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Preface

This dissertation is devoted to the study of some generalizations of the linear
complementarity problem. Given a square matrix of order n with real entries
 and an n dimensional vector ¢ the linear complementarity problem (LCP) is to
find an n vector z such that Mz +¢ > 0, z > 0 and 2°(Mz + ¢) = 0. Since
several problems in optimization and engineering can be posed as LCP’s, the
theory of the LCP has a wide ra.ngel of applications in applied science a.ﬁcl tech-
nology. This problem also allows a number of interesting generalizations. This
dissertation deals mainly with two kinds of generalizations namely, vertical linear
complementarity problem (VLCP) and horizontal linear coﬁplementarity_ prob-
lem (HLCP). Among these generalizations most of the work pertains to the study
of VLCP. In 1970, Cottle and Dantzig presented a generalization of LCP (abbre-
viated as VLCP in recent literature) where the matrix M is not a square matrix.
‘This new problem ié more flexible and has the potential to handle many real life
- problems. Lemke formulates the VLCP as an LCP and points out that there will
be valuable applications in future. Cottle, Pang and Stone observe that “Rather
little has been done with this model.” Reéent_ly a number of applications have
been repcirted in the literature and this haé generated a lot of interest among
~ the researchers in studying VLCP. Similarly, a lbt of attention i1s being paid to
the study of HLCP, particularly in the literature on interior point algorithms.
'H.LCPH arises in some problems of electrical engineering, structural engineering,
| inventory control and structural mechanics. ‘A brief outline of the contents are

__present_ed in a cha.pterwise summary. Chapter 1 is introductory in nature. Here
we present 'the required definitions aﬂd int-lfoduce the notations used in this dis-
sertation. We also include a survey of the results from the literature which will
~ be useful _for presenting our results. In this (ﬁhapt&r, it is also shown that Scarf ;"s'

complementa,rity problem can be posed as a VLCP and hence as an LCP. We
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introduﬁe a generalization of polymatrix game, namely the polystochastic game
in which the criterion is the total expected discounted cost and the transition
probabilities depend cﬁnly on the actions of a single player and formulate the
problem of finding equilibrium set of strategies and corresponding costs as a lin-

ear complementarity problem. We also examine its processability by Lemke’s

algorithm.
In Chapter 2, we consider several issues related to the vertical linear comple-
mentarity problem VLCP(q, A) wherg A 18 a vertical block matrix, The issues

considered are listed here. We present an equivalent formulation.of VLCP(¢, A)

as LCP(¢q, M) and extend some known results. The classes of matrices intro-

duced by Garcia and Todd are generalized in the VLCP setting. The notion of

 generalized principal pivot transform of a vertical block matrix is introduced in

“ the context of VLCP. A comparison of the algorithms by Cottle and Dantzig.' |

for VLCP and that of Lemke for the equiﬁalent LCP introduced by us is pro-
vided. We consider the problem of computing the generalized Nash equilibriufn
point of the generalized bimatrix game introduced by Gowda and Sznajder. An

alternative approach is presented for calculating the VLCP degree of a vertical

- block matrix. Representative submatrices have played an important role in the

'study' of some classes of vertical linear complementarity problems. In Chapter

- 3, we present a slightly different appmat:h to the study of such problems by. us-

" ing equivalent linear complementarity .problems. It is shown that the conditions

2+ 3nd results obtained in terms of representative submatrices for these classes of

7" probleéms can be rephrased in terms of certain nontrivial submatrices of their

equival_ent square matrices. This approach offers a new insight and yields a new

 characterization result for a vertical block P-matrix. Chapter- 4 deals with the

algorithmic aspect of the VLCP with a vertical block Z-matrix. We prove that

~ the Pi_'vot.ing' a]garithm of Cottle and Dantzig can process this problem by show-

" ing that this algorithm generates the same sequerice of bases as does a modified
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simplex algorithm for minimizing the artificial variable zg. We also show that
a modified Versioﬁ of the Cottle~D§ntzig algorithm can be used for determining
whether-_a, given vertical block Z-matrix is a vertical block Py-matrix or not, In
Chapter 5, we introduce the tcla,s.s of vertical block hidden Z-matrices and study
the least element and complementarity property possessed by vertical biock hid-
den Z-matrices. Some characterization theﬂrems for vertical block hidden K-
matrices are also presented. We introduce a generalization of the polymatrix
game (a nonzero-sum noncooperative n-person game) considered by J a.ndvska,ya,
and Howson in Chapter 6 and relate the prob.lem of computing an equilibrium'
set of strategies for such a game to the vertical linear complementarity prob-
lem. For an even more general version of the game we prove the existence of
an s-aquﬁibrium set of strategies. We also present a result on the stability of
the equilibria based on degree theory. In Chapter 7, we consider the horizontal
linear cémplementarity problem and pfdvidﬁ an equivalent LCP formulation of

- the problem. We also prove some results using this equivalent LCP matrix.

Numbering

For internal referencing Section § in Chapter i is denoted by ¢.j and i. 1.k is
used to refer Item k of Section j in Chapter i, For example, the triple 2.3.5 refers
to Item 5 in Section 3 of Chapter 2. All itellrns- (e.g., Lemma, Theorem, Example,
Remark etc.) are identified in this fashion. For equation (z.j.k) is used to refer
Equa.tidn k in Section j in Chapter . We use brackets [ ] for a bibliographical

reference.



Notations at a Glance

The special notations pertaining to a particular chapter are provided in Sec-

tion 2 of each chapter, The most frequently used notations are given below:

Spaces

f 4 real n-dimensional space

H the real line

R™%*  the space of m x k real matrices

Veeturé
x’ the transpose of a vector z.
Cm ‘an m-dimensional vector of all dnes
(m is sometimes omitied)
e avector of dimension m; each of
whose coordinates is 1 (for notational convenience
we use the symbol e/ to denote .e,,,j)
zty the sta.ndﬁrd inner pruduct of vectors in R"
>y m,-Zy;,i&l,.._.,n '
T>y -:t:;.>'y;, 1=1,...,n
. min(ﬁ,y) the vector whose ' component
is min(z;, ¥;) - _
m&x_(z, y) the veci;nr whose i** component

I8 rﬁa,x(:c;.,; y,-‘) |

|:.':\'  the vector whose i*# component is |z;]

zt max(0, z), the nonnegalti‘ve part of a vector z

z= max(0, —z), the nonpositive part of a vector T
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Sets
o subset of {1,...,m}
& complement of an index set o
] cardinality of a finite set o

‘Pos(A) the nonnegative convex cone generated by the matrix A

={z|3y 20, z = Ay}

Jl see 1.2
Jr see 1.2

Matrices

A = ((a;;)) a matrix with real eﬁtlfies a;;

det(M) the determinant of a square matrix M

M the inverse of a’ matrix M

A? the transpose of a matrix A

A<B  ay<byforalliand

A<B a;; < by; for all 72 and j

I the identity matrix

Agp submatrix formed by the rows and columns of A

whose indices are in « and #, respectively
A, submatrix formed by the rows of A
whose indices are in o
A, submatrix formed by the columns of A

whose indices are in o



- Miscellaneous Symbols

LCP(g, M)
VLCP(q, A)
HLCP(q, A, B)
FEA{q, M)
S5(q, M)

K(M)

the LCP with data (g, M)

the VLCP with data (g, A)

the HLCP with data (¢, A, B)

the feasible region of LCP(q, M)

the solution set of LCP(g, M)

the set of all ¢ for which S(gq, M) # ¢

Vil
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Chapter 1

General Introduction and '

Review

1.1 Introduction

The linear complementarity problem can be stated as follows:
Given a square matrix M of order n with real entries and an n dimensional

vector ¢, find n dimensional vectors w and z satisfying

w-—Mz=¢q w20,220 (L)

w'z=0 o (1.1.2)

If a pair of vectors (w, z) éa,tisﬁes (1.1.1), thén the problem LCP(q, M) _is.sa,id
to have a feasible solution, A pair (w, z) of vectors satisfying (111) and (1.1.2)
is called a solution tb the LCP(q, M). This problem is dendte‘d_as LCP(q, M).

The plroblern has undergone several name changes, ffo_i_n composite problem, to.
fuﬁ.damental problem, to complementary pivot problem. 'The current name lincﬁr'
| ga@plemg,ntarity problem was proposed b_y Co_tf;l_e 5, p. 37] LCP is nafriila,liy

| 'identiﬁa_d g,s a problem of mathematical programming and prbvides_a._uni_fying
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framework for several optimization problems. More specifically, the problems
which can be posed as an LCP includes linear programming, linear fractional
programming, convex quadratic programming and the bimatrix game problem.
It is well studied in the literature on mathematical programming and arises in a
number of applications in operations research (30], mathematical economics [72],
geometry and engineering ([7}],{21] and {73]). The algorithm presented by Lemke
and Howson [44] to compute an equilibrium pair of strategies to a bimatrix game,
later extended by Lemke [43] to solve an LCP(q, M) contributed significantly to
the development of the linear complementarity theory. However, this algorithm
does not solve every instance of the linear complementarity problem and in some
| __insta,m;és of the problem may terminate inconclusively without either computing

a solution to it or showing that no solution to it exists. For recent books on this

o problem and applications see Cottle, Pang and Stone (5] and Murty {63].

1.2 Notatiohs

We denote the n-dimensional real Euclidean space by R". We consider matrices
~ and vectors with real entries. Any vector z 'e_ R" is a column vector unless
otherwise specified and z* denotes the row transpose of z. I.; denotes the vector
whose 7** coordinate is 1 and whose other coordinates are 0’s. If ¢ = (a1,..., z,)’
and y = (¥1,.-., %) are two vectors, we write z < y if 2; < vy, V 1< < 7y
.a,nd r L yifx; Ly, V1 <12 < r For any two vectors z,y € R* we define
“min(z, y) as the vector whose i** coordinate is min(z;,%). If £ € R* and y € R™
~are two vectors, the symbol z A y denotes the vector u € R" whose ith cnordmate
U s gwen by u; = mm(:z:,,y‘) ¢ is a column vector of 1 s of order m;. By
“writing A € R"’”‘“, we denote tha.t' A is a matrix of rea'l entries with m rows and

" “'n columns. For any matrlx A € Rmxn ﬁ,, denotes its i** row and jt* column

| "”‘?ent.r)’ A.; denotes the J A column and A;, the i** row of A. If A is a matrix
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of order m x n, ¢ € {1,2,...,m}and g C {1,2,...,n} then A denotes the
submatrix of A consisting of only the rows and columns of A whose indices are in
a and (3 respectively. A, denotes the submatrix formed by the rows of A whose
indices are in rx; Similarly A., denotes the submatrix formed by tile columns of
A whose indices are in «. For any set §, |8| denotes its cardinality. For any set
a C {L,2,... ,‘m}, & denotes its complement in {1,2,...,m}. Pos(A) denotes
the nonnegative cone generated by columns of A. Suppose A is a rectangular
matrix of order m X k where m > k and the rows of A are p&r‘titioned into &
blocks so that the first block contams the rows 1 through my and in genera,l the

r** block contains the rows E m; -+ 1 through E m; of A, forr = 2,...,%

1=1 : s=1
The r** block of A is denoted by AT and is a matrix of order m, X k. We then

use the notation J; = {1 2 .y} to denote the set of row indices of the ﬂrﬁt
r—1
block in A and J, = Z m; + 1,3, m; +2,. 2 m;} to denote the set of row .
| 1=1 3=1 3=1
indices of the r** block in A for r = 2 3,...,k. A probability vectar 18 & vector

z € R™ such that all the coordinates of x are nonnegative and Zm;. = 1, where
. | : | =1 .

‘z; is the 1** coordinate of z.

The notations pertaining to a particular chapter only is éxpla.ined

“therein.

1.3 LCP and its Generalizations

A number of generalizations of the linear complementarity problem have been
propdééd to accomodate more co"rnpli.ca,ted real life problems as well as to diﬁer-— |
sify t'hé' field of a.p[jlica,tibns;' In this diséertation-two genera.lizatfons are "mﬁinly |
d'i'scuséédfﬁam:ély;' vertical and horizontal _g'enﬂmlizﬁtions .c:.f the LCP. -

Consider a rectangular matrix A of order m x k with m > k. Suppose A is
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partitioned row-wise into & blocks in the form

where each A% = ((a/,)) € R™*F with i m; = m. Then A is called a vertical
block matriz of type (my,...,my). If m;i 1, Vi=1,...,k, then A is a square
matrix, Thus a vertical block matrix is a natural gener_'alizat_ion of a square
matrix. The concépt of a vertical block matri;-: was introduced by Cottle and
~ Dantzig [4] in connection with the generalization of the linear complementarity
'pfoblem introduced by them. Cottle-Dantzig’s generalization (3, p. 1'15,.f0Qtnote |
3] involves a systemw— Az = ¢, w> 0, z > 0 where A€ R™**, m }__Ik and the
‘variable wy, w,,. .., w, are partitioned into k nonempty sets §;, 7 = 1,2,...,k.
Let 7; = 8;U{z}, 7 =1,2,...,k The problem .is to find a solution wE R™ and
z € R of the system such tha.t. exactljr one member of each set 7; _is nonbasic.
This problem reduces to the standard linear complementarity problem when
k = m and 7; = {w;, z;}. This generalization was forma,liy introduced later in a
paper of Cottle and Dantzig [4] in 1970. The formal statement of the problem is
as follows: | '

Given an m x k (m > k) vertical block matrix A of type (mi,ma,...,my;)

k o
~and a vector ¢ € R™ where m = ) “m;, find w € R™ and 2 € R* such that

w -~ Az. =q w20,220 - (1.3.1)
- M L | ] - .. | SR . |
_sz w! = 0, f.olrj = 1,2,. ..,k (1.3.2)

1=1

- Cottle-Dantzig’s generalization was:desigﬁated later by the name vertical lin-

ear complementarity problem [5] and this. problem is denoted as VLCP(q, A).
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Refering to the above generalization by Cottle and Dantzig {4], Lemke [42]
observes that “It is reasonable to expect that there will be valuable applications

of their results forthcoming.” In recent years, a number of applications of the

VLCP(q, A) have been reported in the literature. Ebiefung and Kostreva [18]
introduce a generalized Leontief input-output linear model and formulate it as
" a vertical linear complementarity problem. This model can be effectively used
for the problem of choosing a new technology and also for solving problems re-
lated to energy commodity demands, international trade, multinational é.rmy
personnel .assignment and pollution control, A.slightly rnore general form of the
VLCP(q, A) a,lso arises in different areas of control theory through discretization
of Hamilton-Jacobi- Bellma,n equations ([85] [86]) Another recent a.pphc&tlon of
the VLCP is the formulation of the global stablhty of a two-spemes pl&CBW}Se
linear Volterra ecosystem [32]. Gowda and Szna.Jder [28] report an interesting
extension of the bimatrix game model and the problem of camputllng a pair of
equilibrium strategies for :this extended model has a VLCP formulation. It is ex-
pected that this generalized bimatrix gamé will have a,pplica.ti.ﬂns in economics.
This sort of applications and the ﬁ::itentia.l future applications have motivated
- the study of the VLCP, especially the study of a.lgiorithrns for the VLCP. Lemke’s
algorlthm for the LCP(q, M) has been extended with some ‘modifications to the -
VLCP(q, A) by Cottle and Dantzig in [4]. The issue of conditions for unique-
ness of solutmns to the VLCP has been studied by Szanc (87]. Generalizations
- of Fp- and Z-matrices have been studied by Eblefung and Kostreva [17] and

Sznajder and Gowda [89] Ebiefung and Kostreva (16 charaaterlze existence
and nonexistence of solutions a.nd present. a procedure for s-::-lvzng VLCP(q, A).
-In (14], necessary and sufﬁaent condltlons for existence c:of sulutmns a charac- =
terlz&tmn of the .-:-:et of Q ma.trlces for the VLCP(g,A) and an algorithm for .
'solwng VLCP(q, A) in terms of representative submatrlces are presented Solv- -

.a,blllty by hnea,r progra.ms is gwen by Ma.ngasarla,n [48] See also [13] and [88]
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A more general version of the-VLCP in the setting of a finite dimensional lat-
tice gives rise to the generalized order linear complementarity problem (GOLCP)
studied by Gowda and Sznajder [25]). The generalized order linear complemen-

tarity problem (in the setting of a finite dimensional vector lattice X') is the

problem of finding a solution z € A to the piecewise linear system

tA(X'z+p YA (X2 +p)A. . A(X24+p") =0 (1.3.3)

where X% are linear transformations from X into itself and p-’ s are vectors in
X. However when specrallzed to K*, the generallzed order linear complemen
tarity problem is seen to be equivalent to the VLCP. See Gowda and Sznajder
[25] The extended genefal_ized order linear complementarity problem was con-
sidered by Goelevén.[24], Gﬂwda- and Sznajder [25] and Isac and Goeleven [38].
Oh [69] 'ha,s. formulated a mixed lubrication problem as a geheralized nonlinear
| _complementarlty problem . .
Another mterestmg generahza.tlon of the linear complementarlty problem con-
“sidered in the literature namely, horizontal generalization, is motivated by certain
other applica.tiﬁns The pmble:m. can be forma.llj,r stated as follows: |
Given two matrlces A, B € R""" and a vector ¢ € R", the horlznntal hnear

complementarlty problem 13 to ﬁnd vectors £ € R" and y € R" such that
Az < By =gq, 220,y>0 o (1.3.4)

gty =0. _ (1.3.5)

We denﬂte this pmblem'b}' HLCP(q', A, B). Clearly, this problem reduces to the
st&ndard problem LCP(q, M) when A 'I The HLCP was apparently intro-
duced by Samelson, Thra.ll anid Wesler [81}, motivated by a problem in structural .
engineering. The coinage of t_he-tarm horizontal linear complementarity problem .

has been attributed to Cottle, Pang and Stone [5] by Zhang [95].
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The extended horizontal linear complementarity problem can be stated as
follows: |
- Let us consider a rectangular matrix C of order n X m (m > n). Suppose C

is partitioned into {k + 1) blocks of the form
[G‘“ c Cct o G’"‘]

where CV € B**", j =0,1,2,...,kand m = (k+1)n.

Let ¢ be a. block vector which is defined as ¢ for 4 = 1 and as
q,d', d%,.. .,dk‘_l] for k 2 2, where .q € R" and 0 < & € R* for .
7 = 1,2,...,k — 1. The extended horizontal LCP(c, C) is o .ﬁnd vectors
2 e R, § = 0,1,2,..., k such that |

_ k o
V2% = g + ZC%’,_ |
. 7=1 "

2PNzt =0, (F -d)AHT =0, § = 1, 2,0 0y k—1,

. where for k£ = 1, only the first complementarity condition is considered. The
above form of the extended HLCOP has been considered by 5znajder and Gowda. |
[89]. See also [88]. Kaneko [40] considers the extended HLCP for the case C°  = I
a,ndl cites applications in mathematical pragf&mﬁﬁng and structural mechanics.
See [41] [70] and [94] for applications in inventory theory, statistics and mo dellmg
piecewise linear electrlcal networks. |

The study of HLCP is lmporta,nt due to the fact tha,t any piecewise hnea,r'
system can be formula,ted as a HL.CP. See Ea.ves and Lemke [12] in this connec-
flon. Sznagder [88] has shown the equwa,lence of the extendad HLCP W1th the
HLCP. o '
In recent tlmes much a.ttentlon is belng pi—le to the study of HLCP, par-
tlcularly in the literature on mterlor point, a,lgorlthms for linear and quadr.a.tlc

: pmgra,mmmg- problgms. Zhang [95] has proposed a convergent. interior point
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algorithm for solving certain HLCP’s. See also [31] and [96]. In [92], Titinci
and Todd propose a polynomial time algorithm for reducing a HLCP to an LCP
whenever it is possible to do so. Sznajder and Gowda [89] observe that under

the assumption of column monotonicity a monotone HLCP can be rewritten as

a monotone LCP.

1.4 Matrix Classes in LCP

A variety of classes of matrices are introduced in the context of the linear com-

‘plementarity problem. Matrix classes play an important role for studying the

theory and algorithms of LCP. Most of the matrix classes encountered in the

context of LCP are commonly found in several applications. Several of these

 matrix classes are of interest because they characterize certain properties of the

-LCP and they offer certain nice features from the view point of algorithms. It
is 'usefﬁ_l to review some matrix classes and their properties which will form the
Ba.sis for further discussions and for subsequent generalizations.

We say that M € R™" is a P(Pg) ﬁmtrim if all its principal minors are |

positive (nonnegative). A matrix M € PgﬂR“"“ 1s said to be a column adequate

* matriz if for each o C {1,... ,n} det( Meue) = 0 implies that columns of M., are

linearly dependeht We say that a matrix M = ((my;)) of order n is a Z-matriz

f m,J < [] Vi 3& _7 This class of matrices has been mtroduced by Fiedler

“and Ptik [19] We say that a matrix M € R™" is a K: (Ko)-matriz if it is in

ZN P(ZNP,). Wesay that M € R™" is q hidden Z-matriz if there exist square
matrlces X and Y of order n, XeZ YelZ such that (i) MX = Y and {ii)

- there exist nonnegatwe vectors p, 0 € R"such that p' X + 'Y > 0. We call

.a. square matrlx M of order n an N (No)-matriz 1f all the prmcrpa,l minors of M

are negative (nonpositive). A matrix M € N0 R"’"‘“ 'is sa.ld to be N-matriz of

-the ﬁr'st categary f 1t has at least one pas:twe entry M E N N R""“ 'is said to



Matrix Classes in LCP 9

be N—matri:r.of the second categoryif M < 0. We say that a matrix M € R"*"
is a Qo-matriz if for any ¢ € R™ (1.1.1) has a solution implies that LCP(g, M)
has a solution. A matrix M € R““"- is sald to be a ()-mairiz if for any q € R"
LCP(q, M) has a solution. We say that M € R"*" is an Ry-matriz if LCP(0, M)
has the unique solution w = 0,z = 0. M € R"*" is said to be copositive if
r*Mz >0, Vz > 0. A matrix M € R**" _isisa,id to be copositive-plus if M is
copositive and z*Mz = 0, ¢ > 0 implies (M + M*)z = 0. .

The following classes of matrices have been introduced by Eaves [11].
ﬁl—matrlx : M € R™" is said to be a Ly-matriz if for every 0 # y > 0,
y € R d an 2 such that Yi > 0 and (My); 2 0. The class of such matrices is
_also denoted as Fy and such a matrix i1s called semimonotone.

Eg—matrlx M € R™*" is said to be a ﬂz-matmx if for each 0 % £ 2> 0, E € K7
satlsfymg n = M2 Dand n'¢ = 0 3 a0 # ¢ > 0 satisfying § = --M'*E,
12420, £2£>0 ' ' '
L-matrix : M € R™™ is said to be a L-matriz if it is in both £1 and L,
Garcia (29] introduced the classes of matrices £{d) and L(d) which generalizes

Eaves classes £, and L.

E(d) '+ We say that a square matrix M is in the class E(d) where d € R™ if
(0, E)., Z#0is a solution for the LCP(d, M) implies that there da 0 # z > 0
such that y = _M'z >0, z<37 y<b | - |
E*(d) : We say that a square maatlrix M is in the class E*(d) fora d € R" if
(@, %) is a solution to the LCP(d, M) implies that © = d, 7z = 0.
- Note that E(d) = E*(d) for any d > 0 or d < 0, E(0) = £, of -[11]_'a,r1d
L(d) = E(d) N E(0). Further £ = Ny5oB(d). I
Todd [93] defines larger classes E(d) and L(d) by extendmg the classes E(d)
and L(d) of Garc_,ml_ 29] as follows: - | | o
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Let (w, z) solve LCP(d, M) for some d € R™. Consider the following conditions
on a given M € R™*", ' |

(a) For all J with {j |z, >0} CJ C {j|w; = 0} the prinéipal submatrix of

M corres;mnding o J has positive determinant.
(b) Thereis 0 #z >0 withy=-M'z>0and z <2,y < w.

Todd defines the classes £(d) = {M | Either condition (a) or (b) is satisfied} and
L(d) = E(d) n E(U) Note that L(d) C Qo [29] and L(d) C Qo [93] if d > 0. We
refer to L(d) as Garcia’s class and to L{d) as Todd’s class. '

1.4.1 Some Results in LCP Theory

- We state a few results which will be useful for further discussions or general-
izations. For proof or more detail_s we refer the reader to the excellent book of

. Cottle, Pang, and Stone {5].

'THEOREM 1.4.1 ((4,3) Theorem and (5,4) Theorem in [19]) Let M € Z.

- (i) If there ezists a vector z 2 0 such that Mz > .0, then M € K and M~! > 0.
(it} If there exists a vedor'm > 0 such that M:n > 0, then M E.'}Cg. __

THEOREM 1.4.2 ((8,3) Theorem in [19, p. 385] and 4.2 Theorem [64, p.75])
Let M € R™*. The following statements are equivalent:

(i) M is a P-matriz.

(i) M reverses the sign of no nqr;_zém véctor, t.e., z;(Mz); <0 Vi -:'mph'es

z2=0.
(m)AH real eigehﬁdlﬁeS_'ﬂf M and its principal submatrices are positive.

. (w) LCP(q, M) has a unique solution for every q € R".“
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- THEOREM 1.4.3 (/5]) Let M € R"*", The following statemenis are equivalent:
(i) M is a Py-matriz,

(1i) For each vector z # 0 there exists an indexr k such that zx # 0 and
zk(MZ)k :_>_ 0. | |

(i11) All real eigenvalues of M and tts principal submatrices are nonnegative.

(iv) For each ¢ > 0, M + ¢l is a P-mairiz.

THEOREM 1.4.4 ([5]) Let M € R“"“. The fallawing statements are equivalent:.

(1) For all g e K(M) if 2t aﬁ.d 2* are -:my two solutzans af LCP(q, M), then
Mz = Mz .

{u) Each vector whose sign is reversed by M be!ongs to the nullspace of M, €.,
z;(M2z); <0 Vz-—l 2,...,n implies Mz = 0.

(11t) M is a Py-matriz and for each index set o with det{ M) = 0, the columns

of M., are linearly dependent.
LEMMA 1.4.1 ( (18) Lemma [11, p. 692]) A Py-matriz is in ;.

LEMMA 1.4.2 ( (9) Lﬁmma {11, p. 6'26‘]) Let M € R™". The faﬂowmg stale-

ments are ﬂquwalent
(1) M E ,[:1.

(u) LCP(q, M) has a umque camplementartty solutmn for every q > 0.

. | THEOREM 1 4 5 (52 Theomm [64, p. 84]) Let M > 0 M is a Q matﬂx :f and |
cmly sf m,, > 0 for each 1 =1,. | |
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Lemke’s Algorithm: For solving (1.1.1) and (1.1.2) the following algorithm
.b-a.secl on pivat steps has been given by Lemke [43]. The initial solution to (1.1;1) '
and (1.1.2) is taken as | -

| = g +dzp

z =0

where d € R™ is any given positive vector which is called covering vector and 2o

is an artificial variable which takes a large enough value so that w > 0. This 15

called primary ray.

Step 1: Decrease zp so that one of the variables w;, 1 <1 < n, say Wy 1s reduced
to zero. We now have a basic feasible solution with z in place of w, and

with exactly one pair of complementary variables (w, 2;) being nonbasic.

Step 2: At each iteration, the complement of the variable which has been re-

moved in the previous iteration is to be increased. In the second iteration,

~ for instance, z, will be increased.

. Step 8: If the variable selected at step 2 to enter the basis can be arbitrarily
. increased, then t_he procedure terminates in a secondary ray. If a new basic
feasible solution is obtained with 7o = 0, we have solved (1.1.1) and (1.1.2).
If in the new basic feasible solul_.;.ioﬁ 2o > 0, we have obtained a new basic

pair of complementary variables (w,, z,). We repeat step 2.

