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A Possibilistic Fuzzy c-Means Clustering Algorithm

Nikhil R. Pal, Kuhu Pal, James M. Keller, and James C. Bezdek

Abstraci—In 1997, we proposed the fuzzy-possibilistic c-means
(FPCM) model and algorithm that generated hoth membership
and typicality values when clustering unlabeled data. FPCM
constrains the typicality values so that the sum over all data
points of typicalities to a cluster is one. The row sum constraint
produces unrealistic typicality values for large data sets. In this
paper. we propose a new model called possibilistic-fuzzy c-means
(PFCM) model. PFCM produces memberships and possibilities
simultaneously, along with the usual point prototypes or cluster
centers for each cluster. PFCM is a hybridization of possibilistic
c-means (PCM) and fuzzy c-means (FCM) that often avoids
various problems of PCM, FCM and FPCM. PFCM solves the
noise sensitivity defect of FCM, overcomes the coincident clusters
problem of PCM and eliminates the row sum constraints of FPCM.
We derive the first-order necessary conditions for extrema of the
PFCM ohjective function, and use them as the basis for a standard
alternating optimization approach to finding local minima of the
PFCM ohjective functional. Several numerical examples are given
that compare FCM and PCM to PFCM. Our examples show that
PFCM compares favorably to both of the previous models. Since
PFCM prototypes are less sensitive to outliers and can avoid coin-
cident clusters, PFCM is a strong candidate for fuzzy rule-hased
system identification

Index Terms—c-means models, fuzzy clustering, hybrid clus-
tering, possibilistic clustering.

L INTRODUCTION
LUSTERING an unlabeled data  set X
'{.1152{31....1“} .

I8 is the patitioning of X
ne subgroups such that each subgroup represents

mnto 1 =0 o -
“natural” substructre in X, This is done by assigning fabels
to the vectors in X, and hence, 1o the objects generating X
A c-partition of X s a set of (cn) values {2} that can be
conveniently amayed as a {r =« matrix {7 = [w;:]. There are
three sets of partition matrices

Mo = {1 e R™M 0 € g S 1Y L6 FATe S wyy = 0}

(la)
Migp= {: CMpen: Y wip =19k >ty =07 -!:}
i=l k=1
(1b}

Mo =10 2 Myn iy =Dor I ¥ dand &} (le)

Equation (1) defines, respectively, the sets of possibilistic, fuzzy
or probabilistic, and crisp c-partitions of X, So, there are four
kinds of label vectors, but fuzey and probabilistic label vectors
are mathematically dentcal, having entries between O and 1
that sum to 1 over each column. The reason these matrices are
called partitions follows from the interpretation of their entries.
If {7 is crisp or fuzey, ), s ken as the membership of %, in
the i-th partitioning fuzey subset (cluster) of X I in M., is
probabilistic, . is usually the (posterior) probability p[#x, )
that, given ., it came from class <. And if 7 in ., is pos-
sibialistic, it has entries between (0 and 1 that do not necessanly
sum o 1 over any column. In this last case, ;18 taken as the
possibility that x; belongs to class ¢ An allemate interpreta-
tion of possibility ;e is that it measures the rypicality of xg o
cluster +. Observe that ... = My, T M0

A clostering algorithm € finds a {7 £ Myl Mea, Mo
which (hopefully) “best™ explains and represents {unknown)
structure in ¥ with respect to the model that defines €. For I7

in M. Lis represented uniquely by the hard 1-partition
L, [l 1 ... 1], which unequivocally assigns all »
—

s lirnnes

objects o a single cluster; and + w18 represented umiguely
by &7 .. the w x o identity matrix, up o a permutation of
columns. In this case, each object 15 in s own singleton cluster
Choosing ¢ = 1 or ¢ = n wejects the hypothesis that X contains
clusters.

One of the most widely used fuzey clustering models is fuzzy
c-meany (FCM) [1]. The FCM algonthm assigns memberships
Lo 2, which are inversely related o the relative distance of x,. 1o
the i point prototypes { v, } that are cluster centers in the FCM
model. Suppose & 2.1 %y is equidistant from two prototy pes,
the membership of x5 in cach cluster will be the same { (L5),
regardless of the absolute value of the distance of x,. from the
two centroids {as well as from the other points in the data). The
problem this creates is that noise points, far but equidistant from
the central structure of the two clusters, can nonetheless be given
equal membership in both, when 1t seems far more natural that
such points be given very low (or even no) membership ineither
cluster

To overcome this problem, Krshnapuram and Keller [2]
proposed a new clustering model named possibilistic c-means
(PCM), which relaxes the column sum constraint in (1h) so
that the sum of each column satisfies the looser constraint
0o z:_l ity = e In other words, each element of the &-th
column can be any number between O and 1, as long as at keast
ong of them s positive. They suggested that in this case the
value wyy should be mterpreted as the rypicality of x; relative
Lo cluster & (rather than s membership in the cluster). They
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interpreted each row of £ as a possibility distribution over X
The PCM algorithm they suggested for optimization of the
PCM objective function sometimes helps o identify outliers
(noise points). However, as pointed out by Barm er all [3],
the price PCM pays for its freedom to ignore noise points is
that PCM 1s very sensitive o initializations, and it sometimes
generates coincident clusters. Moreover, typicalities can be
very sensitive 1o the choice of the additional parameters needed
by the PCM model.

Timm et al. [13[-[15] proposed two possibilistic fuzzy clus-
tering algonthms that can avoud the coincident cluster problem
of PCM. In [13] and [14]. the authors modified the PCM ob-
jective function adding an inverse function of the distances be-
tween cluster centers. This extra term acts as a repulsive force
and keeps the clusters separate (avoids comncident clusters). In
[14] and [15]. Timm ef al. vse the same concept 1o modily the
objective function as vsed in Gustalson and Kessel [16] clus-
termg algorithm. These algonthms, although vse only the typ-
icalities {possibilities), attempt 1o exploit the benefits of both
fuzzy and possibilistic clustering.

In [12], we justified the need for both possibility (i.e.,
typicality ) and membership values, and proposed a model and
companion algornthm o opumize it. Our 1997 paper called
this algorithm FPCM. FPCM normalizes the possibality values,
so that the sum of possibilities of all data points m a cluster
15 1. Although FPCM is much less prone to the problems
of both FCM and PCM just described, the possibility values
are very small when the size of the data set increases. In
this paper we propose a new model that hybridiees FCM and
PCM. enjoys the benefits of both models, and eliminates the
problem of FPCM. To avoid confusion, we call this new model
possibilistic fuzzy c-means (PECM). The rest of the paper is
organized as follows. Section 11 discusses FCM. Section 111
does the same for PCM. In Section IV we discuss the FPCM
clustering model, along with the first order necessary conditions
for the FPCM functional. In Section ¥V we present the new
FFCM model, Section V1 includes some numerical examples
that compare FCM and PCM 1o PFCM. Section VII has our
discussion and conclusions.

