u; = 1 for all i ¢ T. We need to prove that it cannot be the case that

ui(@) > uy(u) foralli € T (3.3.10)

(3.3.10) cannot be true when |7} = 1 since F is Strategyproof. Assume
that (3.3.10) is not truc for all T such that [T} < k — 1. Supposc. however
that (3.3.10) is true when |T| = k. Let v' = (u;, u_,) for all s € T

By Strategyproofness, VI and (3.3.10), we have

wiu') > ug(@) > u(u) > 0forallic T (3.3.11)
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Observe that if g;(@) = 0 for some j € T. then u;(2) = 0 by VP and
NS. This contradicts (3.3.11). So j € S(). (3.3.11) implies that u,(u/) > 0.
Hence, g;(u?) = g;(@) = 1. But then, by Strategyproofness, z;(u?) = z,(a).
By ONB. it follows that ¢,(«/) = ¢;(2) and z;(w) = z;(u) for all i € T\{j}.
So. the coalition T\{j} can deviate from u to u’ in a manner satisfying
(3.3.10). This contradicts the induction hypothesis and concludes the proof
of the theorem. -

Remark 3.3.2 In the exchange economy setting with strict quasi-concave
utility functions, Barberd and Jackson [5] show that Strategyproofness to-
gether with Outcome Non-Bossiness implies Weak Group Strategyproofness.
Their result does not use any other assumption. The additional conditions
needed here arc on account of the fact that the domain of quasi-linear prefer-
ences is not monotonically closed (unlike the domain of strict quasi-concave
utility functions). Moulin and Shenker [44] observe that the set of quasi-lincar
preferences does become monotonically closed if the domain is restricted to
(0.0) U (1,x). Imposing the combination of No Subsidy and Voluntary Par-
ticipation essentially accomplishes this.

The following example shows that the combination of Strategyproofness and

Outcome Non-bossiness is weaker than Strong Group Strategyproofness.

Example 3.3.4 Consider the same mechanism as in Example 3.3.3. Tt is
casily verified that that mechanism satisfies all the properties in the hy-
pothesis of Theorem 3.3.1. However, it is not Strong Group Strategyproof
at the profile (C(1),C(2)) as the coalition N can deviate by announcing
(v1,C(2)) where vy > C(1). This leaves 1 indifferent, but 2 better off since
C(2) > C(12) — C(1).

We now show that if we include the additional condition of Weak Utility
Non-bossiness in the above theorem, then the resulting mechanism is Strong
Group Strategyproof. Before that, we prove the following lemma which will
be invoked repeatedly in the proof of the next theorem.
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Lemma 3.3.2 Let F = (g,2) be a Strategyproof mechanism satisfying NS
and VP. Let w and u' be profiles such that u, = uj for all j #i.

1. Suppose that q;(u) = 1 and u; < ul. Then, q;(u) = 1 and z;(u') =
zi(u).

2. Suppose that g;(u) = 0 or [g:(v) = | and =;(u) = w]. If u} < w,, then
qi(u') = 0.

Proof: If ¢i(u) = 1,u} > w; and ¢;(v') = 0, then z,(«/) = 0 by NS and
VP. In rhis case, ¢ will manipulate the mechanism at u' by announcing wu;.
Since r{u) < u; < uj by VP, it follows that this deviation is profitable
and contradicts Strategyproofness. If g;(u') = 1 and x,(«') # z;(u), then ¢
will manipulate the mechanism at either u or «' which again violates Strat-
egyproofness.

If gi(u) = 0,u} < u, and ¢;(v') = 1, then z;(v') < u! < w, by VP. It
follows therefore, that ¢ will manipulate the mechanism at u by announcing
.

uj. A similar argument takes care of the case where ¢;(1) = 1, z;(u) = u, and

wp < u;. n

Theorem 3.3.2 Supposc the mechanism F = (q,z) satisfies Strategyproof-
ness, NS, VP, ONB and WUNDB. Then, it is also Strong Group Strategyproof.

Proof: Let u and @ be two profiles such that u; = u; forall j ¢ T C N. We
need to show that

[ui(@) > u;(u) for all i € T) = [uy(@) = u,(u) for all i € T (3.3.12)

(3.3.12) is obviously true when |T'| = 1 since F is Strategyproof. Assume
that it is true for all T such that |T| < k — 1. Suppose that is not true for
some T C N such that |T'| = k. Without loss of generality, assume I € T
and uy (@) > u(u).
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[

Consider any j € T\{1}. Let u/
have

;). By Strategyproofness, we

u;(u’) > u; (i) (3.3.13)
Suppose that (3.3.13) is an cquality. There are three possible cases here
Case 1: g;(u/) = g;(1)
Strategyproofness implies that z;(u?) = z,(@). ONB implies that

ax(w’) = (1) and 24 (u?) = zx (@) for all k # j (3.3.14)

Since j # 1, (3.3.14) implies that the deviation of T\{j} from u to v violates
(3.3.12) and contradicts the induction hypothesis.
Case 2: q;(w’) = 1 and q;(a) = 0.

Strategyproofness implies that u; < u;. It follows from NS and VP that.
2;(i) = 0 and hence, u,(@) = 0. (3.3.12) and VP imply that uy(u) = 0.
First, suppose that ¢,(u) = 0. Since u; < u,, it follows from Lemma 3.3.2
that ¢;(u) = 0 where «) = (&,,u,). Using ONB, we conclude that

@k (u9)) = g (u) and 2 (u) = 24 (u) for all k # j (3.3.15)

It follows from (3.3.15) that the deviation of the coalition T\{j} from u®
to @ violates (3.3.12) and contradicts the induction hypothesis.

Next, suppose that [¢,(u) = 1 and z;(u) = u;]. Since @; < u,. Lemma
3.3.2 implies that ¢;(«")) = 0. By NS, z;(u?) = 0. Thus, u,(u) = u,(u?) =
0. Using WUNB, we conclude that

we(u?) < wi(u) for all k # j (3.3.16)

(3.3.16) implics that the deviation of T\{;j} from u") to @ violates (3.3.12)
and contradicts the induction hypothesis.
Case 3: g;(v/) = 0 and ¢;(@) = 1.

Strategyproofness implies that @, > u; and z;() > ;. (3.3.12) implies
that z;(a) = w;. Thus, u;(%) = 0. Using (3.3.12) once again, we conclude
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that u;(u) = 0. There are two possibilities here. First, suppose that g;(u) =
¢;(u?). By Strategyproofness, z;(u) = z;(u"). (3.3.15) follows from ONB
and implies the same contradiction as in Case 2.

So. suppose that g;(it) # ¢;(uY'). Since i, > u;, the only possible case is
where ¢;(u) = 0, ;(u) = 1 and z,;(1°) > u;. Suppose now that z;(ul?)) =
u;. Here, we have u;(u")) = u;(u) = 0. From WUNB, (3.3.16) follows. and
hence here also. we reach a contradiction. Suppose that z,(um) > uy. Let @
be such that u; < i; < z;(u") and let v = (&;,u_;). Lemma 3.3.2 implies
that g,(v) = 0. It follows from ONB that

ae(v) = qe(u) and zx(v) = zx(w) for all k # j (3.3.17)

Now. consider the deviation of T from » to @. (3.3.17) and [¢;(u) = g;(v) = 0]
imply that this deviation violates (3.3.12). Since @; > v; > u;” and [g,(@1) =
1,z,(@) = u,], Lemma 3.3.2 implies that [g,(v’) = 1 and z;(v/) = u,] where
v/ = (i;,fi_;). We can now use the analysis in Case 1 to show that the
deviation of T\{j} from v to v? also violates (3.3.12) and contradicts the
induction hypothes:

The above three cases show that wu;(u’) = u;(u) cannot be true. So.
uj(w’) > u;(w) > 0. This now implies that [g,(w)) = 1,¢;(1) = 0 and @; <
u;]. To see this, note that u;(u’) > 0 implies g;(w’) = 1 by NS. If ¢;(z) = 1.
then z;(w) = x;(2) by Strategyproofness, thus implying u;(w) = u;(u). a
contradiction. Therefore, ¢;(@) = 0. Strategyproofness now requires that
i; < u;. Since g;j(@) = 0, it follows from NS and VP that z;(u) = 0 and
hence. w;(@) = 0. (3.3.12) implies that u;(u) = 0. There are two possibilities.
Case 1: g;(u) =0