Lemke's algorithm consists of the repeated~applfcatiens of- sﬁeps 2 and 3.
If ﬂendegeneracy 1s assumed, the procedure terminates either in a secondary
ray or'in a solution to (1. 1. 1) and (1 1.2). If degenerate almost complementary
| solutions. are generated these can be resolved usmg the methods dlseussed by
) Eaves [11] We say that an a.lgenthm preceeses a preblem if the algerlthm can

| 'elther cempute a eelutien to it if one ex:sts or show that no solutlen exlsts For |
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more explanations see [5]. For M € L(d) where d > 0 the success of Lemke's
algorithm applied to LCP(q, M) with d as the covering vector is guaranteed if it
is feasible. Todd [93] proves that Lemke’s algorithm with covering vector d > 0

processes LCP(q, M) for all matrices M € L(d).

1.5 Game Theory

1.5.1 Bimatrix Games

A bimatrix game is a noﬁconpera,tive nonzero-sum two person -ga,me (player I
and player-II) in which each player has a finite number of actions (called pure
strategies). Let player I have m pure strategies and player II, n pure sfr&tegie& In
a game if player I chooses strategy 1 and player I chooses strategy 7 they incur the
costs a;; and b;; respectively where A = ((a;;)) € R™*" and B = .((b;_,,-)).t’—_' Rmxn
are given cost matrices. - | |

A mixed strategy for player I is a probability vector ':r: € R™ whose ¢*» com-
ponent x; represents the probability of chaas:ng pure strategy i where z; > 0
for i+ = 1,...,m and Z:r, = 1. Similarly, a mixed strategy for player Il is
prqba.bihty vector y € R“. If player I adopts a mixed strategy z and pla.yer I
‘adopts a mixed strategy y then their e.a:pected costs are given by r*Ay and :ﬁ‘By
respectively. | - . . | o

A pa,if of mixed strategiés (z*,y*) with z* € R™ and y* € Rﬁ_is s;ﬁd to be a

| Nash equ'ilibm'ulm pair if
f(:n"')‘Ay*‘ < :B’Ayf for all mixed strategies ¢ € R™ and

(o )By <(m )’By for all mixed stmtﬂgaesyeﬁ" '

-. -._It is easy to show that the addition of a constant to all entries of A or B lea,ves_ .

the set of equilibrium points invariant. Henceforth we assume that all entries of
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the matrices A and B are positive. We consider the following LCP:

- - - - 'I - at p - - 9 -
U —~€m 0 A T u T u T
= + . | | =0, ) > 0

v 1 —ep Bt 0 Y 0 Y v y |

L - L . - L - . . . - -

(1.5.1)
where e, and e, are m vectors and n vectors whose components are all 1’s.
It is easy to see that if (2*,y*) is a Nash equilibrium pair then (Z,7) is a

solution to (1.5.1) where
5 = 2*(2)'By” and §=y"/(z")' Ay (15.2)

~ Conversely, if (Z,7) is a solution of (1.5.1) then # # 0 and § # 0 in (1.5.2) is
‘ensured from the positivity of the cost matrices A and B. Therefore (z*,y") is a

Nash equilibrium pair where
':_I:""z T/let Tand y* = jfety

Lemke and Howson [44] gave an efficient and constructive procedure for ob- |
taining an equilibrium pair by solving LCP(q, M) where

M= and g = |
| B* 0 — €y,

- - it ™ =

1.5.2 Polymatrix Games
.A polyrﬁa.tfix game is an n-person nonzero-sum noncooperative game, which..is
a generalizaf.ion of the -*..vell known bimatrix game. The credit for studying such
. a game for the first time has been attributed to Ja.nbvékaya [39] by Howson [37].
A description of the Polymatrix game is as follows: | . o
| There are n (> 2) players, player ¢ with m; pure strategies, When player i
.chooses his pure strategy 5, and player 7 his pure stra.l;egy 3, the partial payoff
to player i is a¥ (st,sj) Wthh does not depend on the choice of strategies by

3 “other players If (31, 83,..:,8y,) is the vector of pure strategies chosen by players
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1,'2, , the pa,yoff to player ¢ is given by Za” (5i,8;). Let A;; denote the
| J#i

matrix of the partial payoffs to pla,yﬂr z resulting from the choice of pure strategies

by him and player j. Note that the order of A;; is m; x m;. A mixed strategy for

player 7 is a probability vector z* = (xi,z},...,z},.)"

For a given set X = {&!,...,%"} of probability vectors or mixed stratcgiés,
the expected payoff to player 7 is given by
Ey(X) = ZA,_, 7
| i
We say that a set .X“' = {:r:lﬂ,:si*, oo,z of stratégies is an equilibrium set if
for all 4, - '

(27) D0 Aija?" 2 (a') Y Ayt (1.5.3)
J#i TS |
for any set X = {z',z?,. .,z"} of mixed strategies.

Let E' denote the matrix of 1%s of order miy X my. It ié easy to note that X*
is an equilibrium for the polymatrix game with payoff matrices A;;, if and only
if it is an -equilibrium for the polymatrix game with payoff matrices A;; — k;EY
where k; is a constant for each : and that if the payoff matrices A;;’s are replaced
by —Ay's, X* 15 an equilibrium for the new game if and only if the reverse
inequality holds in (-1.5.3). Given the matrices A,-J- s it 18 convenient (see Howson
[37]) to replace A;; by k;EY — A;; for ks large and consider the computation of
an eq.uil_ibrium for the resulting polymatrix game, which is also an equilibrium
for the original game. Theréfore, we shall assume without loss of generality that
the Ai;'s ire_positive and that X* = {.T.”,:i:z*, ...,z™*} is an equilibrium set if
and only if for all 4, | L R
(@) Y Aialt < () T At O (15.4)
| i j#E .
for any set X {:s z%,...,2"} of mlxed strategles |
The problem of cdmputlng an equlhbrlum set of strategles for a pﬂlymatrlx

game ha,s been c.onszdered by Howson [37] wha formulates t‘.hls problem as a
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linear complementarity problem and proposes a special computational scheme

which shows constructively that a polymatrix game has an equilibrium point.

See also Lemke {42] in this connection.

The LCP formulation of the pmbleﬁ‘l of finding an equilibrium set of strategies

given by Howson {37] for the polymatrix game is as follows:

0 Az A - A
A 0 Ay -+ Az |
Let B = _21 _ _23 _ 2 | 2 0. Then a solution to LCP(gq, X)
i Anl An? AnS T 0
where
el 0 - 0]

| 0 | B —-F | _ - 0 e* ... | |

g = and X = with BE=| (1.5.5)

e E' 0 - S -
. 0 0 e"

and ¢ € R™ is a vector each of whose coordinates is 1, provides an equilibrium
set of stra;tegies.- 'Ga.;cia, [29] provides a computational scheme that works on
an a.ugﬁientéd_. LCP to solve LCP(q', X). Recently, Miller and Zucker [50] prove
‘the following: - ' '

B —E'-
Et 0
,J

Cl‘early,: X is contained in the copositive-plus class and hence th;_LCP(q,'jf )

. Let §_= B + A, where A > 0 is a matrix of all 1’s, Let X =

can be processed by Lemke’s algorithm. A solution to LCP(g, X) can be easily
obtained from a solution of LCP(q-,; )?)
~ In the subsection 1. 5. 3, we introduce a nonzero-sum noncnoperatwe n person

'__stﬁchastlc game called polystochast:c game as a generallzatmn of the polyma.trlx

.game mtroduced by Janovskaya, [39] The results presented here are new.
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1.5.3 Polystochastic Games

Zero-sum stochastic games with two players were introduced by Shapley in [83] as
a generalization of matrix games. A zero-sum stochastic game with two players
is a repeated game which may be described as follows: Given a finite set S of
points called states and a matrix A(s) of order m, X n, associated with each
s € S on the r** day when the game is in state s, player I chooses one of the rows
try 1 <1, < m, and player Il one of the colummn j,, 1 < j, < n,, Once the players-
make their choices the immediate payoff to player I from player II is determined
as a(iy, jr)(s). The game moves to a state £ with probability p(t s, i,..,j,-) on the
(r+1)" day and the play is repeated in state ¢ on the (r 4 1)'* day. The game is
repeated over an infinite horizon of days and the total discounted payoff realized
by player I is lgivén by > B a{ir,jr)(s,) where 0 < B < 1is a discount factor,
5, is the state of the game on the rt* day and ir, jr are the indigeé of the row
and column chosen respectively by player I and 'pla.yer II on the r** day. Playe,f
I seeks to maximize his total expected discounted payoff and pla.j,fer IT seeks to
minimize it. Let z"(s) be a probability vector for player I on the r** day for each
s € § whose it* coordinate zi(s) for 1 < i < m, specifies the probability with
which player I chooses row 1 of A(‘.s) on r'* day. Similarly, let thé vector y'(s)

for player 11 on the r** day for each s € S be defined. Let z" be the Z m,) X 1
SES |

vector whose components are x *(s) and let y" be similarly defined. A mized

"
r

strategy for the players | a,ndVII IS a sequence {n"} where = - speciﬁes
| y' | |
‘the probability vectors with whmh players I and II choose their actions on the

| ”‘ day in dlfferent states s € 5. A mixed strategy {7r } 15 sald to be stattanary if
"= for all r. Sha.pley [83] has shown that such a game has a value vector v

'whose sth: caordma,te v, gives the value of the game. whose 1n1t1a] state is. 3 a,nd .
that both the pla.yers have opt:ma,l statlonary s!;ra.t;egles '

Nonzero-sum twao person and n person stochastic games have been considered
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earlier by Fink [20] and Takahasi [80]. See also [77]. A two person nonzero-sum
stochastic game is a repeated game which 1s a generaliz_a,tiﬁn of the bimatrix
. game. A generalized notion of Nash equilibrium point has been defined for n
person noncooperative nonzero-sum stochastic games and their existence in fairly
general setup is known [77], [84]. See also [76]. From now onwards, we formulate
the game in terms of costs rather than payoff.
We introduce a generalization of pn.lymatrix game namely, polystachustic
~ game which is described below: |
 There are n players and a given finite set § with |[§| = m states. The it player
has m;(s) possible choices while in state s, Ni(s) = {1,2,..., m;(s)} denoting his
set of actions for 1 <1 < n. On the rt* day suppose the game is in state 8, player
¢ chooses an action i, € Ny(s) and player j, jr € N;(s), then player ¢ incurs a
 .partial cost a(iy,j.)(s) and player j, a partial cost a(Jr, 24 )(8). The'partié_.l costs
| a(i,..,'j,.)(;.) and.a( Trste)(8) in'c_urred by player : and j do not depend on the _'acti'uns |
chosen by the other players. The .total costs incurred by player 7 on.the r“‘._da_.y :'
is t.he_sum of partial costs incurred depending on the éction of player 3, 7 5 ¢
~ on that day and is therefore given by ) _ a(ér, jr)(s). Let A;;(s) = ((alg, h)(s))),
g€ N;(s), h € N;(s) be the matrix of ;;tial immedi_ate'costs incurred by player
i depending on the actions of player j. This is an m;(s) x m;(s) matrix. Let
p(t]s,a,,d;...,8,) be the probability that the game mbveé_fto state ¢ on the

wikgh

shnext day, when on any day the actions chosen by the n players are 4,,4a,...,d,.

_ z:(1) o
Let ¢ = 5 be a Zm;(s)'XI vector with m components, the st

a=1

o | z(m) | | | |
mmpoﬂéﬂt being :a probability vector over the set Ni(s), whose @!* coordinate

.' - z;(a; | 3) gives the probability that action a; € Ni(s) is chosen by ,5pla,yér i. Thus.

-:ﬁ-g-!'_. speciﬁes _-t.hé probabilities of the choice of actions in each state, foi'_ player .
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A mizred strategy for player ¢ is a sequence {£'"}, where £ specifies the prob-
abilities of actions in different states on the rt* day, By the sequence {n"}, where
Elr
#"= | | [ we denote the mixed strategies of all players, over the infinite hori-

nr
6 .

zon. This is called a game plan. Given a game plan {r"}, on the r'* day the

players use their mixed strategies ¢ r . Suppose the state of the game is s on the

rth day. Then the probability that the game moves to state ¢t on {r + 1)** day

under {x"} is given by

p(t]s) = 5 p(t}s,d,. H:c a.l-ﬂ

B3 ees By =1

where the sum is taken over all - possible (al, L, ay) € 118 Ni(s). Let
Q(f)('{':r"}_) = ((p"(i[s))) be an m X m matrix whose s row gives the tran-
sition probabilities to .vai-iolus states from state s under 7". Let ¢;({r"}) denote
the m x 1 vector of total 3-discounted eXpecﬁed costs_incurred by_player_i under
the game plan {#"}. Then it is easy to see that

b((x7) = X8 [T @O((r )

r=0) k=1
- where 9] is the m x 1 vector of expected immediate costs incurred by player i

- on the r** day whose s** coordinate [ (s) is given by
bils)= D 2H@ls)>. 3o al@nan)(s)zi(als)).
| | a;€Ni{s) k#i ap€Ng(a) | o
'.Suppose {7} is a mixed strategy for player ¢. We say that {.f.‘"‘} is'stationary
if ¢7 = ¢ = ¢ for all r. We sa,y-t.ha,t'a gé.me‘ plan {ﬂ’}'is stationary if each
component £ of {x7} for 1 < : < nis st&tlonary For a sta.tmna.ry game plan

7 the’ expressmn for (ﬁ‘({ﬂ'}) simplifies to EﬁrQr(ﬂ)(¢i) where Qr(r) is the r**
r""{)
_' pﬂwer of the matrix ((p (ts))) and |

z/;,,(.s)— Z :n;(a;ls) Z E a.sﬂk)-ﬁ)wk(ﬂkﬁ)).

_ uIGNi(-ﬂ) k;ét ﬂk EN&(J]
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A stationary strategy £ = : for player 7 is said to be a pure station-

ary strategy if for all s 3 a & € N;(s) such that z;(ds) = 1 and .:c,-(&\s) =01if
i+#* 8e¢€ N(s) A mixed strategy £ for player i is called a behavior strategy if
£ depends on the history of the strategies of all the players and resultmg states
in the past upto the (r — 1)** day.

- We say that a game plan {#"} is an equilibrium game plan if .
BUET 8 BN < HUE € EY)

for all (¢*)' and for all 3.
| It is known that under fairly general conditions there is an equilibrium in

- stationary strategies. For stationary strategies the above inequality simplifies

(see [20]) to the following:

We say that 7 = __T | where #; is obtained from # by omitting its 7'
él _ .
L J - | |
component, namely ¢* is a stationary equilibrium strategy if for each 1 <1 < n
ﬁ'l‘ -y
& .gi 1 < ¢ i

where £ is a behaﬁinral strategy- for playérfi.
The special case n = 2, i.e., a bistocﬁaétic NONZEro-sum IiOIl cbt}pefative game
has earlier been considered. See [67). In particular, the sitﬁat_ion where th_e transi-
- tion depénd on the actions of al single player has been well studied. Partha,sa.rathy
| .:.and Bagha,va.n [76] show that a single controller nonzero-sum noncoc:upera.tlve
: game with n = 2 has the arderﬁeid property (i.e., an ethbnum value and the .
_corresp(mdmg eqmllbr]um set of strategies lie 3 in the same ordered field as the
.datai Nowak and Raghavan [67] reduce the problem of ﬁndlng a pair of sta-

:_Llcmary eqmllbnum stra.t.egles in a blstochastlc nonco0pera.ttve game when the
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criterion is either the discounted total expected cost or the average cost with
the additional ﬁssumptic}n, in this case, that under any stationary strategy, the
transition probability matrix is irreducible, to the problem of computing a Nash
equilibrium pﬁir in a suitably constructed bimatrix game,

We consider the polystochastic game in which the criterion is the total ex-
pected discounted cost and the transition proba.bilities'depen-d only on the actions
of a single player, namely player n, mainly from the point of view of computing
a stationary equilibrium set of 'stra.tegies for the players and the corresponding
equilibrium cost vector. We may note that the approach of Nowa,k and Raghavan
[67] for the case n = 2 with the assumption of one player control transitions in-
volve computing for each possible combination of pure stationary strategies, the
corresponding total discounted expected cost vector and then constructiﬁg the
associated bimatrix game and finally applying the algorithm of Lemke—Howson
[44] to the associated linear complementarity problem. Althﬁugh such a reduc-
“tion is possible in the more géﬁera,] single controller pﬁlysto.chasti'c games also,
it is tedious even in the case of n = 2. In contrast the procedure suggested below
uses Lemke’s algorithm on a suitable linear complementarity problem formulated

~with the given data only without requiring any additional computation.

Formulation |

We denote the stationary strategy by {r} (Iwhi'{:h is a sequen{:e) and use ¢;(m)

to denote the corres-pon'ding m X 1 vector of total discounted expected costs tci
'pla,yer : when the Sta,tiona,fy stratégy T o= (€, €2, s ,€™) is being used, the i*?

B component £* of player 7 is 'kno.wn as stationary str&tegy of player 7. In what -

follﬂwsi _welsha.l_l assume that the tta,lr;s_it'ipin 'probabilities_.dgpend only on the

actions of player n. This means that

-P(fi_lfS:&l"_ 5’2?"_"."&ﬂ)_#p(tlﬁia")‘. | o

-
v

As an immediate consequence of the:.a,ss_'umption-.weha,ve the following lemma.
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LEMMA 1.5.1 Let ¢;(x) be the vector of lotal B-discounted expected costs, for
player 1 < i < n, with the matrices of immediate partial costs deﬁ.oted as Ai;{(s).
The noﬁcaopemtive game with costs as ¢i(r), 1 <1 < n and the nancoopemtwe

- game with cosls Aij(8), 1 # 7, # n and ¢u(m ) (ie., 6 game in which players

other than n have zero immediate costs except for the first day) have the same

- set of equilibrium points.

Proof. This follows in the same lines as the proof of Lemma 5.1 in [76]. -

Let vy,vy,...,0,—1 be the vector of immediate expected costs for player 1
through (n — 1) corresponding to an equilibrium set of strategies and ¢, be the
vector of total discounted expected costs of player n corresponding tﬁ the same
~equilibrium set of strategies. Suppose ((£* )1 .+(¢*)") denote an equilibrium

set of sta,twnary strategies for the players l,...,n.

THEOREM 151 {x,( ), 1<:<n} andv( ) 1<s<m, 1<£<nfbmaset_
of ethbmum .strategzes far player& l,...,n and the corresyondmg equ:hbr:um

costs iff they Sattsfy the following system of tnequalities and equatmns

EAU (8)z;(s) ~wi(s)e > 0,1< s <m 1<i<(n—1) (1.5._6)

.J?ei
. a-1 | | ' |
w“(s) = Z Aﬂj(s)zi(‘s) + ﬂP(S)Q-"n — {6“(3)6 20 (157)
1=1 o o |

S zi(gls)=1,1<s<m,1<i<n (1.5.8)

gENi(s) S N
T (gls) >0V ) S5 andg € N(s) Iss< m,l<i+<n (159)
('“-’-‘(3)) zi(s)=0,1<s<m,1<i<n ~(1.5:10)

itﬁlhcm'3’.‘?;3'}#thé.”ect&r (én(1),..., ¢n(m)) and P(S) 13 the: mn(S) X m matrza:
' -‘”hﬂs'ﬂf*(t o enlry is p(tls,g) where g € N (s R

Proof T]‘)IS fﬂllOWS frorn Thecurem 3 in [84, p 1934] - . m

die oTLam
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REMARK 1.5.1 Note that (1.5.6) through (1.5.10) are the system of inequali-
ties and equations that determine an equilibrium point and a corresponding set
of stationary equilibrium strategies of the following auziliary game: Consider a
polystochastic game in which players 1 through (n—1) incur the immediate costs
as speciﬁe;d by the matrices Ay;(s), 1#4,1<i<n—1,1<7 < non the first
day and zero costs on the second day onwards, whereas player n incurs costs as
in the original game. Theorem 1.5.1 asserts that a set of stationary equilibrium
strategies for the players in l_ﬁhe auxiliary game is also a set of stationary equilib-
rium strategies in the original game and that the corresponding total discounted
expected costs ¢i(s), 1 < i.ﬂ (n — 1) of players 1 through (n — 1) in the original
ga,mea,regiven.byll ( )-1<£<( ~1),1 < s <m.

In what follows we shall use the symbol uﬂ(s) instead of ¢,(s) in (1 5.6)
through (1.5.10) for ease ‘of notation. Hﬂwever it should be noted that v,(s) =

~ #n(s) whereas ¢i(s) = —5vi(s), 1 <1 = (n—1),1<s<m.

B i
- Let B, a square matrix of order E E m;(s be defined as B'= | _ | where B
| i=1 s=1 B
n-1 m n om )
is a matrix of order ) ") “my(s) x ) }: m;(s) given by
t=1 a=1 1=1 =1
T 0 A1) ... Ayjn(l) o 0 ‘oo 6 0 ... 0 0
0 0 6o 0 0 Ayp(2) A1n(2) O 0
0 0 0 0 0 0 a 0 0 "0 0 0 Ayalm) ... Ay g(m)
Ap—11(1) © v 0 Ap—in(l) & 0 e 0 o ... 0 o 0
0 0 6o 0 0 I o o o o© Ap—y1(m) ver v Apeipim)

and B is the matrix of order E mu(.s) X ZZ mi(s) given by

=1 a-l

An1(1}  Aps(1) ... Appea(t) © . 0 0 ... 0 i:i._.,. 0 o
o 0 - ... 0 D Api(2) 0 .. Apply(2) 8 ... . .0 D

L o o 0 0 B 0 0 0 0 0 0 Apg(m) Ag(m) . 0
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Let E be a ma.trlx of order Y Y  mi( s) x m(n ~ 1) which is of the form

12

—eln—1}m

t=1 s=1
'-6-11 0
. 0 -—e
B =
- 0

where € is a vector of order m;(s) X 1 whose coordinates are all equal to 1.

Let E be a matrix of order nm x Z Zm,(a) which is of the form

i=1 a=1
[ (Ell)t 0 0
l
0 12\¢ 0
5= (™)
1
D (enm)t ]
where &' 15 as deﬁned earlier. Let Q be. the matrix of order Z ma(8) X m glven
| s=1
[ Q' | -
by Q = : where Q° is an m,(s) X m matrix which is
o Qm =
b Bp(l]s,1) ~1 4 fp(s}s, 1) Bp(mls, 1) 1
o = Bp(1}s, 2) ~1 4 fp(s|s, 2) Bp(m]s,2)
= | o | | |
| Bp(l]s,ma(s)) - ~1+4 Bp(s|s,ma(s)) ... ﬁp(mlsrmn(S)) ,,

Let M be a square ‘matrix of order E Z mi(s) X nm which is given by :

=1 8=1

= ' T

fev’

B o
Bo gl
F 0 0
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¢ | o _
Let the vector ¢ be defined as ¢ = | L where ¢! is of order
| q2 | T Emn ]
T It | i i i
Y Y my(s) x 1 and emy, is a vector of order mn X 1 of 1's.
t=1 a=1 .

With these notations we have the following theorem.

THEOREM 1.5.2 Consider the LCP(Q,M) where ¢ and M are defined as above.
Any solution to the LC’P(q,M) is a solution to the system of inequaﬁ'ties and
equations (1.5.6) through ( 1.5!10) and hence yields a stationary equilibrium point

of the auziliary game.

Proof. Note that g+ Mz >0 gives us the same set of inequalities a.é in (1.5.6)

and (1.5.9), where 2! can be identified as

(@ 0)) vy @alL))y ooy (@a(m) wa(L), oy oy(m),y o oa(m)). (15.11)

Suppose (w, z) scrl.ves LCP(q, M). Then identifying 2* as above and identifying

w as

A{(wn (1)) .. (w0 (1)) (e (), ul(_l),...,ul(m),.,',,un(m)). (1.5.12)

where w;(s) is a vector of order m;(s) X 1 defined in Theorem 1.5.1 and u;(s) are

real numbers given by

ws) = Y @) -1, (15.13)

geNi(s)

‘we note that w;(s) > 0, z;(s) > 0 and further, Y zi(gls) > 1. Now note that
| | | |  geN;(a) |
u;i(s)vi(s) = 0. This implies that if ui(s) > 0 then v;(s) = 0. However, since z;(s)

for all ¢ and s are nonnegative with at le_ast_one' coordinate positive and as A;;’s
are strictly positive matrices, it follows that if v;(s) = 0, then wi(s) > 0. This
- implies that (w;(8))'zi(s) > 0 and contradicts the hypothesis that (w,z) solves

"I:'-he-'?f-LGP(q,‘,?Mi).-:H_ent;e;i’t'fﬂilows5 that wu;(s) ~ 0 and hence S° zi(gls) = 1.
S - S - | g€N;(s) |
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Thus w;(s), z;(s), %:(8), ] £ s <m, 1<t < nis asolution to the system of
inequalities and equations (1.5.6) through (1.5.10). Cdnversely, suppose we have
a solution w;(s), zi(s), vi(s),1 <s<m,1 <1< n to the system of inequalities
and equations (1.5.6) through (1.5.10). Now define u;(s) = 0 and take w and z
as defined in (1.5.11) and (1.5.12). It is easy to see that (w, 2) solves LCP(g, M).

REMARK 1.5.2 Thus the problem of finding a stationary equilibrium set of
_strategies and corresponding costs for a discounted polystochastic game can be
formulated as a problem of solving a linear complementarity problem. We shall

show in the next section that a élight reformulation of this will yield an LCP

that_ca,n be solved by Lemke’s algorithm,
Lemke’s Algorithm'for Finding an'Equi]ibril;m

Lemke’s algorithm when applied to the LCP(gq, M ) mnsidcréd n Théorerﬁ
| 1..5,2 ma}y-terminate in a secondary ray. However, we shall show that a slight
modification leads to an LCP(q, M) where M is in the class £ defined by Eaves
[11]. For this class of matrices Lemke’s_algorithm_wit.h any positive covering vec-

tor will compute a solution to LCP(q, M) and hence compute a Nash equilibrium

-

point to the auxiliary game_mnsidEréd' earlier,

. Let M be a matrix obtained by replacng B=| _ |inMby B4+4A=C
| n m ) |
where A is a square matrix of order Y ) m;(s) each of whose entries is 1. Thus
| ' i=1 s=1 . | ' | |
[ cC E 0|
M=|C o0 Q|
E0 0

 where €.and ¢ are the row partitions of C'induced by the partitions of B as
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' B

1. We have the following lemma.
B |

S

). If (@, 2) solves LCP(q, M) then (w* )
= Z, Jor 1 < r < ZZm,(s

t=1 4=1

LEMMA 1.5.2 Consider the LCP(q,
solves LCP(q, M) where w* = @, 2

i

b~

NgE

m; 3)+ (n—1)m and 2z} = 2, — {#5% for

z —~m1r1f.*::w*2_12.,?'7@1I )< r<

i=1 s=1 t=1 s=1
r> z Em;(s) + (n — 1)m.
=] a=1 |
Proof. This is easy to verify. | - =

THEOREM 1 5.3 LCP(d M) has a umqufz solutmn when d > 0, d € R"" where
LLm, ) + mn and when d = 0. | |

i=1 s=1

Proof. We shall show that M € Cl', the class int_rodl_{ced by Eaves [11] b

3!
verifying its defining coridition. Suppose 0 # z = 52 > 0 is given where
r € R™ a,nd the pa.rt1t10n of z is induced by the partltlon in M Now
| Ct+ B, ' '
Mz=|06+Qk
B¢

If & 75 0, then there exists a r > E Z mi(s) + m(n — 1) such that. T > 0

i=1 =1

- and (Mz), > 0 as B¢ > 0. If s = 0 and {;‘2 # 0, then there exists a r,
n-1 m -
ZZm, -|—mn-—-1)<r<m such thatm,)Oand (MZ), >0&SC>O_

t=1 =1

cand Q&3 =0.If 53 = () a,nd 52 = () then (& # 0 and since Cé; > 0 and C{l >0
xt foliows that El ar < ZZm‘(s such tha,t Ty > 0 and (Mz), > 0. Thus it =

=1 s=1

follows that_ M € £1 or M € E(d) [29] f0r each d > (] o
We shall now show that LCP(0, M ) has a unique solutmn |
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Suppose there is a (1, Z) such that

~Mz=0,%>0,32>0, and ©'Z = 0.

