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Chapter 1

Introduction

The advancement of information technology and sciences over the last few decades has facilitated
the collection, storage, and analysis of huge data sets. Many of these data sets contain observations
having a large number of features, and in some cases, this number is comparable to or even
much larger than the sample size. For instance, in the fields of medical image analysis (see, e.g.,
Yushkevich et al., 2001), chemometrics (see, e.g., Schoonover, Marx & Zhang, 2003), genomics
(see, e.g., Alon et al., 1999), astronomy (see, e.g., Ratcliffe et al., 2020), and climate forecasting
(see, e.g., Christiansen, 2021), we often deal with such high-dimensional data sets, where the data
dimension is larger than or comparable to the sample size. A huge pool of such high-dimensional
data sets is available at the UCI Machine Learning Repository. Classical statistical methods often
fail to analyze these high-dimensional data sets properly. For example, the Hotelling’s T2 test for
the two-sample problem, the test of independence based on likelihood ratio or canonical correlation
coefficient, and the likelihood ratio test for spherical sphericity (see Mardia, Kent & Bibby, 1979)
cannot be used in such cases because of the singularity or near-singularity of the sample variance-
covariance matrix. So, meaningful statistical analysis of such high-dimensional data is a challenging
problem for the statistics community. We know that the performance of a parametric method
depends heavily on the validity of specified model assumptions. However, it is very difficult to
test the validity of these parametric model assumptions in high dimensions, and violations of these
assumptions often yield misleading inferences. On the other hand, nonparametric methods, which

are often preferred because of their robustness and flexibility, suffer from the curse of dimensionality.

In many real-life scenarios, we also encounter situations where the features are not scalars
or finite-dimensional vectors but are functions or curves. For instance, we may observe the
electrocardiogram (ECG) reading of different individuals over a time interval (see, e.g., Chen et al.,
2015), monthly sea surface temperature (see,e.g., Ferraty & Romain, 2011), monthly weather of a
country (see, e.g., Ramsay & Silverman, 2005), diffusion tensor imaging of the brain for different
individuals (see,e.g., Goldsmith et al., 2011, 2012), growth curves of males and females (see, e.g.,
Ramsay & Silverman, 2005), or images of handwritten digits (see, e.g., Kussul & Baidyk, 2004).
A large collection of such data sets is available at the UCI Time Series Classification Archive. The
newly developed branch of statistics that deals with the analysis of such functional data sets is

called functional data analysis (see, e.g., Ramsay & Silverman, 2002; Ferraty & Vieu, 2006; Hsing
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€ Eubank, 2015). To cope with the complex nature of functional data, nonparametric methods

are often preferred over parametric ones.

In this thesis, we deal with both high-dimensional and function data. We develop some
nonparametric methods for hypothesis testing involving high-dimensional and functional data sets
and investigate their theoretical and empirical performance. Our main contributions are given in
Chapters 2-6. In Chapters 2-4, we consider some hypothesis testing problems for high-dimensional
data, while in Chapters 5 and 6, we deal with problems involving functional data. All proofs and
mathematical details related to our contributions are given at the end of respective chapters. Brief

descriptions of our contributions are given below.

TWO SAMPLE TESTS FOR HIGH-DIMENSIONAL DATA

In Chapter 2, we consider the two-sample problem, where we test the null hypothesis Hy : F' =G
against the alternative hypothesis Hy : F' # G based on two sets of independent observations
X ={X1,Xs,..., X, }and Y = {Y1,Yo,..., Y} from two d-dimensional continuous distributions
F and G, respectively. Several nonparametric tests are available for this problem, especially
for univariate data. While the Wilcoxon-Mann-Whitney test is popular for the univariate two-
sample location problem, the Wald-Wolfowitz runs test, the Kolmogorov-Smirnov (KS) test, and
the Camer-von-Mises (CVM) test apply to general two-sample problems. We refer the readers
to Hollander, Wolfe & Chicken (2014) and Gibbons & Chakraborti (2011) for an exposition on
nonparametric tests for univariate data. Several nonparametric tests have been proposed for
multivariate data as well. Friedman € Rafsky (1979) used the idea of a minimum spanning tree
to generalize the runs test and the KS test to higher dimensions. Baringhaus & Franz (2004)
proposed a multivariate two-sample test based on inter-point distances, which can be viewed as
a generalization of the CVM test. Székely & Rizzo (2004) and Aslan & Zech (2005) also used
inter-point distances to develop tests based on energy statistics. Schilling (1986) and Henze (1988)
developed multivariate two-sample tests based on nearest-neighbors. Rosenbaum (2005) proposed
a distribution-free test based on optimal non-bipartite matching. Gretton et al. (2012) used the
notion of maximum mean discrepancy (MMD) to construct a test based on kernel mean embedding
of two probability distributions. These multivariate two-sample tests are consistent in the classical
asymptotic regime, i.e., for any fixed d, the powers of these tests converge to one as the sample
sizes diverge to infinity. Since these tests are based on pairwise distances among the observations,
they can also be used for high-dimensional data even when the dimension is much larger than the
combined sample size. But most of them often perform poorly in the high dimension, low sample
size (HDLSS) situations, especially when the scale difference between F and G dominates their

location difference (see, e.g., Biswas & Ghosh, 2014).



Introduction 3

Following the seminal paper by Hall, Marron & Neeman (2005), the HDLSS regime has
recently received increasing attention. Over the last ten years, several two-sample tests have been
proposed for HDLSS data. Wei et al. (2016); Ghosh & Biswas (2016); Srivastava, Li & Ruppert
(2016) proposed some tests based on linear projections, mainly useful for two-sample location
problems. Biswas & Ghosh (2014) and Tsukada (2019) proposed some general two-sample tests
based on averages of inter-point distances. Under some appropriate assumptions, these two tests
turn out to be consistent in both classical and HDLSS asymptotic regimes, but nothing is known
about their asymptotic behavior when the sample sizes increase with the dimension. Moreover,
they are not robust against outliers generated from heavy-tailed distributions. Kim, Balakrishnan
€ Wasserman (2020) developed a robust multivariate test based on projection averaging, but it is
applicable only when the distances between the observations are measured using the Euclidean
metric. Some graph-based high-dimensional two-sample tests have also been proposed in the
literature. This includes the test based on nearest neighbors (Mondal, Biswas & Ghosh, 2015),
multivariate runs test based on the shortest Hamiltonian path (Biswas, Mukhopadhyay & Ghosh,
2014), and the test based on triangles (Liu é Modarres, 2011). Under appropriate regularity
conditions, these graph-based tests are consistent in the HDLSS asymptotic regime. But in classical
asymptotic regime, they usually have poor powers against local alternatives (see, Bhattacharya,
2019). Even the large sample consistency of the SHP-based runs test and the triangle test is yet
to be established. Also, it is unknown how these tests perform in the high dimension, high sample
size (HDHSS) asymptotic regime, where the sample sizes increase with the dimension. This type of
asymptotic behavior has been studied for some location (see, e.g., Bai & Saranadasa, 1996; Chen
€ Qin, 2010; Aoshima & Yata, 2018) and scale (see,e.g., Li & Chen, 2012; Cai, Liu & Xia, 2013)

problems, but for the general two-sample test, the literature is scarce.

In this chapter, we develop some distance-based two-sample tests and investigate their high-
dimensional behavior in both HDLSS and HDHSS regimes. Our test statistics can be viewed as
empirical analogs of the ball divergence measure proposed by Pan et al. (2018). In that article,
the authors studied the large sample behavior of their proposed test. The large sample behavior of
our tests can be derived from their results. Therefore, here, we focus only on the high-dimensional
behavior of our tests. However, in the HDLSS setup, the test based on the f3-distance (i.e., the
Euclidean distance) may fail to discriminate between two distributions differing outside the first
two moments. To take care of this problem, we use the generalized distance functions proposed in
Sarkar & Ghosh (2018a) to construct our tests and prove their high-dimensional consistency against
a larger class of alternatives. We also establish the minimax rate optimality of the proposed tests
and prove their consistency against a suitable class of shrinking alternatives. Our empirical study
shows the efficacy of our tests against some popular state-of-the-art methods. The contents of this
chapter are based on Banerjee & Ghosh (2025).
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TEST OF SPHERICAL SYMMETRY FOR HIGH-DIMENSIONAL DATA

In Chapters 3 and 4, we consider the problem of testing the spherical symmetry of a multivariate
distribution based on a set of independent and identically distributed (i.i,d.) observations
{X1,Xa,...,X,} from it. A random vector X is said to follow a spherically symmetric distribution
if its distribution is rotation invariant, or in other words, X and HX have the same distribution (i.e.,
x 2 HX) for any orthogonal matrix H. This is an important class of distributions in the statistics
literature. Motivated by the spherical symmetry or elliptic symmetry (i.e., spherical symmetry after
standardization) of the underlying distributions, several statistical methods have been developed.
Robust measures of multivariate location and scale (see, e.g., Van Aelst & Rousseeuw, 2009), tests
for multivariate location (see, e.g., Randles, 1989; Chaudhuri & Sengupta, 1993), Stein estimation
(see, e.g., Fourdrinier, Strawderman & Wells, 2018), classification (see, e.g., Ghosh & Chaudhuri,
2005; Li, Cuesta-Albertos & Liu, 2012), and clustering (see, e.g., Jornsten, 2004) are some examples
of its widespread applications. Therefore, testing the sphericity of a distribution is an important

statistical problem, and several tests have been proposed for it.

Smith (1977) proposed a test for bivariate data that uses the fact that if X is spherically
symmetric, then ||X| and X/||X]| are independent while X /||X]|| follows a uniform distribution
over the perimeter of the unit circle in R2. Later, Baringhaus (1991) modified the test statistic and
generalized the test to any arbitrary dimension. However, this test involves a complex function
of dimension d, which makes it difficult to study its high-dimensional behavior. Fang, Zhu &
Bentler (1993) proposed an asymptotically distribution-free test for spherical symmetry using the
projection pursuit technique. They implemented the Wilcoxon-Mann-Whitney test for several pairs
of projection directions and used the minimum over all such projection pairs as the test statistic.
However, this is only a necessary test for sphericity and does not have large sample consistency under
general alternatives. Koltchinskii & Li (1998) proposed a test based on the difference between the
empirical spatial rank function and the theoretical spatial rank function under spherical symmetry,
where the unknown components of these theoretical ranks were estimated from the data. The
authors proposed a bootstrap method for calibration. Diks é Tong (1999) proposed a Monte Carlo
test for multivariate spherical symmetry conditionally on minimal sufficient statistics. Liang, Fang
€ Hickernell (2008) proposed some necessary tests for spherical symmetry by using the fact that
under spherical symmetry X /||X|| is uniformly distributed on S?~1, the surface of the unit sphere
in R?, but they did not consider the independence between ||X| and X/||X||. Henze, Hlavka &
Meintanis (2014) proposed a test based on characteristic functions and calibrated the test using a
bootstrap algorithm. However, this test requires the generation of the uniform grid over the unit
sphere, which becomes computationally prohibitive even in moderately large dimensions. Albisetti,
Balabdaoui ¢ Holzmann (2020) proposed another test utilizing the fact that X is spherically
symmetric if and only if E{(X,u) | (X,v)} =0 for all u and v with (v,u) = 0. They constructed
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a KS-type test statistic based on suitable choices of test functions. Recently, Huang & Sen (2023)

proposed some tests for different notions of symmetry for multivariate data using optimal transport.

These above-mentioned tests can be used when the dimension of the data is small compared
to the sample size (i.e., d << n), and some of them are large-sample consistent for any fixed
dimension d. However, the applicability of these tests for high-dimensional data (i.e., when d is
comparable to or larger than n) is not clear. For meaningful implementation of Diks €& Tong (1999)’s
test for high-dimensional data, one needs to go for an appropriate data-driven scale adjustment.
The test proposed by Huang € Sen (2023) can also be used for high-dimensional data, but it usually
has poor performance in high dimensions unless the location of the distribution significantly differs
from the origin. Zou et al. (2014) and Feng & Liu (2017) proposed tests of sphericity for high-
dimensional data, where the test statistics were constructed using the multivariate sign function
assuming the ellipticity of the underlying distribution. Ding (2020) proposed a test based on the
ratio of traces of different powers of the sample variance-covariance matrix and established its high
dimensional consistency. However, these tests may fail when the underlying distribution is not
spherically symmetric, but X/||X| is uniformly distributed on S?!(e.g., angular symmetric) or

the variance-covariance matrix is a constant multiple of the identity matrix.
TEST BASED ON A MAXIMUM MEAN DISCREPANCY TYPE MEASURE

In Chapter 3, we propose a new measure of the deviation from spherical symmetry by using the
fact that X is spherically symmetric if and only if X and X’ = ||X||U have the same distribution,
where U ~ Unif (Sd_l) and it is independent of X. The proposed measure is based on the
maximum mean discrepancy (see, e.g., Gretton et al., 2012) between the distribution of X and
that of its spherically symmetric variant X’. This measure is non-negative and takes the value

zero if and only if X is spherically symmetric. However, it involves some terms that are not

estimable from only the observed data D = {Xy,Xas,...,X,}. To overcome this limitation, we
propose a data augmentation approach, where we augment D with D' = {X/, X}, ..., X/} to have
an augmented dataset Dy = {(X;,X}) : ¢ = 1,2,...,n}. Here X} = | X;]|U; for i = 1,2,...,n,

where Uy, Us,...,U, i Unif(S?1), and they are independent of Xy, Xa,...,X,. Using the

augmented data set D4, we construct a consistent estimator of the proposed measure and build
a nonparametric test based on it. Our test is calibrated using a novel resampling algorithm. We
investigate the theoretical properties of our test not only when the dimension remains fixed, and
the sample size diverges to infinity but also when both the dimension and sample size diverge
simultaneously. Several simulated data sets are analyzed to compare its empirical performance

with some state-of-the-art methods. The contents of this chapter are taken from Banerjee &
Ghosh (2024a).
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DISTRIBUTION-FREE SIGN AND RUNS TESTS

Though the test proposed in Chapter 3 performs well in classical and HDHSS regimes, like many
other existing tests, it has an underwhelming performance in the HDLSS setup for a fairly general
class of alternatives. Moreover, the use of the resampling method for calibration leads to higher
computing costs. Keeping these in mind, in Chapter 4, we develop some graph-based tests for
spherical symmetry, which have the exact distribution-free property. Here also, we use the data
augmentation method. We introduce a new notion of signs and ranks that are computed along
a path obtained by minimizing an objective function based on pairwise dissimilarities among the
observations in the augmented data set D 4. Under spherical symmetry, these sign and rank vectors
have the exact distribution-free property, and their joint null distribution does not depend on the
dimension of the data. So, any statistic based on these signs and ranks has the same null distribution
as the corresponding test statistic constructed based on univariate signs and ranks. Using this new
notion of signs and ranks, we construct some exact distribution-free tests for spherical symmetry.
These tests can be conveniently used for high-dimensional data sets, even when the dimension is
much larger than the sample size. Under appropriate regularity conditions, we study the asymptotic

behavior of these tests both in HDLSS and HDHSS asymptotic regimes.

We know that in the case of a spherical distribution, all diagonal elements of the scatter
matrix are equal, while all off-diagonal elements are zero. We observe that our proposed tests
have excellent performance for alternatives having significant correlations among the variables.
However, when they are uncorrelated, and the difference is mainly in the scales of the variables, the
performance of these tests may not be satisfactory. Therefore, we also propose some modifications of
our tests to make them useful for a wide class of alternatives in the HDLSS asymptotic regime. Our
empirical study based on the analysis of simulated and real data sets demonstrates the superiority
of the proposed tests over the existing ones for a wide variety of alternatives involving HDLSS and
HDHSS data. The contents of this chapter are based on Banerjee & Ghosh (2024b).

TWO-SAMPLE TEST FOR FUNCTIONAL DATA

In Chapter 5, we consider the two-sample problem for functional data sets. In functional data
analysis, feature variables are often modeled as elements of a separable Hilbert space (see,e.g.,
Ramsay & Silverman, 2005; Ferraty & Vieu, 2006; Hsing & Eubank, 2015). For such variables,
there are many ANOVA-type tests (see, e.g., Zhang, Peng & Zhang, 2010; Cuesta-Albertos &
Febrero-Bande, 2010; Qiu, Chen & Zhang, 2021) that deal with the location problem. In the
nonparametric setup, Hall & Van Keilegom (2007) proposed a Cramer-von-Mises type test against
general alternatives. Pomann, Staicu & Ghosh (2016) proposed a method that uses the Anderson-
Darling test on the first few functional principal components of the mixture distribution and

aggregates the results using Bonferroni’s correction. Wynne & Duncan (2020) developed a test
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based on kernel mean embedding of the distributions. Pan et al. (2018) proposed a test based on ball
divergence, which is applicable to Banach-valued random variables. Most of these tests are based
on a consistent estimate of a measure of dissimilarity between the two underlying distributions,
and they are large sample consistent. However, the exact or limiting null distributions of these test
statistics are analytically intractable, and one needs to use the permutation method for calibration.
However, the large sample consistency of these permutation tests is somewhat missing from the
literature. The existing literature is also somewhat silent about the statistical efficiency of these
tests under local contiguous alternatives, partially because of the difficulty in formulating a suitable

notion of the density and the likelihood ratio statistic.

In this chapter, we deal with two sets of independent observations {Xi, Xo,..., X,,} and
{Y1,Ys,...,Y,,} on two functional random variables X ~ F and Y ~ G, respectively, which are
assumed to lie in an infinite-dimensional separable Hilbert space H with inner product (.,.). We
know that X and Y have the same distribution (i.e., F' = G) if and only if the random variables
(X, f) and (Y, f) are identically distributed for all f € H (see Hsing & Eubank, 2015, Theorem
7.1.2). Motivated by this result, we propose a new measure of distributional dissimilarity for
functional data. This measure is non-negative, and it takes the value zero if and only if F' = G. We
propose a consistent estimator of this measure and use it as the test statistic to test for the equality
of F' and GG. Large sample distribution of the test statistic is derived both under null and fixed
alternative hypotheses. However, it is difficult to use this large sample distribution for calibration.
So, we use the conditional test based on the permutation principle and prove its large sample
consistency. We also construct a locally asymptotically normal sequence of contiguous alternatives
and study the behavior of our test under such alternatives. Our results show that against such
contiguous alternatives, our test is Pitman efficient. Extensive empirical studies are carried out
to compare the performance of this test with some state-of-the-art methods. The contents of this

chapter are taken from Banerjee (2024).

TEST OF INDEPENDENCE FOR FUNCTIONAL DATA

In Chapter 6, we consider testing independence among d random functions XV, X . x(@
based on n independent observations {X1,Xa,...,X,} on X = (XM, Xx® . x(),

Testing independence or measuring dependence among several random variables or random
vectors is a fundamental problem in statistics, and several methods have been proposed for it.
For example, Spearman’s p, Kendall’'s 7, Bolmqvist’s 8 (Blomqvist, 1950) or Hoeffding’s ¢?
(Hoeffding, 1948) statistics measure the association between the two random variables. To assess the
dependence among multiple random variables, several measures were also constructed (see Nelsen,
1996; ﬂbeda—Flores, 2005; Gaifler, Ruppert & Schmid, 2010; Péczos, Ghahramani € Schneider,
2012; Roy et al., 2022) in the past few decades. In the multivariate set up, some notable tests of
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independence between two random vectors include tests based on interdirections (Gieser ¢ Randles,
1997), spatial signs and ranks (Taskinen, Kankainen ¢ Oja, 2003; Taskinen, Oja & Randles, 2005),
distance covariance (dCov) (Székely, Rizzo & Bakirov, 2007), distance-based contingency tables
(Heller, Heller & Gorfine, 2013), Hilbert-Smidth Independence Criterion (HSIC) (Gretton et al.,
2007; Gretton & Gyorfi, 2010), projection criterion (Zhu et al., 2017), and those based on graphs
(Friedman & Rafsky, 1983; Heller, Gorfine & Heller, 2012; Biswas, Sarkar & Ghosh, 2016; Sarkar
€9 Ghosh, 2018b). Some generalizations of the dCov test (Fan et al., 2017; Jin ¢ Matteson, 2018;
Chakraborty €& Zhang, 2019) and the HSIC test (Pfister et al., 2018) have also been proposed in the
literature for testing mutual independence among more than two random vectors. Other tests for
mutual independence among multiple random vectors include those based on half-spaces (Beran,
Bilodeau & de Micheaux, 2007), ranks of nearest neighbors (Roy & Ghosh, 2020; Roy et al., 2021),
and copula (Roy et al., 2020).

However, most of these existing methods do not have straightforward extensions for
functional data. Lyons (2013) studied the applicability of the dCov test for strongly negative
type metric spaces. Pan et al. (2020) proposed a test based on ball covariance (bCov) for Banach-
valued random variables. These tests are based on pairwise distances. Lai et al. (2021) noted
that distance-based methods like dCov and bCov do not consider the geometric structures of the
observed data, whereas methods based on the inner-product can reveal more information in this
regard. They proposed the angle covariance (aCov) test, which is based on pairwise inner-products.

However, this test is applicable only for two random functions.

To overcome this limitation, we propose a general recipe for building a dependency measure
for several random functions using pairwise inner-products. One can use a suitable estimator of
this measure to construct a test. We particularly focus on one such measure that is based on
the d-variate Hilbert Schmidt Independence Criterion (HSIC) (Pfister et al., 2018), and we call it
Projected HSIC (pHSIC). Our measure has some nice theoretical properties, and the corresponding
test is large sample consistent for fairly general alternatives. However, our measure and the
associated test depend on a kernel that comes with an associated smoothing parameter known as the
bandwidth. The performance of our test may depend on the kernel and its bandwidth parameter.
For our numerical work, we use the Gaussian kernel and choose the bandwidth using the median
heuristic approach (Gretton et al., 2007). We also establish the large sample consistency of the
resulting tests against fixed alternatives. Extensive simulation studies are carried out to compare
the performance of our tests with dCov, aCov, and bCov tests. The contents of this chapter are
based on Banerjee & Ghosh (2022).

Chapter 7 of this thesis contains a brief summary of our work, and finally, we conclude with a short

discussion on some possible directions for future research.
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Two-Sample Test for High-Dimensional Data

Consider two d-dimensional random vectors X ~ F and Y ~ G taking values on a separable metric
space (R?, p), where p is a metric on R%. Let X = {Xy,...,X,,} and Y = {Y1,...,Y,,} be two
sets of independent observations on X and Y, respectively. In a two-sample problem, we use these
observations to construct a test statistic for testing the null hypothesis Hy : F' = G against the
alternative hypothesis Hy : F' # G. This is a well-studied problem in statistics, and several tests are
available in the literature. But as we have mentioned before, many of them either cannot be used or
lead to poor performance for high-dimensional data, especially when the dimension is comparable
to or larger than the sample size. In this chapter, we develop and investigate some tests that are

not only consistent in the classical asymptotic regime, but also perform well in high dimensions.

Our tests are motivated by the well-known fact that two distributions F' and G differ if and
only if there exists a ball B(u,¢) := {v € R? | p(v,u) < €} such that F(B(u,¢€)) # G(B(u,¢)). So,
for any € > 0, |F(B(u,¢€)) — G(B(u,¢))| gives a measure of the difference between F' and G in a
neighborhood of u € R%. Therefore, we can choose U; and U; (i#j=1,...,N) from the pooled
sample Y = {U; =Xy,...,U, =X,,,Ups1 =Y1,..., Uy =Y} =X UYof size N=m+n to
construct the balls B;; := B(Uj, p(U;, U;)) and compute the differences D;; = ‘Flj (Bij) — CAJW(]BSU)‘
Here Fij and Gij are the empirical analogs of F' and G, obtained from U after removing U; and
U; from the respective samples. One can use these differences to develop a test. For instance
T ={N(N-1)}"" Din Dj; can be used as the test statistics and Ho can be rejected for large
values of T'. However, to reduce the computing cost, here we consider only those cases, where U,

and U; come from the same distribution and use the test statistic

1 1 1 & 2
Tom = o =Ty y {m Z 5(Xy,, X, X5) mkzléYk,X],X}

1<i#£j<n k=1 k#i,j
1 n 1 m
=Ty 2 { Z (Xp Y5 Y0 = —— > 5Yk,YJ,Y)} (2.1)
1<i#j<m k= k=1,k#1,j

where 0(s,u,v) =I[p(s,v) < p(u,v)], and I[-] is the indicator function. Pan et al. (2018) proposed
a similar test statistic, where they also considered the case 7 = j while U; and U; were not removed
from U for computing empirical analogs of F'(B;;) and G(B;;). One can show that T}, ,, converges

in probability (follows from Lemmas A2.1 and A2.2) to the ball divergence measure between F' and
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G, which can be expressed as
02(F.C) = / / (F(B(u, p(v, 1)) — G(B(u, p(v, u))}2{dF()dF (V) + dGWdGH)}.  (2.2)

Ball divergence was first defined in Pan et al. (2018), where the authors proposed a two-
sample test for Banach-valued random variables and studied its large sample properties. Their test

statistic is slightly different from T}, ,,. But for larger samples, they turn out to be equivalent.

Clearly, a large value of T}, , gives an evidence against Hy : F' = G, and therefore, we reject
Hy when T}, exceeds a threshold. For a given level of significance (0 < v < 1), this threshold

(or cut-off) is computed using the permutation method. The algorithm is described below.

e Consider a permutation 7 of {1,...,N} and the corresponding permutation U, =
{Urqa)s- -+, Uga)} of the pooled data U.

e Use Xz = {U;qy, -, Urny} and Yimr = {Urns1)s - -5 Un(ngm) } @s the two samples
to calculate Tﬁ,m,m the permutation analog of Tf;m.

e Repeat this method for all possible permutations. If Sy denotes the set of all permutations
of {1,..., N}, the critical value is given by

. 1
c1-a=inf{t ER: = S OITE,. <t >1-a}

’ TESN

We reject Hy if T}, 1 > ¢1—q or the corresponding p-value py, ,, = % ZWGSN UTh e = Th ]
is smaller than a. The following lemma shows that this permutation method leads to a valid level

« test irrespective of the sample sizes n, m and the dimension d.

Lemma 2.1.Let T}, be a two-sample test statistic computed based on n and m independent
observations from d-dimensional distributions F and G, respectively. If ppn, denotes the
corresponding permutation p-value, then under Hy : F' = G, we have Plp, ., < o] < « irrespective

of the values of n,m and d.

Note that Lemma 2.1 holds for any permutation test. Interestingly, for our test, the cut-off
¢1—q can be upper bounded by a deterministic function of n and m that converges to zero as n and
m diverge to infinity. This is asserted by the following lemma.

Lemma 2.2. Let X = {Xy,...,X,} and Y = {Y1,..., Y} be two sets of independent random
vectors from two d-dimensional distributions F and G, respectively. For any o (0 < a < 1), the

inequality 0 < c1—q < 2/(3c(min{n, m} — 2)) holds with probability one.

Note that this upper bound on cj_g is of the order O((min{n,m})~!), and it does not
depend on d. So, ¢1_, converges to 0 as min{n,m} diverges to infinity. Therefore, under the
alternative hypothesis Hy : F # G, if T}, », converges to a positive constant, the power of the test

converges to one. Theorem 2.1 shows this large sample consistency of the permutation test.
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Theorem 2.1. If @/2)(F7 G) > 0, the power of the level a (0 < o < 1) test based on T}, ,, converges

to 1 as min{n, m} increases to infinity.

If (R?, p) is a finite dimensional separable metric space, @g(F ,G) =0 if and if only F = G.
So, under Hy : F # G, we have @%(F, G) > 0, and this proves the large sample consistency of
the proposed test under general alternatives. For computing c¢;_, instead of considering all N!
permutations of {1,..., N}, it is enough to consider all possible subsets of U of size n. But, if n
and m are moderately large, it may not be computationally feasible to consider all (JT\Z ) subsets or
all V! permutations. In such cases, we generate B random permutations 7y, ..., g and reject Hy

if the corresponding p-value p;, B = %ﬂ{ Zfil 0T mm, = Thm] + 1} is smaller than «. Recall

that the use of all N! permutations leads to the p-value p,, = %{ Zﬂ'ESN ITh mx > Tﬁm]}.
As B increases ppm,B — Pn,m converges to 0 almost surely (see Lemma 2.3). This justifies the

implementation of the test based on random permutations.

Lemma 2.3. Given the pooled sample U, |pn.m,B — Pnm| %0 as B — 0.

Though Pan et al. (2018) also suggested implementing their test using the permutation
method, they proved the consistency of their test based on the large sample distribution of the test
statistic. The consistency of the permutation test was missing. Moreover, they did not investigate

the high-dimensional behavior of their test, which is the main focus of this chapter.

2.1 BEHAVIOUR OF THE PROPOSED TEST IN HDLSS SETUP

In this section, we study the high-dimensional behaviour of the proposed test when the dimension
of the data grows to infinity while the sample sizes remain fixed. Note that the behaviour of the
proposed test may depend on the metric p. Since the ¢ distance is arguably the most popular

choice as the distance function on R?, we first consider the test based on this distance.

2.1.1 TEST BASED ON THE {5 DISTANCE

The test statistic based on the ¢y distance, denoted by Tf?m, is obtained replacing (s, u,v) in T},

(see Equation (2.1)) by I[||s — v|| < |Ju—v||]. To investigate the behaviour of the resulting test, we

consider the following assumptions.
(A2.1) If X4, X5 “d B and Y., Y, 4 & are independent, for W = X; — X5, X; —Y; and Y; — Y5,
| [W? — dE([W|?)] £ 0 as d — o
(A2.2) There exist constants v?, 0%, and o2 such that d~|pp — pgl/* = V2, d”trace(Ep) — o7,
and d~'trace(Eg) — 02 as d — oo. (Here pp = E(X), pg = E(Y), p = Var(X) and
Yq = Var(Y).)
These two assumptions are quite common in the HDLSS literature. While (A2.1) gives the

Weak Law of Large Numbers (WLLN) for the sequence of possibly dependent and non-identically

distributed random variables {(W(q))2 : g > 1} (ie., ézgzl(W(Q))Q - EL Zgzl(W(q))Q 0
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as d — 00), (A2.2) gives the limiting value of d~'E|W||? and hence that of d~!||W]||?> depending
on whether W = X; — X5,Y; — Yy or X; — Y. In addition to (A2.2), Hall, Marron é Neeman
(2005) assumed uniformly bounded fourth moments and a p-mixing property for the coordinate
variables to investigate the high-dimensional behavior of some popular classifiers. The weak
law (A2.1) holds under those conditions. However, instead of p-mixing, it is enough to assume
Dt Cov(W® W) = o(d?) for WLLN (see Sarkar, Biswas & Ghosh, 2020). One can also assume
(A2.2) and sufficient moment conditions like Var(||X — pug||?) = o(d?), Var(|[Y — pgll?) = o(d?),
trace(X%) = o(d?) and trace(X%) = o(d?). In addition to assuming uniformly bounded fourth
moments and a p-mixing condition on the standardized variables, following Ahn et al. (2007) and
Jung & Marron (2009) one can also assume a sphericity condition (i.e. trace(3?)/(trace(X))? — 0
as d — oo both for ¥ = ¥p and ¥g) for WLLN. The non-strongly spiked eigenvalue (NSSE)
model (see Aoshima & Yata, 2018) (where \2,,.(2)/trace(E?) — 0 as d — 00, for Apes(E)
being the largest eigenvalue of X) satisfies the sphericity condition. Yata & Aoshima (2012, 2020)
also assumed similar conditions. Under those conditions, (A2.1) holds for W = X; — X5 and

W =Y — Ys. Under these assumptions, we have the following lemma.

Lemma 2.4. Suppose that X1, Xo “WE and Y1, Yo W a are independent. If F' and G satisfy
assumptions (A2.1) and (A2.2), then d='/?||X; — X L orV2, dV?| Y — Yo 5 66v2 and
dV2X, - Yy & \/0% + 0% 4+1v? asd — oo.

These distance convergence results can be used to show that if v2 > 0 or 0'% % aé, then

P(T;%,, > 1/3) converges to 1 as d grows to infinity.
Lemma 2.5. Assume that the two distributions F' and G satisfy assumptions (A2.1) and (A2.2).
If V2 + (oF — 0G)? > 0, we have limg_,q, P{Tﬁfm >1/3} =1.

In Lemma 2.2, we have already seen that the critical value of the permutation test ¢;_, is

1

W) with probability one, which in turn is smaller than 1/3 if min{n,m} >

smaller than %(
24+ 2/a. So, in view of Lemma 2.5, the resulting test has the high-dimensional consistency if

min{n, m} — 2 > 2/a. This result is stated as Theorem 2.2 below.

Theorem 2.2. Assume that F and G satisfy (A2.1)-(A2.2). If v*+(op—0g)? > 0 and min{n, m} >
2+2/a, the power of the level a (0 < av < 1) test based on Tﬁfm converges to one as the dimension

d increases to infinity.

Theorem 2.2 gives a sufficient condition for the consistency of the proposed test in HDLSS
asymptotic regime. It shows that if F and G differ in their locations (v* > 0) or scales (0% # 02),

the test based on Tf;fm turns out to be consistent.

Now, to study the empirical performance of the proposed test, let us consider three simple

examples, each involving two multivariate normal distributions.
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Example 2.1. Two distributions F = Ng(04,14) and G = Ny(0.1514,1y) differ only in their means.
Here 0g = (0,...,0)7,14=(1,...,1)T € R, 1, is the d x d identity matriz and Ny(u,X) denotes

the d-variate normal distribution with the mean vector p and the dispersion matrix 3.

Example 2.2. Two distributions F = Ng(04,14) and G = Ny(04,1.11;) have the same location,
but they differ in their scales.

Example 2.3. Both F = Ng(04,%14) and G = Ng(04, 32 4) have diagonal dispersion matrices.
The first d/2 diagonal elements of X1 4 are 1 and the rest are 2. On the contrary, X q has the first
d/2 diagonal elements equal to 2 and the rest equal to 1.

For each example, we considered 10 different choices of d (d = 2 for i = 1,...,10), and in
each case, we used the test based on 100 observations (50 from each distribution). This process was
repeated 500 times to estimate the power of the test by the proportion of times it rejected Hy. In
Examples 2.1 and 2.2, we have v2+(0r —0g)? > 0. So, as one would expect in view of Theorem 2.2,
the power of the proposed test increased with the dimension (see Figure 2.1). However, in Example
2.3, we have v = 0 and o = 0. So, the sufficient conditions for consistency (see Theorem 2.2) do
not hold. In this example, the proposed test had a poor performance. To overcome this limitation
of the test based on the /5 distance, in the next subsection, we use different distance functions to

construct the test statistic and study the high-dimensional performance of the resulting tests.

Example 2.1 Example 2.2 Example 2.3
1 T T | 1F T T | 1 T T
0.8 | =
— — —
2 05 1 2 os| I el |
o . 0.2 |- =
oL ! ! 01T ! ! - R e
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
log, (d) logy (d) logy (d)

Fig. 2.1 Powers of the permutation test based on T2 in Examples 2.1-2.3.

n,m

2.1.2 TESTS BASED ON GENERALIZED DISTANCES

Instead of ¢o distance, we can consider the generalized distance function proposed by Sarkar
€ Ghosh (2018a). The generalized distance between two d-dimensional observations x =
(W, . 2T and y = (yW, ...,y D)7 is given by

d
onp(ey) = h{53 S0l — 9P},
g=1

where h,9 : R — R, are continuous, monotonically increasing functions with h(0) = ¢(0) = 0.

Note that all £, distances (with p > 1) are special cases of ¢, (up to a multiplicative constant).
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Using ¢p, 4, we construct the generalized test statistic T,]f;ﬁ (replace 0(s,u,v) by I[pp (s, v) <
¢n(u,v)] in the expression of T}, in (2.1)) and reject Hy for large values of it. The cut-off is

chosen using the permutation method as before.
High-dimensional behavior of this test can be studied under an assumption similar to (A2.1).
Recall that (A2.1) gives WLLN for {(W@)2: ¢ > 1} with W = X; — X3, X; — Y; and Y; — Y.
Here we consider a similar assumption for the random variables {i)(W(@)2: ¢ > 1}.
(A2.3) If X1, X5 “d P and Y., Yo 4 @ are independent, for W = X; — X5, X; — Y and Y; — Y5,
() lim supy o d~1 Y0 B(|W@?) < 00 and (i) d™' Si_ {(IW @ [2) ~Eu (WD)} 5 0
as d — oo.
Note that if the W(9’s are independent or m-dependent or the ¥(|W(@[2)’s satisfy the
p-mixing property, (A2.3) holds if the ¢ (|W(9)|?)’s have uniformly bounded second moments. If 1

is bounded, the moment condition gets automatically satisfied. Now, define

d
ohp(FF) = h{d ™ S Ep( X1 - X12)),

q=1
d
ohu(G.G) = h{d™ Y Ep([Y? — P )),
q=1
d
ohu(F,G) = h{d 'Y Ep(1X1? — Y1
q=1

There is an interesting lemma due to Sarkar & Ghosh (2018a) (see Lemma 1 in that article)

involving these three quantities. The lemma is stated below.

Lemma 2.6. Suppose that h is concave and ¥ has a non-constant completely monotone derivative.
Then for any fized d, we have ey (F,G) := 2¢}, ,(F,G) — ¢} ,(F, F) — ¢}, (G, G) > 0, where the

equality holds if and only if F' and G have the same one-dimensional marginal distributions.

Note that ep, y(F,G) can be viewed as an energy distance (see, e.g., Aslan & Zech, 2005)
between F' and G. In view of Lemma 2.6, for appropriate choices of h and 1, it is somewhat
reasonable to assume that under H; : F' # G, the limiting energy distance between F' and G
remains bounded away from 0 (i.e., liminfy .o ep s (F,G) > 0). Under this assumption, we can
establish the consistency of the test based on T#fﬁ in the HDLSS asymptotic regime. This result

is given by the following theorem.

Theorem 2.3. Suppose that F' and G satisfy (A2.3) and liminfy_, ep o (F, G) > 0. If min{n,m} >
242/« the power of the level o (0 < o < 1) test based on Tff% converges to one as the dimension

d increases to infinity.

For h(t) = v/t and (t) = t, ¢ turns out to be the o metric (up to a multiplicative

constant), but this choice of ¥ does not have a non-constant completely monotone derivative as
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mentioned in Lemma 2.6. But there are other choices of 1 that satisfy this property. For instance,
one can use 91 (t) = v/, Po(t) = 1 — e /2 or 3(t) = log(1 +t) with h(t) =t in all these cases. For
Y1 and v, @py turns out to be a distance function (11 leads to a scalar multiple of ¢; distance),
but that is not the case for 3. In that case, we can call it a dissimilarity measure. Note that for
the (5 distance, under (A2.2), we have liminfy o ep(F, G) = 24/v2 + 0% + oé —orV2 —oaV?2,
which is positive if and only if either 2 > 0 or op # 0g, i.e. V2 + (0F —0g)? > 0. In Example 2.3,
we have 12 + (oF — 0g)? = 0, but liminfy_,« eny(F,G) > 0 for ¢ = 91,9,93 and h(t) = t. So,
while the test based on T, ,f?m had poor performance, those based on T, ff;ﬁ with ¢ = 11,19 and 3
(henceforth referred to as Tf;}m, Ty and Trlfgn, respectively) performed well (see Figure 2.2). For

further study on the high-dimensional behavior of these tests, we consider two other examples.

Example 2.4. Both F' and G have i.i.d. coordinate variables. While in F', they follow the standard

uniwariate Cauchy distribution, in G, each has a location shift of one unit.

Example 2.5. Two distributions F' = Ng(pg,1q) and G = Ny(—pg,1a) differ only in their means.
Here |pgl| = |d=?14]| = 1 for all values of d.

We considered 10 different choices of d, and in each case, we generated 50 observations from

each distribution. The process was repeated 500 times as before to estimate the powers of the tests.

In Example 2.4, the ball divergence tests based on the test statistics Tﬁ}m and T,f?m
(henceforth referred to as BD-¢; and BD-¢5 tests) did not work well, but those based on Tﬁf‘,ﬁ and
Trlf%l (henceforth referred to as BD-exp and BD-log tests) had excellent performance (see Figure
2.2). Among them, BD-exp had an edge. Note that in this example, the coordinate variables in
F and GG do not have finite moments. That affected the performance of BD-¢; and BD-/5. Since
Po(t) = 1— e /2 is a bounded function, we do not have such problems for BD-exp. Assumption
(A2.3) holds for this choice of 1. It holds for 13(¢) = log(1+1t) as well. This was the reason behind

the good performance of the tests based on these two choices of 1.

Example 2.3 Example 2.4 Example 2.5

1 1
~ ~ —~
= = =
5 Z 05 \ 1 B os
Ay W A
(O SN S A | ) SR S s obr 1
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
log, () log, () log, (d)

Fig. 2.2 Powers of BD-{3(e) BD-{1(s) BD-exp(e) and BD-log(e) tests in Examples 2.3-2.5.
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In Example 2.5, the Mahalanobis distance between F' and GG remains the same for all values
of d, and we have limg_,o ep s (F, G) = 0 for all choices of h and 1) considered here. So, as expected,
the powers of all tests gradually dropped as d increased. In such situations, for good performance

of the proposed tests, we need to increase the sample sizes appropriately with the dimensions.

2.2 WHAT HAPPENS IN HDHSS REGIME?

In this section, we deal with the cases where F' and G gradually become close as d increases. For
such shrinking alternatives, the power of any test based on fixed sample sizes is expected to go down
as d increases. Therefore, to achieve better performance in high-dimension, one needs to increase
the sample sizes as well. Now, one may be curious to know whether it is possible to increase n and
m with d at an appropriate rate such that one can construct a valid level a (0 < o < 1) test with
power converging to 1 as the dimension increases. We show that this is possible for our tests as
long as @%(F , ) shirks to 0 at an appropriately slower rate. This is obtained by establishing the

minimax rate optimality of our tests.

2.2.1 MINIMAX RATE OPTIMALITY

Consider the hypotheses Hj) : ©F (F,G) =0 and Hj : ©F (F,G) > ¢ for some € > 0. Define IP’E;:”’CT)
as the joint distribution of X1, .., Xn, Y1,..., Ym, where X1,.... X, “ Fand Y1,...,Ym Y G.
Let F(e) := {(F,G) | @%2 (F,G) > €} denote the class of alternatives, and for a given « € (0, 1),
T m.da(a) denote the class of all level « test functions ¢ : Y — {0,1}. The minimax type II error

rate for this class is defined as

R €) = inf sup P ¢=0).
n,m,d( ) GET . m.ala) (F,G)eF(e) r ( )

Now, we want to find an ey = €y(n, m, d), for which the following conditions hold.

(a) For any 0 < ¢ < 1 — a, there exists a constant ¢(c, () > 0 such that for all 0 < ¢ < ¢(«, (),

we have liminf R, ,, 4(c €o(n,m,d)) > ( .

n,m,d— oo
(b) There exists a level a test ¢g such that for any 0 < ¢ < 1 — «, we can find C(a, () > 0 for
which limsup sup ng’én)(ﬁbo =0) <(Ve>Cla, (), ie.,

n,m,d—oo (F,G)eF(c eo(n,m,d))

limsup Ry, m.4(c €0(n,m,d)) <V e>C(a,().

n,m,d— oo

The rate eg(n,m,d) (which is unique up to a constant) is called the minimax rate of
separation, and ¢g is called the minimax rate optimal test. Theorem 2.4 shows that if € is of
smaller order than (1/y/n + 1/y/m)?, for all level « tests, the maximum type II error is bounded

away from 0.

Theorem 2.4. For 0 < { < 1— «, there exists a constant co(c, C) such that for A(n,m) = (1/y/n+
1/y/m)?, the minimaz type II error Ry, . a(cA(n,m)) is lower bounded by ¢ for all 0 < ¢ < co(a, C).
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This shows that the minimax rate of separation cannot be smaller than O((1/v/n+1/y/m)?).

Now, we show that for eg(n, m,d) = A(n,m), the test based on Tfifm satisfies condition (b).

Theorem 2.5.For 0 < ( < 1 — «, there exists a constant Cy(c, () such that asymptotically the

mazimum type I error of the test based on Tf;?m over F(cA(n,m)) is uniformly bounded above by
¢ for all ¢ > Cy(a, C), i.e.,

lim sup sup P}"C’;m) (Thym < c1—q) < ¢ for all ¢ > Cy(a, C).
n,m,d—oo (F,G)EF (cA(n,m)) ’

Theorems 2.4 and 2.5 together show that the minimax rate of separation €y(n,m,d) =
(1/y/n + 1/y/m)? does not depend on the dimension, and they also establish the minimax rate

optimality of the permutation test based on Tf;?m for the class of alternatives F(e).

2.2.2 PERFORMANCE UNDER SHRINKING ALTERNATIVES

Theorem 2.5 gives us a lower bound A(n,m) on the rate of @%2 (F,G) that enables us to detect
the difference between F' and G using the permutation test based on 7, fifm. If we increase the
sample sizes with the dimension such that ©7 (F,G) converges to zero slower than A(n,m) (i.e.,
@%2(F, G)/A(n,m) — oo as d — o0), the test based on Tf?m turns out to be consistent. This result

is asserted by the following theorem.

Theorem 2.6.If n and m, the sample sizes from F and G, grow as a function of the dimension
d in such a way that dlim @%2(}7, G)/A(n,m) = oo, then, the power of the level o (0 < a < 1) test
—00

based on Tffm converges to one as dimension increases to infinity.
k)

If liminfg_, oo @%2 (F,G) > 0, the assumption in Theorem 2.6 holds even if n and m grow
very slowly with d. In such cases, one can expect good results even in the HDLSS setup, and we
have observed the same in our numerical studies. It is easy to show that if F' and G satisfy the
conditions of Theorem 2.2, we have liminf;_, . @?2 (F,G) > 1/3. As expected, in such cases, we

also have the consistency of the test in the HDHSS regime, where m and n also increase with d.

So far, we have discussed the minimax rate optimality of the test based on befm and
established its consistency for shrinking alternatives. The results similar to Theorems 2.4-2.6 hold
even when the test is constructed based on other distance functions considered in Section 2.1.2. We
state the result below as Theorem 2.7, but we skip the details of the proof since they are exactly

the same as in the case of the test based on the /5 distance.

Theorem 2.7. Let h,v : Ry — Ry be continuous, monotonically increasing functions with h(0) =
¥(0) = 0. Assume that n and m, the sample sizes from F and G, grow as functions of the dimension
d in such a way that limg_, @?O}w (F,G)/A(n,m) = oo. Then the power of the level o (0 < av < 1)
test based on Tff;ﬁ converges to one as d increases to infinity.

Remark 2.1.In the HDLSS setup, we need Assumptions (A2.1)-(A2.2) for the consistency of the

tests. But in the HDHSS setup, when n and m grow with d, such assumptions are not needed.
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Also, unlike the HDLSS setup, in the HDHSS setup, we have consistency for the test based on the
lp-distance for all p > 1.