Since @; < uj, it follows from Lemma 3.3.2 that ¢;(u?)) = 0. Using

"I @; < vy, then by Lemma 332, ¢,(v?)) = ¢;(v) = 0. By NS and VP. u,(s1)) =
z;(v) = 0. By ONB, g¢(v")) = qi(v) and zx(v")) = zy(v) for all k # j. Thus, the
coalition T\ {j} can deviate from v to @ in a manner violating (3.3.12). This contradicts
the induction hypothesis.
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ONB, (3.3.15) follows. It follows that the deviation of T\{;} from u to @
contradicts (3.3.12) and violates the induction hypothesis.
Case 2: ¢;(u) =1 and z;(u) = u;

As in the previous

ase, it follows from Lemma 3.3.2 that q;(u) = 0.
Hence, u;(u)) = uj(u) = 0. (3.3.16) follows from WUNB. It follows that
the deviation by T\{j} from u") to @ violates (3.3.12) and contradicts the
induction hypothesis. This concludes the proof of the theorem. [ ]

3.4 Cost Sharing under Submodularity

In this section. we confine ourselves to the case where the cost function is sub-
modular. Our main purpose here is to define the Egalitarian cost allocation
rule and characterise it. We first show that the Egalitarian cost allocation
rule maximises the probability of acceptance for each coalition in the class of
all admissible mechanisms satisfying Strong Group Strategyproofness. Then.
we give an alternate characterisation by showing that the Egalitarian cost

allocation rule maximises the probabil of acceptance for each coalition in

the class of all admissible mechanisms satisfying Strategyproofness, ONB and
WUNB. We also provide an alternate characterisation of the Shapley value
rule by showing that it minimises the maximum loss from the non-formation
of the efficient coalition in the class of all admissible mechanisms satisfving
Strategyproofness, ONB and WUNB.

It is worth pointing out here the importance of the alternative charac-
terisations of the Shapley valuc and the Egalitarian rules in terms of Strate-
gyproofness. The Moulin-Shenker result as well as our own characterisation
result (Theorem 3.4.3 below) rely extensively on the link between Strong
Group Strategyproofness of the mechanism and Cross Monotonicity of the
cost allocation rule. However, Strong Group Strategyproofness is a very de-
manding requirement. First, it assumes that agents can collude, which may
not always be possible in situations where agents do not know each other’s
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private information. Second, Strong Group Strategyproofness assumes that
coalitions will deviate even if all members are not strictly better off. It is
clear that in some situations. an agent would not agree to be part of a de-
viation from which he does not gain strictly. If the planner has reasons to

believe that such a strong type of cooperation is not possible or likely, then

she would be interested in mechanisms which satisfy non-manipulability con-
ditions which are weaker than Strong Group Strategyproofness. The results
obtained here, though, suggest that the class of mechanisms satisfying Strong
Group Strategyproofness is the same as the class of mechanisms satisfying
Strategyproofness.

We now examine the relationship between cost allocation mechanisms and
cost allocation rules. A cost allocation rule £ induces a corresponding cost
allocation mechanistn RM(€) in the following way. For any announcement
v, the set of agents who are given access to the service is given by the limit
of the following inclusion sequence: Sp = N: Spoy = {ifv > &(Si)}. The cost
shares for the agents given access is given by the cost sharing rule §. We now
define a property of cost allocation rules which will link the concepts of cost
allocation mechanisms and cost allocation rules.

Cross monotonicity: The cost allocation rule £ is cross monotonic if for
all S. T C N such that S C T and all i€ S, &(S) =2 &(T)

Cross monotonicity says an individual’s cost share does not increase when
she becomes part of a larger coalition. Moulin and Shenker [44] establish the

following:

Proposition 3.4.2 Suppose the cost function C is submodular. For any
cross monotonic cost allocation rule €, the mechanism RM(€) is admissible
and Strongly Group Strategyproof. Conversely, pick a revelation mechanism
M which is admissible and Strongly Group Strategyproof. Then, there exists a
cross monotonic cost allocation rule € such that RM (&) is welfare equivalent
to M.

Proof: Sce Moulin and Shenker [44].
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The above proposition allows us to concentrate on cross monotonic cost
allocation rules instead of cost allocation mechanisms if the mechanisms are
constrained to be admissible.® We shall follow Moulin and Shenker [44] in
focussing only on such mechanisms. Thus. in the remainder of this chapter.
we shall be concerned only with cross monotonic cost allocation rules.

With any cross monotonic cost allocation rule, what is sacrificed is effi-
ciency. To see what this entails, fix a profile u. Define for each coalition S.
the surplus w(S, u) = ¥,c5 ui — C(S). The efficient coalition is the one that
maximises w(S, u) over all § € N. Since efficiency, Strategyproofness and
Budget Balance cannot hold together.? it follows that at any given profile.
the set of agents getting access to the service will typically be a strict subset
of the efficient coalition.

Moulin and Shenker [44] show that the Shapley value rule minimises the
maximum loss that can result from the efficient coalition not forming. We
now describe another cross monotonic rule, the Egalitarian cost allocation
rule, and characterise it. This scheme is based on the egalitarian solution
proposed for characteristic function TU-games by Dutta and Ray [18].

We now introduce some notation needed to define the Egalitarian cost

allocation rule. Let 2,y be two vectors in R Let # and § be the vectors

obtained by rearranging the vectors z and y such that &, < ... < i, and
G < ... < G The vector z is said to Lorenz dominate y if for all j —
1,....n=1,%)_, & > ¥/_, § with strict inequality for some j, and X7, #; =

-

Dutta and Ray [18] define the egalitarian solution for all TU-games and
show that when it exists, it is unique. Instead of giving a general definition.
we will use the following characterisation of the egalitarian solution which

is valid for convex games. This is sufficient for our purpose because the

®In light of Proposition 3.4.2, the mechanism M (€) will be referred to as the “ascend-

ing bid auction” mechanism
9See Green and Laffont [25].



72 CHAPTER 3. STRATEGYPROOF RULES FOR COST SHARING

submodularity of the cost function will imply that the TU-games to be con-
sidered in defining the Egalitarian cost allocation rule are convex. We state
the following result.

Proposition 3.4.3 Let I' = (N.v) be a TU-game. If T is conver. then the

egalitarian solution is in the core and Lorenz dominates all other core points

Proof: See Dutta and Ray [18].

Definition 3.4.12 Given a submodular cost function C and a set of agents
N, the Egalitarian cost allocation rule £ associates to each S C N, a cor-
responding |S|-tuple (££(S))ics which is the egalitarian solution of the cost
sharing game (S, Cy) ' where C\(T) = C(T) for all TC S .

The submodularity of the cost function and Proposition 3.4.3 imply that
the egalitarian cost allocation rule is well-defined.

Remark 3.4.3 Dutta [15] shows that the egalitarian solution in convex
games satisfies the property of cross monotonicity.'* It follows from his result

that the egalitarian cost allocation rule is cross monotonic.

Our characterisation of the Egalitarian cost allocation rule requires assump-
tions on the distribution of the agents’ valuations. We state these below.
Assumptions: The valuations of all individuals lie in the interval {0. M}
according to a common distribution function F with corresponding density
function f. The valuations of i and j, u, and uy, are independent for all
1,7 € N.

0The egalitarian solution of the cost sharing game (V. C) is defined as the egalitarian
solution of the game (NN, v) where for cach S C N, 0(S) = —C(S).
*!Cross monotonicity as defined by Dutta [15] requires that the payoff to an individual

be non-decreasing as she becomes part of a larger coalition. In the context of cost-sharing
this means that the share of an individual is non-increasing as she becomes part of a larger
coalition.



3.4. COST SHARING UNDER SUBMODULARITY 73

Definition 3.4.13 The distribution function F satisfies the monotone haz-
ard rate condition if

d _f(w)

— >

dul— F(u) — 0

The monotone hazard rate condition constitutes a mild restriction on the dis-
tribution function F. It is a standard assumption in much of the (Bayesian)
mechanism design literature and is satisfied by most of the standard distri-
bution functions.'?

Let € be a cost allocation rule and let S € V. Let z denote the cost
allocation for S under €. The probability that all members of S accept the
cost imputed to them is given by P’(z) = [Ties Pr(us > 1) = [Ties(1 — F(x)].

We now turn to our main characterisation result.

Theorem 3.4.3 Let C be a submodular cost function and let S C N. Let
F satisfy the monotone hazard rate condition. Then, the egalitarian cost
allocation rule £¢ mazimises the probability that all members of S accept the

cost imputed to them in the class of all cross monotonic cost allocation rules.

We first prove the following lemmas.
Lemma 3.4.3 Let £ be a cost allocation rule, let S C N and let x denote the
cost allocation for S. Suppose there exist i,j € S such that x; < x,. Then.

dP(@) =Y "’(’7’(1)

———=dzx > 0
kes YTk

where 0 < dz, = —dz; = dz and dexy =0 if k # 1. 5.

