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Chapter 1
INTRODUCTION TO RESAMPLING TECHNIQUES

1.1 Introduction

A typical problem in statistics is as follows: there is some observable data X, = (Xi,..., Xy5),

and a parameter of interest 6 which is related in such a way to the distribution of X, that

meaningful conclusions about 6 can be drawn based on X,. Sometimes data X is observed
keeping the objective parameter § in mind, at other times the parameter appears while trying
10 ‘model’ the observed data.

Once the data is observed and the parameter fixed, the questions that have to be addressed
are as follows:

(I) How to estimate 6 from the data X,?

(IT) Given an estimator T, = T(X,) of 8, how good is the estimator, by some standard of
‘goodness’?

(III) Given an estimator T, = T(Xp) of 8, how to obtain confidence sets, test hypothesis and
settle other such inferential questions about 67

Question (I) on estimating 6 from X, is fundamental to statistics and even now new
ideas about estimation come up as new problems come across the statistical horizon. But
the other questions, (IT) and (III) are equally important and interesting. A traditional way
<o answer (IT) is to report the variance or mean squared error of Ty, which itself often has
to be estimated from the data. The last question may be answered once an estimate of the
probability distribution of T}, is obtained. Most often, computation of the variance of Ty, or
its entire distribution are intractable problems. The classical approach is to use the theory of
weak convergence, and approximate the distribution of T}, by its weak limit as n — oo. A
major step is to obtain a result like an (T, —6) = N(0,72), for some 72 > 0 and some sequence
2, —+ 00. Often 72 is unknown, and one has to use some estimate of it based on X.

Example 1.1.1 Suppose X;’s are independently and identically distributed (hereafter i.i.d)
according to some distribution F on the real line with mean § and unknown variance ¢* and

1



2 INTRODUCTION

the parameter of interest is the mean 6. Suppose the estimator Ty, = Y X;/n is used. Using
the independence and identical nature of X;’s, one obtains £2/n as the variance of T,, and
n/2(T, — 0) = N(0,£2). An estimator of €2 is given by 3°(X; — T)2/n.

Example 1.1.2 Suppose (z;,y;), i = 1,...,n are observed pairs of real values, and the model
is yi = Bz + e, 1,...,n. Here the parameter of interest is § and it is assumed that e;’s
are i.4.d. with mean 0 and variance £2. The ‘least squared error’ estimator for 4 is given by
Tn = (Caf)™' Ty, and the variance of Ty, is (X 22)~'¢?. With standard assumptions, one
has that (2 27)!/2(T, — B) = N(0,€?). Defining r; = y; — Toa;, and an estimate of €2 is given
by Xorf/n— (Sri/n).

In the above examples the variance or the limiting distribution was easily estimated because
the form of the statistic 7}, was simple. However, consider the estimator of 3 obtained by
minimising 3= |y; — fz;| in Example 1.1.2. There is no easily derived or computed variance
estimate, or even asymptotic variance estimate available for that statistic. Estimators like the
above occur quite naturally, and variance of such estimators have to be estimated. This is not
so simple outside the realm of cases like Examples 1.1.1 or 1.1.2. Efron and Le Page (1992)
say ‘ much of statistical history concerns finding approximations to -.(the variance).. for more
general estimators ... and avoiding estimators that do not have such formulas.’

A significant breakthrough was achieved by Tukey in 1958, when he proposed a new method
for estimating the variance of Ty,. This is the Jackknife, described below.

1.2 The jackknife

Following the initial ideas of Quenouille, Tukey proposed the following method for computing
the variance of any statistic T, = T'(Xy).

Consider the data set X(;) = (X1,. .., Xi—1, Xi41,..., Xn) obtained by deleting the i*# data
point X; from the originally observed data set. Let Tj;) = T(Xy), i = 1,...,n. The jackknife
estimate of variance is given by

Vo= (n =1~ 3T ~ 1%,

where T = " T(;)/n. If Ty, is the sample mean as in Example 1.1.1, then this formula matches
with the traditional unbiased variance estimator. It was observed that the jackknife is generally
a trustworthy variance estimator (Miller (1964)), except when applied to non-smooth estimators
like the median where it performed poorly.

Estimating the entire distribution of 7y, is a more difficult problem. With asymptotic
normality, a confidence interval of § may be given by T, % z,/,V'!/2, where z, is a standard
normal percentile and V is a variance estimate. For studentised statistic the normal percentile
is replaced by a percentile from a ¢ distribution of appropriate degrees of freedom. As Efron and
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Le Page (1992) remark, with studentised statistics the jackknife was a major disappointment in
the sense that the correct degrees of freedom to be associated to V; remained elusive. Although
we have described the jackknife performed by deleting one observation from the data set, this
idea can be extended to the case where d observations are deleted at a time, 1 < d < n thus
yielding the delete-d jackknife. Often the upper bound on d is lower than n, for example for
U-statistics with kernel of order m, d can be at most n—m. Incids ‘Wu (1990)
that a jackknife based on deleting d observations at a time where d/n does not converge to
either zero or one, may be used for distributional approximation.

This state of affairs persisted till 1979, when istical thinking was r ioni by the
introduction of the bootstrap, by Efron (1979). The next section discusses the bootstrap.

1.3 The bootstrap and generalised bootstrap

Efron (1979) introduced the bootstrap in an attempt to understand the jackknife better. Let us
discuss the bootstrap in the framework of Example 1.1.1. In order to estimate 0 = [ zdF(z) =
T(F), the statistic T(F,) = [ 2dFy(z) was used, where F,, is the empirical distribution Fy (z) =
n~1 5 I(x,<z)- Then n!/?(T(F,) — T(F)) was studied, its variance and limiting distribution
calculated. Efron suggested that in order to approximate the distribution of 7, = an(T'(F,) —
T(F)), we may use the statistic 7 = an(T(Fy;) — T(F,)), where F is an empirical distribution
from F,,. Conditional on the data, the distribution function F, is completely known, and Fy
may be obtained by simple random sampling with replacement from the data. Then conditional
on the data, the distribution of 7;, is a random variable that may be a close approximation of
the distribution of 7.

The motivation behind this novel idea is that Fy is a close approximation of F, and Fj;
relates to F, much the same way in which F, relates to F, so nj, is a data-driven imitation
of 7,. This idea is beautifully explained in details in Efron and Tibshirani (1993) and Hall
(1992). With this motivation in the it may be d that the function F,
need not be the empirical distribution or F; need not be generated the way described above;

any close approximation G, of F, and some ‘empirical-from-Gy’ can replace F, and Fj i
the definition of 7. While Tukey’s idea of estimating variance using jackknife was a shlft

from routine stati the b marked the beginning of the now popular
to i

The important aspect of both the jackknife and the bootstrap is the repeated use of the

original sample, by different of drawing sample-from-th ple, or Thus
these i and their isations we discuss hereafter, are broadly called resampling
techniques.

Two important papers came soon after the publication of Efron’s ideas about the boot-
strap. Bickel and Freedman (1981) showed that consistency was obtainable under very general
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ir for many statistical functi and Singh (1981) established that the bootstrap

approximation is often better than the classical asymptotic normal approximation, in the sense
that the bootstrap distribution captures the second order term in the Edgeworth expansion
of the original distribution. It is interesting to note that recently bootstrap theory and its
generalisations have been used for the problem of estimation also, as in Efron and Tibshirani
1998). Thus bootstrap is a breakthrough in three aspects:

eltisa ion based techni of obtaining the distribution of a large class of
statistics.

o It often produces an estimate that is a better i ion than the ptotic normal
approximation.

o New estimation techniques can be derived from it.

Over the past two decades a signi part of statistical research d on broad-

ening the class of problems on which bootstrap may be applied, and establishing that by using
bootstrap, better approximations are obtainable than what is obtained using more traditional
methods. Excellent review of the bootstrap and the jackknife is available in the books by Efron
and Tibshirani (1993), Hall (1992), Shao and Tu (1995), Davison and Hinkley (1997), Politis,
Romano and Wolf (1999) and in many other references.

A couple of examples are in order at this point to illustrate the way the bootstrap and
jackknife are applied, and to introduce the concept of generalised bootstrap.

Example 1.8.1 Let X, ..., X, be an i.i.d. sample from some probability distribution function
F, and 6 = Eh(Xy, X2,..., X;m) be the parameter of interest. Assume that the function h(-)
is symmetric in its The esti for 6 is the U

.
Un= (") Y K X,
m, 1<) <ig <o <im<n

Let us first describe the jackknife for U,. Consider a subset of n — d observations from
X1,..., Xn, say Xj,, ..., X;,_,. Consider the U-statistics formed from these observations only.
Since there are (3) ways to select the subset of observations, there are as many such U-statistics.
The jackknife statistic is determined from these (3) U-statistics.

The bootstrap scheme of Efron (1979), when applied to U-statistics, is as follows: from the
data Xi,..., Xy, draw a simple random sample with replacement, say X7,...,X;. Now the
bootstrap statistic is defined by

-1
. n . .
U= ( ) > h(X3, .. XT).

) iSii<is<o<im<n
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Conditional on the data X, ..., X,, the distribution of the statistic U typically closely approx-
es that of Un. The variance of U, may also be esti by using U;;. Conditional on the
the random component in Uy, is induced only by the scheme of simple random sampling
replacement from the data, or in other words, by the scheme of drawing ‘sample-from-

the-sample’ or resample from the data. T! i this is a isation scheme whose

distribution is completely known, and thus the distribution of Uy can be perfectly
and completely. However, since this distribution is generally difficult to obtain exactly, a very
routine ique used in b is to imate it by Monte Carlo techniques. This

means that the distribution of U may be approximated by repeatedly drawing (XT,..., X%)

m (Xi,...,Xn), say a large B number of times, computing Uy for every such resample, and
Enally computing the histogram formed by these B values. This Monte Carlo step is impor-

tant from the point, since it effectively transfers a problem of mathematical
complications to a computational one.

Suppose w; is the number of times the data point X; is drawn in the bootstrap sample.
Then (wpi, ..., Wnin) follows a Multinomial(n,1/n, ...,1/n) distribution. A different way of
writing the bootstrap U-statistic is

- .
. (n
Uy = ( ) > M Xy oy Xi) T] wnii- (13.1)
Gy 1<i1<iz<...<im<n j=1
Clearly, the distribution of Uy conditional on the data is dependent only on (wn:1,- ., Wnwn)-

= case of the delete-d jackknife too, the statistic can be written in the above form, for
-+, Wn:s) following a different distribution.

Note that we might have started by defining the resample U-statistics to be (1.3.1), for
some ‘resample weights’ w1, ... , wnn appropriately chosen. Then the bootstrap or the delete-

¢ jackknives would have been obtained as special cases. By doing that, we would potentially
be able to do a number of things: (a) in where the b (orj

kK is known

10 be inconsistent, weights from some other distribution might possibly achieve consistency;

5) even where the b (or jackknife) is appli in order to get ‘the best’ resample

imate one may use this broader class and get resampling approximations that are better

according to some notion of efficiency; (c) in practical problems, computations with weights
sther than those obtained from the bootstrap or the jackknives may be faster and easier; (d)

me problems, the algebra might be easier or more insightful while working with general
weights than for particular choices implied by the usual bootstrap or the jackknife; (e) one
zets a deeper insight into the technical and philosophical aspects of why does the bootstrap or
jackknife work in some problems but not in others; (f) it yields unified way of studying several

resampling schemes simultaneously in a given problem, including typically the jackknives and
of the variations of the bootstrap found in literature.
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Efron (1992) raised six questions relating to classical asymptotics and the bootstrap, and
using generalised bootstrap, partial answers to two important questions may be obtained: what
kind of statistics to use for testing and building confidence sets for parameters, and what are
the computationally efficient ways of resampling.

We will refer to resampling with weights wp1,..,Wnn as generalised bootstrap. Other
names by which this general form of ing is referred to in li is the weighted boot-
strap (Barbe and Bertail (1995)) since the emphasis is on the ‘bootstrap weights’ wn.’s, and
the ezchangeable bootstrap (P d and Wellner (1993)) since it is customary to assume

that for every fixed 1, the weights wn:1, ..., Wnn are exchangeable. The idea of bootstrapping
with random weights probably appeared first in Rubin (1981). Bootstrapping with exchange-
able weights have been treated in Efron (1982), Lo (1987), Weng (1989), Zheng and Tu (1988),
Praestgaard and Wellner (1993). Other generalised bootstrap methods may be found in Boos
and Monahan (1986), Lo (1991), Hardle and Marron (1991), Mammen ((1992a) and (1993)).
A review can be found in Barbe and Bertail (1995). in U-statistics has
been treated in Huskova and Janssen (1993a,b) and Janssen (1994). Statistical research with
generalised bootstrap has largely been dominated by an approach based on empirical processes
and weighted empirical processes. Important contributions in this direction include Csorgo and
Mason (1989), Gine and Zinn (1989, 1990), Koul (1992), Mason and Newton (1992), Praest-
gaard and Wellner (1993), Mammen (1996); see Gine (1997) for a review. In this thesis we
do not consider the empirical process approach because of several reasons. In Chapter 2 we
discuss these reasons in details.

The form (1.3.1) is not the only way to do ised b in U-statistics. A very
general form of (1.3.1) is given by Ug = (%)™ S h(Xiys -+ s Xim ) Wniiy.cirs, Where Wnsiy i, i
some triangular sequence of random variables. In particular, one may assume that

m
-1
Wnsiy iy =MD Wy
i=1

to yield generalised bootstrap statistic

-1 m
n

m;,.:( ) m > A(Xiy, s Xip) D Wiy« (1.3.2)
™ 1S <iz < <im <R =1

We have ot encountered such weights in bootstrap literature. But (13.2) has interesting
possibilities. It suggests new ways of ‘b and ‘jackknifing’ U-statistics. For the

delete-1 jackknife, consider 7; to be the vector whose i entry is zero and the rest are one.
The jackknife weights are (properly scaled) 7’s, i = 1,...,n, with 1/n probability each. Now
notice that in using (1.3.2), the notion of ‘deleting the i‘* observation’ is lost, since if i is one
ofi1,... im, then that h(Xi, ..., Xi,) is merely downweighted, but not dropped entirely from
the expression of the U-statistics. It is also easy to see that (1.3.2) is computationally much
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simpler, less time and space consuming than (1.3.1), thus illustrating the computational aspect
of using generalised bootstrap.

Example 1.3.2 Consider the linear regression model

vi=xBte, i o

The parameter 3 € IR? is unknown and suppose it is estimated by the least squares estimator
3, = (ZxixT)~! T x;y;. There are two different bootstrap techniques for linear models, the
so called residual bootstrap and the paired bootstrap (see Efron (1982)).

In the case of the residual bootstrap, a sample of size 7 is drawn with replacement from the

centered residuals r; — 7, say 3, ..., Here r; = y; —xif3, and 7 = ¥ ri/n. The i** bootstrap
data point is defined by y} = x7f, +r}. The bootstrap estimate of the parameter is calculated
by applying least squares to this data, pretending that f, is unknown.

For paired bootstrap, a sample (x},u3),..., (x3,y5) of size n is drawn with replacement
from the observed data {(xi,y), i = 1,...,n}. The bootstrap model is y = x5+ €], and the
bootstrap estimator is obtained by using least squares on this.

The residual b is ively studied by (1981,1984), Bickel and Freed-
man (1983), Navidi (1989), Lahiri (1992) among others. Among its many nice properties are

that the bootstrap distribution is consistent even when the dimension p of the parameter tends
<0 infinity with the data size n, as long as p/n — 0. This shows that bootstrap is consistent
under high dimensionality. Other properties are that for fixed p, the bootstrap distribution
estimate is second order accurate, thus it is a better approximation than asymptotic normality.

Liu and Singh (1992) showed two properties of this bootstrap for the problem of estimating
the variance of B,. The first is that it is inconsistent if the errors e;’s are heteroscedastic, and
the second is that it is more efficient than the delete-1 jackknife or the paired bootstrap for
estimating the variance if the e;’s are homoscedastic.

In an important and significant contribution, Lahiri (1992) showed that the residual boot-
strap with some modifications is second order accurate for M-estimators in multiple linear
regression.

For the paired bootstrap, consistency of the distribution estimate was obtained under very
general conditions in Mammen (1993), when the regressors are random and p*/n® — 0. Liu
and Singh (1992) showed that for fixed p and non-random regressors, the paired bootstrap
can consistently estimate the variance of 3, even when e;’s are heteroscedastic, but as al-
ready pointed out, it is less efficient than the residual b if e;’s are h dastic. It
was understood from heuristic jons and other considerations that the paired bootstrap
distribution estimator is not second order accurate (Mammen (1993), Hall (1992), Hall and
Mammen (1994)).

It seemed that the residual bootstrap had a very definite edge over the paired bootstrap

because of its second order accuracy. Moreover, since it only involved replacement of the un-
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known parameters by their estimates, and noise by the estimated noise terms, it is potentially

applicable to many other statistical problems. The residual bootstrap also has less computa-
-1

onal requirement in some problems. For example in linear regression, the matrix (3 x;x7)
may be used for every bootstrap sample, but for the paired bootstrap, one need to calculate
T x;xj)~! for every bootstrap sample. It is not even guaranteed that such matrix inverses
always exist. As mentioned in Example 1.3.1, the Monte Carlo method of computation of

the b ions is often i o this meant that a matrix inversion was
needed for every Monte Carlo step. The bootstrap technique is two decades old, and except
for the last few years the computational tools at hand were neither remarkably fast nor were
they as widely available worldwide as they are today, so the issue of limiting the amount of
computation was important. Also, in more general problems, there is some ambiguity about
the notion of ‘data pairs’, and the paired bootstrap heavily depends on the definition of data
pairs.

All these lead to preferring the residual bootstrap over the paired boocstrap, and it seemed
that its only shortcoming was not being consi under ity. This issue was
addressed early by Wu (1986), Liu (1988) and Mammen (1992a,b,1993,1995) with a modifica-
tion of the usual residual bootstrap, called the external or wild bootstrap. This technique is as
follows:

Consider an i.i.d. sample t1, ... , ¢ from some distribution H with mean zero and variance
= tiry, and y7 = xTf+r}. The rest is as in the case of the classical residual
bootstrap. Consi of variance estimation under icity (Wu (1986), Liu and
Singh (1992)), and of distribution estimation under very general conditions (Mammen (1993))
was obtained; and over the years this form of bootstrap has been used in a number of problems,
see http://statlab.uni-heildeberg.de/reports for some examples. It may be seen that the external
bootstrap is also a kind of generalised bootstrap.

one, and define r}

The various factors mentioned above resulted in the attention of the 1

somewhat shifting away from resampling based on data pairs. The various advantages of using
residual based techniques has lead to a default understanding that for any problem at hand, a
bootstrap technique must mean a residual based technique. Yet it is not necessarily true that a
residual based technique is simpler or better than a non-residual based technique. Even for the
simple example of least squares in linear regression, using uncentered residuals would generally

result in incorrect results. Modifications required for like that of M-esti are
often not very simple, see Lahiri (1992).

The fact remained that a number of resampling techniques used data pairs, and that it
was potentially applicable to a very wide variety of problems. In a number of very diverse
problems like resampling in non-stationary time series, U-statistics (see

by Arcones and Gine (1992a)) and a variety of other problems, bootstrap with resample size m
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ad of n was found to work, where m/n — 0. In the context of regression, such bootstrap

ta pairs, there being no natural notions of ‘residual bootstrap’ with only m observations
24 of n, which retains the original design exactly. It can also be seen that in regression the
- jackknives also use the data pairs. The m out of n bootstrap and the delete-d jackknife
= received separate attention, see Bickel and Sakov (1999) for the former and the works of
. Wu and others (referenced in Shao and Tu (1995), Shao and Chen (1998) and elsewhere)
the latter. However, the underlying unity among these resampling techniques does not

m to have received enough attention. Also, the use of residuals is not recommendable

vwhere. We have already commented on the fact that the classical residual bootstrap
t i under h i (1996) showed that in high dimensional
ssion models, if the estimator is obtained under wrong assumptions, the empirical process

esiduals tends to be biased towards the wrong assumption. This is true even if the linear fit
#om the ‘wrong’ estimator is consistent, see (A5) in Mammen (1996). Loosely speaking, this
reflects the phenomenon that the residuals reflect the assumptions and not the nature of the

data. Since the residuals are sensitive to the based on is also
expected to exhibit such sensitivity.

Our work is mainly on a new class of generalised bootstrap techniques, which may be seen
2s generalisation of the resampling methods based on data pairs. In linear regression, this

v class appropriately captures the idea of a generalised bootstrap based on data pairs. The

posed lised b extends lly to more where a notion

a ‘data pair’ is no longer easily and uniquely defined. The central theme of this thesis is

rC of such techni Thus in the sub chapters we consider models that

are very broad based and study the new generalised bootstrap scheme on these. Resampling
techniques are used either for the problem of variance estimation of some statistic, or for the
problem of estimating the distribution of a statistic. We extend the known results of standard
data pair based resampling schemes to this new class of generalised bootstrap techniques. We
compare the new generalised bootstrap with other resampling schemes, and in this context also
develop a further new lised b based on residuals. The d new techni

are discussed in details in Chapter 2. However, the new residual based generalised bootstrap
is not studied in details, because of its lack of robustness.

We show that at least for some of the new ised ‘paired’ a second

order accuracy of distri i ion is i after some bias ion, thereby
addressing the major criticism that data pair based methods lack higher order accuracy. We
establish consistency results for the new class of resampling techniques for a very wide variety of

problems and models, some of which have not been idered in before.

‘We consider estimators obtained by solving estimati ions or

both smooth and non-smooth, and show that the new generalised bootstrap is typically consis-
tent. Lastly, we discuss the computational aspects of using the proposed generalised bootstrap.
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There are several data examples discussed throughout this thesis. These are aimed at estab-
lishing two points, that the new generalised may be idered in fairly

problems, and there is a computational edge of some members of the new class of generalised
bootstrap over other techniques.

1.4 An overview of Chapters 2-8

In Chapter 2 the new lised ‘paired’ b i is first i duced. We call this
the uncorrelated weights bootstrap (UBS). Some examples of the UBS are discussed. It is
then established that the different weighted jackknife variance estimators are of the same form
as the UBS variance estimator, but the technical assumptions that we make on the UBS later
on are generally not satisfied for some of these weighted jackknives. Another related technique
called correlated weights bootstrap, which is a generalisation of the block bootstrap, is also
discussed. Then the new ised residual b is i duced, and some i

aspects about it are mentioned.

In Chapters 3 to 6 we revisit the problem of least squares in linear regression. Chapters 3
and 4 are on estimating the variance of the least squares estimator, and Chapters 5 and 6
on estimating its distribution. The linear regression model is given by yni = X3 + €ni, Where
for each n the observations are the pairs {(yniXni), @ = 1,...,n}, B € IR? is the unknown
parameter and {eni, i = 1,...,n} are the noise terms. The regressor or design variables xn; may
or may not be random. High dimensionality is captured by allowing the parameter dimension p
to tend to infinity with the data size n. The errors {eni,i =1,..., n} are random variables which
can have the same variance (homoscedastic) or may have different variances (hetemmdmic)
An estimate of 3 is obtained by minimising the sum of squa.red errors S0, (yni — X50)%, to
obtain the least squares estimator B=pn= (E,_,xmxm) 1Y% | XniYni- The matrix inverse
is assumed to exist always.

Liu and Singh (1992) showed that resampling schemes satisfy one of the following

n¥2(Vg—Va) = Ya+op(l) (1.4.1)
732 (Vp = Va) = Zn+op(1) (1.42)

where Vi denotes the resampling estimate of Vo = E(# — 8)(8 — B)T. The definitions of Y,
and Z, are given later. Typically, Y, and Z, will have limiting distributions. If all the error
variances are equal then all the ing schemes di d give consi estimate of the
variance of 3. However, those that satisfy (1.4.1) have greater asymptotic relative efficiency
compared to those that satisfy (1.4.2). On the other hand, resampling schemes that satisfy
(1.4.2) are consi i also under heteroscedasticity, but not those that satisfy (1.4.1).
Liu and Singh (1992) thus classified resampling schemes as belonging to either E-class (efficient)
or R-class (robust) according to whether they satisfy (1.4.1) or (1.4.2).
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Chapter 3 is on an asymptotic representation of the UBS variance estimator similar to
(1.4.2) under very general model assumptions, where the number of parameters can tend to
infinity, regressors can be random, and the errors may be heteroscedastic and may be inter-
dependent. When p — oo the rate at which it may increase compared to data size n is an
important issue. It is shown that the best possible rate for variance estimation, p?/n — 0 is
attainable. Some simulation based results on the performance of different UBS techniques are
discussed. This chapter is based on Chatterjee (1998) and Chatterjee and Bose (1999a). The
asymptotic representation in Chapter 3 shows that the UBS belongs to R-class. The R-class
representation is already known for the paired bootstrap and the delete-1 jackknife. Our result
extends this in two ways: (i) the same representation holds for many other resampling tech-
niques, notably the delete-d jackknife for general d; and (ii) the representation holds under
very general model conditions, so that the same representation is valid for many time series
models, dynamic linear models and many parameter regression models.

In Chapter 4 we make a deeper analysis of (1.4.1) and (1.4.2) by obtaining higher order
expansions. This leads to a finer classification of schemes within the E-class and R-class. We
make a thorough study of all resampling schemes and their possible generalisations based on
these higher order expansions. Based on asymptotic mean squared error comparison, it is shown
that a hitherto unknown member of the class of GBS techniques is the best in E-class, and a
UBS scheme is best in R-class. Some data examples are reported which show that the higher
order terms can make significant difference in small and medium sized data. This chapter is
based on Chatterjee and Bose (1997,1998a,b).

In Chapter 5 we move from the problem of estimating the variance of the least squares

in linear ion to that of esti ing its entire distributi Consider the model

Yni = XL, + eni, where for each n, the data pairs (yni,Xn;) are independent, identically
distributed random vectors. This model has also been used by Mammen (1993) for studying
the paired bootstrap and the external bootstrap, and allows for random regressors and for the
dimension to tend to infinity with data size, thus capturing high dimensionality. This model

does not imply the traditional assumption that given the the errors are

dent and id d with mean zero. We establish the consistency of UBS

for estimating the distribution of the least squares estimator of 3. It is shown that there is a
UBS scheme that is consistent under p/n — 0, although for most UBS schemes p/n — 0 is
required for consistency. This improves the hitherto known ‘best’ rate of p*/n® — 0 obtained
Mammen (1993) for the paired bootstrap. This chapter is based on Chatterjee and Bose
1998c).

The UBS estimator is typically biased for the least squares estimator in linear regression.

bias is not negligible in second order i and this has been an important reason

v data pair based resampling techniques lack second order accuracy. In Chapter 6 we consider
b statistic for a sub-class of UBS i and establish its second
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order accuracy. The second order consistency result is also obtained for external bootstrap.
To obtain these results we have established and used a new Edgeworth expanslon result for
studentised sample average of independent (but not ily id 11 ibuted) random
variables. This chapter is based on Chatterjee and Bose (1999c).

The assumptions on the linear regression model in Chapter 6 allow for heteroscedasticity
and random regressors. However, we feel that the model conditions can be further relaxed.
Improvements are possible by relaxing moment assumptions on the noise terms as well as on

the design variables, which may be random. Further relaxation is possible if the Edgeworth
expansion result, can be proved under weaker assumptions. This will broaden the class of
models as well as resampling techniques on which our results may hold. These are important
issues that we have not pursued in this thesis.

The results of the above chapters serve as the foundation for more general problems that
we consider in Chapters 7 and 8. In Chapter 7 we consider bootstrapping estimators obtained
by solving 3= #ni(Yni» Xni, B) = 0. A basic assumption is that 3 ¢ni(yni, Xni, So is a martingale,
where £ is the true parameter value. We also assume that the functions ¢y; are smooth in the
argument 3. The bootstrap is done by solving 3~ wnini (Yni> Xnis ) = 0.

First we establish that the UBS is consistent for estimating the distribution of the estimator
if the parameter is real valued, later extending to the case when the dimension tends to infinity
with data size. We aim at using minimal assumptions for these consistency results, in order to

h the and ility of the UBS techniques.

By strengthening the martingale structure to an independ tructure, we obtain asymp-
totic ion of variance i as in Chapter 3. This establishes that the UBS

yields i variance esti under icity. It is observed that in some M-

in linear ion, the UBS variance estimator can be more efficient
than the weighted jackknife of Liu and Singh, which is consistent only under

Thus the UBS is always robust, and sometimes it is efficient also, and the classification of Liu
and Singh (1992) does not hold in general M-estimation problems.

We also establish the second order accuracy of the studentised, bias corrected UBS estima-
tor for estimating the distribution of the bias corrected, studentised statistic as in Chapter 6.
Several examples of statistics obtained by solving martingale equatmns are discussed. We show

how standard ions in some like M-esti li ion or gen-
eralised linear models, are sufficient conditions for our technical assumptions. One important
feature of the present set-up is that one may consider models with nuisance parameters, even
if such parameters are infinite di i ones. Our is i based on the

profile of the parameter of interest, and suitable model assumptions allow us to use plug-in
estimates of the nuisance pa.rameters An important class of problems is the estimator of the

ic part in semi and our results may be used here for asymptotics
and bootstrap for such estimators. The problem of co-integrating time series is also discussed
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in details.
The i ity of ing is an i aspect. Based on some heuris-
tic considerations, we suggest a one-step iterative method of ining the b es-

timator. When applicable this greatly reduces the computational burden. An example based
on simulated data from a nonlinear regression problem is presented, which shows that the non-
iterative technique produces a good UBS approximation in some problems. Parts of Chapter 7
is based on Chatterjee and Bose (1999b).

In Chapter 8 we consider mini: contrast esti or My, esti obtained by

minimising U-functionals that are convex in the which are not ily smooth.

That is, the parameter is a, € R? where Ef(as, 21, ..., %Zm) = ming Ef(a, 21, Zm) for
some real function f which is convex in a, and Zi,

Zpm are i..d. copies of some random

variable over an arbitrary probability space. For an i.i.d. sample Zy, ..., Zy, defining

-
Qn(a)=(;) Y S Zi s Finds
1< <.im<n

the minimum contrast estimator is obtained as ap where Q(an) = ming Qn(a). The important
difference between the models of Chapter 7 and 8 are that in the former the criterion function
is smooth in the parameter, in the latter it may be non-smooth but it is convex. Also, in
Chapter 7 a general martingale structure is used, but in Chapter 8 we use independent and
identically distributed random variables.

The UBS technique in Chapter 8 is slightly complicated since U-functionals are involved,
but it is a natural extension of the ideas used in previous chapters. It is defined as the min-

imiser of the ly weighted U ional :L 3 Wiy inion (@ Xis Xy -5 Xin)
Where Wi, 4,4 are the ‘bootstrap weights’. The classical methods of jackknifing and boot-
ing U-statistics as well as the lised b for U-statistics studied by Huskova

and Janssen (1993a,b) may be seen as special cases of the UBS.
In this set-up, the consistency of UBS distribution and variance estimators is established.
We discuss some new forms of resampling for U-functionals, and it is seen that an unknown

UBS technique has remarkable in terms of i time and memory storage
space i Several data ples are idered to compare the performance of the
new i and more traditional methods of ing, which establish that the accuracies

of approximation of the new and traditional methods are similar, and the new method has
the edge because of its less computational requirement. We analyse a data set whose earlier
statistical analysis was rather involved. We show that a simple UBS bootstrap hypothesis test
based on multivariate medians can be done. These examples show that the new generalised

b may be i in fairly i problems in a simple way, and there is a
y

computational edge of some UBS i ique over other
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The problem of higher order accuracy of bootstrap for minimum contrast estimators is not
~.=dressed in this thesis, and we intend to do so in the future. This is a delicate problem. From
xxcones and Gine (1092a) and some of the results of Jurekova and Sen (1996) it is apparent
--at the second order results are sensitive to the assumptions on the smoothness of f and
-ze dimension of the parameter. The problem of degenerate U-statistics have also not been
sidressed.



Chapter 2
GENERALISED BOOTSTRAP TECHNIQUES

2.1 Introduction

In the introduction we have mentioned that generalised bootstrap may be carried out using
either residuals or data pairs. In this chapter we first introduce the new class of resampling
techniques that may be viewed as generalised bootstrap using data pairs. This new bootstrap
called the uncorrelated weights bootstrap (UBS) is our major object of study in the subsequent
chapters. Following a broad discussion of the scheme in Section 2.2, in Section 2.3 we indicate
how some standard resampling techniques may be viewed as special cases of this scheme, which
we call the uncorrelated weights bootstrap. A related generalised bootstrap technique, the
correlated weights bootstrap, is discussed in Section 2.4. It is more suited for dependent data,
where any underlying independent mechanism is absent. This bootstrap is not considered in
this thesis.

In Section 2.5, which is adapted from Chatterjee (1998), we discuss some standard weighted
jackknife techniques that are used in the context of variance estimation in linear regression. An
important feature of these weighted jackknives is that the weights assigned to each data point
are functions of the design variables. We show that the weighted jackknife variance estimators
are of the same form as the uncorrelated weights bootstrap variance estimator. However,
the technical conditions that are subsequently used on the uncorrelated weights bootstrap are
generally not satisfied for some of the weighted jackknives.

Then in Section 2.6 we discuss in details different generalised bootstrap techniques using
residuals in linear i The g lised residual b is not studied in details in

this thesis, except in Chapter 4. Also, in Chapter 6, we have established second order accuracy
of the external bootstrap estimator for the distribution of the least squares estimator in linear

regression. The external b is a

residual b and along with the
classical residual bootstrap of Efron (1979), probably is the most commonly studied resampling
technique. Section 2.6 is adapted from Chatterjee and Bose (1998a, 1998b).

There seems to be a diversity in the behaviour of different members of the class of generalised
residual bootstrap. We discuss this issue in details in the context of estimating the variance

of the least squares esti in linear regression. The classification of |

15
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based on ptoti ion introduced by Liu and Singh (1992), briefly mentioned
i Chapter 1, is used to analyse this diversity. In Section 3.1 of Chapter 3 we discuss these
asymptotic representations in details. The results of Chapter 3, Chapter 4 and subsection 7.3.2
of Chapter 7 are i from such

2.2 The Uncorrelated Weights Bootstrap

The new generalised bootstrap scheme based on data pairs is perhaps best introduced through
least squares estimator in linear regression. Let y; = x7 + ; and fn = (£ xx7) ™! ¥ xiyi.
Let {wni;1 < i < n,n > 1} be a triangular array of non-negative random variables to be
used as weights. The resampling scheme is carried out by weighting each data point (y;,x;)
with the random weight \/%;, then computing the statistic of interest and taking expectation
with respect to the random weight vector.
In this new scheme the original data is transformed, so that the i** bootstrap data point

is (y},%]) = wh/*(yi, x;). That is, in order to get the bootstrap least squares estimator of the
parameter, minimise with respect to 8
n n
S - BTx) =Y wnilyi - B7x)? (2.21)
i=1 i=1

Notice that in the bootstrap world (2.2.1) works conditional on the originally observed data
{(yi»xi), i =1,...,n}, so the only source of randomness is in the bootstrap weights {wni}'s.
The ‘b norma.l ions’, that is, i i that are solved in order to

obtain the bootstrap estimator are
n
3 wnixi(yi = x78) = 0 (2:2.2)

For more general problems, where the notion of a data pair is not necessarily present, one still
can carry out the above bootstrap by formally extending either (2.2.1) or (2.2.2). Thus, very
generally, for data {X;} and parameters obtained by minimising

3 Wni(Xnis Ay

iel

the bootstrap can be done by minimising
S wni Uni(Xni, A).-
i€l

where I is some indexing set, A is the parameter of interest and ¥,; some appropriate sequence
of functions. Similarly, for parameters obtained by solving

S il Xis N) =0,
i€l
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the bootstrap estimates can be obtained by solving

E Wnitni(Xni; A) = 0. (22.3)
Several known resampling techniques are special cases of our set-up. In Secnon 2.3 we discuss
these schemes. It can be seen that this new b is really boc ions’ rather
than ‘bootstrapping data points’. The idea of g i probably d first

in Freedman and Peters (1984) in the context of regression with econometric variables. A
similar idea appeared later on also in Rao and Zhao (1992).

Resampling with general weights have been considered earlier. A review upto 1995 may be
found in Barbe and Bertail (1995). Much of the literature in this topic is based on empirical
processes and results derived therefrom; for example, Praestgaard and Wellner (1993), Mason
and Newton (1992). Typically, the ‘bootstrap weights’ {wn;} that can be derived from consid-
ering classical resampling schemes are at the least exchangeable, moreover, some of them can
be written as wp; = nXni/(X Xni) for some sequence of

d. random variables X;. Empirical
processes typically require some nice structure on the random variables studied, and exchange-
ability or independence of the random variables is of considerable technical importance.

Empirical process techniques are powerful and are applicable in very d

However, in our research we do not use empirical process based techniques. Some of our results
are on variance estimation where exchangeability of the weights are not necessary, and using
empirical processes seems difficult in such situations. Empirical process based methodology
also does not appear to be suitable for higher order accuracy results, where the more classical
approach of Edgeworth expansions may be used. Empirical process based methodology is typi-
cally used to obtain it over some space. For this, the parameter

space often has to satisfy certain restrictions, usually in terms of the nature of an envelope
function. The conditions that are typically used for more classical methods are often more
broad based. Thus the models considered in this thesis are more diverse, but the results are on

pointwise consistency in place of the uniform consistency that one gets by using empirical pro-

cesses. For most the pointwi i is enough. For example, when
considering linear regression, we generally allow random regressors, heteroscedastic errors and
dimension of parameter increasing with data size. It is difficult to consider all these simul-
taneously in a single empirical process framework. In all the subsequent chapters we obtain
some interesting properties of resampling schemes using weights that typically do not satisfy
the conditions that empirical process based methodology would require.

The bootstrap weights {wn;} has to satisfy certain conditions in order to obtain various
consistency results. These requirements depend on the problem at hand. The first kind of
conditions are on the various lower order moments and cross moments of wn;’s. The second

kind of conditions is variations of the condition that wny's are gative. For example, a
condition may be a bound on the probability that a large number of wni, i = 1,...,n are zero.
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Another restriction could be to require Plwy; > 0] = 1 for all i and n, for some constant k. The
third kind of conditions relates to the interrelationship among the wy;’s. For example, that
{(Wnl,---,Wnn),i = 1,...,n} are exchangeable, or that they are independent and absolutely
continuous.

We look at three different kinds of problems in subsequent chapters. The first is the asymp-
totic behaviour of such bootstrap variance estimators through asymptotic representation of the
bootstrap variance. For this, various moment conditions on the weights are needed, as also
some support restrictions. Second, we look at consistency of the bootstrap for estimating the
entire distribution of the parameter estimator. Here moment conditions are slightly different
and relaxed, conditions on the support of the distribution is minimal, but additionally, a row-
wise exchangeability of wy; is required. Third is the higher order accuracy of such bootstrap

as esti of the distribution of the i Here moment con-

ditions and conditions on the support are more stringent, and additionally, it is assumed that

wni's are i.4i.d. i with a dition on the common density. The conditions

for second order accuracy of distribution may be relaxed, but we do not attempt it here.

Since certain moment conditions on the weights appear repeatedly, we may discuss them
here. Let Var(wn;) = 02 and assume that the quantities

pe=tystyezly

on on o
are functions of the powers i,, k ... only, and not of the indices a,b,c. ... Thus we can write
wa =1, wp we—1
k... = B(RE— (=P (=)
On on on

Note that if the weights are assumed to be exchangeable, then the above condition follows.
But exchangeability of weights is not a necessary condition. The weights are always assumed
to satisfy the following conditions, irrespective of the particular problems we address:

Buwy = 1. (2.2.4)
o2 > 0, (2.2.5)
e = O™, (22:6)

These restrictions are on the first two moments of wy;’s. In generalised bootstrap literature,
one commonplace assumption is Y7, wn; = n, see Mason and Newton (1992) and Hall and
Mammen (1994) for example. By a simple algebra this implies ¢;1 = —(n — 1)~", and hence
(2.2.6) is satisfied.

Assumption (2.2.6) implies that the weights {wn;} are asymptotically uncorrelated. Hence
we call our proposed generalised bootstrap scheme the Uncorrelated Weights Bootstrap
(hereafter UBS). In the di: ion of the weights b later on, the importance
of (2.2.6) is further elucidated.
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2.3 Examples of uncorrelated weights bootstrap techniques

In this section we discuss some special cases of UBS resampling techniques. In each such case,
we identify a random mechanism, and show how the UBS conditions imposed in subsequent
chapters, relate to it. In all the examples we consider, the weights are exchangeable, sometimes
they are independent. A more detailed discussion of these resampling schemes, along with the
technical conditions they do or do not satisfy, is given in Chapter 7.

Example 2.3.1 THE CLASSICAL BOOTSTRAP Suppose W = (Wn:1,...,Wn:n) 18 a random
sample from Multinomial(n,1/n, .
(1979).

1/n). This is essentially the classical bootstrap of Efron

Example 2.3.2 THE BAYESIAN BOOTSTRAP Consider w, to be a random sample from
Dirichlet(c, ..., ) distribution. Dirichlet weights appear in generalised bootstrap context
in two ways, first as an absolutely continuous version of the weights of Example 2.3.1, sec-
ond as weights for Bayesian bootstrap when Dirichlet process prior is used (Rubin (1981), Lo
(1991)). Absolutely continuous weights are often used for showing higher order accuracy of
generalised bootstrap (Zheng and Tu (1988)).

Example 2.3.3 THE DELETE-d JACKKNIVES For some integer d in {1,...,n}, consider the n
dimensional Vectors Nz, i, defined as follows: The j® coordinate of M., i, is 0 if j is one
of i1,...,ig, else it is n/(n — d). Thus there are (%) such vectors. Consider wy to be a sample

from the set of 7, each of the (%) vectors having the same probability of being selected. Such
weights can be identified with the delete-d jackknife weights. The idea of associating a random
variable and taking expectations with respect to it for calculating jackknife estimators is not
common, for a different treatment see Praestgaard and Wellner (1993).

