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Chapter 1

Introduction and Overview
of Past Studies

Many quantitative traits — such as, milk yield in cows, blood pressure in
humans — are known to be determined primarily, though not exclusively, by
inherited genetic factors, It is thus of considerable importance to identify
chromosomal locations of the genes that control a quantitative character,
Linkage analysis (Ott 1999), which deals with the detection of linkage and
estimation of recombination fractions among the loci controlling a quali-
tative/quantitative character and marker loci whose positions are known a
priors, is widely used for localization of genes. Although statistical method-
ologies for mapping genes determining dichotomous qualitative characters
in humans are well-developed, the development of such methodologies —
especially those thal are statistically and computationally efficient — for
human quantitative traits is an active area of current research in human
genetics, It has been emphasized that many traits that have traditionally
been treated as qualitative are inherently quantitative in nature.

Although the idea of mapping quantitative trait loci (QTL mapping)
can be traced back to Sax (1923), who studied the nature of association of
seed size with seed-coat pattern and pigmentation in beans, the recent de-
velopment of dense maps of highly polymorphic DNA markers in plants and
animals has resulted in a resurgence of interest in QTL mapping. Statistical
linkage analysis relies on the nature and extent of co-inheritance of alleles

at the trait and marker loci. For many plants and animals experimental



crosses can be set up such that the trait locus genotype of an offspring can
be unambiguously inferred. This simplifies the statistical investigation of co-
inheritance of alleles at the trait and marker loci. However, it is not possible
to set up experimental crosses for humans. Hence, QTL mapping in humans
is statjstically more difficult than in experimental plants and animals.

In this Chapter, we provide an overview, albeit non-exhaustive, of the
different statistical procedures that have been developed for QTL mapping.
A quantitative trait (Y) can be modelled in a general way as Y = G -+ E,
where & and F are the genetic and environmental contributions to the phe-
notype, respectively. While this general form of the model can be used in an
exploratory way to provide some broad statistical inferences about the quan-
titative trait, such as heretability of the trait, for making specific inferences
or for QTL mapping, it is necessary to formulate a more detailed model.
Often models are formulated on the basis of exploratory data analyses.

A quantitative trait may be determined, in addition to an environmental
component whose expectation is usually assumed to be zero, by one or more
loci, each biallelic or multiallelic, linked or unlinked. There may be domi-
nance eflects at various loci, and unlinked loci may also interact epistatically
in the determination of the trait values.

For a quantitative trait that is determined by a single biallelic locus, a
general model is: Y[A1A; ~ filp1,01%), YAia; ~ fo(us,09°) and Yajaq ~
[a(ua, 03%), where A; and @y are the two alleles at the locus, and fi, fy
and f3 are general probability distribution functions with means p;8 and
variances ¢;%s. If allelic effects are assumed to be additive, and there is
no cdominance, then p; = 20, g = « + f and uz = 20, where o and
B are the allelic effects of A; and ay, respectively. In the presence of a
dominance eflect, 8, py = 2, g = -+ B+ & and pg = 28, The above
three-parameter model can gometimes, but not always, be reduced to a two-
parameter model by appropriate scaling (Mather and Jinks 1982, chapter
4), thereby greatly simplifying statistical treatment. Therefore, the popular
two-parameter statistical model is (Haseman and Elston 1972, eqn, 2 Hili
1975, p. 439; Amos and Elston 1989, p. 351; Amos et al. 1989, eqn. 2;
Tiwari and BElston 1997, p. 254; Olson 199, p. 2296; Schork et al. 2000):
Y|A1 Ay ~ file, 0%), Y|Aja; ~ fﬂ(ﬁuaz) and Y{aia1 ~ fg(mang)_ Often
f1, f2 and f3 are assumed to be N(,,.).



We first discuss some of the statistical methods developed for QTL map-
ping in plants and animals, Jayakar (1970) developed a variance components
method for estimating the recombination fraction between a trait locus and
a marker locus separately for backeross and intercross parental matings. The
idea was to express the recombination fraction as a function of the within
and between haplotype-class variances of the quantitative trait. Obviously,
this method assumed knowledge of linkage-phase and unambiguous deter-
mination of haplotypes of individuals. Weller (1986) presented a maximum
likelihood approach of eztimating the recombination fraction parameter from
a mixture distribution of quantitative trait values within each marker geno-
type based on data on I progeny of a cross between two species of tomatoes.
However, the computational algorithm is quite complicated and it is not pos-
sible to assess the efliciency of the relevant estimates. Lander and Botstein
(1989) developed a multipoint likelihood-based linkage analysis using data
on maize. They used the model:

yi = by -+ 0'm;t + ey,

where y; is the quantitative trait and =;* is an indicator variable depending
on the genotypes of flanking markers. The test for Hnkage is a likelihood
ratio test of b* = 0, Haley and Knott (1992) proposed a linear regression
of the quantitative trait on an indicator variable depending on the flanking
markers. They showed that nearly all the useful information about the QTL
are contained in the marker class means, Jansen (1993) proposed a likelihood
technique of interval mapping of multiple QTLs, where QTLs were fitted
one at a time using backward step-regression, The marker information were
used as cofactors in order to eliminate the effects of the other QTLs. Zeng
(1994) improved on Lander and Botstein'’s (1989} method by incorporating
a number of non-flanking markers in the model given by:

‘yjmbn -+ b*mj* -} Zbkmk -} C;
kel

where z; is an indicator variable depending on the genotype of a non-flanking
marker and T is the set of non-fanking markers . The likelihood ratio
test statistic within a given marker interval is unaffected by QTLs outside
that interval. Whittaker et al. (1996) showed that in F% and backeross
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populations, the regression of phenotype on marker genotypes is equivalent
to the regression procedures of Haley and Knott (1992) and Zeng (1994).
They used the linear modael:

EY) =060 + BiBE(hlzmmi,rr) + ) bz,

JEF
where 2;, 241 are variables taking values 1, 0, -1 depending on the flanking
marker genotypes and h is a variable, also taking values 1, 0, -1 depending
on the QTL genotype. Visscher et al. (1996) presented a confidence interval
approach for locating a QTL via a bootstrap technique and showed, using
simulations, that though the confidence intervals were slightly conservatively
biased, the proportion of simulation rung in which the true location of the
QTL was contained in the confidence interval was very close to its expected
value. Several studies of QTL mapping have been performed using inbred
straing in mouse (Berrethini 1993, Fijneman 1995, Schork et al. 1995, van
Wezel et al. 1996, Chang 1999), Similar linkage studies have been under-
taken using data on flowering plants (Coupland 1995), soybean (Lark et al.
1995), tomatoes (FEshed and Zamir 1996), dairy cattle (Georges et al, 1995)
and general experimental organisms (Schork et al. 1996). Tanskley (1993)
provides an insight into the development of QTT mapping techniques in
plants and animals with the advent of more and more DNA markers, Fow-
ever, ag pointed out in the preceding paragraph and discussed in Chapter 4,
the major limitation of extending these statistical methods to human link-
age analysis is the non-availability of trait locus genotype and haplotype
data for humans. Although Goldgar (1990) used multipoint human data on
multifactorial traits, the eflects of the QTL and additive genetic variance
were confounded.

We next provide a detailed overview of various statistical methodolo-
gies developed for mapping QTLs in humans, One of the most popular
approaches of analyzing human linkage data is based on gib-pairs. Some of
the earliest contributions in these studies were made by Penrose. He as-
sessed the efficiency of using concordant and discordant sib-pairs (in terms
of quantitative trait values) in studying multifactorial disorders (1937). It
was shown by Penrose (1947) based on a linkage study between the loci for
phenylketonuria and the presence or absence of the B allele at the ABO



locus, that the elliciency and complexity of detection and estimation of link-
age can be increased by distinguishing the two types of identical sib-pairs.
Penrose (1953) extended his earlier methods to multiple alleles using data
on red-hair and ABO locus restricted to a single generation. An extensive
review of Penrose’s contributions and the subsequent extensions to QTL
mapping procedures using sib-pairs is presented in Edwards (1998).

A model-free linkage method is to utilise the inverse relationship between
the difference between trait values of sib-pairs and their marker identity-by-
descent (i.b.d.} scores. A pair of related individuals shares an allele i.b.d.
if that allele has a common ancestral source, For sib-pairs, the common an-

cestor are their parents. Haseman and Elston (1972) developed a regression
approach of QTL mapping based on squared difference in quantitative trait
values of sib-pairs (¥) and their estimated marker i.b.d, scores (@n). The
basis of the regression is the equation:

E(Ylﬁm) = Q@ -+ (11)

where there is no dominance in the trait and £ is a one-to-one function of
the recombination fraction, 8, between the QTL and the marker locus. The
test for no linkage (i.e., 8 = 0.5) is equivalent to testing @ = 0 in Equation
(1.1). Amos and Elston (1989) extended the above regression procedure to
other relative pairs. For each type of relative pair, the regression parameter
£ is a dilferent function of 6. Iowever, the test for no linkage in each
case is equivalent to testing 8 = 0. Amos et al. (1989) showed that in
presence of dominance in the trait, the leagt squares estimator of 4 is biased.
They derived the conditional variance of ¥ given &, as ag + BoTm + Y072,
The test for linkage is based on the weighted least squares estimators of
Bo and v, and is more powerful than the original IHaseman-Elston test
(1972). Olson and Wijsman (1993) used generalised estimating equations
to combine information from different types of relative pairs in a set of
pedigree data. The test for no linkage between the QTL and the marker
locus is equivalent to testing 8 = 0 where # is the vector of regression
coefficients of Y5 on Tims corresponding to the different types of relative pairs.
The test statistic is of the form NG/ {c’@(@c}m, where ¢ i3 a vector
of weights chosen proportional to {@(@}_15 Fulker and Cardon (1994)
extended the Haseman-Elston (1972) regression equation to the multipoint
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case. They proposed an interval mapping method where the i.b.d. scores at
the flanking markers (7, and m,9) are estimated separately using marginal
marker information and the trait i.b.d. score (m) is estimated using the
equation !

e,

M = o T plﬁml + pﬂﬁmﬂi

Y is regressed on ; and the approximate position of the QTL is inferred
based on the plot of 5/ ﬁ(ﬁ), where /3 is the regression estimator of Y on
;. Olson (1995a) suggested that in order to obtain maximum information,
the marker 1.b.d. scores be jointly estimated using all available marker data.
She obtained the regression equation:

E(Ylﬁmlaﬁmﬁ) — ﬁ{] -+ ﬁlﬁntj - ,@Qﬁmg}

where there is no dominance in the trait loci. Olson (1995b) extended this
multipoint regression aspproach for dichotomous traits using alfected sib-
pairs. The likelihood function used was:

. Ty Tn2 . 1. ..
H'frml-.'?TmElA) o P( L ){Ct' ﬂE(?Ttl?Tmli?rmE) T+ 'T-P(ﬂ'i = "Q"I?Trnh?rrnﬂ)}}

HA)

where A is the number of affected sibs in a sib-pair, Tiwari and Elston (1997)

extended the original Haseman-Elston (1972) procedure to the case of two
unlinked Q'T'L.is which might interact epistatically. They showed that under
a fairly general model of epistasis, where they assumed that the marginal
genotypic effects of the QTLs as well as those of the epistatic interactions
are additive, the expectation of ¥ is a linear function of Ty, Tme, f1, fo and
their pairwige cross-product terms, where fi and fy are the probabilities that
a gib-pair shares 1 and 2 alleles i.b.d., respectively. A relative comparison
of the sib-pair based linkage tests and the sampling strategies with respect
to alfected sibs are presented in Blackwelder and Elston (1985) and Allison
et al. (1999). Alcais and Abel (1999) have recently developed a maximum-
likelihood- binomial method of mapping QTLs using sibship data. The idea
ig to introduce a latent binary variable Z which captures linkage informa-
tion between the QTL and the marker locus. The likelihood is farmulated
in terms of P(My, MylY) = ¥, AZ|Y)P(My,M3|Z), where Y is the ob-
served phenotype and My, My are the alleles at the marker locus. A(Z[Y) is
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modelled by a probit distribution and P{My, M+|Z} by a Bernoull dlstribu-
tion. The test lor linkage is based on a likelihood ratio test of the Bernoulli
parameter = 0.9,

Parametric methods for mapping QTLs involve parametric models, and
thus, are often susceptible to minor distributional assumptions. Some of the
non-parametric methods in current use are relatively more robust, Haseman
and Elston (1972) proposed a test statistic based on the rank correlation be-
tween the absolute differences in trait values of sib-pairs and their estimated
marker i.b.d. scores. Kruglyak and Lander (1995a) proposed a Wilcoxon
rank sum test hased on ranks of squared differences in sib-pair trait values
and an indicator variable depending on the marker genotype. A detailed dis-
cussion on some ol the parametric and non-parametric multipoint sib-pair
linkage approaches, which have been implemented in a computer package
MAPMAKER/SIBS, is presented in Kruglyak and Lander (1995b).

A recently developed approach has been motivated by the classical LOD

score technique used for mapping qualitative trait loci, Page et al. (1998)
have proposed a QLOD score statistic for detecting linkage in QT'Ls, where
the traditional critical values of 3 and -2 for the underlying sequential tests
were used. Another popular statistical approach for QTL mapping is to
assume a random effects model for the quantitative trait (Hill 1975), where

sibship data were considered. The model is given by:
Yijk = H -+ vy - ﬁij -+ Cijk

where yi; denotes the quantitative trait, , the overall mean, ;, the sibship
elfect, fiy, the marker eflect nested within sibship and e, the rardoni error,
Usual variance component analyses based on o4?, the variance of 7, have
heen shown to be equivalent. to testing of hypotheses on linkage parameters.

A few mapping techniques of QTLs in humans are based on pedigree
data. Almasy and Blangero (1998) have recently proposed a variance com-
ponents multipoint linkage method using pedigrees of arbitrary size. They
developed a general [ramework of multipoint i.b.d. probability calculations.
The correlations in i,b.d. scores were shown to be a function of the chro-
mosomal distances for different relative pairs in a general pedigree, The
variance components method considers likelihood of the entire pedigree and
has been implemented in a computer package SOLAR. There have been a



[ew comparative studies between the different statistical techniques for QTL
mapping in humans. Lander and Schork (1994) have presented a review of
the quantitative linkage studies for the genetic dissection of complex traits
and have compared them with other techniques like allele-sharing methods
and association studies. A relative comparison between the variance com-
ponents and sib-pair based linkage methods has been examined recently by
Williams and Blangero (1999), where they observed that within single sib-
pair and sibship sampling units, the variance components approach gave
consistently superior power and efliciency of parameter estimation,

One of the major current challenges in genetic epidemiology is to un-
ravel genetic architectures of complex traits. Quantitative variables, pos-
sibly correlated, generally underlie complex traits. Many models and ap-
proaches have been developed, including variance components (Lange and
Boehnke 1983, Schork 1993), regressive model (Bonney et al. 1988, Moldin
and van Eerdewegh 1995), multivariate extension of the Haseman-Elston
model (Amos et al, 1990, Amos and Liang 1996) and structural equations
model (Itaves et al. 1996, Todorov et al. 1998) to jointly analyze data on sev-
eral correlated quantitative phenotypes as a single multivariate phenotype.
However, the power of a multivariate analysis to detect linkage can be sub-
stantially low (Ott and Rabinowitz 1999). Data reduction techniques, such
as principal components analysis or factor analysis, (Zlotnik et al, 1983,
Flasstedt et al. 1994, Boomsma 1996, Allison and Beasley 1998, Ott and
Rabinowitz 1999) help in circumventing this problem of reduced power.

The aim of the present thesis is to propose some computationally simple
and statistically efficient QTL: mapping techniques based on different types
of data. In Chapter 3, we develop a two-stage Expectation-Maximization
technique of mapping QTL when data on trait values of both parents and
giblings as well as their genotypes at several marker loci are available. In
Chapter 4, we discuss two mapping procedures when the quantitative trait is
controlled by multiple loci which might interact epistatically. In Chapter 5,
we propose a two-stage semi-parametric method of mapping QTLs based on
genome-wide scan uging sib-pair data. In Chapter 6, we develop a procedure
of deciphering the genetic architecture of a multivariate phenotype using the
semi-parametric method proposed in Chapter 5. We use simulated data to

assess the performance of our proposed procedures.




Chapter 2

Models and General
Statistical Methodology

2.1 Genetics of a Quantitative Trait:
Models Considered

In this Chapter, we describe the different models underlying the determi-
nation of a quantitative trait, that are considered by us, In all our models,
we assume that the underlying population is in Hardy-Weinherg equilibrium
with respect to each of the quantitative trait loci as well as the marker loci
congidered.

We assume the classical model for a quantitative trait Y controlled by
an autosomal, biallelic locus, which is given in terms of the expectation and
variance of Y given the trait genotype.

Suppose A1 and a1 denote the alleles at the trait locus. Then,

BE(Y|A1A1) = «, Var(Y]A4141) = o
E(Y\41a1) = B, Var(Y|Aia) = o
E(Y|aya1) = —a, Var(Yja1a;) = o?;

where o2 includes the environmental variance and g signifies the dominance
parameter at the trait locus. As mentioned in the previous Chapter, in
spite of its simplicity, this model continues te be used in contemporary QT'L
analyses (Tiwari and Elston 1997, Olson 1999, Schork et al. 2000). We
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consider models both with and without dominance at the major trait locus.
In Chapter 3, we assume that each of the conditional distributions of trait
(Y) values given the genotypes is Normal with the parameters as specified
above, However, such parametric distributional assumptions are not made
in the models considered in other Chapters.

For a trait determined by multiple loci, we assume additivity of locus-
specific marginal effects. Suppose the quantitative trait ¥is controlled by L
autosomal, biallelic loci (A1, 1), (A2, as),...,(AL,a;). Let the expectation,
E(Y), of the quantitative character, Y, given the genotypes of the I** locus
be oy, J) and —ay for A;A;, Ajo; and ajaq, respectively, We assume that the
variance of X within each single-locus genotype is the same., For the I** locus,
let this variance be denoted as ;. In the absence of epistatic interactions,
effects of the loci on E(X) are assumed to be additive, Thus for example,

E(Y|A1A1AsAy ... AL AL) = Y5y B(Y|A1A1AgAy. . Ap 141 1aza;) =
):r_l vy, ele., when epistatic interactions are absent. Since the trait loci
are agsumed to be unlinked, the variance of the trait among individuals of

* = 0%+ 05, where og? = Zf’=1 oy

any multilocus genotype is the same, ¢
and og® = environmental variance.
We also consider the possibility of epistatic interactions among the quan-
titative trait loci. We use a simple model of additive epistatic interaction
at the different trait loci. This model is prompted by experimental observa-
tions on some plants and animals (Chang et al. 1999), and has been termed
as the digenic interaction model (Kearsey and Pooni 1996) when L = 2,
We assume that there are epistatic interactions only among homozygotes
between pairs of loci. Between loci ¢ and 7 (3 # § = 1,2,..., 1), epistatic
interaction effects are assumed to be: for A;4;4;4; and a;a;a;0; the eflect
is Ay;, for AjAja;a; and a;a;4;4; the effect is ~ A5, the effect for all other
two-locus genotypes is 0. Thus, for example, under additive epistatic effects,

L I
E(ﬂAlx‘l]AgAz o ALAL Z v; -+ Z Z &-13:
1=] 1 j>1
. L—1L-1
E(Y|A1A1 A2 Ay ... Aj1ALarar) = Z a; — o, + Z > Ay - Z Airy
i=] 1 >4

etc. For clarity, and to fix ideas, we provide, in Table 2.1, the genotypes
(@), their population frequencies and expectation of the quantitative trait

10



given genotype [E(Y]G)), fm“L = 2 and in the absence of dominance (i.e.,
By = B2 = 0) at both the trait loci, When we consider models with two
QTLs, we suppress the suffix 15 and donote Ays as A.

We assume that the QTL is in linkage equilibrium with an autogsomal,
biallelic and codominant marker locus with alleles A7 and my. The re-

combination fraction between the QTL and the marker locus is denoted by
0.

Table 2.1. Genotypes (G) of individuals at two autosomal, un-
linked, epistatically interacting biallelic loci, relative frequencies
of these genotypes in the population and expected values of quan-
titative trait Y corresponding to these genotypes under the digenic
interaction model

G Relative Frequency EY|G)

A1 A1 Az Ay P1°pa? oy + g -+ Agz
A1A1Aza, 2p1%page 3
A1Aaz0a9 Plztkz Qy ~ oy — A
Ara1 Az Ay 2p1p2°q1 %

Ara1 Agay dp1paqige 0
Ayayapay 2p1192° — 0y

o101 Az Ag P2y —qr + g — Dyo
a1a1 Agao 2paq1% e —~ ¥

@101 d90) q1°q0” —ay — oy + Apg

2.2 Simulation Methods

In order to assess the efliciencies of our proposed statistical methodologies,
we use Monte-Carlo simulations, Our simulation data comprise one of two
scenarios: data on nuclear families (i.e., both parental as well as offspring
data) or only sib-pair data.

In this section, we provide an outline of our simulation strategies. Spe-
cific details are provided in relevant sections of later chapters, wherever

necessary.
For two-point mapping based on nuclear family data, it is well-known
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(Ott 1999) that at least one of the two parents must be a double heterozygote
(at the QT and marker loci) for the family to be informative for linkage.
Because it is not generally possible to ensure heterozygosity at the QTL in
humans, a prudent strategy is to sample families, genotype the parents at
the marker locus, and to proceed to genotype offspring only if at least one
of the parents is heterozygous at the marker locus. This obviously provides
congiderable saving of genotyping costs and efforts, OQOur simulations are
based on this familiar strategy, and we refer to such families in which at least
one of the two parents is heterozygous at the marker locus as "informative",
although such families, strictly speaking, are informative for linkage only in
a restricted sense (because heterozygosity at the QTL is not ensured). We,
therefore, present our results only as functions of informative families (in the
restricted sense as defined above), since it is known that the prudent strategy
outlined above is generally used in practice, although not always explicitly
mentioned in publications. Of course, from our results presented later, it
is easy to compute the expected number of randomly-sampled families to
be sampled to obtain a given number of informative families (as defined
above). The probability that a randomly sampled family is informative 13
A =1~ {n? 4 (1 — w)*}, where & is the frequency of marker allele M at
a biallelic marker locus (M3, my). Hence, the expected number of families,
N, required to be sampled to obtain n informative families is N = n/A, In
Chapter 3, we show that analyses based on data generated on an expected
number of nuclear families yield estimates with properties identical to those
obtained from data where only informative families are generated.

For multipoint mapping, a family in which both parents are homozy-
pous at all marker loci is obviously not informative for multipoint linkage
analysis. Therelore, for multipoint linkage analysis, we define "informative"
families, in the restricted sense, as those in which at least one of the parents
is heterozygous at least at one of the marker loci The probability of an infor-
mative family, in this case, is 1 — :f[,f;] {m% + (L~ frr.;)g}z, where there are k
marker loci with alleles (M1, m1), (M2, ma), ..., (My, my), respectively, and
m; is the allele frequency of M;, i = 1,2,..., & Thus, results based on a
fixed number of informative families can be easily interpreted in terms of an

expected number of nuclear families.
Chapters 3 and 4 deal with linkage analyses, two-point (Chapters 3 and
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4) and multipoint (Chapter 3), based on nuclear family data. In these two
Chapters, we have generated simulated data on "informative" (restricted-
sense) nuclear families using the methodology outlined below. Since we
did not generate a random sample of nuclear families, we did not use the
conventional "gene-dropping" algorithm in our simulations. However, to
provide evidence thast estimates of parameters based on our simulated data
of informative families were identical with those obtained on the basis of
appropriate expected number of nuclear families (see Table 3.12, Chapter
3), we have also used the "gene-dropping" algorithm as required for these
comparisons.

Our simulation algorithm of generating informative nuclear families was
as [ollows. Suppose the allele frequencies of A and e (i.e., the alleles of
the trait locus) are p and ¢ respectively. Since we assume the populations
to be in Hardy-Weinberg equilibrium, the trait genotype of parents is gen-
erated using a trinomial random number generator with cell probabilities
p?, 2pg and ¢, corresponding to the trait genotypes A1A;, Aja; and ara
regpectively. The trait values of parents as well as offspring is generated
from appropriate Normal distributions with means equal to the conditional
expectation given the trait genotype as described in the previous Section.
As the marker locus is assumed to be biallelic with alleles M; and m;, the
marker genotypes of parents are determined using a trinomial random num-
ber generator with cell probabilities equal to the probabilities of the three
possible genotypes MMy, Mym, and mym,. The marker genotype of an
offspring is generated by sampling either from a binomial distribution with
success probability 1/2 for a parental mating in which one parent is homozy-
pous and the other parent is heterozygous at the marker locus (backcross) in
which case there are two possible genotypes with equal probabilities, or from
a trinomial distribution with cell probabilities (1/4,1/2,1/4) for a parental
mating in which both parents are heterozygous at the marker locus (inter-
cross), in which case the offspring can be one of two possible homozygotes
with probabilities 1/4 each or a heterozygote with probability 1 /2. Based on
the conditional probabilities of offspring trait genotypes given parental trait
and mating type as provided in Tables 2.2 (backcross) and 2.3 (intercross),
we generate the genotype of the offspring with respect to the trait locus
using a trinomial random number generator with cell probabilities equal to
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the three possible genotypes AjA;, Aia and aya;4.

In chapters 4, 5 and 6, QTL mapping procedures based on data of sib-
pairs are discussed. Unlike the case of nuclear families, sib-pair data are
generally unselected, that is, all data that are collected are used in analysis.
For generating simulated data on sib-pairs, we have used the following al-
gorithm, We firgt generate the trait identity-by-descent (i.b.d.) scores (m),
which can assume three possible values 0,1/2 or 1, from a trinomial random
number generator with cell probabilities (1/4,1/2,1/4). The trait genotypes
of the sib-pairs (G} are generated from the conditional distribution of sib-
pair trait genotype given the trait. i.b.d. score ag provided in Table 2.4. The
trait values of the sib-pairs are generated from a bivariate normal distri-
bution with appropriate mean vectors and dispersion matrices conditioned
on the trait genotypes as described in the previous Section. The marker
i.b.d, scores of the sib-pairs (m,,), which can assume three possible values
0,1/2 or 1, are generated from the conditional distribution of the marker
i.b.d. score given the trait i.b.d. score as provided in Table 2.5, using a
trinomial random number generator. The estimated marker i.b.d. scores
of the sib-pairs (7,,), which can assume five possible values 0,1/4,1/2,3/4
or 1 when parental genotype information are available, are generaled from
the conditional disttibution of estimated i.b.d. score given the actual 1.b.d.
score ag provided in Table 2.6, using a 5-nomial random numbher generator.
We note that Tables 2.4, 2.5 and 2.6 are provided in Haseman and llston
(1972). When we consider interval mapping procedures, we generate the
marker information sequentially. First the i.b.d. scores at the two markers
flanking the trait locus are conditional on the trait i.b.d. score using the
trinomial distribution given in Table 2.5, and then the 1.b.d. score of each
non-flanking marker is generated sequentially conditional on the generated
i.b.d. score of the marker flanking it using the same trinomial distribution,
We generate multivariate phenotypes from appropriate multivariate normal
digtributions with parameters depending on the correlation structure of the
phenotypes as discussed in Chapter 6.

We assess our proposed procedures in terms of empirical histograms,
mean and variance of our estimated recombination fractions, empirical con-
fidence intervals of recombination fractions, power of our tests of linkage,
sample size requirement to detect linkage and proportion of correctly iden-
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tifying the true interval locations of the QTLs. We also compare our proce-
dures with some existing mapping approaches.

Table 2.2. Trait locus mating types among M)M; x Mym; (back-
cross) parents, mating probabilities and probabilities of trait locus

genotypes among offspring with marker genotype M;M; !

g | Mating Type | Probability g
A4y Ajay 101

1 | AjAy x A1 44 p % 0 0

2 | A1A1 x A1aq D1°p9 -%(1 — ) %9 0

3 | A1A] x Ay p13p2 %9 %(1 ~ 0 0

4 | Ard) X a1ay 2101 %19 { % 0
a1ay X A1A1

b | Ajey X A1Aq 2p1°p ; 5 0
&1/11 X A1A1

6 | Aja1 X Aiag 2p1%pa? -i—(l — ) % %6’
ﬂ,p‘ll X A]ﬂq

7 | Ao X a1A, 2p1%pq° %9 % ;11-(1 -~ 8)
ﬂqu X {L1A1

8 Ar1a1 X a0 2p1p23 0 ;li- ;11'
{11/11 X 14

9 a1a) =~ Alal p1p23 0 %(1 - 9) %9

10 | a1a; X a1 4y mpa® 0 50 (1 —0)

il | aja; X a4 po 0 0 2

1Probabilites of trait locus genotypes among offapring with marker genotype M;m; can
be obtained by replacing @ by (1 — 8) in this table.
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?fahle 2.3. Trait locus mating types among Mym; x Mym,; (inter-
&loss) parents, mating probabilities and probabilities of trait locus
&notypes among offspring with marker genotype MiAM; and Mim;~

* g | Mating Type | Probability (M M) mg(Mimi)

| . A1A; Aja a)al Az Ay Ajay a1a3
1| Avdr x A4 py* L 0 0 1 0 0
2 | Aldix A | 2p°pe | 3(1-6) lg 0 1 1 0

_. Aja] x A1 A

; 3 | A1A; X a14 2p1°po 20 é(l ~ 8) 0 4 4 0

{ a1 ] x A1A;

1 | A14; X aio0q 201> pe> 0 -_i- 0 0 % 0
aijadi X A1A1

5 | Alarx A | pPp® | 21 -6 16(1 — 6) 162 16(1 — 6) 111 - 26(1 — 6)] 16(1 — 8)
6 | A x Ay 2p1°py” | 301 —6) 1[1—2001-06)] 16(1—9) | I[1 —20(1 — 8)] g(1 — &) 1(1 — 26(1 — 6)]
IIL]_Al X Ala.l

[ 7 | aya1 X Ajq; 2p1 ps® 0 2(1 ~ 6) =6 0 v 3

' A X a1aq

8 | mA xmA; | pi?ps? 192 logi—6)  ia-6?| lea-6 I1-200-6)]  16(1-9)
"9 | aran % a4, 2p1pa® 0 19 1(1 -9 0 : i
a1 A1 X aya

.10 aya; X aia, D 0 0 11 0 0 %

be obtained by replacing 8 by (1 — #) in the block corresponding to the genofype M;M; in

* Probabilites of trait locus genotypes among offspring wit.

this table.

h marker genotype m;m; can




Table 2.4. Conditional Distribution of trait i.b.d. score () given trait

genotypes of sib-pair (G)

G Conditional Prob. of trait i.b.d. score
m=0 m=3 mo=1

A1A1 — A1 A p° P’ p?

a181 — a1d q" o 7’

Ajay — Ayay | ¢ Pq 2nq
A1Ay—Aray | 2% P 0

Aoy — Ay Ay | 298 P 0

Ajay —aga; | 2p¢ pq’ 0

a1aq — Ajay | 2pg pq* 0

A]Al — {1 j]ztf . 0 0

ajay — Ay Aq pg 0 0

Table 2.5. Joint distribution of trait i.b.d. score (m) and marker i.b.d.

score (my,) °

(L¥) ?rnl I r.[lﬂtlﬂl
0 2 1
0 _'EE 1o 1-1py* 1
4 2 4 4
1 w(i-y)  (=2r)  $(1-¢) L
2 2 2 2
0 (1-9)’ W1-1) ¥ 1
4 2 4 4
: 1 1 1
Total ; 7 y 1

Table 2.6. Joint distribution of marker ib.d. score (i) and estimated
marker 1.b.d. score (7,) in the case of no dominance in the QTL and

complete parental information

ﬁm T | Total
0 3 1 1
bl 2 :
0 s 0 0 ord
Yo Pla+pd  pPa+ad 0 2(p*q + )
% P"I*'ipjfﬂ'iﬂ' p* -!*ﬂn; g-tgt n‘+4p:q’+qj P+ Bplg? + ¢t
g 0 Po+pd  Pat+pd | 20°0+pg)
R S T
r 3 1 1 h
I‘Utﬂl i j 1 1
3= + (1 - 0)
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Chapter 3

Mapping Quantitative Trait
Loci via the EM Algorithm

and Bayesian Classification

3.1 Introduction

As mentioned in Chapter 1, many currently used QTL mapping methods,
especially those that have been developed in the context of plant genetics or
genetics of inbred animals, assume knowledge of linkage phase in individuals
which imposes a severe restriction on the applicability of these methods in
human genetics, One of the major problems in human QTL mapping is to
accurately infer the genotype of an individual at the major locus controlling
variation of the quantitative trait, without the knowledge of linkage phase.
In this Chapter, we propose a method to estimate, via the expectation max-
imization (EM) algorithm, the recombination fractions between marker loci
and an autosomal major locus controlling a quantitative trait from data on
nuclear lamilies without any assumptions on linkage phase and haplotypes.
The proposed method is a two-stage strategy. In the first stage, individuals
are probabilistically classified into the major locus genotypes. In the second
stage, the recombination fractions are estimated using the inferences made
in the first stage. The proposed procedure also provides estimates of pa-
rameters of the QTL. We examine the efficiency of the estimation procedure
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using Monte-Carlo simulations and show that the proposed procedure works
very well. '

We congider an autosomal biallelic locus, with alleles (A1, a1), determin-
ing a quantitative trait ¥, Suppose the distributions of Y condifioned on the
genotypes are:

Y|A1.A1 ~ N, 52)

V|Aray ~ N(B,0?%)
Ylayay ~ N(—a, 0%)

where 8 < « and ¢? includes the environmental variance.
Suppose the allele frequency of A; is p. Then, assuming Hardy-Weinberg
equilibrium proportions at the QTL, X has a mixture distribution given by:

p?N(er, 0%) + 2p(1 = p)N(B,6%) + (1 - p)* N(—a, 0%).