Proof: One computes directly,
dP(z)

e (L= F@)f (@) (1 = Fx:) — f@)(1 = F(x;))] 20

keS\{i.7} (3.4.18)

125¢e Fudenberg and Tirole [22].



74 CHAPTER 3. STRATEGYPROOF RULES FOR COST SHARING

The inequality follows from the monotone hazard rate condition. Note that
the inequality is strict if the monotone hazard rate condition is strict. | ]

Lemma 3.4.4 Let &€ be a cross monotonic cost allocation rule. let S C N
and let x denote the cost allocation for coalition S. Then. T is a core-point
of the cost sharing game (S, C)).

Proof: We need to show that ¥,cr2; < C((T) for all T C S Let y be the
cost allocation for 7' under €. Cross monotonicity implies that z; < y; for all
i € 7. The lemma now follows trivially since Y ,cry; = C(T) = C((T). =
Proof of the theorem: Let z¢ be the egalitarian cost allocation and let x he
the cost allocation for S under some other cross monotonic cost allocation
rule. From Lemma 3.4.4. it follows that both z¢ and z are core points of
the cost-sharing game (S,C). Let 0,0’ be permutations of the player set
S such that Toy S --0 S Togsy and zo0) <00 < Toqsy. Let y be the
allocation for S defined by yo(;) = z,(j) for j = 1....,[S|. Note that y is a
permutation of a core allocation (which may itself not be in the core) and
that [Ties(l — F(2:)] = [Les(l — F(v:)}-

Since the allocation z° Lorenz dominates all other core allocations, it
follows that ©% Thay 2 hoan Yoiy for all k = 1,...,n. From a well-known
result due to Hardy, Littlewood and Polya [26]'3, it follows that we can get

from y to z¢ through a finite serics of transformations of the type

yf,‘(f)l = Yoy et >

R e
Yoy = Ve Teh e >0
y:(-:; = yt‘;(kjv if k#1,5;

1t follows from Lemma 3.4.3 that [Lien(1 — F(y2*") = [Len(l — Fly2))-
Since the value of the objective function is non-decreasing at each stage of

13The version of this result that we use is to be found in Dasgupta, Sen and Starrett
13).
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the algorithm, it follows that

Ma-re) >[I0 - F H 1— F(xy)) (3.4.19)
1EN ieN eEN

We have shown that the value of the objective function at the cgalitarian

solution is no lower than the value at any other feasible solution. This com-

pletes the proof of the theorem. -

Remark 3.4.4 The egalitarian cost allocation rule is the unique scheme
maximising the probability of acceptance if the monotone hazard rate con-
dition is strict.

The following corollary whose proof we omit. follows straightforwardly from
Theorem 3.4.3.1*

Corollary 3.4.1 The egalitarian cost allocation rule mazimises the expected
size of the coalition gelting service in the class of all cross monotomac cost
allocation rules.

We now turn to proving a lemma which will give us alternate charac-
terisations of both the Shapley value and the Egalitarian rules. Recall that
the revelation mechanism associated with a cost allocation rule € chooses the
coalition to be given access to the service as the limit of the inclusive sequence
So = Vi S = {i € Silus > &(S)}. The cost shares for the agents given
access are given by the cost allocation rule. Recall also that S(u) denotes

the agents given access to the service when the announcement is .

Lemma 3.4.5 The lation mechanism i with a cross monotonic
cost allocation rule € satisfies ONB and WUNB.

Proof: Let u and u’ be two profiles such that u; = uj for all j # i. Let
(@:(w), zi(u)) = (g:(u'), z;(v')). Suppose that ONB is violated. Then, since

I am grateful to Professor Hervé Moulin for pointing this out to me.
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the cost shares are determined by the cost allocation rule £, it must be that
S(u) # S(u'). Consider the operation of the revelation mechanism when the
profile is u. Let S = S(u) U S(u'). Since the cost allocation rule is cross
monotonic, we have

@(s) < { s

G(S@W)) ifk e S@w)
Observe that uy > &(S) for all £ € S. We claim that S C S, for all t where
Sy is defined by the operation of the algorithm mentioned above. Using the
cross monotonicity of the cost allocation rule and the fact that u; = uj for all
J # 1. we have &(NV) < &(S) < uy for all k € S . The claim is thus true at
t = 1. Assume that it is true for all ¢ < 7". At stage 7', the set Sy is defined
as St = {k € Sr_i|ux > &(Sr-1)}. Using S C Sp_; and cross monotonicity,
it follows that S C Sy. Thus, S € S(u). This is a contradiction and hence,
S(u) = S(u').

We now show that WUNB is also satisfied. If ¢;(u) = ¢;(«'). then the
analysis in the above paragraph shows that u;j(u') = u;(u) for all j # . Thus,
WUNB is trivially satisfied. Suppose that ¢;(u) # ¢i(u) but u;(u') = w;(u).
Note that if ¢;(v) = 1 and ¢;(u) = 0, then by definition of the revelation
mechanism, u; < x;(«'). Thus, in this case, u;(u') # u;(u).

The only way that ¢;(u') # ¢;(u) and u,(u') = u,(u) can occur together is

when ¢;(u) = 1, ¢;(uv') = 0 and z,(u) = u,. In this case, S(u') C S(u). To sce
this, suppose that S(u') ¢ S(u). Let S = S(u)US(u'). We can now replicate
the argument used above in showing that the revelation mechanism satisfies
ONB to demonstrate that S C S(u). This is a contradiction and shows that
S(u') € S(u). It follows from cross monotonicity that zx(u') = &(S(u')) >
&k(S(u)) = zk(u) for all k € S(u'). Hence, ug(uw') < ug(u) for all k # 7. This
shows that WUNB is satisfied and completes the proof of the lemma. ]

‘We have as a corollary to the above, the following alternate characterisa-
tions of the Shapley value and the Egalitarian cost allocation rules.
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Corollary 3.4.2 The Shapley value rule minimises the mazimum loss re-
sulting from the non-formation of the efficient coalition in the class of all
admissible mechanisms satisfying Strategyproofness. ONB and WUNB.

Corollary 3.4.3 The egalitarian cost allocation rules mazimises the proba-
bility of acceptance for each S C N in the cluss of all admissible mechanisms
satisfying Strategyproofness. ONB and WUNB.

We now assume that the density function f is uniform. This is a stronger
assumption than the monotone hazard rate condition. The main virtue of this
assumption is that it gives us a stronger characterisation of the Egalitarian
cost. allocation rule which enables us to compare it with the Shapley value
rule.

Let S € N and let = denote the cost imputation for S under €. Suppose
that the planner has decided to offer the service first to the coalition S and to
offer it others only after S has rejected the offer. Then, the expected surplus
from S is

M

w(s)=II0 - F(;,))[Z/ IT“F'mdF - C(9)] (3.1.20)

ics i€5y,
Theorem 3.4.4 Let the cost function C be submodular. Suppose the density
Junction f is uniform. Then, the Egalitarian cost allocation rule mazimizes
W(S) for each S C N in the cluss of all issibl h st
Strong Group Strategyproofness.

As before, we first prove a small lemma.

Lemma 3.4.6 Let £ be a cost allocation rule and let x be the cost allocation
for S C N. Assume that the density function f is uniform. Suppose there
ezist 1,5 € S such that z; < z;. Then,
W (s
aw () =Y Adx,, >0
es One

where 0 < dz; = —dx; = dz and for all k #4,j, dox =0
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Proof: Using the equality ¥ycgz; = C(S), we can rewrite W (S) as:

M
ws) = [ I [1—F(zk)]]{[l—F(r,)]/(u,-.r.)dF(u,)

kesS\{i,7}

+ [ F(z)] /(uJ — 2)dF (u;)

1= Fe)][l - F(zj)] zl['(u )
! lceﬁz\:(w).p - F( * }
Routine computations yield:
M M
4w (s) (s . . i w -
=8 [kesl:{u)[l _rm)]l{fm)x/‘(u, £)dF (u;) /(m/(u, 2))dF ()

+ )1 = Flz) = f(@)(L - Flz)] 3 /1“*”* dF(u)}

kes\{tg}z,

Using the facts that f(z;) = f(z;) and z; < x;, it follows that '“:‘15’ >0 =
Proof of the theorem: The proof of this theorem is omitted since it is
exactly the same as the proof of the previous theorem with Lemma 3.4.6
playing the role of Lemma 3.4.3. Since the uniform distribution satisties the
monotone hazard rate condition strictly, it also follows that the Egalitarian
cost allocation rule is the unique cross monotonic rule satisfving the premises

of the theorem. [ ]

Remark 3.4.5 Since the operation of the revelation mechanism offers the
service first to the grand coalition, the above theorem implies that the Egal-
itarian rule maximises the expected surplus from the grand coalition in the
class of all admissible rules satisfying Strong Group Strategyproofness. An-
other way of interpreting the theorem is as follows. Define the ez ante cf-
ficient coalition S* to be the coalition that maximises Y ;cs £(u;) — C(S)

over all S C N. Suppose the planner decides that she wants to maximise
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the expected surplus from the ez ante efficient coalition. Then, she would
first want to offer the service to members of S*, and then to others.'® The
above theorem tells us that the rule which maximises the expected surplus
from S* in the class of all admissible mechanisms satisfying Strong Group

Strategyproofness is the Egalitarian rule.