Example 2.3.4 THE BOOTSTRAP CLONE METHOD Consider the weights wy; to be i.i.d.
random variables, satisfying certain moment and support restrictions. Absolute continuity and
restrictions on the density of the weights may also be imposed.

Very often in place of i.i.d. random variables, weights of the form wn; = 1Zni/(X Zni)
are used, where for every n the random variables Zp1, . . . , Znn are ifi.d. absolutely continuous.
This is the ‘bootstrap clone’ method of Lo (1991). In (2.2.3), in most situations one may
replace such wp; by Xp; without loss. This covers the case of Dirichlet weights also, discussed
in Example 2.3.2.

Example 2.3.5 THE WEIGHTED LIKELIHOOD BOOTSTRAP In case Wp;(-) has a log-likelihood
interpretation, the weighted likelihood bootstrap of Newton and Raftery (1994) is also a special
case of UBS. This can be used for Bayesian i as d by them.
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Example 2.3.6 THE m OUT OF n BOOTSTRAP Consider the m out of n bootstrap, where
m — oo and m/n — 0. This is carried out by selecting m data points randomly out of the
n available. If the selection is without replacement, this scheme can be identified with the
delete-(n — m) jackknife. If the selection is with replacement, the weights are a random sample
from Multinomial(m,1/n,...1/n). The m out of n bootstrap with replacement has turned
out to be a crucial tool in many problems where more traditional resampling methods fail.
For example, in case of U-statistics and
Recently, Bickel and Sakov (1999) has addressed the issue of the cho:ce of m in this bootstrap.

Example 2.3.7 (DOUBLE BOOTSTRAP OR NESTED BOOTSTRAP) The double bootstrap or
nested bootstrap is a common technique that is employed for bootstrap confidence inter-
vals of studentised statistics with unknown variances. Here the weights (wn1,...,wnn) fol-
low Multinomial(n, Myy /n, . .., My /n) conditional on My = (Mn1,. .., Mna), which in turn
follows Multinomial(n,1/n,...,1/n). Thus this is a two stage sampling scheme, where the
model for the second stage sampling depends on the outcome of the first stage. The behaviour
of this bootstrap is similar to the classical bootstrap described in Example 2.3.1, but this is
more likely to concentrate on fewer data points than the classical bootstrap.

2.3.8 Pou BOOTSTRAP This technique is similar to the double
bootstrap, except that none of the conditional probabilities for the second stage sampling is zero.
Here (wn, .- ., Wnn) follow Multinomial(n, Dpy/n,..., Dun/n) conditional on the absolutely
continuous random vector D, = (Dpy, -- -, Dan), which follows Dirichlety (..., @) for some
parameter & > 0. The behaviour of this bootstrap is similar to the classical bootstrap and the
double bootstrap.

Example 2.3.9 THE MULTIVARIATE HYPERGEOMETRIC BOOTSTRAP In this scheme, the
weights come from the multivariate hypergeometric distribution

o .
Problum = ki, tnn = knl = ("f) (kK‘) (,’f) Sh=n 0<k<K
.

i=1

where K is some integer . The behavi of this b is similar to the classical
or the double b or Pol b

Examples 2.3.8 and 2.3.9 are so-called urn models, as Praestgaard and Wellner (1993) have
pointed out. Many more such schemes may be described. See Muliere and Walker (1998) for
some more examples.

2.4 The correlated weights bootstrap

Let us digress a bit and consider a different form of resampling, which is much in use for
weakly dependent observations. This is the block bootstrap. There are various forms of the



24. THE CORRELATED WEIGHTS BOOTSTRAP 21

block bootstrap, for example, non-overlapping blocks (Carlstein (1986)), overlapping blocks
(Kunsch (1989) and Liu and Singh (1992a)), circular blocks (Politis and Romano (1992)) and
stationary blocks (Politis and Romano (1994)). The different forms of block bootstrap have
been widely used, see for example Lahiri (1999) and references therein. Higher order properties
of such schemes are also known, see Lahiri (1996), Gotze and Kunsch (1996) and references
therein. The block bootstrap is also a generalised b . Wei this point with the

following example:

Example 2.4.1 BLOCK BOOTSTRAP Let X1,..., X, be observations from a stationary se-
quence of weakly dependent observations. Suppose EX; = p, and this is estimated using
T, = ¥ X;/n. For a block size I, the circular block bootstrap considers the n blocks of obser-
vations B; = (X, Xit1,- -+, Xipi1), i = 1,2,...,n where for j > n, X; is taken to be Xj_n.
Then k blocks are drawn with replacement from the B;’s, where approximately n ~ kI, and
these k blocks By, ..., B} are treated as bootstrap data.

1 ifj= i+l-1,i=1,.
&Gij=4 1 ifj= ., 1,2, .n
0 otherwise
Let 7 = (1. --,&n)T, i =1,...,n. Consider the random vector w such that

Problw =n;] = 1/n,

It can be seen that the circular block bootstrap is drawing a sample of size k with replace-
ment from the distribution of w. Let w = (wi,...,wn)T. The correlation structure of the
circular block bootstrap weights is:

L—nh/lln—1) ifh<l

Corr(wi, wirh) = { “Un-1) ifh>1

To capture the dependence in {X;} it is always required that [ — co and I/n — 0 with n. It
can be easily seen that then any two fixed weights have a correlation tending to one. We may
thus call this the Correlated Weights Bootstrap, as opposed to the Uncorrelated Weights Boot-
strap discussed earlier. Correlated weights bootstrap, or their more well known counterparts
the block bootstraps, are extremely useful for resampling with dependent observations, and
are designed for such data. Using them for data where correlation does not play a significant

role, like with independent or even d observations, is y and i

technology. Throughout the present study we often discuss dependent data, like autoregres-

sive processes, but we do not need to consider equi of the block or lated

weights on it, since we exploit some underlying structure present in the model. Needless to
say, for most of the problems we discuss, using correlated weights would produce consistent
but generally inefficient estimators.
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2.5 Weighted jackknives as generalised bootstrap

Consider the linear regression model y; = x7 3+ e;. Assume that x;’s are non-random, and e;’s
are independent with finite variances. Suppose the problem is to obtain the dispersion matrix
of the least squares estimator 3 = (X, x;x7)~! =L, x;:. Let X be the n x p dimensional
matrix whose i** row is x7.

Let d be an integer in [1,n). From the set {1,2,...,n} choose d integers. The delete-d
parameter estimate J(_q) is the usual least squares estimate from the data with the chosen
d observations dropped. Such estimates are found for all possible () choices of sets of d
observations to delete. The jackknife variance estimate is an appropriately scaled version of
5 (B(~a) — B)? where the sum runs over all possible choices. A detailed study of the delete-d
jackknife can be found in Shao (1987, 1988, 1989), Wu (1986, 1990), Shao and Wu (1987, 1989),
Shao and Tu (1995). For example, in the usual delete-1 jackknife, introduced by Quenouille
(1956), the variance estimator simplifies to

1> 4
Vi= oy LA

Here the pseudovalue J; is defined as nf3 — (n — 1)B(_;), and f(_;) stands for the least squares
estimate from the data set with i*" observation deleted.

In the above sum often weights are attached to the individual summands to yield the
weighted jackknives, with weights possibly depending on the subset of ignored observations.
We now describe the important weighted jackknife schemes. Let G = X7X and for any i,
§; = xFG™!x;. For an (n x p) matrix A and S € S, 4, As is defined to be the submatrix of
A formed by deleting the étf,..., it} rows of A. Denote X¥Xs by Gs. We assume that G
is positive definite for all choices of S € Sp.q, as long as d + p < n. Let s = G5'XZys. The
variance estimator of Hinkley (1977) is

Vi = n(n—p)~" 31— 6By = B (Bsy — BT
=

and that of Wu (1986) is

.
Vow = ((d‘f)qcn*‘ > 1Gsl(Bs - B)(Bs - BT

S€Sna
A detailed study of these weighted jackknives is made in Shao and Wu (1987). The third
weighted jackknife scheme, due to Liu and Singh (1992), is defined for p = 1 case, and does
not have any simple extension to higher dimensional models. This estimator is defined as

(=B
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where L, = S0, 22,
The generalised bootstrap described in Section 2.2 is carried out by selecting random weights
{wni;i = 1,...,n} and then transforming the i** data point (x;,y;) to (y/WniXi, /@miyi)- Let

the least squares estimate of parameter 3 be J using the original data and g with the trans-

formed data. Assume that the weights satisfy Ep(wni — 1)2 = 02, i =1,...,n where 02 may
depend on n. The generalised bootstrap variance estimate is defined to be
o Es(6g — A) (B — AT (25.1)

In the next theorem we show that the jackknife variance estimators defined above are of
the form (2.5.1) by defining the weight distribution appropriately.

Theorem 2.5.1 In the contest of variance estimation of the least squares estimator in linear
models, the jackknife resampling schemes are special cases of generalised bootstrap.

Proof of Theorem 2.5.1 To establish this theorem, we have to show that the jackknives are
driven by a scheme of random weights.

Let IV, = {1,2,...,n} and Spq = { all subsets of size d from IN,}. We will identify a
typical element of Spq by S = {i1,i2,...,ia}. There are (7) such elements in Spa. SC
denotes the set IN, \ S. Let {£5,S € Sna} be a collection of vectors in R defined by &s =
(€5(1),€5(2), -+, €s(n)), where

L _fes ifies®
et = { 0 ifies
where c5,S € Snq is a set of constants. Suppose {ps,S € Sna} is a set of probabilities,

that is ps > 0 for all § € Spq and Yges, ,Ps = 1. Consider the random vector Wy =
(Wn1, Wn2, - - -, Wnn) which has the following probability law

PW, =] =ps, SE€Sna (25.2)

Observe that for i € IN,,

cs ifi¢S

Wni = . Ag

0 ifies
It can now be easily seen that if the " data point (x;, y;) is scaled by \/Wn;, and the least squares
estimate calculated for the transformed data, the resulting estimate is Bs. For the different
Jjackknife variance estimates, we only have to choose the constants cs and ps appropriately,
so that the mean squared deviation from one is same but possibly depending on n. These
condition can be summarised as

> (es—1)%s = n"i: > (es—1ps, i=12,...,n (2.5.3)

s:gs i=15:¢s



24 GENERALISED BOOTSTRAP TECHNIQUES

One way of ensuring (2.5.3) holds is to specify ps, S € S,4 and then take cs = 1+k p5/%, S€
Sn,q for some constant k > 0.

For the delete-d jackknife, we take ps = (}) ™', S € Sy, s0 that the expression in (2.5.3) do
not depend on S. For the weighted jackknives, we have the following relations

ps o« |Gg| for Wu (1986) (2.5.4)

pi o (1—46;)? for Hinkley (1977) (2.5.5)

i« % for Liu and Singh (1992) (25.6)
i

Note that for Hinkley’s jackknife and Liu and Singh’s jackknife the set § can only be singletons,
so when § = {i}, we use the notation & and p; in place of £ and ps respectively.

Thus we can see that with an appropriate choice of weights, the jackknife variance estimate
is of the form (2.5.1). L]

Incidentally, for (2.5.4) it can be seen using the Binet-Cauchy expansion that the sum
Tsd(n—d)H((370)|G|)|Gs| is 2=2=E*L. Wu (1986) had pointed out that the extra factor
of 2=4=2*1 ghould be absorbed in the 35— for exact standardisation. Our proposed estimator
251) does that automatically. Hence the entire discussion leading to the proposed jackknife
d as ing from a

estimator in Wu (1986) can now be
viewpoint. In Chapter 4 we discuss higher order properties of these weighted jackknife schemes.

In subsequent chapters we discuss a number of technical conditions on UBS weights which
do not hold in general for the weighted jackknife weights. Thus these schemes deserve separate
attention.

2.6 The generalised residual bootstrap

Consider the linear regression problem described in Section 2.5, and let 4 be the least squares
estimator. Let

= identity matrix of appropriate order

= n7lua”

= (XTX)'XTy = g+ (XTX)"'XTe

= X(XTX)"'XT7, the projection on the column space of X
= XB=XB+Pxe

Y-y =(I-Px)e

= (I-J)(I-Pye

= X'

A2 W w o
I

Let W be an n x n matrix, whose i** row is denoted by w7. Suppose w1, ws,..., W, are i.i.d.

samples from the distribution Multinomial(1,1/n,1/n,...,1/n). If we define y* = X3+WRy,
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we get the usual classical residual bootstrap of Efron (1979). A generalisation of this is possible
by taking any random W to be the weight matrix, subject to certain conditions. Also R or
other residuals may be used instead of Ro. However, we restrict attention to R and Ro in
this thesis. Using other forms of residuals may lead to a bootstrap that is more robust, in the
<ense that model assumptions can be more relaxed. See Haslett and Hayes (1998) for some
discussion on different residuals.

If the resampled data set is formed by

¥y =XB+ WR" (26.1)

where W is a random matrix and R* is either R or Ro, we call it a Generalised Residual
Bootstrap (GBS). In view of (2.6.1), we have fg = (X7X)~'XTy" and hence fg — 5 =
(XTX)~!XTWR*. We have already seen that the usual residual bootstrap is a particular
case. If R* = R and W is diagonal with entries that are i.i.d. observations from a random
variable with zero mean and unit variance, we have the ezternal or wild bootstrap of Wu (1986).
IfR* = R and W = (I— J)W), where W1 is diagonal with entries that are i.i.d. observations
from a random variable with zero mean and unit variance, we obtain the weighted bootstrap
of Liu (1988). In general, the behaviour of the GBS technique depends on the nature of the
matrix W. However, the choice of the residual vector is affected in an interesting way. If
EsW = cJ, define Wo = (W — ¢J)(I — J). Using the idempotence of J, we have

WRy = (W-dJ)Ro+cJRo
= W-a)(I-JR
WoR (2.6.2)
Thus the choice of R* to be R or Ro may be offset by the choice of the random weighting

matrix.

The GBS variance estimator depends heavily on the nature of the weights and so the

varies ding to the ing scheme. We now give three different variance
estimators, to incorporate some of the existing and related estimators in our study.

Vom = —Ea(dp - A - A 263)
Vepz = En(fg -8B - A" (2.6.4)
Vams = —En(dg - A - AT (2:6.5)

In the above o2 is the variance of the bootstrap weights. It can be deduced that Vg2, and
Vins are respectively of the same form as the variance estimate under residual bootstrap and
external bootstrap. The variance estimator (2.6.4) is essentially a special case of (2.6.3), and
consistency of this requires no% — 1. However, it deserves separate attention because of two
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reasons. First, because this is the variance expression for the classical residual bootstrap, for
which 02 = (n — 1)/n?. Second, in Chapter 4, we obtain a result showing that the ‘best under
homoscedasticity’ resampling scheme has a variance expression of this form. It can be seen that
all the variance estimators are scaled versions of Eg(fp — 8)(4g - B)T, the scaling depending
on o2. These variance estimators can be viewed as a natural extension of the variance estimate
used in Barbe and Bertail (1995) for generalised bootstrapping of the sample mean.

The GBS variance estimators Vg, Vg2 and Vgpy behave in an interesting way. Under
certain conditions Vgp; and Vgpg belongs to the E-class. Under some other conditions, Vgps
belongs to the R-class. These results are discussed in details in Chapter 4. The behaviour of
GBS is largely governed by whether W is a diagonal matrix or not. Generally speaking, if
off-diagonal entries are non-zero, the scheme is consi only under b dasticit;




Chapter 3
VARIANCE ESTIMATION IN HIGH DIMENSIONAL LINEAR
REGRESSIONS: FIRST ORDER RESULTS

3.1 Introduction

Consider the problem of estimating the variance of the least squares estimator in linear re-
gression. In Liu and Singh (1992) first order approximations of the variance estimate of some

ling schemes were di d under i i They classified the resam-
pling schemes as satisfying one of the following

n2(Vp = Vi) = Yn+op(l) (3.1.1)
(Vg = Vo) = Zn+op(l) (3.12)

where Vo, = E(B— 8)(8— )T and Vg denotes its resampling estimate. Let L, = Y7, 27 and
Ee? = 7;2. Also, if the errors are homoscedastic then 7;% = 72, i = 1,...,n. If the parameter
dimension p = 1, then Y, = n'/2L % (¢? - 72), and Z, = nmﬁn{ Y&, z2(e? — 7%). The
definitions of Y, and Z, for general p are given in Chapter 4.
Typically, Y, and Z, will have limiting distributions. If all the 7;%'s are equal then all the
ling schemes di: d give i estimate of the variance of 5. However, those that
satisfy (3.1.1) have greater asymptotic relative efficiency compared to those that satisfy (3.1.2).
On the other hand, resampling schemes that satisfy (3.1.2) give consistent estimates also under
heteroscedasticity of the error terms. Schemes that satisfy (3.1.1) in general do not yield
i under icity. Thus those that satisfy (3.1.1) are more efficient
under homoscedasticity, whereas those that satisfy (3.1.2) are robust under heteroscedasticity.

Liu and Singh (1992) thus classified resampling schemes as belonging to either E-class or R-class
according to whether they satisfy (3.1.1) or (3.1.2). It was shown that the residual bootstrap
and the weighted jackknife due to Liu and Singh (1992) (for p = 1) belong to the E-class, the
rest of the standard resampling schemes, i.e. the external bootstrap, paired bootstrap and the
delete-1 jackknife belong to the R-class. The weighted jackknife of Liu and Singh (1992) does
not have an extension to the multiple regression case.

In Chapter 2, we introduced the UBS resampling technique, special cases of which are the
paired bootstrap, delete-d jackknives and the Bayesian bootstrap and many other examples. In

27
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this chapter we establish an asymptotic representation of the UBS estimator of the variance,
which is similar to the R-class representation obtained by Liu and Singh (1992). The R-
class representation is already known for the paired bootstrap and the delete-1 jackknife. Our
result extends this in two ways: (i) the same representation holds for many other resampling
techniques, notably the delete-d jackknife for general d; and (i) the representation holds under
very general model assumptions, where we allow for random regressors, heteroscedastic errors
and the dimension of the parameter p to tend to infinity with data size n. Many time series

models, dynamic linear models and ion models can be i in this framework.

In Section 3.2 the different model conditions are discussed in details. Some discussion’on
the conditions required on UBS weights for this particular problem at hand is presented in
subsection 3.2.2. Then in Section 3.3 the main results are stated. Some simulation experiments
are reported in Section 3.4. These si ions are used for ing different UBS schemes.
The proofs of the theorems are in Section 3.5.

The contents of this chapter is adapted from Chatterjee and Bose (1999a).

3.2 Assumptions and notations
3.2.1 The model

The data consists of the observations {(xXin, Yim),i = 1,---,n}, where Xi.n’s are p X 1 vectors
and yi’s are real valued. We assume the linear regression model given by

Yim = XEnBn + €im, i

n (3:2.1)

for some fixed but unknown sequence of constants §, and some function e, which represents
the ‘error’. We henceforth write p, 6, Xi, i, e; respectively for pn, fn, Xizn, Uicn, €in- Let X denote
the n x p matrix whose i** row is formed by x7. Let XT denote the transpose of X. Also let
Y and e be the n-dimensional vectors whose i* entries are y; and e; respectively. Then the
model with n observations may be written as

y=XB+e (3:2.2)

Let Py = X(X7X)"'XT be the projection matrix on the column space of X. Let A;; denote
the (i, /)" element of the matrix A. Also, for any real symmetric matrix A, Amaz(A); Amin(A),
Aamaz(A), Ai(A), respectively, denote the maximum, minimum, maximum in absolute value
and it* eigenvalue of A. Throughout the rest of this chapter we use the generic ¢ and k to
denote constants, without implying they are the same, wherever they appear.

We now state the conditions which we impose on our linear model. The regressors x;’s may
or may not be random. The first condition, on the dimension growth, is

p?/n — 0asn— oco. (3.2.3)
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We assume the following conditions if x;’s are non-random:

sup [Ixil> = O®), (3.2.4)

1<ign
Amin(nT1XTX) > ¢>0. (3.2.5)

The assumptions on the errors are

Ee? = 71°<c<oo, (3.2.6)
Eeiej = 0; i,j different, (3.2.7)
sup Ee?ejex = O(n™"), i,j,k different, (3.2.8)
sup Eeiejere; = O(n™2), 4,5,k,1 different, (3.2.9)
supBef < oo. (3.2.10)

In case the x;’s are random, we need probabilistic versions of (3.2.4) and (3.2.5). Suppose
A is the set on which Apin(n~'XTX) > ¢ > 0. Then the conditions assumed are

Iz\;g"EHX-H’ = O(p), (3.2.11)
P[A] = 1-0(@*n7?). (3.2.12)

When x;’s are random, the assumptions on the error are

e; is independent of x;, (x;,€;), j < i vi, (3.2.13)
Ee; = 0, (3.2.14)

Ee? = rm?®<c<oo, (3.2.15)

supBe! < oo. (3.2.16)

A precise definition of our models is now as follows:

Model 1: (Fixed regressors) This is (3.2.1) with non-random x;’s satisfying conditions (3.2.3)-
(3.2.10).

Model 2: (Random regressors) This is (3.2.1) with random x;’s satisfying conditions (3.2.3),
(3.2.11)-(3.2.16).

It may be ioned here that our diti

several dard d tructures, such as the or

on the errors allow for the e;’s to come from

heteroscedastic. If the e;’s are mean zero normal random variables, not necessarily independent,
then (3.2.8) and (3.2.9) follow from (3.2.7). This follows from

Lemma 3.2.1 (Wick) If (N1, N2, N3, Ny) is a normal random vector with mean zero then

E(NyNyN3N3) = E(Ny No) E(N3 Ny) + E(Ny N3) E(N2Ny) + E(Ny Ny) E(N2Ns).
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Note that (3.2.5) or (3.2.12) ensures that the inverse (X7X)~! exists with a large prob-

ability. We want to estimate V, = E(3 — 8)(3 — 8)T. Under Model 1, this is Vo =
XTX)-1XTTX(XTX)"?, where T is a diagonal matrix with i* diagonal element 7. Notice
that this is a p X p matrix, and for us p — co. Hence we try to estimate £7Vy¢ for any
¢ € IRP with ||¢|| = 1. Our main result is a representation for £7Vypsé, where Vygs is an
appropriate bootstrap estimate of V. This also gives an element wise bound of V, and results
for estimating the variance of linear combinations of the elements of 8.

For some resampling schemes that we consider, condition (3.2.5) is not sufficient. For exam-
ple, a paired bootstrap sample can include only the data points indexed by Zm = {i1,i2 .- ,im}-
Let X* be the m x p matrix whose j* row is x,. If m < p there is no possibility that this
design matrix is of full column rank. However, this case has exponentially small probability
as we show later. Even if m > p, we still need nonsingularity of X7*X*. So an equivalent
of (3.2.5) is needed for submatrices of the design matrix. We now state here a more general
condition. Suppose my is a specified integer in the range [n/3] to n. Assume that

mIXT* X > kI, k>0 (3.2.17)

for every such choice of subset Z, of size m from {1,2,...,n} and for every m in [mo,n]. (For
two matrices A; and Ay we write A; > A if and only if A; — Ay is positive definite.) Note
that this condition depends on my; the higher its value, the weaker is the condition. For mg = n
condition (3.2.17) is same as (3.2.5). For the model with random regressors, the corresponding
condition is that the set A, on which

m™IXT*X* > k1, for every Z,, and every m € [mo,n], (3.2.18)

has a probability 1 — O(p?/n). There are UBS resampling schemes which require only mg = n.
The delete-d jackknife requires mo = n — d. However, the paired bootstrap requires as low
an my as possible. The more stringent assumption (3.2.17) or (3.2.18) is makes resampling
schemes like the paired bootstrap and the different jackknives feasible.

3.2.2 The resampling scheme

We now discuss the conditions on the bootstrap weights used for UBS resampling in the context
of the present chapter.

Let {wni;1 < i < n,n > 1} be a triangular array of non-negative random variables to be
used as weights. We drop the suffiz n from the notation of the weights.

The weights wy,...,w, used for resampling satisfy certain restrictions on the first few
moments which we now state. Recall that V(w;) = o2 and assume that the quantities

wp—1.; we —

)’((1;")’(—‘7)‘c

E(

we =1
o
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are functions of the powers i,j,k ... only, and not of the indices a,b,c.... Thus we can write

k.. = BTy Ly
Note that if the weights are assumed to be exchangeable, then the above condition follows. But
exchangeability of weights is not a necessary condition.

Let W be the set on which at least mq of the weights are greater than some fixed constant
k; > 0. The value of mg is the same as that of assumptions (3.2.17) or (3.2.18). The weights
are assumed to satisfy certain conditions.

Bw) = 1, (3.2.19)

a2 = k>0, (3.2.20)
n

PplKn>Y w;>kn, K>k>0 = 1, (3.2.21)
=

PgW] = 1-0(@*n7"), (3.2.22)

= O™, (3:223)

k
Y i1,ia,..., ik satisfying > i Cirigiy = O(n™FF1) (3.2.24)
j=1

k
Y i1, d,... ik satisfying Y 5 Cirig..iy = O(min (n7¥¥2,1))  (3.2.25)
=

We define the bootstrap estimate of 3 to be

B = .

N (XTWpX)"'XTWy on the set WNA
B otherwise

and the bootstrap variance estimate to be
Vuss = on"?Eg(fg — B)(6g — B)"-

For Model 1, take the set A to be the entire sample space, so that the definition of S does
not depend on the model used. If y;’s are i.i.d., the UBS variance estimate coincides with the
generalised bootstrap variance estimate used for estimating the variance of the sample mean.
See Barbe and Bertail (1995) for use of this statistic for other statistical functionals.

A slight variant of the above conditions on weights can be effected by dropping (3.2.20)
and letting the common variance go to zero, so that the weights are asymptotically degenerate.
With that condition, the conditions on various mixed moments can be slightly relaxed. For
details about this variation refer to Chatterjee (1998) or Chapter 7. By taking into account
this variation, all the of ing schemes di d in Section 2.3 of Chapter 2
may be considered for the results of the present chapter.
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One significant condition on the weights is (3.2.22), which we now discuss. This condition
is related to (3.2.17) and (3.2.18). If instead, we restrict the condition to require that all the
weights are bounded away from zero, then we can take mo = n in (3.2.17). For example, the
weights can be taken to be i.i.d. unit mean random variables that are supported on some interval
&, K), with 0 < k < K < co. For the delete-d jackknives, we need (3.2.17) with mo = n—d only.
For the paired bootstrap, that is for a random sample from Multinomial(n,1/n,1/n,...,1/n),
Proposition 3.3.1 of the next section shows that (3.2.22) is satisfied for mo = [n/3], the greatest
integer less than or equal to n/3. Note that the condition on W is in terms of ‘at least mo’
weights being positive, so an upper bound on my is really meaningful. There is a duality

between model conditions and diti

on the ing weights. We may relax certain
model conditions by making the conditions on resampling weights more stringent. For example,
for resampling with independent weights, we can ignore the model conditions (3.2.8) and (3.2.9).

Bootstrap schemes for linear models have been discussed in Efron (1979), Freedman (1981),
and in Bickel and Freedman (1983). Hinkley (1977), Wu (1986), Shao and Wu (1987) have
studied consistency of different bootstrap and jackknife schemes in heteroscedastic linear mod-
els. The bootstrap in regression models with many parameters has been considered by Bickel
and (1983) and (1993), who respectively showed the i of the
residual bootstrap and the wild (which is a isation of the residual bootstrap)
and paired bootstrap.

Our generalised bootstrap can be looked upon as a weighted least squares analysis with
random weights, and then simple averaging over such weighted least squares estimates. With
casily available weighted least squares routines this can lead to significant ease in implementing
resampling in linear models. Even though we discuss estimating the variance of the ordinary
least squares esti bere, our i jally extends to the corresponding problem
for the weighted least squares.

3.3 Main Results

Let )
e ifi=j
To)ij =1
(Tws { 0 ifi#j
Theorem 3.3.1 Assume the conditions of Model 1. Also assume (3.2.17) for some mg. Then
for any € € IRP with ||¢]| =1,
n*/2p~ €T (Vups — Va)é
= 0217 (XTX) X7 (T, — TIX(XTX) € + Op(pn~"72). (3.3.1)
In particular, UBS is a consistent resampling technique for the model. The distributional
asymptotics for the variance esti can jally be ped from here, by noting that
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the leading term in the variance ion is a linear combination of e?’s. Note that the
leading term in (3.3.1) is bounded in probability. Since this result does not depend on the
particular choice of weights, these weights can be chosen according to convenience. This exact
rate is not obtained under Model 2, but otherwise a very similar representation theorem holds.

Theorem 8.3.2 Assume the conditions of Model 2. Also assume (3.2.18) for some mo. Then
Jor any € € IRP with ||¢|| =1,

w2 (Vus = Va)
= ¥ 4B - B)(B - BT — Valé + Op(pn1/%) (332)

Notice that typically (3 — §) = Op((n/p)="/2). The leading torm in (3.3.2) is of the form
n

n=!/23(Z; — EZ;) for some standardized random variables Z; (see (3.5.7) in the section on
=

proofs for details on the random variables Z;) plus some remaining terms which are Op (pn=1/2).
Suppose we assume that E[¢7(8 — )] < co. This simultaneously ensures that the indicator
on the set A can be ignored, and that the variance of (n/p)~V/2¢T (3 — B), that is np~1¢TV,¢,
is consistently estimated by np~'67Vyps¢ in the sense that np~'¢T(Vyps — Va)é — 0 in
probability.

If {wy, ws ..., wn} follows Multinomial(n,1/n,1/n,...,1/n), we get the paired bootstrap.
The moment conditions on these weights can be easily verified by direct calculation. Through
the following proposition we show that condition (3.2.22) is also satisfied with mq = n/3.

Proposition 3.3.1 Suppose (X1,...,Xn) follows Multinomial(n,1/n,...,1/n) distribution.
If {mn} is such that mp/n < 1/3, then the probability that at least m, of the X’s are positive
is greater than 1 — e™®", for some constant o > 0.

The proof of all the results are given in Section 3.5.

REMARK Our results show that for fixed p the UBS we study belongs to the R-class. Note
that two special cases of UBS, the paired bootstrap and the delete-1 jackknife were already
known to belong to the R-class.

The random regressor model has been considered in Mammen (1993) in the context of
the paired bootstrap and the wild bootstrap. The model there was based on observing i.i.d.
variables {(x;,3:), i = 1,...,n}, where x;’s were p X 1 vectors with the assumed model relation
being y; = xF3 + e; for some constant but unknown 8. The dimension p was allowed to vary
with n. In Chapter 5 we have considered the problem of estimating the distribution of the
least squares estimate of a linear regression parameter, using the UBS resampling scheme, in
the same set-up as that of Mammen (1993). Consistency of the UBS technique for estimating
the distribution function is shown there. Since in this chapter we are estimating the variance
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of the least squares estimator as opposed to the distribution function, as in Mammen (1993),
the fourth moment condition (3.2.16) is imposed.

Our random regressor model is more general than Mammen (1993) in the sense that the
assumption of i.i.d. nature of the data is modified to (3.2.13). However, in place of assuming
p'*¥/n = 0 for § > 1/3 as in Mammen (1993), or § > 0 as in Chapter 5, we need p?/n — 0.
This is explained by the fact that in general the bias in the least squares estimate is of the
order p/n!/2, and so the mean squared error that we are estimating requires (3.2. 3)

‘We now check that with taken to be ind dently and identicall i d
as assumed in Mammen (1993), our model conditions (3.2.11)-(3.2.15) hold. Note that if
{(xi,%:), i =1,...,n} are i.i.d. then {(xi,e;), i = 1,...,n} are also i.i.d. and this, in turn,

implies (3.2.13)-(3.2.15). Suppose the regressors X, are i.i.d., with sup, sup|igj=1 E|d7xin|* <
o0 as in condition 2.2 of Theorem 1 of Mammen (1993). The condition (3.2.11) follows directly
from Lemma 0 of Mammen (1993). Assume without loss that Ex;x7 = I, and letting A =
n7 5 xix! — I, we have n™'XTX = I+ A, so that

Amin(n ' XTX) = 14 Amin(A) = 1= Aamaz(A)
and hence

PlAmin(n™'XTX)| £ 1/2] < Pl1 = Aamas(A)] S 1/2)

Pl Aamaz (A)] > 1/2]
4E(Namaz (A))? = O(**n71),

INIA

IA

with the last relation following from Lemma 1 of Mammen (1993). This verifies (3.2.12).

3.4 Some simulation results

To gauge how the different UBS schemes perform, especially when we have random regressors
and/or dependent errors, we carried out a small simulation experiment. We chose the followirig
five UBS schemes:

(a) the Multinomial(n;1/n,1/n,...,1/n) bootstrap(MB);
(b) the Dirichlet(n;1/n,1/n, ...,1/n) bootstrap(DB);

(c) the Uniform(1/2,3/2) bootstrap(UB);

(d) the Beta(2,7) bootstrap(BB1);

() the Beta(7,2) bootstrap(BB2).
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Note that the first choice corresponds to the case of the paired bootstrap and the second one
corresponds to the case of the Bayesian bootstrap with a Dirichlet process prior. For the
last three choices, a sample of size n is generated from the given distribution and used for

resampling. The last two schemes were i d to see how 'y of the
distribution affects the per! of the ing method. C ionally, the third
choice is the easiest and fastest.

We considered three models with p = 1. The first model is the simple one of estimating the
variance of the sample mean. This is intended to serve as a benchmark. The second model is
the autoregressive (AR) model of order one with IID innovations. This is a well-known model
in time series and the results obtained for this model are an indication of what is to be expected
in similar models such as the AR of order p > 1. The third model is also the autoregressive
model but here the errors, instead of being IID are assumed to have an ARCH (autoregressive
conditional heteroscedastic) structure. The ARCH model is widely used in econometrics to
model financial time series data, see Bera and Higgins (1993) for a review.

We now give a precise description of the three models.

Experiment 1: X; = §+¢. In this case = 3/, X¢/n and V, = n~!. For simulations we
fix 8= 7.0 and take the errors € to be an i.i.d. sequence from Normal(0,1). This is the
simplest example when Model 1 conditions are satisfied.

n n
Experiment 2: X; = fX;-1 + €. and Xo = 0. Here # = (3 X2 )71 3" X;X;-; and it is

= =
known that if || < 1 then n'/2( — B) = N(0,1 — ). For simulation, the innovations
€ are taken to be i.i.d. Normal(0,1). The process has an explosive behaviour if || > 1,
in which case normal limits are not obtained for the least squares estimate. With this in
mind, we choose two different values of 4 as follows.

Experiment 2a: We take 8 = —0.5. Note that this is well within the safe zone.
Experiment 2b: We take 4 = 0.9. This value is close to the boundary and here the
usual bootstrap is not expected to perform well.

Experiment 3: X; = X, + €. where Xo = 0 and ¢ is an ARCH process satisfying
€1 ~ N(0,72) and [et]es, s < t] ~ N(0,7?) where -, is in general a polynomial in €,,5 < t.
We choose 72 = a + (¢;_;. In this case, the (conditional) least squares estimate of 8
is given by § = (T, X2,) ' $&, XiXio1. If 4% = /(1 — B), then it is known that
nl/2(3 — f) = N(0,92(1 — 8?)). For our simulation we take a = 0.5, 8 = 0.4 and
~2 = 5/6. As earlier, we work with two different values of 3. In Experiment 3a we take
B = —0.5 and in Experiment 3b we take § = 0.9.

In each case we fix n, the size of the data, then randomly generate a data set satisfying
the assumed conditions and use resampling on it. In all three experiments we first compute
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the least squares estimate of 3, and then resample for the variance of this estimator. Since
in all experiments we consider, the least squares estimator has a limiting normal distribution,
the different b p variance esti are 1 through their appropriate asymptotic

variances.

Results are presented in Tables 1, 2, 3, 4 and 5 respectively. We use the notation av for the
asymptotic variance. The resample size was 5000 for Experiment 1 and 10000 for Experiment
2(a), 2(b), 3(a), 3(b). As the table entries show, UBS using Beta(2,7) and Beta(7,2) weights
lead to slight underestimation and overestimation of the variance, possibly due to the difference
in higher order terms. The results from the other resampling schemes are almost identical. UBS

with i.i.d. uniform weights is recommended.
The starred figures are scaled up 1000 times.

TABLE 1: EXPERIMENT 1

n |8 avx MB DB UB BB1 BB2

PR Vi B Vi B Vi [Bg Vi [Bg Vi
30 |68 6130 [688 6192 |7.01 80.79 [ 688 6155 | 6.88 5199 | 688 82.23
40 694 17.99 [ 694 17.90 | 7.00 20.13 | 694 18.14 | 694 1551 | 6.95 23.27
100 | 701 1022 [7.01 1024 | 699 1093 [ 7.01 1046 | 701 899 | 701 1321
200 | 699 495 |699 490 |699 508 |699 490 |699 430 |699 649
600 [6.99 166 |699 164 |699 164 | 699 167 |699 143 [699 214
1000 [ 695 110 [695 1.07 |695 110 |695 111 |695 096 |695 142
2000 | 701 047 |7.01 047 | 701 047 | 701 048 | 7001 040 | 701 061

TABLE 2: EXPERIMENT 2(a)

n B8 av.x MB DB UB BB1 BB2

B Vs |8 Vs |fp Ve |Bp Vs |Bp Vs

30 -0.60 2140 | -0.61 1644 |-0.61 16.19 | -0.60 15.32 | -0.60 13.83 | -0.60 20.32
50 -0.59 13.03 | -0.59 12.76 | -0.59 11.90 | -0.59 12.05 | -0.59 10.47 | -0.59 1518
100 [-052 7.24 |-053 631 |-052 6.08 |-0.52 626 |-0.53 525 |-053 7.96
200 | -045 399 |-045 371 [-045 354 |-045 370 |-045 316 |-045 476
500 | -0.54 141 |-054 121 |-0.54 121 |-054 121 |-0.54 1.08 |-054 1.62
1000 | -0.51 073 |-0.51 070 |-0.51 0.69 |-051 0.72 |-0.51 0.62 |-051 0.91
2000 | -50 0.38 |-0.50 0.36 |-0.50 036 [-050 0.36 |-0.50 0.31 |-0.50 048
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TABLE 2: EXPERIMENT 2(b)
n B avs MB DB UB BB1 BB2
B Vi |Bp Vh [P Vi |BB Vs |Bp Vi
30 096 2.85 | 093 276|093 266|096 392|096 3.71 | 096 550
50 092 315|091 266|091 251 092 322|092 279092 426
100 | 0.87 249 | 0.87 270 | 0.87 262 | 0.87 281 | 0.88 2.49 | 0.88 3.96
200 | 081 168 081 194|081 187|081 190|081 164 081 251
500 |0.85 056|085 058|085 057|085 058|085 050|085 0.76
1000 | 091 017 | 091 0.7 | 091 016 | 0.91 017 [0.91 015|091 0.21
2000 [ 0.91 009 | 091 009 | 0.91 009 [ 091 009 | 091 0.08 | 0.91 011
TABLE 2: EXPERIMENT 3(a)
n B av.x DB UB BB1 BB2
57} Vi B Vs S8 Vi BB Vi
30 [-0.57 2239 -0.58 1552 | -0.57 16.65 | -0.57 14.19 | -0.57 21.78
50 | -068 1084 -0.66 27.97 | -0.68 47.62 | -0.68 39.14 | -0.68 61.14
100 |-0.68 543 -0.67 7.03 |-0.68 7.02 |-068 602 |-068 9.45
200 | -0.49 3.80 -049 525 |-049 537 |-049 481 |-049 7.14
500 | -054 141 054 188 |-054 192 |-0.54 164 |-0.54 244
1000 | -0.55 0.70 -0.55 195 |-055 203 |-0.55 177 |-0.55 270
2000 | -0.50 037 -0.50 083 |-050 084 |-050 072 [-0.50 1.05
TABLE 2: EXPERIMENT 3(b)
n A avs MB DB UB BB1 BB2
%5 Ve | P Vs |PB Vs | P8 Vi |PB Vb
30 093 442 | 091 342 091 335 (093 513|093 451093 676
50 094 231|092 284|092 265|094 414|094 3.54|094 544
100 | 095 105|094 1.28|094 125|095 168|095 150|095 219
200 |092 076|092 086|092 084|092 088|092 076|092 115
500 | 091 033|091 038|091 038|091 039|091 035091 051
1000 | 0.90 0.18 | 0.90 0.24 | 0.90 0.23 | 0.90 0.24 [ 0.90 021 | 0.90 0.31
2000 | 0.88 0.1 | 088 0.16 | 0.88 0.16 | 0.88 0.7 | 0.88 0.14 | 0.88 0.21
3.5 Proofs

There are two important conclusions to be derived from the model conditions. For Model 1
they are

max(Pe)is = O(p/n),

113 xieil| = Op(p*/?n!/?).
=1

(3.5.1)

(35.2)
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These are quickly verified as follows:

max(Py)ii = max x| TxTX) % < n"ma.xHx,»“z[/\mm(n_‘XTX)]“l

< en” mAXIIX-H2 O(p/n), and

Enzx‘e,u? Eze i

For Model 2 the equivalent conclusions are

Z tlall® < CE IIxil|* = O(pn).

max(Px)iila = Op(p/m), (3.5.3)
I3 el = Op(o 2012, (354)
i=1

These are also easily verified by using similar arguments as earlier.

Note that X is an n x p matrix of rank p. Let X = PDQY be the singular value decomposi-
tion of X. That is, D is an p x p diagonal matrix with positive diagonal elements, P is an nx p
matrix such that PTP = I and Q is a p X p orthogonal matrix. The spectral representation
of XTX is given by XTX = QD2QT. Let A = n"'D?. Note that the minimum eigenvalue
of the diagonal matrix A is bounded away from zero, so that the maximum eigenvalue of A~*
is bounded above. The notation AY/? is sometimes used for n~/2D. Note that the diagonal
entries of D are all positive.