Remark 2.2. Theorems 2.6 and 2.7 remain silent about the asymptotic behaviour of the proposed
test when limg_, oo @%2 (F,G)/A(n,m) = ¢ (or limg_,o @%jw(F, G)/A(n,m) = ¢) for some ¢ € (0,00).
However, in such cases, one can show that the asymptotic power of the test has a lower bound 1 —

(Cre+ C’g)/(c — 3%)2, where C1 and Cy are two universal constants (see the proof of Theorem 2.5).

Now, consider a simple example involving two multivariate normal distributions F =
@4 N1(1/d%,1) and G = @, N1(—1/d", 1), where j is a positive constant. Note that as d grows
to infinity, here we have v+ (o0p — 0¢)? = 0 and limg—s00 € (F, G) = 0 for all h and v considered
in this chapter. So, the conditions for the HDLSS consistency of the tests are not satisfied. Now,
we study the behaviour of the BD-/5 test when the sample sizes increase with the dimension at the
rate O(d”) for some y > 0. We find out the relation between v and  that leads to the consistency
of the test in the HDHSS setup. Our findings are summarized in the following proposition.

Proposition 2.1. Suppose that n and m are the sample sizes from F = ®;7l:1./\/'1(1/d5,1) and
G = @4 Ni(=1/d’ 1), respectively. If 3 > 0 and n < m < d” for some v > 0, then, for the ball

divergence test based on Tnf?m, we have the following results.

(a) If B < 1/4, for any v > 0, the test is consistent.
(b) If 1/4 < B < 1/2, the test is consistent if v > 45 — 1.

(c) If B > 1/2, the test is consistent if v > 2. If v < 28 — 1, there exist no level a (0 < a < 1)

tests with asymptotic power more than «.

Proposition 2.1(c) says that if 8 > 1/2, for the HDHSS consistency of any test, one needs to
increase the sample size at a rate faster than O(d?’~1). So, the HDLSS consistency is not possible
in this case. Recall that in Example 2.5, we have 5 = 1/2. Therefore, if we increase n and m at a

rate faster than O(d), our test will be consistent. We confirm it in our numerical study.

For this study, we used three different choices of 8 (0.2,0.3 and 0.5), and in each case, seven
different choices of 7 (0,0.4,0.5,0.6,0.9.1 and 1.1) and 10 different values of d (2! fori = 1,...,10)
were considered. We took n = m = 5+ |d” | to ensure n,m > 5, and each experiment was repeated
500 times to compute the power of the test based on Tﬁfm. The results are reported in Figure 2.3.
In this example, for higher values of 3, @%2(}7, G) converges to zero at a faster rate. Therefore,
to discriminate between F' and G, we need to increase the sample sizes at a higher rate as well.
Figure 2.3 shows that for higher values of 3, the tests corresponding to lower values of v performed
poorly. Note that here v = 0 represents the HDLSS scenario. We can see that for § = 0.2, even
for m = n = 6 (i.e., v = 0), the power of our test converged to 1 in high dimensions. This was
expected in view of Proposition 2.1(a). As expected, the test had higher power for larger values

of v. For 8§ = 0.3 and 0.5, it did not work well in the HDLSS setup, but when m and n increased
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Fig. 2.3 Powers of the BD-ls test for different choice of 5 (0.2,0.3 and 0.5)
andy (0 (e), 0.4 (x), 0.5 (¢), 0.6 (x),09 (a), 1 (W), 1.1 (+)).

log,(d)

with d at an appropriate rate, the power of the test converged to unity as we expect in view of
Proposition 2.1(b)-(c).

2.3 EMPIRICAL PERFORMANCE OF THE PROPOSED TESTS

In this section, we compare the empirical performance of our tests with some popular tests. For this
comparison, we consider the multivariate run tests based on minimum spanning tree (Friedman &
Rafsky, 1979) and shortest Hamiltonian path (Biswas, Mukhopadhyay & Ghosh, 2014), the tests
based on averages of inter-point distances proposed by Baringhaus & Franz (2004) and Biswas
€ Ghosh (2014), the nearest neighbor test (Schilling, 1986; Henze, 1988), and the test based on
maximum mean discrepancy (Gretton et al., 2012). Henceforth, we shall refer to them as the FR
test, the SHP test, the BF test, the BG test, the NN test, and the MMD test, respectively. For the
NN test, we consider the test based on 3 neighbors, which has been reported to perform well (see,
e.g., Schilling, 1986). Throughout this chapter, all tests are considered to have the 5% nominal
level. The SHP test has the distribution-free property. For all other tests, the cut-off is computed

based on 500 random permutations.
2.3.1 ANALYSIS OF SIMULATED DATA SETS

First, we study the level properties of our tests. We generated two sets of independent observations
from Ny(04,1) and used them as observations from F' and G, respectively. This experiment was
repeated 500 times, and for each test, we computed the proportion of times it rejected Hy. We
carried out our experiment for different sample sizes (n = m = 20, 35 and 50) and dimension
(d =2 for i =1,2,...,10). Figure 2.4 shows that on all occasions, the BD-/ test rejected Hy in
nearly 5% of the cases. BD-{1, BD-exp, BD-log, and other competing tests also exhibited similar

level properties. But, to avoid repetition, we decided not to report them.

Next, we investigate the power properties of the proposed tests. We consider two types

of examples. First, we deal with examples with fixed n and m and study the performance of



20 Chapter 2: Two-Sample Test for High-Dimensional Data
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Fig. 2.4 Observed levels of the BD-{y test for n =m = 20 (e),35 (o) and 50 (e).

different tests as the d increases. Next, we consider the situations where the conditions for HDLSS
consistency of the proposed tests do not hold (i.e., we have 1>+ (ocp —0¢)? = 0 and lim ey, 4 (F, G) =

0). In such cases, we investigate the performance of different tests when n and m grow with d.

Dimension increases when the sample sizes remain fixed

We begin with Examples 2.1-2.4 discussed in Sections 2.1.1 and 2.1.2. For each example, the
powers of the proposed tests and other competing tests are computed based on 500 repetitions of

the experiment, and they are reported in Figure 2.5.

In the location problem in Example 2.1, BF and MMD tests outperformed all other tests
considered here. However, the powers of the proposed tests were comparable to the rest of the
competing tests (BG, NN, FR, and SHP tests).

In Example 2.2, all tests based on ball divergence and the BG test had similar performance,
and they performed much better than their competitors. Among the rest, the SHP test had a
relatively higher power. In high dimensions, FR and NN tests had powers close to 0. Biswas,
Mukhopadhyay € Ghosh (2014) and Mondal, Biswas & Ghosh (2015) explained the reasons for

such poor performance of FR and NN tests in high-dimensional scale problems.

In Example 2.3, we have v2 + (op — 0g)? = 0, but liminfy .. eny(F,G) > 0 for ¢ =
1,192,103 with h(t) = t. So, as expected, BD-f5 did not have satisfactory performance, but BD-
{1, BD-exp and BD-log performed well in high-dimensions. Among them, BD-exp had a clear
edge. Unlike these three tests, the powers of other competing methods did not increase with the
dimension. Note that these competing methods are based on fo distances. The use of a different

distance function may improve their performance.

In the presence of heavy-tailed distributions in Example 2.4, all tests except BD-exp and
BD-log had poor performance in high dimensions. Among these two tests, the one based on bounded

y-function (i.e., 1ho(t) = 1 — e~*/?) performed better. We also observed this in Section 2.1.2.

As we have discussed before, in Example 2.5, the power of any test based on fixed sample

sizes is expected to decrease as the dimension increases. We also observed the same for all tests
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Fig. 2.5 Powers of BD-{y (), BD-{1 (s), BD-exp (o), BD-log (s), FR (M), BF (¢),
NN (W), MMD (¢), SHP (M) and BG (#) tests in Ezamples 2.1-2.4.

considered here. So, we do not report those results here. Instead, we consider three other examples

(Examples 2.6-2.8) as mentioned below.

Example 2.6. Here F' is the d-variate standard normal distribution while G is an equal mizture of

Ng(0.514,1y) and Ng(—0.514,1y).
Example 2.7. F is same as in Example 2.6, but G is mizture of Ng(14,14) and Ng(—0.2514,1,)

with mixzing proportions 0.2 and 0.8, respectively.

Example 2.8. Both F' and G have i.i.d. coordinate variables. The coordinate variables in F follow

N1(0,2) distribution, but in G, they follow the standard t distribution with 4 degrees of freedom.

For each example, we generated 50 observations from each distribution and considered 10
different choices of d (2° for i = 1,...,10) as before. Each experiment was repeated 500 times to
estimate the power of different tests, and they are shown in Figure 2.6. This figure clearly shows that
in the examples involving mixture normal distributions, the BG test and the ball divergence tests
performed better than their competitors. In Example 2.8, the ball divergence tests outperformed
all other competing tests considered here. Like Example 2.3, here also, we have v?+(op—0g)? = 0,
but liminfy_, ep (F, G) > 0 for other three choices of 1. So, as expected, BD-{;, BD-exp and
BD-log performed much better than BD-/5.
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Example 2.6 Example 2.7 Example 2.8

Power
Power
Power

logy (d)

Fig. 2.6 Powers of BD-{s (s), BD-{1 (s), BD-exp (8), BD-log (s), FR (M), BF (¢),
NN (W), MMD (¢), SHP (M), BG (#) tests in Examples 2.6-2.8.

Sample sizes grow with the dimension

Now, we deal with some examples where we do not have a theoretical guarantee for the consistency
of the ball divergence tests in the HDLSS regime, and we investigate how the proposed tests
and their competitors perform when the sample sizes also grow with the dimension. As before, the
powers of all tests were computed based on 500 replications. We consider six examples. Descriptions
of the first three examples are given below. In Example 2.9, we consider the sample sizes n = m =
5+ [V/d] while in Examples 2.10 and 2.11, we have n = m = d + 5.

Example 2.9. The coordinate variables in F and G are i.i.d. Ni(d=%3,1) and N7(—d=%3,1),

respectively.

Example 2.10. Both ' = Ny(04, 27 ;) and G = Ny(04, X3 ;) have the same mean Ogq, but different
diagonal dispersion matrices. The first d/2 diagonal elements of Eid are 1, and the rest are 5. On

the contrary, 33 ; has the first d/2 diagonal elements equal to 5 and rest equal to 1.

Example 2.11. Here F' = Ny(04, X7 ;) and G = Ny(04,35 ;) have the same mean, but different
dispersion matrices Eid = ((O.l'i_ﬂ)) and E;,d = ((O.5‘i_j|)).

In Example 2.9, BF and MMD tests had the best performance (see Figure 2.7), closely
followed by NN, BG, and ball divergence tests. The SHP test had relatively low power.

Interestingly, the powers of all competing tests converged to one as the dimension increased.

Example 2.10 is similar to Example 2.3 though the parameters are different. In this example,
NN, FR, and BD-exp tests had better performance than their competitors, with the BD-exp test
having an edge (see Figure 2.7). Interestingly, the powers of all tests, barring the BG test, showed
a tendency to converge to unity as the dimension increased. Note that this was not the case in

Example 2.3 when samples of fixed sizes were used.

In Example 2.11, two distributions have the same mean and marginal variances, but

they differ in their correlation structures. In this example, we have v? + (op — 0g)? = 0 and
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Example 2.9 Example 2.10 Example 2.11

Power
Power
Power

logy (d) log, (d) log, (d)
Fig. 2.7 Powers of BD-{y (s), BD-{1 (s), BD-exp (e), BD-log (s), FR (M), BF (¢),
NN (W), MMD (¢), SHP (M), BG (¢) tests in Examples 2.9-2.11.

limg o0 en,¢(F,G) = 0 for all three choices of v (i.e., 11, 12 and v3). Here, graph-based tests
performed much better than average distance-based tests. However, unlike BG, BF, and MMD

tests, the powers of the ball divergence tests had a sharp rise in higher dimensions.

Finally, we consider three examples involving sparse alternatives, where F' and G differ
only in [d”| many coordinates for 3 € (0,1). In these examples, we have ey (F, G) < d°~! for all

choices of ¢ considered here. For our numerical study, we use 8 = 0.7 and n = m = 5+ |V/d].

Example 2.12. Two distributions F = Ng(pg, Is) and G = Ng(04,14) differ only in their locations.

The first [d°] coordinates of py are 2, and the rest are zero.

Example 2.13. Two distributions F = Ny(04,14) and G = Ny(04,24) differ only in their scales.

Here 34 is a diagonal matriz with first [dﬁ] entries equal to 5, and the rest equal to 1.

Example 2.14. The distribution G differs from F = Ny(04,214) only in the first [d®] coordinates.

These coordinate variables are independent, and they follow t distribution with 4 degrees of freedom.

Figure 2.8 shows the powers of different tests in these three examples. In the location and

scale problems in Examples 2.12 and 2.13, our findings were similar to those observed in Examples

Example 2.12 Example 2.13 Example 2.14

Power
Power
Power

log, (d) logy (d)

Fig. 2.8 Powers of BD-{s (s), BD-t1 (s), BD-exp (o), BD-log (s), FR (M), BF (¢),
NN (W), MMD (¢), SHP (M), BG (#) tests in Ezamples 2.12-2.14.
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2.1 and 2.2, respectively. In Example 2.12, BF and MMD tests had an edge, but the performance
of the proposed tests was competitive with the rest. The SHP test had relatively low power. In
Example 2.13, the BG test and the ball divergence tests outperformed their competitors in higher
dimensions. In this scale problem, FR and NN tests had poor performance. Example 2.14 can be
viewed as a sparse version of Example 2.8, where the two distributions differ only in their shapes.
In this example, all tests based on the ¢ distance failed to have satisfactory performance, but the
ball divergence tests based on other distance functions performed better. The powers of these tests

showed an upward trend with increasing dimensions.

Analysis of datasets generated from strongly spiked eigenvalue model

Next, we consider two examples involving data sets generated using strongly spiked eigenvalue
(SSE) models (see Aoshima & Yata, 2018). In particular, we consider a scale problem (Example
2.15) and a location problem (Example 2.16) and investigate the performance of different methods
when the sample sizes remain fixed (50 from each distribution), and the dimension increases.

Example 2.15. Two probability distributions F = Ny(04,25(1.1)) and G = N4(0,X5(1.5)) differ
only in the scale of the first coordinate variable. Here 35(vy) denotes the d x d diagonal matriz with

the first diagonal entry d for some v > 0 and the rest equal to unity.
Example 2.16.Here F = Ny(04,X5(1.5)) and G = Ny(0.514,X5(1.5)) differ only in their

locations. Here $9(7) has the same meaning as in Ezample 2.15, and 14 = (1,1,...,1)7.

(22(7))/trace(2§2(7)) = limd®"/(d* +d — 1) = 1 for any v > 1, both

examples belong to SSE models. For each of these examples, we considered 10 different choices of

Since lim A2,
d (2¢ for i = 1,...,10), and in each case, we repeated the experiment 500 times to estimate the
power of the tests by the proportion of times they rejected the null hypothesis Hy : F' = G. These

results are summarized in Figure 2.9.

In Example 2.15, (X117 — Xo1) ~ N1(0,2d*!) and (X1; — Xo;) ~ N1(0,2) for i = 2,...,d.
Hence, as d — oo, || X1 — X2l|?/2d"! B X? (converges in distribution to a chi-square variable with
one degree of freedom). Similarly, as d — oo, we have ||Y'1 — Y5||?/24"° A X3, | X1 =Y 1|?/d* Tt
x3, and hence P{|| X1 — X3| < || X1 — Y1||} — 1. Thus, by Lemma A2.4, we have the HDLSS
consistency of the BD-{5 test. One can use similar arguments to show the consistency of BD-¢;
test as well. This was the reason behind the excellent performance of these tests. In this example,
the BG test performed best, followed by BD-/5 and BD-¢; tests. Except for BD-exp and BD-log,
the powers of all other tests also converged to 1 as the d increased. In cases of these two tests, the
pairwise distances > 4 ((X1;— X2:)?) /d, S0 b ((Yii—Ya:)?/2) /d and S0, o (X1 —Y14)2/2) /d
converge in probability to the same positive constant as d goes to infinity. So, unlike BD-/5 and

BD-/;, they were unable to extract substantial discriminatory information from the first coordinate.
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In Example 2.16, powers of BD-{5, BF, BG, and MMD tests dropped down as d increased,
but those for the graph-based tests increased steadily. Note that while the performance of the
graph-based tests depends on the ordering of the pairwise distances, that of the above-mentioned
four tests depends on their magnitudes. In this example, though the inter-sample distances had
a tendency to take higher values than the intra-sample distances, as d diverges to infinity, || X —
X,||2/2d5,||[Y 1 — Yo||?/2d™° and || X1 — Y1]|?/2d"° all converge in distribution to a chi-square
random variable with one degree of freedom, and that is why they failed to discriminate among the
two populations in higher dimensions. However, BD-exp and BD-log tests outperformed all graph-
based tests in this example. Note that here Zle ¥ ((X1; — X2)?)/d and 2?21 (Y — Y2:)%/2) /d
converge in probability to the same limit, but Zgzl 1/1((X1i — Y1)/ 2) /d converges in probability
to a limit higher than that. This explains the reason behind the excellent performance of these
tests. Because of the same reason, the BD-/; test also had increasing power. However, in this
example, the first coordinate difference was the dominating term in the ¢; distance, and along that
coordinate, we had very little difference between the two populations. This somewhat affected the
performance of the BD-/; test. In this case, coordinate-wise standardization of the variables may
improve the performance of this test. Similar coordinate-wise standardization may also lead to

better performance by the BD-/5 test.

Example 2.15 Example 2.16

4

Power
o
o
Power

2 4 6 8 10
logz(d) 10g2(d)

Fig. 2.9 Powers of BD-{s (s), BD-t1 (s), BD-exp (o), BD-log (s), FR (M), BF (¢),
NN (W), MMD (¢), SHP (M), BG (¢) tests in Ezamples 2.15 and 2.16.

2.3.2 ANALYSIS OF BENCHMARK DATA SETS

For further evaluation of the performance of different tests, we analyzed two real data sets, namely
Colon data and Lightning-2 data. The Colon data set contains expression levels of 2000 genes in 40
‘tumor’ and 22 ‘normal’ colon tissue samples that were analyzed with an Affymetrix oligonucleotide
array. This data set is available in the R package ‘rda’, and its description can be found in Alon
et al. (1999). Lightning 2 data set contains 637-dimensional observations from two populations with
respective sample sizes 48 and 73. It is available at the UCR Time Series Classification Archive,

and its description can also be found in Sarkar, Biswas & Ghosh (2020). These two data sets have


https://www.cs. ucr.edu/~eamonn/time_series_data_2018/
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been extensively studied in the classification literature, and it is well known that in each of these
data sets, there is a reasonable separation between the two distributions. So, we can assume the
alternative hypothesis H; : F' # G to be true, and different tests can be compared based on their
powers. However, when we used the full data set for testing, all tests rejected Hy for both of these
data sets. Using that single experiment based on the full data set, it was not possible to compare
among different test procedures. So, we generated random sub-samples from the entire data set,
keeping the sample proportions from the two distributions approximately the same as they are in
the original data. Different tests were implemented using these sub-samples, and this procedure
was repeated 500 times to estimate their powers. The results for different sub-sample sizes are

reported in Figure 2.10.

Colon data Lightning-2 data

Power
Power

Pooled Sample Size Pooled Sample Size

Fig. 2.10 Powers of BD-l5 (s), BD-{1 (s), BD-exp (e), BD-log (e), FR (M), BF(¢),
NN ), MMD(¢), SHPM), BG(#) tests in benchmark data sets.

In the case of Colon data, BF, MMD, and BD-/5 tests had very high powers even when the
pooled sample size was 15. These three tests had comparable performance, and they performed
better than others. BD-£1, BD-exp, and BD-log tests also had competitive performances. Like BF,
MMD, and NN tests, they also had unit power for samples of size 18 or higher. FR, BG, and SHP

tests had relatively low powers in this data set.

Figure 2.10 clearly shows the superiority of the ball divergence tests BD-¢;, BD-exp and
BD-log in the case of Lightning-2 data. These three tests had much higher powers compared to
the rest for samples with a combined sample size larger than 20. Among the other methods, the
NN test had the best overall performance. BF, MMD, FR, SHP, and BD-/5 tests also had similar
powers. The BG test performed poorly in this data set.

2.4 PROOFS AND MATHEMATICAL DETAILS

Proof of Lemma 2.1 . Consider a random permutations m of {1,2,..., N = n+m} and let T} y »
be the permuted test statistic (permutation analogs of T} ). Let ¢1_, be the upper a-th quantile
of the distribution of T}, s » given the pooled data U := {X1, X2,...,X,,Y1,Y9,...,Y,,}. Note
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that ¢1_, is permutation invariant and under Hy : F = G, (T} m,c1—a) and (T} mx, C1—qa) are
identically distributed, irrespective of the values of n,m and d. Hence, we have
Plpnm < o] =PI8, > c1o| =P [T, >c1 o] =E {P{Tf;mm > Cl_q | L[H <Elo] <«

The second last inequality follows from the definition of ¢;_,. Hence, the levels of the permutation
tests are controlled at a. [ |

Lemma A2.1.If X4,...,X, W E and Yi,....,. Y, 4 a are independent random vectors, then

E{Tim} = 5 (n—; + ﬁ) + L(po — p1) + £(p2 — p3) + OX(F,G), where ©2(F,G) is the ball

divergence measure defined in (2.2), and po, p1,p2, p3 are given by

po=P{p(Y1,X1) < p(X2,X1)}, p1=P{p(Y1,X1) < p(X2,X1);p(Y2,X1) < p(X2,X1)},
=P{p(X1,Y1) <p(Y2, Y1)} and p3=P{p(X1,Y1) <p(Y2,Y1);p(X2,Y1) < p(Y2,Y1)}.

Proof. Note that T} ,,, can be written as T, = Vi + Va, where

] 1 n 1 m 2
Ve 2 fata D oeXXo - DS vX X |
1<i#j<n k=1,k+#i,j k=1
1 1 . i
Vo= — —— (X — 0(Yr Y, Y;
5 m(m—l Z { Z i Y m—9 Z( k> g z)}a
1<i#j<m k=1,k#1,j

) —
and d(s,u,v) =I[p(s,v) < p(u, v)]. Therefore, we have

1 9 1 -
E{Vl} = ( 2)2E{(k:36(Xk,X2’X1)) }+ WE{ ;6 Yk7X27X1 ) }
2 n m
_ ME{(;gé(Xk,Xg,Xl ;5 (Y, X2, X1 )}
1 n n
= B DO X Xa) DT 8K X, X)X X X))
k=3 k= Sk;él
1 m
+ B> 0(Yi Xz, X0) + Z 6(Y, Xa, X1)6(Y3, X2, X1) |
k=3 k,l=3,k#£l
2 E{ Y ia(xk X, X1)8(Y7, Xo Xl)}.
m(n_2) S L ) ) ) )
= B0, X0) < p(Xa X) b+ D BLp(Ks X) < (X0, X ) (X X0) < (X, X))
n_2 ) J— )] n_2 M — M b M J— M
1 -1
+— P{p(Y1,X1) < p(Xa. X1) p + T P{p(Y1,X1) < p(Xa, X1)i p(Y2, X1) < p(Xz. Xa) }

P
—2 P{P(X&Xﬂ < p(X2,X4);p(Y1,X4) < P(X2,X1)}
1

1 n—=3y 1 1 1 1
= o e - -1 -2 = — e — - _ -9
(n—2){2+ 3 }+m{po+(m )pl} D4 3+6(n—2) +m(po p1) + p1 — 2p4,

where pg and p; are as before and py = P{p(X3,X1) < p(Xo,X1); p(Y1,X1) < p(X2,X1)}.

Similarly, one can show that E{V2} = % + m + %(pg — p3) + p3 — 2ps, where py and p3 are as
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before and ps = P{p(Y3,Y1) < p(Y2,Y1); p(X1,Y1) < p(Y2,Y1)}. Hence, we have

1 1 1 1 2
R{TP )= ~(po — - 2 —2 — 2.

3
Now observe that

OXFG) = [ {F(Blusp(v.w)) ~ GB (. plo,w)} dF (w)dF (v) + dG(w)dG(v)
— [ P(Bu oo, 0)dF)dF () + [ G5l plo,w)dF (@) (v)
—2 [ F(B(u. 0, w) G(Blu, plo,w)dF (w)dF (0)
+ [ F(Blusp(o, 0)dG)dG(w) + [ G (Busplv,)dG(w)dG(v)
~2 [ F(B(u,p(v,0)G(Blu. plv. ) dG(w)dG (o)

1 1 2
:§—2p4+p1+p3—2p5+§=p1+p3—2p4—2p5+§-

Hence, we have B{Tfn} = & (71 + b5 ) + L (po — p1) + (05 — ps) + O2(F,G). =

Lemma A2.2.1f X{,X,,...,X, W E and Y, Yy ..., Y, “a are independent random vectors,

2
then — Var(Thm) < Co@%(F, G) (ﬁ R) + 6’1(; 1) , where the constants Cy and Ci are

m

independent of the dimension d.
Proof. Note that ©2(F,G) can be written as ©%(F, G) = Aj + Ay, where
A= [ 1P @ p0.0) - GBlu. plo,w)dF ()dF ()
— E(F(B(X1,p(X2, X)) ~ GB(X1. (X2, X)) and
s = [ [(FB(.p(o,w) - GB (. plo,w)*dG(w)dG(v)

2
= E(F(B(Y1,p(Ys, Y1) = G(B(Y1, p(Y2, Y1) -
It can be verified that V; (as defined in the proof of Lemma A2. 1) can be expressed as
1

1<z;£]<n k=1 k;éi,j

- n(n—l n— 2m2 Z Z Z { XU’XJ7X1)5(XU’7XjaXz)

i#j=1u,u/#i,j v,0'=1
+ 5(YU7 X]7 XZ)(s(Y’U’) X]) Xl) - 5(Xu’) X]7 XZ)(;(YU’ X]’ Xl)
— (X, X[, X1)0(Y o, X, Xi)}

- (n—l)(iz— 2m2 Z Z Z wAl X17X]7Xu7Xu’ YU,Y ), say.

i#j=1u,u'#i,j v,0'=1
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Clearly, V1 can be written as a linear combination of U-statistics of different degrees. Let 01(441’2) be

the U-statistic with the kernel function 4, (X;, X, Xy, Xy/; Yo, Yoy ), which has the same degree
as V1. So, it determines the order of Var(V7). More specifically, we get

. 1 n—2 m A(472) l l
Vl_(n—2)2m2 {4< 2 )<2>UA1 }+Op<n+m) and

a2 (A o2 (A 1 12
10( 1)Jr 0,1( 1)+02(+) '
n m n m

Var(Vp) =
Note that here O‘%O(Al) = Var(¢}, 1 ¢(X)) and 0871(141) = Var(y}, o1(X)), where we have
1/};941’170(}() = E[wAl (X7X27X37X4;Y17Y2)] and w21,0,1<y> - E[¢A1 (X17X27X37X4;y7Y2)]' Since

14, is uniformly bounded, the constant Co does not depend on d. Now, we have

s 1
wAhl,O(X) = E{M Z Z ¢A1 (Xﬂ(1)7X7T(2)7X7T(3)7 X7r(4);Y'y(1)7Y'y(2)) | Xl = X}

TESy YES2

1
= JE{ 1, (6. X2, X, X Y1, Yo) + v, (X1, %, X, X Y1, V)
+ wAl (X17 X2, x,Xy4; Y0, YQ) + ¢A1 (Xh X9, X3,x; Y7, YQ)}

So, after simplification, one gets

V1000) = 1 {E(F(BO p(Xs, ) — GB(x, p(Xs,%)
+ 1 {B(FBX, o6, X1)) — GIB(Xu, plx. X))’}

+ %E(é(x, X9,X1) — G(B(Xq, p(Xz,Xl))))
% (FBOX, (X, X)) = G(B(X:, p(Xs, X1)) )
= q1(x) + g2(x) + g3(x), say.

S S 2 S 2
Therefore, we have ‘7%,0 = E{wAl,l,o(X) — E(wAl,LO(X))} = E{wAl,l,o(X) — Al} = E{gl(X) +
92(X) + g3(X) — Al}Q. So, using the inequality, E(3"F_, Z1)? < p E(3_F_, Z?) and the fact that
0 < g1(x), g2(x) < 1/4 for all x, we get

1 1
oty < 4{EgH(X) + Eg}(X) + Eg}(X) + 43 } < 4{ {Eg1(X) + 7Eg2(X) + Eg}(X) + A |-
Now note that Eg; (X) = Ego(X) = %Al. Also, using Cauchy-Schwartz inequality on g3(X), we get
1 2 1
Eg}(X) < {E(3(X, X2, X1) = G(B(X1, p(X2,X1))) ) A1 < {Av.

Hence, we have O'%’O(Al) < 4 A;. Similarly, we have 0371(141) < 9A;. Combining these, we get
11 1 1 1 1\2
Var() < oAy (S + =) + G- +— )
2 nom noom
Using the same set of arguments, for V5 (as defined in the proof of Lemma A2.1), we also have
11 1 1 1 1,2
Var(Va) < — Ay <— + 7) + Cs (— + —) .
2 nom nom

Now, the proof follows from the fact that Var(T} ) = Var(Vy + Va) < 2(Var(Vy) + Var(V2)). W
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Lemma A2.3.Consider a random permutation 7 of {1,2,....,n + m}. If Thm= denotes
the permuted test statistic (the permutation analog of Thm), given the pooled sample U =

{U1,Us, ..., Upim}, the conditional expectation T m r is given by

1/1 1 1 1

m nm—2 m-—2

Proof. For any random permutation 7 of {1,2,...,n+ m}, we have
1 1 n n+m 2
Tme=——1 2. VYo 2. (Usw) Ui Uniy) = — Z 3(Un(ky: Un(z), Uni))
n(n—1) 4 n—2 .
1<i#j<n k=1,k#i,j k n+1

1 1 <
T om—1) Z {n > 0(Uniay Un(i), Unn)
n+1<iZj<n+m k=1
1 n+m

2
Y 5(U7r(k)aU7r(j)aU7r(i))}7

m—2 .
k=n-+1,k#i,j

So, the conditional expectation of T}, ,,, = for any given U is given by

n n+m 2
1
E{Trﬁmﬂr ‘ u} = E{{H Zé(Uﬂ”(k)7 U7r . Z 5 (k) 7r(2)7 Uﬂ(l))} ‘ u}
k=3 k n+1
1 n 1 n+m 2
+ E{{n d(Urkys Ur2)s Un(r)) — P Z S(Ur(), Un(a), Uw(1)>} ‘ U}-
k=1 k=n+1,k#i,j
Now note that
1 n n+m 2
E{{n_ngS(Un(k):Uw( o Z 5(Ungty: Un2)s Ur) | ‘ U}
k n+1

n—2 {Zd ”(1)”“}

Z E{5 (k) Un(@)s Un(1))0(Urt), Un2), Unn)) |U}

(n— 2
k=3 kAl
n-+m
+— > E{6(Unt), Unga) Ungr) | U}
k=n+1
1 n+m
+ W Z E{é(Uﬂ(k)7 U7r(2)7 Uﬂ'(l))é(Uw(l)a U7r(2)a Uﬂ'(l)) | M}
k=n+1,kl
n n+m
i =2) > E{5 Us2)s Ur(1))0(Uzy, Unz), Ura)) ’U}
k 3l=n+1
_(” —2)q1 , (n—2)(n—3)g2 , mqr  m(m—1)g2 2m(n—2)q2 1 1
- (n—2)2 (n—2)2 m? + m? m(n — 2) = (@ qz)(n—Z m)’

where g1 = E{0(Ur(1), Ur(2), Ur3))|U} and g2 = E{6(Ur(1), Ur2), Ur(3))0(Ur(ay, Ur(2), Urz))|U}
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Similarly, we can also show that

n n+m
E{{i > 0V Uni Ung) = =5 > 0(Ung Unio Uni) } | U }
k=1

m—2 k=n-t1,k#i,j
11
=) (G5 0)

But given the pooled sample U, the random variables {Uw(i)}?j{” are exchangeable. So, we must
have g1 = 1/2 and g2 = 1/3. Hence, we have
1/1 1 1 1
E{T? Ut==-|-+—+—+—1.
T U} 6<n+m+n2+m2> u
Proof of Lemma 2.2. Here we are interested in the quantiles of the conditional distribution of
T} .= given the pooled sample U. Since T}, » is non-negative, using Markov’s inequality on the

conditional random variable, we get

P{Tﬂ > iE{TTf;Wr U} ) u} <a.

n,m,m
Therefore, from the definition of the quantile ¢1_,, we have ci_o < éE{Tff’mm | U}, which holds

with probability one. From Lemma A.2.3, we also have

1/1 1 1 1 2
B{TS pr | U =2 (= +— < '
{n,mﬂr| } 6<n+m+n_2+m_2>_3(min{n,m}—2)

This completes the proof. |

Proof of Theorem 2.1. In view of Lemma A.2.1 and Lemma A.2.2, as min{n,m} grows to
infinity, T}, converges in probability to ©2(F,G). So, if Gﬁ(F, G) > 0, under Hy : F # G,
T% m converges in probability to a positive number. On the other hand, Lemma 2.1 shows that the
cut-off value of the permutation test c;_, goes to zero almost surely. Therefore, the power of the

permutation test converges to one as min{n,m} grows to infinity. |

Proof of Lemma 2.3. To prove this lemma, we shall use the idea of Corollary 6.1 of Kim (2021).
First, let us define

M) = | S T <1} and Myl = 1 ZB:I[T;;MW <4},

TESN i=1
where M and Mp are distribution functions conditioned on the observed pooled data Y. Now,

B
1 1
i = ot = | { 3 102 = Tl } = gy { M0, = T2l +1)]
) i=1

TeSN
1 1 B
= i X T < Tl - 5 { U, < T}
N B+1\<
TeESN i=1
p B %
= ‘M(Tn,m_) - THMB(Tn,m_)’
MB(Tr;L),m_) 1
< [M(TR =) = Ma (TR )| + |25 | < sup M) = M)+ 5
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Conditioned on the pooled data U, the Dvoretzky-Keifer-Wolfwitz inequality (see, e.g., Massart,
1990) gives us P{sup;cg |M(t) — Mp(t)| > €} < 2¢~2B¢  Hence, conditioned on U, as B grows to

infinity, the randomized p-value py, ,, p converges almost surely to p, p,. |

Proof of Lemma 2.4. For W = X; —X,,Y; —Y; or X; — Y, under (A2.1), we have |[|[W|? —
E(HWHQ)’ £ 0asd— oco. Again under (A2.2), as d — oo, JE(|W|?) converges to 20%, 20% and

012; + O'é + 12 in these three cases, respectively. The result follows from these two facts. |

Lemma A2.4. Suppose that X1,Xo~F, Y1,Yo~G and they are independent. For a distance
function p, assume that p(X1,X2) LY 01, p(Y1,Y2) Lt 02 and p(X1,Y2) Lt 03 as d — oo. If
03 > min{6y, 05}, then P(T} m, > 1/3) = 1 as d diverges to infinity.

Proof. Note that 7%, involves the terms §(Uy, U;, U;)’s for different choices of U;, Uj, Uy, from
the pooled sample. So, the behaviour of T} ,, can be studied using the convergence of the
(Ui, U, Uy)’s.

First, consider the case min{fy, 60>} < 03 < max{f,02}. Let us assume that 6; > 03 > 6.
In such a situation, we have limg oo P[p(X2,Y1) < p(Y2,Y1)] = 0 and limg_, P[p(Y1,X;) <
p(X2,X1)] = 1. Consider V; and V5, as defined in the proof of Lemma A2.1. Now we have

1 1 n 1 m 2
V- X it X XXX - L3 v X, X))

1<i#j<n k=1,k=i,j k=1
1 1 & 2
5 =) 3 {n—2 3 5(Xk,Xj,XZ~)—1}
1<i#j<n k=1,k+i,j
1 ~1 & 2
- > S Ip(Xe Xi) > p(X5, X))
n(n—1) 4= n—2 ,
1<i#j<n k=1,k#i,j
1
= Ip(Xg, X; X, X;
n(n—l)(n—2)2{ : [p( ks Z) >10( 7 z)]
1<ij#k<n

+ Y Y > Ip(Xk, Xi) > p(X5, X)T[p(Xp, Xs) > P(vaXi)]}

1<ij<n k=1ks#i,j I=1,1#i,jk

et ) ) 200 )

Similarly, as d diverges to infinity, we have

P 1 1 n S | 1
VQ—)m Z {TTLQ Z (5(Yk,Yj,Yi)} Zg-l-m.

n+1<i£j<nt+m k=1,k#i,j

Thus, T,ﬁm £> % + % <ﬁ + ﬁ) The same result holds for 87 < 03 < 05 as well.

Now consider the case, 5 = max{f;,02}. Assume that 0 < 6; = 3. In this case, the
convergence of P[p(Y1,X1) < p(Xa,X1)] is not clear, but P[p(X1,Y1) < p(Y2,Y1)] converges to
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zero as d diverges to infinity. Hence, V2 converges to 1/3 + 1/{6(m — 2)} in probability, and V;
converges in probability to a non-negative random variable. Therefore, P(T} », > 1/3) converges

to one. Similar arguments can be given for 6; < 02 = 63 as well.

Finally, consider the case 03 > max{f;,02}. In this case, we have dlLrgO Plp(X2,Y1) <
p(Y2, Y1) =0 and dli_)l]élo Plp(Y1,X1) < p(X2,X1)] = 0. Hence as d diverges to infinity, V1 and V5
converge in probability to 1/3 + 1/{6(n — 2)} and 1/3 + 1/{6(m — 2)}, respectively. Thus, T},
converges in probability to 2/3 + (1/6) (1/(n —2) + 1/(m — 2)).

These three cases together imply that if 3 > min{6y, 602}, P(T}.m > 1/3) — 1 as d — oo. [

Proof of Lemma 2.5. Here, we have d~1/2|X; — X,|| 5 0pv2, d-V/2|Y; — Y2| 5 66v/2 and
d=12|| X, Y| 5 \/0% + 02 4+ 1% as d — oo (see Lemma 2.4). Let these limiting values be denoted
by 61, 62, and 3, respectively. If v2+(or —0g)? > 0, one can check that 3 > /0102 > min{6y, 6, }.

Hence, the proof follows from Lemma A2.4. |

Proof of Theorem 2.2. It follows from Lemma A2.4 that under the condition v2+(cp—0g)? > 0,
}P’(Tffm > 1/3) converges to 1 as d tends to infinity. We have also seen that the cut-off of the
permutation test ¢1_, has an upper bound 2/{3a(min{n, m} — 2)}, which does not depend on the
dimension d. Therefore, if min{n, m} > 2+ 2/«, the test based on Tf?m rejects Hy with probability
tending to 1 as d grows to infinity. |

Proof of Lemma 2.6 . This lemma is taken from Sarkar & Ghosh (2018a). The proof can be

found on page 5 (see Lemma 1) of that article. [ |

Proof of Theorem 2.3 . We use a sub-sequence argument to prove this theorem. Let {dy} be an
arbitrary sub-sequence of the sequence of natural numbers. Under (A2.3) and liminfg_,o ep, o (F, G) >
0, there exists a further subsequence {d} } such that limg o eny(F,G) > 0, and the corresponding
limits of the three terms in ejy(F,G) exist. Let 6, 6 and 603 be the limiting values
of ™' {p(IX{® — X{P).d ' oL (Y - ¥?1?) and a7 S {w(IX(? — v{OP),
respectively, along the sub-sequence {d}.}. Since limg o0 eny(F,G) > 0, we have 205 > 60; + 65.
Hence, using Lemma A2.4, we get P(Tpi% > 1/3) — 1 as dj, = oo. Since {d}.} is the sub-sequence
of an arbitrary sequence {dj}, we can conclude that P(T}% > 1/3) — 1 as d — co. Now, using
arguments similar to those in the proof of Theorem 2.2, one can establish the consistency of the

level a test when min{n,m} > 2+ 2/a. [ |

Lemma A2.5.1f X{,X, id F and Y1,Y5 id G are independent random vectors, then

0% (F.G) = {P{IX1 = Y| < Y2 = Yi [} = 1/2)° + {P{|[Y1 - Xy < [ X2 — Xy} - 1/2)°.
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Proof. We know that for any random variable Z, (E{Z})? < E{Z?}. Using this fact twice, we get

07, (F,G) = /{F(B(U,@(U,U))) — G(B(u, l3(v,u)))}* [dF (u)dF (v) + dG(u)dG(v)]
2
> {/F(B(u,ég(v,u))) — G(B(u, l2(v,u))) dF(u)dF(v)}
2
+ {/F(B(u,ﬁg(v, u))) — G(B(u, la(v,u))) dG(u)dG(U)}

= {P{[Y1 — Xul < Xz — X[} = 1/2)” + {P{IIX1 — Yul| < |Y2 = Yo} - 1/2}?

The last equality follows from the fact that if X, Xo, X3 ud Fy, where Fp is a continuous
distribution, we have [ Fy(B(u,l2(v,u))) dFy(u)dFy(v) =P{|X5 - X1 < [Xo = X4} =3. W

Lemma A2.6. Consider two d-dimensional random variables X = (£,0,...,0)7 and Y =

(€2,0,...,0)T, where & ~ Ni(pu1,1) and & ~ Ni(us2, 1) are independent. Let Py and Py denote the

distributions of X and Y, respectively. If 1 = en~/2 1/2

there exists a constant C' > 0 independent of the dimension d such that ©2(Py, P) > C

and o = —em ™% for some ¢ > 0, then

(Gt )"

This lower bound is tight up to a constant factor.

Proof. Let 11,812 ud Ni(p1,1) and &o1, €22 id Ni(p2, 1) be independent random variables. In view
of Lemma A2.5, for X; = (£11,0,...,0)", Xy = (£12,0,...,0)"7 ~ Pp and Y; = (£21,0,...,0)7,
Yo = (£22,0,...,0)" ~ Py, it is enough to prove that
1 1 \2
P{IX, — Yy < Yo=Y} =1/22+[P{|[Y, — X,|| < [[Xs — X —122>C<— —)
P{IX1 = Y| < Y2 = Y[} = 1/2+ [P{[|[ Y1 — Xuf| < [ X2 — X4} —1/2]" > \/ﬁ+\/m

Now, we derive the lower bounds for these two terms separately. Note that
P{IX1 = Yull < Y2 = Yall} = 1/2] = [P{lgn — €a| < léz2 — Eaol} — 1/2]
= ‘P{lﬁn —&nl* — €00 — €n|* <0} - 1/2’
= ‘P{(fn + 822 — 2691) (€11 — €22) < 0} — 1/2)-
So, taking To = §11 — €22 and Sp = €11 + {22 — 2621, we get
P{X: = Y1l < Y2 = Y1} = 1/2] = [P{SoTo < 0} — 1/2| = [E{P{SoTy < 0| S0} — 1/2}.