Consider an autosomal biallelic codominant marker locus with alleles
(M7, my) possibly linked to the quantitative trait locus (QTT). [Extensions
of the proposed method to multiple and multiallelic markers are discussed
in later Sections,] Our aim is to estimate the recombination fraction, 6,
between the two loci, which are assumed to be in linkage equilibrium.

3.2 Data Description

We consider data on nuclear families. Suppose {(yi1,v2) 1 % = 1,2,..., K}
are the observed values of the quantitative trait of K pairs of parents such
that in each pair, either one parent is M1M; and the other AMym; or both
parents are Mym;. (Obviously, il neither parent is heterozygous at the
marker locus, the family is not informative for linkage.) For the i pair
of parents with n; offspring, the known trait values will be denoted as
(Yiss Yidy - - -y Yimr2); 8 = 1,2,..., ¢, We further assume that the marker
genotype (MiMi, Mimy or mymq) of each offspring is known. Thus, the
data comprise trait values and marker genotypes of parents and offspring in

nuclear families.
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3.3 Estimation Procedure

Although our primary aim is to estimate 0, since the trait parameters «, 3, o
and p are unknown, we shall estimate these also to facilitate estimation of
9. Knowledge of o, 8, 0% and p facllitates estimation of @ because using the
estimated values of o, 8, 02 and p, and the observed values of the quantitative
trait, we can clagsify each parent, albeit probabilistically, to a specific trait
locus genotype. When trait locus genotypes are known for the parents in
a nuclear family, then obtaining an estimate of # from the remaining data
(marker genotypes of parents and offspring, and values of the quantitative
trait of the offspring) becomes much simpler. Qur estimation procedure is
based on this two-stage strategy.

£—0 2

Let, f1(z), probability density function (p.d.l\) of N(a,o?) = fla e 20!

ner

71, prior probability of fy = p?,

Fala), pod.f. of N(B,0?) = e 5,

2ma
Ty, prior probability of fo = 2p(1 ~ p),
: zta)?
fa(@), pd.f. of N(~,0%) = e 2, and

w3, prior probability of f3 = (1 — p)?
Thus the p.d.l. of 37 (i =1,2,...,K; j=1,2) is given by :

J
HTDEDIE A
ne=]
The parameters to be estimated in this mixture model are &, 0% and p.
We estimate these parameters by the maximum likelihood method.
The likelihood of the parental data is:

K 2 3
L(a, B,0* plyiz) = [T LT D2 mnfuluss)
i==] j=1 n=]

However, & direct analytical maximization of the above function will not
yield closed form egtimators and iterative numerical maximization proce-
dures, e.g. scoring method (Rao 1973), will involve complicated expressions.

A computationally simpler and more elegant procedure is based on the
&M algorithm corresponding to s mixture of normal populations [Dempster,
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Laird and Rubin 1977; McLachlan and Krishnan 1997). A sketch of the
algorithm is presented below,

The mixture distribution can be viewed as an "incomplete" set-up in the
sense that we have no a priori knowledge as to which of the three component

distributions any particular obgervation belongs. The first step (E-step) in
this algorithm is, therefore to estimate the probabilities with which an obser-
vation may belong to any of the three component distributions. The second

step (M-step) uses these estimates to build up the "complete” likelihood
function, which is easily maximized to yield relevant parameter estimates,

Define:

Zijn 1, if y;; is an observation from p.d.f. f,,

0, otherwlse !

1=1,2,...,; =12, n=1,2,3.

The introduction of z;;,8 thus constitutes the "complete" set-up. How-
ever, as zj9 are unknown, we have to estimate them conditioned on the
observations ;. This is the E-step of the EM algorithm,

o
'q:rll

in

E(Eijnlyij)
?Tufn(yi;)
u.-l “rtfu(Ju)

= 1,2.....1 1= 1,2: n = 1,2,3. We note that these estlimators are
Bayes'.

Having obtained the Zj;,s, we can easily obtain the closed form expres-

sions for the m.le. of p, o and ¢° in the M-step of the algorithm.

L{p, v, B, ﬂzlyiji E‘ijn H H H {'-"rufn(yl; :-5; n,

t=1j=1n=]

The m.l.e.s of the parameters are given by ;

- E 12;-—- (Zij1 + 2*'1}2)
; oI !

~ Efil st {Fijt — Eija)Jij
;1:.'*] E_;--— (ﬂ-*:_?] + -**:_;3)
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E . ;::1 EJ—I 3132.)1}
o K 2 "

g=:1 J=l zljg

Lnd

1
ﬁg il o
T F K

aE

(Zis (i — 8)* + Zilyss — ﬁ) + Zsa(ys; + &)
=1

]
[y

1

Thus the I** step of the EM algorithm is :
It-gtep :

- (I-1)
E—‘-—(I) _ ﬂ'nﬁ ) fﬂ.(Jt})
(¥l (1 ]):

—{I—1)

Zm 1?7?1 fu(yl;)
r=1,2,,..,.; i=1,2,; n=1,2,3.
M-step ;

ﬁ(f) - Er—] Ej 1(3; 'lﬁg';.;i“))
2K ’

~() ;1—-1 S G - g0,
] Zj-— (Zij1 O 4 Zif S(I))

3 P 123 1-*-132()!!13
DD NP

1 Y ,,-..
= o5 }: Z Sh Ny — ﬁ,(i)) + Zij (!) fg(l) + 31}3(!) (35 + & ) }
ie=] j=1 -

o

(1
=50

We require initial estimates of p, o, B and o? (59, &0, ﬁm),;ﬁ(ﬂ)) to
implement this iterative algorithm., The method of moments estimators
serve as simple initial choices [see Everitt and Hand 1981].

As an initial approximation of f, we assume that there is no dominance
ellect, i.e., E'(U) =

Assuming 8 = 0, the method of moments yields the following equations:



K 2

1 ) |
8 = I E 1 (yﬂ — Y) = 0" + 2p(1 - p)ﬂ. .

=1 j=

As 0 <p £ 1, we can fix f){n) = pg within this interval. Thus,
& =Y/ (2py - 1),
50 _ 2 2w(l-m)V

d 2
(2p0 — 1)

Clearly pp cannot be chosen to be 0.5,

Our next stage Is to classify the parents (i.e. {(y,yn):14=1,2,...,[{})
into one of the three component distributions, We shall use the sual clas-
sification rule given by :

Classily y;; into f,, if and only if

Aidn = TOL=]23 i

i=1,20...,I 7=1,2; n =1,2,3; the Z;;,8 being the final (converged)
values in the above EM algorithm. This is, in fact, the Bayes’ clagsiflcation
rule corresponding to the 0 — 1 loss function and thus minimises the ervor
in classification under such loss functions [Fergusson 1967].

Having estimated e, 8,07 p and having classified the parents into the
Lrait genotypes, we are now in a position to implement another maximum
likelithood procedure to estimate €. Belore describing the actual procedure,
let us note a few salient points, Information on & can be obtaltied fram
only those offspring who have at least one of doubly heterozygous (i.e.,
Ajay Mymy) parent. We shall use the conditional trait distributlon of the
ollspring given the trait genotypes of the parents and the marker genotypes
ol both parents and the oflspring in order to estimate . We have already
provided these distributions in Tables 2.2 and 2.3.

Let.
M;; = marker genotype ol j** individual in ¢ family,
t=12.. K j=12,...,m+2
G, Giw = clagsified trait genotypes of the parentsin ith family,
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1 =1,2,...,1 1=1,2

Hi; = trait genotype of j%* individual [i.e. (§ — 2)*" offspring] in #** family,
i=1,2,.. K =34, 42
Pin = PlHiy; =wlGa, Gig, My, Mo, My;}, where 1 = A1A), e = Ajay,

vy =aya13t = 1,2,..., 1 1=3,4,....n+2 n=1,2,}

F;;,8 are obviously functions ol 8. IHowever, for the same genotype, i,
‘may be different for different haplotypes. FFor example, if G;1 = A1 A}, Gz =
Aray, My = MM, Mgz = Mymy, My = MM, then Piy = 1 -0
if the haplotype corresponding to GinMipe is A1My/aimy but Py = 6 if
the haplotype is Aymi/e1 M. Thus, in estimating 8, we have to consider
the different possible haplotypes separately for glven trait and marker loci
genotypes ol each parent. We next clagsifly the offspring into their trait
genotypes.

Define :

Qijn = P(Hij = vu|Git, Gz, My, Mg, M, 4i5)
Eijnfu(yij)
- v ¥
Sn et Piin Su(wij)
r=1,2,...,1G7=34,....m+2,n=1223
In the computation of Qin, we use &, A and 52 obtained using the EM

algorithm described previously,
The usual classification rule is glven by :
Classify ;5 into f, if and only if

Qijn = MaTy=1,2,3 Qijt |

d=1,2,...,I{; 9=3,4,,....m+2 n=1,2,3.
T'he likelihood of # is given by :

I
L(§) = HL,'(Q)
i=1

where L;(6) is the likelihood of the i** family based on the classlfled geno-
types of the n; offspring of that family, Note that as haplotypic information
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is usually unavailable from nuclear family data, I;(8) would be a mlxture
of the dilferent conditional trait distributions of the offspring correspond-
ing to the different. possible haplotypes. For clarity of presentation, let us
consider the following example of a nuclear family i with three (n; = 3) off-
spring. Suppose the parental classified QT'L genotypes are A1 Ay (= () and
Ajaqy (= Gje). Suppose the marker genotypes of these parents are, respec-
tively, M\M7 (= M;1) and Mym, (= Mjz). Then, the possible haplotypes of
the doubly heterozygous parent are: A|M]aym and Aymla) M. The classifi-
cation probabilities at the Q'TL {or offspring depend on both marker geno-
types of the offspring as also on parental haplotypes. Suppose the marker
genotypes of the three offspring ave: MM (= M;3), Mim) (= M)} and
Mi1ddy (= M;s). Suppose, the classified QTL genotypes of these oflspring
are, respectively, A1Ay (= Hy), Ayay (= Hy) and Ajay (= Hi) when the
haplotypic configuration of the doubly heterozygous parent is A My |agmy,
and Ajay, A1Ay and Ajeq when the parental haplotypic configuration is
Aymylay M. Then,

Li(0) = 51001 ~ 0)* + (1~ 0)°} (3.1)

In fact L;(0) is a mixture with components of the form e;p@(1 — 8)* or
' Y *3 &
cind (1 — 0)12 { 02+ 1 — 0)2}1 where ¢y is some constant, Since a direct an-

alytical maximization procedure is complicated, we implement ah IiM pro-

cedure. I'or example, the complete likelihood corresponding to (3.1) would
be :
' 1 Nm 311--m
L(0) = 1100 - 0"y {(1 - 0)")
R =)
where m = - = — 0.
Thus, L;*(0) would be of the form ¢;0%(1 — )" where ¢; Is some constant

while 1; and v; are functions of #. Thus,

K

i :
L0) = {H f;i}(jz:;l (1 — 0)bzi= i
=]

which is easy to maximise giving




Since w;'s and ¥'s depend on 8, we need an initial approximation for
implementing the EM algorithm, As 0 <0 < 0.5, 8 = 0.25 may be uged as
an initial approximation. If the final (converged) value of # exceeds 0.5, we
Lake 0 = 0.5.

We finally note that in the first stage of this two-stage procedure, the
estimated parameters are v, 8, p and o All these parameters are estimable
from a sample of randomly-drawn individuals from the population. If indeed
a random sample of individuals are available, then the above parameters can
bhe estimated with trivial changes In the likelihood function derived above.
The E and M steps also require trivial changes. Having estimated these
parameters, one can sample families and initially classify only the parents
into major QTL genotypes using the proposed classification rule (which
requires the value of the quantitative trait of the individual to bhe classified
and estimates of the parameters o, 8,9 and ¢%). Families in which neither
»arent iy classified as a heterozygote at the major QTL can be discarded even
yelore marker-typing because these [amilies will not provide any information

or estimating ¢. This strategy will be cost-effective,

3.4 Efficiency of the Estimation Procedure

Assessment of the efficiency of the estimation procedure is of obvious Inter-
eat. For this, we examine the empirical frequency distributions of § based
on multiple replicates of simulated data. Before providing the results, we
describe the simulation procedure for fixed values of p, a, B, 0% and 6. In the
first step, we randomly generate the trait values of a fixed number (NO BS)
of pairs of unrelated parents from appropriate (selected rendomly using a
trinomial random number generator with cell probabilities p%, 2py and ¢°)
Normal distributions (see Section 3.1). In the second step, using the data
so generated, the trait parameters (o, A, ¢, p) are estimated using the
IEM algorithm, (We emphasize that for the purpose of estimating the trait
parameters, it i3 not essential to obtain data on pairs of parents; only data
on randomly sampled unrelated individuals suffice.) In the third step, the
QTL genotypes of the parents are inferred using the Bayes’ rule. For fur-
Lher computations, only those pairs of parents with at least one Inferred
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QT1L heterozygote are retained. In the fourth step, for each parent ln the
retained pairs, marker genotype is determined using a trinomial random
number generator. For subsequent computations, only those parental pairs
with at least one double heterozygote are retained. The method of gen-
erating the marker and trait genotypes of the offspring conditional on the
parental mating types has been discussed in Section 2.2. These steps are
repeated until the required number of informative families (NFA M) nre ob-
tained. Using the data so generated, we again use the M algorithm to
estimate #. Replication of this procedure a large number of times (NREP)
vield the empirical frequency distributlon. For every set of parameter values,
we evaluate the performance of the estimator with § offspring per family,
NIAM = 100 and NREP = 1000. We, in a Iater Section, evaluate the effect

of sample size,

3.4.1 Classification of parents with respect to QTL
genotypes

As mentioned earlier, in the first stage of the present procedure, parents are
classified into genotype classes on the basis of their observed trait values.
Success of estimating the recombination fraction accurately by the present
procedure critically depends on the performance at the first stage. 1t is,
therelore, important to evaluate how well parents are classifled to their true
genotypic classes by the present method. Resulis pertaining to classification
of parents to their true genotypes using the proposed algorithm are provided
in Figures 3.1 (a)-(c) with NOBS = 1000, NOBS = 250 and NOBS =
100 respectively. We observe that though the classification performance is
extremely good for NOBS = 1000, the results are sufficiently satisfactory
for NOBS = 250. We find that when there is no dominance (l.e., g = 0),
hetween 95% and 99.5% of the parents are correctly classified into their true
genotypic classes. The percentage of correct classification increased as p
devianted more {rom 0.5, This is expecied hecauge increase in the deviation
of p from 0.5 increasingly polarises the distributions corresponding to the
genotypes. The percentage of correct classification decreased as the extent
of dominance () increases. The worst classification arose for ¢ = 5 and
f# = . In this case, the overlap between distributions of the A,A; and
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Aja; genotype classes is the largest. Therefore, a non-informative parent
(i.e., with true gem;type A1 A1) has » high probability of being classlfied as
Informative (i.e., with true genotype Aie1) and the vice-versa. IHowever,
even in this case, the probability of correct classification is about 80%, We
also note that these results are independent of 8. Thus, it iz seen that
the first, stage of the proposed method works extremely well Indicating that
evaluation of the next stage, in which an estimate of the recombination

fraction is obtained, is worthwhlle,
3.4.2 Empirical frequency distribution of g

If indeed the procedure provides a good estimate of the recombination frac-
tion, 8, then one expects that the probability distribution of g obtalned from
multiple replications ol simulated data generated using a fixed sot of param-
eter values will be clustered around the true value of 8. Figures 3.2-3,10
depict the frequency distributions of 0 for simulation parameter values of
= 0,0,1,0.3 and 0.5, separately for p = 0.9, 0.7, 0.5 and g = 0, 2, 4.
The values of the other parameters used in these simulations are: « =5 and
o = 1, Trom these figures it is seen that in all cases, except when the trait
and marker loci are completely unlinked (i.e., # = 0.5} and the dominance
effect () is large [['igures 3.8(d), 3.9(d) and 3.10{(d)], the distributlons are
unimodal and leptokurtic. In these extreme cases, there are higher prol>
abilities of misclagsification as has heen noted in the previous Subsection.
For 0 = 0, in 80%-85% of the replications 0 is < 0.08 if 4 = 0, while this
percentage is botween 65%-70% Il B = 4. Similarly for 8 = 0.3, in 80%-00%
of the replications J is in the interval 0,25, 0.35]. However, for 8 = 0.5, while
05% of the 0 values are hetween 0.45 and 0.5 for p = 0.5, this percentage
for p = 0.9 is only about 75%. ‘The proportion of § values lying close to

the true value value ol @ decreases as 3 increases. Thus, it is seen that the

procedure provides good estimates in conformity with expectations, unless
the degree of dominance () is very high. Therefore, if the estimated value

of [ ia close to that of @, the estimate of  may be inaccurate,
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3.4.3 Mean and Variance of § and Confidence Interval
for &

To examine the behavior of the estimator in respect of variation in values of
p and A, we perform simulations for fixed parameter values a = 5, 0% = 1
and for values of p = 0.9,0.7,0.5; 8 = 0,2,4 and & = 0.0.1,0.3,0.5. We
evaluate the means and variances of § and obtain 95% confidence Intervals
of 8. These results are given in Table 3.1. It i seen from this table that
the true value of 8 is always included in the 95% confidence interval of 8.
The coefficient, of variation of 8 is also < 0.5%. These results indicate that
the performance of the proposed estimator is extremely good. 1t i8 also seen
from Table 3.1 that when p deviates from 0.5, the mean of & is closer to
the true value of # and the 95% confidence interval of & is narrower, unless
0 is very close to 0.5. The varlance of @ increases when p deviates more
from 0.5. Table 3.1 also shows that estimaies of ¢ deviate more from the
true value of 8, their variances Increase and the 95% confidence intervals

becomes wider as the value of f§ increases to o, This phenomenon is due to
increasing overlap between the two genotypic classes A3 A; and Aja) as 8
becomes closer to a, resulting in errors of parental genotype classification.
We also note that for fixed values of a,c? p and 8, the adverse effect of
increase of 4 on estimation of # is non-linear in A, For the sets of parameter
valties investigated, the relative error in estimation of & never exceeds 20%.

‘Thusg, for a fixed value of 8, the efliciency of estimation of @ ia dependent
on both the true value of # and the trait allele frequency, p, for any finite
sample size of families. Since the tralt genotype is unknown and needs to be
inferred, the inference is hetter when the value of p is much deviates fron1 0.5,
because in such cases the overlap of trait-value distributions among geno-
types is small. However, the efficiency of estimation of 8 strongly depends
on the "effective" sample size (that Is, the number of informative families),
especially when the true value of @ i3 not close to 0. When the value of p
deviates from 0.5, the effective sample size decreases, thereby reducing the
efficiency of estimation of 8,
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Table 3.1. Mean and Variance of § and 95% Confidence Interval of 0 for «a =

5, o =1, p=.9,07,0.5 8=0,2,4; 6=10,01,0.3,0.5

4()

p | True 8@ | f Mennrﬂ) Vﬂr(ﬁ)r 05% C.I. of &
09| 0 ol 0015 {0.000174 | (0.009,0.026)
2 | 0044 | 0.000432 | (0.017 ,0.048)

4 | 0075 | 0.000695 | (0.051,0.097)

01 |0 0103 | 0000084 | (0098 ,0.114

¢ | 0117 | 0.000277 | (0.095,0.126)

41 0172 | 0.001008 | (0.131 ,0.195)

0.3 | 0| 0303 | 0.000452 | (0.291,0.311)

2 | 0.913 | 0.000747 | (0.286 ,0.328)

4 | 0368 | 0.001739 | (0.345 ,0.401)

05 (0| 0478 | 0.000897 | (0.438 ,0.500)

2 | 0471 | 0000002 ! (0.415 ,0.500)

4| 04098 | 0.001335 | {0.395 ,0.487)

07| 0 0| 0021 | 0000154 | (0.018,0.041)
2 1 0.053 | 0.000312 | (0.023 ,0.057)

4] 0081 | 000085 | (0.063,0.101)

0.1 |[0]| 0107 [ 0000087 { (0.005,0.122)

21 0.122 | 0.000200 | (0.007 ,0.128)

4 { 0.82 | 0.001064 | (0.143 ,0.204)

0.3 | 0] 0308 [ 0000497 | (0.293,0.317)

2 [ 0317 | 0.000683 { (0.284 ,0.321)

4 | 0473 | 0.001867 | (0.357 ,0.408)

0.5 | 0] 0491 | 0000083 [ (0.477 ,0.500)

2 [ 0.87 | 0000118 | (0.472 ,0.500)

41 [ 0413 | 0001146 | (0.401 ,0.404)

05| 0 0| 0.038 |[0.000186 | (0.022,0.058)
2| 0067 [ 0000209 | (0.035,0.073)

4 [ 0.105 |.0001018 | (0.071,0.112)

01 |0 0113 [ 0000129 | (0.097,0.128)

2 [ 0.115 | 0000283 | (0.089,0.124)

4 | 0196 | 0001163 | (0.162 ,0.208)

0.3 [ 0] 0314 | 0000612 | (0.201 ,0.325)

2 | 0421 | 0000630 | (0.287 ,0.329)

4} 038t | 0.00£784 | (0.368 ,0.418)

0.5 0| 0487 | 0,000056 | (0.486 ,0.500)

2| 0491 [ 0.000088 | (0.478 ,0.500)

41 0421 | 0001062 | {(0.411 ,0.498)




3.4.4 Sample size effect

We investigate the performance of the proposed estimator when data on
fewer offspring are available. Based on simulated data with 3 offspring per
family, we obtain the empirical frequency distributions of 0 for different
values of @ and p = 0.5,0.7,0.9. The [requency distributions are marginally
less well-behaved compared to those based on § offspring per family. The
estimated & values are also marginally more deviant from thrue 0 values
with smaller sibship sizes. For example, the mean and variance of 7 for
simulation parameter values o = 5, 4 = 2, g =1,p= 07 and § = 0.3
are (.342 and 0.00765 respectively based on 100 informative familles with
3 offspring per family, while these figures are 0.317 and 0.000683 with 5
offspring per family. TFor p = 0.5 and the remaining simulation parameter
values same as above, the mean of § is 0.377 with 3 offspring per family,
while it is 0.321 with 5 offspring per [amily. The additional deviation of
estimated @ from true & due to decrease in sibship size from & to 3 varies
between 8% and 20 %. Thus, while larger data sets are deslrable especiaily
when p is close to 0.5, our method continues to perform rather well even
with smaller sibship slzes. We also emphasize that although we perform our
simulation experiments with fixed sibship sizes of 5 and 3, varlable sihship
sizes pose no problem. Likelihood equations are easily modified and since
data on offspring conditional on parental genotypes are independent, our
simulation results are based effectively on 5( or 3)x number of (amllies,

3.4.5 Power of test for linkage detection for varying degrees
of major trait locus effect

To assess, more clearly, the efficiency of the proposed estimator 8 at varylng
degrees of major locus effect, measured as the proportion of varlance of
QT explained by the major biallelie locus {(A), we compute the emplirical
power of the test of hypothesis Hy : 0 = 0y < 0.5 vs Hy : 0 = 0.5 For this
assessment, we generate simulated data for different values of A, While such

data can be generated for various combinations of parameters, we present
results of B and o? kept fixed at 0 and 1 respectively, and with « and p
varied suitably to attain different. values of A in the range of (0L.2 to 0.9,

]



A fixed value of 6 = 0.1 is used throughout. For each set of simulated
data, the empirical 5% cut-off points for rejection for the null hypothesis
i determined and the power is estimated as the proportion of replications
(out of 1000) with § = 0.5 in which 0 is greater than the empirical 5% cut-
off point. The results are graphically presented in Figure 3.11 from which
it is evident that our proposed method performs quite well, at leasl when
the percentage of variance in QT explained by the major locus exceeds
30%. Other combinations of values of parameters 8,0, a,p yielding the
same value of A result in approximately the same power; estimates are not

provided for brevity.
3.4.6 FEiffect of linkage heterogeneity

Suppose a QT is controlled by a single major biallelic locus which explaing
A % of variance (the remaining variance being environmental), but there is
linkage heterogeneity. That is, In & proportion () of families, the Q'I'is due
to one major locus and in the remaining proportion (1 — ) of familles, the
trait is due to an unlinked major hiallelic locus. We assume that the values
of A for both loci are equal, which in a sense is the worst-case scenario,
Suppose, a biallelic marker is linked to the first QTL; that is, linkage is
present in only w proportion of families. It is pertinent to examine the
performance of the proposed procedure in estimating linkage from the pooled
set, of families, when one is unaware of the existence of the underlying linkage
heterogeneity.

We use simulations to examine this. In generating simulated data, we
use # = 0.1, two values of A = 80% and 60% ( in each case, o, 3 and ¢ are
kept fixed at 5,0 and 1 respectively; p is varied suitably to attain appropriate
values of A), and five values of 7 = 0.9,0.8,0.7,0.6 and 0.5 for each value
of A, Results are presented in Table 3.2, from which it is seen that the
estimated value of ¢ is reasonably good unless there is conslderable linkage
heterogeneity (small 1) or the proportion of variance explained by the major
locus is smal] (small A). When compared to the results presented in the
previous Subection (and Figure 3.11), we see that while in the absence of
linkage heterogeneity the proposed method performs quite well even when
A is as low as 30%, in the presence of linkage heterogeneity the method falls

2
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Figure 3.11. Empirical power of the test procedure for detecting linkage for
different values of the proportion of variance in QT explained by the major QTL.




to perform well unless A is as high as about 80%.

Table 3.2. Mean and Varlance of recombinatlon fraction in presence of
linkage heterogeneity (rm=proportion of linked families) estimated from
simulated data sets with differing values of A (percentage of varlance
explained by the major QTL) and recombination fraction=0.1

(f A =80 % A =60 %

Mean(d) Var(0) { Mean(d) Var(0)
0.9 0.126 0.0041 | 0.1466  0.0075
0.8 { 0,1415 0.0062 | 0,183 0.0112
0.7 0.167 0.0091 | 0.1976  0.0172
0.6 0,194 0.0143 0.223 0.0237

0.5 | 02268 0.0197 | 0.2649  0.0294

3.4.7 Analyzing a two-locus QT as a single-locus QT': Effect
on estimate of 6

Consider a QT that is controlled by two unlinked, biallelic tralt loci, Suppose
a biallelic marker is linked to one of the two loci. In the absence of knowledge
that the QT is controlled by two major loci, it is reasonable to investigate the
effect of analyzing data agsuming that the QT is controlled by a single major
locus, on the estimate of 8, To examine this Issue, we generate simulated
data sets for different values of « and p. We denote the values of & as oy
and « for the two trait loci, The values of & and » are held fixed at 0
and 0.7, respectively, for both loci; 8 (recombination fraction between the
marker and one QT} is taken as 0.1. Having generated replicalie data sets
for each combination of the above parameters, we use the proposed method
for estimating & assuming that the Q'I' is controlled by a single major locus.
The results are presented in Table 3.3. It is seen from this table that when
the effect on the QT of the trait locus to which the marker is unlinked
(the "unlinked QTL"} is small relative to the linked trait locus, the method
performs quite well even when the data are incorrectly analyzed assuming
that the QT is controlled by a single major locus. However, the estimate
of &, which is always upwardly blased, worsens as the relative effect of the
linked trait locus decreases. When the relative effects of the two trall loci
are equal, analyzing the two-locus QT data as single-locus data leads to
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hopelessly bad estimates of the recombination fraction.

Table 3.3. Effect of analyzing two-locus QT data as a single-lucus data,
on estimated 0; when its true value is 0.1 (&; and ¢ denote the effects of

the two QTLs, A is the proportion of variance explained Jointly by the
two QTLs and A, is the proportion explained by the linked QTL.

o e | A | & Mﬂﬂn(a VELI‘(E)
5 1 | 0.91 | 0838 | 0.1088 | 0.0007
5, 0.92 | 0,79 ¢ 01291 | 0.0016
5 |1 3 1093|068 | 0.1616 | 0.0031
5 | 4 {094 057 | 01774 | 0.0068
5 | 5 1095|047 | 0.2066 | 0.0004

3.5 Estimation of 8 when the Marker is
Multiallelic

The above procedure of estimnation of 8 can be easily shown to hold in the
case of a multiallelic locus. Suppose the marker locus has K alleles denoted
as My, Ms,..., M. A mating between a homozygote and a heterozygote
will be of the form M; M; x M; M}, while a mating between two heterozypgotes
will be of the form M;M; x MM,

A M;M; x M;M, mating will produce offspring with marker genotypes
M;M; and M; M), with probability 1/2 each. The probabilities of the trait
genotypes of the offspring for varlous parental mating types are identical to
those corresponding to marker genotypes M; M or Mimy given in Table 2.2.
In the case of a mating hetween two heterozygotes, we need to dilferentiate
hetween matings M;M; x M;M; and M;M; x MM, where either 4 # k or
j# 1 For MyM; x M;M; matings, the distributions of the trait genotypes
of the offspring for various parental mating types are identical to those
corresponding to marker genotypes MMy, Mimy or mymy given in Table
2.3. M;M; x MM, (i # k or j # [) matings can produce offgpring with
marker genotypes M; My, M; M, MMy and M;M; with probability 1/4 each.
The probabilities of the trait genotypes of the offspring for various parental
mating types are given in Table 3.4.
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Note that the estimation of the trait parameters «,o* and p does not
depend on the marker. Thus the procedure of estimating these parameters
in the case of a multiallelic marker is identical to that in the case of a
biallelic marker described earlier. While estimating 6, we should consider the
appropriate conditional distribution of the trait genotypes of the offspring
given in Tables 2.2, 2.3 and 3.4. As ali the probabilities in these tables are
some multiples of 8, 62, (1-6), (1 - 0)% [0?+(1 - 0)*], we can use the EM
procedure described earlier to obtain the m.le. of 0.