L, . i

STI Y

. Also let B! = ,
Yo Yo

be the partition of E* as in

w

[ E o
Let X =

0 ¢

| _ C X
X, since X and E' are of the same order. Note that M = and let
- E 0

zZ = " be the partition of # induced by this partition of M. Since 7'z = 0,
M2 | . |
it follows that

PFMz=0iCy +mi(E'+ X gz =0, (1.5.14)

' Noting that C > 0 and E* + X >0, we see that equation (1.5.14) implies that -
mCm =0 and nl(E’+X)ng = 0 Now n Crh = 0 => m = 0 Noting that Mz > 0,
72

we conclude that Xng > 0. Let 52 = ) be the pa.rtxtlon of n, induced by the
2

E 0 - .
pa.rt.itio.n of X as . We then have E'f, > 0 which implies that ﬁg = 0,
0 a3

as B < 0 Now conmder the mequaht_v L7, 2> 0. Nﬂte that Q 1s a matrix of order

o)
Zmn(s) X m matrix which has the row partition .~ | defined earlier, Let
=1 | Qfﬂ

@1 be the m x m matrix whose Ifh row is the first row of | Q' forl <! < m,

We have 7, > 0. Note that @, is a square matrix of the form -f-I + AR where
Risa stbcha.stic matrij{ Thus (I -~ BR) isa Z N P—matrix. and the ineqﬁa.lity
(I — ﬂR)ng <’. 0, 72 > 0 has only the trma.l solution: o = 0. Thus the only
solution to LCP(0, M ) is the trivial solut.lon Z = 0,% = 0. This concludes the

T:-prn::n-:.:lfv.::,t’fthel;hf:«r::uren'i - S R | . m

'.,"?’I‘HE}OREM 1.5.4 Lemke s aigar:thm proccsscs LCP(q, M) and hence computes

“ ﬂ:n equ:l:bnum pomt and i set of equthbﬁum stmteg:es of the aum:hary game,
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Proof. This follows from Theorem 3.5 of Garcia [29]. | | »

The case n = 2 is discussea more_ﬂften in the hiterature. We therefore state

the following corollary.

COROLLARY 1.5.1 Lemke’s algorithm processes the linear complementarily
problem associated with the problem of finding an equilibrium point and a pair of
equilibrium strategies of a two person nonzero-sum stochastic game in which tran-

sttion depend on the action of a single player and the crilerion is the discounted

total expected cost.

REMARK 1.5.3 Note that the matrix — ¢ is a vertical block Z-matrix. Vertical

block Z matrices have been studied in Chapter 4.

REMARK 1.5.4 It is -:ﬁlea.r from the linear complementarity formulation of the
problem of finding an equilib_ri_um-_set of strategies and corresponding equilibﬁtim
discounted total expected cost vectors for all the players of a polystochastic game
- considered here, that such a game has a set of rational equilibrium strategies and -
corresponding rational discounted total expected cost vectors, if all the data in-
cluding B are rational. Thus we have the orderfield property for a polystochastic
game with discounted total expected cost as a criterion in which transition prob- -
abilities dEpend-dn the actions of a sihgle player. This is not true in general even
for an n person nonzero-sum noncooperative (static) game. An example is gi.ven
in Nash [66] where a 3 person game with rational data is presented which has no

rational equilibrium.

EX‘AMPLE 1.9.1 Cb_nsider the polystochastic game with n = 3 players _'&nd'-_m = 2

states, The cost matrices A;;(s)’s are as follows:

r r b T
1 2 | 4 3 2 3 | 3 4
A2(l1) = | , A12(2) = , Aga(l) = | , A1a(2) = S,
An®) [ 31] A=, 5] A= g | A [2 )
| 5 3| a4 7] [5 4 f1 2]
A1) = [ o An(@)= | ]. Aza(1) = ,ﬂ23(2)=[ : '
| i 6|’ 3 5 | 5 0 | 2 1
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2 3 4 3 5 . &
Azn1(l) = , A (2} = , A32(1) = , A3a2(2) = .
() 3 2 ( 3 4 [) i
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The solution of LCP(¢, M) is giifen_by | o
g = 3, 1y = 2, s = &, Wy = 3, 0 = 2.408942, 013 = 0.1374046, 7, = 1, Z5 = 1,

=
et

~ and % = 30.90731.

The solution for the auxiliary game is given below:

2=l B=1lLZ=1212=1213=10, Z1a =14, Z1s = 7, 16 = 12, Z17 = 27.63577

The probabilities are as follows: -

RN B B 1 | 0 ) 0 1 0
(1) = o | ra(i) = . 1 z3(1} = ¢ . bezi{2)={ N z2(2) = ol z3(2) = |
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The corresponding costs of the auxiliary game are vy(1) = 4, 1(2) = 8, vo(1) = 1,
v9(2) = 6, v3(1) = 15.63577 and v3(2) = 18.90731. |
The solution for the original game is obtained as follows:
The probabilities are the same as in the auxiliary game and costs for players 1 £ ¢ <

n — 1 of the original game are obtained by multiplying the corresponding costs of the

auxiliary game by __B |
The costs of the ungmal game are qSl(l) = 8 ¢)1(2) = 18, qég(l) 2, $4(2) = 12,

$3(1) = 15.63577 and ¢3(2) = 18.90731.

1.6 Some _Deﬁnitions and Results in VLCP
Theory '

DEFINITION 1.6.1 Let A be a vertical block matrix of type (mhmj,. m-k).
A submatrix of size k of A is called a repressntatwe submatriz if its j** row

1s drawn from the 7'* block A-’ of A, Clearly, a vert]ca] block matrix of type
k

(mqy,ma,...,mg) has at most H m; distinct representative submatrices.
y=1 -

DEFINITION 1.6.2 A vertical block matrix A of type (my, ..., my) is called a ver-

tical block P (Pp)-matriz, if all its representétivé submatrices are P (Pu')-ma,trir:és.

DEFINITION 1..6.3 A vertical block matrix A of type (mq,ma,... ,mk)'is called

a vertical block Z-matriz if all its representative submatrices are Z-matrices.

The concepts of copositive, strictly copositive and cop'dsitive-plus vertical

block matrices are similarly defined. See {4] and [14]..

DEFINITION 1.6.4 We call the set of columns {-A,} U {I,.; r € J,}, the p”‘
set of related columns and ‘the correspondlng set {2z,} U {w,., r € Jp}is called

the pth set of related vamables
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Given a vertical block matrix A of type (my,...,m;) consider the matrix

[1, —A] where I is the identity matrix of order m.

DEFINITION 1.6.5 A proper set of column vectors of [I, — A is a set of m column

vectors forming a matrix B = { B, j =1,...,m} such that

—A.;isa column of B = Janindex! € J; such that I, is not a column of B.

- The matrix formed by a proper set of column vectors is called a proper matriz.
Note: If B is a proper matrix of [I, —A] then B contains exactly m; columns

from the j** set of related columns for 1 < j < k.

-DEFINITION 1.6.6 The cone generated by a proper set of column vectors is called

a proper cone.

DEFINITION 1.6.7 We call B, a submatrlx of order m x m of (I —A -—-d) an

- almost proper basis matrtm if
(i) ~d is a column of B.

(if) —A, is a column of B = 3 an index p € J; such that I, is not a column

of B :
(111) the columns of B form a llnearly mdependent set.

DEFINITION 1.6.8 We call B, a submatrix ﬂf order m X m csf (I ,—A) a proper

bas:s matrzx if

(1) ~-A;is a culumn of B = EI an index P € J; such that L, is not a column

of B

(11) tbe colur’nns _cif B form a linearly independent. set. -

} 'EFINITIDN 1.6.9 Let B be an ﬂ'lmﬂﬂt proper ot proper basis matrix. We say
- tha,f. B ts feas:ble if B~ lq >0, |
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DEFINITION 1.6.10 Suppose B is a feasible almost proper or proper basis ma-

trix. We say that B is nondegenerate if B~'q > 0.

DEFINITION 1.6.11 Let us consider the set

S = {(w,z,20) |w € A",z € R zp€R w—~Az—dzpy=g, w> 0,2 > 0,2 2 0}.
Let y = (u”,3,v9) be an extreme direction of § and let (w*,f,zg) € S.

Consider the ray of points

(w(A), z(A), 25(A)) = (w*,%,20) + A(u™,T,09) €5 VA >0,

We c:a,ll such a ray an almost proper ray if .

zJ(/\)HwJ(A =0, VA20, j=1,...,k

t=1
| REMARK _1.6.1 It is easy to verify that if
(w(A), 2(A), 20(N)) = (", ,Zu)+f\(u 9y%)

is an almost prﬂper ray, then (u", D, v{,) >0, u* — At — dvu = () and

.UJHu‘_ Hw"'"—vJHw EJHu‘.“OVI*(J*'(k

- ieJ; ied; . ied; ieJ;
Many of the above notions have already been introduced in [4]
Cottle-Dantz:g Algorithm [4): The Cottle-Dantzig algorithm for the
VLCP(q, A) starts with the initial solution to (1.3.1) and (1.3.2) as

w = q+dzx
z = {
where 2o is large enough so that w > 0 and d € R™ is any positive vector.

Step 1: Debreas'e-zg to % =min{z |q + dzg'z_ 0, z > 0} so that one of the
" variables w;, 1< i< m, say Wy, is-feduc'ed to zero. We now have a basic .
fe.ﬁsible solution with 2z in place of- wp; This is the initial almost proper
basic feasible solution. wa let r be the uniqﬁe index, 1 < r < k&, _such |
 that p € J,. We have exactly one pai_r of non-basic variables (z,.., w,) -which

| '_belon?g_t:::: the same set of related variables.
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Step 2: At each iteration, there js exactly one pair of non-basic variables belong-

ing to the same set of related variables, Of these, one has been eliminated

~ from the set of basic variables in the previous iteration; the other is now

selected to be included as a basic variable in the next iteration. For exam-

ple, in the second iteration z, is selected to be included in the set of basic

variables.

~ Step 3: If the variable selected at step 2 to be included as a basic variable can be

arbitrarily increased, then the procedure terminates in an almost proper
ray, to be called a secondary proper ray. Otherwise, one or more of the

existing basic variables are reduced to zero and one such variable is replaced

~ by the entering variable to obtain a new almost proper or proper basic

- feasible solution. If the new basic feamble so]utmn obtained has 2% = 0

or 2z is non—basm, then we have solved (1 3.1) and (1.3.2) a.nd have a
solutmn for the VLCP(q, A). Othermse, we have obtained a new almast

proper basic feasible solution and a new pair of nonbasic variables (a:ﬁ, Yr )

belonging to the same set of related variables, say the s’ A set, where either

(zg,1r) = (25, ), with 1 € J, or (zg,4r ) = (wn,,wy, ), with ¢(,1; € J,.

We repeat step 2.

The Cottle-Dantzig algorithm consists of the repeated applications of steps 2

and 3. From now onwards we refer to this algorithm as Algorithm CD.

| THECJR.EM 1.6.1 (Propositiaﬁ 4.8 in [18, p. 167]) VLCP(q, A) has a comple-

) mentary fcassble solution if and only if there ezists a representative submatriz

_-.__._AG and a corresponding subvector 9 of g so that LCP(qg, Ag) is solvable w:th

r.: solutmn z and Az + q > > 0.
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THEOREM 1.6.2 (Theorem 8 in [{, p. 88]) Let A be a vertical block malriz of

type (my,ma,...,mg). If A is either vertical block strictly copositive or a vertical
block P-matriz then_ VLCP(q, A) has a solution. If A is vertical block copositive-
plus and Algorithm CD fails to produce o solution of VLCP(q, A) then (1.5.1)
has no nonnegative solution, i.e, Z = {z|q+ Az > 0,2 20} = 0.

Given a vertical block matrix A of type (my,...,mg), let u!,...,u* be a collection

k
of row vectors such that 0 # u’/ > 0 has m; coordinates and Y  m; = m. Then
j=1 -
ul ... 0
e I T N ¢ 8
0 ut

is of order k X m. The j** row of the matrix U A is the u-""-wleighted sum of the

rows in A7,

THEOREM 1.6.3 -(Theofem-_;{ in [{, p. 88]) If A is a vertical block P-mairiz of
type (my,...,my) and U is given by (1.6.1), then UA is a P-mairiz.

 THEOREM 1.6.4 (Theorem 6 in [{, p. 89]) If A is a vertical block P-matriz of

type (mq,. .., m;,,.), the system of inequdlities
Az >0, z>0
has a solution.

THEOREM 1.6.5 (Theorem 3 in (17, p. 16'9]) Let A be a vertical block Z-matri

of type (ma,...,my). Then the fdllawiﬁg are equivalent:
- (z) There ezists a vector 0 # 2'_ 0 such that Az > 0.

| (ii) Aisa vertz‘cal black-P-matf{m of type (mq, ... M),
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1.7 Scarf "s- Complementaﬁty Prdblem

Scarf [82] introduces an interesting generalization of the linear complementarity

problem involving a vertical block matrix N of type (my,...,m;). The problem

is stated as follows:

Given an m x k, m > k vertical block matrix N of type (my,...,m;) and

g€ R™ wherem = ) _ my, find 2 € B¥ such that

j=1
ri(z) = n;g}f(N’m —7)i20j=1...,kz>0 (1.7.1)
1 3 .
k- )
doziri(z) = 0,5=1,...,k (1.7.2)
=1

We will refer to this generalization as Scarf’s complementarity problem and |

denote this problem by SCP(g, V).

Lemke [42] formulates this problem as an equivalent linear complementarity

problem LCP(q*, M*) where

g | 0 —-N F|
q": -_.g_k-x-a.nd M*=.' Ft 0 0

Note that M* is a square matrix of o_rd@ar (m + 2k), ex € R* is a column vector

of all 1’s of order k and -

el 0 0
1 0 ¢2 0
F= ' .
| i
K e:“'_ |

. is an m)-c k matrix where e, 1<j< kis a column vector of all 1s of order m;. We

shall =:h0w tha.t SCP(q, N ) can be formula.ted as a vertlcal lmea,r complementarlty

. pmblmn
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For a given z, (1.7.1) and (1.7.2) are equivalent to the assertion that

w=§F - Nzg+rid,e2>0,r;20,w 20,w $0,5=1,...,k (L7.3)
k |
ijr_.,::(],j:l,...,k - (1.7.4)
- .

where the scalar r; = r;(z). We can rewrite (1.7.3) and (1.7.4) as

w! = (F — &) — Nz +u;e!, 2 >0, u; 2 0, w! 20, w $0,5=1,...,k

(1.7.5)
ri==l4u;, ;20,5 =1,2,...,k - (1.7.6)
-omy o I | |
u; [ w! =0,7 =1,2,...,k - (L7
1=1 - | . ' -
" | | .
SNz =0,5=1,...,k - (1.7.8)
j=1 | o S
i . - g
Uq 1

Let u = : andr=| : |.We note that (1.7.5) through (1.7.8).give us the

Uk Tk

VLC.f:(q,*A) ﬁ'h_ere )
F —N | | §— €em
A= is of order (m + k) x 2k and ¢ = .
I 0 | o — €}

In the above forhlﬁlation em € B™ and e; € R* are v-ec_tﬂrs of all 1’s and I is the
identity matrix of order k. - .
LEMMA 1.7.1 SCP(j, N) has a solution if and'oﬁ.ly if VLCP(q, A) has a solu-

tion.

 Proof. Let (T, i)-be'a. solution SCP(&,_ N). Let ﬁj:fj;—l- l and

. B . . | | W u
w = (§7 —e!)— NIZ + 6;e’. It is easy to verify that ( - : ) solves
VI.CP(q, A).

Conversely, let ( l: . [ ] ) E.'_G]VE VLCP(Q,’A). Note that @t; = 7;+1,

4 A

. r _ : _
1 €4 <k: Hence t; > 0 which implies Y # 0. Thus (7, Z so'lveslSCP(cj, N) =

o
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1.8 Lemke’s Equivalent Formulation

Given the VLCP(q, A) with a vertical block matrix A of type (my,ma,...,mg),

Lemke [42] observes that this can also be fepresented in an equivalent LGP
form. To do this Lemke defines a matrix F' of order m X k as in Séctiﬂn 1.7. The

equivalent LCP considered by him is given below:

Find w € R™,u € R™, v € R* and z € R* such that

. - . - qt -
w q 0 Al u w u w U

. — T ) ! > 0, = 0.
v e -F g l_:«: v z v K

- -

 Note that in Lemke’s equivalent formulation the matrix M = | 1sof

order (m + k) X (m + &),

" LEMMA 1. 8.1 ([42]) VLCP( q, A) has a solution if and only if Lemke’s equivalent
LC'P hﬂs a salutwn |

o | | ..wz-' U - i | - '—_q* .
Pmﬂf. Let ( [ . } ) solve LCP(§, M) where § = . We

(H |1 <2 e

partition the vector u into k subvectors v € R™,j = 1,2,...,k, so that

U = ((u)Y, ... (u“")‘]‘. _Note that v; = (-Fu)j+1==> +1,
redy

_Now, ZJ >0 = v_, =0 = Y ul =130 implies that there exists a p(j) € J;
reJ;

such tha.t uP[J]>O=>wP(J)-0 and w’>0=>u-‘" =0=>v,=1>0=2 =0.

P;Hence % [ w! =0, j =.1,2,..., k. Therefore (w, z) solves VLCP(q, A
- reJ; |
Conversely, let (w, z) solve VLCP.(q,A). Let @ = {jlz; > 0}. For jo€ a

- there exists a p(7) € .JJ- such that wi( 5 =0. Deﬂn;:_t'yi as follows:

| 1 forj€ea and r=p(j)
w,{= ¢ 0 -forj € a and T#P(J)
|0 forjea andforallr,
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F{}rjE::r,vjz—zuf:—i—l:-—ui(j)-{-l=Oandforj€&,

red;
= — z u,’. + 1 > 0, Hence, w'u = 0 and v*z = 0. Therefore
rEJj
w | u . _
( } , ) solves LCP(4, M). This concludes the proof. =~ m
v Z
. o -

1.9 Degree Theory

We use some concepts of degree theory in Chapter 2 and Chapter 6. For the -
concept and the properties of the degree we refer to Lloyd [45] and Ortega and
~ Rheinboldt [68). For the use of this concept in linear complementarity we refer
to Cottle, Pang and Stone [5), Gowda [26], Howe and Stone [36) and Morris [61].

Let O be a bounded open set in R* and let ) denote its boundary and 2 its
closure, Let dist (0, S) := inf{||s||, s € S} where S C R* and 0 € R* denote the
distance between 0 and the set S. Let f : 0 — R* be L:ontinuous with 0 & f(0Q).
Thén the degree of f at 0 relative to §) is defined and is an integer. This degree is
denoted by deg( f,§2,0). See [68, Definition 6.1.__7]. We make use of the following
properties of degree. | . |
Property 1: (Existence property) If deg(f,,0) # 0 then the equation
f(2) = 0 has a solution in 2. |
Pmperty 2: (Homotopy invariance property) Suppose that |

: [0,1] x Q — R* is continuous and 0 ¢ H(t,00) for all t € [0 1]

Then deg(H(0,-),9,0) = deg(H(1,-),Q,0). |
For convenience, we shall denote H(t,-) as H(- ) :
'Property 3: (Nearness prnperty) Suppc-se that deg( f,Q 0) is deﬁned If g

18 & contmuous functlon on 0 such th&t

 sulle) _ )l < dist(0,/(69))

then deg(g,{?,0) is defined and is equal to deg(f,(,0).



40 General _Introd uction and Review

Property 4: (Domain decomposition property) Suppose ! = U, {; whereq
();’s are bounded open sets such that ;N §; =0, ¢ 3% 5 and ur. Q; = Q. Also,
suppose that 0 ¢ U2, f(992;). Then

deg(f,0,0) = 3 deg(f, 2,0). _
Property 5: (ngcisian property) Suppose that deg(f,?,0) is defined and K
is a compact subset of (2 such that there is no solution of f(z) = 0 in K. Then
deg(f,Q,0) = deg(f, O\K, 0). '

Property 6: Suppose f is differentiable at z* where 2* € ) is the unique
point satisfying f(z*) = 0. Suppose also that the Jacobian matrix f'(2*)-is

yrm

deg(f,,0) = sgn (det f'(z"))

nonsingular. Then,

. where for any real number @, sgn(a) = +lifa > 0and ~1ifa < 0.

A p’a.rticﬁlar case of Property 6 occurs when f is é, piecewise linear .fu'nction
of thé form f(z) - zz‘\ (Mz +q) In this cé,se, f(z) = 0 is a solution of the linear
c@mplémentarity problem LCP(g, M) introduced in Section 1.1. Suppose, 7 is thé |
unique solution of LCP(q, M) in a bounded open set of R* and 7z + Mz +q > 0.
It is known that _([49],"061'. 32} if T = {i|% # 0} and My denotes the .

submatrix of M corresponding to the index set T then Mz is nonsingular and

deg(f,9,0) = sgn(det Mzz).

Given the LCP(Q', M), define a piecewise: linear ma.ﬁ.FM'(m) as

BT = Mymd
Fu(z) = Lot Full) + Y25 Fu(-Mj), 1< j<n

for any z € R where z7 = ma.x_(U,q:j) and z; = max(O, —x;). Then it is clear

that LCP(¢, M) is equiv&,leut to ﬁndin'g'm. E R sﬁch that Fas(z) = g.



Degree Theory | 41

Let M € R™*" be a given nondegenerate matrix and z € R* be a point in
the interior of an orthant Pos Cj(«), for some a C {1,2,...,n} where .
PosCi{a) = {y € R*|y; < 0for: € a and-y,- > 0 for ¢ € «}. The index of M at
z denoted by indps(z) is defined as sgn(det Jys(z)) which is seen to be equal to
sgn(det M,,) where det Myy = 1 and Jy(z) stands for the Jacobian of the map
Fy at z. Thus indp(z) = 41 or —1 depending on whether det Ja(z) is positive

or negative. As shown in Cottle, Pang and Stone [5] the quantity Y. indm(z)
zeF7 () |
is the same for all nondegenerate ¢ € R* and is called the degree of Fjs. We will

denote the degree of Fas simply by deg Fiyy. Let ¢ € R" be nondegeneraﬁe with
respect to M. Suppose LCP(¢q, M) has a solution (w;z). Take z = w — 2 and

note that Fys(z) = ¢q. Hence fixing this g we can rewrite the degree of Fy as

deg FM — E SEI dﬂt(Maa) |
{a:q€PO3(Ba)} | !

where ¢ € K™ is nondegenerate with respect to M and

Pul -

—~Mye O

B, =
| i "'"Mﬁnr Iﬁ‘

is a cpmplementa.ry matrix of [I,—M)]. The aséumption of nondegeneracy of the
matrix M and the vector ¢ € R™ with respect to M made in defining the degree

of the map Fis may be relaxed. See Gowda [26] for more details.

The following result based on the degree of Fys is well known in linear com-

plementarity.

THEOREM 1,9.1 Let.M € R™*™ be such that LCP(0, M) has a unique solution.
If deg Fr # 0, then M € Q. ' '



Chapter 2

The Vertical Linear

Complementarity Problem

2.1 Introduction

In this -cha.pter, we ‘consider the vertical linear complementarity problem
VLCP(q, A) where A 1s a vertical block matrix and present an equivalent for-
mulation of VLCP({q, A) as LCP(q, M). This formulation is different from the
~ equivalent formulation given by Lemke (see Section 1.8) which results in a square
matrix of order (m + k) x (m + k). In contrast, the equi?&]ent LCP presented
in Section 2.3 is of order m X m and many more results on VLCP are easily
obtained using this formulation. ' ' . . o

- Gowda and Sznajder [25] show that with the usual ordering on R", a gener-
~ alized order l.inea,r complementﬁrity problem (GOLCP) 18 r.f,quiva.lﬁnt to a VLCP.
However, this ._formula.tinn of the VLCP(% A) is in the form bf_’ equations, and
using this_formulati_an_ _they déﬁne the degree of a VLCP map.

In 'Section,.2.2, we preéent_ the required deﬁnitio_n_s.._'Sect_ion- 2.3 presents.an

~ equivalent formulation of VLCP(g, A) as LCP(q, M) and extends some known

42



43

Preliminaries

results, In this section, generalizations in the VLCP setting of the classes of
matrices introduced by Garcia and Todd are also presented. The concept of
generalized principal pivot transform of a vertical block matrix is introduced
and discussed in Section 2.4. In Section 2.5, a comparison of the algorithms
by Cottle and Dantzig for VLCP and that of Lemke for the equivalent LCP is
made and they are shown to be one and the same. We also consider the problem
of computing the generalized Nash equilibrium point of the generalized bimatrix
game introd.uced by Gowda and Sznajder [28]. Finally, in Section 2.6, we consider

the VLCP degree of a vertical block matrix.

2.2 Preliminaries

DEFINI’.TION 2.2.1 A vertical block matrix A of type (mi,...,ms) is called a
“vertical block Q-matriz if VLCP(q, A) has a solution for each ¢ € R™.

DEFINITION 2.2.2 A vertical block matrix A of type (mq,m,,... ,my) is called

a vertical block Qo-matriz if for any g € B™, (1.3.1) has a solution implies that
~ the VLCP(g, A) has a solution. - |

2.3 An Equivalent Formulation

The problem VLCP(q, A) can be formulated as LCP(q, M) as follows:

Let us consider a vertical block matrix A of type (my,...,mi) where m; is the
size of the 7% block. We construct a matrix M By copying A.;, m; times for
§=1,2,...,k (for example A is copied m; tizﬁes, A.p is copied m, times etc.).
Thus M.'p = A, Y pe Js. This constructio{]"leadﬂs to a square matrix M of order
m x m. We call thé'_matrix obtained in this manner the equivalent sq.uare matﬁm |

‘of A, We note that M }s'singular Hm >k
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LEMMA 2.3.1 Given the VLCP(q, A), let. M be the equivalent square matriz of
A. VLCP(q,A) has a solution if and only-if LCP(q, M) has a solution.

Proof. Suppose (w,z) is a solution to VLCP(q, A). We construct a solution

(u,v) to LCP(g, M) as follows:
We take u = w. Note that z; > ¢ lmphes 3 p(j) € J; such that wp(JJ = 0.

Define

0, ifr#p(j)foranyl<j<k
'Ur — | .
z;, if daj, 1<j <k, suchthat r = p(j)
Note that v, is well defined. Now it is easy to see that (¢, v) solves LCP(q, M).

Conversely, suppose (u,v) is a solution to the LCP(g, M). Define the vector

z € R* by taking

T

i€J; |
Note that if z; > 0, 3 i € J; such that v; > 0 and hence u; = 0. Hence_ with
w = u, (w,z)solves VLCP(g, A). | B I -

In order to distinguish the equwalent LCP(q,M) mtrc:duced in Sectlon 1.8
- from the equivalent LCP(g, M) introduced in this section, we adopt the following
ternﬁﬁology. Given VLCP(q, A), the equivalent LC'P(q,-M ) refers.to the problem
introduced in this section and Lem‘ke s equiﬁal&nt-LCP refers to the pmbiem
introduced in Section 1.8. . .

It is eﬁsy to see tha,t a nonsingular campleménta,ry matrix of ([, -Q-M],
where M .is the equivalent square matrix of a vertical block matrix A Qf type -
L (my,...,mE)is a nohsingula.r proper matrix of [I, —A]. Thus nonsingular com-

| plementary matrides of {1, --M ! are in 1 — 1 t:orrespﬂndeﬁce.with the nonsingula.r

- proper matrices of (I, — A]. Thus the cla,ss of complementa.ry cones of [I,-M]

. with-nonempty. interior is the same -as the class of proper. cones of [I —A] with

nonempty interior. Due to this fact, the following results for.vertlcal-blac ( ma- -

trices are easy to observe.
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LEMMA 2.3.2 A is5 a vertical block () -matriz if and only if the equivalent square

“matrizr M s a QQ-malriz,

LEMMA 2.3.3 A is a vertical block Qg-maltriz if and only if the equivalent square

mairiz M is a Jo-mairiz.