II. WHAT S WRONG WITH FUZZY AND
PROBABILISTIC PARTITIONS T

The FCM model 1s the constramed optimizaton problem

{%ﬂ-’- ViX) Do imnl™ s -,-||ﬁ} @)
LS|

Tiin

S

Ry
where T7 € M. WV ¥y, Wa ..., ¥, 18 A vector of (un-
known) cluster centers [wuij;-_lj_l__s_i}_r prototypes), ¥, © R for
I = 4 < epand x|, = vx' Ax is any inner product nom,

Optimal partitions T7 of X are taken from pairs (77, V') that
are local minimizers of Jf,,. Approximate optimization of ./,
by the FCM-AQ algorithm 15 based on iieration through the fol-
lowving necessary conditions for its local extrema.
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Theorem FCM [1]: If D = ||%x W]y = 0 for all §
and &, > 1, and X contains at least o distinel points, then
LYY © Ay # R may minimize J,, only if

I e
> (z22)

i =
i—1
1=y = 1=k < and (3a)
o
pRRTE
v, = = 1<ie (3b)

Singulanty in FCM occurs when one or more of the dis-
tances Ty o = U at any ilerate. In this case (rare in practice),
assign (°s o each a, for which 43, = 0, and distribute
memberships arbitrarily across the v;'s for which Tra 0,
subject o the constraints in (1h). The most popular algo-
rithm for approximating solutions of (2) is Picard iteration
through (3a) and (3b). This type of iteration is often called
alternating optimization (AQ) as it sumply loops through one
cycle of estmates for ¥, > ¥7 > ¥V, and then checks
¥y — Wii1 oo = = Equivalently, the entire procedure can
be shifted one half cycle, so that initalization and termination
15 done on U7, and the iterales become T7_ » WV, =I5,
with the altemate termination critedon || £ - |lee = 20
The literature contains both specifications; the convergence
theory 15 the same i either case. There are some obvious
advantages o imitiahzing and terminating on % on temms of
convenience, speed and storage. The alternate form that initial-
rees and terminates on £75 1S more stnngent, SInce many more
parameters must become close before wemmination is achieved.
It can happen that different results ensue by using the same &
with both forms. The Appendix exhibits the form of FCM-AQO
used in our examples. A limit property of (3) that is important
for this study is [1]:

' T, Akhps = dhpa FiF4
lim {wi} = { Ly L kA T F ’-}
1

otherwise

=iy L2k in. (da)

Using this result, we take the same limit in (3b), oblaining

LI
57 L 1

¥ A

i kL LR 5
litn v = S = : =
. . Wi
apea AT ¢
m—"1 Z I._'u'i'ﬁ.'.-
r=1
[ N (4b)

where ¥ Xy - X, L - Y. isthe had c-partition of X de-
fined by the right side of (4a) with Ek:l wie = 1; = A5, and
v, 18 the mean vector of X, I5 we use these results in (2), we
get ULV ) at(s), as shown at the bottom of the next page.
H10 W X ds the classical within-groups sum of squared er-
rors objective function. Equation (5) s the optimization problem
that defines the hard c-means (HCM ) model. Moreover, the right
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Fig. 1. Dataset Xy, and Vo5 = |v'he o, v | shown as dizmonds,

sides of (4a) and (4b) are the necessary conditions for local ex-
trema of ;. Taking the limit of {3) at the other extreme, we get

liw {p b %

Se—-
T=i<e 1<k n(6a)
pRRTHE N 30X
3 » 1 e 1
litni v, — k“— =4 -
A1 e T
Yo
e
| RN (6b)

In (6b), % is the grand mean of X, If &7 & Ay, the constraint
30 e = | ¥ & makes it difficult to interpret .y, as the
typicality of x; to the ith cluster. To illustrate this problem of
fuzzy partitions generated by FCM, Figs. 1 and 2 show two-
dimensional data sets Ay and X4 with 10 and 12 points whose
coordinates are given in columns 2 and 3 of Table 1.

We denote {_K] i L '.!\T'|||_:* h}' X and Xy, o) {_K] b K]-l_}
as X, Some authors call xp; an “inlier” (bridge) and x» an
“outher” (noise ). X |y has two diamond shaped clusters with five
points each on the kel and right sides of the y axis. 204 and x4
are equidistant from all comresponding pairs of points in the two
clusters.

Example 1:

Drata set: Xy, X,
Algorithm: FCM.

[iin
iri— |+ .
=1i-1

HUA 'S

¢ R, _ o wm T _ g TR £ .
min {'Lu."_'rﬁ\":)']_ ZZ“‘"’ || 'L,||A} = 1min {.hlj,.\':,‘k,. = ZE”“"

Imtialization:

. _ |ooT
Yos Lun

Parumeters: ¢ = . = 2,

(Ta)

(1.36
.49y |’

To understand how inliers and outliers can affect partitions
found by FCM, we applied FCM w0 X, and XY.4 with
¢ = = 2 and other FCM protocols as histed o Section V. We
initialized FCM on ¥ using random values drawn from [0, 1] as
shown in (7a)- the actual values are truncated o two significant
digits for display purpose. Table 1 shows the membership
values (rows £ of L7 are shown transposed as columns in the
Table, mounded o two-digil accuracy ) obtained for cach point
at termination after 12 iterations of FCM-AQ. The temminal
centroids V5, = [v}i:]-(-ﬂ.f,v;!'r-m_-j are shown in (7h) and
also shown i Fig. 1 by the diamond symbol.

i | 336 33
TEST = oo O
12 —2.09 2.0
Vicu [ .54 n_m] ' 7

Now, suppose we add the points %), = {0.0,0.00" and x)» =
s, LILOT! o X The point xqy 15 len units directly above
x)_ as shown in Fig. 2. Applying FCM to X2 with the same
parameters and initialization as before, we get the FCM partition
shown mn columns 6 and 7 of Table [, and the terminal cluster

X — "élli‘lq}- (5)

k=1i—_
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12

.91

-10 -5

Drata set Xy feolumns 1 and 2 of Table ) and 5

TABLE 1
DATA SETS X o, X o AND U peny AT TERMINATION ON X [, AND ¥ .4

Dhulu TCM un X, FCMun X -
Pt x ¥ A u! o it
1 3400 (3800 .96 4.1 (1.54 (300
2 -3.44 .87 045 .05 047 .03
A ERE iy 1.0 1LIK] 11,51 (il
| -3.34 =167 (L83 1LIHS 1.1 (KRN
A =147 [EXA ] (KR} AT .52 ThEMN
hn 1407 [EXN [} [0k LG 1LTHY 192
7 134 Ls? (hid 44 .03 157
3 324 [E]E (k.00 .o N (150
1 A4 =147 (kA0 g nan 1Rl
14 &40 [3.000 (3014 41496 111k 3,94
11 0.0 (000 154 50
12 (.40 ([iRel] 1341 (1,51

centers VP2, are also shown in (7b) and in Fg. 2 by the dia-
mond symbol. Points = and %2 have membership valoes of
(.50 in each cluster because both are equidistant from the cen-
tronds 'L-"}-',:'-"!H, even though x4 15 more than three times further
away from V17, thanis ;. Thisis illustrated in Fig. 2.