3.6 The EM Approach in Multipoint Mapping

The proposed EM procedure for mapping a trait locus using two-point link-
age can be easily extended to the case of multipoint mapping. For ease of
exposition, we consider a three- point. mapping set-up. Suppose the trait lo-
cus is flanked by two biallelic, codominant marker loci with alleles (M, M)
and {Ms, ma) respectively such that the recombination fractions boetween
the trait locus and the marker loci are 8; and @y respectively. We assume
that chromatid interference is absent, and hence, the recombination fraction
between the two flanking markeis is 0 = 0 + 03 — 20,602, The conditional
probabilities of the trait genotypes of offspring given the parental tralt and
marker genotypes as well as the offspring marker genotypes are given in Ta-
ble 3.5 for backcross at both marker loci, in Table 3.6 for intercross at both
marker loci and in Table 3.7 for hackeross at one marker locus and intercross
at the other, |

We use simulated data to assess the relative efficiency of multipoint link-
age analysis over two-point linkage analysis. The simulation parameter val-
ues used arecv =1, 02 =1, A= 0,2,4; p=0.9,07,0.5 and different values
of 0, and 0. We [irst note that since the estimation of the trait parameters
o, 3,0 and p do not involve marker information, the classification of par-
ents into their true genotypes is identical to the case of two-point linkage.
The EM algorithm invoked in the second stage of our proposed procedure
Lo estimate 0; and 0 is also similar to the previous case, except that we
need to consider the conditional trait genotypic distribution of the offspring
given information at both the marker loci. We assume that the value of 8,
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Table 3.4. Trait locus mating types among M;M; x MM, par-
ents, mating probabilities and probabilities of trait locus geno-
types among offspring with marker genotype M;M; and M;M;!

g | Mating Type | Probability Tq( M; M) o ( M; M)
A1 Ay Aja; @101 A4 Ajaq a101

1 | AjA; x AjAq m*e y 0 0 : 0 0
2 | &A1 x Aoy | piPpo s(1-9) 30 0 :(1—8) 10 0
3 | Aja; x A14) P1°po ;(1-9) 70 0 6 (1 - 8) 0
4 | A1A1 x a4, P1°po 0 %(l — 8) 0 20 %(1 — 8) 0
o | a1A; X A1 Ay p13p2 %9 ‘-i-(l =) D %(1 —B) %9 D
6 | A1d; X aja; 2p1°po” 0 % 0 0 % {

aia] X AjA;

Ajay % Aja; | pi’pe® | 1(1-9)° 16(1 - 6) 16 10(1-6) i[1-201-9) 26(1-9)
8 | Avaixardy | pi’p? | 30(1-6) i1-20(1-9)] le(i—0)| Lle? 1o(1 — 6) 11— )
9 | a14; x Ajq P1ipo” 0(1-6) [1—-28(1-8)] i601-86)] i(1-8) 28(1 —6) =67
10 | a1ey X Ajaq p1p2° 0 i1-6) 6 0 20 1(1 - 8)
11| Ajar x aag P1p2° 0 (1 —6) 70 0 (1 -196) 0
12 | a1d; X a14; P1°p2” 262 z6(1 — 8) H(1—6)" | 26(1—-9) i[1-201-6)] 26(1-9)
13 | ay07 X a1 Ay p1D2° 0 20 1-6) 0 0 +{1-19)
14 | a14; x a101 p1p2° 0 19 1{1-0) 0 1(1 - 6) 1o
15| aja; X ajag Dot 0 0 % O 0 %

" Probabilites of trait locus genotypes among offspring with marker genotypes M s M

and M; M, can be obtained by replacing & by (1 — 8) in the blocks corresponding to the
genotypes M; M, and M;M; respectively in this table.




Table 3.5. Trait locus mating types among M M MMy x Mym i Mamo
and MM Msms x Miym;MsM; parents, mating probabilities and

probabilities of trait locus genotypes among offspring with marker
genotype M;M;MsMo?

Z Probabilites of trait locus genctypes among o

fspring with marker genotypes Mym, Mom,,

M, M, Moms and Mym, Mo M, can be obtained by replacing 6, by (1 —#;) and 8, by (1 —68:);
8, by {1 —8,) and 8 by {L— 8); and 8; by (1 —~ ;) and 8 by {1 — 6) respectively in this table.

¢ | Mating Type | Probability g (M My Mo My x Mimi Mams) 7o ( My My Mamg x Mimi Mo Ms)
A]_Al Alﬂq Q7141 A;[Al Alal ad1a1

1 1 A14; x A1 A, 1:?1‘1 1 0 0 1 0 0

2 | A1A) X Ajay P1°p2 (1—31)_(;-92) B%Lfﬁi 0 (1 —61) & 0

3 AIAI X ﬂ.j_Al p13p2 'glf—g“ (1- i)_(&_ﬂz) 3 91 (1 — 91) 0

4 | A14; X a1a 211 2pg? 0 1 0 0 1 0
aiay X A1A1

5 | Ajay X A1 Ay 2p1°pa p 1 0 1-02 Ao 0
ﬂ1A1 A AIA]_

6 Alﬂ'l X A]t’ll 2p12p22 [1_236'1\’{19;32) '21* 23119 (1 — 91)(1 — 92) 1-8 9192
ﬂlA]_ b4 Alﬂ.l

7 1 Ala; X a4y 2p1*pa” SO, 3 (1—§€2£133~62) 6102 1—-8 (1—6)(1~—8)
{1-11‘11 x a1.Ay

a Alﬂ.l X a1y Zp]}?‘za 0 % % 0 1— 92 92
ﬂ]_A} X aia

9 a1ay X Ajay plﬁg3 0 (1_9?_%*52) % 0 (1 — 91) &1

10 17 X ¢1A1 p1p23 0 % (1—3?'5;-39) 0 91 (1 — 91)

11 | a;a1 X 4143 p24 0 i 0 0 1




Table 3.6. Trait locus mating ftypes among MymiMome x MimiMoms
parents, mating probabilities and probabilities of trait locus genotypes
among offspring with marker genotypes M;M; My Mo, My, My Moty and Mymy Mamsy®

[ Mﬂtiﬂg T'YPE Pmbabﬂit}r ?TE{M 1 Ml MEME) ‘]‘Tg (MIMI Mzmg) ﬂ'ﬁ (MI HELS] Mjm‘E)
A Ay Aoy 2103 A Ay Aja; a109 ArA A1y 101
1] ArA x 414, Pt 1 0 0 1 0 0 1 0 0
A x Aoy | 2p’py | SRR 4 0 a-a){%+5% a3+ 3) 0 . : 0
A1ﬂ1 X A;A'i
-2 31— -
R R R - ENES o | mpEes) ja-es i) : : :
ﬂ-l..r‘g.'l x .;41.(‘1]
4 [ Ardr x vy 2o tpa® Q 1 0 0 1 0 D 1 3]
i@y X A1A1
2.2 (1-8,*(1-8:) 28, 8118316 8,287 1—8, Yda {2 =5 2,(1—8,){1-28-(1—8)} 8.%9:01-8) 28, {18, 19:(1—80:) 46,8, (1 —5)(3—6;) 28,62{1~8,}{1=-&)
Aray x 4oy P P2 -6y =87 . 08 91~ =) F-8) 10 L’ 1- s=-r()1 —p)? &t -8y’
g8 an Ay %X A0 3]?12]322 8:82 (18, ){1—62) 1_% 8 8 {1—8: 118} 9, (3—8,3{1— 26, {1—8}) 8:{1-83{1=28,3—&,}} M#ﬁ_zn 1 — 48,8y 1—&1}{1-131_1 q.alﬂ-;u—a {1~} ] — b2 1-3.}{1—15,‘)
A] a5 X E]A:l
2 a,39.3 28,85 (1—8,3(1-& 1-8,)2(1— 8,20, (18 9,(1-8,){1~282(1 =8y {1~8,)38:2{1 =) 28,{1-8, Y8181} 458, (1-8)){1=8; 20:8:(1-8,)(3~6:)
ay Az x a1 A; P1’pa’ e {1_5;1{ R { 1:'_':;) £2) Wi(a-_&)‘l (1-0, )220 ) 5(1 = #+{1-8) 1= 51-;-{1—5):_1 E:-a-n-a}
8 | A x ey 2p1p2° 0 e b 0 -2+ %)  i6{32+ ) 0 2 5_
g1y X Alﬂ-]
—8 M} B - —§s ¢ 1 1
g | a1 % a1 2p1p2° _ 0 2% i 5;1{; %2) 0 26, {* =2 2} 2(1-6){5 b 4 =B | 0 - 2 )
g A} X 2133 ) |
0 28 X 2734 Pg* 0 )] 1 it 0 1 0 0 1

TProbabilites of trait locus genotypes among ofispring with marker gepotype M; My mama,,
™y MaMs and m; ™, m.m, can be ebtained by replacing 8, by (1 — &) and 8 by (1 —8); &;
by (1 —8,) and @ by (1 — 8); and §; by {1—6;) and 8, by {1 — &) i» the block correspond-
ing to genotype Mi MM M; and those of marker genotype mym;Mama, Mym; ML M and
M, mm; can be obtained by replacing 8; by {1 —8;) and 8 by (1 ~ 8); 8, by 8; aod &; by
fy; and & by (1—8;), 8; by {1—6,) and & by (1 — &) respectively in the bleck corresponding
to genotype My My Mo, in this table.



Table 3.7, Trait locus mating types among M;MiMymys X Mym,Mom,
parents, mating probabilities and probabilities of trait locus genotypes

among offspring with marker genotypes M; M; MM, and M M; Mymo?

g | Mating Type | Probability 7o ( My My My M) m,( My My Mama)
A1 A, Ajay G1a; A A Ajay +3Y45)
1 | A1 A1 X A1 Ay ij‘ 1 0 0 1 0 0
2 | A1Aq x Ajay 213ps 100005, bty 0 1 -6 6, 0
3 | A14; x a4, p1pe 25 (15016, D 8, 1—6; 0
4 | A14 X g0 2012 po? ; 1 0 0 1 0
qd1Q7 K A1A1
5 1 Ajay X A1 A, P1ops 1— 6, 8, 0 G(1 — 6o+ 0,(1 —8) 68, +(1 —8)(1 —6y) 0
6 | a4, x A 4, p1°Ds é, 1—8, 0 00, + (1 — 6)(1—8;) 8(1 — 89) +tha(1 —8) 0
7| ey x Avay | piPp? | GGy al-fy 0u02" 2(1 — 61)62(1 — 65) 1 — 265(1 — 6y) 26162(1 — 62)
8 | ;i x Ajay | piPpp? | UREISE) g GlA) ABIEM O 1.{1—65(1— 62)} 262(1 — 62) 3(1—6){1 — 62(1 — 62)}
g | Aja; X a3 A4, D, 2p,? Ohl8) 8t O-8BOR) | 1911 _ 9,1 6,)} 26,(1 — 65) 101 — ){1 — 0(1 — 62)}
10| @dy x o dy pripe? 28 Sali—6) (-60)(1-0s)’ 201 05(1 — B2) 1 —28,(1 — 8,) 2(1 — 61)82(1 — 83)
11 ] Aijay X a13 DiDe” 0 1—8, B, 0 (1 — &) + 6,(1 — 6) 88y + (1 — 8)(1 — 6,)
12 | a1A; X a1a4 1P 0 g 1—96, 0 80, + (1 — (1 — ) 8(1 — 8;) + the(1l — 0)
131 ajay X Ajoy P2 0 (l"&;ﬂ_ﬁﬂ- %_‘% 0 1 -8 &;
14 1 a1a; X a1 A; pﬂ}ga 4 %-‘-_5’% (1-5;)_{3?-»&21 0 81 1 — 64
15 | ajaq X a0, ot 0 0 1 0 0 1

T Probabilites of trait locus genotypes among offspring with marker genotype M; My Moz,

Mym, My M, and M;m;m,mn, can be obtained by replacing 6, by {1 — 8;) and 8 by (1 = §);
6, by {1 —8,) and 8 by (1 —8); and 8, by (1 — 8,) and 8, by (1 — 6;) respectively in the
block corresponding to the genotype M, My MoM, and that of marker genotype M;m, M,m,
can be obtained by replacing 8, by (1 — 8,) and 8 by (1 ~ §) in the block corresponding to

the genotype M, M, M,m, in this table.
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i.e., the recombination fraction between the two marker locl is known a
priori. Based on our simulated data, we find that the histograms of 0, and
Py (i.e., the estimated values of §; and 6;) are much more well behaved
and concentrated than in the case of two-point linkage, especially when a
marker locus is unlinked to the trait locus (i.e., when 8; or £ i3 0.5). T'wo
representative histograms are presented in Figures 3.12 and 3.13. We also
find that using three-point linkage analysis, the mean of 0 (or f3) is more
close to the true value of 81 (or @) than in the case of two-point linkage. The
variances of the estimates in the case of multipoint linkage are also lower
than those in the case of two-point linkage. Relevant statistics are provided
in Table 3.8. The relative efficiency of the three-point linkage analysis over
the two-point linkage analysis (defined as the ratio of the variance of the
estilmate in the case of two-point linkage to that in the case of three-point
linkage) is found to be about 1.3.

Table 8.8. Mean and Variance of #; and 0; and 95 % C.I. of #, and 0, for
a=>5and ¢* =1

plBlo o, [ MOB)] V(@) [95% CLofo, | M(@) | V(8;) | 06% C.I. of 6,
G100 .1 013 000156 (.007,.023) 102 | 0000687 (.097,.115
1211 213 | 000238 | (.098,.124) 115 | .000242 | (.096,.126
94|.1].83] 270 | .000945 | (.132,.194) 362 | 001583 | (.341,.395
H 121313 316 000686 (.287,.328) 314 JL00588 (.288,.325
Sl41.31.6] .372 | .0016568 | (.359,.116) A44 | 000971 | (420,198
dJ10tF1.5].1 492 000085 (.481,.500) 101 000068 (,096,.119

3.7 Comparisons With MAPMAKER/QTL

1t is of obvious interest to compare our proposed method for estimating 8
with some currently-used estimation procedures. One of the most popu-
lar estimation procedures is incorporated in the MAPMAKER /QTL pack-
age (Lincoln, Daly and Lander 1993). MAPMAKER/QTL utilizes marker
genotype data and values of the underlying quantitative trait of offepring in
nuclear families and uses a LOID score approach (Ott 1999) to provide the
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most. likely position of the QT'L in terms of map distances from a madker
locus considered, However, unlike our proposed procedure which can utilise
backcross and intercross families jointly in the analysis, MAPMAKER/QTL
analyzes data separately for backcross and intercross families. Since our
procedure provides estimates in terms of recombination fractions and MAP-
MAKER/QTL yields estimates in terms of map distances, a direct com-
parison of these estimates is not possible. To circumvent this problem, we
convert the map distances provided by MAPMAKER/QTL to recombina-
tion fractions using the Haldane map function (1919) given by:
1

= — In (1 — 28).

We have used the Haldane map function, which uses the no-Interference
assumption, because in generating our simulated data sets, we did not use
any interference parameter.

Using the simulation algorithin described in Section 3.4 we generate
data on backcross and intercross families separately. Note that the sim-
ulation algorithm differs only in the sense that since data on backcrosses
and intercrosses are separately generated, we do not need to choose be-
tween backcross and intercross families using a random number generator
as we had described in Section 3.4, We present our results based on 100
replications. The mean and variance of @ and the 95% confidence inter-
vals of # under the two estimation procedures are provided in Tables 3.9
and 3.10 for backcross and intercross families, respectively. We find that
while our propoged procedure performs better for low values of dominance
at the QTL, MAPMAKER/QTL performs increasingly better as the degree
of dominance increases. For # = 0 and 2, our procedure yields estimates
which are closer to the true value of & and have less variances. Moreaver,
the confidence intervals for 8 are less wide compared to those obtained us-
ing MAPMAKER/QTL. However, for § = 4, MAPMAKER/QTL provides
more elficient estimates in terms of all three criteria discussed above. o

summarize, our classification-BEM procedure is more efficient than the proce-
dure incorporated in MAPMAKER/QTL for both backeross and intercross
data, unless the degree of dominance at the QTL is very high.
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Figure 3.13. Empirical frequency distributions of ﬁ; and Eg for sitmulation param-
eter values p= .7, =35,8=2,0°=1,6, = 0.1,8; = 0.1.




Table 3.9. Comparison between the EM procedure and MAPMAKER/QTL in
terms of the Mean and Variance of #;, and E*; and 95 % C.I.of 8, and & for =5

and g2 = 1 for beckcross families.

pl|B| 61| & EM MAPMAKER/QTL

| {MG) V@) 95%CLof8 MB) V(@) 95%ClLofé | M@E) V(@) 95%CLofs, M@E) V(@) 95% Cl of 6
101 05].1] 053 .000099  (.046,.062) 105 .000108  (.096,.110) 043 000305  (.034,.053) 094 .000381  (.077,.104)
9101 .15).1) 104 000106  {.098.108) 102 000102  (.097,.107) 093 000428  (.06%,.105) 093 .000430  (.089,.102)
Sl0)] .1 ].3] .106 .000108  {.096,.112) 310 .000437  (.295,.320) 095 000304  (.082,.108) 294 000582  (.267,.305)
Q10 .3 [.3] 303 000397  (.295,.310) 303 .000402  {.295,.311) 290 000711 {.256,.307) 202 000704 {.260,.306)
101 .5 7.1 49  .000076 {.492,.500) 104 000106 {.096,.109) 490  .000157 (.467,.498) L0900 000378 (.076,.103)
S5{0{ .31.5] .308 .000443  (.294,.318) 498 .000049  (.495,.500) 284 .000589  (.266,.310) 491 000098  {.466,.495)
712105{.1] .058 .000308 (.051,.068)  .108 .000302  (.096,.113) 038 .000328  {.031,.048)  .093 .000376  (.072,.105)
Sl2b .3 |.1] 106 .000224  {.098,.110) 105 000231 (.098,.111) 090 .000432  (.068,.103) 088 .000437  (.066,.105)
S{21.11.31 109 .000217 (.095,118) 315 .000525  (.293,.323) 09 .000295  (.080,.110) 202 .000612  (.264,.306)
8121 .31.3] 305 .000586  (.291,.315) 307 000566  (.293,.315) 289 .000703  (.252,.305) 290 .000715  {.255,.308)
T121 5.1 493 000102  (.489,.500) 107 000298  (.094,.119) 490 .000166  (.457,.496) 002 .000388  {.070,.105)
512].3).5) 317 000538  (.295,.324) 495 .000057  (.492,.500) 293 .000801  (.260,.313) 492  .000105  (.460,.497)
7141.05].1] 081 .000852  (.065,.094) 158 000965  (.145,171) 036 .000338  (.030,.051) 095 000392 (073,.112)
Sl4¢ .1 {.1) 144 000897  (.131,.156) 140 000913 (.128,.151) 092 .000461  {.065,.105) 091 .000455  (.066,.108)
5141 ].3] .169 001054  (.142,.190) 381  .001277  (.353,.403) 092 .000321 (.077,.114) 287 .000620  (.261,.308)
814 31}.3] .362 001196  (.345,.396) 364 001205  (.344,.394) 287 .000718  {.250,.307) 287  .0006892  (.253,.311)
Jr4p .5 |.1] 423 001089  (.408,.490) 162 .000083  (.139,.175) 492 000184  (.458,.495) 087 000401  (.068,.107)
5]4]-3].5] 383 001254  (.355,404) 435 .001008  (.422,.496) 290 000618  (.255,.316) 488  .000113 (458,498}




Table 3.10. Comparison between the EM procedure and MAP-
MAXER/QTL in terms of the Mean and Variance of 8; and &
and 95 % C.I. of §; and 8, for &« = 5 and o = 1 for intercross

families.

P ).’3 31 33 EM MAP MAKERf QTL

M) V() 95% ClLof8, M) V() 95%CLoff, | MGB) V@) 95%CLofé M@) V(@) 95%CLofb;
Z7i0{051.11 055 000108  (.044,.064) JA05 000101 {.096,.112) 041 000311  {.032,.083) 094 000359  (.075,.106)
9]0o] .1 [.1] 103 .000113  (.098,.108) 102 000109 (.097,.110) 093 .000425  (.067,.105) 091 000442 (072,.103)
S510¢.19.31 105 000122  (.094,.114) 312 000452 (.292,.324) 094 .000318  (.080,.113) 280  .000576  (.266,.305)
9(0] 3 |.3] 304 000413  (.293.312) 303 000419 (.292,.314) 291 000674  {.252,.306) 294 .000727  {.263,.310)
TLO( 5 1] 493 000091 (L488,.500) 106 000112 {.096,.113) 489 000163  (.465,.498) 093 000364  (.073,.105)
510 .31.5] 311 000476  (.292,.326) 497 .000058  (.494,.500) 286 .000600  (.268,.313) 490  .000103  (.470,.495)
7121.05].1 [ .058 .000316  (.050,.071) 110 .000322  (.095,.117) 038 .000335  (.029,.050) 092 .000366  {.076,.108)
g2 .1 |.1] 112  .000307 (.096,.118) 113 000312 (.097.120) 089 0004144  {.066,.103) 086  .000439  (.06%,.107)
S92 .31 1.3 115 000357  (.094,.120) 318 .000566  {.292,.326) 090 .000326  (.082,.107) 200 000605  {.264,.305)
Sl21 81].3] 308 .000543 (292 ,315) 307 .000553  (.293,.316) 200 000722 (.254,.308) 288 .000731  (.250,.306)
T121 .5 1.1 481 000114 (.482.500) 110 000335  (.093,118) 490  .000168  (.462,.497) 000 000379  (.072,.107)
S5t2) .3 ].53) 3189 000571 (.291,326) 494 000062  (.491,.500) 286 000608  (.263,.313) 491 .000104  (.466,.496)
T141.057.1] 093 000065  (.061,.105) 172 001104 (\142,.174) 039 000340  (.030,.054) 094 .000364  (.075,.109)
914] .1 ].1} .153 .001006  (.128,.160) 158 001018 (L127.157) 094 .000438  (.067,.103) 001 000448  (.068,.105)
Si4( .1 (.31 .18 .001249  (.148,.199) 382 .D01422  (.356,.410) 097 .000325  (.076,.115) 288 000613  (.257,.311)
914 .3 .3 373 001371  (.352,.402) 378 .001397  {.356,.403) 288 000730 (.253,.310) 285 000733 (.252,.308)
Tl4] 5 ].1) 415 001116  (.408,485) 174 001106 {.139,177) 404 .000166  (.459,.497) 091 .000370  (.070,.105)
{54 3 ).5] 396 .001415  (.353,.409) 428 001034  (.420,494) 288  .000815  (.258,.315) 490 000109  (.468,.497)




Table 3.11.
Posterior Probabilities for a =5, ¢° = |,

Mean and Variance of # and 95% Confidence Interval of 0 Using
A=024; §=100110234038

p = .9 07,405

p | Trued h’,t‘;?ﬂl‘t(tf}j Vﬂl‘{gj 95% C.L of §
0.9 0 0| 0.018 | 0.000182 | (0.0i1,0.028)
2 | 0.040 | 0.000234 | (0.021,0,044)
41 0.053 | 0000316 | (0.038 ,0,067)
0.t 10| 0.104 | 0000091 | (0.098,0.116
2 ] 0.116 | 0.000274 | (0.096 ,0.124)
£ 0,131 ] 0.000457 | (0.115 ,0.143)
0.3 0.305 | 0.000471 | (0.294 ,0.315)
0.310 | 0.000619 | (0.292,0.323)
0.331 0.000715 | (0,316 ,0.347)
0.5 0.484 | 0.000384 | (0.458 ,0.500)
0,477 | 0.000353 | (0.443 ,0.500)
0.465 | 0.000505 | (0.432,0.500)
0.7 0 D.014 | 0.000106 | (0.008 ,0.024)
0.025 | 0.000165 | (0.017 ,0.032)
0.036 | 0.000255 | (0.021 ,0.052)
0.1 0,102 | 0.000082 | (0.098 ,0.110)
2 | 0.111 | 0.000227 | (0,097 ,0.120)
4 | 0.118 | 0.000336 | (0.108 ,0.130)
0.3 |0 | 0302 | 0000404 | (0,205 ,0.311)
2| 0311 { 0000508 | {0.204 ,0.322)
4 | 0320 | 0.000609 | (0.310,0.335)
056 | 0| 0485 | 0000084 | (0.485,0.500)
2 | 0490 | 0.000281 | (0.474 ,0.500)
4 | 0479 | 0.000362 | (0.455 0.500)
0.5 0 0 [ 0.010 | 0.000082 | (0.005 ,0.018)
2 | 0.017 | 0.000112 | (0.010 ,0.025)
4 | 0.023 | 0.000194 | (0.014 ,0.038)
0.1 10| 0102 | 0000075 | (0.088 ,0.107)
2 0105 | 0.000186 | (0.098 0.115)
4| 0.011 | 0.000265 | (0.102 ,0.120)
0.3 |0} 0300 | 0000257 | (0,207 ,0.308)
2 | 0305 | 0.000338 | (0.296,0.315)
4 | 0.313 | 0.000426 | (0.301 ,0.326)
05 | 0] 0498 | 0.000064 | (0.491 ,0.500)
2 | 0484 | 0.000167 | (0.485 ,0.500)
4 | 0.491 | 0.000245 | (0.477 ,0.500)

-1




3.8 Effect of Using Posterior Probabilities at the
Second Stage

In our proposed EM algorithm, we clagsify each parent into a most Hkely trait
genotype using Bayes’ 0-1 classification rule (see Section 3.3). As we note
from our simulation results {Section 3.4), the performance of our estimator
is strongly dependent on the percentage of correct genotypic clagsification
of the parents. The estimator does not perform well for high degrees of
dominance in the trait.,

An alternative approach, although computationally more heavy, is to
incorporate the actual posterior probabilities of the various genotypes for
each parent at the second stage of estimation of 0, instead of clagsilying a
parent into that QTL genotype for which the posterior probability is the
maximum [which is equivalent to using one of posterior prohability distribu-
tions (1,0,0),(0,1,0) or (0,0,1), corresponding to the three QTL genotypes].
We investigate whether the performance of our estimator improves by using
this strategy.

For these investigations, we cannot use the classification rule given by
Equation 3.1. We note that the posterior probability of the 3t
of the " family belonging to the #*" trait genotype is given by Zjj. ¢ =

parent

1,2,.... K 7 =1,2, 1 = 1,2,3, which will be used in the second stage of
our estimation procedure.

[n the present set-up, we need to redefine Gy, G and Py, as:

!

(iq, Gsn trait genotypes of parents in the it family.
L —_ ~ — "1 —_ / — .
P ™ = P(Hi; = %G =, Gie = Ym My, Mia, Mi;),

where 71 = A1Ay, 7o = Ajay, 13 = aq104.
Similarly, Qi;, has to be redefined as:

9, i}'ni'm = P(H;; = wlGi = 1. Giz = 9m, Miy, Mia, Mz, yi)
ﬂjul‘mfu(yij)
|
Zi:l Pijnhmfu(yij)

Thus, at the trait genotype classification stage of each oflspring, we need

I

to classify the offspring for every possible trait genotype combination of the
parents (i.e., for each combination of (I, m),I,m = 1,2,3). The likelihood

r'

R



function L(6) is identical to Equation 3.2 except that each [;(8#) comprises
more complex mixture components than in the example given in Section 3.3,
with the mixture proportions being functions of the product (17 X Ziam),
for each conibination of (I,m), i.e., the posterior trait genotype probabilities
of the parents in the it* family.

We use simulated data with the same sets of trait and linkage parame-
ters as in Section 3.4 to compare the performances of the estimators under
the two strategies. The results based on the present strategy is given in
Table 3.11. Comparing this table with Table 3.1, we find that mean of the
estimates of # are, in general, more close to the true values of  and have less
variance compared to our earlier procedure hased on parental classification.
Moreover, the confidence intervals of @ are less wide under this srategy. The
performance of the two procedures are similar when the proportion of ho-
mozygotes is high and dominance at the trait locus is low. However, as the
proportion of heterozygotes or the degree of dominance at the trait locus
increases, the performance of this procedure becomes increasingly better.
This is due to the fact that unlike our proposed procedure, this procedure
does not. depend on the performance of parental trait genotype classification,
Thus, the performance of this procedure is not affected by parameters which
increase the misclassification probabilities like trait locus heterozygosity and
dominance, The estimation procedure using posterior probabilities, there-
fore, has more desirable statistical properties than our previous estimation
procedure using classification of parents into a specific QTL genotype. Data

analysis using this new strategy is, however, computationally more complex.

Table 3.12. Mean and Variance of 0 and 95% Confidence Interval of # based
on 133 randomly sampled nuclear familles for simulation paramoter values o =
b, o =1, =01,

p | MIF | SDIF | 8 | Mean(8) | Var(®) [ 95% C.L o 0
0.9 | 100.048 | 5003 [ 4 | 0178 | 0.000952 | (0.134 ,0.190)
0.7 | 100.023 | 5.016 | 2 | 0126 | 0.000334 | (0.096 ,0.124)
0.5 | 99.980 | 5.008 | 0] 0110 | 0000122 | (0.098 0:121)

"MIF and SDIF denote the empirical mean and standard deviation of the number of

informative families

0%



3.9 Evidence that analyzing data on restricted-
sense "informative" nuclear families is equiv-
alent to analyzing data on a larger number,
predictable a priori, of randomly-sampled fam-

ilies

In our simulations, we have generated data on nuclear families which are
"informative" in the sense that at least one of the parents is heterozygous
at the marker locus. These data were then used for understanding the per-
formance of the estimator. In Section 2.2, we have argued that this strategy
is equivalent to analyzing data on a larger number of randomly-sampled
fainilies; that is, the performance of the estimator will be the same whether
we use NFAM "informative" families or use the larger number of randomly-
sampled families required to produce NFAM “informative" families. Formu-
las for calculating the expected number of families to be randomly sampled
for this purpose have also been provided in Section 2.2, We now provide
empirical evidence to confirm our claim that these iwo sampling procedures
are indeed equivalent for understanding the behaviour of the estimator.
With 0.5 as the frequencies of the alleles M; and *nil at a biallelic marker

locus as used in our simulations, the expected number of nuclear families
to generate NFAM informative families (NFFAM is the number of replicate
families used in our simulations) is NFAM x 4/3. [Analytical formula has
been provided in Section 2.2.] Thus, we generate data on 133 randomly
chosen nuclear families in each replication so that the average number of
informative lamilies is 100 (= NFAM). The results based on 133 randomly
chosen nuclear families are given in Table 3.12 for different sets of parameter
values. We first note that for these sets of parameter values, the average
number of "informative" families is very close to 100 with a very small stan-
dard deviation (= 5). Second, we find from Table 3.12 that the means and
variances of 0 based on 133 randomly chosen families are very close (o those
(Table 3.1) obtained from data on 100 informative families. Moreover, the
confidence intervals of 8 are also similar. Thus, the properties of the estimar

tor are equivalently revealed either by analyzing data on 100 "Informative"

6()



families or on 133 randomly chosen families, We have also investigated the
performance of the estimator for other sets of parameter values. ‘['he re-
sults, as expected, were analogous to those presented above; details are not
provided for brevity. This provides an empirical evidence of our theoretical

claim made in Section 2.2.

3.10 Discussion and Overview

The proposed method of linkage detection exploits the fact that knowl-
edge of parental genotypes at the QT'L greatly eases statistical estimation
of 8. Since for a quantitative character, the QTL genotype of an individ-
ual cannot be inferred with certainty because of intringic variability within
genotype classes, we have used the EM algorithm coupled with a Bayes’
classiflication procedure to classify parents into QTL genotype classes. A
similar EM approach to estimate the trait parameters was used by Kao and
Zeng (1997) in mapping a quantitative trait locus in an interval flanked by
two markers. However their procedure was based on inherent knowledge of
haplotype information which is noi readily available in human genetic stud-
ies. Moreover the effect of marker genotype on trait value was assumed to
be linear. The procedure proposed by us does not use these assumptions.
In our procedure, estimates of trait parameters and recombination fraction
are obtained. The estimates of lrail parameters are used in inferring the
parental QT genotypes. The estimation of trait. parameters, in the first
stage of the proposed two-stage procedure, can be based either on data of
a random sample of individuals or on data of parents (assumed to be un-
related) in families. The [irst stage of our procedure does not use marker
genotype information. Thus, even if families are sampled, it will be prudent
o initially obtain only measurements of the quantitative trait on parents.
The IEM algorithm implemented in the first stage will provide estimates of
trait parameters. Having obtained these estimates, we can classify parents
in families into major QTL genotypes, using the proposed classification rule.
This enables identification of potentially informative families (i.e., at least
one parent heterozygous at the major QTL). Then, the investigator can ob-
tain genotype information at marker loci on both parents and measurements
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of quantitative trait on offspring in those families in which at least one parent
is doubly heterozygous. Thus, the proposed two-stage procedure provides
cost effectiveness in terms of data collection. In the second stage, hased
on data on only informative families, the proposed EM algorithm provides
the maximum likelihood estimate ol the recombination fraction between a
marker locus and the major QTL. We note that in the context of human
pedigree analysis, the EM algorithm was first applied by Ott [1977].

We have shown that our proposed method results in virtually error free
classification of parental QTL genotypes, unless the dominance effect iz very
large. We have also shown, using simulations, that for a wide range of pa-
rameter values, that corresponds to widely different values of the proportion
of variance in QT explained by the major locus, the estimates of recombina-
tion fractions and the power to detect linkage are quite good for reasonable
sample sizes. We have shown that our method performs more efficiently
when data on multiple markers flanking the trait locus are used, One major
advantape of the proposed method is that the estimation of recombination
fractions is not as strongly tied to estimates of QTL parameters as in lod-
score analysis. Through the use of EM algorithm, the present procedure
extracts appropriate information from the quantitative data and then uses
a Bayesian classification rule to transform the QT data to qualitative geno-

types before estimating & from the transformed data by a likelihood-hased
method. This reduces the impact of error in estimating trait parameters on
the estimate of 8. Because of the weak dependence of & on estimates of trait
parameters, and because no separale segregation and linkage analyses need
to be performed in the present approach, the earlier observations that model
misspecification can seriously aflect estimates of trait parameters [Dizier et

al. 1993; Atwood et al. 1995] and that prior segregation analysis can reduce

the power to detect linkage [Atwood and Slifer 1997] become less relevant.
I‘urther this approach leads to a considerable reduction in computational
load, which in usual parametric segregation and linkage analyses ol a QT
can be sufficiently heavy to require the use of a supercomputer [Atwood and
Slifer 1997]. Joint segregation and linkage is computationally even more ex-
pensive, although there are some indications that it may be more powerful
Gauderman et al. 1997] than separate segregation and linkage analyses. We

have shown that for reasonable levels of linkage heterogeneity, the proposed
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method performs quite well. Model misspecification, treating a two-locus
QT as a single locus QT, even though yields biased estimates of &, leads to
gross errors in inference only when both trait loci have nearly equal effects.
Thus, the present method appears to be quite useful and robust for QTL
mapping. Compared to numerical maximization of the likelihood of parental
and offspring data, on all families jointly with respect to all parameters (re-
combination fraction, trait parameters and allele frequencies), the proposed
stagewise procedure using the EM algorithm is computationally much more
efficient. and provides reduction of data collection costs.