In what follows, we introduce some of the classes of vertical block matrices, using

the equivalent LCP,

Generalized QGarcia’s class: Let A € R™** be a vertical block matrix of _
type (mq,...,mg}. Let M be its equwalent square matrix. A is said to be
in generalized Garcia’s class if for some d > (0, d € K™, the equivalent square
- matrix M € L(d). (See Section 1.4.) We say that A is in generalized £*(d) class
if M € E*(d).
We note tha:t the class generalized E*(0) is the same as the class of type
" Ry-matrices intrﬁduced by Gowda and Sznajder [25]. . .
Generalized Todd’s class: Let A € R™** be a vertical block matrix of type
(ma,...,mg). A is said to be in the generalized Todd’s class if for some d > 0,

de R”‘ the aquwalent square matrix Me L(d} The fDHDW]Ilg result now follows

o from lmear mmp[ement&l‘lw t,heury

_Tﬁgonﬁm ,2.3._,.1_.Let AE R’"""‘ be a vertic.al'block matriz of type (m;, e ,TTLE ),
If A € L(d) (or L(d)), then A is a Qo-matriz.

Usmg our equivalent formulation we can easily genera_lize. Theorem 1.4.5.

_:-:_,_THEOREM 2 3.2 Suppase A2 0 5 a uerttcaf block matrm af typf: (mh . ,mk)

;_;i__ A is *ue.rt:cal block Q matriz tf and only if a; > 0V _1 € J

Prhof " From Le mma 2 3.2, it is 'clea;r that the e’quiva]ent squa,re matrix M,
a formed out of ‘A, has to be i ln the class &, if A€ Q. M being ngnnegabWB, the

o rﬁsult follows stralght frorn Theorﬁm 1.4.5. S o
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Recently Murthy, et al. [65] have proved the following on nonnegative square

matrices.

THEOREM 2.3.3 Let M > 0 be an n X n matriz. M is Qo-mairiz if and only if
M;+#0=>m;;>UV1§£5n. |

We can state a similar result for vertical block matrices using our equivalent

formulation.

" THEOREM 2.3.4 Let A > 0 be a vertical block mairiz of type (mq,...,my). A

is a vertical block Qo-matriz if and only if
V15,'s;; -VjeJi [Aj. 75 0 = Qi > 0]. (2.3.1)

Proof. Consider the e'quiva,le_nt LCP.(q,M). Note that A;. # 0 & M; #£0 .
and a;; >0, € J; & a;; =my; > 0. | .
Suppose (2.3.1) holds. Then by Theorem 2.3.3, M is a Qo-matrix. Hence it
follows that A is a vertical block ()o-matrix. .
Conversely, suppose A is a vertical block Qo-matrix. It now follows that the
equivalent matrix M is a Jp-matrix. Hence, if for some jg € J;, Aju. % 0 then

M, # 0 and hence mj;, = aji > 0. -

24 Generalized _Prihcipal Pivot Transforms

A useful concept in the study olf the ]inea,r complementarity problem is that
.- ef a principal pivet_t_raﬁsfemi (PPT). For a square ma,trix M suppose B is a
nonsingular eemplemehtary_matr.ix of [I,—M]. Let B be the matrix of columns
* of [I,~M] not in B. We say that F is a PPT of M with respect to B if F =
P —-B“f B. We_,.nete:_ that LCP (¢, M) .is equivalent teLCP(B"‘q,F ). _Se_e_Pa..rsons. |

74], We ijna,y introduce the notion of a generalized principal pivot tr%%ﬁfc?rm_ for

‘the VLCP(q, A) as __follew,_e: -
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DEFINITION 2.4.1 Suppose B is a nonsingular proper matrix. We say that ¥
is a generalized PPT of A with respect to B if FF = —B~! B, where B is the

matrix of columns not in B. Note that B contains k columns and that F is an

m X k vertical block matrix of type (mq,...,my;).

Let us now compare the generalized PPT of a vertical block matrix A of type
(my,...,mg) with that of the PPT of M, the equivalent square matrix formed
from A, with respect to a nonsingular proper matrix B of [I,—A] (which is also

a complementar}r matrix of [I, —M]). Without loss of generality, let us assume

- that the first [ columns of A are in B and that the rest of the columns are from

the identity matrix  of order m. Let the i** column of A for1 <i<I occupy
the gih position in the matrix B. It is clear that j; € J;, for each 1 = 1,...,1.

. Theu, the columns of F, whlch are ubt&med from A by the genera.hzed prmcxpal

pwut. transfarm mth resp&ct to B are as follnws

-—-B_II.J;,-, if 1 € {1,... ,_I}
BA;, ifie{i+1,...,k}.

Suppose that M is the equivalent square matrix of the vertical blc}_ck. matrix
A. As observed in the earlie_r section, B is also a Ccmplementary matrix of
(I,~M] and we can consider a principal pivot transform M* of M, with respect
to B, The.c'alumns of M*fori=1,...,m are givén_by |

Lo o . | p ‘ -
-.—-B-II‘{, ift € {Jl& o !Jl'}

Mi={
B~'M,;, otherwise.

~ Since for each index set J:, the columns in M corresponding to J; are iden-

tical by definition, we can see that M* has several colum.ns of negative unit

vectors. Hence, if an equivalent square matrix of the geﬁeralized PPT Fof A

is constructed, it may not be équ‘&l to M*. This is illustrated by the following .

example.
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EXAMPLE 2.4,1 Consider the following vertical block matrix A of type (2,2}

and its equivalent square matrix M:

0 1 0 01 1)
| ~1 0 -1 =1 0 0 |
A= , M= \

1 1 1 111

01|l | o0 011

Let B = [I; — A1 I3 I4] be the complementary matrix with respéct to
which we consider the pivot transform of A and M. The resulting matrices, i.e.,

F from A due to the generalized PPT and M* obtained from PPT of M with

respect to B are given below:

0 1 0 0 1 1
~1 0 -1 -1 0 0
F = , M* =
| j—l 1 0 -1 1 1
0 1 0 011

Clearly, if the equivalent square matrix of F' is constructed, it will differ from

M* in its first column.

Is it then true that if a vertical block matrix A is in the class Q, that all
its legitimate generalized PPT’s will also be in @7 This does not follow straight

from the already known results of linear complementarity, However, the following

lemma for a square matrix M would help us answer this a.'.’i'i_rma,tively.
LEMMA 2..4.-1 Let M € R"""’““" be a Q-matﬁm.

(i)'If M;., = —I; for some } # k, then the mairiz D € Rgmxm deﬁned by,-"_.
| D,;z ,,z#kande—-thsanatﬁx o .

P . FosE LT
'\.ir iy ;. = -\.._.-?.r b -

(u) If Mk M far some j # k, then the mairiz D € R"‘"’“ deﬁned by;
. D.=M di, 1 F# k and Dy = -—L, is a Q-_-matﬁm.. |
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Proof. Let us consider the problem LCP(q, D), for any given ¢ € R™. We need
to prove that there exists a solution to this problem. Let (w, 2) be a solution for
the LCP(q,M).

If in (w,z), 24 = 0, then (w, ) solves LCP(q, D) also. Otherwise, we can
define a pair (1, z) of vectors, where @, Z € R™, as follows. Let w; = w; and
Z = z, for i # j,k, i = 1,...,m. The j* and k* coordinates of (1,%) are
defined for the parts (i) and (#i) separately, using (w, z) as below:

For part (2):

2, =0 W; = Wy + %;
2k = 2j; Wi = Wk,
For part (:):
Zi=zj+zg, W =0
Zp = Wi, Wy = Wy,

[t can be easily verified that the resulting pair (1, 2} is indeed a solution for the

problem LCP(g, D). Hence, D belongs to the class () in both cases. "

REMARK 2.4.1 The above lemma in fact holds goad for (Jo-matrices also. This
ca,r_l be seen from the fact that the two parts of the lemma are in some sense,

| camplémentary to one another,
We illustrate Lemma 2.4.1 by the fol_lﬂwihg exé.r_nple.

EXAMPLE 2.4.2 Comparing ihi?_fgll?}#iﬂg mﬁtl‘icesi

we can see that one can be derwed from k |1e otlher using the above lemma, and

that both of them belong to the cla,ss Q IElowevler the ma.trzx constructed with
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the two columns of M? interchanged, will not be in ¢/ as it does not satisfy the

conditions of the above lemma.

- As a consequence of Lemma 2.4.1, we have the desired result given below, on

generalized PPT’s of a vertical block matrix.

‘THEOREM 2.4.1 Let A € R™* be a vertical block Q{Qo)-matriz of type
(my,. .., mk)- IfF 15 4 .genemlized PPT of A, then F' € vertical block Q) (Qo).

Proof. Let us consider M, the equivalent square matrix of A. By Lemma 2.3.2,
M € Q. Let F be a generalized PPT of A with respect to a proper complementary
matrix B of [I,—A]. Without loss of generality, let us assume that B has the
first | columns of A; [ < &, and they occupy respectively ji,. .., ji* positions in
B '

Corresponding to B, let M™* be the principal pivot transform of M. From
linear complementarity theory, it follows that M* € Q). Let us construct a matrix
M from M™ as follows. For r € J; where ¢ > 1, let M.,. =M. Forre J;, 1 <1
if M_':_' = —[; then let ﬂ., = M and for r € {j1,..., 41}, let M., = M. Now,
M € Q using part (¢) of Lemma 2.4.1. It is clear from the construction of M,
that it is the equivalent square matrix of F'. Now from Lemma 2.3.2, ag' M € Q,

F is also a Q-matrix. A similar proof goes through for the class of vertical block

Qo-matrices as well. This completes the proof. - 0

2.5 On the Cottle-Dantzig Algorithm for the
=VLCP

- In, [4], :Cottle and Da.ntmg describe a pmcedure for processmg a genera,llzed lin-
. ear compiementa.nty pmblem, Wthh is an extensmn of Lemke S algorlthm for the .

ordlnary llnea,r complementa.ry problem See Chapter 1 for Lemke’s algorlthm
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and the Cottle-Dantzig algorithm (Algorithm CD). In the remainder of this sec-
tion we make the standard nondegeneracy assumption that all the almost proper
basic feasible solutions are nondegenerate. Under this assumption the variable
that jeaves the basis at step 3 of the algorithm is determined uniquely at each
iteration and the procedure either terminates in a solution to the VLCP(g¢, A) or
in a secondary proper ray.

'An alternative method of solving VLCP(g, A) is to apply Lemke’s algorithm
to the LCOP(g, M). See Lemke [43]. It is a matter of curiosity to find out the

difference in the two approaches. One can make the following observation.

REMARK 2.5.1 Suppose B is an almost complementary basis matrix generated
by the application of Lemke's a,lgorit.h-m with the artificial vector d to the equiv-
alent problem LCP(q, M) then there is at most one index ¢, 7 € J, such that

. —M; is a column of B, for each 1 < s < k. This follows from the non-singularity

of B.

. The following lemmas are also i_n'imgdiate.

LEMMA 2.5.1 Suppose B is an almost t:_o_mplementary b.as:'s malriz generated by
~ the application of Lemke’s algoﬁthm'with the artificial vector d to the equivalent
problem LCP(q, M) and that ~M, = —A, “iuherc p € J, is the r** column of
B, Thcn the columns cormspondmg to the variables z; , for i € J, in the tableau

corresponding to this bas:s are all equal to I ., Where r is the column indez of

-M, in B.

CLIMMA 25.2 Suppose B is an almo_ét compfementary basis matriz generated by
'F o applicetion of Lemke's a!gc:rﬁ'thm _tm'th' the art:ﬁc'ia! vector d to the equivalent
v Weyn L P(q, M) and suppose —M, = —A, ‘where ; pE Jy is the r'* column

il ,..|pq|o e now, thﬂ complementaf-y pmot rulc selects -M, wh.ere 7€ J, to

rr
FFFFFFF

. .'-.'C-g’-:'i',.“f.__.-.-.-_-.:. :

| T
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maliriz and the new tableau have the same sef of columns as the previous ones

except that the sel of basic variables now includes z; in the place of z,.

Proof. It is obvious that when —M, is included in the basis, it must now
replace —M, as —M, = —M; - —A,, in view of Remark 2.5.1, Now from
Lemma 2.5.2 it follows that, since the pivot column contains 0's in all the rows
except the pivot row, the new tableau will be the same as the old tableau, except
for the index set of basic variables, which nﬁw includes the index of z; in place
of the index of z,. - o . -
. We say that Lemke’s algorithm applied to the equwalent LCP(q, M) executes
a trivial pivot step, when a variable z; repla,ces another variable Zps where 7 and p

are in the same index set J correspondmg to the gth block, for some s, 1 <Z s < k

REMARK 2.5, 2 Note that the generallzed complementary pivot rule of Cottle
and Dantzig may determine a pair of the form (I 4»1p) as the unique nonbasic
pair of columns where j and p are in the same index set J, and the column to
enter the basis as, say I,. However Lemke’s algorithm applied to the equivalent
problem LCP(g, M) will first select ~M.; as the column to enter the basis. This
will necessarily réplace —-M., by execﬁting a trivial pivot step and in the iteration
fcaﬂowing this trivial pivot step I, will be included.as a column of the basis matrix.
 Let B, and B, be twﬁ different almost complementary basis ma,t‘.riceé. géner—
ated by Lembke’s &lgorlthm applied to t he equlva.lent LCP(q, M). We say that B,
and B, are mdzstmct if the sets of columns in H; and B; are the same; othr—:rw:se,. |

‘we say that B, and Bq are dastmct.

THEOREM 2.5.1 The sequence of almost proper basis mairices generated by the
: dpp'lication of AlgdritthD with the artificial vector d to the VLCP(q,A) is
. the same as the sequence of . distinct almost complﬂmentary basis matrices gener-

nated by appfymg Lemke’s m’gonthm with the arttﬁc:al vector d to the equwa!mt o
LCP(g, M). ' "
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Proof. We make the staﬁdard nondegeneracy assumption. Let ¢ Z 0. The
- initial basis matrix By generated by both the algorithms is the same and is
given by (Bo); = I; Vj#k,and (Bg)s = —d. Algorithm CD then chooses

column —A.,, where & € J, as the pivot column and Lemke’s algorithm chooses

1

—~M, = —A, as the pivot column. If at the end of this iteration either of the
.algerit.hms terminates in a ray, the other also does so, and the algorithm stops.
Suppose Algorithm CD does not end in a secendai‘y ray, but determin_es that w;,
where i € J, for some r is to be eliminated from the bas:s Lemke’s algorithm
applled to the equlvalent (q, M) also determines that w; is to leave the basis, as
the minimum ratio test is the same in both cases. Therefore the columns of the
basis matrix for both the algorithms are the same in the second iteration.
Let us m‘ake the inductien hypothesis that the almost complementary basis
ﬁlatrlx B; generated by Algerlthm CD at iteration 1 is the same as the 4t distinct
“almost complementar}f basis matrix generated by Lemke’s algorithm, for i < t.
At thls stage, let Lemke’s algorithm be at its th 1terat10n If the algorithms do
" not, terminate at this stage we have the fellewmg two cases to be cenmdered
Case (i). In the t** tableau ef the Cottle-Dantmg algerlthm the unique pa1r of
~ related nonbasic columns is (I,p, —A.,) for some p € J, of which the generalized
' .eemplementaty pivet rule chooses the column — A, to be included in the basis at
the next iteration. This implies that the unique pa:ir of cemplementary non-basic
. varlablea in the {** tableau ef Lemke’ : algorithm is (I.py—M;) where —M,
—-A " In this case the next tableau generated by Lemke’s algorithm will be.
_diatmct from 1!'.5 [*h tableau and will be the same as the (t+1)* tableau generated
by Algorithm CD. - '
“Case (ii). In the ¢ tableau of tﬁe Cettle-Dantzig algorithm, the unique pair of
rel._atled. nonbasic eelu”mns is (I.p, 1.;) for some j, pEJS,, 1 <5< k, of which the
:generalized“ complementary pivot rule :':heeses I; to be included in the basis at

‘the next iteration. The corresponding Lemke’s tableau has (1.,,~M.,) as the pair
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of complementary nonbasic columns. From the induct_idn hypothesis, 1t follows
that the column eliminated from the basis in the previous iteration is J,. Hence
at its (I + 1)** iteration —M,, is included in the basis by Lemke’s algorithm.
Since j,p € J,, it follows that —M.,; is a column in the basis in the previous
iteration and that —M,, = -M = —A,. Thus the ({+1)** tableau is obtained
by a trivial pwot step 1n Wh]Ch — M., replaces —M.; j in the basis, However, the
(I 4+ 1)* basis matrix obtained by Lemke’s algerithm is indistinct from the basis
matrix at its /" iteration. This trivial step is followed by the ({ +2)* tableau in
which column IJ1r is included in the basis matrix. Thus the bé.sis_ niatrix generated
at the (I 4+ 2)* iteration of Lemke’s algorithm which is distinct from those of [t
and (.l + l-)”II is the same as (¢t + 1) basis matrix generated by Algorithm CD. -
The theorem now follows from the principle of induction. This concludes the

proof, = - o | m

REMARK 2.5.3 In view of the above, Algorithm CD for the VLCP(¢, A) can be
thought of as an efficient implementation of Lemke’s algorithm for the equivalent

LCP(q, M) in which the trivial pivots are skipped.
As a c:onseqﬁence of the above ané;]y.sis,-.we have the following:

THEOREM 2.5.2 The class Gf trértz'cal block maitrices A wﬁick Algorithm CD with
artificial vector d can process the VLCP(q, A) is the same as the class of equiva-

lent square malrices M oblained from A, which Lemke’s algorithm can process. |

~ From the above theorem it follows that Algﬂrlthm CD can process the gen-
erallzed Todd’s class L(d) of vertical block matrices. .

Tt s a,lrea,dy known that Algorithm CD can process vertical block matrzces

“in the vertical block copomtlve—plus class (see Cottle and Da,ntmg [4])
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| 2.5_.1 Generalized Bimatrix Game

In this subsection, we shall consider the question of computing a generalized
Nash equilibrium 'point' for the generalized bimatrix game introduced by Gowda
and 'Szna,j der [28] This generalized bimatrix game is given as follows: |
Let A and B be two given finite sets of matrices, A containing s matrices and
B containing r matrices, each of order m x n. Player I forms his payoff matrix
whose i** row is chosen as the i** row of some A € A and then plays his choice
" of a mixed strategy over {1,2,...,m}. Similarly, player II (the column player)
'fm_'fﬁ;s.his payoff 'm&t.rix-wholse jth column is chosen by him as the j* column of
some B € B and then plays hié choice of mixed strategy oﬁer {1,2,...,n}. The
rest of the description of the game 13 the Sarﬁe as that of a bimatrix game,
~ Suppose, A= {A* | p = 1,2,...,s} and B = {B” | p = 1,2,...,r}.

Consider the matrices C%, § = 1,2,...,m and D/, j = 1,2,....n defined as

follows:
Ci=A, 1<i<s
Df""(Bi;f., 1<:<r

Without loss of generality, we may assume that each A?, p=1,2,...,s and
each B?, p = 1,2,...,r are positive matrices. Hence each CI, § = 1,2,...,m

and each D/, j =1,2, , 1L are pbsitive matrices.
. - .. i pt -

| 0'2 DE
Let- X = - and Y = |

o | pr

- where u,achC'fls .G-f order s X n:a,n'd each D-’ is of:f::rde_r r X m, Note that by our

” iiﬁ;su:ml:ut_;iq:n X>0Y>0 |

.. . -'-..:."r\i .r..\::-”q.‘\. :!':"1 R L L N :l.": s . -
EFFLACH: ‘% AR e CEEIRST e Ll e
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Consider the matrix

0

0 (C~*

0 C™ 0 X
A: g

DY 0 Y O )

D 0

D 0

where the ‘0’ blocks are of appropriate orders. This is a vertical block matrix of
type (s,...,s,7,...,7) where the number of blocks is (m + n).

It 1s easy to see that a generalized Nash equilibrium point a.s considered
by Gowda and Sznajder [28] of the game described above can be computed by
obtaining a solution to the VLCP(— e , A) where —e is the column vector of order
(ms + nr), each of whose coordinate is —1.

The equivalent LCP matrix M, for the above vertical block matrix A is of
the form i . I
| 0 C
Do

where C > 0, D > 0.
It is well known that Lemke's 'a.lgori'thm with any positive vector d as the

. artificial vector cannot process the equwa,lent LCP(—e, M), since M has the form

0 C

D 0
__ However we can apply the algorlthm of Lemke and Howson [44] to thIS prablem

~where C' and D are positive and consist of sets of identica.l columns.

a.nd compute an ethbrlum pomt We thus have the fullowmg theorem

THEOREM 2 5 3 A generalzzed Nash ﬂthbrmm pomt of the genemltzed btma-'

| _';':'trz:c game can be computed by a genemhzed Lemkc Howsan algomthm in whzch
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the complementary pivot rule is replaced by the generalized complementary pivot

rule given by Cottle and Dantzig.

Proof.  This follows from the fact that such an algorithm is the same as

Lemke- Hows-:m algorithm applied to the equivalent LCP(—e, M), skippmg the

trivial pivots as discussed earlier. n

We may also observe that it is possible to assume without loss of generality

that the vertical block matrix A associated with the generalized bimatrix game

has the form -

0 ¢!
0 C?
0 C™
: A= _
D' 0
D o0
| D* 0

| where each O-’ > () and each D-"; < 0.

We then have the following:

THEOREM 2 5.4 Suppose the problem of computmg a generalized Nash equilib-

. r:um pmnt of the generalized b:matnm game 1s formulated as ﬁndmg a solution

y

| 0 X
to.the VLCP(—e, A) where A= with X > 0andY < '0. Then we
Y 0

" can compute an equilibrium point by applying Algorithm CD to such a VLOP.

”""""--Proof.- The 'fs‘qliivalent matrix M of the matrix A in this case has the form
M = | where C > 0 a_nd D < 0. Such a matrix has been shown to
| be in the cla,ss L (see Faves [11]) Hence Lemke’s algorithm initiated with any
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positive vector d will compute a solution of the LCP(—e, M), since a solution

exists. The conclusion of the theorem now follows from Theorem 2.5.2. N

2.6 Some Results in Degree Theory

Given a vector g € R™ and an m x k vertical block matrix A of type
(mq,mg,...,my;), consider the iﬁatrices X1, X?,...,X"* each of order 7 x :k
where r = max(ml_,- Mg, - . ,;mk) is defined as follows:

Let A’ dénﬂte the 7** block submatrix of A of lﬂrd.er m; X k a,nd'q_"., the

corrésponding block of g. Let

(Ai)j. lfJS_ M

(A if mi< §<r.

(X*)5.

il

.

i

Let 7 € R* be defined as follows:

(#); = (¢);ifj<m;

(qi)l ifm; < 3 <

il

Let X = | . Note that X is a kr x k vertical block matrix of type

B

(r, Ty ,r)_._ It is easy to see that the VLCP(q, A) is equivalent_ to VLCP(ﬁI,X)._
See Gowda and Sznajder (23). ._We :;__dy_eﬁne_'the matrices X !, of order k% k,

1< ﬁ.r,"by taking -

"""= : , (XJ): = '(Xi).f'i ) (PJ)t = (ﬁi)jw IS S k.
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.XI_

| X
Let X =1 | be a vertical block matrix of type (k, k,...,k).

XT |
We can then formulate VLCP(q, A) as solving the system of equations .

F(X,p-)(m)-‘: 0 where F(x,p)(:r) = A (X.’L' -} p)

Iwﬂhgr_e for._a.ny two vectors a, b, aAb denbtea the component-wise minimum vector. |
Aséuming Fix0)(z) = 0 has only the trivial solution, Gowda and Sznajder (25]
~define the GOLCP degree of X using the definition of degree as in (45). .
~ In this chapter, we take a slightly different approach, which makes it ..ea.sier to
calculate the VLCP degree of a vertical block matrix A. Given the vertiﬁa,l block
.matrix A of type (my,...,my) consider the mapping Fy : R™ — R™ defined
as follows: . | | .
Giveh,:t: € R™, let 7 'a,nd.m'_ be the positive and negative parts of . Let -
k
Fy(z) = ot = Y A; (Y z7).
=1 je;
It is easy to see that given a ¢ € R™, if there is a z such that Fu(z) = g, then
.3-deﬁning w =zt and z € R* by taking z; = Z z,, we see that (w,2) solves
_VLCP(q,- A). Actually, it is easy to see that therffiCP ma,p F4(z) defined above
15 .the.sa.r.zn'e zi,s LCP map Fy(z) where M is the equivalent matrix of A.

+Also, it is easy to observe the following:

LEMMA 2.6.1 Let A be a givm verticdl block matriz of type‘ (m1, ma, ..., my).
LetM Zv__é_théi‘_ééufmlent square matriz of order m. VLCP(0, A) has a unique
B sglutton if and only if the eQuivale'nt"LCP(O, M) has a unique solution.

-Pr'pdf; This fol]ows._?frﬂm t.he.pmof of Lemma 23.1. n
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DEFINITION 2.6.1 A vertical block matrix of type (m,,...,m;) is said to be a
vertical block Ro-matriz if VLCP(0, A) has the unique solution w =0, z = 0.

LEMMA 2.6.2 Let A be an m X k vertical block mairiz of type (my,...,my).

Suppose each of the representative submatriz of A is an Ryp-matriz. Then the

equivalent matriz M of A 1s an Fy-matriz.

Proof. Let M be the equivalent matrix of A. Suppose (u,v), u € R™, v € R™
solves the equivalent LCP(0, M). Then .(w, z) with w = u and z € R* where

= Y v, solves the VLCP(0, A). 'Le't a = {t | z > 0}. For each i € o, note
red; .
that there is a j(i) € J; such that w,(,} = 0. Let B = {j(¢) |1 € a}. For z ¢ ,

let j(1) be any a,rbltra,ry mdex in J; and let o = {j(i) |i € &}. Let B = B, U fa.
Note tha.t Ag. is a representa,twe submatrlx of A and that (wg, 2) solves the
'LCP(0,Ap.). Since by the hypothesm of the theorem Ag. is'an Ro-matrix, it -

follows that ws =0, 2=0. Now z2=0=>v =0 as z; = Zv, andeachv,.Z(}
reJ;

Thus the only solution to LCP(0, M) is (0, 0) This concludes the proof. _

Thus essentially A is a vertical block Ro-matrix (or A € generahzed E*(0))
if &nd.only if M i1s an Ry-matrix. If we define the VLCP degree of A to be the
degree of the piecewise linear map F4(z), then it turns out tha,t this is also the
LCP degree of the equiifa,]ent sqﬁ'a.re matrix of order m. D

Since the LCP degree of an Ro- matrlx is well studled (see (5], [25], [26] and |
| [45]) and can be calculated using the index theory a.pproa.ch the VLCP degree
defined in this manner can be more ea.mly calculated, | :
Tt is easy to see thatiithe degree Qf a.'vel.:*tical block P-matrix is 1. In_wha.t |

follows, we shall calculate the d_égreé of a vertical block N-matrix.

. DEFINITION 2.6.2- Suppose A is a,:__verti_c_a.l- block matrix of type (m1,...,mx)
.with.z m; =.m, We say that A is a verttcal block N -matri:z;_-if _every'.rep.r_esﬁn— .

tative submatrix 1s an N-ma.trix. We'sa,y that A is a vertical block N -matri::.of
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- the first categoryif A is a vertical block N-matrix and A has at least one positive
entry., If A is a vertical block N-matrix all of whose entries are negative, then

we say that A is a vertical block N-matriz of the second calegory,

LEMMA 2.6.3 A is a vertical block N-matriz of the first category if and only if

every representative submatriz ts an N-matriz of the first category.

Proof. Note that by definition, A is a vertical block N-matrix if and only if
every representative submatrix G of A is an N-matrix.