Here, Ty and Sy jointly follow a bivariate normal distribution with E(7p) = ¢(—o= L4 im)
E(So) = C(\f + \F) Var(Tp) = 2, Var(Sp) = 6 and Cov(Tp, Sp) = 0. Therefore,
1 So
E{P{SoTo <0 | Sy —12':)E{CI)< )—12}’
e o) =12 (7 ) is) Y

_7(74‘7) (fC)

where ¢(-) and ®(-) denote the density function and the distribution function of the standard

B

normal variate, respectively. Here, the last inequality is obtained by using the mean value theorem
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and the fact that ¢(t) is decreasing in |¢|. Therefore, we get

P{X: - Vil < Vs - Vil - 1/2] > ——)o(vEe).

v
P{[Y1 — X < [[Xo— Xu|[} — 1/2] as well. So,

we can find a constant C' > 0 independent of the dimension d such that

Similarly, we can derive the same lower bound for

0L (P, Py) > C(\f \;)2

To show that this lower bound is tight, notice that

02(Po, P2) < sup |Po(A) — Po(A)] < KL(Pr, Py) = S (s — io)? = 02(1 n L)z
) =7 > ) 9 9 \/ﬁ \/m )

where KL(-,-) denotes the Kullback-Leibler divergence between two probability measures. Here,
the first inequality follows trivially, and the second one is known as Pinsker’s inequality (see Lemma

2.5 in Tsybakov, 2009). Hence the lower bound is tight up to a constant term. |

Proof of Theorem 2.4. The minimax lower bound can be obtained based on the standard
application of Neyman-Pearson lemma (see Baraud, 2002; Kim, Balakrishnan & Wasserman, 2020).
Let the distributions of the sample under the null and alternative hypotheses be denoted as )y and

Q1, respectively. Then, following our notations, we have

Ruma(€) 2 1 o= sup|Qo(4) = Qu(4)] 2 1 - a = /3K L(Q0. Qu),

where the second inequality is obtained from Pinsker’s inequality (see Tsybakov, 2009). Now
suppose that P; and P, are the distributions corresponding to X = (£1,0,...,0)" and Y =
(&2,0,. .. ,O)T, where & and & are independent random variables following normal distributions
with the unit variance and means

Va1l —a-¢) Va1l -a-¢)

H1 = T and M2 = _Ta

respectively. Let Py be the distribution of (£,0,...,0)T where ¢ is a standard normal random
variable. Define k(a,() := (1 — a — ()? <¢(\/§(1 —a— ()))2 Then by Lemma A2.5, (P, P») €
F(eA(n,m)) for all 0 < ¢ < k(a, ¢). Now taking Qo = P\""™ and Q; = PPPJ", we have

KL(Qo, Q) = Zud + S w3 =2(1—a =)

Therefore, R, 1 qa(cA(n,m)) > ¢ for all 0 < ¢ < k(a, ¢). Since ¢ and k(c, ¢) do not depend on n,m
and d, this trivially satisfies the condition liminf R, ,,4(cA(n,m)) > (forall0 <c < k(a,¢). W

n,m,d—oco

Proof of Theorem 2.5 . Here we want to show that for every positive o and (, there exists a

constant K (a, () such that

lim sup sup Pre{Tnm < c1ma} < ¢
n,m,d—o0 (F,G)eF(cA(n,m)) ’
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for all ¢ > K(«, (). Let us first choose a constant K; such that

1 1 1 1 /1 1 1 1
K( 7> > SR{T7, |U}=— =+ — —
l\f Vi _a{"’m’ } 6a<n+m+n—2+m 2>
Now, take any (F,G) € F(cA(n,m)) such that ¢ > K;. Using the fact that ¢;_o < %E{Tgm | U}

(see the proof of Lemma 2.2), we get

1
PreiTom <ci—a} < PRe{Thm < SET o [ U}

1
= Prol=Tom + ErciTum} = Erc{Tum} — ~E{T7,, [U}}.
Since Epc{Tnm} > O2(F,G) > cA(n,m) > Ki\(n,m) > 2E{T}m~ | U}, using the Chebyshev’s
inequality, one gets

1
PrciTom < ci-a} S PRo{=Tom + Erci{Tum} = Era{Tom} — ~E{T,, | U}}

C1O3(F, G)(l i) + (b(% + i)g

m

(o O3FG) - & (EE+ s+ 5 ))2

Varea(Tnm)
B (EF,G{Tnm _*E{ |

where ay , = é (ﬁ + L) + %(po —p1)+ %(pg — p3). This implies that

— m—2

1\2
lim sup sup PreiTnm < ci—a} < (Cre+ Cg)/(c — 3) .

n,m,d—o0 (F,G)EF (cA(n,m)) a
One can notice that this upper bound is a decreasing function in ¢, and as ¢ grows to infinity, it
goes to zero. Hence, for any 0 < ( < 1 — «, there exists a constant Ko > 0 such that this upper
bound is smaller than . Now let K(«,() = max{K;, K2}. Then, for ¢ > K(a,(), the maximum
type II error rate is asymptotically upper bounded by (. This establishes the theorem. |

Proof of Theorem 2.6 . If the two distributions F' and G are such that dlim 07, (F,G)/A(n,m) =
—00
oo, then from Theorem 2.5, we have limg_, P?g{Tmm < ¢1—a} = 0. Hence, the power of the test

converges to 1. [ |

Proof of Theorem 2.7 . Using similar arguments as in the proofs of Theorems 2.4 and 2.5, one

can show that if h and v are strictly increasing functions, then for testing Hy : ©2 (F,G) =0

Ph,p
against Hjy : @ihw(F, G) > ¢, the minimax rate of separation is A(n,m) = (1/y/n + 1/y/m)?, and
the permutation test based on T#;ﬁ is minimax rate optimal. Hence, one gets a similar conclusion
as in Theorem 2.6. [ |

Proof of Proposition 2.1 . Here, we use Lemma A2.5 to establish the condition of Theorem 2.6
for different 3. Assume that X;,Xy ~ F = @ N1(1/d? 1), Y1,Y2 ~ G = @, N1(—-1/d% 1),
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and they are independent. Then

2 172 112
O (F,C) = (X1 = Yil| < [ Yo = Yall) = 5|+ [B(IY1 = Xu 1% = X)) - 5

2 2
172
= [P(IX: = Y12 = Y2 = Y3 < 0) -

1712
+ [P = X2 — X2 = Xu|2 < 0) - 7]

d

112 d 112
= [P(ZE*S;S(])—Q} +[[P’<ZTZ/SZ{§0>—2:| ,
i=1 i=1

where 7 = X\ — " g = x4y — oy 77 = v - x[? and 8 = v + x{? —2x (" (i =

)

1,2,...,d). Clearly, T, S’ are independent, and so are 17, S;. Here S},S;,...,S] i N(d%,6)),

[ REat N

and S; has the same distribution as —S;" for all i = 1,2,...,d. Now,

(B~ Yl < ¥ = Yal) —1/2] + [P - Xl < 1% - X))~ 172]

2
d *
2 Zizl Sz

2
1 2 4.8 1
() M)
d  ox d 2
2575, 857 23515
2
2 ¢ 8z 1
P E{Q(_dﬁzmlsz)}_Q
V2L S
Hence, studying the behaviour of Z () = (2 Z?:l S;‘)/(de\ /2 Zle S;‘Q) for different values of S,
one can get the conditions for the consistency of our test.
Note that 2?21 S¥/dPH1/2 ~ N(2/d?P~1/2 6/d?P). Hence for 5 < 1/4, Wlm Zgzl St RN
and Y%, 572/d 5 6. So, for B < 1/4, Z(B) 5 oo. For B = 1/4, YL, §*/dP+1/2 5 2. S0,

Z(B) £ 2/+/3. Therefore, for 3 < 1/4, we have
2

2 ¢ Sr 1
lidminf E{(I)(— dﬁ&u) } -3 > 0,
— d  ox
~ V22 857
which in turn implies that liminf_,o ©F (F,G) > 0. This proves Proposition 2.1(a).
For 1/4 < 8 < 1/2, notice that d?#~1/2 Z?Zl S¥/dPT1? ~ N(2,6d%°71). So, as d tends to
infinity, d26—1/2 Zle 5’;“/df3+1/2 o, Now, if we take n < m < d”, to match this convergence rate

so that @%2 (F,G)/A(n,m) diverges to infinity, we require the following

= Q.

p-1§yd - gx 1
Jim IE{CI)( - d2ﬂ2 . & i 5 )} -
— - d ox
= V22 i S;?/d
This is possible when v > 45 — 1. Also, note that for 8 =1/2, Zgzl Sz /d"/? forms a tight

sequence. In this case, we need
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lim d”
d—00

2
2 412y s 1
E{(p(_dﬂ Zz:l z) _5 = 00,
V2L s
which is satisfied when v > 1 =43 — 1. This proves Proposition 2.1(b).
Now for 8 > 1/2, we have Zf-l:l S¥/dY? ~ N(2/d%=1/2 6), and hence it is a tight sequence

of random variables. In this scenario, we require
2

—1/25d - gx 1
lim d” IE{CI><—d26d ZZ-l&)}—Q = 00,
e V23 82/d

which is satisfied if v > 2. Also notice that when § > 1/2 and v < 23 — 1, the Kullback-Leibler

Divergence (KL(Q1, Qo) =< d"~28+1) converges to zero with increasing dimensions. Hence, in this

scenario, the asymptotic type II error rate of any test remains bounded below by 1 —q;, i.e., no tests
have asymptotic power more than the nominal level . This completes the proof of Proposition
2.1(c). [



Chapter 3

Test of Spherical Symmetry for High-Dimensional Data

An inherent property of nature is that it tends to exhibit some form of symmetry within itself.
In the nineteenth century, such symmetric patterns were approximated by the normal distribution
(see, e.g., Lehmann, 2012 for a history of statistical methods). However, with time, more general
notions of symmetry were introduced. One of the most popular notions is spherical symmetry
or elliptic symmetry (i.e., spherical symmetry after standardization) (see, e.g. Chmielewski, 1981;
Fang, Kotz € Ng, 1990; Fourdrinier, Strawderman € Wells, 2018). This is an important class of
distributions, and testing the sphericity of a distribution is an important statistical problem. Here,
we want to test the null hypothesis of spherical symmetry of the underlying distribution P based

on a sample D = {X1, Xo,...,X,} of n independent realizations of the random vector X ~ P.

We know that a random vector X follows a spherically symmetric distribution if and only
if X and HX have the same distribution (i.e., X 2 HX) for any orthogonal matrix H. However,

we can also characterize spherical symmetry using the following lemma.

Lemma 3.1. A d-dimensional random vector X is spherically symmetric if and only if X 2 IIX||U,

where U is independent of | X||, and it is uniformly distributed over S~1.

For proof of Lemma 3.1, see page 31 in Fang, Kotz € Ng (1990). Using this characterization,
we construct a new measure of spherical asymmetry ((P) for any probability distribution P. Let
1 be the characteristic function of X ~ P and o be that of its spherically symmetric variant
X’ = | X||U, where U ~ Unif(§?1) and || X|| are independent. We define

(P) = [ fer(o) - palt)Paw (o), 3.1
where W is a non-negative measure equivalent to the Lebesgue measure, and the integral is taken
in the principal value sense. The following proposition proves the characterization property of {(P).
Proposition 3.1. For any distribution P, ((P) is non-negative, and it takes the value 0 if and only

if P is spherically symmetric.

For suitable choices of W, {(P) has nice closed-form expressions. For instance, if W is taken
as the probability measure corresponding to the d-dimensional Gaussian distribution Ny(0g4, éId),

one can derive an alternative form for ((P) using the following lemma.

39
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Lemma 3.2. For any two non-zero vectors X1, Xy € RY,

: di? 1
/exp {i(t, X1 — Xa) } @i dItl*/2qt = eXp{ — 51X - X2||2}-

Using Lemma 3.2, we get an alternative representation of ((P) given in the following theorem.

Theorem 3.1.If X1,Xy are independent copies of X ~ P and W is the probability measure
corresponding to Ny(0y4, éId), then ((P) can be expressed as

¢(P) :E{exp{ HX1;dX2||2}} +E{exp{ |X/1;dX/2”2}} 2E{exp{ _ ||X1;dX’2||2}}

where X, = [|X;||U; fori=1,2, and Uy, Uy u Unif(S91) are independent of X1 and Xs.

There are several other choices of W for which we have a closed-form expression for {(P).
But, unless mentioned otherwise, throughout this chapter, we shall use the measure W considered
in Theorem 3.1. For this choice of W, ((P) has some interesting features.
Remark 3.1. Theorem 3.1 shows that ((P) can be expressed as a function of the pairwise Euclidean
distances between Xy, Xso and their spherically symmetric variants Xi,X5. So, ((P) is invariant
under rotation. In particular, we have ((Ny(0,%)) = ((Ng(0, HEZHT)) for any orthogonal matriz
H. For the exact expression of ((Ng(0,X)), interested readers are referred to Section 3.5.1.
Remark 3.2.((P) can also be viewed as the energy distance (see, e.g., Székely € Rizzo, 2004) or
the mazimum mean discrepancy (MMD) (see, e.g., Gretton et al., 2007) between the distributions
of X and | X||[U. MMD is used to quantify the distributional difference using embedding into a
Reproducing Kernel Hilbert Space (RKHS). Here K(x,y) = exp{—||x — y||?/(2d)} is the kernel
associated with that RKHS, and we use this notation throughout the rest of the chapter.

3.1 EsTIMATION OF ((P)

Let D = {X1,Xy,...,X,} be a random sample of size n from a d-dimensional distribution P.
Note that the term E[K (X1, X5)] in ((P) can be easily estimated by its empirical analog, but ((P)
involves two other terms E[K (X, X})] and E[K (X1, X})], which are not estimable from D alone.

Therefore, we adopt the following data augmentation approach.

e Generate Uy, Us,...,U,, a random sample of size n from Unif(S?~!). Define X! = [1X]|U;
for i =1,2,...,n and the augmented data set Dy = {(X;,X}) :i=1,...,n}.

e Using observations from D4 we propose an estimator of ((P) as

G = <Z>_lzn: zn: { (X0, %) + K(X], X)) = 2K(X:, X)) }.

i=1 j=i+1
Clearly én can be viewed as a U-statistic with the symmetrized kernel function

g((xlvxll)v (XQ)X/2)) = K(X17X2) + K(XII’X/2) - K(XDXIQ) - K(X27X/1)' (32)
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Note that én is an unbiased estimator of ((P). Since g is bounded, using the bounded difference

inequality, we establish the following bound for the deviation of én from its population analog ¢(P).

Theorem 3.2. If X1, Xo, ..., X, are independent copies of a d-dimensional random vector X ~ P,

then IP’{ ‘{An - C(P)| > e} <2 exp{—’g—i}, and this inequality holds irrespective of the dimension d.

Theorem 3.2 shows that én is a strongly consistent estimator of ((P), and the exponential
bound is free from d. The large sample distribution of én can be derived using the theory of

U-statistics (see Lee, 1990). The asymptotic null distribution of én is given by Theorem 3.3.

Theorem 3.3. Let X1, Xs,...,X,, be independent copies of the random wvector X, which follows
a spherically symmetric distribution P.  Define X, = ||X;||U; for i = 1,2,...,n, where
Uy, Uy, ..., U, are ii.d. Unif(S¥') and independent of X1,Xs...,X,,. Let Ny (k = 1,2,...)

be the eigenvalue corresponding to the eigenfunction ¥y of the integral equation

E{g((X,X,), (X,X/))Q/)k (val)} = >‘k¢k(xaxl)7
where g is as in equation (3.2). Then as n goes to infinity, nén 2, S0 A(Z2 — 1), where

{Zy : k > 1} is a sequence of i.i.d. standard normal variables.

In Theorem 3.3, the limiting null distribution of fn (after appropriate adjustment for
location and scale) turns out to be a weighted sum of independent chi-squares due to the first-order
degeneracy of g under Hy (i.e., spherical symmetry). However, under Hj, g is a non-degenerate
kernel. Therefore, the limiting distribution of én (after an appropriate adjustment for location and

scale) turns out to be Gaussian, which is asserted by the following theorem.

Theorem 3.4. Let X1, Xo,..., X, be independent copies of a random wvector X, which follows a
non-spherical distribution P. Define X} = | X;||U; (i = 1,2,...,n), where Uy, Usg, ..., U, are i.i.d.
Unif(S9~Y) and independent of X1,Xs...,X,. Then as n — oo, \/ﬁ(én —((P)) N N(0,40?),
where g is as in Equation (3.2) and 0? = Var{E{g((Xl,X’l), (X2,X5)) | (Xl,X’l)}}

3.2 TEST OF SPHERICAL SYMMETRY

Theorem 3.2 shows that é’n is a strongly consistent estimator of ((P). From Proposition 3.1, it
is also clear that under Hy, fn converges almost surely to zero, but under Hi, it converges to a
positive constant. Therefore, the power of a test that rejects Hy for higher values of én converges
to one as the sample size increases. However, it is difficult to find the critical value based on the
asymptotic null distribution of né, since it involves an £ sequence {A} (e, D72 A2 is finite),
which depends on the underlying distribution P (see Theorem 3.3). Though our test has a similarity
with the test based on Maximum Mean Discrepancy (MMD) (see Gretton et al., 2012), it can not be
calibrated correctly using the permutation method. This is due to the existing dependence between

the observations and their spherically symmetric variants even under Hy. However, under Hy, X;
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and X/ are exchangeable for every i = 1,2,...,n. Therefore, a random swap between X; and X
does not change the null distribution of én Utilizing this fact, we construct a novel resampling

algorithm to compute the cut-off. The algorithm is given below.

Resampling algorithm

A. Given the augmented data D4 compute the test statistic én

B. Let S = (S1,...,5,) be an element in {0, 1}". Define Y; = $;X; + (1 — 5;)X} and
Y, = (1-9)X;+ 85X fori =1,2,...,n,. Use (Y1,Y]),...,(Y,,Y]) to compute
(n(S), the resampling analogue of (.

C. Repeat step B for all possible S to get the critical value for a level o (0 < o < 1) test
given by

. 1 .
Cra=Mf{t eR: > I(S) <t >1-a}.
Se{o, 1}»

We reject Hy if En is larger than ¢;_,. The p-value of this conditional test is given by

=g Y T(S) 2 Gl (33)

Se{o, 1}»
So, alternatively, we can reject Hy if p, < a. The following lemma shows that this resampling

algorithm gives a valid level « test.

Lemma 3.3. Let fn be the estimator of ((P) as defined in Theorem 3.1. If p,, denotes the conditional
p-value as defined in (3.3), then under Hy : ((P) = 0 we have P{p, < a} < « irrespective of the

values of n and d.

Interestingly, we can control the threshold c¢;_, by a deterministic sequence that does not

depend on d and converges to 0 as n increases. This is shown in the following theorem.

Lemma 3.4. If X1, Xo,...,X, are independent copies of a d-dimensional random vector X ~ P,

then for any o (0 < o < 1), the inequality c1_o < 2(c(n — 1))~1 holds with probability one.

So, irrespective of the value of d, ¢;_4 is of order Op(n~1), and it converges to zero almost
surely as n diverges to infinity. For any fixed d, we can also show that for any spherical distribution
P, ngtn(S ) converges in distribution to a weighted sum of independent chi-squares as n diverges to
infinity. Since, under Hj, én converges to a positive number, the conditional p-value p,, converges
to zero as n increases. Hence, the power of the resulting conditional test converges to one. This is

formally stated in the following theorem.
Theorem 3.5. For any fixed alternative, the power of the conditional test based on p, converges to

one as n diverges to infinity.

Though the above resampling algorithm leads to a consistent level o test, it has a

computational complexity of the order O(n?2"). So, it is not computationally feasible to implement
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even if the sample size is moderately large. Therefore, in practice, we generate Si1,S5,...,8p

uniformly from {0, 1}" and compute the randomized p-value

B
Pn,B = 31H<Z I{Cn(Si) >} + 1).
i=1

We reject Hy if p, p < a. The following theorem shows that p,, p closely approximates p,, for large

B and thereby justifies the use p, g for the practical implementation of the test.

Theorem 3.6. Given the augmented data D, |pn,B — Dnl 220 as B diverges to infinity.

3.3 ASYMPTOTIC PROPERTIES OF THE TEST

In this section, we study some large sample properties of our test. First, we investigate the
robustness of our test against contamination alternatives. Next, we establish its minimax rate
optimality against a suitable class of nonparametric alternatives and prove its consistency even
when the dimension of data increases with the sample size. Finally, we show that our test is

efficient in the Pitman sense under contiguous contamination alternatives.
3.3.1 ROBUSTNESS

Consider a distribution F', which is not spherically symmetric. Let X1, Xo, ..., X, be i.i.d. random
vectors from a contaminated distribution Fs = (1 — §)F + 0G (0 < 6 < 1). The following lemma
shows the effect of this contamination on ((-) by providing a relation among ((F'), {(G) and ((Fs).

Lemma 3.5. For any § € (0,1), we have ((F5) = (1 —8)2¢(F) + 6%¢(G) +26(1 — 6)¢' (G, F), where
(G, F)=E{K(X1,Y1)} +E{K(X], Y]} —E{K(X;1,Y))} —E{K(X),Y1)}. Here X; ~ G and
Y, ~ F are independent, X} = ||X1||U1, Y} = ||Y1||Us2, where Uy, Us are i.i.d. Unif(S%!) and
K(x.y) = exp{~ 4 lx - yI1?).

Note that if G is spherically symmetric, ((G) = 0 and ¢'(G, F) = 0. Therefore, for any
fixed §, we have ((F5) = (1 — §)2¢(F). This shows that ¢(-) has a bounded Gateaux derivative.
The following theorem also shows that for any § € (0,1) and G spherically symmetric, the power

of our test for the contaminated alternative Fjs converges to one as the sample size increases.

Theorem 3.7. Let X1, Xo, ..., X, be n independent realizations of X ~ Fs = (1—9)F + G, where
0 <é <1, and ((F) > 0. Then the minimum power of the proposed test over the class of the

spherical distributions G, i.e., . Ci(%‘f) ]P’{én > C1_q}, converges to one as n diverges to infinity.
: =0

This theorem shows that our test is asymptotically robust against outliers for any fixed
proportion of contamination. Since ((Fy_s) = 62¢(F), it shows the convergence of the power of our
test for F_5 as well. So, if a sample from a spherically symmetric distribution has a small proportion
of contamination by observations from a non-spherical distribution, our test can successfully detect

the presence of those contaminations when the sample size is large. The result in Theorem 3.7
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holds even for a sequence {d,} that remains bounded away from one. However, if that is not the
case, the asymptotic power of the test will depend on the convergence rate of 1 — d,, and may yield

non-trivial limits for certain choices of {d,,}. This is explored in the following subsection.

3.3.2 MINIMAX RATE OPTIMALITY AND HIGH-DIMENSIONAL BEHAVIOUR

Let us consider a testing problem involving a pair of hypotheses Hp : ((P) = 0 and H} : {(P) > €(n)
where €(n) is a positive number that depends on the sample size n. Let F(e(n)) := {P | ((P) > €(n)}
be the class of alternatives under Hj, and T, («) be the class of all level « test. The minimax type

IT error rate for this problem is defined as

R, (e(n)) = inf su p{ =0},
(cm) =t o B0 =0)

where IP;:L) denotes the probability corresponding to the joint distribution of {X;, Xo,...,X,}, and
the X;s are independent copies of X ~ F'. Here, we want to find an optimum choice of €(n) (call it
€o(n)) such that it satisfies conditions (a) and (b) mentioned in Section 2.2.1. Theorem 3.8 below
shows that €y(n) cannot be of smaller order than O(n~1). In other words, for any 0 < 8 < 1 — «
and any ¢ € T,,(a), we can always find a distribution F with ((F') of the order O(n~!) or smaller

such that the type II error rate of the test ¢ is more than 3, i.e., IP’;:L){¢ =0} > 0.

Theorem 3.8. For 0 < < 1 — a, there exists a constant co(a, B) such that the minimaz type 11
error rate Ry, (ecn™1) is lower bounded by B for all m and all 0 < ¢ < co(c, B).

Remark 3.3. Consider the distribution F5, = (1 — 0,)F + 0,G, where ((G) = 0 and ((F) > 0
(note that ((Fs,) = (1 — 8,)2C(F)). If 6, is such that n(1 —§,)?> = 0 asn — oo (i.e. ((Fy,) is of
smaller asymptotic order than O(n~')), then the power of any level a test for the alternative Fj,

will fall below the nominal level a.

L our test based on fn

In the next theorem, we establish that in the case of ¢y(n) = n~
satisfies the condition (b) stated above. Therefore, these two theorems (Theorem 3.8 and 3.9)
together show that the minimax rate of separation is eg(n) = n~!, and our proposed test has the

minimax rate optimality for the class of alternatives F(e(n)).

Theorem 3.9. For any 5 € (0,1 —«), there exists a constant Co(c, 5) (independent of d) such that
asymptotically the maximum type II error of the test based on én over F(en™1) is uniformly bounded

above by [ for all ¢ > Cy(a, B), i.e., limsup  sup Pg”)(én < ci—a) < B for all ¢ > Cy(a, B).
n—o0  FeF(cA(n))

Remark 3.4. Consider the same example as in Remark 3.3. Since ((Fs,) = (1 — 6,)*C(F), from
Theorem 3.9 it is clear that if n(1—6,)% — 0o as n — oo (i.e. ((Fs,) is of higher asymptotic order

than O(n=')), the power of our proposed test for the alternative Fj, converges to one.

Note that the constant C(«, 5) in Theorem 3.9 does not depend on the dimension d. How-
ever, ((F') may vary with the dimension. We know that under certain regularity conditions (see, e.g.,
Hall, Marron & Neeman, 2005; Ahn et al., 2007; Jung & Marron, 2009), as the dimension increases,
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pairwise distances among the observations (after appropriate scaling) converge to a constant, and
all observations tend to lie on the surface of a sphere of increasing radius. So, in such situations,
C(F) converges to 0 as d increases. Therefore, one may be curious to know how this test performs
if the dimension and the sample size increase simultaneously. Theorem 3.9 answers this question.
It shows that as long as n{(F') diverges to infinity, irrespective of whether d is fixed or it increases
with the sample size, the power of our test converges to one. This high-dimensional consistency of

our test is asserted by the following theorem.

Theorem 3.10. Suppose that X1, Xa,...,X,, are independent copies ofX ~ F9 g d-dimensional
distribution. If d = d(n) grows with the sample size n such that nC( ) diverges to infinity as
n increases, then the power of the test based on Cn converges to one as n and d both diverge to

nfinity.

So, even if ((F (d)) converges to 0 as d increases with n, the power of our test converges to
one as long as (F(?) converges at a slower rate than O(n~!). However, if the distance convergence
does not hold and we have liminfy ., ((F (d)) > 0, the power of our test converges to one even if
the sample size increases at a very slow rate. An example of such a distribution is given in Section
3.4 (see Example 3.7(a)). For such examples, one can expect the test to have good performance
even in the HDLSS setup, where n is fixed (but suitably large), and d diverges to infinity. However,
in the case of distance concentration in the HDLSS set-up, where we have liminfy o, ((F (d)) =0,
we need to increase the sample size suitably to get good performance. This is further explored in

our simulation studies.

3.3.3 PITMANN EFFICIENCY

Now, consider the alternative Fy_5 12 = (1 — Bun~Y2)G 4 (Byn~/?)F, but assume that {5, }
is a sequence of positive numbers converging to some € (0,00). Let f and g be the densities
corresponding to F' and G, respectively. To study the asymptotic behaviour of our test for such
an alternative, we first study the asymptotic behaviour of nén and its resample analog ngtn(S)
The following result shows that under suitable assumption on F' and G, the sequence of alternative

asymmetric distributions F_g , -1/2 is contiguous and locally asymptotically normal.

Proposition 3.2. Let X, ..., X, be independent copies of X ~ G. If [ (f(u)/g(u) — ) g(u)du
1$ finite, as n grows to infinity, we have
2
) 100 )
9(X1)

log{il_[l(1+\ﬁ/%{§gxz)) -h)} -2 z{

Using Proposition 3.2 and Le Cam’s third lemma, we establish the local asymptotic

.

behaviour of nfn in the following theorem.

Theorem 3.11. Let Xy, Xy, ..., X, be independent copies of X ~ Fy_5 12 and X = |1X;]|U;
(i = 1,...,n), where Uy, Uy, ..., U, are i.i.d. Unif(S¥1). Also let A\ be the eigenvalues with
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corresponding eigenfunction vy (k = 1,2,...) of the integral equation E{g((x1,x}),(X1,X}))
U (X1, X9))} = Mewe ((x1,%))), where g is as in equation (3.2). Then, as n tends to infinity,

[e.e]
~ D 2
nén =2 3 A (20 + 8 Erfn(X0, X0)})* - 1),
k=1
where Z; is a sequence of i.i.d. standard normal random variables.

Theorem 3.11 shows that for 8 > 0, the local limit distribution of nén is stochastically larger
than its limiting null distribution given in Theorem 3.3. The following theorem establishes that
the local limiting distribution of the permuted statistic nén(S ) under the sequence of alternatives

Fy_g,,-1/2 1s identical to the asymptotic null distribution of né‘n.

Theorem 3.12. Let X1, Xo, ..., X, be independent copies of X ~ P, and fn(S) be the resampling
analog of our test statistic obtained using the resampling algorithm as in Section 3.2. Then under
any fized alternative (i.e., P, = F for some asymmetric distribution F') or a contiguous alternative
(i.e., Pp = Fy_g ,-1/2), as n grows to infinity, né”n(S) B S (22 — 1), where {Zy} is a

sequence of i.i.d standard normal random variables and {\;} is an Ly sequence of real numbers.

Theorems 3.11 and 3.12 together show that under F)_ g5 ,-1/2, the power of our test
converges to a non-trivial limit, and as § starts increasing from zero, the power of our test gradually
increases from « to one. This establishes that our test is efficient in the Pitman sense. However,

the exact expression of the limit is not analytically tractable.

We now present a small simulation study using n independent observations from Fy_g -1/
in R0, where G is N1g(010, I10), F is N19(0, %), ¥ = 0.5 I;0+0.5 J1¢ and J is the d x d matrix with
all entries equal to one. We considered three different sequences (a) 3, = 5n=%1, (b) 8, = 5 and
(c) Bn = 5n! and evaluated the performance of our test against these alternatives. The p-value
of the test was approximated using the randomized p-value with B = 500, and the power of the
test was evaluated based on 1000 repetitions of each experiment. In Table 3.1, we see that for case
(a), the power of our test showed a decreasing trend with increasing sample size. For case (b), the
power exhibited convergence towards 0.37, which can be considered as the Pitman efficiency of our
test when ,, = 5. For case (c), we see that the power of our test converged to one with increasing

sample size. This behaviour of our test supports our theoretical findings in this section.

Table 3.1 Powers of the proposed test for the alternative
Fy g 12 = (1= Ban=2)N1g(010,I10) + Bun ™1 /2N19(010,0.5L19 + 0.5J19) when B, = 5n7.

Sample Size v=-01 =0 ~v=0.1

50 0.145 0.361  0.789
100 0.147 0.375  0.932
250 0.108 0.373  0.991

500 0.104 0.376  0.999
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3.4 NUMERICAL STUDIES

In this section, we investigate the empirical performance of our test. First, we study its finite
sample level properties and then compare its empirical power with the tests based on optimal
transport (Huang € Sen, 2023), density functions (Diks & Tong, 1999) and projection pursuit
technique (Fang, Zhu & Bentler, 1993). Henceforth, we refer to these tests as the OT test, the
DT test, and the PP test, respectively. Throughout this chapter, all tests are considered to have a
5% nominal level. The OT test is distribution-free, and the PP test is asymptotically distribution-
free. Following the suggestion of the authors, for these two tests we used the cut-offs based on the
asymptotic distributions of their test statistics. Our test and the DT test were calibrated using
the resampling method, where the cut-off was computed based on 500 iterations. Each experiment

was repeated 1000 times to estimate the power of a test by the proportion of times it rejected Hy.
3.4.1 ANALYSIS OF SIMULATED DATA SETS

First, we investigate the level property of our test by generating random samples from some

spherically symmetric distributions.

Example 3.1. We consider observations from standard multivariate (a) Gaussian, (b) Cauchy,

and (c) ty (t distribution with 4 degrees of freedom) distributions.

In each case, we computed the powers for different sample sizes (n = 20,40,60) and
dimensions (d = 2%,i = 1,2,...,10). They are reported in Figure 5.1. This figure clearly shows
that for all three distributions, our test rejected Hy in nearly 5% cases. The other three competing

tests also exhibited similar behaviour, but to avoid repetition, we do not report them here.

Example 3.1 (a) Example 3.1 (b) Example 3.1 (c)

Power
Power
Power

log, (d) log, (d) logy (d)
Fig. 3.1 Observed levels of the proposed test for observations generated from the standard (a) Gaussian,
(b) Cauchy, and (c) ty distributions with sample size n = 20(e), n =40 (o) and n = 60 (e).
Next, we consider some non-spherical distributions to compare the powers of different tests.

Example 3.2. We consider (a) Gaussian, (b) Cauchy, and (c) t4 distributions with the center at
the origin and the scatter matriz of the form (1 — p) I+ p Jq, where p € (0,1).
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Example 3.2(a) Example 3.2(b) Example 3.2(c)
1 1
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Fig. 3.2 Powers of the proposed test (o), OT test (§), DT test (x) and PP test (M) in Examples 3.2(a)-(c).

For Example 3.2, we carried out different tests based on 100 observations when d = 5. As
p increases from 0 to 1 (i.e., the distribution deviates more from sphericity), a test is expected to
have increasing power. But, for OT and PP tests, these increments were negligible (see Figure 3.2).

In these examples, our test had the best performance followed by the DT test.

Next, we consider four examples involving symmetric but non-elliptic distributions. In
Examples 3.3 and 3.4, we deal with ¢,-symmetric distributions (see, e.g., Gupta & Song, 1997;
Dutta, Ghosh & Chaudhuri, 2011) with p = oo and p = 1, respectively.

Example 3.3. Let X = RU, where R ~ Unif(9, 10) and U are independent. We take U =Y /||Y]|co
where Y = (Y1,...,Ys), for the Y;’s (i =1,2,...,5) being i.i.d. Unif(—1,1).
Example 3.4. Let X be as in Example 3.3, but take U =Y /||Y||1, where Y1, ..., Ys are independent

Laplace(0,1) random variables.

We carried out our experiment for different sample sizes, and the results are reported in
Figure 3.3. In these examples, OT and PP tests had powers close to the nominal level of 0.05. In
Example 3.3, the proposed test and the DT test had comparable performance, but in Example 3.4,
our test significantly outperformed the DT test.

In Example 3.5, we consider an angular symmetric distribution, and in Example 3.6, we

deal with a mixture of normal distributions.

Example 3.5.Let X = RU, where U ~ Unif(S*), but here R and U are dependent. For any
given U = u(= (uy,us,...,us)"), the conditional distribution of R is uniform on (0,0y), where
0w = 10 I[uguz > 0] + 50 Ifujug < 0;uzuqus > 0] + 100 Tujue < 0;ugugus < 0].

Example 3.6. We consider an equal mizture of four normal distributions with the same dispersion

matriz Is, but mean vectors 15,—15, 3 = (1,—1,1,—-1,1)T and —B, respectively.

We carried out our experiment for different sample sizes, and the results are reported in
Figure 3.3. In these examples also, our test outperformed its competitors. The DT test had the

second-best performance, but its power was much lower compared to our test.
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Example 3.3 Example 3.4
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Fig. 3.3 Powers of the proposed test (o), OT test (¢), DT test (x) and PP test (M) in Examples 3.3-3.6.

Finally, we consider some high-dimensional examples involving normal spiked covariance
model (see Johnstone, 2001). In these examples, the DT test based on the usual bandwidth did
not work well. So, after consulting with the author, we used the bandwidth (0.25)%63 (where

62 = ﬁ Dicici<n 1Xi— X[?) which makes an adjustment for the scale in higher dimensions.

Example 3.7. We consider a normal spiked covariance model with mean zero and a diagonal
covariance matriz with entries (a) (d,1,1,...,1) and (b) (d*®,1,1,...,1), respectively. In these
examples, we consider n = 20 and different values of d, while in (¢) we use the same model as (b),

but increase the sample size n = 20 + [d*®] with the dimension d.

Figure 3.4 shows that in Example 3.7 (a), our test and the DT test performed well, while
the other tests had a non-satisfactory performance. Among these two tests, our test had an edge in
higher dimensions. But, in Example 3.7 (b), all tests, including ours, performed poorly. Note that
in Example 3.7(a) and 3.7(b), the measure of sphericity (see, e.g., John, 1972; Jung & Marron,
2009) converges to 0 and 1, respectively, as d increases. So, in higher dimension, the data cloud in
Example 3.7 (b) turns out to be similar to that from a spherical distribution, whereas in Example 3.7
(a), it has significant deviations from sphericity. This explains the reason behind the diametrically
opposite behaviour of our test in these two examples. However, Corollary 3.10 suggests that even in
Example 3.7 (b), our test can perform well if we increase the sample size along with the dimension

at a suitable rate. We observed this in Example 3.7 (c), where the power curve of our test had a
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Example 3.7(a) Example 3.7(b) Example 3.7(c)

Power
Power

log, (d) log, (d) log, (d)

Fig. 3.4 Powers of the proposed test (o), OT test (§), DT test (x) and PP test (M) in Examples 3.7(a)-(c).

sharp increasing trend. The DT test also showed a similar pattern. But the other competing tests

had poor performance even in this set-up.
3.4.2 ANALYSIS OF A BENCHMARK DATASET

For further evaluation of different tests, we analyze the “MAGIC Gamma Telescope” data set
available at the UCI machine learning repository. This data set was generated by a Monte Carlo
program called CORSIKA described in Heck et al. (1998). It was used to simulate the registration
of high-energy gamma particles in a ground-based atmospheric Cherenkov gamma telescope using
imaging techniques. The observations are classified based on the patterns in the images the particles
generate, called the shower images. Based on these shower images, the particles are classified as
“primary gamma” and “hadronic shower”. In our analysis, we first divided the entire data set
into two parts based on the class labels “primary gamma” and “hadronic shower” and called them
“MAGIC-1” and “MAGIC-2", respectively. Here the observations are 10-dimensional (see Heck
et al., 1998for details). While MAGIC-1 contains 12332 observations, there are 6688 observations
in MAGIC-2. When we used the full data sets (after centering by subtracting the corresponding

spatial medians) for testing, all four tests rejected the null hypothesis of spherical symmetry in both

MAGIC-1 MAGIC-2

Power
Power

\
40 60 80 100 40 60 80 100

log, (d) log, (d)

Fig. 3.5 Powers of the proposed test (), OT test (¢), DT test (x)
and PP test (M) in the Magic Gamma Telescope data set.
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cases. This gives an indication that the underlying distributions are non-spherical, and different
can be compared based on their powers. However, it was difficult to compare among different tests
using a single experiment based on the whole data set. Therefore, to compare the performance of
different tests, we generated random sub-samples from these two data sets, and in each case, we
repeated the procedure 1000 times. The power of a test was computed by the proportion of times

it rejected the null hypothesis. The results for different sub-sample sizes are reported in Figure 3.5.

In the MAGIC-1 data set, our test significantly outperformed all other tests for all sample
sizes considered here. For the MAGIC-2 data set, the OT and PP tests had better performance for
a lower sample size. However, the power of our test increased sharply with the sample size, while
those of other tests increased at a slower rate. Figure 3.5 clearly shows that our test outperformed

all its competitors for sample sizes larger than 55.
3.5 PROOFS AND MATHEMATICAL DETAILS

Proof of Proposition 3.1. If p; and s are characteristic functions of X ~ P and X', we have

/ lo1(t) — pa(t) 21V (8)

Since W (-) is non-negative, the fact ((P) > 0 follows from the non-negativity of the integrand.
If P is spherically symmetric, then ¢; = 9 and hence ((P) = 0. Conversely, ((P) = 0 implies
©1(t) = @a(t) over the set {t | W(t) > 0}. Since W (-) is equivalent to the Lebesgue measure, this
implies ¢1(t) = p2(t) almost everywhere with respect to the Lebesgue measure. Again, both ¢
and g9 continuous functions. So, ¢(P) = 0 implies o1 (t) = @2(t) for all t € R? and hence X and
|| X||U are identically distributed, i.e., P is spherically symmetric. [ |

Proof of Lemma 3.2. Note that

/ 2
/exp {(i(T, X, — Xy)} (2‘5);2(3—(1'” /24T = E{ exp {i(T, X, — X2>}}, (3.4)

where T ~ ANy(04,d"'1;). The right side of equation (3.4) is the characteristic function of T

evaluated at X; — Xs. Hence, we have the desired result. |

Proof of Theorem 3.1. First note that |¢1(t) — p2(t)[* = (1(t) — wa(t)) (¢1(—t) — p2(—t)).
So, expanding the characteristic functions in terms of expectations, we get
1(6) = a2 =B exp {itt, X1 — Xa)} } + B exp {i(t, X; — X5)} }
- IE{ exp {i(t,X; — X;}}} - E{ exp {i(t, X, — X2>}} (3.5)

From Lemma 3.2, for any V1 and V3, we have

dd/2 1
/IE{ exp {i(t, V1 — Vg)}} (QW)d/Qe*dHt”Q/th = E{ exp { — ﬁHVH - V2H2}}-

Applying this to all four terms in (3.5) (note that the last two terms are equal), we get the result. W
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Proof of Theorem 3.2. As introduced in Section 3.1, we can write our estimator as

bom——2 Y (X X)), (X, X)),

n(n —1) 1<i<j<n

X — 2 X2 — ?
where g((X1,X2), (Y1,Y2)) :exp{ — ||12dyl||} +eXp{ — H2ZdY2H}

—expd — [x1 — ya|? P [x2 — y1l?
2d 2d '

Now let f,(j) denote our estimator when the i*" observation (X, X!) is replaced by an independent

copy (Y, Y}) of the same. Note that

& C()|< {Z‘g ((X5,X5), (X4, X)) — ((Xj,X;),(Yi,Yg))‘

£ JalXe X, (X, X)) (0% ¥, 06,.%)|}
j=i+1

Since |g(+, )| < 2, this implies én — CAS’) < 8(71:1) < 8. So, applying bounded difference inequality
n(n—1) n

(see page 37 in Wainwright, 2019), we get
2

IP’{KAn—((P)‘>e}§exp{—z:36264}:exp{—7;€2}. n

i=1 n2

Proof of Theorem 3.3. Note that our estimator in is a U-statistic with the kernel

X1 — 2 X2 — ’
g((X1>X2)¢(y17y?)) :exp{ B Hle}qH} +6Xp{ N HQQdyQH}

—expd — Ix1 — yal|” e ] - [x2 — y1l
2d 2d

of degree 2. The first order Hoeffding projection of g(-,-) is

g1 ((x1,%2)) = E{K(xl, Xl)} v E{K(XQ,XII)} - E{K(xl,X’l)} - E{K(Xg, Xl)}, (3.6)
where K(x,y) = exp{—|x — y||?/(2d)}, X; ~ P and X} = || X1]|U; for U; ~ Unif(S%!)
independent of X;. Under Hy, X; and X/ are identically distributed and hence g1 ((Xl,XQ)) =0.
Therefore, using Theorem 1 from Lee (1990) page 79, we get that nén converges in distribution to

pra )\Z-(Zi2 — 1), where the Z;’s are independent standard normal random variables and \;’s are

the eigenvalues of the integral equation

/9((X1,X2), (y1,¥2)) f((y1,¥2))dF ((y1,¥2)) = A ((x1,%2)),
for F being the joint distribution of (Xi, X}). [ |
Proof of Theorem 3.4. Under Hi, the function g;((x1,%2)) defined in equation (3.6) is non-

degenerate. Therefore, using Theorem 1 from Lee (1990) page 76, we get the asymptotic normality
of \/n((, — ¢(P)) with the mean zero and the variance 402, where o2 = Var (g1 ((X1,X%))). [
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Proof of Lemma 3.3. Define X/,X5,..., X/ as in Theorem 3.3. Under Hj, (X;,X}) and
(X}, X;) are identically distributed for each ¢ = 1,2,...,n. Therefore, the joint distribution of
(Cny€1-a) is identical to the joint distribution of (C,(S),¢1_a), where S is an element of {0,1}".

Let Dy = {(X;,X]) | i =1,2,...,n} denote the augmented data. Then
P{an >cloa} = P{én(s) > Cloa) = E{P{én(S) > Cl-q | DA}} < a.

The last inequality follows from the definition of ¢;_, (given in page 42). [

Proof of Lemma 3.4. Here X;, Xy, ..., X,, are independent copies of X ~ P and X/, X}, ..., X],
are as in Theorem 3.3. Define D4 as in the proof of Lemma 3.3. Let S = (S1,S5,...,S5,) be
uniformly distributed on the set {0,1}". For i = 1,2,...,n, define Y; = 5;X; + (1 — 5;)X!} and
Y! = (1-5;)X;+ S;X,. Since g((Yi, Y}),(Y;,Y})) >0foralli =1,2,...,n, we have
n(n—1G(S) = > g((YuY), (Y5, Y))) < D g((Yi, YD), (Y}, Y))) = n’C(Fn),
1<i#j<n 1<i,j<n

where F,, denotes the empirical probability distribution of (Y1,Y"), (Y2,Y5%),...,(Yn,Y}). Since
((F,) is a non-negative random variable, using Markov inequality, for any ¢ > 0, we have

2
. n
P{G.(S) > €| Da} <P{n?((F,) >n(n—1)e| Da} < mE{((Fn) | Da}.
Now, taking € = ﬁE{C(FH) | Da}, we get P{én(S) > €| Da} < a. So, from the definition of
C1—q (see the resampling algorithm in Section 3.2, page 42), we have ¢1_o < ﬁE{C(Fn) \ DA}.

Also, note that

EAC(E) | Da) = " VR (00, Y, (%2, ¥4) 14} + SE{o((¥2, Y9, (%1, Y1) | 4}

Y - Y;y?
Now E{ exp{—”12d2H} \ DA}
1 Xy + (1= 51)X) — 952Xo + (1 — S2)X5|)?
— Z exp{iubﬁ 1+ (1=5)X] 2d52 9 + (1 — S2)X5|| V=V, (say).
Se{0,1}m
Similarly, one can also show that
Y5 — Y50 _ Y1 - Y5
B exp(— 12 | Daf = B{ exp{ 5} D
_ Y] — Yo _
= IE{ exp{—T} | DA} =V,.

Hence, E{g((Yl,Y’l), (YQ,Y’Q)) | DA} =V,+V,—V,—V, =0. Similarly, one can also show
that

E{o((Y1. Y1), (Y0, YD) | Daf =2(1- V) <2

Combining these, we get ¢ < 2(a(n —1))~!. This completes the proof. |
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Proof of Theorem 3.5. Note that ¢, is a consistent estimator of ¢(P) (follows from Theorem 3.2),
where ((P) = 0 under Hp and positive under H; (follows from Proposition 3.1). So, by Lemma

3.4, under Hy, the power of the test P(fn > ¢1_o) converges to one as n diverges to infinity. |

Proof of Theorem 3.6. Let us define the distribution functions Mp(t) = & {Zil I[¢a(Ss) < t]}
and M(t) = 2%{ 2_se{0.1}n I[Ca(8) < t]} conditioned on the augmented data D 4. Then

n =l = | PIRCCE &l - 511 gu&n<s» >G4
1 . . 1 B )
= 2n{ Se%}nj[cn(s) < Cn]} - B—l—l{ ;I[Cn<sz) < Cn]}’
= |M(én_) - BBEHMB(CATL_)‘
< [81(60) - 8| + [ FE | < sup | ) - Ma0)] + 57

Conditioned on Dy, the Dvoretzky-Keifer-Wolfwitz inequality (Massart (1990)) gives us
P{sup,er |M(t) — Mp(t)] > €} < 2¢~2B¢  Hence, conditioned on Dy, as B grows to infinity the

randomized p-value p, p converges almost surely to p,. |

Proof of Lemma 3.5. Recall that ((P) can be expressed as

C(P) = E{K (X1, X2)} + E{K (X}, X5)} — 2B{ K (X1, X3)},

where X, Xy are independent copies of X~P, X| = ||X;||U, X, = ||X2||Uz with Uy, Ug w

Unif(S971) independent of X1, X5 and K(x,y) = exp{ — 5;[x — y||*}. Now if P = (1 — §)F + 0G
(0 <6 < 1), then

E{K(Xl, Xg)} = / K(Xl, XQ)dP(Xl)dP(Xg)
:(1 - 5)2/K(X1,X2)dF(X1)dF(X2) + 26(1 - 5) /K(Xl,XQ)dG(Xl)dF(Xg)
+ 52 / K(Xl, Xg)dG(Xl)dG(Xg).

If 1o denotes the uniform distribution on (S%~1), then

E{K(X},X5)} Z/K(HxlﬂuhHX2Hu2)dP(X1)dP(Xz)duo(ul)duo(m)
=(1- 5)2/K(HX1HU17 [[x2[[ug)dF(x1)dF (x2)dpo (ur)dpo(uz)
+52/K(||X1||u17||X2||u2)dG(X1)dG(X2)d/~Lo(u1)dMo(U2)

+25(1 =) [ Kl s, e [u2)AG Gea)]AF ()l (o)
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and E{K(X;,X})} = /K(xl, |Ix2]|uz)dP(x1)dP(x2)d g (usz)
—(1- 5)2/K(x1, I xa[uz)dF (x1)AF (x2)d o (u2)
+0(1-9) [ K, xallus) [0G(00)AF (e (us) + dF (x1)AG )b 2]

+0° [ K1, allu)dGixi ) AG (xa) o).
Therefore, if P = (1 — §)F + 0G, then we have
((P) = (1= 0)*C(F) +6°¢C(G) +26(1 = 6)¢(G, F),
where ('(G, F) = E{K(Y1,Y2)} +E{K(Y},Y,)} —E{K(Y1,Y,)} —E{K(Y/,Y2)}. Here Y; ~ G
and Yy ~ F are independent, Y| = [[Y1||U; and Y}, = ||Y2||Us where Uy, Uy %Unif(Sd_l)
independent of Y7 and Yo. This completes the proof. |

Lemma A3.1.1If X1, Xs,..., X, are independent copies of X ~ P, then

-1
vartG,) < ()l - 26(P) + 41

Proof. Recall that én is a U-statistic with the kernel
g((X17 Xll)? (X27 X/Z)) = K(X17 XQ) + K(X/h X,2) - K(X17 XIZ) - K(Xllv XQ)?

where K (x,y) = exp{—o|x—y|?}. Then by the theory of U-statistics (see page 12 in Lee, 1990),

= (2) T 7 o) + () (7 2 o0 0000

1 1
where g1 ((xl,xll)) = E{ exp ( — ﬁ”xl — X2H2)} — E{ exp ( — ﬁ”xl — IQHQ)}
1 1
E{exp (— oo % — X13)} ~ Ef exp (= o lixf - Xal2)}

Since, |g(-,-)] < 2, Var (g((Xl, X1, (Xa, X’z))) is bounded by 4. Now, to find a bound for the first

term, note that

g1 ((x1,%})) = E / exp(i(t, x1 — Xa))o(t)dt} — E{ / exp(i(t, x1 — X))o (t)dt}

— B{ [ explite,x; — X))o (t)dt} + B{ [ explite, i - X5)on(t)dt)
(where ¢g(t) denotes the density of Ny(0,d'1y))

(expli(t, x1)) — exp(ift x1))) (E{exp(~i(t, X))} — Efexp(~i(t, X5))}) do(t)dt

(exp(i(t, 21)) — exp(i(t, x1))) (01(—t) — pa(—t))do(t)dt

(exp(i{t, x1)) — exp(i{t, x1))) (1 (t) — ©2(t))Po(t)dt.