We have compared our Classification-EM procedure with a currenly-
used QTL mapping procedure as implemented in the MAPMAKER/QTL
(Ver. 1.1) package (Lincoln et al. 1993). We have shown that our proposed
procedure outperforms the procedure implemented in this package, unless
the degree of dominance at the trait locus is very high, We further note
that while in our procedure data on backcross and intercross families can
be analyzed jointly, data on these two types of families need to be analyzed
separately using MAPMAKER/QTL.

Since it was found that our Classification-EM procedure does not per-
form well when the degree of dominance is high, we investigated the per-
formance of another related, but computationally more heavy, procedure.
In the first stage of our Classification-EEM procedure, the posterior prob-
abilities of QT genotypes of each parent are calculated and the parent is
clagsified into that QT genotype class for which the posterior probability is
the maximum. These "classified" parental data are then used in the second
stage of estimatlion of 8. Instead of classifying each parent inlo an inferred
QT genotype class, one may use the three values of the posterior probabhili-
ties corresponding to the three QT genotypes that are estimated in the first
stage, to build up likelihood function used in the second stage. The lkeli-
hood function, when the values of posterior probabilities are used, ohviously
involves a greater number of mixture terms than when "classifled" parental
genotype data are used. Using simulated data, and the method in which the
estimated values ol the posterior probabilities are used, we find significant
improvements in the efficiency of estimation of the recombination fraction,

even when the degree of dominance at. the QT is high.
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Chapter 4

Mapping in the Presence of
Epistatic Interactions

4.1 Introduction

Experimental studies on quantitative characters in plants (see, e.g., Tanksley
1993), dairy cattle (Georges et al. 1995), mice (Berrethini et al. 1994), rat
(Schork et al. 1995), etc. have revealed that quantitative traits may often
be determined by multiple loci. There is also increasing evidence (Lark et al,
1995: Coupland 1995; Iijneman et al. 1996; van Wezel et al. 1096, Chang
1999) that alleles at the loci determining a quantitative trait may interact
epistatically. In Chapter 3, we have primarily considered the quantitative
trait as being determined by a single major locus, Although, a quantitative
trait may be determined by multiple loci, often the effects of the loci on
the trait are highly variable, so that it may suflice to consider only those
loci which have large effects, which are generally few in number, and are,
therefore, more easily mapped than those loci with small effects. However,
in view of the experimental observations cited above, it i8 necessary to con-
sider multiple loci and the possibility of epistatic interactions among the
loci. Statistical methods for mapping quantitative trait locl have generally
ignored epistatic interactions (I'rankel and Schork 1996). In this Chapter,
we propose two computationally simple statistical techniques, by extending
some traditional techniques, for mapping QTLs when the trait is actually
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determined by a set of unlinked, autosomal, epistatically interacting loci.
The two imnethodoelogies pertain to two different types of data; nuclear fam-
ilies and sib-pairs. We also elaborately examine the performance of these
modified and extended methodologies from various statistical considerations
which results in insights on the performances of these methodologies under
VArious scenarios.

We first consider parental and offspring data separately on families in
which only one parent is heterozygous at the marker locus and thoge in which
both parents are heterozygous and suitably modify the estimator proposed
by Jayakar (1970) based on variance components, We show, based primarily
on the widths of confidence intervals, that for a wide range of parameter
values the proposed estimator is quite eflicient. Additionally, we suggest a
non-parametric procedure for testing null hypotheses regarding € and show
that the power function of the test has desirable statistical properties. We
also show that analyses of data ignoring epistatic interactions, when in fact
these are present, may lead to grossly inaccurate inferences about linkage.
Ilowever, the variance ol the proposed estimator is found to be larger than
that of the maximum likelihood estimator (m.l.e.). Our results provide
statistical insights on the major reasons why Jayakar's (1970) estimators do
not perform well in practice and are, thercfore, not used.

Our second data type includes quantitative trait values of gib-pairs and
their estimated marker i.b.d, scores. One of the popular statistical tech-
niques o analyze such data is based on the regression of squared difference
in trait values of sib» pairs on their estimated marker i.b.d. scores. Under a
very general setup, even in the preserce of dominance and epistatic effects,
Tiwari and Elston {1997) have extended the classical regression method for
Q'TL mapping when the trait is controlled by two unlinked, autosomal, hial-
lelic loci, Since this general model involves too many parameters, insights
into eflects of variation of individual parameters on the performance of the
method were difficult to obtain. We, therefore, examine the performance of
the method under the specific digenic interaction model. We also ext.end the
method to the case of a quantitative trait that is controlled by multiple un-
linked loci. The competing strategies of analyzing the data by simultancous,
as opposed to sequential, consideration of the markers are quantitatively as-
sessed using simulation studies. As is intuitively expected, the simultaneous
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strategy is found to be more optimal and cost-effective.

4.2 Modification of Jayakar’s (1970) Procedure
for Nuclear Family Data

Based on ohservations on members of nuclear families, that is observations
on parents and their offspring, Jayakar (1970) derived an estimator of &,
the recombination fraction between the putative trait locus {a single locus
is assumed to determine the quantitative trait) and a marker locus, as a
function of the variances of the quantitative trait in the population and
among offspring of specified marker genotypes within and across various
parental mating types. In this Section, we modify Jayakar’s estimator of ¢
to the case of a quantitative trait being determined by multiple, uniinked,
epistatically interacting, loci. We also examine the statistical properties of
the modified estimator.

We assuine that a quantitative trait is controlled by L autosomal bial-
lelic loci, Let A; and a) denote the alleles at the & locus, I = 1,2,..., 1.
We assume that the loci are mutually unlinked and that the population is
in Hardy-Weinberg equilibrium in respect of each of these loci. Let the al-
lele requencies at the I** locus be denoted as p; and q; = 1 — p;. Let the
expectation, E(Y), of the quantitative character, ¥, given the genotypes of
the I locus be o, 0 and —ay for AjA;, Ajay and qa, respectively, i.e., there
is no dominance in any of the QTLs. We assume that the variance of ¥
within each single-locus genotype is the same. The epistatic interaction el-
fects bhetween the QTs have been described in Section 2.1. The conditional
expectation and variance of Y given the genotypes at all the L, QTLs have
also been discussed in the same Section.

We assume, without loss of penerality, that the trait locus (Ay,aq) is
linked to an autosomal biallelic codominant marker locus with alleles M,
and ny. These two loci are assumed to be in linkage equilibrium. Let the
recombination fraction between the loci be denoted as 8. Our purpose is to
estimate @ from observations on the quantitative trait and the genotypes at
the marker locus on members of [amilies.

To ensure informativeness for linkage, it is necessary to only consider
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matings for which at least one parent is heterozygous at the marker locus.
We shall distinguish, at the marker locus, the two types of families, backcross
(M M) x Mimy) and intercross (Mimy x Mym,). [t is obvious that mymy X
Mim, families can be handled in the same manner as M M; X Mym, families
by relabelling alleles. Families in which neither parent is heterozygous at
the marker locus are excluded from analyses.

Since only the (A),a1) locus is linked to (M1, m1), information on & is
‘contained only in two locus gametotlypes obtainable upon joint congideration
of these two loci only. The probabilities of offspring genotypes at the (A;,a;)}
locus for various backeross parental genotypic matings has been provided in
Table 2.2.

I'or any particular parental genotypic mating g{= 1,2, ...,11)}, let 7, and
Y, denote the probability and value of the quantitative trait, respectively,
for an offspring of type ;i =1 = A|A\M M, 1+ =2 =Aq MM, =3 =
ajai MMy, 1 =4 = AjAiMimy, i =5 = AjeaiMiymyand ¢ = 6 = aya M1ma.
Let,

T, = Var{Y,,Ye,..., Y} = Variance of trait values among all offspring;

Vo1 = Var{Yq1, Yy, Y,s) = Variance of trait values among olfspring of
marker genotype Ay,

Via = Var{Yg, Y, Ye} = Variance of trait value among offspring of
marker genotype Mimy;

Vg = Vo1 + Vi, and

V>, = Variance of the trait value Y in the whole population.

For the model considered,

2

L L
T=E(T,) = o +pnafoi+d A~ a)} +2) pigi{a; + Aylp — @)Y’
=2 =2
L L q 2 :
: p 3 '
+2) Y A PS + @) 0 + %) — (0 — %) (v — 95)°)
2 joi
L L L
+Hpr Y Aypai 4 Ayles — wdpsgi{eg + A(pr — @)}
ea i=2 b
L 2
V=E (V) = 20% +piqa{1+10(1 - O)}{en + ) A1j(pj — gj)]

j:
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I L
+4 3 piaileg+ Ai(pr — @)} +8piar D A1

j=2 Jo 2
L L . ,
¥ Ly 2
+4) Y AR + 60 + 9 - (0 — @) (95 — 4)°)
=2 §>i
L L
+8> Y Aylpi — gi)pigi{ey + Aylpr — @)}
i=2 j7i

The variance of the trait value Y, in the whole population is:

2

L 'y
Vo = o+ Zmq{on + Z Aqi(pi —a5)} + ijqj{ﬂ‘f + Agi(pr - ar)}”
Lo Z 2 2
+2 ) > A0 + 07) i + ¢ — (i - @) (s — ¢)°)
i=2 j>i
L L L
Hpiar ), Aipig +4 )Y Aiile — adpsas{ey + Avilpr — o)}
=2 i=2 ji

I'rom the above equations, we get:
Ve = T'=prqi{as + Zf’:z Anzp; — 95)}

1 , 2
and, 27— V= piqi{on + $7g A1(p; — ¢5)} (1~ 260)°

2

Hence, (1 — 20)* = fg:,}f

or,

0= o[- \/ iR (4.1)

The estimate of # is obtained from the above equation by plugging in
observed values of T, V and V,. We note that although Equation (4.1) is
independent of the parameters underlying the model governing the trait and
marker loci (i.e., as, As, ¢* and allele frequencies), the sampling distribution
of the proposed estimator of 0 is a function of these parameters as is evident

from the expressions of 1) V and V),

When the family is an intercross (Mymq x Mimi), the probabilities of
different offspring types for various parenial genotypic matings are given
in Table 2.3. As in the case of backcross, let, for any particular genotypic
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mating g(=1,2,...,10}, m, and Yy; denote the probability and quantitative
trait value, respectively, for an offspring of type i; ¢ = 1 = A A M\ M,
i =2 = Aa MMy, .., 1 =9 =aqaymm,.
Let,

Vi1 = Var{Yn, Yp.Yes)

Vo = Var{Yp, Y5, Yye)

Vs = Vﬂ-?‘{Yg ,}‘}}g,}’gg}

If V| = E,(Va), Va = B,(Vig) and Vs = Ey(V3), we have:

2

. .
Vi=Ey(Vy) = o dp1q10(1 — 0){ey Z Ari(p; — ;)
=2

L L
+2) pigs{e + Auilpr = @)} +dpar Y Aspig;

L& 2 2
+2) 3 MG @R+ 6 e + a7 — (o — @) (p — @)°)
=2 j>i
L L
+4 )Y Aijps — g)psai{os + Ao — @)},
i=2 joAi _ ~
L 2 L ,
Vo = Ey(VgQ) = ° +p1q1 { o Z ﬁlj(pj — qj)} 2 ijq_f{ﬂj + Agi(p1 — q1)}
L L 2 y)
+2 E Z ﬁijz{(Piz + qu)(f)jz + ‘?jz) ~(pi~ @) (P~ )"}
=2 >
I L I
Hpiq Y Ao+ 4 ) Aii(ps — @)pigi{og + Ary(py — @)}

Vf} — EQ(VQ;]) — V1
2
Then, 2V — (V1 + V3) = 2piqa{o + Zﬁ’zg Aq;(p; — G’j)} (1- 29)2

Hence, (1 — 20)° = 2"3&& ;:;‘;’3)

or,

1 2V2 — (V1 + V3)
SHTE o -
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Before proceeding further, we wish to note that these computationally
siimple estimators are analogous, hut not identical, to the estimators ob-
tained by Jayakar (1970). The equations corresponding to equations (4.1)
and (4.2) derived by Jayakar (1970) for a single quantitative trait locus, has
in the denominator the term V,, — 01?. These equations fail to hold when ¢4°
ia replaced by E{;l a1?, if there are [ trait loci, even in the absence of any

interactions.

4.2,1 Test procedure and evaluation of power

Having estimated 0, one is obviously interested in testing the null hypothesis
g = 0.5. We suggest a non-parametric test procedure that is analogous to the
permutation test. For the observed values of the marginal totals of offspring,
one can generate simulated data under the null hypothesis # = 0.5, Using
the simulation procedure described in Section 2.2, the required number of
offspring (NOI'T) are obtained. Based on the simulated data, one obtains
an estimate of § by equation (1) or {2). When the simulation is replicated
a large number of times (NVREP), an empirical prohalﬂility distribution of 0
can be obtained and empirical cut-off point(s}), for a predetermined level of
significance, determined. An ingpection of whether the observed value of
is outside the interval determined by the empirical cut-off point(s) provides
the decision on rejection of the null hypothesis.

For the case of two epistatically interacting loci, we evaluate the effi-
ciency of the proposed estimator of € by examining the empirical frequency
distributions of # based on multiple replicates of gsimulated data. A similar
method is also used to obtain the power function of the test procedure.

For obtaining the power at & = , the simulation is carried out with
9 = 0 and at each replication, a check is made whether the estimated
value of @ lies outside of the interval defined by the empirical cut-off points
determined earlier (using 6 = 6 = 0.5, say). If the number of replications
i3 ny, then the power at 8 i8 a/nq, where a is the number of replications for
which 0 = 6y is rejected. For every set of parameter values, these evaluations
are performed with NOFF = 1000 and NEREP = 10000, We emphasize that
NOI'I?ig the total number of offspring in the pooled data set of & particular
mating type (backcross or intercross). If each family comprises 4 offspring,
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we are in effect dealing with 250 families.
Empirical frequency distribution of ¢

igures 4.1 and 4.2 depict the frequency distributions of § for simulation
parameter values of 8 = 0,0.1,0.3 and 0.5, separately for backeross (I'igure
4.1) and intercross (Figure 4.2) matings. The values of the other parameters
used in these simulations are : py = 0.5, p3 =05, a1 =5, ay =1, Ajg =1
and o2 = 1. From these figures it is seen that in all cases, the distributions
are unimodal and leptokurtic. For 8 = 0, in 50%-60% of the replications A is
< 0.1. Similzi,rly for 8 = 0.3, in 50%-60% of the replications 0ig in the interval
(0.25,0.35]. However, for 8 = 0.5, while over 45% of the & values are between
0.45 and 0.5 for intercross matings, this percentage for backcross matings is

only about 7%. Tor backcross matings, at the simulated value of ¢ = 0.5,
about 90% of the 0 values are in the interval [0.38,0.46]. The nature of the
empirical frequency distributions of § for other sets of parameter values are

‘similar; figures are, however, not presented for brevity.
Mean and Variance of §

To examine the behavior of the estimators in respect of variations of values
of the underlying parameters (p1, p2, cei, g, A1z, 52), we perform simulations
for different sets of values of the parameters and evaluate the means and
variances of @, These results are given in Table 4.1. It is seen from this
table that the mean of 0 for both backcross and intercross matings deviate
more from the true value of 8 and the variances of 8 increase with increase in
the value of the interaction parameter, Ajq. Similar deviations in Mean(?))
and similar increases in Var(g) are observed when (a) the variance, o2, of
the quantitative trait increases, (b) the expected value of the quantitative
trait given the genotype of the tralt locus Ag, arp, increases, and (c) when
p1 deviates from 0.5. Variation in py has virtually no effect on Mean(8) or
Var(f)., Although for brevity, results for only a selected number of sets of

parameter values are provided in Table 4.1, we verify the above facts for a

large number of sets of parameter values.
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Table 4.1, Means and variances of estimated values of recombination
fraction, @, each based on 10,000 replications of data simulated at given
sets of values of underlying parameters for backeross and intercross fam-

ilics

, e | Ay | o? Backcross Intercross

Mean(d) Var(®) | Mean(8) Var(0)

.00 5 1.00 { 1.00 | 1.00 { .012t  .00027 | .0180  .00040
00 5 1.00 [ 200 | 1.00 | 0122 .00028 { .0186  .00058 .
00 1.00 | 3.00 | 1.00 [ .0128 .00032 | .0214  .00DBO
.00 1.00 | 4,00 | 1.00 | .0132 . .00037 | .0251  .00114
.00 1.00 | 500 | 1.00 | .0136  .00040 | .0301  .00169
.00 1.00 | .00} 1.00 | .0121  .00027 | .0180  .00049
.00 1.00 | 1.00 | 5.00 | .0139  .00040 | 0236  .00097
.00 1.00 | 1.00 | 10,00 | .0158  .00055 | .0326  .00196
.00 1.00 | 1.00] 1,00 | .0121  .00027 | .0180  .00049
.00 500 | .00 | 1.00 | .0165 .00062 | .0332  .00213
.00 1000 | 1.00 [ 1.00 | .0214  .00131 | .0811  .01483
.00 1.00 | .00 | 1.00 | .0121  .00027 | .0176  .00050
.00 1,00 { 1,00 | 1.00 | .0123  .00020 | .0181  .00051
.00 1,00 | 1.00 | 1.00 { .0122 .00028 | .0183  .00053
.00 1.00 | 1.00| 1.00 | .0117 .00026 | .0179  .DOO5O
00 1.00 | 1.00 | 1.00 | .0121  .00027 | .0180  .00048 !
.00 1.00 | 1.00| 1.00 { .0178  .00053 | .0300  .00119
.00 1.00 { 1.00 | 1.00 | .0135  .00033 | .02156  .00067
00 1.00 | 1.00 | 1.00 | .0124  .00029 | .0184 . .00051
.00 1.00 | 1.00 | 1.00 | .0120 .00026 | .0182  .00049
.00 . 1,00 | 1.00] 1.00 | 0121  .00027 { .0180  .00049
10 50 1.00 | 1.00 | 1.00 | .0883  .00081 | .1028  .00166
30 50 1.00 | 1,00} 1.00 | .2888  .00084 | .2082  .00682
50 50 1.00 | 1.00 | 1.00 | .4228 00072 | .4136  .00750
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Power function

The power functions for different values of 8, separately for backcross and
intercross cases are depicted in Figures 4.3 and 4.4, respectively, for a single
set of parameter values p; = 0.5, p» = 0.5, a1 = 5, as = 1, Ays = 1 and
o? = 1. It is seen from this figure that while the power {unctions are very
well-behaved for values of # in the range 0 < 8 < 0.5. For @ =0 or 0.5, the
powers are rather high even for values of ¢ quite close to that specified under
the null hypothesls. However, from a practical viewpoint, this undesirable
fact for the two extreme values of # may not imply a serious limitation of
the test procedure, As we have already noted in an earlier section, for both
backcross and intercross matings, at these two extreme values of g, In the
vast majority of replications the estimated @is quite close to the true 0. We
have evaluated the power functions for many other sets of parameter values;
‘the results are not provided for brevity since the general feature described

ahove is true for the other sets of values.
Effect of ignoring epistatic interactions

We investigate the effect of ignoring epistatic interactions when in fact these
are present, using the following strategy. For a set of parameter values
8, p1, pa. cer, an, 0 and A = 0, we first obtain, based on 10,000 simulation
replications, the 95% confidence interval of 8 using the procedure outlined
earlier. Then, for the same fixed values of &, pq, pﬁ,al, ag and o2, but with
Ao = Ap # 0, we generate 1000 simulated data sets. For each such simu-
lated data set, we estimate & uslng equation (1) or (2), as appropriate, and
check whether # is included in the confidence interval obtained earlier (with
Ayz2 = 0). Inclusion of § in the confidence interval implies that the estimate
of  is not significantly adversely allected in spite of ignoring the effect of
epistatic interaction when in fact 1t is present.

For several sets of parameter values, we find, using this procedure, that
for most sets of parameter values, the percentage of inclusion of # in the
appropriate confidence interval varies from about 40% to about 80%. For
example, for backecross families with p; = 0.5, p2 = 0.5, a3 = 5, az = 1,
Aqs = 1 and o? = 1, this value is 47.3%. Thus, there is a strong adverse
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effect of ignoring epistatic interactions for egtimating & when in fact such

interactions are present,
Sample size effect

For the proposed analysis, data on all offspring of a particular mating type,
backcross or intercross, may be pooled. In our simulation results presented
above, we assume that the data set of a particular mating type comprises
data on 1000 (= NOFF) offspring. We investigate the performance of the
proposed estimators when data on fewer offspring are available. Based on
simulated data with 0=0.3 and NOFI"*=300, we obtain the power [unctions
for different values of 0 separately lor backcross and intercross families. The
power curves are depicted in Figure 4.5, which as expected, are not as well-
behaved as with NOI'I" = 1000. However for the hacl(cr{)s:a: the power
function is reasonahly well-behaved, although for the intercross, the power is
not very high even for values distant from 0.3, Thus, while for the backcross,
data on even 300 offspring may suflice, for the intercross larger data sets are

desirable especially when the true @ is large.

4.2.2 Estimation of 8 when the marker locus is multiallelic

The above procedure of estimation of 8 can be easily shown to hold in the
case of a multiallelic locus. Suppose the marker locus has /i alleles denoted
by My, M, ..., Mg, A backcross mating will be of the form M;M; x M;M,,
while an intercross mating will be of the form ALAM; x M.

A mating backcross will produce offspring with marker genotypes M; M;
and M;M; with probability 1/2 each. The probabilities of the trait geno-
types of the offspring for various parental mating types are identical to those
corresponding to marker genotypes MiM; or Mym,y in Table 2.2, Thus
liquation (4.1} holds for any type of backcross mating and pooled data on
offspring from all backcross families can be used to estimate @,

In the intercross case, we need to differentiate between matings M; M; x
M;M; and M;M; x M M; where elther 4 # k or § # 1. For MiM; X M; M;
matings, the distributions of the trait genotypes of the offspring for varlous
parental mating types are identical to those corresponding to the marker
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senotypes MM, Mymy or mymy in Table 2.3. Thus for all matings of this
lype, Irquation (4.2} can be used to estimate 0. MiM; < MM (3 # korj # 1)
malings can produce offspring with marker genotypes AM; My, M; My, M; M
and M;M), with probability 1/4 each, The probabilities of the trait geno-
types of the ollspring for various parental mating types are given in Table
3.4, Iiquation (4.2) does not hold for such matings. In order to derive an
estimator of 0, as before deline 1" to be the expected variance of the trait
values among all oflspring and Vi, Vs, Vi, Vi, respectively to be the expected
variances of the trait values among offspring of the four marker genotypes
M My, MMy, My My, MM, *

Then:

2

L
T = o+ piq{og + E Ayi(p; — q;)) +2 Zﬂﬂh{% + 51:(?’1 - QI)}

Je==2 j=2
L1 q : 2
+2) ) A {0 6 7)) — - @) (25— @)
i i
L, L L
APy ) Atpigs 4D, ) Biglpi — w)pigilay + Agglpr — q1))s
=2 i=2 johi

2

IJ'
Vi o -+ dprp 01 ~ O){ev + ) Avilps — a5)}
=2

s
123 pigi{og + Ay — @)} +4pa Z A1;°pjg;
ez j=2
L L ” o . ) )
-2 Z Z 5ijg{(?9i2 + )" + 4 ) = (i —qi)" (B — @)}

22 j>i

L L
4 ¥ Dig(pi — gi)psgi{ey + Bai(m — @1) }s
i
Vi = V1.

Vo = Vi

i

Let V = Vi Vo Vs + Vy

_ | 2 2
Then, 41— V= 2pq1 {1 + Zj;z Aqi{p; — g;)} (1 —20)".

Hence, (1 - .'21’3')2 = l(%:%

8()



‘ 1l A7 17
a, 0= 351~ /5
T'his estimator 1s structurally similar to that derived for backeross mat-

ings [[quation (4.1)]. Thus, the methodology and estimators proposed for
a biallelic marker extend straightforwardly to a multiallelic marker.

4.2.3 Modification of the estimators in the presence of
dominance

Suppose dominance is present in the frait loci, that is, F(Y|AjA;) = 5 # 0
for I = 1,2,..., L. Then the proposed estimators ini Section 4.3 (backcross
and intercross) are not valid and need to be suitably modifled. For brevity
and to avoid complicated expressions, we shall derive the estimators for I =
2. We shall show that under suitable assumptions, the proposed methods

vield approximate estimators ol 0.
Recalling the notations T}V and V, in the backeross case, we have:

o® + pup{an + Aa(p2 — @)} + (1 = p1g)B° — 2(p1 — @) 3]
+2paqa{ s + Asa(pr — 1)} — 8p101BiBs + Ap1qip2geAid”
+2paqafa™ — Apa’qe™Ba” — 4(p2 — ga)pagacinfa;

3

i

V = 20%+pigil{ca + Aualpe — @) Y {1 +40(1 — 0)} + £i*{L + 40(1 — 6)
—~ 8114 0(1 o 0)} — 2(p1 -~ f}'}){l +49(L, — 9)}0:1,31] -+ dpaqa {ﬂ:g - ﬂ.]g(pl — ql)}2
~16p1n 18 + 8piqupaqeAia® + Apaqefa’ — 8p2®q2® e’ — 8(p2 — qa)p2geciafa;

V, = o+ 2q{or + Aplpe — )} 4+ (1 = 2ma)fi? — 2(p1 — q1)aa B
e +2paq2 {ovg + Ara(p — 1)} — 8ma@Bif + dpr qpagadig’
+2paqafa® ~ dpa’qe? B2 — d(pa — g2)paqaerafa.

I'rom the above equalions, we gel:

Vo1 = pqi{on + Bia(pe - 7))’ + Bi*(1 - 3piq1) — 2(p1 — 1) .
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20~V w= i [{ovy o+ &yalpr - fhz)}z |- ﬁlﬂ(] —2p1n)
=20y - g ) A1 - 20)*,

Y ARV ] . 2‘ . } 1} ¥ . 4 :
Hence, sio—yr & (1~ 20)°, assuming pi*q°31° to be negligible compared to

-y J-I il

rFreT
L’(;} _ 1 b
Similarly, in the intercross case, woe have:

Vi = Vo = o dpup[{on -+ Aralpr — @) 01 ~.0) - A2 {(1 - 2p1q0)0(1 — 0)
F2{1 = 20(1 - 0)}001) ~ O)p} = 2(p1 — @) f10(1 — 0)]
F2psga (e + Apalpr — )} - dpgipageAin® — 8prgipagai B
F2paqafi” = pat g B = Apaqa(ps — qa)af;

Voo = a® 4 prgi{on -+ Apalpr ~ 02)}” + 821~ 2p1q1)

+8{1 = 2001 - 0)}0() — Oyprar} — 2(p1 = @) B10(1 — O)}]

+2paga{ca + Analpr — ()} + Apmpedie? - 8pigipageth O

+2p2gafh® ~ Apa® 2’ Ba” — Apaqa(py — q2)ceaBBa;

T o= ot {en+ Aulp - @)+ 640 - pia)
=2(p1 = g1 )]+ 2 {oe + Awulpr - @)}
HAmgipaqadn® - 8piqapagabifa + Ipagale’
~dp* @ " — Apaqa(pe ~ qa)wsfa.
‘I’hen,

Vo~ (Vi4+Va) = 2mgf{es + Apalpe — )} + B2 (1L — 2p1qn)
—2(py — g1 )AL — 20)*,

Vo =T = pg{c + Aplps — @)} -+ 8151 - 3pq1)
~2(p1 — q)ou .

Iience,

)%, assuming p;%q124 % to be negligible compared
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Thus, in order to use the above estimators, we need to verify the condi-
tion that p12q;%6,? is negligible compared to V, — T. Since p1qy < 1/4, it is
sufficient to verify whether B is small compared to 4,/V, —T. This can be
done by plugging in observed values of V,, and T" and estimating 5 by the

mean of the trait values of those offspring with trait genotype Ajaq.

4.2.4 Comparison with the maximum likelihood estimator

Since the character Y is controlled by L trait loci, the number of possible
trait genotypes of an individual is 3%, Let the probability density function
of Y given these trait genotypes be fy, fo,..., far respectively. Then the
likelihood of the offspring data given the parental data is:

L) = [11m; -

7=1
‘where n is the number of observations, f takes values fi, f2,... or far and
7; i8 the probability of the quantitative trait,

We note that, since the only trait locus linked to the marker is (A;, a4),
7r; can be interpreted as the probability of the quantitative trait with respect
to this locus only, As mentioned in Section 4.2, f(¥;) is independent of &
and thus the m.l.e. of & turns out to be a simple function of the number of
observations in those genotypic classes for which 7y is not independent of
6.

We compare the efficiency of the proposed variance method in a two
trait loci set-up with that of the maximum likelihood approach through
simulation studies. We perform simulations for parameter values of oy =
5 an=1 02=1; A;p=1; p; =0.5,0.3,0.1;pp = 0.5 and § = 0,0.1,0.3,0.5
separately for backcross and intercross matings. The results are given in
Table 4:2. It is seen that the m.l.e. of 8 has more precision than the modified-
Jayakar estimator in terms of variance of 0. At the boundary values of 8,
that is, @ = 0 and & = (.5, the mean of the m.l.e. is also closer to the true
value of @ than the modified-Jayakar estimator. We note that the m.l.e. of
8 is independent of the trait values of individuals, while Jayakar's estimator
is not. However, in spite of using the additional information on trait values,
the relative efficiency of the modified-J ayakar estimator is much lower than

the m.l.e.

83



Table 4.2. Comparison between means and variances of estimated values
of recombination fraction, 0, each based on 10,000 replications of data
simulated at parameter values ay = 5,02 = 1 for backeross and inter-
cross families in the two trait loci set-up using Jayakar's approach and

maximum likelihood approach !

g | p Backeross | Intercross
M@;) V@) M@y V@) | MO) V@) M@Ou) VOu) |
6 .50 | 0121 00027 .00003 .00001 | .0180 00045 .00003 00001 |
30 | .0122 00028 .0001  .00002 | .0186 .00058 .0001  .00002
A0 | L0128  .00032  .0001  .00004 | .0214 °.00080 .0001  .00004
10 | .50 | 0983 00081  .0997 .00005 | .1028 00166 .1248  .00004 *
30 | .1020 00105 .0994  .00012 | .1041 00210 .1165  .00007
10 | 1045 00117  .1013  .00016 | .1066 .00229 .1187  .00009
30 | .50 | 2888 00084  .3001 .00012 | .2984 00582 .3312  .00008
30 ) 31001 00118  .3013  .00D23 | .2970 .00630 3282  .00011
10 | 3138 00142 .3067 .00049 | .3026 00725 .3304  .00015 |
50 | .60 | 4228 00072 .04953 00005 | .4135 00750 4964  .00003
30 | .4183 00154  .04920 .00006 | .4102 ,00848 4951  .00005
10 | 4117 00202 .04908 .00008 | .4036 00971 .4926  .00006

4.3 Extension of Haseman-Elston (1972)
Procedure for Sib-pair Data

In this Section, we extend Haseman and Elston’s (1972) regression-based
QTL mapping method using sib-pair data. We start with a simple model
of the QT being determined by two unlinked, autosomal, epistatically in-
teracting biallelic loci, and then extend it further to multiple QT locl. We
note that for two loci, our model s a special case of the more general model
considered by Tiwari and BElston (1997). However, as mentioned earlier,
our model of epistasis is prompted by experimental observations, and the
small number of parameters in our model enables clearer evaluation of the
marginal effects of different trait and linkage parameters on the sample size

requirement to detect linkage,

‘E,} refers to Jayakay's estimator and EM refers to maximum likelihood estimator.
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The digenic-interaction model considered here is given in Section 2.1.
We assume that the trait locus (Aj, a;) is linked to an autesomal, bial-
lelic codominant marker locus with alleles M; and my; | = 1,2. The loci
(A7, ap) and (M}, my) are assumed to be in linkage equilibrium. Qur aim
is to make inferences on &, the recombination fraction between (A;, a;) and
(M, my); 1 =1,2, based on data on the quantitative trait values of sib-pairs.