The addition of *7p and w0 o Ay does not change the ter-
minal memberships of points =, ..., % n very much at all (the
maximum change 15 0.05). However, - seems far more Lyp-
ical of the overall structure of the data than a4, This illustrates
how a noise point such as %2 can adversely affect data inter-
pretation using fuzey memberships. The problem lies with the
basic notion of fuzey (or probabilistic!) partitioning of datasets.
Specifically, the summation constraint in (1b) forces this unde-
sirable situation Lo occur,

I, WHAT'S WRONG WITH POSSIBILISTIC PARTITIONST

To circumvent the counterintuitive results just displayed,
Krishnapuram and Keller [2] suggest melaxing the column
constraint Z::_1 i 1%k for fuzey partitions in ( 1b) so that
gy better reflects what we expect for the typicality of x; to

the +th cluster. We represent typicality by #;, and the typicality
matrix as T [nle .. Krishnapuram and Keller [2] proposed
the PCM model

n

. SN K el — — -
min H".‘F._\:.Jﬁ.,f._zzu.ﬂ,.] Xy — ¥,

T b= L=

[ i
+3 Y =t ®
k1

i—1

where ||x 4 = v%%Ax is any inner product norm, T = 4.,
Moo= D . %1 18 & vector of cluster centers, v; = P
and ~; > U is a wser-defined constant, 1 < ¢ < o Since
the rows and columns of 7 are independent, mimmization of
L r M I, PEIT, V) can be done by mini-
mizing the oith term of % with respect to T

o

P.-f-'.:i V)= ‘HC;! £3; 74— il — f'!'j't:Trl- )]
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Approximate optimization of 4, by the PCM-AQ algorithm 1s
based on iteration through the following necessary conditions
for its local extrema.

Theorem PCM [20: W~ =0, 1 <1 < /o > |, and X
contains at least ¢ distinet points, then [(ITW]) € M. » Tv#
may minimize f3, only if

Ir‘:k = o 10 173
L+ (—‘* ) '
1= 1< (10a)
3 fhx
v = &=L l1<i<e L<&<n  (10b)
>
i1

Here, i) unlike its counterpart in (3a), .5 could be zero
in {10a), so PCM does not suffer from the same singularity
problem that FCM does, and ii) the functional form in (10b) is
identical to that in (3b). The PCM-AQ algorithm for solving
(8) suggested by Knshnapuram and Keller simply replaced (3)
with (10} in FCM-AQ and added the specification of the {- ]
to the “pick list” in Appendix. PCM-AQO can also be initialized
with either T4 or V). Knshnapuram and Keller recommend
using terminal outputs of FCM-AQ as a good way to initialize
PCM-AQ. They also suggest choosing the {~;} by computing

kD

>,
'_r{ I{ et

(11}

o= ::lhu most common choice 15 /0 = 1)

where the Jug b are a terminal FCM partition of Y. Several
aspects of PCM are discussed in [4] and [5]. PCM somebmes
helps when the data are noisy. However, the user needs o be
very careful about the choice of Vi, the {;1 and K when using
PCM-AQ [3], [5].

The first term of I3, is just ., and in the absence of the
second term, unconstrained optimization will lead o the tmvial
solution ;. = 0% 4 k. The second term of #,, acts as a penally
which tries to bring ;. toward 1. Thus, as ponted out by Kr-
ishnapuram and Keller [2]. [5], the terminal typicality matrix
is strongly dependent on the choice of the {~ [ If ~ is low,
Lin will be small, and if = is high, {3 will be high. Some lm-
iting propertiesof #,;. in( 10a) will help explain this sensitivity of
PCM-AD o the {~}; see (12)—(14), as shown at the bottom of

the page. Since the columns and rows of the typicality matrix are
independent of each other, P, (1" V1 can be split into (cn) sub-
objective functions as shown in (9). If the initialization of each
row is not sufficiently distinet, coincident clusters may result
This 15 one reason for using FCM-AQ 1o generate the initial-
izing parameters for PCM-AQ. Sometimes coincident clusters
can be advantageous. For example, when we start with a large
value of =, and defuzzification of the terminal PCM-AQ parti-
tion results in o < ¢ distinet clusters, this may indicate that the
correct value of ¢ is . However, this is useful only when the
data really has o clusters. PCM-AQ can terminate with o < ¢
clusters even when there are really = o distinet clusters in the
data. In other words, there is no guarantee that = ¢ is the nght
number of clusters even when PCM-AQ seems 1o suggest this.

The problem of coincident cluster generalion is not specific
to {7, This problem will anse for any separable objective func-
tion, that is, & function that can be expressed as a sum of inde-
pendent subobjective functions. This problem 15 not caused by
a poor choice of penalty terms; rther, it is due o the lack of
constraints placed on the typicality matnx.

To summarize Sections 11 and [11: Z;'_l e = 1 for fuzey
{or probabilistic) 72 = Ay, 18 oo strong—il forces outliers o
belong 1o one or more clusters and, therefore, unduly influence
the main structure of X . On the other hand, the constraint ©) <
E: bope = s too weak—itallows data pomt o behave almaost
independently of the other data in X, resulting in T Z (A,

M pn 1 that is very brittle 1o the choices of its parameters. The
FPCM model was proposed to exploit the benefits of fuzzy and
possibilisue modeling while circumventing their weaknesses.

IV, WHAT'S WRONG WITH FPCM?

We believe that memberships (or relative typicalities) and
possibilities (or absolute typicalities) are both important for cor-
rect interpretation of data substructure. When we want o crisply
label adata point, membership 1s a plausible choice as it is nat-
ural to assign a point o the cluster whose prototype 1s closest
o the point. On the other hand, while estimating the centroids,
typicality is an important means for alleviating the undesirable
effects of outliers.

The FCM necessary condition in {3a) for v,y 15 a function of
Xy and all ¢ centronds. On the other hand, the necessary condi-
tion for typicality #;,. in (104) is a function of %, and v; alone.
That 15, w;; 15 influenced by the positons of alf ¢ cluster cen-
Lers, whereas &y, 15 alfected by only one. Since #;, depends on
only (and not relative 1o others) the distance from ), o v, and
on the constant v, we regand wgy as the wlative typicality and
1. the absolute rypicality (or just typicality) of x,. with respect
to cluster 7.

i Tl =1,

lim {{}t = %} D3, =
e ool - - 2 =
LR if J{Ji‘c 1
| ]
'rek =-i D LA T T

L SR (12)
. 1< LAk = and (13)
1<e@y Lk n (14)



Even il we change the penalty tenms of the PCM functional in
(81, we will stll have the problem of coincident clusters as long
as the objective functon is separable. In [12], for the FPCM
model, we proposed the following oplimization problem:

{-L..:,,(U. I VX

[ 11
R ot T vy
2 E Cufy + 15000,

[
" -
IR =1k |

(15}
subject o the constraints = T o> 1,00 < 040, e = 1

Thra M — W, a4, and
zﬂm =1 Tk Lo I7 & My, and (16}
Z tie =1 7 "!:1 'i.lf‘:.__ Tlt = .'1V]l+'|1r.- [1?}

The rranspose of admissible T7s are members of the set Ay,
We view T as a typicality assignment of the v objects o the &
clusters. The possibilistic term T‘__l El__ 11;.-”4:;.._.11 will dis-
tribute the {#; } with respect to all » data points, but not with
respect o all ¢ clusters. Under the vsual conditions placed on
c-means oplimization problems, we obtained the first order nec-
essary conditions for extrema of J,, 5, which we state here as a
theorem.

