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Note: Give proper justification to all your answers.
State clearly all the results you are using.

Notation.
null T: the null space of a linear map T
B;.: the jth row of a matrix B
P (F): the vector space of polynomials of degree less than or equal
to m with coefficients in F' over the field F'

(1) (a) Suppose
U={(z,y,z,9): z,y € R}.
Find a subspace W of R?* such that R* = U + W.
(b) Let F be a field and S be the subspace of F?° defined by

S = {(x17$2,$3,$4,x5) [ F5 . 2.1‘1 = I3 and Ty + 3$4 — 25 = 0}

Find a basis of S.
(c) Suppose T : R* — R3 is a linear map such that

null T = {(21, 23, 23, 24) € R* : 21 = 325 and z, + 4z4 = 0}.

Is T onto (surjective)?

(d) Let a = (a1 a2 -+ a,) be a 1 xn matrix and B be an n X k matrix. Show
that

aB = CL1B1‘ + (lsz. + -+ CLan..

(e) Let

1 200
A:LlOOZ}

Show that A has a right inverse and find two right inverses of A.  [10]

(2) (a) Let V be a vector space over a field F and zy,72,...,2, € V. For
k=1,2,...,n,define y = x1+z2+- - -+xx. Show that {z1,29,...,z,} is
linearly independent if and only if {y1, ya, ...,y } is linearly independent.

(b) Let F' be a field and m be a positive integer. Suppose pg, pi1, ..., Pm €
Py (F') are such that each py has degree k. Prove that {po, p1,...,pm} is
a basis of P,,(F). [6+4]

(3) (a) Let A be an m x n matrix with rank » and 1 < k <r. Show that A has
a k x k submatrix with rank k.

(b) Let M be a square matrix with complex entries. Show that there exists
a € C such that o/ + M is invertible. [4-+4]

[Hint. A strictly diagonally dominated complez matriz is invertible.]

P.T.0.



(4) For z € R, let

pi(z) =1, plz) =z, p(z)=2?
and
a(z) =142, @@)=2+z, g2)=1+z+2%

(a) Let f(z) = a + Ja + 2%, where o, 3.7 € R. Express f as a linear
combination of ¢, ¢; and g¢s.

(b) Show that {¢:, g2, g3} is a basis of P,(R).

(c) Let V.= W = P,(R). Consider the bases B = {p1,p2,p3} and B’ =
{g1, 92,93} of V and W respectively. Let T: V — W be the linear map
(Tp)(z) = 2zp'(z) —p(z), p € Py(R).
Compute the matrix of T with respect to the bases B and B'.
[2+2+4]
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