Suppose {(yn,ypm2) ¢ 7 = 1,2,...,n} are the observed values of the
quantitative trait of n independent sib-pairs. We assume that (y;1,y2)s are
distributed with an identical covariance structure given by

azlp.
p 1

Let m; and wjy be the proportions of alleles shared 1.b.d. at the loci
(A1.a1) and (As, ag), respectively, for the j** sib-pair. These proportions
can assume values 0, %,1. The conditional probabilities of genotypes of
sib-pairs with respect to the locus (A4;, ;) given my are provided In Ta-
ble 2.4. As the loci (Ay,a1) and (As,as) are unlinked, the joint condi-
tional probability of the trait locus genotypes given the trait i.b.d. scores
is the product of the marginal conditional probability of each trait lo-
cus genotype given the corresponding trait i.b.d. score. FIor example,
FS8ib 1 = AjAjAsAg and Sib 2 = A1A1A2Agl?rj1 = %,Trjz =1)= p13‘}322+

Define ¥; = (Y ~ Y}g)z, i=1,2,...,n; ie,Y; denotes the squared pair
difference in the trait values for the 7#* sib-pair. |

Note that (Vi — ¥j).= 20%(1 - p) = ¢%,¥j=1,2,...,n. Now,

E(Yj|mj1, mj2)
= WY — Kv‘:ﬂ\’ffjli ?Fjﬁ) T {E(Yi - Eﬂl"rﬂ'ﬂﬁ)}ﬂ
= & + {B(Yy — Yalmj, 1))

The conditional expectations of Y; for the different values of 7r;1 and mj;

can he summarised by the following relation:
EYjlmj,mp) = ao+ oamy + aemje,
where:

ag = ¢ -+Hdp1gy {afj2+ﬁ2(p22+q22)+2ﬂ1ﬂ(P2~Q2)}+4P2Q2{ﬂfzz-l"ﬂ_iz(m2+qlg)+2ﬂf2ﬁ(ﬁ1“q‘1)};
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oy = —Apyq{en? + A%(pe® + q2%) + 200 A(pe — ®)};
vy = —dpagafan® + A%(p? + qlg) + 200 A(py — 1) }. (4.3)

For clarity, the derlvation of E(Yj|m; = 5,m3 = 1) is given in Appendix
q.1.

4.3.1 Derivation of the regression equation

Let mm, and mm, denote the proportions of alleles shared i.b.d. at the
marker loci (M), m1) and (My,my) respectively for the j** sib-pair. Let
f ji“) denote the probability that the §** sib-pair has 4 alleles shared 1.b.d.
at the marker locus (M;,my),4 = 0,1,2;1 = 1,2. Then the estimator of

Timy 18 glven by Tjm, = ij(!) + 3 /i (). ] = 1,2. Haseman and Elston (1972)
have cxplicitly calculated fﬁu) for diferent mating types and in the case of
missing parental information, they have suggested an algorithm considering
phenosets (Cotterman 1969), | | |
Suppose now we are interested in evaluating E(Y;|Tm,, Fim, ). In order
- to compute this expectation, we further condition Y; on 11, T2, Tjm,+ Tjm,-

1(Y; |ﬁ,fm1 s T gy )
= Yoy 2oy Y5150 i) P(Tj1 5|y s )
= Zwﬂ }:wﬂ Z‘?ijl z:-:rjj,”2 E(Yj]'?l‘j], ﬂiﬁ)}j(?rﬂiﬂi?l“jml '- ’?ijg)H?ijU?ijg |7 jimy » T jma)

- >J > L Z E(}?lﬂjhW.;FE)P(?TJ'Il'*"'jmn)P(Wjﬂlﬂjmz)Hﬂjml ‘ﬁfm)P(?rjmzlﬁjmg)

Ti T2 Timy Timg
(4.4)

In the above expressions, > . 0 ete, denote summations taken over all
possible values of m;, etec. The conditional distributions of 7|, and
7 sy | jm, are provided in Tables 2.5 and 2.6, respectively. Thus using Equa-
tions (;1.3) and (4.4), we can obtain expressions for E{Yj|Tjm,, ®jm;). Ior
example, E(Yj|fjm, = L = 0) = #? + dpyn {og? + A%(pa? + @*) +
201 Alpz — ) (1 — 1) + dpege{® + A%(pr? + ¢1®) + 200A(p1 — q1) Jb2
where ¢ = 0% + (1 — 0;)2; | = 1, 2. For brevity, the conditional expectations
of Y; for other values of Tjy,, and y,, are not presented.

Combining the different values of T jm, and 7 jm,, we obtaln the relation:
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wlhaoro:

Ao = &* +dpig {an? + A%(pa® + q2°) + 201A(pa — q2) }(1 — 201 + 20,7)
- flmr,rg{ng?‘ - &2(1)12 +- f}lg) + 200 A(p; — 1) (1 — 265 + 2922);

B = —Ap1qr {on? + AHpe? + 22) + 200 A(pa — g2)}(1 ~ 26)%;

Fy = —dpaga{as? 4+ A% (pr® + 1) + 2 A (01 — 1) }(1 ~ 201)°. (4.5)

T'his provides the motivation to set up the linear model:
. }G = [y +.317ﬁrjml -f—ﬁg?ﬁl‘jm? + ey, 7=12,...,n

where e;s are i.i.d. N(0,7°),

We now note that lor { =1,2; 8/ =0& =05and B <0 & 0; < 0.5
as A is an increasing 1 — 1 function of ;. Thus, a test for linkage at the
I locus (e, Hy: 0y = 0.5 vs Hy 1 0; < 0.5), it is equivalent to testing for
g : Oy = 0 vs ]5{;1 : 1 < 0 in the above linear model. The test statistic is

given by 1} = J?iﬁ) where f3; is the least squares estimator of £;. In order
50013 .

to compute the standard error of B, considerthe design matrix X glven by:

ﬁ'lﬂr:.] ﬁlmg 1\

ﬁ:um. ﬁ*nrmg 1 J

Lot S = (X'X). Then 5.&(f) = 91::—{—?%-2- where 8% = (S§71), 'and Rp* =
residual sum of squares = 37 (¥~ Bo — B Rsm, — Egﬁﬁnz)g. Under Hy, Tj
follows ‘a t-digtribution with (n — 3) degrees of freedom. Thus the critical
region for a level o test is given by 1} < lyp-31-a-

If n is sulliciently large, by the Central Limit Theorem (C.I.T.), we
can approximate the critical region by: T} < z1-o where 2, is the (1-- )"
quantile of a standard normal variate,

The power function () is glven by:

Pp) = Fﬁ;{if"éw-a}
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— P — ":: of e
ﬁt{m B) 1o}
gy
= Pﬁl{iiﬁ--?; < g .ﬁﬂf }
5.C. (ﬂ;) S.E(ﬂ;)
= ®{s1-4 — }(using C;IJ.’l"‘.)
ge(f)

where @ is the c.d.f. of N(O, 1).

4.3.2 Determination of sample size required to detect
linkage

Having derived the power function of the proposed test, one is obviously
interested in determining the minimum sample size required to detect linkage
at the I locus; I = 1, 2.. In order for the test to have a power 2 at 8 (which

is a 1 — 1 increasing function of &), we require the condition:

B{s1oq ~ —L} =

HH”UE

ny—3
= Zleq =213

nﬂ:i'
ﬁn,-—
2 tp 2
Zlen—21—g) 8" R

= ny = ( f—a ,115‘1:53) 0 + 3 (4.6)

Thus the required sample size to detect linkage at both the loci is given by
n = maz(ny, n2). In order to examine the effects of different trait parameters
and linkage parameters on sample gize requirement, we provide the followlng

proposition.

Proposgilion: The sample size (n;) required to detect linkage at the I

locus is:
() an increasing [unction of 0y;
(#1) an increasing function of py;
(1#4) n decreasing lunction of p;, 4 # {;
(iv) a decreasing [unction of ay;
(v) & decreasing function of A;
(vi) independent of ay,i # I
(vi1) independent of 6% and p.
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Proof: Without loss of gencrality, we assume that p; > ¢, { = 1,2.

[Bquation (:1.3) implies that £ is an increasing function of ; and p; and a

decreasing [unction of oy, A and p; (i # 1). Now, 5 <0= B° is a decreasing

function of £;. Considering equation (4.6), (i) — (v) follow immediately.
Again, equations (4.5) and (4.6) are both independent of «; (3 # 1), 0?

and p. Thus, (vi) and (v#) are obviously true.

Ilence, as intuitively expected, if the strength of linkage between a trait
locus and a marker locus is higher, a smaller sample size suffices to detect
linkage. Moreover, il a locus is controlled by severnl loci with comparable
effects, then the sample size required for mapping the QTL with the highest
level of heterozygosity is the smallest., Ifurther, if among several QT'Ls, the
marginal eflect ol one QTL increases, then smaller sample sizes are required
to map that locus. Thus, among several QTLs, the QTLs with major effects
are easiest to map. Moreover, if two QTLs have equal effects, then smaller
sample sizes are required to map them if they epistatically interact than
if they do not, A similar result holds if there are multiple loci even with

unequal eflects.

4.3,3 Simultaneous detection vs. sequential detection as
strategies to reduce sample size

One interesting question that may arise in the determination of sample size
to detect linkage at Dhoth the loci is whether it is more optimal to anal-
yse the data by considering both the markers simultaneously (as illustrated
in the previous Subsectic}‘n) or by considering them sequentially, one by
one. In order to resolve this problem, let us first obtain expresslons for
E(Y;|%m,); § = 1,2. Using the conditioning arguments as before, we can

easily show that:
}ﬂ(}?lﬁ—jﬂli) b ﬁ[] -+ ﬁ‘ﬁjﬂ'lﬁ l.: 1121
where:

Bo = ¢ +dpq{e® + A% pa® + gs1%) + 20uA(pa—t — g3} F(1 — 26, + 26,°)
—!-flpg...;q’g__l{a:g_ig + Ag(ptg + QIZ) + 203 1A (D) — qi)}; and

| | . )
O = —dmq{og® + AU pa-i® + @3-1°) + 204 A (p3-g —~ g3-1) }(1 — 261)",
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We note that 3 s a 1=~ 1inereasing function of & and g =0 & (= 0.5

while g < 0 4> 0p < 0.5, Thus, in order to detect linkage at the I locus,

we use thie test stalistic T} = -:.~ﬁ‘z— where
8.0.{fh) 4
Jo (A ﬁ?l (Zf}j . B{) - al'ﬁ'jmr)ﬂ
H.ﬂ.([;) m . —
(?! - 2) }}:.‘.‘1 (ﬁjfﬂj - ?r"”)

7y follows a f-~distribution with (n ~ 2) degrees of (reedom under the nuli
hypothesis of no linkage ab the ' locus, 1f n is sulliciently large, the power

function, 6), of the above test can be approximated by:

) = Dz — (BI.,...
N ({3;)}

The winitun sample gize to deteed, linkage at the (4 locus (i.e., to attain a

power of g al fg) i1 given hy:

2

"~ e e 2 atl ae 7 e .
N = (103 gy 205 1 (s — Po = BT m) + 2.

'i 2 i H . pah- 2

[I (IL — 2') Zjl (rﬂ.j”“ — ?TTH'!)

Thus the minimum sample size 1o detect linkage at both the locl is given
by N = maz(Ny, No). Though N (as given above) and n (a8 deterinined
in the previous section) cannot he compared analytically, we show through

simulation studies thal » is, in general, smaller than N, that is, we require a
amaller sample sizo to deteet linkage at both the loct if we analyse tho data
by considering both the markers shuulatencously as opposed t0 considering
them sequentially, one by one,

We note here that since the two (Q1'Ls are unidentiflable, in the sequential
strategy, evidence of linkage would imply that the chosen marker locus is
linked Lo one of the two trait Joch, As the chosen markers are themselves
undinkecl, ovidenee of Bukage for two different markors would indleate that
we are able o map both the Q1'Ls. Maoreover the sequential analysis of
markers is equivalent o analysing the data under the migspecified moclel of
a single Q'I'L. We thus observe that, under this misspecifled model, linkage
of the chosen marker locus with the Q'I'T, can be ¢o rrectly detected, bulb it

requires o larger sample to map that Q1.
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4.3.4 Extension of the regression procedure when the
quantitative trait is controlled by more than two loci

The regression procedure described above can be easily extended when the
quantitative trait Y is controlled by & autosomalbiallelic, unlinked loci
(A, a)). (Ag a2}, ... (Agoag). The generalized epistatic interaction model
considered in the case of multiple loci has been described earlier in Section
2.1.

Suppose the trait locus (Ay, ) is in linkage equilibrium with an auto-
somal, biallelic, codominant marker locus (M, my), 1= 1,2,...,k, and the
recombination [raction hetween these two loci i3 §;. Our aim is to make in-
ferences on O based on observations on the quantitative trait of n sib-pairs
given by {{y;1.y5) 1 7=1,2,...,n}.

Suppose {my 11 =1,2,...,k} and {m;n, : I =1,2,...,k} denote the pro-
portions of alleles shared i.b.d. at the I** trait locus {(Aj, @) : 1 =1,3,...,k}
and the " marker locus {(My,my) : 1 = 1,2,...,k} respectively. mjm, can
Dbe estimated by 7, = fjga) + 4 [, where fﬁ(') is the probability that
the 7** sib-pair hag 4 alleles shared i.b.d.at the marker locus (M, my), i =
0,1,2: 1 =1,2,...,A. -

Defining Y5 = (Y — Y,,«_:;)‘2 and using the same conditioning argument as

in the two loci case, we can show that:

L
E(}'}'lﬁjml, e e ‘ﬁjmk) = )80 + Zﬁiﬁjﬂtu
=1
where 4 is a 1 — 1 increasing function of §; and §; = 0.5 & [ = 0 and
0 <05 & 5 <0,
‘I’'hus in the linear model:

-

k
}G:ﬁ“+zﬂfﬁir11-r+ﬁj= =1,2,...,n
I=1

where e;8 are ii.d. N(0,7%), testing for Hp : B = 0 vs Hy A < 0 is
equivalent to testing for Ho : 0) = 0.5 vs Hy: 0 < 0.5,

T'he test statistic given by 1) = ﬁﬁ(f?— follows t,,—g~.; under Hy. Note that
WM

P lp 2 . PN
§e(f3) is given by sm*tf_ﬂ%—l where Ro* = Y5y (Y5 — o — 2= Bitm,) and
s is computed from the design matrix X given by:
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\ By« - - Toumy 1)
If n is sufficiently large, the power function, P(;), of the above test
bhecomes:
5
s.e(f)

The minimum sample size required to detect linkage at the I** locus (i.e., to

P(p) = ®{z1-4 }

attain a power 8 at G;) is given by:

_ (210 — z1-p) 8" Ro’

7 F(k+1).
B
Thus the minimum sample size required to detect linkage in all the & locl is
given by n = maz(ni,ne,...,n;). As in the two loci set-up, simultaneous

. analysis of the k markers reduces the sample size requirement to detect
linkage at all the & loci as compared to sequential analysis of the markers,

one by one.

4.3.5 Simulation results

In order to assess the performance of our proposed regression strategy, we
generate data on trait values of sib-pairs and estimated marker i.b.d. scores
for different parameter values. The different steps of the simulation algo-
rithm have already been described in Section 2.2.

IHaving generated the required data on 100 sib-pairs, we regress the
squared difference in trait values on the different estimated marker i.b.d.
scores. .Based on the regression coefficients obtained, we evaluate the sample
size requirements for detecting linkage for different values of recombination
fractions. We perform the regression analysis both by considering the two
markers simultaneously as well as sequentially, one by one. In each case we
determine the sample size requirement (i.e., n and N) and compared them
by an 'Efficiency’ ratio F = N/n.

In our simulation examples, we assume the quantitative trait to be con-
trolled by two autosomal loci and thus consider two marker loci which are
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in linkage equilibrium with the trait loci, Table 4.3 provides the results
of the regression of squared difference in trait values on the two estimated
marker i.b.d. scores and Tables 1.4 (a)-(d) provide the sample sizes neces-
sary to detect linkage at the two trait loci for simulation parameter values of
ap = 5,0 = 1,A = 1,0° = 1 and different parameter values of p;, 2, p, (?1
and 0. We perform the tests of linkage at 5% level of significance and

determine the sample size requirements to attain a power of 0.9 for each

test.

In each of the four cases, we find that the regression procedure detects
linkage quite elliciently and the sample size 1'equireﬁlent.5 are in accordance
with our proposition stated in an earlier Subsection. [i.e., n; increases with
pr and decreases with o, A and p; (i # 1)]. The significance of the regression
coefficients 5 and 2 (i.e., the extent of linkage at the two loci) depends
not only on ; and 0s, but also on oy and «q (i.e., on the effect of each trait
locus on the quantitative trait). When this effect is small, the corresponding
regression coellicient tends to be less significant even if the trait locus is
actually tightly linked to the marker locus [as in case (c)]. Similarly when
the elfect is large, the corresponding regression coefficient tends to be less
insignificant even if the trait locus is actually unlinked to the marker locus
las in case (d)].

We assess the nature of sample size requirements under various scenarios
assuming that the QT is controlled by two loci. First, in the absence of
epistalic interaction (A = 0), if both loci have equal effects (o = as = @),
then the sample size required to map the first (or, the second) trait locus
decreases with heterozygosity at that locus increases (Figure 4.8). The rate
of decrease, however, is greater when the locus has a smaller effect on the
(QT. Second, in the absence of epistatic interaction (A = 0), the sa.mpl'e Size
required to map the locus which has a greater effect on the QT decreases
as its relative eflect increases [Figure 4.7(a)). However although the rate of
decrease in sample size depends largely on the heterozygosity of the locus
with the greater effect, it also varies with the heterozygosity of the second
locus. I'or example, we find that while the sample size requirement to map
the first locus in the case p; = py = 0.75 i3 more than in the case p; = pg =
0.5 when the marginal effects of the two loci do not differ significantly, it
r'equire:a a smaller sample to do so in the case py = pg = 0.75 if the marginal
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Table 4.3. Regression and multiple correlation coefficionts in the two

types of regression analyses (simultaneous and sequential) for different
sets of trait parameter values,

(a) Parameter values: p; = 0.7,p2 = 0.5,p=0.6,0, =0 and 0, = 0.5

2

Type of | R? 3o By B2
Analysis Est S.E. t-val { Est SIKE. t-val { Est SI5  t-val
Simult 0.87 | 19.49 b.32 367 | -1530 6.66 -2.3* [-1.856 823 -0.22
Seq using:
Marker 1 | 0.79 | 23.90 6.21 3.85 | -1843 7.63 -2.42*
Marker 2 | 0.10 | 30.28 9.58 3.16 -1.00 755 -0.13
(b) Parameter values: p; = 0.7,p2 = 0.9,p=0.3,6, = 0.4 and 03 = 0.1
Typeof | R? B By B
Analysis Est S t-val | Ist S t-val st S.E. t-val
Simult 0.72 | 11.07 9.8 1.13 | -10.95 #6.54 -1.68" | -13.60 7.12 -1,90¢
Seq using:
Marker 1 | 0,25 | 13,93 &8.10 1,72 | -12.68 7.01 -1.81*
Marker 2 | 0.67 | 14,001 9.20 1.52 -156.66 7.96 -1,95°
(c) Parameter values: p; =0.9,p; = 0.9,p= 08,8, =0,1 and 8§, = 0.1
Typeof | R* Go B . B2
Analysis Est S.I5, t-val | Bst S.E.  t-val | Est SE. t-val
Simult 094 1 10.19 4.06 2.51 | -146Y 7.63 -1.92*|-4.04 228 -1.70*
Seq using:
| Marker 1 | 0.74 | 12.18 6.69 1.82 | -16,73 8.06 -2.07*
Marker 2 | 0.63 | 11.74 5.08 2.32 -7.83 4.36 -1.80°
(d) Parameter values: p; = 0.5,p3 = 0.5, p = 0.1, 0, = 0.5 and 0, = 0.5
Typeol | R 5o I8 B35 \
| Analysis Est S5, t-val | Iist S.E. t-val | Est S.IE. t-val
| Simult | 0.24 [ 11.07 6.24 1.77 | -2.70 855 -0.32]-1.96 869 -0.23
Seq using:
Marker 1 | 0,12 | 13.43 7.00 1.92 | -3.61 b.8B3 -0.68
Marker 2 | 008 | 14.08 8.72 1.62 236 695 -0.34

® ¥ gignificant at 5% level
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Table 4.4(a). Efficiency of the simultancous strategy over the sequential
strategy for simulation parameter values py = 0.7,pg = 0.5,0y == 0,6y = 0.5.

th

)

N

IVE

rD

D

D
0.1
0.2
0.3
0.4

31
76
105

168
203

4.3

4D
98
132
203

262 |

1.16
1.29
1.26
1.21
1,29

0.1

0
0.1
0.2
0.3
0.4

80
112
181
217

98
132
203
262

11.32

1.23
1.18
1.12
1.91

0.2

0
0.1
0.2
0.3
0.4

108
110
118
114
116

36

87
117
188
224

40
- 98
132
203
| 262

1.42
1.39
1.30
1,08 |
1.17 |

0.3

0

0.1
0.2

0.3
0.4

179
176
182
185
184

34
90
115
191
223

40

132
203
262

1.26
1.28
1.25
1.18
1.17

0.4

0
0.1
0.2
0.3
0.4

226
228
225
231
234

38

88

123
195
241

40
08
132
203
262

1.34
1.33
1.35
1.31
1,26

95




Table 4.4(b). Efficiency of the simultaneous strategy over the sequential
strategy for simulation parameteor values p; = 0.7,p9 = 09,0, = 04,0, = 0.1.

th

Oy

19

Ny

I

0

0
0.1
0.2
0.3
0.4

50
107
153
201
268

61
119
164
233
312

1.22
1.11
1.07
1.16
1.21

0.1

0
0.1
0.2
0.3
0.4

112
162
204
264

110
110
110
110
110

61
119
164
233
312

1.07

1.06
1.08
1.14
1.18

0.2

0
0.1
0.2
0.3
0.4

55
115
155
207
270

1567
1567
157
157
157

61
119
164
233
312

1.04
1.05
1.06
1.13
1.16

0.3

0
0.1
0.2
0,3
0.4

o7
116
156
216
281

229
229
229
229
229

61
119
164
233
312

1.13
1.13
1.12
1.08
1.11

0.4

0
0.1
0.2
0.3
0.4

58
117
1569
220
286

307
307
307
307
307

61
119
164
233
312

1.13
1.10
1,12

1.11 |

1.09




Table 4.4(¢). Efliciency of the simultaneous strategy over the sequential
strategy for simulation parameter values p; = 0.9,p2 = 0.9, 6; = 0.1, 0z = 0.1,

0,

02

ni

No

Ny

Ny

L

0

0
0.1
0.2
0.3
0.4

63
65
64
68
68

68

123
176
204
208

72
72
72
72
72

76
143
205
293
351

1.12
1.16
1.16
1.15
1.18

0.1

0
0.1
0.2
0.3
0.4

112
114
117
115
120

70
126
173
208
303

124
124
124
124
124

76
143
205
293
301

"1.11

1.14
1.18
1.14
1.16

(0.2

0
0.1
0.2
0.3
0.4

176
178
176
180
179

70
128
181
260
308

187
187
187
187
187

76
143
205
203
351

1.06
1.05
1.13
1.13
1.15

0.3

0
0.1
0.2
0.3
0.4

261
254
253
256
259

72
131
185
264
312

9262
262
262
262
262

76
143
205
293
Jol

1.04
1.03
1.04
1.11
1.13

0
0.1
0.2
0.3
0.4

310
312
308
311
313

73
135
188
267
316

326
326
326
326
326

76
143
205
293
351

1.05
1.04
1,06
1,06
1.11
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Table 4.4(d). Efflciency of the simultaneous strategy over the sequential
strategy for simulation parameter values py = 0.5,p3 = 0.5, 0; = 0.5, 0y = 0.5,

0

7y

Ny

Ng

A

0

0
(.1
0.2
0.3
0.4

36
36
36
36
36

38

B4

120
185
232

1.27
1.12
1.12
1.17
1.17

| 0.1

0
0.1
0.2
0.3
0.4

149
159

203

78
78
78
78
78

38
84
120
185
232

1.09

1.09
1.10
1.16
1.14

0.2

0
0.1
0.2
0.3
Q.4

104
103
105
107
109

34
[y
111
162

208

112
112
112
112
112

84
120
184
232

1.08
1.09
1.08
1.14
1.12

)
0.1
0.2
0.3
0.4

159
161
162
164
165

35
[
114
167
210

168

168

168
168
168

38

84
120
185
232

1.06
1.04
1.04
1.11
1.10

&
iy |

0
0.1
0.2
0.3
0.4

200
198

202

203
2056

36
31
117
170
214

211
211
211
211
211

84
120
186
232

1.06
1.07
1.04
1.04
1.08
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Figure 4.6. Sample size regirement to meap the first trait locus jor simulation
parameter values p; = 0.5 and A = 0. Circles correspond to oy = o = 2, triangles
1o oy = o = § and squares 10 oy = a2 = 10.
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eflect of the first locus is quite large compared to that of the second locus.
Moreover, while it requires a smaller sample to detect linkage at the first

i

Lrait locus lor py = py 0.5, pr = pp = 0.75 and py = 0.5, pp = 0.75
whenever the marginal effect of the first locus is higher, the sample size
requirement it the case p = 0.75, ps = 0.5 is more for the first locus if the
marginal ellects of the two loci do not differ significantly, but is less if the

marginal effect of the first locus is very large compared to that of the second

locus [IMigure 4.7(b)]. Next, we find that the sample size required to map
cither of the two loci decreases as the degree of epistatic interaction (A)
between the two loci increases (Figures 4.8-4.10). Moreover in the presence
ol epistalic interaction, it requires a smaller sample to map the locus with
a greater marginal effect on the QT [Figures 4.8(b), 4.9(h), 4.10(h)).
Comparing the simultaneous stralegy with the sequential strategy [the
results are presented in Tables 4.4 (a)-(d)], we find that the sample size
requirement is, in general, less when we analyze the data by considering the
two markers simultaneously. The 'Lfficiency’ ratio B (defined earlier in this

Subsection) is lound to be greater than 1 in all our simulation studies.

4,.3.6 Comparison with the Tiwari-ElstonleQ’T ) Method

As woe noted earlier, the digenic interaction model is a special case of the
more general epistasia model assumed by Tiwari and E]stan (1997}, in which
the epistasis parameters can vary arbitrarily, However, as their model in-
volves a larger number of regressors, the tests for linkage (i.e., Hp : 0; = 0.5
vs Ily 1 0; < 0.5) are much more conservative, We compare the powers of
the two procedurcs under our proposed model using simulated data, We
generate data sets with simulation parameter values of oy =5, =1, A =
1,02 = 1,0; = 0.5 and diflerent values of py,pz, & for varying sample sizes.
We perform 100 replications of regression using each set of parametor val-
ues and ovaluated the power of the test Fg : 6y = 0.5 va Hy : & < 0.5 at
0 = 0.1. The average power of the 100 replications for each set of parameter
values is presented in Table 4.5. If our model is indeed true, we find that the
tests for linkage under their regression set-up are less powerful especially if
the sample size is small. Moreover, in that case, their regression equation is

a pross overfit to our model,
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Table 4.5, Comparison of tho powors of the digenic interaction model
aund the Tiwarl-Elston model at #) = 0.1 for simulated parameter value
of 01 = 0.5 and differont values of p;,pq,02 and number of sib-palrs n =
50, 100, 200,

T IV I/ TR I 1 = b0 7 =100 n = 200
. | Poir Prg | Por Prg | Ppr Prg
o7los|on] o o7 06708 080091 090
0.7 108 105 01 [081 074088 0.85|0.95 0.94
DO 1091061037072 064108 079|088 0.88
D.H 0L TOS 05078 0721085 0.8210.90 0,80

P

M

4.4 Discussion and Overview

Since there is increasing evidence of epistatic interactions among the loci
determining a quantitabive trail, (Lark et al. 1995, Coupland 1995, IMijne-
man et al, 1996, van Wezcl et al. 1996, Chang 1999), we have attempted
Lo devise an cflicient estimator of the recombination fraction, 8, between a
quantitative trait locus and a marker locus in the presence of such inter-
actions. We have used a simple model of interaction among homozygotes
at Lhe dilferent trait Joci, ‘This model i3 one of the basic models used in
the study of epistatic interactions (earsey and Pooni 1996) and is helpful
for capturing some essential leatures and complexities that underline QTL
mapping in presence of epistatic interactions. Using an approach originally
proposed by Jayakar (1970), we have proposed separate, computationally
simple, estimators for families in which only one parent is heterozygous at
the marker locus (hackeross type families) and those in which both parents
are heterozygous (intercross bype families). Wo have studied the efficien-
cies of these estimators when there are two trait loci and have shown that
[or & wide range of parameter values the cstimators are quite efficient. We
have proposad a non-parametric procedure for testing null hypotheses re-
gurding 0 and have shown that the power function of the test has desirable
properties. We have also shown that analyses of data ignoring epistatic
interactions when in (act these are present may lead to grossly inaccurate
inferences about linksge. Although most of our results pertain to the case

—

ap—h

1P and Pre denote the powers of the digenic interaction model and the Tiwari-Elston

model at ¢, = 0.1,

1%



of the marker locus being biallelic, we have theoretically shown that ex-
tension to a multiallelic marker locus is straightforward. However, we have
found that the estimators obtained by this approach is not as efficient as the
maximum likelihood estimators, We also note that our procedure does not
provide simultancous estimates of recombination and other parameters (i.e.,
quantitative trait locus effects, epistatic interaction effects, etc.). Indepen-
dent estimates of these other parameters have to be obtained to estimate
the recombination fraction and test hypotheses concerning this parameter.
The upshot is that although the modified-Jayakar estimator proposed by us
is computationally simple and enjoys some desirable statistical properties,
in practice it is preferable to use the maximum likelihood estimator in view
of its superior performance over a wider range of scenarios and parameter
values.