—— —
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Then, using Cauchy-Schwartz inequality, we have
gt ((x1,x1)) < /Iexp(’i(t,Xﬁ) — exp(i(t, x1))[*po(t)dt x /le(t) — p2(t)Pgo(t)dt < 2¢(P).

This gives us

n\

1
Var(¢,) < <2> [4(n —2)((P) +4]. [
Proof of Theorem 3.7. Here X;, X, ..., X,, are independent copies of X ~ Fs = (1—0)F 440G,
where ((G) = 0 and ((F) =0 > 0. So, we have ((Fs) = (1 — §)?7q (follows from Lemma 3.5) and
P{ly> a1 a} = 1—P{ea < c1_a} > 1—P{& < 2(n — Do) 1},

Here, the last inequality follows from Lemma 3.4. Now, choose a large n so that 2((n — 1)a)™! <
((Fs). Then we have

P{Cn < 2((n — 1)) ™'} = P{Cy — C(Fs) < 2((n — D)) = ¢(Fs)}
Var((p)

(by Chebyshev’s inequality)

(by Lemma A3.1)

Note that the upper bound in the above inequality does not depend on G, and hence

inf P(C, > o () A —2)(1 = 8)*y0 + 4]
G:((Gf;:o Flon= el 21 ((1 —0)?v —2((n — 1)a)—1)2’

So, as n goes to infinity, o Ci(%f) P{(, > c1_a} goes to one. This completes the proof. [
: =0

Proof of Theorem 3.8. We prove this theorem using a simple application of the Neyman-Pearson
lemma. Let @1 and ()2 be the joint distribution of the sample X1, Xo,...,X,, under the null and
alternative hypotheses, respectively. Then, we can provide a lower bound of the minimax risk R,,(¢)

as follows

Rae) 21— 0~ dpv(@1,@2) > 1 - o — | SKL(Q1, Q).

The first inequality follows using the fact that for any unbiased test ¢ with Pg,{¢ =1} < a, and

Poi{¢ =1} +Pg,{¢ =0} =1 — (P, {¢ = 0} — P {¢ = 0}) = 1 — drv(Q1, Q2),
where d7y denotes the total variation distance between (1 and (J3. The second inequality follows
from Pinsker’s inequality (see. Tsybakov, 2009). Suppose G is a spherically symmetric distribution
with density g and F' is a distribution with density f and ((F) = v > 0. Also assume that
[(f(u)/g(u) —1)2g(u)du = 71 < co. Then setting @ = @7, ((1 - %)G + %F) for some 6 > 0
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and Q2 = ®; G, we have

KL(Q1,Q2) = /10gH {

Using the inequality log(1 + y) <y, we get

u 2 u
KL(Q1Qs) < [}(1 }) /1 CACI RPN / ) fu)du

=l ];2<u> 1] =of <§§3‘1)29(“)d“:52“‘

Also by Lemma 3.5, we have

) ) 52 52
R CR)) =) = S
(0= Z)6+52F)) = Zetr) = S
Now for any 0 < 5 < 1 — «, if we choose § = \/2/71(1 — o — ), we get
)

¢ <((1 - jﬁ)m ﬁF>) ! <m<1 = 5)2> |

Now define, c(a, 8) = (270(1 — & — 8)?)/71. Then we have ((1 — %)G + %F) € Flen™) =
{F | ¢{(F)>cn '} forall 0 < ¢ < c(a, B). For this choice of alternative, we also have R, (cn™!) > j3
for all 0 < ¢ < ¢(a, B). Since 8 and c¢(a, B) do not depend on n, this trivially satisfies the condition

liminf, oo Ry(cn™t) > B for all 0 < ¢ < ¢(a, B). [ |

Proof of Theorem 3.9. Here we want to show that for every 0 < a < 1 and 0 < 8 < 1 —a, there
exists a constant C'(a, §) > 0 such that

limsup  sup IP%”){@L <cio} <P
n—o0 FcF(en—1)

for all ¢ > C(a, 8). Now take any P € F(cn™!) with ¢ > 4/a (i.e. ((P) > 4/na). Using the fact
Cleaq < 2((n — 1)a)~! and Chebyshev’s inequality, we have

Wil < e1mat S PEHG < 2((n = D)™} S PEHC(P) = o 2 ¢(P) = 2((n— Do)}
< Var({n) N
(CP) =2((n—1)a)7?)

which holds since ¢(P) — 2((n — 1)a)™! > 4(na)™! —2((n — a)™ ! = n(%:‘__fl)a > 0 for all n > 2.

Now,
Var (én)

()7 [4(n — 2)¢(P) + 4]
(C(P) = 2((n — 1)a) 1) ’

(C(P) = 2((n —1)a)~"

5 < (follows from Lemma A3.1) (3.7)
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which implies that

- 4 4
limsup sup Pg‘l){Cn <ot < LQ
n—o0 FeF(cn—1) (c — 2/04)

It is easy to see that the upper bound is a monotonically decreasing function of ¢ for ¢ > 4/a, and
it converges to 0 as ¢ increases. Hence, for any 5 < 1 — «, there exists a r(«, §) such that the upper
bound is smaller than S whenever ¢ > r(a, 8). Now set C(«, 8) = max{r(«, 3),4/a}. Then for
any ¢ > C(a, ), the maximum type II error rate of our test is upper bounded by . |

Proof of Theorem 3.10. If the distribution F(9) is such that n¢(F(?) diverges to infinity, then
from the proof of Theorem 3.9 (see equation (3.7)) we see that lim P{Cn < ¢1-q} = 0. Hence, under

the above condition, the power of our test converges to one. |

Proof of Proposition 3.2. It is easy to see that the likelihood ratio of Fl_% =(1-8,/v/n)G+

Bn/v/nF and G is (1 + ﬁ—\/%(f(u)/g(u) - 1)) Hence if X1,Xo,..., X, i G, then the log-likelihood

ratio is given by,
n dF) -t dF, s

LN_1og{H = } Zlog{ } Zlog(l—k— (Xi)/g(Xi)—l)).

Using the fact that log(1+vy) =y — % + 242h(y) where h(-) is continuous and lim h(y) = 0, we get

y—0

I — i Bn 62 2
N—Z}\/ﬁ(f(xi)/g(xi)—l) Z (( i)/9(X;) — 1)

=1

+Z;§:L(f(Xi)/g(X) 1)? (\5/’1(( i)/9(Xi) — ))-

Under the assumption [(f(u)/g(u) —1)%g(u)du < oo and 3, — S, as n grows to infinity, we have
2
> ﬁ E () 9(Xi) = 1)* = PE((F(X0)/9(X1) ~ 1)°).
=1

Hence, we only need to show that

2
5 28 (70 fa(%0) — 1) 2 (1%, /9%~ 1)

=1

B

converges to zero in probability. Notice that

> 2 0% <1 ( S (ko ax) - 1)

i=1

n_ 02
< i In( (0% %) = 1)) 32 %0 ) < 1)

Therefore, it suffices to show that max;<j<n ‘h(\ﬁ/%(f(Xz)/g(Xz) - 1))‘ converges to zero in
probability, which follows if maxj<j<ny ‘%( f(X)/g9(X;) — 1)‘ converges to zero in probability
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(as limy—0 h(y) = 0 and it is continuous). Note that

P{lmax ‘\}( (X4)/g(X;) —1)| >e}

< S B |- (7% /9(X0) 1) > <}
=1
= nB{ | (1(X0)/9(X0) - 1) > ]
- nE{I(\jﬁ(ﬂXl)/g(Xﬁ 1))
< nE{ (f(Xl)/i(;Q) 1)* I‘f F(X0)/9(X1) = 1) >

< SE{(X)/9(%1) = 1)°1(| 5= (1% /9(X0) - )| > ) }.

Since I (| ﬁ ( f(X1)/9(X1)— 1) ‘ > e) converges to zero in probability, the right-hand side converges
to zero by the Dominated Convergence Theorem. Hence, we have

o T 000 - £ 3 (o) 1) + {00000 -1} 0.

in probability as n goes to infinity. This completes the proof. |

Proof of Theorem 3.11. Let X;,Xo,...,X, ~ G and U, Us,...,U, “ Unif(S*1) be

independent and ((G) = 0. For i = 1,2,...,n, define, X, = ||X;||U;. To prove this theorem,
we only need to find the limit distribution of /n(L Y, h(X;, X!) — E{h(X1,X})}) for some
square-integrable function h under the contiguous alternative Fy_g/ m = ( — %)G + B—\/’%F , where
¢(F) >0 and 5, — B as n — oo. Using the bivariate central limit theorem, we can say that as n

diverges to infinity, the joint distribution of

\/ﬁ(izn:h(x,-,x’ —E{h(X;,X BELIE 1X) 1}

9(X1)
converges to a bivariate normal distribution with the mean and the variance given by
0 Var (h(X1,X}))
w= 52 ¢ f(X4) 2) and ¥ = ( o o9 | s where
<—2E{g(xi) —1} T —-SE

- E{{h(Xl,X’) E{h(X1,X})}

}

Zﬁ/{h(xaIIXHU) *E{h(XhX’l)}}(f(X) *g(X))dxduo(U),

for 419 being the probability measure corresponding to the distribution Unif(S%~!). Now using Le
Cam’s third lemma (see. Van der Vaart, 1998), as n diverges to infinity, under F;_ Bn/ /i WE have

\/5(% Z WX, X)) — E{h(X1, X)) B M (r, Var (h(Xi, Xll)))'
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Now, using similar arguments as in Theorem 1 on page 79 from Lee (1990) and contiguity arguments,

under Fy_g / m, we get

P e 2
i B30% (24 6 Brfxa X)) - 1),
i=1
where Z;’s are i.i.d. N1(0, 1) variables and v;’s are defined in the statement of the theorem. |

Proof of Theorem 3.12. Let Xi,Xo,...,X, G and U,,U,,...,U, “ Un if(S?1) be

independent and X, = || X;||U; for i = 1,2,...,n. Also let S = (S1,52,...,5,) be the vector
of i.i.d random variables from the Bernoulli(0.5) distribution. Then the resampled test statistic

Qtn(S) can be written as

LS (YYD, (Y, YD),

nn—1) | i Ze,
where Y; = 5;X; + (1 — 8;)X} and Y, = (1 — 5;)X; + S;X]. Since, under any fixed alternative
F, {(Yi,Y})} is a sequence of i.i.d. random vectors, we can apply Theorem 1 from Lee (1990)
page 79 to find the limiting distribution of (,(S). Note that Y; 2 Y/ and hence ¢1((y,y’)) =
E{g((y, y'), (Yl,Y’l))} = 0. Therefore, fn(S) is a U-statistic with a first-order degenerate kernel

function, and we get
néa(S) 3 Z XNi(Z2—1),

where {)\;} is a square integrable sequence and {Z } is a sequence of i.i.d. N1(0,1) random variables.

Now suppose that Xi,Xo,..., X, ud Fy g n-12 = (1— T)G + fF where 8, — 8,

¢(G) =0 and ((F) > 0. Then, to find the limiting distribution of n¢,(.S), we need to find the joint

limiting distribution of

- B f(X1)
(Y;,Y)) d - —E
f Z el . ; 2 Lg(X)
where {¢/} are the solutlons of the integral equation
/g((XhX’l), (y1.¥))ee((yr, D))" (y1,51)) = Mpe((x1,x1)), (38)

for v* being the joint distribution of (Y1,Y}) when X; ~ G. By the bivariate central limit
theorem, we can see that the joint distribution of these two variables converges to a bivariate

normal distribution with mean and variance given by

_ 0 - Var(cpg(Yl,Y’l)) ¢
e gy ) e (MUY gy ) e

9(X1) 9(X1)
f(X1)
X)) 1}}

= B Er{pe(¥1, YD)} = 8 {E{pe((X0, X))} + 5ELp (X, X))}

ZE{{W(Yl,Yi)
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Now note that g((x1,x}),(y1,¥1)) = —9((x},x1),(y1,¥1)). Then using (3.8), we get
w((xl,x’l)) = —gpg((x’l,xl)). Using this, we get 7 = 0. So, using Le Cam’s third lemma (see.
Van der Vaart, 1998), as n diverges to infinity, under F}_ B,/y/m» We have

=3 r((0 D) B (0. Var(e (Y1, X1)) ) = 45(0.1).
=1

Using similar arguments as in Theorem 1 on page 79 from Lee (1990) and contiguity, we get
nCn(S) Tt S Ai(Z2 — 1), where {\;} is a square-integrable sequence and {Z;} is a sequence of

i.i.d. standard normal random variables. [ |

3.5.1 EXPRESSION OF ((P) FOR GAUSSIAN DISTRIBUTIONS
In this section, we present a closed-form expression for ¢(P) when P is NVy(04,X). But before that,
we present some preliminary lemmas.

Lemma A3.2.If X1 ~ Ny(04,31) and Xy ~ Ny(04,%2) are independent d-dimensional random

vectors,
1 1 —-1/2
E{ e (— g% - Kol = |14 Zo) 41

where ‘A‘ denotes the determinant of a matrix A, and 1y is the d x d identity matriz.

Proof of Lemma A3.2. Here Ny = X; — X3 follows Ny(04, X1 + X2). So, we have

1 1 1 1 _
E{ exp (— —HNOHQ)} = / 73 €XP ( — —|u)? = zu' (2 + 2y) 1u)du.
2d / 2d 2
(27‘(’)‘1/2’21 +22‘

Note that the exponent on the right side is the same as that of the density of a normal

distribution with mean 04 and variance-covariance matrix (éId + (2 + 22)*1)71. So, we have

1 1 1
E{exp(_ﬁ“NOHQ)}: 1/2 1/2 :‘g(21+22)+1d
(21+22‘ )51d+(21+22)—1‘

‘—1/2

This completes the proof. |

Lemma A3.3.If X follows a d-variate distribution with density f, U ~ Unif(S?1), and they are
independent, then | X||U has the density [ f(H u)vo(H), where v is the Haar measure on the set

of all d x d orthogonal matrices.

Proof of Lemma A3.3. Let 1 be the probability measure corresponding to distribution Unif(S9—1)

and g be a bounded continuous function. Then we have

E{g(|X[|U)} = / / g((1x]1w) £ () dpto (w)dx = / / 9(Hx) f (x)dvo(H)dx.
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Since for any fixed x and u, there exists a unique orthogonal matrix H such that Hx = ||x||u,

the second equality follows by substitution. Now if we substitute Hx = v, we get

B(o(IXU)} = [ an)( [ FETv)awo() JHT[|av = [ o) ( [ FETv)am(Em)av.

Since g is an arbitrary bounded continuous function, the result follows. |

Proposition A3.1.If X ~ Ny(04,X), then
‘71/2

()= 35+ 1,

1 - ~1/2
—2/‘d(2+H2H )+1d‘ dvo(H),

1 T - -1/2
n b(Hﬁ]Hl + HoSH]) + Id) dvo (H )du (H)

where vy is the Haar measure on the set of all orthogonal matrices of order d X d.

Proof of Proposition A3.1. Recall that our measure can be written as (see Theorem 3.1)

1 1 1
((P) = B exp{ 51 X1 — XalP}} + B exp{— 5 |X} = X5]2}} — 2B { exp{ o5 X1 — X/1*}}.

Let us look at the individual terms separately. The first term on the right side is the same as the

term in Lemma 3.2 with X; and X5 being i.i.d. Ny(04,X). Therefore,
1 2 |—1/2
E X — X2 = (I 72‘ .
{exp{— 5 1%1 = Xal*}} = [La+
Now note that the second term can be written as

1
E{ exp{ 51X, — X4/}

1 1 1 B 1 B
= /exp{—”xl - x2||2}7exp{ — fx]—(HlﬁH;r) 1 — *X;(H?EH;—) 1x2}
2d (%)d‘z‘ 2 2
XmdXQdVO(Hl)dl/o(Hz)
~1 1/2 1/2
‘2’ ‘leﬂﬂ ‘HQEHQT‘
_ / zdvo(H)dvo (H)
4(HiSH] + HySH]) + 14|
1 -1/2
_ / ~(HiSH] + HoSH) + 1y dvo(Hy)dvg(H).

Similarly, one can also show that
1 1
E{ exp{—%HXl - X513} = / b(HEHT +3)+1y dvo(H).

This completes the proof. |

‘71/2



Chapter 4

Distribution-free Tests of Spherical Symmetry

The test of spherical symmetry proposed in Chapter 3 is consistent against general alternatives and
applicable to high-dimensional data. However, it uses a resampling algorithm for calibration, which
makes it computationally demanding. In this chapter, we propose some graph-based distribution-

free tests for spherical symmetry which takes care of this problem.

Lemma 3.1 showed that a random vector X follows a spherically symmetric distribution if
and only if the distribution of X and that of its spherically symmetric variant X’ = | X||U (where
U ~ Unif(S4 1) and independent of X) are identical. In this context, we have the following result,
which is a direct analog of Theorem 2 of Maa, Pearl & Bartoszyiiski (1996).

Lemma 4.1. Let X1, Xs be two independent realizations of X ~ P, and X', XY, be their spherically
symmetric variants. Assume that P is absolutely continuous with square integrable density function
p(-). Also, consider a function h(-,-) that satisfies (a) h(x,y) = 0 if and only if x =y, (b)
h(x + a,y +a) = h(x,y) for all a € R? and (c) the class of sets Sy = {x|h(0,x) < t} regularly

shrinks towards 0 ast | 0. Then, we have

h(X1,Xs) 2 h(X1,X5) 2 h(X/,X5) if and only if P is spherically symmetric.

We refer the reader to Chapter 7 of Wheeden ¢ Zygmund (1977) for regularly shrinking
sets and their consequences in the Lebesgue point theorem. In the literature, h(x,y) is popularly

chosen as the £5 distance between x and y. Hence, we have

X1 — Xal| Z X1 — X5 Z X} —X}%|| if and only if P is spherically symmetric.

The left column in Figure 4.1 gives the density estimates of the logarithm of these three
types of Euclidean distances when 50 observations are generated from Ny(04, 2) (with d = 10 and
d = 100), where X has all diagonal entries 1 and all off-diagonal entries (d — 1)/d (here we take
the log transformation of the distances to avoid the restriction on their supports). The difference
between these three distributions is evident from this figure. Note that since ||X;| = [|X}| and
|Xs|| = [|X5]], the difference between [|X; — X[, | X1 — X}|| and ||X] — X}|| mainly comes from
the inner products X Xy, X X} and X}"X). However, here we have E[X] X,] = E[X{ X}] =
E[X}"X5] = 0. But, Lemma A4.2 (see Section 4.7.1) shows that as d increases, the asymptotic
order of E(X] X3)? turns out to be higher than those of E(X] X5)? and E(X/ ' X5)2. Figure 4.1
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(a) log(Euclidean distance) for d = 10 (b) log(squared inner-product) for d = 10
(c) log(Euclidean distance) for d = 100 (d) log(squared inner-product) for d = 100
g 2 -

S S T e+ 5 s w

Fig. 4.1 Densities of the logarithm of || X1 — Xa|| (black), || X1 — X5 (blue) and || X] — X5|| (red) and
those of the logarithm of (X X3)? (black), (X| X5)? (blue) and (X" X4)? (red) when 50 observations are
generated from Nq(04,X), where X = ((045)) has o;; =1 for i = j and 0;; = (d —1)/d for i # j.

also supports that. Clearly, this difference becomes more prominent if we look at the densities of
the logarithm of squares of corresponding inner products. The right column in Figure 4.1 shows
that (X{ X5)? is stochastically larger (X] X5)? and (X} ' X})2. The difference is more significant
in the case of d = 100. This phenomenon gives us the motivation to construct tests based on the

squares of the inner products, which are described in the following sections.

4.1 STRING SIGNS AND STRING RANKS
Suppose that X1, Xs,..., X, ud
X; (i =1,2,...,n). Define Z; = X; and Z,; = X} for i = 1,2,...,n. To test whether P is
spherically symmetric, we consider an edge-weighted undirected complete graph Ks, on the 2n
vertices Z1,Zo, ..., Zoy, where 0(Z;,Z;) = exp{—(éZZTZj)Q} is the weight (cost) associated with
the edge joining Z; and Z; (1 <i < j < 2n). We consider a path of length n — 1 that traverses

P, and X, = ||X;||U; is the spherically symmetric variant of

through either X; or X/ for each i = 1,2,...,n, and we call it a covering path. Clearly, there
are 2"n! many covering paths. But for every path, there exists another path in the reverse order.
If we consider them as the same path, the number of distinct covering paths turns out to be
2"~ 1pl. When the observations come from a continuous distribution, each of these 2" 'n! paths

have different costs (the cost of a path is defined as the sum of the costs of its edges) with probability
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one. Among these paths, we choose the one with the minimum cost, and it is called the shortest
covering path P (see Biswas, Mukhopadhyay € Ghosh, 2015 for the use of shortest covering path

in the context of one-sample location problem). Note that finding this path is equivalent to finding

n—1
(S,II) = arg min ZQ(Y57i7Tri7YS”i+177Ti+1) , (4.1)
se{o 1} | =
TES,
where S, is the set of all permutations of {1,2,...,n} and for any s = (s1,s2,...,8), Ys,i =

5 X;i+(1—5)X} (ie., Y; =X;ifs; =1and Y; = X} if s; = 0) for all i = 1,2,...,n. Here IT gives
us the arrangement of n observation along P. This leads to a new notion of ranks. The position of
X; (or X}) along P is called the rank of X;, and it is denoted by R; (i = 1,2,...,n). One can notice
that TI"!, the inverse permutation of II, gives the rank vector R = (Ry, Rs,...,R,). Similarly,
S = (51,52,...,5,) can be viewed as a sign vector (instead of 1 and —1, each of its elements takes
the values 1 and 0), where S; gives the information whether X; or X} lies on the path P. Since
these signs and ranks are computed along the shortest covering path P, which can be viewed as a
string joining n observations or their spherical analogs, we shall refer to them as string ranks and

string signs, respectively. Note that they satisfy the following properties.

Theorem 4.1. Let X1, Xo,..., X, be independent realizations of a random vector X following a
continuous distribution P. Also, define S and R as the vector of string signs and string ranks of

{X1,Xo,...,X,}. Then, we have the following results.
(a) If P is spherically symmetric, S ~ Unif({0,1}"), R ~ Unif(S,,) and they are independent.

(b) Even if P is not spherically symmetric, R ~ Unif(S,) and for any given R or II =

(m1, T2, ..., mp), we have the following weak dependence structure of S.
D
Sm ‘ S7r27"‘ JSWn = Om | Sﬂm
D

Sﬂ'n | S7r1v T 7S7rn71 - Sﬂn ’ Sﬂ'n717

D .
Sri | Seisor 3 Sei_1sSmias Smn = Say | Sri_yy Sy fori=2,...,n— 1.

4.2 TESTS BASED ON STRING SIGNS AND STRING RANKS

From part (a) of Theorem 4.1, it is clear that under the null hypothesis of spherical symmetry,
the distribution of (S, R) matches with the joint null distribution of univariate signs and ranks
used in one-sample testing problem (e.g., sign test or signed rank test). So, any test statistic
computed based on these string signs and sting ranks has the distribution-free property, and its
null distribution matches with that of the corresponding univariate statistic based on usual signs
and ranks. For instance, one can consider a test based on the sign statistic Tg = >_.- | S; or the
runs statistic Tp = 14+ S0 ' I{ Sy, # Srio1}- Note that the values of Ts and Tr remain the
same if the path P is traversed in the reverse order. For any linear rank statistic of the form

Trr = Yiq Sia(R;) = Y. Sra(i), we have this property if the score function a(-) satisfies
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a(i)=a(n—i1+1) for all i = 1,2,...,n (taking a(i) = 1 Vi, we get T). In the case of the signed
rank test, we have a(i) = i, which does not satisfy this property. So, we do not recommend this

test.

Part (b) of Theorem 4.1 gives us some idea about the behavior of S and R under the
alternative hypothesis (i.e., when P is not spherical). From Figure 4.1 and also from Lemma A4.2
(see Section 4.7.1), it is quite transparent that when P is not spherical, the total cost of any covering
path will be small if most of the edges are of the form (X;, X;). So, P is supposed to contain more
X;s than X’s. As a result, most of the elements of S turn out to be 1, and that leads to a higher
value of Tg and a lower value of Tr. So, we can reject the null hypothesis accordingly, where
the cut-offs can be obtained from the statistical tables available for the corresponding univariate
nonparametric tests. To demonstrate this, let us recall the example involving 50 observations from
10-dimensional and 100-dimensional normal distributions. In each case, we repeated the experiment
1000 times. Figure 4.2 shows the bar diagram of the observed values of T's and T in these 1000
cases. We can see that in all these cases, Ts took higher values than the cut-off (31) for the sign
test at 5% nominal level. Similarly, Tk turned out to be smaller than the corresponding cut-off

(20) in all cases. Interestingly, both for sign and runs tests, the evidence was stronger for d = 100.
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Fig. 4.2 Distributions of Ts and Tr over 100 simulations for d = 10 (black bar) and
d =100 (grey bar) in the example involving normal distribution considered in Figure 4.1.

4.2.1 ALGORITHM FOR FINDING THE SHORTEST COVERING PATH

To find the shortest covering path, one needs to consider 2"~ 'n! distinct covering paths and choose
the one with the minimum cost. So, unless the sample size is small, finding the shortest covering
path P by complete enumeration becomes computationally infeasible. In fact, the optimization
problem in (4.1) is equivalent to the well-known traveling salesman’s problem, which is NP-hard
(see Garey & Johnson, 1979). However, following Biswas, Mukhopadhyay & Ghosh (2015), we
can use a heuristic method based on Prim’s algorithm (Prim, 1957) for finding P. Consider the
undirected complete graph /o, with the cost matrix © = (( 0(Z;, Z;) ))i1<i,j<2n, where Z; = X;
and Z,.; = X} for i = 1,2,...,n as defined before. First, we select the pair (i,7) (where i # j
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and |i — j| # n) such that 0(Z;, Z;) is minimum among the cost associated with such edges. We
consider the edge (Z;, Z;) as a path P of length 1 with & = {1, j} as its two end points. We define
the sets Ag = {i,7} and A1 = {k: k # Cand |k — {| # n for any £ € Ap}. At the next step, we
find ¢ € Ay and r € & such that §(Z, Z,) = min reca, vcg, (21, Z¢). We join the edge (Z4, Z,)
to P to get a path P <— PU (Z,, Z,) of length 2. The sets of visited nodes Ay and the end points
&o of the path P are updated as Ag < Ag U {q} and & «+ (£ U{q}) \ {r}. The set A; is updated
accordingly. We use this method repeatedly until we get |Ag| = n and |A;| = 0. The path P of
length n — 1 thus obtained is considered as the shortest covering path. Clearly, it contains either

X; or its spherically symmetric variant X/ for every i = 1,2,...  n.

We use a toy example with 5 bivariate observations to demonstrate this algorithm. Figure
4.3(a) shows these 5 observations (blue dots) and their spherically symmetric variants (red dots).
First, we join Z3 = X3 and Z9 = Xy, the pair having the minimum cost (note that we do
not consider the pairs (Z; = X;, Z54; = X}) for i = 1,2,...,5) and consequently remove their
spherical variants Zs = X% and Z7; = X/, from future considerations. So, we have Ay = {2,3},
A; = {1,4,5,6,9,10} and & = {3,2}. At the next step, we join Z, = X4 and Z3 = Xa.
This leads to Ag = {2,3,4}, A1 = {1,5,6,10} and & = {4,2} (see Figure 4.3(b)). Next, we
join Zs = X5 and Z, = X4 to get Ag = {2,3,4,5}, Ay = {1,6} and & = {5,2} (see Figure
4.3(c)). Finally, Zy = Xy and Zg = X] are joined (see Figure 4.3(d)). As a result, we get
X5 — Xy —X3—Xo— X (or X| —Xs—X3—X,—Xj5) as the shortest covering path P. So, we have
string signs 51 = 0,52 = S3 =54 = S5 = 1 and stringranks R1 =5, Ro =4, R3 =3, R4 =2, Rs =1
(or Ri = 1,Re = 2,R3 = 3, Ry = 4, R5 = 5 if traversed in the reverse order). Therefore, the sign
statistic (number of blue dots on P) Tg turns out to be 4, and the runs statistic (the number of

runs in the sequence red and blue dots on P) T turns out to be 2.

Clearly, this is a heuristic algorithm, and it may lead to a sub-optimal solution of (4.1)
in some cases. However, it is clear that under the null hypothesis, S and R have the same
distribution irrespective of whether they are computed along the actual shortest covering path
P or along the shortest covering path computed using the algorithm (call it Py). This is because
of the exchangeability of X1, Xa,..., X, and their symmetric variants. But, in some cases, the
values of Tg and Tr may differ if they are computed along these two paths. To investigate this, we
generate 5 observations from Ny(04, X¢), where Xy = diag(d, 1,1,...,1). In this case, it is possible
to find the actual P by complete enumeration. We compute Ts and T along the paths P and Py
and calculate the corresponding differences. For each value of d (3,30, 300, 3000), the experiment
is repeated 1000 times, and the distributions of the differences are given by bar plots in Figure
4.4. We observe that for both T and Ty, the difference concentrates around zero with increasing
dimensions. So, in moderate and higher dimensions, the test statistic computed along P matches

with that computed using Py in almost all cases. We have seen that in high dimensions, the actual
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Fig. 4.3 Algorithm for constructing the shortest covering path when © is used as the cost matrix.

shortest covering path P is supposed to contain all X;s under the alternative. In almost all cases,
Py also leads to a similar path, but the arrangements of the X;s along these two paths differ in
some cases. Therefore, though our heuristic algorithm leads to a sub-optimal solution in terms of
the cost of the path, in most of the cases, Py and actual P lead to the same values of the test

statistics. This justifies the use of our heuristic algorithm for finding the shortest covering path

(a) Difference of Sign Statistics (b) Difference of Runs Statistics
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Fig. 4.4 Barplots of the difference between (a) the sign statistic and (b) the runs statistic constructed based
on P and Py when Xy,...,X5 are generated independently from Ny(04,30), where
Yo =diag(d,1,1,...,1) for d = 3 (black), 30 (dark gray), 300 (gray), and 3000 (light gray).
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and computing the test statistics, especially for moderate or high-dimensional data.
4.2.2 INNER PRODUCTS VS. COSINE SIMILARITIES

Since ||X;|| = || X}|| for all i = 1,2,...,n, instead of using the cost based on squared inner products
(X, X;)?, (XiTX;)2 and (X X;)2, one may be tempted to use a cost based on squared cosine
similarities 2, = (”Xﬂ%)z c2, = (Hxﬂf’;”)2 and €2, = (%)2 (1<i,j<n). If the
underlying distribution is spherically symmetric, these scaled versions of inner products C;;, C;j;r and
Cy i have the same distribution as U, ' Uy, where Uy and Uy are i.i.d. Unif(S?1). But, they have
the same property for a sub-class of angular symmetric distribution (i.e., X/||X]| 2 —X/||X]|) that

are not spherically symmetric. In such cases, the resulting test fails to reject the null hypothesis.

To demonstrate this, we consider a simple example involving an angular symmetric
distribution. We generated 200 independent observations on a bivariate random vector X = RU
where U = (Uy, Us) is uniformly distributed on the perimeter of the unit circle (i.e., (Uy,Us) =
(cos(0),sin(#)), where 6 ~ U(0,27)) and R = R I{U Uy > 0} + I{U1U2 < 0}, for Ry ~ Unif([1, 5])
independent of U. Using these observations, we computed Ts and Tr based on squared inner
products and those based on squared cosine similarities. The boxplots in Figure 4.5 show the
distribution of these sign and runs statistics based on 1000 repetitions of the experiment. Note
that here R and U are not independent. So, the distribution of X is not spherically symmetric.
However, the sign and runs statistics based on the squared cosine similarities could not figure it
out. The distributions of these statistics were the same as their corresponding null distributions.
But for our proposed cost function, the sign statistic had higher values, and the runs statistics had
lower values leading to the rejection of the null hypothesis in most of the cases. It is clear that in
this example, where X;/||X;|| ~ Unif(S9~1), any test based on X;/||X;| (i = 1,2,...,n) will fail
to detect deviation from spherical symmetry. It only tests whether the distribution of X/||X]| is
uniform but does not test for the independence between ||X|land X/||X]|. The tests proposed by
Zou et al. (2014) and Feng & Liu (2017) have a similar problem. This may be a reason why these
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Fig. 4.5 Boxplots showing the distributions of sign and runs statistics (based on 100 replications)
when 200 observations are generated from angular symmetric distribution. The solid line
indicates the expectation of the test statistic under spherical symmetry.
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authors proposed their tests assuming elliptic symmetry of the underlying distribution.

4.3 HIGH DIMENSIONAL BEHAVIOR OF THE PROPOSED TESTS

Let D = {X;,Xs,...,X,} be a data set consisting of n independent observations form a d-
dimensional distribution P. We have already seen that if P is spherical, any function of the vectors
of string signs S and string ranks R has the exact distribution-free property (see Theorem 4.1). In
particular, we consider the runs statistic Tr and the sign statistic T's. The later one can be viewed
as a linear rank statistic of the form Trr = > | Sr,a(i), where the score function a(-) is given by
a(i) =1lorforalli=1,2,...,n. From part (a) of Theorem 4.1, it is transparent that for any given
score function a(-), the finite sample null distribution of 77 g is the same as the null distribution of
the corresponding univariate linear rank statistic. From the description of our tests, it is also clear
that they can be conveniently used for high-dimensional data even when the dimension is much
larger than the sample size. In the next two sub-sections, we study the asymptotic behavior of
these tests in HDLSS and HDHSS asymptotic regimes.

4.3.1 BEHAVIOR OF THE PROPOSED TESTS FOR HDLSS DATA

Hall, Marron & Neeman (2005) showed that under certain regularity conditions on moments and
weak dependence of the measurement variables, observations from a high-dimensional distribution
tend to lie on the vertices of a regular simplex when the dimension diverges to infinity. Ahn et al.
(2007); Jung € Marron (2009); Yata € Aoshima (2012) also provided another set of conditions
based on the variance-covariance matrix for a similar geometry of high dimensional data. This
geometric feature of the high-dimensional data cloud has been used extensively to study the
behavior of several statistical problems. But, the HDLSS behavior of the tests of spherical symmetry
is somewhat missing from the literature. There is a fundamental difficulty in this context. To

understand it properly, let us first recall the following theorem by Jung é Marron (2009).

Theorem 4.2. Let X1,Xo,..., X, be independent copies of X ~ P, a d-dimensional distribution
with the following properties.

(A41) EX)=0

(A4.2) Let X = UAUT be the spectral decomposition of B = Var(X), where A = diag(Ai, Ao, ..., \g)
is the diagonal matriz containing the eigenvalues A1 > Ao > -+ > Ag of 2, and U =
[ug,ug,...,uy] is the orthogonal matriz whose columns are the corresponding eigenvectors.

The coordinates of Z = A=/2UTX have uniformly bounded fourth moments and the p-mizing

property under some permutation.
2
Also, assume that € = (Z?Zl A?)/(Z?_l )\i) — 0 as d — oo. Then (Zfil \i)1Sp 51, the

identity matriz, as d — oo, where Sp = (X X;))1<ij<n-

The condition € — 0 as d — oo is also known as the sphericity condition. As a consequence
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of Theorem 4.2, under the given conditions (Z‘ij:l i) 7H|X 4 ||? and (Zle ) ~H(X | X3) converges
in probability to one and zero, respectively. So, the data cloud from P behaves as if they are
coming from a spherical distribution. Therefore, any test of spherical symmetry based on pairwise
distances or inner products has asymptotic power close to the nominal level « in high dimensions.
Hence, for good performance of a test of spherical symmetry in HDLSS situations, one needs to

operate outside this sphericity condition. The following theorem gives us a direction in the context.

Theorem 4.3. Let X1, Xs,...,X,, be n independent copies of X, which follows a d-dimensional
non-spherical distribution P. Also, assume that as d diverges to infinity
p [ d(X{ X3)?
X121 X212
Then S, the sign vector, converges to 1,, = (1,1,...,1) in probability as d diverges to infinity.

> M} —1 forall M > 0. (4.2)

Since {%}@1 and {M}dx are two tight sequences of random variables
(see the proof of Theorem 4.3), condition (4.2) ensures that 6(X;,Xs3) becomes smaller than
0(X1,X5) and 0(X],XY%) with probability tending to 1 as d grows to infinity. One can show that
the condition (4.2) holds for the spiked covariance model considered in Jung & Marron (2009). So,

as a corollary, we have the following result.

Corollary 4.1. Let X1, Xg be two independent random variables from a d-dimensional distribution
P satisfying (A4.1) and (A4.2) mentioned in Theorem 4.2. Also, assume that

(a) A\1/d" — ¢1 for some k > 1 and ¢; > 0,
() Yo N /( Xi)? = 0 as d — 00 and 331, A = O(d).
Then S converges to 1,, = (1,1,...,1) in probability as d diverges to infinity.

As a consequence of Theorem 4.3, for any given sequence of scores {a(i)}i<i<n, TLr =
>oiy Sra(i) converges to Y., a(i) in probability as d diverges to infinity. So, if these scores
{a(i) }1<i<n are non-negative, which is usually the case, Ty takes its largest value with probability
tending to 1 as d diverges to infinity. In the case of the sign statistic, P(Ts = n) — 1 as d — 0.
Now, under Hy, we have P(Ts > n) = 1/2"™. So, for any fixed level a (0 < o < 1), unless the
sample size is very small (i.e., 2" < 1/«), the power of the proposed sign test converges to 1 as the
dimension increases. Similarly, under the condition of Theorem 4.3, the runs statistic Tr converges
to 1 in probability. Now, under Hy, we have P(Tr < 1) = 1/2""1. So, if 2°~! > 1/a, we have the

consistency of the proposed runs test of level o in the HDLSS asymptotic regime.

Now, we consider three simple examples involving normal distributions to study the
empirical performance of the proposed tests in high dimensions when the nominal levels of the

tests are taken as 0.05.

Example 4.1. We consider a d-variate normal distribution with mean 04 and variance covariance
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matriz 3 = ((045)), where oy; is 1 if i = j and 0.6 if i # j.

Example 4.2. Here we consider a d-variate normal distribution with mean 04 and a diagonal
variance covariance matriz X = ((045)), where o5 = 1 for 1 < i < [d/2] and oy = 2 fori > [d/2]+1.
Example 4.3. Here also, we deal with a d-variate normal distribution with mean 04 and a diagonal

variance-covariance matriz. The matriz has the first diagonal element d and the rest equal to 1.

For each example, we considered 10 choices of d (d = 2¢ for i = 1,2,...,10), but a fixed
value of n (n = 50). Each experiment was repeated 500 times, and the empirical power of a test

was computed as the proportion of times it rejected Hy. The results are reported in Figure 4.6.

One can check that the normal distributions in Examples 4.1 and 4.3 satisfy conditions (a)
and (b) of Corollary 4.1. So, as expected, the powers of the sign and runs tests sharply raised to
1. But in Example 4.2, we had a diametrically opposite picture, where both sign and runs tests
failed to have satisfactory performance. Note that in this example, the sphericity condition (see

Theorem 4.2) is satisfied, which could be the reason behind the poor performance of these tests.

Example 4.1 Example 4.2 Example 4.3
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Fig. 4.6 Powers of the sign test (@) and the runs test (@) when 50 observations are generated from the
d-variate normal distributions (with d = 2',i = 1,2,...,10) considered in Evamples 4.1-4.8

4.3.2 BEHAVIOR OF THE PROPOSED TESTS IN HDHSS ASYMPTOTIC REGIME

In this section, we investigate the behavior of the proposed tests for high-dimensional data sets
having a large number of observations. This type of data set commonly arises in many areas of
sciences, including biology, ecology, and medical sciences. Here, we study the asymptotic behavior
of the tests when the dimension and the sample size grow simultaneously, but their divergence rates
are arbitrary. Since the null distributions of Trr (or Ts in particular) and Tg do not depend on
the dimension of the data, their limiting null distributions in the HDHSS regime remain the same
as they are in the classical asymptotic regime. The asymptotic null distribution of the linear rank

statistic T g is given by the following theorem.

Theorem 4.4. Let X1, Xo,...,X,, be independent realizations of a d-dimensional random vector

X ~ P. Assume that P is spherically symmetric and the sequence of scores {a(i)}1<i<n satisfies
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the following conditions
Zn:QQ(i)—M)o and  ma ﬂ—m as n — 0o (4.3)
£ i<ign Sy a2(i) | '
Then, as n and d both grow to infinity, we have
Trr — %712?21 a(i) 2 n, (0’ 1> ‘
i1 a2(4) 4
In particular we have n=/2(Ts — n/2) =t N(0,0.25). Theorem 4.4 holds even when d is

fixed and n diverges to infinity. So, irrespective of the value of d, when n is large, this test can

be calibrated using the quantiles of the normal distribution. Now, we investigate the asymptotic

behavior of T g for non-spherical distribution. In this context, we have the following result.

Theorem 4.5. Let X1, Xa, ..., X, ben independent copies of a d-dimensional random vector X ~
P. Assume that the sequence of scores {a(i)}1<i<n satisfies condition (4.3) and as n — oo,

n—1 . .

. 1

> im102(i)
for some C' > 0. If P is not spherical, then there exist finite constants o011 and o12. such that
Trr — E[TLR]
> iy a2 (i)

Remark 4.1. For any fized d, one can derive the large sample distribution of T, r against a sequence

lim sup Var =011+ 2C0o19.

n,d—o0

of contiguous alternatives (see Chapter 12 Lehmann € Romano, 2021 for contiguous alternatives)
and prove its Pitman efficiency (see Section 4.7.2). This is in sharp contrast to the results in
Bhattacharya (2019), where the author proved that in multivariate setup, most of the graph-based

distribution-free two-sample tests turn out to be inefficient in the classical asymptotic regime.

Now from Theorems 4.4 and 4.5, we have [Tg — E(Tg)]/v/n = Oy(1) both under the null
and alternative hypotheses. Hence, we have |Ts — E(Ts)|/n £ 0. One can also show that
%E(Ts) —P[0(Y 5,1, X2) +0(X2,Y 5,3) <O(Ys,,1,X5) +0(X5,Y g, 3)] ‘ — 0 asn,d— oo,
where Y; = 5;X; + (1 — S;)X] for i = 1,2,3 (see Lemma A4.3 for the proof). Let us define
ps = liminf P [0(Y 5,1, X2) +0(X2,Y 553) < 0(Y 5,1, X5) +0(X5, Y, 3)]

as the limiting value of the probability of inclusion of any X; (i = 1,2,...,n) in P. Under Hy,
because of the exchangeability of X; and X}, pg turns out to be 0.5. However, in view of Theorem
4.3 and Lemma 4.2, under Hj, we expect 6(X7,X3) to be stochastically smaller than 0(X;,X})
and 0(X/,XY}). So, pg is expected to be higher than 0.5. Since we reject Hy for higher values of

Ts, under the condition pg > 0.5, the consistency of this sign test follows from Theorem 4.5.

Since the null distribution of Tk does not depend on d, its limiting null distribution in the

HDHSS setup is the same as that of the univariate runs statistic. It is given by Theorem 4.6.
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Theorem 4.6. Let X1, Xo,..., X, be n independent realizations of a d-dimensional random vector
X ~ P. If P is spherically symmetric, as n,d — 0o, we have
Tr—(n+1)/2 2>/\/'1 <0’1> .
Vvn 4
This asymptotic null distribution of T remains the same even for any fixed d as n grows
to infinity. So, when the sample size is large, whatever be the dimension of the data, this runs test
can be calibrated using the quantiles of a Gaussian distribution, and for any fixed nominal level
«, the cut-off remains the same for all values of d. Now, one may be curious to know about the
asymptotic behavior of T for non-spherical distributions when n and d both diverge to infinity.

This is specified in the following theorem.

Theorem 4.7. Let X1, Xo, ..., X, be n independent copies of a d-dimensional random vector X ~

P. If P is non-spherical, there exists a finite positive constant o® such that
Tr —E[TR]| _ o2
vn '

Also, if the condition (4.2) is satisfied, Tr converges in probability to one as d diverges to infinity.

limsup Var
n,d—o00

Theorem 4.7 shows that [Tr — E(Tr)|/n L0 as n,d — co. We know that under Hy, the
limiting value of E(Tg)/n and hence that of Tr/n is 0.5 (follows from Theorem 4.6). But, as we
have observed before, under the alternative, most of the string signs are expected to be one, and as
a result, pg = limsup,, 4 ,., E(Tgr/n) is expected to be small. Since we reject Hy for small values

of Tk, when pr < 0.5, the runs test turns out to be consistent in the HDHSS regime.

Example 4.1 Example 4.2 Example 4.3
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Fig. 4.7 Powers of the sign test (@) and the runs test (@) when n = d + 20 observations are generated
from the d-variate normal distributions (with d = 2¢,i = 1,2,...,10) considered in Examples 4.1-4.83.

We studied the performance of sign and runs tests in Examples 4.1-4.3 for 10 values of d
(ie.,d =2 fori =1,2,...,10) as in Section 4.3.1, but this time instead of considering a fixed value
of n, we took n = d+ 20 so that it also grows with the dimension. Each example was repeated 1000
times to compute the empirical powers of the tests as before. In these three examples, we have pg
larger than 0.5 (1, 0.577 and 1, respectively) and pr smaller than 0.5 (0, 0.422 and 0, respectively).

So, as expected, in all these cases, sign and runs tests performed well for large values of n and d
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(see Figure 4.7). In Examples 4.1 and 4.3, the powers of these tests raised sharply as before. But
unlike what happened in the HDLSS setup, the powers of these tests increased to 1 in Example 4.2

as well. Since we get more information as the sample size increases, such results are expected.