Remark 3.4.6 Note that the Egalitarian cost allocation rule “equalises” the
cost shares for the grand coalition subject to the core constraints. The above
theorem tells us that the Egalitarian cost allocation rule also maximises the
expected surplus from the grand coalition. The theorem is thus interesting

because it shows that egalitarianism is not incompatible with efficiency.

Remark 3.4.7 As before, one can replace Strong Group Strategyproofuess
by Strategyproofness, ONB and WUNB in the statement of the above theo-
rem.

Remark 3.4.8 The above theorem can be proved by assuming that the den-
sity function is non-decreasing. This relaxation, however, does not amount
to much. We conjecture that the theorem can be proved under a weaker con-
dition than the onc stated in the theorem. However, we have not been able
to cither prove the result with a weaker assumption or find a counterexample

which would illustrate the necessity of our assumption.

Remark 3.4.9 The risk-averse planner would prefer the Shapley value rule
minimises the maximum loss resulting from the non-formation of the effi-
cient coafition. On the other hand. a risk-neutral planner will prefer tle
Egalitarian rule as it maximizes the expected surplus from the ez ante effi-
cient coalition. The characterisations obtained here in tandem with Moulin
and Shenker’s results will thus help the planner in deciding what mechanism

to select for implementation.

!5]n this case, treat S* as the grand coalition.
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3.5 Conclusion

We have examined the link between Strategyproofness and Group Strate-
gyproofness in the context of cost sharing of an excludable public good. We
show that the combination of Strategyproofness. Outcome Non-bossiness,
Voluntary Participation and No Subsidy imply Weak Group Strategyproof-
ness. By including the additional axiom of Weak Utility Non-bossiness, we
are able to show that the combination implies Strong Group Strategyproof-
ness.

In the case where the cost function is submodular. we have also provided
a characterisation of the Egalitarian rule. This rule is based on the egali-
tarian solution for TU-games proposed by Dutta and Ray [18]. Assuming
that agents’ valuations are independent and distributed according to a com-
mon distribution function. we show that the Egalitarian rule maximises the
probability that agents of a given coalition accept the cost shares imputed
to them. This is proved under only a mild restriction on the distribution
function. Assuming that the density function is uniform. we show that the
Egalitarian rule maximises the expected surplus from the ez ante efficient
coalition. We also use the results on the connection between Strategyproof-
ness, Non-bossiness and Strong Group Strategyproofness to obtain alternate
characterisations of both the Shapley value and the Egalitarian rules.

Moulin and Shenker [44] show that the Shapley value rule minimises the
maximum loss that can occur from the non-formation of the efficient coali-
tion. Clearly, such a scheme would be preferred by a risk-averse planner.
On the other hand, we argue that the Egalitarian rule would be preferred
by a risk-neutral planner since it maximises the expected surplus from the
formation of the ez ante efficient coalition.



Chapter 4

Multi-Good Cost Sharing

4.1 Introduction

In this chapter. we consider an extension of the model examined in Chapter 3
to allow for the presence of multiple excludable public goods. The motivation
for this problem comes from the literature on club goods. As Cornes and
Sandler [12] observe, the literature on club goods has for the most part
confined itself to the analysis of the single club good (or excludable public
good) model.! However, most clubs in real life offer a range of products to
their members. For example. a club might offer a swimming pool. a golf
course and tennis courts to its members. Typically, there are economies of
scale associated with offering multiple services; this externality in production
is what renders the multiproduct case different from rhe single good case.
To the best of our knowledge, there have been no results obtained on the
strategyproof cost sharing of multiple excludable public goods.

Moulin (42] offers a model of cost sharing which can be interpreted to
accomodate the multiple excludable public good case. In his model. there

are 1 agents, labelled for convenience as {1,...,n}. Agent 7 is assumed to

IThe literature on multiproduct clubs include Berglas (7], [8). Brueckner and Lee [11],
Sandler and Tschirhart [52] and Wooders [61].
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be able to consume discrete units of good i. The cost function defined on the
vector of quantities (qu,...,qn) is assumed to be supermodular (increasing
marginal costs). To interpret the model as one involving multiple excludable
public goods. assume that agent ¢ can corsume £ units of good 7 where & is
the number of excludable public goods. Unfortunately. Moulin’s assumption
of increasing marginal costs cannot be satisfied because with multiple ex-
cludable public goods, the cost function displays neither increasing marginal
costs nor decreasing marginal costs. To see this, observe that once the first
good has been produced, the marginal cost of accomodating an additional
person is zero unless the additional person demands a unit of the second
good. So, the marginal cost is zero if a good has been produced and is in-
creasing only at those points where an additional good has to be produced.
The consequence of this is that Moulin’s model cannot really address the
excludable goods problem.

The work closest to what we are doing are two papers - one by van Kolpin
[32] and the other by Koster [33] - which aim to extend the serial cost sharing
rule proposed by Moulin and Shenker [43] for the homogeneous good case to
multiple goods. The paper by Kolpin is basically an impossibility result
showing that the additivity axiom is incompatible with other axioms when
one tries to extend the serial cost sharing rule of Moulin and Shenker [44]
to the multiple goods case. Koster [33] proposes a way of extending the
serial cost sharing rule to the multiple goods case. but the analysis is [rom
an axiomatic viewpoint. Other related work include the paper by Ausubel
[3} on efficient auctions for multiple objects and the paper by Bikhchandani

and Mamer [10] on competitive equilibria in ecconomies with indivisibilities.

The situation with multiple excludable goods is more complicated than
the single good case. In the single good case, the mechanism had to decide
whether the good was to be produced. and if the good was produced, the
set of agents getting access and their cost shares. With multiple goods, the

mechanism has to first decide which subset. of goods is to be produced, then
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for each agent the set of goods to which he is to be given access, and finally
the cost shares. For instance, with just two goods and two agents, there are
sixteen potential cases to consider ranging from the one where both agents
get access to both goods to the one where no production takes place and so
neither agent gets access to any good.

Suppose we are interested in mechanisms which satisfy the axioms pos-
tulated for the single good case. That is, we want mechanisms which are
Strategyproof, Outcome Non-Bossy, Budget Balanced and satisfy No Sub-
sidy, Voluntary Participation and Consumer Sovereignty. (The Consumer
Sovereignty axiom has to be reformulated to handle the multiple good case.)
We show, as our main result, that at lcast for the special case of two agents.
there exist no mechanisms satisfying all of the above axioms. We do identify
mechanisms violating some of the axioms.

One issue which is of great interest is to evaluate the welfare implications
of these mechanisms. The resuit of Green and Laffont [25] still goes through.
So we know that any budget balanced and strategyproof mechanism must,
in general, be inefficient. However, the computations of welfare loss become
much more complicated, and we have not been able to obtain any results
which would be the natural analogue of the characterisations of the Shapley

Value rule and Egalitz

ian Cost Allocation rule for the single good case.

4.2 The Model

There arc a fixed number of agents N = {1,...,n}. There arc two excludable
public goods, labelled for convenience as good 1 and good 2 respectively.
The cost of producing good ¢, (i = 1,2) singly is C; > 0 and the cost of
producing the two goods jointly is C'>. We assume that C\p < Cy + Cy as
well as Cp > Cy,Ci2 > C2.2 Agent i consumes a bundle of the two goods.

¢ = (qu1, @i2) where g denotes agent ¢’s consumption of the &th good. Ve

*Without this cost dependency, the problem essentially reduces to the single good case.
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assume that cach good is indivisible, so i € {0.1} for all i and k.

The preferences of agent i are assumed to be quasi-linear:

Uilgis i) = winqat + tioga — 7,

where ; is the cost imputation of agent i. and wu, is the valuation of good k
to agent <. In what follows. we let u; denote the tuple (u,;, ui).
Let v; = (vi1,vi2) be an announcement of agent i. That is. agent i's

annoucement is a tuple consisting of his willingness to pay for the two goods.