Theorem FPCM [12]: I 10 = % —vy|q = 0 forall 4
and &, vy = Loand X contains at least o distinet data points,
then (47,47, W £ My = My, « BT may minimize .f,, , only

if

|
I3 2itm—1
fhioay ™ i
w= |3 (55
1<+ 15k<n (18a)
iR
! & ( Dina ) R
i
o g
I =0d < e 1= -0 e and (18h)
o fulh — e x
Fi L 14 (18¢)
2 ik + 4]
]
Progf: The expressions in (183) and (18b)  both

have the functional form in (3a) and are oblained ex-
actly in the same manner. These two equations follow
immiediately  with the Lagrange muluoplier theorem.  Ac-
tually, leu} 15 obtuned by solving the reduced problem
um { TR |l ) D*J:.-L.J with T and
tl—T
V fixed for the k-th column ti, of 17,
JE o 18 minimized is i, the set of all fuzzy label vectors
in R, Formula (18b) is obtained in exactly the same way
by solving the other half problem for th i-th row ¢ of ',

ie., L..llIl {J* IT*I—Z*_L fll + 00D5, b The set

The set over which

'|*-: Ry
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over which % o 15 minimized 15 ¥y, the set ol all fuzey
label vectors in 1t*. Both decompositions of ooy are possible
because o,y is a sum of nonnegative terms, so the sum of the
minimums 15 the minimom of the sums.

If one or more D 2k — wall o 1, we can use the
usual singularity conditions o continue (18a) and (18b). That
is, assign zem weights o all v and & such that £y
||z — w:]|, = 0. and distribute nonzero memberships and pos-
sibilities arbitranly subjectto 37, . g = land 30 | #i. = 1.
The correctness of these assignments follows exactly as it does
in the proof of Theorem FCM.

For (18c), the reduced problem
THin {.f_,_.,_,l.{\-"} R S S fh,q} can  be
VeER

solved by fixing £ and *}", and zeroing the gradient of .f,{,_,r(\-'}
with respect o each v, This mesults o (18c), as long
as Ppwq = % || is an inner product norm, and
hence, differentiable in each +, .

Equaton (18a) 1 dentical in form o (3a), the FCM mem-
bership formula. This does not mean that FCM and FPCM will
generate the same membership valoes, even if both algonthms
are started with the same mmitalization. Whyt Becaose (18¢) 18
different from (3b); in FPCM., {¢ and f" are both vsed for the
update w 'V, so the succeeding estimate of T7 will differ from
the one produced by FCM. We next state without proof some
limiting results for FPCM

" . L, Dpa< DV
13 T . 2 g i
m1_"rr+{ g { 0, otherwise :
| <i<r |<h<n (19a)
| .
I111 [l = -, <4< 1T k< (19)
P «
L, D.I,_] < D _'| Y J J.'"I &
li ta b= : i
.En i {U, otherwise :
| o<ld=swr |2 o< (19¢c)
. 1
fm e} =—. I ==l L= =l (19d)
0o "
1
> i
i g, kel W L =24y (19¢)

W] ron

FPCM has the same type of singularity as FCM. FPCM does not
suffer from the sensitivity problem that PCM seems Lo exhibit
[because of the limit result in (12)]. Unfortunately, when the
number v of data points is large, the typicality values computed
by (18b) will be very small. Thus, after the FPCM-AQO algorithm
for approximating solutions to (15) based on emtion through
(18} terminates, the typreality values may need to be scaled up.
Conceptually, this is no different than scaling typicalities with
respect 1o oy as 15 done in PCM. In PCM, +; 15 used to scale
such that at T4, 4 + vis the typicality is 0.5. While scaling
seems o Msolve” the small value problem (which 1s caused by
the row sum constraint on F7), the scaled values do not possess
any additional information about points in the data. Thus scaling
the {ig,} is an adificial fix for a mathe matical defect of FPCM.
We can avoid the scaling step and make FPCM more useful for
large data sets, with the new PFCM model.
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V. A NEW PFCM

The apparent problem of FPCM 15 that it imposes a constraint
on the typicality values (sum of the typrcalibes over all data
points o a particular cluster 15 1), We relax the constramt (row
st = 1) on the typreality values but retain the column con-
straint on the membership values. This leads o the following
optimization problem:

@i, ¢ o g TV YJ—ZZMH | b

IV k=1 =l

x||xa—v,|1+z 3 01— b

= k=1

(200

subject Lull'LLummelsZ =19k and 0 < wp. L =
L.Here, = 0.0 =0 m = 1 .md g = Lo In (200, the & = O are
user defined constants. The constants ¢ and & define the relative
importance of fuzzy membership and typicality values in the
objective function. Note that, in (20 a4, has the same meaning
of membership as that in FCM. Similarly, #; has the same
mnterpretation of typicality as in PCM. At this point, a natural
question comes: should we constrain ourselves o e+ =17
Doing so, we can eliminale one parameter, yel we can assign
different relative importance 1o oy and £,,.. However, this has
an undesirable effect. If we increase the imporance (weight)
of membership then that necessarily forces us to reduce the
importance of typicality by the same amount. This is oo
restrictive. Also, we will see later that the optimal typicality
values depend on the magnitude of & S0 by constraining
i—h L we lose modeling flexibility.

Ifh =4, and ~; = 1 for all £, then (20) reduces o the FCM
optimization problem n (2); while o = 1 converts it Lo the usual
PCM maodel in (8). Later, we will see that when b = 10, even if
we do not set +; = [ for all +, (20) implicitly becomes equiva-
lent to the FCM model. Like FPCM, under the usual conditions
placed on c-means oplimization problems, we gel the first-order
necessary conditions for extrema of o 4.

Theorem PFCM: If {14 = ||xy ;|4 > O for all £ and
oy n sl and X ocontamns at least - distinet data points, then
[ V0 C Mar o Apn @ WY may minimize ., ,, only if

(-”-.ﬁ-i.) _-._ul.—ll
£,

=

-1

£
o
I

(21)
= (22
z T {J!'-:-':;;:I Ky
\_.'l. il:=‘l|l
B2 (el 4 BT
P
L=y ¢ (23}
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FProof: Egquations (21} and (22} follow  mme-
diately  with  the Lagrange muluplier theorem.  Equa-

ton (21) 15 obtaned by solving the reduced problem
‘]-IJ-D‘ {.If;::_,?rkr.",-\j =300 pinad 4+ MG |.JL with °f" and

ey,
W fixed for the Eth column &y of U7 The function J.J:"L_,J is
minimized over Np., . The membership expression is indufjcn-
dent of the constant «. The influence of « on the memberships
comes via the centroids (23). Equation (22) is obtained solving
the problem min { -",’;:" T R R
The constant & has a direct influence on the typicality values.
These decompositions of J,, , are possible because J,,, , is a
sum of nonnegative terms, so the sum of the minimums is the
minimum of the sums.

lfoncormore {2, = X v, 4 = DLassignzero values o
all iy, and #;,, such that 12, , = |x,, — W, [1 and distribute
nonzero memberships arbitrarily subject lu Yoo e =1 and
assign ., = | o those v, for which 13, = 1), The comectness
of these assignments follows exactly as it does in the proof
of Theorem BFCM.