Ilor sib-pair data, we have extended the regression procedure proposed
by Haseman and Elston (1972) to map a single QTL, to the case of mapping
two unlinked QTLs in the presence of epistatic interactions. Our proposed
procedure provides a test for detecting linkage between a trait locus and
a marker locus but fails to provide, as in the Haseman-Elston approach,
an estimate of the recombination fraction between the two loci. We have
derived expressions for the sample size requirements to map the two QTLs.
The marginal effects of the different trait and linkage parameters on the
sample size requirements have been analysed theoretically. In particular, we
have shown that the sample size requirement for mapping a QTL is smaller if
its marginal effect and heterozygosity are larger. Moreover, the presence of
epistatic interactions reduces the sample size requirement compared to the
situation in which the marginal effecis are same, but epistatic interactions
are absent. We have also assessed the nature of dependence of sample size
requirements on different trait parameters considered simultaneously. We
have shown through simulation studies that the simultaneous analysis of
markers reduce the sample size requirements and thus is more cost effective
compared to the sequential analysis. This equivalently implies that under a
misspecified model of a single QTL, we would require a larger sample to map
the QTL. The proposed regression approach has been extended to the case
of multiple QTLs with a typical epistatic interaction structure. The results
are similar to the case of two QTLs with digenic epistatic interaction,
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Appendix 4.1
Derivation of E(Yj|m; = %, M0 = 1)

Given helow is the table showing the squared difference in trait values
of the 7** sib pair with i.b.d score at the first trait locus = %— and that at the

gecond trait locus = 1:

AgAq — AQAQ .Aztlg e Ag&g o — ao0.9
A]A] — A]A] 6j2 83'2 f?.jz
A-lﬂ:] — A]ﬂr[ Ej?‘ Ej2 652
a4 — a1aq e;* e e

A1Ay — Ajar | (o + A+ Gj)z (1 + 3j)2 (a1 ~ A+ ﬁj)z
Arar — A1Ar | (~on ~ A+ cj)g (—on + E.ff (a1 + A+ ef)g
Aja] — aqaq (a1 + A 15?,}-)2 (g :3;)2 (ay — A + ej)2
aya; — Ay | (~oap ~ A+ ﬂj)2 (—a + Gj)2 (—a + 4+ "‘3})2

where ¢; = (651 — e52), ¢;1 and ej being the random errors associated with

y;1 and ym respectively,

i

E(Yj|ln; = -mjp = 1) Bes®) + pien® (2pPq + 2mqr”) + g2 o *(2p1 1 + 2pigr?)
+2pagaces *(2p1°q1 + 2p1q1”) + 22° AR (2p1 g1 + 2p1017)
+q2° A% (2p1 %1 + 2p1n®) + 2p2°an A(2pr 1 + 2p1947)
~202°c  A(2p1%q1 + ijqlg)

&% + 2p1qy {ou® + AN po® + ?) + 201 A(p2 — ¢2)}

(Note that E(e;) = 0 and Var(e;) = ¢%)
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Chapter 5

A Two-Stage Variable
Stringency Semi-Parametric

Method for Mapping Based

on Genome-Wide Scan Data
of Sib-pairs

5.1 Introduction

Gienome-wide scans are a power{ul approach for mapping genes {Collins
1995, Lander 1996) and have already proven successful (Wyst et al. 1999,
Elbein et al, 1999, Niu et al, 1999, Krushkal et al. 1999). In this approach,

in addition to collecting data on the trait/disease of interest, genotype data

are generated on a large number of markers spread, preferably evenly, across
the entire genome. Since the collection of pedigree data is difficult, a popular
approach is to collect data on sib-pairs and analyze the data using appro-
priate statistical techniques (Flageman and Elston 1972, Blackwelder and
Flston 1985, Amos and Elston 1989, Amos et al 1989, Lander and Botstein
1989, Goldgar 1990, Haley and Knott 1992, Jansen 1993, Olson and Wijsman
1993, Fulker and Cardon 1994, Olson 1995a,b, Page et al. 1998, Alcals et
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al. 1999, Allison et al. 1999), While for qualitative tralts in humans varlous
statistical methods, both pm‘ahmtric and non-parametric, for linkage analy-
sis have been proposed and their relative efficiencies extensively tested, for
human quantitative traits, such methods are still being developed (Almasy
et al. 1998, Olson 1995a, Page et al. 1998, Alcais et al. 1999, Allison et
al. 1999) and compared (Williams et al, 1999). Parametric methods for
mapping quantitative trait loci (QTL) involve parametric models, and thus,
are susceptible to minor deviations in distributional assumptions. The non-
parametric methods in current use (Haseman and Elston 1972, Kruglyak
and Lander 1995) are relatively more robust, but require specification of the
expectation and variance of trait values for each QT genotype, although no
assumption regarding the probability distribution of the trait values is made.
Irurther, inferences based on the proposed statistics rely on asymptotic dis-
tributions. In this Chapter, we propose a two-step method of locating the
most: likely position of a QT'L: on a chromosome given trait values and marker

genotypes trait values for a set of slh-pairs. We first consider the tralt as be-
ing determined by a single QT with environmental ellects, and then extend
our procedure to the possibility of the trait being determined by multiple
(QT'Lis. When genome-wide scang that involve a large number of markers are
performed, a preferred strategy is to use a set of low density markers (say,
5-10cM apart) to identify the reglon(s) in which the QTL(s) may be located,
and then to saturate these identifled regions with high density markers (say,
1-5¢M apart) to fine-map the QTL. This two-stage approach is cost-ellective,
both in terms of genotyping and computations, Our proposed two-stage pro-
tocol i8 meant for analyzing sib-pair data data go generated. We use variable
stringencies at the two steps of our procedure. A low-stringency is used in
the [irst step in order to reduce the possibility of missing any marker inter-
val that may confain the trait locl, At the second stage of fine-mapping,
we use a higher stringency to reduce the [alse positive error probability,
We, however, note that the second step of our procedure can also be di-
rectly used for analyzing sib-pair data, although the computational cost will
be higher. In any case, from a study-design point of view, the two-stage
strategy of data generation and analysis is logically more preferable than a
one-stop strategy. [n the first step, we identify the subset of markers which
is linked to the QTL using a test statistic based on rank correlation of es-
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timated marker identity-by-descent (1.b.d)) scores and squared difference
of gib-pair trait values. In the second step, we perform a non-parametric
regression of squared sib-pair trait difference on estimated i.h.d. scores for
the different possible pairs of fanking markers using kernel smoothing (Sik-
verman 1986). We term our procedure as semi-parametric, even though we
use non-parametric data-analytic procedures at both stages, because of cer-
tain underlying model] parameters and assumptions (e.g., allele frequency,
Hardy-Weinberg equilibrium), We compare our semi-parametric procedure
with the parametric regression procedure proposed by Olson (1995a) and
show, using Monte-Carlo simulation, that while the parametric method is
marginally more efficient than our semi-parametric method when there is
no dominance effect at the trait locus (loci), the proposed method is much
more ellicient in presence of dominance and/or epistasis.

5.2 Model

We agsume that a quantitative trait Y is controlled by an autosomal
biallelic locus with alleles Ay and a;. The expectations of Y conditiohal on
the three genotypes AjAi, Ay and ayaq are assumed to be o, 8 and —a,
respectively. The variance of Y within each genotype is assumed to be equal,
o*. No assumption is made on the shape of the probability distribution of the

trait values. The underlying population is assumed to be in Hardy- Weinberg
equilibrium with respect to the trait locus. We assume that the trait locus
s in linkage equilibrium with a pair of autosomal, biallelic, codominant
[lanking marker loci.

Suppose {(y;j,y52) : J = 1.2,...,n} are the observed values of the
quantitative trait of n independent sib-pairs. We assume that the expec-
tation of the correlation coefficient between the trait values of any sib-pair
is equal, p. Lel mj,msp, ..., 7 denote the proportions of alleles shared
i.b.d, at k ordered marker loci located on the same chromosome, for the
slb-pair. The estimation of wy has been discussed in Section 4.3.1.

(iiven data on the quantitative trait of the sib-pairs and the estimated

i.h.d. scores at the &k ordered marker locl, our aim is to determine the most
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likely interval in which the trait locus is located.
We deline y; = (y5 ~ ng)g, j=1,2,...,n;le., y; denotes the squared
pair difference in the trait values for the 7#* sib-pair.

5.3 Coarse-Mapping Based on Rank Correlation

The first step is to analyze data generated from a genome-wide scan
using coarsely-spaced (5-10cM) markers and test whether the tralt locus is
at all linked to any of the k ordered marker loci considered. When a trait
locus and a marker locus are linked, it is expected that siblings with similar
trait values will exhibit considerable sharing of alleles at the marker locus.
[f the trait and the marker loci are unlinked, then in spite of a slgnificant
sharing of alleley i.b.d. between a pair of siblings, their trait values may
be largely dissimilar, Thus, a natural test for linkage between the trait
locus and the I* marker locus (I = 1,2,..., k), is a test for the strength of
correlation between y;8 and T8, A non-parametric technique of testing for
no correlation between y;8 and s is based on Spearman’s rank correlation
(see Randles and Wolle, 1979).8ince % can agsume only 5 distinct values
(i.e., D, ;%—, %, %, 1}, it is expected that there wil_l be many ties in 751 values.
Thus, we need to use Spearman’s rank correlation formula for the case of

ties, which is given by:

ﬂhﬁ
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where:

dj= rank(y;) - rank(@);

Ty = 0 (u® = w)/12n;

Ty = iy (0i® = v;) [ 12n;
there being p ties in y;s of lengths wy, ug,...,up and q ties in Tys of lengths
VI V2« ooy YUy

The test statistic Is v — 11, which is asymptotically distributed as
N(0,1) under the null hypothesis of no correlation. Thus for a level «v test,
the critical region is given by: /n — 1|Rp| > 2,2 where 2y, Is the (1 — m)H
quantile of a standard normal variate,

If the null hypothesis of no correlation is accepted for all the k
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marker loci (the level of significance adjusted to o/k to account for the
multiple tests), then our conclusion is that the trait locus is mﬂst'pmtmhly
not located on the same chromosome as the & marker loci,

Using the above test procedure, we select those marker loci for which
the null hypothesis of no correlation between y;8 and 739 is rejected, ie,
those marker loci which show evidence of linkage with the trait locus. In
the next Section, we consider two such consecutive marker loci as candidate
markers flanking the trait locus.

5.4 Fine-Mapping Based on Non-parametric
Regression

Since at the first-stage of the genome-wide scan, the marker-gpacing is
coarse, the distance between the two markers found to provide the highest
evidence of linkage (highest value of the rank correlation) with the QTL is
5-10cM. I'his genomic region/interval is, at the second stage, covered with
densely-apaced markers and the dats, thus generated are analyzed [or the

purpose of [ine-mapping the QTT. Let us assume that this region/interval is
covered with M densely-spaced markers. Consider, without loss of generality,
the ordered consccutive densely-spaced markers 1 and 2. We propose a non-

parametric additive regression model given by:
Ui == 'il)l(ﬁjl) + 'lﬂ:z(?fjg) + €5 17=12....n;

where iy, ¥ are real valued functions of 7, and e, respectively, and ¢;s
are random errors. The regression mode] is motivated by the fact that the
estimated 1.b.d. scores of siblings at hboth marker loci 1 and 2 arve found {o be
individually significantly correlated with the squared dilference of the trait
values (). However the nature of dependence of the estimated i.b.d. scores
#5 and 74 on y; 19 a function of the recombination distances between the

marker and trait loci and other biological parameters, such as Interierence
and dominance at the trait locus. Hence, we do not assume any specific form
of the functions w; and 9, but only general functional forms to model the
nature of dependence between (7;1,y;) and (®;s,y7). The functional lorms
are estimated from the data. Estimates of ¢ and 1)y are obtained in steps

and iteratively using kernel-smoothing techniques (see Silverman, 1986). In

112



this technique of non-parametric regression, the domains of the explanatory
variables are divided into a number of windows. Local smoothing is carried
out within each window and appropriate adjustments are made to ensure
continuity at window boundaries. In step 1, we perform a non-parametric
regression analysis of y on @) (details given later) and obtain 1;1, an estimate
of 1. In step 2, we replace y by y*' = y — {51 (771}. In step 3, we regress y'
on ™ to obiain '1?32, an estimate of w9, In step 4, we compuie the residual
sum of squares given by 3%, (¥ — (751) — -Jg(ﬁjg)}-g. We then restart
the process at step 1 and perform a regression analysis of 4** = y — ¥o(s)
on 7. We continue to iterate until ¥, and 4 stabilize reasonably, i.e., the
residual sum of squares differ negligibly (< €, a small predetermined positive
real numbaor) in two successive erations. The stringency parameter, ¢, is
obviously variable, Let the linal residual sum of squares obtained he denoted
by CV(1,2), and in general, by CV(L,1+1) when the #* and (I + 1)** marker
loci are considered. The most likely position of the trait locus is given by
whe interval fanked by the i and (i +1)™ marker loci where i corresponds
LOy

CV(i,i+1) = ming CVI,1+1)
In order to regress y on @y, the range of @y is divided into windows of length
h. The kernel lunction used is:
s(t) = (1~ 3, ifl <1,
0, otherwise

The kernel estimator of ¥, s piven by:

ey

E}LJ H'(—‘“ ;:T’ )Uj

*Jl(m) = =
"o (=)

Since non-parametric regression tends to overfit data (Silverman

1986), we use the "leave-onc-oul technique", i.e., leave out the observation

(yj, ?'fjl) in order to predict y;. The predictor of y; is given by:

t

b1 (71) o

2 it K “',.f_lﬁi’.'l )yi
i M)

s

i
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I'or the given window length A, the total error in prediction is given by

e E F1 1 ' »
Ry =35 (y; — ¥;)". 'Lhe process is repeated [or different window lengths.
The optimal window length h* is given by that h for which Ry, is minimum.

5.5 A Linear Regression Strategy in Current Use

Suppose A and ay denote the alleles at the trait locus. Let the conditional
expectation, J2(Y), of the quantiiative character ¥ given the genotypes at the
trait locus be o, 0 and -« for A1 Ay, Aya; and ayaq respectively. If 7, and 7y
denote the estimated i.b.d. scores at the two marker loci flanking the trait
locus, Olson (1995a) showed that:

Byl T, ) = Bo -+ Bi7 5 + Baj (5.1)

for some constants Gy, §) and .

Thus, a strategy ol determining the location of the trait locus is
based on linear regression of y;s on 1.b.d. scores of possible pairs of Ranking
markers. If the I** and (I + 1)”Jt marker loci are considered, y; is predicted
by §; = By - ﬁjﬁj; -+ 525""}(14-1) where fo, B, and ff; are the least sqlares
estimators of Gy, 1 and 0z respectively, Tests for linkage are equivalent to
tests of £ and &y which involve parametric test statistics. The error sum
of squares is given by Bl 1+ 1) =375, (35 — 7;)°. The most likely interval
of the trail locus location is given by that flanked by the it* and (i + 1)”1

markers if and only if:
i+ 1) = ming B, 14 1)

Using Monte-Carlo simulations, we examine the relative efhiciencies of
the proposed non-parametric procedure and the parametric method devel-
oped by Olson (1995a). In regression analysis, to avoid regressional overfits
to data, it is statistically desirable to use the "leave-one-out" technique for
preclicting y;, which is what we prescribe and use for our semi-parametric
regression procedure,  However, in Olson’s (1995a) parametric regression
procedure, this was not preseribed and is perhaps not used in practice. For
purposes of comparing our proposed method with Olson's (1995a) method,
we use bhe leave-onc-oul technique for both methods. We also compute
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and compare the error sum of squares without using the leave-one-out tech-
nique for Olson’s (1995a) method, although such comparisons are not strictly
valid, because it is expected a priori that the error sum of squares without
leave-one-out will be smaller than with leave-one-out in view of overfitting.

We note that equation (5.1) is valid only when there is no dominance
at the trait locus., When there is dominance, the conditional expectation
ou the left hand side of equation (5.1) is not a linear function of #;; and
;2. Hence, the use of the linear regression given in equation (5.1) may yield

incorrect inferences,

5.6 Simulation

In order to assess the performance of our proposed non-parametric
regression strategy, and to compare it. with the parametric regression strat-
egy described in the previous Section, we generate data on trait values of
sil»pairs and estimated marker 1.b.d. scores for different sets of parameter
values. The different steps of the simulation algorithm have been described
in Section 2.2

FHaving generated the required data on n independent sib-pairs, we use
the proposed test of linkage based on rank correlation in order to select the
possible pairs of lanking markers. We then perform both the non-parametric
and parametric regressions to determine the most likely position of the trait
locus. For the non-parametric regression, the stringency parameter, ¢ is kept
fixed at 0.001, |

5.7 Results

In what [ollows, we denote the trait parameters as :
[iffect of the genotype A1 A on trait values=a,

Dominance effect of the trait locus=g.

‘requency ol allele Ay=p.
Variance of the trait values within any trait genotype=c
Correlation coefficient between the trait values of any sib-pair=p.

2
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5, 7.1 ILdentifying probable interval locations of the QT

In order to assess the performance of the rank correlation statistic to
identify the interval location of the QT1., we generate data on 100 ordered,
equispaced markers, such that the recombination fraction between any two
consecutive markers is 0.05. Simulated data are generated assuming that the
trait locus is flanked by the 24 and 25* markers and that the recombination

raction between the trait locus and the 24" marker is 0.02. The trait

sarameter values used in the simulation are o= 5;8 = 0,2,4;p = 0.7, 0% =
1; p = 0.6 (or higher). The nature of the absolute rank correlation between
the different markers and the squared diflference in trait values of the sib-
pairs are presonted in Figures §.1(a)-(c), for 8 = 0,2 and 1, respectively.
Irom the figures, we (ind that the absolute rank correlation increases with
the proximity of the congidered marker to the trait locus. The peak is al the
24 marker, correetly indicating Lhe approximate location of the trait locus.
Though with increase in 8, (i.e., the dominance effect) the peak becomes less
pronounced, the approximate position of the trait locus is fairly clear even
for high dominance effect,

To investigate the effect of changing o, we present in Figures 5.2(a)-
(¢), graphs similar to those as Figures 5.1(a)-(c) but with @ =3 and 4= 10, 1
and 2, respectively. As evident from these figures, although the mean values
of the rank correlation become slightly smaller, the nature of the graphs and
hence qualitative inferences remain unchanged.

*he variation in the values of the rank correlation across the 1000
sintlation replications is extremely small, for every set ol parameter values.
We present in Figure 5.3, the empirical 95% confidence band for a section of
the graph presented in Figure 5.1(a). [The empirical conlidence hands are
su narrow that these are not clearly presentable on Figures 5.1(a)-(c).) This

ndieates another desirable statistical property of our proposed method.

5.7.2 Tiner localization of the QTL

[aving identified the interval in which the QTL may be located, in
practice one saturales this interval with more dense markers to arrive at a

iner localization of the QTL. To simulate this practice, we congider data on
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multiple markers thal are more densely located within the coarse interval
idontified al the previous stage. In our simulations, we gellel'ated data on a
sot of A ordered markers. We use the following notations:

04, 03 =recombinaltion fraction between the trait locus and the nearest
lanking markers 2 and 3, respectively,

01=rccombination [raction between markers 1 and 2,

0= recombination fraetion between markers 3 and 4

Uz= recombination fraction hetween markers 4 and 5.

We use simulation parameter values of M = 8,0 = 5;0% = 1,8 =

Oy = Oy = 0y = O = 0.01;8 = 0,2,4 and different parameter values of p
and p such that the proportion of variance in the trait explained by the
QT varies between 85-95 %. Tor each set of parameter values, we perform
1000 iterations. The results are given in Table 5.1. In all the cases, the five
markers are found to be linked to the trait locus at 1% level of significance,
Thus we have 1 candidate intervals (i.e., those flanked by markers 1 and 2,
2 and 3, 3 and d, 4 and 5) in which the trait locus may be located.

When 4 = 0 (i.e., there is no dominance effect), equation (5.1) holds,
Thus, it is expected that the parametric approach will be more eflicient.
We lind that in almost all replications, both the methods correctly identify
the interval in which the QT is located. Though the parametric regression
has a smaller error in prediction, the error in the non-parametric regression
is not much larger. The error in prediction ig lowest for the parametric
regression without leave-one-out (P2). This, as mentioned earlier, is not
unexpeeted because without leave-one-out there is obviously overfitting of
the regression model to the data. Since we, therefore, recommend and use
the leave-one-out technique, the apropriate comparison of prediction errors
with our non-parametric approach and the parametric approach should be
setween columns NP and 121, (P2 is presented for completeness as the
leave-one-out Lechnique may not he used in practice, even though it should
se used Lo avoid [alse inferences from model overfits.) When 8 = 2 or 4,
equation (5.1) does not hold. In presence of dominance, while the non-

paramolric approach identifies the correct interval in 91% of the cases when
A = 2, the parametric approach does so in only 83-84% of the cases. The

non-paranetric approach has a smaller error in prediction. When 3 = 4,
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Figure 5.1. Mean rank correlation, based on 1000 replications, between squared

difference of trait values of a sib-pair and estimated i.b.d. scores at 100 ordered

markers with simulation parameter values @ = 5,02 = 1,p = 0.7, p = 0.6 and (a)

B =0; {b) 8=2; (c) 8=4 based on 100 sib-pairs.
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Tablo 5., Comparison between the non-parametric and parametric re-
grossions based on avorage proediction error (residual sums of squares
averaged ovor 1000 roplications) in the case of a single QTL using 100
Sib-pairg with simulation paramoter values of ¢ 5107 = 1,0 =0y = 0 =
By =ty =0.01, !

(@) A=0p=05p=038

" Candidate Error in Prediction
futerval | NP (97.2%) D1 (98.6%) P2 (98.9%)
(1,2) 100.56 05.46 02.71
(2,3) 87.65 74,72 70.62
(3,4) 104.29 09.55 97.68
i (-1,5) ) 117.03 110.84 107.27 |

(b) B=2,p=0.9p=07

Candidate firror in Prediction
[nteeval | NP (90.7%) Pt (82.6%) P2 (84.1%)
(1,2) | 152.76 157,63 155.35
(2,3) 143,37 148.54 146.72
(3,4) 152.90 160.81 157.64
(-1,5) 166.29 173.086 171.18
(¢) B=4,p=07,p=05
Candidate Error in Prediction
lnterval | NP (76.8%)  P1(43.0%) P2 (51.5%)
(1,2) 18245 196,74 193.27
(2,3) 180.34 194.68 191,93
(3,4) 185.74 194,52 103,22
(,5) 190.59 207.02 203.51 |

INJ = NUII-lHH'H[Ht:Ll*it‘; Pl = Purmnetric with leave-ong-out; P2 = Parametric withoul
leave-one-oud, that is, standard parametric regression. Figures in parentheses denote the

percenbages of correct identification of true interval location,
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(i.e., when there is a high dominance eflect), the performance of the para-

metric approach is very poor compared to the non-parametric approach.

While the percentage of correct interval identification using the paramet-
ric regression is only 43-51%, thal using the non-parametric regression is
76%. 'T'he average prediction error under this scenario is also much higher
for the parametric, than the non-parametric, regression method. Thus, we
find that while the non-parametric approach performs almost as efficiently
as the parametric approach when there is no dominance effect; it performs
increasingly better than the parametric approach as the dominance effect
INncreascs.

We also investigate the effect of changing the values of the parameters
o and G In Table 5.2, we present the results similar to those in Table 5.1,
bul with o = 3 and ¢ = 0, 1, 2. Qualijtatively, the inferences are similar
to those derived {rom Table 5.1; the parametric regression performs betiter
than the non-parametric regression in the absence of dominance, but the
converse i8 true in the presence of dominance. We find that the percentages
of correct identification and/or the prediction errors presented in Table 5.2
are higher than those in Table 5.1. This is because the proportion of trait
variance explained by the QTL is a function of @ and 3 in addition to other
parameters; this proportion decreases with reduction in « for fixed values

of # and other parameters. In other words, there is decrease in efliciencies

of performance of both non-parametric and parametric procedures as the
proportion of trait variance explained by the QT'L decreases.

We, likewise, investigate the effect of changes in trait allele {frequen-
cies for fixed values of «, 8 and other parameters. Results are presented in
Table 5.3. We [ind that as p deviates from 0.5 (for fixed values of the other
paramelers), the percentage of correct interval identification decreases and
Lhe error in prediction increases for both non-parametric and parametric
regression methods, This, as explained in the preceding paragraph, is not
unexpected because for fixed values of the other parameters, the propor-
tion of trait variance explained by the QTL decreases as p deviates from
0.5. With dominance, the non-parametric method performs better than the

parametric method for all values of the trait allele frequency.
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Table 5.2. Comparison between the non-parametric and parametric re-
gressions based on average prediction error (residual sums of squares
averaged over 1000 replications) in the case of a single QT1, using 100
gib-pairs with simulation parameter values of a=3;0> = 1;0; =0 = 05 =
0. = 0y = 0.01, 2 |

(a) B=0,p=05,p=08

Candidate Error in Prediction
Interval | NP (96.2%) P1(97.0%) P2 (97.8%)
(1,2) 104,72 08,44 95.61
(2,3) 52,83 78.69 74.25
(3,4) 106.29 101,54 99,02
(4,5) 12208 11484 11049
(b)) B=1,p=09,p=07
Candidate Error in Prediction
Interval | NP (88.4%) P1(80.6%) P2 (82.9%)
(1,2) 162.26 167.05 165.11
(2,3) 147.75 154,68 151.83
(3,4) 164.90 168,32 165.17
(4,5) 179.44 188.69 184.72

(¢) B=2,p=0"7,p=0.5

Candidate Brror in Prediction
Interval | NP (71.5%) P1 (104%) P2 (43.7%)
(1,2) 106.65 211.76 203.38
(2,3) 188,07 200,55 197.63
(3,4) 199.19 213.01 206.05
(1,5) 212,02 225,47 218.86

2NP = Non-puarnmetric; P1 = Parnmetric with leave-one-oul; P2 = Paramelric withoul
leave-one-out, that is, standard parametric regression. Figures in parentheses denote the

percentages of correct identification of true interval location.
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Table 5.3. Comparison between the non-parametric and parametric re-
grogsions basod on average predletion orror (residual sums of squares
averaged over 1000 roplications) for different allele frequencies of the
QTL in the case of a single QTL using 100 sib-pairs with simulation
parameter valuos of o =5;8= 2%j0? = 1;0; = 0 = 03 = 0; = 05 = 0.01. *

(a) p=109
Candidate ~ Error in Prediction
Interval | NP (90.7%) P1(82.5%) P2 (84.1%)
(1,2) 152.76 157,63 155,35
(2,3) 143,37 148,54 146.72
(3,4) 162,90 160.81 167.64
(4,5) 166.20 173.06 171.18
(b} p=0.7
Candidate Iirror in Prediction
Interval | NP (92.7%) P1(85.3%) P2 (87.8%)
(1,2) © 146.52 153,67 150.29
(2,3) 135.44 143.48 140.03
(3,1) 150.41 155,13 152.45
(4,6) 166.22 176.52 171,38

(¢) p=0.b

andidate ~ Tirror In Prediction

Interval | NP (94.5%) P1(87.0%) P2 (89.7%)
(1,2) 139.80 146.26 142.97
(2,3) 123.04 137.51 131.58
(3,4) 141.36 150,75 144,84
(,5) 167.59 168,22 164.17

INI’ = Non-parametric;
leave-one-out, that is, standard parametric

Pl = Parametric with leave-one-out; P2 = Parametric without
regression, [igures in parentheses denote the

percenkages of correct identification of true interval location.
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5.7.3 Assessment of Type I Error

'To determine the efficacy of a statistical procedure, it is imperative
that the type 1 error rate be assessed. In the present context, type I error
probability is the probability of rejection of the null hypothesis of no linkage
between the QTT, and any of the markers considered when actually the
Q'TL 1s unlinked to the markers. To assess this, we generate the trait values
from the underlying distribution, details of which have been provided earlier.
The i.b.d, scores of the sib-pairs at the various marker loci are generated
from a trinomial distribution, independent of the trait 1.b.d, scores. This
ensures that the QTIL is unlinked to any of the markers considered. Such
data are generated on 100 sib-palirs for each replication; 1000 replications
are performed,

'I'hese data are then analyzed using the rank correlation statistic,
as prescribed for the frst-stage of our two-stage procedure. The values
of the rank correlation, averaged over 1000 replicatons, for the set of 100
ordercd markers are graphically presented in Figure 5.4, It is observed that
the mean rank correlation values are all small, and are statistically non-
slgntficant. This inference holds at all levels of dominance at the trait locus.
Thus, the empirical estimate of the type I error probability is zero.

In practice, since a fine-mapping protocol is undertaken only when
some "probable" intervals are identified at the first-stage based on statisti-
cally gignilicant values of the rank correlation, In the present case, there is
no need for further investigation as the null hypothesis is accepted for all

the markers considered.

5.7.4 Iiffect of sample size

I order to assess the effect of reducing the sample size on our pro-
posed procedure, we simulated the required data on 50 and 25 sib-pairs
with varying dominance effect on the trait. The nature of the absolute rank
correlations betweon the trait value and the estimated i.b.d. scores at the
100 generated markers are presented in IMigures 5.5(a)-(c) and 5.6(a)-(c) for
sample sizes 50 and 25 respectively. Compared to the rank correlations
based on 100 sib-pairs [as illustrated in Iigures 5.1(a)-(c)], the rank correla-

125



tions, in general, decrease with decrease in sample size. However, the peak
at the 24" marker is prominent even with 25 sib-pairs. Thus the approxi-
mate position of the trait locus is indicated correctly even for small sample
gizes, The effect of dominance on the rank correlations is identical to that
discussed in an earlier Subsection with 100 sib-pairs.

We repeat the non-parametric regression using 50 and 25 sib-pairs
with the same set of parameter values and 5 markers as before, The results
are presented in Tables 5.4 and 5.5, respectively. We find that the percent-
age of correct identification of flanking markers decreases with decrease in
sample size both for the parametric and the non-parametric regresslon pro-
cedures. The rate of decrease is more when the dominance effect is high (i.e.,
A= 4), Asis observed with 100 sib-pairs, with smaller sample sizes too, we
find that while the performance of the non-parametric regression approach
is similar to the parametric regregsion approach when there is no dominance
eflect; the performance of the non-parametric regression procedure is signifi-
cantly better when the degree of dominance in the trait is high. Further, the
non-parametric method performs increasingly better with decreasing sample

size, in the presence of dominance elfects.

6.7.5 Effect of deviation from Normality

Non-parametric statistical procedures are usually less sensitive to minor
deviations in distributional assumptions. Both the linear regression proce-
dure (Olson 1995a) and our proposed non-parametric regression procedure
are expected to be robust with respect to the underlying trait distribution
of the sib-pairs. We note that the test procedure in Olson’s method (1895a)
is based on distributional assumptions, Thus it is of considerable interest
to assess the performance of both the procedures when there is devlatlon
from the assumed trait distribution. One of the existing metheds of evaluat-
ing the effect of deviation is to introduce local perturbations in the original
distribution. In our previous simulation examples, we had generated the
trait values of the sib-pairs from a bivariate normal distribution. In order to
assess the effect of the trait distribution deviating from normal on the iden-
tification of interval location of the QTL, we perturb the relevant bivariate
normal distributions with an exponential distribution with mean 1. In order
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Figure 5.4. Mean rank correlation, based on 1000 replications, between squared
difference of trait values of a sib-pair and estimated i.b.d. scores at 100 ordered
markers, all unlinl, d to the QTL, with simulation parameter values o = 5, o2 =
1,p=0.7,p=0.6 and {(a) 8 =0; (b) 8= 2; {c] 8 =4 based on 100 sib-pairs.
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Table 6.4. Comparison betwoeon the non-parametric and parametric re-
gresslons based on average prediction error (residual sums of squares
avoraged over 1000 replications) in the case of a single QTL using 50
gib-palrs with simulation paramoter Values of a =bjol =110, = =0y =
04 = 05 = 0,01, 1

(I.’I-) ﬁ = in === 0-51ﬂ == ()8

Candidate Iirror in Prediction
Interval | NP (95.3%) P1 (97.6%) P2 (98.0%)
(1,2) 111.45 107.56 104.87
(2,3) 103.40 100.48 97,84
(3,4) 112.83 100.58 105.53
(4,5) 122,17 118.97 116,04
(0) B=2,p=09p=07
Candidale IError in Prediction
Interval | NP (84.7%) P1(80.2%) P2(81.3%)
(1,2) 167.93 170,56 168.01
(2,3) 160,26 166,02 161.36
(3,4) 169.88 172.64 169.90
(4,5) 184,71 191.39 188,55
(¢) B=4,p=0.7,p=0.5
Candidate Error in Prediction
Interval | NP (70.7%) D1 (38.8%) P2(40.7%)
(1,2) 212.68 216.44 214.85
(2,3) 207.79 215,75 210.26
(3,4) 210.92 214.50 213.13
(4,5) 22136 229.23 226.39

Pl = Parametric with leave-one-vul; P2 = Paranelric without

‘NP = Non-paramelric;
‘ :
Figures in parentheses denote the

leave-one-out, that is, standard parametric regression,
percentages of correct identification of true interval location.
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Table 5.5. Comparison betweoen the non-parametric and parametric re-
gressions based on average prediction error (residual sums of squares
averaged over 1000 replications) in the case of a single QTL using 25
sib-pairs with simulation parameter values of a = 5;02 = 1;0; = ) = 03 =
4 = 05 =0.01. O

(a) 3=0,p=05p=0.8

Candicdate Error in Prediction
Interval | NP (93.1%) P1(95.4%) P2 (96.2%)
(1,2) 126,04 192,76 119.64
(2,3) 118.48 1156.67 112.06
(3,4) 198,16 121.35 120.03
(4,5) 143.74 137.43 134.68

(b) 3=2,p=09,p=07

Candidate Error in.Prediction
Interval | NP (82.6%) P1(75.3%) P2 (77.0%)
(1,2) 171.28 176.55 17416
(2,3) 164,09 171.63 167.32
(3,4) 173.37 178.80 175.09
(4,5) 188.48 198.06 165.45

(¢) B=4,p=07,p=05

Candidate Frror in Prediction _
Interval | NP (65.5%) P1 (34.2%) P2 (35.9%) |
(1,2) 229.53 240,08 237 .62
(2,3) 220.49 238.16 233.44
(3,4) 226.86 237.61 233.38

L (4,5) 243,35 268.77 255.26

SNP = Nou-paramelric; P1 = Paraumetric witli leave-one-oul; P2 = Paramebric without
leave-one-out, that is, standard parametric regression. Figures in parentheses denote the

percentages of correct identification of true interval location.
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to preserve the original mean vector and dispersion matrix of (y;1, ¥i2)s (i.e.,
a=50"=1p=07and g = 0,2,4), suitable shifts in location are made.
We consider two different perturbations with different intensities. In the
first case, we consider a mixture of 80 % of the original bivariate normal
distribution and 20 % exponential distribution with mean 1. In the second
case, the mixture comprise 50 % of each of the above distribution. The other
parameters (i.e., recombination fractions) remaining same, we perform both
the non-parametric and paramefric regressions to identify the most likely
position of the QTI. The results on percentages of correct identification
of flanking interval are given in Table 5.6. When these percentages are
compared with those presented in Table §.1, we find that perturbation added
to the normal distribution has very marginal effect on the ability to correctly
identily the QTL interval location, even when the amount of perturbation
is as high as 50 %. As was seen in the previous cases, while the non-
parametric regression procedure performs almost as well as the parametric
regression procedure when there is no dominance; it preforms increasingly
more elliciently as the dominance effect increases.