Definition 4.2.1 A cost allocation mechanism I’ = (Q, x) associates to each
vector of announcements v = (v;)icn, a corresponding tuple (Q(v).z(v))

where Q(v) = (qi(v),...,qn(v)) is the vector of ac

s decisions for the
agents, and z(v) = (z1(v) ...,z (v)) is the corresponding vector of cost im-
putations for the agents.

Definition 4.2.2 A cost allocation mechanism F = (Q,z) is said to be a
cost sharing rule if for any two profiles v and w. z,(v) = z;(w) for alli € N
whenever ¢;(v) = g (w) for alli € N.

We now define the set of axioms that we use to establish our main re-
sult. The axioms of Strategyproofness, No Subsidy. Voluntary Participation
and Outcome Non-Bossiness are defined in the same way as before. Bud-
get Balance, though, changes slightly. Let v be an announcement. and let
Ni(v) = {i € N|g;1(v) = 1} and Ny(v) = {i € V|gia(v) = 1}.

Definition 4.2.3 The cost sharing mechanism F = (Q, z) is Budge! Bal-

anced if for all announcements v,

Ch2 if Ni(v) # 0 and No(v) # 0.
Sm(v) = Cp  if Ni(v) #0 and Ny(v) = 0,k, 1= 1,2,k #1 .

EN
i 0 otherunse.
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In the last chapter. we had defined the axiom of Consumer Sovereignty.
With multiple goods, this axiom has to be generalised. There are obviously
many ways of doing this. but the one we adopt is the following.

Definition 4.2.4 Let v be an The I =(Qx)
satisfies Consumer Sovereignty if for alli € N, for j,k = 1,2, # k,

A vy > Cy = ¢;(v) =1
B. vy +v > Cryanduvy > Cia — Cp = qi(v) = (1,1).

We shall explain the Consumer Sovercignty axiom briefly. This axiom
says that if any agent is willing to pay the entire cost of a particular bundle
of goods. then he should be granted access to that bundle irrespective of what
others announce. However, it is quitc possible that an agent is willing to pay
more than Cj, for one particular good, say good 1. and nothing for good 2.
In this situation, it is unreasonable for the mechanism to guarantce the agent
access to both goods. We therefore restrict the mechanism to guarantee an

agent acc

to both goods only if he is willing to pay a minimum positive

amount for both goods.

Remark 4.2.1 This version of Consumer Sovereignty rules out the “bundling”
mechanism which takes the total willingness to pay, that is. vy + vz for each
agent and operates the “ascending bid” auction discussed in the last chapter
with the cost of production equal to Ci,. Thus, in this mechanisu, either the
two goods are produced or nothing is produced. All agents given access get
access to both goods, and are charged an identical amount of C\2/na where
n. is the number of agents given access.

The “bundling” mechanism essentially treats the two goods as one, so all
the results obtained for the one good case go throngh here as well. In partic-
ular, it is Strong Group Strategyproof, and satisfics No Subsidy, Voluntary
Participation and Budget Balance. However, it does not satisfy Consumer
Sovereignty as defined here. To see this, suppose that N = {1,2}, and let the
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two agents send reports of v; = (Cy,0) and v, = (0,0). Since C; < Ciy, it
follows that (v, v2) = ga(v1, v2) = (0,0). However, this violates Consumer
Sovereignty.

We now formally define the Anonymity axiom. Let v be an announce-
ment, and let 7 be a permutation of the player set N. Let v™ be the an-
nouncement defined by v},’(t) =uv;, forallie N.

Definition 4.2.5 The mechanism F = (Q,z) satisfies Anonymity, if for all
permutations 7 of N gy (v7) = q:(v) and () (v™) = z;(v).

Finally, we make the following definition.

Definition 4.2.6 The cost sharing mechanism F = (Q,z) is said to be ac-
ceptable if it satisfies Strategyproofness, Anonymity, Outcome Non-Bossiness.
No Subsidy, Consumer Sovercignty and Budget Balance.

4.3 The Results

Our first step in proving the impossibility result for the case where [N| = 2
is to show that any acceptable cost sharing mechanism must also be a cost
sharing rule. Note that we shall assume that N = {1,2} in all the results
that follow.

Lemma 4.3.1 Let F = (Q,x) be an acceptable cost sharing mechanism.

Then, F is also a cost sharing rule.

Proof: Let F be an acceptable cost sharing mechanism. Let v! and v?
be two announcements such that Q(v') = Q(v?). We want to show that
z(v') = 2(v?) as well.

Step 1: Let v and w be two announcements such that v; = w; for j # i. Let
¢i(v) = (1,1), (wir, wi2) > (vir,via). Then, g;(w) = (1,1) and z,(w) = ,(v)
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Suppose to the contrary that ¢;(w) # (1,1). First, suppose that g;(w) =
(1,0). Then, strategyproofness at v implies that vy +vi2 —2;(v) > vy — 2:(w)
or,

vip > () — xi(w) (4.3.1)

Similarly, strategyproofness at w implies that
wiy < 2 (v) = zy(w) (4.3.2)

(4.3.1) and (4.3.2) imply a contradiction since w;s > v;2. We reach a similar
= (0,1). Lastly. if ¢;(w) = (0,0).® then strategyproof-

contradiction if ¢;(x
ness at v yvields
v + vz 2 7;(v) (4.3.3)

However, strategyproofness at w yields
wip + wiy < x3(v) (4.3.4)

Again, we have a contradiction. Now. suppose that ¢;(w) = (1,1) but
zi(v) # z;(w). Then, 7 will manipulate the mechanism at either v or w.
This completes the proof of Step 1.

Step 2: Let v and w be two announcements such that v, = w; for j # i.
Suppose that gx(v) = l,gq = 0,k # I, wix > vy and wy < vy. Then.
gix(w) = 1, gg(w) = 0 and z;(w) = z,(v).

Proof: We proceed by contradiction. First. suppose that ¢ (w) = (1.1).

Strategyproofness at v gives us vy — I, (v) > vy + vy — zi(w), or
vy < zy(w) — z(v) (4.3.5)

On the other hand, strategyproofness at w implies wy, +wy — 2,(w) > wik —
z;(v), or,
wy > ri(w) — zi(v) (4.3.6)

3Note that Voluntary Participation and No Subsidy together imply that z;(w) = 0 at
all profiles w such that gi(w) = (0,0).
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(4.3.5) and (4.3.6) gives the required contradiction. The cases where g¢;(w) =
(0,0) and [gu(w) = 1, ¢ix(w) = 0] are handled similarly. Finally, if [gi(w) =
1, gu(w) = 0] but z;(v) # z;(w), then i will manipulate the mechanism at
either v or w. This completes Step 2.

Step 3: Suppose that ¢;(v) = (1,1) for all i. Then. z;(v) = Cy2/2 for all i.
Proof: Let v™ be a profile such that v]* = vJ* and v} > max[vy, vax] for
i,k = 1,2. By Step | and Outcome Non-Bossiness, g;(v®, 1) = (1,1) and
z; (v, v2) = z;(v) for all i. Once again applying Step 1 and Outcome Non-
Bossiness. we get ¢;(v™) = q;(v", 12) = (1,1) and z;(v™) = z;(v]*, vp) for all

i

Since v* = v3* it follows from Anonymity that z;(v]*, v3*) = C2/2 for all
1. Since z;(v) = z;(v{*, v2) = z;(v]", vJ*) for all 7. the result follows.
Returning to the proof of the theorem, observe that if ¢i(v) = (0.0).
then No Subsidy and Voluntary Participation imply that z;(v) = 0. Also if
¢.(v*) = (1. 1) for all 7 and k, then it follows from Step 3 that z;(v¥) = Cy,/2
for all 7 and k. So. we arc left with the following cases.
Case 1: q(v') = qu(v?) = Lau(v') = qu(v®) = 0,g;(v") = ¢;(v*) = (1.1).
Let 7; be an annonncement for agent j such that v, > max[v)y, v
for k = 1,2. By Step 1 and Outcome Non-Bossiness, qi(v},9;) = q(v') =
a(v®) = g2, 5), z(v!,5,) = n(v!) and (v} 5;) = z(v?) for all L If
zi(v},5;) # xi(v2,7;) then i will manipulate at either (v} v;) or (v}.¢;).
;) = x,(v2, 7;) = x,(v?). By Budget Balance. it follows

Thus, z,(v') = z;(v}

3
that x,(v')

= r,(v?).
Case 2: ¢;(v') = ¢(v?) = (1,0),¢;(v") = ¢;(v?) = (0,1).