4.4 FURTHER MODIFICATIONS OF THE PROPOSED TESTS

Recall that due to the sphericity condition in the HDLSS setup, our proposed sign and runs tests
failed to have satisfactory performance in Example 4.2 even though the diagonal elements of the
variance-covariance matrix were different. This motivated us to look for further modifications of
these tests. Note that the performance of these tests depends on the construction of the shortest
covering path using © as the cost matrix. One can notice that the ordering of (X1, X3), 6(X1,X5)
and 0(X/, X}) depends on that of (X] X3)2, (X] X4)2 and (X} ' X})2. Now, we can break (X] Xy)?

into two parts containing square terms and cross-product terms as

d
(X[ X5)? = ZX12¢X22¢ + Z X1iX2; X1 Xo;.
i=1 1<i#j<d
If X; and Xy are d-variate i.i.d. random variables with mean 0; and dispersion matrix X =
((oi5)), expectations of these two parts are aqg = Z;‘i:l o2 and cq = 25:1 Z?(#)Zl 02-2]-, respectively.
However, for (X[ X4)2 (and also for (X ' X%)2), these two expected values are by = (3., 04:)%/d
and 0, respectively (see Lemma A4.2). So, the differences turn out to be vg = ag — by = Zgzl [0 —
(é E?:l 04)]? and ¢y, respectively. While the first one measures the variation among the diagonal
elements of 3, the second one tells us how different the off-diagonal elements of 3 are from 0. In
Example 4.1, where we get a signal from the second part (i.e., ¢q > 0), the proposed tests worked
well. But, in Example 4.2, we have no signal from the second part. So, the difference in cross-
products serves as a noise, and its order Op(d?) is higher than that of the signal vy = O(d) obtained
from the difference in square terms. Therefore, the proposed test could not have satisfactory
performance. In Example 4.3 also, the difference in cross-products serves as a noise of order Op(d?),
but here the signal vy is of the order O(d?). So, the powers of sign and runs tests increased with
the dimension. However, from the above discussion, it is clear that if there is no signal from the off-
diagonal part (i.e., ¢ = 0), our tests can perform better if we can get rid of this noise term involving
cross-products. One possible option is to ignore the cross-product terms and construct the shortest
covering path based on a different cost function. We can consider an edge-weighted complete graph
Kon on 2n vertices’ Z1, Zo, ..., Zo, as before but use g(Zi, Z;) = exp{—é 2:1 quZ]Zq} as the
cost of the edge joining Z; and Z; (1 <i < j < 2n). Using this cost function, we can construct the
shortest covering path as before and define the sign and rank vectors along that path as in Section

4.1. So, we look for new sign and rank vectors S and R = 1:[71, where
(S, TI) = arg min [Z OY oy Yar )] (4.5)

se{0,1}™ -5
weSy ¢
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It is easy to check that the null distribution of (S, R) matches with that of (S, R) (see part (a) of
Theorem 4.8). So, the null distributions of the corresponding sign statistic Ts = Yo S; (or any
linear rank statistic 7p,p = Yoy S;a(R;) = Yoy g;ia(i)) and runs statistic T = 1 +ynt 1[Sz, #
§7”ri .,] match with the corresponding univariate statistics, and the cut-offs can be obtained as before

from the statistical tables available for the univariate sign (or linear rank) and runs tests.

Example 4.1 Example 4.2 Example 4.3
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Fig. 4.8 Powers of the tests based on Ts (@) and Tr (@) when 50 observations are generated from the
d-variate normal distributions (with d = 2* for i =1,2,...,10) considered in Examples 4.1-4.3.
Figure 4.8 shows the performance of the sign and runs tests based on 'fs and TR in Examples
4.1-4.3. In Example 4.3, where the signal comes from the diagonal part, they performed better than
our previous sign and runs tests. They also performed well in Example 4.2, where the previous
sign and runs tests did not have satisfactory performance. However, in Example 4.1, where we do

not have signals from the diagonal part, this new sign and runs tests had poor performance.

This high-dimensional behavior of the tests based on T, s and TR can be further explained

by part (b) of Theorem 4.8. But for that, we need the following technical assumption.

(A4.3) Let X;,X2 be two independent copies of X ~ P and X},X) be their spherically
symmetric variants. There exists an v > 0 such that for W = d77 Zgl:l(Xl)?(Xg)?,
d=7 Z‘Ll(Xl)i(Xé)? and d~7 Zle(X’l)i(X’Q)g, (W — E[W]| L 0 as d — oo, and at least

one of the limits is non-zero.

Similar assumptions were also considered by Hall, Marron & Neeman (2005); Jung & Marron
(2009); Yata & Aoshima (2012); Sarkar & Ghosh (2020); Banerjee & Ghosh (2025); Dutta, Sarkar
€ Ghosh (2016) for studying high dimensional behaviour of different statistical methods. This
assumption is satisfied in Examples 4.2 and 4.3 for v = 1 and v = 2, respectively. Under this

assumption, we have the following result.

Theorem 4.8.Let X1,Xs,...,X,, be n independent realizations X following a d-dimensional

continuous distribution P.

(a) If P is spherically symmetric, S ~ Unif({0,1}"), R ~ Unif(S,), and they are independent.
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(b) Let X denote the covariance matriz of X and D = diag(3X). Suppose that P is not spherically
symmetric, and it satisfies Assumption (A4.3). If

.. 1 9 1 2
hégggf {mtrace(D ) — = (trace(D)) } > 0, (4.6)
the sign vector S converges to 1, = (1,1,...,1) in probability as d diverges to infinity.
Note that using Jensen’s inequality we have d trace(D?) > (trace(D))?, or - trace(D?) —

dl%w <t1race(D)>2 > 0, where the equality holds if and only if all diagonal elements of D are equal.
So, the condition (4.6) holds when the variance among the diagonal elements of D remains bounded
away from 0 as the dimension grows to infinity. This condition is satisfied in Examples 4.2 and 4.3
but not in Example 4.1. This explains the difference in the performance of the tests based on T S

and fR in these three examples.

Therefore, in HDLSS setup, while the tests based on T and Tk may fail to detect weak
signals in the diagonal part (for instance, in Example 4.2, where all diagonal elements of the
variance-covariance matrix are not same but the sphericity condition holds), those based on Tg and
TR cannot detect signals present in the off-diagonal part (for instance in Example 4.1, where we
have non-zero off-diagonals elements). To overcome these limitations, one can think of combining
the strengths of these two types of tests. For instance, we can use Té” = maX{Ts,Ts} and
Tfi\,/[ = min{T R,fR} as test statistics to boost the performance of the sign and runs tests for a
larger class of alternatives. Naturally, we reject the null hypothesis of spherical symmetry for large
values of the modified sign statistic Té‘/" or small values of the modified runs statistic Téw . The cut-
offs can be computed using an appropriate resampling method (as in Chapter 3), but to keep our
tests simple and computationally efficient, here we use Bonferroni’s method for calibration. Note
that under the null hypothesis, Ts and fg (respectively, Tr and TR) are identically distributed. So,
the cut-off for Té” (respectively, T}]{[ ) can be easily obtained from statistical tables and packages.

One can use tests based on Tg =Tg +T s and Tg =T R+TR as well, but in those cases, Bonferroni’s

Example 4.1 Example 4.2 Example 4.3
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Fig. 4.9 Powers of the modified sign test (@) and the modified runs test (@) when 50 observations are
generated from the d-variate normal distributions (with d = 2¢ for i =1,2,...,10) in Examples 4.1-4.3.
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method cannot be used, and the user needs to go for the resampling algorithm for calibration. So,

these tests become computationally expensive, and here, we do not consider them.

Figure 4.9 shows the performance of the modified sign and runs tests in Examples 4.1-4.3.
In all three examples, they had excellent performance. So, it seems reasonable to use T é\/l or ley as

the test statistic. The following theorem shows the consistency of these tests in the HDLSS regime.
Theorem 4.9. Let X1,Xo,...,X,, be n independent realizations of X, which follows a d-

dimensional distribution P which is not spherically symmetric. Let X be the variance-covariance

matriz of X and define D = diag(X). Also, assume one of the following conditions.

d(X{ X)?

(a) For allM>0,P W

> M} — 1 as d diverges to infinity,

2
(b) Assumption (A4.3) holds and liminf; {dlvtrace(Dg) - o (trace(D)) } > 0.

Then Tg converges in probability to its mazimum value n and T }]%/[ converges in probability to its
minimum value 1 as d diverges to infinity.

Remark 4.2. Under Hy, we have P(TY > n) < P(Ts = n) + P(Ts = n) = 1/2"1. So, for any
fized level « (0 < a < 1), if n exceeds —logy(a) + 1, the power of the modified sign test converges to
1 as d increases. Under Hy, we also have P(TAl < 1) < P(Tgp = 1) +P(Tp=1)=1/2""2 So, for
the consistency of the modified runs test in the HDLSS asymptotic regime, we needn > — logy(a)+2.

From our discussion, it is clear that if the variance-covariance matrix of the underlying
distribution differs from a scalar multiple of the identity matrix, our modified sign and runs tests
can work well in the HDLSS regime. Now, one may be curious to know what happens if the
underlying distribution is not spherically symmetric, but the variance-covariance matrix is a scalar
multiple of the identity matrix, for instance, if the coordinate variables are i.i.d. but the distribution

is not spherical. To investigate it, we consider two simple examples.
Example 4.4. Here we deal with a uniform distribution on the d-dimensional hypercube [—1,1]¢.

Example 4.5. The distribution of X = (X1,...,Xq) has i.i.d. Laplace (0,1) coordinate variables.

For each of these examples, we consider a sample of size 50 and use six different values of
d (d=2 fori=1,...,6). Each experiment was carried out 1000 times to compute the empirical

powers of different tests, and they are reported in Figure 4.10.

The sign test and the runs test based on Tg and Tr had very poor performance in these
examples. In Example 4.4, the modified sign test also failed, but the modified runs test had an
excellent performance. However, in Example 4.5, the modified sign test performed well. The
power of the modified runs test also increased with the dimension, though the rate of increment
was relatively slower. This result shows that the proposed modification substantially improves the

performance of the sign and runs tests in some cases.
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Example 4.4 Example 4.5
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Fig. 4.10 Powers of sign test (@), runs test, (@), modified sign test (®), and modified runs test (@) in
Ezamples 4.4 and 4.5 forn =50 and d =2 fori=1,...,6.

To understand the reason behind this behavior of modified sign and runs tests, we look at the
distributions of 6(X;, X;), 8(X;, X)) and (X}, X})s, which are shown in Figure 4.11 for d = 1000.
From our discussions at the beginning of this section, one can show that under Assumption (A4.3),
all of them converge to the same value as d increases. But Figure 4.11 shows us an interesting
phenomenon. Note that the left tails of these distributions play an important role in our methods
as the shortest covering path construction algorithm starts the pair of observations corresponding
to the smallest value of 5, and then the other pairs are joined subsequently. Figure 4.11 shows
that in Example 4.4, we are likely to start with a pair of the form (X}, X’), and subsequently join
more observations from the set {X, X5, ..., X/ }. As a result, both the runs statistic and the sign
statistic are expected to take smaller values. So, the test based on TVR and hence the modified
runs test worked well, but the sign test that rejects Hy for larger values of TVS performed poorly,
and so did the modified sign test. But we observed an opposite picture in Example 4.5. Here, the

shortest covering path is likely to start with a pair of the form (X;,X;), and we are expected to

(a) Example 4.4 (b) Example 4.5
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Fig. 4.11 The density estimates of é(, .) when X1,...,X,, are generated
independently as described in Examples 4.4 and 4.5.
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have a dominance of the original observations on the path. So, the test based on Tg and hence the
modified sign test performed well. The power of the modified runs test also showed an increasing

trend, but its performance was relatively inferior compared to the modified sign test.

However, the powers of all these tests showed increasing trends when the sample size
increased with the dimension (see Figure 4.12). In both examples, modified sign and runs tests
had much better performance than what we observed in Figure 4.10. We also observed the same
for the tests based on Tg and Tr. We have already studied the HDHSS behavior of these two tests
in Section 4.3.2. Now, we briefly investigate the HDHSS behavior of our modified tests.

Example 4.4 Example 4.5

Power

logy (d) logy (d)
Fig. 4.12 Powers of sign test (@), runs test, (@), modified sign test (®) and modified runs test (@) in
Examples 4.4 and 4.5 forn=d> 420 and d = 2" fori=1,...,5.

Note that the null distributions of ’fg and fR are identical to those of Tg and Tg,
respectively. Theorem 4.4 and Theorem 4.6 give the asymptotic null distributions of T and Tg
when n and d both tend to infinity (these results hold even when d is fixed and n diverges to
infinity). One can show that TVS and fR have the same asymptotic behavior. However, studying the
asymptotic behavior of the modified tests turns out to be a bit complicated due to the dependence
between these two sign statistics and that between two runs statistics. The following theorem

summarizes the asymptotic null behavior of the modified test statistics.

Theorem 4.10. Let X1,...,X,, be independent realizations of a d-dimensional random vector X ~

P. If P is spherically symmetric, we have the following results.

(a) Assume that o2 = limg_,s P[S; = 1;5; = 1] exists. Then as n and d grow to infinity,
we have n~1/? <maX{TS,T5} - %) et max{Z1, Za}.where (Z1,Z3) follows a bivariate normal

distribution with mean 02, equal variances i and covariance (03 - %)

(b) Assume that 02 = limg_,oo Cov(I{ Sy, # S}, 1{Sx, # Sz, }) exists. Then asn and d grow to
infinity, we have n~1/2 (min{TR,TR} - ”TH) B min{Z{, Z4}, where (Z{,7}) also follows a

bivariate normal distribution with same marginals as (Z1, Z2), but its covariance is (03 — i)
While the cut-off for the tests based on Ts or fg (note that they have the same cut-off)

can be computed easily, finding the cut-off for the modified sign test is difficult to obtain from this
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asymptotic null distribution unless one finds a consistent estimator for the covariance. So, here
also, we use Bonferroni’s method for implementing the modified sign test. The same strategy is
used for the modified runs test as well. From the above discussion, it is quite clear that if the
test based on Tg (respectively, Tr) or that based on Ts (respectively, ZFR), at least one of them is
consistent, the modified sign test (respectively, the modified runs test) turns out to be consistent

in the HDHSS set up. This result is stated in the following theorem.

Theorem 4.11. Let Xq,...,X,, be independent copies of a d-dimensional random vector X ~ P.

If P is not spherically symmetric, we have the following results as n and d both diverge to infinity.

(a) If max { li%ﬂ infE[Y;—S],lim infE[%}} > %, the power of the modified sign test converges to 1.
n,d—oo

n,d— oo

(b) If min { lim sup E[%], lim sup E[T;L—R]} < %, the power of the modified runs test converges to 1.
n,d—o00 n,d—o00

4.5 ANALYSIS OF SIMULATED AND REAL DATA SETS

In this section, we analyze some high-dimensional simulated and real data sets to compare the
empirical performance of our proposed tests with the OT test (Huang & Sen, 2023) and the DT
test (Diks & Tong, 1999). Since the PP test (Fang, Zhu & Bentler, 1993) becomes computationally
prohibitive in higher dimensions, we do not consider it in this chapter. Henceforth, by sign and
runs tests, we shall refer to the tests proposed in Section 4.1, and the modified versions considered
in Section 4.4 will be referred to as modified sign and modified runs tests, respectively. Throughout
this section, all tests are considered to have the nominal level & = 0.05. As in Chapter 3, for the
DT test, we used the bandwidth (0.25)268 in higher dimensions. Each experiment was repeated

1000 times to compute the power of the tests by the proportion of times they rejected Hy.

First, we consider some examples (see Examples 4.6-4.11) involving high-dimension, low-
sample size data. In each of these examples, we generated samples of size 50 and carried out our
experiment for 10 different choices d (d = 2! for i = 1,2,...,10) as before. In Examples 4.6 and
4.7, we deal with elliptic distributions with equi-correlated structures. Example 4.6 is the same as
Example 4.1, and in Example 4.7, we replace the normal distribution with the Cauchy distribution.

Descriptions of these two examples are given below.

Example 4.6. We consider a d-variate normal distribution with the location 04 and the scatter

matriz X = 0.41; + 0.6J 4.

Example 4.7. We deal with a d-variate Cauchy distribution with the same location and scatter

matriz as in Example 4.6.

Figure 4.13 shows that in these two examples, the OT test had much lower power than all
other tests considered here. The rest of the tests had comparable performance in Example 4.6.
They also had satisfactory performance in Example 4.7. However, in this example, our proposed

tests performed better than the DT test in higher dimensions.
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Example 4.6 Example 4.7
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Fig. 4.13 Powers of sign test (@), runs test (@), modified sign test (@), modified runs test (@),
OT test (A) and DT test (M) in Examples 4.6 and 4.7.

Next, we consider two examples, where all off-diagonal elements of the dispersion matrix
are 0, but the diagonal elements are not equal. Example 4.8 is similar to Example 4.3, but here we
have a weaker signal against spherical symmetry. Example 4.9 is the same as Example 4.2, where
the sign and runs tests had powers close to the nominal level, but their modified versions had much

better performance. Brief descriptions of these two examples are given below.
Example 4.8. We consider the normal distribution Ny(0g,X), where 3 = diag(d®3,1,1,...,1).

Example 4.9. Here also, we consider a normal distribution Ng(04,%), where X is a diagonal

matriz. It has the first [d/2] diagonal elements equal to 1 and the rest equal to 2.

Example 4.8 Example 4.9

Power

log, (d)

Fig. 4.14 Powers of sign test (@) runs test (@), modified sign test (@), modified runs test (@),
OT test (A) and DT test (M) in Examples 4.8 and 4.9.

In these examples, DT and OT tests had poor performance (see Figure 4.14). The sign and
runs tests also performed poorly, but their modified versions worked well, especially in Example

4.9. This superiority of the modified tests was expected in view of our discussion in Section 4.4.

Now consider two examples, where the variance-covariance matrix of the underlying
distribution is a constant multiple of the identity matrix, but the distribution is not spherical.
Recall that we considered two such examples (see Examples 4.4 and 4.5) in Section 4.4. Here we

revisit them as Examples 4.10 and 4.11, respectively.
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Example 4.10 Example 4.11
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Fig. 4.15 Powers of sign test (@), runs test (@), modified sign test (®), modified runs test (@),
OT test (o) and DT test (M) in Examples 4.10 and 4.11.

Example 4.10. We consider a d-dimensional distribution with i.i.d. Unif(—1,1) coordinates.

Example 4.11. We consider a d-dimensional distribution with i.i.d Laplace(0,1) coordinates.

In Example 4.10, while the modified runs test had an excellent performance, all other tests
had powers close to the nominal level (see Figure 4.15). In Example 4.11, the modified sign test
had the best performance followed by the modified runs test. All other tests performed poorly.

The reasons for such performance of the modified tests has already been discussed in Section 4.4.

Example 4.8 Example 4.9

Power

log, (d) logy(d)
Example 4.10 Example 4.11

Power

log, (d) log, (d)

Fig. 4.16 Power of sign test (@), runs test (@), modified sign test (@), modified runs test (@), OT test (A)
and DT test (M) Examples 4.8 -4.11 when the sample size n = d* + 20 increases with the dimension d.
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In Examples 4.8-4.11, though the sign and runs tests had powers close to the nominal level
in high dimensions, they can have better performance if the sample size also increases with the
dimension at a suitable rate. To demonstrate this, we revisit these four examples, but this time
we consider the sample size n = d? + 20 that increases with the dimension d. The results are
reported in Figure 4.16. Unlike before, except for the OT test, powers of all tests increased with
the dimension. In Examples 4.8 and 4.9, though the modified tests had a clear edge, all these
tests had satisfactory performance in high dimensions. In Example 4.10, the modified runs test
outperformed all other tests as before. The DT test had the second-best performance, while the
sign and runs tests performed better than the modified sign test. However, in Example 4.11, the
modified sign test had the best performance followed by the modified runs test. In this example,
the sign and runs tests had higher powers than the DT test in high dimensions.

4.5.1 ANALYSIS OF ‘EARTHQUAKE’ DATA

For further evaluation of the performance of our tests, we analyze the ‘Earthquakes’ data available
at the Time Series Machine Learning website. Data were collected from the Northern California
Earthquake Data Center and donated by Prof. Anthony Bagnall. Here each datum is the hourly
average of readings on the Richter scale during 1967 and 2003. The single time series was then
transformed into multi-dimensional objects by segmenting the time series by intervals of 512 hours.
Any reading over 5 on the Richter scale is defined as a major event. However, such events are often
followed by aftershocks. Hence, a segment of the time series is considered to be a positive case if
there is a major event in that segment that is not preceded by another major event for at least
512 hours. Any reading below 4 that is preceded by at least 20 non-zero readings in the previous
512 hours is considered a negative case. After this initial processing, this dataset has 512 hourly
readings on 368 negative cases and 93 positive cases. We consider these two groups containing (a)
Positive cases and (b) Negative cases separately and test whether their underlying distributions

are spherically symmetric.

However, if we use the full data set for testing, any test will either accept or reject the
null hypothesis. Based on that single experiment, it is difficult to compare among different test
procedures. Therefore, to compare our tests with the other methods, we adopted a sub-sampling
approach, where we took a random sub-sample containing p (0 < p < 1) proportion of observations
and implemented the tests on those sub-samples. For each of the 5 values of p (0.2, 0.4, 0.6,0.8,
and 0.95), this experiment was carried out 1000 times to compute the power of the tests by the

proportion of times they rejected Hpy. The results are reported in Figure 4.17.

We observed an interesting phenomenon in this dataset. For the group containing Positive
cases, only our modified tests and the DT test were able to detect the deviation from spherical
asymmetry. In this example, the modified sign test outperformed all other tests.For the group of

Negative cases, the powers of all tests steadily increased with p. Here also, the modified sign test
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Fig. 4.17 Powers of the sign test (@), the runs test (@), the modified sign test (@),
the modified runs test (@), the OT test (A) and the DT test (M) based on varying proportions
of observations (p) from the positive and the negative cases in the ‘Earthquakes’ dataset.

significantly outperformed all its other competitors. The modified runs test had the second-best
performance, closely followed by the DT test. The OT test exhibited satisfactory performance.

However, our sign test and runs test (based on Ts and Tg) had relatively low powers.

The above result indicates that the distribution of the Negative cases deviates more from
spherical symmetry compared to the distribution of the Positive cases. This is confirmed by Figure
4.18, which shows the plots of the coordinate-wise mean and variance for the two groups. For the

Positive cases, the mean is more or less stationary about zero, but for the Negative cases, the mean,
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Fig. 4.18 Coordinate-wise mean and variance of the feature vector in the ‘Farthquakes’
data set divided into two groups of positive and negative cases.
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as well as the variance, have a sharp drop at the right end. This sharp drop can be a potential
reason behind the high powers of the tests in Figure 4.17 (b). However, this sharp drop in the
mean and variance of the data could be a subjective bias at the data curation step. Therefore, to
eliminate such possible bias, we truncated the feature vectors (both for Positive and Negative cases)
by removing 32 features from the end and carried out our experiment with the first 480 coordinates
(which corresponds to 20 days hourly readings on the Richter scale). Powers of different tests were

computed based on 1000 random sub-samples as before. Our findings are reported in Figure 4.19.

(a) Positive case (b) Negative case

Power

p

Fig. 4.19 Powers of sign test (@), runs test (@), modified sign test (@), modified runs test (@),
OT test (A) and DT test (M) based on varying proportions of observations (p) from the positive
and the negative cases in the truncated ‘Earthquakes’ dataset.

Here also, the modified sign tests significantly outperformed their competitors both for
Positive and Negative cases. For the Positive cases, unlike before, the power of the DT test did not
show any increasing pattern. Here, only the modified sign and runs tests had powers increasing with
p. For the Negative cases, the OT test had very poor performance. Our sign and runs tests based
on Tg and T also failed to achieve satisfactory performance. However, the other tests showed a

similar pattern as observed in Figure 4.17 (b).

4.6 TESTS OF SPHERICAL SYMMETRY ABOUT AN UNKNOWN CENTER

So far, we have considered the null hypothesis that specifies the center of symmetry of the underlying
distribution. Without loss of generality, the origin was taken as the specified center. However, if
the null hypothesis does not specify the center, it calls for a test of spherical symmetry about an
unknown center . In such cases, one can think of finding fi. an estimate of u, from the data and
test for the spherical symmetry about 1. For instance, we can use the sample mean as fi, subtract
it from the original observations for centering, and then apply our tests on the centered data. Of
course, one can also use other robust estimates of p like the MCD estimate (see, e.g., Rousseeuw
€ Driessen, 1999) or the MVE estimate (see, e.g., Van Aelst & Rousseeuw, 2009). Depth-based
estimates like the spatial median (see, e.g. Chaudhuri, 1996; Koltchinskii & Li, 1998) can be used

as well. To evaluate the effect of centering on different tests, we consider a simple example.
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Fig. 4.20 Type I errors of sign test (@), runs test (@), modified sign test (@), modified runs test (¢),
OT test (A) and DT test (M) in Example 4.12 when (a) the sample size increases while the dimension
is kept fized at 20 and (b) the dimension increases while the sample size is kept fized at 50.

Example 4.12. Observations are generated from Ny(14,1y).

We used the spatial median as & and applied different tests on the centered data. First,
we looked at the type I errors of different tests as functions of the sample size when the dimension
was kept fixed at 20 (see Figure 4.20 (a)). In this case, type I errors of all tests became close to
the nominal level a = 0.05 as the sample size increased. With the increasing sample size, since fi
becomes close to p, such a phenomenon is quite expected. Next, we looked at their type I errors
when the sample size was kept fixed at 50, and the dimension varied (see Figure 4.20 (b)). In
higher dimensions, the type I error rates of our tests became larger than the nominal level. On the
other hand, the type I error rates of DT and OT tests converged to 0 as the dimension increased.
Note that if the dimension is higher compared to the sample size, fi may significantly deviate from
the actual center p, and this leads to the loss of the exchangeability property of the observed data
points and their spherically symmetric variants (i.e., X — @ and || X — f&||U) , which increased the
type I error of our tests. To take care of this problem, we can use an idea based on sample splitting,

which is motivated by the result stated below.

Lemma 4.2. Suppose that X1 and X are two independent copies of X ~ P, which is symmetric
about . Then P is spherically symmetric about p if and only if the distribution of X1 — Xo is

spherically symmetric about the origin.

Therefore, if the location g is unknown and the sample size n is even (discard one
observation, if needed), we can use our tests on the transformed data {Z1,Zs,...,Z, /2}, where
Z; = X; — Xy o4 for i = 1,2,...,n/2. The resulting tests will have the exact distribution-free
property, and their asymptotic properties can be established using arguments similar to those in
Section 4.3 and 4.4. Therefore, to avoid repetition, we omit those discussions here. To demonstrate

the empirical performance of the resulting tests, we consider the following example.

Example 4.13. We deal with 50 observations from Ny(14,0.714+ 0.3J4).
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(a) Centered Data (b) Sample Splitting

Power
Power

log, (d) log, (d)

Fig. 4.21 Powers of sign test (@), runs test (@), modified sign test (@), modified runs test (@),
OT test (A) and DT test (M) in Example 4.13 when (a) the samples are centered using
the spatial median and (b) we use differences of the observations based on sample splitting.

We computed the powers of the tests (a) when the observations were centered using the
spatial median and (b) when the above idea-based sample splitting was used. The results are given
in Figure 4.21. For the centered data, our tests had higher powers than OT and DT tests. We have
seen that when we use centering based on the spatial median, the DT test becomes conservative
in high dimension, while our tests have a tendency to have inflated type I error (see Figure 4.20).
This may be one of the reasons for the significant difference in their powers. The OT test had a
very poor performance, it had almost zero power in all dimensions. This may also be due to the
conservativeness of this test, as observed in Figure 4.20. When we adopted the sample splitting
idea and used the tests on the differences of the observations, the power of our tests became slightly
lower than what we observed before, but still, they had an edge over the DT test. Surprisingly,
this method helped the OT test to gain some power. Though its performance was inferior to other

competitors, unlike before, we observed an increasing trend in its power as the dimension increased.
4.7 PROOFS AND MATHEMATICAL DETAILS

Proof of Lemma 4.1. It is easy to see that if P is spherically symmetric (Xy, X}) 2 (X4, Xq).
Therefore, for any measurable function h(-,-), h(X1, Xa) 2 h(X1,X,) 2 h(X},X}) holds trivially.
To prove the only if part, first note that

Ph(X1,X) <] = / p(x)p(y)dxdy = / p(x)p(y)dxdy
{h(xy)<t} {h(x—y,0)<t}
[ | [ vmay| av.
{h(v,0)<t}
By the square integrability of p, we can say that

u(v) = /p(y+V)p(y)dy [S </p2(y+V)dy>1/2(/p2(Y)dy>l/2 = /pQ(Y)dy < oo}

is locally integrable on R? (i.e., integrable on all compact subsets of R?). Hence, by Theorem 7.15

in Wheeden & Zygmund (1977), we conclude that almost every point in R? is a Lebesgue point of
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u(+). Also, by our assumption (c¢) and Theorem 7.16 in Wheeden & Zygmund (1977), we obtain

u(v) —u(0)|dv
lim f{h(v,o)gt}| ( ) ( )|

t}0 f{h(v,O)gt} dv ’

or in other words
lim PA(X1,Xa) <] _ lim Jinw )<y w(v)dv
W ooz 4v 10 [z v

Now, note that the random variable X} has the density p/(x) = [ p(H"x)dvy(H) where vy is the

=u(0) = /pQ(y)dy-

Haar measure on the set of all d x d orthogonal matrices (see Lemma A.2 in Banerjee ¢ Ghosh,
2024a). One can show that if p is square integrable, so is p’. Therefore, using the same argument,

we can show that

' ]P) h X_ ,X_l S t ) P h / 7X/ S t
lim [h(X4 z)d ] — /p(y)p/(Y)dy and lim [h(X 2)d ] = /PIQ(Y)dY-
00 Jw oz v W Joenzn O

However, under the assumption h(X;, X32) Z h(Xy,X5) 2 h(X),XY), we must have

P[h(X1,Xs) < t] = Ph(Xy,X)) <t] =Ph(X],X,) <t] VteR.
So, combining our results, we get

/ P*(y)dy = / pA(y)dy = / p(y)p (y)dy. (4.7)
By Cauchy-Schwartz inequality, the equality in (4.7) holds if and only if p = p’ almost surely, i.e.,

P is spherically symmetric. |

Proof of Theorem 4.1. Let us define 7 (s,7) := Z?;ll O s mi0 Y sy, g ), for @ € Sy and
s = (s1,82,...,8,) € {0,1}". Let (S,II) be as defined in (4.1). Then for any mp € S, and
so € {0,1}", we have

P[S = so; I = mo] = P [T (s, 7o) < T (s,w) Vs €{0,1}" and w € S,,]. (4.8)

When P is spherically symmetric, we have (X;, X}) L (X!, X;) for i =1,2,...,n. So, the random
variables {7 (s, 7)}sc(0,1}7:wes, are exchangeable. Hence, the probability on the right side of (4.8)
does not depend on sg and mg. Therefore, using the identity 2806{0 1}n Y moes, PIS = so;IT =
o] = 1, we get
P[S = so; T = o] = 27" (n!) .

This implies S ~ Unif({0,1}"), IT ~ Unif(S,) and they are independent. Since, R is the inverse
permutation of IT, we have R ~Unif(S,,) independent of S. This proves part (a) of the theorem.

If P is not spherically symmetric, (X;, X}) and (X}, X;) are not distributionally equal, but
{(X;,X%) }<i<n forms a sequence of i.i.d. random vectors. So, for any mg € S,,, we have

P =m= Y PS=suO=m]= > PH=m|S=s0P[S=s0].
s0€{0,1}n s0€{0,1}n
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For any given sg € {0,1}", the random variables {7 (s, 7)}res, are exchangeable. Hence, the
T0ESH P[H = ’7To|S == 80] = 1,
for any so € {0,1}", we get P[II = m|S = so] = (n!)~! and therefore P[IT = mo] = (n!)~!. Here

also, by the same argument as above, we have R ~ Unif(S,). Now, given IT = (7,...,m,) and

probability P[IT = 7|S = s¢| is constant for every mg € S,,. Using »

the augmented data {(X;, X})}1<i<n we have the following relation
I{Sﬂ'l = 1} = I{G(Xﬂ'leSwg,ﬂ'z) < H(X;rl’YSwz,ﬂ’z)}'

This follows from the fact that the total cost of the path starting with X, and that starting with

X;rl differ only in the first term. Using similar arguments, we also get
I{Sﬂ'k = 1} = I{Q(Ysﬂ'(k_l) T (k—1)7 X'ﬂ-k) + H(Xﬂk’ YSW(k+1) 77r(k+1))

<0(Ys X;.k) + Q(X/ Yo

L

)} fork=2,....,n—1 and

T(k—1) " (k—1)?

sTn—17 XT"n) S O(Ys‘irn,I sTn—17 X;'n)}

(k1) (k+1)

{S, =1} = 1{9(Y5ﬁn7

1

Now, taking conditional expectation given II, we have
]P)**[Sﬂ'l = 1] =P [G(XM’YSWQJTQ) < G(X/ YSrQJI'z)]’

]
P**[Srrk =1]=P* [Q(Y Xﬂk) + Q(Xﬂk, Ys

Sw(k71)77r(k71)7 ﬂ<k+1>,7r(k+1))

< Q(st(k_l)m(k_l),X;rk) +0(X] st(k+1)v7f(k+1))] for k=2,...,mn—1 and

TE?

P [Sy, = 1] = P*[0(Y s

Tp—1:TTn—17

Xﬂ—n) S G(Ysﬂ'n—l sTTn—17 X;Tn)] .

where P** denotes the conditional distribution given II. This establishes the weak dependence

structure of the string signs and completes the proof of part (b) of the theorem. |

Proof of Theorem 4.2. For the proof of this theorem, we refer the reader to Theorem 1 in Jung
€ Marron (2009). [ ]

Proof of Theorem 4.3. Let X} = ||X;|U; and X = || X3||Us be the spherically symmetric
variants of X; and Xg, respectively. Here Uy, Uy are i.i.d. Unif(S9~!) independent of X; and Xs.

Then we have
P [0(X1, Xa) < (X1, X5)] = P[(X]X5)? > (X Xp)2| =P [(X]X2)? > [Xa2(X[ U2)?] .

By spherical symmetry of Uy, for any a € R?, we have (a'Uy) D |la||Ua1, where Uy; is the first

coordinate of Uy. Therefore, conditioned on X1 and Xy, we have
P [H(Xl,Xg) < H(Xl,X’Q)’XhX2} —P [(XIXQ)2 > HXQHQHXIHQU%’Xng} .

Now, taking expectations with respect to X; and Xy, we get
(X] X>)?
[1 X221 X1 2

From the elementary theory of sampling distributions, we know that U3, follows a Beta(%, d%l)

P [0(X1,X2) < 0(X1,X5)] =P [ > U221] .



Proofs and mathematical details 91

distribution (see, e.g. Liang, Fang & Hickernell, 2008). So, we have E[U3] = 1 and Var[U3] =

m. Therefore, {dU3; }4>1 is a tight sequence of random variables. Hence, if

P [ d(X] Xy)?

— = > M 1 f I1M>0
XXl ~ }ﬁ orat =%

we have P[% > dU%l} =P[0(Xy,Xs) < 0(Xy,X,)] — 1 as d — oo. Similarly, we can also

show that under the given condition, P [#(X1, X2) < 0(X],X2)] and P [#(X1, X2) < 0(X], X5)] also

converge to one as d diverges to infinity. Now, for any =« € S,,, define
Ei = {G(Xﬂ'z’ X7Ti+l) = mln {H(Xﬂ'z7 X7Ti+l)7 Q(Xﬂ'i’ X;T,H_l)’ Q(X;T,L’ X7Ti+1)7 Q(X;T,ﬂ X;Ti_‘_l )}

fori=1,...,n—1. Clearly, P(F; | Il =x) — 1 foralli=1,...,n —1 as d — oo. Now, let S be

the solution of (4.1) and define an n-dimensional vector 1,, = (1,...,1). Note that for any 7w € S,,,
{S=1,} 2 FEINE;N...NE,_1 and hence P(S=1, | II=7) —» 1 as d — oo.

Now, the result follows by a simple application of the Dominated Convergence Theorem. |

Proof of Corollary 4.1. Here Z; (i = 1,2) can be viewed as a standardized version of X;, and

we have Var(Z;) = I, the d x d identity matrix. Now,

d d
(X{Xp) =Z{AgZy =Y NZriZp; and (X[ Xy) = Z{AZy =) N7},

Note that =1 =1
d d
N N ARYZOR 1
Var Zz_ZQ:dz 1):1 2,0 — y 5 Z)\%V&r[zl,iZZi] + Z /\Z')\jCOV<ZLiZ2,i, ZLjZQJ)
i=2 M <Zi:2 Ai) i=2 2<i#j<d
Since COV(ZLZ'ZQJ, ZLjZQJ) =E [ZLiZQJ'Zl’jZQ’j] = [E [Zl’iZLjHZ =0W #] (2,] Z 2), we have
d d d 2
D Y ARVAY 1 T 5 AS
Var 2z MiZ1i22i = 5 Z A?Var [Zl,iZ2,z} = 721:2 :

d 2
Dima Ai ( S )\i) =2 < S )\i)
So, using assumption (b) of the corollary, as d diverges to infinity, we get

d d d
S NiZ1iZai = op ( 3 A,») and hence (X] Xo) = A1 Z1.1Z2.1 + op ( 3 A)
i=2 i=2 i=2

Also, note that under the p-mixing condition in (A2) and assumption (b) of the corollary,

Z?:Q )‘1212,@' d 2 2 2 2
S e Soavar|Zi |+ Y AnCov(2,28;) | -0
i=2 i (Zizg A,-) i=2 2<i#£j<d

as d — oo (follows from Theorem 1 in Jung & Marron (2009)). So, under these assumptions,

(XTX1) = M aZ2, + Zd: A+ 0p<zd: )\) (note that E[Zd: Zfi] - Zd: )\i>
=2 =2 =2 =2

1
Var
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Now if k£ > 1, using assumptions (a) and (b), as d diverges to infinity, we get
(X[ Xo)? (X[ Xp)?Yd*  }(Z1aZen)” _
IXa[PIXoll? IXal?/d5Xe?/d a1 Zf 123,

For k = 1, as d diverges to infinity, for any € > 0, we have

XX X X Y
P|| L= —clzl,lzm( >e| = 0and IP’H L2z, - le > o
Since Zf:2 Ai = O(d), c2 = limsupy_, o ZfZQ Ai/d is non-negative and finite, and for large d, we
have
(X{ X>)” > 2,73,
Pl—————>t|>P e >t | forall £ >0.
<HX1HQHX2H2 (12 + e2)(e1 23, + 2)

Note that on the right side we have a random variable which takes positive values with probability
one. This implies both for Kk = 1 and k > 1, as d diverges to infinity, we have

d(X{ X5)?
X 121Xz

Hence, under the given assumptions, the result follows from Theorem 4.3. |

P[ >M]—>1foranyM>O.

Proof of Theorem 4.4. Let S and R be the sign and rank vectors, and II be the vector of anti-
ranks (inverse permutation of R) as defined in Section 4.1. Then by Theorem 4.1, S ~ Unif({0, 1}")
and IT ~ Unif(S,,) irrespective of the dimension d. Now, to find the distribution of the linear rank
statistic Trr = Y 1y Sr,a(i), first note that {a(i)(Sr, — 1)} }1<i<nm>1 forms a triangular array of
independent random variables whose distribution does not depend on the dimension of the data.
Also, we have
- . <y 1= o,
- ;v:ﬂ [a(i)(Sr—1/2)] = z; a?(i)Var(Sr,) = 7 [2 a (z)] (since Var[Sy,] = 1/4 Vi = 1(1)n).

Since the sequence of scores {a(i)} that satisfies (4.3), as n and d both diverge to infinity, we have

Ly ) ° iy la(i))? a(t
g 2 O [J3n 2] <« G < oy PO 0

So, the triangular array {a(i)(Sr, — 1/2)}} i<i<nm>1 satisfies the Lyapunov’s condition.

Hence, an application of the Lyapunov’s Central Limit Theorem (CLT) proves the result. [

Proof of Theorem 4.5. Let S, R and II be as defined in Section 4.1. Then the variance of the

linear rank statistic T r = > iy Sr,;a(%) is given by

Var [Trr] = Za )Var(Sr,) + Z a(i)a(j)Cov(Sx;, Sx;)-

1<i#j<n
From Theorem 4.1, we have Cov(Sr,, Sx;) = 0V |i — j| > 1 irrespective of the dimension d. So,

n

Var[Trr| = Za2 )Var(Sz,) + Z (7)Cov (S, Sx;)-
li—jl=1
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Now, the uniformity of IT (see Theorem 4.1) suggests that Var(Sy,) is constant for all

i=1,2,...,n and Cov(Sx,, Sx;) is constant for all 4,j with [i — j| = 1. Let us call them aﬁl) and

agg), respectively. Note that Jﬁ) and agg) are bounded and }-;_;_; a(i)a(j) = 2325 La(i)a(i+1).

So, as n and d diverge to infinity, for a sequence of scores {a(i)}1<i<n satisfying (4.4), we have

T~ E[T] [z;";l )ty | i aliali+1)
RO

= lim sup — o011+ 2C0o12,

n,d—00

lim sup Var
n,d— 00

o
> e a*(i) > im1 a%(i) 2
where 011 = limsup,_, ag) <1 and o123 = limsup,_, ag) < 1 are finite constants. This gives us

our desired result. [ ]

Proof of Theorem 4.6. Let S, R, and IT be vectors of string signs, string ranks, and anti-ranks

as defined in Section 4.1. Recall that the runs statistic is given by
n—1

Tr=1+> IS # Sr,}.
i=1

When P is spherically symmetric, S ~ Unif({0,1}"), IT ~ Unif(S,,) and they are independent (see
Theorem 4.1). Let us define the filtration f(d) C(Sryy...,Sx,) forall 1 <t <mn and }'( 3 be the
trivial o-field. Note that the sequence { iy }OSiSn,n,dzlv with Vrio) =0 and Vn(7t) =3 IS #
A % for all 1 <t < n, forms a triangular array of martingales adapted to the sequence of
filtration (quflg)lgtgn;n,dzl- So, we can use the martingale central limit theorem (CLT) (see Brown,

1971) to derive the limiting null distribution of Tg.
First, let us look at the triangular array of martingale difference

YW=y -y = 1{57” #Se}—1/2, i=1,2,...,n.

n,i n,i
One can see that (Uquz) = E[( ) \ ] =1/4 for all i = 1,2,...,n. Therefore (A(d))2
Yo (07(1(2 ) =n/disa determlmstlc sequence of real numbers. Also, using \Y | < 1/2, for any
€ >0, we get
22 [ YY) > eAl® }S%ZE[{YCO\>6 H {]Yd)‘>e4}—>0
j=1

as n, d — 00. So, applying the martingale CLT (Theorem 1 from Brown, 1971), we get

va /A 1
A(d —>J\/1(0 1) or equivalently N Y < 4> ;a8 n,d — 00,

Since TR =1+V,_1+ "Tfl =V + "TH7 we have n~1/2(Ty — "TH) —D>N1 (0, %) asn,d —oo. W

Proof of Theorem 4.7. When P is not spherically symmetric, for Tg = 1+ { Sy, # Sriii b

we have

Var [TR_\E[TM} _ ZVar HSr # Smn ]+ S Cov(I{Sk, # Srp 1, S, # Sn,01 )

1<i#j<n—1
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Now by Theorem 4.1, Cov(I{Sx, # S, },1{Sr; # Sx,..}) =0 for all |i — j| > 2.. So, asn,d — oo,

. Tg - E[TR]}
limsup Var | ————-
n,d—ﬂx}? |: \/ﬁ
n—1
1
= lim Sup - ZVar Sy, # Smﬂ} Z COV I{Sm # Sri1 ), H{Sx; # SnJH}) — 02,
n,d—00

li—j|<2

where 02 = limsup [Vaur[I{S7r1 # Smpt] + Cov(I{Sr;, # Sr},H{Sry # Smy}) + Cov(I{Sy, #

d—o0

Sry by {Srs # SM})} which is a non-negative finite constant. This gives us our desired result. W

Proof of Theorem 4.8. Part (a) of the theorem can be proved using arguments identical to the
proof of Theorem 4.1. Therefore, to avoid repetition, we omit it and give a detailed proof of part

(b) only. Note that

- i
L 2 2 1 9
E d'y;(xl)j(XQ)j = thrace(D ) and
_1 ] . 1 d
B |2 S KX =E | S Xs? ZX1 (U] = TE[XI7E [ (X,
[ J=t | - 2
¢ 1 2
= d—wtrace dzle = ﬁ(trace(DD )
j:

2
Similarly one can also show that E [d% 27:1(X/1)3(X/2)]2] = dl%w <trace(D)> . Now, by Assumption
(A43), | D0 (X0 (X2)? = rtrace(D?)|, | X0 (X1)2(X5)2 — ik (trace(D))°|  and
+ Z ((XD)3(X)F — W(trace(D))z) converge to 0 in probability as d diverges to infinity.
Therefore, if Assumption (A4.3) holds and

o 1 2 1 ?
lim inf {mtrace(D ) — e (trace(D)) } > 0,

d—00

we have P [é(xl,xg) < é(xl,xg)} — 1 as d — oo. Similarly, P [é(xl,XQ) < 0(X!,X5)| — 1 and
P [é(Xl, Xs) < 9~(X’1, X’Z)} — 1 as d diverges to infinity. Now, the result can be proved using the

same argument as used in the proof of Theorem 4.3. |

Proof of Theorem 4.9. First note that the tests statistics Ts and fg take values in {0,1,...,n}
and Tr, T take values in {1,2,...,n}. Now, if condition (a) holds, then by Theorem 4.3, we get
Ts B nasd = oo, and by Theorem 4.6, we get Tg 2 1 asd = co. On the other hand, if
condition (b) holds, then by Theorem 4.8 (b), we get Ts — n and Tz — 1 in probability as d
diverges to infinity. So, if either of conditions (a) or (b) holds, then T = max{Ts, Ts} L nand
TA = min{Tk, TR} B lasd diverges to infinity. [ |
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Proof of Theorem 4.10. Let S and II be as defined in (4.1) and S and IT be as defined in (4.5).
Under spherical symmetry of P, it is easy to see that the elements of the sequence {(.S;, S'i)}lgign

are mutually independent. However, for each i = 1,...,n, S; and S; may be dependent.

Now, to find the joint limiting distribution of (T, Ts) = Z?zl(Si,gi), we first find the
joint distribution of ﬁng:l (t1(S; — 3) + t2(S; — 1)) for t1,t2 € R. Note that the sequence
{I/Vi(d) = (t1(S; — &) + t2(S; — 3)) }1<i<n forms a triangular array of row wise i.i.d. bounded

random variables, where E[Wl(d)] =0 and
Var[W\ 9] = 2Var[$1] + t2Var[S1] + 2 t1 t2 Cov(Sy, S1) = £2/4+ t2/4 + 2 t1 t5 Cov(Sy, 51).

We know that for a row-wise i.i.d. triangular array of bounded random variables, Lyapunov’s

condition holds trivially. Therefore, by Lyapunov’s CLT, we get
LS~ yp@ D 2
— Z Wi = N 1 (0, o )
vn i=1

as n and d diverge to infinity, where 02 = limg_ oo Var[Wl(d)] =t3/4+13/4+2t1 to (02 — 7). Since

this distributional convergence holds irrespective of t1,ts € R, using Cramer-Wold device, we get

- (D)= £ {(505) - (b)) Bxoma

2
s

where the diagonal elements of 3¢ are % and the off-diagonal element is (a — %) Now, applying

the continuous mapping theorem, we get

1 5
N {max(TS,TS) - g} Tt max{Zy, Z>},

where (Z1, Z2) ~ N (0,Xg). This completes part (a) of the theorem.