Finally, the reduced problem

wiin, 4 Juon i ¥l ZZ lanly + % 107

VeRT

is solved by fixing ¢ and ¥, and zeming the gradient of
J,,L:,JI_'V:. with respect w each v, This results in (23), as long
as fia = |0 — || is an inner product induced norm.

We stale some interesting properties of PECM; see (24a)-(g),
as shown at the bottom of the next page. Property P6 shows that
FFCM behaves like FCM as the exponents grow without bound.
That is, irrespective of the values of the constants « and b, all «
centronds approach the overall (grand) mean as we — o0 and
3 — oo, Eguation (23) shows that if we use a high value of %
compared to s, then the centroids will be more influenced by
the typicality values than the membership values. On the other
hand, i we use a higher value of o then the centronds will be
more influenced by the membership values. Thuos, to redouce the
effect of outliers, we should use a bigger value for b than .
Similar effects can also be obtained by controlling the choice
of inoand v, For example, if we use a large value of moand o
smaller value for », then the effect of outliers on the centroids
will be reduced. However, a very large valoe of m will reduce
the effect of memberships on the prototypes and the model will
behave more like the PCM maodel, resulting from (24b). The
FFCM algonthm s also mcluded in Appendix.

V1. NUMERICAL EXAMPLES

We compare various aspects of FCM, PCM, and PECM with
five data sets: !'(1”, TN X'_t,_,.j, x-f)__:,.j and IRIS.

For all data sets we use the following Computational proto-
celss = = UL, T e = maximum number of iterations
= [, and || # || 4 is the Evclidean norm. The number of clus-
ters ¢ 15 3 for IRIS and for all other data setsitis fised at 0 4,

“or both PCM and PFCM we first run FCM to termination and
use (11 with K
nated with the convergence criteria after a few ilerations.

1 to find the values of ~;. All trials termi-



TABLE 1l
TERMINAL PROTOTYPES PRODUCED BY FCM, PCM, anD PECM on
Ko AND N .

FOB =2 P r=2 *FE  a=10 b=,
m=Z, =2
" T A0 2324 174 -3.34 3.14
s Tkl 1. 0k 410 410 £3.410
« =300 2 0 =205 2.5 =104 284
il k.53 1154 i 012 014G e
Example 2:

Data sets: X g, Xpa.
Algorithm: FCM, PCM, PECM.
Initialization:

T gl
| 167

L.67

Hie= 000 |

(25)

The imitalization i (25) 15 obtaned by randomly selecting
two data points from A, (each column of 19 is a data point).
Table I shows the centroids produced by FCM, PCM and
FFCM. For X4, all three algorithms produce good protoly pes.
However, a closer look meveals that PECM produces proto-
Lypes that match exactly (up to rounding) with the deal (roe)

. =40 ad . .
centroads Yigew = 0 0 that would be obtained in
absence of outhiers.

If %47 and 2.0 are to be “ignored.” we hope o find the true
centroids of Xy, when X0 1s processed. From Table 11, we see

ks —2090 290] .. —2.15 213
at T2, s F:
hat S [:1..14 [J..',d,]‘{fi--‘"i [n.n::: T
. _I}-.E' <I'_.-
'l"'lﬁf.;-!u == ﬂ_._:{.l ﬁﬁ: . To make a crude assessment how
- k) relh

cach method has accounted for the imlier and outher, we com-
pute £, = pra “, where X is FCM/PCM/PECM:
Freay 04130, Flrenyg Laal6] and Frppeay 0087006, Al-
though PCM does assign different typrcality values to %, and
X1g, the centronds produced by PCM are not very good com-
pared to those generated by FCM and PFCM. With a different

Fidea.
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initialization and different choice of 4, PCM should produce
better results.

Table 11 exhibits the terminal £7 and T from BCM, PCM
and PFCM with 2 = 10L& = 14, AN and v = 20
corresponding w Table 11). Table 111 shows that both Fppeng
and £y result in the same max-membership bard partition.

The relative ordering of points {in terms of membership values)
also remains the same.

PFCM provides a more informative description of the data
than FCM, since 1t provides roughly the same membership in-
formation but also shows, via the typicalities, for example, that
Xy 15 much more atypical than xq9 for either cluster. PECM
assigns the highest typicahty in the left cluster w Xz, This 1s
very reasonable because x;, 18 located at the center of the kel
cluster. Similarly, x5 15 most typical of the right cluster. Here,
X 18 least typical o either cluster indicating that it 1s an oul-
lier. The typicality for 2075 in both clusters is an order of magni-
tude smaller than the typicality value for x) - This enables us o
prune outliers from the data to reduce the effects of noise (like
FCM did in [2]). For this imitializaton, PCM assigns the highest
typicality values to X- and Xy becavse the PCM centrowds are

25 25
g.002 0 e
result in the same (hardened) partition. Although for x4 both
PFCM and PCM assign almost the same typicality values, for
Xy, the wypicality values assigned by PFCM are significantly
smaller than those assigned by PCM. Hence, the PFCM proto-
Lypes are less influenced by the noise pomnts.

Example 3:

A7 (06
LA R ] ;

Data set: X .

Algonthm: PFCM.
We now investigate the impact of various parameters on the per-
fommance of the FPFCM algorithm. The mitalization from (7a)
is not a good one, because the two vectors in 'V, are very close
to cach other with respect o the smallest hyperbox contaming
the data. However, we use i o show the “robustness”™ of dif-
ferent algorithms on the mitalizations. With mitialization (7a)
PCM generates coincident clusters. Krishnapuram and Keller
[2]. [5] suggest using the terminal FCM centroids to mitialize

located at 1-’,%3; he— . Both Teea: and Tppong

Initialization: ¥y = [

Pl Tim {ues} {# i?l;::wi-ufjﬁa Tk =i 12 hsin (24a)

we—+L ] -
. I ; St 2

P2l Jui} = —. 1= 1=k =n (24b)
Me—k i

| RN 1111_.1_{!;* e 5 1<ite; LAl kel (24¢)

1. ifbdl, . <

I lim b} i o e B T T B e (24d)

T b, ifbDE e
1 )

PS5t = 5 LD, = Tergs ks (24¢)

Pi: tm {vi}=3 xe=v. 1wi<e (24f)
|;|—o-:s_: k=1

I’V il =0, then t;, =1, Lyt 15 h<n (24g)
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TABLE
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TerMmaaL O Aann T FROMEFCM (i = 2 PCM (i = 2}, AND PECM (2 = |,h = 1o = 2, np = T1FOR Y ;2 WITH INITIALIZATION PERFORMED AS 1N (25)

Puoimt L"”_-_-I_. = 1‘:!1-\ '{-"..'-; o M R 'EII'J--:.’«' C"H.n.'u T."r.'.w = "1"";,-*.-
([eomn FOM]) [from PFCR) [from PRCA [[rcrn PO M)