By Step 2 and Outcome Non-bossiness, we can set v}l = Ufl = 0 and
»%, = 0. By strict submodularity of the cost function, either z,(v') < C\

1
U2
or z;(v') < Cy. Suppose z,(v') < Cy. Let % be an announcement for agent
such that @; > max[vh, v, C\] and i, = 0. Strategyproofness, No Subsidy
and Voluntary Participation imply that ¢\ (:,v}) = 1 and z; (0, v}) = @,(v').
Since z;(v!) < C; and the mechanism satisfies Voluntary Participation and

Budget Balance, it follows that gy (%;,v}) = 1 and ,(v;, v}) = x;(vt). Let
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7; be an announcement by agent j such that 7, > max(v),, v},] and @, =
0. Again, strategyproofness implics that q,(%;,%;) = 1 and z;(5;,79,) =
2;(Bi,v;) = z;(v'). By Consumer Sovereignty, .(%:,%,) = 1. Thus. by
Budget Balance, it follows that z,(i,3;) = Cp2 — z,(0;, 1) = Cra — z,(v}) =
z;(v').

Now, onc can start from v? and using the same logic as in the previous

paragraph, conclude that z,(%;,7;) = x,(v?) for all L. It follows now that
zi(v') = x(v?) for all I
Case 3: ¢ (v?) = 1,qu(v?) =0,k # [ for all i and j.
Here, we shall provide a direct proof that z;(v) = Ci/2 for all ¢ at any profile v
such that g (v) = 1.q4(v) = 0,k # ,4 = 1,2. By Step 2 and Outcome Non-
Bossiness, we may assume that v, = 0 for all . Suppose that x,(v) # z,(v).
Without loss of generality, assume that z,(v) < z,(v). By Voluntary Partic-
ipation, we know that vz > x,(v) and vy > z,(v). By Strategyproofness.
we can assume that z,(v) < vix < Z2(v) < v Suppose that agent 1
deviates at v by announcing v,. By Strategyproofness. qix(va,v2) = | and
z1(ve, v2) = zy(v). By Anonymity, zo(ve,12) = x1(v2,12) = x(v). Since
z1(v) < Cy/2 (this follows from z,(v) + z2(v) = Cx and z;(v) < x(v)), it
follows that Budget Balance is violated at (v,.v2). This contradiction shows
that z;(v) = Ci/2 for all i.

We have covered all possible contingencies. This concludes the proof of
the lemma. L]

The following corollary follows directly from the above lemma.

Corollary 4.3.1 Let F = (Q,z) be an acceptable cost sharing mechanism.

Then, for all announcements v, (q1(v) = g2(v) = 1 (v) = x2(v)].

4Suppose at the profile v’ such that z;(v) < v}, < #2(), v}, = v = 0 and vy = va,
it happens that qux(v') = 0. Since !, = 0, it follows from No Subsidy and Voluntary
Participation that U (gi (v'), 21 (v')) = 0. Then, agent 1 can deviate by announcing vi; in
this case, gix(v) = 1 and z1(v) < vi,. This deviation makes agent 1 strictly better off and
contradicts strategyproofness. Thus ¢ix(v') = 1 and z1(v') = 71 (v).
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zi(v) =0 foralli | All other profiles.
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7i(v) = (1,1) for all § zi(v) =S8 foralli | va + v > 8 foralli, v > 1 foralli and k.
4.(v) = (1.1),¢,(x) = (1.0) | 2.(v) = 9,2;(v) =7 | vit + via 2 9, v 2 1 for all k. vy > 7,052 < 1
4:(v) = (1.1),¢;(0) = (0.1) | 2i(v) = 9.2,(v) =7 | vt + iz > Tovy > Lfor all k. vjy < Lugp > 7
0:(0) = (1.1),¢;(v) = (0,0) | ¢u(¥) = 16,¢;(v) =0 | vis + via > 16, 01 < 7,050 < Tovy1 + 00 < 8
i(v) = (1.0) for all i ri(v) =8foralli | vy >8 vo<liorali
@i(v) = (0.1) for all i z.(v) =8foralli | vy >8 vy < Lforalli.

) =(1,0),
) )

ai
[a(v) = (0,0) for all &

Table 4.3.1: Mechanism for Example 4.3.1.

Proof: Suppose ¢;(v) (1.1) for all . Then, it follows from Step 3 of
Lemma 4.3.1 that ;(v) = Ci2/2.
Suppose that g (v) = 1. qu(v) = 0.k # I for all i. Here, it follows directly
from Case 3 of Lemma 4.3.1 that z;(v) = Cx/2 for all i. [ ]
Recall that in the single good case. we had shown that Strategyproofness
and Outcome Non-Bossiness along with Voluntary Participation and No Sub-
sidy implied Weak Group Strategyproofness. Such a result is not true in the

multiple excludable goods setting as the following counterexample shows.

10, and C)p =
It can

Example 4.3.1 Let C be a cost function such that Cy = Cy =
16. Consider the following mechanism depicted in Table 1.3.1.
be checked that this mechanism satisfies Strategyproofness. Outcome Non-
Bossiness, No Subsidy and Voluntary Participation. However, it is not Weak
Group Strategyproof: at the profile v where v; = (0.5.9) and v, = (9,0.5)
the mechanism will choose gi(v) = (1,0),¢2(v) = (0,1) and z,(v) = 8 for
all i. Iowever the coalition consisting of {1,2} can deviate to ' where
v = vh = (8,8). In this case, ¢;(v') = (1,1) and z;(v") = 8 for all ¢, and so
both agents are strictly better off.

Before proving our main result, we establish a few preliminary lemmas. Ob-

serve that with two goods and two agents, a mechanism can provide sixtcen
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4(v) = (1

1) for all ¢

z.(v)

Cia/2 for all §

gi(v) = (1,

1),¢(v) = (1,0).i #j

z:(v) 1, 25 (V) = cap

() = (1,1),¢;(v) = (0,1),i # j | 2.(v) = c10,25(v) = e2c
gi(v) = (1.1),q,(v) = (0.0),i #j | x:(v) = Ciz,2;(v) =0
gi(v) = (1.0) for all © xi(v) = Cy /2 for all i
qi(v) = (0,1) for all i ri(v) = Cy/2forall i
gi(v) = (1.0),4,(v) = (0,0).i # j | x.(v) = C1,z;(0) =0

91

() = (0.1),4,(v) =(0,0),i # j
gi(v) = (1,0),¢;(v) = (0,1),i # j
qi(v) = (0,0) for all i

xi(v) = Ca,z,;(v) =0
Ti(v) = cin, T5(v) = c2n

zi(v) = 0 for all i

EREEEEEREE

Table 4.3.2: Possible Cases with two agents and two goods.

possible combinations of the two goods. Table 4.3.2 illustrates all the possible
cases allowing for symmetry.

Remark 4.3.2 Corollory 4.3.1. Consumer Sovereignty and Voluntary Par-
ticipation imply that in any acceptable cost sharing mechanism, Cases A, B,
D, G, H and J necessarily occur. One can see this by illustrating a profile
at which that particular case occurs. Consider for instance, Case A. Let
v = (v1,v2) be a profile such that vy = vy = (C12, C12). It follows from Con-
sumer Sovereignty that ¢;(v) = (1,1) for all 2. Thus. v is our desired profile.
Next. consider Case B. Let w = (wy,w,) be such that w, = (Cy2.Cy2) and
wy = (C1,0). Again, Consumer Sovereignty implies that q,(w) = (1.1) and
(w) = L.
4.3.1 it follows that z,(w) = Ci/2 for all 2. However, since C\,/2 > Ci,
Voluntary Participation is violated for agent 2. Therefore, gz2(w) = 0 and
Case B occurs at the profile w. One can easily confirm that Cases D. G, H

Tf guo(w) = 1 as well, then Case A occurs, and from Corollary

and J occur in any acceptable mechanism.

However, Case C need not occur in an acceptable mechanism. Suppose

that v; = (Ci2,Ci2). Assume also that v, = (0.C;). Consumer Sovereignty

implies that ¢ (vi,v2) = (1,1). However, since C, > C,/2, it does not
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follow that ga(vi,v2) = (0,1). It is possible that the mechanism chooses
gi(v,v2) = (1,1) and z;(vy,v2) = C\2/2 for all 2. This does not violate

Voluntary Participation (in contrast to Case B).