FS.ﬁppose now A has a positive entry. Let a;, > 0, for some i(t) = ¢ € J;.
(Note that as every représenté,tive submatrix G of A is an N-matrix, for ¢ € J;,
ai < 0-and therefore r s ¢ in the above.) .

Look at any representative submatrix G of A, whose t** row is the i** row of |

| A Note that g, = Fir > 0. Hence (' 18 an N matrix of the first category Hence .
| +by a resu]t in [60] G haa the pa.rtltioned form | |

| Guu_ Guiu‘r-

| whe._;fe Gw <0, Gy < '0, G,s > 0', Gy, > 0. o |

| Withoﬁt_lom of generality, we assume that v = {1,2,...,a}, 7 = {(a + 1),
: ,k} &n_d that ¢t € v and r ;E v, Note also that g4 = a;,) > 0 whei’e we
assume that i(1),4(2),...,i(k) are the rows of A which are the 1,2,... and k*
row of G, respectively. Now considér any g,, where either s € v and p E v or
p €. v and s € v. We have in our notation, g,, = a;(,).,, >0assevy, peE V.
Now consider any j € Jy; § # i(s), Consider the representative subm_‘itrix X
. whose st row is the 7* row of A and whose other rows are the _sanie as the
rows of G. In particular, z,, = Ips = Gi(p)s _>' 0, __5;5 PE VS E v. This implies

'- th‘a.t'. Zep = G5, > 0 as X is an N- matrix.- This holds for any j € J,, for all

" s € v. Hence every representative subrna.tnx has tha same sign pattern as G, The

R ?’i-‘-*“ff-*-“’c.;;_nve_rse.ls obvious from the deﬁnltlon.--Th:ISr c;on_]pletes the proof. -

Ll - - | -
1 . Lot . . 4 . a3 - . .
e T T T TS A" S .
. LR . L | .t et . - - 4
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LEMMA 2.6.4 Suppose A ts a vertical block N-matriz of the first category, then
there exzists a subset v C {1,2,...,k} such that, with v = Uie,J;, A has the
following partitioned form (after a rearrangement of columns and blocks using

the same permutation)

P

A, A
Ao, A

where Ayy < 0, Apy < 0, Az > 0, Apy > 0 and vy, ¥ are nonempty sets.

A=

Proof. This follows from Lemma 2.6.3. - | | B

LEMMA 2.6.5 Let A be a vertical block N-matriz afii."ype (my,mg,...,mg). Then
the equivalent matriz M € Ry and A € generalized E*(0), .

Proof.  Since all the representa.tive' submatrices are N -matrices, it _fallﬁws
that each of the representative submatrix of A is an Rp-matrix. Thus from
Lemma 2.6.2, it follows that the eqﬁiva.lent matrix M is an .Ro-ma.trix. Hence

A € generalized E*(0). ' | o I

- THEOREM 2.6.1 The degree of a vertical block N-matriz of &utegory 145 —1;
that of a vertical block' N -matriz of calegory 2 is 0. B |

. Pmof. Let A be a vertical block N-matrix of c&tegory 1. There is an index
~set v C {1,2,...,k} such that A has the partition given by Lemma 2.6.4. Let
M be the equivalent LCP-matrix. Note that M can be partitioned as

M =

My, My |

where M,, < 0, My, < 0, M,; > 0, My, > 0. _ _
" Note also that M is an Np-matrix. Let ¢ > 0, ¢ € R™ be nondegenerate with -
respect to M (i.e., (w, 2) is a solution to LCP(g, M) implies that (w + 2) > 0.
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Then clearly LCP(q, M) has exactly 3 solutions; w! = ¢, 2! = 0,
| 0 2k
w? = 22 =] | wherez? > 0and w? = g3 + M;,z2 > 0and
wy 0 | -
| 0 _
w® = 0" P 2 = . wherez§>Oandwszq,,.-[-Mgzg}O.'
<

It follows from here that the LCP degree of M =1 —~1—1= ~1. Hence the
VLCP degree of A in this case is —1. Similarly, we can show that the degree of
a vertical block N-matrix of category 2 is 0. | -

In the remainder of this section we shall prove that Algorithm CD can process -
a VLCP with a PPT of the vertical block N-matrix although it cannot process
a VLCP mth a vertical block N-matrix. It is well known that for the equivalent

LCP(q, M) where M is the equwalent matrix of a vertical block category 1 N-
- matrix A of type (my,...,my), the facets of Pos(I ) are the reflecting facets of -

' Pos(I M ). Therefore Lemke’s algorlthm cannot process LCP(g, M) ( ) see [9] and
| [80]) and hence Algorithm CD cannot Process VLCP(q, )

LEMMA 2.6.6 Suppose A is a *uertzca! black categary 1 N-matriz of type

(ma,...,m). Then Aisa Q) -matriz.

Proof. . This follows from T héorem 2.1.1, in (45, p. 25] and the fact that the
LCP degree of the ef:;uivalent M .a,.nd hence VLCP degree of Ais —1,(#0). =
- To prove our next theorem we require the_following from [9].-- | -
et M be a square matrix of order m which satisfies the following conditions:
Cl: M €N o |
- C2: There ex.ista an ¢ € {1,2,...,m}, a # 0 such tha,t det'(Mm_) < (0 and M,

_contains at least one positive entry.

¥
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For any nonempty o C {1,2,...,m}, let C{c) denote the complementary

matrix whose columns are —M.;, j € o and I, k € &

LEMMA 2.6.7 Let A be o given vertical block N-matriz of category 1 of type
(my,...,mg) and let M be its equivalent matriz. Suppose a C {1,2,...,m},
a # B, is such that a N J; is either a singleton set or an empty set for each
1 <i< k. Let M* be the PPT of M with respect to C(a). Then det(Mz;) > 0
forall B # a and det(M,) < 0.

Proof. This follows from a theorem in [74]. Also see Lemma 3.1 in 9]. _

We also require the following theorem from [9].

THEOREM 2.6.2 (Theorf:m 3.1 in [9]): Let M € Ny satisfy conditions C1 and
C2. Further, suppose M € E(0) and let a be as in C2. Then there exisls a
d >I 0, d € R™, such that Le;.lrnke s algorithm with d can ﬁmcess the maitriz M*
obtained by taking a PPT with respect to the complementary matriz C(a).

THEOREM 2.6.3 Let A be a vertical block N-matriz of category I of type
(my,...,me) and let M be its equivalent square mairiz. Then there exists a
positive vector d € R™ and a PPT M™* of M such that using Lemke’s algorithm
with d, one can solve LC’P(Q*;M *) and hence the equival.ent LCP(q, M) which
solves the VLCP(q, A). . |

.Proof. Note that as A is a vertical block N-matrix of cétegﬂrjr 1, if for any
nonempty a C {1,2,... ,nﬁ}, C(«) is a nonsingular complementary matrix of
(I,—M), where M is th_é. equiva;lent. ._ma_;trix_of A, the_n. conditions C1 é.nd C2 are
satisfied. Furthef M € R{] by Lemma, 2.6.5. Thus all the conditions of Theorem

- 2.6.2 are satisfied and hence the conclusion of the theorem follows. I



Chapter 3

The Role of Representative
Submatrices in Vertical Linear

Complementarity Theory

3.1 Introduction

- Representative submatrices have played an important role in the study of some
.cla:sses of vertical linear complementarity problems. In this chapter, we present
a slightly different approach to the study of such problems by using equi.valent |
- linear complementarity prc:bl.el-ns. The vertical linear complementarity problem
- with a vertical block P-mé,trix has been studied by Cottle and Dantzig [4] and
| Habetlér_&nd Szaﬁc [33]. In Section 3.2, we present the required definitions. The
class of vertical block P-matrices is studied in Section 3.3. Here we present alter-
native proofs of the prc-pefties of Vertiﬁal block: P-matrices obtained bj! Habetler
~and Sza,nc [33] in terms of thelr equwalent square matrices. We also present a new
char&cterlza.tlon resuft for a vertical block P—~matr1x in terms of the elgenva.lues

of its equivalent squa.re madtrix. However, nelther the a,pproach of representa.twe

_65"'
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submatrices nor the approach of the equivalent linear complementa.rl ty problem

is useful in stud}nng a VLCP with a vertical block hidden Z-matrix. This is
brought out in Section 3.5. In Section 3.4, we study the class of vertical block

Li-matrices and vertical block Hg-matrices,

3.2 Preliminaries

Let A € R™** be a vertical block matrix of type (my,...,m;) and let €,..., ¥

be a collection of column vectors such that e/ € R™ each of whose coordinates

is 1. Then,

—

Ut

i}

. 0 ... e

is of order m X k. The j'* row of the matrix T A is the e’-weighted sum of the

rows in AJ. o o '
The following theorem is a special case of Theorem 1.6.3.

THEOREM 3.2.1 If A is a vertical block P-matriz of type (my,...,ms) then UA

i1s a P-mairiz, |

- DEFINITION 3.2.1 We say that a set of indices « C {1,2,...,m} is a represen-

tative set of indicesif aNJ; = {j;} foreach s, 1 < ¢ < k.

“ DEFINITION 3.2.2 Let M € R™*™ be the equivalent matrix of a vertical block

“matrix A of type (my,...,m). Given an index set o C {1,...,m}, thé principal
- subm#trix M., € RllXlel is said to be nontrivial if it is either a representative
- submatrix of A or é,.principal subm_.a.tﬁrix of a representative submatrix of A.

Othe’rwiae, it is called a trivial 'principal submatriz.

REMARK 391 Note that lf Moo is @ trmal prmmpa.l submatrlx then

o det( ,._m,) = 0 although the converse is not true.
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"THEOREM 3.2.2 If A be a vertical block P-matriz of type (my,...,my) then the

equivalent matriz M is a Py-mairiz and for each indez set with det(M,,) = 0,

the columns of M., are linearly dependent.

Proof. Note that M is a Fy-matrix with all its nontrivial principal minors
positive. Hence det(M,,) = 0 if and only if M,, is a trivial principal submatrix.
The columns of a trivial principal submatrix are linearly dependent. This is clear

from the construction of the equivalent matrix M. This concludes the proof. =

" REMARK 3.2.2 The Py-matrix M resulting from a given vertical block P-matrix

is a column adequate matrix.

3.3 Vertical Block P-matrix

We provide an alternative proof of a result of H&betleﬁ and Szanc [33,. Theﬁrcm

4.3]. First, we prove the following lemma.

LEMMA 3.3.1 Suppose VLCP{(q,A) has a finite number of solutions for all

g € R™. Then each of the principal submatriz of any representative submatriz of

A is nonsingular,

" Proof. Suppose the lemma is not true. T‘lllen there exists a g = {-;5.1,.' Bl
where B; G .J; and a set I C {1,'2;. .., k} such that dét(A{L) = 0 Whe_fﬁ-’T =
{ B; | 1 € .L, ﬁ;. € S}. Now constfuct a q;".E R™ as follows: .
=Y (A + Y Iy
i€l kex
where. ¥ ig the compl_em_egt of v hin {_1,2, ,m}. _Noté that =~ N

: ,T.. E -0 5 . .
T- - .“ . r -

A 0
Ay, I | |

|

dr——
__
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where 2* € R* has the coordinates (z7,...,z2}) given by

1 oiier
Z; =
0 ifigl

and w* € B™ has the coordinates (wyj,...,w;, ) given by

. 1 fjed
'UJJ = *
0 if 7 &€4.
. Thus (w*, z*) solves VLCP(q"_‘,A).. Further, note that det(A,;) = 0. Hence there
exists a y € R, y #£ 0, such that ALy = 0. Let § € R be defined by §, = y
and §f = 0. - '
. . 1 . A |
Let ¥ — mlp{:ﬁ\y;<0} fg: 20
00 i y; > 0.
 Now note that z()\) = 2" + Afj, w()) = w* solves VLCP(¢*, A) forall 0 < X < A

~ and these solutions are distinct. This is a contradiction to the hypothesis. This

completes the proof of the lemma. | h ' |

- THEOREM 3.3.1 Ais a vertical block P-matriz of type (M, ..., my) if and only
. if VLCP(q, A) has a unique solution for each ¢ € ™.

Proof. If A is a vertical block P-matrix of ty;;e (ma,...,mz) then VLCP(q, A)
~ has a solution by Theorem 1.6.2. By Lemma 2.3.1, the equivalent LCP(q,M ) has

a Salutiﬁn; Suppose (W, Z) and (13, ), z .—,é ¢ are any two distinct solutions for
- VLCP(q, A). Let (i, 5) and (1, D) be the curfespc:nding solutions to LCP(q-, M).

The construction of these solutions to L_CP(q, M ) \S a.s. follows: |

" Wetake @ = @ and @& = . Note that z; > 0 implies 3 a p(j) € J; such

that ’IIIJP.(j]" = {. Define

Uy

0, if r % p(J) for a,ﬁy 1.5_.3’ < k -
7, if Jaj, 1<j <k suchthat r = p(j).

el
—
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Similarly.;. v is constructed. Now it is ea,sjf to see that (ﬁ,lﬁ) and (2,v) solve
LCP(q, M) Since M is a Py-matrix with the property that if o C {1,2,...,m}
and det(MM) = () then the columns of M., are linearly dependent and it follows
by Theorem 1.4.4, | |

Mv = Mb, - (3.3.1)

Note that z; = ) %, 2; = ) #. From (3 3.1}, il follows that Az = Az. This
= ict;
implies tha.t the celumns of Ajare llnea,rly dependent as z 75 z. This hew-

ever contradicts the nypothesis that A 1s a vertical block P- matr:x. Therefere,i
VLCP(q, A) has a uniQue selu_tie-n. . . |

- Cenverselj; suppose V_LClP(q,A) .has‘ a unique solution for each .q € R™.
Consider the equiﬁlent matrix M. Suppose LCP(§, M ) has two solutions for

some § € R"‘ Let (ﬁ b), (u"‘ v*), D £ v* be the twe solutions. Let @ = i,
Z O, w* = u* and 27 = =y v Cenmder (1, z) and (w z*) where Z and z*
tEJl ' IEJ.. |

are vectors whese ceerdlna,tes are given by Zss 2, respectwely for1 < s <$ k Note
“that both (w”, z*) and (4, z) solve the VLCP(q, A). By our hypothesis therefore
2* = % and hence Az = Az. New, it follows from here that Mo = Mv*. By
Theorem 1.4.4, it fellews that M i is a Pu~ma.tr1x such tha.t for each 1ndex set o

with det{M,o) = 0, M, is linearly dependent Thus all the principal minors
~of the representa,twe subma.trlces of A are nennegatwe Now by our hypothems’
about the uniqueness of selutmn to VLC‘P(q, A) and by Lemma 3.3.1, it follows

that all the principal minors of representative submatrices of A are positive, This

_- cencludes_the proof, . e | N

THEGREM 3.3.2 Let A € R™** be a vertical block matriz of type (mq,...,mg).

The following are equivalent:
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(i1) The eqﬁit:alent matriz M of A has (m — k) zero eigenvalues and among the

remaining k eigenvalues all real etgenvalues are positive. Also eigenvalues

of all nontrivial principal submatrices are positive.

Proof. (i) = (1). Let A € R™** be a vertical block matrix of type (mq, ..., mx)
and U € R¥*™ with k < m. Let M be the equivalent matrix of A. Then, by
Theorem 1.3.20 in [35, p. 53], the equivalent matrix M = AU has the same

eigenvalues as U A, counting multiplicity with an additional (m - k) eigenvalues

‘equal to zero. Since by Theorem 3.2.1, UA is a P-matrix, so all real eigenﬁalues

of UA are positive. Hence, for the equivalent matrix M = _A{7 , among the
NONZero k'eigenva.lues ali real eigenvalues are positive and the additional (m — k)

eigenvalues are equal to 0. Smce Alsa vertlcal block P-ma.tmx M 15 Fy-matrix by

” | .Thecsrem 3.2.2. All nontrwml submatrlces of M are P-matnces since they are the

representatwe submatrices of a vert:cal block P- ma.trlx So, all real e1genvalues
of nontrivial prmclpal submaﬁrlces are posxtwe '

(u) = () To prcwe the converse, note that by (z:.) a.ll rea.l mgenva,lues of .

- nontrivial prmmp&l submatrices of M are pomtwe, i.e., all representative sub-

'ma.trlces of the vertlca.l block matnx A are P-matrices. By Deﬁmtmn 1.6.2, it

_-follows tha.t Aisa vertlcal block P matrlx N

We can also study the sign nonreversal prop&rty of the equivalent ma.trlx M

“ ._ﬂf a glven vertlca.l block P- ma.tnx A In fact, we have the following thﬁorem

PHEOREM 3.3.3 Let A be an m x k vertical block malriz ?'r'f type (my, ..., my).

" Let M be the equivalent matriz of A. Then, A is a vertical block P-matriz if

and only if M does not reverse the sign of any vector x € R™ other than those

“ belonging to the set

S={ylyeRm Zyr-—-ﬂ 1<3<k}
rEd,
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Proof. (If part) Suppose A is a vertical block P-matrix. Then clearly its
equivalent matrix M is a P,-matrix. Furthef, if o C {1,2,...,m} is an index
set such that de_t(Mm.) = (0 then the columns of M., are linearly dependent,
‘since o must include at least two indices r and s in the same set J;, for some t,
1 € 7 < k. Hence by Theorem 1.4.4, it follows that M reverses the sign of only

those vectors which are in the nullspace of M. We now claim that the nullspace

of M is S. Clearly if y € S,

k | .
My = EA-s(zyr) = {}

s=1 rEJ,

and hence y is in the nullspace of M. Conversely, let y be a null vector of M. Let
the vector Z € R* be defined as follows:

=) Y 1Sp<k

rey

By the definition of M, it follows that AZ = My and hence Az = 0. waever, the
columns of A are linearly independent as A is a vertical block P-matrix. Hence
it follows that 7 = 0 and thus y € S.
(Only if 'p.art) Suppose M is the equivalent matrix of a given m X k vertical
block matrix A of type (mll, ,mk) and suppose M does not re#erse the sign of
Ia,ny z € R* other than those in 5. Since | 18 contained in the nullspace of M, it
follows from Theorem 1.4 4 that M is a Pu matrix.

Now suppose M, is a principal submatrix of M such that (i) det(Mq) = 0
" and (11) ao 18 also a subma,trlx of a representative submatrlx of A. Then note

that

. | \aﬂJ|<1Vz,l<z<k

By Theorem 1 4 4 1t follows that M has lmearly dependent columns Hence
;._k.them exlst‘s ag” € RM, 3?"' 75 0 such that Mﬂ,m '::: D Deﬂne the vector a: € R’“ by

.ta,kmg cornponentwme T o = z* and a:a = 0 Nate that M3 = 0 Thus M reverses
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the sign of Z. However, note that as z* # 0 there exists a ¢ such that { = « N J,

for some r, 1 < r < k and that 7; # 0, Now it is clea,r that Y %, =& #0
pEJr

_ and hence T ¢ S, which contradicts our hypothesis. It follows that if M, is a
submatrix of a representative submatrix of A, then det(M,q) 7# 0 and hence it

is pﬂsitive. This concludes the proof. . | N

3.4 Vertical Block L;- and Ry-matrices

DEFINITION 3.4.1 Let A € R™* he a vertical block matrix of type

(my,...,mi). We define vertical block £i-matrix in two ways:

(i) A is said to be a vertical block £;-matrix if every representative submatrix

..GfIAE._El.

(ii) Ais a \_?ertig:a.l block £;-matrix if its equivalent square matrix M € £;.

We prove that both the definitions of vertical block £;-matrix are equivalent.

- THEOREM 3. 4,1 Let A be an m x k vertical bl'ock matriz af type (m1, Ly M),

Deﬁmtwns (1) and (32) are eqmvalent

Proaf. - (ii}_ = (1). This follows from the iﬁheritance_pmperty of £i-matrix
[5}, i.e.,, when M € L,, evefy-pr_incipal submatrix of M € £; and heﬁce each
representative submatrix of A € L;. | | .

(i) = (4). Suppose (u,v), v € R™, v € R™ solves the equivalent LCP(g, M)

for some ¢ > 0. Then (w,2) with w = u and 2 € R* where z; = ) v, solves
' | reJ;
the VLCP(q, A). Let o = {t | zz > 0}, For each i € a, note tha.t there is a

7(3) € J; such that wj(i) = 0. Let By = {j(¢) |2 e ﬂ'} Fc:or 1 ¢ a et -7(") be any

arbltra.ry index in J: and let B, = {j(z) P € ajl. Let B = BiUp,. Nﬂte that Ag.

s a representatwe subma.trlx of A a.nd by our hypothesls Aﬂ is an £1 matrlx
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So LCP(gg, Ag.) has a unique solution for every gz > 0. See [11, (3) Lemma).
Let (wg, z) solve the LCP(qg,Ag.). Since Ag. is an Ly-matrix, it follows that
.wg: qs, 2z = 0. Now,z=0=v=0as 2z = Zv,. and each v, > 0. Thus the
only solution to LCP{(g, M)isu=¢q,v =10 forreei:ery q > 0. Therefore, M 15 an

Li-matrix. This concludes the proof. -

DEFINITION 3.4.2 Let A € R™* be a vertical block matrix of type

(my,...,my). A is said have the Ry property if every representative submatrix of

A is an Ry-matrix.

- LEMMA 3.4.1 (Lemma 2.6.2) Let A be an m X k vertical block mairiz of type
(m1,...,my). Suppose A has Rq-property. Then the equivaleni matriz M of A

18 an Hg-matriz.

The converse of the above lemma 18 not true. =

EXAMPLE 3.4.1 Let A € R*™® be a vertical block matrix of type (1,1, 2).

0o o0 1 0 0 11
0 0 1 | o o o 11
A= and the equivalent matrix M =
1 -1 1 - ] -1 1 1
-2 1 1 2 1 11
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3.5 Vertical Block Hidden Z~-matrix.

- DEFINITION 3.5.1 Let A € R™*¥ be a vertical block matrix of type
(my,ma,y ... ). Ais called a vertical block hidden Z-malriz if there exists a Z-
matrix X = ((z;;)) € R*** and a vertical block Z-matrix ¥ = ((;)) € R™**

of the same type as A and nonnegative vectors p € R*, o € R™ such that
(i) AX =Y,
. (i) X +Y >0

REMARK 3.5.1 Note that if A isa vertical block Z-matrix then it is a vertical
block hidden Z-matrix. This can be seen by taking X = I where [ is the identity

" matrix of order k X k and Y = A. We may take p € R* as any positive vector

‘and ¢ = 0.

Let A be a vertical block hidden Z-matrix and let X and Y be asin Definition

3.5.1. Let G be a representative submatrix of A. N
Let « = {r | the rt* row of A is a row of G}. Also note that since AX = Y and

G = = Aoy We have Ae.X = Y,.. We refer to Y,. as the representative submatrlx |

of }’ corresponding to G.

DEFINITION 3.5.2 We sa.y that a vertical block matrix A of type (ml, .mk)

has the hldden Z- -property, if every representa.twe subma,tnx of A is a hldden

Z ma.trlx

‘An obvious question is whether a vertical blc:uck- hidden Z-matrix of type

(ml"; mk) has the hidden Z-property The f0110w1ng example shows that this

 need not be so.
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EXAMPLE 3.5.1 Consider the vertical block matrix A of type (2,3,2) where

9 -1 2

2 -1 1

~3 2 -2

A=] -4 4 -6
-5 3 =2

-4 3 5
-4 -4 1 |

A 15 a vertical block hidden Z-matrix with Irespec_t to X,Y where

1 -7 0

2 -5 0

N A TS s -3 9 -1
X=1 21 1 -2 a,nd_Y-—- —2 20 -4

-1 =2 0 6 12 -1

_12 -3 -2

1 -2 12

Wet&kep‘:[:i 1 1]a:nd' a‘=[1- 10100 _1].

'But the representative submatrix

| 2 -1 2
G=|-3 2 -2
1 -4 3 5 J

is nol}'a__hiddén- Z-maftrix (see Cot.tle', Pang and Stone {5, p. 212]) B

Hmﬁr@s{er, we can prove the following relationship.

THEOREM 3.5.1 ',Sﬂpﬁose A 13 "t.;-..I?erti.&';l-_lbfock hid.den Z-matriz of type (my, -
e my) and let X and Y be give_ﬁ' as n the Deﬁﬂition 3.6.1. If X ts a K-matriz
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then A has the hidden Z-property. Conversely, suppose every representative sub-

malriz A, of A 1s hidden 7 with a common X-matriz. Then A is a vertical
block hidden Z-matriz of type (my, ma, ..., ms).

Proof. Let A be a vertical block hidden Z-matrix of type (mq, ma,...,my)
and let X bea K-matrix. Let & C {1,2,...,m} be such that aNJ; is a singleton
set for each I <17 < k. Note that A,. is a representative submatrix of A and that

A, X =Y,

‘Since X is a K-matrix there is a £; € R¥, £ > 0 such that £X > 0. Choose
£, = 0. We then have £iX + &Y. > 0. Thus A,. is a hidden Z-matrix.
To prove the converse, let A be a vertical block matrix of type

- (myymy,. .. ,m;). Suppose for every representative submatrix A,., we have
Ae. X = Y..

and (p(ﬁ:))‘X + (0(a))tYa. > 0 where p(a), o(a) are nonnegative vectors in R¥.

It is easy to verify that AX =Y where Y is obtained from Y,.’s. For 1 <i < m

let o; = E o{a); where 9 denotes the index of the row A, in A,. if1 € «a.
{a|t€a} |
Also let p = Ep a) where a is a row representa.twe set of mdlces Now it is

' easy to check l'.ha.t X +o'Y > 0. Thls_completes the proof. | .

We can in fact prove the following:

LEMMA 3.6. 1 Suppose A 15 a vertical block hidden Z-matriz of type
(mq, ma, . . ,mk) and let X and Y be given as in Deﬁmtwn 3.5.1. A has the
hidden Z -property with respect to X whtch is common for all representatwe sub-
matrices if and =on1y if .the following condition holds . . .
For any indez set a C {1 2,. m} such that anJ, z.s a smgletan set for
alll1 <r <k, there 15 a subset a 0f£): 3uch that } |

Xﬂzﬂn | Xﬂnﬁﬂ
Yﬂlﬂn Yﬂlﬁz 1 |




Vertical Block Hidden Z-matrix. | | 7T

is a K-malriz where oy = {1| (a\ay) N J; # ¢}.

Proof. Suppose the stated condition holds. Let A,. be any representative
square submatrix of A where « is a representative row index set. Note that

a N Jy is a singleton set for each 1 < r < k. We also note that since AX =Y,
it follows that A,. X = Y, whereY,. is the submatrix of Y consisting of the

rows of Y whose indices are in o.

By the given condition, there is a subset & of a such that

Xozes Xayas

Yo Yors

is a K-matrix where ap = {i | (c\ey) N J; # ¢} € {1,2,...,k} and

&2 = {1,2,...,k}\ az. Note that |o;| + |az} = k. Now there exists a positive

B =

vector v such that v* B > 0. Define the vector p(a) by taking

; v; if the % row of B is a row of X

pla); =

0, otherwise.

Similarly define the vector o(a) by taking
v; if the i*h row of B is a row of Y,
ola)i=14 T |
0, otherwise.

We then note that p(a) and o(a) are nolnnegative vectors such that
 (p(e))'X + (o(a)) Yo. = v'B > 0.
Thus, A,. is'a hidden Z-matﬁx. This shows tha.t. A h’as_the hidden Z-property
with respect to X, for all the representative submatrices of A.
Coﬁverseiy, now suppose that every representative submatrix A,. of A is
hidden Z with respect to X where a C {1,';2, ..., m} is any index set such that
anJ, 'is-a., singleton set for each 1 < r < k. _Now we have A, X = Y,:_,,'a,_nd by.

our hypnthesis; there exist nonnegative vectors p(«) and o{a) such thatl |

(e X 4 (o(a)) Vs, > 0.
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Hence by Theorem 3.11.17 of [5, p. 207] the required result follows. —

Now we ask the following question:

If every representative submatrix of a vertical block matrix A is hidden Z,
" can we say that A is a vertical block hidden Z-matrix ?( i.e., do there exist X
and ¥ such that conditions (i) and (ii) of Definition 3.5.1 are satisfied?)