Let Wp be the n x n diagonal matrix with it" diagonal element w;. Let us also use the

. w; —
notation W; = (wi

, and Wpn) = Diag(wy, w2, ..., wn)-

Since our two theorems state almost the identical result under two different models, we use
an approach that proves both results simultaneously. Note that under Model 1 the set A is the
entire sample space.

We first prove that with a high probability a condition like (3.2.5) is also true for the
bootstrap design matrix.

Lemma 8.5.1 Assume Model 1. Also assume condition (3.2.17) for an appropriate choice of
mo > p. Then under the set WN A, all eigenvalues of the matriz n=*XTWpX are greater
than k > 0, where k is a constant.

Proof of Lemma 8.5.1. Let A; < A2 < ... < A, be the eigenvalues of XTWpX. We
have to show a positive lower bound for A;/n under WNA. Note that we get A1 by minimizing
EXTWRXE with respect to all vectors § € IRP. Now note that

i EXTWoXe
[ s



3.5. PROOFS 39

TpT T2
min min T2 WoPn & D%¢
¢emn=De  nTn T

TpT T2,

> min min Lo WoPng DY
el ne T e

By condition (3.2.5), on the set A we have n"! times the second term bounded below by a
positive constant. Thus in order to complete the proof, we need to show that ZE3¥2P2 has
a positive lower bound, as 7 varies. First observe that the model condition (3.2.17) says that
on A, for all m > an appropriate mg if T, = {i1,iz. .., im} is a subset of {1,2,...,n}, and if
X" is the m x p matrix whose j row is x7, then A XT*X* > kyL If P* is the submatrix of
P corresponding to X*, this implies P*TP* = ¥ icz y pip? > k121> &1

Suppose S is the set of indices of weights that are greater than some fixed k. Under W,
S has m clements, where m > mo. Thus the same set of indices S is also an Iy, for which
(3.2.17) holds. Therefore under the set W N A,

S kak;
PTWpP =Y wipil >k 3 pipl > 51
=1 {wies)

This completes the proof. ]
Let Ug = PTWpP. Then Lemma 3.5.1 allows us to conclude that

Amaz(Ug' ) bwna < k < co. (3.5.5)
Using (3.5.5) we have a more precise statement about the nature of the matrix Ug.
Lemma 3.5.2 On the set WN A
Up' =I+o0nRw, (3.5.6)
where Mamaz (EsRYy Fwna) = O(p*n~").
Proof of Lemma 3.5.2. Since Up = PTWpP, we have Up = I+0,PTWP = I+0,Rp,
say. Then it is easily seen that tr(R%) = tr(WPxWPy). From (3.5.1) it now follows that
trEg(R}) = O(p?/n), thus eventually all the eigenvalues of EgRy are less than 1, and also

Amaz(EBRY) = O(p?n~1). This means that by taking an inverse we can write Ug! = I +
0nRB Tys00n*RY = I+ 0nRw, say, then Anaz (EsRYy wna) = O(p?n~"). n

Proof of Theorem 3.3.1 Note that
o~

[(XTWpX) "' XTWpe — (XTX) !XT | hynae

(XTX)'XT(Wp — Dehyna + [(XTWpX) ™! — (XTX)"UXTWpehyna
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= (XTX)7'X"(Wp — Delwna
+H(XTWpX) ™! - (XTX) X (Wp ~ Delwna
+H(XTWpX) ™! — (XTX) X elwna

on(XTX) "' XTWelyna + 0 [(XTWpX) ! — (XTX) "X Welyna
+H(XTWpX) ™! - (XTX) X elwna

= 0nCnlwna + onTindwna + Tonlwna ( say),

I

and thus

01 (g — B) = Calwna + TinIwna + 0™ TonIwna-
Recall that Vyps = on 'Es(fg — B)(Bg — B)7. We show that the contributing term in the
representation of the bootstrap variance estimate comes from Cp, and the other terms are
negligible. We need to compute £7Vypsé for all {€ € IRP : ||¢]| = 1}. But since Q is an

orthogonal matrix, we may as well write € = Qc, and varying ¢ over the unit sphere in IR? is
equivalent to taking all {c € IR : ||c|| = 1}. We show the following:

IETCACRE = Op(pn7™h), (35.7)
I4EpTCoClELye = Op(*n™?), (35.8)
LAEpe T Thelw = Op(o2p®n™?), (3.5.9)

T400 2EpéTTonTE 6Ly = Op(p*n~?), (3.5.10)
0n MAERETCuThEIw = Op(p°n7?), (3.5.11)
I4ERETC.TLElw = Op(p®n~?). (3.5.12)

The first term (3.5.7) is actually 74[¢7 (8 — B)]? + Op(p?n=2). For Model 1 since A is the entire
sample space, this implies

Ep¢TCrCT¢ — €7Va€ = Op(pn™?) (3.5.13)
is the leading term, with all other terms negligible. We now proceed to check (3.5.7)-(3.5.13).
PROOF OF (3.5.7) AND (3.5.13). With an elementary simplification using the singular
value decomposition of X, we have
EptTC,CT¢ = Epn'cTA"'PTWee’ WPA lc. (3.5.14)
Recall that T, = diag(e?). Now define the following:
M = nlTAVIPTT,PATY 2,
M; = cun”lTATV2PTeeTPAT 2,

M; = cun ' ATY2PTT,PAT 2.
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From (3.5.14) it can be easily seen that Eg¢”CrCT¢ = M + M; — My. In proving the results
we first note that Py = PPT. If we define n, = S5, caPsaAa /2, where the a’* element of
the vector c is ¢, and the a** diagonal entry in the diagonal matrix A is Ag, then on A we
have n? < Khmaz, Where hpgy is the maximum diagonal entry of Py, known to be O(p/n)
from (3.5.1), and k is some positive constant. Now note that M = n~! Tp_; efn?, My =
crn~ (Sh, eom)?, Ma = ciyn~! S, eZn. Hence we can conclude T4M; = Op(p?n~2) and
14M; = Op(pn~2) after some algebra involving (3.2.23), (3.2.5), (3.2.4), (3.5.1) and (3.5.2).
Similarly, I4M? = Op(p*n~2), and note also that EM = ¢TV,£. This proves (3.5.7). For
(3.5.13) we have under Model 1, M — £TV,£ = n=1 S0, (€ — 78)n¢ = Op(pn=3/2).

PROOF OF (3.5.8) We only need to look at I4EgMIyyc, since the other terms are of smaller
order. Now I4EsMIyye = [I4EgM?]/2[1—Pg(W)]/2 = Op(p?n=2) follows immediately from
the proof of (3.5.7) and Assumption (3.2.22).

PROOF OF (3.5.9) Note that Ti, = —0y(XTWpX) ' XTWX(XTX) ' XTWe, so we have
that 7 Tinlwna = —onn~Y2cTA~Y2U ' PTWPPT We and thus

T ThEDwna (3.5.15)
= o2n 1T WPLWPUZ! A~/ 2ccT A1/2U G PT WP Welwna (3.5.16)
< o2n leTWP,WPUZ' A~ U PTWP, Welwna (3.5.17)
< koln leT WPyWPUR?PT WP, Welyyna (3.5.18)
< o2nleT WP WP, WP, Welyna (3.5.19)
< o2nleT WP WP, WP, Wel . (3.5.20)

The steps involved in the above reduction are as follows: (3.5.17) follows from (3.5.16) since
ceT < I; (3.5.18) follows from (3.5.17) since A~ < kI on A from condition (3.2.5); (3.5.19)
follows from (3.5.18) since, from Lemma 3.5.1, Ug' < kI on the set WN.A. The last inequality
is obvious. Now routine but lengthy algebra shows that the bootstrap expectation of the
expression in (3.5.20) is Op(a2p®n~2).

PROOF OF (3.5.10) The proof of this part is similar to that of (3.5.9). We have o, To, =
—(XTWpX) ' XTWX(XTX)'XTe, and hence on~'¢T TonFyna =
—n 12T A1 2U ' PTWPPT eliyn and thus

00 2T Ty T ETwna < n~ TP WP WP, el4 (3.5.21)

by following similar steps as in the previous part of the proof. Now again routine algebra shows
that the b ion of the ion in (3.5.21) is Op(p?n~2).

PROOF OF (3.5.11) We have to show o~ Ep€7 CaTH,Elwna = Op(p*n™?). Using
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0 € Do lwna = —n 72T A V2U R PTWPPT el 4, and
T Culwna = n~ V2 A2 PTWelwn 4,
e have

on €T Cu T3 ETwna

= n7' ATV 2PT Weel P, WPU A~ 2chyn g

= n7'cTATV2PT Weel Py WPA™Y2chyn 4
+onn~ T ATY2PT Weel PxWPRw A~ 2clyyna,

where Lemma 3.5.2 states the nature of the matrix Ry. Thus we have

Epon ¢ CuThnéIwna
< I4Epn~'cTAY2PTWee P, WPA~!/2¢ (3.5.22)
+0onn " EpcT A7V PT WeeT Py WPRw A~/ 2chyna. (3.5.23)

Consider (3.5.22) first:

Epn~'c"ATY/2PTWeeT PxWPA™ V2 < kn~'Epe’ PxWP,We (3.5.24)
= M;+My
where M3 = (1—c11)kn"'eTPxMse, My = c11kn "' Pxe, M5 = diag((Px)ii). The reduction
10 (3.5.24) follows from techniques similar to those used earlier, for example in case of (3.5.21).
Now it is easily verified that I4M; is Op(pn=2). A direct computation using (3.2.8)-(3.2.10)
shows that I4M3 = Op(p*n~2).
Now consider (3.5.23):
o EgcT A"/ 2PT WeeT Py WPRw A~ 2clhyyn 4|
< onn” [BalIRwA ™ 2clynal 2] /*[Es|[PTWPxee WPA™ 2clyyn 4| /%(3.5.25)
Now Eg|[RwA~"2chynall? = c"A~V2Eg R}, IwnaA™12c
< Amaz (BsRYy Fwna)[|A™1/2cI4|2 = O(p*n ") and
Es||PTWPee WPA™/2clyyn 4|2
= Es|[PTWP.ee" WPA~/2cL4|?
= Eple"Px WP, WPyel4)[c"A~/?PT Weel WPA™/2cl 4]
< [Ep(e" PxWP,WPyels)Ep (T A~/2PT Weel WPA™Y2c14)?)/?
= 0p(p*2n~3/%) = Op(p?n7")
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The rates follow from routine calculations. This ensures that (3.5.25) is Op(p*n~2).
PROOF OF (3.5.12). We have to show Eg¢” CoTT,éIwna = Op(p*n~2). As in the previous
part of the proof, Ego, 16T CrTE EIwna
< 0.Epn T AV2PT WeeT WP, WPA™/2cl4 (3.5.26)
+02n"'EgcT A™/2PT WeeT WP WPRw A~/ 2clyna (3.5.27)
Consider (3.5.26) first:
I4Epn~'c"A~/2PT WeeTWP, WPA~/2c
< kn"'I Epe” PxWP, WP, We
= Op(*n7?)
by direct computation. For (3.5.27), we have the following:
le” WP WPRw A~ /2c|[2lyna
T WP, WPR} A~V 2ccT A~V 2Ry PT WP, Welwna
< keT WP, WPR,?PT WP, Welyna
< kp*n leT WPxWP,WP,Wel, (by Lemma 3.5.2)

and this last is Op(pin~2) from calculations as in (3.5.20). Therefore the quantity in (3.5.27)
is Op(02p®n~?). This completes the proof of the theorem. [ ]

Proof of Proposition(3.3.1). We denote my, by m and note that Prob[ at least m of the
X's are positive | = 1~ S75! Prob| exactly i of the X’s are positive ]. We can exclude the
case i = 0, since at least one of the X’s is always positive. For j =1,...,m —1,

Prob| exactly j of the X's are positive]

(a5 +
nljn=3) (n > (n—j)! 1
=D =N oo Laensaze (@@ (@)
nintjn=9)

n"(n—j+ 1)l

_n (n) v
7\3) arrartdayen-saizo (1 + Doz +

=
The inequality in the middle comes from (a1 + 1)(az +1)... (a; + 1) = 1+ S0, ay, since all
the a;’s are non-negative, and then we use 7_, a; =n — j.

We can bound s 20r— above by n™!(£)"~% 4, and using an upper bound in the
Stirling’s approximation of 4 from Feller ((1968), page 54), we see that a further upper bound
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()n?me

sl and s = 1, i i ounded abore by ™ (1"

‘/_)
Now

Prok] exactly  ofthe X's are postve| <) n° “2"”
; < Z p

P
< _n—?m_
<G
1
< n-leon c;n
S \/—Cg

(sincem e <nfl)
i

_1_ e—n[(l—?tz].’.\—cz] (

i putting - logly) = )

e only ave o show that = ~{1 - ) og{e) - & > 0, whic it f i small enough,
An clementary computation shows thet o = 0 near ¢y = 0128, and taking ; = 13 yields
>l I



Chapter 4

COMPARISON OF BOOTSTRAP AND JACKKNIFE VARIANCE
ESTIMATORS IN LINEAR REGRESSIONS: SECOND ORDER
RESULTS

4.1 Introduction

Consider the oxygen uptake data from Rawlings, Pantula, Dickey (1998, page 124). It is a data
across five variables measuring physical fitness of thirty-one persons, and the oxygen uptake
by them. The authors make a regression modelling and have a hypothesis that two of the
variables do not influence oxygen uptake. Consider the contrast of the difference of these two
means. In order to apply standard theory, one must have an estimate of the variance of the
We applied three resampling
techniques on this data, all of which are consistent under unequal error variances namely the

estimated contrast, usually esti 1 by

delete-1 jackknife, paired bootstrap and Wu’s external bootstrap. The variance estimates are
respectively 30.29, 30.85, 19.80. The diffe between these esti is too large to be
ignored, and calls for a close comparison of different resampling techniques.

In this chapter we consider all the different resampling techniques that have been used
for the problem of variance estimation, and compare in linear regression their higher order
characteristics. We have mentioned earlier (Section 3.1) that for this problem resampling
schemes classify in two groups according to the asymptotic expansion of their variance estimate.
(hence robust or in R-class), or
relatively efficient under homoscedasticity (hence efficient or in E-class). A finer distinction

That is, they are either i under h

within either class may be made, in order to identify the scheme that is better than others.
Such a distinction may be made by considering higher order terms in the asymptotic expansion
for variance estimates.

In Chapter 3 we have already discussed the UBS variance estimator and shown that it is
Here we show that different members of this class exhibit
different h)gher order behaviour. One important result in this chapter is that among the R-class

under h

hni some UBS techni outperform other resampling schemes in terms

of second order efficiency. For the simple linear regression (p = 1) case we are actually able

45
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<5 identify a best UBS technique. The technical conditions on the UBS weights used for this
-hapter are discussed later.

In the E-class, a GBS scheme (introduced in Section 2.6 of Chapter 2) is best, in the
<ense that the variance estimate has least mean squared error. Interestingly, this result does

zot depend on the di ion p of the This lised scheme has

ly not

pp d in the li earlier.

Following a discussion of the model in Section 4.2, we state our results for the simple linear
regression case in Section 4.3. Sections 4.4 and 4.5 are respectively on E-class and R-class
results for multiple regressions.

The optimal resampling schemes may have data dependent parameter values, and thus may
oe difficult to simulate. So the of idering a heuristically justified ‘more or less

ptimal’ technique has to be studied. In Section 4.6 we discuss some simulation experiments
=ith some R-class resampling techniques to study these issues. It turns out that for small and
medium sized data, the improvement in using a close to optimal technique over other techniques
is considerable.

In order to investigate whether higher order terms actually matter in computation, we have
carried out extensive simulations and analysed some real life data-sets in Section 4.6. An ex-
zmple from a real data set was given at the beginning of this chapter. We show simulated
=xamples from R-class here. It turns out that for small and moderate sample sizes, and de-
ending on the dimension of the problem and the signal to noise ratio, higher order terms are
significantly different across resampling schemes. The i.i.d. UBS scheme that we recommend

in Section 4.6 always seems to do at least as good as other resampling schemes. In addition

11 I 1i

easier and

they are ble to other models and problems where
many of the other known schemes may not even be applicable. These issues are taken up in
Chapter 7.

In Section 4.7 we prove the results of Section 4.3, and in Section 4.8 we prove the results
of Sections 4.4 and 4.5.

This chapter is adapted from Chatterjee and Bose (1997, 1998a, 1998b).

4.2 Notations, and

Suppose the regression model is given by
y=XB+e

where y is the (n x 1) observed vector of responses and X is the (n x p) size design matrix
whose i row x7 is given by the i** observation of the (p x 1) vector of explanatory variables.
The parameter 3 is a (p x 1) vector of unknown constants and e” = (e; ez ... es) is the noise

vector. Suppose /3 is the least squares estimate of § as calculated from the data. If Be} = 7,
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then

Vg = (XTX) ' XTTX(XTX)™! (4.2.1)

where T = diag(r;?, 1 < i < n). Under homoscedasticity of the noise terms, i.c. when
-7 =72, i=1,...,n, the expression for variance of 3 simplifies to

Ve = XTX)™ (4.2.2)

For the rest of this chapter Vg and Vg will be as defined in (4.2.1) and (4.2.2), respectively.
Generally for multiple regression problems two common and natural assumptions on the
design matrix are

di/n € (m,M); for some 0 <m < M < oo (4.2.3)
xIxi < K <0, Vi=12...,n (4.2.4)

where d;,1 < i < p are the cigonvalues of xTx Assumption (4.2 4) appears in Liu and Singh
1992) and it i the i
the asymptotics. However, in order to make the resampling schemes like the paired bootstrap

of an i ial design point that can alter

and the different jackknives feasible on the model, we need slightly stronger assumptions than
4.2.3). This has been discussed in details in Chapter 3. We assume that

%XT’X‘ > kL k>0 (4.2.5)

for some m > n/3, and all choices of (m x p) submatrix X* that can be formed by choosing any
m rows of X. By A > B we mean that A — B is positive definite. As remarked by Wu (1986,
page 1344), condition (4.2.5) seems necessary for most schemes that use the data-pairs for
resampling. But let us emphasise that (4.2.5) and (4.2.4) are only sufficient conditions under
which all known resampling schemes work. Individual resampling schemes may work under
weaker conditions. It turns out that the best resampling plans do work under (4.2.3). For
the noise terms we make the assumption that the e;’s are independent with bounded e)ghth
moment. Again this is only a suffici diti actual i for most

schemes being weaker than this.

For transparency, we consider first the simple linear regression. By comparing the second
order terms of the variance estimates, we show that the weighted jackknife of Liu and Singh
(1992) is more efficient than the residual bootstrap in the E-class. The GBS is not considered
in this case, but it is considered in the multiple linear regression case.

We first show that the weighted jackknives of Hinkley (1977) and Wu (1986) also belong to
the R-class. For the model with heteroscedastic errors, under the additional but natural model
condition

n o
221 Zz‘n >3 oty ain? (4.2.6)
i=1 i=1
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2 UBS scheme can be chosen for which the second order term of the variance estimate has
least mean squared error compared to other resampling schemes in the R-class.

We call a resampling scheme strongly optimal if it has least mean squared error compared
“0 any other resampling scheme in its class. We show that UBS with symmetric i.i.d. weights
s strongly optimal in R-class under the given conditions in simple linear regression.

We then consider the multiple regression problem. Among the usual resampling techniques
which are applicable to the multiple regression problem, only the residual bootstrap belongs
‘o the E-class. However, we show that under certain conditions, GBS techniques also belong
<0 the E-class, and this broadens the E-class consi It turns out that there is a GBS
<cheme which is strongly optimal, in the sense that the variance estimate has least mean squared
error.

As mentioned above, for simple linear regression a UBS technique can be found which is
better than any other technique in the R-class. Such uni i may not be

in multiple regression. A class of resampling schemes weakly optimal if for any fixed resampling
scheme there is one member of the class whose mean squared error is less than that of the
Axed scheme. However, we show that for any specified resampling technique, a class of UBS
techniques can be chosen which is weakly optimal. This establishes a limited superiority of the
UBS over other resampling techniques.

The behaviour of different i i above is ised in the
following table.

TABLE : CLASSIFICATION OF RESAMPLING TECHNIQUES

B-class R-class |
External Bootstrap,
Simple Residual Bootstrap, Weighted Bootstrap (Liu),
Regression Weighted Jackknife (Wu),

Weighted Jackknife (Liu, Singh), | Weighted Jackknife (Hinkley),
Paired Bootstrap,
STRONGLY OPTIMAL: i.i.d. GBS | Delete-d Jackknife, d > 1

STRONGLY OPTIMAL: i.i.d. UBS
External Bootstrap,

Multiple Weighted Bootstrap (Liu) ,

Regression | Residual Bootstrap, Weighted Jackknife (W),

Weighted Jackknife (Hinkley),
Paired Bootstrap,

STRONGLY OPTIMAL: i.id. GBS | Delete-d Jackknife, d > 1
WEAKLY OPTIMAL: i.i.d. UBS

We now discuss the conditions on UBS weights relevant to this chapter. The conditions
are similar to those of Chapter 3, but higher moment conditions are needed here.
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Recall that W is the set on which at least mg of the weights are greater than some fixed
constant k; > 0. The value of mg is > n/3. The weights are required to satisfy

B(w) = 1 (427

Pp[Kn > Z":w, >kn, K>k>0] = 1 (4.2.8)
=

PsW] = 1-0@*nt) (4.2.9)

K>02 > 0 (4.2.10)

en = O™ (4.2.11)

Cirigiy = O(n ¥l (4212)

k
Y iyia,... i satisfying Y4
=

k

¥ dydg,... ik satisfying >4 =4, Cirigoiy = O(n7F+?) (4.2.13)
=
x

Y iyig,...,ix satisfying > i; =6, Cirigeis = O(n7*7) (4.2.14)
=

8, Cirigoiy = O(n7FF) (4.2.15)

&
Y iy,dg,... i satisfying >
=

4.3 Second order results for p =1

Throughout this section we assume p = 1 and one dimensional versions of (4.2.3)-(4.2.5). This
is equivalent to assuming that for all i, 0 < k < |z;| < K < co. We also assume that the errors
are independent with bounded sixth moments. As mentioned earlier, some of the schemes below
will work under weaker restrictions. This section is for an easier understanding of the results to
come for general p, and also to relate to the first order results of Liu and Singh (1992). Hence
we do not consider the GBS scheme here but in the next section, and separately compute the
results for the delete-1 jackknife, which is a special case of UBS.
n
We use the notation Ly = > z7. If Ee} = r;%, then

=1

1 2
Vo= o ‘z o7 (4.3.1)

Under homoscedasticity of the noise terms, i.e. when 7;> ...,n, the expression for

variance of 3 simplifies to

(4.3.2)
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We assume the existence of the following limits.

an,

— lim ()2, J—
o= )" eo= limn”

z

"
5 =1 6.2, . i 5
oz = lim n T N = = =
2 = Jim D abns o= Jim S = i,

n
Let Yo =2 S~ ) Za =¥, 212(5, —?)

n =1

Recall that the definitions of variance estimators of resampling schemes are given in Chap-
ter 2. Recall also that the residual bootstrap and the weighted jackknife of Liu and Singh
(1992) belong to the E-class. In our first theorem we deal with the asymptotic expansions of
these two resampling techniques.

Theorem 4.3.1 Suppose the error terms have the same variance.
(i) (Residual Bootstrap) The variance estimate of the residual bootstrap satisfies

/3 (Vm — ) = Yo = (e 5? — 20 (B (B (Ez:"‘,‘n)
e + at ) (E i)+ Orn™)

(ii) (Weighted Jackknife Liu and Singh (1992)) The variance estimate of Liu and Singh’s
weighted jackknife satisfies

3/2 _ 122 =1 Ti€i 2 2 o =
n32(VyLs — vn) = Yo — n~ V3o (m) —a?7% + Op(nh)

A simple computation shows that the second order term for the residual bootstrap has a
greater mean squared error than the second order term for the weighted jackknife of Liu and
Singh (1992). However, the weighted jackknife can be bettered by a strongly optimal GBS
technique. We prove this in Section 4.4.

‘We introduce some notation to present the results for the R-class. Let

3e.
me e me g =

oSy —adyl? T
H= 512 f Q=nHp
3
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Theorem 4.8.2 (i) (Delete-1 Jackknife) The variance estimate from the delete-1 jackknife
satisfies

WYV = V,) = Zo + 1 2Q — a'ag + 20°m] + Op(n”")

(ii) (Esternal bootstrap Wu (1986) and Weighted Bootstrap Liu (1988)) The variance esti-
mate from the esternal bootstrap and weighted bootstrap satisfies

n¥/%(Vgps — Va) = n¥*(Vws = Vi) = Zn +n7/2Q + Op(n™)

(iii) (Weighted Jackknife Hinkley (1977) ) The variance estimate from Hinkley’s weighted
jackknife satisfies

n3/2(Vyg = Va) = Zn + 0 Y2[Q + a’ag + Op(n7!)]

(iv) (Weighted Jackknife Wu (1986)) The variance estimate from Wu'’s weighted jackknife
satisfies

n32(Vyw = Vo) = Zn +n72[Q + aBay] + Op(n7")

(v) (Uncorrelated Weights Bootstrap) The variance estimate from the UBS under (4.2.7)-
(4.2.15) satisfies

n¥2(Vyps = Va) = Zn + n7/* Ty + Op(n”™")
where the second order term is given by
T, = Q + 302 cpaagys — 20nczaban +n(30cii2 — 20nc12 — cu)atao

The various mixed-moments determine the term Ty, in Theorem 4.3.2 (v), and hence the
exact second order value depends on the sequence of random weights used in UBS. For
particular choice of weights, the above expression simplifies considerably, and we present some
important special cases as a corollary.

Corollary 4.3.1 (a) The variance estimate from the paired bootstrap satisfies
n3/2(Vyps — Va) = Zn + 0" Y%[Q + 3a8a0y2 — 2a%e] + Op(n™")
(b) The variance estimate from the UBS with i.i.d. weights satisfies
n3/2(Vyps — Va) = Zn + n~2[Q + 302a8agye — 20ncsa’an] + Op(n™?)

In particular, if the weights are symmetric about their mean, then the second order term is
Q + 302afagye.
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Observe that all the second order terms in Theorem 4.3.2 and Corollary 4.3.1 are of the form
Q +c, for some constant ¢ depending on the model conditions and the i hni
involved. Thus the mean squared error for such terms is Var(Q) + (1 + c)?, where EQ = p1 =
a8 (a2agyz — 2a1). The minimum mean squared error is achieved when +c = 0. We say that

ar ing scheme is i second order optimal if this happens. If 72 = @ =1,
then the delete-1 jackknife is sccond order optimal. If @, = a®ag¥z, then the paired bootstrap
is sccond order optimal. Note that the sccond order term for UBS depends on o2 and ¢3. So
the performance of any UBS scheme can be characterised by the second and third moments
of the weights. For a UBS resampling scheme with i.i.d. weights to be second order optimal,
the following relation must be satisfied.

Pagre(l + 302

= 201 (1 + onca). (4.3.3)

Suppose the additional model condition (4.2.6) holds. If we assume that the weights come from
a distribution that is not skewed, and their variance is given by

201 — o?a
o2 = 2 072

R o (4.3.4)

then the resulting UBS is second order efficient. The additional model condition (4.2.6) comes
from requiring that 2¢; > a®agys. Thus it is seen that under very general conditions, a UBS
resampling technique exists that is superior to other techniques. Under other less general model
conditions we have shown that the paired bootstrap is also optimal. The delete-1 jackknife is
also optimal under certain other restrictions on the model. These are other examples of UBS.
Consider the problem of estimation of the common unknown mean if all the error variances
are equal. Then all the z;'s are equal to 1. Then Y, = Z, = n"Y/2 (e} — o). So in
this particular model the distinction between E-class and R-class does not remain and all the
resampling schemes have the same first order behaviour. The second order term for residual
n
bootstrap, weighted bootstrap, and external bootstrap is —n~'(3_ e;)?. For the delete—1
=t
jackknife, weighted jackknife (Liu and Singh), weighted jackknife (Hinkley), weighted jackknife
n n
(Wu) and paired bootstrap, the second order term is —n™'(3_ €;)? +n~ > ef. Note that in
i=1 =1
this special case (4.2.6) is satisfied, and the variance requirement in (4.3.4) is that o = 1/3.
Consider the two point discrete distribution supported with equal probability on 1 % 2 An
UBS with i.i.d. weights from this distribution is efficient. The different resampling schemes

n n
with second order term equal to —n (3" €;)2 + 17> €7 are all efficient. This, in particular

i=1 i=
proves the superiority of the delete—1 jackknife over the residual bootstrap for the restricted
model under consideration.
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4.4 E-class bootstrap: second order results for p > 1

In this section we discuss the conditions under which a GBS belongs to the E-class. Assume
that the elements W;; of W satisfy

EWy = 0, 1<ij<n (4.4.1)

Var Wij = 02>0, 1<i,j<n (4.4.2)
Corr (Wij, W) = en=0(""), j#k V1<i<n (4.4.3)
Corr (Wij,Wix) = 0, 1<i#1<n, Vjk (4.4.4)

As in the case of UBS resampling schemes, the most crucial conditions are (4.4.3) and (4.4.4).
For the residual bootstrap, observe that Wo = W — J. Also, rows of W are independent.
So the above conditions are satisfied with

EgW = J (4.4.5)
, _ n-1
o = T V1<ijs<n (4.4.6)
L <i< 44.7)
e ST i#kV1lsisn (4.4.7)
Theorem 4.4.1 shows the consi of the GBS and establishes the second order results under
the above assumptions. Recall that the definitions of variance esti i here are

given in Chapter 2. Let us define

di=7p+en 3 (Px)il  dz=7[p+en X ((Px))iy — (n°oh —n)]
i i
Theorem 4.4.1 Suppose that the multiple linear regression model satisfies conditions (4.2.3) -
(4.2.5) and the errors are independent with finite eighth moment. If the resampling is done by
using weights satisfying the conditions (4.4.1)-(4.4.4), and the residuals R, then the following
ezpansions hold for the two variance estimators given in (2.6.3) and (2.6.4)

1 Y(e2-12)
w2 iz

1 2—12)  d; = o
Vepe - Ve = (ml:gz—’—)—n—g+op(n 5/2)}{nG1}

d -
Ve —Ve = — 2+ 0P )}HnG '}

Thus Vg is consistent, and Vgpg is consistent if lim no? =1.

Theorem 4.4.1 shows the consistency of both variance estimators using the GBS in ho-
moscedastic linear regression models. Note that the variance estimator Vgp is very general
and is valid for all choices of o2. However Vgp requires no2 — 1. We now state a corollary of
Theorem 4.4.1 to take care of the important special case of residual bootstrap. This corollary
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uses the identification of the usual residual bootstrap as a GBS with the variance estimator
being Vgpe. Let

G Pt 1 (@) dis = 72— n EEL ED))
= Ta}

Corollary 4.4.1 Suppose resampling is done by using the classical residual bootstrap. Then
the following ezpansions hold for the variance estimator in multiple and simple linear regression

respectively
d;
Vep1 —Ve = - n—i +0p(n™*")HnG ™'}
d n
Vep2 = Ve = *"Lf"‘OP(n’S/z))(ﬁ}

The second part of Corollary 4.4.1 matches the corresponding calculations in Section 4.3.
Based on the second order terms of the variance estimate, a ison of different

schemes can be made. As in Section 4.3, we call a resampling scheme second order optimal if
the second order term in the variance estimate of that resampling scheme is smaller in absolute
value in comparison with other schemes. We now discuss a special GBS scheme, that is always
second order optimal, in the sense that its second order term is identically zero. Suppose

;o . n+p
{Wij, 1<i,j<n}arei. pe
These random variables are easily seen to satisfy (4.4.1)-(4.4.4).

.d. random variables with mean zero and variance o3 =

Theorem 4.4.2 Under the conditions of Theorem 4.4.1, if a GBS resampling is done with
th
i.i.d. mean zero weights having variance 0% = ;’” . and if the bootstrap variance estimator

z
is Vgpz = Ep(6p — B)(Bp — B)”, then

1 2 _ 2
Vom - Vi = (= 27T 4 0p(m /) (nG 1}

Thus, this GBS technique is always second order optimal.

As stated earlier, for homoscedastic linear regression models, the E-class resampling schemes
are better than the R-class ones by a comparison of the first order terms. Within the E-
class, Theorem 4.4.2 shows that i.i.d. weights GBS is the best. Apart from the efficiency

id let us also ise the signi i d of using i.i.d.
weights over other resampling methods.

4.5 R class bootstrap: second order results for p > 1

Liu and Singh (1992) showed that the paired bootstrap, the delete-1 jackknife, the external or
wild bootstrap and the weighted bootstrap belong to the R-class. In Section 4.3 we showed
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that the weighted jackknives proposed by Hinkley (1977) and Wu (1986) also belong to the R-
ass. From Chapter 3 it follows that all the different delete-d jackknives belong to the R-class.
We have already commented earlier that the paired bootstrap and the delete-d jackknives are
special cases of the UBS. Recall that the external bootstrap is a GBS technique for which
W is diagonal with entries that are i.i.d. observations from a random variable with zero mean
and finite variance. It has been observed earlier (Liu and Singh (1992), and Section 4.3 here)
that the variance estimator for the weighted bootstrap of Liu (1988) is same as that of the

external bootstrap, so we mention the result for the external bootstrap only. In this section we
will study the second order properties of the external bootstrap, the UBS, and the weighted
jackknives.

Let us introduce the following notation

T = diag(r?, 1<i<n)
T, = diag(e}, 1<i<n)
n
D = diag(=27}((Px))ii + Y 72((Px))}, 1<i<n)
a1
& = A (XTX)
Dw. = diag(6ini®, 1<i<n)
F = X'(T,-T)X
s = X"px
Theorem 4.5.1 Suppose that the multiple linear regression model satisfies conditions (4.2.3) -

(4.2.5) and the errors are independent with finite eighth moment. Then the following ezpansions
hold for the variance estimate
(i) ( External Bootstrap )

1 . _1/2 =
Vem = Ve = —55{nG ' }{n V*FHnG}
+n"H{nG HSHnG '} + Op(n~%/2)
(ii) Weighted Jackknife ( Hinkley )

Vim=Ve = Z{nG T HnPRHAG )
+n"2{nG7 XTTX + S}HnG™'} + Op(n~%/?)

P
(n—p)
(iii) Weighted Jackknife ( Wu )

Vaw=Vi = = {nG~Hn V2R G
+n" 2 (G HXTDw.uX + S}HnG 1} + Op(n~%2)
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(iv) UBS  satisfying (4.2.7)-(4.2.15)
1
Vups = Vk = m(nG")(n"/zF}{nG")
P G HXTMX NG Y + Op(n=2) where
N
My = onBears®(Px))i + ez 3 7o’ (Px))ial + 3 7a” (Px)fy — 20mesmi® (Pu)fs
a#i a=1

=212 (Px)i + 205ea1mi” Y (Px))ia
a#i

My = onl2ea {r*((Px)a((Px))is + 7:2((Px))js(Px))is}
+ean z 722 (Px))ia(Px))ja + c211(mi2 + 752) 3 (Px))ia((Px))ja
aFig ati

+ea {2 (Px))i((Px))is + 7:2((Px))55(Px))is})
+e11(Y 7a*(Px)ia(Px)ja)

—eur;® + 17)(Px)ij + onlea (1® +7,%) (P)is)

The exact expression for the different delete-d jackknives and the paired bootstrap schemes
can be calculated by imputing the exact values of the different moments involved. Let us
compare the second order terms of the above expressions from external bootstrap, Hinkley’s
weighted jackknife and Wu’s weighted jackknife. It can be easily seen that both these weighted
jackknives are better than the external bootstrap, as seen for p = 1 case. But it is also of
interest to see how UBS with 4.i.d. weights performs, since that yielded the second order
optimal results for p = 1, based on a particular choice of o2 (see Section 4.3). For general p,
this involves expectation of matrices, and we have to see how close different matrices are to the
(p x p) matrix whose all entries are zero. We take two criteria for comparing matrices. .

The first one is based on quadratic forms. Consider two (n x n) matrices A and B. If both
are positive definite, say B is closer to the zero matrix compared to A if A — B is positive
definite. If A is positive definite and B negative definite, we say B is closer to zero than A if
A + B is positive definite. Essentially, the criterion checks whether for every quadratic form

Criterion 1 [€TA¢| > |¢€TBe| (4.5.1)

Criterion 1 is based on a comparison of all the eigenvalues of B and A. If either of the
matrices has both positive and negative eigenvalues then instead of comparing every quadratic
form, we can use a criterion that reflects the average behaviour of quadratic forms. The second
criterion is a relaxation of (4.5.1), where we desire that the absolute value of the average of
eigenvalues of A is greater than the corresponding quantity of B.
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Criterion 2
[tr(A)] 2 [tr(B)| (4.5.2)

Here tr(A) denotes the trace of A. Trace induces an inner product and hence a norm on M,
the space of all (n x n) matrices by < My, M, >= tr(M;MJ). Note that the matrices A and
B that occur as second order terms in the variance are symmetric matrices, so if we take a
decomposition A = A, AT and B = B, BT, the trace criterion compares the Euclidean norms
of Ay and By, viewed as vectors in R"’. Apart from the above two criteria, other possible
criteria for comparison are the absolute values of determinants of A and B, or the maximum
and minimum eigenvalues. However, in our case both A and B involve sums of matrices, and
these criteria are not easily applicable.

We call a resampling scheme second order better than another resampling scheme if the
second order term of the variance of the first one is closer to the zero matrix than that of
the latter. We will explicitly mention which criterion we use for comparison. In the multiple

regression we provide a range of values for o2, on the i and

eigenvalues of certain matrices, for which the i.

d. UBS performs better than any other specific
resampling scheme. Whether there is a single choice of o2 with which i.i.d. UBS will perform
uniformly better depends on the design. We make the additional model assumptions

XTDX <0 as. (4.5.3)
XTUX >0 as. (4.5.4)
where Uy = diag(_ 72((Px))%, — 27:2((Px))%). For the multiple regression model assumption

a#i
(4.2.6) translates to (4.5.3), and the one-dimensional equivalent of (4.5.4) is a triviality. Before
stating the theorem on optimality of the i.i.d. UBS, let us introduce some more notation. Let

- :{ Zat 72 (P))] ifi=j
T L @)a(P)is + TA(P)j5(Px)yg} i # 5
Amaza = max €'XTAXE,  Amina = guin €7XTAX¢

for any symmetric matrix A. It may be observed that the variance expression for i.i.d. UBS
as stated in Theorem 4.5.1 is

Vuss - Vi = #(nG"}(n"”F){nG”)
+n"H{nG o2 XTUX + S}HnG 1} + Op(n~5/?)

The following theorem has four parts, where part (i) and (i) are based on Criterion 1 and
the other two on Criterion 2.
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Theorem 4.5.2 Assume the conditions of Theorem 4.5.1 and the model conditions (4.5.3)-
15.4). Suppose two R-class resampling schemes are used to estimate the variance, one of
which is a UBS with i.i.d. weights having mean one, skewness zero and finite fourth moment.

(i) Suppose the other resampling scheme has (XTX) ™' XT(D+A)X(XTX)™" as the second
order term in the variance, and XT(D + A)X > 0. Then if

_ Amin(2D+A) <ot< AminA
AminU AmacU
the UBS technique is second order better than that resampling scheme, in the sense of Crite-
rion 1.
(ii) Suppose the other resampling scheme has (XTX)™'XT (D+A)X(X"X)"" as the second
order term in the variance, and XT(D + A)X < 0. Then if
AmazA _ 2 o _ Mmaz(2D+A)
Aming = "7 AmazU
the UBS technique is second order better than that resampling scheme, in the sense of Crite-
rion 1.
(iii) Suppose the other resampling scheme has (XTX)1XT (D+A)X(X"X)™" as the second
order term in the variance, and tr(XT (D + A)X) > 0. Then if
tr(XTAX)
tr(XTUX)

tr(XT (2D + A)X)
T (XTUX)

<an<

the UBS technique is second order better than that resampling scheme, in the sense of Crite-
rion 2.

(iv) Suppose the other resampling scheme has (XTX)™1XT (D+A)X(XX)"" as the second
order term in the variance, and tr(X7 (D + A)X) < 0. Then if

tr(XTAX)

< tr(XT (2D + A)X)
r(XTUX) —

tr(XTUX)

or< -

the UBS technique is second order better than that resampling scheme, in the sense of Crite-
rion 2.

The above theorem provides four intervals as range of o2 for UBS to be second order better
than the other resampling scheme. In the course of the proof it follows that Aminu > 0, so that
the denominator in the above theorem is always positive. Also, the model assumptions makes
the intervals of parts (i) and (iv) of the theorem pty, and have pty i i

with the positive half of the real line. Additional assumptions are required to guarantee the
same for the intervals when using Criterion 1.

When p = 1, in Section 4.3 we showed that the UBS is second order optimal in the sense of
being second order better than any other resampling scheme. Theorem 4.5.2 shows that while
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using Criterion 2 the same result holds, under the additional but mild assumption that for
the resampling that is compared with UBS, the trace of the matrix in the second order term is
non-zero. If one uses the much stronger Criterion 1, this optimality holds under extra model
conditions which are fairly relaxed.

4.6 Results from simulation experiments

As an illustration we consider the design matrix from the oxygen uptake data from Rawlings,
Pantula, Dickey (1998, page 124). Since in our results the design matrix is fixed, we take the
design matrix from this data as fixed, and vary the response variable. We fix a set of five
parameter values, all between 1.79 and 2.31, and vary the noise process to generate different
sets of data, then estimate the parameters using least squares. In this framework we study the
distribution of the cstimated variance of the contrast given by (~0.25, —0.25, —0.25, —0.25,1).
Our extensive simulations with other linear combinations of parameters and different design
matrices yield similar conclusions.