Lemma 4.3.2 Let F = (Q,x) be an acceptable cost sharing mechanism
Then,

1. Case A occurs at v = (vy,vy) only if vy + vy > C12/2 and vy >
C\2/2 — ey for alli € N. If Case C occurs at some profile w, then in
addition, it must also be true that vy > C12/2 — co. for alli € N.

2. Case E occurs at v = (v1,va) only if v > C1/2 and viy < ¢1p — C1/2
forallie N.

Proof: Suppose that Case A occurs at v = (v1. v2). Voluntary Participation
implics that ¢;(v) = (1,1) only if v;; + viz > Cy2/2. Using Step 1 of Lemma
4.3.1, we may assume that v; = (Ciz, Ci2) s0 that ¢y (v, vh) = (1,1) for all
vh. If vay < C12/2 — 2, then agent 2 can deviate to Case B by announcing
(C1,0). This is profitable since va; + voo — C12/2 < w21 — c2%. By symmetry,
vi2 = C\2/2 — cap also. Suppose now that Case C occurs at the profile w. By
Step 2 of Lemma 4.3.1, Outcome Non-Bossiness and Consumer Sovereignty,
we may assume that w; = (Ciz, C12) and wa = (0.C2). If vy < C12/2 = o0,
then agent 1 can deviate at v by announcing (0.C2). This is profitable
because vy, + vz — Ci2/2 < vi2 — ¢a.  Thus. strategyproofness requires
v1 > Ci2/2 — ¢e. By symmetry, vg) > C12/2 — 2.

Suppose that Case E occurs at the profile v = (vi,v2). Voluntary Partic-
ipation implies that v;; > C1/2 for all i. By Step 2 of Lemma 4.3.1 and Con-
sumer Sovereignty, we may assume that v; = (C1.0). Thus, ¢\ (v1,v5) = 1
for all vj. Now, if vy > c1p — C1/2 then agent 2 would deviate to Case B
by reporting (Cia, Ci2). This is profitable if vy + vay — e > vy — C1/2.
Therefore va2 < ¢1p — C1/2. By symmetry, vy, < epp — C1/2. ]
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Lemma 4.3.3 Let FF = (Q,z) be an acceptable cost sharing h.
Then, ¢z > Cy/2.

Proof: Suppose ¢y, < C)/2. Let v = (11, v2) be an announcement where
vy = (C1,Cpy — C1) and v2 = (C},0). Consumer Sovereignty implies that
q(v) = (1,1) and g5 (v) = 1. Since ¢; < C12/2, it follows from Voluntary
Participation that gs(v) = 0. Therefore, 21(v) = e and T9(v) = cy,.
Let agent 1 deviate at v by announcing v} = vy, = (C1,0). By Consumer
Sovereignty g1 (v], v2) = 21 (v}, v2) = 1. Since €, < C12/2, it follows from
Voluntary Participation that gi,(v}, v,) = G22(v}, v2) = 0. Case E now implies
that z (v}, v2) = z2(v},v2) = C1/2. The deviation is profitable for agent 1
since viy +vig = c1p = Cy + Cra — C) = ¢1p = eg < C1/2 = vy — C/2. Thus,
Strategyproofness requires cy, <Cla—Ci/20r ey > Cy/2. [ ]
Lemma 4.3.4 Let F = (Q.z) be an ptadle cost sharing h

Suppose Case C occurs in the mechanism at the profile v. Let ¢;(v) = (1,1)

and ¢j(v) = (0,1). Then, the following are true.
1. Suppose that ¢\ = cyc = Cy3/2. Then, vy =0 and vy > oo
2. ¢y > Cra/2 - C.

Proof: Suppose that ¢, = c;c = Cpy/2 and let v = (v, v;) be a profile at

which Case C occurs. By Voluntary Participation. Uj2 > o Suppose now

that v;; > 0. By Step 1 of Lemma 4.3.1 and Outcome Non-Bossiness. we
can assume that v; = (Cl,Cha). Let agent j deviate at v by announcing
v; = (C12,C)2). By Consumer Sovereignty and Anonymity, g; (v, vj) = (1,1)
and z;(v;,v}) = C12/2. The deviation is strictly profitable for agent j since
vj1 > 0. Thus, Case C can occur only when vj; = 0.

Now. suppose that cp. < Ci2/2 — Cy. By Step 1 of Lemma 4.3.1 and
Outcome Non-Bossiness, we can assume that v; = (Cya, Cya). Using Step 2
of Lemma 4.3.1 and Outcome Non-Bossiness, we may assume that v; = (0,x)
where z is some number such that ¢ > ¢,.. By submodularity of the cost
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function, C; > Cyy—Cy. Therefore, ¢y < C12/2~C) < Co—C)2/2. Consider
a profile w = (wy, ws) such that wy = (Cya, C12) and wy = (Cia — Ca, Cs). By
Consumer Sovereignty and Corollary 4.3.1, q(w) = (1,1) and z;(w) = Ci2/2
for all I. Agent j’s net utility is thus Ca — Co+Cy — Ci2/2 = Cy2/2. Suppose
that agent j deviates at w by announcing w} = (0. ). Then. as shown before.
Case C occurs, and j’s net utility is Co—csc > Co+C12/2—C, = C2/2. Agent
J is strictly better off from the deviation. This violates Strategyproofness and
proves the lemma. ]

We can now prove the following.

Theorem 4.3.1 There exists no acceptable cost sharing mechanism F =

(@Q.x)

Proof: Assume that Cy < C12/2 < C; and that C; < Cpp — C/2. From
Lemma 4.3.1 we know that the mechanism is a cost sharing rule. Table 4.3.2
illustrates all possible cases allowing for symmetry. The cost shares for the
cases where they have been specified explicitly have been computed using
Anonymity and Corollary 4.3.1.

We already know from the previous lemmas that ¢y, > /2 and ¢z >
Ci2/2 — Cy. In addition, ¢;, < C) (by Consumer Sovereiguly) so that ¢y, >
Cia = Cy > Cra/2.

We have the following cases.

Case 1: ¢y, < C).

Let v = (v1,v2) be a profile such that vi; = cop+€+0, vi2 = Cr2/2 —cop —
€, 091 = (Cra — Cy) /24 €+, v92 = Ca/2— € where 0 < € < (Cy +C2 = Cra)/2.
The value of § > 0 is chosen so that

5 < minfey, — Cra/2, c1c — C12/2)  if ¢1c > C1a/2
e — Craf2 otherwise

We now verify that for ¢ and § small, ¢;(v) = (0,0) for all <. Indeed. Case A
cannot occur since that requires vyp > Ci2/2 — ¢o by Lemma 4.3.2. Cases B
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and D cannot occur since v, +v; < ey for all i. Case E cannot oceur because
vy < C1/2 for small e and 6. Case F cannot occur because vy < Cp/2. Case
G cannot occur because vy, < Cy for small € and & and vy < Cy/2. Case
H cannot occur because vy, < C12/2 < Cy and vy < Cy/2. Case I cannot
occur because v < C1p/2 for all i (note that cy, > C12/2). Consider now
Case C. If Case C occurs at v, then since v;; > 0 for all 4, it follows from
Lemma 4.3.4 that ¢;c > C12/2 > ¢y, However. the restriction on & imply
that vy + vz < ¢;, for all ¢ and so Case C cannot occur.

Let agent 1 deviate at v by aunouncing v} such that v}, + v}, = Cjo/2 +
0,C12/2 > vi, > C12/2 — ¢y and v}, < Cy is chosen so that

. Ch12/2 = ¢3c  if Case C occurs in the mechanism
Ui .
0 otherwise

Observe that by Lemma 4.3.4, it is possible to select v}, such that Cia/2 -
ez < vy < Cy. Also, observe that Cla/2 — cap + C13/2 — g < minfcyy, ¢ic].
Indeed. C12/2 — coc + C12/2 — e > ¢y implics that ¢, < 0 which is a
contradiction since we have shown that ¢y, > Ch2/2 — Cy. Thus, Cg — ¢ —
cz2¢ < c1p- A similar argument also shows that Cy — ¢y — e < cie. Thus, our
choice of v{ is justified. The value of ¢ is chosen in the same way as before.
Let w 9.

One can check that Cases B to I cannot occur at w. Indeed, Cases B

wr, wp) where wy = vi, wy =

and D will not occur because wy + wip < ¢, < Cyy for all i. Case I will
not occur since wy; < C/2 for small € and 6. Case F will not occur since
wyy < Cy/2. Case G will not occur since wy; < €, for all 2. Case H will not
oceur since wyz < C; for all i. Case I will not oceur since wy; < Cya/2 < o
for all i. Now, consider Case C. Suppose Case C occurs at w. Since w;, > 0
for all 4, it follows from Lemma 4.3.4 that ¢;. > C12/2 > c¢y.. However, since
wit + Wiz < ¢y for all i by our choice of ¢, it follows that Case C cannot
oceur at w.