For finding the joint limiting distribution of (Tg,Tr), note that when P is a spherically
symmetric, {Ms? Dty (I{SW(Z-) # Sr@it1) ) — %) +to (I{S}T(i) # gﬁ(i+1)} - %)}193” forms a triangular
array of martingale differences w.r.t. the filtration {.F,(ldt) = C({Sﬂ(i),Sﬁ(i)}1§i§t)}1§t§n7n217d21.
Here, for all 1 <i <n,

o= E[(Mgi)ﬁfn,i] =17/4+13/4+ 2 t1ty Cov(I{Sni) # Srirn) H{S7¢) # Srirn)})
= 12/4+13/4+2 ity Cov(I{Sr1) # Sz} I{Sﬁ—(l) # Sﬁ-(Q)}) (by Theorem 4.1 and 4.8)

Now using the same arguments as in Theorem 4.6 and martingale CLT, as n,d — oo, we get

1 n @ mn+1\ b 5 ) t% t% , 1
\/ﬁ(;Mn,z - T) —>N1(0,0 ), where 0° = Z+Z+2tlt2(07” _Z)

Therefore, applying the Cramer-Wold device and continuous mapping theorem, we get

1 ~ 1
7 {min(TR,TR) — n;— } =t min{Z}, Z4},
where (Z], Z}) ~ N3(0,2g) with X having all diagonal elements equal to § and all off-diagonal

(
elements equal to (o2 — 1). This completes part (b) of the theorem. [ |
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Proof of Theorem 4.11. If the underlying distribution is spherically symmetric, as n and d
diverge to infinity, 74! /n = max{Ts, Ts}/n £ 1/2 and TY /n = min{Tg, Tr}/n K 1/2 (follows
from Theorem 4.10). So, the cut-offs of the modified tests converge to 0.5. Now, from Theorems 4.5
and 4.7, we have |Tg —E(Ts)|/n L 0 and |Tr —E(Tr)|/n L 0asn,d diverge to infinity. Following
the same idea, one can prove this property for TVS and fR as well.

(a) Therefore, when liminf, 4, E[Ts/n] > 0.5 or liminf, 4, E[Ts/n] > 0.5, T takes
value bigger than 0.5 with probability converging to one. This implies that the power of the

modified sign test based on Téw converges to one as n and d diverge to infinity.

(b) Similarly, as d and n grow to infinity, we have the consistency of modified runs test

based on Th! when limsup,, 4 ,, E[Tr/n] < 0.5 or limsup,, 4, E[Tr/n] < 0.5. [ |

Proof of Lemma 4.2. Since X1, Xs are symmetric about p, the characteristic function of X; is
of the form (t) = exp{i(t, u)}g(t), where g(-) is some real-valued function with g(t) = g(—t) for
all t. Note that if X1, X9 are spherically symmetric about p, then it is trivial to show that X; — X

is spherically symmetric about zero. Therefore, we only prove the if part.
If X1 — Xy is spherically symmetric about zero, then its characteristic function is of the
form f(||t||) where f(-) is some real-valued function. Also, note that
PX1—Xo (t) = ¥x, (t)gp—xz (t) = ¥Xy (t)90X1 (_t) = g2(t)'
Hence, f(-) is non-negative and ¢?(t) = f(||t||) Vt € R%. Therefore, px, (t) = exp{i(t, u)}h(||t]]),
where |h(|[t]|)] = f*/2(||]|). This gives us the desired result. [

4.7.1 SOME ADDITIONAL MATHEMATICAL DETAILS

Lemma A4.1.If Xy and Xy are two independent realizations of a d-dimensional random vector

X ~ P, and X = || X1||U1, X, = ||X2||Uy (where Uy, Uy i Unif(S9=1)) are their respective

spherically symmetric variants, then (X1, X}) 2 (X}, X}).

Proof. We shall prove this result using the fact that for any a € R a'Uj; 2 la||Ui1 (i =1,2),
where U; ;1 is the first component of U;. Now, note that for any ¢ € R,
Elexp{it(X1,X5)}] = Elexp{it||X2[[(X1, U2)}] = Elexp{it||Xal[|[X1[|Uz,1}] and
Elexp{it(X}, X5)}] = Elexp{t||X1]|[| X2 (U1, Us) }] = Elexp{at|| Xy X2[|U2,1}].
The equality of these two characteristic functions proves the result. |
Lemma A4.2. Let X1,Xy be independent copies of X ~ P, where E(X) = 04 and Var(X) = X.

Let X! and XY, be the spherically symmetric variants of X1 and Xa, respectively. Then

E{Cli(xfxﬁ} = %trace(22) and E{;(XIX@?} = E{;(X’ITX’Q)2} = (;trace(2)>2.
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Proof. Note that (X{ X3)? = trace(X»Xg X;X/ ), and hence we have

1 1 1 1
E {d(xlszT)’é’} =E {dtrace(XQX;erXI)} = gtrace(E{XQX;}E{XleT}) = Etrace(}]?).

Now, (X| X5)? = [|Xo|2(X] U)? = || Xq|/2trace(UsyUj XX/ ), where Uy ~ Unif(S41) is
independent of X; and Xs. Also note that E{U,UJ } = 11, and E{||Xs?} = Zle E{X2} =

trace(X). So, taking expectations, we get

1 1 1
E {d(XlTXQ)Q} = E||Xs|’E {dmface(UQUQT X1X1T)} = trace(X) gtrace(IE{UQU;}E{X:le})
1 1 1 2
= trace(X) gtrace(gIdZ) = <dtrace(2)) .

Now, the proof follows from the fact that X] X}, 2 X "TXY. (see Lemma A4.1). [ ]

Lemma A4.3. Let X1,...,X,, be independent copies of X ~ P and X,..., X!, be their respective
spherically symmetric variants. Fors € {0,1}", defineY s; = s;X;+(1—s;)X} for eachi=1,...,n.
Then for the sign statistic Tg based on X1, ..., X,, we have
1
n

where S1,S3 are i.4.d. Unif({0,1}).

E(Ts) — P [0(Y 5,1, Xs) + 0(Xs, Y5, 3) < 0(Y 5,1, Xp) + 0(X), Y g, )] ’ 0 asn,d— oo,

Proof. Recall the vectors of string signs S = (S1,...,Sy), string ranks R = (Ry,...,R,) and

anti-ranks IT = (71, ..., 7m,) as defined in Section 4.1. Now,
n n n—1
Ts] 1 B 1 1 B B B
E [n} —E |- ;:1: Si| =E |~ ;:1: sm.] == (P[Sm =1+ ;:2:1@[57” = 1] + P[r, = 1]). (4.10)

From the proof of Theorem 4.1, we have
IP[STU =1 | S—m] = P[H(Xmaysmﬂrz) < G(XI YSWQJTQ)‘SWQ]?

T
P[Sr =1|8S_x]= P[Q(YS X)) +0(X;,,Ys

Thi1 77Tk+1)

< Q(stk,l 19 X;k) + Q(X;k, YkaHJFkH) ‘Sﬂk—w S7Tk+1] )
]P[Sﬂ'n =1 | S*ﬂ'n] = P[H(Ysﬂ'n7 ,7Tn—l7X7Tn) é G(Ysﬂ'nilﬂrn—l’X;Tn)}sﬂ'n—l]'

Tp_1°Tk—17

1
The distribution of IT does not depend on the distribution P, and it follows Unif(S,,). Therefore,
PSr, =1 =E[P[Sr, =1 5_x]]
=E [P0(Xr,, Y5, m) <OX,, Y5, x) | Srl]
=P[Sr, = 1] P0(Xr, Yir) <O0(X,,,Y1m)
+P[Sr, = 0] P[0(Xr,, Yom) < 0(X5,, Your)

P[Sy = 1] P[0(X1,Y1,2) < 0(X],Y12)] + P[So = 0] P[A(X;,Y02) < O(X7,Y02)]
PO(X1,Y s5,2) < 0(X},Ys,2)]
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Similarly, we can also show that

PlSr, =11 =P[0(Y 5,1, X2) +0(X2, Y5, 3) <O(Ys,1,X5) +0(X5,Yg,3)], fork=2,...,n—1
P[S, = 1] =P[0(Ys, 1n1,Xn) <O(Ys, ;n1,X3)]. (4.11)

Therefore, combining (4.10) and (4.11), we get

T
‘E [S] —P[0(Ys,1,X2) + (X2, Ys,3) <0(Yg,1,X5) + 6 ,2’Y53,3)H

_‘7 Sp, = 1] + P[Sy, = 1] ‘—>0

as n and d diverge to infinity simultaneously. This completes the proof. |

4.7.2 PITMAN EFFICIENCY OF THE LINEAR RANK STATISTIC

We know that the linear rank tests for univariate data are Pitman efficient (see Hajek, Sidak &
Sen, 1999). So, one may wonder whether the linear rank tests defined in Section 4.1 have the same

property. In the following theorem, we address this issue for finite-dimensional data.

Theorem A4.1. Let P be a spherically symmetric distribution and Q be a non-spherical distribution,
which are mutually absolutely continuous and have densities p(-) and q(-), respectively, such that
[ la(x - 1] p(x)dx is finite. For any 6 > 0, consider the contamination model
o <1—\jﬁ>P+\jﬁQ,

as a local asymptotically normal contiguous alternative (see Proposition 3.1 Banerjee & Ghosh,
2024a). Let X1,Xa,...,X,, be n independent realizations of X ~ F, and X} = ||X;||U; for
i =1,2,...,n, where Uy, Us,..., U, are independent Unif(Sd_l) random variables. Consider a
sequence of uniformly bounded scores {a(i) }1<i<n with the following properties

1< a’(i)
fz (02 > 0), n; a(i) - 7 and 121?2%m_>0 asn —oo.  (4.12)

1\ -
R—32i-10(i) p T 1y 1
S a2(i) =M (50 (p 2>’ 4)’
where p =P [0(X1,V) +60(V,Xs) < 0(X1, V') +0(V', Xs)] for X1,Xs w P,V~QandV'isa

spherically symmetric variant of V.

Then as n — 0o, we have

Proof. By Proposition 3.1 in Banerjee & Ghosh (2024a), we have

o {TL (1 {130 )= 5o (0000 ) o) 3,

Note that by Jensen’s inequality, the finiteness of [ |g(u)/p(u)—1[*p(u)du follows from the finiteness
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of [|g(u)/p(u) — 1>p(u)du. Now, let us look at the triangular array

Sp, — % 5 [ q(Xn,
{Wm am( o) D {q( Z)_l}} |
\/ i=1@ (Xr,) 1<i<nn>1
Under Hy, this is an array of i.i.d. random variables with finite third moments. Now under the

assumptions 1 3" a?(i) — 02 and 1 ZZ 1 a(i) = 7, we have

2 " a@)(Sr — 3) 1¢(Xx,)
ZV&Y i) :*—l-tz(;z { Ty b IZE{ Zn1a2(2i){P(X7r')_1}

2 " a(?)(Sr, — 5 -
=1 B2 E { 1} + 2ty ; ;)(;?Zl j(i){igﬁ:; -1}
_ ’f +1236%E {Z(iii 1}2 1 2tty igE{a<i)ssm) {ig:g - 1}} +o(1)
:f+t§62 {Zéig 1}2+2t1t2 2n :CL((;)E{S@{;gg —1}}+0(1)
= f + 3% E {ngl) }+ 2t1t9 5= E {Sm{zgimi - 1}} +o(1).

Now I{Sﬂ2 = 1} I{Q(stl,maX?Q) + H(XW27YS7T3JI'3) < H(stlyTFl’X;T ) + G(X;rgaYSm,ﬂ':s)}?
where Yg; = SX; 4+ (1 — S)X! (i = m,m2,m3). Clearly, E|

and
a5 {35c)

- P[Q(}fs771 19 V) + H(Va YSW3 77r3) < e(YSﬂl ,T19 V/) + Q(V,a YSW3,7r3) Sﬂ'l) S7r37 1, 7T3:| )

Sr,] = 1/2 under spherical symmetry

S7r17‘97r377rly7r3}

where V ~ Q and V' = | X||U for U ~ Unif(S%!) independent of V. Now, under Hy, Sy, , Sr,
are i.i.d. Unif({0,1}) and 7, 73 are simple random samples without replacement from {1,2,...,n}

independent of S. So, taking expectations with respect to Sy, Sz, and 71,73 we get

q(Xr,)
EJ Sz
{S 2{p(X7r2)}
1
- Z Z 72?1)?) H(stl yT1 ) V) + G(V’ YSer,ﬂ's) < G(stl V1) V/) + H(V/’ YSnS,ﬂg)
S51,52€{0,1} 71,m3ESn
1
-2 ¥ IP’[Q(YSIJ, V) +0(V,Yg,0) <0(Ys,1, V') +0(V', Ys,ﬂ)} —p. (4.13)
S51,52€{0,1}

However, since X; and X5 are spherically symmetric under Hy, the probabilities on the right-hand
side of (4.13) are all equal. Hence, the last equality follows. Therefore, under Hy,

q(Xy)
p(X1)

t2 1
si%ith%g?E{ 1} + 2ty tyd— (pfi) as n — 00.
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Also, note that

-
a(?)(Sx; — 1 - i
< 22\t1|3&%;1a[‘(%))3} +22’t2|351;’;;EU(\jﬁ{2g3 . 1}))3}, (4.14)

where the last inequality follows using |a + b|P < 2P7L(]alP + |b|P) for p = 3. The first term in

= g 2wl () o GG - )]

i=1

. goes to zero using (4.9). e second term 1n (4. 1s of the order O(n™ y assumption
4.14 ing (4.9). Th d in (4.14) is of the order O(n~'/2) b i

i !q x — l‘gdx < 00. Therefore, using Lyapunov’s CLT, we also have > | Wy, B A (0,02),
2
where o2 tl +125° E {Zgig — 1} + 27517526%(1)— %) Now, applying the Cramer-Wold device, we

can conclude

i1 4(3)(Sx, — 3)
(e fz{ 1)) 2 An0,3)

where X is a 2 x 2 matrix with diagonal entries 1/4 and 62 E {% — 1} , and the off-diagonal

entry (5%(19 — %) Now using Le Cam’s third lemma (see Van der Vaart, 1998), we get

S a(i)(Sy, — 1) T
e G- >)1)

4
as n diverges to infinity. This gives us our desired result. |

Theorem A4.1 establishes that for a sequence of contiguous alternatives of the form
{F,, : n > 1} for which with p # 0.5, the limiting distribution of the linear rank test introduced
in Section 4.1 is a non-centered normal distribution. Therefore, if the score functions satisfy
assumption (4.12) and p # 0.5, the corresponding tests are Pitman efficient. See Section 4.5

for examples of distributions that satisfy this assumption.



Chapter 5

Two-Sample Test for Functional Data

In a two-sample problem, we test for the equality of two distributions F' and G based on two sets
of independent observations X = {Xi,..., X} and Y = {V1,....Y,} on X ~ Fand Y ~ G,
respectively. We discussed this problem in Chapter 2, where F' and G were two multivariate
distributions. In this chapter, we assume X and Y to be two independent functional random
variables lying in an infinite dimensional separable Hilbert space H with inner product (.,.). Let
B(H) be the Borel o-field on ‘H. Now, consider a random variable Z that takes values on H. We
know that (i) Z is B(#)-measurable if and only if (Z, f) is measurable for all f € H and (i)
the distribution of Z is uniquely determined by the distributions of (Z, f) over f € H (see, e.g.,
Theorem 7.1.2 in Hsing & Eubank, 2015). So, two H-valued random variables X and Y have
the same distribution if and only if (X, f) and (Y, f) are identically distributed for all f € H.
Now, consider any measure of difference T'(-,-) between two univariate distributions, which is non-
negative and takes the value zero if and only if the two distributions are equal. One can use it to
measure the difference between F/ and G/, the distributions of (X, f) and (Y, f), and aggregate
them over f € H to construct a measure of dissimilarity between F' and G. It can be expressed as

W (F,G) = /H T(F!,GTy v/ (f),

where 1/ is a probability measure on . Note that F = G implies ' (F,G) = 0. But n*' (F,G) =0
only implies Ff = Gf almost everywhere w.r.t. /, which does not necessarily imply F = G. In the
multivariate case, if T is chosen as the squared Lo-distance between Ff and G and ¢/ is chosen
as the uniform distribution over the surface of the unit sphere in R?, ' (F, G) turns out to be the
energy distance between F and G (Baringhaus & Franz, 2004), and in that case, ' (F,G) has the
characterization property, i.e., n”,(F ,G) = 0 implies F' = G. If T is the Cramer-von-Mises distance
between F/ and GY, the same choice of v/ leads to the two-sample test statistic proposed in Kim,
Balakrishnan & Wasserman (2020). It also has the characterization property. In these two cases,
V' being the uniform distribution, has support over the entire surface of the unit ball and hence
considers all possible directions for projection. Keeping that in mind, we can consider a probability
measure v/, whose support contains the unit sphere centered at the origin of the Hilbert space. In

that case, n” /(-, -) has the characterization property, as shown in the following theorem.

Theorem 5.1. If supp{v'} contains the unit sphere in H, then n*' (F,G) = 0 if and only if F = G.

101
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However, note that the f’s, which are orthogonal to supp{ F'}U supp{G}, do not contribute
to n*'(F,G) even when the two random variables X and Y are highly separated. Therefore, it
seems reasonable to discard those directions and work with v/ = (F + G)/2, an equal mixture of
F and G. It turns out that the characterization property of n” /(F , G) holds for this choice of /' as

well. This is formally stated in the following theorem.

Theorem 5.2.If V/ = (F + G)/2, then, 0 (F,G) = 0 if and only if F = G.

Throughout this chapter, we use v/ = (F' + G)/2 while T is taken as the measure proposed
in Baringhaus & Franz (2010), which is defined as

Ty(L1,L2) = 2B 6(|U ~ VI?) ~E ¢(IU ~ U']P) ~E 6|V ~ V'),

1 did 7 did

where U, U ~ L; and V,V' ~ Ly are independent random variables, ¢ : [0,00) — [0,00) is
continuous, monotinically increasing function with ¢(0) = 0, and it has non-constant completely
monotone derivative on (0,00) with E ¢(|U[?) and E ¢(|V'|?) being finite. For this choice of T', the

measure of dissimilarity between F' and G is given by

wlP.G)i= 5 [ o GNiF () + 5 [ TG yacp).

Since 74(F,G) is obtained by aggregating the Baringhaus-Franz statistic T;; computed along
different projection directions, we call it the projected BF (pBF) criterion. It has a closed-form

expression given by

1o(F,G) = E§(1(X1, Xs) — (¥i, X)) — 5Bo(1(X1, Xs) — (X, Xs)P?)

— SEO((Yi, Xa) — (Y3, X)) + Bo(| (X1, Ya) — (v1,%5))

— SES(1(X1,Y5) — (X2, %)) — SE((¥1, ) — (¥, ¥a)P?),

2
where X; % F(i = 1,2,3), V; “ G(i = 1,2,3) are independent and E ¢(|(X1, X2)[?),

E ¢(|(X1,Y1)|?) and E ¢(|(Y1,Y2)|?) are finite. The measure n4(F,G) has some nice theoretical

properties as mentioned in the following proposition.

itd
~Y

Proposition 5.1. Suppose that ¢ : [0,00) — [0,00) is a continuous, monotinically increasing
function with ¢(0) = 0, and it has non-constant completely monotone derivative on (0,00). Also
assume that E ¢(|U|?) and E ¢(|V|?) are finite for all f € H, where U ~ F/ and V- ~ G/. Then
ne(F,G) has the following properties.

(a) ne(F,G) = E{g(X1, Xo, X3;Y1,Y2,Y3)}, where

9(X1, X0, X3;Y1,Y2,Y3) Z%{2¢(!<X2,X1> — (Y1, X1)?) — o(|(X2, X1) — (X3, X1)[?)
— o(I(Ya, X1) — (Y3, X1)[?) + 26(|{X1, Y1) — (Y2, V1))
= 01Xz, Y1) — (X3, V)P) = 6(1(%2, Y1) = (3, YD) b (5.1)
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(b) n¢(F, Q) has the characterization property, i.e., ng(F,G) =0 if and only if F = G.
(c) ne(F, Q) is invariant under unitary operations on X andY, i.e., if U : H — Ho is an unitary
operator, then ng(F o U™, GoU™) =ny(F,G).
(d) Let {X, :n >1} and {Y, : n > 1} be independent sequences of Hilbertian random variables
such that X, 2 X and Y, 2 Y. Then ILm Ne(L(Xn), L(Yn)) = ng(L(X),L(Y)), where
n—oo
L(Z) denotes the distribution of a random function Z.
Remark 5.1.Proposition 5.1(c) implies that 14 only depends on the inner product defined on the

Hilbert space, but not on the space used for modeling the random variables. For example, modeling

the two samples as random variables in Ly[0, 1] and in L5[0, 10] leads to the same value of 74 (F, G).

5.1 ESTIMATION OF PBF AND CONSTRUCTION OF THE TWO-SAMPLE TEST

Suppose F, and G,, are the empirical distribution functions based on X and ), respectively.

Replacing F by F), and G by G, we get an estimator of ne(F, G), which can be expressed as

nnm_ Z Zd) XJ7X <Yk’X Z ¢ XJ’X <Xk’XZ>‘2)

1<2,j<nk 1 1<1]k<n

1 n

5y >, oYX - (M X))+ — Y qu (X;,Y3) — (Y, Vi) 2)
i=1 1<j,k<m 1<zk<mj 1
1

W Z > oY) — (X YOP) — o D0 e(I(0G.Y) - (Ve Ya)lP). (52)

i=1 1<j,k<n 1<i,j,k<m

Clearly, ﬁﬁm can be viewed as a two-sample V-statistic with the core function

1
(X17X27X3aY17Y2aYE’>) 3'3| Z g(XW1(1)7X7T1(2)7X7T1(3);Y7‘(‘2(1)’Y7r2(2)7y71'2(3))7 (53)

7r1,7r2633
where g is as in equation (5.1). The large sample distributions of nﬁm under null and alternative
hypotheses follow from Section 4.2 of Lee (1990). These results are stated below as Theorem 5.3.

Alternative derivations of these results are given in Section 5.3 as the proof of the theorem.

Theorem 5.3. Let Xq,...,X, “F and Yi,..., Y, G be independent random functions and

limn/(n+m) = X€[0,1]. Then for any ¢ satisfying the properties mentioned in Proposition 5.1,
as min{n, m} — oo, we have the following results.

(a) Under the alternative hypothesis Hy : F # G, /nm/(n+ m)(ffm — ne(F, Q)) 1 N(0,0?),
where 02 = (1—\) Var(hi(X1)) + A Var(hi(Y1)), while hi and h3 are the first order Hoeffding’s
projection of the core function defined in equation (5.3).

(b) Under the null hypothesis Hy : F = G, nm/(n + m)j%m 1 Sow Ak ZE, where the Zy's
are i.i.d. N1(0,1) and the \’s are the eigenvalues of the integral operator T(g)(v) =
S B, v)g(u)dF(u) and h(u,v) = E{ 6 (| (u, X1), (Xa, X1)2) } +E{6(I{v, X1), (X2, X1)[2) } -
E{ o (|(u, X1) = (v, X1)2) } — B{ 0 (|(Xa, X1) — (X5, X)) }.
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As a consequence of Theorem 5.3, we get the probability convergence of ﬁf{m to its

population counterpart n4(F, G). This is formally stated as a corollary.

Corollary 5.1.1If Xq,...,X, YR and Yi,....Yn, G are independent, T]nm converges in

probability to ng(F,G) as min{n, m} — oco. This holds even when n/(n+m)— 0 or 1.

Hence even in the extremely unbalanced scenario (i.e., when n/(n + m) — 0 or 1), our

estimator can detect the distributional difference between the two samples X and ).
5.1.1 TWO-SAMPLE TEST BASED ON %

Proposition 5.1(b) shows that for suitable choices of ¢, we have n4(F,G) > 0, where the equality
holds if and only if F = G. Since ﬁﬁm is a consistent estimator of n(F, G), we can reject Hy : F' = G
if ﬁff,m is large. Theorem 5.3 (b) gives us the limiting null distribution of the test statistics ﬁﬁ,m,
but it involves some unknown quantities which are quite difficult to estimate. Hence, for a nominal

level @ (0 < a < 1), the cut-off is computed using the permutation method as described below.

o Let U™ = {Uﬂ(l), .. -an(N)} denote a permutation of the pooled sample U based on the
permutation 7 of {1,..., N}.
e Partition U™ into X7 = {Ur1),---,Urmy} and Yy, = {Ur(ng1)s- - - Ur(ngm)} and compute

the statistic 77¢’ (permutation analog of ﬁf;m) based on them.
e Compute the critical value c(f o 88
c‘fa inf{t e R: N'Z m <t]>1-a},

TESN
where Sy is the set of all permutations of {1,..., N}.

The proposed test rejects Hy if f]ﬁm is larger than c‘f or equivalently the corresponding p-value
Prm = N, D 1l = 08 )
TESN
is smaller than «. Here, the cut-off c‘f_a is a random quantity, but using the following theorem,

one can prove that it converges to zero in probability as min{n, m} diverges to infinity.

Theorem 5.4. If ¢ satisfies the conditions mentioned in Proposition 5.1, as min{n,m} — oo and
n/(n+m) — X, nm/(n+m)ibm converges in distribution to v A ZE, where {Z}} is a sequence
of independent N1(0, 1) variables and the A\ ’s are the eigenvalues of the integral operator T'(g)(v) =
[ h(u,v)g(w)dF(u) where h(u,v) = E{¢(|<u, Ul),<U2,U1>|2)} + E{d)(|(v Ul),<U2,U1>|2)} -

E{¢(|<u, Uy — (v, U1>\2)} _ E{¢(|<U2, Uy — (Us, U1>|2)} with Uy, Us, Us S \F 4 (1 — NG,

Ao and nm/(n + m)nﬁ m

In particular, under Hy, the permuted test statistic nm/(n + m)n,m
attain the same limiting distribution as min{n,m} — oo and n/(n + m) — A. Hence, the
permutation test asymptotically attains the significance level «, and it turns out to be consistent
for any fixed alternative. Therefore, when min{n,m} is sufficiently large, the permutation test is

close to the oracle test, which assumes the knowledge of the data-generating distribution.
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However, in practice, it is not computationally feasible to consider all permutations even
when N is moderately large. In such scenario, we generate random permutations m1,...,mg of the

set {1,..., N} and obtain a randomized p-value

B
1 T A
Pnm,B = T‘H{ Z 1[777(2,’2{ > Uﬁ,m] + 1}

i=1
We have seen that using all N! permutations leads to the p-value py, ,,. Naturally, one would expect

Dn,m,B and D, ., to be close as the number of random permutations B grows to infinity. This is

asserted by the following proposition.

Proposition 5.2. For any given U, p, m. B converges almost surely to pym as B grows to infinity.

So, when B and min{n,m} are sufficiently large, the randomized permutation test (which
is used in practice) also approximates the oracle test. However, the oracle test is never available,
while the randomized permutation test is applicable in general. This strongly advocates the use of

the randomized permutation test in practice.
5.1.2 LOCAL ASYMPTOTIC BEHAVIOUR OF THE TEST

In this section, we construct a locally asymptotically normal sequence of contiguous alternatives
and study the behaviour of our test under such alternatives. Suppose that Zi,...,Zy are i.i.d.
functional random variables with distribution F. Define F(N) = (1 — §x)F + dx L, where F and L
are two probability distributions on H, and {dn} is a sequence in (0, 1) that converges to zero as
N grows to infinity. Clearly, the total variation distance between F(N) and F' converges to zero as
N diverges to infinity. Hence, F(N) and F are mutually contiguous for any distribution L and a
sequence {6y} in (0, 1) that converges to zero as N increases. Now, for studying the local behavior

of our test, we assume that
(A5.1) L is absolutely continuous with respect to F' with square integrable density £(-).

Note that Assumption (A5.1), in particular, implies that the second-order central moment
of £(Z) is finite, and F(N) is absolutely continuous with respect to F. For dy = /N, we have

the following result on the local asymptotic normality for functional random variables.

Theorem 5.5. Under Assumption (A5.1) and 6 = §/v/N, the Radon-Nikodym derivative of F(N)
with respect to F' is (1 + %N(E(z) — 1)), and as N goes to infinity, we have

P

N
F(N)
10g{ d — 0,

()} - jﬁ i («z) —1) + (ZE{K(Zl) )
1 =1

Since for functional random variables, there is no universally accepted dominating measure

1=

(such as the Lebesgue measure), the quadratic mean differentiability assumption (see Chapter 7,
Van der Vaart, 1998) is difficult to formulate. But contiguity through contamination alternatives
is naturally extendable in such cases. Let F™ = F and G = (1 — §//m)F + §//mL for
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some probability distribution L satisfying (A5.1) and a positive number §. Clearly, the alternative
(F™ G is contiguous with the null (F, ). The next theorem shows that under (F(™ G(™),

nm/(n + m)ﬁﬁm converges in distribution to a tight random variable.

Theorem 5.6. Under (F™,G™), as min{n,m} grows to infinity, nm/(n + m)ﬁﬁm converges in
distribution to Y 324 A\ (Z) — ﬁ&f@de)2, where limn/(n+m) = X € [0,1], {Zx} is a sequence
of i.i.d. N1(0,1) random variables and {\t} and {@r} are the eigenvalues and eigenfunctions of

the integral equation [ h(u,v)y(v)dF(v) = Ay(u), where for Uy, Us, Us td F,

h(u,v) =E{(|(u, Ur), (U2, U1) ")} + E{¢(|(v, U1), (U2, U1)|*) }
—E{o(|(u, U1) — (v, U1)[*)} = E{¢(|(Uz, Ur) — (Us, U1>|2)}-

To investigate the asymptotic behavior of the test, we also need to study the convergence
of ﬁﬁfn under the sequence of alternatives (F' (n) G(m)). Intuitively, ﬁﬁfn has the same behavior
as ﬁff,m when the samples are generated from the mixture distribution A\, F' + (1 — \,,)G, where
An = n/(n + m). Therefore, under the contiguous alternative (F,G(™), ﬁﬁ% should have the
same behavior as ﬁff,m when the sample is generated from A, F™ + (1 — \,,)G(™), which converges
weakly to F' as n and m diverge to infinity. So, it is expected that asymptotically, the limiting

behavior of ﬁﬁfn should be the same as it is under Hy. This is formalized in the following theorem.

Theorem 5.7.If ¢ satisfies the conditions of Proposition 5.1, under the contiguous alternative
(F™_ Gm) as min{n,m} grows to infinity and limn/(n +m) = A € (0,1), nm/(n + m)iim
converges in distribution to Y ey A\ Zi where {Zy} and {\} are as in Theorem 5.35.

Theorems 5.6 and 5.7 together show that for a suitable choice of ¢, under (F("),G(m))
the power of our test converges to a non-trivial limit which is a function of §. This shows that
the proposed test is statistically efficient in the Pitman sense. It can be easily verified that as §
diverges to infinity, the asymptotic power will be one, and it will be equal to the level a when §
shrinks to zero. The exact expression of the limit is not analytically tractable. In the next section,
we compute the empirical power and efficiency of our test and compare them with some of the

state-of-the-art methods through simulations.

5.2 EMPIRICAL PERFORMANCE OF THE PROPOSED TEST

In this section, we evaluate the empirical performance of the proposed test by carrying out some
simulated experiments and analyzing a real dataset. Note that in practice, one needs to choose a
suitable function ¢ to implement the test. There are several choices of ¢ available in the literature,
but here we take the functions ¢1(z) = v/z, ¢2(2) = 1 — exp(—2/2) and ¢3(z) = log(1 + 2) to
construct our test, which we further refer to as pBF-{s, pBF-exp and pBF-log tests, respectively.

First, we consider some examples for studying the level property of our tests and then

we compare their powers with the powers of the tests proposed in Pomann, Staicu é Ghosh
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(2016), Wynne & Duncan (2020) and Pan et al. (2018), which are referred to as the FAD
(Functional Anderson-Darling) test, the WD (Wynne-Duncan) test, and the BD (Ball Divergence)
test, respectively. Throughout this section, all tests are considered to have a 5% nominal level. In
our simulated experiments, the random functions are observed on an equispaced grid of size 101
on the interval [0, 1], and the randomized p-values of the permutation tests are computed based on
500 random permutations. Each experiment was repeated 1000 times to estimate the power of a

test by the proportion of times it rejected Hy.
5.2.1 ANALYSIS OF SIMULATED DATA SETS

First, we study the level properties of our tests. For this purpose, we generated X and ) from
the same distribution. Here we consider three examples (Example 5.1-5.3) and compute the power

(which is the same as the level when F' = G) for different sample sizes (n = m = 20, 30,40 and 50).

Example 5.1. X and Y are independent Wiener process W on [0, 1].

Example 5.2. X and Y are independently distributed as p1+ W on [0, 1] where u(t) =t and W is

the Wiener process.

Example 5.3. X and Y are independent random functions defined as Z?:l ﬁ%fiwi(t), where the
&’s are i.i.d. N1(0,1) random variables, and {t;} is the trigonometric basis on L2 ([0, 1]).

Figure 5.1 shows that the observed levels of our tests were approximately 0.05 in all three

examples, which we expect in view of the theoretical results stated in the previous sections.

Example 5.1 Example 5.2 Example 5.3
T T T T T T
0.2 |- = 0.2 |- = 0.2 |- =
3 3] 3
g 2 2
r 0.1} 1 & 01 1 & 01 =
0 l l 0 l l 0 l l
20 30 40 50 20 30 40 50 20 30 40 50
n n n

Fig. 5.1 Powers of pBF-l5 (o), pBF-exp (o) and pBF-log (e) test in Examples 5.1-5.5.

Next, we consider some location and scale alternatives (Examples 5.4 and 5.5) to compare
the power of pBF-¢5, pBF-exp, and pBF-log tests with FAD, WD, and BD tests.

Example 5.4. X is the Wiener process W on [0,1], while Y is distributed as pu + W and is

independent of X. We consider two choices of p, (i) u(t) = rt? and (i7) u(t) = rel.

We carried out our experiment for different choices of r € [0, 1] as shown in Figure 5.2.

We generated 50 observations on each of X and Y. Here X is pure noise, while Y has a non-zero
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Example 5.4.(7) Example 5.4.(it)
1 1
0.8 0.8
g 06 06
~ 0.4 ~ 0.4
0.2 0.2
5 £ | | \ \
0 02040608 1 0 02040608 1
r r

Fig. 5.2 Powers of pBF-{s (o), pBF-exp (o), pBF-log (¢), FAD (M), BD (¢)
and WD (A) tests in Examples 5.4 (i) and (ii).
signal . The location difference between the two distributions is an increasing function of r. So,
as expected, the powers of all tests increased with r (see Figure 5.2). In both cases, FAD, WD, and

pBF tests had competitive performance, but the performance of the BD test was relatively poor.

Example 5.5. X and Y are independent random functions as in Example 5.3 with respective
coefficients denoted as §iX and §Z-Y for each i € {1,...,9}. Here, we consider two scale problems:
(i) &Xs are i.i.d N1(0,1), while £)'s are i.i.d. N1(0,02); (i) £*s are independent standard Cauchy

variables and EZY s are the centered Cauchy random variables with scale parameters o > 0.

Here also we generated 50 observations on each of the random functions X and Y. Note
that as o deviates from 1, since the scale difference between the two distributions increases, the
power of a test is also expected to increase. Figure 5.3 shows the powers of different tests. Here
the BD test had the best performance. In Example 5.5 (i), WD, pBF-exp, and pBF-log tests had
similar performance, but in Example 5.5 (ii), pBF-exp and pBF-log tests outperformed the WD
test. The pBF-¢5 test and the FAD test had a relatively poor performance in this example.

In Example 5.5(i7), the poor performance of pBF-/5 can be attributed to the fact that the
moment conditions required for this measure (as mentioned in Proposition 5.1) are not satisfied.
However, for pBF-exp and pBF-log tests, the respective moment conditions were satisfied, and
they exhibited excellent performances. Note that the pBF-/{s test is not robust against heavy-
tailed distributions, while the bounded ¢ function used in the pBF-exp test makes it more robust

against outliers and contaminating observations.

Next, we consider a couple of examples (Examples 5.6 and 5.7), where the projection-based

tests have superior performance compared to the distance-based tests.

Example 5.6.Define X (1) = S0, %gi\/?sin(%m’t) and Y(t) = 324, ﬁniﬂcos@m't), where
the &;s and the 7;s are independent mean zero random variables with the same variance. Here we
consider two cases: (i) &’s and n;’s are i.i.d. N7(0,2) random variables, (ii) &’s are i.i.d N7(0,2),

but 7;s follow the standard t-distribution with 4 degrees of freedom.
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Example 5.5.(7) Example 5.5.(it)

Power
Power

Fig. 5.3 Powers of pBF-{5 (o), pBF-exp (o), pBF-log (¢), FAD (M), BD (¢)
and WD (A) tests in Examples 5.5 (i) and (ii).

We generated 30 observations on both X and Y and compute the power of the tests for
d = 3" with ¢ = 1,...,4. Figure 5.4 provides the sample paths of X and Y observations for
Examples 5.6 (i) and 5.6 (ii) when d = 9. We observe that X (0.5) is identically zero, but the
Y (0.5) is random. Therefore, these random functions have a visible distributional difference. In
Figure 5.5, we observe that the powers of pBF-/{5, pBF-exp, and pBF-log tests remained one for all
choices of d. The FAD test also performed well, but our tests had an edge for large d. However,
BD and WD tests had a decaying performance with increasing d.

X observations Y observations

X observations Y observations

Fig. 5.4 Sample paths of X (t) and Y (t) for 0 <t < 1. The top row corresponds
to Example 5.6 (i), and the bottom row corresponds to Example 5.6 (ii).
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Example 5.6.(%) Example 5.6.(i7)
\\\ L T ——
5 - 5 h
2 0.5 \ 1 B o5 \ .
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Fig. 5.5 Powers of pBF-ly (e), pBF-exp (o), pBF-log (¢), FAD M), BD (¢)
and WD (A) tests in Examples 5.6 (i) and (ii).

Note that in this example, the squared pairwise distances are || X1 — Y3||? = Z?:1 £2/d +
S n?/d, [ X1 = Xo|? = S (G — €2)?/d and [|Yi = Yol = S, (i — m2i)?/d (where the
&ji's are associated with the X,’s and the 7;’s are associated with the Y’s, j = 1,2 and ¢ =
1,...,d). One can show that with increasing d, the pairwise distances converge to the same limit.
Here the distributions of || X1 — Yi||, || X1 — X2|| and ||Y7 — Ya|| are non-degenerate, and they are
expected to be close for large d. On the other hand, we have (X, X3) = Zle &1:6&2i/d, (V1,Ys) =
Zle minei/d, but (X7,Y7) = 0. The pBF tests successfully discriminate between non-degenerate
and degenerate distributions (i.e., the distributions of (X;, X2) and (Y3, X2) or the distributions
of (Y1,Y3) and (X1,Ys)) and aggregate them in a suitable way. As a result, they had superior
performance compared to the distance-based methods. From the above discussion, one would
expect these tests to exhibit a similar behaviour if ¢ ;(t) = v/2sin(27it) and 1o ;(t) = v/2 cos(2mit)
are replaced by some other orthonormal sequences {¢;(t)} and {t;(t)}, which are orthogonal among

themselves.

Example 5.7.Define U(t) = Z?il \/%fi\/isin@m't) and V(t) = Z?il \/%m\/icos@m't) for t €
[0, 1], where the &;s and the ;s are i.i.d. N71(0,2). We generate independent observations X7, ..., X,
from the distribution of U and Y7, ...,Y,, from the mixture distribution of U and V with mixing
proportion 1—4/+/n and §/+/n, respectively. We consider three choices of § (1,2 and 4) and compute

the powers of different tests for different sample sizes as reported in Figure 5.6.

Here, the pBF-{5 test had an overwhelming performance for all choices of §. The pBF-log
test and the pBF-exp test had the next best performance followed by the FAD test. BD and WD
tests had poor performance in all cases.

Next, we generate X1, ..., X, independently from F', and Y7,...,Y, independently from a
contiguous alternative (1 — 0/y/n)F + 0/y/nG with § > 0, where G differs from F' either in their

locations (Example 5.8) or in their scales (Example 5.9). We use these examples to compare the

efficiencies of different tests.
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Example 5.7 (a) Example 5.7 (b) Example 5.7 (c)
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Fig. 5.6 Powers of pBF-{5 (o), pBF-exp (o), pBF-log (¢), FAD (R),
BD (¢) and WD (A) tests in Example 5.7.
Example 5.8 (a) Example 5.8 (b) Example 5.8 (c)
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Fig. 5.7 Powers of pBF-ly (), pBF-exp (o), pBF-log (e), FAD (R), BD (¢)
and WD (A) tests in Examples 5.8 and 5.9.

Example 5.8. We generate X1, ..., X, independently from F'| the distribution of Z?:l ﬁ%fﬂbz(t),
where the &;’s are i.i.d. N7(0,1) and {v;} is the trigonometric basis of Ly[0,1]. Yi,...,Y, are
generated independently from a contiguous alternative (1 —§/y/n)F + §/y/nG, where 6 > 0 and G
is the distribution of Z?:l ig%mv,bi(t) with the 7;’s being i.i.d. Nq(1,1).

Example 5.9. We generate X and Y observations similar to Example 5.8. Here we consider the

&’s to be i.i.d. N1(0,1) and the n;’s to be i.i.d. N7(0,2) random variables.

Figure 5.7 displays the power of different tests for different values of 4 and sample size n.

Note that when n is large, the power of a test serves as an approximation of the efficiency of that
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test. In Example 5.8, the FAD test turned out to be the most efficient, closely followed by the
pBF-¢5 test. The rest of the tests can be arranged as pBF-log, WD, pBF-exp, and BD tests in
decreasing order of efficiency. In Example 5.9, the BD test turned out to be the most efficient,
followed by WD, pBF-exp, pBF-log, pBF-/{5, and FAD tests arranged in the same order.

Finally, we consider two imbalanced problems (Examples 10 and 11), which are imbalanced

versions of Examples 5.4 and 5.5, respectively.

Example 5.10. We generate 50 observations on X from the Wiener process W on [0,1] and 20
observations on Y, which follows the distribution of p+ W, where (i) u(t) = rt? and (ii) p(t) = ret

on [0,1] as in Example 5.4.

The power of the tests for different values of r is reported in Figure 5.8. In this example,
the pBF tests and the FAD test had a competitive performance. In Example 5.10 (i), the FAD
test had an edge over the proposed tests, whereas, in Example 5.10 (i3), our tests had an edge over
the FAD test. The BD test also exhibited good performance in Examples 5.10 (i) and 5.10 (7).

However, the WD test had a very poor performance.

Example 5.10 () Example 5.10 (i)
1 \ \ 1 a——8——4
0.8 - 0.8 N
~ ~

g 0.6 - g 0.6 n
x 04| ~ 04 =
0.2 |- 0.2 |

0 = S o | |
0 02040608 1 0 02040608 1

r r

Fig. 5.8 Powers of pBF-ly (), pBF-exp (o), pBF-log (¢), FAD (R), BD (¢)
and WD (A) tests in Examples 5.10 (i) and (ii).

Example 5.11. We generate observations on X and Y following the model considered in Example
5.5, where X and Y differ only in the scales. But this time we generate 50 observations on X and

20 observations on Y.

Figure 5.9 displays the powers of the tests for this example, which are computed for various
choices of the scale parameter o. In Example 5.11(i), the BD test had the best performance as
in Example 5.5. But contrarily, the WD test was highly affected by the imbalanced nature of the
problem and exhibited a decaying performance with increasing o. The pBF tests were competitive
with the BD test. The FAD test had a relatively poor performance in this example. In Example
5.11(7i), the BD test, the pBF-exp test, and the pBF-log test exhibited a similar performance, with
the pBF tests having an edge over the BD test. Here, pBF-f5 and FAD tests had a relatively poor

performance, which can be explained as in the case of Example 5.5.
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Example 5.11.(7) Example 5.11.(417)

Power
Power

Fig. 5.9 Powers of pBF-ly (), pBF-exp (o), pBF-log (¢), FAD (R), BD (¢)
and WD (A) tests in Examples 5.11 (i) and (ii).

5.2.2 ANALYSIS OF DTI DATA

For further evaluation of the performance of our test, we analyze the DTI dataset available in the
R package ‘refund’. The DTI data were collected at Johns Hopkins University and the Kennedy-
Krieger Institute. Diffusion tensor imaging (DTI) is a magnetic resonance imaging technology that
traces water diffusivity in the brain and helps to create an image of the white matter tract. This
dataset has been studied in Goldsmith et al. (2011, 2012) in the context of functional regression.
Several measurements of water diffusion are provided by DTI, but here we work with the fractional
anisotropy (FA) tract profiles recorded at 93 different locations of the corpus callosum. The dataset
contains measurements on 100 ‘Multiple Sclerosis patients (MS)’ and 42 ‘healthy controls (HC)'.

While the number of visits for MS patients ranges between 2 and 8, each healthy person visits

Healthy Controls: Male Healthy Controls: Female
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Fig. 5.10 The fractional anisotropy (FA) tract profiles on the first visit of the patients (divided according
to health status and gender) reported in the DTI dataset available in the R package ‘refund’.
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just once. So, we consider the FA tract profiles only for the first visit of the subjects. We deleted
the subject with ID ‘2017’, which had some missing values, and worked with the remaining 99 MS
patients and 42 healthy controls. Among the subjects, there are both males and females. To test
whether the ‘health status’ or the ‘gender’ of the subject affects the FA tract profile, we divided
the dataset into four groups, each corresponding to a particular combination of gender and health

status. Figure 5.10 displays the FA tracts of different individuals divided into these four groups.

Taking one pair of groups at a time, we tested for the distributional difference. So, we
considered (3) = 6 cases: (Cl) HC males vs. HC females, (C2) HC males vs. MS males, (C3)
HC males vs. MS females, (C4) HC females vs. MS males, (C5) HC females vs. MS females and
(C6) MS males vs. MS females. The p-values of pBF-/y, pBF-exp, pBF-log, BD, WD tests, and
Bonferonni corrected p-value of FAD test are reported in Table 5.1. Here, the randomized p-values
were computed based on 10,000 random permutations. In many cases, the WD test failed to detect
the distributional difference when the others rejected the null hypothesis at 5% level. Our analysis
suggests that the distributional difference among the males and females is statistically insignificant,

but the distribution of the FA tract profile differs significantly depending on the health status.

Table 5.1 p-values of pBF-ls, pB-log, pBF-exp, BD, WD tests, and the Bonferroni corrected p-value of the

FAD test for the DTI dataset divided according to health status and gender of the patients ((C1) HC males

vs. HC females, (C2) HC males vs. MS males, (C3) HC males vs. MS females, (C4) HC females vs. MS
males, (C5) HC females vs. MS females and (C6) MS males vs. MS females).

