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The paper contains 120 marks. Answer as much as you can, the maximum you can score is 100.

1. (a)

Let f and g be functions from the set of real numbers to itself, and suppose that
f(z) = 00 asz— co If f(z) = o(g(x)) (ie. f(x) is little-oh of g(z)), then show that
e/@) = o(e9(®)), where € is the base of natural logarithms.

Suppose n is an even integer. Write the pseudo-code of an algorithm which simulta-
neously finds the maximum and the minimum in an array of numbers of length 1 and
requires 3n,/2 — 2 comparisons.

Describe an algorithm to construct a permutation from an inversion vector.

Is radix sort a stable sorting algorithm? Justifv vour answer.

Let L be a list of elements from a finite non-empty set X. For L = (), ... ). where
n 2 0 and z an element of X, the operation Findlnsert(L, z) updates L as follows:
it ¢ = x; for some 1 < i < n, then L is updated to (z1,..., 2, 1, Tisy, . a0 ).
while if 2 is not present in L, then L is updated to (z,z1,...,7,). Suppose Raud()
is a function which samples with replacement from X following some non-uniforn

probability distribution. Counsider the following code fragment.
L =)
while (true) {

z + Rand()
FindInsert(L, x)

}

Explain with justification whether a linked list or an array would be more suitable to

represent L. Describe an efficient algorithm to implement the operation FindInsert.
Justify your answer.

(5+5+5+5+10=30)
Describe with justification an efficient data structure to represent a directed graph.

Write the pseudo-code of the algorithm to perform topological sort of a directed acyclic
graph.

With reference to depth first search on a directed graph, define the notion of low point
LOWPT[v] for a node v. Suppose v is the root of a strongly connected component.
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Show that it is not possible for LOWPT[v] to be equal to LOWPT[u] for some tree
edge (v, u).
(d) What data structures will you use to implement Kruskal’s algorithm to find a minimum

spanning tree in a weighted undirected graph? Using the data structures obtain the
time complexity of the algorithm.

(B3+7+B+7) +10=30)

3. (a) Consider the following pseudo-code defining two functions Generate() and next().

Generate(n) {
fori—0ton—~1{X[i]« 0}
output X
lg+— 1,00
while (lg == 1) {

be—1-0
flg « next(X,n,b)
output X
}
}
next(X,n,b) {
j«0
if (b==20) {
while (X[j] ==0) {j « j+ 1}
jej+1
}
if (j ==mn), return 0
else {
X[j] < 1= X[j]
return 1
}
}

Describe with justification the output that will be produced by the call Generate(n)
for some positive integer n.

(b) For a positive integer n and an integer w with 0 < w < n, let S, be the set of
all binary strings of length n and weight w. Describe with justification an O(n) time
algorithm to sample uniformly at random from the set S, ..

(7+8 = 15)

4. (a) Use the extended Euclidean algorithm to find the multiplicative inverse of 125 modulo
58.

(b) Write the pseudo-code of an O(n) time algorithm to perform the multiplication of two
n x n permutation matrices.
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Let (AT denote the cost of multiplyving two polynomials of degrees at most 3. and let TA
denote the cost of an addition or a subtraction of two polvnomials of degrees at most
3. Use Karatsuba’s algorithm to determine the cost of multiplving two polviomials of
degrees at most 15 in terms of [M] and [A].

Describe the main algebraic ideas behind the Fast Fourier Transforin (FFT) algorithin.
Let a(z) = 22° -4z +z and b(z) = 2® — 522 + 7. It is desired to multiply a(x) and b(.r)
over the integers using the FFT algorithm. Specify with justification a suitable ring R
such that multiplying a(z) and b(z) over R provides the product over the integers.

(54+5+5+5+10+5=35)

/

If m is an NP-complete problem and 7’ is another decision problem such that = <7 7',
then show that 7’ is NP-hard.

Let uy, us,us, uy and us be Boolean valued variables and consider the formula
F= (’Ul V Ug V Uz V ﬂ4 \ ’Us).

Construct a formula F” in the 3-SAT format such that F'is satisfiable if and only if I
is satisfiable.
(5+5=10)
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