- The following example shows that this need not be true.

EXAMPLE 3.5.2 Consider the vertical block matrix A of type (1,2,1) where

5 —g —10

8 2 -9
A=

—6 —8 —5

—9 -1 0

A has two representative submatrices Gy, G, where

s -9 -0 {5 -9 -10
Gi={ 8 2 -2 | and Gp=} -6 -8 -5
-9 -1 0 | -9 -1 0

G is a hidden Z-matrix with respect to X1,Y; where

1 0 -1 | 69 -9 -25
T X1i=1 =61 0 and V1= -2 2 12
[-1 0 2 -3 -1 9

IWe.:ta.ke ph = [ 90 0 90 ] and of .*-_?_[1 | 6 1‘].
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(G5 is a hidden Z-matrix with respect to X;, Y, where

p -y F-

3 0 -1 2% -9 —26
Xe=| 06 1 -1} and Yo=| -13 -8 -1
l-10 3 ~27 -1 10

Wetakep§=[1g 20 25]&11(1 a;=[2 0 1].
Let us consider the following inequalities:
8z11 + 229 — 223 £ 0
~6z1; — 829 — fzgyy SO
To1, T31 < 0.
-~ The only solution to these:inequalities 18Ty = Tn = 3 = 0. However if we
take the G solution for the first column of X, then there exists no p, o satisfying

"X 4+ ¢'Y > 0. Hence A is not a vertical block hidden Z-matrix.

3.6 Conc'luding Remark

Representative submatrices are important in the study of classes of vertical block
matrices defined through the signs of determinants of the principal minors of
representative submatrices, such as vertical block P, Py and N. Some results on
vertical block N-matrices have been proved in Chapter 2. ‘We can also use the
nontrivial pfii_lcipa.l submatrices of the equi\;a.lent matrices in place of repfesen—
tative submatrices. However, for studying some other classes of matrices such as
vertical block Rg or hidden Z the apprnaéh of representative submatrices does
not seem to be useful. The class of vertical block hiddeﬁ Z-matrices is studied in
| Cha.pter. 5, where it is shbwn th?.f'it is the largest class of vertical block madtrices

such tha._t' the associated VLCP has a least element property.



Chapter 4

“Algorithms for the Vertical
Linear Complementarity
Problem with a Vertical Block

Z-Matrix

4,1 Introduction
In [1'5] Ebiefung and Kostreva introduce the class of vertical block 7-matrices.
They present ‘a generalization of Chandrasekaran’s pivotiﬁg algorithm to solve
LCP(q, M) where M is a Z-malrix (see [1]), for.'t.he_VLCP(q, A) when A is a
vertical block Z-maftrix. | | .
. Ebiefung and Kostreva [18] point out that Cottle-Dantzig algorithm can pro-
cess the VLCP(q, A) where A is a vertical block K-matrix but are silent about
- whether this algorithm can process the VLCP(g, A) where A is'a vertical block
! Zmatl‘lx Thﬂ VLCPWlth _ﬂ{} Vertlcal block Z-matrix arises in some i_rn.pqrf-

c n t pra,ctlcal problems (see [13], 69], [85) and [86]). ‘This chapter is partially

80



81

Preliminaries

motivated by the question whether the algorithm given by Cottle and Dantzig
. (Algorithm CD) can solve the VLCP(g, A) where A is a vertical block Z-matrnx.
We answer this question affirmatively and thereby generalize a similar result
due to Saigal [79] on the applicability of Lemke’s method for LCP(g, M) when
M € Z. This we do, by presenting a simplex type algorithm for Problem P,
which is: |

Minimize zg
subjectto w — Az —depp=4¢q, w>0,220, 2020 (4.1.1) -

where d € R™ is any positive vector and by shﬂwling that the sequence of almost
proper solutions generated by our mndiﬁed'simﬁlex method for the a.bové problem

s the same as the sequence of almost proper solutions generated by Algorithm

- CD:when (1.3.1) has a solution, Actually, this idea | is again a generallzatmn of

 the algorithm presented in 151), The analysis presented in this chapter leads to
a greater understanding of the properties of a vertical bln_ﬁ:k -Z-matgix.’s

In Section 4.2, we present the required'deﬁnitinns and our algorithm. In Sec-
. tion 4.3, we show that when the VLCP(q, A) does not have a solutibn Al-go-rithm
" CD takes more iterations to detect the lnfea.s:blhty than the modified mmplex
a.lgorhthm In Section 4.4, we show that a modified versmn of Algorithm CD can
be used fo:_pheckmg whe_.ther a given vertical block Z-matrix is a vertical block
| 'P%{;}ﬁ.,trix or not. For the square Z-matrices sﬁ_ch a checking .'a,igﬁ..:rith_m ha.s been

‘given by Ramamurthy [78].

42 : -Preliminaries.

DEFINITION 4 2.1 Let A be a vertlcal block ma,trlx of type (ml,mz, | 1_mk)
. Suppose G i 18 a representative submatrlx of A Further suppose tha.t the J”‘

. of G i is the r row of A, where r_, € J Gwen the VLCP(q, A) let q(G) be the .
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k x 1 vector whose 7' {:ﬂmponent i3 q,.j-‘. The problem LCP{¢{(G),G) is known as
a representative subproblem associated with the VLCP(q,A).

DEFINITION 4.2.2 A vertical block matrix A of type (my,ma,...,my) is called
a vertical block K (Ko)-matriz if it is a vertical block 2 N P (Z N Py)-matrix.

We now look at the set
S={(wz,2)lweR*, 26 R*, 20 € R,w—Az—dop=¢q,w> 0,22 0,2 > 0}.

We say that a (w, z,25) € § is a basic feasible solution to (4.1.1) if the columns of
(I,—A, —d) corresponding to the positive coordinates of {w, z, o) are linearly in-
dependent and a nandegenemlte basic feasible solution, if in addition, the number
- of positive coordinates of (w, 2, 2p) is m. . '

Aésumé that all the basic fea.sible sqlufioﬁs to (4.1.1) are ﬁoﬂdég.é.néra.te.
Under this assulﬁption the extreme points of S are in one-one co'rrespondénce_
wfth the basic feasible solutions to (4.1.1). Their correspondence is well discussed
in many text books dn linear programming. For instance, see Hadley ([3_4],9.

100). In particular, if B is a proper basis __matriic which is feasible, the extreme

point corresponding to it is a solution to the VLCP(q, A).

DEFINI_TIDN 4.2.3 We say that an extreme point of S is almost proper if the

corresponding basis matrix ts almost proper.

In what follows we make the standard nondegeneracy assumption that all the
almost proper basic feasible solutions to (4.1.1) are nondegenerate.

Given a -verfica.l block Z-matrix of type (my,ms, ..., my) aﬁd a vectﬁr_ ge R™
~we can also a,"pply a modified simp[ex method to Problem P. - | '

~“The modifications we introduce are as follows: -

. St . e k. . R, . 1 . -
. PPN - - .. . - LI L . LT K : :
! R | "' LT L R b o I IR N LIPS L. I B T CE . . I. LI
. . L}

(1) We start with the initial basic [eq.gibl_e solution as w = q+ dz‘g ﬂﬂdz =-"0 :

o %ﬁhié're % = mm{zo | q + dzy > 0, 202 0},
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(ii) At any iteration :f of the pair of nonbasic variables belonging to the same set
of related variables, there is one w:th a positive s:mplea: multzplwr (negative
of the relative cost coefficient as in [62], p. 58), then that variable is selected

for inclusion in the set of basic variables at the next iteration.

We call the simplex method with the above modifications Algorithm S. While
applying the above algorithm, we may encounter two types of almost proper

 basis matrices. We define these types below:

DEFINITION 4.2.4 We say that an almost proper basis matrix B is of type I if
foreach 7, 1 £ r <k, the fact that —A., is a column of B implies that for exactly

~.one index j € Jr, Ljisnota column of B.

| DEF‘INI‘TIGN 4.2.5 An a..lmost proper ba.sm matrix genera,ted by the algorithm is

| _sald to be of type Irif 1t is not of type I,

_REMA_RK 4.2.1 Note tha.t if an almost proper basis matrix B is of type II, then
~ there is exactly one index s, 1 < s < k such that %-A., is a column of B and

| exat:tly_twn_indi_:jes [ and p in J, such that I; and I.p are not included in B.

'DEFINITION 4.2.6 Let B be an almost proper bas:s ma.trlx of (I -—--A ~d) and let

T be a permutatmn of {1 2,. m} ie,, x(1),7(2),.. (m) is a permuta.tlon of

1 2 ..,m.By permutmg the rows and columns of B using the same permuta,tlon |

7 we obtain the matrix B. We call B a principal rearrangement of B.

- DEFINITION 427 Let B be an almost proper basis matrix of (I,-A, —d). Sup-
. pose B.,,l = —d for some p € J,. We say that B is in standard form if Vi#p
B. '.is. eit.her I; sor —A, where J € Jyr. Further, if B 1s of type I then neither I,

-nor —A, are colurnns of B, If B is of type II then there exlsts an. mdex € J,

B such bhat nelther I nor I, | are columns of B
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REMARK 4.2.2 We note that by permuting the columns of B, we can obtain its

standard form,

We note the following result which will be useful in Section 4.3.

LEMMA 4.2,1 Let A be a vertical block Z-matriz. Suppose B is an almost proper
basis malriz of (I,—A, —d) which is in the standard form. By a principal rear-

rangement of the rows and columns of B, we can write B in the partitioned form

as C, where )
B D, -d
C =0 D, —d
0 ¢ "Jm

Further (1) —~D, 15 a Z-matrix and | N )
(it) ¢t > 0 if B is of type I and at most one coordinate of gt is negative if B
is of type 11. | . |

Proof. Let p be an index such tha_t.: B, = —d. Suppose B includes éxact.ly_

r columns from —A. Then B includes exactly (m — r — 1) columns from I. Let
t1 <ty <...<t,_._, be the indices such that 1. {; is a cdiunm of B, Actually,

since B is in the standard form, B, = I,;. Let L={l] —Ayis a column of

B} and let [ <l <...<l bé the ordered set of indices' in L.

Case 1. Suppose B is of type I. Then given any l; € L there exists exactly one

‘index p; € J;, such that I, is not a column of B and B, = —A,. Now let

ﬂ(t;):z ifori=1,2,...,(m—-r=1), n(p;) = m— —r—141 fori=1,2,. ,ra.nd
_:tr(p) = m. Then the matrix C obtained by applying the pI‘ll’lClpELl rearrangement

'usmg m has the above form Now, note that Dz E actua.lly a submat.nx of A

" contalmng the columns ll,lg, l,. ‘and the rows pi, p'z, oy Pr of -——A Note'

| "'that as P: c JJ , thls 15 a Prlnclpa.l subma.trlx ﬂf a rﬂpfﬁsenta‘t”e Smea‘t“x of

*—A Thus —Dg is a Z ma,t.nx Also ag g‘ is obtalned by a permutatlon of the
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elements of the p** row of —A, where p € Ji, t = 1,2,...,1, gt 2 .{]. This
corﬁpieﬁea the proof in thi.s case. .

‘Case 2. Suppose B is of type II. In this case there is exactly one index s and
exactly two indices p and [ in J, such that I, and I, are not columns of B
and —A., i3 a column of B, We note that s = [; for some 7. Since B is in the
standard form there exists exactly one index p; € Ji; such that I, is not a
columnof Bforall j, 1 <5<, 7#1 Forj = 1¢ however {; =5 and
we have two indices p and [ € J, such that 7, and I, are not columns of
B. We have B,,;, = —Ay, and either B, = —d or By = —d. Now we take I
Hta) = 0, @ = 1,2,...,(m—r—1), n(p;) = m=r—1+43j, j#i. Without
loss of generality suppose th#t .B.p = —d then take 7({) = m —r — 1 ++¢ and

L

ﬂ'(p) = m. It is easy to see as in the proof' of Case 1 that by permuting the rows
a.n_d .f:.ol_umns of B using 7, we obtain C, which has the above form. As before
. we note that —Dj is .a principal submatrix of a representative matrix of A and
fher‘éfure ~D, € Z. Note that ¢ is obtained by a permuta,tinn of the p'* row of
--A where p €Jiy, 1<7<r j#¢ But p e J, and hence Jt follows that

| g; 2 0, J # t, and g; may be negative. Thus at most one coordinate of g* is

- negative. Thls conr:ludes the proof | - -

- '4.3 _ 'Validi-.ty- of the Algorithms

-:-;-;5|!"r,,_,

* :or ’-._ .
. - "I-? '.:#ﬁ';',l .o

In order to prove that both Algorlthm CD and Algorlthm S can process the
VLCP(q, A) under the standard nnndegeneracy assumptlon where A is a vertical

- block Z-matrix, we requlre the following lemmas.

| __;JLEMMA 4 3 1 Suppose B is an almost proper bas:s matriz of (I A d) of
Itype I whtch s in the standard form Let C be obtmned as in Lemma 42 1.
._'Suppﬂse —D; 18a P matr:x Let f° be the Iast row of C* Then [ < < 0
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Proof. Since f‘C = ¢}, it follows that f; = 0, 7= 1,2,...,(m -1 —1).

Also we obtain the equations
f'Dy + fng' =0 (4.3.1)

i fi(—d;) =1 . (4.3.2)

j=mer
where f! = (Fn=rs fonmrtls e« fm-1) and d is the last colﬁmn_of C.
From (4.3.1) we note that .
f' = —fmg'(Da)™!
= fmg' (—Dy)"".
Since —[)p is a K-matrix and g 2> 0, it follows that f,, and the coordinates

of f have the same sign. It now follows from (4.3.2) that f <0. u

LEMMA 4_.3_.2 Let B be an almost propér 3asi's matriz of (I,—A, —d) af typé 11
which is.:'n the standard form. Let p be the index such that B, - ~d, I1l_< [, <
... < I, be the indices such that —A.jj is a column of B, forj =1,2,...,r and
l; be the index such that p € Ji. . Let C be the partitioned form obtained after
a pﬁ'ncipdl rearrangement of the rows and columns of B @-in'Lemmﬂ 4{.2.1,
Suppose — D, is a P-matriz. Let f* be the last row of C1. Iff—f[) then at leas?

one of the two coordinates f,, and f,.,.14; is positive.

Proof. Since f'C = e, .we. obtain the equations (4.3.1) and (4.3.2). Further

S fJ - 01j=]—121f*-1(m-"?"—'1).

From (4.3.1) we have

B Y S

= g (=D B - _ |
- If fm> 0 then ﬂﬁ_fh@ye_,_,g_ot_bing .;to,p;ove. So let fm_S 0 and f?"“‘""l".."‘-s 0. -

Let f be obtained from . f by omitténg its 1 coordinate and_]g_t D, be the

matrix obtained by omittiﬁg the i*h row and column of Dj. Also let g beobtained



Validity of the Algorithms | 87
from ¢ by omitting its :** coordinate. Then (4.3.1) leads to
f{(=Da) = fn " + fmr-14i (Da)i.

Note that §* and '(Dg){. are nonnegative vectors. As —D, is also a K-matrix it

follows that f <0 and hence f < 0.
Note also that if f,, = 0, then f = 0, which contradicts the nonsingularity

of C~'. This completes the proof of the lemma. | -

We now state and prove our main theorem which establishes the validity of

the algorithms presented in Section 4.2.

.THED'REM 4..3.1 Let A be a wvertical block Z-matriz and consider the

o VLCP(q, A). St_tppo;se_(i..?.-.l) has a solution. If we dpﬁly Algorithm S to Prob-
. lem P_th_ﬁni.the_ se_Q:;_ence of almost proper basis matrices B(t) "genemted s the
.éarﬁe ._a.s: the .ﬁeqﬂEﬁ'ée of almost propar.basis matrices generated by Algorith%n
oD Further, Algoﬁthm S an& hence 'Algori.thm CD computes a solution to the
VLCP(g, A). : I '

Proof. Note that _the initial a,lmos.t proper basis matrix B(0) used by both
 the algo_rithmsi_ is the same and contains I; for 1 < j < m, 3 # p, for some

- p., 1 < p € m. Further (B(0))., = ~d. Suppose p € Jy. Note that B(0) is of
type I and let 7 be the permutation as in Lemma 4.2.1. Let_f‘ be the last row of
| (C"([J))“‘1 Let y.; be the j# column of ([, -—-A., ~d) and let §; be obtained from
y, by a ﬁefmultation'of its coordinates using 7. Now since f <0,if ftg; >0
~ for some j, then f'g; =7 and y; = —A.. Note also that as (1.3.1) has a
feasible solution, there is such a y.; and —A,, is selected to be included in the
'.basis. Thus both the algorithms select the same cplﬁmﬁ —Ay, to _be_' included
in the basis at the _next‘.. iteration. Further as B(l)m the standard form has
| (B(l)),, '=.'—'A__;, Dy(1) is a1 X 1 matrix which is (=a,,) < 0. Hence —Dy(1)

' is a P-matrix.”
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We use the same notation as used in the proof of Lemma 4.2.1. In particular
if B(t) is the almost proper basis matrix at the ¢** iteration which is in the
standard form, C(%) is obtained by using a permutation m; as in Lemma 4.2.1.

Let us make the induction hypothesis that for all ¢ < v the almost proper
basis matrices generated by both the algorithms are the same and that —Dy(t) is
a P-matrix. Let f! be the last row of (C(v))~'.  We have two cases to consider.
Case(i). B(v) is an almost proper basis matrix of type I. By Lemma 4.3.1,
we have f < 0. Let y; be the j** column of (I,—A,—d). Let 7.; be obtained
by permuting the coordinates of y.; -usiﬁg 7,. Now let p be as in the proof of
Lemma 4.2.1, i.e., (B(v)).,, = —d and let { be such thﬁt p € J;. Now by Lemma
4.3.1, we have f' <0, as —Dy(v) is a K-matrix, Suppose y; = I is a column
of (I,—A,~d) not in B(v). Then clearly f'§; <0. If y; = —A, for s #{
then f'7; = ) fm-r-1t+a(—@r,(pa)s) < 0 as (maﬁutpa),) 2.0 V a. Therefore.,
~only when y.; = HA.,;, . majr be positive. If f'y,; is not positive when
. y; = —A,, then Algorithm S terminates with the conclusion that (1.3.1) does -

‘not have a solution, contradicting our hypothesis. Hence ftg.; > 0 for j such that
¥, = —Ay _and-Algorithm 5 selects ~ A, to be included in B(ﬂ+1)..A1g0rithm
| CD also selects the same column, as w, and z form the pair of nonbasic variables
belonging to the same set of related variables. |

Let j be the index such that y; = —A; and let z = (C(t_:))‘l.ﬁ_j. Let
z! = (zy1,T2,7)" be the partition of z induced by =, where n € R. We have the

equations

Izy + Dy(v)zz + (-d")n = ~Fr;
where T' = (tl;ig, vvvytmer_y) is the index set as 'giv'e.n.'in the proof of Lemma
4.2.1, We also have ) | | B
- . Dg(v)ﬂ:z N (ﬂ‘gg)q_,: 1 .

. where A = '(""_“a‘ml':  _{1_?211 s _aPri)‘
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As n = f'(§,;), we have 5 > 0 and we have
| Dg(ﬂ) Ly = h +- T‘!-d_2

= As —Dy(v) is a K-matrix and as h + nd® > 0, we have z; < 0. This shows that
—A.; does not replace any —A,. which isin B (u) Therefore, Dz(v+1) is given
by

~  Dy(v)  h
DQ(U + ].) — E(U) .
| ! f *-ﬂpt_J
- Note that Dy(v+1) | =n{ _
~or [=Da(v +1)] t=n|_ |>0
| 1 dm |

As —Dy(v+1) 13 a Z- matrlx it follows from a Theorem of Fiedler and Ptk

: .([19]", p. 387) that —Dy(v + 1) is a P-matrix. |

. Note that both the algorithms use the. same rule for determining the column

o to be replaced ffdfn B(v). - .

- If the column replaced by —A. is —d, then both the algorithms terminate
~with a solution to t.he VLCP(q, A). Otherwise they generate the same almost

'-'-i.:"_-":-.-'pmp.»er basis matrix B(v + 1) 'in the next iteration. Further —Ds{v + 1) is a
| P~matr1x . |

- Case(ii). B(v) is an almust proper basw matrix of type IL. Let B(v), = —d.

S Suppose f <0 Then Frg; <0if y 4 I.t for some ¢. Thus none of the

columns of I will be selected to enter the basis by Algorithm S.
Also, as in Ca.se(l) for t such that p & J,, the sunplex ‘multiplier correspond—

mg |;0 the nonbaslc column —A, I8 nonpc:-s:twe since for Y = —~A.; we have

I

f-t Y. z Jn-r-1+a (_"‘“*rr';(pa)!)

g where a.,,u(pﬂ), > 0.
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Now as in the proof of Lemma 4.2.1 let s be such that p and | € J,, and
= I;. Since —A-¥; is already a column of B(v), we find that if f's_' 0, there
is no column whose simplex multiplier is positive. It implies that 25 cannot be
further reduced and Algorithm S terminates with thé.conclusinn that there is no
solution to (1.3.-1) contradicting our hypothesis. Thus f £ 0. By Lemma 4.3.2
at least one of the two coordinates f, and fn_r_14 18 positive. Note also that
of the nonbasic pair (I,,1;;) corresponding to the same set of related variables
| one must have been eliminated from the basis matrix B(v —1). Since a column
eliminated from the basislma.trilx cannot re-enter it immediately (see [34}, p. 144),
it follows that e.i.ther fmn >0 and fo_ro14i 0 or frn <0 and fror-14i > G.
~ Thus both the algorithms select the same column to be in_clﬁdecl in the basis.
Now since the column to leave B(v) is dete.r'minedl by both the al.gorithms using
the same nﬂnimum_ré,tio rule, if this is ~d, both the algorithms termina,té with
a solution to the VLCP(q, A) Otherw_ise they both o.bta.,in' th_é samé B(v+1).
Lét b be éithér I, or I;,, whichever is sélecfed by the algorithm to be included
in B(v+1), and let b be the permutatia'n of its rows us-ing Ty _
Let = = (C(v))™! b. Let z' = (z1,z3,7) be the partition of z iﬁcliuc.ed by
the partitioned form of C(v), where n € R.
We then have | o

C(v)z = b or
Dy(v) 53 + 7 (~F) > 0. _ (4.34)

"~ Thus we have Do(v )a:g > nd?. _.
As n > 0 and — Dg(u) is a K- ma.trlx, it follows that z2 < 0, Thus none of the

Columsis —Ay; mcluded in B(v) wﬂl be selented to leave the basis. This shows

that" 'Q(U + 1) DQ(‘D)
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As —Dj(v) is a P-matrix it follows that —Dj(v + 1) is also a P-matrix. It
now follows, by the principle of i.nduction that the seqilence of almost proper
| ba.sm matrices generated by both the a,lgﬁrlthms is the same when (1.3.1) has a
snlutmn and they both compute a solution to the VLCP(q,A). When (1.3.1)
does not have a solution, then Algorithm S terminates with a zo > 0, thus
shoﬁing that ther-e is no solution to the VLCP(g, A). In this case Algorithm CD

will terminate in a secondary proper ray. This concludes the proof. .

REMARK 4.3.1 From Theorem 4.3.1, it fqllnws that when (1.3.1) bas a solu- |
tion both-Algbrithm S and Algorithm CD generate the same sequence of basis
‘matrices. However ‘when (1 3.1) does not have a solution, Algorithm S never re-
| "qulres more 1tera.t10ns than Algorlthm CD to detect the lnfea.mblhty There are
| m_stances when .Algorlthm CD may take a few more iterations than Algorithm S.
" The following example illustrates this. The fact that Algorithm 5 never requires
. ‘more itéré.ﬁons than 'Algﬁrithm CD is clear from the conditions for terminating
‘these a.lgorlthms Thus Algorithm S is clearly preferable to Algﬂrlthm CD for
'pmcessmg the VLCP(q, A) when A Is a Vertlcal block Z- ma.trlx |

EXAMPLE 4.3.1 Consider the.vertica.l block Z-matrix of type (2, 3,4). '

3 -1 -2 -4 |
| 4 -3 -2 2 |
-1 3 -1 3
-2 4 -3 ~1
A=|-1 6 -1 andg=] -3 ‘.'
~1 -2 3 ~10
-3 -1 5 | -5
1 . 4 g ._
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Algorithm CD takes 4 iterations to terminate in a secondary proper ray. Algo-;

rithm S terminates in 3 iterations with min z > 0, demonstrating infeasibility.

REMARK 4.3.2 When (1.3.1) has a solution, we note that Algorithm 5 generates
at most k£ almost proper type I basis matrices since at every iter_atien with a type
I basis, the algorithm introduces one of the z; variables into the basis and a basic
z; variable never leaves the basis. However, there may be a number of almost

proper type Il basis matrices generated between two successive almost proper

type I basis matrices.

REMARK 4.3.3 Note that when Algorith.m CD or Algorithm S terminates with
a solution, the corresponding proper basis matrix B can be written (after a

principal rearrangement of its rows and columns ) as

-y

1 D

_B_=. -
_U'DQJ'

‘where —D, is a K-matrix. This is a consequence of our Theorem 4.3.1. Now it is
~easy to show that B is an optimal basis for the folluwihg class of linear programs
as well :
. | k
Minimize ) ¢;z;
_ F=
subject to w — Az =¢q, w>0, 22> 0
where ¢ = (c1,€2,...,Ck) IS any nennegeti ve vector. This shows that the solution

corresponding to B is actually the least element of the set
X(q) = {(iﬂ,z)\w - Az =quw20,220}

| :See Cettle and Vemett [6] fer the deﬁmtlon a,nd pmpertlee ef the least e]ement
__.__._Thus both the algorlthms CD a,nd S compute the least element of X(q), whenever

X(q) 76 @ This. gives us an independent and construetwe preef for the results |

'..:.obeerved by Eblefung and Koetreva [15] and Sznajder [88]
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4.4 An Application of the Cottle-Dantzig
Algorithm

In this section we present a modification of Algorithm CD to determine whether
~a given vertical block Z-matrix A of type (m;,ma,...,my) is a vertical block

- Ko-matrix or not. We first state a few results.

LE_MMA 4.4.1 Suppose (w”,2") solves the VEC’P(O, A). Let ay = {jlz} >0}
and oy = Ujeoy Jj. Then (i) Aqyen = 0 (i) Aqa 25, = 0 (i) wj, = 0 and
fiv) A,_-,,,“,;,l.2 25, 2 0. | |

_Proof Smce (w"'. z ) solves the VLCP(O A) we have w* — Az = 0, This

R 1n:1plles that for j Eay 3 1€ J; such that wi = 0 and Z aij z; = 0.
| a | - JE€ag

" But for i € &, we also have wy — Z a;j z; = 0, which implies w} = 0 and
Jj€az.

E ai; 2 j = 0, as aj; < 0 for t € a; and J € . It follows from here that

JE€ag
Agiay = Qas 2} > 0 for j e oy and wh = 0. This proves (i) and (iii). Also

since fori € ay, = Y a;jjz; >0, as w* > 0. Hence (w) holds. (ii) holds
- jEog | |
- trivially. Thls completes the proof. | -

.LEMMA 4.4,2 Suppose A is a vertical block Z- matriz of type (my,mg,y...,mi)
and let g € R™ be such that the VLG’P(q,A) has no solution. Let R =
{(w z zu) + A (-w %,%0), A > 0} be the secondary proper ray generated by Algo-
rithm CD. Let ay = {7j1% # 0} and ay = {j z; = 0}. If.EU_.;é 0 then A is
not a vertical block }Cu-m.at_riz.i If 29 = 0 then (i) Az > 0; (ii) Ag—m, = (), where

&1 = UjeqyJ; (ii1) Ana, is a vertical block Ko-matriz where oy = Ujeq, J;.

| '-Prddf It is easy to ?eriff from Definition 1.6.11 and Remark 1.6.1 that o

'(wzzﬂ)gﬂ zJHw-O and —Az"mdz’“'u"ﬁ O-If.z"ﬂ;é[} then
| (ﬂ) z‘) i5 a nontrma.l solutmn to the VLCP(zud A) Thls 1mplles tha,t. there_
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is a representative submatrix G of A such that £ is a nontrivial solution of the
LCP( 2, d(G), G) (see Theorem 1.6.1), It now follows frﬁrn Lemma 1.4.1 and
Lemma 1.4.2 that @ is not a Py-matrix. _Hence A is not a vertical block F;-
matrix.