If Case A occurs at w, then Strategyproofness is violated at v. So, supposc
that Case A does not occur at w and ¢;(w) = (0,0) for all i. Let player 2
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deviate at w by announcing wj = (Cy3, Cyz). Consumer Sovercignty implics
that go(wy, wp) = (1,1). We shall now show that ¢;(wr, wj) = (1,1) also.

Suppose that qy(wy, w)) # (1,1). If g;(w;, wh) = (0,0) then 1 will also
announce wh. By Anonymity and Consumer Sovereignty, q,(w), w)) = (1,1)
and z;(w), wj) = C12/2 for all i. Thus, 1's deviation at (wy,w}) is strictly
beneficial which contradicts strategyproofness. Suppose q(wy,w)) = (1,0).
Then, by Case B, 2 (w1, w)) = ¢ and 1’s net utility is wi; —cop = v}; —cap. If
1 deviates by announcing wj, then by Anonymity and Consumer Sovereignty,
z1(wh, wy) = Cha/2. The deviation is profitable because v}, > Ci2/2 — cy.
This contradicts strategyproofness. A similar argument takes care of the case
where ¢ (wy, wy) = (0,1). Thus, g:(wy, wh) = (1,1) and z,(wy, w)) = C1o/2.

Since wy + way = Vo1 + vy = C12/2 + 8 > C12/2, it follows now that 2's
deviation at w is strictly beneficial. Thus, Case A must occur at w. We have
a contradiction since we started with the assumption that Case A does not
occur at w.
Case 2: ¢y = C)

Let v = (v1,22) be such that v;; = C,/2 + ¢ for all i, 0 < vy < Cpa/2 —
Cy < Cy/2,v1; + v12 < C12/2,C12 — 3C1/2 < v99 < Chyvg + vag < Cha.
Again, one can confirm that ¢;(v) = (0,0) for all i for small e. Indeed,
Case A cannot occur since vy, + vi2 < Cja/2. Case B cannot occur since
v+ vy < Cr2/2 < ey and vy = Cy/2 + ¢ < C; for small e. Case D
cannot occur because v;; + v < Cyp for all 7. Since vy > ¢y — C/2 =
Ciz — 3C,/2, Case E cannot occur by Lemma 4.3.4. Case F cannot occur
since vy < Cp/2. Case G cannot occur since v;; < C) for all i when e is small
enough. Case H cannot occur because vz < Cs, for all i. Next, consider Case
L Suppose Case I occurs at the profile v. First assume that q,(v) = (1,0)
and ¢;(v) = (0,1). Then, ¢i1, < vy = C1/2 + € by Voluntary Participation.
By Budget Balance, ¢, > Cy2 — C/2 — €. Voluntary Participation implies
that vy > con > Ci2—C1 /2 —¢. However, vy, < Cy. We have a contradiction
ifCy < Cra = C1/2 —core < Cp—Cf2—C,. Since Cp < Cpy — C1/2,
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a value of € satisfying the above inequality can always be found. The other
possibility, that is, ¢i(v) = (0,1) and ¢(v) = (1,0) cannot occur because
V2 < C3/2 < C12/2 < can. Finally, consider Case C. Suppose that Case
C occurs at v. Since v; > 0 for all ¢, it fcllows from Lemma 4.3.4 that
c1e > Cl2/2 > cge. Since vy < C12/2 — Cy (note that c;e > C12/2 — Cy by
Lemma 4.3.4) and vy + vi2 < C2/2 < ¢y, it follows that Case C cannot
oceur.

Suppose now that agent 2 deviates at v by announcing v5 = (C,,0). By
Consumer Sovereignity go1(v1,v5) = 1. Routine inspection shows that Cases
A, B,C.D, F, H, I and J cannot occur. If Case E occurs, then z;(v,,v5) =
C,/2 for all i, and it follows that Strategyproofness is violated at v. So,
supposc that Case G occurs at (v, v5). Let agent | deviate at (vy.vh) by
also announcing vj = (C,0). By Consumer Sovercignty, Anonymity and the
fact that Cy < C12/2, it follows that g,(vh, v4) = (1,0) and z;(vh, vh) = C1/2
for all 2. The deviation is profitable for agent 1 since € > 0. This violates
Strategyproofness. We thus have an unavoidable contradiction.

This concludes the proof of the theorem. [ ]

Note that we used the restriction C; < C12/2 < C; in proving the above
theorem. The following example shows that if Cj > C12/2 for k = 1,2, then
there exists a mechanism satisfying all the axioms of the above theorem.

Example 4.3.2 Consider the following mechanism depicted in Table 4.3.3.
It is easy to check that this mechanism - which is just a small modification
of the familiar “ascending bid auction” mechanism - is strategyproof. This
is seen most conveniently through the following algorithm:

L If vy + v > Cia/2 for all 7, then q:(v) = (1,1) and z;(v) = Cip/2
for all i. Otherwise set Ny = {i € Nlv; + vz > C12/2}. Set ¢;(v) =
(0,0),z;(v) = 0 for j & Ny. If Ny = 0, stop.®

SClearly, Ny can at best be a singleton set.
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gi(v) = (1,1) for all zi(v) = Ci2/2 for all i | viy + vip > Ch2/2 for all i.

a(v) = (1,0),¢;(v) = (0,0) | wi(v) = C1,2;(v) =0 | vy > C1,vi2 < Cra = C1,
v + v < Cia/2

¢i(v) = (0,1),q;(v) = (0,0) | z:(v) = Coyz,(v) =0 | vz 2 Coyva < Crp = o
vj) + v < Cia/2

a(v) = (1,1),q;(v) = (0,0) | z:i(v) = Cra,25(0) =0 | viy +vi2 > Cra,vie > Cr2 = Cr kyl
k#L v v < Craf2

4i(v) = (0,0) for all § zi(v) = 0 for all ¢ All other profiles.

Table 4.3.3: Mechanism for Example 4.3.2.

2. Leti € Ny. If vy +vip > Crz and vy > Cro — C kL = 1,2,k # [, then
set gi(v) = (1,1),2;(v) = Cia. If vyy > Cy and vy < Cyp — C4, then set
gi(v) = (1,0) and z;(v) = C). Similarly, if vy > Cy and vy < Ci2 = Co,
set ¢;(v) = (0,1) and z;(v) = Cs. For other profiles, set ¢;(v) = (0,0)
and z;(v) = (0,0).

It is easy to see that at no stage can any agent deviate to make herself better
off. The other axioms can be verified easily.

This mechanism does not work if C, < C2/2 < C, because it violates
Consumer Sovereignty. If agent 1 reports v; = (C1,0) and agent 2 reports
vy = (0,C3), then Consumer Sovereignty would imply that gy (vi,v2) =
g22(v1,v2) = 1. However, note that since C; < Cy2/2, agent 1 would get
“knocked off” at the first stage of the algorithm. Thus, ¢(vi.v2) = (0,0).

This violates Consumer Sovereignty.

4.4 Conclusion

In this chapter, we have considered an extension of the model in Chapter 2
to allow for the presence of multiple excludable public goods. We have noted
that while most of the axioms presented for the single good case continue to
hold for the multiple good case, the axioms of Budget Balance and Consumer



44. CONCLUSION 99

Sovereignty have to be recast. We propose a particular way of extending the
Consumer Sovereignty axiom to the multiple good case.

Our main result demonstrates that, at least in the special case of two
agents, there are no mechanisms satisfying Strategyproofness, Outcome Non-
Bossiness, Anonymity, No Subsidy, Voluntary Participation, Budget Balance
and Consumer Sovereignty. We also show that, unlike the single good case,
Strategyproofness, Outcome Non-Bossiness, No Subsidy and Voluntary Par-
ticipation do not imply Weak Group Strategyproofness.

Two areas of work remain to be explored. One is to see whether there
are interesting non-anonymous mechanisms in this context. Moulin [42] has
shown the existence of an interesting class of non-anonymous mechanisms
for the case where the cost function displays increasing marginal costs. How-
ever, as we observed before, the cost function considered here does not have
increasing marginal costs. So one cannot directly invoke Moulin’s character-
ization results. The other area concerns the welfare properties of the various
Strategyproof mechanisms that one obtains in this context. The idea is to
obtain a characterization result along the lines that Moulin and Shenker [44]
obtain for the Shapley value rule in the single good case. However, the com-
putations of loss become extremely complicated and we have not been able

to obtain any results in this regard.
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