1 (936 [hi6d RS e AT XY 0,113 L e (134
2 Coowy | 0033 | 0953 04017 | 0501 0.165 0.5655 o191
3 {1,949 L0 1,450 11,007 L4953 0,171 0,447 [h200
4 CE29 | G0l | 0406 0409 06412 0.157 0,518 193
A (AR [WENE T (34302 O AR (R By 10,278 LR i) .351
G CuoRd | 091a | 0068 0933 | 0278 0,240 0.351 (BRI
7 033 | h9aT | 0047 G853 ] DU165 {401 11,194 55
B | 00l | 009 | 00. 0990 | 0.171 0053  0.208 D647
4 101 L599 | 0094 0906 | 0167 1), 62 (1,103 (1

e Guoed | 0.93a | 0072 0928 | 00113 0.521 0.134 G459
11 QG000 | G000 0600 0.R00 ) G490 {1,491} 0.631 3431
12 0500 | 0LEO0 ) 0500 QOROO | 0072 0.072 0070 0070

TABLE IV

FCM. so we also report a few results generated by PCM (in Ex-
ample 5) and PFCM when the imtialization is done by the FCM
protoLy pes.

Table 1V shows the mesults produced by FFCM on A for
different values of «, b, yre and v, The centroids comresponding
to run 1 in Table 1V are identical (up o rounding) to the PFCM
centronds in Table 11, which are generated by PFCM using a dif-
ferent imitalization. The first four results in Table 1V demon-
strate that if we vary £ from 1 o 7, keeping all other parameters
fixed, the erminal PECM prototy pes are essentially unchanged.
Why? Increasing b assigns more importance to typicality, but
the results do not change much since Ay has nice well sepa-
rated clusters, However, if the data have outliers then, we shall
see that giving more importance W ypicality by increasing o im-
proves the prototypes. (This property can be used Lo get a better
understanding of the data.).

Comparing 3 with 6, we see that increasing the value of m
from 5.0 to 7.0, when the value of + is low (1.5), degrades the
prototypes because the membership values become more uni-
form. That s, the membership component of (23) tries o push
the prowtypes toward the grand mean, and this degrades the
prototypes, making typicality more important for computation
of centronds. Run 7 shows very poor centronds, Companng the
choice of parameters in & with those in T, we find that only
B changes from 1.0 w 5.0. The high value of e removes the
skewness in the membership values (membership values be-
come close w 0.5 for all data points). Hence, as just explaimed,
the FCM part of the objective function tries to move the cen-
troids toward the grand mean vector and a low value of 1 makes
typrcality assignments almost crisp. So the cluster centers will
dnft toward the grand mean and typicahity will be high for only
a few points close to the centroids. Inspection of T reveals that
for just one point in each cluster the typicahity 15 almaost 1.0,
while for all other points in the same cluster the typicality values
are very small. Hence, the poor resulis. If there are a few noise
points, the results could even be worse depending on the loca-
tions the prototy pes. However, if we increase the value of v, we
can recover from this situation.

The centronds generated by run 8 are much better than those
in run 7. Between runs ¥ and 8 only 4 changes from 1.5 o
10. For this chowee, the typicality values are close to 0.5 for all
data points. Consequently, typicality values do not have much

REsULTs PrODUCED BY PFCM FoR DNFFERENT WALUES OF THE
PARAMETERS WITH X 0

i ] 1 3 v v,

1 1 i 2 =134 i34
011500 0.0

2 K 2 2 =135 335
1.1 (L0

3 1 i 2 2 S35 335
1111 L0

4 T z 2 =135 335
[1.1) (L0

5 1 ki 1.3 -1.533 i35
1.1 .40

] 1 3 1.5 =2 241
1111 (.40

T 5 ki 1.5 -1 1.70
ILLH1 0410

] 5 ki 11 =152 i3z
1101 (.40

4 | 2 7 -1.53% 338
1.0 [X1Iy]

1 1 3 2 -154 3.34
1. (.40

1 1 0 3 -—-- -A52 131
=1 1.0 [X1I]

12 [ (A 2 2 =SANT 0 Aaay
1.0 (X1

13 1,25 0.7% 2 z REREE I e
1.1 (L0

14 | @ l6aT L3535 3 1.3 27 .71
1. [X1I]

influence on the prototypes. 5o, for this choice of parameters,
FFCM behaves more like FCM. Run 171 in Table 1V corresponds
o FCM with o 50000 1015 interesting 1o see that we get the
same (up to rounding) centroids as in 8. For this data set even
with re = 2and v = 7, we get reasonably good resulls, see run
Y. This s practically the FCM result. Since ¢ = 7.0, the effectof
typicality s drastically reduced and we get results similar 1o the
FCM. Table IV includes the PFCM prototypes Tor a few other
chorees of parameters, which are also quite good.

We discussed earlier that constraining & + A = | is not ex-
pected to result m good prototypes. To illusirate this we report
three more results. The rato /6 for un 12 s the same as that of
Eun 1. yvet the centronds produced by run 12 are different from
those produced by run 1, though all other protocols including



526

mitalization remain the same as before. Sumilarly, run 13 has
the same ratio of /% as that of run 2. In this case oo, there
is a noticeable difference between the two seis of centoids.
Run 14 with «/4 = 1 /6 corresponds to run 3. However, run
14 mesults in coincident clusters. Because the absolule weight
(o = ILIGGT) assigned o the membership component of the
objective function mn (207 15 guite small making the algonthm
behave almost ke PCM.

Lessons From Example.3: We mustnot use avery large value
of », since as (24) suggests, larger s reduce the effect of typ-
wcality. Also, it seems that & should be larger than o so that Lyp-
icality values influence the computation of prototypes, thereby
reducing the effects of outiers. But & should not be “wo large,”
for then the effect of membership values will be practically
climinated.

Exvample 4:

Data set: Xja.

Algorithm: PFCM.
(.07 LA
O (L]
Table V depicts the centroids generated by PFCM on X using
the same parameters as in Table IV, While we did not see any
change in the prototypes when b was increased keeping all other
parameters fixed for X g, the cenroids do improve for X o (see
Euns 1-4 m Table V). This happens becaose larger values of
b increase the relative importance of the typicalities in deter-
mining the prototypes. Except for run 7, PECM generated good
prototypes. Run T genermies comewdent clusters. Why? We men-
toned earlier that we can choose the pammeters of PECM so
that it behaves more like PCM. I & s very small, and the ini-
tial centronds are not well placed (separated), then PFCM, Like
PCM. can generate centers that are very close o each other
(1e., practically coincident clusters). Run 7 mn Table V' come-
sponds o this situation. To further tllustrate this point, we ran
PECM using the same set of parameters as in 7, but initialized
with the terminal FCM centers. In this case PFCM generales
_{f(‘:uf}f 3;;:} . This indicates that in run 7 we
obtained comncident clusters because the mitial protolypes were
very close o each other. Run 11 shows the prototy pes produced
by FCM with v, LG 0 In the contextof Table LV,
we argued and numencally demonstrated that the choice of pa-
rameters inorun & will make PFCM behave like FCM. This 1s
also true for X2, run 8 and un 11 generate almost the same
prototypes. For X -, like Xy we made three runs {1314}
constraining o — A
corresponding 1o runs 1-4. The conclusions drawn (rom runs
12-14 in Table IV are equally applicable here.