If 2p = 0, it is easy to verify that (4,2) is a nontrivial solution to the
VLCP(0, A). Now the conclusions (i) and (ii) follow from Lemma 4.4.1. By
Lemma 4.4.1, we also have A._;la, %4, > 0and 2,, > 0.1f G is any representative
submatrix of A,,4, of order |as|, then G2,, > 0, Z,, > 0. Since G is a square
Z-matrix it follows from Theorem 1.4.1 that G is a Po-matrix. Hence A, o, is a

vertical block Ko-matrix. - | | m

LEMMA 4.4.3 Let A be a vertical bl&ck Z-matriz of type (m1,mg, ... ,m; ) and
g € R™ be such that g < 0. Then the VLCP(q, A) has a solution if and only if

A is a vertical block K -matriz.

Proof. Suppose g < 0. Let (w*,2*) be a sﬁlution to the VLCP(q, A). It
follows that w* — ¢ = Az* > 0. Now fmrn_Theo_rem 1.6.5, it follows that Ais a
vertical block K-matrix. Converseiy, supposé A is a vertical block K-matrix. By
Theorem 1'.6.5, it fdllaivs that there isa 0 # 2 > 0, z € IR" sﬁch that Az > 0.
Given any ¢ € B™ choose 4 > 0, so that w = q.—l— A(pz) > 0. Now it follows
- from Theorem 4.3.1 that VLCP(g, A) has a .solutian. This holds for each ¢ € R™.

We now present an algorithm to verify whether a given vertical blo-ck Z-matrix

A of type (my,ma,...,mi ) is a vertical block Fo-matrix or not,

'Stép 0: Let A be the givenfifer'tica.l_-_block-" matrix of type ( mi, Ma, . ymy ). Let
4 = {1,2,...,k}. Choose any ¢ < 0 and go to step 1. |

 Step 1: Let § =  and apply the following version of Algorithm CD to the

FECE R
-

VLCP(q,,, Aays) where ay = Ujep J;. Execute the steps of the Algorithm
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CD until either a basic z; variable begins to decrease, or a secondary proper
ray is encountered or a solution to the VLCP(qa,, Aa,s) is obtained. If the

" algorithm is terminated due to a decrease in a basic z; variable, then we

e say that the algorithm is terminated prematurely.

(a) If the algorithm terminates with a solution to the VLCP (¢4, Aqa,0),

stop. A is a vertical block Kp-matrix. |
(b) If there is a premature termination, stop. A is not a vertical block

' Ko-matrix.
(¢) If the algorithm terminates with a secondary proper ray, then go to
step 2.

Steép 2: ' Let R = {(@,2,%) + A(,2,%), A > 0} be the secondary proper

% ray generated by Algorithm CD when applied to the VLCP(q,,, Aaq). If
3 # 0, stop. A is not a vertical block Ko-matrix. Otherwise go to step 3.

= 0}.If o = @ stop.

A is a vertical block Ko-matrix, otherwise let v = d a,nd return to stép 1.

. .__ETHEOREM 4, 4 1 The above algant}zm ver:ﬁes wbeiher A 15 a vert;aal block K-

| .-matﬂz or m:t m a finite rumber af steps.

: Pr?of The 'inatrix .Ama is a verﬁit:afi'block Z-matrix at any stage of the

| 'algorlthm Now if Case (a) at step 1 occurs, then Aq,p is a vertical block K-
A

matrlx by Lemma 4.4, 3. Hewever, if Case (b) occurs at step 1, Aaye i8 not

| .a vertlcal block }Cu-matrlx by our results in the prevmus section. If we stop
& swith step. 2_ a.ti a.py._;__atage_of the a.l_gnruthm, then 1t followa from the first part of |
':-Ler'nma, 4.4.2 thazt'Am.'g 1s. not a vertical blu'ck'z’Cg-fnatrix If we stop at step 3,
‘with G = @ then for Z > 0, we have Apo2 2 0, which Jmpllﬂﬁ that A, g

o .113 . vertlﬁﬂl block Po-m&trlx (see [17 ) Hence A is a vert;cal block }Cg-matrlx

- . F
. L ] '
v EEA '
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If ¢, # @, by our Lemma 4.4.2 Ag,, = 0, where a3 = Ujea,J; € @ and
daz = Ujeq,J; © oy and it is easy to verify that A, is a vertical block Fy-
matrix if and only if Ag e, is a Po-matrix. We also note that |d;| < [f]. Hence
- the above algorithm verifies :whether A is a vertical block Ky-matrix or not in at

most & repetitions of Algorithm CD. Hence our theorem follows. _



Chapter 5

Vertical Block Hidden
Z-Matrices and the Vertical
Linear Complementarlty

Problem

5.1 Introduction

- Mangasarian (47] while studying the clagses of LCP’s solvable by a single linear

program introduced a class of matrices, which later came to be named as the
class of hidden Z-matrices in {71]. The class of hidden Z-matrices also possesses
3 IEa,_s_t element property which is related to complementarity. For a studj of this
property see (5]. The least element theory for hidden Z-matrices was motivated
by.thé observation of Mangasarian [47] that the LCP with a hidden Z-matrix
| can be solved as a single linear programming problem. For related results see ) "

also [48].
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The complementarity and least element properties associated with a verti-
~ cal block Z-matrix were studied recently by Ebiefung and Kostreva [15). This
chapter is motivated partly by a question which naturally arises from the work
of Ebiefung and Kostreva [15] and Mangasarian ([47], [48]), which is: What is
the largest class of vertical block matrices for which the associated VLCP has
the least element property and hence can be solved as a single linear program-
ming problem? This also has an implication for the class of VLCP’s which has
polynomial time complexity. For the class of vertical block hidden Z-matrices in-
~ troduced in Chapter 3, we study the associated minimality and complemeﬁtarity
properties..

In Section 5.2, we present the requifed notations. In Secti.on 5.3, we study

the least element and complementarity property possessed by vertical block

~ hidden Z-matrices. In Section 5.4, we present some characterization theorems

for vertical block hidden X-matrices.

5.2 Preliminaries

Let A be a vertical block matrix of order m X k and type (mi1,...,m;)and g € R™

be given. The set FEA(q, A) = {(w,2) |w € R™, z € R¥, (w, 2) satisfies (1.3.1)}
s called the feasible region of VLCP(q, A) and any vector in FEA(q,A) 18 called
a feasible vector. Let C be a convex cone, We say that C is a peinted convex cone
if ' does not contaiﬁ any liﬁear_ subspace except {0}. If C is a pointed convex
cone in R", C induces a partial ordering“of_ vectors in /" defined as follows:
z j (C) y if .y__—«.:c & C. We call this partial nr.derin-g the wome ordering induced
. by C. In .partic-ula.r, in this chapter we consider the .accine wrdering induced by C

- where C =Pos(X) for some nonsingular X. A convex cone C = Pos(X) where

X is nonsingular is called a simplicial cone.
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- DEFPINITION 5.2.1 Let § € R" be a polyhedral set. We say that = € S is the

least element of S with respect to the cone ordering induced by a convez cone C

if y—2 € C’foranny.S,

We first prove the following lemma.,

LEMMA 5.2.1 Let A be a vertical block hidden Z-matriz. Let X € R¥* be
any Z-matriz and Y € R™** be o vertical block Z-matriz of the same type as
A satisfying the conditions of Deﬁmtton 8.5.1. Then (i) X is nonsingular and
- (ii) there exists an indez set o C {1,2,...,k]) and a representative index set
B C {1,2,...,m} such that with V as the represantatwe submatriz of Y r:nrre-

spondzng to the mpmsantatwe submatriz G of A, where G = A,.g vy the matmm

-Xn:a ch‘i

W =
. ._V&ﬂr V&c‘i

(5.2.1)

s 1in K.

Proof.  Let p, o be as in Definition 3.5.1. Let d = X'p 4+ Yo > 0.
Then Cz = d where C = [X!, Y] E_Rk”('"'”), z > 0 has a feasible
p |

o |
Note that as d > 0 and each column of ' has at most one positive entry, the

solution z =

system C'y = d, y > 0 has a nondegenerate basic feasible solution. Since X € Z
~and Y € vertical block Z, it is easy to see that if B is a basis in C corresponding
to a basic feasible solution then B! is of the fcrm.(5.2.1)-fc:r some index set o and.
for some S as defined above. Thus B (or B’) is a K-matrix which follows from
the fa,ct that B € Z and B is a feasible. basis for a d > 0. This establishes (11)
. To prove ( ) suppose tha.t Xv = 0. Then we must have. Y'u = {. Consequently,_'
W =0 whlch 1mphea tha.t v=00 S SN |

We @lﬂﬂ observe the fﬂllﬁwing result.
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PROPOSITION 5.2.1 Let A be a vertical block hidden Z-matriz with X and Y as
any malrices satisfying the condilions of Definition 8.5.1. Then there is at_ least

 ‘one representative submatriz of A which is hidden Z with respect to X and the

corresponding representative submatriz of Y.

Proof. This result follows from Lemma 5.2.1. By Lemma 5.2.1, we have an

index set & € {1,2,...,k} and a representative submatrix V' of Y such that

_ Xnn Xa& 1 .
] Vﬁ"a 'Vﬁﬁ

W =

s a }C-ﬁia,trix._ Let G be the corresponding represéntaﬁive submatrix of A. Since
W e K, it foilows that W' € K and there is a v € RF. v > 0 such that
v‘:W > 0. Let v = (v;;vﬁ). Take p(G)’ = (v‘f,,O) and o(G)’ - (0,v%). It is
easy to verify that GX =V and p(G) X + o(G)'V = o'W > 0. This shows

that G is a hidden Z-matrix and this éompletes the proof of the proposition. m

- REMARK 5.2.1 The above proposition implies in particular that if A is a vertical
‘block hidden Z-matrix with X and Y as any matrices sa,t.isfying the conditions

of Definition 3.5.1 then there exi-éts a matrix U € R¥*™ of the form

~where u" = (uj,...,ul, )is asemipositive (i.e., non-zero nonnegative) row vector

" of cird‘t_ar 1 X m, suc_h that /A 1s a square hidden Z-matrix.

REMARI{ 5.2.2 It i easy to see that if Xisa K-matrix then UA is a hidden

?i.i%Z'-ma;trix for'any matrix U of the above form. For similar results on. vertical

’f‘*bIOCk P-maltrices seé'[él] and for vertical block Py and Z-matrices see {17].
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5.3 Least Element Property

In this section, we consider the least element property of vertical block hidden

Z-maftrices.

DEFINITION 5.3.1 § C R™ is called a meet semi-sublattice (under the compo-
nentwise ordering of R"*) if for any two vectors ‘m,y € § their meet

z = min(z,y) € S.

In what follows, let A be a vertical block hidden Z-matrix with X and Y as any
matrices satisfying the cc:-nditiﬂns of Definition 3.5.1. Note that by Lemma 5.2.1,

X is nonsingular. Let § = {ve R" : Xv > 0,¢+ Yv > 0},

LEMMA 5.3.1 A vector z € FEA(q,A) iff v = X™'2 € &S. Also S is a meet

semi-sublattice.

Proof. First note that AX =Y and w =g+ Az > Dasz € FEA(g,A). Let
v=X"'2. So, 2= Xv>0. Note that g+ Az =g+ AXv=q+Yv20.
Hencev e S,

.Now giﬁen v € S, take z = Xv. Note that z > 0. We have
g+ Yv = g+ AXv =g+ Az 2> 0. Hence z = Xv € FEA(q,_A).

Now we have to show that S 15 a meet semi-sublattice. 'Let v*, v € S and let
% be a vector whose it coordinate is defined by ¥; = min(v?, %;). Suppose 3 '.E-J;, |

the set.of indices of rows of A in the #t* block. Note that

k
gs + Z Yai U
1=1 | . .
9+ Vaidi+ ), vsid;
s + YsiVF + Y ¥ajD;, assuming (without loss of generality) ; = v;
gs + Yai V] + D Yoj v, since y,; < Oforj#i

s T (Yﬁ)a

| .

1V

)
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Similarly, we can show that z = X9 > 0. Thus S is a meet semi-sublattice. This

completes the proof of Lemma 5.3.1. o

LEMMA 5.3.2 S contains a least element.

Proof. It is sufficient to verify that S is bounded below, as S is a meet

semi-sublattice.

o
Let v € S and § = | where & 1s as in Lemma 5.2.1. Let W be as in
- I | |
Lemma 5.2.1. Note that W~' > 0 and by the definition of S, we have Xv > 0

~and ¢+ Yv > 0. Hence § + Wv > 0. Therefore, v > — W™1§. This concludes

the proof. _

THEOREM 5.3.1 Suppose that A € R™** is a vertical block hidden Z-matriz of
type (my,ma,...,my). Then there ezists a simplicial cone C in R" such that
Vge PﬂS(I ,—A), FEA(q, A) contains a least element Z with respect to the cone
ordering induced by C and Z satisfies 2; ﬁ (¢ + (A'2),) = 0Vi=1,2,...,k.

s=1
Proof. By Lemma 5.3.2, S has a least element & with respect to Pos(J). Let
- 2 = X ¥. Note that by Lemma 5.3.1, 2 € FEA(g, Aj and it follows that it is a
least element of FEA (g, A) with respect to the cone ordering induced by Pos(X).
Now it remains to verify that z; ﬁ (g} + (A‘; Z),) = 0. To see this we first show

=1

that if (X v); > 0 then 3 a s € J; such that

. ':;_E‘%?';@.f?-.n

qs (Yﬁ), = (.

- Suppose V s € J;
- g + (Y9), > 0.

- Now consider a vector v*(¢) whose coordinates are defined as follows:

U;(E) - ﬁj-'.' j#":

-
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‘Note that as X is a Z-matrix, for € sufficiently small, X v*(€) > 0. Also, it is

easy to verify using the fact that Y is a vertical block Z-matrix that
gs + (Yv'(¢)), 2 0, V s.

This however contradicts the minimality of ¥ and completes the proof. o

We shall now prove the converse of Theorem 5.3.1.

THEOREM 5.3.2 Suppose X is.a k x k nonsingular matriz. Let C = Pos(X).
Suppose A is a given vertical block mairiz. If FEA(q,A) # O implies that
FEA(q, A) has a-least element with respect to the ordering induced by C which is

also a solution to the VLCP(q, A), then A is a vertical block hidden Z-mairiz.

Proof. Let & be an m x 1 vector whose i coordinate (&'); =1 ¥ i€ J;
and 0 otherwise. Also, let e} -be the unit vector in R* with (e3); = 1 and
(e5)i = 0 for ¢ # j. Now let ¢ = & — Ae}'. Clearly, e} € FEA(¢’, A) and
hence FEA(q5 , A) # 0. Hence by our hypothesis it has a least element 7 which
satisfies VLCP condition (1.3.2). Note that e does not satiéfy this condition.
Hence #’ # e% and by the minimality of 27, we have X 1(27) < X7'(e}). Let
= X ej — 2’ ). Note that 0 # v/ > 0. Now for ¢ € {1,2,...,k}\{j} we

have X;.v' = (e] — #); <0. Let Y = A X. Note that Y is a vertical block

matrix. Now consider Y,. v*.

Yoo = (Yv'),
= (AXv),
= [Ale - #)
= (# - ¢ - AF),
= (¢ + AF) fors ¢ J;.

Therefore noting that (¢’ + Az') > 0_,.we_ have ¥,,v? <0 fors ¢ JJr



104 | | Vertical Block Hidden Z-matrices

Let W = (v',v%,...,v*). Then it follows that X = XW is a Z-matrix and

ot

Y = Y W is a vertical block Z-matrix.

We now have to show the existence of nonnegative vectors p'a.nd s satisfying

condition (ii) of Definition 3.5.1. To do this consider the linear programming

problem
Minimize e’ u
subject to
Xu>0

Yu>0

whére é,_ is a k-vector of 1’s. . | | |

Note that  is feasibie to the a.bﬁve problem if and only if X u € FEA(OQ, A).
As 0 €FEA(0, A) it follows that FEA(0, A) # @ and hence it has a least
elé}fﬁé.nt under the cone ordering induced by Pos(X ), which is also a solution
to the VLCP(0, A). Therefore, the above problem has an optimal solution,
By' the duality th'eorem, there exist nonnegative vectors p and o such that
X'+ Yo=e. . |

AsW >0 and no column of W is 0, we have

Xtp4+Y'o =W (X'p+Yo)= We >0.
This cnrnpletes the proof. _ | | | . B B
| 'REMARK 5.3.1 In view of Theorem 5.3.1, the VLCP(q, A) with a vertical block -

_hidden _Z-.matrix with'reSp_ect_' to X and Y can be formulated as the linear

programming problem

~ Minimize ) p; 2

=
w——_Azzq |
w20, 220

~ where p = (py, pa,- ,pk) is any vector such that p' X > 0.
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REMARK 5.3.2 Thus the remarks of Cottle, Pang and Stone {5, p. 212] in the
context of hidden Z-matrices also apply to the vertical block hidden Z-matrices,
Thus, given an arbitrary vertical block matrix A, it is not in general easy to test

whéther or not 1t 1s vertical block hidden Z.

5.4 Vertical Block Hidden X-matrices

DEFINITION 5.4.1 Let A be a vertical block hidden Z-matrix. We say that A

is a vertical block hidden K-malriz if every representative submatrix of A is a

P-matrix.

EXAMPLE 5.4.1 Consider the vertical block matrix A of type (3,2, 2) ‘where

-

| 176 036 0.6
| 1 0 0

0.80 —0.20 —0.20
A=| 032 152 0.2
044 184 0.04
~1.56 ~1.16 0.04
0.60 -0.60 0.40

-

It is easy to verify that A is a vertical block hidden K-matrix with respect to

3 -1 ~1

_ 2 -1 -1

[ 2 -1 1] 2 a1 -2

XandY where X=| -1 3 ~1jand¥Y =| -1 4 -1
) -1 _2 ( -1 5 '—2=

-2 -2 3

L-1 -2 4

_Weta.kep‘:[a 9 1]a.nd a*‘::[;[ 11111 1].
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The following theorem characterizes a vertical block hidden K-matrix A

assuming that it is a vertical block hidden Z-matrix.

THEOREM 5.4.1 Let A be a vertical block hidden .Z-matrim of type
(%1,1'?’12,.“,?711:). Let X and Y be as in Deﬁnitian 3.5.1. The following are
equivalent: |

(a} A is a vertical block hidden K-matrz.

(b) There exists an ¢ € R*, z > 0 such that Az > 0.

(c) There ezists a wector v > 0 such that for any index set a C

'--'{ﬁ'r'll,ﬁ,. oLk}, Wao > 0 where

W =

‘as defined in Lemma 5.2.1. Further W € K.
~ (d) Every mpresentatwe submatriz G of A is completely hidden K, i.e., for
every indez sel @ C {1,2,...,k}, Gua is hidden K.

Proof. (a)=-(b). Suppose Ais a vertical block hidden X-matrix. In particular,
bjr definition A is a vertical block P-matrix. Now from Theorem 1.6.4, it {ollows
that there is an z € R, a: > 0 such that Az . > 0

(b) = (c). Let z > 0,z € R* be such that Az > 0. Let v = X lz. We
| have Xv > 0, Yv = AXv = Az > 0. By.Lemma 5.2.1, there exists a .

'ﬁ.@%%ﬁ‘epraé._cntative _subrria,trix V and an index set ap C {1, 2,...,k} such that

X o o X 0o <o
Vﬁu 3 OO Vﬁm &u il

W, =

. is a K-matrix. As X v > 0 a.nd Yv > 0 it follows that an > 0. This lmplles
that v > 0. -

Now let G be any representatwe submatrlx of A and let H be the corre-

spﬁndmg representatwe submatrlx of Y. Let o C {1 2., ..k} be any index set.
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Consider the matrix

W =

As Xv > 0, Yv > 0, it follows that Wv > 0. Since W € Z and v > 0, it

follows that W € K.
(¢) = (d). This follows from Theorem 3.5.1 since by (¢) X is a K-matrix.

Now we use Theorem 3.11.19 of Cottle, Pang and Stone {5, pp. 211-212] to
conclude that every representative submatrix is completely hidden K. |

(d) = (a). Note that we have AX =Y with X ¢ Z, Y € vertical block Z
and p* X 4 'Y > 0. Since every representative submatrix is a hidden K-matrix,

it follows that every representative submatrix is a P-matrix, Hence by definition,

statement (a) follows. - | m

REMARK 5.4.1 In relation to Remark 5.3.2 if we know that A is a vertical block
P-rnai:,rix and wish to test its membership in vertical blo.ck hidden X then it
is possible to do so by solving two linear programs: one to determine if there
exists a y > 0 such that Ay > 0 and the other to determine if the required
X exists. Also the corresponding VLCP is solvable in polynomial time once we

have determined the required X in polynomial time.



Chapter 6

Vertical Linear
Complementarity in a Problem

of n-Person Games

6.1 Introduction

In this chapter, we present a generalization of the polymatrix game considered in
| Cha.pter 1, which is similar to the generalization of a _Bima,trix game presented by
Gowd.a.' and Sznajdef 28] considered in Section 2 5. In the generalized polymatrix
game considered here, the players not only choose thelr mixed strategies over

their ﬁnlte sets of pure stra.tegles but also form their. partial payoff matrices as
follows:

Player 1 can form his partlal pa.yoff ma.trlx R., vnth respect to pla.yer 7, by
| choosing the r** row of R,J as the r'* row of a matrix in a given set of matrices

,,, i # j. We shall assume that the matrices in the set Aj;, i # 7. are all
positive.  In Section 6.3, -we show that when the entrles of the matrices in -Au 8

- are: bounded there is.an. s-equlhbrlum set of stra.tegles X () for the players in the

108



Preliminaries 109

sense defined by Gowda and Sznajder [28], which is a generalization of Nash’s
theorem. Moreover, when 4;;’s are compact for all ¢,7, 1 ¢ 7, 1 <1 < n and
1 €7 £ n, then there is an equilibrium set of strategies. Our proof technique
1s similar to that in [28] and uses degfeo theory for a general complementarity
systom when A;;’s are not necessarily oompaot. In Section 6.4, we consider
~ the question of stability of an equilibrium set of strategies for a generalized
polymatrix game for given A4;;, ¢ # 7. In Section 6.5, we assume that the given
Ai;’s are finite and formulate the problem of finding an equilibrium set as a
vertical block linear complementarity problem (VLCP) and show that Howson'’s
special scheme can solve this problem. We thus.prove constructively the existence

of an equilibrium set (in fact an odd number of such sets) for the finite generalized

polymatrix game,

6.2 Preliminaries

Consider the generalized polymatrix game introduced in the previous section.
" As noted earlier we are given sets A;; of positive matrices of order m; X m;. In
| add1t1on to ohoosmg his mixed strategy z' = (z},. ,'., z),.)!, being a probability
. veotor over his pure strategies {3_ st} pla.yor i can also choose his partial
‘payoff matrix Rj;, W1th reapeot to player Jy ¢ F# _1, by choosing (R,J) as (Ai);.
for some Ai; E A,J, for1'< r < m;. R1LJ 1S thon-ca.lled a TOW reprosentatlvo of A,J
Thus, ﬁi%.yor 2 chooses his mixed strategy z* as well as his row 'ropresenta.tives
R;; for 1t 3. ‘We refer to this game as the genemhzed polymatrix game with sets

Aijy 7 -,é i. We use o—" to denote a vootor in A™ each of whose coordinates is 1.

' _D_Eﬂmmon .6.2.1.-'Given the nonempty sets -A.J', 1<i€n,1<5< n, t#j,
wesay that the set X = {#!,%%,...,&") of proba.blllty vectors is an E-equlhbr]um

set . of strategies for players 1,2, ,n.-;f for every £ > 0 there exists a row
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representative M,-j(é) of .A;; such that
(FYS My (e)a < (W)Y RjE +6 1<i<n,1<j<n  (6.2.1)
iFt JH#Y
for all probability vectors u' of player ¢ and for all row representatives H;; of A;;,
1 <1<, 1 <3< n,1#7].
We also say that X is an equilibrium set of strategies if therc exists a row

representative M;; of A;; such that (6.2.1) holds with & = 0 for all probability

vectors u' and for all row representatives R;; forall 1 <i <n.

Let m = Zﬂ:m;. An equilibriuﬁtt set X = {z!,5%,...,3"} can also be thought
of as a point‘i=nl R™. Given the sets Ay t#£3,1<38n,let &A1 #7, 1 £
. 1,7 < n) be the collection of equilibrium sets. We simply write E(Ai;, t # _7)
to denote this collection. In what follows we shall take this pdint of view and
consider an equilibrium set as an equﬂibrium point in ™. We may also consider
E(A;j, 1 # j) as a set in R™ with each set in the col]ectiﬁn as a point in ™.

Let X € E(Ai;, i 7) be an equilibrium point in B™ and let B.(X) denote
the open ball in R™ with centre X. For two sets S, T" let dy(S,T) denote the
Hausdorfl distance between sets. Given sets A;;, 1 # 7 and sets .A;j,i 76 1,

‘we consider the distance between the collection of sets {Aij, ¢ # j} and

{A:'ji 1 # J} to be Z dH(Afj?'A::j)'
- i#3 o . -
In our proof of the main theorem in Section 6.3, we use concepts of degree

theory. For this and for the pmpertieé of the degree see Section 1.9.

6.3 The-Mﬁalin Thebrehi and Its Proof

Before we state and prove the main theorem on the existence of an E-équilibrium
set. of strategies for a gqneraliied pdlyrﬁatrix game, we introduce the following

functions and prove some lemmas.
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Let us consider the {unctions r,é;;.- ;. REswmitl L pmio 4 4 € {1,...I,n}
defined as follows:

qﬁ;i(ul,uz,....,u'”.l,u'+1,...,u“,v;) = inf [} A — v €] + 9
AuE-Au i

where p* € R™, 1 <1 < n are given nonnegative vectors, u* € R™, v € R,
1 <1< n and inf reflers to the componentwise infimum.

Furthermore, we define V¢ € {1,...,n} the function ' R™ — R by
(') = Eu; — 1
3

Let the function F,i | pn : RE™Hn  REMi+n he defined as follows:

) -y

ul A ‘}6;191 (uzr “31- S TA )

uﬁ./‘\ da (ul, v, . ., u", 1))

o | | um A ul,u?, ..o um e, - -
FP':P2:-~-1F“(Z) = QS ( ,1 ) 3 | (6'3'1)
- - v A (ul) -

v A %[)2(?..'.2)_

e

with z = ('), ..., ("), vy, s ;','vﬂ)‘ﬁ Fina.llj' Fa,u,_"lg(z)_is df;-nu_ted by F(z).

-t

o ._._.,LE;MMA 6. 3 1 Suppose that the entmes af the matrices in .A,J are untformly
‘bounded with a positive lower bound. Then there exists an eqm!zbmum set X

of prababthty vectors if and only if the equation F(z) = 0 has a solution,

- .anof. " Let _z' = ((51)‘,('5!_':2-)‘,. .y (E"), 01, .. ,un) be a solution to F(z) = 0.
Then ) | . |
CFA inf (3 AyE ~ vie) = 0,Vi  (63.2)

Au€his i
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and

A} 2 -1 =0, Vi. (6.3.3)

Clearly, it follows that Zﬁ‘:; > 1 and 0 :i':; > 1= v; = 0, It also follows
j=1 | |

that Z''s are nonnegative vectors and E A 7> e, V A;; € Aij.
J#4

Suppose v; = ( for some i, Note that each #’ is a nonzero nonnegative vector
my

as Z¥ > 0 and Y #! > 1; since the matrices in A;; are e positively bounded be-
" low uniformly, lrt:_- }ollows that the vector A:Iéa ) g Aij s > 0 whlch contradlcts
(6.3.2). Thus it follows that v; > 0 V¢ and hence E = 1 V2. Hence, the
:L' 's are probablllty vectors.