Case pBF-{5 pBF-exp pBF-log BD WD FAD
(C1)  0.577 0.366 0.377 0.803 0.369 0.449
(C2) 1x107* 1x107* 1x107* 1x107*  0.096 7x107°
(C3) 1x107% 1x107% 1x107% 1x107* 1x107* 8x10°°
(C4) 4x107% 2x107* 2x107*  0.001 0.221 0.002
(C5) 2x107*% 2x107% 2x107* 4x10"* 0542 5x107*
(C6)  0.574 0.476 0.475 0.638 0.639 0.316
DTI data

Power

Pooled Sample Size

Fig. 5.11 Powers of pBF-ly (o), pBF-exp (o), pBF-log (¢), FAD (B), BD (¢) and WD (A) tests in the
DTI data set, where the first sample consists of fractional anisotropy (FA) tract profiles of multiple
sclerosis patients and the second sample consisted of those for healthy patients.
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Hence, we can merge the data sets corresponding to males and females and look into the
DTI data divided based on health status only. Using this, we compared the performance of the
tests by generating random sub-samples, keeping the sample proportions from the two distributions
approximately the same as they were in the original data. The sub-sampling procedure was repeated
1000 times to estimate the power of the tests by the proportion of times they rejected Hy. Figure
5.11 shows that for this data set, the pBF tests had comparable performance among themselves,
and they had higher powers than all the other tests. BD and FAD tests also had relatively good

performance, whereas the WD test performed poorly in this data set.

5.3 PROOFS AND MATHEMATICAL DETAILS

Lemma A5.1. Let { X, } be a sequence of i.i.d. random variables from the distribution P defined on
the measurable space (X, A). Let h : XF — R be a symmetric function such that B h2(X1,..., X}),
E hQ(Xl, ..., X1) are finite and E h(z1,...,x5—1, XK) = 0 almost surely. Then the random variable

[ h(z1,...,z5) Hle dG p(x;) 2 S h(z1, ..., zx) Hle dGp(z;) as n — oo.

Proof. Let fo = 1, f1, fo, ... be an orthonormal basis of Lo (X, A, P). Since, h € Lo(X¥, A* P*) and
is degenerate, we can write h =3, . (h, fi XX fi,) fiy X X fiy, where i1, ..., i > 1. Define,
V(f) := [ h(z1, ..., 2) T15, dGp(x;). Then it is easy to see that for any such h € Lo(XF, A*, P*),

k
Var(Vy,(h)) < C’/BQ(wl,...,xk)HdP(xi), (5.4)
i=1

where C' is a universal constant that depends on k, Vi(h) is linear in h and E{V,(h)} =
E{h(X1,...,X1)}, where

k
un,vcn) = [ o) [T - P, (5.5)

i=1
Since, E h(z1,...,25-1,Xx) = 0 almost surely, we have h = h. Since E h?(X1,...,X}) and
E h%(Xy,...,X1) are finite, hy = Zflzl e kaﬂ(h,fil X oo X fi ) fiy X -+ X fi, converges to h in

Lo(P*) as ¢ — co. Hence, the series Diviins1 (B fiy X X fi )Valfiy X -+ X fiy) converges in
Ly(P™) (since Var(Vy(h — hy)) and |EV,,(h — hy)| both converges to zero as ¢ diverges to infinity).

Also note that the finite-dimensional distributions of {V,(fi, x --- x fi,) | (i1,...,i) €
NF} converges to those of {[ fi, (u1) -+ fi, (u2)dGp(u1) - - - dGp(ug) | (i1,...,ix) € N¥}. Since the
stochastic integrals are taken in the Wiener sense, the limiting class of random variables can also
be written as {X;, --- X;, | (i1,...,i) € N¥}. Hence, by continuous mapping theorem, we can say
that >, sq(he, fiy X X fi)Va(fiy X+ -+ X fi, ) converges in distribution to 32, <1 (he, fi, X
c X i) H§:1 [ fi;(w)dGp(u) = [ hy(x1,...,z) 15, dGp(x;) as n grows to infinity.
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Now note that { [ f;(u)dGp(u)} is a sequence of i.i.d. N1(0,1) random variables. Define,
[€] :={1,2,...,¢}. Then for any ¢; < {2, we have

k
E‘/hfz(xlv"ka’)HdGP(xi)_/hfz T1,--.,T HdGP xz
=1

k
2
B S o I [ f@der@f 0w 3 fixex i
(11,051 ) E 2] P\ [€1]F Jj=1 (4150051 ) E[L2]*\[£1]*

where Cy, is a constant that depends on the even moments of the N7 (0, 1) distribution up to order

2k. Since hy — h in Lg(Pk), it is also a Cauchy sequence, and hence for any ¢ > 0, we get an
N € N such that Z(“ RYETAL \[41]k<h’ fiy X -+ X fi, )2 < €/Cyy, for any £1, 05 > N. Using it, we get

k
El/hb(xl,...,xk)HdGP(xi)—/th T,y & Hde m <e.
=1

Hence, the sequence [ hy(x1,...,zx) Hf:l dGp(x;) is Cauchy in Lg. It is easy to see that the limit

of this sequence of random variables is [ h(z1,...,zk) Hle dGp(x;).

Let ¢ne(t) and ¢n(t) be the characteristic functions of [ he(z1,...,xk) Hle dGp(z;) and
[ h(z1,...,z5) Hle dGp(x;), respectively. Also, define oy(t) and o(t) as the characteristic
functions of [ he(x1, ..., z) [15, dGp(z;) and [ h(x1, ..., zx) [], dGp(x:), respectively. Then by
the previous arguments, for any e > 0 and any t € R, we can find K € N such that |[p(t) —¢(t)| < €
for all £ > K. So, it is easy to see that for all t € R, and for all ¢/ > K,

Jim [ (t) — o (t)]
< i one(t) = @n(8)] + T [ne(t) = @e(t)] + [@e(t) = @(2)]

= lirglo |§0nf(t) - (Pn(t)’ +e

n— k )
< [t] lim {E{’/he(m,...,xk)gde(:m) —/ Ti,. .., HdGP ) }} ny
= || {E{(h—hg)Q(Xl,,,,, )} {E{(h — he)(X1,..., X1)}} }1/2

For the second last inequality, we have used the fact that E{|e?* — 1|} < [t|E|X| < [t|{E|X|?}'/2.
The last equality follows from the fact E(X?) = Var(X) + (E(X ))2 and equation (5.4). Now as

¢ grows to infinity, we have ILm lon(t) — @(t)] < € for any arbitrary e > 0. Hence, we can say
n o
: A D
nlig.lo |§07L(t) - @(t)’ = 0. SO, f h(l’l, ceey I’k) Hf:l dGP(xZ) - f ]’L(.’L’l, R 7$k) Hf:l dGP(xz) u

Lemma A5.2.Let {X,,} and {Y.,} be two independent sequences of i.i.d. random wvariables
from distributions P and @, respectively, defined on the measurable space (X, A). Let h :
X2 — R be a measurable function (not necessarily symmetric) such that E h*(X1,Y1) < oo.

Assume that E h(z1,Y1) = 0 and E h(X1,y1) = 0 almost surely. Then the random wvariable
vnm [ h(z1,y1) de(:L‘l)dGQ (y1) B J h(x1,91)dGp(21)dGg(y1) as min{n,m} goes to infinity.



Proofs and mathematical details 117

Proof. Let fo = 1, fi1, fo,... be an orthonormal basis of La(X,A, P) and g9 = 1,91,92,... be an
orthonormal basis of Ly(X, A, Q). Define, F = {fo, f1, f2,.--} U{g90,91,92,...}. Using a similar
argument as in Lemma A5.1, we get the result. However, a brief sketch of the proof is given below.

Let us define, T,,(f) := /nm [ h(xl,yl)d@p(xl)dCQ(yl). For g,h € Lo(X?, A%, P ® Q),
Cov(Tn(9), Tn(h)) = [ §(u,v)h(u,v)dP(u)dQ(v), and E{T,(h)} = E{h(X1,Y1)} = 0, where h,§
are as in (5.5). Now write h as a series >, 1 (h, fk, X ko) ey X gk, where ki, ko > 1 (under the
given assumptions). Since, hy = Z(kl’k2)€[€]2<h, fry X Gky) fry X gk, converges to h in La(P ® @),
T (he) converges to Ty, (h) in Ly(P™ @ Q™) (since Var(h — hy) — 0 as £ — o).

Clearly, the finite-dimensional distributions of the process {T,,(fr, X gr,) | (k1,ke) € N2}
converges to those of {[ fi, (u)gk,(v)dGp(u)dGg(v) | (ki,k2) € N2?}. Then by continuous
mapping theorem, as min{n,m} — oo, > 4 (he, fiy X Gko)Tn(fry X Gky) A Dy by (s fry X%

Gks) [ fry (W) g, (v)dG p(u)dGg(v), which can also be written as [ hy(x1,22)dGp(z1)dGo(z2).

Now note that { [ fi(u)dGp(u)} and { [ gi(u)dGp(u)} are two independent sequence of
N1(0,1) random variables. So, for any ¢; < f2, we have

E / he, (21, 22)dG p (1) AG o (2) — / he, (21, 22)dG p(21)dGa (w2)

5 Y x| A [g@dGew| = Y [hfix )l

’ 2

(4,5)€[e2]?\[a]? (i,5)€[e2]?\[a]?
The rest of the proof follows by using similar arguments as in the proof of Lemma A5.1. |
Remark A5.1.We can also establish distributional convergence of the variable [ h(x1,...,zy)

[Lics dG p(z;) [Licse dGo(x;) for any S C {1,...,k}, where h satisfies conditions similar to Lemma

A5.1 and A5.2. However, the proof is similar to the above, so we omit it here.

Proof of Theorem 5.1. Let X ~ F, and Y ~ G and define ¢ : H — C as ¢(f) = E{e!XN} —
E{ei<y’f>}. Notice that the function ¢ is continuous, and ¢(f) = 0 Vf € H implies F = G. One
can see that if F = G, T(Ff,G/) = 0 for any f € H, and hence 1 (F,G) = 0 for any probability
distribution v/ on . Now n*'(F,G) = 0 implies that there exists a Borel measurable set E € B(H)
such that /(E) = 1 and T(F/,G/) = 0 Vf € E. Hence, by the assumption on T, we have
©(f) = 0Vf € E. Thus when supp{v'} contains the surface of the unit sphere, for any f € H,
(X, 1) = [IFIKX, f/UfI) and (Y, f) = (I fIKY, f/1If]]) have the same distribution. Hence, we have
o(f)=0VfeH. [ |

Proof of Theorem 5.2. Let us first consider the following claim.

Claim: Suppose that X is a random variable on a Hilbert space H with distribution F. If
supp{F'} C Ho, where Hq is a closed subspace of H, then X and QX have the same distribution,
for Q) : H — Ho being the projection operator onto Hj.
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The claim can be proved by showing that the characteristic functions of X and QX are
identical. Now take any arbitrary 8 € H and note that
E{ei X0} — / ¢ile0) qp(z) = / i) 4p () = / £H(Qr.QO)+i{(I-Q)r.(1-Q)0) g ()
H Ho Ho

_ / (H(QE.Q0)+i(0.U-Q)0) gp () — / ¢HQm0) P (z) = B{HQX 0.
Ho HO

Hence, the claim holds. Denote Ho = span{supp{F'} Usupp{G}}, a closed subspace of H.
Let Q denote the projection operator from H to Hg. Then

o) = BN} BN} = [ deDap() - [ dDac)
H H

@ dF () —/ e dG(y)

I
P

Ho

_ / Qe QI +ilI1-Q1-Q)f) g () — / (HQURNHI-Qu.U-Q)) gy

Ho Ho
_/ ez’(Qx,Qf)dF(x)_/ el’(Qy,Qf)d(;(y)

Ho Ho
_ [ eeen gp(a) - / RN 4G (y) (Using Claim with 0 = Qf)

7—[0 HO
— 2(Qf). (5:6)

This shows that it is enough to consider the value of ¢(-) on Hg. Now if ¥ +G)/2(F,G) = 0,
we have ¢(f) = 0 for all f € supp{F} U supp{G}. So, (X, f) and (Y, f) are independent and
identically distributed for any fixed f € supp{F'} U supp{G}. Now for any g € Hg, we can write
g = >i2aifi for {f;} C supp{F} U supp{G} and {a;} C R. Clearly, (X,g) = 3%, a;(X, fi)
and (Y,g) = > 2, a;i(Y, f;) are also independent and identically distributed. This implies ¢(g) =
0 Vg € Ho, and using equation (5.6), we have ¢(g) = p(Qg) = 0 ¥g € H. So, if nF+&/2(F,G) = 0,
X and Y are identically distributed. |
Proof of Proposition 5.1. (a) It is easy to see that

E{g(X1, X2, X3;Y1,Ys,Y3)} = ;/T¢(Ff,Gf)dF(f) +% Ty(FY,GHAG(f)
= 5 [T GhaE + 6)1) = no(F. ).

(b) The proof of this statement follows from Theorem 5.2.
(c) Note that if U : H — G is a unitary operator (i.e., U is a linear bijective map with (Ux,Uy) =
(x,y)), then g(-) remains invariant over this operation, i.e., g(UX1,UXs, UX3;UY1,UY>5,UY3) =
g(Xl, XQ, Xg; Yl, Yé, Y:g) Thus.
77¢(Fa G) = E{g(X17 X27 X37 }/17 Y27 Y3)} = E{g(UX17 UX27 UX3; UY17 UYVQ, U}/E?))}
=ne(FoU 1,GoU™).
(d) This follows by simply applying the Dominated Convergence Theorem. |
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Proof of Theorem 5.3. First let us note that n,(F, G) = E{¢g" (X1, X2, X3; Y1, Y3, Y3)} and define
the function ¢ : R? — R as ¢(t,s) = ng(F+ty/n(Fy,—F), G+sy/m(Gm—@G)), where F, and G, are
the empirical probability distributions based on the observed data X and )/, respectively. Clearly, ¢
is a bivariate polynomial with random coefficients. It is easy to see that the coefficients are tight (by
Lemma A5.1 and A5.2). Also note that A, = ¢(1/v/n,1//m) and ©(0,0) = ne(F,G). Hence the
limiting distribution of ﬁfim is determined by the leading non-zero coefficient of ¢(1/y/n,1/y/m).
Now, for any n,m € N,
1 0 1 0
PV V) = 9(0,0) + Togolts)| |+ gl o ram,

where by Lemma A5.1 and A5.2, 7y, ,, is of stochastic order Op ({1/v/n + 1/\F}2) Note that

8 * ~ 6 *
Get9)] o = Vi [ W@ = )@, et | =vim [ Fw)dGn - G,
where hi(z) = 3 E{g*(z, X2, X3;Y1,Y2,Y3)} and h3(y) = 3 E{g" (X1, X2, X3;y, Y2, Y3)}. Later, we

shall find these functions up to additive constant terms. From the above discussions, we have

ﬁn - (F G)

— o [ mi@aaE, ~ o)+ [ VG, - 6+ 0p({ =+ =),

Since, X and ) are independently generated, the corresponding empirical processes \/ﬁ(Fn—
F) and /m(G,, — G) are also independent. Now if atleast one of h% and hj is a non-zero function,

applying CLT, we have
V] () (i = ns(F, G)} B NG (0, AVar (B (X2)) + (1= \)Var(h3(13)) )

If A} and h3 are both zero functions, the limiting distribution of ﬁﬁ,m is determined by the

coefficients of higher order terms in ¢(t, s). Generally, in such situations, one may have

1 92 H? 1 92

¢S /
Man ~ o(F, G) = 2n Ot2 gt )‘(0,0) T om 2m 65290( ))(0,0) + \/matas@(t’ S)‘(O,O) Frnms (57)
where
0? . . )
sets)| ) = [ i vdE - P@E, - P)
02 , . i
55 (69) o) = Vi [ B, 0)d(Fy = F) (G~ o),
o2 . ) .
5ot o = m [ K 0)d(Gn = FYw)d(Gn — F)(0),

for hj(u,v),h(u,v) and hj(u,v) being the second order projections of the symmetrized core
function ¢* and r},,, = Op({1/y/n + 1/y/m}?) by Lemma A5.1 and A5.2. Here the limiting
distribution of nm/(n + m){ﬁﬁ,m — ny(F,G)} depends on the limiting distribution of the random

o %(p(@ 3)’ , a‘?—;sg)(t, s)’ ). Now, we prove our result below.

9%
vector (at2 (P(tv 8) ‘ 0 (0,0)

(0,0)

)



120 Chapter 5: Two-Sample Test for Functional Data

First, we find the functions hj(z) and h3(y) up to additive constant terms. Note that
adding constant terms to the functions does not change the limiting distribution of the empirical

stochastic integrals. So,
h&((lﬂ) =3 E{g*(anQaX3,Yia}/é71%)}
= {E(g(@, Xo, X5 Y1,Y2,Ya) + 9(X1, 7, Xg Y2, Y2, Y3) + 9(X1, Xz, 23 Y1, Y2, V5))

where g(x1, 2, x3;Y1,Yy2,y3) is the function defined in Proposition 5.1 (a). Now,

E(g(l':XQ?X?:;YIaY'%Yv?;)) - %E{ - ¢(|<X27x> - <X3,{L‘>|2) - ¢(’<Y27$> - <Y3,{E>|2)

+2 (X2, 2) = (V1,2)2) +2 8(l{z, Vi) — (V2. ) 2) } + en,
E(g(X1,z, X3;Y1,Y2,Y3)) = %E{ — ¢ (|{x, X1) — (X3, X1)?) +2 o(|(z, X1), (Y1, X1) )
— 6(|(@. 1) = (X5, YD) | + 2

1
E(g(X1, Xz, 23 Y1, Y2,13)) = 5E{ = 0(/(Xz, X1) = (&, X0)[) = 0(I(Xa2, Y2) — (2, Y2) ) } + e,
where c1, co and c3 are constants that depend the distributions F' and G. Clearly,

ni(e) =[B{ — (|l X1) — (X5, X)) — 0(1(Xe, ) — (. Y)I?)

1
+6(1{@, X0) = (Y, X)) + (| Vi) — (Y2, V) 2) }| + 5T6(F", G7) + c.
Under Hy, hj is the zero function, and under Hi, it is non-degenerate. We can conclude the same

for ha(y) due to the structural symmetry of g. Hence,

Vi () (nn — 0(F.G)) B VI= [ hi(@)dGr(e) + VX [ 150)dGaw
as min{n, m} — oo and n/(n+m) — A € [0, 1], where Gz and GG are two independent Brownian
Bridge processes. The random variable v/1 — X\ [ i (2)dGp(z) + VA A [ h3(y)dGe(y) is a normal
random variable with zero mean and variance (1 — X)Var(hj(X)) + AVar(h3(Y)). This completes
the proof of part (a).

To prove part (b), we find the functions hj(u,v), h3(u, v) and hj(u,v) up to additive constant
terms. Since, (g + ¢)(u,v) = g(u,v) +c—Eh(u, V) —c—Eh(U,v) — c+Eh(U, V) +c = § (as defined
in Lemma A5.1) for any ¢, here also the additive constants do not effect the limiting distribution

of the empirical stochastic integrals. Note that
i, v) = {Eg(u,0, Xa; Y1, Y2, Y5) + Bg (u, Xo,03 Y3, Y2, V3)
+ Eg(Xl, u,v; Y1,Ys, Yg) + Eg(v, u, X3;Y1, Yo, Yg)
+Eg(v, Xo,u; Y1, Y2, Y3) + Bg(X1,u,0:Y1, Y2, 5) |
=: {Tl(u,v) + Tg(u,v)},

where Tl(u,’l)) = Eg(U,U,Xg;Yl,}/é,}%) + Eg(quQaU;YbY?v}/é) + ]Eg(leualv;}/lanyi/é) and
Ts(u,v) = T1(v,u). Hence, it is enough to find 71 (u,v). Now, note that
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E(g(u,v, X3;Y1,Y>,Y3))
= %E{ = o (|(v,u) — (X3, u)*) = ¢(|(Ya,u) = (Ya,u)?) +2 6 (|(v,u) = (Y1, 0)[?)

= (I{o, Y1) = (X3, Y1)[2) = 6(1{¥2, Y3) — (¥, V) ) + 2 (1w, Y3) — (12, 1)) },
E(g(u, Xa,v; Y1, Y2, Y3))
= %E{ — o([(Xo,u) = (v, w)[?) = D(I(Ya,u) = (Va, u)[?) +2 & (|(Xa,u) — (Y1, 0)[?)

— ¢(|(X2, Y1) = (0, Y1)*) — o (|(Ya, Y1) — (Y3, Y1) [*) + 2 6(|(u, Y1) — <Y2,Y1>\2)}7
E(g(X1,u,v; 1, Y2, Y3))
= 2B{ (1w X0) — (0. X0)P) — o(1(e. X1) — (¥ X0)P) +2 6((w X1) — (V1 X))

2
- ¢(‘<U7Y1> - <U7Y1>’2) - ¢(|<1/27Y1> - <Y237Y1>|2) +2 ¢(‘<X17§/1> - <Y27}/1>‘2)}

Therefore, under Hy,
Ty(u,v) =E{ = 6(/(v. Y1) = (Xa, V1)) | + 3E{ (| (u, X1) — (%2, X1)[?) }
—E{o(|(w, Y1) = (0, YD) | —bn,

where b = E{gb(\(Yg,Yl) - <Y3,Y1>|2)}. Similarly, we get

To(u,v) =E{ = 6(|(u, 1) = (X, V1)) } + 3E{o(I(v, X1) = (V1. X)) }
~E{o(I(v,71) - (w, YD) } ~ b,

for the same constant by. Hence, under Hy,

B (u, v) = — 2E{¢(y<u, Yi) — (o, Y1)|2)} + 2E{¢(\<u, Vi) — <Y2,Y1)y2)}

+25{6((v, Y1) = (2, Y1)?) } — 2b1.
Clearly, this is symmetric and non-zero. By the structural symmetry of g, we also have h%(u,v) =
hi(u,v). Also, note that

hy(u,v) = {Eg(u,Xg,Xg;v,Yg,Yg) +Eg(u, X, X3; Y1, v, Y3) + Eg(u, Xa, X3; Y1, Ya, v)
+ Eg(X1,u, X3;0,Y2,Y3) + Eg(X1,u, X3;Y1,0,Y3) + Eg(X1,u, X3; Y1, Y2, v)
+Eg (X1, Xa,u;0, Y, Ya) + Eg(X1, Xo,u; V1,0, Y3) + Eg(X1, Xo, us Yl,Yg,v)}.
Under Hy, this can be simplified to
B (u,v) = — 2B{6(|(u, Y1) = (¥2, 1)) } = 2B{ 0 (|(v. 1) = (v, V1)) |
+2E{0(|(w, Y1) = (0, Y1)[) | +2b1.

Under Hy, we have hj(u,v) = hi(u,v) = 2 h(u,v) (say), and hence h}(u,v) = —2 h(u,v).

Clearly, all of them are non-zero functions. Thus, the limiting distribution of ﬁﬁ,m is determined by
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the joint asymptotic distribution of the vector ( [ h(u,v)dGr(u)dGr(v), [ h(u,v)dGr(u)dGp(v),
i h(u,v)dé’p(u)d@’F(v)) where G = /n(F, — F) and G, = \/m(G,, — F). For joint convergence

of this vector, we look at the distributional convergence of
h / B, )dCr () dCr (v) + 1 / i, )G () A (0) + 3 / ity 0)d G (w)d G (v)

for some real numbers t1,ts and t3. We first write h as a series with respect to an orthonormal
basis f() = 1, f17 fQ, ...of LQ(F) as

h(u)v) = Z <h7fk1 X fk2>fk1 X sz
(k1,k2)EN2
and truncate the series at £ to get

he(u,v) = Y (B iy X fro) For X fro-
(k1,ka)€l€]?
By continuous mapping theorem, the variable t; [ he(u,v)dGp(u)dGp(v) +ta [ he(u,v)
dG r(w)dG"(v) +t3 [ he(u, v)dG(u)dGha(v) converges in distribution to t1 [ he(u, v)dG r(u)dG p(v)
+ to [ he(u,v)dGp(u)dGp(v) + ts [ he(u,v)dG(u)dGy(v). Also, take o > ¢; > N such that

|hey, = heyll Ly (r2) < €. Then, using triangle inequality, we have

{E‘tl / he, (u, 0)dG p(w)dG p (v) + t2 / he, (1, v)dG g (w)dGp (v) + t3 / he, (1, v)dGp(u)dGr (v)
4 / he, (u, 0)dG p(w)dG p(v) — b / ey (1, 0)dG p (u)dGp (v) — 3 / hey (u, U)dG%(“WG'F(“)‘Z}W
< |t {E’ / he, (u,v)dG p(u)dGp (v) — / h/zz(u,v)dGF(u)dGF<v>]2}1/2

¥ [t {E) / hey (u, v)dG () dGle (v) — / hey (u, U)dGF(u)dG/F(U)‘Q}I/Q

T It {E) / e, (1, 0)dG e (0)dG () — / e, (1, v)dG%(u)dG’F(v)‘Q}l/Q.

Now, using Lemma A5.1 and Lemma A5.2, we get the distributional convergence of the above

random variable to
h / B, 0)dG p (w)dG - (v) + t2 / i, ©)dG - (w)dGlp (v) + t3 / h(u, 0)dG (w)d G (0).

Hence, under Hy, using equation (5.7) and continuous mapping theorem, nm/(n 4+ m)n% m
converges in distribution to (1—\) [ h(u, v)dGg(u)dGr(v) — 2/ A1 = A) [ h(u,v)dGp(u)dG(v) +
A [ h(u,v)dG(u)dGp(v) as min{n,m} — oo and n/(n + m) — X € [0,1], where Gy and G’ are
two independent F-Brownian Bridge processes. Since h(-,-) is symmetric, using Fredholm theory
of integral equations, we have h(u,v) = > "2, hig;i(u)p;(v), where {\;} and {¢;} are the sequences
of eigenvalues and eigenfunctions of the integral equation [ h(u,v)y(v)dF(v) = Ay(u). Here, the
equality holds in the Ly sense. Then the limiting distribution of nm/(n+m)fg . is same as that of
Sy A (\/7 [ @i(u)dGp(u VA A [ i(u)dG( )) (since the stochastic integrals are in Wiener
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sense). This is identically distributed as Y 5o, \;Z2 where {Z;} is a sequence of i.i.d. N7(0,1)

random variables. This completes the proof. |
Proof of Corollary 5.1. The proof follows from Theorem 5.3. |

Proof of Theorem 5.4. Let U = {U; = X1,...,U, = X, Upt1 = Y1,..., Uy = Y5} (N =
n + m) be the pooled data, and m be a random permutation of {1,2,..., N} independent of the

observed data. Define the two-sample permutation empirical measures and the pooled measure as

1 " 1 N 1 N
= ;6Uﬁ(i>’ Qm,N = m Z 5Uﬂ<i) and Hy = N ;5@, respectively.

i=n+1
Then it follows from Theorem 3.7.1 in Van der Vaart & Wellner (2013) that over a suitable
class of functions F, v/n(P, N — Hy) converges in distribution to \/1 — AGpy, where H = \F +

(1 = \)G and limn/N = \. Since /m(Qmn — Hy) = —/n/my/n(Pyn — Hy), the distributional
convergence of /m(Qm,n — Hy) follows trivially.

Now, using arguments as in Theorem 5.3 (b), for any fixed alternative, we have the
distributional convergence of nm/(n + m)ibm to ( — A2 [ h(u,v)dGy (w)dGg(v) + 2X(1 —
A) [ h(u,v)dG g (u)dG g (v)+A? [ h(u,v)dGg(u)dGy(v) = [ h(u,v)dG g (u)dGy(v) as min{n, m} —
oo and n/N — X. Writing h(u,v) = Y o2 Aigi(u)gi(v ), where the \;’s and the ¢;’s are solutions
of the integral equation [ h(u,v)f(v)dH (v) = A\f(u), we can show that this limiting distribution is
same as the distribution of Y"2%; A\pZZ where {Z;} is a sequence of i.i.d. N(0,1) random variables.
This completes the proof. |

Proof of Proposition 5.2. To prove this, let us first define,

M= LS wgn<a), ve = Smgn <)

TESN =1

Here M and Mp are distribution functions conditioned on the observed pooled data /. Then

B
1 R R 1 R
’pn,m - pn,m,B’ = ‘ﬁ{ Z 1[772,777;1 > nn,m]} - B+1 { Zl[nﬁ’fﬁ > nn,m] + 1}’

TESN i=1
B
1 . . 1 b
= ‘ﬁ{ Z I[Tlﬁ,’fn < nmm]} - Bi—i- 1{21[772::;{ < nn,m]}‘
" meSy i=1
R B
= !M(nnm ) THMB(an )\
M (finm—) 1

<M (Nnm—) — MB(Hnm— :
_| (nn,m) B(nn,m )|+| B+1 B+1

Conditioned on the pooled data U, the Dvoretzky-Keifer-Wolfwitz inequality (Massart (1990))

| <sup |[M(t) = Mp(t)| + 5——
teR

gives P{sup;cp | M (t) — Mp(t)| > €} < 2¢72B¢* Hence, conditioned on U, as B grows to infinity,

the randomized p-value p, ,, p converges almost surely to p, . |
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Proof of Theorem 5.5. Under Assumption (A5.1), it is easy to see that F(M) = (1 —-4/v/N)F +
§/V/NL has the Radon-Nikodym derivative as (1+ \/% (0(z)— 1)) w.r.t. F. Hence, if Z1,...,Zn w

F', then the log—likelihood ratio is given by

i = o { 125 ) = zlog{ "z} - zlog(er(zi)_l)).

i=1
Using the fact log(1 +vy) =y — % + 3y%B(y), where lim B( ) =0 and B(y) is continuous, we get
y;)
N N
52 2 52 2.1 0
Z\ﬁ )= 1) = 2 g () = 1)+ 30 5 (62 - 18 ( < (4z) - 1))

Under Assumption (A5.1), as N grows to infinity,

Y 52 2 2
> Uz = 1) = B (1) - 1)?).
i=1

Hence, we only need to show that

N 52 )
ZN(E(Zi) —1) 5(

=1

(U(Z;) - 1))

=l

converges to zero in probability. Notice that

N(SQEZ 1)? 0z) —1)) < 0 (wz) -1 N52£Z 1)
> 3 2) = 1°8( = (U2 — 1)) < max 16( = (002) - ))|;N<< ) -1

i=1
Due to Assumption (A5.1), it suffices to show that max;<;<ny \B(%@(Zi) - 1))\ L 0, which

follows if maxj<j<n |% (0(Z;) —1)| Lo (as limy—0 B(y) = 0 and it is continuous). Note that

P | (2 —1>|>e}_2{!f ~1)] >
- N]P’{\\/—N(E(Zl) ~1)] > ¢}
< Z{(z) -1’1 (| =(uz) - 1] > ) |

By the Dominated Convergence Theorem, the right-hand side converges to zero. Hence, we have

N N
dF(N) ) 52 9
o { L. B U5 2 (4z) 1) + SE{ez) -1} | >0
in probability under F' as IV goes to infinity. -

Lemma A5.3. Under Assumption (A5.1) and o = 6/V/'N, the process {\/n [ f(u) (Fn — F)(u) |
[ € F} converges in distribution to the process { | fd(GF +6(L—F)) | f(u) = fu)—Epf(2), f €
F} in £°(F), where F is a Donsker class of measurable functions with sup sc z |Pf| < 0o, and Gp
is the F-Brownian Bridge process on {>°(F).
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Proof. Here, we only show the finite-dimensional distribution convergence of the empirical process.
The tightness of the process under F(™) can be obtained using Theorem 30.12 from Van der
Vaart € Wellner (2013). Let Zy,Zs, ..., Zy be a sequence of i.i.d. random variables and FWN) —
(1 — 0/V/N)F 4 6/V/NL, where L satisfies Assumption (A5.1). Let Fy be the corresponding
empirical probability distribution. Take any f € F with Epf?(Z) < oo and note that the joint
limiting distribution of [ f(u)v/Nd(EFy — F)(u) and log { [T, dFNY) JdF( Z;)} is same as that of
[ fu)VN(Fy —F)(u ) and - Y (Uz) - 1) — ZE{¢(Z1) —1}? (by Theorem 5.5 and Slutsky’s
theorem), which is Na(u, ), Where

B 0 ([ FP(w)dF(u) T
H= (521@{4 Z1) — 1}2> ’ == ( T SPE{(Z)) - 1}2> ’

(ff (w)) and f(u) = f(u) —E f(Z). According to Le Cam’s third lemma, this
implies that under FN) [ f(u)V/Nd(Fx — F)(u) Tt N1< ([ f(u) )),ff2(u)dF(u)) Using
Cramer-Wold device, one can further show that under FV), the finite dimensional distributions
of {ff(u)\/N(FN — F)(u) | f € F} converges to that of { [ f(u)d(Gr + 6(L — F))(u) | f € F}.
Hence, under the contiguous alternative F' ()| the empirical process converges in distribution to
the process { [ f(u)d(Gp+0(L—F))(u) | f € F}, where F is a F- Donsker class of functions. W

Proof of Theorem 5.6. Using Lemma A5.3, one can show that under (F("), G(m)), the empirical
processes /n(F, — F) and /m(G,, — F) converge in distribution to the processes G and B, =
G + §(L — F) respectively, where Gr and G/, are independent F-Brownian Bridge processes.
Now, if fo = 1, f1, f2,... are orthonormal basis of Ly(F), then it is easy to see [ fi(u)dGp(u) +

§ [ fi(u)dL(u) has a normal distribution with mean § [ f;j(u)dL(u) and variance one. Also, we have

fwdn@)| = [ fwewarw)| < ([ ewdrw)”,
/ -1/ <(/ )

and max; Var( [ f;(u)dB(v)) = 1. Now, as in Theorem 5.3 (b), using equation (5.7), the
decomposition h(u,v) = Y 22, Nigi(u)pi(v) of the second order Hoeffding projection of the core
function ¢* defined in equation (5.3) and the contiguity of (F, G™), nm/ (n+m)ﬁﬁ,m converges
in distribution to Y22, X\ (V1 = AZ; —VA(Z[+6 | <,0i(u)alL(u)))2 (as [ or(u)dF(u) =0, ¥ k) under
(F™ @), Here A = limn/(n +m) and {Z;}, {Z!} are two sequences of independent N7 (0, 1)
random variables. It is easy to show that this limiting distribution is the same as the distribution
of S5 Ni(Zi — VS [ pi(u ) This completes the proof. [ |

Proof of Theorem 5.7. Under the contiguous alternative (F(™, G(™)) (as in Theorem 5.6), for
any f with finite [ f2(u)dF (u), we need to find the joint limiting distribution of (% o1 fUr@)) —
sz win) and]‘zlel( U;) — ) E{ﬁUl —1} assummgU”d
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Note that
((i S FUri) — & f(m)))
# Zi\il (0(U;) — 1)
LS (F(Us) —Ef(UL))
MM [ e O —EAOD) g (1 -1 0) and My
& e (UU:) — 1 0 0 1
i () - 1)

e

(2320, £(U) — % 2L, £(U)
N () - 1)

o 23—
o zE o
= o O
- o O

Ly (f(U) —Ef(Uh)) Wi

2 M;M; % Lin (f(UZ/ B Ef(Ul)) =: M1 M, G ;
¥ () - 1) Ws
¥ (U —1) Wi

where Uy, U7, ..., U}, W independent of Uy,Us,...,U,. Applying multivariate CLT, we get

\/ﬁ(Wnla Wn27 Wn?n Wn4) 2> N4<047 2)7 where

[ F2(w)dF(u) 0 A [ f(u)dL(w) 0
- 0 (13/\) J PP(w)dF(u) 0 A6 [ f(u)dL(u)
A8 [ f(u)dL(u) 0 2N [ (0(u) — 1)2dF (u) 0
0 AS [ f(u)dL(u) 0 S2A(1— A) [(£(u) — 1)2dF (u)

and f(u) = f(u) —Epf(U). Then by continuous mapping theorem, we get \/ﬁ((% Yoic1 fUr@) —
X SV FW)), % L (UU) ~ 1)) B No(05, ), where

5 _ ((1 —\) [ F2(w)dF (u) 0 )
0 — 9 2 .
0 A% [ (U(u) —1)"dF (u)

Now, using Le Cam’s third lemma and Cramer-Wold device, we can say that the finite-
dimensional distributions of the process \/ﬁ(pn ~—Hy) converge to those of v/1 — AG g, where ]5”7 N
is the permutation empirical measure (as defined in the proof of Theorem 5.4) when Uy, ..., Uy ud
F. The tightness of the process follows from Theorem 30.12 of Van der Vaart & Wellner (2013).
Now applying arguments as in Theorem 5.3 (b), under (F™,G™), we get nm/(n + m)ihm et

o 1 A\ Z3 for some square integrable sequence {)\;} (same as in Theorem 5.3 (b)) and a sequence

of independent N7 (0, 1) variables {Z;}. This completes the proof. [ |



Chapter 8]

Test of Independence for Functional Data

Like Chapter 5, here also, random functions are modeled as elements of infinite-dimensional function
spaces. Let X® (1t = 1,2,...,d) be a random function on a separable Hilbert space H; with a
probability distribution P; and P be the joint distribution of X = (XM, X®) . X)) defined on
H= @?:1 H;, (the space Hj X ... x Hq endowed with the inner-product (.,.) = (., )1+ + (., .)q,
for (.,.); being the inner-product associated with #;). In this chapter, we develop a test for mutual
independence of these X @’s, i.e., we test the null hypothesis as Hy : P = P1 ® - - - ® P4 against the
alternative hypothesis H; : P #P; ® --- ® Pg.

First, we propose a dependency measure that is motivated by the Cramer-Wold device. We
know that X, ..., X(@ are independent if and only if (XW_ ), <X(d>, fa) are independent
for all f = (f1,...,fq) € @le H;. So, one can consider a measure of dependence among
(XD V(XD f), (XD ;) and aggregate it over all possible choices of f. For any
metric space X, let B(X) be the Borel o-algebra endowed on X and M(X) be the space of all
probability measures on (X,B(X)). Now, consider a statistical functional T : M(R?) — R
such that for any G € M(RY), T(G) measures the dependence among the components of
the corresponding random vector. Therefore, for any fixed f € H, if Pf denotes the joint
probability distribution of <X(1),f1), (X(2),f2>,...,<X(d),fd), T(Pf) measures the dependence
between (XM, f), (X@) o) ... (XD f;). We can integrate it with respect to a suitable
probability measure v/ € M(@_, H;) to define

!

em= [, TR

There are several choices of T for measuring the dependence among d Euclidean random
variables (see, e.g., Schweizer & Wolff, 1981; Gaifler, Ruppert & Schmid, 2010; P6czos, Ghahramani
€ Schneider, 2012; Roy et al., 2022). Here we consider a measure 7" having the following properties.

1. T(G) >0 for all G € M(R%),
2. T(G) = 0 if and only if the components of the corresponding random vector are independent.

If XM x@ . x@ are independent, (ie., P = ®?:1Pi), then for any functional T with
these properties, we have ¢ (P) = 0, but for any P € M(@?:l H;), € (P) = 0 only implies

T(Pf) = 0 almost surely w.r.t. the measure v/, not necessarily the independence among the X ®)’s.

127
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If the H;’s are Euclidean spaces, using a result in Rawat & Sitaram (2000), one can show that
¢V'(P) = 0 implies the independence of XM, X@ . X(d if 1/ is not singular with respect to the
Lebesgue measure (see Roy et al., 2020). In the absence of Lebesgue measure in infinite dimensional

Hilbert spaces, we need an analogous result. One such result is stated below.
Theorem 6.1. If supp{v'} = @;l:l H;, then & (P) = 0 implies P = ®?:1Pj.

Theorem 6.1 gives a characterization of independence among X W, x® . X One can
generate several f’s from the probability distribution v/ to approximate &' (P). However, if the
generated values are nearly orthogonal to the support of P, £/ ' (P) takes very small values even when
the XU)’s are highly dependent. Therefore, in practice, it is advantageous to work with / = P.

For this choice of v/, the characterization property of £ (P) holds if span{supp{P}} = @?:1 H?,

for 7—[? being a closed subspace of H; (j = 1,2,...,d). This is asserted by the following theorem.

Theorem 6.2. If span{supp{P}} = @;l:l ”H?, then & (P) = 0 implies P = ®?:1Pj.

The above condition is quite natural in functional data analysis. In practice, observed
functions are often approximated by a linear combination of finitely many basis functions of a

suitable function space, and any finite-dimensional subspace of a Hilbert space is closed.

6.1 PROJECTED HILBERT-SCHMIDT INDEPENDENCE CRITERION

There are several choices of T satisfying the two properties (1 and 2) mentioned before. In this
chapter, we consider 7" to be the d-variate Hilbert-Schmidt Independence Criterion (dHSIC) (Pfister
et al., 2018) based on the mean embedding of multivariate distributions into a reproducing kernel
Hilbert space H = H' ®---® H%. The mean embedding & : M(R?) — H of a d-variate distribution
Q is defined as £(Q) = [ K(z,-)dQ(z), where K = K' ® --- ® K¢ is the reproducing kernel
associated with H. The kernel K(-,-) is called a characteristic kernel if the map & is one-to-
one. If Q1,Qs,...,Q, are one-dimensional marginals of Q, dHSIC is defined as dHSIC(Q) =
1€(Q) — E(Q1 @ -+ ® Qg)||%, where || - || is the norm in H. If K(-,-) is a characteristic kernel,
dHSIC(Q) = 0 if and only if Q;, Qa, ..., Qy are independent. For any fixed f, here we use T'(P¥) =
dHSIC(PF). Since the measure ¢(P) = ¢P(P) = fEB‘f:lHi T(PF)dP(f) is obtained by aggregating
dHSIC computed along different projection directions, we call it projected HSIC (pHSIC). This

can be expressed as

d
§(P) =Ex, [Exaxa ([T 57 (X5, X1, (X, x17)) )|
j=1

d
+Exy | [T Eyo o (KX, X7), (x), x17)) )|
j=1
d
— 2Bx,Ex, | [T B (K7 (X5, X17), (x7, x 7)) .
j=1
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where X; = (X, X® X ¥ PG =123 and K :RxR >R (i =1,2,...,d) is a

(2

symmetric, bounded, positive semi-definite characteristic kernel (note that K is a characteristic
kernel if and only if all K7s are characteristic kernels, see Gretton (2015)). Following Pfister et al.
(2018), we can also write {(P) = E{g(X1,...,Xo4+1)}, where

1 ) @) x0)
o Xaas) =G {HKJ Doy X o)+ X X o)

mE€ES2a+1  J=1

©) (7) )
HK] 23 1) Xw](2d+1)>?<X]( )ij(2d+1)>)

j /) @) ()
- 2HKJ X Xy X s | (6.1

Some intriguing properties of pHSIC are stated below as Proposition 6.1.

Proposition 6.1. The dependency measure £ has the following properties.

(a) If the K's (j = 1,2,...,d) are characteristic kernels, under the assumption span{supp{P}} =
@?21 7—[?, we have £(P) =0 if and only if P = ®?:1Pj.
(b) Ifthe K7s (j =1,2,....d) are equal, £(P) is invariant under permutation of (XMW, ... X)),
(¢) E(P) is invariant under unitary operations on (XM, ... X D) e if Uj : H; — X; is an
unitary operator for all j = 1,2,...,d, then E(PoU~Y) = &(P), where U(zM, 23, z(d)) =
(U (zM), Uy (z?), ..., Uy(z(D)).
(d) Let {X,, :n > 1} be a sequence of d-component Hilbertian random vectors such that X, 2x.
Ifthe Kis (7 =1,2,...,d) are bounded and continuous, then nhﬁn;() E(L(Xy)) =&(L(X)), where
L(Z) is the distribution of Z.
Remark 6.1. Proposition 6.1(a) essentially says that & characterizes independence, and it is
irreducible in the sense that it is not a function of lower order marginals {{(P o w;}Zk) :
{ir, .. ix} € {1,2,...,d}}, where myy i, (M 2@ 2@y = (200 g0),
Remark 6.2. Proposition 6.1(c) implies that & only depends on the structure of the inner product
defined on the Hilbert space, but not on the space used for modeling. For example, modeling the

same data as random variables in L2[0,1] and in L2[0,10] leads to the same value of £(IP).
6.1.1 ESTIMATION OF PHSIC
Let X1,Xo,...,X,, be a random sample on X = (X(l),X(Z), .. .,X(d)) ~ P. Replacing P in £(P)

by its empirical version ]@’n, which puts mass 1/n on each of the data point, we get

6= 533 S T 00+ s ST S . 0100

i=1 j=1k=1/¢=1 i=14=11<j5,k<n

ST R, X, (0 X

i=1 j=1/¢=1k=1
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as an estimator of {(P) for n > 2d + 1. This estimator has properties similar to £(P). It can be
viewed as a V-statistic with the core function g (see (6.1)) and is consistent under fairly general
assumptions. This is stated as a theorem below.

Theorem 6.3. Let X1, Xs, ..., X, % P, and o%(g) = Var(B{g(Xy,...,X9411)[X1, ..., X.}) for
c=1,2. If the K7’s are bounded, we have the following results.

a) Under Hy, if 05(g) > 0, there exists a real sequence {\;} such that nAn B X NiZ?, where
2 i=1 %

{Z:} is a sequence of i.i.d N1(0,1) random variables. If o5(g) = 0, n&, becomes a degenerate

random variable.

(b) Under Hy, if ot(g) > 0, va(én — @) B (2d + 1)\/0t(9)Z1, where Zy ~ N(0,1). If
oi(g) =0, nE(én - f(IP’))2 — 0 as n — oo.

As a corollary of Theorem 6.3, we get the consistency of én, which is stated below.

Corollary 6.1.If X1,Xo,..., X, i P, &, converges in probability to &(P) asn — 0.

6.1.2 TEST OF INDEPENDENCE BASED ON PHSIC

We have seen that {(P) serves as a useful measure of dependency. It is non-negative, and under
fairly general assumptions, it takes value 0 if and only of XM X® . X are independent.
We have also observed that it can be consistently estimated by én So, if XM, x®@ X are
dependent, én is supposed to take higher values. Based on this idea, we can construct a test using
én as the test statistic and reject Hy for large values of én For a level a test (0 < a < 1), this

threshold r, is chosen based on the permutation method.

Our test needs the kernel functions K7(-,-)’s to be specified. Throughout this article,
for our numerical work, we use the Gaussian kernel K7(z,y) = Ko, (x,y) = exp{—(z — y)2/20]2.}
(j = 1,2,...,d), which involves a bandwidth parameter o = (01,039,...,04). Henceforth, we use
the notations &5 (P) and émn to denote the dependency measure and the corresponding estimator
based on Gaussian kernel (with bandwidth o), respectively. Since, it is a characterizing kernel (see,
.g., Gretton et al., 2007), we have & (P) = 0 if and only if X, X® . X are independent
(see Proposition 2.1(a)). Again, for a fixed choice of &, &4, T &o(P) (see Theorem 6.3). So, for
any fixed o, the consistency of the resulting test follows from that. However, the finite sample
power of the test may depend on the choice of o. A popular way to choose the value of o is
based on “median heuristic” (see, e.g., Gretton et al., 2007). Following that idea, we can choose
2632. (j =1,2,...,d) equal to the median of {<x§j),m§€j) - xéj)>2 s i=1,2,...,n,1 <k <{<n}
Note that as n increases, 2&]2 LY 208]- = Medicm{(X{j),XQ(j) — Xéj)>2}, where ij),XQ(j),Xéj) are
i.i.d. copies of X() ~ P; (j=1,2,...,d). If g = (001,002, - .,004) is unique, our test remains
consistent for such a data-driven choice of the bandwidth. This result is stated below.