With noise variances fixed, the actual variance of the least squares estimate (say V) is

known, and for every noise seq and every ing plan this is Say for a
particular resampling plan the variance estimator is called Vp. Our theorem states a relation

like
n¥%(Vg —V) =V; + Rp

with Vy being the lead term in the expansion. We wait to check whether the residual terms R
differ significantly across hniques, and whether for reasonable UBS techniques
the residuals are indeed small. We present the density plots of n¥/2(Vp — V) for three different

kinds of independent noise random variables with data size 15 and 31.

Figures 4.1, 4.2 and 4.3 uses data with size 15, by considering the first fifteen design points
from the oxygen uptake data. Figures 4.4, 4.5 and 4.6 consider the full design matrix based
on 31 observations.

The noises are generated as follows. Let 7; = 2log(i + 2). For Figures 4.1 and 4.4, the
it noise was generated from Normal(0,7;2) distribution. For Figures 4.2 and 4.5, the i**
noise was generated from Ezponential distribution with mean 7, which was left shifted so that
the mean became zero. For Figures 4.3 and 4.6, the " noise was generated from Gamma
distribution with parameters 10 and 7;, which was also left shifted so that the mean became
zero.

Although our theorems on optimality of UBS depend on choice of o2 (the variance of
the weights), in order to check the performance of i.i.d. UBS schemes generally we ignore the
variance conditions of the theorem, and simply work with weights from distributions with mean
one, skewness zero and finite moments. The two i.i.d. UBS schemes chosen for simulations are
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as follows. The first one is a two-point distribution, putting equal masses on 0.15 and 1.85, this
we call discrete UBS. This is a slightly modified version of the optimal UBS for the variance
of the sample mean in the one-dimensional case. The other UBS scheme uses weights from a
mean 1, variance 1/3 Uniform distribution, and is called Uniform UBS.

The estimated densities are denoted as follows:

‘Wu's jackknife - dashed line (Figure A, 4.1- 4.6).

Hinkley’s jackknife ~ dashed line (Figure B, 4.1- 4.6).

Standard delete-1 jackknife - longer dashed line (Figure B, 4.1- 4.6).
Uniform UBS - dashed line (Figure C, D, 4.1- 4.6).

Paired bootstrap - longer dashed line (Figure C, 4.1- 4.6).

External bootstrap — longer dashed line (Figure D, 4.1- 4.6).
Discrete UBS — dotted line (all figures). )

Simulated data density - solid line (all figures).

As the figures show, the Discrete UBS, Uniform UBS and Wu's jackknife estimate the
densities remarkably well, even in small samples. Hinkley’s jackknife also does reasonably well,
although there is some underestimation of the right tail. The paired bootstrap performs very
badly with small samples as expected, but does reasonably well even with moderate sized
samples. The usual delete-1 jackknife and external bootstrep perform poorly. The external
bootstrap also suk jall d i the right tail, even for n = 31. We have checked
with data sets of size 80 and found that the bias in delete-1 jackknife and external bootstrap
persists.

[ I S o e

The figures show that in small or moderate sample sizes the i.i.d. UBS is distinctly better
than all resampling schemes, with Wu’s jackknife being the only scheme that is comparably
good. It may be mentioned in the context of the weighted jackknives that the use of the
diagonal elements of Py is very special to the least squares estimation and linear regression.

On the other hand, the UBS schemes can be easily set up for other types of regression
problems, see Chapter 7. Given that its performance is comparable to Wu’s jackknife in linear
regressions, it would be worthwhile to study it in other i bl The p
of the weighted jackknives may improve further if instead of delete-1 jackknife, a delete-d
jackknife is used, but then computational difficulties and data storage problems eliminate any
advantage. In any case, the theoretical edge and the computational advantages that UBS has
over other schemes still remains.
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Figure 4.1: Normal distribution, data size=15
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Figure 4.2: Exponential distribution, data size=15
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Figure 4.3: Gamma distribution, data size=15

Figure 3A

Figure 3B

1.5*100-5

5*10°-6

0

-5*10Md  5'10M

Simulated, Discrete, Wu

Figure 3C

-5*10Md  5*10M

Simulated, Discrete, Hinkley, Jackknife
Figure 3D

1.5*10M5

51006

0

-5"10M  5*10M

Simulated, Discrete, Uniform, External

63



SECOND ORDER VARIANCE COMPARISON

Figure 4.4: Normal distribution, data size=31
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Figure 4.5: Exponential distribution, data size=31
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Figure 4.6: Gamma distribution, data size=31
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4.7 Proofs of theorems: p =1 case

67

Lemma 4.7.1 Under the assumption of homoscedasticity of errors, the following relations

hold:

dent with mean zero, variance tausq and finite sixth moment. Fix e > 0.

n
-1 > < e ?E(Y (¢ -1)°

i=1

n
2By (ef - 77)°
i=1

— Oasn— o0

(b) Here we work under same conditions as in (a). Again fix € > 0.

P[\—Zx1e.472\>6] - Puiiz?(e?—#n»]
< el E[Zz (e -
< €2 ! EZz, e — 7%

Il Oasn—)oo

Lemma 4.7.2 Under the ion of h icity of errors, the
hold:

(a) LQZze 2 ey

=1

O foe? B afay
L“ i=1

. en ate indepen-

relations



68 SECOND ORDER VARIANCE COMPARISON

Proof of Lemma 4.7.2 (a) We have ey, ..., e as independent random variables with mean
zero, finite sixth moment and V(e;) = 7;°. Fix € > 0.

n
Plln? Zz‘*e —a|>2] = Pln'Y gzi(e} -~ n?)| > ¢, for large n

=
n
< ;%’W[Zﬁ(ﬁ -m2)P
= € ’QEZI e — 72
— 0Oasn— oo
(b) Here we have the same set-up as part (a). Again fix e > 0.

2(e? — 7,2)| > ¢}, for large n

n n
Pt a2e? —ag| > 2] = Pln7'y
= =
a
< (Y ad(el - )
=
n
= BN al(e] - 70)?
=

— Oasn— oo

Proof of Theorem 4.3.1(i) The residuals from the regression problem are denoted by

ri=e—(B-Pzl<i<n
112 2
Ve = X

- & i(e? + (B = )%} = 2B~ Bzie)} - -7

= T JL X

1
nLn

& =n7 =0~ (D e + p (L) (a0
 i=1 =1

(Zz;e, Zea Zzzl

n =1

Thus we have

1 'l -
n¥2(Vp —va) = n®?Y (e =) —n~'n¥%(5 - B)?
n i=1
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——-nm[(ze-)’ +iz L met(Ca?
n i=1 i=1
—ZL—(Z zae.)(z e;)(z )]
n =1 =l i=1

1
= Ya- gp(Xwm)

where
Y, = f‘;nlﬂ i}(e, -7?)
Xin = "‘"’i‘g me)) + nLinug e
—an3( — B3 Vo) (3 ae) + (2B — (S )]
& & &

are all bounded in probability. This proves Theorem 4.3.1(i). L]
Proof of Theorem 4.3.1(ii)

J,
Vas = ﬂz(n— 2 Z ¢

where from the definition of pseudo-value we have J; = nfj — (n — 1)B(—) where B(_; is the
estimate for 8 with the i,, observation deleted. Thus

/3)

Ji
= nf—(n— 1)5(-6)

= ﬂ+nmzz,ve,—(n—l)

1
= B+ni- ~n—2$,e,(l+—7)+ﬂ z.v:.(1+—7)
n
2
+—-Zz,e,(l+———)——‘z,e‘(1+ —a:i)
P U VP S SOy S
Lo &9 —af Lo La—a}
z? 1 a?
— el + —
Ln—:ci) L,.'e‘( Ln—z?)

1
= ﬂ—n—Ez,e,—i g z.e.(l+

1
_lieq
; ane‘( +i
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Let iy = 5 (1 + €ni) 50 that eni = 5 isa O(n™") term. Thus we have
g ?

- 1 1
Ji-B = e~ o —nial 2(1 +em)2a:]e,
1
—Ez|e;e"‘ nﬁz Sei(1 + €ni) +1z ‘(1 +em)ZzJeJ (4.7.1)
=
and hence
si-B
@i
1 1 1 1 L
= et L—n[—e. + nL—"zfe,(l + €ni) — nL—“z,(l + em)g:t,e, — ei€nil
1 n
+L‘2x;(l +€ni) Zz,e,-
= 7<n —lei+ngz (1 + eni)aiei — ﬂA (1 + eni)zi(B — B)
1
 eniei + 1+ )i = B)
o n
So we have

(- B
Z,;( 2[3)
= (n-1)? an:e +n —2<1+e,..)21 & +n —(ﬂ ﬂ>22(1+e,..)’ @}

i St w87 S0+ ena? + 27(71 —Dn 301+ el
ni=1 n i=1

i=1

2550 = DB - B) iu + endics =25 (n 1) Zeme
+2—(ﬂ -1)(B-8) Z (1 + eni)aie — 2—3n2(l§ -B) Z(l + eni) ol

‘2_"2571.1(1 + eni)zle} +2 n(B— ﬂ)z (1+ eni)’alei

+25gnlp=9) iem {1+ enaies ~ 2gn(B = 0)22(x+em)’zf
%
—27(13 B) iim 1+ €ni)Tie
=

1 1
2 2, 2
(n—1) IT%;E“fn o

]

zie} +n—ﬂ ﬁ)z+—(ﬂ 8)*

i
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1 > 2.2 1 3 2
+2—(n— 1)y afe} — 2—(n — Dn(B - B)
L“ =1 L“
1 3 2 1 2(3 S 3,
+2—(n—1)(5 — B)? — 25n*(B - B) D_zles
L" L" i=1

s ) La
2ggnB- S ate =3B - O 4 g Dk aelel
15

+n —Zem<2+em)z 5 Zeme,+ 2(B—ﬁ)22";e..i<2+em>z3

+27(n— l)nZemz e -2 (nf n(B - ﬁ)zemz,e.

—2-(n ) z 24 2~z<n 0B~ h) ze...m

—27#(3 -8 Z €ni(2 + €ni)zde; — 2L—gnzlem»(1 + €ni)zie]

+2gn(B= D)3tz + leles + 2B =) 3 ensl 4 eniie
n i=1
—2gn(d - B)*Zemuem)z Ll, B3 e+ enloie
= <n—1)’ Ze +n —(/3 ﬂ)2+2 (n—l)nZz e?

—zLim ~ (B~ B + Op(n ™)

And hence we have

Vis =

_ 1 2L 5 g2 1
= m(nfngeﬁ"ﬂ(ﬁ—ﬁ) +2— Zze
1,
~22(B—B)? +0p(n*)
So we have
n/2(VaLs = vn)

EREYIE S Y SN
W St ) B Ze‘

+2n3/27— Zz - 2n]/2;{n]/2([3 — B +0p(n")

Lt B = B

= Yo+ n-‘/2x3.. + O,,(n")
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where
Yo = a2l 3 -7?)
La i=1
Xan = {n/?(B-B)(-1+

Note that X3, is bounded in probability. This proves Theorem 4.3.1(ii). L]
Proof of Theorem 4.3.2(i) We have

ud s

S -8y

=

1 n
= (n-Digy Yalel +n 72(“5“.)’:%. +n f(ﬁ ﬂ>22(1+em>2 ?

Lzzemz e} +—(ﬁ ﬁ)ZZ(H-ém)z +2(n—Dngy 2(1+em)z,ef
—-2(n— 1)n7(ﬁ 8) Zu + €ni)zies — 2(n — 1) Zemz,e‘
+2An =1z w ﬁ)them)z,e, ~otey B ﬁ)Z(Heﬂ.)?z‘e.
—2n%26m(1 +en)zie? + Zn——(ﬁ ) 2(1 + ezl
+2n—(ﬁ mzeﬂ(usm)z =~2n~(ﬁ ﬁ)’E‘(lJrEm-)’z?

*24(11 ﬁ)zem (1 + eni)zdes

= (n—1)2§213e3+n2L—42“ +n—[5 ﬁ)zzz

sz ) Zz +2(n-l)n£"‘z“‘z,e‘72n-l)n - ﬂZ“:
+2(n =1z (ﬁ azze.—zn 3(13 ﬂzxe‘

+2n [3 ﬂ)Zze,th—(ﬁ ﬁ’izf
+n725m2+em)z1e,+nfﬂ B) Een,2+em)x

+§Zei,z?e‘ sz ) Zém2+€m)z‘+2n—ln Zs,,,a:e
n =1 =1
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—2(n— 1)" (ﬂ B) Zemz. e —2(n— 1)— Ze,..z, i

+2(n— 1) ([5 B) Zemz, e — 2n* (13 -B) Zen.(Z + eni)aiei
=1

—Zn— Z eni(1 + €ni)aiel + 27&5(!3 -8 2": €ni(2 + €ni)aies

+2"*(ﬁ B) z€m(1 + €ni)ziei — 21'—(ﬁ B? zém(z + eni)a}

—2—w B) iem 1+ en)ades
i=1

-1z LS a2+ 11.242([; —pp izg 2= 1)nLi’3‘

=

—2(n— l)n (ﬂ B) Zz. e +Op(n™/?)

Therefore
Vi
- 32
= A
—-11
- rollsaa +—fw B)’Zx‘w—siz

i S

,g_w B) Zz i+ Op(n™/?%)

And hence
— 1 L
Wy -y = el o 7'al)
Lo
32 ( T 2{n 12— B)}’Zz RO DI
3 s
_2,,3/25_2{,,!/2(5 - B)} zn*‘“z%, +0p(n7h)
n i=1
= Zy+ V2T + Op(n™h)
where
Lo
B = LS )
m =1
1, 14 25~ 14 _on2 L 123 5~ /253
Tin = LB =AY on Tt = 2t (B - Ay o e
2 = H p=1
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+2n

=t

Note that Z, and Ti, are bounded in probability. This proves Theorem 4.3.2(i).
Proof of Theorem 4.3.2(ii)

Vexs = Vws =17

1¢ 5
= 3 aH(yi — Bi)?
n o1

= By h )
1%

= B G-+ - 2meB-B)

R S RACRY L SR RO z“,

Thus we have
n%/2(Vexs = Va) = Zn +n~"/?Ton
where

Zn =

Ty = n%{n‘ﬂ(iﬂ—ﬂ»’irif2’1’%(""2(&—ﬁ»Z""/’z?ﬂ
n i=1 L i=1

Note that Z, and Ty, are bounded in probability. This proves Theorem 4.3.2(i7).

Proof of Theorem 4.3.2(iii)

Van =1 1)32( » ')(J B2
We have
Ji-B = E"—xz[z‘e‘v:c. Zz,e‘]
e~ (5~ 9)
50

2

(i - B = (n—l)2 [Ie +3H(B - B)* — 2B - P)zle]

(4.7.2)
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and hence
n¥2(Vig = Vi) = Zo + 07/ ?Ts,
where
Zn = nmf‘% iz?(ef -r?)
i
Ton = = 11%
Note that Zy and T, are bounded in probability. This proves Theorem 4.3.2(iii). ]

Proof of Theorem 4.3.2(iv)

VJW

= ZLn, Sla?e? + 2t (B — B)2 — 2(B - B)aiei]
= zztzen (B-B)? - 2B - B)alel]

+§ 2 enile?e? + 2 (B - B)? — 2(B — B)alei]
n i=1

= ﬁai[z e? +af(B— B — 2B - Palel + oz ):emz €2 + Op(n~*?)

= 2 222+ a}(B - B ~ 25 - B)atel % - aled + 0pln~/%)
& i

so that
n32(Vyw = Vo) = Zn + 1" Y2Ty + Op(n™")

where

L a

Zn = n¥? Zz?(e? -
[ ot
. 1 &
My, = L—gzz,‘e. (ﬂ ﬂ)’Zx ,2 (ﬂ ﬁ)Zz e

Note that Z, and n~2T4, are bounded in probability. This proves Theorem 4.3.2(iv). []

We now present the proof of the result for resampling with UBS. We use the notation Wo
for the standardised weights (2e=1).
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Lemma 4.7.3 The following hold for resampling with UBS in linear models

Ba(3 Wish)t = O(n)

Eg(3_(wi — )a})* = O(n?)

i=1

Bo(3(wi — Daiea)? = Op(n?)

i=1

n
Es(Y Wiziei)' = Op(n?)
=

(4.7.3)
(4.7.4)
(4.7.5)

(47.6)

Proof of Lemma 4.7.3 Note that it is enough to prove (4.7.3) and (4.7.6). Because of (3.2.20),

the other two relations follow.
We have

n n
Ep(L Wied)! = Ea[} Wil +33% WiWrziah + 43 WiWiala}
i=1 i#] i;

i=1

i#]

+6 WEW;Wizialad + VAR A
LA itk J et }

ikitk kAL

= 0O(n?)
For (4.7.6), we have

a n
En(Y Wime))! = Eg[3 Wislel +33% WEW2alalele? + 4y WiWjaizjele;
i i#)

i=1 i=1 i#5
+6 Y WEWWislzjareleser
itk

+ Y WiWWiWaizssmieieserel

i#jERAL
= Op(n?)

We also have the following result.

Lemma 4.7.4 The following hold for resampling with UBS in linear models

Ba(3 Wieh)® = 0(n®)
Ba (3w - Vel = O(n?)
&

Bo (3 (i — Died)® = Op(n?)

i=1

a
Es (3 Wizie))® = Op(n®)
=

(4.7.7)
(4.7.8)
(4.7.9)

(47.10)
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Proof of Lemma 4.7.4 Note that it is enough to prove (4.7.7) and (4.7.10). Because of
(3.2.20), the other two relations follow. We state a series of relations, which in turn prove the
required result. All these relations in this series can be verified by direct calculation. Use the
notation Y to indicate the sum over the set of indices a # b # ¢ # .... We also use e as an

abe...
index, however there is no scope for confusion with the noise term.

"
By Wiale] = Op(n)
=
b n
Eg) Wicl? = Op(n)
i=1
Ep Y WiWiazlelme, = O(n?)
ab
Ep Y WWizi’zi = O(n?)
ab

Ep Y WiWgalzy = O(n?)
ab

Ep Y WiWizieiate; = O(n?)

ab
Ep Y WiWizielzje; = O(n?)
b
';ZE S wiwalay = o(n?)
b
EpY W:va;cz:egzbr:nwc = 0O(n?
abe
Ep Y WiW,Wealaial = O(n’)
abe
Ep S WiWiWzielaherace. = O(n?)
be
’ cEE S WIWEWealsisl = O(n)
abe
Ep S W2WiW2zlelaieiarel = O(n®)
abe

Ep ) WeWiWicizia: = O(n)
abe

2
Ep 3 WiWW Wazieszrerzcectaca = O(n)
abed
Ep 3 WiWyW Wazizizliai = O(n’)
‘abed
Ep Y W2WEW Waslelaieizceczaea = O(n?)
abed

Ep Y W2WiWWassaialey = O(n?)
abed
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Es Z WEW, W WaW, a2l nperteectaeqteee = O(n?)
Ep Y W2WoW W Werizir2ela? = O(n?)
abede
Ep Y WaW,WWaW W zoestertcectacaTecetes = O(n?)
abedef

Es Y, WaWoWWaW Wyzizizlelale} = O(n?)
abedef

Proof of Theorem 4.3.2(v) We have

fa-p =
= i[i(w-—l)x-e-]+iw-z-e-[;—;]
L[t Dol + wmelgy S — 5
= Cn+Dy
where
1>
Cn = L—[E(w.-—l)Ziei]
" i=1
n
D, =
Define the following

T, - [Tl = DoelZ0 o= e
- T w21
5 o el = D

[Ch wiz](Tr, 23]
T = [Z._l(m—l)zmllz‘, Ly (wi — 1))
1

T = Eilo—DoelSL w - Daf?
" [ wigfl[iy o717
n 2

Ton =

q
w; — D)a?]?
Tan = Jai]

(Sl - Dol Syl = NP
T = e Tl 1P
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. n (w; — )22
Tyn = (ﬂ—ﬁ)[—zj—‘(n’”ﬁ%
[t o~ 2P
T wlli: ]

Using the above terms, we have the following relations

Ton = (B=5)

Dp = —Tin—Ton
Tin = Tsn—Tin
Ton = Tsn—Ton
Tin = Tiin — Tazn
Ton = Tein — Toon
We show the terms involving
T2,,T2,, TinTon, TanTsn, TinTsn, TsnTon: T3nTen, ToznCny TaznCn

are negligible, and explicitly calculate the rest of the terms, i.e.

C2,T2,,T2,, TsnCh, TsnCrs TsnTsn, To1nCn, Ta1nCn

on *EpTE,
Ep i1 Wizied*[Ziy (wi = af]*
[E.,;w‘z’]’[): Lyt

< szaEB[ZW-Ize- [Z(wﬁl)z?]'*
< mE[EB(EW‘I&g ‘/S[Eﬁ(é(w‘._l)z?)s]ﬂa
~ Op(n Y
- oy Wigd]t
o BRTE, = (BB E%:—w—]l
<

a2(B-B)° 2kL2EB[ZWm,
= Op(n™)

From the above two inequalities, it can be seen that o, 2|ETinTen| is also Op(n™%).
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lon~2EpTinTsn|
= |on™?Ep(8 - B) [Z-_x("[’é:— 1)’&&]@'} o (wi s 1)@’]3

= oisl(p - pmp Pl el
o ,fk L‘S 1~ BIs(3 Wizl (3 Wiell|

e ﬂ)l[EB(Z Wm)‘]wma(z Wiayi/e

= Op(n™)
-2 o lon-2Ep A = Do PSR (wi — Daf)®
ton BsTTinl = Lo B e I 21
< "kL.IEs[ZW.z'E.]“[ZWz‘]’
< TF[EB(Z Wme«)‘l”’[EB(Z Wiz?))H/2
b E=1
= Op(n~%?)
" b s 213
lon~EnTunTinl = 0”8~ B 5lE [Z*EE""M;)T-] |

< ,M,w ﬂ)2|Es[EW:=v?]’

nk " (8- ﬂ)’[Ea(E Wiz}

= Op(n~%?)

|on?EpT3nTon|
= |oa=?(B - BEs [Z8 (wi — Daies] (S (wi — Dafl® |
" [Erxw.z’][Ex—ﬂ i '

11 2
Uﬁﬁiﬂ(ﬂ - B)”EB[E mziﬂillg Wiaf]®

o e 16 — ABaCS. Wisse 1B (S Wiah) 7
i=1 i=1

= Op(n~%?)

IA

A
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o2 EnTi2n Cnl

= on=?|(B - B)Es Zim W — Dzied [T (wi — 1)1213

T wielllh ol
o Lal(ﬁ ﬂ)HEa[ZW;z,e‘][ZW.z

IA

IA

a:;ml(ﬁ’ = B)Ea(3 Wisie 1/ 4{Bp (3 Wiah) 14
. = =

= 0p(n™?)

|on~*EpTs2nChl
2B [0 (wi = Daie [Ty (wi = D
i w-z"’][):xfl i '

"k o L |Es [Z W-I&]’[Z Wiz?)®|

= o,

IA

i i [Es<z Wizie) ]/ [En( Z Wiah)®]'/
= Op(n™®?)

We will now consider terms which are not negligible upto second order approximation.

L
EoCl = ppBal3(w — Daiedl?
- i=1

P
gEB Z(w, —1’afe + oz ZEB(W, — Daiei(w; — zje;
%5

(]

an [2 z2el +cn E zizjeie;]

I

03@[2 afef] + aﬁgcnlz zizjeies)
n o1 L
"EBTz
= oirr o L Z W.z.e:]“[Z Wizd]?

ohr o EB[Z Wil + 3 Wi sz,e‘z,e,][z W2zt + Z WiW,z?a?)

i#)
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"FEB[Z Wiale? + ; WEWiales) + Z Z WiWWialelaa?
i
+ Z S WiWWizizaheie; + Y Y WiW;WiWizi;oiat eie;
k=1 i#] i#] k#l

= "ﬁEB[Z Wisle? + 3 WEW/aleis] + 22 WEW;aiasel
i#]

P S Wawiweelslated + 30 5 W Winasaheies
i=1 ki lAk k=1 igs

+ 3% WiW, WiWiziz;aiateie;)
i#5 k#l

o ?EpTS, = (B-B)Vgz EB(ZW|$ )?

(5= B (et + ca T ala)
D=1 i#)

0, *EnCnTsn
1 5 203" 2
nTEB(Z Wizie:) (Z Wizf)

2
ongg EB[Z Wicle} + 2 Wi W]r.zje.ej][z Wiz?)
= anﬁng[z Wizte? + S WiWialaiel

n i=l i#k

2
+2 S WEW zlzseie; + 3y, WiWWiziz;oieie;)
7 =2

0 ERCuTin = (3= B) g Bal} Wiriel(} W)

(B-Biz [Zi e;+0nzr‘r,e.]

’EsTanTs..
B- ﬁ) EB[ZW.zxe.][ZW‘

Il

B- Az EB[Z Wizies][ Zsz‘ + ZW W;atz3)
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= oa(B— li‘) EB[Z Wizlei + Y WiWizizye;
7k

+23° W?W,z, sl + Y., WiW;Wiaicizker]
i#) i3 kEpi

Note that on~2EpCnTe1n is identical with above. Also, on 2EpCnTy1n is same as o 2EpTa,.
So that the second order term Ty is given by

n Ty,

1
= ﬁcuZz,z,eieJ +3anI7[cAZz e?
ol i#]

+en Y a2zt + anz Zz, zizie? + 2ca1 ZI‘ T3]

#
+c12 E Z TizjTheie; + cun D O TiT;TATL €ie;)
i kA

et ren 3

b= = %

n
LSt en Y alated
3 &

420 S adaseie; + e Y masaiee;]
i i3 kT

—27(2 zie,)[zz i +cu zz‘x ei)

fa]

—20n

4
i Tkei

+4“nﬁ(z ziei)[cs Z zle; + c12 Z
et =
Sa2ei + o Y 121 rer]

i# zp=zn

- cuZz.zje,ej+30,,L4[°zzzz2ef ;+cmzzx ate?

15

+c42
—20n 3[cazz e +eny,

i

—27 Zz.e,)[z zlei +en Zx' Fei)

+2c12

fef + 20 3 alaled] + ?:(Z e (> ad +en ; a}af)
5 b= = i

Taef]

+47"L7.(1§ zie:)[cs ; zle;) + Op(n~3)
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e s
- (o me St -2 zz‘e,)zz «

+30"L7[022 Z ekt + 4 Z;z ? + 2c3 gr,z — 20— L3 c3 z} te?
i i

1
+iz z 22e?(302c112 — 20me12 — e11) + Op(n™3)
et

Note that Z, and T3, are bounded in probability. This proves Theorem 4.3.2(v). ]

4.8 Proofs for general p

Proof of Theorem 4.4.1
From (2.6.3) we have

1 N PR N
Vep = FEB(BB -B)Bg - BT
B
= —ITEBG"XTWORRTWOXG"
nog

= %EBG_IXTCBXG" say
no%

where
Cs
= WoeeTWI — WoeeT P WT — WoPxee! W{ + WoPyeeT Py W]
= C1-C—-Cf+Cs
By routine calculation of the b jon of the (i,7)™ element of the matrices
involved, we have the following:
o} [Tho e} + e exe)] ifi=3j
EpCiy = B[R €} +en Tierer J
0 otherwise
B(E1cacsn((Px))acecea
EpCaj = +en Cigesn Lags(Px))oceaced] i i =7
0 otherwise
0B[Zap.d=1((Px))ab((Px))adesea
EpCyj = +e11 Tha=1 Lage((Px))as((Px))cacved) ifi=j
0 otherwise

Note that all the off-diagonal terms in the above calculations are zero, and all the diagonal
terms are identical. Thus we have EgCp = opl, where

p = [Z e} +en Zekex] =2[ 3 ((Px))acecea + c11 Z > ((Px))eceaee]

1<a,c<n <c<nazb
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n "
Y (P)av(Pr)aaesea + 1 30 S (Pr))ar ((Px))eaesed] (481)
ab,d=1 b,d=1a#c
Hence the variance expression is
Vem = 2671+ LG where
n
g = cuel[nd —Ije +nciel PxJPyxe — 2ncije’ JPye — (1 — 2c11)e” Pxe

The first order term of the variance expression is from the first term of EgCiy; and the rest
of the terms are collected in g. It can be easily seen that after ignoring terms that are of a
smaller order the expectation of g is di, and g — dy = Op(n~"/?).

For the other variance estimator the calculations are as earlier. In this case we have that
Vgpz = EG~'XTCpXG™!, where Cp is as earlier, and we have EgCp = o}pl, where p is
given in (4.8.1). Hence

Vop: = £2G7'+ %G-‘ where

r = (no}—1)eTe+nohg
where g is as earlier. It can be easily seen that after ignoring terms that are of a smaller order
the expectation of 7 is d2, and d — dz = Op(n~"/?). L ]

Proof of Theorem 4.5.1

We do not show all the steps in this proof, since they follow the arguments used in the
proofs given earlier.

(i) Esternal bootstrap Here we use the same notations as that of GBS. This time the

weight matrix is W = diag(wy,ws, . .., ws) With
Epw; = 0
Varw; = o%
Corr(wi,wj) = 0

Following the notations of GBS we have

22 i
Beciz = | 7B ifi=j
0 otherwise
Bacaz — | OB Ticesn(@x)icecer ifi=j
BC2j; = i
0 otherwise
EsC32 0% 041 (Po))in(Pr)idesea  if i =
Y 0 otherwise
Thus we have
Vs — Vi

= (XTX)XT(T, - T)XXTX) ™ + (XTX) ' XTDX(XTX) ™! + R
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where easy calculations show that R, = Op(n~%/2) [ ]
(i4)- (i) Weighted jackknives
For this part of the proof we use the notation G(_;) = > X;X;, 5o that we have for the
J#i
least squares estimate on the data with the i** observation deleted

Beo = Gy X
J#
= G XTy —yixi]
= G,)GA -G yxixI B - Glyxiei

and thus

B-n—F = (GZYHG -DB - Glyxix 8- Glyxiei

= Gy(G =~ G(y)f — Glyxind - Glyxies
Glyxxl (B - B) - Glyxiei

= -Gy xiei —xix! (B - B)]

= —G(i".) [ai — b say

(ai = b)(ai = b)T = aial — aib] — bial + bb]
= etxix] = 2ex] (B~ Byxix] + [x] (B — B)Pxax]
= [ei—x] (B - APxix]
= i
Since
G lxxTG™!
et i
Gly=G '+~ —
we have
(1= 626y xxl Gy = Gxix[ G (48.2)
so that for Hinkley’s jackknife Vyy = ,"‘—,—,,G-lx”m,xcf1 where Dy = diag(r?, 1<i<n).
Now
Dy = diag((e} - 2eix] (B~ ) + [x{ (B~ A)IF))
= Ty — 2Dy + Dg; where

Tp, = diag(e}, 1<i<n)
D, = diag(ex{(B-B), 1<i<n)
Dy = diag(xI(B-P), 1<i<n)
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Note that E[—2D3 + D3] = D and therefore the result follows for Hinkley’s jackknife.

For Wu’s jackknife, using (4.8.2) we have

(1= 8)Gyxxl Gy = (1+ 6 + 671 = )T Gxix] G
so that Vyw = (XTX)'XTD4X(X7X) ™! where
Dy = diag((1+6+62(1—8)")r?, 1<i<n)

diag(1 + 8 + 67(1 — 8;)71)[Ti — 2D2; + D3], 1<i<n)
= diag(Tni + [6iTni — 2D + Dai] + 67(1 = 8:) ™) T

+[6; + 07 (1 = 8)71)][~2D2 + Dgi], 1<i<n)

Our assumptions imply that 6; = O(n™?), so that
Viw—Vg = (XTX)'XT(T, - T)XXTX)™!
+(XTX)"'XT(Dw + D)X(XTX) ™! + Op(n~5/?)
where
Dy = diag(6ini%, 1<i<n)

therefore the result follows for Wu’s jackknife.
(i) UBS

Bg -8 (XTX)"1XT(W —T)els + [(XTWpX) ™! — (XTX) X" Wely
= Cnla+ Dyl ( say)

I

and
D, = Tin+Ten
Tin = Tun—Tizn
Ton Toin — To2n
Tizn = Tizin + Ti22n
Thon = Taoin + Toz2n Where

Tin = [(XTWpX)~! — (XTX)XT(W —Te

Ton = [(XTWpX)™! - (XTX)')X"e

Tiin (XTX)~ [XT(I - W)X)(XTX) "' XT(W - De
Tin = (XTWpX) X7 (I - W)Px(I - W)Px(W — De

87
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Tyn = (XTX) XTI - W)X](XTX) X e
Ty = (XTWpX) '[XT(I - W)X](XTX) XTI - W)X|(XTX) !X e
Tigin = (XTX) XTI - W)Px(I — W)Px(W —De
Tiggn = (XTWpX)~ X7 (I — W)Px(I — W)Px(I— W)Px(W — De
Tooin = (XTX)7XT(I- W)Px(I - W)Pxe
Toson = (XTWpX)HXT(I— W)Py(I — W)Py(I - W)Pxe
As in the proof of the p = 1 case, we show that the term from C,C7 is the leading term in
the variance expression. The terms that contribute in the second order are T11n TR, T21nTHin,
Ty1nCT, T121nCT, To1nCT, T221nCT and the transposes of the last four matrices. The rest of
the terms are negligible. We first show the negligible cases.

0 2Ep(Ti2n)}

n P
GBS Y (XTWpX); eaaWote(XTX) 5} seaWees (X7 X) 7, ohgWhenl®

beh=1acdfg=1
»
< oan® Y [En( Y ©aWozse)’EB( Y TeaWezes)®En( 3. @ngWhen)°)
acdfg=1 1<b<n 1<e<n 1<h<n
= Op(onn?)

0~ ?Ep(To2n)?

n o p
Es[ Y Y (XTWpX) o0 Wotoe(XTX) ) TeaWees (X7 X) 7, zngen]®
221 acdfot

» n
< % Y [Be Y zeaWoTbeTeaWeTesThgen)”
g=1  beh=1
2 4
< 0™ Y [Be( Y. zeaWews)'En( Y, ceaWetes)]
acdfg=1 1<b<n 1<e<n
= Op(n™®

We now show that o, ~2EsT?,]4c and on 2EpT§,I4c do not contribute to the second order
term.
o0 *EsTinlac
< 0n?[EsTHinEslsc]?
Op(onBa(I4)"*n™%)

= op(n7?)

I

We get the above relation because o, ~?EpTYy, = Op(n~*). The calculation for the quantity
0 2EpTHi,] 40 is similar.
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|on~*EpTi220iCrns

B
= loa’Bs[ 3o X (XTWoX); osaWozse
befgs=1acdr=1
(XTX) 7 2eaWe (Pr)es Wy (Px) g Woeg (X X) 5 zor Woes|
< Op(op®n™0/%)

The calculation for o, 2EpTs22niCrj is similar. It can also be easily shown that the
following terms 0 ~2ET11niTi2nj, on *EBT11niTo1njs on *EBT11niT2205, 0n~ 2EBTo1niTizn;,
n "2 EBT21niTa2nj» on~ 2ETi2niTa2n; do not contribute to the second order term, using Cauchy-
Schwartz inequality. The rest of the terms are contributing, and the following calculations are
similar to the techniques used earlier. We have the following results:

00 2ET11nTE, = 02(XTX)"1XTC X (XTX) ™! + Op(n~5/2) where

Cui = aef(Px)i+en) (P
a#i
Ciy = ca((Px))igled (Px))is + €3 (Px))js) + car D ea(Px))ia((Px))ja
a#i,j

+ezzeie;[(Px))ii(Px))js + (Px))} ]+c-m[2(ﬂ.ea((Px))u((Px)),a

+ejea((Px))is (Px))ja + eiea((Px))m((Px))U
+ejea((Px))ji (Px)ial] + e 2, 3 evea((Px))in(Px))ja
N

P
00 2EpTo1n T, = (XTX)"1XTCoX(XTX) ! + Op(n~5/2) where

Ca ={ (Zio1 €a(Px)ia)? ifi=j
o e11(S01 Sicpen €acs(Px)ia(Px)je)  if i # 5

0n"2EpT11nCT = —0n(XTX) " 1XTC3X(XTX)~! + Op(n~%/2) where

Cuiy = cse?(Px)% ifi=j
Y carleie;(Px)i + €2 (Px)ij  ifi#

0n"2EpT51nCT = —(XTX)"1XTC4X(XTX)™! + Op(n~%2) where

o :{ e ¥l ealPr  ifi=j
Y7 enes SicealPrdia i #

0 2EpT121aCT = 02(XTX) ' XTCsX(XTX) ™! + Op(n~5/2) where

Csii = cief((Px) n+C:|eZZ((Px %+ carei 3 ((Px))ii((Px))ia
a#i
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Csij = caeie;(Px))f + ea1ed(Px))ij (Px))s; + e21165 3 eal(Px))aa((Pr))ia
+e2el (Px))ii(Px))i; + cazeie;(Px))} + mne;i ((Px))ja((Px))ia

02 ?EgCnCT = —(XTX)"'XTCeX(XTX)! + Op(n=5/2) where

2 PR
e} ifi=j
Ceij =4{ PN
cuee; ifiFj

Thus we have
Vups = Ve = (X"X)7'X"(D; - T)X(X7X)™!
+(XTX)IXTMX(XTX) ™! + Op(n=5/2)
where

M

oA [Beac] (Px))% + Z CACMIARS (Z ea(Px)ly — 20ncse? (Px)%

—2¢; Z €a(Px)ia + 2070316} Y ((Px))%,
a#i
M;;
anl2es1 {€} ((Px))ii ((Px))is + €2(Px))5((Px))is)}
+eant Z €Z((Px))ia((Px))ja + can1 (€2 + €2) 2((Px))..,((9x)),ﬂ

]

+m{e (Px))n P.))is + e (Px))4( Px))u}]

+ciieie; + o1 Z > eaes(Px)ia(Px)j0)

a=1140%n
—cule; Z €a(Px)ia + €; E €a(Px)ja)

Pt p=t
+onlea (€} + €3)(Px)ij + careie;(Px)ii + Px);)]

This establishes the result for UBS. L]
Proof of Theorem 4.5.2 We will first show that X7UX > 0. Let

D1 = diag((Px))11, ((Px))22, -, (Px))nn)

Dy = diag(rf,7},...,7})
Ui = DyPxD:+D;PxD;
U,

= diag(3 T2 ((Px))% — 212((Px))2)
a#i

Note that U = 02(Uy + Uy). It is trivially seen that XTU, X is positive definite, and (4.5.4)
implies that XTU,X is also positive definite.
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(4) It is given that XT(D +A)X > 0, and we require for € R
IXT(D + A)XE 2 XD +o2U)Xe > ~€TXT (D + A)X¢

Note that we can restrict ¢ to bein U = {£ € " : ¢T¢ = 1}. Then onc of the requirement
18
IXTD+A)Xe > XT(D+oU)XE VEEU
& (TXTAXE > o2¢TXTUX¢ VEeU
<XTAXE > oF ap 7 XTUXn V€U

\2

< infn'XTAXn > ol qupnTXTUXn
el wet

and the other requirement is
IXTD+a2U)XE > > -¢TXT(D+A)XE el
o TXTED +A)XE > of - €XTUXE Vel
= XTAXE > o2 - inf 7XTUXn YEeU
n

v

e TxT 2. ¢ TxT
& :’2571 X" AXn o n\g{f] 7 X UXp

This proves (i). The proof for (i) is similar.
(i41) Given that TrXT(D + A)X > 0, we require
7rXT(D + A)X > TrXT(D + 2U)X > -TrX"(D + A)X
We use linearity of trace to reduce the requirements to

-TrXT@ +AX 5 <TTXTAX
TXTOX =7 = TrXTOX

This proves (). The proof for (iv) is similar. |




Chapter 5

ESTIMATION OF DISTRIBUTION OF LEAST SQUARES
ESTIMATOR IN HIGH DIMENSIONAL LINEAR REGRESSIONS:
FIRST ORDER RESULTS AND DIMENSION ASYMPTOTICS

5.1 Introduction

In Chapters 3 and 4 we have discussed the problem of estimating the variance of the least
squares estimator in linear regression. In this chapter we discuss the problem of estimating the
entire distribution of the least squares estimator in linear regression.

Consider the linear model

Yim = X + €iins .,n (5.1.1)
where y;.s, are n observations, X;.n are the observed values of random design vectors in IR?, By is
a p dimensional unknown but constant parameter vector and e;.,, are unobservable noise terms.
We allow the regressors to be random, and the dimension p to tend to infinity with n, the
data size. The model is same as the one considered in Mammen (1993). In many applications,
models are used where the dimension p is not small compared to n. Then an asymptotic
approach where p is fixed is misleading since the high dimensionality of the model is lost
asymptotically. Asymptotics where p may increase with n has been considered in Huber (1981),
Haberman (1977a,b), Shorack (1982), Bickel and Freedman (1983), Portnoy (1984,1985,1988),
Mammen (1989) and Sauermann (1989) and others in different contexts. Mammen (1989) has
appropriately named this kind of asymptotic study dimension asymptotics.

Let 3 be the least squares estimator of 3. For a vector ¢ = (c1...cp)T, consider the
problem of estimating the distribution of n'2T (B — B) as n — co. Mammen (1993) has
shown that under certain conditions the paired b and wild t methods provide

consistent estimators. In this chapter we extend the paired bootstrap based consistency result
of Mammen (1993) to the case of UBS resampling. The conditions on the random weights
used for resampling are given in the next section.

ion in di ion asymptotics is to obtain the highest possible rate of

A major
growth of p with respect to n. The paired bootstrap typically requires p* /n® = 0 (Mammen

92
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1993)). Let {wi.n} be the sequence of non-negative, exchangeable weights used for UBS, and
let 02 = Var(w;:n). Our major result in this chapter is to show that by letting o2 =0, we
can have best dimension asymptotic results. That is, distributional consistency results hold
for generalised bootstrap even under tho stringent condition p/n — 0 when a7, tend to zero
at an appropriate rate. The rate p/n — 0 is the best achievable when bootstrapping from
residuals, as proved by Bickel and Freedman (1983). We also study consistency of resampling
with random weights whose variance satisfies a positive lower bound, for example the delete-d
jackknives with d/n — ¢ € (0,1) and the paired bootstrap. For these techniques, we show
consistency when p?/n — 0. The consistency of m out of n bootstrap is also established.