Table 6.6, Comparison between the non-parametric and parametric re-
gressions in the case of a single QTL when the trait distribution is per-
turbed with exponential distribution with simulation parameter values
ofa=58c"=1;01=0,=0=0,=0; =001,p=078

Degree of 7 20 % perturbation 50 % perturbation
Dominance PCI(NP) PCI(P1) PCI(P2) { PCI(NP) PCI{(P1} PCI(P2)
(3)
0 0.5 05.1 98.3 98.9 94.8 08.1 98.6
P 0.9 01.2 81.7 83.2 88.0 81.3 84.0)
3! 0.7 73.6 48.5 50,6 T1.7 46.4 48.8

GNP = Non-parametric; Pl = Parametric with leave-one-out; P2 = Parametric without
leave-one-out, that is, stancdard parametric regression. Figures in parentheses denote the

percentages of correct identification of true interval location.
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5.8 A Comparison With Olson’s (1995a) Estima-
tor In Presence Of Dominance

As we noted in Section 5.5, equation (5.1) is valid only when there is no
dominance at the trait locus, Olson (1995a) showed that in presence of
dominance, equation (5.1) needs to be modified as:

E(y|@;1,7) = Po-+ Piin + BoTp + Bal o -+
Baf1. + Bsfa + Befui

where, fo, 81, B2y P3, Bav Ps and fs are some constants and fi; = P{m =
1/2, 79 = 1/2|%,%2}; J1. = Soesg f1; and [ = Y22 o fi1. Since this equa-
tion provides the exacl expectation, while equation (5.1) provides only an
approximate expectation, in the presence of dominance, it is of interest to
compare our non-parametric strategy with the parametric linear regression
based on the above equation. If we compare the two procedures using a
parametric test based on prediction errors, we would encounter a "degrees
of [reedom" problem because of unequal number of explanatory variables in
the two regression models. However, we can use the percentage of correct
identilication of true interval location of the QTL as a criterion to compare
the two procedures,

Simulated data were generated using the methodology described in Sec-
tiong 2.2 and 5.6. The only additional point that needs to be mentioned
is that fi;s were obtained as the sample proportiens of the marker i.b.d.
scores conditional on the estimated marker i.b.d. scores. Based on sim-
ulated data for different sets of parameter values and the "leave-one-out"
technique, we present the resulls of the present parametric regression in Ta-
ble 5.7. Comparing this table with Tables 5.1, 5.4 and 5.5, we find that
there is a large increase in the percentages of correct interval location of
Lthe QT'L using the present linear regression compared to the linear regres-
sion discussed in Section 5.5. However, the corresponding percentages using
our proposed non-parametric procedure are, in general, higher than those
using the present parametric regression, particularly with increase in the
degree of dominance at the QT. When 8 = (), the parametric strategy per-
forms slightly better, but as § increases, the relative performance of our
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proposed procedure becomes increasingly better. These observations are
congistent with diflerent sample sizes (n = 100, 50, 25). We, however, note
that the average prediction error is less in the present parametric regres-
sion compared to the non-parametric strategy. We emphasize again that
comparisons based on prediction errors may be inappropriate because of
a larger number of regressors in the Olson's (1995a) parametric regression
model, than in our non-parametric regression model. In sum, the proposed

semi-parametric method outperforms Olson's (1995a) parametric method in
presence ol dominance at the QT

5.9 Detection of Multiple QTLs

When the Grait ig controlled by multiple loci, the proposed procedure
or detection of a QT using flanking markers can be easily extended. Sup-

ose Lhe quantitative trait is determined by two biallelic trait loci (A, a1)
and (Aq,aa). Lel the marginal expectations of trait values for individuals
of genotypes Ay Ay, Ajap and an be oy, By and -¢y, respectively, and for in-
dividuals ol genotypes AsAs, Asas and agag be o, Ba and -cvg, respectively.
We assume that the conditional expectation of the trait given the geno-
types al the two QT'Ls are additive. Thus, for example, the expected trait
value for an individual of genotype A4, A1 AsAg is ayyt+ag; for an individual
of genotype AyayAdaaq is By-aw, ete. Tor ease of exposition and simulation,
we assunie that the unlinked QT'Ls are actually on different chromogomes.
Further, the QI'Ls are separately assumed to be in linkage equilibrium with
A pair of flanking markers. Based on data on trail values of n independent
sib-pairs and the estimated 1.h.. scores of two sets of ordered markers on
two different chromosomes, our aim is to detect both the QTLs by identi-
fying the closest pair of flanking markers on each chromosome. Using the
rank correlation statistie, we can identify the possible pairs of candidate
Nanking markers on each chromosome and then invoke the parametric or
the non-parametric regression procedure to select the most likely intervals
where the two QT'Ls are located.

We perform simulations to assess the performance of the rank corre-

lation statistic when there are two Q1Ls and compare the performances
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Table 5.7. Results of Olson’s (1995a) parametric regression in
presence of dominance, based on average prediction error {(residual
sums of squares averaged over 1000 replications) in the case of a
single QTL for various sib-pair sizes with simulation parameter
values of o =502 =1:0; = 0y = 03 = 04 =05 = 0.01, '

(a) f=0,p=05,p=08

Candidate Error in Prediction
Interval | n=100 (99.4%) n=50 (98.7%) n=25 (97.0%)
(1,2) 89.76 07.36 113.62
(2,3) 66.38 90.43 104.35
(3,4) 91.05 08.20 114.59
(4,5) 100.81 108,94 128.17

(b) 8=2,p=09,p=07

Candidate Error in Prediction
Interval | n=100 (86.8%) n=50 (82.7%) n=25 (80.3%)
(1,2) 142.06 160.68 167.41
(2,3) 135.63 152,33 159.55
(3,4) 144.92 162,79 170.02
(4,5) 159.68 176.04 182.38

——

(¢) B=4,p=0.7,p=05

Candidate Error in Prediction

Interval | n=100 (70.6%) n=50 (67.2%) n=25 (65.1%)
(1,2) 170.88 203.45 218,56
(2,3) 157.54 197.16 206,23
(3,4) 166.37 203.95 216.44
(4,5) 188.12 212,73 231.37

7u denotes the number of sib-pairs considered and figures in parentheses denote the per-

centages of correct identification of true interval location.
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of the parametric and the non-parametric regression procedures in locating
the flanking intervals correctly. In order to study the nature of rank correla-
tions, we generate data on 100 sib-pairs as before. We consider 100 ordered
markers on each of the two chromosomes with the recombination fraction
between successive markers equal to 0.05. The first QTL is assumed to be
located between the 24** and 25" markers on the first chromesome and the
second QTL between the 60** and 61 markers on the second chromosome.
T'wo sets of trait parameter values are chosen for generating simulated data.
cvy s chosen to be § in both sets, and the other parameters are chosen such
that in the first case there is no dominance at either QTL and the first QTL
explains 807% of the variance in the trait, while, in the second case there is
dominance effect only at the first QTL and it explains 60% of the variance
in the trait. The nature of the rank correlations are presented in Figures
5.7(a)-(d). Though the magnitudes of the rank correlations are, in general,
less than in the case of a single QTL, we find that in both cases, peaks are
prominent at the 24" marker on the first chromosome and the 60t marker
on the second chromosome, thus correctly identifying the approximate po-
sitions of the QTLs.

In order to compare hetween the parametric and the non-parametric
regression strategies in the case of two QT'Ls, we generate data on 5 markers
on each of the two chromosomes. The two sets of simulation trait parameter
values are chosen as mentioned in the preceding paragraph. The percent-
ages of correct identification of flanking markers on each chromosome are
given in Table 5.8, We find that in the first case, where there is no domi-
nance elfect at either QTL, the percentage of correct identification for both
QT'Ls is, as expected, slightly higher in the parametric procedure. However,
the percentage of correct identification ol both QTLs by the non-parametric
procecure is as high as 93.2% and, for all practical purposes, is almost as
efficient as the parametric procedure, In the second case, where there is
dominance at the major QTL, the percentage of correctly locating both
the QTLs is substantially higher (88.2%)in the non-parametric procedure.
While the parametric procedure locates the second QTL (which has no dom-
inance effect) in about 90% of the simulation replications, the first QTL is
located correctly in only 61-73% of the replications. The corresponding
fisures for the non-parametric procedure are 92% and 87.5% respectively.
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Thus, we find that the non-parametric procedure performs more efficiently
even when there is dominance in one of the two QTLs. We note that in
our simulations, whenever the flanking interval is incorrectly identified, the
QTL is identified in an adjacent interval. Thus, the error in identification

may not be of any major practical consequence. We also note that for given
values of the proportions of trait variance explained by the QTLs, there
may be several possible combinations of trait parameter values (as,3s,ps).
An obvious question is whether the performance of the procedures differ for
such diflferent combinations of trait parameter values that correspond to the
same proportions of trait variance explained by the QTLs. We investigate
this problem, and find that different trait parameter values conforming to
Lhe same proportion of variance explained by the major QTL yields almost
identical results in terms of percentage of correct identification of interval
location.

In the above, we have ignored the possibility of epistatic interac-
tions between the two QTLs. Epistatic interactions can be parametrized in
a multitude of ways (Kearsey and Pooni 1996), However, to perform some
preliminary investigations on the effect of epistatic interactions on the per-
fomance ol our proposed method, we consider the digenic interaction model
given in Table 2.1,

Simulated data under this digenic interaction model are generated as
described earlier. The results of the first-stage of our procedure are graph-
ically depicted in IFigures 5.8(a)-(d), with A = 1, oy = 5§ and other sets of
parameter values chosen such that the first locus without any dominance
effect explaing 80% [Figures 5.8(a) and (b)] and with dominance effect ex-
plains 60% [IMigures 5.8(c) and (d)] of the total variation in Y. It is observed
that in the presence of epistatic interaction, the magnitudes of the rank
correlations are slightly lower than il epistatic interaction are absent. The

peaks are pronounced at the right locations of the Q' T'Ls. The resuits of the

second-stage of our procedure are provided in Table 5.9, and show that the
qualitative inlerences are identical with those in the absence of epistasis, but
the percentages of correct interval identification are marginally lower. Thus,
it is clear that our proposed procedure performs well at both stages even in
the presence of reasonable levels of epistatic interaction between the QTLs.
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Table 5.8. Comparison between the non-parametric and parametric re-
grossions In tho case of two QTLs In absence of epistasis using 100 sib-
pairs with simulation parameter values of a =502 = 1:6; = 0y = 03 = 0, =
05 = 0.01 and 1000 replications, 8

(@) No dominance effect at either QTL and 80% of trait variance

explained by the first QTL.
Type of Percentage
Idlentifieation® | NP P11 P2
C.C 03.2 96,56 974
Cl 68 3.5 2.6
1C 0 0 {)
I1 0 0 ()

p—

w—

(6) Domiunnce effect at Grst QUL only and 60% of trait variance
explained by the fivst QTL,

'_I_‘yp{r of Percentage
ldentilication® | NP P11 P2
& 82,2 65,7 69.6
Cl 63 3.0 34
1C 0.8 23.6 218
I1 25 607 5.2

5.10 Discussion and Overview

Recent developments in molecular genetics have resulted in the increas-
ing use of genome-wide scans for mapping traits. Genome-wide scans yield
huge data sets that require analyses using efficient and robust statistical
methods. Tn this Chapter, we have proposed a semi-parametric strategy of
interval mapping of quantitative trait loci, Given trait values of gsibs and
estimated Lh.d, scores of a set of ordered markers on a chromosome, we have

developoed a two-step mulbipoint linkage method, We first reduce our data on

NI’ = Non-parameiric; Pl = Parametric with leave-one-out; P2 = Parametric without
lenve-one-ont, that is, standard parametric regression. C and I denote, respectively, correct
and incorreet identification of interval location of the two QTLs (e.g., CI denotes that the
first QI'L's interval is correctly tdentifiec, but the second QTL’s interval location is not

correctly identified.)
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markers Lo only those which provide indications of linkage (coarse-mapping)
to the Q'L using rank correlation, Then, we fine-map the QTL location.
T'he two-step approach was prompted by cost-benefit considerations of geno-
typic data generation and statistical analyses. While the adoption of a set
of high-densily markers in genome-wide scans may provide maximal infor-
mation, it is often prohibitively expensive. A statistically and logically more
sound, as alsu cost-cllective strategy I8 to initially use low-density markers
(perhaps, (-10eM apart) and identify a set of probable marker intervals in
which the QTT.(s) may be located. Then, one can saturate these "probable
intervals" with higher-density (say, 1-5¢cM) markers and localize the QT'L(s)
to finer intervals, In [act, such a strategy has recently been adopted in a sib-
pair linkage study of schizophrenin (Williams et al, 1999). The investigators
performed a lwo-stage genome-wide scan, In the first stage, the average den-
sity ol markaers used was 17.26cM. In the second stage, intervals identifled
in stage 1 were satwraled with markers with an average density of 5-10¢M,
Our proposed protocol uses a computationally easy, low-stringency, statis-
tical criterion based on rank correlation for analyzing low-density marker
data on sib-pairs. for analyzing high-density marker data, that is, for fine-
mapping, we have proposed a method that is capable of identilying even
amall "signals" of linkage evidence, hecause it does not use assumed func-
tional forms for the nature of dependence between squared difference of
sih-pair trail values and estimated i.h.d. scores. In fact, in the presence of
dominance effects al. the trait loci, which may be the rule rather than the ex-
ception, functional forms are difficult to algebraically derive. Further, since
local smoothing is performed, the efficiency ol detecting evidence of linkage
in small marker intervals is higher and variations in values of trait parame-
ters keaping the proportion of trait variance explained by the QTL(s) at the
samoe lovel, We note that a similar two-stage procedure, in the context of
qualitative traits, was proposed hy Ilston et al. (1996). We have compared
our procedure with a currently-used parametric regression procedure {Olson
1995a) and have shown that the efliciency of our procedure in correctly lden-
tifying interval locations increases with increase in the degree of dominance
at the trait locus. Moreover, in our procedure, the percentage of correct

identification of flanking markers is not significantly adversely affected with
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Figure 5.8. Mean rank correlation, based on 1009 replications, between squared difference
of tra:t veiues of 2 sih-pair and estimated i.b.d. scores a1 10D ordered markers. {a) and {b)
petain to the fBrst and second iocy, respectively, wher the Srst locns, without dominance
but epistetically isterecting with the second locus, explains 80 5T of the vanation in trait
vaives: [c; and ¢} pertaizn 1o the frst and second loci, respectiveiy, when the Srs: locus,

atth Zominanoe and episiaticaily Interaciing with the serond locus. explains 80 % of the
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Tablo 5.9. Comparison botween the non-paramotric and parametric ro-
gressions in tho caso of two QTLs In prosencoe of eplstasis (A) using 100
gib-palrs with siinulation parameter values of o = 50 = 1;A = 1,0
0y = O3 = 04 = 0y = 0.01 and 1000 roplications. 9

il
'y

(@) No dominance eflect at cither QTT and 80% of trait variance

explained by the first QI'L.
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reasonable reductions in sample sizes. We have also shown that the proce-
dure is robust with respect to distributional agsumptions.

Wao emphasize that if one wishes to perform a one-step genome scan,
the data can be analyzed using either our procedure based on rank corre-
lation (computationally cheap) or using non-parametric regression (comnpu-
talionally more expensive). A major advantage of the propogsed procedure
is that, unlike paramotrie linkage methods, it does not involve modellng ol
epistasis and other trait. parametors, and hence, is much more robust. with

respect. to distributional assunplions.

UNP = Noneparametrie; P1 = Paramotric with leave-one-out; P2 = Parametric without
leave-one-out, thal is, standard parametric vegression. C and [ denote, respectively, correct
and incorreet, identification of interval tocation of the two QTLs (¢.g., CI denoles that the
first QT'L’s interval is correctly identified, but the second QTL's interval location is not

correctly identilied.)
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Chapter 6

Deciphering the Genetic
Architecture of a
Multivariate Phenotype

6.1 Introduction and Objective

One of the major current challenges in genetic epidemiology is to unravel
genetic architectures of complex traits, Quantitative variables, possibly con-
related, generally underlic complex traits. Often, a dichotomous trait defi-
nition is adopted lor such traits based on cut-off points defined on suitable
unctions of the underlying quantitative variable(s). Examples are diabetes,
ypertension, schizophrenia, ete, Such dichotomization often leads to loss of

ower in estimating genetic and environmental conbributions to such tralts,
and v mapping the loci controlling such traits, Further, this approach to
defining a phenotype may lead to inconsistencies in inferences across stud-
fes. Therelore, it I8 desirable to use the information on the set of underlying
multivariate phenotypes. Often, individual components of the multivariate
phenotype voctor are analyzed separately, both in order to estimate genetic
and environmental contributions and for gene-mapping, This approach has
many obvious pitfalls, including the statistical problem of multiple compax-

Isons, especially when genome-wide scans are performed.
It has been emphasized that the genetic dissection of complex traits and

143



diseases may require study designs and statistical methods that are more so-
phisticated than those used in the analysis of simple Mendelian genetic traits
and diseases (Lander and Schork 1994). There is currently a major interest
in using data on multivariate phenotypes for genetic epidemiological anal-
ysis of complex traits. Methodologies have been developed and there have
heen attempts to jointly analyze data, of sib pairs or of other sets of family
members, on several correlated quantitative phenﬂtypés as a single mult_i-
variate phenotype. Many models and approaches have been used, including
variance components (Lange and Boehnke 1983, Schork 1993), regressive
model (Bonney et al. 1988, Moldin and van Eerdewegh 1995), multivariate
extension of the Hageman-Itlston mmodel (Amos et al. 1990, Amos and Liang
1996) and structwral equations model (Faves et al. 1996, Todorov et al.
1998). It has been noted that with a large number of components in a mul-
tivariate phenotype vector, the power of a multivariate analysis to detect
linkage can be substantially lower than the power of an analysis applied to
a "genetically relevant" phenotype (Ott and Rabinowitz 1999).

To circumvent the above mentioned problem of power reduction, one
approach that has heen adopted is the application of data reduction tech-
niques, such as principal components analysis or factor analysis, by which
the dimension of the original multivariate phenotype vector is reduced and
subsequent analyses are performed on a lower dimensional vector of a few
linear combinations of the original phenotypes (Zlotnik et al. 1983, Hasstedt
et al. 1994, Boomsma 1996, Allison and Beasley 1998, Ott and Rahinowits
1999). While this approach may overcome the problem of loss of statistical
power to a certain extent, it is important to realize that unless the choice of
variables from the vector of variables to be combined as a new quantitative
phenotype is made judiciously, using certain statistical and genetic princi-
ples, inferences may be grossly incorrect, Hasstedt et al. (1994) and Ott and
Rabinowitz (1999) have emphasized that those principal components which
hiave high heritabilities be chasen in the final analysis, Majumder et al.
(1998) have emphasized that an initial correlational analysis be performed
using individual components of the muitivariate phenotype vector, and only
that subset of variables which show high correlations within individuals in
families be chosen for further data reduction, They have also suggested that
only those principal components whose coefficients show consistency across
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family membeors be chosen for final analysis.

Since the multivariate phenotype underlying a complex trait may be con.
trolled by more than one locus, it is unclear whether an initial analysis and
examination of the correlation structure of the variables should be carried
out to identily subsets of variables, within each of which data reduction may
be performed. The purpose of this study is precisely to examine this issue
in the context ol gene-mapping using data on sib-pairs. The overarching
goal of this study is to propose a methodology for analysis of a multivariate

phenotype for the purpose of mapping the underlying loci controlling the
phenotype.

6.2 Scenarios and Models

We assume that we have a phenotype vector Y = (Y1, ¥, ..., V). A
set of genelic loci pleiotropically control individual components, Y;, of this
phenotype vector. Since we assume the existence of pleiotropic effects, the
number of loci, {, will necessarily be much smaller than p. We also entertain
the possibility that some of the individual components of the phenotype vec-
tor may not be under any genetic control, and may be solely determined by
environmental eflects. TFurther, even when an individual component is un-
der genetic control, we accommodate the possibility of environmental effects
on this component. For purposes of illustration and the simulation studies
described subsequently, we consider three simple scenarios; Cases (1) - (3)
depicted in Figure 6.1, We consider a multivariate phenotype vector com-
prising 7 individuai components. In Case (1), the component phenotype Y,
is undeor the control of an autosomal biallelic locus, which also pleiotropically
controls the component phenotypes Yz and Y3, The component phenotype
Y, is under the control of another autosomal biallelic locus, unlinked to the
first locus; Y5, Vs and Yy are pleiotropically controlled by this second locus.
In Case (2). Yy, Ya, Yy are controlled similarly as in Case (1), but Yy, Y,
Yg and Y+ are nol. under any genetic influence, but are only influenced by
environnental factors. In Case (3), both loci have direct effects on some of
the component. phenotypes as depicted in Figure 6.1,
The model that we consider for Case (1) is that Y3, i= 1, 2, 3, is
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Case (1)

Case (2)

Case (3)

LOCUS 1 LOCUS 2

' !

Y, Y,
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Y, Y, Y, Y, Y.
LOCUS 1 ENVIRONMENT

'

Y,

LOCUS 1 LOCUS 2
y
Y Y,
N TN
Y, Y, Y, Y, Y,

- = ¥y, ..., Ya) considered.
Figuro 6.1, Three nodels of a multivariale phenotype Y = (Y, Y, 7)



distributed as normal with mean ¢y, /3, —cy; and variance o; according as

the genotype at the first locus is Aj Ay, Ajaq or a1aq, where A; and a; are the
alleles at that locus. Similarly, Y;, 4 = 4, 5,6, 7, is distributed as normal with
mean c;, B, —a; and variance o;? according as the genotype at the second
locus is AgAq, Asay or agag, where Ay and ag are the alleles at that locus.
In Case (2), the model for ¥;, i = 1, 2,3, is identical to that in Case (1).
However, as Y;, ¢ = 4,5, 6,7, is influenced only by environmental factors, the
uncerlving distribution is normal with the same mean o; and variance o;°.
The model for Case (3) is identical to that for Case (1), except that ¥; and
Y5 are also influenced by the first locus (see Figure 6.1), and so their means
depend on the genotype at that locus. Additive genotypic effects model is
assumed for these two phenotypic components.

Under the three scenarios considered, the 7-dimensional phenotype vec-
tor really comprise two subvectors (¥1,Ys,Y3) and (Y4,Y5,Ys,Y%). Our prob-
lem is to decipher the genetic architecture of the 7-dimensional phenotype.
That is, under Case (1), we would like to collect appropriate data and an-
alyze the data to be able to map both loci; under Case (2), we should be
able to identify and map one locus, etc,

If we denote the expected correlation matrix of Y as:

_ ( P11 5.3 P12 3.4 )
p —
ng Adxd

then under the models specified above, the elements of the submatrices
oo and peg; 4.7 = 1,2, will follow certain patterns and constraints
under the three scenarios. Thege are:

Case (1) -~ The elements of pyz are all small in magnitude and are less
than the elements of py; and pas. We note that if common environmental or
other common small genetic effects are absent, then the elements of pyo are
expected to be all zero.

Case (2)—- As for Case (1) elements of py are expected to be close
to zero. Turther, the elements of pgg are also expected to be smaller in
magnitude than the elements of pq1.

‘ase (3) — Because certain phenotypic components are controlled by
more than one locus (Figure 6.1), the correlation matrix of Y can be further

partitioned as explained below and in Table 6.1.
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The elements of py3 are expected to be close to zero. Further, the ele-
ments of pi2, pe and po3 are expected to be smaller in magnitude than the
elements of p11 and pas. |

6.3 Methodology

6.3.1 Data reduction

The problem that we seek to examine under these models and expectations
is compare the efficiencies of statistically deciphering the genetic architec-
ture of the multivariate phenotype with or without ignoring the expected
correlation structure under the three scenarios listed above. We used the
principal components approach, Ignoring the correlation structure implies
that principal components are extracted using the observations on the 7-
dimensional phenotype vector. The first two principal components extracted
from these data are denoted as PC-1 and P (-2, respectively. For taking the
correlation structure into account, we have, for Cases (1) and (2), extracted
principal components based on the observations of the sub-vectors (¥1,Y2,Y3)
and (Y),Ys,Ye,Y7) separately. For Case (3), principal components based on
the observations of the sub-vectors (Y1,Ys,Ys,Ys,Ys) and (Vy,Ys,Ys, Y7 ) are ex-
tracted. We note that two component phenotypes Yy and Y5 are common to
hoth sub-vectors. This is because both loci have effects on Yy and Ys, The
first principal components extracted from observations of these sub-vectors
are denoted PCH) and PC®), respectively. TFor linkage analysis, we use
PC-1, PC-2, PC!Y and PC). We note that while for Cases (1) and (2),
the expected correlation between PC{!) and P (A% is zero, for Case (3) it is
positive. [However, this pnsés no problem in linkage analysis as our method
does not, at any stage, consider PCY) and PCE) jp'intly.
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Table 6.1, Simulation Parameter Values of «;, §; and 0,2 for the Different
Components of the Multivariate Phenotype !

Case | Phenotype | o | 5 | o2
1 Y; b | 211
Y 10 | 3 | 3

Yy 35 | 10 | 10

¥ 2 10 (0]

Y, 20 | 5 | 5

Ya 30 | 8 | 10

Y 100 | 20 | 16

2 Y 5 [ 2] 1
Y, 10 | 3 3

Yy 35 | 10 | 10 |
vi 2| |oi

Y 1 20 3

Y5 30 10

Y, 100 15

3 Y 5 | 2 | 1
Y, 10 | 3| 3

Yy 35 10 | 10

Yy? 2 | 0 |01

23 | 4 | 7

Ys' 20) 5| 5

45 112 | 12

Y5 30 [ 8 } 1D

Y, 100 | 20 | 15

'‘Sinee Y, and Yj are controlled by both loci, the two sets of values pertain to the effects of

the two unlinked loci of these components. The genotypic effects of the two loci are assumed

to be additive.
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We note that because of the specific scenarios considered by us, partitioning of
the 7-dimensional phenotype vector into sub-vectors occurs naturally., In practice,
it will be necessary to try different permutations of the rows and columns of the
correlation matrix, examine and perform tests of hypotheses on the structures of
the submatrices, to determine the most appropriate partitioning of the phenotype
vector. This is not done in the present study because the purpose of this study is
to examine the effect of ignoring the correlation structure among the phenctypic
variables on the efficiency of gene-mapping.

6.3.2 Mapping QTLs

We use the semi-parametric method of quantitative trait locus (QTL) mapping pro-
posed in Chapter 5. The data comprise observations on the principal components
on pairs of siblings. We assume that a genome-wide scan has been performed and
that genotype data at the various marker loci are available on these pairs of siblings.
As described in Chapter 5, a two-stage variable-stringency strategy is used.

6.3.3 Simulation

Qur simulation procedure comprises generation of trait values of siblings under
the models considered and also identity-by-descent (i.b.d.) scores based on marker
genotype data. This is done in several steps; the number of steps is variable for the
different scenarios considered by us.

Case (1)

In the first step of our simulation method, we generate the genotypic mating
type of parents at each of the two unlinked trait loci from 6-nomial distributions
with the cell probabilities being the probabilities of the different mating types. In
the second step, we generate the genotypes of the sib-pair at each of the trait loci
from trinomial distributions with cell probabilities being the conditional probabil-
ities of the different trait genotypes given parental genotype information. In the
Lhitd step, we generale, for both sibs, the three phenotypic values controlled by the
first trait locus from a trivariate normal distribution with appropriate mean vector
and dispersion matrix as described in Section 6.2, In the fourth step, we generate,
for both sibs, the four phenotypic values controlled by the second trait locus from
4 d-variate normal distribution with suitable mean vector and dispersion matrix
described earlier. The method of generation of estimated i.b.d. scores at different

marker loci has been described in Section 2.2,
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Clase (2)

In the first step of our simulation method, we generate the genotypic mating
Lype of parents at the trait locus from a 6-nomial distribution with the cell proba-
bilities Deing those of the different mating types. In the second step, we generate
the genotypes of the sib-pair at the trait locus from a trinomial distribution with
cell probabilities being the conditional probabilities of the different trait genotypes
given parental genotype information. In the third step, we generate, for both sibs,
Lhe three phenotypic values controlled by the trait locus from a trivariate normal
distribution with appropriate mean vector and dispersion matrix as described in
Section 6.2, In the fourth step, we generale, for both sibs, the four phenotypic
values that are environmental in nature from a 8-variate normal distribution with
mean vector and dispersion matrix described earlier, The method of generation of
i.b.d. scores at different marker loci is identical to Case 1

C'ase (3)

The method of generation of the genotypes of the sib-pairs at the two trait
loci conditional on the parental genotypes at the two loci is identical to Case 1.
Next, we generate, for both sibs, the seven phenotypic values sequentially (the
three phenotypes controlled solely by the first trait locus, then the two phenotypes
controlied jointly by the first and the second trait loci and finally the two phenotypes
controlled solely by the second trait locus) from a 7-variate normal distribution with
appropriate mean vector and dispersion matrix described in Section 6.2. (The mean
of cach phenotypic value jointly controlled by the two trait loci is assumed to be
the sum ol the marginal means of the phenotypic value at each trait locus,) The
method of generation of i.b.d. scores at different marker loci is identical to C'ase 1.

The parameter values used in the simulations are presented.in Table 6.1. All
resnlts are based on 100 simulation runs for each case. For linkage analysis, each

simulation run is based on 100 sib pairs,
6.4 Results

As mentioned earlier, after generating data on the multivariate phenotype vec-
tor, we extract the first principal component from the data on each of the two
sub-vectors (Y1,Y2,Ys) and (¥),Ys,Y5,Y7); these are denoted PCY) and PCA, re-
apectively, We also extract the first two principal components, PC-1 and PC-2,

[rom data on the complete 7-dimensional phenotype vector.
We present in Tables 6.2,6.3 and 6.4, the coefficients of the various principal
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components for the two siblings, and the percentages of variance explained (PVE)
by the principal components, for § simulation runs, for each of the three Cases
considered., Consistency in the signs and magnitudes of the coeflicients of the
various principal components across simulation runs for each Case is obvious. Both
PCY and PC? explain between 85% and 90% of the variance under Case (1), For
this Case, PC-1 and PC-2, on the other hand, each explain about 40%-55% of the
variance, As is intuitively expected, for Case (2), while the percentages of variance
explained by PC-1 and PC-2 remain roughly the same as for Case (1), there is a
large decrease in this percentage for PC? and a large increase for PCU), For Case
(3), the percentages of variance explained by PC(D and PC® are about the same
as in Case (1), while those explained by PC'— 1 and PC — 2 are about 5% higher
and lower, respectively, than in Case (1),

For the Cases (1) and (3), correlations of values of principal components be-
tween siblings are similar whether or not the correlation structure of the phenotypic
variables is taken into account before data reduction (Table 6.5). However, for the
Case (2), in view of the fact that the phenotypic components (¥;,Y5,Y5Y:) are
not influenced by any genetic factor, the sib-sib correlation for P2 is very small
(‘Table 6.5). Thus, sib-sib correlation valies do not provide much clue about the un-
derlying genetic architecture of the multivariate phenotype, except to help identify
those phenotypic components that may not be under any major genetic control.