We now construct a row representative matrix M;;(e) for arbitrary € > 0 as
follows: . ” . .
Let 1 < r < m;. If & = 0 let (Mi;(c)),. be any (Ag;),. where Ai; € Ay for
L<j<n,j#i h -

If £ > 0 then note that
inf 3 (A2, = v  (6.3.4)

A €A i
Now let Ajj € A,-_,-. be such that
0 < Z(}L‘j ffj),. — g < €.
| | 3 -
~Such an A exists since (6.3.4) holds, We then-choose '

.(Mii(-.g))r- = (Aij)rfor 1 sj'é n, j # 1.

__Sycli__a;.choic.e__._sa._tjs_ﬁes..thé- candit-ioi}s of Definition 6.2.1, since
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Since for every row representative R,J of A;;, E R;; 7 > v;¢e', it follows that

JES
(ZMU(E ) < v + € < (u) ‘Y Ry + e (' ) et
jFi TR
= (:B ZM” E)i’" S ZR‘J ol + €.
J# | J#
We shall now show the converse.
Let X = {3}, 32, “} be a set of probability vectors satisfying the condi-

tions of Definition 6.2.1. Consider the corresponding sequence M;;(c). As these
m&trices are uniformly bounded, we may assume without loss of generality that

lim M.J(e:) exists for each ¢ 7é 7. Let lll’l’l M;;(e) = M.

el0

We ha.ve ) (>, M;; ) < (u) Z R;; 3, where R;; is a row representative

JF#S 3¢S
of A;; and ' is any probability vector, This imphes in particular that

[(m (> M;; m-’ )¢ < Y R @, Take v; = (&) ‘O M;77), 1 <i<nand
J#t | J# | J# |

2 :(( ) 1(52) y oo :(in)t:vli't’?: o 1”11)1'

-Note that ) Ry P — 1},- et > 0, for all row repre:senta,tive R;; of A;;.
i#

Therefore, inf }:A,jmi —ve) =5 M;E - ve >0,
| Aije-n“u . ] J#l _
Further, since (Z) Z M,_, 7 - ei) = 0, it follows that for all 1 < r < m;,

J#t -
(z Mu a:*’) ;] = 0, as ' and (Z M;; m’ v; ') are nonnegative vectors.
JF#S | | I - |
‘Thus A () Myz ~ vef) =0, VI<i<n,

| I |
Also since iréa (3" Au#@ — vie') 20, letting € | 0 in the inequality
- AusA o _
[ﬁ{f(% AU:BJ - v;e')} < (i‘)t[_,z;h M;;(e)3 — v;e'} we see that
(z*) [m{(zfljm’ 0 so that 7 A[ mf ZA,Jz" ~v;e)] = 0.
AI_I' J#l . : | : .JE u . . | |
Thus we have F(z) =0 | | o

LEMMA 6.3.2 A.ssu.me that Aiis 155 7 are nonempty sets 'of matrices in R™i*™;
which are (componentwise) :ﬁﬁifarmly bounded below by the positive number L

- and above by the posilive number U. Let p' € R“_“" be nonnegative. Then
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(a) Fp 2. on is conlinuous on R™*",
(b) The set of solutions to the equation Fy 2 n(z) = 0 is bounded.

(c) For the function F there is a bounded set o in R™" such that
deg (F,Q,0) # 0. In particular, F(z) = 0 has a solution on {1,

Proof of (a). Note that it is enough to show that gb;;i and * are continuous

functions. Since ' are linear functions, they are continuous. Let ||y|| be the

l,-norm of y, Le., ||y|| = Ely| for any y € R for any positive integer s. Now
;;f (ulluga**-:ui'—liui,‘l‘l:' ";un!vl = inf [E A,JHJ - ‘UtB] 4+ pi.
. AijEA;j Y

For any coordinate r,

[-‘;ﬁ:,.' (ul,uz,... ,u"_l,uiﬂ,. ..',u",v,-)],. = .ilnf [(z AJuJ - ‘U] + pr
o | Ay €A j£i

fl

I e = ot + (Aol = ) = (=) + 4]

i u j‘-;é’l .
L [@h(= 1, Tt 1,,:1:+1 oy @07 ) + Ullu — ]| + |v; — v} |, where u,z € R™.
By symmetry we also have - R .

[¢;J' (xli v ,mi-l’ mi+-11 RS mn, UF)],. < [¢Li(u11 ce :uiﬁliluﬁl*: vov 1uniuf)]l"
+U||u ~ 2|} + Jo; — .

Hence,
I[¢;‘(u11 o :uiﬂln ui+11- f ”ﬁ:vi) '"' :ﬁ(mla .o :mi_lwm”l_:- oy 2007

< Ullu — z|| + |v; — v?| for all » and for-all .

This inequality ahows tha.t the functions are contmunus

Proof of (b). Suppose Fy: 2 (%) =0, '

where 7 = ((8')'..., ("), i, .., )"

Since 7' A t;b‘ (i‘,.".:. ,'5':"1 AL ':'"" " %) =0, it is clea.r that 2 >0, Vi

y & K

'Further, - i A t/.':‘(:r:) = 0, we have Z >1 v.20 I 'u, = 0
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for some %, then ZE:{ > 1 and qﬁ" = inf [} | Ay Z!] 14+ p° > 0. However,

| 1%
7' A (,!5‘ (&, ., 3" 1, "“H, oy Z0,0;) # 0, as there exists an r such that z! > 0
and QSL';(_ LN 5;) > 0. Therefore, ;> Oa,ndz =1, V.

Further, we have

Gz, 3L, ) 2 0= AyE — Biel + p' 20, VA; € A
| | J#F

Hence, Z A;jiﬁ" + p' > e, \?’A,'_f - A,‘j

- i .

| .or pie' < Z Atjm-’-i—p < UZE”m’—l—p

| J#* k3

= (n~1)Ue' + p' where E¥ is the matrix of 1’s of order m; X m;.

Therefore, 9; < (n — 1) U+, él;_li:n p'. Hence the #;'s are bounded.

Hence Z is a solution to Fu  n(2) = 0 implies that 0 < z; <1 for

_1S£§mand0§ﬁ;§(o—-—1)(l+lrélfilgnénkp,.,ie{l }

Thus the set of solutions to F  ;n(2) = 0 is bounded.

Proof of (c) Let EY be the matrix of 1's of order m; X m;.

Let Vi o = ((a}) (ad),. ,(aml) ) where the real numbers o ’s satisfy

.(}<oi<or§< {’o: andlet | . ,

(Hi(2))i = ..a':"x\ mf . {t%} Ay 5 1-t)z#jE‘-‘fof — (tv; + (1 — t)o})é’
JF I#i

" +(1-8'}, 1 <i<n.
(Ht(z))l.

EE |

Further, Hy(z) -
o (toy + (1 = £)o7) A9I(E")

| {tvn + (1= t)v )NJ’“( “)
- Note that by (a) H; is a continuous function and H, sets up a homotopy

betwoen Hy = Foo.,. 0 and G where G’ 18 Hu We also note that by (b) the
0 is bounded for each () < t < 1 _'

H

solutlon set, of H,-,( )
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Let § = {z|Hz) = 0forsomet € [0,1]}. Note that S is bounded. Now let

) be an open bounded set in R™*" containing S. By Property 2 (the homotopy

invariance properﬁy) of the degree we have

deg (F,§1,0) = deg (G, $,0).

We shall now calculate the deg (G,£,0) and show that it is nonzero (it is.in fact

+1).
Consider the equation G(z) = 0. Let

v} = (n—1)+a}, YVI<i<n.

L

Note that v} >0, V1 <i <n.Letz = ()", (5%)..., ("), v,...

V1<i<n,
(G(2))i = (Ho(2)):
| = T ADEIZ ~vle' + o).
A
Now

N (BVE —vtet + ') = _(n-—-l)ei-——v}'ei.-l-a"
i

,un). Then

= (n-—1)e —(n— l)éi ~ale' +a

= a' ~ aje.

Note that (o — ade); = 0 and (o ~ a‘iei),; > 0 for all r > 1 by our choice of
the numbers aj. Theréfore, inf £ A (af ~ afe’) = 0. This holds for all <.

Further ¢/(2') = 0, Vi, Hence, v} A (%) = 0, Vi. Thus G(3) = 0.

-~

Now suppose 2 = ((£')},..., (5:“)‘, O1,...,95)" is another solution to

G(z) = 0. Suppose 9; = 0. Note that Yy &> .1, Y § since 9; A pi(27) = 0.
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Hence Z B3 4 of — et = Z E73 + o > 0as £’ is nonzero for each j and
LA j# -
£ is the matrix of all I's. This contradicts our hypothesis that

A (BT — e +a') = 0,
IFN
Hence #; > 0, Vi and therefore > 2l = 1, ¥i.
Now S (E7# — tiel + o) = (n - 1)’ — iye' +a'.
| J#i _ _ . _ ‘ *
As ' A((n—1)e' —Bie' +¢') = 0, it follows that (n —1)e' — e’ +a* > 0, which
implies 9; € (n—1) +a!, V r. Therefore, %; < (n— 1)+ i, [ 6; < (n—1)+ o,
then (n — 1)e* — O;¢' + o' > 0, which contradicts our hypothesis that

2 A ((n ~1)ée' — et +a') = 0, as ' # 0. Hence 9; = (n ~ 1) + o} and this
holds for all ¢, It also follows that |
(E'Eij:?:j —hiet +at)y = [(n—1)e' - Die' +a'], > 0forr 1.
 Hence & = 0 forr # 1. Thus §; = v and &' = &', Therefore, the solution is

- unique,

LetT = {2z > 0}. and let QIi denote the submatrix of rows and columns

of ¢} from Z, where
. | I

0 E12 EIH "“B.l 0 0
E¥ 0 .- E™ 0 - .- 0

0 (e -+ 0 0 0 - O

L0 0 (e 00 0]
| :It 'is'ea.sy to_n_oté: that Q17 1s of th_é: form |

| —an”n "".Inxn

| Jnxn Onxn



118 | A Problem of n-Person Games

where X = ((Xj;)) with z; = 0 and z;; = 1, ¢ 3£ 7. It is easy to see that the
matrix Q77 has determinant £1. Thus by Property 6 of degree, deg (G, 2,0) is

nonzero (£1). From here it follows that deg (F, {2, 0} is nonzero and F' must have

a zero in the open set 1. This completes the proof of L.emma 6.3.2. -

We then have the following theorem.

THEOREM 6.3.1 Suppose that the nonempty sets A;;,1 <1< n,1 <j < n,
1 # 7 are bounded in R™i*™i, Then there exists a set X = {z',Z%,...,3"} of
probability vectors, where T is of order m; X 1 with the following property: -
For every e > 0, there ezists a row representdﬁve M;;(e) of A;; such f&at
@) Mi(e) < (W) SoR;# 4+, 1<i<n,1<j<n  (635)
R T FE o |
for all probability vectors u' and for all row representatfves ;i of Ag,
1<i<n,1<j<n is#; I -
When all the A;; s are compact sefs, the ﬂbwé- holds withe = 0.

Proof.  The conclusion of the theorem remains the same when a constant
matrix is added to all the matrices in A;;. Thus, without loss of generality we
may assume that all the matrices in .A;; have uniform positive lower bounds.
The theorem now folll.mvs from Leinma, 6.3.1 and Lemma 6.3.2, If the sefs A;;
are compact then for each e > 0, we get an M;;(e), ¢ # 7 and as the M;;(e)’s
are from a compact set as ¢ — 0, M;;(¢) — 55(0)', which is the required row
| 'rebres'eﬁtativ'e_ of A;; and the inequalities hold with ¢ = 0, for the M;;(0)’s. The

“conclusion follows. -
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6.4 Solution Stability for the Generalized
POl_ymatrix Grames

DEFINITION 6.4.1 An isolated equilibrium set X of the polymatrix game with
sets A, ¢ # 7 is called stable f V 6 > 0 there exists an e > 0 such that for
any polymatrix game with sets A:-j, ¢ # 37, each being compact in R™*™ and
Y du(Asj, A;;) < 8, we have

)

o E(A;)N B(X) # 0

“where & (Ai;) is the collection of equilibrium sets of the polymatrix game with

| sets A;; and B,(X) is the open e-ball around X.-

THEOREM 6.4.1 If for -campaci Aisy 1 # 3, the polymatriz g'am'e with sets Aq;

‘has a finite numbér of equi!ibrium' points, then it has a stable equﬂfbﬁum point.

Proof. Let £(A;;) denote the set of ethbrlum points cﬂrrespondmg to .Ai_,.
ThUS, (51,1_1.?2 ) = 8( ‘J) "-—,"‘r F[]U 0(3) 0 WhBI‘ﬂ |
z = ((Z),..., (:T:“)‘,ul o) Let st o= (((BD)Y,..., BV, £ = 1,2,...,r

. be the equilibrium points, i.e., the enumeration of £(A;;). Then we can find

- UYL =1,2,...,r such that s € U¢, U%s are disjoint, U! C R™ and U? is
a 5-neighbourh00d of s°. From Lemma 6.3.2.c and by Property 4 (the domain

. asagecomposition property) of degree we derive

0 # deg(F,Up.,U%0) = Y deg(F,U%0).
| {=1 |

Therefore, there exists an index £, sa}y_f_ = 1, such that deg(F,U",0) # 0.
- We claim that s' = (:z:1 72, ,,5:“)1 is a stable equilibrium set. Take an
~ arbitrary § > 0 and let .'/4;_,- C Rmih’mj be co_mpa,ct for 2 # j such that .

Zd.H(Aij:A:‘j) < b
i# -
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For a suitable € > 0 we can find an open set V; containing s* such that V; C U1

and V; C B,(s') and satisfying
sup ||[F(s) — F'(s)]| < dist (0, F(8V4))
€V |

where F' = Fé,...,o is the fun.ction defined in Section 6.3 corresponding to A;;.
Now deg(F,V;1,0) = deg(F,U*,0) # 0 by Property 4 (the domain decomposi-
tion property) and Property 5 (excision property) of the degree.

By Property 3 (the nearness property) of degree there exists a solution s? € ¥
of the equation F'(z) = 0. Clearly s° € £ (.A:_,) and also belongs to B.(s'). This
concludes the proof. | | - | _

In addition to the existence of a stable equilibrium point, the following global

stability property also holds.

THEOREM 6.4.2 Let A;; be compact ¥ i # j and let B C R™ be the unit ball
around 0. ThenV € > 0, 3 § > 0 such that - |
E(Aizy i # D) NIE(Ay, i #5) + eB] # 6,

V A;; for which ZdH(A;_;,A:-j)' < &.

i#J o | |
Pl'n::icifir ‘We have already shown that £(A;;, ¢ # 7) is noﬁemp_ty and bounded,
since A;j’s are compact for ¢ # j. Consider the open set D = £( Ay, 1 # j) + eB.
Without loss of generality, we may assume that D C {¥, where § is an open
set containing £(A;;, ¢ # j) such that deg(F,,0) # 0 and F is the function
iritr‘oducéd in (6.3.1). Since there are no solutions of F(2) = 0 in O\D, by
| Pi‘;jper_ty 5 (the exciSion pr_oper'ty) of the d.Egreé'_i_i_;. follows that

o deg-(F,‘D,O) = deg (F,Q,0) # 0.
Now for a suitable § > 0

sup [[F(s) = F'(s)] < dist (0, F(8D))
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where F' is the function defined in (6.3.1) corresponding to A;; for all A;; such

that

S du( A, Ay) < 6

i) |
By Property 3 (the nearness property) of the degree, deg(F,D,0) =
~deg(F,D,0) # 0. Hence the equation F'(2) = 0 has a solution in D. The

conclusion of the theorem follows. -

6.5 The VLCP Associated with a Generalized
Polymatrix Game '

Suppose the given A;;’s are finite sets of matrices. We shall show in this section

that the p_roblern' nf.ﬁnding an eﬁluilibrium set of strategies X = {z!,3%,...,3"},
where _eac.h. z' is a probability vector, for the polymatrix game with the sets
Aijy 3 # t can be formulated a,s a vertical linear complemehtarity problem.

- Suppose the set A;; contains s; matrices of order m; X m;. Define the matrices
C}; of order s; X m; as follows: For i £ 4, .
(C:;)p = (Agj)r-a 1< p<s;
| where {AE l-P = 1:2:.-. x :31’} - "4*'.5 and for z = 1, take
jﬂﬁéﬁ - (C{J)p- : 01. 1 ._<.. P S 8¢,
~In this section, let e** denote the vector of order sy X 1 each of whose coordinate
o is T and e™* denote the vector of order m, x 1 each of whose coordinates is 1.

_ Let p; = 0‘and pp = Em_‘;.- For 1 < k € n, let N** denote the my blocks of

gt
matrices N?**7 defined as

- | Nﬂ.h.f? - { C.i'l Cj:ﬂ et | i:‘(k—l) 0 Ci(k-l'l) e | Oﬁﬂ 0 0 _ﬂ.k 0 .'1" 0]

Cfor 1<y <my
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For 1 < r < n, let N™*" consists of exactly one row and m 4+ n columns

which is given as follows:

Nm+r:[0 O -« 0 (er)t g .-« g0 0 - G].

n
Now consider the vertical block matrix A of order () _ sim; +n) X (m + n)

i=1

N =| N7 | where N?* is the set of blocks NPt 1 < § < my.
{ Arm+1 | |

Nﬁ—}—n
The total number of blocks in NV is Emt +n=m+n.
t=1

Let ¢ be the vector of order (E s:m; + n) X 1 whose first Z s;m; coordinates
| 1=

=1
are 0’s and the last n COOI‘dln&tEB are ~1’s. Then in view of Lemma 6.3.1, it 1s

-

easy to see that an equilibrium set of probability vectors X = {:ir:1 GRS
and a corresponding choice of representative matrices from .A;; can be obtained
by solving the vertical block VLCP(q,. N) where ¢ and A/ are as defined above, |
The equwalent matrix M (see Sect.lon 2.3) which is of order
(Z 3,m, +n) x( Zs m; + n) has the same structure as the matrix that oc-
ctlfrls in the linear ::Blmplernenta.rlty formulation of a polymatrix game. Therefore,
Howson’s scheme [37) can be applied to the equivalent LCP(q, M) and if we skip

the trivial pivots in this algorithm, we can obtain a modified Howson algorithm

for the VLCP(q,N) associated with the given generalized polyni'atrix gama.* |
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EXAMPLE 6.5.1 Suppose the sets A;; are as follows:

rr - - . rr y - "
2 0 4 1 4 7 2 3 1 3
Az = ¢ ' , A= 1 - '
1 6 2 3 0 11 1 4 2
\ - o L - " - - L -
(3 4| [4 4 {261 [7 1]
Azl = 8 3,13 7 , A3 = 6 5 1,] 5 & '
4 6 6 1 5 4 2 6
4 3 8 B 1 5 -
A31= 1 I '
3 6 g 7 & 2
4 1 3 3 5 6 7 2 5
Azg = ' '
2 5 1 5 4 8 1 6 4
The related matrices Cf; are as follows:
_— L .F' - =] 1
0 O 2 0 4 | 2 3
cill = ' Glli = ¢ Gil:l = 1
0 . 4 1 3
o P . - o -
0 1 6 1
Cf1= 1 Glzi— ' G?a— '
0 O 2 3 0 |4 2
3 4 7 6
Chy =  Ch = 1.oh= 1
4 4 0 7 1
- . ~ [
8 3 0 6 5
C3 = , 03 = y Ol = ,
3 7 0 0 0 5 5
i 6 0 0 5 4
0231-' !G'gﬂ"" :0§3= '
6 1 0O 0 O 2 6
o . o ' . - r -
i 3 ' 4 1 3| 0 0
G;}:"- 8§ 6 |G,312= 3 & 8 ,C:;a— 0 0 i
'3 5 | | T 2 5 0 0
3 s] 2 5 1 | "0 0
ci=]9 71,05=]5 8|, Ch=|0 0l.
6 2 1 6 0 0
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degenerate with respect to M if (w,z) is a solution to LCP(¢, M) implies that

w4z > 0. We é&y that a generalized polymatrix game with n pla,yers and finite
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sets A;;, © # j is nondegenerate if the associated equivalent LCP(g, M) is such
that ¢ is nondegenerate with respect to M. From the theory linear complemen-
tarity, it lS known that if LCP(0, M) has a unique solution then L.CP(q, M) has
the same parity of (either even or odd) number of solutions for all nondegenerate
g € K. This property.is known as the constant parity property. As can be
seen easlly the VLCP(gq,N) has a unique solution #* = 0, v = 0, V %, when
¢ = 0. Hence the constant parity property holds. It follows that if the game is

nondegenerate, then it has an odd number of equilibria.

REMARK 6.5.2 .We also note that the equivalent LCP(q, M) aﬁoci'ated with the
VLCP(g, V') has the same form as noted in (1.5.5) with B > 0. Thus LCP (¢, M)
can be énlved"by Garcia’s écheme or by Miller-Zucker’s scheme. See Section 1.5.
It also follows that the algorithm given by Cottle and Dantzig [4] can be used to
solve the VLCP(q,N) by génera.lizing Garci_a.’s- scheme or Miller- Zucker’s scheme,



Chapter 7

The Horizontal Linear

Complementarity Problem

7.1 Introduction

In this chapter, we answer eﬂirmat-iveiy the following question posed by _
Sznajder and Gowda in [89]. Is it ‘possible to rewrite an HLCP eqﬁivelently
as an LCP '71Sznejder and Gowda [89] list some situations where HLCP can
‘be transformed as an LCP. We sett.le the questlen completely by prevzdmg an

equivalent formulation.

In Section 7. 2 we provide the necessary definitions and neta.tlens used

_througheut the chapter. An equlvalent formula,tmn ef HLCP ls glven in .

| Sectlon 7.3. In Sectlon 7.4, we 3bow that ]f B E E(d) the equwa.lent matnx-’. )
Me E(d) |

126
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Preliminartes

7.2 Preliminaries

Given a pair of n x n matrics A and B and a vector g € R", let
F(q,A B) —-{(m,y) e R"x B |z >0,y >0, Az — By = ¢} and the so-
lution set S(q, A, B) = {(z,y) € F(q,4,B)|z'y = 0}.

DEFINITION 7.2.1 A pair (z,y) € F(q,A,B) is called a feasible solution for
the HLCP(qg, A, B). A vector ¢ € R™ is said to be feasible if F(q, A, B) # 0.

DEFINITION 7.2.2 A vector g € R” is said to be solvable for (A, B) if the solution
set S(q,A,B) #0. |

DEFINITION 723 We say that (A, B) is a Q-pair if V¢g¢€ R, HLCP(q, A, B)

has a soiution.

DEFINITION 7.2.4 We .sa.y that (A,B) 18 a @Jo-pair if for any ¢ € H™,
F(q,A,B)# 8= 5(q,A, B) # 0. |

7.3  An Equivalent Formulation of HLCP

In thls secl;lon we show that the HLCP can be formula.ted as an LCP. Let
-._A B € A" and I be the 1dant1ty matrix of order n. Also let e € R" be a

| V_Bctor c:-f_a-ll.l’s. We can express HLCP (Q:A:B) 35,&“ equivalent LCP(g, M )

The equivalent LCP 1s giveﬁ below:
Fmd w, ﬁ, v, 2,2,y € K" such _'tha,t

W .l g ' 0 —-A B bz w 2 | w z
e ==t 1 0 0 (jz(ju| |z =0, ful,] 2|20
R e P R ) y.__ ol | { o _y




128 The Horizontal Linear Complementarity Problem

Here the equivalent LCP matrix

0 —A B . .
M=1T 0 0| isoforder3nx3nandd = | —e {. Note that M is
[ -4 0 0 | 2e

singular whatever be the pair (A, B). We call the matrix M constructed in
this manner the egquivalent LCP malriz of the pair (A, B} and the equivalent
LCP is denoted as LCP(q, M).

LEMMA 7.3.1 Given the HLCP(q, A, B), let M E'R‘a"‘_“a“ be the equivalent LCP
matriz of the pair (A, B). HLCP(q, A, B} has a solution if and only if LOP(q, M) |

has a solution.

Proof. Let (n,¢), € € R, 5 € R* be a solution to LCP(§, M) where

I— - r .
| w Z
N =1 u and { = | g
v [/}

Note that u; + v; = 1 and z; 2 1= wj =0V ;. So (1.3.4) is always satisfied.
Sincey5>0$>u,-=0=>u1*#1&:a;—[)and Ef.>0=>.uj-=0.==>’ﬂj=l=>'
= (. Hence (z,¥) solves HLCP(q,A B). |

| Conversely, suppose (,y) solves HLCP(q, A, B). Choose z; as follows

| i if z; >0 and y; =0
Zj = 2 ifz;=0andy; >0

J!

23 -.1 < Z; <2ifz;=0 al"ld. y; = 0._ :

Also.choose.ﬁ; = 0. Now it follows thatw’z = O,u‘m = 0 and v'y = 0.

Thereforé, (n,£) solves LC]?;(E;", M) where ¢ and 7 are defined as above. n

Nl
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7.4 Some Results on HLCP

LEMMA 7.4.1 (i) L(A, BY isa Q-pair if and only if LCP(§, M) has a solution
-~V g€ R™

(it) (A, B) is a Qq-pair if and only if LCP(§, M) has a solution for any q e R"
such that F(q, A, B) # 0. | '

Proof. This follows from Lemma 7.3.1. - | _ | N

- THE_OREM 7.4.1 Given the pair (A,B), let B € Ly then

0 —A B
M= 717 0 0|€L.
' -1 0 0

Proof. Letay = {L,...,n},ay = {(n+1),...,2n} and ag = {(2n+1),...,3n}.
Z

I Su_ppose. £ = | x

Y
CaseI 0#3>0 O#x>0and0;£y>0 Inthlscaseflanmdexze.ﬁrg,

Tin > 0 and (M§); = z;_, > 0.
Case II. Oaéz>0 0% z 2 0and y = 0. Then proceed as in Case I.

- Case III. Oaéz?)[) O;éy>0and$—0 Notethat51nceB€£13an |

2 E oy, such that y; > 0 and (By); > 0. If now 2 > 0, note that £ > 0 and
(M{-); = (By); 2 0. However if z; = 0, note that £3,4; > 0 and (ME)gnss = 0.
Case IV. O#zc2 > 0, O#y"}l}audz-—- 0. In thlscaseﬂanmdex
zEﬂ'gUaa, & > 0and (ME); >0,
The other cases (V) 0?’:3?«"0 2=0,y=0, (VI) z-—D 0#z2>0, y-—O
and (VII) z =0, z=0,03 y > () are easy to verlfy |
Hence M ¢ L. Thls concludes the_: prqof._. - o =

In fact, we can prove the 'fbllbﬁ'ing resuft.
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THEOREM 7.4.2 If B € E(d) for some vector d > 0 then the equivalent matriz
' d

M € E(d) where d = | ¢

e

Proof. To see this suppose B € E(d) for some d > 0.

w 2 d’
Let u |, | 2| | bea solution to LCP(d, M) where d = | ¢
v Y | | | €

Now coflsidéring_ the Equatioh u = e+ 2,1t fo]lows.that u > 0asz > 0. Hence
z = (. Thus we note that (w, y} satisfies the following system of equations and
inequalities . | .

w=4d+ By, w'EO,yEO;
Further, if y; > 0, we Eave v; ==(} which implies z; > 0. Thus w} r-: 0. Fro.m.
here it follows that y*w = 0. Thus (w,y) solves the LCP(J, B). Since B EE(E), |
it follows that y = 0, w = d, Also since z = 0, y = 0, 'the only solution to

LCP(d, M) is w=d, u=e¢, v=e. Thus M € E(d). .
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