The contents of this chapter is adapted from Chatterjee and Bose (1998c).

5.2 Assumptions and main result

5.2.1 Conditions on UBS weights

We will henceforth drop the suffix n from the notations, thus y; = Yin, Xi = Ximn, B = fn and
& = eim from now on. We will also have occasion to use the usual matrix notation for the
above, thus y = (1 Y2 -+, ¥n)T, X = (x1 Xz ..., xn)T and e = (e1 €2 ..., ea)”-

The conditions on UBS weights to be imposed for this chapter are discussed below. Let
W be the set on which at least mqg of the weights are greater than some fixed constant kz > 0.
The value of mq is > n/3.

B(w) = 1 (5.2.1)

0 < o2=o(np %2 (5.2.2)

PgW] = 1-0(pn™') (5.2.3)

cn = O™ (5.2.4)
k

Vo inin,... i satisfying D45 =3,  Ciigiy = O(n7FH) (5.2.5)
=

&
¥ iyia,... i satisfying Y i;
=

4, Citigiy = O(min (n™572,1))  (5.2.6)

The bootstrap estimator is defined as
B = (X wixix?) ™ 3 wixagilw + B(L = Iw)

Condition (5.2.3) ensures that f is the first term on the right hand side of the above relation a
large number of times. Thus fp is realised by ordinary least squares on the randomly weighted
data {y/@i(xi, %), i =1,...,n}, with a correction for the cases when a substantial number of
weights are zero.
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5.2.2 Assumptions on the model

We assume
(i, ) are i.i.d. (5.2.7)
By? < oo, . (5.2.8)
E|xi|* < oo i=1,...,n (5.2.9)
We also assume
/8 minimises b in E(y; — xtb)? (5.2.10)

However a careful study of the results of this chapter and Mammen (1993) reveals that the
assumption about identical nature of their distribution may be dropped in favour of some
simple moment conditions. However, we retain the i.i.d. assumption for simplicity.

‘We assume that Ex;x! is nonsingular, so that 8 is uniquely defined, and the additional
assumption E(y; — x78)? > 0 ensures that the following are always fulfilled after a standardi-
sation:

Expxl = 1, (5.2.11)
0<infBef < supBef <ocoi=1,...,n (5.2.12)

As Mammen (1993) poins out, the model conditions imply Exie; = 0, Vi, but they do
not imply the traditional ion that given X the e; are conditionally i.i.d.

with mean zero. Also, the parameter 3 actually defines the linear model 'nearest’ to the data,
which is often a useful thing to consider even when linear models do not hold exactly.

5.2.3 Distributional consistency result
We denote L(|x1,--,Xn,Y1,--,¥n) by LB, The sup-norm distance between distributions is

denoted by deo.

Theorem 5.2.1 Choose ¢ € IRP with ||c|| = 1. Consider a linear model (5.1.1) satisfying
(5.2.7) - (5.2.18). For a fized 8, set K to be the smallest integer greater than or equal to 2/5
and assume that

pP*m = 0 (5.2.13)

sup sup EldTx;[*((1+¢?) < o (5.2.14)
nldll=1

E[(Tx)eil* > 0 (5.2.15)

E|(Txi)e** < oo for somey > 0. (5.2.16)
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Consider resampling with weights which satisfy czz — 1 in addition to conditions given in
subsection 5.2.1. Then
doo( LB (n1 20, (Bg = B)), L(n'/2cT (B — B))) = 0 in probability (5.2.17)

holds if any of the following holds:

§>1 and o2>k>0 Vn (5.2.18)
1>6>1/3 and o2=0(n"") Vn (5.2.19)
1>6>0 and oip’n 20 (5.2.20)

REMARK 1. (a) The condition (5.2.20) ensures that 6 = 0 (i.e. p/n — 0) is enough if
02 = o(n=3/2). (b) For the m out of n bootstrap with replacement, with m — o and m/n — 0
and o2 = n/m, consistency is achieved if either p/n — 0 or if § < 1 and p*/m? — 0. Note
that this restricts the choice of m to require that nm~2(1+9/5 — 0. This is a criterion for
choice of m. Bickel and Sakov (1999) have also suggested some choices of m for the m out of
n bootstrap in other contexts.

REMARK 2. Theorem 5.2.1 implies that the paired bootstrap is consistent if p?/n = 0,
which is weaker than the rate p*/n3 — 0 obtained by Mammen (1993). This is because in our
general framework for resampling, we do not use the special properties of the paired bootstrap.
Mammen (1993) has also shown that if Efe;|x;] = 0 and p/n = 0, then the paired bootstrap is

" PR

consistent. For our results, we do not need any d on ion of errors.
REMARK 3. We have replaced the Lindeberg condition of (1993) with a Lyap

type condition in (5.2.16). This is for convenience in the bootstrap distributional asymptotics.

Conditions (5.2.13) and (5.2.14) are such that ing of one leads to hening of the

other. Mammen(1993) had conjectured, following Yin, Bai and Krishnaiah (1988), that for the
design where elements of x; are i.i.d., finite fourth moments of the elements of x; would suffice.

REMARK 4. Two important points about the results, that have been pointed out by Mam-
men (1993). The first is that if E(eilx;) # 0, then the bias of nl/2cT (B — B) is of the order
p/nl/2, which may tend to 0o if § < 1. Thus for the mean zero normal approximation to work
requires § > 1. The other one is that the conditional law L2 (B - P)|x1,...,xn) is also
consistently estimated by UBS. This is because, as will be seen later, both the conditional and
unconditional laws converge to the same limit N (0, B(c"x1)%}).

REMARK 5. In Chapters 3 and 4, UBS with asymptotically degenerate weights (o7 — 0)
was also considered. Consi and asymptoti ion of variance esti for such
weights were obtained there. An important example of asymptotically degenerate weights is
the delete-1 jackknife, for which the fourth central moment of the weights is O(n). However,
the degenerate weights that are considered here have bounded fourth moment, and this rules
out the delete-1 jackknife in the present context. It can also be shown that distributional
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consistency results do not hold if the fourth moment is unbounded. Note that Wu (1990) has
shown that the delete-d jackknife with d/n — O (this implies that cs is unbounded) is generally
inconsistent for the distribution.

REMARK 6. It may be observed that the conditions on weights are similar to those used
in resampling theory based on empirical processes. However, there are significant differences
between the general empirical process based approach that is widely used and our approach to
resampling in the present chapter.

Suppose, for some statistic, P, Pn, Ppn are the actual law, the sample (empirical) law and
the bootstrap law, respectively. The major thrust of empirical process literature is usually to
prove both

%P, —P) = Gp
n/%(Pg,— P,) = Gp

cither almost surely or in probability, where Gp is a P-Brownian bridge. This implies usual
bootstrap consistency, that is, Fpn(t) — Fn(t) — 0 uniformly over t, where F' denotes the distri-
bution function. For bootstrapping with random weights, usual assumptions on the weights are
that they are either ind di or le, with some icti on their lower order
moments. Let Wiy be the weights used for resampling. Then, along with other conditions,
Praestgaard and Wellner (1993) assume that for some ¢ > 0,

n
Y (Win -1 B e (5.2.21)
i=1
See also Mason and Newton (1992) , where an equivalent of (5.2.21) is given in Wyrr. The
assumption (5.2.21) is only slightly weaker than o2 = Var(Wina) — ¢* > 0. Relaxing the
positive lower bound condition on o2 implies that weights may be considered that are asymp-
totically degenerate. It is evident from (5.2.20) that degenerate weights yield the best dimension
asymptotic results.
REMARK 7. Theorem 5.2.1 establishes consistency of the UBS distribution estimator but
does not give any information on its higher order behaviour. In Chapter 6 we study the higher
order properties of UBS distribution estimator for certain class of weights.

5.3 Proofs

In order to prove the theorem, we need some results which we state now. Define A = I—
n T xixT and A* = T—n~1 S0, xixT*. Also let Aamas(4) the maximum of the absolute
values of the eigenvalues of A.

Lemma 5.3.1 Under the conditions of Theorem 5.2.1

EbAamaz(A*Y) = Op(max{p**n~2,0hp*n~}) (5.3.1)
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Lemma 5.3.2 Under the assumptions of Theorem 5.2.1, on the st where both the quantities
Aamaz(4) < 1 and Xamaz(A") <1, we have

n
012, 1T (g — B) = nV2 Y Wic xiei + ap + or(1) (5.3.2)

=

where Ppllrap| > € = Op(oipin=?) for any € > 0.

The proof of the above results are given later. Conditions (5.2.13) and (5.2.14) are required
for the proof of the above two lemma. We also require Theorem 5.3.1, which is Lemma 4.6
of Praestgaard and Wellner (1993). A variation of Theorem 5.3.1 may be found in Arenal-
Gutierrez and Matran (1996). Their Theorem 3.3 may be used to get more general results
\under some circumstances. However, in this chapter as well as in Chapters 7 and 8 we use The-
orem 5.3.1 instead of Theorem 3.3 of Arenal-Gutierrez and Matran (1996) since the technical
conditions of Theorem 5.3.1 are generally easier to verify.

The m out of n bootstrap is one important resampling scheme where the set-up of Arenal-
Gutierrez and Matran (1996) is directly applicable but that of Praestgaard and Wellner (1993)
is not. Another important difference is that the Arenal-Gutierrez and Matran (1996) results are
on almost sure convergence. A third important difference is in the method of proof. The proof
of Theorem 5.3.1 uses Hajek’s central limit theorem, which is a key technique in generalised
bootstrap result. See the discussion of Mason and Newton (1992) and Praestgaard and Wellner
(1993) on this. Arenal-Gutierrez and Matran (1996) use an independent technique of proof.

Theorem 5.3.1 (Pracstgaard and Wellner (1993)) Let {m} be a sequence of natural numbers.
let {am;} be @ triangular array of constants, and let By, § =1,

triangular array of ble random variables such that

,m, m€{m}bea

m
MY (amg = Gm)? 70 >0, mTh max (amj — am)? =0
= a0

m
m™t 2(3,,., = Bm)? B¢ >0, lim limsup B(Bm; — Bun)? (1B~ Bl>K) = 0

Then

1 & .
ﬁ;(amgBm] = amBm) = N(0,¢'7%)

Proof of Theorem 5.2.1 One part of the proof involves the arguments to s
L(n2" (B - B)) = N(0,, B(c"x;)%€3), and this is identical with Mammen (1993).
not repeat it here. Note that P[Aamaz(4) > 1] = o(1) and Pp[Aamaz(4%) > 1]
is shown later. Thus by using Lemma 5.3.2 it is sufficient to show that £B(n'/%0,
B)) = N(0,, E(cTx1)%€}) in probability. Note that for resampling with UBS weights. we

op(1
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X! = \/BiXi, ¥} = \/Oiyi, € = /wie;. The matrix W is the diagonal matrix with ith diagonal
entry w;, and W; = o' (w; — 1). Now
Py[n!/2" (g - B) < 7]
= Py (B — B) <z, Iw = 1] + Pa[n'/*¢" (B — B) < =, 1w = 0]
< P2 T (g - 3) <= hw=1+Ppllw=0
= Pp[n!/?"(fg - B) <z, Iw =1]+0p(1)

For the rest of this chapter it is implicitly assumed that calculations are carried out on the set
W, although we drop the indicator of this set to simplify notations. Note that

Ppln'/2T (B - B) <o) = Pp[n'/%c" (A — B) < 7 Aamaz(47) < 1]
+Pp[n'/2cT (A — B) < @, Aamaz(47) 2 1]
= Pg[n'/2c" (B — B) < 2, Aamaz(4") < 1] +0p(1)

since
Py[n'/2c" (g — B) < 2, Aamaz(A") 2 1] < Pamaz(47) 211]
< Eg[Aamas(47%)]
= op(1) by Lemma 5.3.1

But on the set Agmaz(A4®) < 1, from Lemma 5.3.2, (5.3.2) holds. To complete the proof of the
theorem we need to establish that

n
Lpn™2Y Wic"xies) = N(0,, E(Tx1)%ed (5.3.4)
=
in probability. For this part of the proof, let & = cTxie;. Note that for the bootstrap distribu-
tion, which is conditional on the data, &’s are constants.

We now apply Theorem 5.3.1. In our set-up, conditional on the data, m = n, am; = & and
Bumi = Wi. The first two conditions of the theorem are satisfied in probability from (5.2.15)
and(5.2.16), with 72 = E¢2. Also, since & and W; are mean zero random variables, the mean
adjustments in (5.3.3) may be ignored. Note that variance of W, is identically one, so the
third condition of the theorem is satisfied. From Lemma 4.7 and Lemma 3.1 of Praestgaard
and Wellner (1993), the last condition of the above theorem is satisfied because of (5.2.1) and
(5.2.6). This completes the proof of the theorem. ]

PROOF OF LEMMA 5.3.1

n n
Let Ap = A" = A=n"' 3 xxl = 0! Y xixT" = —oun™! 3 Wixix]
= =

=1
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If Amaz(-) and Amin(-) respectively denote the i and mini; i lue, then it can
be easily seen

Amaz(A7) < Amaz(4) + Amaz(AB), Amin(A") 2 Amin(4) + Amin(A4B)
Hence we have Agmaz(A™) < S[Aﬂma,(A‘) + Aa,,.,,,(Aﬁ,)]. From Lemma 1 of Mammen (1993),
Xamaz (4%) = Op(p*+'n"?) (5.3.5)

#
Thus we only have to establish the rates for Ap. We use the notation _ to denote sum over
indices that are different from one another. Now

n #
aY) = oln T Wil + 4> WEW; (e )Pl 1
= G
i 214721 2, T 2 b o
S WRWRR ] P12 x5) + (o x5))
i
z g
+ > WEW;Wikld] |2 (T 35) (o] k) (o] ) + 2(xFx7)2 (< i) (it )]
b3
kd L
+ S W WW () (o] ) () (e 3)
ijkl
where k..., ks are constants. We only have to show the rate for the above expression. To
this end we calculate the bootstrap expectation of tr(A%).
EBptr(4y) = onnl Zc«nx.n“ + 4§:E31(’hx 21l
td 2
+ 3 enl2lbl Pl 20 x5)? + (6 x5) ]
7

#
+ 3 con 4l P ) (T k) O %) + 2(x8x;) (o] ) (K )]
uk

+qu ) (T k) (xF x0) (] 3]
ikl
= Op(oan™?p%)

The last statement follows from using the moment conditions on the weights used for UBS
and (5.2.14). Thus we have

Endamaz(4}) = Op(o3p’n™%) (5.3.6)

Putting together the results of (5.3.5) and (5.3.6) the lemma is established. [



100 DIMENSION ASYMPTOTICS AND DISTRIBUTION ESTIMATION

In order to prove Lemma 5.3.2 we need two more results which we now state and prove.
For any i, define A; = ;4 x;x] — nl. Observe that A =n"14; + n"'x;xT, and A; and x;
are independent. We employ this fact repeatedly in proofs that come later, so it is useful to
discuss the rate for Xamaz (4i)-

Lemma 5.3.3 Under the conditions of Theorem 5.2.1

A
sup EXamaz n‘)"( = O(pF K2 K)

PROOF OF LEMMA 5.3.3 Note that for any 4, % = A—n"'xxF. We have

T T et

Aamaz!

From Lemma 1 of Mammen (1993), we have Edama(4%K) = O(pF*+¥¥?nK). Further
n=lx;xT is a rank 1 matrix, with its only non-zero eigenvalue being n~1||x|[2. Now using
Lemma 0 of Mammen (1993), we have E|jx;|[#p=2X is uniformly bounded over ¢, so that
Eamaz (n~'x:xT)?K is O(p?Kn=2K) uniformly over i. This concludes the proof. [ ]
Now define
. K-1 n
BE = Bnt Y AN xe
=

p Kt on
G55 = Bt Y AT Xl
PR =

Lemma 5.3.4 Under the assumptions of Theorem 5.2.1, on the set where both the quantities
Namaz(A) < 1 and Aamaz(A*) < 1, we have

Sk
n'2g, 71T (g — BF) =rnB
where Pp[lrap| > €] 0 for any e > 0.
PROOF OF LEMMA 5.3.4 Note that
- S K,
g, ‘CT(EB )

K-1 n K-1 n
= V2, LT (Y AT Y xiel - Y AN Y xie)
[= = P

K-l n n
126, 71T 3 [(AT = AM) S wixies + A 3 (wi = xiei] (53.7)
p=1 = =
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The sum over h is a finite sum with K being a constant, so it suffices to consider the

s

Egln 20,7 T A fj(w.—nxie,]’ = op(l)
i=1

n
Baln~ 20,7 T (A" — AN Y (wi — Dxies| = op(1)
i=1
n
Epln /20,1l (A — AM) Y oxieil = op(1)
=

Proof of (5.3.8)
n
Baln~20, 71T A 3 (wi - Dxiel®
) =
= n7'Bp[} Wil APxi)el
=
n #
=n ‘Z(CTA"xJZe‘?+n"cuZ(CTA"x.)e'(cTAhx,)e,]
i=1 ij

s 5
= (1 - ) (T AP + nlen (¢ AMx)ed)®
=i

=1

| terms in the ions and establish the following three results for every h:

(5.3.8)
(5.3.9)

(5.3.10)

(5.3.11)

From Lemma 2 of Mammen (1993) we know that n=} (S0, (7 A*xi)ei]” = Op(p), and since
11 = O(n™Y), the second expression in (5.3.11) is Op(p/n) = op(1). For the other quantity in

(5.3.11), recall that

7 A+,

vn
S Gax! -1
i=1
Thus we have
n
nT Y (T AN e
=
ud .
= 33 (A xix] YAP-1x)%e?
=
»
< 2 I (T AAN )R + (Txix] AV i) ef]
=

Consider the second term in the above expression. We have

. .
= ST i AP 2F < 1 Aama (A% [T il e
& =

(5.3.12)

(5.3.13)

(5.3.14)



102 DIMENSION ASYMPTOTICS AND DISTRIBUTION ESTIMATION
Now by an easy use of (5.2.14) and Lemma 0 of Mammen (1993),

Bl xilxll*e? < [B(eTxi) €22 (Bllxil[Pef]'/* = O(*)

!

By using this and Lemma 5.3.1, at (5.3.14) we have op((ﬂ,‘ﬁ)z“‘ Dp2n=2) = op(1). We are
left with the first term in (5.3.13). We use the same technique as above, that is, writing one of
the A as in (5.3.12) and thus reducing the power of A. The above scheme is used repeatedly
for the rest of the calculations. For example, in the next step, for the first term in (5.3.13), we
have

n n
P A,
Y [T AAr ke = ! S [CT—""A,‘"X'JZE?
=

n3 2[ A,+x,xT)A" 2y, |%e?

TA'

"32[@

A APx)2e? + (Jix xT AP=2x;)2¢?]

Now since A; and x; are independent, and Aamaz(n™'4i) = Op(p!/2+/4n=1/2), the second
term is obtained to be op(1), using similar calculations as in (5.3.14), based on (5.2.14) and
Lemma 0. The term left is n~! Y, (c7(4:)24%~2x;)%e?. Repeating this process, ultimately
we have to show n~! S0, (T (40)"x;)2e? = op(1), which follows easily using (5.2.14). This
concludes the proof of (5.3.8).

For (5.3.9) and (5.3.10) we show the results for h =1 and h > 2 separately. The result for
h = 1 follows from direct calculation, and for higher h we employ the technique of reducing
the power of A that we used in the above proof.

Proof of (5.8.9) for h = 1. We have
2120, 1 T[(A — An)z ~xer

= n 2T ARy Wixie:

=
n
V2 Wil Apxilei
i=1
n n
= o V27, 3N WaW (e xyx] xile
et
A direct calculation shows that we have Egln=1/2n=loy Siu, S, WiW;[c"xx] xilei]® is
Op(02p?n~1). This is op(1) under any one of the three alternative conditions of the theo-
rem.
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Proof of (5.3.10) for h = 1. As earlier

n n
120, 1T (A — A Y xiei = nTVnTlon I (Ap) 3 xies
= =
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n n
= —n V2 S WicTxyx] (3 xie)  (5.3.15)
i=1 =1

Again a direct calculation shows that
n n
Esln™2n7' S Wi x;x] (3 xiea)
= =

is Op(p/n).

Thus (5.3.9) and (5.3.10) are proved for h = 1, completing the proof of the Lemma when
(5.2.18) holds since § > 1 implies K < 2. We now concentrate on (5.3.9) and (5.3.10) under

(5.2.19) or (5.2.20) and A > 1.

Proof of (5.3.9) for h > 1. Since A* = A+ Ap, we have

n
n V20, 1T A Y (wi — D)xie
=1
p & '
T 2T AT ST Wixies
=
= n V2T (A + Ap) AT Y Wixie:
=
= n 2T AL DY Wier + 2T Ap TN ST Winies
b= =
Repeating this process h times, we have
n
V20, 1A Y (wi — 1xies
=

h=1 n n
=3 T4 Ag A=~V 2 3" Wixies + T AP S Wixses

=0 i=1 i=1

(5.3.16)

(5.3.17)

The last term in (5.3.17) cancels out with the identical term left from (5.3.9). For the rest of

the terms in (5.3.17), for any j = 0,...,h — 1 we have

n
Egln™ /2T A1 Ap A* =70 S Wixie|

=1

n
< [Balle” 47 Ap| )2 [Bp|| AT Dn Y2 Y Wixiesl /2
=
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IA

"
Aamaz (A7) [EBAamaz (43))/*[E Aamaz (427 7)|[n™1/2 3 Wixiesl ']}/
=1

IA

n
[EBAamaz (A5)]/*[Bp|In~"/2 Y- Wixieil |*)!/

=
3/4n~1/2p1/2)

5/4p=1/2)

= Op(onp
Op(onp’

With the second set of conditions in Theorem 5.2.1, that is, p!/n® — 0 and 02 = O(n~") the
above is op(1). With the third set of conditions also the same result holds.

Proof of (5.8.10) for h > 1. The calculations for this part is slightly more elaborate but in
spirit similar to what was used for (5.3.9). Note that the expression in (5.3.10) can be expanded
by using A* = A+ A, 50 every term in the expansion has A and A in various combinations.
The terms without any Ap factors cancel out. The terms that involve two or more Ap matrices
can be shown to be op(1) easily. This leaves all the terms that have a single Ap matrix in
them which are also op(1). Thus

n
n V2, 1T A Y e

= n VT A Y xes
:

n
= n V20, 1T (A+ Ap)A" DY xe

=
n n
= a7 V20, T AA D S xie + 0T 20, T T A ATV Y e (5.3.18)
= =
We first deal with the second term in (5.3.18). This is split into two terms, thus
n
n"ﬂo""cTAEA'(h’") Zx‘e’
=
n n
= n V20, T A AN S xies + 20, T T AR AN Y xier (5.3.19)
= =
First take the second term in (5.3.19).
n
Epln™ 20, 1T AL A* D Y xiei|
i=1

[0 2B Aamaz (A5)]/2 (BB Aamaz (420 D)|In ™12 3" xiei] [2)1/2
=

IN

= Op(on~ton’p?n™)

= op(l)
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Proceeding in this way, the terms from (5.3.18) and (5.3.19) that have two or more Ap terms
in them can be shown to be small, so we are eventually left to show

n
Eg[n~20,7 T 4245 A7) Y xiei) = op(1) (5.3.20)

i=1

n

fora =0,...,h — 1. For convenience, set n1 = A% and 7, = n~/2A%=*"D Y xie;. Thus
i=1

(5.3.20) reduces to showing or '] Apnz = op(1).

"
Eplon~'nf Apm)? = n7?Bg(Y_ Win] xix o]
=

n n
n2(1 = en) 3o [F xixT ) + nen (3 i xixT ma)?
= =

Consider the second term.
enfn™t Y o xix! ma]?
=

,.
= culf (' xix? — Dng + ni'ma)?
i=1

= culn] An +ni o
n n
< 2en[(F APy xie)? + (T AN T Y xie)?]
= =
= Op(p/n)
The last step follows from Lemma 2 of Mammen (1993) where it has been established that
(T APR~Y2 Y0 xie:)? = Op(p), for h = 1,...,K — 1, and by using i = O(n71). We
now show 12 S, (1T xixTns]2 = op(1). For this term, we have n2 Tk [nf xixIm]” =
n"2 Y [T xi)2[xTn2]?. We will show the following
(i) Effxl’ = o)
(i) EBx)? = 0)
and the proof will be complete. Consider (i) first. This is true if @ = 0, so we look at @ > 1
case. Then

ElT A2 = n 2Bl (xx] + A)A* %]
< 20 2E[TxixF A xi)? + 20 2ELCT A AT ]
For the first term,
n’7E[ch,x,TA"")q]7 - n’Q[E(ch‘)‘]‘/Z[E(xTA“"x.-)‘]‘“
Op(p*n ™ Aamaz (A7)
= op(1)
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The term E[cTﬁA“"x‘]Q is treated by breaking up A again if a — 1 > 1, and using the
independence of 4; and x;. This proves (i). For (ii), write b= h —a — 1 and since the relation
easily holds for b = 0, we look at b > 1. Note that
[T Abp=1/2 Z xje;)2 < 2xT APn~2xiei)? + 2xT A2 Y xjei]
i

The first term is casily seen to be Op(p?n~!) = op(p). We use the notation n; = n™/2 T, x;¢;
for the remaining part of the proof. Then the second term of the above expression is E[x] A%n)%.
Using independence of x; and 7; this is seen to be O(p) if b= 0, so take b > 1. Then

= - 1 A
E[x,.TAbn,] < o2 BxT A 2T i)? + 2E[xT AY ‘T‘n,F

Using a Cauchy t: lity and i d of x; and n;the first term is seen to be

o(p) and the second term is treated by techniques similar to ones used earlier. This completes
the proof. [ ]

PROOF OF LEMMA 5.3.2 Note that the bootstrap and the original estimators are given
by fg = (S xixiT)™ Sy xjy; and B = (i xix]) ™! Ty Xy Since BeXamaz(47) =

op(1), we can write

n
(O xixiT)"t =n~I(1- A")} = n 7} I+ A" + .. ] and hence
=

Zx'x*T)' =B+ Zx‘x'T) ! Zx el
= B+nty A" zx;e:
h>0 i=

n n B
Similarly, 8 = (3 xex)T1 Y xiwi = B+ (L xax]) T owie
= = = =

n
= B+nt Y A Y xe

=
Thus
“'(p - B)
n"/QZA"‘Zx G -n Y AN e
= % =

Y W 4 A"‘Zx ¢ —noif? z A~zx‘e,

=1 h=1

n
T2 ARy xier —nT P Y A"Zx;e‘
sk = sk i
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From Lemma 5.3.4, it follows that

K-1 n K-1 n
ol Z At Zx{e: -V Z TAb Zx.-e, =T14B
h=1 i=1 h=1 i=l
where Pj[|riqs| > ¢ = 0p(L) for every ¢ > 0. Note that in Lemma 3 of Mammen (1993), it has
been shown that n™2 Ty i T A DI xiei = 0p(1). Nowlet N g TA YL xief =
T2nB, then we now show Pp(|ranp| > € = op(1) to complete the proof. We use the technique
of Lemma 3 of Mammen (1993), thus for almost all data sequences

- W e e : 1 S
2 Y FARY xiel] < amael A7) —— I Ll
l_)\nmun(A) i=1

WK i=1

So Py(lrong| > € < ¢ Bprt g

< e'Z[EB)\maI(A‘?K)][EBHn“/Qix‘?e:H] (5.3.21)

i=1

€ Bpdamee( A Ealle P Y xieil] i6<2 (3.22)

=1

IN

At (5.3.21) we can separate the cases where § > 2 and § < 2. Notice that when we have
EpAamas(4") = Op(pl/m“n’l/?), then (5.3.21) is op(1), the calculations being identical
with that of Lemma 3 of Mammen (1993). If § > 2, then K = 1 and from Lemma 5.3.1,
we have Egdgmaz (A7) = Op(p 1/2+814 ‘1/2). Hence we need to look at 6 < 2 case under the
condition Eghamaz(4!) = Op(o“pan‘Q) For this case, we use (5.3.22) and get Pg[Iraqp| >
¢ = Op(o*n~%"). The last relation is op(1) under any one of the three sets of possible
conditions on o2 and § given in the theorem. This completes the proof. ]



Chapter 6

ESTIMATION OF DISTRIBUTION OF LEAST SQUARES
ESTIMATOR IN LINEAR REGRESSIONS: SECOND ORDER
ACCURACY RESULTS

6.1 Introduction

In Chapter 5 we discussed the consistency of the UBS estimator for the distribution of the
least squares parameter estimator in linear regression. In early pathbreaking works, Singh
(1981) and Bickel and Freed (1981) have blished that the b approximation of
distribution is often better than more traditional, asymptotic normality based approximations

for functions of sample means of i.4.d. variables. It turns out that the bootstrap histogram often
captures the second order term in the Edgeworth expansion of the distribution of parameter
estimator, which the normal approximation may not. Following their works, a major research
interest in bootstrap theory has been to understand the second order behaviour of the bootstrap
distribution in a variety of problems.

Consider the linear regression model
yi=xB+ei (6.1.1)

where the explanatory variables x;'s are vectors in IR?, and the e;’s are independent noise terms.
The parameter § is an unknown constant in JRP which is estimated from the data. A common
estimating technique is to use least squares, which yields the estimator B = (L x:x") 1T xiyi.
Consider the problem of estimating the distribution of Bn. When {e;} are i.i.d., it is known
that residual based weighted bootstrap techniques are second order accurate (Zheng and Tu
(1988)). Other related results are by Navidi (1989), Qumsiyeh (1990), Lahiri (1992). These
results are based on Edgeworth expansions for the distribution of the statistic and its bootstrap
version.

For all the papers mentioned above, it was assumed that the design vectors x;’s are non-
random, and that the errors are i.i.d. with mean zero and finite variance. However, a number
of important and useful models not represented in this framework are : (a ) the errors are not
necessarily i.4.d., in particular, they are heteroscedastic; (b ) the regressors are random; (c)

108
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the resampling scheme uses the data pairs (x;,y;) instead of residuals, as in paired bootstrap
or the jackknives.

It is generally understood that methods like the paired bootstrap or delete-d jackknives
would not have higher order accuracy (Hall (1992), Mammen (1993)). In data pair resampling
methods such as the paired bootstrap, the design changes with every bootstrap sample and
consequently there is a bias in the bootstrap estimator that shows up in second order calcula-
tions. This is partially responsible for the lack of second order accuracy. A natural estimator to
consider under these circumstances would be a bias corrected version of the original bootstrap
estimator.

In this chapter, we consider the problem of estimating the distribution of the studentised
least squares estimator in lmea.r regressmn in random and fixed regressor models. Note that
since the errors are isation of A, is an important issue,

which we discuss in details later on. For the model with non-random regressors, the errors are
allowed to be heteroscedastic. For the random regressor case, we restrict our attention to the
simple linear jon (p = 1) case. jons to more general (p > 1) models is feasible,
but the algebra is messy. The technical conditions on the models are given later.

Our major result here is to establish the second order accuracy of the distribution of a bias

rrected UBS esti for studentised 3,. We restrict our attention only to a sub-class of
UBS schemes derived from i.i.d. weights for which the Edgeworth expansion is derivable. It is
plausible that with appropriate conditions on the bootstrap weights, some other bias adjusted
UBS procedures would also be second order accurate. We also establish the second order
accuracy of the external bootstrap distribution estimator in the present problem. The results
are based on Edgeworth ions for studentised sums of ind dent (but not il

identically distributed) random variables, which may be of independent nterest. It must be
mentioned that the conditions imposed in this chapter on the model and the UBS weights are
quite strong. They can perhaps be relaxed by using the techniques of Babu and Bai (1992,
1993, 1996) or Babu and Singh (1983, 1984). However, we have not pursued this aspect.

This chapter is adapted from Chatterjee and Bose (1999c).

6.2 Notations and assumptions

We first state a general condition that is used in all the results of this chapter.

Let {X»} be a sequence of independent, absolutely continuous random variables defined on
the real line. Let the density of Xy, be fu(-). Define the function yn(z) = min{fn(2), f(—2)},
and let Tu(#) = n~! Sy %i(z). We need an assumption on the behaviour of r,.(z) This
condition will be used to derive Edgeworth of ised sample sums of {X;}. A
Cramer-type condition follows from the assumption below.
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Assumption A Assume for all large n, 3 a real valued function g(z) > 0 such that
A= {z:Ty() > g(z)} has positive measure, and 0 < [, g(z)dz < oo.

We now introduce some notations. For symmetric matrices A and B, A > B means that
A—B is positive definite. For a vector c, ||c|| denotes its Euclidean norm. Lety = (y1,---,vn)"s
e=(en,...,en)T, X = (x1 : ... : xn)T. The projection operator on the column space of X
is Px = X(XTX)"'XT. We also let x = magi=1,.n{(Px)ii} where (Px)ii denotes the i**
diagonal element of Py. Identity matrices will be denoted by I, their order being apparent
from the contexts. Let 7;2 = Ee? and D, = n~' ¥ x;x]. The notations k, K, with or without
suffix, are generic for constants.
For the model with non-random regressors, the conditions are

D, > kI for some n (6.2.1)
lIxill < Ko foralli (6.2.2)
K = O(n™) (6.2.3)
Ee; = Oforalli (6.2.4)
72 > k3y>0 foralli (6.2.5)
Elei|* < Ki<ooforalli (6.2.6)
Let ay, be the number of non-zero z;’s. Two i of the above

are
liminfn~! Yo afr? > Co>0
an/n > ki/K2
Since the terms with z; = 0 do not appear in T, we may assume a, = n without loss of
generality.
For the random regressors model, the conditions are

Ezl® < o (6.2.7)
E(@1)? > ks>0 (6.2.8)
E(zie1)? > ke >0 (6.2.9)
Ezler = 0 (6.2.10)
E(mie)'? < oo (6.2.11)

Assume, without loss of generality, that the z; values are all non-zero.

For both the models, assume that the random variables {z;e;} are absolutely continuous
satisfying Assumption A.

Thus precisely, the two models considered are:
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Model A : (non-random regressors) (y:}'s satisfy (6.1.1) where the conditions (6.2.1)-(6.2.6)
hold for some L, and {z;e;} are ying A A

Model B : (random regressors) The paurs (@iye5) are idd., and {:}’s satisfy (6.1.1) where
(6.2.7)-(6.2.11) hold, and {ze;} are ing A i

In either model consider the least squares estimator f, = Dy'n~! ¥ x;y;. From our as-
sumptions on either model, it follows that this matrix is i For any p-di ional
fixed vector ¢ with ||c|| = 1, let Tho = n'/2cT Dn(Bn — B). Using the notation z; = ¢'xy,
Tno = n~ V2 ¥ zie;. Let {ri = y; — x73,} be the usual residuals. Define S2 = n~! T a?r?,
which is an estimate of V(Tno) = n~! 2?72, Thus T, = S5 Tno, is a studentised version of
the centered fn. Let Fo(z) = Prob[T, < o] be the distribution function of T,. Our goal is to

make second order accurate ion of Fy,. The ing schemes we discuss are the
uncorrelated weights bootstrap (U BS) and the external bootstrap of Wu (1986). The following
additional model condition is required for bootstrap.

For any constant C > 1, let p;(C) = Problz?e? € [C~1,C]].

Assumption B For some ¢ € (0, 1), there exists a constant C' > 1 such that n™! - pi(C) >
¢ for all large n.

THE EXTERNAL BOOTSTRAP: (Wu (1986)) Consider a triangular sequence of random
variables, whose n'" row consists of a set of i.i.d. random variables Uy.n, - - - Up:n, where {Usn ©
i > 1} is independent from {(zi,e;) : ¢ > 1}. For simplicity we henceforth use the notation U;
for Un. Define y; = x7 3, + Usr; for i = 1,...n. The external bootstrap estimator is given
by B = Diln~' S xiy;. The bootstrap equivalent of Tno is Tno = nV/2cT Dn(Ben — Ba) =
n=1/2 ¥ Usz;r;. Thus the studentised bootstrap statistic is Tga = (n™' X UZa?r?)1/2Tgno
and let Fi, be its (conditional) distribution function given {r;} and {z;}.

The following moment conditions are assumed on Uyp:

EUin = 0 (6.2.12)
EUZ, = 1 (6.2.13)
EU}, — 1 asn—oo (6.2.14)

s:;lpEr/fm < o (6.2.15)

THE UNCORRELATED WEIGHTS BOOTSTRAP (UBS): Consider a triangular sequence of
random variables, whose n'* row consists of a set of i.i.d. random variables wy:n, . . . Wn:n, Where
{win i > 1} is independent of {(z:,¢;) i > 1}. For simplicity we henceforth use w; for win.
Consider the transformed data (x},y;) = w)/?(xi,y:) as the bootstrap data. Use ordinary
least squares on this transformed data to get the UBS estimator Apn = Dpan™' S wixiyi,
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where Dp, = n~! S wix;x?. The matrix Dpy is always positive definite whenever (6.2.1)
and (6.2.16) below holds. The condition (6.2.16) is in general not necessary for implementing
UBS resampling, and is indeed not satisfied by many schemes like the paired bootstrap or the
delete-d jackknives. However, since we assume that w;’s are i.i.d. such schemes are anyway not
being considered here, and (6.2.16) is a minor additional restriction.

Since the design variables change with every bootstrap sample, it naturally implies that
conditional on the data, the bootstrap expectation of A, is not A,. The bias factor does not
affect first order consistency results (see Chapter 5); but it is not negligible in the second order
term. Let E(wyn — 1)2 = 62 and Wi = o~ (w; — 1), and the matrices Wy and W denote the
diagonal matrices whose i" diagonal entries are respectively w; and W;. Algebra shows that
the difference f, — Epfig,, = onBs(X7X) ' XTWX(XTWoX)~'X"Woe, and the quantity
inside the expectation may be estimated by Bps = on(XTX) ' XT WX (XTWoX) !XT Wor,
where the vector of residuals is denoted by r = (I — Px)e. The bias corrected UBS statis-
tic that is equivalent to Tpo is Tono = n'/2¢T Dpon ™ (Ben — fn + Ben) = n™/2 L Wiziri.
Thus the studentised bootstrap statistic is Tgn = (n™! 3 W2z2r?)~1/2Tgg and let Fpy, be its
(conditional) distribution function given {r;}.

Note that Tpno has the same form as Tgno with W's in place of Uy’s. This means that the
results for the two generalised bootstrap resampling are similar.

The following conditions are assumed on the UBS weights:

0<k < wiy with probability 1 (6.2.16)
Bwpn = 1 (6.2.17)

0< B(wim—1? = o2<oo (6.2.18)
EW}, — 1 asn—oo (6.2.19)

sup EWf, < (6.2.20)

In addition to the conditions stated above, the following condition on the density of U; (in
case of external bootstrap) or W; (in case of UBS) is always assumed to be satisfied:

Assumption C The distribution of Uy (W) has a density f(z) such that for some positive
numbers zo and b, we have f(z) > b for all € (o, z0)-

Recall that in both the resampling schemes we use i.i.d. absolutely continuous weights.
6.3 Main results

Note that T, is a studentised sample mean from independent random variables which are
not necessarily identically distributed. Thus in order to approximate F, we first establish
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an Edgeworth ion result for ised statistic from i ds but not il
identically distributed random variables. This result does not seem to exist in the literature in
the form in which we need it.

We now state some moment conditions on {X;}. Some of these may be relaxed as in Hall
(1987).

EX; = Oforalli (63.1)

EX? = 1<K <o (6.3.2)
S EX! = O0(n) (6:3.3)
S EX? = o(n®) (6.3.4)

Under the above set of assumptions, we consider Edgeworth expansion for the statistic t, =
(S X2)"'/2¥ X;. The standard notations ®(-) and ¢(-) are used for the standard normal
distribution function and density function respectively.

Theorem 6.3.1 For random variables {X,} satisfying Assumption A and (6.3.1)-(6.3.4),
sup P2 X720 Xi < y) - 8(y) — )W) = o(n”?) (6:3.5)
v

Jor some polynomial p(y) of degree 3 whose ients are conti ions of the averages
of the first three moments of Xi, i=1,...,n.

REMARK 1. Recall that Hall (1987) i Edgeworth ion for the ised
sample mean of i.i.d. random variables with finite third moments and non-singular distribu-
tions. The non-singularity of the distribution was used to establish a Cramer condition type
result (see Lemma 2.2 of Hall (1987)), using a result on the density of the absolutely contin-
uous part of the random variable (see Lemma 2.1 of Hall (1987)). For our set-up, we have
assumed for convenience that the random variables are all absolutely continuous. The proof of
Theorem 6.3.1 is along the same lines as that of Hall (1987), and is sketched in Section 6.4.
REMARK 2. The above theorem a partial generalisation of the main results of three
important papers. Bai and Zhao (1986) considered nonstudentised sample averages from in-
dependent random variables, our result is for the studentised case. Hall (1987) established
Edgeworth expansion for studentised sample average of i.i.d. random variables under minimal
conditions, we extend it to the independent case, but do not bother about minimal conditions.
By using standard techniques, our result can be extended to functions of sample averages of
dent random variables, thereby ding the result of Bai and Rao (1991). Our result
may also be viewed as a variant of Theorem 20.6 of Bhattacharya and Ranga Rao (1976),
where individual random variables are required to satisfy the Cramer condition. We derive a
‘conditional Cramer condition’, as in Lemma 2.2. of Hall (1987) in the present set-up, and for
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this we need assumption A. However, by following a different approach based on Edgeworth
expansions for strongly non-lattice random variables, assumptions about absolute continuity of

Xn’s can possibly be replaced by strong non-latticeness of X;’s.

For weighted sums of i.i.d. random variables, a sufficient for ensuring

A is given below. The proof is easy and is omitted.