Example 5:

Data set: Xqq.

Algorithm: PCM.

Imtialization: FCM centroids.
Runs 1 through 5 of Table VI show the PCM centers for dif-
ferent values of w when the PCM algonthm s initialized with
the terminal FCM prototypes. With an increase oy beyond 2,
PCM generates almost coincident clusters. Except for onge point
the typicality values become close 1w 0.5, In other words, with
a moderately large value of o the limit property of typicality in

Initialization: ¥y =

o _
v FEI

3.0

|, but maintaining the same ratios e /b
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TABLE VW
REsuLTs PrRODUCED BY PFCM FOR DIFFERENT VALUES OF THE
PARAMETERS WITH X

2 b L % ¥, ¥,

1 I 1 s 2 -284 154
0154 33k

2 I R ek 2 -1 300
0.3 33

3 i £ 3 2 BNl 3l
.54 (354

4 1 T il 2 S 313
1.2 26

3 i | 3 1.5 Sh 303
0.3 (3003

i 1 I L5 T 3003
.03 003

7 I ) ] 1.3 -1 WL
.05 (3005

& 1 k} 3 ] B ) 2
0.47 x47

b 1 1 2 Bl 2
0.54 54

10 1 4 i 2 -4l KRR
0.t 2l

11 1 11 3 -— -2 %0 2.0
1-TCAD 0.47 (.47

12 1.3 15 2 2 =254 253
032 32

13 IL25 1175 2 2 -2 240
01.241 a0

[E} L1607 (L8333 3 1.5 2W2 2,42
.2 -[h02

(14315 attmned. However, using our PFCM framework torealize
PCM., we can overcome this situation by increasing the valoe of
b, Run 6 and run 7 in Table VI represent two such cases for
which we use respectively & = 3.0 and £ = 1040 with o = L0
(PECM is equivalent to PCM). With A 1.0, PCM (realized
by PFCM) can produce excellent prototypes even with ¢ = 3.0,
Using PCM also one can get results like run 7 with appropri-
ately scaled values of ;.

MNext, we discuss results on X g and X550, ¥gpg 15 8 mixture

5.0

of two 2-variate nommal distnbutions with mean veclors {H]

5.0
L2.1
mented version of X 450 with an additional 150 points uniformly
distributed over 11, 1G] = |0 1] . Fig. 3 shows the scatterplot of
Koo and X550,
Example 6:
Data Sets: X g and V5.
Algonthms: FCM, PECM, and PCM.

Initialization:
Bt
v, = :T..]: -1..&) )
.14 -'.'1.1-'lf

The mmitahzanon in (26) (which 1s displayed with only two sig-
nificant digits) is obtained by two randomly selected data points
from X .. Table VII depicts the prototypes generated by the
three algonthms when the mitiahzatnon in (26) 15 vsed. The true
é?.‘_’ I.{jl?rll-.': . The PCM algorithm
did not produce good prowtypes although the mmitial centroids

and . Each cluster has 200 points, while Xy is anaug-

(26)

mean of X 18 ¥l e [



PAL er al: A POSSIBILISTIC FUZZY ¢-MEANS CLUSTERING ALGORITHM

(a)

Fig. 3.

{a) Scatter-plot of X 40, (b) Scatter-plot of Y-,

15

0

TABLE W1
RESULTS PRODUCED BY PCM FOR DIFFERENT VALUES OF THE PARAMETERS WITH X2 WHEN INITIALIZED WiTH THE FCM CENTRODS.
1 h m I ¥, V-
1 o [ g 2,146 2,146
[RRARR [TRNRR
2 i L[ - 1.5 -2.50 250
[Ig! 11.54
3 ] L - ) 000 0.6
: fhid Ji
4 ] 1 -—— 3 -0.00 0.0
Th0i 1104
= @ | T 3 000 0.0
07 007
& 0 B — 5 167 L&E7
(hia] [1.131
I il I — 3 =320 3.
] 0.0l
are reasonably separated, but coming from the same cluster. Initialization:

Both FCM and PECM resultin good prototypes, which ame very
close to Vi, For Xzgo, like X2, the effect of the noise points
15 smaller on the PFCM prototypes than it s on the FCM cen-
troids. Column 4 of Table V11 shows the PEFCM centroids for
both data sets with oo = 15,06 = 40w = 20, and 5 = 1.0
Since ¥ is comparatively larger than o, we expect the centroid
computation in (23) o be more influenced by the typicality
values and, hence, the centronds are not expected 1o be affected
much by the noise pomts. Column 4 reveals that it is indeed the
case. The PECM centroids obtained for X gq in column 4 are
closer to 1, than the centroids in column 3. Although, PCM
produces comeident clusters with (26), 1if we use the terminal
FCM prototypes to imitialize PCM, it results in good prototy pes
as shown m column 5 of Table VIL
Example 7:
Data Sets : ;Iil.--|||.:| and .Y.-'“':d:.
Algorithms: FCM, PFCM and PCM.

11 N
AL ( L J.lfj:;j ' (<1
We now compare FCM and PCM with PECM with initialization
in (27). Like Example 6, the mmualization in (27) 15 obtamed
by randomly selecting two data points, but the two imitial cen-
troids are well separated and they come from two different clus-
ters. Column 1 shows the FCM centroids while columns 2 and
3 depict the PCM and PFCM centrds. In this case, both PCM
and PECM algorthms result in good prototypes for X jp0. The
PCM and PFCM centroids on A 4y, are very close toeach other.
For X g, both PCM and PECM generate betler prototypes than
FCM.
Example 8:

Data Set: IRIS.

Algonthms: FCM, PECM, and PCM.

Imitialization: Stated in appropriate places.
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TABLE VI
PROTOTYPES PRODUCED BY FCM, PCM AnD FPCM WITH [NITIALIZATION AS 1N {30)

Resuliy i Wy,

R M M IrcM P

{r=2.40 {a =2 fa—=1.00, =10, A= b4, { =2k mitialized
m=2.11, 77=2,41} m=201, 5 =1.5] with TN centraids)

dosy Jeess sl | sowl 40 c.57 sz | 501 485 | 4w

614 [ s srs | eln 18 ENCEE AT T

Resnlts o1 Xzq (with 13 nodse polnes)

FCM oM FI'CM FI'CM P

[m—2.4) {n-2.0 qa LOE LG, w5k 40 {520 initialized
=20, =280 m =L with FOM controida)

T.AE LT 02 503 ToAa T 5.2 h12 LD sa02

5% 11.05 adl 313 5.0 11.71 547 1144 1.3 1151

TABLE VI

PrOTOTYPES PRODUCED BY FCM, PCM anD FPCM WHEN THEY ARE [MITIALIZED BY {27)