In order to asscss the performance of the rank correlation statistic to identify
the interval {ocation of the QTL, we generate data on two unlinked sets of 100
orclered, equispaced markers, such that the recombination fraction between any
two congecutive markers is 0,05, Simulated data are generated assuming that the
two trait loci are unlinked. Ior ease of presentation, we shall assume that they are
on two separate chromosomes and arbitrarily call them as Chromosomes 1 and 2.
BBach chromosome, as mentioned earlier, is saturated by a set of 100 markers. We
arbitrarily assume that first trait locus is flanked by the 24** and 25" markers on
Chromosome 1, and the second trait locus is flanked by the 60** and 614 markers
on Chromosome 2. We further agsume that the recombination fraction between the
lirst trait locus and the 24" marker of the first set is 0.02, while that between the
socond trait locus and the 60" marker of the second set is 0.03. The nature of the
absolute rank corrclation between the diflerent markers and the squared difference
in the seleeted principal components of the sib-pairs mentioned above are presented
in IMgures 6.2 and 6.3 for Casge (1); Figure 6.4 for Case (2); and Pigures 6.5 and 6.6
for Case (3).
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Table 6.2. Coeflficients of various principal components and per-

centages of variance explained by the components for a pair of

siblings for 5 independent simulation runs for Case (1)

Type of PC | Run No. | PVE Coefficients of Sib 1 PVE Coefficients of Sib 2

pCc) 1 0.85 | -0.55 -0.58 -0.61 0.87 | -0.55 -0.58 -0.60
2 0.87 | -0.56 -0.58 -0.60 0.86 | -0.56 -0.59 -0.59
3 0.84 | -0.55 -0.59 -0.61 0.88 | -0.54 -0.58 -0.61
4 0.86 | -0.55 -0.58 -0.61 0.85 | -0.55 -0.57 -0.62
5 0.88 | -0.56 -0.58 -0.60 0.85 | -0.55 -0.38 -0.61

pPC® 1 0.85 | -0.40 -0.53 -0.53 -0.53 0.9 {-045 -051 -052 -0.52
9 0.85 | -042 -0.52 -0.52 -0.53 0.88 | -0.43 -0.52 -0.52 -0.53
3 0.86 | -043 -0.50 -0.52 -0.52 0.86 | -044 -0.51 -0.51 -0.54
4 0.85 | -0.40 -0.51 -0.53 -0.53 0.87 | -0.42 -0.50 -0.50 -0.53
5 0.88 | -041 -0.53 -0.53 -0.53 0.89 | -0.45 -0.51 -0.51 -0.52

PC—1 | 1 050 | 0.18 0.5 018 -038 -051 -050 -051! 033! 014 017 017 -044 -049 -050 -0.50
y, 052 | 0.16 014 0.19 -0.38 -0.48 -0.52 -052| 054 | 0.16 0.18 0.18 -0.42 -0.48 -0.50 -0.51
3 052 | 0.17 016 0.18 -0.36 -0.50 -051 -052| 050 | 0.12 0.16 016 -0.46 -0.49 -049 -0.50
4 051 | 0.17 015 0.9 -0.40 -0.49 -0.50 -0.51] 0.51 | 0.16 0.16 0.17 -0.41 -D.51 -0.51 -0.51
5 052 | 0.16 0.17 020 -0.37 -051 -051 -0511 054! 0.13 015 015 -043 -0.50 -0.51 -0.52

PC -2 1 035 | -052 -056 -058 -0.14 -014 -0.15 -0.15! 037 |-054 055 -0.57 -0.1 -0.18 -0.14 -0.15
2 038 | -0.50 -0.57 -0.58 -0.11 -0.13 -0.17 -0.17| 0.38 |-0.51 -054 -0.55 -0.12 -0.20 -0.15 -0.15
3 0.37 | -0.54 -0.56 -0.57 -0.12 -0.12 -0.18 -0.18 | 0.35 | -053 -0.57 -0.59 -0.08 -0.16 -0.14 -0.16
4 0.35 | -052 -055 -059 -0.14 -0.15 -0.15 -0.15| 0.38 {-050 -055 -0.58 -0.14 -0.17 -0.13 -0.14
5 036 | -053 -0.55 -0.58 -0.13 -0.14 -0.16 -0.16| 0.37 | -0.54 -054 -0.56 -011 -019 -0.15 -0.15




Table 6.3. Coefficients of various principal components and per-

centages of variance explained by the components for a pair of

siblings for 5 independent simulation runs for Case (2)

Type of PC | Run No. | PVE Coefficients of Sib 1 PVE Coeflicients of 5ib 2

e 1 0.90 | -0.38 -0.60 -0.55 0.88 | -0.58 -0.60 -0.55
2 0.91 | -0.56 -0.61 -0.56 0.92 | -0.58 -0.59 -0.57
3 0.90 | -0.57 -0.59 -0.54 0.90 | -0.58 -0.58 -0.58
4 0.88 1 -0.56 -0.60 -0.56 0.87 { -0.58 -0.61 -0.56
5 0.88 | -0.58 -0.39 -0.35 0.83 | -0.58 -0.58 -D.56

PC® 1 0.70 | -0.30 -0.51 -0.55 -0.59 0.75 | -0.1 -0.57 -0.58 -0.58
9 0.71 | -0.32 -0.50 -0.37 -0.58 .73 | -0.12 -0.56 -0.57 -0.58
3 0.73 1 -0.31 -0.31 -0.56 -0.58 0.69 | -0.09 -0.55 -0.58 -0.80
4 0.68 [ -0.30 -0.50 -0.56 -0.59 0.1 | -0.1 -0.57 -0.57 -0.58
5 0.70 | -0.32 -0.50 -0.55 -0.58 0.74 | -0.11 -0.58 -0.58 -0.59

PC —1 1 0.47 | -0.38 -0.40 -0.40 -0.19 -0.40 -040 -0.431% 0.48 | 0.30 0.31 028 -0.10 -0.49 -049 -0.49
y) 0.45 | -0.36 -040 -0.41 -0.18 -0.42 -0.38 -0.42] 048 | 0.33 0.32 029 -0.12 -047 -D48 _0.49
3 0.50 | -D.38 -0.39 -D.40 -0.17 -0.37 -D.40 -0.45| 046 | 0.30 0.30 026 -0.14 -047 -0.47 -0.48
4 0.48 | -0.36 -0.38 -0.43 -0.17 -038 -040 -042| 050 { 0.32 0.33 0.27 -0.08 -0.49 -0.49 -0.50
5 0.47 | -0.39 -0.40 -0.42 -0.16 -0.36 -D0.43 -0.44] 047 | 0.30 030 028 -0.12 -0.48 -049 -0.49

PC - 2 1 032 | 045 -0.44 -0.37 026 031 038 039 ] 034 |-050 -0.51 -047 002 -0.30 -030 -030
2 034 | 042 -D.44 -0.38 024 030 0.38 041 | 0.36 |-0.52 -0.53 -0.45 0.03 -0.31 -0.31 -0.28
3 0.33 | -043 -0.46 -0.35 0.27 0.30 0.37 0.39 | 0.35 | -0.50 -0.52 -0.46 0.01 -0.33 -0.32 -0.30
4 0.32 | -0.44 -0.44 -0.38 0.28 0.30 0.38 0.38 | 0.32 {-0.50 -0.52 -0.46 0.02 -0.32 -0.32 -0.30
5 0.36 | -0.44 -0.45 -0.35 028 031 039 039 034 |-051 -0.51 -0.47 001 -0.33 -0.31 -098




Table 6.4. Coefficients of various principal components and per-
centages of variance explained by the components for a pair of
siblings for 5 independent simulation runs for Case (3)

Type of PC | Run No. | PVE Coefficients of Sib 1 PVE Coefficients of Sib © ji

pCc 1 0.88 |-0.60 -0.60 -0.39 -0.21 -0.34 0.88 | 0.55 0.55 -0.36 -0.19 -0.39 |
2 0.86 | -0.60 -0.61 -0.37 -0.22 -0.36 0.87 | 0.55 0.58 -0.38 -0.22 -0.42 |
3 0.87 | -059 -0.60 -0.39 -022 -0.32 0.85 | 0.56 0.56 -0.34 -0.21 -0.40
4 0.90 | -0.61 -0.61 -0.37 -0.23 -0.33 0.88 | 0.55 0.57 -0.35 -0.22 -0.38
5 0.87 | -0.59 -0.81 -0.38 -0.22 -0.34 0.86 | 0.55 056 -0.37 -0.19 -0.29

PC® 1 0.96 | -0.50 -0.49 -0.50 -0.50 0.94 | -0.51 -048 -0.50 -0.31
9 0.96 | -0.50 -0.48 -0.50 -0.51 0.95 | -0.51 -0.48 -0.50 -0.51
3 0.95 | -0.50 -0.50 -0.50 -0.50 0.96 | -0.51 -0.49 -0.50 -0.50
4 0.95 | -0.49 -0.49 -0.50 -0.52 0.95 | -0.50 -0.50 -0.50 -0.50
5 096 | -0.50 -0.49 -0.50 -0.51 0.94 | -0.50 -0.49 -0.50 -0.51

PC -1 1 0.55 | 0.04 0.02 001 -0.51 -048 -0.50 -0.51| 0.58 | 0.24 0.24 003 -0.48 -043 048 -0.4%
2 0.52 | 0.04 0.03 002 -0.52 -048 -0.51 -051| 056 | 0.24 025 003 -0.46 -045 -048 -0.49
3 0.54 [ 0.04 003 001 -0.52 -047 -0.50 -0.50| 0.56 | 0.23 0.23 003 -0.48 -045 -0.47 -0.50
4 0.55 | 0.03 0.03 0.03 -0.51 -049 -0.50 -0.51| 0.57 | 0.26 0.25 0.04 -0.47 -0.44 -048 -0.49
5 0.55 | 0.04 0.02 002 -0.51 -048 -0.50 -0.51( 0.58 { 0.25 024 003 -047 -0.46 -049 -0.49

PC -2 1 0.31 | -0.65 -0.63 -0.39 -0.01 -0.14 0.04 001 | 0.27 | 0.59 0.56 044 0.15 031 008 009
9 0.33 | -0.63 -0.62 -0.37 -0.01 -0.16 0.06 0.02 | 028 | 0.60 0.57 044 017 028 0.06 0.11
3 0.32 | -0.65 -0.64 -0.38 -0.02 -0.15 0.04 0.01 | 0.30 | 0.59 0.57 045 016 030 0.08 0.10
4 0.32 | -0.64 -0.63 -0.37 -0.01 -0.14 0.05 0.01 | 027 | 0.59 0.58 044 0.13 030 007 0.09
5 0.31 | -064 -0.62 -0.36 -0.01 -0.16 0.05 0.02 | 0.28 { 0.60 0.55 043 0.15 031 0.06 0.10




Table 6.5, Means and standard deviations of correlation coefli-
cients between values of various principal components for a Pair
of Siblings under the three scenarios considered

Cuse |
‘T'ype of PC | Sib-Sib Correlation
Mean a.d,
PCA 0,53 0,03
PC) 0.55 0,05
PC ~1 0.55 0.08
PO -3 0.54 0,08
Case 2
Type of PC | Sib-Sib Correlation
Mean a.d,
PCY) 0.55 0.04
PC) 0.12 0,02
PO -1 0.46 0.07
PO 9 0.44 0.08
Clage 7
Type of PC | Sib-5ib Correlation
Mean 3.d,
A 0.61 0.05
P 0.58 0.05
| o G .58 0.07
P — 2 0.57 0.07
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Figure 6.2. Rank correlations between squared difference of values of principal components
and i.b.d. scores estimated from genotype data at various ordered marker ioci along a

chromosome based on a sample of 100 sib-pairs for Case {1).

(a) along markers on Chromoesome 1; solid and dotted lines corresopond to PCY) and

PCE respectively

(b) along markers on Chromosome 2; solid and dotted lines correspond to PC@ and

PC® respectively

(c) along markers on Chremeseme 1; solid and dotted lines correspond to PC — 1 and

PC = 2, respectively

(d) along markers on Chromosome 2; solid and dotted lines correspond to PC — 1 and

PC — 2, respectively.
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Figure 6.3. Rank correlations between squared difference of values of principal components
and 1.b.d. scores estimated from genotype data at various ordered marker loci along 2
Chromosome based on a sample of 100 sib-pairs for Case (1): results of multiple simutlation

Tuns
(2} along markers on Chromosome 1 for PCW
(b) along markers on Chremosome 2 for PC®

(c} along markers on Chromesome 1 for PC — 1 and PC — 2 (the two bands of lines

corrcspond to these two principal components)

{d) along markers on Chromesome 2 for PC — 1 and PC — 2 {the two bands of lines

correspond to these two principal components).
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Figure 6.4. Rank correlations between squared difference of velues of principal compo-
nents and i.b.d. scores estimated from genotype data at various ordered marker loct along

Chromosome 1 basad on a sample of 100 sib-pairs for Case (2)

(a) solid and dotted lines correspond to PC™ and PC¥), respectively
(b) solid and dotted lines correspond to PO — 1 and PC — 2, respectively

{c) results of multiple runs for pcl)

(d) results of multiple runs for PC -1 and PC — 2 (the two bands of lines correspond

to these two principal components),
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Figure 6.5. Rank correlations between squared diference of values of principal components
and 1b.d. scores estirnated from penotype datz at various ordered marker loci along a

chromosome based on a sample of 100 sib-pairs for Case (3).

(a) along markers on Chromosome 1; solid and dotted lines correspond to PC™*) and

PC® respectively

(b) along markers on Chromosome 2; solid- and dotted lines correspond to PO and

PCW respectively

(c) along markers on Chromosome 1; sofid and dotted lines correspond to PC —1 and

PC =2, respectively

(d) along markers on Chromosome 2; solid and dokted lines correspond to PC — 1 and

FPC = 2, respectively.
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Figure 6.6. Rank correlations between squared difference of values of principal components
and i.b.d. scores estimated from genotype data at various ordered marker Joci along a
Chromosome bascd on a sample of 100 sib-pairs for Case {3): resuits of multiple simulation
runs

{a} along markers on Chromosome 1 for PC th

{b} along markers on Chromosome 2 for PC@

{c) along markers on Chromosome 1 for PC =1 and PC — 2 {the two bands of lines

corresponding to these two prineipal components are completely overlapping and, thercfore,
not distinguishable)

(d) along markers on Chromosome 2 for PC —~ 1 and PC — 2 {(the two bands of lines

correspond to these two principal components).



I'rom Figure 6.2(a), we find that the absolute rank correlation increases
with the proximity of the considered marker to the first trait locus when
PC() is considered. Moreover, the peaks are at the 24** marker on Chro-
mosome 1, correctly indicating the approximate location of the first trait
locus. However, the absolute rank correlations are uniformly very low for
all the 100 markers when PC® is considered. This is expected as PO is a
function of Yy, Ys, Y5 and Y7, which are not controlled by the firat trait locus
on Chromosome 1. Similarly, we find from Figure 6.2(b) that the absolute
rank correlation increases with the proximity of the considered marker to the
second trait Jocus on Chromosome 2 when PC'®) is considered. The peaks
are correctly detected at the 60" marker. The absolute rank correlations
are also, as desirable; uniformly very low for alf the 100 markers when 26,8
is considered. Fach of PC' — 1 and PU' — 2, which are the first two principal
components constructed on the bhasis of all the 7 component phenotypes,
are, on the other hand, expected to detect both loci and they indeed do so
ag evident from Figures 6.2(c} and 6.2(d). Thus, under the scenario that
all component variables are genetically controlled, ignoring the correlation
structure ofthe multivariate phenotype has no major effect on the ability of
correctly identify the coarse (5 cM} marker interval in which the QTLs are
located. In fact, as the graphs in Figures 6.3(a)-(d) show, there is very little
variation across simulation runs, which indicates the high efficiency of the
method.

Having identified the interval in which the QTL may be located, in prac-
tice one saturates this interval with more dense markers (say, at 1 cM den-
sity) to obtain a finer location of the QTL. To simulate this practice, we
consider data on multiple markers that are more densely located within
the coarse interval identified at the previous stage. In our gimulations, we
generate data on a set of 5 ordered markers. We use the following notations:

0y, 03 =recombination fraction between the trait locus and the nearest

flatiking markers 2 and 3, respectively.
0,=recombination fraction between markers 1 and 2,

0,= recombination fraction between markers 3 and 4

0s= recombination fraction between markers 4 and 5.

We use simulation parameter values of M = 5,6y =0; =03 =0, =05 =
0.01. TFor each set of parameter values, we perform 100 replications; each

162



replication is based on data on 100 gib pairs. Fine-mapping is performed
using the non~parametric kernel-smoothing regression technique, described
in Section 5.4. The results are given in Table 6.6,

It is seen from Table 6.6 that for the first scenario, while PC(1) identifies
the correct fine-interval of the first locus in 86% of the runs, the correspond-
ing percentages for PC — 1 and PC — 2 are 43% and 51% respectively. As
expected, PC? does not detect the correct interval. Similarly, PC(® locates
the second trait locus correctly in 92% of the cases, while the correspond-
ing percentages for PC'— 1 and PC' — 2 are much lower; 51% and 58%,
regpectively. PCY did not at all identify the correct location of the sec-
ond QTL. Moreover, we find that, whenever PC) and PO yleld incorrect
fine-interval identifications for the first and second QTLs, respectively, they
identify the corresponding trait locus in an adjacent interval. However, the
same is not true when PC — 1 and FC' ~ 2 are used.

The conclusion, therefore, is that while ignoring the correlation structure
among component. phenotypes results in no serious loss of efficiency in local-
izing the QTLs in coarse marker intervals when the multivariate phenotype
is primarily controlled by major loci with large effects, for the purpose of
fine-mapping of the QTLs, there is, however, a serious loss of efficiency.

Under the second scenario, Case (2}, in which the multivariate phenotype
is partially controlled by QTLs with major effects, we find that the detection
of peaks using rank correlation for the first (and only) trait locus gives
identical results as Case (1) [Figure 6.4(a)]. PC® did not falsely detect
any peak on this chromosome as it is solely influenced by environmental
components [Figure 6.4(a)]. Both PC —1 and PC —2 also correctly detected
[FFigure 6.4(b)] the interval location of the trait locus controlling (¥7, Y2.Y3).
Further, variation across simulation runs is small [Figures 6.4(c} and 86.4{d}].
Under this scenario, at the fine-mapping stage, the percentage of correct
identification of locus 1 using PCY) is 83%, while those using PC' — 1 and
PC— 2 are 70% and 60% respectively [Table 6.6, Case (2)]. Since PC? is
a function of purely environmental components, clearly it is irrelevant for
localizing the first locus; therefore, it is not considered. Thus we find that,
although ignoring the correlation structure of the multivariate phenotype
did not affect the efficiency of localizing the underlying tralt locus in a
coarse marker interval even when some of the components of the multivariate
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phenotype are not under genetic control, there is & serious adverse cffect
when fine-mapping is performed,

Under the third scenario, Case (3), we find that the results based on
rank correlation are identical to Case (1) [Figures 6.5 (a)-(d)], except that
PC®@ and PCOY also detected the peaks at the 24! marker on Chromosome
1 and 60" marker on Chromosome 2, respectively [Figures 6.5(c) and (d)],
although the absolute rank correlations are lower than those when the other
three principal components are considered. Since Y; and ¥; are conirolled
by both the trait loci, and PC) and PC® are lunctions of Y and Y5, these
principal components locate the trait loci, based on rank correlations, [airly
well, Moreover, the magnitudes and trends of the rank correlations over
the various marker intervals are consistent across simulation runs [Figures
8.6(a)-(d)]. At the Ane-mapping stage, we find that the percentages of rung
correctly localizing the trait loci are, in general, slightly smaller [Table 6.6,
Case (3)] than the corresponding percentages for Case (1). However, PCtL
is also able to detect the correct interval of the second locus in 27% of the
cases and PC® the first locus in 18% of the runs, As explained earlier, this
is due to the fact that Yy and Ys; are controlled by both the trait loci.

6.5 Discussion and Overview

We have investigated the method of statistical treatment of sib-pair data on
a multivariate phenotype lor deciphering its genetic architecture, specifically
for fine localization of the underlving loci, if any. We have considered three
scenarios in which (1) disjoint components of the multivariate phenotype are
pleiotropically controlled by a set of major loci, (ii) a subset of the compo-
nents of the multivariate phenotype is pleiotropically controlled by a major
locus, but the remaining subset is influenced only by environmental factors,

and (iii) the multivariate phenotype is pleiotropically controlled by a set of
major loci, some of which can jointly influence some component phenotypes.
These three scenarios yield dilferent expected correlation structures of the
multivariate phenotype. We have examined the importance of taking these

correlation structures into account for statistical data analyses.
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Table 6.6, Percentages of correct identification of the two QTLs using
various principal components under the three scenarios considered

Clage 1
Type of PC | % of Correct Identification
Locus 1 Locus 2
PC 86 D
PG 0 92
PC—1 43 52
PC -2 51 58
Case 2
‘Type of PC | % of Correct Identification of Locus 1
 PC 83
O -1 70
PC— 2 66
Caae 3
l Type of PC | % of Correct Identification
Locus 1 Locusg 2
pct) 79 27
PC 18 74
-1 02 47
PC—2 45 41

We have proposed, in keeping with a widely-adopted strategy (Zlotnik
1983, Hasstedt et al. 1994, Boomsma 1996, Allison and Beasley
1998, Ott and Rabinowitz 1999), that the multivariate phenotype be reduced
to a smaller number of phenotypes by the use of principal compenents.

et al,

In extracting the principal components, often the underlying correlation
structure is ignored, and the first few principal components are used for
deciphering the genetic architecture of the multivariate phenotype. However,
we posited that ignoring the underlying correlation structure may lead to loss
in efficiency of mapping the loci controlling the multivariate phenotype. We
have, therefore, performed simulations under the three scenarios described

above, and have extracted principal components with and without taking
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the underlying correlation structure into account,

We have found that ignoring the underlying correlation structure of the
multivariate phenotype has no major effect on the ability to map the loci
controlling the phenotype, using principal components, in low-density (wide)
marker intervals. However, for the purpose of fine-mapping the quantitative
trait loci, that is, localizing them in narrow (say, 1 cM) marker intervals,
there is considerable loss in statistical efficiency unless the underlylng cor-
relation structure is taken into account at the data-reduction stage, that
ig, for extraction of principal components. We, therefore, suggest that the
empirical correlation matrix of the components of a multivariate phenotype
be critically examined, using suitable row/column permutations of the cor-
relation matrix and appropriate tests of hypotheses pertaining to various
submatrices of the correlation matrix, to identify patterns of relationships
among the components. These identified patterns then should be used at the
data-reduction stage. If principal components are extracted without consid-
eration of the underlying correlation structure of the multivariate phenotype,
mapping the loci controlling the phenotype cannot be done efficiently and

may require huge sample sizes.
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Chapter 7

Summary and Conclusions

In this Chapter, we provide a summary and highlight the main concluslons
of the present study. The overarching goal of this study was to e}t&mine the
various currently-used statistical procedﬁrﬂﬁ for human QTL, mapping and
to develop more efficlent procedures, based primarily, but not exclusively,
on sib-pair data, under more relaxed sets of assumptions.

In Chapter 1, we have provided a critical overview, albeit non-exhaustive,
of the different statistical procedures that have been developed for QTL
mapping. Starting with statistical methods for QTTL mapping in plants
and animals (Jayakar 1970, Haley and Knott 1992, Coupland 1995, Georges
et al. 1995, Lark et al. 1995), we have focused primarily on the meth-
ods developed for human QTL mapping. In particular, we have provided
a detailed overview of various QTL mapping methods — based on regres-
sion, likelihood and variance-components — using data on sib-pairs { Penrose
1937,1947,1953, Haseman and Elston 1972, Hill 1975, Blackwslder and El-
ston 1985, Lander and Botstein 1989, Amos et al. 1989, Olson 1995&, b,
Almasy and Blangero 1999, Williams and Blangero 1999).

In Chapter 2, we have described the different models, which we have
examined, underlying the determination of a quantitative trait, We have
congidered models both with and without dominance at the major trait
locus. For a trait determined by multiple loci, we have assumed additivity
of locus-specific marginal effects. We have also considered the possibility
of epistatic interactions among the quantitative trait loci. We have used
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a simple model of additive epistatic interaction among homozygotes at the
different trait loci. This model was prompted by experimental obgservations
on some plants and animals (Chang et al. 1999), and has been termed as
the digenic interaction model (Kearsey and Pooni 1996).

In order to assess the efficiencies of our proposed statistical methodolo-
gies, based primarily on sib-pair data, we have used Monte-Carlo simula-
tions. We have generated the trait values from normal distributions with
appropriate mean vectors and dispersion matrices consistent with our as-
sumed models. We have also argued why the simulation methods used by
us are in agreement with 'traditional’ simulation methods used in genetic
epidemiology. In Chapter 3, we have provided empirical evidence in support
of this fact, For generating identity-by-descent (i.b.d.) scores of sib-pairs,
we have used the marginal distributions of trait i.b.d, scores and the con-
ditional distributions of marker i.b.d, scores given the trait i.b.d. scores.
‘The methodology for generating simulated data have also described in this
Chapter,

In Chapter 3, trait values and genotypes at several codominant genetic
markers with known genomic locations were collected from members of fam-
ilies and statistically analyzed in order to map a locus controlling a quanti-
tative genetic trait to a specific genomic region. The parameter of interest
was the vector of recombination fractions, 8, between the putative quanti-
tative trait loci and the genomic markers, One of the major complications
in estimating 8 for a quantitative trait in humans is the lack of haplotype
information on members of families. We have proposed a computationally
simple and efficient method of estimation of & in the absence of haplotypic
informadtion,

Our method was a two-stage estimation procedure using the expectation-
maximization (EM} algorithm (Dempster et al. 1977). In the first siage,
parameters of the QTL were estimated from data on a sample of unrelated
individuals. From estimates thus obtained, we have used a Bayesian rule
to infer QTL genotypes of parents in families, Finally, in the second stage
of the procedure, we have proposed an EM algorithm for obtaining the
maximum likelihood estimate of @ based on data of informative families
(which are identified upon inferring parental QTL genotypes performed in

the first stage).
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We have tested our proposed methodology using simulated data. We
initially considered a single major trait locus and performed two—poini: link-
age analysis. We then extended our procedure to multiple trait loci and
multipoint linkage analysis. We have shown, using simulated data, that
our proposed procedure was cost-effective, computationally simpie and sta-
tistically efficient. We have found. that even in the presence of very high
dominance effect, our procedure gave 80% correct classification of parental
trait genotypes, which was essential for obtaining accurate egtimates of 6.
Moreover, our method performed quite efficiently even when the major trait
locus explained only 30% of the variation in the QT. We have compared
our proposed method with the popular method as implemented in MAP-
MAKER/QTL and have shown that our method performs better than that
in MAP MAKER/QTL for the entire range of parameter values, except when
the degree of dominance at the trait locus is very high.

We have also praposed a modification of our Classification-EM procedure
by using the estimated posterior probabilities of parental QT genotypes
in the second (estimation of 8) stage of our two-stage procedure, without
actually classifying the parents into specific QT genotypes. This resulted
in a more complex likelihood function at the second stage and resultantly
computations were heavier. However, we have shown that this pruc.edure
performs better than our Classification-EM procedure, even when the degree
of dominance is high, because genotypic misclassification of the parents is

avoided in this procedure,

Many quantitative traits are determined jointly by multiple loci. Allelic
effects at these loci are often not independent. That is, there are epistatic
interactions among these loci, In Chapter 4, we have devised two compu-
tationally simple statistical procedures to detect and estimate the recom-
bination fraction, 8, between quantitative trait loci and marker loci in the
presence of additive epistatic digenic interactions. Our proposed method-
ologies are based on two different types of data. |

We have first considered parental and offspring data separately on fami-
lies in which only one parent was heterozygous at the marker locus and those
in which both parents were hetemzygous and have suitably modified the es-
timator proposed by Jayakar (1970} based on variance components. We
have shown, based primarily on the widths of confidence intervals, that for
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a wide range of parameter values the proposed estimator was quite efficient.
Additionally, we have suggested a non-parametric procedure for testing null
hypotheses regarding ¢ and have shown that the power function of the test
had desirable statistical properties. We have also shown that analyses of
data ignoring epistatic interactions, when in fact these were present, may
lead to grossly inaccurate inferences about linkage. We found that if epiatatic
interactions were present, then only 50% of the simulation runs yielded es-
timates of @ which were included in the 95% empirical confidence intervals
estimated by assuming that epistatic interactions were absent. However,
the variance of the proposed estimator was found to be larger than that of
the maximum likelihood estimator (m.l.e.). Our results provide insights into
the major reagsons why Jayakar’s (1970) estimators do not perform well in
practice and are, therefore, not used. |
Our second data type included quantitative trait values of sib-pairs and
their estimated marker i.b.d. scores. One of the popular statistical tech-
niques to analyze such data is based on the regression of squared difference
in trait values of sib pairs on their estimated marker i.b.d. scores. Under a
very general setup, even in the presence of dominance and epistatic effects,
Tiwari and Elston (1997) have extended the classical regression method for
QTL mapping when the trait is controlled by two unlinked, autosomal, bial-
lelic loci. Since this general model involved too many parameters, insights
into effects of variation of individual parameters on the performance of the
method were difficult to obtain. We have, therefore, examined the perfor-
maice of the method under the specific digenic interaction model, We have
also extended the method to the case of a quantitative trait that is controlled
by multiple unlinked loci, We have shown that the sample size requirement
for mapping a QTL was smaller if its marginal effect and heterozygosity
were larger. Moreover, the presence of epistatic interactions reduced the
sample size requirement compared to the situation in which the marginal
effects were same, but epistatic interactions were absent. The competing
strategies of analyzing the data by simultaneous, as opposed to sequential,
consideration of the markers have been quantitatively assessed using simu-
lation studies. As intuitively expected, the simultaneous strategy was found

to be more optimal and cost-effective,
(ienome-wide scans for mapping loci have proved to be extremely power-

170



ful and popular, In Chapter 5, we have presented a semi-parametric method
of mapping quantitative trait locl using data generated from a two-stage ge-
nomic scan using sib-pairs. In a two-stage genomic scan, the entire genome
or a large portion of the genome is saturated with low-density markers (>
5¢M, say) at the first stage. At the second stage, the intervals that are iden-
tified as probable locations of the trait loci by analyzing data of the first
stage, are then saturated with higher-density markers (1cM, say). These
data are then analyzed for fine mapping the loci.

Our statistical strategy for analyzing the first-stage data was a low strin-
gency semi-parametric method based on rank correlation of squared trait
difference values of sib pairs and the estimated i.b.d. scores at the marker
loci, We have suggested a low stringency method at the first stage to save
on computational time and to identify all possible intervals that may con-
tain the trait loci using a simple test statistic which asymptotically has a
standard normal distribution. IFor analyzing the second-gtage data, we have
developed a non-parametric regression approach based on kernel smooth-
ing (Silverman 1986), which we have shown to be more powerful than a
currently-used linear regression method (Olson 1995a) for QTL mapping
using sib pairs, particularly in the presence of dominance effects at the
trait loci. When the dominance effect was small, both the parametric and
the non-parametric regression procedures correctly identified the interval-
location of the trait locus in 85-95% of the cases. However, when the degree
of dominance was high, while the non-parametric method identified the cor-
rect interval in about 75% of the cases, the parametric method did so in
only 10% of the cases. These and other results showed that the performance
of our method was superior to the widely-used method of Olson (1995&),
particularly in the presence of dominance and epistatic effects.

In Chapter 6, we have considered a multivariate quantitative trait and
have suggested statistical methodologies for deciphering its underlying ge-
netic architecture, A heritable multivariate quantitative phenotype com-
prises several correlated component phenotypes that are usually pleiotrop-
ically controlled by multiple loci and environmental factors, One approach
to decipher the genetic architecture of a multivariate phenotype, in par-
ticular, to map the underlying loci, is to reduce the dimensionality of the

data by a data-reduction technique, such as principal component analysis,
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The extracted principal components can then be analyzed in conjuction
with marker data to map the underlying loci. Ott and Rabinowitz (1999)
have suggested the use of those principal components that have high heri-
tabilities, We have used the two-stage variable-stringency semi-parametric
method proposed in Chapter § based on data on squared differences in the
extracted principal components of sib-pairs and their identity-by-descent
scores on several marker loci,

We have examined the efficiency of this approach with and without tak-
ing into account the correlation structure of the multivariate phenotype
when extracting principal components. We have assumed that genome-wide
scan data on sib-pairs are available for low-density (widely-spaced) and high-
density markers. We have assumed three models of multivariate phenotypes
— in the [irst model, there were two uncorrelated sets of phenotypes, each
set being controlled by a different locus; in the second model also, there
were two uncorrelated sets of phenotypes, but the first set was controlled
by a major locus, while the second set was determined solely by environ-
mental factors; the third model was similar to the first model, except that
some of the phenotypes were controlled by both loci. Using extensive simu-
lations, based on the above three models of the multivariate phenotype, we
have shown that although the ignoring of the correlation structure of the
multivariate phenotype did not have any serious impact on the efficiency
of mapping the underlying trait loci in wide marker intervals, there was
a significant adverse elflect of this for fine-mapping. When the correlation
structure was taken into consideration, the correct intervals of the trait loci
were identified in ahout 80-90% of the cases, hut when it was ignored, the
corresponding percentage was only about 50%. We have, therefore, rec-
ommended that the correlation structure of the multivariate phenotype be
carefully examined to decide on the strategy of extracting principal compo-
nents for deciphering the genetic architecture of the multivariate phenotype.
Our results provide a framework and a general statistical approach to the
problem of mapping loci that underlie a multivariate quantitative trait.
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