Proposition 6.3.1 Suppose {¢;} are i.i.d. mean zero absolutely continuous random variables
with density f(z) such that for some constants zo > 0 and b > 0, f(z) > b > 0 for all
T € (—z0,30). Let {a;} be a sequence of non-random constants such that for large n, and for
some a > 0; at least [an] of {|ai|, i =1,...n} lie in [a™,a] for some a > 1. Then {X; = ai&}
satisfies Assumption A.

We now apply Theorem 6.3.1 to establish Edgeworth expansion of Fy, under Models A and
B. Notice that T, is not of the same form as t,, which is the statistic of Theorem 6.3.1, since
the errors e; have been estimated by the residuals r; while studentising. The various moment
conditions in Models A and B ensure that using the residuals instead of the actual unobservable
errors does not alter the second order behaviour (see Lemma 6.4.3). This is an important step
in the studentisation of .

Theorem 6.3.2 (A) (Edgeworth expansion for T, in Model A) Assume the conditions of
Model A with L =8. Then

sup |Fa(z) — &(z) — n™/2p(a) ()| = o(n™"?)

for some third degree pol; ial p(z) whose i are i f i of averages
of moments of Tie;, i =1,...,n upto the third order.

(B) (Edgeworth expansion for T, in Model B) Assume the conditions of Model B. Then
the conclusion given in (A) above holds.

The following theorems state the second order accuracy of the external bootstrap and UBS
for F, in Model 4 and B.

Theorem 6.3.3 (a) Assume the conditions of Model A with L = 12 and assumption B. Then

— Fu(z)] = o(n™"/?) almost surely,

sup |Fign
z
(b) Assume the conditions of Model B. Then the same conclusion holds as in (a).
Theorem 6.3.4 (a) Assume the conditions of Model A with L = 12 and assumption B. Then
sup |[Fpn(z) — Fa(z)| = o(n™'/?) almost surely,

(b) Assume the conditions of Model B. Then the same conclusion holds as in (a).



6.4. PROOFS 115

REMARK 1: The moment conditions for either the external bootstrap or UBS are satisfied in
many situations. For example, take V' to follow beta(4,7a), and let BV = iy and E(V —p1)* =
2. Now define Upn = 3 />(V — p1). As long as ya — oo the moment conditions (6.2.12)-
(6.2.15) are satisfied. This is precisely the property that Zheng and Tu (1988) found useful for
the Dirichlet(4,...,4) weights. If V follows Gamma(4,7) distribution, and Uy is defined as
centered and standardised V' then again (6.2.12)-(6.2.15) holds. For < 1/4, the same weights
can also be used in UBS, by a location shift. A mixture of Uniform distributions can also
be used to get random variables with required moment conditions, and such distributions are
typically easy to sample from.

REMARK 2: In its full generality, the UBS technique includes as special cases, the paired
bootstrap, delete-d jackknives, Bayesian weighted likelihood and the m
out of n bootstrap. But since in this chapter we consider the UBS weights to. be i.d. and
absolutely continuous, the jackknives and paired bootstrap are not covered here. However, it

is interesting to note that condition (6.2.19) is violated for jackknife weights, so a second order
accuracy of the jackknife histogram is typically not to be expected. On the other hand, for the
paired bootstrap the weights used follow Multinomial(n,1/n, ..., 1/n) distribution, for which
all the moment conditions are satisfied, so it is possible that the bias corrected paired bootstrap
estimator is second order accurate.

6.4 Proofs

SKETCH OF PROOF OF THEOREM 6.3.1 Theorem 6.3.1 is proved by closely imitating the
arguments of Hall (1987). Hence we give only a sketch of the proof. In Hall (1987) the X;’s
are i.i.d. but in our case it is not so. Let Y; = X; — E(X;||X;]), pj = PIX; > 0l|X;l], Bo =
BIY2|IX;]) and ;(t) = Elexp(it¥;)[|X;]}, where all the above expectations are conditional
on |X;], as is obvious from the notation. The arguments of Hall (1987) may be followed, by
substituting appropriate averages of moments (or conditional ) in place of the

(or conditional moments) from the single distribution considered by Hall (1987). Note that the
remarks of Hall (1987, page 922, after (2.4)) do not hold in case X;’s are not i.i.d.. However,
Assumption A allows us to overcome these issues. With a notation similar to that of Hall
(1987), we may then define pz = n~' " EX? and vy = n~' 5 Efl2; among other things, and
follow his One additional technical condition that is required for the present set-up
is that both u» and vy must have a positive lower bound. This follows from Assumption A.
We also need a parallel to Lemma 2.2 of Hall (1987), which is stated below. We omit its proof,
which is easy.

Lemma 6.4.1 If X;’s are absolutely continuous with densities satisfying assumption A, then

supn~t Y Ely;(t)] <1
lt|>e
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for all € > 0 for all large n.
Then, by following arguments similar to that of Hall (1987, pages 926-930), we obtain
sup [Pltn < 4] - $() - n"V2q(y)¢(y)| = o(n~'/?)

for some third degree p ial g(y) whose coeffici depend on upto third order
of Xi’s and (2p; — 1)|X;|’s. From Theorem 20.6 of Bhattacharya and Ranga Rao (1976) it
follows that g(y) must be as stated in (6.3.5), with coefficients depending only on the averages
of moments upto third order of the random vectors (X;, n~Y2(X? —72)7, i=1,...,n,
since if two second order Edgeworth expansions exist for the same quantity they may differ
only by o(n~1/2). However, now we can use the special structure of our statistic to see that
the coefficients of ¢(y) must be functions of n~! 3 EX? and n~! ¥ EX}, since EX; = 0 for all
i. An easy cross check is accomplished by observing that this is indeed the case when X;’s are
i.i.d random variables. This completes the sketch of the proof of Theorem 6.3.1. ]

We first introduce some convenient notation before going into the proof of Theorem 6.3.2.
Define S2) = n~! Y a2e? and Ty = Sy Tno. Let the distribution function of Tp1 be Fn1. We
define e, = n~Y/2(loglogn)~".

Lemma 6.4.2 For random variables Ry, and Cy,

If P[|Rn| > en] = O(an) and sup sup |P[Cp < z]— P[Cn <z —y]| = O(ba)
% lynlSen

Then  sup|P[Cp + Rn < 7] — P[Cn < al| = O(an + bn)
2
The proof of this lemma is routine and is omitted.

Lemma 6.4.3 Assume the model conditions (6.2.1) - (6.2.6) with L =8. Then we have that
» = Tn1 + Rn where P[|Rn1| > €a] = o(n™1/2).

PROOF OF LEMMA 6.4.3 Let hyj = xI D;'xj, & = n™' ) hijej, then ri = e + ;.
Then we have n~! 3 z2r? = n~' T z?e? + §, say. With a lot of algebra, one can show that
Eé* = O(n~*) using the assumed moment conditions. We now have Ty = Tnz + Rn1 where
Ra1 = 571572 (Sn1 + Sn2) 1 Tnod. Let us define the sets

Ano = {18l <47'Co}
Am = {n7 Y aird > 27T Y aln?)
Ao = {122 > 2t Y atn?)
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Using the moment bound on 6, we have 1 — P[Ano] = P[|d] > 47'Co] = O(n1). Using this
fact, we now show that the probabilities of the sets An1 and Az are 1 — O(n™!).
1-PlAy) = Pty alef <27'n7' Y ain?)
Plin™' Yo ai(e} — ) > 27'Co)
4C52 Bl Y z¥(e? — i?))* = O(n™') and
Pt S atr? <27t Y a?n?)
< Pl6] > 471Co) + P[n7!| Yzt (e — 1?)| > 471Co] = O(n7?)

IAIA

1— P[An1]

It now follows that the set A = An1 N An2 has a probability 1 — O(n~!). Thus we have

PR > €n] = PSS (Sn + Sn1) " Tnod| > €n)
' = P[|S; 551 (S + Sn1) " Tnod| > €n, Al + O(n71)
P[|Tnod| > ken) + O(n™")
kg [ETLHES Y + 0(n™?)
o(ﬂAl/Z)

IAIA

using the fact that E§* = O(n~%). This completes the proof. L]

PROOF OF THEOREM 6.3.2 (a) From Lemma 6.4.3, we observe that T}, can be approximated
by Ty with an error Ry for which P[|Rn1| > €n] = o(n~"/2). Now observe that the assumptions
of Theorem 6.3.1 are satisfied by the random variables {z;e;}, so that Fy,; has an Edgeworth
expansion of the form (6.3.5). Hence the following is satisfied:

sup sup |Fu(e) — Fui(z — y)| = o(n™"/?)
= fylsen

Thus, the conditions of Lemma 6.4.2 are satisfied with Cp, = Tn1 and R, = Ry, so that we
have

5up|Fu () = Fui ()] = o(n™"/?)

Now use Theorem 6.3.1 again, to get the result.
The proof of Theorem 6.3.2 (b) is similar. An equivalent of Lemma 6.4.3 is needed for this
case. This may be proved by routine moment computations. -

PROOF OF THEOREM 6.3.3 (a) Suppose we establish
sup |Fipn () — @(2) = n™/?p(@)(c)| = o(n™"?) (6.41)
=

where the polynomial §(z) is of the same form as that of p(z), with the coefficients being
functions of the averages of sample moments upto third order of z;e;, i = 1,2,...,n. Note that
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our moment assumptions imply that the difference between the sample moments and their
expectaions end o ero almostsuely. We use Thorem 6.3, for the Bdgeworth expansion of
. The moment condtions of tha theorem are et fishied asly, and oy Assuupton 4 needs

tbeveled, Cosdertheset o onwhihat st o3 of e en (0] 171,16 whete
o0 € e as i Asumptin B. Clearly,over this e, usng Propoiton 63,1 Assumption 4
can b v, One other part st show tha th complment of Ay caanot occur infiitely
ofen, This i proved s follows: For every , becauseof Assumption B on the model, e have
tht with a probabity 1 - O[n ) at last en 3 of the het e n [0, C), wherecand O
are s ssumption B. Fom i, can e show thatthe probably that o last e8] of
the b B 20),20] i 1 - Ofr ™). Now e B el lemma 0 establh almost

SUIe COLNEIGEDCE.
The proof of part (3 ofthis theorem nd Theorem 6.3.4 are simila. ]



Chapter 7
ASYMPTOTICS AND GENERALISED BOOTSTRAP FOR
SOLUTIONS OF MARTINGALE ESTIMATING EQUATIONS

7.1 Introduction

Stepping ahead from the case of least squares i in linear ion that we

in the previous chapters we consider estimating equations in very general terms in this chapter.
The goal of this chapter is to obtain results similar to the previous chapters, for estimators
obtained by solving martingale equations

3" i (Wi Xnis ) = 0 (7.1.1)
i=1

where

(¢) The functions {¢ni(-), i=1,...,n, n2 1} are known functions taking values in IR”.

(i) B is a parameter taking values in B C IR” for some integer p, and its unknown true value
is denoted by fp. The values of p and fy may depend on n.

(123) {Ynis 1 ..,n, n>1}is an observed triangular sequence of random variables.

(iv) {Xniyi =1,...,n, n 21} is an observable sequence which may or may not be random,
taking valuesin X C RFfori =1,...n. Thesestand for 'covariates’ ina typical statistical

problem.

We assume that at the true value fo of the parameter B, the functions ¢n; form a triangular
array of martingale differences, and hence we call (7.1.1) martingale estimating equations.
Typically {yni} is modelled in terms of some function of the covariates {zni} and parameter
Bo, along with an additive error term {en:}. Generally, {eni,i = 1,...,n, n > 1} isan
unobservable sequence of random variables. The joint distribution of (€ni,Xni) may depend on
Bo. The function involving X,; and fo represents the signal term, and ep; is the noise.

The above framework contains as special cases the estimation problems of (i) M-estimators
of location, scale, and regression; (ii) non-linear regression; (i) generalised linear models; (iv)

119
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certain kinds of semiparametric regression and density estimati (v) aut
(vi) co-i fon; (vii) local estimati ions; (viii) likelihood based i
and many other examples.

‘We define our resample estimator as the solution of

n
> Wnithni(Yni» Xni B) = 0 (7.1.2)
i=1

where {wni,i =1,...,n, n>1} is a triangular sequence of random variables, independent of

{(eni,Xni)}. These are the so called ‘bootstrap weights’. We discuss the conditions on wy; in
Section 7.2. Sometimes estimators are obtained by the following minimisation problem:

min >~ @ni(Ynis Xnis B) (7.1.3)

for some array of functions ®ni(-). Define the UBS estimator in this case as the solution to
the following problem:

n'gnz Wni®ni(Ynis Xni, B) (7.1.4)

In case ®ni’s are smooth, solutions to these can be obtained using (7.1.1) and (7.1.2) respec-
tively. Thus minimisation problems with smooth criterion functions may also be treated as part
of our set-up. The case of non-smooth ®p; is treated in Chapter 8 in the special framework of
M, estimators. Early ideas relating to bootstrapping with (7.1.2) or (7.1.4) may be found in
Freedman and Peters (1984) and Rao and Zhao (1992).

The results of this chapter require diverse technical conditions. We put all these conditions
together in Section 7.2. Our different theorems require different conditions both on the model
as well as on the UBS weights.

In Section 7.3 we state the main results of this chapter. There are four major results. The
asymptotic normality of the estimator; the ﬁrst order consistency of the UBS distribution esti-

mator; second order i of the distril of i bias corrected UBS statistic
for the distribution of the studentised, bias corrected esti and, asympt
of UBS variance estimator.

First we consider the case of a real valued for greater In subsec-
tion 7.3.1 we obtain asymp ion of the esti as well as its bootstrap version.
This is used to blish i ity of the esti and i of the UBS for

estimating the distribution. We aim at establishing our results under minimal conditions on
the functions ¢n;. However, the conditions on ¢,; may be further relaxed, and this is indicated
in a remark in that subsection.
Then in subsection 7.3.2 we consider the special case of independent ¢ni, i = 1,...,n. We
blish an asymptotic repr ion of the UBS variance estimator, along the lines of Chap-

ter 3 and Liu and Singh (1992). This asymptotic representation shows that the UBS remains
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under h icity for a very broad class of estimators and models, including

M-esti in linear i ised linear models and non-linear regressions. It is
known from Bose and Kushary (1996) that the classification of common ing schemes
as efficient or robust along the lines of Liu and Singh (1992) does not hold generally for M-

i in linear ion. Our result establishes that UBS esti are always robust,
sometimes they are also efficient.

The estimator obtained by solving estimating equations will be typically biased for the
parameter. In subsection 7.3.3 we retain the assumption of independent ¢y,; and consider a
bias corrected, studentised estimator and show that a subclass of UBS yields a second order
accurate approximation to its distribution. This higher order accuracy result may be used for
obtaining higher order accurate ds sets for the or testing hype is relating
to it. This result is an extension of Theorem 6.3.4 of Chapter 6 to the case of estimating

equations.

In subsection 7.3.4 we consider the case of a genera.l P dlme.nsxonal parameter and allow p
to tend to infinity with the data size n. A p and i of UBS results
along the lines of subsection 7.3.1 are obtained. The UBS i result of this sub

is an extension of Theorem 5.2.1 of Chapter 5 to the case of martingale estimating equations.
In Section 7.4 we discuss several resampling schemes that are covered in our framework.
This is a more detailed di ion on the i which were briefly mentioned

in Chapter 2. We discuss how the conditions on UBS weights are variously satisfied.
Examples are abundant in statistics where estimators are obtained by solving martingale

equations. In Section 7.5 we consider several such examples. I subsection 7.5.1 we discuss

several in details, i i M. ion in linear models,

generalised linear models and i In ion 7.5.2 we consider a slightly
more general model framework, that of estimators obtained by solving ‘approximate’ martingale
estimating equations. Here {¢ni = mn; + rni}, where {my;} is a martingale difference array,
and {rm} is an array of sma.ll’ perturbation terms. Important examples of this set-up is that

of the in ic probl after using a data-driven
plug-in for the non-parametric component. We discuss how our methodology extends to this
slightly more general fr: k. Four i are di

In Section 7.6 we discuss some computational aspects. Solving (7.1.1) or (7.1.2) would
typically require iterative techniques and the bootstrap Monte Carlo further implies that (7.1.2)
has to be solved a large number of times. Based on some heuristics, we suggest a one-step
non-iterative method of solving (7.1.2), once (7.1.1) is solved. When applicable, this greatly
reduces the computational burden. An example based on simulated data from a nonlinear
regression problem is presented, which shows that the non-iterative technique produces a good
UBS approximation in some problems at least. The proofs of all the theorems are given in
Section 7.7. Some of the material of this chapter are adapted from Chatterjee and Bose (1999b).
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7.2 Technical conditions

We first state the conditions on UBS weights. and then state the model conditions used for
the different results of this chapter. We write dni(eni, Xni,A) = ¢ni()), and assume that for
all 1 <i<nandalln> 1, the functions ¢ni(A) are differentiable twice almost everywhere.
Two conventions are used for the conditions listed below: Any condition stated for a random
function is assumed to hold almost surely unless otherwise stated; and the usage of the term ‘for
all M signifies that the stated condition holds for all values A in the interior of the parameter
space, which is always assumed to be an open set. Also, throughout this chapter, k and K,
with or without suffix, are used as generic for constants.

7.2.1 Conditions on UBS weights

Let {win;1 < i <7n,n > 1} be a triangular array of non-negative random variables to be used
as weights. We drop the suffiz n from the notation of the weights. The notations Pp,Ep will

pecti denote b and itional on the data. Recall that
V(w;) = 02 and assume that the quantities

— 1wl 5
E J
(M o ) (e
are functions of the powers i,, k ... only, and not of the indices a,b,c.... Thus we can write
—1gwp— 1 we—1
= E (L)L
cijk.. = B(PE——)i(— o =)

Note that if the weights are assumed to be exchangeable, then this is true.

Let W be the set on which at least mg of the weights are greater than some fixed constant
ko > 0. The value of mo may be related to the model assumptions, and will be specified later.
‘We now state some conditions on the weights. Various combinations of these conditions are
used in proving our different results on UBS bootstrap throughout this chapter. The conditions
are stated keeping in view that later we allow p — oo in some results.

Ew; = 1 (7.2.1)
0<o2 = o(minaZp~3,n) (7.2.2)
ean = Om™) (7.2.3)

2 = 1 (7.2.4)

cg < o0 (7.2.5)
PgW] = 1-0(p*n7') (7.2.6)
O<k<ol < K<oo (7.2.7)

k
Ciriniy = O(7FY) Y iy g, i satisfying Y 45 = 3, (7.2.8)
=
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Ciyig..iy = O(min (n75+2,1))

2

0+ oy

Gy = O(n™¥ oy ™)

Gy = O(n™F42)
Pplw; > k> 0]

c3

cs

-
<

k
i1,49,... ik satisfying Y i; =4.
iz
K <o

k
i1,ip,... i) satisfying ) i; =3,
j=1

k
i1,02,..., ik satisfying 3 ij = 4.
=1
1
1

o

7.2.2 Assumptions for subsection 7.3.1

123

(7.2.9)
(7.2.10)

(7.2.11)

(7.2.12)

(7.2.13)
(7.2.14)
(7.2.15)

We adopt the notations @x1)ni(A) = Zdkni(A), for k = 0,1,2,..., where ¢oni(}) = dni(A);
Skni(Bo) = Pini for k= 0,1,2.... Let Snj = 1) bni-
For the sequence {an} described later on in (7.2.17), define

M =

Assume that for each n > 1, there is a sequence of o-filds Fn1 C

n
sio= Y Edhlan
=t

oGRS b
= =

+..Fan, such that

{SnjsFags 3 =1,...,n} is a martingale sequence. The following are a set of conditions on this

martingale:

(40)

E¢pi=0foralll<i<n, n>1

n
3 a sequence {a, — oo} such that Ky > Y E¢2;/a2
=

(A1)

O0<k < 3 Edini/a <K;
i=1

n
0 < 3 ini(N)/a for all A
i=1

> k>0

(7.2.16)
(7.2.17)

(7.2.18)

(7.2.19)
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(A2) There exist Man;, possibly random and depending on f, and a sequence {c,} such that

sup  |¢2ni(A)| < May, for some fixed & > 0.
1A=Bo| <o

/‘?(i Myni)* O(c2) where a, ¢z = O(1).

(A3) For some sequences {b,} and {dn},

Ela;' Y ($1ni — Eini)]? = O(b2) where a;2b2 = o(1).
Elag 30(65 — B¢R))* = O(dy) where az?d} = o(1).

(A4) ( Asymptoti i

The triangular sequence Xn; = (S0, E¢2;) ™Y/ 2¢n; satisfies

n
max | Xod 50, 3 X5 51, sup B(max X3,) < o0
=

Fag C Fapry fori=1,...,nn>1

7.2.3 Assumptions for subsections 7.3.2 and 7.3.3

In both subsections 7.3.2 and 7.3.3, we assume that ¢n;, i =
that

Bui(A +1) = 6ni(N) + drni(N)t + 27 bani(WE + Rui(t, Ve

where | Rpi(t, \)| < k|t|2 for each A for some 0 < a < 1.

Thus for this restricted set-up we can use simplified expressions for some of the assu

stated earlier. Following is the list of assumptions in this framework:
E¢ni = Oforalll<i<n, n>1.
n
S Elgul" = On)
=1
n
> Blml® = O(n)
=
= O(n)

> ki >0,

> k>0, forall A
$1ni(A) > kx>0, forall X

n are independent.

(7.2.20)

(7.2.21)

(7.2.22)
(7.2.23)

(7.2.24)

(7.2.25)

Assume

(7.2.26)

mptions

(7.2.27)
(7.2.28)

(7.2.29)

(7.2.30)

(7.2.31)

(7.2.32)
(7.2.33)
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In the above, the constant L is to be specified in the results. For some resampling schemes that
we consider, condition (7.2.31) is not sufficient. Recall the discussion about model condition
in Chapter 3. Suppose mo is a specified integer in the range [n/3] to n. For any integer m in
{mo,...,n} consider the subset Zy, = {i1, iz...,im} of {1,2,...,n}. We assume

m Y fini >k >0 (7.2.34)
=4
for every such choice of subset Iy, of size m from {1,2,...,n} and for every m in [mo,n).
The more stringent assumption (7.2.34) is required to make resampling schemes like the paired
bootstrap and the different jackknives feasible.
Note that (7.2.27)-(7.2.30) covers the conditions listed in (40) and (A2)-(A3). The condi-
tions (7.2.34) reflect the condition (A1).

7.2.4 Assumptions for subsection 7.3.4

The model conditions here are ions of the itions (A40)-(44) for the p dimensional

case, along with a condition on the growth rate of p with respect to n. The following notations

will be used: ||c|| is the Euclidean norm of a vector c, AT is the trmspose of the matrix A,

tr(A) is the trace of A, Amaz(A) and Amin(A) are n the and

eigenvalue of A, and for symmetric matrices A and B, A > B means A — B is positive definite.
Note that each ¢y is actually a vector valued function, thus

Gni(N) = (Bt (N), -5 Bnip(V)T
For each ¢nia()), we assume that the following Taylor expansion holds:
Bria(A +1) = nia(A) + $Tria (Nt + 27147 Hania (M)t (7.2.35)

for A = X+ ct for some 0 < ¢ < 1. We consider two separate possibilities: the dimension p is
a fixed positive integer; or p — 00 as n — co. As earlier, we often denote ¢ni(5o), Binia(fo)
etc. by dni, Pinia etc.

Let Sn; = Y7, $ni- Assume that for every n, there is a sequence of o-fields Fo; C ... Fpn,
such that {Spj, Fnj, j = 1,...,n} is a martingale sequence.

(BO) Assume that

Eni =0 (7.2.36)

3 a sequence {a, — oo} such that K > [mp Z E(T$ni)?) a2 > k>0 (1.2.37)
lell=
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(B1) Assume that

n p
S Y Ellgwial® = O(a2p?) (7.2.38)
i=la=1

n

33 Eliginia — Edrmial > = 0(a2p?) (7.2.39)

=1a=1

(B2) For the symmetric matrix Hani, in (7.2.35), for some 8y > 0 there exists a symmetric
matrix Mapi, such that

forall {t:[|t]l <60}  Hania(Bo+t) < Monia (7.2.40)
n P
Y EMe(Mania) = Olalpn™) (7.2.41)
et

(B3) Let ¢1ni(A) be the (px p) matrix, whose a*h row is given by ¢%,o(A), fora = 1,...,p. Let
T1n(A) = 72 Ty bini(A). Assume that Ty, is nonsingular. Let Gin = a5? S0, By,
Assume

0<ky < Amin(27'(Gin+GT) (7.2.42)
i [IGiaell = O (7.2.43)

(B4) (strengthening of (B3)) Recall that T'1n(X) = a;2 S ¢ini(A). Consider all A € {A :
[[A = Boll < do}, where without loss of generality do is same as in (B2). Assume

0<ky < Amin(27'(T1n(A) +TT,(N) (7.2.44)
sup [T (Nell = Op) (7.2.45)

(B5) Consider any fixed vector ¢ € IRP with ||c|| = 1. Let
o= EEmJ o ZE¢,.,¢ ][(z Béum)'d]
X = —si'(( ZE¢.m 1 G
Then Xp; satisfies

w
max | Xnl 50, Y x% 51, sup B(max X7,) < 0o (7.2.46)
=

Fnyi C Fagr,i fori

Lmn>1 (7.2.47)



7.3. MAIN RESULTS 127
7.3 Main Results

The estimates of the parameters are obtained by solving (7.1.1). We first establish consistency

of the esti and an asymp ion, in Theorem 7.3.1 for one dimensional pa-
rameter and in Theorem 7.3.5 for general p dimensional parameter, allowing p to tend to infinity
with n. A p ity of the esti follows as a corollary. The UBS estimator also
admits an ic li i i which is obtained in Theorems 7.3.2 and 7.3.6

for p = 1 and general p respectively. The consistency of the UBS distribution estimator follows
from this.

Assuming that ¢pi, @ = 1,...,n are independent, we obtain two more results. In Theo-
rem 7.3.3 an asymptotic representation of the UBS variance estimator is obtained. After bias
correction and studentisation of the original estimator as well as its UBS equivalent, a second
order order accuracy result is obtained in Theorem 7.3.4. For these two results we consider one
dimensional parameter only for technical convenience, and the results can be easily extended
to higher dimensional parameter space. Further details and remarks on the results are given
in the different subsections.

The technical conditions and the assumptions of the theorems are all given in Section 7.2.
We do not refer to this fact in the statements of the theorems.

7.3.1 Asymptotics and bootstrap for p=1

The first result is on consi and
solving (7.1.1).

ptoti ion of the esti obtained by

Theorem 7.3.1 Under (A0)-(A3) exists a sequence {fBa} of solutions of (7.1.1) such that
an(Ba—Bo) = Op(1) and (7.3.1)
TnlBn = o) = (L BH) Y it ra (732)

i=1
where r,, = op(1). If further, cn = O(n), by = O(1) and dp, = O(1), then r = Op(az*)
Henceforth we work with that sequence of estimates {f} which satisfies Theorem 7.3.1.
Assumption (A4) ensures that ¥; Xni = a;ls;'¢ni 3 N(0,1) by Theorem 3.2 of Hall and
Heyde (1980). The usual case of ‘n!/2-consistency’ is when a, = n'/2. This may be seen to
hold in many cases satisfying (A40)-(A4). The following corollary is immediate.

Corollary 7.3.1 Assume (A0)-(A4). Then

alBa— B0) B N, 1) (7.33)
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Fu(z) = Problya(Bn — fi) < 7]

T = on (3 GE(BT2 Y buns(Ba)
= =t

For any bootstrap random variable Tgn, the notation Opg(én) (and opp(én)) will mean that
for any fixed € > 0, the bootstrap probability conditional on the data Pp[¢;"|Thn| > € is
respectively Op(1) (and op(1)).

The bootstrap estimator is obtained by solving (7.1.2). The next theorem is on its asymp-
totic representation, which is similar to (7.3.2).

Theorem 7.3.2 Assume the conditions (A0)-(A3) and the bootstrap weights satisfy conditions
(7.2.1) - (7.2.3) . Then there ezists a sequence {fg} of solutions of (7.1.2) such that
(a) for fized €,6 > 0, 3K > 0 and integer no such that for alln > ng

Prob[Py(onanlfp — ful S K) <1-¢ <6 (7.3.4)
(®)
BB — Bu) = —(3 Bg2) V2 Y Widni +up (7.3.5)
= =

where rug = opp(1). Further, if cn = O(n), by = O(1) and dy = O(1), then rap = Ops(az")
Let
Fpn(z) = Palyan(Bg — Bu) < ).

The i of the UBS distributi i Fp, for F, is an immediate consequence of
the above two theorems and Theorem 5.3.1. This is stated in the following corollary.

Corollary 7.3.2 Let {wni,i = 1,...n} be ezchangeable for every n. Assume (A0)-(A4) and
conditions (7.2.1)-(7.2.5) on the bootstrap weights. Then

sup | Fn(x) — Fa()| — 0 in probability (7.3.6)
REMARK 1 Assumption (A2) is less restrictive than the Lipschitz condition (C.1) of Lahiri

(1992). We compare our assumptions and results in details with that of Lahiri (1992) in
subsection 7.3.3 where we consider higher order accuracy of UBS.
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REMARK 2 Existence of second derivative goni of ¢ni and related assumptions may be
replaced by the assumption that ¢n; admits the Taylor series approximation of the form ¢ni(a+
= ¢ni(a) + téni(a) + o(|t]) as |t — 0. Note that the functions ¢n; are random, so the
ind inter i The ion needed in that case would

be similar to assumption (h1) of Koul (1996).

term has a

REMARK 3 The assumption (7.2.19) that a;2 ¥ ¢ini(X) > 0 for any A may be replaced
by requiring only a;2 ¥ éini(fo) > 0. Then the proof of Theorem 7.3.1 remains unchanged,
but the proof of Theorem 7.3.2 has to be modified, and the class of UBS techniques slightly
restricted.

REMARK 4 An important property of the bootstrap weights we need is (7.2.3). Many
resampling schemes like the classical bootstrap or the delete-d jackknife satisfies 37—y wni = Cn
for some sequence of constants Crn. After appropriate scaling to ensure Epwn; = 1, for such

schemes it is easily seen that ¢, = —(n — 1)~'. Without (7.2.3), the calculations involved
in the proof of Theorem 7.3.2 may still be carried out, but the rate conditions would change.
The various block b iques can be i d in the set-up of the bootstrap weights

where (7.2.3) is violated and instead, c11 — 1 typically. Also typically, for such a framework
the rate of convergence of various bootstrap quantities are slower. Block bootstrap techniques
are powerful tools used for resampling in case of weak dependence. However, in our framework
dependencies are of a special kind owing to our ‘martingale’ assumptions, and block bootstrap
techniques are not required here. Hence we retain (7.2.3) throughout.

7.3.2 Asymptotic representation of variance estimator

In ion 7.3.1, it was blished that the UBS resampling scheme is consistent for ap-

proximating the distribution of the parameter estimate. However, since the asymptotic distri-
bution of By is normal, one may simply wish to estimate the asymptotic variance of B using
bootstrap. A variance estimate is also required often for confidence intervals (or sets), and
hypothesis testing. In this subsection we consider the UBS variance estimator and obtain
its asymptotic i For this jon and next, we restrict our attention to the
case Pni, 1,...,n are independent. Without the assumption of independence, the result of
this subsection would be much weaker, and that of the next subsection would require entirely
different treatment.

For this subsection, we assume that the UBS weights satisfy conditions (7.2.1), (7.2.3),
(7.2.6) and either (7.2.7)-(7.2.9) or (7.2.10-(7.2.12). These can be seen as slightly stronger
moment i than the i of ion 7.3.1.

We have observed in Chapter 3 that certain UBS schemes like the paired bootstrap and the
delete-d jackknives effectively select subsets of the data in the resample, and model assumptions




130 BOOTSTRAP FOR ESTIMATING EQUATIONS

are often required to hold on these subsets. The analogue in the present case is assumption
(7.2.34).

The next proposition shows that under appropriate conditions the probability of a ‘bad’ set
is small. This set is used for defining the b i for this sub

Proposition 7.3.1 Assume ¢n; are independent satisfying conditions (7.2.27)-(7.2.30) with
L =8(1+a) and (7.2.34). Assume B, is a solution to (7.1.1) satisfying (7.3.1)-(7.3.2) from
Theorem 7.3.1. Let A be the set on which m™' Sicz, dini(Bn) > k1/2 > 0 for every such
choice of subset T of size m from {1,2,...,n} and for every m in [mo,n]. Then Prob[A] >
1-0(n72).

We define our bootstrap estimator g to be the solution to (7.1.2) under the set ANW, and
By otherwise. The set A is defined in Proposition 7.3.1, and W is defined in (7.2.6). The UBS
variance estimate is Vugs = on~2Ep(fg — 8)?. This is used for estimating Vo = E( — f)*.
In the statement of the next theorem we have used ¢, ¢1, g2 respectively for ¢ni, Gini, doni-
The sums range from 1 to n. Also let g1, = n~' Y E¢y, gon =n"1 S Edy.

Theorem 7.3.3 Assume {¢ni, i = 1,...,n} are independent satisfying (7.2.27)-(7.2.31) and
(7.2.34) with L = 8(1 + a). Then

ngt, (Vus — Va)

= W (g e 2

S 63 ¢ - e S F (1 — Edr)
ngin
*ﬁ Y63 b+ Op(n) (7.3.7)

REMARK. Note that in the special case of M-estimation in simple linear regression, we
have ¢n; = —zi3h(y; — Bx:). It can be seen that in this case (7.3.7) matches with the expres-
sion for the jackknife variance estimator established in Bose and Kushary (1996). A similar
representation for the variance estimator of the weighted jackknife of Liu and Singh (1992)
can also be established. This weighted jackknife is consistent under homoscedasticity of errors
but not under heteroscedasticity. From the results on least squares estimator obtained by Liu
and Singh (1992) it was plausible that the weighted jackknife would be more efficient than
the jackknife if errors are homoscedastic. However, Bose and Kushary (1996) showed that this
is not the case with all M-estimation problems, and even in common criterion functions like
Tukey’s biweight function the jackknife is more efficient than the weighted jackknife. This
follows directly from the asymptotic representation (7.3.7). Hence the UBS is not only robust
against heteroscedasticity of errors, but also more efficient than the weighted jackknife in some
homoscedastic cases.
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7.3.3 Higher order accuracy of UBS

In this section we extend the results of Chapter 6 to estimators obtained by solving estimating
equations. The solution /3, of (7.1.1) whose representation was obtained in Theorem 7.3.1 has
a bias factor that is not generally negligible in the second order results. A natural question
is how to estimate this bias factor, and study the asymptotic properties of the bias corrected
statistic.

By calculations similar to those of the proof of Theorem 7.3.3, we obtain that there is a
solution A, to (7.1.1) that satisfies

—n' S il (B~ Bo) = 02 ¢ - 27 n T Tt Y gl (B — o))

where Er2, = O(n~(14+@)). Since the algebra is repetitive, we omit the details. The technical
conditions required to obtain this are stated later on. The bias correction to this statistic can be
done by estimating the second term on the right hand side of the above expression. This requires
an estimate for E[n'/2(B, — fo)]?. One such estimate would be Vygs from Theorem 7.3.3.
However, a different variance estimator, like the simple plug-in §2 = n~' & ¢2,(8,) may also
be used. Let g2 = n~! ¥ ¢2; and Agn = 1" ¥ gni(Bn), k = 1,2 After some routine algebra,
we obtain the following bias corrected studentised estimator

Ty = 1nd (02 (B — Bo)] = 2707247267 Ao Vups = —n 295" 3 dni +7a (7.3.8)

where Er2 = O(n~(+)),

For the bootstrap case, the bias correction is done as follows: Define the quantity 3=
oV S W2¢R,(Ba) and g2 = n' S WPE,. Then the bootstrap bias corrected, studentised
statistic is given by

Tos = Amdpplon n2(B = b)) + 270 ong b enlon 02 (B — B))
=—n"V2g LS Widni +np (7.3.9)

where Pp||rns| > kn~/2(logn)~!] = 0 almost surely.

The slight difference in the ‘bias correction terms’ in (7.3.8) and (7.3.9) is because in the
former we used an estimator for [nV/2(3, — By)|2, whereas in the latter case [~ n1/2(85 — )]
was directly used. The leading terms of T, and Ty are approximated by studentised sample
sums of possibly non-identical but independent random variables. Edgeworth expansions for
such cases have been given in Chapter 6. The model conditions for this section is given below.
They are similar to the conditions of Chapter 6.

We assume (7.2.26) is satisfied for some a € (0,1, and the model satisfies conditions
(7.2.27)-(7.2.30) with L = 16 and (7.2.32)-(7.2.33). For any constant C > 1, let p;(C) =
Probl¢?; € [C~1,C]). Additionally, assume:
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Assumption A {¢n:} is a of independ random vari-
ables defined on the real line. Let the density of ¢n; be fni(-). Define the function hni(z) =
min{ fi(z), fni(—2)}, and let Hy(z) = n~! Y0 hni(z). We assume that for all large n, 3 a
real valued function g(z) > 0 such that A = {z : Hn(z) > g(z)} has positive measure, and
0< [49(z)dz < cc.

Assumption B For some ¢ € (0, 1), there exists a constant C' > 1 such that n=! 3" p;(C) >
¢ for all large n.

For the bootstrap, we assume that the UBS weights are i.i.d. absolutely continuous, and
satisfy (7.2.1), (7.2.7), (7.2.13)-(7.2.15). Additionally, assume:

Assumption C Assume that the distribution of W, has a density f(z) such that for some
positive numbers o and b, we have f(z) > b for all z € (~z, zo).

Note that assumptions A, B and C are same as those of Chapter 6. In this set-up, we have
the following result by making use of the Edgeworth expansions for studentised sample sums
of possibly non-identical but independent random variables. We omit the details of the proof
of this theorem which are based on arguments similar to those of Chapter 6.

Theorem 7.3.4 Let Fn)(z) = Prob[T, < z] and Fnp)(z) = Pg[Thp < z]. Under the assump-
tions of this section, we have

sup |[Fpi(z) — Fui(2)| = o(n~Y/?) almost surely (7.3.10)
z
REMARK 1 Corollary 7.3.2 is a weaker result compared to Theorem 7.3.4 but it was obtained

under weaker model assumptions. Also, there the convergence was in probability and the rate
of convergence not known.

REMARK 2 A comparison with Lahiri (1992) is in order. Lahiri considers M-estimation in
linear re ion with d and i.i.d. errors, whereas our model set-up is much

broader. When idering M-esti in linear ion, we allow random regressors and
heteroscedastic errors in our framework. A quantity -y, defined in Lahiri (1992, C.6), which is
dependent on the design variables, appears as a term in the various convergence rates of Lahiri.
But for us it maybe random and thus cannot appear in the convergence rates. Lahiri obtains
second order consistency of residual based bootstrap tect The hni we

consider may be seen as generalisations of the paired bootstrap. The moment assumptions of
Lahiri are of lower order than what we assume, and no bias correction is needed for estimators
considered by him. The assumption of absolute continuity of weights was not required by
Lahiri. By assuming absolute continuity of the weights we ignore many important resampling
estimators.
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Thus Lahiri makes more relaxed assumptions than us and obtains second order accuracy in
estimating the distribution of M-estimators in linear regression, for a residual based bootstrap.
Our set of problems is much larger, the assumptions more stringent and the resampling schemes
different from Lahiri. Theorem 7.3.4 is perhaps less appealing than that of Lahiri, since a bias
correction of the statistic was needed and strong assumptions were made. However, it is still
useful for higher order accurate confidence intervals and other applications. It is plausible that
with more effort Theorem 7.3.4 can be proved under much weaker assumptions like strong-
nonlatticeness instead of absolute continuity.

7.3.4 Dimension asymptotics

In this subsection we consider the case of p > 1, and in fact allow the dimension p — oo as
the data size n — co. We obtain the conslstency of UBS distribution estimator, generalising
the result of jon 7.3.1. The

accuracy of distribution estimation may also be considered, but with additional

p p fon of variance and second order

in technicalities involved.

In this subsection, we obtain our results under a general framework involving both p and n.
The mutual relation between these two sequence is inherent in the assumptions made. Recall
that supjjq—1 iy B(¢T ¢ni)? = O(a3) and s} = p~*((Ziy Eini) " T[Tl Ednidli]. The
model assumptions are given in Section 7.2.

The following result is an analog of Theorem 7.3.1.

Theorem 7.3.5 Under (B0)-(B3) ezists a sequence {fn} of solutions of (7.1.1) such that
(a) if pag! = 0, then

anp™2||(Bn = Bo)ll = Op(1) and (7.3.11)
a7 VA(S Edini) (B — Bo) = —az'p P dnitra (7.3.12)
= =

where Blrall? = O(az?p?).
(b) if paz? — 0, then for any c € IR? with ||cl| =1,

(B —Bo) = —sn‘l‘[,&zsm) 1 i + 0p(1) (7.3.13)

= 2 Xni +op(1) (7.3.14)

i=1

(¢) if paz? = 0 and (B4) holds, then

az'p 72 $ns) (Bu = o) =
=

E bni+n (7.3.15)
=

where Bljrall? = Olaz2p?).
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Part (c) of the above theorem is actually proved under slightly weaker assumptions. The
conditions listed in (B4) is required only for A = fo. In many examples satisfying (B0)-(B5),
one has an = n!/2 and p/n — 0 is assumed, so that one has S, = fo+Op(n~1/2p!/?). In many
cases p?/n — 0 can be xmprovcd even upto p/n — 0. Part (c) of the above zhcorem achieves
this under some additional condi The jon (B5) ensures that 3; Xni 3 N(0,1)
by Theorem 3.2 of Hall and Heyde (1980). The next corollary is immediate from this.