Theorem 6.4.1f o(,) = (61,09,...,0q) is the bandwidth chosen based on median heuristic, for

any fized alternative, the power of the test based on éa(nwb converges to 1 as n increases to infinity.
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Recently, Miao, Zhang ¢ Wong (2023) considered smoothing the observed functions using
wavelets and used HSIC on the recovered functions to construct a test of independence. How-
ever, they proposed their method for two functions only, whereas our test based on éaw),n can be

conveniently used even for more than two functions.

6.2 RESULTS FOR INDEPENDENCE BETWEEN TWO RANDOM FUNCTIONS

We analyze some simulated data sets to compare the finite sample performance of our proposed
test with dCov (Lyons, 2013), bCov (Pan et al., 2020) and aCov (Lai et al., 2021) tests. In the case
of aCov test, the raw data need to be transformed using a system of basis functions. We used two
different choices of basis functions, the Fourier basis and the spline basis. The corresponding tests
are referred to as aCov; and aCove, respectively. Throughout this section, all tests are considered
to have a 5% nominal level. The cut-offs of all tests are computed using the permutation principle

based on 500 random permutations.

Here, all simulated functions are considered as elements of L2[0,1]. We consider the model
XU(@t) = 37 2&ei(t) and XO(t) = S50, Emigi(t) for t € [0,1], where {¢x(t)}i>o is the
trigonometric basis defined as {¢o(t) = 1,dox(t) = V2sin(2mkt), dorr1(t) = V2 cos(2mkt)} >0,
and the (&, n;)’s are i.i.d. bivariate random vectors. It is easy to see that XM and X® are
independent if and only if & and 7); are independent for all + = 1,2,...,9. Using this model,
we generated observations on X and X, and they were observed on 101 equally spaced grid
points on [0,1]. Each experiment was repeated 1000 times to estimate the power of a test by the

proportion of times it rejected Hy. We begin with the following examples.

Example 6.1. Generate (&;,1;)’s from Na(02,15).

Clearly, in Example 6.1, X() and X@ are independent. We used it to check the level
properties of different tests. We carried out our experiment with samples of different sizes, and in

all cases, all tests had powers close to the nominal level of 0.05 (see Figure 6.1(a)).

Example 6.2. Generate the (§;,m;)’s from the standard bivariate Cauchy distribution.

In this example, X() and X® are dependent, and this dependency was well detected by
the bCov test and our proposed test (see Figure 6.1(b)). The dCov test also had competitive

performance, but both versions of the aCov test had much lower power.

Example 6.3. Generate the (§;,m;)’s from N(0,0;1,1; p) distribution.

Here we considered different values of p ranging between —1 and 1 and computed the powers
of different tests keeping the sample size n = 40. Figure 6.2(a) shows that all tests had satisfactory

performance, but among them, dCov and aCov tests had an edge over the other tests.

Example 6.4. Generate the (&;,1;)’s from a mizture distribution (1 —~)F + G, where F denotes
the N'(0,0;1,1;0.5) and G denotes a distribution with two independent standard Cauchy variates.
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(a) Example 6.1 (b) Example 6.2
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Fig. 6.1 Powers of pHSIC (e), bCov (), dCov (x), aCov; (M) and aCovy (A) tests in Examples 6.1-6.2.

Example 6.4 deals with a contaminated version of Example 6.3 with p = 0.5. Here, we
considered different contamination proportions v € [0,0.5], and the results are reported in Figure
6.2(b). Note that as 7 increases, the strength of dependence between X M and X decreases.
So, one would expect the powers of the tests to decrease. Figure 6.2(b) shows that the impact of
contamination was more on the dCov test. Its power dropped sharply as v increased. The aCov
tests exhibited a similar performance but showed little resistance against contamination. Our test
was most robust against this contamination, and for higher values of -, it had the highest power

among the competitors considered here. The bCov test also had a competitive performance.

Next, we consider some examples, where we generate the (&;,7;)’s from the six unusual
bivariate distributions considered in Newton (2009).

Example 6.5. Generate the (§,n;)’s from the distributions (referred to as (a) Circle, (b) W, (c)
Diamond, (d) Parabola, (e) Two parabolas, and (f) Four clouds) given in Figure 6.3.

Scatter plots of the coefficients generated from these distributions are given in Figure 6.3. In
these examples, &; and 7; are uncorrelated, but they are dependent in all cases, barring Example 6.5

(f) (Four clouds). Results reported in Figure 6.4 clearly show that in Examples 6.5 (a)-(e), our test

(a) Example 6.3 (b) Example 6.4

Power
Power

Fig. 6.2 Powers of pHSIC (e), bCouv (#), dCov (%), aCov; (M) and aCovy (A) tests in Examples 6.3-6.4.
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Fig. 6.3 Scalter plots of observations from the siz unusual bivariate distributions in Newton (2009).

had excellent performance. The bCov test also had competitive performance in these examples. In

Examples 6.5 (a) (Circle) and 6.5 (e) (Two parabolas), powers of these two tests were quite similar,

Example 6.5 (a) Example 6.5 (b) Example 6.5 (c)
~ = —
: E s
o S o
¥ A A
0 /*i\“;—‘/A?"“ 0 T l | | 0 A——aAa—34
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n 0 v
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Fig. 6.4 Powers of pHSIC (e), bCov (¢), dCov (%), aCov; (M) and aCovy (A) tests in Examples 6.5(a)-(f).
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but in Examples 6.5 (b)-(d) (W, Diamond and Parabola), our proposed test had an edge, especially
when the sample size was small. In Examples 6.5 (a) (Circle) and 6.5 (c¢) (Diamond), dCov and
aCov tests had powers close to the nominal level a = 0.05. In Example 6.5 (e) (Two parabolas)
also, they had much lower powers. They performed slightly better in Examples 6.5 (b) (W) and
6.5 (d) (Parabola), but even in those two cases, they were outperformed by the bCov test and our
proposed test. In Example 6.5 (f) (Four clouds), where X(1) and X are independent, all tests

had powers close to the nominal level o = 0.05.

6.3 RESULTS FOR INDEPENDENCE AMONG MULTIPLE RANDOM FUNCTIONS

We also consider some testing problems involving more than two random functions. Note that
aCov and dCov tests cannot be used in such situations. So, we compare our performance only
with the bCov test. We consider four examples (Examples 6.6-6.9) in this section. In the first two

examples, we use the model
9 9

9
1 1 1
XUO=3 heaw, XOO=Y Ino), XOm =3 Luo)
i=1 i=1 i=1

for t € [0, 1], where {¢(¢)} is the trigonometric basis as defined before.
Example 6.6. Generate the (§;,m;, p;)’s (i = 1,2,...,9) independently from the uniform distribution
over the sphere S = {(z,y,2) : 2?2 +y> +22 <1},
Example 6.7. Generate the (;,m;, i) s independently from a hyperbolic paraboloid distribution,
e, &, n; ud Unif(—1,1) and w; = n? — & + %ZZ-, for Z; ~ N1(0,1) independent of & and n;.

We considered samples of different sizes, and in each case, the powers were computed
based on 1000 repetitions of the experiment. Figure 6.5 clearly shows that in these two examples,

our proposed test outperformed the bCov test. In Example 6.7, the bCov test had a somewhat

competitive performance, but in Example 6.6, the power of our proposed test was much higher.

Next, we consider some block diagonal examples, which can be viewed as extensions of some

special cases of Example 6.5.

(a) Example 6.6 (b) Example 6.7
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Fig. 6.5 Powers of pHSIC (8) and bCov (#) tests in Exzamples 6.6 and 6.7.
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(a) Example 6.8 (b) Example 6.9
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Fig. 6.6 Powers of pHSIC (e), and bCov (¢) tests in Examples 6.8 and 6.9.

Example 6.8. Generate observations on (X, X @) as in Exzample 6.5 (a) (Circle) and repeat the

same method for generating observations on (X(S),X(4)) independently.

Example 6.9. Generate observations on (XM, X®) and (X©®), X4 independently, following the
model used in Example 6.5 (¢) (Diamond).

Here also we considered different sample sizes, and in each case, the powers of the tests were
computed based on 1000 replications. Figure 6.6 clearly shows that the proposed test performed
much better than the bCov test in these two examples, and the differences between their powers
were more prominent than what was observed in Examples 6.5 (a) and 6.5 (¢). We also considered
similar extensions of the other cases in Example 6.5, but in those cases, the performance of our
test was either similar or marginally better than the bCov test. Therefore, to avoid repetition, we

decided not to report those results here.

6.4 PROOFS AND MATHEMATICAL DETAILS

Proof of Theorem 6.1. Let P; (j = 1,2,...,d) be the marginal distribution of X and P be
the joint distribution of X = (XM, ..., X@). Define ¢ : @;l:l H; — C as

d
()O(flana o 7fd) == E{ei2?=1<x(j)’fj>} _ H]E{ei<X(j)1fj>}‘

j=1
Notice that the function ¢ is continuous. So, if ¢ is zero on a dense subset of @?:1 Hj, it will

imply ©(f1, f, -, fa) =0 Y(f1,..., fa) € By Hj, or

E{e! DXy = TTEEX Y v(h,. . fa) € DM,

j=1 j=1
i.e., the mutual independence of XV, X@ . X@ Now ¢’ (P) = 0 implies there exists a Borel
measurable set E € B(@?:l H;) such that /(F) = 1 and T(P¥) = 0 Vf € E. Hence, by the
assumption on 1" (see page 127), we have ¢(f1, fo,..., fa) = 0 Y(f1, fo,..., fa) € E. So, when
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supp{v'} = @?21 Hj, we must have F = @;-l:l H;, otherwise E C @?:1 H; will contain the
support of v/, which leads to a contradiction. This completes the proof. |

Proof of Theorem 6.2. Before proving the main result, let us consider the following claim.

Claim: Suppose that X is a random function taking values in a Hilbert space H, and it has
the probability distribution F'. Also assume that supp{F'} C Hg, where H is a closed subspace of
H. If Q : H — Hp is the projection operator onto Hg, then X and QX have the same distribution.

This can be shown using the characteristic function of F'. Note that for any arbitrary 6 € H,

E{iX0)} — / @0 4P (z) = / (0 4P (z) = / (H{Qr.QO+((1-Q)2.(1-Q)0) g ()
H Ho Ho
_ / (H(QE.QO)i(0.U-Q)0) g () — / ¢i1Q70) G (3) = B{HQX 0.
Ho Ho

Now, we shall show that ¢(f1, f2,....fa) = 0, Y(f1,f2,....fa) € @D H;. Recall the
condition span{supp{P}} = GB’HE) and define @); as the projection operator from #; to 7—[?. Then

d
iy D f; WX
SO(fl, . '7fd) = E{eZZj:1<X( )afj>} _ HE{@ <X( >7f]>}

j=1
d
_ DD CEN ) et (@.f5)
_/dH.e D dP(x H/ 7P (x)
i=171i 7=1
d
_ i35 (w 7fJ>d]P> / (@.f5) dP;(x)
e e’
/69?=1H? H Hj
d
— Z 1{Qj ’ijﬁ W(Q;w,Q; f5)
= el 2= dP(z HQiwQifi) qP, (x)
/417-[? jljl HY
d
:/ ¢ St @748 gp (g H/ QAP () (as XU 2 Q, x(
M 7j=1 H(J)

= o(Q1f1,---,Qafa)-

This shows that under the assumption span{supp{P} = @?:1 7-[9, we only need to
consider the value of ¢(:) on @?:1 ’H?. Now, if £(P) = 0, we have ¢(f1,...,fs) = 0 for
all (f1,fa,...,f4) € supp{P}. So, (XD, ) (XP fo),... (XD f;) are independent for all
(f1, f2,--., fa) € supp{P}. Now, for any (g1,92,...,94) € span{supp{P}}, we can write g; =
S ajifji for {fii} € H; and {a;;} € R. This implies (XU, g;) = S°0° a;;(XV), f;;) are
independent for all j = 1,2,...,d. Therefore, (X, g;),..., (X g,) are independent for any fixed

(91,92:---,9a) € span{supp{P}}, i.e., ¥(g1,92,...,94) = 0 ¥(g1,...,94) € span{supp{P}}. Now,
by the assumption span{supp{P}} = @7—[ , we have ©(g1,92,...,94) = 0 V(g1,...,94) € DH;,
e, E{e! X X0y — 19 (X0} for all (fi,..., fa) € @ Hy. m

j))
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Proof of Proposition 6.1. (a) The proof follows from Theorem 6.2.

(b) Notice that the main term in the expression of {(IP) is H;‘l:1 Kj((Xéj), ij)>, <X?(,j),X1(j))). If
K7’s are all equal say K, then for any permutation m:{l,...,d} = {1,...,d}, we have

HK 2])’X ])> <X§J ’X(J HK 7(5)) X(ﬂ'(]))> <X:§F(J)),X{FU))>)

The permutatlon invariance of &(IP) follows from this expression.

(¢) Since (x,y) = (Uzx,Uy) holds under any unitary operation U, we have

d d
[T &7, x P, (x§, x ) = T 600 x5”, 0, x ), (0, x50, 0,5 (),
- il
for unitary operations U; on H; (j = 1,2,...,d). This ensures the unitary operation

invariance property for pHSIC.

(d) Let X,, be a sequence of d-component Hilbertian random variables such that X, B X. Since
K7’s are bounded and continuous, it follows that ¢ is a bounded continuous function on

(@;-l:l H,;)??*1. Now, using the Dominated Convergence Theorem, it follows that

lim €(£(X,)) = Tim B(g(Xn i, Xnzas1) = E@(Xi, ., Xoar1) = (LX), m

n—oo n—oo

Proof of Theorem 6.3. Before going into the details of the proof, first notice that our estimator

&, can also be written as

&n n2d+1 Z Z 117 s 12d+1)

11=1 7/2d+1 1

(4) (4) ()
where g(Xi,..., Xaa41) = m > {HKJ oy Xearyh (X ey X))

7F€52d+1 Jj=1

() () ©)
+ H K7 ( 2] 1) Xw](2d+1)>’ <X7r](2j)’X7rj(2d+1)>>

_9 H K] X(J) X(J)

() ()
(1)’ 7r(2d+1)>’ <X U X
7j=1

w(j+1)’ 7r(2d+1)>)}’

for Syq41 being the set of all permutations of {1,2,...,2d+1}. By the assumption of the theorem,
we have |K7(x,y)| < ¢ for all j = 1,2,...,d. This implies |g| < 4H 1Y) and ensures that
E{|g(Xiy, .. Xy )"} < 0o for any » € Nand all 1 <4y <4y <... <igqq1 < n. Therefore, from
proposition 3.15 of Shao (2003), we get

Bias(&,) = O(n™!) and Var(&,) = Var(&,) + O(n™2), (6.2)

where §~n = m Zl§i1<i2<---<i2d+1§n 9(Xiy, ..., X4y, ) is the corresponding U-statistic. So, the

consistency of fn holds, but depending on the degeneracy of g the convergence rate varies.
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Here, we find the first-order projection of the core function g and use results from the
supplementary materials from Pfister et al. (2018) to prove the theorem. First, we find a closed
form expression of g1(Z1) = E{g(X1,...,X24+1) | X1 = Z1}. For that, we deal with individual
terms in g and capture those 7(i)’s that are equal to 1 for each ™ € Saq41.

Look at the term ey () := E{T]¢_, K7 (X)), X9, ), (XU X9
Casem(l)=1lorn(2)=1and 7(2d+ 1) # 1:
We have e;(7) = E{H?Zl Kj(<Z£j),X£j)>, <X§j),X§j)>)}. There are 2 * (2d)! such terms in Sog1.

) | X = Z1}.

Case 7(2d+1) =
We have e;(7) = E{H?Zl Kj(<X1(j), Z(])> <X§j), Z(j ))}. There are (2d)! such terms in Spg41.

Case (1) #lor m(2) # 1 and 7(2d + 1) # 1:
We have ey () = E{]]7_; K7 (X, X§), (X, X§))}. There are (2d+ 1)! — 3 x (2d)! = (2d - 2) *

(2d)! such terms are there in Sggq.

Next consider the term ex(7) = E{H?Zl Kj(<X7(rJ8 x4y

i1y XSty (Xelyys Xiharny) | Xu = Z1}.

m(25)
Case 37 € {1,...,2d} such that 7(2r —1) =1 or 7(2r) =1 and 7(2d + 1) # 1:
We have ex(r) = E{[]%, ., K7 (X, X)) (X, X)) # k((2{7, XY, (X5, X3))}. For each

r, there are 2 * (2d)! such terms in Sogy1.

Case 7(2d+1) =
We have e(7) = E{H?Zl Kj(<X( 2 Z( )> <X(]) Z(J ))}. There are (2d)! such terms in Spg41.

Now consider the final term eg(7) = E{H;l 1 KJ((X(]) X\

1)’ 7r(2d+1)> <X(j)‘ X7E'?2d+1 DI X1 = Z1}.

m(j+1)
Case m(2d+1) = 1:
We have e3(m) = E{H;lzl Kj(<X(') (])> <X](+)1, {j)))} There are (2d)! such terms in Syg41.

Case 3 r € {1,...,d} such that 7(r +1) = 1:
We have es(r) = E{T], ., K9 (X, X9 ), (xDL x9) 0y« k(7 X5, 00280, x50, 000

For each r, there are (2d)! such terms in Sggy1.

Case (1) = 1:

We have es(r) = E{[T%_, K7 ((Z{", XJ), ). (X1, X5, 1))}, There are (2d)! such terms in Spgy1.
Case (1) #1, w(r+1) #1,Vr€{1,2,...,d}, (2d—|— 1) # 1:

We have e3(r) = E{J]7_, K7 (<X§J>,X§g}+1> (X9 x5, 1))}, There are (2d+1)! — (d+2) * (2d)! =

J+b
(d —1) % (2d)! such terms in Sggi1.
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Thus, combining all the cases, we get

d
2 0) x Uy (x0) xO) 1 ) ) () )
91(Zy) = deE{'IIKJ 729, x, (x{), xV >)}+2d+1E{'I_I K'((Xy", 277, (X", 2)7))}

2d 1 , .
%—Qd*_lE{IIJ(J n X&)><Aéﬂ, »}4,2d+_1E{II}{J 221,Z¥)><Aé£, u)»}

2d+1z { H K] 23 iy §f1)+1>7<X§§)’ éd)—i-1>)kr(< 2(r)17X§211>7<ZY)7X§Z)+1>)}
= Jj=Lj#r

d
2 . . . . 2 ) . . . .
E{H 8 (x . 27), (xPh 20) - g B R (. x50, (G X))
| U

S 2+1

d d
1 H X X (X Xk (xd7, X 0,20 X0
=1 =1,j

d

- Qdﬂ H (X, x50 (x9L X P )

Now, under Hy, X, X@ . X@ are independent. In particular, we can write

d

BT A7 (2, X, (X X0} = B (L [ BU (29, XG0, (X0 XG0,
j=1 j=1
E{HKJ xt? 27, (x, 27) HE{KJ ), 2i7), (x5, 27)}

d
= [T B (X3 200, (x$), 20y,
j=1

E{Hm (X, x{), (x{7, x4 }E{HKJ X7 X5l (X X5 10)) and

B LT RS X 0. (X8, X ) () X0 287 X, )
J=1,j#r
=Exound{ [T BOCX, X500, OG0 X)) « B, X500, 217, X500
j=1,j#r
Thus under Hp, we have g1(Z1) = 0. So, under Hy, én is a degenerate V-statistic with
the order of degeneracy being at least one. It is difficult to show that higher-order degeneracy will
not exist in this situation. So, following Theorems C.5, C.6, C.7, and C.9 from the supplementary

material of Pfister et al. (2018), we summarize our result as follows.

. Under Hy, o3(g) = Var(E{g(X1,...,X24+1)|X1}) = 0. Therefore, if 03(g) > 0, we have
né, 2 S NiZ2, where Y 2%, A2 = 03(g) and {Z;} is a sequence of i.i.d. N7(0,1) random

1) i=1"%
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variables. If 0%(g) = 0, then Var(n,) = O(n_%) and E{n,} = (2d2+1)E{gg(X1,X1)} +
O(n™1), where ga(x,y) = E{g(x,y,X3,...,X2411)}. Thus in this scenario, né, becomes a

degenerate random variable.

e Under Hy, it is difficult to check whether ¢ is a non-degenerate core function. If o5 (g) > 0, we
have /(6. —€(P)) 5 Ni(0, (2d+1)207(9)). I o7 (g) = 0, using (6.2), we get E{n(§—£(P))?} =
nVar(&,) + n{Bias(£,)}2 = O(L). Hence, in this scenario, nE(fn - 5([?))2 — 0, as n — 00.

This completes our proof. |
Proof pf Corollary 6.1. This result follows from Theorem 6.3. |

Proof of Theorem 6.4. Notice that if K/(z,y) = Ko, (x,y) = exp{—|z — y|2/20]2} for all j =

1,...,d, then for any o1, € (0,00)%, we have

‘ H Koy, (x 2, j H ra; ( 2, )‘
[T ewpl-le? — 4 B/202,) — [T expl—lah —y P23,
j—l j=1

Z sup ‘exp a:/2afj)—exp(—a:/20%j)‘.

So, |£Ul,n_écf2,n‘§ 4 Zj:l SUPzc[0,00) ‘ exp(—:v/Qa%j) - exp(—:v/?a%j)) =4 Z;’lzl SUPze[0,00) [hj (l,)]l/2’

2
where hj(z) = ‘ exp(—x/Qa%j)—exp(—x/?a%j)‘ . To find the supremum of h; over the domain [0, o),
first notice that h; is differentiable on (0, c0), and

h;(a;) — —Texp(—x/a%j) - — eXP(_w/Ugj) + <T + T) exp (—x<22 + 202 )) =0
o T3 i 0% 7 20y

has two solutions

2 log{max{afj/agj, 1}}0%]'0%/(0% — Ugj) and 210g{min{a%j/a§j, 1}}0%-0%]»/(0%- — agj).

. s o . . . 2 2 2 2 2
Since h; is zero at the origin, we have the maximizer 2log{o{;/03;}01;03;/(07; — O'QJ) Thus,

sup ‘ exp(—x/2a%j) — GXP(—HT/QUSJ‘)’
z€[0,00)

= ‘exp{ log (U%]>2(7%2} — exp{ log (U%]>20%12}‘.
02] 01 — 03 02] 01 — 03
One can check that as 01; — 025, this quantity converges to 0. This shows that if o (,) is a sequence
of bandwidths converging to o in probability, we have éam),n Ei oo (P). Since the elements of o
are positive, &, (P) is non-negative and takes the value zero if and only if XV, X X (@ are

independent. This proves the consistency of the test against fixed alternatives. |



Chapter 7

Concluding Remarks

In this thesis, we have developed some nonparametric methods for high-dimensional and functional
data and investigated their theoretical properties under appropriate regularity conditions. By
analyzing several simulated and real datasets, we have also amply demonstrated the usefulness
of these proposed methods. However, our methods are not above all limitations. During our
investigation, we noticed some shortcomings of the proposed methods and also identified some
interesting related issues, which can be investigated as future research problems. We briefly discuss
them in this final chapter of the thesis. A short summary of our contributions is also given in this

chapter.

In Chapter 2, we investigated the high-dimensional behavior of our two-sample tests
based on ball divergence, and under appropriate assumptions, proved their consistency both in
HDLSS and HDHSS regimes. We also proved their minimax rate optimality and established their
consistency even for shrinking alternatives. In this chapter, we considered tests based on different
distance functions. In the HDLSS asymptotic regime, while the test based on the ¢ distance
can discriminate between two distributions differing in their location or scales, those based on the
generalized distance function ¢, 4 (see page 13) can also differentiate two distributions differing
outside the first two moments if the functions A and i are chosen appropriately. If the underlying
distributions have light exponential tails, the tests based on /5 and ¢, distances usually perform
better, but if they have heavy polynomial tails, it is better to use tests based on a suitably chosen
bounded %) function. Finding the optimal choice of v for a given data set is a challenging problem.

It would be helpful if one could develop a method for a data-driven choice of this function.

Analyzing several simulated and real data sets, we have shown that the proposed tests can
outperform the start-of-the-art tests in a wide variety of high-dimensional two-sample problems.
However, one major problem with these tests is the computation issue. Their computing costs grow
up linearly with the dimension d but at a faster rate O(n3) with the sample size n. So, to make

them applicable to large data sets, one needs to come up with scalable versions.

The proposed tests can also be generalized to k-sample problems, where we test for the
equality of k multivariate distributions £}, Fs, ..., Fj. For a ball with a specified center and radius,

the variance of the probability measures of that ball corresponding to these distributions gives
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us some idea about the difference among the F;’s around that specified center. The average (or
weighted average) of these variances computed for different balls with random centers and radii
can be used as a generalized measure of ball divergence. Clearly, it is non-negative, and it takes
the value 0 if and only if all the F}’s are identical. A suitable estimate of this measure can be used

to construct a k-sample test.

Recently, Pan et al. (2020) used the notion of ball divergence to develop ball covariance,
a measure of dependence among several Banach-valued random variables, and proposed a test of
independence based on it. This has been discussed in Chapter 6 in the context of functional data.
However, the theory presented in Chapter 2 can be used to study the high dimensional behavior of
that test, particularly when the sample size increases with the dimension. However, it is not clear

whether the test is minimax rate optimal. This can be investigated in future work.

In Chapter 3, we proposed a new measure ((P) for spherical asymmetry of a probability
distribution P and constructed a consistent estimator én of this measure based on data augmentation.
We also developed a test of spherical symmetry based on this estimator and studied its large sample
behavior when the dimension may or may not grow with the sample size. Recall that the proposed
MMD-type measure ((P) was constructed by aggregating the squared differences between ¢ (t) and
a(t), the characteristic functions of the random vector X and that of its spherically symmetric
variant X', while the probability measure corresponding to Ny(0g4, éId) was used as the weight
function W (-) for aggregation over different choices of t. (see page 40). Though our extensive
simulation studies amply demonstrated the superiority of the proposed test over some state-of-
the-art methods, its performance may vary depending on the choice of W. One can introduce
an additional scale parameter in W or use other choices of W (e.g., Laplace or Cauchy) as well.
A suitable data-driven choice of W may lead to further improvement in the performance of the

proposed test. We leave these as possible future extensions of our work.

However, the test proposed in Chapter 3 often fails to have satisfactory performance in the
HDLSS setup. Moreover, the resampling algorithm needed for calibration of the test increases the
computing cost. To take care of these issues, in Chapter 4, we proposed some distribution-free
methods for testing the spherical symmetry of a multivariate distribution. We mainly considered
sign and runs tests and their modified versions in this thesis. These tests are also based on the
idea of data augmentation. Under appropriate regularity conditions, we proved the consistency of
these tests in the HDLSS and HDHSS asymptotic regimes and demonstrated their utility using
several simulated and real data sets. They outperformed the state-of-the-art methods in a wide
variety of high-dimensional examples. In high dimensions, the modified sign and runs tests usually
outperform the test proposed in Chapter 3, especially when the dimension is larger than the sample
size. But when the sample size is much larger than the dimension, sometimes it is better to use

the test based on the MMD-type measure discussed in Chapter 3. Among the modified sign and



Concluding remarks 143

runs tests, there is no clear winner, but the former one has been observed to yield higher power in
most of our examples. For constructing our modified sign and runs tests, here we used Bonferroni’s
method for size correction. Instead, one can also use the methods available for controlling the false
discovery rate based on p-values (Benjamini & Hochberg, 1995; Benjamini é Yekutieli, 2001) or
e-values (Wang & Ramdas, 2022). However, these methods did not make any visible difference in
the performance of our proposed tests. Instead of restricting to sign test, one can also consider a
more general class of linear rank tests, but finding the optimal score function in a given problem is
a matter of concern. Similarly, instead of runs test based on number of runs, one may construct a
test based on the length of the longest run as well. However, it had relatively inferior performance

in our examples, and that is why we decided not to include it in this thesis.

Recall that our sign and runs tests need the construction of the shortest covering path on
the augmented dataset. As we have mentioned before, this is an NP-complete problem, and here,
we have used a heuristic method based on Prim’s algorithm for this purpose. Instead of the shortest
covering path, one can consider other graph-based tests as well. For instance, one can construct
the spanning tree with n — 1 edges having the minimum cost that covers either a data point or its
spherically symmetric counterpart. Though there are algorithms (see, e.g., Prim, 1957; Kruskal,
1956) for constructing the minimum spanning tree, finding such a tree that covers n out of 2n
vertices (each representing one observation in the augmented data set) again turns out to be an
NP-complete problem. A heuristic method based on Prim’s algorithm (Prim, 1957) can be used
there as well, and after constructing the tree, sign statistic can be defined in the same way. This sign
statistic will also have the distribution-free property, and its null distribution will match with that
of the univariate sign statistic. Currently, we do not have any quantification of this approximation.
It will be an interesting problem to find some theoretical results on the approximation factor for
this algorithm. This can be explored as a potential research problem. The runs statistic can also be
computed using the idea of Friedman & Rafsky (1979), but unfortunately, the resulting test won’t
be distribution-free in two or higher dimensions. One can also construct a test based on nearest
neighbor type coincidences (see, e.g., Henze, 1988; Schilling, 1986; Hall & Tajvidi, 2002; Mondal,
Biswas & Ghosh, 2015). However, the resulting test won’t be distribution-free, and one needs to

use a resampling algorithm for its calibration, which will increase the computing cost.

Since the main focus of Chapter 4 was on a high-dimensional test for spherical symmetry,
we did not pay much attention to the usual large sample behavior of the proposed sign test (or
linear rank test) and runs test in the classical asymptotic regime. However, from our discussion,
it is clear that the asymptotic null distributions of the linear rank statistic and the runs statistic
are the same as given by Theorems 4.4 and 4.6. The large sample consistency of the resulting tests
can be proved as well. Theorem A4.1 also establishes the Pitman efficiency of the linear rank test,

but such a result for the runs test is yet to be derived.
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Following our idea based on data augmentation, tests for other types of symmetry can also

be constructed. For instance, one can construct a test for general symmetry (i.e., X 2 _ ),

angular symmetry (i.e., X /|| X|| 2 —X /|1 X|), coordinate wise symmetry (i.e., (X1,...,Xq) 2
(e1X1,...,e4Xq) for all (e1,...,eq) € {—1,1}") or any G-symmetry (i.e., X 2 GX for all
G € G). In such cases, we can use an MMD-type measure to construct a test statistic, but one
needs to properly exploit the exchangeability structure of the observed data and their symmetric
variants under the null hypothesis of symmetry to develop an appropriate resampling algorithm
for calibration. Graph-based ideas can also be used for constructing distribution-free sign and
runs tests, but instead of inner-products, one may need to consider costs based on other suitable

functions to properly discriminate between the underlying distribution and its symmetric variant.

The theoretical properties of the resulting tests need to be properly investigated as well.

In Chapter 3 and Chapter 4 of this thesis, we mainly considered the case where the null
hypothesis specified the center of symmetry (which was taken as the origin 04). If the null hypothesis
does not specify the center, it calls for a test of spherical symmetry about an unknown center. We
briefly discussed this issue in Chapter 4, where we described a plug-in method (that estimates the
location from the data) and a method based on sample splitting (that uses the differences between
pairs of observations). The former one works well when the sample size is large compared to the
dimension of the data, but when the dimension is comparable to or larger than the sample size, it
often leads to inflated type I errors by the proposed tests. The sample splitting idea helps to take
care of this problem, but the loss of observations due to sample splitting reduces the finite sample
powers of the resulting tests. We are yet to achieve a satisfactory solution in this regard. Another
interesting problem would be the construction of a test for elliptic symmetry of a high-dimensional
probability distribution. If the sample size is large compared to the dimension of the data, we can
use a plug-in method that estimates the location and the scatter of the underlying distribution for
standardization and apply the tests of spherical symmetry on the standardized data, but this idea
does not work when the dimension of the data is large compared to the sample size. One needs to

come up with an appropriate alternative method to take care of this issue.

In Chapter 5, we proposed a two-sample test for functional data, where the observations
X1,Xo,..., X, and Y1,Ys,...,Y,, on the random functions X ~ F and Y ~ G were modeled as
elements of a separable Hilbert space H. We considered linear projections (X7, f),..., (X, f) and
(Y1, f),...,(Ym, f) of the observations along a particular direction f € H and used a measure based
on the Baringhaus-Franz (BF) statistic (see Baringhaus € Franz, 2010) to estimate the difference
between the two distributions along that direction. These estimated differences were aggregated
judiciously over several choices f € H to construct the test statistic. This idea of aggregation over
several linear projections has been used in the literature for multivariate data as well. For instance,

the multivariate Cramer test (Baringhaus & Franz, 2004) and the test based on projection averaging
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(Kim, Balakrishnan & Wasserman, 2020) use the same idea, where appropriate probability measures
on S 1 are used for aggregation. Using that idea one can think of aggregating the measures by
using a probability distribution on the unit ball in 4, but such a probability distribution sometimes
unnecessarily puts weights on many directions that are orthogonal to the observed data, and as a
result, the power of resulting the test goes down. That is why instead of using such a probability
distribution, we opted for aggregation based on the empirical distribution function %(Fn + Gm)
We derived the limiting distribution of our proposed test statistic and proved the large sample
consistency of the permutation test. We also derived a new local asymptotic normality result for
functional data and proved that our test is statistically efficient in the Pitman sense. Analyzing
several simulated and real data sets, we amply demonstrated the superior performance of our test

over several state-of-the-art tests.

Note that the BF statistic comes with an associated function ¢. In this chapter, we
considered several choices of ¢, which were motivated by the suggestion of Baringhaus é Franz
(2010). Based on our empirical experience, we recommend using ¢(z) = y/z when the observations
on X and those on Y are nearly orthogonal. Otherwise, the use of ¢(z) = 1 — exp(—z/2) or
#(z) = log(1 + z) usually yields better performance, especially in the presence of outliers and
extreme observations. However, one may opt for other appropriate choices of ¢ or use a different
statistic for computing the difference between two distributions along various projection directions.
Similarly, instead of relying on the empirical distribution function %(Fn + Gm), one can use other

suitable methods for aggregation.

The proposed test can be generalized to k-sample problems as well, where one needs to
use a suitable k-sample criterion for measuring the differences among the one-dimensional linear
projections corresponding to different distributions Fi, Fs, ..., Fi. One can construct a consistent
estimate of this measure, repeat it for several linear projections, and aggregate them judiciously
to come up with a test statistic for the k-sample test. The large sample behavior of the resulting
test can also be investigated using the theory presented in this chapter. However, the empirical
performance of the resulting k-sample test may depend on the univariate measure of difference and

the aggregation method.

In Chapter 6, we used the projection-based idea to present a general recipe for measuring
dependence among multiple random functions and proposed a test for their mutual independence
based on that measure. In particular, we considered different linear projections of the components
of the observations and used the d-variate Hilbert-Schmidt Independence Criterion (dHSIC) to
compute the dependence among the linear projections along those directions. The measures
corresponding to different projections were aggregated to come up with the test statistic. This
idea of projection averaging was also explored in Lai et al. (2021) for two random functions, where

they used a Gaussian weight function for aggregation. Their idea can be extended to multiple
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random functions as well, but its computing cost grows faster as the number of variables increases.
Our test does not have such an undesirable property and can be conveniently used for multiple
random functions. It is also invariant under unitary operations, and because of that, it depends
only on the underlying geometry of the Hilbert space and not the space itself. The aCov test does
not have this property. Recall that our test statistic involves a kernel function and the associated
bandwidth parameter. In this thesis, we used the Gaussian kernel, where the bandwidth was chosen
based on median heuristic (Gretton et al., 2012). We proved the large sample consistency of our
test even for this data-driven choice of bandwidth. Analyzing several simulated data sets, we have

amply demonstrated the usefulness of our test against the state-of-the-art methods.

However, the proper choice of the kernel function and the associated bandwidth still remains
an open issue. Our empirical experience suggests that the finite sample performance of the proposed
test may depend heavily on the value of the bandwidth parameter. The median heuristic method
worked well in most of the examples considered in this thesis, but this may not be the optimal choice
in general. So, if one can come up with a suitable data-driven method for selecting the optimal
bandwidth, the performance of the proposed test can be improved further. Instead of selecting
a single bandwidth, one can also use a multi-scale approach (Sarkar & Ghosh, 2018a), where we
implement the test for several choices of the bandwidth parameter and aggregate them judiciously
to arrive at the final decision. However, the multi-scale approach increases the computing time
substantially. In our examples, there was no visible difference in the performance of the resulting

test. That is why we decided not to include it in this thesis.

In the modern machine learning era, we often deal with huge data sets where both sample
size and dimension are of the order of billions. Traditional resampling algorithms like permutation
or bootstrap (as considered in Chapters 2, 5, and 6) become computationally demanding for such
large data sets. To take care of this problem, several approximate algorithms (see, e.g. Politis,
Romano & Wolf, 1999; Bickel, Gétze & van Zwet, 1997; Kleiner et al., 2014; Sengupta, Volgushev
€9 Shao, 2016) have been proposed in the literature as alternatives to the usual bootstrap. However,
these ideas are not directly applicable for the calibration of our tests. Some non-trivial modifications
are needed, but even then, the theoretical guarantees of the resulting algorithms are not very clear
at this moment. Note that our calibration is based on the permutation principle. So, it would be
great if we could come up with computationally efficient alternatives to these permutation methods.
Similarly, one may look for a computationally efficient version of the resampling algorithm proposed
in Chapter 3. Note that most of the test statistics considered in this thesis are either complete U-
statistics or complete V-statistics. Instead, one may consider using incomplete U and V statistics
(see Chen €& Kato (2019) and Shekhar, Kim & Ramdas (2022)) , which are easily computable
and scalable to large data sets. However, these ideas may lead to a loss in statistical efficiency.

Therefore, one needs to come up with more suitable algorithms that are capable of handling such
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datasets without sacrificing statistical efficiency. One option is to approximate the tail behaviour of
the resampling test statistics using saddle point approximation Davison & Hinkley (1988) or large
deviation principle Dembo & Zeitouni (2010). These ideas deserve further exploration as future

research problems.
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Appendix A

Brief Descriptions of Competing Tests

In different chapters of this thesis, we have compared our proposed tests with different state-of-the-
art tests available in the literature. Brief descriptions of those tests are given below. Recall that in
Chapters 2-4, we considered some hypothesis testing problems for high-dimensional data, whereas
in Chapters 5 and 6, some inference problems related to functional data were considered. Here, we

arrange the competing tests accordingly.

CHAPTERS 2-4: TESTS FOR HIGH DIMENSIONAL DATA

In Chapter 2, we considered the problem of testing the equality of two high-dimensional probability
distributions, while in Chapters 3 and 4, we considered the problem of testing the spherical

symmetry of a high-dimensional distribution.

CHAPTER 2: TWO-SAMPLE TEST

Suppose that X = {X1,...,X,} and Y = {Y1,..., Y} are two independent samples from two
d-dimensional probability distributions F' and G, respectively. Here, we test the null hypothesis
Hy : F' = (G against the alternative hypothesis Hy : F' # G.

e FR test (Friedman & Rafsky, 1979): Consider an edge weighted complete graph on the vertex
set X U)Y with edge weigths being the pairwise Euclidean distances. The FR test rejects Hg for

small values of
n+m—1
Trr=1+ Y M
i=1
where M; takes the value 1 if the i-th edge of the minimum spanning tree in the complete graph

connects two observations from different samples.

e SHP test (Biswas, Mukhopadhyay ¢ Ghosh, 2014): Consider the same setup as in the FR test

and reject Hy for small values of
n+m—1
Tsgp=1+ Z Si
i=1
where S; takes the value 1 if the i-th edge of the shortest Hamiltonian path in the complete graph

connects two observations from different samples. This test has the exact distribution-free property.
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e BF test (Baringhaus & Franz, 2004): It rejects Hy for large values of
G D S TR o) b TS o Sl ]
i=1 j=1 i=1 j=1 i=1 j=1
e BG test (Biswas & Ghosh, 2014): It rejects Hy for large values of

n m n n
Tog = | =SS IXe =il - 5 3 S IX - X

i=1 j=1 i=1 j=1

2

2

1 n m 1 m m
=Y DY X =Yl - 5> Y Y- Y
nm & 4 m# & 4
=1 j=1 i=1 j=1
e NN test (Schilling, 1986; Henze, 1988): For a fixed k < n, it rejects Hy for large values

m k

n k
Toy = A S LX)+ Y v b

i=1 r=1 j=1r=1
where [,(Z) takes the value one if Z and its r-th nearest neighbor (in terms of the Euclidean
distance) come from the same sample.

e MMD test (Gretton et al., 2012): It rejects Hy for large values of

n m

Tymp = %ZZK(XZWX]')+%ZZK(Y%Y]')_%ZZK(Xiij)a

i=1 j=1 i=1 j=1 i=1 j=1
where K(.,.) is a reproducing kernel of an RKHS, which is also a characteristic kernel. In practice,
we take K(X,Y) = exp { - ﬁHX - YHQ} and o is chosen based on median heuristic.

CHAPTERS 3 AND 4: TEST OF SPHERICAL SYMMETRY

Let X1,..., X, beindependent observations from a d-dimensional probability distribution P. Here,

we want to test the null hypothesis (Hp) that P is a spherically symmetric distribution.

e OT test (Huang & Sen, 2023): Let Q,...,Q,, be i.i.d. observations from Ny(04,1;). If X;
(1 = 1,2 = ...,n) has the j-th largest Euclidean norm among Xi,..., X, and HQ(l)H < e <
Q) ll; then the rank vector of X; is H (), i.e., Rn(X;) = Q;). The signed-rank vector is defined
as HRn(Xz)H% and it rejects Hy for large values of

2

Tor =

1 & X,
— Ro( X)) ||
7 2 1R Xl
This test is distribution-free, but the large sample distribution of To7 is used to calibrate this test.

e DT test (Diks & Tong, 1999): It rejects Hy for large values of

2 1
Tpr=——" ) —— 11X = X
DT n(nfl) exp{ 47_2” ]” }7

1<i<j<n
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where 7 = 0.25 is taken in practice, following the suggestion of the authors. However, this choice
of 7 did not work well for high-dimensional data. So, after discussing it with the authors, we made
a small change in the scale and chose 472 = (0.25)2 * ﬁ Di<ici<n 1 X — X |12

e PP test (Fang, Zhu & Bentler, 1993): Let a1,..., ay be random orthogonal directions in R

Then, it rejects Hg for small values of

1
Top — mi L lla! X, < al X
pp= 0 ) 1<§<n [ Xy < o X

However, this test becomes computationally prohibitive in high dimensions. So, we could not use

it for the high-dimensional problems considered in Chapter 4.

TESTS FOR FUNCTIONAL DATA

For functional data, observations were modeled as elements of Hilbert spaces. In Chapter 5, we
considered the problem of testing the equality of two probability distributions, whereas, in Chapter

6, we considered testing mutual independence among several functional random variables.

CHAPTER 5: TWO-SAMPLE TEST

Let { X1, Xo,..., X,,} and {Y1,Y>,....Y,,} be two sets of independent observations on two functional
random variables X ~ F and Y ~ G, respectively, which take values in a separable Hilbert space
‘H. Here, we want to test Hy : F = G against Hy : F # G.

e WD test (Wynne & Duncan, 2020): It rejects Hy for large values of
IREES S SLIETE NI o) SIURANES o Sy e !

i=1 j=1 i=1 j=1 =1 j=1
where K(.,.) is the Gaussian kernel as in the MMD test.

e BD test (Pan et al., 2018): It rejects Hy for large values of

TBD_— 3 { Za (Xp, X, X1) ZéYk,X],X)}Z

1<7,5<n k 1

m 2
— 3 { Zéxk,yj,y ;kzléyk,yj,y}

1<z ,J<m

where 6(s,u,v) = I[f (s(t) — v(t)) dt < [ (u(t) —v(t)) dt}.

e FAD test (Pomann, Staicu & Ghosh, 2016): It applies the functional principal component
analysis on the pooled data and uses the Anderson-Darling’s test on the linear transformation of
the data projected along major principal component directions to get the p-values. These p-values

are combined using the Bonferroni’s method to construct the test.
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CHAPTER 6: TEST OF INDEPENDENCE

Let X1,...,X, be independent observations on X = (X ... X)) where X&) (i =1,2,...d)
takes values in a separable Hilbert space H;. We denote the metric on H; by d;(-,-). We want to
test the null hypothesis (Hp) that XM, ... X@ are mutually independent.

e dCov test (Lyons, 2013): This test is applicable only when d = 2. First define, a;; =
di(xV, x{V) and bi; = do(X{P, XP) for i,5 = 1,...,n. Let ai. = 137 agj b = 130 by
be the i-th row means, a; = %Z;;l aij, b = %Z?:l b;; be the j-th column means and
a = %2?21 a;,b. = %E?:l b;. be the grand means of the distance matrices ((ai;)) and ((bi5)),

respectively. Then, it rejects Hy for large values of

1 n n
Tacov = 3 > ) A;By,

i=1 j=1
where Aij =ai; —aj. —aj+a. and Bij = bij —b; — b.j +b_.

e aCov test (Lai et al.,, 2021): This test is also applicable only when d = 2. Given a
<Q1/2(x_x//)le/Z(x/_l,//») o
Q2@ 72— ) - NOW let aiji =

HQ(Xi(l),XJ(.l),X,gl)) and by = HQ(XZ@),X](-Z),X,?)) for 7,5,k = 1,...,n. It rejects Hy for large

covariance operator @, define, 0 (z,2’,2") = arccos<

values of
aCov = Z A’ij‘B’ij‘?
1<z,],kz<n
where Az]k = a”k 1 Z] 1 Qijk — }IZZ 1 Qijk + ng Z” 1 Qijk and Bzgk = bzyk 1 Zj 1szk -
& i big Az 00— i
Here, the raw data need to be transformed using a system of basis functions. We used two
different choices of basis functions, the Fourier basis and the spline basis. The corresponding tests

are referred to as aCov; and aCove, respectively.
e bCov test (Pan et al., 2020): This test is applicable even when d > 2. First define, 5§f)k =
104X\, x7) < dy(x{”, X)) for each i, j,k = 1,...,n and £ = 1,...,d. It rejects Hy for large
values of
1 d ’
_ (0)
e - L Y (%—HAU) |
1<4,5<n /=1

WhereAU—lzk 1H£ 1 Z andA :1Zk 1 wkforeachi,j:1,...,nandl:1,...,d.
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