Fasulls vn Xy

TOM PCM POMC AT M
{m—2,0 (o 2m fu— L0 E—1.0 rno2m
m 220G
4.07 4.7 4.9% 4.59 | 4.95 457 4.95 454
614 12.14% fbi) 1z | 6T 1217 G0 121001
Resnlts rn Mgz (with |3 nodse prints)
R MM PR MM
{m=2.40 L= {a—10 =11}, (=2
=241, xy=10}
25 .60 5007 302 | 544 519 507 F2
L1.45 545 .74 1151 [ 537 11.63 6.4 11.51
TABLE IX

EEsurrs on IRLS Dara WHEN ALGORITHMS ARE INITIALIZED WITH THREE RANDOMLY SELECTED DaTa POINTS

Tribial centriids TCN FOM FIom
(w2, My 16] (472 My =50} la— L b= Lo m—2.0
i a0, Moy L3
Ml ppar—1 1]
5.8 5.00 510 578 .50 5.00 617 617 5.00 6652 552 500
2.0 2.0 1 303 2.0 .4 268 268 i G0 2 KX
01k .50k 1.41F R .30 1.4 AT AT 1.4 a0n <o 1.8
L9 L. 220 205 L4 25 lal lel 25 1.59 1.4 025
Imitial coentrivids 1 €M PO [R5
[m 2%,y LE) (=2 Mg =305 la IOk 10 2.0
20, e L3
Myrcur 41
T2 5.50 S0 £.77 5.50 S.00 817 [6.17 .00 Ak [A02 | 500
ERATH 241 I 3005 270 EX 2H8 | 2R Xl EXN 270 | a4l
350 3,70 1,714 A3 4,30 1,44 4,70 | 4,70 1.4 A0 | £.40 | 1,48
Ll L. 350 205 140 23 1.6l 1.1 0.2%5 160 [ 14 025

We now demonstrate PFCM on a real data set, IRIS, with three
clusters. IRIS [T, [8] 15 & four-dimensional data set containing
50 samples each of three types of Ins flowers. One of the
three clusters (class 1) s well separated from the other two,
while classes 2 and 3 have some overlap. The typical result of
comparing hardened FCM or HCM partitions to the physically
correct labels of Iris 1s 14-17 errors. We made several runs
of PFCM on IRLS with different imtalizations and different
chorees of parameters. First, we report results of a few runs
when FCM, PCM, and PFCM are imitialized with three ran-
domly selected data points (Table 1X). We have made several
such runs and in each case FCM and PFCM generated good
prototy pes, but PCM, even when the three imitial centronds come
from three different classes, resulted in coincident clusters (1.e.,
obtained two distinet clusters). Table IX displays some typical

results with mmializations shown in the first column of the same
table. The resubstitution errors [ with Uppeng and Tppeng
are better than that with 0. PCM o gels two comncident
clusters making 50 resubsutution errors.

We also made a few runs of PCM and PFCM when the algo-
rithm 15 mitialized with FCM termmal prototypes. In Table X,
column 1, row 2 shows the FCM tenminal prototypes that
are vsed o mitiahze the PCM and PFCM algorithms (results
shown in columns 2-3 of ow 2). In this case, as expected
FFCM produced good prototypes, but PCM again resulted in
two coincident clusters (Table X). In row 3, column 1, we
show another set of FCM terminal prototypes that are ob-
tained with re = 3. When these FCM prototypes are used 1o
mitialiee, PCM again produced two comcident clusters that
we do not show in Table X, The PFCM algonthm in this
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TABLE X
RESULTS 0N RIS DaTA WHEN ALGORITHMS ARE [NITIALIZED WiTH FCM
TERMINAL PROTOTYPES

PR srrminal protaly pes B | IR X
(=2, W= 6] $=2 M3 tz=1.0, h=1.0,
m—2.0, =00
W o= 12,
Mzzoyr= 14
0457 J.an .8 [ a.l7 1) 2 Sl
Juz 3=l Fn 2 Hk R 2 bk 10 T R |
2G5 1.4% 4.30 STh | led < Th 244 i 148
Lz .03 LAl B 10 O T (e T I T AV I A IR A
U Cermined prololype FPCK FPCK
frn=d, Mycpn=14] Jem 1,00 L 100, LR BCEN TR N
m=70, =300, m=2.0,5-1.3,
Mop = 11, Mo = 13,
Mg 100 Mocy—111
.t S0 EXT i KA1 R afy | a2 | AR
Ak .40 17 203 Sln 2R - 278
=55 1.49 .55 a.14 131 <|.5: L2f
204 n.25 |40 | #2 1.20 1.:I% .34

case oo, produced low resubstitution error both with respect
Lo membership and typicality. In IRLS since class 2 and class
3 overap, one can argue that IRIS has two clusters. S0, in
this regard, PCM does an excellent job in finding only two
clusters even when the algonthm 1s asked o look for three
clusters. However, there are applications where even when
there is no clear cluster substructure, we want o find clusters.
For example, although IRIS may be thought of having two
clusters, if we want Lo extract rules or prototypes for classifier
design, we need Lo find at least three clusters. With IRIS data
PCM could not do this with all initializations that we tned but
FFCM could. Thus for such applicatwons, FFCM prototypes
will be more vseful than the FCM and PCM prototy pes because
PECM prototypes are not sensitive to outliers and PFCM can
avold comeident clusters.

VI CONCLUSION

We have argued the need for both membership and typacality
values in clustenng, and have proposed a possibalistic-fuzzy
clustering model named PFCM. Unlike most fuzzy and possi-
bilistic clustermg algorithms, PECM produces three outpuls: a
i3 ¢ fuzey partition or membership matrix 7 of X a ¢ %0 pos-
sibility matrix ' of typicalities in X7 and a set of « point proto-
types W othat compactly represents the clusters in X . PFCM has
been tested on five data sets with many runs (not all discussed
here) and its imitial performance indicates that it does amehorate
problems suffered by FCM, PCM and FPCM. (7, T pairs from
PECM are nor the same as {7 from FCM and *F from PCM, but
they seem Lo share the same qualitative properties as the individ-
ually estimated matnees. PFCM has two additional parameters,
i and & that define the relative imponance of membership and
typrcality in the computation of centroids. By suitable combina-
ton of these parameters we can make PECM behave more like
FCM or PCM. Further investiganon 1srequired before much can
be asserted about a good mnge of chowes for the paramelers
TR R

The necessary conditions in (21 )-(23) for the PECM model
hold for any mner product nomm, e.g., for the scaled Maha-
lanobis norm [6], so the formulation s guite general. The two
main branches of genermbizaton for c-means models are locally
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“adaptive” schemes such as those of Gustalson and Kessel [9]
or Dave and Bhaswan [ 10]; and extensions of the prototypes 1o
shell-like surfaces, see for example Knshnapuram et all [11].
The basic architecture of the PFCM -AQ algonthm will cleady
remain the same, but the update equations for extensions in
cither direction will need to be modified by the appropriate nec-
essary conditions. Many of these extensions will be straightfor-
ward, and we hope 1o write about some of them soon.

APPEMDIX

TABLE XI1
FCM-AQ, PCM-AQ, FPCM-AQ, axn PECM-AD ALGORITHMS FOR
INNER PRODUCT NORMS
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