Corollary 7.3.3 Assume conditions of Theorem 7.3.5 (b), and (B5). Then for any c € IRP
with ||c|| = 1, we have
s2'cT(Bu— o) B N(O1) (7:3.16)

Suppose {fx} is that sequence of solutions to (7.1.1) which satisfies (7.3.11). Let Fy(z) =
Probls;'cT(Bn — Bo) < z]. In order to bootstrap, we use weights similar to ones used in
subsection 7.3.1. The next theorem is an analog of Theorem 7.3.2.

Theorem 7.3.6 Assume the conditions (B0)-(B3) and the bootstrap weights satisfy conditions
(7.2.1) - (7.2.3) . Then there esists a sequence {p} of solutions of (7.1.2) such that
(a) if p/an — 0, then for fized ¢,6 > 0, 3K > 0 and integer ng such that for ali n > no

Prob[Pp(on 'anp™/2|fp — Bul S K) <1-¢] <$ (7.3.17)

(6) if p/an — 0, then

onlag iy VA3 i) (B — ) = —a3 97 /23 Wighi(Bo) + 7y (7318)
& =

(7.3.19)
where |[rnpll = ops(P™").
(¢) if PPag? — 0, then for any c € IR with ||c]| = 1,
silon ' (B — Bn) ZWXn;+0PB(1) (7.3.20)

=

(d) if pa;? — 0 and (B4) holds, then

00 p A $1mi) T (B — Ba) = —az'p7V? Z Witbni(Bn) + T (7.3.21)
=

=1

where |[rag1|| == Opp(onaz'p)-

Let Fpn(z) = Pals;lon™'cT (B — Bn) < 2.
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Corollary 7.3.4 Let {wni,i = 1,...n} be exchangeable for every n. Assume the conditions
of Theorem 7.5.6, part (c). Also assume (BS) and conditions (7.2.4)-(7:2.5) on the bootstrap
weights. Then

sup | Fn(z) — Fa(a)| — 0 in probability (7.3.22)
2

The proof of the corollary is omitted.

REMARK The b variance rep ion result of jon 7.3.2 and the second
order accuracy result of subsection 7.3.3 can be obtained in p dimensions also. However, the
algebra is tedious. Also, the conditions needed on ¢ni and its derivatives are not simple.

7.4 les of UBS r 1i i

In this section we discuss some special cases of UBS resampling techniques. In each such case,
we identify a random mechanism, and show how the UBS conditions (7.2.1)-(7.2.15) relate to
it. Apart from these, the only other conditions assumed on UBS weights in this thesis are

(4.2.14) and (4.2.15) of Chapter 4. These two assumptions are satisfied in all the examples we
consider. Also, some of our results assume that the weights are exchangeable or independent.
In all the examples we consider, weights are ble, and cases of i dence will be

particularly mentioned.

Example 7.4.1 THE CLASSICAL BOOTSTRAP AND ITS VARIATIONS
(a) Consider the vector of bootstrap weights wy = (Wnity -+ Wnin) to be a random sam-
ple from Multinomial(n, 1/n,...,1/n). These weights can be interpreted as simple random
ling with of the ionals to minimise, thus this is ially the classical
bootstrap of Efron (1979). All the conditions except for (7.2.10) and (7.2.13) holds in this
case. Thus these weights satisfy the conditions required for asymptoti ion of the
bootstrap variance estimator and consistency of the bootstrap distribution estimator.

In case of least squares in linear regression, (7.1.2) can be seen as the paired bootstrap.
This also clarifies the correct way of carrying out a ‘paired bootstrap’ in case of polynomial
regression, or non linear regression. Thus if the model is y; = BT g(x;) + ei, and fo is estimated
by least squared errors, then the ‘paired bootstrap’ to use s to draw simple random sample with
replacement from the pairs (yi, g(x:)), and not (yi,%i). These two procedures do not result in
identical estimati ions in the b world. Let & = (&1, .-, &) be distributed as
Multinomial(1, 1/n, ..., 1/n). Then by paired bootstrap on (ys, 9(x:)), from the i‘* bootstrap
sample we get the ‘squared error’ term 35_; &ij(y; — BT g(x;))?, whereas by using the pairs
(4, xs) we get. the squared error term Sy (€} *y; — T 9(¢l/*x;))?. The latter can lead to
inconsistency, see Stute, Gonzalez Manteiga and Presedo Quindimil (1998), and Shao and Tu
(1995, page 354) for two such examples.
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(b) THE m OUT OF n BOOTSTRAP Consider the m out of n bootstrap, where m — co
m/n — 0. This is carried out by selecting m data points randomly out of the n avail-
able. If the selection is without replacement, this scheme can be identified with the delete-
(n — m) jackknife. If the selection is with replacement, the weights are a random sample from
Multinomial(m, 1/n,...1/n). Both these bootstraps are special cases of UBS, and after ap-
propriate scaling of the weights, (7.2.1)-(7.2.5) is satisfied. This establishes first order accuracy
of the distribution estimator. Consistency of the variance estimator can also be obtained.

(c) (DOUBLE BOOTSTRAP OR NESTED BOOTSTRAP) The double bootstrap or nested boot-

strap is a common ique that is emp for b intervals of studen-
tised statistics with unknown variances. Here the bootstrap weights (wni,...,wnn) follow
Multinomial(n, Mn1 /n, . .., Man/n) conditional on My, = (M1, ..., Mnn), which in turn fol-
lows Multinomial(n,1/n,...,1/n). Thus this is a two stage sampling scheme, where the model

for the second stage sampling depends on the outcome of the first stage.

The behaviour of this bootstrap is similar to the classical bootstrap described in Exam-
ple 7.4.1, but this is more likely o concentrate on fewer data points than the classical boot-
strap.

(d) POLYA-EGGENBERGER BOOTSTRAP This technique is similar to the double bootstrap,
except that none of the conditional probabilities for the second stage sampling is zero. In this
case the weights (wni, ..., Wwns) are from the Multinomial(n, Dn1/n, ..., Dnn/n) distribution
conditional on the random vector Dy, = (Dat, .- -, Dan), which follows Dirichletn(e,...,a) for
some parameter & > 0.

The behaviour of this bootstrap is similar to the classical bootstrap and the double boot-
strap.

(e) THE MULTIVARIATE HYPERGEOMETRIC BOOTSTRAP In this example, the weights come
from the multivariate hypergeometric distribution

-
Problwny = ki, ..., Wan = kn] = ("f) (f}) (;)

where K is some integer parameter.

The behaviour of this bootstrap is similar to the classical bootstrap, or the double bootstrap
or Polya-Eggenberger bootstrap.

The m out of n bootstrap is studied in details in Bickel and Sakov (1999), and the variations
(c)-(e) of the classical have been ioned in P d and Wellner (1993).

Example 7.4.2 THE DELETE-d JACKKNIVES For some integer d in {1,...,n}, consider the
n dimensional VeCtors T, iz, i, defined as follows: The j¢* coordinate of 7is,,...q, is 0 if j is
one of i1,...,ig, else it is n/(n — d). Thus there are (%) such vectors. Consider wn to be a
sample from the set of 7, each of the (1) vectors having the same probability of being selected.
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Such weights can be identified with the delete-d jackknife weights. it can be seen that (7.2.1),
(7.2.3) always holds. If n — d — oo then (7.2.2) also holds, and (7.2.6) holds for mo = n —d.
If d/n — c € (0,1), then (7.2.4)-(7.2.5), (7.2.7)-(7.2.9) and (7.2.15) also hold. If d/n = 0,
then (7.2.10)-(7.2.12) bold. Thus if n — d — oo, the basic representation of the jackknife
estimator holds. If further, d/n — ¢ € (0,1), then first order consistency of the delete-d

jackknife distributi i is i However, if d/n — 0, (7.2.5) is violated, and
the jackknife hi is no longer consistent distribution esti However, for variance
imation, the jackknives are consi A higher order accuracy of the jackknife distribution

may not be expected in general, since a crucial skewness condition (7.2.14) fails to hold.
The bootstrap equation (7.1.2) is a new and interesting way to consider jackknife in time
series models, say in autoregressions. The standard inter] i iated with the jackknif

that of ‘deleting d observations’ and considering the rest does not make sense in time series,
since that way the crucial temporal dependence among the observations is lost. Earlier, Kunsch
(1989) suggested a jackknife based on block size of the block bootstrap. Our suggestion is
different, we ‘jackknife’ the estimating equations.

Example 7.4.3 THE BAYESIAN BOOTSTRAP Consider wy, to be a random sample from
Dirichlet(a, ... ,a) distribution. All the conditions on weights except for (7.2.10) and (7.2.14)
are satisfied by these weights. This shows first order accuracy of distribution estimate and
consistency of variance estimate from the ‘Bayesian bootstrap’.

If @ = 4, then (7.2.14) is also satisfied. Dirichlet weights are exchangeable but not inde-
pendent, however the i** such weight can be expressed as nX;/(% X;) for some i.i.d. sequence
X,. This representation is often found useful in studying the second order accuracy of Dirichlet
bootstrap. We discuss this further in Example 7.4.4.

Example 7.4.4 THE BOOTSTRAP CLONE METHOD Consider the weights wn; to be i.i.d.
random variables, satisfying moment and support restrictions imposed by (7.2.1)-(7.2.15). Ab-
solute continuity and restrictions on the density of the weights may also be imposed. Such
weights may be used to get first and second order accurate distribution estimates and variance
estimate. Very often as a variation of this, lised b is done by considering weights
of the form w; = nX;/(X Xi), for i.i.d. absolutely continuous random variables X;. This is
the idea behind the ‘bootstrap clone’ method of Lo (1987, 1988, 1991). A recent application of
this method is given in James (1997). In (7.1.2), in most situations one may replace such w;
by X; without loss. Thus second order accurate distribution estimates and variance estimates
may be obtained for all such weights. This covers the case of Dirichlet weights also, discussed
in Example 2.3.2.

Example 7.4.5 THE WEIGHTED LIKELIHOOD BOOTSTRAP In case ¢ni(-) has a log-likelihood
the weighted likelihood of Newton and Raftery (1994) is also a special




138 BOOTSTRAP FOR ESTIMATING EQUATIONS

case of UBS. This can be used for i Bayesian i as d by Newton
and Raftery (1994). We have only looked at the frequentlst propertles of the bootstrap in this
thesis. A different for bos has been pursued by

Davison, Hinkley and Worton (1992). See also Mammen (1996).

7.5 Examples of martingale estimating equations

In this section we discuss some les of familiar probl in istics. In subsection 7.5.1
the parameter estimators are obtained by solving martingale equations and in subsection 7.5.2
the set-up is slightly generalised to include les from the i tric fr: k. In

each example, we mention some routine assumptions that are made. These turn out to be
sufficient to ensure our technical assumptlons ‘We discuss in some details the problems of M-

least squares esti in li ion and in lised linear models.
A number of other problems use variations of these.

7.5.1 Finite dimensional parameter problems

for M-esti was studied by Lahiri (1992), and before that by
Mammen (1989), who also incorporated dimension asymptotics aspect in his study. In non-
linear regression, resampling was studied in Huet and Jolivet (1989); Huet, Jolivet and Messean
(1990) and Gruet, Huet and Jolivet (1993). In lised linear models ling was stud-
ied by Simonoff and Tsai (1988), Moulton and Zeger (1989, 1991), Sauermann (1989) and Lee
(1990). Shao (1992a,b,c) studied the properties of jackknife variance estimators in non-linear
regression and generalised linear models. However, almost entirely the literature has concen-
trated on residual based resampling. As has already been pointed out, the UBS may be seen as
a generalisation of the paired bootstrap and delete-d Jjackknives. We keep our discussion non-
technical with the understanding that in specific 1 i have to
be made and the technical steps have to be verified. In the some natural diti
are suggested to verify our technical assumptions.

Example 7.5.1 M-ESTIMATION IN LINEAR REGRESSION

Let y; = ziffo + & be the linear model and fp be the parameter to be estimated. In
this example, we have ¢ni(yi,zi,\) = —zi®h(yi — Az;) for some function ¥(-). We assume
that the covariate observations ; are non-random, and the errors e; are independent. The
formulation with random covariates is similar, with some additional complexity. We assume
that the function () is twice continuously differentiable, with the first and second derivatives
denoted by (), 12(-) respectively.

In the following assumptions, k; and K; are used as notations for different constants.
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(M0) Assume that for all 4, 0 < ky < |z;| < Ky < co. This assumption was made in Liu and
Singh (1992), for example.
(M1) For all i, Eyp(e;) = 0.
(M2) For all i, 0 < k < Ey?(e;) < Ka < 00, and Ey*(e;) < 00.
(M3) For all i, 91 (e;) > 0, 0 < ks < Ethy(e;) and 0 < Ep}(e;) < K3 < oo.
(M4) For some & > 0, 3 a function M(-) such that for all i, supjy s [th2(e: + t)| < M(es), and
sup; EM2(e;) < oo.
(M5) {z:(e;)} satisfy the Lindeberg condition
The above assumptions ensure that assumptions (40)-(A5) hold. Note that conditions

(MO0)-(M5) are only sufficient conditions. For some robust regression techniques ¥2(-) is as-

sumed to be bounded, and this ensures (M4).

Suppose Yo = n~' 0, 22Ey?(e;) and ypn = n~' T, 22Ei(e;). The asymptotic
variance of the estimator is given by the limit of 7o = liMn—y00 MYNn/7hy- The simplified
expressions for this is

n ok, sPEY? (e

) )
= lim enerally, and 7.5.1
T WS B ) Y s
. nEy?(e1)

= lim for d errors 7.5.2,

e v Y s o) (r52)

For this example, the first order i of UBS distributi i ion holds.
‘With higher moment i the variance ion and second order accuracy of

distribution can also hold.

Example 7.5.2 LEAST SQUARES IN NON-LINEAR REGRESSION AND GLM
In nonlinear regression we have the model

yi = f(xi,P0) + e
for some known function f(-) and in generalised least squares, we have
wyi) =xibo + e

for some link function 4(-). Suppose the estimator is obtained by least squares. The problem
of least squares in nonlinear regression and generalised linear models are very similar, and
technically they can be treated in a unified fashion. See Bose and Sengupta (1992) for some
details on this.
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For either of the problems, we have ¢ni(yi, Xi, A) = —f1 (xi, A) (yi— f (i, A)) for some function
f whose kt* partial derivative with respect to A is written as fk.

We again assume non-random covariates X; and independent errors e;. We assume that for
all x;, the functions f1(xi, \), fa(xi, A), fs(xi, \) exist. In the following assumptions, ¢; and C;
are used as notations for different constants.

(NGO) Assume that for all i, 0 < cq < |zil < Cy < 0.

(NG1) For all i, Ee; = 0.

(NG2) For all i, 0 < cz < Be? and Bef < oo.

(NG3) Assume that for all 4, the functions fx(xi, A), k = 1,2,3 are bounded.
(NG4) For all 4, 0 <1 < 1fi(xi, A)| < C1 < o0

(NG5) For all i, the functions g(x;, ) is continuous at Bo for g = f, f1, fa, f-
(NG6) Assume that fi (xi, fo)e; satisfies the Lindeberg condition.

Conditions (NGO)-(NG6), ensure that assumptions (A0)-(A5) hold. 1t may be checked
that conditions (NGO)-(NG5) are satisfied in commonly used generalised linear models, see
McCullagh and Nelder (1989). The error conditions (NG1) and (NG2), and (NGS) are usual
assumptions. Note that all the usual link functions are injective functions, and in our frame-
work, the function f(xi, ) is actually the inverse of a link function. For the link functions
described in McCullagh and Nelder (1989, pages 30-32), it is a small matter to check that
conditions (NG3), (NG4), (NG6) hold, if the covariate variable @ satisfies (NGO).

Suppose v = n~* Ty fE(xi, fo) Ee} and ypn = n~' S, f2(xi, fo). The asymptotic
variance of the estimator is given by the limit of yo = limn—c0 nYNn/Yh, This can be simplified
as

n g2 2
7 o= lim % generally, and (7.5.3)
nEe}
Ty SRk, o)

We have only discussed above about models with ind
models with martingale difference errors have been considered (Lai (1994)). Conditions of a
different flavour appear in Wu (1981). The framework of both these papers overlap with ours.

for homoscedastic errors (7.5.4)

72 lim

d

errors. Non-li

The various extensions of generalised linear models (see Jiang (1998) for example) may also
be treated in our set-up.
The different UBS consistency results may be seen to hold in all such cases.
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Example 7.5.3 MODELS WITH NUISANCE PARAMETERS The following problem has been been
of considerable interest (Neyman and Scott (1948), Bhanja and Ghosh (1992), Cox (1993)):
Suppose X;, i = 1,...,n are independent with mean x and variance 7, where u is the
parameter of interest. We may use the ordinary least squares, and thus have ¢ni = —(X; — p).
The different sufficient conditions of our set-up can be satisfied in this example by assuming
sup, EX16 is bounded. This ensures first and second order accuracy of UBS distribution
estimator, and the UBS variance representation result. A more careful analysis specialised to

this problem only shows that actually a much lower moment is sufficient.

Example 7.5.4 AUTOREGRESSIVE PROCESSES Suppose we have a stationary process {Xn}
satisfying X, = 0y Xp_ +. ..+0, Xn_p-+en, where {e,} are i.i.d. and the polynomial 1-6,z...—
0,27 has its roots outside the unit disc over the complex plane. The parameter of interest is

Bo = (61,...,0,), whose estimate may be obtained by various techniques, see Brockwell and
Davis (1986) for details.

Assume p = 1 and least squares estimati ique for simplicity. Thus we have X, =
6X,_1 + e where |6] < 1 and {en} are i.i.d.. Here we have ¢n; = —X;_1€; whose martingale

structure is easily derived. If fourth moment of e, is bounded, other conditions may also be
easily checked. The UBS is thus a different way of bootstrapping in autoregression, that does
not use estimated innovations.

One can use general M-estimation also in time series models. Recently Allen and Datta
(1999) has used estimated innovations based approach for bootstrapping in such problems.
Some modified forms of the innovations have been used by them, which is comparable to the
modifications required on residuals for use in ing M-esti in linear i
as in Lahiri (1992). Our technique of resampling is perhaps a simpler approach.

Example 7.5.5 CO-INTEGRATED PROCESSES This example is on multivariate time-series
data. A univariate time series {Y;} is integrated d times (I) if differencing it d times re-
sults in a stationary, invertible ARMA process. A multivariate time series process {X, =
(X4, X(ps1ye)} is co-integrated of order (d,b) if (5) {Xe} is I4 and (i) there exists a non-
zero vector a such that aT X, is I(g_s) for b > 0. The vector a is called the co-integrating vector
and is the parameter of interest. For a discussion on these models see Engle and Granger

(1987). Co-integrated time series have icati in many i An important
feature here is the study of equilibrium, that is, when different economic variables behave in
a way that preserves some economic balance between them, which translated in mathematical
terms, mean that the variables are I for some d > 0, and d = b, thus the co-integrated process
is stationary.

Consider a simple example of a co-integrated process: where we have X, = foXue + Yo
where Xy, is I(1) and Y; is AR(1). Suppose ordinary least squares on (X1, X2:) is used and the
parameter estimator is f, = (¥ X%)™' ¥ X1:X2.. In this example we have a, = n, thus the
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usual n!/2-convergence phenomenon is violated. Let Y; = fe,_1 +e; and X1, = X;(,_1) +w, and
assume that {u} and {e} are independent, each with mean zero and finite non-zero variance.
Our model conditions (A0)-(Ad) are satisfied by assuming bounded fourth moment of X, and
Y.

The ptotics for estimating the co-i ing vector and its bootstrap may be derived

from our set-up.

Example 7.5.6 ROBUST ESTIMATORS Robust estimators of location, scale and regression
are typically M-esti like the ones i in Example 7.5.1, and may be similarly
treated. Other type of robust esti like L-esti and R-esti are also closely
related to M-estimators. See Jurekova and Sen (1996) for details on these issues. Simultaneous
robust estimators of location and scale, and scale estimators like S-estimators may be found in
Lopuhaa (1991).

A weighted likelihood based approach was adopted by Markatou, Basu and Lindsay (1998)

for and robust estimation of Our set-up covers such inference based on

likelihoods, where ¢,; has the interpretation of being derivative of (weighted or unweighted)
log-likelihood terms. Note that the martingale structure is particularly important in such
situations.

Generalised estimating equations, often based on modifications of likelihood or ‘quasi-
likelihood’, have also been used in special situations, for example, for clustered data (Hall
and Severini (1998)) or data missing completely at random (Chen and Little (1999)). Our
set-up adapts for such problems also.

In all these examples, the assumptions (A40)-(A1) on the function ¢n; and its first derivative
is standard, and the second derivative is often bounded, hence assumption (A2) is satisfied.
The moment assumptions in (A3) and the asymptotic normality assumptions of (A4) are also
routinely satisfied.

Example 7.5.7 LOCAL ESTIMATING EQUATIONS In many semiparametric problems a local
is used. Such also involve esti ing a finite
number of using estimati iations, and our set-up potentially applies. Refer-
ences for these kind of problems are Carroll, Rupert and Welsh (1998) and Zhou, Shen and
Wolfe (1998).

Let us take a simple case: Suppose y;’s are observations, which are modelled using non-

polynomial spline fitting

random covariate z;, and the modelling procedure is that of fitting a local linear spline, at a
point z in the interior of the range of z;’s. This may done by minimising

S he(@i) (i = bo(z) — ziba (2))?

where h; is some weight function denoting the neighbourhood of z. The nearest neighbour
regression, loess and other curve fitting techniques may be considered in this framework, and
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a very general form of this has been discussed in Carroll, Rupert and Welsh (1998). This is a
weighted least squares problem, and more general forms of this may be viewed as M-estimation
in regression, and our set-up applies here, with assumptions as in Example 7.5.1. Usually in
cases similar to this example the entire fitted curve is the object of interest, and not the local
parameters by(z) or by(z). But our bootstrap technique may be useful in deriving confidence
bands for the curve, whose pointwise properties may be derived from our results.

7.5.2 Semiparametric inference problems

In i ic inference along with the finite dimensional parameter an infinite
dimensional nuisance parameter is present. One standard approach is to use a kernel based

plug-in for the infinite dimensional parameter, and then use least squares technique for the
finite di; ional . Since estimation of the infinite di i involves

the entire data, the crucial martinigale property of the estimating equations for the finite di-
mensional parameter estimator is lost. However, a slight generalisation of the set-up of this
chapter can be used for such cases, as explained below. We restrict our discussion to the
problem of asymptotic normality and consistency of UBS. Higher order results and variance
representation will require more careful analysis.

Assume that ¢n; = Mn; + i where {(Snj = S7_; Mni, Fnj)y 4 = 1,...,n} is a martingale
for some filtration F;, and r,; is an ’error’ term resulting from using an estimator m(-)
of the non-parametric component m(-) of the model. We may take Fyn; to be the o-field
generated by the first j observations. Suppose the esti of the finite

is obtained by solving Z $ni = 0 for some integer n;. The technical conditions of

Section 7.2 are requ:red to hoId for mp; and its derivatives only. An additional requirement is

that Rnn, = 3{ip_n,417ni = op(nia;)) and is F,, measurable. Moment conditions on R2,,

may also be imposed. In the typical case it is required that n; — co and n1/n — 0, and one
n

1/2

has a, = n,’". The bootstrap cstimator is obtained by solving Y~ wni¢pns = 0 for the

i=nmt1
same integer ;.

n n
Thesolutionto 3 ¢ni=0and Y.  my; =0 would be close if Rnn, is small. By

i=n-n1+1 i=n-n;+1
a careful reading of the proofs it can be seen that our asymptotic representation theorems only
use the property O((Lion—n,+1 6ni)*) = O(Zi,_n, 11 62) and this is available in the more
general set-up also. The asymptotic normality of the estimator and consistency of the UBS
are also easily established using the martingale difference structure of {mn;} and asymptotic
negligibility of sums of 7,;s.

We consider three examples below in this slightly general framework.
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Example 7.5.8 LOW DIMENSIONAL COMPONENT ESTIMATION IN SEMIPARAMETRIC ADDI-
TIVE REGRESSION MODEL Consider the regression problem: y; = f(xi, fo) + m(Z;) + ei, where
f(°) is a known function, m(-) is an unknown function, 3 is finite dimensional parameter, e;’s
are independent. Sometimes f(-) is linear, resulting in the model being a partial linear model.
These models have generated interest owing to their wide applicability. See Fan, Hardle and
Mammen (1998) for some results on these. The partial linear model has been considered in Shi
(1998) and in much greater generality in Mammen and Van de Geer (1997).

In order to estimate § one may use least squares criterion and minimise 3, (y: — £ (x;, Bo) —
m(Z;))?. The properties of such estimators may be studied in our set-up. However, since m is
not known and has to be estimated, this framework is not the one that is adopted in practice
and the minimiser of the above is only of theoretical interest.

Let us consider the partial linear model and suppose that the parameter of interest is 5.
The estimation technique is as follows: for any value of 3 in the above equation, the estimation
of m(+) is by using non-parametric regression of y; — x7 3 on Z;, to yield a (possibly kernel
based) non-parametric estimator #1(-), which is then used as a plug-in and the parameter [y
estimated by least squares. Using the technique described at the beginning of this subsection,
asymptotics and bootstrap for an estimator of Gy may be obtained.

In some special cases with algebraic manipulations it can be shown that taking n; = n also
works, as in the proof of Theorem 1.1 of Shi (1998). More complicated setup has been analysed
in Mammen and Van de Geer (1997).

It is often difficult to decide if the component m(Z;,7) is required or whether the low

1 suffices for ‘This is an but important issue, and

a test of parametric versus semiparametric modeling in the generalised linear models has been
recently developed by Hardle, Mammen and Muller (1998).

Example 7.5.9 ESTIMATION IN PARAMETRICALLY LINKED ADDITIVE MODELS Consxder the
set-up y; = pu + E, 1m;(X;) + e;, where m;’s are For i set.
Em;(X;) = 0,5 =1,...,J. This is the set-up of the additive nonparametric regression, studied
in Hastie and Tibshirani (1990), Fan, Hardle, Mammen (1998) and may others. Motivated
from non-parametric GARCH model, Carroll, Hardle and Mammen (1999) consider m;(z) =
B)~"m (), and simultaneous estimation of m, () and fy. Carroll, Hardle and Mammen (1999)

discuss examples from financial data and autoregression, and also cite several references for
other applications.

As in Example 7.5.8, the ric my is i d from the data. In the
present case, suppose ju = 0 and assume that 7 (z) is some nonparametric plug in, and the
Bo is by

n J
S (i — 3B u(e;)?
=1 =1
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The estimator depends on the choice of the non-parametric plug-in, but in applications the
value of the estimator does not seem to vary much for different choices of the non-parametric
plug-in. The asymptotics and bootstrap for the estimator of Bo can be derived from the more
general version of our set-up.

In a similar way our set-up may be used for inference about the parametric
in semiparametric proportional odds regression model, as in Yang and Prentice (1999). The
approach in this kind of modelling is based on deriving estimating equations for the parametric
component using plug-ins for the non-parametric component (see equation (9) in Yang and
Prentice (1999)).

Example 7.5.10 EXPONENTIAL FAMILY DENSITY ESTIMATES Suppose the data y, ..., y, are

i i with density g(z) = go(z)ezp(bo+
t(z)b1). Here go(z) is a carrier density, and the exponential component ensures that the density
belongs to exponential family with sufficient statistic ¢(z). The parameter by is a normalising
factor, whereas by is the finite di it of the exponential family. The problem

i.i.d. observations from an

of density estimation in this family have been considered in Efron and Tibshirani (1996). This

ic model is versatile in and math

More classical density estimation procedures often require post-repair of the mean, variance
ete. (see Jones (1993)), which are in-built in the present model. The carrier go(z) is usually
uniform density, but other densities can also be used. This is effective in capturing the local
properties of the data, whereas the exponential term captures the global features.

The problem of density estimation in these cases reduces to estimation of S = (b, b;). The
problem is essentially similar to generalised linear models using a Poisson regression approach.
The method is as follows: partition the sample space into K cells, and consider the data
5= (51, k) of the vector of cell counts, i.e., sy is the number of original observations in the
K cell. The vector s obviously can be modelled as multinomial data, and some orthogonality
of parameters based arguments may be used to model s; as independent Poisson(u(5)),
where i (Bo) = puko exp (bo + tkby). Here sgo is the probability of the k% cell under the carrier
density, and ¢ is the evaluation of the sufficient statistic at some convenient point inside the
K cell. Then defining x; = (1, ), X to be the matrix whose &% row is Xk, and 1(Bp) to be
the vector whose k' entry is i (); we have the following estimating equation:

XT(s = p(Bo)) =0

which is a generalised linear model. The conditions from Example 7.5.2 can be adapted here
for ptotics and b of the esti of . The more general model framework

described at the beginning of this sub ion is i in this case also.

As with Example 7.5.9, a nonparametric plug-in is used for the carrier density. The choice
of K and the non-parametric plug-in does not seem to matter much in practice. See comments
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by Efron and Tibshirani (1996) on this matter. The problem of locally parametric density
estimation, as considered by Hjort and Jones (1996) is also similarly treated. This particular
technique is also widely applicable and versatile. Here the finite set of parameters of interest
may be estimated by techniques similar to those of M-estimation.

Example 7.5.11 REGRESSION WITH CENSORED OBSERVATIONS This example is from typical
regression problems that arise in the context of survival analysis. We consider only one of
a large variety of techniques, namely, the proportional hazards model. Details about such
models can be found in Fahrmeir and Tutz (1994). The data generally consists of the triplet
(i, 8;,%:), where t; is an observed time point, §; is the indicator on whether the i* observation

is and x; is the observation on the covariate. The proportional hazards model is
given by the hazard function A(t) = Xo(t) exp (x7fly) where A is a bascline hazard function
and fly is the parameter of interest. Modelling is often done by using a plug-in for Ao, like an
exponential or Weibull hazard function. This is similar to Examples 7.5.9 or 7.5.10. The rest of
the modelli ique is similar to ised linear models. Conditions from Example 7.5.2

can be adapted in this set-up.

results

7.6 Cc ional aspects and

In a typical case (7.1.1) is difficult to solve, and would require heavy computational machinery.
For the bootstrap also, an extremely computation intensive Monte Carlo method is generally
used. Thus it is very routine in resampling to draw samples from the distribution of (wy . .. , wy)
say a large B number of times, compute the value of the bootstrap statistic for each of these
B cases, and finally use the histogram of the B boDLerap statistic values. If obtaining the

estimator for a single data set of size n is a involved
usually compounds this by requiring the entire process to be repeated B times, for large B.
In this section we indulge in some heuristics, which is motivated at bypassing and reducing
the additional computational burden imposed by bootstrap. We suggest a different way of
computing the bootstrap statistics that uses no iteration, and is unrelated with the computation
of the original estimator. We offer no math ical justi ion about this different method

of ion of i however, we later on remark why it may be expected

to work. Some simulations are also carried out to verify that the new method of computation
leads to expected results.
In order to numerically solve (7.1.1), one very common and useful technique is the iteratively

hted least squares al hm. As and Stengler (1983) remark, the TRLS is an
important tool for ing M-esti . For and i linear
models, variations of this is the most used i for i see Seber

and Wild (1989) and McCullagh and Nelder (1989). There is a connection between the IRLS
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algorithm and the Newton-Raphson technique or its variant the scoring method, see Seber and
Wild (1989).
The IRLS algorithm, or Newton-Raphson method essentially uses the following steps:

(Step 1) Rewrite ¢ni(A) = ¢ni(Yni,Xni, A) as a product of two functions, one of which
is linear in A, Thus ¢ni(A) = gni(Uni» Xnis M) Rini (Yis Xty A) = Az Uiy Xniy )] For
example, in M-estimation ¢ni(A) = zith(y; — ATx;), so we may take gni(A) = ni(A)/(yi —
M'x:), b1 = yi and hy = x;. For least squares in nonlinear regression, by a Taylor
series expansion and standard imations used in Newton-Raphson method, we have
$ni(A) = f1(Xo, x:) (@i = f (X0, %:) = f1(X0, X:)(A = X0)), SO gni, hini and hon; are obvious.

(Step 2 ) Get an initial estimate Ag. In case of non-linear regression, this is the point
about which the Taylor series expansion is taken. Generally, evaluate gni()), hini(}) and
hani(X) at A = Xo. Then a transformed set of equations is given by T2 gni(Ao)[h1ni(Ao) —
Ahzni(o)], which is only a linear equation in A. Solve this to get Ay, plug in A; in place
of Ao and iterate this step. At the convergence of the iteration a numerical solution (say
Aso) is obtained, which is treated as the solution to (7.1.1).

Our techni of ing UBS i i is as follows: store the values of

9ni(A); h1ni(A) and haqi(A) at A = Ao and treat these as fixed constants. Then a transformed
bootstrap equation in place of (7.1.2) is

n
D~ wnigni(Aoo) hini(Aoo) = Mhzni(Aoo)],
=1
which is also linear in A. Treat the solution to this as the bootstrap estimate. Thus once a
numerical solution for the actual value is obtained, each bootstrap Monte Carlo step requires

solving one lincar equation only,

For the computation of the estimate by TRLS or Newton-Raph:
the solution at each iteration is a weighted average, where the welghts are also random and
depend on the choice of the initial estimate. The choice of the initial estimate is often very
important. The bootstrap may be carried either by the new technique suggested above, or by
repeating the steps of the iteration. There are two reasons to expect that either method of
bootstrap computation should give similar results. First, in case of using iteration for bootstrap,
the natural initial estimate to take is Ao, in which case our method is the one-step solution.
Second, in the bootstrap world, notice that the functions gi()\), Aini(\) and honi(A) are no
longer random. One step soluti for ing has been earlier in different context
by Shao (1992a,b), Lee (1990) and others.

‘We now present a simple simulation example to show the performance of the UBS tech-
niques. We take the model y; = 3 + exp —fz; + €;, where 8 = 10, B, = 1.25, z;'s are
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i-i.d. from Uniform(0,1), and e;s are i.i.d. from Normal(0,1). A sample of size n = 30 was
taken, and (B, 3;) estimated by using least squared errors. This requires iteration, and in
order to get an initial estimate of the parameter we used the following steps: we computed
Yo = 0.9min)<i<n ¥, then used ordinary least squares to regress log (y; — yo on —f,z;, to get
an estimate B350 of B;. Then we took the average of y; — exp —fB20z; as Bro, the initial estimate
of 1. The constant 0.9 used in the definition of Yo was fixed arbitrarily.

Figure 7.1: Different bootstrap density estimators

In Figure 7.1 we plotted the density of the least squares estimator of B2, simulated from
1000 trials of the above experiment. By fixing one such dataset, we obtained different UBS
estimators also for the same quantity. The bold line shows the density of the least squares
estimator, the dashed line the bootstrap estimator using Multinomial(n,1/n,...,1/n) weights,
the double-dash line is the one step iteration free estimator described in this section for the
same bootstrap weights; and the dotted line is UBS estimator with i.i.d. Uniform(1/2,3/2)
weights. In each case a kernel smoothing with Gaussian kernel was used, and the common
bandwidth used is quoted in the figure. The figure shows that all the three bootstrap methods
yield equally good results.

A number of different models were tried for simulation. The broad conclusion is that the
different choices of UBS weights yield similar results, but the performance of the non-iterative
one-step method is variable.
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7.7 Proofs

Proof of Theorem 7.3.1 Note that given any € >0, 3 K > 0 and an integer no such that for
alln > no

n
Probla;' " ¢nil > K] < ¢/3 (7.7.1)
=
This is easily established using Chebyshev’s i ty, (A0) and (A3). Let

Next note that given any constants ¢, C, K > 0, for all n large enough,
Prob[sup [Sa(t)] > K] < €/3 where (7.7.2)
t|=C
n
Sa(t) = az" Y [bni(Bo + a;'t) = bnilBo)] — Mnt
=
Instead of (7.7.2), we actually prove the much stronger result
Blsup |Su(8)])? = O(az?) (7.73)
lsc
By Taylor series expansion we have
n n A »
3 (il +a514) = Bi(Bo)] = az't 3 brni(o) + 50778 D i ()
= = =

where fy lies in between By and By + a5 't. Then Sy (t) = 2a;%% T, ¢oni(61). Thus we have
for all large n, supjy<c [Sa(t)| < 271a;3C? T, Myn; using (A2). Thus

n
E(sup [Sy()]]? < 47'a;°CE(Y Mani)?
lti<c i=1

= 0(a;?) using (42)

This completes the proof of (7.7.3). Note that

» n
I;“"%{ﬂgltz%:(ﬂa +a5't)} 2 'C.ﬁ“‘é [Sa(&)] + C*1n — Cag |3 dnil (7.7.4)
. i=1 t]=¢ i=1

From (7.7.1), (7.7.2) and (7.7.4) we have, choosing C large enough,

Prot{inf (a;

> bnilBo +a5't)} > 0]
&
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n
> Problag'| Y- éuil + sup, [Sa(®)] < Cmin)
= t=C
n
= 1= Probla;'| Y dul + ‘s‘u% [Sa(t)] > Cn)
=t =
n
> 1- Problay'|Y" énil > Chka/4] — Prob[sup [Sa(t)| > Cka/4]
i=1 It|=C

=Problay?| Y- (¢ini — Edbim)| > k2/2)
> 1 ¢ for all n sufficiently large

Using continuity of 37 ¢ni(A) in A, this means that for fixed € > 0 for all n sufficiently large
3C large such that

5
> éniBo +a;'t) = 0 has a root t = Ty, in [¢| < C with probability >1—¢  (7.7.5)
i=1

Putting fu = fip + a;'T,, we get a solution to (7.1.1) which satisfies, for fixed ¢ > 0,
Proban|f — ol < C] > 1—¢ for all n large enough. This shows (7.3.1). Now notice that with
this C fixed, we have actually obtained in (7.7.3) that with ¢t = T,

5
a1 (Bn = Bo) = =07 D" i +Tm1
=]

where Er2, = O(a;2). Now a little bit more algebra and conditions (A1) and (A3) yields
(7.3.2). [ ]

Proof of Theorem 7.3.2 The techniques used in proving (7.3.4) and (7.3.5) are not much
different from what was used to prove (7.3.1) and (7.3.2). First fix ¢, > 0. Using Chebyshev’s
inequality, (7.2.1 and (7.2.3) it can be easily shown that 4, = Op(1) and hence for some
constant k,

Pslla

> widni(B)| > CAinon/2) < kg’; (= Uyc say ) (7.7.6)
= n

%4t
Thus this bootstrap probability is bounded by a random variable depending on C, which
we call Ujc. By choosing C large enough and using some algebra, it can be shown that
ProbUic > €/2] < 6/2. Fix such a C and define

San(t) = a3 > wilbni(Bn + ag't) = bni(Bn)] — Fint
]

Using Taylor series expansion, for some (3,1 between 3, and f, + a;;'t, we have
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Snp(t)
= 02D wibini(Ba) —Tint + a7 Y widni(ur)
P b=

= onag® S Wibini(ha) + 3052 S wini ()
&

= Sap1(t) + Snpa(t) say

Consequently,
Pg[ sup [Sup(t)| > CHinon/2]
It|=Can
< Pslmsuc? 1SnB1 () > CHinon/4] + PB[I P |SnB2(8)| > CH1n0n/4]
—Can t|=Con
= Usosay . (7.7
Now

Pg[ sup [Snp1(t)| > CHinon/4]
1tI=Can

]

Ppl02a,2C1 > Widini(Ba)| > Cinon/4]
i=1
ko3 ¥ ¢hni(Bn)
ait,
= Op(02a;?) using (A1), (A2) and (A43)
= op(1)

IA

PB[mmcp |SnB2(t)] > CHinon/4]
=Con
1 L A
= Pg[ sup Jgﬂ;atzzwitﬁzm(ﬁm)l > CHinon/4]
|tI=Can =
1 n :
< PB[Ea,TS 3 3" wilé2ni(Ba1)] > CA1non/4] since w; > 0 for all i
=Con i=1
1 J 5 .
= Pglze;’ a4 3~ wildani (Bua)| > Coinon/ AT 5-poi<soszy + Lip—polzs0/23)
=Con iZ1 =
1, 2 5 .
< Polgan® sup &3 wilgmi(Bunll > Chinon/ Wy gui<sorsy + Hip-soizsores
1
Py[5a;°

W2 6wz Br)| > Chinen/ W5 picnymy + Or(e")
“Con A
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IA

1 n
PB[E“;S‘ Sup 23" wiMani > Ciinon/4) + Op(a;") using (A2)
=Con iy

IA

1 > o -
Pyl50,°C%0% 3" wiMani > Cinon/4] + Op(az")
=

< 20;.°Condit S Mawi + Opl(ay')
Op(onaz®e,) + Op(a;') using (A2) and (A3)

= op(1)
So for all n large enough, Prob[Usc > €/2] < §/2. Also, as in (7.7.4),
L4 a
it {an"t 3 widni(Bn + az't))
s i=1
> —Cop sup [Sus(t)l + C2024in — Conlag' S widni(Ba)l (7.7.8)
[t|=Can i=

Thus

t|=Con

Pg[ inf (a;'ziwm,([iwa;‘t)) >0]
=

> Pgle,

2D widni(Ba)| + e ISnB(t)] < CHnom)

n
= 1-Ppllag’ 3 witni(Bn)| + Pharia ISnB ()] > CHinon]
= tI=Con

> 1-Pallag’ 3~ widni(Ba)| > Coinon/2) — Pol, inf [Sa5(8)] > Chinon/2]
i=1 o
= 1=Uyc—-Ux

This establishes (7.3.4), since ProblUic > €/2] < 6/2, i = 1,2 from 7.7.6) and (7.7.7). By
modifying slightly the above argument it is easy to establish that

sup |Spp(t)| = onrnp1 (7.7.9)
|t|<Con
where Pg(an|rnp1| > €) = Op(1) for any € > 0, then it follows that
Y o 1 -
H1n07 ' an(Bg = Ba) = —a;' S Withni(Bn) + Opplaz?)
=
With some more algebra, (7.3.5) follows. [ ]

In order to prove Corollary 7.3.2, we need Lemma 4.6 of Praestgaard and Wellner (1993),
which is quoted as Theorem 5.3.1 in Chapter 5.
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Proof of Corollary 7.3.2 It can be checked that with am; = —n'/2a;1s,—1¢p;, the
conditions of Theorem 5.3.1 is satisfied with 72 = 1, ¢ = 1. Using Lemma 3.1 and 4.7 of
Praestgaard and Wellner (1993), the conditions of Theorem 5.3.1 are verified.

As in Chapter 5, in place of Theorem 5.3.1, slight variation of the model conditions and
assumptions on resampling weights allows us to use Theorem 3.3 of Arenal-Gutierrez and
Matran. Under some circumstances this is a more general result. L}

Proof of Theorem 7.3.3 The details of the algebra involved in this proof is similar to
those of Theorems 7.3.1 and 7.3.2, and we omit many of the details.

Let us concentrate on the set .4 N W only, since the contribution from the complement of
this set is negligible. Under the conditions of the theorem, we have that

ngt,Va =n7' Y E¢? + O(n)

Define
Uns(t) = 070"V S wibni(fn + onn=V/2t) = i(Bn)]
=
—n7t iw.mm(if") =27 0un 22 3" widhani(Bn)
= =

Using (7.2.26), and proceeding along similar lines as with S,p(t) in the proof of Theorem 7.3.2,
we can show that

Ep[ sup |Unp(t)[]* = Op(n~?)
|t|I<Con

Now, under ANW, we may plug in t = 0, 'n'/2(fg — f) in Unp(t), and after quite some
algebra we arrive at

—gimon~'n!/?(6g - B)
= Y Wini = 072050 Y i 3 Wit
=725 Y (Gini — Edini) S Wit + 072972 S bni - boni S Wi
Fonn gL ST Widni 3 Widini + 27 0un 2050672 (3" Widnsi)? + Rup
= Cn+Tin + Ton + T3n + Tin + Tsn + Rap say

where EgR} 5 = Op(n~(1*®). This derivation follows from obtaining Taylor series expansion
about o for quantities involving 3, and A, then using the moment properties and asymptotic
expansion of A, — fo.

Now it can be easily checked that EgC2 = Op(1), and EgT2, = Op(n~'), fori =1,..
In the cross product, by direct computation EgCrTin = Op(n~") for i = 4,5, and hence

798, Vups = EsCy + 2EpCp(Tin + Ton + Tsn) + Op(n”")
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Now the rest of the proof follows by calculating the above moments. ]
Proof of Theorem 7.3.5 From (7.2.37), one can easily show Y0, E(||¢nil|?) = O(a2p),

by using any orthonormal basis of IR?. Then we show that given any € > 0, 3 K > 0 and an
integer ng such that for all n > no

n
Probllag'p™ 2y ¢nil > K] < ¢/2 (7.7.10)
=

This is easily using Ck i ity. Let

Snlt) = a;‘p“”i[qu(ﬂo + az'p!2t) = ¢ni(Bo)] — GTot
=

Let Min = 3Fo1 Thei(binic — Edinia)(B1nja — Edinga)”- Then Edmar(Min) = O(a2p?)
follows from (B1). Also, (B3) ensures that G, is non-singular. Because of (7.2.35), using
(B1) and (B2) we have that

n P
1S (O < 2a7*16]1* Amaz(Min) + 27 a7 plItll* 3 3 Amaz(Mania) Amaz (Manja)
Pt}
from which we have that
n P
[”s‘tlxpcns,.(z)HP < 207 C A maz(Min) +27'a7pC* 3 D™ Anaz(Mania) Amaz (Manja)
t]|< ij=la=1

Now using (B1) and (B2) we have that Efsupy<c ||Sa(t)|[]* = O(a;;?p?). Note that
n n
it {0z p T 2T S fui(Bo + a3 ')} 2 ~C sup [ISa (O] + CPhin ~ Caz'p™ I Y il
= i=1 lti=C i=1

where l1, = Amin (271 (G1n+GT,,)). By choosing C large enough, from the previous calculations
we have that

Pron, i‘nl;‘(u;lp"“trz¢nz(ﬁ0 +a,'p )} > 0]
t= i=1
n
> Problay'p7 V2|3 il + sup [|Sa(®)]] < Clin)
i=1 lt=C

n
= 1= Problag'p /%I 3" guill + ‘Slul(’:”Sn(t)H > Chy]
i tl=

\%

1 - Probla;'p~"/?|| i%n > Ckz/2) - P”’I’[.Z“% [1Sa(®)l} > Cka/2)
= =

v

1 — € for all n sufficiently large
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Using continuity of 7, ¢ni(A) in A, by Theorem 6.4.3 of Ortega and Rheinboldt (1970) this
means that for fixed ¢ > 0 for all n sufficiently large 3C large such that

n
" bnilBo + a;'p'/*t) = 0 has a root Ty, in |t| < C with probability > 1 —€  (7.7.11)
=

Putting B = fo + a5 'p'/2T,, we get a solution to (7.1.1) which satisfies, for fixed ¢ > 0,
Problanp™/?||B, — Bol| < C] = 1~ € for all n large enough. This shows (7.3.11). Now notice
that with this C fixed, we have actually shown that with ¢ = T,

n
anp ™ 2Gra(Bn — Bo) = —a'p 72 i+ Tm
=1

where Er2, = O(a;2p?). The representations (7.3.14) now follows easily, and (7.3.15) is ob-
tained by slightly modifying the above steps. [ ]
Corollary 7.3.3 is immediate.
Proof of Theorem 7.3.6 We prove (7.3.17) and (7.3.21) first.
Since 7, ¢ni(Bn) = 0, we have for some constant k > 0
Pylon™'p™ 207 | Y widhni(B)l > K]
= Polp™"%a" || Wigni(Ba)ll > K]
< kK 7p7lag® Y llgni(Ba)l
Using (7.2.35), we have that
bria(Bn +t) = bnia + $Tniat + 2717 Honia(B2)t

for some B2 = flo + (B — Bo). On the set {||Bn — Boll < 80/2}, with a little algebra, this leads
to

n n s p
P lleniBa)* < kL bnil* +118a = Bol> D= 3 drmiall®
; = e

+1Bn = Boll* ;i Aoz (Mania))
Thus
Palon 20 | S widmilBn)l| > K1
< ’CK_?P_IOQ?[IX":H%-H?+||Bn*ﬁo”2t2";g”¢lma“2

nop
H1Bn = Boll* 3= D" Nz (Mania)]

i=la=1

= Uk
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Note that Ux = K~20p(1), so that for fixed d;,d2 > 0, by choosing K large enough we have,
ProbPslon~"p™ e | 3 witmi(Bu)ll > K] > 61] < 6
From (7.2.35) we have that
Gnia(Bn +0np'?a7"t) = bria(Bn) + 0np" 207 $hiat + 27 102pan 1T Honia (1)t

where 8, = f3, + cp/?a;t for some 0 < ¢ < 1. Let

Sap(t) = 3" wildni(Bu + 0up'2a5't) = $ni(Ba)] - TTu(Ba)t
=

We have the a'* element of the vector S,p(t) given by

Snpa(t)
= ;2 Y withnia(Bu)t + 27 0np 205t S wiHonia (A1)t — TT (Ba)t
on S WitTnia(Ba)t + 27 0p" 2057 3" wi Honia (B1)t

On the set {|[t]| < C} N {||Bx — Boll < 80/2}, we thus have for large n

= a;

1Sa5(@)II?
P .
20307 C*Amaz (3. Y WiW;binia(Ba)$inja(Ba)”)

=1iy=1

IA

» n
+07paz *C* 37 (3 widmaz (Mania))?
a=1 i=1
= T, + T, say
Define by, = 0 'p~'an. Thus we have

Pglbnp sup [[Sap(t)|| > 2K]
lilse

2

< YPs[B,T; > K]+ Op(ay'p!/?)
=
Now on the set {||An — Bol| < d0/2},
P n . N
P5[2078% 505 C¥Amaz (Y. D WilWjétnia(Bn)binja(Ba)T) > K]
Pt
»
< 2000507 CPK T BB Amaz (37 30 WiW;1mia(Bn) binja(Bn) ")
\

a=lij=

v ) .
20262 a7 CPK ST S tr(EWilW;bimia(Bn)binga () )

a=lij=1

IA
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< 20280 CK- 'zz»rw]mawﬂ)mm(ﬁmﬁ

+2022 Lan 1O K~ cut'r(z }: mm(ﬁn)dnn,a(ﬂn))

a=lig=1,

< 20202 05102 K ‘Zzumu(ﬂn H’

+2028 07 C K e, 3 z e BB

a=lij=

< kol artCP K ‘ZZH@M Ba)lI?

< kodb} antC?K T Z Z[H«s‘mnz + 1181 = Bol A2 (Mania))
a5
= Op(1)

b n
Ppo2pb? ,a;°C* Zj(Ew;Am(Mzm..))2 > K]
=i

= ohpb) a7 Ci K IZEB(ZWV\W(MZHM))
i=

a=1

P n
= o2pb? L0, °C K (n + ko?) Z‘ 3" Mooz (Mania)
prec e

= Op(1)

Thus we have that Pg[bn,supjy<c ||Sas(t)|| > 2K] = Op(1).
Now observe that

inf {0,710z 'pm /2

o Witni(Bn + onay ' p/?t)}
b

1

—C sup ||Sa ()| + Cli — Con™'a, “p"“nZwm.(ﬁn
Itl=C

where lin = Amin(27}(Tin(Ba) + I, (Ba)). By choosing C large enough, from the previous
calculations we have that on the set {||3, — Bol| < 60/2},

A
Pal inf {on ™ ar'p™ 2" 3 widhi(Bu + onay'p 2} > 0]
=

= Palonlag'p ™2 S dui(Ba)ll + .f"i%”s“(t)” < Cha)
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I

n
1= Pla; p 2 Y + sup 15(0]]> Cl
i=1 =1

n
> 1=Plona'p™ 2| Y widill > Cho/2] - PB[‘S‘“%”Sn(t)H > Cha/2)
i=1 t|=

Thus for fixed §;,d5 > 0, we have that for C' large enough for all large n,

.
Prob[Pe[“i‘ng{an"ﬂ?.‘p““tT 3 widni (o + ona'p'/*0)} > 0] < 1- 1]

i=1

n
< ProbPloy oy 'p | Y widnill > Chaf2) > 61/2)
i=1

+Prob[PB[‘sup 152 (0)] > Cka/2) > 61/2) + Olag 'p'/?)
t|=C

< &

Using continuity of Y7, wigni(A) in A, by Theorem 6.4.3 of Ortega and Rheinboldt (1970)
this means that for fixed €,d > 0 for all n sufficiently large 3C large such that the bootstrap
probability that Y7, wigni(Ba + 005 'p'/2t) = 0 has a root Ty in [t) < Cis < 1 - € with a
probability < §. Putting ﬁﬁ = Bu + 0na;'p!/?T,, we get a solution to (7.1.2) which satisfies,
for fixed ¢,6 > 0, Prob[Pg[oy "anp™ /2|05 — full < C] < 1 - ¢ < § for all n large enough.
This shows (7.3.17). Now notice that with this C fixed, we have actually shown that with
t=T,

00" anp V2010 (Ba) (B = Br) = —05 P72 Y Wini(Ba) + ram
i=1

where ||rap1]| = Opp(ona;'p). This shows (7.3.21). With slight modification to the the

definition S,5(t), and some more calculations one can obtain
- ~ il -
00 anp™2G1n (B — Bu) = —a7'p ™Y Widni(Ba) + T
i=1

where ||rnp1|| = Opp(p™"), without using (B4). Now using (7.2.35) again, after some algebra,
(7.3.18) is obtained. The representation (7.3.20) follows easily from this. n



Chapter 8
GENERALISED BOOTSTRAP FOR MINIMUM CONTRAST (M,,)
ESTIMATORS

8.1 Introduction

In Chapter 7 we have di d UBS li hnique in estimati . The
results for that chapter can also be adapted for estimators obtained by minimising functionals,

as long as the functionals are smooth in the parameter. However, there are many interesting
examples where estimators are obtained by minimising non-smooth functionals. One way to
compensate for the lack of smoothness is to assume that the function to minimise is convex
in the parameter. By exploiting the properties of convex functions and some smoothness in

expectations, asymptotic properties of these esti may be blished. Recent

in this direction include Haberman (1989), Niemiro (1992), and Bose (1998). In this chapter
we study UBS resampling in such cases, where the esti is obtained by minimising convex
functionals.

Let Zy,...,Zy be m independent and identically distributed copies of a Z valued random
variable where Z is an arbitrary measure space and let f(a,2) be a real measurable function
defined for a € IRY, z € Z™. Consider the function

Q(a) = Ef(a,2y,...,2m) (8.1.1)
Let a, € R® be such that
Q(a.) = minQ(a) (8.1.2)

and suppose a, is the unknown parameter, assumed to be unique, that is to be estimated from
the data. If the probability distribution of Z; is unknown but an i.i.d. sample Zi,..., 2, is
available, then we can consider a sample analog of (8.1.1), namely,

-1
Qnla) = <"> S @2, 2y, %) (8.1.3)

™) i<ii<oim<n

and minimise @, (a) instead of Q(a). Denote by a, such a point depending on the sample that
Q(an) = minQn(a) (8.1.4)

159
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The statistic an, which can be measurably (but not necessarily uniquely) selected, is a minimum
contrast estimator a, of the parameter a..

The maximum likelihood estimator obtained from i.i.d. observations when the likelihood is
log-concave is an example. Other examples include (i) Oja median (Oja (1983)), (ii) univariate
location estimators of Maritz et. al. (1977), (iii) univariate Hodges-Lehmann estimators of
location, (iv) a univariate robust scale estimator of Bickel and Lehmann (1979), (v) a regression
coefficient estimator of Theil (see Hollander and Wolfe (1973)) (vi) U quantiles (Chowdhury
and Serfling (1988)) (vii) L, median (viii) geometric quantiles of Chaudhuri(1996) (iz) Hodges-
Lehmann versions of (vii) and (viii), (z) LAD regression estimator and (zi) Haldane’s spatial
median.

The aim in this chapter is to study ing estimates of a. The ling in the present

set-up is slightly different from the method used earlier. It turns out that UBS resampling
for this situation must involve weights that are indexed by m-tuple vectors. In Section 8.3 we
consider the special case of m = 1 and prove an p ion of the b

estimator similar to Chapter 7. Consistency results for the UBS techniques follow from this
representation. The general m case is discussed in Section 8.4 and similar results are obtained.
We then discuss how the traditional bootstrap and jackknife relate to UBS in this special

The broad lity of the ing schemes allows us to consider many non-
traditional forms of resampling also. We discuss one such form which has the dual advantage
of being computationally faster and less space ing than traditional techni as well

as being simpler mathematically. In Section 8.5 we compare the new and traditional forms of
resampling through some simulation examples. Our last example in Section 8.5 is that of a real
life data problem, which had been analysed earlier. We show how the methods of this chapter
lead to a different and simpler approach to this dataset.
This chapter is based on Chatterjee and Bose (1999d).

8.2 Preliminaries
Let g(a, 2) be a subgradient of f(a, z), that is

fla,2) + (b—a)Tg(a,2) < f(b,2) (8.2.1)

hold for all a,b € R?, z € Z™. Let D(a) and D?(a) be the gradient and second derivative of
Q(a). Let H = D?(a.). We make the following assumptions.

(MC1) f(a,2) is convex with respect to a for each fixed z.
(MC2) Q(a) is well defined, that is, the expectation in (8.1.1) exists and is finite for all a.

(MC3) a. satisfying (8.1.2) exists and is unique.
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(MC4) Ellg(a, Z1,.., Zm)||? < oo for all a in a neighbourhood of a..
(MC5) Q(a) is twice differentiable at a, and H is positive definite.

The second assumption may hold only for some subset of /%, then all the results discussed
here are valid for points in the interior of that subset. The above assumptions correspond
respectively to conditions (i) — (iv) and (vé) of Bose (1998). In this set-up, Haberman (1989)
and Niemiro (1992) (for m = 1), and Bose (1998) (for general m) have proved

Theorem 8.2.1 ( Haberman (1989), Niemiro (1992), Bose (1998) ) Under the model assump-
tions (MC1)-(MC5),

n'2(a, — a,) = —n'2H71S, + 0p(1) (8.2.2)

where Sy = (7)™ Cici < inen 900 2 Zigy- s Zi)-

From the above representation, asymptotic normality of the minimum contrast estimator
easily follows. However, since typically the asymptotic variance of the U-statistic S, will not be
known or easily computable, resampling estimates for the distribution of ay, or its asymptotic
variance is of interest.

We now explain the resampling scheme. Consider the triangular sequence of real val-
ued non-negative random variables {Wniiiy...im, i1, 2. .., im distinet , i; € {1,2,...,n}; j =
1,...,m, n=1,2,...}. We use these as ‘bootstrap weights’. We discuss conditions on these
weights later on. The bootstrap equivalent of a, is obtained by minimizing

n
m

o
Qms(a):( ) > Wniininf (@ 20y Zigy -, Zi) (8.2.3)
1<) <.im<n.

Let {anp} be chosen in a measurable way satisfying

Qnp(anp) = min Qnp(a). (8.2.4)

We establish an asymptotic representation of ang, similar to (8.2.2) in Theorems 8.3.1 and
8
distribution of a or its asymptotic variance. We then discuss how to make a choice of the

1. This allows us to prove consistency of the U BS resampling schemes for estimating the

weights wn.i,...i,,. Although our results are discussed for general bootstrap weights wn,. i, it
is perhaps more convenient and practical to use random variables wy1, . .. , Wnn, and then have
Wnsiy.im = ¥(Wnsiys -+ Wnei,, ) for some symmetric function (-). Standard resampling schemes
like the classical bootstrap or the delete-d jackknife can be identified in this restricted set-up.
Also, by varying the function y(-), we get new and interesting resampling techniques.

Some special cases of minimum contrast estimators have been treated earlier. Arcones and
Gine (1992b) have proved i of the classical b using ir for
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some minimum contrast estimators, where they dxd not use convexny Rao and Zhao (1992)
have also i i of some i where the bootstrap

weights are i.i.d. random variables.
The bootstrap and jackknife for U-statistics can also be studied in this framework. Consis-

tency results for the usual bootstrap were obtained by Blckel and Freedman (1981), Athreya,

Ghosh, Low and Sen (1984) for lised and U-statisti pectively. Later,
Helmers (1991) proved second order accuracy of the bootstrap approximation for the distri-
bution of a d U-statistics. A general i result, regardless of the degree

of degeneracy of the U-statistics, was obtained by Arcones and Gine (1992b), as long as the
degree of degeneracy was known. A number of other authors have also studied bootstrap of

U-statistics, see refe in the papers ioned above and also the book by Shao and Tu

(1995). G lised of a icular form has been studied by Huskova and Janssen

(1993a,b) and Janssen (1994), which may be seen as a special case of UBS, as also the usual
bootstrap and jackknife. From our set-up one can obtain the first order consistency results
for UBS for U-statistics with ion zero. If the ion of the U-
statistics is not zero, the results of this chapter can be extended by routine techniques but some

additional assumptions are needed on UBS weights.
In this chapter we do not study higher order results. We also do not consider cases where
degenerate U-statistics arise.

8.3 Bootstrap representation results for m = 1

In this section we consider the m = 1 case separately for the sake of transparency. We estab-
lish a representation result similar to Theorem 8.2.1 for the bootstrap estimator, and obtain
consistency results from it.

Let {wns, i=1,...,n, n.=1,2,...} be a triangular sequence of non-negative, row-wise ex-
changeable random variables, independent of {X1,..., Xy }. We use the notations Pn, g, Vs
to respectively denote i ions and variances of these ‘bootstrap weights’,

conditional on the given data X, ..., X,. We henceforth drop the first suffix in the weights
wn; and denote it by wi. The notations o2 = Vpw;, and W; = 0, ™} (w; — 1) will also be used.
Since rowwise exchangeability of wn,’s is assumed, we may unambiguously adopt the notation

Cate.. = EsW{WSWs ..

The notations k, K will be generic for constants. The following are a set of conditions on the
weights:

Bpwy = 1

® =
o W
)

K>02 > k>0
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ar = O™ (8.3.3)

= 1 (8.3.4)
supey < oo (8.3.5)
n

Theorem 8.3.1 Suppose the assumptions (MC1)-(MCS5) hold. Assume that UBS resampling
is carried by minimising (8.2.3) by using weights satisfying (8.3.1)-(8.3.3). Then

on ' (anp — an) = —n"V2H T Spp + rop (8.3.6)

where Sup = ¥ Wig(as, Zi) and Pg(llragl| > €] = op(1) for any ¢ > 0.

In order to prove this theorem, we use Lemma 4 of Niemiro (1992). We quote this lemma
below.

Aset B C IR is called a §-triangulation of A, if every a € A is equal to a convex combination
5 Aib; of points b; € B, such that |b — a| < 6.

Lemma 8.3.1 (Niemiro (1992)) Let A C Ag be convez subsets of R% such that |a — b] > 25
whenever @ € A and b ¢ Ao. Assume B is a 8-triangulation of Ao, function h satisfies the
Lipschitz condition |h(a) — h(b)] < Lla — b| for a,b € Ao, and function k' is convez on Aq. If

sup |h(b) — K (b)| < e
beB
then

sup |h(a) = k' (a)| < 5LS + 3¢
a€A

Proof of Theorem 8.3.1 In order to prove this theorem, let a, = 0 and Q(a.) = 0, without
loss of generality. Now define Xn; = [f(n~"/2a,Z) — £(0,2:)] — n~="/2aTg(0, Z;) and Xnpi =
w; Xni. Then we have EpXnpi = Xni and 3 Xnpi = nQnp(n~/2a) — nQnp(0) — n™/2aT Sy
where Spw = S wig(0, Z;). In order to make explicit the fact that Xp; is a function of a, we
sometimes write Xpi(a) for Xn;.

Fix 61,8, > 0. We first prove two facts.
for any M >0 Pg[ sup 0n"'|> Xnpi —a” Ha/2| > 6] = op(1) (8.3.7)
Ilall<p
3M > 0 such that Prob(Pg[|[n™"2Suw|| > M] > &) < & (8.3.8)

PROOF OF (8.3.7). Fix an M > 0. For fixed 6, > 0, get § > 0 and € > 0 such that
M; = M + (26)"/? and 8, > 5M) Amaz(H)S + 3¢, where Amaz(H) is the maximum eigenvalue
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of H. Consider the set 4, = {a : [la|| < M} and let B = {by,...,bx} be a finite 4
triangulation of A;. Note that with A = {a: [lal| < M}, L = MiA\maz(H), h(a) = a"Ha/2
and h'(a) = 5 w; Xni(a), all the conditions of the above Lemma 8.3.1 are satisfied. Now

Py sup 0D Xapi —a” Ha/2| > &)
llallsM

< Pyl sup 0n7 Y Xnmi — a"Ha/2| > 5L +3¢]
llall <M
< Pafsupon!| Y Xapi —a"Ha/2| > ¢ (8.3.9)
aeB
N
< S Palon Y wiXni(by) — b7 Hb; /2 > €]
=
N N
< Y Pl WiXai(v)l > €/2) + 3 Lo S Xuslb) -7 10, /2152y (8:3:10)
= =1
N N
S R XR0) ¥ 2 Tt 5 X)) 8T Hby 215¢/2) (8.3.11)
j=1 i=1 i=1

= op(1) (8.3.12)

In the above calculations (8.3.9) follows from Lemma 8.3.1. Observe that in (8.3.11) the
sums indexed by j run over finitely many points, so it is enough to show the probability rate
(8.3.12) for each fixed b. It has been proved by Niemiro (1992, page 1522) that for fixed b,
5 X2,(b) = 0p(1) and ¥, Xni(b) — b7 Hb/2 = op(1), hence (8.3.12) follows by using the lower
bound in (8.3.2). This proves (8.3.7).

PROOF OF (8.3.8). Note that

—
Pollln 25wl > M] < g7=Eall Y wiol0, 201
b=

y u .
< 2 (oZEall X Wigl0, ZOIP + 113 000, Z)I
M?n i=1 i=1
Ko & 2 i
. Kot 2 2
< e 0.2 + 5l 3200 201
= Up say

The constant K in the last step is obtained by using the upper bound condition in (8.3.2) and
(8.3.3). Now fix any two constants ¢, > 0. By choosing M large enough, we have
Prob[Ppon ! |In™/2Suwl| < M) > €]
< Proble < Uy
< & (8.3.13)

by using (M C4). This proves (8.3.8).
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Fix a 8y > 0. Now on the set A where both
sup on | Z Xnpi — *aTHaH < & (8.3.14)
llall<p
[[n"Y2H S| < M -1 (8.3.15)

hold, the convex function nQnp(n~"/2a) —nQnp(0) assumes at n~'/2H =15,y a value less than

its values on the sphere ||a +n~Y2H "' Syw|| = kondy/?, where & = 2AY2 (H). The global
minimiser of this function is n'/2a, 5, hence we have
020, tapp = —n" V20, T H Sy + raps (8.3.16)

Since &y is arbitrary, and because of (8.3.7) and (8.3.8), we have Pg[||rnps|| > 8] = op(1) for
any 6 > 0.
Now divide (8.2.2) by o, and subtract it from (8.3.16) to get the result. This step again
uses (8.3.2). [
For any ¢ € IR? with ||c|| = 1, let

Fn(z) = Probn'/?c"(an —a.) <z] and
Fp(z) = Palon'n'% (anp — ap) < 2],

where Pg is the probablhty conditional on the data. The following corollary establishes the

of the for ing F,,. This also shows consistency for
estimating the distribution of n‘/z(a" —a.).

Corollary 8.3.1 (Consistency of UBS distribution estimate)
Assume the conditions of Theorem 8.3.1. Assume also (8.3.4) - (8.3.5) . Then

sup |Fp(z) — Fa(z)| = op(1) asn — oo
z€R

Proof of Corollary 8.3.1 Let h(0,Z;) = cTH 'g(0,Z;). Then for v = Eh2(0,2,),
sup, | Fa(z) — N(0,v)| = 0 follows from Theorem 8.2.1. Also observe that given the condition
on the bootstrap weights, Lemma 4.6 of Praestgaard and Wellner (1993) (see Theorem 5.3.1)
may be applied to obtain sup, |Fp(z) — N(0,v)| = op(1) as n = co. This lemma has also been
used in Chapters 5 and 7, where we have shown in details how the different conditions of it are
satisfied, hence we do not go into the details here. [ ]

A related problem is to estimate the asymptotic variance of n'/2cT (a, — a,) for any vec-
tor ¢ € IR? with ||c|| = 1. Let Eg(0,2)g7(0,Z) = V. Then the asymptotic variance of
n!/2cT(an — a.) is given by v = ¢"H"'VH"'c. Let the bootstrap variance estimator be
vp = on~2Eg[n!/2cT (anp — an)]?. The proof of Theorem 8.3.1 can be slightly modified in
(8.3.7) and (8.3.8) by using bootstrap expectations in place of bootstrap probabilities. With
such a modification, the following result is obtained as a corollary. Details are omitted.
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Corollary 8.3.2 (Consistency of UBS variance estimate) Assume the conditions of Theo-
rem 8.8.1. Then

vg—v=op(l) asn— oo

Note that Corollary 8.3.2 i i of the bootstrap variance esti , and is
weaker than the asymptotic representation of variance that were considered in earlier chapters.

8.4 Results for the general m case

In this section our main goal is to establish the results similar to Section 8.3 for general m.
For convenience, let us fix the notation § = {(i1,...,im) : 1 <1 <ip <...<ip <n},and a
typical element of S is s = (iy,...,im). We use the notation |s N ¢| = k to denote two typical
subsets s = {i1,...,im} and t = {ji,...,jm} of size m from {1,...,n}, which have exactly k
elements in common. We often use the same notation s for both s = (i1, ... ,i,,) € S and s =
{ity-.vim} C {1,...n}. Also,let N = (%). Let Z, = (Z,,..., Z,) when s = (i1,...,im) € 5.
The notation ¥|,j—; denotes sum over all s and ¢ for which |s N¢| = j holds.

The bootstrap weights w; are non-negative random variables. We assume that for all s € S,
the distribution of w is the same. Define €2 = Eg(w; — 1)2 and let W = & (w, — 1). Assume
that EgW,W, is a function of |s N ¢| only, and let ¢; = EgW,W, whenever |s N ¢| = j, for
i=01,...m.

‘We assume that the following conditions are satisfied:

K>€ > k>0 (8.4.1)
o = ofl) (8.4.2)
lejl = 0Q1), j=1,...,m. (8.4.3)

Define 1(0, Z1) = Elg(0, Z1,.., Zw)|Z1] and fi = (375) ™" Tyuies We where the sum runs over
all s = (i1,...,im) € S such that i is one of iy,.. . ,im.

Theorem 8.4.1 Suppose the assumptions (MC1)-(MCS) hold. Assume that resampling is
carried by minimising (8.2.3) by using weights satisfying (8.4.1)-(8.4.2). Then

2 (anp —an) = —n'?H'Sup+rap
= —mn"V2Y" fiH191(0,Z:) + Rap (8.4.5)

where Spp = ()" Tyes Wag(aw, Zs), Polllrasl| > € = 0p(1) and Py(||Bupl| > € = 0p(1) for
every € > 0.

Proof of Theorem 8.4.1 The first part of this proof s similar to that of Theorem 8.3.1.
Define Xns = f(n~"/2a,2,) = f(0,Zs) = n™"/%a"g(0, Z,), and let Xnps = wyXns, Saw =
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N3, 9(0,Zs). We have nQns(n"2a)~nQnp(0) ~n'/2a7 Sy —aT Ha/2 = nN-1 S Xp s —
aTHa/2. Then arguments similar to those of Theorem 8.3.1 yields (8.4.4) once it is established
that for any fixed €,d > 0

forany M >0 Pg[ sup [nN7'>" Xnp, —a"Ha/2| >8] = op(l) (8.4.6)
llall<M
3M > 0 such that Prob[Pg(||ln'/?Suw|| > M]>¢] < 6 (8.4.7)

The proof of these are similar to that of (8.3.7) and (8.3.8). By carefully following the
arguments for those, we only have to show

N TBg (3 WoXne)® = op(1) (8.4.8)

nN2Eg|| > w,9(0, Z,)|> = Op(1) (8.4.9)

For (8.4.8), we have

NTEp(3 WeXns)? = n®N23¢; 3 XnoXum
3=0  |snt|=j

m
= n’N72(Y Xno)? + 02N 2S¢, Y XnaXue
s J=1 Jsnt]=5

A little algebra shows that nN ™! 5= X, = Op(1). The first term is op(1) from this and (8.4.2).
For the other term, first note that the sum over j is finite, and from (8.4.3), we only need to
show for every fixed j = 1,...m, n®N =2 |,y _; XnsXnt = 0p(1). For this, we have

N2 ST XpoXn

Jsti=j
< N Y (@ (g(n 20, 2,) = 9(0, Z)laT (9(n V20, Z,) — 9(0, Z0)))
|sntl=j

Since the number of terms in 34— is O(n~'N?), it is enough to show for any s,¢ € §
" (9(n"2a, 2,) - 9(0, Z,))a" (g(n "0, Z1) - 9(0, Z,)) = op(1)

Observe that a(g(n~1/2a, Z,) — g(0, Z,)) are non-negative random variables that are non-
increasing in n, and their limit is 0. This establishes the above. Details of this argument is
similar to those of (4.11) of Niemiro (1992). The proof of (8.4.9) is along the same lines. This
proves (8.4.4).

In order to get the representation (8.4.5), we have to show

n'2NVY W0, 2,) = mn 2 Y £ig1(0, Zi) + Rup,
g

where for any 6 > 0, we have Pp(||Rap1|| > 8] = 0p(1).
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Let h(0,Z,) = (0, Z,) = £7%, 91(0, Z;). This is a kernel of a first order degenerate U-
statistics. Then we have Wyg(0, Z,) = W, 7, 01(0, Zi,) + Wh(0, Zy). Also, it can be shown
that 3%, Y7, Weg1(0, Z;,) = (n2)) Ty fi91(0,22). Also B(IINT' (0, Z,)[1) 2 = O(n~2)
(see Serfling (1980, page 188) for a proof of this when d = 1). Now using this and (8.4.3), after
some algebra we obtain Pg(||n!/2N "} 5" W,h(0, Z,)|| > 6] = op(1), and this yields (8.4.5). W
As in Section 8.3, the representation (8.4.5) is useful for showing consistency of UBS, both
for variance estimation as well as distributional approximation. From (8.4.2) we have that the
asymptotic mean of f, is 0. Let its asymptotic variance be v2(m). This will in general be a
function of m. Then the appropriate standardised bootstrap statistic is n1/2¢; v5! (ans — an).
For any ¢ € IR* with [[c|| = 1, let

v = Bpn'2(an - al))?
Fo(z) = Prob[n'/?c" (an —a.) < 7]
vp = Ep[n'/%; 05 (anp — an))®
Fp(z) = Pp[n'/?¢; vy (ns — an) < a).

Then we have

Corollary 8.4.1 Assume the conditions of Theorem 8.4.1.

(a) (Consistency of UBS variance cstimatc)
vg —v=o0p(l) asn— oo

(b) (Consistency of UBS distribution estimate) Assume, in addition to the above conditions
that fn.i’s are exchangeable with sup, Epfi; < 0o and Egf2;f2; — 1 for i # j as n — co.
Then

sup |Fp(z) - F(z)| = op(1) asn— oo
sein

The proof of the above results are similar to the proof of their corresponding results in
Section 8.3, and we omit the details.

REMARK 1. All the examples of UBS bootstrap techniques discussed in Chapter 2 may
be used in the set-up of the present chapter for m = 1, except for the delete-d jackknife where
d/n — 0 or 1, for which (8.3.2) is not satisfied.

REMARK 2. In case of ny out of n bootstrap with replacement, the upper bound in (8.3.2) is
violated. However, using the particular properties of this bootstrap, the representation (8.3.6)
may still be derived. Notice that the only place where the upper bound of (8.3.2) is used is in the
proof of (8.3.8). We have to show that n~'Eg|| © wig(0, Z;)||? is bounded in probability. Now
note that in this particular example, the marginal distribution of w; is as follows: it is 0 with
a probability (n — n1)/n, and nny'U; with probability ni/n, where U; is a binomial(n;,1/n)
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random variable. The joint distribution of (w;, ;) may be similarly calculated. Now routine
computations by expanding the squared term and then computing individual moments shows
that n~'Eg|| S wig(0, Z;)|[? is bounded in probability. Thus (8.3.6) holds.

REMARK 3. For the general m set-up, although the discussion in Section 8.4 is based on
weights w, i, it is convenient to start with some wy,...wn, and define w, as a function
of wy,,...,w;,. Two such functions can be casily defined, (2a) w, = [[f%, wns, and (2b)
wy=m S wni,

For weights described in Chapter 2, with either definition of w,, the conditions (8.4.1) —
(8.4.3) are satisfied. With definition (2a) moments of products of w;’s of various orders are in-
volved and conditions are difficult to check unless m is small. With weights from Example 2.3.1
and 2.3.3 respectively, and definition (2a), one gets back the classical bootstrap and jackknife
schemes in this set-up.

A natural question is how f; and W, relate to each other. It may be observed that in both
the definitions of w, ((2a) and (2b)) the difference between W and an appropriately scaled
fi (where the scaling factor is a finction of m only) is negligible in the representation (8.4.5).
Again the algebra is complicated in case of (2a), and may be verified with small values of
m. There are no such difficulties with (2b). With the usual bootstrap and jackknife random
variables as weights and definition (2b), we have alternative forms of the usual bootstrap and
Jjackknife in case of U-functionals that have not been studied before.

8.5 Computational examples

We now present some computational examples to show how the proposed bootstrap performs
in practice. The first four examples are based on simulated data, while the last one is based
on a real life problem. First, as discussed above, bootstrap weights for general m may be
generated from those for 7 = 1 by using either a multiplicative (2a) or additive (2b) function.
The multiplicative form (2a) is more traditional. However, it can be easily shown that the
computational time and space complexity of the problem greatly reduces if (2b) is used. Also,
computations may be further simplified if i.i.d. weights from some uniform distribution is
used, since such weights can be generated very easily and very fast in modern computers. Our
examples in this section shows that in terms of accuracy, there is no essential difference between
(2a) and (2b).

Let (Xi1, Xi2)T, @ = 1,...,n be i.i.d. observations from IR? valued random vector, and the
p™ Oja median of the distribution of (X1, X2)” is defined as that 8 = (6, 62)7 € IR? that
minimises EA,, where A, = |(X; — 61)(Xj2 — 02) — (X2 — 62)(X;j1 — 61)P. Note that A, is
convex in 6 for p > 1. The Oja medians of different order p are affine equivariant location
parameters for multivariate distributions, with many nice properties associated with them, see
Oja (1983) for details. Suppose our parameter of interest is the Oja median (p = 1), and we
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Figure 8.1: Bivariate normal distribution

want to test the hypothesis 6, = 6,. Suppose a random sample {(Xu1,Xi2)T, i = 1,...,n}
is taken. The sample Oja median is the solution 6 = (6; 62)7 to the following minimisation
problem:

myinz [(Xi1 — 01)(Xj2 = 62) — (Xiz — 62)(X51 — 61)]
<

The test statistic is taken to be T = (6, — 62)/v/2, which is a linear combination ¢"d, with
llell = 1. The behaviour of the density of T under null hypothesis is of interest, which may
be estimated using bootstrap methods. In Bxamples 1-4, we simulate data from four different.
bivariate distributions to study this problem.

For each distribution, we generate a data of size n and calculate T. The values of n used
is given later. The simulation is repeated 1000 times, and from these 1000 values of T, a kernel
smoothed density estimate of the true distribution of T is computed. In practice we have only
one data set. Then for one of these 1000 data sets, three separate bootstrap computations are
carried out. The bootstrap sample size B was taken to be 5000 for each of the methods. These
are, (i) the classical bootstrap method ((2a) with Multinomial(n, U/n, ..., 1/n) weights); (ii)
a new ‘random sampling from data’ method given by (2b) with Multinomial(n,1/n,...,1/n)
weights; (iii) a ‘uniform weights bootstrap’ method given by (2b) with i.i.d. weights from
Uniform(1/2,3/2) distribution. Kernel smoothed density estimates of T are obtained for each
of the three bootstrap methods. The results are displayed in Figures 8.1-8.4. The results for
the third bootstrap method are not reported since they are similar to the results from the other
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Figure 8.2: Spherically contoured distribution

0
Bandwidn « 005072865

two bootstrap techniques. Each figure contains the overlayed plots of the three densities, the
simulated density in bold line, the classical bootstrap estimate from (i) in broken line and the
new bootstrap from (ii) in dotted line. The bandwidth used is quoted in the figures.

Instead of making a comparison of densities we could have chosen some other graphical or

criteria. Such i were also made, and since the results are similar they
are not reported here. We now describe the four different distributions used. In each case, we
have § = 0 € IR?

EXAMPLE 1 The data is simulated from a bivariate normal distribution. A sample of size
50 is obtained from the bivariate normal distribution

XN\ n((0) o1 00
Y 0 05 1
The results are reported in Figure 8.1.

EXAMPLE 2 The data is a sample of size 100 from a spherically contoured distribution. For
(X,Y)T following that distribution, we take X = rU; and Y = rUs, where r ~ Gamma(10),
and (Uy,Un)T are uniformly distributed over the unit sphere in JR?. The results are displayed
in Figure 8.2.

EXAMPLE 3 The data is a sample of size 100 from an elliptically contoured distribution.
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Figure 8.3: Elliptically contoured distribution
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For (X,Y)T from that distribution, we have

Vo (V) wherea=of 1 0%,
Y Uy 05 1

r ~ Gamma(2,2) and (Uy,Uz)7 is uniformly distributed over the unit sphere in R?. The
results are reported in Figure 8.3.

EXAMPLE 4 The data is a sample of size 100 from the bivariate t-distribution, whose
density is given by g(t) = c[1 +¢7¢/10]"%, t € IR?, and c = (10m)![['(5)]"'T(6). The results
are reported in Figure 8.4.

In all the above four examples, the classical and both the new bootstrap methods perform
equally well, and since the new bootstrap techniques requires much less time and computer
memory, they are preferable.

EXAMPLE 5 The lipid data ( Scott (1992), page 275) is data on 371 males evaluated for chest
pain, of which 51 patients show no evidence of heart disease, and 320 patients have arterial

occlusion. The ion of plasma and plasma triglycerids are reported. The
two variables have strong non-linear interaction, outlying observations are possibly present in
the data, sample plots show in tibility with li ion, see Scott (1992) for

and further All these factors lead to a complicated analysis
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Figure 8.4: Bivariate t-distribution

Danaty
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of the data, see Scott et al (1978, 1980). If 4; and py respectively represent some location
parameter for the bivariate distribution of the two plasma lipids from patients without arterial
occlusion and with it, the problem is to test 441 = p2. Because of possible non-normality and
presence of outlying observations, some multivariate median is preferable to the mean as a
location parameter. We first took the Oja median (p = 1) as our parameter. We generated
5000 classical bootstrap sample values of u; to generate a distribution of the sample Oja
median for patients with no arterial occlusion. The sample value of ||| was found to lie
above the 99 percentile of the distribution of |[141]|. The experiment was repeated with the
other two bootstrap schemes described earlier in this section to, get same conclusions. We
then repeated the entire scheme by using the spatial median as the parameter. For this case
also, for all the three resampling schemes the value of ||uz|| lie above the 99" percentile of the
bootstrap histogram. Whereas the Oja median has the advantage of being affine equivariant,
the spatial median has a high breakdown point. Thus, across the two choices of multivariate
location and three choices of resampling scheme, the hypothesis y11 = pa was rejected. This is
a simple verification of the well established fact that plasma lipids influence coronary diseases.
Note that we did not require the elaborate data analysis that was employed earlier for the
same problem. This serves to illustrate that the UBS technique can reduce complexity of the
statistical problem and be extremely useful in practice.
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